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PREFACE

Although a co‘mplotely satisfactory theory of nuclei has still to come
into being, there does exist a widely accepted theoretical approach to the
understanding of nuclear phenomena. Most workers in the field start
from the same broad interpretations of the qualitative features of the data
and most use the same, or closely related, methods of analysis. These
basic ideas and techniques of nuclear theory constitute the principal sub-
ject matter of this book. However, some departures from generally ac-
cepted views may occur as a consequence of the need to select material
for presentation, the sclection being unavoidably influenced by the taste
and judgment of the author.

The treatment of the subject has been governed largely by the author’s
teaching experience. He has found that graduate students, especially
those preparing for experimental work in nuclear physies, respond well to
a detailed treatment of theoretical questions, so it seemed best to treat
rather completely a coherent set of topies of general interest. The desire
to keep the length of the book within bounds has therefore resulted in the
neglect of a number of interesting matters, among them such topies as
nuclear fission, the liquid drop model, the theory of angular correlations
of radiations from nuclei, forbidden beta transitions, and so on. Despite
these gaps, it is hoped that the reader will be able to sense the spirit and
learn the basic methods of theoretical nuclear physies.

Particular emphasis is placed on the two-body problem becausc of its
intrinsic interest and importance, and for other reasons, too. For one,
the experimental facts are, on the whole, susceptible to simple analysis.
Hence these facts are discussed in detail although it has been impossible
to keep the discussion exactly up to date. The detailed analysis is to be
tuken as a consistent approach to the interpretution of the data rather
than as the final word on the subject.

Another reason for emphasizing the two-body problem is that it intro-
duces simple examples of many of the analytical techniques applicable
throughout nuclear physies. Familiarity with this discussion should there-
fore help greatly in the understanding of the theory of complex nuclei
(Part TII). In the treatment of complex nuclei no attempt is made to
present the great and growing mass of factual material in detail. The
reader is assumed to be familiar with the basic facts and definitions found
in elementary textbooks. Other detailed information can best be obtained
from current review articles and reference books.

v



vi PREFACE

The qualitative as well as the quantitative arguments presented here
are based on nonrelativistic quantum mechanics, and some knowledge of
that subject is a prerequisite for even a casual reading of the book. How-
ever, the author has found that many students have not considered it un-
duly burdensome to attend a course covering selected parts of this material
concurrently with a (second semester) course in quantum mechanics.

Remarks concerning the selection of the isotopic spin notation seem
to be called for because the subject is the center of some controversy.
There are many objections to the term Zsotopic spin, some based on the
fact that “isotopic” is a mislcading word, others based on the fact that
the term “‘spin” is misleading. At about the time the author had com-
pleted Part II, a move to replace ‘‘isotopic” by ‘“‘isobaric” was initiated
at the 1952 conference on nuclear physics at the University of Pittsburgh.
This change was so widely accepted that the new term is used in some
recent review articles. However, we found that the change did not meet
the most serious objection to the terminology, namely, that very awk-
ward phrasing was sometimes necessary. Such a phrase as “a spin singlet,
isotopic spin triplet, D-state’ is both awkward and confusing. The author
therefore leaped at a suggestion of Fermi that either ‘“isotopic” or “iso-
baric”’ should be abbreviated to ‘“4-.”” Ilence the terms ‘‘4-spin,” ‘“7-sing-
let,” and so on. Although this solution to the problem has disadvantages
(such as the tendency to use I instead of T for the associated quantum
number), it seemed reasonable when looked upon as an abbreviation.
The reader can read the term “Z-’’ as isotopic or isobaric according to his
taste.

Since the number and variety of contributions to nuclear physics is so
large, no attempt has been made to give detailed references to all original
papers relating to the topics discussed. The sources of the experimental
data that have been used are, of course, indicated. A theoretical paper is
usually referred to under either of two conditions: if it is the original
source of a basic idea treated in detail or if it contains the complete anal-
ysis of a problem too complicated to be treated thoroughly in the text.
Several excellent bibliographies are available to the reader who has an
interest in the history of the subject. The most up-to-date appears to be
the list of references given by Blatt and Weisskopf in their book Theoreti~
cal Nuclear Physics.

It is no accident that this book has been written in Madison. The
active program of experimental nuclear physics built up here by R. G.
Herb provides an atmosphere most conducive to contemplation of the sub-
ject. Many members of the experimental group have contributed to the
work, both by the questions they have raised and by the information they
have provided. The local theorists have also been of great assistance. In
particular, the author has been fortunate to have the critical advice and
help of J. L. Powell, whose deep understanding of the intricacies of scatter-
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ing theory has been especially useful. Aid of major proportions has heen
provided by W. G. Holladay who, as a graduate student, played the role
of a guinea pig by reading the material without previous knowledge of the
subject. He suggested changes, checked equations, and eliminated numer-
ous dangling participles.

The book could not have been completed in a reasonable length of time
without the help of Mrs. June Powell, who took the first draft of Parts T
and II by dictation and prepared most of the final manuscript of the en-
tire book. This would not have been possible but for the financial assist-
ance of the Publisher, who has proved to be most cooperative in every
respect.

Mention should also be made of the indirect support provided by the
Atomic Energy Commission and the Wisconsin Alumni Research Founda-
tion who, by their mutual support of the author’s research program, have
given him an opportunity to extend his knowledge of many of the topics
discussed here.

R. G. S.
Madison, Wisconsin
May, 1953
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Part I

THE NUCLEAR FORCE PROBLEM






CHAPTER 1
INTRODUCTORY REMARKS

1-1 Objectives. There are in nature just three known types of funda-
mental interactions which correspond to observable “forces.” These are
the forces of gravitation, of electromagnetism, and the specific nuclear
force. Gravitational forces are responsible for the retention of astronomi-
cal bodies in their orbits. Electrostatic forces lead, among other things,
to the structure of atoms and their chemical behavior. The specific nu-
clear force plays the same role in atomic nuclei: it binds together neutrons
and protons to form more or less stable configurations.

The immediate objective of theoretical nuclear physics is the investiga-
tion, through the interpretation of experiments, of the specific nuclear in-
teraction. A quantitative description of this interaction, such as might
be given by means of a potential function, should be the end result.

Any attempt to give quantitative form to an interaction brings up
another problem, the theoretical mechanical scheme appropriate to the
system. The question is, What is the nature of the mathematical setting
within which the analysis of a dynamical problem is to be made? The
form of the gravitational potential could be established only within a
scheme of mechanics which defined the concept of potential. Thus New-
tonian mechanics was required as a precursor to quantitative formulation
of the Law of Gravitation. The same can be said of the interaction be-
tween two electric charges, which was determined through experiments to
be given by the coulomb potential.

On the basis of experience in atomice physics it seems reasonable to start
with the assumption that neutrons and protons are structureless particles
subject %0 ordinary Schroedinger quantum mechanics. This is not likely
to be the ultimate form of the theory, since it cannot be extended into the
domain of very high energies where the conditions of relativistic covari-
ance become manifest, but it is generally assumed that the Schroedinger
quantum mechanics provides a reasonable low-energy approximation to
the correct theory. Since our attention will be focused on low-energy
problems, the methods of ordinary quantum mechanics will be used as a
basis of discussion. It should always be kept in mind that the low-energy
limit of the theory may take a different form;* the history of atomic
physies provides good evidence that the form of mechanics is not ordained
by earlier experience.

* As a matter of fact, those forms of meson field theory which seem most prom-
ising at present do not lead unambiguously to a nonrelativistic approximation of
the form of the Schroedinger equation.

) 3



4 INTRODUCTORY REMARKS [caap. 1

We start, then, with the assumption that neutrons and protons exist as
clementary particles within nueclei, and that the states of the nucleus are
determined by a corresponding Schroedinger equation. The interactions
therefore appear in the form of a potential. To make progress, the poten-
tial is taken to be of the simplest possible form, namely, a sum of two-body
interactions. Then investigation of the two-body nuclear systems should
provide the most direct information concerning the potential. Accord-
ingly, great emphasis is placed on the two-body problem. Ultimate con-
tradiction between the properties of the interaction established by means
of the two-hody systems (deuteron and proton-proton system) and the
properties of heavier nuclei may lead us to abandon the hypothesis of
two-body interactions. However, at present no clear-cut contradiction
has been established, so this hypothesis is made, with reservations, through-
out the text.

The ultimate objective is a complete theory (usually assumed to be a
field theory, built in analogy with quantum electrodynamics) of interact-
ing nuclear matter. With this in mind, the opportunity to deteet devia-
tions from the simple theory must not be overlooked. In the domain of
ordinary nuclear physics, effects such as the veloeity dependence of nuclear
forces, many-body interactions, changes in nucleon structure produced by
interactions, and outright contradictions of the simple theory would yield
clues concerning the ultimate theory.

Since it is generally believed that the meson field produces the nuclear
interactions, the study of meson reactions provides a direct attack on the
fundamental questions. At present that sphere of action is undergoing
rapid development, but correlation of the results with the nuclear force
problem is still in too primitive a stage to lead to definite conclusions. Al-
though we shall give limited attention to the meson problem, the most
recent periodicals provide the only up-to-date information on the subject.

In addition to the fundamental processes, there are a number of nuclear
phenomena which are susceptible to theoretical analysis but which do not
lead directly to information concerning nuclear forces. Nevertheless, these
are of interest for the indirect information that they provide. They are
the external phenomena associated with complex nuclei, such as nuclear
scattering of neutrons and protons, reaction cross sections, gamma cmis-
sion and absorption, and radioactivity. Although in general the exact
solution of a many-hody problem is impossible, we are still able to provide
a very good theoretical description of these phenomena, insofar as they
involve the internal nueclear structure only through such parameters as
energy, angular momentum, or parity of the nuclear states. Occasionally,
in a favorable situation, even more detailed properties of the wave func-
tions are implied. This description therefore provides a means of systema-
tizing our information concerning complex nuclei. The situation is very
similar to that in chemistry when the valence theory was found to be very
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successful and could be used to systematize information concerning chem-
ical reactions. A fundamental understanding of valence theory came only
much later, with the advent of quantum mechanics.

The nuclear states are, of course, in some way determined by the inter-
actions, so systematic data concerning cnergy states can contribute to the
fundamental problem by providing special properties of the interaction.
Iowever, the ‘aforementioned difficulty with the many-body problem
makes it clear that some simplification of the problem is required to ob-
tain an interpretation in terms of interactions. The simplifying assump-
tions usually are classed as a nuclear “model.” Insofar as conclusions
concerning the interaction may be dependent upon the validity of the
model, they are always subject to doubt.

Investigations of the external aspects of nuclei have raised a number of
interesting problems concerning nuclear structure and nuclear forces.
Under proper analysis they may culminate in as enlightening a develop-
ment as did the analysis of atomic spectra. Therefore the theoretical basis
of the analysis of external phenomena must be understood in terms of
their relationship to the internal structure if we are to keep open every
possible avenue of attack on the interaction problem.

1-2 The mechanics of nuclear physics. Quantum mechanics has been
introduced as the most primitive mechanical scheme to be considered in
treating nuclear problems because certain ideas concerning orders of mag-
nitude are already fixed in our minds. Ome alternative might otherwise
have been a Newtonian description. The requirement for validity of New-
tonian mechanics is that the de Broglie wavelengths of nuclear particles
be short compared with nuclear dimensions. Then it is possible to form
wave packets which move as particles move in classical mechanics.

The dimensions of nuclei are of the order of magnitude of R, the classi-
cal electron radius:*

R() = (’2/7710(72 = 2818 X 10—13 cm. (l—l)
The de Broglie wavelength is given by

A = (i/Mc)V Mc2/2T

for a particle of mass M and kinetic energy 7. Since the Compton wave-
length of a neutron or proton is

fi/Mc = 2.103 X 10" cm, (1-2)
* The constants given without other reference are taken from a preliminary re-

port on atomic constants to the National Research Council by J. W. Du Mond
and L. R. Cohen.



6 INTRODUCTORY REMARKS [cHAP. 1

while the rest energy is
Mc? = 938 Mev, (1-3)

the condition that one wavelength fit conveniently into a nucleus, 27X
= 2R0, is
T = 25 Mev. (1-4)

Thus we see that a nuclear particle of energy less than some 100 Mev will
undergo severe diffraction on striking the nucleus and that wave mechanics
will therefore play an important role in the description of any such process.
Furthermore, nuclear particles which are bound within the nucleus must
have kinetic energies not much less than 25 Mev. The average potential
acting on a particle must then be at least of this order to cause binding.
Only if the attractive potential is much greater than this will it be possible
to apply a Newtonian description to any of the nuclear particles. Tt hap-
pens that the potential is just of the order of 25 Mev, so the wave nature
of matter is essential for the internal as well as the external deseription of
nuclei.

Another interesting point is that at the very low energy of £ ev, which
corresponds to thermal energies, the wavelength of a neutron is 1.8 X 1073
cm. Thus for such low energics diffraction will occur on an atomie secale;
the wave nature of neutrons can be established by means of the Bragg
scattering of thermal neutrons from crystal lattices.

In the treatment of many atomic and electronic phenomena, extension
of the theory to the relativistic domain is essential. To what extent must
the Special Theory of Relativity be brought into the consideration of nu-
clear problems? The answer is given by considering the ratio v2/¢2, where
v is the particle velocity. If this ratio is very small compared with unity,
it is expected that relativistic effects will be correspondingly small. An
estimate can be made on the basis of the nonrelativistic relationship

v2/c® = 2T/Mc2. (1-5)
Since the order of magnitude of T is 25 Mev, we find that
1/ = ofg,

so relativistic corrections of the order of five percent are to be expected.
For most aspects of nuclear theory the theoretical and experimental un-
certainties are sufficiently great so that cffects of this magnitude can be
ignored.

Aside from occasional parenthetic remarks, the treatment given in sub-
sequent chapters will be entirely nonrelativistic. However, the relativistic
corrections offer very interesting material for investigation, and we take
this opportunity to discuss briefly the nature of the information they pro-
vide. Consider the analogy with the theory of the electron. An electron
at rest produces an electrostatic field, but in motion it also produces a
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magnetic field. The magnetic field is a relativistic correction to the elec-
tric field and, as such, it is velocity-depeadent. Similar velocity-depend-
ent corrections to the nuclear interactions are to be expected, and these
relativistic effecets offer a source of information concerning the nuclear
field, just as the fundamental magnetic laws of force provided the basis
for the development of the theory of the electromagnetic field.

It is of particular interest that first-order relativistic corrections to
nuclear problems can be handled by a natural extension of the Schroedinger
nonrelativistic, nonficld theorctic treatment. This point has heen empha-
sized by Breit, who hus shown that experimental detection of the correc-
tions would provide information relevant to the nuclear field theory. In
addition to this approach by small corrections, the relativistic and field
theoretic aspects of nuclear physics are being attacked by the more vigor-
ous methods of high-energy reactions, particularly those leading to meson
production. Results so obtained are still subject to many uncertainties in
interpretation. A direct connection with the nuclear force problem un-
doubtedly exists but has not yet been established because of the multitude
of difficulties inherent in meson field theories.

1-3 The nuclear particles. Neutrons and protons are treated, for the
most part, as clementary particles. Their properties, as far as their nuclear
behavior is concerned, are very similar, and it is convenient to have a ge-
neric term serving as a name for either particle: the “nucleon.” The nu-
cleon may be viewed as a particle having two different states, one with the
properties of the proton, the other with those of the neutron.

The known properties of a nucleon are charge, mass, spin, statistics,
magnetic moment, and half-life for beta decay. The charge of the proton
is positive and equal in magnitude to the charge of the electron. The
charge of the neutron is zero. The masses of the nuclear particles are
usually given with respect to a scale in which the oxygen atom (0'®) has
a mass of 16 units. On this scale the equivalence of mass and energy is
expressed by the statement that one atomic mass unit (amu) equals 931
Mev. The masses of interest are as follows:*

H atom 1.008142 amu,
proton 1.007579,
neutron 1.008982.

The difference in mass between the neutron and the hydrogen atom is 782
kev. This mecans that the neutron is unstable against emission of an elec-
tron (beta activity) to form a hydrogen atom.

The spin of both proton and neutron is one-half. Both satisfy the Pauli
exclusion principle; that is, the wave function of any system has the prop-

* Li, Whaling, Fowler, and Lauritsen, Phys. Rev. 83, 512 (1951).
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erty that it is antisymmetric for interchange of any pair of neutrons or any
pair of protons.

The magnetic moments are of particular interest because they have been
measured so precisely. Numerical values are given in units of the nuclear
magneton efi/2M ¢, M being the proton mass. We note that

chi/2Me =~ 5.05 X 10724 erg/gauss. (1-6)
The values of the magnetic moments in units of nuclear magnetons are

proton 2.79255,
neutron —1.91280.

The minus sign expresses the fact that the direction of the magnetic mo-
ment of the neutron is opposite to that of the spin.

A rough value of the half-life for beta decay of the neutron is 13 minutes.
The proton is stable against any of the known nuclear decay processes.

The neutron and proton are the simplest of the nuclei, and it would
seem best to have an understanding of their properties as listed above
before attempting an investigation of more complex nuclei. Since the
nucleon has spin one-half, it is tempting to assume that the correct form
of quantum mechanics required to describe its properties is the Dirac rela-
tivistic theory, which has been so successfully applied to the electron.
However, according to the simplest form of the Dirac theory, the magnetic
moment of a proton would be unity and that of the neutron would vanish.
The observed magnetic moments can be accounted for within the scope of
the Dirac equation only by means of a slight generalization of the original
theory, a generalization based on the observation of Pauli that an arbitrary
anomalous moment can be introduced into the Dirac¢ theory simply by
adding a term to the Hamiltonian. However, the completely arbitrary
multiplicative factor determining the Pauli moment introduces into the
theory a quantity of the dimensions of a length, a fundamental length
which would be in no way related to the other fundamental constants of
physies. Most physicists do not attach such great importance to the mag-
netic moments. Therefore, this approach, although it is useful for pur-
poses of calculation, is generally looked upon as a stop-gap procedure.
The preference is to interpret the anomalous magnetic moments of the
nucleons as a manifestation of the structure of nucleons associated with
their interaction with the meson fields, so they should be related directly
to other, more fundamental, physical constants such as the strength of
the coupling between nucleon and meson. Up to the present time, no
completely satisfactory, detailed quantitative theory of the magnetic
moment has heen developed.

Another implication of the Dirac theory of protons is that there must
exist in nature a negatively charged proton (antiproton). The energy re-



1-3] THE NUCLEAR PARTICLES 9

quired to produce proton-antiproton pairs is several times the rest energy
of the proton, i.e., several hillion electron”volts. The ultimate production
of such particles by the bevatrons presently under construction would pro-
vide a very happy confirmation of the guess that Dirac theory lies at the
root of nuclear structure.



CHAPTER 2
QUALITATIVE DISCUSSION OF NUCLEAR FORCES

Completely convincing evidence for the existence of nuclear forces is
given by the existence of stable nuclei, since the nuclei would otherwise be
shattered by the coulomb repulsion between protons. From other general
characteristics of stable nuclei it is possible to establish more detailed
qualitative featurecs of the interactions between nucleons. The following
specific assumptions arc made in formulating these ideas:

(1) Nuclear forces are well represented by two-body interactions.

(2) These interactions can be described in terms of a potential in-
serted into the Schroedinger equation.

(3) Effects of relativity and specific manifestations of field theory are
unimportant.

There are three examples of two-body potentials to be discussed: the
potential acting between neutron and proton, the potential acting between
any pair of protons, and the potential acting between any pair of neutrons.
These potentials, or at least their qualitative aspects, are simply denoted
by n-p, p-p, and n-n, respectively. Note that p-p involves, among other
things, the coulomb repulsion. However, it will turn out that for a given
pair of particles this contribution is small, so that the distinction between
the total p-p interaction and the specifically nuclear p-p interaction is not
ot great significance. The type of question which we can hope to answer
on qualitative grounds is that of the relative strengths of the three inter-
actions aside from the difference introduced by the coulomb potential.

2-1 Consequences of 4 =~ 2Z. An early and intercsting observation
concerning atomic nuclei was the fact that the atomic mass number A is
approximately equal to twice the atomic number Z. This relationship is
particularly accurate for the light and intermediate nuclei; for heavier
nuclei the value of 4 increases more rapidly than 2Z. Since A is equal to
the total number of nucleons in the nucleus and Z is the total number of
protons, the number of neutrons is about equal to the number of protons
for the light nuclei, but for the heavier nuclei the neutron number increases
more rapidly. Expressed differently, it seems that the light nuclei prefer
to add nucleons in n-p pairs. The addition of a large number of neutrons
or a large number of protons apparently does not lead to a stable nucleus.

Thus the interaction provides a strong attraction between neutrons and
protons. There may be comparable interactions between like particles,

10
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but these must not be so great as to stabilize nuclei consisting only of like
particles, nor so different as to favor one type of nucleon over the other.
We conclude, then, that*

(a) Kither n-n = p-p = n-p
or n-p > n-n and n-p > p-p.

2-2 The shape of the potential. Nuclear interactions certainly do not
extend to very large distances beyond the nuclear radius. Any such long-
range nuclear force woald manifest itself through a modification of molecu-
lar behavior. From this fact it can immediately be seen that the nuclear
potential must show a much stronger tendency to vanish at large distances
than does the coulomb potential. TFor let us suppose that the potential
does have the form ¢?/r. We have scen that within nuclei the average
potential is of the order of 25 Mev or greater. Thus

¢*/Ry = 25 Mev,

from which it follows that
¢*/e* = 50.

Hence the magnitude of the forces within nuclei is such that the 1/7 poten-
tial would be much stronger than the coulomb potential due to the elee-
tric charge, and consequently it would play a prominent role in molecu-
lar problems.  One might consider a power law which converges much more
rapidly, such as 1/r" for large n. However, the difficulty immediately
arises that for an attractive potential of this form with n > 2, the Schroe-
dinger equation is not susceptible to solution. To avoid this difficulty it
would be necessary to cut off the potential at small distances.

The introduction of a cut-off in the potential implies that we must con-
sider at least two parameters for the deseription of the interaction. The
simple inverse power laws involve only one parameter, the “strength’ or
the “charge.” The second parameter, in this case, would be the distance
at which cut-off occurs. A more direct procedure is to assume that the
potential involves two such parameters in a simple and straightforward
way. The parameters are taken to be the strength 17, which might, for
example, be the value of the potential at the origin, and the range «, the
distance beyond which the potential rapidly goes to zero. Note that the
potential is taken to be zero for infinite separation of the nucleons.

The following argument, due to Wigner, gives us some indication of the
magnitudes of these parameters on the basis of the observed binding ener-
gics of the very lightest nuelei, 112, H®, He®, He'. The energy values are
shown in the second column of Table 2 1.

* The qualitative properties of interactions established in this chapter are labeled
consecutively (a), (b), ete.
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TaBLE 2-1
Binding Energy
Bond No. of
Nucleus Energy . per Bond
(Mev) Diagram Bonds (Mev)
H? 2.2 o—o0 1 2.2
H3, He? 8 3 2.7

i
Het 28 IE 6 4.7

It is tempting to analyze these binding energies in terms of a simple
chemical bond model; that is, to assume that the binding energy is simply
proportional to the number of bonds. The third column of Table 2 1
gives a schematic diagram of the bonding picture, the fourth column gives
the number of bonds, and the fifth column the binding energy per bond.
The striking fact is that the binding encrgy per bond is not nearly con-
stant, so that such a simple model fails completely.

This increase in binding cnergy per bond can be understood in terms of
a potential which is narrow and deep. Consider a potential well of the
shape indicated by Fig. 2-1. The decuteron problem then involves the

Y'—J

Fie. 2-1. The shape of the two-parameter potential and the corresponding
ground state radial wave function.
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motion of a particle of mass M /2 (the reduced mass) under the influence
of this potential. A small range, o, woull tend to constrain the particle
to a small region of space. However, as one can see from the uncertainty
principle, a large value of the average kinetic energy is thereby implied.
The deuteron will then be bound only if the potential is deep enough. Now
let us consider the situation in which the binding energy Ky, is small com-
pared with the depth of the potential. The wave function of the almost-
free particle then extends well beyond the range of the foree, as indicated
in the figure. By assuming that this is the situation in the deuteron, it is
now possible to establish qualitatively that the binding energy per bond
will increase on going to the three- and four-body nuclei.

The kinetic energy T of a particle in the nucleus is roughly proportional
to the inverse square of the radius R of the region to which the particle
is confined:

T ~ 1/R2.

Here, R may be defined as the radius within which the wave function dif-
fers appreciably from zero. Furthermore, the average potential energy
per particle, V, is proportional to the number of bonds, b, and inversely
proportional to the confining volume. The latter statement is a direct
result of the fact that the potential acts over a distance small compared
with R (see Fig. 2 -1), so that the average potential is reduced by the ratio
o3 /R? of the active volume to the total volume. We find, then,

V ~ b/R3.
For two nuclei containing different numbers of particles, the ratio of the
kinetic energies per particle is
Ty/Ty = RY/RS,
while the ratio of the potential energies per particle is
Va/Vi = boR}/b R,

As the number of bonds is increased, the wave function is pulled into the
potential well, so that R is decreased as long as it is greater than a. Thus
for by > by, we have the inequality

(Vo/V1)/(Te/Ty) = Riba/R3by > 1,

and the potential cnergy per particle increases at a greater rate than the
kinetic energy per particle. This establishes the increase in binding energy
per bond with an increasing number of particles. The essential point in
this argument is that the wave function of the deuteron extends well be-
yond the range of forces, as it must if the kinetic energy and potential
energy in the deuteron are approximately equal.
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To obtain a rough estimate of the deuteron kinetic energy, it seems
reasonable to assume that just half of the wave function is contained in
the potential well, that is, to characterize the function by a wavelength
X, with

27X = 4a.
Then the kinetic energy is

T ~ 1% /4Md>. (2-1

According to the above argument the depth of the potential is roughly the

same: .
Voo? = n?h2/4M. (2-2)

Thus there appears a connection between the range and depth of the
potential such that greater depth corresponds to shorter range.

We have already obtained a rough estimate of the average potential
acting on a nucleon in Section 1-2. The argument presented there implies
that

Vo 2 o*i%/2M R,
from which it follows that
aS3YV2ZRy=20X 107" cm. (2-3)

Note that the factor one-half is just our rather arbitrary choice of the ratio
of « to the radius of the deuteron function. According to our arguments,
this must be less than one. Tt follows that

(b) The range of nuclear forces is probably somewhat less than nuclear
dimensions.

An assumption which seems essential to the success of this entire analy-
sis is that bonds are formed between pairs of nucleons of all types and that
these bonds are of the same magnitude. The first of the alternatives in
property (a) of Section 2-1 should then be sclected. However, this point
will not be pressed, since more direct evidence is forthcoming.

2-3 Saturation of nuclear forces. The description of the binding proc-
esses of very light nuclei, outlined in the previous section, can now be ex-
tended to nuclei of mass greater than the alpha-particle. Eventually, as
the mass number is increased, the one-particle wave function will be pulled
into the potential well, so that the binding energy per bond should cease
to increase. It might then be expected that the simple bond picture would
be applicable and that the binding energy of a nucleus would increase in
proportion to the number of bonds. Since the number of bonds is equal
to A(A — 1)/2, the binding energy per nucleon for large A would seem to
be proportional to A. Furthermore, the increase in binding would lead to
a reduction in the volume per nucleon of the nucleus for increasing 4.
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10 Mt’U

10 20 30 40 50 60 70 80 90 100
VA

Fic. 2-2. Binding energy per nucleon for stable atoms. Compare Table 8-2.
(Taken from Bitter, Nuclear Physics. Addison-Wesley, 1950.)

Neither of these conclusions is in accord with the facts. The binding
energy per nucleon is shown in Fig. 2-2 as a function of atomic number.
There are fluctuations associated with individual nuclei, but the trend is
well represented by the smooth curve. Apparently the trend of the bind-
ing cnergy curve can be described by the statement that the binding
energy per nucleon is essentially constant, rather than proportional to A.
The rapid increase at very low A4 is related to the complications discussed
in the previous section. The deviation of the smooth curve from a con-
stant value, that is, the slow rise for Z less than 30 and the slow decrease
for Z greater than 30, can be given a plausible explanation even if we
assume that the dominating trend would hold the binding energy per
particle constant. The smooth rise at the early part of the curve may be
ascribed to the relative importance of surface effects for smaller nuclei.
The contribution of the surface to the binding energy is somewhat less
than the contribution of the interior of the nuzleus. Since the surface-to-
volume ratio deereases with increasing size, the effect of the surface should
become less important, with the result that the average binding energy
should increase.

The decrease in binding at the late end of the curve can be associated
with the coulomb repulsion between protons. We know that the coulomb
energy per proton is proportional to the number of other protons in the
nucleus, Z — 1. Now if the specific nuclear binding is independent of Z,
the coulomb term is of increasing relative importance with increasing Z.
Since it has the form of a repulsion, the result will be a decrease in binding
for the heavy nuclei. In spite of the fact that the coulomb interaction
between a pair of nucleons is small compared with the specific nuclear
force, the effect becomes large, since it involves all the protons.
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Figure 2-2 indicates that the binding energy per particle has about the
value corresponding to the alpha-particle. Therefore it can be said that
the average number of bonds per nucleon in a nucleus is the same as that
in the alpha-particle; on the average, a nucleon forms at most three bonds.
This limiting of the number of bonds that can be formed by a nucleon is
referred to as the safuration property of nuclear forces.

Further evidence for saturation is given by the observations on nuclear
size. It is found that the nuclear radius R is proportional to A’%; that is,
the nuclear volume is proportional to the number of nucleons. Unsatu-
rated bonding of nucleons would lead to a decrease in the volume per nu-
cleon with increasing numbers of particles, while saturated bonding implies
that the constraints acting on a nucleon are essentially independent of the
number of nucleons, so the volume per particle is constant.

Since the binding energy per particle is constant and the volume per
particle is also constant, the saturation property can be characterized by
the proportionality of binding energy to volume; the binding energy per
unit volume is independent of mass number. In this form, it beecomes
apparent that the phenomenon of saturation is very familiar in atomic
physics. Examples are the binding energy of liquids and solids, the homo-
polar chemical bond, and the polar chemical bond; in cach of these cases
the binding encrgy is proportional to the mass of material. The atomic
saturation phenomena can be understood in terms of atomic structure.
They depend in some detailed way on the electronic configurations of the
atoms and molecules. However, if nuclei are to be understood as com-
posites of structurcless nucleons, we are forced to ascribe the saturation
property to some peculiarity of the interaction potential. The result is
that our concept of potential must he generalized, and we shall find that
there is no classical analog (i.e., one that fits into the scheme of Newtonian
mechanics) to the potential that will be used. The loss of a simple concept
of potential is probably an indication that nuclear interactions will only
find their ultimate explanation in a field theory. We may conclude that
the nucleon is not really an elementary particle but that it has structure,
and the introduction of an unconventional type of potential is necessary
only as a result of our attempt to incorporate effects due to structure into
the potential concept.

Without trying to formulate the required potential quantitatively, it is
still possible to establish the desired saturation property by means of a
qualitative condition on the intcraction. For this purpose it is helpful to
think in terms of a very simple nuclear model, namely, the independent
particle model,* wherein each nucleon is assumed to move in the average
field of all other nucleons. The wave function of the nucleus as a whole
will then be a properly antisymmetrized product of one-particle functions.

* A much more detailed discussion of this model is given in Chapter §.
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Each one-particle state will also be assumed to involve a single orbital
state (space function) and spin state. Although this simple model is not
cxpected to be a very good approximation, it is still of great use in formu-
lating the saturation property as well as other properties of nuclei. Even
if the model is quite poor, it should be kept in mind that the correct nuclear
wave function can always be cxpanded in terms of functions of the type
provided by the model. Thereforc general properties established on the
basis of the simple model may carry over to the correct wave function.

The saturation property can now be ascribed to the following character-
istic of the nuclear interaction:

(¢) Nucleons attract each other strongly only if they are in the same orbital
state.

According to the Pauli principle, only two ncutrons and two protons
will be found in the same orbital state. Therefore strong attraction will
occur hetween only four particles at a time. The binding energy of a
nucleus will be given roughly by the sum of the birding energies of the
sets of four nucleons contained in it. This means, of course, that for a
heavy nucleus the binding is proportional to the number of particles, and
that the alpha-particle is the saturated unit.

There must be some attraction between nucleons in different orbital
states, otherwise the nucleus would separate into its constituent alpha-
particles. All that is required for our purpose is that the binding between
nuclecons in the same orbital state should predominate.

The investigation of high-cnergy neutron-proton and proton-proton
scattering provides convincing evidence for the existence of a property of
the interaction akin to property (¢). Ilowever, there are also indications
that the degree to which (¢) holds, i.e., the magnitude of the difference
between interactions in the same and in other orbital states, is not great
enough. Thercfore some other property of the interaction may be re-
quired to complete the saturation process. There are a number of possible
explanations. One is the “hard core” theory, an analog to the explanation
of saturation in solids and liquids. The potential is taken to be repulsive
at small distances, so that only a few nucleons can be brought within the
range of attraction simultaneously. Another possibility is that many-body
forces of such a form as to provide saturation are responsible for nuclear
binding. But it may turn out that saturation can only be completely
understood by detailed reference to the meson field. However, only the
property (c) is readily susceptible to detailed analysis, and discussion of
the other possibilities has been generally avoided.

2-4 Structure of the chart of stable nuclei. Those light nuclei which
happen to be stable are indicated by the gray blocks on the excerpts from
the chart of nuclides which are reproduced in Figs. 2—4, 2-5, and 2-6.
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Fia. 2-3. Schematic diagram of one-
particle orbital levels in a nucleus. Each

level is labeled by the nucleus that is ob-
tained when that level, and every one

[cHAP. 2

This chart consists of a plot of the
number of protons (Z) as a function
of the number of neutrons (4 — Z).
Examination leads to the conclusion
that the selection of stable light
nuclei shows certain definite regu-
larities, and it is our purpose to dis-
cuss these regularities with reference
to their relationship to any interest-
ing properties of the nuclear inter-
actions.

Again it is useful to think in terms
of the independent particle model
which suggesis the diagram of hori-
zontal lines set forth in Fig. 2-3,
each line representing an orbital
state of a single nucleon on some
sort of energy scale. It is to be kept

in mind that this representation is
schematic, and that in particular the
position of the energy level depends both on the number of nucleons in it
and on the number of nucleons in the levels below. According to the Pauli
principle, at most four nucleons can occupy cach level. Since we are here
interested only in the ground state of the nucleus, we shall always assume
that there are four nucleons in every level below the first unfilled level. In
Fig. 2-3 nucleons are shown filling the levels as they would in the nucleus
Li%. For convenience, each level has been assigned a number; it is also
labeled by the nucleus obtained when it is occupied by four nucleons.

Note that He? corresponds to having the lowest state filled. The addi-
tion of a neutron to this system would produce He?, or the addition of a
proton would produce Li®. Examination of the nuclear chart shows that
neither of these nuclei exists, presumably because the single nucleon in
orbital state number 2 does not feel a strong attraction from the nucleons
in orbital state number 1. This is in accordance with property (c).

below it, is filled.

Li® to O'7. 'The part of the chart between Li® and O'7 is reproduced in
Fig. 2-4. A very great regularity is immediately apparent. Li® is formed
by the addition of a neutron-proton pair in state number 2, as indicated
in Fig. 2-3. The attraction between the pair in the same state provides
the necessary stabilization of the nucleus. On the other hand, He®, which
would be formed by adding two neutrons in statc number 2, is unstable
against beta emission, and Be®, which is formed by the addition of two
protons, is completely unstable. The difference between He® and Be® may
be ascribed to coulomb forces. However, the difference between He® and
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Li® gives us further information concerning the relative strengths of the
n-p and n-n interactions, namely,

(d) Etther n-p > n-n or the inleraction is spin-dependent.

The first of these alternatives will clearly provide relative stability to Li®
The second requires further explanation. It is to be remembered that two
nucleons in the same orbital state must have opposite spins if the nucleons
are both of the same kind, that is, either both neutrons or both protons.
On the other hand, a neutron and proton may have parallel spins in the
same orbit. Now if the nuclear interaction is spin-dependent in such a
way that nucleons with parallel spins attract each other more strongly
than nucleons with antiparallel spins, it would follow that a neutron-proton
pair in a given orbital state could be more strongly bound than a neutron-
neutron or proton-proton pair.

The next stable nueleus is obtained by adding a neutron to form Li7.
The stability relative to Be” is due to the fact that the coulomb energy
difference is greater than the n-H mass difference.  The next step is to add
a proton to form Be®. The fact that Be® is not stable might seem to be a
contradiction. However, the instability corresponds to the unusually great
stability of the alpha-particle, so that the nucleus divides into two alpha-
particles spontaneously. The nueleus would be stable against any beta
process, so that one can say that it does not require further attention. We
now come to level number 3 and find that the addition of one neutron to
form Be? leads to a stable situation. This gives us another qualitative
characteristic of the interaction, namely,

(¢) There is some attraction between nucleons tn different states.

No new information is provided by the structure of the chart up to O,
since it ean be understood merely by a repetition of the arguments pre-
sented above.

0'® to A%, This section of the chart is reproduced as Fig. 2-5. At OV
there is just one neutron in level number 5. According to the chart, the
next stable nucleus is 08, which indicates a marked change from the pre-
vious pattern. The second neutron in level 5 is more strongly bound than
the first proton. Apparently the coulomb energy has become large enough
to overcome the difference in the n-p and n-n interactions. Since the cou-
lomb energy of such a light nucleus cannot be very large, we conclude that

(f) Either the n-n (and therefore the p-p) tnteraction is comparable to the
n-p, or the spin antiparallel interaction is comparable to the spin
parallel,

although in each case the former is somewhat smaller. The alternatives
correspond to the alternatives cited in property (d) above. The conclu-
sion concerning the p-p interaction is obtained from property (a).
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The next two stable elements are formed by adding two protons in
succession to level 5, as one would expect. Level 6 starts with a neutron,
as before, and repeats the above pattern on up to A3, Note that as a
result of the fact that neutrons add in pairs and protons add in pairs, we
have the general rule that

There are no stable odd-odd nuclei above N4,

The term ‘“‘odd’’ here refers to the number of neutrons or the number of
protons.

S% on up. The part of the chart in the neighborhood of 83¢ is presented
as Fig. 2-6. At this point two effeets come into play: first, the coulomb
energy has increased to the point where two neutrons in level 10 may, as
a consequence of their mutual attraction, have almost as low an energy
as two protons in level 9. This is the effect which leads in general to an
increase in the number of neutrons over the number of protons in heavy
nuclei. The other effeet has to do with the fact that 20 is a so-called magic
number; 20 nucleons appear to form an especially stable configuration,
usually called a closed shell. Although this is not the place for a discussion
of magiec numbers, we must recognize that they play a role at this particular
point in the nuclear chart. The nuclei A%® and 8% are both stable, 83" has
its last two neutrons in level 10 and its last two protons in level 8, while
A% has its last two neutrons in level 9 and its last two protons in level 9.
A3Y is therefore the well-behaved member of the family. The stability of
$%% can be attributed cither to the fact that 20 neutrons form an especially
stable configuration or that the coulomb repulsion of the protons favors the
addition of two neutrons in spite of the smaller number of bonds formed
by the neutrons. The coulomb effect is clearly established independently
of the closed shell effect only when we reach Ti**. The magic number 20
has no bearing on the relative instability of the isobar Cr'®, while this is
casily understood as a coulomb effect.

Note that at A = 36 we have our first example of an 7sobaric pair, a pair
of stable nuclei of the same atomie weight but of different atomic number.
Such pairs become common from this point on because of the favorable
competition of neutron pairs with proton pairs. If two isobars are dis-
tinguished by a difference of just one unit of charge, the less stable mem-
ber of the pair will beta decay into the more stable one. Hence stable
pairs of neighboring isobars do not exist. "The commonly oceurring isobars
differ by two units of charge, although they also have different binding
energies, because the only process whereby one can be transformed into
the other is double beta emission, which is a very improbable process, i.e.,
a process requiring an extremely long time.

Finally, we note that the odd-odd rule cited above is strengthened in
this region because the last neutron occupies a different state from the
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last proton, and the attraction between neutron-proton pairs, according to
property (c), is greatly reduced.

2-b Conclusion. The results of the qualitative discussion of nuclear in-
teractions in this chapter may be summarized as follows:

A. The hypothesized two-body nuclear potential requires at least two
parameters for its desceription.  These are the strength and the range.

B. The range of the potential is somewhat less than the nuclear radius.

C. A reasonable working hypothesis is to assume that n-n = p-p
= n-p, aside from the coulomb effect. The nuclear forces are then said
to be “charge-independent.”’

D. Statement C requires that the interaction be assumed spin-
dependent.  Nucleons with parallel spins are more strongly attracted.

E. There is a saturation phenomenon. A qualitatively successful
working hypothesis is that the attraction between nueleons in the same
orbital state is considerably greater than that between those in different
orbital states.

Further confirmation or contradiction of these statements must now be
sought in the more detailed properties of the simple nuclear systems.
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THE TWO-BODY PROBLEM






CHAPTER 3
GROUND STATE OF THE DEUTERON

The notion that nuclear forces can be deseribed by a two-body interac-
tion between nucleons has the consequence that everything about them
can, in principle, be learned from a study of the two-body nuclear systems,
the proton-proton, neutron-neutron, and neutron-proton. Of the three,
only the last certainly forms a stable unit, the deuteron.  Because abun-
dant information is available concerning the ground state of the deuteron,
we shall subject it to very close serutiny, with particular reference to the
nature of the n-p interaction.  We shall find that an interaction capable of
accounting for the ground state data must contain more parameters than
the minimum of two indicated in Section 2 5. At the same time, these
parameters are not completely determined by ground-state data alone.

3-1 Properties of the deuteron. The known properties of the ground
state of the deuteron ave as follows:
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An auxiliary quantity which is of great use is

ky = V= ME/12, 3-1)
which turns out to be

by = 2316 X 102 em™ = 2R,

to a very good approximation. Ilere (—1,) is the binding energy. The
quantity 1/k, = 1.5R, is often referred to as the “radius of the deuteron,”
since it is the distance, outside of the range of forces, over which the radial
wave function drops by the factor 1/e.

Our first problem will be the analysis of the implications of the binding
energy. Quantum mechanies provides a perfectly straightforward method
for calculating the binding energy if the potential is given. Since our ob-
jective is the determination of the potential, a number of possibilities must
be tried, and the two parameters in the potential must be adjusted to fit
the binding energy. The binding energy provides only one condition on
the parameters; it will be formulated as a relationship between the range
and depth for a given shape of the potential.
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28 GROUND STATE OF THE DEUTERON [cHAP. 3

At the outset, a central potential will be assumed, and it will be charac-
terized by just the two parameters, the range @ and the depth V. 17 can
conveniently be replaced by a parameter K, defined by the relationship

Vo = 1*K*/M. 3-2)

K then has the dimensions of a reciprocal length.

Analytical forms of the nuclear potential which have been treated ex-
tensively and are considered to give a good quantitative fit to various
nuclear data are the following:
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With the square-well potential, it is required in addition that a condition
on the wave function be imposed at r = a, an extra requirement arising
directly from the nonphysical discontinuity in the potential. Since the
discontinuous potential is useful only as an approximate representation of
a smooth potential, it should be treated as the mathematical limit of a
continuous function. Such a limiting process would lead to continuity of
the wave function and its first derivative at r = a. This condition is
therefore imposed on the solution of the Schroedinger equation.

The Yukawa potential is probably the most interesting because it is
intimately related to current, concepts of a nuclear field theory. However,
it is not susceptible to explicit analytic treatment. The Schroedinger
cquation must be solved cither by numerical methods or by relatively
claborate approximate methods which obscure the simple quantitative
features of the problem. For that reason, the square-well potential, which
can he treated explicitly, will be used here most often as the basis of de-
tailed calculations. It must be kept in mind that this choice is made only
for purposes of exposition and not beeause physical significance is attached
to this particular form of potential. As a matter of fact, the treatment of
low-energy phenomena is bound to be rather insensitive to the shape of
the potential, so that any choice of shape is useful for developing an in-
sight into the essential physical features of the problem. This lack of
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sensitivity to shape is a direct consequence of the large ratio of wavelength
of the eigenfunction to range of the forces, a condition shown, in Section
2 2, to be satisfied by the ground state function. The wave function is
apable of “secing” only thosc cffects which extend over a distance some-
what longer than a wavelength.

We shall find that none of the potentials, Eqs. (3-3) to (3 -6), as they
stand, is adequate for o complete deseription of the ground state of the
deuteron; the forees must be taken to be noncentral. Thercfore a detailed
treatment of any of the central potentials is useful only to gain some under-
standing of the simpler aspects of the problem .

3-2 Binding energy. Square well. If the n-p interaction is deseribed
by the square-well potential, Eq. (3-6), the wave function of the ground
state is a solution of the Schroedinger equation

VY — (2 — K =0, r<a,
Y 0 (3-7)
VY — /'Z!P =0, r> «a,

where the variable » is the n-p distance. Use has been made of the fact
that the reduced mass for the deuteron is just A/ /2. The boundary con-
ditions are

¥(0) finite, (3 8)
Y >0 as r — o, (3-9)
Y(a —0) = g(a +0), (3-10)

).,
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IFor convenience, we shall write
. 9
ki = K* — k2. (3-12)

Then the kinetic energy inside the well is just 2% /M
As a result of the assumption of central .\ymmcl,ry, the solutions of the
cquation can be separated according to

\0n ILm = nl(’)) '"(0,¢), 3- 13)

where 7, 8, and ¢ are the spherical polar coordinates for the system, n is a
principal quantum number, [ is the orbital angular momentum, and m is
the magnetic quantum number. Y7 is, of course, the spherieal harmonie.
The solution of interest. here corresponds to the lowest eigenvalue of the
energy, since £, is the energy of the ground state. For a central potential
it can be shown* that this solution must have [ = 0, n = 1, where n is

* See Appendix 1.
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the number of radial nodes, including the one at infinity. In the language
of the atomic spectroscopist, we then refer to the ground state as an S
state.
By writing
Frolr) = u@®)/r, (3-14)

and making use of the fact that 1§ is constant, we can reduce Eq. (3-7) to

W+ =0 r<a

3 15)
W —ku=0 r>a
with the boundary conditions
w(0) = 0, (3-16)
u(x) = 0, (3-17)
u(a — 0) = u(a + 0), 3-18)
W —0) = u'(a+ 0). (3-19)
Tha solution of these equations is given by
u = Agsinkgr, r<a,
w=Be ™ r>a, (3-20)

where the constants A, and B, are to be determined by one boundary con-
dition and a normalization condition. By combining the houndary con-
ditions (3 18) and (3-19) to form

u’ u
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we find immediately the relationship
K CObL kg = —kg. (3-22)

In the more familiar problems of quantum mechanics the constants in
the potential are assumed to be given, and Eq. (3—-22) can then be solved
for the value of k,. Each possible solution provides a value of I/; accord-
ing to Eq. (3-1) or, more directly,

E, = —1%3/M. (3-23)

In this way the energy levels of the system corresponding to S states can
be determined.  However, the situation is reversed in the problem under
consideration. The binding energy of the deuteron is known; therefore a
value of &, for the ground state is given. The parameters in the potential
are not known. Iquation (3 22) provides a relationship between these
parameters for the fixed value of k. This is the range-depth relationship
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referred 1o before, given explicitly for the case at hand. A comparison
with our earlier rough estimate of the relationship Eq. (2-2) is now pos-
sible. There, the assumption was made that the kinetic and the potential
cnergy were virtually the same in magnitude, so the binding energy could
be treated as a small quantity; that is,

kg > kg.

Then Eq. (3—-22) becomes, roughly,

cot Ka = 0,
which yields
T
Ka = —» 3-24
or ) o
K> , T n?

ot = —
M i+ M

which is identical with Eq. (2-2), as can be seen by reference to Eq. (3-2).
No matter what the shape of the potential, the range-depth relationship
will be roughly of the same form,

o2 .
Voo™ = const,

as long as the depth Vy is large compared with the binding energy.
The exact relationship between range and depth for the square-well
potential is easily obtained by rewriting Eq. (3-22) in the form

ke ( Kg)
kya = —arctan | — — s (3-25)
Ky ke
where «g/k, is directly related to the depth by Kq. (3-12) or its equivalent
Ky [ Vo l 'z
=] -— =1/ - (3-206)
ke l E, l

Fquation (3-25) has multiple solutions for the range «, but only the small-
est. value is consistent with the interpretation of /£, as the ground state
energy. Therefore the arctangent lies in the second quadrant. We note
also that Eq. (3-25) then places kya in the second quadrant,

™
2 < kga < (3-27)

The solution of Eq. (3-25) is shown in Fig. 3-1. This typical informa-
tion provides us with some orientation concerning the relationship between
depth and range, but of course another datum is needed in order to decide
on a value for the range.
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Fic. 3 1. Range-depth relation for a square well.  The range is a, the depth of
the potential is 2282/ M. The binding energy of the deutron is A%k2 M.

It is to be remembered that this is merely an illustrative ealculation,
and that the wave funetion of the deuteron may be quite different in its
analytic form from that obtained here. ITowever, for many purposes the
square-well wave funetion will provide a useful basis for illustrative analy-
sis of deuteron problems.

It is convenient for future purposes to normalize the square-well wave
functions, Eq. (3—-20), by the condition

-]
/ u?(r) dr = 1.
0

Now the relationship between the constants A, and B, is determined by
the continuily condition, Eq. (3-18), which requires that
Ay sin kg = Bye™b,
But we can write
sin ka = (1 + cot? ko) ™%

= "g/K;

according to Eq. (3-22). Use has been made here of the fact that k.« lies
in the second quadrant, as indicated by Eq. (3-27). Thus
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and the normalization condition takes the form
’ "o Kz w0 ]
D . D 2] -9
Aﬁ | / sin? kyr dr -+ —gz c""’“/ ¢ 2k drl =1.
70 ]\ a

Tvaluation of the elementary integrals yields the final result:

2k, "¢
AL’ =1- )
1+ ke

14

(3-28)
2k,

Bg = Kg_lr '"“J ck‘a.
K1+ ka

3-3 Binding energy. Other central potentials. Although the treatment
of the squarc-well potential is useful beeanse of the simplicity of the analy-
sis, an analytically continuous potential would fit more naturally into our
physical concepts. The smooth potentials, with the exeeption of the ex-
ponential,* Eq. (3-4), lead to a Schroedinger cquation soluble only by
numerical or approximation methods. Again attention is given only to
the S-state. The differential equation for the radial funetion is

u’ + (W) = B =0, (3-29)

where W(r) = K%ar™'e™"'®, for the Yukawa potential, Fq. (3-3), and so
on. The boundary conditions are

u(0) =0, (3-30)
u(=) = 0. (3-31)

There is, of course, no condition equivalent to Eq. (3—18) or (3-19).

Since a simple analytic solution of Eq. (3-29) has not been given, a
straightforward attack by numerical integration can be attempted. This
involves a step-by-step integration of the equation from » = 0 to r = .
The objeet of the integration is to obtain a range-depth relationship, but,
in the numerical integration values must be assumed for both of these
parameters.  Equation (3--31), taken along with the condition that W(r)
be short range, leads to the asymptotic form of u(r):

w(r), o » — ek,

Starting with this form at some finite but very large distance, the numeri-
cal integration can be carried into the origin. Since the parameters A and
o have been chosen arbitrarily, the value of u(0) will not satisfy the con-
dition of Eq. (3-30). After intelligent observation of the calculated value
of u(0), a new choice of K (for the same «) is made, the procedure repeated,

* Cf. II. A. Bethe and R. F. Bacher, Rer. Mod. Phys. 8, 82 (1936).
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TaABLE 3-1

Range-depth relation for the Yukawa potential, Iiq. (3-3), as obtained by numerical
integration [Sachs and Goeppert-Mayer, Phys. Rer. 63, 991 (1938)]

a (10 ¥ em) 0.62 1.18 1.54 1.93

#2K?%/M (Mev) 217 68 43 30
ak, 0.14 0.28 0.36 0.45
K%a? 2.00 2.30 2.50 2.70

TanLe 3-2

Range-depth relation for the Yukawa potential obtained by a first iteration of the
variational equation

£ = ak, 0.14

0.28 0.36 0.45
0% 1.68 1.85 1.95 2.05
70D = K%? 2.00 2.30 2.47 2.67

and, with luck, «(0) will be closer to zero. A number of repetitions will
determine that value of K, for a given a, which leads to %#(0) = 0 within
the desired approximation. For each value of «, this procedure must be
repeated to obtain the corresponding K. Results obtained in this way
for the Yukawa potential are given in Table 3-1.

