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Preface

This book on chemical thermodynamics is based on my experi-
ences over a number of years devoted to researches and lectures
in various phases of the subject, including the giving of a course
in the Graduate School of the National Bureau of Standards.
The book is aimed to provide instruction in chemical thermo-
dynamics for those who have studied physical chemistry and
some calculus. The basic concepts are introduced in a simple
and straightforward manner. Emphasis is laid on the practical
application of the laws and principles of thermodynamics to
actual physical and chemical systems. Numerous problems are
included for testing the reader’s capacity. Adequate references
to other publications giving more detailed information on the
various topics are provided for further study. References to
earlier books on chemical thermodynamics are given.

The topics have been arranged in what appears to me to be the
most logical order from the standpoint of instruction, and, in so
far as appropriate, flow naturally one into the other. Essentially,
no topics are developed by reference to statements or proof
occurring subsequently in the book. The arrangement of the
topics is thus necessarily independent of the order of their actual
chronology of development. For example, the chapter (19) on
“Thermodynamic functions from statistical calculations” precedes
the chapter (20) on “Entropy and the third law of thermo-
dynamics,” even though the latter subject was actually developed
about twenty years earlier than the preceding subject, because an
understanding of the statistical calculations simplifies greatly the
presentation of the third law and the comprehension of the apparent
exceptions to it.

In order to simplify the presentation and to make the under-
standing easier, each topic is introduced without discussion of its
historical development. Where the historical aspects are signifi-
cant and important, they are handled by discussion at the end of
the appropriate chapter or by reference to other published works.

The symbols and nomenclature follow essentially the practice

vii



viii Preface

of Lewis and Randall, which has become well established in this
country in the past quarter century. Several exceptions to that
system are made, and several additional terms are used, but each
exception or addition is clearly explained at the time of its intro-
duction. In the application of the first law to a given system,
three kinds of energy are distinguished: (1) heat energy, g¢;
(2) PV work energy, w; and (3) all other energy, . Infinitesimal
quantities of these energies are denoted by éq, éw, and du, respec-
tively, and are counted as positive when absorbed by the given
system for which the differential increment in energy, dE, is being
evaluated. In connection with solutions, a new superscript
symbol * is used to denote a pure component, and a new super-
script symbol O is used to denote a solute at zero concentration or
infinite dilution. The superscript symbol ° continues to be used
to denote the standard state. In the discussion of the equilibrium
constant of a reaction, it has been found extremely helpful to
introduce a new term, @, called the “proper quotient of,”” and to
apply it to the activities, pressures, mole fractions, or activity
coefficients, etc., of the substances participating in the given
reaction.

The first five chapters of this book cover background material
of which the reader should have some knowledge before proceeding
into the subject of chemical thermodynamics proper. In these
chapters is included an account of the present status of the scale
of temperature, the fundamental constants, and the calorie and
the joule. The next twenty-five chapters give a substantially
complete picture of modern chemical thermodynamics. The last
five chapters deal with special applications, illustrative calcula-
tions, and sources of chemical thermodynamic data.

In the preparation of this book, I am greatly indebted to the
following: T. Fraser Young, for many helpful suggestions and a
comprehensive critical review of the text before printing; Edgar
F. Westrum, Jr., for critically reviewing the text before its being
sent to the publishers; Donald D. Wagman and William H.
Evans, for carefully checking the text and problems during prepa-
ration; Marie T. Lynch and Alberta L. Kelvie, for assistance in
the editorial preparation of the manuscript and in proofreading;
and Anne L. Rossini and Freddie A. Rossini, for general assistance
in arranging and proofreading, and, particularly, for their very
great encouragement to complete the book.
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I will be very grateful to those readers who will call my atten-
tion to any errors found in the book, as well as to those who may
make suggestions for improvement of the presentation.

FrepERICK D. RossINI
June, 1960
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1

Introduction

Thermodynamics provides laws that govern the passage of energy
from one system to another, the transformation of energy from one
form to another, and the utilization of energy for useful work.
These same laws also govern the change of matter from one molec-
ular or atomic species to another.

All matter of specified composition, in given electrical, magnetic,
and gravitational fields, may be considered to have five funda-
mental thermodynamic properties, namely, pressure, volume,
temperature, energy, and entropy. Changes in these properties
must conform to the requirements of the first and second laws of
thermodynamics. Knowledge of the proper manner of applying
these laws to the fundamental properties permits one to subject
all transformations of energy and matter to the powerful scrutiny
of thermodynamics. _

Every physical process or chemical resaction, including biological
ones, may be examined thermodynamically. However, the fruit-
fulness of such examination depends greatly upon the extent to
which are known the fundamental properties of the initial and
final states of the process or reaction. If the energy and entropy
are known, with respect to appropriate reference points, for all
values of pressure, volume, and temperature to be covered in the
investigation, then the thermodynamic examination can be a
complete one.

In such manner can be analyzed problems involving the utili-
zation of a given quantity of energy for the performance of useful
work, the transformation of energy from one form to another more
useful form, the transfer of heat energy from a cold to a warmer
region, and the occurrence of all manner of chemical reactions. It
is in the.last-named field that thermodynamics has its greatest
usefulness for chemists, since every field of chemistry involves
chemical reactions of one kind or another.

When under given conditions a chemical reaction takes place

1



2 Introduction

naturally of its own accord, it is because the ensemble of atoms
and molecules has an opportunity of improving its overall situation
with regard to energy and entropy. A group of given atoms will
tend to go into that molecular configuration which has a minimum
of energy, in which state the atoms are bound most securely one
to another, and a maximum of entropy, in which state the atoms
have the greatest possible number of states of existence or greatest
freedom. The final state of equilibrium is a compromise between
these two opposing tendencies, toward maximum security on the
one hand and maximum freedom on the other.

Given certain initial and final states of a proposed chemical
reaction, it is frequently desirable to ascertain, without possibly
costly experimentation, what will be the amounts of the reacting
material in the initial and final states, respectively, at thermo-
dynamic equilibrium under the specified conditions. With known
data on the differences in energy and in entropy between the two
states, under the given conditions of pressure, volume, and temper-
ature, thermodynamics permits calculation of the amounts of
material in the two states at equilibrium. If the amount of the
material in the final state at equilibrium is very small, the proposed
reaction is one which has an unfavorable equilibrium under the
specified conditions. If the amount of the material in the final
state at equilibrium is large, the proposed reaction is one which
has a favorable equilibrium under the given conditions.

Another illustration of the power of chemical thermodynamics
is the following: Given ten possible products which may be formed
from one starting substance, what are the amounts of the starting
substance and of each of the ten possible products at equilibrium
under the specified conditions? With a knowledge of the differ-
ences in energyand in entropy between the starting substance and
each of the ten products, one can answer this question with con-
fidence, without experimentation on the complex reaction involved.

In the foregoing examples, it is important to note that thermo-
dynamics does not evaluate the rate at which the given reaction
proceeds or chemical equilibrium is attained, and does not specify
the mechanism by which the molecules are transformed from the
initial to the final state, and vice versa.

The rate at which molecules pass from the initial state to the
final state, and vice versa, in a given chemical reaction is deter-
mined by the energy of activation and the temperature. The rate
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of reaction increases with increase in temperature and with
decrease in the energy of activation. By means of a suitable
catalyst, the energy of activation can be very materially reduced,
producing a correspondingly large increase in the rate of reaction.

Energy —

— - SRDEIPE SESpERpEY

Ficure 1. Schematic illustration of the relation between energy related to
thermodynamic equilibrium and energy related to rate of reaction.

Energy is plotted on the scale of ordinates. In the thermodynamic equilib-
rium, m = n, the initial and final states of the atoms and molecules involved
in the reaction are represented by m and n, respectively. The state n is at a
lower level of energy than the state m, and in this respect n is relatively more
stable than m. The energy E(m = n) is the energy of reaction, is related to
the thermodynamic equilibrium, m = n, and, combined with the respective
entropies, gives a complete description of the thermodynamic equilibrium.
The energy A(m —n) is the energy of activation in the forward direction,
m — n, and helps to determine the rate at which the molecules in the state m
change to those in the state n. The enérgy A(n — m) is the energy of activa-
tion in the reverse direction, n — m, and helps to determine the rate at which
the molecules in the state n change to those in the state m. The difference in
the energies of activation in the two directions is equal to the energy of reaction,
E(m=n).

The catalyst serves not only to increase the rate of reaction but
also to guide the reaction along the proper path to avoid unde-
gsirable other reactions. A highly simplified illustration of the
relation between that energy which is related to thermodynamic
equilibrium and that energy which is related to rate of reaction
is given in Figure 1.



2

Definition of Terms

1. System. A thermodynamic system is that part of the universe
which is being subjected to thermodynamic scrutiny. The given
system is fixed by a real or an imaginary boundary through which
may pass, in or out, energy in one or more of its many forms. The
problem may include one or more such systems. Kverything
which is of thermodynamic interest within the boundary of a given
system is to be considered subject to the given thermodynamic
study. The system usually contains matter of specified com-
position and form. The matter may consist of one or more
substances.

2. Homogeneous system. A homogeneous system is con-
ventionally defined as one whose properties are the same through-
out its extent, with no apparent surfaces of discontinuity, or, if
not uniform, vary in a continuous manner. Examples of homo-
geneous systems are the following: a pure gaseous substance, a
pure liquid substance, a pure solid substance, a gaseous solution,
a liquid solution, a solid solutidn.

3. Heterogeneous system. A heterogeneous system is one
which is not homogeneous, and consists of two or more different
regions of homogeneity. The different distinct regions are called
phases and are separated from one another by boundaries in
which occur sharp, abrupt changes of properties from one phase
to the adjoining one. For the ordinary thermodynamic problems
not involving surface tension, adsorption of molecules on surfaces,
etc., the boundaries may be considered surfaces of discontinuity
having infinitesimal thickness. Examples of heterogeneous sys-
tems are the following: a system containing one substance in two
or more phases, as liquid and gas, or solid, liquid, and gas, or solid
and gas, or two different solid forms; a system containing two or
more substances in two or more phases, as two liquid phases, or
two solid phases, or a solid and a liquid phase.

4
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4. State of a system. The macroscopic state of a system is
adequately specified when its thermodynamic properties and
composition are specified with an accuracy comparable to that
with which the properties and composition can be measured. The
properties of a system of specified composition describe its present
state and tell nothing of its previous history.

5. Process. A thermodynamic process constitutes the changes
which take place in the system or systems being subjected to
thermodynamic study. Such changes may include among others
onc¢ or more of the f(:;llowing: change in the pressure, volume,
temperature, energy and entropy; change in phase, as from solid
to liquid or liquid to gas; formation of a solution from two or
more pure substances; change in molecular species, as in a chemical
reaction. A thermodynamic process takes a system from an
initial state to a final state. The initial state and the final state
are each specified by the appropriate properties of the system in
the two states. The dlfﬁerence in the values of a given thermo-
dynamic property between the two states is fixed entirely by the
states themselves and is independent of the path followed by the
system in passing from the initial state to the final state.

6. Intensive and extensive properties. The properties of a
substance are classed as intensive or extensive, according to
whether the given property is independent of or dependent on the
mass of the substance. Pressure, temperature, and density are
examples of intensive properties. Volume, energy, and mass are
examples of extensive properties.

7. Equilibrium. Equilibrium may be considered to exist in
a thermodynamic system when its composition and properties
undergo no observable change even after the lapse of an indefinite
period of time. That is to say, the system is then in a state of
rest or state of equilibrium. It follows that any system which is
not in a state of rest or equilibrium must be changing continuously
toward such a state with more or less rapidity. Sometimes, the
rate of change of a system toward its final state of rest or equi-
librium is so small as to be imperceptible during the time of
observation, and the system may be considered to be in a state of
metastable or partial equilibrium. Such cases need introduce no
particular difficulty, since in each thermodynamic study there
should be known which processes are ones proceeding at measurable
speed and therefore subject to thermodynamic scrutiny and which
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processes are substantially at a standstill and therefore need not
be considered in the given problem.

8. Processes and chemical equations. In accordance with
the practice of Lewis and Randall (1),* equations are used to
indicate a given process, with the initial state being described by
the material to the left of the equality sign and the final state by
the material to the right. In general, the state of each reactant
and product is described as adequately as needed for the given
problem. Unless otherwise specified, the ghessure is assumed to
be 1 atmosphere. The temperature is usu‘ indicated along with
the thermodynamic property under discussion, or is otherwise
adequately specified. In the case of solutions, the concentration
is also specified. Examples of equations representing processes
are the following:

H,0 (lig) = H30 (g); P = J atm; T =373.16°K; (1)
H, (g) + 30; (5) = H:0 (la); P = 1¢f; T = 208.16°K; (2)
NaCl (¢) = NaCl (aq,m = 4); P = 1atm; T = 298.16°K. (3)

The increment of any thermodynamic property @ for the given
process is the value of G for the final state less the value of G for
the initial state and is represented by the symbol AG. If A and
B designate the initial and final s‘ates, respectively, then the
increment in G is

AG = G — Gyu. (4)

9. Molal properties. In accordancgwith the convention used
by Lewis and Randall (1), the value of 4 thermodynamic property
is usually specified per mole or gram-fopgula-weight of the com-
pound whose chemical formula is written.

10. Mole fraction. The most generally useful expression for
giving the composition of a solution is the mole fraction. For a
given component, the mole fraction is the ygpio of the number of
moles of the given component to the total*humber of moles in the
solution. That is, the mole fraction, N, ,of component ¢ in a
solution is equal to "

2y

* Ttalic numbers in parentheses refer to entries in the list of references at
the end of each chapter.

N;
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when 7; is the number of moles of component 7z, and > n; is the
total number of moles in the solution.

11. Molality. In the case of aqueous solutions, the composi-
tion is usually expressed in terms of the molality, m, defined as the
number of moles of solute per 1000 grams (or 55.506 moles) of
water. Molality, as contrasted to concentration in moles per
liter of water or liter of solution, is independent of the temperature.

12. Superscripts. When attached to a symbol representing
a given thermodynamic property, as @, the superscript °, making
G°, represents the thermodynamic standard reference state of the
given substance for which the value of G is given. The super-
seript * on G, making G*, represents the pure state of the given
substance. For a given substance, the standard state and the
pure state may sometimes, but not always, be identical. A zero
superseript  on @, making G, represents infinite dilution.

13. Subscripts. When applied to the properties of the com-
ponents of a solution, the integral number subscripts 1,2,3, etc.,
refer to the components of the given solution beginning with the
solvent. In a solution of two components, the subscripts 1 and
2 refer to the solvent and solute, respectively. The absolute
temperature to which a given thermodynamic property applies is
indicated by a numerical subscript (corresponding to the absolute
temperature) on the given property, as Gogs.16. The latter is the
value of @ for the given substance at 298.16°K (or 25°C).
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Temperature

1. Temperature. Temperature is one of the most fundamental
properties in thermodynamics. The concept of temperature is
one easily comprehended in a qualitative way through the human
senses. Given five bodies, 4, B, C, D, and E, at temperatures,
T4, Tg, T¢, Tp, and T'g, respectively, physical contact with these
bodies can permit one to distinguish them with respect to temper-
ature. Suppose one finds 4 to be warmer than B, B to be warmer
than C, C to be neither warmer nor colder than D, and D to be
neither warmer nor colder than E. Then the following con-
clusions may be drawn regarding the several temperatures, within
the significance of the observations:

Ta>Tp > Tc; (1)
Te¢=Tp = Tg; (2)
Ta>Tp > Thp; 3)
Ta>Tp > Tk 4)

2. Quantitative measurement of lemperature. Having
a qualitative knowledge of temperature, one then desires to make
some quantitative measurements. For this purpose, one may
select a suitable substance having any readily measured property
which changes monotonically with the temperature. The property
measured must also be one which has reproducible values when
the substance is repeatedly returned to the same temperature.
For example, one may use for the thermometric property and the
thermometric substance the following: the length of a given piece
of copper rod; the volume of a given mass of mercury; the elec-
trical resistance of a given piece of platinum wire; the volume, at
constant pressure (or the pressure, at constant volume), of a given
mass of oxygen gas. After the selection of the thermometric

8



““Zero-pressure’’ gas scale of temperature 9

substance and the thermometric property, it is necessary to specify
the mathematical function which is to relate the given property to
the temperature. Such a function may be a simple linear one, in
which the temperature is proportional to the length of the copper
rod, or to the resistance of the platinum wire, or to the volume of
mercury, or it may be a complicated logarithmic function relating
temperature and the given property.

Any two scales of temperature utilizing different thermometric
substances, or different’ thermometric properties, or both, will not
be exactly the same. The reason is that different substances have
different values of the percentage rate of change of a given property
with temperature and because different properties of the same
substance have different values of the percentage rate of change
of the properties with temperature. Whenever the volume of a
given fluid is measured in containers of different material, it is
possible to have two slightly different scales of temperature even
though the same property (volume) of the same substance is being
used. For example, two scales of temperagure, both utilizing the
apparent expansion of mercury in glass, will be different if the glass
containers in the two cases have different values of expansion with
temperature.

It is obviously desirable to have a scale of temperature which is
independent of a particular property of a particular substance.

3. ‘“Zero-pressure’’ gas scale of temperature. It is found
that scales of temperature utilizing gases at low pressure (about
1 atmosphere or less), involving either the change of volume at
constant pressure or the change of pressure at constant volume,
are very nearly (although not exactly) alike. The differences
between such scales become less and less as the pressure is di-
minished. This behavior is corollary to the fact that all real gases
approach a common limit in their relations of pressure, volume,
and temperature as the pressure is diminished without limit. It
is possible therefore to utilize any real gas as a standard thermo-
metric substance by extrapolating its appropriate properties to
Zero pressure.

With a fixed, but not necessarily measured, quantity of any
real gas at a given temperature, T, measurements of the pressure
and volume are made at several finite low pressures. These values,
in the form of the pressure-volume product, are extrapolated to
zero pressure to obtain the value of the pressure-volume product
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at zero pressure at the given temperature for the quantity of gas
involved. If these measurements are repeated at another temper-
ature on the same quantity of the same gas, there is obtained a
value of the pressure-volume product at zero pressure for the
second temperature. A satisfactory and fundamental scale of
temperature is established by letting these values of the pressure-
volume product at zero pressure be proportional to the temperature
on this zero-pressure gas scale, as

(PV)§=0 = AT. (5)

In Equation 5, A is the constant of proportionality for the quantity
(preferably moles) of gas involved, and T is the temperature on
this zero-pressure gas scale.

The next step is to evaluate the constant of proportionality.
This may be done in either of two ways: (a) by defining the
number of degrees between two selected fixed points which are
realizable in the laboratory; or (b) by defining the absolute value
of temperature to be assigned to one fixed point realizable in the
laboratory with reference to the origin or zero on the zero-pressure
gas scale of temperature (2). In the former method, which is
the one currently in use, the difference in the values of temperature
between the two selected fixed points is defined and never changed,
but the absolute values of the temperature of the two selected fixed
points may change as the result of improvements in experimenta-
tion with the zero-pressure gas thermometer. In the second
method, the absolute value of the temperature of one fixed point
with reference to the origin or absolute zero is defined and never
changed, but the absolute value of the temperature of any other
point may change as the result of improvements in experimen-
tation. )

Basic reproducible fixed points on any scale of temperature are
most easily realized by using the temperature of the thermo-
dynamic equilibrium between two or more phases of a given pure
substance. In general, the equilibrium between a solid and a
liquid is easier to reproduce than one between a liquid and a gas,
because the temperature of the gas is very much more sensitive
to changes in pressure.

In the method currently in use for defining the ‘‘zero-pressure’
gas scale of temperature, the two realizable fixed points which are
employed to define the scale are (a) the temperature at which
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solid water is in thermodynamic equilibrium with liquid water in
air at a pressure of 1 atmosphere; and (b) the temperature at
which liquid water is in thermodynamic equilibrium with gaseous
water at a pressure of 1 atmosphere. The difference in the temper-
ature of these two fixed points, which are commonly called the
“ice” and ‘“steam’ points, respectively, is defined as exactly 100
units or degrees. (It may be noted here that the temperature at
which solid water is in thermodynamic equilibrium with liquid
water at saturation pressure, in the absence of air, which is the
triple point, is 0.0100°C higher than the ice point involving water
saturated with air at 1 atmosphere. On the foregoing scale of
temperature, the interval between the triple point and the steam
point of water is 99.9900°.)

If values of the pressure-volume product at zero pressure have
been determined for the quantity of the given gas, at the ice and
steam points, respectively, then for the first method of defining
the zero-pressure gas scale of temperature, the following relations

hold: )
Tsteam — Tice = 100 (defined constant); . (6)

(PV )T e
Tice = 100 = T e 7
°° (PV);s:e?tm - (I)V)};'l;eo ( )

Equation 7 serves to evaluate the absolute temperature of the ice
point on the ‘‘zero-pressure” gas scale of temperature, according
to the current method of defining this scale of temperature by
using two realizable fixed points.

Figure 1 represents schematically how observations of the
pressure-volume product for real gases are extrapolated to zero
pressure. In principle, what is required is the measurement, at
a given temperature, of pressure and volume at a series of pressures
and the extrapolation of these values to zero pressure. Actually,
the observations and calculations are rather involved, and the
extrapolation to zero pressure is much more complicated than
shown schematically in principle in Figure 1.

Figure 2 represents schematically the relation between the
values of the temperature and the pressure-volume product at
zero pressure, for the zero-pressure gas scale of temperature de-
fined by two realizable defining fixed points.

Equation 7 may be easily derived from Figure 2 by making a
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PV
Pressure - volume product

Pressure

Fioure 1. Simplified schematic diagram, showing the extrapolation of
pressure-volume data to zero pressure.

Values of pressure are plotted on the scale of abscissas, and values of the
pressure-volume product are plotted on the scale of ordinates. The data are
not plotted to scale.

()
%

Tl'bﬂm

Pressure-volume product
at zero pressure
CHE
|
|
|
|
!
|
}
|
1
|
|
|
|
|

o —

8 IC
o— Tice Toteom

"Zero-pressure” Gas Scale of Temperature

Af——————————————

Ficure 2. Simplified diagram, showing the relation between the pressure-
volume product at zero pressure and temperatures on the zero-pressure gas
scale.

Temperatures on the zero-pressure gas scale are plotted on the scale of
abscissas, and values of the pressure-volume product at zero pressure are
plotted on the scale of ordinates.
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proportion of the corresponding parts of the two similar right
triangles:

b
S|

iB
B¢~ DE’ ®)
or
. __ D
Tice = AB = ==. ¢
BCDE 9)

Any other unknown temperature, including any additional
fixed (but not defining) points, may be evaluated fundamentally
from measurements on a given but not necessarily measured
quantity of a suitable gas. Such measurements would determine
the pressure-volume product at zero pressure at the given unknown
temperature and at the two defining fixed points, the ice and
steam points. The value of the unknown temperature, 7T, on
this scale would be given by the following relation:

, rvyp°
T, = 100 TRyl =5 (10)
( V ) Tsteam (P V ) Tlcc

Equation 10 may be easily derived from Figure 2 by making a
proportion of the corresponding parts of the two similar right
triangles:

AF  AG
_— = = 11
BC '~ DE (11)
or
. __AG
Tm = = —_—. ]_2
AF = BC oh (12)

In such determinations, maximum precision and accuracy in the
evaluation of the unknown temperature 7', arc obtained by having
the pressure-volume measurements at all three temperatures made
with the same apparatus and procedure and by having the extra-
polation of the experimental data to zero pressure made uniformly
in the same way.

In the second method of defining the zero-pressure gas scale of
temperature, using only one realizable fixed point and the origin or
absolute zero, the absolute temperature of the ice point is defined
and any other unknown temperature, 7';, would be evaluated
fundamentally from this defined value of the ice point and the ratio
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of the pressure-volume product of a suitable gas at zero pressure
at the unknown temperature and at the ice point. In this case,
arbitrarily defining the absolute value of the ice point according
to its present best value on the scale of temperature defined by
two realizable fixed points, the relations involved are the following:

Tico = 273.16° (defined constant); (13)
(PV)F°

T, = 273.16 ——F=5 14

. PV s

If, instead of the ice point fixed by the thermodynamic equi-
librium between water ice and liquid water saturated with air at
1 atmosphere, one used the triple point of water fixed by the same
equilibrium in the absence of air, Equations 10, 13, and 14 would
be changed to the following Equations 15, 16, and 17, respectively:

PV)r° .
(P V)Tsteam — (P V)Tlce triple pt, ’
Tice, triple pt. = 273.17 (defined constant); (16)
(PV)§=0

(P )Tlce triple pt.

T, = 99.9900 (15)

T, = 273.17 a7)

4. Practical or working scale of temperature. The
evaluation of temperatures by the use of a ‘‘zero-pressure’ gas
thermometer is essentially limited to the national standardizing
laboratories and to certain other laboratories possessing the neces-
sary apparatus and experience. The reason is that the use of a
zero-pressure gas thermometric system with high precision and
accuracy is laborious, difficult, and costly. For general use in
science and technology, it has become necessary to establish a
practical or working scale of temperature.

To do this, one goes back to the selection of a specified thermo-
metric substance, a specified property of that substance, and a
specified mathematical function relating values of the given prop-
erty of the given substance to values of the temperature.

Before making any measurements on the selected thermometric
substance and property, it is necessary to determine experimentally
the values of the temperature of a necessary number of fixed points
which are to be used in connection with the practical or working
scale of temperature. The number of such fixed points will
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depend upon the number of constants to be evaluated in the
selected mathematical function relating, with the necessary pre-
cision and accuracy, the values of the selected thermometric
property of the selected thermometric substance to the values of
the temperature of the selected fixed points.

The absolute value of the temperature of the ice point on the
zero-pressure gas scale is currently selected to be 273.160 + 0.010°,
so that the absolute values of the temperature of the water-ice
triple point and of the steam point are higher by 0.0100° and
100.0000°, respectively. Additional fixed points necessary to
establish a practical or working scale of temperature are selected
on the basis of their reproducibility and the range of temperature
to be covered. Such basic fixed points, together with the values
of temperature which have been assigned to them on the above
zero-pressure gas scale of temperature, as a result of measurements
with a gas thermometer system, are as follows, with the two de-
fining points, ice and steam, included for completeness.

Assigned
oy Temperature
Substance Equilibrium (absolute),

degrees
Oxygen Liquid-gas, at 1 atm 90.19
Water Solid-liquid, in air at 1 atm 273.16
Water Solid-liquid, saturation pressure 273.17
Water Liquid-gas, at 1 atm 373.16
Sulfur Liquid-gas, at 1 atm 717.76
Silver Solid-liquid, at 1 atm 1233.96
Gold Solid-liquid, at 1 atm 1336.16

The uncertainties in the absolute values of temperature on the
zero-pressure gas scale of temperature assigned to the above fixed
points are about 0.01° for the oxygen, ice, and steam points, near
0.1° for the sulfur point, and near 0.5° for the silver and gold points.

For convenience in the use of a practical or working scale of
temperature in ordinary scientific and technological work, as well
as for historical reasons, the defining ice and steam points are
assigned values of 0 and 100° respectively, and the values of
temperature on this practical scale are labeled degrees Celsius
(Centigrade), or °C. The above fixed points have the following
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values on the Celsius (Centigrade) scale, obtained by subtracting
273.16° from the absolute values: oxygen, —182.970°C; ice,
0°C (exactly); ice, triple point, 0.0100°C; steam, 100°C (exactly);
sulfur, 444.60°C; silver, 960.80°C; gold, 1063.00°C.

The next step is to select suitable thermometric substances,
properties, and mathematical functions. It has been found that
the clectrical resistance of pure platinum wire increases in a
roughly linear manner with tempecrature. With three or four
constants in a second- or third-degree polynomial, it is possible
to relate the electrical resistance of platinum to temperature on
the above scale with considerable precision and accuracy, from
—183° to 630°C, as follows:

For the range —183°C to 0°C, the relation of resistance to
temperature is

ry = 7'0(1 + at + bt? + Ct3), (18)

where r; and ry are the electrical resistances of the platinum re-
sistance thermometer at the temperature t and at 0°C, respectively,
and a, b, and ¢ are constants evaluated from measurement of the
resistance of the thermometer at the oxygen, steam, and sulfur
points.

For the range 0°C to 630°C, the relation of resistance to tempera-
ture is

re = 1o(1 + at + bt?), (19)

where the three constants are cvaluated from measurement of the
resistance of the thermometer at the ice, steam, and sulfur points.

For the range from 630°C to 1063°C, the electromotive force
of a standard platinum versus platinum-rhodium thermocouple is
used for the working scale of temperature, with the following
relation:

e = a -+ bt + ct? (20)

Here e is the electromotive force of the standard thermocouple,
one junction of which is kept at 0°C and the other at the given
temperature ¢, and the three constants a, b, and ¢ are evaluated
from measurements of the electromotive force of the thermocouple
at the antimony, silver, and gold points. The value of the
temperature to be assigned to the antimony point in this calibration
is evaluated with the platinum resistance thermometer for the
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given sample of antimony. (Pure antimony has a freezing point
of 630.5°C.)

Measurements of temperature below —183°C are made with
gas thermometers, or with resistance thermometers or thermo-
couples that have been calibrated against a gas thermometric
system, or with resistance thermometers or thermocouples that
have been calibrated against other resistance thermometers or
thermocouples that have been calibrated against a gas thermo-
metric system.

Measurements of temperature above the gold point are made
with optical pyrometers. The measurements involve determina-
tion of the ratio of the intensity of monochromatic visible radiation
of a given wave length emitted by a black body at the unknown
temperature to the intensity of the same radiation of the same
wave length emitted by a black body at the gold point. The
unknown temperature 7', is evaluated from the radiation formula:

JT 6(‘1/)\ Tau 1

L o= 7 . 21
JTAu 602/)\1¢ -1 ( )

In Kquation 17, Jy, and Jp, arc the radiant energies per unit
wave-length interval at the given wave length, A (in centimeters),
cmitted per unit time by unit area of a black body at the tempera-
tures T’y and 7', respectively; T, and T, are the absolute values
of the unknown temperature and the temperature of the gold
point, respectively; cy is the second radiation constant and is
equal to he/k or 1.438 cm degrees.

The International Temperature Scale, which is essentially the
practical or working scale described above, was first adopted in
1927 by the Seventh General Conference of Weights and Measures,
and was revised in 1948 at the Ninth General Conference of Weights
and Measures.

5. Thermodynamic scale of temperature. The zero-
pressure gas scale of temperature described in this chapter is
identical with the fundamental thermodynamic scale of tempera-
ture to be introduced in a subsequent chapter. Temperatures
on the thermodynamic scale of temperature are labeled degrees
Kelvin, or °K. All temperatures on the zero-pressure gas scale
of temperature will henceforth in this book be labeled °K for the
sake of uniformity and to avoid unnecessary confusion.
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6. Collateral reading. For details concerning temperature
and scales of temperature, the reader is referred to the following
publications: Kelvin scale of temperature, Thomson (1) and
Giauque (2); International Temperature Scale, Burgess (3);
temperature, Wensel (4); extrapolation of PV isotherms, Cragoe
(6); absolute temperature of the ice point, Beattie (6); Inter-
national Temperature Scale of 1948, Stimson (7). See also
Beattie, Benedict, Blaisdell, and Kaye (8).
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PROBLEMS

1. On a certain mass of a real gas, the following values were determined
for the pressure in atmospheres and the volume in cubic centimeters, re-
spectively, at 0°C: 1.0000, 19.979; 0.5000, 40.078; 0.2000, 100.375. And
similarly at 100°C: 1.0000, 27.447; 0.5000, 54.904; 0.2000, 137.275. From
these data, derive the temperature of the ice point, 0°C, in terms of the zero-
pressure gas scale of temperature.

2. A mass of 35.0000 g of pure gaseous oxygen, Og, at the ice point, 0°C,
has the following volumes at the indicated pressures: 800 mm Hg, 23,271.5
em?; 400 mm Hg, 46,561.7 cm?; 200 mm Hg, 93,142.0 em®. Taking the
temperature of the ice point on the zero-pressure gas scale of temperature to
be 273.160°K, calculate the value of the gas constant, R, per mole.

3. A zero-pressure gas scale of temperature, labeled X, is fixed by setting
Toteamn °X) — Tiee(°X) = 100(°X) and Tsgeam (°X)/Tiee(°X) = 1.366086. A
second zero-pressure gas scale of temperature, labeled Y, is fixed by setting
Tiee(°Y) = 273.160(°Y). A third zero-pressure gas scale of temperature,
labeled Z, is fixed by setting Tie(°Z) = 273.100(°Z). Assuming that the
best experimental value of the ratio of the PV product at zero pressure for a
given mass of gas at the steam and ice points is 1.366086, calculate the tem-
perature of the steam point on the three different scales of temperature.
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Fundamental Constants

and Conversion Factors

1. Fundamental constants. In making application of chemical
thermodynamics to actual problems, it becomes necessary to have
values for the various constants and conversion factors involved
in the calculations. In the appendix of this book are given rather
complete tables of the constants and conversion factors that may
be needed in the calculations of chemical thermodynamics. These
values of constants and conversion factors are derived from the
lists issued in the tables of Selected Values of Properties of Hydro-
carbons (1) of the American Petroleum Institute Research Project
44 and are adjusted for the recent change in the accepted value of
the Faraday constant (2, 14, 21, 22). In order to emphasize the
derivation of those constants which are most needed in chemical
thermodynamics, there are discussed in this chapter certain of these
constants with some indication of their origin.

In this connection, distinction must be made among the basic
constants, the values of which are determined by experimental
measurements, the derived constants, the values of which are
obtained by applying physical relations to the basic constants, and
defined constants, the values of which are fixed by definition.
With regard to the basic and derived constants, it may happen
that a given pair of constants related by physical laws may change
places from one category to the other, depending upon the relative
accuracy with which the values of the two constants may be
determined experimentally. The more accurately determined
constant is placed in the basic list, leaving the other one to be
‘derived from the value of the first constant with the appropriate
physical relation.

The fundamental units in terms of which the measurements of
the basic constants are made are those of length, mass, and time

3, 4).
19
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The international standard of length is the mecter, which is
maintained as the distance at 0°C between the axes of two lines
ruled parallel on the International Prototype Meter which is
deposited at the International Bureau of Weights and Measures
at Sévres, near Paris, France. The primary standard of length in
the United States is the United States Prototype Meter 27, a
standard bar made of an alloy of platinum and iridium and having
an X-shaped cross section, which is deposited at the National
Bureau of Standards in Washington, D.C. The length of the
latter meter bar is known in terms of the International Prototype
Meter. A supplementary definition of the meter in terms of the
wave length of light was adopted provisionally by the Seventh
General (International) Conference on Weights and Measures in
1927, and a new movement is now under way to define the meter
primarily as a given number of wave lengths of a suitable pure
monochromatic radiation.

The international standard of mass is the mass of the Inter-
national Prototype Kilogram, made of an alloy of platinum and
iridium, which is deposited at the International Bureau of Weights
and Measures. The primary standard of mass in the United States
is the mass of the United States Prototype Kilogram 20, made of
an alloy of platinum and iridium, which is deposited at the National
Bureau of Standards, and of which the mass is known in terms of
the International Prototype Kilogram.

Time is measured by the time of motion of the earth, either on
its axis or around the sun. In astronomy, three kinds of time are
recognized; sidereal time, which is used exclusively for astronomical
purposes; apparent solar time, which is the time shown by the
sundial; and mean solar time, which is used in civil life and business
and in defining the units employed in the physical sciences.

Sidereal time is defined by the rotation of the earth with respect
to the stars, a sidercal day (or 24 sidereal hours or 86,400 sidereal
seconds) being the interval of time between two successive passages
of a star across a meridian.

Apparent solar time, or the hour angle of the sun, is the time
shown by the sundial, its noon being the moment when the center
of the sun crosses the meridian. On account of the earth’s orbital
motion, the sun appears to move eastward along the ecliptic, com-
pleting its circuit in a year. Each noon, the sun occupies a place
among the stars about a degree farther east than it did the noon
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before, and so comes to the meridian about 4 minutes later (ac-
cording to the sidereal time). That is, the solar day is 4 minutes
longer than the sidereal day, the difference amounting to exactly
1 day each year. A tropical solar year contains 365.2422 solar
days or 366.2422 sidereal days. Since the earth, in its motion
around the sun, does not move at a uniform speed, and the sun
in its apparent motion does not move along the equator but along
the ecliptic, the apparent solar days are not of exactly equal length.

To overcome this difficulty, mean solar time is measured in
terms of the motion of a fictitious or “mean’ sun, the position of
which, at all times, is the same as would be the position of the real
sun if the carth moved on its axis at a uniform rate and journeyed
around the sun at a uniform rate. The length of the mean solar
day is equal to the average length of the apparent solar day. The
ratio of the mean solar sccond to the sidereal second is given by
the ratios of the numbers 365.2422 and 366.2422, mentioned above.

2. Basic constants. For the purposes of chemical thermo-
dynamics, at the present time, the basic constants, apart from
atomic weights, may be taken as the following:

¢, the velocity of light (5);

N, the Avogadro constant (§);

F, the Faraday constant (5);

h, the Planck constant (5);

Ty, the absolute temperature of the ice point (6);

(PV)5E°, the pressure-volume product for 1 mole of a gas at
0°C and zero pressure (7);

sec, the mean solar second (3, 4, 8); and

1, the liter* (9).

