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ANALYTICAL GEOMETRY

1. To determine the position of a point in fired space.
Assume any point A in fixed space as known and immoveable, and let

‘hree fixed planes of indefinite extent, be taken at right angles to one
another and passing through A. Then shall their intersections A X/,
A Y, A Z pass through A and be at right angles to one another.
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This being premised, let P be any point in fixed space; from P draw
“P z parallel to A Z, and from z where it meets the plane X A Y, draw
Z X, z y parallel to A'Y, A X respectively. Make

Ax=x,Ay=y,Pz=2

Then it is evident that if x, y, z are given, the point P can be found
practically by taking A x = x, Ay =y, drawing x z, y z parallel to
AY, A X; lastly, from their intersection, making z P parallel to A Z
and equal to z.  Hence x, y, z determine the position of the point P.

The lines x, y, z are called the rectangular coordinates of the point P;
the point A the origin of coordinates; the lines A X, AY, AZ the axes
of coordinates, A X being further designated the axis of x, A Y the axis
of y, and A Z the axis of z; and the planes X AY, ZA X, ZAY co-
ordinate planes.

These coordinate planes are respectively denoted by

plane (x, y), plane (x, z), plane (y, z);
and in like manner, any point whose coordinates are x, y, z is dcnoted
briefly by
point (X, y, £).

1f the coordinates x, y, z when measured along A X, AY, AZ be
always considered positive ; when measured in the opposite directions,
viz. along A X’ AY’, A Z/, they must be taken negatively. Thus ac-
cordingly as P is in the spaces

ZAXY, ZAYX, ZAX' Y, ZAY X;

ZAXY, ZAYX, ZAX'Y, ZAY' X,
the point P will be denoted by
point (%, y, z), point (— X, y, z), point (— x, — y, 2), point (x, —y, z)3
point (x, y, — z), point (- X, y, —z), point (- X, -y, — z), point (X, -y, —z)
respectively. .

2. Given the position of two points (ay B, v), (¢/y By ') in fized space,
to_find the dz'stance*elween them.

The distance I P’ is evidently the diagonal of a rectangular parallelo-
piped whose three edges are parallel to A X, AY, A Z and equal to

esay BB, ysy.
Hence .
PP =V (a—a) FE—B F =7 (1)
the distance required.
Hence if P’ coincides with A or o/, #, o equal zero,

PA=Va B +77. . v v v v v o0 (D
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3. Calling the distance of any point P (x, y, z) from the origin A of *
coordinates the radius-vector, and denoting it by ¢, suppose it inclined to
the axes A X, AY, A Z or to the planes (y, ), (%, z), (X, y),-by the
angles X, Y, Z.

Then it is easily seen that

x=gpcos. X, y=c¢cos.Y,z=¢gcos. Z . . . . . . (3)

Hence (see 2)

cos.X = ey 005, Y =
Vx4t yr 429’ V(x*+yt 4127’

z
VW)............(4)
so that when the coordinates of a point are given, the angles whick the ra-
dius-vector makes with each of the axes may hence be found.

Again, adding together the squares of equations (3), we have

(x* 4 y* 4+ 2% = g% (cos.? X + cos.2 Y 4 cos.* Z).
But

cos, Z =

e?=x* 4 y* 4 z? (sce 2),
ec0s.? X 4 c0s.2Y +cos.tZ =1 .. . . . (5
which shows that when two of these angles are given the other may be
found.

4. Given two points in space, Viz. (ay By 7)y (/s Bs 7')s and one of the
coordinates of any other point (X, Yy, z) in the straight line that passes
through them, to determine this other point ; that is, required the equations -
to.a straight line given in space.

The distances of the point (2, 8, ) from the points (o, £, /), and
(%, y, 2) are respectively, (see 2)

PP =V (e—a) F B—=F7+ (r—7)%

and

PQ=vV(c—x) 4+ B—y*+ (o —B"
But from similar triangles, we get
(r—2): (PQ)*E:: (y—7): (PP)*
whence
)8 = (y — 7)* ) _v)?2 —)?
(y—2)'= (@—d)  FB—B)V+(y—7F A(o—x) £ (B—y) *+ (r—2)%
which gives
fla—a) 4 B—P)} (y—2) = (y — 7N {(a—x)* + (B—¥)7
But since «, o are independent of 8, 8 and vice versa, the two first
terms of the eqnation,

(e—a ). (y—2)'—(y—7) (e—%)" — (7'2---'7’)’2 B—y) + (B—B) (r—2)' =0
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are essentially different from the last. Consequently by (6 vol. 1.)
(e—a)? (y—2)* = (y—7)* (u—x)*
(B—B)* (y—2)* = (y—)* (B—y)® :

which give

sy =210 w}
o N )|
2—y =+ (B—Y)

These results may be otherwise obtained ; thus, p g p’is the projection
of the given line on the plane (x, y) &c. as in fig.

¢

P Q P’
r—’w‘ .
N

N

v
P q ¥
Hence B
z—y:Y —yiipqipp
::mn: mp’
iy —pB:f—8
Also

% —yiy —gyitpqippiipr:pm
ttew—X:o—a
Hence the general forms of the equations to a straight line given in
space, not considering signs, are
z=aXx+Db
z—ay+b"""""(7)
To find where the straight line meets the planes, (%, y); (%, 2); (¥» 2)
we make
z=0,y=0,x=0,
which give

b
X = - —
a
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_ b
=T
= b

b —b
X = =
z=D>
_b—V
y=—07

which determine the points required.

To find when the straight line is parallel to the planes, (x, y), (x, z),
(y, ), we must make z, y, X, respectively constant, and the equations be-
come of the form

zZ=c
a,y=ax+b__b,} N )
To find when the straight line is perpendicular to the planes, (x, y),
(%, 2z) (y, z), or parallel to the axes of z, y, x, we must assume x, y;
X, z; Yy, z; respectively constant, and z, y, x, will be any whatever.
To find the equations to a straight line passing through the origin of
coordinates ; we have, since x = 0, and y =0, when z = 0,

Z = aXx
z___a,y}...........(g)

5. To find the conditions that two straight lines in fixed space may inler-
sect one another ; and also their point of intersection.
Let their equations be

z=ax 4+ A
z=by 4+ B
z=a x4 A
z=Vy+ B

from which eliminating x, y, z, we get the equation of condition
P A—aA’ bB—-bWF

a—a ~ b —Db "
Also when this condition is fulfilled, the point is found from
A— A B-DB AA—aA
X= v Y S vy = =——a . . (10)

6. To find the angle I, at whick these lines intersect.

Take an isosceles triangle, whose equal sides measured along these
ines equal 1, and let the side opposite the angle required be called i;
‘hen it is evident that

cos. [ =1 —14i¢
a3
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But if at the extremities of the line i, the points in the intersecting lines
be (X, y', 2'), (x", ¥, z’), then (see 2)
= (X)) (=)
v 2cs I =2 —§(xX —x") 4 (Y —Y) + (7 —2")%
But by the equations to the straight lines, we have (5)
Z=ax"4 A
Zz=by 4+ B
' =ax’ 4 A
Z'=by 4+ B
and by the construction, and Art. 2, if (x, y, z) be the point of intersec-
tion,
(x—x)+ (y—y)'+ (2—2)* =1
(x—x)* 4 (y —y) + (z—2)* =1
Also at the point of intersection,
z=ax 4+ A=a'x 4+ A’
z=by+B=b’y+B’}

From these several equations we easily get
z—7 =a(x—a)

y—y =1 (x—x)
7 — Z” — a’ (x —_— x/l)
y—y'= & (x—x)
whence by substitution,
(x—x)*+a?(x—x)* 4 %;(x——x’)’ =1

/2
(x —x")* 4+ a®% (x — x")* 4 %,—2— (x—x")t =1

which give

X=X —,\/(l + at 4
X —X' = J(l+a',’+b”

1 1 2
T+ i 2. 72
144, L+ a%ts N+ a ) o (a4 )

Hence

(x1___x”): =
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Also, since

y—y = §(x—x)
af "
y—y' = & (x—x")
and ’
z—72 = a (x—Xx)
z2—7' = o (x —x")
we have
(y-y")y= bz . R aa’

+ 5%
l+a’+%2 b!l+a"+b,,, o J(l+a‘+b,),J (140 +b/2)

(W) = at o2

i+ e
1+az+%’, l+a”+—g—,g ~/(1+az b’)'\/ (l+a +b,,)
Hence by adding these squares together we get

2(‘""‘“‘"’11)')
Ja s Y+ 5

’
14 ad +aa
cos. I = bb’ e e e e e (1

N/(l'i'a +bz)~ (|+a’2+b/z

This result may be obtained with less trouble by drawing straight lines
from the origin of coordinates, parallel to the intersecting lines ; and then
finding the cosine of the angle formed by these new lines. For the new
angle is cqual to the one sought, and the equations simplify into

Z =ax’=Dby, z’

2cos. =2 — {141 —

which gives

ax”" =by”

z =ax=Dby, z =a'x =Dy
X' 4yttt =1
xll! + yllz+zlll = l

From the above general expression for the angle formed by two inter-
secting lines, many particular consequences may be deduced.

For instance, required the conditions requisite that two straight lines
fiven in space may intersect at right angles.

That they intersect at all, this equation must be fulfilled. (see 5)

a’A—aA’ _ VB—DbBj;
a’—a ~ b—b>
ad
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and that being the case, in order for them to intersect at right angles,
we have

I=—;;,cos.1=0
and therefore
’
1+aa/+%%,=o. N ¢ £))

7. In the preceding No. the angle between two intersecting lines is
expressed in a function of the rectangular coordinates, which determine
the positions of those lines. But since the lines themselves would be
given in parallel position, if their inclinations to the planes, (x, y), (x, z),
(ys 2), were given, it may be required, from other data, to find the same
angle.

Hence denoting generally the complements of the inclinations of a
straight line to the planes, (%, y), (X, z), (¥, 2), by Z, Y, X, the problem
may be stated and resolved, as follows:

Required the angle made by the two straight lines, whose angles of inclina-
tion are Z, Y, X; 7', Y/, X"

Let two lines be drawn, from the origin of the coordinates, parallel
to given lines. These make the same angles with the coordinate planes,
and with one another, as the given lines. Moreover, making an isosceles
triangle, whose vertex is the origin, and equal sides equal unity, we have,
as in (6),

cos. I =1—2i=1—}{(x—xX)* 4+ (y—Y)* + {(z—2)%
the points in the straight lines equally distant from the origin beiny
(%5 y5 2), (x5 ¥ ).
But in this case,

H
o —

fh b
Yt

x = cos. X, y = cos. Y, z = cos. Z
x = cos. X/, y = cos. Y/, 2’ = cos. Z/
weos. I =xx' 4+ yy + 272
= cos. X. cos. X’ 4 cos. Y. cos. Y 4 cos. Z. cos. Z'. . (13)
Hence when the lines pass through the origin of comdmates, the same
expression for their mutual inclination holds good ; but at the same time
X, Y, Z; X, Y, Z, not only mean the complements of the inclinations
to the planes as above described, but also the inclinations of the lines to
the axes of coordinates of x, y, z, respectively.
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8. Given the length (L) of a straight line and the complements of its in-
clinations to the planes (X, y), (X, z), (y 2), Viz. Z, Y, X, to find the lengths
of its projections upon those planes.

By the figure in (4) it is easily seen that

L projected on the plane (x, y) = L. sin. Z
(x,2z) = L. sin.Y} . . (14)
(y, z) = L.sin. X

9. Instead of determining the parallelism or direction of a straight line
in space by the angles Z, Y, X, it is more concise to do it by means of
Z (for instance) and the angle ¢ which its projection on the plane (x, y)
makes with the axis of x.

For, drawing a line parallel to the given line from the origin of the co-
ordinates, the projection of this line is parallel to that of the given line,
and letting fall from any point (x, y, z) of the new line, perpendiculars
upon the plane (x, y) and upon the axes of x and of y, it easily appears,
that

x = L cos. X = (L sin. Z) cos. 4 (see No. 8)
y = L.cos. Y = (L. sin. Z) sin. 4
which give

cos. X = sin. Z. cos. ¢
cos. Y = sin. Z. sin. 0}
Hence the expression (13) assumes this form,

cos. I = sin. Z. sin. Z/ (cos. ¢ cos. ¢ + sin. 4 sin. ¢’) 4 cos. Z cos, Z/
= sin. Z. sin. Z/ cos. (¢ —¢’) 4 cos. Z.cos. 7/ . . . . (16)
wlhiich may easily be adapted to logarithmic computation.

The expression (5) is merely verified by the substitution.

10. Given the angle of intersection (1) between two lines in space and
their inclinations to the plane (x,y), to find the angle at which their pro-
Jections upon that plane intersect one another.

If, as above, Z, Z’ be the complements of the inclinations of the lines
upon the plane, and 4, ¢ the inclinations of the projections to the axis of
x, we have from (16)

N 1))

gy — €os. I —cos. Z. cos. Z/
cos. (§ — ) = AT e e e (1)

This result indicates that I, Z, Z’ are sides of a spherical triangle
(radius = 1), 6 — ¢ being the angle subtended by I. The form may at
once indeed be obtained by taking the origin of coordinates as the center
of the sphere, and radii to pass through the angles of the spherical tri-
angle, measured along the axis of z, and along lines parallel to the
given lines.
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Having considered at some length the mode of determining the posi-
tion and properties of points and straight lines in fixed space, we proceed
to treat, in like manner, of planes.

It is evident that the position of a plane is fixed or determinate in posi-
tion when three of its points are known. Hence is suggested the follow-
ing problem.

11. Having given the three points (a, B, 7)y (s 85 7')s («”s B"y 7”) in
space, to find the equation to the plane passing through them ; that is, fo
Jind the relation between the coordinates of any other point in the plane.

Suppose the plane to make with the planes (2, y), (2, x) the intersec.

tions or traces B D, B C respectively, and let P be any point whatever
in the plane ; then through P draw P Q in that plane parallel to B D,
&c. as above. Then
z—~QN=PQ =QQ cot. DB Z
=ycot. D BZ
But
QN=AB—NA.cot. CBA
= AB+4 xcot. CBZ,
wz=AB+4xcot. CBZ 4 ycot. D BZ.
Consequently if we put A B = g, and denote by (X, Z), (Y, Z) the
inclinations to A Z of the traces in the planes of (x, z), (y, 2z) respectively,
we have
z=g+xcot. (X,Z) + yocot. (Y,Z) . . . . (18)
Hence the form of the equation to the plane is generally
z=Ax+By+C . . . . . .. o » (19)
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Now to find these constants there are given the coordinates of three
points of the plane; that is
y= Aa 4+ BB 4+ C
Yy =Ad +BF +C
7"=Aa”+ B + C
from which we get
A28 —) Bt S B —y B 4y By
-“BI_“B_’_“B/I llﬁ"+a/IB 6//'_'
B—ZZI_%E-:Z:B//_'}///;/IZUE 73//—c°t'(Y Z) .- (21)
By s —ya) + B =9 ) + B (e — ya)
wf —d Bt o P —a' B + o B—eaf’
Hence when the trace coincides with the axis of x, we have
C=0o,

cot. (X, Z) . . . (20)

... (22)

and
A=cot.;§=0

By —7 @) + B (Y " —o'e) + B () a—ya) = 0}. .. (23)
Y=Y B+ YR —Y' B+ B—yBf' =0
B _ l (B_B”) . (71 al/___ 7// “’) +(B’ BII) (7" @ _7all)
T el —d Bt AP —d" B F & B—af eenea(24)
and the equation to the plane becomes
z=By . . e e . . (%)
When the plane is parallel to the plane (x, y),
A=0, B=0o,

and
z=C. . . « « . o000 . (26
from which, by means of A = 0, B = 0, any two of the quantities 7, 7/, 5"
being eliminated, the value of C will be somewhat simplified.

Hence also will easily be deduced a number of other particular results
connected with the theory of the plane, the point, and the straight line, of
which the following are some.

To find the projections on the planes (X, y); (X, z), (Y 2) qf the intersec-
tion of the planes,

z=Ax+4+By+C,
z=A'x 4+ B'y+ C.
Eliminating z, we have
A—ANx+4+B—B)y+C—C=0 . . . . (27)
which is the equation to the projection on (x, y).
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Eliminating x, we get

(AY—A)z+ (AB—A’'B)y+ AC—A'C=0 . . . . (28)
which is the equation to the projection on the plane (y, z).
And in like manner, we obtain

(B’—B)z4+ (A’B—ADB)x+BC—BC=0 . . . . (29
for the projection on the plane (x, z).

To find the conditions requisite that a plane and straight line shall be
parallel or coincide.

Let the equations to the straight line and plane be
X=az+4 A
y=bz+4+ B
t=Ax+4+ By+C.

Then by substitution in the latter, we get

z(A/a4+Bb—1)+AA+ BB+ C=0.

Now if the straight line and plane have only one point common, we
should thus at once have the coordinates to that point.

Also if the straight line coincide with the plane in the above equation,
z is indeterminate, and (Art. 6. vol. L.)

Aa4+Bb—1=0, AA+BB+C=0 . . . (27

But finally if the straight line is merely to be parallel to the plane, the
above conditions ought to be fulfilled even when the plane and line are
moved parallelly up to the origin or when A, B, C’ are zcro. The only
condition in this case is

Aa4+DBb=1. ... ... . . (28)

To find the conditions that a straight line be perpendicular to a plane
z=Ax 4+ By + C.

Since the straight line is to be perpendicular to the given plane, the
plane which projects it upon (x, y) is at right angles both to the plane
(%, y) and to the given plane. The intersection, thercfore, of the plane
(%, y) and the given plane is perpendicular to the projecting plane. Hence
the trace of the given plane upon (x, y) is perpendicular to the projec-
tion on (x, y) of the given straight line, DBut the equations of the traces
of the plane on (x, z), (y, z), are

z=Ax+ C, Z:By-l-C?
or
x—-];z—-—g —>!~z_—C_S' . . . . . (29)
‘ SATTRYTBETEB
and if those of the perpendicular be
X=az+ A,
y=bz+ B,
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it is easily seen from (11) or at once, that the condition of these traces
being at right angles to the projections, are
Ad4a=0, A4+b=0.
To draw a straight line passing through a given point (e, B, y) at right
angles to a given plane,
The equations to the straight line, are clearly

X—a4+ A(z—9)=0, y—B+B(z—9)=0....(30)
To find the distance of a given point (a, B, 7) from a given plane.

The distance is (80) evidently, when (x, y, z) is the common point in
the plane and perpendicular
ViE—+G—F + (x—a)*=(2—7) ¥ T+ A" § BY
Bat the equation to the plane then also subsists, viz.
z=Ax+4+ By+ C )
from which, and the equations to the perpendicular, we have
z—y=C—y+ Aa+4 B3,
therefore the distance required is
C—y+ A+ B3
Az + B
To find the angle 1 formed by #wo planes
rz=Ax+By+4C
z=Ax+ By+ C.
If from the origin perpendiculars be let fall upon the planes, the angle
which they make is equal to that of the planes themselves. Hence, if
generally, the equations to a line passing through the origin be

X=a z}
y=buz
the conditions that it shall be perpendicular to the first plane are
A+4+a=0,
B+b=o,
and for the other plane
A"+ a=0,
B 4+b=0.
Hence the cquations to these perpendiculars are
x4+ Az = 0}
y+Bz=0
x+Nz=0}
y+ DBz=0,

... (31
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which may also be deduced from the forms (30).
Hence from (11) we get
1+ AA 4+ BB

cos. I = VOFA+B) VI FATFD) © ° (82)
Hence to find the inclination (¢) of a plane with the plane (X, y).
‘We make the second plane coincident with (x, y), which gives
Al=0, B =0,
and therefore
Cos. ¢ = 1 (33)

vOFATFE) - °
In like manner may the inclinations (&), (1) of a plane
z=Ax+4+By+C
to the planes (x, z), (y, z) be expressed by

A
cos.n=~,(1+Ag+B,)

B
cos.Z=V(1+A=+BQ5}. e e e . (39)

Hence
cos.?s 4 cos.2 ¢ 4+ cos.®p =1 . . . . . . (8b)

Hence also, if ¢, ¢, #’ be the inclinations of another plane to (x, y)
(%5 2)s (¥, 2).
cos.-I = cos. s cos. ¢ 4 cos. £ cos. &/ + cos.ncos.n’ . . . (36)
To find the inclination v of a straight linex =az + A, y =bz + B,
tothe planez = Ax + By + C. i
The angle required is that which it makes with its projection upon the
plane, If we let fall from any part of the straight line a perpendicular
‘upon the plane, the angle of these two lines will be the complement of v.
From the origin, draw any straight line whatever, viz. x = a’z, y = b’z
Then in order that it may be perpendicular to the plane, we must have
=—A, bV =—B.
The angle which t}us makes with the given line can be found from (ll) H
consequently by that expression
1—Aa—Bb (37)
0= TRt R b ¥ (1L AT + BY) :
Hence we easily find that the angles made by this line and the coor-
dinate planes (x, y), (%, 2), (¥, 2); viz. Z, Y, X are found from
1
cos. Z = VIFar ¥y’
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cos. Y = b
Y E VO Fa e’
cos. X = 2 (38)

VOUFarFby " oottt
which agrees with what is done in (3).

TRANSFORMATION OF COORDINATES,

12. 7o transfer the origin of coordinates to the point (ay B, 7) without
changing their direction.

Let it be premised that instead of supposing the coordinate planes at
right angles to one another, we shall here suppose them to make any
angles whatever with each other. In this case the axes cease to be rec-
tangular, but the coordinates x, y, z are still drawn parallel to the axes.

This being understood, assume

x=xX 4 y=y+Bz=24+y. . . . . (39
and substitute in the expression involving x, y, z. The result will contain
x/, y’, Z the coordinates referred to the origin (e, 8, ).

‘When the substitution is made, the signs of «, 8,  as explained in (1),
must be attended to.

13. To change the direction of the axes from rectangular, without
affecting the origin.

Conceive three new axes A x’, Ay’, A 7, the first axes being supposed
rectangular, and these having any given arbitrary direction whatever.
Take any point; draw the coordinates x’, y’, 2’ of this point, and project
them upon the axis A X. The abscissa x will equal the sum, taken with
their proper signs, of these three projections, (as is casily seen by drawing
the figure); but if (x x), (y, ¥')s (% z’) denote the angles between the
axes Ax, Ax'; Ay, Ay'; Az A7 respectively; these projections
are

x’ cos. (x' x), y’ cos. (y' x), 2’ cos. (z' X).
In like manner we proceed with the other axes, and therefore get
x = x’ cos. (x’ X) + y’ cos. (y’ x) 4 2’ cos. (7' x)
y =Y cos. (y' y) + 2 cos. (z"y) + x’ cos. (x’ y)} . . . (40)
z = 2 cos. (2 z) + y’ cos. (y'z) + x/ cos. (%’ z)
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Since (x’x), (x'y), (x’z) are the angles which the staight line A x/,
makes with the rectangular axes of x, y, z, we have (5)
cos.® (x! X) 4 cos.? (x'y) 4 cos.2x'z = 1
cos.® (y x) 4 cos.® (y'y) + cos.?(y'z) = 1 }
cos. ? (7 x) + cos.? (2 y) 4 cos.?(z'x) = 1
‘We also have from (18) p.
cos.(x'y’) =cos.(xx)cos.(y'x) 4 cos.(x"y)cos.(y'y) 4 cos.(x"z) cos.(y'z) }
. (42)

(41)

cos.(x'2’) = cos.(xx)cos.(2'x) 4 cos.(xy)cos.(z'y) 4 cos.(xz) cos.(2'z)
cos.(y'z) =cos.(y’x)cos.(z'x) + cos.)y’y) cos.(zy) 4 cos.(y’z)cos.(z'z)

The equations (40) and (41), contain the nine angles which the axes of
x', y’s 2 make with the axes of x, y, z.

Since the equations (41) determine three of these angles only, six of
them remain arbitrary. Also when the new system is likewise rectangu-
lar, or cos. (x'y’) = cos. (x'2') = cos. (y' 2') = 1, three others of the
arbitraries are determined by equations (42). FHence in that case there
remain but three arbitrary angles.

14. Required to trangform the rectangular axe of coordinates to other
rectangular axes, having the same origin, but two of which shall be situated
in a given plane.

Let the given plane be Y’ A C, of which the trace in the plane (z, x) is

Y’

A C. At the distance A C describe the arcs C Y’, C x, xx’ in the planes
CAY/ (2 x), and X' AX. Then if one of the new axes of the coordi-
nates be A X/, its position and that of the other two, A Y’, A Z/, will be
determined by Cx/ = ¢,C x =+, aknd the spherical anglex Cx’ = ¢ =
inclination of the given plane to the plane (z, x).

Hence to transform the axes, it only remains to express the angles
(%’x), (y’x), &c. which enter the equations (40) in terms of 4 4 and p.
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By spherics
cos, (X'x) = cos. " cos. ¢ 4 sin.  sin. ¢ cos. 4.

In like manner forming other spherical triangles, we get

cos. (y' x) = cos. (90° 4 @) cos. 4 + sin. 4 sin. (90° 4 ¢) cos. 8

cos. (x'y) = cos. (90° 4 ) cos. ¢ + sin. (90° 4 ) sin. ¢ cos. 4

cos. (y'y) = cos. (90° ++)cos.(90 4 ¢) + sin.(90° 4} )sin. (90° 4 ¢)cos. §
So that we obtain these four equations

cos. (x’ X) = cos. <} cos. ¢ 4 sin. 4 sin. ¢ cos. 4
cos. (y' X) = — sin, 4 sin. ¢ 4 sin. < cos. ¢ cos. ¢
cos. (X'y) = — sin.  cos. p 4 cos.  sin. ¢ cos, ¢
cos. (y'y) = sin. ) sin. ¢ < cos. <} cos. ¢ cos. §

Again by spherics, (since A Z' is perpendicular to A C, and the inclin-
ation of the planes Z'A C, (x, y) is 90° — ¢) we have

cos (z' X) = sin, ) sin, ¢

cos. éz 'y)) = cos.i sin. 4 } v < e (44)
And by considering that the angle between the planes ZA C, ZA X', =
90° 4 ¢4, by spherics, we also get

cos. (X'z) = — sin. ¢ sin. 4 .

cos. (y'z) = — cos. ;asin.o} N U 1))

cos. (2z) = cos. ¢
which give the nine coefficients of equations (40).

Equations (41), (42) will also hereby be satisfied when the systems are
rectangular.

15. o find the section of a surface made by a plane.

The last transformation of axes is of great use in determining the na-
ture of the section of a surface, made by a plane, or of the section made
by any two surfaces, plane or not, provided the section lies in one plane ;
for having transformed the axes to others, A Z, A X', AY’, the two lat-
ter lying in the plane of the section, by the equations (40), and the de-
terminations of the last article, by putting z = 0 in the equation to the
surface, we have that of the section at once. It is better, however, to
make z = O in the equations (40), and to seek directly the values of
cos. (X'x), cos. (y'x), &c. The equations (40) thus become

X = X co0s. ¥ 4 ¥ sin. v cos. ¢
} e« e . . (46)

. (43)

y = X sin.  — ¥ cos. 3 cos. 4
z =y sin. ¢
16. To determine the nature and position of all surfaces of the second
order ; or to discuss the general equation of the second order, Viz.
ax! + by® 4 cz*+ 2dxy + 2exz L 2fyz 4 gx 4 hy +iz= k . . (a)
First simplify it by such a transformation of coordinates as shall destroy
b
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the terms in x y, x 7, y z; the axes from rectangular will become oblique,
by substituting the values (40), and the nine angles which enter these,
being subjected to the conditions (41), there will remain six of them
arbitrary, which we may dispose of in an infinity of ways. Equate to
zero the coefficients of the terms in x' y, x' 7, y z.

But if it be required that the new axes shall be also rectangular, as this
condition will be expressed by putting each of the equations (42) equal
zero, the stz arbitrary angles will be reduced to three, which the three
coefficients to be destroyed will make known, and the problem will thus
be determined.

This investigation will be rendered easier by the following process :

Let x = az, y = Bz be|the equations of the axis of x’; then for
brevity making

1
V(I +a+EY)

1 =

we find that (3)
cos. (x'x == «l, cos, (x'y) = B, cos. x’z = 1.
Reasoning thus also as to the equations x = o'z, y = @ z of the axis
of y’, and the same for the axis of z/, we get
cos. (y'x) = &'V, eos. (y'y) = BV, cos. (yz) =V
cos, (z'x) = &”1”, cos. (2'y) = B’V cos. (2 2) = V.
Hence by substitution the equations (40) become
x=lux' +1Vdy + Va2
y = 18x + I/B/y/ + 1"‘3"Z’}
z=1x 4V y + 12z
The nine angles of the problem are replaced by the six unknowns o,
o'y o”y B, B, B”, provided the equations (41) are thereby also satisfied,
Substitute therefore these values of x, y, 2, in the general equation of
the 2d degree, and equate to zero the coefficients of X' y’, x'z, y’Z, and
we get
(@a+ dB+ ) o' + [datbB4NF +eatffc=0
(aa+dB + )+ (da +bB + ) F + ca+ f6+c=0}
(ae” + dp’ +e)a’ + (de’ + bp'+ ) B fea” +f8' +c=0
One of these equations may be found without the others, and by making
the substitution only in part. Moreover from the symmetry of the pro-
cess the other two equations may be found from this one. Eliminate o/,
@ from the first of them, and the equations x = o'z, y = 8’2, of the
axis of y’; the resulting equation
(aedB+e)x (datbB+fy+ (ea+fB4c)z=0. . (b)
is that of a plane (19).



ANALYTICar. GEOMETRY. Xix

But the first equation is the condition which destroys the term x’ y’t
since if we only consider it, o, 8, «/, 8, may be any whatever that will
satisfy it; it suffices therefore that the axis of y’ be traced in the plane
above alluded to, in order that the transformed equations may not contain
any term in x'y.

In the same manner eliminating «”, 8’, from the 2d equation by means
of the equations of the axis of z, viz. x = a'z, y = 8’2z, we shall have
a plane such, that if we take for the axis of 2’ every straight line which it
will there trace out, the transformed equation will not contain the term in
x' Z. But, from the form of the two first equations, it is evident that this
second plane is the same as the first: therefore, if we there trace the axes
of y and z' at pleasure, this plane will be that of y and z, and the
transformed equation will have no terms involving x' y' or x z. The
direction of thesc axes in the plane being any whatever, we have an in-
finity of systems which will serve this purpose; the equation (b) will be
that of a plane parallel to the plane which bisects all the parallcls to x,
and which is therefore called the Diametrical Plane.

Again, if we wish to make the terin in y' z' disappear, the third equa-
tion will give o, 8, and there are an infinity of oblique axes which will
answer the three required conditions. But make x, y, %, rectangular.
The axis of X' must be perpendicular to the plane (y z') whose equa-
tion we have just found; and that x = «z, y = 32, may be the equa-
tions (see equations b) we must have

aat+dB +e=(ee+fB4c)a . . . . (c)
do +bB+ f=(ea 4 fB4+c)B8 . . . . (d)
Substituting in (c) the value of « found from (d) we get
{(a—Db)fe 4+ (f*—e?)dip°®

+ {(a—Db)(c—Db)e4 (2d*—f*—e?) e+ (2c—a—Db)fd}B*

4+ {(c—a)(c—Db)d+ (2e?—f?—d?) d 4 (b—a—c)fe} B

+(a—0) fd + (F—d9)e = 0.

This equation of the 3d degree gives for 3 at least one real root ; hence
the equation (d) gives one for a; so that the axis of x' is determined so as
to be perpendicular to the plane (y’, z,) and to be free from terms in
x' z, and y'Z. It remains to make in this plane (y’, z,) the axes at right
angles and such that the term X'y’ may also disappear. But it is evident
that we shall find at the same time a plane (X, z,) such that the axis of y’
is perpendicular to it, and also that the terms in X'y, Z y are not involved.
But it happens that the conditions for making the axis of y’ perpendicular

to this plane are both (c) and (d) so that the same equation of the 3d de-
b2
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gree must give also 8. The same holds good for the axis of z. Conse-
quently the three roots of the equation 3 are all real, and are the values
of 8, B, B'. Therefore «, ', ", are given by the equation (d). Hence,
There is only one system of rectangular axes which eliminates X'y, x' z,
X'y'; and there exists one in all cases. These axes are called the Princi-
nal axes of the Surface.

Let us analyze the case which the cubic in B presents.

L. If we make

(a—b)fe + (f*—e?)d =0
the equation is deprived of its first term. This shows that then one of
the roots of 8 is infinite, as well as that « derived from equation (d) be-
comes e« 4 f8 = 0. The corresponding angles are right angles. One
of the akes, that of z' for instance, falls upon the plane (x,y), and we
obtain its equation by eliminating « and B from the equations x = az,
y = B2z, which equation is
ex 4 fy =0

The directions of y,z are given by the equation in 8 reduced to a
quadrature.

2ndly. If besides this first coefficient the second is also = 0, by substi-
tuting b, found from the above equation, in the factor of 8% it reduces to
the last term of the equation in 8, viz.

(a—c) fd + (f*—d* e =0.

These two equations express the condition required. But the coeffi-
cient of 8 is deduced from that of 82 by changing b into ¢ and d into e,
and the same holds for the first and last term of the equation in B.
‘Therefore the cubic equation is slso thus satisfied. There exists therefore
an infinity of rectangular systems, which destroy the terms in x'y, x'z,
y #. Eliminating a and b from equations (c) and (d) by aid of the above
two equations of condition, we find that they are the product of fo—d
and ¢ —d by the common factor ed« 4 fdf 4 fe. These factors
are therefore nothing; and eliminating « and @, we find

fx =dz ey =dz edx + fdy + fez = 0.

The two first are the equations of one of the axes. The third that ot
a plane which is.perpendicular to it, and in which are traced the two
other axes under arbitrary directions. This plane will cut the surface in
a carve vherein all the rectangular axes are principal, which curve is
therefore a circle, the only one of curves of the second order which has
that property. - The surface is one then of revolution round the axis
whose equations we have just given.
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The equation once freed from the three rectangles, becomes of the

form
kz* 4+ my? + nx* 4+ qx 4+ qy+qz=h . . . . (e

The terms of the first dimension are evidently destroyed by removing
the origin (39). It is clear this can be effected, except in the case
where one of the squares x% y? z? is deficient. 'We shall examine these
cases separately. First, let us discuss the equation

kz*+my*+nx*=h . . . . . . . (f

Every straight line passing through the origin, cuts the surface in two
points at equal distances on both sides, since the equation remains the same
after having changed the signs of x, y, z. The origin being in the middle
of all the chords drawn through this point is a center. The surface therefore
has the property of possessing a center whenever the transformed equation
has the squares of all the variables.

‘We shall always take n positive: it remains to examine the cases where
k and m are both positive, both negative, or of diffcrent signs.

If in the equation (f) k, m, and n, are all positive, h is also positive;
and if h is nothing, we have x = 0, y = 0, z = 0, and the surface has
but one point.

But when h is positive by making x, y, or z, separately equal zero, we
find the equations to an ellipse, curves which result Trom the section of
the surface in question by the three coordinate planes. Every plane
parallel to them gives also an ellipse, and it will be easy to show the
same of all plane sections. Idence the surface is termed an Elip-
soid.

The lengths A, B, C, of the #hree principal azes are obtained by find-
ing the sections of the surface through the axes of x, y, and z. Thee
give

kC*=h, mB*=h, nA*=h
from which eliminating k, m and n, and substituting in equation (f) we gct
z Lyt ooxt 1 }
Cz " BT AT (47)
A*B*z: 4 A*C%y2 4 B*C*x*= A*B"® C”j
which is the equation to an Ellipsoid referred to its center and principal
azes.

We may conceive this surface to be generated by an ellipse, traced in

the plane (x, y), moving parallel to itself, whilst its two axes vary, the

curve sliding along another ellipse, traced in the plane (x, z) as a direct~
b3
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rix. Iftwo of the quantities A, B, C, are equal, we have an clli[:soid of
revolution. If all three are equal, we have a sphere.

Now suppose k negative, and m and h positive or

kz* —my*—ax®*=—h

Making x or y equal zero, we perceive that the sections by the planes
(y z) and (x z), are hyperbolas, whose axis of z is the second axis. All
planes passing through the axis of z, give this same curve. Hence the
surface is called an Zzyperboloid. Sections parallel to the plane (x y) are
always real ellipses, A, B, C # — 1 designating the lengths upon the
axes from the origin, the equation is the same as the above equation ex-
cepting the first term becoming negative.

Lastly, when k and h are negative

kz? 4+ my? 4+ nx®=—h;
all the planes which pass through the axis of z cut the surface in hyper-
bolas, whose axis of z is the first axis. The plane (x y) docs not meet
the surface and its parallels passing through the opposite limits, give
ellipses. This is a hyperboloid also, but having two vertexes about the
axis of z. The equation in A, B, C is still the same as above, excepting
that the term in z* is the only positive one.

‘When h = 0, we have, in these two cases,

k¥*=my*4+nx*. . . . . . . . (48)
the equation to a cone, which cone is the same to these hyperboloids that
an asymptote is to hyperbolas.

It remains to consider the case of k and m being negative. Butby a sim-
ple inversion in the axes, this is referred to the two preceding ones. The
hyperboloid in this case has one or two vertexes about the axis of x ac-
cording as h is negative or positive.

‘When the equation (e) is deprived of one of the squares, of x* for in-
stance, by transferring the origin, we may disengage that equation from
the constant term and from those in y and z; thus it becomes

kz? 4+ my*=hx . . . . . . . (49)

The sections due to the planes (x z), (x y) are parabolas in the same
or opposite directions according to the signs of k, m, h; the planes par-
allel to these give also parabolas. The planes parallcl to that of (y z)
give ellipses or parabolas according to the sign of m. The surface is an
elliptic paraboloid in the one case, and a kyperbolic parabeloid in the
other case. 'When k = m, it is a paraboloid of revoluticn.

When h = 0, the equation takes the form

atz*+by?=0
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according to the signs of k and m. In the one case we have
z2=0,y=0
whatever may be the value of x, and the surface reduces to the axis of x,
In the other case.
(az+by)(az—by) =0
shows that we make another factor equal zero; thus we have the system
of two planes which increase along the axis of x.

When the equation (e) is deprived of two squares, for instance of x?%

y % by transferring the origin parallelly to z, we reduce the equation to
kz*+py+qx=0. . . . . . . . (50)

The sections made by the planes drawn according to the axis of z, are
parabolas. The plane (x y) and its parallels give straight lines par-
allel to them. The surface is, therefore, a cylinder whose base is a para-
bola, or a parabolic cylinder.

If the three squares in (e) are wanting, it will be that of a plane.

It is easy to recognise the case where the proposed equation is decom-
posable into rational factors; the case where it is formed of positive
squares, which resolve into two equations representing the sector of two
planes.

PARTIAL DIFFERENCES.

17. If u = f(x, y, z, &c.) denote any function of the variable x, y, z,
&c. d u be taken on the supposition that y, z, &c. are constant, then is the
result termed the partial difference of u relative to x, and is thus written

(g-;) dx.
Similarly
du du
(a—};‘) d Y, H) d z, &e.
denote the partial differences of u relatively to y, z, &c. respectively.

Now since the total difference of u arises from the increase or decrease
of its variables, it is evident that

du = (g»;)dx-i- (g—%)dy+ (g;)dz-l-&c. A1)
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But, by the general principle laid down in (6) Vol. I, this result may
be demonstrated as follows; Let
utbdu=A4+Adx 4+ Bdy 4+ Cdz + &e
A’dx®*+ B'dy? 4+ C'dz® + &e.
+Mdx.dy + Ndx.dz +&c.}
+ A”dx? 4+ &
Then equating quantities of the same nature, we have
du=Adx4+Bdy+4+Cdz + &c
Hence when d y, d z, &c. = 0, or when y, 2, &c. are considered con-
stant
du=Adx
or according to the above notation

a= (Y.

In the same manner it is shown, that

d
8= ()

d
C= -a—l;)
&ec.

_ Hence
du= ( )d + (du) dy + (%) dz + &c. as before.

Ex. 1. u = xyz &ec.

d
(@) =ya (§5) =x5 (1) ==

du=yzdx + xzdy 4 xydz

Ex. 2. u=xy z, &c Here as above

du
w = + + ==+ &

And in like manner the total dlﬁ'erence of any function of any number
of variables may be found, viz. by first taking the partial differences, as in
the rules laid down in the Comments upon the first section of the first
book of the Principia.

But this is not the only use of partial differences. They are frequently
used to abbreviate expressions. Thus, in p. 13, and 14, Vol. IL we
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learn that the actions of M, u, x”, &c. upon w resolved parallel to x,

amount to
al+x) # (X —x) T+ w (x'—x)
dtt [ —x) 4 (y—y P+ (E—2) P ' [xX"—x) ' (y—y)+ (2'~2)2
W (X'—X) Mx
M=+ =y F E—a T T Tyt ) B

retaining the notation there adopted.

But if we make

VE—=X)"+ (Y=y)* + (F—=2)" =¢

and generallv

V(X Wt m) + (y m)2+ (Z oz m)z ;;.___“'ngm’
and then assume
[4 5
0,1 0,2
+EE L B L e
2 gl,S
+“"g“ +‘“‘ + & .
2, 2,4
&e.
we get
dry _ (dAy _ pu (X—X) |, g’ (X'—X) -
H‘E) - H) - e? + e + &
0,1 0,2
dA w , o " v
() = (o) = 2= e 2=t v
© 0,1 0,2
day _ dAy _ ww (J—2) p ' (&'— z)
dz) - dz)_ e? 3 +&C'J
0,1 02
We also get
day _ Mb (x——x)
a’i') - g + ( )
01
) e (x '—x) _ wp (‘K (
dx” = ax’
09 l:
(d l — p'“/n( xm-___ x) /J-'M"'(X g x) ‘wn”‘m(xm
i b gS pa

0,38 1,3

(A)

(B)

(©

x (dx"')
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Hence since (B) has one term less than (A); (C) one term less than
(B) ; and so on; it is evident that

) () + (@) + 80 == (@) =) — (1) —

+E2) + (1) +se
and therefore that

da da da da
ax) = (@) + (&) + (&) + & =0
See p. 15, Vol. II.
Hence then 2 is so assumed that the sum of its partial differences re<

lative to x, X, X" &c. shall equal zero, and at the same time abbreviate

the expression for the forces upon x along x from the above complex
formula into
d*(@+x) _ 1 sda Mx
dt? - [b dx) g’ ?
and the same may be said relatively to the forces resolved parallel to

¥» 2, &e. &e.
Another consequence of this assumption is

* (D) > (i) + v = y (%) +7 () + &
orzx( 2) =25 (@)

For
i&) o wX—x)y | pa(C—x)y | em (XY g
dx ¢ ¢ ¢
0,1 0,2 0,3 , , ,
: Q.) _ )Y | B =XYoo s ()

d X' g g" o8

v ) M"/b"'<x -—-X ) y”+[Jl [/. (X X ) y +&C (Xe:x)y' (/"’Il" (xg:.}{ )y»
2 3 Qg 4 0,2 Le
‘&e.

Hence it is evident that
day _ wslX—x) G—y) | wold—x) =)
2y (3x) = + &

g I
0,1
4 B oy e ’;H =) 4 ke
l 2 /III
$ HEOEX) ) W =)y 4 g
%3 2’%

&ec.
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In like manner it is found that

(t“) M(y'—})(X-x) 4 o (=y) (x—x)

’E 4 &ec.
0.1 6,2
+ wi'(y' '—ys) (X‘*X) wu(y" -y) (x'—x ) .
3 e’
1,2 L3
&ec.

which is also perceptible from the substitution in the above equation of
y for x, x for y; y for x,, x’ for y’; and so on.

But
(y=—y) (x—x) = (x—x) (y—y)
(Y'—y) x—x) = (x'—x) (y—y")
&ec.
consequently

dx da
2. x (“Jy) =2y (33)
See p. 16. For similar uses of partial differences, see also pp. 22, and
105.

CHANGE OF THE INDEPENDENT VARIABLE.

When an expression is given containing differential coefficients, such

a5
d d?
Ty Tav e

in which the first differential only of x and its powers are to be found, it
shows that the differential had been taken on the supposition that d x is
constant, or that d?x = 0, d*® x = 0, and so on. But it may be re-
quired to transform this expression to another in which d*x, d*®x shall
appear, and in which dy shall be constant, or from which d*y, &c. shall
be excluded. This is performed as follows :

For instance if we have the expression
d

1+3 Zcz dy
T—_ dx

the differential coefficients
dy d*fy
dx’ dx
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may be eliminated by means of the equation of the curve to which we
mean to apply that expression. For instance, from the equation to a

parabola y = a x% we derive the values of

dy dty
aTx g

which bemg substituted in the above formula, these differential coefficients
will disappear. If we consider

dy d*y

dx’ dx?
unknown, we must in general have two equations to eliminate them from
one formula, and these equations will be given by twice differentiating the
equation to the curve.

When by algebriacal operations, d x ceases to be placed underneath

d y, as in this form

ydx®4 dy? (52)

dx® 4 dyt-—yd*y
the substitution is effected by regarding d x, d y, d*y as unknown; but
then in order to eliminate them, there must be in gencral the same
number of equations as of unknowns, and consequently it would seem the
elimination cannot be accomplished, because by means of the equation to
the curve, only two of the equations between dx,dy, d®y can be ob-
tained. It must be remarked, however, that when by means of these two
equations we shall have eliminated d y and d*y, there will remain a com-
mon factor d x?2, which will also vanish. . For example, if the curve is
always a parabola represented by the equation y = a x , by differentiat=
ing twice we obtain
dy = 2axdx0d?y = 2adx?
and these being substituted in the formula immediately above, we shall
obtain, after suppressing the common factor d x 2,
y(1 + 4atx?
4a?x?®—2ay

The reason why d x* becomes a common factor is perceptible at once,

for when from a formula which primitively contained
d*y d Y
dx®’ dx’

2
we have taken away the denominator of d——,y all the terms independent

2
of q—-—Xg and —— < Must acquire the factor d x*; then the terms which

dx
were affected by?l ~— do not contain dx, whilst those affected by (TX
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contain d x. When we afterwards differentiate the equation of the curve,
and obtain results of the form dy = Mdx,d?y = N d x?, these values
being substituted in the terms in d2y, and in d y d x, will change them,
as likewise the other terms, into products of d x 2,

‘What has been said of a formula containing differentials of the two first
orders applying equally to those in which these differentials rise to supe-
rior orders, it thence follows that by differentiating the equation of the
curve as often as is necessary, we can always make disappear from the
expression proposed, the differentials therein contained.

The same will also hold good if, beside these differentials which we have
just been considering, the formula contain terms in d*x, in d?x, &ec.;
for suppose that there enter the formula these differentials d x, d y, d* x,
d*y and that by twice differentiating the equation represented by y = f x,
we obtain these equations

F(x,y,dy,dx) =0
F(xy,dx,dy,d?x,d?y) =0,
we can only find two of the three differentials d y, d* x, d* y, and we see
it will be impossible to eliminate all the differentials of the formula; there
is therefore a condition tacitly expressed by the differential d* x; it is
that the variable x is itself considered a function of a third variable which
does not enter the formula, and which we call the independent variable.
This will become manifest if we observe, that the equation y = fx may
be derived from the system of two equations
x=F¢t y=9pt
from which we may eliminate t.  Thus the equation
(x—o)
b 2
is derived from the system of two equations
x=bt4c y=at?
and we see that x and y must vary by virtue of the variation which t may
undergo. But this hypothesis that x and y vary as t alters, supposes that
there arc relations between x and t, and between y and t.  One of these
relations is arbitrary, for the equation which we represent generally by
y = fx, for example

y=a.

= -1-?- (x—c0)

if we substitute between x and t, the arbitrary relation,

tS
X:c—i,
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this value being put in the equation

a
y = l)g(x-——c)’
will change it to
(tS__cS)!
y =3 prer 2

an equation which, being combined with this,

ought to reproduce by elimination,
(x—0)*

b*
the only condition which we ought to regard in the selection of the varia-
ble t.

‘We may therefore determine the independent variable t at pleasure.
For example, we may take the chord, the arc, the abscissa or ordinate

for this independent variable; if t represent the arc of the curve, we
have

y=a

t=«v (dx* 4+ dy?;
if t denote the chord and the origin be at the vertex of the curve, we
have
t=# (x*+y%;
lastly, if t be the abscissa or ordinate of the curve, we shall have
t=x,ort =y.

The choice of one of the three hypotheses or of any other, becoming in-
dispensible in order that the formula which contains the differentials, may
be delivered from them, if we do not always adopt it, it is even then tacitly
supposed that the independent variable has been determined. For ex-
ample, in the usual case where a formula contains only the differentials
dx, dy, d*y, d®y, &c. the hypothesis is that the independent variable
t Las been taken for the abscissa, for then it results that

t=x, v+ = 1,
—0,

—J—i—i = 0, &Co

and we see that the formula does not contain the second, third, &c. dif-
ferentials.
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To establish this formula, in all its generality, we must, as above, sup-
pose x and y to be functions of a third variable t, and then we have

from which we get

d
dy _dt 53
x  dx (53)
dt

taking the second differential of y and operating upon the second membet
as if a fraction, we shall get

In this expression, d t has two uses; the one is to indicate that it is
the independent variable, and the other to enter as a sign of algebra.
In the second relation only will it be considered, if we keep in view that
t is the independent variable. Then supposing d t* the common factor,
the above expression simplifies into

d*y _dxd*y—dyd*x

dx — dx* ’
and dividing by d x, it will become

dty dxd?y—dyd*x

dx® ™ dx? :

Operating in the same way upon the equation (53), we see that in
taking t as the independent variable, the second member of the equation
ought to become identical with the first; consequently we have only one
change to make in the formula which contains the differential coeflicients

dy d* . d:
[l%’ (—r—x—),:, viz. to replace ch}: by
dxd*y—dyd®x

T C e e (54)

To apply these considerations to the radius of curvature which is given
by the equation See p. 61. vol. L)
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if we wish to have the value of R, in the case where t shall be the inde-
pendent variable, we must change the equation to

(+8)°
dxd*y— d yd?x’
dx3
and observing that the numerator amounts to
@xt4dyyt
dx3

R =

we shall have

__(@x*4dyyt

R"dxd‘y-—-dy_’d’x' . . . . (55)
This value of R supposes therefore that x and y are functions of a third

independent variable. But if x be considered this variable, that is to say,

if t = x, we shall have d* x = 0, and the expression again reverts to the
common one

(d x4+ dy? § (l + )
dxdzy = d’
. dx ’
But if, instead of x for the independent variable, we wish to have the
ordinate y, this condition is expressed by y = t; and differentiating this
equation twice, we have

d d?
q=b T
The first of these equations merely indicates that y is the independent
variable, which effects no change in the formula; but the second shows
us that d * y ought to be zero, and then the equation (55) becomes
dxt +dyn¥
R:——(—-—a—y—d?g—)—......(%)
We next remark, that when x is the independent variable, and
consequently d® x = 0, this equation indicates that d x is constant.
Whence it follows, that generally the independent variable has always
a constant differential.
Lastly, if we take the arc for the independent variable, we shall have
dt = ¥/ (dx* 4+ dy?);
Hence, we easily deduce

dx?
dt’+dt"— 1;




ANALYTICAL GEOMETRY. xxxiii

differentiating this equation, we shall regard d t as constant, since t is the
independent variable; we get
2dxd*x , 2dyd*
ae t aw = 0
which gives
dxd2?x = —dyd?y-

Consequently, if we substitute the value of d?x, or that of d * y, in the

equation (55), we shall have in the first case

3 3
R__(dx’+dy”)9 dx v (dx +dY)dx.

T (dx 4 dy?)d¥y = d*y (57
and in the second case,
hi
dx® 4 dy?) ¢ vV (dx* 4+ dy?
R:—-Ed; I:l;fz;d,xdy=— Wt D ay . (sm)

In what precedes, we have only considered the two differential coeffi-
cients
dy d?y.
(.T}E ’ ‘a‘;{iz s
but if the formula contain coefficients of a higher order, we must, by
means analogous to those here used, determine the values of

d’y .d*y

2 of —%, &e.
dx?® of dx* &
which will belong to the case where x and y are functions of a third in-

dependent variable.

PROPERTIES OF HOMOGENEOUS FUNCTIONS.

IfMdx 4+ Ndy 4+ Pdt 4 &c. = dz, be a homogenepus function of
any number of variables, X, y, t, &c. in which the dimension of each term is
n, then is

Mx 4+ Ny + Pt 4 &c. =nuz

Tor let Mdx 4 Ndy be the differential of a homogeneous function
z between two variables x and y; if we represent by n the sum of the
exponents of the variables, in one of the terms which compose this func-
tion, we shall have therefore the eguation

Mdx + Ndy = dz
Makingi = ¢, we shall find (vol. I.)
F(q) x x".= z;

c
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and replacing, iu the above equation, y by its value qx, and calling M’
N/, what M and N then become, that equation transforms to
Mdx 4+ N'd. qx = dz;
and substituting the value of 2z, we shall have
Mdx + N'd(qz) =d (x"F.q)
Butd (qz) = qdx 4 xdq. Therefore
(M + Nq)dx 4+ Nxdq = d (x"F. q).
But, (M’ 4 N’ q) d x being the differential of x ” F q relatively to x, we
have (Art. 6. vol. 1.)
M + Nq=nx"""'x F.q.
If in this equation y be put for q x, it will become

M 4 N—% =nx""'Iq,

or
Mx + Ny =nuz
This theorem is applicable to homogeneous functions of any number of
variables; for if we have, for example, the equation
Mdx + Ndy 4+ Pdt=dzg

in which the dimension is n in every term, it will suffice to make
y t
= —= 1
x=- Pk

to prove, by reasoning analogous to the above, that we get z = x" F (q, r),
and, consequently, that

Mx+ Ny+Pt=nz . . . . . . . (89)
and so on for more variables.

THEORY OF ARBITRARY CONSTANTS.

An equation V = 0 between x, y, and constants, may be considered as
the complete integral of a certain differential equation, of which the order
depends on the number of constants containedin V = 0. These constants
are named arbitrary constants, because if one of them is represented by a,
and V or one of its differentials is put under the form f (x, y) = a, we see
that a will be nothing else than the arbitrary constant given by the integra-
tion of d f (x, y). Hence, if the differential equation in question is of the
order n, each integration introducing an arbitrary constant, we have
V = 0, which is given by the last of three integrations, and contains, at
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least,  arbitrary constants more than the given differential equation. Let
therefore

F(X,y) =0,F (’9)’:%) =0,T (x’y’g—i’((!lix%) = 0 &c. (a)

Le the primitive equation of a differential equation of the second order
and its immediate differentials.

Hence we may eliminate from the two first of these three equations,
the constants a and b, and obtain !

¢(x,y,%-}:,b)=0,¢(x,y,g——3—:,a)=0 A )]

1f, without knowing I' (x, y) = 0, we find these equations, it will be
sufficient to eliminate from them %‘{ , to obtain F (x, y) = 0, which will
be the complete integral, since it will contain the arbitrary constants a, b.

If, on the contrary, we climinate these two constants between the
above three equations, we shall arrive at an equation which, containing
the same differential coefficients, may be denoted by

? (x,;,(}x t:xy) =0 . . . . . .. (0

But each of the equations (b) will give the same. In fact, by eliminating
the constant contained in one of these equations and its immediate differ~
ential, we shall obtain separately two equations of the second order,
which do not differ from equation (c) otherwise than the values of x and
of y are not the same in both. Hence it follows, that a differential equa-
tion of the second order may result from two equations of the first order
which are necessarily different, since the arbitrary constant of the one is
different from that of the other. The equations (b) are what we call the
first integrals of the equation (c), which is independent, and the equation
F (x,y) = 0 is the second integral of it.

Take, for example, the equation y = ax 4 b, which, because of its
two constants, may be regarded as the primitive equation of an equation
of the second order. Hence, by differentiation, and then by elimination
of a, we get

1

These two first ii)tegrals of the equation of the second order which we

are seeking, being differentiated each in particular, conduct equally, by
2

the elimination of a, b, to the independent equation gxy = 0. In the

¢3
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case where the number of constants exceeds that of the required arbitrary
constants, the:surplus constants, being connected with the same equations,
do not acquire any new relation. Required, for instance, the equation of
the second order, whose primitive is

y=4%ax*4+bx+4+c=0;
differentiating we get

dy _
Zr)—c_.ax-l-b.

The elimination of a, and then that of b, from these equations, give
separately these two first integrals

1 d
:—l~§=ax+b,y=x(~l~)—{—bax9+c e e (d)

Combining them each with their immediate differentials, we arrive,
. d: -
by two different ways, at fi—x{ = a. If, on the contrary, we had elimi-

nated the third constant @ between the primitive equation and its imme-
diate differential, that would not have produced a different resvlt; for
we should have arrived at the same result as that which would lcad to
the elimination of a from the equations (d), and we should then have

2 .
fallen upon the equation xj J = %%{ — b, an equation which reduces

2
to H): = a by combining it with the first of the cquations (d).

Let us apply these considerations to a differential equation of the third
order: differentiating three times successively the equation F (x,y) = 0,
we shall have

(s g1) = 0 F (o g 1) = 0 F (w354 1) =0

These equations admitting the same values for each of the arbitrary
constants contained by F (x, y) = 0, we may generally eliminate these
constants between this latter equation and the three preceding ones, and
obtain a result which we shall denote by

2 3
f(x,y,tlli :}x{,%——) =0 . . . . . . (e
This will be the differential equation of the third order of F (x, y) = 0,
and whose three arbitrary constants are eliminated ; reciprocally,
F (x,5) = 0, will be the third integral of the equation (e).
1f we eliminate successively cach of the arbitrary constants from the
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equation F (x,y) = 0, and that which we have derived by differentiation,
we shall obtain three equations of the first order, which will be the second
integrals of the equation (e).

Finally, if we eliminate two of the three arbitrary constants by means
of the equation F (x,y) = 0, and the equations which we deduce by two
successive differentiations, that is to say, if we eliminate these constants
from the equations

d’y

F(x,y) = O,F(x,y, ::]Ti) =0T (x,y,dx i) =0- - (£
we shall get, successively, in the equation which arises from the elimina-
tion, one of the three arbitrary constants; consequently, we shall have as
many equations as arbitrary constants. Let a, b, ¢, be these arbitrary
constants. Then the equations in question, considered only with regard
to the arbitrary constants which they contain, may be represented by

pc=0,pb=0,pa=0 . . . . . . (2
Since the equations (f) all aid in the elimination which gives us one of
these last equations, it thence follows that the equations (g) will each be
of the second order ; we call them the first integrals of the equation (e).
Generally, a differential equation of an order » will have a number n
of first integrals, which will contain therefore the diffcrential coefficients
1
from ((lly to (} ,,_): inclusively ; that is to say, a number ,_, of differential
coefficients ; and we see that then, when these equations are all known,
to obtain the primitive equation it will suflice to eliminate from these equa-
tions the several differential cocfficients.

PARTICULAR SOLUTIONS OF DIFFERENTIAL EQUATIONS.

It is easily seen that a particular integral may always be deduced from
the complete integral, by giving a suitable value to the arbitrary con-
stant,

For example, if we have given the equation

xdx+ydy=dyvV x4 yf—a}
whose complete integral is
y+e=#(x*+y*—a?),
whence (for convenience, by rationalizing,) we get
(a® —-x*)d ,,+2xyd +x*=0 .. . ()
c?
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and the complete integral becomes
2cy+4ct=—x4a?=0 . . . . (i)
Hence, in taking for ¢ an arbitrary constant value ¢ = 2 a, we shall
obtain this particular integral
2cy+5al—x*=0,
which will have the property of satisfying the proposed equation (h) as
well also as the complete integral. In fact, we shall derive from this
particular integral
_x*—ba* dy _ x|
Y="3%¢ ax= ¢’

these values reduce the proposed to
X 2 X 2
(x’——a’);—g =3 (x* 4 c2—5a?),

an equation which becomes identical, by substituting in the second mem-
ber, the value of ¢*, which gives the relation ¢ = 2 a. Let
Mdx+ Ndy=0,
be a differential equation of the first order of a function of two variables
x and y; we may conceive this equation as derived by the elimination of
a constant ¢ from a certain equation of the same order, which we shall
represent by
mdx 4+ ndy =0,
and the complete integral
F(x,y,¢) =0,
which we shall designate by u. But, since every thing is reduced to
taking the constant ¢ such, that the equation
Mdx 4+ Ndy =0,
Jmay be the result of elimination, we perceive that is at the same time
permitted to vary the constant c, provided the equation
Mdx + Ndy =2¢,
holds good; in this case, the complete integral
F(x,y,¢) =0
will take a greater generality, and will represent an infinity of curves of
the same kind, differing from one another by a parameter, that is, by a
constant.
Suppose therefore that the complete integral being differentiated, by
considering ¢ as the variable, we have obtained

dy:(%-}—z)dx+(%-%)dc
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an cquation which, for brevity, we shall write
dy=pdx+qdec. . . . . . . . . (k)
Hence it is clear, that if p remaining finite, q d c is nothing, the result
of the elimination of ¢ as a variable from
Fxy¢c) =0
and the equation (k), will be the same as that arising from ¢ considered
constant, from
F (x,y,¢) = 0,
and the equation
dy

pdx
(this result is on the hypothesis

Mdx 4+ Ndy = 0),
for the equation (k), since

qdc =0,
does not differ froin
dy =pdx;
but in order to have
qdc =0,

one of the factors of this equation = constant, that is to say, that we
have
dc=0,0rq=0.

In the first case, d ¢ = 0, gives ¢ = constant, since that takes place
for particular integrals; the second case, only therefore conducts to a par-
ticular solution. But, q being the coefficient of d ¢ of the equation (k),
we see that q = 0, gives

dy _
dx—0°

This equation will contain c or be independent of it. If it contain c,
there will be two cases; either the equation q = 0, will contain only ¢
and constants, or this equation will contain ¢ with variables. In the first
case, the equation q = 0, will still give ¢ = constant, and in the second case,
it will give ¢ = f (x, y); this value being substituted in the equation
F (x, y, ¢) = 0, will change it into another function of x, y, which will
satisfy the proposed, without being comprised in its complete integral,
and consequently will be a singular solution; but we shall have a parti-
cular integral if the equation ¢ = f (x, y), by means of the complete in-
tegral, is reduced to a constant.
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When the factor q = 0 from the equation.q d ¢ = 0 not contaming
the arbitrary constant ¢, we shall perceive whether the equation ¢ = 0
gives'rise to a particular solution, by combining this equation with the
complete integral. For example, if from q = 0, we get x = M, and put
this value in the complete integral F (x, y, ¢) = 0, we shall obtain

¢ = constant = B or ¢ = fy;

In the first case, q = 0, gives a particular integral; for by changing ¢
into B in the complete integral, we only give a particular value to the
constant, which is the same as when we pass from the complete integral
to a particular integral. In the second case, on the contrary, the value
fy introduced instead of ¢ in the complete integral, will establish between
x and y a relation different from that which was found by merely re-
placing c by an arbitrary constant. In this case, therefore, we shall have
a particular solution. What has been said of y, applies equally to x.

It happens sometimes that the value of ¢ presents itself under the form

g—: this indicates a factor common to the equations u and U which is ex-

traneous to them, and which must be made to disappear.
Let us apply this theory to the research of particular solutions, when
the complete integral is given.
Let the equation be
ydx —xdy = a ¥/ (dx® + dy?
of which the complete integral is thus found.
Dividing the equation by d x, and making
dy _
ix =P
we obtain
y—px=a#~(1l+ph.
Then differentiating relatively to x and to p, we get

apd
dy —pdx—xdp = V—(IL-F%*—);
observing that
dy = pdx,
this equation reduces to
apdp =0

R T
and this is satisfied by making dp = 0. ‘This hypothesis gives p = con-
stant = c, a value which being put in the above equation gives
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y—cx=av/(l4c) . . . .. ... ()

This equation containing an arbitrary constant ¢, which is not to be
found in the proposed equation, is the complete integral of it.

This being accomplished, the part qd c of the equation dy = pdx +

q d ¢ will be obtained by differentiating the last equation relatively to ¢
regarded as the only variable. Operating thus we shall have

acdec
xdc 4 VI F69 = 0;
consequently the coefficients of d ¢, equated to zero, will give us
——Ef———.........(m)
. v (1 4 ¢?)
To find the value of ¢, we have
(L 4 c?) xt=a?c?

X = =—

which gives

x?* a?
[ J— e
» L et = at—x?

| Jp—
¢ = gy TxE

and
a
VIL+ ) = gy
by means of this last equation, eliminating the radical of the equation (i)
we shall thus obtain
X

=—-m.........(n)
This value and that of +/(1 + c?) being substituted in the equation (1)
will give us

c

x 2 a?
y + V(az___xz) = V(az_xz)
whence is derived

y = #(at—x?%),
an equation which, being squared, will give us
y?=at—x?;
and we see that this equation is a particular solution, for by differentiating
it we obtain
dx
dy = —2 H
y y
this value and that of +(x® 4 y®), being substituted in the equation
originally proposed, reduce it to
a? = af
In the application which we have just given, we have determined the
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value of ¢ by equating to zero the differential coefficient ( ) This

process may sometimes prove insufficient. In fact, the equatlon
dy = pdx 4 qdc
being put under this form
Adx 4 Bdy + Cdc = 0
where A, B, C, are functions of x and y, we shall thence obtain

dy=-—%dx——%dc B )
B C
dx:-—-xdy——x—dc A ()

and we perceive that if all that has been said of y considered a function of
X, is applied to x considered a function of y, the valuc of the coeflicient of
d ¢ will not be the same, and that it will suffice merely that any factor of B
destroys in C another factor than that which may destroy a factor of A,
in order that the value of the coefficient of d ¢, on both hypotheses, may
appear entirely different. Thus although very often the equations

C C

g=%a=
give for ¢ the same value, that will not always happen; the reasou of
which is, that when we shall have determined ¢ by means of the equation

dy _
de —

0

it will not be useless to sce whether the hypothesis of g—z—gives the same

result.
Clairaut was the first to remark a general class of equations susceptible
of a particular solution; these equations are contained in the form

dy d
Y = 3% x+F y

an equation which we shall represent by
y=px+Fp . . . . . . . ()
By differentiating it, we shall find
dy = pdx 4+ xdp + (—— )dp

this equation, since d y = p d x, becomes

xdp 4+ ((lF_r_)) dp =0;
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and since d p is a common factor, it may be thus written :

{ de)}dp—-O

We satisfy this equation by making dp = 0, which gives p = const.
= c; consequently, by substituting this value in the equation (r) we
shall find

y=cx 4 Fec.

This equation is the complete integral of the equation proposed, since
an arbitrary constant ¢ has been introduced by integration. If we differ-
entiate relatively to ¢ we shall get

{x+ (E9) ae.

Consequently, by equating to zero the coefficients of d ¢, we have

which being substituted in the complete integral, will give the particular
solution,

THE INTEGRATION OF EQUATIONS OF PARTIAL DIFFERENCES.

An equation which subsists between the differential coefficients, com-
bined with variables and constants, is, in general, a partial differential
equation, or an equation of partial differences. These equations are thus
named, because the notation of the differential coefficients which they
contain indicates that the differentiation can only be effected partially ;
that is to say, by regarding certain variables as constant. This supposes,
therefore, that the function proposed contains only one variable.

The first equation which we shall integrate is this; viz.

d
d-:) =a.

If contrary to the hypothesis, z instead of being a function of two vari-
.ables x, y, contains only X, we shall have an ordinary differential equation,
‘which, being integrated, will give

z=ax +4c¢
but, in the present case, z being a function of x and of y, the ys con-
tained in z have been made to disappear by differentiation, since differen-
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tiating relatively to x, we have considered y as constant. We ought,
therefore, when integrating, to preserve the same hypothesis, and suppose
that the arbitrary constant is in general a function of y ; consequently, we
shall have for the integral of the proposed equation
Z=ax -4 py.
Required to integrate the equation

&) =%

in which X is any function of x. Multiplying by dx, and integrating, .
we get
z=/Xdx + py.
For example, if the function X were x? 4 a% the integral would be
3
z=% 4 atx 4 py.
In like manner, it is found that the integral of
dz
is
z=XxY 4+ 9y.
Similarly, we shall integrate every equation in which (?—l—;) is equal to
a function of two variables x, y. If, for example,
g e S
dx/ 7 v ay 4 x¥’
considering y as constant, we integrate by the ordinary rules, making the
arbitrary constant a function of y. This gives
z= WV (ay + x%) + ¢y.
Finally, if we wish to integrate the equation
- (_1_-2_ _ 1
dx) T M (yr—x?
regarding y as constant, we get
z = sin.—‘-};- + ey.
Generally to integrate the equation

3——:) dx = F (x,y)dx,
we shall take the integral relatively to x, and adding to it an arbitrary
function of y, as the constant, to complete it, we shall find

z=fF(x,y)dx +¢y.
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Now let us consider the equations of partial differences which contain
two differential coeflicients of the first order ; and let the equation be

d
M (1) + 5 (1) =0
in which M and N represent given functlons of x, y. Hence
dz
( ) N d x)
substituting this value in the formula

dz) dx 4 (dz)d

which has no other meaning than to express the condition that z is a
function of x and of y, we obiain

dz = :lli) {dx-—-%dy}

dz Ndx-—Mdy
dx/ N

Let A be the factor proper to make Nd x — M d y a complete differ-
ential d s; we shall have

A(Ndx—Mdy) =ds.
By means of this equation, we shall eliminate N d x— M d y from the
preceding equation, and we shall obtain

1 ,d
dz = ;- (a{).ds.

or

dz =

Finally, if we remark that the value of (gj) is indeterminate, we may

take it such that —z x N ( -) d s may be integrable, which would make it

a function of s; for we know that the differential of every given function
of s must be of the form Fs. ds. It therefore follows, that we may
assume
1 (4=
AN \dx
an equation which will change the preceding one into
dz=TFs.ds

):Fs,

which gives
Z=¢QS.
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Integrating by this method the equation

x (37) = (@) =

we have in this case
M= —y,
and
N = x;
consequently
' ds=a(xdx +ydy)
It is evident that the factor necessary to make this 4ntegrable is z
Substituting this for A and mtegratmg,we get
s =x*4+y2%
Hence the integral of the proposed equation is
z =9 ((x*4+y)
Now let us consider the equation

P+ QD) +r=0s

in which P, Q, R are functions of the variables x, y, z; dividing it by P

and making

%:M,%-:N,

we shall put it under this form: .
d Z)+M( ) + N =0;

and again making

=) =P
and

d

() =9

it becomes
p+Mg+N=0 ... ... ... .(@)
This equation establishes a relation between the coefficients p and q ot
the general formula

dz dz
dz = (§7) dx + (d—y)dy
=pdx +qdy;
without which relation p and q would be perfectly arbitrary, for as it has

been already observed, this formula has no other meaning than to indicate
that z is a function of two variables x, y, and that function may be any
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whatever ; so that we ought to regard p and q as indeterminate n 1his last
equation, Eliminating p from it, we shall obtain

dz+ Ndx=q(dy— Mdx)
and q will remain always indeterminate. Hence the two members of this
equation are heterogeneous (See Art. 6. vol. 1), and consequently

dz4+ Ndx=0,dy—Mdx=0, . . . . (b)

If P, Q, R do not contain the variable z, it will be the same of M and
N; so that the second of these equations will be an equation of two varia-
bles x and y, and may become a complete differential by means of a factor
2 This gives

Ady—Mdx)=0. -
The integral of this equation will be a function of x and of y, to whicn
we must add an arbitrary constant s ; so that we shall have
I'(x,y) = s;
whence we derive
y = f(x,s).

Such will be the value of y given us by the second of the above equa-
tions; and to show that they subsist simultaneously we must substitute
this value in the first of them. But although the variable y is not shown,
it is contained in N. This substitution of the value of y just found,
amounts to considering y in the first equation as a function of x and of
the arbitrary constant s. Integrating therefore this first equation on that
bypothesis we find

z=—fNdx 4 ¢s
To give an example of this integration, take the equation

dz dzy _ e o .
and comparing it with the general equation (a), we have
—_ — 8 s
M_.x,N_. xV(x”-{-y).
These values being substituted in the equations (b) will change them to
'dz-—% vV x*4+y)dx =0, dy-——-}{—dx: 0. .. .. (¢

Let A be the factor necessary to make the last of these integrable, and
we have '

k(dy—-—;{—dx) =0,
or rather .
xdy—ydx

X

A = 0;
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which is integrable when A = ?l{—; for then the integral is —yi- = constant.

Put therefore

Kl
]
[

and consequently
y =SX .
By means of this value of y, we change the first of the equations
(c) into
vV x* —s*x’?

dz—a———"—.dx =0,
X

or rather into
dz=adx ¥ (14 s%).
Integrating on the supposition that s is constant, we shall obtain
z=afdxv (145 +0¢s
and consequently
z=ax¥ (1 4 s + ¢s.
Substituting for s its value we get

s=axv (14 5) +0 (D)

=aV(x2+y2)+¢(—yX—.

In the more general case where the coeflicients P, Q, R of the equation
contain the three variables x, y, z it may happen that the equations
(b) contain only the variables which are visible, and which consequently
we may put under the forms

dz=f(x,2)dx=0, dy=F (x,5) d x.
These equations may be treated distinctly, by writing them as above,
z=ff(5,2)dx + 2 y=fF(xy)dx + oy
for then we see we may make z constant in the first equation and y in
the second; contradictory hypotheses, since one of three coordinates

X, ¥, 2 cannot be supposed constant in the first equation without its being
not constant in the second.

Let us now see in what way the equations (b) may be integrated in the
case where they only contain the variables which are seen in them.

Let © and 2 be the factors which make the equations (b) integrable.
If their integrals thus obtained be denoted by U and by V, we have

Aa(dz 4+ Ndx)=dU, p(dy — Mdx) = dV.
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By means of these values the above equation will become
dU:qZ_dV e e e e ().
Since the first member of this equation is a complete differential the
second is also a complete differential, which requires q% to be a function

of V. Represent this function by ¢ V. Then the equation (d) will
become
dU=9V.dV
which gives, by integrating,
U=9oV.
Take, for example, the eqlfation

xy (42) + 3 (1) = v

which being written thus, viz.

dz x fduz z

() +5 @) —x=

we compare it with the equation

dz dz
o) +M(gy) +N=o0
and obtain

z

M=;‘-,N=_~

x
By means of these values the equations (b) becomes

dz—2.dx=0,dy—2dx = 0;
x y

which reduce to
xdz—2zdx=0,ydy—xdx = 0.

The factors necessary to make these integrable are evidently 3-}5 and 2,

- . . . z .
Substituting which and integrating, we find X and y* — x* for the in-

tegrals. Putting, therefore, these values for U and V in the equation
U = @ V, we shall obtain, for the integral of the proposed equation,

zZ 1 g
= et —x9)

It must be remarked, that, if we had eliminated q instead of p, the equa-
tions (b) would have been replaced by these
Mdz4 Ndy=0,dy—Mdx=0. . . . (e
ard since all that has been said of equations (b) applies equally ta these,
d
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it follows-that, in the case where the first of equations (b) was not in-
tegrable, we may replace those equations by the system of equations (e),
which amounts to employing the first of the equations (e) instead of the
first of the equations (b).

For instance, if we had

.lz(dlz) (dy) + xy =

this equation being divided by a z and compared with
dz dz
() +M () +N=0
will give us
-——;—(*, N=2XY

a z

M =
and the equations (b) will become
dz+ --~dx 0,dy+—f:-dx=();

which reduce to
azdz+ xydx=0,ady+xdx=0 . . . (f)
The first of these equations, which, containing three variables, is not
immediately integrable, we replace by the first of the equations (e), and
we shall have, instead of the equations (f), these

x
--;~dz+%%-dy =0,ady + xdx = 0;

which reduce to
2ydy—2zdz=0,2ady 4+ 2xdx = 0;
equations, whose integralé are
y'—z%,2ay 4 x*
These values being substituted for U and V, will give us
yi—z*=9(2ay<+ x7.

It may be remarked, that the first of equations (€) is nothing else than
the result of the elimination of d x from the equations (b) .

Generally we may eliminate every variable contained in the coefficients
M, N, and in a word, combine these cquations after any manner what-
ever; if after having performed these operations, and we obtain two in-
tegrals, represented by U = a, V = b, a and b being arbitrary constants,
we can always conclude that the integral is U = @ V. In fact, since
a and b are two arbitrary constants, having taken b at pleasure, we may
compose a in terms of b in any way whatsoever; which is tantamount to
saying that we may take for @ an arbitrary function of b. This condition
will be expressed by the equations a = ¢ (b). Cousequently, we shall
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have the equations U = ¢ b, V = b, in which x, ¥, z represent the same
coordinates. If we eliminate (b) €rom these equations, we shall obtain
U=pV.

This equation also shows us that in making V = b, we ought to have
U = ¢ b = constant ; that is to say, that U and V are at the same time
constant; without which a and b would depend upon one another, where-
as the function ¢ is arbitrary. But this is precisely the condition expressed
by the equations U = a, V = b.

To give an application of this theorem, let

dz dz
2x (35) —2v (4y) —y =0 ‘

Dividing by z x and comparing it with the general cquation we

have

and the equations (b) give us
y: — Y =
dz zxdx 0,dy+ dx=0

or
zxdz—y*dx=0,xdy+4+ydz=0.

The first of these equations containing three variables we shall not at-
tempt its integration in that state; but if we substitute in it for y d x its
value derived from the second equation, it will acquire a common factor
x, which being suppressed, thc equation becomes

zdz+ydy =0,
and we perceive that by multiplying by 2 it becomes integrable. 'Ihe
other equation is already integrable, and by integrating we find

z* 4+ yt*=a, xy=bh,
whence we conclude that

z} - yr=90xy.

We shall conclude what we have to say upon equations of partial differ-
ences of the first order, by the solution of this problem.

Given an equation which contains an arbitrary function of one or more
variables, to_find the cquation of partial differences which produced it.

Suppose we have

z=F (x*+y?.
Make
X4 yri=u . . ... ... .. (D
and the equation becomes
z=Fu

42
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The differential of F u must be of the. form ¢ u . d u. Conse-
quently
dz=du.pu
If we take the differential of z relatively to x only, that is to say, in
regarding y as constant, we ought to take also d u on the same
hypothesis.  Consequently, dividing the preceding equation by d x,
we get

dz du
(@) =@ e
Again, considering x as constant and y as variable, we shall similarly

find
dz du
((_IF’) = ((l"y) pu.
But the values of these coeflicients are found from the equation (f),
which gives
du du
a‘“i) = 2x, (a—s;) = 2y-
Hence our equations become

3i) =2x¢u,(§~)z,- =2ypu;

and eliminating @ u from these, we get the equation required ; viz.

v () == &)
As another example, take this equation
2z + 2ax =F(x - y).
Making
X —Yy =u,
it becomes
z* + 2ax=Iu
and differ ntiating, we get
d(z* 4+ 2ax) =dupu.
Then takin ; the differential relatively to x, we have

2Z(%£) +2a= g—;—:)pu.

and similarly, with regard to y, we get

24 () = (G5) 1o
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But since
X—y=au

d u) - (d u)

which, being substituted in the above equatlon, gives us

22((]7) +2a=¢n,2z(ly) =-—0u

and eliminating ¢ u from these, 'we have the equatlon required ; viz.

((l x) + (?1 ;)

‘We now come to

EQUATIONS OF PARTIAL DIFFERENCES OF THE SKCOND ORDER.

An cquation of Partial Differences of the second order in which z is a
function of two variables x, y ought always to contain one or more of the

differential coeﬂicients
12
s (39 ()

independently of the dlﬂ'erentml coefﬁcxents which enter equations of the
first order.

‘We shall merely mteglate the simplest equations of this kind, and shall
begin with this, viz.

dez
axz) =0

Multiplying by d x and integrating relatively to x we add to the inte-
gral an arbitrary function of y ; and we shall thus get

(47 =
dx) = ?Y
Again multiplying by d x and integrating, the integral will be com-
pleted when we add another arbitrary function of y, viz. +y. We thus
obtain
Z2=XxX0y + vy
Now-let us mtegmte the equation.

dtz
dx) =P

d3
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in which P is any function of x, y. Operating as before we first obtain

dz
a—;‘) =/Pdx 4 py;
and the second integration gives us

z=[f{/Pdx + pytdx + vy.

In the same manner we integrate

(559 =

z=/1px+/Pdytdy + ¥x.
The equation

and find

(dydx) =P

must be integrated first relatively to one of the variables, and then rela-
tively to the other, which will give

z=/[{py +/Pdx} dy + ¢x.

In general, similarly may be treated the several equations

ds
(d (dxdy“-') = Q (dx“dyn‘-ﬂ) = R, &ec.

in which P, Q, R, &c. are functions of x, y, which gives place to a series
of integrations, introducing for each of them an arbitrary function.

One of the next easiest equations to integrate is this :

d d
& +* (o

i which P and Q will always denote two functions of x and y.
Make
dz
ay) =

and the proposed will transform to

( )+Pu=Q.

To integrate this, we consndel x constant, and then it contains only
two variables y and u, and it will be of the same form as the equation
dy + Pydx =Qdx :
whose integral (see Vol. 1. p. 109) is
y=e/Pix { rQes/Pixdx 4 C1.
Hence our equation gives
u=eJPrifrQest, dy + ox}.
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Hence by integration we get
2 =/{e=/P (fQe/Pirdy) 4 px}dy + ¥x.

By the same method we may integrate

dz dz
(dxdy) ((lx) = Q 7xdy dxdy + P (a-);) -
in which P, Q represent functions of x, and because of the divisor dx dy,

we perceive that the value of z will not contain arbitrary functions of the
same variable,

THE DETERMINATION OF THE ARBITRARY FUNCTIONS WHICH ENTER
THE INTEGRALS OF EQUATIONS OF PARTIAL DIFFERENCES 0¥
THE FIRST ORDER.

The arbitrary functions which complete the integrals of equations of
partial differences, ought to be given by the conditions arising from the
nature of the problems from which originated these equations; problems
generally belonging to the physical branches of the Mathematics.

But in order to keep in view the subject we are discussing, we shall
limit ourselves to considerations purely analytical, and we slmll first seek
what are the conditions contained in the equation

d P
(@5 =

Since z is a function of x, y, this equation may be i wsidered as that of
a surface. This surface, from the nature of its equation, has the following

property, that (3—:) must always be constant. Hence it follows that

every section of this surfuce made by a plaue parallel to that of x, yis a
straight line. In fact, whatever may be the nature of this section, if we
divide it into an infinity of parts, these, to a small extent, may be con-
sidered straight lines, and will represent the elements of the section, one
of these elements making with a parallel to the axis of abscissee, an angle

whose tangent is (g—;). Since this angle is constant, it follows that all

the angles formed in like manner by the elements of the curve, with par-
sk
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allels to the axis of abscisse will be equal. 'Which proves that the sec-
tion in question is a straight line.
We might arrive at the same result by considering the integral of the

equation
1
(T

Z=ax 4 @y,
since for all the points of the surface which in the cutting plane, the or-
dinate is equal to a constant ¢. Replacing therefore ¢y by ¢c, and
making ¢c¢ = C, the above equation becomes’
z=ax 4 C;
this equation being that of a straight line, shows that the section is a
straight line.

The same holding good relatively to other cutting planes which may be
drawn parallel to that of x, z, we conclude that all these planes will cut the
surface in straight lines, which will be parallel, since they will each form
with a parallel to the axis of x, an angle whose tangent is a.

If, however, we make x = 0, the cquation z = ax + ¢ y reduces to
z = ¢y, and will be that of a curve traced upon the plane of y, z; this
curve containing all the points of the surface whose coordinates are x = 0,
will meet the plane in a point whose coordinate is x = 0; and since we
have also y = c, the third coordinate by means of the equation

z=ax+4+ C

which we know to be

will be
z = C. .

What has been said of this one plane, applies equally to all others
which are parallel to it, and it thence results that through all the points
of the curve whose equation is z = ¢ y, and which is traced in the plane
of y, z, will pass straight lines parallel to the axis of x. This is ex-
pressed by the equations

dz
() ==

Z=ax <4 Py;
and since this condition is always fulfilled, whatever may be the figure of
the curve whose equation is z = p y, we scc that this curve is arbi-
trary.
From what preccdes, it follows that the curve whose equation is z = @v,

and
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may be composed of arcs of different curves, which unite at their extre-
mities, as in this diagram

T
NN/

or which have a break off in their course, as in this figure.

N

In the first case the curve is disconlinuous, and in the second it is dis-
contiguous. We may remark that in this last case, two different ordinates
P M, P N corresponding to the same abscissa A P; finally, it is possible,
that without being discontiguous, the curve may be composed of an in~
finite series of arcs indefinitely small, which belong each of them to
diflerent curves; in this case, the curve is irregular, as will be, for
instance, the flourishes of the pen made at random ; but in whatever way
it is formed, the curve whose equation is z = ¢y, it will suffice, to con-
struct the surface, to make a straight line move parallelly with this condi-
tion, that its gencral point shall trace out the curve whose equation is

zZ=90)
and which is traced at random upon the plane of'y, z.
If instead of the equation

(§2) ==

dz
ax) = %
in which X was a function of x, then in drawing a plane parallel to the
plane (x, z), the surface will be cut by it no longer in a straight line, as
in the preceding case. In fact, for every point taken in this section, the
tangent of the angle formed by the element produced of the section, with
a parallel to the axis of x, will be equal to a function X of the abscissa x
of this point; and since the abscissa x is different for every point it fol-

we had
o
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lows that this angle will be different at each point of the section, which
section, therefore, is no longer, as before, a straight line. The surface
will be constructed, as before, by moving the section parallelly, so that its
point may ride continually in the curve whose equation isz=20y.

Suppose now that in the preceding equation, instead of X we have a
function, P of x, and of y. The equation

dz

) =B
containing three variables will belong still to a curve surface. If we cut
this surface by a plane parallel to that of x, z, we shall have a section in

which y will be constant; and since in all its points (g{) will be equal

to a function of the variable x, this section must be a curve, as in the pre-
ceding case. The equation
dz
= ) =P
being integrated, we shall have for that of the surface
z=/,Pdx + py;
if in this equation we give successively to y the increasing values y’, y”,
y"”, &c. and make P/, P, P’”, &c. what the function P becomes in these
cases, we shall have the equations
z=/Pdx + oy, z=/P"dx + 9y’
2 =fP//Idx + ¢yll" PA =J’P’llldx + Py//// &c' }
and we see that these equations will belong to curves of the same nature,
but different in form, since the values of the constant y will not be the
same. These curves are nothing else than the sections of the surface
made by planes parallel to the plane (x, z); and in meeting the plane
(y» 2) they will form a curve whose equation will be obtained by equating
to zero, the value of x in that of the surface. Call the value of / Pdx,
in this case, Y, and we shall have
z=Y +9y;
and we perceive that by reason of ¢y, the curve determined by this equa-
tion must be arbitrary. Thus, having traced at pleasure a curve, QRS
upon the plane (y, z), if we represent by R L the section whose equation

Q

R L

S

isz= [Pdx 4 ¢y, weshall move this section, always keeping the ex-
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tremity R applied to the curve QR S; but so that this section as it
moves, may assume the successive forms determined by the above group
of equations, and we shall thus construct the surface to which will belong
the equation

Finally let us consider the general equation
dz dz

whose integral is U = ¢ V. Since U = a, V = b, each of these equa«
tions subsisting between three coordinates, we may regard them as be-
longing to two surfaces; and since the coordinates are common, they
ought to belong to the curve of intersection of the two surfaces. This
being shown, a and b being arbitrary constants, if in U = a, we give to
x and y the values x’, y’ we shall obtain for z, a function of x’, of y’ and
of a, which will determine a point of the surface whose equation is U = a.
This point, which is any whatever, will vary in position if we give succes-
sively different values to the arbitrary constant a, which amounts to say-
ing that by making @ vary, we shall pass the surface whose equation is
U = a, through a new system of points. This applies equally to V= b,
and we conclude that the curve of intersection of the two surfaces will
change continually in position, and consequently will describe a curved
surface in which a, b may be considered as two coordinates; -and since
the relation a = ¢ b which connects these two coordinates, is arbitrary
we perceive that the determination of the function ¢ amounts to making
a surface pass through a curve traced arbitrarily.

To show how this sort of problems may conduct to analytical condi-
tions, let us examine what is the surface whose equation is

d d 2
y (G2 ==Y

‘We have seen that this equation being integrated gives
z=9(x*+4+y*%.
Reciprocally we hence derive
x*4+y*=2z
If we cut the surface by a plane parallel to the plane (x, y) the equation
of the section will be
x? 4 y*=®c;
and representing by a* the constant @ ¢, we shall have
x* 4 y*=a®
This equation belongs to the circle. Consequently the surface will
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have this property, viz. that every section made by a plane parallel to the
plane (x, y) will be a circle.
This property is also indicated by the equation

dz dz
5 (H—x) =X (.d y)
for this equation gives
X=Yy a—x‘ .

This equation shows us that the subnormal ought te be always equal to
the abscissa which is the property of the circle.

The equation z = ¢ (x* + y*) showing merely that all the sections
parallel to the plane (x, y) are circles, it follows thence that the law ac-
cording to which the radii of these sections ought to increase, is not
comprised in this equation, and that consequently, every surface of revo-
lution will satisfy the problem ; for we know that in this sort of surfaces,
the sections parallel to the plane (x, y) are always circles, and it is need-
less to say that the generatrix which, during a revolution, describes the
surface, may be a curve discontinued, discontiguous, regular or irregular.

Let us therefore investigate the surface for which this generatrix will
be a parabola A N, and suppose that, in this hypothesis, the surface is
ciit by a plane A B, which shall pass through the axis of z; the trace of

Q
L

this plane upon the plane (x, y) will be a straight line A L, which, being
drawn through the origin, will have the equation y = ax; if we repre-
sent by t the hypothenuse of the right angled triangle A P Q, constructed
upon the plane (x, y) we shall have

t? — x? + yﬁi
but t being the abscissa of the parabola A M, of which QM = z is the
ordinate, we have, by the nature of the curve,

t*= bz

Putting for t* its value x* + y 2, we get

z = lb(yg_l_x!)’orZ: ll_)(a:xt_*_xz): ]l_)_xl(, +n:);
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and making
1
S (a® 4+ 1) = m,

we shall obtain
z = mx?;
so that the condition prescribed in the hypothesis, where the generatrix
is a parabola, is that we ought to have
z = mx% wheny = ax.

Let us now investigate, by means of these conditions, the arbitrary
function which enters the equation z = ¢ (x* 4 y?). Jor that pur-
pose, we shall represent by U the quantity x* 4 y?% which is effected by
the symbol ¢, and the equation then becomes

z = pU;
and we shall have the three equations
x*+y*=U, y=ax, z=mx%

By means of the two first we eliminate y and obtain the value of x*
which being put into the third, will give
U

Z=m'l+a":

an equation which reduces to
1
Z = N U;

the value of z being substituted in the equation z = ¢ U, will change
it to

1
¢ U= B U;
and putting the value of U in this equation, we shall find that
’ 1

P (x*4yY) =1 (x* +¥9),
and we see that the function is determined. Substituting - this value of
¢ (x* + y®) in the equation z = ¢ (x* + y?), we get
1
Z= G—(X' +y%,
for the integral sought, an equation which has the property required,
since the hypothesis of y = a x gives
z=mx">
This process is general; for, supposing the conditions which determine

the arbitrary constant to be that the integral gives F (x, y, z) = 0, when
we have f (x, y, z) =0, we shall obtain a third equation by equating to
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U the quantity which follows ¢, and then by eliminating, successively,
two of the variables x, y, z, we shall obtain each of these variables in a
function of U; putting these values in the integral, we shall get an equa-
tion whose first member is ¢ U, and whose second member is a compound
expression in terms of U; restoring the value of U in terms of the vari-
bles, the arbitrary function will be determined.

THE ARBITRARY FUNCTIONS WHICH ENTER THE INTEGRALS OF THE
EQUATIONS OF PARTIAL DIFFERENCES OF THE SECOND ORDER.

Equations of partial differences of the second order conduct to integrals
which contain two arbitrary functions; the determination of these func-
tions amounts to making the surface pass through two curves which may
be discontinuous or discontiguous: For example, take the equation

d*z
(&) =
whose integral has been found to be

z=xpy+ Yy
Let Ax, Ay, Az be the axis of coordinates; if we draw a plane

A X

T =2
V|
P &{/p

K L parallel to the plane (x, z), the section of the surface by this plz}ne
will be a straight line; since, for all the points of this section, y being
equal to A p, if we represent A p by a constant c, the quantities ¢y, Jy
will become ¢ ¢, ¥ ¢, and, consequently, may be replaced by two con-
stants, a, b, so that the equation

z=xpy+ Yy

H

y b
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will become :
zZ=ax+4 Db,
and this is the equation to the section inade by the plane K L.

To find the point where this section meets the plane (y, z) make
x = 0, and the equation above gives z =  y, which indicates a curve
am b, traced upon the plane (y, z). It will be easy to show that the
section meets the curve am b in a pomt m; and since this section is a
straight line, it is only requisite, to find the position of it, to find a second
point. For that purpose, observe that when x = 0, the first equation
reduces to

z =4y,
whilst, when x = 1, the same equation reduces to
' 2=y + Vy.
Making, as above, y = A p = c, these two values of z will become

z=Db,z=a+Db,
and determining two points m and r, taken upon the same section, m r
we know to be in a straight line. To construct these points we thus pro-
ceed : we shall arbitrarily trace upon the plane (y, z) the curve amb,
and through the point p, where the cutting plane K L meets the axis of
y, raise the perpendicular pm = b, which will be an ordinate ‘to the
curve; we shall then take at the intersection H L of the cutting plane,
and the plane (x, y), the part p p’ equal to unity, and through the point
p’> we shall draw a plane parallel to the plane (y, z), and in this plane
construct the curve a’ m’ b, after the modulus of the curve am b, and so
as to be similarly disposed ; then the ordinate m’ p’ will be equal to mp;
and if we produce m’p’ by m’r, which will represent a, we shall deter-
mine the point r of the section.

If, by a second process, we then produce all the ordinates of the curve
a’ m’ b/, we shall construct a new curve a’r’b’, which will be such, that
drawing through this curve and through a mb, a plane parallel to the
plane (x, z), the two points where the curves meet, will belong to the
same section of the surface.

I'rom what precedes, it follows that the surface may be constructed, by
moving the straight line mr so as continually to touch the two curves,
amb, a’m’'b’".

This example suffices to show that the determination of the arbitrary
functions which complete the integrals of equations of partial differences
of the second order, is the same as making the surface pass through two
curves, which, as well as the functions themselves, may be discontinuous,
discontiguous, regular or irregular.
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CALCULUS OF VARIATIONS.

If we have given a function Z = T, (x, y, ¥, y”), wherein y’, y” mean

d d?
(1) (&3

y itself being a function of x, it may be required to make L have certain
properties, (such as that of being a maximum, for instance) whether by
assigning to x, y numerical values, or by establishing relations between
these variables, and connecting them by equations. When the equation

y = px is given, we may then deduce y, y’, y”... in terms of x and sub-
stituting, we have the form

Z = fx
By the known rules of the differential calculus, we may assign the values
of x, when we make of x a mazimum or minimum. Thus we determine what
are the points of a given curve, for which the proposed function Z, is
greater or less than for gvery other point of the same curve.

But if the equation y = ¢ x is not given, then taking successively for
¢ x different forms, the function Z = fx will, at the same time, assume
different functions of x. It may be proposed to assign to ¢x such a
form as shall make Z greater or less than every other form of ¢ x, for the
same numerical value of x whatever it may be in other respects. 'This latter
species of problem belongs to the calculus of variations. This theory
relates not to maxima and minima only; but we shall confine owr-
selves to these considerations, because it will suffice to make known all
the rules of the calculus. 'We must always bear in mind, that the varia-
bles x, y are not independent, but that the equation y = ¢ x is unknown,
and that we only suppose it given to facilitate the resolution of the prob
lem. We must consider x as any quantity whatever which remains the same
for all the differential forms of ¢ x; the forms of ¢, ¢, ¢”.... are therefore
variable, whilst x is constant.

InZ=F(x,y,y,y"..)puty + k fory, y’ 4+ K, for y’..., k being
an arbitrary function of x, and k’, k,” . .. the quantities

dk d2k
dx’ dx*""”

But, Z will become
Z, = F(xy +ks)"+k” y' + k”...)
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Taylor’s theorem holds good whether the quantities x, y, k be depen-
dent or independent. Hence we have

Z=z+{k@@44/ )+W%WJ+“}+&Q

so that we may consider x, y, y/, y”. .. as so many independent variables.