The construction of the relationship between K and a by such a method
is very tedious. Although some short-cuts in the procedure might be
found, it would be much better to have an analytical approximation
method capable of rapid convergence. The analytical method is particu-
larly desirable for the practical problem of obtaining answers quickly
when a readjustment of the shape of the potential, or some one of its other
properties, is necessitated by new data.

One analytical approach is provided by the usual variational method of
quantum mechanics. If I7 is the Hamiltonian of a system, then the ex-

pression
& =/¢*H¢ri3r//|¢|2d3r

is larger than or equal to the ground state energy E, for any choice of the
function ¢, and the function ¥ which minimizes & is the correct wave func-
tion. A good guess as to the form of ¢ will lead to a value of § near to K,
and, if several parameters are left free in the function ¢, they may be
chosen in such a way as to minimize &, thereby improving the approxima-
tion to K. Although this method can be used, it puts the emphasis in the
wrong place, namely, on approximating the binding energy. The binding
energy is known and the parameters in the potential are to be determined.
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Thomas* has pointed out that a variational treatment, of the strength of
the potential for given range and binding energy is possible, and that this
variational method is very easily iterated to yield better wave functions
and a more accurate value of the depth.

To apply the Thomas method to Eq. (3 29), it is rewritten as

d® 2 5
1 kyo® ) u = —nBu,
P

where

P r/“}

n= K2a29
and
Bp) = W(r)/K>.

A simplification in writing is provided b, introducing the operator

d* 29
A = —dp2+kga.
Then
Au = nBu, (3-32)

Note that B > 0 for an attractive potential. A variational equivalent of
Eq. (3-32) is
. (v,Av)
7 = minimum ——
(v,Bv)

where » is a variational function and 7 is the lowest of the characteristic
values associated with Kq. (3-32). The scalar product, is used here in the

«
sense of quantum mechanies, ie., (0,:40) =j vAv dp.
0
Another variational equation is obtained by rewriting Kq. (3-32) in the
form
Bu = nBA™'Bu,
namely,
. (v,Bv)
minimum —-- - '~
(,BA~"'Bv)

=
I

The iteration procedure is as follows. A guess at the shape of the wave
function is made, but one or more parameters arve left free, so as to make
maximum use of the variational properties of 5. Call the function u‘®,
Then a sequence of approximations to the wave function is given by

w T = IRy, (3-33)
* 1. H. Thomas, Phys. Rev. 61, 202 (1937). See also Temple and Bickley, Ray-

leigh’s Principle, Oxford University Press (1933), especially p. 76 ff.  This method
has been particularly emphasized by Schwinger in unpublished lectures.
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The corresponding approximations to g are defined by
(™ Au™)

(™, Bu™)

(n)

and, from the other variational prineiple,
(l(("),B'N.("))

n(n—’r '2) o .
(™ BA Bu™)

Both of these are positive and larger than n. It is convenient to introduce

the notation
(u('m),lgu(n)) — (m,n).

Then, from Eq. (3-33), we find
o (n,n — 1)

(n,n)

1) (n,n)

n =TT T

(n,n + I)'

The sequence 7%, n0'2, 9" ... can be shown to converge from above

to g, where 9™ is a funetion of the parameters in « and, at any desired

stage, these parameters ean be chosen so as to minimize the corresponding

7. The larger n, the more aceurate the resulting approximation to ».
Let us apply this method to the Yukawa potential,

and

(>"P
B= -—
p

A good guess at the wave funetion is

w® = pePr

where 8 is a parameter to be fixed, eventually, by variation. The next
approximation to the wave funetion is

u = AT Bu©@,
which satisfies the differential equation

AuV = Bu®,
or
d?
- uD 4+ E2Pu) = ¢~ B4,
p

The solution of this equation, satisfying the conditions of FEqs. (3--30) and
(3-31), is the Hulthén* function:

* Ark. Mal. Ast. Fys. 28, No. 5.
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w® = - ! : (p-~£p — e7) (3-34)
9 ) ’ ’ .
v - &

where
£ =k

and
vy=1+8.

The corresponding approximations to n are

(™, Au®)

2© = -
('™, Bu'®)
w a0
= -—/ pe R (p® — 28 — £p) flp// pe (3B +De gp
0 0
8+1)° .
o _ P2 2y,
n = 4;('33 (ﬁ + ¢ )r
and
n(.’z’) = SO.’_O)
o,1
/'m » 1
— ,2—(2B+1Dp ,2—(B+1)p — (p—tp —Yp
[wmrna [ e
0 0 v =&
or

(o _ 2+ 0%
@2y — 1*’

(3-35)

and, finally,*

(1 + 2v)(1 + 2¢)

TUTan T an 2y

The value of the variational parameter 8, or v, is best determined hy
minimizing '),  However, much simpler and sufficiently accurate results
are obtained by minimizing 2¢"®. The condition is

o 10 D (- / 1+ v+
L AT
1,1

(]77(‘::)

=0,
dy
which can be reduced to

: <+3> iy
Y 5272—.

* Evaluation of the integral (1,1) is easily accomplished by differentiating with
respect to £ and integrating the resulting differential equation subject to the con-
dition that (1,1) = 0 for § = v.
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if use is made of the fact, that vy and £ are positive. Thus
Y =3¢+ 8+ 3E + sE+ {17 (3-36)

Insertion of ¥ from Kq. (3 36) into Eq. (3-35) provides an approximate
relationship between n and & which is the desired connection between range
and depth, since n = K%? and ¢ = k. Results thereby obtained are
presented in Tuble 3 -2 for those values of £ given in Table 3-1. The close
agreement with the dircet numerical integrations shows the accuracy of
this very simple method.

Although an accurate value of » is easily obtained, it does not follow
that the corresponding wave function «'" is also aceurate.  Actually, the
point-by-point behavior of «'” may be quite different from the true solu-
tion even if 7' is very close to the correct value. Only in the mean is
the wave function elosely approximated; but even then the approximation
is not as accurate as the corresponding value of . For the problem at
hand, accuracy in the mean is quite good enough, since the deuteron wave
function is very smooth, and any reasonable trial function would also be
smooth.

3-4 Magnetic moment of the deuteron. The treatment of the ground
state of the deuteron has, up to this point, taken no aceount of the require-
ment that the total angular momentum has the value one. We have
supposed that the ground state is an S-state, which means that the orbital
angular momentum is zero.  The total angular momentum is then pre-
sumably the sum of the intrinsic spins of the two nucleons, which must be
combined to form a triplet. Then the ground state of the deuteron has the
spectroscopic designation 38y, Although no specitication of the spin de-
pendence of the inferaction has been given, it is implied here that the trip-
let state lies lower than the singlet state. The potential whose properties
we have established in the last two sections is the triplet potential. The
singlet potential must be somewhat weaker (if it is attractive) for the 'Sy
state to lie above the 38, state. This provides a nice confirmation of the
spin dependence of the interaction suggested by the arguments of Chap-
ter 2.

A sensitive measure of the distribution of angular momentum between
spin and orbital motion is provided by the magnetic moment. The pre-
cisely measured value of the deuteron moment therefore offers a rather
direet, test of the assignment 38, to the ground state.

Caleulation of the magnetic moment of an afomic system is a straight-
forward matter. We merely add the vectors corresponding to spin and
orbital magnetic moments of the electrons to form the total magnetic
moment operator. The simplest assumption that can be made about the
magnetic moments of nuelei is that they are to be obtained in the same
way, that is, by taking the vector sum of intrinsic neutron and proton
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moments plus any orbital moments produced by the protons. Tt is clear
from the outset that this assumption of additivity may lead us into error.
We have noted in Seetion 1-3 that the magnetic moments of the nucleons
must be related in some way to the nature of the meson field with which
they interact. If that is the case, then when two or more nucleons are
brought into interaction with one another, the meson field will be altered
so that the intrinsic moments may very well be altered. We will find evi-
dence of such a change in nuclei heavier than the deuteron.* For the
present it will be assumed that the deuteron moment, can be accounted for
entirely by the addition of the moments of the free partieles.

In terms of the Pauli spin operator, op, the intrinsic magnetic moment.
operator of a proton is given by M, = u,0,, if u, is the numerical value of
the proton moment. Similarly, the intrinsic moment operator for the
neutron is M, = p,0,. Since only th. proton contributes an orbital
magnetic moment, the magnetic moment of the deuteron, assuming
additivity, is

M = p,0) + o, + 3L, (3-36)

in units of nuclear magnetons, where L is the total orbital angular momen-
tum operator of the deuteron and 3L is that part assigned to the proton.
Fquation (3-36) can be conveniently rewritter: in the form

M = Hup + mu + DS+ L)+ (wp+ = HES = L)

+ (ﬂp - I-"n)(o'p - o-ll)lv (3—37)
where

S = ‘é(o'p + 0’,,) (3 38)

is the total spin angular momentum operator.

The term “the magnetic moment of the deuteron” is used for the expee-
tation value of the z-component of the operator M taken in a state for
which the total angular momentum has its maximum projection along the
z-axis. The ealculation of the expectation value can be carried out by
means of the usual vector rule of atomie physies. 1f we denote by J the
total angular momentum of the nucleus,

J=8S+1, (3-39)

and by J, the projection of J on the z-axis, the magnetic moment of the
deuteron is given by the expectation valuef

(‘JR:) = (M- J)J )iy + 1),

* See Sections Y-3 and 9 6.
t The angular brackets ( ) will be used to denote expectation value.
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where j is the angular momentum quantum number of the state in ques-
tion. Since J, = j, we have

1
M) = 7‘_“_“1 {(m-J)),

or, upon introducing Eq. (3 -37) and Eq. (3-39),

<m9=§{Q@+#n+é>+ﬁ;35(w+wm—%)Sz—L%

1 |

+ = (p — w){(op —ox) ) (B340
JG+1) J

If the ground state of the deuteron can be deseribed in terms of a single

orbital angular momentum quantum number [, and spin quantum number s

(Russell-Saunders coupling), then for that state

L2 =1(l+ 1),
8% = s(s + 1).

The only possible values of s are s = 0 or s = 1, corresponding to singlets
or triplets, respectively. Since the wave function of a triplet state is sym-
metrie in spin and the wave function of a singlet state is antisymmetric in
spin, the antisymmetri¢ operator, ¢, — o,, converts a singlet into the or-
thogonal triplet function and a triplet into a singlet, so its expectation
ralue vanishes in either a singlet, or a triplet state. Thus for Russell-
Saunders coupling the magnetic moment of the deuteron is given by

>

j ,( 1) ( 1>s(s+])—/(1+1)]

o) = 21 (4w + - b — =) )~ AT DL

< ~> 21 l-‘)+l‘ +2 + M + u 2 j(]+]) J
(3-41)

InasS;state, j=1,1 =0, and s = 1. Therefore the corresponding
magnetic moment of the deuteron would be

namely, just the sum of neutron and proton intrinsic moments, as onc
would expeet when the spins are parallel and the orbital angular momen-
tum is zero. This value is 1o be compared with the experimental value
0.857. The discrepancy AM = 0.022 is well outside of any experimental
error.

There are a number of possible sources of error in the theory which
might account for the discrepancy:

(1) The ground state is not a 3S; state.
(2) The moments are not really additive.
(3) Relativistic corrections to the magnetic moment are important
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Of these three possibilities, the first is subject to the simplest analysis.
Let us consider what other assignment we can make for the ground state
of the deuteron. The spin state is limited to a singlet or triplet. The
total angular monientum must be one. Therefore, according to the vector
rule, the orbital angular momentum can be, at most, two; hence considera-
tion is limited to the %Sy, 'y, 3Py, and 3D, states.  According to Eq. (3 -41),
the magnetic moments 1or the I’- and D-states are

lPl: (m,) = ;r
31)1: (ﬂnz> = %(l‘-p + u. + ;) = 0.689,
3Dl: (‘.'WC_-> = '],’(ﬂ-p + Ba + %) - (F‘p + Mn — %) = 031():

therefore each of these states would lead to an even greater diserepaney in
the magnetic moment.

The next logical step is to abandon the assumption of Russell-Saunders
coupling and consider mixtures of the four states.  Since the S- and D-
funetions have even parity and the P’-functions have odd parity, a mix-
ture of the P-states with the others cannot be considered.  In order to
reduce to & minimum the departure from the simple model, let us assume
that the wave funetion is a mixture of a 38, state and a D, state:

¥ = ays + l)¢lh

where ¢y is the 38y and ¢y is the *D; function. Now the expectation value
of the magnetic moment is given by

L)n‘?) .12/((1*‘#.9 b*llfl) {(l‘p + u, + g)
+ 3(up + ma — 3(S* — L (ays + byp).

where the [ denotes a sum over spin variablc: and an integral over the
space coordinates.  The antisymmetric term in Eq. (3—40) has been left
out because it vanishes as long as there is no mixture of singlet and triplet
states.* The operators S% and L? are diagonal matrices in a representation
specifying spin and orbital angular momentum, hence they produce no
cross terms between g and ¢, The result, then is

M. = | a|2on.)s + | 0200
= 0.879] a |2 + 0.310] b |*.

(3-42)

The quantities | @ |? and | b |? are simply the probabilitics for finding the
system in the S- or the D-state, and they are subject to the normalization

condition
a4+ o] =1

* Even for a mixture of the !, and */°; states this term vanishes for the deuteron,
as can be scen from the theorem on self-mirror nuclei, Section 9-3.
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There is left then one parameter, the D-state probability | b |2, which can
now be determined from the observed magnetic moment. The result. is
| b |2 = 0.039. Thus the system has a probability of about four percent
of being found in the D-state if this is the correct interpretation of the
magnetic moment.

We shall find in the next section corroborative evidence for such a
ground state wave function of the deuteron. [IHowever, the very simple
-aleulation which has been carried out here, although it appears to be well
founded, may be in error.  Still to be kept in mind are the other two pos-
sibilities mentioned above, that the moments are not really additive and
that relativistic corrections to the moments may be important.  Although
there is some reason to believe that the question of additivity will not
cause trouble in the deuteron,* a serious difficulty arises concerning rela-
tivistic corrections. We estimated in Section 1-2 that relativistic correc-
tions might amount to some five percent. The magnetic moments are
measured with a precision much greater than five pereent, consequently
relativistic corrections of that order, if they exist, may be very important.
As a matter of fuet, the magnetic moment. diserepancy of 0.022 is less than
five percent of the total moment, 0.857. Several attemptst have been
made to caleulate the first-order relativistic correetions to the magnetic
moments of the deuteron. It twrns out that the correetion, ApHR, is some-
what smaller than the diserepancy A9 but still appreciable. Furthermore,
as onc might expect, the magnitude and the sign of A9 depend on the
nature of the field theory and on the nature of the interaction of the nuclear
ficld with nucleons, therefore the answer to the problem is ambiguous. TIn-
troduction of A into Eq. (3—42) leads to a new estimate of | b ‘2, but
the ambiguity in the relativistic correction is mirrored by a corresponding
ambiguity in the D-state probability. On this basis a D-state probability
anywhere between 2.5 and 6 percent would be consistent with one or
another form of the relativistic theory. We are then left in doubt concern-
ing the interpretation of the discrepancy and the corresponding value of
[ 6|2 On the other hand, the fact that the relativistic correction to the
magnetic moment is sensitive to the field theory may eventually prove to
be very useful. If an independent determination of the D-state prob-
ability were possible, then any remaining magnetic moment anomaly
might be interpreted as Ap9N, and its magnitude would provide informa-
tion concerning the nuclear field theory. The quadrupole moment offers
a chance to arrive at the D-state probability, but we shall find that the
determination is not definite enough to clearly establish the relativistic
magnetic moment term.

* See Section 9-2.

t R. G. Sachs, Phys. Rev. 72, 91 (1947); Gi. Breit and I. Bloch, Phys. Ren. 72, 135
(1947). For correction to the latter work see Breit and Thaler, Phys. Rev. 88, 1214
(1952).



3-51 THE QUADRUPOLE MOMENT OF THE DEUTERON 43

3-56 The quadrupole moment of the deuteron. The concept of a quad-
rupole moment. arises most naturally in a classical discussion of the exter-
nal potential produced by a cluster of electric charges when the dimensions
of the cluster are small compared with the distance between its center and
the point at whicl the potential is measured. If the charge on the kth
particle is denoted by e; and its position vector by 1z, the potential at a
point R is given by

¢
oR) = T — =

s (3-13)
k | R — T I

For an origin of coordinates within the cluster, the condition on the size
of the cluster becomes i &< R for every . The denominator in Eq. (3—43)
an then be expanded in powers of 7/, The result up to second order
takes the form

& @O'R) 1
N )

= — 4 -— —— e 344
CERT T TapT (3—4H)
where
&= Z ek,

k
D = X g, (3-15)

k
Q = Z}:- [3R-1;)? — riR?]. (3—16)

lf

The first. of these quantities, &, is the total charge of the system; the sec-
ond, D, is the eleetrie dipole moment, and the third, ', is the electric
quadrupole moment.

In this form the definition of the quadrupole moment is evidently of a
qualitatively different. character from the defipition of the monopole and
dipole moments. & and D depend only on the charge distribution, while
()’ involves the direction of R explicitly.  Turthermore, & is a sealar under
space rolations and D a veetor, while the transformation properties of the
part of () which is independent of R are not made elear.  All three contri-
butions to the potential, Eq. (3-11), are invariant under rotations, but
the invariance of only the first two is made explicit by the form in which
they are defined. A more satisfuctorily defined quadrupole moment
would elearly depend only on the charge distribution and have specified
transformation properties under rotations. The second requirement im-
plies that the quadrupole moment should be defined as a tensor of given
rank, and rank two is strongly suggested by the fact that & is a tensor of
rank zero and D a tensor of rank one.

Now the quadrupole moment involves a sum of quantities of the type

0

2 2
q(k) = zx — :lxrk,
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where 2 is the coordinate taken with respect to R as the z-axis. Reference
to this particular choice of coordinates can be eliminated by noting that
the quantity ¢ is an element of the traceless symmetrie tensor of the see-

ond rank* N
’7«6(".) = J',,(/.').l‘ﬁ(l\') - :’1;".1;6(1135 (3‘17)

where we have now introduced the convenient notation (k) wa(k), x3(k)
in place of i, yi, 2x. The definition of 844 is, as usual,

Oaa = Iy
O = 0, « # B.

The close relationship between the tensor elements gqs and the five D-func-
tions will be of considerable interest. There are just five linearly inde-
pendent elements of the tensor and cach is a linear combination of the
spherical harmonies 2174, the arguments of Y% being the angular position
of the vector r = (v,ie2,23). Thus the gug provide a useful substitute for
the usual D-functions.

The vector R has components X, Xa, X3, from which another sym-
metrie tensor ean be constructed, namely, the tensor X, Xy The scalar

product of the two tensors, Z JaXoXg, 15 just the explicit invariantt
a,f}
which is required to express the quadrupole term in the potential:

No\p
Q =3 Z eh Z G (k) ———-
A f3 I(-

This suggests that the quadrupole moment tensor be defined by

Qus = 2 cxl3aalh)rg(k) — ridasl, (3-48)

k

which is a symmetric tensor with the property that its trace is zero, i.c.,

Z Qua = 0. (3—19)
Then the quadrupole term in the potential has the explicitly invariant form
QusN o5
E . !
a«pB 2R

and Q,g depends only on the charge distribution in the cluster.

* An entity, T, with two indices @ and 8 running through the values 1, 2, 3
corresponding to the three coordinate axes, is defined as a tensor of the second
rank in three dimensions if, under a rotation of axes, 7's undergoes the same linear
transformation as the products w2 of the components of two position vectors r
and r'. The trace of a tensor is the sum of its diagonal elements.

T The invariance of the scalar product 3 TugRag of two tensors follows directly

af

from the transformation properties of the tensors.
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In the formalism of quantum mechanics, the elements of the quadrupole
tensor become operators obtained by treating the particle coordinates as
operators. The quantity referred to as ‘“the quadrupole moment” of a
nucleus is an expeetation value of such an operator in the nuclear ground
state. It can be snown, most casily by the methods of group theory, that
the expectation values of the various elements of a traceless symmetric
tensor in a state of giv:a total angular momentum are completely deter-
mined within a common multiplicative factor. The determination of this
single factor is then the object of a measurement of the quadrupole moment.

For the deuteron, Eq. (3—48) gives )

Qup = e[3xa(P)xa(p) — r3dag],

since the neutron carries no charge. The proton position veetor 1, is
measured from the center of mass, but the deuteron wave function is ex-
pressed in terms of the neutron-proton distance

I = 2r,
Therefore it is more convenient to write

Qs = 1 (Burgrg — 1'25,,5),
wherer = (r;,22,23). The interesting quantities are the expectation values

(Qug) = 20 | | ¥1"|2Qus r, (3-50)

sp

where Z denotes the sum over the spin variables of the neutron and pro-

sp
ton, and ¢7' is the ground state wave function of the deuteron with total
angular momentum 1 and magnetic quantum number m. Of the five
independent quantities given by Kq. (3-50), those with a % 8 vanish,
since Qqp, « 3 B, is a combination of spherical harmonies V¥ with A =
+1 or M = +£2, while H«}" 2 is invariant under rotations about the
zaxis.*  Furthermore, Qi; and (2 are linear combinations of V'3#* and
Y5, the cocfficient of ¥ being the same for both Q; and (gs. Since the
expeetation value of ¥.** vanishes by the above argument, it follows that

(Q11) = {Q22). (3-51)
Finally, Eq. (3-49) has the consequence
Z (Qua) = 0,

* An integral of the form [} QY% @ must vanish unless the values of m and m
are such that some part of the integrand is invariant under a rotation about the
z-uxis (or any other rotation), since the rotation merely introduces a change in the
dummy integration variables.
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therefore (Qu) = (Qa2) = — 5(Qu), (3-52

and only the one quantity (Qsz) is required to specify the quadrupole
moment, as indicated by the general statements set forth in the previous
paragraph,

This simple result can easily be understood in terms of a classical model.
| vy ‘2 may be interpreted as a classical charge density, for which the
quadrupole moment is given by Eq. (3-50). Because the state is specified
by a definite magnetic quantum number, the density has axial symmetry
about the z-axis. Thus the quadrupole ellipsoid, the ellipsoid associated
with the quadrupole tensor, has the z-uxis as one of its principal axes.
Since the coordinate axes coincide with the principal axes, (Qu3) = 0 for
a # 3. Further, the axial symmetry establishes Iiq. (3 51) and, of course,
Eq. (3 52) still follows from the vanishing of the trace.

Although (Q33) depends on the magnetic quantum number m of the
state in question, this dependence is completely determined by symmetry
considerations, so the value need be given for just one value of m. DBy
definition, “the quadrupole moment of the deuteron” is the expectation
‘alue of @4y in the state of maximum magnetic quantum number, m = 1.
It will hereafter be denoted by Q, which is found from Eq. (3-50) to be

Q=X [1et12@2 — ) b, (3-53)
4 sp

Equation (3-53) makes it clear that the quadrupole moment is asso-
ciated with the shape of the charge distribution in the deuteron, 1If | ¢ |?
has spherical symmetry, the average value of cos® 8 is 4; and the quadru-
pole moment vanishes. Another way to obtain the same result is to note
that the quadrupole moment operator is simply the D-function, Y3, and
that a spherically symmetric | ¥ [2 is an S-function. The vanishing of the
quadrupole moment, is then a consequence of the orthogonality of the S-
and D-functions. For other than spherical distributions, the sign of the
quadrupole moment is determined by the nature of the distortion of the
charge distribution from spherical symmetry. If the charge is extended
in the z-direction, the quadrupole moment is positive, whereas if the
charge distribution is flattened in the z-direction, the quadrupole mo-
ment is negative. The fact that the deuteron quadrupole moment is
positive indicates that the charge distribution is elongated along the di-
rection of the total angular momentum.

Our assumption that the ground state of the deuteron is an S-function
leads immediately to a spherically symmetric charge distribution and
therefore to a vanishing quadrupole moment. We see then that the
assumption of a pure S-function leads us into a definite contradiction.
There would be a quadrupole moment in a P-state, since the product of two
~functions contains a D-function; the integral of the square of a ’-func-
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tion times the quadrupole moment operator would not vanish. Tt is also
clear that there would be a quadrupole moment in a pure D-state. Fur-
thermore, for a mixture of an S- and D-state the square of the wave fune-
tion would contain terms with the symmetry of a D-function. Therefore
one could obtain in this way a contribution to the moment. It is of par-
ticular interest to note that in a mixture of S- and D-funetions the cross
term between the {wo functions has the symmetry of a D-function and
would contribute to the moment; this contribution would be proportional
to the amplitude of the D-funetion rather than the D-state probability.
Since the four percent D-state probability deduced from the magnetic
moment would imply a 20 percent amplitude, we see that the contribution
of the cross term can be quite appreciable.

As an example, let us caleulate the quadrupole moment in the ') state.
The wave function is simply a product, « a4 /’>-funetion and a singlet spin
function,

¥i' = ¢i'xo,
where m is the magnetic quantum number. If the spin function is taken
to be normalized, the normalization condition on the space funetion he-
comes simply

/ | 7' [2d?r = 1. (3-514)

and the expectation value of the quadrupole moment is

el'(r) [ dr

€ 9 9
(Qs3) = 1 /(35" - )

(’ 9 9 9
1 (B(r* cos® 8) — ().

The expectation value is to be taken in the state m = 1, for which the

wave function is | o
i(r) = (e sin 6fp(r).

If we normalize the radial function fp(r) so that
/ frryrtdr =1, (3- 55)
0

the constant is determined by the normalization condition, Eq. (3-54), to
be ¢ = \/3/8r. Then the expectation value of r2 cos® 8 is

3 (b=, > opd a8
@ = - / / f 1? cos® 8 sin® 6f3(r)r? dr d(cos 8) dg
8rJo J_1Jo

* 00
<3 [ rrs
0
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or @) = k.

Since the expectation value of 2% is less than } of the expectation value of
72, the charge distribution is flattened and the quadrupole moment is
negative:

@m=—£wx

Therefore a !P; state would not provide a quadrupole moment of the cor-
rect sign.

Now consider the 3P; function. This function is a linear combination
of the products of the three P-functions 7'(r) with the three triplet fune-
tions x7"(o7,03). A simple way of forming the necessary linear vombm‘mtwn
is to note that the function ¢} is proportumal to x + 7y, the function o !
is proportional to x — 11/, and the function ¢! is proportional to z. Thus
the three functions ¢ are lincar combinations of the components of the
vector r. Similarly, for any state of unit angular momentum the three
independent wave functions transform under rotations like these linear
combinations of the components of a three-dimensional vector. Thercfore
the triplet functions may be treated as the components of a vector X, and
the wave function ¢7 of the state with total angular momentum j = 1 as
components of a vector ¢. The only lincar combination of products of
the ¢ and xI* which can form the vector ¢ is

= [r X ]fp()

where fp(r) is now the 3P; radial function. The m = 1 state is therefore

given by
1

b1

]

o1 + 9]
) Jr(r)
= {(yx* — 2x") + i(ex® — 2x°)} T
The expectation value of 2% is given by
=2 || e |22? d3r | ¢t |2 dr, (3-56)
sp sp
where the normalization integral is

§-/]¢ PPar =2 ;'ny — o P+ | o — ax*|?

sp
+ {yx® — ax")*ex® — ax®) — (ex* — ax?)*(x* — 2x")} dPr.

The last term in the square brackets vanishes because it involves either
the angular integral of products such as a2z or yz, which are odd functions,
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or the sum over spins of products x*'x?, which vanish because of their
orthogonality. Since the spin functions are orthonormal, we find

167

Ef‘ 1 |2 d¥r =[f—’2' (22 + 2 + 22%) d°r = e
sp r

if the radial function is normalized according to the condition Eq. (3-55).
A similar calculation yields

32
= [l = 22 ),
sp ]5
and Eq. (3-56) becomes
(&) = 5(°).

In this case (22) is larger than 3(r?), -o the corresponding quadrupole
moment is positive:

=
Q=5

Although the result has the correct sign, it would in all probability be too
large on the basis of any reasonable estimate of (®). If we take as an
estimate (%) = R3, () turns out to be 3.9 X 107%¢ em?, which is larger
than the observed value. Yet this estimate would seem to be, if anything,
too low, since the radius of the deuteron has been seen to be 1.5R,. There-
fore it is likely that in neither a 3P; nor a 'P; state would the quadrupole
moment have the right value. However, a mixture of these two states
would yield a quadrupole moment between the two values and could there-
fore certainly account for the observed moment of the deuteron. But on
the basis of the magnetic moment, it scems very unlikely that this is the
correct explanation of the deuteron quadrupol: moment. Therefore we
consider in detail the mixture of the S- and D-functions so strongly sug-
gested by our analysis of the magnetic moment.

In order to construct a 3D, function, ¢7, for the deuteron, we proceed in
a manner similar to that used for constructing the 3P; function.* The
conditions that the 3D, function must satisfy are the following:

(1) It is a lincar combination of products of Y3 and xi"
(2) The three functions yi" have the same transformation properties
under rotations as the functions x7".

The tensor
Tog = 3r2(xaxg — 37%84p) (8-57)

again provides a convenient set of functions. It has been pointed out be-
fore that the five independent elements of this tensor are linearly inde-

* The method here is that of Rarita and Schwinger, Phys. Rev. 69, 436 (1941).
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pendent linear combinations of the Y. Therefore the wave function must
be a linear combination of the products of the T4 with the spin functions.
If O is u tensor depending only on the spin operators of the neutron and
proton, then the expression

= g(r) Zﬂ Taﬂ()rxﬂx;n

is a satisfactory function. It transforms under rotations like x7* hecause
the product of the two tensors appears in an invariant. combination. Now

the only tensor operator in the spins leading to a nonvanishing ¥' is*
O = o505,
Therefore the *D; function has the form
= .(/(r) Eﬂ 3"_2(‘[1‘(-"3 - (l;rzaaB)U;UgXT
or
‘Il,ln = !I(")Supx'{‘, (3—58)
where
3(on1)(0p°1)
Sup = —— " = (O4-0). (3-59)

r

The invariance of S,, under rotations is apparent in this form, and it is
clear that the wave function satisfies all of the conditions required of a
3Dy function. Note that r is the neutron-proton distance.

Normalization of the D-function requires that

f.(/z (T) (Sn pX'l"y‘ 'nyx 1 ) dr

where the scalar product is a condensed notation for the spin sum.T Since
the operator S, is hermitian in the spin variables, we can write

(‘sanI 1*snp7(l) = (Xl ySanI )

From the fact that the square of the total spin
§? = iloh + o} + 2(0,-03)]

is dingonal, as are the operators o2 = o',, = 3, it follows that (0, -0}) is di-
agonal and has the characteristic value 1 in the triplet state and —3 in
the singlet state. Since both xT* and S,,,x7" are triplet states, we can write

* Another possible tensor would be a5, but that leads to ¥f* = 0 because the
trace of Tag vanishes. All other tensors are antisymmetric, so their scalar product
with the symmetric tensor Tag vanishes.

t That is, (xT,0xT) = X, x®'OxT, where O is any operator involving the spins.

p
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w | 3(on-1)(0,01) .
XU | = = 1|xi

(X“ [9(0’,,'1’) (o'p'r)z (o'n I)(O'p'l’) + ]:, m>'

2 .
(X;n"qnn)(’ln)

"
hi

- X1
4 2
But the square of any component of o Pauli spin operator is unity:

" .
(o) 1)* _ (o'p'r)z

"o = - —_ =

re r
s0 this expression reduces to

(x¥ :‘snpxl ) - 28, p]XT)’ (3_60)
and the normalization condition becomes

JE@ (I8 = 28,7 dr = 1.

Upon making use of the fact that S, ,x{" is a D-function which is orthog-
onal to the S-funetion x, the normalization condition reduces to

4
327r/ q° (7)) *dr = 1, (3-61)
0
since the spin function is already normalized, i.e.,
(xt'xi1) =1

The S-function hds the form f(r)x{', where f(r) is the radial funetion
normalized according to the condition

. r
41r/ f2rddr = 1. (3 62)
0
1t is convenicent to introduce in place of the radial functions new funetions
u(r)y = arf(r),
w(r) = brg(r),

where @ and b are the amplitudes of the S- and D-functions, respectively,
in the ground state of the deuteron. Then the wave function is

m u(r) ll‘()') v m
1= "' + _—)‘“h"l’ X1, (3’63)

which is normalized in such a way that

‘lWI/ WAy dr + 8/ w?(r) dr' =1, (3-64)
WA 0 J
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according to Eqs. (3-61) and (3-62). Furthermore, the I-state prob-
ability is given by o
|b|* = 32r / w?(r) dr. (3-65)
0

The quadrupole moment is now to be obtained in the state ¥} of the sct
given by Eq. (3-63). 1t is

Q= ; > [ v 2@ cos? 6 — 1) &

sp

= i/(S cos? 0 — 1)(Ju + wS,lx1,[u + wS,plx1) dir

¢ 2 (2 1 1 20 12 1) 13
= I (3 cos® 6 — l)lu + 2'“0(qunp)(1) + w (X]!S'npxl)} d®r.

The 42 term integrates to zero, since it represents the quadrupole moment
y I q
in an S-state. Also, we can make use of Eq. (3 60) to obtain

e [® Y .
Q= 5/ r2dr (ww — w')/dQ (3 cos? 8 — 1)(x1,S.px1),
0

because the term proportional to 8w? also represents an S-state so it, too,
vanishes. Tt is to be remembered that S, is a linear combination of the
spherical harmonies Y3 and that the Y3 are orthogonal to each other for
different values of m. The factor (3 cos® 8 — 1) is just V2, so only the )7}

term in S,, will contribute to this integral. Thus @ reduces to
e 0
Q= 5/ r? dr (uw — 11)2)/(19 (3 cos?o — ])z(x{,a;a;x{).
0

Since x] is a characteristic function of both o2 and oy with characteristic
value 1, this expression becomes

8r [®
Q=—e| (uw— w?)r? dr. (3-66)
J 0

It is clearly possible for Q to be positive if the S and D wave functions
have the same relative phase. The larger term is expected to be the inter-
ference term proportional to vw. @ does not depend directly either on
the D-state probability or on (r?), but rather on the detailed behavior of
the functions w and w. Since the shape of the radial functions depends
intimately on the shape and quantitative properties of the potential, it is
not possible to give a simple interpretation of the quadrupole moment
such as was possible for the magnetic moment. Unfortunately, @ does
not provide the information concerning the D-state probability which
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would resolve the difficulty concerning the relativistic correction to the
magnetic moment.

Since the mixture of S- and D-states is clearly capable of accounting
for both the quadrupole moment and the magnetic moment, the assump-
tion will henceforth be made that this is the proper description of the
ground state of the deuteron. In order to analyze further the meaning of
the quadrupole moment, it is necessary to have quantitative information
concerning the potential responsible for mixing the S- and D-functions.
Therefore we now turn to a determination of the form of potential required
for this purpose and to a deseription of the quantitative features of the
potential to be determined from the measured quadrupole moment.

3-6 The tensor coupling. The probable existence of a mixture of S- and
D-functions in the ground state of the deuteron is contrary to our original
assumption of a central neutron-proton potential. The mixture can only
be produced by an interaction depending in some way on a direction in
space. Only the spin vectors o, and o, are available to fix a direction,
therefore the interaction is of the nature of a spin-orbit coupling. A cou-
pling {7 of rather special form is required to satisfy the condition that an
eigenfunetion of the Hamiltonian be a mixture of S- and D-terms. The
matrix of the Hamiltonian is not in diagonal form in a representation
specifying the orbital angular momentum; some of the off-diagonal ele-
ments, in particular that between the 3S; and 3D, states, are different
from zero. Terms in the Hamiltonian other than U7 make no contribution
to the nondiagonal matrix elements, so {" must have the property that the

angular integral [YU Y3 d@ does not vanish. Since Y7 is independent, of

angle and Y3 is orthogonal to all spherical harmonies except Y7, it follows
that U must have the angular dependence of the spherical harmonie Y3,
or U must be a lincar combination of the 7'.g given by Eq. (3-57).

The spin-orbit. coupling must depend on the vectors o, and o, in such
a way that 7 is invariant under rotations of the coordinate axes. The
arguments presented in the previous section then lead to the conclusion

that U must be proportional to S,,, or
U = Vi(r)Sup, (3-67)

where V,(r) gives the dependence on the neutron-proton distance. Because
it is a eombination of the 7.5, this potential is usually called the tensor
interaction.

The form of the tensor interaction is familiar in classical physies as the
coupling between two dipoles if o, and o, arc interpreted as the dipole
moment vectors. This does not. imply that the tensor interaction arises
through the coupling of the intrinsic magnetic moments of the ncutron
and proton. For we shall find that the strength of the coupling is far
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greater than could ever be accounted for by electromagnetic effects. The
electromagnetic term is overwhelmed by nuclear forees.

The introduction of the tensor potential into the Schroedinger equation
greatly complicates the problem of solution. To set up the calculation,
let us assume that in addition to the tensor interaction there is a central
interaction V.(r), and write

mm=—$wmx
(3-68)

V) = =" W

r)=—-—W(r

t 4" I t )

where the functions W, and W, have the same strength, and v is the ratio
of the strength of the tensor term to that of the central term.  Their ranges
will be denoted by «. and a;. The Schroedinger equation takes the form

VI + (W) + YW, (DS, = k.

Now if L is the orbital angular momentum operator in units of %, the La-

placian can be written as
,, L (L)?
VY= W) -,
(h r

T (

Since (L) has the characteristic values I(I 4 1), it multiplies an S-func-
tion by zcro, and when it operates on the D-function, it simply multiplies
it by 6. Therefore, from the form, Eq. (3-63), of the wave function, we
find

. 1 6
VZ#’T = ; (u” + w”‘qnp)x'ln - ;E “’Snpx,l"-
Furthermore,
1 )
Sn:p'Vln = ; (“Snp + H’S?.p)xi"

1
= ;[usnp + w(8 — 2Snp)]x'1",

as can be seen from the derivation of Eq. (3-60). When these results are
combined, the Schroedinger equation becomes

[’ + W + 8yWw — k2ulxT
6
+ [w” - = w4+ W+ yWu — 2yWw — Icwa Supxt = 0.

But the functions x* and S,,x7, being S- and D-functions, respectively,
are linearly independent, and their coefficients must vanish:



3‘6] THE TENSOR COUPLING 55
'+ [We(r) — kfu + 8yW,(r)w = 0, (3-69)

6
w'’ + [W,.(r) — 29W(r) — ;; - kl] w+ YW (r)u = 0. (3-70)

These coupled radial equations determine the S radial function u, and the
D radial function ». The coupling between the equations, i.c., the fact
that the differential cquation for  depends on w and conversely, has the
consequence that an analytic solution cannot be given even for a square-
well potential. All solutions that have heen obtained involve the use of
some numerical procedure.

In analogy to the determination of a range-depth relationship for a cen-
tral potential, the radial equations now provide a relationship between the
four parameters a., a, ¥, and the common depth of the potentials W', and
W, Given the corresponding solutions u and w, the quadrupole moment
Q can be caleulated from Eq. (3-66). The requirement that ) have the
observed value then places another condition on the four parameters.
These two conditions are the only relationships between the parameters
provided by the ground state data. Unfortunately, use of the magnetic
moment is excluded by the uncertainty in the relativistic correction.

Numerical solution of Egs. (3-69) and (3-70) for square-well potentials
with a. = a; has been given by Rarita and Schwinger.* Probably the
most uscful numerical results are those obtained for Yukawa potentials by
Feshbach and Schwinger, T who have applied a generslization of the Thomas
variational-iterational method outlined in Section 3-3. Their table of the
values of depth and of @ as functions of the three parameters ac, oy, and y
is reproduced in Appendix 2. By interpolating to the best recent value of
Q, onc of the three parameters can be eliminated. We are then left with
two unknowns which are to be determined from data other than those pro-
vided by the ground state.

In every numerical treatment of the problemn it has been assumed that
the tensor potential has the same shape as the central. There is no a priori
justification for the assumption, except its simplicity. As a matter of fact,
the meson theories indicate a difference in shape between the potentials.
However, it is very difficult, on the basis of available experimental data, to
distinguish a difference in shape from a difference in range, so the four-
parameter potential is adequate for most purposes.

* Phys. Rev. 59, 436 (1941).
t Phys. Rev. 84, 194 (1951).




CHAPTER 4
EXCITED STATES OF THE DEUTERON

The ground state of the deuteron provides, as we have seen, only limited
information concerning the n-p interaction. Little can be said concerning
the functional form, otherwise known as the shape, of cither V. or V,, and
if we make an assumption about the shape, only two rclationships are pro-
vided between the four parameters involved. A promising source of fur-
ther information would be the cxcited states of the deuteron, either the
bound excited states if any exist, or the states in the continuum. The
properties of any bound excited states would presumably help to fix the
parameters in the potential, but it turns out that there is no such state.
The nearest approximation to one is the singlet S-state, which happens to
be slightly unstable against dissociation. The fact that there are no other
bound states might in itself provide further information concerning the
parameters in the potential, a possibility which is investigated in the next
section.

States of positive energy arc always available for study. The cross
sections for neutron-proton scattering, neutron-proton capture, and the
photodisintegration of the deuteron comprise the information available
concerning these continuum states, but, only the first of these will be sub-
jected to analysis in this chapter. The other two cross sections will be
considered in Sections 6--4 and 6-5.

4-1 Triplet states. A discussion of bound excited states should be based
on the tensor interaction, but that would require an elaborate numerical
treatment. Determination of the higher eigenvalues of the energy for a
central square-well potential is quite simple and should provide a qualita-
tive indication of the properties of the more complex interactions. Re-
turning, then, to the square well with the range-depth relationship fixed
by the ground state binding energy, let us suppose that there is a solution
of the Schroedinger equation, Eq. (3-7), corresponding to a bound excited

state of energy .
3
E, = — I k2. (4-1)

The state in question would be a triplet, since the potential is prescribed
by the triplet ground state.
Consider first the possible existence of an excited S-state. The treat-
ment is then identical to that given for the ground state, and the excitation
56
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cnergy is the next root above kg of Eq. (3-22). Since this root has been
denoted by k.,
Ke GOt Kot = —k,,

where

k2 = K? — k2.
According to Eq. (3 -27), ke lies in the second quadrant; thercfore x.a lies
in the fourth quadrant:

3r

5 < ke < 2.

Now the condition k,a < 7 is equivalent to
&
K2a* — 7% < Ila?,
while k.a > 37/2 leads to
) .
K202 — #° > 'F,’7r2 + ka2
Comparison of these inequalities results in
)3 1

I\"iﬁz 2 5}_”2
or
kea > .

From the value for k; given by Eq. (3-1), it follows that

3r
a > —2— Ry.

This exceeds by a factor of seven the upper limit on the range imposed by
Fq. (2-3). Thercefore, there should be no bound excited %S state.

If we turn now to states of higher orbital angular momentum, considera-
tion can be limited to the lowest P-state, in view of the general theorem*
that, for ordinary central potentials, the lowest states of successively
higher orbital angular momenta have successively higher energies. A
state of orbital angular momentum [ has the radial equation

(41
u"+[xf———————(_+2- ):Iu=0, r < a
r
(4-2)
. lW+1
uu_l:k;_l__(__:.'.;_l]u:o’ r> a,

in place of Eq. (3-15). The boundary conditions, Eqs. (3-16) to (3-19),
must still be satisfied. Tor [ = 1 the solution is

* See Appendix 1.
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sin Kk.r
u=A, —cosker ) r<a,

Kol

(4-3)
e~ ker
u = Ih( -+ c"k")' r> a.

k el

The continuity condition, Eq. (3-21), can be manipulated into the form

Ke 2
keat COb ket = 1 + (k—) (1 + kea).
Now the function x cot z is less than 1 for all values of z in the first quad-
rant except r = 0. Therefore, the value of x.a cannot lic in the first
quadrant. Because the cotangent is positive, the next choice is the third
quadrant, so we have .

< ke < —-
2

It follows that, if a bound P-level exists,
K202 > 7* + k22
or
K%a® > %
Then from xza < =, we have
K?o® — klo® < 7? < K%a?

or

K2 2 KZ

7 1= _?zr_z' <7z

k; ki k;

But in Section 2-2 we found that the binding energy must be small com-
pared with the potential energy, or (ki/K?) < 1. Therefore, the excited
P-state exists only if

w° K?
2 2 7.2
ko k;
or
Ka =~

But from Fig. 3-1 and the arguments leading thereto, we see that it is not
possible, with a reasonable range, to fit the ground state data with such a
value of Ka; Ka = = corresponds to @ = «, Again we are led into a con-
tradiction by the assumption of the existence of an excited state. Appar-
ently the ground state condition is sufficient to guarantee the absence of
excited triplet states if cognizance is taken of the other qualitative restric-
tions that have been placed on the potential. Therefore nothing new is
learned from the nonexistence of excited states, although it does provide
some reassurance concerning the consistency of the conditions we have
imposed on the interaction.
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4-2 The Majorana interaction. 'The analysis of excited states of the
deuteron in Section 4-1 makes use of an ordinary potential, one that is
independent of the state of the system. But quite the opposite property
has been attributed to the nuclear interactions in order to account for
saturation; the interaction between nucleons is supposed to depend on the
orbital states which they occupy. In the deuteron ground state the two
nucleons may be said to be in the same state, but that is not necessarily
the casc in the excited states. Therefore the form of the potential should
differ from one state to another, in contradiction to our earlier assumption.
Certainly the nature of this dependence is not such as to change the princi-
pal conclusion of Section -1, since the overlooked effect is one that tends
to increase the cnergies of bound excited states. Nevertheless, some atten-
tion must be given to the quantitative formulation of an interaction with
the desired property.

If two particles are in the same orbital state, interchanging their orbits
will not change the wave function of the system. On the other hand, the
wave function will undergo a change if the orbital states of the two parti-
cles differ. This suggests the introduction of the space exchange operator,
P, which interchanges the coordinates of the jth and kth particles of a
nucleus. If the wave function of the nueleus is ¢(r,r2,- - -,ry), then

Pioy(ry, o, - - r1) = Y(T2,1q, - +,T4), (4-4)
ete. Particles 1 and 2 are in the same orbital state if
Py = ¢.

To obtain the corresponding result when these two particles are in differ-
ent states, it is convenient to analyze ¢ into its symmetric and antisym-
metrie parts:

¥ =1y, + Y,
where

Yo = 3l¥ + Pyl
and

\bu = %[\P - PlZ'l’];
so that

Py, = ¢,
and

Pioya = —va.
Then

P IQ‘P =y, — 'pa,

and the presence of ¥, expresses the fact that the particles are not in the
same state. A similar treatment of the wave function is obviously possible
for any other pair of particles.
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The exchange operator provides a very convenient device for formula-
tion of an interaction having the characteristic suggested by saturation.
Define a “potential”’ ” by*

V=1313"J@ - 1)P, (4-5)
ok

where J is a simple attractive potential function. Although a potential
of this form has no meaning in classical mechanics, it causes no difficulty
in quantum mechanics, since the interaction term in the Schroedinger
equation contains the product Vy. The exchange operator acts directly
on the wave funetion and in such a way as to provide the desired property.
For if two nucleons are in the same orbital state, the operator leaves the
wave function unchanged, and the potential acting between the particles
is simply given by J. But for two nucleons in different states, the anti-
symmetric part of the wave function realizes a potential of the opposite
sign. Thus the full attraction produced by J is felt only by nucleons in
the same state; those in different states feel in part an attraction and in
part a repulsion, the net result being less attraction.

The space exchange potential is often referred to as the Magjorana poten-
tial. An operator exchanging both space and spin variables is called a
Heisenberg potential, and the product of the two, which exchanges only
spin variables, is the Bartlett potential. To complete the picture and facil-
itate understanding of the older literature, we note that an ordinary po-
tential acting between two nucleons is sometimes referred to as a Wigner
potential. Of these the Majorana potential offers the best chance to
obtain saturation with the alpha-particle as the saturated unit.t

It has been remarked that there is no classical analog to the Majorana
potential. In fact, the motion of a pair of nucleons may be quite irrational
even under the limiting conditions for which the correspondence principle
should obtain. For example, consider the relationship between velocity
and momentum operators. If T is the kinetic energy and H the IHamil-
tonian,

H=T+1V,
the velocity is given by )
(2
t, = - [II,xe], (4-6)
fi

where the square bracket denotes the commutator. Since T has the usual
form,
Be,
M

* The prime on the summation indicates that the terms with j = & are to be
omitted.

t A detailed discussion of the contributions of the various exchange potentials
to saturation is presented in Section 8-8. See also Section 8-4.

: [T,54]
— il =
i k
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But now the exchange potential does not commute with the coordinate
1;; rather, it satisfies the relationship

ijl’k = r,-l’,-k.
Therefore,

1 i
= [Vl = - 20 1ud () P,
i n5

and the velocity operator becomes

9% A’ + Z rJAJ(rJL)I jk- (4—7)

This suggests that the classical analog of the exchange potential is a
momentum-dependent interaction, with the property that the classical

equation
oH
ty = —
(')pk

leads to a velocity-momentum relationship of the form Eq. (4-7). A simi-
lar analysis of the other Hamiltonian equation,

all

k= — T

or,

leads to the sume conclusion. Explicit formulation of the exchange poten-
tial as a velocity-dependent potential has been given by Wheeler;* it re-
quires the introduction of a transcendental function of the relative mo-
menta as a factor in the interaction.

A somewhat decper insight into the physical meaning of the exchange
potential can be obtained by considering the electric current and charge
density. The interpretation of ¢ is such that the charge density is de-
fined as

2 d3 Ay (4-8)

A
p(r) = kz;:l Cj.

where e is the charge on particle £, and the integration in each term in-
cludes the 3(A — 1) dimensional configuration space of all particles other
than the kth. A sum over all spins is also implied.

The current density, S, must be defined in such a way that the equation
of continuity,

dp
divS + — =0,
al

* J. A. Wheeler, Phys. Rev. §0, 643 (1936).
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is satisfied. TFor ordinary forees the current is given by

So(r) = 5’!1 e | W*gradi ¢ — ¢ grade ¢*} -, *A0r (4-9)
&
which satisfies the equation of continuity by virtue of the time-dependent
Schroedinger equation. However, if the potential in the Schroedinger
equation involves a space exchange operator, Sq does not satisfy this equa-
tion. But a satisfactory current S can be obtained by merely adding a
quantity S, to Sy:
’ S = S() + S_t.

S, will be referred to as the space exchange current.

The expression for S, is not unique, since any veetor operator expressible
as the curl of a veetor field ean be added to the eurrent, without modifying
the equation of continuity. Tlowever, there is a rather straightforward
prescription® for defining S, which has the result that S, is the expectation

alue

1 .
S.r(r) - = \Z S l:/ (/CY 6(1' - Iy — arm’)J ',(rll’l‘)Per> (4_10)

in the state ¢. The indices = and » are labels for protons and neutrons,
respectively, and 8(r — r’) is the Dirac §-function. Note that contribu-
tions to the current come only from points lying on the line connecting a
neutron and a proton; the current flows on filaments connecting unlike
particles. A strongly suggested interpretation is that the electrie charge
switches back and forth between a neutron-proton pair, thereby producing
a current along the line between them.

The same interpretation of the exchange potential will be suggested by
the analysis of high-energy n-p scattering. If the kinetic energy of the
neutron is much greater than the interaction potential, it would be ex-
pected to pass through the proton virtually undeflected. However, an
exchange potential leads to strong back scattering of the neutron in the
center of mass system; the proton moves off in the forward direction. An
exchange of charge leads to a simple explanation of the result: the forward
going proton is simply the original neutron which has picked up the charge
of the scattering center.