Following are summarized briefly the kinds of measurements
which yield values of the basic constants:

The velocity of light, ¢, is evaluated from direct experimental
measurements involving distance, r, and time, z:

T
c=". M
2
The Avogadro number, N, is evaluated from the density, p, of
an appropriate crystalline substance (as calcium carbonate), its
" % It is to be noted that the liter can be eliminated as a basic constant by
defining it in terms of the cubic centimeter.
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molecular weight, M, the X-ray grating space, r, and the crystal

structure volume factor, f:

_ M
23f

@)

The Faraday constant, F, has classically been evaluated from
the gram-molecular weight, M, of a chemical element (as silver),
the valence of, or charge on, the ion, 2, and the mass, m, of that
element deposited by a measured quantity, @, of electricity:

_ M

mz

3)

The Planck constant, h, is determined from various spectro-
scopic, X-ray, and electron measurements, coupled with a number
of different relations involving the charge of the electron, e, the
mass of the electron, m, the Faraday constant, F, and Avogadro’s
number, N, as follows: Measurements of the quantum limit of the
continuous X-ray spectrum serve to evaluate h/e; electron dif-
fraction measurements of DeBroglie wave lengths for electrons
accelerated with a measured voltage serve to evaluate h/(em)’s;
X-ray photoelectrons ejected with known quantum energies, and
measured by magnetic deflection, serve to evaluate e2/mh; deter-
minations of the spectroscopic fine-structure constant serve to
evaluate e?/hc; spectroscopic measurements of the Rydberg con-
stant serve to evaluate me*/h3c.

The value of the absolute temperature of the ice point is obtained
essentially from a determination at two appropriate temperatures
(preferably the ice point, 0°C, or the triple point of water, 0.01°C,
and the steam point, 100°C) of the PV product at zero pressure
for a fixed, but not necessarily measured, quantity of an appropriate
gas:

(PV)3°
(PV)iowc — (PV)he’

The value of the product RT is taken as the value of the PV

product, at zero pressure and 7T°K, for one gram mole of an

appropriate gas, with the determination preferably being made
with oxygen gas at the ice point, 0°C:

RToc = (PV)5G- (5)

Tocc = 100

(4)
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The mean solar second is discussed in the preceding section.

The liter is the volume of one kilogram of pure water at the
temperature of its maximum density under a pressure of one
atmosphere. However, as previously mentioned, it is entirely
practicable to define the liter in terms of cubic centimeters.

3. Derived constants. The derived constants of interest in
chemical thermodynamics may be taken as the following:

R, the gas constant per mole;

e, the charge on the electron;

k, the Boltzmann constant;

cq, the second radiation constant;

Y, the constant relating energy and mass; and

Z, the constant relating wave number and energy.

Following are the physical relations from which the values of the
foregoing constants are derived, using the values of the basic

constants:
The value of the gas constant R is obtained from Ty and

(PV)5ES®, which is RTgeq:

_(PV)&C°
Tooc

R (6)

The charge on the electron, e, is evaluated from the Faraday
constant, F, and Avogadro’s number, N:

e= —- (7)
The Boltzmann constant, k, is the gas constant per molecule:
k=—- (8)

The value of the second radiation constant, cs, which is hc/k, is

he Z
62=—];=E. (9)

The constant Y, relating the mass, m, and the energy, E, in the
Einstein relation,

AE = Y(am), (10)
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is evaluated from the square of the velocity of light:
Y = 2 | (11)

The constant Z, relating the spectroscopic wave number, », and
the energy, E, in the relation,

AE = Z (Av), (12)

is evaluated from Avogadro’s number, N, Planck’s constant, A,
and the velocity of light, c:

Z = Nhe. (13)

4. Defined constants. The defined constants of importance
in chemical thermodynamics are the following:

go, the standard value of the acceleration of gravity (3);
atm, the standard atmosphere (3);

in., the inch (10);

Ib, the pound (10);

gal, the gallon (10);

cal, the thermochemical calorie (11, 12);

I.T. cal, the steam calorie (12, 13); and

BTU, the British thermal unit (12, 13).

The values of the foregoing defined constants are discussed in the
references cited and are given in the tables of constants and con-
version factors in the appendix of this book.

5. Collateral reading. For a detailed presentation of the
evaluation of the constants F, N, h, and related quantities, the
reader is referred to DuMond and Cohen (74) and DuMond (15).
Earlier extensiye surveys of the values of the fundamental constants
have been published by Birge (5, 16, 17). Before the work of
Birge, the most widely used set of constants were those in the
International Critical Tables (3). The status of the fundamental
electrical units was reported by Curtis (18) and Crittenden (19).

The atomic weights are reviewed periodically by the Committee
on Atomic Weights of the International Union of Pure and Applied
Chemistry (20). In this book, the temperature scale is reviewed
in Chapter 3 and the calorie and the joule in Chapter 5. For a
detailed discussion of the other constants discussed in this chapter,
the reader is referred to the publications cited. Reviews of the
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status of the fundamental constants important in physical chem-
istry are issued at intervals by the National Research Council
Committee on Physical Chemistry (21). The new method of eval-
uating the Faraday constant, which is essentially one of measuring
the ratio of the charge to the mass of gaseous hydrogen ion, H*,
is described by Hipple, Sommer, and Thomas (22).
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PROBLEMS

1. A pure single crystal of sodium chloride is found to have a density of
2.16228 g/cm3. X-ray data show that the average volume occupied by one
molecule of NaCl in the crystal is (3.5535 X 1078 em)3. Given the molecular
weight of NaCl to be 58.454 g/mole, calculate the value of the Avogadro
number.

2. It is found that 10,757.97 absolute coulombs of electricity deposit
12.02846 g of silver. If the atomic weight of silver is taken as 107.880 g/mole,
calculate the value of the Faraday constant.

3. From the values of the Avogadro number and the Faraday constant
obtained in the foregoing problems, calculate the value of the charge on the
electron.

4. One mole of a given chemical substance has, under certain conditions,
a heat of combustion of 98,000 cal. Express this quantity of energy in terms
of the following units: (a) absolute joules; (b) absolute electron-volts/mole-
cule; (c) wave numbers (reciprocal centimeters); (d) change in mass (energy
equivalent); (e) British thermal units; (f) absolute kilowatt-hours; (g) liter-
atmospheres; (k) foot-pounds (weight).
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The Calorie and the Joule

1. Early unit of energy. From the time of the early work of
Count Rumford near 1800 to the early part of the present century,
the most convenient and readily applicable method of measuring
quantities of heat arising from processes occurring at or near room
temperature was to observe the rise of temperature produced in a
known mass of water contained in a suitable vessel, or calorimeter.
-Ir this way, it was possible to measure with considerable pre-
cision a quantity of energy in terms of a given mass of water and
its rise of temperature. With the calorie defined as the quantity
of heat required to raise the temperature of one gram of water
through one Centigrade degree, the experimenter was thus able
to express the result in calories, obtained as the product of the
mass of water in grams and the rise of temperature in Centigrade
degrees.

2. Various calories. As the measurements increased in pre-
cision, it became necessary to take proper cognizance of the heat
capacity of the container, thermometer, stirrer, etc.; to define the
scale of temperature; and to specify accurately the various con-
ditions attending the absorption of the heat by the water, such
as the mean temperature or the interval of temperature, and the
pressure. The specification of the mean temperature gave rise in
itself to various calories, such as the 0° calorie, the 4° calorie, the
15° calorie, the 18° calorie, the 20° calorie, and the mean (0 to
100°C) calorie. By about 1905, experimental calorimetry had
advanced to a stage where measurements of heat in terms of the
heat capacity of water could be made with a precision of about
1 part in 1000. .

3. Mechanical equivalent of heat. It was early recognized,
however, that, notwithstanding the relative ease with which
measurements of heat could be made in terms of the heat capacity
of water, it was necessary to ascertain what quantity of energy in
absolute units (ergs or joules) a given calorie was equivalent to.

27
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This gave rise to the scries of investigations on the mechanical
equivalent of heat begun by Joule about 1840 and continued by
him over a long period of years (). After Joule, determinations
of the heat capacity of water in absolute units were published by
Rowland (2) in 1880 and by Reynolds and Moorby (3) in 1897.
Near 1900, extended reviews of the data on the mechanical equiva-
lent of heat were published by Ames (4) and by Barnes (5).
Throughout all this work, it was apparent that the uncertainty of
the value giving the number of joules equivalent to a given calorie
was always comparable with the uncertainty with which a given
quantity of heat could be measured in terms of the heat capac-
ity of water. As long as this situation existed, it was desirable,
for purposes of high precision, to continue to use as the unit
of heat energy the heat capacity of water under specified con-
ditions.

4. Units of electrical energy. With the development of
accurate electrical standards near the beginning of the present
century, it became possible to measure electrical energy with
high precision. As soon as this precision in the mecasurement of
the electrical energy introduced into a calorimeter became equal
to or exceeded that of measuring heat in terms of the heat capacity
of water, the real need for retaining the latter as a unit of heat
energy was removed. It was not until about 1930, however, that
definite steps were taken to separate the calorimetric unit of
energy from any connection with the actual heat capacity of water
under specified conditions.

Electrical measurements of energy are based upon the mean
solar second as the unit of time and upon working standards of
electromotive force and resistance maintained at the various
national standardizing laboratories. These working standards
are saturated cadmium (Weston) cells and wire (usually manganin)
resistance coils. When redefined in 1908, the units internationally
agreed upon, and specified in terms of the mercury ohm and the
silver voltameter, were identical with the absolute units within the
limits within which the latter could then be determined (6).
Since that time, however, the accuracy of the absolute measure-
ments has increased and more accurate determinations of the
relation between the international units and the absolute units
(ohm and ampere) have been made (7). In 1930, the relation
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between the international and absolute electrical units was such
that (8)

1 international joule = 1.0004 absolute joules. (1)

Later and more accurate evaluations yielded values nearer unity.
In 1939, the relation was (9)

1 international joule = 1.00020 =+ 0.00005 absolute joules. (2)

In 1947, the relations selected as best by the National Bureau of
Standards (10) for purposes of certification of standard cells and
resistances were such that

1 international joule = 1.000165 &= 0.000025 absolute joules. (3)

All measurements of electrical energy made from about 1910 to
1948 by means of standard cells and resistances are actually in
terms of international joules. Beginning January 1, 1948, the
National Bureau of Standards, along with the national standard-
izing laboratories of other countries, is certifying standard cells
and resistances in absolute volts and ohms, so that the resulting
energy is measured in absolute joules (10).

5. Joule versus calorie. Notwithstanding the fact that
practically all accurate calorimetric measurements made after
about 1910 were actually based on electrical energy, most investi-
gators continued until about 1930 to express their final results in
such a way as to make it appear that the unit of energy was in
some way still connected with the heat capacity of water. Actu-
ally, what they did was to convert their values, determined in
international joules, into one or more of the several calories based
on the heat capacity of water, usually for comparison with older
values reported in calories in the literature. This procedure
should have been reversed; that is, the older data should have
been converted to the modern unit of energy. However, the
conversion to the older unit, the calorie, was favored because most
chemists and physicists were reluctant to change from their habits
of thinking of energy in terms of a unit of the size of a calorie.

An important effort to accustom chemists and physicists to the
use of the joule as the unit of energy was made by Washburn in
connection with many (but not all) of the tabulations of chemical
thermodynamic data in the International Critical Tables (11), of
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which he was editor-in-chief. This attempt to change over to
the joule was not popular. It appeared then that the calorie
would at least have to be retained as the name of the unit of heat
energy. It was also realized that there would have to be separated
from the new calorie every association with the heat capacity of
water, else all the thermodynamic values would have to be changed
every time someone determined the heat capacity of water with
an accuracy greater than that already existing. It would also be
necessary for the new calorie to have a size approximately equal
to that of the traditional calorie.

The obvious solution was to have an artificial, conventional
calorie, defined as equal to a given number of electrical joules, the
unit in which the calorimetric measurements are actually made.
The investigators would then report their results in terms of the
unit in which the measurements are actually made, and, for the
benefit of those who prefer to continue thinking of energy in terms
of a unit having the name and size of the calorie, would also give
the values in terms of the artificial calorie by using the conven-
tional factor for the conversion.

In line with the foregoing development, there came into use
independently about 1930 two different artificial, conventional,
defined calories, one in the cnginecring steam tables and the other
in thermochemistry and chemical thermodynamics. (Such calo-
ries may also be described as “dry”’ calories.)

6. Steam calorie. The artificial, conventional calorie used in
the engineering steam tables is designated as the I.T. calorie
(International Table calorie), which was first defined in 1929 by
the International Steam Table Conference (12) by the relation

1 1.T. calorie = g% international watt-hour
= 0.00116279 international watt-hour.  (4)

With the 1947 National Bureau of Standards relation between the
international and the absolute watt, the same steam calorie would
be equal to

1 L.T. calorie = 0.00116298 absolute watt-hour. (5)

As a matter of historical interest, it may be mentioned that the
steam calorie was defined so that its value would be near the value
of the mean (0° to 100°C) calorie. As indicated by its definition,
the steam calorie is independent of the heat capacity of water.
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By common consent, the British thermal unit (BTU) used in
the engineering steam tables is defined in terms of the steam calorie
so as to retain the convenient relation

1 I.T. calorie/gram = 1.8 BTU/Ib. (6)

7. Thermochemical calorie. The artificial, conventional
caloriec that was used after about 1930 in all the research labora-
tories in the United States dealing with thermochemistry and
chemical thermodynamics was defined completely by the relation
(18-16)

1 calorie = 4.1833 international joules. (7)

Beginning January 1, 1948, this calorie was redefined in terms of
absolute joules, using the 1947 National Bureau of Standards
relation between the international and absolute electrical units (10),
so that

1 calorie = 4.1840 absolute joules. (8)

With this redefinition, the thermochemical calorie represents
exactly the same quantity of energy as before, and all the values
previously reported in terms of the thermochemical calorie remain
unchanged. As is obvious from the definition, the thermo-
chemical calorie is independent of the heat capacity of water. All
the values of calories reported in this book are in terms of the
conventional thermochemical calorie.

The number 4.1833, which originally defined the thermochemical
calorie in terms of international joules, now has no particular
significance, though for historical interest it may be mentioned
that it arose from the quotient 4.185/1.0004, through the attempt
to hold to the factor 4.185, selected by the International Critical
Tables (11) for the relation between the absolute joule and the 15°
calorie, and the factor 1.0004, selected in 1930 as the then best
ratio of the size of the international joule to the absolute joule (8).

8. Heat capacity of water. The present best values of the
heat capacity of water, in the range 0° to 100°C, appear to be
those of Osborne, Stimson, and Ginnings (17). These values may
be used to convert to joules such thermal data reported in the
literature as may have been obtained in terms of the heat capacity
of water at a given temperature. (Before this work, Laby and
Hercus (18) had in 1927 reported a new value for the mechanical
equivalent of heat.)



32 The calorie and the joule

9. Collateral reading. For some additional details regarding
the status of the calorie and the joule, the reader is referred to
Mueller and Rossini (19).
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PROBLEM

1. Inagiven 3eries of calorimetric experiments performed by Julius Thomsen
in 1875, the mean temperature of the calorimeter was near 18°C. Thomsen
reported the resulting thermochemical values in terms of a calorie that was
essentially equal to the heat capacity of water at the mean temperature of the
experiments. From the data of Osborne, Stimson, and Ginnings (reference
17 above) and the appropriate other conversion factors, calculate the factor
required to convert Thomsen’s values to their equivalent in (a) international
joules, (b) absolute joules, and (¢) thermochemical calories.
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Energy and
the First Law of

Thermodynamics

1. Energy. There exists a property of every thermodynamic
system called its energy, E, which is characterized by the fact that
it is fully conserved over all systems in every process. Energy
can enter or leave a system only through its surroundings. The
existence of energy is manifested to us through observations of the
changes which it produces in material things. It is important to
note that distinetion between various kinds of energy is made only
as regards energy being transferred from one system to another.
Once a given quantity of energy of a given kind has been taken up
by a system, it is merged into the energy of the given system as a
whole.

2. Magnitudes of changes in energy. Different processes
may have associated with them quite appreciably different amounts
of energy. The following examples illustrate the tremendous
variation in the magnitude of the changes in energy which accom-
pany different processes:

1. Processes involving changes in the nuclei of atoms. In the
nuclear fission of uranium 235 with one neutron to form one atom
of barium, one atom of krypton, and an assumed number of three
neutrons,

BT 4+ n = Ba + Kr + 3n, 1)

the energy given up by the system to the surroundings is approxi-
mately 4 X 102 cal/mole.

2. Processes tnvolving changes in the valence electrons of atoms or
molecules. In the recombination of an electron with a proton to
form a neutral hydrogen atom,

o+ H+=H, @)
33
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the energy given up by the system to the surroundings is about
3 X 10° cal/mole.

3. Processes involving changes in molecular structure. In the
reaction of hydrogen with oxygen to form water,

H; + 30, = H;0, 3)

the energy given up by the system to the surroundings is about
6 X 10* cal/mole.

4. Processes tnvolving changes of state, as from solid to liquid or
liguid to gas. In the condensation of water vapor to liquid water,

H,0 (g) = Hy0 (lig), (4)

the energy given up by the system to the surroundings is about
1 X 10* cal/mole.

5. Processes involving changes in translational, rotational, and
vibrational energy in a molecule. In the process of cooling gaseous
water from 1000°K to 300°K,

0 (g, 1000°K) = I,0 (g, 300°K), (5)

the energy given up by the system is about 5 X 10% cal/mole.

6. Processes involving changes in mechanical potential energy.
When a mass of water is dropped from a height of 555 {t, the
energy given up by the system to its surroundings is about 7
cal/mole.

7. Processes involving changes tn mechanical kinetic energy. In
the stopping of a mass of water traveling with a speed of 50
miles/hour, the energy given up by the system to its surroundings
is about 1 cal/mole.

3. Manner in which a system possesses energy. Although
thermodynamies is not concerned with the mechanism of a process,
it is nevertheless frequently helpful in thermodynamic studies to
have some picture of how a system possesses energy. There may
be said to be two general ways in which a system may possess
energy.

In the first way, a system acquires or loses energy because of
some change in the position of the system as a whole with respect
to its surroundings. That is to say, the system may gain or lose
energy because of a gain or loss, for the system as a whole, of its
directed kinetic energy or of its potential energy of position in the
gravitational field of the earth.
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In the second way, a system acquires or loses energy because of
a change in its internal chemical structure, that is, a change in the
condition of its constituent atoms and molecules, or a change in
the neutrons, protons, and electrons that go to make up the atoms.
In addition to changes in atomic and molecular structure, there
are included here changes in the translational, rotational, and
vibrational energy of the molecules of which the system is com-
posed.

4. The first law of thermodynamiecs. In every process that
oceurs; every change in energy must be in accord with the first
law of thermodynamics. This law governs not only the transfer
of energy from one place to another, but also all the transforma-
tions of energy in any of its many forms, as heat energy, mechanical
potential cnergy, mechanical kinetic energy, electrical energy,
radiation energy, latent molecular energy, ete.

The first law of thermodynamics was contained implicitly in
the work of Carnot (1) in 1824 and of Mayer (2) in 1842, but was
first stated unambiguously by Helmholtz (3) in 1847. The first
law may be summed up in the statement that, whenever any
process occurs, the sum of all the changes in energy, taken over
all the systems participating in the process, is zero:

S dE = 0. (6)

In Equation 1, E represents the energy of a given thermodynamic
system, and the summation is to cover all systems.

. In subjecting a given process to the scrutiny of the first law, it
is usually convenient to specify or define a particular system which
is%nclosed by a surface through which passes, in or out, energy
in its various forms, and to let all the other possible systems con-
stitute one large surrounding system. Whenever any process
occurs, the net energy taken up by the given system will be exactly
equal to the energy lost by the surroundings, and vice versa. The
increase in the energy of a given system participating in a process
will be equal to the sum of all the different kinds of energy taken
up by the system from the surroundings less the sum of all the
different kinds of energy given up by the system to the surround-
ings. TFor convenience in later derivations and calculations, it is
desirable to distinguish three kinds of energy transferred between
the system and its surroundings and to take the algebraic sign
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of each as positive when the given energy is taken up or absorbed
by the system. This may be expressed by the relation*:

dE = éq + dw + du. (7)

In Equation 7, dE is the differential increase in the energy of the
system and 8¢, dw, and du are infinitesimal quantities of the different
kinds of energy taken up by the system, with ¢ representing heat
energy, w representing PV work energy, and « representing all
other forms of energy. In order to be added properly, the energies
¢, w, and u must be expressed in the same unit of energy, and must
be labeled properly with respect to sign. Positive values of ¢, w,
or u, respectively, indicate that the given energy has been taken
up by the system from the surroundings. Correspondingly,
negative values of ¢, w, or v indicate that the given energy has been
lost by the system to the surroundings.

Figure 1 illustrates schematically the various kinds of energy
that may be taken up or lost by a given system when a process
occurs. In the example shown in Figure 1, the increase in energy
of the system as it passes from an initial state 4 to a final state
B is

Ep—Es=AE=a—-b+c—d+f—g+h—7+j—k (8)

In the general case, for a finite change from state A to state B,
the increase in the energy of a system is

AE = g+ w + u, 9)

where ¢, w, and u represent, respectively, the heat energy, the PV
work energy, and all other forms of energy, absorbed by the given
system. That is to say, the numerical values assigned to ¢, w,
and u will be, positive or negative, respectively, according to
whether the net energy of the given kind is absorbed or given out
by the system.

Since the energy of the system in the state A is fixed completely
by the properties of state A, and similarly for state B, the increase

* The differential symbol d is used to mean the infinitesimal increment or
differential increase of a given property, as dE, the increment or differential
increase in the energy of the system. The variation symbol & is used to rep-
resent an infinitesimal quantity of something, as of one of the kinds of energy
transferred in the process, as 3g, an infinitesimal quantity of heat energy
absorbed by the system. The variation symbol & is to be distinguished from
the differential symbol d.
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in energy, Eg — E4, or AE, as the system passes from state A to
state B, is independent of the path followed in going from A to B.
That is to say, for given states A and B, the value of AE is in-
variant. But ¢, w, and » may have any values whatsoever so
long as their algebraic sum is equal to AE.

SURROUNDINGS vd

.\\ﬁ)

7/ SURROUNDINGS

Froure 1. Schematic illustration of different kinds of energy taken up or
lost by a system in a given process.

The arrows indicate the direction of passage of the different kinds of energy,
into or out of, the given system during a given thermodynamic process.

If the process is one in which w and u are both zero, and the
only energy involved is the heat energy, q, then

AE = q. (10)

If the process is one in which ¢ and u are both zero, and the only
energy involved is the PV work energy, w, then

AE = w. (11)

Similarly, if the process is one in which no heat or PV work energy
isinvolved, and the only energy is some other form, as, for example,
electrical energy, then

AE = wu. (12)
If the process is one in which the system passes through a complete

closed cycle, with the final state B being identical with the initial
state A, then

AE = 0, (13)
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and the sum of all the different energies absorbed or given out by
the system must algebraically add to zero:

qg+w+u=0. (14)

It is important to note that the first law of thermodynamics is
concerned only with changes in the energy of material systems
and not with the absolute value of the energy of any system. How-
ever, in making thermodynamic calculations of energy, particularly
of the energy of chemical reactions, it is convenient to select
certain reference states of the substances to which are assigned
values of zero energy. Such reference states may be, for example,
the chemical elements in the physical state in which they occur
naturally at 25°C, or they may be the chemical atoms in the
gaseous monatomic state at the absolute zero of temperature, or
they may be, also at the absolute zero of temperature, the neutrons,
protons, and electrons from which atoms may be formed. The
selection of any such set of reference states, including the last
named, is essentially arbitrary, since it is conceivable that even
more fundamental units of matter may be discovered. The use
of any given set of arbitrary reference states for assigning values of
energy is desirable in so far as it facilitates the making of thermo-
dynamic calculations.
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PROBLEMS

1. A given massof fluid, X, is contained in a vertical c¢ylinder under pressure
by means of a-piston held in place by stops, a—a. The piston has a mass of
m g and a cross-section of r em? and is in contact with the atmosphere, the
pressure of which is 760 mm Hg. The cylinder is in contact with a thermostat.
The following isothermal process occurs: The stops a-a are released; the
fluid, X, forces the piston upward against the stops b—b, which are a vertical
distance of h cm above the stops a-a, and, in this process, ¢ joules of heat
energy pass from the thermostat through the walls of the cylinder into the
fluid, X. Assuming that no energy is involved in releasing the stops a-a,
calculate the increase in the internal energy of the fluid, X.

2. A thermodynamic system and its surroundings participate in the follow-
ing isothermal process involving four steps: (1) 100 cal of heat energy pass
from the system to the surroundings; (2) the thermodynamic system expands
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in volume 4000 cm?® against the constant pressure of 1 atm exerted by the sur-
roundings; (3) for a time of 2000 sec, an electric current of 2 amp passes from
the surroundings into the system where it flows through a resistance coil of
20 ohms and returns to the surroundings; (4) a mass of 1 kg falls from a sta-
tionary location in the surroundings into the system where it comes to a stop
after a total vertical fall of 30 m. Calculate the increase in energy of the
system.
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Equivalence of

Mass and Energy

1. Relation between mass and energy. Shortly after the
beginning of the present century, developments in the field of
mathematical physics yielded a fundamental basis for evaluating
the energy of material systems on an absolute basis. Embodied in
the principle of relativity announced by Einstein (1) in 1905 is the
following important relation:

2
npc
E=———F—uy- 1

(1 — v?/c?)* )
In this equation, E is the cnergy of the body (system), mq is the
mass of the body at rest, v is the velocity of the body, and ¢ is a
constant whose value is the velocity of light. The expression on
the right side of Equation 1 may be expanded into the following
series:

4 1)6

. v
E=m002+%m07)2+%m06—2+1%m0? +oe (2)

At ordinary velocities, the terms on the right side of Equation 2
beyond the second are negligible, so that, for velocities which are
small compared to the velocity of light, the relation is

E = moc? + Imqv?. 3)

In Equation 3, the term $mgv? is the ordinary mechanical kinetic
energy of a moving body, and the term mqc? is the energy of the
body at rest.

For systems at rest, the foregoing equation reduces to

E = mgyc?. 4)

According to Equation 4, the energy of a system at rest is equal to
the square of the velocity of light into the mass of the system.
40
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This then provides a fundamental basis for the assignment of
absolute values of energy to material systems.

However, the assignment of absolute values of energy on this
basis would add very large and unwieldy constants to the numbers
which would be added and subtracted to obtain changes of energy
taking place in systems participating in ordinary thermodynamic
processes. The great practical usefulness of Kinstein’s theory,
as expressed in Equation 4, lies in the fact that it relates changes
of mass with changes of energy. If Equation 4 is applied to a
given thermodynamic system that has gone from an initial state
A to a final state B, the following relations hold:

Eg — E4 = [(mo)s — (mo)alc?, (5)
or
AE = ¢? Amy. (6)

According to Equation 6, any gain or loss in energy by a given
system is accompanied by a corresponding and proportional gain
or loss in the mass of the given system. Letting the Einstein
constant of proportionality be represented by the symbol Y, one
may write Ilquation 6 as

The value of the Einstein constant Y is 2.14784 X 10'® cal/g.
That is to say, a gain in mass of 1 g corresponds to a gain in energy
of more than 2.1 X 10'3 cal or 2.5 X 107 kw-hr.

2. Changes in mass in thermodynamic processes. At
this point, it will be instructive to calculate the changes in mass
accompanying the several representative types of thermodynamic
processes listed in the preceding chapter. Equation 7 may be

rewritten as

AE
Amg = v ®)

The changes in mass for the given reactions are as follows:
25U + n = Ba + Kr + 3n, 9)
AE = —4 X 10'2 cal/mole; Amg = —0.2 g/mole; (9a)
 + H+ = H, (10)
AE = —3 X 10% cal/mole; Amg = —1.4 X 1078 g/mole; (10a)
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H,; + 10, = H,0, (11)
AE = —0.6 X 10° cal/mole; Amg = —3 X 107° g/mole; (11a)

H,0 (g) = Hz0 (lig), (12)
AE = —1 X 10* cal/mole; Amg = —5 X 107° g/mole; (12a)

02 (g) IOOOOK) = 02 (gy OOK)a . (13)
AE = —5 X 10% cal/mole; Amg = —2 X 107° g/mole.  (13a)

In each of the foregoing processes involving a decrease in energy,
there is a corresponding decrease in mass. But, except for the
reaction involving nuclear fission, the changes in mass are too
small to be detected on the most sensitive balance available. The
greatest sensitivity available in weighing with a balance is near
107" g/g. For a system whose mass is about 100 g, such a balance
could detect a change in mass of 1075 g, which would be equivalent
to a change in energy of 2 X 10® cal. Energies of this magnitude
are about 1000 times greater than the energies of ordinary chemical
reactions, and hence can not be detected by weighing. That is
to say, every system that has a change in energy has at the same
time a corresponding and proportional change in mass, although
for all ordinary chemical reactions and processes the change in
mass is far too small to be detected, let alone measured. If it
were possible to have a balance of unlimited sensitivity, measure-
ments of energy could be made entirely by means of such a balance
and calorimetric measurements would no longer need to be made.

It is interesting to note that Landolt (2) in 1893 and Manley (3)
in 1913 made attempts to measure changes in mass accompanying
ordinary chemical reactions.

3. Nuclear reactions. In 1919, Rutherford (4) discovered
that alpha particles from radium brought about a nuclear reaction
with nitrogen. In 1932, Chadwick (§) discovered the neutron,
and Cockeroft and Walton (6) brought about a nuclear reaction
involving lithium and artificially accelerated protons. Since nu-
clear reactions usually involve extremely large changes in energy,
it became possible for the first time to subject the Einstein relation
between mass and energy to experimental test. It wasfound that
the changes in mass and energy were in accord with the Einstein
relation within the accuracy and precision of the experimental
observations.
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Consider the above nuclear reaction in which a high-speed
proton reacts with lithium to form two atoms of helium:

H + "Li = 2 *He. (14)

The masses of the atoms involved in this reaction are, on the
physical scale (10 = 16.0000), as follows: 'H, 1.008123; 7Li,
7.01822; *He, 4.00390.
Therefore, for reaction,

It

Amg = —0.01854 g/mole; (15)

AE = —3.982 X 10'! cal/mole. (16)

By measuring the kinetic energy of the protons striking the
stationary lithium target, and evaluating the kinetic energy of the
atoms of helium produced, the encrgy of the reaction may be
determined experimentally and compared with the value calculated
from the change in mass.

The nuclear reaction of protons with lithium to form helium is
one in which the system undergoes a decrease in mass and a
decrease in energy. The energy lost by the reacting system is
given up to the surroundings. However, this is not a.reaction
which may be used as a source of energy because many of the high-
speed protons do not react and the kinetic energy that was given
to them is wasted. The energy which is supplied to the many
non-reacting protons is far greater than the encrgy released by
the few reacting atoms. That is to say, a far greater quantity
of energy is required to maintain the reaction than is liberated
by it.

In each nuclear reaction for which it has been possible to
determine both the change in energy and the change in mass,
complete accord with the Einstein relation has been found within
the limits of uncertainty of the experimental observations (7, 8).
In those reactions where only the change in energy has been
measured, and the mass of one of the products (or reactants) is
unknown, it has been possible by means of the Einstein relation
to evaluate the unknown mass.

In those reactions where the masses of all the reactants and
products are known, the energy of any given nuclear reaction may
be calculated with an accuracy comparable to the accuracy of
the value of the change in mass.



44 Equivalence of mass and energy

4. Self-sustaining nuclear reactions. In 1939, the dis-
covery of the fission of uranium was reported (9). As was made
evident by the truly tremendous amount of work done on this
nuclear reaction during the recent war period (10), the fission of
uranium can be made a self-sustaining chain reaction. In such
reactions, one or more of the products are particles which are
reactants necessary to maintain the reaction. For example, the
fission of the uranium atom of mass 235 may be represented as
follows, assuming the production of three neutrons (10, 11):

+ 23U = Ba 4+ Kr + 3n. (17)

The neutrons produccd in the reaction have an opportunity of
being captured by other atoms of uranium 235 to maintain the
fission reaction.

In the fission of uranium 235, the decrease in mass is about
0.001 g/g. Therefore, the fission of 1 g of uranium 235 would
result in the transfer to the surroundings of an energy equal to
2.1 X 10" cal, or about 2.5 X 10* kw-hr. These figures mean
that the energy released in the fission of 1 mass unit of uranium
235 is about the same as that released in the combustion of
3,000,000 mass units of coal. It is obvious that such a process has
most enticing possibilities as a source of energy for power.

5. Collateral reading. For detailed discussion regarding
atomic masses, nuclear reactions, nuclear cnergy for power, etc.,
the reader is referred to Seaborg (8), Bethe (7), Smyth (10), and
Darrow (11).
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PROBLEMS

1. A given radiating body loses mass at the rate of 0.00100 g every 24 hr.
Calculate the rate of emission of radiation energy by the body in terms of
kilowatts.

2. For the reaction of dissociating gaseous diatomic hydrogen into gaseous
monatomic hydrogen,

H, (g) = 2'H (g),

the change in energy, AE®, is 104.18 kecal/mole at 25°C. Calculate the dif-
ference in mass, at 25°C, between 1 mole of 'Hz (g) and 2 moles of 'H (g).
3. The energy of the reaction

Li+*H =2%He +n

is AE(® = —14.7 X 10® absolute clectron-volts/molecule. On the scale
160) = 16.0000, the atomic masses are: 'Li = 7.0182, *H = 2.0147, ‘He =
4.0039. Calculate the mass of the neutron, «.

4. On the scale of %0 = 16.0000, the atomic masses are 'H = 1.0081,
35C1 = 34.9803, and 38A = 37.974. Calculate the change in cnergy, AE°,
for the reaction

8Cl 4+ ‘He = 38A + H.

5. The mass of the electron is 0.00055 g/mole. Calculate the change in
energy of a process in which an electron is completely converted into radiation
energy: clectron = radiation energy.

6. Given the following masses, in grams per mole: 'H = 1.00786; neutron,
n = 1.00870. Calculate the change in energy for the process

n = 1H.



Energy,
Heat Content (Enthalpy),
and Heat Capacity

1. Change in energy. When a system participates in any
process, we have seen (Chapter 6) that the increase in energy of
the system is equal to the sum of all the different kinds of energy
absorbed by the system from the surroundings less the sum of all
the different kinds of energy given up by the system to the sur-
roundings. Distinguishing, as before, three kinds of energy, and
taking the quantity of each energy as positive when absorbed by
the system and negative when given up by the system, the increase
in the energy of the system is

dE = 5q + sw + du. (1)

In Equation 1, ¢, w, and u represent, respectively, heat energy,
PV work energy, and all other kinds of energy.

When a given process involves only heat energy and PV work
energy, then Equation 1 reduces to

dE = 8q + bw. @)

Suppose that the system is in pressure equilibrium with the sur-
roundings in the sense that, if the pressure exerted by the system
on the surroundings is P, then the pressure exerted by the sur-
roundings on the system is either P 4+ dP or P — dP. Under
these circumstances, the PV work energy is

sw= —Pdv, 3)

where dV is the differential increase in the volume of the system.

If the volume of the system increases, then the value of dV is

positive and the value of éw is negative, indicating that the system

gives up a positive amount of PV work energy to the surroundings.

If the volume of the system decreases, then the value of dV is
46
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negative and the value of dw is positive, indicating that in such
case the system takes up a positive amount of PV work energy
from the surroundings. When the pressure exerted by the sur-
roundings on the system is constant, then Equation 3 becomes

dw = —d(PV). (4)

For such a process at constant pressure, with only heat energy
and PV work energy involved, Equation 2 becomes

dE = é¢ — d(PV). (5)
Equation 5 may be transformed to
d(E + PV) = &q. _ (6)

Equation 6 tells us that, for any process occurring at constant
pressure, with only heat energy and PV work energy involved,
the heat absorbed from the surroundings is equal to the increment
in the function £ + PV.

2. Heat content (enthalpy). Because many processes
actually occur at constant pressure, often that of the atmosphere,
with only heat energy and PV work energy involved, and because
under these circumstances the heat energy absorbed by the system
from the surroundings is equal to the increment in the value of the
function E + PV for the system, it has been found convenient,
largely as a matter of shorthand in writing, to let

H=E+PV. (1)

The function H is called the heat content or enthalpy. With this
nomenclature, Equation 6 becomes

dH = &q. (8)

If the given process of this kind takes place between an initial
state A and a final state B, then, on integration,

B
j; dH = Hy — Hy = AH, )

and
AH = q. (10)

Calorimetric measurements of the heat energy associated witly
a process occurring in a calorimetric reaction vessel at constant
pressure, with no other energy involved than heat energy and
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work energy of the PPV kind, yield a value for the increment in
heat content (or enthalpy) of the given process, in accordance
with Equation 10.

Just as was the value of AE, the value of AH is uniquely de-
termined for a given system by the initial and final states, A and
B, respectively, and is independent of the path followed in going
from state A to state B.

Although the thermodynamic function, H = E + PV, has been
defined chiefly because of its utility in connection with processes
occurring at constant pressure, the fact that it is a thermodynamic
property of a system makes its use possible under any conditions.
For example, one may be interested in evaluating, at a constant
temperature of 25°C, the change in heat content of 1 mole of
gaseous oxygen as it passes from an initial state having a pressure
of 1 atmosphere to a final state having a pressure of 20 atmospheres.
Here again, the value of AH for this process is independent of the
path followed in going from A to B.

3. Heat capacity. The heat capacity, C, of a system is defined
as the ratio of the heat encrgy absorbed by the system from the
surroundings to the increase in temperature of the system, as

dq

C = a7 (11)
In general, the heat capacity of a system is determined by adding
a measured quantity of heat energy to it and measuring the result-
ing change in temperature, with the quantity of heat energy added
being such as to produce not too large a change in temperature,

so that
. C=4r=ar (12)

The heat capacity defined by Equation 11 is perfectly general
and may be applied to any system of one or more components and
of one or more phases.

4. Heat capacity at constant volume. The heat capacity
at constant volume, Cy, of a system is defined as the ratio of the
heat energy absorbed by the system from the surroundings tothe
increase in temperature of the system, while the system remains
at constant volume, as

= (52 .
ov = (), (13)
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In this process, there is no work energy of the PV kind because
the volume is constant, and the only energy involved is heat energy.
Application of the first law to this process yields

dE = &q. (14)
Denoting the constancy of volume, we write
(0E)v = (3q)v. (15)

Dividing both sides of Equation 15 by (87")y, one obtains

(o). - Ga). a

Combination of Equations 13 and 16 yields

ok
Cy = (é—q—,)v . (17)

A
That is, the heat capacity at constant volume is equal to the change

of the energy with temperature at constant volume.