The nature of the question requires that the equation y = ¢ x should
be determined, so that for the same value of x, we may have always
Z, > 7,0r Z, £ Z: reasoning -as in the ordinary mazima and minima,
we perceive that the terms of the first order must equal zero, or that we
have

(d Z

(d Z) + K (d 7) + k" ((]y”) + &c. = 0.

Since k is arbitrary for every value of x, and it is not necessary that its
value or its form should remain the same, when x varies or is constant,
k’ k”...is as well arbitrary as k. Tor we may suppose for any value

= X thatk = a + b(x—X) + de(x —X)? 4+ &, X,8,b,c...
bemg taken at pleasure; and since thls equation, and its differentials,
ought to hold good, whatever is x, they ought also to subsist when
x = X, which gives k = a, k"= b, k” = ¢, &c. Hence the equation
Z, = Z 4 ... cannot be satisfied when a, b, c... are considered inde-
pendent, unless (see 6, vol. 1.)

17 dZ dZ
C)=“Qﬁ=“QO='“QW’“’

n being the highest order of y in Z. These different equations subsist
simultaneously, whatever may be the value of x; and if so, there ought
to be a maximum or minimum ; and the relation which then subsists be-
tween x, y will be the equation sought, viz. y = ¢ x, which will have the
property of making Z greater or less than every other relation between
x and y can make it. 'We can distinguish the maximum from the mini-
mum from the signs of the terms of the second order, as in vol. L.
p- (31.)

But if all these equations give different relations between x, y, the
problem will be impossible in the state of generality which we have
ascribed to it ; and if it happen that some only of these equations subsist
mutually, then the function Z will have mazima and minima, relative to
some of the quantities y, y’, y”’. .. without their being common to them
all. The equations which thus subsist, will give the relative mazima and
minima. And if we wish to make X a maximum or minimum only relatively
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to one of the quantities y, y’, y”..., since then we have only one equa-
tion to satisfy, the problem will be always possible.

From the preceding considerations it follows, that first, the quantities
X, y depend upon one another, and that, nevertheless, we ought to make
them vary, as if they were independent, for this is but an artifice to get
the more readily at the result.

Secondly, that these variations are not indefinitely small ; and if we em-
ploy the differential calculus to obtain them, it is only an expeditious
means of getting the second term of the developement, the-only one
which is here necessary.

Let us apply these general notions to some examples.

Ex. 1. Take, upon the axis of x of a curve, two abscissas m, n; and
Jdraw indefinite parallels to the axis of y. Let y = ¢ x be the equation
of this curve : if through any point whatever, we draw a tangent, it will
cut the parallels in points whose ordinates are

l=y+y (m—x), h=y+ y (n—x).

If the form of ¢ is given, every thing else is known; but if it is not
given, it may be asked, what is the curve which has the property of
having for each point of tangency, the product of these two ordinates less
than for every other curve.

Here we havel X h; or

Z={yx(m—x)y}+{y+@—x7y}.

From the enunciation of the problem, the curves which pass through the
same point (x,y) have tangents taking different directions, and that which
is required, ought to have a tangent, such that the condition Z = maximum
is fulfilled. We may consider x andy constant ; whence

dZ 2y 2x — m—n 1 1
( )= * Ty T (x—m)(x—n) g
Then integrating we get
y?=C(x—m) (x—n).

The curve is an cllipse or a hyperbola, according as C is positive or
negative; the vertexes are given by x = m, x = n; in the first case, the
product h X 1 or Z is a maxzimum, because y” is negative; in the second,
Z is n minimum or rather a negative maximum ; t!lis product is moreover
constant, aud 1 h = — 1 C (m — n)? the square of the semi-axis.

Ex. 2. What is the curve for which, in each of its points, the square of
the subnormal added to the abscissa is @ minimum ?

We have in this case

Z=(yy +x)°
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whence we get two equations subsisting mutually by making
yY +x=0

and thence
x* 4 y*=r"

Therefore all the circles described from the origin as a center wi I alone
satisfy the cquation.

The theory just expounded has not heen greatly extended ; but it serves
as a preliminary developement of great use for the comprehension of a
far more interesting problem which remains to be cousidered. This re-
quires all the preceding reasonings to be applied to a function of the form
[ Z: the sign findicates the function Z to be a differential and that after
having integrated it between prescribed limits it is required io endow it
with the preceding properties. The difficulty here to be overcome is that
of resolving the problem without integrating.

When a body is in motion, we may cowspare together either the differ-
ent points of the body in one of its positions or the plane occupied suc-
cessively by a given point. In the first case, the body is considered fixed,
and the symbol d will relate to the change of the coordinates of its surface;
in the second, we must express by a convenient symbol, wariations alto-
gether independent of the first, which shall be denoted by é. When we
consider a curve immnvesble, or even variable, but taken in one of its po-
sitions, d x, d y. .. announce a comparison between its coordinates; but
to consider the different planes which the same point of a curve occupies,
the curve varying in form according to any law whatever, we shall writc 4
X, 8 y ... which denote the increments considered under this point of view,
and are functions of x, y... In like manner, d x becoming d (x 4 8 x)
will increase by d & x; d* x will increase by d® 3 x, &c.

Observe that the variations indicated by the symbol ¢ are finite, and
wholly independent of those which d represents; the operations to which
these symbols relate being equally independent, the order in which they
are used must be equally a matter of indifference as to the resalt. Seo

that we have
d.dx =d.éx

dedx =4d8.d?%x
&e.
:/'5 U=2.,0.
and so on.
It remains to establish rclations between x, y, 7...such that /'Z may
be a mazimum or @ minimum letween given limits.  'That the calculus may

be rendered the more symmetrical, we shall not suppose any differential
b ]



Ixviii "~ INTRODUCTION

constant ; moreover we shall only introduce three variables because it will
be easy to generalise the result.  To abridge the labour of the process,
make
dx =x, d*x = x,, &c.
so that
2= 1" (X, X3 X, ppeeo Yo Y Yumonely ZpZyons)

Now x, y and z receiving the arbitrary and finite increments 8 x, 3y,

3 2, d x or x, becomes

dx+éx)=dx 4 ddxorx, 4+ dx,.
In the same manner, x,, increases by 8 x,, and so on; so that develop-
ing Z, by Taylor’s theorem, and integrating /* Z becomes

re, _/L+f{(d&,;x+(%yz)ay+(324)a +(dZ)6

dZ

d Z)ay, + (di;) 87z, 4 (%}—(%)6x,,+&c.}+f&c.

+ (ay,

The condition of a maximum or minimum requires the integral of the
terms of the first order to be zero between given limits whatever may be
3 x, 8y, 8z as we have already secen.  Take the differential of the known
function Z considering X, X, X,,...y, ¥,, ¥, -..as so many independent
variables; we shall have
dZ=mdx+4+ndx, +pdx,+... Mdy + Ndy,.. .+ xdz4vdz,...
m,n...M, N...g, v...being the coeflicients of the partial differences
of Z relatively to x, X,...y, ¥,.++2 2, ... considered as so many varia-
bles ; these are therefore known functions for each proposed value of Z.
Performing this differentiation exactly in the same manner by the symbol
3, we have

0Z=mdéx +nddx+pdd*x+qddix 4 . . .

4+ Mdy 4 Nédy 4 Péd*y 4+ qéd®y + . . . }(A)
+udz4+rvddz4addiz 4 xodiy 4 ...

But this known quantity, whose number of terms is limited, is precisely
that which is under the sign /; in the terms of the first order of the de-
velopement : so that the required condition of maz. or min. is that

SIZ =0,
between given limits, whatever may be the variations 8 x, 8y, z. Ob-
serve, that here, as before, the differential calculus is only employed as a

means of obtaining easily the assemblage of terms to be equated to zero;
so that the variations are still any whatever and finite,
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‘We have said that d . 3 x may be put for d. 8 x; thus the ﬁxst line is
equivalent to
mdx+n.déx 4 p.d?*dx+ q.d*dx 4+ &ec.
m, n...contains differentials, so that the defect of homogeneity is here
only apparent. To integrate this, we shall see that it is necessary to
disengage from the symbol /" as often as possible, the terms which con-
tain d 8. To effect this, we integrate by parts which gives

Sndéix=mn. 6x—/dn.sx
Jp.d*dx=pddx—dp dx 4 fd°pdx
Sqd?*ix=qd*dx —dq.déx 4 d*q. dx—-fd’q dx
&e.
Collecting these results, we have this series, the law of which is easily
recognised ; viz.
J(m—dn4+d*p—d®q4+dir—...)éx
4+ n —dp+dfq—d®r+dts—...)ox
4+ (p —dgq4+dir —d’s 4+ d*t—...)déx
+(q —dr 4 ...)d®%*dx
+ &ec.
The integral of (A) or /. 8 z = 0, becomes therefore
(B).../{(m—-d n4d*p-..)d x+(M-d N4d * P-...)8 y+ (u=d 1=...)3 2} =0
{ (n—dp4+d®*q..)8x4+(N-dP+d?Q-..)dy+(-dr..)dz
(C)ee ok +(p—-dgq+d?r.)déx +(P-dQ+.)ddy 4 (r—d x...)d b z
+(q-dr...)d®sx...+ K=0
K being the arbitrary constant. The equation has been split into two,
because the terms which remain under the sign / cannot be integrated, at
least whilst 8 x, 8 y, 8 z arc arbitrary, In the same manuer, if the nature
of the question does not establish some relation between 8 x, 8y, 32, the
independence of these variations requires also that equation (B) shall again
make three others; viz.
=m-—dn +d?p —d®q 4d*r —...
0=M——-dN+d2P—d3Q+d‘R—...}. O
O0=p —dyv +d?e —d®x 4+ d*e —...
Consequently, to find the relations between x, y, z, which make (Z a
maximum, we must take the differential of the given function Z by con-
sidering x, y, 2z, d x, dy, dz, d*x, ...as so many independent vari-
ables, and use the letter 3 to signify their increase; this is what is termed
taking the variation of Z. Comparing the result with the equation (A),

we shall observe the values of m, M, g, n, N ... in terms of X, y, 2z, and
e3
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their differences expressed by d.  'We must then substitute these in the
equations (C), (D); the first refers to the limits between which the
mazimum should subsist; the equations (D) constitute the relations re-
quired; they arc the differentials of x, y, 2z, and, excepting a case of
absurdity, may form distinct conditions, since they will determine nume-
rical values for the variables. If the question proposed relate to Geo-
metry, these equations are those of a curve or of a surface, to which
belongs the required property.

As the integration is effected and should be taken between given limits,
the terms which remain and compose the equation (C) belong to these
limits: it is become of the form K 4 L = 0, L being a function of
X, Y, % 0X,0Y,8 z...Mark with one and two accents the numerical
values of these variables at the first and second limit. Then, since the
integral is to be taken between these limits, we must mark the different
terms of L which compose the equation C, first with one, and then with
two accents; take the first result from the second and equate the differ-
ence to zero ; so that the equation

L,—L, =0
contains no variables, because x, d x ... will have taken the values
X, 0%, ...%, 6x,..,assigned by the limits of the integration. We
must remember that these accents merely belong to the limits of the
integral.

There are to be considered four separate cases,

1. If the limits are given and_fized, that is to say, if the extreme values
of x, y, z are constant, since 3x, d dx,...dx, déx,, &c. are zcro, all
the terms of L, and L, are zero, and the equation (C) is satisfied. Thus
we determine the constants which integration introduces into the equations
(D), by the conditions conferred by the limits.

2. If the limits are arbilrary and independent, then each of the coeffi-
cients 8 X,, 8 X, . . . in the equation (C) is zero in particular. :

8. If there exist equations of condition, (which signifies geometrically
that the curve required is terminated at points which are not fixed, but
which are situated upon two given curves or surfaces,) for the limits, that
is to say, if the nature of the question connects together by equations,
some of the quantities X,, y,, Z, X, ¥, 2, we use the differentials of these
equations to obtain more variations 4 x,, 3y, 3, d x,, &c. in functions
of the others; substituting in L, — L, = 0, these variations will be re-
duced to the least number possible: the last being absolutcly independent,
the equation will split again into many others by equating separately their
coeflicients to zero.
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Instead of this process, we may adopt the following one, which is more

elegant. Let
u=0,v=0 &ec

be the given equations of condition; we shall multiply their variations
3u, 3v ... by the indeterminates 2, A'. . . This will giveA d ug-Ndv 4 ..,
a known function of 8 x,, & x,, 8y,... Adding this sum to L,, — L,, we
shall get )

L,—L +28udnNdvd...=0. . . . (E).
Consider all the variations 8 x, 6 x,, ... as independent, and equate
their cocflicients scparately to zero. Then we shall eliminate the inde-
terminates A, »'. . . from these equations. By this process, we shall arrive
at the same result as by the former one; for we have only made legiti-
mate operations, and we shall obtain the same number of final equations.

It must be observed, that we are not to conclude fromnu = 0, v = 0,
that at the limits we have d u = 0, d v = 0; these conditions are inde-
pendent, and may easily not coexist. In the coutrary case, we must
consider d u = 0, d v = 0, as new conditions, and besides A § u, we
must also take M’ 6du. ..

4. Nothing nced be said as to the case where one of the limits is fixed
and the other subject to certain conditions, or even altogether arbitrary,
because it is included in the three preceding ones.

It may happen also that the nature of the question subjects the varia-
tions 8 x, 0y, 8z, to certain conditions, given by the equations

s=0,0=0,

and independently of limits ; thus, for example, when the required curve
is to be traced upon a given curve surface. Then the equation (B) will
not split into threc equations, and the equations (D) will not subsist. We
must first reduce, as follows, the variations to the smallest number possi-
ble in the formula (B), by means of the equations of condition, and equate
to zero the coefficients of the variations that remain; or, which is tanta.
mount, add to (B) the terms A3 ¢ 4 ¥ 84 4 . . . ; then split this equation
into others by,considering 8 x, 8y, 3 z as independent ; and finally elimi-
nate A, M ...

It must be observed, that, in particular cases, it is often preferable tc
make, upon the given function Z, all the operations which have produced
the equations (B), (C) instead of comparing each particular case with the
general formulae above given.

Such are the general principles of the calculus of variations: let us
illustrate it with examples.
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Ex. 1. What is the curve C M K of which the length M K, comprised
between the given radii-vectors A M, A K is the least possible,

cM __ K

A D P X
We have, (vol. I, p. 900), if r be the radius-vector,
s=/(r*ddi*+d) =127
it is required to find the relation r = ¢ 4, which renders Z a minimum
the variation is

3Z =" .64 r2dd. 5(10-{-(11.0(11‘

. vV (r#det 4+ dr?)
Comparing with equation (A), where we suppose x =1, y = §, we
have

o . 2 " .
m =l—:11—:—- » 11 =-?l—i_-, M=0,N= -—li:-a,
the equations (D) are
rdo® dr 1o
ds ( ) T T =
Eliminating d 4, and then d s, from these equations, and ds? = r ¢ d #;
+ d r? we perceive that they subsist mutually or agree; so that it is
suflicient to integrate one of them. But the perpendicular A I let fall
from the origin A upon any tangent whatever. T M is
AJ=AM+4sinn AMT = rsin. 53,
which is equivalent, as we easily find, to
r tan. 8
v (1 4 tan, * B)

which gives
rtdo¢ _rzdo
v (rtdé*4dr® " ds

= ¢;

and since this perpendicular is here constant, the required line is a
straight line. The limits M and K being indeterminate, the equations
(C) are unnecessary.

Ex. 2. To find the shortest line between two given points, or two given
curves.
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The length s of the line is
SZ=Sv (dx*+dy* + dz).
It is required to make this quantity a minimum ; we have
s Z ...———-6d x + dy6dy +—(—]—£6dz,
and comparing with the formula (A), we find
d d d
m=O,M=O,/.b=0,n=~d-}:,N=—d—);,v._d:

the other coeflicients P, p, # ... are zero. The equations (D) become,
therefore, in this case,

d x d dz
d(ds) =0, d( y) =0’d(cT§) = 0;
whence, by integrating
dx=ads,dy=bds,dz=-cds.
Squaring and adding, we get

a4+ b4 c?=1,
a condition that the constants a, b, ¢ must fulfil in order that these equa-
tions may simultaneously subsist. By division, we find

dy _ l_) dz

dx T a’d

l

ole

»

whence

bx=ay+4a,cx=az+4b;
the projections of the line required are therefore straight lines—the line is
therefore itself a straight line.

To find the position of it, we must know the five constants a, b, ¢,
a, b, If it be required to find the shortest distance between two given
fixed points (X, ¥, 2,), (X, ¥,» %,), it is evident that 8,x, 6%, 6y,...are
zero, and that the equation (C) then holds good. Subjecting our two
equations to the condition of being satisfied when we substitute therein
X, X,, ¥, ... for x, y, z, we shall obtain four equations, which, with
a? 4 b*+4 c® =1, determine the five necessary constants.

Suppose that the second limit is a fixed point (x,, y,, z,), in the plane
(%, y), and the first a curve passing throughi the point (x,, y, z,), and also
situated in this plane; the equation

bx =—ay 4 a’
then suffices. Let y, = f x, be the equation of the curve; hence
8y, = Adx,;

the equation (C) becomes

IdX) ’x + ( ) v3
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and since the second limit is fixed it is sufficient to combine together the
equations
dy, = Adx,
dx,0x, 4 dy, ¢y, = 0.
Eliminating 8y, we get
dx, + Ady, =
‘We might also have multiplied the equation of condition
0y, —Aéx, =0
by the indeterminate 2, and have added the result to L, which would
have given

d"')a +(d )6y,+>\byl—~7\Abx,-O,
whence
) —ra=o (§0) 4a=0
Eliminating A we get
dx, 4+ Ady, = 0.

But then the point (x,, y,) is upon the straight line passing through the
points (x,, ¥, 2,); {X,5 Y,» 2,), and we have also

bdx, = ady,

whence
a=—DbA

and
t_]_):__ 1 _ b;
dx =7 A T a

which shows the straight line is a normal to the curve of condition. The
constant a’ is determined by the consideration of the second limit which is
given and fixed,

It would be easy to apply the preceding reasoning to three dimensions, -
and we should arrive at similar conclusions; we may, therefore, infer
generally that the shortest distance between two curves is the straight
line which is a normal to them.

If the shortest line required were to be traced upon a curve surface
whose equation is u = 0, then the equation (B) would not decompose into
-three others. 'We nust add to it the term A du; then regarding éx, 8y,
3z as independent, we shall find the relations

(d") +A(d“) = 0,
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d (dy) Y (du) =0,

T P

From these eliminatm«r 2, we have the two cquations

1 1
Loy (1) = (1 4 (37)
1 1
B9 4 = (o ()
which are those of the curve required.
Take for example, the least distance measurcd upon the surface of a

sphere, whose center is at the origin of coordinates: hence
u=xf+y’+z‘—-—r’—0
:ll‘;) = 2%, dll) (dll) =2
Our equations give, making d s constant,
z*x =xd*z zd*y = yd*g,
whence
ydix = xd?y.
Integrating we have
zdx —xdz = ads, zdy — ydz = bds, ydx—xdy = cds.
Multiplying the first of these equations by — y, the second by x, the
third by z, and adding them, we get
ay=bx+4cz
the equation of a plane passing through the origin of coordinates. Hen ce
the curve required is a great circle which passes through the points A’
C’, or which is normal to the two curves A’ B and C’ D which are limits
and are given upon the spherical surface.
When a body moves in a fluid it encounters a resistance which ceteris
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paribus depends on its form (see vol. L):if the body be one of revolu-
tion and moves in the direction of its axis, we can show by mechanics
that the resistance is the least possible when the equation of the gener-
ating curve fulfils the condition

S yddy® _

T—)—{—!—m = minimum,
or
7 d x
Z =~ XIJ:*-—)'T" .

Let us determine the generating curve of the solid of least resistance
(see Principia, vol. IL).

Taking the variation of the above expression, we get
—2ydy’dx _—2yy°
(dxs + dyu)z - (l+y12)2’ b= 0,&0.
- dya _ y"’dx yyl2(3+y/2)

M"dx’+dy"— T+y® N==qyye &

the second equation (D) is

m=0, n=

M—dN = 0;
and it follows from what we have done relatively to Z, that
I 3
y May Py
d(l+y M5Y+Ndy =ydN+ Ndy,
because
M=dN

Thus integrating, we have

73 '33 ’e
a+ly+_§_2=Ny,=yy (8 + v

Therefore
a(l4+ydr=2yy?
Observe that the first of the equations (D) or m — d n = 0, would
have given the same result — n = a; so that these two equations conduct
to the same result. 'We have

—a(l+y?)"

2y? ’

x—f ,+fy ;

substituting for y its value this integral may easily be obtained ; it remains
to ehmmate y from these values of x and y, and we shall obtain the
equation of the required curve, containing two constants which we shall
determine from the given conditions.
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Ex. 3. What is the curve A B M in which the area B O D M comprised

Y M

()
D

between the arc B M the radii of curvature B O, D M and the arc O D
of the evolute, is a minimum ?
The element of the arc A M is
ds=dxv 1 +y;
the radius of curvature M D is
s
(T+y9~,
Y7 ]

and their product is the element of the proposed area, or

7__(1+y’”)dx___(dx + dy?)
‘= y” - dx dy

It is required to find the equation y = f x, which makes /'Z, a mini-
mum.

Take the variation 4 N, and consider only the second of the equations
(D), which is sufficient for our object, and we get

M=0, N—dP=4a,,

dx? dve 1 /2
N:T—;{—-l:l—!srl-c4dy= .;-”y Qy',
l ‘2 e
P=-—Ly%—d¥—x‘)*'

But
l ,2 2,
d(L-—'%-,,L-)—)=Ndy'+de'dx

=4ady +dPdy +Pdy’dx
putting 4 a 4 P for N. Moreover y” d x = d y/, changes the last
terms into

(ydP+Pdy)dx=d(Py").dx =—d ___.“+ygi’_)_‘“.,
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Integrating, therefore,

Q—-g-—;,ig)——g=ay'+b,

o (Utyn: _dy o 2@y +bdy
’

Sy ¥b) —dx* *TTaxyy®
finally,

x=c+b1)_’+ ,2+btan“’y

On the other side we have '
y=JyYdx=yx—/Sxdy
or
by —
1+ y
this last term integrates by parts, and we have
y=yx—cy —(by —a)tan."'y 4 f
Eliminating the tangent from these values of x and y, we get

by:a(x—-c)-{-(l)*y———«—)—--}.bf

y:y’x»—cy’-—-f dy —/bdy tan.—'y’;

1 +y*
_(by —a)dx . bdy—adx :
v by—ax+g) = ds rds = ¥ (by—ax+g)’

finally,
s=2«+ (by—ax+4g) +h

This equation shows that the curve required is a cycloid, whose four
constants will be determined from the same number of conditions,

Ex. 4. What is the curve of a given length s, between two fixed points,
Jor whick [y d s is @ mazximum ?

We easily find

cdy

(y + )(d s) = c, whenced x = V{(y+7\)’-—-c’}

and it will be found that the curve required is a catenary.

. ds. . . .
Since /'Y S % is the vertical ordinate of the center of gravity of an arc

whose length is s, we see that the center of gravity of any arc whatever of
the catenary is lower than that of any other curve terminated Ly the
same points.

Ex. 5. Reasoning in the same way for /'y * d x = minimum, and
Jy dx = const, we find y* 4+ Ay =c, orrather y = c. We have

2

here a straight line parallel to x. Since é'—/)i}'((ll;l: is the vertical ordinate
of the center of gravity of every plane area, that of a rectangle, whose
side is horizontal, is the lowest possible; so that every mass of water
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whose upper surface is horizontal, has its center of gravity the lowest
possible.

FINITE DIFFERENCES.

If we have given a series a, b, ¢, d, . .. take each term of it from that
which immediately follows it, and we shall form the first differences, viz.
A’y =b—a V=c—b ¢/ =d—c¢ &ec
In the same manner we find that this series a/, V, ¢/, &’ ... gives the
second differences
a/l — bl — al’ bll — c’ — b” cll — dl — cl’ &c.
which again give the third differences
a/II o b// ___a//’ b/// - c// — b”’ c/// — d/l — c/l’ &c.

These differences are indicated by 4, and an exponent being given to
it will denote the order of differences. Thus A® is a term of the series
of nth differences. Morcover we give to each diflerence the sign which
belongs to it; this is —, when we take it from a decreasing series.

For example, the function

y=x"—9x 4+ 6
in making x successively equal to 0, 1, 2, 3, 4. . . gives a series of
numbers of which y is the general term, and from which we get the
following differences,

forx= o0 1, 2 3 4 5 6,  T...

series y = 6,—2,—4, 6, 34, 86, 168, 286...

first diff. A y = — 8, —2, 10, 28, 52, 82, 118...

second diff. A%y = 6, 12, 18, 24, 30, 86...
third diff. A%y = 6, 6, 6, 6, 6 ...

We perceive that the third differences are here constant, and that the
second difference is an arithmetic progression: we shall always arrive at
constant differences, whenever y is a rational and integer function of x;
which we now demonstrate.

In the monomial k x ™ make x = &, B, 9, ... 0, % A (these numbers
having h for a constant difference), and we get the series

kam kB®, ... .kém kam kam

Since x = » — h, by developing k x ® = k (A — h)™, and designating

vy m, A’, A”... the coefficients of the binomial, we find, that
k(Am —am)=kmha™! —k Ah*am=24 kA” *h ..
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Such is the first difference of any two terms whatever of the series

kaem kB™...kxm, &ec

The difference which precedes it, or k (x »— ¢ ™) is deduced by
changing A into x and x into ¢ and since » = A —h, we must put
A — h for A in the second member:

k mh(a-h) ™1k A’h? (r~h™2) .=k mh A™~1-{ A’ m(m-1)kh*A ™2 .,

Subtracting these differences, the two first terms will disappear, and
we get for the second difference of an arbitrary rank

km(m-—1)h2am=2 £ kB hoam=34,,.

In like manner, changing A into A — h, in this last developement, and
subtracting, the two first terms disappear, and we have for the third
difference

km(m-—1)(m—2)h?am=3 p kB”h*nrm=4t, .,
and so on continually.

Each of thesc differences has one term at least, in its developement,
like the one above ; the first has m terms; the second has m — 1 terms;
third, m — 2 terms; and so on. From the form of the first term, which
ends by remaining alone in the mth difference, we see this is reduced to
the constant

1.2.8...mkhm
“If in the functions M and N we take for x two numbers which give the
results my, n; then M 4+ N becomes m 4 n. In the same manner, let
m’, n’ be the results given by two other values of x; the first difference,
arising from M + N, is evidently
(m—m) 4 (n—w).
that is, the difference of the sum is the sum of the differences. The same
may be shown of the 3d and 4th . . ., differences.
Therefore, if we make
X=0 B ¥.ro
in
kxm 4 pxm-! ..,
the mth difference will be the same as if these were only the first term
k x ™, for that of p x ®=1, qx ™2, ., is nothing. Therefore the mth
difference is constant, when for x we substitute numbers in arithmetic pro-
gression, in a rational and integer function of x.

We perceive, therefore, that if*it be required to substitute numbers in
arithmetic progression, as is the case in the resolution of numerical equa-
tions, according to Newton’s Method of Divisors, it will suffice to find
the (m 4 1) first results, to form the first, second, &c. differences. The

’
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mth difference will have but one term; as we know it is constant and
=1.2.3...mkh*, wecan extend the series at pleasure. That of
the (m — 1)th differences will then be extended to that of two known
terms, since it is an arithmetic procession ; that of the (m — 2)th dxﬂu-
ences will, in its turn, be extended ; and so on of the rest.

This is perceptible in the preceding example, and also in this; viz.

x=0. 1.2. 3|3dDiff. 6. 6. 6. 6. 6. 6. 6...
Series 1.-1.1.13 2nd.. 4. 10.16.22.28.34. 40...
Ist. ... -2.2.12 | 1st . —2. 2.12.28.50.78.112...
2nd .. 3.10  Results 1. — 1. 1.13.41.91.169...
ad ... 6| lorx O. 1. 2. 3. 4. 5. 6..,

These series are deduced from that which is constant
6.6.6.6...

and from the initial term already found for each of themn: any ferm is
derived by adding the two terms on the lofi which immediately precede it
They may also be continued in the contrary direction, in order to obtain
the results of x = — 1, — 2, — 3, &ec.

In resolving an equation it is not necessary to make the series of results
extend farther than the term where we ought only to meet with numbers
of the same sign, which is the case when all the terms of any column are
positive on the right, and alternate in the opposite direction; for the
additions and subtractions by which the series are extended as required,
preserve constantly the same signs in the results. 'We learn, therefore,
by this method, the limits of the roots of an equation, whether they be
positive or negative.

Let y, denote the function of x which is the general term, viz. the
x + 1th, of a proposed series

Yot yYet i ooo Y F Yxprt oo
which is formed by making
x=01,28...

For example, y; will designate that x has been made = 5, or, with re-
gard to the place of the terms, that there are 5 before it (in the last ex-
ample this is 91). Then

YVi—m Yo=A%, Y2— Y1=A4¥%, Ys— Y. Yeooo
Ay — Ay, = A%y, Ay — A%y = A%, Ay3— Ay, = A%y, e
A%y, — Ay, = Aly, A%y, — A% = Ay, Ay — A%y, = A%y,

&e. f
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and generally we have

¥Yx — Y¥x—1 = AY x_1
AY x — Ayx_1 = A% 5
A‘zyx —_— Azyx—l — A:{yx—l

&e.

Now let us form the differences of any serics a, b, ¢, d.. . in this
mamner. Make

= a + a™
" = b” 4 b
d” = ¢’ 4 "

*®
e
€

and so on continually. Then eliminating b, I, ¢, ¢/, &c. from the first
set of equations, we get
b=a+4 a
c=a+4 2a" 4 a”
d=a4 3a" 4 3a”’ 4 a”
e==a-4 4a’ 4+ 6a” 4 4a” 4
f =a+4 5a 4+ 10 2a” + &ec.
. &c.
Also we have
a =b—a
8" =c—2Db 4 a
" =d—3c4+3b—a
&c.

But the letters a’y a”, a”’, &c. are nothing clse than A y,, A%y, Adyy. ..
2, b, c...Dbeing yo, y1 y2..., consequently

i=Y + Ay

Y2 = Yo+ 2 Ay, + &%

Ys= Yo + 3 Ay, 4 3 4%, + Ay,
&e.
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And
AYo = y1— Yo
A%, =y —2y1 + ¥o
A% = y3—3y: + 3y — Yo
Alyg = yy—4ys +6y,+ 45 + ¥y
&e.
Hence, generally, we have
—1 X—1 xX—

yx—-yo+xAyo+X——2~-Ayo+h —g - A"y +...(A)

AYo = Ya—ny + n.n‘__] .y—n. !1—~_——]~.“—:_:—2-y
n—1 2 n—2 2 3 ne—3
These equations, which are of great importance, give the general term
of any series, from knowing its first term and the first term of all the
orders of diflerences; and also the first term of the series of nth differ-
ences, from knowing all the terms of the series yy, y1, y2 -« «
To apply the former to the example in p. (81), we have

(I

Yo=1
Ay, = ~=2
&gy = 4
ANy, = 6
Aty =0

whence
x=1—2x42x(x—1)+x(x—1)(x—2)=x*—x?—2x + 1
The equations (A), (B) will be better remembered by observing that
yx = (L+2y)%
aty, = (y — 1) %

provided that in the devclopements of thiese powers, we mean by the
exponents of Ay, the orders of diflerences, and by those of y the place
in the series.

It has been shown that a, b, ¢, d ... may be the values of yy, when
those of x are the progressional numbers

mm+hm+42h...m+ih
that 1s
8= Yoy b= gntnro = &e.

In the equation (A), we may, therefore, put ym iy for Yo yu fory,. Ay,
or Ay, &c. and, finally, the coefficients of the i power. Makeih = 7,
and write A, A%, ., for Ay, A%,, ... and we shall get

- 2 % — - ad,
Yotz = Ym +z,§_‘ + z.(z2 }l:‘)A o z(z~h) ‘(?zhaQ h) Feen (C)

S2
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This equation will give y, when x = m + z, z being either integer or
fractional. 'We get from the proposed series the differences of all orders,
and the initial terms represented by 4, 4% &e.

But in order to apply this formula, so that it may be limited, we must
arrive at constant differences; or, at least, this must be the case if we
would have 4, A*... decreasing in value so as to form a converging
series : the developement then gives an approximate value of a term cor-
responding to

X =m+ z;
it being understood that the factors of A do not increase so as to destroy
this convergency, a circamstance which prevents z from surpassing a
certain limit,

For example, if the radius of a circle is 1000,

the arc of 60° has a chord 1000,0

65° 1074,6 4= Zg’g AT=—20
700 1147,2 > ‘
150 1217,5 — 23

Since the difference is nearly constant from 60° to 75°, to this extent
of the arc we may employ the equation (C); making h = 5, we get for
the quantity to be added to y = 1090, this

. m

1.714,6. 2z — 55z (2 — 5) = 15,12. z — 0,04. 2*
So that, by taking z = 1, 2, 3... then adding 1000, we shall obtain the
chords of 61°, 62°, 63°; in the same manner, making z the necessary
fraction, we shall get the chord of any arc whatever, that is intermediate
to those, and to the limits 60° and 75°, It will be better, however, when
it is necessary thus to employ great numbers for 2, to change these limits,
Let us now take
log. 3100 = y = 4913617

m — ¢
log. 3110 = 4921604 2-=13987
13942 &7 = — 45
log. 3120 = 4941516 x
13897 — 45
log. 3130 = 4955443

We shall here consider the decimal part of the logarithm as being an
integer. By making h = 10, we get, for the part to be added to log.
3100, this

1400,95 x z — 0,225 X z%
To get the logarithms of 3101, 3102, 3103, &c. we make
7z =128....3
and in like manner, il we wish for the log. 8107, 58, we must make
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z — ', 58, whence the quantity to be added to the logarithm of 3100 is
10606. Ilence
log. 310768 = 5, 4924223,

The preceding methods may be uscfully employed to abridge the
labour of calculating tables of logarithms, tables of sines, chords, &ec.
Another use which we shall now consider, is that of inserting the inter-
mediate terms in a given series, of which two distant terms are given.

This is called

INTERPOLATION.

1t is completely resolved by the equation (C).
When it happens that A% = 0, or is very small, the series reduces to
z ya
m h‘
whence we learn that the results have a difference which increases propor-
tionally to z.
When a?is constant, which happens more frequently, by changing 2
into z 4+ 1 in (C), and subtracting, we have the general value of the first
difference of the new interpolated series; viz.

A 2z—h $+1

ok AP ) B 2z —h + .
First difference &” = = + R .

. Al
Second diflerence A” = he

If we wish to insert u terms between those of a given series, we must
make

h=n41;
then making » = 0, we get the initial term of the differences
7} A'Q
(n+ 1)*
[ ‘_‘A;“ —_— ‘:’ n A",
n+41

we caleulate first A7, then A’ the initial term &7 will serve to compose
the scries of first differences of the interpolated series, (A” is the constant
difference of it); and then finally the other terms are cbtained by simple
additions.
If we wish in the preceding example to find the log. «f 3101,
73
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3102, 3103 ... we shall interpolate 9 numbers between those which arc
given: whence
u=29
A= — 0,45
A’ = 1400,725.
We first form the arithmetical progression whose first term is 3/, and
— 0,45 for the constant. The first differences are
1400,725; 1400,725; 1399,375; 1398,925, Xec.
Successive additions, beginning with log. 3100, will give the consccutive
logarithms required.
Suppose we have observed a physical phenomenon every twelve hours,
and that the results ascertaincd by such observations have been

For 0 hours . . . 178

12 . . . 300 A = 222 A? = 144

24 . . . 606 866

36 . . . 1176 510 114.
&ec.

If we are desirous of knowing the state corresponding to 4", 8%, 125,
&c., we must interpolate two terms; whence
u =z A" = 16, A’ = 58
composing the arithmetic progression whose first term is 58, and common
difference 16, we shall have the first differences of the new series, and
then what follow
First differences 58, 74, 20, 106, 122, 138 . . .
Serics 78, 136, 210, 300, 406, 528, 646 . . .
A 0h 4h, 8h 162200, 241,
The supposition of the second differences being constant, applies almosf
to all cases, because we may choose intervals of time which shall favour
such an hypothesis.  This method is of great use in astronomy; and
even when observation or calculation gives results whose second differ-
ences are irregular, we impute the defect to errors which we correct by
establishing a greater degree of regularity.

Astronomical, and geodesical tables are formed on these principles.
‘We calculate directly different terms, which we take so near that their
first or second differences may be constant ; then we interpolate to obtain
the intermediate numbers.

Thus, when a counverging series gives the value of y by aid of that of a
variable x ; instead of calculating y for each known value of x, when the
formula is of frequent use, we determine the results y for the continually
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increasing values of x, in such a manner that y shall always be ncarly of
the same value: we then write in the form of.a table cvery value by the
side of that of x, which we call the argument of this table. For the
numbers x which are intermediate to them, y is given by simple proposi-
tions, and by inspection alone we then find the results 1equired.

When the series has two variables, or arguments x and z, the values
of y are disposed in a table by a sort of deuble entry ; taking for coordi-
nates x and z, the result is thus obtained. I'or example, having made
z = 1, we range upon the first line all the values of y corresponding to

x=1%3...;
we then put upon the second line which z = z gives; in a third line those
which z = 3 gives, and so on. To obtain the result which corresponds to
x=32=5
we stop at the case which, in the third column, occupics the fifth place.
The intermediate values are found analogously to what has been already
shown,

So far we have supposed x to increase continaally by the same differ-
ence. It this is not the case and we know the results

=a,byc,d...
which are due to any suppositions

X=afB 7, 0.0
we may either use the theory which makes a parabolic curve pass through
a serics of given points, or we may adopt the following :
By means of the known corresponding values

a, a; bB; &

we form the consecutive functions

b—a
A = B—a
—b
A==
'Ty—8
A‘;:(-.]—*c
6 —y
&e.
B =M—A
v —a
o A— A
W=
B,= A A
i — 7
&e.
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_DB,—B
C -: 0 — o
_ B,— B,
C=~—%
&c.
D=91:_9.
V —
and so on.

By climination we easily get
b=a+4+ AB—ua)
c=a+ A(y—a) + B(y—<) (y—F)
d=a+ A(—a) + B(d—a) (6 —F) + C(0—a) (3—P) 0 —7)
&e.
and generally
yx= a4+ A (x—u) + B (x—a) (x —B) + C (x —«) (x—B) (x—y) + &e.
We must seek thercfore the first differences amongst the results
abc...
and divide by the differences of
Uy By Yoo

A, A, Ay, e
proceeding in the same manner with these numbers, we get
B, B, By, &ec.
which in like manner give
C, C], C;g, &e.
and, finally substituting, we get the general term required.
By actually multiplying, the expression assumes the form
. a4 a' xFa’x4...
of every rational and integer polynomial, which is the same as when we
neglect the superior differences.
The chord of 60° = rad.=1000

which will give

5 =15
62020 =1035 :4’2’ ﬁ;ﬁ go— 0,18 | B =—0,035
650107 = 1077 (o | 417 0T — 0,21 | B,=—0,031
6v°. 0/ =1133 T

‘We have
a=10, B=2} y=>5; 06=0.
‘We may neglect the third differences and put
¥ = 100 + 15,082 x — 0,035 x°
serg(;n‘svil(llizll‘iné‘i\;ery fanetion of x, y,, as being the general term of the
¥x=m m+hy m+42h, &e
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if we take the differences of these results, to obtain a new series, the
general term will be what is called the Sirst.difference of the proposed
fanction y, which is represented by A y,. Thus we obtain this difference
by changing x into x 4 h in yx and taking y, from the result; the re-
mainder will give the series of first dlﬁerences by making ‘
Xx=m m+4 h, m 4+ 2h, ec.
Thus if
XZ
a4+ x
(x + h)* x?
a4+ x+h, afx
It will remain to reduce this expression, or to develope it according to
the increasing powers of h.
Taylor’s theorem gives rrenerally (vol. L)

d*y he¢
A.Yx— yh+d.X): l +&

Y=

Ayy =

To obtain the second differcnce we must operate upon A y, ns upon the
proposed y,, and so on for the third, fourth, &c. differences.

INTEGRATION OF FINITE DIFFERENCES.

Integration here means the method of finding the quantity whose dif-
ference is the proposed quantity; that is to say the general term y, of a
Yims Yo +hs Yin+2m XC
from knowing that of the series of a difference of any known order. T'his
operation is indicated by the symbol x.
For example
3 (3x*4x—2)
ought to indicate that here
h =1
A function y, generates a series by making
x=0, 1,23...
the first differences which here ensue, form another series of which
3x? 4 x—2 .
is the general term, and it is
—2,2129...
By integrating we here propose to find y, such, that putting x -+ 1 for
%y and subtracting, the remainder shall be
x4+ x —2,
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It is easy to perceive that, first the symbols = and 4 destroy one another
us do fand d; thus
safx="_Fx
Seeondly, that
Afay)=aAdy
gives
Say=aziy.
Thirdly, that as
A(At—DBu)=Ast—DBanu
s0 is
S(At—Bu)= Ast—DB=suy,
t and u being the functions of x.

The problem of determining y, by its first difference does not contain
data sufficient completely to resolve it; for in order to recompose the
series derived from yy in beginning with

, — 2,9, 12, 28, &
we must make the first term
' Yo=4a
and by successive additions, we shall find
a,a—2a+ 2, a4 12 e
in which @ remains arbitrary.

I'very integral may be considered as comprised in the cquation (A)

p. 83; for by taking
x=0123...
in the first difference given in terms of x, we shall form the series of first
differences ; subtracting these successively, we shall have the sccond dif-
ferences ; then in like manner, we shall get the third and fourth differ-
cnces.  'The initial term of these series will be
Ayp Aty
and these values substituted in y, will give y,. Thus, in the example
ubove, which is only that of page (81) when a = 1, we have
Ay, ==—2, Aty, =4, A%y, = 6 A%y, = 0, &

which give

Vx= ¥y, —2x —x? 4 x%

Generally, the first term y, of the equation (A) is an arbitrary constant,
which is to be added to the integral. If the given function is a sccond
difference, we must by a first integration reascend to the first difference
and thenee by another step to y,; thus we shall have two arbitrary con-
stants ; and in fact, the equation (A) still gives y, by finding 4% a3 the
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only difference in the matter being tlmt Yo and A y, are arbitrary. And -
so on for the superior orders.
Let us now find = x ™, the exponent m being integer and positive.
Represent this developement by
Sx"=px 4+ qx® 4+ rxc 4 &
a, b, ¢, &e. being decreasing exponents, which as well as the coefficients
P> Qs &c. must be determined.  Take the first difference, by suppressing
= in the first member, then changing x into x 4 h in the second member
and subtracting.  Limiting oursclves to the two first terms, we get
x™ =pahx*='4 fpa(a—1)h*x2=2 4 . qbhxt=14...
But in order that the identity may be established the exponents ought
to give
a—1=m
a—2=b-—1
whence
a=m+41,b=m.
Moreover the coefficients give
l=pah,—}pa(a—1)h =qb;
whence
_ 1
P = (mn 4+ 1) h’ q=—4
As to the other terms, it is evident, that the exponents are all integer
and positive ; and we may easily perceive that they fail in the alternat.
terms. Make therefore
xxm — pxm+l_% x m + o xm—1 + me—-:} + 7xm-5 + .
and determine «, B3, ¥ ... &c.
Take, as before, the first difference by putting x + h for x, and sub-
tracting : and first transferring
P xm+1__ % XM,
we find that the first member, by reason of
ph(m+41) =1,
reduces to
A ;’;xm—2 + A”. __IL —3 32};; xm=b 4 A, P’_g:ﬁ. %_?_;xm—ﬁ .
To abridge the operation, we omit here the alternate terms of the deve-
lopement; and we designate by
1, my, A, A7, &e.
the coefficients of the binomial.
Making the same calculations upon

ax®—! 4 Bxm=-3 f &Ke
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we shall have, with the same respective powers of x and of h,

(m—1) ad (m—1). 2=

4

2m

u+(m-—l) m—;;-g...yl“;:—@u +..

Comparing them term by term, we easily derive

whence finally we get
xm +1

(m F 1)L

=xm

4 5
(m_mﬁ+@m_$.2 .nm3“3+m
+ (m—4)y 4..
m
- 34
—_— AII
B =5345°
AI/II
7 =664
&ec.
xl‘h

— + mahxm=14 AVhhIxm=~3

+ A" ehPxm=54 A" dh7xm="4,..,(D)

This developement has for its coefficients those of the binomial, taken
from zwo to two, multiplied by certain numerical factors a, b, ¢ . . ., which
are called the numbers of Bernoulli, because James Bernoulli first deter-

mined them. These factors are of great and frequent use in the theory

of series ; we shall give an easy method of finding them presently, These

are their values

a =L
=12
1
b=—1
c = L
252
1
(1_“27L6
e = 1
132
¢ 691
32780
1
8= 1y
. 3617
1 —_—
8160
43867
14364
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which it will be worth the trouble fully to commit to memory.
From the above we conclude that to obtain = x™, m being any number,
integer and positive, we must besides the two first terms

xm+1 xm
(m+h 2
ulso take the developement of
(x + b)m

reject the odd terms, the first, third, fifth, &c. and multiply the retained
terms respectively by
a,bc... .

Now x and h have even exponents only when m is odd and reciprocally ;
so that we must reject the last term h ™ when it falls in a uscless situation ;
the number of terms is } m 4+ 2 when m is even, and it is 4 (m 4+ 8) when
m is odd ; that is to say, it is the same for two consecutive values of m.

Required the integral of x .

Besides
xll
1T h
we must develope (x 4 h) ¥, retaining the second, fourth, sixth, &c. terms
and we shall have

10x°ah 4 120x"bh® 4 252x%ch’ + &e.

1 10
—2x

Therefore
x! 1 410 5 9 FTh 3 -5 5 1«37 5 b4
__-l—l-li—g;\ +’(';'X h—x"h?® 4 x°h! —ix°h +66xh

In the same manner we obtain

X
5 w0 —
=X " h
x? X
Ix! = —_—
* 2h 2
. x? x? hx
3 T e ——
=518zt
sxs= X' __x* hx?
- 4 h 2 4
$ x4 = x* x* hx® bh®x
T T 5h 4 3 30
sxs= X0 __X° 5hx*  h?x®
T 6h 2 12 12 °
x7 xf hx?® h3x® Lx
SX0 = — — . — e ——— i
=yt 6 T
s x7 — x8 x” 7Thx® 7h3x* héx®?

=g T et T T P
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Sy = x? x? 2hx? 17Th3¥x*® 2115x3_!1:’___}5
=gt 3 15 9 30
$x%= X0 x? 38hx? 7Th3®x¢ hsx* 3]1"x:
e 3 10 2 20
2x’°——’—(—ll~-— &ec. as before

~11h ’ ?

&ec.

We shall now give an easy method of determining the Number of
Bernoulli a, b, c.o . In the equation (D) make
x=h=1;
s x ™ is the general term of the series whose first difference is x™ We
shall here consider =.x° = 1, and the corresponding series which is that
of the natural numbers
0,1,23...
Take zero for the first member and transpose

1
s Sk
which equals
2(m+1)
I—m °

Then we get

E]..__T_l“_ — 4 14 vi
5 l)_am+bA F+CcAYHd AT f .04 km.
By making m = 2, the second member is reduced to am, which gives
1
a = —1—2 .

Making m = 4, we get

3,_ "
_ m—1 m—2
=4a+4m. 5 T3 b
=4a44b
= 4% 4+ 4hb
‘Whence
1
b_—-m.

Again, making m = 6, we get
6a+4+ DbA” JcAl

6a+ 20b + 6¢
}—i+6¢

-
1

It
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which gives
¢ = ks
252°
and proceeding thus by making
m = 2, 4, 6, 8, &c.
we obtain at each step a new equation which has one term more than the
preceding one, which last terms, viz.
2a,4b,6c,...mk
will hence successively be found, and conscquently,
a,byec...k
Take the difference of the product
Vx=(x—h)x(x 4+ h)(x + 2h)...(x41ih),
by x + h for x and subtracting ; it gives
Ayx=x(x+h)(x+2h)...(x+1ih) x (i + 2) h;
dividing by the last constant factor, integrating, and substituting for y,
its value, we get
sx (x4 h) x4+ 2h)...(x 4 ih)
= ﬁj—é%i XX (x+h)(x+2h)...(x+1ih)

This cquation gives the integral of a product of factors in arithmetic
progression.

Taking the difference of the second member, we verify the equation

1 —1

2x(x+ X+ 2h)...(x+1h) ~ ihx(x+ h)...ix + (i— 1) h]
which gives the integral of any inverse product.

Required the integral of a*.

Let
yx = a¥%
Then
Ay, =aX(ab—1)
whence
yx = Za*(ah—1) = a¥;
conscquently
a X
Sa¥ = P — + constant.
Required the integrals of sin. X, cos. X.

Since
cos. B — cos. A = 2sin. § (A + B).sin, } (A — B)
A cos. X = cos. (X 4 h) —cos. x

= — 2 sin, (x + g—) sin. %
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. . h.
Integrating and changing x + -5 into 7, we have

2)

Ssinz = — cos.— =7 4 constant.
2 sin, —-
2
In the same way we find
. h
sin. (z —_——
2 ¢oS, 2 = ————— 4 constant,
2 sin, -
2

When we wish to integrate the powers of sines and cosines, we trans-
form them into sines and cosines of multiple arcs, and we get terms of
the form

A sin. g X, A cos. q x
Making
qx = x

the integration is performed as above.

Required the integral of a product, viz.

Assume
S(uz) =uszz+t
u, z and t being all functions of x, t being the only unknown one. By
changing x into x 4+ b in
uxz 4t
u becomes u 4+ A u, z becomes z 4 A z, &c. and we have
usz4uz4 ouszs(z4 Az) 4t 4 At;

substituting from this the sccond member

. uzz4t
we obtain the difference, or u z; whence results the cquation

O=aux(z+ Az) 4 At

which gives
t=—={Aus(z 4 Aaz).

Therefore '

S(uz) =usz—3{Au.3(z 4+ Az}

which is analogous to integrating by parts in differential functions.

There are but few functions of which we can find the finite integral;
wlhen we cannot integrate them exactly, we must have recourse to series,

Taylor’s theorem gives us

ht
dx2 w t &e.
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=y h +y2’—'h'+&c. .
by supposition. Hence
yx=hzy +£;:2y”+&c.

Considering y’ as a given function of x, viz. z, we have

y =1z
y'/ — zl
yI/I — 71”
&e.
and
Yx=JYdx =fzdx
whence
2
Szdx = hEz+l—;—.\:z’+&c.

which gives
h
Iz = h‘"./ZdX——EEZ'-—,’; h?xz’ — &ec.

This equation gives S z, when we know 7, S 2%, &c. Take the dif-
ferentials of the two numbers. That of the first = z will give, when di-
vided by dx, 2. Hence we get S z”, then 22", &c.; and even without
making the calculations, it is casy to see, that the result of the substitution
of these values, will be of the form

Sz=h"'"fzdx4+Az+BhzZ 4+ Ch?2” + &e.
It remains to determine the factors A, B, C, &c. But if
Z = Xxn
we get
Jzdx, 7,2 &ec.
and substituting, we obtain a series which should be identical with the

equation (D), and consequently defective of the powers m — 2, m — 4,
so that we shall have

[fzdx z ahz _ bh3z”  chsz”  dhizmm
3z = Zoprnz ot e T 4 ke
2 h 2 1 T i3 234 t 3.6

a, b, ¢, &c. being the numbers of Bernoulli.
For example, if
z=1x
SIxdx =x1xXxw=x
7 = x—!
z’ = &e.
9
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consequently .
Slx=CHxlx—x—}lx+ax—"4+bx=> +cx° 4 &
The series
a,byc...k 1
having for first differences
a, b, ...\

we have
b=a4 o
c=b+4+b
d=c¢c 4 ¢
&e.
1=k 4+ kK

cquations whose sum is
l=a+4+a+b+c+...K.

If the numbers o/, b, ¢/, &c. are known, we may consider them as being
the first differences of another serics a, b, ¢, &c. since it is casy to com-
pose the latter by means of the first, and the first term a. By definition
we know that any term whatever 1, taken in the given series o/, V), ¢/, &e.
is nothing clse than 4], for V' = m — 1; integrating

= al
we have
s =1
or
sV=a"+b + ... + 1k,
supposing the initial a is comprised in the constant dac to the integra-
tion. Consequently

The intcgral of any term whatever of a series, we obtain the sum of all

the terms that precede it, and have
Zyx =Yoottt Yt

In order to get the sum of a series, we must add y, to the integral ; or
which is the same, in it must change x into x + 1, before we integrate.
The arbitrary constant is determined by finding the value of the sum y,
when

x = L
We know therefore how to fiud the summing term of every series whose
general lerm is known in a rational and integer function of X.
Let
yx = Ax™ —Bx24 C
mand n being positive and integer, and we have
Asxm—-B=sx*4+Cxx?

-
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for the sum of the terms as far as yx exclusively. 'This integial being
once found by equation D, we shall change x into x + 1, and determine
the constant agreeably.
TFor example, let
yr=x(2x—1);
changing x into ¥ 4 1, and integrating the result, we shall find
X4 3 xt—x
2.3
x 41 4x

23x?433x42x°=

} .

CIERA-

there being no constant, because when x = 0, the sum = 0.
The scries

= X.

1m, 2m, 3n,..
of the mt™ powers of the natural numbers is found by taking = x™ (cquia
tion D); but we must add afterwards the x™ terin which is x5 1that is to
say, it is suflicient to change — } x™, the recond term of the equation
(D), into % x™; it then remains to determine the constant {rem the term
we commence from.
For example, to find

S= 14 2" 432 4 474 .,.x*
we find = x?%, changing the sign of the second termy, and we have

S= X XL X xdl 2xtl

3 2 6 3 2

the constant is 0, because the sum is 0 when x = 0. DBut if we wish to
find the sum

S =4 1)+ (04 2) 24 ...x?
S’ = 0, whenee x = n — 1, and the constant is

—p i—12n—1
’ 2 3 ’
which ol course must be added to the former; thus giving
S =@m+ 14 (n 4 2)° +...x2
x4+ 1 2x 41 n—1 2n—1

Xy — N g

>

=1 Xi{x.(x+1).(2x+1)—n.(n—1)2n—1)

'

|
=)

=& % {2 (x®—n®) 4 3 (x2 4+ n*) 4+ x —nl.

This theory applies to the summation of figurate numlers, of the dif-
ferent orders :—

g2



First order,
Second order,
Third order,
Fourth crder,
Fifth order,

INTRODUCTION.

1.1.1.1.1.1,&e
.2.3.4.5.6 . 7,%&
3.6 1. 28, &
5. 56 . 84, &
5.15.35.70.126. 210, &c.

and so on.
The law which cvery term follows being the sum of the one immediate

'y over it added to the preceding one. The general terms are

First, 1
Second, x
Third, E-—(_xg_'*' D

Fourth, x(x+1)(x+2)

2.3
&e.
o x.(x+1)(x+‘)...x+p—2
1 23 p—1

To sum the Pyramidal numhers, we nave
S=1+44 4 10 + 20 + &e.

Now the general or x™ term in this is

yxz%.x(x+l)(x+2).

But we find for the (x — 1)® term of numbers of the next order

21({—1)x(x+1)(x+2),

(inally changing x into x + 1, we have for the required form
S= o (x 1) (x+ 2) (x +3).

Since S = 1, when x = 1, we have
1 1 + constant, consequently
.% constant = 0.

Hence it appears that the sum of x terms of the fourth order, is the
x™ term or general term of the fifth order, and vice versd; and in like
manner, it may be shown that the x™ term of the (n 4 1)® ovder is the
sum of x terms of the n*™* order.

Inverse figurate numbers are fractions which have 1 for the numerator,
and a figurate scries for the denominator. Hence the x™ term of the p™
order is

1.2.3... (1
X(x 4+ 1).

gi
+! la
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and the integral of this is
C— 1.2.8...(p—1)
pP—2)x(x+1)...(x+p—38)°

Changing x into x 4 1, then determining the constant by making
x = 0, which gives the sum = 0, we shall have

c=P—1
T p—2
and the sum of the x first terms of this general scries is
p—1 1.2.3...(p—1)

pP—2 (p—2)(x+1)(Ex+2)...x+p—2)
In this formula make
p=345...
and we shall get

1T+H5+ s+t swen = 1Txe

Tt +flo+'zlo+---x<xi1')2(f+2)=?z‘“(g:"l)s(m
—} + é +1~16+:l;-3+ "'x(x+[l).(2x.—}:-}:;)4'(x+3) = ;ﬂ—‘ﬁm
"i‘ + '61“ + 211 + 516 + x():+2l)34('xi4) = ’2"‘ (x+12)'_§:(i+4)

and so on. To obtain the whole sum of these series continued to infinity,
we must make
X = ®

which gives for the sum required the general value

p—1

p—2
which in the above particular cases, becomes

54
To sum the series
sin. a 4 sin. (a + h) 4 sin. (a 4+ 2h) 4 ... sin. (a 4 x— 11h)

we have

h
cos. (a 4+ hx ——
Ssin. (a4 xh) = C— ( 2)

2 sin. B

2
changing x into x 4 1, and determining C by the condition that x = —]

makes the sum = zero, we find for the summing-term.

cos. (a-—%—) — COS., (a + hx +—}-2]—)

. h
2 sin.—;-

~
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or

sin, (u + —g—x) sin. —h—-(—)ié—’ll)

sin h
sin.
1n a similar manner, if we wish to sum the series
cos.a + cos. (a + b) 4 cos. (a 4 2h) 4+ ...cos. (a + x—11:

we casily find the summing-term to be

sin. (a. ———}é‘«) — sin. (a 4+ hx + 2)

. h
2 sin. 5

or

COB. (a + }2]- x) sin. h_(fét_]_)

. h *
St -










A COMMENTARY

ON

NEWTON’S PRINCIPIA.

SUPPLEMENT
TO
SECTIOW XI.

460 Prop. LVII, depends upon Cor. 4 to the Laws of Motion,
which is
If any number of bodies mutually attract each other, their center of gra-
vity will either remain at rest or will move uniformly in a straight line.
First let us prove this for two bodies.
Let them be referred to a fixed point by the rectangular coordinates
‘ %y X,y
and let their masses be
thy 14
Also let their distance be g, and f (¢) denote the law according to which
they attract each other.
Then
wi(e), w £(e)
will be their respective actions, and resolving these parallel to the axes of
abscissas and ordinates, we have (46)

o O ¢ )
);=#rfeg)yly

Vor. IL ' A
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d*x’ X —x
Tz = —+f - }
dey '
'a't!z‘ = —uf(e) y“—‘, Y
Hence multiplying equations (1) by  and those marked (2) by ' and
adding, &c. we get
wd?x 4 4/ d?x -

(2)

dt? =0
and
ndiy +wdly _
dt®
and integrating
dx , dx

M.a—t—+,u.—(i—-=c

dy , _
M.a-t'-'-‘lh.—a—*t——c.

Now if the coordinates of the center of gravity be denoted by

X, ¥s
we have by Statics
x=tXtex
R
y = ftey
w4
dx 1 dx | ,dxy _ ¢
e S T ) A
and
d;__ 1 dy ,(ly_' _c
dt T a4 o (/J‘dt+”'dt T a4
But
a5 45
dt’ dt

represent the velocity of the center of gravity resolved parallel to the axes
of coordinates, and these resolved parts have been shown to be constant.
Hence it easily appears by composition of motion, that the actual velocity
of the center of gravity is uniform, and also that it moves in a straight
line, viz. in that produced which is the diagonal of the rectangular par-
allelogram whose two sides are dx, dy. 7

If
c=0,c =0
then the center of gravity remains quiescent.
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461 The general proposition is similarly demonstrated, thus.
Let the bodies whose masses
oy wy W, &e.
be referred to three rectangular axes, issuing from a fixed point by the
coordinates

X, y, 7
x/l’ y//’ z/l
XI”, y///, z///
&e.

Also let
¢1, 2 be the distance of ¢/, u”
€,3 =~ ===~~~ - Wy W
€3 =~ === == Wy W
&ec. &e.

and suppose the law of attraction to be denoted by

f.(e,2)s £(a1,3)s £ (gs, 5)s &e.
Now resolving the attractions or forces

w L (ar,) :
w £ (e,s)
I// f(gl 3)
&e.
parallel to the axes, and co]lectlng the parts we get
d2 ’ III
’d“}i =u"f(g, D f (e, )= T + &e.
d2x” = ” X! e "
dtz T ' (@, 2)7;" + & f(§2,3)' Y + &e.
d2x/l/ xl/ / x’//
dtz = —w (g9~ s — £ (g, 3)—‘*:3——' + &e.
&e. = &e.

Hence multiplying the first of the above equations by ¢/, the second by
«”, and so on, and adding, we get
/dzx + Ml/dzx// + " qex!” + &ec.
des
Again, since it is a matter of perfect indifference whether we collect the
forces parallel to the other axes or this; or since all the circumstances are
similar with regard to these independent axes, the results arising from
similar operations must be similar, and we therefore have also
Wdry + W’ d2y” 4+ w”dty” 4 &e.

=0.

= 0,
dt2 9

wd2e +ud?z” + W A2 4 &e. _
de® =0.

A2
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Hence by integration

dx //dx ///d ,,, —
i Ul e Tal

{‘”‘%—? + Ildy +l“llldyl +&c =

/ s
”','(%]_ZE + w ddzt + w ///d z + &c. = ¢,
But x, y, z denoting the coordinates of the center of gravity, by statics

we have
“I X, + I‘b// x// + “III x/// + &c.

"% + ,u/’ + " &e.
‘u/y + II + MIII y//l + &c..

+ 4w+ &

M z + ZII + 4 I// + &c.

W & W &e.
and hence by taking the differentials, &c. we get

*1
Il

<
1l

N
1l

g] X . ¢
dt - /"I + /Jl” + ‘U/” + &C.
d__y _ o
dt ~— W + ,u.’f + & + &e.
dz _ <’

dt = WF e+ o + &

that is, the velocity of the center of gravity resolved parallel to any three
rectangular axes is constant. Hence by composition of motion the actual
velocity of the center of gravity is constant and uniform, and it easily ap-
pears also that its path is a straight line, scil. the diagonal of the rectan-
gular parallelopiped whose sides are dx, dy, dz.

462. We will now give another demonstration of Prop. LXI. or that

Of two bodies the motion of each about the center of gravity, is the same
as if that center was the center of force, and the law of force the same as
that of their mutual attractions.

Supposing the coordinates of the two bodies referred to the center of
gravity to be

X Yis X Yu
we have
X =X+ X, x’:?c+x,,}
=y+yJ) ¥Y=y+w

'~<

Hence since

[=T)
#|
oy

o
(o
-
[=%
-
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(4]

are constant as it has been shown, and therefore

dex_ o dey

dt? 0, dt2.=0

we have
dzx _ d®x,
dt® = de
dry _d’y,
dt? = dt?

and we therefore get (46)
d?x X, —
qer = — iR~ *
d* / “___Ja
Tot = —nf (Y=Y ; ¥,

But by the property of the center of gravity
e = ”‘_"Z_”‘.f ¥

3 being the distance of ¢’ fron: the center of gravity. We also have
X, —X% X,
e v
Hence by substitution the equations become
d*x, wtp N X
= — —_— )
w1(5059)

dt2 al’
d*y, _ o Ny
“mr = —ef ()

Similarly we should find
d*x — wF 4N X,
Tie = W (0
and

Ay, _ et Y
dtz“"'f( “ )3
Hence if the force represented by

e
wf ( Y & )
were placed in the center of gravity, it would cause ¢’ to move about it as
a fixed point; and if

7
rp(etw
“ f( w 6)
were there residing, it would cause # to centripetate in like manner.
Moreover if

fe) =¢®
A3
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then these forces vary as
o/n, 80
so that the law of force &c. &c.

ANOTHER PROOF OF PROP. LXII.

463. Let w, 4 denote the two bodies. Then since # has no motion
round G (G being the center of gravity), it will descend in a straight
line to G. In like manner o will fall to G in a straight line.

Also since the accelerating forces on u, &' are inversely as u, &’ or
directly as G &, G &, the velocities will follow the same law and corre-
sponding portions of G u, G «' will be described in the same times; that
is, the whole will be described in the same time. Moreover after they
meet at G, the bodies will go on together with the same constant velocity
with which G moved before they met.

Since here

1
f(?) - '2'
u will move towards G as if a force
© + o B)
or
W 1
7 -——_.——Al" x il
. (w4 w)t" 08

" Hence by the usual methods it will be found that if « be the distance
at which u begins to fall, the time to G is

(M+.u’)t‘-2 -
,3 ‘22

and if o’ be the original distance of /, the time is

(v + o) a’%_ T
T3 Eve
But

4

ata i
therefore these times are equal, which has just been otherwise shown,
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ANOTHER PROOF OF PROP. LXIII,

464. We know from (461) that the center of gravity moves uniformly
in a straight line; and that (Prop. LVIL) « and ¢’ will describe about G
similar figures, » moving as though actuated by the force

uw'? 1
and Q as if by
w® 1
(w+ ) ¥

Hence the curves described will be similar ellipses, with the center of
force G in the focus. Also if we knew the original velocities of » and «/
about G, the ellipse would easily be determined.

The velocities of x and &’ at any time are composed of two velocities,
viz. the progressive one of the center of gravity and that of each round G.
Hence having given the whole original velocities required to find the separate
parts of them,

is a problem which we will now resolve.
Let
v,V
be the original velocities of u, &, and suppose their directions to make
with the straight line w 4’ the angles
o, .
Also let the velocity of the center of gravity be
v
and the direction of its motion to make with u «’ the angle
.
Morcover lct
v, v/
be the velocities of w, ¢/ around G and the common inclination of their
directions to be
0.
Now V resolved parallel to u ' is
V cos. «
But since it is composed of v and of v it will also be
v cos. + v'cos. [/
.V cos. & = Vv cos. @ 4 v cos. 6.
In like manner we get
V sin. & = v sin. @ 4 v sin. 4.
A4
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and also

V’/ cos. ' =V cos. « — v’ cos. 4
V sin. o« = v sin. & — v’ sin. 4.
Hence multiplying by , #/, adding and putting

wvy = u v
we get
uV cos.a 4 /' V' cos.&’ = (1 + u') Vv cos.a
and }
pVsin e 4 u' Vsin e’ = (@ 4 /) v sin. «

Squaring these and adding them, we get
wt Ve + I‘/zvu + 2p V V’ cos. (a-—-—a’) = (!’4 + ﬂ/)z;e

which gives

V=

Vip* Vi @2 V2 2uu VV cos. (a— o)}
w+ o )
By division we also have
tan. = = aVsin o 4 u'V’ _si}{.“of’ )
* wV cos.a 4 u' V cos. o
Again, from the first four equations by subtraction we also have

’
Veos.a—V'cos.a’ = (V4 v)cos.0 =v. "—"—-:*',-ﬂi cos. ¢

w4

Vsinna—V/sina = (v+ v)sin. d = v, 7 sin, ¢

and adding the squares of these
V2 VE—2V Vicos. (¢u—a)=v?* (”' :—, “)

whence

v= “_‘;_'M,. VIVEE V22V Vcos. (a — )}
v =L

ryr ViVE 4L V'E—2V V cos. (& — a')}

and by division
Vsin. ¢ — V’sin, o

tan, § = - .
V cos. & — V’/ cos. &’

‘Whence are known the velocity and direction of projection of % about
G and (by Sect. ITL. or Com.) the conic section can therefore be found ;
and combining the motion in this orbit with that of the center of gravity,
which is given above, we have also that of .

465. Hence since the orbit of u round « is similar to the orbit of
w round G, if A be the semi-axis of the ellipse which w describes round
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G, and a that of the ellipse which it describes relatively to «’ which is also
in motion; we shall have
Acaii W p4u.

466. Hence also since an ellipse whose semi-axis is A, is desoribed by

the force
u'? 1
@y X 5T
we shall have (809) the periodic time, viz.
3

2Af:  2safuiw)

T=— PE
J (o + w')*
_ 27a i
TV (vt W)
467. Hence we easily get Prop. LIX.
For if » were to revolve round &’ at rest, its semi-axis would be a, and

periodic time

,5
'u,ﬁ

T — 2aa “’
Vo
ST VWV (et ).
468. Prop. LX is also hence deducible. For if wu revolve round 4’ at
rest, in an ellipse whose semi-axis is &', we have
TV = 2_"13'_%
v oW
and equating this with T in order to give it the same time about #’ at rest
as about &’ in motion, we have
Qma ¥ Qru?

VT Vet
coacall: (/A+p")% cwd,

ANOTHER PROOF OF PROP. LXIV.

469. Required the motions of the bodies whose masses are
my @y Wy Wy &e.
and which mutually attract each other with forces varying directly as the

distance.
Let the distance of any two of them as g, ¢/, be ¢; then the force of ,u.f

on wis
’

w g
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and the part resolved parallel to x is
—_—x/
,u/g.x~7§~ =u (x—x')
In like manner the force of u” on u, resolved parallel to x, is
MII (x — x/l)
and so on for the rest of the bodies and for their respective forces resolved
parallel to the other axes of coordinates.

Hence
d"x ’ ’ Y73 ”n
Qi (x —x’) + u’ (x—Xx") + &ec.
2 </
(fltx-—,u.(x—-X)+M —x") + &e.
d*?x” ” ey /
Ti7 = A —x) +u (X —x) + &e.
&e. = &e.
which give
d Vo
a—t—}:= (@ + o + #”" + &e) x— (v x + & X' + &c.)
12
(dt,, (o + o 4+ @+ &e)x' — (wx + &' ¥ + &c.)
2 /I
(—l‘dmt”'=(“+“’+“”+&C')x”_ (#x + &' X' + &c.)
&e, = &ec.
Or since

pXx4 wx + & = (w4 o + &) x

making the coordinates of the center of gravity

Xy Yy 2,
we have
4 ’dﬂ —
Gos = (6 + o + &) (x—3)
2 5! —
O (bt o+ &) (¢ =)
e —_—
% = (» + ¥+ &) (¥ —x).
&e. = &c.
In like manner, we easily get
dﬁ
dt" = (e +&c)(y-"')')
dz !

Tor = @+ & + &) (y'— )
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d! 174
dtyz (b + ' + &e.) (y'—
&c. = &c.
and also
de -
e =+ + &)z —2)
d2z , -
d—ﬁ:(u+.«’+.&c.)(z~—- z)
d! ' —
d tzﬂ = (4 &' + &c.) (z'— z)
&e. = &e.
Again,

X—X,y—Y,Z—2
XX,y — Y, 4 —2
&ec. &e. &
are the coordinates of u, &/, ¢, &c. when measured from the center of
gravity, and it has been shown already that

‘l(x——\_:) d?x

Todtr T dre
df‘(y——y) dzy
At dt‘
d?(z—1z) _

dt? _Z]T?’

and so on for the other bodies. Hence then it appears, that the motions
of the bodies about the center of gravity, are the same as if there were but
one force, scil,

(# + ' + &c.) X distance
and as if this force were placed in the center of gravity.

Hence the bodies will all describe ellipses about the center of gravity,
as a center; and their periodic times will all be the same. But their
magnitudes, excentricities, the positions of the planes of their orbits, and
of the major axes, may be of all varieties.

Moreover the motion of any one body relative to any other, will be
governed by the same laws as the motion of a body relative to a center
of force, which force varies directly as the distance; for if we take the
equations

d*x , =
Ice = (v + # + &c.) (x — x)

%—th = (v 4+ #' 4+ &c.) (¥ — X)
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and subtract therh we get

2 (o w!
9—‘2—;-2——") = (u + # + &c.) (x —x')

and similarly

L -
dw(ﬂ-;z Y) = (w4 + %) (y — )
and

gz
g_({]rl"(ii) = (4 & + &) (z—7).

. . 126y .
Hence by composition and the gencral expression for force (El"fi) it

readily appears that the motion of » about ¢/, is such as was asserted.

4770. Thus far relates merely to the motions of two bodies; and these
can be accurately determined. But the operations of Nature arc on a
grander scale, and she presents us with Systems composed of Three, and
even more bodies, mutually attracting cach other. In these cases the
cquations of motion cannot be integrated by any methods hitherto dis-
covered, and we must therefore have recourse to methods of approxi-
mation.

In this portion of our labours we shall endeavour to lay before the
reader such an exposition of the Lunar, Planetary and Cometary Theories,
as may afford him a complete succedaneum to the discoveries of our
author.

4'7]. Since relative motions are such only as can be observed, we refer
the motions of the Planets and Comets, to the center of the sun, and the
motions of the Satellites to the center of their planets. Thus to compare
theory with observations,

1t is required to determine the relative motion of a system of bodies, about
a body considered as the center of their motions.

Let M be this last body, #, «/, #”, &c. being the other bodies of which
is required the relative motion about M. Also let

G,y
be the rectangular coordinates of M ;
C+ x4y, 7+2z;
T+x'1m+y,y+25
&e.
those of @, &/, &c. Then it is evident that
X, ¥ Z;
%/, y/, z

&c.
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will be the coordinates of 4, ¢/, &c. referred to M.
Call 6 ¢ &e.
the distances of u, &'y &c. from M; then we have
g= V (x*+y° 429
el = (X'2+ yle + zlz)
¢, ¢> &c. being the diagonals of rectangular parallelopipeds, whose sides
are

X, Y, &
XI’ yl, z/
&ec.
Now the actions of u, @, &, &c. upon M are
’ r”
%"‘2 ’ gf:“i H {gl:l 29 &‘c'

and these resolved parallel to the axis of x, are

ex px oW x”
3’ 13’ (/3’&‘«

4
Therefore to determine ¢, we have
dQ g M X /’ ’/
der = g“ o3 v &
wx

the symbol = denoting the sum of such expressions.
In like mauner to determine II, ¥ we have

d*ﬂ'_ wy
dez — %t
d27=5.'g'—f.
dts. gd

The action of M upon , resclved parallel to the axis of x, and in the

contrary direction, is
M X
—

Also the actions of &, #”, &c. upon  resolved parallel to the axis of x

are, in like manner,
/"I (xf — x) M/I (xll — X) ”l/// (x//l —_— x)
2%,1 ’ 2%,2 ? 2%,3

¢u,m generally denoting the distance between @/ ----n and w/” - ™

But N

o=V (X—x)"+ (y —y)* + (F—2)*

2=V (X" =%+ (y'—y)' + (@"—2)°
&c. = &e.

, &c.
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b= V&= F =y F @)
and so on,
Hence if we assume

wow | pu’

A= — &e.

go,1 fo,2 +
”" ‘U‘II #I 'u'lll

1,2 e,s

(A4

+ 54 &

€2, 3
&e.

[Secr. XL

and taking the Partial Difference upon the supposition that x is the only

variable, we have
1 ,dx _ ¥ x (x¥—Xx)
w’ a—f() - ¢%,1 ¢%,2
the parenthesis () denoting the Partial Difference.
all the actions of ¢/, x”, &c. on u is

w! (x —x)

1 ,da
= (@)

Hence then the whole action upon @ parallel to x is
et L dry _Mx,
TdtT T e \dx/T

dt®
But
d?¢ _ _wux
de: =27
dix 1y Mx_ o ux
"dte""’b dx) gs ga
* Similarly, we have
Ly L @y _My ey
ae =% (o) =%
dtz 1 oy Ma__uz
dtr T dz)"' PARPLE

7 4+ &e.

Hence the sum of

(1)

(2)
(3)

If we change successively in the equations (1), (2), (8) the quantities

4y X, Y, Z into
/ o
#y Xy Y, 25
(2
("”’ XII’ y/l’ z/ 3

&e.

and reciprocally ; we shall have all the equations of motion of the bodies

W, w’y &c. round M.
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If we multiply the equations involving Z by M + s. u; that in x, by
«: that in X'y by &, and so on; and add them together, we shall have

(M+E”)dt§ ( )+(dx’)+(d'{” +&c—3“'3x

But since

d A M,u.(x—x)

dx) go + &c.
dry = (X —x)

() = =5 e

and so on in pairs, it will easily appear that

(1) + (@2) + 5o =0

'.(M-I—E.,w)atg—' Elllgtf,

wlhence by integrating we get

dZ
(M + =. l/') E'Md_f'

and again integrating
= bt —
{=at+bt—nmysw

a and b being arbitrary constants.
Similarly, it is found that

— 2.4y
O=a 4+ b t— M+ 5.4
S,z
7 = a"+b”t—nl '| 'z.“[;

These three equations, therefore, give the abdsolute motion of M in
space, when the relative motions around it of s, ¢/, u”, &c. are known.
Again, if we multiply the equations in x and y by

STy e M35’

and
F.pueX
S e

in like manner the equations in x’ and y’ by

'y o Y
B " e
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and

“ixl___M/ 2‘”"5._.
M+ .0’
and so on.
And if we add all these results together, observing that from the nature

of &, (which is easily shown) -
s — 3 da
x(35) ==y (%

and that (as we already know)

=, —‘L}—‘) =0, =. (———) = 0,

dx
we have
xd*y—yd*x _ 2.pXx d*y
T dt? SMze Tt ae
_ Eey o0, Lx
M+2,u.'2"u“dt"
and integrating, since '

J(xd*y —yd?x) =/xd*y—/Syd?*x
=xdy—fdxdy—(ydx—,/dxdy)
=xdy—ydx

we have
S, . xwdy(—l:yd —const.+-M—z:—:—i_y—;——'— .. (T)E’
—_— E.My S.m. B
M+4szs.p dt
Hence
L xdy—ydx xdy—ydx dx
g_M.z./».——Tt———+z.;»xz —~ It +=.uyxs. B

—Z, 2. -—y

—M.s. Mﬂ%—%’_d_x s, {(x’_x)((ly’_d yzl—gy/_y)(dxf_dx)} )

¢ being an arbitrary constant.
In the same manner we arrive at these two integrals,

xd z z d x { (x'—x)(dz'-d z)—(z ~z)(d x’~dx) }

¢ =M. 3 p. ——— =
=M. 5.5 xd_z_—tz_ds_'ﬂ.w,{(y—w(dzf_dzzl gz—z)(dy—dy)} (8

¢’ and ¢” being two other arbitrary constants.
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Again, if we multiply the equation in x by

o, Z.udx
2mdx—3m-M~_-i_—z—.;‘,
the equation in y by :
.ud
dy —2p. P40y .
2udy—2¢p Mtz
the equation in z by
S.udz .
2#(12—2/&.m,
if in like manner we multiply the equations in %/, y’, 2z’ by
P o S-mdx
2w dx '2;&.———————M+2.M
9w dy — 2.udy
20/ dy 2w ML i
 ul / I3 E'”’_El_z_.
aﬂ-dz—2M.M+E.“,

respectively, and so on for the rest; and add the several results, observ-
ing that

< (A

(g = 0
dx

> (1y) = 5
da

2. a—-z) = 0;

we get ]
9. s ded"x+(_l_y_§1_’_zy+dzd”z___23.//,(11( o wdix

dt? M7 ded
23.udy _ wdty 23.udz _‘nd'z
+M+E,u,'“'~'dt2 +M+Ep,'2' dt

2M.2.'i—?§-+2dx;

and integrating, we have

de’+dy2+dz"= const. + (Z.edx)*+ (S.udy)* + (Z.ed2)t

2 dts M+ zup)dt®

+2M 3% + 2,
which gives

h=M. su

dx®+dy’+dz , § (dx'=dx)+ (dy'-dy)*4 (d Z-dz)
R aee

-—{2M z.%+2x}(M+2p.) S R

h being an arbitrary constant.
Vou. II, B
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These integrals being the only ones attainable by the present state of
analysis, we are obliged to have recourse to Methods of Approximation,
and for this object to take advantage of the facilities afforded us by the
constitution of the system of the World. One of the principal of these
is due to the fact, that the Solar System is composed of Partial Systems,
formed by the Planets and their Satellites : which systems are such, that
the distances of the Satellites from their Planet, are small in comparison
with the distance of the Planet from the Sun: whence it vesults, that the
action of the Sun being nearly the same upon the Planet as upon its Satel-
lites, these latter move nearly the same as if they obeyed no other action
than that of the Planet. Hence we have this remarkable property,
namely,

412, The motion of the Center of Gravity of a Planet and its Satellites,
is very nearly the same as if all the bodies formed one in that Center.

Let the mutual distances of the bodies , #/, #”’, &c. be very small
compared with that of their center of gravity from the body M. Let
also

X=X4+X;y=y+7y;2=2+z,

X =X4+x5yY=y+4+y:¢ =2+ 2/;

&e.
X, y, z being the coordinates of the center of gravity of the system of
bodies w, ¢/, u”, &c.; the origin of these and of the coordinates x, y, z;
X', ', 7, &c. being at the center of M. It is evident that x, y, z,;
x/s y/s 2/, &c. are the coordinates of g, ¢/, &c. relatively to their center of
gravity ; we will suppose these, compared with X, y, z, as small quanti-
ties of the first order. This being done, we shall have, as we know by
Mechanics, the force which sollicits the center of gravity of the system paral-
lel to any straight line, by taking the sum of the forces which act upon the
bodies parallel to the given straight line, multiplied respectively by their
masses, and by dividing this sum by the sum of the masses. We also
know (by Mech.) that the mutual action of the bodies upon one another,
does not alter the motion of the center of gravity of the system ; nor does
their mutual attraction. It is sufficient, therefore, in estimating the forces
which animate the center of gravity of a system, merely to regard the
action of the body M which forms no part of the system.

The action of M upon u, resolved parallel to the axis of x is

M x

R

4
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the whole force which sollicits the center of gravity parallel to this straight
line is, therefore,

M.s. ”‘gf
Substituting for x and ¢ their values
X _ X + x,

5 = — = e .
O R R G )T G+ )8
If we neglect small quantities of the second order, scil. the squares and
products of
Xp Yo 25 X5 ¥/ 2/ &
and put
=V (;2+;°+ z?)
the distance of the center of gravity from M, we have

x _x_ X _8x(x%x+7yy +72)

e gt gt e?

for omitting x?% y? &c., we have

A G XA HREN Yy AT

4
= (;+x/) X {(?)—3 —3 (?)—5 (;{ x,+yy + ;z1} nenﬂy
X + X, 3x - - -
=T - xx + + 7 z,) nearly.
@° RE xx,+7yY , y
Again, marking successively the letters x,, y,» z,, with one, two, three,
&c. dashes or accents, we shall have the values of

nearly

x  x &
739 73 .
g7 ¢

But from the nature of the center of gravity
S.ux=0, S.uy=0, Z,0z=0
we shall therefore have

“ X _
M.E.—g?- Mx
— _-_-;-nearly.

Zu

Thus the center of gravity of the system is sollicited parallel to the

axis of x, by the action of the body M, very nearly as if all the bodies of

the system were collected into one at the center. The same result evi-

dently takes place relatively to the axes of y and z; so that the forces, by
B2
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which the center of gravity of the system is animated parallel to these
axes, by the action of M, are respectu ely

Y and — Mz .
T )3 Bk
‘When we consider the relative motion of the center of gravity of the
system about M, the dircction of the force which sollicits M must be
changed. This force resulting from the action of #, ', &c. upon M, and
resolved parallel to x, in the contrary direction from the origin, is

X

< -
3 2

“ .

14
3

if we neglect small quantitics of the second order, this function becomes,
after what has been shown, equal to

\i Tom

—-‘;""—

3

In like manncr, the forces by which M is actuated arising from the

system, parallel to the axes of y, and of z, in the contrary direction, are
y=.nm , and —=~— 3. .
()° ©F
It is thus perceptible, that the action of the system upon the body M,
is very nearly the same as if all the bodics were collected at their common
center of gravity. Transferring to this center, and with a contrary sign,
the three preceding forces; this point will be sollicited parallel to the
axes of x, y and z, in its relative motion about M, by the three following
forces, scil.

M), (M I z_
(420 (o — (M 26) 7, — (M43 "”()3

These forces are the same as if all the bodies &, &'y u”, &c. were col-
Jected at their common center of gravity; whick center, thercfore, moves
nearly (to small quantitics of the second order) as if all the bodies were col-
lected at that center.

Hence it follows, that if therc are many systems, whose centers of gra-
vity are very distant from each other, relatively to the respective distances
of the bodies of each system; these centers will be moved very nearly, as
if the bodies of each system were there collected ; for the action of the
first system upon each body of the second system, is the same very ncarly
as it the bodies of the first system were collected at their common center
of gravity ; the action of the first system upon the center of gravity of the
second, will be therefore, by what has preceded, the same as on this hy-
pothesis ; whence we may conclude generally that the reciprocal action of
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different systems upon their respective centers of gravity, is the same as if all
the bodies of each system were there collected, and also that these centers
move as on that supposition.

It is clear that this result subsists equally, whether the Lodies of each
system be free, or connected together in any way whatever ; for their mu-
tual action has no influence upon the motion of their common center
of gravity.

The system of a planct acts, therefore, upon the other bodics of the
Solar system, very ncarly the same as if the Planct and its Satellites,
were collected at their common center of gravity; and this center itself is
attracted by the diflerent bodies of the Solar system, as it would be on
that hypothesis.

Having given the equations of motion of a system of bodics submitted
to their mutual attraction, it remains to integrate them by successive
approximations. In the solar systcm, the celestial bodies move nearly as
if they obeyed only the principal force which actuates them, and the per-
turbing forces are inconsiderable ; we may, therefore, in a first approxi-
mation consider only the mutual action of iwo bodices, scil. that of a planet
or of a comet and of the sun, in the theory of planets and comets; and
the mutual action of a satellite and of its planet, in the theory of satellites.
‘We shall begin by giving a rigorous determination of the motion of two
attracting bodies: this first approximation will conduct us to a second in
which we shall include the first powers of small quantities or the perturb-
ing forces; next we shall consider the squares and producis of these
forces ; and continuing the process, we shall determine the motions of the
heavenly bodies with all the accuracy that observations will admit of.

FIRST APPROXIMATION.

478. We know alrcady that a body attracted towards a fixed point,
by a force varying reciprocally as the square of the distance, de-
scribes a conic section ; or in the relative motion of the body w, round
M, this latter body being considered as fixed, we must transfer in a di-
rection contrary to that of w, the action of » upon M; so that in this re-
lative motion, « is sollicited towards M, by a force equal to the sum ot
the masses M, and # divided by the square of their distance. All this
has been ascertained already. But the importance of the subject in the
Theory of the system of the world, will be a sufficient cxcuse for repre-
senting it under another form,

B3
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First transform the variables X, y, z into others more commodious for
astronomical purposes. g being the distance of the centers of « and M,
call (v) the angle which the projection of ¢ upon the plane of x, y makes
with the axis of x; and (¢) the inclination of ¢ to the same plane; we

shall have
X = ¢ cos. 0 cos. V;
y = g cos. ¢ sin. v;} e e e e e e e (D

Zz = ¢ sin. 4.
Next putting

Qo Mtn_, W tyytar) 2

e 2/3 w
we have
M
(dx) ricE +’”—2'*}’§
Rt
Similarly iq i M
(49 <->-———— —
(dz) )_M_z{fg_‘?

Hence equations (1), (2), (3) of number 471, become

dt“_((zi ) dt2=(ay) dt“_(dd ) -

Now multiplying the first of these equations by cos. 4. cos. v; the
second by cos. 6. sin. v; the third by sin. 6, we get, by adding them
d%e edv?® . edo* _ dQ '
W—W .cos.? 0 — ra-—{g- = (-d—e) [ (2)
In like manner, multiplying the first of the above equations by -— ¢ cos.0 X
sin, v; the second by e cos. 0 cos. v and adding them, &c. we have

It 7 cos. ® 0) 1Q
dt (T;)......(s)

And lastly multiplying the first by — ¢ sin. 4. cos. v; the second by
~—¢ sin. 4. cos. v and adding them to the third multiplied by cos. 6. we
have

d2e d 2ededd dQ
e* dt”+e <~ - Sin. 4 cos. 4 + edtg“ _(d )
To render the equatlons (2), (), (4), still better adapted for use, let
1

u =

¢ cos, 8
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and
s = tan. ¢
u being unity divided by the projection of the radius ¢ upon the plane .
of x, y; and s the tangent of the latitude of # from that same plane.
If we multiply equation (8) by g2 d v cos * ¢ and integrate, we get

dv \? aQ
(Grae ~hg+2f(d ) T

h being the arbitrary constant.

Hence

dt = - dv e e e (B)

wid (v 42 /G

If we add c.quauon (2) multlplled by — cos. 4 to equation (4) multi-

plied by ——, we shall have

d? ~l—
v d Q
dl*+ ’Z—u( )+“'( )
whence
du dv d W\
d. ( 7dt udt"'qut{(du d:)f
Substituting for d t, its foregoing value, and makmg d v constant, we
shall have
dQy du dQ
d%u (d ) tdv ((lu) ( ) X
0=+ —+u+ . (6)
dv® hea o f ( Q\dv
+ d v)
In the same way making d v constant, equation (4) will become
d s dQ dQ
d?s dv(dv) (ﬁ)“‘(l"' 2)( )
O"‘dv2++ dv - (M)
ue{ha_|_ 2f( ) u?}
Now making M + © = m, we have (in this case)
Q=" or= 2"
- T V(1 +s?)
and the equatlons (5)s (6), ('7) will become
dv 1
dt=gpav
d?u 7 .
P T e ®
d?s
0=3v+s

B4
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(These equations may be more simply deduced directly 124 and Wood-
house’s Phys. Astron,)

The area described during the element of time d t, by the projection
of the radius-vector xs—} ; the first of equations (8) show that this area

is proportidnal to that dement, and also that in a finite time it is propor-
tional to the time.
Moreover integrating the last of them (by 122) or by multiplying by
2ds, we get
s=gysin(v—40) . . . . . . . . . (9)
v and ¢ being two arbitrary constants.
Finally, the second equation gives by integration
= (l+ ){Vl+s"'+ecos (v—w)} = Vl£+s
e and = being two new arbitraries.
Substituting for s in this expression, its value in terms of v, and then
this expression in the equation

dv
dt = ru§;
the integral of this equation will give t in terms of v; thus we shall have
v, u and s in functions of the time.

This process may be considerably simplified, by observing that the
value of s indicates the orbit to lie wholly in onc plane, the tangent of
whose inclination to a fixed plane is y, the longitude of the node 4 being
reckoned from the origin of the angle v. In referring, therefore, to this
plane the motion of w; we shall have

. (10)

s=0and y = 0,
which give
1 W
u= e = lT“{l + e cos. (v — =)},
This equation is that of an ellipse in which the origin of ¢ is at the
focus :
h?
ey
is the semi-axis-major which we shall designate by a; ¢ is the ratio of
the excentricity to the semi-axis-major; and lastly = is the longitude of
the perihelion. The equation

dt = ——
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hence becomes

a%(l—e”)g_x dv
v {14+ ecos, (v —=)}*"
Develope the second member of this equation, in a serics of the angle
v — = and of its multiples. Ior that purpose, we will commence by
developing

dt =

1
1 4+ ecos. (v—w=)
in a similar series. If we make

e
PETF V(I =)

we shall have

1 _ 1 1 Ae— (== =13
T4ccos. (v—=)" &1 _e2{1+lc(v—ﬁ’) —1 J4rc—(v—miv—1§"~
¢ being the number whose hyperbolic is unity. Developing the sccond
member of this equation, in a serics; namely the first tcrm relatively
to powers of ¢ (v==)v—1 and the sccond termn relatively to powers of
¢ — (v==)v—1 and then substituting, instead of imaginary exponentials,
their expressions in terms of sine and cosine ; we shall find

1 _ 1
T4 ecos. (V—=) & 1—ct

f1—2ncos. (V—=) 4+ 22%¢05. 2 (V—=)— 21°c0s. 8 (v —=) + &c.}

Calling ¢ the second member of this equation, and making q = —; we

B
shall have gencrally
- k4
1 _ Te Hd m°( q )
f14+ccos. (v—wmjm+' ™ 1.2.3..... m, dq™’
for putting

e __ 1
9 q+R
R being = cos. (v — =)
' 4
(1.(—(]"-— ____L_‘V
dq ~ 7 (q + R)®
4
S v
dq* ~ (4 + R)?

&e. = &e.
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2.83....m
LR CE Vi
. 2
”idm(q_)xe_m—'— qm+! m
dqr s m T qr e ?
1

= {14+ ecos. (v—wm)jm+1’
Hence it is easy to conclude that if we make
1
{1 4 e cos. (v— =)}
§14+ EO, cos. (v — &) + E®.cos. 2 (v — =) + &c.}
we shall have generally whatever be the number (i)
EO = +2e‘{l +iv1l—e?}
T+ VT =€y
the signs + being used according as i is even or odd; supposing there-

-3
=(1—e?) % x

fore thatu = a~ 7 &/ m, we have
ndt=dv{l + E®cos.(v—w) + E®cos. 2 (v— =)+ &c.2

and integrating

nt+4s =v4 EOsin, (v— o) 4 $ E®sin, 2 (v— =) 4 &c.
¢ being an arbitrary constant. This expression for n t 4 ¢ is very con-
vergent when the orbits are of small excentricity, such as are those of the
Planets and of the Satellites; and by the Reversion of Series we can find
v in terms of t: we shall proceed to this presently.

474. When the Planet comes again to the same point of its orbit, v is
augmented by the circumference 2 #; naming therefore T the time of the
whole revolution, we have (see also 159)

T = 2 2« az
“.n T ¥ m’
This could be obtained immediately from the expression
tdv
T =LY
_ 2 areaof Ellipse _2xab
- h T h
But by 157
ht=ma (1 —e?
3
o T = 2raf

4 m’
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If we neglect the masses of the planets relatively to that of the sun we

have
Viu=vM

which will be the same for all the planets; T is therefore proportional in
that hypothesis to a%, and consequently the squares of the Periods are as
the cubes of the major axes of the orbitss. We sce also that the
same law holds with regard to the motion of the satellites around their
planet, provided their masses are also deemed inconsiderable compared
with that of the planet.

475. The equations of motion of the two bodies M and » may also be
integrated in this manner.

Resuming the equations (1), (2), (3), of 471, and putting M+ ¢ =m, we
have for these two bodies

d*x mx
0= dt° + ,eT

d* m
0—""&7{4'?2 Q]

dtz  mz
O=qet+4
The integrals of these equations will give in functions of the time t, the
three coordinates X, y, z of the body w referred to the center of M; we
shall then have (471) the coordinates ¢, II, y of the body M, referred to a
fixed point by means of the equations
#X

§=a+bt-——~ﬁ;
PNV §
—al ” ___f‘_?
y=a’ 4+ bt -

Lastly, we shall have the coordinates of u, referred to the same fixed
point, by adding x to ¢, y to II, and z to y: We shall also have the rela-
tive motion of the bodies M and %, and their absolute motion in space.

416. To integrate the equations (0) we shall observe that if amongst

the (n) variables x M, x® ., ... x ™ and the variable t, whose difference
is supposed constant, a number n of equations of the following form
dix® di-1x® di-2x®
= — - —_rT e Y .x®
0= dti dti—1 + dii—¢2 H.x
in which we suppose s successively equal to 1,2, 3..... n; A,B..... II

peing functions of the variables x ¥, x®, &c. and of t symmetrical
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with regard to the variables x ®, x @, &c. that is to say, such that they
remain the same, when we change any one of these variables to any other
and reciprocally ; suppose
X =g g@=it+D + b® xG=i+2 L, h® X(n),
X® = g@ x0=ith p LA x0—i+2 £ h®xn
xO—=) = gi—i) x—i+D J =D x@=it2) | 4+ ho= g
a, b, ., .. h®; a®, b®, &ec. being the arbitravies of which the
number is i (n — i). It is clear that these values satisfy the proposed
system of equations: Morcover these equations are thereby reduced to i
cquations involving the i variables x ®=i+9 ., ., x®, Their intcgrals
will introduce 12 new arbitraries, which together with the i (n — i) pre-
ceding ones will form i n arbitraries which ought to give the integration
of the equations proposed.
411. To apply the above Theorem to equations (0) ; we have
z=ax+ by
a and b being two arbitrary constants, this equation being that of a planc
passing through the origin of coordinates ; also the orbit of ¢ is wholly in
one plane.
The equations (0) give

0=d(33.92—§)+mdx
0=d(g .lt2>+mdy 3 (07

0=4d (g”. EI“E;I{) 4+ mdz
Also since
62 —_— x2 + y? + zi
and
cede=xdx 4+ ydy +zdz
and differentiating twice more, we have
ed®p +8ded?e=xd®x + yd’y 4 2d%2
+3dxd*x 4+ dyd?y +dzd?z),
and consequently

d2ey d3 d’y d?z
“'(fszm) = X "'ydt2 + 2 dt"’}

d*x ty d*z
+ 3 ¢® {dx» +lyd +11’dt“}'

Substituting in the sccond member.of this equation for d° x, d¥y, d°
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their values given by equations (0’), and for d® x, d®y, d* z their values
given by equations (0); we shall find

0=d (}t”+ md g).
If we compare this equation with equations (0’), we shall have in virtue
dx d 3, dz dg
Sdt’dt’dt’dt
particular vm’inbles X (‘), x®, x®, x®, and ¢ as a function of the time t;
=rdx+ydy;

A and ¥ being constants 5 and integrating

="IH+7"X+7)'3

of the preceding Theorem, by considering £, as so many

!:1—: being a constant. This equation combined with
z=ax + by;e?=x4y* + 2°

gives an equation of the second degree in terms of x, y, or in terms of
X, 2, or of y, z; whence it follows that the three projections of the curve
described by @ about M, are lines of the second order, and therefore that
the curve itself (lying in one plane) is a line of the second order or a conic
section. It is easy to perceive from the nature of conic sections that, the
radius-vector ¢ being expressed by a linear function of x, y, the origin of
x, y ought to be in the focus. But the equation

b
e=g +ArAx 40y

gives by means of equations (0)

v
o=t o8

Multiplying this by d ¢ and 1ntegr'1tmg we get
eedz 2mg + - Q + h®* =0,

dt®
o’ being an arbitrary constant. Hence
dt = ede

[P

which will give ¢ in terms of t; and since x, y, z are given above in terms
of ¢, we shall have the coordinates of 1 in functions of the times.

