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PREFACE

THE present work 1s a companion book to my Dynamics of «

Partwcle and of Rupnd Bodies It 1s meant to cover the
usual course of Statics for Students who are reading for
a Degree m Science or Engineenng, and for Jumor Students
for Mathematical Honours

The book starts with the elementary Principles of- the
subject, but a Student would profit more by 1ts use 1f he had
previously reid some elementary work, such as my Elements
of Stutwcs A knowledge of the ordinary processes of the
Differential and Integral Calenlus is assumed and also, m
some articles, of the notions of Solid Geometry

It will be evident that, 1n a book of this size, many parts
of the subject must be quite untouched, but I have some hopes
-hat, within the hmits I have set to myself, the book 1s fairly
¢>mplete.

The number of examples 18 large, and 18 ‘;tended to be
useful for Students of very varying capacity 1 have venfied
most of the questions, and hope that the number of important
errors will be found to be small

For any or sugg: for 1mp: » T shall
be grateful.

S L LONEY

Rovar Horroway Coutvor,
ENGLEFIFLD GREEN, SURREY
January 25, 1012
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STATICS

CHAPTER I

INTRODUCTION COMPOSITION AND RESOLUTION
OF TORCLS ACTING AT ONE POINT

1 A Bopv s a portion of matter hmited 1n every direction.

FoRrcE 13 anything which chinges, or tends to change, the
state of rest, or umform motion, of a body

A body 15 sad to be at rest when 1t does not change 1ts
position with respect to surtounding objects

STATICS 18 the science which trcats of the action of forces
on bodies, the forces bemng so arnanged that the bodies are
at rest

“Lhe scrence which faeats of she actin of force on hadiesan
motion 1s called DyNaMIcs

_—

2 A PARTICIE 15 a portion of matter which 18 mdefimtely
small 1n size, or which, for the purpose of our mvestigations, 18
so small that the distances between 1ts different parts may be
neglected

A body may be regarded as an ndefimtely latge number
of indefimitely sinall portions, or as a conglomeration of particles

A Ricip Boby 1s a body whose paits always preserve an
nvariable position with respeet to one another

This conception, like that of a partile, 18 1dealistie. In
nature no body 1s perfeetly ngid  Every body yields, perhaps
only very shghtly, if force be apphied to 1t If a rod, made of
wood, have one end firmly fixed and the other end be pulled,
the wood stretches shihtly, 1t the rod be made of wron the
deformation 18 very much less,

To sunplfy our enquiry we shall assume, unless 1t be
otherwise stated, that all the bodies with which we have to
deal ure perfectly ngd

Ly 1



2 Statics

3 EquaL Forces Two forces are said to be equal when,
1f they act on a particle 1n opposite directions, the particle
remains at rest.

4 Mass. The mass of a body is the quantity of matter
m the body. The unmit of mass used m England 15 & pound
and 15 defined to be the mass of & certain piece of platinum
kept n the Lxchequer Office.

In France, and other foreign countries, the theoretical unit
of mass used 15 a gramme, which 18 equal to about 15432
grans  The practical unit 1s a kilogramme (1000 grammes),
which 15 equal to about 2 2046 Ibs

WeieHT The 1dea of weight 18 one with which everyone
18 farmhar  We all know that a certain amount of exertion 18
required to prevent any body from falling to the ground, The
earth attracts every body to itself with a force which 18 called
the weight of the body.

5 Measuwrement of force We shall choose, as our umt of
force n Statics, the weight of one pound  The umit of force 13
therefore equal to the force which would just support a mass of
one pound when hanging freely

It 15 found i Dynamics that the weight of one pound 1s
not quite the same at different points of the earth’s surface
In Statics, however, we shall not have to compare forces at
dufferent pownts of the earth’s surface, so that this vamation in
the weight of a pound 13 of no practical 1mportance, we shall
therefore neglect this variation and assume the weight of
a pound to be constant

In practice the expression “weight of one pound” 1s, n
Statics, often shortened mto “one pound” The student wall
therefore understand thai “a force of 101bs” means “a force
equal to the weight of 10 Ibs.”

6  Foices represented by straaght hnes A force will be
completely known when we know (1) its magmtude, (n) 1ts
direction, and (1) 1ts pownt of application, 1e the pomt of the
body at which tke force acts

Hence we can convenently represent a force by a straight
lme drawn through 1ts pownt of application, for & straight Line
has both magmtude and direction,



Forces 8

7. Bubdivisions of Force. There are three different forms
under which a force may appear when applied to a mass, vz,
as (1) an attraction, (u) a tension, and (1) & reaction.

8 Attraction. An attraction is a force exerted by one
body on another, without the intervention of any visble m-
strument and without the bodies being necessanly 1n contact
The most common example 18 the attraction which the earth
has for every body, this attraction 18 (Art. 4) called 1ts weight.

9 Tension. If we tie one end of a string to any pomt of
a body and pull at the other end of the string, we exert a force
on the body, such a force, exerted by means of a string or rod,
18 called a tension. -

If the strng be lizht [16 one whose weight 15 so small that
1t may be neglected] the force exerted by the string 1s the same
throughout 1ts length,

For example, 1f a weight W be supported by means
of a light string passing over the smooth
edge of a table, 1t 18 found that the same A 5 S,
force must be applied to the string
whatever be the pomnt, 4, B, or C, of
the string at which the force 1s applied. w

Now the force at 4 required to
support the weight 1s the same i each case, hence it is clear
that the effect ab A 13 the same whatever be the pomnt of the
string to which the tension 1s appled, and that the tension of
the string 15 therefore the same throughout 1ts length

Agamn, if the weight W be supported by a lght string
passing round a smooth peg 4, 1t 1s found
that the same force must be exerted at the o
other end of the string whatever be the o
durection (4B, AC, or AD) m which the A ,//,3
string 1s pulled and that this force 1s equal
to the weight W.

[These forces may be measured by
attaching the free end of the string to
a spring balance]

Hence the tension of a light string passing round a smooth
peg 18 the same throughout 1ts length.

w



4 Statics

If two or more strings be knotted together the tensions are
not, necessarily the same 1n each string.

10 Reaction If one body lean, or be pressed, agamst
another body, each body experiences a force at the pomnt of
contact, such a force 1s called a reaction

The force, or action, that one body exerts on a second body
1s equal and opposite to the force, or reaction, that the second
body exerts on the first.

This statement will be found to be ncluded in Newton's
Third Law of Motion

11 Tensions of Elastic Strings. All strings are ex-
tensible, although the extensibility 13 m many cases extremely
small,and p 11 higible  When the bility of the
string cannot be neglected, there 1s a sinple experimental law
connecting the tension of the string with the amount of exten-
ston of the string It may be expressed mn the form

The tension of an elastic string vares as the extension of the
string beyond ots natural length

Suppose a strung to bo naturally of length oue foot, 1ts tension, when
the length 13 13 1nckes, will be to 1ts tension, when of length 15 inches, a3

13-12 15-12,1e a81 3 »

This law may be verified experimentally thus, take a spual spring, or
an india-rubber band  Attach oue end 4 to a hxed point and at the other
end B attach weights, and obsi rve the amount of the extensions produced
by the weights. These extensions will be found to be approximately
proportional to the weights The muount of the weights used must
depend on the strength of the spring or of the rubber band, the heaviest
must not be lerge enough to iujure or permanently deform the spring or
band

The above law was published m the year 1676 by Hooke
(aD 16385—1703), and eaunciated by him 1n the form Ut tensio,
sic ms From 1t we eauly obtam a formula giving us the
tension 1 any case  Let a be the unstretched length of a string,
and T 1ts tension when 1t 15 stretched to be of length z The
extension 13 now & — a, and the law states that T oc z — a.

z—-a

This 18 generally expressed in the form 7'=

The quantity A depends only on the thickness of the string
and on the matenal of which 1t 15 made, and 15 called the



Elastic Strings 3

Modulus of Elasherty of the String It is equal to the force
which would stretch the string, 1f placed on a smooth hornzontal
table, to twice 1ts natural length, for, when = 2a, we have the
tension =% No elastic string will however bear an unhmited
stretching, when the string, through being stretched, 1s on the
pomnt of breaking, 1ts tension then 1s called the breokung tension
Hooke’s Law holds also for steel and other bars, but the
extensions for which 15 18 true 1 these cases are extremely
small  We cannof stretch a bar to twice 1ts natural length,
but A will be 100 times the force which will extend the bar
by rigth of its natural length For of z~a= -1%, then
A
T= 10"
The value of 7 will depend also on the thickness of the bar,
and the bar 13 usually taken as one square inch section Thus
the modulus of elasticity of a steel bar 13 about 13500 tons per
square inch

12 Equibbrium When two or more forces act upon a
body and are so arranged that the body remains at rest, the
forges are said %o be m equihbiium

“We shall assume that 1f at any pomnt of a rigid body we
apply two equal and opposite forces, they will have no effect on
the equlibrium of the body, similarly, that if at any pownt of a
body two equal and opposite forces are acting they may be
removed.

13 Prncwle of the Transmssibility of Force If a force
act at any powt of a rynd body, 1t may be considered to act at
any other pownt n wts line of action provided that thus latter pownt
be rgidly connected wrth the body
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Let a force F act ab a pomt 4 of a body m a direction
AX. Take any pont B in AX and at B ntroduce two equal
and opposite forces, each equal to F, acting 1n the directions B4
and BX ; these will have no effect on the equihibrium of the
body.
;‘he forces F' acting at A 1 the direction 4B, and F at B m
the direction BA, are equal and opposite; we shall assume that
they neutralise one another and hence that they may be removed
We have thus left the force F' at B acting mn the direction
BX and 1ts effect 15 the same as that of the ongmal force F' at
A The imnternal forces m the above body would be different
according as the force F'1s supposed appled at 4 or B.

14 Smooth bodies If we place a piece of smooth polished
wood, having a plane face, upon a table whose top 18 made as
smooth as possible we shall find that, if we attempt to move
the block along the surface of the table, some resistance 1s
experienced. There 13 always some force, however small, be-
tween the wood and the surface of the table If the bodies
were perfectly smooth there would be no force, parallel to the
surface of the table, between the block and the table, the only
force between them would be perpendicular to the table

When two bodies, which are i contact, are perfectly smooth
the force, or reaction, between them 1s perpendicular to their
common tangent plane at the pomnt of contact

In the case of an ordinary curved surface this direction 1s
therefore along the normal to the surface at the pomt of contact,
‘whose direction 15 defimte

If one of the bodies be in the shape of a thin wire, or edge,
then at any pomt P there are an mfinite number of lines per-
pendicular to 1ts surface, for any lwe through P 1n a plane
perpendicular to the tangent Lne at P satisfics this condition,
but, if we have two edges in contact, the common perpendicular
18 & defimite direction For 1t must be perpendicular to each
of the two edges and therefore to the plane passing through
them, ¢ 1ts direction 18 that normal to the plane through the
two edges which passes through their pomt of contact.
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CoMPOSITION AND RESOLUTION oF FORCES

15 Suppose a flat prece of wood 18 resting on a smooth
table and that 1t 1s pulled by means of three strings attached
to three of 1ts corners, the forces excrted by the strings bemg
horizontal , 1f the tensions of the strings be so adjusted that the
wood remains at rest 1t follows that the three forces are mn equi-
librium

Hence two of the forces must together exert a force equal
and opposite to the thud. This force, equal and opposite to the
third, 1s called the resultant of the first two

Resultant. Def. If two or more foices P, Q, S . act upon
a rgud body and +f a single force, R, can be found whose effect
upon the body s the same as that of the forces P, @, 8  this
single force R 1s called the resultant of the other forces and the
Jorces P, Q8 are called the components of B~

It follows from the defimtion that1f a force be applied to the
body equal and opposite to the force R, then the forces acting
on the body will balance and 1t be 1n equilibnum, conversely,
if the forces acting on a body balance then either of them 1s
equal and opposite to the resultant of the others

16 If two forces act on a body 1n the same directron their
resultant 13 clearly equal to their sum, and if they act on the
body m opposite directions thewr resultant 1s equal to their
difference und acts in the direction of the greater

When two forces act at a pomt of a rigid body 1 Jifferent
| therr 1 may be obtaned by means of the
following

Theorem Parallelogram of Forces If two forces, acting
at a powt, be represented wn magmitude and dueton by the
two sules_of a_parallelogram_drawn_from one of s angular
points, thewr _resultent. 15_1epesented_both wm magntude and

durection by the du, parallelogram passing through
at angular point-

is fundamental theorem of Statics, or rather another form
of 15,z the Triangle of Forces (Art 21), was first enunciated
by Stevinus of Bruges m the yem 1586 Betore hus time the
science of Staties rested on the Prmciple of the Lever asits
bagis.
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17 Exzperimental Proof Take three light strings and
knot an end of each together at a pomt O. Leb two of the
strings pass over light pulleys free to turn m any manner which
are attached to fixed supports, and at the other ends of these
strings let there be attached weights equal to P and Q lbs
raspectively. To the end of the third string let there be
attached a weight R Ibs and let this string hang vertically
and freely Then provided that neither of these three weights
18 greater than the sum of the other two, the system will take
up some position of equilibrium In this position of equili-
brium mark off lengths 04, 0B, OC slong the three strings
proportional to P, @, and R respectively and complete the
parallelogram OADB, then 1t will be found that OC will be
equal and opposite to OD. But since P, @, and R balance
therefore R must be equal and opposite to the resultant of P
and @, ve OJ) must represent the resultant of forces which are
represented by 04 and 0B.

The pulleys and weights of the foregoing experiment may
be replaced by three Salter's Spring Balances Each of these
balances shews, by a pownter which travels up and down a
graduated face, what force 1s applied to the hook at 1ts end

Three hight strings are knotted at O and attached to the
ends of the spring balances. The thiee balances are then drawn
out to shew any convenient tensions, and are lad on a hon-
zomtal table and fixed to 1t by any convement Looks or nails
The readings of the balances then give the tensions P, Q, R of
the three strings. Just as i the preceding experiment we
then verify the truth of the parallelogiam of forces.

Dynamical Proof. A proof may also be deduced from
the Parallelogram of Accelerations and Newton’s Laws of
Motion.

If a particle, of mass m, have accelerations f; and f; repre-
sented both mn magmtude nnd direction by the straight hnes
04 and 0B, 1ts ltant Ji» 18 Tep d by the
diagonal OC of the parallelogram OACB

Swnce the particle has an acceleration f; mn the direction 0.4
there must be a force P (=mf,) m that direction and similarly
a force Q(=mf;) m the direction OB  Let 04,, 0B, represent
these forces mn magnitude and direction.
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Then
Complete the parallelogram 0A,C\B,; then, by simple.
geofe/brx, we see that U, C, C, are m a straight Tive, and
00,_od,
0Cc~ o4

Hence OC, represents the force which produces the accelera-

tion represented by OC, and hence 1t 13 the force which 18
equivalent to the forces represented by 04, and 0B,
\/13 The de and d of the resul R, of
two forces P and Q acting at an angle « may be easily obtamed
For let OA and OB represent the forces P and @ acting at an
angle a.  Complete the parallelogtam 0ACB and draw CD
perpendicular to 04, produced 1f necessary.

Then OD=0A +ACcos DAC=P +Qcos BOD=P+Qcosa

[1£ D fall between O and 4, as i the second figure, we have
0D =04~ ACcus DAC= P~ Qcos (180°~a) = P+Qcosa ]

8

Also DO=ACsin DAC=Qsina
N B =00"=0D+ 0D*= P+ @+ 2PQcos a ..... (i),
DnC Qsma
and m00D=m=m . (w)

These two equations give the required magmtude and
direction of the resultant

COor If the forces be at mght angles, we have a=90", so that
R=VPTEQ; and tan 004=$.
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19 A force may be resolved nto two components in an
finite number of ways, for an infinite number of parallelograms
can be constructed having OC as a diagonal and each of these
parallelograms would give a pair of such components

The most 1mportant case occurs when we resolve a force mto
two components at right angles to one another

Suppose we wish to resolve a force F, represented by OC,
mto two components, one of which 15 m the direction 04 and
the other 1s perpendicular to 0A.

Draw CM perpendicular to 04 and complete the parallelo-
gram OMCN  The forces represented by OM and ON are the
required components

Let the angle A0C be a.

F
G R\
© M A Mo 7

Then OM = OCcos a = Fcosa, and ON =0Csin a=Fsina.
[If the point 4 hio 1 O produced backwards, as 1n the secoud figure,
the component of #1n the direction 04
=—-0M=~00cos COM=0CcosamFcosa.
Alsoth p per 04=0N=MC=0 M=Fsma]

Hence, 1n each case, the required components are
Feosa and Femna

The Resolved Part of a given force 1n a given direction 1s
the component m the given direction which, with a component
mad perpendicular to the given d 18 equival
to the given force

Thus the resolved part of the force F in the direction 04 is_
Fcosa. Hence the Resolue el Part of a given firce in @ jiven_
direction 18 obtained by Wgrven forc e by the cosine
of the angle between 17 he grven ?orce and_the given direction "
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20 A force may be resolved into two components 1 any two assigned
directions

Let the comp of a force F, d by 0C, m the d
04 and OB be required and let the
angles 40C and COB be a and § re- ' 8
spectively

Draw (M parallel to OB to meet
04 1w M and complete the parallelo-
gram OJ/CN Then O and ON are
the required components Lo [ 4/ .

Sico the sides of the trangle OJC are proportional to the gines of the
opposite angles, we hu,ve

#e P
;’SE ~a~am (a+ﬂ)'
Hence the required components are # 28 _ 4nq p_B0a_

B (a+B) s (a+ﬁ)

The student must carefully notice that the components of a force
two assigned directions are not the same as the resolved parts of the forces
In these directions  For example, the resolved part of F1n the direction

y Art 19, Fcosa

%721 Triangle of Forces If three forces, acting at a pount, be
represented in magnutude and direction by the sides-of a triangle,
taken wn order, they unll be wn equildbrium
Let the fome! P @ and R acting at the pomt O be
de and d by the sides 4B,
BC and C4 of the triangle ABC  Complete the parallelogram
ABCD

c

The forces represented by BC and AD are the same, since
BC and A.D are equal and paallel

Now the resultant of the forces 4B and 4D 1s, by the

llel of forces, rep d by AC. Hence the resultant
of AB, BC, and CA 1 equal to the resulcanl; of forces AC and
CA, and 18 therefore zero

Hence the three forces P, @, and R are m equilibrium.

Cor. Since forces, acting at a pomnt and represented by
AB, BO, and 04, are n equlibrium, and since, when three
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forces are n equilibrium, each is equal and oppomte to the
resultant of the other two, 1t follows that the resultant of 4B
and BO 1s equal and opposite to C4, ze ther resultant 1s
1epresented by AC

Hence the resultant of two forces, acting at a pomt and
represented by the sides 4B and BC of a triangle, 1s represented
by the third sde AC.

\ 22 The converse of the Triangle of Forces is also true,
wz that If three forces P, Q, and R acting at a pownt O be wn
equilibrium they can be 1epresented wm magmtude and durection
by the sides of any triangle which 18 drawn so as to have its
sudes respectwely parallel to the directions of the forces

Measure off lengths OL and OM along the dnections of
P and Q to represent these forces
respectively Complete the paral-
lelogram OLNJ! and jom ON

Since the three forces P, Q,
and R are i equlibrium, R must
be equal and opposite to the
resultant of P and @, and must
therefore be represented by NO
Hence the three forces P, @, and R are parallel and proportional
to the sides OL, LN, and NO of the triangle OLXN.

Any other triangle, whose sides are parallel to those of the
tnangle OLN, will have 1ts sides proportional to those of OLN
and therefore proportional to the forces.

Agan, any triangle, whose sides are respectively perpen-
dicular to those of the trangle OLN, will have its smdes
proportional to the sides of OLN and therefore proportional
to the forces

Hence we have an easy graphic method of determining
the relative directions of three forces which are m equilibrium
and whose magmtudes are known. We have to construct
a triangle whose sides are proportional to the forces, and this
can always be done unless two of the forces added together are
less than the third

23 Lax's Theerem—f three forces acting on a par ticle
keep 1t w equlbrium, each 13 proportional to the sine of the
angle between the other_two.
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For, n the previous article, smee the sides of the tmangle
OLN are piopurtional to the swmes of the opposite angles,
we have

oL LN No
s LNO ~ sm LON ~ &m OLN
e &

P
sin QOB ™ <in ROP ~ sm POQ"
\/{ Polygon of Forces If any number of forces, acting

on a partwcle, be 1epresented, wn magmtude and darectron, by
the sudes of a polygon, taken wn o1der, the forces shall be wn
equlibrium.

Lot the sides AB, BC, OD, DE, EF,and FA of the polygon
ABCDEF represent the forces acting op a particle 0. Jom
AC, AD, and AE

By the cotollary to Art 21, the resultgnt of forces AB and
BC 1s represented by AC" Sunlarly the resultant of forces
AC and C'D 1s represented by AL, the resultant ot forces 4D
and DE by AF, wod the resultant of forces AZ and EF
by AF. *

Hence the 1esultant of 4l the forces 18 equal to the resultant
of AF and FA, e the resultant vanishes, and the forces are m
equitibrium

A smilar method of proof will apply whatever be the
number of forces It 18 also clear from the proof that the
sides of the polygon need not be m the same plane

The converse of the Polygon of Forces 1s not true, for the ratios of the
sides of a polygon are not known when the directions of the sides are
known  For examplo, m the above figure, we might take any pomt 4’ on
AB and draw A'F” parallel to 4F to meet £F m F', the new polygon
A'BCDEF" has 1ts wdes respoctively parallel to those of the polygon
ABCDEF but the corresponding sides are clearly not proportional.
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25  The resultant of two forces, acting at a point O tn direc-
tions OA and OB and 1epresented wn magmtude by A .0A and
p- OB, 1s represented by (A + u) OC, where C1s a pont m AB
such that . CA=pu.CB

For by the corollary to Art 21, the force A. 04 is equivalent
to forces represented by A OC and \. C4, and the force u. 0B
to forces . 0C and p CB.

Hence the given foices are together equivalent to forces
(A + #).0C together with forces A.CA and w.CB. Also the
two latter balance.

Cor. The resultant of forces represented by 04 and OB 18
200, where C 13 the middle pont of 4B Tlus 13 also clear
from the fact that OC 18 half the diagonal OD of the parallelo-
gram of which OA and OB are adjacent sides. :

EXAMPLES

at the system of forces represented by the lines jommng
the angular pownts of a triangle 18 equivalent to the system
ted by straight lincs drawn from the same pomnt to the mddle
ts of the sides of the triangle

@ Find a pont within a quadnilateral such that, if 1t be acted on by
forces represented by straight lines joining 1t to the angular pownts of the
J, 1t will be i

8 Four forces act along and are proportional to the sides of the
quadrilateral ABCD, three act in the directions 4B, BC, and CD affl the
fourth acts from 4 to D, find the magmtude and direction of their
resultant, and determine the pomt 1n which 1t meets CD,

The sides BC and DA of a quadnilateral 4BCD are bisected m F'
and H respectively , shew that if two forces parallel and equal to 4 B and
DC act on a particle, then tho resultant 1s parallel to ZZ/ and equal to
2 HF ‘

5/ The sides 4B, BC, CD, and D4 of a quadrilateral 4BCD are
bisected at B, £, & and H respectively Shew that the resultant of the
forces acting at a pomnt, which are represented 1 magnitude and direction
by EG and HF, 1s represented 1 magnitude and direction by 4¢

6 From a pomt P, within a circle whose centre 1s fixed, straight
lnes PA,, P4, Pd,, and PA, are drawn to meet the ctrcumference, all
being equally inchined to the radius through 2, shew that, 1f these lines
represent forces radiating from £, their resultant 18 mdependent of the
magnitude of the radius of the circle.
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7. Two constant equal forces act at the centre €' of an ellipse parallel
to 8P and P4, where P 1sany pomnt on the elipse and S and // are the
foct, shew that the end of the straight hne which represents their
resultant lies on & circle which passes through ¢

8 Explan how a vessel 13 enabled to sail m a direction nearly
opposite to that of the wind  If 1ts sail be considered as & mgid plane,
shew that 1t should be set so as to bisect the angle between the keol and
the apparent duecction of the wind 1 order that the force to urge the
vessel o may be as great as possible

26 Parallelopiped of Forces Three forces acting at
a pomt O and represented by straight lines 04, OB, OC are
equivalent to a force represented by 0D, the diagonal of the
parallelopiped whose edges are 04, OB, and OC
For the two forces 04, OB are equivalent to a force OF,
where 04 £B1s a parallelogram,
Also forces O, OC are equiva-
lent to a force OD, since O&2DC
18 a parallelogram
If the parallelopiped 1s
rectangular, so that 04, OB,
0C may be taken to be along
lar axes of d B E
and 1if the forces 04, 0B, 0C /
be X, ¥,and Z, thewr resultant ¢
R=+vX"+Y"+2 and acts along a line whose direction
cosies are cos A 0D, cos BOD, and cos COD,
04 0B 0C X Y 2z
* op’ 0D’ U0 '* B' B’ R’
Converscly, a force R acting ab the origin O along a line
whose direction cosines are (I, m, n) has as components along
the axes of coordinates X (=1R), ¥ (= mR), and Z (= nR).

/91 The sum of the resolved parts of two forces m a gwen
durection 13 equal to the resolved part of thewr resultant wn the
same direction

For 1t 15 easily seen that 1f 04, OB represent the two forces,
and if 0ACB be a parallelogram, then the sum of the projec-
t1ons of 04 and OB on any hne OX 15 equal to the sum of the
projections of 04, AC on the same line and 13 therefore equal
to the projection of OC on the same hne. Hence the result
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28  To find the resultant of any number of forces acting at a
gwen pownt O, and the conditions that they may be w equilibrium.

Take any three mutually perpendicular axes Oz, Oy, Oz
through O  Let the given forces be R, acting along a line
whose direction cosines are (4, my, m), R, acting along a lne
(b, M, my), ete

By Art 26, R, 1s equal to the components LR,, m;R,, n,R,
along the three axes, and similarly for the other forces

If the total components along these axes be X, ¥, Z, then

X= LB+ LR+ LB+ ..,
Y=mRi+mBytmBt o,
Z=nRi+ nRy+ mBy+ .

Hence, by Art 26, the resultant force R =#X7+ ¥’ + 23,
and acts along a line whose direction cosines are % N % N %) .

If the forces are 1 equilibrium their resultant R must be
zero, and thus

X4 Y+ 2°=0.
o X=0,Y=0,and Z=0.

Hence, 1f the forces acting at a given pomnt are in equlibrium,
the algebraic sum of thewr P m thies d
mutually at right angles must separately vamish

Conversely, if the sum of the components along three such
directions separately vamsh, the forces are 1n equilibrium

If the forces of the previous article are coplanar, we need
only resolve along two straight Lines i their plane

‘When there are only three coplanar forces acting at a pomnt
the conditions of equilibrium are often most easily found by
Lam’s Theorem (Art. 23).

29  Equlbrium of a particle at rest wn contact unth a smooth
materal curve or surface
Let the particle be at rest at a point P of the curve whose
coordinates are (z y, z) and let s be the length of the arc OF
measured from a fixed pont O.
The direction cosmes of the tangent to the curve are
de dy dz
PRl
and are known 1f the form of the curve 15 known.




Equilibrium on « Smooth Cwrve 17

Since the curve 1s smooth, the only action 1t can exert on
the particle 18 10 a direction normal to the curve, hence the
resultant force tangential to the curve must vamsh  If therefore
X, Y, Z be the components parallel to the axes of the forces
acting on the particle, we have

dw dy | ,dz
p:¢ &ty &tZ =0

If the curve be 1n one plane this condition becomes

do o dy dy
Xd‘+Y£—0, 1e X+Y;l‘i—-0

If the particle be 1n contact with a smooth surface (s, 7.£)=0
at a pomnt P, the resultant force along any tangent hne at P
must clearly vanish  Hence the resultant force of the com-
ponents X, ¥, Z (which acts along & hne whose duection cosmes
are proportional to X, ¥, Z) must comcide with the normal at

P (whose durection cosines are proportional to %, %, %':) .

a df df
do_dy_ds
Hence we must have 7%

Also the normal reaction of the surface must be equal to
the resultant force VX + ¥* + 2

80 Ex 1 4 bead rests on a smooth wre i the form of the ellipse
=1, berng acted on by forces Aa", uy™ parallel to ths aves Find s

position of equilibrium and consider the case when n 1s unity
do . dy
The position 18 given by Az2» G G=0

d; %
e A= "‘J"(JTZ"‘-V",;{: R
from the equation to the eliipse

E

@b (Aaty-1

giving the position of equilibrmm

If 2 be umty then (1) gives a?\=5% as the only condition of aqmli-
brium, and hence, 1f this condition holis the parucle wili 1est at anv
potnt of the curve  Under forces proportional to f,

the bead will theretore 16st auy whie

‘bZ, parallel to the axes
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Ex.2 4 pamcle P is acted upon towards two centres at A and B by
Jorces ﬁ“ and B P= respectively  Shew that it wll rest on any smooth
curve whose equation 1 of the form

(= p0) (ry— 1) =ppueh
where AP=r, BP=ry and ¢ 18 any constant

If s bo the length of the are 0P measured from any fived pomt 0 on the
arc of the requied smooth curve, and 2T bo the tangent at £, we have by
resolving the forces along /7,

£coaAPT+ 'L:cos BPT=0,
v

wdr

sdn_
v Trd da =™

nlds
Hence, by integration,

BB const mk
'+n const. ;

o {r—pe) (=)= pume®

EXAMPLES

1 A amall bead P can shide on & smooth elliptic wire , 1t 18 attracted
towards the foct § and & by forces proportional to SP™ aud H2" re-
spectively, find the position of equihbrium.

2 A particle P13 acted upon by forces £ and £ respectively towards

PR

two fived points 0, and Os, shew that 1t will rest at any pomt of &
smooth groove whose equation 18 r,ry=constant, where
0,P=r, and 0,P=r;
If 1t o acted on by constant forces P, and P, towards the same pomnts,
the equation to the corresponding gioove would be Pyry 4+ Py7s=constant.

8 A particle 2 15 acted upon by an attractive force, ﬁ,, towards

a fixed pomnt O and a repulsive force, o—{;ﬁ, from a fixed pomt 0’ Shew

that the equation of the curve on which P lies, if the attraction on 1t 18
always along the tangent at P, 1s given by cos d —cos & =constant, whers
6 and ¢’ are the angles that 0P and 0" 2 make with 0’0 produced

If the forces be DLP and o""p’ shew that the curve 1s given by

6 ~8 =const., so that 1t 13 an arc of & circla.
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4. A tube In the form of a parabola is placed with its axis vertical
and vertex downwards, and a heavy particle 18 placed within 1t , shew that
the particle can be kept at rest by a force aloug an ordinate, and outwards,
which varies as the ordinate, and that the corresponding reaction of the
tube varies as the square root of it dustance from the focus of the
parabola.

5 Show that tho point on tho smooth susface % +{,' +5=1,wheroa
particle would rest 1f acted on by any force towards the origun, 18 given by
Yt 1 r
CaR S Vo ]
6 A framework conuisting of eight equal light rods, jomted so a8 to
have the app of half a regular octahedron, 18 placed with 1ts square
base on a horizontal plane When & weight W 15 suspended from the

vertex, shew that the stress 1 the slant rods 18 } W./2, and that 1n the
horizontal rods 1s } ¥ y2

7 Twelve equal Light rods are smoothly hinged together 5o as to form
a regular octahedron One corner 1s fixed and the framework hangs
fieely with equal weights attached to each of the remamng corners,
Shew that the tensions 1 the lower rods, the horizontal rods, ana the
upper rods are 1n the ratios 1 3 5

8 Three poles, each 9 feet long, form a tripod from the vertex of
which a weight W18 hung, the fest of the poles rost on  hcrizontal plane,
rough enough to preent any sliding, and form a triangle the lengths of
whose sides are 5, 5, and 6 feet, if 7}, 7}, and 7y be the thrusts of the
poles, shew that




CHAPTER II
PARALLEL FORCES. MOMENTS COUPLES

€ 81 To find the resultant of two parallel forces acting upon
a rgrd body.

Case L. Let the forces be like, 2.e let them act mn the same
durection

Let P and @ be the forces acting at points 4 and B of the
body, and represented by the hnes AL and BAf

At A and B apply two equal and opposite forces, each equal
to 8, and acting 1n the directions BA and AB respectively and
represented by AD and BE  These two forces balance one
another and have no effect upon the equihbnum of the body

Complete the parallelograms 4 L¥D and BMGE, let the
diagonals FA and GB be produced to meet m O, Draw OC
parallel to AL to meet A7 ¢/

The forces P and S at A have a 1esultant P, represented
by AF. Let 1ts point
of application be re- *
moved to 0. So the
forces Q and S at B
have & resultant Q;
represented by BG.
Let 1ts poms of apph-
cation be transferred
to b

The force P, at O
may be resolved mto
two forces, § parallel
to AD, and P 1n the
direction 0C. So the
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force @ at O may be resolved mto two forces, § parallel to
BE, and @ 1n the direction OC  Hence the ongmnal forces P
and Q are equvalent to a force (P + Q) acting along 0C, s
acting at U parallel to the oryninal directions of P and Q.

By construction, 0CA and ALF are sumilar tnangles,

g_g;z’ﬁlj:g, sothit P OA=8 00 (1),

So, mnce the triangles 0C/3 and B G are similar, we have
Q CB=8.0C . consnene (2)
- c4_Q
Hence .P.04 =Q.CB, vo that TR= P
te. C divides the line 4B irfernally n the mnverse ratio of the
forces

Case IL. Let the forces be unlike, ve. let them act mn
opposite directions

Let P be the greater of the two forces. Making the same
construction as before, the diagonils AF and BG always meet
1m a pownt O, unless they are paiallel 1 which case the forces P
and Q are equal

As before, the onginal furces P and @ are now equivalent to
a force P —@Q acting m the
dircetion OO produced, e
acting ab ¢ 1 s direction
parallel to that of P

As m Case I we have
%=g, te C divides the
hine AB externally i the w-
verse ratio of the forces

To sum up; If two paral-
lel forces, P and Q,act at points
A and B of a ngid body,

(1) ther resultant 1s a force whose hne of action 1s parallel
to the lines of action of the component forces, also, when the
component forces are like, 1ts direction 18 the same as that of
the two forces, and, when the forces are unhke, 1ts direction 18
the same as that of the greater componeni.
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(u) the pomnt of application is a pomnt C'n 4B, such that
P AC=Q BC.

(i) the magnitude of the resultant 1s the sum of the two
component forces when the forces are like, and the ditterence of
the two component forces when they are unlike.

32 Case of faslure of the preceding construction.

In the second hgure of the last article, if the forces P and Q
be equal, the triangles FDA and GEB are equal mn all respects,
and hence the angles DAF and £BG will be equal In this
case the lines AF and GB will be parallel and will not mees 1n
any such pomnt as O , hence the construction fails.

Hence there 18 no single force which 1s equivalent to two
equal unlike parallel forces

33 If we have a number of like parallel forces acting on a
nigid body we can find their resultant by successive apphcations
of Art 81 We must find the resultant of the first and second,
and then the resultant of this resultant and the third, and so
on The magmtude of the final 1 18 the sum of the
forces

If the parallel forces be not all like, the magmtude of the
resultant will be found to be the algebraic sum of the forces
each with 1ts proper sign prefixed.

84 Parallel forces P, P,  act at ponts 4,, 4, ... whoss

PR

co referred, to r lar axes are

@ Y 2), (@0 Yas 2a)y o0n ¥

to find the pownt at which thewr resultant acts whatever be the
du ections sn whach the forces act
By Art 31, the resultant of the forces ab 4,, 4, cuts 4,4,
at G, such that
P _GA,_#u-GN

P,7 G4, GN-a’
where @, N, 18 perpendicular to the plane z0y.
Pz, + Pyz,

P+ Py

-GN, =
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The resultant of the force P,+ Pyat G, and P, at 4, outs
@, 4, at Gy, such that
Bt Py Gdy 5 -GN,
I GG, Y, -GN,
so that
G, 5,= Bt PYGN + Pozy Pty + Pty + Py

P+ P +P, P+ P+l

and so on, whatever be the number of the forces.

Hence, finally, the z-coordinate of the pomnt of action of the
parallel forces 1s given by
P+ Pt . S(P9)
P+ Pt (D)
So the other coordmates of the pomt of action aic
s I(P2) (P
=(P) PIeoN
This pomnt 15 called the centre of the System of Paraliel
Forces

=

EXAMPLES

1 At the angular pomnts of a square, taken 1n order, there act parallel
forces 1 theratio1 3 5 7, find the distance from the centre of the
square of the pownt at which their resultant acts
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2 4,5, C, and D are the angles of & parallelogram taken in order,
Iike parallel forces proportional to 6, 10, 14, and 10 respectively act at
4, B, C, and D, shew that the centre and resultant of theso parallel
forces remain the sume, 1f, mstead of theso forces, parallel forces, pro
portional to 8, 12, 16, and 4, sat at the points of bisection of the sides 4.5,
BC, €D, and DA respectively

8 Tud the centie of parallel forces equal 1espectively to P, 2P,
8P, 4P, 6P, ard 0/, the powmts of applhication of the forces beng at
distauces 1, 2, 3, 4, 5, and 6 iuches respectively from & given pomnt 4
measured along & given lme 4B

4 Three patallel forces, P, @ and R, act at the vertices 4, B, and O
of a tnangle and are proportional respectively to a, b, 0. Shew that their
resultant passes thiough the 1n centre of the tuangle.

MoMENTS

« 35 Def The moment of a force about a grven point is the
product of the furce and the perpendicular diawn from the gwen
pownt_upon_the line of actwon of the for ce. T

Thus the moment of a force F' about a given pownt O 18
Fx ON, where ON 1s the perpendicular drawn from O upon
the ine of action of F. Tt will be noted that the moment of a
force F about a given pont O never vamshes, unless either the
force vanishes o1 the force passes through the point about which
the moment 1s taken

Suppose the force F to be represented m magmtude,
durection, and hne of action by the line AB.

20
S\

)

F N B

Jom 04 and OB

The moment of F about O 18 ' x ON,2e ABx ON. But
AB x ON 1s eqaal to twice the area of the triangle OAB.

Hence the moment of the force F_about the pownt O 15
represented by tunce the area of the triangle whose base 1s the
ing_representing the force and whose vertex 1s the pownt aboud
which the moment 15 taken T
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36  Physical meaning of ﬂre» moment of @ force about @

Suppose the body 1s a pluwe lamma resting on a smooth
table and that the pomnb O ot the body 1s fived The effect
of a force F' acting on the body would be to cause 1t to
turn about the point O as a centre, and this effoct would not be
zero unless (1) the force £ weie zc10, or (2) the force F passed
through O, m which case the distance ON would vamsh
Hence the product # x ON would seem to be a fitting measure
of the tendency of F to turn the body about 0. Tls may be
expernimentally venfied as follows

Let the lamma be at rest under the action of two strings
whose tensions are F and ), which are tied to fixed pomnts
of the lamna and whose lnes of action he n the plane of
the lamina Let ON ond ON, be the perpendiculars drawn
from the fixed pont O upon the hnes of action of F and F,.

If we measuie the lengths ON and OXN, and also the
forces F and F;, 1t will be
found that the product F ON
18 always equal to the pro- NLIF
duct F,.ON,. Hence the /<
two forces, F' and F,, will
have equal but opposite ten-
dencies to turn the body
about 0 1f their moments
about O have the same mag-
nitude

These forces #' and F, may be measured by curymg the
strings over light smooth pulleys and hanging weights at their
ends sufficient to give equibbrium, or by tying the strings to
the hooks of two spring balances and noting the readings of the
balances, as 1 the cases of Art 17.

2

37 Positwe_and negate moments In Art 36 the force
F would, if 1t were the only force acting on the lamina, make
1t turn 1n & direction opposite to that m which the hands of
a watch move, when the watch 1s laid on the table with 1its face
upwards. The force 7, would, 1f 1t were the only force acting
on the lamina, make 1t turn 1n the same direction as that mn
which the hands of the watch move.
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The moment of F about O, 3¢ 1n a direction 7, 18 said to
be positive, and the moment of F, about 0,2¢ ma dxrecmq)
18 said to be negative

The algebraic sum of the moments of a set of forces nbout
& given pownt 13 the sum of the moments of the forces, each
moment having 1ts proper sign prefixed to 1t

o 38 The alycbrasc sum of the moments of any. two._forces
about any pownt, Q_wn_thewr plane s equal to the moment of thew
resultant about the same pownt _
~Case 1 Let the forces P and Q meet wn a pownt A.

From O draw OC parallel to the direction of P to meet the
line of action of Q 1 the pomt €

Let AC represent @ in magnitude and on the same scale
let AB P, lete the parallel ABDC, and

Jom 04 and OB Then AD reprebents the resultant, R, of
P and Q

() If O be without the angle DAC, as m the first figure,
we have to shew that 2A04B + 24040 =2A04D

[For the moments of P and @ about 0 are in the same direction )

Since 4B and OD are paallel, AOAB= ADAB= AACD
2004B+2A04C=2AACD +2004C=2A0AD
(B) If O be within the angle (A D, as 1 the second figure,
we have to shew that 2A 40B —2A A0C=2AA0D
[For the moments of P and ¢ about 0 are 1n opposite directions.}
Asin (a) we have AAOB= ADAB=AACD
hence 2AA40B-2AA0C=2AACD-2804C=2A0AD
Case I Let the forces P and Q be parallel
From O draw OACB perpendicular to the forces and ther
resultant B (=P +Q) to meet them m A4, B, and C respec-
tavely
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By Art 81 we have P.AC=Q.0B ....covernssnnesc (1)

Hence the sum of the moments of P and @ about 0
=Q.0B+P 04=Q(0C+CB)+P (00— AC)
=(P+ Q) 0C, by equation (1),
= moment of the resultant about O,

The case when the point has any other position, as also the

case when the forces have opposite parallel directions, are left
for the student to prove for himself

89 If the pomt O about which the moments are taken
he on the resultant, the moment of the resultant about the
pomnt vanishes. In this case the algebraic sum of the moments
of the component forces about the given pomnt vamshes, 1e.
The moments_of two forces about any pownt on the line of action

of thewr resultant are equal and of opposite s L

40 @ lised th of ts. It any number

forces P, Q. R, S___n one _glwne acting on . riged. bedy have
wments about any pownt
g resultanL -

Omplane s equ(d to tlze mon .
L;?P be the resultant of P and Q,
P, the resultant of P, and R,
P, the resultant of P, and S,
and so on till the final resultant 18 obtained
Then the moment of P, about O =sum of the moments of
P and Q (Art. 88),
Also the moment of P, about 0 =sum of the moments of
P, and R=sum of the moments of P, @, and R
So the moment of Py about O
= gum of the moments of P, and §
= sum of the moments of P, @, R, and S,
and so on untl all the forces have been taken
Hence the moment of the final resultant
=algebraic sum of the moments of the component forces.
41 It follows, sumlarly as i Art 39, that the algebraic

sum of the moments of any number of forces about a pomt on
the hne of action of theiwr resultant 1s zero, so, conversely, if




28 Statics

the algebraic sum of the moments of any number of forces
about any pomt in thewr plane vamshes, then, either their
resultant 18 zero (in which case the forces are n equilibrium),
or the resultant passcs through the pownt about which the
moments are taken

We can thus find ponts on the hne of action of the
resultant of a system of forces For we have only to find
a pomnt about which the algebraic sum of the moments of
the system of forces vamishes, and then the resultant must
pass through that pomt

If we have a system of parallel forces the resultant is known
both 1n magnitude and direction when one such poimnt 15 known

Ex. Forces equal to 3P, 1P, and 5P act along the sides AB, BC, and
04 of an equilateral trangle ABC, find the moguitude, drection, and
line of action of the resultant

Let the sude of the triangle be @, and let the resultant force meet
the sde BC m @ Then the sum of
the moments of the forces about @ vanish.

. 3Px(QC+a) ;10 60°=5P x QCsin 60°

Tho sum of the components of the forces
perpendicular to BC

=5P 510 60°~3Psin 60°=P /3
Also the sum of the components 1 the direction BC'
=7P-5Pc0360° —3Pcos 60°=3P

Henco the resultant 18 P /12 mnchned. st an angle tan-1%2, 1o 307,

3
to BC and passing through @ where 0Q=38C  »
ngt

EXAMPLES

1. Forces proportionsl to 45, BC, and 2C4 act along the sides of
a triongle 4BC taken m order, shew that tho resultant 15 represented
m magmitude and direction by CA and that its line of action mects BC at
a pomnt X whero CX 16 equal to BC'

2. ABC 13 a trangle and D, E, and F arc the muddle points of the
sides, forces represented by 4., § BE, and } CF act on a particle at the
pownt where 4D and BE meet, shew that the resultant 1 represented n
magmitude and direction by § AC and tha 1ts e of action divides BC
mtheratio 2. L
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8. Three forces act along the mdes of a triangle , shew that, if the
sum of two of the forces be equal 1 magmtude but opposite 1n sense to
the third force, then the resultant of tho three forces passes through the
centre of the mscribed circle of the triangle

0

4 The wire passing round & telegraph pole 13 horzontal and the two
portions attached to the pole are mchined at an angle of 60° to one another
The pole 1 supported by a wire attached to the middlo pomt of the pole
and inchined at 60° to the horizon, shew that the tension of this wire 18
4~/3 tumes that of the telegraph wire

5 At what herght from the baso of & pillar must the end of & rope
of given length be fived s that a man standing on the ground and pulling
at 1ts other ond with a given force may bave the greatast tendency to make
the pillar overturn

6. The magnitude of a force 13 known and also 1ts moments about
two given pomnts 4 and B Find, by a geometrical construction, 1ts line
of action

7. Find the locus of all points 1n a plane such that two forces given
1n magmtude and position shall have equal moments, m the same sense,
round any one of these pamts

8 AL s adiameter of a circle and BP and BQ are chords at nght
angles to one another, shew that tho moments of forces represented by
BP and BQ sbout 4 aro equal

9. A man carrics a bundle at the end of a stick which 1s placed over
his shoulder , 1f the distance between his band and his shoulder be changed
how does the pressure on bis shoulder chango

10 A cyclist, whose weight 1 150 Ibs, puts all his weight upon one
pedal of Ins bicycle whea the crank 1s horizontal and the bicyclo 18
provented from moving forwads  If the Jength of the crank 1s 6 inches
and the vadius of the chamn-wheel 18 4 mches, find the tension of the
chain

11 A lettor-weigher cousists of & umform plate n the form of a
night-angled 1sosceles tranglo ABC, of mass 3 023, which 18 suspended
Dy 1ts right angle C from a fixed pomnt to which & plumb-hne 15 also
attached  The letters aro suspeuded from the angle 4, and their weight
read off by observing whero the plumb-hne intersects & scale engraved
along A B, the divisions of which are marked 1 oz, 2 0z, 3 oz, ete. Shew
that the distances from A of the divisions of the scale form a harmome
progression

12 A pack of cards 1s lnid on a table, and each card projects in the
direction of the length of the pack beyond the one below 1t, 1f each
project as far as posuible, shew that the distances between the extremties
of successive cards will form & harmonical progression.
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18, A cylinder, whose length 18  and the diameter of whose base
18 ¢, 18 open at the top and rests on a hoizontal plane , a umform rod
Tests partly within the cylinder and 1n contact with 1t at 1ts upper and
lower edges , supposing the weight of the cylinder to be n times that of
the rod, find the length of the rod when the cylinder 1s on the pomt
of falling over

CouPLES

42 Def. Two equal unlike parallel forces, whose lines of
action are not the same, form a Couple

A couple 1s by some writers called a Torque, by others the
word Torque 15 used to denote the Moment of the Couple.

Examples of a couple are the forces applied to the handle
of a serew-prcss, or to the key of a clock m winding 1t up, or by
the hands to the handle of a door 1n opening 1t.,

The Arm of a couple 18 the perpendicular distance between
the hnes of action of the two forces which form the couple.

The Moment of a couple 18 the product of one of the forces
forming the couple and the arm of the couple

Thus the arm of the couple (P, P) 13 AB and 1ts moment
18P xAB

From any pomnt O 1 the plane of the couple draw 04B
perpendicular to the lines of
action of the forces to meet o
them 1n 4 and B respectively.

The algebraic sum of the A
moments of the forces about 0 o N

=P.0B-P 0A=P AB
= the moment of the couple,

and 18 therefore the same
whatever be the pont O about which the moments are taken,

43 Two couples, acting wn one plane upon @ rgid body,
whose moments are equal and opposite, balance one another

Let one couple consist of two forces (P, P), acting at the
ends of an arm p, and let the other couple consist of two forces
(@, Q), acting at the ends of an arm q.

Case I Let one of the forces P meet one of the forces
@ m a pomt O, and let the other two forces meet in O’
From O’ draw perpendiculars, O’Af and O'N, upon the forces
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which do not pass through O’ so that the lengths of these
perpendiculars are p and ¢ respectively,

Since the moments of the couples are equal 1n magmtude,
we have P.p=@Q ¢

Hence, (Art 41), @ 18 on the line of
action of the resultant of P and Q acting
at 0, so that 00’ 1s the direction of this
resultant

Similarly, the resultant of P and Q
at 0’ 13 m the direction 00

Also these resultants are equal m
magmtude, for the forces at O are respec-
tavely equal to, and act at the same angle as, the forces at 0’

Hence these two resultants destroy one another, and therefore
the four forces compusing the two couples are 1 equilibrium,

Case IL. Let the forces composing the couples be all
parallel, and let any straight lne perpendicular to thewr
directions meet them in the pomnts 4, B, C, and D, as n
the figure, so that, since the moments are equal, we have

P AB=Q OD . .ccve cureranan(t)

Let L be the pomt of application of the resultant of @
at C and P at B, so that

P.BL=Q.CL.(n) Q) TP

(Art 31). |

By sub (u) from A o
W, o have B AL=Q LD, c L 8
8o that L 1s the pomnt of o Q
appheation of the resultant
of P at 4, and Q at D.

But the magmtude of each of these resultants is (P + @),
and they have opposite directions; hence they are m equili-
brium and therefore the four forces composing the two couples
balance

44 Since two couples 1n the same plane, of equal but
opposite moment, balance, 1t follows, by reversing the directions
of the forces composing one of the couples, that

Any two couples of equal moment w the same plans are
equwvalent,
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45  Any number of couples wn the same plane acting on
a rgad body are equwvalent to a single couple, whose moment 1s
equal to the algebraia sum of the moments of the couples

For let the couples consist of forces (P, P) whose arm 1s p,
(Q, Q) whose arm 15 g, (R, ) whose arm 15 7, etc  Replace the
couple (Q, Q) by a couple whose components have the same
lines of action as the forces (P, P) The magmtude of each of
the forces of this latter couple will be X, where X p=@Q ¢,
(Art. 44), 50 that

x=017
%
So let the couple (B, B) be replaced by a couple (R 145 341

whose forces act 1 the same lines as the forces (P, P), ssmilarly
for the other couples
Hence all the couples are equivalent to a couple, each of

whose forees 18 P+ Q 1, R IZ’ +  acting at an arm p

The moment of this couple s P p+Q g+ R r+

Hence the original couples are equivalent to a single couple,
whose moment 1s equal to the sum of their moments

If all the component couples have not the same sign we
musb give to each mouient 1ts proper sign, and the same proof
will apply.

46 '-The effect of a couple upon a rigd body e unaltered
of 1t be tremsferred to uny plane parallel to tts own, the arm
remawmng parallel to ots orypnal positon

Let the couple consist of two forces (P, P°), whose arm 18
AB, and let their lines of action be
Af and BD

Let 4,B, be any hne equal and
parallel to AB Draw A4,C; and
B,D, parallel to AC and BD respec-
tively

At A4, mtroducc two equal and
opposite fuices, each equal to P,
acting 1 the dircetion 4,0, and »
the opposite direction 4,5 At B, YP vp
mtroduce, simlarly, two equal and ¢,
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oppostte forces, each equal to P, acting m the direction B,D,
and the opposite direction B,F. These forces will have no
effect on the equlibrium of the body.

Jom AB, and 4,B, and let them meet n O, then O 15 the
middle pomnt of both 4B, and 4,B

The forces P at B and P acting along A,F have a resultant
2P acting at O parallel to BD

The forces P at 4 and P acting along B,F have a resultant
2P acting at O parallel to A0

These two resultants are equal and opposite, and therefore
balance. Hence we have left the two forces (P, P)ab 4, and
B, acting  the directions 4,0, and B,D,, 1e parallel to the
directions of the forces of the original couple

Alsc the plane through 4,0, and B.D, 18 parallel to the
plane through AC and BD.

Hence the theorem 1s proved.

Cor From this proposition and Ars 44 we conclude that
A couple may be replaced by any other couple acting wn a parallel
plane, provded that the moments of the two couples are the same.

47 The Ams of a couple 18 a straight lne OP drawn from
a pomt O 1 the plane of a couple perpendicular to the plane
of the couple and proportional to the moment of the couple
The direction 1n which this axis 18 to be drawn, 1e 1ts sense,
18 determined by the following convention  Suppose a watch
to be placed an the plane of a couple, if the couple would produce
rotatson w the darection of the motion of the hands of the watch,
the ams 1s d awn wpwards through ths face of the watch ; whlst
+f the couple would produce rotation wn the opposite durection the
azis 18 drawn through the back of the watch

In the case of the figure of Art 34 an axis drawn along the
positive direction of Oz would represent a couple 1 the plane
of yz which would turn the body from Oy to Oz, whilst an axis
drawn 1n the d: a0 produced would rep a couple
1 the plane yz tending to turn the body from Oz towards Oy

The durections of rotation of positive couples about the axes

Oz, Oy, Oz thus follow the cyclical order ,/' \
Y

From Art 44 1t follows that the effect of a couple is known
2

Ls
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when 1ts moment and 1ts plane are known, ¢ when 1ts moment
and the direction of the normal to 1ts plane are known, v.e. when
1ts axis 1s gaven in magmtude and direction,

48  Resultant couple of two couples whose planes are not
paralle!

Let the planes of the two couples meet 1 a me AB If
the arm of each couple 1s not AB, replace each by a couple 1n
1ts own plane of suitable moment whose arm 15 AB, as
Art 45,

B

i :\ \E . "
A It

oyl o
l A ué'ée 1{
1’““\\}}

VT

i (3

With this arm let the forces of the first couple be 4K and
BK,, each equal to P, and those of the second couple AL
and BL,, each equal to @ Complete the parallelograms
AKML, BK,M,L,. Then clealy the forces P, Q at 4 com-
pound 1mto a force represented by AM, and the forces P and Q
at B mto a force BIf, which 18 equal, parallel, and 1n an
opposite direction to A3/

Hence the two couples compound 1nto a couple

Draw Ap, Ag perpendicular to the planes KABIK,, LABL,
to represent the axes of the couples, so that

Ap moment of the couple (P, P) _ P AB AK
ZAq ™~ moment of the couple (§, Q) ~ ¢ 4B AB~ 4L

Hence Ap, Aq are perpendicular and proportional to 4K
and AL Hence if we complete the parallelogram Agip, 4r
18 perpendicular and proportional to A, so that
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Ap - Ag
moment of the couple (£, P)  moment of the couple (@, Q)
Ar
= moment of the couple (41, BM,)

Hence Ar 18 the axis of the resultant couple

Therefore two given couples compound 1nto a courie whose
ax1s 1s obtamned by compounding the axes of the given couples
according to the parallelogram law

49  The rule for the composition of couples 1s thus stmilar
to that for the composition of forces, so that all theorems
relating to the composition or resolution of forces apply to the
composition or resolution of couples

Thus (Fig, Art 26) if we have three component couples
about the axes of z, y and z whose moments L, M, N are
represented by OA, OB, OC, they compound mto a couple
whose moment 18 G (=~L*+ A+ N¥) about a Lne whose
direction cosines are (£ u Z\I)

GGG

Conversely, a couple G about a lme OD whose direction
cosmes are (I, m, n) 18 equivalent to three couples about the
axes whose moments are {G, m@, and n@.

50 We can now compound 1nto one couple any system of
couples acting 1 any planes whatever on a rigid body., For
take any powmnt O as origin and any three rectangular ases Oz,
Oy, Oz Any one of the given couples, if 1ts plane does not
pass through O, can, by Art 46, be replaced by an equivalent
couple mn a parallel plane through 0, and 1ts axis may be taken
to be a straight e through O perpendicular to this plane
Resolve this axis, by the parallelogram law, mto axes along
the axes of coordinates, and let the component couples be
(Ly, My, ;) Simularly for all the other of the given couples
We thus bave a component couple

L=1I, +1L,+ =Z2(ly) about Oz,
M=M,+ M,+ . =3 (M) about Oy,
and N=N+N,+ =3(I) about 0z

22
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These compound 1nto a couple of moment

Q(=NI+ I+
. . L M N
about an axis whose direction cosines are 65

51 A single force and a couple acting in the same plane
upon a riged body cannot produce equilibrium, but are equwvalent
to the swngle force acting wn a durection parallel to s oryginal
darection

Let the couple consist of two forces, each equal to P, their
lines of action being OB and 0,C respectively

Let the single force be Q.

If @ be not parallel to the forces of the couple, leb 1t be
produced to meet one of them m O. Then P and Q, acting
at 0, are eqmvalent to some force R, acting 1n some direction
OL whch hes between 04 and OB

Let OL be produced (backwards if necessary) to meet the
other force of the couple m 0, and let the pomnt of apphcation
of R be transferred to 0,. Diaw 0,4, parallel to 04.

Then the force R may be resolved mto two forces @ and P,
the former acting 1n the direction 0,4,, and the latter mn the
direction opposite to 0,C

This latter force P 18 balanced by the second force P of
the couple acting in the direction
0,0.

Hence we have left as the re-
sultant of the system a force @
acting 1n the direction 0,4, parallel
0 1ts origmal direction 04,

When @ 18 parallel to each of O
the forces P, 1t 13 clear by Art. 31
that their resultant 1s parallel to P
and equal to Q.

3

62 If three forces, acting upon a rigid body, be represented
in magmitude, direction, and hne of action by the sides of a
triangle taken n order, they are equwulent to a couple whose
moment 18 represented by tunce the area of the triangle

Let ABC be the triangle and P, Q, and R the forces, so
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that P, @, and R are represented by the sides BC, C4, and
AB of the triangle.

Through B draw LBM parallel to the side 4C, and m-
troduce two equal and opposite forces,

equal to @, at B, acting 1n the direc- '- A
tions BL and BM respectively By ‘AQ R

the trangle of forces (Art 21) the )

forces P, R, and @ acting in the g

straight hne BL are m eqmbibrium P ¢

Hence we are left with the two &
forces, each equal to Q, acting mn the .
durections CA and BM respectively M

These form a couple whose moment 18 @ x BN, where BN
18 drawn perpendicular to CA Also @ x BN=(4 x BN =
twice the area of the triangle ABC

Cor. In a sumlar manner 1t may be shewn that if a
system of forces acting on one plane on a mngid body be
represented i magnitude, direction, and line of action by the
sides of the polygon, they are equivalent to a couple whose
moment 18 represented by twice the area of the polygon

53 A couple and a force which does not he wn ats plane
cannot be wn equalibrium

For let the force R meet the plane of the couple m O and
replace the couple 1f necessary, by Art 44, by a couple, one of
whose forces P passes through O Then R and this force P
compound 1nto a force acting through O which does not meet
the other force P of the couple. Hence they cannot be
equilibrium



CHAPTER III

EQUILIBRIUM OF A RIGID BODY ACTED ON BY
FORCES IN ONE PLANE

54 IN the present chapter we shall discuss the equlibrium
of a ngid body acted upon by forces lymg in a plane

By the help of the following theorem we shall find that,
when the forces are only three in number, the conditions of
equilibrium reduce to those of a single particle

If three forces, acting w one plane upon & rigid body, keep
it 1 equilibrium, they must exther meet in @ pownt or be parallel

If the forces are not all parallel, at least two of them, P and
Q, must meet 1n a pomnt O, and therr resultant must be a force
passing through O But, since the forces P, @, and R are in
equilibrium, this resultant must balance B Also two forces
cannot balance unless they have the same line of action

Hence the line of action of R must pass through 0

By the preceding theorem we see that the conditions of
equilibiium of three forces, acting mn one plane, are easily
obtamed For the three forces must mect in a pomnt, and by
using Lamy’s Theorem, (Art 23), or by resolving the forces n
two directions at right angles, (Art 28), or by a graphic
construction, we can obtamn the required conditions

5656 Trigonometrical Theorems There are two trigono-
metrical theorems which are useful mn Statical Problems, vz
If P be any pownt wn the base AB of a truangle ABC, and f
CP dwndes AB wnto two parts m and n, and the angle C wto
two parts @ and B, and of the angle CPB be 6, then

(m+n)cot @=mcota—ncotB . . @),
and (m +n) cot 6 =n cot A —mcot B - @
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__sma sn(@+pB) cotBteotl -~
sn(@—a) smB  cota—cotd "
. meot a—ncot B =(m+mn)cot 6.

Again
m _sm ACP sm PBC
n " sm PAC sm P(B
_sm (8-4) snB
sm A su(d+B)
cot A — cot 6
“ Gt B¥cond’
W (m+n)cot§=ncot A —meot B

56 Ex 1 A beam whose centre of gravity duvdis 1t tnto two portions,
a and b, w placed tside @ smooth sphere, show that, +f 8 be 1ts mclimation
to the horizon in the position of equdibrium and 2a be the angls subtended
by the bevm at the ceatre of the sphere, then

tan g;%%; tana.

In this case both the reactions, R and S, at the ends of the rod
pass through the centie, 0, of the sphere
Hence the centro of gravity, @, of the rod
must be vertically below 0 Let OG meet
the horizoutal line through 4 1 ¥ Diaw
0D perpendicular to 4B

Then £ AOD=L BOD=a,
and £ DOG=90"-¢ DGO=t DAN=0

The second relation of Art 55 then gives

(a++b) cot 0GB=b cot OAB—-a cot OBA,
e (a+b)tan 6= (b-a)tana

, R s w
Also, by Lam’s Theorem, m =on 406 ™ s A0B

R S t
smn(a+0) sm(a—0)  sm 2.,' giving the reactions
EX 2 A heavy wmform 1od, of length 2a, rests pardy within and
partdy without a fired smooth hemispherwal bowl, of radwsr, the nm of
the bowl 18 horizontal, and one pownt of the rod 13 n contact with the rum ,
1f 8 be the wnchination of the rod to the horzon, shew that
2rcos20=a cos 6
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Let the figure represent that vertical section of the hemisphere which
passes through the rod Let 48
be the rod, @ 1ts centre of gravity,
and C the pomt where the rod
meets the edge of the bowl.

The reaction at A 1 along the
Iine to the centre, 0, of the bowl;
for 40 1 the only lime through 4
which 18 perpendicular to the sur-
face of the bowl at 4 Also the
reaction at ¢ 1s perpendicular to
the rod, for this 18 the only direc-
tion that 18 perpendicular to both the rod and the nm of the bowl

These two reactions meet m a pomt D which hies on the geomotrical
sphere of which the bowl 1s a portion  Hence the vertical line through G,
the mddle pomnt of the rod, must pass through D

Through 4 draw 4 E horizontal to meet DG m & and jomn 0C,

Then L040=t0C4=L CAE=0
+* acos §=AE=ADcos 20=2rcos 26
Also, by Lamr's Theorem, 1f £ and § be the reactions at 4 and C, we
have R

sné

EXAMPLES

1. A bow! is formed from a hollow sphere, of radius a, and 1s so
placed that the radius of the sphere drawn to each pomnt 1n the rim makes
an angle a with the vertical, whilst the radius drawn to a pomt 4 of the
howl makes an angle 8 with the vertical , 1f a smooth umform rod remain
at rest with one end at 4 and a point of 1ts length m contact with the
r1m, shew that the length of the rod 18

4amnBsec ";—5

2. A cylinder, of radius r, whose axis 18 fixed horizontally, touches a
vertical wall along & generating line A flat beam of uniform material, of
length 2/ and weight I, rests with its extremities in contact with the
wall and the eylinder, making an angle of 45° with the vertical Shew
that, 1n the absonce of friction, "{/—w’ that the pressure on the wall
18 3 W, and that the reaction of the ¢ylnder 1s § /5 W.
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3 A hemispherical bowl, of radius r, rests on a smooth horzontal
table and partly mside 1t rests a rod, of length 2/ and of weight equal to
that of the bowl Shew that the position of equilibrium 18 given by the
equation

Usin (a+B)=78n am = 2r cos (a+28),
where a 18 the inclination of the base of the hermsphere to the horizon,
and 24 18 the angle subtended at the centre by the part of the rod within
the bowl.

4. A smooth rod, of length 2a, has one end resting on a plane of
inclnation a to the horizon, and 13 supported by  horizontal rail which 18
parallel to the plane and at & distance ¢ from it Shew that the wclina-
tion 0 of the rod to the nclined plane 15 given by the equation

csina=asm?fcos (6—a)

5 A sold cone, of height A and semi-vertical angle a, 18 placed with
1ts base agamst a smooth vertical wall and 18 supported by a string
attached to 1t vertex and to a pomt 1 the wall ; shew that the greatest
possible length of the string 18 & 4/1+ 3§ tan?a.

6. The altitude of a cone 18 4 and the radus of 1ts base1s #, a string
18 fastened to the vertex and to a pomnt on the circumference of the
crroular base, and 18 then put over & smooth poeg, shew that, 1f the cons
rest with 1ts ax1s horizontal, the length of the string must be 4/7Z+ 4%

7. Two equal circular discs of radrus r, with smooth edges, are placed
on therr flat sides 1 the corner between two smooth vertical planes
melined at an angle 2, and touch each other 1n the Line bisecting the
angle Shew that the rads of the smallest diso that can be pressed
between them, without causing them to separate, 1 r (seca—1).

8. A picture frame, rectangular in shape, rests agamnst a smooth
vertical wall, from two points 1 which 1t 18 suspended by parallel strings
attached to two pomnts m the upper edge of the back of the frame, the
Iength of each string being equal to the height of the frame Shew that,
1f the centre of gravity of the frame comcide with 1ts centre of figuro, the

pieture wil hang against the wal at an angle tan-1 . to the vertical,
where a 18 the height and b the thickness of the picture

9. It 18 required to hang a picture on & vertical wall so that 1t may
rest at & given wnchnation, g, to the wall and be supported by a cord
attached to a pownt 1n the wall at a given height % above the lowest edge
of the picture, d bya the point on the
back of the picture to which the cord 15 to be attached and find the length
of the cord that will be required.

87 Any system of forces, acting m one plane upon a rgd
body, can be reduced to ether a single Sorce or a single couple
By the parallelogram of forces any two forces, whose
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directions meet, can be compounded mto one force; also, by
Art 31, two parallel forces can be compounded 1nto one force
provided they are not equal and unlike

First compound together all the parallel forces, or sets of
parallel forces, of the given system

Of the resulting system take any two forces, not forming
a couple, and find their resultant R,, next find the resultant
R, of R, and a switable thud force of the system, then determine
the resultant of R, and a switable fourth force of the system,
and so on untal all the forces have been exhausted

Finally, we must erther arrve at a single force, or we shall
have two equal parallel unlike forces formng a couple

58 If a system of forces act wn one plane upon a rund
body, and of the algebrarc swin of thewr moments about each
of three ponts wn the plane (not lymg wn the sume strarght line)
vamsh separately, the system of forces 13 m equalibrium

For any such system of forces, by the last article, reduces
to either a single force or a single couple

In our case they cannot reduce to a smgle couple, for, 1f
they did, the sum of therr moments about any pomt m their
plane would, by Art 42, be equal to a constant which 1s not
zero, and this 18 contrary to our hypothesis

Hence the system of forces cannot reduce to a single couple
The system must therefore either be 1n equilibrium or reduce to
a single force F.

Let the three pownts about which the moments are taken
be 4, B, C. Simce the algebraic sum of the moments of a
system of forces is equal to that of their resultant (Art 40),
therefore the moment of ¥ about the pont A must be zero
Hence F 1s erther zero, or passes through 4

Similarly, since the moment of F about 5 vaniches, ¥ must
be either zero or must pass through B,ve ¥ 1s either zero or
acts 1n the hne AB

Finally, since the moment about € vamishes, ¥ must be
etther zero or pass through C.

But (smce the pomnts 4, B, ' are not m the same straight
line) the force cannot act along 4B and also pass through ¢
Hence the only admissible case 18 that F should be zero, 1 e. that
the forces should be 1 equilibrium
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The system will also be 1n equilibrium 1f (1) the sum of the moments
ahout each of two pomnts, 4 and B, separately vanish, and af (2) the sum
of the forces resolved along 4B be zero  For, if (1) holds, the resultant,
by the foregong article, 15 exther zero or acts along 4B  Also, 1f (2) be
true, there 18 no resultant 1n the direction 4B, hence the resultant force
18 gero  Also, as n the foregong article, there 13 no resultant couple.
Hence the system 15 1n equilibrium

59 Any system of forces, acting wn one plane upon a rigd
body, w equevalent to a force acting at an arbitrary pownt of the
body together unth a couple

Let P be any force of the system acting at & pomt 4 of the
body, and let O be any arbitrary
pont At O introduce two equal
and opposite forces, the magmtude (S
of each bemng P, and let their line
of action be parallel to that of P
These do not alter the state of
equilibiium of the body

The force P at 4 and the opposite
parallel force P at O form a couple
of moment P p, where p 1s the
perpendicular from O upon the hne of action of the origmal
force P Hence the force P at 4 1s equivalent to a parallel
force P at O and a couple of moment P p

So the force Q at B 1s equivalent to a parallel force Q at O
and to a couple of moment @ g, where ¢ 18 the perpendicular
from O on the line of action of @ The same holds for each
of the system of forces

Hence the ongmal system of forces 1s equivalent to forces
P,Q, R, acting at 0, parallel to their original directions, and
a number of couples, these are equivalent to a single resultant
force at 0, and a single resultant couple of moment

P p+Q g+

60 Let the forces of the previous article be mn equilibrium
By Art 51 a force and a couple cannot balance unless each 1s
zero

Hence the resultant of P, @, R, at O must be zero, and
therefore, by Art 28, the sum of thewr resolved parts in two
directions must separately vanish
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Also the moment Pp+ Qg + ... must be zero, 1¢ the algebraic
sum of the moments of the forces about an w bitrary pownt 0 must
vamsh also

The first condition ensures that there shall be no motion of
the body as a whole, the second ensures that there shall be no
motion of rotation about any pomnt

The above three statical relations, together with the
geometrical relations holding between the component portions
of a system, will, m general, be sufficent to determme the
equbibrium of any system acted on by forces which are m
one plane

Great smplifications can often be intioduced mnto the
equations by properly choosing the directions along which we
resolve. In general, the horizontal and vertical directions are
the most suitable,

Agan, the position of the pomt about which we take
moments 18 mnportant, 1t should be chosen so that as few of
the forces as possible are introduced mto the equation of
moments

61 We have shewn that the conditions given in the
previous article are sufficient for the equilibrium of the system
of forces, they are also necessary.

Suppose we knew only that the first two conditions were
satisfied. The system of forces might then reduce to a sigle
couple, for the forces of this couple, bemg equal and opposite,
are such that their components n any direction would vamsh.
Hence, resolving 1 any third direction would give us no
additional condition. In this case the forces would not be m
equilibrium unless the third condition were satisfied

Suppose, again, that we knew only that the components of
the system along one given line vanished and that the moments
about a given pomnt vamshed also, m this case the forces might
reduce to a smgle force through the given pomnt perpendicular
to the given line, hence we see that 1t 15 necessary to have the
sum of the components parallel to another line zero also.

62. In solving any statical problem the student should
proceed as follows

(1) Draw the figure according to the conditions given.

(2) Mark all the forces acting on the body or bodies,
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takng care to assume an unknown reaction (to be determimed)
wherever one body presses agamst another, and to mark
a tension along any supporting string, and to assume a reaction
wherever the body 13 hinged to any other body or fixed point

(3) For each body, or system of bodies, involved 1 the
problem, equate to zero the foroeu acting on 1t resolved along
two
and vertical).

(4) Also equate to zero the moments of the forces about
any convenlent pont.

(5) Write down any geometrical relations connecting the
lengths or angles nvolved m the figure.

8

63  Resultant force and couple correspondang to any base
pownt O of a system of coplanar forces.

Through O take any pair of rectangular axes Oz and Oy

At P, the pomt (z, 3),let
there act a force whose com-

ponents parallel to the axes are ® B
X, and ¥,. iy, X1

Then X, ab P, 18 equi "
to a parallel force X, at O to- oA ®

gether with a couple %.X,). So ¥, at P, 1s equvalent to
a parallel force ¥, at O together with a couple 2, ¥, [Art 59]
Hence the force at P, 1s equivalent to components X;, ¥,
along Oz, Oy and a couple ¥, ~y,X,".
So for the other forces at Py, P,, ete.
Hence the system of forces 15 equivalent to components
X, Y along Oz, Oy, and a couple G about O, such that
X=X+X+X,+...=3X,
Y=0+Y+Y+ ..=3Y,
and G=@V =y X) + @h—-5nX) +.. =2 @Y - 5X)
X and ¥ compound 1nto a single force R acting at O.

64 Equation to the resultant of a
system of forces i one plane

As mn the last article the system can Y. @
be reduced to components X and ¥ along  |1®
any two rectangular axes Oz and Oy, and O X N z

a couple G about 09,
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Let @ be any pomt (h, k) which lhes on the resultant of the
given system By Art 40 the moment of the system about 1t
18 equal to the moment of the resultant about 1t and 1s there-
fore zero

Now the moment of the system about @

=G+X NQ-Y ON=G-hY +EkX,

so that G-LY+kX=0
Hence the locus of (h, k),2e the resultant, 13 the straight line
G-zY+yX=0.

65 Bodies connected by smooth hinges. When two
bodies are hinged together, 1t usually happens that, either
a rounded end of one bodv fits loosely mto a prepared hollow
i the other body, as m the case of a ball-and-socket jont, or
that a round pin, or other separate fastening, passes through
a hole i each body, as m the case of the hinge of a door

In ether case, if the bodies be smooth, the action on each
body at the hinge consists of a single force E
Let the figure represent a section of the jomnt
connecting two bodies If 1t be smooth the o
actions at all the pomts of the jomt pass
through the centre of the pin and thus have
as resultant a single force passing thiough O. 8 C
Also the action of the hinge on the one body 1s equal and
opposite to the action of the hinge on the other body, for
forces, equal and opposite to these actions, keep the pm, or
fasteming, 1 equilibrium, since 1ts weight 1s neghgible.

In solving questions concerning smooth hinges, the direction
and magnitude of the action at the hinge are usually both
unknown. Hence 1t 18 generally most convenent to assume
the action of a smooth hinge on one body to consist of two
unknown components at right angles to one another, the
action of the hinge on the other body will then consist of
components equal and opposite to these

The forces acting on each body, together with the actions
of the hinge on 1t, are m equilibrium, and the general conditions
of equilibrium of Art. 60 will now apply

order to avold mistakes as to the components of the
reaction acting on each body, 1t 18 convenient, as 1n the second
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figure of the followmng example, not to produce the rods to
meet but to leave a space between them

66 Ex. Three equal umiform rods, each of weight W, are smoothly
Jounted, so us to form an equilate) ul triungle  If the system be supported at
the muddle pount of one of the rods, shew that the action at the lowest angle 1s

2 W, and that at eacls of dhe others w W , /12

Lot 45C bo the triangle formed by the rods, and D the riddle pomt
of the side 4.3 at which the systom 15 supported

Let the action of the hinge at 4 on the rod AB consist of two
components, resputively equal to ¥ and X, acting i vertical and
hoizontal directions, hence the action of the hinge on AC consists of
compouents equal and opposite to these Since the whole system 1s
symmetrical about the vertical line thiongh D, the action at B will consist
of components, also equal to ¥ and X, as n the hgure.

Let the action of the hinge € on CB consist of F; vertically upwards,
and Xy horizontally to the right, so tht the action of the same hinge on
C4 consists of two components opposite to these, as in the figure.

s
v s Y
P B
X N X
W
}
W\t Sow
X e X
v,

For 4B, resolving vertically, we have
S=W2¥ .. Lo
where i$ 13 the vertical reaction of the peg at D
For B, resolving hoizontally and vertically, and taking moments
about C, we have

X+h=0... o2,

W=F+T; e . . @®),

and W acos60°+X 2asm60°=F acosG0® .. . .(4)
For €4, by resolving vertically, we have

W=F-Fi e . . “ ®)

Solving these equations, we bave

Xim =YW, Fymo, T, =2 W and 5=3 7
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Hence the action of the hinge at B consists of a force ¥ X74 7?
(. . W\/}—:), acting at an angle m-!% (ve tan=12/3), to the horizon
also the action of the hinge at ¢ consists of a horuzontal force equal to
V3
s

4 priors reasonng would have shewn us that the action of the hinge at
C must be horizontal, for the whole system 1s symrmetrical about the hne
€D, and, unless the component ¥; vanished, the reaction at ¢ would not
satisfy the condition of symmetry

EXAMPLES

1. A pair of compasses, each of whose legs 18 & umform bar of weight
W, 18 supported, huge downwards, by two smooth pegs placed at the
middle points of the logs 1 the same horizontal e, the legs being kept
apart at an angle 2a with one another by a weightless rod joming their
extremties , shew that the thrust in this rod and the action at the hinge
are each } Weota.

2. A gate weighing 1001bs 15 hung on two hinges, 3 feet apart, n a
vertical line which 15 distant 4 feot from the centro of gravity of the gate
Tind the magmitude of the reactions at each hinge on the assumption that
the whole of the weight of the gate 1s borne by the lower hinge

3 A gate, of weight W, 1s hung by means of two circular headed
staples driven 1nto the gate at €, D and placed over two L shaped staples
dniven 1to the gate post ot 4, B Shew that the pressure at the upper

hinge will be W

5
*/_"Ei’ or W % according ss €D 15 ust a little less or
greater than 4 B, where 2a 18 the horizontal length of the gate and b=CD

4. A square board is hung flat agamst a wall, by means of a string
fastened to the two extremities of the upper edge and hung round a
perfectly smooth rail, when the length of the string 1s less than the
dragonal of the board, shew that there are three positions of equlibrum

5. A square, of mde 24, 15 placed with 1ts plane vertical between two
smooth pegs, which are m the same horizontal Line and at a distance ¢,
show that 1t will be 1 equilbrium when the inclination of one of 1ta edges

ate

&

6. An 1sosceles triangular lamina rests, with 1ts plane vertical and
vertex downwards, between two smooth pegs 1 the same horizontal line ,
shew that there will be equilibrium if the base mako an angle sin 1 (cos? a)
with the vertical, 2a being the vertical anglo of the lamina avd the length
of the base being three times the distance between the pegs.

to the horizon 15 either 45° or § sin~t
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7. A prism, whose cross section 18 an equilateral triangle, rests with
two edges horizontal on smooth planes mnclined at angles a and g to the
horizon  If 6 be the angle that the plane through these edges makes with
the vertical, shew that s (
_ 2y/3sm asn B+ (a+6)
R T Py R

8 A triangle, formed of three rods, 1s fixed 1n & horizontal positior.
and a homogeneous sphero rests on 1t , show that the reaction on esch rod
18 proportional to 1ts length

9 Anelliptic lamina 1s acted on at the extremities of pairs of conjugate
diameters by forces 1n its own plane tending outwards and normal to its
edge, shew that there will be equilibrium 1f the force at the end of each
diameter 1s proportional to the conjugate diameter.

10 A step-ladder in the form of the letter A, with each of 1ts legs
inclined at an angle a to the vertical, 1s placed on a horizontal floor, and
18 held up by a cord connecting the middle ponts of 1ts legs, there being
no friction anywhere , shew that, when a weight W 1s placed on one of the

steps at o heighi from the floor equal to 1 of the beght of the ladder, tho
1ncrease n the tension of the cord 1s 1 Wtana.

11  Three umform beams 4 B, BC, and D, of the same thickness, and
of lengths 7, 21, and { respectively, are connected by smooth hinges at B
and C, and rest on a perfectly smooth sphere, whose radius 15 £, so that
the middle point of BC and the extremities, 4 and D, are mn contact with
the sphere, shew that the pressure at the middle point of BC 1s i of
the weight of the beams,

12 Three umform rods 4B, BC, and CD, whose weights are pro-
portional to their lengths a, b, and ¢, are jonted at B and C and are 1n &
horizontal position resting o two pegs P and @, find the actions at the
Jomts B and C, and shew that the distance between the pegs must be

a? &
P Sl

13 4B and AC are mmilar umform rods, of length a, smoothly
jomted at 4 BD 18 a weightless bar, of length 4, smoothly jomnted at B,
and fastened at D to a smooth ring shding on AC  The system 1s hung
on a small smooth pin at 4. Shew that the rod AC makes with the
vertical an angle

tan=? L2
n=l—— .
a+Na -5

14 A square figure 4BCD 1 formed by four equal umform rods
Jomted together, and the system 1s suspended from the Joint 4, and kept
10 the form of a square by & string connecting 4 and C, shew that the
tension of the string 1s half the weight of the four rods, and find the
direction and magmitude of the action at either of the jomnts B or D
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15 Three untform rods 4B, BC, €D, of lengths %, 25, 2 respectively,
rest symmetrically on a smooth parabohe are whove ams 15 vertical and
Vortex upwards, the rods all touch the parabola and are binged at J and
€ If W be the weight of either of the slant rods, shew that the reaction
of the parabola on 1t 15 W nggﬁ, where 4a 15 the latus rectum of the
parabola.