A proton eapable of losing its charge to a neutron certainly would not
seem to be a structureless particle, so the exchange potential may be inter-
preted as a simple device for handling effects due to nucleon structure. The
irrational mechanical behavior of the nucleons produced by the potential
is merely the result of treating a structured system as a single particle.
The saturation of nuclear forces is then a phenomenon associated with

* R. G. Sachs, Phys. Rer. T4, 433 (1948). This particular form is due to E. N.
Adams, II, Phys. Rev. 81, 1 (1951).
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nucleon structure, and it is indeed fortunate that there is a possibility of
handling the effect by means of Schroedinger mechanies with the help of
the exchange potential.

Returning now to the original objective of this chapter, let us consider
the influence of the Majorana potential on our analysis of the excited
states of the deuteron. The Schroedinger equation takes the form

Vi + WPy — k% =0, 4-11)

where W(r) = —MJ(r)/E?, and P denotes the interchange of neutron and
proton coordinates. Sincer = r, — 1, :

PY(r) = ¢(—1),

and the exchange operation is equivalent to inversion through the origin.
Therefore, P can be replaced by 1 for the even states, by —1 for the odd
states. In particular, the assignment of even parity to the ground state
indicates that the potential is repulsive for all odd states. Since the fune-
tions of odd orbital angular momenta, 2, F, ete., have odd parity, they
feel only a repulsion, so no bound states of this kind would be possible.
The argument, of Section 4 1 against bound P-states is therefore strength-
ened, while the discussion of even states is unchanged.

4-3 Singlet states. In Scetion 2-5 we came to the conclusion that the
nucleon-nucleon interaction must be spin dependent, and the evidence for
a tensor interaction certainly lends support to this notion. The spin de-
pendence bespeaks a separate analysis for the bound singlet states of the
deuteron. The ground state, being a triplet, does not establish any of the
parameters in the potential appropriate to singlet states.  But we do know
that singlet. states must lic above the lowest triplet and that the difference
between singlet and triplet potentials is not very large. Therefore, it
might be expected that the lowest 'S, state is bound, in which ease it would
be the only bound excited state of the system.

Consider first the influence of the tensor interaction on a singlet state,
xo. 'The treatment is facilitated by use of the relationship

(o'n + o'p)XI) = 09
which will now be established. According to the general theorem that the
spin functions form a complete set, we can write
(on + o’p)X() = Cyxo t+ Z CimXi-

m

The operator o, + o, is symmetric for interchange of neutron and proton
spin coordinates, while the singlet function xo is antisymmetric, and the
triplet functions x{' are symmetric. Therefore, all the coefficients ¢,, must

vanish, and
(0n + 0p)x0 = CoXo-
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Taking the scalar product with o, + o}, we find
(on + °'p)2X0 = c(g)X()-
But (¢, + 0,)? is proportional to the square of the total spin angular mo-
mentum, which is zero in the singlet state. Therefore,
¢ =0,

which establishes the desired result. The relationship can be rewritten in
the form
TnX0o = —OpXo- (4 ]2)

In the singlet state the tensor term in the Schroedinger equation is pro-
portional to

3(U'l°r)(o'u'r)
San() = ,:_!T"“ - (o'p ’a'n) Xo-
Now we have seen that in the singlet state (o7, *0p) = —3. This, combined

with Eq. (4-12), yields the result

—3(0'1,,-1')2

Sn]:XO = [ 7‘2 + 3] Xo-

But the square of any component of the spin operator is unity:

(Vp'f)2
T2

T
Therefore,
Snpxo = 0;

the tensor interaction vanishes in the singlet state.

Introduction of the tensor interaction then provides a difference between
singlet and triplet states, and this difference is in the right direction be-
cause the conditions on the ground state of the deuteron are such that the
tensor interaction is an attractive potential. The singlet state is more
weakly bound than the triplet state. However, it is by no means certain
that the only difference between the singlet and triplet interactions is due
to the tensor force. Direct information concerning a singlet state is re-
quired in order to establish the nature of the singlet potential. To allow
for all exigencies we may put the central potential in the spin-dependent

form
= §—+—(:lf?2 By 4 1= (One) y. (4-13)

Ve
Since in a triplet state (¢,°05) = 1, the triplet central interaction is simply
V., = 3V, while in the singlet state, (o,°0,) = —3 leads to V, ='V.
Thus Eq. (4-13) provides a central intcraction which can have any re-
quired distinet forms in the triplet and singlet states.
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4-4 Low-energy neutron-proton scattering. The scattering of slow neu-
trons (up to 5 Mev) by protons provides a most, fruitful source of informa-
tion concerning the n-p interaction. The experiment is performed by
bombarding a target of hydrogen-containing matter with a beam of neu-
trons. Although the target protons are in a state of thermal agitation for
which they have no well-defined velocity, this causes no difficulty for neu-
tron energies considerably greater than k7 because the protons are, for all
practical purposes, at rest. The corrections due to proton motion for very
slow ncutrons will be established in Sections 5-1 and 5-2. ‘

Calculations are always carried out in the center of mass coordinate
system, while observations are made in a frame of reference attached to
the proton, the laboratory system. The connections between these two
coordinate systems can casily be obtained by making use of the laws of
conservation of energy and of momentum. If, for simplicity, we take the
neutron and proton masses to be identical, then the relationship between
the energy I;, of the neutron in the laboratory system and the relative
energy IV in the center of mass system is simply

E = }EL (4-14)

Furthermore, if 8;, is the angle of scattering of the neutron from its original
dircetion measured in the laboratory system, then the corresponding angle
in the center of mass system is

9 = 20y, (4-15)

Finally, since the proton direction is just. opposite to the neutron direction
in the center of mass system, the angle at which the proton is scattered in
the laboratory system is

’ m
01‘ = -2“ - 0[,. (4—16)

The neutron and proton make an angle of 90° with respect to each
ther.

In preparation for a caleulation of the scattering cross section, some of
Jhe salient, facts concerning the treatment of seattering problems are re-
viewed here, primarily to establish a convenient notation. The straight-
forward analysis of a scattering problem involving a short-range potential
makes use of the method of partial waves.* If the energy in the center of
mass system is

,"2]‘.2
_ M

* See Mott and Massey, The Theory of Atomic Collisions, 2nd edition, Oxford

(1949), Ch. 2.

(4-17)
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and the interaction is a central Majorana potential

V(r) i W) P
ry=—--W()P,
M
then the radial equation {akes the form
" . . Wiw+1
w + [I\‘,Z + (=)W (@) - ( t )] uy = 0, (4-18)

where

i) = @) /r

is the radial function of a state with orbital angular momentum I. For
large r, the asymptotic behavior of the funection w; is

—_— —] i (l + 6 — : ) (4-19)
-» =8 e . ‘
(B . in{ kr !

The phase shift § is determined by the differential equation (4-18), and
the scattering cross section ean be expressed in terms of all the phases.
The cross section is directly related to the asymptotic behavior of the

wave function, which is given by
ikr
. e
e () (4-20)
T >»® r

if the vector k has the magnitude & and the direction of incidence of the
beam, and if 8 is the polar angle measured with respect to an axis in the
dircetion of k. Then the differential cross section for scattering by angle 8

into solid angle d€2 is
a(0) d2 = | f(8) |? dQ. (4-21)

J(6) may be expressed in terms of the phase shifts of the partial waves by
1 ,
16 = — E%.*.‘,(21 + 1) (™ — 1)Py(cos 0), (4-22)
i

when the Legendre polynomials P;(z) are normalized so that
Pl(l) =1,
Pi(=1) = (=D

The advantage of the method of partial waves at low energies is that for
small velocities the angular momentum is small if the particle is within
the range of the potential. Therefore only the waves of low angular mo-
mentum are scattered for low energy, and the lower the energy the smaller
the number of partial waves that must be considered. Thus at very low
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energies only the phase shift §, will be appreciably different from zero, and
the essential contribution to the scattering will be provided by the S-wave.
Then

1 .
f6) = fo(k) = — . ¢ sin 8 (4-23)
e

provides an adequate estimate of the cross section, namely,
= o _ Lo
a® = |1 ]* = E sin? 8.

The angular distribution is isotropice, since we are dealing here with an
S-wave. The total cross section is therefore given by

g =/UU(0) i) = ;2——— . (4—21)

The calculation of the cross section for very low energy requires only a
determination of the one phase shift §,.

To prepare the ground for an estimate of the correction due to P-wave
scattering, let us assume that §; is small, but not zero. Then

36,
J0) = fo — e o
and the cross section is

" 30
a() = ‘fo \“ — 2 Re (fu) - Al cos 6, (4-25)

where Re denotes the “real part of.” Just the contribution of the inter-
ference between the S- and P-waves has been included here.  This term
might be observed in the angular distribution of the scattering, but it
does not contribute to the total eross seetion beeause of the orthogonality
of the S- and P-functions. Integration over angles to obtain the total
cross section leads to a second-order correction if second-order contribu-
tions are added to Eq. (4-25):

127

¢ = ogp + —5 01

k..
When the interference effect described by Eq. (4-25) is small, this effect
of the PP-wave will usually be very much smaller.

For the most part, we shall consider neutrons of quite low energy, there-
fore the limit & — 0 is of particular interest. In this limit the cross sec-
tion is determined by f,(0), a quantity called the scattering length and de-
noted by the letter a.  The zero energy total eross section is then just
dra®. A geometrie interpretation of the scattering length can be given if
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we note that for very small k the differential equation, Eq. (4-18), for

I = 0 reduces to
n
ny = 0,

outside the range of forces. The asymptotic solution is a linear function
of r whose constants can be obtained by writing Eq. (4—20) in the form

TIP = Tf"’k‘r - f()(’ikr, r> a,
and setting k = 0. The result is
U =r—a, r>a. (4-26)

The appearance of the function wug is

displayed in Fig. 4-1. Extrapolation

of the asymptotic straight line, Fq.

(4-26), to the axis shows that a is

just the intercept with the r-axis.

That a must be real follows from

the fact that only real quantities

appear in the differential equation

for uy, Kq. (4-18).

a] n—- The existence of a finite seattering
length a implies that the phase shift
must be proportional to & for small
encrgies, since

e —=

s,
a,

F1a. 4-1. The radial S-function for
zero energy. The range of the potential . | R
is a, the scattering length is a. a= lim [ — i e sin 8y . (1-27)
k>0 9 -
If a is to be finite, 5o must have the property* sin 6, ~ k or 8o ~ k. The
constant of proportionality can be determined from Eq. (1-27); since
e — 1,

do k _’0> —ak. (4—28)

The scattering length has two possible signs corresponding to the signs
of 8p. It will be found that the sign is of considerable interest and that it
can be determined by means of an interference experiment.

The dependence of the sign of the scattering length on the depth of the
potential is illustrated in Fig. 4-2, which shows the wave function u as a
function of distance for a sequence of potential depths starting from zero
(labeled 0) and increasing with increusing label. The influence of the po-
tential is to cause the function to curve toward the axis within the range a;

* 8o could be placed in the second or third quadrant, o = = — ak, but a choice
is always possible, so we elect the convention that 8, have the smallest ahsolute
value consistent with the radial equation.
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Fia. 4-2. Tlustration of the dependence of seattering length on depth of the
potential. The radial S-wave functions, u, are labeled in order of increasing depth,
with 0 as zero depth.  As the depth inereases, the intercept of the extrapolated
curve (broken line) moves from right to left and therefore as it moves from a, to as,
a goes to —oo, then jumps to 4o,

the deeper the potential, the greater the curvature. In the absence of an
interaction the function is a straight line passing through the origin. A
very weak potential results in an intercept @ which is negative (curve 1),
As the potential is deepened, the negative a increases in magnitude until
it reaches —o. Then a slight increase in depth introduces a node in the
wave function near 4o which is identical with the intercept a (curve 2).
Further deepening of the potential causes the node to move in (curve 3)
and, at some point, the sign of the scattering length again changes (curve 4).
Another node appears with inercasing curvature, at which time the sign
shifts even again. In this way it can be seen that the relative sign of the
scattering length for two potentials is closely correlated with their relative
depths. The case which will be of particular interest to us is comparison
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of the 3S and 1S potentials for the deuteron. The seattering length will
turn out to be positive for %S, but, the 1S potential is sufficiently shallow
relative to the 38 to lead to a scattering length of the opposite sign.

4~5 Low energy n-p scattering. Square well. Neutron-proton seatter-
ing at low energies is insensitive to the shape of the potential, since a neu-
tron of wavelength long compared with the range of forces cannot “sce”
details within that range. Therefore the seattering cross seetion is related
to certain average properties of the interaction; they may then be treated
as the quantitics measured by a low-energy scattering experiment. Al-
though the simplest analytical procedure is to develop the theory directly
in terms of these quantities, some of the physical features of the problem
are thereby obscured, so a direct caleulation of the seattering by a square
well will be performed first.

The radial equation, Eq. (4 18), for the S-wave produced by a square
well potential W of depth K? is

w+ku=0 r<a

(4-29)
u +ku=0 r>a,

where
K = K% + k2, (+-30)

k? being proportional to the energy, as indicated by Eq. (1-17). The wave
function is subject to the boundary conditions, Eqs. (3—-16), (3-18), and
(3-19), but the behavior at infinity is determined by the asymptotic form,
Eq. (4-19). The solution is

u = A sin «r, r < a, (1-31)

1
u = %sin (kr 4+ 8g), 7> a,

and the constant A is fixed by the continuity condition, Kq. (3—18). The
condition that the logarithmic derivative be continuous at. the boundary
yields an equation for the phase 6,

k cot ka = k cot (ka + 8p). (4-32)

There is some ambiguity in the choice of a solution for this equation, since
any integral multiple of = can be added to 8,; the choice, which is entirely
a matter of convention, is made in such a way as to give the smallest abso-
lute value for 8.

Now sin 8, can be written as

sin [(ka + 8p) — kal

+1 .
= :/—.m:_&é - (k_a__{_ 505 {cos ka — cot (ka -+ &) sin ka}.
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The leading factor is just sin (ka + 8p), which takes the positive sign when
(ka + 6y) lies in either of the first two quadrants, the minus sign other-
wise. From Eq. (4-32) it follows that

. =+ sin ka (k cot k b ket) (433
sin = — ; = (K COU K — K COU Ka). oD
7 VI £ 2 cot? ka )

The total S-seattering cross section is then, according to Eq. (4-24),

4 sin® ka (F cot & { ka)? 434

0= "5 ., Ty cot ka — k cot, ka)“. —
0 k2 k* + &% cot? ka

Consider first. the behavior of the eross section in the limit of very small
energy. Although it can be obtained directly from Eq. (4-34) by setting
k = 0, some very useful relationships are obtained by back-tracking and
working direcetly with the scattering length, a. The close connection be-
tween a and the phase shift §q is indicated by Eq. (4-28). Equation (4-32)
can be simplified by use of this connection and the equation

1
lim kcot (ka — ka) = —-—-»
k—o a—a

whence, for k = 0,

K cot Ka = (4-35)
a—a
or
(I tan Ka) 3
a= e B -36
“ Ka ( )

The zero energy cross section is lra®, just the value obtained by setting
k= 0in Iq. (4-34). Note that the behavior of the seattering length as a
function of the depth of the potential is in accord with the qualitative dis-
cussion at the end of Seetion 4-1.

We can now proceed to evaluate the seattering length and the cross
seetion at zero energy for the triplet potential on the supposition that the
range-depth relation is fixed by the binding energy of the deuteron. The
resulting dependence of scattering length on range is illustrated in Fig, 4-3,
which corresponds direetly to the range-depth relationship of Fig. 3-1.
Since Ka and ke differ only slightly for any reasonable value of the range,
Kea also lies in the second quadrant, with the consequence that a is posi-
tive. The wave function is similar to curve 2 or curve 3 of Fig. 4-2.

According to Fig. 1-3, the value of @ is close to 2R, for any acceptable
choice of the range. This leads to the estimate

oo = 4wa® = 4 barns, (4-37)
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I16. 4-3.  Scattering length as a function of range for a square well.

one barn being 1072%¢m?.  The observed neutron-proton scattering cross
section at very low energy is about. 20 barns, and it seems that no manipu-
lation of the triplet potential consistent with other data can possibly ac-
count for the observed scattering. It was first pointed out by Wigner that
the large difference between the triplet scatiering and the observed scat-
tering offers a sensitive source of information concerning the singlet neu-
tron-proton interaction. The total cross section is a composite of the trip-
let cross section ¢, and the singlet cross section oy, namely,

3
g = 10t + ’_}0’3.

On the assumption that the singlet scattering accounts for the difference
between triplet and observed scattering, the cross section is given by

os = (80 — 30/) barns.
The estimate, Eq. (4-37), for o, yields
0s = 08 barns, (4-38)

A cross section of this magnitude suggests a resonance phenomenon such
as would be expected if the 'S, state of the deuteron were very near to the
energy at which the scattering is observed, namely, close to zero energy.
It will be found that this is the case.
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The estimate of o, provides a value of the singlet scattering length «,,
namely,

a;, = £V 0’,,/11!' =~ :ESIe(). (-1“39)
If the singlet potential is assumed to be a square well of depth K? and
range a,, Eq. (4-35) can be applied to the singlet scattering length with

the result, that | Kaa, cot Ko, | S L, since a, is presumably somewhat less
than By. Therefore K,a, must be very nearly equal to =/2:

Koy ==+ 8
\sQy = — H
7

where g is a small quantity. Then
1

tan Ky, = — —»

B

and if terms of order g% are neglected, Eq. (4-36) leads to

< 2
1+ ——) s
3

I

(2]

or

whence

Ksa's = -4 s (440)

The estimate of a, given by Eq. (4-39) yields

. r 2 R
Koy ~ — & ——

27 18Ry F ay

The controlling sign has been made explicit here; K e, is greater than /2
for positive scattering length, less than x/2 for negative scattering length.
The change in sign of the scattering length corresponds to a passage from
— to 4, as in the transition from curve 1 to eurve 2 in Fig. +-2. Thus
a tremendous change in scattering length is associated with a small change
in the singlet potential; a, provides a very sensitive measure of the depth
of the singlet interaction.

The physical meaning of the sign of a, can best be brought out by sup-
posing that the Sy state of the deuteron is bound, with binding energy
2] ,1'2 k
“‘ M

2
-
8
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Then k, is determined by the analog of Eq. (3-22), namely,

Ky COL Kyt = —ks,
where
K= K — k.
The value
. ™
I\Ran = -é
corresponds to zero binding energy, k, = 0. The slightly larger value of
K a, associated with a positive scattering length leads to a finite binding
energy that can casily be determined from Eq. (4-35),
; . I
ky ~ —K,cot Kyoty = — —-
g —
An estimate of the ratio k2/kZ of the singlet binding to triplet binding may
be obtained by inserting a, = 8R:

E |
Jg (SI\'QR() -

as/\'g)z
The values kR = 3, aky = § lead to
] v 1
EJE, = o5,

so the energy of the singlet state would be about 100 kev if it were stable.

A negative scattering length, on the other hand, implies Ky < 7/2,
with the result that the potential is too shallow to lead to a bound singlet
state. DBut the behavior of the system can be characterized by a state
with negative binding energy, the virtual state of the deuteron. It, too,
must be close to zero energy. The fact that the singlet state lies close to
zero energy, whether it be above or below, makes reasonable our interpre-
tation of the large singlet scattering as a resonance phenomenon.

It is of some interest to remark that for the Yukawa potential, Kq. (3-3),
zero binding energy corresponds to the range-depth relation*®

K2 = 1.683. (4-41)

A larger value leads to a bound singlet state, a smaller value to a virtual
state.

The sign of the scattering length cannot be determined by a measure-
ment of the zero energy cross section, which depends only on aZ. In princi-
ple, it could be discovered by a very precise measurement of the energy
dependence of the cross section, but that does not turn out to be a practical

* Suchs and (Goeppert-Mayer, Phys. Rev. 63, 991 (1938). This result can eusily
be obtained by the Thomas iteration method, Section 3-3.
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procedure. A more successful method depends on the interference between
the waves scattered from the two protons in the H, molecule, since that
depends directly on the sign of a,.  This method, which involves a separate
determination of the orthohydrogen and parahydrogen scattering cross
sections, was the first to lead to a determination of the sign. Tt will he
discussed in Chapter 5. The result is a negative a,, corresponding to a
virtual singlet state.

Further information concerning the singlet potential is to be obtained
by consideration of the energy dependence of the cross seetion. Since the
singlet scattering is associated with a resonance, it should decrease rather
rapidly with increasing energy, while the triplet cross section is expected
to vary but little. This behavior can he established by inserting the appro-
priate singlet and triplet. parameters in q. (4-34). IHowever, a much
simpler and more general procedure for determining the energy depend-
ence is developed in Section 4-6, and a detailed discussion of the energy
dependence of S-seattering will be deferred to that seetion.

Since only the S-wave is considered, it is necessary to obtain an estimate
of the importance of P-seattering, which is expected to be small as long as

e < 1.
For definiteness, the condition
lha S E%

o

may be imposed. Then, from k Ry = 3,

K IS <Ro)2
= -< (=)
l E, | ke F\a

E,l.

For R()/a ~ 2,
k<

This is the energy condition in the center of mass system. According to
Eq. (4-14), the restriction on the laboratory (neutron) energy is

K, < 2E; = 1.5 Mev.

The smallness of the P-scattering is still to be established. Equation
(4-18) may be taken as the basis of discussion, with 1'(r) a square well.
The use of the Majorana potential does not have an appreciable influence*
as long as we arc interested only in the conditions under which P-scatter-
ing is negligible. The P-wave phase shift, 8y, is determined by the radial
cquations

* However, a mixture of the Majorana and ordinary potentials of the form
(1 4 P), the Serber potential, would lead to no P-scattering. The importance of
this potential is brought out in Section 6-1.
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2
" -2 2, =
u,,—ﬁu,,—-l\up—i—kup—O, r < a

(1-42)

n_ 2 2
U, — r_2 w, + ku, =0, r> a,

whose solution is subjeet to the houndary conditions, Fgs. (3-16), (3--18),
and (3-19). The asymptotic solution takes the form

1
Uy — TP - ,—ms (kr + 6y).

In view of the condition I, < 4.5 Mev, the quantity

ks = K% — k2 (4-43)
is positive, so the solutions are
sinh &,r
Uy = A,| — = — cosh,r | r < a,
Kyl

()
1 [sin (kr 4+ &)
up= | el e >

The phase shift §, is determined by the continuity condition on the loga-
rithmic derivative, which can be manipulated into the form

R

k\*"
1 — ka cot (ka + 8;) = (——) (kpee coth gy — 1),

Kp
It turns out that &, is proportional to (la)?, so we write
6; = y(ka)d.

Then the cxpansion of the second term on the left in powers of (ka)?, to
first order, is
ka cot (ka + 6;) = 1 — (§ + v)k%a?,

and the equation for 8, becomes

1 1
5 + vy = (TI‘a')E (Kpa C()th Kl'a - l).

Also kya can be expanded in powers of k2%, but to be consistent only the
leading term is to be carried. Therefore,

+ v

(Ka coth Ka — 1).

1 _ 1
3 (Ka)?
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For both the singlet and triplet potentials

Ka 2 x/2
and coth Ka, which has the value 1.09 at Ka = n/2, approaches the value

1 asymptotically for increasing Ka. Thercfore for all practical purposes
we can replace it by unity within the range of interest, whence

1 + 1
3 vE (Ka)®

The corresponding expression for §; is
1

(Ka = 1).

O I, P
1= 3 T (o K ) | (ke)®.

The P-wave correction to the cross section, according to Eq. (4-25), is

3
Ao = 2 Re (foe) [l - 27\“)2 (Ka — 1)] (ka)? cos 6.

The value relative to the 8 cross section is

Aa~2“[1 3 K—l]l-2 ;6 145
plad (K(z)z( a = 1) | (ka)” cos 6, (+-45)
where use has been made of the fact that fo can be expanded in powers of
k? and only the leading term, namely a, is to be included. For the singlet
state, we have the estimate a, = —8R,, while for the triplet a; = 2Ry
for the singlet Ka = =/2, while for the triplet we may take Ko = 37/1.
Hence the coefficient, in front of (ka)? in Eq. (4—45) is less than 1 in every
case. Since the P-wave correction is of the same order as (ka)?, it will
amount to less than ten percent in the differ=ntial eross section for energies
less than 5 Mev. The contribution of the P-waves to the total cross sec-
tion is, of course, much smaller.

The relationship 8; = y(ka)?® is a special case of the more general low-

encrgy condition
o = 'Yl(l"a)2'+l)

which cxpresses the effectiveness of the centrifugal potential in reducing
the scattering. To establish the general relationship, it is only necessary
to consider the nature of the radial wave function outside the range of
forces. The function can be written as

wy = rjy(kr) cos & + rny(kr) sin §;, r > aq,
where jy(kr) is the regular function having the property
12!

SO = 1
Jl(-r) (2l+])‘r, r L ’
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while n;(kr) is the irregular function having the property
@n! 1 :
‘II[(.I‘) = 511{;I+T, r<1.

Furthermore, the asymptotic behavior of each funetion is

(k) 1 . (k l1r)
kr) — —> = sinlkr — = )s
DS kr " 2

(k) 1 (k /1r>
n(kr) — > —cos\kr — =)
MY 2

o)

whieh is in accord with Eq. (4=19). The phase shift is determined by the
condition that the logarithmic derivative be continuous at the boundary
r = a. Because the function inside the well is nearly independent, of energy
for low energies, the inner logarithmie derivative can be treated as a con-

stant,* C;:
1 ([Il[
() o
uj dar r=a-—0

Outside the well, the function can be approximated by its behavior in the
limit. of small v, since ka < 1 for small energies. Then
( 1 (Iu,) L(+1) l‘,(k‘a)2’+' cos & — Isin &

r=at0 T

— —_— —— — —
u; dr (ka ‘H“’ cos 8; + sin §;

1 2 ]2
'Y= — — — .
T e+ 0 Lan

where

If we make use of the fact that 8; will turn out to be small, of order (ka)?'t?,
the continuity condition becomes

(1 +1) 1‘,(ka)“+'—w

— C,
I A T

Hence the relationship 8, = v;(ka)?' ! is confirmed, and

The agreement with values obtained in the special cases I = 0 and | =
can casily be verified by a direct calculation of ().

* If there happens to be a level at zero energy, (! cannat be treuted as constant.
TFor a more detailed discussion see Mott and Massey, The Theory of Atomic Collz-
stons, Oxford, 2nd edition (1949), p. 35.
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Although this result indicates that the D-wave contributes very little to
the low-energy scattering by a central potential, a somewhat different re-
sult might, be expeeted for a tensor interaction.  Actually the D-wave is
not coupled to the S-wave outside the range of the tensor force, so the
essential features of the above argument are unchanged. The amplitude
of the seattered D-wave is proportional to (ka)®, thus the D-scattering can
be ignored at low energy. ITowever, the D-wave still has its effect because
the generation of the D-wave inside the well alters the S-wave phase shift,
and thereby affects the scattering. A cuantitative discussion of this effect
is presented in the next section.

4-8 n-p Scattering. Effective range theory. This section is devoted to
a general treatment of the n-p scatiering, a treatment involving no specifie
assumption concerning the potential except that it has a finite range. Tt
is anticipated that only average properties of the potential are required to
determine the cross seetion as long as the wavelength is long compared
with the runge, a condition which must also be satisfied in order that
ireatment of only the S-wave be adequate. An appropriate treatment of
the problem under the specified condition was given first by Breit,* for
proton-proton as well as neutron-proton seattering, but for illustrative
purposes the treatment of Bethet is adequate and simpler.

Consider the scattering at two energies £y and Ey, and set I5; = #2k;/ M.
The radial equations for the S-waves then become

w4 (K 4+ Wy = 0, (+-16)

with j = 1, 2. Here the subseript. 0, indicating { = 0, has been dropped,
since most. of the considerations of this section concern only the S-wave.
It is convenient to introduce the auxiliary functions ¢, which satisfy the
auxiliary equation

v, + Ky =0,

and have the same asymptotic form as u;,

lim [uw;(r) = 0;(r)] = 0.

r > 0

* A thorough discussion of the theory ix given hy Breit, Rer. Mod. Phys. 23, 238
(1951).  Considerations of this sort have been emphasized particularly by Sehwinger,
who has treated the problem by a variational method.  See Blatt and Jackson,
Phys. Rer. 76, 18 (1949).

t Phys. Rer. 76, 38 (1949). See also I, C. Barker and R. K. Peicrls, Phys. Rer.
765, 312 (1949), and G. I. Chew and M. L. Goldberger, Phys. Rev. T6, 1637 (1949).
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Multiplying Eq. (4-46) by uy for j = 1 and by u; for j = 2, subtracting,
and integrating, we obtain the equation

]

! ’
Uglly — Uy

= (k3 — k?)/ uyg dr.
- 0 0
Similarly,

0

, )
Vol — U1l

]
= (k — k}) / v10y dr,
0

0

and subtraction of one of these equations from the other leads to
01(0)92(0) — v2(0)v1(0) = (ki — k) / (mpy — wyup) dr,
JO

since 4;(0) = 0. A further simplification ensues if the conventional nor-
malization of the asymptotic function, Eq. (4-19), is abandoned in favor of

v;j (0) =1 ’
whence

25(0) — 03(0) = (k3 — ki) / (nymg — wyuy) dr.
0

Since v; is completely specified in terms of the S-wave phase shifts §; and
2 for the two energies by
sin (k,r + 6;)

sin 8;

vj

its derivative is
v,(0) = k; cot &, (4-47)
50

ky cot 8 — ky cot &; = (k3 — A7) / (vime — ugug) dr.  (4-18)
0

Now take E; and E, to he very close Lo some common energy ¥ = 722 /M.
Then Eq. (4-48) is equivalent to

- " g 2
207 (k cot &) '/; (v u®) dr,

where » and u are solutions associated with energy E. This relationship
provides the coefficient of the second term in an expansion of k cot é as a
power series in the cnergy:

kcot 8 = (k cot 8)g—o + 3rok® +---,
where

LU S
5 7o (v U°) keso AT, (449)
0
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The quantity ro is called the effective range; it is one of the average proper-
ties of the potential to be determined from the scattering.

The evaluation of k cot § at k = 0 is facilitated by making use of Eq.
(4-47). Since we know from Eq. (4-26) that the asymptotic solution at
k = 0 is proportional to r — @, the function », with »(0) = 1, is

r

v=1— - (4-50)
a
Therefore
1
W' O))keo = — =
a
and the expansion of k cot § is
1 1
kecot & = — - + -7ok?. (4-51)
a 2

The total S-seattering cross section is given by

41r_2
¢ = — sin® §
kz

or
A7
g = - . (4-52)

k? + ll k2 1J2
- O - —
2 ! a

This provides a complete description of the energy dependence of o for
moderate energies in terms of the two constants a and ro. We have already
seen that the magnitude of a can be determined from the zero energy
scattering. In principle, the sign of the scattering length and the magni-
tude of o can be determined from the scxttering cross section at other
values of the energy, but up to the present that has not proved to be a
completely practical procedure.

Only one free parameter appeared in our discussion of the triplet scat-
tering by a square well, whereas here there are two. The difference is the
result of using, in the carlier treatment, the relationship between range
and depth provided by the deuteron binding energy. In the more general
treatment it is again possible to eliminate one of the parameters, that is,
to obtain a relationship between a, and 7, the triplet scattering length
and triplet effective range. This is accomplished by extending Eq. (4-51)
into the domain of negative energies, i.c., to the ground state, by replacing
k? by —kj. The result is

, R
2,(0) = — — — —rokg
ag 2

if Eq. (4-47) is used to replace k cot 8. The subscript g here refers to the



82 EXCITED STATES OF THE DEUTERON [cHAP. 4

ground state, hence the auxiliury function normalized to unity at the origin
is just
v, = ek,
Therefore
2,(0) = —kg,
whence

1,
kg = - - + 27'()(’("3,

which yields the desired conneetion between triplet effective range and
triplet scattering length:
2 1
rot = (]\',; — - > (4 53)
l(':‘, ay

No corresponding information relating the effective range and scattering
length is available for the singlet state. A determination of the scattering
length a, is possible, and that provides a depth-range relationship for a
given potential.  But in order to obtain the effective range a measurement
of the scattering cross section at an energy of aboul 2 Mev is recuired.
Available values of the cross section are not sufficiently acceurate to pro-
vide a completely reliable value of rg,.*

The form of the cross seetion as a function of energy for the square-well
potential can now be determined. We had in Section 4-5 the estimate

a, = 2R,,
which yields
I 3
T —=-R 4-54
Yok, 4 54
on the basis of Eq. (4-53). The triplet cross section can thereby be put
in the form
dn/ky
+ (g (/

The coefficient dx/kZ is § barns, so at £ = 0, ¢, = 4 barns, as it must
since that is a direct consequence of our estimate of @, At £ = | |,
namely at 2.2 Mev, o, = 2 barns, while at K = 2[ Eg| it is }4 barns.
Hence the triplet cross section is a rather slowly decreasing function of the
energy within the range under discussion.

I — 4-55
= 1) B, E,| = 3)? (4-55)

* Three independent experimental determinations of this cross seetion by Hafner,
Hornyak, Falk, Snow, and Coor, Phys. Rer. 89, 204 (1953), Storrs and Frisch,
Phys. Rer. 90, 339 (1953), and Fields, Adair, Becker, and Darden, Phys. Rev. 91,
441 (1953) now appear to give a consistent value of ry, which is also consistent with
the value deduced from proton-proton scattering in Section 6-2 (communicated
privately by R. K. Adair, June 1953).
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The energy dependence of the singlet cross section for a square-well
potential requires that we evaluate ry, directly from our knowledge that
the functions u and » are

r
v=1—-—
Qs
and
= Agsin K,r, for r < a.

The constant A, satisfies the continuity condition

. s
Ay sin Koy = | — —-
UM
We can also make use of the equation
- . 1
]\.\- cot K g = = .
Wy — (ls

The effective range is defined as the integral

" a r 2 R
Fos = 2/ (1 - > — A7 sin® ](sr] dr,
0 ay

whence, by direet caleulation,

o
(I | & | as)
ros =a\l —-—=— ., ) (4-56)
3da; Kia; as

Note that for a, — Z=, i.c., for the singlet binding energy exactly zero.
ros = ag. Thus in the special ease of a square-well potential having such
a depth that the binding vanishes, the effective range equals the actual

range.

In order to determine the energy dependence of the cross section, we use
the estimate a, = —8Ry, which is so large that to a very good approxi-
mation

Fos = Q. (4—57)

The rough estimate a, =~ 3Ry then leads to the cross section

A /k; (1-38)
gs = T, ' . v /e ) ER )
CTENE |+ DG+ E3E)
This approximation yiclds a value of 64 barns at £ = 0, at £ = | E, | it is

about 2 barns, while at I = 2| I, | it is about 1 barn. Therefore the
singlet cross section falls very rapidly from its large value at zero energy
to a value of the same order as that of the triplet eross seetion at about 2
Mev, a result which is in accordance with our interpretation of the singlet
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scattering as a resonance phenomenon. However, it is to be noted that
the resonance is a very broad one indeed, so broad, in fact, that no reso-
nance peak appears at the position of the virtual level.

Similar computations are necessary to determine the range and depth of
a potential having any specified shape from the ohserved values of scatter-
ing length and effective range. The required calculations have been car-
ried out by Blatt and Jackson* for all of the conventional central poten-
tials. Their results are shown in Figs. 4-4 and 4-5. Since adequate data
for a direct determination of the triplet effective range have not been avail-
able up to the present time, the deuteron binding energy is usually used to
fix ro; by means of Eq. (4-53). No such result is available to evaluate 7,

125 — Cs

. L
00 [ /

I [
= //?—v
0.76 /f
] /zz
0.50 o /j/ /
=y
026——"353 -02 -o0. () X 303
n.'/a —_—

Fia. 4-4. Relationship between the scattering length, effective range, and range
of the square well (8), Gauss potential (GG), Yukawa potential (Y), and the expo-
nential (E). [Adapted from Blatt and Jackson, Phys. Rev. 76, 18 (1949).]

* Phys. Rev. 76, 18 (1949).
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Fia. 4 5. Relationship between the seattering length, the range, and the depth
for potentials of several forms.  Source and notation same as Fig, 4-4.

but the value is often assumed to be the same as that obtained from proton-
proton seattering. This procedure is highly questionable, since one of the
most. primitive objectives of the study of nuclear forces is to establish the
relationship, if any exists, between neutron-proton and proton-proton
interactions.  The matter can be clarified by a very precise measurement
of the n-p scattering at an energy of the order of 2 Mev.

The effecetive range theory is a result of carrying only the first two terms
in an expansion of k cot 8 in powers of k. Since there are two parameters,
a and 7, in this approximation, any reasonable two-parameter potential
can be adjusted to fit the data. However, an experimentally determined
value of the cocfficient of the &* term in the series could not be met so
easily by any potential when the range and depth are fixed by determina-
tion of a and ry. This term therefore provides information concerning the
shape of the potential.  To draw firm conclusions concerning the shape,
an analysis of the influence of tensor forces and P-waves is required,
but that involves more effort than is warranted by the data at present.
Blatt and Jackson discuss the shape-dependent, term, but only with refer-
ence to the S-scattering by a central potential.

We have developed the concept of effective range for scattering by a
central potential and now, since there is convineing evidence for the exist-
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ence of a tensor interaction, some consideration must be given to the in-
fluence of the noncentral potential on the interpretation of ro. We are
concerned here only with the triplet effective range, rqs, since the tensor
force vanishes in a singlet state. 1t has already been pointed out in Sce-
tion 4 -5 that S-scattering is the important effect at these energies, what-
ever the interaction, thercfore an cffective range can certainly be deter-
mined from the data. But the relationship between the cffective range
and the parameters in the potential no longer has the simple form indicated
by Eq. (4-49), which is the basis of Figs. -4 and 4 -5.

Analysis of the problem is simple when we realize that the wave function
for the scattering problem can be expanded in characteristic functions of
the total angular momentum. Since only the 38, scattering is important,
the relevant contribution to the wave function is the term with even parity
and.J = 1. We have established that this function must be of the form
Eq. (3-63),

{” = T“l[“(r) + w(r)S,,,,]x{”,

where ¢V is now a solution of the Schroedinger equation for positive
cnergy. The appropriate modifications of Fqs. (3-69) and (3-70) are

W’ (W) + Kl + 8yWurjw = 0, (4-59)

6
w'’ + [Wc(r) — 29Wy(r) — — + kz] w4+ yWi(r)e = 0. (1 60)
2

The first of these equations may be introduced in place of Eq. (4-46) in
the analysis leading to Eq. (4-48), and we now obtain

k2 cot 6 — kl cot 0,
= (k3 — k%)—/‘ (v1vg — uyuy) dr + 87/ W(r)(wiug — wauy) dr.  (4-61)
0 Jo

Here w; corresponds to energy k%, w, to energy kj.

This equation differs from the form obtained for central forces by the
addition of the last term. To eliminate that undesirable appendage, some
consideration must be given to Eq. (4-60). It is clear* that there are two
linearly independent solutions, (u®w®) and (##wf), of Eqs. (4 59) and
(4-60) for given energy. The a solution is taken to be that which con-
tributes primarily to S-scattering, so its phase shift 8 = % is proportional
to k at low energies. Then &8 is expected to be essentially the D-wave
phase shift proportional to k. Since the functions u**# have been assumed
to have the usual asymptotic form characteristic of effective range theory,
the asymptotic form of w*? is

* Jor a detailed discussion see Rohrlich and Eisenstein, Phys. Rev. 75, 705 (1949).
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a,p
w B

>
T ® sin 6%

, sin (kr + 8%F),

where the coeflicient n%°# measures the amount of D-wave relative to the
S-wave. The condition
7 = =% (4-62)

can easily he estabiished by means of the generalized Wronskian condition
udP — wPu + 8w wd — ww) = 0, . (4-63)

which follows from Egs. (4-59) and (4-60).

The cnergy dependence of 2% and »° is most easily established by con-
sidering a square-well (tensor) potential and making use of the continuity
of the logarithmic derivative at the boundary, as we did at the end of
Section 4-5. Since the solution of the scattering problem involves a linear
combination of (¢%w®) and («fu?), the corresponding linear combination
of d In w/dr must be continuous, as must be the same combination of
dIn w/dr. From the condition on d In u/dr it is found that the coefficient
of «# is proportional to A* (if «® has unit coefficient). Then the condi-
tion on dIn w/dr yields an energy dependence of 2* of the form n* ~ k2
if 8. (41-62) is taken into account. Because the coeflicient of #? is so
small, the low energy S-seattering is determined by 8% and 2%, which we
now denote simply by 8 and ».

An equation analogous to Eq. (4-61) can be obtained from Eq. (4-60)
by the usual procedure if an auxiliary function, r(r), is defined by

&r(r) = .7, sin (Ar 4+ 8) = qv(r).
sin 6

Then,
mna(ky cot ds — ky cot &)

‘L
= (ki — /\"‘{)/ (mmatys — wyws) dr — 7/ W (r) (g — wouy) dr.
0 0

If this is multiplied by 8 and added to Eq. (4-61), there results

(1 + 81“172)(,('2 cot 62 - ,\'1 cot 61)
‘0
= (A — k?)/ [(1 + 8mmz)viry — (uyuz + 8wqws)] dr.
0
Repetition of our earlier procedure for obtaining the effective range leads to

d - 2 2 2
‘(- ;kcot8= ————2-/ [y — (& + 8uw?)]dr,

0
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where the new auxiliary function y is
y=V1+820. (4-64)

Since n% ~ k* it can be neglected in the factor before the above integral*
for the energy range under consideration. Repetition of the reasoning that
led to Eq. (4-49) thercfore provides the following expression for the trip-
let effective range:

dror = / W% — u® — 8uw?),—qdr. (4-65)
0

The relationship, Eq. (4-53), between binding cnergy and effective range
is still valid and, in the same approximation, Eq. (4-65) can be replaced by

0
Lrg = / (yi — nﬁ - Swi) dr, (4-60)
0

where u, and w, arc ground state functions, and y, is the corresponding
auxiliary function, y, = V'1 + 8¢ %", Values of ry, obtained by Fesh-
bach and Schwinger for Yukawa potentials by means of Iq. (4-66) are
given in Appendix 2.

* But not in the integrand, since that must vanish outside the range of forces.



CHAPTER 5
S-SCATTERING BY BOUND NUCLEI

The discussion of neutron-proton scattering in Chapter 4 has been
idealized by treating the proton as though it were free and at rest. Actu-
ally, the target protons are bound in some molecule or lattice so that they
cannot recoil freely. Furthermore, the proton kinctic energy is different
from zero: it is certainly not much less than k7', where T is the target
temperature, and it may be effectively larger if the zero point vibrational
energy of the molecule or lattice is large.  Finally, the treatment of indi-
vidual protons as independent scatterers will be erroneous when interfer-
ence can occeur hetween the waves scattered from different protons in the
target material.  All of these effects are important only at neutron ener-
gies comparable to or less than thermal energies.  If the neutron energy is
much greater, say of the order of 1 kev, the protons may be treated as
free, at rest, and independent: the first because the recoil energy is much
greater than the molecular binding, the second beecause the relative veloe-
ity is not appreciably affected by the proton thermal energy, and the third
because the wavelength is too short for interference to be significant.

Our concern in this chapter will be the influence of the three effects on
the scattering of very slow neutrons. Much of the treatment is independ-
ent of the details of the interaction, so the results are applicable to the
seattering of slow neutrons by nuclei other than the proton. Therefore,
wherever possible, answers will be given in a form suitable for discussion
of any target nucleus. The parameters that will appear are the scattering
length a, the mass A7, and the total angular momentum (spin) /, of the
nucleus.

-1 The chemical binding effect. At first sight the binding of the target
nucleus in a molecule seems to present a major analytical difficulty, since
the determination of the ncutron scattering involves the solution of a
many-body problem. The nuclear interaction is strong, so no simple per-
turbation method would scem to be applicable. However, the fact that the
range of nuclear forces is so very small suggests an approximation method
first introduced by Fermi.* The method proceeds by substituting for the
interaction an auxiliary potential of greater range and smaller depth than
the true potential, but one that produces the same scattering. Because

* Ricerca Scient. T, 13 (1936).
89
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the depth can be made quite small, scattering by the new potential is sus-
ceptible to a standard perturbation treatment which requires only a knowl-
edge of the molecular wave functions.

The quantitative argument establishing the validity of this procedure is
presented in two steps. First it will be shown that a long-range auxiliary
potential, capable of giving the correct scattering length, exists for a free
scattering center. Then we shall demonstrate that the scattering from the
bound nucleus is, to a very good approximation, determined by the seat-
tering length of the free nucleus. From this it follows that the auxiliary
potential can be used in the treatment of scattering by the molecule.

The perturbation method to be used is equivalent to the Born approxi-
mation, which is expected to provide a good approximation at low energy
when*

| Wole? <1,
(6-1)
ka < 1,

if Wo is an appropriate average value of the strength of the potential in
units of #2/M. The fact that \/[ Wo| a 2 =/2 for the n-p system shows
that this approximation is certainly not dircctly applicable. However, for
a free nucleus, the scattering of slow neutrons is determined entirely by
the scattering length, so an auxiliary potential of strength Wq and range
@, which leads to the same scattering length, will do just as well. Then'if
| Wo |@? < 1 and k@ < 1, the Born approximation can he applied to the
auxiliary potential. To show that these conditions can be satisfied, we
make use of the equationt

1 2 .
f0) = = = [~ %OV @)yr) d*, (5-2)

4#?

where [ is the function of scatiering angle appearing in the asymptotie
function [Ec. (4-20)], ¥ is the wave function of the system, k is the propa-
gation vector of the scattered wave, V(r) is the potential, and p is the
reduced mass of the neutron plus scattering nucleus. The scattering
length a is defined as the value of f for zero energy:

1 u
a = 5; 5‘2 /V(l’){p(r) d“r, (5“3)

where ¢ is the zero energy wave function. Ilence

* See Schiff, Quantum M echanics, McGraw-Hill (1949), p. 168.
t See Mott and Massey, The Theory of Atomic Collisions, 2nd edition, Oxford
Univ. Press (1941), p. 116.
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a= —2uM""Wyad, 5-4)

if 17y is the appropriately defined average depth of the potential.
When V(r) is replaced by the auxiliary potential, the condition that the
same scattering length be obtained can be put in the form

a = —2uM "W, (5-5)
Equations (5-4) and (5-5) combine to give
Wt o«
ﬁ'oaz - —CE' . (5-6/

from which it follows that a large value of @ will lead to a sufficiently
small value of | Wy |@* to satisfy the Born condition. Note that @ must
be very small compared with 1/k = X, although it is large compared with a.
Both conditions can be met as a consequence of the very small value of ka
for a thermal neutron, namely, ko = 1075,

The Born approximation is the result of replacing ¥ in Eq. (5-2) by the
unscattered plane wave. For the auxiliary potential, U(r), Eq. (5-3) is
therefore to be replaced by

1 u 3 N

a o 7 () d°r, (5-7)

s0 that W, is just the unweighted average strength of the potential. Tt is

convenient to note that, in the Born approximation, the auxiliary potential
can be taken to be

2rh*
V(@) = ——ad(r — r'), (5-8)
u
since insertion of that potential into Fq. (5-7) clearly yields the correet
result. This procedure can be followed only after the Born approximation
has been justified, and only in the first Born approximation.

The use of the auxiliary potential for treatment of the scattering by a
bound nucleus can be justified if the potential is subjected to the further
restriction that the range @ be small compared with the amplitude A of
zero point vibration of a nucleus in the molecule:

e 4. (5-9)

Then we shall find that the wave funetion of the system at distances well
beyond @ from any nucleus depends on the nuclear interaction only
through the scattering length. The auxiliary potential therefore yields the
same asymptotic function for the molecular system, and consequently the
same scattering cross section, as the true potential.

The Schroedinger equation for the entire system of molecule plus neu-
tron is
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(,+Z

j) YERLRy, ) + URLRa,- )W
— X Wir — R))¥ = By, (5-10)
J

2M;

where 1 is the neutron coordinate and R; is the coordinate of the jth nucleus
of mass M;; U is the molecular potential, —W); is the nuclear potential,
and E is the total encrgy of the system, all measured in units of #2/M.
Let us consider the behavior of solutions of this equation when | r — Ry |
< @, that is, when the necutron is in interaction with the nucleus num-
bered 1. Then it is appropriate to introduce the coordinates

=1 — Ry,
P1 1 G-11)
R' _ MI+M1R1
1= M’l ’
with
M', =M+ M,.

Since the spacing between nuclei in the molecule is very much greater than
the range of the auxiliary potential, all potentials W; except W, vanish,
and the Schroedinger equation becomes

M_, M Mo, )
(2#1 +21‘11V +2A, V ‘l’(thhRZ; )

M
’ PhRZy * )‘p w 1(Pl)¢ = E\ba P ~o G,, (5*]2)

I ’
+ (R‘ M,

where (1/u;) = (1/M) + (1/M,). Now U varies extremely little for varia-
tions of p; over distances of the order of @ as long as @ satisfies the condi-
tion of Kq. (5-9). Thus it is a very good approximation to drop the p; de-
pendence from the molecular potential. Then the equation separates if
is written as the produet,

YRRy, ) = o1(p)P1(R}, Ry, 4), p1 S @,
and ¢; is a solution of
M,
— — Vo1 — Wilp1)er = 0, (6-13)
2p,

while ®; is determined by

(M vy s V)tb(R'R ) + UR) R, ) = Ed
. 2Ml ot oM : 18, K2, 1yN2, 1= 1.
(5-14)
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The function ¢, is the zero energy wave function of a ncutron in interaction
with the free nucleus of type number 1, while @, is the Schroedinger func-
tion for an isotopic molecule, i.e., one differing from the original molecule
by the substitution of a nucleus of mass A 1 = My + M for the nucleus of
mass M.*

The same procedure applies to any one of the nuclei in the molecule, so
the wave function in the neighborhood of the jth nucleus has the form

'p(r’RhRZr v ') = ‘pj(PJ)d)J(RhR% * "RJ’Y. * ')y Pj ISJ Q. . (5_]5)

On the other hand, when every p; > @, the nuclear interaction drops out
of the differential equation determining ¢. The asymptotic wave function,
for which p; > @, is therefore influenced by the interaction only through
its connection with the “inner” funetions given by Eq. (5-15). But the
connection condition involves the interaction through the function ¢,(p;)
and then only for p, 3 @ where the form ¢; = 1 — a,/p; may be used.
Since the auxiliary potential has been defined to yield the correct scatter-
ing length a;, it provides the correct conneetion condition and therefore
the correct asymptotic wave function.  Consequently the scattering cross
section, which depends only on the asymptotic wave function, may be
caleulated by means of the auxiliary potential.

The condition @ < .1 is somewhat more stringent than the low-encrgy
condition @ < A, since A, the amplitude of molecular vibration, is of the
order of one-tenth of the A for a thermal neutron,  Nevertheless, the con-
dition for applicability of perturbation theory, @ > «, can still be casily
satisfied, since A = 10'«.  Thus introduction of the Fermi é-function
potential, Kq. (5-8), as a perturbation in the treatment of the scattering
of slow neutrons by bound nuclei yields a good approximation to the solu-
tion of the scattering problem. t

A very simple application of the general theorem just established con-
cerns the ratio of the cross section for the scattering of extremely slow
neutrons to the cross sceetion for sceattering of fast neutrons. The slow
neutron energy is taken to be too small to excite vibrations or rotations of

* The fact that ¥ is not, in general, an eigenvalue of the energy for the isotopic
molecule might appear to lead to a contradiction. However, the energy eigen-
alues are not determined only by the differential equation; the boundary condition
is essentinl.  Since Eqs. (5-13) and (5 14) are valid over only a limited region of
space, the boundary condition at infinity, which normally leads to a restriction on
the energy values, does not apply here. It is to be replaced by a continuity condi-
tion on the wave function in the neighborhood of p; = @, which does not restrict
the energy, since a continuum of energies is nccessible to the system as a whole.