5. Heat capacity at constant pressure. The heat capacity
at constant pressure, Cp, of a system is defined as the ratio of the
heat energy absorbed by the system from the surroundings to the
increase in temperature of the system, all at constant pressure, as

CP N <-j—g‘>P' (18)

In this process, the work energy is of the PV kind, and, since the
pressure is constant, is equal to the pressure times the change in
volume. Application of the first law yields

dE = éq + dw, (19)
or

dE = §¢ — P dV. (20)
Since the pressure is constant

PdV = d(PV), (21)
and Equation 20 becomes

d(E + PV) = &, (22)
or

dH = dq. (23)
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Indicating the constancy of pressure in the equation itself,
(8H)p = (8q)p- (24)
Dividing both sides of Equation 24 by (d7')p, one obtains

Ga). = o). @

Combination of Equations 18 and 25 yields
0H
Cp=\—=]) - 26
d (3 T)P (26)
That is, the heat capacity at constant pressure is equal to the
change of the heat content (or enthalpy) with temperature at con-
stant pressure.

6. Relation between Cy and Cp. The relation between the
heat capacity at constant volume and the heat capacity at con-

stant pressure may be derived as follows: From the definition of
the heat content,

H=E+ PV. (27)

Differentiating with respect to temperature at constant pressure,

one obtains
oH oF 1%
(zﬁ)P - (;,;)P +r (ﬁ); (28)

The energy, E, may be expressed as a function of volume and
temperature:

E = f(V,T). (29)

) dE oE
dE = (b—V>T dv + (5—7;>V dT. (30)

Then

Indicating the constancy of the pressure by appropriate subscripts,
one obtains

(0E)p = (957—) @ +(37)

V) a7/, (0T)e: (31)

Dividing each term by (37)p, one may write

<g§>p - <§‘§)T(%>P t (%)V (32)
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From Equations 28 and 32, we obtain

().~ ()60, -G+ (2,
ERCIRICN N R
o (D)) e

An equation similar to Equation 35 but containing the pressure
as a variable instead of the volume may be derived by letting the
energy be expressed as a function of pressure and temperature, as

E = f(P,T), (36)

and proceeding as in the derivation of Equation 35.

Then

and

PROBLEMS

1. Derive the relation

comr= (D[ G, ()]

2. Derive the relation

e, =7 =2 G+ G

3. Assuming the change of energy with volume at constant temperature to
be negligible, and taking the expansion at 25°C and constant pressure of 1
atm to be (0V/9T)p = 0.10 cm3/deg mole, calculate the value of Cp — Cy for
a given system at 25°C and 1 atm.
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Gases and the

First Law of Thermodynamics

1. Isothermal process. Any process that takes place at a
constant temperature, or any process that is fully specified by
initial and final states which are at the same temperature, is an
isothermal process.

2. Adiabatic process. Any process occurring in such a way
that no heat energy is absorbed or lost by the given system through
the boundary which separates the system from the surroundings is
an adiabatic process.

3. Reversible process. A reversible process is one occurring
in such a manner that the restoring force differs from the deform-
ing force only by a differential amount. In the reversible ex-
pansion of a gas, the deforming force is the pressure, P, of the gas
itself, and the restoring force is represented by an opposing pres-
sure, P — dP. Similarly, in the reversible compression of a gas,
the deforming force is an external pressure, P + dP, operating
against a restoring force represented by the pressure, P, of the gas.

4. Irreversible process. An irreversible process is one in
which the deforming and restoring forces differ by more than a
differential amount.

5. Ideal gas. In any discussion concerning the thermodynamic
properties of a gaseous substance, it is convenient to define what
has come to be known as the ideal gas. In the words of Lewis
and Randall (1), the ideal gas is an invented substance, defined
by certain properties which are not possessed by any actual
substance, but which are supposed to be approached by every
actual gas as its pressure is indefinitely diminished. That is to
say, as the pressure becomes smaller and smaller, or the volume
becomes larger and larger, the pressure-volume-temperature re-
lations for every real gas approach each other, and in the limit be-
come those attributed to the ideal gas.
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The ideal gas is defined by the following relations:
PV = RT, (1)

(), -o

Equation 1 refers to one mole of gas and indicates the manner in
which the pressure, volume, and temperature of the ideal gas are
related. KEquation 2 states that for the ideal gas at constant
temperature the energy is independent of the volume, and hence
also of the pressure.

6. Work of expansion or compression of a gas. The work
performed in the expansion or compression of a gas is evaluated
from the physical relation that the amount of work is equal to
the pressure multiplied by the change in volume. If w is the PV
work energy absorbed by the gas during a given process, then,
during either expansion or compression,

ow= —PdV, 3)
and

w=—fP(_iV. 4)

In Equations 3 and 4, P is the pressure of the gas if the process
is a reversible one. If the process is not reversible, then the work
is measured by the resisting pressure, whatever that may be.

Consider the plot of pressure versus volume of a gas, as shown in
Figure 1. On the expansion of the gas from the volume V4 to
the volume Vg, different amounts of work may be performed by
the gas on the surroundings, depending upon the resisting pres-
sure. If the expansion is performed reversibly, with the resisting
pressure differing from the pressure of the gas itself only by a
differential amount, then the work done by the gas on the sur-
roundings is a maximum and is evaluated by the area, ABCD,
under the curve. If during the expansion the resisting pressure
is a constant and equal to the final pressure, Pp, then the work
done by the gas is evaluated by the rectangular area, BCDE, or
Pg(Vp — V4). If the resisting pressure during the expansion is
zero, as by expansion of the gas into an evacuated space, then the
work performed by the gas is zero, and may be represented by the
line DC.
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If the relation between the pressure and volume of the gas
undergoing reversible expansion or compression is known and
expressible by means of an equation explicit in terms of either the
pressure or the volume, then the PV work energy may be calcu-
lated analytically more readily than by graphical integration.

PRESSURE

VOLUME

Fiaure 1. Schematic diagram of pressure as a function of volume for a gas.

For example, in the case of one mole of an ideal gas at constant
temperature,

sw= —PdV = —R—VTdV — _RTdIn 7V, (5)

or, for the fintte change from an initial volume V4 to a final
volume Vg,

= —RT In—- (6)

7. Isothermal expansion or compression of an ideal gas.
When an ideal gas is expanded or compressed, with only heat
energy and PV work energy involved, the process conforms to the
first law by the relation

dE = 8q 4 sw. (M)
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In Equation 7, dE is the increase in energy of the system, here
taken as the gas itself, ¢ is the heat energy absorbed by the system
(gas) from the surroundings, and éw is the PV work energy absorbed
by the system (gas) from the surroundings. For a finite change,
as from state A to state B, Equation 7 becomes

AE = q + w. (8)
Since the energy of an ideal gas at constant temperature is constant

and independent of the volume, then in the isothermal expansion
or compression of an ideal gas,

AE = 0, (9)
and
q+w=0, (10)
or
q= —w. (11)

Equation 11 tells us that, in the isothermal expansion of an ideal
gas, the heat energy taken up by the gas from the surroundings is
equal to the PV work energy performed by the gas on the sur-
roundings (which is the negative of the PV work energy absorbed
by the gas from the surroundings). Similarly, in the isothermal
compression of an ideal gas, the PV work energy absorbed by the
gas from the surroundings is equal to the heat energy given up by
the gas to the surroundings (which is the negative of the heat
energy absorbed by the gas from the surroundings).
In the reversible expansion or compression of any gas,

dow= —PdV. (12)
For the ideal gas in an isothermal process, we have seen that, since
Pt s
we can write
RT
ow = — —I—/,—dV = —RTd In V, (14)

and integrate between the initial volume V4 and the final volume
VB, to obtain
Vs

= —RT In E . (15)
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Equation 15 gives the value of the PV work energy in the iso-
thermal expansion or compression of one mole of an ideal gas.
Since, for such a process, the heat energy absorbed is, by Equation
11, equal to the negative of the PV work energy absorbed (or
equal directly to the PV work energy given up by the gas to the
surroundings) we can also write the heat energy absorbed in such
a process to be

vV
¢=RTIn-2=2- (16)
Va
Because for an ideal gas
Vg Py
— = — 17
Ve Pa (17)

Equations 15 and 16 may also be expressed in terms of the initial
and final pressures.

8. Adiabatic expansion or compression of an ideal gas.
In the adiabatic expansion or compression of a gas, with only PV
work energy involved, the first law reduces to

dE = ow. (18)
For the ideal gas, the energy is independent of the volume,
(gf;)r ~o. (19)
From Chapter 8,
dE = Cy dT. (20)
For a reversible expansion or compression,
. ow= — PdV. (21)
Combination of Equations 18, 20, and 21 yields
Cy dT = — P dV. (22)
For one mole of an ideal gas,
-5 (23)

and Equation 22 may be written as

dT R\ [(dV
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or (j'l
din T+ dmv = o. “(25)
Cy

Equation 25 can not be integrated until the value of Cy for the
ideal gas is known as a function of temperature. However, in the
simple case where, over the given range of temperature, Cy may
be assumed constant, Equation 25 may be integrated to yield

R
m7T+-—InV =g, (26)
Cyv
or
In 7 + In VECv = ¢. (27)

In Equations 26 and 27, ¢ is the constant of integration. Equation
27 may be further transformed to

In TVECv = ¢, (28)
or
TVECv = ¢¢ = ¢/, (29)

Strictly, Equation 29 applies only to an ideal gas for which the
value of Cy is constant.

9. Isothermal expansion or compression of a real gas.
The isothermal expansion or compression of a real gas, with only
heat energy and PV work energy involved in the process, is
governed by the relation

dE = 6q + dw, (30)
or, for the finite change,
AE = q + w. (31)

In the case of the ideal gas, Equations 30 and 31 are simplified
because at constant temperature the change in energy is zero.
Further, with the ideal gas in an isothermal reversible process,
the PV work energy is readily evaluated (Equation 15) from the
initial and final volumes and hence the heat energy becomes known
(Equation 16). With a real gas in an isothermal reversible ex-
pansion or compression, however, the application of Equation 31
requires (1) a knowledge of how the energy of the gas changes
with pressure or volume, in order to evaluate AE, and (2) a
knowledge of how the pressure is related to the volume, in order
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to evaluate the PV work energy through the relation
w=— [ Pav. (32)

10. Adiabatic expansion or compression of a real gas.
In the adiabatic expansion or compression of a gas, with only PV
work energy involved, the first law becomes

dE = sw. (33)
If the expansion or compression is reversible, then
ow = — PdV,
and
dE = — PdV. (34)

In order to apply Equation 33 to the adiabatic expansion or com-
pression of a real gas, data are needed on the P-V-T relations of
the gas or on the energy as a function of the volume and tempera-
ture covered in the process.
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PROBLEMS

1. Show that the value of Cp — Cy for an ideal gas is equal to the gas con-
stant K.

2. One mole of an ideal gas is permitted to expand at 25°C isothermally
and reversibly from an initial pressure of 20 atm to a final pressure of 1 atm.
Calculate the value, in joules and in kilowatt-hours, of the PV work energy
performed by the gas on the surroundings. What is the value, in joules and
in calories, of the heat encrgy absorbed by the gas from the surroundings?

3. One mole of a real gas is compressed isothermally and reversibly from
an initial pressurc of 1 atm to a final pressure of 100 atm, at a temperature
of 25°C. At this temperature, and over this range of pressure, the following
relations for this real gas hold: E = a — 2P, where a is a constant, E is in
calories per mole, and P is in atmospheres; PV = RT (1 — 0.005P), where P
is in atmospheres. Calculate the work and heat of compression, in calories.

4. One mole of an ideal gas expands at 25°C isothermally from an initial
pressure of 50 atm to a final pressure of 1 atm, against a constant pressure of
1 atm. What is the heat energy absorbed by the gas from the surroundings
during this process?

5. One mole of a real gas undergoes an adiabatic reversible expansion from
an initial state A, with properties P4, V4, T4, and Ej, to a final state B, with
properties Pg, Vg, T's, and Ep. In terms of the given properties of the states
A and B, give the value of the work performed by the gas on the surroundings
during this expansion.
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Energy of Substances in
Relation to Temperature and

Physical State

1. Change of energy of substances with temperature and
physical state. Since energy is one of the important properties
of matter, it is helpful to have some knowledge of how the energy
of a substance varies with the temperature and with its physical
state (solid, liquid, or gas).

Figure 1 gives a schematic diagram of how the energy (or the
related property, the heat content or enthalpy) of a substance
usually varies with the temperature and the physical state, the
example being a substance that has two stable crystalline forms.
Starting at the absolute zero of temperature, the substance passes
through the following states*:

a. From the absolute zero, 0°K, to the transition temperature,
Ttr, the substance is in the stable crystalline form II, with its
energy increasing relatively slowly with temperature at a rate
given by the heat capacity of crystalline form II;

b. At the transition temperature, T'tr, the substance absorbs a
considerable amount of energy (energy or heat of transition) and
is transformed from the stable crystalline form II to the stable
crystalline form I;

c. From the transition temperature, Tir, to the melting tem-
perature, T'm, the substance is in the stable crystalline form I,
with its energy increasing relatively slowly with temperature at
a rate given by the heat capacity of crystalline form I;

d. At the melting temperature, T'm, the substance absorbs a
considerable amount of energy (energy or heat of melting or fusion)

* The crystalline forms are labeled I, II, III, etec., beginning with the form
in equilibrium with the liquid at the normal melting temperature, and con-
tinuing in regular order to the forms stable at lower temperatures.

59
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S
QO

~—Vaporization

ENERGY OR HEAT CONTENT

(o} Ttr Tm Tv
TEMPERATURE

Ficure 1. Schematic diagram of the energy or the heat content of a substance
as a function of the temperature.

The scale of ordinates represents the energy or the heat content, referred
to its value at the absolute zero, while the scale of abscissas gives the absolute
temperature. The notations ¢,I and c,II represent crystalline forms I and 1I,
respectively. Ttr, T'm, and Tv represent the temperatures of transition,
melting, and vaporization, respectively.
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and is transformed from the stable crystalline form I to the liquid
state;

e. From the melting temperature, T'm, to the vaporization tem-
perature, T, the substance is in the liquid state, with its energy
increasing relatively slowly with temperature at a rate given by the
heat capacity of the liquid;

f. At the vaporization temperature, T, the substance absorbs
a considerable amount of energy (energy or heat of vaporization)
and is transformed from the liquid state to the gaseous state;

g. Above the vaporization temperature, T, the substance is in
the gaseous state, with its energy increasing relatively slowly with
temperature at a rate given by the heat capacity of the gas.

If, in Figure 1, the scale of ordinates represents the heat content,
H, of the given substance at constant pressure, then the slope of
the curve at any point gives the heat capacity at constant pres-
sure at that temperature:

Cp = (9{{) . 1)

aT)p
At the temperatures of transition, melting, and vaporization, the
slopes are infinite and the value of the heat capacity at these
temperatures is of course infinite.
Referred to the heat content of crystalline form II at 0°K, the
heat content of the given substance in the gaseous state at the
temperature 7' is given by the relation

Ttr
H (g) = Ho (¢,IT) + fo Cp (¢,11) AT + AHtr 4

Tm

Tv
'» (o.1) AT + AHm + j; Cp (liq) dT

T
+ AHb + fT " Cr (g) ar. @)

2. Solid state. A substance in the solid crystalline state is
characterized by a regularity in the arrangement of the atoms or
molecules which compose it. In general, from the standpoint of
the energy required to disperse a crystal into its atomic or mo-
lecular components, crystalline solids may be classed as predom-
inantly (a) molecular or non-bonded atomic, (b) metallic, (c)
bonded atomic, and (d) ionic.
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Molecular or non-bonded atomic crystals are ones in which the
building blocks are molecules composed of two or more atoms, as
the diatomic molecule, I, and the polyatomic molecule, CgHg.
Non-bonded atomic crystals are ones in which the building blocks
are non-bonded atoms, such as those of the rare gases, Ne, A,
Kr, and Xe. In such crystals, the forces binding the atoms to-
gether in the molecule are relatively very large, whereas the forces
holding the molecules or the non-bonded atoms together to form
the crystal are relatively much smaller and are called van der
Waals forces.

Metallic crystals are ones in which the building blocks are the
atoms of the given metallic element, with the atoms being strongly
bonded together, as in a crystal of copper. Metals are character-
ized by the relative ease with which electrons pass through the
crystal to produce the phenomenon of high electrical conductiv-
ity.

Bonded atomic crystals are ones made up of atoms strongly
bound to one another to form what may be called a giant molecule.
A good example of such a crystal is diamond, in which each carbon
atom is strongly bound by four single bonds to four neighboring
carbon atoms, along the angles of a tetrahedron.

Tonic crystals are ones in which the building blocks are charged
ions held in position in the crystal largely by strong electrostatic
forces. An example is the crystal of sodium chloride, which is
made up of positive sodium ions, Na*, and negative chloride ions,
ClI7, each ion having as its nearest neighbors six ions of the op-
posite sign.

3. Melting or fusion. As a given crystalline substance is
taken from the absolute zero of temperature to a higher tempera-
ture, the energy absorbed by the crystalline substance may be
looked upon as resident in the crystal mainly in the form of vibra-
tional motions of the atoms and molecules. When the energy so
absorbed reaches a given value, with consequent considerable
motion among the component parts of the crystal, the forces hold-
ing the substance in the crystalline form will be in a sort of state
of balance with the forces arising from the thermal motions, and
any additional energy put into the substance will serve to break
down the crystal lattice and permit the molecules or atoms com-
prising the crystal to transform to the liquid state. This energy
is the energy of melting or fusion.
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4. Liquid state. The forces holding the atoms or molecules
of a given substance together in the form of a liquid are very
similar to the forces existing in the solid state, but the thermal
motion has destroyed the regularity of arrangement that is
characteristic of the crystalline state. The liquid state is charac-
terized, in general, by a randomness of arrangement of the mole-
cules or atoms of which it is composed.

5. Vaporization. As a given substance in the liquid state is
taken from the normal melting temperature to a higher tempera-
ture, the energy absorbed in the process may be looked upon as
resident in the liquid in the form of vibrational, rotational, and
translational motions of the molecules and atoms. When the
energy so absorbed reaches a particular value, at some given pres-
sure, the intermolecular forces holding the molecules or atoms
together as a liquid will be in a sort of state of balance with the
forces arising from the thermal motions, and any additional energy
sent into the liquid will serve to overcome the intermolecular forces,
and the molecules or atoms will be transformed to the gaseous
state. This energy is the energy of vaporization.

6. Sublimation. In the process of sublimation, a given sub-
stance passes directly from the solid state to the gaseous state.
This process may occur for any substance below its melting tem-
perature provided the pressure of the given substance in the gas
phase is suitably low. At the temperature of sublimation, the
forces holding the substance in the solid form are in a sort of state
of balance with the forces arising from the thermal motions, and
any additional energy put into the substance will serve to break
down the crystalline lattice and set the molecules or atoms com-
posing the crystal free to exist in the gaseous state. The energy
of sublimation, particularly at a low pressure, may be looked upon
as a measure of the energy associated with the forces holding the
component parts of the crystal together. From our qualitative
knowledge of the magnitude of the forces operating in crystals, we
can see that the energy of sublimation of molecular or non-
bonded atomic crystals, in which the intermolecular forces are van
der Waals forces, will be much smaller than the energy of sub-
limation of metallic, bonded atomic, or ionic crystals, in which the
atoms or ions are strongly bound together.

7. Gaseous state. The energy of a substance in the gaseous
state near zero pressure is substantially all intramolecular, since
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the molecules are so far apart as to make the intermolecular forces
negligible. As energy is taken up by such gaseous molecules, the
temperature increases. The cnergy is resident in these molecules
(a) as translational energy of the molecule as a whole, (b) as
rotational cnergy of the molecule as a whole and, in some cases,
of component parts of the molecule, (¢) as vibrational energy of
the component parts of the molecule, and (d), at sufficiently high
temperatures, as electronic energy (of excitation of one or more
of the valence electrons) of the molecule.

If, at a given temperature, the pressure of the gas is increased,
the molecules are brought closer together, intermolecular forces
will come into play, and the various motions of the molecules, and
their component parts, will be affected in such a way as to decrease
the energy of the molecules. In the limit, of course, if the tem-
perature is below the critical temperature, the molecules may be
brought so close together with increasing pressure as to permit the
intermolecular forces to bring about the liquefaction or solidifi-
cation of the substance.

8. Transition in the solid state. Certain substances can
exist in more than one stable crystalline form at a given pressure.
Absorption of energy by such a substance in the crystalline form
stable at the lower temperature will bring it to a state at which
the existing intermolecular forces in the erystal may be overcome
by the thermal agitation of its component parts. But instead of
yielding in favor of the liquid state as additional energy is absorbed,
the given crystalline form will change to another crystalline form,
which is usually less rigid and more mobile than its predecessor
and which is capable of maintaining its existence in the face of the
tendency toward liquefaction.

The new crystalline form will be stable from the temperature of
the foregoing transition up to the temperature of melting, where
the forces maintaining the crystalline form yield to the forces
tending to bring about the liquid state. In some substances, sev-
eral successive crystalline forms may be passed through as the tem-
perature is raised toward the melting point, each of these crys-
talline forms being successive stops on the way to the liquid state.

In certain hydrocarbons, the transition from one stable crystal-
line form to another is accompanied by an absorption of energy
which is comparable in magnitude to the normal energy of melting,
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with the energy of melting for such compounds being smaller than
normal. In such cases, the transition is a process in which the
given substance has almost, but not quite, melted.

When the transition is from one definite crystalline form to
another, the temperature of transition will, at a given pressure,
be a constant characteristic of the given substance. For pure
substances, the energy of transition will be absorbed with no
change in temperature, and, as in the processes of melting and
vaporization, the heat capacity at this temperature will be infinite
in value.

In addition to normal transitions of the first kind mentioned
above, which are characterized by a discontinuity in the energy
as a function of temperature and an infinite rate of change of energy
with temperature (or an infinite value of the heat capacity) at
the temperature of transition, there occur for some substances
transitions of a second kind. These latter are called transitions
of the second order and are characterized by having no discon-
tinuity in the energy as a function of temperature, but having a
discontinuity in the heat capacity as a function of temperature,
without the heat capacity becoming infinite in value. This type
of transition occurs over a range of temperature with the sub-
stance absorbing energy above its normal rate over the given
range of temperature.

In a plot, as in Figure 1, of energy against temperature, for a
crystalline solid, a transition of the second order would appear
as a gradual upward displacement over the given range of tem-
perature in the given curve.

There appear to be three general kinds of transitions of the
second order, as follows (4): those involving ferromagnetic
changes in a crystal, with a change from a magnetized state at
lower temperatures to a non-magnetized state at higher tempera-
ture; those involving an order-disorder transition in alloys; and
those involving internal rotation or rearrangement in crystals.
These transitions of the second order occur with no change in the
crystalline form of the substance.

9. Collateral reading. For a detailed discussion of the struc-
ture of matter in the solid, liquid, and gaseous states, the reader
is referred to the following: Pauling (1), Rice and Teller (2),
Mayer and Mayer (3), Slater (4), Seitz (§), and Hildebrand (6).
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PROBLEMS

1. What thermodynamic property is a measure of the energy associated
with the intermolecular forces holding together, in a given crystal form, the
molecules of a van der Waals solid?

2. In the study of elastomers, or rubber-like solids, and the monomers from
which they are made, an important property is what is called by some the
“cohesive encrgy density,” which is defined, for van der Waals liquids, as
the energy, per unit volume, associated with the intermolecular forces holding
the molecules together as a liquid. How would one determine the value of
the cohesive energy density for a given van der Waals liquid? What is the
relation between the cohesive cnergy density and Hildebrand’s “solubility
parameter”?
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Entropy and the
Second Law of Thermodynamics

1. Spontaneous change. Every system, if left to itself,
changes spontaneously at a slow or rapid rate in such a way as to
approach a definite final state of rest or equilibrium. Some simple
examples of such spontaneous change are the following: (a) the
expansion of a gas from a region of high pressure to one of low
pressure, (b) the diffusion of a solute from a region of high con-
centration to one of low concentration, (c) the passage of heat
from a region of high temperature to one of low temperature, and
(d) the occurrence of a chemical reaction, as the combustion of
carbon in oxygen to produce carbon dioxide. As these systems
move toward equilibrium, they lose some measure of their capacity
for spontaneous change. In each of these cases, the spontaneous
change continues until equilibrium is attained, that is, until (a)
the pressure becomes uniform, (b) the concentration becomes uni-
form, (c¢) the temperature becomes uniform, and (d) what we may
at this point call the thermodynamic stability becomes uniform.

In each of the above examples, it follows that the reverse change
of moving away from equilibrium will not occur spontaneously,
and, further, that some external energy or force is necessary to
move the given system in a direction away from the state of equi-
librium, that is, to increase the capacity for spontaneous change
in the given system. It is obvious, also, that in each of the above
cases the capacity of the given systcm for sponta,neous changg is
greg.ter (a) the greatef ‘the difference in pressure, (b) the greater
the difference in concentration, (c) the greater the difference in
temperature, and (d) the greater the difference in the thermody—
namic stablhty between the initial state and | the equilibrium state.

1t is important to note that in many such spontaneous changes
there may be no change whatever in the energy of the given
system. A simple example is the 1sothermal expansion of an
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ideal gas, in which expansion the gas loses some measure of its
capacity for spontaneous change, but undergoes no change in
cnerEy.. Lt - —

2. Entropy. This brings us to the idea that there ecxists a
property of every thermodynamic system called its entropy, S,
that is associated with its capacity for spontaneous change. E_}}_I_S_
Wentropy of a system increases in value as the system
undergoes some spontancous change and hence loses some of its
ca,pzi,uty for spontancous change. That is, in the isothermal ex-
pansion of an ideal gas, the entropy of the gas would increase with
increase in its volume and decrease with decrease in its volume.

3. Reversible process. Given a system capable of spon-
taneous change from state A to state B, it would be possible
theoretically to include in the process a mechanism whereby, as
the spontaneous change occurred and the capacity for spontaneous
change of the given system decreased, an increase in capacity for
spontaneous change would be built up in the surroundings in an
amount equal in magnitude to the decrease in capacity for spon-
taneous change occurring in the given system. Such a process
would be what we have already called (Chapter 9) a reversible
process, wherein there exist no forces (or pressures) differing by
more than a differential amount, and wherein no heat energy is
produced from other kinds of energy by friction, electrical resist-
ance, etc.

In the isothermal expansion of an ideal gas, it is easy to see how
the process may be arranged to operate reversibly and thus con-
serve the capacity for spontaneous change. Suppose that we have
two systems, each of which consists of one mole of an ideal gas, with
the initial volume and pressure of the first gas being the same as
the final volumé and pressure of the second gas, and vice versa.
A suitable mechanism is interposed between the two systems so
that the work done by the first gas in its reversible expansion from
a volume V4 to a volume V3 is used in the reversible compression
of the second gas from a volume Vp to a volume V4. Thus, in
this reversible process, the capacity for spontaneous change lost
by the first system is gained by the second system, in like amount.

We thus arrive at the idea that, if a spontaneous change in
one given system occurs reversibly, and that system thereby loses
capacity for spontancous change, there is built up in the sur-
roundings or sccond system an increase in capacity for spontaneous
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change. We can then say that, for all processes occurring re-
versibly, the sum of the capacities for spontaneous change of all
the systems involved remains unchanged.

It is important to note that a reversible process is one from
which have been eliminated all friction, electrical resistance, and
other causes of the dissipation of energy. The reversible process
is therefore not an actual process but an ideal process which is
approached in the limit by an actual process as the dissipation of
encrgy through friction, ete., is reduced further and further.
Every actual process that occurs, therefore, is accompanied by a
decrease in capacity for spontaneous change, or an increase in en-
tropy, the decrease in capacity for spontaneous change, or the
increasc in entropy, being greater the greater the departure from
reversibility of the given process.

With regard to the quantitative measure of the decrease in
capacity for spontaneous change, or increase in entropy, we may
consider two different kinds of spontancous change.

First, let us consider that there is available a given quantity of
mechanical energy and that this energy may be (a) absorbed as
heat energy by a reservoir A at a temperature T4, or (b) be
absorbed as heat energy by a second reservoir B at a lower tem-
perature T'g.  The latter result could also be reached by letting
the energy be (a) absorbed as heat energy by the reservoir A and
then (¢) flow spontaneously to the reservoir B. It follows that the
decrease in capacity for spontaneous change, or the increase in
entropy, must be greater for step (b) than for step (a), since the
increase in entropy for step (b) is equal to that in step (a) plus
that in step (¢). Therefore, the measure of the decrease in capacity
for spontaneous change, or the increase in entropy, must be such
that a simple function of the temperature is involved as a de-
nominator to the quantity of heat encrgy. For example, the
increase in entropy in a reversible process might be defined as

dq
ds 05 ’ (1)
where the value of f(7') increases with increase in temperature.
Second, consider the isothermal expansion at some temperature
T of an ideal gas from a volume V4 to a larger volume Vg and
then to a still larger volume V. Here again, the measure of the
decrease in capacity for spontaneous change, or the increase in
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entropy, must be such that the change directly from A to C is
greater than the change from 4 to B, and greater than the change
from B to C. In this example, since the energy of the ideal gas
is constant, we can write, according to the first law,

g= —w ()
If, in the expansion, the gas performs no work, then
g=—w=0. 3)

But if the expansion is made to occur reversibly, then, for the
change from A to B,

Vv
qup = —wap = RT In =2, (4)
Va
and for the change from B to C,
4
gpc = —wpe = RT In —» (5)
Ve
and for the change from 4 to C,
v
qac = —wac = RT In ==~ (6)
Va

Using the same function as above to measure the increase in
entropy for each change occurring reversibly, and letting

f(r) =T, (7
we have for A to B,
qAB Vs
—_ === Rln—>
\ Sp — Sa T Rln V4 (8)
and similarly for B to C, )
_gsc _py Ve
Sc SB T RIn VB ’ (9)
and similarly for the change 4 to C,
_ e _ py Ve,
Se¢— 8Sa= T Rln Va (10)

It may be noted that the sum of Equations 8 and 9 is Equation 10.
In the isothermal expansion of the ideal gas, as from state 4 to
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state C, we may note the following: (a) there is no change in the
energy of the gas; (b) there is no heat energy associated with the
process if no work is done by the gas; (c) if the expansion is made
to occur reversibly, the gas will perform work on the surroundings
equal to

—wye = RT ln_I_/E, (11)
Va
and heat energy will be absorbed by the gas in the amount of
14
qac = RT In ==; (12)
Va

and (d), although the expansion from V4 to V¢ may take place
along an infinite number of paths, the increase in the property of
entropy of the gas (or decrease in its capacity for spontaneous
change) is fixed entirely by the initial and final states, being
independent of the path, and the increase in entropy must have the
same value over all the paths.

4. Second law of thermodynamics. The second law of
thermodynamics was contained implicitly in the work of Carnot
(1) as early as 1824, but was first clearly enunciated by Clausius
(2) in 1850 and independently by Kelvin (3) in 1851. According
to the second law, entropy is fully conserved over all systems in
every reversible process. That is, for a reversible process, the
sum of all the changes in entropy, taken over all the systems
participating in the process, is zero:

2 dS =0. (13)

If the process is not a reversible one, then, for all systems par-
ticipating, the sum of all the changes in entropy is greater than
Zero:

> ds > 0. (14)

We can then say that for any process that may occur, for all
systems participating, the sum of all the changes in entropy will
be equal to or greater than zero:

> dS 0. (15)

In the foregoing equations, S represents the entropy of a given
thermodynamic system and the summation is to cover all systems.
In subjecting a given process to the scrutiny of the second law,
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it is usually convenient to specify or define a particular system
which is inclosed by a surface and to let all the other possible
systems constitute one large surrounding system. Whenever any
reversible process occurs, the entropy gained by the system will
be exactly equal to the entropy lost by the surroundings, and vice
versa. Quantitatively, the increase in entropy of a given system
participating in a reversible process is defined as
8q
dsS = T (16)
At the same time, the surroundings will undergo a decrease in
entropy of exactly the same amount.
Equation 16 above may also be written as

3¢ = T dS, (17)

indicating that in a reversible process the heat energy absorbed
by a given system is equal to the increase in entropy multiplied
by the temperature.

From the foregoing, it is now clear how we may measure the
change in entropy for any actual process that may occur in a non-
reversible manner. The procedure is to restore the given system
from the final state B to the initial state A along a reversible path.
The change in entropy from B to A is thus measurable, and the
value will be the negative of the change from A to B. For
example, consider the difference in entropy between a volume V4
and a volume Vg for one mole of an ideal gas at a temperature 7'.
What is desired is the value of Sp — S4. To evaluate this, the
gas is restored from the volume Vp to the volume V4 along a
reversible path. In this process, the gas will absorb from the
surroundings an amount of heat energy equal to

Vv
gB—a = —wp—4 = RT In =2, (18)
Ve
and the change in entropy from B to 4 is
dB—A Va
— = —, = = 1 — @
S4 —8s ASp_sa T R In Vs (19)
The desired quantity is for the change from A to B and is
%4 Vv X
S —8s=—(8a—88)=—RIn—*=Rln=>- (20)

Ve Va
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5. Entropy and probability. We have seen how the property
of entropy of a system is associated with its capacity for spon-
taneous change, with the value of entropy reaching a maximum as
the capacity for spontaneous change reaches a minimum. To
appreciate better the significance of the property of entropy, it is
helpful to associate entropy with probability. Iere we are con-
cerned with the relation between the entropy of a system in a
particular state as related to the probability of its existence in that
particular one of its (usually many) allowable states of existence.

Consider a system, at a given temperature, 7, consisting of a
rectangular box having a volume Vg and containing one single
molecule of an ideal gas. Suppose the box is arranged in such a
way that, without involving any energy, a partition can be passed
through the walls to scparate instantancously a volume V4 of the
total volume V. The probability that the molecule of gas will
at a given instant be found in the volume V4 is equal to the ratio
of the volume V4 to the total volume V. The value of the
probability will, of course, range from a minimum of zero, when
the volume V4 is zero (as when the partition coincides with the
near end on the box), through the value 3, when the volume V4
is just half of the total volume Vg, to a maximum value of 1, when
the volume V4 is equal to the total volume Vp (as when the parti-
tion coincides with the far end of the box).

If the box contained two molecules of the ideal gas instead of
one, the probability that both molecules would at any instant be
found in the volume V4 is (V4/Vp)2 If the box contained z
molecules of the ideal gas, the probability that all the molecules
would at any instant be found in the volume V4 is (V4/Vp)*, and
if the box contained one mole, N, of molecules of the ideal gas, then
the probability, W, that all the molecules would at any instant be
found in the volume V4 is

Since the probability for the existence of the molecules in the total
volume Vp is unity, Equation 21 also gives the ratio of the
probability of the existence of the molecules in the volume V4 to
the probability for their existence in the total volume Vp, as

N
_% _ (%) : (22)
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Let us now arbitrarily define the following relation between
probability and entropy, per mole of molecules in the ideal gas
state:

or

S=klnW. (24)

In Equation 24, the constant of proportionality is the Boltzmann
gas constant. According to this relation, for the one mole of
molecules in the ideal gas state, the increase in entropy from the
state A to the state B is

Wg

Sp—Sa=kln—-
B A n Wa (25)
Substituting from Equation 23, one obtains
V B)N Vg Vg
- =kin(=8) = In=2 = B,
Sp — S4 n (VA Nk In Va RIn V. (26)

The relation between entropy and volume for an ideal gas as
given by Equation 26 is identical with that given by Equation 8.

We thus have reached the idea that a system that is undergoing
spontaneous change is moving toward a state of higher probability,
and that, in the limit, when the system will have exhausted its
capacity for spontaneous change, it will have reached a state of
maximum probability. In the words of Lewis and Randall (1),
we may say that “every system which is left to itself will, on the
average, change toward a condition of maximum probability.
This law, which is true for average changes in any system, is also
true for any changes in a system of many molecules.”

6. Collateral reading. For extended and detailed discussions
of entropy, and its relation to probability and to changes occurring
in nature, including certain philosophical aspects of the problem,
the reader is referred to Lewis and Randall (4), Gibbs (5), Boltz-
mann (6), and Tolman (7).
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PROBLEMS

1. Calculate the change in entropy of 1 mole of an ideal gas when it expands
freely into an evacuated space from an initial pressure of 10 atm to a final
pressure of 1 atm, at 25°C.

2. What is the change in entropy of a system as it passes reversibly from a
state A to a state B if, for the given change from T4 to Tg, ¢ = a + bT?
What is the change in entropy of the surroundings?
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Entropy and

Thermodynamic Engines

1. Thermodynamic engines. One of the important practical
applications of entropy is in the examination of the several devices
to which we may apply the general name of thermodynamic
engines. A thermodynamic engine is any system or combination
of systems sct up to convert heat energy into work energy or to
utilize work encrgy to effect the transfer of heat energy from a
region of given temperature to one of higher temperature. The
three thermodynamic engines considered here will be called (a)
the work engine, (b) the refrigerating engine, and (c) the heating
engine.

2. Work engine. The thermodynamic work engine is used to
convert heat energy into work energy. It involves the availa-
bility of a given amount of heat energy in a reservoir at a tempera-
ture T4, the conversion of as much as possible of that heat energy
to work energy, and the discharge of the remainder of the heat
energy to a second reservoir at a lower temperature T'p.

Figure 1 gives a schematic diagram of the thermodynamic work
engine, showing the hot reservoir, 4, the cold reservoir, B, and
the machine for performing work, C. The process consists in
having available g4 units of heat energy in a hot reservoir at the
temperature T4, converting uc units of this to work energy,
and discharging ¢p units of heat energy to the cold reservoir at 7',
with each step of the process operated reversibly. The problem
is to determine what fraction of the heat energy originally avail-
able is obtainable as work energy, namely, the ratio uc/q4.