16 A light wne, i the shape of a quadrant of an ellipse cut off by
the principal ases, has two equal weights fised at 1ts ends and rests on &
smooth peg , show that the eccentric angle of the pownt of contact with
the peg lies between 45° and 60°

17. Two equal smooth spheres, each of weight I¥ and radws 7, aro
pliced mside a hollow cyhnder open at both ends which rests on a
horizontal planc, 1f @, (<2r), be the radius of the cylinder, shew that

the least weight 16 can have s0 as not to be upset 15 21 (1_—;)

18 A tipping basn, whose mterior surface 18 sphercal, 15 frce to
turn round an axis at a distance ¢ below the centre of the sphere and at a
distance a above the centre of gravity of the basin, and a heavy ball 13 lad
at the bottom of the basin, shew that 1t will tip over if the weight of the

ball exceed the fraction  of the weight of the basin.

19. A arcular dise, of weight W and radius a, is suspended hori-
zontally by three equal vertical strings, of length b, attached symmetrically
to 1ts permoter Shew that the magmitudo of the horizontal couplo
required to keep 1t twisted through an angle 6 13

Wa? sind

]
b - da?sin? 3
67. Astatic equibrium  When forces in one plane act
at given pownts of a body, and keep 16 1n equilibrium, 1t 18 not
n general true that these forces keep the body m equilibrium
when they are turned about their pomnts of application about
any angle (the same for each) When this 15 the case the
equibbrium 18 said to be Astatic

68 If all the forces w a coplanar system are rotated about
thewr powts of application through the sume angle wn thew own
plane, thewr resultant passes through a fized pont wn the body

Let P, be any force of the system acting at a powmnt (@1, y,)
m a direction mchned at 6, to the axis of z, and let X,, ¥,
be 1ts components parallel to the axes, so for the other forces.
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Let X, ¥ be the components of the system along the axes
Oz, Oy and G the moment of the forces about the origmn, so
that

X =3P cos by,
Y =3P, smb,
and G =Z2P, (z sm 0, -y, cos 6,).

As 1 Art 64, the equation to the resultant of the system 1s
G+yX —2Y =0 wucvvrereerneee oo (1)

Let all the forces be turned through an angle « about therr
powts of application so that 6, becomes 6; + @, and hence

P, cos 6, becomes P, cos 6, cos a — P, sin 6, s1n a,
P, sin 6, becomes P, sin 6, cos a+ P, cos 6, s a,

and P, (2,50 6, — y, cos b))
a, (s 6, cos a + cos 6, s «)}
becomes P {— 1 (cos 6, cosa—~smn 6, s a)f *

1e cos a. Py (z,8m 6, — y,cos 6,) + sm a. P, (z; cos 6, + 3,81 ;)
Hence X becomes X cosa—~ Y sina,
Y becomes X sm a+ Ycosa,
and G becomes Grcosa+ Vsna,

where V=3 (X,z,+ ¥,y) and 18 called the Virial of the
system.

The equation to the new resultant of the system then
becomes

Geosa+ Vsina+y(Xcosa—¥sma)—az(Xsinat Yeosa)=0,
re. cosa[@+yX —a¥]+sma[V—yV-2X]=0  (2).
Whatever be the value of a, (2) always passes thiough the
pownt whose coordinates are given by
G+yX —a¥ =0,
V-yY-aX=0,
1¢ through the pomt whose coordinates are
GY+VX VY-GX
IS ORI O
Thus point 1s called the Astatic Centre.
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69 Suppose the forces to be in equilibrium before their
displacement so that
X=0, Y=0, and G=0.
Then they are 1n equilibrium after displacement 1f
Xcosa—~Ysma=0, Xsma+ Yeosa=0,
and Geosa+ Vesma=0.

They are thus i equlibnum after being rotated through
any angle if V=0, ie, if (X% + Y,9:)=0, which 18 thus
the condition that the equhibrium is astatic.

It also follows that if the original forces are in equilibrium
and each 1s turned through the same angle a, they are then
equivalent to a couple whose moment 18 Vema

70 The quantity X,z 18 equal, as we shall see in Chapter V,
to the work that would be done m a displacement 1n which the
pomt of application of X, 18 moved from the origm to the pomnt
(@), ), and X,&, + Yy, 18 the work done by the force P, as
1ts pornt of appheation 18 moved from the origin to (z, ).

Hence the vinial of the system 1s the work that would be
done by all the forces of the system as their pomts of applica-
tion are moved from the orgm to thewr actual positions

71. It may be easily seen geometncally that if each of
a system of forces 18 turned through
the same angle @, then their re-
sultant always passes through a
defimte pomnt whatever a may be.

For let two of the forces, P, and
P, acting at 4, and 4,, meet m O
and let OB, be the direction of their
resultant meeting in B, the curcle
through 0, 4,, and A,.

Let P, be turned through any
angle a nto the position 4,0’ cutt
this circle m (. Then clearly 04,0’ = 04,0’ = a, so that 4,0
18 the new direction of P,, when 1t has been turned through
the same angle a

Also £ B,0'A,= ¢ B,0A,, so that O’B, 18 the new position
of the resultant of the new forces P, and P, acting along 4,0
and 4,0’
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Hence the pomnt B, 18 a pomt through which the resultant
of P, and P, acts, whatever be the angle through which the
forces P, and P, are turned about 4, and 4, Also the angle
0B,0' =2 0A,0'=a, so that the resultant has turned through
the same angle as the component forces. Sumilarly, taking
another of the given system P, acting ab 4,, we find a pomt
B, through which always acts the resultant of P, and the
resultant of P, and P, acting at B, 1¢ B, 18 the pomnt through
which always acts the resultant of P,, Py, and P,.

By continuing i this manner until all the forces have been
exhausted, we find a powt through which the resultant of all
the forces act whatever be the angle through which they have
been turned,

If the forces P, and P, are parallel then O 15 at nfimity and
the circle becomes a straight hne through 4, and 4, B, bemng
the pont where the resultant of the parallel forces P, and P,
meets 4,4, 18, by Art. 31, then such that

Py 4,B,= P,. B A,

Ex. Shew that threo coplanar forces Py, Py, Py acting at pomnt
Ay, 43, Ay are 1n astatic equilibrium 1f they meet 1n & pownt 0 situated on
the circumaircle of 4,, 4,, 4, and 1f

PiPy. Py dgdy dydy: didy,



CHAPTER IV
FRICTION

72 1IN Art 14 we defined smooth bodies to be bodies such
that, 1f they be 1n contact, the only action between them 1s
perpendicular to both surfaces at the pownt of contact. With
smooth bodies, therefore, there 1s no force tending to prevent
one body shiding over the other If a perfectly smooth body be
placed on a perfectly smooth melined plane, there 1s no action
between the plane and the body to prevent the latter from
shiding down the plane, and hence the body will not remamn at
rest on the plane unless some external force be applied to 1t

Practically, however, there are no bodies which are perfectly
smooth, there 13 always some force between two bodies
contact to prevent one shding upon the other. Such a force
18 called the force of friction.

FricrioN. DEr. _If two bodies be wn_contact unth one
another, the property of the two bodies, by vuitue

waww&eunmii__w
revent one body shding on the other, is called fiiction, ai
e e s T T e oo

73 Friction is a self-adjusting force, ne more friction 18
called nto play than 1s sufficient to prevent motion Let
a heavy slab of iron with a plane base be placed on a homn-
zontal table If we attach a piece of string to some pomnt of
the body, and pull i a horizontal direction passing through
the centre of gravity of the slab, a resistance 1s felt which
prevents our moving the body, this resistance 1s exactly equal
to the force which we exert on the body If we now stop
pulling, the force of friction also ceases to act, for, 1f the torce
of friction did not cease to act, the body would move.
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The amount of frictton which can be exerted between two
bodies 18 not, however, unhmited If we continually increase
the force which we exert on the slab, we find that finally the
friction 18 not sufficient to overcome ths force, and the body
moves

74 Frction plays an important part m the mechameal
problems of ordinary hfe If there were no friction between
our boots and the ground, we should not be able to walk,
if there were no friction between a ladder and the ground,
the ladder would not rest, unless held, 1 any position melmed
to the vertical, withoat fiiction nails and screws would not
remamn m wood, nor would a locomotive engine be able to
draw a train

75 The laws of statical friction are as follows

Law L When two bodies are u. contact, the direction of the
[friction on one of them at ats pownt of contact 1s opposite to the
durectron wn which this powt of contact would commence to move

Law II  The magmitude of the friction 1, when there 1s
equilbrium, just suffiient to prevent the body from moving

The above Jaws hold good, i general, but the amount of
friction that can be excrted 1s lmted, and equilibrium 1s
sometimes on the pont of being destroyed, and motion often
ensues

Liviring Fricrion  Der - When one body is gust on the
pomt of slding upon another body. the equilibi vum 1s sard to be
lumting, and the friction then exerted 1s called humting friction.

The direction of the himiting friction 18 given by Law I
Its magnitude 1s given by the three following laws

Law IIT  The magmtude of the limuting friction always
bears a constant ratw to the mormal reaction, and this ratw
depends only on the substances of which the bodes are composed

Law IV The imiting friction 1s wndependent of the extent
and shape of the surfaces wn contact, so long as the normal
reaction s unaltered .

Law V. When motwon ensues, by one body shding over tfe
other, the durection of friction 15 opposite to the darection/of
motion, the magnitude of the fricton s independent off the
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wvelocity, but the ratwo of the frictn to the normal reaction 1s
shghtly less than when the body 1s at rest and just on the pownt
of moton

The above laws are experimental, and are by no means
rigorously accurate, though they represent, however, to a fair
degree of accuracy the facts under ordmnary conditions

For example, 1f one body be pressed so closely on another
that the surfaces m contact are on the pomt of being crushed,
Law III 18 no longer true, the friction then mcreases at
a greater rate than the normal reaction.

76 Coeflicient of Friction The constant ratio of the
hmating friction to the normal pressure 1s called the coefficient
of friction, and 15 generally denoted by s, hence, if F be the
friction, and B the normal pressure, between two bodies when

equilbrium 15 on the pomnt of being destroyed, we have§=p.,
and hence F = uR

The values of u are widely different for different pairs of
substances m contact, no pairs of substances are, however,
known for which the coefficient of friction 1s so great as unity

Angle of Friction. When the equilibrium 1s hmiting, 1f
the friction and the normal reaction be compounded 1nto one
single force, the angle which this force makes with the normal
15 called the angle of friction, and the single force 18 called the
resultant reaction.

Let 4 be the point of contact of the two bodies, and let 4B
and AC be the directions of the normal
force R and the friction uR. Let AD be
the direction of the resultant reaction i,
so that the angle of friction 18 BAD. Let
this angle be A

Then ScosA=R, and SsmA=puR.
Hence S=RWT+ % and tan A = g,

Hence we see that the cogfficient of friction is equal to the
tangent of the angle of friction.

Since the greatest value of the friction 18 uR, 1t follows that
the greatest angle which the direction of resultant reaction can
make with the normal 1s A, ve. tan™ .
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Hence, 1f two bodies be m contact and 1f, with the common
normal as axis, and the pomnt of contact as vertex, we describe a
cone whose semi-vertical angle 1 tan™ g, 1t 13 possible for the
resultant reaction to have any direction lymg wathm, or upon,
this cone, but 1t cannot have any direction lying without the
cone

This cone 1s called the Cone of friction.

77. The following table, taken from Prof Rankine’s Mackwnery and
Millwork, gives the coefhcients and angles of friction for a few substances

Sunsrances B by
Wood on wood  —Dry 25t0 5 14 to 263°
—Soaped 04 to 2 2° to 113°
Melals'on metals —Dry i5to 3 84° to 114°
3 163°
Leather’ on memls—Dry 56 2030
nomoow —Wet *36 204°
o o» —Oily 15 8y

78 Equlibrium on a rough inchned plane A body
s placed on a rough plane wnchned to the horvzon at an angle
greater than the angle of fricton, and 18 supported by a force,
acting wn a vertwal plane through the line of greatest slope; to
find the lumats between which the force must e

Let a be the inclination of the plane to the horizon, W the
weight of the body, and B the normal

d
reaction R
If the force P act at an angle 6 \q

with the wnchned plane when the
body 1s on the pomnt of motion down
the plane, and the friction therefore

acts up the plane, the equations of A F ®

equilibrium are M
PcosO+puR=Wsma .. ceeeren o (1),

and Psmd+R =Wcosa .ooeeverrenes (2).
pona-—pcosa_ Lem [CE)

Hence m s (@) ceeneennd(8),

and R 18 easily found.
When the body 18 on the pomnt of motion up the plane, the
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friction wR acts down the plane Hence, on changing the sign
of p, we have

sin (a +A)
cos (0 —2)

For any value of the force, between P and P, there 18
equihbrium, but the body 18 not on the pomt of motion n
erther direction

The force that will just be on the pomnt of moving the body
up the plane 1s least when (4) 1s least,

1e when cos (§ —)) 1s unity, e when 6 =X
Hence the force required to move the body up the plane will
be least when 1t 1s apphed m a direction making with the
mchned plane an angle equal to the angle of friction.

From (8) 1t follows that P 1s zero if A=a,2¢ a body will
rest on an inclined plane and be on the pomnt of motion if the
mchination of the plane to the horizon 18 just equal to the
angle of friction On account of this property the angle of
friction 15 sometimes called the angle of repose

From this result also the coefficient of friction between two
substances may be experimentally obtained For let the -
clined plane be made of one substance and let the body be a
slab, with a plane face, of the other substance If the angle of
mclination of the plane be gradually mcreased until the slab
Just shdes, the tangent of the angle of inclnation 1s the
coefficient of friction By this method the laws of Art 75 may
also be venfied, Coulomb used 1t in the year 1785

79 The results of the previous article may be found by
geometric construction

Draw a vertical ine KL to represent W on any scale that
15 convenient (eg one inch per Ib or one inch per 10 lbs)

Draw LO parallel to the direction of the normal reaction R.
Make OLF, OLF, each equal to the angle of friction A, as 1n
the figure Then LF, LF, are parallel to the directions DH,
DH, of the resulting reaction at D according as the body 15 on
the pownt of motion down or up the plane

Draw KMM, parallel to the supporting force P to meet
LF, LF, m M and M, Then clearly KLM and KLM, are
respectively the trangles of forces for the two extreme
positions of equlibrium  Hence, on the same scale that KL

P=W ceverseensnens (4)
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represents W, KM and KM, repiesent the P and P, of the
previous article.

" 3
H I3 o

£
2

.

Clearly OLK = £ between R and the vertical = a, so that

¢MLE=a-X and £MLE=a+2

Similarly 2 KQO =2between the directions of R and
P =906, so that

CLKQL=90°+6, £KML=00°"+0-2,
and L KML=90°+6+ X\
Hence
P _KM_snKLM __ sm(a—)) _sm(z—2)
WS KL snKJL sm(00°+0+7) cos(F+2)
and Py =Q[_, _sn KLM, __sm(at)) =sln7(ai})
W= KL “ s KL sm(90°+6-2) cos(@—n)"

It 1s clear that KA/, 1s least when 16 18 drawn perpendicular
to LF,, ve when P, 1s inclined at a right angle to the direction,
DH,, of the resultant reaction, and therefore at an angle A to
the mnclined plane

80 A partile s placed on a rough plane, whose wnclination to the
horizon 18 a, and 15 acted upon by a force P acing paralll to the plane
and wn a direction making an angle B with the line of greatest slop. 1 the
plane, of the coefficrent of friction be p and the equlibrium be lumting,
ind the direction 1n which the body wll begin to move

Let W be the weight of the particle, and £ the normal reaction

The forces perpendicular to the mclned
plane must vamsh.

R=Wcosa .. (1)

The other component of the weight will be
Wema, acting down the line of greatest
slope

Let the friction, /i, act 1 the direction
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AB, making an angle 6 with the Lime of greatest slope, so that the
particle would begin to move 1n tho direction B4 produced
Since the forces acting along the surface of the plane are in equilibrium,
we have, by Lamy's Theorem,
pR _ Wena _ P
sn B En (+8) sno "
From (1) and (2), ehminating £ and W, we have
R_ smasng
W= wem (6+6)

Henco sn (a+s)-‘“‘“—:‘“’9 vt e (3),

giving the angle

cosa=

81 Equhbrum of @ partiwcle constrawned to rest on a
rough curve under any gwen forces

Let the curve be plane, and X, ¥ the component forces
parallel to the axes of co-
ordinates.

Let R be the normal re- Y
action and F the friction along
the tangent P7 which makes
an angle 6 with the axis of z.

Resolving along and per-
pendicular to the tangent, we —_—

o T z
then have
Xcosf+Ysmb=F ....... (1),
and Xsmé-Yeosb=R ... (2

If 4 be the coefficient of friction, there will be equilibrium
provided that F 1s not greater than wR or less than —puR,
1e provided the numerical value, without regard to sgn, of
Xcosf+ ¥Yem 6 15 equal to or less than that of

p(X sm 6~ ¥ cos ),
1ef (X+Ytanbyz p(Xtan 6~ Y),

ay) ay_ gy
vef (x+ P zw(x E-7),
wheteg—zin given by the known equation of the curve
82. If the curve 1s not a plane curve let (J, m, n) be the

direction cosines of 1ts tangent at any pont P. Then since the
resultant reaction at any powmt of a rough curve cannot make
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an angle greater than A with the normal, and thus not an
angle less than 2 — A with the tangent, there can be equhbrium
1f the angle that the resultant force makes with the tangent 1s
equal to or greater than 7—" -

lX+mY+nZ L3
1if N e—e————— -
e ad (VX’+Y‘+Z’) »
X +mY +nZ
v [T oy Rkl
veif (X +mY + nZ)‘ e

X+ Y+ 2 ~T+p
since tan X = .

83 If the particle rest 1n contact with a rough surface,
whose equation 18 ¢ (2,3, z) = 0, under forces whose components
are X, Y, Z, the conditions of equihbrium are easily found For
the durection cosmnes of the normal to the surface at the pomnt
(@, y, %) are proportional to ¢z, ¢y, and ¢,

There will be equilibrium 1if the resultant force makes with
the normal an angle not greater than A,

X¢,+ Yo, + Z¢,

if [____—_57: =™

e VXt Tt Vg + by }‘
(X¢a+ Yo, + Z6.)
@+ 1+ 2)(ba* + by + 6)

ve if s cos’,

ve Ly
EXAMPLES

1. Shew that the least force which will move a weight W along a
rough horizontal plane 18 Wsin ¢, where ¢ 18 the angle of friction.

2 At what angle of mchnation should the traces be attached to &
sledge that 1t may be drawn up a given hill with the least exertion 7

3. A woight W s lmd upon a rough plane (ysyii),mehned at
45° to the horizon, and 1s counected by a string passing through a smooth
ring, 4, at the top of the plane, with & weight P hanging vertically
If W=3P, shew that, if 8 be the greatest possible wnchnation of the
string 4 W to the line of greatest slope i the plane, then

2.2

008 65—
Find also the direotion 1n which W would commence to move
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4 A weght W rests on a rough plane inchned at an angle a to
the horizon, and the coefficient of friction 18 2tana Shew that the
least horzontal force along the plane which will move the body 1s
JV3Weamna, and that the body will begin to move m a direction mchned
&t 60° to the lmc of greatest slope on the plane

5 A heavy particle 1s placed on a rough plane inchned at an sngle a
to the horizon, and 18 connected by a stretched weightless string 42 to
a fixed pomnt 4 10 the plane If AB be the line of greatest slope and 8
the angle 4B when the particle 18 on the point of shpping, shew that

810 f=p cota

Interpret the result when u coba 15 greates than unity

6. Two weights, 4 and B, are counected by a string and placed on
a horizontal table whose coefficient of friction 15 4. A force P, <u (4 +B),
18 applied to 4 1n the duection B4 and 1its direction 18 gradually turned
round an angle 8 m the horizontal plane, If P be gicater than v/ 42432,
shew that both B and 4 will slip when

_pH(BR- A4 P
cos 8————273'},— ’

but 1f P be less than p V424 52 and greater than ud, then 4 alone will
ship when sme-'%

T A cyclod 18 placed with 1ts axs vertical and vertex downward
Shew that a particle can rest on 1t at any powt which 18 not higher than
2asin? e above 1ts lowest point, where ¢ 15 the angle of friction aud @ 15 the
radius of the generating circle of the oyelod

8, A patile rests on the surface zzz=c3 under tho action of a
constant forco parallel to the axis of ¢, shew that the curve of inter-

.
section of the surfaco with the cono 23+ %, =2 wil separate the part

of the surface on which equilibrium 15 possible from that on which 1t 1s
not possible
B

9. The ellipsord E’+p+§=l 18 placed with the axis of 2 vertical
and 1ts surface 18 rough  Shew that & heavy particle will rest on 1t any-
where above its intersection with the cylnder

A (w24 %) 24 (e + a) = b,

where p 18 the coefficient of friction

10 The passbolond & +-%'0: 1s placed with 1ts asss vertial and
sts vertex uppermost , 1f u be the coefficient of friction, shew that a particle
will rest on 1t at any point above 1ts curve of intersection with the cylinder

PR
A
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11. A surface 18 formed by the 1evolution of a rectangular hyperbola
about a vertical asymptote, shew that a particle will rest on 1t anywhere
beyond 1ts intersection with a certan circular cylinder

12 A rough parabolud of revolution, of latus rectum 4a and of
coefhcient of friction cot 8, revolves with uniform angular velocity w about

st wxs whuch 1 vexteal, of w3 /L cot or < /L tan, show

that a particle can rest anyw here eveept mthm a certan belt, but that for
any angular veloaity between these umiting values equihbrium 18 possible
for all positions of the particle

[The problem 15 the same 39 1f the surface were at rest 1f We put on an
additional “centnfugil ” forco, mo%y, outwards along & perpendicular from
the particle upon the ax1s of tho paraboloid ]

84 Rough joints or hinges In the figure of Art 65
the resultant reaction will not be normal
to the jomt at 4 1f there be friction
In this case the reaction P at A 18
equivalent to a parallel force P through
the centre O together with a couple whose c
moment 15 P x the perpendicular from O
upon the hne AP  Sunilarly for the re- g
actions at any other pomts ot contact Thus
the resultant actions consist of a set of forces acting through O
together with a number of conples These compound into
a smgle force through O and a single couple Hence, when
there 1s friction at a jomnt and there 18 contact at more than
one point, we must, 1n addition to the unknown force of Art 65,
or unknown component forces 1 known directions, assuie also
an unknown conple

If the joint be rough bub contact take place at only one
point, such as A m the above figure, then, just as 1 the case
of a smooth jomt, the reaction may be assumed to consist of
one force only, which passes through the pomt of contact.

B

85 We give some examples 1llustrative of the applcations of the
laws of friction

Ex 1. A wmformrod rests il Db withm a rough holl
sphere, 1f the rod subtend an angle 2a at tke centre of the sphere, and 1f
\ be the angle of friction, siew that the angle of wnchnation of the rud to
the horuon s

tan-t r;ﬂ?L_:'
1| S oos (at N oos (a—n) "
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Let 4B be the rod, @ 1ts middle pomt, and O the centre of the sphere,

80 that
L G04=LGOB=a

Through 4 and B draw lnes
AC and BC making an angle A
with the lines joinng 4 and B to
the centre By Art 76, these are
the directions of the resultant
reactions, B and 5, at 4 and B
respectively

Since these reactions and the
weight keep the rod 1 equilibrium,
tho vertical e through G must pass through ¢

Let 4D be the horizontal hine drawn through 4 to meet CG 1 D so
that the angls GA4D 18 8

The angle CAG=C04G-A=90"~a=1,
and the angle OBG=COBG+A=90"a+X
Hence theorem (2) of Art 55 gives
2tan 6=tan (a+))—tan (a=N)m ——SBR____ ()

cos (@+A)cos (a—2)
Otherwise thus; The solution may be also obtaned by usmg the
conditions of Art 60
Resolving the forces along the rod, we have

Rsm (a+\) =S sin (a=2)= Wsm 8 - @
Resolviag perpendicular to the rod, we have
Rcos(a+A)+Scos(a— )= Wcosd. , ®)

By taking moments about 4, we have
208 (a—A)=Wecosd.
From equations (3) and (4),
Rcos(a+N)=Scos (a=A)=} Weos
Substituting these values of R and S 1n (2), we have
tan (a+)) —tan (a—A)=2 tan 6

Ex 2 A beam AB rests with one end 4 in contact with @ roug
horwontal floor, and the other end B cortact with a rough vertical wals
the vertical plane through 4B beng perpendicular to the wall, to duscus
s equilibrium, the imclnation of the beam to the horizontal being grven

Let the normal reaction and friction at 4 be £ and F, and those at
Bbe S and F, as 1 the figure

By resolving 1n two directions and taking moments about a pomnt we
obtamn three, and only three equations, between the four unknown
quantities R, S, 7, and F, They are thus indetermimnate

This may be also scon geometrically For draw AZ and BY wchned
to the normals AC and BC at angles X and X, oqual to the angles of
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friction at 4 and B, and lot the vertical through @, the centre of gravity
of the beam, meet them 1 U and ¥  Then, provided that ¥ 1s within
the space Q4L and U within the space CBJ as 1n the figure, 3¢ provided
that the vertical through @ cuts the space CQK YV, we may take any point
P between U and ¥ and the resultant reactions at 4 and B may have
the directions 4P, BP and still give equilibrium. If £ wero at U, the
equilibrium would be hmiting at 4 and not so at B, 1f £ were at V, the
equilibrium would be mting at B and not so at 4, and there could be
any aiangement of forces between these two oxtreme cases

L
M2 /
ol -
Ju-
5(7:"7» B
A M o
w

If the vertical through @ were to the right of X, then there could be
found no pomt P on 1t such that 4P was within the cone of friction at 4,
and at the same time BP within the cone of friction at B Hence equi-
Ubrium would be 1mpossible

If the ladder be in such a position that the equilibrium was hrmting,
and hence the ladder on the pomnt of shding down, the pornts U and ¥
would comeide with K, the point of mtersection of AL and B, as 1n the
sccond figure, 1f AG=a, GB=b, then, by the theorem of Art 55, we
have

(a+b) cot KGB=acot AKG'~b cot GKB,

re (a+?) tan 6=a cotA=btanX,
mtan-12 0
5o that o=t 1S

Ex 3, A unsform heavy elliptical wire, whoss semazes are a and b, 18
hung over o emall rough peg  Shew that, if the wire can bo m equabbrium
with any pont of it wn contact wath the peg, the coefficient of Jriction must

2
ot be leas than S

Suppose that the wire 18 1n hmiting equilibrium when the point of
contact 18 P Let PV be perpendicular to the major axis , let PG be the
normal and C the centre The resulting reaction at P, which makes an
angle A with the normal at P, must then just balance the weight. Hence
CP must be vertical and LOPG=\

Ls 3
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If 4 be the eccentric angle of P, we have

tan POG="tang,
Py B e\ _a
and MPGA\—W=bsm€—(;, ozv) Sine,
% - ;) tand
tan = tan OPGmtan (PN - POV = e
- ‘i’z ,;7:" n 2
Hence sin 2= 2224, guves the nmting position of equilibrium
1t 2% 1, thero 13 no real valuo for 6, e thoro 15 no fumting

position of equilibrium, and henco the wie will rest with any powt of 16
10 contact with the peg

Ex. 4 The handles of a drawer are equidistant from the sules of the
drawer and are distant 2¢ j1om each other, 1f p be the cocficient of frction
at the sules of the drawer, and its buse be smooth, shew that 1t ve 1mpossible
to pull 1t out by pulling one hundle strayght outwards unless the length of
the drawer from front to buck exceeds Zuc

Let 4BCD be the drawer sad lot 1ts length and depth, 4B and BC,
be 2a and 2b If E be the handle
nearest B, the eftect of the pull P at o usf s
E wll be to jam the corners € and T
A agamst the fitment, so that the
thrusts on the sides .{.D and BC will B
be R and § at 4 and C, as marked
The maximum resistance to the R “aR e
motion of the body will be when > p——s T
the frictions at 4 and C are pR l

and p§ °
Resolving parallel to 4B,  R=S§ ., . - ()
Taling woments about 4, we hue

Plato)y=pS 20485 2 .. .. )

Also, 1f there 16 to be motion i the dircetion D.1, we must havo
P>piRA8), 10 >p ifib P,
50 that (b-pe) P>0

nat
This requires that 5>po, ad then tho magnitude of P wmmntortal
Thus 1f b>pe, any pull P, however small, will moye the dianer . wiglt
1f b<pe, no pull P, however great, will moyo 1t, '
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Ex 5. The length of the line yoining ths lowest pornts of the wheels of
a bieycle 18 2a, and the centre of grawty 18 at a hewght h above this line and
at a distancs z wn front of us middle pownt  No account bewng taken of
axzle friction, find the slope of the greatest inclins on which the bcyde can
rest wathout slipping, according as the back or front wheel s bruked

The hind wheel being braked, the friction ab 1t 13 wS. If & be the
centre of gravity then 0'D=a+z, D0=a-z, CG=h

Resolving along and perpendicular to the melmed plane and taking
moments about G, we have

pS=Wana .. . a,

R4S=Weosa . ),

and S[uh+atz]=R(a-1) . 3
(2) and (3) o 5[k +20)=(a~2) W osa

Hence from (1) mu..=‘f~f,:’;£ . @

1f the front wheel be braked, tho friction 15 R acting at 4, sad, 1f 8
be the contesponding mehnation of the plane, we have sumilarly

pli=Wsmg,

R4 S=Weos 3,
and B¢z ph]=S(a+2)
Hence, as before, tan ﬂ=2§%§3 . )

1t 15 clear that 8>a, 1 ¢ the bicycle can rost on an mcline of gieater
slope when the front wheel 18 fixed than when the badk wheel 13 ixed.

Ex 6 A flat heavy curcular dusc les on a rouqh plane and can twn
freely about a pin wa s circumference, show that it wll rest i any
posstion 1f the coaficient of friction e > TAEL, clare a 1o dhe sdination
of the plane to the horzon, 1t being assumed thut the weryht of the dise s
uniformly dwtributed over s area

‘Assume that the equilibrium of the disc 1s hmnting when the diameter
04 of tho diso through the pin 0 15 mclined at an angle ¢ to the line of
greatest slope through 0 Lot w be the weight of the disc per wnit of
103, and a 1ts radius, 50 that 1ts weight 18 wa?w.

32
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If P be any pomt of the disc, such that OP=r and £ 40P=0, the
element of ares at P 1s 730 & The friction on this element 1s thus
p1o 308r cosa and acts through P at right angles to OP, since P would
move, if 1t did move, at 1ight angles to OP Hence, by taking moments
about 0, we have

cosé [+

watwsiua asin g f’" [ % w rdbdreosa r
0 .4
t)

s (43 s
o cona 5 f ? cot020="2" pwcosas
32
9rtana’
This gives the imiting position of equiibrium  There i8 no limiting
position, se the disc will rest 1n any position, if 32p > 9w tana.

o B p=

Ex 7. Tuoumform rods AB, BC, of weights W and W', are smoothly
yownted at B, and are placed so as to be in a strarght hns on a rough
horuontal table, the end A 15 acted on by a gradually wereasing foree P in
a durection perpendicular to the rods  Fund how the equilibroum s broken

Assume that, when equilibrium 1s on the point of bemng broken, the
rod 4B 13 on the pomnt of turning
about a pomt 7 of itself and the
rod BC about I’, where

Al=z, BI'=y, AB=a, BC=}

Then the frictions on 47 and
1B are 1 opposite directions as marked and smularly for BT, I'C

Let X be the reaction at Z which 18 clearly perpendicular to each rod

A

The friction on 47 18 4 W % and acts at a distance 3 fiom 7, so that
on ZB1s p W22 aud ncts at a distance 222 from 7

Resolving perpendicular to the rod 43 and taking moments about Z,

W have PeXmp W Iy W2t os gy ),
and
 tteegeu® a=r_uW a?
Po-X(a-a)=pWZ Ziuw e ] @
So for B we have
w
X:"—b‘(2y~b) .. . (3),
W o
and x z/'-"T[.'/"iH;] )

(3) and (¢) give ys:z and Xmp W' (y2~ 1)
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Also (1) and (2) give
W
L2 -5 |=Xe=p W (s2-1)a
. x‘=—-[l+ ‘(2 1)]
and P 15 found from (1)
This s true s long as 2= a, 16 0 long as 2——(J2— sl
)l
127 (J2-1)>1, 50 that 2> g, the above solution no longer holds
and the friotions at the different pownts of 4B are all i the same direction
Wo then casily bave P=X=1, a0 that in this case X 1 less than

W' (/2~1), which we have found above to be the force requisite to move
BC The latter rod 18 therefore not on the point of motion, but only 4B

EXAMPLES

1 Aumform rod M has 1ts ends i two fixed straight rough grooves
04 snd 0B, the same vertical plane, which make angles a and 8 with
the horizon, shew that, when the end 4/ 15 on the pomt of shpping i the
direction 40, the tangent of the angle of mclination of AV to the horizon

s (a—B-2¢)
'S 9sin (8+€)sin (a=¢)”

2. A vertical rectangular beam, of weight 7, 1 constramed by guides
to move only 1 1ts own direction, the lower end resting on a smooth
floor If a smooth inclined plane of given slope be pushed under 1t
by a horizontal force acting at the back of the mchned plane, find the
force required

If there be friction between the floor and the mchned plane, but
nowhero eclse, what must be the least valuo of s so that the mnchined
plane may romatn, when left 1n a given position under the beam, without
bewng forced out?

whero « 18 the angle of friction

3 A heavy rod, of length 2a, lies over a rough peg with one extrenuty
leaning aganst a rough vertical wall, 1f ¢ be the distance of the peg from
the wall and X be the angle of friction both at the peg and the wall, shew
that, when the pomt of contact of the rod with the wall 1s above the peg,
then the rod 18 on the pomt of shiding downwards when sm3€=£ cos?h,
where 815 the inchnation of the rod to the wall

If the powt of contact of the rod and wall be below the peg, prove that
the rod 18 on the pomnt of shpping downwards when

mn’ﬁsm(9+n)-£ cos? A,

and on the point of ahpping upwards when sin? @sin (6 - 2\) = 5 oos™
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4 Tf a umform beam, of length 2%, can rest with one end on 1 rough
honzontal plane, and aganst the top of a wall of height 4, 1n & vertical
plane perpendicular to the wall and at any inchnation to the wall which
18 geometrically possible, shew that the angle of friction between the bem
and both wall and ground, supposed to be equally rough, must Le not less
than

L
3 373
5. Two equal uniform rods, of length 2a, are smoothly jointed at one
extremty by a hinge, and rest symmetrically upon & rough fixed sphere
of rads ¢. Find the lumting position of equilibrium, and shew that, if
the coefficient of friction be ¢—a, the limiting imchnation of each rod to
the vertical 18 tan-! ¥e—a

8 If a pair of compasses rest across a smooth horizontal cylinder of
radius ¢, shew that the frictional couple at the joint to prevent the legs
of the compasses from slipping must be

W (ccot acoseca—amna),
where W 1s the weiht of each leg, 2a the angle between the legs, and
a the distance of the ceut'e of giavity of a leg from the jomnt.

7. A rod, resting on a rough inclined plane, whose mchnation a to
the horizon 1s greater than the angle of friction X, 15 fice to turn about
one of 1ts ends, which 1s attached to the plane, shew that, for equilibrium,
the greatest possible inclination of the rod to the line of greatest slope 1s
s~ (tan A cota)

8 Prove that an ordimary drawer cannot be pushed m by a forco
applied to one handle until 1t has been pushud 1n & distance 2ur by
forces appliea m some other raenner, whero 2 is the distance between
the handles and 4 18 the coefficient of friction

9. If one cord of a sash-window break, find the least coefficient of
friction between the sash and the window-frame i order that the other
weight may still support the window

10. A hemspherical shell rests on a rough plane, whose angle of
friction 18 A, shew that the inchination of the plane base of the rim
to the horizon cannot be greater than sin-1(2smnA)

[The centre of gravity bisects the radius perpendicular to tho base of
the shell ]

11. A solid homogeneous hemusphore rests on & rough horzontal
plane and agawst a smooth vertical wall Shew that, 1f the coofficient
of friction be gieater than §, the hemisphere can rest wn any position
and, if 1t be less, the least anglo that the base of the hemusphere can

make with the vertical 18 oos‘l%“
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Tf the wall be rough (coefficient of friction u'), show that this angle
18 con-1 (3% LA
3 1+py,
[The centre of gravity divides the radius peipendicular to the base of
thie hemisphere m tho ratio 3 6]

12. If a hermsphere rest i equhbrum with 1ts curved surface
1n confact with a rough plane 1uclined to the horizon at an angle , shew
that the inclination of the plane base of the hemisphere to the horizontal
1s 810~ (§s1na), provided that a 18 less than sin~1 3 and also 1s less than
the angle of friction

13 A umform hemusphere, of radins @ and weight I, rests with 1ts
sphenical surface on a horizental planc, and a rough particle, of weight ¥,
1ests on the plane surface, shew that the distance of the particle fiom

the centie of tho plane face 13 not greater than - % where 4 15 the

coefficient of friction

14 A sphere, whose radius 13 @ and whose centre of gravity 15 ab
a distance ¢ from tho ceutre, rests 1 hmitiug equilibrium on a rough
plane inclined at an angle a to the horizon, shew that 1t may be turned

through an angle
2 cqent (@80
cos=1 (2522),

and still be 1 hmiting equilibrium

15 A umform rectangular board, whose sides are 2z and 20, rests 1a
lhimiting eqmilibrium 1 contact with two rough piis i the same horizontal
line 4t & distance ¢ apart. Shew that the incination 8 of the side 2a to
the horizontal 15 given by the equation

dcoshcos (\+20)=acos 0 -bsin 6,
where X 15 the angle of triction

16. A ngd framework 1n the form of a rhombus, of s1de @ and acute
angle a, rests on a 10uh peg whose coeflicient of friction 18 p - Shew that
the distance between the two extreme positions which the ot of contact
wath the peg can have 18 ausim a.

17 A boy, of weight w, stands on & sheet of 1co and pushes with his
hands agunst the smooth veitical side of a char of weight nio Shew that
he can mcline lus body to the horizon at any angle gieater than cot~! 2
or cot=12um, according as the chair or the boy 18 the heaicr, the coefficient
of fuction between the boy and the 1ce, or the chair and the ice, being

18 A umform heavy rod lics on a rough horizontal table and 1s pulled
perpendicularly to 1ts length by a stung attached to any pomt  About
what pomnt will 1t commence to turni

Shew also that the ratio of the forces, 1cquied to move the rod, when
applied at the centre and through the end of the 1od perpendicular to the
rod, 184241 1.
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19 A uniform rough beam 4B hes horizontally upon two others at
pomts 4 and C, shew that the least horzontal force appled at Bin a
duection perpendicular to B4, which u able to move the beam, 18 the

losser of the two forces 4 W and W ., whero 48 18 2a, 4C 1 ¢,
W 15 the weight of the beam, and the mmmne of friction
20 A umform rough beam 4B, of length 2a,1s placed honzontally

on two equal and equally rough balls, the distance between whose centres
18 b, touching them m € and D, shew that, if b be not greater than

4, 4 vosttion of the besm can bo found 1w which a forco P excsted at

B perpendicular to the beam will cause 1t to be on the point of motion
both at € and D at the same time

21 A uniform plank, of length 2a and weight W, rests with 1ts middlo
pornt upon a rough horizontal cylinder, whose axis 18 perpendicular to the
plank, shew that the greatest weight that can be attached to one end of

the plank, without 1ts shding off the cylnder, 15 —bf W, where & 15 the
radius of the cyhinder and A the angle of friction

22 A surface 13 generated by the revolution of an ellipse, of eccon-
tricity e and foc1 S and H, about its majur axis. Ou the suriace 18 placed
& rough particle P which 13 attracted towards the foci by forces which
vary dircctly as the distances P§ and PH respectively, show that the
particle will rest anywhere on the surface if the coefiicient of f1iction be

o
>,
21—

23 A crcular disc, of weight W, rests 1 a vertical plane with a
pomt 4 m contact with a rough table, and 1s pressed st & pomt B by
& man’s finger If the line AB make an angle a with the vertical, and if
Xand ) be the angles of friction at 4 and B, prove that if a>\’ the ring
volls along the table immedsately, however small the pressure that s
apphed at B, that if N>a>A the Ting will shp at 4 when a normal
pressure W cos asin A cosee (a~1) 15 apphed by the man, and that 1f a 13
Tess than both A and X’ no force applied by the fiuger will make 1t move

24 Two uniform beams, AC and BC, are connected by a smooth
inge at C and placed 1 a vertical plane with therr lower ends resting on
a rough horizontal plane  If equilibrium 1s broken, shiew that the eud of
the longer beam will slide and that the other beam will rotate

25 Shew that the least force which when apphed to the surface of a
heavy uniform sphere will just mamtain 1t 1n equilibrium against a rough
vertical wall 18

Weoseor Wtan e [tan e —/tanfe— 1],
according as ¢« < or > cog™1 ‘/5 !
and ¢ 18 the angle of friction.

, whete 1 13 the weight of tho sphere
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26 Shew that two oyhindrical logs, of equal radu but unequal werghts
W and W', whero W'> W, can rest 1n contact on an inchned plane with
thenr ases horizontal and the heavier log uppermost, 1f the cosfficent of
friction p (supposed the same at each of the lines of contact) exceeds
Wi sad the wmohination of tho plane 1 less than
. W
GFHOFFH

If the mclmation of the plane 1s gradually mereased beyond ths value,

how 15 the equiibrium broken 1

tan~

27 An easel has its front legs and 1ts back legs inclined at 30° to the
vertical  Each set of legs 1 umiform and of weight W A blackboard of
weight W just covers the top half of the front legs A lccturer presses
pormally on the central pomt of the blackboard with a force equal to
$ times tho weight of the board  If s, the coefficient of friction between the
legs and the floor, 18 4, prove that equilibrium will be broken by the back
legs shpping

28 Threo umiform rods, of lengths g, b, and ¢, are nigidly connected
to form & triangle 4BC which 18 hung over a rough peg so that the side
BC may rest n contact with 1t,, find the length of the portion of the 10d
over which the peg may range, shewing that 1f

¢-B
2

ala+b+e)
> C+ta
R v n

where > B, the triangle will rest 1 any posit.on

29 A perfectly rough plane 15 nchmed at an angle a to the horizon ,
shew that the least eccentricity of the el'ipse which can rest on the plane 1s
2sma
T+sma’
30 An elliptio cylinder rests in miting equilibrium between a rough
vertical and an cqually rough horizontal plane, the axis of the cyhuder being
horizontal and the major axis of the eliipse inclined to the horzon at an

angle of 45°, shew that the coefficient of friction 1s =1 where

¢ 15 the eccentricity of the cross section of the cylinder

)

81 Three equal cylindrical rods are placed symmetrically round a
fourth of the same radius, and the bundlo 18 then surrounded by two equal
elastic strings symmetrically placed with respect to the ends, 1f the un-
stretched length of each string be equal to the cireumference of each rod,
shew that the forco necessary to pull out the middle rod 15 222

v

18 the coefficient of friction and A 18 the modulus of elasticity

» where 4
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32 Threo equal spheres, of radius a, are placed 1n contact on a rough
honzontal plane and a tourth sphere, of radis &, 18 placed on them , 1f
there 15 equitbiium, shew that the least angle of friction between the

upper and lower spheres 1s 4 sim~1! [ﬁ—)]

33 The length of the line joining the lowest points of the wheels of a
bicycle 18 a, and the centre of gravity is at a height 4 above this lme and
at a distance z 1 front of 1ts mddle pomt No account being taken of
axlo fiction or of read resistance to rolling, shew that when the brake 15
hard on the back wheel the slopo of the greatest imcline on which the bicycle
[t WS P
Za—ph O H
the coefficient of friction between the tyres and the ground

can be held up without slipping back 18 ¢, where tana=

84, Two wheels, 4 and B, of equal radius a and of weights W and W;,
are connected by a light bar of length b which 18 attached to their centres
the whecls are placed on a rough plane with their common plane vertical,
A being the higher, and the mclmation of the plane 1s gradnally increased ,
shew that, 1f shpping commenced at the same 1chination, whichever wheel

a W—T,
be locked, then p b= W

35 A reel, consisting of & spindle of radius ¢ with two circular ends
of radius @, 1s placed on a rough inchined plane and has a thread wound on
1t which unwinds when the reel rolls downwards If u be the coefficient
of friction and a be the mchnation of the plane to the horizontal, shew
that the reel can bo drawn up the plane by means of the thread 1f  be not
less than ;2528 17 j be just equal to this value, show that the cor-
responding direction of the thread 15 horizontal

36 The cylndrical axle of a wheel 18 supported on two parallel rails
which constitute an inclined plane , & thread 18 wound round the circum-
ference of the wheel, under what c.rcumstances will pulling the thread
downwards parallel to the plane cause the wheel to roll up the planc}

87 A reel of thread, whose rm and spindle have radu a and b
respectively, rests on a rough horizontal table and the loose end of the
thread passes under the spindle and lhes along the table The whole
system 18 sy 1 about a plane lar o the axis of the rol
Shew that, 1f the loose thread be raised to an angle § with the horizontal,
the slightest tension 1n 1t will 1n general cause the reel to roll, snd the
motion will be towards or from the band of the experimenter according as
618 loss or greater than a certain value  When 6 has this critical value,
shew that there will be no motion unless the tension exceeds a certain
finite Lt
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38 When the shafts of a dog-cart are horzontal 1ts centre of gravity
15 Just over the axle of the wheel  The wheel 15 of radus a, and 1t turns
ficely on a tough axle, of rulws 8, aud the ground 1s rough enough to
prevent any shyping  Shew that the least force which, when applied at
the end of the shatt of length 7, will just move the dog cart pastes through
the puint of contact of the wheel with the ground aud 1 equal to

where k= Z,: s e, ¢15 the angle of friction between the wheel and 1ts axle,
and w 15 tho weight of the dog cart.

39 A heavy carmage whecl 1s to be dragged over an obstacle, which
touches the wheel at € by nieens of a repe which 1s tred to & spoke of the
wlhcel and pulled hortzontally  Shew that the wheel will roll round , and
mot shp both at € wud the ground, if the beight of the 10pe sbove C 1 less
than a s a cot (a—e), where a 15 the radius of the wheel, « the angle of
fiiction at €, and a 18 the angle made with the vertica by the radius of
the wheel through €

40 A solid cirenlar cvlinder 1s placed w'th 1ts base on a rough
horizontal pline and 15 eapable of free motion about 1ts axis, 1f W be 1ts
weight, and a the ruits of 1ts crosy section, shew that the moment of the
le 1t conple that will move 1618 44 I a, assuming that its weight 18 borne
unifouuly Ly the plane

41 A heavy elliptic disc, placed on an mperfectly rough table and
acted on by a horizontal force £, 1s on the point of motion  Prove that,
1f 1ts worght be eqully distributed over the area and 1f 1t begm to turn
about a focus, the force # must act alung an ordmate at a distance

o
24 12 from the contre.
3 .

42 A umform disc i the shape of a cardiod lies on a rough plane
1nclined at a to the horizon, and 18 capible of turning freely round a pin
atits pole  When just about to shp, its axis mikes an angle 3 with the
Tine of greatest slope , shew that sin 3=4 u cota, where p 18 the coetficient
of frictipn

Prove aleo that tho direction of the action at the pin makes an angle
tan=1(} tan 8) with the axis of the cardiond

43 A hoop 18 placed upon a rough horizontal plane and s string
fastened to 1t at any pomt £ 1s pulled 1n the direction of the tangent at
P Shew that tho hoop will begin to turn about the other end of the
diameter through £



CHAPTER V
WORK VIRTUAL WORK

86 Work A force 1s smd to do work when its pomt
of apphication moves m the direction of the force

The force exerted by a horse, m dragging s waggon, does
work.

The pressure of the steam, m moving the piston of an
engine, does work,

‘When a man winds up a watch or a clock he does work

The measure of the work done by a force 18 the product of
the force and the distance through which 1t moves its pomnt
of appheation 1n the direction of the force

Suppose that a force acting at a pomt A ot a body moves
the pomt A to D, then the work done by P 1s measured by the
product of P and AD. If the pomt D be on the sde of 4
toward which the force acts, this work 19 positive, 1f D hie on
the opposite side, the work 1s negative

° G
\

PN -

A D P B DA

Next, suppose that the pownt of application of the force 13
moved to a pomt C, which does not e on the line AB  Draw
CD perpendicular to AB, or AB produced Then 4D 1s the
distance through which the pomnt of apphcation 13 moved
the direction of the force Hcnce 1n the first figure the work
done1s P’ x AD, i the second figure the work donc 1s —Px 4D
‘When the work done by the force 15 negative, this 1s sometimes
expressed by saying that the force has work done agamst 1t

In the case when A0 18 at nght angles to AB, the pomnts
A and D comncide, and the work done bv the force P vanishes
Thus 1f & body be moved about on a horizontal table the work
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done by its weight 18 zero  So, agam, if a body be moved on
an 1nclined plane, no work 18 done by the normal reaction of
the plane

87 The unit of work, used m Statics, 18 called a Foot-
Pound, and 18 the work done by a force, equal to the weight of
a pound, when 1t moves 1ts pownt of application through one
foot, 1n 1ts own durection. A Letter, though more clumsy, term
than “Foot-Pound ” would be Foot-Pound-weight.

88 It will be noticed that the definition of work, given
Art 86, necessanily mmplics motion A man may use great
exertion n attenpling to move a body, and yet do no work on
the budy  For example, suppose a man pulls at the shafts of a
heovily -loaded van, which he cannot move He may pull to the
utmost ot s power, but, since the force which he exerts does
not move 1ts pomt of application, he does no work (in the
technical scnse of the word)

89 To shew twt the work done in 1arsing a numb
pariules /m/:
total welyhE of the purticles, and h s th ough whach
the GOl of GramTy of e pririicles 1s beon rassed

Let wy, wy, w,,  w, be the weighits of the particles, in the
mitia) position let #, @, 7, 7, Le their heights above a
horizontal plane, and @ that of their centic of giavity, so that,
as i A1t 3k we have

W.Z=wr+wnt 0y e (1)

In the final position let 2., 7/, ) be the heights of the
diffcrent paitisles, and Z' the height of the new centre of
gravity, so that

W #=wz/+wr'+ . +w,e) . (2)

By subtraction we have

W — w4+, @ —a)+ = WE-7)

Bub the left-hand member of this equation gives the total
work done m raising the difterent particles of the system fiom
thewr mital position to their final position, also the right-hand
side
= W xherght through which the centre of gravity has been

ransed
=W h
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90 It will be noted that the result of the last article does
not i any way depend on the mmtial or final arrangement of
the particles amongst themselves, except 1n so far as the 1utial
and final positions of the centre of gravity depend on these
arrangements.

For example, a hole may be dug in the ground, the soil
bfted out, and spread on the surface of the earth at the top
of the hole. We only want the positions of the ca of the soil
wtially and finally, and then the work done 13 known This
work 13 quite independent of the path by which the soil went
from 1ts witial to 1ts final position.

91. Power. Def The power of an agent 13 the amount
of work that would be done by the agent of 1t woiled unformly
Jor the umt of tume.

The umt of power used by engmeers is called a Horse-
Power An agent 18 said to be working with one horse-power
when 1t performs 33,000 foot-pounds n a minute, 2¢ when 1t
would raise 33,000 Ibs through a foot 1 a minute, or when 1t
would raise 330 lbs through 100 feet 1n & minute, or 33 lbs
through 1000 feet 1n a minute

This estimate of the power of a horse was made by Watt,
but 18 above the capacity of ordinary huises. The word Horse-
Power 15 usually abbreviated nto H P,

92 GQraphic representation of the work done by a force

It 13 sometimes difficult to calculate duectly the work done
by a varying force, but 16 may be quite
possible to obtain the result to a near
degree of approximation,

Suppose the force to always act
the straight lme OX, and let us find
the work done as 1ts pomnt of applca-
tion moves from 4 to B. At 4 and B
erect ordinates AC and BD to represent the value of the force
for these two pomts of apphcation. For each itcrmediate
powt of application L erect the ordinate LP to rcpresent the
corresponding value of the acting force, then the tops of these
ordinates will clearly he on some such curve as CPD

Take M a very near powt to L, 8o near that the force may
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be considered to have d constant as 1ts pomt of applica-
tion moved through the small distance ZM.

Then the work done by the force
=1ts magmtude x distance through which 1ts point of
appheation has moved

= LP x LM = area PM very nearly.

Similarly whlst the pomt of application moves from M to
& the work done

= area QN very nearly, and so on.
Hence it follows that the work done as the pomt of applica-
tion moves from A to B 1s, when the lengths LM, MN, . are

taken indefimitely small, equal more and more mnearly to the
area ACDB.

93  As an example of the above construction let us find
the work done n stretching an elastic stnng from length
b (=0B) to length ¢ (=0C), the unstretched length of the
string bemng a(= 04)

o A B P c

When the length is OP the tension = 2 (0P ~a) 23 P4,

by Hooke's Law, the modulus of elasticity being A
At P erect a perpendicular L@ to represent this tension
Then ]};g 18 constant, and hence @ lies on a straight hne
ALF passing through 4. If this straight line meet the per-
pendiculars through B and € 1n & and F, the required work
18, 88 1 the last article, represented by the area BEFC, and
hence 18 §BC x (BE + CF), 1e 1t

= Eatension produced multiphed by the mean of the imtial
and final tenswons
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Or, by using Integral Calculus, the work done

=f:1' da=2/:(x—a)dw=% [(z—-a)’]:

=%L(c—b)(c+b—2u)=u[T3+T¢]

94  As another example let us take the case of the Indi-
cator Diagram of a steam-engine.

Suppose 04 to represent the
distance traversed by the piston ,’
of an engine  When 1t 15 at the ©

position M 1n 1ts forward motion, v
erect a perpendicular MP to de- P
note the pressure of the steam ¢ A

on 1t, so that the curve O'PA’

represents the steam pressure during the forward motion
Similarly during the backward motion of the piston, when the
steam has been cut off, leb the curve A’P'0’ represent the
pressure on the same face of the piston as before Then
during the forward motion the area of the curve 00'PA’4
gives the work done by the steam on the piston. So during
the return motion the area of the curve A'P’0’0OA represents
the work done by the steam agawnst the piston.

Hence, during the complete stroke, the net work done by
the steam on one fiace of the piston 18 given by the area
0’PA’P’Q’, and hence can be found

A curve, hike the one 1n the figure, 18 called an Indicator
Diagram and can be automatically found from the motion of
the piston, 16 by suitable contrivances the engine can be made
to draw 1ts own Indicator Diagram

95 The work done by a force 18 equal to the sum of the
works done by uts components

Let the components of B m two directions at right angles
be X and ¥, R bemng inchned at an

angle ¢ to the direction of X, so that ': Q@ R
X=Rcos¢ and Y=Rsm¢ i
Let the pownt of appl Qof B Gy N

be removed to a point Q' i the plane of @ L X
the paper, and draw @'V peipendicular to R and let £ NQQ'=a
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The sum of the works done by X and ¥
=X QL+Y QM
=Rcos¢ QQcos(¢+a)+Rsm¢ QQ sin(d+a)
=R QQ'cosa=R QN =the work done by R

96 If the forces and displacement be not i one plane
the same result easily follows For let the direction cosines of
QR referred to any three rectangular axes Qs Qy, Qz be
(I, m, n) so that X =IR, ¥ =mR, and Z=nR. Let the dis-
placement QQ’ be through a distance 8s along a line whose
durection cosines are (b, my, n,) 8o that dz=1,. 8s, Sy =m,. 8,
and 8z=mn,.8s. The work done by the component forces
= X8z + Y8y + Z3z= R8s (Il + mm, + nny)
=R 8sxcos QQR =R x projection of QQ’ on the direction of B
= the work done by R.

If a particle move along a smooth curve 1n space, and 1f the
force acting on 1t at any pont (z, y, z) have as components
X, Y, Z, 1t follows that the total work done on the particle as

B
1t moves from & pomnt 4 to a pont B =L(Xdz+ Ydy + Zdz)

97.  Work done by a couple Let the forces of the couple
be each P and let 1ts arm be 4B of length a.

Suppose the couple to be moved into another position so
that AB goes to A'B’, the angle between AB and A'B’ being
the small angle 36,

Furst, move the forces parallel to themselves so that the
arm AB takes up the parallel position A’C  The work done
by the equal and opposite forces P during this displacement
18 zero

Now turn the forces through the angle 86 about 4’ The
force P acting at A’ has no displacement and thus does no work
The displacement of the pont of application of the other force
P 15 a 80, and the total work done 1s thus P.a 86, 1e the
moment of the couple multiplied by the elementary angle tuined
through. If the total angle turned thiough by the couple be a,

the corresponding work=f.P.a.89=P a.a, 80 that m all
o
cases the work done by a couple, when 1t 1s rotated about an
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axis perpendicular to its own plane, 18 equal to the moment of
the couple multiplied by the angle of rotation.

98. Potental Energy The potential energy of a body
due to a given system of forces 18 the work the system can do
on the body as 1t passes from 1ts present configuration to some
standard configuration usually called the zero position.

Thus the potential energy of a particle of weight W at a
height k above the ground 18 Wh

If however we take into consideration the variation of
gravity and assume that the of the Earth, supposed

to be a sphere of radius a, 18 % at a distance « from its centre,

the potential energy at a height h, when the Earth’s surface 18
taken to be the zero position,

= (~EVaw=p[Eo L] _ b

ath ( w’)d"z "'[u u+h:|—a(a+h a+hW’
since W=$, the attraction of the Earth at a pownt on 1ts
surface.

Agam, if one end of an elastic string of natural length a be
tied to 8 fixed point, the potential energy of a particle tied to
1ts other end 1s, by Art. 93, Ea when the stretched length 18
a+a

90 Ex. L A sphercal shot, of weght W lbs and radius a foet, lies at

the bottom of a cylindrical bucket, of radvus b feet, which 1 filled up to @ depth
& feet, (h>2a), wnth water  Shew that the work done wn lifting the shot just

c.ar of the water must eaceed W (i g%:) —w (h a2 foot-pounds,

the weght of the water displaced by the shot beng W' lba.

" u
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If w bo the weight of a unit volume of the water, and ¢ the apecific
gravity of the shot, we have

W= and Wb rase,

The worle done must at least be equal to the increase 1n the potential
energy of the system
In the first case the potential energy

=that of (a cylinder 4 BCD —sphere) of water
+o that of the sphere of water equal to the given sphere

=potential energy of a cyhnder 4 BCD of water
+(o—1) that of the sphem of water
T T TR I Lo W 0 PR )
‘When the sphere has been hfted out let 4’ be the depth of the water,
80 that #b?, A'=volume of the waber-vrb‘ln—g nad,
] Fmh i 5, PR )}

In the second case the potential energy

=t X W aa) = LW W 0) o B)

The 1nc1easo 1 the potential energy

ww PN =+ WK+ Wa

W( _,)_ W (h a-’;‘;:).

Ex 2. 4 quantity V of gas at a pressure 11 1 contamned n a ¢ endrcal
vessol , 1f 1t be allowed to expand so that the length alters from o to 2y, the
tempe, ature remaining constant, shew that the wo,k done 18 TV log.?

D

If 1t expard adiabatrcally, i v 30 that no heat passes into or out of the

gas and the rlation between the pressure p and lha volume v s therefors
r-r
ot constan, shew that the corresponding work s g ][1 ("’) ]

Tet p be the pressure when the length occupied by the gas 15 1, 50 that
by Boylts Law pr=Iz, Whist the length changes from = to 4 +8z,
the work dove

=p 4dx, where 4 15 the section of the cylinder,
0% v

4%
% %

Honos the work required= [ 0¥ eenPlog, & a.
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In the second case we have pa¥=TIz}, and the work ‘lonc

=l v o dr
- 2 de= o =
o P Jadz V) L‘ i

LA P iu)*" .
k-1 a1
Ex.3 If n the previous question the gas be contained m a vessel

of any shape, and be allowed to expand from a volume V at pressure II to
any volume V;, shew that the work done 1s

V, oV, 7V
0 log 12 o r-‘x[“(?.) ]

according to the condition under which the expansion takes place

11

E=1 5T

=~V

EXAMPLES

1 A steamuer 18 going ab the rate of 16 miles per hour , if the effective
e of her engines be 10,000, what 19 tho resistance to her motion ?
(1112 tons wt ]
2 Aman s cycling at the rate of 6 miles per hour up a hill whose
slope 18 11 20, 1f the weight of the wan and the machine be 200 Ibs,
prove that he must at the least be working at the rate of 16 ¢

3, A wan rov g 40 strokes per minute propels  boat ot the rate of

10 miles zn hour, and the resistance to his motion 15 equal to 8 Ibs wt ,
find the work he does 1 each stroke and the & P at which be 13 working
[176 fe-lbs , 213 5P ]

4. An elastic cord, whose natural length 15 10 inches, can be hept

stretched to a length of 15 mches by & force of 5 Ibs wt , find the

amount of work done m stretching 1t from & length of 12 mches to a
length of 16 inches [ te-1b]

5 A spual spring requires a force of one pound weight to stretch 1t

onemeh  How much work 18 done 1n stretching 1t thres inches more
[($ft-1b]

6 A force acts on & particle, 1ts imtial value beng 20 lus wt and ats
values bemg 25, 29, 32, 31, 27, and 24 1bs wt 1n the direction of the
particle’s motion when the latter has moved through 1, 2, 3, 4, 5, and
6 foot respectivoiy ; find, by means of & graph, the work done by tho
force, assuming that 1t vaiies uniformly during each foot of the motion.

[166 ft -bs ]

7. If the axis of a screw be vertical and the distance between the
threads 2 inches, and a door, of weight 100 lbs, be attached {0 the screw
a3 to a binge, find the work done m turmng the door through o right
angle, (43 1t -Ibs ]
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8 Prove that the tension of a stay 18 eqnal to 9 tong’ weight 1f 1t be
sot up by a force of 49 Tbs at u leverage of 2 feet acting on & double screw
having & night-handed screw of & threads to the mch and a left-handed
one of 6 threads to the mch

[For one complete turn of the screw its ends ars brought nearer by a
distance of (3+) mch  Hence the principle of work gives

Tx(d+Px dg=19x2m 2,
whero 718 the tension of the stay 1n lbs wt]

9 A Venctian blind consists of # thin bars, besides the top fixed bar,
and the weight of the movable part1s W When let down the length of
the bund 18 @, and when pulled up 1t 18 b, shew that the work done
agamst gravity i drawing up the blind 18

Ll
2n

10 A solid hemsphere, of weight 12 Ibs and radws 1 foot, rests with
1ts flat face on a table. How many foot Ibs of work are required to burn
1t over 80 that 1t may rest with 1ts curved surface w contact with the
tablo? [Use the results of Arts 89 and 148 ] [3 ft.lbs]

11. A uniform log weighing half a ton 18 m the form of a tmangnlar
prsm, the edes of whose cross section are 13 fb, 2 ft, and 2} ft
re~pectively, and the log 18 resting on the ground on 1ts narrowest tace
Prove that the work which must be done to raise 1t on 1ts edge so that it
may fall over on to 1ts broadest face 18 approximately 27 ft.-tons. [Use
At 137]

12 A cychst alvays working at tho rate of  of a horse-power rides
at 10 miles an hour on lovel ground and 8 miles an hour up an nchne of
T 150 Suppose the man and his machme to weigh 180 Ibs, and the
resistance on # level road to consist of two parts, one constant and the
other proportional to the square of the velocity, shew that when the
velocity 13 v miles per hour the resistance is

P
(1 76455 tbs wt

(a-b)

13. A cyhndrical cork, of length £ and radius r 18 slowly extracted
from the neck of a bottle If the normal pressure per unit of aiea betweon
the bottle and the unextracted part of the cork at any instant be constant
and equal to P, shew that the work done 1n extracting 1t 18 mur’2P, where
18 the coefficent of fuiction

14. A weight I 18 drawn up along the surface of a rough cone, whose
beight 15 % and whose vertical angle 18 24, and the path cuts all the Iines
o greatest slope at the same angle A If the coefficient of friction 18 g,
shew that the work done when the weight arrives at the vertex of the
cone 18 Wh (1+utan asec)

L)
[’lho work= IV A+/°,.R , whero R= mm..]

dr
cos B cosa
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15 A particle, of weight W, 18 at the bottom of a rough hemispherical
bowl which 13 fixed with 1ts vertex at its lowest pomt. The particle 13
fastened to a string which passes over the rm of the bowl and the
particle 13 slowly drawn by the string up the bowl m a vertical plane
thiough the axis of the bowl, prove that the wuik dune mn drawing the
particle up to the rim 18

Wa [1 + Tt —mm 2elog lij;l‘],
whero a 18 tho radrus of the bowl and « 15 the anglo of friction
[1f 2 bo tho reaction of the bowl when the radius to the particle 1
wmelined at 8 to the horizontal, we have, by resolving perpendicular to the
string, 0 1
R=Weoscam Em(i -.).

Henco the work done against friction in dragging the particl up

..f:,de(-a )= Wam.f:-mgm (g —e)d@
H

- B
I -
2 Wasm .[ am(p+seod dp=eWamnc || funciconetan 144,
-« -
ete
Also the work done aganst the weight=W a]

16 A sold homogeneous cone of height A, radms r, and specific
gravity & 's placed nside a vertical cylinder, of ridius r, the r bases
being 1n contact, and water 1 poured nto the cylinder to the height A
80 that the cone 18 just immersed  Shew that to raise the cone vertically
50 88 to bo just clear of the water work must be done equal to

7
WA (1 - 8—') ,
where I 15 the weighteof the cone, s being greater than unity

100. Virtual Work When we have a system of forces
acting on a body m equilibrium and we suppose that the body
undergoes a slhight displ which 1s with the
geometrical conditions under which the system exists, and if a
pownt @ of the body, with this 1magined displacement, goes to
Q’, then QQ’ 18 called the Virtual Velocity, or Displacement, of
the pomnt @ The word Virtual 18 used to imply that the dus-
placement 15 an imagined, and not an actual, displacement

If a force R act at the pomnt Q and if Q'N be the perpen-
dicular from Q' on the direction of R, then the product B QN
18 called the Virtual Work or Virtual Moment of the force B
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As in Art 86 this work is positive, or negative, accordng as
QA 15 1n the same direction as R, or i the opposite direction

101. The principle of virtual work states that If a system
of forces acting on a body be 1n equilibrium and the body undergo
a slght displacement consistent unth the geometrical condutions a;
the system, the algebraio sum of the wirtual works is zero, an
conver x-ely,_g[ “this algebrais sum be zero, the forces are in eg_mh-
brmm I
ment «Sﬂ n
order of cmall guanhtzes, (P 8p)= 0, also wrwersely. Vi
Z(P 8p) be zero, the forces are w equilibrium

If the body be a single particle then, by Art 96, it follows
that, 1f the sum of the virtual works of all the forces which act
on a particle 18 zero, the virtual work of the resultant 1s zero,
and hence that the resultant vanishes and the particle 1s at rest.

In the next article we give a proof of this theorem for
coplanar forces In Art. 175 will be found a proof for forces in
three dimensions.

102  Proof of the principle of virtual work for any system
of forces 1n one plane.

Take any two straight lnes at night angles to one another in
the plane of the forces and let the body undergo a shight dis-
placement This can clearly be done by turning the body
through a suitable small angle a radians about O and then moving
1t through suitable distances @ and b parallel to the axes

[The student may 1llustrate this by moving & book from any position
on a table mto any other position, the book throughout the motion being
kept 1n contact with the table ]

Let Q be the pomnt of apphcation of any force R, whose co-
ordinates referred to O are z and y
and whose polar coordinates are r
and 6, so that 0Q=r and X0Q =6

When the small displacement
has been made the d of
the new position @’ of Q are

rcos(f+a)+a and rem (9 +a)+b,
18, rcosf—a.rsmnb+a and ramnb+a.rcos @+ b,
1f squares of the small angle « be neglected
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The changes in the coordmates of @ are therefore
a—a rsnd and b+a reosé,

ie a—ay and b+ az

If then X and ¥ be the components of R, the virtual work
of R, which 1s equal to the sum of the vutual works of X and ¥,

=X(a-ap)+Y(b+a)=a X +b.Y+a(Yo— Xy)

Similarly we have the virtual work of any other force of the
system, a, b, and a being the same for each force.

The sum of the virtual works will therefore be zero 1f

aZ(X)+ b2 (Y)+aZ (Yz— Xy) be zero

If the forces be m equilibrium then % (X) and 3 (¥) are, by
Art 60, separately equal to zero

Also T (¥Yz— Xy)=sum of the moments of all the forces
about 0, and this sum 18 zero, by Art 60

It follows that if the forces be 1n equilibrium the sum of
thewr virtual works 18 zero

103 Conversely, 1f the sum of the virtual works be zero for
any displacement whatever, the forces are in equilibrium

With the same notation as 1n the last article, the sum of the
virtual works 18

S (X)+b2(P)+aS(Yo—-Xy) .. . . (1),

and this 18 given to be zero for all displacements

Choose a displacement such that the body 15 moved only
through a distance @ parallel to the axis of 2. For this dis-
placement b and a vanish, and (1) then gives

a%(X)=0,

e the sum of the components parallel to OX 1szero  Similarly,
choosing a displacement parallel to the axis of y, we have the
sum of the components parallel to OY zero also

Finally, let the displacement be one of stmple rotation round
the origin 0. In this case a and b vamish and (1) gives

3 (Yo — Xy)=0,
80 that the sum of the moments of the forces about O vamsh

The three conditions of equilibrium given m Art 60 there-
fore hold and the system of forces 1s 1 equilibrium.
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104  Forces which may be omatted i forming the equation
of Vartual Work

(1) The tenswon of an wnextensible string.

For let 04 be such a string whose tension 18 7. In the
displaced position let (YA’ be the string,

and draw perpendiculars O’M and 4’N on o ?’
0A It s easy to shew that, to the first ST — AR

order of small quantities, O0M = AN
For, taling O as origin and 04 as axis of @, let O’ be the
point (21, 1, z) and A’ the pont (a + @, ys, 2,) where 04 =a,
and @y, %, 21, T3, Ya, 2, are all small quantities
Since 0’4’ = OA, the string being inextensible,

So(@ @ —n) + (= )+ (G- a)=al
*. 2a (7, — 2,) +5qs of small quantities =0
. & =z, to the first order of small quantities,
ve. OM=AN.
Hence the virtual work of the tension
=T.0M+T(-4AN)=0.

Similarly for any other force along the line joining two
particles, P and @, of the system, the distance between which
remains 1nvariable

(2) The reaction R of any smooth surface unth which the
body 18 wn contact

For 1f the surface be smooth the reaction R is normal to
the surface at the pomnt of contact P, so that 1f P move to a
neighbouring near pomnt P, PP’ 15 at right angles to the force,
1ts virtual work 1s thus zero

If the surface be rough the work done by the friction F, viz
F (— PP’), must come wmto the equation, since 1t 1s not in
general zero

(8) The reaction at any powmt of contact P unth a fized
surface on whch the body 1olls without shding

For the pomnt of contact P of the body 1s for the moment at
rest, and so 1ts displacement 18 zero  The normal reaction at P
and the friction at P have then zero displacements.
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(4) The renctions between any two bodies of the material
system consedered

For these reactions are equal and opposite on the two bodies
Hence provided we write down the equation of virtual work for
the two bodies taken together the vutual work of any such
reaction comes into the equation twice, with opposite signs, and
thus disappears Thus 1f we are consideiing a system of jomnted
rods, the reactions at the joints can be omitted from the
equation, as n the examples of Art 106

105 We may, if we please, choose & displacement which
does not satisfy the geometrical conditions of the system, and
1t 15 often convenient to choose such a displacement But 1f
we do make such a choice we must bring mnto the equation the
corresponding force.

Thus 1f we assume such a displacement as will make a
string vary m length, as i Ex 2 of the next article, we must
bring mto the equation the term tension x increase 1n length
of the string

108 Ex.1 Suzequal rods AB, BC, CD, DE, EF, and FA are each of
werght W and ars freely jornted at their evtremutios

50 as (o form a hezagon, the rod A 13 fized v A8t ~n

horzontal posction and the muddle pownts of AB V. T\

and DE are jowed by a string, piove that us &

tension 18 3W W wihne
Let Gy, Gy, G, G4, Gs, and G be the middle s

pownts of the rods Since, by symmetry, 5Cand 3 "ot
CD are cqually melned to the vertical the depths -l
of the pomnts C, @y and D below A5 aio respec-
tively 2, 3, and 4 times as great as that of Gy

Let the system undergo a displacement 1 the vertical plane of such a
character that D and £ are always 1 the vertical lines through B and 4
and DE 18 always houizontal  If Gy descend a vertical distance z, then Gy
will descend 3z, G4 will descend 4., whilst G and Gy will descend 32 and
2 respectively

The sum of the virtual works done by the weights

=W 2+ W 32+ W dx+ W 324+ W 2=12W =
If 7 be the tension of the string, the vitual work done by 1t will be
Tx(-4z)

For the displacement of G418 1n & direction opposite to that 1o which
T acts and hence the virtual work done by 1t 13 negative

The principle of virtual work then gives

12W 24 T(-4r)m0, 1o T=3W.
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Ex 2. Four equal umrform rods ars younted to form a rhombus ABCD,
which s placed wn a vertical plane with A vertical
and A resting on a horwcontal plane  The rhombus
18 kept an the positon 12 whach LBAC=0by « light
string joming B ond D Shew that s tenswn w3
2W tan, where W s the woryht of @ rod

Let 2 be the heicht above 4 of the middle
pomts of AB and 4D, so thit 32 18 clearly the
height of the muldle poits of BC and ¢D

Let BO=y=0D, where 0 18 the centre of the
rhombua.

Choose as our divplcement one mn which 6 becomes 4434, and hence
# becomes 23z and y becomes y+ 8y

Then, 7' bemng the tension of B, the equation of vittual work 18

9T (~8y)+ W(=8v)+ W (=82)+ W{=3(3x)} + W {-3(31)}=0

X bz
o Tm-tW

Now, if 4B =24, we heve r=n cos § and y=2asin 8
rr_—asm0 89
7= Tucoss a6 = R0 0
v T=21Wtand.
[The reaction at 4 13 omitted because 1t has no displacement , the
reaction at B 15 onutted because 1t comes i twice, for the rod 4B and
for the rod BC, with opposite s.gns 1n the two cases |

Ex 3 Roberval's Palance This bal*nce, which 18 a common form
of letter weigher, consists of four rods 4B, BE, ED, and DA freely jonted
at the corners 4, B, E, and D so as to form a parallelcgram, whilst the
ruiddle points, € and F, of AB and LD are attached to fixed ponts € and
F which aro 1 a vertical straight line  The rods 48 and DE can fieely
turn about € and #

To the rods AD and BE are attached equal scale pans. In one of
these 18 placed the substance ¥ which 1s to be weighed and in the
other the counterbalancing weight P
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We shall apply the Principle of Virtusl Work to prove that 1t s

immaterial on what part of the scale-pans the weights £ and ¥ are
laced

F Since CBEF and CADF aro parallelograms 1t follows that, whatever be
the angle through which the balance 1s turned, the rods BA and 4D are
always parallel to CF and therefore are always vertical

1f the rod AB be turned through a small angle the pownt B rises as
much as the point 4 falls The rod BE therefore rises as much as 4D
falls, and the Tight-hand scale-pan rises as much as the left-hand one falls
In such & displacement the virtual work of the weights of the rod BZ and
1ts scale-pan 15 therefore equal and opposite to the virtual work of the
weights of AD and 1ts scale-pan These virtual works therefore cancel
one another n the equation of virtual work

Also 1f the displacemont of the rght-hand seale-pan bo p upwards,
that of the left-hand one 1s p downwards The equation of virtual work
therefore gives

P p+ W(=p)=0, te P=W

Hence, 1f the machime balance 1n any position whatever, the weights
Pand W are equal, and this condition 1s mdependent of the position of
the weights 1n the scale-pans The weights therefore may have any
position on the scale-pans It follows that the scale-pans need not have
the same shape, nor be similarly attached to the machine, provided only
that their weights are the same

Ex 4 A umform beam rests tangentially upon a smooth curve wm a
vertical plans and one end of the
beam rests aganst a smooth vertical
wall, +f the beam 13 tn equilibroum
n any posion, find the equation
to the curve

Take the wall as the axs of y
and any pomnt O on 1t as the
origin

1£ 7 be the height of the centre
of grivity of the beam above Oz,
the equation of virtual work becomes W 37=0

[For the other forces, vz the reactions of the wall and curve, do not
enter mto the equation, by Art. 104]

F=const =h

Hence G 18 the pomnt (acos 6, 4), where 2a 18 the length of the rod, snd
618 1ts nchination to the horizontal.

Hence the equation to AG 18

y-h=tané(z~-acosf)=ztan8~asm o

For 1ts envelope, differentiating with respect to 6, we have z=a cos'd

and y—h=—asndd
2% 4(y—h)¥=al, g0 that the required curve is a portion of a four-
eusped hypooycloid.
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EXAMPLES

1. Four equal heavy umform rods are freely jomnted so as to form a
rhombus which 18 freely suspended by one angular pomnt, and the middle
powts of the two upper rods are connected by & hight rod so that the
rhombus cannot collapse Prove that the tension of this hight rod 18
4Wtan o, where W 18 the weight of each rod and 2a 18 the angle of
the rhombus at the pomnt of suspension

2. A string, of length q, forms the shorter diagonal of a rhombus
formed of four umform rods, each of length b and weight Y, which are
‘Tunged together If one of the rods be supported 1 a horizontal position,
prove that the tension of the string 18

3. A regular hexagon 4BODEF consists of aix equal rods which are
each of weight I¥ and are freely jouted together The hexagon rests n &
vertical plane and 4.5 18 1n contact with a horizontal table , 1f C and F be
connected by a light string, prove that 1ts tension 18 W /3

4 A square framework, formed of umfoim heavy rods of equal
weights W jomted together, 1s hubg up by one coner A weight W 1s
suspended from each of the threo lower corners and the shape of the
square 18 preserved by a light rod along the horizontal diagonal. Prove
that its tension 18 4 W

6. Four equal jomted rods, each of length a, are hung from an
angular pomt, which 15 connected by an elastic stung with the opposite
pomt, If the rods hang m the form of a square, and if the modulus of
elasticity of the string be equal to the weight of a rod, shew that the

unstretohed length of the string 1s l}’;

6. Four rods are jonted together to form & parallelogram, the
opposite joints are jomed by strings forming the diagonals, and the whole
system 1 placed on a smooth horizontal table Shew that therr tensions
are 1n the same ratio as their lngths

7. Six equal heary beams are freely Jouted at their ends to form a
hexagon, and are placed 1n & vertical plane with one beam resting on a
honizontal plane, the middle points of the two upper slant beams, which
ae nchned at an angle 6 to the horizon, are connected by a hight cord
Shew that 1ts tension 18 6 Wcot 6, where 715 the weight of each beam

8 A rogular hexagon 18 composed of six equal heavy rods freely
Jomnted together, and two opposite angles are connected by a string, which
18 honzontal, one rod beng 1n contact with & Lorizontal plane, at the
middle pomt of the opposite rod 18 placed a weight Iy, 1f I¥ be the

weight of each rod, shew that the tension of the string 18 EYJB—"‘.
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9. Six equal heavy rods, freely hinged ab therr ends, form a rogular
bexagon ABCDEF which when hurg up by the pomt 4 15 kept from
altenng 1ts shape by two light rods BF and CE  Prove that the thrusts
of these rods aro *> 1 and *,2 I, whero 17 1 the weight of aither rod

[Furst, gve e system & Stual dhsplacement n which 4B sad AF
remam fized and BC and P becoe equally mchned to the vertieal, and
5o obtam the tension of CE, then g tho system a displacement 1
which BC and FE both remamn vertical, and the rest of the rods aie still
equally mclined to the vertical ]

10 A flat semm cireular board with 1ts plane vertical and curved edge
upwards rests on a smooth horizontal plane and 1s pressed at two given
ponts of 1ts circumference by two beams which slhide 1 smooth vertical
tubes It the board 1s mn equihbriam, find the ratio of the weights of the
beains

11, Two equal uniform rods 45 and AC, each of length 2B, are freely
Jomwd at 4 and rest on a smooth vertical circle of radius a Shew that,
1f 26 be the angle between them, then

bom?f=acosd

[The weights, 17, are the only forces that come mto the equation of
virtual work, snd the height of the centre of gravity of each xod above the

centre of the curcle 13— ~beosd,
smé

swa[;ﬁi ~beos s]=o, v = 5 0050 B0 kbang 20=0, ete]
12 A prism whosocross scetion 15 an oquilateral trangle rests with two
edgon on smooth plancs melined st anglos a, 8 to the horizon  If 6 bo the
angle which the plane containing these cdyes makes with the vertical,
show that
9,/35m asin B+smn (a+8)

tan 0= T30 (a=F)

13 Two small smooth rings of cqual weight shde on a fixed elliptical
wire, whose major axis 18 vertical, and they are connccted by a string
which passes over a small smooth peg at the upper focus, shew that the
sweights will be 1n equilibrium wherever they are placed

14 Four equal umform rigid rods, cach of weight ¥, jomted together
at their ends so as to form a rhombus are hung froin one corner and kept
approximately 1n the form of a square by means of weightless rods which
form the diagonals Assuming that the very small extensions or
compressions, whichever the diagonals undergo, are proportional to the
tensions or thrusts they exeit, prove that these forces are each cqual
to W,
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15 Two small rings, of equal weight, shide on a smooth wire 1n the
shape of & parabola, whose axis 13 vertical and vertex upwards, and
attract one another with a force which varies as the distance , 1f they can
rest 1n any symmetrical position on the Wire, shew that they will rest in
all symmetrical positions

~16 A smooth rod passes through a smooth ring at the focus of an
ellipse whose major axis 18 horizontal, and rests with 1ts lower end on the
quadrant of the curve which 1s furthest removed from the focus  Find its
position of equilbrium, and shew that 1ts length must at least be

341-{.; NI¥8e where 2a 18 the major axs and ¢ 15 the eccentricity

17 One end of a beam rests agamst a smooth vortical wall and the
other end on a smooth curve mn a vertical plane perpendicular to the wall,
Af the beam rests in all positions, shew that the curve 18 an ellipsc whose
magor axis lies along the horizontal line described by the centre of gravity
of the beam

18 A heavy 10d 4B, of length 2, rests upon a fixed smooth pog at
€ and with 1ts end B upon a smooth curve If 1t rests i all postions,
shew that the curve 13 & conchoid whose polar equation, with € as ongin,

a
8 r=1 tano

19 A small heavy ring P shdes on a smooth wire whose plane 1s
vetical, and 15 connected vy & string passed over a small pulley 0 m the
plane of the curve with another weight I¥ which hangs freely ~ If the ring
18 1 equilbrium 1 any position on the wire, shew that the form of the
latter must be that of a conic section whose focus 13 at the pulley

[If m the posttion of equilibrum OP 15 # and 18 mclmned at 6 to the
vertical, the equation of virtual work gives

P (r cos )+ W8 (L-r)=0
Preos 6+ W (l-r)=const etc]

20 4B 13 a heavy beam #hich can turn about a horizontal axis at 4,
a curd fastened to B passes over a smooth pulley G, vertically above 4,
and 13 tied at the other end to & given weight P which moves on a given
smooth curve, find the form of the curve if there 18 equilibrium 1n all
positions

[If = bo the depth of the mddle pomt of the beam below A, and ¥ be
1ts weight, then

P5 (r cos ) + Waz=0,

50 that Prcos 0+ Wr=const.