418, We can obtain these results by the following method, which has
the advantage of giving the arbitrary constants in terms of the coordinates
X, ¥, z and of their first differences ; which will presently be of great use
to us,
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Let V = constant, be an integral of the first order of equations (0), V.

g, 4% dy dz
*de’dt’>dt’

%/, y/, 7. Then V = constant will give, by taking the diﬂ'erential,

being a function of x, y, Call the three last quantities

dvVv dx dVv
0= dvx‘) ( ) ((lz\’
dVv dx’ dV dz
o+ Gw) - T (217')' + (d )
But equations (0) give
dx’ __mx dy my dZ _ mz
dt = T v de T T g A T T

we have therefore the equation of Partial Differences

0 =x' )+ (dy)+ ( )
._‘Ea{x(dx-,)+y )+z dV) e

It is evident that every function of x, y, 2, X/, y’, 2’ which, when sub-
stituted for V in this equation, satisfies it, becomes, by putting it equal to
an arbitrary constant, an integral of the first order of the equations (0).

Suppose

V=U4+4 U+ U + &ec
U being a function of x, y, z; U’ a function of x, y, 2, X/, y', 2’ but of the
first order relatively to x’, ¥/, 2’ ; U” a function of x, y, z, x/, y', 2’ and of
the second order relatively to %/, y', 2/, and so on. Substitute this value
of V in the equation (I) and compare separately 1. the terms without
x',y', 2’ ; 2. those which contain their first powers ; 3. those involving their
squates and products, and so on; and we shall have

0=x (D) +y (@) + 2 ()
() +y G+ (&7 >..,{ T+ () +2 (o)
(— ——)+ ) 4242 =2 {x () +(ay) +(aa) }

du” 1u” aum dU”” au””
v () + (35 = =)+ (Cay )+ () §

&c.
which four equations call (I').
The integral of the first of them is

U’ = funct. ixy) —yx,xz —z2x,y2 —zy, %Y, 2}
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The value of U’ is linear with regard to X', y/, 2’; suppose it of this
form
U=ARxy—yx)+B(xzZ—zx)+ C(yz —zy);
A, B, C being arbitrary constants. Make
U”, &e. = 0;
then the third of the equations (I) will become

0 = x dx)+ (dU)+ (

The preceding value of U’ satisfies also thls equatlon
Again, the fourth of the equations () becomes

0 =x (Y 4y (52 )+ 7 (520

of which the integral is
U” = funct. {xy —yx,x2 —z x’, yz —z ys xy ¥, 2’}

This function ought to satisfy the second of equations (I’), and the first
member of this equation multiplied by d t is evidently equal to d U. The
second member ought therefore to be an exact differential of a function of
X, ¥, z; and it is easy to perceive that we shall satisfy at once this condi-
tion, the nature of the function U”, and the supposition that this function
ought to be of the second order, by making

U'=Dy —Ex).(xy—yx)+ (D2 —Fx)(x2 —z%)
+(Ez—Fy)(yz —zy) + GX*+y*+27);
D, E, F, G being arbitrary constants ; and then ¢ being = ¥x*4y*§z?,
we have

U=_—’§(Dx+Ey+Fz+2G);

Thus we have the values of
U, U, U,

and the equation V = constant will become
const.:—%‘{D x+Ey+4+Fz4+2G}i+(A+ Dy —EX) (xy —yx)

+B+Dz —Fx)(xz2—2zx)+(C+EZ —Fy)(yz'—zy)
+ G+ y + 7).

This equation satisfies equation (I) and consequently the equations (0)
whatever may be the arbitrary constants A, B, C, D, E, F, G. Sup-
posing all these = 0, 1. except A, 2. except B, 8. except C, &c. and
putting

dx dy dz

dt’de? dtﬁ)”K AR
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we shall have the integrals

(o= xdy—ydx c,__xdz—zdx ydz—zdy
dt »rT dt ’ dt
_ m dy*®+ dz* ydy.dx  zdz.dx
0—f+x{ dee f Y dt?
y d o= m _dx’ +d7_} xdx.dy L zdz.dy
(P) 0_f+y{g dt2 B T T
e x_q__dx*+dy} xdx dz ydy.dz
0=f +z{ dt? + + A
_m 2m  dx*+dy* -l-dz2
- —;_:g + dt?

¢, ¢, ¢, f, 'y £ and a being arbitrary constants,

The equations (0) can have but six distinct integrals of the first order,
by means of which, if we eliminate d x, d ¥y, d z, we shall have the three
variables x, y, z in functions of the time t; we must thercfore have at least
one of the seven integrals (P) contained in the six others, We also per-
ceive @ priori, that two of these integrals ought to enter into the five
others. In fact, since it is the clement only of the time which enters
these integrals, they cannot give the variables x, y, z in functions of the
time, and therefore arc insufficient to determine completely the motion of
wabout M. Let us examine how it is that these integrals make but five
Jdistinct integrals.

zdy—ydaz
dt

If we multiply the fourth of the equations (P) by -, and

xdz—zdx
qc e shall have

add the product to the fifth multiplied by

_pzdy—ydz xdz—zdx xdy—-—ydx{ _dx*4dy*)
0=f. — g —+ gt a¢ ¢ des §

xtly—ydx{)}dx dz ydy._il_z_}
o Tde v '
—vd lz—zd —_ .
Substitutingfor ydty(X’X(7dtZ X,ydzdtZdy,thelr

values given by the three first of the equations (P), we shall have

P —fc” m_ dx*4dy* xdx.dz ydy.dz
O=—c"+* { —ae f tTae tTde o

This equation enters into the sixth of the integrals P, by making

7 ol /"
f,,=f ¢ —fc

integrals results from the five first, and the six arbitraries ¢, ¢/, ¢”, f, f, {”
are connected by the preceding equation.

or 0 = fc¢” —f ¢ 4 f”c. Also.the sixth of thesc
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If we take the squares of f, {’, f” given by the equations (P), then add
them together, and make 2 4 f'* 4 f”* = 1%, we shall have
e {g dx2+((;y:+d z*? (g(}"g_)’ } ) {dx"+dy 2+dz'_gﬂ ;
t dt dt e
but if we square the values of ¢, ¢, ¢”, given by the same equations, and
make ¢® + ¢’® 4 ¢’* = h?; we get
0t dx® 4 dy? + dz* (L‘i_f)z_
dt? dt
the equation above thus becomes
dx*4+ dy+dz* 2m A m?—]1?
0=

Comparing this equation with the last of equations (P), we shall have
the equation of condition,

m?— 1% m
-—'sz— = '—a'—' .

The last of equations (P) consequently enters the six first, which are
themselves equivalent only to five distinct integrals, the seven arbitrary
constants, ¢, ¢/, ¢”, f, f/, f, and a being connected by the two preceding
equations of condition. Whence it results that we shall have the most
general expression of V, which will satisfy equation (I) by taking for this
expression an arbitrary function of the values of ¢, ¢/, ¢”, f, and f, given
by the five first of the equations (P).

479. Although these integrals are insufficient for the determination of
X, J, z in functions of the time; yet they determinc the nature of the
curve described by » about M. In fact, if we multiply the first of the
equations (P) by z, the second by —y, and the third by x, and add the
results, we shall have

0=cz—dy+ x,
the equation to a plane whose position depends upon the constants
c, ¢y ¢,

If we multiply the fourth of the equations (P) by x, the fifth by y, and

the sixth by z, we shall have

O=fx4f' y+f" z4+m ¢ —
but by the preceding number
. dx* +dy*+dz® tdet ..
4 dt® dt: — H
O0=mp~h* 4 fx+fy 4 2
This equation combined with
0=c¢'x—cy+4cz
Vou, II. C

dx +dy*+dz® | e*dg®,
der T
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and

\ g! - xﬁ + y! + z!
gives the equation to conic sections, the origin of ¢ being at the focus.
The planets and comets describe therefore round the sun very nearly
conic sections, the sun being in one of the foci; and these stars so move
that their radius-vectors describe areas proportional to the times. In fact,
if d v denote the elemental angle included by ¢, ¢ + dg, we have

dx* 4+ dy* 4 dz? =¢tdvi4dg’

and the equation

e dx* 4+ dy*+ dz’___g_i_q_gf_hz

¢ dt? dt —
becomes

etdvt=htdt?

sdv = h;it.

Hence we see that the elemental area } ¢* d v, described by g, is propor-
tional to the element of time d t; and the area described in a finite time is
therefore also proportional to that time. We see also that the angular

. . . . 1 . .
motion of » about M, is at every point of the orbit, as - and since without

sensible error we may take very short times for those indefinitely small, we
shall have, by means of the above equation, the horary motions of the planets
and comels, in the different points of their orbits.

The elements of the section described by w, are the arbitrary constants
of its motion ; these are functions of the arbitraries c, ¢, ¢”, f, f’, f/, and

m . .
w Let us determine these functions.

Let ¢ be the angle which the intersection of the planes of the orbit and
of (x, y) makes with the axis of x, this intersection being called the Zline
of the nodes ; also let ¢ be the inclination of the planes. If x/, y’ be the
coordinates of u referred to the line of the nodes as the axis of abscissas,
then we have

x’ = x cos. § + y sin. ¢
y’ = y cos. § — x sin. 4.
Moreover
z = y' tan. ¢
% Z = Y cos. § tan. ¢ — X sin. 4 tan. ¢
Comparing this equation with the following one
0=c'x—cdy+cz
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we shall have

¢/ = ccos. 4. tan. ¢
¢’ = csin. d tan. p
whence
cII
tan. § = —
¢
and
/2 /72
tan,¢ = :’_(_q__-l:_c__).

c
Thus are determined the position of the nodes and the inclination o. the
orbit, in functions of the arbitrary constants ¢, ¢/, ¢”.
At the perihelion, we have
gdg=0,orxdx +ydy+zdz=0.
Let X, Y, Z be the coordinates of the planet at this point ; the fourth
and the fifth of the equations (P) will give
Y _f
X 7t
But if I be called the longitade of the projection of the perihelion upos
the plane of x, y this longitude being reckoned from the axis of x, we have

Y
X’ = tan.I,
4
sotan I = Py

which determines the position of the major axis of the conic section.
If from the equation

i dx* 4+ dy* +dz*  e°de® = h?
) dt* dte
we eliminate dx*+ gty: +d zg, by meaus of the last of the equa-
tions (P), we shall have
2mg—tﬂf—2-—%§j = h*

but d ¢ is 0 at the extremities of the axis major ; we therefore have at these

points
= ah?
0=¢ 2a¢+4 w
The sum of the two values of ¢ in this equation, is the axis major, and
their difference is double the excentricity ; thus a is the semi-axis major of
the orbit, or the mean distance of x from M ; and
, he
/(1= —
~ m a
Cc2
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is the ratio of the excentricity to the semi-axis major. Let

he

and having by the above
m _m*—1*%
@ —  hT °
we shall get
me =1L

Thus we know all the elements which determine the nature of the conic
section and its position in space.

480. The three finite equations found above between x, y, z and ¢ give
X, ¥, z in functions of ¢; and to get these coordinates in functions of the
time it is sufficient to obtain ¢ in a similar function; which will require a
new integration. For that purpose take the equation

m 2 !d 2
2me—=F —Fl

= h2,
But we have above
h“:r—?{ (m*—1)=am(l—e?;

Sdt = ede

VmJ{2g——g£——a(l—e”)} .

t+T.—:—$—E(u—-esin.u) N )

whose integral (237) is

u beir?g = cos.~! (-—l— — a—gé) » and T an arbitrary constant.

This equation gives u and therefore ¢ in terms of t; and since x, y, z
are given in functions of ¢, we shall have the values of the coordinates for
any instants whatever.

‘We have therefore completely integrated the equations (0) of 475, and
thereby introduced the six arbitrary constants a, e, I, ¢, ¢, and T. The
two first depend upon the nature of the orbit ; the three next depend upon
its position in space, and the last relates to the position of the body «
at any given epoch; or which amounts to the same, depends upon the
instant of its passing the perihelion.

Referring the coordinates of the body u, to such as are more commodious
for astronomical uses, and for that, naming v the angle which the radius-
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vector makes with the major axis setting out from the perihelion, the
equation to the ellipse is
= a(l—e’
¢ =T -+ e cos. v°
The equation

¢ =a(l —ecos. u)
indicates that u is 0 at the perihelion, so that this point is the origin of two
angles uand v; and it is easy hence to conclude that the angle u is formed by
the axis major, and by the radius drawn from its center to the point where
the circumference described upon the axis major as a diameter, is met by
the ordinate passing through the body ¢ at right angles to the axis major.
Hence as in (237) we have

.V /'l+e u

tan. T T AT _e.tan.—z- .
We therefore have (making T = 0, &c.)
nt=u—esnu
e =a (1l — ecos.u)
and . (f)
tau.—;i = ~/%‘i—: . tan. g J

n t being the Mean Anomaly,
n the Excentric Anomaly,
v the True Anomaly.

The first of these equations gives u in terms of t, and the two others
will give ¢ and v when u shall be determined. The equation between u
and t is transcendental, and can only be resolved by approximation.
Happily the circumstances attending the motions of the heavenly bodies
present us with rapid approximations. In fact the orbits of the stars are
either nearly circular or nearly parabolical, and in both cases, we can de-
termine u in terms of t by series very convergent, which we now procecd
to develope. For this purpose we shall give some general Theoremns
upon the reduction of functions into series, which will be found very use-
ful hereafter.

481. Let u be any function whatever of «, which we propose to deve-
lope into a series proceeding by the powers of «. Representing this
series by

n=uta.gF ot ... qn+.oc“+{.q,,+' + &e.

~ 2
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%, 15 Qg &c. being quantities independent of a, it is evident that u is what
u will become when we suppose « = 0; and that whatever n may be

(?;T? =1.2....n.q, +2.8....(n+ 1).a.qu 4, + &c.

n
3 xl:) being taken on the supposition that every thing in

u varies with «. Hence if we suppose after the differentiations, that o = 0,

the difference (

in the expression (g—%l—;) we have
dou 1
W =(g.0) % 2w
This is Maclaurin’s Theorem (see 32) for one variable.
Again, if u be a function of two quantities a, o/, let it be put
u=u+4a.qy+ ¢* qp + &e.
+ . qo +ad. qy + &e.
+ o' Go,2 + &ec.

the general term being

al a”"qn'n;.

Then if generally
drtrq

der.de “')
denotes the (n + n’)" difference of u, the operation being performed (n)
times, on the supposition that « is the only variable, and then n’ times on
that of « being the only variable, we have

d
((-1—2) =qQuo+2a.guo+ 3a’qye + 4a’qo+ 5at g0 + &e.

+ o q1 +2a.0d'qy; +3e*d/qy; +4a% qy + &e.
+ &% qz +2aa2qys +Belfaqs, + &c.
' + o'? qi,3 + 220a'? Qe,3 + &c.
2 + o Q4 + &ec.
o ;
('d—u—g) — 2(11.0 + 3. 2“(]3’0 + 4. 3&2(14,0 + 5 4 & q5,0 + &(‘,,

4+ 2d o1+ 3.2adqgy; + 4.34%dq,, + &c.

+ 24% Qe+ 3.2ad%qys + &e.

o + 24d? gy3+ &c
d’« .

dot d é.)= 2q1 4 3.2« Qs + &e.

+ 2d s+ &c.

and continuing the process it will be found that

( d»+"n

— Q X «
'd;,;:?:;,-;)—zfi....n X28....n X qun+ Q’Xa'}
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so that when «, ¢ both equal 0, we have
d n+4n
dev.d o n)
v 3 Taxas...w - W
And generally, if u be a function of a, &, «”, &c. and in developing it
into a series, if the coefficient of « 8, &, «” ™", &c. be denoted by qus my w e,
we shall have, in making ¢, 4, «”, &c. all equal 0,
dn+n+n"+& y )
dar.dav, d o’ &c.) @)
2.3...nx23....0x23....0" X & """
This is Maclaurin’s Theorem made general.
482. Again let u be any function of t+e«, t'4+é, t” 4+ o”, &c. and
put

qn, w, v, &Co =

u=e(t+at 4 &t + ", &)
then since t and « are similarly involved it is evident that
An+v 4t gy dn+n+otae gy
(d at dd " de” ™ ge. ) (d tod v d e &c.)

and making
o, d, o’y &ec. = 0,
or
u =p(t, t, t’, &c.)
by (2) of the preceding article we have
(dn+n +w, & o (4, ¢, t7, &e. ))
_ der. dt™.d ™ &e
Trwmts = 537 X 2 8. 0w x 230 % &e (1)
which gives Taylor’s Theorem in all its generality (see 32).
Hence when
u=9.(t+4
- d%e(t)
== g3 T n.dte
and we thence get

p(t+ o) =p(t)+ o

2 2
d. Sz’(t)+°‘2 dth‘)+&c......(i)
483. Generally, suppose that u is a function of «, &, «”, &c. and of
t, t, t”, &c. Then, if by the nature of the function or by an equation of
Partial Differences which represents it, we can obtain
d n < n <4 &c. U
(a an, dav. &c.)

in a function of u, and of its Differences taken with regard to t, t, &c.
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calling it F when for u we put « or make a, 4, o”, &c. = 0; it is evident
we have
_ F
omwae = 573 % 9.8...0 X 2.3...17, X &
and therefore the law of the series into which u is developed.
For instance, let u, instead of being given immediately in terms of «,
and t, be a function of x, x itself being deducible from the equation of

Partial Differences 1 4
X X
Ta) = X(a¢

in which X is any function whatever of x. That is
Given

u = function (x)

9= %(z)

to develope u into a series ascendmg by the powers of a.

First,since
)= (3)- (@0 =X (03)- (&
) (dedu) R ()

Hen?e d®uy _ ¢d* /X duy,
—) - (717;71‘? ’

But by equation (k), changing u into /X d u
(d /’Xdu) (d fX’du)

(19 d*/X2du
= (S50,

dt?

Agnin

‘u __(d“fX“du
”)— da.dt® )
But by equation k, and changing u into /' X*d u

dfrxXs=d dfrXad
(fdu u) (f “)
) (d3 fXadu

dt’
Thus proceedmg we easily conclude generally that

d u
d“ drfXnrdu <dn_l xn(d t
) ( dtn ) dtn—1 RN )]
Now, when o = 0, let
x = function of t = T
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and substitute this value of x in X and u; and let these then become X
and u respectively. Then we shall have

dn—l Xndu
= dt
da“) dtr—! ’
and
der=1, X“.du
e -— dt . . . . . . . . . . . (2)
"h = g3 ndtit
which gives
du (X’ d_” Lo 12(X3 du
u=ud+aX. dt+ dt +-2—.— dt’ +&c....(p)

which is Lagrange’s Theorem.
To determine the value of X in terms of t and «, we must iutegrate

‘l_’_‘)= x.(d_’f

In order to accomplish this object, we have

d;\_(dx)dt+( )da,

d d
) for X.(53

and substituting

we shall have
dx
d x ='(a-—-t){dt+Xda}

= %—i—({d(t + o X)—a g—x)f)d x};

d
_ T7)-d- (£ + “X)

which by integration, gives
x=p¢(t+eaX) . . . . . ... (2

¢ denoting an arbitrary function.

Hence whenever we have an equation reducible to this form x =

¢ (t 4+ o X), the value of u will be given by the formula (p), in a scries of
the powers of «.

By an extension of the process, the Theorem may be generalized to the
case, when

u = function (x, x/, X", &c.).
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and
X =9 (t+ aX)
X =¢ '+« X)
X’ = ¢ (¢ + o” X")
&e. = &c.
484. Given (287)
u=nt4 esin.u
required to develope u or any function of it uccording to the powers of e.
Comparing the above form with
x=¢(t 4 ¢ X)
X, t, @, X become respectively
u, n t, e, sin. u.
Hence the formula (p) 483. gives
e? d{y/ (nt)sin.®n}

V() =v@t)+ed (nt)sinnt 4 .
3 dg t .3
o3 Wgz;:':* e @
Y/ (nt) being—-_ ;j’(ﬁ t)

To farther develope this formula we have generally (see Woodhouse’s

Trig.) )
- _ chtV=1__c—nty =1 i. ; —' cnt~/—1+c—-nt~/—l f
sind(nt) = 5 —1 ) 3 COSs. (nt)_..( 5 ),
¢ being the hyperbolic base, and i any number whatever. Developing the
second members of these equations, and then substituting
cos.rnt 4 ¥ —1sin.rnt,and cos. rnt— + —1sin.rnt

for cr2t~=1 and c—*" v —L r being any number whatever, we shall
have the powers i of sin. n t, and of cos.n t expressed in sines and cosines
of n t and its multiples ; hence we ﬁnd

P = sin. nt+—sm nt+2ssm nt 4 &ec.

= sin. nt——--e——2 fcos. 2nt— 1}

‘"2.3.22‘
3

. — {COS 4nt—4cos.2nt 4+ < 1 ‘;——3-}

[

S

fsin. 8 nt— 3 sin. n t}

e* j
+ - nt—-—5sm.3nt+1 2sm.nt
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e’ . 6.5 1 6.5.4
—534.56.3% { cos.6nt: 6c0a.4nt+—l—'é coswnt-——é 123
— &ec.

Now multiply this function by 4’ (n t), and differentiate each of its
terms relatively to t a number of times indicated by the power of e which
multiplies it, d t being supposed constant; and divide these differentials
by the corresponding power of n d t. Then if P’ be the sum of the
quotients, the formula (q) will become

Y@=+ (nt)+eP.
By this method it is easy to obtain the values of the angle u, and of
the sine and cosine of its multiples. Supposing for example, that
Ju=siniu
we have
J(nt)y =icos.int.

Multiply therefore the preceding value of P, by i. cos. i n t, and deve-
lope the product into sines and cosines of n t and its multiples. The
terms multiplied by the even powers of e, are sines, and those multiplied
by the odd powers of e, are cosines. We change therefore any term of
the form, K e?rsin. sn t, into + K e** s sin. s n t, 4+ or — obtaining
according as r is even or odd. In like manner, we change any term
of the form, K e?r + ! cos. snt, into F K e?r+Ls* +L sin. snt, — or
+ obtaining according as r is even or odd. The sum of all these terms
will be P’ and we shall have

sin.iu = sin.int 4+ e P’

But if we suppose

Y (u) = u;
Y(nt) =1

and we find by the same process
2

u=nt+esin.nt+2e——§.2sin.2nt

then

3
+ :2-—36':—?,'.{3’sin.3nt—3sin.nt}
s
t3348e
el o 5.4 . }
+ 2_3_4.5_24’{5 sin. 5nt—5.8 Sm.3nt+—l.—-25m,nt

+ &c.

44°sin.4nt—4.2%sin. 2n ()
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a formula whick expresses the Excentric Anomaly in terms of the Mean
Anomaly.

This series is very convergent for the Planets. Having thus determin-
cd u for any instant, we could thence obtain by means of (287), the cor-
responding values of ¢ and v. But these may be found directly as fol-
lows, also in convergent series.

485. Required to express g in terms of the Mean Anomaly.

By (237) we have

e = a(l —ecos. u).
Therefore if in formula (q) we put
J(u) =1 —ecos.u
we have
YV (nt) = esin. nt,
and consequently
03 d.sin.’nt

o dt + &ec.

l1—ecos.u=1-—ecos.nt 4 e?sin.? nt+

Hence, by the above process, we shall find

2 2
7§=l+9§-—ecos.nt—%cos.2nt

3
—532—2.{3 cos. 3 nt— 3 cos. nt}

4
——é—;——z—-s.u’ cos. 4nt— 4. 2% cos. 2 n t}

B 3 .
m {5 cos. 5 n t—>5. 37 cos. 3nt+l cosnt}

4 S 4 . 3

234525{6 cos.6 nt—6. 4* cos 41nt+T—- 2% cos 2nt}
— &e.

486. 10 express the True Anomaly in terms of the Mean.

First we have (237)

.V - .ou
sin. —2— 1 + e sin 2
v SNT—e ~"u
Cos. -é— COs, ~2
- substituting the imaginary expressions
cV\/'—l___l l+e c“&’-—l..__l.
ov=TF1-Ni1"e X cav=TF 1’

and making

e
AETFEV (I—¢)
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we shall have
l—Ac—av=—1

cvV/=1= cun/ =1y I —acuv=i'}

and therefore

v = u+log.(l_>»..c--“l v=1)_log.(1—x cuv—1)
whence expanding the logarithms into serics (see p. 28), and putting
sines and cosines for their imaginary values, we have

228 .,
2u+——§—sm.3u+&c.

But by the foregoing process we have u, sin. u, sin. 2 u, &c. in series
ordered by the powers of e, and developed into sines and cosines of n't
and its multiples. There is nothing else then to be done, in order to
express v in a similar series, but to expand A into a like series.

The equation, (puttingu = 1 4+ ¥ 1 —e?)

e2

unw= 2 —-=
u

will give by the formula (p) of No. (483)
1 1 ie* ,i(i4+8) e* ,i(i+8)(i+5) ef
wmat ety e 2.8 gt
and since

u=14+1—¢*

v= {1+ 16) 5 (5) e}

These operations being performed we shall find

we have

v_nt+{2e———-e +—e5}sm.nt

5 en 11 ot 4 1 e}
+{4e + 2e sin.2nt
+{}~g ’—-——e}sm.Snt

108 , 451 ) ..
+ 56 © —-ste sin, 4 nt
+—1%)ge sin. 5nt

19262(;)’ efsin.6 nt,

the approximation being camed on to quantities of the order e® in-
clusively.
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487. The angles v and n t are here reckoned from the Perihelion ; but
if we wish to compute from the Aphelion, we have only to make e nega~
tive. It would, therefore, be sufficient to augment the angle n t by ,in
order to render negative the sines and cosines of the odd multiples of n t;
then to make the results of these two methods identical ; we have only in
the expressions for ¢ and v, to multiply the sines and cosines of odd
multiples of n t by odd powers of e; and the even multiples by the even
powers. This is confirmed, in fact, by the process, a posteriori.

488. Suppose that instead of reckoning v from the perihelion, we fix
its origin at any point whatever ; then it is evident that this angle will be
augmented by a constant, which we shall call =, and which will express
the Longitude of the Perihelion. If instead of fixing the origin of t at
the instant of the passage over the perihelion, we make it begin at any
point, the angle n t will be augmented by a constant which we will call

e — =; and then the foregoing expressions for 'f{ and v, will become

3
B 14 oo (e €)oo (nts—e)—( 3 &3 Hcos2nt-he—e)t &o.

11
2%
where v is the true longitude of the planet and n t + ¢ its mean longi-
tude, these being measured on the plane of the orbit.

Let, however, the motion of the planet be referred to a fixed plane a
little inclined to that of the orbit, and ¢ be the mutual inclination of the
two planes, and ¢ the longitude of the Ascending Node of the orbit, mea-
sured upon the fixed plane; also let 8 be this longitude measured upon
the plane of the orbit, so that ¢ is the projection of 8, and lastly let v, be
the projection of v upon the fixed plane. Then we shall have

v=nt4e4 (2e—%e3)sin. (nt Jre—w)4( % ef— )sin. 2 (n t 4 e—w) + &c.

vV, — b v—28,
making the two sides of a right angled spherical triangle, v — f being
opposite the right angle, and ¢ the angle included between them, and
therefore by Napier’s Rules
tan. (v, — 6) = cos.ptan. (v—B) . . . . . . (1)

This equation gives v, in terms of v and reciprocally; but we can ex-
press cither of them in terms of the other by a series very convergent
after this manner.

By what has preceded, we have the series

1 1 . At A,
§v_—2—u+?~sm.u + §s1n.2u +-§sm.3u+&c.
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from
A/l
tan, _ v = : . tan, — u,
by making
1+e
2 = l1—e
T 1l e *
l—-e+ 1
If we cha.nge 1 v into v, — ¢, and e into v — B, and Is/: :l-_zimo

cos. ¢, we have
= % p_l-_—tan 2 2

— COS. P + l . . . . . . (l)

The equation between —12- v and § u will change into the equation be-

tween v, — 0 and v — B, and the above series will give
1 . 1 1 .
V—lz=v—f— tan’§ P.5in. 2 (v —B) + 3 tan, * 5 @.sin. 4 (v—fB)
_.-:itan.ségvsin.(i(v——ﬂ) N T
If in the equation between Y and 121 , we change —% v into v— B and

2

‘1 4+ e. 1
\/ T into cos 9’ we shall have

; u into v, — 4, and

x:tan.“}-la-sv, P )]

and

vV — B = v—{+4tan.* ~12~ . sin. 2 (v, — ¢)

1 1.
+ 5 tan, * 5 9. sin. 4 (v, — )

+ -;- tan."-; gsin.6(v,—o0) . . . . . (4
Thus we see that the two preceding series reciprocally interchange,

Ly changing the sign of tan.*} ¢, and by changing v, — 4, v — 8 the one

for the other. 'We shall have v, — 4 in terms of the sine and cosine of

n t and its multiples, by observing that we have, by what precedes

v=ntt+:c:teQ,
Q being a function of the sine of the angle n t 4 ¢ — =, and its multi-
ples; and that the formula (i) of number (482) gives, whatever is i,

sini(v—g) = sini(nt+e—B+eQ)
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2 e 4ot 4
_{1_1 e?Q +’] ;3Q4_..&c.}sin.i(nt+e——ﬁ)

+{i0Q—*L—£.—§~+234Q &c}cos.i(nt+s—[3).

Lastly, s being the tangent of the latitude of the planet above the fixed
plane, we have .

s = tan. ¢ sin, (v, — 0);
and if we call ¢, the radius-vector projected upon the fixed plane, we
shall have

- 3
p=e sy t=e{iger e 3o —nel,
we shall therefore be able to determine v, s and ¢, in converging series

of the sines and cosines of the angle n t and of its multiples.

489. Let us now consider very excentric orbits or such as are those of
the Comets.

For this purpose resume the equations of No. (237), scil.

a(l—e?®)

¢= 14 ecos. v

nt=u—esinu
tan, } v = i+ e.tan.gu

In this case e differs very little from unity; we shall therefore suppose
l—e=ua
o being very small compared with unity.
Calling D the perihelion distance of the Comet, we shall have
D=u(l—e)=uaa;
and the expression for ¢ will become
(2—a)D D

g:: =

1 1 { @ ) }’
2cos.’-2v—-acos.v cos.”é—v 1+ tan. 5V

Q—ua

which gives, by reduction into a series

P =" D {l—- tan. v+(2i“
cos. * 2

To get the relation of v to the time t, we shall observe that the expres-
sion of the arc in terms of the tangent gives

2 tan, ¢ % v—&c.}

= 1 { omelug Venely— }
u_.2tan.§u ]——atan. §u+5tan. g U &e.
But

tan, = “_,\/’—L'_ tan.—— u;
2—a
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we thereforc have

u =2\/ P tau. { 1— % (éé'.;) tan.’%v+ % (———2_“_;) 2tan.‘—%v-—&c.}
Next we have

2tan.%u 1 u u
sinu = ——=—— = 2 tan, — u{l —tan.? — 4 tan.* —~—&c.}
1 . 2 2 2
4 tan, ~2—u

‘Whence we get
esin.u = 2 (1 ——a)J~————- tan.

+(2_“) .tan.‘—;-v——&c.}'

Substituting these values of u, and e sin. u in the equationn t = u —
e sin, u, we shall have the time t in a function of the anomaly v, by a series
very convergent; but before we make this substitution, we shall observe
that (287)

o

2

_— n. 2

n=a_%.Vm,

and since
D =aa,
we have
1_ _pi
Tl B
a2 4/ m

Hence we find

3
_ 2D¢? § 1 4—a 1
t= v o=, tan. = {l + : tan.’gv — = 2tan.‘§ v+&c.} .

If the orbit is parabohc
=0
and consequently

fvz{ 1 }
—tan 2\’

which expression may also be got at once from (237).

The time t, the distance D and sum m of the masses of the sun and
comet, are heterogeneous quantities, to compare which, we must divide
each by the units of their species. We shall suppose therefore that the
mean distance of the sun from the Earth is the unit of distance, so that D

is expressed in parts of that distance. 'We may next observe that if T
Vor. I D
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represent the time of a sidereal revolution of the Earth, setting off from
the perihelion; we shall have in the equation

. nt=u—esin u

u = 0 at the beginning of the revolution, and u = 2  at the end of it.

*  Hence
nT=2a
But we have
n=a" ¥ vm= v m,
SV m = -271—?

The value of m is not exactly the same for the Earth as for the Comet,
for in the first case it expresses the sum of the masses of the sun and
carth; whereas in the second it implies the sum of the masses of the sun
and comet : but the masses of the Earth and Comet being much smaller
than that of the sun, we may neglect them, and suppose that m is the
same for all Planets and all Comets and that it expresses the mass of the

sun merely. Substituting therefore for 4/ m its value ?,-1:- in the preced-

ing expression for t; we shall have
t=—?;—%7'—-;—l-‘{tan.%v+ %tan.”:;v .

This equation contains none but quantities comparable with each other;
it will give t very readily when v is known ; but to obtain v by means of
t, we must resolve a Cubic Equation, which contains only one real root.
‘We may dispense with this resolution, by making a table of the values of
v corresponding to those of t, in a parabola of which the perihelion dis-

tance is unity, or equal to the mean distance of the earth from the sun.
This table will give the time corresponding to the anomaly v, in any par-

abola of which D is the perihelion distance, by multiplying by D %, the
time which corresponds to the same anomaly in the Table. We also get
the anomaly v corresponding to the time t, by dividing t by Dg, and
seeking in the table, the anomaly which corresponds to the quotient
arising from this division.

490. Let us now investigate the anomaly, corresponding to the time t,
in an ellipse of great excentricity.

If we neglect quantities of the order % and put 1 — e for «, the dbove
expression of t in terms of v in an ellipse, will give
_D§V2 tan. } v + }tan.? } v }
T/ m \+(1—etan?pvil—jtan?}v —}jtan*ivif”’
Then, find by the table of the motions of the comets, the anomaly cor-

t
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responding to the time t, in a parabola of which D is the perihelion dis-
tance. Let U be this anomaly and U + x the true anomaly in an ellipse
corresponding to the same time, x being a very small angle. Then if we
substitute in the above equation U 4 x for v, and then transform the
second member into a series of powers of x, we shall have, neglecting the

square of x, and the product of x by 1 —'e,

x
1 1 31 DU
tan. ; U 4 1 tan. fU+2COS.4%U

L LDive
D22,

+ ,l_;__‘_:’ tan. § U §{1 —tan.2 } U — % tan.* } U}

But by supposition

]
t = 1—)7-%2 ftan. 3 U + } tan.’ } Ul

Therefore, substituting for x its sine and substituting for sin.* 1 U its
value (1 — cos.? } U) % &e.
sin x = {5 (1 —e)tan. } U §4 — 38 cos.* L U —6cos.*} Up.
Hence, in forming a table of logarithms of the quantity
ptan. L U §4 — 8 cos.? 4 U — 6 cos. * } U
it will be sufficient to add the logarithm of 1 — e, in order to have that of
sin. x ; consequently we have the correction of the anomaly U, estimated
from the parabola, to obtain the corresponding anomaly in a very excen-
tric ellipse.
491. To find the masses of such planets as have satellites.
The equation .
2xak
T=w
gives a very simple method of comparing the mass of a planet, having sa-
tellites, with that of the sun. In fact, M representing the mass of the sun,
if w the mass of the planet be negl:cted, we have
T = M
If we next consider a satellite of any planet «/, and call its mass p, and
mean distance from the center of 4/, h, and T its periodic time, we shall
have

5

2ah?d

T = Vit

W 4p_h_ T
S5 = X e

This equation gives the ratio of the sum of the masses of the planet '

and its satellite to that of the sun. Neglecting therefore the mass of the
D2
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satellite, as small compared with that of the planet, or supposing their ra-
tio known, we have the ratio of the mass of the planet to that of the sun.

492, To determine the Elements of Elliptical Motion.

After having exposed the General Theory of Elliptical Motion and
Method of Calculating by converging series, in the two cases of nature,
that of orbits almost circular, and the case of orbits greatly excentric, it
remains to determine the Elements of those orbits. In fact if we call V
the velocity of w in its relative motion about M, we have
dx*+ dy* 4 dz*

dt®
and the last of the equations (P) of No. 478, gives
V?=m {?- 1
e a

To make m disappear from this expression, we shall designate by U
the velocity which « would have, if it described about M, a circle whose
radius is equal to the unity of distance. In this hypothesis, we have

e=a=1I,

V2=

and consequently
U?=m.
Ience
V= U { 2_1
4

a

This equation will give the semi-axis major a of the orbit, by means of
the primitive velocity of « and of its primitive distance from M. But a is
positive in the ellipse, and infinite in the parabola, and negative in the
hyperbola. Thus tke orbit described by w is an ellipse, a parabola, or hy-

perbola, according as V is < = or > than U ~/ ? . It is remarkable

that the direction of primitive motion has no influence upon the species of
conic section.

To find the excentricity of the orbit, we shall observe that if s repre-
sents the angle made by the direction of the relative motion of u with the
radius-vector, we have

dg*

Iec= V?2cos.?s

Substituting for V2 its value m {-“-:; — -;—} » we have

g—{: =m (—?—-—- —:;—) cos. % e;
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But by 480

coa(l—e)? =ggsin.zs(§—-—- %),

whence we know the excentricity a e of the orbit.
To find v or the true anomaly, we have
_ a(l—e?
$= T ¥ ecos v
a(l—e’)—¢
ee

"This gives the position of the Perihelion. Equations (f) of No. 480 will
then give u and by its means the instant of the Planet’s passing its peri-
helion.

To get the position of the orbit, referred to a fixed plane passing
through the center of M, supposed immoveable, let ¢ be the inclination of
the orbit to this plane, and B the angle which the radius ¢ makes with the
Line of the Nodes. Let, Moreover, z be the primitive clevation of «
above the fixed plane, supposed known. 'Then we

e COS, V =

shall have, C A D being the fixed plane, A D the B

line of the nodes, A B = ¢, &c. &ec. e .
z=DB D.sin. ¢ = ¢sin. B sin. p; A A c

so that the inclination of the orbit will be known

when we shall have determined 8. For this pur- D

pose, let A be the known angle which the primitive
direction of the relative motion of « makes with the fixed plane; then if
we consider the triangle formed by this direction produced to meet the
line of the nodes, by this last line and by the radius ¢, calling 1 the side
of the triangle opposite to 8, we have
‘ | = . esinB
T osin (B 4 ¢)
Next we have

sin. A

=
J

consequently
Z sin. s
g sin. A — z cos. ¢°
The elements of the Planetary Orbit being determined by these formu-
las, in terms of ¢ and z, of the velocity of the planet, and of the direction

of its motion, we can find the variation of these elements corresponding
D3

tan, 8 =
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to the supposed variations in the velocity and its direction; and it will be
easy, by methods about to be explained, from hence to obtain the differ-
ential variations of the Elements, due to the action of perturbing forces.
Taking the equation
ve=vue{2 11
[4 a
In the circle a = ¢ and .-. -

/1
V=U,/~
N
go that the velocities of the planets in different circles are reciprocally as

the squares of their radii (see Prop. IV of Princip.)
In the parabola, a = o,
AEL NS
the velocities in the different points of the orbit, are therefore in this case
reciprocally as the squares of the radius-vectors; and the velocity at cach
point, is to that which the body would have if it described a circle whose
radius = the radius-vector ¢, as ¥ 2 : 1 (see 160)

An ellipse indefinitely diminished in breadth becomes a straight line,
and in this case V expresses the velocity of #, supposing it to descend in
a straight line towards M. Let w fall from rest, and its primitive dis-
tance be ¢; also let its velocity at the distance ¢ be V’; the above expres-
sion will give

whence

Many other results, which have already been dctermined after another
manner, may likewise be obtained from the above formula.

493. The equation

dx®4 dy® + dz* 2 1
0= +di’*+ -—————m(-g——;»)

is remarkable from its giving the velocity independently of the excentricity.
It is also shown from a more general equation which subsists between the
axis-major of the orbit, the chord of the elliptic arc, the sum of the ex-
treme radius-vectors, and the time of describing this arc.

To obtain this equation, we have
20 —ef)
14 ecos. v

g =
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¢ = a(l — ecos. u)

3 .
t=a¥ (u— esin a);
in which suppose g, v, u, and t to correspond to the first extremity of the
elliptic arc, and that ¢/, v/, v/, t belong to the other extremity ; so that we
also have
, _ a(l—e?
$ =1 + e cos. v/
¢ = a(l —ecos. v)
¢ =a? (v — e sin. '),
Let now

u —u
t—-t’:T;———~—-2 = B;

[
;- =8¢+ ¢=R;
then, if we take the expression of t from that of t/, and observe that

sin. W — sin, u = 2 sin. B cos. #’
we shall have

T = 2a% {8 — e sin. 8 cos. 81.
If we add them together taking notice that
cos. W 4 cos. u = 2 cos. 3. cos. &
we shall get
R = 2a (1 — e cos. B cos. ).
Again, if ¢ be the chord of the elliptic arc, we have
c?= ¢4 2 —2p¢ cos. (v—V)
but the two equations
a(l—e?) |

=m,g=a(l——ecos.u)

give these
cos. u — e . av 1 —eZsinu
COS. V ='a = -—— 38V = ——— "
(4 4
and in like manner we have )
, cos. ' —e¢ . ., _av1l—e*sinu,
cos. vV = a. G 3 sin, v/ = 7 -3

whence, we get
¢ ¢ cos. (v—v') = a*(e — cos. u) (e — cos. u’) +a* (1 —e?*sin. usin.u ;
and consequently
c?=2a?(l—e?) {1 —sin. u sin. w’ — cos. u cos. u'}
+ 2%e?(cos. u — cos. w')*;
D4



56 A COMMENTARY ON [Secr. X1
But

sin, u sin. W 4 cos. u cos. u’ = 2 cos.2f — 1
€os. u — cos. W = 2 sin. Bsin. B
~c?=4a’sin?B (1 —e?cos.® @)
We therefore have these three equations, scil.
R = 2a {1 —ecos. Bcos. §};
T 2a% {8 — e sin. B cos. B},
c* = 4a%sin.?B (1 —et cos.?p).
The first of them gives

2a—R
V —
e cos. 3 = 9acos B

and substituting this value of e cos. 8 in the two others, we shall have

T = 2a%{ﬂ+ R igtan.ﬁ};

- 2
c?= 4,a’tan.26{cos.26-— g—%—é—ﬁ) } .

These two equations do not involve the excentricity e, and if in the
first we substitute for @ its value given by the second, we shall get 7"in a
function c, R, and a. Thus we see that the time 7" depends only on the
semi-axis major, the chord ¢ and the sum R of the extreme radius-
vectors.

If we make

2a— R 4 ¢ 2a—R—c¢
z=--—-—-—-—---~—:':---;z’=——~——————2a ;

2a
the last of the preceding equations will give

cos. 2B =z72 + ¥ (1 —2%.(1 —27%;

whence
28 =cos.='7 —cos."'z
(for cos. (A — B) = cos. A cos. B + sin. A sin. B).

Consequently
_ sin. (cos.—! z/)—sin. (cos.=~!z)
tan, 8 = e 7 ;
we have also
2a—R
. A
Z 4+ 2 = a

Hence the expression of 7" will become, observing that if T is the du-
ration of the sidereal revolution, whose mean distance from the sun is
taken for unity, we have
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T=2a,
T="2 T {cos.= 2’ — cos. z —sin. (cos.™ 2') +sin.(cos~' z) ... (a)
o cee
Since the same cosines may belong to many arcs, this expression is
ambiguous, and we must take care to distinguish the arcs which corre-
spond to z, 2. :
In the parabola, the semi-axis major is infinite, and we have

cos, =! z/ — sin. (cos. —! Z) = ]E(-I—L:-——c-) 3

And making ¢ negative we shall have the value of
cos. !z — sin. (cos. ~! z);
hence the formula (a) will give the time 7" employed to describe the arc
subtending the chord c, scil.

T=afe+¢+0 Fe+e—o

the sign — being taken, when the two extremitics of the parabolic arc are
situated on the same side of the axis of the parabola.
Now T being = 365.25638 days, we have

T
oo = 9688754 dags.

The formula (a) gives the time of a body’s descent in a straight line to-
wards the focus, beginning from a given distance; for this, it is suffi-
cient to suppose the axis-minor of the ellipse indefinitely diminished. It
we suppose, for example, that the body falls from rest at the distance 2 a
from the focus and that it is required to find the time (7) of falling to
the distance ¢, we shall have

R=2a+4¢ ¢=2a—c

whence
7 =—1 z2=2"2
and the formula gives
it 2
,_a _;C—a ac—-c}
T'= 2 {or-—cos. a_ T at? )

There is, however, an essential difference between elliptical motion to-
wards the focus, and the motion in an ellipse whose breadth is indefinite-
ly small. In the first case, the body having arrived at the focus, passes
beyond it, and again returns to the same distance at which it departed ;
but in the second case, the body having arrived at the focus immediately
returns to the point of departure. A tangential velocity at the aphelion,
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however small, suffices to produce this difference which has no influence
upon the time of the body’s descent to the center, nor upon the ve-
locity resolved parallel to the axis-major. Hence the principles of the
7th Section of Newton give accurately the Times and Velocities, although
they do not explain all the circumstances of motion. For it is clear that
if there be absolutely no tangential velocity, the bedy having reached the
center of force, will proceed beyond it to the same distance from which it
commenced its motion, and then return to the center, pass through it,
and proceed to its first point of departure, the whole being performed in
just double the time as would be required to return by moving in the in-
definitely small ellipse.

494. Observations not conducting us to the circumstances of the pri-
mitive motion of the heavenly bodies; by the formulas of No. 492 we
canuot determine the elements of their orbits. It is necessary for this
end to compare together their respective positions observed at different
epochs, which is the more difficult from not observing them from the
center of their motions. Relatively to the planets, we can obtain, by
means of their oppositions and conjunctions, their Heliocentric Longitude.
This consideration, together with that of the smallness of the excentricity
and inclination of their orbits to the ecliptic, affords a very simple method
of determining their clements. But in the present state of astronomy,
the elements of these orbits need but very slight corrections; and as the
variations of the distances of the planets from the carth are never so great
as to elude observation, we can rectify, by a great number of observations,
the elements of their orbits, and even the errors of which the observa-
tions themselves are susceptible. But with regard to the Comets, this is
not feasible; we see them only near their perihelion: if the observations
we make on their appearance prove insufficient for the determination of
their elements, we have then no means of pursuing them, even by thought,
through the immensity of space, and when after the lapse of ages, they
again approach the sun, it is impossible for us to recognise them. It be-
comes therefore important to find a method of determining, by observa.
tions alone during the appearance of one Comet, the elements of its orbit.
But this problem considered rigorously surpasses the powers of analysis,
and we are obliged to have recourse to approximations, in order to obtain
the first values of the elements, these being afterwards to be corrected to
any degree of accuracy which the observations permit.

If we use observations made at remote intervals, the eliminations will
lead to impracticable calculations; we must therefore be content to con-
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sider only near observations ; and with this restriction, the problem is abun-
dantly difficult.

It appears, that instead of directly making use of observations, i is
better to get from them the data which conduct to exact and simple re-
sults. Those in the present instance, which best fulfil that condition, are
the geocentric longitude and latitude of the Comet at a given instant, and
their first and second differences divided by the corresponding powers of
the element of time; for by means of these data, we can determine rigo-
rously and with ease, the elements, without having recourse to a single
integration, and by the sole consideration of the differential equations of
the orbit. This way of vicwing the-problem, permits us moreover, to
employ a great number of near observations, and to comprise also a con-
siderable interval between the extreme observations, which will be found
of great use in diminishing the influence of such errors, as are due to ob-
servations from the nebulosity by which Comets are enveloped. Let us
first present the formulas necessary to obtain the first differences, of the
longitude and latitude of any number of near observations ; and then de-
termine the elements of the orbit of a Comet by means of these differences;
and lastly expose the method which appears the simplest, of correcting
these elements by three observations made at remote intervals.

495, At a given epoch, let @ be the geocentric longitude of a Comet,
and 4 its north geocentric latitude, the south latitudes being supposed ne-
gative. If we denote by s, the number of days elapsed from this epoch,
the longitude and latitude of the Comet, after that interval, will, by using
Taylor’s Theorem (481), be expressed by these two series

@+ s. da) + 1 9(ds ) + e
ot 5. (§D) + o(Rh + s

We must determine the values of

o (30, (359, g, 4 (5D, &

by means of several observed geocentric longitudes and latitudes. To do
this most simply, consider the infinite series which expresses the geocen-
tric longitude. The coefficients of the powers of s, in this series, ought to
be determined by the condition, that by it is represented each observed
longitude ; we shall thus have as many equations as observations; and if
their number is n, we shall be able to find from them, in series, the n
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quantities «, (g—%:), &c. But it ought to be observed that s being sup-

posed very small, we may neglect all terms multiplied by s?, s* +1, &ec.
which will reduce the infinite series to its n first terms; which by n ob-
servations we shall be able to determine. These are only approximations,
and their accuracy will depend upon the smallness of the terms which are
omitted. They will be more exact in proportion as s is more diminutive,
and as we employ a greater number of observations, The theory of inter-
polations is used therefore T find a rational and integer function of s such,
that in substituting therein for s the number of days whick correspond to each
observation, it shall become the observed longitude.

Let B, 8, B”, &c. be the observed longitudes of the comet, and by
i, i’y i, &ec. the corresponding numbers of days from the given epoch, the
numbers of the days prior to the given epoch being supposed negative.
If we make

g —8 8’ —ﬁ” " — B
1___i ""63’ 1// 6'8’ Y i _.33”
8B — 38 L — ¢
—’f‘:ré—azﬁ’”%f“‘ﬁaz‘“ &e
LY ¢
SLE\ SRR
& ;

the required functions will be
B 4 (s—i) .88 4 (s—i) (s — 1) 826 (s —i) (s —1) (s— ") 87, &e.
for it is easy to perceive that if we make successively s=i, s=i, s=i", &c.
it will change itself into 8, &, p”, &c.

Again, if we compare the preceding function with this

e @ () s

we shall have by equating coefficients of homogeneous terms.
a=Rf—i8B+4i.1n 828 —i.V.1"8°B+&c.

Q) =38 (147) 3% B+ (¥ 4147 1) 5° 6 — e,

2(3— =828 — (i+i'+i”) 0° B+ &e.

The higher differences of « will be useless. The cocfficients of these
expressions are alternately positive and negative; the coefficient of 37 8
is, disregarding the sign, the product of r and r together of r quantities
iy i, ....i@=Din the value of «; it is the sum of the products of the
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same quantities, r — 1 together in the value of (g_g‘s_‘); lastly it is the sum

of the products of these quantities v — 2, together in the value of
1 /d%a
7 (G59)-

If 7, o’y 7", &c. be the observed geocentric latitudes, we shall have the

2
values of ¢, g—-—z) R (g—;—g) » &c. by changing in the preceding expressions

| 1 : . .
for o Elg)’ ( d -S-O;), &c. the quantities 8, @, B” into v, 7', 9.

These expressions arc the more exact, the greater the number of ob-
servations and the smaller the intervals betwcen them. We might,
therefore, employ all the near observations made at a given epoch, pro-
vided they were accurate; but the errors of which they are always sus-
ceptible will conduct to imperfect results. So that, in order to lessen the
influence of these errors, we must augment the interval between the ex-
treme observations, employing in the investigation a greater number of
them. In this way with five observations we may include an interval of
thirty-five or forty degrees, which would give us very near approximations
to the geocentric longitude and latitude, and to their first and second
differences.

If the epoch selected were such, that therc were an equal number of
observations before and after it, so that each successive longitude may
have a corresponding one which succeeds the epoch. This condition will

2
give values still more correct of «, (g—:) and (:} go;) , and it easily appears

that new observations taken at equal distances from either side of the epoch,
would only add to these values, quantities which, with regard to their last

2
terms, would be as s* %—«to;) to «. This symmetrical arrangement takes

place, when all the observations being equidistant, we fix the epoch at
the middle of the interval which they comprise. It is therefore advanta-
geous to employ observations of this kind.

In general, it will be advantageous to fix the epoch near the middle of
this interval; because the number of days included between the extreme
observations being less considerable, the approximations will be more con-
vergent. We can simplify the calculus still more by fixing the epoch at
the instant of one of the observations; which gives immediately the values
of @, and 4.
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When we shall have determined as above the values of

d RE d de
dg)’ (d"s—t)’ (a":)’ a"d( )

we shall then obtain as follows the first and second differences of «, and «
divided by the corresponding powers of the elements of time. If we neg-
lect the masses of the planets and comets, that of the sun being the unit
of mass ; if, moreover, we take the distance of the sun from the earth for
the unit of distance; the mean motion of the earth round the sun will
be the measure of the time t. Let therefore A be the number of se-
conds which the earth describes in a day, by reason of its mean sidereal
motion ; the time t corresponding to the number of days will be A s; we
shall, therefore, have

gl 1
(( D= A (:lg)
1 ,d?
to;)=i§ d”:;)

Observations give by the Logarithmic Tables,

log. » = 4.0394622
and also

log A= ](r"' A+ 1()0' R,

R being the radius of the circle reduced to seconds ; whence
log. =2, 2750444 ;

2
.. if we reduce to scconds, the values of (g—%), and of (%Z), we shall

. 1 . qd?® . .
have the logarithms of (:1 :) , and of (a—t‘;) by taking from the logarithms
of these' values the logarithms of 4. 039422, and 2.2750444. In like

2
manner we get the logarithms of (3—%), (("di'{g)’ after subtracting the

same logarithms, from the logarithms of their values reduced to seconds.
On the accuracy of the values of

(@D G o G ma ()

depends that of the following results; and since their formation is very
simple, we must select and multiply observations so as to obtain them with
the greatest exactness possible. We shall determine presently, by means
of these values, the elements of the orbit of a Comet, and to generalize
these results, we shall
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496. Investigate the motion of a system of bodies sollicited by any forces
whatever.

" Let x, y, z be the rectangular coordinates of the first body; x/, y/, 2/
those of the second body, and so on. Also let the first body be sollicited
parallel to the axes of x, y, z by the forces X, Y, Z, which we shall sup-
pose tend to diminish these variables. In like manner suppose the second
body sollicited parallel to the same axes by the forces' X', Y/, Z/, and so
on.  The motions of all the bodies will be given by differential equations
of the second order

2
o=+ X 0=0Y 1 v, 0=0" 1z
o_%—’i + X' 0"(1“2 +Y; o-‘}ltz, + 7.
&e. = &e.

If the number of the bodies is n, that of the equations will be 8 n; and
their finite integrals will contain 6 n arbitrary constants, which will be the
elements of the orbits of the different bodies.

To determine these elements by observations, we shall transform the
coordinates of each body into others whose origin is at the place of the
observer. Supposing, therefore, a plane to pass through the eye of the
observer, and of which the situation is always parallel to itself, whilst the
observer moves along a given curve, call r, v’ v, &c. the distances of
the observer from the different bodies, projected upon the plane ;
a, oy oy &c. the apparent longitudes of the bodies, referred to the same
plane, and ¢, ¢, ¢, &c. their apparent latitudes. The variables x, y, z
will be given in terms of r, @, ¢, and of the coordinates of the observer.
In like manner, x/, y’, 2’ will be given in functions of r’, &/, ¢, and of the
coordinates of the observer, and so on. Moreover, if we suppose that the
forces X, Y, Z; X', Y/, Z/, &c. are due to the reciprocal action of the
bodies of the system, and independent of attractions ; they will be given in
functions of r, 1/, 17, &c.; a, @, &”, &c.; 6, ¢, 0", &c. and of known quan-
tities. The preceding differential equations will thus involve these new
variables and their first and second differences. But observations make
known, for a given instant, the values of

o (39, G0 @), &l o (3, e

There will hence of the unknown quantities only remain r, v/, 1, &c.
and their first and second differences. These unknowns are in number
3 n, and since we have 3 n differential equations, we can determine them.
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At the same time we shall have the advantage of presenting the first and
second differences of r, 1/, 1/, &c. under a linear form.

The quantities o, 4, r, @, ¢, ', &c. and their first differences divided by
d t, being known; we shall have, for any given instant, the values of
X, ¥ 2, X'y ¥, 2’y &c. and of their first differences divided by d t. If we
substitute these values in the 8 n finite integrals of the preceding equa-
tions, and in the first differences of these integrals; we shall have 6 n
equations, by means of which we shall be able to determine the 6 n arbi-
trary constants of the integrals, or the elements of the orbits of the dif-
ferent bodies.

497. To apply this method to the motion of the Comets,

‘We first observe that the principal force which actuates them is the
attraction of the sun; compared with which all other forces may be ne-
glected. If, however, the Comet should approach one of the greater
planets so as to experience a sensible perturbation, the preceding method
will still make known its velocity and distance from the earth; but this
case happening but very seldom, in the following researches, we shall ab-
stain from noticing any other than the action of the sun.

If the sun’s mass be the unit, and its mean distance from the earth the
unit of distance; if, moreover, we fix the origin of the coordinates
X, ¥ z of a Comet, whose radius-vector is ¢; the equations (0) of No. 475
will become, neglecting the mass of the Comet,

d2x x
Ozw +‘g-§3

de
o=gg + 4

2
0= g—t—f- + Ezs

Let the plane of x, y be the plane of the ecliptic. Also let the axis of
x be the line drawn from the center of the sun to the first point of aries,
at a given epoch ; the axis of y the line drawn from the center of the sun
to the first point of cancer, at the same epoch; and finally the positive
values of z be on the same side as the north pole of the ecliptic. Next
call x/, y the coordinates of the earth and R its radius-vector. This be-
ing supposed, transfer the coordinates x,y, z to others relative to the
observer; and to do this let « be the geocentric longitude, and r its dis-
tance from the center of the earth projected upon the ecliptic; then we
shall have

X=X 4 rcos.a; y=y -+ rsin, «; z = rtan. é
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If we multiply the first of equations (k) by sin. «, and take from the re-
sult the second multiplied by cos. @, we shall have

dex de X sin, @ — y cos. a
0 = sin. ud—t,——cosadt!-{- ay ;

¢
whence we derive, by substituting for x, y their values given above,
. dsx’ d®y’ . x’sin. ¢ —y cos. a
0=sm.a.—d—t7—cos.a.d 3 E ea’y

_z'( )( dt”)

The earth being retained in its Ol'blt like a comet, by the attraction of
the sun, we have

d?x x/
0= o+ 0= T +
which give
. d*x/ d*y" _ y cos. a — X’ sin. «
Sln.“-a—t—!—COS.a.—at2= 1

‘We shall, therefore, have

0=(y COS“—-xsma){Rg___ ( )(da dea)

Let A be the longitude of the earth seen from the sun ; we shall have
X =Rcos. A; y = Rsin. A;
therefore
y’ cos. & — x’ sin. @ = R sin. (A — «);
and the preceding equation will give

d2a
(d_ _Rsin. (A-——a) {Ra ‘}_r. a——t—“)

(d t

Now let us seek a second expression for (%—E) . For this purposc we

(1

will multiply the first of equations (k) by tan. 0. cos. @, the second by
tan. 4 sin. «, and take the third equation from the sum of these two pro-
ducts ; we shall thence obtain

- dzx L N

0 = tan. o{cos u———+5m TS
xcos.a+ysm.a_d’z_£_

+ tan. 4. 'y dt e’

This equation will become by substitution for x, y, z

O0=tan. 6{ (d—d%, + é——}:') cos, ¢ (g—it-);f + Z-;) sin. a}
Vor. IL ]
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(d 0) ( £1—m—g) 2( sin.a dan
P r{cos 7 <0577 + (a—a—;) tan. 0}
But

((:lzt’ + )ws a4 (d y)bm a=(x'cos. «-4y’ sin. a)(— —-—1%—3)

=R cos. (A—-a){ 1{3}

Therefore,

d?s day? .
ar { )+2(d")t (de;> sin. 4 cos. ¢

dt/ =72 doy

(o) (at

R sin. @ cos. 0 cos. (A — «) { 1 1 }
- T - 3 .
9 (d [ R

+ - (®)

If we take this value of (a- g) from the first and suppose

T G — (0 G +2(G9) (G0 om0+ (55 sin- 0cos.s

(-(rt) sin. 0 cos. 0 cos. (A — «) + (d"t) sin. (A — )

_.-g{g 1{3}"""(3)

The projected distance r of the comet from the earth, being always po-
sitive, this equation shows that the distance ¢ of the comet from the sun,
is less or greater than the distance R of the sun from the earth, according
as & is positive or negative; the two distances are equal if »’ = 0.

By inspection alone of a celestial globe, we can determine the sign «
#'; and consequently whether the comet is nearer to or farther from tk
Earth. For that purpose imagine a great circle which passes throug
two Geocentric positions of the Comet infinitely near to one anothe
Let y be the inclination of this circle to the ecliptic, and A the longituae
of its ascending node ; we shall have

tan. y sin. (& — A) = tan. 43

0 =

we shall have

whence
d ¢ sin. (¢ — 2) = d & sin. ¢ cos. 4 cos. (@ — A).
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Differentiating, we have, also
d dze d oy (d? :
0 = (39 (G — (T G70) + 2(59) (7)o
dey? .
+ (d—i) s, 0 cos, 0;

d®0, being the value of d* ¢, which would take place, if the apparent mo-
tion of the Comet continued in the great circle. 'The value of &’ thus be-
comes, by substituting for d ¢ its value
d @ sin. 4 cos. ¢ cos. (s — 1)
sin. (& — A) ?

w —{(dzo d”)}sm. (a—k)

" sin.0 cos. 0 sin. (A — 1)

sin. («

A). .. .
The function »-m) is constantly positive; the value of w is there-

fore positive or negative, according as ( 1 t") ( d tg) has the same or

a different sign from that of sin. (A — 1). But A — A is equal to two
right angles plus the distance of the sun from the ascending node of the
great circle.  'Whence it is easy to conclude that u/ will be positive or
negative, according as in a third geocentric position of the comet, inde-
finitely near to the two first, the comet departs from the great circle on
the same or the opposite side on which is the sun. Conceive, therefore,
that we make a great circle of the sphere pass through the two geocentric
positions of the comet; then according as, in a third consecutive geocen-
tric position, the comet departs from this great circle, on the same side as
the sun or on the opposite one, it will be necarer to or farther from the
sun than the Earth. If it continues to appear in this great circle, it will
be cqually distant from both; so that the different deflections of its ap-
parent path points out to us the variations of its distance from the sun.

To eliminate ¢ from equation (3), and to reduce this equation so as to
contain no other than the unknown r, we observe that g? =x%4y? + z*
in substituting for x, y, 2, their values in terms of

r, o, and 4;

and we have

e? =x'? 4 y'*+ 2rix’ cos. « 4 y sin. a}+

but we have

re
szal’
x’ = R cos. A, y = Rsin. Aj;
rg 2o
' ..g’_m+2chos.(A—-a)+R H
E2
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But
Rcos A;y =Rsin A

4+ 2Rrcos. (A—a) + R*

- | J—
<8 _cos‘o

If we square the two members of equation (3) put under this form
e Rer + 11=R?
we shall get, by substituting for ¢%

{00590+2R1'COS (A_a)"l'R} J Rer 4+ 1*=RC6. .. (4)

an equation in which the only unknown quantity is r, and which will rise
to the seventh degree, because a term of the first member being equal to
R ¢, the whole equation is divisible by r. Having thence determined r,

we shall have (Slf) by means of equations (1) and (2). Substituting, for

/
example, in equation (1), for —l- — R’ its value ~R~ » given by equation
(8) ; we shall have

() =— ()&mewﬂﬁ

The equation (4) is often susceptible of many real and positive roots ;

reducing it and dividing by r, its last term will be
2 R cos.® 05’ R® + 8 cos. (A — a)}.

Hence the equation in r being of the seventh degree or of an odd de-
gree, it will have at least two real positive roots if &’ R 4 3 cos. (A — a)
is positive; for it ought always, by the nature of the problem, to have
one positive root, and it cannot then have an odd number of positive
roots. Each real and positive value of r gives a different conic section,
for the orbit of the comet; we shall, therefore, have as many curves
which satisfy three near observations, as r has real and positive values;
and to determine the true orbit of the comet, we must have recourse to a
new observation.

498. The value of r, derived from equation (4) would be rigorously

exact, if .
» (59, (oG (%)

were exactly known ; but these quantities are only approximate. In fact,
by the method above exposed, we can approximate more and more, mere-
ly by making use of a great number of observations, which presents the
advantage of considering intervals sufficiently great, and of making the
errors arising from observations compensate one another. But this
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method has the analytical inconvenience of employing more than three
observations, in a problem where three are sufficient. This may be
obviated, and the solution rendered as approximate as can be wished by
three observations only, after the following manner.

Let « and ¢, representing the geocentric longitude and latitude of the
intermediate ; if we substitute in the equations (k) of the preceding
No. instead of x, y, z their values X’ 4 r cos. @; y’ 4 r sin. «; and

2
rtan, ¢; they will give ( 1 2) ( d t”) and (%-t-ﬂ) in functions of r, «, and
4, of their first differences and known quantities. If we differentiate these,

3
we shall have a«{g) ( 1 t’) and (g——{g) in terms of r, a, ¢, and of their

first and second differences. Hence by equation (2) of 497 we may eli-
minate the second difference of r by means of its value and its first differ~

. . . . Say d®d
ence. Continuing to differentiate successively the values of (W) s d_{’) ;

and eliminating the differences of «, and of ¢ superior to second differences,
and all the diﬁ'erences of r, we shall have the values of

d t “) (d ta) &e.

(da 0) ( ) &ec. in terms of

ne (79 (@) 0G0 ()

this being supposed, let
o, a,d,

be the three geocentric observed longitudes of the Comet; 4, 6, ¢ its
three corresponding geocentric latitudes; let i be the number of days
which separate the first from the second observation, and i’ the interval
between the second and third observation ; lastly let A be the arc which
the earth describes in a day, by its mean sidereal motion; then by (481)
we have

_ . da i2a%rdta i?al
a,...oc—-l.?\(d——-t T dtz) i3s3 dt‘)+&c°’
. do A% rdte 323 /d%e
o =a () + 0 () + s (e + &

— 1/2.)\2 d29 313 d!
b =0—1i. l(dt 12 ?1”(«)“123 aTé)‘*‘&c"

0’=0+i'.7\( )+1'2}\2(d20) B A3 ,d% 0

ate) T 1ss\qe) + &e



70 A COMMENTARY ON [Skcr. XL

If we substitute in these series for

i) @)@ () s

their values obtained above, we shall have four equations between the
five unknown quantities

9 G G G-

These equations will be the more exact in proportion as we consider a
greater number of terms in the series. 'We shall thus have

3 G G G

in terms of r and known quantities; and substituting in equation (4) of
the preceding No. it will contain the unknown r only. As to the rest,
this method, which shows how to approximate to r by employing thrce
observations only, would require in practice, laborious calculations, and
it is a more exact and simple process to consider a greater number of ob-
servations by the method of No. 495.

499. When the values of r and (3—%) shall be determined, we shall have
those of
d d d
X, Y %y (a—}g), (Zl_tz and (d—i ,

by means of the equations

x = R cos. A + r cos.

y = Rsin. A 4 rsin. «
. z = rtan. d

and of their differentials divided by d t, viz.

(dx) (dt)co A— R( )sm A+(1t)cos P )sm a;

( ty) (dR A+R(dt)cosA+ (dt)sma+r af—:)cos.a;
\d 9
d
((Tg) = ( )t + Coste
The values of (HT) and of (-d—%) are given by the Theory of the

motion of the Earth :
To facilitate the investigation let E be the excentricity of the earth’s
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orbit, and H the longitude of its peribelion; then by the nature of
elliptical motion we have
dA, _ ¥ (1—E?, . —R 1—E*®
dt/ — R? =T F Ecos. A—H)"
These two equations give
(d R E sin. (A — H)
dt/ = TV A =Ey)
Let R’ be the radius-vector of the earth corresponding to the longitude
A of this planet augmented by a right angle; we shall have
1—E:®

R = e (A = 1)’
whence is derived
’r 2
Esin-(A-—H)=L*Il{—,i£;
( R 4+ E2—1
T/ TR =V (I =EY

If we neglect the square of the excentricity of the carth’s orbit, which is
very small, we shall have

(‘1£ =I:,§; (—]—-li)zR'——l;
the preceding values of ( a t) and ( | J ) will hence become

sin. A

X =(R—1) cos. A 222

+ (d t)COSa (d—%)sin.a;
(—— =(R'— 1) sin. A +9—95-A~ + (-l) sin, ¢ r (-d—a) COS. o}
dt/— dt dt i
R, R/, and A being given immediately by the tables of the sun, the esti-
mate of the six quantities x, y, z,(d T ( ) ( dt) will be easy

when r and (a-—) shall be known. Hence we derive the elements of the

orbit of the comet after this mode.
The indefinitely small sector, which the projection of the radius-vector
- and the comet upon the plane of the ecliptic describes during the element

oftimedt,iSXdy:;—ydx

; and it is evident that this sector is posi-
tive or negative, according as the motion of the comet is direct or retro-
. dy d x
de. . . tvx (O o (dXy o o
grade. Thus in forming the quantity ( I t) y ( Tt ), it will indicate

by its sign, the direction of the motion of the comet.
E4
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To determine the position of the orbit, call ¢ its inclination to the
ecliptic, and I the longitude of the node, which would be ascending if the
motion of the comet were direct or progressive. 'We shall have

z = y cos. I tan, ¢ — x sin. I tan. ¢

These two equations give

dz dy
y(70)— (3

(T )- ()

dzy (L
y d ) 2 (d t
. dy dx\\°
sin, I{x(d—f —y(aT) }

Wherein since ¢ ought always to be positive and less than a right
anglc, the sign of sin. I is known. DBut the tangent of I and the sign of
its sine being determined, the angle I is found completely. This angle
is the longitude of the ascending node of the orbit, if the motion is pro-
gressive; but to this we must add two right angles, in order to get the
longitude of the node when the motion is retrograde. It would be more
simple to consider only progressive motions, by making vary ¢, the in-
clination of the orbits, from zero to two right angles; for it is evident that

then the retrograde motions correspond to an inclination greater than a
right angle.

tan. I =

tan. ¢ =

In this case, tan. ¢ has the same sign as x (g—%’-)— y (:11—}?{) , which wil

determine sin. I, and consequently the angle I, which always expresses
the longitude of the ascending node.

If a, a e be the semi-axis major and the excentricity of the orbit, we
have (by 492) in making m = 1,

L= (-G’
a(l-—-—e*):ge-u%’--{x( )+y(d )+z( )}g.

The first of these equations gives the semi-axis major, and the seconc
. d d
the excentricity. The sign of the function x (g—-t’s) +y (d«Z) + z (ﬁ

shows whether the comet has already passed its perihelion; for it ap-
proaches if this function is negative; and in the contrary case, the come
recedes from that point.



Book 1.] NEWTON’S PRINCIPIA. 3

Let T be the interval of time comprised between the epoch and pas-
sage of the comet over the perihelion; the two first of equations (f) (480)
will give, observing that m being supposed unity we have n = a7t

¢ = a (1 — e cos. u)
T=a? (u — e cos. u).

The first of these equations gives the angle u, and the second T. This
time added to or subtracted from the epoch, according as the comet ap-
proaches or leaves its perihelion, will give the instant of its passage over
this point. The values of x, y, determine the angle which the projection
of the radius-vector ¢ makes with the axis of x ; and since we know the an-
gle I, formed by this axis and by the line of the nodes,we shall have the
angle which this last line forms with the projection of ¢; whence we derive by
means of the inclination ¢ of the orbit, the angle formed by the line of the
nodes and the radius ¢. But the angle u being known, we shall have by
means of the third of the equations (f), the angle v which this radius forms
with the line of the apsides; we shall thercfore have the angle comprised
between the two lines of the apsides and of the nodes, and consequently,

the position of the perihelion. All the elements of the orbit will thus be
determined.

500. These elements are given, by the preceding investigations, in terms
dr - . dry. . .
of 1, (a—t) and known quantities; and since (Zl—t ) is given in terms of r

by No. 497, the elements of the orbit will be functions of r and known
quantities. If one of them were given, we should have a new equation,
by means of which we might determine r; this equation would have a
common divisor with equation (4) of No. 497; and seeking this di-
visor by the ordinary methods, we shall obtain an equation of the first
degree in terms of r; we should have, moreover, an equation of condition
between the data of the observations, and this equation would be that
which ought to subsist, in order that the given element may belong to the
orbit of the comet.

Let us apply this consideration to the case of nature. First suppose
that the orbits of the comets are ellipses of great excentricity, and are
nearly parabolas, in the parts of their orbits in which these stars are
visible. 'We may therefore without sensible error suppose a = w, and

consequently -{1; = 0; the expression for éof the preceding No. will there-

fore give
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2 dx*4dy* +dz’
] dt*

If we then substitute for ) (g y) nd (51——) their values found in

0=

the same No., we shall have .aﬁer all the reductions and neglecting the
square of R’ — 1,

0= (70 "+ r( >+{ (D

COs. 20

+ 2(67) : {(R'—l)COS- (A—=) s‘"'(g—“)}. (5)
cos. (A — a)}
R

+ 2r (a—z) {(R’—-l) sin. (A—a) +
1 2

+ R"& -_— —é‘ .

Substituting in this equation for (?) its value

da {(dt“)+"' sin, (A—a)}

2

found in No. 4~9’7, and then making

( ) B..4:( )+{(d c‘)+/A.sm (A-—-oz)}
da )
+{tan. d'(gto: ‘ tan. ¢ sin. —-a)— cos“odt }

{(d tg) + 4/ sin. (A_-“)} sin, (A—«)
(5 e
+2( ){(R’-—-l) sin, (A — a) 4 2 (?{_a)},

we shall have

and

R'— 1) cos. (A —a) }

1 2
0=Br’+ Cl’-l-R"z-—-—e-

and consequently
. 11
g{Br’+Cl'+-1?}=41.

This equation rising only to the sixth degree, is in that respect, more
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simple than equation (4) of No. (497); but it belongs to the parabola
alone, whereas the equation (4) equally regards every species of conic
section,

501. We perceive by the foregoing investigation, that the determina-
tion of the parabolic orbits of the comets, leads to more equations than
unknown quantities; and that, therefore, in combining these equations in
different ways, we can form as many different methods of calculating the
orbits. Let us examine those which appear to give the most exact re-
sults, or which seem least susceptible of the errors of observations.

2
It is principally upon the values of the second differences (?IT;) and

2
(———3 tZ), that these errors have a sensible influence. In fact, to determine

them, we must take the finite differences of the geocentric longitudes and
latitudes of the comet, observed during a short interval of time. DBut
these differences being less than the first differences, the errors of obser-
vations are a greater aliquot part of them; besides this, the formulas of
No. 495 which determine, by the comparison of observations, the values

of , o, (d t) ( ) ( d t") and (3%2) give with greater precision the

four first of these quantities than the two last. It is, therefore, desirable
to rest as little as possible upon the second differences of « and ¢; and
since we cannot reject both of them together, the method which employs
the greater, ought to give the more accurate results. This being granted
let us resume the equations found in Nos. 497, &c.

¢'= S+ 2Rrcos (A—a) + RY;

d2
d R sin. (A — a 1 ] r (75
() = sm(( ). R_s_?}__qg:tr, (L)
d*a
dr 1 ) )sm 8 cos. 0
(a‘%’) =—-§ ( ( )tan.o -———-—(—d-o——--——-}
dt
R sin. 4 cos. acos (A——a.) ] 1}
2( TR
(d“f :

o= (d5) v (G0 + {(3D) om0 + e
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+ 2 (del";) {(R’ — 1) cos. (A — @) _%——0‘)}

+ 25 (32) {(r — 1) sin. (A — o) 4 LE= 5}

1 2
+RT’_-?'

If we wish to reject (g—gt—g) » we consider only the first, second and fourth

of those equations. Eliminating (%—-E) from the last by means of the

second, we shall form an equation which cleared of fractions, will contain
a term multiplied by ¢°r?% and other terms affected with cven and odd
powers of r and g. If we put into one side of the equation all the terms
affected with even powers of ¢, and into the other all those which involve
its odd powers, and square both sides, in order to have none but even
powers of g, the term multiplied by ¢ r* will produce one multiplied by
g r* Substituting, therefore, instead of ¢? its value given by the first
of equations (L), we shall have a final equation of the sixteenth degree in
r. Butinstead of forming this equation in order afterwards to resolve it,
it will be more simple to satisfy by trial the three preceding ones.

2
If we wish to reject (%{;), we must consider the first, third and fourth

of equations (L). These three equations conduct us also to a final equa-
tion of the sixteenth degree in r; and we can easily satisfy by trial.

The two preceding methods appear to be the most exact, which we can
employ in the determination of the parabolic orbits of the comets. It is
at the same time necessary to have recourse to them, if the motion of the
comet.in longitude or latitude is insensible, or too small for the errors of
observations sensibly to alter its second difference. In this case, we must
reject that of the equations (L), which contains this difference. But al-
though in these methods, we employ only three equations, yet the fourth
is useful to determine amongst all the real and positive values of r, which
satisfy the system of three equations, that which ought to be selected.

502. The elements of the orbit of a comet, determined by the above
process, would be exact, if the values of «, 4 and their first and second
differences, were rigorous; for we have regarded, after a very simple
manner, the excentricity of the terrestrial orbit, by means of the radius-
vector R’ of the earth, corresponding to its true anomaly 4 a right an-
gle; we are therefore permitted only to neglect the square of this excen-
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tricity, as too small a fraction to produce by its omission a sensible influ-
ence upon the results. But ¢, @ and their differences, are always suscep-
tible of any degree of inaccuracy, both because of the errors of observa-
tions, and because these differences are only obtained approximately. It
is therefore necessary to correct the elements, by means of three distant
observations, which can be done in many ways; for if we know nearly,
two quantities relative to the motion of a comet, such that the radius-vec-
tor corresponding to two observations, or the position of the node, and
the inclination of the orbit; calculating the observations, first with these
quantities and afterwards with others differing but little from them, the
law of the differences between the results, will easily show the necessary
corrections. But amongst the combinations taken two and two, of the
quantities relative to the motion of comets, there is one which ought to
produce greatest simplicity, and which for that reason should be selected.
It is of importance, in fact, in a problem so intricate, and complicated, to
spare the calculator all superfluous operations. The two elements which
appear to present this advantage, are the perihelion distance, and the
instant when the comet passes this point. They are not only easy to be

derived from the values of r and (g—ft) ; but it is very easy to correct them

by observations, without being obliged for every variation which they
undergo, to determine the other corresponding elements of the orbit.
Resuming the equation found in No. 492

a (1 — e?) is the semi-parameter of the conic section of which a is the
semi axis-major, and a e the excentricity. In the parabola, where a is
infinite, and e equal to unity, a (1 — e?) is double the peribelion dis-
tance : let D be this distance : the preceding equation becomes relatively
to this curve

d
D=¢— 2(d(te)

ede, dde? tuting for o®i It
qi s equal to e s in substltutmg for ¢*its value Py o+2Rrx

cos. (A — a) + R?, and for ( d t and %—%), their values found in
No. 499, we shall have

ede cos.’o{( )+”(‘.¥)WH-0}+R(‘%{ cos. (A — )
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(A —
-:l- r{(R’ — 1) cos. (A — @) _-El—l—(—-ﬁ—-—-z}

+rR (g-"{) sin. (A — a) + R (R — 1).

Let P represent this quantity; if it is negative, the radius-vector de-
creases, and consequently, the comet tends towards its perihelion. But
it goes off into the distance, if P is negative. 'We have then

D=¢— ;21— Pe;
the angular distance v of the comet from its perihelion, will be determined

from the polar equation to the parabola,
D

cor. ? L V==
2 g’
and finally we shall have the time employed to describe the angle v, by
the table of the motion of the comets. This time added to or subtracted
from that of the epoch, according as P is negative or positive, will give
the instant when the comet passes its perihelion.

503. Recapitulating these different results, we shall have the following
method to determine the parabolic orbits of the comets.

General method of determining the orbits of the comets.

This method will be divided into two parts; in the first, we shall give
the means of obtaining approximately, the perihelion distance of the comet
and the instant of its passage over the perihelion; in the second, we shall
determine all the elements of the orbit on the supposition that the former
are known. '

Approximate determination of the Perihelion distance of the comet, and
the instant of its passage over the perihelion.

We shall select three, four, five, &c. observations of the comet
equally distant from one another as nearly as possible; with four obser-
vations we shall be able to consider an interval of 30° ; with five, an in-
terval of 36°, or 40° and so on for the rest; but to diminish the in-
fluence of their errors, the interval comprised between the observations
must be greater, in proportion as their number is greater. This being
supposed, ;

Let B, B, B, &c. be the successive geocentric longitudes of the comet,
7, 7/» 7" the corresponding latitudes, these latitudes being supposed positive
or negative according as they are north or south. 'We shall divide the dif-
ference 8’ — B, by the number of days between the first and second ob-
servation ; we shall divide in like manner the difference 8”7 — 8 by the
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number of days between the second and third observation; and so on.
Let 8 B, 8 8, 8 ", &c. be these quotients.

‘We next divide the difference 8 8 — 8 8 by the number of days be-
tween the first observation and the third ; we divide, in like manner, the
difference 8 8”7 — 8 8 by the number of days between the second and
fourth observations; similarly we divide the difference & 8”” — & 8” by the
number of days between the third and fifth observation, and so on. Let
3B, 8% @, 8* B, &c. denote these quotients.

Again, we divide the difference 328 — 82 8 by the number of days
which separate the first observation from the fourth; we divide in like
manner 8% 87 — 3% 8’ by the number of days between the second obser-
vation and the fifth, and so on. Make 6°3, 628, &c. these quotients.
Thus proceeding, we shall arrive at 6* ! 8, n being the number of obser-
vations employed.

This being done, we proceed to take as near as may be a mean epoch
between the instants of the two extreme observations, and calling i, i/, "
&c. the number of days, distant from each observation, i, ¥, i, &c. ought
to be suppesed negative for the observations made prior to this epoch;
the longitude of the comet, after a small number z of days reckoned from
the Epoch will be expressed by the following formula:

B—idB iV —iVi’"d°*B+ &c.

+2§3 B—(i41)d B+ (1 V411" 41V 1")8B—(1V i’ Fi ¥/ I +ii" V" +.. (p)

il ill i/l/) 6 4 B + &c'}

22§02 B—(i4-1+1") 8 B4 (I V11" 11" 4V 17 41" +17) 8* B — &c.}

The coefficients of — 8 8, 4 3 B, — 8° B, &ec. in the part independent
of z are st the numbers i and ¥/, secondly the sum of the products two
and two of the three numbers i, i, i”; thirdly the sum of the products
three and three, of the four numbers i, ¥/, i”, 1"/, &c.

The coefficicnts of —° 8, + 8* B, — 4° 3, &c. in the part multiplied
by z?% are first, the sum of the three numbers i, ¥, i”; sccondly of the
products two and two of the four numbers i, i, i”, i’/; thirdly the sum of
the products three and three of the five numbers i, ¥, 1, i, i’”, &c.

Instead of forming these products, it is as simple to develope the func-
tionB + (z—1) 8B + (z —i) (z—1) 8*B + (z—i) z2—7V) (z—1")
X 8% + &c. rejecting the powers of z superior to the square. This
gives the preceding formula,

If we operate in a similar manner upon the observed geocentric lati-
tudes of the comet ; its geocentric latitude, after the number z of days
from the epoch, will be expressed by the formula (p) in changing 8 into
7. Call (q) the equation (p) thus altered. This being done,
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a will be the part independent of z in the formula (p); and ¢ that in the
formula (q).

Reducing into seconds the coefficient of z in the formula (p), and
taking from the tabular logarithm of this number of seconds, the logarithm
4,0394622, we shall have the logarithm of a number which we shall de-
note by a.

Reducing into seconds the coefficients of z* in the same formula, and tak-
ing from the logarithm of this number of seconds, the logarithm 1.9740144,
we shall have the logarithm of a number, which we shall denote by b.

Reducing in like manner into seconds the coefficients of z and z?* in
the formula (q) and taking away respectively from the logarithms of these
numbers of seconds, the logarithms, 4,0394622 and 1,9740144, we shall
have the logarithms of two numbers, which we shall name h and 1.

Upon the accuracy of the values of a, b, h, 1, depends that of the
method; and since their formation is very simple, we must select and
multiply observations, so as to obtain them with all the exactness which
the observations will admit of. It is perceptible that these values are only

2
the quantities (gfi) , (g—g), (g—-‘:) s (%’%ﬂ), which we have express-
ed more simply by the above letters.

If the number of observations is odd, we can fix the Epoch at the
instant of the mean observation; which will dispense with calculating the
parts independent of z in the two preceding formulas ; for it is evident,
that then these parts are respectively equal to the longitude and latitude
of the mean observation.

Having thus determined the values of «, 8, b, 4, h, and 1, we shall de-
termine the longitude of the sun, at the instant we have selected for the
epoch, R the corresponding distance of the Earth from the sun, and R’
the distance which answers to E augmented by a right angle. We shall
have the following equations

g’:ﬁ—’—,—"—-2Rxcos.(E——a)+R’ N ¢ )
_psin(E—a)f 1 1 b x
y _RT F—w}—-g—s e ¢ ¢ o e o (2)

R sin. ¢ cos. ¢ 1 1
+ = cos. (E—a){_BT’— 7

0 :.-y!+a!x!+(ytan.0+a:1—s.—%)’+ Qy{fll.l'_g.l_gR_"_—_“)

y= --X{h tan, 0 + Qll—x + _aZSin-gol;cos. 0 } .
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— (R’ — 1) cos. (E—a)}—-2ax{(R’——l)sin. (E—a) +
E’-‘;——ﬂ]—:-“—)}+~-—-——§. e e e e

To derive from these equations the values of the unknown quantities
X, Y, § we must consider, signs being neglected, whether b is greater or
less than L. In the first case we shall make use of equation (1), (2), and
(4). We shall form a first hypothesis for x, supposing it for instance
equal to unity; and we then derive by means of equations (1), (2), the
values of ¢ and of y. Next we substitute these values in the equation (4);
and if the result is 0, this will be a proof that the value of x has been
rightly chosen. But if it. be negative we must augment the value of x,
and diminish it if the contrary. We shall thus obtain, by means of a
small number of trials the values of x, y and ¢p. But since these unknown
quantities may be susceptible of many real and positive values, we must
seek that which satisfies exactly or nearly so the equation (3).

In the second case, that is to say, if 1 be greater than b, we shall use
the equations (1), (3), (4), and then equation (2) will give the verifi-
cation.

Having thus the values of x, y, ¢, we shall have the quantity

P"cos’ﬂ {y+hxtan 63— R y cos. (E — «)

+x {sm (E—a R'—1) cos. (E-—a)} — R axsin (E—«)

4+ R. (R —1).
The Perihelion distance D of the comet will be

D=g——;—P’;

the cosine of its anomaly v will be given by the equation
cos? 1 v = D,
2 e’
and hence we obtain, by the table of the motion of the comets, the time
employed to describe the angle v. To obtain the instant when the comet
passes the perihelion, we must add this time to, or subtract it from the
epoch according as P is negative or positive. For in the first case the
comet approaches, and in the second recedes from, the perihelion.
Having thus nearly obtained the perihelion distance of the comet, and
the instant of its passage over the perihelion; we are enabled to correct
. them by the following method, which has the advantage of being inde-

pendent of the approximate values of the other elements of the orbit.
Vo, II. F
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An exact Determination of the elements of the orbit, when we know ap-
proximate values of the perihelion distance of the comety and of the instant
of its passage over the perihelion.

‘We shall first select three distant observations of the comet; then
taking the perihelion distance of the comet, and the instant of its crossing
the perihelion, determined as above, we shall calculate the three anomalies
of the comet and the corresponding radius-vectors corresponding to the
instants of the three observations. Let v, v/, v/ be these anomalies, those
which precede the passage over the perihelion being supposed negative.
Also let g, ¢" ¢” be the corresponding radius-vectors of the comet; then
v/ — v, v/ — v will be the angles comprised by ¢ and ¢ and by ¢, ¢
Let U be the first of these angles, U’ the sccond. Again, call o, «’ ” the
three observed geogfentric longitudes of the comet, referred to a fixed
cquinox ; 4, ¢, ¢ its threc geocentric latitudes, the south latitudes being
negative. Let 8, 8, f” be the three corresponding heliocentric longi-
tudes and =, =, =", its three heliocentric latitudes. Lastly call E, E/, B
the three corresponding longitudes of the sun, and R, R/, R” its three
distances to the center of the carth.

Conceive that the letter S indicates the center of the sun, T that of the
earth, and C that of the comet, C’ that of its projection upon the plane
of the ccliptic. The angle S T C’ is the difference of the geocentric lon-
gitudes of the sun and of the comet. Adding the logarithm of the cosine
of this angle, to the logarithm of the cosine of the geocentric latitude of
the comet, we shall have the logarith of the cosine of the angle S T C.
‘We know, thercfore, in the triangle S 'I' C, the side S T or R, the side
S Cor g and the angle S T C, to find the angle C S T. Next we shall
have the heliocentric latitude = of the comet, by means of the equation

sin, 0sin, CS T
Tsin CTS

The angle T S C' is the side of a spherical right angled triangle, of
which the hypothenuse is the angle T S C, and of which one of the sides
is the angle w. Whence we shall easily derive the angle T S C’, and con-
sequently the heliocentric longitude g of the comer.

* We shall have after the same manner </, 8'; =", 8”; and the values of
-8, B, B” will show whether the motion of the comet be direct or retro-
grade.

If we imagine the two arcs of latitude =, =/, to meet at the pole of the
ecliptic, they would make there an angle equal to 8’ — B; and in the

sin, = =
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spherical triangle formed by this angle, and by the sides ; — =, é S

« being the semi-circumference, the side opposite to the angle g/ — g
will be the angle at the sun comprised between the radius-vectors ¢, and

’

g.  We shall easily determine this by spherical Trigonometry, or by the
formula

sin, # —;- V = cos.? % (= 4+ =") —cos® ; (8’ — B) cos. = cos, =’,

in which V represents this angle ; so that if we call A the angle of which
the sine squared is

cos? % (8 — B) cos. = . cos. =,

and which we shall easily find by the tables, we shall have
. 1 1 1 1 1
sm.g-é-V = cos. (—2—ar+ 3 = 4 A)cos. (2- w 4 3 w’-—A).

If in like manner we call V’ the angle formed by the two radius-vectors
& ¢’s we have

—-V'_cos (2 w4 = w’+A’)cos.(-— w —u —-A’)

A’ being what A becomes, when =/, 8’ are changed into =", 3”.

If, however, the perihelion distance and the instant of the comet’s
crossing the perihelion, were exactly determined, and if the observatlons
were rigorously exact, we should have

V=0, V =0
But since that is hardly ever the case, we shall suppose
m=U—V;m=U—V

We shall here observe that the revolution of the triangle S T C, gives
for the angle C S T two different values: for the most part the nature
of the motion of the comets, will show that which we ought to use, and
the more plainly if the two values are very different ; for then the one will
place the comet more distant from the earth, than the other, and it will
be easy to judge, by the apparent motion of the comet at the instant of
observation, which ought to be preferred. But if there remains any un-
certainty, we can always remove it, by selecting the value which renders
V and V' least different from U and U".

‘We next make a second hypothesis in which, retaining the same pas-
sage over the perihelion as before, we shall suppose the perihelion dis-

tance to vary by a small quantity ; for instance, by the fiftieth part of
F2 -
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its value, and we shall investigate on this hypothesis, the values of U—V,
U’ — V. Let then
n=U—V;n =U—-V.

Lastly, we shall frame a third hypothesis, in which, retaining the same
perihelion distance as in the first, we shall suppose the instant of the pas-
sage over the perihelion to vary by a half-day, or a day more or less, In
this new hypothesis we must find the values of

U — Vand of U — V/;
which suppose to be
p=U—-V,p=U —V.

Again, if we suppose u the number by which we ought to multiply the
supposed variation in the perihelion distance in order to make it the
true one, and t the number by which we ought to multiply the supposed
variation of the instant when the comet passes over the perihelion in
order to make it the true instant, we shall have the two following equa-
tions :

(m —n)u4 (m—p)t=m;

(M —n)u + (W' —p)t = m’;
whence we derive u and t and consequently the perihelion distance cor-
rected, and the true instant of the comet’s passing its perihelion.

The preceding corrections suppose the elements determined by the
first approximation, to be sufficiently near the truth for their crrors to be
regarded as infinitely small. But if the second approximation should
not even suffice, we can have recourse to a third, by operating upon the ele-
ments already corrected as we did upon the first ; provided care be taken to
make them undergo smaller variations. It will also be sufficient to calculate
by these corrected elements the values of U —V, and of U’ — V. Call-
ing them M, M/, we shall substitute them for m, m’ in the second mem-
bers of the two preceding equations. 'We shall thus have two new equa-
tions which will give the values of u and t, relative to the corrections of
these new elements.

Thus having obtained the true perihelion distance and the true instant
of the comet’s passing its perihelion, we obtain the other elements of the
orbit in this manner.

Let j be the longitude of the node which would be ascending if the
motion of the comet were direct, and ¢ the inclination of the orbit. We
shall have by comparison of the first and last observation,
tan. w sin, B/ — tan, « sin. B
tan. = cos. 87 — tan, #”’ cos. 8’

tan, j =
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tan. =
tan. ¢ = S ="

Since we can compare thus two and two together, the three observa-
tions, it will be more correct to select those which give to the above frac-
tions, the greatest numerators and the greatest denominators.

Since tan. j may equally belong to j and « + j, j being the smallest of
the positive angles containing its value, in order to find that which we
ought to fix upon, we shall observe that ¢ is positive and less than a right
angle; and that sin. (8”7 — j) ought to have the same sign as tan. =",
This condition will determine the angle j, and this will be the position
of the ascending node, if the motion of the comet is direct ; but if retro-
grade we must add two right angles to the angle j to get the position of
the node.

The hypothenuse of the spherical triangle whose sides are 8”7 — j and
<, is the distance of the comet from its ascending node in the third ob-
servation; and the difference between v/ and this hypothenuse is the
interval between the node and the perihelion computed along the orbit.

If we wish to give to the theory of a comet all the precision which ob-
servations will admit of, we must establish it upon an aggregate of the best
observations; which may be thus done. Mark with one, two, &c. dashes
or strokes the letters m, n, p relative to the second observation, the third,
&c. all being compared with the first observation. Hence we shall form
the equations

m —n)u+4+(m —plt=m
(m —n)u4+ (M —p)t=mw
(m” —n")u + (m” — p”) t = m”

&ec. = &e.

Again, combining these equations so as to make it easier to determine
u and t, we shall have the corrections of the periheclion distance and of the
instant of the comet’s passing its perihelion, founded upon the aggregate
of these observations. 'We shall have the values of
B, B’, B”, &ec. o, w', w”, &C.,
and obtain ' )
tan. j = tan, = (sin. 8’ 4 sin. B” 4 &c.) — sin. B (tan. a" + tan. =" 4 &c_)_

tan, = (cos. B + cos. B7 4 &c.) — cos. B (tan. = + tan. = + &e.)
. pm b |

’ sin. (8’ — j) + sin. (8" —j) + &e.