For a reversible process, the first and second laws of thermo-
dynamics provide the following relations:

T AE = 0; 1)

TAS = 0. @)
76
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From the first law, covering the three systems involved,

—q4+ g3+ uc =0, 3)
or
Ue = Q4 — 4B- 4)
HOT coLD
RESERVOIR RESERVOIR
Ta Tg
A B
% S
Ue
WORK
MAGCHINE
C

— — — — w——— S om—— o—— — —

— — cr— — — —— — — ——— o—

Ficure 1. Schematic diagram of the thermodynamic work engine.

From the second law, covering the three systems involved,

44 , 98 _
= (5)
or
g8 T
_— = —— 6
ga Ta (©)

Subtracting 1 from each side of Equation 6 and rearranging gives
g8 —qa _Tp—Ta,
g4 Ta

(7)

Multiplying each term in Equation 7 by —1 yields
qa —qs _Ta—Tg,
g4 Ta

(8)
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Combination of Equations 4 and 8 gives

Uc TA-TB
— = -,

qa Ta ®)

which is the desired result. Equation 9 shows that the maximum
possible fraction of the available heat energy which is convertible
into work energy is equal to the difference in temperature between
the hot and the cold reservoirs divided by the temperature of the
hot reservoir. This ratio varies from a value of zero, when
T4 =Tp and Tp >0, to a value of unity, when T4 > Tp
a.nd TB = (.

In the application of Figure 1 to a simple steam engine, the hot
reservoir, A, corresponds to the boiler, the cold reservoir, B,
corresponds to the condenser, and the work machine, C, cor-
responds to the source of the mechanical energy.

3. Refrigerating engine. The thermodynamic refrigerating
engine expends work energy for the purpose of removing a given
amount of heat energy from a given refrigerated space and dis-
charging it to the warmer surroundings. Such an engine may be
used to maintain a refrigerated space at a given low temperature
by expending work energy to ‘“pump’”’ away to the warmer sur-
roundings the heat energy which leaks in to the refrigerated space
because of imperfect thermal insulation, as in a common refrigera-
tor. Or this engine may be used in an ice plant to remove heat
energy from liquid water and obtain ice, in which case the heat
energy, along with the work energy expended for the operation of
the engine, is, as before, discharged to the warmer surroundings.

Figure 2 gives a schematic diagram of the thermodynamic
refrigerating engine, showing the hot reservoir, A, the cold reser-
voir, B, and the machine for performing work, C. The process
consists in utilizing u¢ units of work energy to “pump’’ ¢p units
of heat energy from the cold reservoir at T'g into the hot reservoir
at T4, with each step of the process operated reversibly. The
problem is to determine the ratio of the heat energy removed from
the cold reservoir to the work energy expended, namely, ¢p/uc.

To this reversible process, we apply the first and second laws
of thermodynamics as given above by Equations 1 and 2. From
the first law, covering the three systems involved,

g4 — qg — uc =0, (10)
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or
Uc = g4 — ¢B- an
From the second law, covering the three systems involved,
q4 aB
——— e —— = 0
or
qga _Ta
== 2. (13
g8 Ts )
HOT coLD
RESERVOIR RESERVOIR
Ta Ts
A B
q, Qe
Ue
WORK
MAGCHINE
G

Figure 2. Schematic diagram of the thermodynamic refrigerating engine.

Subtracting 1 from each side and rearranging, we obtain
g4 —qs _Ta—Tg,
)2 Tp

(14)

Combination of Equations 11 and 14 and rearrangement give

4 _ Tz

Ue TA - TB (15)

which is the desired result. Equation 15 shows that the ratio of
the heat energy removed from the cold reservoir to the work energy



80 Entropy and thermodynamic engines

expended is equal to the temperature of the cold reservoir divided
by the difference in temperature between the hot and cold reser-
voirs. This ratio varies from a value of infinity, when T4 = T
and Tz > 0, to a value of zero, when T4 > Tz and Tp = 0.

In the application of Figure 2 to a simple household electric
refrigerator, the cold reservoir, B, corresponds to the interior of
the refrigerator, the hot reservoir, 4, corresponds to the surround-
ings of the refrigerator, as the room in which it is located, and the
work machine, C, corresponds to the clectric motor and compressor.

4. Heating engine. The thermodynamic heating engine ex-
pends work energy for the purpose of “pumping” a given amount
of heat energy into a given warm space from the colder sur-
roundings. Such an engine may be used to provide heat for a
house or building in cold weather, utilizing electrical energy to
“pump’’ heat cnergy into the warm building from the colder
surroundings.

HOT coLD
RESERVOIR RESERVOIR
Ta Ts
A B
9 G

4
Ue
WORK
MACHINE
C

Fioure 3. Schematic diagram of the thermodynamic heating engine.

Figure 3 gives a schematic diagram of the thermodynamic
heating engine, showing the hot reservoir, A, the cold reservoir,
B, and the machine for performing work, C. The process consists
in utilizing u¢ units of work energy to pick up ¢p units of heat
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energy from the cold reservoir at 1z, giving g4 units of heat energy
to the hot reservoir at T4, with each step of the process operated
reversibly. The problem is to determine the ratio of the heat
energy made available to the hot reservoir to the work energy
expended, namely, the ratio, g4 /uc.

To this reversible process, we apply the first and second laws of
thermodynamics as given above by Equations 1 and 2. From the
first law, covering the three systems involved,

ga — g —uc =0, (16)
or
Ue = g4 — 4B- (17)
From the second law, covering the three systems involved,
A qB
A _ 22 =, 1
or
qB Ty
_ = —— 19
qga  Ta (19)

Subtracting 1 from each side of Equation 19 and rearranging yields

QB‘“QAzTB_TA.

20
qa T4 (20)
Combining Equations 17 and 20 and rearranging, we obtain
’1V
_ (1)

—_—
Uce TA - TB

which is the desired result. Equation 21 shows that for each
unit of work energy expended there is available for heating the
warm space a number of units of heat energy equal to the tempera-
ture of the hot reservoir, T4, divided by the difference in tempera-
ture between the hot and cold reservoirs. The number of units
of heat energy available for each unit of work energy varies from
a value of one, when T4 > Tp and T = 0, to a value of infinity,
when T4 = Tg and T > 0.

In the application of Figure 3 to a heating plant for a building,
the hot reservoir, 4, corresponds to the interior of the house being
heated, the cold reservoir, B, corresponds to the colder surround-
ings, and the work machine, C, corresponds to the electric motor
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and compressor. The heat energy to which the work energy is
converted is added to the heat energy picked up from the surround-
ings for deposit within the heated space.

PROBLEMS

1. A steam engine, operating with boiler and condenser at temperatures
of 200°C and 30°C, respectively, is used to generate electrical energy. Ten
tons of coal are burned each hour, liberating at the boiler 15,000 BTU/Ib.
Calculate the maximum power in kilowatts available from this engine.

2. A residence requires 200 million BTU for heating in a given winter
season, where the average indoor temperature is 21°C and the average outdoor
temperature is 5°C. Assuming that electrical energy costs 2 cents per kilowatt-
hour, calculate the minimum cost of operating a thermodynamic engine for
heating this residence in the given season.

3. A household refrigerator costs 75 cents to operate for 1 month of 30
days, the average temperature within the refrigerator being 4°C and the room
temperature being 25°C. If electrical energy costs 2.5 cents per kilowatt-
hour, calculate the maximum number of calories of heat energy passing from
the room into the interior of the refrigerator per hour.

4. The heat of fusion of water ice at 0°C is 1436.3 cal/mole. If the sur-
roundings are at a temperature of 25°C, and electrical power costs 2 cents per
kilowatt-hour, calculate the minimum cost of energy for making 1 ton of ice
with a suitable thermodynamic engine.
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Entropy of Substances in Relation to
Temperature, Volume, Pressure,
and Physical State

1. Relation involving the five fundamental thermody-
namic properties of a substance. If any substance is sub-
jected to_a reversible process in-whieh-only heat-energy and PV

work K energy are 1nvolved then, according to the first law,

dE = 5q + dw, 1)
or, since -

ow= —PdV, (2)

dE = 8¢ — P dV. 3)
But, according to the second law,

éq = T dS. (4)
Combination of Equations 3 and 4 yields

dE =TdS — PdV. (5)

Equation 5 is an important relation describing how the five funda-
mental thermodynamic properties of a given substance are related
as that substance is subjected to reversible changes in which are
involved only heat energy and the PV work energy arising from
the reversible changes in pressure and volume.

2. Variation of entropy with temperature. If a given sub-
stance absorbs a small amount of heat energy, g, in a reversible
process with no other energy involved except PV work energy,
there will occur, in general, corresponding changes in the five
fundamental thermodynamic properties as dP, dV, dT, dE, and
dS. But we have defined the increase in entropy to be

_ %
d T’ (6)

-8
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and the heat capacity to be

—— v

0q
C = dT (7

Therefore, combination of Equations 6 and 7 yields the relation

TdS = CdT, (8)
or ' '
C
dS = ?, dT Cdin 7. 9)
If the pressure is constant, the heat capacity is that at constant
pressure, Cp, and we can write, for constant pressure, ~ =
Cp
dsS = T d7 = CpdIn T} P constant, (10)
or, in general, o
S Cp

e

Similarly, if the process occurs at constant volume, we can write
the corresponding equation,

C
dS = ;dT CydIn T; V constant, (12)
or, in general,
N Cy
(OT)V T (13)

The foregoing equations can be appropriately integrated to give
the increase in entropy of a substance in a given physical state
from one temperature to another when the values of the heat ca-
pacity are known as a function of temperature. For example,
Equation 10 may be integrated as follows:

B BC’P
fAds=sB—sA=fT dT = f Cpdln T. (14)
A

That is to say, on a plot of Cp/T against T, or a plot of Cp against
In 7, the area under the curve from T4 to Tp gives the increase in
entropy from the temperature T4 to the temperature T's.
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. (3H
Cr = "T)P’-

e

Since

(15)

v

Equation 11 may be written as

(%), - (@) G, w

Differentiating both sides with pressure at constant temperature,

we have
N CIE AR CIC
aror _ \1)\oroP) ~ \1)\'oP /s’ (a7

or o e
PH__ o 9"8
aT aP = 3T 3P

(18)

Similarly, we can derive the relation

OG- (), o
arov _\1)\arav) ~\1/\av /s’ (19)

or
9’E T %S
T oV aT av

(20)

e o e T

3. Variation of entropy with volume. For a substance sub-
jected to a reversible process at constant temperature, with only
heat energy and PV work energy involved, Equation 5 may be
written as

(dE)r = TdS)r — P(AV)r. (21)
Dividing by (dV)z, we obtain the relation A

oE d
(6—1;>T =T (5—;2)1 -P (22)

e e

Differentiating with té?nﬁ-ezrature at constant volume, we obtain

9’E 328 ER P
ol Laver ™ <5—I7)T - (aT)V ) (23)

But, from Equation—20;-we-nete-that-the term-on-the left side is
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equal to the first term on the right side, so that we have

), - o). o

O e
Equation 24 gives the change of entropy with volume at constant
temperature in terms of the change of pressure with temperature
at constant volume. For example, we can write

dsS = (Q—IZ) dv; T constant. (25)
aT/v
"For an ideal gas,
dP y i/
(@), = 7 26)
so that
dsS = —Ilng =RdInV; T constant. (27)

For a change of volume from V4 to Vp at a temperature T, the
change in entropy for an ideal gas would be

Sp—84=Rln—- (28)
Va
In general,
S — 8 f " (—ap av; T 29
B~ o4 = [ 6T>V ; constant. (29)

Equation 29 shows that for any substance at constant temperature,
its change of entropy from one volume to another can be evaluated
from a knowledge of its change of pressure with temperature at
constant volume in the given range of volume.

4. Variation of entropy with pressure. From the definition

H =E + PV, (30)
we can write
dH = dE + PdV + V dP. (31)
Combination of Equations 5 and 31 yields
dH = TdS + V dP. (32)

For a substance subjected to a reversible process at constant tem-
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perature, with only heat energy and PV work energy involved,
Equation 32 may be written as

(dH)r = T(dS)r + V(dP)r. (33)
Dividing by (dP)r, we obtain the relation

(g)T - T(g—-P 4T (34)

Differentiating with temperature at constant pressure, we obtain

a’H 928 ] vV
Pl Lapar T (5g>q~ + (ﬁ)p. (85)

But from Equation 18, we note that the term on the left side is
equal to the first term on the right side, so that

a8 av
DG ow
P/ r aT/p

Equation 36 gives the change of entropy with pressure at constant

temperature in terms of the negative of the change of volume with
temperature at constant pressure. We can write

dsS = — (-QK) dpP; T constant, 37)
aT/p

and, for the change in entropy of any substance at constant tem-
perature from a pressure P4 to a pressure Pp,

Pe 9V
SB—SA__-/I:A (ﬁPdP. (38)

For a change of pressure from P4 to Pp at a temperature T,
the change in entropy for an ideal gas would be

Pg,

SB bl SA = —R lnP (39)

A

Equation 38 shows that for any substance at constant tempera-
ture its change of entropy from one pressure to another can be
evaluated from a knowledge of its change of volume with tem-
perature at constant pressure in the given range of pressure.

5. Change in entropy with change in phase. At some
given temperature and pressure, a substance can change from one
phase to another with the absorption or liberation of heat energy.
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Examples of such changes in phase that involve absorption of heat
energy, with a corresponding increase in the energy content of the
phase that is formed, are (see Figure 1 in Chapter 10) the transition
from crystalline form II to crystalline form I, melting of crystalline
form I to the liquid state, vaporization of the liquid to the gaseous
state, and sublimation of a solid to the gaseous state. In each
case, at the given temperature and pressure, the reverse process
occurs with liberation of energy by the substance.

At the given equilibrium temperature and pressure, we can
write for the change in phase, in general terms,

MX (phase A) = MX (phase B). (40)

Since this is a reversible process, with the change from one phase
to another taking place on the absorption or liberation of heat
energy, we may write from the second law,

8

dS=T

(41)

But, from Equation 8 of Chapter 8, we have found that for a
process taking place at constant pressure,

éq = dH. (42)
Therefore, Equation 41 becomes
du
dS = —> 4
T (43)
and, since the temperature is constant,
Hp — H
Sp — Sy =24, (44)
. T
or
AS = A;,I . (45)

For the several kinds of changes in phase, Equation 45 would be

written as follows:

AH (transition)
T ’

AH (melting)

—7

AS (transition) = (46)

AS (melting) = 47)
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AH (vaporization)

AS (vaporization) = T ; (48)
AH (subli i
AS (sublimation) = LU ;mat“’n)- (49)

It should be noted that the foregoing equations are applicable
only for the temperature and pressure at which the two given
phases are in equilibrium. For example, for the equilibrium
process,

H,0 (liq, 0°C, 1 atm) = H,0 (¢, 0°C, 1 atm), (50)
the change in entropy is

AH (crystallization at 0°C)

AS (crystallization at 0°C) = 27316

(51)

But, for the non-equilibrium process,
H,0 (liq, —10°C, 1 atm) = H,0 (¢, —10°C, 1 atm), (52)
the change in entropy is
AS (crystallization at —10°C) =
273.16
‘L Cp [H20 (liq)]dIn T 4+

63.16

AH (crystallization at 0°C) +‘
273.16

263.16
f Cp[H,0 ()]dInT.  (53)

273.16
Equation 53 may also be written as
AS (crystallization at —10°C) =

AH (crystallization at 0°C)
273.16

273.16
S (0ol B0 (@] — ColHL0 (i)lidIn T, (54)
The three terms on the right side of Equation 53 represent the
integral of 8¢g/T along the reversible path from liquid water at
—10°C to solid water at —10°C. The first term takes the liquid
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water from —10° to 0°C; the second term applies to the crystalliza-
tion, at 0°C, of liquid water to solid water ice, and the third term
takes the solid water ice from 0°C to —10°C.

Considering the same substance as in Figure 1 of Chapter 10,
the increase in entropy of the substance from crystalline form II
at the absolute zero to the gaseous state at some temperature T
would be equal to

Ttr

S (g) = So (c, II) 4+ A Cp(c, I)dInT

AHtr Tm
+ Tir + - Cp(c,)dInT
AHm To )
+‘—77n-+ 'm Cp(llq)dlnT
AH T
+ 'Tv” + /;v Cp(g)dInT. (55)

In Equation 55, the first term on the right is the entropy of
crystalline form II at 0°K.

6. Entropy of mixing ideal gases. Given ny, ny, ng, -, n;
moles of different ideal gases, each at the same pressure, P, and
temperature, T, and having volumes V,, Vy, V3, -, V;, respec-
tively. Suppose that these gases are in adjoining compartments
in a large box, with the partitions between the compartments oc-
cupying an insignificant volume. It is desired to evaluate the
change in entropy occurring when the partitions are removed and
the several gases are permitted to mix, all at constant temperature,
and with the pressure remaining unchanged. After mixing, the
total volume is the sum of the volumes of the separate gases before
mixing, and the mole fraction, N;, of each gas in the mixture, is
equal to its original volume divided by the total volume., That is,

Ny = o = o (56)

On mixing, each gas passes from its original volume, V;, to the
common final volume, > V;. The increase in entropy for this
change in volume for each gas is independent of the presence of the
other ideal gases, and the total change in entropy is obtained by
adding together the increases in entropy for each of the gases. If
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the total amount of all the gases is taken as one mole, then the
number of moles of each gas is equal to its mole fraction:

n; = Nj. (57)

The increase in entropy, AS;, for each gas on passing from its
original volume to the final volume is given by Equation 28,
multiplied by the number of moles of the given gas:

SVi

AS; = ,‘l
S NRnV;

(58)

Substituting, from Equation 56, the mole fraction of the given
component for the ratio of the initial volume to its final volume,
Equation 58 becomes

AS; = N;R lnl. = —RN;InN;. (59)

N;

The sum of the increases in entropy for all the gases involved is,
per mole of the mixture,

ASmixing = ZAS,‘ = —RZN; In N;. (60)

Equation 60 gives the entropy of mixing ideal gases when the
pressures of the different gases before mixing are identical and the
same as the final pressure after mixing. In such case, it follows
that the final volume of the mixture is the sum of the original
volumes of the separate gases. Equation 60 also shows that for
ideal gases the entropy of a given kind of gas occupying a given
volume is independent of what other gases occupy the identical
space.

To calculate the entropy of mixing ideal gases which are origi-
nally at different pressures to form a mixture in which the final
pressure is also different, a simple procedure is to evaluate the
change in entropy for bringing each of the different gases to a
common pressure, according to Equation 39; to evaluate the
entropy of mixing the gases at this common pressure, according
to Equation 60; and to evaluate the change in entropy on bringing
the final mixture from this common pressure to the specified final
pressure, according to Equation 39. The sum of all these changes
in entropy will give the total entropy of mixing for the specified
case.
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PROBLEMS

1. For a given substance in the solid state, over the range 300° to 1000°K,
Cp = 5.74 + 0.00062T — 100,000/72 cal/deg mole. Calculate the value of
Ssoo — S400 for this solid substance.

2. For MX (c), the expansion with temperature at 25°C, at various pres-
sures, is given by the equation

v 2

6T)p —a‘+bP+cP.
Calculate, in terms of the constants a, b, and ¢, the change in entropy of MX
(c) as it is compressed at 25°C from 1 atm to 100 atm.

3. The boiling point of MX under a pressure of 1 atm is 50°C. The heat
of vaporization of MX at 50°C is AH = 8500 cal/mole. Assuming the gas
to be ideal, calculate the change in entropy for the following process:

MX (lig, 50°C, 1 atm) = MX (g, 50°C, 0.1 atm).

4. For water, at a pressure of 1 atm, the heat of fusion at 0°C is AH =
1436.3 cal/mole, the heat of vaporization at 100°C is AH = 9717.1 cal/mole,
and the mean heat capacity of the liquid from 0°C to 100°C is 18.046 cal/deg
mole. Calculate the value of Ssz3.16 [H20 (g, 1 atm)] — Sp73.16 (120 (e, 1
atm)].

5. Calculate the entropy of mixing five different ideal gases, each at 1 atm
and 25°C, to form a mixture, at the same pressure and temperature, containing
0.10 mole of gas A, 0.20 mole of gas B, 0.30 mole of gas C, 0.25 mole of gas D,
and 0.15 mole of gas E. How would the result be affected if the pressure were
10 atm? If the temperature were 1000°K?

6. Given 0.5 mole each of two different ideal gases, cach at the same pres-
sure and temperature, and being contained in two identical rectangular boxes
with two sides adjacent. Suppose that the two adjacent sides arec made per-
meable and the two boxes are pushed together to coincide. The resulting
mixture of gases will now occupy the same volume as cach of the gases before
mixing, and the pressure of the mixture will be double the initial pressure.
Calculate the change of entropy for this process of mixing.
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Energy of Substances

in Relation to Pressure and Volume

1. Variation of energy with volume. Combination of
Equations 22 and 24 of Chapter 13 yields the following equation:

) . i]j b
(51—7>T =1 (¢9T>V P 1)

\ ey
Equation 1 permits us to calculate for any substance its change of
energy with volume at constant temperature from a knowledge of
the temperature, pressure, and the change of pressure with tem-
perature at constant volume. In other words, if the P-V-T rela-
tions for any substance (solid, liquid, or gas) are known, the change
of energy with volume at constant temperature may be calculated.

2. Variation of heal content with pressure. Combination
of Fquations 34 and 36 of Chapter 13 yiclds the following equation:

oH oV
Go)-rGa)rr @

Equation 2 makes it possible to calculate the change of heat con-
tent (enthalpy) with pressure at constant temperature of any
given substance from a knowledge of the temperature, volume, and
the change of volume with temperature at constant pressure. The
change of heat content with pressure at constant temperature may
be calculated for any substance (solid, liquid, or gas) for which the
P-V-T relations are known.

3. Variation of energy with pressure. From the definition
of the heat content, we may write

E=H—-PV. 3)

Differentiating with pressure at constant temperature, we obtain

(%)T - (%)T -P (%)T - V. @)
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Combination of Equations 2 and 4 yields

@).--Ca),-+(G), o

Equation 5 permits the calculation of the change of energy with
pressure at constant temperature for any substance for which the
P-V-T relations are known or for which specifically are known the
values of the expansion with temperature and the compression
with pressure.

4. Energy and heat content of gases as a function of
volume or pressure. The foregoing Equations 1, 2, and 5 on
the change of energy and heat content with volume or pressure
are applicable to any substance in any physical state. In gencral,
however, the change in energy with pressure for a condensed sub-
stance, liquid or solid, is not large because the values of expansion
with temperature and compression with pressure are not large and,
further, are of opposite sign and largely tend to cancel.

With regard to gases, we have seen that for the ideal gas, by
definition, the energy is independent of the volume or pressure at
constant temperature. For real gases, however, there is a measur-
able change of energy with pressure or volume, and several methods
of measurement have been developed and used to obtain data on
the change of energy or heat content with volume or pressure. The
following sections describe some of these methods of measurement
and the properties determined by them.

5. Joule experiment. In 1845, Joule (1) described the results
of the following experiment: Two large spheres, connected by a
valve, were placed in a water bath the temperature of which was
measured with a thermometer. One sphere was filled with a gas
at a given pressure, and the other sphere was evacuated. When
equilibrium with temperature was established, the thermometer
was read. Then the valve was opened and the gas permitted to
flow into the second sphere until the pressure was equalized. The
thermometer was again read. Joule found that there was no
observable change in temperature. He concluded, therefore, that,
within the limits of precision of his measurements, the value of
(AE/AV)r was zero. We know now, however, that Joule’s
experiment was not sensitive enough to measure the small change
in energy involved in such an experiment.
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6. Adiabatic Joule-Thomson experiment. In 1853, Joule
and Thomson (2) reported the results of a different and much more
sensitive kind of measurement designed to disclose the change of
energy or heat content of a gas with change in pressure. In this
experiment, which is shown schematically in Figure 1, a gas is
made to flow continuously through a tube containing a porous
plug. At state A, in Figure 1, one mole of the continuously

éy—- gas

Porous plug —y

Va o |
as —
Pn  Ta | 9 &

STATE A

A

Porous plug —
1 Ve !
— Qas B : gas —
é) fq P Tg ! &

Figure 1. Schematic diagram of the adiabatic Joule-Thomson experiment.

flowing gas is outlined momentarily on the inlet side of the porous
plug, and at state B the same mole of gas is outlined at an appro-
priate later time on the exit side of the porous plug. The drop
in pressure due to the flow of gas in the open tube is negligible,
for the given rate of flow, compared to the drop in pressure caused
by the flow of the gas through the porous plug. The entire tube
is completely isolated thermally from the surroundings, so that no
heat enters or leaves the gas through the walls of the tube. The
process is, therefore, an adiabatic one.

In state A, one mole of gas has a pressure, P4, volume, V4, and
temperature, T4, and in state B, the corresponding values Ppg,
Vg, and Tg. The process may be looked upon as transferring one
mole of gas from state A to state B. As the gas enters the porous
plug from the inlet side, it is being acted upon by the gas behind
it at a pressure P4 through the volume V4. As the gas leaves
the porous plug on the exit side, it is acting upon the gas ahead of
it at a pressure Pp through the volume V. The system is taken
as the one mole of the gas. Then, according to the first law,

Eg —E4 = AE=q+ w+ u (6)
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Since the process is adiabatic, and no work other than PV work
is involved,
q=0, @)
and
u = 0. (8)
The net PV work energy absorbed by the system is equal to
w= P4V, — PpVp. (9)
Hence
Ep — Ep = PAVa — PV = —(Pg¥p — PaVa), (10)

or
(Ep + PpVg) — (B4 + PaV,4) = 0, (1)

or
Hp —II4 = 0, (12)

or
AIl = 0. (13)

The given process is therefore one that occurs with no change in
heat content or that occurs at constant H.

In the experiment, the quantities that are measured are the
initial or the final pressure, the change in pressure, AP = P — Py,
and the change in temperature, AT = T — T'4. The property
measured, therefore, may be written as (AT/AP)y, for given
values of pressure. Since AP may be made small, with correspond-
ing small values of AT, the property measured can be made not to
differ significantly from (87'/dP) . 'This latter is called the Joule-
Thomson coefficient and is usually labeled with the Greek letter

u, 8o that we may write
T
={—] - 14
7 (6P>H (14)

If the measured values of AP and AT are large, they may be
treated analytically or graphically to obtain the values of the
differential coefficient, (07 /dP)y, for given values of pressure.

The relation of the Joule-Thomson coefficient to the change
in heat content with pressure at constant temperature can be
derived as follows:
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Given
H = f(P,T). (15)
Therefore,
oH oH
= () are (M) o aw
At constant H,
dH = 0; (17)
so that
oH oH
= (ﬁ)P AT u + <6P) dP)u, (18)
or
oH oH
0= (7). ), + Gr)y 1o
or
oH oH T
(6 )7 o (6'1')10(5_1;)11. (20)
Therefore
oH
<5F>T = —Cppu. (21)

Equation 21 permits the calculation of the change of heat content
with pressure at constant temperature from values of the heat
capacity, Cp, and the Joule-Thomson coefficient, u.

7. Isothermal Joule-Thomson experiment. The Joule-
Thomson experiment is one in which the heat content is constant
and changes occur in the pressure and temperature. In 1903,
Buckingham (3) suggested, and later Keyes and Collins (4) and
Eucken, Clusius, and Berger (5) independently carried out, the
porous-plug experiment in a new way, by adding heat energy to
the gas on the exit side of the porous plug to maintain the tempera-
ture of the gas the same before and after the change in pressure.

Figure 2 gives a schematic diagram of the experiment, which
involves a gas flowing continuously through the porous plug.
At state 4, in Figure 2, one mole of the continuously flowing gas is
outlined momentarily on the inlet side of the porous plug, and at
state B the same mole of gas is outlined at an appropriate later
time on the exit side of the porous plug.  As in the Joule-Thomson
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experiment, the drop in pressure due to the flow of gas in the tube
is negligible, for the given rate of flow, compared to the drop in
pressure. caused by the flow of gas through the porous plug. The
quantities measured in this experiment are the following: the
pressure on one side of the porous plug, the drop in pressure
through the porous plug or the difference in pressure between the
two sides of the porous plug, the amount of gas flowing in unit

time, and the electrical power input.
Parous plug—y (—— Electrical power

gagos
Vg H
- |
gL jdpg T

STATE B
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STATE A
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o
w

Fioure 2. Schematic diagram of the isothermal Joule-Thomson experiment.

Applying the first law to the process occurring between the
states A and B, we can write:

AE =Ep — Es =q+w+ . (22)
But
u =0, (23)
W= —(PgVp — PaVa), (24)
and ¢ is measured electrically.
Hence

q=EB—-EA+PBVB—PAVA = Hp — Hy = AH. (25)

The property measured in this experiment may therefore be
written as (AH/AP)y or, if the change in pressure is sufficiently
small compared with the variation of heat content with pressure,
as (0H/oP)r.

If the measured differences in pressure, AP, are large, the
experimental values of AH and AP may be related analytically,
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or plotted graphically, in such a way as to permit evaluation of the
values of (0H/dP)r by appropriate differentiation.

8. Washburn experiment. In the Washburn (6) experiment,
a known quantity of gas is contained at a known pressure in a
suitable vessel in a calorimeter and permitted to expand against
the pressure of the atmosphere, at constant temperature.

Figure 3 gives a schematic diagram of the experiment, showing
at state A the gas before expansion and at state B the gas after
expansion to the pressure of the atmosphere. In this experiment,

- - R T
ot R e I = O o

e I s B N EE -
——V-_ - - (o] - - (o]
e | 8 FES v oo S
s I ey IS T [ cEoc B
- -O=F] —T—T] = —O - - =
Iy B B s — | T =] 3
e Sl I e e ]

STATE A STATE B

Fioure 3. Schematic diagram of the Washburn experiment.

the quantities measured are the following: the mass, m, the
pressure, P4, and the volume, V4, of the gas in the vessel at the
beginning of the experiment; the quantity of electrical energy
required to be added to the system to maintain the temperature
constant; and the pressure of the atmosphere, Pg. In the ex-
pansion of the gas from the initial pressure, P4, to the final
pressure, P, work is performed by the gas on the surroundings
in an amount equal to the constant pressure of the atmosphere,
P, multiplied by the change in volume, Vz — V4. In the actual
experiment, it is not practical to contain all the gas in the calorim-
eter at its final volume, but the same result is obtained by
letting the gas escape from the calorimeter, at the constant
temperature, through a long length of coiled tubing immersed in
the water of the calorimeter. It is also necessary to see that the
gas issuing from the calorimeter possesses no significant amount
of directed kinetic energy or to take account of it if significant.
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The opening at the exit end of the tubing may be made large so
that the issuing gas has a small velocity.

In the Washburn experiment, the temperature is constant, the
electrical energy is absorbed by the system as heat energy, and the
system performs some PV work on the surroundings. According
to the first law, the change in energy of the gas from the initial
pressure, P4, to the final pressure, Pg, is equal to

EB—EA=AE=q+w, (2())

where ¢ is the heat produced by the measured electrical encrgy,
and w is the negative of the work done by the gas in “pushing back”
the atmosphere, or —Pp(Vy — Vy).
Hence
Eg — Ea=q— PV — Va), (27)
or ‘
EB - EA =4q + PBVA - PBVB. (28)

In Equation 28, the first and second terms on the right are cvalu-
ated from the directly measured quantities. Since the final
volume, Vg, is not measured, the last term on the right side is
evaluated from the value of the PV product for the given gas at
the given temperature and the atmospheric pressure. For the
gases which are likely to be subjected to measurcments in the
Washburn experiment, there will be known the value of the com-
pressibility factor, z = PV/RT, at the given temperature and
atmospheric pressure.

At this pressure, the compressibility factor will be nearly unity,
so that the value of PgVpg will be nearly equal to RT. In any
case, .

PBVB = ZBRT, (29)
so that Equation 28 may be written as
EB - EA =q + PBVA - ZBRT, (30)

and the value of each of the terms on the right side is known.
Measurements are made for different values of the initial pressure,
P4, and there results a series of values of Eg — E4 for different
values of P4 — Ppg, where Pp is near 1 atmosphere and P4 covers
the range of values of the initial pressure. Suitable analytical or
graphical treatment of the data will yield values of the coefficient
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(AE/AP)T, or, in the limit, (0E/dP)r. The Washburn experi-
ment, therefore, evaluates the change of energy of the gas with
pressure at constant temperature.

9. Collateral reading. For additional information regarding
the energy of substances as a function of pressure and volume,
the rcader is referred to the following: On the Joule-Thomson
effect, Roebuck (7), Johnston (8), Pattee and Brown (9), Sage,
Kennedy, and Lacey (10); on the Washburn experiment, Rossini
and Frandsen (17).
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PROBLEMS

1. For a given gas: Cp = 10.34 4 0.00274T — 195,500/T'% cal/deg mole;
V = RT/P 4+ (9/128)(RT./P.) [1 — 6(T:/T)?, with V in liters per mole,
P in atmospheres, T, = 304.2°K, and P, = 72.9 atm. Calculate the follow-
ing at 25°C and 1 atm: (a) (8H/0P)p; (b) (BE/dP)r; (c) (8T /3P)g.

2. In a Washburn experiment at 25°C, 1 mole of gaseous oxygen is con-
tained in a 1-liter vessel in a calorimeter at a pressure of 40.0 atm. The
gas is permitted to expand isothermally against the prevailing atmosphere,
the pressure of which is 750 mm Hg, and 640.0 cal of heat energy are added,
electrically, to maintain the temperature of the calorimeter constant. For
oxygen at 25°C and near 1 atm, the compressibility factor is z = 0.9995.
Calculate the value of E=! — E¥=%0 for oxygen from this experiment.
Assuming that the change of energy with pressure is constant, what is the
value of (3E/OP)r for oxygen over this range of pressure at 25°C?

3. In an adiabatic Joule-Thomson experiment on a given gas at a mean
temperature of 25°C, it is found that the ratio of AT/AP is —0.20°C/atm.
If the heat capacity of the gas over the given range of temperature is 7.0
cal/deg mole, calculate the value of (QH/dP)r for the gas. If this Joule-
Thomson experiment were performed isothermally, how much electrical energy
would need to be added on the low-pressure side of the porous plug for each
mole of gas flowing?
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4. For a given substance at 25°C and 1 atm, the molal volume is 90
cm?, the value of (1/V)(3V/0P)r is —0.000100/atm, and the value of
(1/V)(@V/aT)pis 0.00100/deg. Calculate the change of energy with pressure
for this substance at 25°C and 1 atm.

5. For water at 25°C, at a pressure, P, from 0 to 1000 atm: V = 18.066 —
0.000715P -+ 0.000000046P% cm?®/mole; (8V/dT)p = 0.0045 -+ 0.0000014P
cm?/deg mole. Calculate (a) the work necessary to compress isothermally
at 25°C 1 mole of liquid water from 1 to 1000 atm; and (b) the change in
energy of liquid water from 1 to 1000 atm, E¥=1000 _ EP=1 4t 95°C,

6. For a given gas at 0°C, PV = RT(1 — 0.0010P + 0.000002P2). Cal-
culate the difference between (0H/OP)r and (OE/0P)r for this gas at 0°C
and 10 atm.
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Heat Capacity of Substances

1. Heat capacity in relation to temperature and physical
state. A schematic diagram representing the heat capacity of a
substance as a function of the temperature and the physical state
is given in Figure 1, the example being, as in Figure 1 of Chapter
10, a substance having two stable crystalline forms. On this plot,
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Fioure 1. Schematic diagram of the heat capacity of a substance as a func-
tion of the temperature.

The scale of ordinates represents the heat capacity, while the scale of ab-
scissas gives the absolute temperature. The notations ¢,I and ¢,II represent
crystalline forms I and I, respectively. T'tr, 1'm, and T represent the temper-
atures of transition, melting, and vaporization, respectively.

the ordinate at any given temperature is, on a proper scale at the
given temperature, the slope of the corresponding curve in Figure
1 of Chapter 10. At the temperatures of transition, melting, and
vaporization, the heat capacity is infinite in value, and at these
temperatures the curves of heat capacity are discontinuous.

It should also be noted that in Figure 1 the area under the
curve of the heat capacity of crystalline form II from the absolute

103
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zero up to any given temperature below the transition temperature
is equal to the value of the ordinate of the corresponding curve in
Figure 1 of Chapter 10 for the energy or heat content at the given
temperature. In Figure 1, the area under the curve of the heat
capacity of crystalline form I, from the transition temperature to
the melting temperature, is equal to the increase in energy or heat
content of crystalline form I from the transition temperature to
the melting temperature, as given by the ordinates in Figure 1 of
Chapter 10. Similarly, in Figure 1 the area under the curve of
the heat capacity of the liquid, from the melting temperature to
the vaporization tempcrature, is equal to the increase in energy
or heat content of the liquid from the melting temperature to the
vaporization temperature, as given by the ordinates in Figure 1 of
Chapter 10.

2. Equations for heat capacity and heat content as a
function of temperature. It has been largely a matter of
experimental convenicnce that data on the change of energy or
heat content with temperature have been obtained mostly in the
form of heat capacity at various temperatures rather than as
energy or heat content at various temperatures. The values of
heat capacity are then expressed analytically or graphically as a
function of the temperature, and the values of the energy or heat
content as a function of the temperature are obtained from the
equations by analytical integration or from the plots by graphical
integration. The heat capacity of a substance in a given physical
state may be expressed analytically as a function of temperature
over a specified range of temperature, as (1, 2)

Cp=a4+bT+cT?*+ -, 1)

~

or in the form (3)

Cp a+bT+§5' 2)

It is important to note that all such equations must be labeled as
to the physical state and the range of temperature for which they
are applicable.