Also (I~ r)me'+4a’ 4 dox, whero 4B=2a, 4C=c, and I 1s the length
of the cord  Elunato z ]



CHAPTER VI
GRAPHIC SOLUTIONS

107 TAE resultant of a system of forces acting at a pownt
may be obtamed graphically by means of the Polygon of
Forces. For, (F]g Art 24,) forces acting at a pond O and

de and d by the sides of the
polygon ABODEF are m equilibrium. Hence the resultant of
forces represented by 4B, BC, CD, DE, and EF must be equal
and opposite to the remawning force F4, ve. the resultant must
be represented by 4 F.

It follows that the resultant of forces P, Q, R, S, and T
acting on a particle may be obtamed thus, take a pont 4 and
draw AB parallel and proportional to P, and in succession B.,
CD, DE, and EF parallel and proportional respectively to Q, R,
8,and T, the required resultant will be represented 1n magm-
tude and direction by the lme AF. The same construction
would clearly apply for any number of forces

Many problems which would be difficult or, at any rate,
very laborious to solve by analytical methods are compar rtively
easy to solve graphically, These questions are of common
occurrence 1 engineering and other practical work There 1s
generally httle else involved besides the use of the Triangle of
Forces and Polygon of Forces.

108 Ex 1 ACDE w4 a string whoss ends are attached to two ponts,
A and B, which are wn a horzontal lins ard are seven frct apart The
lengths of AC, CD, and DB are 34, 3, and 4 feot respectsvely, and ar ¢ 1s
attached a one-pound weyght  An un/maum werght w attuchod to 1D of such
a magntude that, wn the posion of equlibrium, CDB 13 a rijht angle
Find the magmitude of ths weight and the tenswns of the atrings

Let 7,, T3, and 7, be the required tonsions aud let z Ibs be the
weight at D Take a vertical line 0L, one 1mch 1n length, to reprcsent the
weight, one pound, at ¢ Through O diaw 04 parallel to AC, wud
through Z draw Lif parsllel to CD,
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By the triangle of forces OM represonts 7y, and LY represents Ty
Produce OL vertically downwards and through 3 draw .V parallel to
BD  Then, sice LY represents Ty, 1t follows that T 18 represented by
AN, and z by LN By actual measuromont, we have
OM=305ms, LM =249 ns, MN=511ms, and NL=563 ns
Hence the weight at 0 1s 563 lbs. aud the tensions axc respectively
305,249, aud 51 lbs wt.

/
M
Ez 2 The Crane The essentinils of a Crane are represented m the
annexed bigure 1418 a vertical post, 4C a beam, called the jib, capable
of turnig about 1ts end 4, 1t 18 supported by & weoden bar, or chain,
€D, called the tic, which 1s attached to & powt D of the pust 48 At C

8 c
fl TN
D| i K
il
w
€ b
T ’Ir'
A 7
1/
W

™
138 pulley over which passes a cham one end of which 1 attached to a
weight to be hifted and to the other end of which, £, 1s apphed the force
which raises ¥ This end 19 usually wound round a drum or eyhnder
Tho tie ¢'D 13 sometimes horizontal, and oiten the direction of the chamn
s ‘
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CF comedes with it In the above crae the actions m the ib and tie
may be determmed graphically as follows
Draw &L verticalls to 1cpicsent W on any scale, and then drow LM
equal to AL and paillel to C& , through & diaw AV parallel to 4C and
through & draw K.Y parallel to )¢
Then KLM.V 15 a polygon of forces for the equilibrium of C, for we
assume the tension of the cham to be unaltered m_passg over the pulley
€, and hence that the tension of C£ 15 equal to W Hene, if 7 be the
thrust of 4C and 7" the pull of CD, we have
T_T
Ay
Hence T and 7T are represeuted by AV and N on the saue seale
that KL represents W

Ex 3 Shew how the forces which act on a kite mmntan it wn equils-
brium, proving thut the popendicular to the kue must be between the
direction of the strng and the vertical

Let AB be the middle line of the kite, B being the pomnt at which the
tail 18 attached , the plane of the kite 1s perpendicular to the plane of the
paper  Let G be the centre of gravity of the kite wncludmg its tail

The action of the wind may be resolved at eacn pomnt of the kite mto
two components, one perpendiculir to the kite and the other along its
surface The latter components have no eflect on 1t and may bo neglected
The former components compound nto a single force & perpendicular to
the kite which acts at a point A which 1 a short distance above ¢ R
and W meet at a pomnt 0 and through 1t must pass the direction of the
third force, wiz the tension 7 of the string

Diaw KL vertically to represent the weight W, and LAl parallel to
HO to represent & Then, by the triangle of forces, J/& must represent
the tension 7' of the string

It 18 clear from the figure that the line /A must make a gieater angle
with the vertical LK than the line L1, e the perpendicular to the kite
must lie between the vertical snd the direction of the string

From the triangle of forces 1t 18 clear that both 7' and W must be
smaller than the force R exerted by the wind.
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EXAMPLES
[The following examples are to be solved graphically ]

1. A heavy beam, 4B, 10 feet long 1 supported, 4 uppermost, by two
ropes attached to 1t at 4 and B which are respectively nchned at 55° and
50° to the horizontal , 1f A8 be inchined at 20° to the horizontal, find at
what distance from 4 1its centre of gravity 1s  Also, 1f 1ts weight be
2001bs, find the tensions of the two ropes
[3161t, 133 and 1188 lbs wt ]

2 ABisaumform beam turming ona pivot at Cand kept in equilibrium
by a light string 40 attached to the highest pomnt 4 and to a pomt D
vertically below € If 4B=3 ft, AC=1ft, CD=2ft,and Dd=27 ft,
and the weight of the beaw be 10 Ibs, find the tension of the string and
the reaction of the pivot [675and 16 6 Ibs wt]

3 A cantilever consists of a horizontal rod 4 B hinged to a fixed support
at 4, and a rod DC hinged at a powt C of 4B and also hinged to a fized
powt D vortically below 4 A weight of 1 ewt 1s attached at B, find the
actions at d and C, given that AB=6 ft, 4C=2 ft, and AD=3 ft, the
weights of the rods being neglected (283 and 361 cwt |

4 The plane of a kute 1s inchined at 50° to the honizon, and its weight 1s
10 Ibs  The resultint thrust of the air on 1t acts at a pomnt 8 inches
above 1ts centre of gravity, and the stung 15 tied at a pomt 10 nches
above 1t  Find the tension of the string and the thrust of the air

(268 and 321 1bs wt]

109 Funicular, 1e Rope, Polygon If a light cord have
1ts ends attached to two fixed pomts, and 1f at different points
of the cord there be attached weights, the figure formed by the
cord 15 called a funicular polygon

Let O and O, be the two fixed points at which the ends of
the cord are tied, and let 4,, 4,, . A, be the ponts of the
cord at which are attached bodies whose weights are w,, w,,
wp respectively

Let the lengths of the portions 04,, 4,4,, 4,4,, . . 4,0,
be 4y, @z, @,  @ny. Tespectively, and let their ichnations to
the horizon be

& Gy, .0 Angye

Let  and k& be respectively the homzontal and vertical

distances between the pomnts O and 0,, so that
@, €08 Q) + @3 C0S &y + oo+ Anyy COS Ay = oooe (1),
and @GSN G+ 08N &+ A SN Aay =k, (2)

Let Ty, T3, Tayr be respectively the tensions of the

portious of the cord
4
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Rewolsing vertically and horizontally for the equilibrium of
the diftercns waghts m succession we have

T sima, — fysina, =y, and T, cosa, ~Tycosay=0,
Tysma ~ T «ma=wu and T,cos %, —Teona,=0,
Tupasin oy —Tysinoy=w, aud Ty 008 tney — Tcos o, =0

These 2n equations, together with the equations (1) and (2),
are theoretically sufficint to determine the (n+ 1) unknown
tensions, and the (» -- 1) unknown mclinations

A 4y Ly
From the nght-hand column of equations, we have
Tycosoy = Theosa, = Lycosgy= =1, cosay., =N way)  (3),

so that the horizontal component ot the tension ot the cord 18
constant throughout and equal w X,

T Aer ey
o T I Ny
I W,

Vi,

From (3), substituting for 74, 7,, Ty, in the left-hand
column of equations, we havc

w,

tan a, —tan 7, = b
w,

tan o —lan ;= jf"

n
tan 0,4, —tana, = -2

If the weights be all equal, then tan g, tana, . tan Gngy
are 1n arithmetical progression.
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Hence when a set of equal weighte are attached to different
pomts of a cord, as above, the tangents of inclination to the
horizon of successive portions of the cord torm an arthmetical
progiession whose const s dificrence 18 the waght of any
agtached particle divided by the constant houzontal tension of
the cords

110 Graphic construction If, i the Fumenlar Poly-
gon, the mclinations ot the difierent portions of cord be given
we can 9ns\ly by geomotnc construction, obtain the ratios of

wy, Wy,

For ]et C be any pomt and CD the
Lonzontal lme through ¢ Dhw CPy,
CP,, CPy. parallel to the cords O.1,,
A4, oo 470, 50 that the angles 10D,
LD, arerespeetnly «;, @,

Draw any vertical hine cuttrng these
lmes n D, P,, P,

Then, by the previous article,

Py

=~ tana,— tano = 2
Fotns e = o)
Wy _ - _hr, _DP,_P.I,
I—{_buna. tan o, = D~ 0D =D
and so on
Hence the quantities K, w,, v ury are 1espectivelv pro-

portional to the lmes (D, P,I’,, P,I’,, PPy, and hence
sheir ratios are determincd

This result also follows hum the fact that CP,P,1s a triangle
of forces tor the weight at .1,, CL.0’, sunilaily for the weight ab
A4,, and so on

Sumilarly, 1f the weights hung on at the jomnts be given and
the durections of any two of the cords be alvo hnown, we can
determine the directions of the others  We draw a \citical ine
and on 1t maik oft PP, PP, proportional to the weights
Wi, W,, . If the dircetions ol the cords 0y, 4,4, are given,

we draw P,C, P,C paallel to them and chm determine the

pomt C. Jom C to Py, P,  ete,and we hive the directions of
the rest of the cords,
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111 7o find, by a gi aphic construction, the resultant of any
number of coplanar forces

Let the forces be P, @, R, and S whose lines of action are as
1n the left-hand figure

Draw the figure A BCDE having 1ts sides 4B, B, CD, and
DE respectively parallel and proportional to P, Q, B, and §
Jomn AE, so that by the Polygon of Forces AE repiesents the
required resultant i magnitude and direction.

Take any point O and join 1t to 4, B, C, D, and E, let the
lengths of these joining hnes be a, b, ¢, d, and e respectively

Take any point « on the line of action of P, draw o8 parallel
to BO to meet @ mn B, By parallel to CO to meet R m v, and
8 parallel to DO to meet S 1n 8 Through & and a draw lines
parallel respectively to £0 and OA to meet 1n ¢

Through ¢ draw eL parallel and equal to AE Then eLshall
represent the required resultant in magnitude and line of action,
on the same scale that A B represents P,

For P, bemng represented by AB, 18 equivalent to forces
represented by A0 and OB and therefore may be replaced by
forces equal to a and b 1n the directions ea and Ba  So @ may
be replaced by b and ¢ m directions a3 and y8, R by ¢ and d n
durections By and 8y, and S by forces d and e in directions y8
and €&

The forces P, @, R, and 8 have therefore been replaced by
forces acting along the sides of the figure aByd¢, of which the
forces along af3, By, and 8 balance. Hence we have left forces
at e which are parallel and equal to 40 and OZ, whose re-
sultant 18 AE

Since eL 18 drawn parallel and equal to AE, 1t therefore

P the required resultant 1n magnitude and line of action.
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Such a figure as ABCDE 1s called a Force Polygon and one
such as aBybe 15 called a Link or Funicular Polygon, because 1t
represents a set of links or cords in equilibrium,

112 If the point £ of the Force Polygon comeides with
the pomnt 4 16 13 said to close, and then the resultant force
vanishes

If the Force Polygon closed, but the Fumecular Polygon did
not close, 1¢ 1f Sex was not a straight hne, we should have left
forces acting at & and « parallel to O and 40, 1¢ we should 1
this case have two equal, opposite, and parallel forces forming a
couple.

If however the Funicular Polygon also closed, then Sea would
be a straight line and these two equal, opposite, and parallel
forces would now be in the same straight line and would balance

Hence, if the forces P, @, R, S are in equiibrium, both their
Force and Funicular Polygons must close

113 If the forces be parallel the construction 1s the same
asn the previous article The annexed figure 13 drawn for the
case 1n which the forces are parallel and two of the five forces
are 1n the opposite direction to that of the other three,

Since P, R, and § are m the same direction we have 4B,
CD, and DE m one direction, whilst BC and EF which
represent @ and 7T are m the opposite direction

The proof of the construction 1s the same as 1 the last
article The lne ¢Z, equal and parallel to AF, repr>sents the
required resultant both 1n magnitude and hne of action

This construction clearly applies to finding the resultant
weight of a number of weights

Ex 4 wuform beam HE, of length 12 feet and weght 5 cwt, s
supported at I and & so as to be horzontal, at pownts L and M on 1t, such

that IL=2 fi and HY=8 /i, weghts of & cut and 3 cwt are placed; find
graphically the reactwns at H and K
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Measwie 4B, BC, CD vertically on & scale in which 1 cwt 15 represented
by halt an 1uch, 50 that 48=2 s, BC=24 s, and CH=14 s,

/‘\R Ts
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Take any conventent pole 0

Fiom any point a on the vertical through L dizw ae, 8 parallel to
04, 0B to meet the verticals through 2 aud G m ¢ and 8, draw By
parailel to €O, 3 parallel to DO, and join % Draw O parailel to 3¢ to
meet A8 m £ Then DE, EA clearly represent Sand £ On measure
ment, e have R=683 cwt and $=517 cwt

114  There 1s another system of lettering (known as Bow’s
or Henricr s system) that may be used conveniently m the work
of Art 111

Let the space between the forces P and @ be called B,
that between @ and R be called C and so on.

Then the line of action of P 1s the boundary between the
spaces d and B, and hence in the second figure the Line that
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represents 1t may conveniently be called @b The Force Polygon
therefore 18 named abede

When the pole o has been taken and the Funicular Polygon
afvyde has been drawn, the space within the latter 1s then con-
ventently calied O.

a
W © 4 / \
a N
LR LR R
o/ A o /J ~Ye
?-)X S - \
N o b
e . t\ A
Thus a small letter attached to an angle of the Force
Polygon corresponds to & big letter attached to a space of the
TFunicular Polygon
The point of apphieation, o, of the force P 18 the meeting
pomt of the spaces 4, B and O and hence may be called the

pomnt ABU, the corresponding triangle of forces for this pomnt
13abo  Simlarly for the other torces

116 If any two fumculars of a gwen system of forces
corresponding to two poles O and O’ be drawn, the locus of the
ntersection of then corresponding sudes 1s a st arght line which
s parallel to 00

Let a8y be the funicular, constructed as mn Art 111,
corresponding to the sccond pole O Reverse all the forces
P,Q R, actingata, g,

Resolve Q at 8 into forces, equal to BO and OC, along a8
and 8, and the reversed @ at 8’ nto forces, equal to 0 B and
00', along B'a’ and By’, and take moments about U, the inter-
section of a8 and '8’

Then since these four components are 1 equilibiium the
sum of therr moments about U 1s zero  Also two of them pass
through U Hence the moments of the forces along y3 and 8’y
(equal to OC and CO' respectively) about U 1s zero

Hence their resultant passes through U Bat 1t clearly also
passes through V, the intersection of By and 8'y* Hence their
resultant 18 m the line UV,
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But by the nght-hand figure the resultant of forces repre-
sented by 0C, 00" 15 paallel to 00, so that UV 1s parallel
to 00

Similarly the line V', jounng V to the intersection, W, of
the lines 8 and ¥'8, 1s patallel to 00’

Hence all the pownts U, V, W, ... clearly lie on 4 stiaight
Line which 1s parallel to 00",

116 Gwen one fumcular of a gwen system of coplanar
forces, to construct all the fumcular s

This may be done by reversing the process of the previous
article.

For let a meet any hne HK m U Draw U8 n any
arbitrary direction to meet the forces P and Q mn o’ and 8"
Let By, ¥8, 8, meet /K m V, W, X,

Draw V@Y, Wy'8, X8, . tomeet R, S, T,. vy, ¥,¢,
Then, by the previous article, #'8y" . 1s another funicular

Also, since HJ¥ and Ua’3’ are both arbitrary, 1t 1s clear that
an mfinite number of tuniculars can be thus obtained

117 Graphac repiesentation of the moment of the resultant
of gwen forces

Let the notation be as in Art 111,

If we want the moment about 4 qiven pomnt M, through 1t
draw a line MUV parallel to the resultant £ to meet in U and
V the two sides of the funicular polygon which mcet on this
resultant. From O draw a perpendicular OH upon AE, and
from M a perpendicular JLV on the lne of action of the
resultant L

Since the sides of the triangles UeV and 40F are respec-
tavely parallel,

. UV _ Ue _ perp' fromeon UV _ NN
© AL T A0 perp hom Oon AE = 00T
sothat AE.MN<=UV OH

Hence the sum of the moments of the four component forces
P, Q, R, 8 about I = the moment of their resultaut Z ahout 3

=L MN=AE.MN
=UV.0H,
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e the moment about M 18 equal to the intercept, on the line
through M parallel to the resultant, of the sides of the funicular
polygon which meet on the resultant multiphed by the perpen-
dicular from the pole O on the side ot the torce polygon which
represents the resultant,

\ o
Rf\ s T\,
. 4 g~ .0
) N e
d L v H\ . b 4
@ u
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o v “« A P B
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Similarly, the moment about M of any of the component
forces P 15 equal to the intercept on the line through M parallel
to P of the two sides through a of the funicular polygon
multiplied by the perpendicular from the pole O on the side 4B
of the torce polygon which represents P,

118 A closed polygon of lght rods freely jointed at ther
extrematies 15 acted upon by a gwven system of forces acting at
the jownts whh wre w equibbrum, fnd the actions along the
20ds.

c
°oa g, -
B .
\“lr/ S A "
A, O
e T T. g
AL A

Let A4,4,, 4.4,, ... 4,4, be a system of five rods freely
Jomnted at their ends, and at the joints let gaven forces Py, P,
Py, P,,and Py act as 1n the figure  Let the consequent actions
along the rods be Ty, 7', Tw, T, T as marked.
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Draw the pentagon abede having 1ts sides puallel and pro-
portional to the forces Py, P, . I’; Since the forces are in
equilibrium this force polygon s a closed hquie

Through @ draw ao parallel to .1, and through e draw eo
parallel to 4,4, Now the triangle eoa has 1ts sides parallel to
the forces Py, T\, and Ty which act on the joint 4, Its sides
are therefore proportional to these furces, hence, on the same
scale that ea represents P,, the sides ao and oe represent 7%,
and Ty

Jomn o0, 0d, and o¢  The sides ab d oa represent two of
the forces, P, and 7}, which act on 4, Hence bo, which
completes the triangle aob, represents the third force 7% 1n
magmtude and direction. Siularly oc and od 1cpresent 7'y and
Ty respectively. The hnes oa, ob, oc, od, and oe theretore

both 1 mag Je and d , the forces along
the sdes of the framework A swuln construetion would
apply whatever be the number of sides 1 the fiamework

119 It 18 clear that the figurc and construction of the
preceding article are really the samc as those of Art 111,

If the mght-hand figure repiesents a framework of rods ab,
bo, cd, . acted on at the joints by furces along ao, bo, . ., then
the polygon 4,4,4,4,4, of the left-hand figure 15 clearly 1ts
force polygon, since 4,4,, 4.4,, . are respectively parallel to
a0, bo, ...

Hence ether of these two polygons may be taken as the
Framework, or Funicular Polygon, and then the other 13 the
Force Polygon. For this reason such figures are called Reci-
procal.

cow/
!

As another example we give a triangular frameworh acted
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on at 1ts jonts by three forces P, P,, Py 1n equilibrium whose
force polygon 1s abe, converscly, 4,4,4, 18 the force polygon
for the trangle abe acted on by forces Ty, T, and Ty

120 Ex 1 A fiamework, AAgdsd,, consisting of lught rods stuffened
by a brace ds, 18 kipt in a vertical plans by supports at A, and Ay,
0 that Ay Ay 25 horeontal, the 1oy jths of didyy Agds, Asdy and 4,4, are
3,2, 3, and 4 fut respetu Iy, alo A,Ay and A4ds are parallel, and A,As
and daay ure equally onlined o Ardy  If weghts of 10 and 5 cwt
respectively be pluced at A, and As, find the reactions of the supports at
Ay and Ay, and the foreis orted by the different portions of the framework

Let the forces m the sules he as maihed 1 the figure and let P and
Py Ve the reactiors ab dy and 4y

|
c

Draw a vertical ine 48,5 inches 1 length, to represent the weight
10 st ot 1y, also draw 4D parallel to 4,4, and BD parallel to dyds
Then .1 2D 1s the Lriangle ot Forces for the joint 4y

Note that the force at 4,0 the bai 4,43 must be along d3dsor dgds.
and that at dg along 4gdg or 4,4y

[Any bar, which undeigoes stress, s 10 this case, 18 either resisting
a tendency to compress t, or a tendency to stretch 1t In the first case,
the action at each end 15 from 1ts centre towards 1its ends, in which case
the bar 1 called & Strut, 1 the second case the action at each end 18
towards 1ts centre, when the bar 15 called & Tie In eher case the
actions at the two ends of the bar are equal and opposite ]

Draw BC vertical aud equal to 2§ 10s. to represent the weight at Ay
Draw CE parallel to 4,4, and DE parallel to 4,4 Then DBCE 1s the
Polygon of Forces for the jomt dy.
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Draw EF honizontal to meet 4C1n £ Then ECF1s the Triancle of
Forces for 4, 80 that the reaction Py 18 represented by CF and 7y
by FE

Finally, for the jomnt 4,, wo have the polygon DEF4, so that Py 18
reprosented by F4

On measuring, we have, 1n mnches,

EF=110, CE=331, DB=171, DA=530, DE=9l,
CF=3125, and FA=4375

Hence, since one inch represents 2 cwt , we have, in cwts,

Ty=220, Ty=662, Ty=354, Ty=1060, Tjs=182,
P=625, and P,=875

Also from the order of the forces i the triangles and polygons of
forces 1t 15 clear that the bars 4;4; and 4,4, are m a state of tension,
te they are ties, whilst the other bars of the ramework are in a state of
compression, 1 ¢ they are struts

Ex. 2 4 portwon of a Warren girder consats of a light frame composed.
of three equilateral triangles A\AyAg, Agdods, Agdad, and rests unth A, dgds
horiontal, beng supported at 4, and A, Loads of 2 and 1 tons are sus-
pended from Ay and As, find the stresses wn the various members

Draw 4B, BC vertically, equal to 2 inches and 1 inch 1espectivel, to
represent Py and Py Take any pole 0 and join 0, 0B, UC

Take any pomnt a on the Line of action of £, diaw ad parallel to 04
to mect the line of the reaction Py at 4, m , and a8 parallel to OB to
‘meet the vertical through 4, n 8, and then Sy parallel to CO to meet the
vertical through A,y Jon y3, then aSyd 1 the fumeular polygon of
which (if we draw 0. parallel to y3) the straight Lino 44CL 18 the foice
polygon.

@ Py=1

a b 31\

=2 ©
Hence Py and P, are represented by DA and €D Let tho forces
exerted by the rods, whother thrusts or tensions, bo Tiy, 7y, 88 marked
Draw DE, AE parallel to 4,4 and 4,4, , then 4%D 15 & tnangle of
forces for 4, so that A and £D represant Tip and Ty
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Draw LF, BF parallel to 4,4 and 4,45, 0 that EABF is the polvgon
of forces for the Juint 4,, and thus £F and # B represent Ty aud Ty

Draw €U, FG parallel to 434, and 4,4, (which meet on DE), so that
FBCG 18 the polygon of forces for the jomt As, and thus FG and GC
represent 7' and Ty

Then CDC 18 the trangle of forces for Ay, so that D@ represents T

Finally, EDGF 15 the polygon of forces for the jomt dg

On measuting off the various lengtls in inches, we have

Py=175 Pi=125, T,;=202, Ty=87, Ty=144, Tis="72,

Tys=101, Tp="Ty= 29 ton’s wt respectively

Alco, from the order of the forces m the tmangles and polygons of
forces, 1t 18 clear that 4,4, Asd, and Agd; are ties, and the others
are struts

[A girder, conweting of & number of portions like the part m the
figure, 18 called a Wairen girder after the name of its mventor, Capt
Warren, who troduced 1t about the jear 1850]

Bx 3. AApd34,454, w a roof triss as wn the figure, at the ponts
Ay, Ag, Ay, Ayact forces Py, Py, Py, Pyin the dirsctions marked, equilibrum
18 kept by means of a reaction P, at A, which 13 unknown 1n magnatude and
direction, and an unknown reaction Py at Agin the guen direction 45X, find
these reactions and also the tensions or thrusts of the rods forming the truss

We must first find the magnitudes of Py and Py
On any convement scale draw BC, CD, DE, LG to represent Py, Py,
Py, Py 1n magmitude and direction, and take any pole O,
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Starting with 4, (which 15 the only point we know on the line of action
of the unknown force #,) draw the fnicular polygon 4,8y m which
4,3, By, 18, 8¢, ¢ aro parallel respectively to U8, UC, 0L, O, and UG.
o -

G
Join Ay¢ and draw 04 parallel to 1t to meet G4 (which 18 drawn
parallel to the given direction o) 10 4
Then cleatly GA represcnts the unknown reaction Py, and AB
represents both in magmitude and direction the unknown reaction P
at 4, For, since the force polygon ABCDEGA and the fumcular
polygon 4,8y3¢(4, are closed, the correspouding forces Py, Py, P
actingat 4y, 43,  .1g, 1n the directions given or found, are 1n equilibrum




Graphic Constructions 113

To draw the force polsgon as neatly as possibie we should have the
forces i it 1 the onder 1w which they are i the frame  Diaw then
EF, £ parallel to Gd, GL aud we Lave as the force polygon the
figure ABCOLFA

Draw BE, AK parallel to 4,4, and 4,4, 50 that ABK 1s a trandle of
forces tor 4, Through A, C draw AL, CL parallel to 4,4, d,dy 50 that
BCLE 15 8 polygon of forces for dy

Through L, D draw L3, D parallel to A;4s, A34s so that CDML1s
& polygon of forces for Ag.

Sumlarly, DEM J/ 1s a polygon of forces for Ay Tt 1< then found that
NF1s pauallel to dgdg, 8o that £F) 1s a triangle of forces for dg, and
FARLYY 1s a polygon of forces for 4,

It 18 easly seen that the rods d,dj, dyds, ds.dy, Asds are n thrust,
and that the otber Live are 1 tension

121  There 15 one pomt to be noted which 18 of some
importance in drawing the figure and which may be explained
by the last example of the foregoing article In drawing the
forces for the jont 4, we might have diawn a hne through ¢
parallel to 4,4, and one through X parallel to 4,4,, this would
not have been wholly wrong, but the igure resulting would have
been more comphicated than the preceding  The proper rule
to observe 18 that the lines meceting at any pomnt C of the
figure should, if possible, be parallel to forces acting at two
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jomts, and the link joining these jomnts, of the frame Thus
since at O there meet the forces acting at two jonts d,, 4, of
the frame, the third lime through 1t should be a Line parallel to
4,4;, hence we draw CL parallel to 4,4,

But sometimes, as at the pomt L, we do not have lhnes
parallel to any of the omginal extcinal forces of the frame, mn
this case we take the lines through L to be such that they are
parallel to the sides of a tilangle 1 the original frame Thus
1n drawmg the force polygon for 4,, we start with LC, CD which
have already been diawn Through L we could now draw a
Line paallel erther to 1,4, or dsd,, but the forces already
drawn at L are parallel to 4,4, and 4,4,, and 4,4, satishies
the condition of forming with these two a triangle in the
original frame whilst 4,4, does not, we thercfore draw LM
parallel to A,d, and then DM parallel to 4,4,

In drauwng the force dwugram we the: efore should take care
that the three forces 1epiesented by lines pussing through any
pownt of the figure are ewther parallel to two external forces and
the corresponding link of the frame, or are paiallel to the sides
of a truangle wn the frame.

122 Method of Sections  Sometimes only the reactions
1 a portion of the diagram are wanted and then the whole of
the reciprocal diagram need not be drawn Thus suppose 1n
Ex 8 of Art 120 we only want Ty, T, Tn. Imagine a line
QRS drawn to cut them so that @, R, S are respectively on 4,4,,
4,4,, and 4,4,. The portion to the left of QRS 1s then mn
equihbrium under the action of the forces on 1t, provided we
nclude T, T, T acting along A, 4,, 4,4, 4,4,,2¢ 1t 18 10
aquilibrium under the action of the exteinal forces P, Py, 7,
Ty, Ty. These are equivalent to two forces P, and P, given
1n magmtude and direction, Ty whose line of action 1s given,
and a force X [the resultant of the two unknown tensions
Ty and Ty;] of which we only know 1ts point of action 4,. The
solution may thus be completed by drawing successively tri-
angles of forces for Py, T}, and Iy, then for 13, P, and X, and
finally for X, Ty and T}

Or we may take moments about 4,, and we have
Ty x perpendicular from 4, on 4,4,

= P, x perpendicular from 4, on 4,P,,
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Similarly, moments about the intersection of 4,4, and 4,4.,
and moments about 4, will give 7', and Ty

In applying this method care must be taken that the section
chosen does not cut more than three of the members of the
frame

123 A number of bars jointed together at their ends 1s
known as a framework or, more simply, as a frame When the
forces acting on such a bar are such that 1t 1s 1n tension, 1t 18
called a tie, when 1t 15 1n compression 1t 15 called a strut

The simplest frame 18 a triangle of three rods 4B, BC, C4
connected by joints at A, B, and C. Since the shape of a
triangle 1s fixed when 1ts sides are given, such a framework 18
unalterable 1n shape and 1s said to be staff, or to be a perfect
fiame, whatever be the loads applied to 1ts jomnts

A frame consisting of four rods 4B, BC, CD, DA hinged at
A, B, C,and D 1s clearly not nceessanly of a constant shape,
for no geometrical figure, except a triangle, 15 given n shape
when the lengths of 1its sides are given It 1s said to be 1m-
perfect, because 1t does not preserve the same shape 1if the
forces applied to 1its joints vary It may however be made to
become stiff by adding a diagonal bar AC hinged to the others
at 4 and C. The forces acting along the five sides of the frame
are now determinate for any given system of forces applied to
1ts jomnts

Suppose that 1 addition to the diagonal bar AC we now
add another diagonal bar BD, The frame 18 now said to be
redundant, because 1t now contains one more hink or member
than 18 necessary to determne 1ts form, the forces acting along
1ts members due to any given system of loading would not now
be determinate

In general, a frame 1s stiff 1f 1t can be dissected mnto a
number of triangles, but 1t may then be redundant

124 Non-redundant stiff frames. In two dimensions,
1f n be the number of joints, the number of bars must be 2z —3,
1f the frame 1 to be both stiff and non-redundant  For, 1f we
have three jonts 4, B, C, the number of bars necessary to
determime them 1s three, iz BC, CA, AB  Any other jomt D
1s given 1 position 1f we are given the bars (say 4D, BD)
Jomning 1t to any two of the previous jonts, So for any other
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Jomt E Hence after the first three joints, two extra bars are
required for each jomnt The total number for 7 joints thus
=83+2(n—-3)=2n-3.

In three dimensions, the number 1s casily seen to be 8 — 6
For after the first three joints A, B, C are given, the position
of a fourth joint D 1s given 1f the bars 4D, BD, CD are given
The position of a fifth jont £ 1s known 1f we are given the bars
Joimng 1t to any three of the previous four, eg if AZ, BE, DE
are given Hence for any jont after the first three, three
additional bars must be given The total number required
therefore

=3+3(n-8)=3n—6.

125 In the examples of Art 120 are seycral non-redundanb
stiff frames S 1t 18 to have a red
frame Thusn Ex 1 of A1t 120, 4,.4,1s a tie. If the 10 cwt,
at A, were removed, then 4,4, would clearly become a strut
But, 1f 4,4, were very flexible, 1t would not act well as a strut,
1 this case 1t would be better to have an additional tie 4,4,
When the weight 1s all at A, then 4,4, would be 1n action and
A, 4, of no umportance , 1f all the weight were at 4, then 4,4,
would go out of use, and 4,4, only would be 1n action

Such members as 4,4, or A,4,, capable of being used as
a strut or tie only, are called sem1-members.

EXAMPLES

1. Loads of 2, 4, 3 owt are placed on & beam 10 ft long at distances
of 16,3 ft, 7 ft from one end Find by an accurate drawing the hine of
netion of the resultant. [39 ft from the end ]

2. A horizontal beam 20 feet long 18 supperted at 1ts ends and carries
Toads of 3, 2, b, and 4 ewt. at distances of 3, 7, 12, and 15 feet respectively
from one end  Find by means of a fumcular polygon the thrusts on the
two ends [715 and 685 cwt ]

3. Weights of 5, 10,12, 8, and 6 Ibs rest upon a beam at distances
1,4,7,9, and 12 feet from onc end  The beam 15 supported at distances 5
and 15 feet from the samo end  Find graphically the supporting forces

[342and 681bs wt]

4, ABCDEF 15 a vegular hexagon  Shew that the forces which must
act along 4C, AF, and DE to produce equilibrium with a force of 40 lbs
weight acting along EC are respectively 10, 17 32, and 34 64 Ibs woight.
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5. Tig 1 consists of a symmetrical system of light rods freely jointed
and supported vertically at the extromities , vertical loads of 10 and 5 cwt.
are placed at the pomnts mdicated , find the thrusts or tensions of the rods,
f the side rods are mehined at 50° to the horizon

[T,=1305, 7,=979, T,=326, T\=839, and Ty=5cwt. 7 and 7%
are ties , the others are strats |

6. Fig 2 consusts of a symmetrical system of light rods freely Jointed
and supported by vertical reactions st 4 and B, 1f a weight of 10 cwt be
placed at D, find the thausts o1 tensions 1n the rods, given that L DAB=55"
and £ CAB=35°

[T,=839, 7,=1198, and Ty=962 cwt 7315 & strut and 7} and 74
aro ties ]

Fig 1 Fig 2 Fig 3

7. A orane 15 constructed as mn Fig 3, and 15 cwt. 13 hung onat 4,
find the forces along the parts AC and 4B If tho post BC be fres to
move, and BD be rgidly faed, find the pull 1 the tie CD

[372,475, and 431 owt.]

8. A portion of a Warren qirder consists of three equilateral trangles
ABC, ADC, BCE, the nes 45, DCE being horizontal and the latter the
uppermost It rests on vertical supports at 4 and B and carries 5 tons
at D and B tons at £ Find the re trons at the supports and the stresses
1n the four mclined members

[6 tons and 2 tons , 677, 1155, 1155 and 3 464 tons , of the last four
the first, third, and fourth are struts and the second 15 & tie ]

9 ABCD consists of a quaduliteral consisting of four hight rods
loosely jomted, which 1s stiffcned by a rod BD, at 4 and C act forces
equal to 40 lbs weight Ghven that 4B=2 ft, BO=3 ft, CD=4 ft,
DA =43 ft,and DB=5 ft, find the tensions or thrusts of the rods.

[The tensions of AB, BC. €D, and D.{ are 324, 364, 168, and
255 lbs wt, the thiust of 0 13 367 lbs wt]

10 Two umform equal rods, .1 B, BC, are freely jounted at B, and are
suspended freoly from a peg at 4, the rods Leng mamtamed at right
angles to ouo another by & massless sting AC fastened to the peg at 45
haviog given the weight W of cach rod, shew graphically that the tension
of the string 18 67 I¥, and that the stress across the Jot B is equal to § 7,
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11  ABC 1s a horizontal hne such that 4Z=56 ft, and BC=15 ft
D15 a pomt vertically over B such that BD=10 feet and £ bisects DC
AC, CD, DA, BD, BE are rods forming a fiamewotk, loads of 10 ewt.
each are appled at D and £, and the systew 15 supported at 4 and ¢
Draw the reuprocal higuie, and determine the stresses i the different
members of the frameworl

(563, 1313, 16 77, 6 76, 1258, 5, and 9 01 cwt ]

12. A framework consisting of tive bars 4B, B, CA, CD, DA, freely
Jomted at themr extiemities, 1s placed in a vertical plane 4 515 a right-
angled tangle with 42 horizontal and 4 vertical and A B=4C=10 feet
The angle B.1D 18 135" and ACD 15 120° The framework supports a
vertical load of 1 ton at D, equiltbiium being mamntamed by vertical forces
at dand B Fimd the magnitude of these forces and the reactions i the
various bars of the frame

(337,237,237, 335, 1,273, and 335 tons wt ]

13 A Warren girder, consisting of equilateral triangles, has five
Jomnts 1 the bottom boom and four jomnts 1 the top boom The ends of
the bottora boom rest on piers at the same level There 13 & load of
3 tons at each of the bottom jomts and a load of 5 tons at the second top
Joint, counting from the left  Find graphically the reactions at the piers
and the stressos 1n the four mnclined members wlich slope down towards
the loft (10625, 9 375, 8 80, 5 34, 390, and 7 36 tons wt ]

14. A Warren girder, of 48 feet span, has the lower boom divuled nto
four segments and the lengths of the inchined members are 12 feet It 18
loaded with & umformly distributed load of 2 tons per foot run and a
concentrated load of 50 tons at the centre Find the magmtude and
sense of the stresses in the members

[Replace the load on each segment by a weight, equal to half the load,
acting at each of the ends of the segment ]

15 A roof 15 m <e tion half of a regular octagon A BCDE, the ponts
4 and D, and also the points B and £, are connected by tio beams and the
whole of 1t 13 to be 1egarded as freely jomted at the points 4, B, ¢, D, E
and supported on walls of equal height at A and £ The roof 18 covcred
with & umform covering of tiles By a graphical method, or otherwise,
obtain the magnitudes of the stresses mn the different mewbers of the roof
1n terms of the total weight of the roof, the weight of the framework
being regarded as negligible 1n comprison  The weight of each section
of the tiling covering the beams 4B, BC, CD, DE may be assumed to act
at the middle point of each beam

16 Shew that the line of action of the resultant of any system of
forces 18 the locus of the points of intersection of the extrews sides of all
fumiculars of the syster.



CHAPTER VI1
SHEARING STRESSES BENDING MOMENTS

126 IN this chapter we shall consider some examples of
the internal actions upon a section of a beam.

\\P‘ 8 //P’ \P’ "
\a . A,/ \a As

A

/o
- fs o %R

Take the case of a beam as n the figure, supported at 1ts
ends and actud upon by forces Py, Py, Py, acting at ponts
A4, 4,, 4,, Take any section ABCD of the beam Call
the part to the left of this section A and that to the nght N
The action of M on N consists of a multitude of forces exerted
by the fibres which cross the scction ABCD  But, whatever
these forces are, they must together with the foices Py, P,
P, . R keep the part N i cquilibrium

Hence the resultant of these forces across the section 4 BCD
must be equal and opposite to the 1esultant of the forces Py,
Py, Py,

Now if we take any pomt O on the section 4 BCD as orign,
and Lines paiallel to the edges of the beam as axes, we shall
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find mn Chap X, that all the forces acting on &V are equivalent to
three component forces at O parallel to the axes,
and three component couples at O about the axes

These compound nto a single force and a single couple

Hence the resultant at the scction ABCD of the actions
along the fibres must be equivalent to a single force and a
single couple

The actions of the part M on the part N are equal and
opposite to those of N on M Hence, whatever forces and
couples we assume as the resultant of the actions on one side
of the section 4 BCD, we must assume equal and opposite forces
and couples on the other side of this section

127 In the case which most generally occurs, the forces
which act on a beam are m the vertical plane which contains
1ts length  Thus if the forces P,, P, Py, 1 the preceding
article are all 1n the plane of the paper, 16 18 clear that there
18 no resultant action parallel to C'D, and no 1esultant couples
about lines parallel to DA or the length of the rod

In this case, which 1s the only one we shall consider 1n this
book, the actions on the scetion ABCD reduce to

(1) a force parallel to the length of the beam, or a tangent
to 1ts length, called the Tension,

(2) a force perpendicular to 1ts length called the Shear
or Shearing Stress,

(8) a resultant couple about a lne perpendicular to the
ength of the beam called the Bending Moment or Stress
Couple

128 It 1s a matter of common experience that, in the case
of a body like a lead pencil, 1t 18 the Bending Moment, and not
the Tension, that causes 1t to break, i the case of a string,
however, the Bending Moment 18 of no consequence, and 1t 1s
the Tension which causes 1t to snap

Since 1t 13 clear that the tendency of the rod to break 18
greater, the greater 18 the bending moment, the latter 1s always
taken as the measure of the tendency to break.

The Shearing Stress and Bending Moment may both be



Bending Moments 121

exhibited graphieally by erccting at each point of the rod an
ordimate proportional to etther or them

129 Iy a hovuontal bewn be subjected to any wvertical
loading, to shew that the verticul shear S s equal to ‘fi—i—[, where
A 1s the bending moment at the powt considered

NERIENIED

S tx )MNSM
MEF @
Y5458

Consider any small element PQ (=8x) of the beam at a
distance # fiom 4 Let S be the upward shear at the face P
and S+ 8S the corresponding downward shear at the face @
Let M be the bending moment ) at P and thus 3 + 8A/ the
bending moment ) at @

[In the lower figure PQ 1s shewn magmfied ]

Let X be the load per unit of length at P, so that the load
on PQ may be taken to be X8z acting at 1ts middle pownt
Then, taking moments about P for the element PQ, we have

M=1M+8)—(S+ ssnw-xs@.%”,
s
S+85=30-4X &

Proceeding to the lumt when 8z 13 zero, we have, for any
finite loading,
s_dV
e
It follows that, 1f we draw the curve of shearing stress and
also the curve of bending moment, the ordinate to the former
curse measures the slope of the latter curve
Again, 1f we resolve vertically the forces acting on the
element, we have
S=8+ 88+ Xz,
ds

re. — ==X, 1n the limit

dz
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130 Ex 1. A beam, 12t long and of neglipble weight, 1s supported
at ats ends and carries 2 tons at the quarter length from one end, 3 tons at
the mddle, and 4 tons at the quarter-length from the other end, draw the
curves of bending moment and shearing stress for the whole beam

Let R and R’ be the reactions of the supports at the ends, so that, Ly
taking moments about them, wo casily have R=4 and R’'=5 tons.

R R’
d C P, D P E Py

3 4
MylS My MyisMats,
r -
o oM S lm,
At a pomt P between 4 and C let the bending moment and shearing

stress be 3 and S as marked , sunlarly for a pomt 2; between € aud D
let these be 47; and , and s0 on

8

Q - Q
Let AP=3, APi=z, APy=g,, APy=2,

Equating the bending moment at 2 to the moment of the forces on
the part to the left of 2, wo hato

U=R z=4t}
and, on resolving vertically,  S=R=4

Similarly, we have for P,

M=k I|~Z(1,—AC'):21|+G}

and Si=R-2=2

For Py we have, considering the part to the right of Py,

My=R (1229 ~4(AE~2) =24~ x,}

and S=4-R'=-1

Finally for Py, taking the part to the right of Py,

My=R' (AB—a3)=60— uz,}
and 8= —R'=~b -

)

@

e (3)

(@)
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If we erect ordinates at each pont of the beam to represent the
bending moment at tha point, the locus of the ends will clearly be straight
lines AF, FG, GII, and LB, where CF, DG, and EIT represent 12, 18, and
15 foot tons respectiely

Also the curves representing the shearing stresses will be horizontal
straight lines KK’, LL', NV', and @@', where AK, CL, DN, and EQ
represent 4, 2, —1, and -5 tons respectively

In all cases where we have concentrated loads 1t will be found that the
bending-moment, curves are straight lines, so that all we need determine
are the values of the bending moments at the points of loading

There 13 discontinuity 1 the shearing stross at a point of loading such
as C, this1s due to the that the load 18 at Cand
applied there at a single mathematical pomnt , 1 practice a load cannot
be applied at a single point, so that theie 13 no such abrupt discontinuity

Ex 2 AB s astuf umform beam, of weght W and length 2a, supported
at A and B so as to be horuontal, a weght %’zw placed at a pornt C of

the beam such that AC=3, draw the curves of bending moment and shearing

stress
If w18 the weight of the beam per umt of length, then W=2wa.

L

]
|
)‘\al

B

By taking moments about 4 and B, we easly have R=W and
2

r=

For a pomt P botween 4 and C, where 4P=1z, wo have the bending

moment &
=moment )) of the forces acting on AP about P

mRoup fom - (Stax] e e (D)

If S be the shearing stress there, then
R-S=uz,

50 that 8o = 0 (2220) s v e+ (3
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For a pomnt, P; between € ard B, where AP, =
2w w 4 4a®
Y=k 2w ban2) (z-é): - (ﬁ— P ) @),

27

and B-Si=wat’s,

, we hve sl uly

s0 that @)

Taking any smitablo vertical distance to repiesent the umt of bending
moment, the curve (1) iepresents the arc 4/ of a puabola whose vertex
18 at a pont L vertically over £, whilst the curve (3) 18 an arc A28 of an
equal parabola whose vertex Z, 18 on the ord na.e

2= 3—, v I,

Agam taking any <wtable vertical distance to represent unit shear,
then (2) 1s the straight lne DZ, and (4 15 the straight lwe FIG

As 1n the last article, the ordinate to the shear Line mesuies the slope
at the ds point of the bending. curve, each his
discontimuity ut the ordinate through ¢

The maximum bending motent 1s given by 7=

.x , and then 1t 18 equal

to W 5—
In all cases where we have uniform loaded beams, supported at various

ponts, we sLa'l find that the bending-mowment curves ae all portions of
parabolas with the same latus rectum

Ex 8. 4 horuontal beam AB, ot spon 20 and nryligidle weight, s
supported at its two ends and cariis « mowng lowd PQ, of uniorm
mtensity w and of length 2, where a <! Fund the marvimum bending
moment at @ cross & ction 0, and. shew that 1t occurs when O duides the load
PQ n the same ratio as ut divides the beam AB

er !7,
[ Q
Al - 5 ——t 8
/\ /\
M< 48
&M

Let R, and R, be the rerctions of the wupnorte and Lot 47 -t
By talang moucnts about 4 and B, we bave

u,..'.‘; (2l -a -¢) and 1{1-_!"3 @+g)
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Let 40= c and let if be the bending moment st 0 Taking moments
for the part 40, we have

=Ry 23 (o by

=7ﬂ(2z-a-e):--(x-éy (1)
For a given po-ition of the section 0, A 15 & maximum when & 715 Yo,
o when —T+(z~é)=°,
s when . ()
and then

Substituting m (1) the value of £ given by (2), we eauly have
g =52 (1 -7) %),

80 that the eurve of mammum bending moment 18 & parabola whose
vertex 15 vertically 2bove the middle pomt of AB

Let S be the shearmg ~ttess at O Resolving vertically for the part

10, we have
w dif
§=1it,—- w(t=§)=y (2l -a*=lo4 (L - a) ] = “

For a givon position of the section O this clearly mcicases with £ ang
118 thus & manimum whea P35 at 0, and then Suu =3 ¥ [2al - a'~ax),
<nd the cuve of maximum shearmg stress 1s thus nsmught lne

Ex & A atff horioatal beam AB s supported at one end A and at
some other powit C I the greant possible umiforialy distributed waght s
0 be placed wpon 1t wirkout breaking at, shew that C must dinde the boam 1n
the ratw J2+1 1

Let 4 B=2l, AC=y, aud let B, and R, be the resctions at 4 and C, so

2ult

18, 1f 10 be the boad por umt of length, then & =24l '/—-lmd R= l"’

1t 2 be < AC, the bending moment for wny section dhetant 2 tom A
~Ru-y v,

aud 19 thia 4 mvomum when Ry - w02 =0
1lencee the w e wun bending moment tor the part 4

() Loom

Also the mauimum lending mement tor the part €813 clewly at €
20

=hw Chi= ;'/-/)' P ¢ /Y
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1 (1) and (2) are not equal we can lessen the greater, and hence lessen
the maimum tendency to bieak, by altering y

They aie equal, and then the maximum bending moment 13 made as
small as 18 possible, when

o (Ll) 3@y e e 3

and then Yl—y::El"’-/;l ve y=lJ2
4AC _2
In this case Wy T =Vt

The other solutions of (3) give mmpossible results snce clearly y must
be positive and greater thao ¢ and loss than 2¢

EXAMPLES

1. A beam AB 15 supported at 1ts ends so as to be horizontal ~Draw
the curves of shearing stress and hending moment

(1) when the beam 18 umform!y loaded, shewing that the bending
moment at P varies as AP P

(2) when its weight 1 nevlmed but 1t supports a weight W at 1ts
middle pomnt

2. Abesm AB1s fixed at 4 50 83 to be horizontal there, draw the
curves of shearing stress and bending mowment

(1) when 1t 18 uniforraly loaded ,

(2) when 1ts weight 18 neglecud but 1t supports a weight W at its
middle pomnt.

3 Draw the shear and bending-moment diagrams 1 the case of a
beam, 80 feet long, supported at the muddle pownt, auchored at one end
and loaded with 50 tons at the other end

4 A beam, 25 feot long, 18 supported at one end and at a pomnt
5 feet fiom the other end It carries a distuibuted load of 500 pounds
per foot un and a load of 10000 pounds at the overhinging end Find
the pressutes on the supports, and the masimum bending mowment and the
section where this ocours  Draw also the cutves of bending moment and
of shearing stress

[The pressures are 2187 5 and 203125 Ibs w* , the greatest bending
‘moment 18 at the second powmt of support ]

5. A beam AB, 10 feet long, 18 suppoited at two pomnts 2 and 7 feet
from A Weights of 1 and 2 tons are placed at 4 and B, and n addition
there 13 & umformly distributed load of 2 tous per foot run between the
supports  Sketch the diagrams of bending moments and shearing force
and find, graphically or otherwisc, where the bending moment 18 zero
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6. A beam 4B, uscd as a cantilever, 15 anchored at 4 and supported
at 1ts middle powt C which 18 at the same level as 4 Draw the curves
of bending moment and shearing stress

(1) when a weight of 10 tons 18 attached at B and a weight of 5 tons
at the middle pomt of AC,

(2) when 10 tons 18 attached at B and there 18 a distributed weight
of b tons on 4C,
the weight of the beam being neglected 1 each case.

7. 4B 1s a horvontal beam, 18 feet long, supported at 4 and B,
€ and D are pownts on 1t such that 4C=G feet and 4D=10 feet Ab
Cand D are placed loads of 4 and 5 tons, and there 15 a distributed load
of 1 ton per foot from 4 to C, 5 ton per foot from C'to D and 2 tons per
foot fiom D to B Draw the curves of shearng stress and bending
moment for the differeut portions of the beara

8  An electric trolley post 1s fixed vertically and has an overhanging
arm which supports the wires at a distance of 10 feet out from the centre
lime of the post. Eich post supports 200 Ibs of wire and the overbanging
arm weighs 200 Ibs  Assummg that the weight of the arm 1s evenly
distributed along 1ts length, sketch the curves shewing the shear and the
bending moment along the length of the arm, and calculate the bending
moment at the bottom of the post

9 A horizontal beam, 25 feet long, 18 supported at one end 4 snd at
a pomnt ¢ 6 feet from theend B The mtenwnty of load gradually increases
from } ton per foot run at J to 13 tons per foot run at 4 Find the
maximum bending moment and shear force in the beam  Sketch diagrams
of bending moment and shearg forco

10, AB 1 a stiff umform beam, of weight W and length 9, and 18
supported ab 1ts ends 50 as to be horizontal, & man of weight I¥” stands
on 1t at P where dP=£ (<l) Shew that the curve of bending moment
consists of two ares of parabolas of equal latera recta, and that the bending
moment 18 greatest at a point distant [~ ""—, £ from 4

11. A beam, of 80 feet span and weighmg one ton per foot run,
carries a rolling lvad of two tons per foot run, and the rolling load covers
a distance of 10 feet Draw, 10uguly to scale, the curves of maxmum
positive and negative shearing furce as the load crosses over

12 A tram equivalent to a roling load of 1} tons per foot run
traverscs a guder of 120 foot span  Draw diagrams of maximum possible
bending moment and maximum possible shear stress at every pont if the
rolling load s (1) greater than 120 fect i length, (2) only 60 feet m length

13 Two rolling loads of 10 tous and 15 tons respectively, at an
interyal of 7 feat, cross a girder of 75 foot span, the larger load leading
Draw diagrams of maximum possible bending moment and shearing force
for the whole girder
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14. A continuous load of w tons per foot is drawn slowly over a level
bridge consisting of a swgle rigid girder a feet in length, The load is
devoid of rigidity and is longer than the bridge, and the weight. of the
bridge itself is noglected. 2 is & point on the girder distant £ foet from

the nearer end. Shew that the masimum shearing strass at P is »%

tons; and that if from the end O of the moving load in any position a
vertical 0S is drawn proportional to the shearing stress at 7, the curve
traced out by § consists of four parabolic arcs and a straight line.

15. A uniform girder is supported at its ends and the load is
concentrated at its middle. Shew that the maximum bending moment is
twice as great as it would be if the load were uniformly distributed.

16. The lower end 4 of a thin uniform rod is attached to a smooth
hinge, its upper end 43 resting against » smooth vertical plane; shew that
the tendency to break at any pomnt £ varies as the product of the distances
of £ from 4 and B.

17. A man, of weight W, can just walk across a certain horizontal
plank, of weight » W and length J, without breaking it if the plank is
supported st its two ends. Shew that if the plank, still horisontal, i
clamped at one end and froe at the other, the man can only venture
along it for & distance

H(1-3n).

18. A symmetrical arch, of span a and height A, is to be constructed
of straight massless jointed rods to carry seven equal weights 1 at horizontal
distances § @ apart, in such a way that thero shall be no bonding moment
at any point of the rods. Shew bow the form of the arch may be
detovumined by graphical construction, and prove that the horizontal forces
wa

v,

19. A uniform rod, of length a and weight w, has strings each of
length b attached to its ends and to two fized points, one of which is at
beight @ vertically above the other, 50 as to form & parallologram, 1f
the rod is made to rotate with uniform angular velocity o about the
vertical line, shew that the bending moment at a distance z from either
ond iy 2280 g 4 ig the inclination of each string to the
vertioal. Shew also that the tensions of the atrings are cqual and that

necessary to keep the ends in position are

ba? cos a=g.

20. A light horizontal rod, of length a, whose ends are supportad, is
loaded so that.the tendency to break at any point is proportional to the
load per unit leigth at the same point ; shew that the load ab any point
varies as dn‘;—‘, where z is the distance of the point from an end of the
rod.
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[Xf 2 bo the reaction at an end, w, the weight per unit of length at
a point distant § from this end, and A, the bending moment at a
distauce # from the same end, the condition of the question gives

A v,-li..f—fo (28w dg.
Honce, on differentiating twice with respect to =, we have

d,
A .
. = dsin [ii”’]’ where 4 and D are constanta.

Also w, must be zero when #=0 or a, since the bending moment
must be sro at either end.

Henco D=0, and \/—)‘-'.]

2l. A semi-circular wirc, of weight W and radius o, hangs in a
vertical plane from one end 4 about which it csn turn freely. Find the
bending moment at any point.

[Io Art. 146, Ex. 1, it will be shewn that the centre of gravity & of

the wire is at a distance %’E from the centre ; also for equilibrium G must
bo vertically below 4. Henco the dismoter through 4 must bo inclined
at an angle « to tho vertical, where una—;. If P bo a point of the

wire, such that AP is inclined at @ to the vertical, the bending moment
at £=tho sum of the moments of all the external forces on one side of P

-%f:%adda[ﬁa!in«ﬁm(a—qb)-zaaiu 6008 (a-8)]
=22 (o - ) sin (a - 26)-+sin 8 (a - B)}]

22. A gipsy's tripod consists of three equal stiff uniform sticks freely
hinged at one common end from which hangs the kettle. The other ends
of the sticks rest on the ground snd are prevented from slipping by a
&mooth circular hoop which encloses them and is fixed to the plane. Shew
that the bending moment of each stick will be greatest at its middle
point and that it will be independent of the length of the sticks and of
the weight of the kettle.

23. A uniform rod, of length 2/, rests symmotrically on two props in
the same horizontal line at & distance 2¢ apart. If I<2, shew that the
tendency to break will be greatest at a prop or in the middle according as
202 (2+4/2) ¢; but that if I>>2c, the tendency to break will be greatest at
aprop. What happens if 2e(24./2)c?

[If {<2c, the bending moments st a prop and at the.centre are of
opposite signs, and the absolute magnitudes only must be compared.]

18 s
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24, A beam, of length 27, 15 londed uniformly, and the mtensity of
the load over the central half of the beam 15 double that over the two end
quarters It 1s to be supported by two props equidistant from the centre,
and so situated that the bending moment on the beawn 13 the least possible

Shew that the props should each be st a distance é from the centro
131 A beam, suppo ted at the ends, is loaded with @ number

of concentrated loads, to shew that the funcular polygon for the
loads 1s a diagiam of bendung moments for the beam.

RT s
" A P_A Ay Ad L

Let the beam MN be loaded at pomts 4,, 4,, 4,, A, with

weights X,, X,, X, X, as m the figure, Let
reaotions at M and &, g et R and § be the
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Draw a vertical line AE such that 4B, BC, CD, DE repre-
sent X, X, X,, X, respectively Take any pole O, and draw
04, 0B, 0C, 0D, OE

Starting with any pomnt « on X,, draw lines {x, aB parallel
to 04, 0B and then By parallel to OC,and so on as m Art 113,
we finally obtain the line ¢£. Diaw OX parallel to 1t, and then
XA, EX represent R and §

Also draw OH perpendicular to 4 E, so that OH (= k) repre-
sents the constant horizontal component of a, b, ¢, .

Let P be any pont on MN between 4, and 4,, and draw
PKL vertically to meet the funicular polygon in K and L We
shall shew that the bending moment at P 1s represented
by KL.

From the force diagram 1t 1s clear that

X,=b along a8 and ¢ along y8,
X, =c along By and d along Sy,
along 3 and e along €5,
=e¢ along S and f along e

I

and
Hence
X,, X, X,, S=0b along a8 and f along et
Hence the sum of their moments about P = moment of b
along a8 about P together with the moment of f along el
about P
Now b along LB 18 equal to a vertical component, which has
no moment about P, and a horizontal component kb whose
moment about P 18 A PL?)
So the moment of f along ef about P1sh PK )
Hence the total moment about P of the forces X,, X,, X,, §
=h PL-h.PK=h KL,
16 the bending moment about P 1s represented by KL, and 1s
equal to this intercept multiplied by the force which 1s repre-
sented by the distance of the pole O from the line of loads.
Similarly any other case may be considered
It will be noted that this proposition 1s really the same as
that of Art 117 for a system of forces which are all parallel
Ex. Draw out the case of a beam, 60 feet long, supported at the
ends and loaded at pownts distant 12, 28 and 48 feet from one end with
weights 5, 6 and 4 tons respectively ~Shew clesly the scale upon which

the diagram must be read.
52
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132 Another graphical construction for the bending
moment may be given as follows

Lot MN =1, MA,=a,, MA,=a,, MA;=a,, and M4,=a,

Draw MB, perpendicular to MN to rep S {,and on 1t
take B,, By, B, so that B,B,, B,B,, B.B,, B,M represent X, a,,
X, as, X,.q, and X,.a, respectively

Jomn NB, meeting the vertical through 4,1 G, jomn C,B;,
meeting the vertical through 4, 1n C;, and so on

We thus obtam the polygon MC,CiC,C.l, the ordinate of
which at any pomt P of the beam repiesents the bending
moment at P,

'%x. I %
For if this ordinate PU meet C,C, C,C,, CN m V, W, X,
the bending moment at P
=8 PN-X, PA,-X, PA. X, PA,

_DIN
iy

8o that the bending moment at P 1s represented by

P4,

SI—T X~ MA Nag— MA X0a)

PN P4 P4

iy BT BB DA pp, P“’ BB,
ie by PX-XW- WV—VU.
e by PU

Sinilarly for any other pownt of the beam.
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133  As m Art 131, 1t 18 clear that the resultant of the
loads X,, X,, X, 1s equivalent to b along @8 and ¢ along €3, u¢
the resultant of the loads X,, X,, X, passes through the inter-
section of the sides b and ¢ of the fumcular polygon So for any
other pair of sides

Hence through the pomt of mtersection of any two sides b
and e of the funcular polygon passes the resultant of the loads
that hie between b and e

Now let the loading be 80 that the fi 1
polygon becomes a continuous curve and the sides b and ¢ two
tangents at pomnts U and V of 1t

1 .

Then through 7' passes the resultant of all the loads
on MN

Draw the curve of loads F,U,V,G,

The honzontal distance of the resultant load on MN
from M

_watwnt .. ‘fyldéﬁ.m‘
w W+ Tyda,

=distance from M of the centre of gravity of the load curve,
as will be seen 1 Art 145

Hence the vertical through 7' passes through the centre of
gravity of the load curve, 16 any two tangents to the bending-
moment curve mtersect 1 a pomnt which 1s vertically below
the centre of gravity of the load curve.



CHAPTER VII1
CENTRE OF GRAVITY

134 EVERY particle of matter is attracted to the centre of
the Earth, and the force with which the Earth attracts any
particle to 1tself 1s proportional to the mass of the particle

Any body may be considered as an agglomeration of par-
ticles. If the body be small, compared with the Earth, the lines
joinng 1ts component particles to the centre of the Earth will
be very approximately parallel, and m this chapter we shall
consider them to be absolutely parallel

On every particle, therefore, of a rigid body there 18 acting
a force vertically downwards which we call 1ts weight These
forces may by the process of compounding parallel forces,
Art 83, be compounded 1nto a single force, equal to the sum of
the weights of the particles, acting at some definite pomt of the
body  Such a pomt 18 called the centre of gravity of the body

Centre of gravity. Def. The centre of granty of a body,
or system of particles rgudly connected together, 13 that pownt
through whach the line of action of the weight of the body always
passes

135 Since the construction for the position of the resultant
of par-llel forces depends only on the pomt of apphcation and
magmtude, and not on the direction of the forces, the pont we
finally armve at 18 the same 1f the body be turned through
any angle, for the weights of the portions of the body are still
parallel, although they have not the same direction, relative to
the body, mn the two positions

We can hence shew that a body can only have one centre of
granity  For, 1if possible, let 1t have two centres of gravity G
and @; Let the body be turned, if necessary, until GG, be
honzontal. We shall then have the resultant of a system of
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vertical forces acting both through @ and through G;. But the
resultant force, being 1tself necessarily vertical, cannot act 1n the
horizontal line GG,.

Hence there can be only one centre of gravity

136, If the body be not so small that the weights of 1ts component
parts may all be considered to be very approximately parallel, 1t has not
necessanly a centre of gravity

In any case, the pownt of the body at which we armve by the construc-
tion of Art 33, has, however, very important properties and 1s called 1ts
Centre of Mass, or Centre of Inertia  1f the body be of umform density,
1ts centre of mass comeides with 1ts Centroid, or Mean Centre.

137 Thin uniform rod AB The centre of gravity 1s
clearly 1ts middle pomnt &, since, for every particle between G
and 4, there 18 an equal particle at an equal distance from G
between & and B

A uniform parallelogram ABCD. By dividing the paral
lelogram mto a very large number of very thin strips, by lines
parallel to AD, 1t 1s clear that all their centres of gravity, and
hence that of the whole figure, lie on the line joiming the middle
pomnts of AD and BC  Similarly, 1t lies on the line joining the
mddle ponts of 4B and CD. Hence 1t 1s at the intersection of
the diagonals

Uniform triangular lamma ABC. Let D, E be the middle
pomnts of BC and CA By dividing the trnangle nto a very
large number of very thin strips by lines parallel to BC 1t 18
clear that all their centres of gravity, and therefore that of the
whole figure, ie on 4D Simularly, 1t Lies on BE  The centre
of gravity G 19 therefore at the meet of AD and BE By
similar triangles GAB, GDE we easily have GD=}GA, and
hence GD =} D4, giving G

It 15 clear that & 15 also the centre of gravity of equal weights
at A4, B, C  For weights w at B and C are equivalent to 2w
at D and this with w at A cleaily gives 3w at G (Art 31)
Hence any winform triangle may be replaced as far as 1ts weight
18 concerned by particles each one-third of 1ts weight placed at
1ts angular points

Uniform tetrahedron ABCD  Let G, G; be the centres of
gravity of the faces ABC, DAB By dividing the tetrahedron
mto a very large number of very thin shices by means of planes
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parallel to the face ABC, 1t can be shewn that the centre of
gravity of each shice, and thus that of the whole tetrahedron, lies
on DG, Similarly 1t lies on CG,. Hence the required centre
of gravity G 18 at their mtersections By similar triangles we
then have, 1f & be the middle point of AB,
GG, _GG,_EG,_1
GDTDCTECTY
so that G,G = }G.D, giving the position of G.

The tetrahedron may be replaced by particles equal to one-
quarter of its weight at each vertex. For particles w at 4, B,
C are, as in the case of the tmangle, equivalent to 3w at G, and
3w at G, and w at D are equivalent to 4w at G (Art 31)

Pyramid on any base. Solid Cone If the base of the
pyramd 1n the previous case be any plane figure ABCLVN
whose centre of gravity 18 (4,1t may be shewn, by a similar
method of proof, that the centre of gravity must he on the line
Joming D to Gy

Also by drawmg the planes DAG,, DBG,, .. the whole
pyramid may be split into a number of pyramds on tmangular
bases, the centres of gravity of which all lie on a plane parallel
to ABCL and at a distance from D of three-quarters that of
the latter plane  Hence the centre of gravity of the whole lies
on the line G,D, and divides 1t 1n the ratio 1 3

Let now the sides of the plane base form 8 regular polygon,
and let therr number be Ul ly the
plane base becomes a circle, and the pyramid becomes a solnd
cone having D as 1ts vertex , also the point &, 18 now the centre
of the circular base

Hence the centre of gravity of a solid right circular cone 1s
on the hne joining the centre of the base to the vertex at a
distance from the base equal tp one-quarter of the distance of
the vertex

Surface of a right eircular cone Smce the surface of a cone
can be diided mto an mnfimte number of triangular laminas,
by jownng the vertex of the cone to points on the circular base
mdefinitely close to one another, and smce their centies of
gravity all Lie i a plane parallel to the base of the cone at a
distance from the vertex equal to two-thirds of that of the base,
the centre of gravity of the whole cone must Le 1n that plane
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But, by symmetry, the centre of gravity must lLie on the axis
of the cone

Hence the required pomt 1s the pomnt 1in which the above
plane meets the axis, and therefore 13 on the axis at a pont
distant from the base one-third the height of the cone.

138 General formulae for the determination of the
centre of gravity. If a system of particles whose weights are
Wy, w,, Wy, W be at ponts whose coordinates referred to fixed
axes Ox, Oy, Oz m space are (2y, %1, 21), (%, Yar Z)y (@, Yns 20,
then the coordinates (%, 7, 2) of the centre of gravity @ are
given by
Wy + Wy + o+ Wy,

= T Twt T
- (W:S’:) z (u' Z(mz)
F= Ty and z= )

These formu]m. are proved m Art 34 since weights of par-
ticles are merely a particular case of a system of parallel forces

If all the particles lie on a straight line, the first of these
formulae give @&, 1f they lie 1 a plane, only the first two are
wanted

139  Guen the centre of grawty of the two portions of a body,
to find the centre of grawty of the whole body
Let the given centres of gravity be @, and G,, and let the
weights of the two portions be W, and W,, the required pomt
@, by Art 31, divides G,(@, so that
GG GG, W, W,
The pomnt ¢ may also be obtamed by the use of Art 138

Ex  On the same base AB, and on opposite sides of 1t, 1s0sceles triungles
CAB and DAB are described whose altrtudes are

12 wnches and 6 wnches respectwely  Find the dis- c
tance from AD of the centre of gravity of the quadr.-
latal CADB

1t CLD be the perpendicular to 4B, mecting 1t
n L, and let Gy and G be the centres of gravity of
the two triangles C4 Band DA B respectiiely, so that 4 B
c0,=3 CL-8, V’
and COy=CL+LOy=12+2=14 4
The weights of the triangles are proportional to
thoir areas, s ¢ to 4B 12and §4B8 6



138 Statics

If @ be the centre of granty of the whole figure, we have
0g_AC04Bx0G +ADABXCG; 12x8+6x14
ACAB+ADAB = Tiz+6
Hence LG=CL-0G=2 mches

Thus result may be verificd experimentally by cutting the figure out of
thin cardboard

140  Guen the centre of grawmty of the whole of a body and
of a portion of the body, to find the centre of grawty of the
remawnder

Let G be the centre of gravity of a body ABCD, and @, that
of the portion ADC  Let W be the weight of the whole body
and W, that of the portion ACD, so that W, (= IV — W,) 1s the
weight of the portion 4 BC

Let @, be the centre of gravity of the portion ABC. Since
W, at G, and W, at G, have their
centre of gravity at G, therefore
@ must he on G,(, and be such
that

10

W, GG, =W, GG,
Hence, given @ and G,, we
obtain G, by producing G,G to
@,, so that

W
W=,

The required pomnt may be also obtained by means of
Art 138

Ex  From a arcular duse, of radius r,1s cut out @ ev cle, whoss diameter
18 a radius of the dusc, find the centre of grawty
of the remaunder

Since the areas of circles are to one another
as the squares of their radu, the portion cut off
18 one-quarter, and the portion remainmg 1s
three-quarters, of the whole, so that W, =} I¥,

Hence 1, 0G;=W, 0G,=}Wyx}r

0y=}r
This may be venified experimentally

00,=% 66, = a6,

141 If a rgid body be wn equilibrium, one point only of the
body bewng fized, the centre of grawty of the body wnll be vn the
vertical line passing through the fixed pownt of the body
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Let O be the fixed pomnt of the body, and @ its centre of
gravity

The forces acting on the body are the reaction at the fixed
pomt of support of the body and the weights of the component
parts of the body, which are equivalent to a single vertical force
through the centre of gravity of the body.

Also, when two forces keep a body in equilibrium, they must
be equal and opposite and have the same line of action, so that
the vertical line through G must pass through the point 0

Two cases arise, the first, in which the centre of gravity G
18 below the pomnt of suspension O, and the second, 1n which G
18 above O. In the first case, the body, 1if shightly displaced
from 1ts position of equibibrium, will tend to return to this
position , 1n the second case, the body will not tend to return to
1ts position of equilibrium

142 If a body be placed unth ats base wn contact urth a
horvzontal plane, it unll stand, or fall, according as the vertiwcal
hine drawn through the centre of grawty of the body meets the
plane withn, or unthout, the base

The forces acting on the body are its weight, which acts at
1ts centre of gravity G, and the reactions of the plane, acting at
chfferent points of the base of the body. These reactions are all
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vertical, and hence they may be compounded mto a single
vertical force acting at some pomt of the base

Since the resultant of two like parallel forces acts always at
a point between the forces, 1t follows that the resultant of all the
reactions on the base of the body cannot act through a pomt
outside the base

Hence, if the vertical line through the centre of gravity of
the body meet the plane at a pownt out-
side the base, 1t cannot be balanced by
the resultant reaction, and the body
cannot therefore be m equilibrium, but
must fall over  If the base of the body
be a figure having a re-entrant angle as
m the nnnexed figure, we must extend
the meaning of the word “base” in the
enunciation to mean the area included 1n the figure obtained by
drawing a picce of thread tightly round the geometrical base
In the above figure the “base” therefore means the area
ABDEFA

For example, the pomt C, at which the resultant reaction
acts, may lie within the arca AHB, but 1t cannot hie without
the dotted line 4B If the pomt (' were on the line 45,
between A and B, the body would be on the point of falling over

EXAMPLES

1 The base of' a triangle 1s fized, and its vertex moves on a given
strarght line , shew that the centro of gravity also moves on a straight
line

2 The base of a truangle 1s fixed, and 1t bas & given vertical angle,
shew that the centro of gravity of the triangle moves on an arc of a
certan circle

3. A given weight 1 placed anywhere on a triangle , shew that the
centre of gravity of the system Lies within a certan triangle

4. Shew that the centre of gravity of three umform rods forming the
sdes of & triangle 15 at the centre of the m-circle of the triangle whose
angular pomnts are the middle pouats of the three rods

5 If three forces act on a powt P which are repicsented by u P4,
4« PBand g IC respectively, shew that their resultant 1s 3y PG, where
@15 the centre of gravity of the triangle 4B8C
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6 A particle P 1s acted upon by forces towards the pownts 4, B, C, .
which are represented by X P4, p PB,v PC,. ,shew that therr re-
sultant 15 represented by (\+u+v+..) PG, where G 15 the centre of
gravity of weights placed at 4, B, C, ... poportional to A, g, v,
respectively

[This 18 the generahised form of Art 25, and may be proved by
successive applications of that article ]

T 7o find the centre of grawty of a quadrlateral lamina having two
parallel sides

Let ABCD be the quadrilateral, having
the sdes 4B and CD parallel and equal to D_F_ ¢
2a and 2b respectively

Let £ and F be the middle ponts of 4B
and CD respectively Jow DE and EC, the
areas of the tmangles ADE, DEC, and BEC
are proportional to thewr bases 4E, DC, and
EB, ve are proportional to a, 2b, and a £ = :

Replace them by particles equal to one-
third of thewr weight placed at their angular pomts.

42 ot cach of Cand D, G at

We thus have weights proportional to

each of 4 and B, and 2232 o ¢
Agon, roplace the equsl weights at € and D by a weight proportional

102242 4t the muddle poms F of €D, and the equal weights at 4 and B

bya welghk proportionsl to % at £ We thus have weights

2  4b 4a 2
i+—ac1«‘, and §+§nE
Hence the required centre of gravity G 18 on the straight line £F, and
18 such that
BG _weightat F_a+3b
= weight at E™2atb

8 The distances of the angular points and wntersection of the dagonals
of a plane quadrilateral lamina from any e OX e 1ts plans are a,b, ¢, d,
and e; shew that the distance of the cenire of werha from the same line 1
}(a+btetd—e)
Let 4, B, C, D be the angular points, and E the intersection of the
dmgonda ‘The
8A4CD _ perpendicular from D on AC_ DE _ d =
B4CB ™ perpendicular from B on ACTEB"
By Arts 137 aud 138 the distance of the centre of gmvny of the

240D from 0X 1 T ang that of the 840 w X aterd
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Hence distance of required c ¢ from 0X
AACDx}(a+e+d)+BACB x} (a+b+0)
= BACD+AACE
_!('i-‘)(¢+0+d)+(0—b)(a+b+'-‘) atbtotrd—e)
d=e)+(=5) L .

9 Prove the following construction for the centre of gravity & of a
plane quadnilateral area ABCD , let Z, I be the centres of gravity of the
triangles A BC, ADC and let LI/ eet 4C 1n ¥, then G lies on LM and
18 such that HG=LN

10 From a triangular area 4BC 1s cut off the mth of 1ts area by
means of a straight line parallel to BC', shew that the centre of gravity
of the remawnder divides the median through 4 in the ratio

ntJn=2 2(n+yntl)

11 A trangular piece of paper 1s folded across the line bisecting two
sudes, the vertex being thus brought to lie on the base of the trangle
Shew that the distance of the centre of mertia of the paper 1 this position
from the base of the triangle 18 three-quarters that of the centre of inertia
of the unfolded paper from the same line.

12 A umform rod 15 hung up by two strings attached to 1ts ends, the
other ends of the strings being attached to a fised pomnt, shew that the
tensions of the strings are proportional to their lengths,

Prove that the same relation holds for a umform triangular lamina
hung up by three strings attached to 1ts angular pomnts

13 The mass of the moon 15 013 times that of the earth Taking
the earth’s radius as 4000 miles and the distance of the moon’s centre
from the earth’s centre as 60 times the earth’s radius, find the distance of
the ¢ @ of the earth and moon from the centre of the earth

[3080 mules nearly |

14, Find the vertical angle of a cone 1 order that the centre of
gravity of 1ts whole surface, including 1ts plane base, may comeide with
the centre of gravity of 1ts volume. [2sm-1}]

15 A sold right circular cone has 1ts base scooped out, so that the
hollow 18 a right cone on the same base, how much must be removed
so0 that the ceutre of gravity of the remamder may comcide with the
vertex of the hollow % [Height of inner cone=4 height of outer cone ]

16. Shew how to cut out of & uniform cylnder a cone, whose base
comeides with that of the cylinder, so that the centre of grawity of the
remaining sohd may comncide with the vertex of the cone

(Height of cone=(2—y/2) times the height of cyhnder ]

17 A square hole 18 punched out of a circular lamina, the diagonal

of the square being a radius of the circle. Shew that the centre of gravity

of the remander 1s at a distance B-‘“T‘ fiom the centre of the circle, where
@18 the diameter of the aircle
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18, From a umform triangular hoard a portion consisting of the area
of the inscribed circle 18 removed , shew that the distance of the centre of
gravity of the remamder from any side, @, 18

8 28%-3mad
Bas~ I=nS
where § is the ares and s the semi-perimeter of the board.

19 A circular hole of & given size 1s punched out of a uniform circular
plate, shew that the centre of gravity Lies within a certain circle,

2. A lamina 4 BC, obt; gled st C, stands with the
mde AC in contact with a table Shew that the least weight, which
suspended from B will overturn the triangle, 18

2 —
AW chero W 18 the woight of the trsngle

Interpret the above 1f d>at+3h%

21 A cone, whose height is equal to four times the radius of 1ts base,
15 hung from a point 1n the circumference of its base , shew that 1t will
rest with 1ts base and axis equally inclined to the vertical.

22 If 4 and B be the positions of two masses, m and n, and if G be
their centre of gravity, shew that, 1f P be any pomnt, then

m APrn.BPr=m AG'+n B+ (m+n) PG

Smnlarly, if there be any number of masses, m, m, p, at pomnts

4, B, C, , and @ be ther centre of gravity, shew that
m APi¢n BPitp CPi4
am 4Gi4n B@ltp 0G4 4(mintpt )PG?