504. There is a case, very rare indeed, in which the orbit of a comet
can be determined rigorously and simply ; it is that where the comet has
been observed in its two nodes. The straight line which joins these

F3
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two observed positions, passes through the center of the sun and coincides
with the line of the nodes. The length of this straight line is determined
by the time elapsed between the two observations. Calling T this time
reduced into decimals of a day, and denoting by c the straight line in
question, we shall have (No. 493)

€= 2~/(9 688724)“'

Let 8 be the heliocentric longitude of the comet, at the moment of the
first observation ; p its radius-vector; r its distance from the earth ; and «
its geocentric longitude. Let, moreover, R be the radius of the terrestrial
orbit, at the same instant, and E the corresponding longitude of the sun.
Then we shall have

esin, B = r sin. « — R sin. E;
¢ cos. B8 = r cos. « — R cos. E.

Now = 4 8 will be the heliocentric longitude of the comet at the in-
stant of the second observation ; and if we distinguish the quantities ¢, ¢,
1, R, and E relative to this instant by a dash we shall have

¢ sin. 8 = R’ sin. I — 1/ sin, &
¢ cos. 8 = R’ cos. & — 1’ cos. a.’

These four equations give
rsine— Rsin E v sin.  — R/ sin, I
rcos.a—Reos. E — ¥ cos. o — R cos, B’

tan. 8 =

whence we obtain
R R’sin. (E—E’) — Rrsin. (« — E)

V= sin. (@ — @) — R sin, (& — E)

We have also
(e % ¢) sin. B = r sin, e —1’ sin, &’ — Rsin. £ 4 R’ sin. E
(¢ + ¢) cos. B = rcos. « — 1’ cos. &’ — R cos. E + R/ cos. E.
Squaring these two equations, and adding them together, and substitut-
ing c for ¢ 4 ¢/, we shall have
c?=R2—2R R cos. (E'—E) + R’*
+ 2r {R’ cos. (@ — E’) — R cos. (¢« — L)}
+ 21" {R cos. (' — E) — R’ cos. (¢ — E’)}
+ r*—2rr cos. (' —a) 4 1'%

If we substitute in this equation for r’ its preceding value in terms of r,
we shall have an equation in r of the fourth degree, which can be resolved
by the usual methods. But it will be more simple to find values of r, 1/
by trial such as will satisfy the equation. A few trials will suffice for that

purpose.
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By means of these quantities we shall have 8, gand ¢. If v be the
angle which the radius ¢ makes with the perihelion distance called D ;
7 —v will be the angle formed by this same distance, and by the radius ¢
We shall thus have by the equation to the parabola

D , D
g = —F— ¢ =—;
cos.*-]— v sin.z—l-v
2 2
which give
1 ¢ 14

tan.>~-v=->,; D = P
2 ¢’ ¢+ ¢

We shall therefore have the anomaly v of the comet, at the instant of
the first observation, and its perihelion distance D, whence it is easy to
find the position of the perihelion, at the instant of the passage of the
comet over that point. Thus, of the five elements of the orbit of the co-
met, four are known, namely, the perihelion distance, the position of the
perihelion, the instant of the comet’s passing the perihelion, and the posi-
tion of the node. Tt remains to learn the inclination of the orbit; but for
that purpose it will be necessary to have vecourse to a third observation,
which will also serve to select from amongst the rcal and positive roots of
the equation in r, that which we ought to make use of.

505. The supposition of the parabolic motion of comets is not rigorous ;
it is, at the same time, not at all probable, since compared with the cases
that give the parabolic motion, there is an infinity of those which give the
elliptic or hyperbolic motions. Besides, a comet moving in cither a para-
bolic or hyperbolic orbit, will only once be visible; thus we may with
reason suppose these bodies, if cver they existed, long since to have dis-
appeared ; so that we shall now observe those only which, moving in or-
bits returning into themselves, shall, after greater or less incursions into
the regions of space, again approach their center the sun. By the follow-
ing method, we shall be able to determine, within a few years, the period
of their revolutions, when we have given a great number of very exact
observations, made before and after the passage over the perihelion.

Let us suppose we have four or a greater number of good observations,
which embrace all the visible part of the orbit, and that we have deter-
mined, by the preceding method, the parabola, which ncarly satisfies these
observations. Let v, v/, v/, v/, &c. be the corresponding anomalies;
o ¢ ¢’ ¢”5 &e. the radius-véctors. Let also

Vevz=U vVV—v=U, v/ —v = U &ec
Fi



88 A COMMENTARY ON (Secr. XL

Then we shall estimate, by the preceding method with the parabola
already found, the values of U, U', U”, &c., V, V/, V", &c. Make

m=U—V, n=0—V, =0 —V, &

Next, let the perihelion distance in this parabola vary by a very small
quantity, and on this hypothesis suppose

n=U—V; ¥ =U—=V; n =U"-~V, &ec

We will form a third hypothesis, in which the perihelion distance re-
maining the same as in the first, we shall make the instant of the comet’s
passing its perihelion vary by a very small quantity; in this case let

p= U—V; p = U—=V; p = U” — V”; &e.

Lastly, we shall calculate the angle v and radius g, with the perihelion
distance, and instant over the perihelion on the first hypothesis, supposing
the orbit an ellipse, and the difference 1 — e between its excentricity and
unity a very small quantity, for instance 55. To get the angle v, in this
hypothesis, it will suffice (489) to add to the anomaly v, calculated in the
parabola of the first hypothesis, a small angle whose sine is

1 1 { . 1 g }
]—O(l--e)tan.—2—v 4«—3cos.-—§v——6cos. 5 V§-

Substituting afterwards in the equation

g:____l_)___._{l__-l_—etan,f—l v};
. P} 2
COos. —2-v

for v, this anomaly, as calculated in the ellipse, we shall have the corre-
sponding radius-vector p. After the same manner, we shall obtain v/, ¢,
v, ¢”, &c. Whence we shall derive the values of U, U’, U, &c. and
(by 508) of V, V', V”, &e.
In this case let
q=U~—=V; ¢ =U—-V; ¢" = U” — V7, &e.

Finaily, call u the number by which we ought to multiply the supposed
variation in the perihelion distance, to make it the true one; t the number
by which we ought to multiply the supposed variation in the instant over
the perihelion, to make it the true instant; and s that by which we should
multiply the supposed value of 1— e, in order to get the true one; and
we shall obtain these equations:

(m —n) u++ (m—p)t+ (m — q) s = m;

(0 — o) ut (W —p)t+ (m —q)s=m;
(mr/ — l’l”) u + (m” — pll) t + (mll — qll) s = mII=
(mlll__ n///) u + (mlll__ p/II) t + (mlll — ql/l) s = mll/;

&e.
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We shall determine, by means of these equations, the values of u, t, s;
whence will be derived the true perihelion distance, the true instant over
the perihelion, and the true value of 1 — e. Let D be the perihelion
distance, and a the semi-axis major of the orbit; then we shall have

a=

; the time of a sidereal revolution of the comet, will be expressed

3 D
l1—e
distance of the sun from the earth being unity. 'We shall then have
(by 503) the inclination of the orbit and the position of the node.

‘Whatever accuracy we may attribute to the observations, they will
always leave us in uncertainty as to the periodic times of the comets. To
determine this, the most exact method is that of comparing the observa-
tions of a comet in two consecutive revolutions. But this is practicable,
only when the lapse of time shall bring the comet back towards its peri-
helion.

Thus much for the motions of the planets and comets as caused by the
action of the principal body of the system. We now come to

506. General methods of determining by successive approximations, the
motions of the heavenly bodies.

In the preceding researches we have merely dwelt upon the elliptic
motion of the heavenly bodies, but in what follows we shall estimate them
as deranged by perturbing forces. The action of these forces requires only
to be added to the differential equations of elliptic motion, whose integrals
in finite terms we have already given, certain small terms. We must deter-
mine, however, by successive approximations, the integrals of these same
equations when thus augmented. For this purpose here is a general me-
thod, let the number and degree of the equations be what they may.

Suppose that we have between the # variables y, y’, y”, &c. and the
time t whose element d t is constant, the # differential equations

D
1—e

3
by a number of sidereal years equal to a® or to ( )’, the mean

_diy :
O—W+P+“Q,

diy
0=5F+P+e.Q,
&c. = &e.

P, Q, P, Q) &c. being functions of t, y, y’, &c. and of the differences to
the order i — 1 inclusively, and « being a very small constant coefficient,
which, in the theory of celestial motions, is of the order of the perturb-
ing forces. Then let us suppose we have the finite integrals of those
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equations when Q, Q) &c. are nothing. Differentiating each i — 1
times successively, we shall form with their differentials ¢ # equations by
means of which we shall determine by elimination, the arbitrary constants
¢ ¢, ¢”, &c. in functions of t, y, ¥/, y”, &c. and of their differences to the
order i — 1. Designating thereforc by V, V', V”, &c. these functions
we shall have

c=V; ¢/ =V, ¢ =V"; &ec.

These equations are the 7 z integrals of the (i — 1)™ order, which the
equations ought to have, and which, by the eclimination of the differences
of the variables, give their finite integrals.

But if we differentiate the preceding integrals of the order i — 1, we
shall have

=dV; 0=dV’; 0=dV"; &ec.
and it is clear that these last equations being differentials of the order
without arbitrary constants, they can only be the sums of the equations

_diy
O=qer + P

4y
0=+l

0 = &e.
each multiplied by proper factors, in order to make these sums exact dif-
ferences. Calling, thercfore, F d t, I d t/, &c. the factors which ought
respectively to multiply them in order to make 0 = d V; also in like
manner making Hd t, H’d t/, &c. the factors which would make 0=d V’,
and so on for the rest, we shall have

T diy 1 ' fdiy
dV"'Pdt{l—F'*'PI'*'r/dtldti -1-PJ’ + &ec.

aAVv= Hdt{d y+P}+II’dt{ i +P"'+&c

dti
&ec.
I, ¥, &c. H, H', &c. are functions of t, y, y’, y”, &c. and of their dif-
ferences to the order i — 1. It is easy to determine them when V, V/, &e.

are known. For T' is evidently the coeflicient of g_.t%, in the differential

-
of V; F is the coefficient of -d—-s—i in the same differential, and so on.

i 1
In like manner, H, H’, &c. are the coefficients of %—t—?’ ’ (31 i &c. in the

differential of V’. Thus, since we may suppose V, V', &c. known, by dif-
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dl—ly di—lyl

ferentiating with regard to 5 TT =1 &c. we shall have the

factors by which we ought to multiply the differential equations
i
0=43 4 p 0__‘(1“y + P, &e.
in order to make them exact differences.
Now resume the differential equations

0=9Y 4Pt 2@ 0= 4P 0@ e

If we multiply the first by I d t, the second by ¥ d t, and so on, we

shall have by adding the results
0=dV +adtilFQ + I" Q' + &c.},

In the same manner, we shall have

0=dV +a2dtiHQ + H Q + %c.}
&e.

whence by integration
c—efdt{FQ+FQ 4 &} =V
/—oafdtiIQ+H Q + &c.} =V
&e.

We shall thus have ¢ » differential equations, which will be of the same
form as in the case when Q, Q’, &c. arc nothing, with this only differ-
ence, that the arbitrary constants c, ¢/, ¢”, &c. must be changed into

c—eafdt{FQ+F Q+&c}, ¢ —a/fdt{HQ + H' Q' +&c.}&e.
But if, in the supposition of Q, Q’, &c. being cqual to zero, we eliminate
from the ¢ » integrals of the order i — 1, the differences of the variables
> ¥'» &c. we shall have # finite integrals of the proposed equations. We
shall therefore have these same integrals when Q, Q’, &c. are not zero, by
changing in the first integrals, ¢, ¢/, &c. into

c—afdtiFQ+ &c}, ¢/ —a/dt{H Q + &c.}&e.

507. If the differentials

dt{iFQ+ F Q' + &c.}, dt{HQ + H' Q' + &c.}&e.
are exact, we shall have, by the preceding method, finite integrals of the
proposed differentials.  But this is not so, except in some particular cases,
of which the most extensive and interesting is that in which they are
linear. Thus let P, I, &c. be linear functions of y, y’, &c. and of their
differences up to the order i — 1, without any term independent of these
variables, and let us first consider the case in which Q, Q/, &c. are no-
thing. The differential equations being linear, their successive integrals
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are likewise linear, so that c =V, ¢’ = V’, &c. being the ¢ 7 integrals of
the order i — 1, of the linear diﬁ'erential equations
O_dt'+P 0_ dt,‘ + P’; &ec.

V V’, &c. may be supposed linear functions of y y’, &c. and of their dif-
ferences to the order i — 1. To make this evident, suppose that in the
expressions for y, y’, &c. the arbitrary constant c is equal to a determinate
quantity plus an indeterminate & c; the arbitrary constant ¢’ equal to a
determinate quantity plus an indeterminate 8 ¢’ &c. ; then reducing these
expressions according to the powers and products of 3 ¢, 3 ¢, &c. we shall
have by the formulas of No. 487

y=Y+ac(§-§)+ac'( )+&

+‘3c f—i—-)+&c.
, dY
y::Y+6c~———-)+8c’( )+&c
det ,d2Y
T2 \dger) T %

&e.
Y, Y, ( ) &c. being functions of t without arbitrary constants. Sub-

stituting those values, in the proposed differential equations, it is evident
that 8 ¢, 3 ¢/, &c. being indeterminate, the coeflicients of the first powers
of such of them ought to be nothing in the several equations, But these
equations being linear, we shall evidently have the terms affected with the
first powers of 8 ¢, é ¢, &c. by substituting for y, y’, &c. these quantitics

respectively
(f.]'_.X dc + (d—Y) éc + &c.

)6c+( )8c+&c

These expressions of y, y’, &c. satisfy therefore separately the proposed
equations; and since they contain the i » arbitraries 8 ¢, 8 ¢/, &c. they are
complete integrals. Thus we perceive, that the arbitraries are under a
linear form in the expressions of y, y’, &c. and consequently also in their
differentials. Whence it is easy to conclude that the variables y, y’, &c.
and their differences, may be supposed to be linear in the successive inte-
grals of the proposed differential equations.

i i’
Hence it follows, that F, ¥/, &c. being the coefficients of ngy , (..~_21 t): ,
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&c. in the differential of V; H, H/, &c. being the coefficients of the same
differences in the differential of V’, &c. these quantities are functions ot
variable t only. Therefore, if we suppose Q, Q’, &c. functions of t alone,
the differentials

dt{iFQ+ FQ + &c}; dt{llI Q + H' Q + &c.}; &ec.
will be exact.

Hence there results a simple means of obtaining the integrals of any
number whatever 7 of linear differential cquations of the order i, and
which contain any terms « Q, « Q’, &c. functions of one variable t, having
known the integrals of the same equations in the case where Q, Q’, &c.
are supposed nothing. For then if we differentiate their # finite integrals
i — 1 times successively, we shall have ¢ # equations which will give, by
elimination, the values of the ¢ z arbitrary constants c, ¢/, &c. in functions
of t, y, y, &c. and of their differences to the i — 1*" order. 'We shall thus
form the i # equations ¢ = V, ¢/ = V/, &c. This being done, F, I, &c.
will be the coefficients of =y, S=LY,
be the coefficients of the same differences in V’/, and so on. We shall,
therefore, have the finite integrals of the linear differential equations

0=07+P+aQ; 0=0T 4P 1aq; &e

&c. in V; H, H’, &c. will

by changing, in the finite integrals of these equations deprived of their last
terms o Q, « Q’, &c. the arbltrary constants ¢, ¢/, &c. into

c—afdt{iFQ+I"Q+&c}, ¢ —afdt {HQ+H Q' +&c.} &c.
Let us take, for example, the linear equation

2
O=gt2’ + P2y+°‘Q-
The finite integral of the equation
d:
=der t" +a'y
is (found by multiplying by cos. a t, and then &y parts getting

S cos.at. gditz—cos at -|-a/‘sm atg .dt=cos.at. ty+

d .
asinat.y—a®fcos.at.y .. c=acos.at.(—l-éz+asm.at.y,&c.)

c . c
= —sin.at = COS.,
y a‘sm +acsat,

¢, ¢’ being arbitrary constants.
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This integral gives by differentiation
dy _

ccos.at—c t.
dt a sin. a

If we combine this with the integral itself, we shall form two integrals
of the first order

. od
c=aysm.nt+:—l—¥cos.at;

dy .
c’=aycos.at——d—gsm.at;

and therefore shall have in this case
F=cos.at; H=—sin.at,
and the complete integral of the proposed equation will therefore be

c . c asin, at
y= _sinat+4 — cos.at— —————/Qdtcos.at

. at .
+?—£(1%3—thlt51n.at.

Hence it is easy to conclude that if Q is composed of terms of the form

K. f:i:s.. (m t 4 ¢) each of these terms will produce in the value of y the
corresponding term
Bt 0t aos, (M0
If m be cqual to a, the term K sin. (m t + ¢) will produce in y, 1st. the
term ~— f‘;Kx- (S::?s (at + ¢) which being comprised by the two terms
-(-;- sin. a t4- -—cos.at,maybe neglected; 2dly. the term + = K : ;:]()::( atde),

+ or — being used according as the term of Q is a sine or cosine. We
thus perceive how the arc t produces itself in the values of y, y’, &c. with-
out sines and cosines, by successive integrations, although the differentials
do not contain it in that form. It is evident this will take place when-
ever the functions F Q, ¥/, Q/, &c. H Q, H’ Q/, &c. shall contain con-
stant terms.
508. If the differences
dt{F Q 4 &c.}, dt {H Q + &c.}

are not exact, the preceding analysis will not give their rigorous integrals.
But it affords a simple process for obtaining them more and more nearly
by approximation when « is very small, and when we have the values of
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¥> ¥'» &c. on the supposition of « being zero. Differentiating these values,
i — 1 times successively, we shall form the differential equations of the
order i — 1, viz.
c=V; ¢ =V, &

Th . diy diy _ . . . ,
e coefficients of Ji0? der? &c. in the differentials of V, V’, &c.
being the values of I, T, &c. H, H’, &c. we shall substitute them in the
differential functions

dt(FQ+4+ I"Q 4+ &c.); dt(HQ+ H Q + &c); &e.

Then, we shall substitute in these functions, fory, y/, &c. their first
approximate values, which will make these diffcrences functions of t and of
the arbitrary constants c, ¢, &c.

Let Tdt, T dt, &c. be these functions. If we change in the first
approximate values of y, y', &c. the arbitrary constants c, ¢, &c. re-
spectively into ¢ —« /T dt, ¢ —a /T dt, & we shall have the
second approximate valucs of those variables.

Again substitute these second values in the differential functions

dt.(FQ+ &c.); dt (HQ + &c.) &e.

But it is evident that these {unctions are then what T dt, T" d t, &e.
become when we change the arbitrary constants ¢, ¢’, &c.intoc—a /T d ¢,
¢ —eafT dt, &c. Let therefore T,, T/, &c. denote what T, T, &c.
become by these changes. We shall get the third approximate values of
¥ ¥'s &c. by changing in the first ¢, ¢, &c. respectively into ¢ — « /T, d t,
¢ — /)T dt &e.

Calling T,, T,/, in like manner, what T, T, &c. become when
we change ¢, ¢, &c. intoc —a« /T, dt, ¢ —a /T dt, & we shall
have the fourth approximate values of y, y', &c. by changing in the first
approximate values of these variables into c—e /T, dt, ¢ —« /T, dt,
&c. and so on.

‘We shall see presently that the determination of the celestial motions,
depends almost always upon ditferential equations of the form

2
0= ;}EZ-’+ aty +2Q,

Q being a rational and integer function of y, of the sine and cosine of
angles increasing proportionally with the time represented by t. The
following is the easiest way of integrating this equation,

First suppose « nothing, and we shall have by the preceding No. a first
value of y.

Next substitute this value in Q, which will thus become a rational and
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entire function of sines and cosines of angles proportional to the time.
Then integrating the differential equation, we shall have a second value
of y approximate up to quantities of the order « inclusively.

Again substitute this value in Q, and, integrating thc differential equa-
tion, we shall have a third approximation of y, and so on.

This way of integrating by approximation the differential equations of
the celestial motions, although the most simple of all, possesses the dis-
advantage of giving in the expressions of the variables y, y', &c. the arcs
of a circle (symbols sine and cosine) in the very case where these arcs
do not enter the rigorous values of these variables. We perceive, in
fact, that if these values contain sines or cosines of angles of the order « t,
these sines or cosines ought to present themselves in the form of series, in
the approximate values found by the preceding method; for these last
values are ordered according to the powers of «. This developement
into series of the sine and cosine of angles of the order « t, ceases to be
exact when, by lapse of time, the arc « t becomes considerable. The ap-
proximate values of y, y', &c. cannot extend to the case of an unlimited
interval of time. It being important to obtain values which include both
past and future ages, the reversion of arcs of a circle contained by the
approximate values, into functions which produce them by their develope-
ment into series, is a delicate and interesting problem of analysis. Ilere
follows a general and very simple method of solution.

509. Let us consider the differential equation of the order i,

1
0= dti +P4+aQ
. . . dy di-ly
o being very small, and P and Q algebraic functions of y, Ti ' de=r
and of sines and cosines of angles increasing proportionally with the time.
Suppose we have the complete integral of this differential, in the case of
a = 0, and that the value of y given by this integral, does not contain the
arc t, without the symbols sine and cosine. Also suppose that in inte-
grating this equation by the preceding method of approximation, when «
is not nothing, we have
y=X+tY+t*Z 4+ t°S 4 &c.

X, Y, Z, &c. being periodic functions of t, which contain the i arbitraries
¢, € ¢’y &c. and the powers of t in this expression of y, going on to in-
finity by the successive approximations. It is evident the coefficients
of these powers will decrease with the greater rapidity, the less is o
In the theory, of the motions of the heavenly bodies, « expresses the order
of perturbing forces, relative to the principal forces which animate them.
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If we substitute the preceding value of y in the function g‘—li}:+ P+« Q,

it will take the form k 4 k' t + k” t* 4+ &c., k, K/, k”, &c. being perio-
dic functions of t; but by the supposition, the value of y satisfies the dif-
ferential equation
di
0= a—ﬁ}:
we ought therefore to have identically
0=k 4+ k't + k”t? 4 &ec.

If k, K, k", &c. be not zero this equation will give by the reversion of
series, the arc t in functions of sines and cosines of angles proportional to
the time t. Supposing therefore « to be infinitely small, we shall have t
cequal to a finite function of sines and cosines of similar angles, which is
impossible. Hence the functions k, k', &c. are identically nothing.

Again, if the arc t is only raised to the first power under the symbols
sine and cosine, since that takes place in the theory of celestial motions,
the arc will not be produced by the successive differences of y. Substi-

+ P+ aQ;

i
tuting, therefore, the preceding value of y, in the function 31{ +P+4e.Q,

the function of k 4 k' t 4+ &ec. to which it transforms, will not contain
the arc t out of the symbols sine and cosine, inasmuch as it is already con-
tained iny. 'Thus changing in the expression of y, the arc t, without the
periodic symbols, into t — 4, 0 being any constant whatever, the function
k + K t 4+ &c. will become k 4+ k' (t — ¢) 4 &c. and since this last
function is identically nothing by reason of the identical equations k = 0
k/ = 0, it results that the expression
y=X+@t—0Y + (t—6*Z 4 &c.
also satisfies the differential equation
1
0= ST?’ +P4+eaQ
Although this second value of y seems to contain i 4+ 1 arbitrary con-
stants, namely, the i arbitraries c, ¢, ¢, &c. and 4, yet it can only have i
distinct ones. It is therefore necessary that by a proper change in the
constants ¢, ¢, &c. the arbitrary § be made to disappear, and thus the
second value of y will coincide with the first. This consideration will fur-
nish us with the means of making disappear the arc of acircle out of the
periodic symbols.
Give the following form to the second expression for y:
y=X+4 (t— 9. R.
Vou. 1I. G
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Then supposing 0 to disappear from y, we have
dyy
(F) =0
and consequenﬂy

= )+(t ) (555,

Diﬁ'erentiating successively this equation we shall have

2 (45) = (d0=)+(t ‘)(doZ)

d:R
doz) (d04)+(t 0)((103)

whence it is easy to obtain, by eliminating R and its differentials, from
preceding expression of y,

y=X+ (t-—a)( )_,.(t—")g,(%fff) (t—ﬂ)” (d3X)+&c,

X is a function of t, and of the constants, ¢, ¢, ¢’, &c. and since th
constants are functions of 4, X is a function of t and of ¢, which we «
represent by ¢ (t, §). The expression of y is by Taylor’s Theor
the developement of the function ¢ (t, § 4 t— §), according to the pow
of t — 0. 'We have therefore y = ¢ (t, t). Whence we shall have y
changing in X, ¢into t. The problem thus reduces itself to determ
X in a function of t and 4, and consequently to determine ¢, ¢, ¢”,
in functions of 4.

To solve this problem, let us resume the equation

y=X4+(t—8.Y + (t—0)°% Z + &ec.

Since the constant 4 is supposed to disappear from this expression of

we shall have the identical equation

(‘1 -X)-Y+(t-o) { (‘W)—-zz} +(t-——0)2{ ( )—-38} +&ec..
Applying to this équation the reasoning which we employed upon
0=k 4+ Kt+4+ k’"t* 4 &ec
we perceive that the cocfficients of the successive powers of t — ¢ ou,
to be each zero. The functions X, Y, Z, &c. do not contain ¢, inasim
as it is contained in c, ¢/, &c. so that to form the partial differen

( ) (d Y) (d 0) &c. it is sufficient to make c, ¢, &c. vary

these functions, which gives
dX d c c' d X
( ) ( (d o 7 dc”) dé +&
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dy dY\dc dc dY\de
(73) = (o)as + (o5 + () 45 + &
&e. = &c.
Again, it may happen that some of the arbitrary constants ¢, ¢/, ¢, &c.
multiply the arc £ in the periodic functions X, Y, Z, &c. The differentia-
tion of these functions relatively to 4, or, which is the same thing, relatively

to these arbitrary constants, will develope this arc, and bring it from without

the symbols of the periodic functions. The differences ( d a) (d Y

d Z) &ec. will be then of this form:

d X) X 4t X7

(-——): Y +tY”;
d Z) 7 4t 7
&ec.
X, X", Y, Y, Z', 2, &c. being periodic functions of t, and containing
moreover the arbitrary constants ¢, ¢/, ¢, &c. and their first differences

divided by d ¢, differences which enter into these functions only under a
linear form ; we shall have therefore

G =X 40X 4 (=g xr
‘.i_._fa): Y/ + oY// + (t___o)YII

%%): Z 407" (t—0) 2"

&e.

Substituting these values in the equation (a) we shall have
0=X+4+0X"—Y

+(t—0) Y +0Y 4 X" —27}

(6 —0)% {Z/ + 0Z" + Y' —3 S} + &c.;
whence we derive, in equalling separately to zero, the coefficients of the
powers of t — 4,

X+0X" Y
Y +0Y" 4 X" —27
Z 407" 4 Y'—388;

"o u

0
0
0
&e.

G2
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If we differentiate the first of these equations, i — 1 times successively
relatively to t, we shall thence derive as many equations between the
quantities ¢, ¢/, ¢”, &c. and their first differences divided by d 4. Then
integrating these new equations relatively to 4, we shall obtain the con-
stants in terms of 4.

Inspection alone of the first of the above equations will almost always
suffice to get the differential equations in ¢, ¢/, ¢”, &c. by comparing se-
parately the coefficients of the sines and cosines which it contains. For
it is evident that the values of ¢, ¢/, &c. being independent of #, the dif~
ferential equations which determine them, ought, in like manner, to be in-
dependent of it. The simplicity which this consideration gives to the pro-
cess, is one of its principal advantages. For the most part these equations
will not be integrable except by successive approximations, which will
introduce the arc ¢ out of the periodic symbols, in the values of ¢, ¢/, &c.
at the same time that this arc does not enter the rigorous integrals. But
we can make it disappear by the following method.

It may happen that the first of the preceding equations, and its i — 1
differentials in t, do not give a number i of distinct equations between the
quantities ¢, ¢/, ¢”, &c. and their differences. In this case we must have
recourse to the second and following equations.

‘When we shall have thus determined c, ¢/, ¢”, &c. in functions of ¢,
we shall substitute them in X, and changing afterwards ¢ into t, we shall
obtain the value of y, without arcs of a circle or free from periodic symbols,
when that is possible. :

510. Let us now consider any number 7 of differential cquations.

&ec.

P, Q, ', Q being functions of y, y’, &c. of their differentials to the order
i — 1, and of the sines and cosines of angles increasing proportionally
with the variable t, whose difference is constant. Suppose the approximate
integrals of these equations to be

y=X4+tY 4 t*Z +t*S + &

yV=X,4tY, +t*Z 4+ t*S, + &c.
X, Y, Z, &c. X, Y, Z, &c. being periodic functions of t and containing
i n arbitrary constants ¢, ¢/, ¢/, &. We shall have as in the preceding
No.
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0 =X +¢X"—Y;
0=Y 4+40Y' 4+ X"—2Z;
0=Z +07Z"+Y' —388;
&e.
The value of y’ will give, in like manner, equations of this form
0=X/+0X"—Y,;
0=Y/+0Y"+ X" —21Z;
&e.

The values of y”, y”/, &c. will furnish similar equations. We shall
determine by these different equations, selecting the most simple and
approximable, the values of ¢, ¢, ¢”, &c. in functions of 0. Substituting
these values in X, X’, &c. and then changing ¢ into t, we shall have the
values of y, y’y &c. independent of arcs free from periodic symbols when
that is possible.

511. Let us resume the method already exposed in No. 506. It thence
results that, if instead of supposing the parameters ¢, ¢/, ¢, &c. constant,
we make them vary so that we have

de=—2dt{FQ + F Q + &ci;

dd = —eadt {HQ + H' Q 4 &c.3;
we shall always have the 7 n integrals of the order i — 1,

c=V; ¢/ =V; = V'; &

as in the case of « = 0. Whence it follows that not only the finitc in-
tegrals, but also all the equations in which these enter the differences
inferior to the order 7, will preserve the same form, in the case of
a=0, and in that where it is any quantity whatever ; for these equations
may result from the comparison alone of the preceding integrals of the
order i — 1. We can, therefore, in the two cases equally differentiate
i — 1 times successively the finite integrals, without causing ¢, ¢/, &c. to
vary ; and since we are at-liberty to make all vary together, there will
thence result the equations of condition between the parameters ¢, ¢/, &c.
and their differences.

In the two cases where o = 0, and « = any quantity whatever, the
values of y, y’, &c. and of their differences to the order i — 1 inclusivcly,
are the same functions of t and of the parameters c, ¢/, &c. LetY be any
function of the variables y, y’, y”/, &c. and of their differentials inferior to
the order i — 1, and call T the function of t, which it becomes, when we
substitute for these variables and their differences their values int. We
can differentiate the equation Y = T, regarding the parameters c, ¢, &c.

constant; we can only, however, take the partial difference of Y relatively
G3
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to one only or to many of we variables y, y/, &c. provided we suppose
what varies with these, to vary also in T. In all these differentiations, the
parameters c, ¢/, ¢y &c. may always be treated as constants; since by
substituting for y, y’, &c. and their differences, their values in t, we shall
have equations identically zero in the two cases of « nothing and of @ any
quantity whatever.

When the differential equations are of the order i — 1, it is no longer
allowed, in differentiating them, to treat the parameters ¢, ¢’, &c. as con-
stants, To differentiate these equations, consider the equation ¢ = 0, ¢
being a differential function of the order i — 1, and which contains the
parameters ¢, ¢/, ¢’y &c. Let d ¢ be the difference of this function taken
in regarding c, ¢, &c. constant, as also the differcnces d'='y, di-!y/, &c.

Let S be the coefficient of ;in the entire difference of ¢. Let 8’

dly_
dti-
1i
be the coeﬁ‘iclent of ~ It I_y_ ; in this same difference, and so on. The ¢ ua-
tion ¢ = 0 when differentiated will give

0=209p +(g )dc +(d¢)dc’+&c.

diy | o diy
TS Y s

: + &

Substituting for 1 y ; its value — d t {P + « Q}; f(n y , its value
—dt{P + a Q’} &c. we shall have

o=a¢+(d‘°)dc+( )dc+&c
—dt{SP4+ P 4 &} —adtiSQ+ S Q + &} . (1)

In the supposition of « = 0, the parameters c, ¢/, ¢”, &c. are constant.

‘We have thus
0=0p—dti{SP+ &P + &c}

If we substitute in this equation for ¢, ¢/, ¢”, &c. their values V, V/, V7,
&c. we shall have differential equations of the order i — 1, without arbi-
traries, which is impossible, at least if this equation is to be identically
nothing. The function

dp—dti{SP+ S P 4 &t}
becoming therefore identically mothing by reason of cquations ¢ =V,
¢ = V, &c. and since these equations hold still, when the parameters
¢, ¢/, ¢’y &c. are variable, it is evident, that in this “case, the preceding
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function is still identically nothing. The equation (t) therefore will be-
come

—_(4?
0= (d )dc +(d )dc’ + &ec.
—edt{SQ 4+ Q4+ &} . . . .. (x)
Thus we perceive that to differentiate the equation ¢ = 0, it suffices to

vary the parameters ¢, ¢/, &c. in ¢ and the differences di='y, d'=1y,
&c. and to substitute after the differentiations, for — & Q, @ Q’, &c. the

i
quantities (} t)‘, ) (11 ty" , &c.

Let ¥ = 0, be a finite equation between y, y’, &c. and the variable t. If
we designate by 8 <, 82+, &c. the successive differences of +, taken in
regarding c, ¢/, &c. as constant, we shall have, by what precedes, in that
case where ¢, ¢/, &c. arc variable, these equations :

v =0;04=0;0*y=0...... 0i—1.) = 0;
changing therefore successively in the equation (x) the function ¢ into ~,
3 b, 8% 4, &c. we shall have

0=(§)dc+((H)-ae + &

0 =(E2Hae + (E2H e + &

0 = d.ési— l‘\’/) de +((1 si— l¢)dc’+&c

*“dt{Q(a‘y) + Q'(d y’) + 8“'}

Thus the equations 4 = 0, 4’ = 0, &c. being supposed to be the
finite integrals of the differential equations

diy
0= 333 +P

diy ,
O=qu+ 7T
" &e.

we shall have i 7 equations, by means of which we shall be able to de-
termine the parameters ¢, ¢/, ¢”, &c. without which it would be necessary
for that purpose to form the equationsc = V, ¢ = V/, &c. But wher
the integrals are under this last form, the determination will be more
simple.

512, This method of making the parameters vary, is one of great utility
G3
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in analysis and in its applications. To exhibit a new use of it, let us take
the differential equation

d

P being a function of t, y, of their differences to the order i — 1, and of
the quantities q, ¢/, &c. which are functions of t. Suppose we have the
finite integral of this differential equation of the supposition of q, ¢, &c.
being constant, and represent by ¢ = 0, this integral, which shall contain
i arbitraries ¢, ¢/, &c. Designate by 8 ¢, 82 ¢, 8° ¢, &c. the successive differ-
ences of ¢ taken in regarding q, ¢, &c. constant, as also the parameters
¢ ¢, ¢”, &c. If we suppose all these quantities to vary, the differences of
¢ will be

""'(1 F)de +(d¢)d°+&°+(d¢)d "'(M)d‘”‘&c
making therefore
0= (dp de doe ) ,
= (7o) de+ (o) de + &e + (52 )dq+(d )dq + &e.

8 ¢ will be still the first difference of ¢ in the case of ¢, ¢/, &c. q, ¢/, &c.
being variable. If we make, in like manner,

0_(da¢)d +(dc,)dc + &c. +(da¢)d +(da¢)dq’+&c.

= (5 de-+ (Gfac)+ae.+ () da+ (P o e

3%9,8%0,.....061 p will likewise be the second, third, &c. differences of
¢ when c, ¢/, &c. q, q’, &c. are supposed variable.

Again in the case of ¢, ¢/, &c. q, ¢, &c. being constant, the differential
equation

d

dtf
is the result of the elimination of the parameters c, ¢/, &c. by means of
the equations ¢ = 0, 69 =0, 89 = 0,....d1p = 0. Thus, these
last equations still holding good when q, ¢’y &c. are supposed variable, the
equation ¢ = 0 will also satisfy, in this case, the proposed differential
equation, provided the parameters c, ¢, &c. are determined by means
of the i preceding differential equations; and since their integration
gives i arbitrary constants, the function ¢ will contain these arbitraries,
and the equation ¢ = 0 will be the complete integral of the proposed
equation.

I+ P



Booxk I.] NEWTON’S PRINCIPIA. 105

This method, the variation of parameters, may be employed with ad-
vantage when the quantities q, q, &c. vary very slowly, Because this
consideration renders the integration by approximation of the differential
equations which determine the variables c, ¢/, ¢”/, &c. in general much
easier.

513. Second Approximation of Celestial Motions.

Let us apply the preceding method to the perturbations of celestial
motions, in order thence to obtain the most simple expressions of their
periodical and secular inequalities. For that purpose let us resume the
differential equations (1), (2), (8) of No. 471, which determine the relative
motion of x about M. If we make

R__M(XX-}-yy-i-ZZ’) ,J'//(xxll+yyl/+zzl/)

(xlz + y12 + z/i)? (xI/2 + yllz + z’/ﬂ)%
A
+ &c. — /;'
A being by the No. cited equal to
w we’
{2+ ) 4 ) B f— ) ( " —y) ()
II/ fb”

+ , 1
{(x”__x/)e + (y//___y)z + (z"-—z’)g}
If, moreover, we suppose M + ¢ = m and
e= VI FyTE
= VX yrqa?
we shall have

d*x , mx dR
ae T v tlax

1R
0= dt,,+my+(‘ ; (P)
(dR

0=

O_dt2

The sum of these three equatlons mulnplxed respectively by d x, dy, d z
gives by integration
d d d 2
R Ve LT VL SN
the differential d R being only relatwe to the coordinates x, y, z of the
body , and a being an arbitrary constant, which, when R = 0, becomes
by No. 499, the semi-axis major of the ellipse described by w about
M.
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The equations (P) multiplied respectively by X, y, z and added to the
integral (Q) will give
d%¢* m  m dR dR
o_—.;_d.?fz__..wg. +- 0 +2/dR + x( )+ (m) + z(a—i- ; (R)
‘We may conceive, however, the perturbing masses @y py &c, multi-
plied by a coefficient «, and then the value of ¢ will be a function of the
time t and of . If we develope this function according to the powers of «,
and aficrwards make @ = 1, it will be ordered according to the powers
and products of the perturbing masses. Designate by the characteristic
8 when placed before a quantity, this differential of it taken relatively to «,
and divided by d . 'When we shall have determined é ¢ in a series or-
dered according to the powers of @, we shall have the radius ¢ by multi-
plying this series by d «, then integrating it relatively to «, and adding to
the integral a function of t independent of «, a function which is evidently
the value of ¢ in the casc where the perturbing forces are nothing, and
where the body u describes a conic section. The determination of ¢ re-.
duces itself, thercfore, to forming and integrating the differential equation
which determines 8 ¢.
For that purpose, resume the differential equation (R) and make for the
greater simplicity

1R ,.
(dx)+y(dy)+z . )" R’

differentiating this relatively to @, we shall have
o—ddi‘zf +m?55+ 2/3dR+3.¢R . . . . . (S)
Call d v the indefinitely amnll arc intercepted between the two radius-
vectors ¢ and ¢ 4 d ¢; the clement of the curve described by u around M
willbe & de*+ p*dv2% We shall thus have
. dx®* +dy* +dz®=de*+ p2d vy
and the equation (Q) will become

dv d 2
o_i—d—t‘[f——i__L“+ T 4+ 2/dR

s .M . .
Ehmmatmg—{{ from this equation by means of equation (R) we shall

have
e?dv? _od?%p ,
iz T (l t? + + R
whence we derive, by dlﬁ'erentiatmtr velatively to «,

2etdv.dév _ —gd®dp—3 d2 _3myd
dt® dt’g Qﬁ g+g6R’-—-R’6g.
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. . do. .
If we substitute in this equation for r_n_g%_g its value derived from equa-

tion (S), we shall have
2 3R/ /9

d6v=d (dede + 2pddg) + dtggig{'&dR + 23R + R'dg ()
By means of the equations (S), (T), we can get as exactly as we wish the
values of 3 ¢ and of 3 v. But we must observe that d v being the angle
intercepted between the radii ¢ and ¢ 4 d ¢, the integral v of these angles
is not wholly in one plane. To obtain the value of the angle described
round M, by the projection of the radius-vector g upon a fixed plane, de-
note by v,, this last angle, and name s the tangent of the latitude of x above

this plane; then ¢ (1 4 s?) =¥ will be the expression of the projected ra-
dius-vector, and the square of the element of the curve described by w
will be

etdv,? efds?

Tt (L3595
But the square of this element is also g2 d v + d ¢*; therefore we have,
by equating these two expressions

2
o Jarr T
] V14 s? |
‘We shall thus determine d v, by means of d v, when s is known,
If we take for the fixed plane, that of the orbit of x at a given epoch,

s and :—}—‘S, will cvidently be of the order of perturbing forces. Neglecting

+det +

dv, =

therefore the squares and the products of these forces, we shall have
v = v,. In the Theory of the planets and of the comets, we may neglect
these squares and products with the exception of some terms of that
order, which particular circumstances render of sensible magnitude, and
which it will be easy to determine by means of the equations (S) and (T).
These last equations take a very simple form, when we take into account
the first power only of the disturbing forces. In fact, we may then con-
sider 8 ¢ and & v as the parts of ¢ and v due to these forces; 6 R, 8. ¢ R’
are what R and ¢ R/ become, when we substitute for the coordinates of
the bodies their values relative to the elliptic motion: We may designate
them by these last quantities when subjected to that condition. The
equation (S) thus becomes,

2,00 3o *
0=ddigg+m§3g+2de+eR'-
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The fized plane of x, y being supposed that of the orbit of « at a given
epoch, z will be of the order of perturbing forces: and since we may
neglect the square of these forces, we can also necglect the quantity

2z (—q’d—-};) Moreover, the radius ¢ differs only from its projection by quan-

tities of the order z% The angle which this radius makes with the axis
of x, differs only from its projection by quantities of the same order.
This angle may therefore be supposed equal to v and to quantities nearly
of the same order

X = pCos. V; y = gsin v;

x () + v (53) = 1 ()

and consequently ¢. R/ = g(d L . It is easy to perceive by differentia~

whence we get

tion, that if we neglect the squzue of the perturbing force, the preceding
differential equation will become, by means of the two first equqtions (P)

xjydt{2de +e(dR)}—-yfxdt{2de +€( )}
(x dy-—-de)

edg=

In the second member of this equation the coordinates may belong to
elliptic motion ; this gives xdy—ydx yg—ty X constant and equal to ¥ 'm a(1— ¢ 9),
a e being the excentricity of the orbit of ». If we substitute in the ex.
pression of ¢ 8 ¢ for x and y, their values g cos. v and ¢ sin. v, and for
xdy—ydx

dt
by No. (480)

, the quantity # w a (1 — e?); finally, if we observe that

m=n?*a’
we shall have

S acos.v/ndt. gsmv{zde'f' (QE)}} (X)

l-—-—asm.vfndt.gcos.v{2fd R +¢ (~d7)}
be = mvI_e '

The equation (T) gives by integration and neglecting the square of
perturbing forces,
2¢d.dg 4 de.0p 3 2a dR

¢ a‘gn—tit L2 4 22 /ndt.dR+ —=/ndtg (d?) -

V1—e?

dv=




Booxk 1.] NEWTON’S PRINCIPIA. 109

This expression, when the perturbations of the radius-vector are known,
will easily give those of the motion of « in longitude.

It remains for us to determine the perturbations of the motion in lati~
tude. For that purpose let us resume the third of the equations (P):
integrating this in the same manner as we have integrated the equation
(8), and making z = ¢ 8 s, we shall have

acos.v/’ndt.gsin.v(%%)—asin.vfndt.gcos.v(g—lz})

ds =

) m+v 1—e? 5 (2)
8 s is the latitude of # above the plane of its primitive orbit: if we wish
to refer the motion of » to a plane somewhat inclined to this orbit, by
calling s its latitude, when it is supposed not to quit the plane of the
orbit, s 4 8 s will be very nearly the latitude of x above the proposed
plane.

514. The formulas (X), (Y), (Z) have the advantage of presenting the
perturbations under a finite form. This is very useful in the Cometary
Theory, in which these perturbations can only be determined by quad-
ratures. But the excentricity and inclination of the respective orbits of
the planets being small, permits a developement of their perturbations
into converging series of the sines and cosines of angles increasing pro-
portionally to the time, and thence to make tables of them to serve for
any times whatever. Then, instead of the preceding expressions of & g,
85, it is more commodious to make use of differential equations which
determine these variables. Ordering these equations according to the
powers and products of the excentricities and inclinations of the orbits,
we may always reduce the determination of the values of 8¢, and of 3 s
to the integration of equations of the form

d*y '
O—dtz+n y+Q

equations whose integrals we have already given in No. 509. But we
can immediately reduce the preceding differential equations to this simple
form, by the following method.

Let us resume the equation (R) of the preceding No., and abridge it
by making

dR
Q=2de+g(—d——£—

It thus becomes
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In the case of elliptic motion, where Q = 0, ¢* is by No. (488) a func-
tion of e cos. (n t 4 s — =), a e being the cxcentricity of the orbit, and
n t 4 ¢ — = the mean anomaly of the planet u. Letecos. (nt 4 ¢—=)
= u, and suppose ¢g? = ¢ (u); we shall have

2
0= g e + n?u.

In the case of disturbed motion, we can still suppose g® = ¢ (u), but
u will no longer be equal to e cos. (nt 4 ¢ — =). It will be given by
the preceding differential equation augmented by a term depending upon
the perturbing forces. To determine this term, we shall observe that if
we make u = ¥ (¢*) we shall have

d?u 4p%dp?
L rnru =S w0 + 20 9 £ nn v o),

(%) being the differential of < (¢?) divided by d.g? and 4" (¢?) the

2 5,2
differential of ' (¢?) divided by d.g% The cquation (R’) gives 31'32
cqual to a function of ¢ plus a function depending upon the perturbing
force. If we multiply this equation by 2 ¢ d ¢, and then integrate it, we

2 2
shall have ET‘IES- equal to a function of ¢ plus a function depending upon

2 2
the perturbing force. Substituting these values of d 'tg" Tit i

dz
the preceding expression of — 1 t”

dependent of the perturbing force will disappear of itself, because it is
identically nothing when that force is nothing. We shall therefore have
2 2 52

the value of —:]l t:l + n?u by substituting for dd ti
of their expressions which depend upon the perturbing force. But re-
garding these parts only, the equation (R’) and its integral give

d2 p?

Tir =2

' 4 ne u, the function of ¢, which is in-

2d 2
, and ed tf » the parts

detde?

‘Wherefore
d 2y
dtg +ntu=—2Q () —8VY (%S Q.edy
Again, from the equation u = ¢ (¢%), we derivedu = 2 ¢ d g/ (¢);
this p* = ¢ (u) gives 2, d ¢ = d u. ¢ (u) and consequently
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J (e ) = %”(u)
de

Differentiating this last equation and substituting ¢’ (u) for 2 fl o Ve

shall have
17} _ ¢II (":2
\]’ (f 2) -_—— 57—(_{‘)3’
¢" (u) being equal t d.g/(w) .o e
g equal to —+——, in the same way as f () is equal to

Q.'EEE(E.). . This being done; if we make

n=ccos. nt+4+¢—=)4 du
the differential equation’in » will become
— d%du 2 ¢ ¢ (u) 2Q
0= dt2 +n du ¢(u)3J'Q u?(u)-'-p(u)’
and if we neglect the square of the perturbing force, u may be supposed
equal to e cos. (n t 4 ¢ — =), in the terms depending upon Q.

The value of fl- found in No. (485) gives, including quantities of the

order ¢?
g = a{l 4+ e?—u (1——%—e2)—-u2—- % u’}
whence we derive
¢* —a’I1+2e 2u(1-—- 5 € ) —uf—u? } = ¢ (u).

If we substltute this value of ¢ (u) in the differential equation in ¢ u,
and restore to Q its value 2 /' d R + g(%%), and e cos. (nt + ¢ — =)
for u, we shall have including quantities of the order e?,

d% du

—_— 2
0= qge o du

...lé{l + —l- e’ — e cos. (nt+e-——w)——zl’e’cos.(2nt+ 2--—27)}

{2de+e( )}

——Jndt[SIn. (nt+e-=) {14-ecos.(nt4e—=)} {2de+g( ) }](X’)

When we shall have determined 3 u by means of this dlﬂ‘erenual equa-~
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tion, we shall have 3 ¢ by differentiating the expression of g, relative to
the characteristic 3, which gives

do= —-aau{ 14 %e’+2ecos. (nt4 :—-w)+%e’ cos.(2nt+4 25—21:')}.

This value of 3 ¢ will give that of & v by means of formula (Y) of the
preceding number.

It remains for us to determine &s; but if we compare the formulas (X)
and (Z) of the preceding No. we perceive that 8§ changes itself into 8 s

by substituting (dﬁ%) for2fdR 4, (%I:) in its expression. Whence

it follows that to get 3 s, it suffices to make this change in the differential
equation in ¢ u, and then to substitute the value of 8 u given by this equa-
tion, and which we shall designate by 4 v/, in the expression of 3 ¢ Thus
we get
d?su
0=t

+ nfiw
_ ;—,{l +;:je’—e cos. (nt4 ‘“")—alje’cos.(2nt+2e_2,)} (%&z
_..?;?fndt{sin. (nt+4e—=){1 4 ecos.(nt 4 s— =)}, (g—?)}s(z’)

8s=-—adu/ {l + %e' +2ecos.(nt 4 s—=)4 -Z—e‘cos.(2nt+2e—2w)}

The system of equations (X'), (Y), (Z) will give, in a very simple
manner, the perturbed motion of  in taking into account only the first
power of the perturbing force. The consideration of terms due to this
power being in the Theory of Planets very nearly sufficient to determine
their motions, we proceed to derive from them formulas for that purpose.

515. It is first necessary to develope the function R into a series. If
we disregard all other actions than that of upon &'y we shall have by (513}

R___.U/(XX’+yy'+ZZ’)__ W
- ’2 X ’g z ’ o , 2 ’ 2 7} '
2y ) (X —xP (Y =y + (@ —2)

This function is wholly independent of the position of the plane of x,
y; for the radical v (x" —x)? + (y — y\'+ (Z —2)5 expressing the
distance of u, ¢/, is independent of the position; the function x* + y*
Fzt Xy 2% X — 2yy — 2z 2 is in like manner in-
dependent of it. But the squares x® 4 y* 4 2% and X'* 4 y'2 4 2'2
of the radius-vectors, do not depend upon the position ; and therefore the
quantity X X" 4+ y y’ + z 2/ does not depend upon it, and consequently
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R is independent of the position of the plane of X, y. Suppose in this
function
X = gcCos.V; y = gsin. v;
X =g cos.v; y = ¢sinv;
we shall then have )
R = wigg cos. (V—v)4 22’} o .
@*+ 2% i e*—2p¢ cos. (V —v)+4¢ 2+ (2'—z) ’}&
The orbits of the planets being almost circular and but little inclined
to one another, we may select the plane of x, y, so that z and z’ may be
very small. In this case ¢ and ¢ are very little different from the semi-
axis-majors a, a’ of the elliptic orbits, we will therefore suppose
e=a(l4u)¢=a(+u);
u, and u,/ being small quantities. The angles v, v/ differing but little
from the mean longitudes n t 4- ¢, n’ t 4 ¢/, we shall suppose
v=nt+s+v;vV=ntdd v/
v/ and v, being inconsiderable, Thus, reducing R into a series ordered
according to the powers and products of u,, v, z, u/, v/, and 2/, this series
will be very convergent. Let

3—-, cos. (Wt—nt4 & —e¢) —fat—=2aa’cos. (nt—nt 4 a’—-s)+a”}—’}

= —%A@ 4+AWcos. (nt—nt4 ¢ —e) +A®cos. 2(0 t —nt 4¢—e)

+ A®cos. 8 (Wt—nt 4 ¢ —3) 4+ &eo;

‘We may give to this series the form } S A ® cos. i (n't-—nt 4 /—s),
the characteristic = of finite integrals, being relative to the number i, and
extending itself to all whole numbers from i = — @ to i = o ; the value
i = 0, being comprised in this infinite number of values. But then we
must observe that A —~9=A ®, This form has the advantage of serving
to express after a very simple manner, not only the preceding series, but
also the product of this series, by the sine or the cosine of any angle
ft 4 =; for it is perceptible that this product is equal to

§3A<‘>i';: fi(n t—nt4 ¢ —s) + £t + =}

This property will furnish us with very commodious expressions for
the perturbations of the planets. Let in like manner

fa*—2aa cos.(Mt—mnt4s—1) 4 a”}—%
=%2B‘cos.i(nt—-nt+ s —t);

B &9 being equal to B®. This being done, we shall have by (483)
Vou. II. . H
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R=% $A®cos.i(nt—nt+4 ¢ —¢)

+ %’- a(ddA (l))cos. iWt—nt+éd—z

+%, za(d m)cos.l(n t—nt4 ¢ —q
-—‘gi,(v,”—-v,)E.iA(‘)sin.i(n’t——nt-}-s’——-s) '
+%.u,’.2.a (d! )cos.x(n’t-——-nt-{-s-—s)
+%,- Eaa(——-——(g)cos.l(n t—nt 4 —1)
+%' ”.za”(d ,,m)cos.l(n t—nt 4 ¢ —3)
"%(v/—' AL 1a( )sm.l(n t—mnt 4 ¢ —e¢)

_—% (V/'-—- V,) ul, Sia’ ((}a—d,—‘) sin, i (n’ t—nt 4 P ,)

’
---%(v/-——v,)’.z.i‘ AVcos.i(Wt—mt 4 s —¢)

W22 Swaz

+"‘-“1‘,3—‘—"TCOS. (n t'—-nt+2 -—-t)
R P

+.E—“T}l sBWcosi(nt—nt 4 ¢ —¢)

+ &ec.

If we substitute in this expression of R, instead of u, v/, v, v/, zand 7/,
their values relative to elliptic motion, values which are functlons of sines
and cosines of the anglesnt 4 ¢ 1’ t + ¢ and of their multiples, R will
be expressed by an infinite series of cosines of the form #/ k cos. (in’t
—int 4 A),iand i being whole numbers.

It is evident that the action of »”, 4", &c. upon & will produce in R
terms analogous to those which result from the action of #/, and we shall
obtain them by changing in the preceding expression of R, all that relates
to 'y in the same quantities relative to «”, ", &c.

Let us consider any term #' k cos. ( n’ t — int 4+ A) of the expres-
sion of R. If the orbits were circular, and in one plane we should
have i’ = i. Therefore i’ cannot surpass i or be exceeded by it, except
by means of the sines or cosines of the expression for u, v, 7, u/, v/, 2’
which combined with the sines and cosines of the anglen’t—nt 4 ¢ —¢
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and of its multiples, produce the sines and cosines of angles in which i/
is different from i.

If we regard the excentricities and inclinations of the orbits as very
small quantities of the first order, it will result from the theorems of
(481) that in the expressions of u,, v,, z or ¢ s, s,being the tangent of the
latitude of u, the coefficient of the sine or of the cosine of an angle such
asf. (nt + ¢), is expressed by a series whose first term is of the order f;
seconid term of the order f 4 2; third term of the order f + 4 and so
on. The same takes place with regard to the coefficient of the sine or of
the cosine of the angle f* (0’ t 4 ¢) in the expressionsofu,, v/, 2. Hence
it follows that i, and i’ being supposed positive and i’ greater than i, the
coefficient k in the term m’ k cos. (' n’t —int 4 A) is of the ordar
i’ — i, and that in the series which expresses it, the first term is of the
order i’ — 1 the second of the order ¥ — i 4+ 2 and so on; so that the
series is very convergent. If i be greater than i, the terms of the series
will be successively of the orders i — ¥/, i — i’ + 2, &c.

Call = the longitude of the perihelion of the orbit of « and 4 that of its
node, in like manner call =” the longitude cf the perihelion of w/, and ¢
that of its node, these longitudes being reckoned upon a plane inclined
to that of the orbits. It results from the Theorems of (481), that in the
expressions of u,, v, and z, the angle n t 4+ ¢ is always accompanicd by
— = or by — ¢; and that in the expressions of u/, v/, and z/, the angle
n’ t 4 ¢ is always accompanied by — =’, or by — #; whence it follows
that the term ¢/ k cos. (' "t —int 4 A)is of the form

wkeos (int—int 4+ V¢ —ic—ga—g' o' —g”0—g”v),
g g> g’ g being whole positive or negative numbers, and such that
we have
0 — i/__i_g___gl__g//__g/”.

It results also from this that the value of R, and its different terms are
independent of the position of the straight line from which the longitudes
are measured. Moreover in the Theorems of (No. 481) the cocfficient of
the sine and cosine of the angle =, has always for a factor the excentricity e
of the orbit of 4 ; the coefficient of the sine and of the cosine of the angle
2 =, has for a factor the square e® of this excentricity, and so on. In like
manner, the coefficient of the sine and cosine of the angle 6, has for its
factor tan. £ ¢, ¢ being the inclination of the orbit of x upon the fixed
plane. The coefficient of the sine, and of the cosine of the angle 2 4, has for
its factor tan.? } ¢, and so on. - Whence it results that the coefficient k has for
its factor, e&. ¢ . tan. 8 (} ¢) tan. 8" ( ¢'); the numbers g, g’, g", g"”’ being

ne
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taken positively in the exponents of this factor. If all thcse nuinbers are
positive, this factor will be of the order i/ — i, by virtue of the equation
0=t —i—g—g—g —g"s

but if one of them such as g, is negative and equal to — g, this factor
will be of the order i — i + 2 g. Preserving, therefore, amongst the
terms of R, only those which depending upon the angle i’ ' t —int are of
the order i’ — i, and rejecting all those which depending upon the same
angle, are of the order i — i 4 2, ¥ — i 4+ 4, &c.; the expression of
R will be composed of terms of the form

1 1 .
g o8 2 i Vol 3 7
He tan. (2¢)tan.8.(2¢/)cos.(1nt int 4 i

— i € — g.w —_— gl. W/ —_— gll. o — glll‘ 0’),
H being a coefficient independent of the excentricities, and inclinations
of the orbits, and the numbers g, g’, g”, g’ being all positive, and such
that their sum is equal to i’ — i.

If we substitute in R, a (1 4 u,), instead of ¢, we shall have

«(a7) = ()
If in this same function, we substxtute instead of v/, v/ and z, their values
given by the theorems of (481), we shall have

dR dR

) =(T%)
provided that we suppose ¢ — =, and ¢ — 4 constant in the differential of
R, taken relatively to ¢; for then u, v, and z are constant in this differ-

ential, and since we have v = nt + ¢ 4 v, it is evident that the preced-
ing equation still holds. We shall, therefore, easily obtain the values

of g( P ) and of ( ) which enter into the differential equations of

the precedmg numbers, when we shall have the value of R developed
into a series of angles increasing proportionally to the time t. The dif-
ferential d R it will be in like manner easy to determine, observing to vary
in R the angle n t, and to suppose n’ t constant ; for d R is the difference
of R, taken in supposing constant, the coordinates of «/, which are func-
tions of n’ t.

516. The difficulty of the developement of R into a series, may be
reduced to that of forming the quantities A®, B®, and their differences
taken relatively to a and to a’.  For that purpose consxder generally the
function

(a* —2aa’ cos. ¢ + a”)--'l
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and develope it according to the cosine of the angle ¢ and its multiples.
If we make -:—:; = a, it will become

—28 ~—8
a8 {1 —2acos 84 %
Let

(1—2acos.f 4+ a2 = 3 b\°‘+b(”cos 0 +b(3) cos. 26
+ b‘3>cos 30 + &ec.
b©, b®, b ®, &e. being functxons of « and of s. If we take the logarith-
r'nic d’iﬂ'er;nces of the two members of this equation, relative to the vari-

able 9, we shall have
—b®Wsin, § — 2 b ® sin. 26— &e.

—2sasing . o
2O 4L bW cos.04+b® cos. 20+ &e.”
8 8 8

1 —2acos. 84 a?

Multiplying this equation crosswise, and comparing similar cosines, we
find generally
(i—1) (14 «?)bi=D—(i 4 s —2)abl->
b= : - .o (a)

(L —=5).
‘We shall thus have b®, b®, &c. when b©® and b ® are known.

If we change s into s 4 1, in the preceding expression of (1 — 2 « cos. ¢
+ a?) -’, we shall have
(1—2acos. 4a9) """ =3 bO4b® cos. §4b® cos.2 84+b @ cos.30+ &c.
s+1 41 s 1 s+ 1
Multiplying the two members of this equation, by 1 — 2 « cos. § 4 «?

and substituting for (1 — 2« cos. 0 4 «?) ~* jts value in series, we shall
have
%b“’) + b“)cos. 0+ b(2) cos. 20 4 &Kec.

= (1 — 2« cos. 0+oc’){ b©® 4 b“) cos. § 4 b‘”’ cos. 24 4 &ec.}
s+1  s+1
whence by comparing homogeneous terms, we derlve
b® = (l + “2) b® —abl=D_— gpht+D,

+1 sl
The formula (a) gives T :

il4+a?)b®—(i4s)abl-D
C O+ = s41 .- 541

8 1 (i —_— S). o
The preceding expression of b ® will thus become

25.ab0D—s(1 4 a®)b®
b®= st1 o1,

. i—s
H3

H
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Changing i into i 4 1 in this equation we shall have

2sab®—s(1 4 a’)b(‘-i-l)
b(i.|.l)— s+l s+1
i—s+1

and if we subetltute for b (‘+1) its preceding value, we shall have
s(i+s)a (l-l-oc b=V 4 sf2(i —s)a?—i(14«?)%b®
b4 = s+ s+1

) i—s)i—s+ 1a
These two expressions of b ® and b 0+ give
8 8-

ﬁi_;"_s_).,(l + “2)b(i>_2,i____§.;_"__! abG+D

bO = 2 et (b
41 (1 —a?)* ®)
substituting for b G+ jts value derived from equation (1), we shall have
(s—-—-l)(1+ ’?)b(i)+2‘(i+:_1).a.b(“"?
(i) 8 N 8 .
sl:l-l (l—“g)g ’ (C)

an expression which may be derived from the preceding by changing i
into — i, and observing that b ® = b=, 'We shall therefore have by

means of this formula, the values of b @, b®, b ®, &c. when those of
s41 sl 84l

b©, bM, bL®, &e. are known.
8

Let A, for brevity, denote the function 1 — 2 @ cos. 4 + % If we
differentiate relatively to a, the equation
A= =32bO® 4 bW®cos. 0 4+ b® cos. 20 4 &e.
8 8 8

we shall have

db® db® db®
—2s(w—cos. f) A—s—=1=}, —-—- + (i'“ cos. 0 -+ —a’;cos.20 + &ec.
But we have .
1—a *—2
~— o 4~ cos, § = YR
‘We shall, therefore, have ( db
db®
S(l-—uz) —f — S)\-—._ 8 8
—— A t— - "'ida"-da cos. § 4 &ec.
whence generally we get
d b ® s b ®
(l —a?) b® —
d o o a1 -3
Substituting for b ® its value given by the formula (b), we shall have
841
db®

s _ i+ ({i+2s)er o 2(i—s+1) .,
EOaT s i A T
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If we differentiate this equation, we shall have

o)
d'? 1+(+2s)u2 (}b +{2(1+S)(l+“2) }b(i)
2 8

da? o (l—a?) 1 —af)?
db +h
_2(i—s+ 1) __4'(l—-8+ 1)“b(i+])
1T —=%z  ° O 1 —a?, )
Agnain differentiating, we shall get
3h ) 2 ® . ®
TP idtegaer TP ca9atay iy 97
de* 7 a(l—e?) "~ dat + (It— ) af do
4 + ) (3 + 2i 2 (i +1) d*bix
14 s o’ 1 i 1—s 8
+{ ( «?)? +;g}b(')._. 1 —=2f ' daf
igD
8(1--s+1‘)_o_c i]_})__ 4(1——S+ 1)(1+3“)1 G40,
IT—23)* ' da )’ s

Thus we perceive that in order to determme the values of b and or

8
its successive d.ff:rences, it is sufficient to know those of h@ and of b®™.
8 s
‘We shall determime these two as follows :

If we call ¢ the hyperbolic base, we can put the expression of A—* un-
der this form
A=t = (1l —actvV—1)=s5(] —ac—0V=—1)—s
Developing the second member of this cquation relatively to the powers of
c?~=1, and ¢ —¢#v~l, it is evident the two exponentials ¢ 1§ V=1, ¢ —i04/—1
will have the same coefficient which we denote by k. The sum of the
two terms k.ci?v—landkc—i0v'—1is 2 k cos. i & This will be the
value of b ® cos. i 4. 'We have, therefore, b® = 2 k. Again the ex-
8 8
pression of A —* is equal to the product of the two series
Lgsact —1 4 28T 20 (sl"é Dare2ov—1 4 ge

14+ sac—0v=14 E_gsl_’;__!l atc—20V—1 4 &c.;

multiplying therefore these two together, we shall have wheni = 6
1 2

k=1+4s%a2%4 (gisl.'; )) ot 4+ &c.;

and in the case of i = 1,

_ s(s 4 1) s(s+l) s(s+l)(s+2)
k_u{S+S.-T2——-o 1.2 1.2.3 ’ ‘+&c.}
wherefore

2 s 2
o () e 4 (DA )

H4
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b =2u{s+ s.s(sl.'*'gl)a*+s(sl+2l).s(° "]' 12).(S+ L +&c.}.

That these series may be convergent, we must have « less than unity,

. . a
which can always be made so, unless a = a’; « being = - ve have only

to take the greater for the denominator.
In the theory of the motion of the bodies 4, »/, ", &c. we have occasion
to know the values of b(") and of b\l) whens =} and s = §. In these

two cases, these values have but htt]e convergency unless « is a small
fraction.

The series converge with greater rapidity when s = — 4, and we have
1 | 1. 14 1 1.3y* 1. 1. 8.5y°*
- b® = - 2 inhdiint 4 b 6 e Do eV 8
2bg 1+ (5) @+ (50a) <+ Bae) *°+ (aes) “+ie

b")-~a{l L1, 1 1.13 4131135 135 1.13 . '7 P4 &e.

it “74'94.6" T4.6'24.68" 2.6823...

In the Theory of the planets and satellites, it will be sufficient to take
the sum of eleven or a dozen first terms, in neglecting the following
terms or more exactly in summing them as a geometric progression whose
common ratio is 1 — a2 "When we shall have thus determined b © and

~%
b®, we shall have b in making i = 0, and s = —} in the formula (b),
-4 H
and we shall find
(1429bO 4 6abO
b = -3 -4
) a7

If in the formula (c) we suppose i = 1 and s = — } we shall have

2¢b©® 4 3 (1 4+ a?) b®

-—

) — .
b é - (1 — 2) 2
By means of these values of b©® and of b® we shall have by the pre-
] H

ceding forms the values of b ® and of its partial differences whatever may

be the number i; and thence we derive the values of b ® and of its dif-

]
ferences. The values of b® and of b® mnay be determined very simply,
3
g
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by the following formulae
b® b®

3

(I —af*

Again to get the quantities A, A®), &c. and their differences, we
must observe that by the preceding No., the series

, 3AO 4 AMcos. 0 4+ A® cos. 20 4 &ec.
results from the developement of the function

a cos. 0

-1
i (a2 —2aa’cos. § + a'%) %,

. . . . . . a
into a series of cosines of the angle ¢ and of its multiples. Making 7=
this same function becomes

——2—— b©® 4 (—-—-—-——— b“))cos ] —»g“) cos. 2 § — &c.
which gives genemlly

AW = ——I—,.b(‘);
a 3

when i is zero, or greater than 1, abstraction being made of the sign.
In the case of i = 1, we have

AV =2 = bu)
a’'?

'
‘We have next
db®
A o 4 /dea
)= — v da (D)
de 1
But we have -;— = —; therefore
da a’
db®
dA® 1 3
Cro)=—wedas
and in the case of i = ], we have
db®
d A M 3 1.
) - da
Finally, we have, in the same case of i =
dzb®
d?A® 1 ¥

dar /)T T a3 dat
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d*bo
(d’A<'>)_ 3

da’ _F'~d73 ’

To get the diﬂ?’erences of A O relative to a’, we shall observe that A @
being a homogeneous function in a and a’, of the dimension — 1, we
have by the nature of such functions,

d A ® + o (dd,:l,(i)) = A,

whence we get

dA() G AO—, (dA(‘)
dzA(l) dA('> d* A ®
dada) ) — g7 )
“'(Cir) =24 +4«a(“")+a (Tar):
’ d2A® _ A® dzA() dsA(‘)
a’t da/zda) - ( )+ ) =l )
/a(d(; 5:‘)) =—6A V—_18a (d.f}_(_ —9 (d;ii)l (dsA R
&e.

We shall get B @ and its differences, by observing that by the No. pre-

ceding, the series
5 B® 4+ B®cos, 8 4 B® cos. 2 0 4+ &c.
is the developement of the function
o= (1—2acos a9~ i

accordmg to the cosine of the angle 4 and its multiples. But this function
thus developed is equal to

. a""{ib(‘” + 13)(” cos.d-l-g(’) cos.20+8cc.}.

% ’

therefore we have generally
B® = “{5 b®;
"y

‘Whence we derive

dbo® d*b o
dBy_ 1§ 5 (BO_ 13 ; &
) a*" "da (aa’ )'_—’— “da®

Moreover, B @ being a homogeneous function of a and of a', of the

dimension — 8 we have
d p, 0

B(')
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whence it is easy to get the partial differences of B @ taken relatively to
2’ by means of those in a.

In the theory of the Perturbations of «/, by the action of u, the values

of A ® and of B ®, are the same as above with the exception of A ® which

o L | .
in this theory becomes 2t b®,  Thus the estimate of the values of

A®, B®, and their differences will serve also for the theories of the two
bodies » and w'.

517, After this digression upon the developement of R into series, let
us resume the differential equations (X’), (Y), (Z’) of Nos. 513, 514; and
find by means of them, the values of ¢, 8 v, and 8 s true to quantities
of the order of the excentricities and inclinations of orbits.

If in the elliptic orbits, we suppose

g=a(l+u); =o' (14v));

v=ntds+v;vV=nt—¢4v/; N
we shall have by No. (488)
u=-—ecos. (Nt+4¢—=); u/ = —¢€ cos. (' t+4 s —=);

vy=2esin.(nt+e—w); v/ =2¢sin(nt+ ¢ —o);

n t+4 ¢ n’ t+ ¢ being the mean longitudes of 4, &’ ; a, 2’ being the semi-
axis-majors of their orbits; e, ¢’ the ratios of the excentricity to the semi-
axis-major ; | and lastly =, =’ being the Jongitudes of their perihelions. All
these longitudes may be referred indifferently to the planes of the orbits,
or to a plane which is but very little inclined to the orbits; since we ne-
glect quantities of the order of the squares and products of the excen-
tricities ahd inclinations. Substituting the preceding values in the ex-
pression of R in No. 515, we shall have

R=%,2A“)cos.i(n’t-—nt+s’—-s)
M, s dA() i
'—""é--uo{ )+21A()}
ecos{i(n’t—-nt+s — s +nt4s—wa}

¥ 2{ (d A(i-l))_2 (i—1) A(‘"'”} X

4 cos.{l(n t—nt4ed—e +ntde—a;
the symbol = of finite integrals, extending to all the whole positive and
negative values of i, not omitting the value i = 0.
Hence we obtain

2fd1{+e(%-£})=2 ’ -—a(dA“”)
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'%’ { (dA(“ n,A("}cos.i(n't—nt+e’-----s)
_,21{ (ddﬁ:» ______(g))}ecos.(nt-l—i—w)
_-§{a (g’a‘;:)) 2a ( A“)+2 ( )+4A(l)} & cos. (Nt e—=’)
. { (ar) @i+ “A")}
—-2-2. 9 —l) d ‘ e cos. §{i(n’t-nt4 ¢'—¢)4 nt e—w}
1(511 ') Irlx{ ( '“)+2lA()} 1-
 §o Canaw ) 260 ()
_’f { 2(i :) dAG=D ecos.fi(Wt-—nt4e —¢)
i 1 ()2
4+ nt+4es— w},

the integral sign = extending, as in what follows, to all integer positive
and pegative values of i, the value i = 0 being alone excepted, because
we have brought from without this symbol, the terms in which i=0:4' g
is a constant added to the integral f d R. Making therefore

_éa(d A(O))+3 ( )+6ag,
A(’

_ (4 A® dA® m
D =jote (T7) + e () + 20 A
d®A® 21+1 dA®

Co=ia(Trgr) + =5 da)
1(n—n)—-3n dA") .
+2{1(n { ( A()}
+ (i——l)n a*( )+2iaA“) ;
i(n—n)—n da ’
dz AG=D . d A=)
(1) 2 N (-
DO =}at o (g )— (— D o (=)
— (i =
T T S
taking then for unity the sum of the masses M + u, and observing that
M+n

(287) = n?¥ the equation (X’) will become

[} (0
0._-(-1-&—-3#+n“6u—-2n W ag—--———- (dA

(i
_—-———z{ (dA) aA(‘)}COS-i(n’t-—nt.[.i'.._,)
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+n*w Cecos.(nt+ ¢ — =)

+ n*y Dée cos. (nt+s— o)

4+n*y3CWecos. fi(Nt—nt4éd—s)fnt4ds—w}

+n*wWzsDOecosfi(nMt—nt+¢—:)tnt4e—al;
and integrating

’ ©
du=2xu ag-l-ia ElaAa

) { dA® + ?“,aA(-)}

—Fne da /. 1 ~cos.i(n”t—nt ¢ —
i*(n —n')?—n* ( + )

+wfecos. nt+e—=) 4w f esin. (nt4e—a)

/ 4
-—%C.nt.esin. (nt+s-—w)—g—D.nt.e'sin. (nt+4s—o)

+ w's —-——~C(Ln—2 ——;ecos.fi(n't—nt 4 ¢ —s) + ntts—w}
K2 i n—n)—np=n? )
/ D(‘)ni / 3 / s ’
+ 43 s.€cosfi(nt—nt4¢—s)+ntfs—a'},

fi(n—n’)—n}—n
f, and f/ being two arbitraries. The expression of 8¢ in terms 8 u, found
in No. 514 will give

8 74 d A®
f:—.‘zu’.ag——r«a* da)
(i)
v ddAa ) + n“i—nn a AD :
+§n’.2{ G W) }cos.1(n’t—-nt+-’-—-s)

—u/'fecos.(nt+ ¢— =) — pu/f’ € cos. (nt 4 ¢— =)
+3#/' Cntesin. (nt4e¢—=)+ 4/ Dnte sin. (nt 4 — =)
@y -
a’(dA)) 2[1

da n’aA() co
4+ 4 n2s. { 12 (n_n)g n2 {1(n—n)—n}9.__nszjg

X ecos. §i (n’t—n t+e — &)+ ntde—a}
(i)
0 (n——n’]))—- YD ¢’ cos.{i(n’ t—n t+ ¢—e)+n t$s—a'},
f and f’ being arbitrary constants independent of f,, f,”.

This value of 3 ¢, substituted in the formula (Y) of No. 513 will give s v
or the perturbations of the planet in longitude. But we must observe that
n t expressing the mean motion of 4, the term proportional to the time,
ought to disappear from the expression of 3 v. This condition determines
the constant (g) and we find

—u/.n%s,
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We might have dispensed with introducing into the value of 8 ¢ the
arbitraries f, f/, for they may be considered as comprised in the elements
e and = of elliptic motion. But then the expression of & v would include
terms depending upon the mean anomaly, and which would not have
been comprised in those which the elliptic motion gives: that is, it is more
commodious to make these terms in the expression of the longitude dis-
appear in order to introduce them into the expression of the radius-vector
we shall thus determine f, and f’ so as to fulfil this condition. Then if we

dAG-D

(-1
substitute for a(d—-—-——g 7 )its value — A G—D a( -) we shall
have
) dA©® d2AO
C:a"( da )+}a’ da?® );
D=aA“>-—a’(dAm —1 gj._é(_l)
(1—-1)(21-—1) G i (n n)—n o fd AG—D
Do n—i(m—n) ° ad Yy —)? da )
dz AC=-D
__;as( dat );
d AU dz A®@
f=gar () + 100 (Se )s

=1 {a A(l)__az(d(f\:’) d(: ‘:2(1))}

Moreover let

_ 8n . y, 1*(n—n’).{n+i(n—n’)} —3n*
EO0=— e d0+ i*(n —nw)?—n*
dA(‘) ; dzA®
() pear)+ i (f7er);
ln .
{n+1(n-—-n’)}—3n2
ln 2
Fo= ( ) AD+ i*(n —n’)* —n?*
dA(‘) @ 2n?E® .
X{ ( n—n’aA)}— e In—i(n—n')}’
) d AG=-D
i—1)(2i—~1)naAf-D4 (i—1)na®
G“).-_-(- ( ) ( ( da )

2in—1i(n—n’)}

2n*D®
Tnt—fn—i(n—oy?
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and we shall have
dA(‘)
at e ———a A0
b e @aey wne, L)t i
1(n—n" n®

a “da 2
cos. i (n't—-nt + ¢ —¢)
—w fecos. (nt+4s+=)—u/f' e cos. (nt + ¢ — =)
+ 3/ C.ntesin. (nt4s—=)4 4/ Dntesin (nt 4 s —o')
EO® .

e se JD— {n—i(n-n’)} y€cos, {i (0 t—nt4¢—s)4ntte—a} .
+n “ . D(i) - . ’
e’ cos.fi(n’ t—n t+¢—s)4n t4e—a'}

n? _fn—i(n-n)}
dA® oL
) -—'"',2 __LaAki)+2ns{a2 da )+n"'“/aA()J }sin.i
V=g (fm=n)t im—n). % (a—n)¢ —n%
(nt—nt4ed—s)
4+ w.C.nt.ecos.(nt4+¢—w) + 4w D.nt.e cos.(nt 4 ¢ —s)

()
n—:iI_{n——ﬁ—)esm {l(ﬂ't-—nt-f-s —s) +nt+ﬁ—w}]
+nez GO
n—im— n)e sin. i ('t —nt4e —¢) 4 ntfe—o'}

the integral sign = extending in these expressions to all the whole positive
and negative values of i, with the value i = 0 alone excepted.
Here we may observe, that even in the case where the series represent-

ed by
3. A @ cos. i(n’t—-—nt+t’—--e)

is. but little convergent, these expressions of £ and of 3 v, become con-

vergent by the divisors which they acquire. This remark is the more
important, because, did this not take place, it would have been impossible
to express analytically the mutual perturbations of the planets, of which
the ratios of their distances from the sun are nearly unity.
These expressions may take the following form, which will be useful to
us hereafter. Let
= esin. =; I/ = ¢ sin. #/;
]l ==ecos. =; I = € cos. »';
then we shall have

f(SAY) + 22 a a0
AO I" nz d n_n, )
'Eg ( ) { it (r?—— [T —n? }COS.l(n’t—nt-l-e'—s)

~—w (hf 4 W' f) cos.(nt+e)—p/(l f4+Vf)sin. (nt+e)
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-+ %{l C+V Dintsin. (nt4e) --%, fh C+h Dintcos. (nt4:)

n?—fn—1i(n—
IEOQ41D®

+ = P __j-l =) cos. §i(n’ t—nt 4 ¢'—:)$n t 5}
dA® 2n

) -f.-— n’ ~—~aA®42n3 at da) a—woA?

27 lin—n)® in—n) % (n—=r)*—nY

sii(n’t—nt4d —z)

4+« $h C+W Di.nt.sin. (nt4e) 44 {l.C4+V . Dint.cos. (nt4e)

IFO4VY GO

LO4Lh D®
. { b E +h'D T sin. {i (n't—n t4 &'—s)4n t4}
n*y s

t\

dv= X

+n,“,.2 m sin, {l(n t—nt+e —e)+nt +!} :
i 4 i
g-f—_(;(j&h——q()cos fi(0 t—nt4ed —e)fntie

Connecting these expressions of é ¢ and 3 v with the values of ¢ and v
relative to elliptic motion, we shall have the entire values of the radius-
vector of g, and of its motion in longitude.

518. Now let us consider the motion of w in latitude. For that pur-
pose let us resume the formula (Z') of No. 514. If we neglect the pro-
duct of the inclinations by the excentricities of the orbits it will become

d2sv d
0="5rr +n ’ZBu—— (g )
the expression of R of No. 515 gives, in taking for the fixed plane that
of the primitive orbit of u,

dR ,wz ,uz’ (i) ,
(dz = — 3. B®cos.i(nt—nt4e—e);

the value of i belongmg to all whole positive and negative numbers in.
c]udmg alsoi = 0. Let y be the tangent of the inclination of the orbit
of @/, to the primitive orbit of g, and 11 the longitude of the ascending
node of the first of these orbits upon the second; we shall have very
nearly

7 = a ysin. ('t 4 ¢ —I);
which gives

w i « . .
( d z) =a7 7. sin. (n’ t-l-f'—-ll)—-—é- .2’ B9y sin(n t4e—T11)
% a’3B ¢~Dysin. {i (o’ t—nt4o—e)4n t4s—TI1}

the value here, as in what follows, extending to all whole positive and
negative numbers, i = 0 being alone excepted. The differential equation
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in 8 a’ will become, therefore, when the value of (d-dlz{) is multiplied by

n? a’ which is equal to unity,
2
0= dlil: 4+ n?éun —pu n?, ,,7sm (wt+ ¢ —1I)

+"‘——2ll- aa’ BOysin (nt+4 e— 1I)

+ ‘w; aa’ 3B d=Vysin §i (0’ t—nt4e —e)fntfs—Mm)};

whence by integrating and observing that by 514
§s = —adv,

/2 2
wn a .
55:—-—112—-——_—117'2. '&;‘57 Sl (ll’ t + ¢ — H)
W ate
——’————(—}f-B").nt.ycos. (nt 4 ¢ — 1I)
W't a%a’ Ba=n

+ 5 - o ep— T sinn fi(n/t—nt o ¢'emee) - nt - e—I13.
To find the latitude of « above a fixed plane a little inclined to that of
its primitive orbit, by naming ¢ the inclination of this orbit to the fixed
plane, and ¢ the longitude of its ascending node upon the same plane; it
will suffice to add to 8 s the quantity tan. ¢ sin. (v — 0), or tan. ¢ sin. (nt
+ ¢ — 0), neglecting the excentricity of the orbit. Call ¢/ and ¢ what ¢
and 0 become relatively to »/. If 4 were in motion upon the primitive
orbits of #/, the tangent of its latitude would be tan. ¢’ sin. mt4e—10);
this tangent would be tan. ¢ sin. (n t 4+ ¢ — 4), if » continued to move in
its own primitive orbit. The difference of thesc two tangents is very
nearly the tangent of the latitude of w, above the plane of its primitive
orbit, supposing it moved upon the primitive orbit of u/; we have there-
fore
tan. ¢’ sin. (n t4-¢ — ¢) — tan. ¢ sin. (n t4-¢ — 0) =7y sin. (n t4s — 11).
Let
tan. ¢ sin. 0 = p; tan. psin. ¢ = p’;
tan. ¢ cos. § = q; tan.¢'cos.¥ = q';
we shall have
ysin.II = p’—p; ycos. I = q — q
and consequently if we denote by s the latitude of « above the fixed plane,
we shall very nearly have
s=qsin. (nt 4 ¢) — pcos. (nt 4 s)
. a *a
(p’—p) BOntsin. (nt + 5)
Vor II I
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! 02 o
”li (@ —q BOntcos (nt+ )

W nt a?

— B S i(q — q) sin. (00t +¢) — () — ) cos. (0t ¢}
(q,_Q)B(‘_I) N /.
+ #Wnt.ata', Yn*—in—i(n—n)} sin. Hi(n't—nt+¢—)+nt-+f .
— =) BOD e npae
cos.§i(n't— nt 4 ¢'—:)+nt4-e}

n*—{n—i (n—n’)}*’
519. Now let us recapitulate. Call (¢) and (v) the parts of the radius-

vector and longitude v upon the orbit, which depend upon the elliptic
motion, we shall have
e=(g) +deg; v=(v)+ v

The preceding value of s, will be the latitude of » above the fixed plane.
But it will be more exact to employ, instead of its two first terms, which
are independent of 4/, the value of the latitude, which takes place in the
case where u quits not the plane of its primitive orbit. These expressions
contain all the theory of the planets, when we neglect the squares and the
products of the excentricities and inclinations of the orbits, which is in
most cases allowable. They moreover possess the advantage of being
under a very simple form, and which shows the law of their different
terms.

Sometimes we shall have occasion to recur to terms depending on the
squares and products of the excentricities and inclinations, and even to
the superior powers and products. We can find these terms by the pre-
ceding analysis, the consideration which renders them necessary will al-
ways facilitate their determination. The approximations in which we
must notice them, would introduce new terms which would depend upon
new arguments. They would reproduce again the arguments, which the
preceding approximations afford, but with coefficients still smaller and
smaller, following that law which it is easy to perceive from the deve-
lopement of R into a series, which was given in No. 515; an ergument
which, in the successive approximations, is found for the first time among the
quantities of any order whatever v, and is reproduced only by quantities or
the orders r 42, r44, &c.

Hence it follows that the coefficients of the terms of the form
sin.
" cos.
proximated up to quantities of the third order, that is to say, that the
approximation in which we should have regard to the squares and pro-

t . (n t + ¢), which enter into the expressions of ¢, v, and s, are ap-
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ducts of the excentricities and inclinations of the orbits would add nothing
to their values; they have therefore all the exactness that can be desired.
This it is the more essential to observe, because the secular variations of
the orbits depend upon these same coefficients.

The several terms of the perturbations of ¢, v, s are comprised in the
form

sin. .
| k'cos. fiMt—nt4¢—:) +rnt4re,
r being a whole positive number or zero, and k being a function of the
excentricities and inclinations of the orbits of the order r, or of a superior
order. Hence we may judge of what order is a terth depending upon a
given angle,

It is evident that the motion of the bodies u”, 4"/, &c. make it neces-
sary to add to the preceding values of g, v, and s, terms analogous to
those which result from the action of &’; and that neglecting the square of
the perturbing force, the sums of all these terms will give the whole va-
lues of ¢, v and s. This follows from the nature of the formulas (X’),
(Y), (Z’), which are linear relatively to quantities depending on the dis-
turbing force.

Lastly, we shall have the perturbations of 4/, produced by the action of
w by changing in the preceding formulas, a, n, h, 1, ¢, =, p, q, and &’ into
a, o, W, V, ¢, «, p’s ¢, and w and reciprocally.

THE SECULAR INEQUALITIES OF THE CELESTIAL MOTIONS,

»

520. The perturbing forces of elliptical motion introduce into the expres-
sions of g, g: » and s of the preceding Nos. the time t free from the sym-
bols sine and cosine, or under the form of arcs of a circle, which by in-
creasing indefinitely, must at length render the expressions defective. It
is therefore essential to make these arcs disappear, and to obtain the
functions which produce them by their developement into series. We
have already given, for this purpose, a general method, from which it re-
sults that these arcs arise from the variations of elliptic motion, which are
then functions of the time. These variations taking place very slowly
have been denominated Secular Inequalities. 'Their theory is one of the
wost interesting subjects of the system of the world. 'We now proceed to

expound it to the extent which its importance demands.
) 12
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By what has preceded we have
1 —hsin (nt 4 ¢) —1cos. (nt+¢) — &e.

+%{l.C+1’.D}.nt.sin.(nt+s.)

g=a
-—’-"2-’-{11.0 + 1. D}.nt.cos.(nt 4¢)+4'S.

dv

Tt =n+2nhsin. (nt 4 s) +2nlcos. (nt 4 ¢) + &e.

— @ {lC+1I'Dinttsin (nt+ )

4+ thC+HWDintcos.(nt+4¢) 4+ T;
s = qsin. (nt+¢)—pecos. (nt 4 ¢ 4 &e.
—-‘-;;a‘*’a’ (p—p) BW. nt,sin (nt 4 ¢)

——%a’a’(q’-——q) B® nt.cos.(nt+ ) + o x;
S, T, x being periodic functions of the time t. Consider first the expres-
sion of g—g » and compare it with the expression of y in 510. The arbi-
trary n multiplying the arc t, under the periodic symbols, in the expres-
sion of g{ ; we ought then to make use of the following equations found

in No. 510,

0=X"4+0X"'—-Y;

0=Y +0.Y" 4+ X" —27;
Let us see what these X, X', X”, Y, &c. become. By comparing the ex-
pression of g—g with that of y cited above, we find

X=n+2nhsin.(nt+4 ¢ +2nlcos. (nt+4¢) + 4T

Y =w n?{h C4+lr D} cos. (nt4e) —u'n? {l C41 D} sin. (nt+e).

If we neglect the product of the partial differences of the constants by
the perturbing masses, which is allowed, since these differences are of the
order of the masses, we shall have by No. 510,

X = g-;){l+2hsin. (nt+4 )+ 21cos. (nt 4 ¢)}
+ 2n(g—5){hcos. (nt 4 ¢)—1sin (nt + 1)}
+ 2n(g%)sin. (nt + ¢ + 2n(g-—;)005- (mt4e;

X" = 2n(%){h cos. (nt 4 s) — 1sin, (nt + )}
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The equation 0 = X' 4+ ¢ X” — Y will thus become
o_( ){1+2hsm (nt+ ) + 21cos. (nt + 1)}

+2n( )sm. (nt+:)+2n(de)cos (nt4s)

4 2n {0 (ﬂ + 217) } {h cos. (n t4-¢)— Lsin. (n t-4¢)}
—w/n?{h C4+I' D} cos. (nt+¢)+w n? {l C+1' D} sin.(nt+4).

Equating scparately to zero, the coefficients of like sines and cosines, we
shall have

a
O=((T;

o= (3)—1(§ )+‘”‘{1 C+ I'Di,
0= (F)+b(E)—42mc+w Dy

If we integrate these equations, and if in their integrals we change 0
into t, we shall have by No. 510, the values of the arbitraries in functions
of t, and we shall be able to efface the circular arcs from the expressions
of g——: and of ¢. But instead of this change, we can immediately change
0 into t in these differential equations. The first of the equations shows
us that n is constant, and since the arbitrary a of the expression for ¢ de-

. 1 . Ylaes .
pends upon it, by reason of n® = T30 s likewise constant. The two
other equations do not suffice to determine b, 1, . 'We shall have a new
d
equation in observing that the expression of ~Y- gives, in integrating,

J'n d t for the value of the mean longitude of % But we have supposed
this longitude equal to n t+¢; we therefore have n t4-¢ = /'n d t, which
gives

dn  d-
‘de + T3 dt =0;
‘ dn ds
and as we have it = 0, we have in like manner = 0. Thus the two

arbitraries n and s are constants ; the arbitraries h, 1, will consequently be
determined by means of the differential equations,
dh _  wn D1
M =_—“l0c 41D ()
dl _ #'n ,
D = 72---{hC+h Di; (2)
13
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The consideration of the expression of ?‘1‘; having enabled us to deter-

mine the values of n, a, h, 1, and ¢, we perceive a priori, that the differen-
tial equations between the same quantities, which result from the expres-
sion of g, ought to coincide with those precedmg This may easily be
shown a posteriori, by applying to this expression the method of 510.

Now let us consider the expression of s. Comparing it with that of y
cited above, we shall have

X =qsin.(nt4¢)—pecos. (nt+¢)+wy
Y = ’5%9 .ata BW (p —p')sin. (nt+ )
/
+ %—r—l a?a’ BY (q — ¢) cos. (nt+ ),
n and ¢, by what precedes, being constants; we shall have by No. 510,
dqy . d
X = ((T;]) sin. (nt+¢) — ((ﬂE) cos. (nt+¢)

X7 = 0.
The equation 0=X+sX"— Y hence becomes

(do)sm (nt+e)--——- cos. (nt+¢)
. _":Z ata’ BO (p — p') sin. (n t + )

-—E:Tnu’u’ B®(q—q)cos. (nt+¢);

whence we derive, by comparing the coefficients of the like sines and co-
sines, and changing ¢ into t, in order to obtain directly p and q in
functions of t,

315__%11 ata’ BO, (q—q); (3)
%_;1_ Soatw BO(p—p); (4)

When we shall have determined p and q by these equations, we shall
substitute them in the preceding expression of s, effacing the terms which
contain circular arcs, and we shall have

s=qsin. (nt=+¢) —pcos (nt+s)+ux

521. The equation g—?
in the theory of the system of the world, inasmuch as it shows that the
mean motions of the celestial bodies and the major-axes of their orbits are
unalterable. But this equation is approximate to quantities of the order

= 0, found above, is one of great importance
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' h inclusively. If quantities of the order «' h* and following orders,
produce in dv

dt
ments of the orbits of » and «'; there will thence result in the expression of
v, the term k t?, which by altering the longitude of w, proportionally to
the time, must at length become eftremely sensible. We shall then no
longer have

» a term of the form 2 k t, k being a function of the cle-

dn

dt
but instead of this equation we shall have by the preceding No.

dn

It is therefore very important to know whether there are terms of the

form k.t® in the expression of v.n We now demonstrate, that jf
we retain only the first power of the perturbing masses, however far may pro-
ceed the approximation, relatively to the powers of the excentricities and
inclinations of the orbits, the cxpression v will not contain such terms.

For this object we will resmne the formula (X) of No. 513,
acos.v/ndt.gsin.v {2/dR+g(d )} —asin, vj’ndt Cos.v {gde_'_e dR_,) }

my1l—ect
Let us consider that part of 8 ¢ which contains the terms multiplied by t*,
or for the greater gencrality, the terms which being multiplied by the sine
or cosine of an angle « t + B, in which « is very small, have at the same
time a® for a divisor. It is clear that in supposing « = 0, there will re-
sult a term multiplied by t% so that the second case shall include the first.
The terms which have the divisor a % can evidently only result from a
double integration ; they can only therefore be produced by that part.of
d ¢ which contains the double integral sign /. Examine first the term

2acos.v_/‘ndt(gs1n.v_de)

mvy (1—e?
If we fix the origin of the angle v at the perihelion, we have
_a(l—e?
= T+eccos v’

nd consequently

= 0;

de=

a(l —e®) —p,
eg ’
whence we derive by differentiating,

COs. vV ==

g”dv.sin.v:a
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but we have,
g!dv=dtvy ma(l—e?)=at.ndtvV 1 —e?;
we shall, therefore, have

andtesinnv _edg
e

Vi—e — e,
The term
2acos.v/ndt. {esin. v/d R}
m« 1 —e*

will therefore become

2O fedesdR), or OV gt fd R — [t d Ry,
It is evident, this last function, no ]ongcr containing double integrals,
there cannot result from it any term having the divisor « 2
Now let us consider the term
__2asin.v/ndtfpcos.v/dR}
my 1 —e )
of the expression of & . Substituting for cos. v, its preceding value m g,
this term becomes
2asin.v/ndt. {g——-q(l—-e”)} de
me v 1l—c?

We have

e=ail+ier+ext
% being an infinite scries of cosines of the angle n t + ¢ and of its multi-
ples; we shall thercfore have

./'ndt{e__a(l___ez) JdR =afndt{e+ xS dR.