In order to obtain the heat content explicitly as a function of
temperature, the foregoing equations may be integrated. From
Chapter 8, the heat capacity at constant pressure is related as
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follows to the heat content:
dH = CpdT. 3)
Then, if the range of applicability is from 74 to T'g, one obtains
by integration
TB
Hp — Hy = CpdT, (4)
TA

or, for any temperature 7' in the range 74 to T'p,
T
H-Hy= [ coar (5)
TA

With the heat capacity given in the form of Equation 1, Equation
5 becomes

’
H—Hy =£ (@ +bT + cT?4---)dT =

4
(aT+5bT?+5eT3+ ) — (@Ta+35bTa%+5cT4®+---)  (6)
or, for some temperature T' in the given range of applicability,
H — Hy = (constant) + aT + 3672 + 3cT® + -+ (7)
where
(constant) = — (@T4 + 3bT4% + 5cT4> + -+ ). 8)

With the heat capacity given in the form of Equation 2, the
corresponding equations are

i 4
H—HA=fT (a+bT+{}2>dT=

A

(aT + 372 — %) - (aTA + 3bTa% — -i,e:)» 9)

or, for the given range of applicability,

H — H, = (constant) + aT + 172 — %, (10)

where

(constant) = — (aTA + 3bT4% — 5%)- (11)

It should be noted again that equations such as the above giving
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the heat content as a function of temperature for a given physical
state of the substance should be used only in the range of temper-
ature for which the corresponding equations for heat capacity are
valid.

In the case where the heat content itself is measured as a
function of the temperature, then equations for heat content of the
form of Equations 7 and 10 may be obtained directly from the
experimental data, and the corresponding equations for heat
capacity are obtained by differentiation. Such equations for heat
capacity will be valid only in the range of temperature for which
the corresponding equations for heat content hold.

3. Difference between Cp and Cy. From Equation 40 of
Chapter 8, we have the following relation between the heat capacity
at constant pressure and that at constant volume:

N[ A

From Equation 1 of Chapter 14, we have the change of energy with
volume at constant temperature expressed in terms of the P-V-T
relations, as follows:

oF oP
@), - 7Ga),-» =
Combination of Equations 12 and 13 yields
oV oP
-ov="1(=) (=) - 14
Cr 4 <3T)P <3T>V (14)

But, for a given substance, the pressure can be expressed as a
function of volume and temperature,

P =f(V,T), (15)
so that
P P
dP = <W)T dV + (ﬁ)v dT. (16)

At constant pressure, this becomes

0= (5), @ne+ (%) @, (17)
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or
_ (@V/aT)p
(OP/dT)y = @V /aP); (18)
Substituting in Equation 14, we obtain
_ . (ev/er),?
Cp—Cy=-T @V /oP)r (19)

Letting the coefficient of expansion be

(),

and the coefficient of compressibility be

1 [/oV
B =— v (—67)>T’ (21)

we may write Equation 19 as

o2
Cp—Cy = 3 VT. (22)

In Equations 20, 21, and 22, the properties Cp, Cy, and V each
apply to one mole of the given substance.

For most solid substances, the value of Cp — Cy is small,
though it becomes appreciable for substances having large values
of the coefficient of expansion. The following values illustrate
the magnitude of Cp — Cy for a number of elements in the solid
state at room temperature, in calories per degree mole (4): Li,
0.3; C, 0.0; Na, 0.5; Al 0.2; Si, 0.1; S, 0.4; K, 0.6; Cr, 0.1;
Mn, 0.1; Fe, 0.1; Co, 0.1; Ni, 0.2; Cu, 0.2; Zn, 0.3; As, 0.0;
Ag, 0.3; Cd,0.3;'1,0.9; W,0.1; Pt, 0.2; Au, 0.3; Pb, 0.4; Th,
0.1. These values range up to 10 percent of the value of Cy.

For a substance in the liquid state, the value of Cp — Cy is
usually larger than for the same substance in the solid state, since
the value of the coefficient of expansion is usually greater for the
liquid state.

For the ideal gas, the value of Cp — Cy can be derived simply
from Equation 12, using the two conditions that define the ideal
gas, namely,

PV = RT, (23)
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oF
(W>T = 0. (24)

Combination of Equations 12, 23, and 24, with appropriate oper-
ation, yields for the ideal gas

Cp—Cy =R. (25)

and

For real gases at low pressure, the value of Cp — Cy is not greatly
different from R.

4. Variation of heat capacity with pressure and volume.
From Chapter 13, we have the relation

328 1 acp>
aT oP (1) <’517 T (26)

But from Equation 36 of Chapter 13,

(zi)T B ' (Z), (27)

%8 %
arToP (67’2),)' )

so that

Combination of Equations 26 and 28 yields

acp\ 62V>
(0P)T =1 (37'2 P (29)

At constant temperature, the change in heat capacity of a substance
from a pressure P, to a pressure Py is

N

Y n PB 82‘/
Cp, — Cp, = —1 ﬁ o), dP- (30)

That is, the change in heat capacity from 4 to Pp is equal to the
area under a curve, from P4 to Pp, of the second derivative of
volume with temperature at constant pressure plotted against the
pressure, all multiplied by the negative of the temperature.
Similarly, utilizing Equations 19 and 24 of Chapter 13, we can

derive the relation
aCy a2P>
=T\—=]) * 31
(«W T (6T2 v B
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At constant temperature, the change in heat capacity of a substance
from a volume V4 to a volume Vy is

Ve 821)
Cv, — Cy, = TfA (()Tz) (32)

That is, the change in heat capacity from V4 to Vg is equal to the
area under a curve, from V4 to Vg, of the second derivative of
pressure with temperature at constant volume plotted against
volume, all multiplied by the temperature.

5. Heat capacity of solids. It is interesting to trace chrono-
logically the considerable amount of work which has been done in
interpreting the heat capacity of solid substances in terms of molec-
ular structure.

In 1819, Dulong and Petit (5) announced their famous empirical
rule that for all solid clements the value of the heat capacity per
gram atom was a constant with a value near 6 cal/deg. This rule
was extended by Kopp (6) in 1864 to include compounds, by
assigning a given constant value to each clement for its contri-
bution to the heat capacity of any given solid compound.

In 1871, Boltzmann (7) derived the Dulong and Petit relation
on the basis of the classical kinetic theory, and showed that the
value of the constant was 3 times the gas constant, or 5.96 cal/deg
gram atom. In this derivation, Boltzmann showed that for a
vibrating body, as each atom in a-solid element may be assumed
to be, the mean kinetic energy and the mean potential energy
each have a value R7'/2 for cach degree of freedom (or direction
of motion), or an energy of RT for each degree of freedom or 3RT
for the 3 degrees of freedom. If the energy is

E = 3RT, (33)
then the heat capacity is
oE
Cy = (ﬁ>v = 3R. (34)

In 1904, Dewar (8) published the results of his measurements of
the mean heat capacity of some solid elements between the temper-
atures of 77°K (obtained with liquid air) and 20°K (obtained with
liquid hydrogen). Dewar’s data showed that for most elements
the value of the mean heat capacity between 20°K and 77°K was
considerably below the classical value of 3R.
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In 1907, Lewis (9) made a rigorous comparison of the existing
data with Boltzmann’s theory and the rule of Dulong and Petit
and found that, for 15 elements at 20°C, the value of the heat
capacity at constant volume, Cy, was equal to 5.90 & 0.09 cal/deg
mole. This comparison included only elements above potassium
in atomic weight because many of the lighter elements were found
to have smaller values for Cy at 20°C. In this work, Lewis
properly made the correction for the difference between Cp and
Cy in order to obtain from the existing data for Cp the values for
Cy required by the Boltzmann theory.

Einstein (10) was the first to sense the theoretical significance
of the decrease in the heat capacity of solid elements at lower
temperatures and published the results of his study in 1907.
Einstein showed that the average energy (kinetic plus potential)
of an oscillator vibrating with a characteristic frequency, », was
to be taken, not as k7' for each degree of vibrational freedom, but as

kTx
& — 1 (35)
where
hv 0
T %0)

h being Planck’s constant and 6 = hv/k.
According to Einstein, the energy of 1 mole, N, of vibrating
atoms, counting all 3 degrees of freedom, is

3NkTz _ 3RTz
& —1 € — 1,

E =

@37)

and the heat cai)acity becomes
2,z
According to the foregoing equations,
as T — 0, E—0, Cy—0, (39)
and
as T — large value, E — 3RT, Cy—3R. (40)

Although Einstein’s equation for heat capacity constituted a very
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remarkable improvement, it was found that appreciable departures
still existed at low temperatures.

In 1912, Debye (11) published the results of his theoretical
investigation of the problem. In his derivation, Debye modified
Einstein’s procedure by letting each oscillator vibrate with all
possible frequencies from zero up to a maximum frequency, vmax,
characteristic for each substance. Debye obtained the following
relations for the energy and heat capacity, per gram atom of the
crystalline solid:

E = 3RT [3 (%—)3 fﬂ{ex”j 1} dx] : (41)
s [Ee] @

In the foregoing equations, the following abbreviations are used:

h

and

X = ﬁ v, (43)
h

0 = —];Vmax’ (44)

0 h .

5‘, = ﬁ Vmax = Tmax- (45)

The Debye equations lead to the following limiting values of
energy and heat capacity:

as T — large value, E — 3RT, Cv— 3R, (46)
as T— 0, E—0, Cy—0. (47)

For sufficiently small values of temperature, the Debye equations
for energy and heat capacity reduce to the following values, per
gram atom:

E=3R gﬁ T* = aT*; (48)

Cy = 3R-5—é§ T? = 4aT83; (49)
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where
o
a = 3R 55 (50)

The heat capacities of practically all elements in the solid
crystalline state, and of most compounds in the isotropic crystalline
state, are fairly well represented as a function of the temperature
by the Debye relation, Equation 42 above. Figure 2 gives a plot
of Cy against 7/6, as given by Equation 42. The values of Cy
for most isotropic crystalline solids fall on or near this curve. If
the value of 6 is known for a given isotropic crystalline solid, the
value of its heat capacity, Cy, at any given temperature can be
estimated. Similarly, if the temperature is known at which the
heat capacity, Cy, for a given solid has a known value between
about 3R and R per gram atom, the value of 6 can be deduced
and values of the heat capacity, Cy, for other temperatures can
be estimated.

Values of the Debye 6, cvaluated from the values of the heat
capacity, Cy, as a function of temperature, for a number of
elements and compounds in the crystalline state, are approximately
as follows (12, 13): Cs, 68; Rb, 85; Pb, 88; TIl, 96; Hg, 97;
I,, 106; Bi, 111; Sn, 119; K, 115; Cd, 165; Au, 175; Na, 180;
Ag, 215; Pt, 225; Ca, 226; Zn, 235; Ge, 290; Mg, 290; W, 310;
Cu, 315; Fe, 370; Nij, 375; Al, 396; Fe, 420; Li, 510; Be, 900;
C (diamond), 1850; KBr, 177; KCIl, 220; NaCl, 287; CaF,, 474;
FeS,, 630.

Fxamination of Equation 42 and Figure 2 shows that when 7/
has the value unity, that is, when 6 = T, the heat capacity, Cy,
per gram atom will be approximately 0.95 of the limiting high-
temperature value of 3R, or about 5.67 cal/deg. It may be noted
that the heat capacity, C'y, will have attained this value of (0.95)3R
at or below room temperature in the case of the first 17 elements
and the first 3 compounds listed. For a number of the elements
and compounds, the heat capacity, Cy, per gram atom will not
attain the value (0.95)3R until relatively high temperatures are
reached. It is important to note that the heat capacity, Cy, of
solids of complicated crystalline structure may deviate appreciably
from the relation given by Equation 42.

Following the work of Debye, Born and von Karman (14),
Blackman (15), Raman (17), Venkateswaran (18), and Blackman
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and Born (19) made some theoretical studies calculated to improve
the agreement of theory and experiment in connection with the
heat capacity of solid substances.

6. Heat capacity of liquids. Relatively little advance has
been made in the quantitative theoretical evaluation of the heat
capacity of substances in the liquid state in terms of molecular
structure. The problem is exceedingly more difficult than for
the crystalline state because the molecular motions are much more
complex. In the liquid state, the molecules possess motions that
may be resolved into those of the translational, rotational, and
vibrational kinds, but each of these is affected by the intermolecular
forces characteristic of the liquid state. The heat capacity of a
substance in the liquid state is usually, but not always, greater
than its heat capacity in the solid state.

7. Heat capacity of gases. A gas at low pressure may be
looked upon as an ensemble of molecules each of which is so far
removed from the others that the intermolecular forces are
negligible. In such case, the value of a given thermodynamic
property for 1 mole of the gas is Avogadro’s number, N, times the
value for each molecule.

For the property of heat capacity, the picture may be developed
in a simple way in terms of the several classical degrees of freedom
of the gaseous molecule. For any gaseous molecule, the total
number of degrees of freedom allocated to translation, rotation,
and vibration is 3n, where » is the number of atoms in the mole-
cule. Each molecule has 3 degrees of translational freedom, each
of which, when fully excited, carries a contribution of 1R to the
heat capacity. The sum of the degrees of freedom for rotation
and vibration is therefore 3n — 3. If the molecule is monatomic,
with n = 1, there are no degrees of freedom for rotation or vibra-
tion. If the molecule is polyatomic (n > 1), there are 2 degrees
of freedom for rotation if the molecule is linear or 3 degrees of
freedom if the molecule is non-linear, with each degree of rotational
freedom contributing, when fully excited, R to the heat capacity.
For polyatomic molecules (n > 1), the number of degrees of free-
dom for vibration is therefore 3n — 5 for linear molecules and
3n — 6 for non-linear molecules, with each degree of freedom for
vibration contributing, when fully excited, R to the heat capacity
(the energy of the fully excited vibrator being 1RT for the mean
kinetic energy and RT for the mean potential energy, or a total
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energy of RT). Table 1 summarizes the foregoing discussion
regarding classical degrees of freedom and their contributions to
the heat capacity of gaseous molecules.

Figure 3 shows schematically how the heat capacity, Cy, for
an ideal diatomic gas varies with the temperature. This plot
indicates how the degrees of freedom for translation are fully
excited even near the absolute zero of temperature; how, as the

>
© 4Rl
>—
=
g 3R Vibri:ﬁon
e | ee———t
S 2R Rotation
e [ deeas
<< Rl
w Translation
I

0O —

TEMPERATURE

" Fiaure 3. Schematic diagram of the heat capacity, Cy, of an ideal di-
atomic gas as a function of the temperature.

temperature is increased, the degrees of freedom for rotation
become fully excited; and how, after that, the degrees of freedom
for vibration become fully excited. The curve in Figure 3 also
illustrates the difficulty of expressing the heat capacity of a gas
over the entire range of temperature by means of one simple mathe-
matical function.

For the ideal gas, we have seen that the difference between
Cp and Cy is the gas constant, R:

Cp —Cy =R. (51)

For the ideal gas, or for real gases near zero pressure, therefore,
the value of the ratio of the heat capacity at constant pressure to
that at constant volume has certain simple values, from the
relation:

Cp R

=1t (52)
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TaBLE 1. CurassicaL DeGrees or FrREgpoM AND THEIR Con-
TRIBUTIONs TO THE Hear Caraciry or Gasgous MOLECULES

. Contributions to the Heat Capacity,
Classical Degrees of Ve
\ . Cv, When the Given Degrees of
Freedom (Total = 3n) Freedom Are Full .
Gaseous recdom Are Fully Excited
Molecule For For For For For For
Trans- | Rota-| Vibra- | Trans-| Rota-| Vibra- Total
lation | tion | tion* | lation | tion tion
Monatomic| 3 0 0 3R 0 ] 3R
Polyatomic,
linear 3 2 |3n—-5| 3R R {3Bn —5)R|(3n — )R
Polyatomic,
non-linear| 3 3 |3n—6| 3R 3R [(3n —6)R |{(3n — 3)R

* n is the number of atoms in the molecule.

For the ideal gas, composed of monatomic molecules,
Cp

=1
Cy

Wi

(53)

For the ideal gas composed of polyatomic linear molecules with
the degrecs of freedom for translation and rotation being fully
excited but with the degrees of freedom for vibration being not
excited at all,

Cp

£
Cv

oo

(54)

For the ideal gas composed of polyatomic non-linear molecules
with the degrees of frecdom for translation and rotation being
fully excited but with the degrees of freedom for vibration being
not excited at all,

Cr

— i
Cy g (55)

For the ideal gas composed of diatomic molecules with all the
degrees of freedom for translation, rotation, and vibration being
fully excited,

Cp

== = 12.
Cy 17 (56)
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For real gases, the value of the ratio Cp/Cv may change markedly
with pressure, especially at low temperatures.

8. Collateral reading. For detailed discussion of the heat
capacities of substances the reader is referred to Mayer and
Mayer (16) and the other references given above.
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PROBLEMS

1. Given for MX (g) at 1 atm, in the range 300° to 1000°K, Cp = 8.05 +
0.00023T — 156,300/T% cal/deg mole. Calculate the increase in heat con-
tent of the gas at 1 atm from 500° to 900°K.

2. Calculate the value of Cp — Cy for a solid substance at 25°C, for which
the coefficient of expansion is 5.8 X 107%/deg, the coefficient of compressi-
bility is 1.0 X 10~%/atm, and the volume is 10.3 cm3/mole.

3. Assuming the Debye equation for the heat capacity of solids to hold,
estimate from the curve in Figure 2 the value of Cy at 25°C for a solid for
which 6 has the value 1000. '

4, The value of Cy at 100°C for a given element in the solid state is measured
to be 4.00 cal/deg mole. Estimate the value of Cy at —100°C for this solid.

5. Estimate values of Cp for the following gases at low pressure, as indicated :
He; O, assuming all degrees of freedom fully excited; Nj, assuming only
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translational and rotational degrees of freedom fully excited; COg, linear
molecule, assuming all degrees of freedom fully excited; CHy, non-linear
molecule, assuming only translational and rotational degrees of freedom fully
excited; CSg, non-linear molecule, assuming all degrees of freedom fully

excited.
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Useful Energy;
Free Energy;
Criteria of Equilibrium

1. Useful energy. One of the most important relations in
thermodynamics is obtained by applying the first and second laws
of thermodynamics to a reversible process which involves the
transfer, between the system and its surroundings, of energy in
addition to heat energy and PV work energy. For such a general
process, we can write from the first law

dE = 8¢ + sw + bu, €9)]

where, as before, dE is the increase in energy of the system, 8¢
is the heat energy, éw is the PV work energy, and du is all other
energy, absorbed by the system from the surroundings. From the
second law, we can write

59
dsS = —- 2
S=2 (2)
Since the process is reversible, we can also set the PV work equal
to

dw = —PdV. 3)
Combination of Equations 1, 2, and 3 gives the relation
dE = TdS — PdV + 6u, (4)

where du represents all energy other than heat energy and PV
work energy absorbed by the system from the surroundings.
The term du, therefore, is identified as useful energy absorbed
by the system from the surroundings. Conversely, the useful
energy made available by the system to the surroundings is —éu.
From Equation 4, we can write the useful energy made available
119
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by the system to the surroundings as
—du = —(dE + PdV — T dRS). (5)

Equation 5 is a most important relation, because it tells us that,
for any process performed reversibly, the useful energy obtainable
from the system is completely expressible in terms of the five
fundamental thermodynamic properties, P, V, T, E, and S.

It is important to note the simplification occurring in the value
of the useful energy in terms of the fundamental thermodynamic
properties for various special cases, as follows:

At constant volume,

dVv =0, (6)
and Equation 5 becomes
-ou = —(dE — T dS). (7)
At constant pressure,
PdV =d(PV), ®)

and Equation 5 becomes
—ou = —[dE + d(PV) — T'dS]
= —[d(E+PV)—=TdS] = —(dH — TdS). (9)
At constant temperpture,
TdS = d(T'8), (10)
and Equation 5 becomes
—ou = —[dE 4+ PdV — d(T8S)]

= —[d(E - TS) + PdV]. (11)
At constant entropy,
dS =0, (12)
and Equation 5 becomes
—du = —(dE + P dV). (13)

At constant volume and constant entropy, Equation 5 becomes
—du = —dE. (14)
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At constant pressure and constant entropy, Equation 5 becomes
—ou = —[dE +dPV)] = —d(E + PV) = —dH. (15)

At constant volume and constant temperature, Equation 5
becomes

—éu = —[dE — d(TS)] = —d(F — TS). (16)

At constant pressure and constant temperature, Equation 5
becomes ‘

—béu = —[dE + d(PV) — d(T8)]
= —dE+ PV -T8) = —d(H - T8). (17)

2. Free energy. Because many processes occur at constant
pressure and constant temperature, the particular combination of
the five fundamental thermodynamic properties occurring in
Fquation 17, namely, E + PV — TS or H — T'S, recurs with
great frequency in thermodynamic calculations. It has accord-
ingly been found desirable to use an abbreviation, F, for this
particular combination of properties and to call this function the
free energy. Thus, by definition,

F=E+PV—-T8=H-TS. (18)

This function is sometimes called the Gibbs’ or Lewis’ free energy.
From Equation 17, it is seen that, for a reversible process occurring
at constant pressure and temperature, the useful energy, —oéu, is
equal to —d(E + PV — T8), or —d(H — T8) or, by our new
definition, —dF. That is, Equation 17 becomes,

—oéu = —dF. (19)

That is to say, for a reversible process at constant pressure and
temperature, the decrease in the free energy is the energy which is
free to be put to some useful purpose.

Abbreviations similar to that in Equation 18 may be substituted
for other combinations of the fundamental properties, as, for
example, the combination E — TS, for which the symbol A is
frequently used (1,2), so that, by definition, one may write

A=E-TS. (20)

This function is sometimes called the Helmholtz free energy.
However, it would appear desirable to avoid the introduction of
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additional abbreviations unless such abbreviations are justified by
the extent of the occurrence in actual problems of the combination
of properties represented by them. In the present work, little
use will be made of the abbreviation given by Equation 20.

3. Spontaneous change and useful energy. Every system
if left to itself tends to change toward its final state of rest or
equilibrium. If a given system has some capacity for spontaneous
change, an appropriate mechanism can, in principle, always be
introduced to harness the system to obtain some amount of useful
energy as the system passes reversibly from its initial state toward
the state of equilibrium. For every process that occurs spon-
taneously, therefore, some amount of useful energy may be ob-
tained from the system. To make the given system move away
from the state of equilibrium, that is, in a non-spontaneous or
unnatural direction, it is necessary to supply some useful energy
to the system. The algebraic sign of the useful energy obtainable
from the system, therefore, serves to tell us whether the given
process is one in which the system is moving toward or away from
equilibrium. If the value of éu is negative, useful energy is ob-
tainable from the system and we know that the change is a
naturally occurring one in the direction toward the state of equi-
librium. If the value of du is positive, useful energy is required to
be supplied to the given system to bring about the desired change
and we know that the change is an unnatural one in the direction
away from equilibrium. It follows that, if the value of du is
zero, the system is already at the state of equilibrium with respect
to the prescribed change.

4. General criterion of equilibrium. The value of éu for
any given system in any reversible process is given by Equation
5 in terms of the five fundamental thermodynamic properties of
the system:

ou = (dE + PdV — T dS). (21)

We have just seen that, when the value of du is zero for any given
change in a reversible process, the system is at the state of equi-
librium. This condition may therefore be used as the general
criterion of equilibrium. That is, equilibrium exists in a system
with respect to any prescribed change occurring reversibly when-
ever

ou =0, (22)
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or, from Equation 21, whenever
dE + PdV — TdS = 0. (23)

Equation 23 is the general criterion of equilibrium for any system
for any prescribed change in a reversible process.

5. Criteria of equilibrium for special cases. Just as in
Fquations 6 to 17 it was desirable to evaluate the useful energy for
special conditions, it is important to ascertain the simplification
occurring in the general criterion of equilibrium as given by Equa-
tion 23 for various special cases.

The criterion of equilibrium reduces to the following for the
indicated special conditions:

Conditions Criterion of Equilibrium
Constant volume dE — T dS = 0. (24)
Constant pressure dH — TdS =0. 25)
Constant temperature d(E —T8) 4+ PdV =0. (26)
Constant entropy dE + PdV = 0. @7)
Constant volume and entropy dE = 0. (28)
Constant pressure and entropy dH = 0. (29)
Constant volume and temperature d(E — TS) =0. (30)
Constant pressure and temperature d(E + PV —TS) =dH - T8)
=dF = 0. (31)
REFERENCES
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PROEBLEMS

. The following processes occur at a pressure of 1 atm:
. H20 (¢, 0°C) = H,0 (lig, 0°C);
. HyO (¢, —5°C) = H20 (liq, —5°C);
. H20 (g, 98°C) = H30 (lig, 98°C);
Combustion of carbon in oxygen at 25°C;
. Decomposition of water into hydrogen and oxygen at 25°C;
. NaCl (aq, m = 2) = NaCl (aq, m = 1).
Give for each process the following information:
i. Identification as spontaneous, non-spontaneous, or equilibrium;
ii. Sign of the useful energy, —du, for the process, as positive, negative, or
* zero.
iii. Sign of dF for the process, as positive, negative, or zero.
2. Derive the equation giving the criterion for equilibrium at (a) constant
volume and entropy and (b) constant pressure and entropy.

e R R
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Relations among the

Thermodynamic Properties and Functions

1. Relation involving the five fundamental properties.
When a substance is subjected to a reversible process involving
only heat energy and PV work energy, application of the first and
second laws yields the following important relation (Chapter 13):

dE = T dS — P dV. (1)

Equation 1 tells us that, when a given substance is subjected to a
reversible process involving no energy except heat energy, repre-
sented by the term 7' dS, and PV work energy, represented by
the term — /I’ dV, the increase in energy is given completely by
the sum of these two terms.

2. Relations involving the defined functions. For the
same process for which Iquation 1 is valid, namely, a reversible
process involving only heat energy and PV work energy, similar
cquations may be derived to give the corresponding relations for
the defined thermodynamic functions, H, A, I, as follows:

By definition,

H=E-+ PV. (2)
On differentiation,
dH =dE + PdV + V dP. 3)
Combination of Equations 1 and 3 yields
dH = TdS+ V dP. Y
By definition,
A=E-TS8. (5)

On differentiation,

d4d =dE — TdS — SdT. (6)
124
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Combination of Equations 1 and 6 yields
d4 = —8dT - P dV.
By definition,
F=E+ PV -T8S
On differentiation,
dF =dE+ PdV + VdP — T dS — SdT.
Combination of Equations 1 and 9 yields
dF = —8dT + V dP.

125

)

@)

9

(10)

3. Special cases. Interesting and important thermodynamic
relations may be obtained from Equations 1, 4, 7, and 10, for

various special cases, as follows:
From Equation 1, we have at constant volume,

dE = T d§,

or
(:afs>v =15

and at constant entropy,

or

dE = —-P dV,

oK ,
(WL =-F

From Equation 4, we have at constant pressure,
dH = T dS,

oH
(BE)P =T

and at constant entropy,

or

or

dH = V dP,

oH
.-

or

(11)

(12)

(13)

(14)

(15)

(16)

17)

(18)
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From Equation 7, we have at constant volume,

d4 = -8dT, (19)
or
dA
and at constant temperature,
dA = —P dV, 21)
or
0A
(W)T = —P, (22)
From Equation 10, we have at constant pressure,
dF = —SdT, (23)
or
oF
(55), = - (24)
and at constant temperature,
dF = V dP, (25)
or
oF
(6 P)’I‘ = V. (26)

The exact differential Equations 1, 4, 7, and 10, given above,
lead to important relationships among the differential coefficients
of the various thermodynamic properties. The general differential
equations may be written in the form

dG = M dx + N dy. @27
But
oG oG
0= () er(@) w0
Hence,

9 3G \
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But
3%q 9%G

dr dy dy oz ’

oM oN
().~ ), 2

In this way, for example, Equation 4 yields
aT av
Gr). - Go). @
ar/ s S/ p

and Equation 10 yields
1% N
— -{=) - 33
<0 T> P (01) )T (33)

The power and usefulness of relations such as those given above
should not be overlooked. For example, it may be noted that
according to Equation 24 the change of the free energy of a sub-
stance with temperature at constant pressure is equal to the nega-
tive of its entropy. Similarly, Equation 26 shows that the change
of the free energy of a substance with pressure at constant tempera-
ture is equal to its volume.

4. Identity of the scales of temperature provided by the
ideal gas and by the second law. In earlier chapters, we
introduced the absolute temperature by means of the definition
of the ideal gas, and again independently by the second law of
thermodynamics by the quantitative definition of change in
entropy. It is now possible to show that these two scales of
temperature, as previously defined, are identical. The ideal gas
was defined by the two relations:

PV = RT, (34)

(%)T = 0. . (35)

By the second law of thermodynamics, the absolute temperature
was defined through the following relation for a reversible process:

é¢ = T dS. (36)

(30)
so that

and
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By application of the first and second laws of thermodynamics
to a substance participating in a reversible process involving only
heat energy and PV work energy, the following relations (Chapter
P
—-P+T (———) ’ (37)
v

Ge), =7 =G, o

Equations 37 and 38 may be rewritten explicitly in terms of pres-
sure and volume, as

P (P\ _ (oF
P=1 (aT>V (aV)f (39)

(VY (21 .
vt <aT)p N (3P>'r o

It is important to note that Equations 39 and 40 have been de-
rived independently of the equations defining the ideal gas, and the
temperature is the thermodynamic temperature. If, therefore,
Equations 39 and 40 are completely in accord with the equations
defining the ideal gas, the two scales of temperature are propor-
tional and may be considered identical if the constant of proportion-
ality between the two scales is taken as unity. The accord of
Equations 39 and 40 with the definition of the ideal gas may be
shown by substituting the ideal gas relations into the right side
of Equations 39 and 40 and seeing whether the resulting terms
yield the pressure in Equation 39 and the volume in Equation 40.
In Equation 39, the values of T, (8P/0T)y, and (dE/dV)r from
the relations of the ideal gas are introduced, the substitutions being
T, R/V, and 0, respectively, which yield P for the sum of the two
terms. Similarly, in Equation 40, the values of T, (8V/oT)p,
and (0H/dP)r are introduced from the relations for the ideal gas,
the substitutions being T, R/P, and 0, which yield V for the sum
of the two terms.

5. Condensed summary of thermodynamic formulas. It
is possible to derive a great number of thermodynamic formulas
such as those listed above, following the procedure given by
Bridgman (1) and used by Lewis and Randall (2). The pro-

i
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cedure is to write

a__x (ax)z
(Gy) @) 1)
and

(0x)y = —(9Y)a, (42)

where z, y, and z may represent any one of the five fundamental
properties, P, V, T, E, 8, or the three defined functions, H, A, F.
Letting

@T)e =1, (43)

it is then possible to derive the following 28 Bridgman (1) formulas,
which are expressed in terms of the fundamental properties and
the three derivatives most readily capable of experimental measure-
ment, namely, (3V/dT)p, (V/dP)r, and (dH/dT)p or Cp:

(@T)p = —(@P)r = L (44)

"/
(@OV)p = —(0P)y = (3—1—) - 45)
(0S)p = —(OP)s = £+ (46)
(@E)p = — (aP)g = Cp — P (%)P (47)
(0H)p = —(8P)n =Cp. (48)
(0F)p = —(P)p = —S&. (49)
(@A)p = — (3P = — [s + P("f;) ] (50)
@V)r = —@T)y = — (%)T 51)
@8)r = —(@T)s = (3}1’,) (52)

omr = —ems=1(3) +P(5) - @
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(@H)p = —@T)g = =V + T (g;) : (54)

(OF)r = —@T)p = V. (55)

@) = —@na = P (%) - (56)

@8y = s = (Der (B) +1(5) ] @
omw =~ =co(Z) +1(5) o9

(@H)y = —(@V)u = Cp (‘;Z) + 7 (g—%’,): —v (z;’,) . (59)
orw=-ene=-[v(5) +3(5). | @

@1y = —@)a = 5 (35 - (61)

- -oe- (i), +7 (T
(0H)s =~ (@8)5 =~ L (63)

@3 = = 05) = - ()[vee-sr(Gp), |- oo
oo o= (Y[, 7]
+s1(37) ) o

(0H)g = —(0E)n = —V[C” P(gI’;) ]

e (), +1(D), ]
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(OF)g = —(8E)r = —V[CP B P(%’)p]

+s[ (‘;‘;) +P(g%) ] (®7)
(04)5 = — (E)4 = [c,, (gl‘i) ( )P] (68)

(OF)z = —(H)p = —V(Cr + 8) + Ts( ) (69)

P
@A)y = —(0H)4 = — [S + P(g;/) ]

1G] (D),

(04)p = — (OF)4 = [V+ P(GZ)T] PV (3;/) Y

Any of the therrhodynamic relations may be derived from the
above summary. Some examples are the following:

(?—;) Egzp;: == (72)

(%) 8’8’; :1§ = —8. (73)

() o9 _ovim,_ony

(%%)T - Gy - TV _y T(g‘;) . @5

6. Collateral reading. For detailed discussion of condensed
thermodynamic formulas and their derivation, the reader is re-
ferred to Bridgman (3), Koenig (4), Tobolsky (6), and Prins (6).
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PROBLEMS

1. Using Bridgman’s formulas, derive the equivalent of the following:
(0H /3P)s, (0H /38)p, (OL/0S)v, (0E/3V)s, (OE/AP)r, (OE/3S)1, (3H/08)T,
(0F /dT)s, (OF /0P)s, (OF /3S)p. '

2. For a given substance at 25°C and 1 atm, Cp = 33.0 cal/deg mole,
V =90.0 cm3/mole, (dV/dT)p = 0.0900 cm?®/deg, and (AV/0P)r =
—0.00900 cm?®/atm. Calculate (0E/3F)r, (0H /OP)r, and the Joule-Thomson
coeflicient.

3. For a given substance, at 7' = 25°C, and P = 0 to 10,000 atm, V =
a + bP + ¢P? ecm3/mole. Calculate the increase in free energy of 1 mole of
this substance at 25°C as the pressure is increased from 1000 to 10,000 atm.



18

Heats and Energies

of Reactions and Processes

1. Specification of the reaction or process. One of the im-
portant thermodynamic facts to be known about a given chemical
reaction or process is the change, or increment, in energy, AE, or
heat content, AH, associated with the reaction or process at some
specified temperature, as at 25°C, with each of the reactants and
products in an appropriate reference state. As will be seen later,
such reference states, usually called standard states and denoted
by a superscript on the thermodynamic symbol, as I1°, may be ones
realizable only in theory but are such that a given substance can
be readily converted from the actual state to the appropriate
standard state with the necessary data. In written equations, it
is assumed that a given reaction or process involves each of the
reactants and products in its standard state, unless otherwise
specified.  Unless the context provides a complete description of
the reaction or process, as to tempera.ture, pressure, concentra-
tions, ete., such information should be given explicitly in the writing
of the chemical equation describing the process. Some examples
follow:

H20 (liq, sat’n press.) = Hy0 (g, sat’n press.);

AH 395,16 = x keal/mole. (N
H,0 (lig) = H20 (g);
AH 95 16(sat’n press.) = z kcal/mole. 2)
H20 (liq) = H20 (g);
AH3%gg.16 = &’ keal/mole. (3)
H: (g, 2 atm) + 20, (g, 5 atm) = Hy0 (lig, 1 atm);
AH 9516 = y keal/mole. 4)

133
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H; (g) + 30; (2) = H,0 (liq);
AH$%gg 16 = y' keal/mole. 5)
HCl (aq, m = 2, P = 2 atm) + Ag (¢, P = 2 atm)
= AgCl (¢, P = 2 atm) + 3H; (g, 2 atm);

AH 95 16 = 2 keal/mole. (6)
HCI (aq, m = 2) + Ag (¢) = AgCl (¢) + 3Hz (g);
AHjygg.16 (P = 2 atm) = 2 keal/mole. (7)
HCI (aq) + Ag (¢) = AgCl (c) + 3H; (2);
AH$gs 16 = 2’ kecal/mole. (8)

In the above equations, it should be noted that Equations 1 and
2 are different ways of saying the same thing; and similarly for
Equations 6 and 7.

2. Specification of the thermodynamic property. In ad-
dition to specifying the actual state of each of the reactants and
products participating in the given reaction or process, it is im-
portant to specify the thermodynamic property which is measured,
as the increment in energy, AE, or the increment in heat content,
AH.

In chemical reactions, the thermodynamic property measured
may usually be labeled as AE or AH, depending upon whether the
substances participating in the reaction are confined at constant
volume or at constant pressure. Consider, for example, the reac-
tion of a stoichiometric mixture of two diatomic ideal gases, MX
and X, to form the triatomic ideal gas, MX,:

MX (g) + 3X; (g) = MX; (g). 9
If the reaction takes place in a calorimeter in a closed bomb
at constant volume, and if the total pressure of the reactant gases

is P4, then the reaction may be specified as follows, at the given
temperature:

MX (g, Pux = 2Pa) + 3X, (g, Px, = 3Pa)
= MX (g, Pux, = %‘PA)- (10)
According to the first law, for any process,
AE = ¢+ w+ u, (11)
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where ¢ is the heat energy, w is the PV work energy, and u is any
other energy, each absorbed by the system during the process.
But, in this calorimetric experiment, u is zero, and, since the volume
is constant, w is also zero. Hence, the calorimetrically measured
heat energy absorbed, ¢, is equal to AE, and for the reaction given
by Equation 10, we may write,

AE = gq. (12)

Since the gases are ideal, the designation of pressure is unnecessary,
as the energy of ideal gases is independent of the pressure and of
the presence of other gases. For real gases, however, the speci-
fication of the pressure must be made in so far as it is significant.

In general, the absorbed heat energy associated with any chemi-
cal reaction that takes place in a calorimeter in a vessel at con-
stant volume may be placed equal to AE for the specified reaction
or process.