23, A frustum of a solid mght cone 1s placed with its base on a
rough inchined plane whose wnclination 18 gradually increased , 1f & and r
be the radu of the larger and smaller sections, and A be the height of the
frustum, shew that the frustum will ultimately either tumble, or shde,
according as the coeffictent of friction

S 4R RP4Rr4nt
=% Rry3S

24, The top of a right cone, of vertical angle 2a, 18 cut off by a plane
making an angle 8 with the axis, and 1s placed on a perfectly rough
nclined plane with the major axis of the base along a Line of greatest
slopo, 1 this position 1t 18 on the pomt of tumbling over , shew that
the tangent of the mnchnation of the inclined plane to the horizon has
one of the values

402+ 28
008 2a— cos 23
25. Into a thin cylndrical vase, of weight W and cross section
whose centre of gravity 1s distant b from 1ts base, 13 poured hqud of
density p When the height of the centre of gravity of the whole 18
& minimum, shew that the weight of the hqud 18
VW (W+2sbp)- W
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143 The formulae of Art 138 may be used to give the
centre of gravity of any arc, area, or solid of known shape

Centre of grawty of an arc If P be any pont (2, y) of a
plane are, PQ an elementary arc 8s, whose density at the point
P 15 p and whose weight 1s therefore proportional to pds, these

formulae give
. E(y?&‘z):fﬁiév)
Z(p. ) fpds
the hmits of the ntegrals extending from one end to the other
of the arc considered.
o levis

Similarly, j= Tods

Also % = ,\/ 1+ (%)’ and Z—Z 18 known from the equation
to the curve

If, as 18 usually the case, the arc 1s of umform density, p 18
constant and divides out from both numerator and denominator,
1f 16 be of vanable density, then p must be given as a function
ofwory

Similar formulae hold for a curve 1n three dimensions, but now

ds _ d_‘,/ 3 d_z K}
.Tr\/” (@) + (@)
If the arc have 1ts equation given 1 polar coordinates, say
r=£(6), then
8s = 4/8r7 + 1507,

and the formulae give
~_Jpr cos 6ds
T= Ny

Land § =fprfsm fds

pds
Sumilar formulae hold for three dimensions.
144, Ex L. Fund the oentre of gramty of the are of the parabola

y*=daz included between the vertex and an ordinate at a distance af* from
the vertex

Here y%-?a 2-\/1+(%)’= EQJ?
a ,J"’./;(,—g)d,

s " W—
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.
" yf:' i::::
N O

'
Now ]ﬂ ~/x(x:+a)dx=f. \/(,.).g)'_?da
1 3 at*
=[§ (z+g) VaFFaz—G log (:+g+./m)]o
2 — ——
=}[t (24+1) VIT B~ log (t+VIF+8)}
S
Also L ,\/z"—:—‘—’ A = f;2a~/1+v’dv, on putting z=ar%,
=a[tNTF et +log (¢+VTFP),
and f VrTadz= [3 (z+a)* =2 [a+af-n
On making these substitutions, we have
P t(14 20 NTFB-log[t4+VTT 7]
ST e+logiaNIYe]
da (14e)t-1
3

VTt +log[t+1+0"
Ex. 2. Find the centrowd of the arc of the catenary

y—% (eti-n"%)
which 1 wncluded between the orygin and any pount (7, Yk
oo (Zf1s (4 d (F-oF) (Y

ot 2= (ee+- ?) —cosh, and smomob %,

I

and 9=

f.zdl f'uoshf.a cxsmhZ—cteoshZrer
ey ° . 3

Em

]'d: }'wshfcu cemh %
o ° ¢ L3
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" z L] 27
JJi‘_f ccosh!;dx=€{(l+mnh?)dw
a7 J'k_f:mhgdz 2 "};cosh;ck

o+ fomhZ ricanhoosh? -

2onn® PP A
8inl 5 sin| <‘
EXAMPLES

Find the positions of the centroids of the arcs of the following curves

1. Cyclod #=a(6+sm0), y=a(l—cosd) which 18 m the positive

ad i(w-Na, §=22
quadrant. ('—3 > I=3

2. ahiyl=al between two successive cusps. [x--ggzg]

3 Helx z=acosf, y=asin 6, 2= 06 mcluded between the pownt §=0
and the pomt 0=a. [f:“_“:ﬂ‘, g=‘L“.‘T_°°“), i=}ba]

4 If the density of a complete circular arc varies as the square of the
distance from a pomnt O on the ari, shew that its centioid divides the
diameter through 0 1n the ratio 3 1

5. Find the centre of gravity of the wire of a cork-screw, of given
length, radis, and pitch, supposing the thickness of the wire at any pomnt

to be b+nz, where z 13 the distance of & point, measured parallel to the
axi, from one end

145 Centre of gravity of any plane area. In Cartesian
coordinates the element of area 13 828y, and 1f p be 1ts density
the weight w 1s proportional to péady, the fundamental
formul.e thus become
Zpdedy @ _ ff prdady d 7 _Joydzdy

Tpbasy T fpdady* 0 Y= [pdudy
the lunits being chosen so as to include all the area considered.

If the area be of umiform density, and the ordinate at
distance & cut the curve 1n ponts whose ordinates are y, and y,,
we may take as the element of area (3, — y,) 8z, whose centre

=

of gravity has as coordinates @ and "y'—;ﬂ » 10 the it when &z
18 very small
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The fundamental formulae then give
E=2(y, oz _ [x(y—y)da
SG-wes  [h-yds’
Nty
i g TR G 1oy de
—y)ee 2 J(y-y)ds

The values of y, and y, are known from the equation to the
curve, and the limits for # are such as to include all the area
considered

If the curve be given m polar coordinates, 7= f(6), referred
to O as pole, and 1f P and Q be points whose vectorial angles are
¢ and 0+ 80, the polar element of area 15 72,86 and 1ts centre
of gravity 15, when 86 13 very small, at the pomnt whose polar
coordinates are 37 and 6, and whose Cartesian coordinates are
grcosf and 3rsin &
_231780, greos@ _ 2 [r®cos 0df

T3t o0 3 Jrdf ’
where 7 =f(6), and a similar equation for 7, giving the centre
of gravity of a sectorial area AUB, the limits for 6 being the
vectonal angles of 4 and B

If this sectorial area be of variable density, or thickness, we
must take the element of area as v 86 &r of density p and then,
for the sectorial area 408,

__3rd0drp.rcosf _[fprrcos .‘Hﬂdr
= TSs085.0  ~ [jprdddr

and similarly for . The value of p 15 given as a function of r
and 6, the hmts of mntegration for + are 0 to f'(6), and the
limits for 6 the vectoral angles of 4 and B

146, Ex. L. To find the centrs of grawty of the are, sector and
segment of a curcle A

Let the arc 4CB subtend an angle 2a at »
the centre O of the circle, and let C be the A

Hence

muddle point of the arc
Taking OC as the axis of z, then for the
aro we have

. Lf.g. f~;.1a awﬂ-a'%g \\\/,
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For the sector 40B,

. atdg gacosd
ardd

sina

=fa —-=0G

Let Gy be the centre of gravity of the triangle 40B, so that
0G3=30N=3%acosa

Then the weight of the segment A NBC acting st 1ts centre of gravity
@ together with that of the triangle 40B balance about Gy

Sasma_, A AOBx0Gy+[sector A0B-A 40B] 0G

37a ! sector A0B
jatonga facosat(}of Za-}ateme] OG
- 1 %a
This gives 0g=%__Bwa

3 a—sinacosa’

Cor. By putting a=1, we see that the centre of gravity of the arc of
o semarcle 18 distant 22 from tho contre, and that the distance of the
centre of gravity of a semi.circular ares 18 dlsunl;;—: from the centre

Ex. 2. Find the oentre of grawity of the area bounded by the azu of 3,
the cyclowd, se=a (84510 0), y=a (1 - cos 8), and us bass

Judy 5 f (8+sme)t smo do
a
We have J-T__ H

i (0+8m86) sné df

[ {6%610.0+6(1 - 008 26)+ } (3 e 0 — 10 36} df

f (Omn0+4 -4 cos 26)dd
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Now, by the extended rule for itegration by parts,
J6%610 68 = - 88 c08 0+20 1n 642 cos 6,
J6cos 26 dd=40sin 20 +} cos 26,
[85m8d8 = —Gcos 6+sn 6,
and 650 20d6= — 36 cos 20+ } s1n 20

[oﬂ@—w-s)ummn 5n20) 4§ cosf— } o320+ 7
[0(§—m6)+-md isln%]

arg-§ 918
Ry B

o330 |
0

-
o fxdy y L (6+5m 6) 510 6 (1 — cos 8)dd
7 Jxdy

)"(9+sm€)sm6dd
f (6 (10 6~  un 26)-+§ — } cos 20— 1036 cos 6) A8

f [6100+3—} cos 26 d6

s

‘:9({00:26+§-oos3)+am6 Jem26-~

3
[e@, o8 6) +6m 8-} sin ze] Q

Fx 3. Find the centrs of granty of the loop of the curve r=2zcos 30
contamnng the vuial line

The values of 8 giving the loop are from ~ TtoZ
Henco £ r’ﬁr}'ama, between himits —2 and 'E"

% ]ucos‘% cosd dé j (3 cos 36-+cos 96) cos §d6
o e
3

fﬁ coa? 36 db fu (1 +cos 60) df

f[smza+sws4s+co.se+mxoa] s,

f (1-+cos66) 0
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Ex 4 In a sem-circular disc, bounded by a drameter OA, the density
at any pownt varies as the dustance from O; find the posuion of us centre of
gravnty

Hero the density p=Xr v
Hence 3
sollrdodr Xr reoss
{frdgdr
_l[Pcos 0drdy A s

TRdrds* and g=
The limuts of the integrations are from r=0 to r=2acos §, where a 18

the radis, and from =0 to 0=3.

P zaml 2 49
f o030 [] ufo covoas o 420
Selo - S

3 B 1
f [A]Eacnxl f cost8dd 3
°

[*smo[if]“"'”'de fzms‘evmods
) 40 _3ajo

x 2 4
f’[— R f’eos'sda
o3k o

EXAMPLES

Find the positrons of the centroids of the areas of the following curves
1. The parabola y* =4az between the axis of z and the ordinate z=h.

I:x=3—. 9=3 ~/ah]
2 The part of the ellpso ,+§,-x which lies m the positive
2 _g_4
quadrant. [E_Iz 2

©l@

9a

Also

"N
3, The parahola (g) + (% =1 between the curve and the axes.

& _g_1
2.9t

y 276

4 () () =1, Iying in the positive quadrant. [-=3 T

5. ymsinz between 2=0 and r=x [;-_,yg_]

6. ayiea’ between the orgin and z=b. [5-; 5]
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7 y*(2a-z)=s* and 1ts asymptote.
8, A loop of the curve y?(a+2)=2?(a—2z)
9. The cardiond r=a (1+cos §).

10, One loop of r=acos 20,

11, Oneloop of the lemmiscate of Ternoulli #=a%cos 26 [i:“"sﬂj

[ 16ant cos 7
2. = 3
12. One loop of r=acosné, V(e

s
{" (;)}
1 3
() ()
Find the positions of the centroids of the areas enclosed by the
following curves

14 yi=as and 2=ty [z ey b¥=%am]

A\ (A
13. (E) + (b) =1, lying 1n the positive quadrant,

it

=92
=3

15. g=az and y=2az—2% on the positive side of the axis of 7
o
Gaoa~ V=58 ]
16, 2'+y'-~2az=0 and &% +y?—2br=0 on the positive side of the

. at4ab+b? __5a’+ub+b"
sxis of 2 ="axb Y73 rath)
17, yP=taz and yeems. ["w’

18, yiedaz, gimtbe, stemdoy snd stmady [ 23 G0

9@ —aty@b-ot) ]

19 The density at any pomnt of a arcular lamina varies as the nth
power of the distance from a pont O on the circumference , shew that the
centre of gravity of the lamna divides the diameter through O in the
ratio n42.2
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20. A crcular disc, of raduus a, whose density 18 proportional to the
distance from the centre, has a hole cut 1n 1t bounded by a, circle, of
diameter b, which passes through the centre Shew that the distance
from the centre of the disc of the centre of gravity of the remamng

4

o
portion 18 oy 105

21, The centre of mertia of a aircular disc, the density of which vaties
1nversely as the fourth power of the distance from an external point 0
tho plane, 15 the mverse pomt of O with espect to the boundary of the
duse

922 The distanco from the cusp of the centroid of the area of the
cardiod r=a (1 +cos ), when the density at any pomt vancs as the nth
1 (D) (@ +D)
power of the distance from the cusp 18 G ED) a

23 Find the centre of gravity of a plate 1n the form of a quadrant
AOB of an ellipse, the thickness at any pownt of the plate varying as the

product of the distances of the pont from 04 and OB I:; - %7 - % ]

24, Find the coordinates of the centre of gravity of a lamima 1 the
:
shape of & quadrant of the curve (z)’ + ({) =1, the density being given

by o=kzry

25 A chord of an cllipso cuts off a segment of constant area , shew
that the locus of 1ts centre of gravity 1s a similar, similarly situated, and
concentric ellipse

26 The locus of tho centro of gravity of all equal segments cut off
from & parabola 18 an equal parabola

21. If @ 15 the centic of gravity of any arc 1’ of the lemmscate
#3=0? c0s 26, shew that OG bisects the angle P0Q

28, 4 curve us such that the centrowd of the arc of ot wtercepted betucen
two rady vectores drawn from a fuzed pownt always lies on the straight line
busecting the angle between thess radu, shew that the curve s eher a lem-
mascate of Lernowdls or @ cu cle.

[2ds rame
B_Jo

g T

(For all values of B, we are given that tan 5 =20
] ds roosd
[

Heace, 1" F/(6), we bave f : F(@) s 6dd=tan? f © F(6)cos 08
L]
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Differentiating with respect to 8,
F@smp=tand F()cons+}eect? f:r(a) cos 000
ang F(ﬂ)-f:i‘(&) con 08
Dafferentiatig again, we have

csB F(B)+snf F (8)=F(B)cos B
Hence F” (8)=0 and hence F(8)=constant

- /r’+(d€I

from which we easily have that exther r 13 constant or *=a? cos (20+7) ]

=constant =a?,

29 Shew that the circle 15 the only curve m which the centroid of
the area mcluded between the curve and two radu drawn from a fixed
pomnt always lies on the straight line biseoting the angle between the radn

147  Centre of grawty of a sohd and surface of revolution
Let the curve 4 B revolve round the axis of & The volume
generated by the element of

area PMNQ between two or- 9] pa_——8
dinates ab distances « and

« + 8z from Oy 18 wy* 8z, and A .
1ts centre of gravity 1s at a i
distance # from O, when 8z 18 H i
ndefimitely small I Sm— T T

Hence, 1f the sohd be of
umiform density,
Swyde & [yodz
where y 18 known in terms of & from the equation to the curve
and the limts of # are OK and OL
The surface generated by the revolution of the arc PQ
(= 8s) about Oz 15 2y 8 Hence, for the surface,
_22mwy8s @ _fyads
T Somyds T fyds

&=

(Y

Now gﬁz, [= 1+ (%)’l, and y are known from the

equation to the curve and hence the ntegrations can be
performed.
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If the generating curve be given by the equation r = f(6)
m polar coordinates, the element 780 & describes a circle of
radius rsmn 8, and Z for the volume

_ 3780 8r 2mrsmf rcosd _ [/r*sin 6cos fdrdf
- 3r808r 2mrsind s 8drdd

the limuts for » bemng 0 to f(8), and those of  depending on the
part of the curve considered.

So, for the surface,
385 2rrsn6 rcosf _[rismécosd ds

38 2rrsm@  [rsmb.ds *

where r= £(@), and (35) =r+ (%),

148 Ex.1 Find the centrs of gramty of the surface and volume
of the part of & sphere, of radwus a,
included between parallel planes which
are at dustances b and ¢ from ts centrs

Taling the sphere as formed by the
revolution of a semi-circle about the
axs of 2, we have t+y=a?

For the surface we have, since s

3 1 A
(@1) _1+(dl) =1+:7:-§-5:
f""’d' f”h i b——""’ Also g 15 clearly zes

R ro.
fy,g, fadm

Y

Hence the centre of gravity of a zone of a sphere 13 half-way between
1t8 plane ends
For the volume,

.
. _
i-fnydzz-!bz(a‘ ) de ooy

+ =3 +e) T

Cor. If we put c==a and 5=0, we have the case of a hemisphere, If
1t be hollow, then .t-- 1f 1t be sohd, .t——-
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Ex 2 Find the contre of gravty of the volume formed by revoloing the
area bounded by the parabolas y*=dax and 23 =4by about the azis of #
‘We easily see that the pomnt of mter-
section P of the two curves 1s given by

o =dddi}, y=datit (219)

P,
It 0N, =z, ¥,Py=g1, ¥, Py=gs, then
¥ Y=t
f dzdy 2ny % 6
= 0’v=n !
=7 (3=
f " dzdy 2ny LN -
2=0 Jy=n

[ [l sy,
[ [Tl T

EXAMPLES
Find the centroids of the surfaces formed by the revolution of the
following curves
1. Parabola 3=2az cut off by z=c about 1ts axis
[ _(e-a)(at+2ot+at ]
" b{ave)i-dl)

2. Cyeclod z=a(6+8n6), y=a(l=cos 6) about the axis of y
2a 157—8

3, Cardiond r=a(1+cos 6) about its axis [I - gg a ]

4 One loop of ri=a? cos 20 about the mitial hine [5=%(2+ v2) ]

Find the centroids of the volumes formed by the revolution of the
following curves

5. The portion of the parabola y=4az, cut off by the ordinate z=4,

about the axs of # [== ]
+3n
6, y™*n=ame® about the axs of 5. [:D :_'_2“ ';

7. yA-aay’+a*=0 about the axis of 2. [,e.E
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8 A circle of radius a through two right angles about a tangont line.

ba
(5]
9. Cycloid zm=a (8 +sin 6), y=a (1-cos §) about the axis of y.
83r1-64 a
= 9ri-16 8"

10. " r=a (1+cos6) about ite axis. [:-‘r“‘]
1L Shew that the centre of gravity of a lune of a sphere, of sngle 2,

isat a distance §. "““'mmmm

12. Bhow that the distance from the centre of the centro of gravity of
& sactor of a sphere, of radius a, is §a (1 +co0s a), where  is the angle which
the radius to any point of the spherical base of the sector makes with the
axis of the sector.

13, If the density at any point of a sphere of radius a varies directly
a3 the distance from the centre, and a sphere described on the radius as
diameter be cut out, shew that the centre of gravity of the remainder is at
5 distanoe g a from the centre,

14. Shew that the centre of gravity of a sphero, the density at any
point of which varies inversely as the square of the distance from a fixed
point on the surface of the sphere, biseots the radius through the fixed
point.

15, The density of a hemisphere varies as the nth power of the
distance from the centre; shew that the centro of gravity divides the
radius perpendicular to its plane surface in the ratio #+3 :n+5.

16. Taking Laplace’s law for the density of the carth, assumed to
be o aphere of radius a, ws. pmpo 527, whero 6=, for the density p at
s distance z from the centre, shew that the distance from the centre of
the centre of gravity of half the earth, bounded by a plane through its
centre, is

G@pconp+opsing-2
2p (sin g — p cos 1)

17. A portion of ap anchor ring is formed by the revolution of &
circular area of radius a about a line in its plane at a distance ¢ from 1ts
centre, where 6> a. If 2a be the angle through which it revolves, prove
that the centre of gravity of the solid is at a distance from the line
equal to

42 +at ana
d e’
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18. A uniform solid is bounded by the surface formed by the
revolution of a cycloid about its base and is then cut in halves by a
plane through the axis of revolution. Shew that the centre of gravity
22 from the plane fuce, where a is the
radius of the generating circle of the cycloid.

of each half is at a distance

19. A solid is bounded by balf the surface formed by the revolution
of the cardioid r=a (14 cos 6) about its axis, and by & plane bass through
its axis ; shew that the distance of its centre of gravity from the axis is

#a and its distance from the pole, moasured perallel to the axis, is %‘ .

20. A quadrant of a circle, of radius a, makes a complete revolution
about a straight line which is parallel to one of the bounding radii of the
quadrant at a distance & from it and which does not cut it. Shew that
the distances of the centres of gravity of the curved surface and volume so
a(%ta) . a 8bla

generated from its plane surface are whiny B0 33rbida”

149. General formulae for the centre of gravity of
any volume. If P be any point (e, y, 2) of the volume and
(z+ 3, y+08y, £+%) a close point @, the volume of the
elementary parallelopiped bounded by planes through P and Q
parallel to the planes y0z, 20z, 20y is & .8y .82 Its density
being p, the fundamental formulae become

20c.8y.82.p.a _ [f] prdadyde
Z8zdydip  J] pawdydz
So g=ﬂfpydxdyd£ and Ezﬂp:dzdzds

17 pdedydz [fpdadyds”
The limits are such as to include all the volume considered.

Ex. L Find the centre of gravity of the positive octant of the ellipsoid

2 L)
arhs=l
which is of constant density.
dzdyds ol
Hero .eJHf——...(u J
dodyds —
The limits for  are from 0 to
0

=
HE, o e 1-5-8 for 2 —

fmmOhNS,u.a\/l-g, S

and for ¥ from 0 to b. /8
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Hence the numerator of (1)
2 4 0 2 N\EFvs
=ffen/-a G [[-50-5-5) 1" o

eV gy P ot boosods,  f y=bema),
TR 3

b3 lw _w o,

3 422 16
Also the denommator of (1) =volume of the actant = § 3 abe
__3a 8 . 3¢
Hence =% similarly, =% and =3
Ex. 2. Find the centre of grawty of the volume cut off from. the cylunder
24+ yt=2ax by the planes z=mz, z=nx
1f wo take any eloment 8zdy of the
section by the plane zy, the volume above
1t 18 clearly 8z dyx(m-n)z, and the
height of 1ts centre of gravity above the
m+n
plane of 2y 1 " " 2
- [fdzdy (m-n)z =
Hence &=y m-mz *
the limits for y bewng —y/2a5—22% to
~2a2, =223, and for 2 from 0 to a

f"xh/m.u fgsln‘¢ws’¢d¢
Hence #=72 °

5 1t x=asnt g,

[:zh/&—-zdz ffsm‘qﬁ cos? pd

j., (ot p-mnd ) dp
B
f:(smlqs—mn'vs)d.;\
jjdzdy(m-n)zx”'T’f"z man  ba
Ly e e AT )
Ex 3. If the dennty at any pownt of an octant of the ellspsord
p.2
a@tpta=l
vary as 22037, prove that
f4 P+q+r B
. r(2+l) r(——2 +§)

SR
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Consider the cases p=g , p=g=r=1 and p=gq
The density bewng Aevyes, ~ldedyds Ay 5
y being ArPy4z, we have &= Tdedyde Naryis

where 2, y, z have any positive values subject to the condition

Ea 22
S+f+am
zg1r1
Put s=agh, y=bd, s=ct F=a wﬁ
2 1g1r1
Ji@7BpTaG g dydg
where £,7, ¢ have any posttive values subject to the condition §+7+¢ =1
Hence, by Dirichlet’s integrals,

PG @ )r(es) r(Gi)r (D) (el

p+q+r p+q+r
T 3 pratr o
+3) ()
(+l) P+q+r 5

(P l) (p+q+r+3)

s
1t peger=0, then S TMTEO_TOIITH 2 o\ gy
1
ir

34
aTTPHrE) @I
T(HYrE4)_r@)s3e 1)
It pmg=r=1, then £ HORONIOESE Eé)

£_T ()4 ?2) 8
1 peg=r=3, then 7= ;)r((’:)) TE%) i%% 3) L)

150 If the sohd have 1ts equation given m polar coordi-
nates so that the coordinates of a poiit P are (r, 6, ¢), where
OP=r, z0P =0, and ¢ 1s the angle the plane z0P makes
with zOz, then the element of volume 18 & r80 rsm 684,
1e e 08r.80 8¢, and we have

21‘sm987 80 8¢ rcosgpsmnb jffﬂsm’acos¢drd0d¢

3 s 06r.80.8¢ J[frsm6drdéde ’
_ Srenf8r.20.8¢ remésn @ _ [[fr°sin6 sm pdrdide
y= S 7 5m 05r. 50 56 s 6d dodg
a3z S 08r 88 8¢ rcosf fff’r"smﬂcosedrdﬂd‘ﬁ
and 2= "5 san 6er o0 o4 Tfrsmn 6d d6d$

the lumits being such as to melude all the sohd.
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Ex. Find the centre of gravity of a hemusphere whose density sartes as
the distance from a pount on us plane edge
The equation to the hemisphere 18
(@-ap+yi+it=al
or, n polar coordinates, 7 =2a cos ¢ sm 8

The humits for r are thus 0 to
2a cos ¢ sin 0

¢}
Those for ¢ are — § toZ g and those / .
v,

for 6 are zero to f

If tho density at any point 18 Xr, the element of mass 15
3 r30 ramddp A
Hence
s JiNrSin 0drdodp rcos ¢ sind
T JIPsmd drdode
1Jf (24 cos § sin AYs s1n? 4 cos pdddep sm fcost ¢ en? 0ddg
1[[Racos o 6) s 6d6dp G [foostp s’ 6d0dg
531w 642
3753 Ea
™
2

8a 648
=3 1 42 T

4

31
42

Clearly §=0, by symmetry.

Also

JjA s 8drdedg rcos 6

fTTnesm 8drd8d

1/f(2@ 008 ¢ 510 )% 510 @ cos 8d0dd _ 8a [[cosb  sn® 6 cos ddddp

HI@acos s 6)isin0dddp b [jcos'p sind 0d6dp

EXAMPLES

Find the centroids of the volumes mncluded between the following
surfaces
1 styi=2as, s=mz and e=ns [‘;ﬁ, o, 5"(—’;‘*"—)]

N
2. 2'4yl=al, s==0and s=ztan ath [’:_;ma, 0, & tenta +% ]
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.
s g + %=1, 5m0 and Latmy +ns=1
[, roemtes
8n

T
—

" ’_':+»’L_;=l, =0 and z= £ [s“_" (7J2+3log(1+./9))]

PP 2 40 320 3%

5 +5-220, sm2e, y=0 and 520 [7 3B, 2%

6 (5) + (%) + (j) 1 contamed 1 the posit1ve octant.

2la 215, 2lc

128’ 128 128
7 A body 15 formed of the portion of & umform solid sphere, of
radis a, whneh 15 cut off by a aircular cylnder, of dsmeter a, passng
through L centr of th sphere  Shew tha the cetroof graviy of the
portion that Lies within the eyhnder 18 at & distance ;120 from the

centre of the sphere.

151  Centre of grawmty of any spherwcal triangle

Let ABC be the trangle, and O the centre of the sphere
Let OC be the axis of z and Oz,
Oy two perpendicular axes, Oz
being mn the plane COA

Let P be any pomnt on the
triangle, let the tangent at P to
the circle CP meet the plane 20y
in 7', and let PP’ be the ordinate
to this plane Take a small ele-
ment 38 of the trangle at P,

and let 1ts projection on the plane ,/ B F
20y be 8% 4
Then % ~cos PTP =sm POT =2 & Where 2 is the ordinate
of P and r 1s the radius of the sphere
2.88=r 83
Hence, if Z be the ordinate of the required centre of gravity,
52288 _[r dS

=

b
A il T O
where § 18 the area of the trangle and 2 1s the area of ite
projection on @0y,
18 . 6
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Now
3 =the projection of the area ACB on 0y
= the projection of the area 40B on the same plane
=1{r* £ AOB x cosine of the angle between A 0B and 20y
=1r? ¢ x sne of the mclination of OC to AOB

=41 ¢smn p;, where p; 1s the arc drawn from C' perpendicular
to AB,

=3r.¢c smb smA4
Also S=1%. I, where I 1s the spherical excess ;

solresmn bsind
"2 E
This gives the distance fiom O along OC of the projection of
the centre of gravity upon OC, similar formulae give the
projections on U4 and OB, Hence 1ts position 1s known.

152 The relation (1) of the previous article 1s clearly true
for any area on the sphere, whether a triangle or not

Hence the dustance of the centre of grauity of any area S on
the surface of a sphere from any plane z0y passing through the
centre of the sphere 1s equal to the radius of the sphere multe-
plaed by the rato of the arca of the piojection of S upon zOy to
the area S

Ex. Shew that the distance from the plane, through the side 4B of a
spherical triangle 48C and the centre O of the sphere, of the centre of
gravity of the spherical triangle 13

1r(e=bcosA-acosB)
P E :

153 Theorems of Pappus If any plane area revolve
through any angle about an aars wn s own plane, then (1) the
volume generated by the area 1s equal to the product of the area
and the length of the path desciibed by the centrod of the area,
and (2) the surfuce generated by the aiea 1s equal to the product
of the pervmeter of the area and the length of the path described
by the centrowd of the peruneter

Let A be tho area and S the perimeter of the curve, 7 the
distance of the centroid of the area and 7 that of the perimeter
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of the curve from the axis of rotation which 1s taken to be the
axis of @

(1) Let P be any pomnt of
the area of the curve whose
ordinate 18 y, then, 1f the
rotation be through an angle 6,
the length of the arc described
byP=y 0

Hence the volume described
Dby an element d A of area at P
=y0 dA.

The whole volume described by the arca

=Zyb dA =6 3y d4=0.74 (by At 145)=4 70
= the srea of the curve multiphied by the length of the arc
described by the centroid of the area

(2) Let P’ be a point on the perimeter of the curve whose
ordinate 18 %', dunng the rotation the length of the curve
described by P’ =y'.6.

Hence the surface described by an element 8s of the peri-
meter at P =y0.8s

Hence the whole surface traced out by the pernmeter

=3y 85=0.5y 3s=0 7S (by Art 143)=8 76
= the perimeter of the curve multiplied by the length of
the are described by the centroid of the penmeter.

EXAMPLES

1 Findthe volume and surface of an anchor-ring or tors

An anchor.ring 15 the surface geuerated by the revolution of a circle
about an axw 10 1ts own plane  If @ 18 the radius of the cirdle, and b the
ustance of 1ts coutre from the axis of rotation, then m a completo
revolution tho distance described by the centro= 25

Hence the volume of the anchor nng=—na?x 2rb=2r%, and it
surface=2rex2rb=dnab

2 A sohd sactor of a sphere of radus astands on a base whose Tm 18
crcular, and the diameter of this rim subtends an angle 2a at the centre of

the sphere , shew that the volume of the sector 18 %” a® st and that ita

curved surface 18 4ratam? 5.

[Bevolve s sector of & circle about one of 1t bounding radi.}
62
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8  Apply Pappus’ Theorems to find the surface and volume of a
frustum of a nght cone 1 terms of its height and the radu of its
plane ends.

4 From Pappus’ Theorems deduce the position of the centies of
gravity of the arc and area of a semi-cucle

5 A tnangle, of area A, revolves about a straight hne 1n 1ts own
plane the perpendiculars on which fiom 1ts angular powts are p,, ps,

and py, show that the volume generated 13 2% & (py+pyy)
6. By using tho results of Ex 1, pago 146, and Ex 2, page 148, find

the volume and surface of the sohd formed by a complete revolution of &
cycloid about 1t Lase,



CHAPTER IX
STABLE AND UNSTABLE EQUILIBRIUM

1564 WE have pomted out in Art 141 that the body in the
first figure of that article would, 1f shghtly displaced, tend to
return 0 1ts position of equilibrium, and that the body 1n the
second figure would not tend to return to 1ts onginal position
of equilibrium, but would recede still further from that position

These two bodies are said to be in stable and unstable
equilibrium respectively,

Consider, again, the case of a heavy sphere, resting on a
horizontal plane, whose centre of giavity 18 not at its centre

1/
4

Let the first figure represent the position of equilibrium,
the centre of gravity being either below the centre 0, as @, or
above, as G, Let the sccond figure repiesent the sphere
turned through a small angle, so that B 15 now the pomt of
contact with the plane The reaction of the plane stll acts
through the centre of the sphere

If the weight of the body act through @, it 15 clear that
the body will return towards 1ts origmal position of equilibrium,
and therefore the body was ongmnally 1n stable equilibrium

If the weight act through G, the body will move stall
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farther from 1ts origimal position of equihbrium, and therefore
1t was originally 1n unstable equilibrium

If however the centre of gravity of the body had been at O,
then, m the case of the second figure, the weight would still be
balanced by the reaction of the plane, the body would thus
remain 1 the new position, and the equilibrium would be called
neutral

155 Def A body 1s said to be m stable eqmlibnum
when, 1t 1t be shghtly displaced from 1ts position of equilibrium,
the forces acting on the body tend to make 1t return towards 1ts
position of equilibrium, 1t 15 unstable equlibrium when, 1f
1t be shghtly displaced, the forces tend to move 1t stall further
‘“rom 1ts position of equilibrium, 1t 15 1 neutral equilibrivm, 1f
the forces acting on 1t m 1ts displaced position are m equili-
brium

In general bodies which are “top-heavy,” or which have
small bases, are unstable

Thus m theory a pm might be placed upright with its
pomt on a horizontal table so as to be m equilibrum, 1n
practice the “base” would be so small that the shghtest dis-
placement wonld bring the vertical through 1ts centre of gravity
outside its base and 1t would fall So with a bilhard cue placed
vertically with 1ts end on the table

A body 1s, as a general principle, m a stable position of
equilibrium when the centre of gravity 1s in the lowest position
1t can take up, examples are the case of the last article, and
the pendulum of a clock, the latter when displaced always
returns towards 1ts position of rest

Again, take the case of a man walking on a tight rope. He
generally carries a pole heavily weighted at one end, so that the
centre of gravity of himself and the pole 1s always below his
feet  When he feels himself falling n one direction, he shifts
his pole so that this centre of gravity shall be on the other side
of his feet, and then the resultant weight pulls him back again
towards the upright position

If a body has more than one theoretical position of equili-
brium, the one 1 which 1ts centre of gravity 1s lowest will 1
general be the stable position, and that in which the centre of
gravity 18 highest will be the unstable one.
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156 A body rests m equilibrium upon another fized body,
the portrons of the two bodres n contact bewng spheres of radu r
and R respectwely, and the strarght lne joimng the centres of
the spheres bewng vertical , 1f the first body be shghtly displaced,
to find whether the equulinium 1s stable or unstable, the bodes
beng rough enough to prevent sluding

Let O be the centre of the spheical surface of the lower
body, and 0, that of the upper body
Let 4,G, be h

Let the upper body be shghtly
displaced, by rolling, so that the
new position of the centie of the
upper body 18 O,, the new pomt of
contact 18 A,, the new position of
the centre of gravity 18 Gy, and the
new position of the pomt 4, 18 C.
Hence C@,18 1

Draw A,L vertically to meet 0,C
m L, and 0,0 vertically to meet a
horizontal line through A, in A

Let £ 4,04,=0, and £ 4,0,C= ¢, 50 that £ CO,M= (0 + $)
Since the upper body has rolled mto 1ts new position, the
arc 4,4,=the arc ('4,, so that
R.O=r¢ . ),
where R and r are respectively the radu of the lower and
upper surfaces

The equilibrium 1s stable, or unstable, according as @, lies
to the left, or night, of the Line 4,L,

ve according as the distance of G, fiom 0,0 18 > or < 4,
ve according as (r—Ah)sin (6 + ¢) 13> o0 < rsin6,

R+r
-

ve according as (r — k) sm I: 9] >or <7rsméb,

ve according as (r — L) [R_:-re_l@(lt:r)'g,_‘_ ]

>or<r[0—§+. ] (2),
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by substituting the expansion for the sine of an angle 1n terms
of the angle,
1 e according as

(r—h)[R'” E(R-”) 0=+...]>or <r[1—t3-+...],

1e, when 6 18 made indefimitely smull, according as

(r—h)R+r>or<r,
ve according as rR>or <h(R+7),
1 1.1 .
ve according as E> o <pEro- svseneens (3)
1 Rr
In the case when }—L —T = 1e when Ib—R+r,we must

return to equation (2), and the ethbnum 15 stable or unstable
according as

e eeg (e ]
>or<r(6—— )

12

ve according as

— 3 (R +7) 6* + hgher powers of § > or < —}176* + ..,
ve according as

(B+r)*—sqs ete of @ < or >r*~sgs ete of 6,

ve according as (B + 7)< or > 7% when 6 15 made indefinitely
small

Hence the equlibrium 1s o
unstable m this case. The
equilibrium 13 thus only stable

1.1, 1
when Pite In all other G,
cases 1t 18 unstable o,

1f the curvature of the lower
surface be 1n the other direction
as 1 the second figure, then 1n
this case the angle

—_—
Ay

cop=¢p-0=E=19
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and the equilibrium 15 stable or unstable according as &, is to
the left or nght of 4,7,

1e according as 0,Gsin (¢ — 6) £ MA,,

16 according as (b~ r)sm L2 9 srsmb,

¢ according as

(;,_r)[RT"o-é(l%’e)H..] (9—15 ) @

16 a,cwrdmg as

won BT B0 sn(i-84 ),

1e according as (h—r) R > 7,1f 0 be mdcﬁmtely small,
P L1.1
ve according as b £ el according as h PR

In the critical case when h = RI we must return to (4)

and proceed to higher powers
(4) then becomes

R%[R;’a-l\é(l—:’(ﬁﬂ ] (e-E Bl

_LE oy < &
e P &+ S—gte
e (R;r)’—powers of @ 2 1— powers of 6

Hence, when 6 13 indefinitely small, we see that the equili-
brium 1s stable or unstable according as (R —r)* z 4,
ve according as R z 2r.

In the coso when R =2r and hence k= 7o =2, then

$=2o-2
and 0,G,sn (¢ — 0)=(h—r)sin (¢—0) =7 sm 6 = M 4, always
Hence, n this particular case, G, always comeides with L,
and the upper body will always rest through whatever angle
1t be rolled since 1ts centre of gravity 1s now always vertically
above the point of contact,
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Cor 1. If the upper body have a plane face in contact
with the lower body, as 1n the following figure, 7 1s nfinite 1
value Hence the equilibrium 1s stable 1f

}l;be>%,w,lfhbe<1%‘ A

Hence the equibbrium 1s stable, 1f
the distance of the centre of grawity of
the upper body from its plane face be less
than the radius of the lower body, other-
wise the equilibrium 1s unstable.
Cor 2 If the lower body be a plane, so that R 1s infinite,
the equilibrium 1s stable 1f
1
h
Hence, 1f a body of spherical base be placed on a horizontal
table, 1t 18 1n stable equilibrium, 1f the distance of 1ts centre of
gravity fiom the pomnt of contact be less than the radius of the
spherical surface.

be>%,ie,1fhbe<r

167 If the portions of the surfaces m contact are not
spheres, but surfaces whose radn of curvature are R and r, 1t
18 sunilarly found that the equilibrium 18 stable or unstable

1.1

according as BEIRT 7
1. 1.1
PTE + ;,the deter-
mination of the stability 1s a question of some difficulty For
1ts consideration the student may refer to Routh’s Analytical
Statcs, or Minchin’s Statecs

It 18 there shewn that the equilibrium 18 stable or unstable

accordiug a8
d /1, dn
5@+ 56)
18 negative or positive
If this condition fails, as 1t does when the points of contact
are points of maximum or mmimum curvature, the equiibrium
18 found to be stable or unstable according as
&1y &1y, (R+n) (R+2r)
2 (8)* )+ S
18 negative or positive.

In the neutral or critical case, when
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EXAMPLES

1. A body, conuisting of a cone and a hemisphere on the same base,
rests on a rough horzontal table, the hemisphere being m contact with
the table , shew that the greatest height of the cone, 5o that the equilibrium.
may be stable, 15 /3 times the radis of the hemisphere

2 A hemusphere rests m equiibrium on a sphere of equal radms,
shew that the equilibrium 13 unstable when the curved, and stable when
the flat, surface of the hemnsphere rests on the sphere

3 A umform beam, of thickness 2, rests symmetrically on a perfectly
rough horizontal cylinder of rads a, shew that the equilibrium of the
‘beam will be stable or unstable according as & 1s less or greater than @

4 A heavy umform cube balances on the highest pomt of a sphere,
whose radius s 7 If the sphere be rough enough to prevent shdg, and

if the side of the cube be 'g shew that the cube can rock through a right.
angle without falling

5 A lamma in the form of an 1sosceles trangle, whose vertical angle
18 a, 15 placed on a sphere, of radis 7, so that 1ts plane 1s vertical and one
of 1t equal sides 18 1n contact with the sphere, shew that, if the tmangle
be shightly displaced m 1ts own plane, the equilibrium 15 stable if sina be

less than:%, where a 18 one of the equal sdes of the triangle

8 A sohd homogeneous hemisphere of radws 7 has a sohd right cone
of the same substance constructed on 1ts base, the hemisphere rests on
the convex side of a fixed sphere of radius R, the axs of the cone being
vertical. Shew that the greatest height of the conme consistent with
stability for a small rollimg displacement 13

7 A weight W 1s supported on a smooth wnclined plane by a given
weight P, connected with 17 by means of a string passing round a fixed
pulley whose position 15 given  Find the position of equilibrum of I¥ on
the plane, and shew that 1t 1s stable

8 A rough untform circular disc, of radws r and weight p, 18 movable
about a point distant ¢ from 1ts centre A string, rough enough to prevent
any shipping, hangs over the circumference and carries unequal weights
W and wat 1ts ends Find the positions of equilibmum, and determme
whether they are stable or unstable

9 A sohd sphere rests mside a fixed rough hemspherical bowl of
twice 1ts radis. Shew that, however large a weight 18 attached to the
bughest powt of the sphere, the equilibrium 18 stable.
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10 A thin hemispherical bowl, of radws b and weight ¥, rests m
equilibrium on the highest pomnt of a fised ephere, of radius @, which
15 rough enough to prevent any shding Inside the bowl 18 placed a
small smooth sphere of woight w Shew that the equilibrium 18 not
stable unless

a-b
<V
11, Shew that a sphere partially immersed 1n & basin of water cannot
rest 1n stable equilibrium on the summt of any convex part of the base.
12 Threo equal particles repelling cach other with forces proportional

to the mth power of the distance are connected together by three equal
elastic strings Find the position of equlibrum and shew that 1t 1s

stable 1f n < PJ’—G , where a 15 the unstretched and p the stretched length
of any string

13 A solid ellipsord, whose axes are of lengths 2, 25, 2, rests with
the “caxs” vertical on a rongh horizontal plane The contro of gravity
18 on the vertical axis at a distanco 4 from the bottom vertex Shew that

tho equilibrium 15 stablo 1/ 3 Ioss than both & and &,

14 A heavy cone rests with the centre of its base on the vertex of a
fixed paraboloid of revolution, and the height of the cono 15 equal to twice
the latus rectum of the gencrating parabola Prove that the equilibiium
15 neutral to a first approximation, but that 1t 13 really stable
15. A heavy body, the section of which 15 & cycloid, rests on & rongh
horizontal plane ard has its centre of gravity at the centre of curvature of
the curve at the point of contact , shew that the equilibrium 1s unstable
16 A solid frustum of & paraboloid of revolution, of height 4 and latus
rectum 4a, Tests with 1ts vertex on the vertex of a parabolod of revolution,
whose latus rectum 1s 4b, shew that the equilibrium 1s stable if
3ab
by
17  Alamma m the form of & cyclod, whose generating arcle 18 of
radius a, reats on the top of another cyclod whose generating circle 18 of
radius b, their vertices being 1n contact and their axes vertical If 4 be
the height of the centie of gravity of the upper cyclod above 1ts vertex,

shew that the equitbrium 15 stable only 1f 1.<‘;‘L+”b and 15 unstable 1f
1ab

A

18 A paraboheal cup, whose weight 18 W, stands on a horizontal
table and contains a quantity of water, of weight n W, 1if % be the height
of the centre of granity of the cup and the contaned water, shew that the
equilibrium 15 stable provided that the latus rectum of the paabola 1
>2(n+1)h
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158 Suppose that we have a body, or system of bodies,
under the influence of no forces except their weights, and
supported by reactions with smooth fixed surfaces or by other
forces which do not appear m the equation of virtual work
Then, 1if w,, w,,  be the weights of the dufferent bodies and
2,2, . the heights of their centres of gravity above some fixed
plane, the equation of virtual work becomes

—wy. 8z ~w, dz—w, d25,+ =0

If W be the total weight of the system and Z the height of
1ts centre of gravity, this Lecomes

- W 8=0

But 82=0 18 the first condition that the height of the
centre of gravity may be a maximum or mmimum

If the height of the centre of gravity 1s a true maximum,
then, for any small displacement of the system, the centre of
gravity 13 lowered, 1f, after any such displacement, the system
be momentarily held at rest and then let go, 1t 18 clear that 1t
would not go back to 1ts position of equilibrium, for that would
be contrary to the dynamical principle that the kinetic energy
of any such system must be equal to the work done The
system would therefore not go back to 1ts position of equilibrium
but would depart stall more fiom 1t The equilibrium 1n this
case 13 said to be unstable

If the height of the centre of gravity 18 a true minimum,
then, for any small displacement, the height of the centre of
gravity 1s mcreased,, 1n this case, 1f the system be momentarily
held at rest after any such small displacement and then be let
g0, 1t would return to 1ts position of equilibiium, 1n this case
the equilibrium 1s said to be stable

Hence the equilibrium of a body or system of bodies can
often be found as follows let the height % of 1ts centre of gravity
above a fixed plane be expressed as a function of some one
independent variable 6. Solve the equation 3—: =0 m the form
0=a, B, 9, <o If the value 6 =a, when substituted in the

2
value of %, makes 1t positive, so that Z 18 & true mimmum,

then the value @ =a gives a position of stable equilibrium.
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&z
bl
makes 1t negative, so that Z 1s a true maximum, then the corre-
sponding position 18 one of unstable equilibrium

As the system moves imto 1ts different positions the centre
of gravity will describe some curve, and we know that in such a
curve the maximum and minimum ordinates occur alternately
It follows that the positions of unstable and stable equilibrium
occur alternately

If the value 6=a, when substituted in the value of

159 Ex 1 A square lamina rests wm a vertical plane on two smooth
pegs which are wn the same horwzontal line  Shew that there 13 only one
postion of equilibrium unless the distance between the pegs s greater than
one-quarter of the diogonal of the square, but that, 1f this condition s
satisfied, there may be three postions of equilibrium and the symmnetrical
poswion wnll be stable, but the other two posirons of equilabrium will be
unstable

Let ABCD be the square, and P and @ the pegs Let the diagonal
A4C=2d, ard let 1t bo inclined at an angle ¢ to the honzontal 4z The
height G (=7) of the centre of gravity G above 2Q 15 given by

F=AGsm $— APsin (¢—45")
=dsin ¢ —ccos (p—457) sun (p— 46°), 1f PQ=c,

e F=dsng+gcos2p LW,
a
% =dcos ¢ —cain 2¢ e (@)

wnd %: domg-20082p « we 1. o ®)
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Now, since the pegs are smooth, the equation of virtual work reduces
to 7 82=0, Hence, by (2), the positions of equilibrium are given by

03 b (d—2c8mP)=0 ... e (4

The solutions of this equation aro $=90° and sm b= %

This latter equation has real roots only when 2¢>d, ve when
PR>tac

Take the case when 2¢>d

There are then three positions, the first when 4C s vertical and the
other two when AC 1s wclned at either side of the vertical at an angle
st % to the Liorizontal
d%
gt
Therefore  1s a minimum and the equilibrium 1s stable
When

da
amg=7, then

When ¢=90°, then, by (3), &2 = —d-+20=positive,

dz di-4c
dg? 2
In this case 7 15 & maximum and the equilibrium 1 unstable.

Next take the case when 2¢<d

In this case there 15 ouly one position of equlibrium given by ¢=90°,

= —dsmp-20+dosin? = —negative

and then %% o _ g4 90=negative
s

£ 18 now a maximum and the equilibrium 18 unstable.

Ex 2 A rod SH, of length 2 and whose centrs of gramty G w af a
dustance d from s centre, has a strng, of length 2¢seca, tid to uts two ends
and the string 15 then stung over a small smooth peg P, find the posiion of
equilibrium and shew that the posiion which s not vertical 13 unstuble

Since SP+ L1 =2cseca, the peg L wust be somewhere on an ellipse
of focr § and 4 and semi-major axis
cseca

Also 1ts semi-mmor axis

=vcTsecdTa~ Cl2=ctana,

Hence the equation to the ellipse
18 #*sin?a+ y*=c*tan2a, or, referred
to polar coordinates through G,

si0%a (r cos 6+ d)*+ r2sin?
=cttanta (1)

If we find the value of 8 for
which 7 18 & maximum or mimmum,
and take the corresponding point P
of the ellipse for the position of the peg, and make PG vertical, we shall
have the slant position of equilibrium,
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(1) gives
cos?d rPcosta—-2c038 drsinta=ri—Stantatdisinie
dsinatan a+vVri= (- dY) tanla
rcosa

08 §=

The least value of r 15 clearly v/c*— d? tan q, and then cos § =

Since 1 this case r 18 & minmum the centrs of gravity 18 at its
mmimum depth below the peg, and therefore at the maximum height
above the horizontal, and the equilibiium 1s unstable The other two
positions of equilibiium are when P 13 at 4 or 4', and the rod 18 then
clearly vertical

If GP 18 a mmmum 1t 13 clear that G'P must be a normal at P, so
that P may also be found from the fact that 1ts normal passes thiough a
known pomt & on the major axis.

160 The stability of the question of Art 156 may also be
easily considered by this method For 1f Z be the height,
the first case, of G, above O, we have

F= (Rt r)eos0 = (r—Iycos TET

0 e e (1),

:?——(R+r)sm5+(fr tR+rst4:r9 @,

R
and d—o—,—-—(R+r)cosﬂ+(r h)( ”) oosRT”e ®

A maximum or mimmum value of % 1s clearly given by
6=0 The corresponding value of Z 15 then a mmmum or
m-unmum, and the equilibrium stable or unstable, according as
Fr 0‘ 18 positive or negative,

R +r\?
15 positave or negative,

1¢ according as — (R+'r)+(r—h)(

ve according as b £

Rr
R+r
If h equals this value, then 3—; 18 zero when 6 = 0 and, by the

rules of the Differential Calculus, we must consider the higher
differentaal coefficients
In this case

@4 [-cosa+eos(Rj'9)];

Gt [me- (B2 (557 )],
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and d_(]as(R+') [cnsﬂ— (&)’cos (5-;"‘—'0)]

When 6=0, % 18 zero and chH‘ 18 negative
Hence 2 18 & maximum and the equlibrium unstable
In the second case 1f 2 be the depth of @, below O we have

i=(R—r)cosQ—(h—r)cosR:r0.

The equihbrium 1s then stable or unstable according as  1s
a maximum Or a minimum,

1e accordmg as 3%; 18 negative or posmve when =0,

¢, as before, according as h =

R r
If h equals this value, then

‘ﬁ=(R—r)[—wsO+oos(R:r€)]

'l‘hen d B‘ 18 zero when 6 = 0, and 3—0‘ 18 negative or positive

R—r
- "1 negative or positive,

according as 1 — (

te accordmng as R 2 2r.
Hence 7z 18 a maximum or mmmum, and thus the equi-
librium stable or unstable, according as R z 2r.

161 If 1n the question of Art 156 the common normal 1n
the position of equilibrium 1s not
vertical, the problem may be
treated as follows, m the case
where the displacement 1s such
that the centre of gravity G
moves 1 the vertical plane
through the common normal

Let B and 7 be the radu of
curvature of the lower and upper
bodies at the pownt of contact 4.
Since there 1s equbbrium, @
must be vertrcally over 4, let
AG=h,and £GAO,=a.
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The equilibrium will be stable or unstable according as G
moves upwards or downwards when the upper body 1s shightly
displaced, 1e according as the concavity of the path of G 18
turned upwards or downwards, 1e according as the centre of
curvature of the path of G 1s above or below G

Now, by the theory of the Curvature of Roulettes, the radius
of curvature p of the path of G 1s given by

cosa cosa_1 1

=it h TRt

1,1
. MR+ )
T 1 _cwa’
RYr h
‘where p is measured positively from G towards A

Hence p 1s positive or negative, 1e. the centre of curvature
of the path of @ 1s below or above G,

so that

1 cosa
weordmgasR+ 18> o0r < ——,

ie according as k> or <RR:roosn.

Hence the equilibrium 15 stable or unstable according as

h<m>R+ cos &
If along A0, we measure off AK such t}ml‘.L=1¥2 }‘,
and herce 4K = 27 | and of AG meet i @ the circle on

Exr
AK as diameter, then AQ=AK cosa= Iir cosa
Rtr

The equilibrium 18 thus stable or unstable according as
h<or>AQ, e according as G lies within or without this
circle, which 1s therefore called the circle of stability

If G he on this circle, 1ts equilibrium 1s neutral to the first
degree of approximation  The radius of curvature of 1ts path 1s
then infinite and G 1s at a pownt of inflexion of 1ts path. This
arcle 18 therefore often known as the curcle of nflesions.
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EXAMPLES

L A heavy umform rod rests with one end agunst a smooth vertical
wall and with 2 pomt 1 1ts length resting on a smooth peg Find the
position of equilibrium and shew that 1t 1 unstable

2. Two equ\l uniform rods are hrmly jointed at one end so that the
angle between them 1s a, and they rest m a veitical plane on a smooth
sphere of radius 7 Shew that they are in stable or unstable equlibium
according as the length of exther rod 18 > 4r coseca

3 A beam rests with 1ts ends upon two smooth melined planes,
which are mclined at angles a and 8 to the horizon and which mtersect m
& horzontal e, find the position of equilibrium and shew that 1t 13
unstable.

4. A vmform heavy bar 4B can move fieely m a vertical plane
about & hinge at 4, and has a string attached to its end B which after
passing over a small pulley at a point C vertically above 4 15 atriched to
aweight Shew that the position of equilibrium 1 which 42 1 mclined
to the vertical 1s an unstable one

5 A smooth beam AB, of weight W, rests with one end 4 on a
smooth horizontal plane AC and tho other end B agumst a smooth
vertical wall BC The end 4 1 connected by a string which passes over
a smooth pulley at C'and 13 attached to a weight W' 4, B, C bemg m
ono vertical plane, find the position of equlibrium and show that 16 18
unstable

6. Shew that the equilibrium of the rod 1n Ex 2 of Art 56 1s stable

7. Four umform rods, each of length 2a, are hinged at their ends so
as to form a rhombus and the system 1s hung over two smooth pegs n the
same horizontal Lo at & distance a2, the pegs beng m contact with
different rods  Shew that the system s 1n equiibrium when the rhombus
15 a square, but that the equilibium 15 not stable for all displacements

8 A square lamma rests with 1its plane perpendicular to a smooth
wall one corner being attached to a pomt mn the wall by a fine sting of
length equal to the side of the square Find the position of equilibrium
and shew that 1t 15 stable

9 A umform 1sosceles tmangular lamma ABC rests i equilibrium
with 1ts equal sides 48 and AC 1 contact with two smooth pegs in the
same horizontal line at a distance ¢ apart  If the perpendicular 4.0 upon
BC 18 A, shew that there are three positions of equilibrium, of which
the one with 4D vertical 1s stable and the other two are unstable, 1f
h < 3ccosec 4, whilst, 1f 4 Z 3ccosec 4, there 1s only one position of
equilibrium, which 18 unstable.
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10, A square board is hung flat against s wall, by means of a string
fastened to the two estremities of the upper edge and hung round a
porfectly smooth rail; when the length of the string is less than the
diagonal of the board, shew that there are three positions of equilibrium,

Shew that the position of symmetry is unstable.

11. A rectangular picture hangs in & vertical position by means of &
string, of length /, which after passing over & smooth nail has its ends
attached to two points symmetrically situated in the upper edge of the
picture at a distance ¢ apart. If the height of the picture be a, shew that
there is no position of equilibrium in which a side of the picture is
inclined to the horizon if @ > o v'ei+a? whilst if la < cve@+a? there arc
two such positions which are both stable.

Shew also that in the latter case tho position in which the side is
vertical is stable for some and unstable for other displacements.

12 A smooth ellipse is fized with its axis vertical and in it is placed
a beam with its ends resting on the are of the ellipse ; if the length of the
beamm be not less than the latus rectum of the ellipse, shew that when it is
in stable equilibrium it will pass through the focus,

13, A uniform rod, of longth 2/, is sttached by smooth rings at both
ends to & parabolic wire, fixed with its axis vertical and vertex downwards,
and of latus rectum 4a. Shew that tho angle @ which the rod makes
with the horizontal in & slanting position of equilibrium is given by

cost0= 22 ; and tha, if those positions exist, they are stable,

Shew also that the positions in which the rod is horizontal are stable
or unstable according as the rod is below or nbove the focus.

14, A solid hemisphere rests on a plane inclined to the horizon at an
angle a, <sin=1§, and the plane is rough enough to prevent sny sliding.
Find the position of equilibrium and shew that it is stable.

15, Ifa body rest with a plano face in contact with a perfoctly rough
spheroe of radius a at a point at which the normal makes an angle 6 with
the vertical, and if the centre of gravity be at a distance 4 vertically above
the point of contact, prove that the equilibrium will be stable if 4 <a cos 4,
and unstable if A Z a cos 6.

16. Shew that the half of an ellipse cut off by any diameter will
always have one position of stable equilibrium when resting with its
curved aurface in contact with a horizoutal plune, if the eccentricity be

2
less than +— .
V3r

17, An elliptic oylinder is placed with its axis horizontal on & rough

plane inclined to the horizon at an angle less than the angle of friction;
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Pprove that the cylinder cannot rest if the mclmation of the plano exceeds

.
.xn-l<r‘:,‘+f,'), and if tho mchoation 1 oqual to sin-! (;i,'%; the

equihbrium 13 neutral to & first approximation.

18, An elliptic disc, of semi-axes a and b, shides 1n a vertical plane so
as always to be 1n contact with two smooth rods, 0P and 09, which are
1n the samo vertical planc and at nght angles Shew that m the
stable positions of equilibrium the major ax1s of the ellipse 15 parallel to
one or other of the rods, whilst 1n the unstable position 1t 15 nchined at
an angle 6 to OP gwen by smroJ”“La‘; coela

mclination of OP to the vertical

, where a 18 the

19 A smooth elliptic ¢;huder of semr-axes @ and b shdes botween
two planes each mclmed at an angle a to the vertial If tana le

between \/ % ana \/ % show that 10 the posttion of stable equilibrium
the maor axs of the cylnder 18 melmned to the vertical at an angle

_, Jasmia—boota
e~/ o binta
find the positions of stable and unstable cquilibnum

, and when tan a does not Lie between theso limits

20 Four equal masses, attracting according to the law of the mverse
square of the distance, are placed at the corners of a rectangle, show that
aparticle at the centre of the rectangle will be 1 unstable equilibrium for
all displacements m the plane of the rectangle 1f the ratio of the length to
the breadth of the rectangle 15 less than /2

1f this ratio 15 equal to y2, shew that there 1s stable equiibrium for a
displacement parallel to the breadth of the rectangle



CHAPTER X
FORCES IN THREE DIMENSIONS

162 To find the resultant of amy gwen system of forces
acting at gwen pownts of a 1gad body

Take any convenient origin or base pomt, O, and axes of
coordinates Oz, Oy, Oz

Let (@), 5, 2) be the
coordinates of any pomt P,
of the body at which acts one
of the given forces R, whose
components parallel to the
axes are X,, Y,, Z,

Draw P,M, perpend1-
cular to the plane 20y, 3, N,
perpendicular to Oz, and
@N,S; parallel to Oz

Along the lines Oz, 07,
N.Q., NS, let forces, each
equal to Z,, be mntroduced  These, bemng 1 equilibrium among
themselves, do not alter the effect of the given forces

Now the forces Z, along P,Z, and N,S, form a couple of
moment Z, M,N,,2¢ Z, y,1n a plane perpendicular to Oz and
1 the positive direction about Oz, they are therefore equiva-
lent to a couple whose axis 1s along Oz and 15 positive

The forces Z, along N,Q, and Oz’ form a couple whose
moment 18 Z, ON,1¢ Za,, in a plane perpendicular to Oy and
m the negative direction about Oy

Hence the force Z, at P, 13 equivalent to

a force Z, at 0 along Oz,
a couple of moment + y,Z, about Oz,
and a couple of moment — z,Z, about Oy.
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Sinilarly the force X, at P, 18 equivalent to
a force X, at O along Oz,
a couple of moment + z,X, about Oy,
and a couple of moment —y,X, about Oz
Also the force ¥, at P, 1s equivalent to
a force ¥, at O along Oy,
a couple of moment +, ¥, about Oz,
and a couple of moment — 2, ¥, about Oz,

Hence finally the three component forces X,, ¥;, Z, acting
at Py are equivalent to

forces X, ¥y, Z, along Oz, Oy, Oz respectively,
a couple ¥,Z, — 2, ¥, about Oz,
a couple 2,X, — z,Z, about Oy,
and a couple 2, Y, — y,.X, about Oz.

In a similar manner we may replace the force, acting at
another point (a,, ¥, 2,) and whose components are X,, ¥y, Z,
by forces along O, Oy, Oz and couples about these hines as axes

Hence finally the whole system of forces 1s equivalent to

a force along Oz =X, + X, +... =3(X)=1X,
aforce along Oy =Y, + Vo + .. =3(V) =7,
aforce along Oz =2, + Z, + =X(%4)=2,
a couple about Oz == (3,2, — 2,Y)) =L,
a couple about Oy =3 (2,X, — 5,2,) = M,
and  a couple about 0z =3 (0¥, —5.X,) = N

These three forces are equuvalent to a single force R acting
through O, such that R*=X?4 ¥+ 2% along a lne whose
direction cosines are %, Tl; N % [Art 26]

The three component couples are, by Art 49, equivalent to
a couple of moment @, such that G*=L*+ A+ N? whose
axis 18 along a line whose durection cosines are (%, g, %I

Hence the system of forces has been reduced to a single
force acting through an arbitrarily chosen pomt O, and a
couple whose axis passes through O.
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163 This combination of a force and a couple 1t often
called a dyname, and the quantities X, ¥, Z, L, M, N are 1ts
components

The system of forces and couples along and about the
axes of coordinates may, for brevity, be called the system
(X,¥,2, L, M, N)

164 General defimbon of the moment of a force about a
e

The moment of a force P about a given line 1s obtamned
thus, resolve P mto two components, @ parallel to the lne
and § perpendicular to 1t, the product of S and the shortest
distance between the line of action of S and the given line
1s the required moment about the given line

In the figure of Art 162 the moment of the given force B
about the axis of # 1s equal to the component ¥ ¥+ Z* multy-
plied by the shortest distance between 1ts Iinc of action and Oz,
and 1s thus equal to the moment of the component ¥ ¥,2+ Z?
about N, which again, by Art 38, 1s equal to the sum of the
moments of its two components ¥, and Z, about IV;, and this
sum finally 15 equal to $:2, — 2, ¥y,

165 General conditwns of equilibrium of @ rgid lody
A force R and a couple G together cannot produce equih-
brium  For the couple G can be replaced by two equal and
opposite forces one of which acts through the point O where R
meets the plane of the couple This force and R can be
compounded into a single force which passes through O and
does not meet the other force of the couple, and hence we
cannot have equilibnium
Hence there can be equlibnum only when the force R and
the couple G separately vamish
But, by Art 162, R*= X2+ Y?+ 22 and G* = L* + M+ + N2,
Hence for equilibrium we must have
X=0, Y=0, Z=0,
L=0, M=0,and N=0,
e the sums of the resolved parts of the system of forces parallel
to any three azes of coordinates must separately varwsh, and also
the sums of thewr moments about the three azes must sepurately
vansh.
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EXAMPLES

1. Two equal forces 2 act on a cube, whose centre 11 fised and whose
edgo 18 24, along disgonals of adjacent faces which do not meet, shew
that the moment of the couple which will keep the cube at rest 18 erther
Ra 3 or Ra according to the directions of the forces

2 Six forces, each equal to 2, act along the edges of a ube, taken 1n
order, which do not meet a given diagonal Shew that therr resultant 13
& couple of moment 2/3 Pa, where a 15 the edge of the cube

3. 04, 0B, 0C are edges of a cube of ade @ and 00', 44, BB, CC
are 1ts diagonals, along 0B', 0’4, BC and €A’ act forces equal to P,
2P, 3P and 4P, shew that they are equivalent to a force ~/35P at O
along & line whose duection-cosmes are proportional to -3, ~5, 6

together With a couple L;‘L/m about a line whose direction-cosmes arc
proportional to 7, -2, 2

V4, Forces act through the angular pomts of a tetrahedron perpen-
dicular to the opposite faces and proportional to them. Shew that they
are 1 equilibrium 1f they act exther all inwards or all outwards

5. In any rectilnear sold figure couples, whose axes are all drawn
outwards, act one n each face proportional to the area of that face ,,shew
that they are 1n equihbriumy

6  Four forces act along generators of the same system of a hyper
boloid  Their magnitudes are such that 1f they were transferred parallel
to themselves to act at one pount they would be 1n equilibrium , shew that
they are 1n equilibrium when acting along the generators

[The equation to any generator of the hyperboloid

N z—acosd
R R ey
166 Constraned bodies A body 1s said to be con-
stramned when one or more pomts of the body are fixed For
example, a rod attached to a wall by a ball-socket has one pont
fixed and 13 constramed
If & ngid body have two pomts A and B fixed, all the
powmts of the body in the lne 4B are fixed, and the only way
1 which the body can move 1s by turning round 4B as an avis
For example, a door attached to the door-post by two hinges
can only turn about the line jomning the hinges
If a ngid body have three pomts 1n 1t fixed, the three ponts
not being m the same straight line, 16 18 plainly immovable
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167 Conditions of equilbrium of a ripd body with one
pownt fized

Take the fived pownt as the origin O and any three perpen-
dicular lines through 1t as the axes Let the external forces
acting on the body, apart from the force of constrant at 4,
reduce to component forces X, ¥, Z parallel to the axes and
component couples L, M, N about the axes, as i Art 162

Let the force of constiamt at O, which gives equilibrium,
have as components X", ¥, Z parallel to the axes.

Then for equilibrium we have, by Art 165,

X+X'=0 Y+Y'=0, Z+Z'=0 ... (1),
L=0, M =0, N=0 . (2

The equations (1) give only the component reactions at O
1 terms of the external forces

The equations (2) give the conditions of equilibrium, nz that
the sums of the moments of the external forces about any three
perpendicular lines passing through the fired pownt O must
be separately zero

If the external forces all act m one plane passing through
0, the preceding conditions reduce to the simpler condition that
the sum of the moments about O must vamsh

168 Conditwns of equilibrium of a mgud body which has
two pownts, A and B, fized so that the body can turn about the
fized azms AB.

Take the straight line e
AB as the axis of z and any
pomnt O on 1t as the origm

Let 04 =2, 0B=2",and
let the components at 4 and
B of the forces of constrant
be X', Y, Z'and X", ¥", 2"

Let the external forces
acting on the body apart
from the forces of constramt
reduce, as m Art 162, to
component forces X, ¥, Z ab
O parallel to the axes and /¥
component couples L, M, N about the axea.

M
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Then the component forces for the whole system of forces
are X+ X'+ X", Y+ V'+Y ', Z+2'+ 2" and the component
couples are

L-Y7-Y"2", M+X7+X"" and N

Hence the conditions of equilibrium aie

X+X'+X"=0 ),

Y+¥V'+17'=0 (2),

Z+7+27 0 3),

LoV —Yrs— @,

M+ X7+ X' = )

and N—O (L

(1) and (5) give X’ and X”, (2) and (4) give ¥’ and V",
the only relation between Z' and Z” 1s equation (3), so that
their values are indeterminate

Finally the only relation between the external forces 1s
equation (6), so that the condition of equilibrium 1s that the
sum of the moments of the external forces about the fized ams
AB must be zero

169 The reactions Z’, Z” may be expected to be ndeter
mmate For suppose the body to be a gate supported m the
usual way by supports at 4 and B If the staple at A be
moved a very httle higher than the proper position 1t will
carry all the weight of the gate, 1if on the other hand 1t be
placed a very little lower than the proper position, then all the
weight will fall on to B, We should therefore expect the
distribution of the weight to be an indeterminate one when the
distance between the two staples ot the post 1s exactly equal to
the distance between the rings of the gate

170 Ex 1 4 corcular uniform table, of weight 80 Ibs , rests on fous
equal logs placed symmetrically round s
edge, find the least weight which hung upon
the edge of the table will just overturn u

Let A% and BF be two of the legs of the
table, whose centre 13 O

If the weight be hung on the portion of
the table between 4 and B the table will, if
1t turn at all, turn about the line jowing the
pomnts Zand F Also 1t will be just on the
pomnt of turmng when the weight and the
weight of the table have equal moments
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about EF Now the weight will clearly have the greatest effect when
placed at 3, the middle pownt of the arc 4B

Let OM meet AB m L, and let & be the required weight. Taking
moments about £F, we have # L}/=80 OL

1 1
(1-J5)04-80 7

Ex 2. A heavy door w hung so that the ine yoming sts hinges vs of
length 2k and 13 wnclined at 8 to the
vertical, ot 18 kept wm a postion
wclined at an angle ¢ to the vertical
plane through the line of hinges by a
torcs P, perpendicular to the door,
acting at a pownt whose distances
from the line of hinges and from the
lower edge of the door are b and ¢,
find P and the actions at the hunges as
far as they can be found, the weight P
of the door beng W -

Let 04 be perpendicular to the .o
Ine Jounng the hinges, O and B, m e
a plane through OB and the vertical -y
0V, and let OBCD be the door so
that L40D=¢

Let OD, OB and a perpendicular
to them be the axes of z, zand y "

The weight W resolves mto — Wcosé and Wsind along OB and 04,
and henco has components Wsinfcos¢, — IWsmésmg, — Weosd,
parallel to the axes, acting at G whose coordinates are (a, 0, &), where
2a 15 the width of the door, and the hinges are supposed symmetrically
placed with respect to G

The supporting force P at H has components 0, £, 0 parallel to the
axes acting at & pownt whose coordmates are (5, 0, ¢)

Hence, by Art 162,

X=3(X;)=Wsndcos,
Y=3(¥)=— Wemdsm ¢+P,
Z=3(Z))= - Weos,
L=5(:Z—0, )= Whan dan ¢ —cP,
M=3(,X,—21Z,)= Whsin 6 cos p+aWcos 6,
and N=3(@F;-y.X1)= - Wasmfsm p+bP
Also, mith the notation of Art 168, =0 and #’=24, so that X', ¥, 7
are the component reactions at 0, and X", ¥, Z” those at the hinge B
Equation (6) of that article gives P 3 51 010 6.

04, ve. z=19311bs wt.

.
8




Forces in three dimensions. Examples 189
Equations (1) and (5) give
w
2=T2mo- lmﬂcos\j)], and X"--ﬁ[hcoaé-fsm 0cos ¢]

Equations (2) and (4) give

4
ragf1-2, b,]smss‘w, and 7”=—[1- simdsin g

Also, (a) guves Z' 42" =Weos

EXAMPLES

1 A square table stands on four legs placed respectively at the
middle pomnts of 1ts sides, find the greatest weight that can be put at
ono of the corners without upsetting the table

2. A round table stands upon three equidistant weightless legs at 1t
edge, and a man sits upon 1ts edge opposite a leg It just upsets and
falls upon 1ts edge and two legs  He then sits upon 1ts highest pomnt and
Just tips 1t up agam  Shew that the radius of the table 1s \/2 times the
length of a log

8. A door, of weight W, 1s free to turn about an axis AB which 15
melined at an angle a to the vertical , shew that the couple necessary to
keep 1t 10 a position i which 1t 18 mehined at an angle 8 to the vertical
plane through 4815 Wasinasin g, where a 15 the distance of 1ts centre
of gravity from 4B

4 A rectangular gate 18 hung 1n the ordinary way on two hinges so
that the lme jomntng the hinges makes an angle a with the vertical ~Shew
that the work which must bo done to move 1t through an angle @ from 1ts
position of equilibrium 18 Wasina(1-cosd), where Wis the weight and
2a the breadth of the gate

5 A table 18 1n a horizontal position by four
legs at 1ts four angles, and a given weight 18 placed at a given pomnt of 1t
shew that the thrust on each leg 1s indeterminate, and find the greatest
and least value 1t can have for a given position of the weight

6 A ngd rectangular table has equal legs at the four coiners which
are shghtly compressible, and the compression m each leg 15 assumed o
be proportional to the thrust on that leg If the centic of gravity of the
table Lie within the parallelogram formed by jomning the middle pomts of
the sdes, find the thrust 1n each leg If the centre of gravity does not
lie within ths parallelogram, shew that the table rests on thres legs only

[Since the diagonals of the table remain straight, the mean of the
compresstons of each pair of opposite legs 15 equal to the depth through
which the centre of the table moves Hence the sum of the thrusts of
each pair of opposite corners 1s the same ]
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11 15 [f three forces acting on a body keep 1€ wn equilibrium,
they must he wn a plane

Let the three forces be P, Q, and R, and let P, .nd @, be
any two pomnts on the hnes of action of 2 and Q respectively

Since the forces are 1n equilibrium, they can, taken together,
have no effect to turn the body about the line
P,Q, But the forces P and @ meet this hne,
and therefore scparately have no effect to turn
the body about P,Q, Hence the third force R
can have no effect to turn the body about P,Q,
Therefore the hme P,@, must meet R.

Similarly, if Q,, Qs, be other pomts on
the e of action of Q, the lines P,Q,, P,Q;,
must meet B

Hence R must he m the plane through P,
and the line of action of @, 1e the lnes of action of Q and R
must be 1 a plane which passes through P,.

But P, 18 any pomt on the line of action of P, and hence
the above plane passes through any pomnt on the lne of action
of P, ve 1t contains the lne of action of P

Cor. From Art 54 1t now follows that the three forces
must also meet 1 a pownt or be parallel

172. If four forces acting on a body are in equilibrium,
shew that they are genei ators of the same hyperbolowd

Let the lines of action of the four forces be P, Q, R, §
From any pomnt on P draw a line L to meet both Q and R
Since the four forces are n equilibrium the sum of their moments
about L must vamsh, hence S must meet L Starting with
any two other pomnts on P we obtan two other hines M and N
which meet P, Q, R, S

Now three non-intersecting hnes L, M, N determine a
hyperboloid of one sheet of which L, M, N are gencrators of the
same system The lines P, @, R, S which meet L, M, N are
then generators of this hyperboloid which belong to the other
system.

It will be noted that 1t 1s assumed that no two of the four
forces are either parallel or meet i a pomt, for, if so, they
could be compounded 1nto a single force and we should fall
back on the case of the last article.
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178 If five forces acting on a body are in equilibrium, they
can be wntersected by two strasght lines

Let the Lines of action of the forces be P, @, R, S and T
“hrough P, ¢, R draw a hyperboloid of one sheet, and let S
mect 1t 1n the ponts 4 and B

Through A4 there passes one generator of the hyperboloid
which 18 of the opposite system to that of P, @, R and which
therefore meets P, Q, R, since this generator meets P, @, R, S
the sum of therr moments about 1t 1s zero

But, by taking moments about 1t for the whole system, we
see that the sum of the momeuts of P, @, R, S and 7 about 1t
1s zero. Hence the moment of 7 about 1t must be zero, ze 1t
meets T also

Similarly, through B there passes a generator which meets
all five forces

It will be noted that these straight lines are real, comncident,
or 1magnary according as S meets the hyperbolod n real,
comcident, or 1maginary points

174 Bx. 1. 4 heavy rod OA can turn freely about @ pownt O, whose
dastance from a rough wall w k, the
hewght of the wall being h, the rod
rests with a pownt of tself upon the
top edge of the wall  Shew that the
greatest angle which the rod cam L’
make with the perpendicular drawn
from O to the top edge of the wall 18

1 (ph
an1(t).

Let L be the powt of the rod
1n contact with the wall, OK the
perpendicular to the wall and O the perpendicular to the top of the wall,
8o that OK=k, KH=h, and LHOK=a.

Let O be parallel to ZZZ and G} be perpendicular to O3

The direction of the normal reaction R at L 1s perpendicular to both
OL and HL and 1s thus perpendicular to the plane L4

The friction pR 18 opposite to the direction 1n which Z would move
and 1s thus perpendicular to OL mn the plane OLH

Since G./ 18 inchned at a to the horizon, ¥ 1s equivalent to Wsina
along GIf and Weosa perpendicular to the plane OLH through the
pomt @

Taking moments about a perpendicular through O to the plane OHZ,

‘we thus have
pR.OL= Wena 0Gsim HOL cuurnsssssssssrn(l
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Aleo, taking moments about & e perpendicular to OL m the plane
HOL, we have
B Ol=Wcowa 06 . .o @

emHOI;=,uota='%:

Also 7L~ 0IItan HOL=yik \/ m_-i_*w, and twice HL 18 the Tength

of the wall on which the rod can rest for equilibrium to be possible

Alter. The question may also be solved by the use of Art 171

For the rod 18 m equilibrum under three forces, sz 1ts we ght, the
reaction at the pomt 0 and the resultant reaction at L, which 1 ust thus
meet 10 a pomnt The 1eaction at L must therefore he m th vertical
plane OLY

Now the direction, LF}, of the normal reaction at L 18 perpendicular
to both OL and /7L, e 1t 18 normal to the plane OHL, so that 1t 18
perpendicular to O 1n the plane 0//K and thus has as direction cosines

(~sina, 0, cosa) e . (3)
where OK, OM and a parallel to KH aro the axes of coordimates

The direction of fraction, LF;, ab L 1s along the perpendicular to 0 m
the plane OLH  The resultant reaction, which we have seen must lio
the plane OLN, must thus be at right angles to LF}, the normal to the
plane OLY, whose direction cosimes are

(s, —c08P, 0) wutrviarreens o (4),
where ¢ 18 the angle KON
Also, if the equhibrium be hmiting, this resultant reaction makes an
angle A with LF,
Agam, since LF,, LF;, LFy arc all perpenducular to OZ, they lie in the
same plane  Hence the angle #,LFy=90°+
Hence, from (3) and (4), — 0 ¢ 810 a=c0s (90°+\)= ~sn A

AL cosasmA
Now tan §=tan HOL= ;7 =cos atan ¢p=—mozo_
ox atan ¢ Vam?a-snzx

8 0=cot a tan A=p cot q, as before

Ex. 2. 4 heavy plug wn the shaps of a frustum of @ cons ezactly fits a
comcal hole of the sume size, the common azs beung vertical The vertical
angle of the cone w 2a, and the radi of the curcular bases of the frustum
areaandb  The normal reacton per unit of area beng supposed constamt,
shew that the moment o7 the least couple that will tunst the lug

AN
%,LW“—‘;—“_:I)L” conaza, whers W 15 the weight of the plug and u 1 the
coefficrent of friction
‘The avea of the alant surface of the hole
.
= (a-+b) xslant sudemn =0

sma
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Hence, 1f & be the constaut normal reaction por unit of area, we have

W= “ma Rsma=n(a~B)R. s . (1)

If = be the radws of any section of the plug, the area of the hole
betwcen 1t and the section of radwus 24dz=2r2 -, and hence the

sma
moment of the friction on 1t about the axis

sz WW
=rs i WB E=r o ae
He e the moment of the 1equired couple
2u 17 e 2uW ad— b! _2uWaltabrd? o
S(@-t)ema 3swad—0" 8  a+bd
EXAMPLES

1 Two smooth plancs, each mclined at an angle a to the vertical,
intersect 1n & borizontal e A uniform rod, of weight W and leugth 2a,
16 placed between them 1 a homzontal position malang an angle § with
their line of intersection Shew that the horizontal couple required to
mamtain equiltbrium 1s W cos 8 cot a

2, A umform straight rod, of length 2, 18 placed 1n a horizontal
position as ligh as possible within a hollow rough sphere, of radius a
Shew that the line joining the middle point of the rod to the centre of the

sphiere makes with the vertical an angle tan~1

Ja

3 A umiform rod, of weight W, can turn freely about a hinge at the
end, and rests with the other agalst a rough vertical wall mahing an
angle a with the wall Shew that this end may rest anywhero on an arc
of & arcle of angle 2tan~![s tana), and that m either of the extreme
positions the normal reaction of the wall 1s § IV [cot? a+u2]~ 2, where p 13
the coefficient of friction

4 A thin umiform rod 45, of length 2a, rests 1 an oblique position
with one end A on a 10ugh horizontal table and the other agamnst a rough
vertical wall, the coefficients of friction at the table and wall bemng uy and
pe and the distance of the foot of the rod from the wall being £, shew
that the rod 15 on the point of shpping at the lower end 1f the vertical
plane 1 which 1t Lies makes an angle 8 with the wall given by

Fr (ua? 9102 8 — cos? 6)3 = k — 2y, (4atsin? 6 - k238,

and that the inclination of the tangential action at the upper end to the
horizon 1s then sec™! (u; tan 6).