1 A more detailed discussion of this problem is given along with estimates of the
corrections by . Breit, Phys. Rev. T1, 215 (1947). See also B. A. Lippmann and
J. Schwinger, Phys. Rev. 79, 469 (1950).
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the molecule.* Therefore, the molecule recoils from the collision as a point,
mass My equal to the total molecular mass. The fast neutron energy may
be 1 kev or more, enough so that molecular bonds will be easily broken
and the scattering nucleus, of mass M, recoils frecly. In the first case,
the effective reduced mass is

1 1 n 1
wy M My
while in the sccond it is

1 1 1

i e

RTINS

Since the auxiliary potential responsible for the scattering is the same in
both ecases, we see from Eq. (5-7) that the ratio of the scattering length
a;, of the (in effeet) strongly bound nucleus to the scattering length a, of

the free nucleus is
ay, My M, + M

=, (5-16)
ay M, My + M

In the special case of a solid or liquid target, My — o, so

a |+ M
a M,

If the scattering nucleus is a proton bound in paraffin, for example, then

ay

ay

)

and the corresponding ratio of cross sections is

a
o,

9

This is the “famous Fermi factor of four.” The success of the theory is
indicated in Fig. 5-1, a curve of the total cross section for transmission of
low-energy neutrons through paraffin. The low-cnergy cross section is
very close to four times the free proton cross section of 20 barns which is
obtained above 100 ev.

For neutron encrgies between the extremes in which the nucleus can be
treated as bound or as free, a much more detailed discussion is required.

* 1t also must be assumed that the target temperature is so low that inelastic
collisions of the second kind, i.e., those giving up rotational or vibrational thermal
energy to the neutron, do not play an important role.
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The interpretation of the cross section of solids in the intermediate energy
region is complicated both by interference effects and by transfer of encrgy
between the neutron and lattice vibrations. For gas molecules there is an
important temperature effect in the low-energy region and, in addition,
transfer of encrgy to rotations and vibrations of the molecule can occur.
The importance of the Fermi theorem cstablished in this section is that
all of these problems can be treated to a good approximation by introduc-
ing the 3-function potential, Eq. (5-8), as a first-order perturbation on the
vibrational and rotational motion of the molecular system.*

65~2 Effect of target motion. The scattering of a neutron from a gas
target is a function of the temperature of the gas as well as its molecular
structure. This is a consequence of the fact that the scattering depends
on the relative velocity of the neutron and target nucleus, and the relative
velocity in turn depends on the velocity of the molecule due to thermal
agitation. The temperature effect is sometimes referred to in the literature
as the “Doppler cffect,” although it is in no way related to the cffect of
that name which arises in studies of wave motion.

Caleulation of the dependence on temperature is simple for 4 monatomic
gas or for a polyatomie gas under certain special conditions. The simplest
case will be treated here, namely, that for which only the translational
degrees of freedom of the molecule are important. The results are then
applicable either to monatomic gases or to molecular gases at such low
temperatures that only the lowest rotational state oceurs with appreciable
probability. The neutron energy must also be small enough to avoid exci-
tation of the higher rotational states by the collision.

The scattering cross section, ey, in the center of mass system of the
neutron and scattering center is the quantity of theoretical interest, since
it depends directly on the interaction between the particles. On the other
hand, the quantity measured experimentally is the number of neutrons
scattered per unit time divided by the flux of neutrons in the incident beum.
Since the number of neutrons scattered per unit time is independent of the
frame of reference, it may be calculated in the CM system. There, the
current incident on the scattering center is proportional to the relative
velocity | v — V|, where v is the neutron velocity and V the velocity of the
mass point, both taken in the laboratory frame. Consequently, the num-
ber scattered per unit time is proportional to | v — V [ocm. But the beam
flux of neutrons in the laboratory system is proportional to v, so the ob-
served cross section is

v -V}
= ————ocM
v

* A very thorough treatment of the general problem on this basis is given by
G. Placzek, Phys. Rev. 86, 377 (1952).



5-2] EFFECT OF TARGET MOTION 97

or

v = \/1 + g-l — 2¢ cos 0 oM,

where ¢ = V /v and 0 is the angle between v and V. Since all directions of
the velocity V oceur in the gas with equal probability, an average over
angles is to be taken for comparison with an observed cross section. If
the angle average is denoted by &, we have

1 . -
5=a—('2ﬂ/ \/1+§'2—2§'(t()s0d(cosﬂ).
-1

The integral is simplified by the substitution

n = Vv + 7 — 2t cos 6,

where 5 1s always to be taken positive. Then

_ 0(‘1\1'/.“—“ o [
g = — - n-dn
2¢ Ji+g

aCM

___l 3 __ l— 3
W[(H) |1 —¢]3,

whenee we obtain for ¢ < 1,

Qi

= 1.2 -
= oen(l + 389, (5-17)
while for ¢ > 1,
. OCN ” .
i= —(3+). (5-18)
§
The observed cross section is to be caleulated by averaging ¢ over the
molecular velocities V. These are weighted according to a Maxwell dis-
tribution, hence

/ &e““zg“? d¢
0

Oobs = —— !
—Qt2 ¢
/ e 6t g-l dg»
0

where 8 = (Myv?/2kT) = (My/M)(EL/KT) if Ey, is the laboratory energy
of the neutron. When ¢ is taken from Eqs. (5-17) and (5-18), straight-
forward integration yields the result

0B

1
Oobs = OCM [\/;’rﬁ + (1 + 2K3> ‘P(\/B)]' (5-19)
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where

2 ‘ —w?
B(r) = :/W e~ " dw
0

is the Error Function which is tabulated in a number of places.*

According to Eq. (5-19), the observed cross seetion approaches ocn for
large values of 8. On the other hand, it. diverges as 8 approaches zero.
The latter result is simply a consequence of the fact that zero energy neu-
trons are struck by moving molecules and thereupon scattered in spite of
the absence of an apparent (laboratory) neutron current. For this reason
the scattering by gases appears to inerease indefinitely at low energies, as
shown in Fig. 5-2. Detailed analysis of Fig. 5~2 cannot be made on the
basis of the simple equation (5-19), since the data were taken with the
target at room temperature, a temperature at. which many rotational and
vibrational states of IT, are excited. The range of neutron energics also
extends beyond the limits of validity of our simple treatment.

The analysis of a problem of this kind can be simplified in that region
of neutron encrgies and temperatures for which many rotational states are
excited. The rotations may then be treated classically, with the result
that the molecule scatters like a mass point whose mass depends on the
direction of the collision. This can be seen, for example, in the scattering
by the Hy molecule: when the collision oceurs along the axis of the mole-
cule, both protons recoil, but a collision perpendicular to the axis causes
only the struck proton to recoil. It has been shown by Sachs and Tellert
that this type of problem can be handled simply by treating the mass of
the scattering center as a tensor. Then the effect. of rotational recoil of
the molecule on the scattering is just a reduced mass-tensor effect similar
to the reduced mass effect discussed at. the end of Section 5-1.  An exten-
sion of the mass-tensor method to include vibrations (by means of the
s-function potential) has been given by Messiah.f He presents a theoreti-
cal analysis of the entire curve, Fig. 5-2.

6-3 Scattering of neutrons by ortho- and parahydrogen. We have seen
in Section 4-5 that the sign of the neutron scattering length may be of
considerable interest, since it is closely related to the magnitude of the
interaction. This sign cannot be determined by measuring the scattering
from a single nucleus because that depends only on the square of the
scattering length. Therefore resort must he taken to studies of the inter-
ference hetween waves scattered from several nuclei. In this connection,

* See, for example, Jahnke-Emde, T'able of Functions, Dover Publications (1943),
p. 231,

t Phys. Rer. 60, 18 (1941).

t Phys. Rev. 84, 204 (1951).
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the scattering from IT, gas of neutrons whose wavelength is comparable
to, or larger than, the interatomic spacing is of particular interest. Waves
scattered from the two protons interfere with one another, much as the
radiations emerging from the slits in a Young’s double slit experiment in-
terfere with one another. The interference term in the scattered intensity
depends on the relative spin orientations of the two protons because the
n-p interaction is spin-dependent, and the consequent effect. on the cross
section makes possible a determination of the sign of the singlet seattering
length.

If the wavelength of the neutrons being scattered from Hj is short com-
pared with the molecular size, the interference patiern will alternate in
phasc as a function of the direction of scattering. The shorter the wave-
length, the more rapid the alternation so, at very short wavelengths, the
total cross section will contain no interference term; that term simply
averages to zero. Then the molecular cross section is just twice the cross
section of a single proton. On the other hand, at the opposite extreme of
infinite wavelength, the distance between the secattering centers can be
ignored, and the amplitudes (scattering lengths) of the waves add. The
amplitude of the scattered wave is then just twice the amplitude of that
seattered from o single proton, and the cross seetion, which is proportional
to the square of the amplitude, is four times the proton cross section.
However, the neutron encrgy is so low that the molecule as a whole recoils,
and the proton cross section, according to Eq. (5-16), is (3)? times the
value for a free proton. Thus for IT, the interference and recoil effects
combine to yield an apparent slow neutron cross scction per proton ¥
times greater than that of the free proton. This is the correct result (aside
from the temperature effect) when the spins of hoth protons are parallel,
but for antiparallel spins a more detailed analysis is required to take into
account the spin dependence of the sceatiering length.

For this purpose, it is convenient to introduce an operator a which is
equal to the singlet or triplet n-p scattering length when acting on the
singlet or triplet n-p states, respectively. Since (o,°0,) = 1 in the triplet
and (0,°0,) = —3 in the singlet state, the desired operator is just

a, + 3a a; — A
a= 7 t+ : R (on-0p). (5-20)

The spin states of the Hy molecule are divided into two groups, that for
which the proton spins form a triplet (orthohydrogen), and that for which
they form a singlet (parahydrogen). Normal IT, gas is a three-to-one
mixture of ortho- and parahydrogen. If the spins of the two protons are
denoted by o; and o3, the spin state of the molecule is specified by the
total spin

S = 3(01 + 03), (5-21)
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where S = S5+ 1),
and S = 0 for parahydrogen, S = 1 for orthohydrogen.

The scattering of neutrons of very long wavelength by Hp is obtained
by adding the scattering lengths of the two protons. Each of these is
given by Eq. (5-20), with o, replaced by oy or o3 as the case may be.
However, the recoil eifeet is still to be taken into account. That is accom-
plished by replacing a, and @, by a, = 4a, and by a; = 4ay, in accordance
with Eq. (5-16). To avoid a complicated temperature dependence, we
impose the further condition that the temperature of the gas be so low
that the Ho molecules are in their lowest rotational state. Then Eq.
(5-19) provides an adequate description of the influence of molecular
motion and oen is to be determined directly from oem = 4x| ayr |2, where
apy is the molecular scattering length obtained by taking the sum of the o’
values of the two protons. From Eqs. (5 20) and (5-21), we find

a, + 3a; a) — a.

anf 2 2

The neutrons may be assumed to be unpolarized, so the average of ocm
must be taken over both directions of neutron spin.  We denote this aver-

(01°S). (5-22)

age* by a bar. Tt is clear that (o,+S) = 0, henee
g A

- ’ 0. N2 ’ N2 a2

den = wl(a, + 3a)” + (a, — a,) (o,+S)7].
The square of any component of o, is unity, therefore

2 2 v y
(U,,'S) =8 + UtuanySr‘Sy + o'nyau.r.‘sys.r +-- )
and from the relationships
OnrOny = l""nzv
S,Su - S”S, = I.Sz’

cte., it follows that

whence (0,+8)* = 8% — (¢.,°8),
(@.-8) = S(S + 1).
For orthohydrogen, the cross section is then
Gortho = (@ + 3a))* + 2(a; — a))°), (5-23)
while for parahydrogen it is
Opara = (@, + 3a)*. (5-24)

* The cross section actually is given by the spin-expectation value of | asr |3, i.e.,
2..x* an |2x, where x is the spin function of the entire svstem. The average over
neutron spin states of any quantity linear in @, vanishes because Tro, =0. A
more detailed discussion of this matter is given in the next section.
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It has been remarked by Teller* that a very sensitive test of the sign of
a, is provided by a measurement of the parahydrogen cross section. An
indication of the degree of sensitivity can be obtained from our estimates
a, = 2Ry, a, = +£8R,, which lead to a,/a, = a,/a; ~ 4. Since the ratio
is luckily so near to 3, the parahydrogen cross section depends very strongly
on the sign of a,. The estimate gives a ratio 42 of the cross scction for
positive a, to that for negative a,. The ratio of the ortho to the para cross

section,
Jortho (1 — a,/a)?

Opara - (3 + as/al)gy

reflects this dependence on sign. For positive a, it is close to 1, while for
negative a, it is about 50. Experimentally, oortho/0para 1% found to be much
greater than 1, so the singlet scattering length is negative, a result we
anticipated in Chapter 4.

Measurement of the ratio also provides a precise value of a,/a,;, because
the result depends sensitively on the small difference (3 — Ins/a,‘). The
experimental value of a,/a,, when combined with the absolute value of the
free proton cross section, ¢ = w(a2 + 3a?), yields absolute values of both
a, and a,. These are then independent of theory except insofar as tem-
perature corrections and the like must be made. Recent experimental re-
sultst yield

Uortho/"’para = 272;
which gives a ratio
a./a; = —4.53.

The alternative solution for a,/a,, when combined with the total cross sec-
tion, leads to much too large a value of a,. The best valuef of ¢ appears
to be
o = 20.36 barns + 0.5Y), (5-25)
which yields
a; = 0.526 X 1072 em = 1.9R,,

a, = —2.38 X 1072 ¢cm =~ —8.5R,.

The other solution of the quadratic equation is eliminated here because it
corresponds to negative a,, A more accurate determination will be dis-
cussed in Section 5-5.

* Phys. Rev. 49, 420 (1936). The detailed culculations are given by Schwinger
and Teller, Phys. Rev. 62, 286 (1937), Hamermesh and Schwinger, Phys. Rev. T1,
678 (1947). See also B. A. Lippmann, Phys. Rev. 79, 481 (1950).

t Sutton, Hall, Anderson, Bridge, DeWire, Lavatelli, Long, Snyder, Williams,
Phys. Rev. 72, 1147 (1947). Only the elastic part of oo, has been used here,
since just that is given by Eq. (5-23). Compare the remarks, below, on inelastic
scattering,

1 Melkonian, Rainwater, and Havens, Phys. Rev. 76, 1295 (1949).
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A few remarks concerning the method of separation of ortho- and para-
hydrogen may be appropriate at this point. The wave function of Hy is
antisymmetric for interchange of the two protons, since they obey Fermi
statistics. This, with well-known properties of the electronic wave func-
tion of the Hy molecule, establishes that only rotational states of even
angular momentum can be attained by parahydrogen, while only states of
odd angular momentum are accessible to orthohydrogen.* Since the rota-
tional energy is proportional to the square of the angular momentum, the
ortho and para states are separated in energy. In particular, the lowest
energy state of zero angular momentum can only be occupied by parahy-
drogen. Therefore, if the hydrogen is at a temperature 7' for which kT is
less than the spacing between the first two rotational states, the equilib-
rium state contains a large concentration of parahydrogen.t

The parahydrogen measurement is made on the low-temperature equi-
librium state, but great eare must be taken to determine the exact amount
of orthohydrogen contaminant, since the ortho cross section is some thirty
times the para cross section. A one percent contamination means that
about twenty-five percent of the total scattering is due to orthohydrogen.
Therefore an error in the measurement of the purity of the parahydrogen
is greatly amplified as an error in the parahydrogen cross section.

Another effect. must be taken into account to give a precise theoretical
interpretation of the orthohydrogen cross section. Since the lowest energy
state of orthohydrogen is higher than that of parahydrogen, the neutron
can undergo an inelastic collision of the second kind, i.e., a collision in
which ortho is converted to para with a transfer of energy to the neutron.
However, for neutrons of infinite wavelength the appropriate scattering
length is given by Eq. (5-22). Since this is diagonal in the total proton
spin S of the molecule, such slow neutrons lead to no such conversion. On
the other hand, for finite wavelengths the asymptotic wave function is the
sum of the asymptotic waves scattered from the two protons

ik 1 _
'I‘ . s ei(k r)x _ [a’l(,lklr KR | + afz(,rklr+%R|]x,

r — © r

where a) and a5 are the scattering length operators of the two protons, x
is the spin function for all three particles, R is the distance between the
protons, and r is measured from the center of mass of the molecule. Now
for kR K 1,

12

ikr

(k1) € , , ik, ,
> e Ux — - 01+02—§;("1-02)(Y‘R)+"' X-

r— w r

* See, for example, (i. Herzberg, Molecular Spectra and Molecular Structure,
D. Van Nostrand, 2nd edition (1950), p. 128 ff.

1 The rate of ortho-para conversion in pure Hp is so slow that it is necessary to
catalyze the process in order to obtain a reasonable concentration of parahydrogen.
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In the scattered wave, the term proportional to a1 + ay is just that ob-
tained in the infinite wavelength approximation. The next term, propor-
tional to @y — aj, is capable of producing the conversion of ortho- to pura-
hydrogen, since it contains the operator o — a2, which converts a triplet
state into a singlet state. Note further that the added wave has the angu-
lar dependence of a P-wave; it can be interpreted as the P-scattering by
the molecule which vanishes only when the neutron wavelength is large
compared with molecular dimensions.

In concluding this discussion of ortho- and parahydrogen scattering, we
should remark on one other important result that can be drawn from the
very large ortho to para ratio. Schwinger* has called attention to the
fact that the large ratio provides conclusive evidence for assigning to the
spin of the neutron the value one-half. The only other acceptable valuet
of the spin, 4, would lead to a ratio much closer to unity no matter what
sign the scattering length happened to have.

6—4 The coherent scattering length. The scattering of slow neutrons
from an array of nuclei such as is found in a molecule or crystal will lead
to interference effects analogous to those discussed in the previous section.
If only one isotope of a single nuclear species oceurs in the scattering mate-
rial, and if that nucleus has no spin, the total scattering of very slow neu-
trons from the array has a cross section 4x| Na |%, where N is the number
of nuclei and a is the seattering length of a single nucleus.  If several iso-
topes are present, but all have zero spin, the cross section is 41r| Niya(l)
+ Nza(2) +- - |2, where N, is the number of nuclei of an isotopic type ©
with scattering length a(2). This cross section can be rewritten as 4""‘ Na |2,
where a is the average scattering length of the mixture. Consideration of
the scattering from isotopes of one kind with spin (total angular momen-
tum) different from zero leads to a more complicated problem if the scatter-
ing length is spin-dependent. Then spin flips of individual nuclei may
occur on scattering, and the associated scattered wave is not coherent with
the waves radiating from other nuclei.] Since only part of the wave is

* Phys. Rev. 62, 1250 (1937).

 Since the deuteron has spin one, and all data are quite consistent with the
assignment of orbital angular momentum zcro to at least part of the deuteron
ground state.

1 In this connection note that the scattered wave is a linear combination of prod-
ucts of spin functions; i.e., it is proportional to

® = Nap(1)e(2) - - e(N)x + ale’(1)e(2) - - -
e(N)x' + o(e'(2) - - - @(N)x" +- -],

where (2) is the initial spin state of the tth nucleus, x is the initial spin state of the
neutron, and ¢’(¢), x” are the corresponding spin-flipped states. Conservation of
angular momentum requires that the neutron flip with the nucleus. The coefficients

(Cont.)
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coherent, the scattering length of a single nucleus may be written as the

sum of two terms,
a=a.+ a;

where a, is the coherent scattering length and a, is the incoherent scattering
length. Interference terms in the scattering arc produced only by a.. In
particular, for infinite wavelength the amplitudes a. add, so the coherent
cross section is 47N?| a, |2. The characteristic property of the coherent
scattering is the proportionality to N2, There is another, incoherent, term
in the scattering cross section proportional to N, but N is so large for a
macroscopic array of nueclei, such as a erystal, that the incoherent term is
negligible. The scattering by such systems is therefore characterized by
the coherent scatiering length, a.. Tor a system consisting of a mixture
of isotopes, the appropriate quantity is the average coherent scattering
length,

a. = 4 > Na.(i). (5-26)
N

Neutrons of very long wavelength have been used here as a basis for
argument, since the discussion of the constructive interference is thereby
greatly simplified. Tlowever, interference phenomena at shorter wave-
lengths, such as Bragg diffraction of neutrons from crystals, are also deter-
mined by the coherent scattering length. A Bragg spot is a point at which
all seattered neutron waves arrive in phase; the amplitude of the wave
is just the sum of the (coherent) amplitudes of waves scattered from all
nuclei. Thus a, is measurable by means of diffraction or other macroscopie
interference phenomena, so it is of some importance to determine the con-
nection between a,. and the scattering length ¢ which is directly related to
the interaction.

First let us consider the scattering of neutrons from a single nucleus of
spin 7. The combination of the nuclear spin with the neutron spin leads
to two states of total angular momentum J, namely, J = I + 1. Asso-
ciated with cach of the states there is a scattering length a;. For example,
in the n-p problem the values of J are 0 and 1, the corresponding a; are the
singlet and triplet scattering lengths.  As in the n-p problem, we can intro-
duce a scattering length operator a, which has the value a; in a state of
angular momentum J. Use is made here of the relationship

(o) =JW +1)— 1T +1)—% (5-27)

for the state in which J is specified. The operator I is the total angular

t continued

a and @’ arc the corresponding seattering lengths. The scattered intensity is pro-
portional to the sum over all spin variables of | ® |2 Interference terms between
a and a’, and those between the various spin-flipped states, vanish as a consequence
of the orthogonality of ¢(z) and ¢’(Z). Such terms are said to be incoherent.
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momentum (spin) operator of the nucleus. For the two statesJ = I + 3},
Eq. (5-27) becomes

(0.-I) =1, J=T1+1%,
(o) =—=T+1), J=1-3%.

Therefore the generalization of Eq. (5-20) is just

1
a= éﬁ:‘l‘ (T 4+ Daryy+ Ia,- 5+ (ar435 — ar—39)(on-D]. (5 -28)

The wave function at a point of constructive interfercnce of waves scat-
tered from a large number N of nuclei is obtained by adding the waves
scattered from cach nucleus. If the initial spin state of all the nuclei and
the neutron is E and the scattering length operator of the 7th bound nu-
cleus is a’(2),* then the wave function at the point in question is, for clastic

scattering, ]
(,Lkl'

\pscxm. == 2:ia,(i)gr
r

or, since each a() is given by Eq. (5-28),
ikr

Vecat, = — '—T STl (NI(I + Dajqy + Tag_y)

+ (ar+3 — a1-39)Zi(on- 1)} E.

Clearly, this can be rewritten in terms of

= 2 @+ / X @+ (5-29)
J=TtY% J=I%
as
eikr , 1 , , ] ~
Vacatt = — - Na, + a1 (ar4 5 — ar— 1) 20,1y [E- (5-30)

It is now to be shown that, when the nuclear spins are randomly oriented,
the coherent scattering length is the above-defined a.. Note that the value
of a. so defined is just the average of a; over all spin states.

The coefficient of —¢™*7/r in Eq. (5-30) plays the role of a total scatter-
ing length, aota1, and the scattering cross section (for scattering to the
point of constructive interference) is proportional to | Gtotnl |2. However,
we are interested in the scattered intensity for any final spin orientation
of the particles, 50 | atota1 [° must be summed over all spin variables.

* The prime indicates that the scattering length refers to the bound nucleus.
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Hence the cross section is proportional to the spin-expectation value of

Iatotul [2: | 2
Na:—i-—— a —ar_w)3Zion-1) | E)-
ol + 1 (ar+y 71— 15) Zi( )I /

oo {E

Since the neutron beam is assumed to be unpolarized, the average of o
over initial states of the neutron is to be taken. Linear expressions in o,
then vanish, and the average is found, as in Section 5-3, to be

. ) ’ ’ . o p
¢ < N%a° + (a1 135 — a1 1)*((Z1)?),

1
@r+1?
where the expectation value is taken in the initial spin state of the scatter-
ing nuclei. Beecause the nuclear spins are randomly oriented, the products
(1,-1;) appearing in the last term swa to zero and only the factor X; I}
= NI(/ + 1) remains. Hence

o iu+n o, ,
¢ « N*a° 4+ N ———_ (a — ay_y)? 5-31
c (2I+1)2(l+% L ( )
and the second term, which is proportional to N, contributes only to the
incoherent scattering, leaving the coherent scattering to be completely
determined by a.. Thus a. is the coherent scattering length.
It is of some interest to note that the coherent scattering length for the

proton is
Ur(Pr"mn) = !1(3(1( + (1,;),

which is just the combination that appears in the parahydrogen cross
section. Therefore, any measurement. of a. for the proton provides the
same information as the parahydrogen measirement.

C'rystal diffraction* of neutrons offers a direct method for determining
the value of a,.. Relative intensities of the Debye-Scherrer rings produced
by a polyatomic crystal powder provide information concerning the rela-
tive signs of the coherent scattering lengths of the different nuclei. Simi-
lar information is obtained from the transmission of neutrons through
crystal powders.} Furthermore, the absolute values of the intensities of

* A detailed theoretical discussion will not be given here. Basically, the theory
is very close to that of x-ray diffraction. Some important references to the theory
are as follows: G. C. Wick, Phys. Zeits. 38, 403 (1937); 1. Pomerantschuk, Phys.
Zeits. d. Sowjetunion 18, 65 (1938); O. Halpern, M. Hamermesh, and M. H. Johnson,
Phys. Rer. 69, 981 (1941); R. Weinstock, Phys. Rer. 66, 1 (1944); M. L. Goldberger
and F. Seits, Phys. Rer. T1, 204 (1947); R. J. Finkelstein, PPhys. Rer. 72, 907 (1947);
(i. Placzek, . R. A. Nijboer, and L. Van Hove, Phys. Rev. 82, 392 (1951).

t I&. Fermi and I.. Marshall, Phys. Rer. 71, 666 (1947); E. O. Wollan and C. G.
Shull, Phys. Ren. 73, 830 (1948).
1 E. Fermi, W. J. Sturm, and R. G. Sachs, Phys. Rer. T1, 589 (1947).
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the Debye-Scherrer rings provide a numerical value for a,. This method
has been applied to crystals of NaH by Shull, Wollan, Morton, and David-
son* to obtain a value of a, for the proton. They find

a. (free proton) = — (2.0 £ 0.1) X 10713 em,

which is in reasonable agreement with the parahydrogen result. The
accuracy of the measurement is limited by the large background of inco-
herent scattering and by the dilfuse scatiering due to thermal vibrations
of the crystal. ‘The fact that the theoretical value of the temperature dif-
fuse scattering is not well known also introduces the possibility of a sys-
tematic error in the evaluation of the results. A method which avoids
these difficulties is the critical reflection experiment discussed in the next
section.

6-6 Critical reflection of neutrons. A method for determining the co-
herent scattering length of the nuclei in & medium is to measure its index
of neutron refraction, since refraction is the result of interference between
the incident and scattered waves. This method has been used to fix the
absolute signs of the scattering lengths of some nuclei and to obtain the
very important coherent eross section of the proton.  As a matter of fact,
it provides what is probably the most accurate method for determining
the latter quantity.

A convenient way to derive an expression for the index of refraction is
to consider a neutron wave incident normally to a plane surface of the
medium.  Then refraction appears as a change in wavelength of the wave
function within the medium. The apparent change in wavelength is :
consequence of the interference between the incident wave and the waves
clastically scattered in the forward direction by the various nuclei. The
elastically scattered wave can be determined in Born approximation by
use of the auxiliary potential:

eikr

—1(k’ 1) i(k- 2
wscutt = - 7“ 2"' ’,2 Z: M ! r)D/(r - Rj)(ﬁ'(k n dJT,

where U, is the auxiliary potential associated with the jth nucleus and kK’
is the propagation vector of the scattered wave. But as a consequence of
our interest only in forward clastic scattering, k' = k, wheneet

e'
) = —— E / Vi(r — R)) d’r. (5-32)
_ r 2nh
* Phys. Rer. T3, 842 (1948).
t The use of the neuiron mass M in place of the reduced mass is based on the fact
that we are discussing coherent phenomena in which the entire medium participates
as a unit. Therefore the effective reduced mass is just M.
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The integral appearing here is proportional to the scattering length, Eq.
(5-7), so any auxiliary potential of sufficiently long range can be used to
caleulate the forward seattering as long as it leads to the correct scattering
length. The limitation on range, Eq. (5-9), can be ignored for present
purposes. The auxiliary potentiul may then be conveniently defined as a
well of constant depth acting over the volume per nucleus where the vol-
ume is centered on the nucleus and the wells of neighboring nuclei adjoin.
Within the volume, the strength Uy of the auxiliary potential is deter-
mined by Eq. (5-7) or its equivalent,

, 1 M U
aQ=——>-5— (5-33)

where 9 is the number of scattering centers per unit volume, and a, is their
common coherent seattering length, corrected for the binding effect. The
auxiliary potential for forward scattering due to all scattering centers is
simply a well of depth U, extending over the entire region occupied by
matter.

The caleulation of the incident plus forward scattered wave ean now he
accomplished direetly; it is just the solution of the Schroedinger equation
for the shallow potential well subjeet to the condition of continuity with
the incident wave at the surface of the seattering medium.*  Inside the
matter, the interesting part of the wave function is a plane wave of kinetic
encrgy k'%, where

oM
E? =1 - -, Oy
h=

or, by Eq. (5 33),

I

k2 = k¥ — dxdla,.

The index of refraction, », can be defined as the ratio of the neutron wave-
length outside the medium to that inside the medium, or

K Jxa,
V &= - = — > .
k K

* The wave function obtained in this way is not, of course, the entire neutron
function. In a erystal, for example, there are coherent waves produced by Bragg
scattering, and inclastically seattered coherent waves (temperature diffuse scatter-
ing) which are not included. These do not appear here because the location of the
scattering centers, which is unimportant for the forward scattering, has been lost
in the process of averaging the potential. This loss is of no concern, since we are
interested only in the forward scattering.
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The quantity 479ta./k? is quite small (of order 4xka,). A very good approx-
imation is provided by the expansion

’
Na,

" (5-34)

v=1—27

We see that the index of refraction is very close to 1; it is larger than 1 for
negative scattering length and smaller than 1 for positive scattering length.

"The most practical experimental method for obtaining the index of re-
fraction is to determine the angle, 8., of critical reflection from a plane
surface of the material. Critical reflection from the surface will oceur only
if the index of refraction is less than 1, thus only for a positive coherent
scattering length. The value of 8. may be obtained from Eq. (5-34) by
means of Snell’s law. If the angle is measured from the reflecting surface,

&Tla:
cosf. =1 — 2n 2 )
or, since 8, =~ 0,
2 —
b= V xNa,- (5-35)

When the scattering material is made up of a mixture of two nuclear species

with coherent scattering lengths @l and a®, the critical angle is

2 iy (9 N
o= V(e + Ma®), (5-36)

where 91, and 9, are the numbers per unit volume of cach nuclear type.

An absolute measurement of the critical angle clearly provides a direct
measurement of the coherent scattering length. Determination of the
mere existence of critical scattering is a means of establishing that a co-
herent scattering length is positive. This was used by Fermi and Zinn*
to fix the signs of the coherent scattering lengths of scveral elements.
Their results can be combined with the measurements of relative sign by
crystal diffraction [Scction (5-4)] to obtain the signs for many elements.
It turns out that the scattering lengths of most nuclei are positive.

A direct method for determining the coherent scattering length of one
nucleus in terms of that of another nucleus is suggested by Kq. (5-36).
Measurement, of the critical angle for a known mixture of the nuclei pro-
vides the answer. A modification of this method has been used by Hughes,
Burgy, and Ringof to obtain an accurate value of the coherent scattering

* Phys. Rer. 70, 103 (1946).
t E. Fermi and L. Marshall, Phys. Rer. 71, 666 (1947).
1 Phys. Rev. 77, 291 (1950); ibid. 84, 1160 (1951).
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length of the proton in terms of that of carbon. They compare the critical
angles at a given neutron energy for mirrors consisting of various liquid
hydrocarbons. Since carbon and the proton have scattering lengths of the
opposite sign, the hydrocarbons can be chosen to have an average coherent.
scattering lenglh near zero. The square of 6, is then a lincar function of
the carbon-to-hydrogen ratio, and only a slight extrapolation of the ob-
served values is required to determine the ratio corresponding to 6, = 0.
This gives directly and aceurately the ratio of the proton scattering length
to that of carbon. The latter value is known directly from the scattering
cross section of the isotopically abundant CC'2, which produces no incoher-
ent scattering, since its spin is zero. The value obtained for the coherent.
seattering length of the bound proton in this way is — (3.78 4 0.02) X 10713
cm. Sinee the seattering length of the bound proton is just twice that of
the free proton, we have

1(Ba; + a;) = —(1.89 £ 0.01) X 107" em.

When this is combined with the value of the scattering cross section, Eq.
(5-25), the triplet and singlet seattering lengths of the proton are found
to be

0.538 X 107'2 ¢m,

—2.37 X 10712 ¢m.

w,
(5-37)

Qg



CHAPTER 6
FURTHER CONSIDERATIONS OF THE TWO-BODY PROBLEM

The great variety of available low-energy data concerning the n-p system
has led us to concentrate on them as a source of information concerning the
nuclear interaction. Ilowever, these data do not resolve such important
issues as the shape and exchange character of the interaction, its velocity
dependence, or its charge dependence (is n-p = p-p = n-n?). To gain as
deep an insight into these matters as possible, it is necessary to exploit all
other sources of information concerning the two-body system, including
high-energy neutron-proton scattering, proton-proton scattering at low
and high energics, the capture of neutrons by protons, and its inverse, the
photodisintegration of the deuteron.

For any such process the general features of the analysis at low energy
are much the same as for the low-energy neutron-proton problem; only
certain average properties of the interaction enter into the quantitative
results. On the other hand, the high-energy reactions require a more de-
tailed treatment than can be presented here. Consequently, we shall en-
deavor to indicate only qualitatively the way in which the high-cnergy
cross sections are related to the relevant properties of the interaction.
This qualitative discussion will be supplemented by a summary of con-
clusions drawn by detailed analysis from existing high-energy data.

6-1 Neutron-proton scattering at intermediate and high energies. We
have found that for neutrons of laboratory energy less than some 5 Mev,
only S-scattering need be considered, while at somewhat higher energies,
the P-wave is expected to be of appreciable importance. As the energy
is increased, higher and higher angular momenta come into play, the im-
portance of the scattering of waves of higher [ being governed by the ratio
of the wavelength to the range of interaction. But the same ratio meuas-
ures the sensitivity of the scattering to the shape of the potential: as the
wavelength becomes short compared with the range, the detailed form of
the surface of the potential well plays a greater and greater role in deter-
mining the pattern of scattering. Thercfore the development of scattered
waves of higher [ indicates an increasing sensitivity of the scattering to the
shape of the interaction. Furthermore, the scattering provides direct in-
formation concerning the exchange character of the interaction, since the
Majorana potential alternates in sign between even and odd ! values.

112
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At about 5 Mev laboratory cnergy the interference of the P-wave with
the S-wave is large enough to warrant consideration. Tts contribution to
the differential cross section is given by Eq. (4-25):

Ac(f) = — @%(_fo_) ) cos 6, (6-1)

where 8, is the P-wave phase shift. The angular distribution is unsym-
metrical between the forward and backward directions, a behavior charac-
teristic of the interference between waves of opposite parity. An idea of
the dependence of Ae on the propertics of the potential can be had from
consideration of the square well, for which the P phase shift is caleulated
in Section 4-5 on the assumption that the potential is of the Majorana
type:

(ka)®

===

3 [ " (Ka)?

(Ka — l)]

The corresponding result for ordinary forces is obtained by means of a
similar straightforward analysis,

8 = — (ia)‘ [1 + 3 s (Kacot Ka — ])]-
3 (Ke)®
A simplification of the latter result is obtained by use of Eq. (4-35), namely,
R 62
3 (Ke)*a — «

where a is the appropriate scattering length.

Iivaluation of the phase shift for the /> wave can now be made on the
basis of the triplet scattering length, a, = 5.38 X 107" em [Eq. (5-37)].
The corresponding square-well range and depth are found from Eqs. (4-36)
and (3-25) to be a = 2.05 X 107'% cm, or a/a; = 0.381, and (K)*
= 3.56, whence the resulting phase shift for ordinary forces is

387 ~ 0.12(ka)?,
while for exchange forces it is
357 ~ —0.08(ka)®.

If the same range is taken for the singlet potential, a/a; =~ —0.0865, in
terms of the observed singlet scattering length. From Eq. (4—40) we have,
to good approximation, K,a = w/2. Thus the singlet phase shifts are

157 =~ 0.04(ka)?,
157 = —0.10(ke)?.
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Only the sign of Re(f,) remains to be determined in order to fix the sign
of the interference term, Eq. (6 1). At zero energy, fo = @, so the sign is
positive for the triplet state, negative for the singlet state. However, the
phase of fo does, of course, depend on the energy, and it turns out that for
the triplet state a reversal in sign oceurs just at those cnergies for which
P-scattering is expected to be important. A rough estimate of the point
at which the sign changes can be obtained from the relationship (Section
1-6)

, r 1T
kcot (38y) = — — + —rok®.
ay 2
According to Eq. (4-23), the real part of f, vanishes when 33, = /2, so

the change in sign occurs when cot (*8g) = 0 or, in the effective range
approximation, when

o 2
Tot¢
The corresponding energy is
; 2
(rotky) (aiky)

For a; = 2R, and the value of ry, given by Kq. (4-54), kyro, = 3, we find
E =~ 7 Mev or E;, = 14 Mev. The estimate is rough because an extension
of the effective range over a rather wide energy interval is involved, but
the sign of Re (f,) for the triplet scattering certainly changes in that region
of energies for which the P-scattering starts to become important. Conse-
quently, the S-P interference term is expected to be particularly small
when the energy is in this neighborhood.

For singlet scattering, Re (fy) is expected to be negative over quite a
wide energy interval, since it is negative at zero energy. Therefore both
the triplet and singlet S-P interference terms have the sume sign on the
high energy side of the point at which the triplet term reverses sign. The
sign is such that ordinary forces lead to a slight predominance of forward
scattering over back scattering, while exchange forces do just the opposite.

Although our estimates have been made for weak P-scattering, the
qualitative dependence on the exchange character of the potential will
carry through to higher energies. The reversal of the fore-and-aft asym-
metry between exchange and ordinary forces is a direet consequence of
the fact that the exchange potential is repulsive in the P-state, while the
ordinary potential is attractive. Data on neutron-proton scattering at
intermediate energies therefore could provide direct information coneern-
ing the exchange property of the interaction. Sufficiently precise data on
the angular distribution would also yield a value of the range of the singlet
potential for a given shape, but the required precision has not yet been
attained.
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Neutron-proton scattering data at intermediate energies (5 to 30 Mev
laboratory energy) are sparse. At 14 Mev the work of Barschall and
Taschek* shows no significant deviation from angular isotropy, although
a five percent reduction in the scattering cross section at 90° (center of
mass) cannot be ruled out. This result is confirmed by work of Baldwin**
between 18 and 21 Mev, but, at an energy of 28 Mev, Brolley, Coon, and
Fowlert find definite evidence for an angular dependence of the scatter-
ing. The ratio of the scattering at 180° to that at 90° is given as 1.28
4+ 0.10. The only information they provide concerning fore-and-aft asym-
metry is the statement that the observed total cross section is not in dis-
agreement with the value obtained on the assumption that the scattering
hetween 0° and 90° is the same as is observed between 180° and 90°.
However, a small amount. of fore-and-aft. asvmmetry cannot be excluded.
Unfortunately, precise angular distribut:on experiments are very difficult
in this energy region because intense, well-collimated neutron beams are
not. available.

A more sensitive test of the shape and the exchange property of the
potential is to be obtained by going to much higher energies.  Caleulation
of the high-energy cross section involves the shape of the potential in every
detail, and no simple general treatment of the problem ean be given except
at such high energies that the Born approximation is applicable. The
condition for the validity of that approximation is}

K2a/2k K 1,

where K? is the average strength of the potential. The above estimate
K2a® = 3.6 for a square well leads to the condition ka >> 1.8 or

Al

E,
E> 3.2 —-—5 ~ 30 Mev.

o)

Thus the laboratory value of the neutron energy must be much greater
than 60 Mev, a condition which is not too well satisfied by neutrons in the
energy range of interest, namely, 30 to 300 Mev. Consequently, the Born
approximation certainly cannot be expected to yield accurate quantita-
tive results. Nevertheless, it should provide a qualitative idea of the de-
pendence of the scattering on the characteristics of the potential, and we
shall use it with that in mind.

* Phys. Rev. T6, 1819 (1949).

** Phys. Rev. 83, 495 (1951).

t Phys. Rev. 82, 190 (1951).

1 See Schiff, Quantum Mechanics, McGraw-Hill (1949), p. 168.
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The Born formula for the differential cross section is

&) = !

7 (I1r)2
where k is the propagation vector of the incident beam and k’ that of the
scattered beam in the direction of observation. W is the potential, includ-
ing the appropriate exchange operator, measured in units of #2/M. Since
the integral is just the k — k’ Fourier transform of W, it is apparent that
the cross section is quite shape dependent.  Any wrinkles on the surface of
the potential well introduce Fourier components which then contribute to
the high-energy scattering.  The dependence on the exchange property of
the potential can also be seen quite easily. Let us compare an ordinary
and an exchange potential of the same shape:

Wi(r) = We(r)P.

2
/ e W (n)e™ T dr | (6-3)

The cross section for ordinary forces is

1 I 2
P k/) — = /(,u(k—k)~rwn r d:‘r
( ) (r) )
while for the exchange potential it is
1 o 2
k) =— / T AEY o) @ |
(4m)= 1.

Consequently,
o (k') = o*(—K'),

s0, in Born approximation, the forward scattering by the one potential
equals the back scattering by the other.

At very high energics, such that the kinetic energy is great compared
with the interaction potential, it is expeeted that a neutron will hardly be
scattered. The cross section for ordinary forces should then show a strong
maximum in the forward direction, whereupon it follows that an exchange
potential should lead to strong back scattering. Since the recoiling proton
goes forward in the latter case, the exchange potential can be said to cause
an exchange of the clectric charge from the proton to the neutron, which
then continues on its way as a proton. This interpretation receives sup-
port from the analysis of the currents produced under the influence of ex-
change forces, as we have seen in Section 4-2.

To obtain more quantitative information concerning the cross section, a
definite form of the potential function must be inserted into Eq. (6-3).
The square well is now a very poor choice, since wild fluctuations are intro-
duced into the IFourier transform by its most, unphysical feature, the sharp
edges. Let us consider, for the sake of definiteness, a central Yukawa
potential without exchange. Then the integral
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w(k — k) =/6vfk—k') -rw(r) d3r
becomes
wk — k') = KZ/(:i"‘""')"c"/"(a/r) dr,

which is easily evaluated. The result is

& — k) 1rK%a® (6-4
wk — = ———————— —
M2 sin® (0/2) + 1 )

so the differential cross section has the form

o) A (Ka)! (6-5
o0) = ~ 55, 0 T 5-5)
[th3a? sin? (8/2) 4- 1]?
The anticipated strong maximum in the forward direction is evident, and
the sharpness of the peak is determined by the range a. In the limit
a — o, the eross seetion goes over to the Rutherford formula if K2« is
required to be finite.
Some conception of the angular distribution is given by the ratio, in the
center of mass system, of the forward to 90° scattering,

d(()) — (2/2 2 + l).’

o(m/2) - ’

and the ratio of forward to backward scattering,
0

o) = (k%7 + 1)2
o(m)

An appropriate value of @ may be obtained from analysis of the observed
value of the triplet scattering length:

a= 118 X 107! em.

As a basis for a sample calculation, we consider a laboratory energy of
90 Mcv. Then

ka® = 1.57,

whence
a(0) -
a(m/2) - b
while
0
o0 _ g,
a(m)

Corresponding results for an exchange potential may be obtained by inter-
changing fore and aft:
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nf.x:("") =17
o.(m/2)
and
o) _
o (m 53

The relative angular distribution is the same for both singlet and triplet
scattering if the singlet potential has the same range as the triplet.
The magnitude of the total eross section is obtained by integrating Eq.
(6-5) over all angles,
dr(Ka)ta®

g = 5 9 1 .
h<a” + 1

The appropriate triplet state value of Ka can be found from Table 3-1,
K?a? = 2.30 for our choice of range. The singlet. value is given by Eq.
(4-41), K2a? = 1.68. The corresponding total cross section is

o= 30,4 Lo, = 11 X 10720 em?.

Relevant high energy n-p scattering cross sections have heen given by
Hadley, Kelly, Leith, Segré, Wiegand, and York* for 40- and 90-Mev
ncutrons, by Kelly, Leith, Segré, and Wiegand? for neutrons of 260 Mev
energy, and by Wallacef for neutrons of energy 90 Mev. The total cross
seetion at 90 Mev is found to be about 8 X 1072% em?®, in order of magni-
tude agreement. with our estimate. At 260 Mev the observed cross seetion
is 3.5 X 1072% em?, which is to be compared with the theoretical estimate
of 4.3 X 1072% em?.

The experiments provide a good measure of the relative angular dis-
tribution, since the high-energy neutron beam is well collimated. The re-
sults are shown in Fig. 6-1. Tt is apparent that these results do not agree
with what was expected for either ordinary or exchange forces. There is
strong scattering both in the backward and the forward directions. In
fact, although the measurements have not been carried to small angles, the
data suggest, fore-and-aft symmetry, which would imply that only waves
of one parity are scattered. This behavior has suggested the introduction
of a fifty-fifty mixture of ordinary and exchange interactions, (1 + P),
which is referred to as the Serber potential. One can easily sec, by appro-
priately modifying Eq. (4-11), that such an operator leads to a vanishing
interaction in an odd state, so only waves of even orbital angular momen-
tum are scattered.

* Phys. Rer. 76, 351 (1949).
t Phys. Rer. 79, 96 (1950).
1 Phys. Rev. 81, 493 (1951).
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Fia. 6-1.  Neutron-proton scattering at 90 and 260 Mev. [From Kelly, Leith,
Segré, and Wiegand, Phys. Rer. 79, 96 (1950).]

The Serber exchange, when applied to a Yukawa potential, leads to the
following modification of Fq. (6-4):

1 1
w'(k — k') = 2rK? 3( — ___..ﬁ_.__,_)
( ) e h%a® sin® /2 + 1 + 4h%? cos® 6/2 + 1

Hence the Born approximation to the differential cross section becomes
o) = —(K ) e 2[ p— +—«——']- J (6-6)
k202 sin 0/2 + 1 k202 cos? 0/2 + 1
The resulting ratio of back scattering to 90° scattering is
o(m) (2k%* + 1)*
ox/2) (e + 1)

At 90 Mev this gives o(r)/a(r/2) = 5.5, which is in rather good agreement
with the observed value of about 4, certainly in much better agreement
than the value obtained for pure exchange. At 260 Mev our estimate is
28, while the experimental value is about 14. The agreement is again
improved over the situation with pure exchange forces.
The total cross section resulting from integration of Eq. (6-6) is
. [1 11+ 4%
[

_— In (1 413’] -7
AR Tor R ©7)
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where ¢° is the eross section obtained for ordinary (or pure exchange)
forces. At 90 Mev the correction factor is about 0.78, so the estimated
value of the eross seetion is about 8.6 X 1072% em?, while at 260 Mev the
factor is 0.65, which leads to a cross section of 2.8 X 1072 ¢cm®. Both
results are in fortuitously good agreement with the experimental values.

In order to draw from the data reliable conclusions concerning the inter-
action, a more carcful treatment than can be provided by the Born ap-
proximation is required. The tensor potential must also be included in
any such careful analysis. A program of this sort has been carried out by
Christian and Hart,* who fix the parameters of the potential on the basis
of the low-energy data and then scck to fit the high-energy results. They
find (a) that the angular distribution indicates an exchange operator close
to the Serber potential; (b) that to fit the angular distribution at 40 Mev
as well as at the higher energics the potential must be assumed to have a
long tail, similar to that associated with a Yukawa or exponential poten-
tial; (¢) the calculated total cross section is always too high by some 30
pereent.

1t should he kept constantly in mind that static potentials may not
provide an adequate basis for the analysis of experiments at these energies,
which are comparable to that required for producing mesons.

6-2 Proton-proton scattering. Low energy. The specifically nuclear
interaction between two protons is expected to be about the same as that
between neutron and proton, on the basis of arguments presented in Chap-
ter 2. At least the absence of any obvious contradiction allows us to
assume that nature has arranged things in this manner, which is so satisfy-
ing to our sense of symmetry. llowever, even if the forces are identical,
the dynamical behavior of the p-p system must be distinetly different from
that of the n-p system hecause of the restrictions imposed on the p-p wave
function by the Pauli principle. Two protons exist in the triplet state only
if the parity is odd, and they exist in a singlet state only if the parity is
even. This has the immediate consequence that the analog of the 38
ground state of the deuteron cannot exist for the diproton (He?). Since
the 1S state of the deuteron is virtual, the fact that the corresponding state
of the diproton is unstable, as evidenced by the absence of a stable He? in
nature, tends to confirm our notion of the cquality of forces. Of course,
the coulomb repulsion between protons would cause the He? state to be
even higher in energy if everything clsc were equal.

The absence of a stable ground state means that the variety of informa-
tion available concerning the diproton does not compare with that pro-
vided by the deuteron. Only scattering data are available and, even then,

* Phys. Rev. TT, 441 (1950).
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the states in which scattering can occur are limited by the exclusion princi-
ple. Low-encrgy scattering can provide information only about the singlet
interaction, since the 38 state is excluded. Nevertheless, of all the methods
for obtainine direcet information concerning the interaction between two
nucleons, proton-proton scattering is by far the most precise, since the
charge of the proton makes possible accurate energy and angle definition
of the incident and scattered beam.

The theoretical analysis of low-energy p-p scattering has been given in
great detail by Breit and his co-workers.* When the results are expressed
directly in terms of the propertics of a nuclear potential of given shape,
they take on a rather complex appearance. ITowever, at low energics only
certain average properties of the nuclear interaction play a role in deter-
mining the cross section, just as is the case for n-p seattering. It is con-
venient 1o summarize the results m terms of these averages, which are
analogous to the scattering length and effective range of the neutron-proton
system. Formulation of the problem in the desired terms is contained
implicitly in the early papers of Breit et al., but explicit use of the method
came much later.t Before we go further into this question, some of the
gencral prineiples underlying analysis of the scattering data must be
considered.