If the reaction given by Equation 9 takes place in a calorimeter
at constant pressure, with each reactant gas disappearing at the
pressure P4, and the product gas appearing at the pressure Py,
then the reaction may be specified as follows at the given tempera-
ture:

MX (g, Ps) + 3X; (g Pa) = MX; (g, Py). (13)
According to the first law, for any process,

AE = ¢+ w + u. (14)

But, in this calorimetric experiment, u is zero. Since the system
undergoes a change in volume and is subjected to a constant con-
fining pressure, the PV work energy is

w=—deV=—Pde=-PAV. (15)
Substituting in Equation 14 gives
AE = g — P AV. (16)
Hence
AE + P AV =g,
and

AE + A(PV) = A(E+ PV) = q. (17)
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Finally, since
E+ PV =H, (18)

we may write
AH = q. (19)

That is, the calorimetrically measured heat energy absorbed, ¢, is
equal to AH, the increment in heat content for the given reaction.
In general, the absorbed heat energy associated with any chemi-
cal reaction that takes place in a calorimeter at constant pressure
may be placed equal to AH for the specified reaction or process.
TFor any specified reaction or process, the difference between the
values of AE and AH may be evaluated from the relation

AH = AE + A(PV). (20)

In Equation 20, A(PV) is simply the sum of the product of pres-
sure and volume for each of the products less the sum of the prod-
uct of pressure and volume for each of the reactants, for the
specified reaction or process. The value of PV for liquid and
solid substances will be small compared to the value of PV for
gaseous substances. For reactions in which all the reactants and
products are liquids or solids, therefore, the difference between
AE and AH will be relatively small. For reactions in which the
number of moles of gaseous reactants is the same as the number of
moles of gaseous products, the difference between AE and AH will
also be relatively small. For other reactions, the difference be-
tween AE and AH will depend on the difference in the number of
moles, An, of gaseous reactants and gaseous products.

In the reaction given by Equation 9, wherein each of the sub-
stances involved is an ideal gas, the difference between AE and AH
may be readily evaluated as follows:

AH = AE + A(PV). (21)
But
A(PV) = (An)RT = —1iRT. (22)
Hence
AH = AE — }RT. (23)

In general, for reactions involving only ideal gases, the difference
between AE and AH is given by the relation

AH = AE + RT An, (24)
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where
An = anroducts - aneactants; (25)

n being the number of moles of gas.

In processes such as those of transition, fusion, and vaporization,
occurring in a calorimeter, the calorimetrically measured value
of the heat energy is equivalent to AH if the process occurs at con-
stant pressure and AE if the process occurs at constant volume.

Similarly, if the process is one of simply taking a given substance
from one temperature to a slightly higher temperature in order to
determine the heat capacity of the given substance, as the ratio
of the heat absorbed to the rise in temperature (see Chapter 8),
the measured property will be the hecat capacity at constant
volume, Cy, if the process occurs at constant volume, and the
heat capacity at constant pressure, C'p, if the process occurs at
constant pressure. In any case, the property will be that for the
substance in the physical state or states in which it actually exists
in the calorimetric vessel in which it is contained.

3. Variation of the heat of reaction with temperature.
When the value of the change in heat content, AH, is known for
a specified reaction or process at some temperature, the value at
any other temperature may be readily calculated if there are
known, for each of the individual reactants and products, the
values of heat capacity, Cp, or of the heat content, H (referred to
some selected temperature), over the range of temperature for
which the calculation is to be made.

Consider the simple reactior,

M = N, (26)

with the state of each substance being adequately specified. The
change in heat content for this reaction at the given temperature,
T, is equal to
AH = Hy — Hy;. (27)
At constant pressure,
d(AH) dHx dHym
= - . 28
dT dT dT (28)

Since, at constant pressure,

— = Cp, (29)
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it follows that
d(aH)
a7 = CpN - C'pM = ACp. (30)
Suppose that over a given range of temperature, T to T,
CPN = an + bNT + CNT2, (31)
and .
CPM = aM + bMT + CMTZ. (32)
Subtraction of Equation 32 from Equation 31 gives
ACp = (Aa) + (Ab)T + (Ac)T? (33)
where
Aa = aN — am, (34)
Ab = by — by, (35)
and
Ac = cN — CM- (36)
Combination of Equations 30 and 33 gives, for constant pressure,
d(aH
BID _ (a0 + (an)T + (a2 (37)

Equation 37 may be readily integrated over the given range of
temperature to give the value of AH at some temperature T
within the given range with reference to the value of AH at T';:

Ay — AHp, = (8a)(T — Ty) + 5(4b)(T* — T1?)
; + 5(8c)(T% — T4®). (38)

Equation 38 serves to evaluate AH at the temperature T, between
T, and Ty, when the valuc of AH at Ty is known and when the
values of the heat capacities of each of the reactants and products
are known over the range of temperature Ty to T;. An equation
similar to Equation 38 may be used when the value of AH is known
at some other temperature within the given range T to T, as
at T3:

AH — AHTS = (Aa)(T — T3) + %(Ab)(T2 — T5?)
+ $(Ac)(T? — T45%). (39)
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In Equation 39, 7 and T3 have any values within the range of
applicability of the equation, and 7' may be lower than Tj.
Equation 37 may be integrated without specific limits of tempera-
ture to give the relation

AH = AH, + (Aa)T + 3(Ab)T? + 1 (Ac) T3, (40)

where AH, is the constant of integration required to make the
equation valid over the range of applicability. In Equation 40,
the values of the constants Aa, Ab, and Ac are obtained from the
equations for the heat capacity of each of the reactants and prod-
ucts, and AH, is evaluated from the foregoing constants and the
value of AH at a known tempecrature in the range 71 to T..
Although the substitution of 7 = 0 in Equation 40 makes AH.
appear formally to be the value for 0°K, it must be remembered
that Equation 40 is valid only over the range of temperature for
which heat capacities, as given by Equations 31 and 32, are known,
and within which range of temperature the actual value of AH is
known at some one temperature.

The heat capacity of each of the products and reactants in the
given reaction may frequently be expressed as a function of tem-
perature over the range 7'; to T’z by means of an equation of the
form (21)

Cp=a+bT+—;:2-- (41)

In such case, the equations corresponding to Equations 37, 39,
and 40 are, respectively, as follows:

d(AH) (Ac) |

T = (8a) + (AT + 5 (42)
AH = Az, = (80) (T = Ty) + (a0 (1= 1) = 750 (49)
AH = AH,+ (Aa)T + % (Ab)T? — (‘;f) . (44)

As in Equations 39 and 40, Equations 43 and 44 may be used
only over the range of temperature for which the corresponding
equations for heat capacity are valid, and the value of the con-
stant of integration, AH., must be evaluated from a known value
of AH at a given temperature within the range of applicability of
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the equations for heat capacity. Equation 44 is of a form that
does not permit substitution of 7' = 0.

Frequently, there are known, for each of the reactants and prod-
ucts of a given reaction, values at various temperatures of the
heat content, H — FH,, which is the heat content at a given tem-
perature referred to the heat content at 0°K. Then the value of
AH for other temperatures may be readily calculated from the
value of AH at one temperature. Suppose that the value of AH
at 25°C is known. Then the actual value of AH at 0°K is equal
to

Allg = AHg98.16 — A(Hges.16 — Hy), (45)
where

A(H298.16 - IIO) = Z(I1298.16 - HO)products
— 2 (Hagg.16 — Ho)reactants.  (46)

The value of AH at any other temperature may be obtained from
the relation

All = Ay + A(H — H,), (47)

where, as before,
A(H - IIO) = Z(H - IIO)products - Z(II - HO)reactants‘ (48)

Equations 45 and 47 may be readily proved by considering the
symbol A as an operator and multiplying it into each term inside
the parentheses.

If there is need for them, equations corresponding to all the
foregoing may be derived for the energy, E, the heat capacity at
constant volume, Cy, and the energy content referred to 0°K,
E — E,. .

4. Thermochemical method. The modern thermochemical
method aims to determine as directly as possible the quantity of
energy associated with unit amount of a given reaction or process.
The thermochemical investigation consists of a calorimetric part,
involving the measurement of energy, and a chemical part, involv-
ing the measurement of the amount of the given reaction or
process. The desired result is the ratio, in appropriate units, of
the quantity of energy to the amount of the reaction or process.

5. Calorimetric part of the thermochemical investigation.
For a chemical reaction or process that is exothermal, that is,
evolves heat energy as it takes place, the method is schematically
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illustrated in Figure 1. Here, A represents a fixed calorimeter
system at the “standard’ initial temperature, T4, and B represents
the same fixed calorimeter system at the “standard” final higher
temperature, T's. In one kind of experiment, the heat evolved
by a measured amount of the given chemical rcaction or process
is used to take the calorimeter system from its initial state 4 and
temperature, T4, to ils final state B and temperature, Ts. In
another kind of experiment, with the same calorimeter system at
the same initial state, the heat evolved by a measured amount of
electrical energy is used to take the calorimeter system from the

Fixed
Calorimeter
System

State B, Ty

Heat energy evolved Fixed Heat energy evolved
by a measured : by a measured
amount of Colorimeter amount of
chemical reaction System electrical energy

State A, Ty

Fraure 1. Schematic diagram of the thermochemical method of determin-
ing the heats of exothermal reactions.

same initial state A and temperature, T4, to the same final state
B and temperature, 75. In this manner, there is obtained a
direct equivalence between the measured amount of chemical re-
action and the measured amount of electrical energy, using the
fixed calorimeter system as the absorber and comparator of the
two kinds of energy.

In actual practice it is easy to use a fixed calorimeter system but
impracticable to try to obtain exactly the same rise of temperature
in all experiments. Instead, with the fixed calorimeter system,
the rise of temperature is made substantially the same in all ex-
periments, and the small differences from one experiment to
another are measured in order to effect the correction to the com-
mon or standard value of the rise of temperature. In most cases,
the amount of electrical or chemical energy added to the calorim-
eter can be so regulated that the differences in the rise of tem-
perature in the various experiments will be less than several
percent of the total rise. Since the small differences can be
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measured as precisely as necessary, the advantage of the sub-
stitutional nature of the method is retained, and the experimenter
gains some needed flexibility in operation.

For the given calorimeter system it is convenient to determine
a quantity called its energy equivalent,* which is the amount of
electrical energy added to the fixed calorimeter system divided
by the rise of temperature, the amount of energy added being
regulated so that the actual rise of temperature differs little from
the “‘standard” rise of temperature. The simple relation used in
computing the energy equivalent of the calorimeter is

(energy cquivalent) = (electrlcilt energy) , (49)
€
where At, is the rise of temperature in the experiment with elec-
trical energy. From a series of such experiments, an average
value of the energy cquivalent is determined.

In a series of calorimetric reaction experiments, there is measured
the amount of chemical reaction that produces, in the calorimeter,
a rise of temperature substantially equal to the selected “‘standard”
rise of temperature. The relation used to evaluate the “reaction
equivalent” is

. . At,
(reaction equivalent) = — (50)

where At, is the rise of temperature in the experiment with chemi-
cal energy (measured with the same thermometer over sub-
stantially the same range), and n is the number of moles of reaction
measured by the mass and molecular weights of the substance that
is used to determine the amount of reaction. From a series of
such experiments, an average value of the reaction (,qulvalent is
determined.

The experimental value of the change in energy or heat content
for the given reaction, per mole, is then evaluated by the product
of Equations 49 and 50:

electrical ener Aty
n At,

* The energy equivalent is substantially the same as that which in the early
days was called the heat capacity of the calorimeter, but the latter designation
is not recommended because it implies that the investigator has a knowledge
of the actual physical boundaries of the material system to which the heat
capacity is ascribed, and that the heat- capacity of the calorimeter may be
evaluated by a summation of the heat capacities of its component parts.
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It will be noted from Equation 51 that the rises of temperature in
the two kinds of experiments substantially cancel. It follows that
the temperature need be known in an accurate sense, as distin-
guished from precision of differences, only to the extent required
to specify the temperature to which the measured thermodynamic
property is to be assigned.

Examples of exothermal reactions for which the decrease in
energy or heat content may be measured in the above way are those
of the following kinds: Combustion of a gaseous, liquid, or solid
substance in oxygen, as the combustion of gaseous methane, or
liquid normal octane, or solid normal octadecane, in oxygen to
form gascous carbon dioxide and liquid water; solution of a
gaseous, liquid, or solid substance in a liquid solvent, as the solu-
tion of hydrogen chloride in water to form aqueous hydrochloric
acid, or the solution of liquid sulfuric acid in water to form aqueous
sulfuric acid, or the solution of solid potassium hydroxide in
water to form aqueous potassium hydroxide; neutralization, in
the liquid phase, of an acid with a base, as the neutralization of
aqueous nitric acid with aqueous sodium hydroxide to form aqueous
sodium nitrate; reaction of a gascous, liquid, or solid substance
with a liquid to form an aqueous solution, with or without a
gaseous product or solid product, as the reaction of solid sodium
with liquid water to form aqueous sodium hydroxide and gaseous
hydrogen; reaction of two gaseous substances to form a gaseous
product, as in the hydrogenation or chlorination of ethylene;
formation of a gaseous, liquid, or solid product from its elements,
gaseous, liquid, or solid, as in the formation of liquid water from
gaseous hydrogen and oxygen, or the formation of gaseous sulfur
dioxide from solid sulfur and gaseous oxygen, or the formation of
solid sodium chloride from solid sodium and gaseous chlorine, or
the formation of gaseous hydrogen chloride from gaseous hydrogen
and chlorine.

If the reaction or process is an endothermal one, that is, absorbs
heat energy as it takes place, then, in principle, the method is
simplified. In this case, a measured quantity of electrical energy
is added to the calorimeter system in an amount that is just suffi-
cient to maintain the temperature constant, balancing the energy
absorbed by the reaction or process as it proceeds. This is il-
lustrated schematically in Figure 2. For this experiment, the
initial and final states of the calorimeter system are the same and
the calorimeter neither absorbs nor gives up energy. In this way,
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a direct equivalence (except for sign) is obtained between the
measured amount of electrical energy and the measured amount
of the given reaction or process.

Examples of endothermal reactions or processes for which the
increase in cnergy or heat content may be measured isothermally
in the above way include any reactions of the kinds mentioned
earlier which may be endothermal, together with endothermal
reactions of the following types: decomposition of a gaseous sub-
stance into gaseous, liquid, or solid products, as the decomposition

Heat energy absorbed Fixed Heat energy evolved
by a measured Calorimeter by a measured
amount of amount of
chemical reaction System electrical energy
State A, Ta

Frourk 2. Schematic diagram of the thermochemical method of deter-
mining the heats of endothermal reactions.

of gaseous lead tetramethyl into solid lead and gaseous ethane;
vaporization of a liquid substance to the gaseous state, as the
vaporization of liquid water to gascous water; sublimation of a
solid substance to the gaseous state, as the sublimation of the
solid octane, 2,2,3,3-tetramethylbutanc; melting or fusion of a
solid substance to the liquid state, as the melting or fusion of water
ice to liquid water; transition of a solid substance from one stable
crystalline form to another, as the transition of carbon tetra-
chloride from crystalline form IT to crystalline form I.

When exothermal reactions are to be measured, and the inves-
tigator does not have available apparatus for measuring the
electrical encrgy with adequate accuracy, there may be substi-
tuted for the experiments with electrical energy calibrating experi-
ments with a similar chemical reaction the decrease in energy or
heat content of which has previously been determined accurately
in another laboratory. It is preferable that such calibrating
reactions be ones which have been agreed upon by the leading
investigators in the field.

Examples of the use of such calibrating reactions are the follow-
ing: evaluation of the “cnergy equivalent’” of a calorimeter
system in which the reaction vessel is a closed bomb, using the
combustion of standard benzoic acid under certain standardized
conditions; evaluation of the “energy equivalent” of a calorimeter
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system in which the reaction vessel is one designed to burn gases
in a flame at constant pressure, using the combustion of hydrogen
in oxygen to form water; evaluation of the “energy equivalent”
of a calorimeter system for measuring heats of solution of solids in
water to form aqueous solutions, using the solution of a solid the
heat of solution of which has been previously accurately deter-
mined.

Similarly, for endothermal reactions, if the investigator does
not have available apparatus for measuring electrical energy with
adequate accuracy, it is possible to determine the ratio of the
amount of the given reaction or process to the amount of a calibrat-
ing reaction or process associated with the same quantity of
energy. This may be done either by ascertaining what amount of
the calibrating reaction is needed to produce the same change
(decrease) in the temperature of the calorimeter system, as is
produced by a known amount of the given reaction, or by ascertain-
ing what amount of the given reaction is brought about by identi-
cally the same, but not accurately measured, amount of electrical
energy as is needed to bring about a known amount of the cali-
brating reaction.

In processes involving no chemical reaction as such, and where
the substance under investigation does not change its state, as in
the determination of the heat capacity of a liquid or a solid sub-
stance, the experiment involves mecasurement of the cnergy re-
quired to produce a measured change of temperature for the
substance and the container. In such cases, the “encrgy equiva-
lent”’ or heat capacity of the containing vessel must be accounted
for. The most reliable way of doing this is to perform two sets
of experiments, in one of which the calorimetric container is full
of the substance under investigation and in the other of which the
container contains only a small amount of the given substance.
The difference in the two sets of experiments serves, in effect, to
determine the heat capacity of that amount of the given substance
corresponding to the difference in mass of the two charges. With
such a procedure, the container is under more nearly identical
conditions than would exist if the container were measured
actually empty in the second set of cxperiments.

For any of the cases where a calibrating reaction or process is
used, for energy either evolved or absorbed, it is possible, in
principle, to devise a twin calorimeter arrangement, wherein the
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values of the “energy equivalent” of the two calorimeters are the
same or have a known ratio one to the other. With such an ap-
paratus, the given reaction and the calibrating reaction are run
simultaneously, and the experiment serves, in effect, to determine
the ratio of the amounts of the two reactions with which equal
amounts of energy or heat content are associated.

6. Chemical part of the thermochemical investigation.
In the chemical part of the thermochemical investigation, it is
necessary first to establish that the actual reaction or process that
occurs is the specified one, and second to measure with the neces-
sary accuracy the amount of the given reaction or process that
occeurs in each experiment for which the heat energy has been
evaluated.

In the examination of the purity of the chemical reaction being
studied, the investigator should demonstrate with reasonable
certainty, by means of appropriate chemical or physical tests, that
the reaction which actually occurs in the calorimetric reaction
vessel is one that does not differ significantly from the theoretically
pure reaction. Or, if there is a side reaction, the amount and
effect of it must be evaluated with the necessary accuracy.

Having first decided that the reaction being studied is reasonably
complete and clear cut, one can investigate the purity of the re-
action as it actually occurs in the reaction vessel in the calorimeter,
first by establishing the purity of the reacting substances, and
second by examining the products of the reaction for the presence
of possible foreign substances. The permissible amounts of im-
purities in the reacting substances, and the permissible amounts
of side reactions, depend to a large extent upon the method by
which the amaunt of the reaction is determined and upon the
amount of heat energy contributed by the side reactions involved.

One of the vital points in any thermochemical investigation is
the method of determining the amount of chemical reaction that
occurs in any given experiment. The method selected should be
precise and accurate with respect to true mass, and the amount
should be accurately expressible in terms of moles. This latter
requirement involves an accurate knowledge of the molecular
weight of the substance whose mass determines the amount of
reaction. Suppose, for example, the reaction being studied is

CeHyq (liq) + 930, (g) = 6CO; (g) + 7H0 (liq). (52)
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In such a case, the amount of the reaction may be measured from
the mass of hexane consumed, the mass of carbon dioxide formed,
or the mass of water formed. For each mole of hexane consumed,
the corresponding masses are hexane, 86.172 g; carbon dioxide,
264.060 g; and water, 126.112 g. If the atomic weight of each
element involved is known without significant uncertainty, and if
the true mass in grams is capable of being determined with about
the same absolute uncertainty in each case, it is obvious that the
substance whose mass should determine the amount of reaction in
moles is, in order of preference, carbon dioxide, water, and hexane.
If the mass of hexane is used, correction must be made for the small
amount of water and air that may be dissolved in the sample.

Another point which needs consideration is that the determina-
tion of the amount of reaction from the mass of one substance,
rather than that of another, may make permissible a greater
amount of certain impurities in one of the reacting substances.
An example of this situation is in the combustion of ethanol in
oxygen,

CoHs0H (liq) + 330, () = 2C0; (g) + 3H:0 (liq).  (53)

In this case, it would be unwise to determine the amount of reaction
from the mass of the ethanol itself, or from the mass of water
formed, without first establishing beyond reasonable doubt that
the sample contained no water.

On the other hand, the determination of the amount of reaction
from the mass of carbon dioxide produced would make permissible
the presence, in the ethanol, of a relatively large amount of water
without introducing a significant error other than that of the heat
of solution of the impurity of liquid water in the ethanol, which can
be corrected for.

From the foregoing discussion, it is clear that the correction of
values of molal heats of reaction by reason of changes in molecular
weights must be done in each case with regard to the change in
the molecular weights of the particular substance whose mass was
used to determine the amount of reaction. If the molecular weight
of this “determining” substance has not changed, no change in the
value of the molal heat of reaction is necessary.

7. Corrections to reference or standard states. For pur-
poses of intercomparison and tabulation of data on the energies
or heats of reactions and processes, it is desirable that each sub-
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stance participating in the given reaction or process be corrected
to an appropriate reference or standard state. For example, with
regard to encrgy or heat content, it is convenient and desirable to
select for the reference state at the given temperature, say 25°C,
the pure liquid or solid substance at an actual pressure of 1 atmos-
phere and the gas in the ideal state at 1 atmosphere. Appropriate
other reference states are required for aqueous and other solutions.

For every reaction or process that takes place in a calorimeter,
it is imperative that significant data be recorded as to the phase,
pressure, temperature, and concentration of each of the substances
at the beginning and at the end of the reaction. A study of each
reaction will indicate with what significance the various properties
must be known and recorded.

Consider, for example, the reaction that actually takes place in
the calorimeter during the combustion of pure liquid normal
heptane in oxygen in a closed bomb. In this experiment, a small
amount of water is initially placed in the bottom of the bomb;
the sample of hydrocarbon, usually about 1 gram, is contained in
a suitable ampoule in a dish held near the lower center of the bomb;
the temperature will usually be near 25°C, with a rise of several
degrees; and the pressure will usually be near 30 atmospheres,
with a change of several atmospheres. The reaction that actually
oceurs in the calorimetric bomb may be described by the following
equation:

CsHy6 (liq, Pa) + [(@ — y)O2 + 2H20] (g, Pa)
+ [(b — z)H30 + yOq] (liq, P4) =
[(7 = w)COz + (@ — 11 — 2)0s + vH0] (g, Pp)

+ (8 4 b — 1)Hy0 + 205 4+ wCOq] (liq, Pr). (54)
The calorimetrically determined value of the heat energy associated
with this process is a measure of AE for the actual reaction rep-
resented by Equation 54. This complex reaction is to be com-
pared with the simple reaction for which the change in energy is
required:

C;H, (lig, 1 atm) + 110, (g, ideal, 1 atm)
= 7C0, (g, ideal, 1 atm) + 8H,0 (lig, 1 atm). (55)

To pass from the complex reaction of Equation 54 to the simple
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one of Equation 55, it is necessary to correct each reactant and
product from the state in which it occurs in Equation 54 to the
reference state which it has in Equation 55. Such corrections
will include the changes in energy with pressure for the various
substances involved, the energy of solution of oxygen and carbon
dioxide in water, and the energy of vaporization of water.

8. Assignment of the temperature for the reaction or
process. For every reaction or process which is carried out in a
calorimeter and for which a value of the change in energy or heat
content is determined, it is important to assign with adequate
accuracy the value of temperature to which the given thermo-
dynamic property is to be ascribed. In those experiments where
each reactant enters the calorimeter, and each product leaves the
calorimeter, on the average, at the mean temperature of the ex-
periment, the value of the given thermodynamic property may
usually be assigned to the mean of the initial and final temperatures
of the calorimeter in the given experiment.

On the other hand, if the reaction takes place in a system such
that all the reactant material is in the calorimeter at the beginning
of the experiment at the initial temperature, 74, and all the prod-
uct material is in the calorimeter at the end of the experiment at
the final temperature, 7'p, one has a choice of using as the assigned
temperature of the given property the initial temperature, T4,
the final temperature, 7'z, or the mean temperature, (74 + 1'5)/2.
If the cnergy equivalent of the calorimeter is taken as that of the
final system, then the assigned temperature is the initial tempera-
ture. If the energy equivalent of the calorimeter is taken as that
of the initial system, then the assigned temperature is the final
temperature. If the encrgy equivalent of the calorimeter is taken
as the mean of the initial and final systems, then the assigned
temperature is the mean of the initial and final temperatures.
Actually, also, the assigned temperature may be any intermediate
temperature provided the appropriate fractions of the initial and
final systems are used to evaluate the energy equivalent of the
calorimeter.

An example of a reaction in which the foregoing points are
important is as follows: Given the reaction of ncutralization of
aqueous sodium hydroxide with aqueous hydrochloric acid to form
aqueous sodium chloride, with the reaction occurring at constant
pressure in a calorimeter, with an initial temperature of 20°C
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and a rise of 5°C to give a final temperature of 25°C. The reaction
may be written as follows:
(NaOH - 100H,0) (lig, 20°C) + (11C1-100H,0) (lig, 20°C)

= (NaCl-201H,0)(lig, 25°C). (56)
One can proceed from the initial state to the final state in two

simple ways.
The first way is given by the following two equations:
(NaOH -100H50)(ligq, 20°C) + (HCI1-100H,0) (liq, 20°C)
= (NaOIl-100H,0) (lig, 25°C)
+ HCI-100H,0) (liq, 25°C); (587)
(NaOH -100H,0) (liq, 25°C) 4+ (HCI1-100H;0) (liq, 25°C)
= (NaCl-201H,0)(lig, 25°C). (58)
It is clear that, if the measured heat of the reaction is to be as-
signed to the final temperature, 25°C, the energy equivalent of the
calorimeter must be determined in a separate experiment, on the
initial system, before reaction oceurs, over the range of temperature

20° to 25°C.
The second way is given by the following two equations:

(NaOH - 100H,0) (liq, 20°C) + (HCI-100H0) (liq, 20°C)
= (NaCl-201H,0)(liq, 20°C); (59)
(NaCl-201H,0) (liq, 20°C) = (NaCl-201H,0)(liq, 25°C). (60)
In this case, the heat of the reaction is to be ascribed to the initial
temperature, 20°C, and the energy equivalent of the calorimeter
must be determined in a separate experiment, on the final system,
after reaction occurs, over the range of temperature, 20° to 25°C.

A third way of going from the initial to the final state for the
reaction under discussion is given by the following three equations:

(NaOH - 100H,0) (liq, 20°C) + (HC1-100H,0) (liq, 20°C)
= (NaOH - 100H,0) (liq, 22.5°C)
+ (HCI-100H,0) (lig, 22.5°C); (61)
(NaOH -100H,0) (lig, 22.5°C) + (HCI-100H,0) (liq, 22.5°C)
= (NaCl-201H,0) (lig, 22.5°C); (62)
(NaCl-201H,0) (liq, 22.5°C) = (NaCl-201H,0) (liq, 25°C). (63)
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In this last case, the heat of the reaction is to be ascribed to the
mean temperature, 22.5°C, and the energy equivalent of the
calorimeter system must be determined in two separate experi-
ments, one on the initial system over the range of temperature
20° to 22.5°C, and one on the final system over the range of
temperature 22.5° to 25°C.

9. Heats of formation. The ideal table of heats of reaction is
one which will permit calculation of the heat of every possible
chemical reaction. Obviously it would be impraectical to list in a
table every chemical reaction and its corresponding change in heat
content, but the same end is accomplished by listing for each
chemical substance its heat of formation from its elements in
selected reference states. It is evident that, by proper selection,
the number of chemical reactions whose heats must be measured
will be about the same as the number of substances listed in the
table. Some saving in the number of reactions to be measured
will occur because of the correlations of encergy with molecular
gtructure which are possible among certain organic compounds,
particularly hydrocarbons.

The value of the heat of formation of a given substance from its
elements may be the result of the determination of the heat of one
reaction, as for the heat of formation of liquid water:

H, (g) + 302 (g) = H0 (liq). (64)

For many other substances, however, the value will result from
the measurement of the heats of a number of reactions, as for the
heat of formation of crystalline sodium hydroxide:

Na (¢) + HO (liq) = NaOH (aq) + $H (g);  (65)
H; (g) + 30: (g) = H;0 (liq); (66)
NaOH (¢) = NaOH (aq). (67)

Addition of Equations 65 and 66 and subtraction of Equation 67
give the desired result:

Na (c) + 302 (g) + 3H: (g) = NaOH (c). (68)

Similarly the heat of formation of carbon monoxide is evaluated
from data on the following reactions:

CO (g) + 302 (g) = CO; (2); (69)

C (c, graphite) + O, (g) = CO: (g). (70)
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Subtraction of Equation 69 from Equation 70 gives
C (c, graphite) + 30 (g) = CO (g), (71)

which is the desired result. In every case the reactions selected
for measurement must be ones that can be made to proceed
adequately and handled quantitatively in a calorimeter.

There are certain basic values in the table which will be used
very frequently in the derivation of other values. These basic
values, which should preferably be known with the highest ac-
curacy, include the heats of formation of water, carbon dioxide,
nitric acid, sulfuric acid, hydrogen chloride, hydrogen sulfide, ete.
Because of this interdependence of many of the values of heats of
formation, it is desirable that the basic values be carefully selected,
and, when any change is made in any one of them, corresponding
changes should be made in all the values which depend upon it.
It is for this same reason that the addition or subtraction of values
of heats of formation from different tables is a procedure fraught
with uncertainty.

For the primary table of heats of formation of the chemical
compounds, it is necessary to have a selected temperature and a
reference state for each substance. For each element, the heat of
formation is given as zero for that phase in which it naturally
exists at the selected temperature, when it is in the reference
state. As previously mentioned, for liquid and solid substances,
the reference state is taken as the real state at a pressure of 1
atmosphere, while for gases the reference state is taken as the
ideal gaseous state at 1 atmosphere.

10. Collateral reading. Yor further discussion of heats and
energies of reaction and formation, their variation with tempera-
ture, and their experimental determination, see Lewis and Randall
(1), Washburn (2), Sturtevant (3), Eckman and Rossini (4),
Rossini  (5,6,7,8), Prosen and Rossini (9,10,11,12), Prosen,
Johnson, and Rossini (18,14), Bichowsky and Rossini (15),
Rossini and Deming (16), Huffman and Ellis (17), Richards (18),
Jessup (19), and Dickinson (20).
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PROBLEMS

1. Write the chemical equation for 4 reaction in which 1 mole of solid so-
dium, at a pressurc of 0.1 atm and a temperature of 0°C, reacts with 50 moles
of liquid water, at a pressurc of 1 atm and a temperature of 25°C, to form the
resulting aqueous solution of sodium hydroxide, at a pressure of 1 atm and a
temperature of 30°C, and gaseous hydrogen, at a pressure of 0.5 atm and a
temperature of 30°C.

2. Specify the thermodynamic properties, and reactions, if any, measured
in the following experiments and give the values in units of calories, degrees,
and moles.

a. One mole of a gas MX is contained in a closed vessel. Electrical energy
in the amount of 100 watt-seconds is introduced ihto the gas calorimetrically,
with a resultant change in temperature of 2.00°C.

b. A given gas flows at a constant rate of 10 moles per hour through a long
tube appropriately maintained in a calorimeter. The gas enters the tube at
a pressure of 1.01 atm and a temperature of 24.50°C. Within the tube, elec-
trical energy is introduced into the gas at the rate of } watt. The gas leaves
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the calorimeter at a pressure of 0.99 atm and a temperature of 25.50°C.
Assume no interchange of energy between the gas and its container and sur-
roundings.

¢. One mole of gaseous hydrogen and % mole of gaseous oxygen are con-
tained in a calorimeter in a closed bomb having a volume of 1000 cm®. Under
the influence of contact with a suitable catalyst, reaction occurs, and the heat
energy evolved is determined calorimetrically to be a cal at the final tempera-
ture of the experiment, 25°C. The vapor prescure of liquid water at 25°C is
0.031222 atm.

d. A calorimeter is arranged with a suitable vessel for reaction in a flame
at constant pressure. During the experiment, gaseous hydrogen and gaseous
oxygen enter the system, each at a pressurc of 1 atm and at a substantially
constant rate, and gascous water leaves the system at a pressure of 1 atm and
at a substantially constant rate. 'The initial temperature of the calorimeter
system is 102°C, and the final temperature is 104°C. The calorimetrically
determined value of the heat energy associated with this reaction is b cal for
cach mole of water produced.

3. Given the following values:

H20 (g) + CHy (g) = CO (g) + 3H: (g), AHSy = 50.354 keal/mole;
H20 (g), Ho — Ho® = 3190.0, H$g0o — Ho® = 8580.0, cal/mole;
CHy (g), H3oo — Ho® = 3323, HS$goo — Ho® = 11,560, cal/mole;

CO (g), H3po — Ho® = 2783.8, H3p0o — Ho® = 7256.5, cal/mole;
Ha (), 300 — Ho® = 2731.0, H$g00 — Ho° = 6965.8, cal/mole.

Calculate the value of AH(® and AH$gg9 for the given reaction.
4. Given the following values:

CO2 (g) + Hz (g) = CO (g) + H20 (g), Al = 9.710 keal/mole;
CO; (g), Cp = 6.3957 + 0.0101933T — 0.00000353337'% cal/deg mole;
Ho (g), Cp = 6.9469 — 0.0001999T + 0.00000048087"% cal/deg mole;
CO (g), Cp = 6.3424 + 0.00183637T — 0.00000028017'% cal/deg mole;
H0 (g), Cp = 7.1873 + 0.0023733T + 0.00000020847 cal/deg mole.

Assuming the equations for heat capacity to be valid over the range 290° to
1000°K within the desired limits of uncertainty, derive a general equation
giving the value of AIf° for any temperature in the range 290° to 1000°K
and calculate the value of AH° for 298.16°K.

5. Is it ever necessary now to know the actual heat capacity of water itself
at any given temperature and pressure in order to measure the change in energy
or heat content associated with a reaction or process?

6. State the principle of determining calorimetrically the energy or heat
of a given reaction or process.

7. To what extent is it necessary to have calibrated, according to the
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International Scale of Temperature, a platinum resistance thermometer which
is to be used in a calorimeter for measuring heats of reaction?

8. Upon what depends the accuracy of the calorimetric part of a thermo-
chemical investigation?

9. Upon what depends the accuracy of the chemical part of a thermo-
chemical investigation?

10. Measurement is to be made, at a constant pressure of 1 atm, of the

heat of solution of a solid, MX, in water to form the resulting aqueous solution,
according to the reaction,

MX (c) + 50H20 (lig) = (MX . 50H;0) (liq).

For the experiment in which the reaction occurs, the initial temperature
of the calorimeter is 20°C and the final temperature is 25°C. In separate
experiments, the investigator determines the “energy equivalent” of the
calorimeter system for the initial state over the range 20° to 25°C.  Write the
specified reaction and property which have been determined in this investiga-
tion. '

11. Starting from scrateh, in each case, what series of reactions could be
measured calorimetrically to evaluate the heat of formation of the following
compounds from the clements, at 25°C: CaCly-6H,0 (¢); CoH;OH (liq);
CO (g); N2O (g); CsH;Cl (chlorobenzene) (liq)?

12. In an investigation to determine the heat of formation of carbon dioxide
from graphite and oxygen, the following observations were made with a closed
bomb in a calorimeter in experiments in which both the average temperature
and the range of temperature were substantially the same from experiment to
experiment:

a. As the average value from a scries of six experiments, the rise of tem-
perature was such as to be equivalent to an increase of 0.0649920 ohm in the
resistance of the particular platinum thermometer for each 1.00000 g of carbon
dioxide formed in the combustion.

b. As the average value from a series of seven experiments, the ratio of the
quantity of electrical energy (required to produce the standard change in
temperature of the calorimeter system) to the corrected change in temperature
of the calorimeter system was 137,740.1 joules per ohm increase in resistance
of the platinum thermomecter, when the calorimeter system was in its initial
state. }

The initial and final temperatures of the experiments were 23.5° and 26.5°C,
respectively. Calculate the value of AE, in kilocalories per mole of carbon
dioxide formed, for the reaction as it occurred in the bomb calorimeter, and
specify the temperature to which it applies.
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Thermodynamic Functions

Jrom Statistical Calculations

l. General method. Theoretical and experimental investi-
gations in physics and chemistry have yielded relatively simple
pictures of the structure of individual molecules in the ideal
gaseous state, that is, for the molecules at pressures sufficiently
low that interactions between the molecules are negligible.
Consider, for example, the water molecule, Hy0O, in the ideal
gaseous state. The picture is one of a triangular shaped molecule

N
H H

with the oxygen atom between and bonded to the two hydrogen
atoms. The angle formed by the three atoms is 104°27’, and the
centers of the hydrogen atoms are 0.958 X10™% ¢m from the center
of the oxygen atom (1). The molecule has a total of 9 degrees of
ordinary freedom, 3 times the total number of atoms in the mole-
cule (see Chapter 15). Of these degrees of frecedom, 3 are trans-
lational, 3 are rotational, and 3 are vibrational. (TFor a triatomic
linear molecule, there would be only 2 degrees of {reedom for
rotation, and, since the total number of degrees of freedom and
the number of*degrees of freedom for translation are unchanged,
there would be 4 degrees of freedom for vibration.)

In the simple case, we may consider that there is a complete set
of discrete quantum levels of energy associated with each degree
of freedom. Each set of levels of energy may be represented
schematically by the diagram in Figure 1. The levels of energy
are numbered as indicated, beginning with zero at the bottom,
lowest, or ground level. The energy of each level is represented
by €, €1, €, €3, - -, €. The multiplicity, or number of individual
states of virtually the same energy existing at each level of energy,
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is given by go, g1, g2, g3, **, ¢;. Although the individual states
labeled for the same level actually have extremely small differences
in energy, these differences become important only at extremely
low temperatures, near 0°K. At any given temperature, the

—_— i € g
_ €, 9,
—— | €, 9,
0 € 9,
Levels Number Energy Number
of of the of the of states
energy given given at the given
level level level

Ficure 1. Schematic diagram of a set of levels of energy in a molecule.

distribution of molecules among the possible states of energy is
given by the Boltzmann distribution law:

n; = noe (ST /kT, 1)

In this equation, n; is the average number of molecules in each
quantum state of energy e;, no is the average number of molecules
in each state at the ground level of energy e, € is the base of the
natural logarithms, & is the Boltzmann constant, and 7 is the
absolute temperature.