Ly 7
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[The resultant reaction at 4 making an angle A, with the vertical, and
the resultant reaction at B making an angle y with the vertical must meet
m a powt D vertically over the ce itre of gravity @ Hence, 1f BL be
perpendicular to the table and £ Ld B=a, we have, by Art 55,

emnmeou,-cow-;}_mw
3

The only forces being 1 the plane 4BDL, the end A must be on the
pomt of shpping 1 the direction L4
By projecting BD on the normal to the wall at B, we have

0 s O=cos \y=

Vltpg

Also k=2asn fcosa  Hence the first given result

Also, 1f R be the reaction at B and g, R the friction there at an angle
x to the horizontal, then, since we have seen that their resultant lies m the
plane 4 BL, we have, by resolving 1n & direction perpendicular to this plane,
pyRcos xsinf=FRcosd]

5 A hemisphere, whose surface 1s rough and whose centre 1s 0, 13
hxed with its base on a horizontal plane  One end of a straight uniform
rod 15 freely jomted to a fixed point 4 1 the plaue and the other rests on
the surface of the hemisphere at £ o that the rod 1s just on the pomt of
shpping  Shew that the plane through O and the rod makes with the
vertical plane through 0 an angle tan=1(u cos acosec 8), where g 15 the
coefficient of friction, a 15 the angle 047, and § 1s the angle 0L

6 A heavy circular cylinder rests with 1ts plane base upon a rough
horizontal table , 1f 1ts weight be W and the noimal pressure be supposed
to be umformly distributed over the base, shew that the moment of the
couple about 1ts axis which would just twist 1t 15 s IVa, where 4 15 the
coefficient of friction and a 1s the radius of 1ts base

7. A right circular cone, of weight 17 and vertical angle 2a, 18 placed
with 1ts vertex downwards and supported by a circular hole cut m a
horizontal table If i be the coeflicient of friction and b the radws of the
hole, shew that the moment of the least couple that will move the cone 13
Wb coseca

8 A smooth pyramidal plug 15 made to fit symmetiscally mto an equi-
lateral tinangular hole whose side 18 @ and whose plane 13 horizontal ~ Prove
that to retain 1t in the hole with 1ts axis vertical, so that its section by
the plane of the hole 15 an equilateral tnangle of side ¢, a couple must be

applied of amount, Wi \/ 2 1, where W s the weight of tho plug and
418 the depth of the vertex 1n this position

[Let the plug touch the sides BC, CA, AB of the hole m the pomts
4,B,C Then easily

ata/ =% and cos 40'B
3

40'=

a+V3({dd—a?)
4
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Hence, 1f O be the centre of the equilateral tnangle 4'5'C',
10 0=gin 0C' A =sin [4C"B’ +30°] 2%

Also, sinco by symmetry the vertex ¥ of the pyramnd 1 vemmuy
below 0, 1ts mchination a to the vertical 1s given by Mna—T =i Ja

1f ¢" 4, 8 perpendicular to €"4 on the h 1 plane, and the vertical
be taken as the axes of , 3, z, the dircction cosmes of ¢'4 are (1, 0, 0),
and those of the edge are (- sin acos 6, —sinasmd,cosa), 1e thoy are pro-
portional to (- VA7~ a%, —a, 24./3) Alsoif the direction of the resultant
reaction £ at ' make an £y with the vertical, 1ts direction cosines are
(0, 81n , cos ), snce 1t 13 perpenducular to C'4  Since 1t 15 also perpen-
ducular to the cdge,

80y (= a)+cos Y (24 V3)=0, 1o Lmq,—iﬁ

The horizontal component £, of this reaction

"Iz
-nbmq,-fmw 3y,

since the vertical components of the throe eqlml reactions R balance
Also tho direction of £ 15 perpendicular to B4 Llence the moment,
of the required couple=momenc ahout O of the three components & at

4B, C"=31, cos 6=the given result ]

9 A uniform tnangular table 4 BC has three equal legs at 4, B, and
C which rest on a rough horizontal plane  Find the least couple that will
cause the table to move

[Assume that the table 15 on the pont of turning about a vertical axis
meeting the horizontal plane 1 O  Then the frictions at 4, B, C are
perpendicular to 04, OB, OC i the same sense and are each equal to

31 sinco the thrust of each leg 1 clearly &

If these frictions form a triangle 4’B'C’ then since they aro equivalent
to a couple only the resultant force must vanish, and each friction must
be proportional to the sine of the angle Letween the other two  Hence
the angles 4', B, €’ must be equal and hence also the angles 405, BOC,
004 Hence 0 must be inside the tnangle and be such that

LBOC=£COA=L AOB=120"

Hence O always exists provided no angle of the trangle 1s greater than
120%, and 15 easily found as the wnterseetions of circular arcs on BC, C4 as
bases each contaimng 120°

The moment of the couple required to moye the table theu

~#31104+08+00)
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The table might also begin to turn about A If so the frictions at B
and C are each "-5-"' , at right angles to 48 and 4C, so that their resultant
8§ Wcos% The resultant force of this resultant and the friction at 4
cannot be zero 1f g,.Wcosg>%V, ve 1f 4<120° Thus the table will
only turn about the angle 4, if 4 $120° and then the moment of the
required couple=1u W [4B+A4C]]

175 Prmciple of Virtual Work Let a system of forces
P, P,, P,, act at given ponts of a materal system, and let a
small displacement be given to the system consistent with 1its
geometrical conditions  If 8p, be the displacement, of the pont
of apphcation of P, along 1ts hine of action, and 8p,, 8p,,  the
displacements ssmilarly of the points of apphcations of Py, Py,
then, 1if the forces P, P,,  are m equilibrium,

Pidpi+ Pidpe+ Pidps+ =0 s (1),
when small quantities of the second order are neglected

Conversely, if P,8p,+ Podpy+ Pydps+ =0, the system of
forces 1s 1n equihbrium

We have shewn n Art 96 that the work done by a force
during any displacement 15 equal to the work done by 1ts com-
ponent forces

Hence if X, ¥,, Z, be the components of P, parallel to the
axes, and 8, 8y, 82, the components 1 the same durection of
8p, then

P, tp=X, dm+ Vi by + 2 b,
with a similar notation for the other forces
The relation (1) 1s thus equivalent to
X, n+Y, S+ 2, 82)+ (X, 8w+ Yy 8yt 2, 8z)
+ + =0
16 to 3X 82+ SY Sy+3Z 8:=0

‘We shall assume that any nigid body may be moved from
any position to any other position by a motion of translation of
any pomnt 0’ to some other pont O and by a rotation of the
whole body about some axis passing through O

This rotation may be resolved into three component rotations
about the axes of coordinates and we shall assume that these
can be made m any order provided they are small.
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[For a proof of these assumptions the reader may refer to
Dynanucs of a Paiticle and of Rund Bodies, Arts 215—218]

Let us first consider the effect on the courdinates of any
point 4, of these three component
rotations, assumed to be through
small angles 6,, 6;, and 6, about
the axes

Draw A,K perpendicular to
Oz, 4,N perpendicular to the plane
0y, and let £ A,KN=6.

The y-coordmate of 4,

=KN=KA,cosb.
The rotation about Oz will

change this mto KA,cos (6 +6,) Hence the change in the
y-coordinate

= KA, [cos (6 + 6,) — cos 6]
= KA, (- 6,sm 6), i squares of 6, are neglected, =~ 6,.2,

z
Ay

N

Siumilarly the change in the z-coordinate
=KA,[sm (6 +6,)—sm0]=KA,[cosf 6]=6, y.

In the same way 1t may be shewn that a rotation of 8, about
Oy will produce changes equal to —6, #;, and 6,.z m the z-
and 2-coordinates, and that a rotation of 6, about Oz will produce
changes of —06,.y and 6; @ m the &- and y-coordinates
Hence, neglecting squares of small quantities, we see that the
resultant changes i the coordinates due to the thiee rotations

are 6, 2,— 0, y, parallel to Oz,
6, @, — 0,.2z parallel to Oy,
and 6, y,— 6, a, parallel to Oz

If in addition to these rotations the body have been moved
through small distances g, b, ¢ parallel to the axes, we have, to
the tust order of small quantities,

dmy=a+6, z,—0, y,
Sp=b+6, &,—6, =,
and bz, =c+6, y— 6, x.



198 Statics

The wirtual work done by the force F, acting at 4, during
the small displacement therefors
=X, dn,+ ¥, S+ 2, 8z
=aX,+bY, +cZ,
EEACAEE AR LNES ST IARINCY 4SS 6]
Hence, since a, b, ¢, 6, 8,, and 6, are the same for all the
points of the system, the virtual work done by all the forces
=a SX)+b 2(¥)+c S(2)
+0.5 (yZ ~2Y) + 6,5 (2X — 2Z) + 6,2 (Y —yX) (2)
By Art 165 1t follows that, if the system of forces 1s 1
equilibrium, each of the terms of this expression separately
vanishes, and hence
Py 8+ P; 8p,+ Py 8py+ ... = nirtual work of the system =0

176  Conversely, let the Virtual Work of the system be
zero for all displacements
Choose a simple displacement parallel to the axis of @, so that
b=c=0,=06,=06,=0,
but @ is not zero  The result (2) of the last article then gives
S(X)=0 Simlarly £(¥)=0,and 3 (Z)=0
Next choose a simple rotation about the axis of &, so that
a=b=c=0,=6,=0,
whalst 6, 15 not zero The result (2) then gives = (yZ—2¥)=0,
2e the sum of the moments of the forces of the system about
the axis of « 18 zero,ze L=0 Similarly, M=0and N=0
Hence, 1f the equation of Virtual Work holds, all the conditions
of equilibrium of Art 165 are satisfied, and the system of forces
18 1 equilibiium

177 Ex  Aregular tetrahedron formed of svx light rods, eack of length a,
rests on a smooth horizontal plane A ring, of weght W and radwus b, 3
supported by the slant sides  Shew that the stress in any one of the horuontal

W
sdes uj‘;l:%—./ag].
Ghve to the system a displacement such that the three slant sides are
unaltered 1n length and the vertex descends n a vertical hne When the
st sides are nchined at 8 to the vertical, let the lengths of the sides
in contact with the plane be z, so that
2 23

5 5 =aand, snd thuss=a/3amo
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1f y be the height of the ring above the plane, thon
y=acosd-beotd

If 7 be the requned stress, reckoned positively as a tension, the
equation of virtual work gives

— Wy =3T82=0

asmo-_b_
LT _du ]
VW T drT Taddeend

Now 1n the position of equilibrium z=a and hence sin g‘j‘s

&3
O OE M T SN )
B ke oA R a]

EXAMPLES

1. A regular octahedron formed of twelve equal rods, each of weight
1, freely jomnted together, 18 suspended from one corner ~Slew that the
thrust mn each honzontal rod 18 §w./2

2 A tripod consists of three equal umform bars, each of length 2 and
weight w, which are freely jointed at one extremity their mddle points
being Jomed by strings, each of length & The tipod 1s placed with its
free ends 1n contact with a smooth horizontal plane and a weight Wis
attached to the common Jomnt , shew that the tension of each stiing 13

b

§(2W+3uw)

Noaz=

8 Twelve siilar and umform rods are jointed at their ends to form
an octahedron and are suspended from one of the vertices, being supported
by a string joining this vertex to the opposite vertex , the string 1s elastic
and such that the total weight of the rods would stietch 1t to twice its
natural length, the latter beng equal to the length of either rod In the
position of equihbrium, shew that the slant rods are mchncd to the
vertical at an angle cos~!

4 A parallelopiped 18 formed of twelve weightless rods which are
freely jomnted at their ends, and 1 in equhibrium under the action of four
stretehed elastic strings which connect the four pairs of opposite vertices
Shew that the tensions of the strings and the actions i the rods are
Pproportional to their lengths

{If Ty, Te, Ty, T4 be the tensions of the strngs whose lengths are
2, Y, 2, 4, the equation of virtual work gives

Ty8z+ Ty by + Ty 82+ Ty 8u=0
But 1t 18 easy to shew that #?+y?+72+u?=four times the sum of the
squares of the lengths of the rods, so that x6x+ydy+20z+udu=0
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Sinco these two equations are true for all values of the quantities
8z, 8y, 8, du, wo have

L_T_ T T,

z u

The rest follows by considering the forces acting at any corner ]

5 A conical tent resting on a smooth floor 1 made up of an indefinttely
great number of equal 1sosceles tiningular elements, hinged at the vertex
and kept i shape by a heavy circular ring pliced on 1t like a necklace
Shew that mn equilibrium the semi-vertical angle of the cone 18
ot (7 %,)‘ ,where ¥, 7" aro respectively the weights of the cone
and the ring, and r, & are respectively the radius of the ring and the slant
side of the cone

8. Three particles, of equal weight w, are in equilibrium on the outer
surface of a smooth fised sphere of radiusr, the particlus rest symmetrically
on the surface of the sphere, being connected by equal strings of length I
Shew, by means of the priuciple of virtual work, that the tension of each

sinasin iz'

string 18 1

5 whers a 18 an angle of circular measure £
3am%
2

7. A heavy elastic strng, whose natural length 18 2ra, 18 placed
round a smooth cone whose axis 1s vertical and whose semi-vertical angle
wa If Wbe the weight and A the modulus of elasticity of the string,
prove that 1t will be i equlibrum when 1n the form of a circle whose

[
radius 18 o (H-% cot n)

8 A smooth parabolod of revolution 1s fixed with 1ts axis vertical
and vertex upwards, on 1t 1s placed a heavy elastic string of unstretched
length 2nc, when the string 18 1n equlibrium shew that 1t rests m the
ﬁ%, where W 1 the weight of the string,
X 1ts modulus of elasticity, and 4a the latus rectum of the generating
parabols

form of a circle of radius

9. Two equal particles are connected by two given weightless strings,
which are placed like a necklace on a smooth cone whose axis 18 vertical
and whose vertex 18 uppermost, shew that tho tension of each string 1s
w
- @0ta, where W 1s the weight of each particle and 2a the vertial angle

of the cone

178  Suppose that at any point (z, y, z) of the path of a
particle the component forces on 1t are X, ¥, Z Then, as
mn Art. 96, 1f 1t undergo a displacement given by &z, 8y, 8z the
work done by the forces on 1t = X8z + Y8y + Zz.
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The work done on 1t as 1t moves from some standard position
ab (&, Yo, 20) to the position (z, %, )
=the sum of such works as those done n the
’ elewentary displacement
(15 912 20
_f " (X de+ Yy + 2ds) e e (1)
[ENr)
This quantity 1s called the Work Function and 1s often
denoted by W
If X, ¥, Z are such that they are the differential coefficients
of some quantity V' with respech to @, ¥, 2, then

W J-m,m.m dz+ﬂd3’+ =2 d:)

[EXT] ¢
v (aa,'l»'l'_ "i=Vy . e (),
o, vo,

where V, and V, denote the values of ¥V at the ponts (z;, %, 2,)
and (2o, %o, 2,) respectively

The quantity (2) clearly depends only on the values of ¥ for
the mtial and final positions of the particle, and not at all on
the path by which 1t passed from the first to the final position

Such a system of forces, m which the #, y, and z components
at any pont are the ditferential coefficients with respect to , y,
and z of some function, so that X8z + 18y + Z3z 15 a perfect
differentaal, 1s called a Conservatwve System

The quantity V 1s called the Potential of the system

179 The Potential Energy of the particle due to the given
system of forces 13 the work that the forces would do on 1t as 1t
moved from any position to the standard position  Thus when
16 1s ab the pont (@, ¥y, 2,) the potential energy K

(@4, 30, 20)
-f et X da+ Yy + 2d5)

(@, 10, 8)
=V,

180 Coordinates of a system. A body, which 1s free to
move i two dimensions, has 1ts position known when we are
given the coordinates of some point of 1t and also the angle that
a straight line fixed with respect o 1t makes with the axis of @

These three guantities &, §, and 6 may be called the co-
ordinates of the body, and the coordinates of any other point of
the body must clearly be expressible in terms of them
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In three dimensions we shall know the position of the body
1f the coordinates of any three given pomnts of 1t are known.
But the nine coordinates of these points are connected by three
relations expressing the nvariable lengths of the lines joining
them Thus three of these coordinates may be decermmed m
terms of the rest The six
fix the position of the body and may be called 1ts coordinates

Or, agan, the position of this body, free to move mn space,
will be given 1f we know the three coordinates of any point G of
1t, and also the position with respect to the axes of two known
lines AB and CD of 1t The direction cosines (4, my, m,) and
(L, ma, my) of these two lines are connected by the relations
Lmi+nt=104"4+m! +nt=1, and Lk +mm, + nn, = the
cosme of the known angle between AB and CD, and hence
reduce to three independent quantities

Hence, again, six independent quantities will fix the position
of a body 1n space and may be called the coordinates of the
body

Thus any independent quantities which, when given,
determine the position of a body, are called 1ts Coordinates

181 Work functon of a body If X,, Y,, Z, be the com-
ponents of the forces acting at any pownt (#,, g, 2,) of the body,
with similar notations for other paiticles of the body, the total
work done during any elementary displacement of the body

=(X,82, + Y8y + Z,82)) + (X, 8m, + Vo8 + Z,82) + ...
80 that

SW=3(X8x+ Y8y +2Z82) wccvveenn . (1)

Let the mdependent coordinates of the body be denoted by
E,m & . so that the coordinates (&, 3, ) of each point of the
body and the component forces X,, ¥;, Z, can be expressed in
terms of £, 9, §,..  Then (1) can be expressed 1 the form

SW=Edt+Hdy+2Zdt +

The whole work done as the body moves from some standard
configuration given by (&, 7, &, - ) to the configuration given
by (&, m» &, - ) 18, a8 1n the case of a sgle partcle,

W-f“"“' ' (BdE+ Hdn+ZdE+ . )
(€oym0, )
If as before, these quantaties Z, H,Z, ... can be expressed as
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the differential coefficients with respect to £ 7, §,  of some
quantity V, this gives W=V, -V,

Similarly, 1f the potential energy K be defined to be the
work the system can do as 1t passes from the position given by
(&, m, &, .) to the standard position we have, as before,

=V iy

182  Position of equibibrium of the system The position
of equilibrium 15, by the Principle of Virtual Work, gven by
equating 8W to zero for every virtual displacement  In other
words we find the position of the system for which W 1s etther a
maximum or a minimum or stationary.

The quantities & #, £, . bemng independent, we therefore
find the position of equilibrium by equating to zero =, H, Z,
which are the differential coefficients of W with respect to
Ent...

Suppose that the position of equilibrium which 1s thus found
15 one 1 which W 18 a true maximum, and let the body be
shghtly displaced 1nto a neighbouring position, and momentanly
be at rest  Then the body must (by the principle of Dynamies
that the kinetic energy generated 1s equal to the work done)
move so that the work done by the forces 18 positive, v ¢ 1t must
move so that W 1s increased and hence must return towards the
position of equilibrium just found, and so this position of equi-
librium 18 stable

Similarly, if m the position of equilibrium found as above
W 1s a true mimimunm, the body on being displaced will move so
that W 18 mcreased and will therefore move further away from
the position of equilibrium and this position will be unstable

Funally1f W be neither a true maximum nor a true mmimum,
e 1f 1t be a maximum for some displacements and a mimmum
for others, the equilibrium will be stable for some displacements
and unstable for other displacements  The position thus found
15 then on the whole not a stable one

To sum up  If the work function W be formed for a body,
or system of bodies, and expressed 1 terms of independent
coordimates £,7,¢, , the positions of equilibrium are the positions
for which W 1s & maximum, a mmimum or stationary, and those
positions only are stable which are such that the cortesponding
values of W are true maxima.
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Since §K = = 8W, the opposite will be the case 1f we consider
the Potential Energy ~ Only those positions are stable which
are such that the corresponding values of the Potential Energy
K are true minima

183 Ex Zlee equal spheres rest on a smooth table and are kept
n position. by @ smooth elastic band wn the plane of the centres, the band being
unstretched when the spheres are wn contact A fourth equal sphere 1s placed
above them  Prove that, of wn a position of equiltbrium the line jovning the
centre of the upper sphere to the centre of evther of the lower spheres 13 inclined
at an angle 8 to the veﬂwuh the equiibn cum v siuble for symmetrical dis-

s
placements 1f an 5<~,3

Let 8 be the inclination to the vertical of the line joining the centre of
the upper sphere to that of one of the lower spheies, when the centres of
the latter are at a distance z apart. Then

P .
anga 001 3o 00
2a

a3

1F X be the coefficient: of elasticaty, the tension 7' of the band

o Sr+2ma-(Batna) 3\

6at2ra S+ da

If W, be the weight of exther sphere, the element 3 I¥ of the worl function
for a symmetrical displacement 18 given by

3W=— 7,3 (a-+2a cos 6) - 3Tz
18 Jam

(v-20)

2 W, 2asmé- [V3sm8-1]cosd

«18

2W 18 qua
Gor =" 2acoso— 20

The position of equilibrium 18 given by -0, e by
9./.n[

(V8 (cas’s ~sin’6)+smn 6)

Wysin 0= /35 8 cos 8- cos 6]
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For this value of 8,
w /3] .
18 N (3 i 8 con 8 —co8 ) cot 0~ y3 (cosP—sunt0) — i ]

_18Ja y3ano-1

w43 snf

1 aw
Ifautd< 7y, then g 18 negative, the corresponding valuo of W 1s
maximum, and the equilibrium 18 stable

EXAMPLES
1. Acohd oblate spherod 15 loaded with a weight equal to n times
1ts own weight at one extremity of its axis Find in what different
positions 1t can be 1 equlibrium resting on a smooth horizontal plane,

and 1 which of these the equilibrium 1s stable  Shew that 1f a<2n"+l,
there are ouly two possille positions of equilibrium

2 The axs of z being vertically upwards, and the origm being 4,
umform square board A BCD, of weight W and side 2a, 1s mounted so that
1t can turn freely about 48 which 1s fixed 1 the direction whose cosines
are (siné, 0, cos§) A weightless string, fastened to the board at C,
passes through a smooth fixed ring at (0, 2a, 0), and carries a hanging
weight w at 1ts other end  Prove that there 13 equilibrium when the angle
¢ which the board makes with the plane of 2z satisfies the equation

cot ¢ L
JE—zsm 20

Investigate the stability of the equilibrium

3. A smooth sohd cireular cone, of height & and vertical angle 2a, 15
at rest with 1ts axis vertical mn a horizontal circular hole of radius e
Shew that 1f 16a>34sin 2a the equlibrium 1s stable, and there are two
other positions of unstable equilibrium , and that 1f 16a < 34 sin 2a the
equilibrium 18 unstable, and the position 1n which the axis 18 veitical 18
the only posttion of equilibium

If a weight  be hung on at the vertex of the cone, whose weight 1s W
prove that the corresponding condition 18 16a (w+ W)>3 Wh s 2a

4, A umform right circular cone of height 4 and vertical angle 2a rests
with 1ts vertex downwards and 1its axis vertical, between two smooth
parallel rals at a distance d apart 1n a horizontal plane Prove that the
equilibrium 18 stable for angular displacements mn which the axis remains
1 a vertical plane parallel to the rails, if A< $d cosec 2a

5 A right cone, whose vertical angle 1s a right angle, 18 placed vertex
downwards through a square hole 10 a horizontl plane so as to touch each
sde  Shew that, if the height A of the cone excced twice the mide a of the
square, & position of equilibrium 18 possible with the axis mclined to the

borizon at an angle sm-1 ~/ Prove also that this postion 18
stable

2a
h—4da




CHAPTER XI
FORCES IN THREE DIMENSIONS (continted)

Pomnsot’s Central Axis The Cylindroid Null Lines

To shew that any system of forces acting on a rigrd
body can be reduced to a single force together with a couple whose
aas 18 along the direction of the force

It has been shewn in Art 162 that any system can be
reduced to a force R acting at any pomt O and a couple of
moment & about a line through O,

A
A B
NS
R Geod
° c
,
o o

Let 04 be the direction of R, OB the axs of the couple @,
and let £40B=6

In the plane A0B draw OC perpendicular to 04, and draw
OD perpendicular to the plane 40C

By Art 49 the couple G about OB as axis 1s equivalent to
a couple G'cos @ about O4 as axis and a couple @ sin @ about
OC as axis  This latter ouple acts mn the plane 40D, and
may therefore be replaced by any two equal unlike parallel
forces of moment G smn 6.



Poinsot's Oentral Axis 207

Choose for one of these two forces a force B at O m the
direction opposite to 04 Then the other torce must be equal
to R acting parallel to U4 at a pont 0, in 0D, such that

R.00,=Gsmb,e 00.=%§ﬁ.

The forces at O now balance, also
the axis of the couple G cos 6 may be
transferred from 04 to 0,4,.

We thus have finally a force B
along 0,4, and a couple of moment
G cos 8 about 0,4, as axis

This axis, 0,4,, thus obtamned 18 called Pomnsot’s Central
Axis

It 15 easily seen that the Central Axis thus determined 13 unique
For, 1f possible, let the given system be equivalent to a force along, and a
couple about, a lne 0,4, and also to a force along, ana a couple about,
another line Up4, By Art 162, the resultant force 18 the same m
‘magmtude and direction whatever base pomt, or origin, 1s taken  Hence
034, 15 parallel to 0,4, and the resultant force £ 13 the same for each

Hence the system [, G] about 04,13 the same as the system (R, G']
about a parallel lne Opd, 1f p be the distance betweep 0,4, and Oyds,
then R along 0,4, 18 equivalent to R along 0y, and a couple B p about.
an axs perpendicular to 0,4, [Art 59] Hence the secoud system 1s
equivalent to a force & along 0y4,, & couple G about 04, and a couple
R pabout an axis perpendicular to 014y, 1 1t 15 equinalent to a force £
along 0,4,, and a couple about an axis which 1s not 0,4, v e 1t1s not equal
to the system [R, G] with 0,4, ss axis

Hence our orginal supposition ts ncorrect, and we cannot find two
central axes 0,4, and O,dg, ve the central axis found in the preceding
article 18 unique

185 For any ongin O the resultant force 1s the same and
equal to that along the central ais  But the resultant couple
1s not the same This latter 18 clearly a minimum for the
Central Axis For if G be the couple for any origin O (not
on the central axis), and 1f 1ts axis be mclined at 6 to the
resultant force, then the couple for the Central Axis was shewn
m the last article to be equal to G cos 6, which 15 always less
than G

Hence the moment of the resultant couple about the Central
Aams 1s less than the moment of the resultant couple corresponding
to any pownt O which 1s not on the Central Aas
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186 A wingle force R together with a couple K whose axis
comncides with the direction of the force are, taken together,
called a Wrench

The ratio %, wz the moment of the couple divided by the
force, 18 called the Pitch and 1s a linear magmtude. When the
pitch 18 zero the wrench reduces to a single force When the
pitch 15 mfinte, the wrench becomes a couple only

The single force R 15 often called the mtensity of the wrench

The straight hine along which the single force acts when
considered together with the pitch 1s called 2 Screw, so that a
Screw 18 a definite straight line associated with a definite pitch

Five quantities are required to determine a Screw Four
are required to give the position of the axis, for example the
pomt 1 which 1t cuts one of the coordinate planes and 1ts
inchnations to the axes of coordinates A fifth 1s required to
determune 1ts pitch

To completely determme a Wrench on a Screw a sixth
quantity must be given, vz the Intensity of the Wrench

187  Rught-handed and left-handed Screws

It 18 clear that combined with the same translation there
may be a rotation 1n ether of two opposite directions When
the rotation 15 the same as in the case of a screw-driver when
SCrew™ng 1n a serew, or as n the case of a corkserew the serew
18 said to be right-handed, when the rotation 18 m the opposite
direction the screw 1s left-handed

The general definition 18 as follows, let an observer stand
with his body along the axis of the screw, so that the positive
direction of the translation 1s from hus feet up through his head ;
let hum also observe a watch whose plane 1s m the plane of the
rotation and whose face 18 towards him Then the screw 1s
nght or left-handed according as the rotation 1s opposite to or
1n the same sense as that of the hands of the watch

Thus 1 the figures of this book which are drawn according
to the usual conventions of Solid Geometry we have taken the
left-handed screw as the powtive and standard case This 18
clear 1f we apply the above definition to a screw whose axis 18
the axis of «, for we have assumed (Art. 47) that a positive
couple would tend to rotate the body from Oy to Oz.
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188. Conditron that a gwen system of forces should com-
pound wnto a single force

By Art 162 the forces are equivalent to a single force R
acting at an arbitrary origmn O and a single couple G If 6 be
the angle between R and the axis of G, then R1s equivalent to a
force R cos 6 along the axis OB of the couple, and a force R sin §
m the plane of the couple Ths force R sin 6, together with the
parallel forces of the couple, are, by Art 51, equvalent to a
parallel force R smn 6 which does not pass through O and there-
fore cannot, 1 general, compound with Rcos6 mto a sgle
force

But, if Rcos8=0,2¢ 1f cosd =0, then we are left with a
single force Rsin 8

Hence 6 must be 90°,1¢ the angle between the straight lines

X Y Z M N

whose direction cosines are (l_f’ B R) and (@‘ P ﬁ) must
be a right angle

XL YM ZVN o
S REtRETR 6=c0590 =0
. XL+ YM+ZN=0

18 the required condition

189 Invarants Whatever origin, or base pomnt, and axes

are chosen, for any given system of forces the quantities
X14Y*+2 and LX+MY+NZ
are invanable, where X =X (X)), ete and L =2 (3,2, - 27,), etc

For, by Arts 162 and 184, X*+ ¥*+ Z* 1s the square of the

1 force R corresponding to the Central Axis and 1s
therefore 1nvariable.

Agam, if, m Art 162, (, m, n) are the direction cosines of
the resultant force and (L, m, m,) those of the axis of the
resultant couple, then

XL, Y M
R'G+R G R G = U, +mm, + nn,
=the cosme of the angle between the resultant force and
the axis of the resultant couple
=cos f (Art 184).




210 Statics

o LX+MY+NZ=R Geosf=R K,

where K 1s the moment of the couple about the Central Axis
Hence I'= LX + MY 4 NZ 1s an mvanant
It follows that if K be zero, that 1s, if the given system
reduces to a single force, then LX + M ¥ + NZ=0
This second 1nvariant will be zero also when the resultant
force R 1s zero, In this case the first nvariant 1s zero also,
The pitch, p, of the resultant Wrench of the system = I‘lg
=the mvanant I of the system divided by the square of the
mvanant B

190 To find the equation of the Central Ams of any giwen
system of forces
With the notation of Art 162, let (£, g, b) be the coordinates
referred to the axes Oz, Oy, Oz of any pomnt Q
The moment about a line through @ parallel to Oz 1s clearly
obtamed by putting @, —f, , — g, & — h wstead of @, ¥, z m
the results of that article.
Hence this moment
=3 [h=-9Z-(n-HT]
=2l —aly) - g2 (%) +h=(T)
=L—gZ+hY,
with the notation of that article
So the moments about lines through @ parallel to the other
axes are
M—hX +fZ and N —fY+gX.
Also the components of the resultant foice are the same for
all points such as @, and are thus X, ¥ and Z
If Q be a pont on the central avis, the direction cosines of
the axis of the couple corresponding to 1t are propoitional to
those of the resultant foice  Hence

L-gZ \hY _M-hX+fZ_N—-fV+gX
X ST v T %

LX+MY+NZ_K
IS S s

by Art 189,
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Hence the equation of the locus of the pomt (£, g, k), ve. the
required equation of the central axis, 18

L—yZ+2Y M—2X+aZ _ N-a¥+yX
- Y - Z

= % = the pitch p of the wrench.

191 Ex 1. Three foices, each equal to P, act on a body; ome at
the pownt (a, 0, 0) parallel to Oy, the second at the pownt (0, b, 0) parallel to
Oz, and. the third at the pownt (0, 0, ¢) parallel to Oz, the axes beng
rectangular, find the resultant wrench in magmtude and posiion

Here X=Y=Z=P,

L=Pb, M=Pc, N=Pa
Hence, 1f R be the force and X the couple of the wrench, then
R=NXI¥ YL 22=Py3,
and ER=LX+MY+NZ=P*(a+b+c),
so that E=L Platbro

By Art. 190, the equations to the central axs are
b-y4r=c-ztr=a—z+y,
e ,+a+23b+30=y+b+2§+3a='+c+‘2r:z¥i3~b’
s0 that the central axis 1s a straight line through the pomt
a+2b+3¢ b+2+3a c+2a+3b
Ty T TTw )
mchned at equal angles to the three axes.
Ex. 2. Two equal forces act one along each of the straight lines
2T acosd_y-band _z
asnd  Fbcosd ¢’
shew that thew central axs must, for all values of 8, le on the surfuce

z 2 ¢
9(3+9)=4(3+9)

P being the force, then at the pomt (a.cos 6, b sin 6, 0) we have a forco
whose components are proportional to asmd P, —bcos 8P, cP, and at
the point (~acos6, bsim d, 0) a foree whose components are proportional
toasme P,bcos 4P, cP

Hence X=2(X))=2smé P,

¥=0, and Zx 2P,
L=%(3Z-uF))x 2csm P,
=0, 50d N oc ~2abP
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The equations of Art 190 then become
bosmd-ye _ —ab+gasm0, and sasn dms.0

asin @
Substituting the value of sm 4 from the second of these equations n
the first we have, as the locus of the central axis,

Gea(erd)

EXAMPLES

1 Equal forces act along two perpendicular digonals of opposite
faces of a cube of side a, shew that they are equivalent to a single force
R acting along a line through the centre of the cube, and a couple $al2
Witk the same Line for axis

2 0BDC 1 a rectangle such that 0B=b and 0C=c, also 04 1s a
perpendicular to its plane , along 04, CD and BD act forces X, ¥ and Z
respectively  Shew that the component force £ and couple K of the
resultant wrench are X9+ ¥24 2% and X (Zb — ¥e)—~v X+ Pi5 22 Shew
also that with 04, OB and O as axes of 2, y, and s the equation to the
central axis 18

z_y_ ZE _: . KY
X=Y XVR™Z2%IZR°

3. 04, 0B, 0Care the edges of a rectangular paralleloprped of lengths
6, 15 and 8 nches respectively, and 00', 44’, BB’ and CC’ are its
diagonals  Caleulate the wrench of the forces—130 from B’ to 0, 68 from
4't0 0", 50 from C” to A’ and 68 from Bto C

[2=~108, K=1080, the central axis being a straight lLime parallel to
04 through the middle powt of BC]

4. 04, 0B, OC are three co-termmous edges of a cube and 44, BB',
CC', 00" are diagonals , along BC", CA', AB’ and 00’ act forces equal to
X, ¥, Z and R respectively , shew that they aro equivalent to a smgle
vesultant of (YZ+ ZX + X ¥) /3+R (X + Y +2)=0

5 Torces P, Q, R act along three non-intersecting edges of & cubo
find the central axis

8 Two forces P and @ act along the strmght lnes whose equations
are y=ztana, s=c and y =~z tan a, sm o respectively Shew that thewr
central axis lies on the straight line

. P-q s Pog
V=7 Pretn e o G P arges v g
For all values of £ and ¢, prove that tlus line 1s & gencrator of tho surface
(@ +yY 200 2a=2c2y
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7 Equal forces act along the axes and along the straight Line
r-a_y-B_:-y. _
T S

m
find the equations of the central axs of the syster.

8  Three forces act along the straight lines N
2=0,y~1=a, y=0,1-z=a, 1m0, z-y=a
Shew that they cannot reduce to a couplo
Prove also that if the system reduces to a single forco 1ts line of action
must lie on the surface £+y*+2*— 2yz - %z - 2ry =a

/9, Torces X, ¥, Z act along the three straight hines
y=bs==c, t=c,z=—a, and s=a,y=-b,
respectively , shew that they will have a single resultant 1f
a, b o
3+F+y=0,
and that the equations of 1ts line of action are any two of the three
Y 2 3 o 2.8 b _o 2_¥_¢
¥z 2% z7x 7% 27z
Y10 A single foreo 15 equvalent to component forces X, 7 aud Z along
the axes of coordinates and to couples Z, 4, N about these axes, shew

that the magmtude of the single force 18 ¥ X2+4 Fi-+Z% and that the
equation to 1ts line of action 18

yZ=s¥ _:X-aZ_s¥—yX_|
LI T N

11, If a force (X, ¥, Z) act along a generator of the hyporbohic
parabolod 25 - 52 £, and bo equivalent to an equal force (X, 7, Z) at
the origin together with a couple (Z, J, N), shew that

aL#b1=0, bX£aF=0 snd cN+abZ=0.

m‘/A force P acts along the axis of & and another force 2P along &
generator of the cylinder 22+ 3y3=0a2, shew that the central axis lies on the
cylinder

02 (nr ~g)3 4+ (1 +n8f y2=nta?

—

13 Two forces act, one along the line y=0, 2=0 and the other along
the hne £=0, =c  As the forces vary, shew that the surface generated
by the axis of their equivalent wrench 18 (424 7%) 2=cy?

14, " A forco parallel to the axis of # acts at the point (a, 0, 0) and an
equal force perpendicular to the axis of z acts at the pomt (-a, 0, 0)
Shew that the central axis of the system hes on the surface

B (@ 4y =(23+y - ax)h
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16 A force Facts along the axs of z,and a force mF along a straight
line, intersecting the axis of  at & distance ¢ from the origin s1d parallel
to the planc of y2  Show that as this straight e turns round the axs
of 7, the central axis of the forces generates the surface

{4 (= 1) )} o aftmateh

16 Along the notmal at every pownt of an octant of an ellipsoid cut
off by the principal planes acts a forco proportional to the element of
surface at P Shew that these forces aro equivalent to a single force
acting along the Line

(x-—— b (y=2) e (e- 2
(” (=57):
where 2a, 25,2 aro o ases of the cllipsod
17 Any sumber of wrenches of the ssme pitch p act along generators
3
of thosamo aystem of the byperbolord 5 +3 — 5=1 Shew that they wil

reduce to a single resultant provided their central axis 18 parallel to a
generator of the cone

(sl

192  To shew that a gwen system of forces can be replaced
by two forces, equwvalent to the gwen system, wm an wnfimte
number of ways and that the tetrahedron formed by the two
forces 15 of constant volume,

Let the given system have Oz as 1ts Central Axis and let
R, K be the resultant force along Oz and the resultant couple

about Oz
! o
@ K
B 5 [

On a line through O perpendicular to 0z take any two
pomts 4, B on opposite sdes of O such that OA =a and
0B=b

Assume that the given system 1s equivalent to a force P
acting through A mn a plane perpendicular to 04 at an angle 6
with Oz, and a force @ acting through B m a plane perpen-
dicular to 0B sc an angle ¢ with Oz and let § and ¢ be

d p ly 1 opposite d
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Then the resultants of P and Q along Oz and perpendicular
to 1t must be R and zero respectively, and similarly the resultant
couples about these two lines must be K and zero

Hence B=Pcosf+Qcosd .. woverrreen . (1),
and 0=Psm0-Qsmd o . .. (2)
Also K=Pen6 a+Qsng b... . (3),
and 0=Pcosd a=Qcosp b ..... .. (4)
(1) and (8) gove 2022 =Q°:s¢=n—fb e (B)

(2) and (3) give Psme=Qsm.;,=ai

b
Kt Rh . K4 R

@ KR
(@+bp’ (a+by ’
K K
tan9—m, and ta.n¢=m
Whatever be the values of @ and b, we thus obtamn real
values for P, Q, 6, and ¢, so that our assumption 18 correct
Agamn (5) and (6) give
KRa=(a+by PQsinfcos ¢, and KRb=(a+b)*PQcosfsmnp
Hence, by addition, X R = PQ (a +b)sm (6 + ¢) (1)
Let AC, BD represent P, Q in magmtude
The volume of the tetrahedron 4CBD
=4area of the A ABC x perpendicular fiom D upon the AABC
=4x34B ACxBDsmn(6+ ¢)
=} PQ(a+b)sm(6+¢)=4%K R, by equation (7),
and 1t 18 therefore constant
Symmetrical Case. If the forces P and Q are equal and
at equal distances from the Central Axis, then by equations
(D), (), (3), (4) 6=4¢, 80 that they are equally inclned to the
Central Axis, and
R=2Pcosf and K =2Pasm 6.

.'.Psgf\/Rw B andtong= X,

Hence Pr=

If, in addition, we make a=J1§Ti’ then P=R and 6=60°
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v
198 7o find the resultant wrench of two gwen wrenches
Let AC be the axis of one wrench (B, X,) and BD the axis

of the other wrench (R,, X,) Let AB(=c) be the shortest

distance between these two axes, and a the angle between them.
Assume that the required central axis Oz 1s perpendicular to
4B, divides 1t 1nto parts # and ¢ —, and 18 clined at 6 to AC
and hence a— 6 to 8D Lot R and K be the force and moment
of the assumed Central Axis
The conditions of the question then give
B=R,cos 0+ Rycos (2= B)..unr e (1),
O0=Eismé—Rsm(a=6) .. .. (2,

K=Kcos0+K,cos(e—8) + Rysinf a+ Ry(c—2)sm(a—6),

and

0=K,sm 6 — Kysm (a—6)~ Bycos 6. + By (c — @) cos (a—6)

=

K k. /D o |
e

"a g/ Ra R B |

K.~ RN~

Il T ¢

= 7 A

By (1) and (2) these latter equations are
K =K cos 8 + Kycos (a—0) + Ry csm (a— 6) werenn (3),
and 0=, smé— K,sin(a—0)+ Ryccos(a—0)—Rs (4)
(1) and (2) give
R*=R}+ R2+2R R, cosa . (5)
Also (2) gives
sm @ cos § 1
R,slna=R—IR,m=l‘% e (6)
Agan, (3) and (6) give
REK = (K, + K, cosa+ Rycsmn ) (R, + R, cos a)
+(H,sma—R,ccosa) R,sina
=RK, + B, + (R, + RK,)cosa + R R,csma ()

This gives the value of the Luvarant for the gaven system of
forces.
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Also (4) with the help of (6) gives
Rz =(K,+ K,cosa+ Rycsina) R,sma
—(K;sma— Recosa) (R, + R,cosa)
=(RK,~ RK,)sma+ Ric(R,+ R cosa) ... (8)
(5), (6), (7) and (8) gve R, 6, K and , and hence the
required wrench and the position of its axis.
From these equations we easily obtain
& _Rio(Rcosat Bo)— (RK,—R,K))sma
¢c—a@ Ric(B + R,cosa) + (RK, - B, sna’
cosd R+ Rycosa
cos(e—0) R,cosa+ R,

and

194  Resultant wrench of two gwen forces R, and R, wn-
claned at a gwen angle o
This 18 a particular case of the preceding article where
K,=K,=0 We thus have
R=WNRi+ R +2R.R,cosq,
K R=RR,csma,
& _Ry(Ricosa+ Ry
c—z R, (R, +R,cos0)"
smf _ cosf 1
Rysma I+ Rycosa WRi+ R?+ 2R Rycosa”
cos @ R, + R,cosa
cos (a — 7 Ricoma+ Ik

so that

¢ 195 Geometrical construction for the central azs of two

forces B, and R, acting at pownts A and B wn directions AC and
BD

Let BK be the direction of the resultant R of forces R;along

BD and R, at B parallel to AC,

and let 1t make angles 6 and g P

a— 6 with R, and R,, so that

BK 1s parallel to the central k
axis as 1n the figure of Art 193 /y/

At Band 4, m the plane KB4, B 3 A

make ZABF=86,and £ BAF=2—6, then FE the perpan-
dicular on 4B 1s the central axis,and the couple of the resultant
wrench = K EF.
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TFor, from the equations of the last article, we easily obtain
_&__sinfes(a-0) AFcs(a~6) AE
¢~z cosfsin(a—0) BF cos@  BE’
80 that E. F is the central axis.
Also, by the last article,
I R R.esina R, csm’B csin(u—l))sin 4
sina

=EF,

80 that /= R.EF.

. EXAMPLES

L If P and Q be two non-ii ing forces whose di are
perpendicular, shew that the distances of the coutral axis from their lines
of action are as @4 to P3,

2. Shew thata system of forces can be replaced in an infinite number
of ways by a pair of equal forces whosa directions make any given angle
with one another, and find the distauce between these forces when the
angle is known.

V3. Two forces Pand @ are such that their contral axis is given in
position and the o of uction of £ is given. ~ Show thos the locus of, tho
line ot action of ¢ 18 a con:coid.

4, Shew that the minimum distance between two forces, which are
oquivalent w a given system (A3 £) and which are inehned af 4 given
angle 2a,is 21 cot e, and that the foroms are then each equal to } ¥ seca,

NS

= Forces act along the edges of a rogular totrabelron, vis, 2 along
BO and D4, Q along CA and %5, and & aloug A% and D6, Shew that
the pitch of the equivalent wrench is Q%z of the edge of tho tetrahedron.

[The three shortest distances between pairs of opposite sides of & regular
are mutually p and mecet in s point.]

6. Wrenches of the same pitch p act along the edges of a regular
tetrahedron ABCD of side a. If the intensities of the wrenches along
4B, DC are the same, and also those along 110, D4 and DB, U4, shew

that tho pitch of the equivalent wrench is p+m§.

7. Prove that the surface, which is traced out by the axis of principal
moment at points lying on a stz ght line which intersects a4 right angles
the Poinsot axis of a given system of forces, is & hyperbolic parabolod.

[Take the given straight liue as the axis of & the Pomsot axis of the
system (R &) as the axis of 3 and & perpendicular to both as 0y. Then
at the point (, 0,0) the force is A parallel to 0z and the couple is @ at
an angle § to £ and perpendicular to Ox such that A'=Gcosé and
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w

Gsm@=Rr Hence, if (2, y, z) be any pomt on the ams of G, we

have ¥=tan 8 =", 5o that the locus 1 the hyperbolic paraboloid
Rra=Ky]

8 At all pomnts on a given straight line are drawn the axes of
principal moment corresponding to any given system of forces , shew that
these axes lie on a hyperbohc parabolod and that their ends lLie on
another given straight line

[Take the given straight lino ns Oz, and the common perpendicular to
1t and the Poinsot axis as 0z Then clearly there 1s no component force
along Oz or component couple about 0z The component forces along the
axes are thus (.Y, ¥, 0) and the component couples (Z, 3, 0), so that the
component couples at the point (£, 0, 0) are L, A, and —£¥ [Art 190]

Hence the equation to the axis of principal moment there 15

2
33
Eliminate £, and we have the hyperbolic parabolord Af;yw=xy+¥;

a-£
7

Also the coordmates (, 7, 2) of the end of this axis are given by
r=§+2L, y=\M, s=-2¢Y,
where X 1s some constant
Ehmmating £, we have a straight line as the locus of (z, 7, 2)]
°

9 Two wrenches of pitches p, p' have axes at a distance 2a from one
another  If the resultant nch 18 of pitch @ and 1ts axis 18 equidistant.
from the axes of the comPonent wrenches, shew that the angle between
them 18 ,_a@z-p-p)

@~ (@~p)(@-p)

10 On three gwven screws, whose axes are mutully perpendicular
and concurrent, there act wrenches of pitches p, py, and p, whose
resultant 15 on a screw of given pitch p Shew that the locus of this latter
screw 15 the hyperboloid

(p-p) 2 +(p=p2) P +(2—~ A +(p = p) (p=p2) (P~ p5) =0,
the axes of coordinates being the a; the given screws
\/11, Shew that a wrench, of whien the force 1s £ and the pitch 13 we

may be replaced by forces mclined at an angle 24 to each other, the
shortest distance between them being 2c, and that their magmtudes aic

%[‘\/H—wtanﬂt'\/l—wwt )]

196 The ares of two gwen wrenches wntersect at rght
angles, thewr intensities are X and Y and thew pitches are
Pz and py, f theg@miches are gwen, to find the locus of the
central aas
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Let OA be the direction of the resultant R of X and ¥
making an angle 8 with Oz, the
axis of the first wrench, so that

cosf snf 1
A =%

The resultant couple about,

0A
=p; Xcosf+p,.Ysmné
=(pzcostd+p,sm?f) R (1)

The resultant couple about
a perpendicular to U4 1 the
plane z0y

=-pz Xsmb+p, ¥Yeosb=(p,—p,) Rsinfcosh

The latter couple 1s equivalent to two parallel forces i the
plane 204 and, by Art 51, these and the force R along OA are
equvalent to a force R along MP, which 1s parallel to 04 and
15 such that

OM =(p,—p,)sin @ cos 6 cevrneene (2)
Transferring the axis of the couple (1) to MP, we then have
a wrench, whose axis 18 MP and whose moment and force are
respectively (pzcos’d + p,sin*6) R and R, and whose pitch 1s
therefore given by
P=pxc0s’ § +p,sn* @

From (2), if (2, y, 2) 18 any pomt on MP, then

2=y Py &+
1e MP lies on the surface
@+ y = Pz) 7Y
This surface 13 known as the Cylndroid  Also p, and p, are
called 1ts Principal Pitches
The equation to this surface follows at once from Art. 190
For the equation to the central axis of the system 18

Pe- X X+zY _py Y—2X Y—zX _—al+yX
T

y"

gving t(X‘+ Y')-(pv—w hod
and z¥=yX



The Cylindroid 221

Eliminating X, ¥ we have, as the locus of the central axuis,
(@ +9)2=(py~p:) oy
197  Geometrical construction for the cylmdrod
(@ +y°) 2= 2azy

In the plane of @y draw a caurcle of radws @ touching the
ax1s of z at the ongin 0

Take 04, a radius vector of this
arcle, at any angle 6 to Oz and draw
AN perpendicular to Oy. Then

AN =asin26.

The plane y=a tan 6, through
0A perpendicular to the plane z0y,
cuts the eylindroid where

z=asmn20=AN

Hence, 1f at 4 we erect a per-
pendicular AP equal n length to

4N and through P draw a perpendicular P to O, then P
15 always a generator of the cylindroid

198 Any wrench may be resolved wnto two wrenches, whose
axes wntersect at rght angles, in an wnfimte number of ways

For, starting with any wrench (B, pR) about MP as axis
(Fig Art 196), on any line MO perpendicular to MP take any
origin O and any two lines Oz and Oy perpendicular to OM

Suppose M0 =a and 204 =6 to be given

Then, as in Art 196, wrenches (X, p,X) about Oz and
(¥, pyY) about Oy are equivalent to (R, pR), where

P =pPscos*0 +p,sin? 0

and @ =(p,— pe)cos  sin

These g1ve py=p—a tan 6, and p, =p + acot §

Also X=Rcosf and ¥'= Rsin 6,

Hence, B and p being given, we have the values of X, I
and Y, p, for any assumed valucs of ¢ and 6

199 Any two wrenches on guven screws determine one, and
only one, cylindrowd
Let P and NQ be the axes of the two wrenches, pand g

their pitches, and a the angle and h the shortest distance, M,
between them
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Then if on MN we can find a pomnt O and perpendicular
lines Oz, Oy such that when we resolve
the wrenches about Oz and Oy, the two N
component wrenches about O have the » Q
same pitch and also the two component m
wrenches about Oy, we have proved the P
theorem  For the two wienches about 3| '
Oz then compound mto one wrench, '
and smlarly for the two wrenches / o ) <
about Oy, and these two resultant % A
wrenches, by Art 196, give the cyhn-
droid required

Let us assume then that the wrench about A/P 1s equivalent
to wrenches of pitches p,and p, about Ua and Oy, where OM =2
and 204 =6

And sumlarly for NQ, where 20B=0+a

Then Art 196 gives

p=pzcos'0+p, sm‘9=‘-’—‘_;—p'+p"—;»mcos 20 (1),

v/

!=(P,—Pz\cosﬂsm9=p’;p’sm29 N )]
q=pzcos’(6 + @)+ p, sin? (6 +a)
=P%7’V+P’%“cos(29+2;) 3),

and z+h=(p, — p:) cos (6 + @) sin (6 +a)

=P”;p’sm(20+3fx) R
Hence we have
PHg=ps+p,+ (pr—p,)coszcos (20 + a) ),
p—g= (pz:—p,)smasin (20 + a) . (b),
and h=£’;p’ [s1n (26 + 2u) — s1n 20]
© s0d (1) give =(py—pz)cos (20 + a)sna (7

tan (29+a):1%2 . (8)
From (5) and (6) we have
Pe+py=p+q—(p—q)cotacot (204 a)=p+q+hcota,
and p, —p, =(g— p) cosec acosec (20 + a) = VA + (g — p)* coseca.
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These equations determine p, and p,
Also (2) gives

-3 1=P
=g asn 20+ a) 2%

,;gl;‘: [cos a— sin @ cot (20 + a)] =4 [(g —p) cob 2 — 4]
The values thus found umquely determime the positions of
Oz and Oy and the corresponding wrenches about them

200 The quantities having been determmed as m the
previous article, 1f R and &’ are the intensities of the wienches
about MP and NQ, these two wrenches are equivalent to
forces Rcos 8 + R cos (6 +a)along Oz,

R sin 6 + R sin (6 + a)along Oy,
and to couples
P:[Rcos @+ R cos (8 + a)] about Oz,
and Py [Rsmn 6+ R sin(6+a)] about Oy

These, by Art 196, clearly compound mto a wiench about

a serew of the eylindroid
2 (2 + ) = (p, — ps) ay =y cosec a VR + (g — p)*

Ex A screw of pitch 11 the line y=2, z=3, and a screw of pitch
41n the line (y - 2) /3=2—3, z=2 /3, determune a cyhinarowd , shew that
1ts principal pitches are 4 — 2 (/3 and 4+2 (/3 and that the equations of 1ts
principal axes are y—2=(J/3%2) (z~3)

201  Resultant wrench of wienches on screws of the same
cylndrod

The principal pitches of the eylindrod being p, and p,, a
wrench of intensity R and the proper pitch for an inchination 8

0 Uz 13, by Art 196, equivalent to
a wrench (Rcos @, p, R cos ) about Oz,
and a wrench  (Rsmn 6, p, Rsin 6) about Oy

Hence, 1f each of the given wrenches 15 replaced by wrenches
about O» and Oy, they ate equivalent to 4 system of torces and
couples given by

X=S(Rcost),

Y=3%(Rsm0),

L=3(p;Rcos ) =p.X,
and U =3 (p,Rain6)=p,Y,
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ve to a wrench (X, p,X) about Oz and a wrench (¥, p,¥)
about Oy

These are wrenches of the same pitch as the principal pitches
of the cylindroid. and thus equivalent to a wrench [S, ¢S] on a
serew of the eylindroid inchined at ¢ to Oz, where
Y _S(Rsinb)

X7 S(Rcosf)’
S=NXif =N{E(Rcos0)J + = (Bsm o),
and q= Pz 08" ¢+ pysin’

202 It follows from the previous work that wrenches on
screws of the same cylindroid are mn equilibrium 1f their forces,
when transferred to the same pomnt parallel to their origmal
directions, are n equhbrium , for then X and ¥ are both zero

In particular, three wrenches on screws of the same cyln-
droid are 1 equilibrium 1f the mtensity of each 18 proportional
to the sime of the angle between the other two

203 To shew that the work done by a wrench, of wtensity
R and putch p about a given screw, when the body s gwen a small
tunst Sw about another screw of pitch py, 18

R 8o {(p+p)cos@—hsinél,

where 8 1 the angle between the azes of the two screws and h1s
the shor test distance between them

Let Oz be the axs of the screw p,, MP the axis of the
wrench, O3 the shortest distance A
between « ™ let MK be parallel to 2
Oz and A, ~~rpendicular to ALK

and OM Mz K
The force R 18 equivalent to R :R .

Rcos 6 along MK and Rsiné along L,
ML  —""

The component Rcos 8 18 equiva- / ° ¢
lent to Rcos @ along Oz and a couple
Rcos§ habout Oy

The component Rsin 8 18 equivalent to Rsimn 6 along Oy and
acouple — Rsmn 8 & about Oz

The couple pR about MP 1s equivalent to couples pRcos 8
and pRein 6 about MK and ML, and the axes of these may be
removed to Oz and Oy.

tand =

4
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The given wrench 18 thus equivalent to
a force R cos 6 along Og,
a force Rsm 6 along Oy,
a couple 1t (pcos @ —h sin §) sbout Oz,
and a couple [t (psin 6+ heos 6) about Oy

Now the displacement of the body consists of an angular
displacement 8 about Oz, and a hnear displacement p,.8w
along Ox

Due to the angular displacement the work done by the
couples 15 B (pcvs 0 —hsm ) 8w (Art 97) and that by the
forces 18 zero

Due to the linear displacement the work done by the couples
18 zero and that done by the forces 1s R cos 6 p,dw.

Hence the total work done in the small displacement

= It8w |(p+pi) cos 0 — ks 6}

This work 15 not altered if p and p, be interchanged, so that
the work done 1s the same as 1t would be 1if we had a wrench
(R, %) about a screw Oz, and the body were displaced through
the small angle 8o about a serew of pitch p on MP as axis,

204 From the principle of Virtual Work 1t follows that
a body free to move ouly on a screw of axis Oz, and acted upon
by a wrench on the sciew M P, will be in equilibrium 1f

(p+p)eosf—hemd=0

Screws which satisfy this condition are calla Reeprocal
Screws, they are therefore such that a be’ «d on by a
wrench, of any ntensity and the proper pitch about either of
them will be at rest 1f fice to move only about the other

It tollows from the above condition that two screws whose
axes intersect, so that h= 0, are recipiocal ether if they are at
right angles or 1if their pitches are equal and opposite

205 If a screw v 1 reciprocal to each of two screws a and
B, 1t 15 recyprocal to any screw 8 on the cylindrowd determined
by a and B

For, by Art 201, a, 8, and § being three screws on the same
cyhindroid, a wrench about & 18 equivalent to two wrenches about
aand 8 it the mntensity of the wrench & 13 equivalent to the two

s s
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component mtensities of the wrenches « and 8. Replace the
wrench § by these two component wrenches about « and 8
Since the screws 4 and a are reciprocal, the virtual work
of the wrench about a for a displacement about y 15 zero
Similarly for the component wrench about 8.
Hence the total virtual work of the wrench § for a displace-
ment about « 13 zero  Hence § and  are reciprocal

206 NUL LINES AND PLANES Suppose that, corresponding
to any onigin or base point (7, the resultant force 15 R and the
resultant couple 1s G Take any hine through 0’ perpendicular
to the axis of &, then the sum of the moments of the forces of
the system about this line 15 zero, for the axis of G has no com-
ponent along 1t and R meets 1t

For this reason the lne 1s called a nul hine, and 1ts locus,
which 15 the line perpendicular to the axis of @, 1s called the
nul plane of 0" Also the pomnt 0" 1s called the nul pownt of the
plane

207 To find the equation to the nul plane of a gwen point
(f, 9, k) referred to any azes Oz, Oy, Oz

Let X, ¥, Z be the component forces along O, Oy, Oz, and
L, M, N the component couples about them

By Art 190 the component couples about lines parallel to
the axes through (£, g, &) are

L-gZ+hY, M—~hX+fZ N-fY+gX,
and these are proportional to the direction cosmes of the avs of
the resultant couple at (f, g, &), which 1s the normal to the nul
planc there

Hence the equation to the nul plane 18

@E=NL=gZ+hY)+@y—g9)(M-1X +fZ)
+(z=h) (N ~fY +9X)=0,
ve w(L—gZ+hY)+y(M-1X +f7)
+2(N~fY+9X)=fL+gM+hN (1)
Conves sely, 1f we want the nul pont of the plane
lztmy+nz=1 .. .. ... .2,
then on comparing 1t with (1) we have
L-gZ+h¥Y M-hX+f4_N-s¥+9X
[] m n

=fL+gM +hN.
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Smce the pomnt (f; g, k) also must le on the plane (2), we have,
on solving,

- h
X alsmN Y= lN+nL Z=mL+1M~ lX+mY+nA
giving the nul point of (2)

208  Condition that the strarght line

may be a nul line for the same system of forces
The component couples about lines through (£, 7, 1) parallel
to the axes are
L—gZ+hY, M—hX+/fZ and N—fY+gX
Hence the moment of the couple about the given line
=U(L-gZ+hY)+m(M-hX +fZ)+n(N—-fY +¢X),
and hence 1s zero 1f
X (mh—ng)+ ¥ (nf— ) + Z(lg — mf)=LL + Mm + Nn,
ve af X Y Z
I, myn
fog b
This 18 therefore the condition that the given line may be a
nul line of the system

=L+ Mm + Nn.

Ex Shew that among the nul lines of any <ystem of forces four are
generators of any hyperbolowd, tvo belonging to one system of genes ators and
two to the other system

.
Let, the hyperboloud bo %5 +¥1— %=1, and reforred to ts centre and azes
let th system be given by (X, %, 2,1, 0, ) Auy geuesatorss

aond = “beosd "¢
By the previous article this 18 a nul e of the systom f
X (- besin 0)+ ¥ea cos 8+ Zub=Lasun 6~ Mb cos 0+ Mo,
ve tfam a(§+— o086 (y fi)-%-i",whmhcleaﬂygwmwo values
of 0, 1n goneral Honoe two generators belonging to ono system are nul
lines  Sumilarly for the other system
82
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209  To shew that a grwen system of forces may be replaced
by two forces, one of winch acts along a grven line 0 A

With O as ongn, or base-pomt, let 2 and G be the resultant
force and couple Thiough 04
and R let a plane be drawn, and
let 1t cut the plane of the resul-
tant couple (e the plane COD
perpendicular to the axis of @)
1 OB Resolve R mto two forces,
one, Py, along 04, and the other,
P,, along OB

The force P, along OB, when
compounded with the two forces
1 the plane BOC which form the
resultant couple, will give a force P, in this plane which 1s
parallel to 0B

1t follows that the given system of forces 1s equivalent to
some force P, acting along the given straight line 04, together
with a second force P, which acts somewhere i the nul plane
of 0

Such forces as P, and P, are called conjugate forces, and
their lines of action are called conjugate hnes

Whatever pont O we take on Od the torce P, will still he
m 1ts nul plane, so that, as O moves along 04, 1ts null plane
continually turns round so that 1t always passes through the line
conjugate to OA Hence the conjugate line of U4 may be
determined by taking any two convement points on 1t, and
obtaiming the equations to their nul planes by Art 207 The
conjngate hine 18 then the intersection of these two planes

Thus suppose we require the conjugate line, with respect to
the system of forces given by (X, Y, Z, L, M, N), of the hne

e—f _y—g_z—h .

By Art 207 the nul plane of (f, g, k) 1s
a(L-gZ+hY)+y(M-hX +(Z)
w2 (N—fY+gX)=Lf+ Mg+ Nh (2).
h mh
Another pownt on (1) 1s (f—;‘—, =7 0),
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Its nul plane 18
a [L—gZ+7%g]+y[M+/Z—}%Z]
+2 [N-—fY +ox + BT '"——7’X]

=n(f- ’in’) + (g~ ?‘ll‘) cend(3)

(2) and (3) gve the required conjugate hine.

Subtracting (2) from (3), we have

@Y —mZ)+y[lZ-nX]+2z[mX -17]

=Ll+ Mm +Nn (4)

(2) and (4) give the conjugate line more easily

It 18 easily seen that (4) 18 the nul plane of the pomt at
ifinity which hes on (1)  For the coordinates of this pownt are
(Ip, mp, np), where p 15 infinite

EXAMPLES
Examine the case 1 which the straight lme 04 of Art 209 1s
itself a nul line of the system
2 A straght lhne 1 gien by the equatwms dz-+By+Ce=D,
A2+ By+C'z=D, shew that 1ts conjugate 18 given by equating to zero
any tno of the determinants

| L, I, N', Le+My+Ns|,
| 4, B, ¢
4, B, 0, V4

where L', M’ N’ are the component couples at the pomnt (z, , #) and
L, M, N those at the origin
3. A system of forces gien by (X, ¥, Z, L, M, N) 18 replaced by
two forces, one acting along the axis of 2, and another foice Shew that
the maguitudes of the forces are
LX+MY+NZ (MY +NZp+ (P4 2]
L and z

[Let P be the force along the axis of z, then the components of the
other force must be X - P, ¥, Z, let 1t act at the powt (f, g, 0) Since
these two forces are equal to the given system we have, by Art. 162,

L=gZ, M=-fZ sand N=fYV-q(X-P)
Hence the given results, and also the equation to the line of action of the
second force ]

4. Shew that the wrench (X, ¥, Z, L, M, N) 1s equivalent to two
forces, one along the line s=y =z, and the other along the Line given by

Lz+ My+ Na=0,
& (Y-2)4y(Z-X)+2(X - ¥)=L+ M+N,
and find the magmtudes of the two forces.
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5  Shew that 1n general two systems of forces have only one pair of
conjugate lines 1n common

6 Forces act along gencrators of the same system of a hyperbolowd
Shew that two generators of the same System are nul lines of the system
of forces

7  Shew that the nul planes of a se1es of pomts which lie n a straight
line 4B pass through a second straight line CD, and that 1f the series of
lines 4B be generators of a hyperbolowd, the lines CD will also be generators
of & hyperboloid

8 A system of forces 15 reduced to two forces one of which acts along
an assigned lme  Shew (1) that tha four hnes of action of two such pawrs
of forces are generators of the same system of a hyperboloid of one sheet ,
(u) that lines meeting two such forces and the central axs generate a
hyperbolic paraboloid, one set of whose generators 1s perpendicular to
the central axis

9 Referred to the same omgn and axes of coordinates two systems
of forces are given by (X, Y, Z, £, M, N) and (X, ¥', Z', L, M', N")
Shew that, n genetal, a umque pair of lincs can be found such that forces
along them may be equivalent to erther system, and prove that the
shortest distance betw een them 15

VIS AIT (RR - B Y,
where O=LY 4+ MY 4 N2+ DX+ M Y+ N2,
K=XX'+YV'4+27,
and Z, I, R, R’ have their usual significance

[Using the equations of Art 190 for the central axes of the two

systems, we obtain for the shortest distance £ and the angle a, between
],

theso central axes, 008 a ic;?’
IK I'K Uiy« I L A 4
wi = (- 75 1) VIR [ - - et

Also, by Art 192,1f AC and BD be the pair of lmes to be found, we
sec that 4 2 must be perpendicular to each central axms, and hence must
lie along the shortest distance ¢ Letween them  The cquations for 6 and ¢
of Art 192 bewme

a—m, tan p= F‘ tan (8—n)=1£,
and tan (¢>+n)=R,,(a

Elmmating 6 and ¢ from theso equations, we sce that & and ~b are
the roots of the equation

I3 Jgcotd
a1 et [ L St

Hence the required distance =sthe difierence of the roots of this
equation = the given answer, on teduction ]

b8’

10. Shew thatthe nul lines which are common to three given systems
of forces are generators of the same system of a hyperboloid of one shaet



CHAPTER XI1
MACHINES

210 Ix the present chapter we shall explain and discuss
the equihbrium of some of the simpler machines

We shall suppose the ditferent portions of these machines to
be smooth and rigid, that all cords or strings used are perfectly
flexible,and that the forces acting on the machines always balance,
so that they areat rest  In actual practice these conditions are
not even approximately satisfied in the cases of many machines

A machine 18 always used m practice to overcome some
resistance, the force we exert on the mach.ne 1s the Power or
Effort, the resistance to be overcome, 1n whatever form 1t may
appear, 18 called the Weight or Resistance

211. Mechanical Advantage If in any machine an effort

Resistance
“Efors* ® called

the Mechanical Advantage of the machine, so that

w
P balance a resistance W, the ratio pore

Resistance = Effort x Mcchanical Advantage
The term Force-Ratio 1s sometimes used imstead of
Mechanical Advantage Almost all machines are constructed
so that the mechanical advantage 1s a ratio greater than umty

Velocity Ratio  The velocity ratio of any machine 1s the
ratio of the distance through which the pomnt of application of
the effort or “ power” moves to the distance through which the
pomt of application of the resistance, or “ weight,” moves in the
same time, so that

Distance through which P moves

Veloaty Ratio=p = - through which ¥ moves "
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If the machine be such that no work has to be done 1n hfting
1ts component parts, and 1f 1t be pertectly smooth throughout,
1t will be found that the Mechanical Advantage and the Veloaity
Ratio are equal, so that 1n this case

W _ Dustance through which P moves
P ~ Distance through which 1 moves’
and then P x distance through which P moves
= W x distance through which W moves,
6 work done by P = work done against W

212 The following we shall thus find to be a umversal
principle, known as the Principle of Work, vz, Whatever be the
machine we use, pronded that there be no fruction and that the
werght of the machine be neglected, the work done by the effort 1s
always equivalent to the wor ke done agawnst the weight, or resistance

It may be regarded as an extension of the Principle of
Virtual Work, in which, instead of virtual displacements, we
have actual finite displ. which are tent with the
geometrical relations of the machine.

Assuming that the machine we are using gives mechancal
advantage, so that the effort 15 less than the weight, the distance
moved through by the effort 1s therefore greater than the
distance moved through by the weight 1n the sume proportion
This 18 sometimes expressed 1n popular language in the form
What 18 gained v power s lost 1n speed

More accurate 13 the statement that mechancal advantage
15 always gained at a proportionate diminution of speed No
work 15 ever gained by the use of a machue though mechanical
advantage 15 generally obtamed Some work, i practice, 18
always lost by the use of any machine

The uses of a machine are

(1) to enable a man to hift weights or overcome resistances
much greater than he could deal with unaided, eg by the use
of a system of pulleys, or a wheel and axle, or a screw-jack, ete,

(2) to cause a motion imparted to one point to be changed
1nto a more rapid motton at some other pomnt, eg in the case of
a bicycle,

(3) to enable a force to be apphed at a more convenient
point or 1n a more convenient manner, ¢ g 1n the use of a poker
to stir the fire, or 1n the hfting of a bucket of mortar by means
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of a long rope passing over a pulley at the top of a building, the
other end being pulled by a man standing on the ground

213 The Lever The Lever consists essentially of a ngid
bar, straight or bent, which has one point fixed about which
the rest of the lever can turn This fixed point 1s called the
Fulerum, and the perpendicular distances between the fulerum
and the lLines of action of the effort and the weight are called
the arms of the lever

1R

Cuass I Here the effort P and A ol
the weight W act on opposite sides of /N '
the fulerum C. VP 1,

LW

Crass II  Here the effort P and - LR
the weight W act on the same side i 8 |
of the fulerum C, but the former acts A C:lc
at a greater distance than the latter PAN
from the fulcrum. Tiw

Crass III  Here the effort P and Apo
the weight W act on the same side of & AP
the fulerum C, but the former acts at
a less distance than the latter from the L] VR

i -1 w

fulerum,

214  Conditwons of equbibrium of a straight lever

In each case we have three parallel forces acting on the
body, so that the reaction, R, at the fulcrum must be equal and
opposite to the resultant of P and W.

In the first and third classes we see that R and P act m
opposite directions, 1 the second class they act in the same
direction. In all three classes, since the resultant of P and W
passes through C, we have, as in Art. 81, P. AC= W.BC.

Since W_AC_armof P we observe that generall

P T BC™ arm of W’ & yom
Class I, and always 1 Class I1, there 1s mechamcal advantage,
but that in Class III there 1s mechanical disadvantage.

215 Examples of the different classes of levers are*

Crass I A Poker (when used to star the fire, the bar of the
grate being the fulerum), A Clav-hammer (when used to eatract
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nals), A Crowbar (when used unth a pownt in1t resting on a fized
support), A Pair of Scales, The Biake of a Pump

Double levers of this class are A Pair of Scissors, A Pair
of Pincers

Crass II A Wheelbarrow, A Cork Squeezer, A Crowbar
(with one end wn contact with the ground), An Oar (assuming the
end of the oar wn contact wnth the water to be at rest)

A Pair of Nutcrackers 1s a double lever of this class

Crass IIT  The Treadle of a Lathe, The Human Forearm
(when the latter s used to support a weight placed on the palm of
the hand  The fulcrum 1s the elbow, and the tenswon exerted by
the muscles 1s the effurt)

A Pair of Sugar-tongs 1s a double lever of this class

The practical use of levers of the latter class 1s to apply a
force at some powt at which 1t 1s not convenient to apply the
force directly

In the previous article we neglected the weight of the lever
itself If this weight be taken into consideration, we obtain the
conditions of equilibrium by equating to zero the algebraic sum
of the moments of the forces about the fulerum C

The principle of the lever was known to Archimedes who
lived mn the third century Bc, until the discovery of the
Parallelogram of Forces 1n the sixteenth century 1t was the
fundawmental prinaiple of Statics

216  Bent Levers

Let A40B be a bent lever, of which 0 18 the fulerum, and let OL and
0 be the perpendiculars from 0 upon the lines of action .1¢ and BC of
the etfort £ and resistance

We have, by taking mornents about 0,

P03 _ perpendicular from fulerum on direction of resistance

WTOL = perpendicular from fulcrum on duection of efiort

To obtain the reaction at O let the directions of P and W meet m C.
Smce there are only three forces acting on
the body, the direction of the reaction £ at
O must pass through C, and then, by Lamr’s
Theorem, we have

R P
0 4CB™ s BCO ™ sn ACO
The resction may also be obtamned by
resolving the forces R, P, and W in two
durections at right angles.
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In the above articles wo have neglected any friction at the fulorum ,
we have also assumed the torces acting on the lever to be in a plane which
18 perpendicular to the avis ahout which 1t can turn  If the forces act
any other the consideration of the would be an
example of Chap X

217 Pulleys A pulley 1s composed of a wheel of wood,
or metal, grooved along 1ts circumference to receive a string or
rope , 1t can turn freely about an axle passing through 1ts centre
perpendicular to 1ts plane, the ends of this axle being supported
by a fiame of wood called the block A pulley 1s said to be
movable or fixed according as 1ts block 15 movable or fixed

The weight of the pulley 1s often so small, compared with
the weights which 1t supports, that 1t may be neglected , such a
pulley 1s called a weightless pulley We shall always neglect
the weight of the string or rope which passes round the pulley

We shall also consider the pulley to be perfectly smooth,
80 that the tension of a string which passes round a pulley 15
constant throughout 1ts length

218 We shall discuss three systems of pulleys and shall
follow the usual order, there 18 no particular reason for this
order, but 1t 15 convenient to retain 1t for purposes of reference

FIRST SYSIEM OF PULLEYS KEach strung attached to the
supporting beam  To find the relution between the effort or
“power” and the weght

In this system of pulleys the weight 1s attached to the lowest
pulley, and the string passing roand 1t
has one end attached to the fixed beam,
and the other end attached to the next
highest pulley , the string passing round
the latter pulley has one end attached
to the fixed beam, and the other to the
next pulley, and so on, the effort 18
applied to the free end of the last
string

Often there 18 an additional fixed
pulley over which the free end of the
last string passes, the effort may then
be applied as a downward force

Let 4,, 4,, . be the pulleys, be-

w
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ginning from the lowest, and let the tensions of the strings
passing round them be Ty, 1y, ... Let W be the weight and
P the effort.

For the eqmhbrium of the pulleys 4,, 4,, .. we have, 1f
W, Wy, ... be their weights,

T.=%V+ I,= i(T.+w,)—~+ L+ 3

w,
5

T,= *(T,+w.)——+ 1y 0 +

22
If there were n movable pulleys, we should have finally
P= T,.——+2,, 2,,_,+ +—§~
2P =W w4 2w+ 2w+ .+ 20wy
If the weight of each pulley 1s w, then
2P=W4+w(l+2+2+ ..+ 2")=W+w (@ -1)
It follows that the mechanical advantage, % , depends on
the weight of the pulleys.
Let R be the stress on the beam Since R, together with the force P,
supports the system of pulleys, together with the weight W, we have
R4 P=W+uy4wg+.. +w,

219  VERIFICATION OF THE PRINCIPLE OF WoRk. If the
weight W be rased through a distance z, the pulley 4, would,
1f the distance 4,4, remained unchanged, rise a distance @, but,
at the same time, the length of the string joiming 4, to the
beam 18 shortened by z, and a portion & of the string therefore
slips round 4,, hence, altogether, the pulley 4, rises through a
distance 22,

Similarly, the pulley 4, rises a distance 4, the pulley 4,
a distance 8z, and finally the pulley 4, a distance 2"z

Since A, nses a distance 2"~'z, the strings joining 1t to the
beam and to the pomnt at which P 1s applied both shorten by
271 Hence, since the slack string runs round the pulley 4,,
the point of application of P rises through 2"z

Hence the work done on the weight and the weights of the
pulleys=W.z4+w, 2+ w,.2z0+w, dz+w, 8z+ +w, 2"z

=2 P, by the last article, = work done by the effort.
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220 SECOND SYSTEM OF PULLEYS The same string passing
round all the pulleys  To find the relation between the effurt and

In this system there are two blocks, each containing pulleys

the upper block being fixed and
the lower block movable The
same string passes round all the
pulleys as 1 the figures and 1s
fastened to either the upper or
the lower block

In either case, let n be the
number of portions of string at
the lower block  Since we have
only one string passing over
smooth pulleys, the tension of
each of these portions 1s P, so
that nP= W +w, where W 18
the weight supported and w 18
the weight of the lower block

In practice the pulleys of each block are often placed parallel

to one another, so that the strings are not mathematically

parallel , they are, however, very approximately parallel, so that

the above relation 1s still very approximately true

221 THIRD SYSTEM OF PULLEYS Al
the stings attached to the werght  To find
the relutron between the effort and the
weight

In this system the string passing round
any pulley 1s attached at one end to a bar,
from which the weight 1s suspended, and
at the other end to the next lower pulley,
the string round the lowest pulley 1s at-
tached at one end to the bar, whilst at
the other end of this string the power 1s
applied. In this system the upper pulley
15 fixed

Let A,, 4, 4,, be the movable
pulleys, beginning fiom the lowest, and let

———

0

Te
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the tensions of the strings passing round these pulleys re-
spectively be Ty, Ty, To,
If the power be P, we have clearly Ty = P
Considering the equilibrium of the pulleys i order, we
have, if w,, w,, be therr weights,
T,=2T,+w,=2P +w,
Ty=2T,+ w, = 2P + 2uy + w,,
T,= 2Ty + wy = 2°P + 2'w, + 2w, + w,,
=2 P4 22w, + 2" 2w, + . o+ Wny
If there were n pulleys, of which (n — 1) would be movable,
we should have, from the equilibrium of the bar,
W=Tp+ Toa+ +0+1
=2~ 1) P+ (2" = D wy + (22— Dy + .0
+@ =D wna+ 2=Dwpn . (D)
If the weights of the pulleys are all equal to w, this gives
W=@-1)P+w[2+2%+ . +2-(n-1)]
=@ -1)P+w[2"—n-1]

Stress on the supporting beam This stress balances the effort, the

weight, and the weight of the pulleys, and therefore equals
P+ Wrwm+wpt +u,

222 In this system we observe that, the greater the weight of each
pullo, the less 13 P required to be in order that 1t may support a given
weight W Hence the weights of the pulleys assist the effort I the
weights of the pulleys be properly chosen, the system will remam
equilibrium without the application of any eflort whateser

For example, suppose we have three movable pulleys, each of weight w,
the relation (1) of the last article will become W=15P+11w

Hence, if 11w = IV, we have P zero, so that no power need be applied
at the free end of the string to preserve equilibrium

223 The bar supporting the weight W will not remam horizontal,
unloss the point at which the weight 13 attached be properly chosen In
any particular case the proper point of attachment can b easily found

In the figure of Art 221 let the distances between the pownts D, F, F,
and G, at which the strings are attached, be successively «, and lot the
powt at which the weight 15 attached be X

The resultant of T, Ty, T, and 74 must pass through X

Hence by Art 34, 1f the weights of the pulleys are neglected,

DX T.x0+T,xa+T,x2a+T,x3a=4P a+2P 2a+P 3a
= T+ T+ i+ Ty SP+aPY2P+P

110E
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224, This system of pulleys was not however designed in
order to hit weights If 1t be used for that purpose 1t 1s soon
found to be unworkable Its use 1s to give a short strong pull
For example 1t 15 used on board a yacht to set up the back stay
In the figure of Art 221, DEFG 15 the deck of the yacht to
which the strings are attached and there 1s no W. The strings
to the pulleys 4,, 4,, 45, 4,are inchined to the vertical and the
pomt O 18 at the top of the mast which 1s to be kept erect The
resistance 1n this case 18 the force at O necessary to keep the
mast up, and the effort 18 applied as in the figure.

225 VERIFICATION OF THE PRINCIPLE OF WORK  Suppose
the weight W to ascend through a space ¢ The string
Joming B to the bar shortens by «, and hence the pulley 4,
descends a distance # Since the pulley 4, descends # and
the bar rises z, the string joining 4, to the bar shortens by 2z,
and this portion shides over 4,, hence the pulley 4, descends a
distance equal to 2z together with the distance through which 4,
descends, 1e 4, descends a distance 2z + @, or 3z Hence the
string A,F shortens by 4, which shps over the pulley 4,, so
that the pulley 4, descends a distance 4z together with the
distance through which 4, descends, 1e 4z + 3z, or 7z The
first, second, third, (n — 1)th movable pulleys therefore
descend %, 87, 72, .. (2" — 1)z and the pownt of application of
P descends (2" — 1) z, so that the velocity ratio1s 24 —1

The work done by the effort and the weights of the pulleys
[which 1n this case assist the power]

=P @-Na+u, @ =D +w, (2" -Da+..,
4 BWpy &+ Wo @
=a W, by Art 221,= work done on the weight W.

226 The Wheel and
Axle This machine con-
sists of a strong circular
cyhinder, or axle, termnat-
ng n two pivots, 4 and B,
which can turn freely on
fixed supports To the
cylinder 15 ngidly attached up
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a wheel, CD, the plane of the wheel being perpendicular to
the axle.

Round the axle is coiled a rope, one end of which is firmly
attached to the axle, and the other end of which is attached to
the weight. Round the circumierence of the wheel, in a diree-
tion opposite to that of the first rope, is coiled a second rope,
having one end firmly attached to the wheel, and having the
« power,” o effort, applied at its other end. The circumference
of the wheel is grooved to prevent the rope from slipping off.