For the proton-proton system, the radial equation analogous to Eq.
(4-18) is

’ a+n 2
w +[l\ —-g ;';z—————~——+ﬂ (I)Jul= , (6-8)

where D = 2h*/Me* = 5.76 X 1072 em is the “Bohr radius” of the two-
proton system. For the sake of convenicence, the exchange character of
the potential is assumed to be contained implicitly in 7. An auxiliary
equation is obtained by setting W = 0, namecly,

" (w+1 2
v + I:lv‘? i ot K 0. (6-9)

The function v; is the radial funetion for pure coulomb scattering. Regular

* Breit, Condon, and Present, Phys. Rev. 50, 825 (1936); Breit, Thaxton, and
Kisenbud, Phys. Rev. 56, 1018 (1939); Hoisington, Share, and Breit, Phys. Rev.
56, 884 (1939). For an up-to-date summary of data and theory see Jackson and
Blatt, Rev. Mod. Phys. 22, 77 (1950), and Yovits, Smith, Hull, Bengston, and Breit,
Phys. Rer. 86, 540 (1952).

t Landau and Smorodinsky, J. Phys. Acad. Sei, US.S.R., 8, 154 (1944); Smor-
odinsky, thid. 8, 219 (1944); 11, 195 (1947); F. C. Barker -m(l R. . Peierls, Phys.
Rev. 76, 312 (1949); Gi. I. (how and M. L. Goldberger, Phys. Rev. T5, 1637 (1949);
M. A. Bethe, Phys. Rer. 76, 38 (1949). A treatment of the problem has been given
by Schwinger in unpublished lectures; see Jackson and Blatt, loc. cit.
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solutions, Fy, of Eq. (6-9) have the asymptotic behavior*

1 | 1
F, R ];sin (Icr - élw + o — E In 2Icr)v (6-10)
where
- rd+ 1+ i/kD)
el = .

rd+ 1 — i/kD)

The irregular solutions, (;, have the asymptotic behavior

l l 1
Gl "T—_:"';> }{;COS (’CT‘ - E‘” +m — k_I;lIl 21(?1‘) (6—11)

Therefore, the standard asymptotic form of w, is taken to be
. 1 . Ir 1
u ———2 Freos 8 + Gy sin §; = ’;sm kr — ~2—+7n+ o — I;l—)]n%r :

(6-12)

The appearance of the logarithmic phase in these functions is a direet con-
sequence of the fact that the coulomb potential manifests itself at ex-
tremely long distances, even in the asymptotic region. The phase n; can
be interpreted as the phase shift due to the coulomb potential (aside from
the logarithmic phase) and &; is clearly the phase shift produced by the
interaction . Because of the long range of the coulomb potential, none
of the phase shifts n; may be treated as small, but the short-range nuclear
potential leads to a rapidly converging sequence of phases §; as long as
the collision energy is reasonably small. Thus at very low energics only
8o will be important, just as is the case for n-p scattering,.
The asymptotic form of the total wave funetion can be shown to be

ikr

. i !
¥ > &% exp [k_l) In (kr — kor)] — f(9) ¢ exp L—H) In kr]-

- o
r r

Again the long-range character of the coulomb potential manifests itself
through logarithmic phase factors. The function f(6) plays the same role
as the corresponding function in the n-p problem, and the differential cross
section is given by

a(6) = | 1(0) |*. (6-13)

Because of the identity of the two protons, a properly defined function
f(6) would take into account the symmetry of the wave function under

* For properties of the coulomb functions see Mott and Massey, The Theory of
Atomic Collisions, 2nd ed. Oxford Press (1949), p. 45ff. See also Yost, Wheeler,
and Breit, Phys. Rev. 49, 174 (1937).
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interchange of the two protons. However, f(6) is usually calculated with-
out, reference to the symmetry, and the appropriate combination is then
used to calculate the scattering cross section. Since the interchange of the
two protons is equivalent to replacing r by —r, the correct combinations
are simply

f6) + j(= — 6)
f6) = f(z= — 6)

for the triplet state if f(8) is the function that would be obtained for non-
identical particles. Thus the scattering of an unpolarized beam is given by

a0) = SO+ Sx —6) >+ 3 (6) — f(x — 6) |?
| J6) |* + | S(x — 6) |* — Relf*0)/(x — 6)]. (6-11)

An expression for this f(6) can be given in terms of the phases of the partial
waves described above:

for the singlet state and

1 2 .
J0) = = 2 @+ DI — Piose).  (6-15)
- 1=0

In the absence of a nuclear potential all §; = 0, and we obtain the cou-
lomb scattering function

1
Je®) = — == 27 (21 ++ 1)(6®™ — 1)Py(cos 6).
2ik 1

It can be shown that this is equivalent to
9

e l 1
v 0 = — — — — eX ___I (] — 0 . . s
fe(0) B 0)2) exp [z‘I\:D n cos 0) + ir + 21170]

which leads directly by substitution into Eq. (6 14) to the Mott formula
for the coulomb scattering of two identical particles satisfying the Pauli
principle:

e? \? N .0
au(8) = :L—E'_) cosec -2—+ sec 5

,0 L0 |2 6\
— cosec® —sec® —cos \—In{tan~); [+ (6-16)
2 2 lkD 2/
The first term is just the Rutherford cross seetion for the coulomb seat-
tering of nonidentical particles. The sccond term is what one expects
because no distinction can be made between the scattered and scattering
particle after the collision, while the third is the interference term. The
cross section is very strongly peaked in the forward and backward direc~
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tions. As a matter of fact, the total cross section obtained by integrating
this expression over all angles would be infinite because of the strong singu-
larities at @ = 0 and @ = x. The infinite cross section is again a character-
istic of the long range of the coulomb potential. In an actual physical
situation the cross section would be cut off at very small angles because of
the shiclding of the coulomb potential produced at great distances from the
scattering center by the clectrons in the target molecule.

The observation of deviations from the Mott formula in proton-proton
scattering provides direct evidence for the existence of a specific nuclear
force acting between protons. Measured values of o(8) — aar(6) can be
used to obtain the phase shifts § which are directly related to the nuclear
interaction. For that purpose it is convenient to separate the series, Fq.
(6-15), into two terms, one characteristic of pure coulomb scattering and
the other including the additional cffeet of nuclear scattering:

J(6) = fc(6) + fn(6).

Then all the nuclear effeets are contained in
1 o o
v = — o > (2 + 1) ™[ — 1]Py(cos 6),
]

a series which converges very rapidly. At very low energy, the ecoulomb
barrier reduces the effect of the nuclear interaction so the §; are quite small.
For an energy in the range 1 to 5 Mev the centrifugal barrier also takes
effeet, and it has about the same relative effect for different [ as in the case
of n-p scattering. Therefore it is expected that only 8y differs appreciably
from zero at moderate energies, and fa(8) can be replaced by

1 Zmo 160
Jo(6) = — /c sin &,

a result which is to be compared with Eq. (4-23). Introduction of this
approximation into Eq. (6 14) leads to the following expression for the
S-wave differential cross section:

0 2 0
a(0) — om(0) = (4E> { 2kD sin 8 [cosscc2 5 cos (60 + %5 In sin 2)

0 0 0o .
+ sec? Ecos (50 + — ]n cos 2)] + 1k2D? sin® 60} - (6-17)

A notable feature of this equation is the appearance of a lincar term in
sin 8y as a result of the interference between coulomb seattering and nu-
clear scattering. Because of this interference the experimental determina-
tion of the cross section leads directly to a value for the sign of the phase
shift. 8y, in contrast to the situation for n-p scattering. A careful compari-
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son of the values of ¢(8) — o (8) observed below 5 Mev with the above
equation makes possible a precise determination of the S-wave phase
shift, 8. Such a comparison has been made for laboratory energies up to
4 Mev. The results are shown in Table 6-1.

TABLE 6-1

Values of the S-wave phase shift 8 for proton-proton scattering as a funetion of

energy*

Fnergy by Energy do
(Mev) (degrees) (Mev) (degrees)
0.1765 5.78 0.867 29.32
0.2002 6.80 1.200 35.94
0.2259 7.82 [.390 38.76
0.2195 9,03 1.855 44.26
0.2753 10.06 2.425 48.33
0.2983 10.96 3.037 50.98
0.3214 11.82 3.527 52.52
0.670 21.68 3.899 53.31
0.776 27.12 4.203 53.85

* For energies up to 1.390 these results are taken from Jackson and Blatt,
loc. ¢it. The other values were obtained by all and Powell, Phys. Rer. 90, 912
(1953), from data due to Worthington, MeGruer, and Findley, Phys. Rer. 90, 899
(1953).

From the experimentally determined values of the phase shift as a fune-
tion of energy it is possible to fix some parameters in a potential of given
shape. At low energies the results are most easily formulated in terms of
certain average propertics of the potential analogous to the scattering
length and effective range. 'This is accomplished by defining a function,
f, of the phase shift which is the analog of & cot § for neutron-proton scat-
tering. Just as for the latter function, f is defined in such a way as to be,
at low cnergies, a linear function of energy by virtue of the Schroedinger
equation. To derive the essential relationships, we follow the method of
Bethe, which is analogous to that used in Section 4-6.

Only the S-wave is of interest for the encrgies under consideration, so
we denote the solution wg of Eq. (6-8) simply by w. ‘The solution, vy(r), of
Eq. (6-9) which is asymptotically equal to u(r) is called the auxiliary func-
tion and simply denoted by v(r). "The functions u and r are also normalized
in such a way that v(0) = 1. Then

v(r) = Co[Go(r) + Fo(r) cot 8],

where Fy and Gy are the regular and irregular coulomb functions whose
asymptotic behavior is given by Eqgs. (6-10) and (6-11). The constant
C() is
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p ( 2w /kD) )
‘0 = _— .
e21r/kD -1

If the procedure of Section 4-6 is now applied to the differential equa-
tions for u and », we find

[va(r) — 21(N]rmo = (k3 — k )/ (v102 — uyug) dr, (6-18)

where k% and &k} represent two distinct energy values of the p-p system.
The hehavior of #(r) for small argument can be shown to be

I+2r[l 2r+l (l>+0 . xcot J (6-19)
v = - - I —
pl " p T 2%\kn 2TIkD |

where ' = 0.577 is Euler’s constant, and g is a transcendental function
given by
]
g(r) = —2Inr+ 272 Z R Ol )71,

v—1
Therefore

, , 1 1 1 27 cot o 27 cot &
(1’2 - 1’])r=() = - ;"-2‘_- - g ’(' D + e?ﬂ.’/kzb _ 1 - 62,,/le _ 1 ¢

If we define the function f of the phase shift by

1 2r cot 6 .
f=9 D + T (6-20)

Eq. (6-18) leads to the result

2 g2
rl(kz) / v? — u?) dr.

Thus if f is considered as a function, f(k?), of energy, an expansion about
zero energy yields the result

2 D 2
J(k%) = f(0) + —2' pok®, (6-21)
where the “proton-proton effective range” py is given by
0
360 = / (v* — u?)gmo dr. (6-22)
0
It is clear that po is very similar in its form to the neutron-proton effective
range 1o, Eq. (4-49).

Those properties of the specific nuclear potential which can be deter-
mined from low-energy p-p scattering are characterized by the two param-
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eters f(0) and po. The former plays about the same role as the scattering
length of the neutron-proton system, while the latter plays the role of an
cffective range. The experimental determination of these quantities can
be used to fix the properties of a potential of given shape just as has been
done for the neutron-proton system.

Very precise experimental results on p-p scattering are available up to
4 Mev.* On the basis of some of the data a determination of the constants
has been made by Jackson and Blatt,T who give

£(0) = 8.66 =+ 0.05,
(6-23)
po = 2.65 + 0.07 X 1073 cm.

These values could be used to determine the range and depth of a potential
of given shape, which could in turn be compared with a singlet potential
of the same shape appropriate to the neutron-proton system. By this pro-
cedure some conclusion concerning the equality of p-p and n-p forces
should result. However, little is known about the singlet potential for the
n-p system sinee the only accurate datum is the scattering length, which
provides just one relationship between the parameters of the potential.
1t is possible to make a direct comparison of the singlet scattering length,
a,, of the n-p system and the apparent scattering length, a,, of the p-p
system, where a, is the scattering length that would be obtained in the
absence of the coulomb interaction. Unfortunately, the relationship be-
tween a, and the experimentally determined quantity f(0) depends to
some extent on the shape of the nuclear potential. Therefore a clear-cut,
comparison of the p-p and n-p interaction is not possible on this basis.
Nevertheless, we know from the discussion of Section 4-5 that, because
the binding cnergy of the singlet state of the deuteron nearly vanishes, the
value of a, is a very sensitive funetion of the depth of the singlet potential,
s0 any appreciable difference between the p-p and n-p interaction should
show up as a very large difference in the values of a, and a,.

In order to derive the connection between a, and f(0), it is convenient
to introduce the functions uy and vy, which are the radial and auxiliary
functions that would be obtained at zero energy in the absence of a cou-
lomb potential. 1If the n-p and p-p singlet interactions are identical, uy
and vy are identical with the zero energy singlet functions v and » of Sec-
tion 4 6. To make a clear distinction, we now denote the zero energy
coulomb funetions « and v with which we have been dealing in this section

* Herb, Kerst, Parkinson, and Plain, Phys. Rev. 66, 998 (1939); Heydenburg,
Hafstad, and Tuve, Phys. Rev. 66, 1078 (1939); Blair, Freier, Lampi, Sleator, and
Williams, Phys. Rev. 74, 553 (1948); Worthington, McGruer, and Findley, Phys.
Rev. 90, 899 (1953).

t Loc. cit.
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by uc and ve. By the usual manipulation of the differential equations for
uc, uy, ve, and vy, we find

, , 2 [*® dr
[unue — Ucunlr o o = ‘l-)' UnNuc 7
0
, ' e ® dr
[vave — vevals = B UNVC 7
b

The lower limit, b, must be made explicit in the second cquation because,
as we shall see, a divergence is encountered for b = 0. The result of sub-
tracting the second equation from the first can be put in the form

’ ' . ® dr
lim [pe(d) — vn(d)] = lim — (uxue — vyve) —- (6-24)
b -0 v—0DJy T

The scattering length a,, is defined in such a way that [compare Eq. (4-50)]

r

oy =1——; (6-25)
(ll,
consequently, »y = —1/a,. Furthermore, Egs. (6-19) and (6-20) can be
combined to yield, for small r,
O ~1+ 2 w2 e -1+450)] (6-20)
vo(r) = — — — — —
‘ pl "D 2 ’

50 we can write

’1;—2[1211z C lo]
Uc()—B "D+‘+2ﬂ)

Then Eq. (6-24) becomes

121 ©) 4+ C+ 1 [l 2b /°° )dr]] (6-27)
a, D lZf o 1—1310 ' D b (uwtic = vve r 1
It can easily be seen that the logarithmically divergent term is cancelled
by an equal term arising from the product vyve in the integral. Equation
(6-27) gives the desired relationship between a, and f(0). The fact that
this relationship is shape-dependent is clear from the appearance of the
term unuc under the integral. However, estimates by Bethe* on a some-
what different basis indicate that the shape sensitivity is not very great as
long as the parameters of the potential are adjusted to the observed values
of £(0) and py.
The integrand in Eq. (6-27) vanishes for distances large compared with
the range of the forces. On the other hand, within the range a, the func-

* Loc. cit.
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tions uy and u¢ are very ncarly identical, while vy and ve differ but little,
Therefore a reasonable estimate of the integral is

* dr * o, o dr
(uyue — vyrve) — = (uy — vy) —- (6-28)
b r b r
This estimate should be particularly appropriate for a square well, so we
take uy to be the square-well function

uy = Asin Kr, r < q, (6-29)
where (see Section 4-6)

= (1= ()
- ap, (Ka)? a,

The introduction of the functions (¢€-29) and (6-25) into Eq. (6-28) leads
to the estimate

. "® dr a\? 1 a \? 2«
lim (upue — vyve) — = [ 1 - —) + <~> ] B(Ka) — In—-
r ap D

h->0Jy a, (I\:a)2

+ B I2b+2<a> 1<a>2
1I N =) = -\ '
b —'ul) n D a,, 2 aI,

B(Ka) = 3[C + In 2 Ka) — Ci(2 Ka)],

if

where Ci(z) is the cosine integral.* Then Eq. (6:-27) may be put in the
form

[+ ) =2 G (-4 ) ()

[1‘(())+C+l 2a B] 0
2’ "D =

Because the quantity D/4a is considerably larger than unity, the quad-
ratic term in this equation can be neglected, with the result that

_ D 14 (B = 1)4a,/D 630
S TS0 + C+ In 2a/D) — B (6-30)

To obtain estimates of B(Ka) and a, we anticipate that the proton-proton
potential is very nearly the same as the neutron-proton singlet potential.
Then Ka = 7/2 [Eq. (1-40)], whence

B = 0.823.

* See, for example, Jahnke-1imde, T'ables of Functions, Dover (1943), p. 3.
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Furthermore, the value of & would, according to Eq. (4-57), be very nearly
given by
a = pq.

The experimental values of pg and f(0), when inserted into Eq. (6-30), lead
to the estimate
a, ~ —1.6 X 107'2 ¢m. (6-31)

The large value of a, indicates the correctness of our basis for estimating
Ka and a. Although a, is somewhat different from the value a, = —2.1
X 107'2 em, the difference has very little significance in view of the great
sensitivity of the scattering length to the depth of the potential. As a
matter of fact, it has been pointed out by Schwinger* that a difference
between a, and a, of this order and in this direction can be expected on
the basis of the magnetic interactions between the nucleons, which differ
between the two systems because the neutron moment differs from the
proton moment. For all practical purposes, we then conclude that the
observed values of f(0) and a, are not in contradiction with the hypothesis
of charge independence of the forees.

Another comparison of the {wo systems might be made on the basis of
the effective range. In the absence of a measured value of rg, for the n-p
system it has become more or less traditional to assume that the forces
are cqual and that ry, can be obtained directly from py. From the defini-
tion of pq,

ad
2 2
%Po =/ (ve — ug) dr,
0
it is clear that the connection with ry, given by
0
2 2
370 =/ (v — uy) dr,
0

is very close indeed, and r, would be equal to 7, if the p-p and n-p interac-
tions were identical. In both integrals, contributions to the integrand
occur only within the range of forces, and there the nuclear potential is so
strong compared with the coulomb potential that ue and uy are essentially
the same. Furthermore, v and vy are very nearly equal within the range
of forees, the difference being, at any point, no greater than one or two
percent. Therefore, as a first rough approximation, one can simply assume
that
Po = To.

However, this relationship is not valid within the limits of error of the ex-

* Phys. Rev. 78, 135 (1950).
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perimental value of po. An estimate of the difference between p, and », is
given by

o
po — To = 2/ (ve — v¥) dr,
0

where vy is to be obtained from Eq. (6-25) and vc from Eq. (6-26). The
integrations involved are then elementary, and the constants needed may
be obtained directly from the experimental values of f(0) and py. The fact
that the result depends directly on a choice of the range o indicates its
essential shape dependence. For a square well, @ may be taken equal to
po, With the result* that py — rq is about —0.1 X 107'* em. Therefore,
if the neutron-proton and proton-proton forces are identical, ro, may be
as much as four percent larger than pg.

Although the comparison of a, with a, and thut of py with ry, provide a
method for quickly estimating the situation concerning the charge de-
pendence of nuclear forces, & more precise comparison direetly in terms of
the potentials is possible. The latter approach, which has the disadvan-
tage that cach potential shape must be treated separately and in detail,
has been thoroughly expounded by Breit and his collaborators. Reference
may be made to that work when precise answers are needed.

6-3 Proton-proton scattering. High energy. Just as in the case of
neutron-proton scattering, it is expected that more information concern-
ing the shape and cxchange character of the potential can be obtained
from high-energy p-p scattering than from the low-energy data. Further-
more, the coulomb potential plays a smaller and smaller part in the scat-
tering as the energy is increased, and at very high energics a direct com-
parison of the n-p and p-p interactions should be possible without first sub-
tracting the complicating coulomb effects. However, even if the interac-
tions are the same, the identity of the two protons will lead to a marked
difference in the behavior of the two systems. Since either the scattered
or scattering proton may be detected, the angular distribution of the two-
proton system is neeessarily forc-and-aft symmetrie, while such symmetry
in the n-p system is indicative of a special exchange property of the poten-
tial. Turthermore, as we have already noted. two protons in a singlet
state have even parity, while those in triplet states have odd parity. If
the Serber exchange is assumed to act between protons on the grounds
that it is suggested by the high-energy n-p data, then no scattering occurs
in states of odd parity. Therefore there would be no triplet scattering of
one proton by another.

* The estimmate of po — ro is quite sensitive to the value of a,. Since its deter-
mination from f(0) is shape dependent, we have assumed that a, = a, and have
used the value of Eq. (5-37).
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An estimate of high-energy scattering can again be made by the Born
approximation. If the coulomb scattering, which is important only at very
small angles, is ignored, the differential cross section calculated in this way
for any potential with Serber exchange is just twice that for the n-p scat-
tering calculated in the same approximation with the same potential.  The
factor two takes account of the detection of scattered and scattering par-
ticle in the special case of Serber exchange since, then, the angular distri-
bution of the scattered particle already has fore-and-aft symmetry.

A central potential with the same range for singlet and triplet states
leads, in Born approximation, to the same relative angular distribution in
both states. Therefore the p-p angular distribution, except at small
angles, is caleulated in this case to be the same as the n-p. For a Yukawa
potential the latter was found in Section 6-1 to have a rather marked
angular dependence, corresponding to the ratio o(r)/a(x/2) = 5.5 and 28
at 90 Mev and 260 Mev, respectively. These ratios are somewhat reduced
by using better approximations and including the tensor interaction.
Whether or not the tensor foree is to be included in the p-p scattering can-
not be decided on the basis of n-p results. They do not, fix the exchange
dependence of the tensor interaction at all sharply. Tf the tensor force
involves the Serber exchange operator, it cannot influence p-p scattering,
since the exchange operator vanishes in the odd triplet states and the ten-
sor interaction vanishes in the singlet states. However, a considerably
different exchange dependence would be consistent with the n-p data, and
that would introduce some triplet p-p scattering.

Since the long-range coulomb effeet always makes its appearance at small
angles, the correct value of a(r) would be quite different from that used as
the basis for the above estimates. [Towever, the ratios which are given
indicate the angular behavior of the cross section for angles not too close
to 0 or . For similar reasons, a total cross section cannot. be caleulated
dircetly from the n-p results, but an average differential cross section can
be obtained by dividing the estimated n-p singlet total cross section by
27, In this way an average differential cross section

o(8) = 8.4 X 10727 cm?/sterad
is obtained at 90 Mev, while at 340 Mev
o(0) = 2.7 X 107 em?/sterad.
Cross-section measurements have been made from 18 to 30 Mev,* at 75

* Punofsky and Fillmore, Phys. Rev. 79, 57 (1950); Fillmore, Phys. Rev. 83, 1252
(1951); Cork, Johnston, and Richman, Phys. Rev. 79, 71 (1950); Cork, Phys. Rev.
80, 321 (1950).
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and 100 Mev,* and from 120 to 345 Mev.T The outstanding features of the
results are the absence of an angular dependence of the differential cross
section over a wide range of angles centered about 90° (M system) and
the absence ~f an energy dependence between 100 and 315 Mev. The
magnitude of the constant differential cross seetion is about 4 X 10727
em?/sterad.  The lack of a dependence on energy is clearly inconsistent
with the above estimates based on a central potential, although the quali-
tative features of the estimates should not depend greatly on the approxi-
mations used. It may be neeessary to introduce] a singular potential, i.e.,
one that diverges more strongly than r~! at the origin, in order to account
for the independence of energy.

The angular dependence of the cross section is also a source of difficulty.
We have seen that the angular distribution of the n-p and p-p scattering
should be nearly the same if the int-ractions are the same, but they turn
out to be quite different. This may mean that the n-p and p-p interac-
tions are different, it may mean that both are singular in just such a way
as Lo produce the observed difference in scattering, or it may mean that a
static potential provides a very poor approximation to the interaction at
these energies.

6-4 Photodisintegration of the deuteron. A standard method for the
investigation of atomic or molecular structure is to make use of the inter-
action of the system with electromagnetic radiaticn, that is, to observe
either its emission or its absorption spectrum. A corresponding study of
the absorption or emission of gamma-rays by the neutron-proton system
should lead to further information concerning the structure of the deuteron.
Since the deuteron has no bound excited states, the phenomena to be con-
sidered are the photodisintegration of the deuteron and its inverse, the
apture of neutrons by protons.  Although, in principle, analysis of precise
cross-section data for these processes could provide information concerning
nuclear interactions, we shall find (Seetion 6-6) that there is sufficient un-
certainty concerning the electromagnetic interactions of nucleons to pre-
vent us from coming to very definite conclusions. Nevertheless, the data
do confirm our general views concerning the n-p system, and with a little
added precision they could give us a deeper insight into the electromag-

*R. W. Birge, Phys. Rev. 80, 490 (1950); Birge, Kruse, and Ramsey, Phys.
Rev. 83, 274 (1951).

+ Chamberlain and Wiegand, Phys. Rev. 79, 81 (1950) ; Chamberluin, Segré, and
Wiegand, Phys. Rev. 83, 923 (1951); C. L. Oxley and R. O. Schamberger, Phys.
Rev. 86, 416 (1952).

t Christian and Noyes, Phys. Rev. 79, 85 (1950); Justrow, Phys. Rer. 79, 389
(1950); Case and Pais, Phys. Rev. 80, 203 (1950); Goldfarb and Feldman, Phys.
Rev. 88, 1099 (1952); Noyes and Camnitz, Phys. Rev. 88, 1206 (1952).
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netic interactions. This would be of particular interest, because the clee-
tromagnetic interactions of nucleons are intimately related to the nature
of the meson field.

The threshold for photodisintegration is just the binding energy of the
deuteron, 2.226 Mev. As the gamma-ray cnergy increases above this
threshold, the cross section must increase until such energies are attained
that the wavelength of the outgoing particle is comparable to the dimen-
sions of the deuteron. Then with increasing energy the matrix element
for the process decreases and the associated cross section falls monotoni-
cally. The sharpness of the threshold depends strongly on the multipole
character of the transition. If the ground state of the deuteron is taken
to be a pure S-state, an outgoing S-wave can only be produced by a mag-
netie dipole transition. At low energy the cross section is then propor-
tional to just the statistical weight of the final states, that is, to the square
root of the kinetic energy of the disintegration products. The resulting
infinite slope of the cross-section curve at threshold indicates that the mag-
netic dipole transition sets in very sharply. On the other hand, for the
more familiar electric dipole transition, the outgoing wave is a P-function
whose intensity in the neighborhood of the nucleus is inversely propor-
tional to the square of the wavelength for long wavelength.  Thercefore,
the electric dipole cross section increases as the § power of the kinetic
encrgy and has zero slope at the threshold. Thus this transition sets in
very slowly, so that its threshold would be difficult to detect.

The calculation of the clectric dipole cross section can be based on the
familiar expression* for the transition probability for absorption of polar-
ized radiation in the discrete spectrum:

2 2
Wy = (@) | Dgs |21 (w), (6-32)

R

where I(w) dw is the incident intensity of polarized radiation, D is the com-
ponent of the clectric dipole moment in the direction of polarization of the
radiation, and Dy, is its matrix clement between initial and final states.
In the case at hand the final states form a continuum, but by surrounding
the system by an arbitrarily large enclosure the energy values may be
made discrete. Then the required transition probability, dw, is the sum
of wgy over all final states in the energy interval between I and I + dE.
The cnergy states produced by the photoprocess have £ = hw — | K,
where { E, | is the binding energy of the deuteron, so dK = fi dw. Thus,
if the number of final cnergy states per unit energy interval is p(E), the
differential transition probability is given by

b

* For a general discussion of multipole transition probabilities see Section 9- 1.
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2r)2
dw = (_ﬁ_)_ | Des |?1(w) dwp(E),
B

where now the matrix element of the dipole moment is taken hetween the
ground state of the deuteron denoted by the subscript g, and the final
state in the continuum with energy k. Since the number of photons inci-
dent on the deuteron per unit area per unit time is just I(w) dw/fiw, the
cross section for the electrie dipole process is
(2m)%w
00 = = ——| Dy [*o(B). (6-33)

For the sake of simplicity, let us treat the ground state of the deuteron
as a pure S state. Then an electric dipole transition produces a pure 3P
state. p(#) is the density of these F*-states, and the matrix element D,y is
to be taken hetween the ground 3S state and the continuum 3P state. The
P-functions that must be used to calculate the matrix element are the
solutions of the Schroedinger equation which we have already considered
in connection with the scatiering problem. However, the actual con-
tinuum functions cannot be used here, since the matrix element in Eq.
(6 33) is to be calculated with normalized wave functions. We have
chosen to approximate the continuum states by a set of diserete states
obtained by imposing the condition that the wave functions vanish on
the surface of a sphere of extremely large radius L, which is centered
on the deuteron. Then it will be found that in the limit. L — o the cross
section is independent of /., so the result is the same as that which would
be obtained directly from continuum functions.

The radial P-function near the surface of the sphere can be found from
the asymptotic P-wave of the scattering problem, namely,

B T
ll,,(l‘) _r_—oL_> —I;Slll kr + &1 —5 ’

where B is a normalization constant and §; (k) is the phase shift character-
istic of the scattered P-wave. The condition that this function vanish at
L is then

kL 4 8, (k) — ’—2' = nr,

where 7 is an integer. To each integer n there corresponds just one state,
so the number of states with values of k& between k and k + dk is

7 —](L+d61) ik
(n—w dk an'.

But for very large L the finite quantity dé,/dk may be neglected, so the
number of states per unit energy interval is, in effect,
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| dn L dk
"B =~ zam
Since £ = #%k%/M,
) o1
2h ]

The asymptotic form of the wave function can also be used to obtain
the normalization constant B, which is determined by the condition

L
2 =
/ updr = 1.
0

The only important contributions to the integral arise from distances com-
parable to L, so we can write, for very large L,

B2

L
»-/ cos? (kr + 6,) dr =1,
](?2 0
from which it follows that
B? = 2i2/L.

It is convenient to define a matrix clement, 1);,,, with respect to the con-
tinuum function having the usual asymptotic form

r

| T
w —- > —sin (kr + 8 — —)- (6-35)
—» ®© IC 2

Then the above evaluation of B indicates that the matrix element Dy is

related to Dy, by
2
Dg_,‘ = Z I‘:DR!'

When this result is combined with Eq. (6-34) for the density of states and
inserted into Eq. (6-33), the cross section is found to be

4 M kw
O = —
h2e

| Dy, (6-36)

which is now in a form independent of the length L.
The determination of the matrix element happens to be particularly
simple* for an ordinary central potential, a result that will serve to illus-

*J. F. Marshall and E. Guth, Phys. Rev. 78, 738 (1950). They also present a
detailed analysis of the high energy cross section for various central potentials,
including exchange, as does L. 1. Schiff, Phys. Ren. 78, 733 (1950).
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trate the kind of behavior found even in more complicated situations. Tet
us denote the unit polarization vector by u. Then the electric dipole mo-
ment operator of the deuteron is

D="2(ur)
= — u-r,
2

where r is, as usual, the neutron-proton separation. For ordinary forces
desceribed by a potential V, the equations of motion for the system may be
put in the operational form

2
For = — — (grad V).
M
It is to be remembered that such a relation does not obtain if the potential
¥ includes an exchange operator (sec Section 4-2). We can now make use
of the Heisenberg relation

" Ly — E, :
Ly ==\ Tesy
h

or, in our particular case,

. — 2
o Igg = — w'Tyr.
I'hen

2
I = —— (grad V)
AT (g e
so the matrix element of the dipole moment is

e
Dy = —— (u-grad V),
Mw*

which beecomes for a central potential

e [(u-r)dV
Dy = o | ——| -
Ma roodr lg
If the wave functions of the ground state and final state are now introduced
explicitly, the matrix element takes the form

D 1 e / ()[(U-r)dl"l () YP6,0) dr dicos 8) d
=== — |u(r)| - —— | up(r L@) dr d(cos 6) de,
o Vidr Mw? N rodarl”? '

where m is the magnetic quantum number of the outgoing particles. Tt is
convenient to choose the z-axis along the direction of polarization u, since
then only the state with m = 0 is produced in the transition and the matrix
clement reduces to

1 e
Dy = —=— =
o \/3111&[0

w0

dav
ug(ryup(r) — dr. (6-37)
dr
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This result, although quite simple, becomes even simpler for the special
case that the potential is a square well. Then
dvV  k’K?

dr M

o(r — a),

since

a+0d 22
'/H —dr=V(a+0) = V(=0 =—=

Hence the matrix element is simply given by

Dy = TEL @ (6-38)
g = 7= o= Ug(a)uy(a —
TN A2 D
where the triplet depth K, has been introduced because only the triplet
states are involved in the transition.

When w,, is normalized as in Eq. (6-35), its form for a square well may
be taken directly from Eq. (4—#4), whenee

1 [sin (ka 4+ 6;)
Upy(a) = X —

— cos (ka + 61)]~

ke

For low energies, corresponding to photon energies within a few Mev of
threshold, the determination of the phase shift 8; has been carried out in
connection with the problem of P-scattering. We found in Section 4-5
that

1, |
Up(a) = §I»a cos 6; + =N sin 6y,

if ka < 1. Also, 8, is small and proportional to (ka)®, so we write

1 LI .
upy = [§ + (kn)3J ka?, (6-39)

where the coefficient of ka? is essentially constant. When the approximate
value of 8,/(ka)® given by Eq. (6-2) for a squarc-well potential without
exchange is introduced into Eq. (6-39), we find

k 1

Uy = — ,
» »2
All 1 - a/a,

(6-40)

where K? is the depth parameter for the triplet well and a, is the triplet
scattering length.
The function ug(a) may be taken directly from Eq. (3-28):

Kg 2k,
ug(a) = — ' .
Kg 1 + kga




6-4] PHOTODISINTEGRATION OF THE DEUTERON 139
Then
y oy 26k 1 — KI/KT o\ 2
| Dyl =c— 7, \l—~) -
3 Mo 1+ ke

ag

When this is inserted into the cross-section formula, Eq. (6-36), we obtain

sz fzcm( ><|Eg|> (1 IES|>’41—k§/Kf<] a)—2
T3 M\ /) \ fiw o/ 1+ ke o

(6-41)

Numerical values of a/a; and K,e may bhe found in Section 6-1. Their
introduction into the cross-section formula leads to the final result

n 2 E. 2 I 32
o, = 8.2 X 10726 <i) (I——A‘) (1 — ‘— l ) em?, (6—42)
hw hw hw

It is to be noted that the proportionality of the cross section to the 3
power of the encrgy of the outgoing particles is just what was anticipated
for an electric dipole transition. At a gamma-ray energy about 2.2 Mev
above threshold this formula leads to a cross section of approximately
2.3 X 10727 emn?, in good agreement with experiment.*

It has been demonstrated by Bethe and Longmiret that the theovetical
result. depends on the interaction only through the effective range and bind-
ing energy, for small photon energies.  On the other hand, the high cnergy
cross section is explicitly shape dependent, as is indicated by Fq. (6-37).
The factor up, as well as dV'/dr, depends on the shape of the potential at
such encrgies that the P-wave phase shift is appreciable.  Equation (6-37)
is applicable only to ordinary central potentials. Exchange or noncentral
potentials must be treated in detail to calculate the cross section for ener-
gies above 10 Mev.

The angular distribution of the photoneutron or photoproton is of some
interest, since we will find that it provides a means for discriminating be-
tween clectric dipole and magnetic dipole transitions. The form of the
angular distribution can be calculated simply from the angular behavior
of the wave function in the final state, which is, as we know, a P-function.
The intensity observed in any direction is proportional to the square of
the wave function evaluated at the corresponding angle. The incident
gamma-ray beam is presumed to be unpolarized, therefore the outgoing
intensity is to be obtained by averaging over both polarizations of the
photon. The cvaluation of the matrix element for a particular diwctirm
of polarization led to the conclusion that only the outgoing function Y79 is

* Barnes, (‘arver, Stafford and Wilkinson, Phys. Rer. 86, 359 (1952); Wilkinson,
ibid., p. 373.
t Phys. Rer. T7, 647 (1950).
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produced in the transition if the axis of quantization is taken parallel to
the polarization veetor. This choice of axis is inappropriate for our present
purpose, sinee we want to average over both directions of polarization. It
is more convenient to have the z-axis along the direction of propagation of
the photon. Since the final state funetion, Y9(#,¢'), in the original refer-
ence frame is proportional to the cosine of the angle between the dircetion
of polarization and the direction of observation, the radiated intensity in
the new reference system is proportional to sin® 8 cos? ¢ for r-polarization,
and to sin? 8 sin? ¢ for y-polarization. It follows that the average of the
intensity over the two directions of polarization is simply proportional to
sin? . Therefore the differential cross section for photodisintegration into
the direction 8 with respect to the incident beam is

c.(0) = —:i—w sin? 6. (6-43)
&7

The sin? 8 dependence of the cross seetion is characteristic of electric
dipole transitions in the absence of noncentral forces. The D-function
introduced into the ground state by noncentral forces leads to such a mix-
ture of the 3Py, 3171, 31, states that the cross section includes a small iso-
tropic term.* The tensor potential acting on the outgoing P-wave has &
similar effect.  On the other hand, if the tensor interaction has the charac-
ter of a Serber exchange, it vanishes in the P-states, and the latter effect
does not occur.t

It will be found in the next section that the magnetic dipole transitions
play quite an important role in the low energy photoprocesses. Since this
transition produces a 'S state from the S ground state, the corresponding
angular distribution must be isotropic. Therefore the differential cross
section, including both the magnetic and electric effects, will have the form

o(0) = A + Bsin?, (6-44)

where the isotropic term A is largely magnetic but may be partly due to
the tensor force contribution to the electric dipole transition. The coeffi-
cient B is determined primarily by the electric dipole process.

6-5 Capture of neutrons by protons. In the capture of a neutron by a
proton to form a deuteron, the excess encrgy is liberated as clectromag-
netie radiation, hence this process is just the inverse of photodisintegration
by gamma radiation of that energy. The capture cross section is measured
aceurately only for very slow neutrons, the reason being that then the
neutron spends sufficient time in the neighborhood of the proton for the

* W. Rarita and J. Schwinger, Phys. Rev. 69, 436 and 556 (1941).
t A discussion of the influence of small deviations from the Serber exchange is
given by N. Austern, Phys. Rev. 85, 283 (1952).
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capture to occur with a measurable probability. Therefore we shall con-
centrate our attention on the process for thermal neutrons, that is, on a
neutron-proton relative energy of about gly ev. The experimental value
of the therma!' capture cross section is*

ag. = 0.329 4 0.004 barn. (6 45)

For such slow particles the capture from the S-state is expected to be
more probable than capture from the P, D, or other states, since only the
S-function has an appreciable amplitude within the range of the forces.
However, capture from the S-state can occur only by means of a magnetic
dipole transition, and then only from the 'S state; the spins must turn
over in order to produce the variation in the magnetic moment required
to cause emission of radiation. But the spin flip will not occur unless there
are forces acling to reorient the spins, i.c., not unless the interaction is spin
dependent. Therefore the existence of a rather large capture cross section
provides additional evidence for the spin dependence of the interaction,
and quantitative analysis of the cross scction should yield further infor-
mation concerning the singlet potential.

In view of the fact that the eapture process is just the inverse of photo-
disintegration, a rather intimate connection between the capture cross sec-
tion, g., and the photodisintegration cross section, op, is to be expected.
The relationship between ¢, and o), can be obtained from a general princi-
ple, the principle of detailed balance. 'To derive the principle, we consider
the connection between two transitions, the one from state A to state BB
of a system, and the other from state B to state /. Since the transitions
of interest proceed by means of the weak electromagnetic interaction, the
analysis of the transitions may be based on perturbation theory. It is
convenient to deal with plane waves to describe the incident beam, so both
states A and B will be so treated. The plane waves may be normalized to
a cubi¢ enclosure of large volume 1 if a periodic boundary condition is
imposed in order to ensure the existence of an incident current. The tran-
sition probability for A — B is given by

2
W4 LB = i | 1Tp4 |208,
h

where Hp 4 is the matrix element of the interaction responsible for the tran-
sition, and pp is the density of final (plane wave) states of type B. For the
inverse reaction, the transition probability is

2r >
wg 4 = - | Hag|*pa.
h

* Hamermesh, Ringo, and Wexler, Phys. Rev. 90, 603 (1953). See also Harris,
¢t al., Phys. Rev. 91, 125 (1953).
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The interaction 7 is a hermitian operator, whence
| Hap |2 = | Hpa |2,
s0 the ratio of transition probabilities is simply

WA > B PB

Wy _, A pPA

The cross section is related to the transition probability by

WA B

04 B =—G5
Aq.(

where S84 is the incident current per slate of the system A. Therefore

o4 B PBSR

0B - A PASA

Since the current per state for a plane wave is v/V, where v is the velocity*
of the incident particle, the ratio of cross sections is

oA B PBYB

OB » A4 PAYVA

Since the equilibrium current in state A is proportional to p4v4 and con-
sequently pavaca _, g is the relative number of transitions A — B per unit
time, this is the principle of detailed balance in the form appropriate to
problems of statistical mechanies: in equilibrium the rate of transition from
A — B is equal to the rate from B — A. The result can be put in an-
other useful form by noting that the density of final states for the plane
waves is proportional to the volume in momentum space per unit cnergy:

B _ p?;dpg/dEB.
pa  Dudpa/dEs

The relationship dp/dE = 1/v then leads to the result

2
%4 +B _ PB

6-46
OB » A pfl ( )

The observed cross sections are not those described above for each state
A and B, but they are the average over the initial states of polarization of

* This is valid even for the photon, since the incident current is just equal to
the Poynting vector divided by %w, and the Poynting vector is the energy density
tiwN, dw/V times the velocity of light. Here N, dw is the number of photons
in the group of states between w and w + dw, so the current per state is simply ¢/V.
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the system and the sum over the final states of polarization. If this sum-
ming and averaging process is denoted by a bar,

1
04 LB = '—EUA — By
g4 AB
and
_ 1
OB -4 = — ZUB-—oA’
gr A.B

where g4 is the number of states of polarization of type 4, and the sum is
taken over all possible substates of polarization, both in the initial and final
states. We find then that

9AD%GA B = 2 VoA ~B
AB
and
98PHB .4 = D PEOB . 4,
AB
which, when combined with Eq. (6-46), has the consequence

- 2
94 -B _ YBPR
—— = 5
0B ., A  YaPa

(6-47)

This is the principle of detailed balance in its most useful form for our
purposes.

Tet us take the process A — B to be neutron-proton capture. Then
the photodisintegration of the deuteron is the transition B — .1. State
A consists of a free proton and a free neutron, each of which has two
states of polarization, so that g4 = 2 X 2 = 4. A deuteron and a photon
are the constituents of state 3, and the phaton has two states of polariza-
tion while the deuteron has three, corresponding to the three orientations
of its total angular momentum. Therefore g = 6. The deuteron may be
taken to be initially at rest, whereby pg is fixed as the momentum of the
photon kw/c, while py = Ak, if K = #%k?/M is the kinctic cnergy of dis-
sociation of the deutercn in the center of mass system.* According to
Eq. (6—47) the capture cross section o is given in terms of the photodisin-
tegration cross section o, by

3 (fw)?
e T 3 (k)2
which can be expressed in terms of the energy £ = fiw — | E, | as
3/ hw\ [lw
=3i) (3) -

* The recoil due to the momentum of the photon is neglected here.
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Let us now apply this result to the special case of electrie dipole cupture.
Then the electric dipole photodisintegration cross section given by Eq.
(6-42) is the appropriate value of op, whenece

- 0 —29 IE&’ AN 2 +
o(ed) = 6.6 X 10 _ﬁw— . c¢m®. (6-49)
10

The proportionality of the cross section to the square root of the cnergy is
characteristic of capture from a P-state. The fact that the cross section
vanishes at zero energy is simply due to the centrifugal barrier which pre-
vents the P-function from having an appreciable value within the range
of the forces. At thermal cnergy, say at I = gl ev., the cross section is
of the order of 5 X 107 barn, which is completely negligible as compared
with the observed thermal capture cross seetion.

Only the capture from the S-state can lead to a cross section of the cor-
rect order of magnitude. Then there is no eentrifugal barrier to reduce the
wave funetion, with the result that the photodisintegration eross section is
proportional to the square root of the kinetic encrgy K, as we have already
remarked in the previous section. According to Tq. (6-48), the capture
cross seetion is then proportional to 1/ VE or 1 /v, for capture from the
S-state. This “I /v law” is characteristie for capture from the S-state by
any nucleus; it is a simple consequence of the fact that the matrix element
for the transition is essentially independent of I at low energies.

The selection rule for a magnetic dipole transition is

Aj = +1, 0; no,

where the “no”’ means that there is no change in parity. Therefore, as we
have remarked before, capture from the continuum S-state to the 3S;
ground state of the deuteron via such a transition is possible. Further-
more, it turns out that only the 1S, — 38; transition can oceur.

The cross section for the inverse process, magnetic dipole photodisinte-
gration, can be obtained simply by replacing the electric dipole moment
in Eq. (6-36) by the magnetic dipole moment:

Ak |, .
e My, (6-50)

Om =

where 9 = (v-9M) if v is the unit vector normal to the direction of polari-
zation u and to the direction of propagation of the photon. The vector
I is just the magnetic moment operator of the deuteron given by FEq.
(3-37), or its equivalent,

eh [IL S }
21” l + (I‘p + ka) + (I‘p - Mn)(o'p o) (-
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Since both the initial and final states are S-functions, the matrix element
of L vanishes. TFurthermore, the matrix element of S vanishes hetween
the triplet and singlet states because S is diagonal in this representation.
The matrix element of S also vanishes between the two %S, states, since
the radial functions, being solutions of the same Schroedinger equation
for different energies, are orthogonal.* Therefore only the last term con-
tributes to the transition, and that can lead just to a singlet-triplet transi-
tion, since it is antisymmetric for interchange of the neutron and proton.
The initial state is
‘p = - 1_ ) ’lt_g m
Vi Xt
where x7' is the triplet spin function, and the final state is

’ | T
/—\/4; r Xo-

Here u, 18 the radial function for the ground state of the deuteron, while
u, is the continuum singlet state function with the appropriate energy.
The matrix clement is

[r <]
My = / gty dr (x1',(v- M) xo)-
0

If the expression for M is now inserted and cognizance is taken of the selee-
tion rules established above, the matrix element becomes

’
sngf = U(xllny(v'apn)X());
where
c 1( ) eh /’ ® P
Vo= - (p — Ma) —- wgtty dr
2 " TMael, TV
and op, = 0, — 0,. The quantity of interest is the average of the cross
section over all initial states of polarization of the deuteron, that is, over
the three possible m-values, m = 1, 0, —1. It is proportional to

.l. o (’ m m
§Zl ﬂngf |2 = B—Z(XU’(V'UPII)XI )(Xl ,(V'Upn)x())-

2

Evaluation of the sum can be simplified by noting that

(x0,(v 'U'pn)XO) =0,

since the antisymmetric operator, o,,, converts a singlet state into the

* This special selection rule is characteristic of magnetic dipole transitions.
1t is a consequence of the lack of any radial dependence in the magnetic moment
operator.
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orthogonal triplet state. Therefore the sum can be extended to include
not only all of the triplet states, but also the singlet state, with the result
that closure can be invoked to obtain

5>

3 m
We also use the relationship [Fq. (4-12)]

7’2 C2 2
Mg |2 = ry (x0,(V+0pn) “Xo0)-

OrX0o = —0OpXo

which, when combined with the fact that the square of any component of
o, is 1, leads to the final result

3 [om | = 4cn
m

The cross section é,, is to be obtained by averaging over the initial states
of polarization of the photon also, but since our result is independent of the
polarization, it is not thereby altered; nor is it altered by summing over
final states, since only the one singlet state is produced. Consequently,

the cross section is
16w Mkw o2

om = ———C

3 #%

Substitution for C in terms of the dimensionless integral,

me?\ " [©
J=\— Ugls dr,
e 0
leads to the result

= 3(5) () (52) ) =m0
Im = 3" \se M me2) \me2) T E

The corresponding magnetic capture cross section, which is in effect the
total capture cross section at low energies, is obtained by means of Eq.

(6-48):
- IR (62>2 (m > ) ( fo )3 (mcz) K W% (6-52)
Te= gt fic/ \M mec? E fp = Hon T

Note here that the essential dependence on the energy of the incoming
particle is given by 1/ \/E; this is the anticipated 1 /v law for capture from
the S-state.

Evaluation of the integral J can be made to a very good approximation
in terms of the singlet and triplet effective ranges and scattering lengths.*
For this purpose it is necessary to introduce renormalized wave functions

* H. A. Bethe and C. Longmire, Phys. Rev. 77, 647 (1950).
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having the asymptotic behavior characteristic of effective range theory.
If the renormalized functions are denoted by @, and ,, we have the rela-
tionships

ug = At
and
sin 0 _
Uy = ~—— Ty,
k

where 6,(k) is the phase shift for singlet scattering. The normalization
constant 4 is to be obtained {rom the condition

90
A2/ ardr =1,
0

wherein the integral can be evaluated by noting that

@ n N
. 2 2 o
/ a; dr =/ v dr —/ (s — @) dr.
0 0 0

If v, is the auxiliary function of effective range theory,

v = ek
the second term is just the expression for one-half the effective range,* and

the integral involved in the first term can be evaluated directly. The re-

sult is
/”’ 2 1 1
wdr = — - — -,
0 I3 2/lg 2 0ty
whence
FEIL
d 1 — kgf‘og
an

/w 4y Sin \/ ok, /w ;
UgUs AT = : - Uglis dr.
0 o k I — kyroe Jo ¢

But we can write the identity

0 0 ™ 0 0
- - 2 - P] _2
/ gty dr —/ Vg0, dr = —%'/ (v — @) dr — %/ (0F — @) dr
0 0 0 0

+ %/ [(v;.' - "s)z - (723 - li.v)‘.!] dr. (6-53)
0

* Note that @, and vg are the ground state rather than the zero energy funetions,
so there is a small shape-dependent error in the evaluation of the integral.
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Contributions to the last integral arise only within the range of the forces,
and within that range the functions v, and v, as well as 4, and 4, are very
nearly equal. Thus each term in the integral is small, and the difference
between them is even smaller. The result is that this last integral may be
neglected in very good approximation. When the other integrals are ex-
pressed in terms of the triplet and singlet effective ranges, we find

<] €0
/ gty dr = / ety dr — Y(roe + 70s).
0 J0

The funetion v, is given above, and the function v, is

sin (kr + ds)

o0 the integral of their product is found to be

® k. + k cot 8,.
vy dr = =F
/(, Vebs 47 K2

k cot 8, may be expressed direetly in terms of the scattering length and
offective range [Kq. (4-51)] with the result

/“’ 11— (1/keas) + + ik rm,(k/l\g)J
0

Vgl dr = — -

ke I+ (k//‘g)z

leading to the final expression for J:

J <m('2)32 Zlcg * sin 8,
"\ /) N1 = kyror kg

] d 1 I 8 lk 8 k k ? 1
Jl ( /f:a-i -(i;/; ;;'u( /ke)® Zlcg(rf)l + ro«)}' (6-54)

Since they are proportional to J2, it is evident that the capture and photo-
disintegration cross sections are directly proportional to the singlet scat-
tering cross section g, = 47 sin? 8,/k?.

Capture only at very low energies is to be considered, therefore terms
proportional to (k/kg)? in J/ may be neglected. We also may set fiw =
| £, |. Insertion of (6-54) into Eq. (6-52) then leads to the result

ac 175 % 10_7 1 [l 1 Ic o+ )]1 (m( ) i
_— == —_— —_— e — 7 8 .
O3 -k Tot kga,. 4 ot 0 K

(6-55)

A numerical value of the coefficient of (mc?®/E)” is to be obtained by
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introducing the best available estimates of 7o, a,, etc. From Eq. (4-53),
with the value of a; given by Eq. (5-37), we find

,Cgr(u = (0.395.
Equation (5-37) also provides a,:

1/k,a, = —0.182.

An estimate of rys can be made on the assumption that the neutron-proton
and proton-proton interactions are identical. Then ry, = py, and, from
Eq. (6-23),

kgros = 0.613.

These figures lead to the ratio

ge me?\ %
— =678 X 107"{-—) - (6-56)
gy J
For thermal neutrons,
ac
- = 131 X 1073,
£}

The value of g, is given directly in terms of a,, whence it is found to be
70.5 barns, and the thermal value of o, turns out to be*

a. = 0.306 barn.

The fact that the caleulated capture eross section is in rather good agree-
ment with the observed value would seem to indicate that the choice of
singlet ceffective range on the assumption that the n-p interaction is tho
same as the p-p interaction is at least approximately correct. As a matter
of fact, it can be seen from Eq. (6-55) that the capture cross seetion could,
in principle, be used to determine the singlet cffective range. However,
the sensitivity to that parameter is not very great  An accurate determina-
tion by this method would require a good evaluation of the neglected shape-
dependent contributions, such as the last term in Eq. (6 -53). A much
more serious limitation on this method of determining rys is due to a flaw
in the assumption that the magnetic moment operator is made up addi-
tively of the moments of the nucleons. We shall see (Section 9-3) that
there is a somewhat uncertain contribution to the matrix element. of the
magnetic moment due to nonadditivity which results in a correction to
the cross section of the order of 4 percent. The uncertainty in that con-

* No correction for the velocity of the protons need be made here as a con-
sequence of the 1/0 law. In Section 5-2 we saw that the observed cross section
is 0 =|v—V]oem/r, but oem = const/| v — V|, so ¢ = const/v, which is
just what would be obtained for a proton at rest.



150 FURTHER CONSIDERATIONS OF THE TWO-BODY PROBLEM [cuap. 6

tribution is reflected by a corresponding uncertainty in the value of 7,
obtained from the capture cross section.*

A final remark concerning the photodisintegration process seems appro-
priate here. From the energy dependence of the magnetic and electric
cross sections we see that the ratio B/A of the coefficients in Eq. (6—14)
is proportional to the energy of the disintegration products. Although the
clectric term vanishes at threshold, its contribution increases linearly with
energy relative to the magnetic term at small energy, so it rapidly becomes
the more important term as the energy is increased. At encrgies of the
order of several Mev the magnetic term amounts to only a few percent of
the whole. The same can be said of the isotropic term produced by the
tensor interaction, and thercfore the characteristic electric dipole angular
distribution proportional to sin® 8 is expected to predominate at apprecia~
ble energics.