Call " the integral /')’ n d t; we shall bave
a./'u‘dt i3 e+x’ 1/dR= ac_/'ndtde+ax"de—-afx”. dR.
These two last terms not containing a double integral sign, there can-
not thence result any term having «* for a divisor ; reckoning only terms
of this kind, we shall have
2asinv/ndtiecos.v/dR} _Satesinv/ndtfdK
o mav1—ct - m+v 1l—e*

= f B ndesaR;

and the radius ¢ will become

( +(ndt lf‘/nd:./d R;
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(¢) and ( E‘%%) being the expressions of ¢ and of ﬁq{lit » relative to the el-

liptic motion. Thus, to estimate in the expression of the radius-vector,
that part of the perturbations, which is divided by a2, it is sufficient to

augment by the quantity Sma. x Jndt. SdR, the mean longitude

nt 4 s, of this expression relative to the elliptic motion.
Let us see how we ought to estimate this part of the perturbations in
the expression of the longitude v. The formula (Y) of No. 516 gives by
3a

substxtutm«r —. = d ¢ .JSndt/SdRfor 3gand retaining only the terms
divided by «?
Red®e+ dg® }
ol it i S SRR |
sy = L atntde” 3“/ dtSd R;
vV 1—e*
But we have by what precedes
de = 2 c:;‘_ld___?;_:?' s etdv=a*ndt vV 1 —e%

whence it is easy to obtain, by substituting for cos. v its preceding value
in g,
2¢d?e + dg?
a n’dt’m +1 — dv
Vl—et “ndt’
in estimating therefore only that part of the perturbations, which has the
divisor «?, the longitude v will become
dv

3¢
M + () o ndtSd R

(v) and (nidv—t ) being the parts of v and ﬁqd_vt’ relative to the elliptic mo-

tion. 'Thus, in order to estimate that part of the perturbations in the cx-
pression of the longitude of u, we ought to follow the same rule which we
have given with regard to the same in the expression of the radius-vector,
that is to say, we must augment in the elliptic expression of the true

longitude, the mean longitude n t 4 ¢ by the quantity '31_119 Jndt/dR.

The constant part of the expression of (Hd_ﬂ[t) developed into a series

of cosines of the angle n t 4 ¢ and of its multiples, being reduced (see
488) to wunity, there thence results, in the expression of the longi-
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tude, the term gﬁ? Sndt/dR. If d R contain a constant term
k4. nd t, this term will produce in the expression of the longitude v,
7

the following one, % %—:—'— kn?t% To ascertain the existence of such
terms in this expression, we must therefore find whether d R contains a
constant term.

‘When the orbits are but little excentric and little inclined to one ano-
ther, we have seen, No. 518, that R can always be developed into an in-

finite series of sines and cosines of angles increasing proportionally to the
time. 'We can represent them generally by the term
ke.cos. fi'n’t +int 4 A},
i and i’ being whole positive or negative numbers or zero. The differen-
tial of this term, taken solely relatively to the mean motion of g, is
—ik.w.ndt.sin. §'n’t +int4 A}

this cannot be constant unless we have 0 = ¥ n’ 4 in, which supposes
the mean motions of the bodies » and u’ to be parts of one another; and
since that does not take place in the solar system, we ought thence to con-
clude that the value of d R does not contain constant terms, and that in
considering only the first power of the perturbing masses, the mean mo-
tions of the heavenly bodics, are uniform, or which comes to the same thing,

da-—:—I = 0. 'The value of a being connected to n by means of the equation

nt= ;:—r; » it thence results that if we neglect the periodical quantities, the

major-axes of the orbits are constant.

If the mean motions of the bodies x and #/, without being exactly com-
mensurable, approach, howcver, very nearly to that condition, there will
exist in the theory of their motions, inequalities of a long period, and
which, by reason of the smallness of the divisor 2, will become very sen-
sible. 'We shall see hereafter this is the case with regard to Jupiter and}
Saturn. The preceding analysis will give, in a very simple manner, that
part of the perturbations which depend upon this divisor. It hence re-
sults that in this case it is sufficient to vary the mean longitude nt + ¢

or,/n d t by the quantity %}-{‘ JndtsdR; or, which is the same, to aug-

ment n in the integral /'n d t by the quantity 34;;’—1 J'd R; but consider-
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ing the orbit of » as a variable ellipse, we have n® = ;l%; the preceding

variation of n introduces, therefore, in the semi-axis-major a of the orbit,
2atfdR
- .

the variation —

If we carry the approximation of the value g—: , to quantities of the

order of the squares of the perturbing masses, we shall find terms propor-
tional to the time; but considering attentively the differential equations of
the motion of the bodies u, ¢/, &c. we shall easily perceive that these terms
are at the same time of the order of the squares and products of the ex-
centricities and inclinations of the orbits. Since, however, every thing
which affects the mean motion, may at length become very sensible, we
shall now notice these terms, and perceive that they produce the secular
equations observed in the motion of the moon.

522. Let us resume the equations (1) and (2) of No. 520, and suppose

/ ’
(0’1)=—‘M.n.ci 0,1 =£l:_‘; 2
they will become _
dh ,
d—_ (0’1)] lslll
Q= — (1 b 4 .

The expression of (0, 1) and of [0, 1] may be very simply determined in
this way. Substituting, instead of C and D, their values determined in
No. 51%, we shall have

01 = =52 {2 (GAY) 11 (AN ),

@=%E{aw—a*(“d‘t“’)—n«————“;éf’)}-

‘We have by No. 516,

dbo dsb®
dAO A© .
() 102 (Ggir) = — e r —ben e

dbo  qrpo

and we shall easily obtain, by the same No. d%u and ) 32 in functions

of b® and b®; and these quantities are given in linear functions of b®

} 4 -4
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and of b(;; this being done, we shall find

34thW

dAO d2A® -}
e 3 — .
a(da)+éa da')_2(l——a’)2’

wherefore
S/h,inlugib(lz
-3
01) = — 4 g—on
Let

(a® -1—,-12 aa’ cos. 0 + ') F= (a, o) + (a, ) cos. 0+ (a, )" cos. 204 &e.
. 59
we shall have lg’l;l'()). ;lg.al. bO; (a, &) = a. bW, &e.
‘We shall, therefore, have i -
0,1) = — 2 Fa'tg_a"a(f),’al)'

Next we have, by 516,
db® dzb®
dZAD

dA®
20— (U0 (ar) = { b0t —te g |
2

Substituting for b® and its differences, their values in b® and b™, we
-+ -}
shall find the preceding function equal to
auf(IHe)bO+iabi)
-1 it

_ g Z
(l_az)e
therefore
3«.,0/n{(1 + 2f)bM 41 a.b(")}
-1 -3
0= — 2
2(1—a?)?®
or

= 3u'.anf(a4 a'?) (a,a’) 4+ aa’ (a, o
6!—Tl=_ {( 2(a12_(__’a3)2 (, )}'
We shall, therefore, thus obtain very simple expressions of (0, 1) and

of {0, 1], and it is easy to perceive from the values in the series of b and
1
=g

of b®, given in the No. 516, that these expressions are positive, if n is

positive, and negative if n is negative.
Call (0, 2) and |0, 2|, what (0, 1) and [0, 1] become, when we change a’
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and ¢’ into a” and #”. In like manner let (0, 8), and (0, 3) be what the
same quantities become, when we change a’and ¢’ into a”’ and #”’; and
so on. Moreover let h”/, 1”; /", 17, &c. denote the valaues of h and 1
relative to the bodies u”, u”/, &c. Then, in virtue of the united actions of
the different bodies &', u”, ", &c. upon g, we shall have

1 3 ’
g‘?l =§(0, 1) + (0,2) + (0, 3) + &eb1 — [0, 1.1 — [0, 3.V — &e.

di_ —1(0; 1) + (0,2)+(0, 3) + &c.} h + [0, 1. b + [0, 2] b+ &e.

e~
dW dv _dh 4V

It is evident that —— Ti’ dt’ di’ d%

; &c. will be determined by

. .. dh .
expressions similar to those of It and of %; and they are easily obtamn-

ed by changing successively what is relative to « into that which relates
to w, ", &c. and reciprocally Let therefoxe

@, 0), ; (1, 2), | » 25 &e.
be what

(0, 1), _IQ,_l_; (0, 2), [(_),——2—|, &e.
become, when we change that which is relative to , into what is relative
to &' and reciprocally. ILet moreover

(2’ 0)’ I2 OI’ (2a 1)9 I 5 1 I3 &e.

be what

I l

(0,2), |o, 2| i0,2]; (0, 1), 0, 1] ; &e.
become, when we change what is relative to # into what is relative to w”
and reciprocally ; and so on. The preceding diffcrential equations re-
ferred successively to the bodies u, «, w”, &c. will give for determining
h, 1, b, I, b, 1, &c. the following system of equations,

E

b 50, 1) + (0,2) + &edl — 1.1 — 0,8 V— e, |

fri = —{(0, 1) + (0, 2) + &c.3h + [0, [[ I +]0, 2| b” + &e.
gh——i(l,o)+(l 2) + &3l — [L,0. 1 — [, 2 I — &e.

%{ = —{(1,0) + (1, 2) + eIk + [T} b +]-17_2—|.h~+&c. o
ddhtl ={(20) + (2, 1) + &3l — 2,01 — 2, 1. T — &e.

ar

o7 =20 +(2,1) ¥ &b b+ 2,0 h 4 R[N + &.
&c.

J



142 A COMMENTARY ON [Sect. X1,

The quantities (0, 1) and (1, 0), [0, 1] and [I, 0] have remarkable rela-
tions, which facilitate the operations, and will be useful hereafter. By
what precedes we have
(0 1) = — g_","_l’_y ‘,1._____2‘ 2/ (a,ﬂ .

(] 4 ( 2/t —a ?)E

If in this expression of (0, 1) we change 4/ into g, n into 1, a into a’
and reciprocally, we shall have the expression of (1, 0), which will con-
sequently be
Bu.n"a’%a (aa)

4 (a/ 2 __ g 2) 2 ’
but we have (a, ') = (a/, a), since both these quantities result from th
developement of the function (a2 — 2 a a’ cos 4 4 a’%) ¥ into a series or-
dered according to the cosine of ¢ and of its multiples. “We shall, there-
fore, have

(0, 1). . 0" 2’ = (1,0). . 11 a.
But, neglecting the masses u, @/, &c. in comparison with M, we have
M M

2 — e n'? — .
n —-;;s’“”—;{r.«z’&&

(1,0) = —

Therefore
(O,)wva=(1,0)u Va;
an equation from which we easily derive (1, 0) when (0, 1) is determined.
In the same manner we shall find,
@,wVa: Ll;_(?_lpl’«/a’.

These two equations will also subsist in the case where n and n' have
different signs ; that is to say, if the two bodies g, #/ circulated in different
directions ; but then we must give the sign of n to the radical ¥ a, and
the sign of n’ to the radical & a'.

From the two preceding equations evidently result these

(0,2)u ¥ a= (2 0) u « a”’; @p‘ vV a= _?_,_9].;/." v a”; &ec.

(L2Yw Vo= (21) u/ ¥ a"; EQI/A’ vVa= @ W' v a5 &e.

523. To integrate the equations (A) of the preceding No., we shall
make

h = N.sin. (gt+8); 1 = N.cos. (gt+B);
h' = N.sin.(gt+8); I = N cos. (gt+8);
&ec.

Then substituting thcse values in the equations (A), we shall have
Ng ={(0,1)+ (0, 2) + &}N — [0,1. N' — [0, 2] N — &c.
Ng=§(1,0)+ (1, 2) + &c.}N' — [0} N — [1,2] N” — &c.»; (B)
N'g ={(2,0)+ (2, 1) + &c}N"—[2,0. N — [2, ]| N — &e.
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If we suppose the number of the bodies u, ¢/, 1", &c. equal to i; these
equations will be in number i, and eliminating from them the constants
N, N/, &c., we shall have a final equation in g, of the degree i, which we

easily obtain as follows :
Let ¢ be the function

N2 w # afg—(0,1) — (0,8) — &c.}
+ Nu & afg — (1,0) — (1,2) — &e.}
4 &ec.
+2Nau & a {0, N + |0,2 N 4 &ec.}
+ 2N v o L2 N + [L3 N+ &c}
+ 2 N'u ¥ o' {2, 8| N” 4 &c.}
+ &ec.
The equations (B) are reducible from the relations given in the pre-
ceding No. to these

d d d
(H—% =0; ((T—I% =0; ((T—Nq,—) = 0; &c.

Considering therefore, N, N', N, &c. as so many variables, ¢ will be
a maximum. Morcover, ¢ being a homogeneons function of these varia-
bles, of the second dimension; we have

N (gF) + ¥ () + e = 20

we have, therefore, ¢ = 0, in virtue of the preceding equations.
Thus we can determine the maximum of the function . We shall first
differentiate this function relatively to N, and then substitute in ¢, for N,

its value derived from the equation (%—%) = 0, a value which will be a

linear function of the quantities N/, N”, &c. In this manner we shall
have a rational function whole and homogeneous of the second dimension
in terms of N/, N”, &c.: let ¢ @ be this function. 'We shall differentiate
o M relatively to N, and we shall substitute in ¢ ® for N’ its value derived
from the equation (g—%(f—)) = 0: we shall have a homogeneous function
of the second dimension in N”, N, &c.: let p® be this function. Con-
tinuing thus, we shall arrive at a function ¢ “=" of the second dimension,
in N G=D and which will consequently be of the form (N ¢=D1), k, k being
a function of g and constants. If we equal to zero, the differential of
@ @=" taken relatively to N ¢—D, we shall have k = 0; which will give
an equation in g of the degree i, and whose different roots will give as
many different systems for the indeterminates N, N’, N”, &c.: the inde-
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terminate N ¢—1 will be the arbitrary of each system; and we shall im-
mediately obtain, the relation of the other indeterminates N, N', &c. of
the same system, to this one, by means of the preceding equations taken
in an inverse order, viz.,

dpl=by _ det—-3y
) (d"NT_f*— ) = 0; &

Let g, g1, g» &c. be the i roots of the equation in g: let N, N, N, &c.
be the system of indeterminates, relative to the root g: letN,, N/, N/, &e.
be'the system of indeterminates relative to the root g, and so on: by the
known theory of linear differential equations, we shall have

h = Nsin. (gt + B) + Ny sin. (gt + B8) + No (g2t + B:) + &c.;
b= N'sin. (gt + B) + Nysin. (g1t + 8) + Ny (g2t + B) + &ec.;
h”= N’sin. (gt + B) + NYsin. (gt + B1) + N(g2 t + B:) + &ec.;
&e. i

B, B, B» &c. being arbitrary constants. Changing in these values of
h, IV, ", &ec. the sines into cosines ; we shall have the values of 1, I', 1, &c.
These different values contain twice as many arbitraries as there are roots
g g1 g &c.; for each system of indeterminates contains an arbitrary,
and moreover, it has 1 arbitraries 3, B;, By &c.; these values are conse-
quently the complete integrals of the equations (A) of the preceding
No. .

It is necessary, however, to determine only the constants N, N, &c.;
N, Ny, &c.; B, B, &c.  Observations will not give immediately the con-
stants, but they make known at a given epoch, the cxcentricities ¢, €, &c.
of the orbits, and the longitudes =, =/, &c. of their perihclions, and conse-
quently, the values of h, I, &c., I, I, &c. : we shall thus derive the values
of the preceding constants. For that purpose, we shall observe that if
we multiply the first, third, fifth, &c. of the differential equations (A) of
the preceding No., respectively by N. u. ¢ a, N. . ¥ &, &c.; we
shall have in virtue of equations (B), and the relations found in the pre-
ceding No. between (0, 1) and (1, 0), (0, 2), and (2, 0), &c.

N. ill- v a +N'%-}l,w4/a+N”dh W' v a” 3 &ec.

= g{N. Lbu.¥a4+ Nl.w.vVo $ NI WV a" + &}

If we substitute in this equation for h, I, &c. 1, I', &c. their preceding
values ; we shall have by comparing the coefficients of the same cosines
0=N.N.u¥a+N.N.ww#a 4+ N.N"pw'. ¥ a" 4 &c;
0=N.Nj.w#v a4+N.N.w o + NNy w'. v & 4 &e.
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Again, if we multiply the preceding values of b, I, &c. respectively by
N.w.v a, N. o/, ¥/ o, &c.

we shall have, in virtue of these last equations,

N.ogh. ¥ a+Np. W.v/ a2+ N, b & a” 4 &e.
=i{N2p.vVag Ny, v/a 4+ N2u" & a4+ &eclsin (gt+ 3)
In like manner, we have

N.owl.Vayr N V. ¥ & 4 NV & a” + &e.

={N%u. ¥ a+ N &/ a4+ N2%u. & a"+ &e}cos (gt+p).
By fixing the origin of the time t at the epoch for which the values of

h, 1, Iv', I', &c. are supposed known ; the two preceding equations give

N.huva+ N.Wu o+ NN & a" + &e

N.olpg.vVa+ NV + NI W’ & 2" 4 &’
This expression of tan. 8 contains no indeterminate ; for although the

constants N, N’, N”, &c. depend upon the indeterminate N &=, yet, as

their relations to this indeterminate are known by what precedes, it will
disappcar from the expression of tan. 8. Having thus determined 8, we

shall have N €=, by means of one of the twc equations which give tan. 8;

and we thence obtain the system of indeterminates, N, N’y N”, &c. rela-

tive to the root g. Changing, in the preceding expressions, this root into

815 Zes 83, &c. we shall have the values of the arbitraries relative to each

of these roots,

If we substitute these values in the expressions of h, 1, I, I/, &c.; we
hence derive the values of the excentricities e, €, &c. of the orbits, and
the longitudes of their perihelions, by means of the equations

e?* = h?41%; ¢2 = h’'? 4 V?; &ec.

tan. B =

tan. = = !ll—; tan. =’ =—i:—; &e.
we shall thus have
e? = N? 4 N;? + N;* + &c. + 2 N N; cos. §(g1 — g) t + B — B}
+ 2N N, cos. {(gg) t + B—8) } + 2 Ny N; cos. §(g:—g1) t+Bo-Fi} + &e.
This quantity is always less than (N 4 N; 4+ N; + &c.)?% when the
roots g, g;, &c. are all real and unequal, by taking positively the quanti-
ties N, Nj, &c. In like manner, we shall have
tan. w = Nsin. (gt 4 B8) + Nysin. (g, t + B) + Npsin. (g, t 4 B,) + &ec.
Ncos. (gt 4+ B) + Nycos. (git + B;) + Nycos. (gat + B;) + &e.
whence it is easy to get,
N, sin. {(gi~g) t + Bi—B} + Nisin. {(ge—g) t + BB} + &c.
N+ N, cos. {(gi-g)t+B1—B} + Nycos. {(g—g) t+B-B} +&c.
K

tan, (w—gt-B8) =

Vou. 1I.
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Whilst the sum N, 4 N; 4 &c. of the coefficients of the cosines of
the denominator, all taken positively, is less than N, tan. (# — gt — B)
can never become infinite; the angle # — g t — B can never reach the
quarter of the circumference; so that in this case the true mean motion
of the perihelion is equal to g t.

524, From what has been shown it follows, that the excentricities of
the orbits and the positions of their axis-majors, are subject to considera~
ble variations, which at length change the nature of the orbits, and whose
periods depending on the roots g, g, ge, &c., embrace with regard to the
planets, a great number of ages. We may thus consider the excentrici-
ties as variably elliptic, and the motions of the perihelions as not uniform.
These variations are very sensible in the satellites of Jupiter, and we shall
see hereafter, that they explain the singular Inequalities, observed in the
motion of the third satellite.

But it is of importance to examine whether the variations of the excen-
tricities have limits, and whether the orbits are constantly almost circular.
We know that if the roots of the equation in g are all real and unequal,
the excentricity e of the orbit of u is always less than the sum N 4 N,
+ N, + &c. of the coefficients of the sines of the expression of h taken
positively ; and since the cocfficients are supposed very small, the value
of e will always be inconsiderable. By taking notice, therefore, of the
secular variations only, we sce that the orbits of the bodies u, o/, ", &c.
will only flatten more or less in departing a little from the circular form ;
but the positions of their axis-majors will undergo considerable variations.
These axes will be constantly of the same length, and the mean motions
which depend upon them will always be uniform, as we have seen in No.
521. The preceding results, founded upon the smallness of the excentricity
of the orbits, will subsist without ceasmg, and will extend to all ages past
and future; so that we may affirm that at any time, the orbits of the
planets and satellites have never been nor ever will be very excentric, at
least whilst we only consider their mutual actions. But it would not be
the same if any of the roots g, g1, gz, &c. were equal or imaginary: the
sines and cosines of the expressions of h, 1, I, I/, &c. corresponding to
these roots, would then change into circular arcs or exponentials, and
since these quantities increase indefinitely with the time, the orbits would
at length become very excentric; the stability of the planetary system
would then be destroyed, and the results found above would cease to
take place. It is therefore highly important to show that g, g, gz, &e.
are all real and unequal. This we will now demonstrate in a very simple
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manner, for the case of nature, in which the bodies g, #’, #”, &c. of the
system, all circulate in the same direction.

Let us resume the equations (A) of No. 528. If we multiply the first
by «. # a.h; the second, by ». # a.1; the third by /. ¥ a’. 1'; the
fourth by «. # .V, &c. and afterwards add the results together; the
coefficients of h 1, b’ I, h"” 1, &c. will be nothing in this sum, the cocffi-
cients of Y 1 — h 1" will be @ w. ¥ a— @. w'. & 'y and this will
be nothing in virtue of the equation [0, 1| . 4 a = [1,0]. ». ¥ &’ found
in No. 522, The coefficients of h”1 — h1”, i’V — W 1", &c. will be
nothing for the same reason; the sum of the equations (A) thus prepared
will therefore be reduced to

hdh 4 1dl
dt
and consequently to
0=cde.u.Vatede.w. v a4+ &

Integrating this equation and observing that (No. 521) the semi-axis-

majors are constant, we shall have
etV atcty Va4 "% ¥ a”4 & = constant; (a)

The bodies u, &', #”’, &c. however being supposed to circulate in the
same direction, the radicals ¥ a, ¥ ', ¥ a”, &c. ought to be taken po-
sitively in the preceding equation, as we have seen in No. 522; all the
terms of the first member of this equation are therefore positive, and con-
sequently, each of them is less than the constant of the second member.
But by supposing at any epoch the excentricities to be very small, this
constant will be very small; each of the terms of the equation will, there-
fore, remain always very small and cannot increase indefinitely ; the orbits
will always be very nearly circular.

The case which we have thus examined, is that of the planets and
satellites of the solar system; since all these bodies circulate in the same
direction, and at the present epoch their orbits have little excentricity.
That no doubt may exist as to a result so important, we shall observe
that if the equation which determines g, contained imaginary roots, some
of the sines and cosines of the expressions of h, 1, I, I/, &c. would trans-
form into exponentials; thus the expression of h would contain a finite
number of terms of the form P. cft, ¢ being the number of which the
hyperbolic logarithm is unity, and P being a real quantity, because h or
e sin. = is a real quantity. Let

Q.cfy Pl.cfy, Q.cft, P cft, &e.
be the corresponding terms of 1, I, I, b”, &c.; Q, P/, Q’, P”, &ec. being
K2

’ ’ ’ ’
e a+ W e a4 &e.=0;
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also real quantities : the expression of e * will contain the term (P* 4- Q%)
c?ft; the expression of ¢/* will contain the term (P’* 4 Q'%) c2ft, and
so on; the first member of the equation (u) will therefore contain the
term

(P4 QY. v ak (P Q)W ¥ a'+(P/14 Q%) W' &'+ &e ettt
If, therefore, we suppose cf* to be the greatest of the exponentials
which contain h, 1, I, I, &c. that is to say, that in which f is the most
considerable, c2ft will be the greatest of the exponentials which contain
the first member of the preceding equation: the preceding term cannot
therefore be destroyed by any other term of this first member ; so that for
this member to be reduced to a constant, the coeflicient of ¢?ft must be
nothing, which gives
0 = (P2+Q2)M Va_,_(Plz_*_ le) ,U:"\/ 2 + (P//2+ Q”z)/l/"V a! + &e.
When & a, ¥ &/, ¥ a”, &c. have the same sign, or which is tantamount,
when the bodies , #, #”, &c. circulate in the same direction, this equa-
tion is impossible, provided we do not supposc P = 0, Q = 0, P’ = 0, &c.;
whence it follows that the quantities h, 1, b’ I', &c. do not contain expo-
nentials, and that the cquation in g does not contain imaginary roots.

If this equation had cqual roots, the expressions of h, 1, 1/, I, &c. would
contain as we know, circular arcs and in the expression of h, we should
have a finite number of terms of the form Ptr. LetQtr, P/ tr, Q' t7, &c.
be the corresponding terms of 1, I, I, &ec. P, Q, P/, Q’, &c. being real
quantities; the first member of the equation (u) will contain the term
{(P+Q)u v a+(P+Q*) W'V & + (P2 4 Q®) u”’ ¥ a” + &eb .t

If t* is the highest power of t, contained by the values of h, 1, IV V, &c.;
t*r will be the highest power of t contained in the first member of the
equation (u); thus, that this member may be reduced to a constant, we
must have

0=(P*4+QYuVa4+ (P*+ Q") v a +&c
which gives
P=0,Q=0,P =0,Q =0, &c.

The expressions of b, 1, I, I/, &c. contain therefore, neither exponen-
tials nor circular arcs, and consequently all the roots of the equation in g
are real and unequal, -

The system of the orbits of u, w/, u”, &c. is therefore perfectly stable
relatively to their excentricities; these orbits merely oscillate about a
mean state of ellipticity, which they depart from but little by preserving
the same major-axis : their excentricities are always subject to this condi-
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tion, viz. that the sum of their squares multiplied respectively by the masses
of the bodies and by the square roots of the major-azxes is always the same.

525, When we shall have determined, by what precedes, the values of
¢ and of =; we shall substitute in all the terms of the expressions of g,
and —g—‘{, given in the preceding Nos., effacing the terms which contain
the time t without the symbols sine and cosine. The elliptic part of these
expressions will be the same as in the case of an orbit not disturbed, with
this only difference, that the excentricity and the position of the perihe-
lion are variable ; but the periods of these variations being very long, by
reason of the smallness of the masses u, «/, #”, &c. relatively to M; we
may suppose these variations proportional to the time, during a great
interval, which, for the planets, may extend to many ages before and
after the given epoch.

It is useful, for astronomical purposes, to obtain under this form, the
secular variations of the excentricities and perihelions of the orbits: we
may easily get them from the preceding formulae. In fact, the equation
e?="h*4 1% givesedc = hdh 4 1d1; but in considering only the
action of w/, we have by No. 522,

' %%:(0,1)1-]0,1[1';
= DG I
wherefore
cde — o1 v 1—n1
but we have Y 1 — h ¥V = ¢ ¢’ sin. (#/ — =); we, therefore, have
de

i = @.e’sin. («/ — =);

thus, with regard to the reciprocal action of the diflerent bodies ', #”’, &ec.
we shall have

?ﬁ = |0, 1] ¢ sin. («/ — =) + F)_,T%l ¢’ sin, (7 — =) 4 &c.

,. g_;j‘: = |1,0] e sin. (v — =) + [I, 2] ¢’ sin. (=" — o) + &e.
‘(}Jst,-, = @ e sin, (w —_— w”) + |'2“ﬂ e sin, (u’ -——w") + &e.
&e.

K3
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The equation tan. w = % s gives by differentiating
e*de =1dh—hdl

With respect only to the action of «/, by substituting for d li and d 1
their values, we shall have
etd =

T = 1) (h* + + 1) —[0,1[ {h b’ 4 11}

which gives

d I ’
o= (01) — [0, 1] %cos. (& — =);

we shall, therefore, have, through the reciprocal actions of the bodies
fhy I"” ©’s &e.

It _(0,l)+(0,2)+&c —-[_-I —cos (= —-a)-—m —-—cos (o""—=)—&e.

g—:{_(l 0)4(1, 2)+8r,c—-|__1 ,cos (w——w’)—-— , Y cos( =" —=’)—8&ec.

:]1: =(2,0)+(21)+ &c.—[2; 0] Src0s.(w—a")—{2, 1] B 1S o7 Cos. (= —=")—8e.
&c.

If we multiply these values of (}i g : » &c. g:’, j T &c. by the time t;

we shall have the differential expressions of the secular variations of the
excentricities and of the perihelions, and these expressions which are only
rigorous whilst t is indefinitely small, will however serve for a long in~
terval relatively to the planets. Their comparison with precise and distant
observations, affords the most exact mode of determining the masses of the
planets which have no satellites. For any time t we have the excentricity
¢, equal to
t? d?e
e+t dt+l 5 ao + &

2
e, %-% ’ %—t—'; » &c. being relative to the origin of the time t or to the given

epoch. The preceding value of 3¢ e S will give, by differentiating it, and

dte d’e
observing that a, a/, &c. are constant, the values of —; T8 T &c.; we
can, therefore, thus continue as far as we wish, the preceding series, and
by the same process, the series also relative to =: but relatively to the
planets, it will be sufficient, in comparing the most ancient observations
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which have come down to us, to take into account the square of the time,
in the expressions of the series of e, ¢, &c. =, #, &c.

526. We will now consider the equations relative to the position of the
orbits. For this purpose let us resume the equations (8) and (4) of
No. 520,

TICTIN S
To="3" a"w BO. p — ).

By No. 516, we have
ata. BM = a% bW;
3
e

and by the same No.,

3b®
()] .______;i__
S (UL

We shall therefore have
3u.n.a?2b®

WD B = — =}
3 M VBY = — iy
The second member of this equation is what we have denoted by (0, 1)
in 522 ; we shall hence have

P = (0,1) (¢4 — )

d
= 0,1 p—p);
Hence, it is easy to conclude that the values of q, p, q’, p’, &ec. will be
determined by the following system of differential equations :

49 2 §(0,1) +(0,2) + &ed. p— (0, )P’ — (0, 2) p” — &e. |

IR §(0, )40, 2)+&e]. q + (0, D + (0,2) " + &e.
a%—f(‘ 0) + (1,2) + &e.j. p'—(1,0) p — (1, 2) p” — &e.
%P{=—-z(l,0)+(1 2)+&et. q +(LO)a+ (L +& [ ¢
S 42,0 + (2 1) + &b . p'— (2,0 p—(2,1) p'— &e.
T = — 2.0+ D+aci.q" +(20) a+ (1) ¢ + &e.

d
&ec. o
K4
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This system of equations is similar to that of the equations (A) of No.
522: it would entirely coincide with it, if in the equations of (A) we were
to change h, 1, I, 1/, &c. into q, p, ¢, p’, &c. and if we were to suppose

@ = (0,1);

@ = (1, 0);
&ec.

Hence, the process which we have used in No. 528 to integrate the
equations (A) applies also to the equations (C). We shall therefore
suppose

q =N ecos. (g t48)4 N cos. (g1 t+81)+Nj cos. (g2 t+5.) +&ec.

p =N sin. (gt+B)+ N, sin. (g t+8,)+ N, sin. (g, t+5,) + &e.

q =N’ cos. (gt+8)+ N/ cos. (g, t+8;)+ Ny cos. (g; t+ ;) + &e.

p'=N’sin. (g t+B8)+ N/ sin. (g, t+4)+ N, sin. (g, t+8,) +&e.

&c.

and by No. 523, we shall have an equation in g of the degree i, and whose
different roots will be g, g1, g, &c. It is easy to perceive that one of
these roots is nothing ; for it is clear we satisfy the equations (C) by sup-
posing p, p, p”, &c. cqual and constant, as also q, ¢, q”, &c. This
requires one of the roots of the equation in g to be zero, and we can
thence depress the equation to the degrec i — 1. The arbitraries
N, N, N/, &c. B, By, &c. will be determined by the method exposed in
No. 523, Tinally, we shall find by the process employed in No. 524.

const. = (p*+ q)u Va4 (pPPP+ Y vV o + &

Whence we conclude, as in the No. cited, that the expressions of p, q,
P’y q’s &c. contain neither circular arcs nor exponentials, when the bodies
wy 1y u”y &ec. circulate in the same direction: and that therefore the equa-
tion in g has all its roots real and unequal.

We may obtain two other integrals of the equations (C). In fact, if
we multiply the first of these equations by # 4 a, the third by o/ & a/,
the fifth by »” 4 a”, &c. we shall have, because of the relations found in
No. 522,

Ozg—?,u,x/n+(-ld—(: o & o+ &g
which by integration gives
constant = qu vV a+qu vVa +& . . . . (1)
In the same manner we find
constant = pu v a4 puvVa+& . . . . (2
Call ¢ the inclinatior of the orbit of « to the fixed plane, and ¢ the lon-
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gitude of the ascending node of this orbit upon the same plane; the lati-
tude of u will be very nearly tan. ¢ sin. (n t 4 s — ¢): Comparing this
value with g sin. (nt 4 ¢) — p cos. (n t 4 ¢), we shall have

p = tan. ¢ sin. ¢; q = tan. ¢ cos. 0;
whence we obtain

tan. ¢ = & (p* + q%; tan. 0 = -2—;

We shall, therefore, have the inclination of the orbit of u, and the pu-
sition of its node, by means of the values of p and q. By marking suc-
cessively with one dash, two dashes, &c. relatively to #/, #”, &c. the values
of tan. ¢, tan, ¢, we shall have the inclinations of the orbits of u’ u”, &c.
and the positions of their nodes by means of p’, ¢, p”, q”, &e.

The quantity 4 p2 + q*is less than the sum N 4 N, 4 N; + &e. of
the coefficients of the sines in the expression of q; thus, the coefficients
being very small since the orbit is supposed but little inclined to the fixed
plane, its inclination will always be inconsiderable ; whence it follows, that
the system of orbits is also stable, relatively to their inclinations as also to
their excentricities. We may therefore consider the inclinations of the
orbits, as variable quantities comprised within determinate limits, and the
motion of the nodes as not uniform. These variations are very sensible
in the satellites of Jupiter, and we shall see hereafter, that they explain
the singular phenomena observed in the inclination of the orbit of the
fourth satellite.

From the preceding expressions of p and q results this theorem:

Let us imagine a circle whose inclination to a fixed plane is N, and of
which the longitude of the ascending node is g t + B ; also let us imagine
upon this first circle, a second circle inclined by the angle N,, the longitude
of whose intersection with the jformer circle is g t 4 B, ; upon this second
circle let there be a third inclined to it by the angle No, the longitude of
whose intersection with the second circle is gs t + B3, and so on ; the po-
sition of the last circle will be that of the orbit of w.

Applying the same construction to the expressions of h and 1 of No,
523, we see that the tangent of the inclination of the last circle upon the
fixed plane, is equal to the excentricity of &’s orbit, and that the longitude
of the intersection of this circle with the same plane, is equal to that of
the perihelion of ¥’s orbit.

527. It is useful for astronomical purposes, to have the differential va-
riations of the nodes and inclinations of the orbits, For this purpose, let
us resume the equations of the preceding No.
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tan. p = ¥ (p* 4+ q%), tan. 0 = %
Differentiating these, we shall have
dep =dpsin ¢ + d qeos 0;

d‘;__dpcos 4 —d q sin. 0
tan. ¢

If we substitute for d p and d q, their values given by the equations (C)
of the preceding No. we shall have

gf:((), 1) tan, ¢ sin. (8 — ¢)4(0, 2) tan ¢”’. sin, (¢ — ¢")+&ec.

H=— 10, 1)+(o, 2) &3 +(0; 1) 1o

tan.

cs (4 — )

+(0, 2) cos. (0 —¢) + &ec.

In like manner, we shall have

gﬁ,z(l, 0) tan. ¢ sin. (¢ — 6)4(1, 2) tan. ¢” sin. (¢ — ¢’)+4&e.

Q.a

d-%,——— {(l, 0)+(1 2)+&c}+(l’ 0) tan

. cos. (¢ — 0)

tan

+(1,2). ¢:
&e.
Astronomers refer the celestial motions to the moveable orbit of the
earth; it is in fact from the plane of this orbit that we observe them; it is
therefore important to know the variations of the nodes and the inclina-
tions of the orbits, relatively to the orbit of one of the bodies u, w, x”, &c.

for example to the orbit of u. It is clear that
gsin. (0 t 4 ¢) — pcos. (0t 4 ¢)
would be the latitude of 1 above the fixed plane if it were in motion upon

the orbit of w The latitude of this moveable plane above the same
plane is

cos (¢ — ")+ &e.

q sin.(n't 4= ¢)—p’ cos. (' t +¢);
but the difference of these two latitudes is very nearly the latitude of
above the orbit of ; calling therefore ¢, the inclination, and 4, the lon-
gitude of the node of &' upon the orbit of u, we shall have, by what
precedes,

tan. ¢/ = ¥ (F —p)* + (¢ —q*; tan. 9/ = %:—:"é'

If we take for the fixed plane, that of #’s orbit at a given epoch; ‘we
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shall have at that epoch p = 0, q = 0; but the differentials d p and d ¢
will not be zero; thus we shall have.

dp; = (dp'—dp)sin. ¢ + (d q¢ —d q) cos. ¢
dp —dp)cos.d —(dq —dq)sin ¢

dé = tan, ¢

Substituting for d p, d q, d p’, d q, &ec. their values given by the equa-
tions (C) of the preceding No., we shall have
4o’ _ 51, 2) — (0, 2)} tan. ¢ sin. (¥ — )

Tt
+ {(1,3) = (0, 3)} tan. ¢ sin. (¢ — ¢") + 8.
0% = — 11,0 + (1L,2) + (1,3) + &ed —(0,1)

tan.
(0 — 0
tan q,CS( )

tan z cos. ¢ — ¢”) 4 &c.

+ 1(1,2) — (0, 2)}.

+ {(1,8) — (0, 3)3.

It is easy to obtain from these uxpressxons the variationb of the nodes,
and inclinations of the orbits of the other bodies w”, u’”’, &c. upon the
moveable orbit of w.

528. The integrals found above, of the differential equations which deter-
mine the variations of the elements of the orbits, are only approximate, and
the relations which they give among the elements, only take place on the
supposition that the excentricities of the orbits and their inclinations are
very small. But the integrals (4), (5), (6), ('7), which are given in No.
471, give the same relations, whatever may be the excentricities and in-

" —
clinations. For this, we shall observe that _x_d_zﬁ_yiﬁf is double the

area described during the instant d t, by the projection of the radius-
vector of the planet » upon the plane of x, y. In the elliptic motion, if
we neglect the mass of the planet as nothing compared with that of the
sun, taken for unity, we shall have, by the Nos. 157, 237, relatively to the
plane of ¢’s orbit,

x_d_z_d_? =+va(l—e’)

In order to refer the area upon the orbit to the fixed plane, we must
multiply by the cosine of the inclination ¢ of the orbit to this plane; we
shall, therefore, have, with reference to this plane,

a.(l—e?

xdy—ydx
14 tan, 29’

Tt =cos.p ¥ a(l—e? =
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In like manner
x’dy’—y’dx’_ ill(l——e”).
dt - 1+ tan.2 9"’

&ec.

These valuesof xdy —ydx, X’ dy —y d x/, &c. may be used,
abstraction being made of the inequalities of the motion of the planets,
provided we consider the elements e, ¢/, &c. ¢, ¢/, &c. as variables, in
virtue of the secular inequalities ; the equation (4) of No. 471 will there-
fore give in that case,

= a (1 —eg) a’ (1 — ¢'%)
c= "'\/1+tfm ¢ 1+tan2¢'+&°'
F3. {(x —x) (dy —-dy)d—;(y —y)dx —dx)}.

Neglecting this last term, which always remains of the order p o/, we
shall have

- a.(l—e? Ja (1—¢e'®
CEANT ¥ tane + l+tm"’+&c

Thus, whatever may be the changes which the lapse of time produces
in the values of ¢, ¢, &c. ¢, ¢, &c. by reason of the secular variations,
these values ought always to satisfy the preceding equation.

If we neglect the small quantities of the order e*, or e® 92, this equa-
tion will give

c=pVat+ Va4 & —Luvaie? 4 tan.?p}
—iw v o fe? + tan % '} — &g
and consequently, if we neglect the squares of e, ¢/, ¢, &c. we shall have
e a4 w v a 4 &c constant. 'We have seen above, that if we anly
retain the first power of the perturbing force, a, a’, &c. will be separately
constant ; the preceding equation will therefore give, neglecting small
quantities of the order c* or e? ¢?,

const. = u ¥ afe® 4 tan.? @} + 4’ ¥ 2’ {¢'? + tan.? @} + &ec.

On the supposition that the orbits are nearly circular, and but little
inclined to one another, the secular variations are determined (No. 522)
by means of differential equations independent of the inclinations, and
which consequently are the same as though the orbits were in one plane,
But in this hypothesis we have

=0, ¢ =0, &e.

the preceding equation thus becoming
constant = e*n & a 4 &2/ M a' + 2w’ ¥ Q" 4 &ec.

an equation already given in No. 524.
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In like manner the secular variations of the inclinations of the orbits,
are (No. 526) determined by means of differential equations, independent
of excentricities, and which conscquently are the same as though the or-
bits were circular. But in this hypothesis we have e = 0, ¢’ = 0, &ec.
Wherefore

const.=puAa, tan? p4 @’ Aa’. tan. 2 ¢/ 4’4/ a” . tan. 2 ¢ +&ec.
an equation which has already been given in No. 526.
If we suppose, as in the last No.
p = tan. ¢ sin. 8; ¢ = tan. ¢ cos. 0;

.it is easy to prove that, the inclination of the orbit of » to the plane of
X, y being ¢, and the longitude of its ascending node reckoned from the
axis of x being 4, the cosine of the inclination of this orbit to the plane of
x, 2z, will be

q
v (1 + tan.? p)°
xdy—ydx
dt

we shall have the value of ’_‘_d_f_g_‘{f_(lf; the equation (5) of No. 471,

will therefore give us, neglecting quantities of the order %

— a l-—-e") &, (1—e'?)
¢ MqN/l+tm p q'\/1+tan’¢’+&c
We shall find, in like manner, that the equation (6) of No. 471, gives

_ a(l—e? a/. (1 —e't
—M'p"N/l+tan2¢ p:\/l-{-tan i an gy T

If in these two equations we neglect quantities of the order e® or e? ¢;
they will become
const. = mq. ¥ a4 g & a4+ &
const. = pp ¥ a+ up & a 4 &e
equations already found in No. 526.
Finally, the equation (7) of No. 471, will give, observing that by 478,
m ?_E_dx’+dy“+dz’

Multiplying this quantity by » or by its value ¥a (1 —¢?),

a ~ ¢ dt?
and neglecting quantities of the order w Wy
const, = - + 7 + s + &c.

These different cquatlons subsist, when we regard inequalities due to
very long periods, which affect the elements of the orbits of u, ', &c.
‘We have observed in No. 521, that the relation of the mean motions of
these bodies may introduce into the expressions of the axis-majors of the
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orbits considered variable, inequalities whose arguments proportional to
the time increase very slowly, and which having for divisors the coeffi-
cients of the time t, in thesc arguments, may become sensible. But it is
evident that, retaining the terms only which have like divisors, and consi-
dering the orbits as ellipses whose elements vary by reason of those terms,
the integrals (4), (5), (6), (7), of No. 471, will always give the relations
between these elements already found; because the terms of the order
& @' which have been neglected in these integrals, to obtain the relations,
have not for divisors the very small coefficients above mentioned, or at
least they contain them only when multiplied by a power of the perturb-
ing forces superior to that which we are considering.

529. We have observed already, that in the motion of a system of
bodies, there exists an invariable plane, or such as always is of a
parallel situation, which it is easy to find at all times by this condition, that
the sum of the masses of the system, multiplied respectively by the pro-
jections of the areas described by the radius-vectors in a given time is a
mazimum. It is principally in the theory of the solar system, that the re-
scarch of this plane is important, when viewed with reference to the proper
motions of the stars and of the ecliptic, which make it so difficult to astro-
nomers to determine precisely the celestial motions. If we call ¥ the
inclination of this invariable plane to that of x, y, and II the longitude of

its ascending node, it is easily found that
2 o
tan. y sin. =~E; tan.  cos. II = Y H

and consequently that
tan.y sin, n.—;.l‘ Va (I —e?) sin. psin. 04w’ +/a" (T — ¢’%) sin. ¢’ sin. ¥ 4 &e.
wV a(l— e?) cos. p4-w/¥a’ (1 —e'?) cos. ¢’ 4 &e.
wV a(1—e?). sin. ¢ cos. §+u' ¥ a’(1—e'?) sin. ¢/ cos.d’ + &c.
wva (I—e?).cos.p4u/ v o’ (1 —e?) . cos. ¢ +&e.
‘We shall determine very easily, by means of these values, the angles y
and 1. We see that to determine the invariable plane we ought to know
the masses of the comets, and the elements of their orbits; fortunately
these masses appear to be so very small that we may, without, sensible
error, neglect their action upon the planets; but time alone can clear up
this point to us. 'We may observe here, that relatively to this invariable
plane the values of p, q, p’, ¢/, &c. contain no constant terms; for it is
evident by the equations (C) of No. 526, that these terms are the same for
ps P’s p”s &c. and that they are also the same for q, q', q”; &c. ; and since re-
latively to the invariable plane, the constants of the first members of the

tan. y. cos, II=
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equations (1) and (2) of No. 526 are nothing : the constant terms disap-
pear, by reason of these equations, from the expressions p, p/, &ec
9 q &e.

Let us consider the motion of the two orbits, supposing them inclined
to one another, by any angle whatever: we shall have by No. 528,

¢ =sin.pcos. 8. 4 & a (1 —e?)+sin.¢’.cos. 0. o/ ¥ 2’ (1—€&?);

c¢’=sin.psin. 0. u ¥ a(l —e?)+sin.¢',sin. ¢. &/ ¥V a' (1 —e'?).

Let us suppose that the fixed plane to which we refer the motion of the
orbits, is the invariable plane of which we have spoken, and by reference
to which the constants of the first members of these equations, are no-
thing, as may easily be shown. The angles ¢ and ¢’ being positive, the
preceding equations give the following ones :

sin, § = — sin. #; cos. § = — cos. ¢;
whence we derive ¢ = ¢ 4 the semi circumference; the nodes of the or-
bits are consequently upon the same line; but the ascending node of the
one coincides with the decending node of the other; so that the mutual
inclination of the two orbits is equal to ¢ + ¢'.

‘We have by No. 528,

c=uVa(l—c?).cosp+ &« a (l—¢e?cos ¢;
by combining this equation with the preceding one between sin. ¢ and
sin, ¢/, we shall have

Quc.cos. 9. ¥ a(l —et)=c?+u’a(l—e?)— w2 o' (1 —¢€?).

If we suppose the orbits circular, or at least having excentricity so small
that we may neglect the squares of their excentricities, the preceding
equation will give ¢ constant : for the same reason ¢’ will be constant ; the
inclinations of the planes of the orbits to the fixed plane, and to one ano-
ther, will therefore be constant, and these three planes will always have a
common intersection. It thence results that the mean instantaneous va-
riation of this intersection is always the same; because it can only be a
function of these inclinations. When they are very small, we shall easily
find by No. 528, and in virtue of the preceding relation between sin. ¢
and sin, ¢, that for the time t, the motion of this intersection is

— {0, 1) + (1,0)}.t
The position of the invariable plane to which we refer the motion of
the orbits, may easily be determined for any instant whatever; for we
have only to divide the angle of the mutual inclination of the orbits into
twoangles, pand ¢/, such as that we have in the preceding equation bg—
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tween sin. ¢ and sin. ¢/. Designating, therefore, this mutual inclination
by =, we shall have

W VA (1 —e€7).sin =
wva(l—e?) 4w Vo (1—e?.cosm

tan. ¢ =

SECOND METHOD OF APPROXIMATION OF THE CELESTIAL MOTIONS,

'530. We have already seen that the coordinates of the celestial bodies,
referred to the foci of the principal forces which animate them, are deter-
mined by differential equations of the second order. 'We have integrated
these equations in retaining only the principal forces, and we have shown
that in this case, the orbits are conic sections whose elements are tho
arbitrary constants introduced by integration.

The perturbing forces adding only small inequalitics to the elliptic mo-
tion, it is natural to seek to reduce to the laws of this motion the troubled
motion of the celestial bodies. If we apply to the differential equations
of elliptic motion, augmented by the small terms due to the perturbing
forces, the method exposed in No. 512, we can also consider the celestial
motions in orbits which turn into themselves, as being elliptic; but the
elements of this motion will be variable, and by this method we shall ob-
tain their variations. Hence it results that the equations of motion, being
differentials of the second order, not only their finite integrals, but also
their infinitely small integrals of the first order, are the same as in the
case of invariable ellipses ; so that we may differentiate the finite equa-
tions of elliptic motion, in treating the clements of this motion as con-
stant. It also results from the same method that the differential equa-
tions of the first order may be differentiated, by making vary only the
elements of the orbits, and the first differences of the coordinates; pro-
vided that instead of the second differences of these coordinates, we sub-
stitute only that part of their values which is due to their perturbing
forces. These results can be devived immediately from the consideration
of elliptic motion.

For that purpose, conceive an ellipse passing through a planet, and
through the element of the curve which it describes, and whose focus is
occupied by the sun. This ellipse is that which the planet would invari-

~ ably describe, if the perturbing forces were to cease to act upon it. Its
elements are constant during the instant d t; but they vary from one
instant to another. Let therefore V = 0, be a finite equation to an in-
variable ellipse, V being a function of the rectangular coordinates x, y, z
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and the parameters c, ¢/, &c. which are functions of the elements of ellip-
tic motion. Since, however, this ellipse belongs to the element of the
curve described by the planet during the instant d t; the equation V = 0
will still hold good for the first and last point of this element, by regard-
ing ¢, ¢/, &c. as constant. 'We may, therefore, differentiate this equation
once in only suppoeing X, ¥, 2, to vary, which gives

) dx+ () av + ([ as ©

We also see the reason why the finite equations of the invariable cl-
lipse, may, in the case of the variable ellipse, be differentiated once in
treating the parameters as constant. For the same reason, every differ-
ential equation of the first order relative to the invariable ellipse, equally
holds good for the variable ellipse ; for let V/ = 0 be an equation of this
L dx dy dz

dt’dt’dt
¢, ¢/, &c. It is clear that all these quantities are the same for the varia-
ble ellipse as well as for the iuvariable ellipse, which for the instant d t
coincides with it.

Now if we consider the planet, at the end of the instant d t, or at the
commencement of the following one; the function V will vary from the
ellipse relative to the instant d t to the consecutive ellipse only by the
variation of the parameters, since the coordinates x, y, z, relative to the
end of the first instant are the same for the two ellipses ; thus the function
V being nothing, we have
dv

Te)

order, V’ being a function of x, y, » and the parameters

0= dc+(d )dc+&c )

This equation may be deduced from the equation V = 0, by making
X, ¥, 2, ¢, ¢/, &c. vary together; for if we take the differential equation
(i) from this differential, we shall have the equation (i').

Differentiating the equation (i), we shall have a new equation in dc,
d ¢/, &c. which with the equation (') will serve to determine the parame-
ters ¢, ¢/, &c. Thus it is that the geometers, who were first occupied in
the theory of celestial perturbations, have determined the variations of
the nodes and the inclinations of the orbits: but we may simplify this
differentiation in the following manner.

Consider generally the differential equation of the first order V/ = 0,
an equation which belongs equally to the variable ellipse, and to the in-
variable ellipse which, in the instant d t, coincides with it. In the follow-

ing instant, this equation belongs also to the two ellipses, but with this
Vou. II1, L
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difference, that ¢, ¢/, &c. remain the same in the case of the invariable
ellipse, but vary with the variable ellipse. Let V"’ be what V’ becomes,
when the ellipse is supposed invariable, and V,” what this same function
becomes in the case of the variable ellipse. It is clear that in order to
have V” we must change in V’, the coordinates x, y, 2z, which are rela-
tive to the commencement of the first instant d t, in those which are rela-
tive to the commencement of the second instant; we must then augment
the first differences d x, d y, d z respectively by the quantities d* x, d* y»
d ¢ z, relative to the invariable ellipse, the element d t of the time, being
supposed constant.

In like manner, to get V/, we must change in V/, the coordinates
X, ¥, % in those which are relative to the commencement of the second
instant, and which are also the same in the two ellipses; we must then
augment d x, d y, d z respectively by the quantities d *x, d * y, d® z; finally,
we must change the parameters ¢, ¢/, &c. into ¢ 4+ d ¢, ¢’ 4 d¢'; &e.

The values of d®x, d?y, d?z are not the same in the two ellipses;
they arc augmented, in the casc of the variable ellipse, by the quantities
duc te thie perturbing forces. We see also that the two functions V”
and V/,differing only in this that in the second the parameters ¢, ¢/, &c.
increase by d ¢, d ¢, &c.; and the values of d%x, d*y, d?z relative to
the invariable ellipse, are augmented by quantities due to the perturbing
forces. 'We shall, therefore, form V,/ — V*, by differentiating V' in the
supposition that x, y, z arc constant, and that d x, dy, dz ¢, ¢, &c.
arc variable, provided that in this differential we substitute for d* x, d*y,
d® z, &c. the parts of their values due solely to the disturbing forces.

If, however, in the function V” — V’ we substitute for d* x, d*y, d? z
their values relative to elliptic motion, we shall have a function of x, y, z,

:—]l-%, g—tz R %—% » € ¢/, &c., which in the case of the invariable ellipse, is
nothing; this function is thercfore also nothing in the case of the variable
ellipse. 'We evidently have in this last case, V,/ — V’/ = 0, since this
cquation is the differential of the equation V/ = 0: taking it from the
equation V/ — V’ = 0, we have V/ — V” = 0. Thus, we may, in this
case, differentiate the equation V/ = 0, supposing d x, d y, d z, ¢, ¢, &c.
alone to vary, provided that we substitute for d? x, d®y, d?z, the parts
of their values relative to the disturbing forces. These results are exactly
the same as those which we obtained in No. 512, by considerations purely
analytical ; but as is due to their importance, we shall here again present
them, deduced from the consideration of elliptic motion.
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531. Let us resume the equations (P) of No. 513,
dzx

dR
ae o+ (o

o=+ 4 (@) @
d®z  mz
0=l + 5 + ()

If we suppose R = 0, we shall have the equations of elliptic motion,
which we have integrated in (478). We have there obtained the seven
following integrals
c =X dy—yd X,

dt
xdz—zdx,
—dt
= ydz——zdzi

0=

¢ =

O_f_'_xfm dyzd-{’;gdz2 }+yddyt.2dx+i_d_d;_t.;l__ﬁ;«
°=f'+y{? D R et ()
O=f”+z{-?—- dxd-{t-gdy +:_g_(_la>%:2d7+yddyt.zdz;$
ozg}_%gﬁ_,_ dx* +gi'2+dy~. J

These integrals give the arbitraries in functions of their first differences;
they are under a very commodious form for determining the variations of
these arbitraries. The three first integrals give, by differentiating them,
and making vary by the preceding No. the parameters ¢, ¢/, ¢”, and the
first differences of the coordinates,

de = X d*’y —yd*x
de
xd?z—zd?x
dt
yd?z —zd?y
dt

Substituting for d® x, d*y, d? z, the parts of their values due to the

perturbing forces, and which by the differential equations (P) are

-—dt'dR) —-dt’(dR) —dt ( )
IZ‘

dd =

dcd’'=
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we shall have

de=aely (75)—x(T) b
‘“"=‘“{Z(a‘{ —@ly},
de=afs(7)=v @)}

‘We know from 4178,479that the parameters ¢, ¢/, ¢” determine three
elements of the elliptic orbit, viz., the inclination ¢ of the orbit to the
plane of x, y, and the longitude ¢ of its ascending node, by means of the
equations :
v ( o't + c/lz) e’

tan. ¢ = ; tan. 4 = et

and the semi-parameter a (1 — e") of the ellipse by means of the equa-
tion
ma(l—e?) =c?+4c?+4 "%

The same equations subsist also in the case of the variable ellipse,
provided we determine c, ¢/, ¢’ by means of the preceding differential
equations. 'We shall thus have the parameter of the variable ellipse, its
inclination to the fixed plane of x, y and the position of its node.

The three first of the equations (p) have given us in No. (479) the
finite integral

0=c'x—cy+caz:
this equation subsists in the case of the troubled cllipse, as also its first
difference
=c’'dx—cdy+cdz
taken in considering c, ¢, ¢” constant.

If we differentiate the fourth, the fifth and the sixth of the integrals
(p), making only the parameters f, f’, f”, and the differencesdx, d y, d z
vary; if moreover, we substitute then for d* x, d*y, d® 2, the quantities

—dt (—ll—-?) ——dt*(d R) —dt’(—d—l}-) we shall have

df._dy{y( )—x( )}+d{( )"‘x( )}

+ (ydx—xdy) (d )+(zdx—-xdz)( )

df'=dx{::(a—§- ydx)j"*‘dz{ (’&'}')"’ z)}

+(xdy—ydx)(a—;{—)+(zdy—-yd Z)(a'-z-*);
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1 e dR d R dR
df’= d"{x(a‘z‘ "'Z(E?E‘)}"‘dy{y(d“{ dy)}
+(xdz——zdx)(%—g) +(ydz —zdy) (r

Finally, the seventh of the integrals (p), differentiated in the same
manner, will give the variation of the semi-axis-major a, by means of thc
equation

d.?=2dR,

the differential d R being taken relatively to the coordinates x, y, & alone
of the body u.

The values of f, f’, f” determine the longitude of the projection of the
perihelion of the orbit, upon the fixed plane, and the relation of the ex-
centricity to the semi-axis-major; for I being the longitude of this projec-
tion by (479) we have o

tan. [ = 5
and e being the ratio of the excentricity to the semi-axis-major, we have
me = V(fﬁ + fr2 + f/li).

This ratio may also be determined by dividing the semi-parameter
a (1 — e?), by the semi-axis-major a: the quotient taken from unity will
give the value of ¢ 2

The integrals (p) have given by elimination (479) the finite integral

O=me¢—h?4fx+fy+ {2z
this equation subsists in the case of the troubled ellipse, and it determines
at each instant, the nature of the variable ellipse; We may differentiate
it, considering f, f’, f” as constant; which gives
0O=mdg+fdx+fdy + f'dz

The semi-axis-major @ gives the mean motion of w, or more exactly,

that which in the troubled orbit, corresponds to the mean motion in the

invariable orbit ; for we have (479) n = a_% 4/ m; moreover, if, we de-
note by ¢ the mean motion of u, we have in the invariable elliptic orbit
d { = nd t: this equation equally holds good in the variable ellipse,
since it is a differential of the first order. Differentiating we shall bave
d®{ = dn.dt; but we have

dn:San.d.§=33ndR’
2m a m
therefore
3 dt.dR
d!g:__ai.!.ﬁ—__;

L3
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and integrating ‘
’ (=32 ands. R

Finally we have seen in (No. 473) that the integrals (p) are equivalent
to but five distinct integrals, and that they give between the seven para-
meters ¢, ¢, ¢”, f, f’, f e, the two equations of condition

O0=fc"—fc 4 f'c;
2 /2 7"e __ m?
0= 13 + f t2f+ -c';zf_i_ c”m ;
these equations subsist therefore in the case of the variable ellipse provid-
ed that the parameters are determined as above.

We can easily verify these statements a posteriori.

‘We have determined five elements of the variable orbit, viz., its inclin-
ation, position of the nodes, its semi-axis-major which gives its mean mo-
tion, its excentricity and the position of the perihelion. It remains for us
to find the sixth element of elliptic motion,—that which in the invariable
ellipse corresponds to the position of 4 at a given epoch. For this pur-
pose let us resume the expression of d t (473)

dtvm _ dv(l—e’*)’E
at — il4ecos (v—=)}’

This equation developed into series gives (473)
ndt=dvi{l+E®Ycos (v—w=u) + E®cos. 2 (v— =) + &c.}.

Integrating this equation on the supposition of e and = being con-
stant, we shall have

Jndt4e=v 4 E®gin, (v—w)-;]-%gzsin..?.(v—-v) + &e.

¢ being an arbitrary. This integral is relative to the invariable ellipse :
to extend it to the variable ellipse, in making every thing vary even to
the arbitraries, ¢, e, = which it contains, its differential must coincide with
the preceding one; 3 vshxch gives

dc_de{(d )sm (v—w)-{-{;( )sm.2(v—-=)+&c}

— dw {E® cos, (v—=) + E® cos. 2 (v--a) + &ec.}
v — o being the true anomaly of w measured upon the orbit, and = the
longitude of the perihelion also measured upon the orbit. We have de-
termined above, the longitude I of the projection of the perihelion upon
a fixed plane. But by (488) we have, in changing v into = and v, into
in the expression of v — @ of this No.

w—C8=1—04 tan.?} ¢sin. 2 (I —¢) + &ec.

dE®
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Supposing next that v, v, are zero in this same expression, we have
B =04 tan.?} ¢ sin. 24 + &c.
wherefore,
w =1 4 tan.%} ¢. {sin. 20 + sin. 2 (I — 9) + &ec}
which gives
de=dI.§1 4 2tan.*}p cos. 2 ([ — ¢) + &c.}
+ 2ddtan. %} ¢ fcos. 2 0 — cos. 2 (I —6) 4 xc.}
dotan. §

Thus the values of d I, d ¢, and d ¢ being determined by the above, we
shall have that of d = ; whence we shall obtain the value of d

It follows from thence that the expressions in series, of the radius-vec-
tor, of its projection upon the fixed plane, of the longitude whether re-
ferred to the fixed plane or to the orbit, and of the latitude which we
have given in (No. 488) for the case of the invariable ellipse, subsist equal-
ly in the case of the troubled ellipse, provided we change n t into /nd t,
and we determine the elements of the variable ellipse by the preceding
formulas. TFor since the finite equations between ¢, v, s, %, y, 7 and

J'n d 1, are the same in the two cases, and because the series of No. 488
result from these equations, by analytical operations entirely independent
of the constancy or variability of the elements, it is evident these cxpres-
sions subsist in the case of variable elements.

‘When the ellipses are very excentric, as is the case with the orbits of
the comets, we must make a slight change in the preceding analysis. The
inclination ¢ of the orbit to the fixed plane, the longitude ¢ of its ascend-
ing node, the semi-axis-major a, the semi-parameter a (1 — e?), the cx-
centricity e, and the longitude I of the perihelion upon the fixed plane
may be determined by what precedes. But the values of = and of d =
being given in series ordered according to thc powers of tan. } ¢, in order
to render them convergent, we must choose the fixed plane, so as to make
tan. } ¢ inconsiderable ; and to effect this most simply is to take, for the
fixed plane, that of the orbit of x at a given epoch.

The preceding value of d s is expressed by a series which is convergent
only in the case where the excentricity of the orbit is inconsiderable, we
cannot therefore make use of it in this case. Instead, let us rcsume the
equation

. §sin. 2 0 4 sin. 2 (I —0) + &ec.3.

dt v m-_ dv(l—-e,“)’Z
§ T il 4 ecos. (Vv— =)}’
L4

a
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If we make 1 — e = «, we have by (489) in the case of the mvariable
ellipse,

§1—eni —
t+T=?—£—_—_—%§-;~—/—)H.tan.é (v —-w){l + i_z.tan.’g(v- -w)+&c.}
T being an arbitrary. To extend this equation to the variable ellipse,
we must differentiate it by making vary T, the semi parameter a (1 — e?),
@, and = 'We shall thence obtain a differential equation which will de-
termine T, and the finite equations which subsist in the case of the in-
variable ellipse, will still hold good in that of the variable ellipse.

532. Let us consider more particularly the variations of the elements
of s orbit, in the case of the orbits being of small excentricity and but
little inclined to one another. 'We have given in No. 515. the manner of
developing R in a series of sines and cosines of the form

wWkeos. (i 't —int+4 A)

k and A being functions of the excentricity and inclinations of the orbits,
the positions of their nodes and perihelions, the longitudes of the bodies
at a given epoch, and the major-axes. When the ellipses are variable
all these quantities must be supposed to vary conformably to what pre-
cedes. We must moreover change in the preceding term, the angle
nt—intintoi’ /n’dt—i/ n dt, or which is tantamount, into
VY —it

However, by the preceding No., we have

;I? =2/dR;

Z:/‘ndt:l-g—./faxldt.dR.

The difference d R being taken relatively to the coordinates x, y, z,

of the body g, we must only make vary, in the term

wWkeos, (V7 —il 4 A)
of the expression of R devcloped into a series, what depends upon the
motion of this body ; moreover, R being a finite function of x, y, z, X, y’, 2/
we may by No. 530, suppose the elements of the orbit constant in the
difference d R; it suffices therefore to make { vary in the preceding term,
and since the difference of ¢ is n d t, we have

iw.kndt.sin (¥ & —i2 + A)
for the term of d R which corresponds to the preceding term of R, Thus,
with respect to this term only, we have

1 '“‘““/kndt sin. (V¢ — i ¢ + A);

—

8
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(=3 prakntdtrsin (7 —if + A).

If we neglect the squares and products of the perturbing masses, we
may, in the integrals of the above terms, suppose the elements of elliptic
motion constant. Hence { becomes n t and &, n’ t; whence we get

| 21 M nk
a T m@{En —in)

g=—

Hence we perceive that if i n” — i n is not zero, the quantities a and
only contain periodic inequalities, retaining only the first power of the
perturbing force; but i and i’ being whole numbers, the equation in’ —in
= 0 cannot subsist when the mean motions of » and &’ are incommen-
surable, which is the case with the planets, and which can be admitted
generally, since n and n’ being arbitrary constants susceptible of all possi-
ble values, their exact relation of number to number is not at all probable.

‘We are, therefore, conducted to this remarkable result, viz., that the
principal axes of the planets, and their mear motions, are only subject to
periodic inequalities depending on their configuration, and that thus in ne-
glecting these quantities, their principal axes are constant and their mean
motions uniform, a result agreeing with what has otherwise been fozmd by
No. 521.

If the mean motions n t and n’ t, without being exactly commensurable,
approach very nearly to the ratio i’: i; the divisor i’ n’ — in is very
small, and there may result in  and ¢’ inequalities, which increasing very
slowly, may give reason for observers to suppose that the mean motions
of the two bodies 4, 4/ are not uniform. We shall see, in the theory of
Jupiter and Saturn, that this is actually the case with regard to these two
planets : their mean motions are such that twice that of Jupiter is very nearly
equal to five times that of Saturn; so that 5 n’ — 2 n is hardly the sixty-
fourth part of n. The smallness of this divisor, renders very sensible the
term of the expression for {, depending upon the angle 5n’t—2nt,
although it is of the order ¥ — i, or of the third order, relatively to the
excentricities and inclinations of the orbits, as we have seen in No. 515,
The preceding analysis gives the most sensible part of these inequalities;
for the variation of the mean longitude depends on two integrations, whilst
the variations of the other elements of elliptic motion depend only on
one integration ; only terms of the expression of the mean longitude can
therefore have the divisor (' n’ — i n)?; consequently with regard only

cos. (i mt—int 4 A)

3igantk

mSin- (i’n’t-——int + A)-
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to these terms, which, considering the smallness of the divisor ought to
be the more considerable, it will suffice, in the expressions of the radius-
vector, the longitude and latitude, to derive from these terms, the mean
longitude.

‘When we have inequalities of this kind, which the action of ¢/ produces
in the mean motion of x, it is easy thence to get the corresponding ine-
qualities which the action of x# produces in the mean motion of »/ In
fact, if we have regard only to the mutual action of three bodies M, « and
#'; the formula (7) of (471) gives
dx? 4 dy? 4 dz? dx”+dy”+dz”

YE t# dte
_(wdx+wdx): + (pdy +w'dy) + (dz 4 /d7)* (a)
(M Fu @) die
2Mu 2 My 2pu
(VR VY VAT U =
The last of the integrals (p) of the preceding No. gives, by substituting

for r-aE the integral 2 /'d R,

dx* 4+ dy?4dz® _  2(M + a)
dt? ’vi2+y2+z2~2‘f‘lR'
If we then call R/, what R becomes when we consider the action of s
upon #/, we shall have
R =X +yy +/7’) _ " _
i hyidant YV E G — I F (7 — )
dx'?4+dy 24 dz* 2 (M + &) .
d}:‘.z —-_— V-—i‘v/T(-—i-—y,é—:{:TT/-é-— 2./'d’R/,
the differential characteristic d’ only belonging to the coordinates of the
dx®*4dy?*+4dz® ddx”+dy”‘-|—-dz’2
dte an dee
the values in the equation (a), we shall have
(d x4 #dx P (udy+4 dy P (udzwd 2’y
2M+p + w)dt?

const. = w

bodyw’. Substituting for

¢ AR 44/ fd’R’ = const.—

w 2 Il" 2
+ V“xz“_'_ }',2 + 72 + V'}“/z'__'_‘y’/'z + ze"

It is evident that the second member of this equation contains no terms
of the order of squares and products of the @, ', which have the divisor
i n’ — in; relative, therefore, only to these terms, we shall have

ufdR + W fd R =0;
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thus, by only considering the terms which have the divisor (' n’ — i n)?,
we shall have
8/ /o’wdt.d R uw(M+ep).a'n’ 3 andt.dR
M+ TTWM+dan T M+tu
but we have

{ =
we therefore get
WMt w)yanl +u M+ p)a'n'{ =0

Again, we have

3/fandt.dR_
M+

S/fandt.d R
M 4w ;

gl

Mt WM )

a 9 a’ 2
neglecting therefore u, ¢/, in comparison with M, we shall have
v a.l+wva.l =0;

n=

or
w4 a
(:’ = _(b’ v ai' Z'

Thus the inequalities of Z, which have the divisor (i’ n’ — i n)?% give
us those of ¢, which have the same divisor. These inequalities are, as
we see, affected with the contrary sign, if n and n’ have the same sign, or
which amounts to the same, if the two bodies ¢ and «’ circulate in the
same direction ; they are, moreover, in a constant ratio; whence it follows
that if they seem to accelerate the mean motion of w, they appear to re-
tard that of u’ according to the same law, and the apparent acceleration
of u, will be to the apparent retardation of &, as »’ ¥ a’is to # # a. The
acceleration of the mean motion of Jupiter and the retardation of that of
Saturn, which the comparison of modern with ancient observations made
known to Halley, being very nearly in this ratio; it may be concluded
from the preceding theorem, that they are due to the mutual action of the
two planets; and, since it is constant, that this action cannot produce in
the mean motions any alteration independent -of the configuration of the
planets, it is very probable that there exists in the theory of Jupiter and
Saturn a great periodic inequality, of a very long period. Next, consider-
ing that five times the mean motion of Saturn, minus twice that of Jupi
ter is very nearly equal to nothing, it seems very probable that the phe-
nomenon observed by Halley, was due to an inequality depending upon
this argument. The determination of this inequality will verify the con-
jecture.

The period of the argument i n' t —int bemg supposed very long,
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the elements of the orbits of #, and ' undergo, in this interval sensible
variations, which must be taken into account in the double integral
J/akn®*dt*sin (Y 't —int 4 A)
For that purpose we shall give to the function k sin. (i ' t—int+ A),
the form
Qsin. (in't—int4i'¢—ie) 4 Qcos. (Yn't—int 4 i —is)
Q and Q' being functions of the elements of the orbits: thus we shall
have
Jfakn®*dt®sin. ('nt—int 4 A) =
n®a sin. (i'n’ t—int4i'e—ie) .{Q (1,2 dQ 3d*Q +&c.}

(Yn'—in)? — ({n'—in)dt” (Vn'—in)de®

__nfacos.(in't—int+i'e—is) {Q’ 2d4dQ 3d:Q ' | e }
(' n"—in)? : (Tn"—in)dt  (Vn'—in)dt?

The terms of these two series decreasing very rapidly, with regard to
the slowness of the secular variations of the elliptic elements, we may, in
each series, stop at the two first terms. Then substituting for the ele-
ments of the orbits their values ordered according to the powers of the
time, and only retaining the first power, the double integral above may
be transformed in one term to the form

(F4+ Et)sin. (i "’t—int+4+ A 4+ Ht).

Relatively to Jupiter and Saturn, this expression may serve for many
ages before and after the instant from which we date the given epoch.

The great inequalities above referred to, become sensible amongst the
terms depending upon the second power of the perturbing forces. In
fact, if in the formula

S:‘lﬂ'./'fakn2 dtssin (' —i? + A),

we substxtute for ¢, ¢ their values

3iuw antk . .
nt— m—-———————(ln m),sm.(l’n't——lnt+A);
2
nt— Siwantk ,.sm(l’nt int 4 A),

m (' n"—in)
there will result among the terms of the order 12, the following
9i?x/'ta%n*k? i Vo' $+inVa
T8 (’n’—in)*’ WV a
The value of ¢’ contains the corresponding term, which is to the one
preceding in the ratiow & a : — &/ ¥/ &/, viz.
9i*uw%a®n*k?
8m?*(i’n’—in)*
538, It may happen that the inequalities of the mean motion which are the

sin. 2 ('n"t—int 4 A).

fivwva+inv a}.:,:/; sin.2 (I'n"t—int 4 A).
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most sensible, are only to be found among terms of the order of the
squares of the perturbing masses. If we consider three bodies, 4, &, w’
circulating around M, the expression of d R relative to terms of this or-
der, will contain inequalities of the form
ksin. int—iVnt+4i" n"t+ A)

but if we suppose the mean motions nt, n’t, n” t such that in — i n’
+ i’ n” is an extremely small fraction of n, there will resultavery sensible
inequality in the value of . This inequality may render rigorously equal
to zero, the quantity i n — i’ n’ 4 i” n”, and thus establish an equation of
condition between the mean motions and the mean longitudes of the three
bodies u, &, . This very singular case exists in the system of Jupiter’s
satellites. 'We will give the analysis of it.

If we take M for the mass-unit, and neglect u, ¢/, #” in comparison with
it, we shall have

nzza—lé;n”z—é}—é,n””:ﬁ;—a,
we have then

d¢=ndt;d& =n'dt; dg =n"dt;
wherefore

=g _ _ 3, % da

dt 27 ‘af’

g _ _ 3,4 de

dt — 2 "a'?

d=g" 3n”%' d a”

dt = 72" @Es

We have seen in No. 528, that if we neglect the squares of the excen-
tricities and inclinations of the orbits, we have
const. = w ¥ a4 w. vV o+ 4" ¥ a";
which gives
da , da , da”
O=tmtevet g

From these several equations, it is easy to get

g _ 3 3 da
dt — 2" ‘at

_3 wond n—n" da_
dt — 2" 4.n 'n—n""a®’

ds¢g” 3 /ﬁ.n”% n—n da
t 2" wW.n o —n""az’
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Finally the equation
‘5-‘ =2/dR

of No. 531, gives

___d_f‘.__ng
at

We have therefore only to determine d R.

By No. 518, neglecting the squares and products of the inclinations of
the orbits, we have

R = —Fcos. (V —v)—w (g2 —2¢¢ cos. (v — V) + g’*)"é
#" ¢ 17 "o__ yn = %
+f’ cos, (v — v) — u/(e? — 2 p ¢’ cos. (v v) 4+ ¢'9).

If we develope this function in a series ordered according to the cosines
of v — v, v/ — v and their multiples; we shall have an expression of
this form

R=4 @GN0+ (N0 c0s (V=) +# (#0052 —)
+ ¢ (5 ¢)® cos. 3 (V' — V) + &e.
._. (g, f") (0) + ‘”‘”(8 g//) M ¢cos. (v” — v) +I (?9 g,,) @ cos. 2 (v”_ V)

+ w(e, g”) ® cos, 3 (v/ — v) 4 &c.;
whence we derive

r I’ (d(e,e)“’>)+ (d(e,e)“’)cos(v V) (d(e,g)"’) I
cos. 2 (v —v) 4 &ec.

.wu (d(a ") <0)) ,,(d(e,j"g) (l)) 0. (V') ‘,/,(d(e,(gl/g (2))

cos, 2 (v/ — v) + &ec.
+dv {p/(g, ¢) W sin, (v —v) 42 w (g, ¢) @ sin. 2(V -v)+&c.}
+ 1" (g, ") Wsin(V'—v) 420" (g, ¢") Psin.2(v'—v) 4 &e.
Suppose, conformably to what observations indicate in the system of
the three first satellites of Jupiter, that n — 2 n’ and ¥ — 2 n” are
very small fractions of n, and that their difference n — 2 n/ — (n’ — 2 n")
orn — 3 n 4 2 n” is incomparably smaller than each of them.

dR=

A
Q..

It results from the expressions of faf, and of 8 v of No. 517, that the

action of »’ produces in the radius-vector and in the longitude of 4, a very
sensible inequality depending on the argument 2 (0’ t—mnt + ¢ —),
The terms relative to this inequality have the divisor 4 (n’ — n)? —n?
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or (n — 2 n’) (3 n — 2 n’), and this divisor is very small, because of the
smallness of the factor n — 2 n’. ' We also perceive, by the consideration
of the same expressions, that the action of x# produces in the radius
vector, and in the longitude of ¢/, an inequality-depending on the argu-
ment (0’ t — n t 4 ¢/ — ¢), and which having the divisor (n'—n)*—n'?,
or n (n — 2 1), is very sensible. We sce, in like manner, that the action
of &’ upon @ produces in the same quantities a considerable inequality
depending upon the argument 2 (n”t— n’'t 4 & — ¢). Finally, we
perceive that the action of 4/ produces in the radius-vector and in the
longitude of 1 a considerable inequality depending upon the argument
n”t—n't 4+ ¢’ — &. These inequalities were first recognised by obser-
vations; we shall develope them at length in the Theory of Jupiter’s Sa-
tellites. In the present question we may neglect them, relatively to other
inequalitics. 'We shall suppose, therefore,
be=uw I cos. 2(t—nmnt 4 ¢ —¢);
dv=w Isin.2 (W t—nt 4 s —s);
8¢ = w'Ecos. 2(n" t—n' t4¢” — )+ Geos. (n t—ntfe —s)
3V = /' F”sin. 2 (n”t—n't4e’ — ¢)+uHsin. (0 t—nt4¢ —¢)
8¢ =w G cos. "t —nm't 4 ¢ —¥)

dv/ = H sin.(n”"t —n't4 ¢ — <)

We must, however, substitute in the preceding expression of d R for
Vs €r Vs ¢’y v/s the valuesof adgy,nt 4 ¢ 43 v, '+ ¢ nt4d4ov,
a” + 8¢/, 0"t + ¢’ 4 § v/, and retain only the terms which depend upon
the argument n t—3 0’ t + 2 n”t 4 ¢—3 ¢ 4 2 ¢". But it is easy to see
that the substitution of the values of 8 ¢, 8 v, 8 ¢, 8 v”/ cannot produce any
such term. This is not the case with the substitution of the values of
3¢ and 3 v': the term #/ (g ¢/)® d v sin. (v/ — v) of the expression of
d R, produces the following,

e w -211(1 t-{E”(d (::i ::)(1))_ F” (a, a’)(l)} X

si.(nt—38n't4 2n"t+¢ —38¢ 4 2¢)
This is the only expression of the kind which the expression of d R

contains. The expressions of é—g, and of 8 v of No. 517, applied to the

action of p” .Jupon 'y give, retaining only the terms which have the divisor
n —2n% aﬂd observing that n” is very nearly equal to § n’,
' d.(@, a"H® 2 n” D
a ( o )'l‘;i;_n'a(“:a’)
(" —2n") 3n’—21")

"
Ea
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2E

F, — T’
we therefore have

dR_l"'M”nth//{g(ﬂa ah® d (a a)m)}

Xsin(nt—3n' t4+2n" t4e--3¢42¢)= —; 'a“’
.. . da. de de e dev
Substituting this value of ;Z—l in the values of d t»é 0 5 » g E , and

making for brevity’s sake
1 7
s=1m {20 (PR {Fuwgee b ggen]
we shall have, since n is very nearly equal to 2 n’, and n’ to 2 n”,
L d ZI-{—2 =g =Bnsin.(nt—3n t42n" tfe -3 r42¢");
dJoe 3 qee T
or more exactly
2 2
?TFE dt,+2.(3“€—=Bn’sin.(§—-8§’+2§"+s——3s'+2a");
so that if we suppose
V=¢—37 +2§" +e—37 +25,
we shall have
igtY = f. n%sin. V.,

The mean distances a, a', a”, varying but little as also the quantity n,
we may in this equation consider 8 n% as a constant quantity. Integrat-
ing, wehave

+dV
¥ c—2Bntcos. V'
¢ being an arbitrary constant. The different values of which this con-
stant is susceptible, give rise to the three following cases.

If c is positive and greater than + 2 8 n? the angle V will increase
continually, and this ought to take place, if at the origin of the motion,
(n — 8 n' 4 2n")*is greater than + 2 3 n* (1 F cos. V), the upper or
lower signs being taken according as 8 is positive or negative. It is easy
to assure ourselves of this, and we shall sec particularly in the theory of
the satellites of Jupiter, that 3 is a positive quantity relatively to the three
first satellites. Supposing therefore F = = # — V, # being the semi cir-
cumference, we shall have

dt =

dt =

' d=
vV c+ 28 ntcos.
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In the interval from = = 0 to = =—%—, the radical ¥ ¢ + 28 n%cos. =

is greater than # 2 8 n?% when c is equal or greater than 2 8 n?; we
have therefore in this interval = > nt 4 2 8. Thus, the time t which the
angle  employs in arriving from zero to a right angle is less than é%@
The value of B depends upon the masses, u, #/s x”; the inequalities ob-
served in the three first satellites of Jupiter, and of which we spoke above,
give, between their masses and that of Jupiter, relations from whence it

results that is under two years, as we shall see in the theory

k.

2n v 28
of these satellites; thus the angle = would employ less than two years to
increase from zero to a right angle; but the observations made upon Ju-
piter’s satellites, give since their discovery, = constantly nothing or insen-
sible ; the case which we are examining is ot therefore that of the three
first satellites of Jupiter.

If the constant c is less than 4 2 B n?, the angle V will not oscillate;
it will never reach two right angles, if B is negative, because then the

radical ¥ ¢ — 2 Fn* cos. V, becomes imaginary ; it will never be no-
thing if 8 is positive. In the first case its value will be alternately greater
and less than zero; in the second case it will be alternately greater and
less than two right angles. Al observations of the three first satellites of
Jupiter, prove to us that this second case belongs to these stars ; thus the
value of B ought to be positive relatively to them; and since the theory
of gravitation gives 8 positive, we may regard the phenomenon as a new
confirmation of that theory.

Let us resume the equation

dt = —- d = .

¥ c+ 2Bn?cos. w

The angle = being always very small, according to the observations,
we may suppose cos. = = 1 — } =?; the preceding equation will give by
integration

w=Asin.(nt v B+ )
A and y being two arbitrary constants which observation alone can deter-
mine. Hitherto, it has not been recognised, a circumstance which proves
it to be very small.

From the preceding analysis result the following consequences. Since
theanglent 4 3n't 4+2n"t+e—38¢ 4 1¢ oscillates being some-
times less and sometimes greater than two right angles, its mean value is

Vor. 1L M
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equal to two right angles; we shall therefore have, regarding only mean
quantities
n—3n 4+ 2n" =0

that is to say, that the mean motion of the first satellite, minus three times
that of the second, plus twice that of the third, is exactly and constantly
equal to zero. It is not necessary that this equality should subsist exactly
at the origin, which would not in the least be probable; it is sufficient
that it did very nearly so, and that n — 8 n’ 4 2 n” has been less, ab-
straction being made of the sign, than A n # 8; and then that the mutual
attraction has rendered the equality rigorous.

We have next ¢ — 3 ¢ 4 2 ¢ equal to two right angles; thus the mean
longitude of the first sutellite, minus three times that of the second, plus twice
that of the third, is exactly and constantly equal to two right angles.

From this theorem, the preceding valucs of 3 ¢/, and of 8 v/ are reduci-
ble to the two following

0 = (G —pu" E)cos.(WMt—nt 44—y
=rH—wF)sin.(t—nt+4 ¢ —sq).

The two inequalities of the motion of w’ due to the actions of x and of
w'ymerge consequently into one, and constantly remain so.

It also results from this theorem, that the three first satellites can never
be eclipsed at the same time. They cannot be seen together from Jupi-
ter neither in opposition nor in conjunction with the sun; for the preced-
ing theorems subsist equally relative to the synodic mean motions, and to
the synodic mean longitudes of the three satellites, as we may easily
satisfy ourselves. These two theorems subsist, notwithstandiug the alter-
ations which the mean motions of the satellites undergo, whether they
arise from a cause similar to that which alters the mean motion of the
moon, or whether from the resistance of a very rare medium. It is evi-
dent that these several causes only require that there should be added to

the value of Y, a quantity of the form of ¢ » and which shall only

become sensxble by integrations; supposing therefore V=a—=and =
very small, the differential equation in V will become
- d? = d: ¥
0=g¢ +PD 7+ oz
The period of the angle n t 4 8 being a very small number of years,
t

whilst the quantities contained in %T’_ are, cither constant, or embrace

many ages; by integrating the above equation we shall have
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PRI
Bntdt?

Thus the value of = will always be very small, and the secular equa-
tions of the mean motions of the three first satellites will always be order-
ed by the mutual action of these stars, so, that the secular equation of the
first, plus twice thatof the third, may be equal to three times that of the
second.

The preceding theorems give between the six constants n, n’, n”,
5, £, ¢/ two equations of condition which reduce these arbitraries to four ;
but the two arbitraries A and y of the value of = replace them. This
value is distributed among the three satellites, so, that calling p, p’, p” the
coeflicients of sin. (nt & 8 4+ 7) in the expressions of v, v, v/, these

. . 2 g dl Z d 2 g/l
coefficients are as the preceding values of —2 I doe did’ and more-

= =2Asin.(nt ¥ B+ 9) —

over we havep — 3 p' + 2 p” = A Hence results, in the mean mo-
tions of the three first satellites of Jupiter, an inequality which differs for
each only by its coefficients, and which forms in these motions a sort of
libration whose extent is arbitrary. Observations show it to be insen-
sible.

531. Let us now consider the variations of the excentricities and of the
perihelions of the orbits. For this purpose, resume the expressions of
df,df’, df” found in 53! : calling ¢ the radius-vector of u projected
upon the plane of x, y; v the angle which this projection makes with the
axis of x ; and s the tangent of the latitude of « above the same plane, we
shall have

X = gcos.V; y =¢sin.v; z=y¢gs

whence it is easy to obtain
x (‘.i_R) —y d_‘_‘_) - fl._Ii)
( ) = (1 + 8% cos. v(——-)_gSCOSV(____)
+ s sin. v (a")
y (17) =7 (35) = (1 + 89 sin V(T)—gssm.v(—-.)

® e § COS. V (a—;)

By 531, we also have
xdy—ydx =cdt; xdz—zdx=cdt; ydz—zdy=c dt;
M2
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the differential equations in f, f/, f” will thus become
- d R dR dR
df = — dy(a-;-) —dz {(l + s?) cos. v (a-s-)—gs. cos. v (—d—E)

4 ssin. v (3—1}-) }

—cdt{smv )+cosv 3‘1'1) ssan( )}__c'dt EE

dfl:dx(%—v- —-dz{(l -i-s’)sm.v(—d—s —-—gs.sin.v(—d—?)

— S COS. V (((]Tl}) }‘

+Cdt{cosv dR)__S_'P__V 35) s. SIéqv dR)} //gdt dR

df’'= dx{(l + s?) cos. v _)—gs cos. v(—a—) + s sin. v(——B)}

+dy{(l+s’) sin.v( )—-gs sin, v(—(T—)—scos v( )}

+c’.dt{cos'v((_ld.g) sin. v 3\{1) 8. CO8. v )}
+C".dt{sm v ddR)_*_E‘l:_" g%) s. Slgn v dR)}

The quantities ¢, ¢” depend, as we have seen in No. 531, upon the in-
clination of the orbit of « to the fixed plane, in such a manner that they
become zero when the inclination = 0; moreover it is easy to see by the

nature of R that (%—Is-{-) is of the order of the inclinations of the orbits;

neglecting therefore the squares and products of these inclinations, the
preceding expressions of d f and of d ', will become

df = _dy(‘_’_lf“)_.cdt{sin,v(@)_,_,CQ_Z-Y, iRy 1,

df'= dx( )+cdt{cos.v(—-—- —--s-{-»r:—v %—?)},

but we have
dx=d(gcos.v); dy=d(esin.v); cdt=xdy—ydx =¢*dv,
we therefore get

df=— fdgsin. v 4 2, d v cos. v} (g_f} ...-g’dvsin.v(-da—%);

df'= {dgcos. v—2¢d vsin. v} (%lv{) + ¢*d vcos. v (‘L?)

These equations are more exact, if we take for the fixed plane of x, y,
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that of the orbit of 4, at a given epoch; for then ¢/, ¢” and s are of the
order of the perturbing forces; thus the quantities whlch we neglect, are
of the order of the squares of the perturbing forces, multlplled by tlnc
square of the respective inclination of the two orbits of » and of «/.

The values of g, d ¢, d v, (i—g—), (—d——v), remain clearly the same what-

ever is the position of the point from which we reckon the longitudes;
but in diminishing v by a right angle, sin. v becomes — cos. v, and cos. v
becomes sin. v; the expression of d f changes consequently to that of
d f’; whence it follows that having developed, into a series of sines and
cosines of angles increasing proportionally with the times, the value of
d f, we shall have the value of d f’, by diminishing in the first the angles
s ¥y =, o'y 0 and ¢ by a right angle.
The quantities f and f’ determine the position of the perihelion, and
the excentricity of the orbit; in fact we learn from 531, that
4
tan. I = —% ;
I being the longitude of the perihelion referred to the fixed plane. 'When
this plane is that of the primitive orbit of u, we have up to quantities of
the order of the squares of the perturbing forces multiplied by the square
of the respective inclinations of the orbits, I = =, = being the longitude of
the perihelion upon the orbit; we shall thereforc then have

f

tan, = = —f-;

which gives
. f/ f
Sin, w = 7—{-;_—1—?_7;; COS. w = W'
By 531, we then get
[ — AP ]
me = « f*4 t'24 f”“,f”:—-—-——-——-—f ¢ S fe ;

thus ¢/ and ¢” being in the preceding supposition of the order of the
perturbing forces, f” is of the same order, and neglectmg the terms of the
square of these forces, we have
me= & f? 4 {2,
If we substitute for & f2 4 £'% its value m e, in the expressions of
sin. w, and of cos. =, we shall have
mesin. « = f'; mecos. = = f;
these two equations will determine the excentricity and the position of the
perihelion, and we thence easily obtain
mtede=fdf+ fdf; m?e?*dw =fdf  —f'df
' M3
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Taking for the plane of x, y that of the orbit of «; we have for the
cases of the invariable ellipses,
- a(l—e? d _e*dv.e.sin (v —w=)
¢ = TF¥ecos (v—wm) OF a(l—e? ’
etdv=a’ndtvy 1 —e?
and by No. 530, these equations also subsist in the case of the variable
ellipses; the expressions of d f and of d f will thus become

ﬂndt
df""'v 1—

—atndta 1 —e sin.v.(~d—R~)

;- {2 cos. v4+3 e cos. w43 e cos. (2 v — =)} (‘31?)

dR

andt
vV1l—e

df = — {2 sin, v43 e sin, =4 e sin. (2v—-w)}(

2 — 2 Y.
4+ andt v 1 e.cos.v(de),

wherefore
cdao = — = lz:/nld’_t_” sin. (v — =) {2 + e cos. (v — =)} (d R)
\ —
42 .ndtl;/ 1—e® o (v__w).(___)
de = —E;—n]d__t—-; {2 cos. (v — =) + e 4 e cos. ’(V-")}(d R)
— ‘}_Iﬂnil..‘ VI = ctsin (v— ). (4 )

This expression of d e may be put into a more commodious form in
some circumstances, For that purpose, we shall observe that

. ag (52 )__dR—-d v (2

substituting for ¢ and d ¢ theu' preceding values, we shall have
dR
e*dv.e.sin (V—m=) qd—? =a(l—e?).dR—a(l—e?)dv T8
but we have
gdv=andtvV 1l —e?
dv = ndtfl 4 ecos. (v— =)}

(l—e')“s‘
wherefore iR
atndt ¥/ 1—et sin (v — =). (?1"'
a(l—e? andt d Ry
—_~-(—-—-(—3——-dR-—;—-Z/-————.{1 + ecos. (v — =)}% d'v)’
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the preceding expression of d e, will thus give

andtVl—e” d R a(l—e?
cde = nALYT=E AR a0 o0)yy
We can arrive very simply at this formula, in the following manner

We have by No. 531,

de _ d R

dat = ) x( ) dv)
but by the same No. ¢ = # m a (1 — e?) which gives
davVma(l—e*) edev ma

dec=

2a vV1—et’
therefore
dtv IT—e?/dR d
ede =22 - Ny —(W)+a(l—-e’)§—£-;.
and then we have by No. 531
mda
9T = —dR.

We thus obtain for e d e the same expression as before.

535. We have seen in 532, that if we ncglect the squares of the per-
turbing forces, the variations of the principal axis and of the mean mo-
tion contain only periodic quantities, depending on the configuration of
the bodies , @/, #”, &c. This is not the case with respect to the varia-
tions of the excentricities and inclinations: their differential expressions
contain terms independent of this configuration and which, if they were
rigorously constant, would produce by integration, terms proportional to
the time, which at length would render the orbits very excentric and
greatly inclined to one another ; thus the preceding approximations, found-
ed upon the smallness of the excentricity and inclination of the orbits,
would become insufficient and even faulty. But the terms apparently
constant, which enter the differential expressions of the excentricities and
inclinations, are functions of the elements of the orbits ; so that they vary
with an extreme slowness, because of the changes they there introduce.
We conceive there ought to result in these elements, considerable inequa-
lities independent of the mutual configuration of the bodies of the system,
and whose periods depend upon the ratios of the masses u, ¢/, &c. to the
mass M. These inequalities are those which we have named secular in-
equalities, and which have been considered in (520). To determine them
by this method we resume the value of d f of the preceding No.

andt

df;—-—:/—]—:—-—-{2cosv+3ecos.a+§ecos./2v—u)}(

d R

dv
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—a'ndt 4 1 —e’sin v(%—lgi)

We shall neglect in the developement of this equation the square and
products of the excentricities and inclinations of the orbits ; and amongst
the terms depending upon the excentricities and inclinations, we shall re-
tain those only which are constant : we shall then suppose, as in No. 515.

e=a(l4+u); g/—a(l+u'),
vant+edv; Vaotdd v

Again, if we substitute for R, its value found in 515; if we next con-

sider that by the same No we have,

() =26 =a-u @D,

and lastly if we substltute for u, u/, v, v/ their values — e cos. (n t4 s—=),
—e'cos.(n"t4 ¢ —w), 2esin.(nt4e¢c—7=), 2¢€ sin. (0t + ¢ — =')
given in No. 484, &c. by retaining only the constant terms of those which
depend upon the first power of the excentricities of the orbits, and ne-
glecting the squares of the excentricities and inclinations, we shall find
that

af=2424¢ o g ,,{ (LA 4 "’A“”)}

2
/7 - o dA() d-A(l)
+ a(bndt.e.Sln.w'{A(l)+ ( da +ia d o )+4 dada)}

--up/ndt.E{iA“)+,}‘ (dA )}sm fi(n’ t—n t+d—c) 40t of;

the integral sign belonging as in the value of R of 515, to all the whole
positive and negative values of i, including also the value of i = 0.

We shall have by the preceding No. the value of d f’, by diminishing
in that of d f the angles ¢, ¢, =, =’ by a right angle ; whence we get

af = ay. ndt e, cos. w{ (d A© s d!A—(O))}

2

-au.ndte COSw{A“)-[-la(dA )_l_‘} ( ) Jaa (d’A(‘))}
A®

4 awndt, E{iA (i)+§.a )}cos.{i (0 t—n t —s)4-n t443.

Let X, for the greater brevity, denote that part of d f, which is con-
tained under the sign 3, and Y the corresponding part of d f/. Make also,
as in No. 522,

1A 0) 2 A (0
0,1) = —-—-—-{ (( a? (dd f:‘
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o _ &N Y N LY U

Bl = {e A0 —ar () — 1 0* (O )}s
then observe that the coefficient of e’ d t sin. #*,in the expression of d f,
is reducible to [0, 1] when we substitute for the partial differencés in o,

their values in partial differences relative to a; finally suppose, as in 517,
that

esin.w = h; ¢sin. ' =W

ecos.w = l; e’cos.o’ = I
which gives by the preceding No. f = m 1, f = mh or simply f = 1,
f’ = h, by taking M for the mass-unit, and neglecting « with regard to
M ; we shall obtain

((]l—lt-lz(o, 1).1—0, 7'+ awnY;
dl

4= (0, 1). h + E—)_;jf W —aunX

Hence, it is easy to conclude that if we name (Y) the sum of the terms
analogous to a #’ n Y, due to the motion of each of the bodies w, u”, &c.
upon w; that if we name in like manner (X) the sum of the terms analo-
gous to — a ¢/ n X due to the same actions, and finally if we mark suc-
cessively with one dash, two dashes, &c. what the quantities (X), (Y), h,
and 1 become relatively to the bodies ©, u”, &c.; we shall have the fol-
lowing differential equations,

dh

dt = U0 D) + (0,2) 4 &} 1 —0, ]V — [, 1 — &e. + (Y);
dl

= (0, 1) 4 (0, 2) + &c.} h 4 ‘_)z_ll b + |0, 2‘ h"” 4+ &c+ (X);
Y _
qr = ULO + (L, 2) + &3V —[L 01—, 21" — &e. + (V)

’

S (L 0) + (1,2 + &ed W + B0 b + LI &t (X)
&e. .