If @ be the radius of the axle, and b be the radis of the
wheel, the condition of equilibrium is, by taking moments
about the fixed axis, P.b= W.a cceevrierviniinnnns svseeean(l)e

Hence the mechanical advantage = %’ = 2 = r:;{dl;l:ao:g?l%%telg'

VERIFICATION OF THE PrivcipLE oF Wonk., Let the
machine turn through four right angles. A portion of string
whose length is 2rb becomes unwound from the wheel, and hence
P descends through this distance. At the same time a portion
equal to 27a becomes wound upon the axle, so that W rises
through this distance. The work done by P is therefore P x 27b
and that done against W is W x 2ma. These are equal by the
relation (1). Also the velocity ratio (Art. 211)

- = the mechanical advantage.

Theoretically, by making the quantity % very large, we can
make the mechanical advantage as great as we please ; practi-
cally however there are limits. Since the pressure of the fixed
supports on the axle must balance P and W, it follows that
the thickness of the axle, 4. 2a, must not be reduced unduly,
for then the axle would break. Neither can the radius of the
wheel in practice become very large, for then the machine would
be unwieldy. Hence the possible values of the mechanical
advantage are bounded, in one direction by the strength of our
materials, and in the other direction by the necessity of keeping
the size of the machine within reasonable limits.

227, In Art. 226 we have neglected the thicknesses of the ropes. If,
however, they are too great to be neglected, compared with the radii of the
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wheel and axle, we may take them mto consideration by supposmg the
tensions of the ropes to act along therr middle threads
Suppose the radu of the ropes which pass round the axle and wheel to

be z and y respectively, the distances from the line joming the piiots av
which the tensions now act are (a+2) and (b+y) respectively Hence
the condition of equilibrium 18 P(b+y)= WV (a+z), so that

P _ sum of tho radn of the axle and 1ts rope

W= sum of the 1adi of the wheel and 1ts rope”

228 Other forms of the Wheel and Axle are the Windlass,
used for drawing water from a well, and Capstan, used on board
ship In these machines the effort instead of being applied, as
n Art 226, by means of a rope passing round a cylinder, 18
applied at the ends of a spoke, or spokes, which are wserted
a plane perpendicular to the axle

In the Windlass the axle 1s horizontal, and 1n the Capstan
1t 1s vertical In the latter case
the resistance consists of the ten-
sion T' of the rope round the axle,
and the effort consists of the forces
applied at the ends ot bars inserted
1nto sockets at the pomnt 4 of the
axle. The advantage of pairs of
arms 1s that the stramn on the
bearings of the capstan 1s thereby
much dimimished or destroyed.
The condition of equihibrium may
be obtained as in Art. 226,

229 Differential Wheel and Axle. A dlichtly modified
form of the ordinary wheel and axle 15 the diffierential wheel
and axle. In this machine the axle consists of two cylinders,
having a common axs, jomed at their ends, the radn of the two
cylinders being different  One end of the rope 18 wound round
one of these cylinders, and 1ts other end 18 wound in a contrary
duection round the other cylinder  Upon the slack portion of
the rope 18 slung a pulley to wlich the weight 1s attached  The
part of the rope which passes round the smaller cylinder tends
to turn the machine 1 the same direction as the effort

As betore, let b be the radius of the wheel and let @ and ¢
be the radu of the portions 4C and CB of the axle, a bemng the
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smaller  Since the pulley1s smooth, the tension 7' of the string
round 1t 15 the same throughous 1s length, and hence, tor the
equilibium of the weight, we have 7=}V,

Taking moments about the line A B for the equhbiium of
the machine, we have P b+ 7 a=17.c
We—a w2
=55 and the mechanical advantage = =24
By making the radn ¢ and @ of the two portions of the axle very
nearly equal, we can make the mechanical advantage very gieat
without unduly weakening the machine,

230 Weston’s Differential Pulley.

In this machine there aie two blocks, the upper contans
two pulleys of nearly the same size which turn
together as one pulley, the lower consists of
one pulley to which the weight W 1s attached

The figme represents a section of the
machine An endless chain passes round the
larger of the upper pulleys, then round the lower
pulley and the smaller of the upper pulleys,
the remainder of the chamn hangs slack and 1s
Jomed on to the first portion of the chain  The
effort P 18 apphed as in the figure The chain
1s prevented from shpping by small projections
on the surfaces of the upper pulleys or by de-
pressions 1n the pulleys 1nto which the huks of
the chan fis.
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If T be the tension of the portions of the chain which support
the weight W, we have, since these poitions are approximately
vertical, on neglecting the weight of the chaimn and the lower
pulley, 2T=W .eeevanne (1)

If R and 7 be the radn of the larger and smaller pulleys of
the upper block, we have, by taking moments about the centre
4 of the upper block,

P.R+T r=T R.

Hence
_WR-~r _W_ 2R
T R and the mechanical advantage = F=Ror

Since R and r are neaily equal, this mechanical advantage 1s
therefore very great

The differential pulley-block avoids one great disadvantage
of the differential wheel and axle In the latter machine a very
great amount of rope 1s required 1 order to raise the weight
through an appreciable distance.

231, Wheel and Aalewith the prvot resting on s ough bearings

Let the cential circle represent the pivots 4 or B of Fig,
Art 226 (much magmficd) when
looked at endways.

The resultant action between
these pivots and the bearings on
which they rest must be veitical,
since 1t balances P and W. Also1t
must makean angle X, the angle of
friction, with the noimal at the
pomnt of contact @, 1f we assume
that P 1s just on the point of over-
coming W Hence @ cannot be at
the lowest pomnb of the pivot, but
must be as denoted 1n the figure, where OQ makes an angle &
with the vettical. The resultant reaction at ¢ 1s thus vertical

Since R balances Pand W, * R=P+ W - (1)

Also, by taking moments about O, we have

P.b—R csmra=W.a ... (2),
where ¢ 19 the radius of the pivot and b, & the radu of the wheel
and the axle (as 1 Art. 226).
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a+csmh
P=Wiz csmA’

If P be only just sufficient to support W, e if the machine
be on the point of motion in the direction 7), then, by changing
pa—csm A

b+csmn’

In this case the pomnt of contact @ 1 on the left of the
vertical through

232 The Common Balance. The Common Balance con-
sists of a ngid beam AB, cartying a scale-pan suspended from
each end, which can turn freely about a fulerum O outside the
beam The fulctum and the beam are rigidly connected and,
1f the balance be well constructed, at the pont O 13 a hard steel
wedge, whose edge 18 turned downwaid and which rests on a
small plate of agate

The body to be weighed 1s placed n one scale-pan and in
the other are placed weights, whose magnitudes are known,
these weights are adjusted until the beam of the balance rests
1 a horizontal position  If O be perpendicular to the beam,
and the arms H4 and HB be of equal length, and 1f the centre
of gravity of the beam lie 1 the line O, and the scale-pans be
of equal weight, then the weight of the body 1s the same as the
sum of the weights placed in the other scale-pan

If the weight of the body be not equal to the sum of the
weights placed 1n the other scale-pan, the balance will rest with
the beam mchned to the honizon

In the best balances the beam 1s usually provided with a
long pomnter attached to the beam at H. The end of this
pomnter travels along a graduated scale and, when the beam 1s
horizontal, the ponter 1s vertical and points to the zero gradua-
tion on the scale.

233 To find the position of equihbrium of @ balance when
the weights placed wn the scale-pans are not equal

Let the weights placed 1n the scale-pans be P and W, the
former being the greater, let S be the weight of cach scale-pan,
and let the weight of the beam (and the parts nigidly connected
with 1t) be W', acting at a pont K on OH

[The figure 1 drawn out of proportwn so that the points may
be dastinctly marhed, K s actually very near the beam.]

Hence

the sign of A, we have P, =1
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When in eqmlibrium let the beam be nchned at an angle
8 to the horizontal and let OH =h, OK <k and AH = HB =q.
Let the horizontal through O meet the verticals through 4, K
and B L, G and M

Taking moments about O, we have
(P+S)0L=(W+8)0M+W.0G,
ie (P+8)(acos@~hsmb)=(W +.8)(acosf+hsmnd)+ W.ksmé
P
Wk+(P+W+28)h

234, Requinites of a good balance

(1) The balance must Le true This will be the case 1f the arms of
the balance be equal, if the weights of the scale pans be equal, and if the
centre of gravity of the beam be on the line through the fulcrum perpendi-
cular to the beam , for the beam will now bo horizontal when equal weights
aro placed mn the scale pans

To test whether the balance 1s true, first see 1f the beam 1s horizontal
when the scale-pan 13 empty, and then make the beam horizontal by
putting sufficient weights i one scale-pan to bafnco the weight of a body
placed 1 the other, now interchange the body and the weights , 1f they
still balance one another, the balance must be true, 1f 1n the second case
the beam assumes any position inclined to the vertical, the balance is not
true

(2) The balance must be sensitive, 16 the beam must, for any
difference, however small, between the weights 1n the scale pans, be
chined at an appreciable angle to the horizon

For a gwen difference between P and 1V, tha gieater the mclination of
the beam to the horizon the more sensitive 1s the balance, also the less
the difierence, P— W, between the weights required to produce a given
inclination 6, the greater 1s the sensitiveness of the balance.

. tanf =
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The sensiti is therefora p measured by

tan o
Fow e Y e ey (Aro3)

Thus the sensitiveness of a balance will be great 1f the arm a bo fairly
long n comparison with the distances & and £ and the weight 17" of the
beam be as small as 15 consistent with the length and ngidity of the
machie

If & 18 not zero, 1t follows that the sensitivencss depends on the values
of Pand I, ve depends on the loads i the scale-paus In a balance for
use 1n a chemical laboratory this 18 undesirable Such balances are
therefore made with 4 zero, 1 ¢ with the point 0 m the figure comeding
with H  The sensibthity then varies inversely with , the distance of the
centre of gravity of the beam below O or &

But we must not make both 4 and £ zero , for then the pomnts O and K
would both concide with Z  In this case 1t 18 easily seen that the
balance would either, when the weights in the scale-pans were equal, be in
equilibrium 1 any position or else, 1f the weights 1n the scale-pans were
not equal, that 1t would take up & position as nearly vertical as the
mechanism of the machine would allow

(3) The balance must be stable and must quickly take up 1ts position
of equilibrium

The det,ermmahon of the time taken by the machme to take up 1ts
position of equilibrium 18 1 question  We may
bowever assume that this condition 1s best “satistied when the moment of
the forces about the fulerum O 1s greatest When the weights i the
scale pans are each P, the momcnt of the forces tending to restore
equilibrium

=(P+8)(@cosf+hsn 6)-(P+8)(acosd —hmm 6)+ W' ksind
=[2(P+S)h+ W' Klsm 6

This expression 13 greatest when A and £ are greatest.

Since the balance 18 most sensitive when 4 and £ are small, and most
stable when these quantities ae large, we see that i any balance gieat
sensitiveness and quick weighing are to a certain extent ncompatible In
practice this 13 not very, importaut , for m balances Whero grest sensi-
taveness 1s required (such’as balances used i a laboratory) we can aftord
to sacrifice quickness of weighing, the opposite 15 the case when the
balance 15 used for ordinary commeicial purposes To ensure as much as
possible both the qualities of sensitiveness and quick weighmng, the
balance should be made with fairly hight long arms, and at the same time
the distance of the fulcrum from the beam should be considerable

235, By the method of double weighing the weight of a body may be
accurately determined even 1f the balance be not accurate

Place the body to be weighed 1 one scale-pan and 1n the other pan
put sand, or other sustable material, sufficient to balance the body ~Next
remove the body, and in 1ts place put known weights sufficient to agan
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balance the sand  The weight of the body 18 now clearly equal to the sum
of the weights

This method 18 used even in the case of extremely good machines
when very great accuracy 1s desired It 18 known as Borda's Method

236 The The G ,or Roman, Steelyard
18 o machine for weighing bodies and consists of a bar, AB
movable about a fixed fulcium at a pont 0.

At the pomnt 4 15 attached
a hook or scale-pan to carry Q
the body to be weighed, and !
on the arm CB shdes a mov-
able weight P The pomt at
which P must be placed, m C\\r/
order that the beam may rest
m a honzontal position, de-
termines the weight of the
body 1n the scale-pan  The
arm OB has numbers en-
graved on 1t at different
points of 1ts length, so that
the graduation at which the
weight P rests gives the
weight of the body

Let W’ be the werght of the steclyard and the seale-pan, and
@ be the pomnt of the beam through which 17’ acts  The beam
15 usually constructed so that (¢ lLies in the shorter arm AC

When there 1s no weight i the scale-pan let O be the point
mn CB at which the movable weight £ must be placed to balance
W’ Moments about C give W’ GC'=P (0 (1)

This condition determines the position of the pont O which
15 the zero of graduation

When the weight in the scale-pan 1s W (=nP), let X, be the
pownt at which P must be placed  Taking moments, we have

nP.CA+ W GU=P CXp eererreeese. (1)

From (1) and (n), 0X,=n CA

Hence, to graduate the steelyard, we must mark off from O
successive distances C4, 204, 8C4,  and at their extiemities
put the figures 1,2,3, . The termediate spaces can be
subdivided to shew fractions of P lbs.
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237 The Danish Steelyard consists of a ba1 4 B,terminating
m a heavy knob, or ball, B At 4 13 attached a hook or scale-
pan to carry the body to be weighed

The weight of the body 1s determined by observing about
what pownt of the bar the machine balances  This 18 often done
by having a loop of string, which can slide along the bar, and
finding where the loop must be to give equilibrium

Let P be the weight of the bar and scale-pan, and let G be
their common centre of gravity When a body of weight W
(=nP) 18 placed m the scale-pan, let C be the position of the
fulerum By taking moments about C, we have

AC.nP=AC.W=CG P=(4G~-AC).P.

1
..AC=m AQ.

Hence, to graduate this steelyard, we must mark off from 4
distances equal to § AG,§ 4G, }AG,  and at their extremities
put the figures 1, 2,3, . ..

Sumilarly, for fractional weights, take distances equal to
346, 146G, $4G, ,and at the ends mark }, §, 1,

The point G 15 easily detcrmined since 1t 1s the position of
the fulerum when the steelyard balances without any weight in
the scale-pan

238 The Screw A Screw consists of a cylinder of metal
round the outside of which runs a protuberant thread of metal

Let ABCD be asolid cylinder, and let EFGH be a rectangle,
whose base £F 15 equal to the circumference of the sohd cylinder.
On EH and FG take ponts L, N, Q, .and K, M, P, such
that EL, LN, ..FK, KM, )MP,... are all equal, and jomn
EK, LM, NP, ....
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Wrap the rectangle round the cyhnder, so that the pont £
comneides with 4 and £H with the line AD  The pomt £ will
comneide with B at 4 and the lines EX, LM, NP,  will now
become a continuous spiral line on the surface of the cylmnder
and, 1f we imagine the mectal along this spiral line to become
protuberant, we shall have the thread of a screw.

DG HG
c .
M

K

—F

A

Q
N
L
E

It 1s evident that the thread is an inclined plane running
round the cylinder, and that 1ts inchnation to the horizon 1s the
same everywhere and equal to the angle K EF This angle 1s
often called the angle of the screw, and the distance between two
consecutive threads, measured parallel to the ax1s, 1s often called
the pitch of the screw The pitch 1s also defined by other
writers as the distance advanced along the axis of the screw for

an angular turn equal to umt angle, so that the pitch =12Lf
with this defimtion

Also tan (angle of screw) = {.—FI{
distance between gnccessive threads
= Gircumlerence of a crcle whose tadius 1s the distance from
the axis of any point of the screw
The section of the thread of the screw has, m practice, various
shapes The only kind that we shall consider has the section
rectangular

239 The screw usually works m a fixed support, along the
mside of which 1s cut out a hollow of the same <hape as the
thread of the screw, and along which the thread shdes The
only movement admissible to the sciew 15 to revolve about 1ts
axis, and at the same time to move 1n a direction parallel to 1ts
length If the screw were placed 1n an upright position, and a
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weight placed on 1ts top, the screw would, 1n general, revolve and
descend  Hence, 1f the screw 15 to remain 1 equilibrium, some
force must act on 1t, this force 1s usually applied at one end of
a horizontal arm, the other end of which 1s rigidly attached to
the screw,

240  In a smooth screw, to find the relation between the effort
and the weight

Let a be the distance of any point on the thread of the screw
from 1ts axis, and b the distance,
AB, from the axis of the screw,
of the pont at which the effort
1s apphed

The screw 18 1 equihbrium
under the action of the effort P,
the weight 17, and the reactions
at the pomnts m which the fixed
block touches the thread of the
screw Let R, S, T, .. denote
the reactions of the block at dif-
ferent; points of the thread of the
screw  These will all be perpen-
dicular to the thread of the screw,
sinee 1t 18 smooth, and therefore
do no work as the screw revolves

For each revolution made by the effort-arm the screw rises
through a distance equal to the distance between two consecu-
twve threads Hence, during each revolution, the work done
by the etfort 1s

Px of the circle described by the end of the
effort-arm,

and that done against the weight 18
W x distance between two consecutive threads
These are equal by the Principle of Work, and hence the

mechanical advantage = = 21"{%

. arcumference of a eircle whose radius is the effort-arm
distance between consecutive threads of the screw
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241. Equllibrlum of a rough serew  To find the relation
between the efjort and the 1eswstance m the case of a screw, when
Jriction 1s tal.en wnto account

With the same notation as in Art 240, let the screw be on
the point of motion downwards, so that the
friction acts upwa: ds along the thread R

The vertical pressures of the block are N 7R

R(cosa+ psma), S(cosa+psina),
and the horizontal components of these
pressures are R (sin a — ucos a), §(sina—u cosa),

By resolving vertically, and taking moments about the axis
of the screw, we have

W=(R+S+T+ )(cosa+psina) (1),
and P b=a(R+S+T+ )(ssna—pcosa) 2)
Pb_ sma—pcesa_ sm(a—2)

Henee == et iona=“em(@amh)"

P
,—r::%tan(a—)»)

Similarly, 1f the screw be on the point of motion upwards,
we have, by changing the sign of g,
P, asma+pcosa _a
W= boosa—poa b MmN
If the effort have any value between P and P, the screw
will be mn equilibrium, but the fiiction will not be himiting
firction It will be noted that 1f the angle a of the screw be
equal to the angle of friction, A, then the value of the effort P
18zero In this case the serew will just remain 1n equilibiium
supported only by the friction along the thread of the screw
If a<n, P will be negative, te the screw will not descend
unless 16 18 forced down

242 Th Iy, the mech 1 ad 1n the case of
the screw can be made as large as we please, by decreasing
sufficiently the distance between the threads of the screw. In
practice, however, this 1 mpossible, for, 1f we diminish the
distance between the threads to too small a quantity, the threads
themselves would not be sufficiently strong to bear the strain
put upon them

By means of Hunter's Differential Screw this difficulty
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may be overcome. In this machine we have a screw 4 D working
1 a fixed block. The mside of the screw 4D 1s hollow and 15
grooved to admit a smaller screw DE. The sciew DE 1s tastened
at E to a block, so that 1t can-
not rotate, but can only move 1 !
the direction of 1ts length. Yw

When the effort-arm 4B has )
made one revolution, the screw
AD has advanced a distance
equal to the distance between
two consecutive threads, and ab =
the same time the smaller screw
goes mnto DA a distance equal ~
to the distance between two ‘
consecutivethreads of the smaller L
screw. Hence the smaller screw, il
and therefore also the weight, \E}j\ o “p
advances a distance equal to the ~$~\ g
dyfference of these two distances

Hence, jusb as 1 Art. 240, 1f the screw be smooth we have
by the Prineiple of Work

w

BN
m)

g

_ 27b
P T 2ratana- 27 tand

_crcum_of the circle deseribed by the end of the power-arm

duffe of the d between e threads of

the two screws.

By making the distances between consecutive threadsof the
two serews nearly equal, we can make the mechanical advantage
very great without weakening the machine.

243 The Wedge 1s a piece of iron, or metal, which has
two plane faces meeting 1n a sharp edge
It 15 used to splht wood or other tough
substances, its edge being forced m by
repeated blows applied by a hammer to
1ts upper surface.

The problem of the action of a wedge
18 essentially a dynamical one  We shall
only consider the statical problem when
the wedge 15 just kept 1n hib by

a steady force applied to 1ts upper surface.
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Let ABC be a section of the wedge and let its faces be
equally inclined to the base BC'  Let the angle CAB be a.

Let P be the force applied to the upper face, R and R’ the
normal reactions of the wood at the points where the wedge
touches the wood, and wR and wR' the frictions, 1t being
assumed that the wedge 1s on the pomt of being pushed m.
Let P be applied at the middle pomnt of BC in a direction
perpendicular to BC, and let the weight of the wedge be
neghgible 1n companson with P.

Resolving along and perpendicular to BC, we have

;:.Rsmg—-Rcos%=;nR'sm%—R'cos§ e (D),

and P=u(R+R’)cosg+(R+R’)smg )

Hence R=FR/, and % ——T o cosd .
« x «
peosgtsmg S (§+7\.)
1f A be the coefficient of friction

The sphitting power of the wedge 18 measured by R For a
given force P this splitting power 1s therefore greatest when «
15 least. Theoretically this will be when a 15 zero, 1 e when the
wedge 18 of infinitesimal strength  Practically the wedge has
the greatest splitting power when 16 18 made with as small an

angle as 1s consistent with 1ts strength

244, Tf the force of compression exerted by the wood on the wedge be
great enough, the force 2 may not be large enough to make the wedge on
the point ot motion down , n fact the wedge may be on the point of being
forced out. If P, be the value of P n this case, its value 1s found by
changing the sign of p 1n Art 243, so that we should have

P=2n sm;—pm;) —2RsecAsin (g -x) .
16 5 be > A, the valus of £ 1s posttive

it gbe <\, P, 18 negative and the wedge could therefore only be on
the pownt of slipping out 1f & pull were applied to 1ts upper surface
i ;=>\, the wedge will Just stick fast without the application of any

force.
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246 'The Inclined Plane The Inclined Plane, considered
as a mechanical power, 18 a ngid plane 1nchned at an angle to
the horizon

It 15 used to facilitate the raising of heavy bodies

The equilibrium of a particle on an mclined plane has already
been considered m Arts 78—80

To find the work done wm dragging a body up a rough
wnclined plane by means of a fo1 ce parallel to the plane

As 1 Art 78 the force P, which would just move the body
up the plane 15 W (sin @ + p cos a)

Hence the work done 1n diagging 1t from A4 to C'= P, AC

=W ACsma+pW ACcosa=W BC+uW AB

=work done 1n dragging the body through the same vertical
height without the intervention of the plane

+ the work done 1n dragging 1t along a horizontal distance equal
to the base of the 1nclined plane and of the same 10ughness
as the plane.

246 From the preceding article we sce that, 1f our inchned
plane be rough, the work done by the power 1s more than the
work done agawnst the weight This 18 true for any machine,
the principle may be expressed thus

In any maclane, the worl. done by the power s equal to the
woi k done against the werght, together unth the work done against
the firctonal resistances of the maclune, and the wor k done uganst
the werghts of the component parts of the maclane

The ratio of the work done on the weight to the work done
by the effort is, for any machine, called the efficiency of the
machine, so that, during any small displacement,

Useful work done by the machine
Work supplied to the machine

Let P, be the effort required if there were no friction, and P

the actual effort Then, by Art 211,

Work done agaimst the weight
= P, x distance through which 1ts pomnt of application moves,

Efficiency =

and work suppled to the machine
=P x distance through which 1ts pownt of application moves.
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Hence, by division,

. _ Py _ Effort when there 18 no friction
TP Actual effort

We can never get nid entirely of frictional resistances, or
make our machine without weight, so that some work must
always be lost through these two causes Hence the efficiency
of the machine can never be so great as umty. The more nearly
the efficiency approaches to unity, the better 1s the machine.

There 18 no machine by whose use we can create work, and
1 practice, however smooth and perfect the machine may be, we
always lose work The only use of any machine 1s to multiply
the force we apply, whilst at the same time the distance through
which the force works 15 more than proportionately lessened

247 Friction exerts such an important mnfluence on the
I working of macl that the th ln:

are not of much actual use and recourse must for any particular
machine be had to expeniment The method 1s the same for all
lands of machines

The velocity ratio can be obtamed by experiment, for in all
machines 1t equals the distance through which the effort moves
divided by the corresponding distance through which the weight,
or resistance, moves Call 1t n

Let the weight raised be W. Then the theoretical effort Py,

corresponding to no friction, IB%/ Find by expermment the

actual value of the effort P which just raises W The actual

mechamcal advantage of the machine 15 I—; , and the efficiency

of 1125, by Art 246, 2%,
248, Asanexample take the case of a class room model of a differential
wheel and axle on which some experiments weie peiformed The machine
was pot at all i good condition and was not cleancd before use, and no
lubricants were used for the bearings of either 1t or 1ts pulley
With the notation of Art 229 the values of @, b, and ¢ were found to be

13, 6}, and 3 1nches, so that the value of the veloaity ratio n-c_*_ia =9,

This value was also venfied by experiment, for 1t was found that for
every wch that W went up, P went down mine inches
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P was mensured by means of weights put 1nto a scale-pan whose
weight 18 weluded m that of P, sumlarly for W The woight of the
pulley to which ¥ 1s attiched was also wcluded 1n the weight of W

7The corresponding values of 2 and ¥, grammes’ weight, aze given 1
the following table, the value of P was that which just overcame the
weight W The third column gives the cortesponding values of Py, 16
the eflort which would have beon required had there been no frictional

resistances

w _P, w

w P Po=yp =3 | M=}

50 28 555 2 179
100 36 11 31 278
150 45 1667 37 33
250 60 2778 16 417
450 % 50 56 5
650 ny 7292 61 546
850 147 9114 64 578
1050 175 11667 67 6
1250 203 13588 68 616
1450 232 16111 694 625

The fourth column gives the values of E, the corresponding efficiency,
and the last column gives the values ot 4/, the mechamcal advantage

On plotting out on squared paper the above results, the points giving
P are found to roughly be on a straight line going through the third and
last of the above Hence the relation between £ and Wis of the form
P=aWW+b, where a and b are constants

Also  P=45 when W=150, and P=232 when W=1450

Hence a= 144 and b=23 4 approximately, so that P= 144 W 423 4

This 18 called the Law of the Machine

Also Py=}W=111W

L) MY dr= 'Tf'

Hence  E=p=igwimi STaawyesi

These give E and M for any weight W

The values of £ and M get bigger as W increases Assuming the
above value of £ to be true for all values of W, then 1ts greatest value 1s
when W 1s nfimtely great, and 1s then about 77, 80 that 1n this machine
at least 239/, of the work put mto 1t 18 lost

So the greatest value of the mechamcal asdvantage= ﬁ-nbout 3

If the machine had been well cleaned and lubricated before the
experiment, much better results would of course have been obtained
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249, Just as in the example of the last article, so, with any other
wachine, the actual efhciency 18 found to fall considerably short of umty

There 18 one practical advautage which, 1n general, belongs to machmes
having & comparatively small ethciency 1t can be shewn that, w any
machine 10 which the maguitude of the effort applied has no ettect on the
friction, the load does not run down of its own accord when no efiort 18
apphed provided that the efficiency 18 less than 3 Examples of such
machmes are a Screw whose angle 13 small aud whose * Power ” or etlort
18 applied honzontally as i Art 241, and an Inclined Plane where the
effort acts up the plane

In machunes where the friction does depend on the effort applied no
such general rulo can be theoretically proved, and each case must be
cons dered separately  But 1t may be taken as a rough general rule that
where the effort has a comparatively small efiect on the amount of friction
then the load will not run down 1f the efficiency be less than 3 Such
& macline 18 said not to “reverse” or *overhaul ”

Thus 1 the case of the Differential Pulley (Art 230), as usually
constructed the effiiency 1s less than §, and the load W does not run
down when no force P18 applicd, that 13, when the machine 1s left alone
and the chain let go  This property of not overhauling compensates, 1n
great measure, for the comparatively small efficiency

1n a wheel and axle the mechanical advantage 18 usually great and the
efficiency usually considerably more than }, but the tact that 1t reverses
does not always make 1t & more useful machine than the Differential
Pulley

The student, who desires further information as to the practical
working of machnes, should consult Sir Robert Ball’s Ezperunental
Mechanics or other works on Applied Mechanies.

EXAMPLES

L If the centre of gravity of a wheel and axle be at a distance a from
the axis, shew that the wheel can rest with the plane through the axis and
the centre of gravity inchned at au angle less than 6 to the vertical, where

1m.0=2 6109, b borng the raduus of tho axle, and ¢ the angle of frction.

2. The arms of & balance are equal in length but the beam 15 unpustly
Toaded , 1f a body be placed 1n sticcession 1n each scale-pan and weighed, shew
that 1ts true weight 13 the arithmetic mean between 1ts apparent weights

8 The arms of a balance are of unequal length, but the beam
remains 1n & horizontal position when the scale pans are not loaded , shew
that, 1f a body be placed successively in each sale-pan, 1ts true weight 18
the geometrical mean between 1ts apparent weights

Shew also that if a tradesman appear to weigh out equal quantities of
the same substance, using alternately each of the scale-pans, he will
defraud bumself

s 9
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4. If abalance be unjustly weighted, and have unequal arms, and if &
tradesman weigh out to & custower a quantity of some substance by
weighing equal portions in the two scale-pans, shew that he will defraud
humself 1f the centre of gravity of the beaw be n the longer arm

5. Acommon steelyard 1s graduated on the assumption that ts weight
15 @ and the movable weight 18 I, both which assumptions are incorrect
If two masses whose real weights are 2 and £ appear to weigh P+.X and
R+ Y, shew that the weight of the movablo weigkt and the steelyard are
loss thn thorr assumed values by (X~ ) and 3 (X 1) £PY-EX),
where D=P~R+X- ¥, and b and a are tho distances (both measured 1n
the same direction) from the fulcrum to the centre of grawty of the bar
and to the point of attachment of the substance to be weighed

Shew also that & body whose real weight 15 § appears to weigh

S+S(X-Y)Pt27—lix.

6. Shew that the eficwency of @ screw 1s greatest when ws angle 1
45°— ;

The force required to lift the weight W, when there 1s friction, 18
W tan (a+), and, when thero 18 no friction, 1t 13 W3tana

Asn Art 247 the efficiency, %, =the ratio of these

- tena 810 (2a+1) ~sm A -1 2sin )
fan(a+d) “smn(@atN)+smA T T Sm(Za M) Femd

«*. E 18 greatest when 2a +\=90"

7. An ordinary block and tackle has two pulleys m the lower block
and two in the upper What forco must be exerted to ft a load of
3001bs 7 If on account of friction a given force will only hft 45 times as
much a8 1f the system were frictionless, find the force required

[75 1bs , 1663 Ibs ]

8. Ina block and tackle the veloaity ratio 188 1. The friction 1s
such that only 55 of the force applied can be usefully employed Find
what force will raise 6 cwt by 1ts use. (1 owt ]

9 In some experiments with & screw-jack the values of the load
were 150, 180, 210, 240 and 270 Ibs wt and the corresponding values of
the effort, 2 were found to be 209, 227, 2575, 254 and 314 Ibs wt,,
assuming that P=a+bW, find the approximste values of a and b,

[53, 097)
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10  In some experiments with s model block and tackle (the second
system of pulleys), the valucs of W (including the weight of the lower
block) and £ expressed 1 grammes weight were found to be as follows

W=15, 175, 215, 475, 675, 875, 1075,
P=2, 48, 71, 119, 166, 214, 264

Also there were five strngs at the lower block. Find an approximate
relation between £ and W, and the corresponding values for the efficiency
and mechsnical advantage Draw the graphs of 2, P, £, and i

[P=73+ 238 W]

11 The following table gives the load 1n tons upon & crane, and the
corresponding effort in Ibs wt.
Load 1, 3, 5 7T, 8 10, 1L
Effort 9, 20, 28, 37, 42, 51, 56
Find the approximate law of the machine, and calculate the efficiency
at the loads 5 and 10 tons, given that the veloaity ratio is 500
[P=43+47W, 8and 88]

12 A weight 15 hifted by a screw-jack, of pitch } inch, the force being
applied at nght angles to a lever of length 15 inches The values of the
weight 1n tons, and the corresponding force 1 lbs, are given i the
following table

Weight 1, 25, 6 7, 8 10
Force 24, 32, 46, 57, 63, 73

Find the approximate law of the machine, and calculate its efficiency
for the weights 4 and 9 tons. [P=186+5bW, 69 and 79]



CITAPTER XIII
EQUILIBRIUM OF STRINGS AND CHAINS

250 A perrFECTLY flexible string is such that the action
across any normal section of 1t 13 a single force whose direction
15 along the tangent to the string  Thus section 1s supposed to
be so small that the string may be treated as a curved line
The string offers no resistance to being bent at any point and
hence possesses no rigidity of shape. A chain, whose links are
very small and perfectly smooth, may be treated as a flexible
string

In the case of a string which 1s not perfectly flexible, or of a
wire, the actions across any normal section do not reduce to a
single tangential force, but to a single force and a couple as we
have already seen mn Chapter VIL

251 A umform heavy inextensible string hangs freely under
the actin of grawmty, to find the equation of the curve wiach 1
JSorms,
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Let C be the lowest pomnt of the curve, P any point of the
string such that the arc CP =g, let T be the tension at P and
T, the tension at C.

Then the portion CP of the string 18 n equilibrium under
the action of T, Ty, and 1ts weight, which 15 ws, where w 1s
the weight of the string per umt of length ,

If ¥ be the mchnation of the tangentat P to the horizontal,
we then have

Teosyr =Ty eeeerreenn wesanee (1),
and Tomyr=ws e e oo (2)

Let the tension at the lowest point be equal to the weight

of & length ¢ of the string, so that 7}, = we, and hence

Gun\b=E=%. ...... @),

e (dll = —,1f the axes of # and y be respectively horizontal and

vertical Dxﬂ'erentmtmg, we have
dy 1ds 1 »
dy _lds 1 /i, (dy) .

de* " cdz ¢

On mtegration, log [ «/ 1 + jl - ’g + const

If the axis of y be taken to pass through C, we have % =0

when « = 0, and hence this constant vanishes

Now ——+/\/l+ y)*

fu
dy+\/1+

Hence, by subtraction,

)
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L} P
On 1ntegration, y=% [a” +e '] +4.

If the ongin O be taken at a depth ¢ below C, we have
y=c when =0, and hence 4 =0,
The equation to the curve with the axes so chosen 1s thus
5 e
y= g [e" +e "] =c coshg creaneeen (B)

This curve is known as the Common Catenary, and Oz 13
called 1ts Directrix

Equations (3) and (4) give

8= cl:un\lr—cdz 2[2 —e ‘_’:|=csmh§ v «i(6)

From these two equations we have

P=CH® e W}
This, together with equation (3), gives
y=csecy and s=ctany ... . (8)

If PN be the ordinate at P and N'Y be drawn perpendicular

to PT, then the angle YNP =y and hence, from (8), we have
NY=¢=0C,

and PY = 5 = the arc CP.

(1) now gives T = wesecyr = wy,
ve the tenswon at any powmt P of a Catenary 1 equal to the werght
of the portion of the string whose length 1s the vertwal dustance
between P and the durectria.

The quantity ¢, which defines the size of the Catenary,1s
called 1ts Parameter.

252 Forall values of ¢,an approximation to the form of the
curve for small values of & 18 2¢ (y—c)=4*, this 13 seen from
equation (5) of the last article by expanding the nght-hand side
m powers of 2 Hence, i the neighbourhood of the lowest point
of the Catenary, the curve approximates in form to a parabola.

z

For large values of @ compared with c, the value of PR
neghgible, and the Catenary then approximates 1n shape to the
Exponential Curve
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258 Ex L 4 umform chawn, of length 9, has s ends attached to
two points 1 the same hurzontal lme at a distance %a apart  If { s only
@ luttle greater than a, shew that the tension of the chain w approzumately

rF

equal to the weight of a length o) of the chawn, and that the  sag,”
or depresion. of the lowest pownt of the chan bolow vts ends, 18 3 \/Ga (T =a)
nearly

Snce # 18 very little greater than a, the tension of the chain must be

very great and hence ¢ must be large
_.].
Tho Exponential Theorem zives, on expanding,
c a at a a’
[ §[ S +...]_a+@+l-——w
s
a= g_c" and hence ¢=
30 that the tension at the lowest point 15 equal to a weight of this length
of the cham

The srdinate of the end of the cham 15, by equation (5) of Art 251,
gven by

2 n 3 ot
y-g[c°+o ']=§[¢+2 s+ 2—":3+ .]=¢+;ﬁ+;T‘,+ .
Honce the sag of the lowest pomt

-y—ctgnwrox =%’«/ QQ‘;ZQ-WGTGTE).
It follows sasily that if d be the sag of the lowest pomt, then the
senston thers @ approximately equal to a langth 2’—; of the chain.
Ex 2 A bos hte s flymng ot @ heght h with a length U of wnre pand
out, and wnth the vertex of the catenary on the ground, shew that at the kute
the snclunation of the wrs 0 the grownd s 2.tan~"", and that s tensions

nap o
there and at the ground ars v~ and w=— =, whers w 1 the weight of

the wire per unat of length
With the figure of Art 251, P 1s the kite and ¢ 15 on the ground, so
that ¥P=A+c and hence, from the tnangle N ¥P,
(h+cp=NY'4 YPi=4D

LBk ryR
. o= —yrmd NP=c+h= 25"

quation (6) of Art 251 then becomes I I:c

A first approximation is then [—

a-m »
A!aocoa\b-u_ih=m,wm“-m¥-—i

Also the required tonsions at P and C arew PN and w o
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Ex 3 A heavy umform string 90 inches long hangs over two smooth
peg at different hewhts  The parts which hang vertically are of lengths 30
and 33 vuches  P’rove that the vertex of the catenury divides the whole string
wn the rano 4 5, and find the distance between the pegs

Let 5 and 55 be the arcual distances of the two pegs from the vertex ¢
of the catenary, so that s, +8,=27 If ¢ be the pirameter of the catenary
then, by equation (7) of Art 251, &2+ ct=30¢ and & +¢*=33?, for the ends
of the strings must e on the directrix of the catenary by the last property
of At 251, siuce the tension of the string 1s unaltered by 1ts passing round
& swooth peg

- _ 5+30_4

Houco, casly, =10, =17 ad =202, so that 8770 &
Also, from equation (5) of Art 251, we have
,=,,1.)g}+_~/u’ .

B
Hence, when y=30 or 33, =102 log, 2, or 10J/21log, 28
2+ 73=207/2 log, 2 5 =28 284 x 9163 =2592,

80 that the horizontal and vertical distances between the pegs are 2592
and 3 inches

Ex 4 A wuform chawm, of length 21 and weght W, 1s suspended from
two pownts, A and B,n the same horzontal lne 4 load P s now suspended
from the mudills pownt D of the string , 1f AB=2a, find the depth below AB
of the final position of D

Let C bo the lowest pornt of the catenary of which D4 18 a part, let
1ts parameter be ¢, let the arc CO=sand let the ordinate of Dbey Then

Pe=vertical component of the tensions at D=27sin y (Art 251)
W 3 s
=2 gy =]
Also, by equation (7) of Art 251,

o=yl and (s+02+d=(y+ A
1f h bo the required depth

e (1),

R Wi2P b

%W T2 - @

Also, 1f z be the abscissa of D, then by equations (5) and (6) of Art. 251,
z zta

These oquations gve =2, and y=

we have y+o=c’y and y4htstizce ©
A
o h+i
C=140
On substitution from (1) and (2), we have an equation to give A
Ex. 5. A chawn, of length 2l s hung over two small smooth pullays

which are wn the same horzontal lme at a distance 2a upart, to pind the
postons of equilibrum and to determins wheiher they are eiable.
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Since the tenon of the cham e a
18 unaltered by passing over the
pulley, and simce ob one side 1t 18
equal to the weight of the fie part,
4\, and on the other 1t 18 cqual to
the weight of the chamn that would
steteh verticlly down to the
directnix (Art 251), 1t follows that
& and alvo ¥ Lie on the duectrix
of the catenary

¢ a s o e
Hence  l=arc CA+hino 4N= [.‘-e ‘]+; I:e” +e "]=w" (1),

where ¢ 18 the parameter of the catenary
Equation (1) cannot bo solved algebraically, but a graphic solution
may be obtamed as follows when o aud { are given numencally

Put=X, then e¥=lx ..
: a

N” [} N T

.. e (2)

Draw the curve F'=¢" and
the straight Ime T= £ X

The points, Qand R, 1n which
they cut give, on measurement
of their abscissae, approximate
solutions for X and hence for o
1t 15 clear that there will be two
real, cocident or imagiary
solutions according as

L suanrox,

where OP 18 the tangent from O
to the curve
Now P 18 given by

Y dy
gt POX=3p=d"<¥,

and 1s therefore the pomnt (1, ),
86 that tan PO.Y =¢

There aro therefore two, one, or
no possiblo catenaries according as
12 ae

One catenary will be somewhat as

drawn 1n the first figure and the other
as 1o the annexed one

The parameter ¢ of the first case 18
clearly greater than 1n the second.
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Stability or wnstabilty By Ex. 8 of Art. 144 the height of the

centroid of the catenary above 1ts directrix = w

1t depth below 44’y — XY P22

Hence the depth below 44’ of the ¢ @ of the whole chain
yx —zc

+2 § 2 _ gt +ys~zo
2a+2y 2(y+a)

s =9,
Now 1 the ahovo case s=a, y= (e °) .-;(« - ‘).

a
and l=y+s=ce®
. depth below 44’ of the centre of gravity of the whole chain

. i,
ye’ a_ [ z] Bad=2ac_ (B-a?)+(c-a)
@ o
M

Hence, the groater ¢, the grea,ter 15 the depth of the centre of granity
bolow 44 Hence the first form of the possible curves 1 the stable one,
and the second 1 the unstable

Ex 6. A umform heovy string of gwen length U s attached to two
pownts P and @, the latter pount beng at horizontal and vertwcal distances,
hand k, from P, to find the parameter ¢ of the mtenary m which at rests

Let P be the point (z, y) ceferred to the directrix Oz and the vertical
line through the lowest point Of the Matenary (Art 251)

Then the equations of that article give

2
v=: [e +e "] a,
h_aeh
y+b=g[." +e °] .. . L@,
e _ath
3 2
and z-.q-.P=§[. C ]-§
wh 2 2
o Lk=cs © —cddmee® (1) e . . (@),
zth
and U-km—cs ° +co © one (6)

A A Ao M
BB [ -2re ], grng £VETB=c[F -6 ¥] .0
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This equation cannot be solved algebrawcally, A graphio solution
may be obtamed by putting é:x, 50 that (6) gives
VEZB
1

sinh Y=+ P G ()

and hence X is given as the pownt 1n which the straight hnes

res V0 By

meet the curve Y=sinh X

On drawing the curve we obtan two equal and oppomte values for X,

3

and hence two equal and oppostte values for ¢, pronided that */”; LS
te provided that 713 greater than the length PQ

The value of ¢ being now known to any degree of approxmation,
equation (4) gives z and then equation (1) gives y The solution 18
therefore complete It 18 clear that only the positive value of ¢ need be
taken. For a negative value of ¢ would make y negative

Supposing that & value .X) as an approximate solution of (7) has been
obtained by graphic methods, a further approximation may be obtamed

VIR
3
we have to solve simh Y= X, where ¥, 1s an approximate solution
Putting X=X, + ¢, where £ 15 small, we have
snh (Xi+8) =X (X, +£),
ra mnh X, +£cosh X, +.. =A(X;+£), by Taylor's theorem
Hence, neglecting squares of £, we have
AR - smh snh ¥, /E-F X, —hanh X,
=B Tiox Theoh X,— YE-R '
80 that X;+¢1s a second approximation,

>1,

by analysis. For, taking the upper sign 1 (6) and putting

=X

EXAMPLES

1. Shew that the maximum tension 1 & wire which weighs 15 1b
per yard and hangs with a sag of 1 foot mn & horizontal spsn of 100 feet
18 about 624 lbs Wt.

2. A telograph 1s constructed of No 8 wron wire which weighs 7 31bs
per 100 feet, the distance between the posts 13 150 feet and the wire
sags 1 foot n the muiddle Shew that 1t 18 screwed up to a tension of
about 205 lbs wt

3 A trolley-wire 1s carmed on poles round a curve of 1200 feet radius.
The polea are 40 yards apart, aod 1n the middle of each span the wire
sags down 6 inches below the points of support.  1f the wire weighs 14 Ibs.
per yard, shew that the resultant horizontal pull on each pole 18 very
nearly 180 lbs wt.
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4. From statical considerations shew that the tangenta at any two
pownts P and @ of a Common Catenary intersect on the vertical through
the centre of gravity G of tho arc £Q

5 A umform heavy cham, of length 155 feet, 18 suspended from two
points 1 & honzontal plane which are 150 feet apart, shew that the
tension at the lowest point 15 nearly 108 timos the weight of the chamn

6. If a umform chamn be fixed at 1ts ends, and any number of its
Tinks be free to move along smooth honzontal wires m the same vertical
plane as the chai, shew that the parts of the chain between these
successive links are all arcs of the same catenary,

7. If the veloaity of the wind be the same at all heights, and 1ts
effect on the string attached to a kite be neghgible, shew that as the kite
ascends the force 1equired to hold 1t dimnishes

« 8 A uniform cham, of length 20 and weight W, 18 suspended from
two pomts, 4 and B, m the same horzontal hne A load P 18 now
suspended from the middle pownt D of the cham and the depth of this
powt below 4515 found to be . Shew that each terminal tension 18

1 4 R4l
! [P Frwit '1
9 An melastio string, of length 20 and weight w per umt of length,
18 suspended from two points at the same lovel and at 4 distance 2d apart.

Find equations to determine the lowest point of the string below the
pont of suspension.

10 _A heavy umform string, of length I, is suspended from a fixed
pomt 4, and 1t otber end B 18 pulled horizontally by a force equal to the
weight of a length a of the string  Shew that the horizontal and vertical

distances between 4 and B are o mh"énuﬂ Jitai-a.

11 A unmform chai, of length %, 18 to be suspended from two pomnts,
4 and B, 1n tho same horizontal line 8o that either terminal tension 18
7 times that at the lowest point. Shew that the span 4 8 must be
?
— =1
Ty los [T

It {=100 feet and n=3 shcw, from the Tables, that the length
about 623 feet.

x 12, A cham reaches vertically to the ground from the bows of & ship
about to be launched, and 18 then laid 1n & straight hoe away from the
ship for a distance of 80 yards Its end 18 attached to a heavy anchor
which requires a horizontal pull of 25 tons to move 1t The vertical part
of the cham 1 50 feet long What must the cham weigh per foot 1
ordor that, when 1ts whole longth 18 Lifted off the ground by the ship
moving horizontally, the tension may be just sufficient to move the
anchor? {686 ba]
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13 A barge 18 tied by a umform cham, 20 feet long, one end of which
18 attached to the bow B and the other to the top 4 of a post, 4 being
12 feet higher than B, the stream exerts a force of 74 Ibs weight on the
barge and the chai has a mass of § Ib per foot, shew that the distance
of B from the vertical through 4 1s 30 log, § feet.

14 A wire 140 yards long hangs between two points, 138 yands apart
horzontally and 60 feet vertically, shew that the tension at 1ts lowest/
pomnt 18 about 495 lbs wt., the wire weighing half & pound per foot

15 A string, of length {, hangs between two points (not 1 the same
vertical) and makes angles a, 8 with the vertical at the points of support
Shew that, 1t & 18 the hught of one pont above the other and the vertex
of the catenary does not lie between them, then

a-8 a+
k cos —g = leos 5=

16 A heavy cham, of length 2/, has one end tied at 4 and the other
1 attached to a smll heavy rng which can shide on a rough horizontal
rod which passes through 4 If the weight of the ring be n times the
weight of the chain, shew that 1ts greatest possible distance from 4 18

gillog [ +VIFNT, where } —a(2n41)
and u 18 the coefficient of friction

17. One end of a heavy rough uniform string is fastened to a point P
at a height 4 above a table, and a length z[< {—4] of the string rests on
the table in a vertical plane through ”  Shew that the string 1s pulled as
far away from 2 a8 18 possible consistent with equilibrium when 2 18 given
by the equation

22+ ph)z+ B~ 1=0,
‘where 4 18 the coefficient of friction and 7 18 the length of the string

[The tension at the lowest point 19  times the weight of the part on
the table, 8o that c=pz  Also (h+cfimet+(l~2)t]

18 A heavy chatn, of total length Z rests with one end on a rough
table and the other on a rough floor , 1t 1 stretched out as far as possible
80 that the equilibrium 18 himiting, 1f 4 be the coefficient of fiiction both
of the table and floor and b be the height of the table, shew that the
length on the floor 18

[ F_N/_“ﬂ' 3 14
4[“'» 457 |~ g pronded thati>b42.

19 A cham, of length 2! and weight 2, hangs with one end 4
attached to a fixed point 1n a smooth borizontal wire, and the other end B
attached to a smooth ring which slides along the wire  Imitially 4 and B
are together Shew that the work done in drawing the ring along the
wire tall the chain at 4 1s inclined at an angle of 45° to the vertical 18

WI[1-J2+log, (1+72)]

[Use Art. 89 and the rosult of Ex. 2 of Art. 144]
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20 A umform string, of length 184 feet and weight 3 W pounds, hies
on a honzontal smooth table along with a rod, of weight 2 IV pounds, to
the ends of which 1ts ends are attached When the middle pownt of the
string 18 raised to & height 7a, the pressure on the table just vanishes.
Shew that the length of the rod 18 16a log, 2 feet, and that the woik done
®

3 Wa (15+ 64 log, 2) foot-pounds.

21. A telegraph wire 18 made of a given material, and such a length ¢
18 stretched between two posts, distant & apart and of the same height,
as will produce the least possible tension at the posts Shew that

1= % emmh 3, whero X 13 given by tho equation X tanh A=1

254 A string hangs under gravity and it 1s loaded so that
the wenght on each element of 1t s proportional to the horvzontal
projection of that element, to shew that ot will hang w the form
of a parabola.

Let T be the tension at any pownt P and T, that at the
lowest point 4  Draw the tangent
PT and the perpendiculars PN, P
to the honzontal and vertical lines
through 4

Since the weight of each ele-
ment of the string AP 18 propor-
tional to 1ts projection on MP, 1t
18 clear that the abscissa of the
centre of gravity of AP 18 the same
as that of MP, ve the vertical line through the centre of
gravity bisects MP

Hence, since this vertical line must pass through 7, we have

@
AT=TN=§

Now PTN 1s clearly a triangle of forces for the arc 4P.
If then w be the loading per unit of horizontal span of the
string, we have I _ L _wtofdP ‘_‘ﬁ"
8 PITINT T BN
If T, be equal to the load on a length ¢ of the horizontal

span, this gives T-—y_’ w6 &'=2cy, 8o that the curve 1s a

2
parabola of latus rectum 2.
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I3 £l 0y @
Also Towl Pr=wly /y +2
[
- z’+4y‘=

Since the vertical through T’ bisects MP 1t will also bisect
the straight line AP. The curve 1s thus such that the line
parallel to 1ts ax1s through the of two of 1ts
bisects the line joiming their points of contact But this 18 a
fundamental property of the parabola, so that 1t 18 clear without
any analysis that the curve 1s a parabola

w2y +

255 The Catenary, when very tightly stretched, becomes
ultimately a parabola to a first apprommation.

Smnce ¢ 1s the length of the string whose weight 15 equal to
the tension at the lowest powt, 1t becomes very large

The equation to the Catenary, referred to axes through the
lowest poms C, 18

s 2
I i I e &
y+c—2[e +e ]=2[2+2.E‘l,+2 &di». ]

at

z
by the Exponential Theorem, =gty ot
x
e, 2vy=z‘+m+

When ¢ is made very large, a first approximation to the form
of the Catenary 15 therefore the parabola a*=2cy. We
should expect this result from another pomnt of view. For
when the Catenary 18 very tightly stretched 1ts inchination to
the horizontal 18 very small, so that the load on any element,
2. 1ts weight which 13 proportional to the length of the
element, 15 therefore very nearly proportional to the projection
of the element on the horizontal The case of this article 18
then very nearly that of the last artacle.

256 Suspension Bridges In the case of a suspension
bridge we have two chains hung up so as to be parallel, their
ends being firmly fixed to supports, From different powts of
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these chams hang supporting chains or rods which carry the
roadway of the bridge, these supporting rods being usually at
equal horizontal distances from one another

The weight of the chamn itself and the weights of the
supporting rods may be neglected in comparison with the weight
of the roadway. The weight supported by each of the rods may
then be taken to be the weight of equal portions of the roadway,
80 that we have the case of Art 254 Thus the figure of the
chan of a suspension bridge will approximate very closely to
that of a parabola, the closer the supporting bars, and the
hghter they and the chain are in comparison with the roadway,
the more nearly will this figure approach to a parabola.

Ex 1 The wholo load of a suspension bridge 1s 200 tons evenly
distributed over 1ts horizontal span, which 18 150 feet, and 1ts height 15
20 fect,, shew that the tensions at the lowest point and at the points of
support are 187} and 212} tons weight respectively

Ex 2. Shew that the tensions at the ends of a chamn whose span 18
30 feet, the depth at 1ts lowest point below the level of the suppoits 10 feet,
and the load, which 18 uniformly distnbuted across the span, half & ton
per foot run of the span, are each 9 375 tons wt.

Ex. 8. If a cham, of length I and weight W, 18 stretched tightly
between two pomnts A4 and B which are not in the same horizontal and
k18 the vertical depth of the middle point C of the cham below the line 4.8,

shew that the tension of the chain 18 Appmnmawly H

[Draw ac, cb vertical each to represent ?, through a and b draw a0,

80 parallel to the tangents at A and B Then a0, 50, and cO represent
the tensions 7, 7% and T at 4, B, and C.

Since Oa? + 0b*=20c+2¢b?, T34 T"3=2T}

A1s0 7= TET 24 trom the properties of tho Catenary
Ehmnating T,, o have 2T74.27"= (T+T‘— ’%")H W,
But 10 the Lumit, T 77, 60 that this cquation givea
AL LS
w_m

e 7.7 & L ST =g epproximately, mnce £ 1s small ]
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257 General equations of equhbrium of a string which
rests under the actwon of any giwen forces

Suppose the string to be 1 one plane i which the forces
act, Let P be any point
(2, y) of the string, whose

arcual distance from a fixed

pomt 018 8. Let Q be a

pownt very close to P, so

that PQ = 8s, and hence Q

18 the point (@ + 8z, y + 8y). misk
Let T and T+ 87T be

the tensions at P and Q

Let the forces per uniy
of mass of the string at P
be X and Y, so that on the [
element P@ the components pnra"el to the axes are m3s X and
mds Y, where m 18 the mass per umt of length

[Strictly speaking these components do not act at P, but at
the various pomts between P and @, we are however ultunately
taking I°Q very small, 80 that no error 18 introduced by making
them act at P]

The tension at P resolved parallel to the axis of 18 T d_z,
and this 18 clearly equal to some function, f(s), of the arc s,
since 1t depends on the position of P

The tension at @, resvlved parallel to Oz, similarly

=f(s+85)=f(s)+ 8/ (8)+ vuasy by Taylor’s theorem,
dz d dz'
=TE 5L (T5) 4
Equating the forces on PQ 1n the direction of the axis of &,
we then have

TE s X418 +8ad(7' )

+ terms containing squares and higher powers of 8s
After cancelling and diniding by 8s, make 8¢ very suall, ve
make Q approuach wdehnitely close to P, and we have

g;(z' %) P, 0 S ¢ ) X
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Similarly, resolving the forces parallel to the axis of y, we

have
‘%(T %’)+m¥=o L@

If the forces, X and Y, and also the mass m, be known for
every pomnt P of the string, the two equations give 7' at any
pont and also a dutferential equation for the form of the string

258 Ex 1. Suppose the string to be umform and to hang freely
under gravity as in Art 251, Then, the axes being horizontal and vertical,
we have X=0and ¥F=—g

Hence (1) and (2) become

a4

g(r ‘fz’) =0 and z(r%)=mg
Tho first gives 7% = const, =mgo (say), and henoe the honizontal
tension 18 constant throughout the string
On substituting for 7 1n tho second equation, we have & (c Z{) =1,
e D‘{E'E'\/‘ (dJ
‘which 18 the differential equation of Art 251

Ex 2 Let the string be, as 1n the case of tho Suspension Bridge, so
loaded that on each element the weight 13 proportional to the horizontal
projection

Then X=0 and Fis=-23z
Hence (1) and (2) give

‘%(T'i’)w and E(T"'—y %,
o T% cconst =0 and —(c'i'/)sxmf, vo €T oxm

On integrating we see that the curve 15 a parabola, as n Art, 254,
If the mass m of the cham per umit of length vary i any way, we

have sumilarly o
2o\
FAG da:) =mg

If m be given in terms of the position of the element 3s, this equation
gives the form of the curve It also gives the variation of the mass when
the farm of the curve of the string 15 given.

259 Catenary of uniform strength. Let us find the
equation of the curve 1n which a string would hang 1f 1ts mass
at each pownt P were proportional to the tension there, so that
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the strength of the string 1s to be everywhere proportional to
the force 1t has to exert
In this case X =0, Y=—g, and m « T, 1¢ m =T, where
A 18 some constant,
The equations of Art 257 then give
d(ndy

T%=0, and E(T ds) MG v eeen(l)

dy ds
Substituting for T, we have — PR ( dz) =Ag o

e = (z) - [+(@)7]-
(&

On integration, this gives tan™? (: ) gz + Ch

=2Ag.

If we choose the lowest pomnt of the string as origin, then
=0 when =0, and hence C,=
L ody_ _ fa 1_
- E-mo.gz)_tan(a), if S=2g.
Integrating, we have
@ z
y-—alogoosz-alogsec 2

the tant of hing smce # and y vamsh
together

The curve has two vertical asymptotes when z= + g a.
Law of varation of the mass of the string.

From (1), T=C£=0;\/l+(%)l=05ec§.
Hence :-a,logtan(%+é%), if s 18 measured from the
lowest pomnt
. ss+s-“ <4 2ﬂ)+eot (4 %)=25ec—

T-c.wi +c—‘_').
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Hence the mass per umb of length at any point distant s
o s

from the lowest powt varies as § (¢ + ¢ ), 1 e, varies as
8
cosh (&).

260 If the string does not necessanly he 1n one plane, and

X, Y, Z are the component forces parallel to the axes, the
equattons of equilibrium are, similarly as in Art 257,

d (nda

g (T a) +mX =0,

44 e -o

and %(Tg—:) +mZ=0

%f ¥ ‘%i—f FmE =0 coreeerereene (1),

dy  dTdy
d¢,+ad—a+mY=0 SN
d'z  dT dz

and Ta;’-*.m FA +mZ=0 . oorrrree . (3)

Hence T

T

Multiply these equations by %, ::—Z, fT:and add,

then, since (';{)’ + (gg)’ + C%:)' =1, and

BRG]

ar do | ody  ,d»
we have da+m(Xi;+YVs+Z-)=0,

dod's | dydy

Tsds Tds
ds T4 as

re. T=a-fm<x¢z+ Ydy + Zds).

Hence, 1f the external forces have no component along the
tangent to the string, the tension 1s constant,
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Again from (1), (2), and (3) elimmnating 7' wd%‘. we have

X [{lg/d’l dzd’y] e [dz 'z dmd’z]

dsds "~ ds ds* dsds? ~ dsds
dedy  dydd) .
+Z[aa;“agd?-]=°'

Te XN+ Yu+ Zv=0,

where (, p, v) are the direction cosines of the binormal of the
curve in which the string lies

Hence the resulting external force at any pomnt P of the
string 18 perpendicular to the binormal at P, 1e 1t always Les
1n the osculating plane at the pownt P of the string

If we multiply (1), (2), and (3) by %, %, and g and

T d'z d dz
add, e have ?+“(Xw+yzg+zdy)=°'

e Z+mR=0,
P

where p is the radius of curvature, and R is the re<olved part of
the external force along the principal normal whose direction
cosines are d’
'z d'z
PIE P 5—«,” FrE
Once more, mtegrating the first three equations of this
article, we have

dz dy
Tm+fmxds=A, Td—s+meds-=B,
ds
and 7%+ [mzas=c.

Hence the equation of the curve m which the string les is
given by

4-[nXts B-[n¥is C-[mzts
dz = dy dz*
ds ds ds
where 4, B, and C are constanta
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261 String on a given smooth surface under given forces

Let R be the pressure of the surface at any pomt of the
string and (I, my, m,) the direction cosines of the normal drawn
wwards. The equations of equilibrium are then

i(rf)“mx Rb =0 oo .. (1),
%(T§q+m7 Roa=0 e . (2),
and ‘%(T%) +mZ~Rn, =0 coverreres .. (3)

Also the equation of the surface 15 known, say
f@y =0 ... . an (B
Since ng_‘ +m, Z—g +n % 18 proportional to
dfdo_dfdy  dfds
dzds Tdydstdz ds
and is therefore zero, we have, as m Art 260, on multiplying

weey e, @

T=0—fm(Xd:a+ Ydy+ 2ds) e (5)

33 adding and mtegrating,

=C~ 7V, if the external forces are given by a potential function V.
Agam, if from equations (1), (2), (3) we eliminate g and R,
we have

(T'i”+mx) (‘zm —:I—l—xm.)+twoslmllatterms=0

Substituting the above value of 7'1n this we have a differential
equation which, with (4), gives the curve in which the string rests.
262 If m the previous article the string rests under the
action of no external forces, then X =¥ =Z4=0, and hence,
from (5), T'=const = C,
Hence (1), (2), and (3) give
&z &y de dz dy duz
ds _ds _ds i _ds' _ds
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The curve of the string 18 therefore such that 1ts principal
normal comncides with the normal to the suiface, so that the
osculating plane at every powt of the string passes thiough the
normal to the surface, Such a curve 15 called a Geodesic of the
surface, and 15 such that any element I°Q of 1t 1 the shortest
distance on the surface between P and Q.

EXAMPLES
A L In the catenary of umform strength, prove that
z=ay, s=alog(secy+tany), ws\umhs-n, and peacosh’,

where p 18 the radius of curvature and y the inclination of the tangent
to the axis of z

Tence shew that the mass per unit length at any pont varies as the
corresponding radius of curvature

2 A catenary of umiform strength has a span of 50 feet and 1ts total
weight 18 600 Ibs , the density of the matenal 1s 80 Lbs per cubic foot
and the tension 1s 20 Ibs weight per squara ch of its section, find the
equation to 1ts curve, and the areas of 1ts cross sections at its lowest and

z 25 25
Ighest powts [3346 = log, sec & , 16 cot 2 and 15 cosee 22 sq 1na ]

08  If the denwity at any pomnt of a cord vary as the radius of curvature
y

of the curve m which 1t hangs, shew that this curve 18 the catenary of
umform strength

7 4 Shew that the form of the curve of a suspension bridge when the
weight of the rods 18 taken mto account, but the weight of the rest of
the bridge neglected, 18 the orthogonal projection of a catenary, the rods
being supposed vertical and equidistant

o5 Find the form 1 which a cham hangs when the line-density 18
gven by 91; s0ct 2, 7, being the tension at the lowest pomnt sud s being
‘measured from this pomnt. [A circle, of radius a ]
"6 A string, of length ma, 18 fastened to two points of a straight line,
distant 2a from ome another, and 13 repelled by a torce perpendicular to
the line and rests 1o the form of a semn aircle  Show that the force varies
Inversely as the square of the distance from the given line.

& 7. In a non-umform string hanging under grawty the area of the
cross section at any point 1s mnversely proportional to the tenson. Shew
that the curve 18 an arc of a parabola with 1ts axis vertical.

8, If a uniform string hangs i the form of a parabola, wLoss focas
18 8, under the action of normal forces only, shew that the force at auy
pont, P varies nversely as (SP)} and that the tension 18 constant.
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203 Lwht inertensible string resting on a smooth plame
curve

Let PQ be an element 8 of the string, the arc OP being 2
and 0 a hxed pomnt on the curve

Let 7 and I'+ 87 be the tensions at P and Q, the tangents
at which are nchued at angles ¥ and ¥+ 8y to any fixed line,

Let R be the reaction of the curve per umit of length of the
element ’Q, so that the reaction on the element may be taken
to be [t8s acting along the normal at P drawn outwards,

THT

A

L 5

Resolving along the tangent and normal at P, we have
(T+8T)cos =T
and (T+8T)sin S\[r=R83}
To the first order of 8y, we have cos 8¢ =1, and sin 8¢ = 8y
Hence, neglecting squares of smull gquantities, we have

8T=0 et vreeevverrnnee (1),
and T'=R di{i;;=Rp .- .- 2),

where pis the radius of curvature at P. (1) gives T'= constant
Hence the tension of a Light string passing round a smooth
curve 18 constant throughout,

Also (2) gives Roc !, te. the normal reaction varies as the
curvature of the curve.

264  ITeavy string resting against a smooth curve

If the Line from which y 15 measured be honzontal and

taken as the axis of 'z we have, 1n addition to the forces of the
previous article, a vertical force wds actung at P.
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Hence, instead of the equations of the previous article, we
obtain
(T+8T)cos by =T+w 8 sy }

and (T+38T)smn 8y = Ris+w 8s. cosyr
These give, as before,
ST=wds snyr=wdy .... ceveenee (1),
and T%\:=R+wcosqr . (2)

(1) gives T'=C+ wy, assuming w to be constant

Hence, 1f T} and T, be the tensions at two points whose
ordinates are y, and s,

T, - Ty=w (31,

1e 1f a heavy umform string rests aganst a smooth curve the
difference of the tensions atany two points 1s equal to the weight
of a portion of the string whose length 1s equal to the vertical
distance between the two points

When 7' 1s known, then (2) gives

R= % —wcos ¥,

where p 18 the radius of curvature at P,
265, Bx. A heavy uniform string rests symmetrically on & smooth
catenary whose azms w vertical and vertex upwards, find the tension and

pressure on the curve at any pornt
The equations of the previous article become in this case

I rpomy=0.. o o ),
and B= %’ FCOBY cormesssssssmsrsnsnssersens (2)
But s=ctan , w0 uueg_;r- —w:;:,%
R - M% + 4 =i [sec o - sec ],

where yr 18 the inclination of the tangent at either of the free ends
Hence (2) gives
T":""q.wmw-wm o eos'\p-‘;;f 800 Yy
Hence R varies 1nversely as the square of the distance below the
directrix of the catenary,

R=
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266.  Light inextensible string resting in limiting equlibrium
on a rough plane curve under the action of no external forces.

Let PQ be an element of the string, let the arc OP be s,
where 013 a fixed point, let PQ be 8, and the angles that the
tangents at P and @ make with some fixed lme be y and
v+ Sy

Let the tensions ab the points where the string leaves the
curve be 7, and 7}, and suppose the tension 7, to be on the pony
of overcoming T, 8o that the element PQ 18 on the pomt of
motion n the direction PQ and hence the friction acts i the
direction PT.

If R be the reaction on PQ per umt of length, the total
normal reaction on PQ may be taken to be R8s acting at P,
and the tangential action 18 1288 acting i the direction PT.

Resolving the forces along the tangent and normal at P, we
then have

(T+8T)cos 8¢ =T+ uR8s,

and (T+ 8T) sm 8y = Rs

But cos 8y =1, and sm &y~ = 8y, neglecting squares of &y,
These equations therefore give

%‘"MR; and T%-R
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Eliminating &, we have 97 — 4y

«+ log T'=pyr + const,,

1e T=Aev

If 4 be measured from a line which 1s parallel to the direc-
tion at the point where the string leaves the curve, then 7= T,
when ¢ =0

Hence 4 =T, and T=7,.e*% giving the tension at any
pomt P 1n terms of the termnal tension and the angle through
which the tangent at P has turned from the terminal tangent.

267. As a numencal example, take the case of a rope
twisted through one complete revolution round a post. For an
ordinary hemp rope round an oak post, x 15 about §.

Hence 11.' =t = ¢ =(2718) = about 23, so that the
3

tension of the rope 15 mncreased 23 tumes by 1ts bemng twisted
once round the post

If 1t be twisted twice round, the ratio becomes about e
or about 535,

268. Heavy String If the string be heavy and w 1ts
weight per unit of length then, the angle Y- being measured
from the horizontal, we have, 1n place of the equations of the
previous article,

(T +8T) cos 8y = T + uR 8s + wds sin \b}
and (T + 8T) sin 8y = R8s + wds cos
Hence, 1n the limit,
ar R . 1
H=rBrwsing LoD,
and T‘%’=E+wws«{r . 2
. dT dy _
o %_'“T_d_s— w (S10 Y — p €8 ). N
Since 1 our figure s and ¥ increase together, =P

oG- HT = g = pos



284 Statics

To integ this linear diffe 1 jon we, d
to the usual rule, multiply by e=#* and hnve, on ntegration,

T.e=#¥=C + [wp (s1n Y — pcos ¥) e™*¥ dyn

The curve on which the string rests being known, we can
obtain p 1n terms of - and the integral on the night-hand side
can be found. T 1s thus determined.

The reaction R 18 then found from either equation (1) or (2).

269 Ex. A umform wmextensble string, of length I, hangs in lumtmy
equilibruum over a fized rough cylinder, of radvus a, whose azis 13
shew that the length of the greuter of the two vertical portions 1s

l-ma 2pa
Tve 1+R

Yet the shorter and longer portions hanging from pomts 4 and B, at
the ends of the horizontal diameter 4B, be ¥, and y, and let motion be
about to ensue from 4 towards B Then, 7 being the tension at a pownt P
such that 42 subtends an angle 8 at the centre, we have, as 1n the last
article,

(T+8T)cos 30 - T~ puRds—mg cos 63s=0,

and (T+6T)smw—ﬂaa+mgsm 63s=0,
o da -pR+mguoca.
and ;—R—mgsmd

Hencs ‘g—' —pT=mga (cos 6+psm 6).

. o™ amgaf(cosd+usmb)e ™’ do
g _"(l—p’)smé 0080 o

When 80, T'=mgy,, and when 8=, T—mgy,

2
w--—myaﬁﬁvv

and mgy, ¢ M =mguli—_",e""+0.
Hence e "'-y,-_-, (14¢7)
Also $+ys+ma=l

Hence the result.
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EXAMPLES

3

1. A single movable pulley, of weight W, 1 just supported by &
power 7 which 1s applied to one end of a light cord which goes under the
pulley and 1s then fastened to a fised point, shew that, if ¢ be the angle
subtended at the centre by the part of the string i contact with the
pulley, then PA(1—2¢** cos ¢ +e¥¢)= W3

$2 A light string 1s passed over two rough pegs 4 and B m the
same bonzontal line at a distance 2a apart The ends are fastened to
a weight C, and m the position of imiting equilibrum AS subtends a
night angle at ¢ Shew that the horizontal dustance of € in this position

from the middle powt of 4.3 18 @ tanh (3'%'1) , where y 18 the coaficient
of friction

1 8 A heavy particle 18 attached to an endless ight 1nextensible string
which passes over a rough pulley fixed in a vertical plane I the straight
parts of the string are mclined to each other at an anglo a, prove that,
for himiting equilibrium, their inchinations to the vertical are
D a

B e

b4 Four rough ewrcular pegs are at the angular points of a square 1n
a vertical plane with 1ts sides horizontal and vertical Over each peg
passes a string supporting a weight I, and the other ends of these four
strings are knotted together Shew that the greatest weight that can be
attached to this knot, so that 1t may remam 1 equihbrium at the centre

o
of tho square, 16 2 VETFs + s (7 )

# 5 Three equally rough pegs 4, B, C of the same crcular cross
section are placed at the corners of an equlateral triangle, so that BC 18
horizontal and 4 above BC Show that the greatest weight which can be
supported by a weight W tied to the end of a string, which 18 carried once
round the pegs and does not completely surround each peg, 13 We™", where
1 18 tho coetlictent of friction

% 6. A crclo rests m a vertical plane, boing pressed agaist a perfectly
rough vertical wall by a string fixed to a point n the wall above the
arcle  The string sustans s weight P, and the coefheient of friction
between the string and the circlo1s 4 If W be the weight of the circle
and 6 the anglo between the string and the wall, shew that, if the circle
15 on the pownt of shiding, then P (14c0s 6)¢**= W+2P

7. A weightless string lies stretched 1 one plane across a rough
sphere of radius a, shew that the distance of the plane from the centre
cannot exceed a 81n ¢, where ¢ 15 the angle of friction.
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%s 1ra heavy umform string passes round various smooth curves 1n
the same vertical plane and 1ts ends hang vertically, shew that they are
n the same horizontal straight line
\$ 9. A umform heavy string rests on a smooth parabola, whose axs 15
vertical and vertex upwards, so that its ends are at the extremnties of
the latus rectum Shew that the pressure on the curve, at the pomt
where the tangent makes an angle ¢ with the horizontal, 18

3@ ot pkcosp),
where 1 15 the weight of the string per unit of length

710 Upon a rough arcle fixed vertically 1s placed a string which
subtends an angle 8 at the centre If the string 18 on the pomnt of shp-
ping off, prove that the angular distance a of 1ts upper end from the
highest pomt of the circle 15 determined by the equation

cos(a+B8-26) _
€08 (a—2¢)
where ¢ 18 the angle of friction and a 15 measured 1n the direction towards
which the string 15 shpping

2 11, A umiform heavy string rests on the upper surface of a rough

vertical circle of radius g, and partly hangs vertically, Prove that, 1f one

end be at the highest pownt of the circle, the greatest length that can hang
ur

freely s 2,‘a+(,,::-1)a67

A12. A heavy cham, of length /, rests partly on a rough table and the
remamnder after passing over the smooth edge of the table, which 18
rounded off 1 the form of & cylnder of radius a, hangs freely down If
the coefficient of friction 18 , shew that the least length on the table 18

e s[5 ]

@13 heavy umform chain rests on & rough cyclod, whose axus 18
vertical and vertex upwards, one end of the cham being at the vertex and
the other at & cusp, 1f the equilibrium be Limiting, shew that
)

» (+phe?

14, A heavy umform string 1s placed upon a rough catenary, whose
ax1s 18 vertical and vertex upwards, the coeffictent of friction bemg given
by ¢ =4, shew that the string will be in hmiting equilibrmm with one
end at the vertex if 1ts length 18 equal to the parameter of the catenary
A 15 A string rests on a rough semicircle, being acted on by a constant
attractive force towards one of its extremities, and the friction 18 just
sufficient to prevem. motion. Shew that the coefficient f frictaon 15 given
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718, An inextensible string, whoss length ia 27, passes over two equal
smooth circular pulleys whose centres aro in the same honzoutal line and
at o distance 25 apart. 1f a bo the radius of the pulleys, and ¥ the angle
subtended at the cewtre of one of the pulleys by the portion of string in

contact with it, prove that b-+a cos y=ct “'(a sin w+z-a¢)loguu‘£
157, A atring, whose length is I is hung over two small rough pegs st
pogs
adistance 2¢ apart in a horizontal line. If one free end of the string is
a8 much as possible lower than the other, the inclination, 6 of the tangent
10 the vertical at sither peg is given by the equation
zia’linologcobg-cm0+wuh{p(n—d)).
Shew also that the lengths of tho vertical portions are in the ratio
" ;6™ and that the part of the string betwaen the pegs is of length
2.0t 8 + log cot & H

270 Central Forces. An inextensible string s in equi-
librium in one plane under the action of forces, which vary
according to some function of the distance from a given point O,
and act either towards or from O; to find the curve of equilibrium.

Let PQ be an element 8 of the string, where # is the are
CP measured from some fixed
point C of the curve, Let 7' and
T + 87T be the tensions at P and
Q and ¥ and ¥+ 8y the angles
which the tangents at P and Q
make with some fixed line Oz.

Let F be the force at P per
unit of length in the direction
OP, so that ¥'= some function of
=¢ (). The resultant of the
forces from O to the different
points of the arc PQ may be
taken to be F&s along OP; for
in the limit we shall take 3z to
be very small.

Resolving the forces on the element PQ along and perpen-
dicular to the tangent at P, we have

(T +8T)cos &y — T+ Fmdscosp=0.
and (T4 87)sin 8¢ — Fmdssin ¢ =0
where m is the mass of the string per unit of length.
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Putting cos Sy =1 and sin 8y =8y, and taking &y to be
ndefinitely small, these give 1n the lunip

T dr dr

E;s—i’mcos¢=—Fma. - (3),

and T=Fmpsm¢=Fm, rd RsFm Pdl’ cennne(4),

where p 18 the perpendicular from O upon the tangent at P.

(3) gives T==fmFdr+ 4 .....cooervaeen.. (8),
and, dividing (3) by (4), we have
a_
and hence T.p=const =B . .. (6)

The equation (6) may be more easly obtamed by cnnsxdermg
the equilibrium of the finite portion, CP, of the string

Take moments about O for all the forces acting on CP. All
the central forces acting on 1t pass through 0, and thus have no
moments about O  Hence the moments about 0 of the tensions
at P and C are equal. Hence

T.p=T,.py=constant  ,ieeeerersoe (7),

where T 18 the tension at C and p, 1s the perpendicular from O
upon the tangent at C.

The equations (5), and (6) or (7), give all the conditions of
equilibrium,

Furst, let the force F' be given, then (5) gives T, and, on
substitution 1n (6), we have a relation between p and r,

Also 1n any curve we have

%“"*1@9

Eliminating p between these two relations, we have a differen-
tial equation to give r 1n terms of 6.

The result will contain three arbitrary constants Two of
them will be found since the two terminal pownts C and D of
the string are given, the third will be determined from the
fact that the length of the string between C and D 1s given

Secondly, let the form of the string be given. We are thus
gven the relation between the p and r of the curve.
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(6) then gives 7 m terms of r, and (3) gives Fa—% ‘:—Z‘,
3
and hence we have F in terms of .
271 Ex 1 Shew that a string mll rest wn the form of a portwn of &
cardioid 1f 1t be acted upon by a force from s pole varying as
R
(dustance)!
The equation to a cardiod 1s r=a (1+cos ), so that
1 1 1/7dr\2 1 1 2a
Foath d;) -t @ante e ;[r’+a’—(r-a)?]= -

Hence equation (6) gives 7'=18 \/ F“=,.r-3

From equation (3) we then have
1d7 3
Fewar=un 7}

Ex 2. Anwnfimte string passes through two small smooth rnge A and
B, and 13 acted upon by a. force from a gwen pied pount O which varies
snversely as the cubs of the distance Shew thut the part of the string
between the rings s wn the form of the arc of a circle

Let 7, be the teusion at
any pomt 7 of the struight
portion of the string at a dis-
tance z from the centre 0.
Then

(Ty+8T)+ 27 82— Ty=0,

8
4 .
giving 2;"--’-:3‘ s ¢
m /
and T={0+E () /
Since the strng must § T R GIN

clearly have zero teusion at
mfinuty, we have H=0 Hence, if 04 =g, the tension at 418 573 Now
the tension of the string 18 unaltered by passing throngh the smooth rng
at 4, 50 that the tension of the curved part at 4 18 ;%‘, also

For the curved part, equation (5) of the last article then gives

T - / T e 4
Also, when r=a, we bave seen that T'= "2 | so that 4 18 zero
243"

Ls 1
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Equation (6) then gives
=2, whero X 12 some constant.

Lo ()=

r=Xsm (§—y), which 1 the equation of a circle
If 04 be the iitial line, if 0B=b and L 40B=aq, then the two pomts
(4 0) aud (b, a) Lie o0 the vurve, o that, the equation becomes

reacon 4270 g,
sma

EXAMPLES

Find the law of force in the case of strings resting mn the form of the
following curves under a central torce £ trom the pole
Parabola, focus the pole [Fer-t]

2  Equangular spiral, r=qe’®* [Facr=]

3. Rectangular hyperbola, centre the pole.

[#15 constant and attractive |

4 Lemmscate, ri=a?cos 20 [Far=4]

5 rcosnb=an [F = -% and 18 attractive 1if n>1]

6. Ifastring be m equilibrium under any central forces, the resultant
action of these central forces on any porton £Q of the string 1s along 07,
where 018 the centre of force and 71 the point of intersection of tangents
at Pand @

7. A bomogeneous string rests under the action of a central repulsive

force varywng inversely as the square of the distauce , verify that the form
1n equilibrium 15 one or other of the curves

-

{1 toecacon(bama), or {1+ soch acosh (gsmh o)

8 A string, whose length 13 ifinite, has one end attached to a fixed
powt 0 and after passing through a small smooth fixed ring goes to mfinity.
It 1s acted upon by s ceutral repulsive force from O varying inversely as
the nth power of the distance  Shew that the curved part of the string 18
given by the equation

ra=3=gn-2cos(n~2)8

1f n=2, shew that the curved part 1s an equangular spiral.

9. A string rests m the form of a plane curve under the action of a
central repulsive force, if the force at any pownt be proportional to the
curvature, prove that the curve 1s a parabola,
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272 Extensible strings The equations of equlibrum
for extensible strings are formed as mn the previous part of this
chapter. The tension of any element of the string 1s connected,
by means of Hooke’s Law, with the stretched and unstretched
lengths of the element It must be carcfully noted that a
heavy elastic string when stretched 1s not of constant density,
even 1f 1t were uniform when 1n the unstretched state.

273 A umform extensible string, of wewght W and natural
length 1, 1s suspended from a fiwed pownt and at the other end us
hung a weght W', of \ be the coeficrent of elasticty, shew that
the whole extension of the string 1s ;l\ [%’ + W’:I .