6-6 Summarizing remarks on the two-body problem. Many and vari-
ous conclusions concerning the two-nucleon interaction have been drawn
from the phenomena discussed up to this point. In this section we shall
attempt to draw together and summarize those facts which are of general
importance.

The most detailed quantitative results are obtained from the low-energy
data. The values of the scattering length, effective range, and other low-
energy parameters arc as follows:

n-p scattering lengths [Eq. (5-37)]:
a, = 0.538 X 107!2 ¢m,
a, = —2.37 X 107*2 em.
The radius of the deuteron is a convenient unit in which to express a:
kea, = 1.25,

keas = —5.48.
n-p triplet effective range:

This may be calculated directly from Eq. (4-53) by using the above
value of a;, We find

kgr(,, = 0.395

* Shape-dependent corrections do not alter appreciably the theoretical value of
a. (N. Austern, in press). The discrepancy with the experimental value given by
Eq. (6-45) seems to be outside of the experimental error. It may be interpreted
as evidence for the existence of the nonadditivity effect.
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or
Tot = 1.70 X 10_13 cm.

Only preliminary measurements of r,, are available.* The results seem to
be in accord with the value estimated below on the basis of the proton-
proton data.

p-p parameters:

The low energy proton-proton scattering parameters are given by Eq.
(6-23):
f(0) = 8.66,

po = 2.65 X 10713 cm.

A corresponding singlet scattering length for p-p scattering can be esti-
mated from these by means of Eq. (6 30). We found

a, = —1.6 X 1072 ¢m,

and coneluded that this compares well with the neutron-proton value of
a,, since the singlet scattering length is extremely sensitive to the depth of
the interaction. The quantity pg is closcly related to the singlet effective
range, Tys, for the neutron-proton system, although the two are not ex-
pected to be exactly the same even if the specific nuclear interaction is
charge independent.

The range and depth parameters of a central n-p potential of given shape
may now be determined from relationships such as those presented in
Figs. 4—4 and 4-5. For a square well, the triplet parameters may he ob-
tained directly from the scattering length by combining Eq. (3-25) with
Eq. (4-36). The result is

a; = 2.05 X 10712 ¢m,

(Ky)? = 3.56.

The parameters may be obtained for a square-well singlet potential only
if both the scattering length and effective range are known accurately.
From the scattering length, we find [Eq. (1-40)]
. ™

I\Ras = 5'
If the value py based on p-p scattering is used for ry,, an estimate of the
difference between singlet range and singlet effective range can be made
by means of Eq. (4-56):

* Fields, Adair, Becker, and Darden, Phys. Rev. 91, 441 (1953); Storrs and
Frisch, Phys. Rev. 90, 339 (1953); Hafner, Hornyak, Falk, Snow, and Coor, Phys.
Rev. 89, 204 (1953).
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Qg = 1‘03(1 - 004).

From this result it is evident that the singlet and triplet square-well poten-
tials would have somewhat different ranges:

X141
(¢7]

However, for a Yukawa potential a problem of this sort does not arise.
Let us consider a potential including the tensor interaction and treat the
range, ar, of the tensor interaction as independent of the range, a., of the
central interaction. The numerical caleulations carried out by Feshbach
and Schwinger concern just such a potential; their results are tabulated in
Appendix 2. From their table based on a quadrupole moment @ = 2.766
X 10~%7¢ ¢cm?, the sets of parameters found to be in reasonable agreement
with the value of ry, are given in Table 6-2. From this table one fact is
clear, the tensor range must be greater than the central range if the shape
of the potential is correctly described by a Yukawa function.*

TasLE 6-2

Values of the Yukawa tensor interaction constants that are consistent with the
observed binding energy, quadrupole moment, and triplet cffective range of the
deuteron. See Appendix 2 for definitions.

kyae kear Y K% [o]? (10—7‘1‘;‘ em)
0.313 0.320 1.786 1.12 0.042 1.71
0.275 0.355 0.836 1.34 0.038 1.71
0.256 0.355 0.734 1.33 0.039 1.68
0.224 0.640 0.079 1.92 0.021 1.68
0.224 0.492 0.170 1.75 0.028 1.68

If we again take the evaluation of ry, from proton-proton scattering, an
estimate can be made of the range of the singlet Yukawa potential. Here
the tensor interaction plays no role, of course. From Fig. 4—4 the value

a, = 1.19 X 10713 cm,
or
kya, = 0.27

is obtained. According to Table 62, the same value of the range of the
triplet central potential would be consistent with the other data concern-
ing the triplet state. The range-depth relation for the singlet potential is
given approximately by Eq. (4-41):

* Compare Section 8-3.
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K%a? = 1.68.

To conclude the discussion of the low-energy data, it is of interest to
record the results of the direet analysis by Hall and Powell* of the data
in terms of the parameters of an appropriate charge-independent poten-
tial. The analysis is based on the properties of the deuteron ground state,
the n-p scattering lengths, and the p-p scattering up to 4.3 Mev. A Yukawa
potential of the form

V= "'V()acr_] {(1 - %g + %‘90'1'0'2)6_7/"'
+ Y(ar/ac)S12e”7*T}(1 — e + €P)  (6-57)

was considered.  Here Syy is the tensor operator and P is the space ex-
change operator. The appearance of a definite amount of exchange is a
consequence of the faet that, for the p-p scattering, a fair estimate of the
I’-wave phase shift can be obtained. The values of the parameters which
1ead to a good {it with the data when inserted into Eq. (6-57) are

a, = 1.176 X 10713 ¢m,
Vo = 39.83 Mev,

ar = 1.529 X 1073 cm,
(6-58)
v = 0.8481,
g = —0.0834,
e = 0.62.

It should be remarked that the above value of a. is very nearly that ob-
tained by setting ro, = po. This indicates that the difference between r,
and py is very small for a Yukawa potential, while for a square well it
was found in Scction 6-2 to be of the order of four percent. Evidently the
quantity ros — po is rather sensitive to the shape of the potential, and
therefore po does not provide a very good basis for the direct comparison
of p-p and n-p interactions.

Information obtained from the high-energy scattering data is much less
quantitative. Two important features of the interaction suggested by the
data are that the shape of the potential is such that it has a long tail, as
for a Yukawa or exponential function, and that the exchange dependence
does not differ greatly from the Serber exchange. The first of these con-
clusions is acceptable, in fact one might say that it is desirable, in view of
the fuct that the meson theory seems certain to lead to such a tail on the

* Phys. Rev. 90, 912 (1953). See also Hoisington, Share, and Breit, Phys. Rer.
56, 884 (1939) and Yovits, Smith, Hull, Bengston, and Breit, Phys. Rev. 86, 540
(1952).
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potential. The second result, which is supported by the evidence for a
small P-wave phase shift in low energy p-p scattering, is a source of serious
difficulty. The exchange potential was originally hypothesized in order to
account for the saturation of nuclear forces, but the Serber mixture intro-
duces much too much ordinary potential to be consistent with the satura-
tion property.* Therefore some other provision must be made for satura-
tion if the analysis of the high-energy scattering data is to be accepted.

Another difficulty is the apparent lack of equality of the neutron-proton
and the proton-proton interactions at high energy. No evidence of such
a charge dependence of the specific nuclear force is given by the low-
energy data. The high-cnergy p-p scattering also shows a rather strange
angular and energy dependence.

There are a number of directions in which explanations, or rather ex-
cuses, for thesec phenomena may be sought. First of all, consideration
should be given to the influence on the high-energy data of relativistic
corrections.  An offhand estimate would indicate that these corrections
might amount to 30 percent at 300 Mcv. It does not seem likely that cor-
rections of that magnitude could account either for the fore-and-aft sym-
metry which suggests the Serber exchange or for the qualitative difference
between the n-p and p-p systems. However, velocity-dependent terms of
the same form but much larger than the relativistic corrections might
oceur as a direct contribution to the nonrelativistic interaction. This is
strongly suggested by the sucecess of the spin-orbit coupling scheme in
heavier nuclei.t Unfortunately, a sufficiently complete analysis of the
influence of such an interaction on the high-energy scattering has not
been made, so no final judgment concerning its effect can be formed at
present.

The difficulty concerning the exchange potential might mean that nu-
clear interactions are a many-body phenomenon. Since saturation is a
many-body effect, it could then be ascribed to more-than-two-body inter-
actions. However, the situation resulting from this assumption is so
complicated and ambiguous that more definite evidence for it would seem
to bhe required to justify extensive theoretical work in that direction.

Possibly the analysis of high-energy data in terms of a static potential,
or even a simple velocity-dependent potential, is doomed to failure. After
all, we know that for energies in the neighborhood of those being con-
sidered here, mesons are produced by nucleon-nucleon collisions. There-
fore it is expected that the mesonic structure of the nucleons may play a
great role in the scattering. One might say that the meson clouds are
highly polarized in the high-energy collision. Since the cloud is presum-
ably responsible for the interaction between nucleons, its polarization

* See Section 8-8,
1 See Section 8-7.
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would be expected to lead to a marked change in the apparent interaction.
An effect of a similar kind might be expected if the nucleon structure is so
complicated that it has metastable excited states. The existence of these
so-called nucleon isobars would certainly be expected to have a profound
effect on the scattering for energics comparable to the excitation energy
of an isobar.*

The ideal procedure for settling some of these matters would probably
be to make measurements for energies below about 30 Mev, where polari-
zation and velocity effects can be expected to be small, with sufficient pre-
cision to determine accurately the parameters in the static potential.
Then the direet comparison between the high-energy scattering calculated
for this well-defined potential and the observed scattering would shed some
light on the energy-dependent effects.

* A very interesting summary of the two-nucleon interaction problem has been

presented by Breit and Hull, Am. J. Phys. 21, 184 (1952).



CHAPTER 7
REMARKS ON THE MESON THEORY OF NUCLEAR FORCES

No completely satisfactory fundamental theory of nuclear forces exists
at the present time.  All of the theories that scem to warrant, serious con-
sideration have been built upon Yukawa's original meson theory, which
was based on an analogy with clectrodynamics. A feature common to
every form of the theory is that the quanta of the field responsible for nu-
clear forces arc particles of mass some 200 or 300 times the clectron mass.
These quanta must interact strongly with nucleons if they are to account
for the nuclear forces. The subsequent discovery of just such particles,
the w-mesons or pions, has lent great support to at least the qualitative
aspects of this approach to the problem. Detailed application of the theory
leads to very serious quantitative difficulties, but one holds to the hope
that they may be due to the inadequacy of the approximations used in
making the calculations. On the other hand, there is always the possi-
bility that the qualitative successes of the theory are fortuitous, that the
structure of existing theories is incorrect.

A quantized, relativistic formulation of the field theory is required to
understand the problem in all of its most fundamental aspects. However,
it is possible to obtain an insight into the structure of the theory and, in
particular, to understand most of those qualitative features which secem to
be correct, by limiting consideration to a elassical (unquantized), non-
relativistie field. That very limited description will be given here.*

Before going into a discussion of the meson theory, it is convenient to
introduce a device, known as the ¢sofopic spin or i-spin,t which not only
simplifies the deseription of the field theory but is also useful for the treat-
ment of problems in nuclear spectroscopy and beta-decay.

7-1 I-spin and the generalized Pauli principle. The nucleon may be
treated as a single entity having two states, the proton and the neutron.
Then the wave function of the nucleon must be parametrized by a variable

* A general discussion of quantized ficld theories with applications to the nuclear
force problem is given by G. Wentzel, Quantentheorie der Wellenfelder, Franz
Deuticke (1943). English translation, Interscience (1949).

t We use the abbreviations “4-spin,” ‘“s-triplet,” “i-singlet,” ete., in place of the
more awkward, conventional terms “isotopic spin,” “isotopic spin triplet,” ete.
The concept was first introduced by W. Heisenberg in his fundamental work on
nuclear structure; Zs. f. Phys. 77, 1 (1932).

156



7-11 I-SPIN AND THE GENERALIZED PAULI PRINCIPLE 157

indieating with which of the two states we have to deal. Let us denote the
variable by 7, where 7 = 41 refers to the proton and r = —1 to the neu-
tron.* Any property of a nucleon having a different value for neutron and
proton mey be expressed explicitly in terms of the quantity . For exam-
ple, the charge is (e/2)(1 + 7), while the mass of the nucleon is (M,
+ M) + 3(M, — M,)r, where M, and M, are proton and neutron
masses, respectively.

The identity of the nucleon is buried in the wave funetion, which now
depends on 7 as well as on the other nucleon variables, r and o,. The wave
function may, for example, be a product, of a space-spin function and a
function £(7). There are just two linearly independent functions £(r), and
they may be taken to be £(r) and £~ (r), where

£+(l) 17 £+(—1)
£(1) =0, (=1

Thus ¢ is the state in which the nucleon is known to be a proton, and £~
is that in which the nucleon is known to be a neutron.

The functions £4(7) are formally identical with the ordinary spin fune-
tions xT(a:). Just as for the spin functions, the r-functions can be written
as the two-dimensional column vectors

() -0

and these orthonormal veetors define a two-dimensional space wherein 7
may be considered to be an operator analogous to o.. The functions ¢+
are called 7sofopic spin or i-spin functions, since the isotopic identity of a
nucleus of given Z is fixed by the sum of the 7-values for all nucleons in
the nucleus. Now we know that for ordinary spin the complete set of
operators in the two-dimensional spin space is formed by the components
0z, 0y, and o, of the spin vector . Therefore a complete set of operators
in the space of the #-spin functions is 7y, 73, 73, where

01 0 —i 1o
“=<1 0)' Tz:(i 0)' Ta:(o —1>' (7-3)

The operator 73 ix identical with what we have been calling 7; the charac-
teristic values 73 = =1 correspond to proton and neutron states, respec-
tively. The collection of the three operators

0,
(7-1)
1.

Il
It

T = (11,72,73)

* The sign of 7 has been reversed here over the more customary usage. However,
the present convention has some advantages in applications to meson theories.
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is called the i-spin. The components of this vector refer to axes in an
abstract three-dimensional space, which we shall call charge space. The
interrelationship between the charge space and the two-dimensional space
defined by the -spin functions is clearly the same as that between con-
figuration space and the space of the spin functions. In particular, a uni-
tary transformation in cither spin space induces the same rotation of axes
in the corresponding three-dimensional space. This fact turns out to be
useful in spite of the ahsence of a simple physical meaning for the concept
of a rotation in charge space.

The operators r; and 75 can be given a very useful physical interpreta-
tion. If that were not possible, no purpose would be served by introducing
them. The linear combinations

Ty = 3(ry = ir2) (7-4)
have the matrix form

(0 1) (0 0)
+"\o o/ T \1 o
and operation on the spin functions (7-2) results in the equations

¢t =0, T8 = £T,

‘rm$+ = ¢, 7_¢ =0.

(7-5)

Thus 7, is an operator which annihilates a proton state and converts a
neutron state into a proton state. Similarly, 7. converts a proton to a
neutron and annihilates a neutron state. Now such processes as conver-
sion of a proton to a neutron certainly occur. For example, the negative
beta-decay of a nucleus involves the conversion of one neutron into a pro-
ton, while positive beta-decay involves the conversion of a proton into a
neutron. Therefore it is clear that the 7 and 7_ operators would be use-
ful for the deseription of heta-processes. Furthermore, the possible exist-
ence of exchange forces suggests that proton and neutron are intercon-
verted one into the other, and the 7 and r_ operators provide a means for
giving a fundamental description of that process.

In a system composed of several nucleons, the identity of each nucleon
can be buried in the wave function, ¥, by expressing it as a function of the
3 variables. Then ¥ is a function of the five coordinates of each nucleon,

‘I’ = ‘Il(rllaz(l)?73(1);rZ)Uz(z),73(2);- . '),

and all nucleons are to be treated as identical. The interactions between
nuclecons must be written in a form that is symmetric for the interchange
of any pair, even for those interactions that distinguish between ncutron
and proton. For example, the coulomb interaction would be given in the
form
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¢ o (L4 @) + 7s(k)

8 J=k T'ik

which is early symmetric for interchange of any pair of particles 7 and k.
The identity of the nucleons lewds us to investigate the problem of the
statistics of the nucleon.* We know that systems of identical particles
are always found to be separated into two classes: those satisfying the
conditions of Fermi-Dirac statistics and those satisfying the conditions of
Bose-Einstein statistics. Both a system of protons and a system of neu-
trons belong to the former class. Although there is no a priori necessity
that the nucleon should belong to either class, we wish to establish that as
a result of the physical possibility of converting a neutron to a proton or
a proton into a neutron, the nucleon system as a whole must obey Fermi-
Dirac statistics.

The point can most easily be illustrated by considering a simple two-
nucleon system. If the system consists of a neutron and proton, there are
two possible i-spin states, namely, £t(1)£7(2) and ¢~ (1)£H(2). We could
alternatively introduce the linear combinations

\[ls (DE(2) + £~ (HEH2)],
. (7-6)
= — + - — &7 +
fo =75 ET(ME(@) — £ (DEND),

which are the analog of the triplet and singlet wave functions x? and x,
The i-triplet and i-singlet functions will, in general, be expected to have
different energies, since they are not converted into each other by an inter-
change of the nucleons.f Only in the case of an accidental degeneracy of
the i-triplet and i-singlet would the function £¢¥(1)£7(2) form a stationary
state of the system. In general, then, the funetions (7—8) provide the best
basis for discussion of the two-nucleon system. The other members of the
i-triplet state are the symmetric functions

g = (1)EN ()
= £ (1)E(2),

and

the first being a two-proton state and the second a two-neutron state.

* Cassen and Condon, Phys. Rev. 50, 846 (1936).

t Since the Hamiltonian is symmetrie, functions which are transformed into each
other by a permutation must be solutions for the same energy, i.e., they must form
a set of degenerate states.
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They are labeled by the third component, Tz = 1, 0, —1, of the total
1-spin
T = 3(m + 7).

Let us momentarily limit attention to a continuum 3S state of the
deuteron. There are two such functions:

) = ¢, (N)xa) (7-7)
and
Yo = Y,(r)x1ko, (7-8)

since £} and £ are both neutron-proton states. The first function is sym-
metric for interchange of all coordinates, and the second function is anti-
symmetric. Now in a continuum state the neutron can undergo bheta-
decay to become a proton. Since the interaction responsible for the beta-
process is, like all interactions, symmetric for interchange of the nucleons,
the state (7-7) can go over only to a symmetric state, while the state (7-8)
produces an antisymmetric¢ state. Since two protons necessarily have a
symmetri¢ Z-spin function, the wave funcetion produced by decay of (7-7)
would be symmetric in the space and spin coordinates, a wave function
which eannot oceur because two protons are subject to the Pauli principle.
This difficulty does not arise if the symmetric wave function (7-7) does
not oceur in nature.

When the argument is broadened to include many nucleons, we conclude
that the nucleon wave function must be antisymmetric for the interchange
of any pair of nucleons. For, if the wave function contains a term which
is symmetric under the interchange of a particular pair of (unlike) nu-
cleons, a violation of the Pauli prineciple for particles of the same ¢-spin
would result from a beta-decay or any other process causing one member
of the pair to change its i-spin. The requirement of total antisymmetry
of the nucleon function will be referred to as the generalized Pauli principle.

As a consequence of the generalized Pauli principle, all the exchange
operators can be expressed as spin and 7-spin operators. The following
well-known properties of the triplet spin function, x{*, and the singlet spin
function, xo, are used for this purposc:

(o1-a2)xT = xT,
(o1°02)x0 = —3xo.
We note that the consequent relationships,
3(1 4+ oro)x] = xT,
(1 4+ 01°02)x0 = —Xos

are exactly the properties of the spin exchange operator Pjp; which inter-
changes the spin variables of the two nucleons:
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m
Pixt = xi,
PT2X0 = —Xo

since the triplet function is symmetric and the singlet function is anti-
symmetric. Because any function of the spin variables ¢.(1) and 0.(2)
can be written as a linear combination of the singlet and triplet functions,
it follows that the spin exchange operator is identical with the spin operator:

Py = 3(1 + 0y+02). (7-9)

The same analysis can be carried through for the 7-spin exchange operator
Pj,, representing exchange of the i-spin variables. We find

Piy = 3(1 + 71°72). (7-10)

If the wave function is subjected first to P, then to Pi,, and finally to
the Majorana operator, P, which exchanges the space coordinates, the
result is equivalent to an interchange of the nucleons. According to the
gencralized Pauli principle the wave function must therefore change sign:

PPy = =Y.
Or, since an exchange operator is equal to its inverse,
MoV = —PLPRY. (7-11)

Thus as long as we limit consideration to the admissible wave functions,
i.c., those that satisfy the generalized Pauli principle, we can write

e = — PP (7-12)

By use of Egs. (7 -9) and (7-10), the Majorana exchange operator can there-
fore be expressed direetly in terms of the spin and i-spin operators of the
system:

P = —1(1 +or-02)(1 + 71°72), (7-13)

and this is the form in which an exchange operator is most likely to appear
in a fundamental theory of nuclear forces. Note that Eq. (7-13) is not a
general operator equation but refers only to that part of the operator act-
ing within the class of totally antisymmetric functions.

7-2 The neutral scalar field. An attempt to construet a theory of the
field responsible for nuclear forces must start from some preconceived no-
tion of the form the theory is to take. Since our experience with force
fields other than the nuclear field is limited to the laws of gravitation and
clectromagnetism, it is natural that the initial attempt at a nuclear theory
should be modeled after them. Thus we try to construct equations as
close as possible to those of electrodynamics which deseribe a field having
the essential short-range character of the nuclear interaction. Only the
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static interactions will be considered here, so it will be sufficient to work
with an analogy to classical electrostatics.

Tt is well known that the electrostatic ficld may be described in terms of
a potential, o(r), whose source is the charge density p(r). The Poisson
equation,

Vi = —dmp(r),

determines the connection between ¢ and p. The solution of this equation
can be put in the familiar form

Pr)

=[ - dér'.
v —r|

7]

The total electrostatic energy of the charge distribution is given by

W=3 / p(r)e(r) d°r (7-14)

W = é / /’ p(r)p(r’) B dr.

|~

or

To formulate the theory of interacting point charges, we consider first a
charge distribution consisting of two non-overlapping clusters centered at
points ry; and 1. If p; represents the charge density in the neighborhood
of the point r, and p, the charge density in the neighborhood of ro, then
the potential due only to the first cluster is

pi(r) d°r’

o =[5

|t —r]
and the potential due to the second cluster is given by a similar expression.
The energy W of the system may be divided into three parts: the self-
energy of the first cluster, the self-energy of the second cluster, and the
interaction between the clusters. Only the third term, rcpresenting the
interaction, is of interest to us. According to Eq. (7-14), it is given by

V=3 / p2(D)er(r) dr + 3 / p1(r)2(r) d°r,
and from the form of ¢; and p; it is evident that

V= / p2(r) 1 (T) d3r.

Let us now consider the case in which the charge clusters are simply
point charges e, and es located at the points ry and rp. Then the charge
density has the form of a é-function:

pi(7) = e;6(r — ry).
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Consequently, e
o= —>
. . . |ri — x|
and the interaction energy is

V = e /a(r — 19y (1) dr,

which reduces immediately to the well-known coulomb potential

V= _ae |
l r, — I, |

This very elementary discussion of the electrostatic potential can now
be made the basis for an analogous theory of the short-range nuclear inter-
action, The requirement that the field have a definite range implies that
a characteristic length must appear explicitly in the theory. The length,
denoted here by 1/, is expected to be closely related to the range of nu-
clear forces. Presumably, the potential funetion of the nuclear field is
determined by a differential equation similar to the Poisson equation but
involving explicitly the quantity u. If the source of the field is a “charge”
density n(r), the simplest imaginable equation satisfying these require-
ments is . .

Vie — ulp = — mn(r).

The solution of the equation is given by

-ulr-fl
f Ak

as can easily be shown by inserting it dn‘ectly into the differential equation
and making use of the fact that

2 —4xd(r’ — 1).
v —r]

Now the “nucleostatic” energy of the system can be defined by analogy
with the electrostatic energy given by Kq. (7-14), namely,*

W= -} / n(©)e(@ dr.

For two isolated clusters of nuclear matter we can define an n, and an 5,
such that the potential due to a single cluster is simply

P“ﬂl r'—r|
@i =fn1'(r,) T a3 (7-15)
v~ 1|
* The choice of sign here is governed by the fact that we are dealing with a scalar
field rather than the vector field of electrodynamies. (‘ompare G. Wentzel, op. cit.,
p. 38 (German edition), p. 39 (English edition).
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Again the energy divides into three parts, of which only the interaction
between the clusters is of interest. That interaction becomes

V= —/nz(r)m (r) d®r. (7 106)

If now the clusters at r; and rp are taken to be point nucleons, the densitics
m and 7, may be expressed as §-functions. The two nucleons may be
assumed to have the same nucleonic charge, in which case

N = ya(r - I','),
with the result that
- ‘,I_ﬁ‘“'l“rl
oi =4 l"—

- (7-17)
rn —r|

and
H"I-lll'l—f'."
V=—g —— (7-18)
R
This has just the form of the Yukawa potential, Eq. (3-3). Tt is to be
noted that in the simple theory just outlined neither exchange force nor
tensor interaction appears in the potential. Those potentials can be ob-
tained by introducing fields of a considerably more complicated structure,
as we shall see in the next section,

The order of magnitude of the charge constant g and the reciprocal
length p may be obtained from the available information concerning the
two-nucleon interaction. We note that ¢ has the dimensions of electric
charge, so that g?/fic is a dimensionless constant which provides a measure
of the nuclear force. Comparison of Eq. (7-18) with Kq. (3-3) leads to
the relationships

uw=1/a
and \
fi
= K (7-19)
fic Mec

An appropriate choice for the range of the Yukawa potential has been
found to be
a=1.18 X 1073 em,

and if our estimate of the strength of the interaction is based on the neu-
tron-proton singlet potential, we have

K2%a® = 1.68,
from which we find
g*/he = §. (7-20)

Comparison of this quantity with the corresponding fundamental constant
of electrodynamics, ¢/fic = 1/137, indicates that the nuclear charge is
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rather large compared with the fundamental electric charge. Investiga-
tion of the clectrodynamic properties of elementary particles is usually
based on an expansion in powers of the small quantity ¢?/fic. Clearly, the
analogous expansion of the nuclear interaction cannot be expected to con-
verge nearly so well.  This fact, which is a direet consequence of the rather
strong coupling between nucleons and their field, is one reason why no
reliable approximation to the quantitative properties of the meson field
has been found.

The dynamical aspeets of the field as well as the static can be based on
analogy with the clectromagnetic field. We know, for example, that the
radiation ficld, when quantized, is to be deseribed in terms of elementary
particles, the photons. Their properties are implied by the equations for
the radiation field in the absence of matter:

Oe =0,
OA =0,
where A is the vector potential and O is the ID’Alembertian operator
, L&
O=Y—-=5 5
= -

The corresponding generalization of the equation for the nuclear field in
the absence of matter would be

Oe — wle = 0. (7-21)

Whether or not other components of the field must be included, as is the
case for the electromagnetic field (the components A), is a matter that
can only be settled on the basis of experience.  The electromagnetic field
is referred to as o veetor field, sinee a four-veetor (A, ¢) is required for its
description.  The existence of the A part of the field is implied by the
existence of magnetie fields whieh in turn are produced by moving charges.
In order to determine directly the corresponding properties of the nuclear
field, information concerning the velocity-dependent terms in the nuclear
interaction is required. Since no such information is available, the field
could turn out to be a scalar, veetor, or tensor field of higher rank. There
is also the possibility that the field has opposite parity, in which case we
speak of pseudoscalar, pseudovector, ete., fields.  For the sake of simplicity,
we limit consideration here to scalar and pseudoscalar fields.  As a matter of
fact, direet measurements® on the pion indicate that it has spin zero and

* Panofsky, Aamaodt, and Hadley, Phys. Rer. 81, 565 (1951); Brueckner, Serber,
and Watson, Phys. Rev. 81, 575 (1951); Cartwright, Richman, Whitehead, and
Wilcox, Phys. Rev. 81, 652 (1951); Crawford, Crowe, and Stevenson, Phys. Rev. 82,
97 (1951); R. Durbin, H. Loar, and J. Steinberger, Phys. Rer. 83, 646 (1951); Phys.
Rev. 84, 581 (1951); D. L. Clark, A. Roberts, and R. Wilson, Phys. Rev. 88, 649
(1951).
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that its wave function in an S-state has odd parity, results which strongly
suggest that the nuclear field is pseudoscalar. Since the scalar fields have
only one component, only the one equation, Eq. (7-21), is required for
their determination.

If ¢ is considered to be the wave function of a particle, Eq. (7-21) (the
Klein-Goordon equation) is just the relativistic generalization of the Schroe-
dinger equation for a free particle of mass uy = fiw/c. 'This can be seen by
introducing a planc wave for ¢:

¢ = el‘(k-r-*wl).
Then the differential equation reduces to
W? = A0 + ),
and, if we set = fiw, p = kK, poc = hu,
1-4"2 = (:2(])2 + I“gc2)y

which is just the relativistic energy-momentum relationship for a free
particle of mass up.

From the estimate of u based on the range of nuclear forces, uy turns out
to be 326 clectron masses. Thus the theory suggests the existence of a
particle whose mass is intermediate between the electron and proton
masses. "This particle is presumably to be identified with the pion produced
in energetic collisions between nucleons, although the mass of the pion is
found to be 276 m.* The spin of the quantum of a field is intimately re-
lated to the transformation properties of the field. That is the reason for
assigning 1o the field the transformation properties of a pseudoscalar on
the basis of the observed spin and parity of the pion.

The qualitative interpretation of the interaction between nucleons can
now be given in terms of the quanta of the field, the pions. ach nucleon
acts as a source and sink for pions, i.e., it is capable of emitting and ab-
sorbing them. When two nucleons are brought into close proximity, a
pion cmitted by one is absorbed by the other, with the result that the
energy of the system is lowered and the two nucleons are attracted to
each other. In the quantized formulation of the theory this process of
emission and absorption appears explicitly. The fact that exchange forces
do not come out, of the theory formulated here indicates that the pions in-
volved are neutral; the exchange of charged pions would entail an ex-
change of charge and therefore exchange forces. The absence of a pion
charge is simply the consequence of our assumption that the field function
¢ is real. In the next section it will be scen that with a complex function
a charge may be introduced, and that the exchange of charged pions does
indeed lead to exchange forces.

*W. H. Barkas, . M. Smith, and K. Gardner, Phys. Rev. 82, 102 (1951).
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7-3 Charged and pseudoscalar fields. The source density considered
above was a simple space function, but the concept can be extended to
include functions of operators such as T and e, since the source always acts
as an operator on the nucleon wave function. As a simple example, let us
consider the field produced by a source density of the form

me(r) = gr -(F)3(r — 14),

where T(k) = T is the /-spin operator of the nucleon at the point r,. Now
we have seen [[q. (7-5)] that 7_ vanishes in a neutron state, while it con-
verts a proton state into a neutron state. Therefore, in this case, a neutron
does not act as a source of a field, while a proton does. The fact that the
proton is converted to a neutron in producing the field implies that the
field carries unit positive charge; the associated pion is positive. The her-
mitian conjugate source density

e (r) = gr(k)3(r — 1)

acts on the neutron to provide a source of negative charge, so the conjugate
field has negative pions associated with it.

The field functions are to be obtained by introducing the source density
operator into Eq. (7-15), whence

er(r) = gr_(MY(r — 1)

and .
or(r) = grya (MY (|1 — i ]),
where
V) = —
@ ="

In order to have a hermitian interaction energy, Eq. (7-16) is replaced by
V= - /[n:(r)m(l‘) + 1 (D pe(r)] dr,

so the interaction takes the form
Vo= =g lra()7—_(2) + r (D7) Y (r12).

Conservation of charge is guaranteed by the form of this operator. If it
acts on a nucleon function for which particle 1 is a neutron and particle 2
a proton, 7_(1)7;(2) vanishes, while 7,(1)7_(2) shifts the charge, via the
pion field, from the proton to the neutron.  We see here a detailed mech-
anism for shifting the charge back and forth between neutron and proton;
the kind of process that we have associated with exchange potentials.

When the operators 7, are expressed in terms of 7, and 7y the interac-
tion takes the form

V= = S n@ + ahn@l e, (7-22)
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from which it follows that the interaction is invariant under rotations
about the 3-axis in charge space. Invariance under such rotations is equiv-
alent to the requirement of charge conservation, as can be scen by analogy
with the rotations in ordinary three-dimensional space. There, invariance
of the interaction under rotations about the z-axis implies that the z-com-
ponent of the total angular momentum is conserved.  The quantity in
charge space corresponding to the z-component of the angular momentum
is T, the 3-component of total i-spin. And the total charge of the system
is just €T, so the conservation of T3 implied by invariance under rotations
about the 3-axis is equivalent to charge conservation.

The operator [ry(1)7_(2) + 7_(1)74(2)] vanishes when applied to a
two-neutron or a two-proton state, therefore the interaction (7-22) is
charge dependent. Charge independence can be attained by introducing,
in addition to the complex field ¢, a real ficld ¢°, having the source density

7 = gor3(D)d(r — 1)),

Note that this source is different. from the source of the neutral field con-
sidered in Section 7—2 in that it has opposite signs for neutron and proton.
The corresponding contribution to the interaction is easily found to be
—gar3(1)r3(2)Y (r12). The choice

g = 39
then leads to the charge-independent form of the total interaction:
V= —3¢*(r1-12) Y (r12)- (7-23)

From the fact that (7{-T2) = 1 in the i-triplet state, it follows that the
interaction is attractive for a pair of neutrons, a pair of protons, or a neu-
tron and proton in any of their mutually accessible states. However, in
the i-singlet state, which concerns only the n-p system, (7;-72) = —3, and
there the interaction is three times stronger, and repulsive. According to
the gencralized Pauli principle, this would then be the situation in any
neutron-proton 38; state, in contradiction to the evidence concerning the
ground state of the deuteron.

An interesting feature of the potential (7-23) is its invariance under all
rotations in charge space, a considerably more restrictive condition than
the invariance for rotations about the 3-axis. Tt implies, among other
things, that the n-n, p-p, and n-p interactions are all the same. The fol-
lowing interpretation of this property, which will be referred to as charge
invariance, is suggested: The functions ¢ and ¢* correspond to positive
and negative pions, respectively, while ¢° corresponds to a ncutral pion.
Thus ¢, ¢* and ¢° may be considered as the t3 = 1, —1, and () wave func-
tions of a pion whose total i-spin is { = 1. The wave function then forms
a vector ¢ in charge space in the same sense that a triplet function may be
treated as a veetor in configuration space. The interaction of the ficld
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with the nucleon has been taken to be of the invariant form g(r, + ¢), which
necessarily results in charge invariance of the consequent nucleon-nucleon
interaction. We might remark that the less restricted condition n-n =
p-p, that would hold even if the choice g3 = 3¢ were dropped, corresponds
to invariance under a change of sign of the 3-component of cach #-spin.
This transformation can be accomplished by means of a reflection in a
plane containing the 3-axis, since the i-spin vectors (like the angular mo-
mentum) are pseudovectors.

The above consideration of the charged field illustrates that the theory
leads to charge exchange interactions if the source density involves the
i-spin operators in a reasonable way. The source density may also depend
upon the ordinary spin, as it must if spin exchange or tensor interactions
are to occur. For the sauke of simplicity, let us consider a dependence on
only the ordinary spin, in which case the field is neutral.  If a scalar field
is to be produced, the source density must necessarily be invariant under
rotations, as one can see from FKq. (7-15). The source therefore involves
the spin veetors in an invariant combination such as

ﬂz‘(r) = y(o,-gr:ul,)é(r - ri)-

Although this source density is a rotational invariant, it changes sign on
inversion, since o is a pscudovector while the gradient is an ordinary vec-
tor. Therefore n; is a pseudoscalar, and the field it generates is a pseudo-
sealar field. When 9; is inserted into Eq. (7-15), an integration by parts
leads to a field funetion of the form

¢, = g(o-i-gradi)Y([ r—r; I). (7T-24)
This may be inserted into Eq. (7-16) to obtain the interaction
V = —g*(o-grady)(oy - grad,) ¥ (ry2). (7-25)
The result of the indicated differentiations is

2 1 TR
V=g [“ o2 ( s e -
9 l 3 (Ul o’h) + )"1'2 ria + 3

> Sia } Y(ri2), (7-26)

where 8,9 is the familiar tensor operator

3(0yT12)(02°T2)
Sz = 2 — (01°09).
12

Therefore the pseudoscalar theory leads directly to a tensor interaction.
It so happens that both the central and the tensor triplet interactions are
repulsive in this particular form of the theory, which is, of course, contrary
to the information we have concerning the potential.

A simple modification of the pseudoscalar theory is obtained if, instead
of neutral mesons, charged mesons are introduced. The charge invariant
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theory would lead to an interaction differing from (7-26) merely by a fac-
tor (T1°T2)/2, so the interaction would be attractive in both the 35, and
18, states of the two-nucleon system, and it would be stronger in the trip-
let state beeause of the tensor term. Although this form of the theory
seems to satisfy, at least qualitatively, all the conditions imposed by ex-
perimental results, there is another difficulty with the potential that can-
not. be taken care of very easily. It has to do with the fact that the poten-
tial diverges as 1/r* at the origin, and is attractive if the tensor interaction
is attractive. The Schroedinger equation containing such a potential
admits of no bound solutions. Therefore the theory certainly cannot be
applied as it stands to the deuteron problem. Possibly the difficulty has
to do with our use of the static approximation, since the 1/r* potential
implies that the deuteron kinetic energy is very large for small n-p separa-
tions. Therefore velocity-dependent corrections to the interaction be-
come very important in just the troublesome region, and they may be
such as to alleviate the difficulty. What would be needed then is a con-
sistent dynamical theory of the nuclear field, rather than a statie approxi-
mation, in order to desceribe even so simple a system as the deuteron.

The theory of nuclear forces outlined here leads to a rather definite
picture of the structure of a single nucleon.  An isolated nucleon cannot
be in a stationary state because of its interaction with the meson field.
The stationary states of the system have the property that there is a finite
probability for finding one or more pions in the neighborhood of the nu-
cleon. The funetion o(r) can be considered as the wave function of one
such pion. In the neutral theory, only neutral pions occur, while in the
charge invariant theory, both neutral and charged pions occur. A single
charged pion emitted by a proton must be positive (leaving behind a neu-
tron), while that emitted by a neutron is negative. In the scalar theories,
the functions ¢ are evidently [see Eq. (7--17)] S-functions, so the pions do
not contribute to the magnetic moment of the system. On the other hand,
Eq. (7 24) shows that in the pseudoscalar theory the pions are in P-states.
Therefore in a charged theory, a contribution to the magnetic moment of
the nucleon would arise from its associated pion field, and the contribution
can be large since the ‘“pion magneton” is some seven times the nuclear
magneton. Although quantitative caleulations (based on an expansion in
powers of ¢g?/fic) have not led to correct numerical values, the view is
widely held that this is the qualitatively correct explanation of the anom-
alous nucleon moments.

It seems unlikely that attempts to account for the interactions between
nucleons will meet with much success until a quantitative account can be
given of the properties of a single nucleon.
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CHAPTER 8
STRUCTURE OF COMPLEX NUCLEI

On the face of it, the complex nuclei would seem to be so prolific a
source of data as to furaish answers to all unsettled questions concerning
nuclear interactions.  Unfortunately, that is not the case, because the
determination of interactions from observations on the dynamical be-
havior of a complex system requires a detailed knowledge of the solutions
of the many-body problem, solutions which have been given only in very
crude approximation. Nevertheless, some important aspects of the data
on complex nuclei are suseeptible to rather exact theoretical analysis,
namely, those which depend primarily on broad physical principles. Be-
ause their treatment can be given in general terms, these aspects of the
many-body problem will be the main concern of Part TIT.

8-1 Introductory remarks. The application of general principles to the
data on complex nuclei provides a deseription of properties of the nuclei
which does not in itself constitute an understanding of those properties,
at least, not an understanding at the deep level of nucleon-nueleon inter-
actions. But the accumulation of deseriptive information can lead to, or
suggest strongly, speecial characteristies of the interactions, as we have
already seen in the interpretation of the saturation phenomenon through
exchange forces. The first step in the interpretation of accumulated data
is to search for systematie features of the nuclear properties. Much prog-
ress along these lines has been made in recent years.  However, even when
a thorough deseription of nuclear systematics is given, the direct interpre-
tation in terms of interactions is not casily obtained because of the diffi-
culties associated with the solution of the many-body problem. In order
to make progress in this direction, we are foreed to use some nuelear model,
that is, some guess as to the struceture of the nuclear wave funcetion. Then
the implications of various assumptions concerning the interactions can be
raleulated within the framework of the model and compared with experi-
ment. owever, conclusions arrived at by this path are subject to all the
doubts associated with the given model. :

This chapter is devoted to a deseription of those models which seem to
be useful for the discussion of fundamental questions, and to a diseussion
of some of their implications concerning nuclear energy states and nuclea
interactions. A possible approach to the problem of constructing a nuclear
model is to start from the Schroedinger equation containing what we know
about the forees, and to attempt to find an approximate method of solution
which is applicable to the many-body problem. In principle, this requires
that we justify the approximations used and have some estimate of the

173
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errors made. It is the ideal approach from the point of view of pure theo-
retical physies. At the same time, it is an approach which has not been
carried through successfully except for rather special problems.

An alternative procedure depends on the data to lead to some sugges-
tion concerning nuclear structure. For example, the observation that
alpha-particles leave a nucleus in alpha-decay suggests that the nucleus is
composed of alpha-particles as a basic unit. One might call this the ex-
treme phenomenological approach. The most widely accepted procedure
is actually a combination of the theoretical and phenomenological points
of view. One tries to build a model while keeping in mind both the theo-
retical equations of motion of the system and the available facts about the
behavior of nuclei. The relative emphasis of the two points of view de-
pends very much on the complexity of the nucleus as well as the particular
property under consideration. In the treatment of the simpler systems
such as very light nueclei there is some hope of carrying out the theoretical
program, whereas in heavy nuclei the trend is toward the empirical point
of view,

The earliest of the nuclear models is the above-mentioned alpha-particle
model. The detailed development of this model has followed an analogy
with molecular structure. Nuclei composed of an integral number of
alpha-particles are assumed to consist of a framework of alphas whose
geometry is based on considerations of closest packing. Other nuclei are
constructed by adding the extra individual nucleons in orbits about the
framework, just as the valence electrons in a molecule occupy orbits which
extend throughout the structure. Energy states of the nucleus are asso-
ciated with rotational, vibrational, and nucleonic excitation.

One weakness of the model is that the amplitude of zero-point vibration
of the alphas must be comparable to their spacing, since the particles are
closely packed in the nucleus and the alpha-alpha binding is weak. Hence
there is a marked overlap of the internal wave functions of the alpha-
particles, with the consequence that they lose their identity; a constant
interchange of nucleons between the overlapping particles must oceur.
Apart from this difficulty, the model is flexible enough to account for
some properties of nuclei, such as their spins and magnetic moments. But
it provides little insight, into the fundamental problem of nuclear inter-
actions. Most of the binding energy of the nucleus is implicitly contained
in the structural unit, the alpha-particle, so the nuclear forces play only
an incidental role in the dynamics of the model.

The same limitation applies even more strongly to another of the early
nuclear models, Bohr’s liquid drop model of heavy nuclei. In this model,
use is made of the fact that for a sufficiently complex system the density
of states may be so great as to allow an approximate classical treatment of
the motion of each nucleon. Then an appropriate analog is the macro-
scopic system consisting of a very cohesive medium in which there is a
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rapid interchange of energy between particles. This is just the situation
in liquids, and one can conccive of the nucleus as a liquid sphere with nu-
cleons playing the role of molecules. The energy states of the system cor-
respond to surface and volume waves in the medium; hence they are
characterized by the surface tension, compressibility, and density of the
nuclear matter. These quantities are related to the nuclear forces, but in
a most indireet fashion, so, of all the models, the Bohr model provides the
least direct knowledge of the interactions between nucleons. But it is
useful in that it provides a means for describing the trends of many nuclear
properties in terms of just a few parameters such as the surface tension
and compressibility. Examples of such properties are the dependence of
binding energy on atomic mass and atomic number, level densities, and
the rate of interchange of energy hetween particles. Only the average
behavior of these properties can be obtained from the model, since it offers
no means of accounting for the detailed differences between neighboring
nuclei.

Although the alpha model and liquid drop model serve many useful
purposes, we shall direct our attention to other models, those which are
more or less directly concerned with the nuclear force problem, since that
problem is our main concern here. But a detailed diseussion of any model
requires a procedure for classifying nuclear states, so we first turn to this,
the basic problem of nuclear spectroscopy.

8-2 Nuclear multiplets. Every nuclear model is subject to restrictions
having the nature of conservation laws. The state of the system must be
a characteristic state of certain operators such as the total angular momen-
tum, under which condition we say that the angular momentum, J, is a
“good’” quantum number. Other good quantum numbers are the z-com-
ponent, M, of the total angular momentum, the three components of the
linear momentum of the center of mass, and the parity of the state. All
of these conservation laws are the result of general invariance properties
of the interactions: invariance under rotations of the coordinate axes
(angular momentum), invariance for translation of the system as a whole
(momentum of CM), and invariance for inversion through the center of
mass (parity). Another symmetry property generally ascribed to inter-
actions is their invariance under reversal of the sense of time. Some con-
sequences of the time-reversal property are treated in Appendix 3.

There is often reason to assume that the interaction is subject to more
restrictive invariance conditions, in which case additional good quantum
numbers are available to classify the states of the nuclear system. Since
there usually exist corrections to such an interaction, corrections which do
not satisfy the stronger invariance conditions, the associated quantum
numbers are good only in the same approximation that these, presumably
small, correction terms are neglected. Introduction of the corrections
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leads to a mixing of states belonging to different values of these quantum
numbers, but as long as the amount of admixture is small, the classification
of the state hy the approximate quantum number is a useful concept.

This procedure for classifying states is quite familiar in atomic and mo-
lecular spectroscopy, and the methods used there can be carried over to
the nuclear problem if the concepts are extended to include the i-spin
variable. But before we go into the implications of i-spin, some of the
more familiar facts concerning the classification of levels by spin and orbi-
tal angular momentum will be reviewed.

To demonstrate the connection between symmetry of the intcraction
and associated quantum numbers, let us assume that the interactions con-
tain no spin-orbit coupling. Then the Hamiltonian of the system is in-
variant under rotations of the coordinate vectors alone and under rota-
tions of the spin vectors alone. Consequently, the total orbital angular
momentum and the total spin angular momentum are separately con-
served, and L, M}, and S, M are good quantum numbers. Then not only
is J a good quantum number, but all values of J obtainable from given L
and S by the vector rule, / =L+ S, L+S8—-1, ---, |L — S|, belong
to the same energy state. Hence there is a notable accidental degencracy.
Such increased degeneracy is usually associated with an increase in the
number of good quantum numbers, and the splitting of the degeneracy
provides a measure of the extent to which the associated symmetry con-
dition fails; small splitting means that the interactions not endowed with
the required symmetry are weak, and that the associated quantum num-
ber is quite good.

The condition that there is no spin-orbit interaction does not exclude
spin-spin coupling, but it is worth noting that the only two-body interac-
tions satisfying the condition are one that is independent of the spin and
one that is proportional to (¢;+0;). The space dependence is also strongly
limited, particularly if just static interactions are involved. Then the ad-
ditional requirement of translational invariance implies that the potential
can only be a function of | r; — r; | = rij.

A spin-orbit coupling of the Russell-Saunders type will split the degen-
eracy inJ. The quantum numbers My, and M are no longer good, but L
and S can still be used to classify the states. Such a coupling would be
proportional to (L-S), where L is the total orbital angular momentum
operator and S the total spin angular momentum operator. Note that
this coupling is not a static interaction; it is linear in the momenta of the
nucleons.

On the basis of our experience with the deuteron, serious deviations from
Russell-Saunders coupling are to be expected. The tensor interaction will,
in general, not permit L or S to be treated as good quantum numbers.
Nevertheless, it may be possible to treat the tensor potential as a weak
coupling in many cases, so the classification of states in terms of L and S
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at least provides a point of departure for the description of a group of
states.

Considerations very similar to the above, but in general simpler, are
applicable to the ¢-spin of a nuclear system. We define the i-spin vector

T as T=}Xm (8-1)
J

where t; = [71(5), 72(7), 73(5)] is the i-spin operator of the jth nucleon. Now
there is no a priori reason to expect that the vector T will be conserved,
but it is nccessary that the component T5 be conserved in the stationary
state of a nucleus. This follows from the fact that

Ty = § 3 ma()),

J

3(Z - N), (8-2)

where Z and N are the (fixed) number of protons and neutrons in the
nucleus. Conservation of T3 is merely a formal expression of the conserva-
tion of charge. To have a better understanding of the implications of the
conscrvation law for T';, we again resort to the analogy between T and the
angular momentum J. The z-component, J,, of J is a good quantum
number for any system with circular symmetry, i.e., as long as the inter-
actions are invariant for rotations about the z-axis. For example, the
quantum number m of an atom can be specified if the atom is in a uniform
magnetic or electric ficld parallel to the z-axis, although J itself is not a
good quantum number. The corresponding condition must always be
satisfied in charge space; the interactions must be invariant under rota-
tions about the 3-axis in order that charge be conserved.

This symmetry principle leads to strong restrictions on the possible
forms of the interactions insofar as their ¢-spin dependence is concerned.
Let us limit attention to two-body interactions of the form

2 V(g 0405 1 7)) = 2 Vi
Y ')

so its characteristic values are
t

Then V;; must be proportional to a linear combination of the six operators

with circular symmetry:
1 :

11(0)r1(7) + 2 ())72()),
3(4)73(9), (8-3)
3lra(@) = ()],
[r: X 7ilse

Further conditions on the interactions are introduced by such require-
ments as n-n = n-p or the more restrictive conditions of charge inde-
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pendence. To see how these arise, the values of the above operators when
applied to wave functions describing a neutron-proton pair, a proton-pro-
ton pair, or a neutron-neutron pair are listed in Table 8-1. Certain linear

TABLE 8-1
Two-body interactions compatible with the requirements of charge conservation
Designation Interaction n-p PP n-n
A 1 1 1 1
B M1+ el P pr P
c 313 + 7s()] 0 1 -1
D 3lrad) — m()] +1 0 0’
E 73(2)75(j) -1 1 1
F Hrs(@) — m()IN + 7iem)] +P7 0 0

combinations of the interactions (8-3) have been taken for purposes of
simplification. For example, it is clearly convenient to use the linear com-
bination B since, according to Eq. (7-10), this expression is simply the
i-spin exchange operator P. Furthermore, it is possible to show from
the commutation relations for the T operators (which are identical with
those for o operators) that

[r: X Ty = —;-113@ — @I + 7o), (84

so the operator labeled F in Table 8-1 is simply — (3/2)[r: X 7;]la. It is of
some interest to note that the generalized Pauli principle implies that P’
= —P°P", which is just the Heisenberg space-spin exchange operator.

We found in Section 2-1 that the condition n-n = p-p should be very
nearly satisfied in the approximation that coulomb forces are negligible.
This clearly eliminates C as a possible interaction. Actually, a stronger
statement can be made, namely, that the binding energy of the nucleus
with N neutrons and Z protons differs from that of its marror nucleus, with
Z neutrons and N protons, by an amount comparable to the difference in
coulomb energy. There also seems to be good evidence that the differences
in the low excited states of mirror nuclei can be accounted for by just
coulomb effects. Therefore the nuclear interactions have, to a very good
approximation, the property that they are invariant when neutrons are
changed to protons and protons to neutrons, that is, invariance under the
transformation

73(3) — —Ts,(i)

for all . Not only interaction C, but also interactions D and F are ex-
cluded by this condition. To see more directly why the D and F terms
are eliminated, we note that they couple a neutron only to the protons in



8-2] NUCLEAR MULTIPLETS 179

a nucleus and a proton only to neutrons, and that the sign of the coupling
is opposite in the two cases. Thus a single odd neutron would be influ-
enced oppositely from a single odd proton (as in the mirror nuclei Li’, Be?),
and the mirror property would be violated.