To integrate these equations, we shall observe that each of the quanti-
ties h, 1, I, I/, &c. consists of two parts; the one depending upon the
mutual configuration of the bodies 4, u/, &c.; the other independent of
this configuration, and which contains the secular variations of these quan-
tities. We shall obtain the first part by considering that if we regard
hat alone, h, 1, I, I, &c. are of the order of the perturbing masses, and
consequently, (0, 1). h, (0, 1). 1, &c. are of the order of the squares of
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these masses. By neglecting therefore quantities of this order, we shall
nave

=) fp = X

d l )
= (V) gy = (X0
wherefore,
h=/Y)dt; 1l =/(X)dt; ¥ =/(Y)dt; &

If we take these integrals, not considering the variability of the ele-
ments of the orbits and name Q what /'(Y) d t becomes ; by calling 6 Q
the variation of Q due to that of the elements we shall have

JS(Ndt=Q—/6Q;
but Q being of the order of the perturbing masses, and the variations of
the elements of the orbits being of the same order, & Q is of the order of

the squares of the masses; thus, neglecting quantltles of this order, we
shall have

SY)dt=Q

We may, therefore, take the integrals /' (Y) d t, /(X)) dt, f(Y)dt,
&c. by supposing the elements of the orbits constant, and afterwards con-
sider the elements variable in the integrals; we shall after a very simple
method, obtain the periodic portions of the expressions of h, 1, Iv, &c.

To get those parts of the expressions which contain the secular inequa-
lities, we obscrve that they are given by the integration of the preceding
differential equations deprived of their last terms, (Y), (X), &ec.; for it is
clear that the substitution of the periodic parts of h, 1, I, &c. will cause
these terms to disappear. But in taking away from the equations their
last terms, they will become the same as those of (A) of No. 522, which
we have already considered at great length.

586. We have observed in No. 532, that if the mean motions n t and
n’ t of the two bodies # and &/, are very nearly in the ratio of i to i so
that ¥ n’ — i n may be a very small quantity; there may result in the
mean motions of these bodies very sensible inequalities. This relation of
the mean motions may alsd produce sensjble variations in the excentrici-
ties of the orbits, and in the positions of their perihelions. To determine
them, we shall resume the equation found in 534,
andt.Vl-—e’ dR) a(l—-e*)dR.

m

cede = — T+

It results from what has been asserted in 515, that if we take for the
fixed plane, that of the orbit of g, at a given epoch, which allows us to
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neglect in R the inclination ¢ of the orbit of « to this plane; all the terms
of the expression of R depending upon the angle i’ n’t —int, will be
comprised in the following form,
wkeos. (i’ n’t—int4ie —ie—gw—g+—g't),

i, I, g, g, g’ being whole numbers and such that we have 0 = i'~i-g-g'—¢”
The coefficient k has the factor e 8. ¢/& (tan. } ¢/) 8”; g, g/, g” being taken
positively in the exponents: moreover, if we suppose i and i’ positive, and
i’ greater than i; we have seen in No. 515, that the terms of R which
depend upon the angle ' n/ t — i n t are of the order i’ — i, or of a su-
perior order of two, of four, &c. units; taking into account therefore only
terms of the order ’— i, k will be of the form eé&. ¢’ ¢ (tan. } ¢/) 8", Q,
Q being a function independent of the excentricities and the inclination
of the orbits. The numbers g, g, g”” comprehended under the symbol
cos., are then positive ; for if one of them, g for instance, be negative and
equal to — f, k will be of the order f + g’ + g”; but the equation 0 = i’
——i-—.g——g’—-g”givesf+ g+ g’ =1—i+4 2f; thus k will be

of an order superior to i’ — i, which is contrary to the supposmon Hence

by No. 515, we have ( ) (———) provided that in this last partial

difference, we make s — = constant; the term of (W) corresponding

to the preceding term of R, is therefore
(i+g)ksinn (Vnt—int4ied—ic—go—g o —g'/l)

The corresponding term of d R is
W Binkdtsin. (Y n't—int4Véd—ie—go=—g s —g’¢).

Hence only regarding these terms and neglecting e ® in comparison with
unity, the preceding expression of ¢ d e, will give
de = “andt g k

m
bult{ we have d
¥ ' o k
é»’;« =ges—l e (tan. } ¢)¥¢. Q = (»d--é—);
integrating therefore we get
’

e=— a(—if—:—__’ll-n-) (g—g) cos. (i 0 t—in t i ¢—i t—g w—g’ o/—g’ ¥).

The sum of all the terms of R, however, which depend on the angle
i’ n’ t — i n t, ‘being represented by the following quantity
#.Psin. (Y n’t—intdiVed—ie)+ o Pcos.(!n"t—int+i'v—is)
the corresponding part of e will be

—¢/an

L -
Wm0} { (%%)) sin.(i'n/t~int+1'v—ic) 4- (%Be)'cos.(i’n’ t—int 4-i'¢'~ic) } .

sin, ('t —int +1é¢—is—ga—pg' a—g"¢),
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"This inequality may become very sensible, if the coefficient ¥ n’ —in
is very small, for it actually takes place in the theory of Jupiter and Sa-
turn. In fact, it has for a divisor only the first power of i’ n' —i n, whilst
the corresponding inequality of the mean motion, has for a divisor the se-

/.
cond power of this quantity, as we see in No. 532; but ((}d—E) and (d p )

being of an order inferior to P and P, the inequality of the excentricity
may be considerable, and even surpass that of the mean motion, if the
excentricities e and € are very small; this will be exemphﬁed in the
theory of Jupiter’s satellites.

Let us now determine this corresponding inequality of the motion of
the perihelion. For that purpose, resume the two equations

fdf+f”df fdff —f/df

ede = ——— e?dw = R
m

which we found in No. 534. These equations give
df =mdecos.# —medw=. sin. w;
thus with regard only to the angle
'nt—int4+ied —is—gow—g <« —g’d,
we shall have
df=¢.and t( )cos wsin (Vn't—int+4 V é—i e—g a—g' &/—g"¥')
—med =. sin. =
Representinﬂ by .
—u.andt { ) +k’} cos. (i'n' t—int+V ¢—i s—g a—g’' ='—g" ¢),
the part of m e d =, which depends upon the same angle, we shall have
df=¢.andt { ((211_12) +§k’} sinu (i’ 0’ t—i n t4+1 o'~ s—(g-1)z~g'="~-g"¢)

——-—9‘213—(—1--t kK sin, ('’ t—int4+ied —ie— (g +1) w—g' s’ —g"¥).
It is easy to see by the last of the expressions of d f, given in the No.
534, that the coefficicnt of this last sine has the factor ee+1, ¢/ ¢ (tan. § ¢)8”;

k’ is therefore of an order superior to that of (g-%) by two units ; thus,

in neglecting it in comparison to (%) , we shall have

--‘—"I—'—a;:il—t Z—]l—-]é) cos.(Vn' t—int 4 i’ —it—gow—g'as' —g’'¥)
for the term of e d =, which corresponds to the term

wkeos. ('t —int+iv —is—geo—g o —g'/?),
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of the expression of R. Hence it follows that the part of =, which cor-
responds to the part of R expressed by
W Psin. (Yn't—int4 i'd —is)+ @/ P'cos. (!n't—int+ i s —ig),
is equal to
o (Tna:]n)e { (g—i—)) cos.(i' 0’ t—int 41 ¢'—i¢)— (%—%) sin.(i n’t—int 4-1/ s'—is)} ;
we shall therefore, thus, after a very simple manner, find the variations
of the excentricity and of the perihelion, depending upon the angle
int—int4ie —ie They are connected with the variation ¢ of
the corresponding mean motion, in such a way that the variation of the
excentricity is
1 d2 gy,
s1a (dede)s
und the variation of the longitude of the perihelion is
n—in ,d?¢
"3ine (d )
The corresponding variation of the excentricity of the orbit of 4/, due
to the action of y, will be
_ 1 dz ¢
3¥n.e " \de.dt/’
and the variation of the longitude of its perihelion, will be
in—in d¢
T 8in e \d¢ )’
and since by No. 532, ¢ = ’f :// a . ¢, the variations will be
wva ( ) d(ln—:—ln)/w\/a dg
ST.0.u v o de’dt SiVn.ewva "de’

When the quantity i’ n’ — i n is very small, the inequality depending
upon the angle i’ n’ t — i nt, produces a sensible one in the expression -
of the mean motion, amongst the terms depending on the squares of the
perturbing masses; we have given the analysis of this in No. 532, This
same inequality produces in the expression of d e and of d =, terms of
the order of the squares of the masses, and which, being only functions of
the elements of the orbits, have a sensible influence upon the secular
variations of these elements. Let us consider, in fact, the expression of
d e, depending on the angle ¥ 't — int.

By what precedes, we have

“_u'.a;.dt{(((_i_z_’) cos. (VM t—int 4 i¢—is)

de = —

@) dn i rimin),
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By No. 532 the mean mction n t, ought to be augmented by

(-?—n-e-—nl—nll)i—l- {Pcos ({0’ t—int4 i ¢'—ie)—P'sin.(i’ 0’ t—in t-4 i '—i s) 1
and the mean motion n’ t, ought to be augmented by
3w/ an%i w a
T —inim VA
Psin, (! n’t—int+4 ¢ —ie)i.
In virtue of these augments, the value of d e will be augmented by the

dPcos. (i nt—intfid—ie)—

function

34/ a%in%dt dp dp.
_2m“$:'.(;’1:x'—in)’ fiowv o +”“’“}{P( o) TP }

and the value of d = will be augmented by the function
3« a%in%dt . . d P }
2m* Va’(i’n’—in)“.e'{”/" va't+ s al {P( ) + ) ’
‘In like manner we find that the value of d ¢’ will be augmented by the
function

Suav a.in’.dt
2m®a. (' n’-in)?’

fi.o.vVa fiu. Va}{P(dP) . dl’)}

and that the value of d ¢’ will be augmented by the functlon
2 3 3

Smre e B YV Ty P () + P () )

These different terms are sensible in the theory of Jupiter and Saturn, and
in that of Jupiter’s satellites. The variations of e, €/, =, =’ relative to the
angle i'n’ t—in t may also introduce some constant terms of the order of
the square of the perturbing masses in the differentialsd e, d ¢/, d=, and d+,
and depending on the variations of e, ¢/, w, #’ relative to the same angle.
This may easily be discussed by the preceding analysis. Finally it will
be easy, by our analysis, to determine the terms of the expressions of
e, =, €, »’ which depending upon the angle i "t —int 4 V¢ —is
have not i’ " — in for a divisor, and those which, depending on the same
angle and the double of this angle, are of the order of the square of the
perturbing forces. These different terms are sufficiently considerable in
the theory of Jupiter and Saturn, for us to notice them: we shall deve-
lope them to the extent they merit when we come to that theory.

537, Let us determine the variations of the nodes and inclinations of
the orbits, and for that purpose resume the equations of 531,

de =y (1) == ()}
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10 =dt{s ‘”‘)-—( oIt
dc"=‘“{ ( \dz)}

If we only notice the action of Wy the value of R of No. 513, gives

SR —x () = oy =) x

1 1 )
{(xrz+y/2+z/z)g' {(xr__x)z_l_(yr__y)2+(zl__z)2}g'}
z %% —_—X %% = (¥z—x2) X

1 1 _
e Sl S T———
z(%)—-y %IE{) =w(yz—y7) X

1 1
{(X’* YT ) (=) — 5
Let however,
c// cl
the two variables p and q will determine, by No. 531, the tangent of the
inclination ¢ of the orbit of u, and the longitude ¢ of its node by means o
the equations

tan. ¢ = & p® + q2; tan. 0—‘—2—.
Call p, ¢, p”; q”, &c. what p and q become relatively to the bodie:
'y @’y &e.: we shall have by 531,

z2=qy—px;z=qy —px,&. ’
The preceding value of p differentiated gives
d dp _ 1 dc”—pdec,
dt — ¢’ dt ’
substituting for d c, and d ¢” their values we get

d 1 y 7 ’ /7
a-$=€-{(q-—'q)yy+(p—-p)xy}x .

1 1 _
{(x" +y*+ T (X —x)'+(y~y)*+ (2—-2)‘}5}

In like manner we find

=L —pxx + @—q) xyix



192 A COMMENTARY ON Secr. X1,

1 1
R POy e —
If we substitute for x, y, x, y’ their values ¢ cos. v, ¢ sin. v, ¢ cos. ¢/,
¢’ sin. v/y we shall have

= yy + (P—pxy= q";—q. g ¢ feos. (V'+v) — cos. (V—v)}

’ Sv——
+ P 5 P ¢ ¢+ §{sin. (v'4v) — sin. (V—v)};

(p'—p)xx + (¢—q) xy = P p . 2 ¢ fcos. (V'4v) + cos. (vV—v)}

+34=1 gg’ fsin. (v'4v) + sin. (vV—v)}.
Neglecting the excentricities and mchnatlons of the orbits, ve have
eza;v=ntded =a5vV=nt4d;
which give
1 . 1 =1
(WYt r)E =X =)+ —gE &
1

fa? —2aa’cos. (W t—nt+4 ¢ —¢) 4 'Y ¥
moreover by No. 516,
1

{a*—2a a’ cos. (n’ t—n t4¢—) 42’ ’}%
the integral sign 2 belonging to all whole positive and negative values of
i, including the value i = 0; we shall thus have, neglecting terms of the
order of the squares and products of the excentricities and inclinations of
the orbits,

=} 2. B ®, cos. i (n' t—n t4¢'—¢)

d P _ q —9q, "',‘,_ﬂ', fcos. (n"t+nt4 ¢ + ¢) —cos. (n' t—nt4e'—e)}

4+ P=p #a fsin. (0 t 4 nt4 ¢4 s) — sin. (0’ t —nt4r—e)}

+ ‘1'4":‘1. .2’ 3. B O jcos.[(i4+1) (0 t—n tod—e)]
— cos.[(i41) (n' t—n t4s'—e) + 2nt 4+ 26]3

+ P::‘;l_’. w.aa. 3. B® {sin[(i41) (0 t—n t4d—:)]
— sin,[(i41) (0t —n t+¢—¢) + 2nt426]3.
. ﬁa,,—i. fcos. (Nt 4 nt+ ¢ 4 £) 4 cos. (0" t— n t4s'—s)}

e
o
.6\
|
o

|
!

(=8
-
[
o
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+ q Cfsin. (0t nt4 ¢ fe) 4 sin (0 t—=ntis'—i)}

+ Pﬁ’_ .w.aa" 2B O cos. [(i+1) (n' t—n t+¢—)]
4+ cos. [(i+1) (0 t—n t4'—e) + 2nt426]}
+ 3= wa . 2 B O, fsin. [(i+1) (¢ t—n t+¢—)]
+ sin. [(i41) (0 t—n tdd—s) + 2n t42<]3.
The value i = — 1 gives in the expression of g—}—:—, the constant quan-

/
tit ,‘12_6_‘1 #. aa’ B=D; all the other terms of the expression of —-

dt t
are periodic : denoting their sum by P, and observing that B&~b = B®
by 516, we shall have

a%)_—_(L:ﬂ “’ a a’. B(l)+ P.
By the same process we shall find, that if we denote by Q the sum of

all the periodic terms of the expression of gT , we shall have

dgq __p—p W
dt “4c wead. BO 4 Q.
If we neglect the squares of the excentricities and inclinations of the

orbits, by 531, we have ¢ = 4 m a, and then supposing m = 1, we

B
have n?a? = 1 which gives ¢ = 1. o', B thus be-
an 4c
[ Y] [¢))
comes ’—'-'-'3—3—4:—13—]%— which by 526, is equal to (0, 1); hence we get
d 1

=(0,1). (¢ —q) + P;

dq =(01). (p—p)+ Q

Heuce it follows that, if we denote by (P) and (Q) the sum of all the
functions P and Q relative to the action of the different bodies «’, u”, &ec.
upon ; if in like manner we denote by (P'), (Q), (P”), (Q"), &c. what
(P) and (Q) become when we change successively the quantities relative
to w into those which are relative to u/, #”, &c. and reclprocally 3 we shall
have for determining the variables p, g, p, ', p’; q”, &c. the following

system of differential equations,

%“: = —{(0, 1) + (0, 2) + &} q + (0, 1). ¢’ + (V, 2) "+ &c+(P);

Vou. II. N
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49 =0, 1) + (0, 2) + &el p— (0, 1) ' — (0, 2) P’ — Keoh(Q)s

i_fi.' = —i(1, 0) 4 (1, 2) + & ¢ + (1, 0) g+ (1, 2) ¢’ + Koo (P

=¥

={(1 0) + (L, 2) + &c}.p’ — (1, 0) p— (1, 2) p” — &e. +(Q);

vy

pt"

The analysis of 535, gives for the periodic parts of p, q, p/, ¢, &c.
p=S(P)ldt; q =/(Q) dt;
P=/(P)dt; ¢ =/(Q)dt;
&c.

We shall then have the secular parts of the same quantities, by inte-
grating the preceding differential equations deprived of their last terms
(P), (Q), (), &c. ; and then we shall again hit upon the equations (C)
of No. 526, which have been sufficiently treated of already to render it un-
necessary again to discuss them.

538, Let us resume the equations of No. 531,

T c”
tan.gb:—-————c'-t——- 3 tan 0 = —

whence result these

c' c/l
- = tan. ¢ cos. §; by = tan. ¢ sin. 4.

Differentiating, we shall have
d tan. ¢ = ~lc— {d ¢’ cos. 0 4 d ¢ sin. § — d c tan. ¢}

détan. ¢ = —]~ id ¢” cos. § — d ¢ sin. 4},

d 74
If we substitute in these equations for ﬁ: g: s dct s their values

y (&5 —x(3 )’z( )~ "(zra‘)’z(a‘y)“'y(ﬁ)’ and for

these last quantxtles their values given in 534; if moreover we observe
that s = tan. ¢ sin. (v — ¢), we shall have

d.tan.p_dttan ¢cos (v=9 {( )sxn(v-0)+(—— coa(v—e)}
—UL:l‘-’—cos. (v—o).(-d—

do.tan. p = dttan. ¢ :in. (v—-9) { g. (%1-;) sin,(v—-0) 4 (g-?-) cos.(vé—)}

_(l +:!)dtsin.(v:-0)(%-l-{—
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These two differential equations will determine directly the inclination
of the orbit and the motion of the nodes.
They give
sin, (v — 0) d tan. ¢ — d 0 cos. (v — ¢) tan. ¢ = 0;
an equation which may ba deduced from this
s = tan. ¢ sin. (v — 4);
in fact, this last equation being finite, we may (530) differentiate it whe-
ther we consider ¢ and 4 constant or variable;-so that its differential,
taken by only making ¢ and ¢ vary, is nothing; whence results the pre-
ceding differential equation.
Suppose, however, that the fixed plane is inclined extremely little to the
orbit of w, so that we may neglect the squares of s and tan. ¢, we shall
have

dt d
d.tan. p = — -~ cos. (v—-o).(-d-‘l:);

détan. p = —-—%t sin, (v — 4) (%—?);

by making therefore as before

p = tan. g sin. §; ¢ = tan. ¢ cos. 83
we shall have, instead of the preceding differential equations, the follow-
ing ones,

]

dt d &)

dq=— o s V(g5

dt . d R
dp = —--—c—' sm.v.(—a—s—),
But we have also

s = ¢ sin. v—pcos. v
which gives

d R 1 (dR d R 1 dR
T = av (@) (6)= — o (@)
wherefore
_dted Ry,
dq="(3)
dt/dR
ap = (aq)-
We have seen in 515 that the function R is independent of the po-
sition of the fixed plane of X, y; supposing, therefore, all the angles of

that function referred to the orbit of w, it is evident that R will be a

function of these angles and the respective inclination of twoorbits, an
N2
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inclination we denote by ¢/. Let ¢/ be the longitude of the node of the
orbit of 4’ upon the orbit of u; and supposing that

#k(tan. /)8 cos. (' n't —int 4+ A —g¥))
is a term of R depending on the angle i’ n’ t — i n t, we shall have, by
521,

tan. ¢,/ . sin. 4/ = p’ — p; tan. ¢/ cos. 4 = ¢ — q;
whence we get
(tan. 9/) 8 sin, g o/ = L=+ E—P) ¥ —;l 2;—{(1; —q—(p—p)V—11 8
19'—q+(p'—p) ¥ —1i5+ {q—q— (p'—p) ¥ —1}*

2

(tan.@/) 8 cos. g /=
With respect to the preceding term of R, we shall have
%) =—g (tan.¢,) &= k. sin, {i' 0’ t—in t4+ A—(g—1) ¢/} ;

(g—qu') =—g (tan. ¢/} k cos. i’ 0’ t —int4+A—(g—1) 4/3.
If we substitute these values in the preceding expressions of d p and
d g, and observe that very nearly ¢ = % , we shall have

grk.an
m(in’ —in)’
.y “k.an Ng=1 . . ,
= —1n)" {tan. ¢,/)8~ cos. {V n' t—lnt+A. (g—1) 9%
Substituting these values in the equation
$ = qsin. v—pcos. v

p= (tan. @)1, sin. {1’ 0’ t—i n t4- A—(g—1) 6}

we shall have

§==— 2" ‘w,,k .81
~ m{’n’ —in)

This expression of s is the variation of the latitude corresponding to
the preceding term of R: it is evident that it is the same whatever may
be the fixed plane to which we refer the motions of x and ¢/, provided that
it is but little inclined to the plane of the orbits; we shall therefore thus
have that part of the expression of the latitude, which the smallness of the
divisor 1’ n’ — i n may make sensible. Indeed the inequality of the lati-
tude, containing only the first power of this divisor, is in that degree
tess sensible than the corresponding inequality of the mean longitude,
which contains the square of the same divisor; but, on the other hand,
tan. ¢/ is then raised to a power less by one; a remark analogous to that
which was made in No. 536, upon the corresponding inequality of the
excentricities of the orbits. 'We thus see that all these inequalities are

(tan.o,/)# 1sin. §i n't—int—v4+A—(g—1)4/3.



Book 1.] NWEWTON’S PRINCIPIA. 197

connected with one another, and with the corresponding part of R, by
very simple relations.
If we differentiate the preceding expressions of p and g, and if in the

values of g—-{-)- and g—-—? we augment the angles n t and i’ t by the inequa-

lities of the mean motions, depending on the angle  n’ t — int, there
will result in these differentials, quantities which are functions only of the
elements of the orbits, and which may influence, in a sensible manner, the
secular variations of the inclinations and nodes although of the order of
the squares of the masses. This is analogous to what was advanced in
No. 586 upon the secular variations of the excentricities and aphelions.

539, It remains to consider the variation of the longitude s of the epoch.
By No. 531 we have

dc_de{( )sm.(v——-)-l—é(———-—- sm.2(v—w)+&c}

—d={E®cos, (v—=)+E ®cos. 2 (v—=) + &ec.};

substituting for E®, E®, &e. their values in series ordered according to
the powers of e, series which it is easy to form from the general expres-
sion of E ® (4'73) we shall have
de=—2desin, (v—=) + 2edwcos. (v—=)

+ede {34} e*+&c}sin 2 (v—=)—e*dw {341 4 &c.}cos.2 (v—a)

—e?defl + &c}sin3(v—=)+ e’dw {1 4 &c.}cos. 3 (v—=)

+ &c.

If we substitute for d e and e d = their values given in 534, we shall
find, carrying the approximation to quantities of the order e* inclusively,
de= MVI:—E—*{.?—%e cos. (Vv— =) + e2cos. 2 (v — =)} (d—-Iz

m d

___andt

mv 1—e?
The general expression of d ¢ contains terms of the form
“k.ndt.cos. (' n’t—int 4 A)
and consequently the expression of s contains terms of the form

.e.sin. (v—=) {1 4+ } e cos. (v —=)} (%E

V—%—%—_P-i——ﬁsin. (Fnt—int<+ A);

but it is easy to be convinced that the coefficient k in these terms is of
the order i — i, and that therefore these terms are of the same order as
those of the mean longitude, which depend upon the same angle. These
haying the divisor (i’ n’ — i n)* we see that we may neglect the corre-

sponding terms of s, when ¥ n’ — i p is a very small quantity.
N3
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If in the terms of the expression of d ¢, which are solely functions of the
elements of the orbits, we substitute for these elements the secular parts
of their values; it is evident that there will result constant terms, and
others affected with the sines and cosines of angles, upon which depend
the secular variations of the excentricities and inclinations of the orbits.
The constant terms will produce, in the expression of ¢, terms propor-
tional to the time, and which will merge into the mean motion u. As to
the terms affected with sines and cosines, they will acquire by integration,
in the expression of ¢, very small divisors of the same order as the per-
turbing forces ; so that these terms being at the same time multiplied and
divided by the forces, may become sensible, although of the order of the
squares and products of the excentricities and inclinations. We shall see
in the theory of the planets, that these terms are there insensible ; but in
the theory of the moon and of the satellites of Jupiter, they are very sen-
sible, and upon them depend the secular equations.

‘We have seen in No. 532,that the mean motion of , is expressed by

3 franat.an,

and that if we retain only the first power of the perturbing masses, d R
will contain none but periodic quantities. But if we consider the squares
and products of the masses, this differential may contain terms which are
functions only of the elements of the orbits. Substituting for the elements
the secular parts of their values, there will thence result terms affected with
sines and cosines of angles depending upon the secular variations of the
orbits. These terms will acquire, by the double integration, in the ex-
pression of the mean motion, small divisors, which will be of the order of .
the squares and products of the perturbing masses; so that being both
multiplied and divided by the squares and products of the masses, they
become sensible, although of the order of the squares and products of the
excentricities and inclinations of the orbits. We shall see that these terms
are insensible in the theory of the planets.

540. The elements of v’s orbit being determined by what precedes, by
substituting them in the expressions of the radius-vector, of the longitude
and latitude which we have given in 484, we shall get the values of these
three variables, by means of which astronomers determine the position of
the celestial bodies. Then reducing them into series of sines and-cosines,
we shall have a series of inequalities, whence tables being formed, we may
easily calculate the position of « at any given instant.

This method, founded on the variation of the parameters, is very useful
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in the research of inequalities, which, by the relations of the mean motions
of the bodies of the system, will acquire great divisors, and thence become
very sensible.” This sort of inequality principally affects the elliptic ele-
ments of the orbits; determining, therefore, the variations which result
in these elements, and substituting them in the expression of elliptic mo-
tion, we shall obtain, in the simplest manner, all the inequalities made
sensible by these divisors. )

"The preceding method is moreover useful in the theory of the comet:.
We perceive these stars in but a very small part of their courses, and ob-
servations only give that part of the ellipse which coincides with the arc
of the orbit described during their apparitions ; thus, in determining the
nature of the orbit considered a variable ellipse, we shall see the changes
undergone by this ellipse in the interval between two consecutive appari-
tions of the same comet. 'We may therefore announce its return, and
when it reappears, compare theory with observation.

Having given the methods and formulas for determining, by successive
approximations, the motions of the centers of gravity of the celestial bo-
dies, we have yet i0 apply them to the different bodies of the solar system:
but the ellipticity of these bodies having a sensible influence upon the
motions of many of them, before we come to numerical applications, we
rust treat of the figure of the celestial bodies, the consideration of which
is as interesting in itself as that of their motions._

SUPPLEMENT
1O
SECTIONS XII. AND XIIL
ON ATTRACTIONS AND THE FIGURE OF THE CELESTIAL BODIES.

541, The figure of the celestial bodies depends upon the law of gravi
tation at their surface, and the gravitation itself being the result of the at~
tractions of all their parts, depends upon their figure; the law of gravi-
ty at the surface of the celestial bodies, and their figure have, therefore, a
reciprocal connexion, which renders the knowledge of the one neccessary

to the determination of the other. The research is thus very intricate,
‘ N4
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and seems to require a very particular sort of analysis. If the planets were
entirely solid, they might have any figure whatever ; but if, like the earth,
they are covered with a fluid, all the parts of this fluid ought to be dis-
posed so as to be in equilibrium, and the figure of its exterior surface de-
pends upon that of the fluid which covers it, and the forces which act
upon it. We shall suppose generally that the celestial bodies are covered
with a fluid, and on that hypothesis, which subsists in the case of the earth,
and which it seems natural to extend to the other bodies of the system of
the world, we shall determine their figure and the law of gravity at their
surface. 'The analysis which we propose to use is a singular application
of the Calculus of Partial Differences, which by simple differentiation, will

conduct us to very extensive results, and which with difficulty we should
obtain by the method of integrations.

THE ATTRACTIONS OF HOMOGENEOUS SPHEROIDS BOUNDED BY SURFACES
OF THE SECOND ORDER.

542. The different bodies of the solar system may be considered as
formed of shells very nearly spherical, of a density varying according to
any law whatever ; and we shall show that the action of a spherical shell
npon a body exterior to it, is the same as if its mass were collected at its
center. For that purposc we shall establish upon the attractions of sphe-
roids, some general propositions which will be of great use hereafter.

Let x, y, z be the three coordinates of the point attracted which we
call u; let also d M be the element or molecule of the spheroid, and
X', y's 2 the coordinates of this element; if we call ¢ its density, ¢ being a
function of x/, y/, 2’ independent of x, y, z, we shall have

dM =,.dx'.dy.d7.
The action of d M upon w decomposed parallel to the axis of x and
directed towards their origin, will be
edx'.dy.d7 (x—x)
(e —x)* + (y—y)* + @— )%}
and congequently it will be equal to

d. gdx’.dy.d?
— V(x——X')’+(y—Y')’+(z"zl)s!);
dx
calling therefore V the integral

f gdx. dy’.’(_l_z’
VE—=X) 4+ (y=Y)+ (z—2)°

cxtended to the entire mass of the spheroid, we shall have — (%%’)
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for the total action of the spheroid upon the point x, resolved parallel to
the axis of x and directed towards its origin.

V is the sum of the elements of the spheroid, divided by their respec-
tive distances from the point attracted ; to get the attraction of the sphe-
roid upon this point, parallel to any straight line, we must consider V as
a function of three rectangular coordinates, one of which is parallel to this
straight line, and differentiate this function relatively to this coordinate;
the coefficient of this differential taken with a contrary sign, will be the
expression of the attraction of the spheroid, parallel to the given straight
line, and directed towards the origin of the coordinate which is parallel 1o
it.

If we represent by 8, the function §(x — x’) *4-(y —y')*+(z — z’)’}—‘} ;
we shall have

V=/B.e.dx’'dy dz.

The integration being only relative to the variables x/, y/, 2/, it is evi-

dent that we shall have

d . v L
(G0 + (G50) + (Ez'f)-’ffd"dy ar { (73%)
di
+ (50 + @) }s
But we have

0= (539 + (:}yﬁ) + (55

in like manner we get
2 2
0=dV)+(dV)+(dV) C (A
This remarkable equation will be of the greatest use in the theory of the fi-
gure of the celestial bodies. 'We may present it under more commodious
forms in different circumstances; conceive, for example, from the origin
of coordinates we draw to the point attracted a radius which we call ¢;
let 4 be the angle which this radius makes with the axis of x, and = the
angle which the plane formed by ¢ and this axis makes with the plane ot
X, y; we shall have
X =pcos.d; y = gsin. d cos. =5 2 = g sin. § sin, =;
whence we derive

T x
= A/ x? 2225 COS 0 = —m——ee 3 AN =
4 +y*+z*; vty T
thus we can obtain the partial differences of g, 4, =, relative to the varia-

bles x, y, z, and thence get the values of (d’ V) (d2 V) ((-la-:z};’)

.
’

«|N
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in partial differences of V relative to the variables g, 4, =. Since we shall
often use these transformations of partial differences, it is useful here to
lay down the principle of it. Considering V as a function of the variables
Xy Ys 2y and then of the variables g, ¢, w, we have

d 1V dV, (d
) =@+ @+ @G
To get the partial differences ( &—i)’ ( ) (d ") , we must make

x alone vary in the preceding expressions of g, cos. 4, tan, =; differentiat-
ing therefore these expressions, we shall have

()= conts (1) = =" (@D =05
which gives

dVy _ dVy sin.g (dV
(ax) = 0(p) = (o
7
Thus we therefore get the partial difference (—3—}‘-) , in partial differ-
ences of the function V, taken relatively to the variables g, 4, = Differ-

entiating again this value of (%—XY) » we shall have the partial difference

(g:{Y)in partial differences of V taken relatively to the variables g, 4, =.

By the same process the values of (%g) and (g—z—z—‘:—)may be found.

In this way we shall transform equation (A) into the following one:

arvy eona. avy (020 | aney
cos. C
0= W) sin, 0 Sin.Z d +e ( B ) - (B)

And if we make cos. § = m, tlus last equation wxll become

( {a_m( )}> s Fey

543. Suppose, however, that the spheroxd isa spheucal shell whose
origin of coordinates is at the center; it is evident that V will only de-
pend upon ¢, and contain neither m nor =; the equation (C) will therefore

give

_ 42 e Vy
0= ( de® )’
whence by integration we get

V=A+?,
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A and B being two arbitrary constants. 'We therefore have
- =L1
d g) - et
—_ c_ia_}g_f expresses, by what precedes, the action of the spherical shell upon
the point u, de;:omposed along the radius ¢ and directed towards the
center of the shell; but it is evident that the total action of the shell

ought to be directed along this radius; — (%—:-’-) expresses therefore

the total action of the spherical shell upon the point w.
First suppose this point placed within the shell. If it were at the center
itself, the action of the shell would be nothing; we have therefore,
dv B
— _J_e.)= o, or-e—; = 0,

when ¢ = 0, which gives B = 0, and consequently — ((L—-Z— = 0, what-
ever ¢ may be; whence it follows that a point placed in the interior of the
shell, suffers no action, or which comes to the same thing, it is equally at-
tracted on all sides,

If the point u is situated without the spherical shell, it is evident, sup-
posing it infinitely distant from the center, that the action of the shell

upon the point will be the same, as if all the mass of the shell were con-

densed at this center; calling, therefore M the mass of the shell, ——(%};)

or % will become in this case equal to ?1\_24_ » which gives B=M; we have

therefore generally relatively to exterior points,
—(@Y =X
deg/ ™ ¢*
that is to say, the shell attracts them as if all its mass were collected at
its center.

A sphere being a spherical shell, the radius of whose interior surface is
nothing, we see that its attraction, upon a point placed at or above its
surface, is the same as if its mass were collected at its center.

This result obtains for globes formed of concentric shells, varying in
density from the center to the circumference according to any law what-
ever, for it is true for each of the shells: thus since the sun, the plancts,
and satellites may be considered nearly as globes of this nature, they at-
tract exterior bodies very nearly as if their masses were collected into
their centers of gravity. This is conformable with what has been found by
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observations. Indeed the figure of the celestiai bodies departs a lits
tle from the sphere, but the difference is very little, and the error which
results from the preceding supposition is of the same order as this sup-
position relatively to points near the surface; and relatively to distant
points, the error is of the same order as the product of this difference by
the square of the ratio of the radii of the attracting bodies to their
distances from the points attracted; for we know that the considera-
tion alone of the distance of the points attracted, renders the error of
the preceding supposition of the same order as tne square of this ratio.
The celestial bodies, therefore, attract one another very nearly as if their
masses were collected at their centers of gravity, not only because they
are very distant from one another relatively to their respective dimensions,
but also because their figures differ very little from the sphere.

The property of spheres, by the law of Nature, of attracting as if their
masses were condensed into their centers, is very remarkable, and we may
be curious to learn whether it also obtains in other laws of attraction.
For that purpose we shall observe, that if the law of gravity is such, that
a homogeneous sphere attracts a point placed without it as if all its mass
were collected at its center, the same result ought to obtain for a spherical
shell of a constant thickness; for if we take from a sphere a spherical
shell of a constant thickness, we form a new sphere of a smaller radius
with the remainder, but which, likc the former, shall have the property of
ateracting as if all its mass were collected at its center ; but it is evident,
that these two spheres can only have this common property, unless it also
belongs to the spherical shell which forms their difference. The problem,
therefore, is reduced to determine the laws of attraction according to which
a spherical shell, of an infinitely small and constant thickness, attracts an
exterior point as if all its mass were condensed into its center.

Let ¢ be the distance of the point attracted to the center of the spherical
shell, u the radius of the shell, and d u its thickness. Let ¢ be the angle
which the radius u makes with the straight line ¢, = the angle which the
plane passing through the straight lines g, u, makes with a fixed plane
passing through g, the element of the spherical shell willbe u*d u.d =.
d ¢sin. 6. If we then call f the distance of this element from the point at-
tracted, we shall have

f* = ¢*—2pucos. d +ut
Represent by ¢ (f) the law of attraction to the distance f; the action of

the shell’s element upon the point attracted, decomposed parallel to g and
directed towards the center of the shell, will be
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u’du.d-sin.o.e.::_u?f?.s'_‘so(f);

but we have
g—mucos.§ _sdfy,
- T - ( a-E ) H
which gives to the preceding quantity this form
.oqdf
2 .
udu.d = sin. o(a—é)p (f);

wherefore if we denote /'d f ¢ (F) by ¢, (f) we shall have the whole action
of the spherical shell upon the point attracted, by means of the integral
u*duy/d = désin. 4. ¢, (f), differentiated relatively to g, and divided by
dp

This integral ought to be taken relatively to =, from « = 0 to = equal
to the circumference, and after this integration it becomes

27u*fdésin. o, (f);

If we differentiate the value of f relatively to 4, we shall have

ddsin. 0 = fg—f,
¢u

and consequently
2x.utdus/disind. p (f) = 2. “—‘;—“jfd £. 0, (f).

The integral relative to 4 ought to be taken from ¢ = 0 to 4 = =, and
at these two limits we have f = p — u, and f = ¢ 4 u; thus the integral
relative to f must be taken from f = p — uto f = p 4 u; let therefore
SEdf. e, (f) = 4 (f), we shall have

2x.ud 2x.ud
SRS fd fe () = S 4 (phu) — b (e—u)l.

The coefficient of d ¢, in the differential of the second member of this
equation, taken relatively to ¢, will give the attraction of the spherical
shell upon the point attracted; and it is easy thence to conclude that in

L
nature where ¢ (f) = -fl,- this attraction is equal to
47.u*du
e [

That is to say, that it is the same as if all the mass of the spherical
shell were collected at its center. This furnishes a new demonstration of
the property already established of the attraction of spheres.

Let us determine ¢ (f) on the condition that the attraction of the shell
15 the same as if its mass were condensed into its center. This mass
is equal to 4 =. u* d u, and if it were condensed into its center, its action
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upon the point attracted would be 4 #. u?d u. ¢ (¢) ; we shall therefore
have

: .

d.{—. —_ [ —

2w.udu< {f (\P[g-i-;l] _4'[8 u])}>=4,vru’du¢(e);-(D)
4

integrating relatively to ¢, we shall get
Ve+u—+(—u)==2¢ufde.o(e+¢U,

U being a function of u and constants, added to the integral 2u /d¢ ¢ (¢).

If we represent ¥ (2 + u) — < (¢ — u) by R, we shall have by differen-

tiating the preceding equation

d*R d
(de") =4up() + 2euo-%%g—)
d* R d:U
du’) (au )

But we have, by the natute of the function R,

G = 5o

wherefore
1 U
2u{2¢(e)+e p(e) =¢ (3o7)

or
20() , d. da*Uu
¢ © 4 d¢g(e) <.
Thus the first member of this equation bemg independent of u and the
functions of g, each of its members must be equal to an arbitrary which we
shall designate by 8 A ; we therefore have

whence in integratmg we denve
B
= A e
pez=Ac+ o2
B being a new arbitrary constant. All the laws of attraction in which a
sphere acts upon an exterior point placed at the distance ¢ from its center,

as if all the mass were condensed into its center, are therefore comprised
in the general formula

A?+Bs

it is easy to see in fact that thls value satxsﬁes equation (D) whatever may
be A and B.

If we suppose A = 0, we shall have the law of nature, and we see that
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in the infinity of laws which render attraction very small at great dis-
tances, that of nature is the only one in which spheres have the property
of acting as if their masses were condensed into their centers.

This law is also the only one in which a body placed within a spherical
shell, every where of an equal thickness, is equally attracted on all sides.
It results from the preceding analysis that the attraction of the spherical
shell, whose thickness is d u, upon a point placed in its interior, has the

expression
Liv@+o—v@—en
27utdu e iy

To make this function nothing, we must have
VY(u+tg—v@—g =¢.0,
U being a function of u independent of g, and it is easy to see that this

obtains in the law of nature, where ¢ (f) = —:35 . But to show that it

takes place only in this law, we shall denote by / (f) the difference of <
(f) divided by d f, we shall also denote by " (f) the difference of ¥’ (f)
divided by d f, and so on; thus we shall get, by differentiating twice suc-
cessively, the preceding equation relatively to ¢,

(Ut ) — Y (a—g) = 0.

This equation obtaining whatever may be u and g, it thence results
that 4 (') ought to be equal to a constant whatever f may be, and that
therefore /"’ (f ) = 0. But, by what precedes,

V() = f.e, ()
whence we get
V7 () = 2o (f) + £ (F);
we therefore have
0=2p(f) + £¢ (£);
which gives by integration
? () = s
and consequently the law of nature.

554. Let us resume the equation (C) of No. 541. If this equation
could generally be integrated, we should have an expression of V, which
would contain two arbitrary functions, which we should determine by
finding the attraction of a spheroid, upon a point situated so as to facili-
tate this research, and by comparing this attraction with its general ex-
pression. But the integration of the equation (C) is possible only in some
particular cases, such as that where the attracting spheroid is a sphere,
which reduces this equation to ordinary differences; it is also possible in
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the case where the attracting body is a cylinder whose base is an oval or
curve returning into itself, and whose length is mﬁmte This particular
case contains the theory of Saturn’s rmg
Fix the origin of ¢ upon the same axis of the cylinder, which we shall
suppose of an infinite length on each side of the origin. Naming ¢ the
distance of the point attracted from the axis; we shall have
¢ =¢ vV 1—m%
It is evident that V only depends on ¢ and =, since it is the same for
all the points relatively to which these two variations are the same; it
contains therefore only m inasmuch as ¢ is a function of this variable.

This gives

() = (77) (@) = — = ()

o) = f_'“ni» &) —— &)

(1— mz)s

the equation (C) hence becomes

0=¢g* ( v) + oov +¢ (g )

whence by integrating we get

V = pf¢ cos.w + ¢ ¥ — 1 sin. w} + Jf¢ cos. w—¢ & — Lsin. =};
¢ (¢) and ¥ (¢) being arbitrary functions of ¢, which we can determine
by seeking the attraction of the cylinder when w is nothing and when it
is a right angle.

If the base of the cylinder is a circle, V will be evidently a function of
¢ independent of =; the preceding equation of partial differences will

thus become
0=¢*(3 g”) +¢ (5 )
which gives by mtegratlng,

-G7) =7

H being a constant. To determine it, we shall suppose ¢’ relatively to
the radius of the base of the cylinder extremely great, which supposition
permits us to consider the cylinder as an infinite straight line. Let A be
this base, and z the distance of any point whatever of the axis of the cy-
linder, to the point where this axis is met by ¢/; the action of the cylin-
der considered as concentrated or condensed upon its axis, will be, paral
lel to ¢/, equal to
A¢.dz

¢*+ z:)%’
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the integral being taken from z = — ® to z = ®; this reduces the in-
tegral to 2 g,A ; which is the expression of — (%—E/Y) when ¢ is Very con-,

siderable. Comparing this with the preceding one we have H = 2 A,
and we see that whatever is ¢, the action of the cylinder upon an exterior

.. 2A
point, 1s ——.

If the attracted point is within a circular cylindrical shell, of a constant
thickness, and infinite length, we shall have — (d V) = —Ie:I«, and since

the attraction is nothing when the point attracted is upon the axis of the
shell, we have H = 0, and consequently, a point placed in the interior of
the shell is equally attracted on all sides.

545. We have thus determined the attraction of a sphere and of a
spherical shell : let us now consider the attraction of spheroids terminated
by surfaces of the second order.

Let x, y, z be the three rectangular coordinates of an element of the
spheroid ; designating d M this element, and taking for unity the density
of the spheroid which we shall suppose homogeneous, we shall have

dM =dx.dy.dz

Let a, b, ¢ be the rectangular coordinates of the point attracted by the
spheroid, and denote by A, B, C the attractions of the spheroid upon
this point resolved parallel to the axes of x, y, z and directed to the origin
of the coordinates.

It is easy to show that we have

A =JLf (a—x)dx.dy.dz
f(a—x)* 4+ (b—y)* + (c——Z)”}“
(b—y)dx.dy.dz
=%+ b—y) + c— 3}
C =/ (c—z)dx.dy.dz .

T a—x) 4 b—y) + (c— )Y F

All these triple integrals ought to be extended to the entire mass of the
spheroid. The integrations under this form present great difficultics,
which we can often in part remove by transforming the differentials into
others more convenient. This is the general principle of such trans-
formations.

Let us consider the differential function Pd x.d y. d z, P being any
function whatever of x, y, zz We may suppose x a function of y and z

and of a new variable p : let ¢ (y, z, p) denote this function ; in this case,
Vor. II. o

B=//r
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we shall have, making y and z constant, d x = 8. d p, # being a function
of y, z and p. The preceding differential will thus become 8. P.d p.
dy. dz; and to integrate it, we must substitute in P, for x, its value
? (y> 2 p)-

In like manner we may suppose in this new differential, y = ¢’ (z, p, ),
q being a new variable, and ¢’ (z p, q) being any function of the three
variables z, p and q. We shall have, considering z and. p constant,
dy = B d g, # being a function of z, p, q; the preceding differential
will thus take this new form 88 P. d p. d q. d 2, and to integrate it, we
must substitute in 8 P for y its value ¢’ (z, p, q)-

Lastly we may suppose z equal to ¢/ (p, q, 1), r being a new variable,
and ¢” (p, q, r) being any function whatever of p, q, r. 'We shall have,
considering p and q constant, d z = 8” d r, 8” being a function of p, g, r;
the preceding differential will thus become 8. 8. 8. P.dp.dq.dr
and to integrate it, we must substitute in 8. 8'. P for z its value ¢” (p, g, r).
The proposed differential function is thence transformed to another rela-
tive to the three new variables p, q, r, which are connected with the pre-
ceding by the equations

x=0(pnpy=¢@Ppe;z=90"(pq 1)

It only remains to derive from these equations the values of 8, 8, B”.
For that purpose we shall observe that they give x, y, z, in functions of
the variables p, q and r; let us consider therefore the three first variables
as functions of the three last. Since B” is the coefficient of d r in the dif-
ferential of z, taken by considering p and q constant, we have

g = ( é_;)
@' is the coefficient of d g, in the differential of y taken on the supposi-
tion that p and z are constant; we shall therefore have @, by differen-
tiating y on the supposition that p is constant, and by eliminating d r by

means of the differential of z taken on the supposition that p is constant,
and equating it to zero. Thus we shall have the two equations

dy_(a—(zl)dq+( Z)dr
0= dz)d +( )dr,

dq
()() al)()
)

which give

dy =dq x
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wherefore
dy dyy (dz
g = (d q) (d 1) - (dr) (aq)
= Tz
d r) ’

Finally, 8 is the coefficient of d p, in the differential of x taken on the
supposition that y and z are constant. This gives the three following
equations

dx= () ap e @ aar (R an
0=(dp)dp+( )dq+ (dy)dr’

0-—(a—«)dp+(dq)d +( )dr

=G @) EH-@) @) @

+rEE@H-G@E

+ (@ @ G- E G
we shall have

dx = «dp

@ - @

If we make

which gives

" @) @)

wherefore 8. 8. 8”7 = ¢ and the differential P. d x. d y. d z is transform-
ed into e. P. dp. dq. dr; P being here what P becomes when we
substitute for x, y, z their values in p, g, r. The whole is therefore re-
duced to finding the variables p, q, r such that the integrations may be-
come possible.

Let us transform the coordinates x, y, z into the radius drawn from
the point attracted to the molecule, and into the angles which this ra-
dius makes with given straight lines or with given planes. Let r be
this radius, p the angle which it forms with a straight line drawn through

the attracted point parallel to the axis of x, and let q be the angle which
02
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its projection makes on the plane of y, z with the axis of y; we shall
have

X=a—rcos.p; y =b—rsin pcos. q; z=c—rsin psin.q.

We shall then find ¢ = — r* sin. p, and the differential dx. d y. dz will
thus be transformed into — r®sin. p. d p. d q. d r: this is the expres-
sion of the element d M, and since this expression ought to be positive
in considering sin, p, d p, d g, d r as positive, we must change its sign,
which amounts to changing that of ¢, and to making ¢ = r* sin. p.

The expressions of A, B, C will thus become

A=/fffdr dp dq.sin. pcos.p;
B=//fdr dp dq.sin.? p cos. p;
C=/f/dr dp dq.sin?p sin. q.

It is easy to arrive by another way at these expressions, by observing
that the element d M may be supposed equal to a rectangular parallelo-
piped, whose dimensions are d r, r d p and r d q sin. p, and by then observing
that the attraction of the element, parallel to the three axes of x, Yy zis

dM dM . dM . .
T C0s.p; —~ sin. p cos.q; —= sin. p sin. q.

The triple integrals of the expressions of A, B, C must extend to the
entire mass of the spheroid : the integrations relative to r are easy, but
they are different according as the point attracted is within or without the.
spheroid ; in the first case, the straight line which passing through the
point attracted, traverses the spheroid, is divided into two parts by this
point ; and if we call r and r’ these parts, we shall have

A=/f(r+1r)dp dq.sin. pcos. p;
B=//(r+1r)dp dq.sin.®pcos. p;
C=/f(r+r)dp dq.sin.?p sin. q;
the integrals relative to p and q ought to be taken from p and q equal to
zero, to p and q equal to two right angles.

In the second case, if we call r, the radius at its entering the spheroid,
and 1’ the radius at its farther surface, we shall have

A=//(r"—r)dp dq.sin. pcos.p;
B=//(—r)dp dq.sin.®pcos. q;
C=/f(r—r)dp dq.sin?p sin. q.

The limits of the integrals relative to p and to q, must be fixed at the
points where r — r = 0, that is to say, where the radius r is a tangent
to the surface of the spheroid.

546. Let us apply these results to spheroids bounded by surfaces of the
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second order. The general equation of these surfaces, referred to the
three orthogonal coordinates X, y, z is
0=A+B.x4+Cy+E.z+F. x*+H.xy+L.y*+ M. x24+N.yz+4 0. z%

The change of the origin of coordinates introduces three arbitraries,
since the position of this new origin relating to the first depends upon
three arbitrary coordinates. The changing the position of the coordi-
nates around their origin introduces three arbitrary angles; supposing,
therefore, the coordinates of the origin and position in the preceding
equation to change at the same time, we shall have a new equation of the
second degree whose coefficients will be functions of the preceding coefli-
cients and of the six arbitraries. If we then equate to zero the first
powers of the coordinates, and their products two and two, we shall de-
termine these arbitraries, and the gencral equation of the surfaces of the
second order, will take this very simple form

X4+ my? 4+ nz®=k?;

it is under this form that we shall discuss it.

In these researches we shall only consider solids terminated by finite
surfaces, which supposes m and n pusitive. In this case, the solid is an
ellipsoid whose three semi-axes are what the variables x, y, z become

when we suppose two of them equal to zero; we shall thus have k, —;/l-{-;ﬁ ,

Z/k'ﬁ for the three semi-axes respectively parallel to x, to y and to z. The

solid content of the ellipsoid will be ;.
If, however, in the preceding equation we substitute for x, y, z their
values in p, q, r given by the preceding No., we shall have
r?(cos.® p 4+ msintp cos.? q 4+ n sin. 2 p sin. ? q)
— 2r (a cos. p + mb sin, p cos. q-n ¢ sin. p sin. q) =k *~a*~m b*-n ¢*;
so that if we suppose
I = acos.p 4+ m b sin. p cos. q + n ¢ sin. p sin. q;
L = cos.?p 4+ msin.?p cos.? ¢ 4 n sin.? p sin. 2 q;
R=1I*4 (k* —a®*—mb?*—nc?. L
we shall have
= I+ v R,
= =1
whence we obtain 1’ by taking 4, and r by taking —; we shall there-

fore have ‘
r4r = ?ITI; r

_2WVR
—r=E1

03
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Hence relatively to the interior points of the spheroid, we get
_ dp.dq.I.sin.p.cos.p.
A,

- dp. qusm p- cos. g,
2

dp.dq.I. sm *p. smq
C=2/s .

and relatively to the exterior pomts

_ dp.dq.sin.p.cos.p¥ R
A=2ff L ;

- dp.dq.sin.®pcos.q¥ R
B=2// L ’

_ dp.dq.sin.?psin.q¥ R
C=2// L :

the three last integrals being to be taken between the two limits which
correspond to R = 0.

547, The expressions relative to the intcrior points being the most
simple, we shall begin with them. Tirst, we shall observe that the semi-
axis k of the spheroid does not enter the values of I and L ; the values of
A, B, C are consequently independent ; whence it follows that we may
augment at pleasure, the shells of the spheroid which aré above the point
attracted, without changing the attraction of the spheroid upon this point,
provided the values of m and n are constant. Thence results the follow-
ing theorem.,

A point placed within an elliptic shell whose intericr and exterior sur-

JSaces are similar and similarly situated, is equally attracted on all sides.

This theorem is an extension of that which we have demonstrated in
542, relative to a spherical shell.

Let us resume the value of A. If we substitute for I and L their va-
lues, it will become
A= 2ffdp .dq.sin.p.cos.p. (acos p + mbsin. pcos. q+ncsm.psm q\

cos.?p + msin.*pcos.? q + nsin. t psin.*® q

Since the integrals relative to p and q, must be taken from p and q
equal to zero, to p and q equal to two right angles, it is clear we have
genemlly JPdp.cos.p = 0, P being a rational function of sin. p and
of cos.® p; because the value of p being taken at equal distances greater

and less than the right angle, the corresponding values of P. cos. p are
equal and have contrary signs; thus we have

_ dp.dq.sin. pcos.® p
A= “a/fcos.£p+msip.’pcos‘q-rnsin'psin.’q'
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If we integrate relatively to q from q = 0 to q = two right angles, we
shall find

2aor/ d p.sin. pcos’p

v mn N/(l+ cos’p) (1+ cos’p)

an integral which must be taken from cos. p = 1 tocos.p = — 1. Let
cos. p = X, and call M the entire mass of the spheroid; we shall have

3
by 545, M = t/wmkn and consequently 4’1: skl\,{ ; we shall there-
fore have
3 a M x*dx

/N/(l"‘”'

which must be taken fromx = 0, tox = 1.

) H

Integrating in the same manner the expressions of B, C we shall reduce
them to simple integrals ; but it is easier to get these integrals from the
preceding expression of A. For that purpose, we shall observe that this
expression may be considered as a function of a and of the squares k2,

k* k*

o of the semi-axes of the spheroid, parallel to the coordinates a, b, ¢

of the point attracted ; calling therefore k’® the square of the semi-axis
parallel to b, and consequently k'% m, and k’* n the squares of the two

other semi-axes, B will be a similar function of b, k%, k’* m, k’ e . thus
to get B we must change in the expression of A, a into b, k mto kK’ or

k . 1 . n . .
Vm ™ into ~ and n into 0’ which gives

% x?2dx

st/
N+ m—Dx xg. {14+ 2

n x’} .
Let

t
T Vm+ (1—m).t?

we shall have

st/ t?dt .
(1520 (14 2500

an integral relative to t which must be taken, like the integral relative to x
04
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fromt = 0tot = 1, because x = O givest = 0 and x = 1, gives t = 1
- Hence it follows that if we suppose
1—m ]—n x?dx

_—_.}3. —_ 2. —_ .
m ' n 3 F fV(l+A“x“).(l+7~’“x‘)’
we shall have

If we change in this expresston, b into ¢, A into ' and reciprocally, we
shall have the value of C. The attractions A, B, C of the spheroid, par-
allel to its three axes are thus given by the following formulas

a=BM g, B_:ibM(gwa) c=3eM 4. Fy

‘We may observe that these expressions obtaining for all the interior
points, and consequently for those infinitely near to the surface, they also
hold good for the points of the surface.

The determination of the attractions of a spheroid thus depends only
on the value of F'; but although this value is only a definite integral, it
has, however, all the difficulty of indefinite integrals when A and A’ are
indeterminate, for if we represent this definite integral, taken from x = 0
tox = 1, by ¢ (A% 2 %), it is easy to see that the indefinite integral will
be x* ¢ (A x?% X2 x?), so that the first being given, the second is likewise
given. The indefinite integral is only possible in itself when one of the
quantities A, A’ is nothing, or when they are equal: in these two cases,
the spheroid is an ellipsoid of revolution, and k will be its semi-axis of
revolution if A and A" are equal. In this last case we have

x?d x
F = /l+7’x’ .As{x—tan -1l
) (d~ r F , which enter the

To get the partial dlﬁ'erenccs(

expressions of B, C, we shall observe that
d.AF d»”/d. N F d 2
dI‘—-—-( ) ~ dx’) F( )
but when A = »/, we have
d.AF d.»F da  d»
Ci) =G ) %=
wherefore
(d A F

i da=}.AdF+Fdar=. -d A2 F.
Substituting for F its value, we shall have
d.aFy_ 1 oy AN,
( d» "573(“‘"' l)‘_l-g.v)
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we shall therefore have relatively to ellipsoids of revolution, whose semi-

axis of revolution is k,

83a. M
A= (v —tan=ia);

B = 2-.]Z-'—l”-—-(tan."l A — m)§

C= 2k3 7H,(tan b i -:'7\2).

548. Now let us consider the attraction of spheroids upon an exterior
point.  This research presents greater difficulties than the preceding be-
cause of the radical ¥ R which enters the differential expressions, and
which under this form renders the integrations impossible. 'We may ren-
der them possible by a suitable transformation of the variables of which
they are functions; but instead of that method, let us use the following
one, founded solely upon the differentiation of functions.

If we designate by V the sum of all the elements of the spheroid divided
by their respective distances from the point attracted, and x, y, z the co-
ordinates of the element d M of the spheroid, and a, b, ¢ those of the
point attracted, we shall have

dM
M v e Ly (e Ly

Then designating, as above, by A, B, C the attractions of the spheroid
parallel to the axes of x, y, 2z, and directed towards their origin, we shall
have

A=f (a—x).d M 5=__(}_Y).
e —x)+ (b—y)* + (c—2)%* da
In like manner we get
dv d V
B= __'(a—b—)’ C=—1c
whence it follows that if we know V, it will be easy thence to obtain by
differentiation alone, the attraction of a spheroid parallel to any straight
line whatever, by considering this straight line as one of the rectangular
coordinates of the point attracted; a remark we have already made in
541.
The preceding value of V, reduced into a series, becomes
2ax+2by+2cz—x*—y?—2* }

V 1 + é. at + b® + c®
fV a’+b“+c” +%-(2ax+2by+2cz—x’—-y 2—z* !+&c
(as + b 2 + cz) 2
This series is ascending relatively to the dimensions of the spheroid,
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and descending relatively to the coordinates of the point attracted. If we
only retain the first term, which is sufficient when the attracted point is
at a very great distance, we shall have

M .
vV at 4 bt 4 c?’
M being the entire mass of the spheroid. This expression will be still
more exact, if we place the origin of coordinates at the center of gravity
of the sphere; for by the property of this center we have

SxdM=0; fydM=0; f2dM=0;

so that if we consider a very small quantity of the first order, the ratio
of the dimensions of the spheroid to its distance from the point attracted,
the equation

M
¥ a4 b® 4 c?
will be exact to quantities nearly of the third order.
‘We shall now investigate a rigorous expression of V relatively to ellip-
tic spheroids.
549. If we adopt the denominations of 544, we shall have

Ve M o rrdrapdgsing =y —r9) dpdq.sinp.
Substituting for r and v their values found in 544, we shall have
dp. dqsm p 1.« R
=2 ff

V=

Let us resume the values of A B, C relative to the exterior points, and
given in 546, ;
_ dp.dgsin.pcos.p ¥ R
A=sff f ,

_ dp.dqgsin.®pcos.q ¥ R
B_2” T ;
_ dp.dqsin.?psin.q ¥ R
C_2” L .

Since at the limits of the integrals, we have ¥ R = 0, it is easy to see
that by taking the first differences of V, A, B, C relatively to any of the
six quantities a, b, ¢, k, m, n, we may dispense with regarding the varia-
tions of the limits; so that we have, for example,

(d I~V R
dV . ) 2
az)=2//dpdasinp —gT—

for the integral
dpsinnpI ~ R
s
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is towards these limits, very nearly proportional to R%, which renders
equal to zero, its differential at these limits. Hence it is easy to see by
differentiation that if for brevity we make

aA+bB4+cC=TF;
we shall have between the four quantities B, C, F, and V the following
equation of partial differences,

o=tV (AN ({)} =D
et {(()—i(Es)— B}
ezl @ ()~}

—k* (m — 1). -‘.(}.E)—-kﬂ( -1)( ) (1)

‘We may eliminate from this equation, the quantities B, C, I' by means
of their values

~()s— @) — () — b () —<(1e)-

We shall thus get an equation of partial differences in V alone. Let
therefore

47.k3
V= ————= =
34/ mn v M.v,
M being by 545, the mass of the elliptic spheroid; and for the variables
m and n let us here introduce 0 and = which shall be such that we have
1 —m ke w:l —n k?;
m

4 =

¢ will be the difference of the square of the axis of the spheroid parallel
to y and the square of the axis parallel to x; = will be the difference of
the square of the axis of z and the square of the axis of x; so that if we
take for the axis of x, the smallest of the three axes of the spheroid, + ¢
and & = will be its two excentricities. Thus we shall have

Gr)=M{2 o(‘-i—‘—')+ 2=(02) + k() + 3
(dm = _M{m2 2m}
”m=—Mmua+ﬁ}

V being considered in the first members of those equations as a function
of a, b, ¢, k, m, n; and v being considered in their second members as a
function of a, b, ¢, 4, =, k.
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If we make

dv
Q—'ada)+b( +c(a—c);
we shall have F = — M Q, and we shall get the values of k(g II:),

( ) In )by changing in the preceding values of k( ]Y ) , (g{) ,

(TE) , vinto — Q. Moreover V and F are homogeneous functions in

a, b, ¢, k, ¥ 9, ¥ = of the second dimension, for V being the sum of the
elements of the spheroid, divided by their distances from the point at-
tracted, and each element being of three dimensions, V is necessarily of
two dimensions, as also F which has the same number of dimensions as
V; v and Q are therefore homogeneous functions of the same quantities
and of the dimension — 1; thus we shall have by the nature of homo-
geneous functions,

d d d d dv 1
aa) +0(qp) + o (70) +20. () +2= () + 2 () = —
an equation which may be put under this form

20 + 2= () + ()= —v—a

‘We shall have in like manner

n(§ D +ED) +e (Y +2 (4D +2- (D) +:({H =—&;

then, if in equation (1) we substitute for V, I and their partial differences;
. . k® k®
if moreover we substitute KT for m and Ke gk o for n, we shall have

0=@rbrt e [v1@—i{a(F) +0(FD) +(FD) }]

da

100D +-(DH-L@D s e+ =0 (2

o () +or () — #00(g)— #e= (i

550, Conceive the function v expanded into a series ascending rela-
tively to the dimensions k, # ¢, 4 = of the spheroid, and consequently
descending relatively to the quantities a, b, c: this series will be of the
following form :

= U0 UCHUO4 UD 4+ &
U®, U, &e. being homogeneous functions of a, b, ¢, k, ¥ 4 ¥ =, and
separately homogeneous relatively to the three first and to the three last
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of these six quantities; the dimensions relative to the three first always
decreasing, and the dimensions relative to the three last increasing con-
tinually, These functions being of the same dimension as v, are all of the
dimension — 1.

If we substitute in equation (2) for v its preceding expanded value; if
we call s the dimension of U ® in k, # ¢, 4 =, and consequently — s —1
its dimension in a, b, ¢; if in like manner we name s’ the dimension of
UG+ ink, & 4, ¥ =, and consequently — s’ — 1 its dimension in a, b,
c; if 'we then consider that by the nature of homogeneous functions we
have

(d U(‘)) b( U d U(

o) =—E+ 1)U
d Ut+n dU(‘+” dUa+n .
(T ) (N +c<—————-‘£c )=—E+) U

we shall have, by rejecting the terms of a dimension superior in k, ¥ 4,
& = to that of the terms which we retain,

(s 1k (S00) — (s 1).0°

~(s+ 1).»* (dm[-}; s+ 1 L0+ =) UO

®
_(s+%)b0.(ddUb — (4 3).c= (dU

— R )
s’.s——g—é.(a

1U®
(co

UG+ =

2 + ‘b! + c2)

This equation gives the valuc of U@+", by means of U® and of its
partial differences; but we have
U(O) — 1 T H
(a 2 4 b2 +c 2) g
since, retaining only the first term of the series, we have found in 548, that

V= M 3
(a 4 b® + 0.2)

Substituting therefore this value of U® in the preceding formula, we
shall get that of U®; by means of that of U® we shall have that of U®
and so on. But it is remarkable that none of these quantities contains k:
for it is evident by the formula (3) that U, not containing U®, does
not contain it; that U® not containing it, U® will not contain it, and so
on; so that the entire series U® + U® 4 &c. is independent of k, or

which is the same thing (%E) = 0. The values of v, — (g ) (__-
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- (g—:), are therefore the same for all elliptic spheroids similarly si-
tuated, and which have the same excentricities v/ 0, ¥ =3 but — M(g%),

— M(Q—Y- — M(:‘T‘Z) express by 548,the attractions of the spheroid

parallel to its three axes; therefore the attractions of different elliptic
spheroids which have the same center, the same position of the axes and
the same excentricities, upon an exterior pomt, are to one another as their
masses.

It is easy to see by formula (3) that the dimensions of U®, U, U®,
&c. in ¥/ and ¥ =, increase two units at a time, so that s=21i, ¥ =2i42;
moreover we have by the nature of homogeneous functions

umn )
w(d )_1 U('--a(flmg—— H
this formula will therefore become

@i+ 1).0. (w-—ﬂ)(d

U0 — @i +8).00(L0 )1

(21+§)cw( )_- (2i4+1).§04(2i+1).2} U 0>S
1+ 1)(2.1+5)(a"+b’+c") - (4)

By means of this equation, we shall have the value of v in a serics very
convergent, whenever the excentricities 4 4, & = are very small, or when
the distance 4 a® 4 b® + c* of the point attracted from the center of
the spheroid is very great relatively to the dimensions of the spheroid.

If the spheroid is a sphere, we shall have § = 0, and w = 0, which
give UM = 0, U® = 0, &c.; wherefore

1
— U™ = .
v=U Va4 b? 4 c?’

Ut+D =

and
M

vV a4+ b 4 c?’
whence it follows that the value of V is the same as if all the mass of the
sphere were condensed into its center, and that thus, a sphere attracts any
. exterior point, as if all its whole mass were condensed into its center; a
result already obtained in 542.

551. The property of the function of v being independent of k, fur-
nishes the means of reducing its value to the most simple form of which it
is susceptible ; for since we can make k vary at pleasure without changing
this value, provided the spheroid retain the same excentricities, ¥ 0 and

V=
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¥ =, we may suppose k such that the spheroid shall bie infinitely flatten-
ed, or so contrived that its surface pass through the point attracted, In
these two cases, the research of the attractions of the spheroid is rendered
more simple; but since we have already determined the attractions of elliptic
spheroids, upon points at the surface, we shall now suppose k such that
the surface of the spheroid passes through the point of attraction.

If we call k’, m’, n’ relatively to this new spheroid what in 545, we
named k, m, n relatively to the spheroid we there considered ; the condi-
tion that the point attracted is at the surface, and that also a, b, ¢ are the
coordinates of a point of the surface, will give

a4+ m' b? 4+ nc?=k?
and since we suppose the excentricities 4 ¢ and ¥ = to remain the same,
we shall have

. — ’
1= ey, 100 s o g

m’ ? n

whence we obtain
k/ 2 , k’ 2
m = P—E—--—I:—é; n= l—{,—;:—;;
we shall therefore have to determine k/, the equation
kl 2 kl 2
' r b et =K L (9)
It is easy hence to conclude that tht.re is only one spheroid whose sur-
face passes through the point attracted, ¢ and = remaining the same. For
if we suppose, which we always may do, that 0 and = are positive, it is
clear that augmenting in the preceding equation, k’* by any quantity which
we may consider an aliquot part of k’% each of the terms of the first
member of this equation, will increase in a less ratio than k’?; therefore
if in the first state of k’*% there subsist an equality between the two mem-
bers of this equation, this equality will ho longer obtain in the second
state ; whence it follows that k’? is only susceptible of one real and posi-
tive value.
Let M’ be the mass of the new spheroid, and A’, B/, C’ its attractions
parallel to the axes of a, b, ¢; if we make
1 —m 1—n

=>)2;
m n

= A'*

F = f x*dx .
V(I + a2 x) (1 +Vexy)’
by 547, we shall have

8aMF SbM/d.rF ScM/d.VF
A= ak/a ;B = ¥ \q> /) 3 €= —F_(Ti’_)
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Changing in these values of A’, B, C’, M’ into M, we shall have hy
the preceding No., the values of A, B, C relatively to the first spheroid
but the equations

1— 1—n

’
m yr2_y. ’2
——I-‘-l»,-—-.k =4; o K=,

give
At = E"’—’-'; Atz I;"«z;
k’*® being given by equation (5) which we may put under this form
0 =K (a*+b?4ct—t-w) k' *~{(a®+c?) 0+ (a*+b?)ada} k'*~a%dw;
we shall therefore have
3aM SbMd.2 T 3cM/d.VF
A= FiB= (S ) C=— (G )-
These values obtain relatively to all points exterior to the spheroid, and
to extend them to those of the surface, and even to the interior points
we have only to change k' to k.
If the spheroid is one of revolution, so that § = =, the formula (5)
will give
2K*® = a*4b?4c?— 0 4 V(a'4+b24c? — )44 a 6;
and by 547, we shall have

A= i,?:-l;-% (> — tan,—12)
3bM b

B = '2k,3-:—)—\'§(tan. L ——-————-———l + 7\2)
3¢ M _ A

C -_ —2?9.—5-3 (tan. Ly — m"é) .

Thus we have terminated the complete theory of the attractions of el-
liptic spheroids ; for all that remains to be done is the integration of the
differential expression of F, and this integration in the general sense is
impossible, not only by known methods, but also in itself. The value of F
cannot be expressed in finite terms by algebraic, logarithmic or circular
quantities; or which ic tantamount, by any algebraic function of quantities
whose exponents are constant, nothing or variable. Functions of this kind
being the only ones which can be expressed independently of the symbol

/5 all the integrals which cannot be reduced to such functions, are impos-
sible in finite terms,

If the elliptic spheroid is not homogeneous, and if it is composed of
elliptic shells varying in position, excentricity and density according to
any law whatever, we shall have the attraction of one of its shells, by de-
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termining as above the difference of the attractions of two homogeneous
elliptic spheroids, having the same density as the shell, one of which shall
have for its surface the exterior surface of the shell, and the other the in-
terior surface of the shell. Then summing this differential attraction, we
shall have the attraction of the whole spheroid.

THE DEVELOPEMENT INTO SERIES, OF THE ATTRACTIONS OF ANY
SPHEROIDS WHATEVER.

552. Let us consider generally the attractions of any spheroids what-
ever. We have seen in No. 547, that the expression V of the sum of the
elements of the spheroid, divided by their distances from the attracted
points, possesses the advantage of giving by its differentiation, the attrac-
tion of this spheroid parallel to any straight line whatever. We shall see
moreover, when treating of the figure of the planets, that the attraction of
their elements presents itself under this form in the equation of their equi-
librium ; thus we proceed particularly to investigate V.

Let us resume the equation of No. 548,

V= f 4 ¥ ]
@—x)"+®G—y)+(c—2)
a, b, ¢ being the coordinates of the point attracted; X, y, z those of the
element d M of the spheroid; the origin of coordinates being in the in-
terior of the spheroid. This integral must be taken relatively to the va-
riables x, y, 2, and its limits are independent of a, b, ¢c; hence we shall
find by diﬂ'erentiation,

) (@)@ -

an equation already obtmned in 541,

Let us transform the coordinates to others more commodious. For
that purpose, let r be the distance of the point attracted from the origin
of coordinates; ¢ the angle which the radius r makes with the ‘axis of a;
= the angle which the plane formed by the radius and this axis, makes
with the plane of the axis of a, and of b; we shall have

a = rcos. §; b = rsin. § cos. 4; ¢ = r sin. ¢ sin. =,

If in Jike manner we name R, #, =’ what r, 4, « become relatively to
the element d M of the spheroid; we shall have -

x = Recos. #; y = Rsin. ¢ cos. »"; z = R sin. ¢. sin. #".

Moreover, the element d M of the spheroid is equal to a rectangular

parallelopiped whose dimensions are d R, R d ¢, R d =’ sin. ¢, and con-
Vou. II. P
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sequently it is equal to ¢. R% d R.d ¢. d ='. sin. ¢, ¢ being its density ; we
shall thus have

R%dR.d¢. d="sin ¢
V= T £o-< L ;
/ff ¥ 122t R {cos. 0. cos. /+sin. 0 sin, § cos. (= —c:)}+R2
the integral relative to R must be taken from R = 0 to the value of R at
the surface of the spheroid; the integral relative to »’ must be taken from
& = 0 to # equal to the circumference; and the integral relative to ¢’

must be taken from ¢ = 0 to ¢ equal to the semi-circumference. Differ-
entiating this expression of V, we shall find

d‘V)
12V '] 12
0 =((d‘4)_") flons 0 do)"' SmEs TF ((dx ) e (2)

an equation which is only equation (1) in another form.

If we make cos.'d = m, we may give it this form

{("“‘“) (2 1)} ( derV
0 =< dm . > m2+ ( d—;")' - (3)

‘We have already arrived at these several equations in 541.

553. Tirst, let us suppose the point attracted to be exterior to the sphe-
roid. If we wish to expand V into a series, it ought in this case, to de-
scend relatively to powers of r, and consequently to be of this form

() M (2)
Vz%—+.U-l_-;,— +U + &ec.
Substituting this value of V in equation (3) of the preceding No., the
comparison of the same powers of r will give, whatever i may be

d U") dz U(‘)
1 —m?)
0 =< {( m ( dm > _(."m___.,-{. i(i+ 1)U,

dm

It is evident from the integral expression alone of V that U " is a ra-
tional and entire function of m, & 1 — mZ2 sin. =, and ¥/ 1 —m % cos. =,
depending upon the nature of the spheroid. When i = 0, this function
becomes a constant ; and in the case of i = 1, it assumes the form

Hm+ H &V 1 —misinnoe+ H ¥/ 1 —m® cos. =;
H, H, H" being constants.
To determine generally U © call T the radical

1
/1%—2 Rr {cos.0 cos.¢’ 4 sin. 0sin.# cos.(+'—=)} + R * ’
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we shall have

d 2 T
(d {(1_“‘*’( )}> T
1—m ) d r? )'
This equation will still subsxst if we change 4 into ¢, = into =/, and re-

ciprocally ; because T is a similar function of ¢, =" and of ¢, =
If we expand T, in a series descendinrr telatively to r, we shall have

T=%4qo. L

QY being,whatever i may be, subject to the condition that

( d{(l——mz) (dQ(‘))}> d“Q(-‘

(l‘

and moreover it is evident, that Q @ is a ratlonal and entire function of 1,
and ¥ 1 — m?*. cos. (= — @): Q® being known, we shall have U © by
means of the equation

UO =/ p R+ dR.d=".d¢.sin¢. QO.

Now suppose the point attracted in the interior of the spheroid: we
must then develope the integral expression of V, in a scries ascending re-
latively to r, which gives for V a series of the form

V=v® r,. vO 4 r2, v® 4 r3, vO® 4 &e.
v ® being a rational and whole function of m, ¥ 1 — m?. sin. = and

~ T —m?* cos. =, which satisfies the same equation of partial differences
that U ® does; so that we have

/d{(l-—-me)(dv())}> (d’v(”

+1(1+1) v ®,
dm

To determine v ®; we shall expand the radlcal T into a series ascending
according to r, and we shall have

Q(
T=2"4 Q0.5+ Qo I+ ae

the quantities Q“”, QM, Q®, &c. being the same as above; we shall
therefore get
e.dR.d='.d¢.sin. 0. Q(')
D= f RT—1

But since the preceding expression of T is only convergent so long as
R is equal to or greater than r, the preceding value of V only relates to the
shells of the spheroid, which envelope the point attracted. This point
being exterior, relatively to the other shells, we shall determine that part

of V which is relative to them by the first series of V.
P2

0=
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554. First let us consider those spheroids which differ but very little
from the sphere, and determine the functions U©, U®, U®, &e, vO,
v®, v®, &c, relatively to these spheroids. There exists a differential
equation in V, which holds good at their surface, and which is remarkable
because it gives the means of determining those functions without any in-
tegration.

Let us suppose generally, that gravity is proportional to a power n of
the distance; let d M be an element of the spheroid, and f its distance
from the point attracted; call V the integral /'f»+1 d M, which shall ex-
tend to the entire mass of the spheroid. In nature we have n = — 2,

it becomes / dfM , and we have expressed it in like manner by V in the

preceding Nos. The function V possesses the advantage of giving, by its
differentiation, the attraction of the spheroid, parallel to any straight line
whatever ; lor considering f as a function of the three coordinates of the
point attracted perpendicular to one another, and one of which is parallel
to this straight line. Call r this coordinate, the attraction of the spheroid

along r and directed towards its origin, will be /'. f», g—g) .d M. Con-

1 dv
(

sequently it will be equal to e ZIT) , which, in the case of nature,

becomes — (%}7) » conformably with what has been already shown.

Suppose, however, that the spheroid differs very little from a sphere of
the radius a, whose center is upon the radius r perpendicular to the sur-
face of the spheroid, the origin of the radius being supposed to be arbi-
trary, but very near to the center of gravity of the spheroid; suppose,
moreover, that the sphere touches the spheroid, and that the point at-
tracted is at the point of contact of the two surfaces. The spheroid is
equal to the sphere plus the excess of the spheroid above the sphere; but
we may conceive this excess as being formed of an infinite number of
molecules spread over the surface of the sphere, these molecules being
supposed negative wherever the sphere exceeds the spheroid; we shall
therefore have the value of V by determining this value, 1st, relatively to
the sphere; 2dly, relatively to the different molecules.

Relatively to the sphere, V is a function of a, which we denote by A ;
if we name d m one of the molecules of the excess of the spheroid above
the sphere, and f its distance from the point attracted ; the value of V rela-
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tive to this excess will be /. fo+1, d m; we shall therefore have, for the
entire value of V, relative to the spheroid,
V=A4/.fr+. dm
Conceive that the point attracted is elevated by an infinitely small
quantity d r, above the surface of the spheroid and the sphere upon r or a
produced ; the value of V, relative to this new position of the attracted
point, will become
dVy, *
V4 (gr)drs
A will increase by a quantity proportional to d r, and which we shall re-
present by A’. d r. Moreover, if we name y the angle formed by the two
radii drawn from the center of the sphere to the point attracted, and to
the molecule d m, the distance f of this element or molecule from the point
attracted, will be in the first position of the point, equal to
VAT (1 — cos. )3
in the second position it will be
vV (a+dr)*—2a(atdr)cos.y + a?

dr
G L
the integral /. f»+! d m, will thus become
{1+ z ; ].?}f.f“""dm;
we shall therefore have

)edr=aars 2F Ly  fotr am;
substituting for /. f+'. d m, its value V — A, we shall have
dVy _,, (m+ 1A n41 o
T =A— T = Vs (1)
In the case of nature, the equation (1) becomes
%%): —aA—}A 44V
The value of V relative to the sphere of radius a, is, by 550, equal to

or

-—a

3
4; : 8’ which gives A = 2 ;a ; A= — 44%3 ; we shall therefore

get
dVy_27.a* | o
—-am“)— 3 +¢V,,.....(2)
‘We must here observe that this equation obtains, whatever may be the

position of the straight line r, and even in the case where it is not perpen-
r3
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dicular to the surface of the spheroid, provided that it passes very near its
center of gravity, for it is easy to see that the attraction of the spheroid,
resolved parallel to these straight lines, and which, as we have seen, is

dVy . . ;.
equal to — (~d——r-) » is, whatever may be their position, always the same, to

quantities nearly of the order of the square of the excentricity of the
spheroid.

555. Let us resume the general expression of V of 533, relative to a
point attracted exterior to the spheroid,

ve  ypw  yge
V.‘:‘——~—r +~t—2+—-l—3+&(.‘.

the function U  being, whatcver i may be, subject to the equation of par-
tial differences

0__<a {a—m9.(480} > )

dm 12+(+1)U

By differentiating the value of V relatwdy to r, we have
Vy_U® 200 U(Z)
—_—) =737 r? — t &

Let us represent by a (1 + « y) the radms drawn from the origin of

r to the surface of the spheroid, « being a very small constant coefficient,
whose square and higher powers we shall neglect, and y being a function
of m and = depending on the nature of the spheroid. We shall have to
4aa’

3r

q3

preceding expression of V, 1st, the quantity U @is equal to 4 ;‘l
small quantity of the order @, and which we shall denote by U’ @;
2dly, that the quantities U™, U®, &c. are small quantities of the order «.
Substituting a (1 4+ @ y) for r in the preceding expressions of V and of

quantities ncarly of the order a, V = ; whence it follows that in the

plus a very

— ((ld-y-) » and neglecting quantities of the order «?, we shall have rela-

tlvely to an attracted point placed at the surface
Ue  Uw  Ue

}V=%r.a2(l—ay) + 5— 57 +2a2+2—§5+&c.;
1V ’ 2.U®m @
(‘ )= %wa’(l—-—2ay)+y—~+- Lo+ U + &

If we substitute these values in equation (2) of the pr ecedmg No. we
shall have

a a? ad

e, s3.U0, 500 71U

4ara’.y = +8Lc.
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It thence follows that the function y is of this form
y=YO £ YO 4 Y® 4 &e.
the quantities Y@, Y1, Y ®, &c. as well as U@, U®, &c. being subject
to the equation of partial differences

(o= GAD) Y, )

o = + (i+1).Y0;

this expression of y is not therefore arbltral Ys but it is derived from the
developement of the attractions of spheroids. We shall see in the follow-
ing No. that y cannot be thus developed except in one manner only; we
shall therefore have generally, by comparing similar functions,

U6 = AT R T

whence, whatever r may be, we derive

V—-[Lﬁtf;"'l"a: a’ fY\n\_{_E; \'\))+ ‘7\2)_'_&(:} . (3)

To get V, therelore, it remains only to reduce y to the form above de-

scribed ; for which object we shall give, in what follows, a very simple
method.

If we had y = Y @, the part of V relative to the excess of the spheroid

above the sphere whose radius is a, or which is the same thing, relative to

a spherical shell whose radius is a, and thickness « ay, would bhe
4'(; :'_:l:-;rz_ :I), this value would consequently be proportional to y,
and it is evident that it is only in this case that the proportionality can
subsist.

556. We may simplify the expression Y@ 4 YO 4+ Y@ 4 &c, of y,
and cause to disappear the two first terms, by taking for a, the radius of a
sphere equal in solidity to the spheroid, and by fixing the arbitrary origin
of r at the center of gravity of the spheroid. To show this, we shall ob-
serve that the mass M of the spheroid supposed homogeneous, and of a
density represented by unity, is by 552,equal to /’R?*d R d m d =, or to
31/R?°dmd = R’ being the radius R produced to the surface of the
spheroid.  Substituting for R’ its value a (1 + « y) we shall have

M_4vra +aa’fydmda=

All that remains to be done, therefore, is to substitute for y its value
Y® 4 Y® 4 &c. and then to make the integrations. For this purpose
here is a general theorem, highly useful also in this analysis.

P4
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“ If Y ® and Z © be rational and entire functions of m, ¥ I —m?®. sin. =
“and ¥ 1 — m?. cos. w, which satisfy the following equations :

o dY O dz (x)
“0.___< {(l—m) (dm)}) (1+1) Yo,

d m

7 @ zzm
(1 —m?).
“0=< { dm( )}> ( m2+l (1+]) A(i')

‘¢ we shall have generally
“S/YO ZO. dmd= = 0,
¢ whilst i and i’ are whole positive numbers differing from one another ,
¢ the integrals being taken from m = — 1tom = 1, and from = = 0
“tow = 247
To demonstrate this theorem, we shall observe that in virtue of the first
of the two preceding equations of partial differences, we have

o (YO
JYOZW dmdw=- .-(—_*_—I)JZM\ {(l_m) ( )}> dm.d=

/Zm L’X;“
l(l+1) m]——nl’ .dm.dw;

But integrating by parts relatively to m we have

dY )
ds (1-m? i
(L )ty

dZ\)

—(1—m) Yo,

(e cfﬁf)}),m,

and it is clear that if we take the integral from m = — 1 tom = 1, the
second member of this equation will be reduced to its last term. In like
manner, integrating by parts relatively to =, we get

szo (LX] dy! X0

) d = = const. 4 Z .

—yo ((}-JZ:(-)+/Y o(EZ0y).a4;

and this second member also reduces to its last term, when the integral
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dYy®
da')

is taken from » = 0 to = = 2 #, because the values of Y ®, (

@) ..
7z, ((Ldz— ») are the same at these two limits; thus we shall have
k4

SJYO ZO dm.d= =

l(l+l) JY 9. dm. dw{( {(l—mz) (dZIr(l“)} ) lgzm };

1—-—m2

whence we derive, in virtue of the second of the two preceding equations
of partial differences,
SJYOZO dm.d= l El-;l-l])) JSYOZO, dm.od w,
we therefore have
0=/YONZOdm.dw
when i is different from i’.

Hence it is easy to conclude that y can be developed into a series of
the form Y©® 4 YO 4 Y® 4 &c. in one way only; for we have
generally

[y.Z9dmde = fYOZOdm.d=;
If we could develope y into another series of the same form, Y, 4
YW 4+ Y,® 4 &e we should have
JYZO = YO0, ZOdm.d=;
wherefore
SY O Z0 dmde =Y Z®dm.d=

But it is easy to perceive that if we take for Z ® the most gencral
function of its kind, the preceding equation can only subsist in the case
wherein Y, ® = Y ®@; the function y can therefore be developed thus in
only one manner.

If in the integral /'y d m. d =, we substitute for y its value Y@ 4 Y®
+ Y® 4 &c., we shall have generally 0 = /Y®dm.dw i being
equal to or greater than unity; for the unity which multiplies dm.d =
is comprised in the form Z®, which extends to every constant and quan-
tity independent of m and ». The integral /'y d m. d = reduces there-
fore to /Y@ dm.d = and consequently to 4 = Y®; we have there-
fore

M=4ra’+ 4axa®. YO,
thus, by taking for a, the radius of the sphere equal in solidity to the sphe-
roid, we shall have Y@ = 0, and the term Y© will disappear from the
expression of y.
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The distance of the element d M, or Rt.d Rd m.d =, from the
plane of the meridian from whence we measure the angle =, is equal to
R v 1 —m®. sin. =; the distance of the center of gravity of the sphe-
roid from this plane, will be therefore/R*d Rdm.d= ¥ 1 —m?* sin. =,
and integrating relatively to R, itwillbe J /R’*dm.d= 41 —m?sin. =,
R’ being the radius R produced to the surface of the spheroid. In like
manner the distance of the element d M from the plane of the meridian
perpendicular to the preceding, being R # T — m?*. cos. =, the distance
of the center of gravity of the spheroid from this plane will be { /" R'*
dm.d=. ¥ 1 —m?.cos.» Finally, the distance of the element d M
from the plane of the equator being m, the distance of the center of gra-
vity of the spheroid from this plane will be } /R *m.dm.d = These
functions m, ¥ 1 — m?*. sin. =, ¥ T —m¢. cos. =, are of the form Z ™,
Z ™ being subject to the equation of partial differences

dzw d*Z“)
< {(l—m) ( }}+ d=t +2Z(“.

1 —m?
If we conceive R’ * dcveloped into the series N©@ 4 NO® 4. N® 4 &ec.
N ® being a rational and entirc function of m, ¥ 1 —m?*. sin. =,
& 1T—m?. cos. w, subject to the equation 8f partial differences.

. N® dzN"‘
(d {(l —m ) ( dm ) }> ‘d‘;“- Fi(i+1). N®;

the distances of the center of gravity of the sphermd, from the three
preceding planes, will be, in virtue of the general theorem above demon-
strated,

1fN® . dm.d=. ¥ T —m? sin =,
3/N®.dm.d=. ¥ T —m?. cos.=;
}/NOm.dm.d=
N® is, by No. 553, of the foom Am + B # 1~ —m®. sin. =
C ¥ 1T —m¢. cos. = A, B, C being constants; the preceding distances

will thus become :;i . B, jr— C, :— A. The position of the center of

gravny of the spheroid, thus depends only on the function N®. This
gives a very simple way of determining it. If the origin of the radius R’
15 at the center; this origin being upon the three preceding planes, the
distances of the center of gravity from these planes will be nothing. This
gives A = 0, B =0, C = 0; therefore N = 0.
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These results obtain whatever may be the spheroid: when it is very
little different from a sphere, we have R’ = a (1 4 ay), and R'* =
a*(1 4+ 4 ay); thus, y being equal to YO 4 YO 4 Y® 4 &e., we
have N® = 4 ¢ a* YO, the function Y * disappears, therefore, from the
expression of y, when we fix the origin of R’ at the center of gravity of
the spheroid.

557. Now let the point attracted be in the interior of the spheroid, we
shall have by 553

V=vOgr.vh gr2 v® 4 r3v® 4 &e.
. dR.d=.d¢#.sin. ¢. QW
ve = f = .

Suppose that this value of V 1s rclative toashell whese interior surface is
spherical and of the radius a, and the radius of whose exterior surface is
a (1 —ay); the thickness of the shellisw ay. If we denote by y” what
y becomes when we change 4, = into ¥, =%, we may, neglecting quantities
of the order «? change r into a, and d R into « a y’, in the integral ex-
pression of v ®; thus we shall have

v = —~--«-—fy d=.d?¢.sin. 0. QW

Relatively to a point placed without the spheroid, we have, by 558,
) (l)
V = ’I"Jl;_ + U + &e.; ’
U = /Ri+2 d R.d+.d#d.sin. 0. QO,
If we suppose this valuc of V relative to a shell, whose interior and ex-
terior radii are respectively a, a (1 4 a y), we shall have
U® = «.ai+? fy.d.d ¢ sin. ¢. Q0;

wherefore

v =
We have by 555

Uo = darait3d YO

gig1

therefore
® 4aasYW
v T er——s *
@1+ ) a2
which gives
= e fyor X yor I yeo }
V=4ara {Y +3a'Y )+5a2.Y()+&c. .

To this value of V we must add that which is relative to the spherical
shell of the thickness a — r which envelopes the attracted point plus that
which is relative to the sphere of radius r, and which is below the same
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point, If we make cos. # = m’, we shall have, relatively to the first of
the two parts of V,
fd R.d#.dm.Q%
R i=1 ?
an integral which, relative to m’, must be taken fromm’ = — 1tom =1
Integrating rclative to R, from R = r to R = a, we shall have
L (o — ) Sd 7 AL QO
But we have generally, by the theorem of the preceding No.,
Sd=.dm'. Q® = 0 when i is equal to or greater than unity; when
i = 0, we have, by 533, Q ® = 1; moreover the integration relative to
=’ must be taken from =’ = 0 to = = 2 x; we shall therefore have
vO =2 (a? — 1)
This value of v is that part of V which is relative to the spherical shell
whose thickness is a — r.
The part of V which is relative to the sphere whose radius is r is equal
to the mass of this sphere, divided by the distance of the attracted point from

v i =

v =

. . 4axr?
its center: it is consequently equal to 3

Collecting the different

parts of V,we shall have its whole value

. r r .
V=zwa2—3wr2+4uwa’{Y<°)+3—a YO 4 WY @ 4 Scc.}; . (4)

Suppose the point attracted, placed within a shell very nearly spherical,
whose interior radius is

a4aafYO YO 4 YO f el
and whose exterior radius is

2 4+ et {YO 4 YO 4 VO 4 &}

The quantities « a Y™ and @ 2’ Y/ © may be comprised in the quanti-
ties a, a’.  Moreover, by fixing the origin of coordinates at the center of
gravity of the spheroid whose radius is

a4+ aafYO 4 YO 4 &el,
we may cause Y ? to disappear from the expression of this radius; and
then the interior radius of the shell will be of this form,

a4 aaiY® 4+ YO 4 &el,
and the exterior radius will be of the form,

a4 aa (YO 4 Y® 4 &l

We shall have the value of V relative to this shell, by taking the differ-
ence of the values of V relative to two spheroids, the smaller of which
shall have for the radius of its surface the first quantity, and the greater
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the second quantity for the radius of its surface; calling therefore a . vV,
what V becomes relatively to this shell, we shall have

aV=2ax(a -a.g)+4‘w7r{——~Y’“)+ Y @ Y(23}+ (Yl(s} Y(’&)) +&e. }

If we wish that the point placed in the interior of the shell, should be
equally attracted on all sides, A. V must be reduced to a constant inde-
pendent of r, 4, =; for we have seen that the partial differences of a. V,
taken relatively to these variables, express the partial attractions of the
shell upon the point attracted ; we therefore, in this case have Y/ = 0,
and generally

Y ® = &

a

so that the radius of the interior surface being given, that of the exterior
surface will be found.

‘When the interior surface is elliptic, we have Y® = 0, Y® = 0, &c.
and consequently Y'® = 0, Y'® = 0; the radii of the two surfaces, in-
terior and exterior, are therefore

afl4+aY®; a {1 4+ YO},
thus we see that these two surfaces are similar and similarly situated,
which agrees with what we found in 547,

558. The formulas (3), (4) of Nos. 555, and 557, comprehend all the
theory of the attractions of komogeneous spheroids, differing but little from
the sphere; whence it is easy to obtain that of heterogencous spheroids,
whatever may be the law of the variation of the figure and density of their
shells. For that purpose let a (1 4+ « y) be the radius of one of the shells
of a heterogeneous spheroid, and suppose y to be of this form

YO 4+ YD 4+ Y® 4 &e
the cocflicients which enter the guantities Y©, Y ®, &c. being functions
of a, and consequently variable from one shell to another. If we differ-
entiate relatively to a, the value of V given by the form (8) of No. 555;
and call ¢ the density of the shell whose radius is a (1 + @ y), ¢ being a
function of a only; the value of V corresponding to this shell will be, for
an exterior attracted point,

4 5
gilr' pdat 422789 {a“ YO £ YOy 2o YO &c.};
this value will be, therefore, relatively to the whole spheroid,
V_."_‘fff das_*_j“;_“_”f d{aay(m.*_a_:Y(l)_l_f_s_Y(e)_'_&c } . ()
=33/ ¢ r /¢ 3r 5r? e

the integrals being taken from a = 0 to that value of a which subsists at
the surface of the spheroid, and which we denote by a.

)1—2 Y 0
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To get the part of V relative to an attracted point in the interior of the
spheroid, we shall determine first the part of this value relative to all the
shells to which this point is exterior. This first part is given by formula
(5) by taking the integral from a = 0 to a = a, a being relative to the
shell in which is the point attracted. We shall find the second part of V
relative to all the shells in the interior of which is placed the point attract-
ed, by differentiating the formula (4) of the preceding No. relatively to a;
then multiplying this differential by g, and taking the integral from a = a,
to a = a, the sum of the two parts of V will be its entire value relative to
an interior point, which sum will be

4 4o at 2% ye
AT/t T e YOS YO S Y0k |

+2afedattdansed. {aW«»q_%r Y(l>+55—2 Y<2>+&c.} . (6)

the two first integrals being taken from a = 0 to a = a, and the two last
being taken from a = a to a = a; after the integrations, moreover, we

must substitute a for r in the terms multiplied by «, and —l—?;'-x Y for

1. 4o ]
;mthetermé—;fgd.a.