Equation 1 gives the average of the population of each state of
energy ¢ in terms of the population of a state at the ground
level having an energy ¢. The calculation requires only the
specification of the temperature, T, and a knowledge of the
difference in energy between the given level and the ground
level, ¢; — €. Simple application of Equation 1 indicates that
as the temperature approaches the absolute zero the population
tends to converge at the ground level, and that as the tem-
perature becomes very large, in comparison with the value of
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(e; — €0)/k, the population tends to become equally distributed
over all the possible states of energy. When the value of T is
very large in comparison to (e¢; — €)/k, the degree of freedom
giving rise to the particular set of encrgy levels is said to be fully
“excited” to its classical value.

The order of magnitude of the spacing of the levels of energy
near the ground level for the sets of levels of energy arising from
the ordinary degrees of freedom is approximately as follows, in
calories per mole: translational, 1072!; rotational, 10 to 100;
vibrational, 1000 to 10,000. From the foregoing, it may be
readily seen that the translational degrees of freedom will be fully
“excited” to their classical values even at extremely low temper-
atures, and that the rotational degrees of freedom will tend to be
fully excited near room temperature, where most of the mole-
cules will be in the ground state of vibrational energy.

At sufficiently high temperatures, we need to consider, in
addition to translation, rotation, and vibration, also the degrees
of freedom arising from the excitation of the valence electrons in
the molecule, which gives rise to a set of levels of electronic energy.
It may be readily calculated that the population of molecules in
an electronic state having an encrgy of 10 keal/mole, referred to the
ground level, will usually be entirely negligible at ordinary temper-
atures.

In Figure 2 is shown a representative diagram of levels of energy,
taken from Johnston and Chapman (2), showing for the diatomic
molecule, NO, the levels of rotational energy, vibrational energy,
and electronic energy. The two low-lying electronic states are
to be noted.

An example of the shift in population among the vibrational
levels of energy of a gaseous diatomic molecule in the ideal state
as a function of temperature is given in Table 1, which presents
the results of some calculations made by Johnston and Chapman (2)
on nitric oxide. In this molecule, the first vibrational level is
near 5350 cal/mole above the ground level, and the calculations
show that, at room temperature, the population of the first vibra-
tional is only 1 in 10,000 of that in the ground level. Table 1
shows how, with increasing temperature, the population shifts
to the higher levels.

The entire method of calculating the thermodynamic properties
of a given molecule statistically is based on the fact that it is
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possible to calculate the energy of one mole of molecules at any
given temperature in the ideal gaseous state. This calculation
may be repeated for all temperatures of interest. Once the
energy is known as a function of the temperature, the other basic

D————
2
—{1500 -
— —{25,000 = 80,000
- 27"!/2\2”’/2
3 —jie50 = TF —{125,000
— 20,000
—1000 —{100,000
w 15,000 W
_— § ) é 14 lof |e g
— 750 X < —{75,000 X
—_ 2 b 3 3
21 R © ©
] == 10,000
—500 == —{s0,000
—_— Ty, —-= B so
— t-es0 == 3,000 — 25,000
- ==
— —E—g 2,
R ] == 7
3 e (o] =0 _J0 z,,.l/z 10

Fraurie 2. Diagram showing the levels of rotational, vibrational, and
electronic energy for the molecule, nitric oxide, NO. From Johnston and
Chapman (2).

thermodynamic properties may be evaluated through the regular
thermodynamic relations:

oF
Cy = (ﬁ)v; (2)

S = f (gf)v din T, 3)

From Table 1, it may be seen how the total vibrational energy
possessed by one mole of nitric oxide in the ideal gaseous state may
be summed. The calculation requires first the calculation, for
each temperature, of the fractional population at each level,
covering as many vibrational levels, beginning with the ground
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level, as have any significant population. Then there is summed
the product of the population times the energy at each level,
referred to the ground level, counted for cach state at each level.

Tor our calculation, we take the total number of molecules as
one mole, N. Then at a given temperature

N = Y ng;. 4)
Substituting the value of n; from Equation 1 gives
N = Tnogie (im0 /T, (5)

or, since, at the given temperature ny is constant, Equation 5 may
be solved for ngy to give

_ N

" g Tt

(6)

No

The population of each state at the ground level at any temperature
is thus given in terms of known factors, namely, N, g;, & — €, k,
and T.

Combination of Equations 1 and 6 permits calculation of the
population of each state at the level, 7, in terms of known factors:

3 N(e—-(ei—-eo)/kT)
n; = —Z“ gie i [ET :

)

The total energy of one mole of molecules, referred to the ground
level, is then at the given temperature:

E — Ey = Y ng:(e; — €). (8)

Substituting into Equation 8 the value for n; given by Equation 7
yields for the cnergy at the given temperature

N[Xgi(e; — e)e im0 /*T]
Zgie_( ei—€) (KT °

E — Eo = ©)

In order to simplify the writing of Equation 9 and the other
equations that may be derived from it, we may use the following
abbreviations (2):

Ay = g (im0 kT, (10)
(e — €)As; (11)
D; = (& — €)B; = (e — €)A.. (12)

&
I
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It may be noted that

dAi Bi

ar k12’ (13)
and

dB; D

ar = wr ()

The sum of the A; terms over all levels is called the partition
function, and, for any temperature, is equal to the series

ZA,,;=A0+A1+A2+A3+"') (15)
or
YA = go + gre TR g lam @/ L (16)

With these abbreviations, the energy of one mole of molecules, in
the given set of levels of energy, at the temperature 7', as given by
Equation 9, is
ZB
E—-Ey=N= 17
Since the calculation is being made for the molecules in the ideal
gaseous state, and, for simplicity, at unit pressure, we can indicate
this by the appropriate superseript on the symbol for the energy,
so that Equation 17 may be written as
ZB
E° — Ey®° = N =/ 18
o= NET (18)
2. Thermodynamic properties and functions calculated.
Once the energy of one mole of molecules is known as a function of
the temperature, then the other thermodynamic functions may
be evaluated from the regular thermodynamic relations. As will
become evident later, it is convenient to evaluate the following
five thermodynamic properties or functions of the given substance
in the ideal gaseous state of unit pressure:
H° — H\°
———T——O— » the heat content (or enthalpy) function; (19)

F° — Hy°

T » the free energy function; (20)
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S°, the entropy; (21)
H° — H,°, the heat content (or enthalpy); (22)
Cp°, the heat capacity at constant pressure. (23)

In the foregoing symbols, the superscript ° denotes the ideal
gaseous reference state and the subscript O denotes the absolute
zero of temperature.

For one mole of molecules in the ideal gaseous state, the following
relations hold:

PV = RT; (24)

I° = B° + (PV)° = E° + RT; 25)

o= B° + (PV)° — T8° = B° + BT — T'S%  (26)
Y O ___ Yy O — an

Cp°=Cy°+ R (6T>V + R. (27)

At 0°K, Equation 25 reduces to
I° = E°. (28)
Subtracting Equation 28 from Equation 25 and dividing by T, we
obtain
I° — Hy L' — Ey°
T T

+ R, (29)

which, in terms of the statistically evaluated quantities is, for each
set of levels of energy or each degree of freedom,

() w

The heat content is obtained by multiplying the heat content
function by the temperature:

TB:
>4

The heat capacity, Cy°, is obtained by dlfferentlatmg Equation
18 with temperature,

o [9(E° — E°)]
Cy° = [—-——aT ]V, (32)

31)
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or
-(m)[E5 - G0 ] @
The heat capacity, Cp°, is then
oo nr(p)En-(E) ] e

From the definition of the frec energy, we can write, for one mole
of our molecules in the ideal gascous standard state,

F° = E° + (PV)° — T8° = H° — TS°. (35)

Subtracting H,° from both sides and dividing by T gives the free
energy function as
F° — Hy® H° — Hy

— —_ o
7 - (36)

Substituting for the terms on the right side their equivalents from
Equations 3 and 29, and taking the entropy at the absolute zero
of temperature equal to zero (see next section), we obtain

F° — Hy° E° — Eo° fTI: (Eo_ Eoo):l
7 = = ) X
m R+—r A )|, 4mT @D

But the last term on the right side may, for an ideal gas, be
simplified to

Tl o o
g a@ -5, (38)

and we may write Equation 37 as
Fo . HOO 3 l o o ‘/‘T-]; o o
7 Rt & Eo°) — ), 7 4(E° — Eo ). (39)

But the last two terms on the right side may be combined in
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accordance with the mathematical relation*

xy —fydx=f:cdy.

Then

F° — Hy® fT o o 1
P ra [ @ - m)a(3)-

But from Equation 18

o o _ A 2B
E°~Ey°=N ZAi,
and from Equation 13,
d(2-4,)
. m2 —_————— .
>B;=kT T

Combination of Equations 42 and 43 gives
E° — E° = (NET?) (———-1 >d—-———(zAi),

S A, dT
or
dln 3> A;
o __ °o g L
E Ey RT ar )
or
Eo _ Eoo — _Rdhl ZA,
1(z)
71
Hence

(E° — Ey°)d (—;;) = —Rdln Y A4,

* Differentiation of the product zy gives
d(zy) = zdy + yda.

Integration of each term gives

xy =fxdy+fydx.

Transposition gives the desired result

fxdy=xy—~fydx.

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)
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£T (E° — Ey°) d <%) = —R_£len T A, (48)

[ amTa = 0 Tad — I TAdr (49)

and

But

From Equations 15 and 16, the value of 3 A; for T = 0 would
appear to be equal to the multiplicity of the ground level:

2A4; = Ao = go (50)

But at a temperature sufficiently near the absolute zero, when g,
is greater than unity, cognizance must be taken of the fact that
the several states at the ground level actually have small differences
in energy, which become significant in comparison with k7T
as T approaches zero. Therefore, as T approaches zero, the
ground level may be treated as a series of levels of energy, go in
number, with one of them being lowest in energy. Giving this
last one the number 00 and the others numbers 01, 02, etc., up
to Ogo, the value of the partition function at the absolute zero
reduces to

2 A; = Ago = goo = 1. (51)
Therefore
(In > Ailr—o = 0, (52)

and Equation 48 becomes
T 1 T
l (B° — Ey) d <7) - —R[ dInTA; = —RIn S A4, (53)

Then Equation 41 becomes
F° — Hy

=R —RInTA; (54)

From Equation 36, the entropy may be written as the heat
content function less the free energy function,

_H° - Hy F°—H
B T T

and may be evaluated from these latter functions if their values

80 , (55)
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have already been calculated. In terms of the components of the
statistical calculations,

S° = ( ><§§)+Rl 2 A (56)

From Equations 30, 34, 42, 54, and 55, it may be seen that the
free energy function, as given by Equation 54, is the thermo-
dynamic property most easily calculated statistically because it
involves only the simple summation of the series of terms of A;.

From the foregoing, it is seen that when the complete diagram
of levels of energy is known for each degree of freedom for a given
molecule in the ideal gaseous state, the value of each thermo-
dynamic function may be calculated in a straightforward manner
for each set of levels of energy and summed for all the different
sets of levels of encrgy, one for each degree of freedom in the
molecule. That is, the overall value of a given thermodynamic
property, @, is, for example,

G = @ (translation) 4+ G (rotation)
+ G (vibration) + G (electronic). (57)

In summing the several contributions to obtain the overall value
of the given thermodynamic property, it is important to note that,
in the case of the heat content function, (H° — Hy°)/T, and the
free energy function, (F° — H,°)/T, the value of the gas constant
R, which arises from the substitution of PV by RT and subsequent
division by 7, is counted for the entire molecule in the contribution
from the translational degrees of freedom and is not to be included
again with any of the other contributions. That is to say, for
the contributions following translation, the heat content function
would be given by the term (N/T)(>_B;/> A;), from Equation
30, and the free energy function would be given by the term
—RIn Y A;, from Equation 54.

It is important to note that the thermodynamic properties
evaluated statistically are values of the several given thermo-
dynamic properties for a given substance in the ideal gaseous
state, with reference to the value of that given property at the
absolute zero of temperature, except for the property of the heat
capacity. For the properties of the entropy and the free energy
function, the reference values at the absolute zero of temperature
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are zero. For the heat capacity, which is the temperature co-
efficient of the energy, the differentiation eliminates the constant
of reference. For the energy, E° — E° or the heat content,
H° — H,°, the reference value is of course the absolute energy
content, Ey° = Hy° of the given substance in the ideal gaseous
state at the absolute zero of temperature. Statistical calculations
do not evaluate the difference in energy content of different mole-
cules, which difference, if known, would permit the calculation of
the heat of any reaction involving the given molecules.

3. Entropy at the absolute zero of temperature. From
Equation 56, we have the entropy given as

so(OE) senz e

with the assumption having been made in deriving Equation 37
that

So° = 0. (59)

As the temperature approaches the absolute zero of temperature,
both the terms on the right side of Equation 58 approach zero.
In the simple picture presented above, the given pure substance
is in the ideal gaseous state and the molecules are distributed
among the various states of the given set of levels of energy at the
given temperature according to the Boltzmann distribution law.
By this simple picture, we would have, at the absolute zero of
temperature, all the molecules in the lowest state at the ground

level. From Chapter 11, we have seen that the entropy may also
be defined as

S=knW, (60)

where W is the probability of existence and corresponds to the
number of states of existence available to the system. If there
is only one state available, as at the absolute zero of temperature
according to the simple picture presented above, then W is unity,
its logarithm is zero, and, as before,

SQO = (. (61)

Each of the possible sets of levels of energy or degrees of freedom
would be treated in the same way, and the entropy at the absolute
zero of temperature would be the sum of the several contributions,
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each of which, according to the simple picture, would have the
value zero.

At this point, it is necessary to point out that actually at very
low temperatures the Boltzmann distribution law must be re-
placed by that of the Einstein-Bose statistics or the Fermi-Dirac
statistics, in accordance with the requirements of the given system
(3). However, the net result is the same as far as the entropy
at the absolute zero is concerned, in that, in each case, the ideal
gascous molecules at the absolute zero of temperature have only
onc state of existence available to them and the entropy has the
value zero.

4. Contributions from the translational degrees of free-
dom. The levels of energy associated with the 3 translational
degrees of freedom, for a particle of mass m in the ideal gaseous
state in a cubic space of volume V, are given by the expression (3).

2

(e; — &) (translation) = (n,2 + n,? + n,2) _S—nThV—% » o (62)

where h is the Planck constant, and n,, n,, and n, are integral

positive quantum numbers associated with the 3 coordinates of

the system, z, y, and 2, and have values running from 0 to infinity.
For convenience, we let

h2
T S (63)
so that Equation 62 becomes
(e; — €) (translation) = (n,? + n,2 + n,?)s (64)

Then, for the 3 degrees of translational freedom, the partition
function is

L

S A;(translation) = Y e (attnytnad) s2/kT
0

L

_ (Ze—nﬂsZ/kT) (ie——nyzﬂ/kT) (Ze—n,&ﬂ/kT). (65)
0 0 0

For ordinary valucs of V and T, and masses corresponding to
that of the hydrogen atom or greater, the successive terms in
each series change very slowly with n and each summation may
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be replaced by an integration. Thus

%e’"m/” = £ T kT gy (66)
But, mathematically,
S e au = ‘2/5 (67)
Therefore, taking
a?® = g—;—, (68)
we have
%e—nZs‘l/kT - jo'” IURT g = 2(32%1_;)
V*
= (2rmkT)* a (69)

The partition function for the 3 degrees of translational freedom
is then, from Kquations 65 and 69,

2rmkT)*V 573
> A;(translation) = [m—}—l—)——} ) (70)
or
2rmkT\*
3" A;(translation) = <—”%}—> V. 71)

Substituting the value of 3~ A; (translation) into Equations 13 and
18, or directly into Equation 45, one obtains for the 3 degrees of
translational freedom

(E° — E\°)(translation) = 3RT. (72)
Then, directly from Equations 2 and 72,
Cy° (translation) = 3R. (73)

The free energy function for translation is obtained by substituting
the value of 3" A; (translation) into Equation 54, so that

F° — Hy° LT\ %
(—-—,z,——~0—> (translation) = R — RIn [:<21n:2 ) V:I - (74)
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The heat content function for translation is obtained from Equa-
tions 29 and 72:

H° — Hy’
(——,F——O—> (translation) = ZR. (75)

The entropy for translation is obtained from Equations 55, 74,
and 75:

h2

5. Contributions from the rotational degrees of freedom.
In the case of the contributions to the thermodynamie functions
arising from the rotational™egrees of freedom, the most accurate
procedure is to use the actual levels of rotational energy as de-
termined from appropriate spectral data. The value of the
partition function, 3 A; may be obtained by summation over
the actual levels of rotational energy, term by term. Or the
energy of the various levels may be expressed in terms of an
appropriate series, and the value of > A; obtained by analytical
summation.

An example of an analytical expression for the levels of rotational
energy of a diatomic molecule is the following for a diatomic
molecule:

(e; — €) (rotation) = A (m%+ am* +bmb +---). (77)

S°(translation) = 3R + R In [(2rka> V:I . (76)

Here m is j + 4, where j is the rotational quantum number, and
A, a, and b are constants.

Whenever the actual diagram of the levels of rotational energy
is not known for a given molecule, a very good approximation for
ordinary temperatures may be obtained by using the levels of
rotational energy deduced theoretically for an ideal rigid rotator.
The calculation requires that there be known the value of the
moment of inertia for each degree of rotational freedom.

For a diatomic molecule, which has effectively only 2 degrees
of rotational freedom, the levels of rotational energy for a rigid
rotator are given by the following relation (3):

GG+ R

(e; — €o) (rotation) = T (78)

In this equation, I is the moment of inertia about the axis of
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rotation and j is the rotational quantum number. For a diatomic
molecule, composed of atoms of masses m, and mg, and with the
equilibrium distance between the atoms equal to ry, the moment
of inertia is calculated from the following relations, in which u
represents the ‘“‘reduced mass’ of the molecule or the mass on which
the moment of inertia depends:
m;mso
m; + mg (79)
= pro’. (80)
For the levels of rotational energy, the multiplicity, g;, is given
in terms of the rotational quantum number:

gi =2+ 1 (81)
For convenience, we let
h2
gl = O (82)
so that ‘
(e; — €o) (rotation) = j(7 + 1)b. (83)

Thercfore, for the diatomic molecule, taken as a rigid rotator,
the partition function for rotation is

S"A; (rotation) = Y (2j + 1)eIGHDb/ET, (84)

Whenever h?/8x2IkT, or b/kT, is small in comparison with unity,
as it is for most molecules at ordinary and high temperatures, the
summation on the right side of Equation 84 may be replaced by
an integration:

T A; (rotation) = j; (2 + 1)eU+BIRT g5 (g5)
The term on the right side of Equation 85 may be v;fritten as
‘£ e—(j2+j)b/kT[(2j + 1) dj] __._‘l: e—(jn+j)b/de(j2 + 9. (86)

Since the integration is being performed at constant temperature,
we may then write

. KT [ _ sy 7>+ j)b:l
, - — (7*+b/kT LALLM I
> A; (rotation) A /(; é d l; o (87)
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The integral in Equation 87 may be easily evaluated in the form
J et du= -y =~ -1 -1, (88)
Therefore, the partition function for the diatomic molecule becomes

kT
> A; (rotation) = 7 (89)

or
8r2 kT

> A; (rotation) = 2

(90)

For any linear polyatomic molecule, taken as a rigid rotator,
and composed of n atoms of masses m;, mg, - - -, m;, there are only
2 degrees of rotational freedom, as in the case of the diatomic mole-
cule, and the same equations hold as above except that the moment
of inertia, I, is calculated by the relation,

1=n
I= Z mixiz. (91)
i=1
Here z; is the vector distance of the ¢th atom of mass m; from the
center of mass, with the center of mass being taken so that

Z m;x; = 0. (92)
i=1

For any polyatomic non-linear molecule, which will have 3
degrees of rotational freedom, similar equations may be derived (3).
For small values of the quantity h2/8x2IkT, or b/kT, the partition
function for rotation for a polyatomic non-linear molecule, taken
as a rigid rotator, reduces to (3)

21,1\ %6
Y A; (rotation) = (%#) (el 1,1.)%. (93)
Here I, I,, and I,, are the moments of inertia about the three
axes of the polyatomic non-linear molecule.

It is shown theoretically that, whenever the diatomic molecule
is composed of identical atoms, the number of states of rotational
energy is only half that given for the diatomic molecule composed
of dissimilar atoms (3). The effect of this is to introduce the
factor 1 into the value of the partition function for rotation as
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given by Equation 85 to obtain the proper value for the partition
function for rotation to be used for a diatomic molecule composed
of identical atoms. Similarly, it is shown that, for any polyatomic
molecule having two or more identical atoms, the allowable
number of states of rotational energy is only 1/¢ times the number
for polyatomic molecules composed of dissimilar atoms, where o
is the symmetry number, a small integer, evaluated as the number
of ways the molecule may be superimposed upon itself by rotation
of the entire molecule (3). The effect of this is to introduce the
factor 1/ into the value of the partition function for rotation for
the polyatomic molecule. Examples of the value of the symmetry
number for several polyatomic molecules are: OCO, carbon
dioxide, 2; CHjy, methane, 12; NHj, ammonia, 3; NNO, nitrous
oxide, 1; HCCH, acetylene, 2; H,CCII,, ethylene, 4.

With the symmetry number, o, the partition function for
rotation for any molecule taken as a rigid rotator has the following
values:

8x2Ik
> A; (rotation, linear molecule) = "h% T ; (94)
21T\ % I.1,1 1%
> A; (rotation, non-linear molecule) = (81th T) (m {T” 2) .
(95)

Substituting the value of the partition function from Equations
94 and 95 into the appropriate preceding equations of this chapter,
we obtain the following rotational contributions to the thermo-
dynamic properties for molecules taken as rigid rotators:

For any linear molecule:

(E° — Ey°)(rotation) = RT; (96)
Cy° (rotation) = R;
F° — H\° ) 8w2IkT
( T ) (rotation) = —R ln< 2 ) ; (97)
H° — Hy°
(——T—O——) (rotation) = R; (98)

h3s

2
S° (rotation) = R + RIn (Sr IkT) . (99)
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For any non-linear molecule:

(E° — E,°)(rotation) = $RT; (100)
Cy° (rotation) = 3K; (101)
F° — Hy°
(—7—,—0«) (rotation)

2’0 N 32 %4
Rl sz :l) (rl.1,1,) :I; (102)

h? v

H° — Hy°
(———7~L) (rotation) = 3R; (103)

iz (104)

[

2 % 14
S° (rotation) = 3R + R In [(8# ICT) (wl.1,1,) ] .

As previously indicated, the foregoing equations for the rigid
rotator give a good approximation for the rotational contributions
to the thermodynamic properties at ordinary temperatures.

At temperatures such that for the given molecule the value of
h2/8x2IkT, or b/kT, is not sufficiently small compared to unity,
the replacement of the summation by integration in evaluating
the partition function, 3 A;, is not permissible, and calculations
must be made in a more refined and extended manner (3). For
high temperatures, where the value of h?/8x%IkT, or b/kT, is quite
small compared to unity, the substitution of the integration for
the summation in evaluating the partition function, 3_A4;, becomes
more and more exact. But, unfortunately, the actual molecule
is such that in the states of higher rotational energy. which will
have a significant population at high temperatures, the equilibrium
distance between the atoms in the molecule increases and a cor-
rection for the effect of this “stretching” on the moment of inertia
of the molecule is necessary to improve the calculation.

Correetions to the equations for the rigid rotator to account for
the “stretching” of the molecule in the states of higher rotational
energy have been derived and may be applied whenever the popula-
tion of molecules in such states is large enough (3, §).

It is important to note that all the uncertainties encountered in
the application of the approximate equations given above for the
contributions from the rotationl degrees of freedom, whether
arising from the need for values at extremely low or extremely high
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temperatures, may be avoided if the actual levels of rotational
energy for the given molecule are known, from which the exact
calculations may be made. For calculations for high temperatures,
a knowledge of the states of higher rotational energy is required,
which is not needed for the calculations for low temperatures.

6. Contributions from the vibrational degrees of freedom.
For the contributions to the thermodynamic functions arising
from the vibrational degrees of freedom, the most accurate pro-
cedure is to use the actual levels of vibrational energy as determined
from appropriate spectral data. Asin the rotational contributions,
the value of the partition function, 3_A;, for vibration may be ob-
tained by summation over the actual levels of vibrational energy,
term by term. Or the energy of the various levels may be ex-
pressed in terms of an appropriate series, and the value of 3_A;
obtained by analytical summation.

An example of an analytical expression for the levels of vibra-
tional energy of a diatomic molecule is the following for nitric
oxide (2), NO:

(e; — o) (vibration) = Av;(1 — 0.007623360;
+ 0.000021251v;2 — 0.000000714v;3).  (105)

Here A is a constant and »; is the vibrational quantum number,
having values from 0 to infinity.

Whenever the actual diagram of the levels of vibrational energy
is not known for a given molecule, a very good approximation for
ordinary temperatures may be obtained by using the levels of
vibrational energy deduced theoretically for a harmonic oscillator.
The calculation requires that there be known the value of the
fundamental frequency of vibration for each of the degrees of
vibrational freedom in the molecule, which, for a molecule of n
atoms, are 3n — 5 in number for a linear molecule and 3n — 6
in number for a non-linear molecule.

For a diatomic molecule, which has only 1 degree of vibrational
freedom, the levels of vibrational energy for the harmonic oscil-
lator are given by the following expression (3):

(e; — €o) (vibration) = v;hw. (106)
In this equation, » is the fundamental frequency of vibration and

v; is the vibrational quantum number, having values from 0 to
infinity.
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For the vibrational levels, the multiplicity is unity, and the
partition function for vibration for a diatomic molecule taken as
a harmonic oscillator becomes

S A; (vibration) = Y e vikr/kT, (107)

But, mathematically,

e = — (108)
1—e
Letting
hv
—_— = 1
the partition function is given by
1
> A; (vibration) = I — - (110)
—€

For any molecule, taken as a harmonic oscillator, the value of
the partition function for cach of the degrees of vibrational freedom
is given by Equation 110, where z is evaluated from the frequency
of vibration of the given degree of vibrational frecdom.

Substituting the value of the partition function from Equation
110 into the appropriate preceding equations of this chapter, we
obtain the following vibrational contributions to the thermo-
dynamic properties for molecules taken as harmonic oscillators,
for each degree of vibrational freedom:

(E° — E¢°)(vibration) = ef’fxl ; (111)
Cy® (vibration) = %—5 H (112)
(fj_:fﬂ‘f) (vibration) = Rln (1 — €7%); | (113)
(H———O:T—}!i) (vibration) = e_”—@% ; (114)
S° (vibration) = R I:?e?ai—l)— —In(1- e’“")] « (115)

No significant error occurs in the use of the foregoing equations
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to calculate the vibrational contributions to the thermodynamic
properties for low temperatures, and very little uncertainty occurs
in the calculations for ordinary temperatures. For extremely high
temperatures, however, the population of the higher levels of
vibrational energy becomes large and the approximation of a
uniform spacing of the levels of vibrational energy brings significant
errors into the calculations. Corrections to the simple equations
for the harmonic oscillator may be made to take cognizance of the
fact that the spacing of the vibrational levels of energy actually
decreases slowly with increase in the vibrational quantum
number (3). .

The total vibrational contribution is obtained by adding the
contribution from each degree of vibrational freedom. The labor
of such calculation is greatly lessened by making use of published
tables (6) which give values of the functions in Equations 111,
112, 113, 114, and 115. In connection with the specification of
the frequencies of vibration, it should be noted that these are
usually given in terms of wave numbers, such that the wave
number, , is related to the frequency, », as follows:

IO

(116)

Here c is the velocity of light.

Whenever the diagram of the actual levels of vibrational energy
is known for each of the degrees of vibrational freedom in a given
molecule, exact calculation of the vibrational contributions to
the thermodynamic properties may be made without resort to
the equations involving the harmonic oscillator.

7. Contributions from electronic states of energy. The
contributions to the thermodynamic functions arising from elec-
tronic states of energy must be calculated using values of the
energies of the electronic states of the molecule as determined
from appropriate spectral data.

In certain cases, the electronic levels are ones of low energy,
such as those constituting multiple states of a ground level, with
the difference in energy of the states being small but significant,
as in nitric oxide, in which the difference in energy of the two
states is 354 cal/mole (see Figure 2). Table 2 shows, as a function
of temperature, the fraction of molecules of nitric oxide in the



179

Contributions from electronic states of energy

98¥" 8P 08%" | GIL¥ | ISEH | 98zp" | 2ISe’ | ¥08G" | 6%€T° | ¥¥20° | z200' | %ce o/,

VIS0 | 9TS°0 | 02¢°0 | 98290 | 6TSC0 | $128°0 | 881970 | 961270 | 1998°0 | 9¢26°0 | 8266°0 | 0 ety
uonoeIy S0 ofou/ o

0009 000% 0008 | 0002 | 0001 002 00% 002 001 0S og | ‘“ABwuyg | ereig
: oAy

3, ‘eanjeradwa,

(¢) wewdey) pue wojsuyopr wWoryg

FUNLVIAINA], 40 NOLLONAJ V
SV ‘ALVIg SN0FSVY) IVEA] @HL NI ‘ON ‘@aIX() OIMLIN ‘@100TOJY DINOLVI(] THL
40 TIATT OINOUIDETH ANAOY)) WHL J0 SELVLS OM]J, EHL 4O NOLLVINAOJ HALLVIAY ‘g WIav],



180 Thermodynamic functions from statistical calculations

two electronic states of the ground level, as calculated by Johnston
and Chapman (2).

When a molecule undergoes electronic excitation to a new
electronic level, the increase in energy is usually very high and
the population of molecules in such an electronic level of high
energy is usually insignificant except at very high temperatures.
Whenever the population of such levels of high electronic energy
does become significant, the contribution must be calculated in
the usual way. An actual example is the oxygen molecule, Og,
which has an electronic level of encrgy, termed 'A, with a multi-
plicity of 2, 22.63 kcal/mole above the ground level, with a multi-
plicity of 3. It may be readily calculated that at 5000°K the
fraction 0.064 of the molecules will be in the A level of clectronic
energy, while at 1000°K only the fraction 0.0000075 of them will
be in this level.

The contributions to the thermodynamic properties arising
from the electronic states of energy are given by the following
equations, in which €, €, €3, etc., represent the first, second, third,
etc., levels of clectronic energy above the ground level of energy,
€0, and go, g1, g2, g3, ete., represent the multiplicities:

S A;(electronic) = go + gie (W /FT 4
gze—( 62'—60)/707' + g3e_(€3‘—50)/kT +. . .; (117)

2B = 2 (e — €)Ay; (118)
YD; = (e — €0)?As; (119)
(E° — E¢°)(electronic) = N —Zz%l;—' ; (120)

i B\?
Cy° (electronic) = (chi\(f’L’) [gﬁ — (% 1 ) ] ;o (121)
(Ei:,l,—g—(f> (electronic) = (N,f,) <—§—%> ; (122)
(E:Tfio_> (lectronic) = — R In T A;; | (123)

S° (electronic) = (]_\71_7> (gi) 4+ RIn Y A;. (124)
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8. Contributions from restricted internal rotation. For
polyatomic molecules having a group of atoms bonded to another
group of atoms, one of the vibrational degrees of freedom of
the molecule will be associated with the oscillation, about the
bond joining the two groups, of one of the groups with respect
to the other. Such oscillation may be highly restricted and of
small amplitude, corresponding nearly to pure vibrational motion,
or it may be little restricted and of large amplitude, approaching
nearly free rotation about the given bond. Ascertaining the
proper set of levels of encrgy to be associated with such a degree
of freedom is considerably more complicated than for essentially
pure rotation or pure vibration. When the restriction to rotation
is extremely large, the levels of energy approach those of a simple
harmonic oscillator, while, when the restriction to rotation is
very small, the levels of energy approach those of a simple rotator.

For the degree of freedom involving such restricted internal rota-
tion, it is assumed (7,8) that the potential energy of the rotating
group may be expressed as a function involving the cosine of the
angle of rotation. Specifically, for the molecule ethane, in which
one methyl group may oscillate, with respect to the second methyl
group, about the carbon—carbon bond joining the two groups,
the potential energy for the restricted internal rotational degree
of freedom is taken as follows:

1 — cos 3a

U= Umax 9

(125)

Here Upax is the maximum value of the potential energy, « is
the angle of rotation, and 3 is the number of maxima in the poten-
tial energy occurring in a complete rotation of the methyl group.
Figure 3, taken from Mayer and Mayer (3), gives a schematic
diagram of the situation existing in the restricted internal rota-
tional degree of freedom in ethane.

Pitzer (7) and Pitzer and Gwinn (8) have calculated the levels
of energy associated with a restricted internal rotational degree
of freedom and have prepared extensive tables giving the contribu-
tion to the thermodynamic properties of energy, free energy
function, entropy, and heat capacity arising from such a degree
of freedom. The tabulated values cover, in suitable combination,
an appropriate range of values of the maximum of the potential
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energy, the temperature, and the reduced moment of inertia for
the given rotation.

For evaluating the contributions to the thermodynamic proper-
ties arising from a given restricted internal rotational degree of
freedom, it is necessary to know the value of the reduced moment

A
Energy Lesels
Region [———————————————— —|approaching true
of rotational
classical |} _ _ states
rotation ]
Potential _
Ener Ist excited
Yy /"} vibrational
level
Region
of
classical 4} 3 states of
vibration lowest vibrational
energy

3T 2

Ficure 3. Schematic diagram showing the potential energy and quantum
states of energy associated with the restricted internal rotational degree of
freedom in the molecule, ethane, H;CCH;. From Mayer and Mayer (3).

of inertia for the given rotation and the maximum of the potential
energy (sometimes called the height of the potential barrier).
The value of the reduced moment of inertia, I, for the given
rotation of group A with respect to group B is given by the relation,

~ [ _ _laln
I4+ Ip

where I4 and Iz are the moments of inertia of groups A and B,
respectively, about the bond joining the two groups. The values
of 14 and I may be calculated from a knowledge of the masses of
the atoms and their position (distance and angles) with respect
to an appropriate point on the axis of rotation.

The manner of evaluating the maximum of potential energy
may be illustrated by considering the molecule ethane, H3CCHs,
which has a total of 24 degrees of freedom. Of these, 3 are of
translation and 3 are of rotation (of the molecule as a whole about

(126)
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its 3 axes of rotation), leaving 18 degrees of freedom. These
would normally be of ordinary vibration, but one is required for
the oscillation of the two methyl groups with respect to each
other (restricted internal rotation), so that 17 are for ordinary
vibration. By appropriate analysis and calculation, the contribu-
tion to the thermodynamic properties arising from the 3 4+ 3 4 17,
or 23, “known” degrees of freedom may be calculated. A given
property, most conveniently the heat capacity or the entropy
(referred to the entropy at 0°K), at one or more temperatures, or
preferably both properties at several temperatures, is measured
experimentally. The difference between the measured value
and the value calculated for the 23 “known” degrees of freedom
serves to yield, for the given temperatures, the contribution
arising from the restricted internal rotational degree of freedom.
The uncertainty of the resulting value will depend upon the un-
certainties of the experimental measurements and the calculations.
For ethane, the maximum of the potential energy for internal
rotation has been evaluated from measurements both of the heat
capacity and the entropy, and the results of both methods are in
good accord.

Table 3 gives, as an example, the value of the maximum of the
potential encrgy for internal rotation for a number of representa-
tive hydrocarbon molecules.

9. Contributions from nuclear spin. In connection with
the statistical calculation of thermodynamic properties, cognizance
must be taken of the fact that each atom may have a nuclear
spin of zero or a small integral or half-integral number of units of
h/2w. This nuclear spin is fixed for a given isotope of a given
element, in the sense that a change in it can be brought about
only by means of a large amount of energy. The nuclear spin,
s, is an integer if the mass number of the isotope is even and is
a half-odd integer if the mass number is odd. A nuclear spin of
magnitude s results in 2s 4 1 different states of the atom. This
is independent of the temperature, and the result is that every
molecule would have its frec cnergy function increased by the
amount, —R In (2s 4+ 1), and its entropy increased by the amount,
R In (2s + 1), for every atom in the molecule having a nuclear
spin s. The nuclear spin would not change the energy (relative
to 0°K), the heat content function, or the heat capacity.

Except in those reactions of very high energy in which atoms
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TaBLE 3. MaxiMuMm oF PoTENTIAL ENERGY FOR INTERNAL RoTATION
FOR SoME REPRESENTATIVE HYDROCARBON MOLECULES

Number of |Maximum
Molecule the Given of the
Kind of [ Potential | References
Restricted | Inergy,
Name |Formula Structure Rotation |kecal/mole
Ithane C.llg H;C—CHj3 1 2.8 7,9,10,11
Hsc CH3
Propane Cslls \C/ 2 3.3 7,9,12,13
H,
11,C CH3;
N S
Isobutane | C4Hyg C 3 3.9 79,14
/ H
H;3C
H,;C CH;3;
Tetra~ A4
methyl- CsHie C 4 4.7 7,9,15
methane VRN
HsC CII;
H,
H3C C
n-Butane | CsHjig AN 2 3.3 79.16
C CH; 1 3.7 e
ISP
. H
Propylene | CsHg H:C=C 1 2 7,8,9,18,17
CH;
Dimethyl-
acetylene | CsHg |H3C—C=C—CH; 2 0 18,19

are transformed, the number of atoms in a chemical reaction
remains constant with the same nuclear spin, independent of the
molecular combination of atoms.
nuclear spin terms, 2s + 1, for each of the atoms in the products

Therefore the sum of all the
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is equal to the sum of all the nuclear spin terms, 2s 4 1, for each
of the atoms in the reactants, so that the contributions of nuclear
spin to the change in the free energy function and entropy cancels.
It is doubly fortunate that the contribuvions from nuclear spin
cancel In ordinary chemical reactions because accurate values
of nuclear spin are known for relatively few atoms.