The more stringent condition of charge independence, n-n = p-p = n-p,
climinates interaction E as well. Then we are left with just A and B, both
of them having the property of charge invariance, i.e., invariance under
rotations in charge space. This suggests that in place of the charge inde-
pendence criterion, we adopt its equivalent, charge invariance, even if
many-body interactions are involved. Then the operator T? can be as-
signed a good quantum number, T'(T" + 1). Actually, we know that 7" is
not exactly a good quantum number because the coulomb forces and the
neutron-proton mass difference will yield different energies for the differ-
ent values of 7'3. But as long as these effects are small, they can be treated
as weak perturbations acting to split the z-multiplet into its (27" + 1) dif-
ferent states. Thus these effects are analogous to the influence on a state
of given J of a uniform magnetic field, that is to say, to the Zeeman effect.
Each value of T5 for given 7' (and mass number A) specifies a given isobar,
and these isobars have common energy levels in the approximation of
charge invariance. The above-mentioned splitting is a shift in the position
of the level of one isobar with respect to another, and only one isobar in the
multiplet is expected to be stable. The other members of the z-multiplet
will decay by beta-emission or K-capture into the stable isobar.

If now we return to the classification of nuclear states in terms of orbital
and spin angular momentum and add to this the specification of the i-spin
multiplet, we see that the nuclear Russell-Saunders scheme requires the
specification of the three quantum numbers I, S, and T. Therefore an
appropriate spectroscopic notation would be, let us say, ''*S for a state
which is an i-singlet, spin triplet, with L = 0. The generalization of this
notation is obvious. It must be kept in mind that the generalized Pauli
principle leads to a restriction of the possible states of a nuclear system in
the same way that the Pauli principle restricts atomic energy terms. For
example, we have already seen that in the two-nucleon system the only
S-states that can be obtained are the 'S and 'S, the first being just a
deuteron and the second being either the n-p, the p-p, or the n-n system in
a singlet state. Other allowed states of the two-nucleon system are '/,
33p 13D 31D ete. Although the selection of the allowed levels is simple
for the two-nucleon system, the problem is a great deal more complex than
the corresponding atomic problem for the system of more than two parti-
cles. The required general principles for identifying the allowed states
have been given in fundamental papers on nuclear spectroscopy by Wig-
ner* and by Hund.t

* Phys. Rev. b1, 106 (1937).
t Zs. f. Phys. 106, 202 (1937).
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8-3 Structure of H® and He®. The nuclear systems next to the deuteron
in order of simplicity are the three-body nuclei H® and He®. Their study
forms the logical sequel to investigation of the deuteron in a program de-
voted to the nuclear force problem. In principle, the supplementary infor-
mation concerning nuclear interactions provided by the data on these
nuclei should make it possible cither to gain further knowledge of the
parameters in the potential or to draw the conclusion that the assumption
of a static two-body potential is erroneous. Actually, the analytical diffi-
culties associated with the three-body problem are so great that the in-
terpretation of the data is too uncertain for definite conclusions of that
kind to be reached.

Most theoretical attention has been given to the ground state, in par-
ticular to the binding energy and magnetic moment. We shall consider in
detail those features of the ground state which are fixed by general princi-
ples, since they serve so well to illustrate principles applicable to many
problems. Discussion of the binding cnergy will be limited to a summary
of methods and results. Detailed treatment of the magnetic moment is
deferred to Section 9-3.

It seems reasonable to treat the two nuclei, IT® and Hc?, as a single
entity. This presumes that n-n and p-p forces are identical and that the
influence of the coulomb repulsion between the protons in ITe? is negligible.
It further assumes that the neutron-proton mass difference has little in-
fluence on the wave function. Then the mirror nuclei, H* and He?, can
be described by a single wave function, ¥(1,2,3), where, let us say, the
labels 1 and 2 refer to the two neutrons in II3 and to the two protons in
He®. From the point of view of the Z-spin formalism, this fact is brought
out quite clearly, since TI® and He® are simply two states of the same
system, those with ¢t = —3 and ¢ = +3, respectively.

The available experimental information concerning the ground state of
the three-body system includes the total angular momentum J, the bind-
ing energy Ep, and the magnetic moments u(H?) and u(He®). They are*

-4
Eg(H3) = 8.48 Meyv,
Eg(He?) = 7.72 Mev,

w(HS) /up = 1.0664,

p(He?) /un = 1.110,

where u, and u, are the magnetic moments of the proton and neutron.
1

The value J = 3 implies that the system can have no static moment of

* Taken from National Bureau of Standards Circular 499 (1950), except the
binding energies, which are given by Li, Whaling, Fowler, and C. C. Lauritsen,
Phys. Rev. 83, 512 (1951).
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higher order than the magnetic dipole moment; in particular, the quadru-
pole moments must vanish. The small difference between the binding
energics of the two nuclei may be ascribed to the coulomb energy of He®.

One more quantum number, the total -spin, 7', of the ground state of
the system can he specified on the basis of somewhat less direct data.
There are only two possible values of T, T = } or T = 4, since the sys-
tem consists of three particles, each one of é-spin 3. Now if 7 is a good
quantum number, that is, if the principle of charge invariance can be
appliced to the system, then the ground state must have

T = 4.

The alternative possibility, 7" = 3, would imply that the states with
t = =43 have about the same energy as the ground state of the three-body
system. This would mean that Li3 (¢ = §) and n® (¢ = —3#) are sufficiently
stable to be observed as beta-active nuclei. Since they are not observed
in nature, we draw the conclusion that 7 = 3. It must be kept in mind
that deviations from charge invariance will introduce a small admixture of
the 7' = § state in the ground state. But for most practical purposes it
seems rcasonable to ignore this contribution.

Since the spin system can only form doublets (S = 1) or quartets
(S = #), the total orbital angular momenta 4, which can be combined
with S to form J = § are L = 0,1,2. The ground state may then be any
one of, or a lincar combination of, the following terms: >2S,,, 2P, , 24P,
24D),,. 1t seems most rcasonable to start with the assamption that the
ground state is an S-state, since this is what would be expected on the basis
of ordinary central potentials. In general, we shall hold to the view that
the 228, term predominates in the wave function.

The form of the accessible three-body wave functions, insofar as their
spin and angular dependences are concerned, can be found by following a
procedure very similar to that used in the discussion of the deuteron func-
tions, Section 3-5. We start by writing down a very simple %S, function.
Multiplication of this function by any scalar operator then provides an-
other function with J = 3. The desired valuc of the orbital angular
momentum is obtained by choosing an operator with the transformation
properties of an S-, P-, or D-function under space rotations. The space
variables with which we work are

r =TI
and
p = (113 + r23),

where r;; = r; — r; and 1;, ¢ = 1, 2, 3, is the space coordinate of the ¢th
nucleon. Particles 1 and 2 are given a special role just for convenience;
introduction of the 7-spin notation will place every nucleon on the same
footing.
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Let us consider first the spin dependence of the 2S functions. There are
two such functions to be taken into account. Let xo(1,2) be the singlet
function in nucleons 1 and 2. Then if x%(3), m = +1, is the spin func-
tion of nucleon 3, one of the doublet functions is simply

o= xO(l,‘Z)x';"é(3)- (8‘5)
If we introduce the operator
012 = 01 — 02 (8-6)

and note that according to Eq. (4-12)

m __ m
o1 = —o3¢",

we find

™m

ol = %01240'"- (8—7)
Therefore the other doublet function given by
¢" = (012703)¢™ (8-8)

completes the set of 28 spin functions. Doublet functions linearly inde-
pendent of ¢™ and @” can be construeted only for states of orbital angular
momentum different from zero. These additional possibilities will be illus-
trated bhelow.

Since use will be made of the generalized Pauli principle, it is of some
interest to consider the effect of permuting the particle labels in the spin
funetions. The singlet function is antisymmetric, so the effect of the spin
exchange operator '], is

Plag" = =",
(8-9)
1;2&1" = (—Pﬁl.

T

The only other permutation that need be considered is I’73, since the other
interchange can be obtained as a product of the two: Pgg = P1oP13P12.
By making use of the relationship [sce Eq. (7-9)]

Py = 3(1 + oy-03) (8-10)
and Eq. (8-7), we find

Pie™ = 1M 4 1™ (8-11a)
Furthermore, application of Pi3 to Eq. (8~11a) results in

Pisp" = 36" — 3¢™. (8-11b)

The symmetry propertics of ¢™ and ¢ exhibited here may be used to
define an intermediate symmetry class of functions of three variables. It
can be established that functions of threc variables may be assigned to
one of three symmetry classes, the class of symmetric functions, the class
of antisymmetric functions, and the set of two functions having the above
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intermediate property. The doublet functions for three particles of spin
1 always belong to the intermediate symmetry class. On the other hand,
the quartet functions are symmetric. The absence of an antisymmetric
spin function is simply a result of the fact that the spin variable takes on
only two values; hence antisymmetry in more than two variables would
imply that the function vanishes.

The T = %, or i-doublet functions, also belong to the intermediate
symmetry class for permutations P;. If ¢ = =3} denotes the value of T,
one 7-doublet function is

"1’ = 50(1’2)2'%(3); (8—12)
where £,(1,2) is the ¢-singlet function of nucleons 1 and 2. The other is
7t = (Tiz-Ta)n". (8-13)

Attention is now to be given to the “radial” function of the S-state. It
must be a rotationally invariant function of r and p, hence it depends only
on 72, p%, and (r-p). The radial functions can also be classified according
to the three symmetry classes. From the definitions of r and p, it follows
that

7{31‘ = %(r - P))
. (8-14)
1P = —2(@r +p).
Thus S-functions of the intermediate class are
R = (r'P)r
_ ) (8-15)
R = (o* — 3r%).

There is no antisymmetric S-function, but there are, of course, many sym-
metric functions.

Application of the Pauli principle requires that some attention be given
to the symmetry properties of products of spin, 7-spin, and space func-
tions. All such products fall into the same three symmetry classes under
simultaneous permutations of the space, spin, and 4-spin variables. Con-
sider two sets of functions, F,, F,, F', F and G,, G4, G, G which belong to
the indicated symmetry classes. Then the products F,G, and F,G, are
clearly symmetric. Another symmetric product function is

H, = 12FG + FG, (8-16a)

as can be seen by direct application of P2 and P,3 to the factors. In
addition to the antisymmetric products FsG, and F,G,, we have

H, = FG - FG. (8-16b)

Finally, the intermediate symmetry class of products is given by
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H = FG + FG,
H = 12FG — FG.

Let us turn now to the construction of 3 1; functions satisfying the
Pauli principle. First consider a symmetric mdlal function f;. Then the
antisymmetric product of doublet spin and z-spin functions is required.
According to Eq. (8-16b) the desired function is

= [¢"7" — &"7'l/1. (8-17)

The only other 228 function admitted by the Pauli principle is that ob-
tained by using the radial functions £ and E, Eq. (8-15), as factors of a
symmetric function f,. First we form the spin-i-spin functions of inter-
mediate symmetry:

(8-16¢)

P = mﬁl + ;omnt,
E, —- ]2 m t (,Z‘m"-)t,

and then these are combined with R and E to form the antisymmetric
function

= [(r-p) (12" — &"i") — (0® — 3r) (o™i + &"aD))fo.  (8-18)

A linear combination of the functions ¢ and ¢4 is the only possible
form for the 2:28 state of the three-body system.

Some admixture of states other than 228, is to be expected as a conse-
quence of the presence of the tensor inter a(.tion. Any or all of the even
parity 2P, *P, and D states may contribute, and it is therefore of some
interest to describe the structurc of these functions as we have the 28
function. The condition of even parity implies that the space dependence
of all the functions will be given by products of polynomials of even degree
in r and p with symmetric radial S-functions, f;. Thus the P-functions
must be proportional tor X p. The expression

2P = io3-r X pe™ (8~19a)

is clearly a 2P, function which is antisymmetric for interchange of the
spins of nucleons 1 and 2. Since the doublets belong to the intermediate
symmetry class, another doublet function can be obtained by applying the
operator P{;, given by Eq. (8-10). This leads directly* to the function

2P = (io12 + 012 X 03)°1 X pg™. (8-19b)
Now r X p is an antisymmetric function under interchange of the space

* Operations of the type $(1 + 01°03)-2P can be performed rapidly by using
the equation (o-A)(c-B) = (A-B) + (oA X B) which follows from the commuta-
tion relations for . In this connection it is usually convenient to replace o™
by 201¢™, in accordance with Eq. (8-7).
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variables, so a totally antisymmetric function may be constructed by ap-
plying Eq. (8-16a) to the spin functions,
= ([12i0gn' + (fo12 + 012 X 03)7]-1 X p)e"/fs. (8-20)

Another 2P term can be formed by again using the functions R and E.
We nced only combine R, B with #, ' to form the pair of functions I/ and
H in accordance with Eq. (8-16¢), and then combine these with 2P, 2P in
accordance with Eq. (8-16a):

= ({12x-p)i* + (0 — 3r)n'lioy
+ [12(x-p)7n* — (0* — 3r®)i'l(io12 + 012 X 03)} 1 X p)™fs. (8-21)

The 22P,, function of even parity is necessarily a linear combination of

lﬁa and \04 .

The */’,, function is symmetric in the spin variables, and therefore can
only be a linear combination of (o121 X p)¢™ and (o12 X o3 X p)¢™.
"The appropriate coefficients can be determined by the condition of sym-
metry under Pjs;, whence

‘P = (loy2 — %0'12 X 03) 1 X pe™.

Since this function is totally untisym_metric, it must be combined with the
symmetric product of 7', 4’ with R, R. Hence the 2.4P function is

mt— [12(-p)n* + (0° — 3r)i'l(liorz — 3012 X o3l-r X p)¢™f5.  (8-22)

Formation of the D-functions requires the use of products such as
(A-r)(B-1), (A-p)(B-p) and (A-r)(B-p), where A and B are spin operators.
That the combination

D, = (A-p)(B-p) + 3(A-1)(B-1) (8-23)

is symmetric under space permutations follows immediately from Eq.
(8-14). This equation also shows that the functions of intermediate space
symmetry are

D = 3[(A-r)(B-p) + (A-p)(B-1)],
D = (A-p)(B-p) — 3(A-1)(B-1).
The corresponding antisymmetric function is the P-function

(A X B-r X p).

(8-24)

By reasoning as in Section 3-5, we find that there are three D, func-
tions; the space-symmetric function

4D, = [(o12°p)(05°p) + 3(a12°1)(o3°1) — 3(p* + 3r°)(012-03)]™

and the space-intermediate functions
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‘D %[(012'1')(03°P) + (o12+p)(05°1) — %(I'P)(O'IZ'Ua)]‘Pm:

‘D = [(012°p)(03°p) — 3(d12°T)(05°1) — 1(0® — 3r2)(a12+03)]0™

Since they are quartets, these functions are necessarily spin-symmetric;
hence *D, oceurs only in the combination

o = [(x-p)it — (b* — 3r¥)7]
X [(@12+p)(03°p) + 3(a12°1)(03°1) — 3(o* + 3r%)(o12-03)]e" 6. (8-25)

Two functions satisfying the Pauli principle can be obtained from D and
‘D, namely,

¥ = {3l(o121)(030p) + (012:p)(05°1) — 5(r+p)(012-0)]i*
= [(o12:p)(03°p) — B(012°T)(03°1) — 3(p* — 3r¥)(o12-09)In' " f7, (8-26)
and
V' = 13(@12:1)(03:p) + (G12°p)(03°1T) — 2(r-p)(o12-03)]
X [12(r-p)n" — (o* — 3r)i']
= [(012:p)(03°p) — 3(o12°1)(03°T) — 5(0® — 3r%)(012-03)]
X [(x-p)i* + (0® — 3r)n'lle"fs.  (8-27)

This completes the description of the terms that can be included in the
ground state of the three-body system if the specification T = } is a good
approximation. A similar analysis yiclds the 7' = 4 functions that can
be admixed with the 7' = } states by coulomb effects and the like, but
we shall persist in the view that such terms can be ignored.

It is instructive to consider a given one of the isobaric pair of the three-
body nuclei, say the triton, H3. Then by choosing particles 1 and 2 to be
neutrons and nucleon 3 to be the proton, the function 7' is made to vanish,
so the triton functions are of the form*

%S Yt =",
¥3 = [(r-p)(o12+03) + (0° — 3rd)le™fs;
2P Yy = (liorz + 012 X 03] X p)¢"fa,
¥i = (12(r-pios — (o° — 3r)(io12 + 013 X @3)]1 X p)e™fs;

* Triton functions of substantially this form were first constructed by Gerjuoy
and Schwinger, Phys. Rev. 61, 138 (1942). However, they did not specify 7', hence
their D-functions were not orthogonal. Furthermore, they describe four, instead
of three, *D functions, but these are not linearly independent. Some of the states
have been classified according to symmetry properties by M. Verde, Helv. Phys.
Acta, 22, 340 (1949), ibid. 28, 453 (1950). See also R. E. Clapp, Phys. Rev. 76,
873 (1949).
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P yF = (° = 3r%)(lior2 — do12 X 03T X p)¢™fs;
“D: g = (rp)l(012p)(03+p) + 3(a12°1)(05°T)
— 3% + 3r))(012°03)|¢"fs,
¥7 = [(0121)(03+p) + (012°p)(03°1) — ‘g(r‘P)(O’lz'Ua)]thfh
v = 306" — 3"2)[(012‘1')(0’3°P) + (o12+p)(03-1)]
+ (r+p)[(o12-p)(03-p) — 3(012°1)(03+1)]
— 3(o° = 3r)(r-p)(012:03) }"fs.

The ground state function of the triton is a linear combination,

V= D eyl (8-28)

of these eight functions. The coefficients a; can be shown to be real by
means of a time-reversal argument, as is demonstrated in Appendix 3.
Reasonable guesses ean be made concerning certain features of the wave
functions. For example, it seems reasonable to assume that the predomi-
nant term in the ground state function will be symmetric for the inter-
change of the space coordinates of any pair of nucleons. Two rather com-
pelling arguments are available to substantiate this view. First of all,
the Majorana potential will always favor such a state. Furthermore, the
function with the smallest number of nodes is expected to have the low-
est kinctic energy, and a high degree of symmetry usually implies that
the number of nodes is a minimum.

The only space symmetric state is ¢1*, so we are led to the view that not
only is the ground state predominantly 28, but of the two 28 states it is
predominantly ¢{". A somewhat more direct physical interpretation of
the difference between the functions ¢7* and ¥5 can be made in terms of
the states of the individual nucleons. If each nucleon were assigned a
given orbital angular momentum, it would be expected to have [ = 0 in
the lowest state of the system; that would correspond to an s* configura-
tion. The next state of the same parity would belong to an sp? configura-
tion, and the dp? configuration might follow that. Clearly, the s* term is
of the form ¢7', while ¢Z* includes an sp® term, since it contains the prod-
ucts of two p-functions. Classification of all ¢; in this manner leads to
the following assignments for the highest occurring configurations:

¥~ s, ¥3 ~ dp? and sd?,
5 ~ sp?, vi ~ dp? and sd?,

m . e (8-29)
¥z ~ 8p°, 174 sp® and s°d,

Vi ~ dp? and sd?, Y& ~ dp? and sd>.



188 STRUCTURE OF COMPLEX NUCLEI [cHap. 8

These assignments involve the assumption that the functions f; belong to
the s® configuration. They could also involve many higher configurations,
presumably at some sacrifice in energy.

The tensor interaction couples the 4D states directly to the 2S state, so
some admixture of D-functions is to be expected. On the basis of the
assignments (8-29), a mixture of 7' with ¥1* would seem probable. P-func-
tions arise only through coupling with the D-function, so their amplitudes
are expected to be small compared with the amplitude of the D-function.
The assignments (8-29) indicate that ¢35 is the choice candidate for this
role. The S-function ¥5 might also be brought in by coupling with the
D-state.

The determination of the functions f; and their relative amplitudes is to
be made on the basis of a differential equation which is obtained by insert-
ing (8-28) into the Schroedinger equation for the three-body system.
Since the f; are functions of three variables, for example p?, r%, and (r+p),
this procedure will result in a set of coupled partial differential equations
in three variables. The only definite information we have concerning the
functions is that they are symmetric for interchange of any pair of parti-
cles. Rather than attempt to solve this complicated differential equation,
the usual procedure* has been to make use of the variational method for
determining the binding energy. One of the forms of two-body potentials
which secems adequate to account for all of the data on the two-nucleon
system is introduced as the potential in the variational encrgy integral.
A trial function f; involving just a few parameters is then introduced into
this integral and the variation is carried out with respect to the parameters.
Under all conditions the binding energy so obtained should be smaller than
the observed binding.

Let us consider the case of central forces only. Then it is expected that
the function ¢, will be adequate for the description of the ground state.
If the two-body potential is taken to have a Yukawa shape, a very suc-
cessful form of function is the one paramecter Hulthén-like functionf

fi=¢e" (B/2)(r12tr13+r23) (8-30)

This function matches into the potential so well that when the range
1.18 X 1013 e¢m for the central Yukawa potential is used and the other
parameters in the potential arc chosen to fit the ground state and singlet
scattering data of the deuteron, a binding energy ncarly twice as large as
the observed binding is obtained for the three-body system.} This clearly

* See, however, S. I. Rubinow, Phys. Rev. 86, 388 (1952).
t Huang, Iroklich, and Sneddon, Proc. Roy. Soc. A191, 61 (1947).
t Avery and Adams, Phys. Rev. 76, 1106 (1949).
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means that the two-body central Yukawa potential cannot be a correct
form for the interaction. The difficulty occurs only because the tensor
interaction has still to be taken into account.

Tensor forces are expected to mix the function y7 with the function ¢,.
On this assumption, a variational caleulation was carried out by Gerjuoy
and Schwinger using a square well shape for both the central and tensor
interactions.* The parameters in the well were fixed on the basis of caleu-
lations on the deuteron under the assumption that the central and tensor
potentials both had a range of 2.8 X 107" em. Maximum binding was
obtained with a wave function containingt about 4 percent ‘D state of
the type ¥7.

When a potential of the Yukawa shape is used in this problem, results
of a considerably more deflinite character are obtained. Our information
on the two-body problem indicates that the range of the central potential
should be about 1.18 X 10" 1% em. If it is assumed that the tensor range
is the same, we see from Appendix 2 that the data on the deuteron would
indicate a strength of the tensor relative to the central interaction of
~ = 10. Thus the tensor interaction would predominate. Avery and
Adams} found that this had the consequence that the triton would not
be bound beecause the tensor interaction is not nearly as effective in bind-
ing the system as is the central interaction. In order to obtain bind-
ing for the three-body system, they found that it was necessary to take a
tensor interaction of longer range, thereby reducing its relative strength
as determined from the deuteron data. With a ratio of tensor to central
range of 1.33 and both functions f; and f; chosen 10 be of the form Iq.
(8-30), with g replaced by Bs and 8p, respectively, it was found possible to
adjust the values of the two parameters 8s and 8p so as to obtain 60 per-
cent of the binding. In this case the probability of the D-state was found
to be 2.6 percent, and the values of the parameters 8 to be

Bs! = 1.04 X 10713 c¢m,
(8-31)
Bp' = 0.54 X 10713 ¢m.

* Gerjuoy and Schwinger, Phys. Rev. 61, 138 (1942). Secc also Feshbach and
Rarita, Phys. Rev. T5, 1384 (1949); Tsi-Ming Hu and Kung-Ngow Hsu, Phys.
Rev. 18, 633 (1950).

t Since the tensor interaction is not really weak, it is important to be sure that
there is not an appreciable admixture of P-functions. A variational caleulation
using a Gaussian potential led to the conclusion that the functions ¥5 and 5 always
tend to raise the energy of the system; therefore the neglect of the P-functions
appears to be justified. M. Goeppert-Mayer and R. G. Sachs, Phys. Rev. 73, 185
(1948).

t Loc. cit.
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The quality of these results has been confirmed by the more detailed and
accurate calculations of Pease and Feshbach.* They have used a more
elaborate trial function including ¢, ¥e, ¥7, and y¥g. A number of choices
of the parameters in a potential of the form Eq. (6-57) were considered,
and these choices include a selection very close** to Eq. (6-58). For that
selection, the calculated (variational) binding energy is about 89 percent
of the experimental value. Hence we may conclude that the Yukawa po-
tential with parameters given by Eq. (6-58) can account for the binding
energy of the three-body system as well as the low-energy data on the two-
body system. The result suggests that many-body interactions are weak
compared with the two-body interactions,t a view which is supported by
the fact that the observed binding energy of the alpha-particle also seems
to be concordanti with the value calculated for the same two-body
potential.

A test of our assumption that the predominant term in the wave func-
tion of the ground state is ¥, is provided by the magnetic moments. In
the state ¥; the moment of H? should clearly be cqual to that of the pro-
ton, and the moment of He® should be equal to that of the neutron. Our
assumption is almost confirmed by the observation that the magnetic
moments differ from the above values only by a few percent. However, it
can be shown that an admixture of the D state will reduce the magnitude
of the moment so as to widen the discrepancy between the experimental
and theoretical values. It turns out that this discrepancy is significant,
in that it constitutes good evidence for the existence of meson currents in
nuclei. Further discussion of this matter is deferred to Section 9-3, since
it is closely related to the general problem of the interaction of electro-
magnetic radiation with nuclei.

8-4 The Wigner coupling scheme. The wave functions of any complex
nucleus could, in principle, be described as a general linear combination of
states of given symmetry, just as has been done for 113 and He®. How-
ever, the manifold of states is so great that the attainment of complete
generality would require more than a reasonable effort. Therefore it is

* Phys. Rev. 88, 945 (1952).

** The exchange dependence was not included.

t This is not to be taken as a firm conclusion, since the result is sensitive to the
shape of the potential. Thomas [Phys. Rev. 47, 903 (1935)] has shown that a very
short-range potential is capable of giving arbitrarily large binding for the triton
even if it is fitted to the deuteron ground state. The divergence of the Yukawa
potential at the origin therefore should be expected to cause the Yukawa potential
to be very effective in binding the three-body system as compared with the two-
body system.

t J. Irving, Phys. Rev. 87, 519 (1952).
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desirable, just as for complex atoms, to introduce some simplifying assump-
tion, known as a “coupling scheme,” concerning the interactions, an as-
sumption designed to reduce the number of terms in the expansion of the
wave function. The coupling scheme implies that the nuclear state is
characterized by certain quantum numbers in addition to the total angu-
lar momentum, parity, and energy. For example, in Russell-Saunders
coupling, I and S are good quantum numbers. Even when departures
from the coupling scheme are taken into account, an expansion of the
nuclear wave function in terms of states characterized by the new quan-
tum numbers will converge rapidly if the assumed approximation is valid.

In a fundamental paper* on nuclear spectroscopy, Wigner has pre-
sented a classification of nuclear states which is based on a coupling scheme
closely related to, but more restricted than, the Russell-Saunders scheme.
His assumption is that the predominant interactions are charge-independ-
ent central potentials of either the ordinary or Majorana type. This
limitation on the interaction results in a degeneracy between the usual
Russell-Saunders multiplets of different S and different T, a degeneracy
which is subsequently removed by introducing the (small) spin-spin cou-
pling. The entire group of levels consisting of the almost degenerate
multiplets is referred to as a supermultiplet.

This classification of levels is important for many reasons. It provides
a means for systematizing the data on groups of levels. It suggests impor-
tant selection rules for radiative transitions, beta transitions, and nuclear
reactions. It also provides a semiempirical method for determining the
mass differences between neighboring nuclei of intermediate mass and, in
addition, a method for predicting trends in the behavior of the low-lying
excited states of some of these nuclei. The correlation of the data with
these various theoretical predictions clearly provides a test of Wigner’s
basic assumption, that the size of the splitting of the supermultiplet is not
too large.

Wigner’s zero order Hamiltonian contains no explicit spin or ¢-spin
dependence; nevertheless the energy values do depend to some extent on
these quantities because of the Pauli principle. The effectiveness of the
space potential depends on the space symmetry of the wave function, and
functions of different space symmetry are associated with funections of dif-
ferent spin-i-spin symmetry. Hence there exists a separation in energy
of spin-i-spin states of differing symmetry. Majorana forces, which will
be assumed to predominate in the zero order Hamiltonian, give a particu-
lar emphasis to this effect, the more symmetric the space function, the
more atiractive the potential.

Because the Hamiltonian is assumed to be independent of spin (both
varieties), there are four states of a given nucleon to be treated on an equal

* Phys. Rev. b1, 106 (1937). See also F. Hund, loc. cit.
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footing. These are the states for which each of the 73 and o, operators
takes on its two possible values. A nuclear wave function can be classified
by the number of nucleons in the four possible states. Thus we let u;, ue,
u3, and ug be the number of nucleons with (o,,73) equal to (1,1), (1,—1),
(-=1,1), (—=1,—1), respectively. Since the number of nucleons in the nu-
cleus is A, the u; satisfy the condition

w1+ pe + pz + ue = A

Now each of the degenerate states in the supermultiplet will be described
by a different set of u; values. For example, the state (u1,uz,uz,pns) =
(4,0,0,0) is degenerate with (0,4,0,0), (0,0,4,0), and (0,0,0,4). These
four states are clearly spin-symmetric; they are degenerate with all other
spin-symmetric states, and the entire group forms onc supermultiplet.
States of different spin-i-spin symmetry will have a different energy, hence
they will define another supermultiplet.

Without attempting a detailed construction of the states of different
symmetry, for which reference should be made to Wigner’s paper, we wish
to provide a system for naming the various supermultiplets, each one of
which has a given symmetry. This is accomplished by simply specifying
the largest set of values of (uj,us,u3,u4) that occurs in the group. A set
(Y, mo,ms,ps) is defined to be larger than (uy,ug,uz,ue) if the following con-
ditions are satisfied: cither u) > pp or py = py and py > ug, Or w) = py, wo
= g, py > pg. If one is given all scts (uy,us,u3,u4) belonging to a given
supermultiplet, then the largest sct (A;Ag,A3,A4) can be selected. The
important point is that the set \; completely characterizes the supermulti-
plet. For example, the symmetric functions belong to the supermultiplet
M =4, \a = A3 = Ay = 0, as we have scen above. Ti is important to
note that each of the u; runs through the same set of values within a given
supermultiplet.

The quantum numbers Mg and ¢ associated with the z-component S, of
the total spin and the 3-component of T may be expressed directly in terms
of the u; by means of the relationships

Mg = §(ur + pg — uz — na), (8-32)

t = 3(u — wg + pa — pa). (8-33)

The latter quantity is just the isotopic number 3(Z — N). The p; serve
to define one other quantum number which we denote by y:

Y = (1 — p2 — pz + pa). (8-34)

From the definition of the u;, ¥ is found to be just the quantum number
associated with the difference S, — S, of proton and neutron total spin
values. The fact that such a quantity can be specified is a direct conse-
quence of our assumption that the Hamiltonian is independent of the -spin
and spin operators.
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The u; values for a given state are determined completely by the four
quantum numbers A, My, t, and y by the above equations, and conversely.
A corresponding set of quantum numbers may be used to replace thosc
specifying the supermultiplet, i.e., the A;, We define

Q =1\ 4+ A2 — A3 — \),
Q =30\ — N2+ A3 — Ay), (8-35)
Q" =3MA — N — N3+ ),

and we have, of course,
A=A+ X+ A3+ A (8-36)

The quantity @ is the largest value of Mg, of £, or of y that occurs in the
supermultiplet. Furthermore if, for example, t = @ (i.e., u1 = Ay, pa =
A2, u2 = Az, g = Ag), then @’ is the largest value of Mg or y occurring in
this part of the supermultiplet. The set (Q,Q’,Q"”’) plays the same role as
the total spin quantum number 8 in an ordinary multiplet. There, the
value of S is the largest value of Mg attained within the multiplet. For
given A, the supermultiplet is characterized by (Q,Q’,Q""), just as the ordi-
nary multiplet is characterized by S.

We have seen that the symmetric spin state has Ay = 4, Na = Ny = Mg
=0o0rQ = Q = Q" =%1A. Bul this state must have a totally antisym-
metric space function, so it would not be expected to be stable if the Major-
ana potential predominates. Everything else being equal, the state of least
spin-symmetry would be the most stable. This is the state in which the
A; are, as nearly as possible, all equal. The nucleons are then distributed
uniformly over all possible i-spin and spin states as required for maxi-
mum antisymmetry of the spin function. We conclude that, in particular,
the ground state of a nucleus belongs to the supermultiplet whose A; are as
nearly as possible equal.

Consider, for example, the “4n nuclei,” namely, those whose mass num-
ber A is an integral multiple of 4, A = 4n. The ground states of these
nuclei should belong to the supermultiplet Ay = Ag = A3 = Ay = A4 /4,
according to the above argument. Hence (Q,Q',Q") = (0,0,0), and the
nuclei have spin quantum number zero and zero i-spin. The latter con-
dition implies that the number of neutrons equals the number of protons.
Thus our conclusion is that the stable 4n nuclei are the alpha-particle
nuclei, and that thesc have 8 = 0, a conclusion which seems to be correct
for A not too large.* Heavier nuclei violate the condition of charge in-

* The alpha-particle nuclei are the only stable 4n nuclei up to and including S%.
However, the assignment S = 0 might be in doubt, since only the total angular
momentum of the nucleus is observed.
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variance which has heen imposed on the Hamiltonian, because the cou-
lomb interaction becomes important.

The ground states of the 4n + 1 nuclei, i.e., those for which 4 = 4n + 1,
have Ay — 1 = Xy = A3 = Ay = (A4 — 1)/4. Hence the supermultiplet is
@,Q,Q") = (3,1,1), and therefore both S and 7' are }. Furthermore, if
Mg = % and t = 3, we must have y = 3, in which case S., = 0; the neu-
tron spins are paired, as are all but one of the proton spins. On the other
hand, for A = 4n — 1, the designation is Ay =X =N =M+ 1 =
(A 4+ 1)/40or (Q,Q,Q") = 3,%,—1), whence for Mg = 3, t = }, we have
y = —%, and the neutron contributes the unpaired spin.

When A = 4n 4+ 2, the ground state has A\; = Ap =23+ 1 =M +1
= (A + 2)/4, so (Q,Q',Q"") = (1,0,0). Here, states with 8 = T and S = 0
are degenerate, as arc states with 77 = 1 and 7 = 0. When S = 1, then
T = 0, and conversely. The odd-odd nuclei, H2, Li®, B!°, N' belong to
this group. Any sort of spin-orbit or spin-spin coupling will split the de-
generacy between S = 1 and S = 0, and we know that such a coupling
oceurs in the two-body system, with the consequence that 8 = 1 lies lower
than S = 0. The ground state then has S = 1, T = 0, as in the deuteron,
but the 8 = 0, 7 = 1 multiplet should not be far above, according to our
assumptions.

The lowest supermultiplet generally contains a set of states belonging to
a group of isobars. The ground state of the stable member of the group is
determined by the splitting of the supermultiplet caused by spir-spin,
spin-orbit, and coulomb coupling. A convenient delineation of the effect
on the supermultiplet of these corrections to the Hamiltonian is given in
Figs. 8-1(a) and 8-1(b). The former figure illustrates, on an arbitrary
energy scale, the influence of spin-spin coupling; the supermultiplet is sim-
ply split into its constituent multiplets of given S and 7. Fach level is
labeled by the appropriate S-value, and a scale of t-values is provided so
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that the T of a given level is determined by the length of the line in the
diagram. This form of the plot is particularly useful for illustrating the
influence of the coulomb forces. These favor the most negative value of
t, so the effect is simply to tilt the lines as indicated in Fig. 8-1(b). It
can be seen here how the coulomb energy can cause a reordering of levels
of different S.

An unrealistic degeneracy is still implied by Fig. 8-1(b), since no ac-
count has been taken of the spin-orbit coupling. This involves the total
orbital angular momentum L of the ground state, which can only be speci-
fied on the basis of a more detailed nuclear model than we wish to invoke
ai this point. Even when the value of L is given, the nature of the spin-
orbit coupling comes into question. The importance of this coupling is
that it selects from the various possibilities J = | L — S|, .-+, L 4+ S for
the total angular momentum the value of J for the ground state, a quantity
which has been measured for many stable nuclei. However, these matters
may just as well be left until we consider a more detailed nuclear model,
one that prescribes a value of 1. for the ground state.

Although a theory capable of determining nuclear J-values and the rela-
tive binding cnergies of neighboring isobars requires knowledge of the
deviations from Wigner coupling, the supermultiplet approximation still
sheds light on the relative behavior of neighboring stable nuclei. We
have seen that there is an essential periodicity in the supermultiplet as-
signed to the ground state if it is considered as a function of A. The period
is, of course, 4; as we pass from one 4n nucleus to another, (Q,Q’ @) takes
on the values (0,0,0), (3,3,3), (1,0,0), (3,3,—1), (0,0,0), and so on. The
periodicity is just a consequence of the fact that there are exactly four
spin states. Because of the Pauli principle, this should be reflected in
the behavior of calculated binding energies, a result that agrees nicely
with the observed binding of nuclei having A < 36. The binding energy
per nucleon is tabulated for the stable light nuclei in Table 8-2. The
period of 4 is quite evident either as maxima or as changes in the rate of
increase of binding at the 4n nuclei. This observation could lend eredence
to the alpha-particle model, but we see here that any attractive, spin-
independent potential may be quite capable of accounting for the perio-
dicity without reference to a detailed model.

A demonstration of the expected behavior of the theoretical binding
energy curve has been provided by Wigner in his very general treatment
of the binding of the fairly complex nuclei,* i.e., nuclei of mass greater
than 16. Because of the complexity, he assumes that the expectation
values of the potential and kinetic energies will, on the whole, be smooth
functions of A. Then the characteristic differences in the energies of neigh-
boring nuclei depend only on the nature of the supermultiplet to which

* Phys. Rev. b1, 947 (1937).
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TABLE 8-2

Binding encrgy per nucleon of stable light nuclei. Taken from A. H Wapstra
[Phys. Rev. 84, 837 (1951)].

Nucleus Eg/nucleon | Nucleus E p/nucleon
H? 1.11 Mev | Na® 8.11 Mev
H? 2.83 Mg 8.26
He? 2.57 Mg?2s 8.22
He* 7.07 Mg 8.33
He® 5.5 Al 8.33
1.8 5.33 Si28 8.45
Li7 5.60 Size 8.45
Bed 7.06 Siso 8.52
Be? 6.46 pit 8.48
R 6.47 S32 8.49
Bu 6.93 [33 8.49
cr 7.68 |34 8.58
cB 7.47 136 8.51
N 7.47 A3S 8.51
N1 7.70 36 8.56
(01 7.98 (@it 8.56
oy 7.75 A38 8.62
01 7.76 K3 8.56
F19 7.77 Cat 8.55
Ne20 8.03 A1 8.59
Ne?! 7.97 K# 8.58
Ne?? 8.09 Ca2 8.61

they belong. If the coulomb energy is included, Wigner finds that the
nuclear binding has the form

Eg = —Eo(A) — E'L(A) — 1.2(mc*/A")(A + t — 1)t — (50Q%/A)mc?,
(8-37)
where K, and L are smooth functions of 4, the former being negative, the
latter positive. The quantity =’ is defined by
E=35Q+27+ @+ 1D+ Q7 (8-38)

if the ground state belongs to the (Q,Q’,Q"") supermultiplet. The third
term in Eq. (8-37) is Wigner's estimate of the coulomb energy, and the
last term is his estimate of the change of kinetic energy which would be
produced by changing neutrons into protons.* The scallops in the bind-

* The kinetic energy is estimated on the basis of free waves confined to the
nuclear volume. The kinetic energy then depends on the relative depths of the
neutron and proton Fermi lakes.
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ing cnergy curve are clearly indicated by the values of E’ for the four
supermultiplets:

Q.Q.Q") = (0,0)0), E =25,
(2,2,3), 4.375,
(1,0,0), 5,
(3:2,— %), 4.375.

Note that the large jump occurs between the 4n and 4n + 1 nuclei, there-
fore alpha-particle nuclei are particularly stable.

Equation (8-37) may be used to calculate the masses of nuclei once the
smooth functions Ez(A) and L(A) have been determined empirically on
the basis of a few known masses. Such a semiempirical program has been
carried through by Barkas* with some success. There certainly has ap-
peared no clear-cut contradiction to the gross features of the Wigner cou-
pling scheme, a fact which may be taken as an indication that our ideas
on nuclear forces have at least some qualitative validity. However, there
do exist important deviations from the detailed predictions of the coupling
scheme, as we shall see in Section 8-6. These deviations are associated
with a strong spin-orbit interaction, an interaction which necessarily fails
to have the symmetry propertics required for Wigner coupling,.

8-b6 The independent particle model. Russell-Saunders coupling. The
models on which detailed calculations of propertics of nuclei heavier than
He* are based have been developed primarily for the ease with which the
calculations can be made. Their selection is largely governed by experi-
ence in molecular or atomic physics rather than by any legitimate theoreti-
cal argument concerning the validity of the approximation involved. The
most widely used and most successful of them is the independent particle
model, which in the older literature is often referred to as the Hartree
model. It is based on an analogy with Hartree’s method for treating the
structure of atoms. Iach nucleon is assumed to move in a fixed potential
well which is assumed to represent the average of the interactions of all
nucleons with a given nucleon. Then one can assign definite states to a
single nucleon, and the nucleus is built up by filling each such state with
nucleons in accordance with the Pauli principle (compare Section 2—4),

The Hartree model is quite successful in the treatment of atomic strue-
ture, and for good reason. In the atom, the principal part of the potential

* Phys. Rev. 65, 691 (1939). Barkas provides a table of masses based on the data
available at the time. Application of Eq. (8-37) to more recent data is made by
Collins, Nier, and Johnson, Phys. Rev. 86, 408 (1952).
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acting on the electron is due to a fixed center, the nucleus, and the smaller
electron-electron interactions can be replaced in good part by their aver-
age because of the long-range nature of the coulomb potential. Clearly,
no such theoretical justification applies to the nuclear problem. There is
no fixed center to produce a dominant central potential. And if we main-
tain our view that nuclear interactions can be described by two-body
forces, these forces have short range, so that a given nucleon feels the
potential due to only a few neighboring nucleons at any given instant.
The nucleon is subjected to a series of billiard ball-like collisions in its mo-
tion through the nucleus; one can hardly hope to construct an average
potential which will give an accurate representation of such an effect.
This lack of justification has not acted as a deterrent to those who felt
the need to calculate properties of nuclei. The model has been widely
used, and it is just as well that it has, for it is much more successful than
one would expect on the basis of the above argument.

The implication of the independent-particle model is that the wave fune-
tions of the nucleus may be written as an antisymmetric linear combina-
tion of products of one-particle functions. Since the problem has central
symmetry, the most reasonable choice of the one-particle space functions is

dﬁ(f) = fnl(r) Y,

where the quantum numbers [ and m have their usual meaning and the
index n denotes a quantum number fixing the encrgy. We shall define n
as the number of nodes in the radial function, exclusive of that at r = 0
(compare Appendix 1). The nuclear function is then a linear combination
of the products

Gq(T1)by (T2) by (x3) - - -, (8-39)

where ¢ is a symbol for the triplet (n,l,m) and r; is the coordinate vector
of the 7th nucleon. A specification of the form of the product function is
given by indicating the configuration of the nucleons. If four nucleons are
in the state n = 1, I = 0, as might be expected in the ground state of the
alpha-particle, we speak of a (1s)* configuration. The ground state of Li®
might be a (1s)*(1p)? configuration, in which case the product (8-39) con-
tains four factors with n = 1, I = 0 and two withn = 1,1 = 1.

The order in which the levels are filled with increasing nuclear mass is
determined by the order of the energy levels associated with given n and L.
Now n has been defined to have the same order as the energy for given I,
but the dependence of the energy on [ is determined by the form of the
potential well in which the nucleon is moving. The selection of a form is
somewhat arbitrary, since the connection between this auxiliary central
potential and the direct nucleon-nucleon interactions is so remote. One
fact at our disposal is the apparent sharpness of the nuclear boundary; the
nuclear density is virtually constant within its radius and drops off very
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rapidly beyond. This suggests that the auxiliary potential should have
steep walls at a distance comparable to the nuclear radius. One could, for
example, use a square well. Another possibility is the oscillator potential,
since the wave functions of a harmonic oscillator drop off with extreme
rapidity outside the potential well. Since the auxiliary potential is only
to be used as a means for fixing the order of the levels, the exact form of
the potential makes littie difference.  All steep-walled potentials give about
the same results, at least for the low-lying levels.  Hence we use that which
gives the simplest ordering scheme, the oscillator potential. The level
order is shown in Table 8-3. The characteristic accidental degeneracies

TabLr 83

The levels of the isotropic oscillator. The energy is (V + #)fiw and n is the number
of nodes of the radiaul function, excepting that at r = 0.

Total No.

Desig- Degen- of Protons
N l n nation eracy or Neutrons
0 0 1 1s 1 2
1 1 1 1p 3 8
N T 20
B
l 4 1 lg
4 2 2 2d 15 70
l 0 3 3s
5 1 1h
5 3 2 2f 21 112
1 3 3p
6 1 1z
6 li‘, : 2 28 168
0 4 4s

oceur there, but it is implied that a more realistic potential would split
these degeneracies, although the splitting is presumed to be small com-
pared with the spacing of other levels.

Since four nucleons, a neutron and a proton of each spin, can occupy
cach of the states, the 1s level is filled at the alpha-particle. According to
Table 8-3, the next levels to be filled are the 1p levels, so the lowest con-
figurations of nuclei between A =5 and A = 16 are of the form (1s)*
(1p)* with v = 1, 2, .-+, 12. The Ip level is filled at » = 12, which cor-
responds to O'®. Beyond this, either the 1d or 2s level starts to fill, and
configurations of the form (1s)* (1p)'? (1d)” might be expected to occur.
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The quantum numbers m, m’, m”’, -+ in the product function (8-39)
can usually be assigned a number of scts of values, with the conscquence
that there is a corresponding degree of degeneracy associated with the con-
figuration. Only when there are 4(21 + 1) nucleons in the highest state of
the configuration is there no degeneracy, and then we speak of a complete
shell.* Actually, this definition is not adequate for the heavier nuclei,
since the coulomb potential raises the proton states with respect to the
neutron states. Then the neutron and proton configurations are specified
separately. If I and I’ correspond to the last occupied proton and necutron
states, respectively, a complete shell occurs when there are just 2(20 + 1)
protons and 2(2’ + 1) neutrons in these states. The last column of Table
8-3 indicates the total number of neutrons or protons required to complete
all shells up to and including that designated by the quantum number N.

Destruction of the degeneracy of the incomplete shells occurs through
the action of the nucleon-nucleon potential. The cffect is conveniently
treated on the basis of some particular coupling scheme. 1f, for example,
a scheme of the Russell-Saunders type is applicable, the degenerate prod-
uct functions (8-39) are linearly combined to form characteristic functions
of the total orbital angular momentum L. TFor a given spin and 4-spin
state, or for a given supermultiplet, some of the values of L arrived at
in this manner are excluded by the Pauli principle, just as is the case
in an atomic system. The sclection of the state of lowest encrgy for
the remaining values of I involves the properties of the interactions and
can only be made on the basis of a detailed caleulation. This procedure
can be illustrated for the (1s)* (1p)? configurations which have been treated
in detail by Feenberg and Wignert and by Feenberg and Phillips. They
have classified the states of the configurations in terms of the supermulti-
plets and allowed L-values. In Table 84 are listed the admissible terms
corresponding to the supermultiplet of lowest energy. Also, the average
potential energies of the (1p)” nucleons for each one of the four two-hbody
interactions, J (ry;), J (ri;) Py, J (r:) Py, L%, J (ri;) P7, are listed in the last four
columns of the table. The quantities A and K in terms of which these
potential energies are expressed are

A= //J(le)fz(rx)fz(rz)(3’1/7'1)2(1‘2/7'2)2 d3ry d®rp (8-40)

* We use the term complete rather than “closed” shell because the concept of a
closed shell has taken on a somewhat different meaning in nuclear physics. See
Section 8-6.

t Phys. Rev. 61, 95 (1937). See also F. Hund, loc. cit.

1 Phys. Rev. B1, 597 (1937). For classification of the terms arising from the d”
shell, sec H. A. Jahn, Proc. Roy. Soc. A201, 516 (1950), and for those from the f*
shell, see B. H. Flowers, Proc. Roy. Soc. A210, 497 (1952).
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and

K = //J(le)fz(rl)fz(rz) (x1y1/73) (xay2/r3) dPry dPry, (8-41)

where f(r) = f1,(r) is the radial p-function with one node and zyz are the
cartesian coordinates of a nucleon. The labels 1 and 2 refer to any pair of
p nucleons.

It will be noted that the ordinary interaction and the Majorana inter-
action cause no splitting of the supermultiplet; that is, each term in the
supermultiplet associated with given L has the same average energy for
these potentials. This is in accord with the fact that these two interac-
tions lead to Wigner coupling. On the other hand, the interaction Pj; is
a spin-spin coupling which separates the terms of different S within the
supermultiplet. This is clearly illustrated by the last two columns of the
table.

ivaluation of the integrals A and K requires a knowledge of the radial
p-functions f(r). These could be taken to be the functions characteristic
of the auxiliary potential, in our case the radial functions of the isotropic
harmonic oscillator. However, that would be a somewhat more literal
interpretation of the model than would seem to be justified. An alterna-
tive procedure is to introduce functions f(r) of reasonable shape which
contain a number of free parameters. These parameters are then chosen
80 as to minimize the total energy, in accordance with the usual variational
method. Binding energies obtained in this way are much too small, a re-
sult which indicates that the independent particle functions are not a very
good approximation, or that the assumed potential is incomplete.

The order of the terms in a given supermultiplet can be fixed on a more
qualitative basis. The integral A is clearly negative for an attractive po-
tential. That K is also negative follows from the fact that it represents
the difference in energy between a space-symmetric two-nucleon function
and a space-antisymmetric function. Clearly, the symmetric state leads
to a lower potential energy, since the average distance between the nu-
cleons is lower than in the antisymmetric state. This information is suffi-
cient to fix the order of the levels for given S. To determine whether the
singlets or triplets are lower, use can be made of either one of the spin-spin
coupling terms after it is normalized so as to give the known splitting in
the deuteron. It then follows that the triplets are the lower terms, and
the ground state terms are found to be those indicated in Table 8-5.

The observed total angular momenta (spins) of the nuclei are also listed
in Table 8-5. It is to be noted that, with the exception of B!?, these J-
values arc consistent with the assigned lowest terms. Evidently the B!°
spin can be understood within the limits of this model only by assuming
that some perturbation, such as the tensor interaction, causes the !'3S;
state to cross over one of the low 3D states listed for B!° in Table 8-4.
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TABLE 8-5
Lowest terms of (15)*(1p)” configuration
Nucleus p-configuration Lowest Term Observed* J
18 p? L3S, 1
Li7 7)3 2 2]’1,‘;’ 34 -g
Be® P 22Pys 34 @)
Bw P L, 3
B! ! 2Py 5 3
(“]2 7)8 L IS(] 0
o P’ 2Py 3 3
Ccu ,I)lo 3, IS(; 0
NM ,,110 I.:l‘\'l 1
N6 pl 22P,, o 1
016 P12 L1, 0

*Taken from J. K. Mack, Rer. Mod. Phys. 22, 64 (1950).

An anomaly is also presented by B! since all of the other J-values appear
to be selected on the basis of inverted multiplets, i.c., the ground state has
the higher J-value in the first half of the shell, while it has the lower value
for the second half of the complete shell. The irregular behavior of B!
could again be interpreted as an indication that the ground state is a D-
funetion.

The occurrence of the erossing over of states of different I, suggests that
the spin-orbit coupling plays an appreciably more important role than is
consistent with Russell-Saunders coupling. States of different L may be
mixed to a considerable extent; for example, in B!! one might find that the
Py, and Dy states couple strongly, with the consequence that a mixture
of these two lies lower than the P,, state. Admixtures of this kind should
not come as a surprise, since we believe that the tensor interaction has a
strength comparable to that of the central potential. Further evidence
for the importance of some type of spin-orbit interaction will be found in
the success of the Mayer-Jensen coupling scheme, therefore the applica-
tion of Wigner coupling should be limited to the broad features of the super-
multiplet, exclusive of the fine structure.