559. Now let us consider any spheroids whatever. The research of
their attraction is reduced, by 553, to forming the quantities U ® and v @,
by that No. we have

Ub =/ ¢eRi+2. dRdm"d«.QY;
in which the integrals must be taken from R = 0 to its value at the sur-
face, fromm’ = — 1tom' = 1, andfrom»’ = 0 to &’ = 2 =

To determine this integral, Q ® must be known. This quantity may
be developed into a finite function of cosines of the angle = — =/, and of
its multiples. Let 8 cos. n (= — =’) be the term of Q ® depending on
cos. n (= — #’), 8 being a function m, m’. If we substitute for Q @ its
value in the equation of partial differences in Q © of No. 553, we shall

have, by comparing the terms multiplied by cos. n (= — =’), this equation
of ordinary differences,

d gy 1
C_da-m G L
- dm T 1—m?
Q ™ being the coefficient of

+iG+1).85
R® .
T D the developement of the radical
— l m—
Vr:—2Rrimm'+v1—m: & 1—m*. cos.(w— o)+ R
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The term depending on cos. n (# — =’), in the developement of this
radical, can only result from the powers of cos. (# — =), equal to n,n42,

n 4 4, &c. ; thus cos. (= — =’) having the factor ¥ 1 — m? 8 must have

the factor (1 — m?) 7, Itis easy to see, by the consideration of the de-
velopement of the radical, that 8 is of this form

(1 —m? Z.fA.m it pAD, mimn-2p A, mi=n=44f &1
If we substitute this value in the differential equation in 3, the compari-
son of like powers of m will give
i—n-—2s+42).(i—n—2s41
R R T rr e
whence we derive, by successively putting s = 1, s = 2, &c. the values of
A®, A®, and consequently,

2Ei—1)" 2.4.(21—1) (21—3)

(i-n)(i-n-1 )(1—n—3)(1—n - )(1—n—4)(1-51; —-5) M4 g,

.mi_n_(L.n)(i—n_ l) s +(1—n)(1—11-1)(1—11—2)(1—-11-3) s
B=A(1-m?)? %

2.4.6 (21i—1)(21—3) (21

A is a function of m’ independent of m; but m and m’ entering alike into
the preceding radical, they ought to enter similarly into the expression of
B; we have therefore

A=y (1—m 9 {m1-n — (1—322(11—:;;-1) mlt=n=24 o}

7 being a coefficient independent of m and m’; therefore

n
B=y (1—m’*%? {m’i-"—

(_i':i)_(i:"::_l_)m'i-"‘%&&}-(l—m')%x

2(2i—1)
{m-—n (l';n()z('l':ll) —1) ml—n—2+&c.} .

Thus we see that 8 is split into three factors, the first independent of
m and m’ ; the second a function of m’ alone ; and the third alike function
of m. 'We have only now to determinc 7.

For that purpose, we shall observe, that if i ~—~ n be even; we have,
supposing m = 0, and m" = 0,

6 — y L2 ...i—n}*
= 2.4....(i—n).2i—1).(21—38).... (i+n+ 1)}
_ 7.4 8 5., (i—n— 1.1.8.5....(i+n—1)}?¢
= f1.8.5.... (2i— 1)}*
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Ifi — n is odd, we shall have, in retaining only the first power of m,
and m’,

B = y.m.m {1.2....(i—n)}?
T Ea . G—n—1) (2i—1)(21—8)...(+n+2)}"
— y-m. m{]35....(1—n) 1.8. 5.. (i_l_n)}z.

1.3.5... i = DI°
The preceding radical becomes, neglectm«r the squares of m, m’ ,

{r’~2 R r cos.(#—=')+ R %} %+ R r. mm {r*~2r R cos.(==") + R ”} . (f)
If we substitute for cos. (@ = #), its value in imaginary exponentmls,
and if we call ¢ the number whose hyperbolic logarithm is unity, the part
independent of m m’, becomes
fr—R.c—)v=i}F g _R.c—(e—=)v=i}7},
The coefficient of '
Ri c¢o(w—a)v—14 c—n(z—o)V—1

R ,
riti® D) ,Ol'OfFT—l.COS.n(a-——w)

in the developement of this function is
2.1.8.5....i+n—1.1085...(i—n—1)
2.4.6....(14+1n)2.4.6....(1—n) :
This is the value of 8 when i — n is even, Comparing it with that
which in the same case we have already found, we shall have
7=2(1.3 5....(21—1)) ii—1)....0—n+1)
1. 2. 3. XGFD G+ (+n)
When n = 0, we must take only half this coefficient, and then we

have 1.3.5 12
7 =( L. 231— )

. . R: .
In like manner, the coefficient of 7M. W’ cos. n (w —=') in the

function (f) is
2.1.8.5....(i4+mn).1.85...(i—n)
2.4.6.(i+n—1).2.4.6..... i—n—1)"
this is the coefficient of m m’ in the value of B, when we neglect the
squares of m, m’, and when i — n is odd. Comparing this with the va-
lue already found, we shall have
L =2 (1.3.5....(2i-1))= ii—1)....({i—n+1.
1.2.3 "AFD) (42 .. . G0’
an expression which is the same as in the case of i — n being even.
Ifn = 0, we also have

1.8.5. ... —
7= ( : 52.3.?‘ l))
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560. From what precedes, we may obtain the general form of functions
Y®ofm, ¥ 1 — m?*. sin. w, and ¥ 1 — m?, cos. =, which satisfy the
equation of partial diﬂ'erences

{(1 —m!?
0= e + (+1 Y0

Designating by 8, the coeﬁicxent of sin.n =, or of cos. n =, in the
function Y ®, we shall have

d {(l-—m’) ((;lﬁx)} ___m*B

dm ] —m?

d’Y(‘)

+i(i 4+ 1).6

8 is equal to (1 — m?) g multiplied by a rational and entire function of m,
and in this case, by the preceding No., we have

5 ; i—n)(i—n—1) .
B=AW (l—m’)’*'{m"'“—-( 3 ()2(i—- T )m'—"-2 +4- &c.},
A ® being an arbitrary constant ; thus the part of Y © depending on the
angle n =, is

(L—m?) 3 { mi-n_{l _—21]()2(;:1’1_)“ D, mi=nr=24 &ec. }.{A ®sinn=
+ B® cos. n =} ;

A ™ and B® being two arbitraries. If we make successively in this func-

tion,n = 0,n = I, n = 2,..n = i; the sum of all the functions which

thence result, will be the general expression of Y @, and this expression

will contain 21 4 1 arbitraries B®, A, B0, A® B®, &c.

Let us now consider a rational and entire function S of the order s,
of the three rectangular coordinates x, y, z. If we represent by R the
distance of the point determined by these coordinates from their origin ;
by 4 the angle formed by R and the axis of x; and by = the angle which
the plane of x, y forms with the plane passing through R and the axis of
x; we shall have
x=Rm;y=R. ¥ 1—m?%cos.#; 2= R & 1 —m? sin, =

Substituting these values in S, and developing this function into sines
and cosines of the angle = and its multiples, if S is the most general func-
tion of the order s, then sin. n =, and cos. n =, will be multiplied by func-
tions of the form

(1—m)T{A. m*="4 B.m*~2=! 4 C.m*—»=2 4 &c.};
thus the part of S, depending on the angle n =, will contain 2 (s — n+1)
indeterminate constants. The part of S depending on the angle = and its

multiples will contain therefore s (s 4+ 1) indeterminates; the part inde-
Vor. 11. Q
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pendent of = will contain s + 1, and S will therefore contain (s+1)*
indeterminate constants,

The function YO 4 YO 4 &c. Y © contains in like manner (s + 1)
indeterminate constants, since the function Y ® contains 2i 4 1; we may
therefore put S into a function of this form, and this may be effected as
follows :

From what precedes we shall learn the most general expression of Y ®,
we shall take it from S and determine the arbitraries of Y © so that the
powers and products of m and 4”1 — m* of the order s shall disappear
from the difference S — Y ®; this difference will thus become a function
of the order s — 1 which we shall denote by §’. We shall take the most
general expression of Y ®=1; we shall subtract it from S, and determine
the arbitraries of Y@= so that the powers and products of m and
¥ 1 — m* of the order s — 1 may disappear from the difference
§’ — Y@=, Thus proceeding we shall determine the functions Y ©,
Y ¢—=1, Y&-2, &c, of which the sum is S,

561. Resume now, the equation of No. 559,

U =/e.Ri+2dR.dm". d=". Q®,

Suppose R a function of m’, =’ and of a parameter a, constant for all
shells of the same density, and variable from one shell to another. The
difference d R being taken on the supposition that m’, =’ are constant we
shall have

d R
-dR = ( H—a—) da;
therefore Ri+
: 1 d. ; :
O = Ld+. Q0.
Uo=— 3.fg( T—)da.dm.d+.Q
Let R1+3 be developed into a series of the form
ZO 40 7@ 4 &,
Z' ® being whatever i may be, a rational and entire function of nv,
¥ 1 —m'% sin. #/, and ¥ 1 — m’% cos. =/, which satisfies the equation
of partial differences

\ Z/m dn7r<n
<{<1..m>(d )}> Gir) L vz

The difference of Z’ ® taken relatively to a, satisfies also this equation,
and consequently it is of the same form ; by the general theorem of 556,
we ought therefore only to consider the term Z/® in the developement of
Ri+3,-and then we have

U0 = —g./(T). dadm. a Qo
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When the spheroid is homogeneous and differing but little from a
sphere, we may suppose ¢ = l,and R = a (1 + « y’); then we have, by
integrating relatively to a

( _r-—--— © (@
U =/ Z70dw.d Qo

Moreover, if we suppose y’ developed into a series of the form
YO 4 YO LYO 4 &e,
Y ® satisfying the same equation of partial differenceas Z/® ; we shall have,
neglecting quantities of the order «% Z'® = (i 4 3).a.al+3 Y/ 0 ; we
shall therefore have
UO =a,alt3 /Y O,.dm'.d«. Q.
If we denote by Y ® what Y’ ® becomes when we change m’ and =’ intc
m and = ; we shall have by No. 554,
4« @.8 1+3 .
U = T Y &,
we therefore have this remarkable result,
SYOdm.de. Qo=2r XYY
21 41"
This equation subsisting whatever may be Y’® we may conclude ge-
nerally that the double intcgration of the function fZ®dm’. d«.Q®
taken from m’ = — 1 to m’ = 1, and from «/ = 0 to = = 2 =, only

transforms Z’ ® into ; wf i’ Z ® being what Z'® becomes when we
change m’ and =’ into m and = ; we therefore have

dZo
Vo =ax 3) (2l /(7T
and the triple integration upon which U ® depends, reduces to one in-
tegration only taken relatively to a, from a = 0 to its valuc at the surface
of the spheroid.

The equation (1) presents a very simply method of integrating the func-
tion f YD ZO, dm.d =, fromm = —1tom = 1, and from= = 0
tow = 27 In fact, the part of Y ® depending on the angle n =, is by
what precedes, of the form A {A® sin. n = 4 B® cos. n =}, A being
cqual to

(1 —_ m?)‘f' {ml-—n — (" "'sn()z(li':nl;— 1) .mi—-n—2 + &C.};
we shall have therefore
Y ® = {A®sin.n o 4+ B®™ cos. n #'};
2’ being what A becomes when m is changed into m’. The part of Q®
depending on the angle n w, is by the preceding No., ¥ A ¥’ cos. n (w—='),
‘a2
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or y M. A.fcos. 1 =, €0s. N #’ 4 sin. n = sin. n #'} ; thus that part of the
integral /Y ®, d m. d »’. Q ® which depends on the angle n =, will be
yAsinnw SN, dm'. d= sin,ns {A®sin.ne' + B®cos.na'}
YA cos.nw /N5 dm'. d . cos.n s {A®sin. n=' + B® cos. n=f}.
Executing the integrations relative to =/, that part becomes
‘ yAw§A®sin.nw 4+ B® cos. n w}. /N% dm’;
but in virtue of equation (1), the same part is equal to

214'.: 7o {A® sin, n = 4 B® cos. n =}
we therefore have .
4
’e .
JSNLdm =EiEIy

Now represent by A {A’®™ sin. n =-4" B/ cos, n =} that part of Z ®
which depends on the angle n ». This pal‘t ought to be combined with
the correspon(]mg part of Y @ ; becaus® the'terms depending on the sines
and cosines of the angle = and its mul‘tlples, disappear by integration, in
the function /'Y ® Z ® d m.d =, integrated from = = 0 to = = 2 7; we
shall thus obtain, in regarding only that part of Y ® which depends on
the angle n =,

SJYOZOVdmde =
SJArtdm.d={A®sinnw 4+ B®™cos.n #} {A’ W sin.n» 4 B'® cos. n =}
— (n ’ (o ), R/ (o 2 -__i"f_ ) A’(n n) R/ (o
= a{A®, A ®L B0, B@y, rx dm_(2i+l)7°{A A’ B @, By,

Supposing therefore successively .in the last member n = 0, n = 1,
n = 2...n = i; the sum of all the terms, will be the value of the in-
tegral /YO ZO dm.d =. :

If the spheroid is one of revolution, sé that the axis with which the ra-
dius R forms the angle =, may be the axis’of revolution; the angle = will
disappear from the expression of Z ®, which then takes the following
form:

1.8.5... (2i~1) i (i-1 _g , L(i-1) (i-2) (i-8) }
25558 a0 { o= 5 -1)) mi=t o (2f 1)(2(1_3' o -&e.

A © being a function of a. Call A ® the coefficient of A ®, in this func-

tion: the product

1.8.5...(2i—1)\* ifi—1)
(s {1, .2.(21-1)+&°}
is by the preceding No., the coefficient of

the radlc&l Sk
{r'—-2 Rrimm’4+4 1wm® &/ TIm'® cos. (w — #)} 4 RE -4

= +l in the developement of
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when we therein suppose m an xnf‘eqﬁal to unity. This coefficient is
then equal to 1; we have theffjfore’
L&5“.@L— ¢ 1@~n }_
1.2.3.. *fL“gwl yt&eg=1,
that is to say, A ® reduces to um@,'?whbn m = 1. We have then
47207 dA®
o = .
U= argn/(Cae) e
Relatively to the axis of revolution, m = 1, and consequently,

dA®
U= ryweren L (Caa)de

therefore if we suppose that relatively to a point placed upon this axis
produced, we have

B® BM [Bo

V“"—r‘+—;;" —;—3-+&C.;

we shall have the value of V relative to another point placed at the mean
distance from the origin of coordinates, but upon a radius which makes
with the axis of revolution, an angle whose cosine is m; by multiplying
the terms of this value respectively by A @, a0, A ®, &e.

In the case when the spheroid is not of revolution, this method will
give the part of V independent of the angle =: we shall determine the
other part in this manner. Suppose for the sake of simplicity, the sphe-
roid such that it is divided into two equal and similar parts by the equa-
tor, whether by the meridian where we fix the origin of the angle =, or
by the meridian which is perpendicular to the former. Then V will be
a function of m %, sin. 2 =, and cos. * =, or which comes to the same, it will
be a function of m?% and of the cosine of the angle 2 = and its multiples ;
U ® will therefore be nothing, when i is odd, and in the case when it is
even, the term which depends on the angle 2 n =, will be of the form
Co, (1- m*)“{m"‘“ —_ (1'2122(;:2_‘;)_ D mi-zn—s +&c.}cos. 21w

Relatively to an attracted point placed in the plane of the cquator,
where m = 0, that part of V which depends on this term becomes

+CO 1.3.5...(i—2n—1)

—ri+l" 214 2o+ )i+ 2n 4+ 2)...(21—1)
whence it follows that having developed V into a series ordered accmdmg
to the cosines of the angle 2 = and its multiples, when the point attracted
is situated in the plane of the equator; to extend this value to any attract-
ed point whatever, it will be sufficient to multiply the terms which depend

Cos. 2n w

on ———— by the function

. COS. 211 w3

Q3
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+20+2041D)...(2i—1)
—lo 30 5.lo(i—2n—‘l).

(i—2n) (i—2n—1]
2(21—1)

mi—=2n—2 ¢ &c.};

we shall hence obtain, therefore, the entire value of V, when this value
shall be determined in a series, for the two cases where the part attracted
is situated upon the polar axis produced, and where it is situated in the
plane of the equator ; this greatly simplifies the research of this value.
The spheroid which we are considering comprehends the ellipsoid.
Relatively to an attracted point situated upon the polar axis, which we
shall suppose to be the axis of x, by 546, we have b = 0, ¢ = 0, and
then the expression of V of No. 549, is integrable relatively to p. Rela-
tively to a point situated in the plane of the equator, we have a = 0, and
the same expression of V still becomes, by known methods, integrable re-
latively to q, by making tan. ¢ = t. In the two cases, the integral being
taken relatively to one of these variables in its limits, it then becomes
possible relatively to the other, and we find that M being the mass of

(1= m s {mimtn_

the spheroid, the value of % is independent of the semi-axis k of the

spheroid perpendicular to the equator, and depends only on the ex-
centricities of the ellipsoid. Multiplying therefore the different terms

\% . .
of the values of M relative to these two cases, and reduced into se-
ries proceeding according to the powers of % » by the factors above men-~
tioned, to get the value of IT‘II relative to any attracted point whatever; the
function which thence results will be independent of k, and only depend
on the excentricities ; this furnishes a new demonstration of the theorem
already proved in 550.

If the point attracted is placed in the interior of the spheroid, the at-
traction which it undergoes, depends, as we have seen in No. 553, on the
function v , and by the No. cited, we have

dRdm’'d~.Q®
v = / ¢ Ri=T 5
an equation which we can put under this form

"“’=2L_i-fz(dR2 )d a.dm’.d«. Q™

Suppose R 2~ developed into a series of the form
z' © + z' m + z’ @) + &c.




Boox L] NEWTON’S PRINCIPIA. 247

2’ O satisfying the equation of partial diﬁ'erences,

(o) Y, G

0=\ ,2+r(x+1)z'm

if moreover we call z (') what Z' O becomes when we change m’ into m, and
=’ into =, we shall have by what precedes,

Az dz®
=arrne—n/¢(az) 4%
thus therefore we shall get the expression of V relative to all the shells of
the spheroid which envelope the point attracted. The value of V relative
to shells to which it is interior, we have already shown how to deter-
mine.

v ¢

ON THE FIGURE OF A FLUID HOMOGENEOUS MASS IN EQUILIBRIUM,
AND ENDOWED WITH A ROTATORY MOTION.

562. Having exposed in the preceding Nos. the theory of the attrac-
tions of spheroids, we now proceed to consider the figure which they
must assume in virtue of the mutual action of their parts, and the other
forces which act upon them. 'We shall first seck the figure which satis-
fies the equilibrium of a fluid homogeneous mass endowed with a rotatory
motion, and of that problem we shall give a rigorous solution.

Let a, b, c be the rectangular coordinates of any point of the surfuce of
the mass, and P, Q, R the forces which solicit it parallel to the coordi-
nates, the forces being supposed as tending to diminish them. We know
that when the mass is in equilibrium, we have

0=P.da+Q.db 4+ R.dc;
provided that in estimating the forces P, Q, R, we reckon the centrifugal
force due to the motion of rotation.

To estimate these forces, we shall suppose that the figure of the fluid
mass, is that of the ellipsoid of revolution, whose axis of rotation, is the axis
itself of revolution. If the forces P, Q, R which result from this hypothe-
sis, substituted in the preceding equation of equilibrium give the differen-
tial equation of the surface of the ellipsoid ; the preceding hypothesis is
legitimate, and the elliptic figure satisfies the equilibrium of the fluid
mass.

Suppose that the axis of a is that also of revolution; the equation of
the surface of the ellipsoid will be of this form

a?4 m (b®4 c?) =k?;
. Qs
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the origin of the coordinates a, b, ¢ being at the center of the ellipsoid,
k will be the semi-axis of revolution, and if we call M the mass of the el-
lipsoid, by 546, we shall have
_4xpk?®
M = 3m
l—m

¢ being the density of the fluid. If we make as in 547, =A% we

shall have m = i + T8 and consequently

M =-8——k3. (V4 22);

an equation which will give the semi-axis k, when 2 is known.
Let

A =47 0E2D  n—y

B = g TE4(1 4+ %) tan. =t — )i

we shall have by 547, regarding only the attraction of the fluid mass
P=A’a; Q=Bb; R=PBec
If we call g, the centrifugal force at the distance 1, from the axis of
rotation ; this force at the distance 4 b? + c? from the same axis, will
be g ¥ b* 4 c*: resolving this parallel to the coordinates b, ¢ there will
result in Q the term — g b, and in R the term — g c; thus we shall have,
reckoning all the forces which animate the molecules of the surface,
P=ANa; Q=B —g)b; R = (B —g)c;
the preceding equation of equilibrium, will therefore become

0=adat T8 bdb+ecdo).
The differential cquation of the surface of*“the ellipsoid is by substitut-

ing for m its value i--_i-l_l—”
bdb+cdc, -
TFarf
by comparing this with the preceding one, we shall have
A+r)B—g=A5. . . .. ...

if we substitute for A’, B’ their values, and if we make

=ada+

B _ ; we shall
fog - J .
have

9.2 42q.2°

0= 5137

T N R €))
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determining therefore A by this equation which is independent of the co-
ordinates a, b, c, the equation of equilibrium will coincide with the equa-
tion of the surface of the ellipsoid ; whence it follows, that the elliptic fi-
gure satisfies the equilibrium, at least, when the motion of rotation is such
that the value of A * is not imaginary, or when being negative, it is neither
equal to nor greater than unity. The case where A% is imaginary would
give an imaginary solid ; that where »* = — 1, would give a paraboloid,
and that where A% is negative and greater than unity, would give a hy-
perboloid.

563. If we call p the gravity at the surface of the ellipsoid, we shall
have

p=~P*4+ Q%+ R~
In the interior of the ellipsoid, the forces P, Q, R, are proportional to
the coordinates a, b, ¢; for we have seen in No. 547, that the attractions
of the ellipsoid, parallel to these coordinates, are respectively proportional
to them, which equally takes place for the centrifugal force resolved pa-
rallel to the same coordinates. Hence it follows, that the gravities at dif~
ferent points of a radius drawn from the center of the ellipsoid to its sur-
face, have parallel directions, and are proportional to the distances from
the center ; so that if we know the gravity at its surface, we shall have
the gravity in the interior of the spheroid.
If in the expression of p, we substitute for P, Q, R, their values given
in the preceding No., we shall have
p=+ A%a*4 (B—g)% (b* + ¢?);
whence we derive, in virtue of equation (1) of the preceding No.
N
p= AN+ e

. . er . b?4c?
but the equation of the surface of the ellipsoid gives T

=k?—a?;
we shall therefore have
[ 2 2 a2

p=A,.~/kl-:-7\”n , .
a is equal to k at the pole, and it is nothing at the equator ; whence it fol-
lows, that the gravity at the pole is to the gravity at the equator, as
&1 + % is to unity, and consequently, as the diameter of the equator
is to the polar axis.

Call t the perpendicular at the surface of the ellipsoid, produced to

meet the axis of revolution, we shall have

t=« (1 + 2% (k®* 4+ 2%a¥;
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wherefore
At
p = l + )\2;
thus gravity is proportional to t.

Let 4 be the complement of the angle which t makes with the axis of
revolution ; + will be the latitude of the point of the surface, which we
are considering, and by the nature of the ellipse, we shall have

1+ 29k
v 1 4 A2%cos.? '4/
we therefore shall have

t—

A’k .
¥/ 1+ A%cos. 2’
and substituting for A’ its value, we shall get
p__4wrg k. (1+7\9)(7\-——t'm-')\) (3)
A2 1 4 A% cos. )
this equation gives the relation between gravity and the latitude; but we
must determine the constants which it contains,
Let T be the number of seconds in which the fluid mass will effect a
revolution ; the centrifugal force at the distance 1 from the axis of revo-

p=

lution, will be equal to %7 Tg ; we therefore have

g 127

15 3., T L TP

which gives
12. %%
4‘ L g _— —(-1—.—‘,1‘—5 .

The radius of curvature of the elliptic meridian is
Ltk
(1 4+ A%cos2y) ¥
calling therefore ¢ the length of a degree at the latitude +, we shall have
(142 rk
(1 + A% cos.? «14)3'
This equation combined with the preceding one, gives

47 (1 4229k _ . g 1y 127
Y1+ A%cos. 2 = 200¢ (14 2*cos.* J). T’"

thus we shall have

= 200 c.

= 200 ¢ (1 2 2 gy A—tan.=!'A 12«
P c (1 4+ A% cos. «,)/)»-———-——-)‘.a q—T—,

Let 1 be the length of the simple pendulum which oscillates seconds ;
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from dynamics it results that p = #*1 (see§ X.) ; comparing these two
expressions of p, we get

2400 ¢ (A — tan.—'2) (1 A% cos.?
q= ( fxl'[’))f’-'- ); e e e . (4)

this equation and equation (2) of the preceding No. will give the values
of q and A by means of the length 1 of the seconds’ pendulum, and the
length c of the degree of the meridian, both being observed at the lati-
tude . .
Suppose ¥ = 50°, these equations will give

a=Zrrs— (GT)" + s

A% = -';—q+z-gq“ + &c.;
observations give, as we shall see hereafter,

¢ =100000; 1 = 0.741608;
moreover we have T = 99727; we shall thus obtain

q = 0.00344957; 2* = 0.00868767.

The ratio of the axis of the equator to the polar axis, being ' 14 A%,
it becomes in this case 1.00433441; these two axes are very nearly in
the ratio of 231.7 to 280.7, and by what precedes, the gravities at the
pole and at the equator are in the same ratio.

We shall have the semi polar axis k, by means of the equation

200c(14+329%  200c¢
7 (1 4+ 2% T

k =

1 —1224 &el;

which gives
k = 6352534,

To get the attraction of a sphere, whose radius is k, and density any
whatever ; we shall observe that a sphere, having the radius k aud density
g acts upon a point placed at its surface, with a force equal to § = ¢. k,
ApV 14 Faz

and consequently, in virtue of equation (3) equal to S(I+29) (tan—17)"

ortop (l - % At o4 &c.), or finally to 0.998697. p, p being the gravi-

ty upon the parallel of 50°. Hence it is easy to obtain the attractive force
of a sphere of any radius and density whatever, upon a point placed with-
in or without it.

564. If the equation (2) of No. 562, were susceptible of many real
roots, many figures of equilibrium might result from the same motion of
rotation; let us examine therefore whether this equation has several real
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9r42qar’

9432
which being equated to zero, produces the equation (2). It is easy to see,
that by making A increase from zero to infinity, the expression of ¢ begins
and ends by being positive ; thus, by imagining a curve whose abscissa is
» and ordinate g, this curve will cut its axis when A = 0; the ordinates
will afterwards be positive and increasing; when arrived at their maxi-
mum, they will decrease; the curve will cut the axis a second time at a
point which will determine the value of A corresponding to the state of
equilibrium of the fluid mass; the ordinates will then be negative, and
since they are positive when A = w; the curve necessarily cuts the axis
a third time, which determines a second value of A which satisfies the
equilibrium. Thus we see, that for one and the same value of g, or for
one given motion of rotation, there are several figures for which the
equilibrium may subsist.

To determine the number of these figures, we shall observe, that we
have

roots. For that purpose, call ¢ the function — tan.~!2,

do = 6r*drfqrt4 (10q—6) A%+ 9 q1
= BAF9)% (1+ 27 :
The supposition of d ¢ = 0, gives
0=qAr*4 (10q—6)r*+ 9q;
whence we derive, considering only the positive values of A

3 (3
SN Err ey

These values of A determine the mazima and minima of the ordinate ¢;
there being only two similar ordinates on the side of positive abscissas, on
that side the curve cuts its axis in three points, one of them being the
origin; thus, the number of figures which satisfy the equilibrium is reduc-
ed to two,

The curve on the side of negative abscissas being exactly the same as
on the side of positive abscissas; it cuts its axis on each side in corre-
sponding points equidistant from the origin of coordinates; the negative
values of A which satisfy the equilibrium, are therefore, as to the sign
taken, the same as the positive values; which gives the same elliptic fi-
gures, since the square of A only enters the determination of these figures;
it is useless therefore to consider the curve on the side of negative ab-
scissas.

If we suppose q very small, which takes place for the earth, we may
satisfy equation (2) of 562, in the two hypotheses of A* being very small,
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and of A% being very great. In the first, by the preceding No., we
have
_5 5,
Xz_—éq-{-nq +&Cc
To get the value of A® in the second hypothesis, we shall observe that

. . . L
then tan.—! A differs very little from } =, so that if we suppose A = 5

« will be a very small angle of which the tangent is % ; we shall there-

fore have, p. 27. Vol. L.

1 1
3—xi+5x5—&°'

o = —

P ]

and consequently

ka 1 1

1
-1 — s — e e
tan. 7‘_2_)\—{-37\3 5;\5+&c.,

equation (2) of No. 562, will thus become
974+ 2q.2° _« 1, 1

“oFsar — 2 tgme ke
whence by the reversion of series we get
_ 8% 8  4gq 64
rE g w (g e

= 2.356195. % — 2.546479 — 1.4'18885 q + &c.

We have seen in the preceding No., that relatively to the earth,
q = 0.00344957 ; this value of q substituted in the preceding expression,
gives A = 680.49. Thus the ratio of the two axes equatorial and polar,
a ratio which is equal to 4 1 + A% is in the case of a very thin spheroid,
equal to 680.49.

The value of q has a limit beyond which the equilibrium is impossible,
the figure being elliptic. Suppose, in fact, that the curve cuts its axis
only at its origin, and that in the other points it only touches; at the
point of contact we shall have ¢ = 0, and d ¢ = 0; the value of ¢ will
never therefore be negative on the side of positive abscissas, which are
the only ones we shall here consider. The value of q determined by the
two equations =0, d p=0, will therefore be the limit of those with which
the equilibrium can take place, so that a greater value will render the
equilibrium impossible ; for q being supposed to increase by f, the func-

oyt . 2fa2
tion ¢ increases by the term W; thus, the value of ¢ correspond-

ing to g, being never negative, whatever % may be, the same function cor-
responding to q + f, is constantly positive, and can never become no-
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thing; the equilibrium is then therefore impossible. It results also from
this analysis, that there is only one real and positive value of g, which
would satisfy the two equations ¢ = 0, and d ¢ = 0. These equations
give
_ 622
1= T F29 @ + 29

TAS4 3007 4 27 2
T+29@+r90 +2)

The value of A which satisfies this last equation is A = 2.5292; whence
we get q = 0.337007 ; the quantity 4 1 4 A% which expresses the ra-
tio of the equatorial axis to the polar axis, is in this case equal to 2.719%.

The value of q relatively to the earth is equal to 0.00344957. This
value corresponds to a time of rotation of 0.99727 days; but we have

0 = — tan,—! A,

generally q = ;;rg—g, so that relatively to masses of the same density, q is

proportional to the centrifugal force g of the rotatory motion, and conse-
quently in the inverse ratio of the square of the time of rotation; whence
it follows, that relatively to a mass of the same density as the earth, the
time of rotation which answers to q = 0.337007, is 6.10090 days. Whence
result these two theorems.

¢ Every homogeneous fluid mass of a density equal to the mean density
of the earth, cannot be in equilibrium having an elliptic figure, if the time
of its rotation is less than 0.10090 days. If this time be greater, there
will be always two elliptic figures and no more which satisfy the equili-
brium.”

“If the density of the fluid mass is different from that of the earth; we
shall have the time of rotation in which the equilibrium ceases to be pos-
sible under an elliptic figure, by multiplying 0.10090 days by the square
root of the ratio of the mean density of the earth to that of the fluid
mass.”

This relatively to a fluid mass, whose density is only a fourth part of
that of the earth, which nearly is the case with the sun, this time will be
0.20184 days; and if the density of the earth supposed fluid and homo-
geneous were about 98 times less than its actual density, the figure which
it ought to take to satisfy its actual motion of rotation, would be the limit
of all the elliptic figures with which the equilibrium can subsist. The
density of Jupiter being about five times less than that of the earth, and’
the time of its rotation being 0.41877 days; we see that this duration is
in the limits of those of equilibrium.
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It may be thought that the limit of q,_is that where the fluid would be-
gin to fly off by reason of a too rapid motion of rotation ; but it is easy to
be convinced of the contrary, by observing that by 563, the gravity at the
equator of the ellipsoid is to that at the pole in the ratio of the polar axis
to that of the equator, a ratio which in this case, is that of 1 to 2.7197;
the equilibrium ceases therefore to be possible, because with a motion of
rotation more rapid, it is impossible to give to the fluid mass, an elliptic
figure such that the resultant of its attraction and of the centrifugal force,
may be perpendicular to the surface.

Hitherto we have supposed A? positive, which gives the spheroids flat-
tened towards the poles; let us now examine whether the equilibrium can
subsist with a figure lengthened towards the poles, or with a prolate sphe-
roid. Let A* = —2’%; A* must be positive and less than unity, otherwise,
the ellipsoid will be changed into a hyperboloid. The preceding value
of d ¢ gives

_ pArrdafqat +(10q—6)A’+9q}
p=/ T+29) (O +3292
the integral being taken from A = 0. Substituting for A its value + 2" ¥/ =1,
we shall have

VLY. BV —_2), (9 —N2 W2
¢=i~/—1'/ d E(]_]i_l_;\lz) (2)( 3)\ls;+6 }

but it is evident that the elements of this last integral are all of the same

sign from A% = 0, to M2 = 1; the function ¢ can therefore never be-

come nothing in this interval. Thus then the equilibrium cannot subsist

in the case of the prolate spheroid.

565. If the motion of rotation primitively impressed upon the fluid
mass, is more rapid than that which belongs to the limit of q, we must
not thence infer that it cannot be in equilibrium with an elliptic figure ;
for we may conceive, that by flattening it more and more, it will take a
rotatory motion less and less rapid; supposing therefore that there exists,
as in the case of all known fluids, a force of tenacity between its mole-
cules, this mass, after a great number of oscillations, may at length arrive
at a rotatory motion, comprised within the limits of equilibrium, and may
continue in that state. But this possibility it would also be interesting to
verify ; and it would be equally interesting to know whether there would
not be many possible states of equilibrium ; for what we have already de-
monstrated upon the possibility of two states of equilibrium, correspond-
ing to one motion of rotation, does not infer the possibility of two states
of equilibrium corresponding to one primitive force; because the two




256 A COMMENTARY ON [Secr. XIL & XIIIL

states of equilibrium relative to one motion of rotation, require two pri-
mitive forces, either different in quantity or differently applied.

Consider therefore a fluid mass agitated primitively by any forces what-
_ ever, and then left to itself, and to the mutual attractions of all its parts.
If through the center of gravity of this mass supposed immoveable, we
conceive a plane relatively to which the sum of the areas described upon
this plane, by each molecule, multiplied respectxvely by the correspond-
ing molecules, is a mazimum at the origin of motion; this plane will
always have this property, whatever may be the manner in which the
molecules act upon one another, whether by their tenacity, by their attrac-
tion, and their mutual collision, even in the very case where there is finite
loss of motion in an instant of time; thus, when after a great number of
oscillations, the fluid mass shall take a uniform rotatory motion about a
fixed axis, this axis shall be perpendicular to the plane above-mentioned,
which will be that of the equator, and the motion of rotation will be such
that the sum of the areas described during the instant d t, by the mole-
cules projected upon this plane, will be the same as at the origin of mo-
tion ; we shall denote by E d t this last sum.

We shall here observe, that the axis in question, is that relatively to
which the sum of the moments of the primitive forces of the systemn was a
maximum. It retains this property during the motion of the system, and
finally becomes the axis of rotation; for what is above asserted as to the
plane of the mazimum of projecled arcas, cqually applies to the axis of the
greatest moment of forces ; since the elementary area described by the pro-
jection of the radius-vector of a body upon a plane, and multiplied by its
mass, is evidently proportional to the moment of the finite force of this
body relatively to the axis perpendicular to this plane.

Let, as above, g be the centnfugal forcc due to the rotatory motion at
the distance 1 from the axis; 4 g will be the angular velocity of rotation
(p. 166. Vol. L) ; then call k the semi-axis of rotation of the fluid mass,
andk & 1 4 A* the semi-axis of its equator. It is easy to show that
the sum of the areas described during the instant d t, by all the molecules
projected upon the plane of the equator and multiplied respectively by the
corresponding molecules, is

4”(1 +a)kdtv g
we shall therefore have

47g,

5 J+ ANt k®* v g=E.
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Then calling M, the fluid mass, we shall have
}wk’ (1 4+ 2% = M;
the quantity g wt which we have called q, in No. 562, thus becomes

q (1 4 2% g, denoting by ¢’ the function 25E———%I—(é—ﬂ)— The equa-
tion of the same No. becomes
o= 9r+2qgr (a4 An~8
94 3¢
This equation will determine A ; we shall then have k by means of the
preceding expression of M.
Call ¢ the function
9n+2qa%(1 429§
9 F 32
which, by the condition of equilibrium, ought to be equal to zero: this
equation begins by being positive, when 2 is very small, and ends by being
negative, when A is infinite; there exists therefore between » = 0, and
A = infinity, a value of A which renders this function nothing, and conse-
quently, there is always, whatever ¢’ may be, an elliptic figure, with which
the fluid mass may be in equilibrium.
The value of ¢ may be put under this integral form

tan. =t A,

— tan.~! A,

219 ' §
2/7\‘dl 3 4+ 18q¢ —{¢'A* 4 18(1 4+ 1?) }}
= .
(9 + 3292 (1 4+29)¥
When it becomes nothing the function .
27 .

T 418 q — g at 418 (14298,

has already passed through zero to become negative ; but from the in-
stant when this function begins to be negative, it continues to be so as A

. . 27 ¢ .
increases, because the positive part ? + 18 ¢ decreases whilst the ne-

gative part — {q’ A* 4 18 (1 + A?) 1‘2’} increases ; the function ¢ cannot
therefore twice become nothing ; whence it follows, that there is but one
real and positive value of A which satisfies the equation of equilibrium,
and consequently, the fluid can be in equilibrium with one elliptic figure
only.

Yor. 11 R
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ON THE FIGURE OF A SPHEROID DIFFERING VERY LITTLE FROM A SPHERF,
AND COVERED WITH A SHELL OF FLUID IN EQUILIBRIUM.

566. We have already discussed the equilibrium of a homogeneous
fluid mass, and we have found that the elliptic figure satisfies this equili-
brium; but in order to get a complete solution of the problem, we must
determine a priori all the figures of equilibrium, or we must be certified
that the elliptic is the only figure which will fulfil these conditions; be-
sides, it is very probable that the celestial bodies have not homogeneons
masses, and that they are denser towards the center than at the surface.
In the research, therefore, of their figure, we must not rest satisfied with
the case of homogeneity ; but then this research presents great difficul-
ties. Idappily it is simplified by the consideration of the little difference
which exists between the spherical figure and those of the planets and
satellites; by which we are permitted to neglect the square of this differ-
ence, and of the quantities depending on it. Notwithstanding, the research
of the figure of the planets is still very complex. To treat it with the
greatest generality, we proceed to consider the equilibrium of a fluid mass
which covers a body formed of shells of variable density, endowed with
a rotatory motion, and sollicited by the attraction of other bodies. For
that purpose, we proceed to recapitulate the laws of equilibrium of fluids,
as laid down in works upon hydrostatics.

If we name ¢ the density of a fluid molecule, It the pressure it sustains,
F, I, ¥/, &c. the forces which act upon it, and d f, d £/, d f” the ele-
ments of the directions of these forces; then the general equation of the
equilibrium of the fluid mass will be

5‘-?5’ =FAdf4+ Fdf +Fdf + &e.

Suppose that the second member of this equation is an exact difference ;
designating by d ¢ this difference, ¢ will necessarily be a function of 1T and
of ¢: the integral of this equation will give ¢ in a function of II; we may
therefore reduce to a function of I only, from which we can obtain II in
a function of p; thus, relatively to shells of a given coustant density, we
shall have d 11 = 0, and consequently

0=Fdf+4+ Fdf + F"df" 4 &c.;
an equation which indicates the tangential force at the surface of those
shells is nothing, and consequently, that the resultant of all the forces
F, IV, F”, &c. is perpendicular to this surface; so that the shells are
spherical.
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The pressure I1 being nothing at the exterior surface, ¢ must there be
constant, and the resultant of all the forces which animate each molecule
of the surface is perpendicular to it. This resultant is wnat we call gravi-
ty. 'The conditions of equilibrium of a fluid mass, are therefore 1st, that
the direction of gravity be perpendicular to each point of the exterior sur-
face: 2dly, that in the interior of the mass the directions of the gravity of
each molecule be perpendicular to the surface of the shells of a constant
density. Since we may take, in the interior of a homogeneous mass, such
shells as we wish for shells of a constant density, the second of two pre-
ceding conditions of equilibrium, is always satisfied, and it is sufficient for
the equilibrium that the first should be fulfilled ; that is to say, that the
resultant of all the forces which animate each molecule of the exterior
surface should be perpendicular to the surface.

56'7. In the theory of the figure of the celestial bodies, the forces F, IV,
T, &c. are produced by the attraction of their molecules, by the centrifu-
gal force due to their motion of rotation, and by the attraction of distant
bodies. It is casy to be certified that the difference I d f 4+ I d f/ 4-&e.
is there exact; but we shall clearly perceive that, by the analysis which
we are about to make of these different forces, in determining that part of
the integral /(F d f 4 F d f’ 4 &c.) which is relative to each of them.

If we call d M any molecule of the spheroid, and f its distance from the
point attracted, its action upon this latter will be ll\ﬁ[ . Multiplying this

action by the element of its direction, which is — d f; since it tends to
diminish f, we shall have, relatively to the action of the molecule d M,

SFdf= ‘tM

+ F df 4 &ec.), which depcnds on the attraction of the molecules of
the spheroid, is equal to the sum of all these molecules divided by their
respective distances from the molecule attracted. "We shall represent this
sum by V, as we have already done.

; whence it follows that that part of the integral /(F d f

We propose, in the theory of the figure of the planets, to determine
the laws of the equilibrium of all their parts, about their common center of
gravity ; we must, therefore, transfer into a contrary direction to the mole-
cule attracted, all the forces by which this center is animated in virtuc of
the reciprocal action of all the parts of the spheroid; but we know
that, by the property of this center, the resultant of all the actions upon

this point is nothing. To get, therefore, the total effect of the attraction
R2
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of the spheroid upon the molecules attracted, we have nothing to add
to V.

To determine the effect of the centrifugal force, we shall suppose the
position of the molecule determined by the three rectangular coordinates
x’; ¥, 2/, whose origin we fix at the center of gravity of the spheroid.
We shall then suppose that the axis of x’ is the axis of rotation, and that
g expresses the centrifugal force due to the velocity of rotation at the dis-
tance 1 from the axis. This force will be nothing in the direction of x’
and equal to gy’ and g 7’ in the direction of y’ and of z'; multiplying,
therefore, these two last forces respectively by the elements d y/, d 2 of
their directions, we shall have § g (y'* 4 2'?) for that part of the integral

S(Fdf 4+ T df’ 4+ &c.), whichis due to the centrifugal force of the
rotatory motion.

If we call, as above, r the distance of the molecule attracted from the
center of gravity of the spheroid, 4 the angle which the radius r forms with
the axis of X/, and = the angle the plane which passes through the axis
of x/, and through the molecule, forms with the plane of x/,y’; finally, if
we make cos. ¢ = m, we shall have

X=rm; y=r ¥1—m%cos.w; Z=r+ 1—m?.sin =;
whence we get
bg(y*+ 2 =4gr*(l —m?.
We shall put this last quantity under the following form :
dgri—jgri(m*—3)
to assimilate its terms to those of the expression V which are given in No.
559; that is to say, to give them the property of satisfying the equation of
partial differences

dyo® drY o
d(l'--mﬁ)'(dm dw’) .. ,
0= Tm Tt DY

in which Y ® is a rational and entire function of m, ¥ 1 — m?. cos. =
and ¥ 1T — m?® sin. = of the degree i; for it is clear that each of the two
terms J gr? and — } gr® (m?— }) satisfies for Y O, the preceding
equation.

It remains now for us to determine that part of the integral
r(Fdf+ ¥Fdf + &c.) which results from ‘the action of distant bodies.
Let S be the mass of one of these bodies, fits distance from the molecule
attracted, and s its distancefrom the center of gravity of the spheroid.
Multiplying its action by the element — d f of its direction, and then inte-
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grating we shall have -TS- This is not the entire part of the integral

JSEAf+ F df 4 &ec.) which is due to the action of S; we have still
to transfer, in a contrary direction to the molecule, the action of this body
upon the center of gravity of the spheroid. For that purpose, call v the
angle which s forms with the axis of x/, and ~ the angle which the plane
passing through this star and through the body S, makes with the plane of

x, . The action of —SS—, of this body upon the center of gravity of the

spheroid, resolved parallel to the axes of x’, y/, z, will produce the three
following forms :

S S . S . .
S8 COS- V5 5 sin. v cos. +; 5 sin. v sin. V%

Transferring them in a contrary direction to the molecule attracted,
which amountstoprefixingto them the sign —, then multiplying them by
the elements d x’, d y’, dz/, of their directions, and integrating them, the
sum of the integrals will be

S . . .
— -;;.{x’ cos, v + y’ sin. v. cos. 4 + 2’ sin. v sin. 4} 4 const.;

the entire part of the integral /(Fd f 4 F/ d f/ 4 &c.), due to the ac-
tion of the body S, will therefore be
__Sf_ -—%{x’ cos, v 4 y’ sin. v cos. ¥ 4 2’ sin. v sin. 4} 4 const. ;
and since this quantity ought to be nothing relatively to the center of gra-
vity of the spheroid, which we suppose immoveable, and that relatively to
this point, f becomes s, and x’, y’, 7/, are nothing, we shall have

S

const. = — — .
s
However, f is equal to

i(s cos. v—X') * 4 (s.sin. v cos. ¥ — y’) * 4 (s sin. v sin,  — 2') '}&;
which gives, by substituting for x/, y’, 2, their preceding values
S S
f = ¥sT—2sr{cos. v cos. 0 4 sin. vsin. dcos. (w —}) + re}’
If we reduce this function into a series descending relatively to powers
of s, and if we thus represent the series,

2
%{P@) + = P04 ‘sl, P® 4 &c.};
we shall have generally by 561 and 562,

185, (2i]) f, i(—1) ., . i(i—1)(i—2)(1—8) .
PO=1ss .1 {» 3=l T 53 4‘(2‘?_““1')"‘(2?:3)”H"'s‘c'} ;




262 A COMMENTARY ON [Secr. XIL & XIIL

8 being equal to cos. v cos. § 4 sin. v sin. 0. cos. (v=—}); it is evident
that by 553, we have

. d P (i) P
(d{u—ml)( )}) ( +1(1+1)PW

so that the terms of the preceding have thls property, common with those
of V. 'This being shown, we have
——?————E-—-—S—(x cos. v - ¥ sin. v cos. ¥ + 7 sin. v sin. )

= sl”.{ Poylpw +——P“) + & } .
- s s st ‘

If there were other bodies &', 8", &c.; denoting by ¢/, v, ¥/, P95 s,
v’y 4" P70, &c. what we have called s, v, +}, P @, relatively to the body
S, we shall have the parts of the integral /(Fdf 4+ F d{ 4 &c.) due
to their action, by marking with one, two, &c. dashes, the letters s, v, <,
and P in the preceding expression of that part of this integral, which is

dueto the action of S.
If we collect all the parts of this integral, and make

£=uz0;
-S—P(z) + P'(Q) + &c.— X (m’ ): o Z®;
-SS—4P(3) +;§7P'(3’+ & =aZ®
&c.

« being a very small coefficient, because the condition that the spheroid is
very little different from a sphere, requires that the forces which produce
this difference should themselves be very small; we shall have

SEAM+FAF + &)=V 4ar{ZO4 ZOG rZO+ r*Z® 4 &ed

Z O satisfying, whatever i may be, in the equation of partial differences

y 420 a:27)
(d{(l— ) £ ) (G +1(1+1)zu>

The general equation of equlhbrlum will therefore be
CE_V 4 ar (20 + 20 41200 Z0 4 &} - (D
If the extraneousbodies are very distant from the spheroid, we may ne-
glect the quantities r* Z®, r* Z ®, &c., because the different terms of these
quantities being divided respectively by s*, s% &c. s'*, 8% &c. these terms
become very small when s, ¢, 8&c. are very great compared with r.  This
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case subsists for the planets and satellites with the exception of Saturn,
whose ring is too near his surface for us to neglect the preceding terms.
In the theory of the figure of that planet, we must therefore prolong the
second member of equation (1), which possesses the advantage of forming
a series always convergent; and since then the number of corpuscles ex-
terior to the spheroid is infinite, the values of Z®, Z®, &c. are given in
definite integrals, depending on the figure and interior constitution of the
ring of Saturn.

568. The spheroid may be entirely fluid; it may be formed of a solid
nucleus covered by a fluid. In both cases the equation (1) of the preced-
ing No. will determine the figure of the shells of the fluid part, by con-
sidering, that since II must be a function of ¢, the second member of this
equation must be constant for the exterior surface, and for that of the
shells in equilibrium, and can only vary from one shell to another.

The two preceding cases reduce to one when the spheroid is homoge-
neous; for it is indifferent as to the equilibrium whether it is entirely
fluid, or contains an interior solid nucleus. It is sufficient by No. 556, that
at the exterior surface we have

constant = V 4 a r? §ZO4 Z®4 r ZW4 &c.l.

If we substitute in this equation for V its value given by formula (3) of
No. 555, and if we observe that by No. 556, Y © disappears by taking for
a the radius of a sphere of the same volume as the spheroid, and that
Y © is nothing when we fix the origin of coordinates at the center of the
spheroid; we shall have ‘

3 5 e
e Ans g g v )
+ar?§Z0 4 ZO 4 v ZO 4 x*ZW 4 &c}

Substituting in the equation of the surface of the spheroid for r its value

at the surface 1 + a y, or -

adaa YO 4 YO £ Y + &}

constant =

which gives
4 Bara® flye 2y 3vaw }
FaafZ® 4+ Z® 4 aZ® 4 a*Z® 4 &e}
We shall determine the arbitrary constant of the first member of this
equation, by means of this equation,

const, =

4 )
const. =37 a2 4+ 2a®Z;

we shall then have by comparing like functions, that is to say, such as are
subject to the same equation of partial differences,
R4
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_B8@i4+1) sy,
YO —'S—Ef';—l)—;.ai 2Z()’

i being greater than unity. The preceding equation may be put under the
form

YO — 43"_ ai—2,Z0 4 sgqr'frl_erZm

the integral being taken fromr = 0 tor = a. The radiusa (1 — <« y)
of the surface of the spheroid will hence become

1455420 4 0 Z0 4 2 Z0 4 &eg
a(l+ay)=a 9a
b fdr Z® 4 120 4 VL4 Ko

‘We may put this equation under a finite form, by considering that we
have by the preceding No.

» (2)

afZO 4 rZO 412 Z0 4 &e} = -—-—%(m“’—- 1) ~§2~§S—;-:L
S s
+ r?#s?—2sré 4 r’_?_ﬁ-&c”
so that the integral /d r §Z9 4 r Z ® 4 &ec.} is easily found by known
methods.

569, The equation (1) of 567 not only has the advantage of showing the
figure of the spheroid,, but also that of giving by differentiation the law of
gravity at its surface ; for it is evident that the second member of this
cquation being the integral of the sum of all the forces with which each
molecule is animated, multiplied by the elements of their respective direc~
tions, we shall have that part of thé resultant which acts along the radius
r, by differentiating the second member relatively to r; thus calling p
the force by which a molecule of the surface is sollicited towards the center
of gravity of the spheroid, we shall have

p=— () —q5AF 2O 12O 4 L0+ 1020 4 Ko,
If we substitute in this equation for — (—qd_‘ri) , its value at the surface

-;-qr a +’§Y;{’ given by equation (2) of No. 554, and for V, its value given
by equation (1) of No. 567; we shall have

p:f;‘.”_%ua{zm+azma=zm + &l

—-(—;‘T.d.{r’ ZO 41 Z® 4 r?ZO 4r* ZW 4 &e (3)
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r must be changed into a after the differentiations in the second mem-
ber of this equation, which by the preceding No. may always be reduced
to a finite function.

p does not represent exactly gravity, but only that part of it which is
directed towards the center of gravity of the spheroid, by supposing it re-
solved into two forces, one of which is perpendicular to the radius r, and
the other p is directed along this radius. The first of these two forces is
evidently a small quantity of the order «; denoting it therefore by a v,
gravity will be equal to 'p® 4+ «® y7% a quantity which, neglecting the
terms of the order «? reduces to p. We may thus consider p as express-
ing gravity at the surface of the spheroid, so that the equations (2) and
(8) of the preceding No. and of this, determine both the figure of ho-
mogeneous spheroids in equilibrium, and the law of gravity at their
surfaces ; they contain the complete theory of the equilibrium of these
spheroids, on the supposition that they differ very little from the sphere.

If the extraneous bodies S, &, &c. are nothing, and therefore the
spheroid is only sollicited by the attraction of its molecules, and the cen-
trifugal force of its rotatory motion, which is the case of the Earth and
primary planets with the exception of Saturn, when we only regard the
permanent state of their figures; then designating by « ¢, the ratio of
the centrifugal force to gravity at the equator, a ratio which is very nearly

equal to -2~ &g
find,
a(l+ay) =ail ——= (m’——*)},

the density of the spheroid being taken for unity; we shall

P‘%Wﬂi1—§a¢+ 2 (m—1);

the spheroid is then therefore an ellipsoid of revolution, upon which in-
crements of gravity, and decrements of the radii, from the equator to
the poles, are very nearly proportional to the square of the sine of the
latitude, m being to quantities of the order «, equal to this sine.

" a,by what precedes, is the radius of a sphere, equal in solidity to the
spheroid ; gravity at the surface of this sphere will be § = a; thus we shall
have the point of the surface of the spheroid, where gravity is the same as
at the surface of the sphere, by determining m by the equation

0=—g+§(m*—43);

A3
15

which gives

m =
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570. The-preceding analysis conducts us to the figure of a homoge-
neous fluid mass in equilibrium, without employing other hypotheses than
that of a figure differing very little from the sphere: it also shows that
the elliptic figure which satisfies this equilibrium, is the only figure
which does it. But as the expansion of the radius of the spheroid into
a series of theforma {1 + « YO 4 o2 YO &c.} may give rise to some
difficulties, we proceed to demonstrate directly, and independently of this
expansion, that the elliptic figure is the only figure of the cquilibrium of
a homogeneous fluid mass endowed with a rotatory motion ; which by con-
firming the results of the preceding analysis, will at the same time serve
to remove any doubts we may entertain against the generality of this ana-
lysis.

First suppose the spheroid one of revolution, and that its radius is a
(14 @ y), y being a function of m, or of the cosine of the angle ¢ which this
radius makes with the axis of revolution. If we call f any straight line
drawn from the extremity of this radius in the interior of the spheroid; p
the complement of the angle which this straight line makes with the plauc
which passes through the radius a (1 4 a y) and through the axis of revolu-
tion; q the angle made by the projection of f upon this plane and by the
radius; finally, if we call V the sum of all the molecules of the spheroid,
divided by their distances from the molecules placed at the extremity of
the radius a (1 4+ « y); each molecule being equal to f*d f.dp.d q.
sin. p, we shall have

. V=3}/f*dp.dq.sin p,
f’ being what f becomes at its quitting the spheroid. We must now de-
termine f” in terms of p and q.

For that purpose, we shall observe that if we call ¢, the value of ¢ rela-
tive to this point of exit, and a (1 + «y’), the corresponding radius of the
spheroid, y’ being a similar function of cos. ¢ or of m’ that y is of m; it
is easily seen that the cosine of the angle formed by the two straight lines
f and a (1 4 «y) is equal to sin. p.cos. q; and therefore that in the
triangle formed by the three straight lines f', a (1 4+ ay) and a (1 4 ay’)
we have -

a*(l4+eay)t=f2*—2af' (1 + ay)sinp.cos.q+ a®(L +ay)?

* This equation gives for {2 two values; but one of them being of the
order «* is nothing when we neglect the quantities of that order; the
other becomes

f'* = 4a*sin.?pcos.q(l 4+ 2ay) + 4aa®(y —y);
which gives
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V=2a®/dpdqgsin.p {(1 +2ay)sin®pcos.?q+«(y —yi

It is evident that the integrals must-be taken from p = 0, to p = =, and
from q = — } # to q = § #; we shall therefore have

V=4esa*—$ara’y 4+ 2aa’/dp.dq.ysin.p.
y’ being a function of cos. #, we must determine this cosine in a function
of p and q; we may therefore in this determination neglect the quantitics
of the order a, since y’ is already multiplied by «; hence we easily find

a cos. ¢ = (a— ' sin. p cos. q) cos. 0 + f/ sin. p.sin. q. sin. 43
whence we derive, substituting for f’ its value 2 a sin. p cos. q,

m’ = m cos.?p — sin. 2 p cos. (2 q 4 ).

Here we must observe, relatively to the integral /'y’ d p.d q.sin. p,
taken relatively to q from 2 ¢ = — 7 to 2 q = =, that the result would
be the same, if this integral were taken from 2q = —4to 2q = 2+ —,
because the values of m’, and consequently of y’ are the same from 2 q =
—ato2q = — dasfrom 2q = #to 2q = 27 — ¢; supposing there-
fore 2q + ¢ = ¢/, which gives

m’ = m cos.?p — sin.? p cos. ¢';
we shall have

V=4%sa*—sara’y + aa? Sy dpdq sin p;
the integrals being taken from p = 0 top = = and from ¢’ = O to ¢’ =
2 -

Now if we denote by a* N the integral of all the forces extrinsic to the
attraction of the spheroid, and multiplied by the elements of their direc-
tions; by 568 we shall have in the case of equilibrium

constant = V 4+ a® N,
and substituting for V its value, we shall have
const. = $av.y —a Sy dp.dq sin. p— N;
an equation which is evidently but the equation of equilibrium of No. 568,
presented under another form. This equation being linear, it thence results
that if any number i of radiia (1 + ay), a (1 4 av), and satisfy it; the

radius a § +T“ (y + v + &c.)} will also satisfy it.

Suppose that the extraneousforces arereduced to the centrifugal force
due to the rotation, and call g this force at the distance 1 from the axis of
rotation; we shall have, by 567, N = { g (1 — m?); the equation of
equilibrium will therefore be

const. = §ary—eaSydpdqsin.p—4g(l—m?
Differentiating three times successively, relatively to m, and observing

that d m = cos. P, in virtue of the equation
dm P q
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m’ = m cos.® p — sin.? p cos. ¢;
we shall have

5) —/ dpdq sin p cos.®p (aq—:—l—l),';) s
but we have /"d pd ¢ sin. p cos.6p = 4 =5 we may therefore put the
preceding equation under this form,
0=/dpdq s1n.pcos6p{§ (dsy 323)}
This equation subsists, whatever m may be; but it is evident, that

amongst all the values between m = — 1 and m = 1, there is one which
we shall designate by h, and which is such that, abstraction being made

of the sign, each of the values of (((1] igs) will not exceed that which is re-

lative to h; denoting therefore by H, this latter value, we shall have
0 =/dpd q sin. p cos.® p{ H— ( )}

The quantity § H — a-l—n—,-s) has evidently the same sign as H, and

the factor sin. p. cos.® p, is constantly positive in the whole extent of the
integral; the clements of this integral have, therefore, all of them the
same sign as H; whence it follows that the entire integral cannot be no-
thing, at least H cannot be so, which requires that we have gencrally

3
0 =(1),
y=14m m+4+n.m?;
1, m, n, being arbitrary constants.

If we fix the origin of the radii in the middle of the axis of revolution,
and take for a the half of this axis, y will be nothing when m = I and
when m = — 1, which gives m = 0 and n = — 1; the value of y thus
becomes, 1 (1 — m?); substituting in the equation of equilibrium,

const. = gary—aSydpdqsinp—3g(l—m%;

whence by integrating we get

we shall find « 1 = %% = -g- @ @, « ¢ being the ratio of the centrifugal

. < v s 3
force to the equatorial gravity, a ratio which is very nearly equal to 4’—§;

the radius of the spheroid will therefore be
a {l + 5Z¢ (1 ——-m*)};

whence it follows that the spheroid is an ellipsoid of revolution, which is
conformable to what precedes.
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Thus we have determined directly and independently of series, the
figure of a homogeneous spheroid of revolution, which turns round its
axis, and we have shown that it can only be that of an ellipsoid which
becomes a sphere when ¢ = 0; so that the sphere is the only figure of
revolution which would satisfy the equilibrium of an immoveable homo-
geneous fluid mass.

Hence we may conclude generally, that if the fluid mass is sollicited
by any very small forces, there is only one possible figure of equilibrium,
or, which comes to the same, there is only one radius a (1 4+ «y) which
can satisfy the equation of equilibrium,

const. = $amw.y—ea/Sy dp.dq sinp— N;
y being a function of ¢ and of the longitude =, and y’ being what y be-
comes when we change ¢ and = into ¢ and ». Suppose, in fact, that
there are two different rays a (1 + «y) and a (1 + ¢y + « v) which
satisfy this equation; we shall have

const. = $aa(y+v)—eaf(y +V)dpdq sin.p— N

Taking the preceding equation from this, we shall have

const, = $ v v— /v dpdq sin. p.

This equation is evidently that of a homogeneous spheroid in equili-
brium, whose radius is a (1 4 « v), and which is not sollicited by any
force extraneous to the attraction of its molecules. 'The angle = disappear-
ing in this equation, the radius a (1 4 « v) will still satisfy it if = be suc-
cessively changed to = 4+ d =, = 4+ 2 d =, &c., whence it follows, that if
we call v, v, &c. what v becomes in virtue of these changes; the
radius

afl+avdwe +avyd= 4+ asv,d= + &}y
or
a(l+ afvdw),
will satisfy the preceding equation. If we take the integral /v d = from
w = 0 to # = 2 =, the radius a (1 4 « /v d =) becomes that of a sphe-
roid of revolution, which, by what precedes, can only be a sphere: see
the condition which results for v.

Suppose that a is the shortest distance of the center of gravity of the
spheroid whose radius is a (1 4 « v), to the surface, and fix the pole or
origin of the angle 4 at the extremity of a; v will be nothing at the pole,
and positive every where else; it will be the same for the integral /'vd =.
But, since the center of gravity of the spheroid whose radiusisa (1+v),
is at the center of the sphere whose radius is a, this point will, in like
manner, be the center of gravity of the spheroid whose radius is
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a(l + «/vda); the different radii drawn from this center to the sur-
face of this last spheroid are therefore unequal to one another, if v is not
nothing; there can only therefore be a sphere in the case of v = 0; thus we
learn for a certainty, that a homogeneous spheroid, sollicited by any small
forces whatever, can only be in equilibrium in one manner.

571. We have supposed that N is independent of the figure of
the spheroid; which is what very nearly takes place when the forces,
extraneous to the action of the fluid molecules, are due to the centri-
fugal force of rotatory motion, and to the attraction of bodies exterior
to the spheroid. But if we conceive at the center of the spheroid a finite
force depending on the distance r, its action upon the molecules placed at
the surfiace of the fluid, will depend on the nature of this surface, and
consequently N will depend upon y. This is the case of a homogeneous
fluid mass which covers a sphere of a density different from that of the
fluid; for we may consider this sphere as of the same density as the fluid,
and may place at its center a force reciprocal to the square of the dis-
tances; so that, if we call ¢ the radius of the sphere, and g its density, that
of the fluid being taken for unity, this force at the distance r will be equal
toda. Sa—(%;—!—) . Multiplying by the element — d r of its direction
c’l—1

4

must add to a* N; and since at the surface we have r = a (1 + a y), in
the cquation of equilibrium of the preceding No., we must add to N,

the integral of the product will be 4 =. » a quantity which we

— @)
This equation will become

.(:T:}y-—afy’dp.dq sin.p—N.

If we denote by a (1 + 2y + « v), a new expression of the radius of
the spheroid in equilibrium, we shall have to determine v, the equation

const. = ¥ = { 14 (e— 1)2—5} —/Vdpd(sinp;
an equation which is that of the equilibrium of the -spheroid, supposing it
immovenble, and abstracting every external force.
If the spheroid is of revolution, v will be a function of cos. 4 or m only;
but in this case we may determine it by the analysis of the preceding No. ;

for if we differentiate this equation i 4 1 times successively relatively to
m,-we shall have

s .
0=§~ {1 +(—1) ;’fs} (:} ll:ll_‘_l) f(rnt,j_::)dpd q'sin.p cos.ti+2p

¢ _danx
const. = —
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but we have
4
2i+ 8’
the preceding equation may therefore be put under this form,

— /i s 2i4e ‘l:!'__%_ 9.-3 d’tv A )‘
0=/dpdqsinpcos?i+ P~ 14¢—1. as) (d n1‘+‘) (dm’1+1) )
We may take i such that, abstractlon being made of the sign, we have

2i4 3§ c?
, —3 [1+(e--l)a--s}>15
Supposing, therefore, that i is the smallest positive whole number which

renders this quantity greater than unity, we may see, as in the preceding No.,
di+ly
dmi+?

Jdpdq'sin.pcos.?i+2p =

that this equation cannot be satisfied unless we suppose

-
which gives

v=mi4+ Ami='4 Bmi—2 4 &ec.

Substituting in the preceding equation of equilibrium for v, this value,

and for v’

mi4 Am'i-'4 B -2 4 &c.
m’ being by the preceding No. equal to m cos.? p — sin.® p cos. ¢, first
we shall find

3

1 ¢
+ (e — ]) ad g'i‘q_'l';
which supposes ¢ equal to or less than unity ; thus, whenever a, ¢, and ¢

are not such as to satisfy this equation, i being a positive whole number,
the fluid can be in equilibrium only in one manner. Then we shall have

—0; B= —_0=1 . ¢
A=0; B= 2(11i—1)° &e.
so that )
_ i(i—1) imp (=D ([ —2)(i—8) _ .
vEml—sei—n ™ T tanEioD (.21—3)“li —&es

there are, therefore, generally two figures of equilibrium, since a v is sus-
ceptible of two values, one of which is given by the supposition of « = 0,
and the other is given by the supposition of v being equal to the preced-
ing function of m.

If the spheroid has no rotatory motion, and is not sollicited by any ex-
traneous force, the first of these two figures is a sphere, and the second
has for its meridian a curve of the order i. These two curves coincide in
the case of i = 1, because the radius a (1 4+ «m) is that of a sphere in
which the origin of the radii is at the distance « from its center; but then
it is easy to see that ¢ = 1, that is, the spheroid is homogeneous, a result
agreeing with that of the preceding No.
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572, When we have figures of revolution which satisfy the equilibrium,
it is easy to obtain those which are not of revolution by the following
method. Instead of fixing the origin of the angle 4 at the extremity of
the axis of revolution, suppose it at the distance y from this extremity, and
call ¢ the distance from this same extremity of the point of the surface
whose distance from the new origin of the angle ¢is 4. Call, moreover,
= — (3 the angle comprised between the two arcs ¢ and y; we shall

have
cos. ¢ = cos. y cos. § 4 sin. y sin..d. cos. (w—B) ;

desigrating therefore by I'. (cos. ¢) the function
i(i—1)
2T+ 1)
the radius of the immoveable spheroid in equilibrium, which we have seen
is equal to a {1 4 « T. (cos. #)}, will be

a4 aal. {cos. y.cos. § 4 sin. y.sin. d cos. (w—@B)};
and although it is a function of the angle =, it belongs to a solid of revo-
lution, in which the angle ¢ is not at the extremity of the axis of revo-
lution.

Since this radius satisfies the equation of equilibrium, whatever may be
a, B, and 7, it will also satisfy in changing these quantities into o, 3, 7/,
'y 3", ", &c. whence it follows that this equation being linear, the radius

a4 a al. jcos.y cos. 0 4 sin.y sin. d cos. (= —B)}

+ &’ aT. {cos. 5 cos.d 4 sin. o/ sin. 0 cos. (= — ')}

+ &c.
will likewise satisfy it. The spheroid to which this radius belongs is no
longer one of revolution ; it is formed of a sphere of the radius a, and of
any number of shells similar to the excess of the spheroid of revolution
whose radius is a 4+ «aT.(m) above the sphere whose radius is a, these
shells being placed arbitrarily one over another.

If we compare the expression of T. (cos. ¢’) with that of P ® of No. 567,
we shall see that these two functions are similar, and that they differ only
by the quantities y and 8, which in P ® are v and +}, and by a factor in-
dependent of m and =; we have, therefore,

. d r (cos. v) d*® I (cos.¢)
d.(1—m )
0=< ( )> ( d” )+ i(i41) 1. (cos.¥)

It is easy hence to conclude, that if we lepresent by « Y ® the function
@ . I. fcos. y cos, § 4 sin. ¢ sin. 0. cos. (= — )}
+4 . T. {cos. 9’ cos. § 4 sin. 5 sin. 4. cos. (w — B')}
+ &e.

cos. | ¢/ — . Ccos.i=2¢ 4 &c. 3
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Y ® will be a rational and entire function of m, & T — m? cos. =
¥ 1 — m? sin. =, which will satisfy the equation of partial differences,

dY@) d’Y(‘)
(I— )
0__( { m dm)}) ( 2+ (l+l)Y(')

choosing for Y @, thcxcfonc, the most geneml functlon of that nature, the
function a (1 4 « Y @) will be the most general expression of the equili-
brium of an immoveable spheroid.
‘We may arrive at the same result by means of the series for V in 555 ;
for the equation of equilibrium being, by the preceding No.,
const. = V 4 a® N;
if we suppose that all the forces extraneous to the reciprocal action of the fluid

. . . —1)c?
molecules, are reducible to a single attractive force equal to § = (i—l;;lf— s

placed at the center of the spheroid, by multii)lying this force by the ele-
ment — d r of its direction, and then integrating, we shall have

3. —1)c’ —rl) € = a'N;
and since at the surface r = a (1 + « y) the preceding equation of equi-
librium will become

3
const.=V+§uqr.%(l—g)y.

Substituting in this equation for V its value given by formula (3) of
No. 555, in which we shall put for r its value a (1 4 o y), and by sub-
stituting for y its value

YO 4 YO 4 Y® 4 &e.;
we shall have
ca ca c3
0= {a—pSt2} Yora—gSvog {a—pS—g}ye
s .

e {(1 —g){—,——g—;-—_'—_*f} YO + &c;
the constant a being supposed such, that const. = % # a% This equation
givesY©® =0, Y® = 0, Y® = 0, &c. unless the coefficient of one of these
quantities, of Y ® for example, is nothing, which gives

M—pir=21—2
a? " 2i41° D
i being a positive whole number, and in this case all these quantities ex-
cept Y@ are nothing; we shall therefore have y = Y ©, which agrces
with what is found above.

Thus we see, that the results obtained by the expansion of V into a se-
Vo, II. 5
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ries, have all possible generality, and that no figure of equilibrium has
escaped the analysis founded upon this expansion; which confirms what
we have seen d priori, by the analysis of 555, in which we have proved
that the form which we have given to the radius of spheroids, is not arbi~
trary but depends upon the nature itself of their attractions.

573. Let us now resume equation (1) of No. 567. If we therein sub-
stitutefor V its value given by formula (6) of No. 558, we shall have rela-

tively to the different fluid shells
dn _ {Z(O)E‘I(l)ﬁ(s Uy
I 20 /e dat+ danfp d {at YO+ YO LY 04 1y 9.4 &e. |

4 4( 7 P 4 5 6
42 e 29 fr yor Sy oy Dy ey Nyony e

+ar?{ZO+ Z® 4 v ZO 4 r2ZW 4 &el; . . . . (1)
the differentials and integrals being relative to the variablea; the two first
integrals of the second member of this equation must be taken from a = a to
a = 1, a being the value of a, relative to the leveled fluid shell, which we are
considering, and this value at the surface being taken for unity : the two last
integrals ought to be taken from a = 0 to a = a: finally, the radius r
ought to be changed into a (1 4 ay) after all the differentiations and in-
tegrations. In the terms multiplied by « it will suffice to change r into

a; but in the term -g%fg d.a® we must substitute a (14 ay) for r;
which changes it into this
%(l —ay)feda?
and consequently, into the following
L8 P CRP U CE S T P
Hence it“in equation (1) we compare like functions, we shall have
.f(]:I—= 2afeda’+ deaxfod (a2 YO) +—§%fgda’

__4;:”)“ das 42 Z "fed (@’ YO) 4 aat ZO;
the two first integrals of the second member of this equation being taken
from a = a toa = 1, the three other integrals must be taken from a
= 0to a = a. This equation determining neither a nor Y @, but only a
relation between them, we see that the value of Y ©@ is arbitrary, and may
be determined at pleasure. We shall have then, i being equal to, ot
greater than unity,
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®
O—:w_,_alf d. (Z{_g)——_._.ymfgdaa
(ETf;ig;_aﬁTfed(al-}-st).i_aizm; .. (@)

the first integral being taken from a = a, to a = 1, and the two others
being taken from a = 0 to a = a. This equation will give the value of
Y ® relative to each fluid shell, when the law of the densities ¢ shall be
known.
To reduce these different integrals within the same limits, let
) :l’-: /e d (G l—e) Z® ='2'1"L"-‘:‘"Z’ s

the integral being taken from a = 0 to a = 1; Z’ @ will be a quantity in-
dependent of a, and the equation (2) will become

0=(2i+1)ai YO/ gda’+3ai+. /ed(
—3/ed (ai +3Y0) —3aziel I 0,
all the integrals being taken from a = 0 to a = a.

‘We may make the signs of integration disappear by differentiating re-
latively to a, and we shall have the differential equation of the second
order,

rYy® __{i(i+1) 6ea 1y Gea® (dY®
o) = e — raas YO o Caa )

The integral of this equation will give the value of Y ® with two arbi-

trary constants; these constants are rational and entire functions of the

Y ®
)

q 1—2

order i, of m, ¥1—m?®.sin. = and ¥ 1 —m?. cos. =, such, that re-
presenting them by U O, they satisfy the equation of partial diflerences,

(Ll GEY e

miz
One of these functlons will be determmed by means of the function
Z! ® which disappears by differentiation, and it is evident that it will be a
multiple of this function. As to the other function, if we suppose that
the fluid covers a solid nucleus, it will be determined by means of the
equation of the surface of the nucleus, by observing that the value of
Y @ rvelative to the fluid shell contiguous to this surface, is the same as
that of the surface. Thus the figure of the spheroid depends upon the
figure of the internal nucleus, and upon the -forces which sollicit the
fluid.
574. If the mass is entirely fluid, nothing then determining one of the

arbitrary constants, it would seem that there ought to be an infinity of
52

+i(i+ 1).UO,
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figures of equilibrium. Let us examine this case particularly, which is
the more interesting inasmuch as it appears to have subsisted primi-
tively for the celestial bodies.

First, we shall observe that the shells of the spheroid ought to decrease
in density from the center to the surface; for it is clear that if a denser
shell were placed above a shell of less density, its molecules would pene-
trate into the other in the ‘same manner that a ponderous body sinks into
a fluid of less density; the spheroid will not therefore be in equilibrium.
But whatever may be its density at the center, it can only be finite; re-
ducing therefore the expression of ¢ into a series ascending relatively to
the powers of a, this series will be of the form 8 —y.a" — &c. $, y and
n being positive; we shall thus have

al.p 1 n7. at
Jed. 83 - (n+3)
and the differential equation in Y ® will become

dzy® 6ny.a Y®
XN = {<‘—2)(‘+3>+(n+3)3 e} X0
de

6 ny.a"
-T{l T(mF3)B + &e.

To integrate this equation, suppose that Y @ is developed into a series

ascending according to the powers of a, of this form
YO =as, U® 425, U 4 &ec.;
the preceding differential equation will give
(s+i+38) (s—i+2)as—2U 4 (s+i+8) (s —i+2)ay—2 U0+ &e.
n

= % s+ 1) a=2. U0 (¢ + 1) af—2U'0 4 &} . (e)

Comparing like powers of a, we have (s+i+38) (s —i+2) = 0,
which gives s = i — 2, ands = — i — 3. To each of these values of
s, belongs a particular series, which, being multiplied by an arbitrary, will
be an integral of the differential equation in Y ®; the sum of these two in-
tegrals will be its complete integral. In the present case, the series which
answers t0 s = — 1 — 8 must be rejected; for there thence results for a
Y @, an infinite value, when a shall be infinitely small, which would render
infinite the radii of the shells which are infinitely near to the center. Thus
of the two particular integrals of the expression of Y @, that which answers .
to s = i — 2 ought alone to be admitted. This expression then, contains
no more than one arbitrary which will be determined by the function Z®,

Z O being nothing by No. 567, Y @ is likewise nothing, so that the
center of gravity of each shell, is at the center of gravity of the entire

B+ &C.,
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spheroid. In fact the differential equation in Y ® of the preceding No.
gives

d:yo 6 6eat Y(‘)
da’) ( ) j(gdgaaat‘*'Y(l)_m‘/'gfl.aa.8 (

Qa
We satisfy this equation by making YO = Eﬂ-—), U ® being indepen-

dent of a. This value of Y is that which answers to the equation
s =1i— 2; it is, consequently, the only one which we ought to admit,
Substituting it in the equation (2) of the preceding No., and supposing
ZM = 0, the function U ® disappears, and consequently remains arbitrary;
but the condition that the origin of the radius r is at the center of gravity
of the terrestrial spheroid, renders it nothing ; for we shall sce in the follow-
ing No. that then Y O is nothing at the surface of every spheroid covered
over with a shell of fluid in equilibrium; we shall have, therefore, in the
present ease UM = 0; thus, Y is nothing relatively to all the fluid shells
which form the spheroid.
Now consider the general equation,
YO =as, UD fa¥. U4 &e.;
s being, as we have seen, equal to i — 2, s is nothing or positive, when i
is equal to or greater than 2; moreover, the functions U’ ®, U”®, &c. are
given in U®, by the equation (e) of this No.; so that we have
Y® = h.U®;
h being a function of a, and U ® being independent of it. If we substi-
tute this value of Y @ in the differential equation in Y ®, we shall have
d?h 6pa’® h ~ 6¢a® dh
dar = {l( + 1)—fed a’ "5?“7?53?‘&’5'

3
The product i (i 4 1) is greater than ————- T " when i is equal to or

J d

3
7.-5—&2-—&7 is less than unity; in fact its

denominator /" ¢d. a®isequal to ga®— S a®d g and the quantity
— /a2’ d g is positive, since ¢ decreases from the center to the surface.

greater than 2, for the fraction

Hence it follows that h and :i'l—lil are constantly positive, from the

center to the surface. To show this, suppose that both these quantitics are
positive in going from the center; d h ought to become negative before b,
and it is clear that in order to do this it must pass through zero; but
from the instant it is nothing, d* h becomes positive in virtue of the pre-
ceding equation, and consequently d h begins to increase; it can never

therefore become negative. Whence it follows that h and dh always pre-
83
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scrve the same sign from the center to the surface. Now both of these
quantities are positive in going from the center; for we have in virtue of
equation (e),  — 2 = s 4+ n — 2, which gives 8’ = i 4+ n — 2; hence
we have

. . v _6n(s+ 1)y U0
S4i4+8)("—i+2UO = ;

whence we derive

6(i—1)y.UO

Uo=
@+ Ei+ntD.p

we shall therefore get

6 (i—1)y.at+n—2

(n+3)(Ri+n+1)p
dh 6(1i—1)(i+n—2)y.at+tn—s
o = (i—2a=s 4 2 (nl(8)+(2i+x)lfl- 0B

7 By 1, bemg positive, we see that at the center h and d h are positive,

when i is equal to or greater than 2; they are therefore constantly positive

from the center to the surface.

Relatively to the Earth, to the Moon, to Jupiter, &c. Z @ is nothing or
insensible, when i is equal to or greater than 3; the equation (2) of the
preceding No. then becomes

0= {3a2i+1/pd (— 5)—(2i+1)aib/eda’+38/pd(a+oh)}. UO;

the first integral being taken from a = a, to a = 1, and the two others
being taken from a = 0, to a = a. At the surface where a = 1, this equa-
tion becomes
0=§{—(@2i+1)hs/ed.a*+8/ed (at+3h)}. UD;

an equation which we can put under this form

0=§{—(2i—2)¢h+ (2i+1)h/a’de¢—38/ai+3h.dg UO.

d ¢ is negative from the center to the surface, and h increases in the
same interval; the function (2i+1)h fa®dg—38 fa!+3h d¢ is therefore
negative in the same interval ; thus in the preceding equation the coeffi-
cient of U ® is negative and cannot be nothing at the surfacc; U @ ought
therefore to be nothing, which gives Y ® = 0; the expression of the ra-
dius of the spheroid thus reduces to a + «a {Y @ 4+ Y @}; that is to say,
that the surface of each leveled shell of the spheroid is elliptic, and conse-
quently its exterior surface is elliptic.

Z @, relatively to the Earth is, by No. 567, equal to _ég; (m?—13);

h=al-24 + &ec.;

+ &ec.

the equation (2) of the preceding No. gives therefore
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0= {#rat/rdh—grath.feda’+§a/pd (a*h)} U O—Las(me—y).
At the surface, the first integral /'p d h is nothing ; we have therefore at
this surface where a = 1,
—— 8. (m*—3)

Ue = tov.h.fed.a’—%7/ed (a®h)’
Let « ¢, be the ratio of the centrifugal force to the equatorial gravity ;
the expression of gravity to quantities of the order «, being equal to
$7/ed.a’ weshallhave g = $ v« ¢ /¢ d. 2% whercfore

— ¢ (m*—4)
U(“”=2h 2 (/'g d(1{15b)
5°fe.a*da
comprising therefore in the arbitrary constant a, what we have taken for
unity, the function

h

© “hp

« Y Sh— 3 _/gd(a h)’
*Se.atda

the radius of the terrestrial sphcroxd at the surface will be
2ho (1 —m?

l+2h 2(.f€d(a2-m'

T 5 Jg.atda

The figure of the earth supposed fluid, can therefore only be that of an
ellipsoid of revolution ; all of whose shells of constant density are elliptic,
and of revolution, and in which the ellipticities increase, and the densities
decrease from the center to the surface. The relation between the ellip-
ticities and densities is given by the differential equation of the second
order,

Qh_8h_ 2 )—2ta_ db
da® = a2 8/ea*da/ Se.a*da’da’

This equation is not integrable by known methods except in some par-
ticular suppositions of the densities ¢; but if the law of the ellipticities
were given, we should easily obtain that of the corresponding densities.
We have seen that the expression of h given by the integral of this equa-
tion contains, in the present question, only one arbitrary, which disappears
from the preceding value of the radius of the spheroid ; there is therefore
only one figure of equilibrium differing but little from a sphere, which is
possible, and it is easy to see that the limits of the flattening of this figure

are ‘—‘2—¢ and § « ¢, the former of which corresponds to the case where all
S
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the mass of the spheroid is collected at its center, and the second to the
case where this mass is homogeneous.

The directions of gravity from any point of the surface to the center do
not form a straight line, but a curve whose elements are perpendicular to
the leveled shells which they traverse: this curve is the orthogonal tra-
jectory of all the ellipses which by their revolution form these shells. To
determine its nature, take for the axis, the radius drawn from the center
to a point of the surface, 4 being the angle which this radius forms with
the axis of revolution. 'We have just seen that the general expression of
any shell of the spheroid is a 4+ « k.a h. (1 — m?), k being independent
of a: whence it is easy to conclude that if we call « y/, the ordinate let
fall from any point of the curve upon its axis, we shall have

ey = aak.sin 2 0{c —-f—h—:il—ﬁ},
hda

a

c being the entire value of the integral f , taken from the center to

the surface.

575. Now consider the general case in which the spheroid always fluid
at its surface, may contain a solid nucleus of any figure whatever, but dif-
fering but little from the sphere. The radius drawn from the center of
gravity of the spheroid to its surface, and the law of gravity at this sur-
face have some general properties, which it is the more essential to con-
sider, inasmuch as these properties are independent of cvery hypothesis.

The first of these properties is, that in the state of equilibrium the
fluid part of the spheroid must always be disposed so, that the function
Y ® may disappear from the expression of the radius drawn from the cen-
ter of gravity of the whole spheroid to its sarface ; so that the center of
gravity of this surface coincides with that of the spheroid.

To show this, we shall observe that R being supposed to represent the
radius drawn from the center of gravity of the spheroid to any one of its
molecules, the expression of this molecule willbeg R%dR.dm. d =,
and we shall have by 556, in virtue of the properties of the center of
gravity,

0=/¢R%dR.dm.d=.m;
0=/¢R%*dR.dm.d=.# | —m? sin. =3
0=/ ¢:R%2dR.dm.d=. ¥ T —m¢- cos. =

Conceive the integral /¢ R° d R taken relatively to R from the origin
of R to the surface of the spheroid, and then developed into a series of

the form
NO 4 N® + NO 4 &e.;
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N ® being whatever i may be, subject to the equation of partial differ- -
ences,

(d{(l—-m’) (@5 ) ke
0= im

i+ )NO;
we shall have by No. 556, when i is dlffetent from unity,
0=/NOmdm.dw; 0=/NO. dm.dw. 4 1 —m®sin.=
and
0=/N%.dm.d=. ¥ 1 —m?2cos. =

The three preceding equations given by the nature of the center of

gravity, will become

0=/NOmdm.d=; 0 =/N®dm.dw.~ T —m?2sin. =;

0=/NUdm.d=. ¥ 1 —m?2cos. =
N® is of the form

Hm+ H. ¥ 1—m2 sin. w4 H”. ¥ 1— m?2 cos. =
Substituting this value, in these three equations, we shall have
H=0; H =0; H = 0;

where N® = 0; this is the condition necessary that the origin of R is at
the center of gravity of the spheroid.

Now let us see, what N® becomes relatively to the spheroids differing
little from the sphere, and covered over with a fluid in equilibrium. 1In
this case we have R = a (1 4 «y), and the integral /¢. R d R, be-
comes § /¢ d. {a* (1 + 4 « y)}, the differential and integral being rela-
tive to the variable a, of which ¢ is a function. Substituting for y its va-
lue YO - YO 4. Y@ 4 &c., we shall have

NO =afed(@*YM).

The equation (2) of No. 573 gives, at the surface where a ="1, and -

observing that Z® is nothing

Sed(@*YD) =YD fod.ad
the value of Y® in the second member of this equation, being relative to
the surface; thus, N® being nothing, when the origin of R is at the cen-
ter of gravity of the spheroid, we have in like manner Y® = 0.

576. The permanent state of equilibrium of the celestial Bodies, makes
known also some properties of their radii. If the planets did not turn ex-
actly, or at least if they turned not nearly, round one of their three principal
axes of rotation, there would result in the position of their axes of rota-
tion, changes which for the earth above all would be sensible; and since
the most exact observations have not led to the discovery of any, we may
conclude that long since, all the parts of the celestial bodies, and princi-
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pally the fluid parts of their surfaces, are so disposed as to render stable
their state of equilibrium, and consequently their axes of rotation. It is
in fact very natural to suppose that after a great number of oscillations,
they must settle in this state, in virtue of the resistances which they suffer.
Let us see, however, the conditions which thence result in the expression
of the radii of the celestial bodies.

If we name x, y, z the rectangular coordinates of a molecule d M of
the spheroid, referred to three principal axes, the axis of x being the axis
of rotation of the spheroid; by the properties of these axes as shown in
dynamics, we have

0=/xy.dM; 0 =/x2z.dM; 0=/yz.d M;
the integrals ought to be extended to the entire mass of the spheroid,
R being the radius drawn from the origin of coordinates to the molecule
d M; 0 being the angle formed by R and by the axis of rotation; and
= being the angle which the plane formed by this axis and by R, makes
with the plane formed by this axis and by that of the principal axes, which
is the axis of y; we shall have
x=Rm; y=R#¥ 1—micos.#; z= R ¥ 1—m=2sin.=;

dM=¢R*dRdm.d=

The three equations given by the nature of the principal axes of rota-
tion, will thus become

0=/¢9.R*dR.dm.d»=.m 1 —m?2 cos. =;
0=/¢.R*“dR.dm.d=.m ¥ 1 —m? sin. =3
0=/¢.R*“dR.dm.d=.(1—m? sin. 2 =

Conceive the integral /¢ R* d R taken relatively to R, from R = 0,
to the value of R at the surface of the spheroid, and developed into a
series of the form U® 4+ U® 4 U® 4 &e.; U being, whatever i may
be, subject to the equation of partial differences,

o=z ("”">}> (rer)

.+(+1>Uv>

We shall have by the theorem of No. 506, where i is different from 2,
and by observing that the functions m 4 1—m 2 cos. =, m ¥ 1—m?2 sin. =,
and (1 — m?*) sin. 2 w, are comprised in the form U @ ;

0=/U%dm.d=.m.~ 1 —m?2 cos. #;
0=/UWdm.d=.m.~ 1 —m?sin =;
0=/U%dm.d=.(1 —m?*sin 2=
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The three equations relative to the nature of the axes of rotation, will
thus become :
0=/U®dm.d=.m.¥ 1 —m- cos. =;

0=/Udm.dw.m. ¥ 1 —m?sin. =;
0=/U®dm.d=. (1 —m?sin. 2 =

These equations therefore depend only on the value of U®: this value
is of the form
Hm:—3)+ Hm+~v 1T —m®%sine+ H' m ¥ 1T — m* cos. = +

H” (1 — m?) sin, 2 = 4+ H” (1 — m?) cos. 2 =:
substituting it in the three preceding equations, we shall have
H =0, H" =0; H”=0.

It is to these three conditions that the conditions necessary to make the
three axes of x, y, z the true axes of rotation are reduced, and then T ®
will be of the form

H (m®*—3) + H” (1 — m?) cos. 2 =

‘When the spheroid is a solid differing but little from the sphere, and
covered with a fluid in equilibrium, we have R = a (1 + « y), and con-
sequently

JeRVAR =% fed.fa% (1 +5ay)}.

If we substitute for y, its value YO 4 Y® 4 Y® 4 &c.; we shall

have

U®=afpd(a®Y®),
The equation (2) of No. 573, gives for the surface of the spheroid,
?/f d(@’Y®) = 4sYO pd.a%m Z;
Y ® and Z® in the second member of this equation being relative to the
surface; we have therefore,
U®=5aY®fpd.a®—
The value of Z® is of the form

5“Z(‘2)
4a °

———g—(m’——é) +gmy 1l—misinne+g’ms~ 1 —m?cos. =}

+g”"(1—m?%sin.2= 4 g" (1 —m?) cos. 2=;
and that of Y® is of the form
—h(m®*—3}) +hm~/ 1T —m?sin.=+ h"m ¥ 1—m= cos.»
+ h"”. (1 —m?)sin. 2% 4 h”” (1 —m?*) cos. 2 =.
Substituting in the preceding equation, these values, and H (m? — })
+ H"” (1 — m?) cos 2 =, for U®; we shall have

/"’ 4
h =

__L; | A - SE N _ .
4xfo.atda 4xfe.a*da’ dafe.a%da
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Such are the conditions which result from the supposition that the sphe-
roid turns round one of its principal axes of rotation. This supposition
determines the constants I/, h”, h"” by means of the values g’y g, g3
but it leaves indeterminate the quantities h and h’”” as also the functions
YO, YO, &c.

If the forces extraneous to the attraction of the molecules of the sphe-
roid are reduced to the centrifugal force due to its rotatory motion; we
shall have g = 0, g’ = 0, g’/ = 0; wherefore ' = 0, h” =0, h"” = 0,
and the expression of Y %, will be of the form

—h (m?—3) 4+ h"”(1—m?) cos, 2 =.

577. Let us consider the expression of gravity at the surface of the
spheroid. Call p this force; it is easy to see by No. 569, that we shall
have its value by differentiating the second member of the equation (1) of
573 relatively to r, and by dividing its differential by — d r; which gives
at the surface

4
=§71?Jgd. RERLLYLE {a3Y<°)+-2-3—ar-Y(')+:;—if»:Y<2>+%zi§Y‘3)+&c }
—arf2Z0 42720 4 38r . ZO 4 412 ZW 4 &e.};
these integrals being taken from a = 0, to a = 1. 'The radius r at the
surface is equal to 1 4 « y, or equal to
14+a{YO 4 YO 4+ Y® 4 &3
we shall hence obtain

p .-.‘fgfgd.as-?—gf (YO 4+ YO 4 YO 4 &l fod.a®

+aarfed. f2Y0 4 2 yo 82°y o4 gel

5
—af2Z0 4 2ZD 4 3ZO 4+ 4ZD 4 &K}
The integrals of this expression may be made to disappear by means of
equation (2) of No. 573, which becomes at the surface,

2—i‘1“_-i_f—l.fgd.(ai+3 YO) =2sY0, fod.a®—Z";

supposing therefore
P= ""Irfgd.aa——s—;—-fY“’) +4arfed. (a’Y©®)—2aZO;

we shall have
p=P+aP. YO £ 2Y® £ 8YD 4 ,., 4 (i—1)Y O 4 &e.}
—a§b ZD 4 TZ® F9ZW 4., . 4+ (2i4+1)Z D + &e.3.
By observations of the lengths of the seconds’ pendulum, has been re-
cognised the variation of gravity at the surface of the earth, By dy-
namics it appears that these lengths are proportional to gravity; let
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therefore 1, L be the lengths of the pendulum corresponding to the gravi-
ties p, P; the preceding equation will give
I=L+4+oaL{Y® 4 2YO 4 3YW 4 ... 4 (i—1)Y 9

—-gPL-{f) Z® + 7Z(3)+...........+(2i+l)Z(i)},

which comes to the same, to — 523 P.(m*—13), a0 being the ratio of

the centrifugal force to the equatorial gravity; moreover, Z®, Z®, &c.
are nothing ; we have therefore
I1=L4+aL.{Y® 4+2YO48YD 4., .. (i—1) Y
+ dap.L.(m*—}).
The radius of curvature of the meridian of a spheroid which has for its
radius 1 4 a y, is

- (_____)+< {l*mz)((rm )

designating therefore by c, the magnitude of the degrec of a circle whose
radius is what we have taken for unity ; the expression of the degree of
the spheroid’s meridian, will be

of L a(my p OmED]

yis equal to YO 4- Y 4 Y® 4 &c. We may cause Y to disap-
pear, by comprising it in the arbitrary constant which we have taken for
the unit; and Y ® by fixing the origin of the radius at the center of gravity
of the entire spheroid. This radius thus becomes,
14aiY®O 4+ YO YD 4 &eld.

If we then observe that

dY ® dzy®
(la=mn ) e G5

—m?’

the expression of the degree of the meridian will become
c—acf 5 YO 4 11YO4 (. 4 (i*+i—1) YO 4 &c}

reen{ ()4 () )

dzY® da:yYy®
(:w’ ) ( )+&

—ucl
l—--m2
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If we compare these expressions of the terrestrial radius with the length
of the pendulum, and the magnitude of the degree of the meridian, we
sec that the term « Y @ of the expression of the radius is multiplied by
i — 1, in the expression of the length of the pendulum, and by i*4i—1
in that of the degree; whence it follows, that whilst i — 1 is considerable,
this term will be more sensible in the observations of the length of the
pendulum than in that of the horizontal parallax of the moon which is
proportional to the terrestrial radius ; it will be still more sensible in the
measures of degrees than in the lengths of the pendulum. The reason of
it is, that the terms of the expression of the terrestrial radius undergo two
variations in the expression of the degree of the meridian ; and each dif-
ferentiation multiplies these terms by the corresponding exponent of m,
and this renders them the more considerable. In the expression of the
variation of two consecutive degrees of the meridian, the terms of the ter-
restrial radius undergo three consecutive differentiations; those which
disturb the figure of the earth from that of an ellipsoid, may thence be-
come very sensible, and the ellipticity obtained by this variation may be
very different from that which the observed lengths of the pendulum give.
These three expressions have the advantage of being independent of the
interior constitution of the earth, that is to say, of the figure and density
of its shells; so that if we are going to determine the functions Y®, Y ®,
&c. by measures of degrees of meridians and parallaxes, we shall have
immediately the length of the pendulum; we may therefore thus ascertain
whether the law of universal gravity accords with the figure of the earth,
and with the observed variations of gravity at its surface. These remark-
able relations between the expressions of the degrees of the meridian and
of the lengths of the pendulum may also serve to verify the hypotheses
proper to represent the measures of degrees of this meridian : this will be
perceptible from the application we now proceed to make to the hypothe-
sis proposed by Bouguer, to represent the degrees measured northward
in France and at the equator.

Suppose that the expression of the terrestrial radius is 1 4 a Y® 4
o Y®, and that we have

YO=—Am*—}); YO = —B (m*—fm*+ 3);

it is easy.to see that thesc functions of m satisfy the equations of partial
differences which Y® and Y® ought to satisfy. The variation of the de-
grees of the meridian will be, by what precedes,

102

ac{3A——,7—-lB} 2+l5acB.m‘.
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Bouguer supposes this variation proportional to the fourth power of the
sine of the latitude, or, which nearly comes to the same, to m*; the term
multiplied by m*, therefore, being made to disappear from the preceding
function, we shall have

B='7

;‘3—; A H
thus in this case the radius drawn from the center of gravity of the earth
at its surface, will be in taking that of the equator for unity,

TaA
34

The expression of the length 1 of the pendulum, will become, denoting
by L, its value at the equator,

L+fap.Lm*—

1 —

(4m*4m*).

aAL

(I6m2 421 m?).