Let T and T+ 8T be the tensions of the string at depthe
z and z+ 8z, and let @, be the unstretched
length of the part whose stretched length is

o ]
@ Hence the weight of the part whose
stretched length 18 8z = %W . 8z,
a
&z
w

For the equilibrium of this element we have

@
Po
oz, lay
T=T+ sr+¥ dzo, e
Q
8o that — = —— . (1)

Also, by Hooke’s Law, T'=2X 81;——8%,
2y

’

80 that %:. =1+ % ®)
(1) and (2) give g% =— ;—‘;
8 g.=—)%zx.+A 3)
Now, when z,=1, T must = W’, and hence then, by (2),
.
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Hence, from (3), 1+LZ-=—¥+A.

W
KX d—l@=—‘—)‘1;ac.+l~l»w+ .

Woa W+W
..m-—m§+( = )z. ...... @),

the constant of integration being zero snce z and , vamsh
together

(4) gwes the stretched length corresponding to any un-
stretched length  When z,=1{, we have the whole stretching

wr W+ W, I[W .
-—— "X[?*W]'

N2 »

274 A heavy umform elastic string w8 hung up under
gravity as in the common catenary If ¢ be the length of the
unstretched strung whose wevght 1s equal to the tension at the lowest
pownt, and k be the ratw of tns tension to the modulus of elastcaty,
find equations to guve the form of the string

Let (w, y) be the coordinates of a pomt whose arcual dis-
tance from the lowest pownt 15 s, and let 7" be the tension at that
point, also let s, be the unstretched length of this arc s, so that

_T_'_ds—dwn
AT ds,
ds k
16 E=I+R T‘ . e ),

where w 13 the weight of umt length of unstretched string.
The equations of Art 257 are then

_1g+{r’3+dis(1"—’)ss+ =0,
and -rY { ( .}=w 8.,
)=o - e (@),

(3

aip
&
and %(

& s
8
&8
]
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These give T ZT: = const, = we

dy
and T do = WSe

since s and s, vamsh together
Squaring and adding, we have 7'=w ¥/c? + 5%,
Hence, by (1),
do_drds 1. k) ,. e
T ds dy, =" [I‘ wc] =k +‘/——c’+‘&,’ e (4),
dy _dyds 1, kY ks E3
s, " dsds, ~ "% [7’+170 =%t ieren
and, by squaring and adding,

- G

ds ks
&=1+; Vet 55
Integrating these equations, we have

s+t

w=Ls.+clogA—c—~ . (6),

.
g=kf;"—c+~/s.’+c*-c PN (A%
and :=sn+§]"—'v[s.~/c’+sa'+c’1«)gs”—+~%"’—w] (O

taking z and y to vamsh with ¢

(7) determines s, 1n terms of y and then (6) and (8) give =
and s as functions of y

The equations (4) and (5) gue

bnndr—-—

30
and hence, from (8),
v g=ctany + Il—zc [secyr tanyr+log (sec v + tan )]

If we put s,=¢ sinhw, the equations (G), (7), and (8) can be
wntten

:_"-u+Lsmhu,
Yyo1eko k
c+1+4 ooshu+4cosh2u,

and 5=smhu«i-@-i—’—‘:smh2u.
c 24
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215, EX. An extensible string 18 being wound very slowly on to the
rim of @ wheel, rough enough to prevent any siiding, and the other end 1
attached to a weyght W which 18 on the ground at a depth | below the centre
of the wheel, so that then the hanging part w wmitwlly verucal and un-
stretched  Shew that the work done v turning the wheel 30 as to gust byt
the waght of the ground s

w-n log[l'}% ,
where the werght of the string 18 meglertod

At any nstant during the operation let z be the unstretched length of
the string that 1 then vertical, and 7"1ts tension, so that, by Hooke's Law,

iz
=25 . )

When [ becomes 7 + @ 86, where  1s the radius of the wheel, and 36 1s the
angle tutued through by the wheel, then

l
l-——a 50°
¢

o0 that 37222

T+8T=)\

lta 80~z
z

T+a 80
Hence the work done during this mfimitesimal stretching
T T _IT 3T
=T ==
Hence the whole work done until the weight rises, 2 e until 7'1s equal to W'

Wi a7 w War
-fo LR =z[7'—nog(7'+x)]0 —17-Nlog Tt

EXAMPLES

1. When a umiform elastie string 4B 1s hung up under grawty, prove
that the upper half of the string lengthens three times as much as the
lower halt  Lf 15 pomt on 1t such that 4P PB y2-1 1, shew also
that the stretchings of the parts above and below P are equal

2 A heavy elastic string of naturil length 2/, which would strotch to
421 hung up by one end, rests on a smooth table of width 2a with 1ts ends
hanging over the sides of the table, find the whole exteusion of the string,
and shew that the tension of the part in contict with the table 1s
;\/ I—Ta times the weight of the string,

3 An extensible string, uniform when unstrotched and of length 4,
lies mitially unstretched n & straight Lne on a honzoutal plane, The
string 18 then pulled at one end 1n the direction of 1ts length produced, with

& gradually mcreasing force, so that the scceleration 18 always mfinitely
small. Shew that when the force 18 F the extension of the string 1s

Y] ~f,,7 where W1s the weight of the string, A the coefficient of elasticity,
1 the coeficient of frction and F<p W,
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4 A heavy elastio string, of weight W and unstretched length ¢,
Is placed upon & smooth double wchued plane, the iwchuntions of whose
faces to the hollcoutal are a sud o, shew that the total exteusion
of the striug 18

We smasme’

2\ sma+smd”

5 An elastic string rests on & rough mclned plane with the upper
end fixed to the plane , shew that 1ts extension will hie between the Lits.
Bism(ae)
2\ cose
friction, W the weight of the stnng and X 1ts modulus of elastiaty

» where a 13 the inchnation of the plane, ¢ the angle of

6 4D s an elastic cord whose natural length 18 10ft, whose mass 18
51bs, and whose modulus of elasticity 15 80 lbs we Tt 18 suspended
vertically from 1ts end A, and a tass of 10 s 18 atteched to 1ts eud B;
find the length to which 1t stretches 1f 1t 15 allowed to gradually reach 1ts
final position  Shew also that the density of the material at the mddle
pomnt of A8 18 m the stretebud cord dummshed 1 the ratio 32 37.

7 If & umform elastic string fixed at one end be acted upon at each
pont P Ly a force £ 1n the direction of 1ts length, so that the tension
at P varies as 1ts distance from the free eud, prove that log F,/F varies
as the unstretched distance of 2 from the tixed end, #, beig the value
of # at the fixed end

8 A umform string, of weight w and modulus of elasticity A, 18 lying
1n & stretched state on a rough horizontal table whose cocthelent of friction
18 p If 1t be everywhere on the pomt of contracting, shew that its

w0

stretched length 15 (1+‘-fﬁ) times 165 unstretehed length

9 A umform heavy elastic string, of natural length 2a, 18 stietched
88 wiich as possible and hes 1 hmiting equilibriim on & rough wehned
plane, shew that the direction of the inction changes at a pomt of tho
string whose natural distance fiom the upper end 18 a@[1+tanacote],
where ¢ 18 the angle of fiiction and a 1s the inchination of the plane
to the horizon

10 A umiform beam, of length I, rests along a line of greatest
slope of & plane which 18 inchned to the horizon at an angle a ‘The
beam 18 then subject to an extenwion from an increase of temperature
and then to contraction from woling to its onginal temperature  Find
what pomts of the beam remam at rest during each of the two operations
and shew that on the whole the beam descends through a distance along
the plane equal to M tana cot e, where X 18 the elongation of the beam per
unt length for the extreme vallation of temperature, and ¢ 18 the angle
of friction,
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11 An elnstic string, of natural length & and weight mga, has one
extremity fastened to a point in a smooth horizontal table and rotates on
the table with unfortw augular velouty @, shew that the stretched length

1/t m\ b
s~ (-) tan {..a (~) }, where X 18 the modulus of elasticity
w\m, X

12 A light elastio band, whose unstretched length 1s 2a, 18 placed
round four rough pegs 4, B, ¢, D which are at the angular pomts of
asquate of side @ 1t 1t be taken hold of at a pomnt £ between 4 aud B,
and pulled m the direction 4 B, shew that 1t will begin to slip round both

ur
AP %
4 and B at the same time 1f 5=

13 A weight P just supports another weight @ by means of & fine
elastic string which passes over a rough arcular ¢ylinder whose axis
18 borizoutal, sbew that the extension ot the portion of the sting

coutact with the cylnder 1 Elog f,%, where a 18 the radws of the

cylinder, p 18 the coefficient of friction and A 1s the modulus of elasticity
14 A spider hangs suspended by a light elashic thread from the ceiling,

the modulus of the thread bewg equal to half the weight of the spider

Shew that, 10 chimbing to the ceilhng, the work done by the spider 18
one third less than 1t would be if the thiead were tuelastic

15 A heavy elastic string, whose unstretched length 13 ¢ and whose
mass 18 ul, lies loosely corled on a horizontal table  If one end of the
string be slowly hifted vertically until the whole string hangs just clear of
the table, shew that the work done 18

o [1447],

where % 18 the modulus of elasticity of the string

[When the eud has been Ltted & distance 4, if 2o be the unstretched
length of , then, by Art 273, z=zp+ ‘%’ 2 Also the tension 7 at the
upper end=pgzy, 80 that the work done, whilst = becomes 2+,
= TM=M2‘,[I + zo]o;c., Integrating this between Limits 0 and Z, we
have the giveu result ]

16 If a aniform elastic string bo at rest on & homzontal plane

W 1ts natursd stite with one end hxed to the edse, and 1f 1t then be
allowed to bang treely from the point, prove that the loss of gravitational

potential euergy mg-?’—‘+§wa. where w 18 the weight of the string, a 18
\ts natural length, and X 18 Hooke's modulus.
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MISCELLANEOUS EXAMPLES ON STRINGS AND CHAINS

1. A ring, of weight wh, 1s attached to the middle powt C of a string,
of length { aud weight w/, which hangs symmetrically over two smooth
pege 1 the same borizontal line, the ends of the striug hauging vertically
Show that the paraweter ¢ of the ¢ itenary 13 given by the equition

a
bl=ef (b+ViTTRY,
where 2a 13 the distance between the pegs, and that the least value of
1 1_4
Cap~ 2R
Shew also that the angle 4 which the tangent at C makes with the

L+b cosd
B ﬁm—ﬂ) =24, and hence

1 for which equilibrium 1s possible occurs when

vertical 13 given by the equation b tan 8 log (

b
that 1ts greatest value 18 cos =1 ) smcea cannot be negative.

2 A flexible string, of length 22 and hine-density o, has a heavy bead
of mass 2u# knotted to 1t at its middle point, the ends of the string
are fastened to two tixed poiuts at a distance 2k apart shghtly less than
2L, shew that the parameter of the cateuary of either half of the stung 18
approximately

t(swwnm}g
{ 6(-4)

3 Two smoath crcular cylinders, each of radius a, are placed with
their aves parallel 1 & horontal plane and at a distance 26 (> 2a) apart
A untfor string 18 placed sy mmetrically across the cylinders with its
ends hanging tiecly  Shew that the loast possible lngth of the string 15
2be+2u (2tout e —a) [Assutne the result of Lage 287, Lx. 16 ]

4 A rod, of length 25, 18 suspended b and sy ¥ by
two heavy strings attached to its ends and to two tixed poruts which are
at a vertical distance a above 1t and at & distince 2(a+6) apart  If the
length of each string be £, shew that the tension of the 10d 18 equal to the
weight of a prece of stiug whose lougth ¢ 1s given by the equation

=at 12
B=a'+4ctsinh’ %

5 A bar, of length 2a, has its ends fastened to those of a heavy
string, of length 24, by which 1t 1 hung vymmetrieally over a peg  ‘The
weight of the bar 1 n tunes and the hotizontal teusion §m times the
weiplit of the sug  Prove that

n‘+n‘={(n+l)ooseoh & —meoth "L:l}'
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6. A umform cham, of length 5, hangs from two fixed pomts 4, B on
the same level at & distance 2a spart Shew that, if 4 vancs, the
a

mimmum depth of the directrix of the catenary 1s w1 where s 18
given by stanhz=1, snd that the corresponding value of s 18

L2

2z

Prove also that there are two values of s for which the directrix 13
at any given depth greater than this mimmum dcpth, and that if s be
shightly mcrcased beyond the greater of thuse two values the directnx
falls, whilst of 1t bo shghtly wacased beyoud the least of these two
values the directrix rises

7 A umform chain has 1ts ends attached to two pegs, one of which 18
distant 2¢ borizontally fiom the other and 13 at a depth 25 bulow 1t
Shew that, as the leugth of the cluin alters, the parameter of the catenary
with the highest duectix 1 deterunned by

2 _coth? = 2% cogecht &,
grethi="g :

8 A umform chain, of length 9/, hangs between two points 4, B at
the same level and the depth of 1ts lowest pownt below 481w £ If the
distauce A4 (=a) be wereased by the swall quantity 8a, prove that the

cos y
a-lcosy
¥ 1s the inclination to the horizontal of the tangent at 4 or B

vertez of the catenary will rise through the height 3a ,where

9 A given length I of uniform heavy cham 1s securely fastened to a.
fixed point at one end, and hangs over a smooth peg 10 the same horizontal
at & distance 2¢ from 1t Shew that there are two positions of equilibrium
or none according as éz \/i where £ 18 the positive root of the

=y
1+¢
=

equation 3¢% =

Shew also that 1f there are two pouitions of equilibrium then the one
for wluch the parameter of the catcnary 1s the greater 1s stable

10 A umform cham of given length 15 fastened at its ends to two
ponts 1n the same horizontal lius, and passes over a smooth peg midway
between these points Shew that, if the symmetrical position of equi-
librium be the only one, 1t 1s stable for displacements in the vertical
plane, but If an unsymmetrical position also exist, the former 18 unstable,

11 Ifacham of length a 18 held at its ends, and swung round, and
the ends are then drawn apart till the chain 1s practically straght and 1ts
tension 18 equal to the weight of a leugth A of the chain, shew that the
gk

number of revolutions per second 15
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12, A heavy uniform string hangs from one end 1n equhbrium m a
wind blowing borizontally with umform veloaity  On the assumption
that the wind excrts at any pomt of the string a normal forco per umt
length propoitional to sin?y, shew that the equation giving the forwn of
the string 1s
p (08— tan af ' x (cos Y +cota =constant,
where a 18 a constant such that the value of ¥ at the free end of the
string 18 cos~!(tan a)

13 Tind the velooity at which tho power transmitted by a belt 18 a
maximum  When this 1s the case, show that the ratio of the tension on
the tight side to that on the slack side 18 2 +1 3, where u 18 the
coefhcient of friction and a 1s the anglo of contact between the belt
and the pulley

[If @ be the radws of the pulley, m tho mass per umit length, and
the angular velouty of the belt, then, by elementary Dynamies,

maswla=(T+37)sin 50— Rds, and O=(T+38T)cos 50— T—pRds

Hence “g — uT= = pmotad, 8o that T'= A’ 4mata?  Tence, of T and

yomta

T, be the termimnal tensions, we have easily 7'=6"? (7, — mw?a?) + mota?

Ilence the power transmitted

=(T1-Ty) aw=("*=1) (T - mo’?) aw,
and it 15 thus & maximum, for diflerent values of w, when 3matat=7,,
and then
T, 2441
L

14  An endless string hangs symmetrically round a smooth right
eylnder, of radus @, whose aus 1s horizontal If the string have
contact with tho cylnder along three-quirtrs of the circumference,
find 1ts whole length and the position of its lowest point

15 A heavy umform string surronnds a vertical circle, bemg Just
80 stretched that 1t 19 on the point of leaving the circle at the lowest
pomt, shew that the tension at the highest pomt 1 thiee tumes that
at the lowest

16 A smooth elliptic disc (semi-axes a, b) 1s fixed mn a vertical plane
with 1ts axes equally inclined to the vertical A heavy string passes
tightly round the disc and 1s gradually lonsened ~ Shew that, the eccentrie
angle'¢ of the pomt at which the string leaves the disc 1s given by

2a’btand ¢ —a (3a? - b?) tan? p + b (30 —a?) tan p — 2ab?=0

(The powt 18 deterrmned by the fact that at 1t the pressure of the

curve 18 zero and A minimum ]

17. A umiform string, the enda of which are fistencd at a pomt d,
surrounda a centro of force at 0, which repels with a force varying mversely
#s the square of the distance Shew that, if the length of the string 1s
404, the 1wteinal angle botween the two parts of the string at A 15 120°,
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18 Shew that a nmform string will rest 1n the form of the are of a
crcle 1f 1t be acted upon by a central force from a pont on the cir-
cuwference varying mversely as the cube of the distance.

19. ABCD s asquare of ade b A wmiform string of line-density m,
fived at 2 and D, 18 1 equilibrium under a repulaive force ur=* from 4
If the tangents to the string at B and D are perpendicular to B0, and 1f

the tonsion at each of theso pownts 18 %, shew that tho shape of the string
18 the curve r=>(sin 6+cos §).

20 Shew that an arc of an eqmangular epiral 18 a possible form for
a catenry of nmiform strength, whose ends are fised, to assume nnder the
action of & repulsive force from the polo vary g mversely as the distance

21, An inextensible endless string of given length 1s under the action
of two central forces varying mversely as tho cube of the distance from
two fixed points, shew that a cirele 18 A possible form of the strnng in
equilibrium, and find the position of 1ts centre.

22 Shew that a string can rest i eqmlibrium 1 the form of an ellipse
under the action of two repulsine forces from its foct of magmtude pr~ 3¢ =3
and ur =47 =1, where r and ¥ are the focal dist inces of any pomnt P, and
prove that the tension at the pont /19 proportional to the perpendicular
from the centre upon the tangent at I

23 A smooth cirenlar cylinder, of rading a, 12 fixed with 1ts axis vertical
and a smooth borzontal peg 18 fastened into 1t. An endliss string, of
Tength 2/, 18 then thrown over the cylinder and catchos on the pog  Prove
that 1 the position of equilibrium the angle between the parts of the

string at the peg 18 mnﬂcf , where csnh ”?"=L

[The orgin beng at the lowest pomt 0 of the string, the aws of s
vertial, and & bemg the length of the crcular are which 13 the pro-
Jection of any arc 0P, we have, by rosol g hooutally and vertically,
4 ( T'i‘)=w and 9 ( T”-’) =0, 50 that 7% m constant=ve Ilence
@\ Ta)=mwd (T q)=% & =
%(ff—’,) =L Dol T i the diforential equation of Art 251,
and the same solution holds good Tt follows that the string will not
be distusbed 1f the cylinder bo developed 1to a vertical plane ]

24, A nmform heavy string, of length 27, hangs i contact with a
smooth vertical cylinder of radis » 1t 18 fixed to two points, which are
10 8 horzontal plane and also 1n a vertical plane through the axis of the
cylinder, each beng at distance a from the axis, where a>r  Shew that
the depth y of the lowest point of the string below either support is given by

SN B WL L
rem ¢+ af W bgl-y
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25 A string rests on a smanth sphere cutting all the sections throngh
a fixed dinmeter at a contant angle  Shew that 1t would %o roat 1f acted
on by a farce suryimg inversly as the square of the distance perpendicnlar
to the given diaeter and that the tenvion varies inversely as that distance
(Usuing polar coordinates (a, 6, ¢) the curve of the stiing cuts the
s
mendians at a constant sogle 8 if 257 mcos 8, and "—'"'f‘fﬂg.mﬁ
Hence casily
‘%‘-m&mq»mg-mqsma, Z;”: 08 0 810 ¢ 008 B + cos s
and %m—mn feond  Taking moments about the fxed diameter, wo

bave T8in8 asin 6 =constant, so that T'= 5:_0
The third equation of Art 261 gives

d A2 d
”‘”‘"‘d‘,(’& = (=T 8003 £)=0, 50 that R 15 zero.

Tlence, if F be the force perpendicular to the given diameter and
outwaid, equation (1) of Art 201 gives

d(,dr d s1m b in B
Feospm - d_‘(ra)--m(msmam‘s-_w)
Acosd 4
=g aug © e F=og ]

28 The extrerities of & string of length r(a—1)V/TF ¢iainta are
attached to two points on the surfice of a right circular cone at distances
7 and er respectively from its vertex, where 2a s the angle of the cone and
¢ 1~ the angle between the plines through the axis and each of the points,
If the string rest i equilibrium on the surface under the action of a
repulave ceutre of force at the vertex varyiug nversely as the square of
the distance, then the curve of equilibrium will cut each generitor at the
same angle [Ilere ¢ 18 the base of the Napierian system of loganthms ]

21. Fund the form of a smoath surface of revolution such that when its
axs 18 vertical any uniform string resting upon it will cut all the merdin

t th gle. [The curvelsa by perbola.)

28 Two scale-pans, of weight An, are connected by a weizhtless elastic
string, of modulus A, which hangs symmetrically over 4 fixed rough horzontal
cylmder of ridins @ Imtially the string 1y uniformly stretched throughout,
If one of the scale-pans 18 gradually loaded, prove that, hefore the other
moves, the natural leugth of the additional vertical portion of the string

@) 147" man
supporting the first is. ;log——l—;—-m
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29. A heavy elastio string, of length 2a and modulus of elastiity
equal to 1ts weight, rests 10 equbbrium on a smooth parabola of latus
rectum 4a  The axis of the parabola 1s vertical and the free end of the
string 18 at the vertex which 18 the lowest pomt Find the point on the
parabola to which the upper end 18 attached, and shew that the tension
there 18 W (y/2~1), where ¥ 1s the weight of the strmg

30  An elastic string, onginally uniform and of length Z, 1s fastened at
two given points and 1s 1n equilibrium 10 the form of & portion of & circle
under the action of a repulsive force tending from a given point 1n the
arcumference, find the law of force

81 A heavy elastic string, which 15 uniform when unstretched, 15
placed round a smooth crcular eylhnder whose axis 13 horizoutal and 18
Just not m contact with the lowest pont of the cylinder, 1f 7 be the
tension at a point the radius to which 18 inchned at 6 to the vertical, then
(T4+\)?=4 cos 8+ B, where A 18 the modulus of elastiity and 4 and
B are constants depending on the weight of the string, the modulus of
elasticity and the radius of the cylinder

If w be equal to the weight of a length of unstretched string equal m
length to the radius of the cylinder and if 1t be also equal to the modulus
of elasticity, shew that the tension 7} at the highest powt 1s given by

2

32, A heavy elastic string, uniform when unstretched, rests on the
convex side of a smooth vertical circle, one end bemng fastened to the
highest pomnt of the cirdle  If m the position of equilibrum the whole
length 15 equal to & quadrant of the circle, prove that the unstretched
length equals @ (/2 log, (\/2+1), where a 15 the radms of the circle, 2ua
18 the modulus of elasticity, and w 18 the weight of a umt length of
unstietched string

33 An elastic string, uniform when unstretched, hes at rest m s
smooth circular tube under the action of an attracting force, equal to
1 times the distance, tending to a point on the circumference of the tube
Just oppome to the middle pomt of the string If the string when in

Just occupies & le, shew that the greatest tension 18
Ny (\+2upa®)— X, where ) 18 the modulus of elasticity, @ 13 the radius of
the tube, and p zhe mass of unit length of unstretched string

34 A heavy elastic string, of natural length Z hangs from & fixed
pont n a state of equihbrium, and 1ts total extension 18 ul The string 18
now enclosed 1n a smooth fixed helical tube, the tangent to which at any
point makes & constant angle a with the horizontal ~The highest pownt of
the string 18 attached to the tube, and the string takes up its position of
equilibrium  Shew that the total extension 18 now ufsina.
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85 A uniform string 1n one plane 18 1n equilibriura under the action
of & central force, show that the latter varies as & C)

‘What 18 the kinetic analogue
1t the striug bo elastic, shew that, 1n order that the string may assume

& gven form, the central force must vary as ;’r(; p,) where @ 18 &

constaut for every pownt of the same string

36 Over a fixed sphere, of radius a, there rusts horzontally a heavy
elastic ring of naturl radius ¢ Shew that, i 1ts equilibiium position, the
angle 2« which a diaweter of the ring subteuds at the centre of the

xmu-—amﬂ

sphere 18 given by tana=2mk — » where ¢=a sin 8, and £ times

the weight of the ring 1s equal w Lhe modulus of elasticity
1f the sphere be slightly rough (coethaent of friction ), shew that,
before equilibrium 15 broken, the rng waa be lowered il the angle 2a
sina—sm g
18 1ncreased, approximately, by 2 siuB-snde
37 A rough surface of revolution 1s fixed with 1ts axis vertical , an
endless elastic string rests on 1t lymg 1o a honzontal plane and being
uniformly stretched  If the striug be on the powt of shpping up
wherever 1t 18 placed, find the equation of the geuerating curve of

the surface and shew that 1t reduces to z—py=a(1+4%) log‘:, where X 18

the modulus of elasticity and p 18 the coefficient of friction, 2w s the
weight and 27a the natural length of the string, and the y-axis is the axis
of revolution.

38, An endless shightly extensible strap 1s stretched over two equal
pulleys, shew that the maximum couple which the strap can exert on
either pulloy 18

2a(c+ra)
2a 7
sooth A 4=
2
where a 18 the radius of erther pulley, ¢ the distance of their centres, 4 the
coetherent of friction, and 7' the tension with which the strap 1s put on

39 If a bicycle tyre be regarded as a thin elastic band, stretched
withio & emooth groove of depth d 1n & rim whose outer radus 1 a,
shew that the work required to remove the tyre from the rim 18

O an - goon ) {(s=$)congramp- L}
‘where I 18 the Iln‘!tmtched length of the band, A 18 1ts coeffictent of
elstiaty, cos =22 and tho breadth of the whoel 1 neglocted



CHAPTER XIV
ATTRACTIONS AND POTENTIAL

276 THE law of attraction between particles of matter,
known as the Newtonian Law of Gravitation, 1s as follows Luyery
partule of maiter attracts every other purticle of mutter unth a

Jforce which varies directly as the product of the masses of the
parhicles and wnver he distance between them
ence the attraction between two particles, of m, and m,

grammes, placed at a distance of & centimetres 1s y "2 dynes,

where v 18 a constant whose value will be found m a later
article.  This quantity 4 18 called the Constant of Attraction

At the prescns stage of the Student’s reading the above law
must be looked upon as an hypothesis, and no proot can be given
here. But he may assume that this law 1s found to hold good
throughout the Universe, and that 1t 1s sufficient to account for
the motion of the heavenly bodies The verthcation of 1ts truth
15 obtained from Dynawmical considerations

We shall have a few examples 1n which some other law of
attraction, besides that of the inverse square, 18 assumed, but
these assumptions do not correspond to any such attractions as
we meet with 1n the physical universe

277, To find the attraction of a thin uniform rod AB upon
an ezternal pont P, R

Draw PN,(=p), perpen- N
dicular to the rod. Let Q
be any point of the rod such
that A Q=2 and £ NI’Q =6, f "l
and let QR be an element
8

If & be the cross section 8 R
| x\_’)
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and p the density of the rod, the attraction of the element QR
on a unib of mass at P
ko 8o _ykp 8o 'ykp 50

TP T pisedid” .
since c-pte\n 6 and hence 8z =p sec’ 2 59
The J of this ly, when QR 1s very
small, 18 'Lhe direction PQ
» 3
Tiscomy longand perpendicul coPNm"‘Pc‘;e 8
ang Vo306 86

Hence, f X and ¥ are the component attractions of the
whole rod along and perpendicular to PV, and if £ NP4 =4
and £ NPB =g, we have

8 3 3
X=f-'YﬁE;ﬂ9=%f’ [smﬂ]j: %B[smﬂ—slna] 1),

an
st:”liL“‘?L‘“’='%P [-cosa]:=Ll’;F'[ma-cosﬁ] @

If R be the resultant attraction inclined at ¢ to PV, then

R=~/X’+Y’sﬁfJ(un/S-sma)’+(«.o=a-cus/9)’
~/le/2 2cos (B-a) = 7]Psmﬁ ¢

;fpsm(}dl’b’) reeresveens (3),

_Y _cosa-cosp a+B
and tan ¢ = Tsm3-swa =t
s0 that ¢=‘—‘;—‘3 e (8),

and hence the direction of the resultant attraction bisccts the
angle A8

Cor. If the rod 4B be wfinite in length, thena = —90° and
B=90"

Hence R- 7P | go that the attraction of an mnfimite rod on

an external pomt varies 1nversely as the distance of the pomnt
from the rod.
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278  If in the result (3) of the previous article we put p=0,
te take P on the surface of the rod, we have mfimty as the
result  This 1s clearly impossible  The reason for the apparent
fullure of our analysis 1s that i our working we assumed each
element of the cross section at Q to be at the same distance from
P Now if P be on the bar, the distances from P of ponts of
the cross section through P vary from zero to the diameter of
the bar and hence cannot be taken to be equal

This ease 13 further considered 1n Ex 2 of Art 285

279 To shew that the attraction of arod AB at an external
pont P 1s the same as that
of the arc of a curcle, of AN
Uke materal, unth centre P ! v ™~
and of radius equal to the >
perpendicular from P on
A DB, whach 1s wntercepted by
the lines PA and I’B. R

QLR being an element of
the rod, let Q R be the corresponding clement of the arcular atc.

Then attraction of QR at P _ QR QR

attraction of QR at P PQ? P@
QP QR QS
S QR PNT QS QR
where QS 1s perpendicular to PR,

Az

sce? 6,

g.cosﬂ sec?f=1

Hence the att, of corresponding el of the are
and rod are the same and 1n the same direction

The resultant attractions must thus be the same m the two
cases

7/ 280 Attraction of a umforn
thin rectangular plate wpon a
unit mass suated on a perpen-
dicular to the plats through s
eontre

Let 4BCD bo the plate, of
thickness £ and density p, let
4B=2a, AD=2}, and OPmbh,
where P 18 the attracted umt
0A&s.

=T)9: cos SQR sec? =
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If UV bo a soction of the plate parallel to 4B at a distance = from 0,
whose breadth 18 87, 1ts attraction on P by Art 277, 1f § be the middle
powt of UV,

oo b VPU_2ypk b a
PO R B i e

and acts in the direction PS§
Hence the total attraction X along PO
- fﬂ 2ypk dx a A
-b JL*H‘ Jm ViEES

4wlah = [o (it+ah) Jh‘+.r"+_a§
Put 2= tan 6, 50 that the hiits for 8 are zero and
b

b
tanly, 16 amt

it

4,,;1.1» i

n-1 @S0
ua Jiizale

U
Vit ad) (B b
——

EXAMPLES

X= %sm‘l , where 418 the mass of the plate

1 A trangular framework of three rods, of umform mass per umt of
length, attracts according to the law of Natwie, shew that a particle will
be 1n equilibrium under theiwr sttracnou 1f placed at the in-centre of the
triangle

[Use the theorem Jf Art 279

2. Show that the attraction of a um{orm rod 4B on aumt mass at P,

1
1n the direction parallel to 4B, varies as 2,—4-— Vo

3. Two straight wires, of length Z and 2’ and of masses m and m, are
placed 5o that they are in the same straight ine and the distance between
the ends next one another 1s ¢, shew that the’force of attraction between
L+o)(l +) .
cl+l+c)

4, Shew that the attraction of a thin umform straight bar, of hne
density o and length I, on another umform thin straight bar, of lne
density o’ and length ¢, placed parallol to 1t and symmetrically with respect

to 1t at a distance A 18 y T (JAFTP + R - VI=T)i+ 4k
Explam the meaning of zhm expression when 4 18 zero

the two wires 18 -,"%mg



308 Statics

§ Two thin atraight nmform rods, 4 B and €D, are prooted togother
at thar muldle pmuts Shew that the attraction between them reduces
to a couple of moment 2ymm’ (4 C ~ BC) cosec a, where m and m’ are their
line densities aud a 18 the angle between them

6 Two umform non intersecting straight hars, of infimite length and
of line densities o and o', attract according to the Newtonian law  Shew
that the resultant force between the bars 18 2y woo’ cosec a, where a 18 the
angle hetween the biry

[let OO, =¢, be the shortest distance between the bars, then, by
symmetry the resultant forco 1 along O Lot P be any pomt on the
first bar such that O7=¢, and p the perpendicular from £ on the second
bar, s0 that p*=c'+£*sinta The attraction at £ of the second bar, by

Art 277, Cor, =2Y7 | and the resultant of this along 00'= 2Y7.,

Hence the whole attraction = j o,ff’;"“‘n,— dg=ete]

281 To find the attraction of a umform circular plate, of
radius a and small thck-
ness k, upon a pmnt P
whach 18 on the ans of the
plate at a distance p from
ats centre

Consider the portion
of the plate neluded be-
tween two concentric cir-
cles of radu @ and z + 82,

The attraction of any
pownt Q of 1t upon a ump
mass at P 1s along the Line PQ, and 1ts component in the
duwrection PO

mass of the element at
—I‘Q‘—_Q cos OPQ

gy TOSS of the element at Q@ p

LS .
The same 18 true for each point of the elementary area.
Hence the 1 of this el 'y area

2. p=2mykep

2wz 8z K
=0, ]

@ +p’)*’
where p 18 the density of the plate per umb of area.
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The attraction of the whole plate therefore
1 e
- A
Lt p]lf o (a +P’)2 PP (E'*'I”)Q o

1 r
2rokep 3= m] 2"7"’[‘-«7*3]

If a be the angle that any radius 04 of the plate subtends
at P, then

cosa=9a P
PA Vaipe
and the resultant attraction of the plate, which 1s clearly 1n the
direction PO,
= 2mykp [1 — cos a]

Cor Let the radims a of the plate become nfimte, and
hence the angle a equal to 90°, the resultant attraction then
15 27k p, which 1s independent of p, the distance of the attracted
point from the plate

Hence the attraction of an ifinite ¢hm _plate
pomnt, I, situated at o finmite distance from the pla
of the distnice of F*_JTs‘egp 2my x mass of the
plate per umg unit of arca, ~

282  Change wn the attraction of a thin attracting surface on
a umt mass as the latter crosses the surfuce normally from one
side to the other

Let P and P be two pomts, on opposite sides of, and
mdefinitely close to, the surface, so that 11”13
normal to the surfice

Round PI” as axis describe on the surface
a small aircle of arca 4, and let the rest of the
plate be called B

Then

Attraction at P = attmction of A at P to-

gether with the attraction of Bat P (1),

and
Attractron at P’ =attraction of A at P’ together with the
attraction of Bat P . weeeee o .. (2)
Now P and P’ being indefinitely close tagether, the attrac-
t1on of B at P = the attraction of B at P’ i the hmut.
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Also 4 is to P as far as 1its attraction is concerned as an
mfinite plate 1s to a point at a finite distance.

Ilence, by the corollary to the last article, the attraction of
A at P = 27ypk, and the attraction of 4 at P’ = — 2mypk.

Hence, from (1) and (2) by subtraction,

Attraction at P — attraction at P’ = dmrypk

Thus the change m the attraction on the umt mass as 1t
passes normally from a position indefinutely close to the attracting
surface on one side to a position indefinitely close on the other
side 1s 4arypk, and therefore depends only on the thickness and
density of the plate at the point of crossing

283  To shew that the component aftraction wn a duection
normal tots plane of a uni-
Jform plane lamina, of any
shape,at any pownt P1s yme,
where m 1s the mass per unit
area of the lamina, and
18 the sold angle subtended
at P by the lamna

Let QR beany verysmall
element of the lamina which
subtends an angle 8w at P,
and let PQ or PR be r,

Then, in the Limit, the

arca RQ

attraction of this element on P =ym T

Draw PM perpendicular to the lamina, and Q¥ perpen-
dicular to PR, so that

ZRQN=90°- £QRN=¢RPM=0
The attraction of QR on P resolved along PM

- area Q. cos§ _ area QN _ 5
TP R T i
Hence the resultant attraction on P 1n the direction normal
to the lamina = 2ym 8w = ymw, where w 18 the whole sohd
angle subtended by the lamina at P,
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284 AL frustra of a uniform cone, of the same thickness
and with thewr plune faces parallel to the base of the cone, exert
equal attractions at the verte of the cone

Let AB and CD be two sections of the cone, of the same
small thickness ¢, which
are parallel to the base of
the cone.

Let any cone, of ver-
tex P, and very small
vertical angle at P cut
these scctions m the very
small curves Q2 and Q B

Since QR and Q'R
are similar curves, their areas and hence also their masses since
they are of equal thickness, are proportional to the squares of
their distances tiom the vertex.

attraction of QR at P _area QR area Q'R

attraction of Q &0 at P~ P rQe
aea OR PQv_PQr rQe
area QR PQ — PQ* Py
Since the of correspond 1, QR and QR,
are equal the attractions of the whole areas AB and CD are
the same both 1n magmitude and dunection.

Hence, by summaton, the attiactions of any two frustra of
the same finite thickuess are the same both n magnitude and
durection,

Hence

285 Ex 1 Find the attraction of a umiform solid right cwrcular
cone, of height h and ve)tical angle 2a, at the centre O of s plane buse
The plane section at a height 2 above the base subteuds an auglo 28
at 0, where
z - zeosa
VaZp(h—azftan’a Wil-2kranlatiisnia
The attraction of this section of thickness 3z
zcosa
T 0N | by Art 281
V2 oh st a 40 aln‘u] 7
Hence the attraction of the whole cone

s - reosa ,,] .
'"'f I: J(x_-huln’n)’+h’sln‘am‘

cos 8=

-2¢wa:[1-
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On putting ymz~A sin? o, this
heosta (v +h
-gwwj ‘fum’t[l T Iy sint a cow

-iwﬂa[y—eos a VT i

swlacosta
hcosta
~h10? a cos a log (y+/7F+ A <inta co'a) u)]

~hemta
08 a+cos? o’
=2ryphsina [sm a+¢0s a—8in a cos a log 10 g =m0t a].

Ex 2 Thelaw of attraction beng that of the wnverse distance, find the
attraction of @ umiferm ercular drse on an external pornt in s own plane

Dedwce the attraction of an infnte curcular cylinder, attracting acwrding
20 the law of Nature

Let a be the radws, p
the density and £ the thick-
ness of the disc, and ¢ the
dustance of the given point
P from the ccutre 0 Let
6 be the angle any radius
vector through £ makes
with 0P

Then the total attrac-
t10o of the disc

e HY rdsfdrl«pwol

the luuits of r being 1, and PQy,

16 ccos 0—Nar—Fsin’d and ccosb+vVal-dsn?g,

and those of 8 being zero and sin=*%

Tence the attraction =dykp f VI=ETITG cos 0d0

P
ol cos* pd¢, 1f csmb=asng
¢ Jo

mykpat Mass of the dise

The attraction thercfore = = -"= w y Drtance From e comre’ %
that P 18 attracted as 1t would be 1f the whole wass of the dise were
collected at its cuntie

Next, let the cucle be the norml cross sectiop of an infimte cylinder
The attiaction of tho tilament of whmite lougth thiough £ purpidicular

to the plane of the paper 13, by Art. 277, Cor., equal W 2y rdpﬂ[tar.P
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m the direction PR The attraction of the infinite cylinder is thus the
same as that of the above disc, 1f for £ we put 2, and so = L"Zﬂ_“’

If P be actually on the surface of the cylinder, so that cea, this
attraction becotes 2wypa  We hence have the attiaction of a thin rod
on a pomt upon its surface [of Art 278]

If 7 be mside the cyluder, the attraction on 1t =2x [[2ypdrdé cos 6,
the lirmits for 1 being zero to ¢ cos 84+ Va?—Esin? 8 and for 8 from 0 to «

This easily gives 2mype as the attraction at P,

EXAMPLES

1, Shewthat the attraction of a umform cyhinder of height A, radms a,
and density p, at a point on 1ts axis at a distance ¢ from 1ts end and out-
side 1t, 18 2ryp [h-NaT+ (oA +Val+ 7).

2 Shew that the attraction of a spherical segment on a umt particle

at 1t vertex 18 2myph [1- i \/ i—’], and that ou & umit particle at the

centre of 1ts base 15 %’%[am—mw;- 4 2a - &)Y, where a 18 the

radius and p the density of the sphere and / is the height of the segment;

3 Prove that a solid umform hemisphere, of radius a, exerts no
resultant attraction at a pownt ou its axis at a distance ¢ from the centre
given by the equation 12¢4 - Bue +3at=0.

Shew that o= 3_;' approximately,

4 A nght arcular cone, of umiform density p, has its axis vertical and
vertex upwards  Shew that its attraction at & poit P on the axs, at &
distance ¢ above the vertex, 18

2rpomnacona {502 unalog (an S oot )},
where 2a 18 the vertical angle of the cone and a—g the angle which the
tadius of 1ts base subtends at P

5. A frustum of a uniform thin hollow cone attracts a particle placed
at the vertex, shew that the attraction 18 27 yo sin a cos a log g , where £

and r are the radn of the circular ends, a 1s the semivertical angle of the
cone, and ¢ 18 the superhcial deusity of the coue

6 A homogeneaus night circular cylinder 15 of nfimte length in one
direction, and at the othes eud the scction 15 purpendicular to the g nerators,
prove that the attraction of the cylider on a particle at the centre of
thus end 1 227 » where 4f 18 tho mass of the cylinder per umt of length

a
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7. A vertical solid cyhinder of height a, radius r,and density p, bounded
by plane euds perpendicular to 1ts axis, 18 divided by a plane through the
axis uto two parts. Shew that the horizontal attraction of one part on a

+ad
'“/"*" , and find the

particle at the centre of the base 1s 2yap log
angle the resultant attraction makes with the axis.

8. A homogeneous prism, infinite 1n length, whose cross scction 18 an
equilatoral tnangle 45 attracts a particle at 4, shew that the resultant
attraction 18 74 where 213 the mass of & umt length of the prism and
a 15 the length of & side of the triangle

9 Show that the attraction of & thin elliptic disc, of umform thick-
ness & and umform density p, at the focus 18 2mydp where
2a and 2b are its semi-axes

[The attraction requircd = f f tho 7204 50, the limts bang zero to

Toassg for 7 and from ror0 to 2 for & Wo thus mtroduce the ifnite
quantity log r, when r 15 zero To avoud this, take any circle, of radius X,
[<a(1 -e)] surrounding the focus The resultant attraction of ths circle
18 zero by symmetry  Evaluate the above integral between hmits A and

= for , and 2ex0 and 2 for 0]

10. Anellipticdisc, of mass Af and sem1 axes a and b, attracts according

3
to the law distance
pont (z, ¥) in directions parallel to the axes are

—"z z and e lb‘

Deduce that mn the case of an |nﬁmte homogeneous elliptic cylinder of
density p, which attracts according to the law of Nuture, the cowponents
4ympab z dmypab
“axb @™ oxE

» shew that 1ts component attractions at an internal

are %, where a and b are the semi-axes of s
cross section —_—

11 Shew that the attraction of a circular disc of radius @, whose
law of attraction 15

B My Mue
vty T @ By weordinges 2 a,

where M 13 the mass of the disc and ¢ the distance from the centre of the
attiacted pomt which 18 1n the plane of the disc.

12. Find the attraction of a lamina 1n the shape of a uniform circular
annulus on an external powt 1n 1ts plane, the law of attraction being that
of the inverse soventh power of the distauce
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286. Attraction ical shell on an
external_orinternal pownt P.

Let a be the radius of the spherical shell, & and p 1ts
thickness and density,
and ¢ the distance of P
from 1ts centre O,

If Q be any pomt
of the shell, QN the
perpendicular on OP,
and 8= £ P0Q, then all
the ponts on a circle
with NQ as radius are
at equal distances from P, and the attraction of each on P
cos ¢
g

Hence the resultant attraction of the portion of the shell
generated by the arc a 86

resolved along PO

=me¢
Now R*=a’+¢*~ 2accos 6,
0 that R ER=acsin6 8.
Hence the attraction of this elementary portion
_ acsds, ., a(R+e—a”
=2mitp § “gPaR=mikp § (T) SR

& S———— -

Furst, let P be ontside the shell so that ¢ >a  If we mtegrate
the quantity thus found, for values of It between A and PB,
2e between (¢ —a) and (¢ + a), we have the resultant attraction
of the whole shell

cta 2
resultant anmcnonaf wyhp% lﬁc,—ﬁ .dR
o-a ¢ I
2_ grleta
=mykp E, I:R —o-—iJ
¢ o-a

a
=1r~,kp;, |:(c+a)—(v—a)— c+a  o-a
kpa? Mass of the shell
Sfmried,, Mussolihe shell
and is thus the same as 1t would be 1t the whole mass of the
shell were concentrated at O.

e—a* c'—a_’]
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Secondly, let P be nside the shell as at P, so that c<a.
The hmits of the integraton are now 4 and P\B,1e a—o
and a+c¢

Hence the resultant attraction

mlpaf”'li’+c’—a‘ _mykpal, al-c
== —m— AR = — R+ ]

a-o

0

-"—7:,"“! [(a+c)—(a-c)+a'_':2 a’—c’]=

atc a-o
Mence a uniform thin spherical shell attracts an external

pont just as 1t would 1f ws whole mass were collected at 1ts
centre, whilst 1ts attraction on an nterndd pomnt 13 zero

287 Attractwn of a umform sold sphere at an external or
snternnd poipt

Conceive the sphere as made up of an mfimte number of
concentric shells, each of
ndefimtely small thick-
ness

If P be outside the
sphere, 1t 18 outside each
of these shells, and hence
the attraction of each
shell on a unit mass at P
- Mass of the shell
Y T T

Hence the total attraction at P
-y Sum of the masses of the shells

_ ., Mass of the whole sphere
L)Y B

and is therefore the same as 1t would be 1f the whole mass of
the sphere were concentrated at 1ts centre O

If the point be within the substance of the sphere as at 1,
then for all the shells of a rdius greater than O, P, 1s an
ternal point and hence, by Art 286, the attraction of all such
shells 18 zero  We nced only therefore consider shells of a
radius y which 15 less than 0P, 1e o
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For any snch shell P, 15 an external pont and 1ts attraction
f the shel daryd;
at P, =y. 1111«;—“ 7.2 and wo must -
tegrate this for values of y from zero to ¢
Hence the resultant attraction at P,

4
= f dy=3wypn

Hence for a pomt lnqlde the sphere the attraction varies
durectly as the distance of the attracted pownt from the centre

288  Attraction of a spherwal shell. Geometrical Proof
Let P be an external
point and Q 1ts inverse, 5o
that CQ CP=CA’=a’
Through @ as vertex
draw a very slender cone
to cut the sphere in very
small areas RS and R'S’
Since
CP CQ=a=CR,
cQ _CR
CR=TP’
8o that the tnangles CQR, CRP are similar
So also the triangles CQR’, CIX'P are similar.,
QR_CR_CR _QF
Henee RP=CPTCPTRP
and £CPR=£CRQ=£CRQ=LCPR ...... (2)
Thus
Attraction of RS at P _arca RS _area R'S'

_ s RS R
area B'S RP*
Draw RN, RN’ perpendicular to SQS’
Then area RS =cross area RV x sec NRS
=cross arca RN x sec CRRQ),
swce CR, RQ are respectavely perpendicular to RS and RN.
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So area R'S = cross area R'N" x sec CR'Q
area RS  crossarea RN QR

area R'S' ~ cross area RN ~ QR™"

Hence

Attraction of RSat P QI* R'I? .
Attraction of RS ab P~ QR RP* ~ 1, by equation (1)
Thus the attraction of these elementary areas at P are

equal and, by (2), they are equally mclined to CP, hence therr
resultant 1s along CP.

Also, 1f 8w be the solid angle of the slender cone at @ and
p be the mass of the shell per umt of area, then,

component along PC of the attraction of RS
a RS area RS x cos CRQ

= P1cx” s CPR=yp. ——pp
_ ., area RS cos NRS _  area RN _ QR 3w
= PR Y Tpr T PR
@
=9 dw 28
Hence the total attraction of the shell
p M: f the shell
_qu ﬂk)l 'ypa Zsm Zi:; = ass o e shel .

Since the attraction of RS and R'S’ are equal, 1t follows
that the portion of the shell to the nght of the inverse pomnt @,
and the part to the left of 1t, attract P equally.

Also the plane through @ perpendicular to CA contains all
the points of contact of tangents to the shell drawn from P, 1e,
1t 18 the polar plane of P. Hence the polar plane of P divides
the shell into two parts whose attractions at P are equal

Secondly, consider the attraction at @ Then

Attraction of RSat Q _area RS _area RS’ _ QR* QR _ 1
Attraction of RS at @ QI QRT T QR® QR T
Hence the resultant attraction of RS and R'S’ at Q 1s zero
So for all such slender cones Therefore the attraction of the
whole shell on @ 1s zero.
Also the part of the shell to the nght of a plane through @
perpendicular to CA4 and the part to the left attract @ equally,
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289  Value of gravity on the top of a tableland of hewght
« above the Earth’s surfuce.

If a be the radius of the Earth and g the attraction due to
gravity ab 1ts surface, then the value of gravity at a height

above the surface =

(u:z)“’ where y=£., and hence this value

2
=g(a:—w)‘=y [1—27:] ,1fs 18 small,

If o be the density of the materal of the tableland (assnmed
to be homogeneous), 1ts attraction at a point close to 1ts surface
18 2myaa, by Art 281,

Now, 1f p be the mean density of the Earth,

mat p _ 4mypa
o= F0ET0

Hence the attraction of the tableland = g :'i;g

The total attraction, ', at the top of the tableland thus
=g |1 2_‘ 3za 2_”" Saa)
LA R Rt tiam
If we assume, as an approximation, that the mean density o

of the rocks near the Earth’s surface 1s about one-half that of
the mean density p of the whole Earth, this gives

!

290. Value of the constant of grantation

By the use of the proposition of Art 287, and the known
value of the acceleration due to gravity at the Earth's surface,
we can obtain an approximate value for the constant of
gravitation.

For, 1 & be the mnss of the Earth and R 1ts radius i any
system of units, 1ts attraction on a unit mass at the surtace

E1
=

Hence g=v 1%, coreseacerenst o aee (1)
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Centimetre-Gramme-Second Units
In this system £ =47 [* x mean density,

and R=637 x 10°cms,

Now the mean denaty of the Earth, according to the most
recent determination by C. V. Boys, 18 5527,
Hence (1) gives

981=y. gmRx 5527 =y 47 x 637 x10x 5527,

Hence y=666x10~%, 1 the force of attraction between
two concentrated masses, each equal to one gramme, placed ab
a distance of one centimetre 13 6 66 x 10~ dynes

It 18 easily seen that the force of attraction between two
concentrated masses each equal to about 3877 grammes, placed
at a distance of one centimetre, 15 one dyne.

Ft-Lb-Sec Units

As a rough approximation, taking the Earth to be a sphere
of 4000 mules radius, (1) gives

322=y.f§x4000x5280x5527xez;,

smce the mean density of the Earth 1s 5527 times that of
water, 1€ 18 5527 x 62} lbs per cubic foot.

Hence y =105 x 107 nearly.

The force of attraction between two uniform spheres, each
of mass one pound, whose centres are one foot apart, 1s thus
105 x 10~ poundals approximately.

Dumensions of . If [I'] denote the dimensions of 4 and
[21), (L), [T] the umts of mass, length and time, then equation
(1) gives

wizre=ey
[y

o [P]=([M]7 [L} [T]

EXAMPLES

1. The centre of a sphere of silver, of radius 55 cms and sp gr 104,
18 distant 17 cms from the centre of a aphere of gold, of radius 3 cws and
8p gr 19}, shew that the attraction due to the two spheres 18 zero at a
potat between them distant 11 cms trom the centre of the silver sphere.
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2. Draw a graph shewmng the waight of a particle m 1ts different
positions 8s 14 18 brought up from the centre of the Earth and taken to
wfinity.

3. Shew that to bring any mass from the centre of the Earth, treated
a8 homogeneous, to the surface requircs half as much work as that required
to remove 1t from the surface to nfinity against the Earths attraction

4. If the Earth (supposed sphencal) were covered by sn ocean of
uniform depth 4, prove that the value of gravity at the bottom of the ovean
would excoed that at the top by 4k (§p— o) approximately, where o
18 the densmity of the ocean and p 18 the mesn density of the Earth

5. If half the mass of the Earth were concentrated in an extremely
thin umiform external crust, shew that at the centre of & curcular gap 1n
the crust the wmtensity of gravity would be less than its normal value by
one-fourth

6. The density of a sphere varies as the depth below the surface ,
shew that the resultant attraction 18 greatest at & depth equal to § of the
raduus, and that 1ts value there 18 § of the value at the surface.

7. If a sphere consist of concentric layers, of umform density, shew
that 1ts attraction 18 the same at any point of 1ts volume if the density at
each pomnt vares inversely as the dustance from the centre

8. Deterune at external and mternal pomts the attraction of a sohd
sphere of radius a, given that 1ts density at & distance r from the centre

sk (C)'.
.

9. If the density of a sohd sphere 1s a function of the distance from
the centre, shew thiat 1ts attraction begins to Icrease as we penetrate mto
the sphere, 1f the density at the surface 13 less than two-thirds of the
mean density of the sphere

10 Shew that the attraction of & umform thin hemispherical shell,

of mass H and radius a, at a point on the diameter perpendicular to the
plane of the rim of the shell and at & distance # from 1ts centre, 18

2.4 [1 e
- v
11, Find the attraction of a solid homogeneous hemusphere at @ pownt O
on the edge of uts plane base
Tako O as the origin of coordinates, Oz as the line through tho centre

C of the base, Os perpendicular to the base. Then using polar coordinates
#, 6, ¢, the attraction Z along O

-fffw’ dr rdf rnnﬂdgwd

‘The Limuts for r are 0 to 2a cos ¢ s1n 4, since the equation to the surface
of the sphere 18 (¢ — @)} + 38 +387=0a3, 1.6. r¥=2az=2ar cos  &n §
18 1
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Thehmmforﬂmmw;,mdthaufor¢m—§

Hence 2=7p//9awe¢mn'awe&dﬂd¢-?%m.

The component attraction X towards the centre
_fffw.dr rd0 romddg g 2,;,.
[This result follows also because clearly the resultant attraction of the

hemusphere along OC must be half that of the complete sphere.]
By symmetry, the attraction along Oy vanishes

Henco tho resultant attraction 18 2222 YT, mohned st
tan-12t0 0C.
B

12, Shew that at the southern base of a hemspherical hill, of radius
@ and density p, the apparent latituds 18 dumimshed by 1 22, where o 18
the mean density and r the radius of the Earth.

13 If the northern and southern hemspheres of the Earth had been
of uniform densities p and o respectively, the mean densiby being as at
present, prove that gravity at the equator would be greater than 1t 18 now

1 the ratio
VG

and that the deviation of the plumb-line from the zenith at any pomnt of
the equator would be
_, {2 p~o
e {022},

14, If a mountam, i the form of an enveloping cone of semivertical
angle a, were added to & sphere of umform density, then gravity at 1ts
summt would be

1+sma—~cosla
2sma
where g 15 the value of gramity at all points of the surface of the sphere
and the mountain 15 supposed to be of the same density as the sphere

15, Find of there ws any law of attraction, wn addition to that of the
wnverse square of the dustance, by which the attraction of & thin umiform
spherical shell would be zero at an wnternal pont

Let the law of attraction be /7, so that, by Art 286, wo have guven

a7 P SN

for all values of ¢ less than a.
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Differentiating this equation with respect to ¢, we obtam
j(a+c) /’(a-a) a+e I(E)dﬂ.
“atc | a-¢ a-0 K?
Agam, dlﬁerenmtmg (1) wmith mpect to a, we have
)
are “ f oo 1890

Elminating the integral tmm theee two equations, we obtamn

f(a+c)=f(a—c)

This relation 1s true for all values of a and for all values of ¢ less than a.
1t follows that 7 (r) 18 the same for all values of r, ne that £(r) 18 constant
=4 (say)

Henoe the only law of force admssible

=L 4

16, Fund of there 1s any other law of attraction, wn addition to that of
the nverse square of the distance, by which the attraction of a thin umiform
shell of radius a would be the same at all external pownts as of 1ts mass were
collected at sts centre

Let the law of attraction be /) so that, by Art 286, we have gven

ko % f

and hence af"‘”"*"' B4 R AR=41() ervemrns o (1)

G REE- fm) aR=tmytpar L9,

This 18 to be true for all values of a and all values of ¢ greater than a
Differentiate with respect to g, and we have

-5 TR yman

ks e
+i [ rera 2 fe-a-2af L ar]=o0
[f(“‘“) fle— “):l f‘*“‘m+c'+a @ ar
Differentiate this with respect to ¢ and a respectively , thus we obtain
fleta) fle—a) fleta), f(c—a) ta f(R)
2o - Lt L Oy g0, [ Llota) L0, [ LD,
and

R I

Hence, on ohmination of the mtegral, ;i*;) f(}‘ a;" for all
values of @ and for all values of o greater than a
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Henco /-0 must bo constant -, f(r)=4r*+ B, whers 4 and B are

arbitrary constants, hence the law of force roquired = Ar -+ 5

Thus the only possible laws are those of the direct dustance, and mverse
squate, or & combination of them.

THE POTENTIAL.

291 The potential at a pownt P of an attracting mass A 18
the work done on a umt

mass a8 1t moves from an .F/.'M wfinty
infimte distance, by any NP
Py
path, curved or straight, ]
to the pomnt P,

Consider any elemen-
tary portion, m, of the
attracting mass ab O
and let PP, be any
elementary arc of the path of the particle, where

OP,=R and OP,=R+3R.
Draw P,N perpendicular to OP,. Then, in the hms,
ON=0P,=R+sE.
PN=0P,~-ON=R-(R+8R)=-8R

Hence the work done by the attraction of m as the umt
mass moves from P, to P,

o) T P

=1 op; PN =TH (- 8B)

Henoe the whole work done by this attraction as the umit
mass moves from 1nfinity to P, where OP 1s r,

- (- ar=[7]

1 1 ym
'“f’”[;';] rE
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A simlar result 18 true for elements m,, m,, .. of the
attracting mass at 0,, 0, ..

Hence the total work done by the
whole am.mctmg mass 0’°* o) —p

.PU PO +P“+... o

= f Y dm.
r
Thus the potential of a mass M at any pomt P 1s obtained
as follows, Let dm be any element of M whose distance from P
1s r, then the potentwal at P = ry[%l.,wlxere the untegral 18 taken
thronghout the attracting mass
This quantaty 1s usually denoted by V.

292 If V be the potential of an attracting mass at any
pont P, whose coordinates
are @, y, 2, we can shew that

B;—m 18 the component attrac-

tion ab P parallel to the axis
of # 1 the direction of @
ncreasing, and smilarly for

T and —

For lcf. dm be an element
of the attracting mass at the ¥
point @, whose coordinates are @/, 3, #. Then, by the defimition
of the preceding article,
dm dm
Veay [y [ B
b R

dm
_"f«z-wa-+<y—y'r+<z-:'>’}*‘(” i

=_7f%,m_—;g’=—fyf;—z‘ xeosf ... o (1),
where 6 18 the nclination of QP to the axis of PC .
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Now the attraction of the element dm on P is y' %
along PQ, and hence the resolved part of this attraction’along
the negative direction of the axis of z = f,ﬂ cos 8,

Hence the attraction of the whole mass resolved parallel to
the positive direction of the axis of & = =g f }i,—'g; cos 8.

Therefore, from (1), 1t follows that

%:the resultant attraction of the whole mass parallel to
the axis of @ in the direction of z increasing.
Similarly %a.nd %E are the resultant attractions in the

directions of the axes of y and z.

293 From the preceding articles we thus see that we may
obtan the potential at any pomt by finding the value of the

tegral o f d_:n taken throughout the mass of the body, or, 1f 1t

be more convenient, we can find 1t from the property that 1ts
dufferential coefficients with respect to @, y, z are equal to the
1 forces in the d of these d
Also 1f V be first found we can easily obtam the component
forces by differentiation.

294 If 3s be an element of a line drawn from P mn any
direction, whose projections on the axis of a, y, 5 are 8z, 8y, and
3z, and whose direction cosines are therefore

8z 8y 8z
PRI
then the resultant force along the element 8s
iV ds dVdy dVds_av
EZI P i P Pl P

If this element & be PP, this expresses the fact that the

force n the direction PP’

-Lt Potential ab P’ - Potental at P
PP *
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295 From the precedmg article 1t follows that if the
position of P be given by the usual polar coordinates r, 6, ¢,
the resultant attractions are

'fi—v 1 the direction of 7,
-
é ‘% perpendicular to 7 mn the plane of 6,

1 4V
and Femo dg perpendicular to the plane of 6.

296 When the attracted pont P 15 mside the attracted
mass, 1n which case some of the values of 7 are zero, it seems at
first mght as if the value of the potential fqd:_l' might be
mfimte

But it can easily be shewn that this 1s not so  For take P
as the origin of polar coordinates (r, 6, and ¢) i three dimen-
sions, i which case dm =28r.780.7rsm08¢. p.

Hence the potential ¥ = yfffp .7 sm drdfde, and hence

15 finite even 1if 7 be zero for some of the elements.

Sumalarly, by (1) of Art 202, %Y —_ j%; cos QP

=—<yfffp Fs—‘wgwcos¢sm€=—'yff[psm’0oos¢drd€d¢,

and hence no element of 1t becomes infinite even if r be zero.
The p 1 and ys of at h are
continuous functions, if every element of the attracting mass 1s
of fimte volume density
But the same will not be true of the second differential

it of the p 1 Ford g the expression
of Art 292 with respect to z, we have
v

_ 1 (@=2)
& =1 [im [ -3

Taking the attracted pomnt (=, , z) as the origin as above,
and substituting 1 polar coordmates, this gives

Gy [[[p. Be 0= o pgranay

Here the quantity under the integral sign 18 1nfimite, when
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7 vemishes, 1e for some values of 7 when the attracted pont 18
mnsde the attracting mass

Hence the second daffe 18 not, as
we pass from outside to inside the attracting mass

The above results will not necessanly hold for other laws of
attraction than that of Nature. For instance, 1f the law were
that of the inverse cube of the distance, the above integral for

1 coeffi

dd—Z would have an 7 m 1ts denominator, and so some of 1ts

elements would become infimte 1f the attracted particle were
within the attracting mass
297. tential for laws of attraction other than that of the
wnwerse square
My
If the law of be 'Y'(dlshance)'-"the

mass m at a distance r, as 1 Art 291,
<[ er= [ oa] -
w\ R* RE), Taoie
_v_[dm
n—1)rm1"
This holds so long as 7 1s positive and greater than umty
If the law be that of the inverse distance, te if n=1, the
potential = f (
where C'1s an nfimite constant
Also the potential of the whole attracting mass
=0, - 'yf log rdm,
where C, 18 also an infinite constant.
298 _Potential of a thin unyform rod at any external pomt.
‘With the figure and notation of 277, the potential of the
rod 4B at £

=}'=ykp da:_f"vykppsec’ 0do
psecd

ofa

Hence the potential of the whole mass M =

)dR-—rym [logRJ' =C —qmlogr,

= ’Ykpf sec 0df =ykp [103 tan (4 + g)]:
tan (7 + +$)

o (3)

= ylkp log
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PAB

Now £ PAB=7 +a,50 that tan (] —>=I:xm =

172

Also ¢PBA= E—B‘ so that
B PBA
twn (F+5) = oot (F-3) =t g7
Hence the potential ab P

=ykplog [cot PAB . cob. P—gé]
If AB=a, AP=r,, and BP =r,, then, by the ordinary
formulae 1n Trigonometry,

PAB PBA 8(s—r)
ot —g— .00t == s—r,)(s—a)’\/(n—r,)(a—

@)
s __mirn+a
s—a r,+r,—a

Hence the potential at P
=vkp log

fitrata
rntr—a’

Cor 1. It follows that the potential 18 constant for all
pomts for which 7, + 7,18 constant, ve. for all ponts which le
on an ellipse whose foc1 are 4 and B,

Hence, 1 the case of a thin rod AB, the equi-potential
curves are ellipses whose foc1 are 4 and B

Cor 2 If the rod be of infimte length in both directions,
the potential V'

f vkp

= 2ykp [lug {o+Vai+ p’}]o
=C—2ykp log p,
where C is an mfinite constant
This result may also be obtained from the result of Art 277

Cor , for Qa—foree of attraction = —bk—”-,
dp ?

& V'=C—2ykplogp.
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Cor 3. If the rod be of mfimte length m the direction 4B
produced, but ends at 4, the potential at P

=okp [log taa (7 + g)] —okp [0‘ - lfg::(““." %)] ,

where (" 18 an mfinite constant,
=qkp [O’—logl +amu]

299 Potentwal af auniform thin circular plate at a pont on
its azis
‘With the figure and notation of Art 281, the potential at P

_f'y.ﬁ-m:d.z kp
PQ

= 2mykp dz

° ‘\/ p’ +a?
= 2mykp [«/p’ ¥ t‘]:
=2mkp [Vp* +a* ~ p]

Or the potential ¥ may be obtamned from the result of
Art 281, For

g—::= attraction 1n the direction OP

- p—
2mykp [1 «fu’+p’] .
o V=2mykp V&' + p* - p] + .

The constant C 1s zero, for when p 1s zero,

V = the potential of the plate at 1ts centre
a
- f v 2made kp 2mykpa.
o [
EXAMPLES
1. If a umform rod be of infimite length, shew that the work done

1 removing a umt particle agamnst 1ts attraction, from a perpendicular
distance y; to & perpendicular distance yy, 18

kp log &2
’1P°8yl
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2 Two equal umform bors, of masses my and mg and length 7, are
symmetrically placed 8o as to be parallel and st a distance y, Shew
that the work done against thew mutual attractions 1n pulling one away
symmetrically, tll 1t 18 at a dstance y, from the other, 18

I FEF=
2y [y -viog VLR
"
[Use the result of Ex 4, page 307]
3. The potential of a distribution of matter is given by
z- a+‘\/z’+£’+(¢—z‘)‘ .
ato+yyitd+@tap
find the most compact distribution of matter that will produce 1t
4. Anumber n of equal, infinitely long, homogeneous straight filaments
lie on & cylindor of radius a, and aro at equal distances from one another
Shew that, the potential at any point P can be put mn the form
C'—ymlog (223%™ cos nd-+at),
whero r and 6 are the polar coordinates of P referred to an ongm which

15 the intersection of the axs of the cylmder with a plane through P
perpendicular to 1it.

5. Shew that the potential of the surfaces of & cube at the centre of
the cube 18

Veplog

-"%{[6 log (2+y3)-r],

where 2a 15 the length of a sde and M 15 the mass of a face supposed
indefimtely thin

Deduce that the potential of a cube at 1ts centre 1§
2 (5105 (2.0 y3) -,

where M 18 1ts mass and 2a the length of one of the edges of the cube
Deduce also that the value of the potential of the cube at one of its
corners 18 one-half the value at 1ts centre.
[Start with the result of Art 280]

6 Shew that the potential of & thin homogeneous ring, of mass m
and radius a, at & point 1 1ts plane distant ¢ from 1t8 contre 18 €~ ymlog e
or C'—ymloga, according a8 ¢ 18 Z @, the law of force being mversely as
the distance

7. Shew that the potential of an 1nfinite uniform thin cyhndrical shell
at a pownt P s
C-dnryaMloga or O-dmyaMlogr,
aocording as P18 maide or outede the cyhinder, the mass per umit ares
being M, the radws of the shell a, and r bemng the diwstance of P from
its ans,
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8. In the plae of & thin umform circular ring, of radius @ cme and
mass M grammes, a point 018 taken at a distance ¢ from the centre (¢ > a),
shew that the potential at O due to the gravitation of the ring 18

o e

where ate”

9, Shew that the potential of a umform arcular disc, of mass &
and radius a, at a point i 1ts plane distant ¢ from 1ts centre, 18

. "
H L
‘L”fo VF-FsnTds or ‘"l-:,{f“ Val=Fsmiods,

ra’
according s ¢ 15 less or greater then &

10 Find tbe potential of a umform lamina, bounded by two con-
centric circles whose radu are @ and b, at & pomnt 1n 1ts plane distant r

from the common centre, the law of attraction being m

11 The densty of an elliptic lammna varies as the distance from the
major axis, the mass of a umt element of area at umt distance bewng p
Shew that the potential due to the lamina at a focus 18 Zyub?

12 0 1s tho centre of a homogeneous hemisphere and 4 1s the other
end of the radius perpondicular to its base  If the radis be a cms, the
density p grammes per cub cm, and y be the constant of gravitation,
shew that the work done aganst the attraction of the hemusphere in
carrying one gramme from O to 4 18

soypa[1- 32 Jergs

13 Shew that the quantity of work necessary to move one con-
densed umt of mass along any path from the middle point of the base of
a homogeneous solid cone to the vertex 1s

cos.a(l+cosa)  cos®atsmnda—T
mna(l-soa) T smiacosta |’
where % 18 the height and 2a the vertical angle of the cone, and p 13 1ts
density

ottt cou o log

800 Poten) of a_thin_uniform_sph shell at_an
external_or wnternal pownt
ith the figure anid notation of Art. 286 the potential at
an external pomnt P

J‘ adf 2wasiné
=) vke-—pg —



Potential of a Spherical Shell 833

Also R.8R=acen 0. 80, as 1 that article.
Hence the potential -

=2yt [ AR g 2 [R]“"=4’-%”“'
e

Mass of the shell
=_y, ——

so that, for an external point, the potential of the shell is the
same a8 1t would be 1f the whole mass of the shell were collected
ab 1ts centre.

For an internal pont P, the hmits for the integration
are from R =P,4 to P,B, e from a—c¢ to a+o Hence the

potential at P,
a ate Mass of the shell
= Zwykp; [R]-_‘s dmykpa =y, T radis
Hence, for an nternal pont P,, the potential 18 constant and
equal therefore to 1ts value for a pont at the centre.

301. Potentwal of a umiform solid sphere at am esternal or

wnternal pownt
'ake the figure and notation of Art 287, and conceive the
sphere as made up of an mfinite number of thin concentric
spherical shells as 1n that article.
If P be outside the sphere, 1t 18 outside each of these shells,
Mass of the she]l
oP

for any one of which the potential at £ =¢,

by the last article.
ence the total potential ab an external pownt P
- Sum of the masses of the shells

- Mass of the sphere
v 0P ,

and 18 therefore the same as 16 would be 1f the whole mass of
the sphere were concentrated at 1ts centre |I
If the pomnt be wmside the sphere, then for all the shells of
radws y less than OP,, P, 18 an external pownt, and hence, by
Art 300, the potential for such a shell =, 47‘5%;8?/, and this
1
must be integrated between Limits 0 and o
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For all the shells of radius y greater than OP,, P, 18 an
mternal pomnt, and hence, by Art. 800, the potential for such a
shell =¢. 4"”:’8y , and this must be integrated between himits

¢ and a.
Hence, finally, the potential at an mternal pont P,

o dmpy’d; . 4 d;
- ,,,_/'y’_y+f . bmeyidy
° ° o Y

4
= _’?:cﬂ ¢ +2mpy(a* - o)

= 2myp (a’-— "3:) .

3802 Potential and attraction of a spherical shell, of fimte
thickness, bounded by spheres of radw a and b,

Let O be the centre and p the denmsity of the shell
Conceive this shell of fimte thickness to be composed of an
1nfinite number of thin shells, and apply the results of Art 300

Furst, for a pont Py (0P, =z) withn the inner surface of
the shell, the second case applies, and the potential at 16

°  4mpyrd;
= [ 2 -

Secondly, for s pownt P, (OP,=z) between the two bounding
surfaces, for the shells of a less radius than z, P, 1s an external
pownt and the first case of Art. 8300 holds, whlst, for shells of a
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greater radius, P, is an internal pomnt and the second case
applies. Hence the potential at P,

“f"’ 41rgy dy +J’." 47rpy'dy

-=4'm, ( b')+2wp.,(a--a)

Thurdly, for a pomt Py (OP,=x), external to the whole given
shell and therefore to all the thin shells, the potential ¥V
- f“ dmpy'dy _ 4mpy & — b
R E) @

We thus have the following results for ¥ and 1ts differential
coefficients

2<d b<z<a #>a

& s dmpy 3=
V| trpp(@—ty) | 2ay [a’— o 52’] frpy =¥
av o oy, 05 dmpya-b
k3 i s
av sy By a-b
rd o -3 {H‘?] 3 &

It will be noted that, 1f we conceive the point P as travellng
from the centre O outwards through the position$ P,, P,, P,,

the values of ¥ and % are always continuous, and 1n particular

are continuous at the values =5 and s=a,1¢ when the pomt
P passes nto, and out of, the attracting matter

But the value of %’; 18 discontinuous at these values.
At the value z=b, d‘— suddenly changes from 0 to — 4myp,

and at the value z=g, 1t suddenly changes from
41r'1p 2b') 81rp7 @-b
3 1+ to — - =
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The accompanying figure, taken from Thomson and Tait's
Natural Phalosophy, 11l the 7,2 and 2V
b ‘ Tde’T dat
OE, ON are the radu b and & of the bounding surfaces of the
shell.

V 18 re) ted by the continuous curve 4 BQC, which has
presented by

no abrupt change of d S T by the curve

OLFD which changes 1ts direction abruptly at £ and F, 'g:

by the discontinuous curve consisting of the three portions OF,
GH and KL.

EXAMPLES

1. Shew that the potential of a zone of a thin homogeneous spherical
shell at any point 2 on the axis of the zone 1 %,-myuuum
ofthamnemdq,r,mth.dmamonhepomtl’fmmth bounding
edges of the zone.
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2. Show that half of the poteutial of a umform spherical shell at an
external point U 1s due to that portion of the sphere which 1s nearer to 0
than the centre 18,

3. If the radius of a sphere be a, its density p, and the distance of
an mternal pomnt from the centre O be b, shew that the difference of the
potentials at P due to the two portions mnto which the sphere 1s divided
by a plane through 2 perpendicular to O 18

St (a-sat).

4 Find the pohenlml of & solid homogencous attracting sphere, of
radus a and denmty » together with a umform distmbution on the

surface of the sphere of n:pellmg ‘matter of surface denncy = at any point

nside the sphere, and also at any powt outside the sphere
[y (a2=%) wside , zero outside ]

5 Shew that the potential of a sold bemisphere, of radws a and
density p, at an extcrnal pownt £ situated on the axis at a distance ¢ from

the centre 18
2oyp { PPN JPORE ) }
ews o+ ef-g -],
the upper or lower sign being taken according as £ 18 on the convex or
plane side of the body.

6 If the density of & sphere at a pomnt distant z from 1ts centre 18
gsm;, where k and ¢ are given constants, prove that the attraction at an
intcrnal pomt distant 2 from the centre 1s

tryte (GomZ ~ Lo
and find the potential.

7 Shew that the potential of & umform spherical shell, of small
thickness £, and of density p and radius g, at s external pomt, distant o
froni 1ts centre, 18

=2y,
m ((c+a)y*3—(c—ap+3],
1f the law of force be that of the nth power of the distance

8. Shew that the mean value, taken for all pomts on a spherical sur-
face, of the potential of attracting matter outside the surface 1s equal to the
potential of the attracting matter at the centre of the spherical surface.

1f the attracting matter Lie withun the spherical surface, shew that the

mean value of the potential 15 equal to y multiphied by the
quotient of the mass by the radius of the sphere,
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9 Shew that the mean value, taken for all points on the surface of a
arcular cyhinder of infintte length, of the potential of an attracting mass
external to the cylinder 13 equal to the mean value of the potential of the
same mass for pomnts taken on the axis of the cylnder

MISCELLANEOUS EXAMPLES ON ATTRACTIONS
AND POTENTIAL

1. NS1s a magnet and P a magnetic particle, so that P 1s acted on by
Jorces, towards N and from S, varying mversely as the squars of the distance
If 0 be the maddle pomt of NS, 1f NOP=6, and 1f OP bs great compared
with the dvmensions of the magnet, prove that the resultant attraction at P
makes an angle tan=" (§ tan 6) wth PO,

Let OP=r, ON=0S=a, and L NOP=6. The attraction of the magnet
18 equivalent to that of equal quantuties of positive and negative magnetism
at its poles ¥ and S

Henoe the potential ¥ at p-,‘[

Now NP=r3+a?—2er cos 6.

Hence, neglecting the square of a,

ﬁ--[x— 2a a]_ }[ugma}

So S_P' —[1- —oos@}

L
A

Ve B coss,
Hnce,1f X and ¥ aro the forces along PO snd perpendicular to 0 1

the dwection of ¢ decreasing,
dV_4ua

K= W_ng'
2ua
snd y.-_ﬁ-j.ma.
Hlonce the required angle = tan=1 m-l[ tan a]

2. Iron filings are spread on a piece of paper on which 18 placed &
magnet whose poles are § and N, shew that the curves mn which the
filings arrange themselves are given by the equations cos §—cos & =const ,
where 8 and ¢ are the angles PSX and PNX and X 1s a pomnt i SN
produced

Shew also that all the flings which point towards a given point 0 on
S he on a circle

[Each filing 18 s ittle magnet, and thus must set 1tsclf 1 the direction
of the resultant force on exther pole , otherwise 1t would be acted upon by
a couple ]
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4

8. 4 very thin umform curcular ring is composed of attracting matter,
shew that a particle constrarned to remawn wn us plans will be wn unstable
equilibrum at 1ts centre

Let O be the centre of the ring, 2/ the attracted particle at a small
distance ¢ from 0 Then, OP being the nitial line, the attraction of the
ring 1n the direction 0P

2] ykpads
N e ey B e
--g,ﬁf"[n‘*fma][ama-cw

.
.=’.Z’:_“f“(aoosa-c+s¢mra)do,
squares of ¢ being neglected,

271" asmé+g 6+—sm26] = af",o

The attraction therefore tends to mcrease ¢, ¢ to 1ncrease the distance
of the attracted particle from the centre The equhbrium 18 thus un-
stable

4 n equal centres of forces are ranged symmetrically round the
circumference of a circle, each force 1s repulsive and varies inversely as
the mth power of the distance Shew that a particle placed at the
centre of the circle 18 1n stable equilibrium, except when m 18 unity

5 Eight central forces, the centres of which are at the corners of a
cube, attract, according to the same law and with the same absolute
imtensity, a particle placed very nesr the centre of the cube, shew that
their resultant action passes through the centre of the cube, unless the
law of forca be that of the mverse square

6 A particlo 1 attracted according to the mverse cube of the distance
by an nfinite number of equal masses arranged at distances %" along a

straight line distant y from the particle Shew that the smallest angle
which the direction of the resultant action can make with the Lme 18

LT_my
cos ‘[smh my]
[If ¥ be the potential at any point (z, ), the ongm bemng at any one

sinh my
of the attracting masses, we obtain Ve 2 2y Goshmy = o

7. If every particle of matter attracted every other particle with a
force proportional to the nth power of the distance, shew that, at any pomnt
within the matter, the attraction would be infinite if n< ~ 2.
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8 An infinite series of parallel infimte long rods, of umform lne-
density p, are placed at equal wtervals ¢ 1n a plane Shew that the
resultant sttraction at a pout in the plane, whose distance trom the

nearest rod 1s a, 18 '”‘" cot 72

[Use the expresslon for sun 010 factors, and, by loganthmio differentia-
tion, obtain a series for cot 4 ]

9 A uniform wire of mfinite length attracts according to the imverse
nth power of the distance, shew that the resulting attraction 18

-0
PV &1 (n
aty
where m 18 the mass per unit length of the wire and ¢ 15 1ts least dustance
from the attracted pownt

10. Shew that the attraction of & umform cube, of density p, at a
point distant r from 1ts centre 18 ; ympr towards the centre, 1f # be small

11. A umform cube attracts according to the law of nature Shew
that the attraction at a point situated at a corner consists of three com-
ponents along the edges equal to

waflon@ravn@- v+ 5 .
where p 18 the density and a the length of an edge
12 Anmfinitely long homogeneous prism, of density p, has a rectangular
cross section, of length @ and breadth b Shew that, at any powt on one

of the edges, the components of the attraction along the sides a and b of
the cross section through the point are

b 3. 18 2+l
yp[2ahn"a+bloga; and ,,,[zbum -3+a10g“a,’]

13. From the preceding, shew that the apparent latitude of a pomt
on one edge of a long deep nareow arovasse of breadth a, running east and
west, 18 altered by the mg]e 2% hoarly by the prescace of the orevasse,

where p, and p are reepectlvely tho surfaco density aud the mean density
of the Earth and r 18 1ts radius
Prove also that, if the depth 4 or the crevasso be small compared with

ita broodth a, then the alteration 1s 3 [l+log‘] nearly
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14 Shew that graity 18 dimimehed by 3742182 (Aom)a op
at the middle powt of the surface of a canal of rectangular section whose
length 1s great compared with 1ts depth @, the breadth being 2a, r boing
the radiuy of the Earth, and n the ratio of the denaity of water to the
mesn density of the Earth

15 A lanuna bounded mternally and externally by concmtric aircles,
of radn b and a respectively, 1s formed of materal attracting according
to the law (ditance)¢  Shew that the resultant attraction vamshes at
ponts distant

ahapy [ab et
ad +b3
from 1ts centre

16 Shew that the attraction at any internal pomnt of a homogeneous
sphere of radins a, every element of which attracts with a force proportional
to 1ts mass and inversely proportional to the cube of the dstance, 18

mpa _a®+2% atz

T TTERA Mgz
where 15 the distance of the pomt from the centre of the sphere and p 15
the attraction of umt mass at umit distance

17. The matter of a spherical shell attracts with a force varying as the
1verse fifth power of the distance Shew that the attraction on an external
pomt 218 y H O whore M 1s the mass of the shell, C is centre, and
PT1s the targent from P

‘What does this become when P 18 maide the shell}

18 If the law of force be the imverse fifth power of the distance,
shew that theattraction of a umform solid sphere, of density p and radws a,
at an external point distant ¢ from the centre 18
7p [2ea(+a?) c-a
v w{ @—anr 8ol

19. Shew that the attraction of a solid oblate spheroid of small
eccentricity and whose semi-axes are a, @, b 13 %yn (l - ?é @ onaumt

partilo at tho end of the axm a, and § yrp (1 + ?) b at the end of the
axis b, wherab=(1-e)a

20 Shew that the att of & wmform hemispbencal shell, of
radius a,at & point in the plane of 1t rim distant, r (> a) from the centre,
15 mado up of & foroe % towanis the contre, and  forca

oMa (I _smifdf
wrd ) oVri-alem? 6
perpendicular to the plane
Hence find the attraction of a sohid hemisphere at a pornt on its rim,
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21 A sohd, of density p, 1s formed by the revolution about the axis
of z of the part cut off from the parabola y3=4az by 1its evolute

97ayi=4 (z—2a)
Shew that the attraction at the cusp of the evolute 18
mypa[4 sinh=1 445417 -27]
22 Shew that the attraction at the focus S of a segment of a para

boloid of revolution, bounded by a plane perpendicular to the axis at a
distance b from the vertex, 18

4mypalog,

a+b
)
where 4a 15 the latus rectum of the generating parabola.