8~6 The independent-particle model. Mayer-Jensen coupling. Literal
interpretation of the independent-particle model leads immediately to the
conclusion that special properties should be displayed by nuclei having the
requisite number of either neutrons or protons to just form a complete
shell. Such a nucleus would be reluctant to add a nucleon to the com-
pleted shell, since that nucleon must occupy a higher state and hence is
more weakly bound. Consequently, nuclei should show a high degree of
stability with respect to the number of nucleons of a given kind when that
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number has the complete shell values listed in the last column of Table
8-3. This means that there should oceur a larger number of stable iso-
topes with Z = 8, 20, etc., than for other values of Z. Similarly, the num-
ber of stable isotones* with N = 8, 20, etc., should be especially large.
Furthermore, these nuclei should tend to be particularly stable; the de-
pendence of the binding energy per nucleon on N or Z should show a
change in slope at a point corresponding to a completed shell.

For the shells ending in 8 and 20 nucleons these predictions are, on the
whole, borne out by the facts. According to Table 8-2, O', which has a
complete shell in both neutrons and protons, is particularly stable. This
can be established by noting that the drop in binding cnergy in going from
a 4n to a 4n + 1 nucleus tends to decrease with increasing mass, a tendency
which is reversed at O'®. Furthermore, we note that oxygen is the first of
the light nuclei to add two neutrons in succession, rather than a neutron
and then a proton (compare Section 2-4). Similarly, the fact that 8¢ is
stable can be attributed to the stability of 20 neutrons. This could be
aseribed to the coulomb effect, as we have seen in Section 2--4, but then
A% would be expected to be stable with respect to K3, which it is not.
And Ca*® would not be stable, whereas it is, with a binding energy compar-
able to that of A%%. The shell structure would clearly lead to large binding
for Ca%?, since it has a complete shell in both neutrons and protons. Fi-
nally, we note that there are six stable isotopes of Ca, including Ca*® which
has eight more ncutrons than protons, so the 20-proton configuration must
be very stable indeed.

An interpretation of the complete shells at 8 and 20 nucleons as closed
shells, that is, as configurations which are especially stable and especially
reluctant to increase their number, would seem to be completely justified.
But the properties of nuclei with N or Z equal to 40, 70, and so on, lend no
support to the view that these completed shells are closed. On the other
hand, closed shells do scem to occur for nuclei beyond Ca®’, but at neutron
and proton numbers equal to 50, 82, or 126. Evidence for the existence of
these “magic numbers” comes in many different forms. A thorough ex-
position of the cvidence based on the number of stable isotopes and iso-
tones, on the abundances of the nuclei, and so on, is given in the classic
paper of Gocppert-Mayer.t Additional evidence based on nuclear cross
scctions, isomerism, nuclear moments, cte., has been accumulating since
that writing, and we shall discuss these matters in their proper places.
There is no question that the nuclecon numbers 50, 82, and 126 play a very
special role in nuclear structure.

It is natural to first raise the question whether any simple modification
of the auxiliary central potential could lead to a reordering of the levels

* Nuclei having the same number of neutrons.

t Phys. Rev. 14, 235 (1948). W. Elsasscr is credited with the first observation
of this property; J. de phys. et rad. 5, 625 (1934).
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that would establish the magic numbers as the number of nucleons in a
complete shell. However, care must be taken not to violate the theorem*
that for any central potential, the state (n,l) lies higher than (nl') if
I > 0. This seems to preclude the possibility of developing, on the basis
of u central auxiliary potential, a reordering scheme that can account for
all the magic numbers.**

A successful reordering principle applicable to the independent-particle
model was suggested simultaneously by Gocppert-Mayerf and by Haxel,
Jensen, and Suess.] They suggested that the spin-orbit coupling plays a
role second in importance only to the auxiliary potential in determining
the level order. Associated with the wave functions ¢;; of the single
nucleon are two classes of states, those with total angular momentum
j =1+ % and those with j =1 — 1. Russcll-Saunders coupling implies
that these have very nearly the same energy. The new scheme proposes
just the opposite: that these states are split appreciably by coupling of the
nucleon spin with its own orbit, that the splitting increases with increas-
ing [, and that the j = 1 + % term is the lower (inverted doublet). Then
the closed shells are not built on the 21 + 1-fold degeneracy of the ¢y, but
rather on the 2j + 1-fold degencracy of the states ¥, of total angular
momentum j. Here}}

mio= DTG 4 ) el s+ G — W) e Yixyg)  (8-42a)
forj =1+ %, and

b= 2) + 27— — u+ DY i+ G e D )
(8-42b)

for j = 1 — 1, where x i are the nucleon spin functions. The independent
particle functions are products of single nucleon functions ¥, s0 the con-
figurations are given in terms of the number of si;, psg; P, cte., nucleons.

The psg — pi, splitting is presumably quite small, so the (1p) closed
shell oceurs, just as before, at O'S. The configuration of neutrons and pro-
tons is (183,)2 (1ps)* (1ps+,)?, which has the same wave function as the
(15)2 (1p)® configuration of Russell-Saunders coupling. In the next shell,

* See Appendix 1.

** Feenberg succeeded in accounting for the closed shell at 50 by such a scheme,
but he was forced to assume that the 2s level is higher than the 2d, to account for
82, and a similar violation of the theorem occurred for 126. Feenberg and Ham-
mack, Phys. Rev. 76, 1877 (1949).

t Phys. Rev. 75, 1969 (1949).

t Phys. Rev. 6, 1766 (1949).

11 See, for example, Condon and Shortley, The Theory of Atomic Spectra, Cam-
bridge University Press (1951), p. 56 ff.
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the 1d;, state lies below the 1ds;, but not to such an extent as to modify
our conclusions concerning the closed shell at 20 nucleons. The configura-
tion is (1s1,)2 (1psg)* (1p1,)? (1d:,)° (25:,)% (1ds)%, and it has the same
wave function as the (1s)% (1p)® (1d)'° (25)? configuration. The next shell
is markedly affected because the 1g., state is added to it as a result of the
large depression of that level caused by spin-orbit coupling. Thus the
closed shell at 50 has the configuration (20) (1f;,)% (2ps)* 2p.)? (1f.)°
(1¢+,)'°, where (20) is an abbreviation for the configuration of the closed
shell at 20. The next shells are formed in like manner. The new grouping
of levels is indicated* in Table 86, which is to be compared with Table 8-3.

TaBLk 8-6

The independent-particle levels in the Mayer-Jensen coupling scheine
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* The existence of other closed shells, or at least semiclosed shells, is suggested
by the model; for example, the f7; level should be somewhere between shell number
2 and shell number 3, so 28 might be a magic number. There is some evidence
for this and other such subshells, but we wish to avoid so detailed a discussion of
these matters.
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The question now arises as to the implications of this specification of
independent, nucleon functions for systems which do not constitute closed
shells. There are two problems: the order of the levels within the shell,
and the effect of j-j coupling, i.e., coupling hetween like nucleons of given j.
The order of the levels is given rather arbitrarily in Table 8-6. It is based
on the assumption that the spin-orbit splitting is symmetrical about the
position of the oscillator levels. Rearrangement of this order can be ex-
pected to occur as a result of the splitting of the aceidental oscillator de-
generacy, therefore this decision may be made in such a way as to obtain
the best fit to observations on a given nucleus.*

A remarkably successful scheme for the j-j coupling has been suggested
by Goeppert-Mayer** and by Haxel, Jensen, and Suess.f They point out
that almost every observed nuclear spin and magnetic momenttt can be
accounted for by the assumption that when the number of ncutrons or
protons in a shell of given ! and j is even, they couple together to form a
state of total angular momentum zero, and that when the number is odd,
the last nucleon is simply added to such a zero angular momentum state.
To show that this coupling scheme is reasonable for the present model,
Goeppert-Mayer caleulatesi the expeetation value of the proton-proton
(or neutron-ncutron) interaction in proton (or neutron) states formed by
taking antisymmetrized products of ¥y, for j < 7. No account is taken
of the interaction between unlike nucleons. Goeppert-Mayer uses a
é-function potential to simplify the calculations, and finds that the state
prescribed by her coupling scheme does, indeed, lead to the lowest value
of the energy. The use of a s-function for the potential is equivalent to
assuming that the range of forces is very small compared with the nuclear
radius. Thus her result should be, at best, applicable only to heavy nuclei.
Hence the few cases of minor violations of the coupling scheme that occur
in light nuclei have been attributed to the effect of finite range of the
forces. 11

For comparison with the results of Russell-Saunders coupling given in
Table 8-4, a list of terms admitted by the Mayer-Jensen coupling scheme
for the 1p shell is given in Table 8-7. In every case of a unique prediction
of J, there is agreement with observation. A notable example of the suc-
cess of the scheme is offered by B!, for which the Russell-Saunders coupling

* A specification of the configuration of every nucleus on the hasis of presently
available information is given by P. F. A. Klinkenberg, Rev. Mod. Phys. 24, 63
(1952). These very tentative assignments are reproduced in Appendix 5.

** Phys. Rev. 78, 16 (1950).

t Z. f. Phys. 128, 295 (1950).

11 See, however, Section 9-3.

t Phys. Rev. 78, 22 (1950).

11 D. Kurath, Phys. Rev. 80, 98 (1950).
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TABLE 8-7

Lowest terms of (1s)* (1p)” configuration according to Mayer-Jensen coupling

p-configuration Allowed  Observed
Nucleus Neutrons Protons J J
Lif D34 P3g 1,3 1
Lif P3s P 3 3
Be® Py 3 3 €))
B on Pl 1,3 3
B! P4 Phs 3 3
e 2% Pis 0 0
ce PP Pig 3 3
cH pisnt, 2% 0 0
N Pigp, Pigm, 1 1
N Pight, Pigh; 2 3
(O Pispt, P, 0 0

in its most straightforward interpretation led to a predicted J of % in-
stead of the obscrved 4.

The model does not yield a unique value for J for the odd-odd nuclei
because both the neutron shell and the proton shell have a nonvanishing
angular momentum. Therefore some additional prescription is required
to establish which of the various possible J-values lies lowest. Let us con-
sider Li®, which has a single p,; neutron and a single ps; proton. On the
assumption of charge invariance, this is to be treated as a pi; configura-
tion of nucleons which admits of two possible T-values, T = 0O and 7" = 1.
According to the Pauli principle, the first must be associated with a sym-
metric space and spin function, the second with an antisymmetric func-
tion. It can be argued that the symmetric function will be the lower, since
the Majorana potential favors a space-symmetric state and the spin-spin
coupling leads to a lowering of the symmetric triplet state with respect to
the singlet state. Hence the ground state is assumed to have 7' = 0, a
result which agrees with the conclusion reached on the basis of Russell-
Saunders coupling. Now the states ¥ of given J may be expressed di-
rectly in terms of the products of the functions ¢4, for the two nucleons.
For the sake of simplicity, let us denote the j = 3, I = 1 functions of the
kth nucleon by ¥% Then the ¥} are as follows:*

* Condon and Shortley, loc. cit.
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¥ = — o (=1, (8-432)

oM = \/m{\/‘;(] + M)2 — M)3 — M)yl

— (1 +3MV2 — Myl =% — (1 — 3M)V2 + My 3+

+ V32 + M)3 + M)(1 — M) yi "+, (8-43b)
vl = 5\‘—/—, (— V3(1 £ M@ F MG — M) piigh—%

—3(1 — M)V2 F MygHpl-% 4 301 + MYV2 — My i t%

+ VBB 4+ M)(1 — M)(©2 — M) yi "'+, (8-43c)

v = _)\/_ (VI + M2+ M3 + M) gy

+ V32 + M3 + M)3 — M) ]

+ V3@ + M2 = M)3 — M) gy i+
+ V(I = M2 = M3 — M) i %), (8-43d)

We note that the J = 0 and J = 2 functions are antisymmetric for inter-
change of the nucleons, so they are excluded for 7' = 0. Tt is for this rea-
son that the states of even J have not been included in Table 8-7 for any
of the odd-odd nuclei.

The selection between the values J = 1 and J = 3 for cither Li® or B'®
requires further analysis. To that end, let us expand the Li® functions
¥ and ¥ in a series of Russell-Saunders terms. The available values of
S are S = 0 and S = 1 and, because the configuration is p?, the L-values
are I, = 0,1,2. The associated 38, 'S, 3P, etc., functions are uniquely de-
termined in this particular case. If the ¢7i(k) of the kth nucleon are abbre-
viated to ¢}, the orbital functions &}’ are*

* These results may be established by noting that the L = 0 function has the
form (r;-r5) (a scalar), the L = 1 functions are the components of r; X r», and the
L = 2 functions are x;(1)x;(2) — 4r%;;. They may also be obtained from Condon
and Shortley, loc. cit.
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#f = 5 s IV M@ + My) oo™
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The I, = 0 and L = 2 functions are symmetric, and the I. = 1 antisym-
metric; hence the restriction 7 = 0 limits attention to the 38, 3D, and 'P
functions. Examination of Egs. (8—42), (8-13), and (8—44) leads to the
relationships

v = %_{\/1-3@1.3& - \/% 13D, — V5 Lip.y, (8-45Ha)
vy = 13D;, (8-45b)

where 13D, is a symbol for the / = 1 combination of dM* with the i-singlet
and triplet functions, and so on.

A decision between J = 1 and J = 3 might be reached by now giving
consideration to the Wigner coupling scheme. As can be scen in Table 8—1,
the lowest supermultiplet of Li® leads to either a 3S or a D term, but the
1P term belongs to the next supermultiplet. An estimate of the energy
differences introduced by a central Majorana potential* is 2.0 Mev for
the 31-3S separation and 8.3 Mev for the 'I’-*S scparation. These figures
provide us with a basis for assessing the energy difference between the
functions (8-45a) and (8-45b). The former contains the P function with
a probability of § and the *D with probability z%; hence the energy dif-
ference between ¥ and the pure 3S state should be about 5 X 83+
#r X 2.0 = 47 Mev. The ¥j state, on the other hand, has, on the
same basis, an energy only 2.0 Mev higher than the 38 state. Hence we

* The average values of the encrgies are given in Table 84 in terms of A and
K. Evaluation of these integrals can be made on the basis of the central potential
of the deuteron problem. The estimates given here are obtained from caleulations
by A. M. Feingold, Thesis, Princeton University (1952). A reduction in the energy
differences would result from the assumption that the central potential is in part
an ordinary potential.



212 STRUCTURE OF COMPLEX NUCLEI [cuar. 8

conclude that the supplemented j-j coupling scheme would lead to J = 3
rather than the observed J = 1 for the ground state of Li®. This apparent
contradiction could have to do with the fact that the dissociation of Li®
into He* 4 112 requires an energy of only 1.5 Mev. Since the dissociated
state at low cnergy is predominantly a J = 1 state, it may perturb the
J = 1 bound state cnough to force it to a position below the J = 3 state.
Another indication that Eq. (8-45a) does not provide a correct wave
function for Li® is given by the observed magnetic moment, which is
quite different from what would be expected for this function (see
Seetion 9-3).

B'" may be subjected to a similar analysis by notling that just four
nucleons are required to fill a py; shell, so B'® lacks one proton in the ps,
proton shell and one neutron in the py, neutron shell. Thercfore one can
speak of adding a neutron and a proton hole to the completed py; shell.*
The wave functions of the holes have the same form as the Li® functions,
Iiq. (8-43), so the expansions, Eq. (8-45), arc again applicable to the
J =1 and J = 3 states. The difference in energy between these states
produced by the Majorana interaction (between the holes) is exactly what
has been estimated for Li® except for the influence on the integrals A and
K of a somewhat larger nuclear radius. Thus the ground state should
have** J = 3, as it does. In this case there is no nearby continuum as
there is in Li® to cause a reordering of the levels.

These examples of the odd-odd nuclei serve to illustrate the most com-
plicated and unfavorable aspects of application of the Mayer-Jensen
scheme. Tor other nuclei, and that means the great majority of stable
nuclei, the model yiclds a unique prediction of J after the configuration
has been assigned. In particular, the spin of each even-cven nucleus is
found to be zero in the ground state. The fact that every measurement of
the J-value of an even-even nucleus results in.J = 0 is not easily explained
on the basis of any other reasonably well-established medel.

In this coupling scheme, many properties of the odd-cven nuclei are
governed by the wave function of the last odd nucleon. Hence many cal-
culations, such as the determination of the magnetic moment (see Section
9-3), are very simple. This simplicity does not obtain for the calculation
of properties, such as the interaction energy, involving a coupling between
pairs of nucleons. Then a knowledge of the wave functions of the core
composed of an even number of nucleons is required. The terms arising
from the functions have been classified by Flowers, who also calculates

* For a general discussion of hole theory, see W. Heisenberg, Ann. der Phys.
10, 888 (1931).

** Compare E. Fecnberg, Phys. Rev. 76, 1275 (1949).

t Proc. Roy. Soc. A212, 248 (1952).



8-7] THE SPIN-ORBIT COUPLING 213

the splitting between terms on the basis of a short-range interaction. A
detailed calculation of the splitting of the pj configurations in terms of
the integrals A and K of Section 8-5 is given by Kurath.*

As we consider other nuclear properties in later chapters, the evidence
supporting the Mayer-Jensen coupling scheme will be found to be quite
convincing. In spite of this suceess, we must be very cautious about inter-
preting the model literally. Most of the evidence is of such a nature as
to corroborate the rules for determining the angular momenta and parities
of the levels, but there is relatively little information concerning the de-
tailed structure of the wave functions. We have already seen that the
short range of the nucleon-nucleon interactions makes the independent
particle model an implausible basis for constructing wave functions. A
correct nuclear function would be expected to show a high degree of corre-
lation between nucleon pairs. If this “correct” function is expanded in a
series of independent particle functions, verms describing many different
configurations should appear with appreciable amplitude. Possibly this is
the true situation, in which case the success of the Mayer-Jensen coupling
scheme simply indicates that it is a method for determining the most im-
portant single term in the expanded wave function. The function could
still contain many other configurations with a high probability, but the
total angular momentum and the other symmetry properties of the states
would be fixed in accordance with the coupling scheme.

The possibility that the independent particle model actually provides
accurate wave functions would necessitate a fundamental revision of our
ideas about nuclear forces. The elimination of violent fluctuations in the
interactions between pairs could be accomplished by the introduction of
many-body forces. That possibility has also been mentioned in connee-
tion with the saturation problem (Section 6—6) and it certainly is not to be
excluded. However, much more evidence is needed to justify a step which
would invalidate most of our thought processes concerning the many-body
problem. What is required is information concerning the purity of the
independent particle functions, and the acquisition of such information is
one of the important objectives of the present-day physics of complex
nuclei. Although from time to time we shall note the cxistence of some
evidence concerning this question, the story is far from complete.

8-7 The spin-orbit coupling. The success of the Mayer-Jensen coupling
scheme suggests that spin-orbit coupling plays a major role among the
interactions responsible for nuclear binding. We are faced with the prob-
lem of fitting an appropriate coupling into a description of nucleon-nucleon
potentials. The most reasonable procedure would be to ascribe the effects

* Phys. Rev. 88, 804 (1952).
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in question to the tensor interaction. This procedure has not been the
usual one for the simple reason that the problem of determining the split-
ting of levels preduced by the tensor potential in complex nuclei is so com-
plicated.* Thercfore attempts to account for the spin-orbit coupling have
concentrated around the simpler forms of coupling either on the grounds
that the average effect of the tensor interaction can be so described or on
the assumption that another, velocity-dependent term oceurs in the
nucleon-nucleon interaction.

There cxist substantial arguments to support the view that velocity-
dependent, spin-orbit terms occur in the interaction. Such terms appear
in the Hamiltonian of atomic electrons due to the Larmor magnetic cou-
pling and the Thomas coupling.** Both of these terms can be considered
as relativistic corrections of order »2/c® to the Hamiltonian. Similar cor-
rections to nuclear interactions are to be expected,t but the form of the
correction depends very much on the transformation propertics of the
nuclear force field. A scalar field theory leads only to the Thomas type of
spin-orbit coupling, 11 but a vector theory, which is the analog of the clec-
tromagnetic theory, would be expected to contain a Larmor-like term.
A general discussion of the »?/¢2 corrections has heen given by Breit.} He
shows that the spin-orbit coupling for a nucleon moving in a (scalar) cen-
tral potential J(r) has the form (#2/4M2c*)(1-0)r(dJ/dr), where o is
the spin operator and 1 is the (dimensionless) orbital angular momentum
operator of the nucleon. This is, as anticipated, of the order of (T/Mc?*)
times the central potential if 7' is the kinetic energy, so it amounts to a
three percent correction. If it were the only spin-orbit coupling term, the
Russell-Saunders scheme would be applicablet} to nuclear problems. Of
course, a correct formulation of the spin-orbit coupling would relate it
directly to the nucleon-nucleon interaction but, as Breit has shown,
this does not introduce a substantial change in the order of magnitude of
the effect. Hence we conclude that the relativistic spin-orbit term in the
Hamiltonian is not large enough to account for the success of the Mayer-
Jensen coupling scheme.

The magnitude of the tensor interaction is certainly large enough to
admit it as a serious contender for this role. However, the angular de-

* However, see J. Keilson, Phys. Rev. 82, 759 (1951).

** See, for example, Pauling and Goudsmit, Structure of Line Spectra, McGraw-
Hill, N. Y. (1930), pp. 58-60.

t D. R. Inglis, Phys. Rev. 50, 783 (1936).

tt W. H. Furry, Phys. Rev. 50, 784 (1936).

1 Phys. Rev. 61, 248 and 778 (1937); ibid. 63, 153 (1938).

1t Application of the Thomas term as a perturbation has been made to the (1s)t
(1p)’ configurations by Bethe and Rose [Phys. Rev. 51, 205 and 993 (1936)] to deter-
mine the nuclear spins and magnetic moments for Russell-Saunders coupling.
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pendence is so complicated as to discourage speculation concerning its
influence. A detailed treatment by Feingold* of the influence of tensor
forces on the lowest configurations of Li® and Li” shows that a large admix-
ture of higher configurations is produced. The calculated splitting of the
lowest multiplet is in rough agreement with observation, as are the caleu-
lated magnetic moments. This result suggests that the tensor force may
indeed be responsible fur all the important spin-orbit coupling cffects.
However, until a simpie procedure for treating the interaction is devel-
oped, there will be a tendency to ascribe the coupling to a different inter-
action of more elementary form,

One can always make the assumption that the nuclear forces include a
spin-orbit term other than those which arise naturally from considerations
of static potentials. After all, the only justification we can give for limit-
ing attention to static potentials and their relativistic corrections is that
they present the simplest analog to elecctromagnetic interactions. We
might consider ‘“‘potentials” which are velocity dependent in the lowest
approximation of relativity theory, i.c., when 1/¢ — 0. Tt has been re-
marked that the exchange potential is of this form, in fact, that it involves
an infinite series of powers of the nucleon velocity. The spin-orbit cou-
pling, on the other hand, might be just a linear function of the velocity.
'The number of such two-body potentials is quite limited because the inter-
actions are subject to the conditions of invariance under rotations, inver-
sions, and, presumably, time-reversal. They must be syrametric under
the interchange of two nucleons if use is made of the 7-spin notation. The
six interactions which satisfy these conditions have been deseribed by
Eisenbud and Wigner.f In terms of the coordinate difference 1, = r; — 1,
and the momentum difference pjx = p; — pr of the jth and kth nucleons,
they have the form

U =1 {(@ X pjrSix)Tjx + hermitian conjugate} J(rjy), (8-46)

Jrk

where, in the six different cases,

Tiw = Flra(d) + 3(k)], (8-471)

Ti = 511 + 73())ra(k)], (8-47b)

S = (o5 + o), Ty, = %[l + 774, (847¢)
Ti = 3[1 — 75())rs(k)], (8—47d)

Sit = (0; — ox), Ti = 3lrs(f) — 7a(R)], (8-47e)
Sit = loy X i), T = 375 X Tals. (8-47f)

* A. M. Feingold, loc. cit.
t Proc. Nat. Acad. Sci. 27, 281 (1941). The implications of the time-reversal
argument are discussed in Appendix 3.
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It is to be noted that all of the six allowed forms of ¢-spin dependences, as
listed in Table 8-1, occur here. According to the arguments presented in
Section 8-2, the terms (8-47a), (8-47e), and (8-47f) do not satisfy the
mirror condition. They imply that the spin-orbit splitting has the oppo-
site sign for an odd neutron than for an odd proton. In that case the
Mayer-Jensen scheme would lead to quite a different behavior for odd ¥
nuclei as compared with odd Z nuclei. Hence these terms can be excluded
as possibilities for accounting for the principal part of the spin-orbit
coupling.*

Another test for the potentials (8—46) is provided by the electromagnetic
interactions of nuclei, since the electromagnetic properties of a system are
strongly affected by the presence of velocity-dependent terms in the Hamil-
tonian, as we shall see in Section 9-2. It turns out that the term (8-47d)
would lead to a contribution to the deuteron magnetic moment, the con-
tribution being of the order of 0.25 nuclear magnetons if (8-47d) is larg>
enough to account for Mayer-Jensen coupling. Since we have been able
to give a good account of the deuteron moment without reference to this
term, it must be excluded. Then we are left with (8-47b) and (8-47¢) as
the only two-body interactions linear in the velocity which could account
for the large coupling. Of these, just (8-47¢) is charge invariant, so it
seems reasonable to limit attention to that form of the coupling:

U=4% Zk (tix X Pjx-loj + oxD[1 + 75Tl (rj0). (8-18)
7

One might hope to detect the presence of the term (8-48) in the Hamil-
tonian by observations on the two-body system. There, the potential
becomes

U= (L-S)PJ(r), (8-49)

where L is the orbital and S the total spin angular momentum operator.
Clearly, U vanishes for the S-state, and that is the state for which the
most detailed information is available. Only the high-energy scattering is
affected by the presence of this term. Unfortunately, the theoretical dis-
cussion of high-energy scattering is already complicated by the tensor in-
teraction and the uncertainty in the exchange character of the central
potential. A precise treatment of the influence of U on the scattering has
not been given,t so no definite decision as to its existence can be made at
the time of this writing.

* Compare Blanchard and Avery, Phys. Rev. 81, 35 (1951).

1 Case and Pais, Phys. Rev. 80, 203 (1950), have calculated the very high energy
scattering for the interaction (8-49) in first Born approximation. But they find
that J(r) must have a strong singularity at the origin to account for observations,
and in this case the approximation is quite unreliable. [See Jost and Pais, Phys.
Rev. 82, 840 (1951).]
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8-8 Saturation conditions. Tt is appropriate to complete our discussion
of the ground states of complex nuclei with some remarks concerning the
relationship between exchange forces and the saturation property. The use
of an exchange porential was suggested on the grounds that it would lead
to saturation, but only qualitative arguments have heen presented here in
support of that supposition. We have given no indication of the amount
of ordinary potential that can be tolerated in the presence of exchange,
although the high-energy neutron-proton scattering has established that
that question is of major importance.

Under certain conditions it is possible to establish an upper limit on the
tolerable amount of ordinary potential.* The argument is based directly
on the variational property of the Schroedinger equation. We know that
the expectation value of the energy operator in a state described by any
properly antisymmetrized wave function cannot be less than the energy of
the lowest state of the system. Now we shall show that, for a particular
wave function, an attractive ordinary potential introduces a term in the
average energy proportional to —A? where A is the number of nucleons.
This encergy, and hence the binding encrgy, can therefore be made arbi-
trarily great in magnitude by choosing 4 to be sufficiently large. Thus
nuclei of arbitrarily large A would be stable and their binding encrgy
would increase at least as rapidly as A% (rather than the observed increase
as A). This contradiction of the facts can be avoided by introducing a
sufficiently strong exchange potential, since this leads to a term in the
average energy proportional to A%, and positive. The minimum amount
of exchange potential which will provide the necessary cancellation is then
a lower limit on the strength of the potential.

As an illustration, we first present the argument for the simple case of a
central two-body potential containing a linenr combination of the four
exchange operators. The potential is written as

V = 2«,,[90']0 rz]) + ng er)P + goJ (7'1_7)1)’ + g7 T(,’.U)PUPI‘ (8"50)
where the potentials J(r) are assumed to be everywhere attractive and
normalized so that lim0 [(/x(r)/Ju(r)] = 1. The constants g, g,, g,, and ¢,
are then a measure of the relative strengths of the various terms, and arc

assumed to satisfy the condition

go+ 9+ 9o+ gr = 1. (8-51)

* The methods used here are substantially those presented by Breit and Feen-
berg, Phys. Rev. 60, 850 (1936). Sce also Kemmer, Nature 140, 192 (1937); Feen-
berg, Phys. Rev 52, 667 (1937); Volkoff, Phys. Rev. 62, 134 (1942); Ger]uoy, Phys.
Rev. T7, 568 (1950); H. Kanazawa, Prog. Theo. Phys. 6, 126 (1951).
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We choose as a wave function an independent-particle function made up
of products of one-nucleon functions

Ve(5) = oi(1;)x: () (4), (8-52)

where the functions x, and », are spin and 7-spin functions, so s and ¢ can
each take on the two values 4. Specification of k fixes the values of s
and t as well as the nature of the space function ¢g(r).

It is well known* that in a state consisting of an antisymmetrized
produet of functions ¥, (7), the expectation value of any two-particle opera-
tor of the form V = 3=, V;; can be written as

W) = 1T [[RO@ Vit — Pow @ dridtr, 6-59)

where the operator P, indicates exchange of the particles labelled 1 and 2.
The symbol 2 denotes the sum over spin variables of nucleons 1 and 2,

while = denotes the sum over i-spin variables. Let us apply (8-53) to
Eq. (8-50):

- (V) = golVo) + 0:V) + 0olV) + 0.0V, (8-54)

Vo) = 1Z TS [ @ wn e — weweo)

X Jo(ri2) d®ry dPry, (8-55a)
W) = 12 EL [ [ @ v @ — y@we )

X Jo(r12) d3ry d3rs, (8-55b)
Vo) = 3L [ [ RO @ PO @ ~ h@w )

X J4(r12) d®ry drs, (8-55¢)
(Vo) = %{122 / V(D (2) PLaPia (v (2) — i@ (1)}

X J+(r12) d®ry d®rs. (8-55d)

The functions y; are assumed to have the form (8-52), and the shape of
the space function ¢ (r) may be chosen arbitrarily as far as the variational
property is concerned. Let us therefore choose ¢ to be a small normalized
wave packet such that different packets do not overlap but all packets lie

* See, for example, Mott and Sneddon, Wave Mechanics and Its Applications,
Oxford (1948), Chap. VI.
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within a fixed volume whose largest dimension is smaller than the range of
any one of the potentials Jx(r). Then the overlap terms in the integrals
may be set equal to zero and the J\(r) may be replaced by their common
average,* J, over the region occupied by the packets:

(Voy = =—217, (8-56a)

J I * * * *
V)= =75 ; DX ()X (2)xs (2 xer (Dmy (D13 (2)ne2)mer (1),  (B-56b)

I & wpy #
(Vo'> = é ;; ZXx (I)XS'(Z)XS(‘Z)XS’(I)) (8—56(3)
(Vo) = — g%’inf(l)n;'f(2)m(2)nu(1). (8-56d)

Use has been made here of the fact that the functions ¢, x,, and 5, are
normalized.

The spin and 4-spin functions may now be chosen in any convenient
manner. We consider these distinet cases:

(a) Equal numbers of one-nucleon states occur with each of the four
values () = (3.3), (3,—3), (=%,3), (—=2,—%).

(b) All states have ¢ = 3 and equal numbers have s = +1.

(¢) All states have s = } and equal numbers have | = +1.

Since the spin sums vanish when s # 8’ or when ¢ # t/, we find in case (a)
that (V,) reccives contributions from just one-fourth of the terms, while
for (V,) and (V) onc-half of the terms are different from zero. Thus

AA —-1) 1 1 1 ]
W= T = =g 4 ~go — —g. |-
(V) 2 ..(Iu g+2.(l 29

P (8-57a)

in case (a). In case (b) the terms (V) and (V) have half as many non-
vanishing terms as (V) and (V,), so

<V> = *“A(A“_ ]) . ”g() - 1gr + 1911 - ng (8“571))
2 § 2 2
Finally, in case (c),
<V> = A(A'— ]) Fgl) - lgr + 9 — lgr] (8—57(3)
2 | 2 2

* Although J will be treated as if it were independent of 4, it would be a mono-
tonic increasing function of A for a Yukawa potential or any attractive potential
that diverges at the origin. This would only serve to strengthen the saturation
arguments given below.
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Since J is negative, the contribution of (V) to the binding energy in-
creases as A2 and is positive as long as the coefficient in the square brackets
is positive. Since we know that the binding is greater when calculated for
the correct wave function, the nonexistence of stable nuclei of great mass
imposes the following necessary conditions* on the coefficients g:

go — +9- + 39, — 39- <0, (8-58a)
go — 39r + 39, — 9. <0, (8-58b)
Jo — %gr + 90 — %gr <o (8-58c¢)

The coefficients are also subject to the relationship Eq. (8-51).

To complete the argument, a few remarks are needed concerning the
kinetic energy, since that reduces the binding. We know that the shape of
the wave packet can always be chosen in such a way as to produce a mean
momentum inversely proportional to the radius of the packet, or a kinetic
energy per nucleon proportional to v if v is the volume of the packet.
Since the range of forces is fixed, the volume of the packet must he in in-
verse proportion to A in order to fulfill the conditions imposed on the
packet for large A. Thus the kinetic energy per nucleon is proportional to
A% and the total kinetic energy to A", Hence the potential energy term
overwhelms the kinetic cnergy at sufficiently large A and the conclusion
stands as stated.

The condition (8-58a) means, for example, that if g, = g, = 0, the
strength of the ordinary potential must be less than one-fourth the strength
of the Majorana exchange potential. This is a necessary condition, but we
have not established it as a sufficient condition. Remarkably enough, it
is a sufficient condition in this special case, as Wigner has shown.t Since
the potential in question satisfies the requirements of Wigner coupling, the
Jlowest state of the system can be assigned to a definite supermultiplet.
By limiting attention to functions of this class, Wigner establishes the
existence of a lower bound for the expectation value of the potential energy,
and the lower bound is proportional to A if

Jo — %gr < 0. (8—59)

Hence, under this condition, the binding energy can increase no more
rapidly than the number of nucleons. This is just the saturation condi-
tion. Wigner’s argument therefore shows that the Majorana potential is

* The coulomb interaction causes a slight modification of these conditions but,
since the coulomb energy is also proportional to A2, no substantial change is intro-
duced as long as e?/a is small compared with J. Here « is the range of the potential
of shortest range.

t Proc. Nat. Acad. Sc. 22, 662 (1936). A limitation on the shape of J(r) is required
for the proof, but the allowed forms are quite inclusive.
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capable of producing saturation. Furthermore, the condition (8-59) is
both necessary and sufficient for that purpose. Wigner produces a similar
argument for the case g, = ¢, = 0, in which circumstance

go— 39: <0 (8-60)

is a necessary and sufficient condition for saturation. Note that the spin-
dependent Ilcisenbery potential is just twice as effective as the Majorana
potential in producing saturation. Although the sufficiency of the con-
ditions (8-58) has been established only for these two special cases, the
fact that it can be established at all suggests that none of the conditions is
exceedingly weak compared with the sufficient conditions.

Since tensor forces seem to oceur in great strength, it is important to
determine the extent to which they modify the saturation conditions.*
Let us consider the effect of adding t.» the potential (8-50), the tensor
termt

Vi = 32 v b(ry) + vl Lri) PiSs;, (8-61)
L7}
where
Sij = i}_(ci-rijl(fﬂ ~ (0i0)).

Ty

The shape functions Ji(r) are also assumed to satisfy the condition
lim [J4(r)/J.(r)] = 1. Furthermore,
r—0

Y=Yt (8-62)

where v is the ratio of the tensor strength to central strength. The equi-
valent of Egs. (8-56) for the tensor interaction is

(V) = %-7§'Za:x:(l)xj(z)b'm(/nk')xa(l)xa'(2), (8-638)

Vi) = =375 S S D Sialk)

X xs(2)xer (D (e (2)me(2)mer (1). (8-63b)

Ilere, the notation S;2(k,k") indicates that rys is replaced by the vector
Iy connecting the centers of the packets ¢k, .

Of the three cases treated above, case (c) is the easiest to discuss because,
when all the spins are parallel, the spin sums are simply replaced by
(3 cos? Bxr — 1), where 04 is the angle between Iy and the axis of quan-

* A proof that tensor forces alone cannot lead to saturation has been given by
Volkoff, loe. cit.

t Since the tensor potential vanishes in singlet states, the introduction of spin
exchange operators leads, in effect, to no new terms in V.
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tization. The appearance of this quantity makes necessary a decision
concerning the relative orientations of the various packels. Two extreme
cases are to be distinguished:

Case (¢’): all packets lie within a long ellipsoid along the axis of quanti-
zation. Then (3 cos? O — 1) = 2,

Case (c”’): all packets lie on a flat ellipsoid normal to the axis. In this
case (3 cos? Oppr — 1) = —1.

The rest of the argument goes as before, and when the tensor terms are
added to the central potential terms and use is made of Eq. (8-62), the
following nccessary conditions for saturation replace Kq. (8-58¢):

go — 39r + 90 — 3. — 3v, + 2v <0, (8-64)
go — 39r + 9o — 39: + $v- — v 0. (8-65)

In cases (a) and (b), half of the spins are parallel to a given one, and
half are antiparallel. For parallel spins, the spin sums again lead to the
factor (3 cos® gy — 1). For antiparallel spins, Eqs. (8-63a) and (8-63b)
require separate treatment, but for both the spin sums lead to the factor
—(3 cos? 6grr — 1). Thus, as long as the two spin directions have the same
spatial distribution, the contribution of the tensor term vanishes, so it
seems reasonable to conclude that the tensor interaction will introduce no
saturation problem for antiparallel spins, and the conditions (8-58a),
(8-58b) remain unaffected by its presence.

To complete the discussion of the tensor interaction it is necessary to
include a case (d) for which both the spins and i-spins are all parallel.
Then one finds the additional necessary condition for saturation®

Jo—9r+ 0 — g +2v, — v < 0. (8-66)
The inequalities (8-58a), (8-58h), (8-64), (8-65), and (8-66) arc ncces-
sary conditions for saturation in the presence of tensor forces.
It is of interest to apply the conditions to several special cases. If there
are no central potentials, Eqs. (8-64), (8-65), and (8-66) reduce to
/v 2 %,
v/v <
ve/y <

respectively. Since these conditions are mutually exclusive, we conclude
that a very large value of v, i.e., a situation in which the central interac-
tion is quite small, is not consistent with the saturation requirement.

’

(S

* The other condition obtained in this way is taken care of by Eq. (8-64) as long
as ¥ > 0, by virtue of the relationship (8-51). For ¥ = 0, Eq. (8-66) is weaker
than Eq. (8-65) so it, too, can be ignored.
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A quantitative formulation of this result can be obtained by considering
the most favorable situation for saturation, that is, a central potential
entirely of the Majorana or Heisenberg type, gr + 9. = L, go = g, = 0.
Then Egs. (8-64) (8-65), and (8 -66) yield

(3@v+ 1),

1 1 .
3(2y — 3) <7 < 8-67
8 (v + 1). (8-67)
This set of conditions requires that (2y — ) < 3(v + 1) or
vy <4, (8-68)

which is the desired upper limit on the strength of the tensor potential.
Equation (8-68) provides a third indication that, for potentials of the
Yukawa shape, the range of the tensor interaction must be greater than
that of the central interaction. Otherwise the values of vy which are in
accord with the properties of the ground state of the deuteron, and corre-
spond to the best estimates of the range of the central potential, exceed
the limit (8-68), as will be scen on examination of the second table of
Appendix 2.

Equation (8-67) can also be used to place limits on the exchange de-
pendence of the tensor interaction. If attention is limited to positive values
of vy and v,, we find that a lower limit is placed on v,/y as longasy > L
There is a significant upper limit on v,/y only if ¥ > 1. These conditions
can be applied to the results given in Table 6-2. For that purpose we note
that + is defined differently in the table; that value must be multiplied by
ar/a, to yield our present value. The conditions placed on v,./y for the
five cases listed in the table are presented in Table 8-8.

TABLE 8-8

Limits on the exchange dependence of the tensor interaction for the cases listed
in Table 6-2

koo, ar/o. Condition cn v, /v
0.313 1.02 0.58 < v./v £0.77
0.275 1.29 0.51 < v./7 < 0.96
0.256 1.39 0.50 < 7v-/y < 0.99
0.224 2.86 e
0.224 2.20 022 <v./v

Finally, we come to the important question: Is the Serber exchange
operator, or an operator of nearly that form, consistent with the satura-
tion property? To secure an answer to this question, use is made of the
properties of the 1S, state of the deuteron. The relationship between the
singlet and triplet potentials takes the form

go + gr — Qo — Gr = h2’ (8-69)
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where h2 is the ratio of the strength of the singlet potential to the strength
of the central triplet potential. If K? is the depth and a, the range of the
central potential, Eq. (4-41) leads to the result

h? = 1.68/K%a (8-70)
for a Yukawa potential, while, for a square well,
B2 = (n/2Ka,)?,
according to Eq. (4—40).
The strength of the nonexchange potentials is measured by go + ¢o,
while that of the space-exchange potentials is measured by g, + g,. The

Serber exchange potential is obtained by setting the two equal. Tet us
denote their ratio by g:

g9 + 9- = B(go + go)- 8-71)

Now Eqs. (8-51), (8-69), and (8-71) can be solved for g,, g;, and g, in
terms of go, b2, and B. The result is

_ 1
Jo 1+6 Jdo,
gr = 2(R* + 1) — go, (8-72)
B8 1
,=-—————h2 1 .
g T+ 2( + 1D+ 09

These results may now be inscrted into the inequalities (8-58a), (8-58b),
(8-64), (8-65), and (8-66) to yield:

B> (5+ Rk + 2g0)/(3 — h? — 2g0), (8-73a)
B> B+ h)/B 1), (8-73b)
-2 > 2(2y — 3vs), (8-73c)
B+ 1
-2 > —(2y — 3v), (8-73d)
g+1
Bl -2 (8-730)
g+1

Since the right side of (8-73d) has the opposite sign from (8-73c), one of
the two must be positive unless both vanish. Hence

B> 2. (8-74)
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This is the only definite conclusion offered by the last three inequalities in
the absence of information concerning v,/7.

An evaluation of the conditions (8-73a) and (8 -73b) requires an esti-
mate of h%. Thiy can be obtlained from Eq. (8-70) on the basis of the
values of K2 tabulated in Appendix 2 for a Yukawa potential. These
values are such that

K2 > 038,

so that Eqs. (8-73a) and (8-73b) become

B> (5.8 + 290)/(2.2 — 2g0)
and
g > 1.17.

Because of (8-74), the second condition may be ignored. The first condi-
tion is stronger than (8-74) for gy > —0.23, but otherwise (8-74) may be
taken as the limit on the amount of nonspace-exchange potential. Thus
we conclude that under the most favorable conditions, at least 67 percent
of the central potential must contain a space-exchange operator, and that
situation can occur only in the unlikely circumstance that go < —0.23.
The Serber potential is clearly excluded by this result, since it is a fifty-
fifty mixture of ordinary and exchange forees.

In addition to the above general remarks concerning them, the condi-
tions (8-58a), (8-58b), (8-64), (8-65), and (8-66) can be wused to test any
specific potential. Tor example, the Yukawa potentiai, Eqs. (6-57) and
(6-58), violates the first three of these necessary conditions for saturation,
hence it cannot provide a complete description of nuclear forces. This
result is particularly interesting because it has been indicated that the
potential is capable of accounting for the binding energies of the three-
and four-body systems.

8-9 Excited states of complex nuclei. From the experimental point of
view, excited states of nuclei fall into two quite distinet classes. The
bound ecxcited states constitute one class, the virtual states the other.
Bound states are the analog of the familiar excited states of an atomic
system; their ohservation is usually accomplished by the detection of
radiation emitted in a transition between states or Ly means of an inelas-
tic scattering process. On the other hand, the existence of virtual states is
manifest through the processes of resonance reaction or resonance scatter-
ing, processes which occur when a nuclear particle of given energy im-
pinges on a nucleus. The existence of an abundance of easily observed,
discrete states of the latter kind secms to be a characteristic of nuclear
systems.

On the whole, no distinction between the two classes of excited states is
to be made insofar as a discussion of nuclear structure is concerned. Every
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state is characterized by certain quantum numbers such as the total angu-
lar momentum and parity. Charge invariance should be applicable in the
same degree to both sets of states, so T is expected to be as good a quan-
tum number for the one set as for the other. There is some quantitative
difference between the two classes of levels. The position of a virtual level
may be affected differently from that of a bound level by coulomb forces
because the one involves unbound coulomb waves, the other hound cou-
lomb waves.* Furthermore, we must account, in terms of nuclear struc-
ture, for *he near stability of the virtual levels, since they must be nearly
stable to form a discrete speetrum.

The implications of charge invariance are quite clear-cut. Each level
of a nucleus is characterized by some value, T, of the total i-spin, and a
level of given 7' occurs in 27" + 1 isobars. This fact provides, on the one
hand, a method for determining 7', and on the other hand, a test of the
charge-invariance hypothesis. A search can be made for levels in isobars
that correspond to a level in a given nucleus. These corresponding levels
cannot be expected to have exactly the same energy, since the coulomb
interaction causes the cnergy to increase with increasing ¢, while the
neutron-proton mass difference leads to a decrcase in energy, but at a dif-
ferent rate. However, an estimate of the encrgy differences can easily be
made, and we can thereby hope to identify corresponding levels in isobars. t
If no corresponding levels are found for the level in a nucleus with N = Z,
then it can be concluded that 7' = 0. The occurrence of corresponding
levels with N = Z 4+ 2 and N = Z — 2, but for no other isobars, implies
that T = 1. The absence of any correspondence between levels would
imply that the assumption of charge invariance is faulty. The oceurrence
of a correspondence is clearly illustrated for the obscrved levels of the
nuclei with A = 14, as shown in Fig. 8-2. The ground level of N'* has
T = 0 since, after being corrected for the coulomb energy and n-p mass
difference, the ground states of O'* and C'* are well above the N'* state.
But the 2.32 Mev level of N'* corresponds closely to these ground states;
hence we surmise that it has T = 1. Further light would be shed on this
question by a determination of the parities and J/-values of the levels, since
these must be the same for corresponding levels.

The lower levels of the odd A nuclei usually offer a test of the mirror
property rather than the more general property of charge invariance. The
minimum 7T is T' = 4, so at least a mirror pair with { = +3 should oceur

* J. B. Ehrman, Phys. Rev. 81, 412 (1951); R. G. Thomas, Phys. Rev. 88, 1109
(1952).

1 The coulomb effect is expected to be about the same for all the low-lying levels,
since no great change of charge distribution should occur in going from one of these
levels to another. However, some care must be taken in applying this rule, since
there is the above-mentioned difference between the coulomb effect on a bound
level and that on a virtual level.
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Tie. 8-2. Illustration of the correspondence between levels of isobaric nuclei
of even A. The actual positions of the levels are shown by the solid lines,* while
the dashed lines indicate the positions after corrections have heen made for the
coulomb repulsion and the n-p mass difference.}

for every level. The existence of a correspondence be‘ween the levels of
mirror nuclei provides evidence for the mirror property of the interactions,
that is, the invariance of the interactions for a rotation by = about either
the 1- or 2-axis in charge space. The detection of a correspondence be-
tween levels of the four isobars with N = Z £ 3, N = Z £ 1 would indi-
cate 7' = 4 and would constitute further evidence for charge invariance.
An example of the observed correspondence between the levels of mirror
nuclei is illustrated in Fig. 8-3.

The prediction of the positions and propertics of cxcited states requires
the use of a model, and a severe test of a model may result from a com-
parison of the predicted and observed states. In particular, it should be
possible to draw some conclusion concerning the coupling scheme from the
properties of the several lowest states, since each conpling scheme suggests
a characteristic pattern for these states. Consider, for example, the case
of Wigner coupling. The supermultiplet to which the ground state is
assigned is quite definite. But the supermultiplet is presumed to be split
by a small perturbation and the ground state is just the lowest of the terms
in the group. Since the coupling scheme requires that this splitting be

* F. Ajzenberg and T. Lauritsen, Rev. Mod. Phys. 24, 321 (1952).
t T. Lauritsen, Ann. Rev. of Nuc. Sc. 1, 67 (1952).
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Fia. 8-3. TIllustration of the mirror
principle for odd A. The positions of
the levels are given relative to the ground
state in each case.* The shift in position
of corresponding levels is presumed to be
due to the closer proximity of the conti-
nuum in C!'. The close correspondence
between the relative probabilities for
production of these levels by the B1°(d,p)
B! and B'(d,n)C!" reactions indicates
that they are true mirror levels.}
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small compared with the spacing
between other levels, the first few
excited states of the system are
members of the lowest supermulti-
plet. Therefore their spin, ¢-spin,
and the space symmetry of the wave
function are fixed by the coupling
scheme, and these qualities are sub-
ject to experimental test.

More definite statements can be
made if attention is focused on the
independent particle model. Then
the lowest group of levels belongs to
a given configuration. In the Wigner
coupling scheme, differences in en-
ergy arise through differences in
symmetry and through spin-spin
coupling, as indicated in Table 8—4.
A further splitting of the levels
would be caused by spin-orbit cou-
pling. Thus the lowest state of Li’
would be 22, the next state
22p,,, the third and fourth states
22Fy,5,. Just how far this analysis
could be carricd depends on the
position of the next supermultiplet.
Levels of the lower supermultiplet
which come close to or cross over the
bottom level of the higher super-

multiplet can be expected to lose their identity since, for them, the Wigner
coupling condition is not satisfied. The basi¢ theoretical information
needed to check this point can be obtained from an analysis of the second
supermultiplet given in the paper by Feenberg and Phillips.{
Mayer-Jensen coupling leads to a somewhat diffcrent selection of levels.
The occurrence of a low level may be associated with any one of three
sources. First of all, the combining of the angular momenta of an even
number of like nucleons to form angular momenta different from zero will
lead to states other than the ground state. The energies of these states
depend on the strength of the j-j coupling. There are indications§ that
this coupling is rather weak, thereforc the levels in question may occur

* Ajzenberg and Lauritsen, loc. cit.

1 V. R. Johnson, Phys. Rev. 86, 306 (1952).

1 Loc. cit.

§ M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951).
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near the ground state. Other low states belong to those configurations
which would form the ground state if there were not the tendency of single
nucleon states having large I and j to cross over the states of low I. For
example, when the number of nucleons is between 32 and 50, levels formed
by placing an oddu nucleon in the py,, fs, or go; state are close together.
Thus, for odd A nuclei, states differing greatly in angular momentum may
oceur near the ground siate. An excellent confirmation of this conclusion
is offered by obscrvations on isomeric transitions, as will be discussed in
detail in Section 9-6.

The third source of excitation is the spin-orbit coupling. The ground
state of an odd A nucleus is, according to the Mayer-Jensen scheme, a
member of a doublet. In the light nuclei, the other member of the doublet
should not be too distant from the ground state, but in the heavier nuclei
the doublet splitting is large, possibly of the order of 2 Mev.* In a light
nucleus like Li” the ground state has the neutron configuration (p3)o, of
total (neutron) angular momentum zero, while the odd proton is in the ps,
state. The first excited state may be produced by changing the proton to
the py, state, in which case J = 3. On the other hand, if the j=j coupling
between neutrons is small enough, the first excited state might be produced
by recoupling the neutrons to form the (p3,)e configuration. This is the
only other possibility allowed by the Pauli principle, as can be seen from
Eqgs. (8—43). Then the coupling between ncutrons and protons must be
invoked to determine the order of the states J = 3, 4, §, &

As an example of the behavior of a heavier nucleus, ve might consider
Sr87, since that has 49 neutrons, just one short of a closed shell. The
ground state is a gy; state; there is a gy, hole in the closed shell. But the
close competition between the gy, shell and the py, shell has the conse-