In those cases where it is desired to evaluate the contributions
to the thermodynamic properties arising from nuclear spin, the
following equations, applicable to all molecules at temperatures
where the rotational degrees of freedom are substantially fully
excited, may be used:

(E° — E,°)(nuclear spin) = 0; (127)
Cy° (nuclear spin) = 0; (128)

H° — H\°
(—T—O) (nuclear spin) = 0; (129)

F° — Hy
(—T—O> (nuclear spin) = —R> In (2s; +1) (130)
j

Ii

S° (nuclear spin) = R In (2s; 4+ 1) (131)

J
These contributions are expressed per mole and are to be summed
over all the atoms in the molecule, 7 in number. The foregoing
equations will in general be applicable to all molecules except
hydrogen, and some of its derivatives, at low temperatures.

10. Contribulions from mixing of isotopes. Briefly stated,
the existence of isotopes in the composition of a chemical element
introduces no significant effect in the calculation of the thermo-
dynamic properties. This is due to the fact that, if we wish to
distinguish the isotopes, and have a knowledge of the amounts
of the several isotopes present, the entropy of mixing the isotopes
is readily calculable and may be added to the entropy previously
calculated. However, it may be readily shown that, in all ordi-
nary chemical reactions, the entropy of mixing isotopes will be
constant for each mole of atoms whether in the products or in
the reactants. Therefore, the entropy of mixing isotopes will
be the same for the products as for the reactants, and will cancel.
The same result holds true for the free energy function. As in
nuclear spin, the energy (relative to 0°K), heat content function,
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and heat capacity are not affected by the mixing of the isotopes.

Where a fractionation of the isotopes is produced in a given
process or reaction and it is desired to evaluate the contributions
to the thermodynamic functions arising from the mixing of iso-
topes, the following equations may be used:

(E° — Ey°)(mixing of isotopes) = 0; (132)
Cy° (mixing of isotopes) = 0; (133)
H°®° — Hy°
(—1——-—,‘},———9—) (mixing of isotopes) = 0; (134)
7o _ H.°
<ﬁ—T—-—0—) (mixing of isotopes) = RY N;In Nj; (135)
J

S° (mixing of isotopes) = —RY_N;InN;.  (136)
j

In the foregoing equations, the values of the properties are per
mole, N; is the mole fraction of the jth isotope, and the summation
is to be carried over all the different isotopes. The thermody-
namic properties of mixing isotopes are of course independent of
temperature unless the process or reaction is one which produces
a separation of the isotopes.

However, it should be pointed out that, for the contributions
arising from the mixing of isotopes to be neglected, the values of
the thermodynamic properties for the separate isotopic species
must be calculated separately if the sets of levels of energy for
the rotational and vibrational degrees of freedom are significantly
different. Fortunately, the sets of levels of energy for the rota-
tional and vibrational degrees may be taken without significant
error as being those corresponding to the atoms of average mass,
except for hydrogen. In the latter case, happily, complete in-
formation is available for the calculation of the thermodynamic
properties of the several isotopic species.

11. Summary of useful equations. In Table 4 is given a
summary of useful equations, with numerical constants, for calcu-
lating thermodynamic properties and functions for molecules in
the ideal gaseous state.

12. Collateral reading. In the foregoing sections, only a
skeleton outline has been given of the methods for calculating
thermodynamic properties and functions statistically from spectro-
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scopic and other molecular data. For detailed discussions of
these methods, the reader is referred to Tolman (23), Mayer and
Mayer (3), Pitzer (7,9), Johnston and Chapman (2), Giauque
(20), Wilson (21), Crawford (22), Herzberg (1,4), and Rush-
brooke (24).

REFERENCES

1. G. Herzberg, Molecular Spectra and Molecular Structure, Volume II,
D. Van Nostrand Company, New York, 1945.

2. H. L. Johnston and A. T. Chapman, J. Am. Chem. Soc. 56, 153 (1933).

3. J. K. Mayer and M. G. Mayer, Statistical Mechanics, John Wiley &
‘Sons, New York, 1940.

4. G. Herzberg, Molecular Spectra and Molecular Structure, Volume I,
Prentice-Hall, New York, 1939.

5. K. B. Wilson, Jr., J. Chem. Phys. 4, 526 (1936).

6. H. L. Johnston, L. Savedoff, and J. Belzer, Contributions to the Thermo-
dynamic Functions for a Planck-Finstein Oscillator in One Degree of Free-
dom, U.S. Office of Naval Research Publication, U.S. Government Printing
Office, 1949.

7. K. 8. Pitzer, J. Chem. Phys. b, 469, 473 (1937).

8. K. 8. Pitzer and W. D. Gwinn, J. Chem. Phys. 10, 428 (1942).

9. K. S. Pitzer, Chem. Revs. 27, 39 (1941).

10. J. D. Kemp and K. 8. Pitzer, J. Am. Chem. Soc. 69, 276 (1937).

11. (i. B. Kistiakowsky, J. R. Lacher, and F. Stitt, J. Chem. Phys. T, 289
(1939).

12. J. D. Kemp and C. J. Egan, J. Am. Chem. Soc. 60, 1521 (1938).

13. G. B. Kistiakowsky, J. R. Lacher, and W. W. Ransom, J. Chem. Phys.
6, 900 (1938).

14. J. G. Aston, R. M. Kennedy, and S. C. Schumann, J. Am. Chem. Soc.
62, 2059 (1940).

15. J. G. Aston and G. H. Messerly, J. Am. Chem. Soc. 68, 2354 (1936).

16. J. G. Aston and G. H. Messerly, J. Am. Chem. Soc. 62, 1917 (1940).

17. B. L. Crawford, Jr., G. B. Kistiakowsky, W. W. Rice, A. J. Wells, and
E. B. Wilson, Jr., J. Am. Chem. Soc. 61, 2980 (1939).

18. D. W. Osborne, C. S. Garner, and D. M. Yost, J. Chem. Phys. T, 131
(1939).

19. B. L. Crawford, Jr., and W. W. Rice, J. Chem. Phys. T, 437 (1939).

20. W. F. Giauque, J. Am. Chem. Soc. 52, 4808 (1930).

21. E. B. Wilson, Jr., Chem. Revs. 27, 17 (1941).

22. B. L. Crawford, Jr., J. Chem. Phys. 8, 273 (1940).

23. R. C. Tolman, The Principles of Statistical Mechanics, Oxford University
Press, New York, 1938.

24. G. S. Rushbrooke, Introduction to Statistical Mechanics, Oxford Uni-
versity Press, Oxford, 1949,



190 Thermodynamic functions from statistical calculations

PROBLEMS

1. The ground level of energy of the chlorine atom, designated 2Py, has
a multiplicity of 4, and the next higher level of energy, designated 2Py, has
a multiplicity of 2 and lies 881 wave numbers (cm™) above the ground level.
Taking the atomic mass to be 35.457 g/mole, calculate the following:

a. The ratio of the number of atoms in the Py, state to the number in the
2Py, state at the following temperatures: 0°, 100°, 500°, 1000°, 2000°, 3000°,
4000°, and 5000°K.

b. The value of the heat content function, free energy function, entropy,
heat content, and heat capacity, at 300°, 1000°, 3000°, and 5000°K.

2. The gaseous diatomic molecule, Nall, has the following characteristics:
energy of the first electronic state above the ground level, 23, 283 wave numbers
(em™'); fundamental frequency of vibration, 1133 wave numbers (em™!);
equilibrium distance, ro, between the atoms, 1.88 X 1078 em. Taking the
atomic masses to be 22.997 and 1.008 g/mole, assuming the molecule to be a
rigid rotator and a harmonic oscillator, and taking the multiplicity of each
level as one, calculate the following:

a. The fraction of molecules in the first electronic energy state above the
ground level at 5000°K.

b. Heat content function, frec cnergy function, entropy, heat content, and
heat capacity, at 300°, 1000°, 3000°, and 5000°K.

3. The molecule carbon dioxide, OCQ, is symmetrically linear and has the
following characteristics: fundamental vibrational frequencies, 667.3, 667.3,
1388.3, and 2439.3 wave numbers (¢cm™!); moment of inertia, 71.67 X 1074
g cm?; molecular weight, 44.010 g/mole. Calculate the following, assuming
a rigid rotator and a harmonic oscillator: heat content function, free cnergy
function, entropy, heat content, and heat capacity, at 300°, 1000°, and 2000°K.

4. The oxygen molecule, Og, has its first electronic level of energy, a 1A,
state, with a multiplicity of 2, at 7918 wave numbers (em™?), above the ground
level, 3%, state, with a multiplicity of 3. Assuming negligible population at
other levels, calculate the mole fraction of oxygen molecules at those two levels,
at 300°, 2000°, 4000°, and 6000°K.
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Entropy and the
Third Law of Thermodynamics

1. The third law of thermodynamics. When a substance
participates in a reversible process, its increase in entropy is equal
to the heat energy it absorbs divided by the absolute temperature:

dq

ds = —=- 1

- M
If the quantity of heat absorbed is known as a function of the
temperature, down to the absolute zero, Equation 1 can be inte-
grated to give the entropy of the given substance at the tempera-

ture T':
, Taq .
S=S+ [ . @)

In Equation 2, Sy is the entropy of the given substance at the
absolute zero of temperature. From the discussion in Section 3
of Chapter 19, it is clear that, when the given substance is taken
down to the absolute zero of temperature, the ensemble of mole-
cules constituting the given substance will end up in a single
lowest permitted state of energy, provided opportunity is given
for the free passage of each of the molecules among all the per-
mitted states of energy in accordance with the appropriate distri-
bution law, Boltzmann, Fermi-Dirac, or Bose-Einstein. If the
given ensemble of molecules is in a single quantum state at the
absolute zero of temperature, the entropy of the ensemble is zero.
This is the third law of thermodynamics, a formal statement of
which is the following:

The entropy of any substance of which all component parts
are in complete internal equilibrium becomes zero at the absolute
zero of temperature.

By internal equilibrium in a given substance is meant that

191



192 Entropy and the third law

each of the atoms or molecules comprising the given substance
has free access to all the permitted states in accordance with the
given distribution law. Examples of gaseous substances have
already been discussed in Chapter 19. In the case of a solid, for
example, the entropy of crystalline carbon in the form of graphite,
which is in internal equilibrium among all the states permitted
for graphite, will be zero at 0°K. Similarly, the entropy of
crystalline carbon in the form of diamond, which is in internal
equilibrium among all the states permitted for diamond, will be
zero at 0°K.  Although, at ordinary pressures, diamond is thermo-
dynamically unstable with respect to graphite, the carbon atoms
may remain in the diamond configuration indefinitely. This
persistence of a metastable crystalline state is not uncommon.
Such metastable phases are in internal equilibrium, in the sense
that each slight deviation due to fluctuations finds the system
returning to its original state, with all near neighbor states being
thermodynamically less stable. Each atom of carbon in the
crystal of diamond lies in a potential energy trough, and the
entire ensemble of atoms lies in a free energy trough, though
neither is the lowest possible trough of its kind, the corresponding
ones for graphite being lower, at ordinary pressures.

Returning now to Equation 2, we can say that actually, of
course, calorimetric measurements can never be carried to the
absolute zero of temperature. The investigator begins his obser-
vations at T the lowest temperature of measurement, and the
value of the integral below T is obtained by extrapolation, from
T« to 0°K, of the measurements made above 7. Indicating
this fact, we may write

. Ty §¢ T §q
8§=38 j - f W
0 + ( 0 T)extrn,p. + T, T (3)

*

In Equation 3, the last term is derived completely from the ex-
perimental measurements (of heat capacity, heat of transition,
heat of fusion, and heat of vaporization, as appropriate), and the
second term on the right side is evaluated by extrapolating from
T« to 0°K the measurements of heat capacity made above T, in
conjunction with an appropriate theoretical equation, usually the
Debye equation for the heat capacity of solids. The extrapola-
tion from 7' to 0°K in this way accounts for the ordinary thermal
entropy resident in the substance at T, the lowest temperature
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of measurement. The term S, represents, therefore, the entropy
of the substance at 0°K as determined essentially by its quantum
condition at T.. (See Chapter 19.)

A schematic plot of Cp/T as a function of T is given in Figure 1,
to show the nature of the extrapolation from the lowest tempera-
ture of measurement, T, to 0°K.
In the case of solid substances, the
extrapolation from 7. to 0°K is
usually made with the aid of the
Debye equation for heat capacity,
or some appropriate modification

C/T

—
\
A

of 1t. OO —= .,.‘
A simple statement of the appli- °
cation of the third law is the fol-
lowing: Ficure 1. Schematic diagram
If at the lowest temperature of of the relation between the tem-
" . perature and the heat capacity
measurement, 7', a substance is in divided by the te ¢
’ y ¢ temperature,
a single pure quantum state of C/T, near the absolute zero of
cnergy, except for the ordinary temperature, to show the nature
thermal energy characteristic of 7, of the extrapolation to 0°K
which is accounted for by the ex- from Ty the lowest tempera-
trapolation from 7% to 0°K, then ture of measurement.
So, its entropy at 0°I€, may be placed equal to zero.
When this condition holds, then Equation 3 reduces to

, Ty 5(1 T 50
b B <"/0‘ T>extrap. + ‘/Ij* —’1—" (4)

and the entropy of the given substance is determined substantially
completely from the experimental observations. It is clear that,
for such experiments, 7'« should be made as low as practicable in
order that the extrapolation shall introduce as little error as
possible. It is important to note that the above statement of
the application of the third law places no limitation on the physical
state of the substance, as solid, liquid, or gas, although actually
practically all substances investigated down to near 10°K will
be in the solid state. In the application of the third law, the
only requirement that needs to be fulfilled is that at the lowest
temperature of measurement, 7. the given substance, solid,
liquid, or gas, shall be in a substantially single quantum state of
energy except for that energy which will be accounted for by

Temperature
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the extrapolation, from 7. to 0°K, of the measurements made
above T.. That is to say, the situation is such that the extrapola-
tion, from T, to 0°K, of the observations above T'x has the effect
of reducing all the molecules of the given substance to a single
quantum state of energy (usually but not necessarily the ground
level) at 0°K in the same physical state, solid, liquid, or gas, in
which it existed at T.. However, if the given substance is in the
liquid or gaseous state at T, and a change of state occurs below
Ts, as from liquid to solid or gas to liquid, accompanied by a
finite change in energy, it is obvious that the extrapolation, from
T« to 0°K, of the observations above T« will not properly account

T,
for the term j(; *Sq/ T, and the system will not conform to the

requirements for the application of the third law. In general,
we may say that the requirements for the application of the third
law are that, for some range of temperature above the lowest
temperature of measurement, 7T, the molecules of the given
substance are distributed among the available quantum states
in accordance with the normal distribution law, and that, as the
temperature is lowered, the distribution of the molecules among
the available levels of energy changes progressively in such a way
that in the limit, at 0°K, the molecules will have available only
one state of existence.

We have already seen from Chapter 19 that the entropy of
a mole of molecules in the ideal gaseous state at the absolute zero
of temperature becomes zero when the mole of molecules has
available only one state of existence. The third law is essentially,
then, a statement of this fact applied to the evaluation of entropy
from experimental measurements of energy as a function of
temperature.

It is important to note also, in this connection, that the third
law does not limit the given substance to existence in only one
of two or more possible crystalline forms. The given substance
may at the lowest temperature of measurement be in any one of
several possible crystalline forms, and each of the different crystal-
line forms, pure in itself, may conform to the requirements for
the application of the third law.

In extrapolating, from T to 0°K, the observations made above
T, it is convenient to utilize a suitable theoretical relation be-
tween encrgy and temperature. In the case of crystalline solids,
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there is usually used the Debye relation (Chapter 15) or some
appropriate modification of it.

For a substance that conforms to the requirements for the
application of the third law and has two stable crystalline forms,
similar to the substance referred to in Figure 1 of Chapter 10 and
Figure 1 of Chapter 15, the entropy of the gas at the given pres-
sure at the temperature 7' is given by the following relation:

T+ 5q AHtr
S (g) = (fo T)emp + - Cp (c, II)dlnT+

+ Cp(c,I)dlnT+%n

™ AHv
+‘/T‘m (,p(hq)dlnT+—,ﬁ“

T
+ j Cp () dIn T. (5)

The terms on the right side of Equation 5 represent, respectively,
the extrapolated entropy of crystalline form II from 0°K to T\,
the increase in entropy of crystalline form II from T« to the
temperature of transition, the entropy of transition of crystalline
form II to crystalline form I, the increase in entropy of crystalline
form I from the temperature of transition to the temperature of
melting, the entropy of melting of crystalline form I, the increase
in entropy of the liquid from the temperature of melting to the
temperature of vaporization, the entropy of vaporization of the
liquid, and the increase in entropy of the gas from the temperature
of vaporization to the given temperature, T'.

2. Cases of conformity and non-conformity with the
requirements for the application of the third law. In the
practical application of the third law, it is necessary to consider
the problem of what substances are likely to conform, and what
substances are likely not to conform, to the requirements for the
application of the third law. Chronologically the evolution of
this law preceded the evolution of the method of calculating
thermodynamic properties statistically. Now, however, it is
possible to take advantage of the knowledge resulting from such
statistical calculations to assist in the formulation of a more
elegant statement of the third law than was possible in the early
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days, and, what is equally important, to assist in determining
what general types of substances may or may not conform to
the requirements for the application of the third law.

By comparison of the values of entropy calculated for the ideal
gas state in an accurate way statistically according to the method
outlined in Chapter 19, with the values of entropy evaluated
from experimental measurements of energy as a function of
temperature, according to Equation 5, appropriately corrected
by a small amount to the idcal gas state, it has been found that
the following substances, among others, conform to the require-
ments for the application of the third law: O,, Nj, Cly,, HCI,
I‘IBI‘, IlI, }IQS, SCO, 002, NfI3, CSz, CH4, Csz, CzI’I4, CQI‘IG,
CsHg (propylene), Cgllg (benzene), plus a large number of other
hydrocarbons.

From the information that is now available, it appears that,
without exception, all the many hydrocarbons for which the
entropy has been evaluated by measurements, down to low temper-
atures, of energy as a function of temperature conform to the
requirements of the third law. In all the foregoing cases, the
accord of the two values of entropy at 25°C, from the third law
and from statistical calculations, has been within the limits of
uncertainty of the experimental measurements, usually +0.1 to
0.2 cal/deg mole. The uncertainty of the values of entropy
calculated statistically, for molecules for which substantially
complete spectroscopic and other molecular data are available, is
usually less than 0.01 to 0.02 cal/deg mole, and frequently only
a few thousandths of a cal/deg mole.

The following values indicate the degree of accord between
values of the entropy at 25°C for the given substance in the ideal
gaseous state at 1 atmosphere obtained (1) by application of the
third law, from Giauque and collaborators, and (2) by the method
of statistical calculations, the values being given in that order in
calories per degree mole and having respective uncertainties as
indicated above: O, 49.1, 49.003; N,, 45.9, 45.767; HCIl, 44.5,
44.617; HBr, 47.6, 47.437; HI, 49.5, 49.314; H,S, 49.1, 49.15;
SCO, 55.3, 55.34; CO,, 51.1, 51.061; N3, 45.9, 46.01.

Actually, it appears that, except for certain small molecules of
the types discussed below, any substance obtainable in a pure
crystalline form is likely to conform to the requirements for the
application of the third law.
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Possible causes of non-conformity with the requirements for
the application of the third law, that is, causes which would result
in the given substance not being in a single pure quantum state
at T. (except for those states which will become normally de-
populated as the observations above 7. are extrapolated from
T« to 0°K), are the following: existence of nuclear spin; existence
of isotopes; existence of randomness in the structure of the crystal;
existence of a non-equilibrium distribution of molecules among
the quantum states of energy; existence of a solution or mixture
of different molecules; existence of the substance in a glassy in-
stead of a crystalline form. Examples of these cases are dis-
cussed in the following sections.

3. Entropy of nuclear spin. With regard to the existence
of nuclear spin in the atoms composing the molecules of the given
substance, we have seen in Chapter 19 that the contribution to
the thermodynamic properties arising from nuclear spin may

7
ordinarily be neglected. The value of f 6q/T obtained by
0 .

application of the third law will not include the entropy of mixing
the atoms in the 2s 4 1 different states arising from the existence
of a nuclear spin of magnitude s. Since the number and popula-
tion of the different states of nuclear spin arc unaffected by ordinary
reactions or processes, the entropy of nuclear spin will be the
same for the reactants and products and hence will cancel. How-
ever, if the process or reaction is a ‘‘nuclear’” one in which certain
atoms disappear and others are formed, cognizance of the entropy
of nuclear spin may be taken through the relation,

S (nuclear spin) = RY In (2s; + 1), (6)

where the summation is to be made over all the j atoms in the
molecule, each atom having a nuclear spin of magnitude s;.

In certain molecules like ordinary hydrogen and ‘heavy”
hydrogen or deuterium, the small moment of inertia and the
similarity of the atoms in the molecule give effects arising from
the existence of nuclear spin which are observable experimentally.
These cases are discussed in a later section in this chapter.

4. Entropy of mixing isotopes. With regard to the existence

T
of isotopes, the value of the ‘/0‘ 3q/T, obtained by application of
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the third law, will not include the entropy of mixing the isotopes,
except in an unusual case. In general, for ordinary purposes, the
existence of the isotopes can be neglected, as discussed in Chapter
19, since the contribution of the entropy of mixing isotopes will
be the same for the products as the reactants in any process and
hence will cancel. However, if it is desired to take cognizance
of the entropy of mixing isotopes, as in connection with a process
or reaction which results in a fractionation of the isotopes, this
can be done by the usual relation,

S (mixing isotopes) = —R3 N; In N}, (7)

in which the summation is carried over all the different j isotopes,
each of mole fraction N;. The entropy of mixing isotopes is of
courge’independent of the temperature.

. Entropy associated with randomness in the structure
of crystals at the absolute zero of temperature. For the
molecules, nitric oxide, NO, carbon monoxide, CO, and nitrous
oxide, NNO, each of which is a linear molecule having dissimilar
atoms at the ends, Giauque and collaborators (6, 7, 8) have found
that, in the relation

298.16 aq

Shors = 80° + ®)

So° is significantly greater than zero. This indicates that these
molecules do not conform to the requirements for the application
of the third law. The explanation is the presence of a certain
amount of randomness in the structure of the crystals as they
exist at the lowest temperature of measurement, 7. This random-
ness of arrangement is manifested by an end-for-end displacement
of the molecules, such that all the molecules are not lined up with
the same atom in the forward direction, as, for example, the
randofn arrangement, NO, NO, ON, NO, ON, ON, NO, etc., as
contrasted with the non-random arrangement, NO, NO, NO, NO,
NO, NO, NO, ete.

In the completely random arrangement, each molecule has
two positions available, whereas in the orderly arrangement each
molecule has only one position available. The state of more
orderly arrangement will have an energy less than that of the
state of random arrangement. This difference in energy will
approach zero as the two end atoms of the linear molecule be-
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come more and more alike. If the two end atoms are quite dis-
similar, with a correspondingly larger difference in energy between
the two states, then, as the temperature of the substance in the
condensed state is lowered, the molecules will tend to go over to
the state of lower energy and may be all lined up before they are
“frozen” in the crystal, without opportunity to rotate and change
position, end for end. However, if the two end atoms are almost
alike, with a correspondingly very small difference in energy be-
tween the two states, the population of both states will, as the
temperature is lowered, continue to be quite appreciable, and,
when a temperature is reached at which the molecules are “frozen”
in the crystal without opportunity to rotate, many molecules
will exist in each state. The situation will remain down to the
lowest temperature of measurement, 7', so that the substance
will possess an entropy associated with the randomness of ar-
rangement of the molecules in the crystal.

If the arrangement of the molecules in the crystal at Ty is
fully random, with p states available for each molecule, then the
total number of available configurations for one mole of molecules is

wo=p". 9)
The entropy arising from such randomness is
S (randomness) = kIn W = klnpY = Nklnp = Rlnp.  (10)

For the linear molecules mentioned above, with two positions
available, p = 2, and

S (randomness) = R In 2 = 1.38 cal/deg mole. (11)

For the three s’ubstances, NO, CO, and NNO, Giauque and col-
laborators (6,7,8) evaluated, by means of Equation 8, the entropy
due to the randomness of arrangement in the crystal to be, re-
spectively, 0.66, 1.10, and 1.14 cal/deg mole, with an uncertainty
of about +0.10 cal/deg mole. From these data, it appears that
some movement away from complete randomness has occurred in
each case, with the molecule NO having moved closer to the
orderly arrangement than the others.

® For the linear molecules, SCO and HCN, which have dissimilar
atoms of greatly different mass at the ends, and hence would have
a greater tendency to be aligned in an orderly way in the crystal,
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the experimental data indicate no significant amount of random-
ness of arrangement in the crystals at low temperatures (23,24).
Another example of entropy associated with randomness in the
structure of crystals at the absolute zero of temperature occurs
in the case of the substance water, both as the naturally occurring
mixture of isotopes, HyO, or as deuterium oxide, D;O or 2H,O.

For these substances, the measurements of Giauque and Stout (9)
208.16

and of Long and Kemp (10) give values of j: 5q/T. When

these values are compared with the accurate values of the entropy
calculated statistically, it is found that the value of the entropy
associated with randomness of arrangement of the molecules in
the crystal at the absolute zero, according to Equation 8, is, for
H;0 and D0, respectively, 0.83 and 0.69 cal/deg mole, with an
uncertainty near +0.10 cal/deg mole.

The explanation for this randomness of arrangement has been
given by Pauling (11) [see also Wollan, Davidson, and Shull (31)]
in terms of the randomness of arrangement of ‘“hydrogen’” bonds
in the crystal of water ice, as follows: The structure of the crystal
of water ice is governed by the following conditions: (1) The
water molecule exists in ice with substantially the same distance
between the hydrogen atoms and the oxygen atom to which they

(0)
7\
are strongly bonded, and with the same angle, H H, as in
the water molecule in the gaseous state; (2) each water molecule is
oriented so that its two hydrogen atoms are directed approximately
toward two of the four oxygen atoms which surround it tetra-
hedrally, forming ‘‘hydrogen” bonds, with the oxygen atoms
forming six-membered puckered rings; (3) the orientations of
adjacent water molecules are such that only one hydrogen atom
lies approximately along each oxygen-oxygen axis; (4) under
ordinary conditions, the interaction of non-adjacent molecules is
not such as to stabilize appreciably any one of the many possible
configurations satisfying the preceding conditions, that is to say,
the available configurations have nearly the same energy. The
crystal can change from one to another of the many available
configurations by rotation of some of the water molecules, or by
motion of some of the hydrogen nuclei, each a distance of about
0.86 X 10~® c¢m from a potential minimum 0.95 X 1078 cm from
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one oxygen atom to a potential minimum the same distance,
0.95 X 107® cem, from an adjacent oxygen atom. It is known
from measurements of the dielectric constant that the molecules
in water ice can, down to near 200°K, orient themselves in the
crystal with considerable freedom. On cooling the crystal to
still lower temperatures, however, each molecule is “frozen” in
one of its available positions, with the entire crystal being frozen
in one of its many possible configurations.

At this “frozen in”’ condition, the crystal does not in any reason-
able time change toward a more orderly arrangement and so
essentially retains at very low temperatures the entropy associated
with the above deseribed randomness of arrangement, which will
be measured according to Equation 10 by the number of con-
figurations available to cach molecule in the crystal. A given
molecule can orient itself in any one of six ways. However, the
chance that the adjacent molecules will permit a given orientation
is I; because each adjacent molecule has two of its tetrahedral
directions vacant and two occupied by hydrogen atoms, making
the chance that a given direction is available for each hydrogen of
the original molecule 4, and the chance that both can be located in
accordance with the given orientation 4. The number of con-
figurations available for each molecule is, therefore, p = § = 3, so
that, for water ice,

So (randomness) = RInp = RIn§ = 0.81 cal/deg mole. (12)

It is seen that, within the limits of uncertainty of the experimental
observations, the molecules in the crystal of water ice at very low
temperatures, for both HoO and D20, have an essentially complete
randomness of arrangement with respect to the “hydrogen’ bonds
in the crystal.

It is to be expected that entropy associated with randomness of
arrangement of the molecules in the crystal at low temperatures
will exist for other pure substances similar to those mentioned
above, for corrcsponding reasons. See, for example, Giauque
and Jones (32).

6. Entropy associated with a non-equilibrium distribu-
tion of molecules among the rotational states of energy.
Certain molecules containing identical atoms, as hydrogen, H,, or
deuterium, Do, have successive rotational states of energy which
are alternately symmetrical and antisymmetrical with respect
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to nuclear spin. At temperatures at which the value of h2/8#21kT
(see Chapter 19) is not small in comparison with unity, the transi-
tion of molecules between the even and odd rotational levels is
extremely slow. The result is a sort of freezing of the molecules
in their respective even or odd rotational levels, with transitions
occurring freely among the even rotational levels and among the
odd rotational levels but not between the two kinds of levels.
In such case, the system behaves as though it were composed of
two independent sets of levels of rotational energy, one set con-
sisting of the rotational levels numbered, 0, 2, 4, 6, 8, 10, etc., and
the other set consisting of the rotational levels numbered 1, 3, 5,
7, 9, 11, etc.

At high temperatures, the ratio of the number of molecules
in the odd rotational levels to the number in the even rotational
levels will be given by the ratio of the multiplicity arising from
nuclear spin in the two sets of levels. The ratio of the number
of molecules in the states of symmetrical spin to that in the states
of antisymmetrical spin is, at high temperatures, (s + 1)/s, where
s is the nuclear spin of the atom. As the temperature is lowered,
and no transitions occur between the even and the odd rotational
levels, this ratio remains constant and, in the limit, will represent
the relative number of molecules in the rotational levels numbered
0 and 1, since with lowering of temperature the population will
converge on the lowest level in each of the two series of levels,
even and odd.

Because the hydrogen molecule has a small moment of inertia,
and the separation of the levels of rotational energy is correspond-
ingly great, the foregoing phenomenon is easily observed experi-
mentally for this'molecule. For the hydrogen atom of mass 1, the
nuclear spin is s = . The even rotational states are antisym-
metric (called para) and the odd rotational states are symmetric
(called ortho). At high temperatures the ratio of the number of
molecules in the symmetric or odd rotational states to the number
in the antisymmetric or even rotational states is calculated from
the nuclear spin to be (s + 1)/s = 3.

As the temperature is lowered, this ratio of the number of
molecules in the two sets of rotational levels remains substantially
unchanged, and, in the limit of lowering temperature, will represent
the ratio of the number of molecules in the rotational level num-
bered j = 1 to that in the rotational level numbered j = 0. But



Non-equilibrium distribution of molecules 203

the ordinary multiplicity, g;, of the rotational levels is 2j; + 1, so
that for j = 0, go = 1, and for j = 1, g, = 3. The multiplicity
arising from the nuclear spin is (s 4+ 1)(2s + 1) for the sym-
metric or odd rotational levels and s (2s + 1) for the antisym-
metric or even rotational levels, the ratio being (s + 1)/s. For

= 1, the multiplicity arising from nuclear spin becomes 1 for
the even rotational levels and 3 for the odd rotational levels.
Therefore, the total multiplicity for the rotational level j = 0 is
go = 1, and for the rotational level j =1 is g, =3 X3 = 9.
Near 0°K, the mole fraction of molecules in the single state at the
ground level, j = 0, is %, and the mole fraction of molecules in
each of the 9states at the first rotational level, j=1,1s § X = {5.
For such a system, the entropy will be greater than it would be
if all the molecules were in a single state by just the entropy of
mixing 1 mole of molecules such that 4+ mole is in the single state
at the zero rotational level, j = 0, and % mole is in each of the
9 states at the first rotational level, j = 1.

This entropy of mixing, arising from the effect of nuclear spin
at low temperatures, is

S (mixing, cffect of nuclear spin at low temperatures) =
—RYN;InN; = —R[In ¢ + 9(¢%5 In {5)]
= Rlln4+ () In 3] = 4.392 cal/deg mole. (13)

Suppose that we have 1 mole of ordinary hydrogen at room
temperature, such that it has the high-temperature distribution
of numbers of molecules in the odd and even rotational states,
3 to 1, and subject this hydrogen to calorimetric measurements
down to low temperatures (near 10°K), with no catalyst to permit .
transitions between the even and odd rotational levels in any
significant amount. Then, retaining the convention that the
entropy S° written without qualification does not include the
contribution arising from the effect of nuclear spin at high temper-
atures, which is R In (2s 4+ 1) for each atom in the molecule, we
can write, for 1 mole of hydrogen,

10 5(1 f298‘16 5q
e} — o — —
S2s.16 = So° + < j(: T)g)map. + o T (14)

For this 1 mole of hydrogen, the value of Sy° should be equal to
the entropy of mixing arising from the effect of nuclear spin at
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low temperatures, as given by Equation 13, less the entropy of
mixing arising from the effect of nuclear spin at high temperatures,
which is

S (mixing, effect of nuclear spin at high temperatures) =
2RIn (2s + 1) = 2R In 2 = 2.755 cal/deg mole. (15)

Therefore, for 1 mole of this actual hydrogen, which has been
subjected to measurement with the molecules “frozen’” in the
even and odd rotational states according to the relative popula-
tions at high temperatures,

So° = 8 (mixing, effect of nuclear spin at low temperatures)
— 8 (mixing, effect of nuclear spin at high temperatures)
=1.637 cal/deg mole. (16)

Giauque (72) has reviewed the calorimetric data (13,14) on
hydrogen down to low temperatures, and evaluated, in accordance
with Equation 14, S¢° to be 1.57 cal/deg mole. Within the limits
of uncertainty of the experimental data, this value is identical
with the value given by Equation 16.

In the case of the diatomic molecule composed of hydrogen
atoms of mass 2, deuterium, a similar situation exists, as follows:
For the deuterium atom, the nuclear spin is s = 1. The value of
the contribution from the effect of nuclear spin at high tempera-
tures is

S (mixing, effect of nuclear spin at high temperatures) =
2R1In (2s + 1) = 2R In 3 = 4.366 cal/deg mole. (17)

At high temperatures, the relative number of molecules in the
symmetric to the number in the antisymmetric levels is (s + 1)/s,
or 2. With a distribution of molecules “frozen” according to
that at high temperatures, the deuterium will, in the limit at
0°K, have % of the molecules in the lowest symmetric level and
3 of the molecules in the lowest antisymmetric level. The even
rotational levels of deuterium j = 0, 2, 4, 6, 8, 10, etc., are sym-
metric, and the odd rotational levels, j = 1, 3, 5,7, 9, 11, etc., are
antisymmetric. The ordinary multiplicity, 2j + 1, of the 0 and
1 rotational levels is 1 and 3, respectively. The multiplicity
arising from the effect of nuclear spin is (s + 1)(2s + 1), or 6, for
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the symmetric or even rotational levels, and is s(2s + 1), or 3, for
the antisymmetric or odd rotational levels. Then the total
multiplicity for the lowest symmetric, even, rotational level,
J=0,18 (27 + 1)(s + 1)(2s 4+ 1), or 6, and the total multiplicity
for the lowest antisymmetric, odd, rotational level, j = 1, is
(27 + 1)(s)(2s + 1), or 9.

At 0°K, the mole fraction of molecules in each of the 6 states
at the ground level, j = 0,1s % X &, or %, and the mole fraction in
each of the 9 states at first rotational level, j = 1,is 3 X &, or 5.
Therefore, the entropy of mixing arising from the effect of nuclear
spin at low temperatures is

S (mixing, effect of nuclear spin at low temperatures) =
—RY N;InN; = —R[6(F In 1) + 95 In 555)]
= L R1In3 = 5.094 cal/deg mole. (18)

Consider a sample of deuterium gas obtained at room tempera-
ture, in which % of the molecules are in the even or ortho rotational
levels and & are in the odd or para rotational levels. Suppose
that calorimetric measurements are made on this deuterium down
to low temperatures, near 10°K, in such a way that no significant
number of transitions occur between the even and the odd rota-
tional levels. Then the molecules are “frozen’ in their respective
sets of rotational levels, and, in thé limit of low temperature, will
be in the zero and first rotational levels in % and 1 mole fractions,
respectively. With the convention that Sy° is not to include the
contribution arising from the effect of nuclear spin at high temper-
atures, we may write for the value of Sy° for deuterium measured
as above, in accordance with Equation 16:

So° = S (mixing, effect of nuclear spin at low temperatures) —
S (mixing, effect of nuclear spin at high temperatures) =
0.728 cal/deg mole. (19)

From the appropriate experimental data on deuterium down
to low temperatures, the value of Sy° from Equation 14 is cal-
culated to be 0.68 cal/deg mole (15,16). Within the limits of the
experimental data, this value is in accord with that given in
Equation 19.

It should be emphasized that, if the calorimetric measurements
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down to low temperatures on hydrogen or deuterium are made in
the presence of a catalyst which would permit substantially free
transitions between the odd rotational levels and the even rota-
tional levels, so that, as the temperature is lowered, in the limit,
all the hydrogen or deuterium molecules would be in the zero
rotational level, then such measurements would conform to the
requirements for the application of the third law and the value of
So° in Equation 14 would be found to be zero.

. Entropy of solutions at the absolute zero of tempera-
ture. Consider a substance, solid, liquid, or gas, that is com-
posed of two different kinds of molecules, MX and NY. If, at
the lowest temperature of measurement, 7T'., the observations on
this substance are such that the extrapolation of them from T to
0°K effectively places all of each of the two kinds of molecules in
their respective zero levels of energy, then the entropy remaining
in this substance at 0°K would be the entropy of mixing the
two kinds of molecules to form the given solution. In such case,
the value of Sy° for this substance is given by therelation (Chapters
13 and 25)

Soo = —RZN,; In N;. (20)

That is to say, the entropy of such a substance at 298.16°K would
208.16
be equal to the value of the integral j(; 5q/T plus the value of

the entropy of mixing, —R>_N; In N,.
An excellent illustration of the foregoing phenomenon is given
by the work of Eastman and Milner (17), who determined the

298.16
value of 1: 8q/T for solid silver chloride, pure sol