23  Shew that the resultant atiraction of one-half of a solid homo-
geneous oblate spheroid cut off by an equatoreal plane, at a pomt on the
i of the base, 18 inchned to the plane of the base at an angle whose
tangent 18

4¢ (tanh-le—e)

m(asm=Te—ce) ’
where @ and ¢ are the semi-axes and ¢ 18 the eccentricity of the meridian
section

24 If a lamina contams the origin and 18 bounded by the hyperbola

g—yb-:-l, shew that the s-component of 1ts attraction at any pont on
the ellipse
2mymah
Jair g’
where 18 the z-coordinate of the pomnt, and m 18 the mass of the lamina
per umt of area.
25 Shew that the attraction at a pole of a sohd prolate spherad due
to the matter on the far sde of the equatoreal plane 18
1 s, 1—e (1+6) ]
21 1- 5(@-v2=a) + =% ———
"wa[ &l Rl Muadz—e! ’
where a 13 the semi-axis, ¢ the eccentricity of the mendian, and p 18 the
density

2 2
Frptp=b y=0

26 The arc of a curve attracts a particle placed at 1ts pole with a
law of attraction equal to u— (distance)*, if the resultant attraction of
the arc always bisects the angle between the radu vectores to 1s ends,
shew that the equation to the curve 18 ¥*~1sn {(n~ 1) 8} =const

27 1f a homogeneous solid of revolution, whose mass #and density p
are gren, bo such that 1ts attraction at a pomt O on the axis of revolution
1s & maximum, show that the sohd 15 generated by the revolution of a
curve whose equation 18

ri=a? cos d
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P

[Let Oz be the axis of revolution It 1s clear that O must Le on the
sohd The surface, which 18 such that the attraction resolved along Oz
of a particle, placed anywhere on 1t, 18 always the same, 18 clearly
w%".. const, te teatcosf... )
Choose @ 80 that this surface just meludes all the mass J of the given
matter, 16 so that M=mass of the surface of revolution given by (1)
4mp
1
18 the required one  For suppose we remove an element m of the mass
from a point 2, mside this surface to a pownt P; outside 1t, and let OP; and
OP, meet the surface 1n @ and @; Then clearly attraction of m, at Py ona
particle 8t O > 1ts attraction when at @, and 1te attrsction when at
Py<its attraction when at @p, whilst 1ts attractions when at @ and Q;
resolved along Oz are the same  Hence, by removing the mass my from
any point mside the above surface to any pomt outside, we have lessened
the attraction along Oz Hence the proposition.]

@, as 13 easily found by mtegration. The surface thus obtamed

2. A umform solud sphere, of mass M, 1s cut in two by a plan through

s contre; shew that the reaction between the halves due (o thew mutual
2

By whors a v the raduus of the sphers

Clearly the attraction of one half on itself 1s zero, for 1t 13 the re-
sultant of paurs of equal and opposite forces. Hence the attraction of
one half on the other half 1s equal to the attraction of the whole sphere
on that half Lot P be any pomt of this half, 0P=r, LP0Z=6, where O
18 the centre and 0Z perpendicular to the cutting plane

The attraction of the whole sphere at P =y § wpr [Art 287), and the

attraction 18

element of volume having this attraction
=303 x 2mr8m 6

Hence the attraction of the whole sphere on the hemisphere resolved
perpendicular to the plane base

o i 4
-f ] p rd8dr 2mrem a[., 2apr|ocose
o/ o 3
1 in

The resultant reaction between the two halves is clearly equal to the
resultant attraction between them

Aliter. Consider a sphere of fluid at rest under its own attraction
The attraction at & pomt distant » from the centre =y ;,pr



344 Statics

Hence the equation of gives
W 4oy ,,
P 3

o p=C- ;"P')‘"= ; mply (ad~r%),

since the pressure clearly vanishes at the surface of the sphere
The resultant pressure across a plane through the centre then

. . . 10t
= [Canrdr p=iaryry [[ @ ryar - RS

If one of the hemispheres be now made rigid, 1t will be 10 equilibrum

under the same forces as before, and hence the required reaction
TR
3 16 a*’

29, If a self-attracting shell of mass J, bounded by concentric
spheres of radn a and 5, be cut by a plane through the centre, prove that
the pressure between the halves 18

3y M* a?+2ab+3b*
16 (@+ab+b)"

30  Show that the force required to separate the two parts of a sold
uniform sphere, of radius @, divided m any manner 18 y "i—"f PP, where
M, " are the masses and P, P* the centres of gravity of the two parts

31 The mass of a umt length of an mfimite homogeneous cylinder, of
radws a,18 It 18 divided mto two parts by a plane through its axis
Shew that the pressure between the two parts due to thewr mutual
a2

3ra

32 A lune 18 divided off from a thin spherical shell by two great
arcles whose planes cut at an angle 2. Shew that the attraction of the

attractions 18

per umit length of the cylinder

2
rost of the shell on the lune 18 y :{th 6 a, where 18 the mass of the shell
and ¢ 18 1ts rads.

33 A solid homogeneous sphere 18 laid on & thin umform crcular
plate 50 as to touch 1t at its centre, and the sphere and plate have thewr
radn and masses equal Shew that the reaction between them due to
their mutusl gravitation 1s 4\ sin? g of the weight of either, where X 18
the ratio of the radius of either to the radius of the Earth, and p1s the
ratio of the density of the sphere to the mean density of the Earth

34 A homogeneous sphere, of radius @ and mass 2;,1s m contact
with the centre of the plane face of & homogencous hemsphere, of radius &
and mass ¥, Shew that the pressure between them due to thewr mutual

attraction 18 74‘%‘—{—‘(./2— 1)
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v

35 A umform circular plate, of mass M, rests i contact with a fived
rough gravitating sphero of the samo radius A small mass m 15 then
fastoned to the rim of the plate Shew that the plate will turn through
an angle whose circular measure m , if the squares of this ratio be
neglected

36 Shew that the potential of a umiform thin equilateral triangle 4 BC
at a pomt P, situated on a perpendicular to 1ts plane drawn through its
centre 0, 18

2yHcota 2+y3sma
a

4 .
[t.sn a hgm -3 +4tan (J3oosa)],
where M 15 the mass of the triangle, a 15 1ts side, and LOPA=a.
[Consider the triangle as made up of straight lines parallel to 1ts base ]
37 Shew that the potential of & uniform regular tetrahedron, formed
of gravitational matter, at its centre 18

M
UM IR AR
where M 13 the mass of the tetrahedron and & the length of an edge.
[Use the result of the previous question ]
38. A particle 1s let fall from an angular pomt of a regular tetrahedron
whose opposite face consists of matter of surface density o attracting as

the 1nverse square. Shew that, when 1t strikes this face, the square of
1ts velocity 18

2yaan3 [log (1 N Js)
where 15 tho length of & side and the rematmng fuco srt 0 attsation

39 If Mand 3’ be any two masses, and if 7" be the potential of I’
at any element df of 4f, and V be the potential of 4 at any clement dJf’
of I, shew that

+20/2 cot~1WZ — "*/2

VAN = [Vl
40. If V, be the potential of any point due to & distribution of matter
attracting according to the nth power of the distance, and Vi_g the
potential due to the same distribution attracting as the (n — 2)th power of
the distance, shew that
V2V =(n-1)(n+2) Va_y
41 If (2, 3, 4) be the potential at an nternal pomt P (2, 7, #) of &
thin heterogeneous spherical shell, then the potential at an external
pont P’ (2, y, ) 18 o a’y a’
¢ )
where @ 18 the radius of the shell And 7 tha distance of P’ from 1its
centre



CHAPTER XV

ATTRACTIONS AND POTENTIAL (continued).
GENERAL THEOREMS

303 SURFACE INTEGRAL OF NORMAL ATTRACTION OVER
ANY CLOSED SURFACE (Gauss’ Theorem)

If N be the normal attracton at any powmt of the element 88
of any closed surface, measured positwely along the normal out-
wards, due to any attracting mass, then [N.dS=—dymM,
where M s the amount of the attracting mass within the surface,
the wntegral bewng taken over the whole surface

Let O be the position of any element m of the attracting
mass within the closed
surface.

Through O draw a
cone of very small ver-
tical angle and let 1t
cut the surface m the
elements PQ and P'Q,
whose areas are S and
88’

The attractions of
the mass m at these

elements are
88
M G ¢8 OPN along PN,
38 s v
and ™ opa cos OP'N' along P'V’,

where PN and P'N’ are the outward drawn normals at P
and P,
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Through @ and @ draw normal sections QM and @M’ of
this slender cone, let 3w be the sohd angle of the cone, and
let @ be the angle between the elements Q) and QP, so that
8 = the supplement of the angle between the normals OM and
PN=m—~0PN

_area@QM 89 cos® _ dS cos OPN

Then 5@«W—~———6@___,._OT—,
in the mut when PQ 1s very small, and similarly
s0 o 35 c0SOPN
== ——0gpi "

Hence the normal attractions for the elements 59 and 88"
at P and P’ are each — ym. 8w
Hence the total normal attraction for the whole surface

=—ym, 200 =—qm.4m,
ve for the single particle m at O
N dS =~ dymm.

Similarly for all other particles of the attracting mass nside

the surface Hence finally, for the whole mass,
[N.dS=—dyrM.

Next, let 0, be the position of & particle m, of the attracting
mass outside the closed surface, and draw similarly a slender
cone cutting the surface 1 RS and R’S’ Then, just as before,
the normal attractions at RS and R'S’ are ym, 8w, n magmitude
But their sign 1s opposite  For at R the attraction 1s positive
measured along the outward drawn normal RZ, and at B 1t 1s
unegative  Hence the elements of the normal attraction for the
surfaces RS and RS’ are ym, 8w, and —ym, 8w,, 80 that their
sum 18 zero.

The same result 1s true for all such slender cones drawn
through O,. Hence the surface mtegral of normal attraction
18 zero for any such elementary mass as m, outside the closed
surface, and so 1t 18 zero for the total mass M, which lies out-
side the closed surface

[In the above figure 1t will be noted that, when the attracting
mass 18 side the surface as at 0, both the angles OPN and
OP'N’ are obtuse, when 1t 13 outside, as at 0,, one of the angles
O\R'L’ 18 obtuse and the other O,RL 1s acute.]
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304 When the closed curve 15 cut by the slender cone 1 more than
two sections as 1n the following igure, the same result 15 easily seen to bo
true.

For the angles OPY, OP,Ny, OPN,, OP'N’ and OP;N/ are all
obtuse, and hence the element of the 1ntegral for each 15 — ymdw, also the
angles OP, Ny, OPy Ny, and OPy Ny’ are all acute, and hence the corre-
sponding elements are +ym 8w , so that for all these pomnts the sum of the

elements
=—Bym do+3ym do=—2ym du,
a8 m the first figure  Hence, as before, for the whole surface
IN dSm—yM 4n

Simlarly, starting with the point 0y, the angles 0, By Ly, 0, By Ls, and
0,RyLy are obtuse and the corresponding elements of the ntegral each
—ymy 8wy, also the three angles O, RZ, Oy Ry Ly, O, Ry Ly are acute and the
corresponding elements +ym, 3w;, so that for this slender cone the total
surface ntegral of normal attraction 18 zero

Hence, as 1 the case of the first figure, [N dS=0

305 When the point 0 18 on the surface, 16 when the element m 18
on the surface, the slender cone through O either meets the surface 1 one
pomt, or in an odd number of points In either case, the element of the
surface ntegral due to 1618 —ym do Hence the whole surface integral
due to m 18 — [ymdaw, where da refers to the solid angle on one side only
of the tangent plane at 0, so that - [ymde=—ym 27
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Siilarly for any other element of mass on the surfaco

Hence, if M, be the attracting mass on the closed surface, the surface
mtegral due to 1t 18 — 2 yif;

306 Laplace’s and Poisson’s Equations.

If N be the normal attraction at any pomt of a closed
surface measured outwards, then, by Art 303, we have

SN dS=—dmyM ... .. (D),

where M 1s the amount of attracting matter contaned by the
closed surface.

Take as the closed surface the small rectangular parallelo-
piped one of whose angular points P 1s the pownt (2, y, 2), and

whose edges PQ, PR, PS are parallel to the axes and of lengths
8, 8y, 8z respectively

B

s w
T v, @y
= dz @

“E e
o

The face PRTS bemg very small, the force at each pomt

of 1t 18 ultimately the same and equal to -%’ towards the
negative direction of Oz,

Hence the component of [ N dS due to this face 15
av
%" dy 8z
Also,1f ‘i—g = f(), the component force parallel to the positive
direction of Oz at each pownt of QUVW

=/f(z+80)=f(2) + 8 .f (2) +...
= ‘%’ + % 8z + terms containing higher powers of 8z.
Hence the component of | ¥' dS due to this face

~( e Jayan
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Hence the component of [ N.dS due to these two faces
=8 8y.8 [u%l:+ ]
So the components for the faces perpendicular to y and z are
8z By & l:d < :I and 8z.8y.8z [%’—1;7+ ]

Also, 1f the small parallelopiped be mside the attracting
mass, then A =mass of the parallelopiped = 8z.8y.8z p.
Hence equation (1) gives
8z, 8y.8z [ZZ :Z;,’ ‘3}’+small quurmcles]
=—4myx 8.8y 8z.p,
1¢ on diiding by 8z. Sy 8z and proceeding to the lmut,
d’V a@v
d 7 + 7 i 4myp.
This 18 Porsson’s Equation
If P and the small parallelopiped be outside the attracting
mass, then the mass inside the parallelopiped 18 zero, and the
equation (1) becomes
&V v @V
VY =Gt T =
This 18 Laplace’s Equation
This may also be proved by simple differentiation. For as
i Art 296, differentiating the expressions of Art 292, we have
d’V d’V @y
@ apt

- f P
v | am w
If P be outside the attracting mass, so that PQ never
vamshes, this gives
@y v av_
@t Crr
307 By the ordary methods of the Differential Caleulus
for changing the coordinates =, y, z 1nto polar coordinates r, 6, ¢
(1e where a=rcos¢psnd, y=rsm¢$smo, s=rcosd), or,

V’V— =

s(_"w’)‘+(y—y’)’+(z—z3’]
2] :
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by a method similar to the previous article, Poisson’s equation
may be put into the form

r3€ rsin 034 &4 — | rsnds &r V 80
AT ¢

d
+rsm0dg\ [r&ﬂ & rsmt?dda]rmne&#
=—41r'yp Sr.raﬁ.nmﬂsqs,

X [dr dr *emd ;9 (sm 4 ‘%) + s—lﬁl’—ﬁ Il% (%)]

=—dmyp . .. (1),
o XV 24V 18V etV 1 &V
‘e mtrartrwet e ot e
=—dmyp e (2)
Agan, if we use cylindrical coordinates @, 6, and z (so that
2 =wcos 8 and y =w sin 6), the equation becomes
d¢ dVy d/14V\_ d( d
2o ("5) * i () * (= ) =~ o=
@V 14V 1@V &V
re T s twa T e )
If the point considered be not within the attracting mass,
the nght-hand members of (1), (2), and (8) are zero, and we
have the corresponding forms of Laplace’s equation.

808 By the use of the equations of the previous article we
may at once obtamn the values of ¥ 1n some simple cases.

Spherical Sheli. Clearly V' depends only on the distance r
of the pownt P considered from the centre of the shell, and 18
independent of 6 and ¢

d/.d
Hence equation (1) of Art 807 gives Fr (T'E =

dv A
o g =const, se. V——-;+B

(1) If P be msde the shell, then clearly the resultant

attraction P vashes at the centre, so that 4 =0
Hence V 18 constant all through the 1nside of the shell and

Mas:
=1t8 value at the centre =¢ Rad :'
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(u) If P be outside the shell, then, since ¥ must vamsh at
wfinity, B=0
Also, V being continuous, 1ts value must at the surface of
the shell agree with that of the nternal potential, so that
4 _  Mass
a =" Radws
Hence outside the shell the potential =7.¥

,1e A=qg M

Sold Sphere. Internal powt Here, smee V 18 independent
of 6 and ¢, Poisson’s equation gives

1d av

:sarr[" a;]“‘”w
av 4

r‘$=—§'yp/l“+04

Now (il:’) = the resultant attraction at the centre =0, so
o
that C'=0.
4
EF“?W”"’" ve V=—§mypr + B.
But clearly ¥ at the centre = f @ dmypyidy _ 2mypa* =B
0 y

V = 2mypat — §myprts
309. Ex. 1 Matter s dustributed between the infimite cylinders r=4a
and r=a wn such a way that the density 1s proportional to g —2. and the

mass per unit length parallel to the azs 15 M Find the law of potential
wthin the matter, and prove that the difference between the potentials of
the dustribution at the outer and inner surfaces 18

5y (29-3310g,2)

If the density be X (» -1), thea
- [ f ragdri (- -) =Lma

The potential ¥ 1 clearly a function of # only, so that Powson's
equation [(3) of Art 307) becomes

"'V+l‘ﬂ+4 AL rort

[tV

=0

dmyh o
trph a’r—s) A e G
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Now [ 27 S taken over tho mner surfucs is zero, by Gause’ Theorem,
md ¥ 15 by symmetry constan'. over this 1mner surface.
o —d— =0 ‘when y=§.

Hence A=) F myXa? vee s (3)

- (2) qves V=A1~gr—";—""(a’r-’§)+n

[Also Laplace’s equation gives, for a point outside the larger cylinder,
Ve —Clog r+4 D, where D 1s an mfinite constant, smee ¥ must clearly be
zero at wfimity  Simce the potentials withn and without the mass have
the same value at the outer sustace of the cylinder, 1t follows that B 18
also an wfinite constant ]

e V._.uogl—¥ -

2y N
¥ (29-33 log, 2).

-— Alog,2+ m,m-

Ex. 2 If one value of 7 satisfying the equation

d’V A4

+gt g =0 e (0 $)
exprossed 1 polar coordlmws, then r-(+1) £(d, ¢) 1s another value of ¥
satisfying the equation

810 Equipotentral Surfaces. For any attracting mass M
the potential V' at any pomnt P, (z, 3, z), will be some function
¢ (@, y, 2) of the coordinates of the pomnt, so that V' =¢ (=, y, 2)

V will have a constant value C' fuor all points P whose
coordinates satisty the equation

@y, )=C . .o . (1)

The surface given by (1) wall be such that the potential at
any pomt of 1t for the given attracting mass 1s constant It 1s
hence called an Equipotential Surface By giving a seres of
dufferent values to C, we get a series of equipotential surfaces

The same result will clearly be true whatever be the coor-
dinates 1 terms of which V 1s expressed

Thus in the case of the rod 4B, (Art 298), the potential at
P
nt+nta
ntr-a’
and is therefore constant wherever r, + 7, 1s constant

s 12

vkp log
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But 1f 7, + 7y, %.6. AP + BP, 18 constant, the locus of P in
the plane of the paper
18 an ellipse whose foc1
are A and B. Hence
1ts locus 1n space 1s the
surface obtained by ro-
tating this ellipse about
ABasaxis The equi-
potential suifaces are
therefore ellipsoids of
revolution obtamed by
rotating  confocal el-
lipses, whose foc1 are
4 and B, about 4B as
axis. Some of these
ellipses are shown n the figure.

Agam, m the case of the spherical shells and sphere of
Arts 800 and 301, the potential must clearly depend only on the
distance of the pomnt from the centre, and 1s thus constant for
all ponts which e on the surface of a concentricsphere  Thus
the equipotential surfaces 1n these cases are a series of concentric
spheres

811 The attracting force at any pownt P 18 normal to the
equipotentral surface wiach passes through P.

For1f £ be any pont close to P on the equipotential surface
passing through P, then, by Art 294, the attracting force 1n the
durection PP’

" Potential at P’ — Potential at P
PP’

=L

=0, since P and P’ are on the same equipotential surface.
Hence for every direction PP, which lies 1n the tangent
plane at P, the attracting force 18 zero
The 1 at P must therefore be mn the
direction of the normal to the equipotential surface through P,
Analytically, any line lying 1n the tangent plane at P, whose
direction cosines are (I, m, n), 18 perpendicular to the normal to
the equipotential surface ¢ (2, y, 2) = C, whose direction cosines

are proportional to
b it i,

= Ay
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d¢ , do i
Hence %‘l—#@— m+a;.n

But since 3—%, %3, and % are the components of the at
tractive force along the axes, this equation expresses the fact
that the component of the attractive force resolved along the
line (2, m, =) 1s zero

This bemg true for all hnes lying 1n the tangent plane, 1t
follows that the resultant attractive force must be normal to the
equipotential surface, and so no work 1s done by the attracting
mass as the particle 1s moved from one point of an equipotential
surface to any other pownt of the same equpotential surface

812 If dn be the length of the element of the normal draun
Jrom any pont P to meet the neat consecutive equipotertial surface,
the resultant attracting force at P varies inversely as Sn,

For if ¥ be the potential at P, and V + 8V the potental at
the pomnt P where the normal PI”’ meets the next equipotential
surface, the attractive force at P, by Art 294,

- Potential at P’ — Potential at L_(F+sn-v_sy

PP on T

Hence for pomnts P on the same equipotential surface V the

resultant attraction varies inversely as 8n.

313 The Equipotential Surfaces are often called Level
Surfaces, or Surfaces de mveau, from an analogy with the Earth
If we consider gravity constant, the equipotential surface at any
powt of the Earth’s surface 1s a horizontal plane, or rather a
portion of a very large sphere concentric with the Earth  Just
as no work 18 done agamst gravity in moving a particle along a
smooth horizontal plane, so no work 1s done against the attraction
of a mass 1f We move a particle along one of 1ts equipotential
surfaces.

814. Lines of Force If from a pomnt P there be drawn an
element PP 1n the direction of the resulting attraction at P,
then an element 2P in the direction of the resulting attraction
at 7,and so on, then, 1 the imit when these elements are taken
defimitely small, they Le on a curve which 1s called a Line
of Force,

122
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In other words, a Line of Force 1s a curve such that the
tangent at any pomt of 1t 15 1 the direction of the resultant
attractive force at that pont

Since the elements PP’, P'P”, are normal to the equi-
potential surfaces through P, P, 1t follows that the Line of
Force 18 at each pomnt of 1ts length perpendicular to the
corresponding equipotential surface

Hence the Lines of Force are lines which cut orthogonally
the system of Equipotential Surfaces

In the case of the spherical shells and sphere of Arts 300
and 301, the lines of force are any straight lines drawn
from the centre 0. They cut orthogonally all the Equipotential
Surfaces, 1e the spheres whose centres are O.

In the case of a thin rod AB the equipotential curves
are ellipses whose focr are 4 and B (Fig Art 310) Now
a series of confocal ellipses are cut orthogonally by a seres of
hyperbolas with the same focr Hence the lines of forces for
a thin rod consist of the hyperbolas whose foc1 are the ends of
the rod. Some of these hyperbolas are shewn in the figure of
Art 310

315. Tube of Force If through every pomnt of a small
closed curve we draw the corresponding line
of force, we obtamn a Tube of Force.
By the definition of a line of force, 1t 18
clear that at any pont P on the curved part
of & tube of force there 1s no resultant attrac-
tion 1n a direction normal to the curve,
Consider the portion of a Tube of Force
bounded by two small normal sections S,and.S,, s
let F, and F; be the attractive forces normal
to the ends S, and &,, and let this portion F
of the tube contain none of the attracting matter.
Apply the theorem of Art 303 to the tube At all pomts
such as P on the curved portion the element of the integral 18
zero, since there 18 no normal force there. The only elements
of this mntegral therefore come from the ends, and the theorem
therefore gives

Ss

F, S+ (- F)8=0.
Hence Fy.8,=F,. 8.
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The same theorem holds whatever be the length of the tube
considered  Hence F, S, must be the same so long as we keep
to the same tube, 1e the attractive force at any point of the
same tube of force 1s mversely proportional to the normal
section of the tube.

316  As a particular case consider the attraction of a sohd
ephere at an cxternal point  The tubes of force are thin cones
whose vertices are at the centre O of the sphere S, 1s then a
section of such a small cone, and hence 1ts area varies as the
square of the distance from the centre It follows, as was
proved n Art 287, that the resultant attraction at an external
pomnt vares mversely as the square of the distance from the
centre.

Agamn take an mfinite sohd eircular cylinder By symmetry,
the lines of force starting from any point O of 1its axis are
straight lines perpendicular to the axis 04 of the cylinder The
tubes of force 1n this case are wedges and the arca of the
section S varies as the distance from the axis O4A. Hence the
resultant attraction of the infinite cylinder, at any point external
to 1tself, varies inversely as the distance of the pont from the
ans. [CE Art 285, Ex, 2]

EXAMPLES

1. N and § are the poles of a magnet If 6 and @ are the angles
that NP and SP make with ¥S produced, and ¥ P=r, SP=r), the Lines
of force due to the magnet are given by

008 6~ cos p=const,
and the surfaces by the 1 about &8 of the curves
1

1
7=y =const.

2. Two infimte straight rods, alike m every respect, itersect one
another at nght angles. Shew that the equipotential curves 1n their plane
are rectangular hyperbolas.

3. If the law of attraction of a thin umform straight rod 1s that of
the 1nverse cube, shew that the equipotential surfaces are generated by
the revolution of a famly of curves whose polar equation 18

78— a%= + 2arsin 6 cot (cr sin 6)
about the imtial line, 2a being the length of the rod and ¢ a parameter
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4. The equations of two mfinite rods of the same density are
y=xtang, z=c and y=-stana, s=-oc
Find the equations of their equipotential surfaces, and shew that, for a
particle placed on the axs of 4, the region 1 which displacoments aro
stable 15 separated from those 1n which they aro unstable by the surfaces
¢y os a— 2z 810 a= +(2y 9N a co8 a+cz)

[The separating surface 13 given by Via,y, 9= Viz,0.0)» Where y and s are

small compared with z]

317 Work done by the mutual attractive forces of the
partwcles of a self-attracting system, whilst the particles are
brought from an wnfimite dustance from one another to the positions
they occupy wn the guven system

Let the component particles be my, ma, ,and let 4;, 4, ...
be their positions
the given system

Let the distance
between m, and m,
be called 7, and m
general let the distance B
between m, and my be A
Tat

Furst, bring m, from nfimty to its assigned position 4,; the
work done 15 zero, for there are no particles of the system near
enough to exert attraction on 1t

Next, bring m, from infimity to 1ts position 4,, the work
m,mg

Tis
Next, bring m, to 1ts position 4,; the work done on 1t

7"1

done =the potential of m, at 4y x my=1y.

=m, (potential of m, and m, at 4,)= 7m,m. +y——

and so on for the other particles of the system.

Hence the total work done m collecting all the particles
from rest at infinite distances from one another to their positions
m the wnﬁguratmn A

mm, my | my m, | my  my
'y +'ym, [ ] yny |:r,. r,.+ ru] + 4.

-»,.2""1:"‘ JEUOTUT e (D)
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When the particles have all been brought to their positions in
configuration 4, let V3, Vs, . be the potentials of the system at
4y, Ay

m, my m,
Then Viso gty oty
VT T,

My o
v, 7 Tn +v P + ko +eeny
Hence, clearly, expression (1)
=313 (Vimy).
[For in the expression % (V;m,) any such term as oy —— et
Tat
is twice repeated, once n the element ¥, xm; and once n the
element V, x m, ]
Hence the work done 1 bringing the particles from infimty
to the configuration 4
=33(Vim)=1%(V.dm,
where V1s the potential of the body 4 at  any element dm of
atself, and the g 18 taken th the
tion 4
Conversely, the work done by the mutual attractive forces
of the system as 1ts particles are scattered toan infinite distance
fiom one another1s — § [V dm
We can hence find the work done as the body changes from
one guration 4 to another config B.
For this work
= work done 1n the changing of 1ts form from 4 to mfimty
T s w o» o » » » w » wmfimtytoB
==}V dm+4[V dw,
where the first 1ntegral 15 taken throughout the system in the
configuration 4, and the second 15 simularly taken throughout
the configuration B

gh g

318, Bx. A selfattracting sphere, of unyform density p and radius a,
changes to one of uniform dennty and radus by shew that the work done by

mmmmlatmm/muwsyﬂ’ -—;), where M s the mass of ths
sphere.
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In the first shape the potentral at a distance & from the centre, by
Art, 301,

248
——-

1 1 (e b
§fv n=3[ e (Qa" ) xanatpds

oty [ ] a3
So !fV' dm'=g-,,$,
Hence tho required work = > 2 yx(B ; .
EXAMPLES

1. Shew that the work required agunst gravity to condense the Earth,
supposed of uniform density, 1nto & thin spherical shell of the same radius

18 equal to ‘;Lg foot-lbs , I being the mass of the Earth 1n Ibs. and a 1ts
radius m feet

2 Tho radus of a sphero 15 a and 1ts mass 18 , 1f the density at
any pomt of 1t varies 1mversely as the distance from the centre, shew that
the work done in bringing the particles of the spliere from 1fimity under

therr mutual attraction 3 3 Y2L .

8. Shew that the work done 1n collecting the particles of a thin circular
dis, attracting according to the Newtonian Law, from an mfinite distance

By L”;, where Jf 18 the mass of the disc and a 1ts radius

[The potential ¥ at a distance = from the centre 18 easily seen to be
.

4 j :Ja‘—z’sm’ G0 Hence the required work
x
1 fa 3
-1 fo V 2npodo=tnypt /:“i’Uo J.a-znm-eds]
-4 x
LN — g 32251 g)§ Y0
gt / VA A dd 2 [°[ _(a*=23sm?6)
e [, fy [ - Lo ],

Awlp’u‘ l cos® 4w‘yp’a‘ ; 1
Tan?g oty W= ,” [wsa+l+cos 3]

-t

[.,,,am“ Sy _8in
4 Inthecaseof a homogeneous oblate spheroid of eccentricity sin 8,
semi-major ax1s o, and mass 4, the work done 1n moving the particles to

an mfinite distance t thel 3
against their own attractions 1s - Y @ am snp
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6 Prove that for an attracting mass M, whose potential 1 V and whose
resultant force 1 R at the poni (2, ¥, 2),
1 1
§[Vd)1= m/ffﬂ“dzdyd:,
the latter wtegral eztending throughout oll space
Verify the cass for a solud homogeneous sphers
Consder the integral [ff ¥V V2 Vdrdyds taken through all space
bounded by an wfimte sphero
On mtegration by parts,

Uy%gdz} aya,=[v‘g}ayax-[f(§;v)'a] oy o)

Hm[v g] must have given to 16 1ts values ab tho pomnts where

the parallelopiped, on 8y 3z as base and with 1ts other sides parallel to Oz,
meets the wnfinte sphere Hence, 1f 88 be the clement of the sphere
cut off by this parallelopiped dy8z=3S cos X, where X 1s the angle the
normal to 3 makes with the ax1s of z

- v
Hence fj[v %]aﬂ::f v cosnas,

takken all over the mfnute sphere. Now 797 18 a quantity of the order

of the inverse cube of the distance of 3S fiom any pomnt of the attracting
mass, and 38 18 of the order of the square of this same nfimte distance.
Hence

av
fvzmxds-o
Thus (1) gives

#nd hence S asivas=-[[[ (&) et
U V v Vdrdydsm ~ f//[(‘i—,v)'+ (‘z_;’ l+(d§:?)’]'itdyd,

- H Redzdyds

Now withiu the attracting mass v3 V= — 4 yp, and, without 1t, V2 V=0

Hence j j f Vodsdyds = El‘, f / [K’dn’yd‘,

1 1
e 5]1741!:57][][:-&:4,&
In the case of & sohd sphero tho loft-hand member= SV a 1n

Art. 318 Within the sphers Rm 2 and without it By 2 [Art, 287)
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%Ujmd;dm=#]”m tnrrdr

U "’”"‘MJ,/ 20 g =’Jﬁ’"

819  The potential of any attracting mass, or masses, cannot
be an absolute mazvmum or an absolute mummum at any point
at which there ws none of the attracting mass,

For let P be the pont and describe a very small sphere
whose centre1s P. If the potential V at P were an absolute
maximum, 1t must be greater than at any pomt @ of the sphere.

Hence %{ must be b be the d m which
8n is drawn from P. Hence the normal force IV of attraction,
which equals % at any pomnt @ of the sphere, must be always

negative, 80 that [N.dS taken over the sphere must be a
negative quantity.

But, by Gauss’ Theorem (Art 303), this integral must be
zero, since the very small sphere with centre P contamns none
of the g mass It 1s th possible thabt the
potential at P should be a maximum.

Neither can 1t be an absolute mimmum at P; for then, by
a similar reasoning, f V. diS would be a positive quantity.

Cor. 1. EarNsuaw's THEOREM If a partucle be in equili-
brium under the acton of forces follounng the law of the 1nverse
square, the equalibrium cannot be stable for all displacements.

For if 15 be at rest at P and be dwsplaced through a small

distance 8n to Q, then, 1f 1t is to return towards P, z—V ‘must be

, and if the equilit 18 to be stable this must be
true for all such displacements. Hence ¥V must be an absolute
‘which 18 impossible by the preceding article.

Neuther could the equilibrium be “unstable for all displace-
ments; for this would require that —— d be positive for all
directions and therefore V" an absolute nummum at P,

Cor 2. Ifthe potential has any gwen constant value V at
all pownts of a closed surface S, which does not contarn any of
the attracting mass, 1t has the same value V at all pownis of the
space enclosed by S.
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For if not, there must be some point inside S at which the
pocentiu] is either greater, or less, than at any other point within
S 1.6 i;here must be some point at which the potential is either

or a mi But this is impossible by the
precedmg proposition.

820. If the potential of a distribution is given throughout
all space, we can determine the corresponding distribution.
For, ¥ being known, we can find V*V for every point of space.
Wherever it is zero, the corresponding density of the distribution
is zero by Poisson’s equation, t.e. there is no attracting mass at
all such points; wherever ib is not zero, the corresponding
density of the distribution is — 1—71;7 Y.

If the form of the potential function inside any surface S is
different from its form outside, and if there be an abrupt change

in the value of z—: as we pass across this surface, then the

surface distribution o on § is given by Art. 282. For if V, be
the potential just inside .S, and V, the potential just outside S,
and &n be an element of the outward drawn normal, the result
of Art. 282 may be written in the form

v, an,
( “dn. (_Tﬁ“) Amye,

. __1 [av,_aw

‘e ’-m[ﬁ‘m‘] .......... D),

where o is the superficial density of the stratum on 8.
Ex. What distribution of matter will pmdw:o a potential
W2y o (i
20-% !
according as r (=N T4y +2) is loss or greater than a?
Let V; be the poteutwl inside the sphere of radius a, and Vy the
potential outside, 8o that

VI-%[(I-:—cos¢uin5).
and Vemyat (3 iﬁ‘?”‘—"’—’)

Henoe, if py and py aro the densities within and without the sphers, we
have, by equation (2) of Art. 307, on performing the differentiations,
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n=0
and pa=0,
80 that there 13 no distribution within or without the spherscal surface of
radius a
Also, from the previous article, 1f o 13 the density of the distribution
on this spherical surface, we have

ar; avy
dmyo= ( ar ),-; ( dr ),_.

_g/(_co_s%jlnj) 111[:_v1+2oos¢sml:]

7’” s (1~cos psin ),

cothato= 0 (1 - g)  gwing the distribution of matter on the spherical
e
surface.
321 If S be a closed equy 1 surface, of potential

V, winch ncludes a mass M of the attracting matter, and
Wf a thin stratum of attracting matter be placed on 8, whose

density p at any pownt P 18 equal to _‘I%‘%l"" where &n 13 an

element of the outward
drawn mnormal at P,
then the potential of the
stratum at all pownts e~
ternal to S1s equal to that
of M, and the sum of the
potentials of the stratum
and, that of M’ 18 constant
throughout 8 and equal
to V, where M 13 the part of the attmctmg mass external to 8

Let us find the density p of a stratum at P such that its
pptential together with that of M’ shall = V at each point of §

Now the potential of M and M’ together (which make up
the whole attracting mass)= V at each pomnt of S.

Hence the potential of the whole stratum = the potential of
M at each point of S,

If therefore we change the sign of p (1e. we change the
stratum 1nto & repulsive nstead of an attractive system), the
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potential of M and the stratum, of density — p at P, 13 equal to
zero all over a surface S, just outside §

But the potential of M and the stratum (~ p) 18 also zero all
over a sphere of infinite radius

Hence, by Art 319, Cor 2 (since m the space bounded by
8, and this infinite sphere there 1s none of the mass A or of the
stratum), the potential of M/ and the stratum (—p) 18 zero
throughout all the space between S, and the infimte sphere,
1e throughout all space external to S;,

1e the potential of M = that of the stratum of density p
throughout all space external to S, 1n the mit (

Again, by the same corollary to Art 319, since the potentials
of the stratum and A" are together equal to V at all points of a
surface S, mside S, and ndefimtely close to S, 1t follows that
the sum of their potentials mside S; 1s constant and equal to V'
throughout the 1nterior of the surface S, (since S, contains none
of the attracting system, consisting of the stratum and Ar), and
hence, 1n the limit, throughout the interior of the surface S (2)

Let N and N be the normal attractions, both measured
outwards, of the whole stratum at points just within and just
without the surface at P.

Then, by Art 282,

dmyp=N-N N )
Now, from (2), 1t follows that
N + the normal attraction of J" at P=0.
And, from (1), 1t follows that
N’ = the normal attraction of i at P

Hence (3) gives

— 4myp = normal attraction of M’ at P + normal attraction of
M at P, both measured outwards
=outward normal attraction of the whole attracting

mass ab P
av
=g
that the desity p of the stratum at P= — 2 2V
so that the density p of the stratum at P= Ty dn”

Cor. 1  Since the potentials of the stratum and the mass M
are equal at all pomnts external to S, they are equal at nfinity
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It follows that the mass of the stratum = M,
Otherunse thus  The mass of the stratum

av
fpds-__ v as

=— #ﬂ—y x surface ntegral of normal attraction taken over S

= the mass mside 8, by Art 503, =M

Cor 2 Let there be no attracting mass external to S, 1e
let M’ be zero, then at each pownt of space external to S the
potential of the stratum = that of 4/, and within § the potential
of the stratum = ¥ = the potential of 3 at the surface of S

322  As a simple example of the previous article, let M be
a particle 0, and M’ be zero Then S 1s a sphere, whose centre
18 at O and whose radius 1s any quantity 7

Hence ,,=_4Lm‘%’ _4_};’% (“YM)
= A
4’
Hence, outside S, the potential of this stratum equals that

v
distance from O . distance from
mside S, the potential of this stratum 1s constant ana = the
1
potential of M at the surface of the sphere _LM r 4:”
These are the results of Art 300
303 Ex. If M bs the mass of @ homogencous thin sharght bar of
length 2c, and 2a be the major axs of one of uws equtpotenhal cum»s, then a

of the particle M =

o and,

of mass on the eq I curve equal to s

a(a’ cz)
pownt P, whers p 1s the perpendicular from the mddle pownt of the bar
upon the tangent at P, will have the same potential as the bar at all pownts
wn external space

Let 4B be thorod and 4 P=r,, BP=rj, and y=the perpendicular from
Pon 4B

Then _‘:T‘;sattrmuon of the rod at P 282 48

sn

(At 277)
4PB
2ykp 2emm T "
- 2ykpe
“hnemdPB AI‘ .

ryry OS5~
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Now cont 42108 BPT, whero PT 1o the tangont st P to the
equipotential curve,

b -
nry s ’
and V7,7, =semi-diameter conjugate to CP = Eé _ava-d "’ L
. _'i'_’ 2ykpop_
" a@= c’) a(a’-c’)
o,
Hence the density of the stratum = - ‘” Py

Qutside the equipotential curve, the stratum and the bar have equal
potentials at all powts

Inside the equipotential curve, by Cor 2 of Art 321, the potential of
the stratum 18 the same at all points and 18 equal to the potential of the
bar at all points of the equipotential curve, 1 & 1t
4Tt 2
e (A1t 208)

- 10“L‘
V3,108 5

= ylplog

EXAMPLES

1. The values of V at any point at a distance r from a fixed pomnt 0
are
Fe2nyp @ -b),1fr < b <a,
”

Vet (.z--- -5_) Mb<r<a,

3
and V= 4”7"" U ob<a<r

Shew that the mmmug syswm 15 a sphercal shell of density p, whose
boundaries are spheres of centre 0 and radu a and »

2. Find whether any distribution of matter will give rise to the
following potentials

V=41%‘whenr>a;

A4 daz -
Ve A3a+«u 3rt

, when r < a, where r?=a2+ 33421

(Insdo the sphero r=a, the density 18 s , outeide, it 15 5aro , upon

)

34
s surface, the surface density 18 2,7(
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3 The potential of & certain distribution of matter at & pomt (z,y,2) 18

by @t dyum a0 22—yt =)
3 r 15 "~ ’

or YT o BT 0y,
according as r[=vz3 457148 15 greater or less than @ , find the distribu-
tion

[The surface density on the surface of the sphere r=a 1 pz?, inside
and outside there 1s no matter ]

4. The potential outside & certam cylindrical boundary, whose edges
are parallel to the axis of 2, 1s zero, nside, 1t 18 V29— 3yl — az?+3ay?
Find the distribution of matter

5. Find the distnbution of matter which will produce the following
potentials

V=1 withm the elhpsoid %

)
u’“

V=0 outaide the e].hpsond @ +Z F +

;"

8. 1f the potential of & given attracting mass at & powt (2, 3 ) 18
2 (23— ) 4 25, Tb
y @ "L,Qy‘;;“’ shew that s surface donty ~ - (:,+y,),onone
of the equipotential surfaces will produce at all exurml pomts the same
potential as the original mass,

7. Fund the distrbution throughout a sphere, of radius a, and on 1ts
surface, which, for & pownt distant r from 1ts centre, gives potential
‘

A (2a%—13) for mternal points, and potential )‘a? for external points,

3
[p 3 thin the sphere, p==0 outaide1t; o= - 2—)‘—:; on1ts uurfwa.]



CIOAPTER XVI
EQUILIBRIUM OF SLIGUTLY ELASTIC BEAMS

824 IF we want to find the form of a thin rod or beam,
loaded 1n any way, we must have some relation between the
Bending Moment and the shape.

We shall here assume that the Bending Moment 1s propor-

tional to the curvature, se. that the Bending Moment = 15,

where p 18 the radius of curvature of the beam. K 1s called
the flexural rngidity.

If the beam before being loaded were of curvature l} ab the
1
powmnt considered, then this Bending Moment would be

KG—%).

This assumption, origimally due to Bernoulll and Euler,
may be looked upon as established by experiment as true
approximately 1n the case of ordinary beams whose lengths are
great compared with their transverse dimensions

A proof, involving some assumptions which are not in the
strict sense correct, 18 given 1n the next article

325 A rectangular beam 18 bent, unthout tension; to shew
that the bending moment at any pownt varies as the curvature.

When a beam naturally straight 1s bent into the form in the
figure, 1t 18 clear that the fibres at the upper part near & are
m a state of tension, and those at the lower part near F in a
state of compression. The line GG which scparates the fibres,
which are respectively 1n tension and compression, 18 called the
neutral Lne.
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As an approximation to the truth we shall assume that any

plane section of the beam perp

to 1ts axis

to be a plane section after the
bending

Let the normals at two con-
secutive pomnts of the neutral
lne GG’ meet m O, and let
0G = p.

Consider any fibre PP’ in
the plane of the paper on the
side of GG’ towards £

If E be Hooke’s Modulus
of Elasticity for this fibre, 1ts
tension per umt of area

PP -G&
=g
_petad-p_po
P e’
where GP =g

Hence, 1f 84 be the area
of the cross section of the fibre

al P,1ts tension -EE.BA.

[If P be on the side of G towards F, « is negative, and this

tension becomes a compression ]

Since the beam has no tension, the sum of the tensions
exerted by the fibres perpendicular to OF 1s zero

Hence EPE .84 =0, the summation being taken over the

whole section RSS'R' at, @ perpen-
dicular to the plane of the paper.

Hence  ZzdA=0.

It follows, by the formulae
gving the position of the centrod
of any area, that the line through
@ perpendicular to the plane of

I

the paper must pass through the centroid of the section RSS'R’,
thus, 1f the plane of the paper be a symmetrical section of the
beam, G must be the centroid of the section RSS'R',
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By taking moments about the line G perpendicular to the
plae of the paper, the resultant couple about 1
=32 saxa=Z 004
p °

(It i> clear that the tensions above G combine with those
below @ to produce a couple ]

But 32284 1s the moment of mertia of the section RSS'R’
about the line G7, and 18 usually denoted by I

Hence the resultant couple, 2 ¢ the bending moment, 1s equal
to E—I, where £ 15 Hooke’s Modulus of Elasticity, p 18 the radiwus

of curvature of the neutral line, and I 1s the moment of inertia
of the cross section of the beam about a line through 1ts centroid
perpendicular to the length of the beam

826 When the beam 1s only slghtly flexible, 1e when
the quantity £7 1s large, the expression }}TI can be simphfied
dy
1 tam
4 dy\) -
[+ @}

If the beam differs only a little from a straight line, then %Z

For

15 small, 1f # be measured horizontally and y vertically

In this case + :-,! 18 an approximation to the value of %, 80

z?
that + EI %‘:” 18 the bending moment. The ambiguity 1n sign

must be determined by the sign of %

327 Ex A umformsightly flewble rod AC, of length 2a, 1s supported
at s two ends, and also at 1ts maddle pornt B the supports bang v the same
horuzontal line, find the thrusts on them and the equation to the curte 1n whick
the rod rests
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Let P be any pomt in AB; then the bending moment at 1t on the
part to the left of 2 18 equal to %’m thosense™)  Also,1f the axs of y
be vertically downwards, }y 18 decreasing at P and hence % 18 negative,
s0 that, 1 1a cqual to— T approxmately

If R be the mctmn at A and w be the weight of the rod per umt of
length we have, by taking moments about P for the portion P4,

_21‘1’{=E=a sz 2

G eeee wessennesene (1)

EIZ S 224D e )

But, by symmetry, %-0 when z=a

u=”’i'_ﬁ‘i'

. —EIy=Rf-——+( a’)
the constant being zero smce = and y vanish together
Also y=0 when zma
a®  wat wa*  Ra®
. o-tzf——ﬁ vat_ L),

Hence R— 3v=1g of the whole weight.

Hence &, the thrust of the central support, = g of the whole weight
Substituting the value of & mn (1), (2) and (3), we have

From (4), 1t follows that there 18 & pont of contrary flexure when

2=%22 4B, that the bending moment s & maximum when 2=

3. 3
and that 1t 18 then 2%, at B the bonding moment 18 2 m the
opposite direction , bence the beam would rupture first at B
From (5), we see that the greatest sag of the rod 18 given by

:-—(l+~/_)-
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The points of inflexion of a beam are often called 1its “hinges” or
“virtual joints " For, since there 13 no bending moment at these paints,
hinges or jonts conld be mtroduced at them without altering the
equilibrium of the beam

828 In Art 129 1t was shewn that

Load =~ diz [Shearing Force]

and Shearmg Force = ‘% [Bending Moment],

and from Art 826 we have, in the case of shightly elastic beams,

Bending Moment e 2 [Slope]

and Slope = d% [Deflection]

Hence the Load Curve, the Shearing Force Curve and the
Bending Moment Curve bear to one another the same relations
as the Bending Moment Curve, the Slope Curve and the
Deflection Curve

Hence we shall have a theorem simular to that of Art 133,
wz that Any two tangents to the Deflection Curve wntersect in a
pownt winch 18 vertically below the centre of gravity of the corre-
spondang part of the Bending Moment Curve

We can verify thus directly 1n the case of the example of
the last article

For the Bending Moment Curve here, for the part AB,1s

y=M=;1/[%@_f] .,

4
and the Deflection Curve 18
2EI &t a? o o
w VTR tu e @
The tangens to (2) at the pomt (z,, %) 18 easily seen to be
25Ty z' 8az? @ ot —
“w ‘”[E“T +2i] T
This 1ntersects the tangent at (z,, y,) where
8 (7 — &) — a (&' — 21)]

T8 (@~ e~ %a (o - w)
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“Also the abscissa of the centre of gravity of the corresponaing
part of the curve (1) is gaven by

) }':ydz.. f:(sw-w)az

Faln
ryd.r f"(sw-w)dz

© LY

a(nt—n) —(nt—af) _6[(mt~ Q—n(z,‘x—q'z]
S wr-a - -ay SE Sl

Hence the result given.

EXAMPLES

1. If  slightly elastio rod resta with 1ts two ends on two supports at
the same level, prove that the deflection at a distance # from one end 18

g—:?z(a-s){a’ﬁuAr‘}, .

where K is the flexural nigidity, a the length, and wa the total weight.

2 A umform brdge, of weight W', formed of s smgle plank, 18
supported at 1t8 ends , & man, of weight W, stands on the bridge at a pomt
whose distances from the ends are a and b, Shew that the deflection just

W' (a*+3ab+ b%) + 8 Wab
under the man 18 GAET(atb) «ab.

8. Anelastic rod, clamped at one end 80 that it is honzontal there, is
bent by its own weight ; shew that the deflection of ts extremity 18 gu:.
of what 1t would be if the deflection were caused by s weight equal to its
own weight hung on at its extremity.

4. A uniform beam 4B, of length J, 1 supported at 1ts ends and
loaded with a weight W at a pownt @, where AQ=a If the weight of the
beam be neglected, shew that the equation of 4Q 18

ttym TED (o a7,
and that of QB is -
Elym g (P-an(-2)- (1-27)

Shew aleo that the deflection at any point P when the load is st @ is
equal to the deflection at @ when the same load 15 at P.

8. A heavy uniform rod rests horizontally on two pegs, one of which
is at cne end. Shew that the second peg must be placed at & distance
from this end equal to two-thirds of the length of the rod, if the bending
moment at the middle pownt 18 to be zero.
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8. A alghtly elastio beam 4B, of weight W and length 24, is supported
b its ends and at its mddle pomt 0. 1t the thrusts on the supports are

equa, shew that the depth of € below 4B is ;=2 7%, and in equal 10
% of tho depth of @' below 4B when the ends ouly are supported.

7. A umform beam 18 supported at its two points 4, B of trisection,
4B bemg honzontal, shew that the height of the muddle pomt of the
beam above A5 18 to the depth of each end of the beam below 4B
as 19 128,

8. A thin umform slightly flexible rod 1s of length 4a, has a weight W
attached to its middle point, and 1s supported at two ponts at equal
distances & on each mde of the mddle pomnt. 1f the tangents at the
points of support are horizontal, shew that W must be one-sixth of the
weight of the rod.

9. A concentrated load travels from one end of a beam to the other
Sbew that the ratio of the slopes of the deflection curve at the two ends
commences with the value 3, and 18 equal o § when the weigh s st ons-
third the span

10. A sugle-line railway bridge is carried by two main girders, each
of 40 foet span. The total weight of & locomotive standing on the bridge
is 63 tons dutributed upon 4 axles, the leading axle carryig 8 tons and
each of the cthers 20 tons. The distances of the leading axle and of the
other axles from ope end of the bridge are 6 ft, 13§ ft., 21 ft. and 20 ft.
respectively. Shew how to find the maximum deflection of the guder, and
‘where 1t occurs,

829 Clapeyron’s Equation of the three moments,

If M,, M,, and M, are the bending moments of a uniform
loaded beam at three successive points of support, Ay, 4,, and 4,
which are s a horisontal lne, to shew that

aM,+2(a+b) M, + bM.-;i"(a'+b'),

where w 13 the load per unit of length, A,Ay=a, and 4,4,=b.

Let 8 be the shearing force just to the right of 4,,and 8,
and 8y’ the shearing forces just to the left and right of 4,.
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Take A, as ongn, 4,4,4, as the axis of # and let the axis
of y be drawn vertically downwards
Then for a pownt P 1 4,4, distant z from 4, we have, by
taking moments for the part to the left of P, as in Art 327,
dy EI
-Eldg— ey z—gw‘ Moo )
Also, by taking moments about A, for the part 4,4,,
={wa*—S/a+ 11, . . (2)
Ehmmating S/, we have

—EIZZ’=—(az ) - I, (1--) neoo®

Hence
_Ezgi_"i’(""z_"_i‘) (o= )—1!1,21’:4»0 @),
and

‘Ely‘z(%“*) M‘(z (%)‘M‘é%“’“p
Now y =0 when z=0 or a.
Hence D =0, and

C=a I L )
Hence, from (4),

dy ab
[— EI:Tﬂ at the pomt 4, = 0= 21, % 4 2,5 - %% (6),

'3 6 24

and

[—Eldil] at the pont 4, = - a‘-—(M +M,)2+0

a a
R S A )
So, from the equilibrium of the part 4,4,, the result simlar
to (6) would be found to be

dy’ b
[— EI dz] at the pont 4,= M, = 3
Since there 18 no change of direction at the pownt 4,, the
results (7) and (8) must be the same
Equating them, we have

Ma+2M,(a+b)+Mb "7'1'(“' +b)

+ M.’i—’ﬂ . ®
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[It will be noted that in the preceding the moments 3,, M,
and M, are measured positively in the opposite direction from
the cases of Arts 129 arnd 332 ]

Reaction at any support 1n terms of the bending moments A,
M,, and M,

From the equilibrium of 4, 4,, we have

8 = 8, =wa,
so that, from (2),
s M= wa
== "5
From an equation stmilar to (2) for the part 4,4,, we have
L _wb M~ M,
8= iy

Hence the reaction at the support 4,
st M o,
2 a b
830 If A,, mstead of being on the same level with 4, and
4,,18 at distances y, and y, below them respeetively, the equation
of the three moments 1s ea<ily seen to be
Myar2Ma(a+ )+ 00=" (@ 1) 657 14 ).

331, Ex.1 Assume that m the question of Art 329 the beam ends
at 4,, 4y, so that we have a beam supported at 4, 4,, ds, where
Ay dy=a aud 4y dg=b

Then H,=H,=0, und My~ §(a*-abs b,
1f the beam bo of umform load w per unit of length

Let Ry, Ry, &y bo the roactions at 4y, 4y, 43 Taking moments about
4,, we have

.
M= ’izi ~Rya,

and therefore B = %[“i’:l’i’]
303+ ab-a¥
Soalso Ry= 'g[ ,u‘;_a],
.
and Bymw(a+8)= Ry~ By = Sla+d) ["L"::iﬂ’]

Suppose a>5 Then B 18 negative if
at-ab> 3k, reifa >:(‘ + J13),
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e 1f @ >Bx23 approximately In this case the end 4, would have to
be weighted 1f 1t 18 to bo kept 1n contact with 1ts support.
Agam, the bending moment 4 7) at any pomnt distant z from 4,
B tab=p st
&

wt
=3

=ur
2

3a®+ab- b?
8a

=]|‘,‘_z_

Tt 13 thus a maximum when z=
w (3at4ab—b2\2

G )

Also the bending moment at A, = 3,) =7 (a3 - ab+ %)
The bending moment at 4y 15 thus greater than (1) if
16a? (a* - ab+ %) > (3a3+ab- 98,

, and 1ts value then

veaf (1a%+ab— 19 < 12803,
veaf ab-B < (8y2-11)ad < 3136at,
et (b-g)’ + 0636a? >0, which 15 true.

Hence, 1f the beam rupture, 1t will do so at 4,

[The results found above for Ry, R, and Ry can be venfied by
expeniment for different values of @ and & We thus have a test of the
accuracy of the assumption of Art 324]

Ex 2. 4 umiform rod A, A, s suppos ted at sts ends A, and A, and at
pornts Ay, Ag which duwds A, Ay into thres equal parts, the supports beng
at the same horzontal level, find the thrusts on them and the bending
moments at them i terms of the weight W

Let the length of the rod be £(=3a) o that W=w 3a  Applying the
formula of Art 329 to the supports 4,, 4,, 44 and then to the supports
A3, 4g, 44, We have, since clarly 4, and 4/, are both zero at the free ends,

Also,1f R, be the reaction at 4,, we have, by taking moments about
4, for the part 4, 4,

M,=%wa'— Ry,
80 that Il|=:um-% W=R,, by symmetry
nw
30
If we take 4, as ongin and the axis of y vertically downwards, the
equation to the middle segment 4, 4 13 easily seen to be
ay
SEI = - J R e )+ Rys,

Hence By and Ry must each be

% w
50 that EI'Z, = G(62- baz+11a%]
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On integrating, Aince y =0 whin £wa or 2,

Ely=g(ea) (£~ 2u) (658~ 13az 41160

Hence both y and 3% are zero when z=a [3*1,—;:'

The middlo segment has thus two pomts of inflexion which both ke on
the line joining the pomnts of support

Ex. 3 A umform straight rod ABC 1 clamped at us ends A, C so
that the tanqents at thess end> are horizontal and s supported at a pont B,
of 4, B, and C are i a horzontal Uine, and AB~a, BC=b, find the

reactions and bending

momentat 4,B,and C 4R R,
Let i, I, snd g

My be the bendng

moments, and 2y, Ry, and By t]|e reactions, at the points 4, B, and ¢
The theorem of Art 320 may be apphed to thiscase For the clamping

at 4 may be supponed to be done by the fizng of two points at 1t

indefimtoly close to 4 Hence the formnla of Art. 329 will apply if we

put 4, 4,=0 and 4;4,=4B=a, sud 1t gves

B A L N )
For the three pomts of support 4, B, C we have
M2l U=t @B) . . @

Sumlarly for the elamping at C, which may be supposed to be done by
fiung two points at € udchuitely close to €', the formula then gives

o423 b40=100
Solving (1), (2), and (3), we have
Hy= F(2a>+ab-b)= a(a+b)(2a=b),

Uy= 5 (@-abr b,
and y.- " (2b'+ab—u')-—~ (a+8)(26—a)
Again, taking moment.s ubouc B for the part 45, we bave
y,.:!‘é‘.’-)z,.w,v,,
L
s0 that n,_';[w+b-7:]
» af
So also m=§[46+a- F‘]

PG NS L
=8 @b " 8ab

© I=w(@4b)-R- x total welght of the rod
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If the aus of y bo drawn vertically downwards, then by taking
moments about the section at P, distant = from 4, we have, for the
a ws
part 4B, - EI Y= Biz- M- V5
On substitution, we eisily have the equation to the curve 45, and the
1nclination at B to the horizon

332  General equations of equlibrium of a rod, bent wn one
plane.

MM st

Let PQ be an element of the rod, OP = s where O is a fixed
pomt on the rod, PQ = 8s, and let the tangents at P, @ be -
clined at angles ¥ and ¥ + 8y to the axis of z

Let T be the tension at P, T+ 87 that at Q

Let V be the shearing stress at P on the element PQ measured
along the nward-drawn normal at P, N+ 8N that at Q on the
same element which 1s therefore along the normal at @ measured
outwards

Let M be the bending moment, or stress-couple, at P on
the element PQ and M + 8M that at Q on the same element 1n
the directions as marked

Let F and @ be the tangential and normal impressed forces
on PQ per umt of length Resolving along the tangent and
normal at P, we have

— T+ (T+8T)cos 8y + (N + 8N) s Sy + Fds =0,
and N —(N+8N)cosdy + (I'+37)sm 8y +G8=0

In the imit when dyr 18 ndefimtely small, these give

§+§+F=0 - 1),

and
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Also, taking moments about, P for the element P, we have
M — (M 4 8 + (N + 8) 8~ Gds §35=0,

or, w the lim1t,

aM
-E;—N=0 ceerenns sosesers

®)
The equation states that the shear at any point 1s equal to
the differential coefficient of the bending moment with regard
to the arc
If p, be the radius of curvature of P of the rod when
unstrained, we have, in addition, the equation

M=K E- :Z] cervesssnemeenes (4

where K 18 the flexural ngidity of the rod
These four equations give 7, IV, il and the equation of the
curve 1n which the rod hes.

EXAMPLES

1. A unmform shghtly elastic rod, of length a+, rests on three
supports 1n a horizontal line, situated at its ends 4, B and st a pomt C
distant @ from 4 , shew that the pomnts of inflexion 7 and J on the rod
are situated 1n the segments AC and CB respectively, aud are sucn that

& I0=b JO=}(al-ab+bY)

2 A beam, of 40 feet span and carrying s load of 2 tons per foot run,
15 supported at & distance of 8 feet from one end by a column and at the
other end 1t 13 built horizontally into a buick prer  Determine the bending
moments at the supports, and draw the shearing force and bending moment
diagrams to scale (224 and 64 £t tons ]

3 A uniform girder AB, of weight I and length J, 15 burlt 1n frmly
st 4 50 03 to be hortzontal, and tho other end 2 rests on & support m the
same horizontal line as A  Shew that the bending moment and the
shoarng stress st 4 aro 22 and 20¥ raspoctisely, and draw diagrams for
the bending moment and shearing stress for the whole beam, proving that

the points of zero and maximum bending moment are st distances ;Aud
% from 4

8
Shew also that the beam rests in the form of the curve whose equation
18 48 LTyl Wad (i 2) (3~ 22).
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& A besm 4B, of length I, 1s loaded with & weight ¥ at & pomnt @
where 4Q=a, and the weight of the beam 15 neglectod  If 1ta ends are
bult 1 8o that they are horizontal, shew that the equation to 4Q 18

W -ap
Ely= T aigta- 200 -12)
and that of QB 1s
Ely= ':;; (1-2P[3L2— %0z —a)
5 A slightly flexible rod, of length 2a, h1s one end clamped horizon-

tally , a support 18 placed under the middle point of the rod so that the
free end 1s 1n the same horizoutal line as l‘m fined end  Shew that the

height of the widdle puint above tho end 15 g 1 5e
constant and W 1s tho weight of therod  Shew also that the pressure on

, where & 18 the flexural

the support 18 ﬂ_n_

6 A continuons girder, 2! feet long, 19 «upported on three prers at.
equal distances, dividing 1t 1nto two equal spins  The centr 4l prer 18 of
motal and has a vertical motion, die to chan,e of temperature, equal to
a feet above and below the horizontal level of the tvo end prers  Caleulite
the variation of normal atress, ahove and below that which occurs when
the piers are m Line, at & section mmediately over the middle prer

7. A unitorm shghtly elastic Lesrn, of werzbt W and lnsth 7, has its
ends built m so that 1t 18 horizontal at both ends Find 1ts bending
moment at any point, and shi w that the vilue at the ends 1s twice that
at the middle pomt, and that tnere are pciuts of mflexion at distances
211 fiow each end

8 If a umform #hghtly elastrc rod be climped honizontally at each
end, and the m.ddle potnt he pulled upm wds by 2 toics, through a distance 8
above the level of the endy, shew that u-p mgmtude of the torce 18

2143
Taf i '
and that the bending couples at the ends are equal to o7 .‘ ~ ), o, where
2a 18 the length of the rod, W its weight, and 4 the e, 'uhzy

9 A beam of umiform section, with equal flanges and of ~pan Z, 18
huilt 1nto walls so that 1ts ends are horizont 1 and at the xame level  One
of the walls settles a distance 3 without disturbing the horizontality of
the ends of the beam Shew that due to «ttimg the masimum stress

induced 18 252, whero d 15 the deyth of the gt and £ 15 Youngs

Modulus,

10 A contmuous girder, of uniform section, rests upon four supportaat
the same level, forming three equal rpans of 100 teot The girder carrios
a load of £ tons per foot uniformaly distrbuted  Draw fo scale the bnding
moment diagram for the whole girder, and calculate the loads carmed by
each support [0, 220, 820 and 80 tons wt.)
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11 A heavy uniform elastic rod rests on four ngid supports in a
borizontal line, two at its extrernities and two at points equidistant from
them Find the pressures on the supports when the rod 1s shghtly
doflected by 1ts own weight, and shew that the rod ceases to press on the
terminal supports when the distance of an intermediate support fiom the
nearer extremity 18 less than about 214 of the total length

12 A contimuous beam rests on four supports 1n the same horizontal
Tine, the width of the middle spin being 16 fust and that of each of the
mde spins 10 feet The beam carries a umformly distributed load of
200 pounds per foot Draw the diagrams of bending momeut, and of
sheariug force and the curvo of deflections

13 A umform rod (lougth 6a, weight 6aw, flexural ngidity &) 18
supported vy mmetrically b the ends 4, 4 and at the points of trusection B,
C 1 such & way that the pressures on the four suppcrts are all equal, and
the rod 18 clamped at 4 and D so that the tangents at those puiuts are
t

honzontal  Shew that 4 sud D aro st a height 22" above B and C,
that the middle points of AB aud CD are pomts of mfletion, aud that
the cursature vauishes at B and C without changing sign.

14 A heavy uniform shghtly elastic rod rests on five powts of
support which are all 1 & horsontal line Two of tho supports are
at tho eads of the rod, ono 18 at the mddle puinr, and two biveut the
distances b tween tho mddio pomnt and tho ends.  Shew that the vertial
thrusts on the points of support are 1 the ratio 11 26 32

Prove also that the bending motents at the coutre and at cach of the
supports next 1t are 1o and 2124, where ¥ 1s the weight aud 4 the leagth

56 * 102
of the rod.

15 A wire, of umform circular section and orgini'ly stracht, rests
with 1ts ends on two props. Shew that, if 7 Le the maxunum Bbre-
tonston ut, any soction, then the beuding coup o w 1w 7, and f rther, »f
2u be the span, then at a distance & frow the centie of the wire

rawdz®
a

where W 1s what the weight of the wire would bave been bad its cross
section been of unit area

16 A umform shghtly elastic rod, of weight W, reste with 1ts muddle
pomt on a prop, tho ends of & umform string, of weisht W', are then
tied to 1ts cnds so tht the strmg hangs 1n & catenary, prove that tie
deflection at each end of the rod 14 therev) mersased w the ratio

8w
L4z il
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17. A three-hinged arch, having the hinges at the springings and the
crown, 18 of semi-eircular shape, the span being 50 feet and the rise 25 feet
It carries a load of 26 tons distributed umtormly (horizontally) over the
right-hand half span  Shew how to draw the curves of bending moment
on the two halves of the arch.

18 A series of small pegs are fived into a horizontal floor 1n a straght
line at equal distances, a, apart and a tlun umform rod, naturally struight,
18 bent 1n and out between them , shew that, 1t £y, Ry,  are the pressutes
between the rod and successive pegs, then Ry, —4Ru+ Ryyy=48L1ca™?,
where ¢ 18 the thickness of a peg, £13 Young’s Modulus and / the moment
of mertia of the area of the cross section of the rod about the vertical
thiough the centre of the section

19 A umform heavy slightly elastic beam 4B, of length 2, 18
supported on three props , show that 1t will be strongest,r ¢ that it will bo
least bikely to break anywhire, .r one prop be placed at the centre and the

other two at pomts distant s © ¢ from the centre.

20 A brittle arcular hoop 1 standing on the ground at rest with its
plane vertical. Shew that the breaking moment, due to the weight of the
hoop, 18 greatest at & pomt whose angular distance 6 from the top of the
hoop 18 given by tan §+8=0

833 Work done agawnst the stress couples wn bending a rod
o unre

Let PP’ be an arc 8s of the rod, ¥ the angle between the
tangents at 1ts ends 1n 1ts final bent position, so that the stiess

couple at P= s

For any mtermediate position between the straight and final
bent form, let the angle between the tangents at the end of the
same arc 85 be ¢, so that the corresponding stress couple 18

EI
5 ¥

As ¢ mcreases to ¢ + ¢, the work done agamst this couple
= —E—:—I ¢ &8¢ [Art 97] Hence the whole work done on this are
a8 ¢ 1ncreases from zero to ¢ = f $dp= 4} 63 \V &- 8s.

The whole work done on the rod thus= [ »}*ds, the
mtegral bemng taken over 1ts whole length.
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If the rod, mstead of being ongnally straight, was of

curvature ! at I, where 1
P P

5
the stress couple = l—é‘f (¢ - ¥,
and the whole work

'EI
UL v w )= B -vr
'll, /s l l)l
267
EXAMPLES
1 Tke natwal form of a rod, of lungth a, 15 an arc of a cat
of purameter a, hutin j one ertremuy at the certer It in bint anto the form
of @ aurculur arc of radius «, shew thut the work done agunat the stress
couplss 11 7= (103m), where b s the coeffsnt of i rural rgdity at every

pownt v the rod .

In & witenary e=a tan v, so that P'-;':'
Also p=.
Heucd the work duue
.
_A a 7t K ¢ .
f [a e l'=:’,,ubu‘\'»—2+u&’vltwr

on putting s=a tan y,

-
=amcy=tTE

K 391 LK
'27["“" Vog hgm 2“'],, =l 1773
2 A umform beam, of lenyth 2a and weight ¥, rests on a smooth

horzontal table and 14 raned by a force apphied at its muddle cross
section , shew that, when 1t~ ends leave tho pline, its cuntio 18 at &

He® Wiagd
haght 7 above thern and thit the work then done 18 -,

WE ™LL

3 A umform heavy rod, whose length i~ ¢ and whose weght 13 W, 1
supported at 1ts tRo ends = 4% to be 1mtrally honizoutal, and bends <lightly
under t+ own weight Shew that the work done by gravity m bendmg

Wi

w0 ET

4 Shew that the work required to bend a straight wire, of length 2ra,
round tho nm of a penny, of raduus @, 18 T2r

6 Shew that the work done in bcudmg & wire, of length 2/, into the

3
PR
Ls 13

form of & catenary, whose parumeter 13 ¢, 15 i{(m" l+
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6. Oneend of a heavy slightly flexible wire in the form of a circular
quadrant 15 fixed nlo & vertical wall, so that the plane of the wire 18
vertical and tho tangent at the ficed end 1s horizontal ~Assumng that
the change of curvature at any poimnt 18 proportional to the moment of
the bending couple there, shew that the horizontal deflection at the free
end 18 555, where K 1 the forural ngidity, % 15 the woight of a umt
length, and @ 18 the radius of the circle

7 A unmiform stift wire, of weight mwa and flexural ngidity K, whose
natural shape 1s a semt circle of radws a, 18 placed m a vertical plane
with 1ts ends on a smocth horizontal plane Shew that the ntrinsic
equation to the form assumed by the wire 18 approximately

s=ap+ut -V (rdp+ ¢ cos p~2sn ¢},
& being measured from the highest pownt

8 A stiff wire, whose natural shape 14 a seri-circle of radius a, rests
m a vertical plane with the middle poiut on a horizontal table Shew
that the mtrinsic equation to the curve fortaed 18 approximately

rcad
s=apt+ e [(%’ —¢)cos4> +2an ¢ - 1'],
where w 18 the woight per wut of ate, & 18 the flexural nigidity, and 1t 18
assumed that “ 18 very smll

334 Bending of Long Columns

Suppose we have a column, or strut, whose length 1s great
compared with the dinensions of 1ts cross
section, and which 18 of wniform strength
and was onginally straight

Let 1t be set up vertically and bear on
1ts upper end a load P, 1t 18 required to
find the shupe 1t assuracs, its deflection
being assumed to be smll

Take 88 or.gin the middle pont between
the ground and the point of appl of
the load, and let Oz be vertical and Oy
horizontal

If the weight of the column be small
compared with the load P, the equation of
equilibrium 18

3 T . de
—EI%=£P-=P;/. Te gg:-I%y

5,=Acus[z\/g]+mm [’\/Ez;]

where 4 and B are arbitrary constants

,
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By symmetry, i—z =0 when z=0 Hence B=0

Let the ends of the beam be rounded, so that the tangents
at the ends may assume any direction  But, since no couple 18
appled at the ends, ‘%’, and hence l%‘ 18 zero at each end,

dy 1
ve g5= 0 whenz =+ 9 if I be the length of the column

aen]l /T
W~ Acos [27 E?]-O'

Henoo é\/P=”§,wchanP=’f’t"‘ZI L@

This gives the end-load which 1s sufficient to keep the
column bent when the curvature has been prodnced.

If P excceds this value the column would give way

Since 7 for a circular column varies as the fourth power of
the diameter, 1t follows from (2) that, for columns of the same
wmaterial, the greatest possible end-load varies directly as the
fourth power of the diumeter and inversely as the square of the
lenguh of the column

This i known as Enler’s Law for the bending of long Columns
or Struts

335 In the previous article 1f the ends A and B arc fixed
80 that the tangents at them are vertical, the
solution 1s different At the end B there must =
act a couple G ), the rcsultant ot this couple
and the load P acting at B 1s a parallel torce P
acting as 1n the igure  Its line of action being
the axis of z, the equation ot equilibrium 1s as
1 the last article and the solution 1s the same,
wnz equation (1)

In nh;stlntfg:o when = =0 or ié- f
Hence B = 0, and 0=— 4 sin B\/li A

. %\/E}‘ilk'”' 80 that P—h
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The equation to the curve nto which the neutral line of the
column 18 bent 18 now

y=A cos 277@.
i
Hence there are pomts of mflexion where ;";'j=o, e where
z= ié These are the pomts C and D and they lie on the lme

4

of action of the resultant of the load and the couple at B

336 Centrifugal Whirling of Shafts

Suppose & thin vertical cyhindrical shatt to revolve n
bearings, 1t will tend to bend laterally
under 1ts rotation 1if the angular velocity
of the rotation 1s sufficient

Suppose @) to be the bending moment,
and S the horizontal thrust, at the lower
bearing O Then, since the “centrifugal
force ” at any pownt (2, ¥') 18 ma*pw’y bz,
where @ 15 the radius and p the density of /_””’m,' -
the shaft, the deflection being assumed to Y
be small, and hence 8z’ and &’ very nearly
the same, the equation of equilibrium 1s

% _g_g z+na=pm'f'ydz/(z—d) o))
et . .
Differentiating twice with respect to z, we have

ELYY — narpwr f Tyde ~5, and BI = watpoty

3

o v

dy _ maowt _doa? gt
=T = @)
E ma* -

The solution of this equation 18
y=4cos’y 4 Ban’T 4 Coosh T+ Danh BT (3)

Suppose that the shaft 18 so supported at O and A that the
ends are compelled to be vertical there, 8o that when z =0 we

have y=0 a.ndgg—

,,y-A[cos‘;—z—cosh“;] +B [sm“lj—umh ] (4)
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Also, when z=1, y and Zg both vanish

« 0=A4{cos p— cosh u] + B[sin uu ~ sinh p],
and 0= A [~sin p—sinh ]+ Bleos u — cosh u]
cos . — cosh u smu+9mhp B

" snp—smhpcohp—cosu - 4 ®)
+ (cos p —cosh u)* + sin® 4 — sinh? p =0
* cospcoshu=1 . . (6

This equation gives u, and hence, from (5), the value of g,
80 that the form of the curve (4) 1s known
u w E
But, from (2), »r—=l..so that m-}F a ;,gwmg

the required angular velocity If w 15 greater than this value,
the shaft bends more and more
On tracing the graphs of cos u and sech u, we easily see that

the solution of (6) 1s very nearly ?2" Put then “sa_;'*.)"

where A 15 small, and (6) gives, for a second approximation,

1 L
A= —— 5 —= m = 018, from the Tables.
F

“op= :-4;+ 018 =473, as a second approuimation  Substi-

tuting 1n (5), we bave f—;= — 98 approximately From (4), we

now have the cquation to the cuive assumed by the shaft
For steel, £ = about 8 x 107 lbs wt persq 1, and p = about
480 lbs per cubic ft

337 In the previous question suppose that the ends of the
beam are not compelled to be vertical, but that at the ends

1t 18 freelv supported only, so that g{ 13 not zero there but

g does vanish there, since thete 1s no bendng mowent at exther
of the enda.
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In this case G 15 zero  The equation (2) 1s as before, and
1ts solution 18

-4

y=A|cos“‘£+1:’,sm”'Tw+0,cosh i +D,smhﬂ

[]

dy
When =0, y=0 wnd 3¢’=0

. .
e 44 G=0, and = A4k C=0,

80 that 4,=C=0
- dy_
So when =1, y=0 and I'»,—O
. 0=Bmpu+Donhg,
and 0=— B simu+ Dsnhp

. Bisnp=Dsimhp=0
. p=mand D,;=0
4pa?

Hence ==l 1t

ging o =3 3,-,’ u\/i;;, as the smallst value of @
Also the shape of the curve 1n this case 18

T
y= B.qm’r,-.

838 A4 thin umform column v ot up vertieally, to find the
greatest height 1t can have 8o that ut shall not gue wuy under ats
oun weght

The origin O being at the upper end of the colnmn, Oz
being drawn vertically downwaids, and Oy beng horizontal,
the equation of equilibrium 18

ay
-1 )= [Cwie -,
where w 15 the weight of the column per unit of length, and the
detlection 13 supposed to be very small

Differentiating, and putting Eu} =m and :i‘za p, thus gives

3
g’ga—mfcpd$=—v:tpz
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Put o =14}, and = u3t, and this equation becomes
meineee- o] =
9u?

dw " udu 9
4 4w
Let = m =3 &I and qu=v
dt 1di
Then wtvm T l:l - gv‘] =0

t=47,)+BI_, ()
where J,, () 1s the Bessel's function of order m.
p=ad4Jy (@} + BI_,(gah)
No“ - = 0 when z=0, since the bending moment 1s zerv

at the hxghu,b pornt

H=ghd 102, o7

Also Ji(qz) q [l +‘2 Poare i ],
S T B

and Jd(qw')—q & [1 D ;"'@ 273 s

wihat L 4ak, @)= 1}, when 1=0,

and 4 (B0_y @ h]=0, when w=0

A

Hence 4 =0, since Z =0, when r=0
. =BI*J_§(W*)
But p=0 when & =1, the height of the colurn, since the
column 13 fixed vertically m the ground

Hence J_ i (r[lf) =0, an cquation to give /

This gives
31 4m 1133'}%, -0
-2 5 T lamas(a) m =
mi mie m'
L N BT TN Al
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An approumate solution of this equation 18 found to be
mP =784, so that I =7 84 x %I-, giving the greatest height of
the column

If we take a sohd steel column of one fout radius, whose
density 18 480 Ibs per cubic foot and for which £'=38 x 107 Ibs
wt per square inch, this formula gives I = about 260 feet

EXAMPLES

1 Astraight steel rod, of length 20 feet and diameter one mch, 18 set
up vernically, and 1ta ends fived so that the tangents at them are both
vertical, shew that tle grestest load 1t will bear 18 about 1010 Ibs

2 A straight steel rod, of umiform circular section and 5 fect long, 18
found to deflect one inch under a central load of 2 pounds when tested

a8 a beam simply <upported at 1ts ends  Determine the critical load tor

tl ¢ same beam when used as & vertical strut with rounded ends

[About 247 1w}

3 A steel spindie, § 1nch i diamater, 18 to be aupported 1 bearngs

aving spherical weatit g, and 18 required to rotate 3000 times per minute

altulate the manmum distance permisaible betwun the centres of the

<anngs 50 that there shall be no whirling of the sbaft (121 ft. nearly ]

4 Along thin rod AB 18 set up vertically and loaded with awoight W

at B, the lower end 4 being compelled to remaim sertical T 1t be shightly

elastac and be of length £, shew that the equ*ion of the curve it assumes s

o
yuf1-em ),

where A 18 the ongin and ¥, 18 the honzontal displacement of B, and
FI_ 41
W

Show als that the beam dues ot bend af W < Tyt

[From this and Art 335 1t followa that a rod, with both ends fixed a0
that 1t 14 vertical at bath end, will support a weight sixteen times as gieat
as 1t will 1f the upper end be free to move sideways and the lower eud
only be fixed n & vertical posation ]

5 If1n the guestion of Art $34 the lower end 18 fived so that the
tangent at 1t 1s vertical, aad the upper end 18 compelled, by a horzontal
force applied to 1t, to always remain 1 the vertical Line through the fixed
end, prove that

J;,l-un[J;z], o0 that ,\/Z.Ill=4401,

aod hence that  Pw30187x 2.

Bl
T = 2045 x T 5 appros
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