Finally, the cxpression of the d(.gree of the meridian, will be, calling ¢
its length at the equator,
105
c+ 34
‘We shall observe here, that agreeably to what we have just said, the
term multiplied by m* is three times more sensible in the expression of
the length of the pendulum than in that of the terrestrial radius, and five
times more sensible in the expression of the length of a degree, than in
that of the length of the pendulum; finally, upon the mean parallel it
would be four times more sensible in the expression of the variation of
consecutive degrees, than in that of the same degree. According to Bou-

xoA.c.m?

959 _. it is
567153’
the ratio which, on his hypothesis, the measures of degrees at Pello, Paris

guer, the difference of the degrees at the pole and equator is

and the equator, require. This ratio is equal to 1394? .a A; we have

therefore
o A = 0.0054717.
Taking for unity the length of the pendulum at the equator, the va-
riation of this length, in any place whatever, will be

—Qﬂg%m f16m? 4+ 21m*} + wp.m2
By No. 563, we have ¢ ¢=0. 00345113, which gwes § «9=0. 0086278,
and the preceding formula becomes

0. 0060529. m* — 0. 0033796, m *.
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At Pello, where m = sin, 74°. 22/, this formula gives 0.0027016 for
the variation of the length of the pendulum. According to the observa-
tions, this variation is 0. 0044625, and consequently much greater; thus,
since the hypothesis of Bouguer cannot be reconciled with the observations
made on the length of the pendulum, it is inadmissible.

578, Let us apply the general results which we have just found, to the
case where the spheroid is not sollicited by any extraneous forces, and
where it is composed of elliptic shells, whose center is at the center of
gravity of the spheroid. 'We have seen that this case is that of the earth
supposed to be originally fluid : it is also that of the earth in the hypo-
thesis where the figures of the shells are similar. In fact, the equation
(2) of No. 573 becomes at the surface where a = 1,

VAQ

0=Y®/pa*da— d (ai+3Y ('))——-—

1
5iF1/*

The shells being supposed similar, the value of Y © 15, for each of
them, the same as at the surface; it is consequently independent of a, and

we have
(), 2 ll 3 al ....Zj
YO [ ea da{l 5TEl }._.'1.

‘When i is equal to or greater than 8, Z  is nothing relatively to the
i+ 3
2i+4+1°
is then nothing. Y ™ is also nothing by No. 575, when we fix the origin
of the radii at the center of gravity of the spheroid. Finally, by No. 577,
we have Z @ equal to

——-g-(m'—- L) 47 fe.a%da; Y”:——-g—. (v*—%)Sea%da;

we have therefore

earth; besides the factor 1 — a i isalways positive ; therefore Y ©

S (m*— 3 seatda

Jea*da(l—a?

Thus the earth is then an ellipsoid of revolution. Let us consider there-
fore generally the case where the figure of the earth is elliptic and of re-
volution.

In this case, by fixing the origin of terrestrial radii at the center of
gravity of the earth, we have

YO =0; YO =0; Y® =0; &
Y® = —h (m"'"' %)2

YO = —
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h being a function of a; moreover we have
ZO =0; Z® =90; Z% = 0; &ec.

aZ® = —Fmr—p. L0 0 d. 0

the equation (2) of No. 573 will therefore give at the surface
0=6./¢d (a’h) + 5. (p—2h) fed.a® . . . (1)
This equation contains the law which ought to exist to sustain the
equilibrium between the densities of the shells of the spheroid and their
ellipticities ; for the radius of a shell beinga {142 Y©® — ah (w2 —1)};
if we suppose, as we may, that Y = — 1 h, this radius becomes
a(l—ah.u?), and « h is the ellipticity of the shell.
At the surface, the radius is 1 — « h. »*; whence we see that the de-
crements of the radii, from the equator to the poles, are proportional to
#% and consequently to the square of the sines of the latitude.

The increment of the degrees of the meridian from the equator to the
poles is, by the preceding No., cqual to 8 « h c. % c being the degree
of the equator ; it is therefore also proportional to the square of the sine
of the latitude,

The equation (1) shows us that the densities being supposed to decrease
from the center to the surface, the ellipticity of the spheroid is less than
in the case of homogeneity, at least whilst the ellipticities do not increase
from the surface to the center in a greater ratio than the inverse ratio of

the square of the distances to this center. In fact, if we suppose h = ;uz R

we shall have
Sed(a*h) =/ed(au) = ufpd.a® 4 /(du.fady).
If the ellipticities increase in a less ratio than ;l? » u increases from the
center to the surface, and consequently d u is positive ; besides, d ¢ is ne-
gative by the supposition that the densities decrcase from the center to the

surface; thus, /( d u/fa®d g) is a negative quantity, and making at the
surface

Jed(@®h) = (h—f)fed.a3
f will be a positive quantity. Hence equation (1) will give
_S5p—6f
h —_— “"T‘-"‘,

5-;-? » and consequently it will be less than

Vou. 1I. T

a h will therefore be less than
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in the case of homogeneity, where d'¢ being cqual to nothing f is also equal
to zero.

Hence it follows, that in the most probable hypotheses, the flattening of
59
4
of the spheroid are dehser towards the center, and that the ellipticities

the spheroid is less than ; for it is natural to suppose that the shells

increase from the surface to the center in a less ratio than é , this ratio

giving an infinite radius for shells infinitely near to the center, which is
absurd. These suppositions are the more probable, inasmuch as they
become necessary in the case where the fluid is originally fluid ; then the
denser shells are, as we have seen, the nearer to the center, and the ellip-
ticities so far from increasing from the surface to the center, on the con-
trary, decrease.

If we suppose that the spheroid is an ellipsoid of revolution, covered
with a homogeneous fluid mass of any depth whatever, by calling a’ the
semi-minor axis of the solid ellipsoid, and « I’ its ellipticity, we shall have
at the surface of the fluid,

Jed(@a’h)y=h—a'*h 4 f¢d (a®h);

the integral of the second member of this equation being taken relatively
to the interior ellipsoid, from its center to its surface, and the density of
the fluid which covers it being taken for unity. The equation (1) will
give for the expression of the ellipticity « h, of the terrestrial spheroid,

ah = 3pil —a’? 4 feda’} —6ah/. 2’ °4+6a/pd(a’h)_
- 4—10a%+ 10./¢d.a’ ’
the integrals being taken from a = 0 to a = a’.

Let us now consider the law of gravity, or which comes to the same,
that of the length of the pendulum at the elliptic surface in equilibrium.
The value of 1, found in the preceding No., becomes in this case

=L+ a«L{§p—h}(m*—13);
making, therefore, L'=L — % ¢ L (§ ¢ — h), we shall have, in neglecting
quantities of the order «%
=L+l (§p—h)u;
an equation from which it results that L’ is the length of the seconds’
pendulum at the equator, and that this length increases from the equator
to the poles, proportionally to the square of the sine of the latitude.

If we call @ ¢ the excess of the length of the pendulum at the pole above

its length at the equator, divided by the latter, we shall have
as=oa(§ ¢—h);
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and consequently .

ot ah=jJao;

a remarkable equation between the ellipticity of the earth and the varia-
tion of the length of the pendulum from the equator to the poles. In the
case of homogeneity « h = { « ¢; hence in this case « ¢ = a h; but i
the spheroid is heterogeneous, as muck as u h is above or below § « ¢, so
much is o s above or below the same quantity.

579. The planets being supposed covered with a fluid in equilibrium, it
is necessary, in the estimate of their attractions, to know the attraction of
spheroids whose surface is fluid and in equilibrium: we may express it
very simply in this way. Resume the equation (5) of No. 558; the signs
of integration may be made to disappear by means of equation (2) of No.
578, which gives at the surface of the sphéroid,

4!71" . . 4 o H
sTp/ed@i+e.YO) = S YO fed ad— 2

thus fixing the origin of the radii r at the center of gravity of the spheroid
which makes Y ®disappear; then observing that Z @ is nothing, and that Y

being arbitrary, we may suppose é‘_; Y© — ZO® = 0, the equation (5)
of 558, will give
®) (O
—fed L ”{Y@ +Y +L+ &c}fed-a’

— {zm = +Z(:)+&c}

r

an expression in which we ought to observe that %f Jed. a’®expresses the

mass of the spheroid, since, in the case of r being infinite, the value of V
is equal to the mass of the spheroid divided by r. Hence the attraction

of the spheroid parallel to r will be — (%l—rY ; the attraction perpendicu-

. L - . ¥V 1—-m?
lar to this radius, in the plane of the meridian will be — —

(%%), finally, the attraction perpendicular to this same radius in the

direction of the parallel will be
av
=/
rv 1—m?
The expression of V, relatively to the earth supposed elliptic, becomes
v=M  tep—ahy mt— 1);

r r?
M being the mass of the carth.
T2
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580. Although the law of attraction in the inverse ratio of the square
of the dlst.ance is the only one that interests us, yet equation (1) of 554
affords a determination so simple of the gravity at the surface of homoge-
neous spheroids in equilibrium, whatever is the exponent of the power of
the distance to which the attraction is proportional, that we cannot here
omit it. The attraction being as any power n of the distance, if we de-
note by d m a molecule of the spheroid, and by fits distance from the
point attracted, the action of d m upon this point multiplied by the element
—d f of its direction, willbe — d x f®. d f. The integral of this quantity,
dwfo+?

n+1
tended to the entire spheroid is —

Jfr+tde.

If the spheroid be fluid, homogeneous, and endowed with rotatory mo-
tion, and not sollicited by any extraneous force, we shall have at the sur-
face, in the case of equilibrium, by No. 56,

taken relatively to f, is — » and the sum of these integrals ex-

ﬁ_-}i’-—i ; supposing, as in 554, that V =

v
COHSt.:—m +-}gr”(l—-m’),

r being the radius drawn from the center of gravity of the spheroid at its
surface, and g the centrifugal force at the distance 1 from the axis of ro-
tation.

The gravity p at the surface of the spheroid is equal to the differential
of the second member of this equation taken relatively to r, and divided
by — d r, which gives

1
p_n-l-l ( ) gr(l—m?),

Let us now resume equation (1) of 554, which is relative to the sur-
face,

(n41) V
+ 2a
this equation, combined with the precedmg ones, gives
p=const.+{(n+l)r }gr(l——m’).

At the surface, r is very nearly equal to a; by making them entirely so,
for the sake of simplicity, we shall have

3 gl —m?
Let P be the gravity at the equator of the spheroid, and « ¢

((_1_! — A — (n+ l)A
dr

n—
P = const. 4 )
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the ratio of the centrifugal force to gravity at the equator; we shall

have
p=P{l+3 naq:.m'};

whence it follows that, from the equator to the poles, gravity varies as the
square of the sine of the latitude. In the case of nature, where n = — 2,
we have

p=Pil 4+ fap.m%;
which agrees with what we have before found.

But it is remarkable that if n = 3, we have p = D, that is to say, that
if the attraction varies as the cube of the distance, the gravity at the sur-
face of homogeneous spheroids is every where the same, whatever may be
the motion of rotation.

581, We have only retained, in the research of the figure of the celestial
bodies, quantities of the order «; but it is easy, by the preceding analysis,
to extend the approximations to quantities of the order « % and to superior
orders. For that purpose, consider the figure of a homogeneous fluid
mass in equilibrium, covering a spheroid differing but little from a sphere,
and endowed with a rotatory motion ; which is the case of the earth and
plancts. The condition of equilibrium at the surface gives, by No. 557,
the equation

const. = V — —% r?(m2— 3}).

The value of V is composed, 1st, of the attraction of the spheroid co-
vered by the fluid upon the molecule of the surface, determined by the
coordinates r, 4, and =; 2dly, of the attraction of the fluid mass upon this
molecule. DBut the sum of these two attractions is the same as the sum of
the attractions, 1st, of a spheroid supposing the density of cach of its shells
diminished by the density of the fluid; 2dly, of a spheroid of the same density
as the fluid, and whose exterior surface is the same as that of the fluid.
Let V' be the first of these attractions and V” the second, so that
V=V'4 V” ; we shall have, supposing g of the order « and equal to « g,

const, = V/ 4 V” — “" .rt (m*— ).

We have seen in 553 that V/ may be developed into a series of the form
U®  yow Um
Ttttk
U @ being subject to the equation of partial differences,

NEENE (“U“’>}> (i)

T +i(i4+1H)UD
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and by the analysis of 561, we may determine U @, with all the accuracy
that may be wished for, when the figure of the spheroid is known.

In like manner V” may be developed into a series of the form

U® uUm -U®

1/' + r/ =+ r/3

U, ® being subject to the same equation of partial differences as U®, If
we take for the unit of density that of the fluid, we have, by 561,
. 4 )
Ul =tFroers1 2%
r1+3 being supposed developed into the series

ZO 4 ZW 4 Z® 4 &c.
in which Z ® is subject to the same equation of partial differences, as U ©.
The equation of equilibrium will therefore become

(0 (0)
const. = Ur +H;¢- + z.;i—l:,_-—,{Um + (H_?ﬁ%_-_l-—i—)z(i)}
—ag r*(mt—3);

i being equal to greater than unity.

If the distance r from the molecule attracted to the center of the sphe-
roid were infinite, V would be equal to the sum of the masses of the sphe-
roid and fluid divided by r; calling, therefore, m this mass, we have
U® 4 U,® = m. Carrying the approximation only to quantities of the
order «?% we may suppose

r=1+4ay+a?y;
which gives

p149 = 1 (i49) ay+CERAEED oo yey i 3)at.y.

+ &ec.

Suppose
y=Y® $Y® 4 Y® + &
y=YO 4+ Y4 YO 4 &
y'=MO 4 M® 4+ M® 4 &
Y ©, Y’ ®, and M ® being subject to the same equation of partial differ-
ences as U ®; we shall have

ZO = (i4+8)aY®D4 (—————~——i+21)g+3)a’M‘” + (i+38) «* YO

Then observe that U @ is a quantity of the order e, since it would be
nothing if the spheroid were a sphere; thus carrying the approximation
only to terms of the order a?, U ® will be of this form « U® 42U O,
Substituting therefore these values in the preceding equation of equili-
brium, and there changing rinto 1 + ay + «*y’, we shall have to quan-
tities of the order %
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const. = x {1 —ay 4 atyt—a?y}
a U0 a2U”0 —(i41)aty UL

dor o daa(i41) 40y )

[V (‘) i

+3 4 terrIy STFT Y Y tar YO
4 a? -:r(1+2)Mm

T2 (2iF1)
. gr (1 -I- 2ay) (m®—
Lquating separately to zero the terms of the order ¢, and those of the

order o % we shall have the two equations,

(e — g ) YO=2U00 — Eme—yp);

U —(i41)y U — ﬁf,..(i'_*'_l) yY®

o s Gl e

2 (v — 57 ar 1) YO=C+s

- g' y (n‘ls - 3') H
C’ being an arbitrary constant. The first of these equations detects Y @
and consequently the valuc of y. Substituting in the second member of
the second equation, we shall develope by the method of No. 560. in a
series of the form
NO 4 NO® 4 N®@ + &ec.

N ® being subject to the same equation of partial differences as U ®, and
we shall determine the constant C’in such a manner that N @ is nothing;
thus we shall have

N®
t (1) —
Yo= 4=
AT AR |
and consequently
Nw N®@ N<

! —
Y—m—%%‘ w—4r 1 p— 7+ &

The expression of the radius r of the surface of the fluid will thus be
determined to quantities of the order «? and we may, by the same process,
carry the approximation as far as we wish. We shall not dwell any longer
upon this object, which has no other difficulty than the length of calcula-
tions; but we shall derive from, the preceding analysis this important con-
clusion, namely, that we may affirm that the equilibrium is rigorously pos-
sible, although we cannot assign the rigorous figure which satisfies it ; for
we may find a series of figures, which, being substituted in the equation of
equilibrium, leave remainders successively smaller and smaller, and which

become less than any given quantity:r .
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COMPARISON OF THE PRECEDING THEORY WITH OBSERVATIONS.

582, To compare with observations the theory we have above laid down,
we must know the curve of the terrestrial meridians, and those which we
trace by a series of geodesic operations. If through the axis of rotation
of the earth, and through the zenith of a plane at its surface we imagine
a plane to pass produced to the heavens; this plane will trace a great cir-
cle which will be the meridian of the plane: all points of the surface of
the earth which have their zenith upon this circumference, will lie under
the same celestial meridian, and they will form, upon this surface, a curve
which will be the corresponding terrestrial meridian.

To determine this curve, represent by u = 0 the equation of the surface
of the earth; u being a function of three rectangular coordinates x, y, z.
Let %/, y/, 2, be the three coordinates of the vertical which passes through
the place on the earth’s surface determined by the coordinates x, y, z; we
shall have by the theory of curved surfaces, the two following equations,

= (12) ay — () axs
T3 a7 — (33) ax.

Adding the first multiplied by the indeterminate A to the second, we

get
)+ (5

d X
This equation is that of any plane parallel to the said vertical : this ver-
tical produced to infinity coinciding with the celestial meridian, whilst its
foot is only distant by a finite quantity from the plane of this meridian,
may be deemed parallel to that plane. The differential equation of this
plane may therefore be made to coincide with the preceding one by suita-

bly determining the indeterminate A.
Let

Ldx—ady.

d2’ =adx' 4+ bdy,
be the equauon of the plane of the celestial meridian; comparing it with
the preceding one, we shall get

d d d
(=2 )o@ =0s @

To get the constants a, b, we shall suppose known the coordinates of
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the foot of the vertical parallel to the axes of rotation of the earth and that
of a given place on its surface. Substituting successively these coordi-
nates in the preceding equation, we shall have two equations, by means of
which we shall determine a and b. The preceding equation combined
with that of the surface u = 0, will give the curve of the terrestrial meri-
dian which passes through the given plane.

If the earth were any ellipsoid whatever, u would be a rational and
entire function of the second degree in x, y, z; the equation (a) would
therefore then be that of a plane whose intersection with the surface of the
earth, would form the terrestrial meridian: in the general case, this me-
ridian is a curve of double curvature.

In this case the line determined by geodesic measures, is not that of
the terrestrial meridian. To trace this line, we form a first horizontal
triangle of which one of the angles has its summit at the origin of
this curve, and whose two other summits are any visible objects,. We de-
termine the direction of the first side of the curve, relatively to two sides
of the triangle, and to its length from the point where it meets the side
which joins the two objects. 'We then form a second horizontal triangle
with these objects, and a third one still farther from the origin of the
curve. This second triangle is not in the plane of the first; it has nothing
in common with the former, but the side formed by the two first objects;
thus the first side of the curve being produced, lies above the plane of
this second triangle; but we bend it down upon the plane so as always to
form the same angles with the side common to the two triangles, and it is
easy to see that for this purpose it must be bent along a vertical to this
plane.  Such is therefore the characteristic property of the curve traced
b7 geodesic operations. Its first side, of which the direction may be
st pposed any whatever, touches the earth’s surface; its second side is this
t ngent produced and bent vertically; its third is the tangent of the se«
cond side bent vertically, and so on.

If through the point where the two sides meet, we draw in the tangent
plane at the surface of the spheroid, a line perpendicular to one of the
sides, it is clear that it will be perpendicular to the other ; whence it follows,
that the sum of the sides is the shortest line which can be drawn upon the
surface between their extreme points. Thus the lines traced by geodesic
operations, have the property of being the shortest we can draw upon the
surface of the spheroid between any two of their points; andp.294,Vol.I.

.they would be described by a body moving uniformly in this surface,
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Let x, y;:z be the rectangular coordinates of any part whatever of the
curve; X +.dx, y + dy, z 4 d z will be those of points infinitely near to
it. .. Call ds the element of the curve, and suppose this element produced
by a quantity equal tods; x 4+ 2dx,y 4 2dy, z + 2 dz will be'the
coordinates of extremity of the curve thus produced. . By bending. it ver-
tically, the coordinates of this extremity will become x + 2dx 4 d*x,
Y4+ 2dy+diy,z+2dz+ d?z; thus—d®*x, —d®y, —d?z
will be the coordinates of the vertical, taken from its foot ; we shall there-
fore have by the nature of the vertical, and by supposing that u = 0 is
the equation of the earth’s surface,

0= (73) ¢y —(33) ¢'x
0= (73) drz— (3) d*xs

equations which are different from those of the terrestrial meridian. In these
equations d s must be constant; for it is clear that the production of
d s meets the foot of the vertical at an infinitely small quantity of the fourth
order nearly.

Let us see what light is thrown upon the subject of the figure of the earth
by geodesic measures, whether made in the directions of the meridians, or.in
directions perpendicular to the meridians. We may always conceive an ellip-
soid touching the terrestrial surface at every point of it, and upon which, the
geodesic measures of the longitudes and latitudes from the point of contact,
for a small extent, would be the same as at the surface itself. If the entire
surface were that of an ellipsoid, the tangent ellipsoid would every where
be. the same ; but if, as it is reasonable to suppose, the figure of the meri-
dians is not elliptic, then the tangent ellipsoid varies from one country to
another, and can only be determined by geodesic measures, made in diffe-
rent directions.. It would be very interesting to know the osculating ellip-
soids at a great number of places on the earth’s surface.

_ Letu=x*+ y*4 2?*— 1 — 2 a U, be the equation to the surface
of the spheroid, which we shall suppose very little different from a sphere
whose radius is unity, so that « is a very small quantity whose square may
be neglected. 'We may always consider u’ as a function of two variables
X, y:; for by supposing it a function of x, v, 2, we may eliminate z by
means.of the equation z = #' 1 — x* —y*% Hence, the three equa-
tions found above, relatively to the shortest line upon the earth’s surface,
become
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X d‘y—y‘;w(il;x = a(g—g’)d’y—u(g—;’)d‘x;;
xd’z——zd'x:u( )d’z, < . (0)

ydiz—zd®y = a(;ry). dfz.
This line we shall call the Geodesic line.

Call r the radius drawn from the center of the earth to its surface, 4 the
angle which this radius makes with the axis of rotation, which we shall
suppose to be that of z, and ¢ the angle which the plane formed by this
axis and by r makes with the plane of x, y; we shall have

X = rsin. 0. cos. ¢; y = rsin. dsin. ¢; z = rcos. ¢;
whence we derive
r*sin.!d.dp =xdy—ydx;
—r?dd=(xdz—zdx)cos.¢p + (ydz—2zdy)sin ¢
ds* =dx*4dy*4dzt=dr*+r2dé®+r*d ¢*sin. %4

Considering then v/, as a function of x, y, and designating by + the lati-

tude; we may suppose in this function r=1, and \=100°— ¢, which gives .
X = COS. "V COS. P3 § = COS. xpsm. ?;
thus we shall have

)=+ (3r)ay =(§5)av +(5 )dp,
but we have
X% o y? = cos.® 3 3—; = tan. 9;
whence we derive

d d —yd
d = — m———tcoys—%,d¢..u—u‘ €os. 2 @.

Subsntutmg these values of d 4 and of d ¢ in the preceding differential
equation in v’ and comparing separately the coefficients of d x and d y;
we shall have

d du .

)=~ 8t (79 — e @)

d v . dv .

@)=~ 53 @+ o @)
(73)

' dvo duy,,
a—;)d’y— ﬁ)dgx':—sm.'\lacos.q/' (xd?y—yd*s)
(du’

s¢(xd'x+yd’y)

which give



300 A COMMENTARY ON [Skcr. XIIL & XIII

But neglecting quantities of the order «, we havex d?y —y d®x = 0
and the two equations
xd®*z—2zd*x=0,yd*z—zd*y =0,

give
R z?(xd?x4yd?
zd®z = (‘x2+-;}; y)
and
. x*fyt4zi=1
gives

xd*x 4+ yd?*y 4 zd?z 4 ds? = 0;
substituting for z d ® z its preceding value, we shall have
xd*’x 4+ yd*y=—(x?+y)ds? = —ds?cos.?;

wherefore
)dz _( ) drx = (3 ) dse
The first of equations (O), wnll thus give by mtegratlon,
szdgbsm’o—cds+¢zzds./‘ds( ) . (p)

c being the arbitrary constant.
The second of equations (O) gives

d.(xdz—zdx) = a(d )du,
but it is easy to see by what precedes, that we have
d%?z = — ds? sin. ¥
we have therefore
duy .
d(xdz—zdx) = —ads’(a—;)sm.«p;
in like manner we have :

d(ydz—zdy) = —ads® g—y)sm s

we shall therefore have
r*déo = c' dssin. p + ¢’ d s cos. ¢

—adscos. ¢ fd s{ (g——:{)cos& + (%-%,)sin. @ tan. 4;}
—adssin ¢ fd s{ (g-:;l)sin. ga—(%—g)cos. ¢ tan. «]z}; . (9

First consider the case in which the first side of the Geodesic line is
parallel to the corresponding plane of the celestial meridian. In this case
d ¢ is of the order a, as also d r; we have, therefore, neglecting quantities
of the order &% d s = — r d 4, the arc s being supposed to increase from
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the equator to the poles. ) expressing the latitude, it is easy to see that
we have ¢ =100° — —-(3—-—3’) » which gives

d&:-—d-\p—udq,(!’q’,)

we have therefore

ds...d-\]/{l+au —|-a(d )}

Thus naming ¢ the difference in latitude of the two extreme points of
the arc s, we shall have

ot el + G L 2 {2 () o e

u/ being here the value of v’ at the origin of s.

If the earth were a solid of revolution, the geodesic line would be al-
ways in the plane of the same meridian; it departs from it if the parallels
are not circles ; the observations of this deflection may therefore clear up
this important point of the theory of the earth. Resume the equation (p)
and observe that in the present case, d ¢ and the constant ¢ of this equa-
tion are of the order «, and that we may there suppose r = 1,ds = d ¥,
0 =100° — ; we shall thus get

d p cos.® cd¢+ad¢jd~l/(du)

. However, if we call V the angle which the plane of the celestial meri-
dian makes with that of x, y, whence we compute the origin of the angle
¢; we shall haved x’ = tan. V = d y’; x/, y/, 2’ being the coordinates
of that meridian whose diffcrential equation, as we have seen in the pre-
ceding No., is

dz=adx'+ bdy.
Comparing it with the preceding one, we see that a, b are infinite and
such that — —% = tan. V, the equation (a) of the preceding No. thus

gives
du du
0= (H—i) tan, V—(ﬂ ,
whence we derive
O=xtanV—y—u Sl—-u—,)t::m.V-l-- “(dj)
dx dy
We may suppose V = ¢, in the terms multiplied by «; moreover

%— = tan. p; w have therefore
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(d u’

cos. ¥ cos. ¢ ftan. p — tan. Vi = —— cos. ¥ ¢ cos 0s. ¢’

(d u’ )
cos. ” N T
The first side of the Geodesic line, being supposed parallel to the plane
of the celestial meridian, the differentials of the angle V, and of the dis-
tance (¢ — V) cos. ¥ from the origin of the curve to the plane of the
celestial meridian ought to be nothing at this origin; we have therefore
at this point

d (d )tanq,
ﬁ=(¢—_v)tan.¢_~w¢

and consequently, the equation (p) gives

which gives

p—V =—

cC=a )tan ¥,

u, and <, being referred to the origin of the arc s.

At the extremity of the measured arc, the side of the curve makes with
the plane of the corresponding celestial meridian an angle very nearly
equal to the differential of (¢ — V) cos. ¥, divided by d <}, V being sup-
posed constant in the differentiation ; by denoting therefore this angle by
=, we shall have

= q:—szcos. Y — (p — V) sin. .

If we substitute for 3 (T«I: its value obtained from the equation (p), and for
¢— V,its preceding value, we shall have

= on ¢ {(-a——)tan <V, — (—- )tan -4/+Jd'4/( )}

the integral being taken from the origin of the measured arc, to its extre-
mity. Call ¢ the difference in latitude of its two extreme points; s being
supposed sufficiently small for s* to be rejected, we shall have

- =— 2 (Y an 4+ (i)

in which the values of +, (W) , and (am) must be referred, for the

greater exactness, to the middle of the measured arc. ‘The angle = must be
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supposed positive, when it quits the meridian, in the direction of the in-
crements of ¢.

To obtain the difference in longitude of the two meridians correspond-
ing to the extremities of the arc, we shall observe, that u/, V,, <, and
#,5 being the values of u’, V, +, and ¢, at the first extremity, we have

< (4 d v
(ll;) ( >

—V,=—I% 0=V =
4 ‘7 cos. A’ cos. ’ 3’

but we have very nearly, neglecting the square of ¢,

P— 0= rory ©= “(du,) tan, ¥, ;
we shall have, therefore,
du d
V=V =— cos*qa {( I)tan\""-"(d?du:p)};
whence results this very simple equation,
(V—=V)sin. 4§, = =;
thus we may, by observation alone, and independently of the knowledge
of the figure, determine the difference in longitude of the meridians cor-
responding to the extremities of the measured arc; and if the value of the
angle = is such that we cannot attribute it to errors of observations, we
shall be certain that the earth is not a spheroid of revolution.

Let us now consider the case where the first side of the Geodesic line
is perpendicular to the corresponding plane of the celestial meridian. If
we take this plane for that of x, y, the cosine of the angle formed by this
side upon the plane, will be ‘Y__(_i_%is;}-_(_l_gj; thus this cosine being no-
thing at the origin, we have d x = 0, d z = 0, which gives

d.vrsin,0cos.p = 0; d.rcos.d =0;
and consequently :
rdd =rd ¢sin. 4, cos. 4. tan. 9;
but we have, to quantities of the order %, d s = r d ¢ sin. ¢; we shall
have, therefore, at the origin,
dé¢  tan. @, cos. d
ds=

The constant ¢”, of the equation (q), is equal to the value of x d 2z —

z d x, at the origin ; it is therefore nothing, and the equation (q) gives at

the origin,
de c’
—a—-— = — sin. Q3
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we have, therefore, observing that ¢ is here of the order «, and that thus
neglecting quantities of the order « %, we have sin. ¢ = tan. ¢,

¢ =r, cos. 0,
the quantities r, and ¢, being relative to the origin ; therefore, if we con
sider that at this origin the angle ¢ is what we have before called it,

d du/
—V,, and whose value we have found equal to q’ ; we shall
have at this point
( sin. 4,
de ¢ cos.? "

The equation (q) then gives

d*y, _cosd do, (du
ds: ™ r, ‘ds )

but we have

do 1

ds = AN 1+an/; = 1000—"’/'—“((1 4/)
we shall get therefore

d2e

, du/
a‘?s — (1 —2 o u/) tan. '\l// + a(—dlli) tan, ? 4’/‘
Observing that at the origin,
de, 1
ds — rsmv COs. %{l-—au +“(d~la t‘m'\p’}
the equation (p) gives
c=r, sin4;

whence we get

du/ do,
dto, _ i 2. a—scoso (d%
ds* —  T,sing 1, sintg, cos. ? ),
and consequently
d*o, _ du,) 2—-—-cos.’4a,.
ds® — doe cos.* 4,

The equation
6 —-1000-4,_“( )

gives, by retaining amongst the terms of the order s only those which are
independent of «,

B do, a dtu/y.
'q’—\]’l__ a—s—% 2d 2 cos.\'ﬁ (d?d'\l’),
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wherefore

oS du/ d®u/
V—_, =— cosil,” { Té) tan-%“'“(m)— }s*tan, «L,} .
The difference of latitudes at the two extremities of the measured arc,
will therefore give

@ d®u,
_cos.s«]z,'{(dgb)tan N"’"l'a( % )}

It is remarkable, that for the same arc, measured in the direction of the

meridian, this function, by what precedes, is equal to ; it may thus

w
tan. <,
be determined in two ways, and we shall be able to judge whether the
values thus found of the difference of latitudes, or of the azimuthal
angle =, are due to the errors of observations, or to the excentricity of the
terrestrial parallels.

Retaining only the first power of s, we have

=s. 90 _
¢_p'_s°("l§/—a)?—$,{l au, +a(l¢)tan «L,}

p — @, is not the difference in longitude of the two extremities of the arc
s; this difference is equal to V. — V, ; but we have, by what precedes,

“(T%

p—V = cos. “ cos. 2 3
which gives
d2 / 2 “
vV — V) = (d p.d s) ( ) .
P — (7, —V, cos. 2 ), = Cos. \P, ;
wherefore
(d2 u, )
s du/ de°/
V=V =& \J»,{l—“u"}'a( )t nb— cos. ), }

For greater exactness, we must add to tlns value of V — V, the term
depending on s? and independent of «, which we obtain in the hypothesis

2
of the earth being a sphere. This term is equal to — 3 s°. tf:s j ;
* Ty
thus we have
d 2
V=V.= COS.\]/, {l——a. u/+a. d e )t ™ cos. 2“;’,—_"é s? tan.* "]”}.

It remains to determine the azxmuthal angle at the extremity of the

arc s. For that purpose, call X/, and y’, the coordinates x, y, referred to
Vor. II. U
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the meridian of the last extremity of the arc s; it is easy to see that the

A x4 dzt
cosine of the azimuthal angle is equal to vdx q s+ dz . If we refer

the coordinates x, y, to the plane of the meridian corresponding to the
first extremity of the arc; its first side being supposed perpendicular to
the plane of this meridian, we shall have
dx, ,dz, o dy
To =037 =0 ¥
wherefore, retaining only the first power of's,
dx d2x, dz d?z
ds—s'ds“ ds =% ds”
but we have

=1;

x' =xcos. (V—V) + ysin. (V—=V));
thus V — V, being, l)y what precedes, of the order «, we shall have
dx’ d x, d y,
ds = + (V—V)5
Again, we have
X = rsin. d cos. p; 2z = r cos. 0;
we therefore shall obtain, rejecting quantities of the order «?% and observ-
d*e,
ds??
2 2 ’ 2
%_E};{ = a. dd :; sin. 0, + r,. g—s% cos. 8, — r, sin. 4, . %—z—’;.

Thence we have

. dé ..
ing that ¢,, and -—* are quantities of the order o
g ? ds q s

d*u/_ ,d*u/\dg? du/\ d2¢ (d¢2) du/
"dstT °°( I 'J——“Er«]:—'ﬁ—s'é “cos. * A, ( ’)tanx]/,,
moreover, d s = 1, sin. §,. d ¢,; we shall, therefore, have by substituting

do,

dzy,
for v, 4, Ts° nd -—-S——z—, their preceding values,

sm

dzs’ =(1—au/). 4" + a (d )tan .}, sin. 4,

“cos.
2 u/’
1 du/ } * 717")
" Ccos. ¢,'{l —eu + “(d ~P)tan. Vo + s ¥,

Neglecting the superior powers of s, we have, as we have seen,

s (d"u,)
2
V-V, = cos. ¢,{l—au,’+u( tan co(:fxp}

and g—z-’i = 1; we therefore have
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d X, _

sin, ® 4, d®u/ysin.? A,
Sr=s(1— )Cs ¢'+as(d¢)tan .y, sin. \p'_as(ds?);)cos R
in lxke manner we shall find
’

dz du/ d?u/y sin.
=—s(l—euy, )Sln%—-“s( q:)tan.”xla,cos.xpz'i'“s(d ¢2)cos.’~:a,;

the cosine of the azimuthal angle, at the extremity of the arc s, will thus

“(T59) L.

stan.‘%{ uu/_'_“( )ta\p cosw,,

This cosine being very small, it may be taken for the complement of
the azimuthal angle, which consequently is equal to
cos, * q, }

Tor the greater exactness, we must add to this angle that part depend-
ing on s% and independent of «, which we obtain in the hypothesis of the
earth’s sphericity. This part is equal to 3 s® (} 4 tan.® 4,) tan. J,, Thus
the azimuthal angle at the extremity of the arc s is equal to

d 2u,
)

100° . do®
00°—stan '4’/{1_“‘1/ +u( )t o, — p f\l’ %sﬁ(btan 2 ’)}

The radius of curvature of the Geodesic line, forming any angle what-

ever with the plane of the meridian, is equal to
ds®
V@ (@Y F @) -
d s being supposed constant; let R be this radius. The equation
x4 y2 4z =14 2au gives
xd?x+yd?'y +zd?’z=—ds*+ «d®v’

if we add the square of this equation to the squares of equations (0), we
shall have, rejecting terms of the order «?

(xt4 y2 429 {(d2x)2+ (d?y)*+ (d*2)}=ds* —2edsd v’

whence we derive

100° — s tan. «].a,{

2 447
R=14 av/ +m(115u,.
In the direction of the meridian, we have
d’ u' (d’ u'y
a3

wherefore ' P
R=14cav-+ea (—d—f—g)
U2
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In the direction perpendicular to the meridian, we have by what pre-

cedes,
d®u/
« d®u/ _ ( ) a Y ¢ .
“dst T cos"xp, —U\d ga) an. 3

(‘"").

cos. ? <,

wherefore

R"‘l+uu,-—-u(du’)ta ¥, +

If in the preceding expression of V — V,, we make~R— = ¢, it takes

this very simple form relative to a sphere of the radius R,

VeV, = — 1Ly tane
— ’—cos.xp,'{ 35S . tan. 4',}.
The expression of the azimuthal angle becomes
100° — s’ tan. ¥, {1 — 3 s’% (} + tan.® <)},
Call 2, the angle which the first side of the Geadesic line forms with the
plane corresponding to the celestial meridian, we shall have

12 ’ du’\ &2 1 1,4, d¥
T (duga dssz ) ( )d.s’z (dpdq/):lz(ds ( u)ds"

But supposing the earth a sphere, we have
do, sin.A d*p, _ 2sin. A cos. A an. ¥, ;
ds —cos.y,’ ds®T  cos, © e

%t’--: COS. A} d; :;' = —sin.? A tan. 4, ;
wherefore,
d*u/ sm A cos. A{ du/ e
a5 = 2 "cos. 3, ( )ta 4”+(d¢d¢)} sin.? A tan. q,/( )

d®u/y sin.? A (
( ) cos.* v, d+?
the radius of curvature R, in the direction of this Geodesic line, is there-
fore

14au/42« sin. A cos.A { ( )tan 4”+(d¢ ) }—asm Man.-\lz,( 4’)

) cos.? A;

Tcos. ¥,
+ a (‘1::;) :;:::i/-]- (d ':1’_! cos. 2 A,
To abridge this, let
(dgu') a
—l+“u/_*“tan ",’l(du/)'{'% 0082\)/ +‘& (d,q’u:)
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‘ , d2 /,
-'cos. {((u)t ¢’+(a'¢_(%$)};

+(15%)
du, 2\de® d%u
B = 5t 4. (55) — et +3 (1)
we shall have
R=K-4 Asin.2x2 4 Bcos. 22

The observations-of azimuthal angles, and of the difference of the lati-
tudes at the extremities of the two geodesic lines, one measured in the
direction of the meridian, and the other in the direction perpendicular to
the meridian, will give, by what precedes, the values of A, B and K ; for
the observations give the radii of curvature in these two directions. Let
R, and R’ be thesc radii ; we shall have

_ Rl + RII.
K=- CR
_ Rr — Il“.
B=-— 5

and the value of A will be determined, either by the azimuth of the ex-
tremity of the arc measured in the direction of the meridian, or by the
difference in latitude of the two extremities 'of the arc measured in a di-
rection perpendicular to the meridian. 'We shall thus get the radius of
curvature of the geodesic line, whose first side forms any angle whatever
with the meridian.

If we call 2 E, an angle whose tangent is l“; » we shall have

R=K+4 VA?* 4 B%.cos. (212 —2E);
the greatest radius of curvature corresponds with A = E; the correspond-
ing geodesic line forms therefore the angle I, with the plane of the me-
ridian. The least radius of curvature corresponds with A = 100°4 E;
let r be the least radius, and r' the greatest, we shall have
R=r+4 (I —r)cos.? (A — E),

A — E being the angle which the geodesic line corresponding to R, forms
with that which corresponds with r'.

We have already observed, that at each point of the earth’s surface,
we may conceive an osculatory ellipsoid upon which the degrees, in all
directions, are sensibly the same to a small extent around the point of os-
culation, Express the radius of this ellipsoid by the function

1 —asin?d {14 hcos 2 (¢ + B)},
the longitudes ¢ being reckoned from a given meridian. The expression
U3
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of the terrestrial meridian measured in the direction of the meridian,

will be, by what precedes, -
s——%. {1 + hcos. 2 (p + B)}. §1 + 8 cos. 2L — 3 ¢ sin. 2 3.

If the measured arc is considerable, and if we have observed, as in
Irance, the latitudes of some points intermediate between the extremity ;
we shall have by these measures, both the length of the radius taken for
unity, and the value of @ {1 4+ h cos. 2 (2 4 B)}. We then have, by
what precedes,

tan, ® 1 2 .
w=—2ah.e, 0 \L((:os:l:pcos' N”).sm-»?(@"'ﬁ);

the observation of the azimuthal angles at the two extremities of the arc
will give @ h sin. 2 (p 4+ B). Finally, the degree measured in the direc-
tion perpendicular to the meridian, is

1o 4 1% a{l + hcos.2 (p + B)} sin.? 4 4°. e htan.? ¢ cos. 2 (p + B);
the measure of this degree will therefore give the value of « h sin. 2 (p+8).
Thus the osculatory ellipsoid will be determined by these several mea-
sures: it would be necessary for an arc so great, to retain the square of ¢
in the expression of the angle =; and the more so, if, as it has been ob-
served in France, the azimuthal angle does not vary proportionally to
the measured arc: at the same time we must add a term of the form
@ k sin.  cos. ¥ sin. (p + @), to get the most general expression of this
radius.

588. The elliptic figure is the most simple after that of the sphere: we
have seen above that this ought to be the figure of the earth and planets,
on the supposition of their being originally fluid, if besides they have
retained their primitive figure. It was natural therefore to compare
with this figure the measured degrees of the meridian; but this compari-
son has given for the figure of the meridians different ellipses, and which
disagree too much with observations to be admissible. However, before we
renounce entirely the elliptic, we must determine that in which the greatest
defect of the measured degrees, is smaller than in every other elliptic
figure, and see whether it be within the limits of the errors of observations.
We arrive at this by the following method.

Let a®, a®, a®), &c. be the measured degrees of the meridians; p®,
P® p®, &c. the squares of the sines of the corresponding latitudes:
suppose thatin the ellipse required, the degree of the meridian is expressed
by the formula z 4 p y; calling x ), x ®, x ®), &c. the errors of observation,
we shail have the following equations, in which we shall suppose that pY,
p® p@, &c. form an increasing progression,
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al) ez __p(l) y = x M
a® 7 _P(Q) y = x @

)

a —z —pWy = x®
n being the number of measured degrees.

‘We shall eliminate from these equations the unknown quantities z and y,
and we shall have n — 2 equations of condition, between the n errors
x®, x®@, . ....x® We must, however, determine that system of errors,
in which the greatest, abstraction being made of the signs, is less than in
every other system.

First suppose that we have only one equation of condition, which may
be represented by

a=mxM 4 nx® 4 px? 4 &e.
a being positive. We shall have the system of the values of x ®, x®, &c.
which gives, not regarding signs, the least value to the greatest of them;
supposing them all nearly equal, and to the quotient of @ divided by the
sum of the coefficients, m, n, p, &c. taken positively. As to the sign
which each quantity ought to have, it must be the same as that of its co-
efficient in the proposed equation.

If we have two equations of condition between the errors, the system
which will give the smallest value possible to the greatest of them will be
such that, signs being abstracted, all the errors will be equal to one ano-
ther, with the exception of one only which will be smaller than the rest,
or at least not greater. Supposing therefore that x is this error, we
shall determine it in function x @, x @, &c. by means of one of the proposed
equations of condition; then substituting this Value of x® in the other
equation of condition, we shall form one between x @, x ¥, &c.; which re-
present by the following

a=mx® 4 nx® 4 &e.

a being positive; we shall have, as above, the values of x®, x®, &c. by
dividing a by the sum of the coefficients m, n, &c. taken positively, and by
giving successively to the quotient the signs of m, n, &c. These values sub-
stituted in the expression of x ® in terms of x ®, x ®), &c. will give the value
of xW; and if this value, abstracting signs, is not greater than that of x®,
this system of values will be that which we must adopt ; but if greater, then
the supposition that x® is the least error, is not legitimate, and we must
successively make the same supposition as to x ®, x 9, &c. until we arrive
at an error which is in this respect satisfactory.

If we have three equations of condition between the errors; the system

which will give the smallest value possible to the greatest of them, will be
U4
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such, that, abstracting signs, all the errors will be equal, with exception of
two, which will be less than the others.

Supposing therefore that x ), x @ are these two errors, we shall elimi~
nate them from the third of the equations of condition by means of the
other two, and we shall have an equation between the errors x @, x @, &c.:
represent it by

a=mx% 4+ nx® 4 &ec.

a being positive. 'We shall have the values of x®, x @, &ec. by dividing
a by the sum of the coefficients m, n, &c. taken positively, and by giving
successively to the quotient, the signs of m, n, &c. These values substi-
tuted in the expressions of x®, and of x® in terms of x®, x@, &c. will
give the values of x™, and of x®, and if these last values, abstracting
signs, do not surpass x ¥, we shall have the system of errors, which we
ought to adopt; but if one of these values exceed x @, the supposition that
x®, and x® are the smallest errors is not legitimate, and we must use
the same supposition upon another combination of errors x®, x ®, &c.
taken two and two, until we arrive at a combination in which this suppo-
sition is legitimate. It is easy to extend this method to the case where
we should have four or more equations of condition, between the errors x O,
x @, &c. These errors being thus known, it will be easy to obtain the
values of z and y.

The method just exposed, applies to all questions of the same nature ;
thus, baving the number n of observations upon a comet, we may by this
means determine that parabolic orbit, in which the greatest error is, ab-
stracting signs, less than 4n any other parabolic orbit, and thence recog-
nise whether the parabolic hypothesis can represent these obscrvations.
But when the number of observations is considerable, this method be-
comes too tedious, and we may in the present problem, easily arrive at
the required system of errors, by the following method.

Conceive that x @, abstracting signs, is the greatest of the errors
x O, x @, &c.; we shall first observe, that therein must exist another error
x Y, equal, and having a contrary sign to x ®; otherwise we might, by
making z to vary properly in the equation

al —z—ply=x0,
diminish the error x ®, retaining to it the property of being the extreme
error, which is against the hypothesis. Next we shall observe that x ®
and x® being the two extreme errors, one positive, and the othersnega-
tive, and equal to one another, there ought to exist a third error x @,
equal, abstracting signs, to x ®, In fact, if we take the equation corre-
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sponding to x ®, from the equation corresponding to x@, we shall
have
a® —a® —{p® —pO}y =x®—x0

The second member of this equation is, abstracting signs, the sum of
the extreme errors, and it is clear, that in varying y suitably, we may di-
minish it, preserving to it the property of being the greatest of the sums
which we can obtain by adding or subtracting the errors x®, x®, &c.
taken two and two ; provided there is no third error x® equal, abstract-
ing signs, to x @ ; but the sum of the extreme errors being diminished,
and these errors being made equal, by means of the value of z, each of
these errors will be diminished, which is contrary to the hypothesis.
There exists therefore three errors x @, x @, x® equal to one another,
abstracting signs, and of different signs the one from the other two.

Suppose that this one is x ¥); then the number i’ will fall between the
two numbers i and i”. To show this, let us imagine that it is not the
case, and that I’ is below or above both the numbers i, i”. Taking the
cquation corresponding to 'y successively from the two equations corre-
sponding to i and to i”, we shall have

a® —a® —(p® _p¥)y = xH — x;
a—a® — (p@ —p®)y = x©— x®,

The second members are equal and have the same sign ; these are also,
abstracting signs, the sum of the extreme errors; but it is evident, that
varying y suitably, we may diminish each of these sums, since the coeffi-
cient of y, has the same sign in the two first members: moreover, we may,
by varying z properly, preserve to x® the same value; x ® and x® will
therefore then be, abstracting signs, less than x @ which will become the
greatest of the errors without having an equal; and in this case, we may,
as we have seen, diminish the extreme error; which is contrary to the hy-
pothesis. Thus the number i ought to fall between i and i”.

Let us now determine which of the errors x @, x ®, &c. are the extreme
errors. For that purpose, take the first of the equations (A) successively
from the following ones, and we shall have this series of equations,

a® —a®W — (p® —pW)y = x® —x O,
a® —a® — (p® —p®)y =x® —x0; ., ., ., (B)
&e.

Suppose y infinite; the first members of these equations will be nega-
tive, and then the value of x ® will be greater than x®, x®, &c.: dimin-
ishing y continually, we shall at length arrive at a value that will render
positive one of the first members, which, before arriving at this state, will
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be nothing. To know which of these members first becomes equal to zero,
we shall form the quantities,
a® —a a(s)._a(l). a(‘i)_a(l)‘
pO—p®’ p@ _pWw pEH _pm’

&ec.

Call B® the greatest of these quantities, and suppose it to be %_(;_3)7(2 H
if there are many values equal to 8", we shall consider that which cor~
responds to the number r the greatest, substituting B for y, in the
(r — 1)t of the equations (B), x ® will be equal to x™, and diminishing
Yy, it will be equalto x O, the first member of this equation then becoming
positive. By the successive diminutions of y, this member will increase
more rapidly than the first members of the equations which precede it;
thus, since it becomes nothing when the preceding ones are still nega-
tive, it is clear that, in the successive diminutions of y, it will always be
the greatest which proves that x® will be constantly greater than x®,
x®,...x®=D, when y is less than g,

The first members of the equations (B) which follow the (r — 1) will
be at first negative, and whilst that is the case, x*+1, x ¢ +2, &c, will be
less than x (U, and consequently less than x®, which becomes the greatest
of all the errors x™, x®, .., x®, when y begins to be less than 3, But
continuing to diminish y, we shall get a value of it, such that some of the
errors x €+, x ¢ +2), &c, begin to exceed x M,

To determine this value of y, we shall take the r* of equations (A) suc-
cessively from the following ones, and we shall have

alr+l) g {p(r+l) .__p(r)}y = x+Dh _x0;
a+2 g0 {p(r+2) — p(r)} y = x&+2 _ x,
'Then we shall form the quantities
at+D __ a0 qG+2__ g0
peFD —p®’ peFH __pw’ &e

Call B®, the greatest of these quantities, and suppose that it is
%((;))_—~;((3 : if many of these quantities are equal to 8®), we shall suppose
that 1’ is the greatest of the numbers to which they correspond. Then x ®
will be the greatest of the errors x®, x®, &c. ...x® solong as y is com-
prised between 8™, and 8@ ; but when by diminishing y, we shall arrive at
B8®; then x ™ will begin to exceed x @), and to become the greatest of the
errors.

To determine within what limits we shall form the quantities

A+l — a0 a0'48 — g™ &
prEN —p@ pEH —p®’ c.
Let 8® be the greatest of these quantities, and suppose that it is
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is the least; thus x is the least of the errors fromy = — o, to y = A®
x® is the least of the errors, from y = A®, toy = 2®, and thus of the
rest.

Hence the value of y which, to the required ellipse, will be one of the
quantities B®, B®), B@; &c, AW, A®, &c.; it will be in the first series,
if the two extreme errors of the same sign are positive. In fact, these
two errors being then the greatest, they are in the series x®, x®, x @,
&c,; and since one and the same value of y renders them equal they
ought to be consecutive, and the value of y which suits them, can only
be one of the quantities B, 8®, &c.; because two of these errors cannot
at the same time be made equal and the greatest, except by one only of
these quantities. Here, however, is a method of determining that of the
quantities 8@, 8®, &c. which ought to be taken for y.

Conceive, for example, that 8® is this value; then there ought to be
found by what precedes between x ), and x ™, an error which will be the
minimum of all the errors, since x ™), and x " will be the maxima of these
errors; thus in the series x®, x®, x®), &c. some one of the numbers
s, &5 &c. will be comprised between r and r.  Suppose it to be s. That
x® may be the last of the value of y, it ought to be comprised between
»W and A®@; therefore if 8® is comprised by these limits, it will be the
value sought of y, and it will be useless to seek others. In fact, suppose
we take that of the equations (A), which answers to x ® successively from
the two equations which respond to x® and to x ®; we shall have

a(l')_.a(s) — {p(l") __p(l)} y e X(l")__x(s);
a(l‘”)_.a(s)__ {p(r")___p(s)} y = x(l'”)__x(s).

All the members of these equations being positive, by supposing
y = B9, it is clear, that if we augment y, the quantity x©) — x® will
increase ; the sum of the extreme errors, taken positively, will be there-
fore augmented. If we diminish y, the quantity x 7 — x© will be aug-
mented, and consequently also the sum of their extremes; 8® is therefore
the value of y, which gives the least of these sums; whence it follows that
it is the only one which satisfies the problem.

We shall try in this way the values of 8, 8®, 8, &c., which is easily
done by inspection ; and if we arrive at a value which fulfils the preced-
ing conditions, we shall be assured of the value required of y.

If any of these values of 8 does not fulfil these conditions, then this
value of y will be some one of the terms of the series A, 2@ &e, Con-
ceive, for example, that it is A®, the two extreme errors x® and x® will
then be negative, and it will have, by what precedes, an intermediate error, -
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which will be a mazimum, and which will fall consequently in the series
xM, x®, x®, &c. Suppose that this is x®, r being then necessarily
comprised between s and s'; A® ought, therefore, to be comprised be-
tween 8 and B®, If that is the case, this will be a proof that A ® is the
value required of y. "'We shall try thus all the terms of the series A®, A,
A @, &c. up to that which fulfils the preceding conditions.

‘When we shall have thus determined the value of y, we shall easily ob-
tain that of z.  For this, suppose that 8® is the value of y, and that the
three extreme errors are x @, x®), x ®; we shall have x ® = — x ®, and
consequently

a® —-Z——p('). y = x(r);
a® —z-—ply=—x®;
whence we get

Z ==

a4 a® p® 4+ p®
2 2 ¥
then we shall have the greatest error x @, by means of the equation

[ I 6) e p ®
a a® P - Pe.

584. The ellipsc determined in the preceding No. serves to recognise
whether the hypothesis of an elliptic figure is in the limits of the errors of
observations ; but it is not that which the measured degrees indicate with
the greatest probability. This last ellipse, it seems, should fulfil the
following conditions, viz. 1st, that the sum of the errors committed in the
measures of the entire measured arcs be nothing : 2dly, that the sum of
these errors, all taken positively, may be a minimum. Thus considering
the entire ones instead of the degrees which have thence been deduced,
we give to each of the degrees by so much the more influence upon the
ellipticity which thence results for the earth, as the corresponding arc is
considerable, as it ought to be. The following is a very simple method
of determining the ellipse which satisfies these two conditions.

Resume the equations (A) of 589, and multiply them respectively
by the numbers which express how many degrees the measured arcs
contain, and which we will denote by i®, i®, i®, &c. Let A be the sum
of the quantities i®, a®, i®, a®, &c. divided by the sum of the numbers
i®, i®, &c.; let, in like manner, P denote the sum of the quantities
i, pm, i®, p®, &c. divided by the sum of the numbers i®, i®, &c. ;
the condition that the sum of the errors i®, x®, i®, x®, &ec. is nothing,
gives

x® =

0=A—z—P.y.
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If we take this equation from each of the equations A of the preceding
No., we shall have equations of the following form :
b® —qW, y = x®
b® —q® y = x®
b® —qO, y = x®
&ec.

.. .. (0)

Form the series of quotients q :3 s z::: » &c. and dispose them according
to their order of magnitude, beginning with the greatest; then multiply
the'equations O, to which they respond, by the corresponding numbers
iW, i®, &ec.; finally, dispose these thus multiplied in the same order as
the quotients.

The first members of the equations disposed in this way, will form a
series of terms of the form

h® y —c®; h® y— c®; h® y — c®; & . . . (P)
in which we shall suppose h ™, h ® positive, by changing the sign of the
terms when y has a negative coefficient. These terms are the errors of
the measured arcs, taken positively or negatively.

Then it is evident, that in making y infinite, each term of this series
becomes infinite ; but they decrease as we diminish y, and end by being
negative—at first, the first, then the second, and so on. Diminishing y
continually, the terms once become negative continue to be so, and de-
crease without ceasing. To get the value y, which renders the sum of
these terms all taken positively a minimum, we shall add the quantities
h®, h®, &ec, as far as when their sum begins to surpass the semi-sum of
all these quantities; thus calling F this sum, we shall determine r such
that

h® 4+ h® + h® 4 . ,.. + h® >} F;
h® 4 h® 4 h® 4 . ... F hC-DL L F

c®
We shall then have y = {;, so that the error will be nothing rela-

tively to the same degree which corresponds to that of the equations (O),
of which the first member equated to zero, gives this value of y.
’o show this, suppose that we augment y by the quantity 3 y, so that

clr—1n (®)
1-1—0 + 3 y may be comprised between ——— and o=, The (r— 1) first

hoe—Dn ICE
m .
terms of the series (P) will be negative, as in the case of y = -E-(—r;; but in

taking them with the sign +, their sum will decrease by the quantity
fh®® 4 h® ..., ht=D} 3y,
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B . o,

The first term of this series, which is nothing when y = '}%_'3 , will be-
come positive and equal to h® 3 y; the sum of this term and the follow-
ing, which are positive, will increase by the quantity

th 4 hC+D 4 &e}dy;
but by supposition we have
' B® 4 h® ... he=Y < h® 4 he+Y + &o.;
the entire sum of the terms of the series (P), all taken positively, will

therefore be augmented, and as it is equal to the sum of the errors
i, x® 4 i®, x@, &c. of the entire measured arcs, all taken with the

sign 4, this last sum will be augmented by the supposition of y= (r) +6 y-

It is easy to prove, in the same way, that by augmenting y, so as to be

c—1 c(r—2) cr—2) clt—3)
compnsed betweenl =D and < 5 Or between ——y; and | hE=y» &e

the sum of the errors taken with the sign 4 will be greater than when
c®
Y= 'EF).

Now diminish y by the quantity 8y so that i (,) — & y may be comprised

c® co+D ) .
between i 2 ps the sum of the negative terms of the series (P)

will increase, in changing their sign, by the quantity

fh +h® 4 ... . h®} 3y;
and the sum of the positive terms of the same series will decrease by the
quantity

{hC+b £ hC4D 4 &} dy;
and since we have

h® 4 h® 4 .. .. h® > hC+D) 4 hC+?) 4+ &e,,
it is clear that the entire sum of the errors, taken with the sign 4, will be
augmented. In the same manner we shall see that, by diminishing y, so

c4D cr42 c42 cr4d)

that it should be between pgD 2 s or between ~——- ey 2 g

&c. the sum of the errors taken with the sign 4 is greater than when
® . . . .
y= %; this value of y is therefore that which renders this sum a

minimum.
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The value of y gives that of z by means of the equation

z=A—P.y.

The preceding analysis being founded on the variation of the degrees
from the equator to the poles, being proportional to the square of the sine
of the latitude, and this law of variation subsisting equally for gravity, it
is clear that it applies also to observations upon the length of the seconds’

pendulum.

The practical application of the preceding theory will fully establish its
soundness and utility. For this purpose, ample scope is afforded by the
actual admeasurements of arcs on the earth’s surface, which have been
made at different times and in different countries. Tabulated below you
have such results as are most to be depended on for care in the obscrva-
tions, and for accuracy in the calculations,

Latitudes. |Lengths of Degrees. Where made. By whom made.
0°.0000 | 2553885 | Peru. Bouguer.

37.0093 | 25666.65 | Cape of Good Hope .La Caille.

43 .5556 | 25599.60 Pennsylvania. Mason & Dixon.

47.1963 | 25640.55 Italy. Boscovich & le Maire.

51.3327| 25658.28 France. Delambre & Mechain.

53.0926 | 25683.30 | Austria. Liesganig.

73.7037| 25832.25 | Laponia. Clairaut, &c.




SUPPLEMENT

TO

BOOK III

FIGURE OF THE EARTH.

585, IF a fluid body had no motion about its axis, and all its parts were
at rest, it would put on the form of a sphere; for the pressures on all the
columns of fluid upon the central particle would not be equal unless they
were of the same length. If the earth be supposed to be a fluid body,
and to revolve round its axis, each particle, besides its gravity, will be
urged by a centrifugal force, by which it will have a tendency to recede
from the axis. On this account, Sir Isaac Newton concluded that the
earth must put on a spheroidical form, the polar diameter being the

shortest. Let P E Q represent a section of the earth, P p the axis, EQ
the equator, (b m) the centrifugal force of a part revolving at (b). This
force is resolved into (b n), (n m), of which (b n) draws fluid from (b)
to Q, and therefore tends to diminish P O, and increases E Q.

It must first be considered what will be the form of the curve P E p,

and then the ratio of P O : G O may be obtained.
Vor. 1L X
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586. LEMMaA, Let E A Q, e a q, be similar and concentric ellipses, of
which the interior is touched at the extremity of the minor axis by Pa L ;
draw a f, a g, making any equal angle with a C; draw P F and P G re-
spectively parallel to a f; ag; then wil PF4+ PG =af+4 ag
For draw P K, Fk perpendicular to E Q, and F H, k r perpendicular to
PK, -FE=EK, ~HD=DrandPD=DK, .. PH=Kr;
also F H = K, ... if Kk be joinedy Kk = P F; draw the diameter
M C z bisecting K k, G P, a g, in (m), (s), (z).
Then
Km:Kn::Ps:Pn::az:aC::ag:ab.
#Km+4Ps:Kn+4+ Pn::ag:ab
but
Kn+nP=KP=2PD=2aC=ab.. Km4Ps=ag
~2Km+ 2Ps=2ag,or PF+P G=ag+af
Cor. PH4 PI = 2ai. For
PF:PH::PG:Pl::ag:ai
&~PF4+PG:PH+ PI::ag:ai::2ag:2ai.
but
PF+PG=2ag, .PH4+PI=2ai
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587.The attraction of a particle A towards any pyramid, the area of
whose base is indefinitely small, o length, the angle A being given, and

the attractio i i di :
ion to each particle varying as distance?

For let
a = area (VXzw)
m = (A z)
x = (Aa)
Then section a b = sectionvxzw. (Aa)* = ax?
(Az)* m?*
. ax*x’ _ax
<. ¢, attraction = TR T Wy

.. attraction =

.. attractions of particles at vertices of similar pyramids o« lengths.

588. If two particles be similarly situated in respect to two similar solids,
the attraction to the solids o lengths of solids.

For if the two solids be divided into similar pyramids, having the par-
ticles in the vertices, the attractions to all the corresponding pyramids
o their lengths o« lengths of solids, since the pyramids being similarly
situated in the two similar solids, their lengths must be as the lengths of
the solids: .. whole attractions & lengths of the solids, or as any two
lines similarly situated in them.

Cor. 1. Attraction of (a) to the spheroid a q f: attraction of A to
AQF::aC:AC.

Cor. 2. The gravitation of two particles P and p in one diameter P C are
proportional to their distances from the center. For the gravitation of (p)
is the same as if all the matter between the surfaces A Q E, a q e, were
taken away (Sect. XIII. Prop. XCL Cor. 8.) .. P and p are similarly si-
tuated in similar solids, .. attractions on P and p are proportional to
P C and p C, lines similarly situated in similar solids.

589. All particles equally distant from E Q gravitate towards E Q with

equal forces.
X2
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For P G and P F may be considered as the axes of two very slender
pyramids, contained between the plane of the figure and another plane,
making a very small angle with it. In the same manner we may conceive
of (af) and (ag). Now the gravity of P to these pyramids is as
PF 4+ P G; and in the direction Pdisas PH + P 1. Again, the
gravity of (a) to the pyramids (a f), (a g) isas (a f 4 a g), or in the di-
rection (ai)as2ai; but PH 4+ PI = 2ai: .. gravity of P in the di-
rection P d = gravity of (a) in the same direction.

It is evident, by carrying the ordinate (f g) along the diameter from (b)
to (a) ; the lines (a f), (a g) will diverge from (a b), .and the pyramids of
which these lines are the axes, will compose the whole surface of the in-
terior ellipse. 'The pyramids, of which P I, P G are the axes, will, in
like manner, compose the surface of the exterior ellipse, and this is true
for every section of the spheroid passing through P m. Hence the at-
traction of P to the spheroid P A Q in the direction P d equals the at-
traction of (a) to the spheroid (p a q) in the same direction.

590, Attraction of P in the direction P D : attraction of A in the same
direction:: PD: A C.

For the attraction of (a) in the direction P D : attraction of A in the
same direction : : P D : A C, and the attraction of (a) = attraction of P.
.~ attraction of P : attractionof A:: PD: A C.

Similarly, the attraction of P in the direction E C : attraction of A in
the direction EC:: Pa: E C.

NN
i
KL/[ o//\/E ‘t,

591.Draw M G perpendicular to the ellipse at M, and with the radius
O P describe the arc P n.
Then QG: QM:: QM: QT
Q M:*

e Q G = "—Q-—T’.
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And
0Q:0P::0P:0T
.-.OQ..OI,)I,
. .QM’ or: QM:.0T ..,
~QG:QO0: QT 0T+ QT : 0V
but

OT:0Q::0P2:QO*
SOT: TQ::OP*:0P*—0Q¢
::0P*:nQ*
::0P*:PQ.Qp::OE*: QM?
L,OT _OE?
o 71‘—“Q“ = —Q—Nia .
~QG:QO0::0E2:0P*
~ee=3%"qo.
592. A fluid body will preserve its figure if the direction of its gravity, at
every point, be perpendicular to its surface ; for then gravity cannot put its
surface in motion.

598. If the particles of a homogeneous fluid attract each other with forces
varying as Fs&rr&ﬁ » and it revolve round an axis, it will put on the form

of a spheroid.

For if P E p P be a fluid, P p the axis round which it revolves, then
may the spheroid revolve in such a time that the centrifugal force of any
particle M combined with its gravity, may make this whole force act per-
pendicularly to the surface. For let E = attraction at the equator,

P = attraction at the pole, F = centrifugal force at the equator.
X3
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Then (590),
attraction of M in the direction M R: P:: QO: PO

.. attraction of M in the direction M R = —-——PI'J%O.
E.OR
Ok °
But the centrifugal force of bodies revolving in equal times o« radii.
Ve c?

Fm—r_ © P

4x%r
* —p3
(and P being given) « r

Similarly, the attraction of M in the direction M Q =

.. centrifugal force of M = —4-

.. whole force of M in the direction M Q = *—~-———.

Take Mr = 2, R0, 3 g = E=T.OR
lelogram, and M q will be the compound force; O E and O P .~ must
have such a ratio to each other that M q may be always perpendicular to
the curve. Suppose M q perpendicular to the curve, then, by similar
triangles, qggor Mr: Mg:: Q G: Q M.
. P.QO (E—F)OR OE”* .
Q0 B0 . 55 QO:OR

_P.QO.OR _ . OR OE*
sy =E—-P.gg-op» °

, complete the paral-

OE
“P=(E-F.5p
A“P:E—~F::0E:0P,
in which no lines are concerned except the two axes; .. {o a spheroid
having two axes in such a ratio, the whole force will, at every point, be
perpendicular to the surface, and .-, the fluid will be at rest.

594, The attraction of any point M in the direction M R = E-P—I%—B ;
= if P be represented by P O, M R will represent the attraction of M in
the direction M R, and M v will represent the whole attraction acting
perpendicularly to the surface.
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T
N P
=t N\ Y
D 3 M
N
E c
(0] v R t
o
n
d
P

Draw (v c) perpendicular to M O.

Then
MO:Ma::Mv:Mec: :attraction in the direction Mv: M O.

. attraction in the direction M O = Mﬁ—g{—? = 9M_12)_2 ® M—% .
By similar triangles T O y, M v R, (the angle T O y being equal to the
angle v M R.)
TO:0y::vM: MR
~TO MR=0Oy.vM=Ma.Mv=TO.OF=0P*
595. Required the attraction of an oblong spheroid on a particle placed
at the extremity of the major axis, the excentricity being very small.
Let axis major : axis minor::1: 1 —n. Attraction of the circle
N n (Prop XC.)
a:l--E—I‘cnl—- e = 5
EN ¥n*4 (1—n)*(2n-—n?
% 1l—x{2x—n.(4x—2n%); ¥

@1—x§2x) ' 4 L@ Fn. (4n—2n

@l__{_x__n__,(zl-«’x—2x¢)
v2 4v2
¥ o
A’o:x’——xvx2 432 (4x%x’—-2x§x’)
A N2 3 n gx¥ axi
@ X ——5—- A 3 z
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Letx =2EOQ = 2,

. 4 16V2 16 ~/ 2
..Aoc2——3--4v2 ( = )
3~ 15 5°

. attraction of the oblong spheroid on E : attraction of a circum-
scribed sphere on E : : (since in the sphere n = 0.)

4 n
H 5 : L
596. Required the attraction of an oblate spheroid on a particle placed
at the extremity of the minor axis.

Let axis minor : axis major:: 1: 1 4 n.

. ! ’ i X
A ccx{l v x4 (1 +n)".(2x—x‘)}

« x’{l Y 2"){_':}:71«:1{1}(——2 nx"}
@ x/ {1 —x ((2x)'{’——;~(2x)‘%m’=)}

r 22 _ — il
X =5t U3 2 v
A 4/_§.x%_l_V“é.nxg_nxé
X =73 3 5V2
whole attraction
4 4n 4n 2 8n 4n
s2—3+t3—Frgtppclty

. attraction of the oblate sphere on P : attraction of the sphere in-
scribedon P:: 1 + 4n

Since these spheroids, by hypothesis, approximate to spheres, they may,
without sensible error, be assumed for spheres, and their attractions will be
nearly proportional to their quantities of matter. But oblong sphere
: oblate : : oblate : circumscribed sphere. ... A of oblong sphere on E: A’
of oblate on E : : A’ : A” of circumscribed sphere on E.

A A AL A VA VA ~/1—-——1 1 =22
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Also
att®. of oblate sph.on P : att®, of insc?, sph. on P :: 1 4 %‘-‘-: 1

att®. of insc?, sph. on P : att®.of circumscd. sph.onE:: 1  :14n

att?, of circumscd, sph. onE: attr®, of oblate sph.on E:: 1 1___?2311

«. attraction of the oblate sphere on P : attraction of the oblate sphere

onE::l+-l!"?5ll:l+n.l-—--?—5—Il

4
::]+—:53:1+?—5E::1+ -g—:lnearly.

3
L+ 4 22 (14

14 20
) n
5

n 3n?

5 T 795

N 3n?

T 25

.'.P:E::l—l-—n5—:1;
but (598), P:E—F::0E: 0P
::14mn:1::P 4 F: Enearly
IT+n.E—T=P
w14+nE—F—nF="7P
w1+ n.E—nF=P+ F
and since (n) is very small, as also F compared with E,
A1 Fn.E=P+F
1 4+n:1::P4+F:E
.-.P=E+93E‘

.-.E+I~l—513—+ F:E::14n:1l

sm+ﬁ§+F=E+nE

n_4nE
~oF=—
wn=2E
T T AE

S4E:5F::1:n
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or ¢ four times the primitive gravity at the equator : five times the centri-
fugal force at the equator : : one half polar axis : excentricity.”

594, The centrifugal force opposed to gravity o cos.* latitude.

p
K m_n
r
Q 0 B

Let (m n) = centrifugal force at (m), F = centrifugal force at E.

.. (n 1) is that part of the centrifugal force at (m) which is opposed to
gravity.

Now

F:mn::OE:Km(.+.F:nr::0Om?:Km?
and ::r®  :cos.?lat.
mn:nr::Om: Km
s.mr oo cos.® lat

598. From the equator to the pole, the increase of the length of a de-
gree of the meridian o sin.® lat.

Q C K

nr:Ms::nG:MG::CP:CR::1—mn:1L
I—n.MS=1—n.¢sin.d =1—n.cos.0.?¢

SN T =
mr=st=¢.cos.§ = — sin. 0. ¢
e.mr?=sin?4,40%
comn*=nr?4mr?=¢Lsin?d4 (1 —n)t. cos.d.¢*

¥2. (sin.20 4 1 — 2n. cos.? d)
¢* (sin.? 0 4 cos.®d — 2m. cos.* )
#%. (1 —2n. cos.* )
~mn=#¢. (1 —n.cos.*8)
«. at the equator, since
0=0; mn’ = ¢ (1 —n)

nmn
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.~ increase = ¢ (1 —n.cos.®*d— 1+ n) = ¢.n (1 —cos.? 6)
= ¢. nsin ¢,
.. increase « n ¢. sin. * 4
« sin.? ¢, « sin, ¢ latitude.
599. Given the lengths of a degree at two given latitudes, required the
ratio between the polar and equatorial diameters.
Let P and p be the lengths of a degree at the pole and equator, m and
n the lengths in latitudes whose sines are S and s, and cosines C and c.
Then as length of a degree o radius of curvature, (for the arc of the me-
ridian intercepted between an angle of one degree, which is called the
length of a degree, may be supposed to coincide with the circle of curva-
ture for that degree, and will .-, & radius of curvature.)

CD*
. *Pr"
Now at the pole C D* becomes A C#% and P F becomes B C
.~ length of a degree « %—C‘f, o« éI;;
similarly the length of a degree at the equator
BC® _ bt
*AxC *
2 2
) P:p: aT):b;::oﬁ:bs::1:(1-—1)’)“.
Now
m-—p:n—p.(598):: S*: 5%
“m—n:n—p 11 8*—st: S
e = m-—n,S?
" P=gr 5
but

,m—n.S*

P—pin—p::12:5s%:: P""'P~"§C";T"

m-—n
e P—p::'s'g;*—g—z’
"P'—‘P"f‘gl_z:“:’s%’

m-—n.,s?
ST __s —n—DPp

P m—n.St

Ss__sg H

.
.
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_nS*—ns*—ms®+ns®_nS*—ms*

- Sz__sz - Se_sz ]
m—n _ nS?*—ms?*4+m-—n
'.°P=P+S“—s’= S’—-:; ,
_m.(l—s*—n.(1—8°)
- S*—s® ’

_mc*—nC*
- 8t—s® ?

WP:p:: me?—nC? nS?—ms?
wPipll g g
ttme*—nC?:nS?—ms?::1: (1 —n')?
s(met—nCHY :(nS%—msHi i 1:1—nm',
600. The variation in the length of a pendulum « sin. ? latitude.
Let 1 = length of a pendulum vibrating seconds at the equator.
L = length of one vibrating seconds at latitude 6.
The force of gravity at the pole = 1, .-, the force of gravity at the equator
= 1 — T, and the force of gravity in latitude 4 (603) = 1 — F. cos.* 4,
wL:l::1—TF.cos.20:1—F (sinceda «dF)
SWL=—1:1::F. (1l —cos.?0):1—TF:: Fsin?0:1—F,
wL—1= 1—————~--Iij‘_nl:l ¥ « sin.2 0.
From the poles to the equator, the decrease of the length of a pendu-
lum always vibrating in the same time, o cos. * latitude.
Let L/ = length of a pendulum vibrating seconds at the pole,
St Lt 1: 1 —TF.ocos?d,
S L —Loii 1 Focos?y,
&I/ —L « cos.?
601, The increase of attraction from the equator to the pole « sin. * lat.

Let

OE:OP::1:1—n
Let ‘
MO = a, theange MOE = ¢,

2
< MR*=g 2 {OE'—OR%,
or
atsin.?d = (1 —n)% (1—a*cos.? §)
=T—2n (1—a*cos.? )
coatfisintd 41 —2n.cos.®8} =1—2n
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e 1—2n _ 1—2n
-8 ~ sin.®4d + cos.20 —2n.cos.28” 1—2n,cos?d’
1—n I 1 4 n.cos. .
R = Tnlcos®l T I—n. 55w cos4o_1—n(l+ncos 2
=1—n (1 — cos.? §) = 1 — n. sin.*
1 1 . 1
s = —— = 0= . o
a 1—n.sin?d 1 4 n.sin. MO’

but (594) the attraction in the direction M O « Ml()’

.. attraction in the direction M O (A) : attraction at E (A’)
114+ n.sin24: 1,
“A— A A": n,sin?0: 1,
oA~ A= Al n.sin %,
.. increase of attraction « sin. ? ¢ ¢ sin. ? latitude.

602. Given the lengths of two pendulums vibrating seconds in two
known latitudes ; find the lengths of pendulums that will vibrate seconds
at the equator and pole.

Let L, 1 be the lengths of pendulums vibrating seconds at the equator
and pole.
L/, 1 be the lengths in given latitudes whose sines are S, s, cosines C, c.
WL —L:l—TL:: S2:s®
o L/s*—Ls?=18?—Ls®
L (8%—s) =18 —L'sy
4 2 o2
L= 8=l
Again
V—L:1—L::8%*:1,
oLV—L=18*—LS?
.'.l=L — L. (l—S’)

S!
_ L (rS*—L'sy)(1—89
=8 TSI (ST—=s9)
LS st VS 4 VS 4L s L STt
= S*. (87— 39
_ LS IS4+ 1.8~ 11 85"
Se (S’—-s’) ’

_L.(1—s)—V.(1—8%) _Le—ICt

S —s* ST—st
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603. Given the lengths of two pendulums vibrating seconds in two
known latitudes; required the ratio between the equatorial and polar
diameters. :

Since the lengths o forces, the times being the same,

« Lt 1:: force at the equator : force at the pole
::(10)%:T~_1_—_—ﬁ:: 1—n:1::0P: OE,
~OP:OE:: polar diameter : equatorial diameter

Ll VSe—Ls?: et —1Co

604. To compare the space described in one second by the force of gra-
vity in any given latitude, with that which would be described in the same
time, if the earth did not revolve round its axis.

The space which would be described by a body, if the rotatory motion
of the earth were to cease, equals the space actually described by a
body at the pole in the same time; and if the force at the pole cqual 1,
the force at the latitude ¢ (597)equal 1 — I cos, ?6, and since S = m I' T'%,
and T is the same, .. S « F.

.. space actually described when the earth revolves : space which
would be described if the earth were at rest :: 1 — F. cos,? 0 : 1,

6035, Let the earth be supposed a sphere of a given magnitude, and to re-
volve round its axis in a given time; to compare the weight of a body
at the equator, with its weight in a given latitude.

The centrifugal force = YI:_ = 4'-—-;1 ‘= F equal a given quantity,
since (r) and P are known. Now the force at the equator = 1 — F,
and the force at latitude 6 = 1 — F'. cos.? ¢, and the weight « attractive
force

AW W i1 —F 1 —T. cos.?e.

606. Find the ratio of the times of oscillation of a pendulum at the
equator and at the pole, supposing the earth to be a sphere, and to re-
volve round its axis in a given time.

L o« I T®but L is constant, .. T2 « 1

r’

& T oscillation at the pole : T'. oscillation at the equator
11 # force at the equator : # force at the pole
VI _F: L
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ON THE THEORY OF THE TIDES.

607. If o spherical body at rest be acted upon by some other body, it
may put on the form of a spheroid.

S R \
G

\.\_ p_//‘

Let P E p be the earth at, rest: (S) a body acting upon it; (O) its cen-
ter; (M) a particle on its surfuce.
Let P = polar,

. ion o .
E = cquatorial, attracﬁnon n the earth

Then the attraction on M is parallel to M Q = E.-OR

oL
Similarly the attraction on M is parallelto M R = -P——OQP—Q .

Let (1n) = mean addititious force of S on P.
(n) = mean addititious force of S on E.
Now since the addititious force (Sect. XI1.) o distance,
.. the whole addititious force of Son M = ET’MO—Q s
and

m P 1\(4) 0.; addititious force in the direction M R:: M O : M R,

. . — _.m. MR _m.0Q
. addititious force in the direction M R = Po- =" TPo

Again, since
m:n:: PO:EO,
m n

o ’—'—"P 0 = ’-——-—E 0 s
.. whole addititious force of Son M = T__n : 1\%)0 ,
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.. addititious force in the direction M Q = n.MQ _n.0OR

EO - EO
.. whole disturbing force of S on M in the direction M Q == twice the
addititious force in that direction, and is negative = — g_:;)_;) R‘.
.*. whole attraction of M in the direction M Q = {E — 2 n}. g% s
and the whole attraction of M in the direction M R = {P 4 mj}. O Q
OR
Take Mg = {fE —2n}. OE}
o)
Mr=1{P 4+ m}. 6%

complete the parallelogram (m q), and produce M q to meet P p in G.
Now if the surface be at rest, M G will be perpendicular to the sur-
face.
~Mr:Mg::gq:gM:: GQ: QM,

or

Pamp. 33 B2 9 0T 0Q OR.

P O
AW P4+m:E—2n:: 0E: 0P,
.. figure may be an ellipse.
608. Suppose the Moon to move in the equator; to find the greatest ele-
vation of tide.

Let A B C D be the undisturbed
sphere; M P m K a spheroid
formed by the attraction of the
Moon; M the place to which the

Moon is vertical.
Let
AE
EM 1 + o
EF 1 —8

Then since the sphere and spheroid have the same solid content,
.47, (AE)? _4-7r.EM.(FE)’
3 - b

w ll

L LY (l-l-a) (1—8F _ 4r.(1+a)(1—-26+/3‘)
o
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l+a—2—2aB+B°+af®

1 + o — 2 B nearly, («) and (B) being very small,
2 B or greatest elevation = 2 X greatest depression.

Booxk IIL.]

L
(||

fe &0 =

614. To find the greatest height of the tide at any place, as (n) .

Let

EP=/—(PEM=0—c+p=""=EM—EF=M,

ZPNt= gt sinto= Lol {EM:—E N

= (1557 10 + o —eteon oy,

Now E—:—__f@a—g—: by actual division (all the terms of two or more dimen-
sions being neglected) = 1 —2.(« + 8) =1 —2 M,
S PN2=p%sin?0=(1—2M).{l 4+ 2«-—p®. cos.® 8}

(since 2 « = 35-6-‘-%:—%'—1\1) =(1—2M) {14 '-Aif;Y[-—gQ. cos.2 6.

gt fsint 0 4 (1—2M) cos.? 0} = (1 — 2 M). (l +-4'—31!I)
2M 2M
1—= 1— ="

. p— —
¢ sin.?0 4 cos.?0 — 2 M. cos.28 1 —2 M. cos.® 9,
M

] — =

= (1 4+ M. cos.? ). (1 — %/1-) nearly,

= 1+M.COS.20———1;—4,

T T T ITM. cos 0

se—1 =M. c()s.ga—l\g:EP-——En:Pn: elevation re-

quired.
615. Similarly ifthe angle MEp = ¢, . Ep = 1 + M cos.¢ —-3,

.1 —Ep =pn = depression = -1;—/!—- M. cos.% 9
=M-—-M.cos."0'—%M =Msin.20’—-2——§1\—/-1.
616.B M = a = .2.334
2 M 2 M

—-—

~BM—Pn =—3—+ M. sin. 20 — 3

= M. sin,? 4 o sin.® 0,
Vor. II, Y
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-~ greatest elevation & sin.? horizontal angle from the time of high tide.
617 At (O) Pn = 0,
M

.°.M.cos.“0—-§- =0,

M

.'.M.cos.“t):»‘?«,

o COS. 0 = =L,
v3
0= 540, A4
Hitherto we have considered the moon only as acting on the spheroid.
Now let the sun also act, and let the elevation be considered as that pro-
duced by the joint action of the sun and moon in their different positions.
Let us suppose a spheroid to be formed by the action of the sun, whose
semi-axis major = (1 + a), axis minor = (1 — b).
618. Let (a 4+ b) = S, (p) = the angular distance of any place from the
point to which the sun is vertical. It may be shown in the same manner
as was proved in the case of the moon, that

S.cos.?p -—-—§~ = elevation due to the sun,
and

S.sin?e¢ — 2~3§ = depression due to the sun,

(#’) being the angular distance of the place of low water from the point to

which the sun is vertical,

M+ S
3
Similarly M. sin.? ¥ 4+ S.sin.2 ¢/ — % M 4+ S = compound depres-

sion.

619. Let the sun and moon be both vertical to the same place,

SLl=9=0,

M ;' S =%M + S = compound elevation,

oM. cos.2d 4+ S. cos.?p—

= compound elevation.

M4 S—

and
¢ = ¢ = 90°,

M4 S—%. M+ S=3M+ S = compound depression,
.. compound elevation 4 compound depression = M 4 S = height ot
spring tide.
620. Let the moon be in the quadratures with the sun, then at a place
under the moon,

(¢) = 0, and (¢) = 90°,
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.% compound elevation = M — M ;' S ,

also (¢) = 90, and (¢') = 0,
.. compound depression = M — §. M + S,
.~ height of the tide at the place under the moon =2 M — M + S
= M + S = height of neap tide.
Similarly at a place under the sun, height of tide = S — M.
621, Given the elongation of the sun and moon, to find the place of com-
pound high tide.
Compound elevation = M cos.?¢ 4 S

M+ S

cos.* p — —o— = maximum at high

M

water.

< ) ’ -8
o —2M cos. 4sin. § ¢ —2 S P . -
cos. ¢ sin. p 9" = 0Oy p
but ]
\ A

(0 4+ ¢) = elongation = E
= constant quantity,
S 4=
==,
2 M cos. 4sin. § = 2 S cos. ¢ sin. ¢/,
~ M sin. 24 = S sin. 2 o,
~M:S::sin29¢:sin. 29,
M4 S:M—S::sin. 29 4 sin. 24:sin. 2 p — sin, 24,
::tan. (p + 0): tan. (p — 6),
and since (¢ 4 ¢) is known, ... (p — 0) is obtained, and .- (¢) and (¢) are
found, i. e. the distance of the sun and moon from the place of compound
high tide is determined.
622. Let P be the place of high tide,
P’ the place of low water, 90° distant from P,
Pn=0—Pml=90+4+80=¢—Ps=9p—Pg3s
=90 — ¢ = ¢.
Now the greatest depression = M sin.?¢ 4 Ssin.*¢’ — § M + S,
but
sin.® ¢ = sin.* (90 4 ¢) = sin.? supplemental angle (90 — 6) = cos.? ¥,
and
sin.® ¢/ = sin.* (90 — @) = cos.? @,
-~ the greatest depression = M cos.2d + Scos.*¢p — & M 4 §,
and the greatest elevation = M cos.?¢ 4 Scos.tp — } M+ S,
- the greatest whole tide = the gr%agest elevation 4 greatest depression

a
L
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=2Mcos.*0 +2S5cos.?p— M + S,
=M {2cos.?0—1} + S (2cos.2p—1)
= M cos. 20 4 S cos. 2 o.

623. Hence Robison’s construction.

Let A B D S be a great circle, S and M the places to which the sun
and moon are vertical ; on S C, as diameter, describe a circle, bisect S C
in (d); and take Sd : da:: M: 8. Take the angle SC M = (p+9),
and let C M cut the inner circle in (m), join (m a) and draw (h d) par-
allel to it; through (h) draw C h H meeting the outer circle in H; then
will H be the place of high water.

For draw (d p) perpendicular to (m a) and join (m d).

Let the angle S C H = ¢, and the angle M C H = 4.

Since M:S:: Sd:da
MFS:M—S::Sd+da:Sd—da
cidm4da:dm—da
dam+4 dma n dam—dma

T tan. ) ¢ tan, 5
‘: tan Sdm'tan dam—dma
Sdh—mdh

:: tan. S C M : tan, 5

ttan. SCM:tan. (SCH—HCM)
: tan, (p + 8) : tan. (p — 9)
H is the place of high water 621.

Also (m a) equals the height of the whole tide. For (a p)=ad.cos.pad
= S.cos. Sdh = S. cos. 2 ¢

and
(pm) =md.cos.pmd = M.cos.mdh = M. cos. 2 4
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sam=ap+4 pm = M cos. 20 4 8. cos. 2 p = height of the tide.

At new moon, § = ¢ = 0

At full moon, ¢ = 0, ¢ = 180°

When the moon is in quadratures, (m a) coincides with C A,

o8 =0, p= 900,
*tide = M — S == ncap tide.

624. The fluxion of the tide, i. c. the increase or decrease in the height
of the tide & ¢/, (m a) « ¢’. {M. cos. 20 4 S. cos. 2 p}. But the sun
for any place is considered as constant,

o9 (ma) X — M.sin, 20,2 ¢,
<. ¢’. (m a) is a maximum at the octants of the tide with the moon .

& — M. sin. 2 ¢
since at the octants, 2 ¢ = 90°,

The fluxion of the tide is represented in the figure by (d p).

For let (m u) be a given arc of the moon’s synodical motion, draw (n v)
perpendicular on (m a), .. (m v) is the difference of the tides.

Nowmu:mv::md:d p and m n and m d are constant, .
m v o« d p and d p is a maximum, when it coincides with (d a), i. e. when
the tide is in octants; for then 2 (m ad) = 90°,

625. At the new and full moon, it is high water when the sun and

} < tide = M 4 S = spring tide.

M

moon are on the meridian ; i e. at noon and midnight. At the quadra-
tures of the moon, it is high water when the moon is on the meridian,

because then (m) coincides with C. Mt S
For let M. cos.* ¢ 4+ S. cos.? p — ——; = maximum; then sincc

in quadratures (p + 6) = 90°, ... ¢ = 90° — 4,
M. cos.?0 4 S.sin.? 0 — 3 M 4+ S = maximum,
. 2M.cos. d.sin. 8. ¢ = 2 S.sin, 4. cos. 4. 0,
WM =S.2.sin. 0. cos. § = M—S.sin. 20=0, ..sin. 20 =0,
.. § = 0, that is, the moon is on the meridian.
Y3



842 A COMMENTARY ON [Boox IIIL

626. From the new moon to the quadratures, the place of kigh
tide follows the moon, i e. is westward of it; since the moon moves
from west to east, from the quadratures to the full moon, the place of
high tide is before the moon. There is therefore some place at which its
distance from the moon (¢) equals a maximum.

Now (621) M:S::sin.2p:sin 24

< M.sin, 20 = S.sin. 2 ¢
S M.20.c05.20=1S.2¢.¢cos.2¢0 =0
€08 290 =0, .. p = 45°,

6217. By (621) M. sin. 20 = S.sin. 2 ¢

0. M.cos. 20 = ¢.S.cos. 29
but
pt+o=¢ P+ =€, 0 =€ —¢
(@ — @) M.cos. 20 = ¢. S. cos. 2 ¢
€. M.cos. 20 = ¢. §{S.cos. 29 + M. cos. 2 4}
. e. M. cos. 2 ¢
P = M.cos. 204 S.cos. 2¢°

Next, considering the moon to be out of the equator, its action on the
tides will be affected by its declination, and the action of the sun will not
be considered.

By Art. (614) the elevation = M cos.? § — l—g

.. elevation above low water mark = M. cos.? ¢ — % 4+ b
now M
a
b=3=3
.. elevation above low water = M. cos. * ¢
= magnitude of the tide.
Let the angle Z P M which measures the time from the moon’s pass-
ing the meridian equal t.
Let the latitude of the place
=90° _PZ=1
Let the declination
=90 —PM=4d
_ €0s.ZM—cos.Z Pcos. PM
cos. ZPM = sin. Z Psin. Z M

or
cos. § — sin. 1 sin, d
cos. 1 cos. d

.cos, § = cos. t cos. 1 cos. d 4 sin. 1sin. d

cos. t =
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.. magnitude of the tide = M. {cos. t cos. ] cos d + sin. 1 sin. d} ®
.~ for the same place and the same declination of the moon, the magni-
tude of the tide depends upon the value of (cos.t). Now the greatest
and least values of (cos. t) are (4 1) and (— 1), and since the moon only
acts, it is high water when the moon is on the meridian, and the mean
greatest 4 least
BT

greatest = M. {sin. 1 sin. d + cos. 1 cos. d} *

least = M. {sin. 1 sin. d — cos. 1 cos. d} ®

. M-S}éi-@ﬂ = M. fsin.?1sin.*d 4 cos.?1 cos.? d}

tide =

2sin.21 = 1~ cos. 21
2sin.?d =1—cos. 2d
Sodosin?lsina?d = 1 — fcos. 21 4 cos. 2d} + cos. 21 cos. 2d
2.c0s.21 = cos. 21 4+ 1
2.cos.*d = cos. 2d 4+ 1
o 4.cos.?lcos.®d =1 4+ (cos. 21 4 cos. 2d) + cos. 21 cos. 2d
o4, §sin 21 sin.®*d 4 cos.®lcos.?d} = 2+ 2. cos. 21cos. 2d
.. mean tide = M. sin.2 I sin.?d + cos.?1cos.*d
= M. 1 +cos.221cos.2d
1t is low water at that place from whose meridian the moon is distant
900, .*. cos. § = 0, .. for low water
sin. 1 sin. d
cos. t = — cosToosd = — tan. 1 tan, d.
When (1 4 d) = 90°, ... tan. 1 tan. d = tan. | tan. (90° — ])

= tan. l cot. 1 = tan. 1 =1
tan. 1

.cos. t = — 1, .. t = 1800, .~ time from the moon’s passing the meri-
dian in this case equals twelve hours, .. under these circumstances there
is but one tide in twenty-four hours.

Whenl = d, .. cos. t = — tan.®1
and the greatest elevation = M {cos. t cos. I cos. d + sin. 1 sin. d}*

(since cos. t = 1) = M. {cos.*1 + sin.* 1} = M.

Whend = 0, .. greatest elevation = M cos. * 1.

When 1 = 0, .. greatest elevation = M cos. * d.

At high water t = 0, .-, greatest elevation when the moon is in the
meridian above the horizon, or, the superior tide = M {cos. I cos. d +
sin. 1sin, d}* = Mcos.t (1 —d) = T.

For the inferior tide t = 180°, ./, cos. t = — 1,
Y4
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.~ inferior tide = M {sin. 1 sin. d — cos. 1 cos. d}*
= M §—1 (cos. I cos. d — sin. 1 sin. d)}*
= Mcos.2(l + d) = T
Hence Robisan’s construction.
With C P = M, as a radius, describe a circle P Q p E representing

-
. terrestrial meridian; P, p, the poles of the carth; E Q the equator ;
Z) the zenith; (N) the nadir of a place on this meridian; M the place
f the moon. Then

Z Q latitude of the place = 1 } . R _
M Q declination = df " 7Z M the zenith distance = 1 — d.

Join C M, cutting the inner circle in A ; draw A T parallel to E Q.
'oin C T and produce it to M’; then M’ is the place of the moon after
1alf a revolution, .©. M’ N = nadir distance

=ME4+EN=MQ+ZQ=1+4d

Join C Z cutting the inner circle in B; join B with the center O
nd produce it to D; join A D, BT, A B, D T; and draw TK, AF
ierpendiculars on B D.

L, ADB=2.BCA=ZQ—~MQ=1—d
"TDB = 180°— ¢ T CB =2 MC N=ld 24 the angles B A D,

3 T Z are right angles D
. . . _DA* BD®%cos. BDA__ 2l
3D:DA::DA:DF=pyy= BD =BD.cos.? (I—d)

= M cos.? (1 — d) = height of the sup". tide.
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Again

BD:DT::DT:DK=21*_BD%cos. BDT

BD BD
= M cos. 1 + d = point of the inferior tide.
If the moon be in the zenith, the superior tide equals the maximum.
For thenl — d = 0, .. cos. [ — d = maximum, and BD = D I.
If the moon be in the equator,d = 0, .. D F = D K.
The superior tide = M cos.® (1 —d) = T
The inferior tide = M cos.? (1 + d) = T.
Now T > T, if (d) be positive, i. e. if the moon and place be both on
the same side of the equator.
T < T” if (d) be negative, i. e. if the moon and placc be on different
sides of the equator.
If (d) = 90° — 1, .. D K = Mcos. * (L4 90° —1) = M cos. *90°=0.
If (d) = 90° + 1, and in this case (d) be positive, and (1) negative,
SDT = cos.? (d—1). M = Mcos.2(90° + 1 —1) = M cos.*90°=0.

r——

= BDcos. 14 d







PROBLEMS

FOR

VOLUME IIL

Pros. L. Tke altitude P R of the
pole is equal to the latitude of the place.

For Z E measures the latitude.

= P R by takingZ P from E P and
Z R.

Pros. 2. One half the sum of the
greatest and least altitudes of a cir-
cumpolar star is equal to the altitude of
the pole.

The greatest and least altitudes are at
X, y on the meridian.

Also

xR+4+yR=xy4+2y R=2(Py+Ry)=2. altitude of the pole.

Pros. 3. One half the djfference of the sun’s greatest and least meridian
altitudes is equal to the inclination of the ecliptic to the equator.

The sun’s declination is greatest at L, at which time it describes the
parallel L r.

<. L. H is the greatest altitude,

The sun’s declination is least at C, when it describes the parallel
s C.

<. s H is the least altitude,
and

3. (LH—sH)=3Ls=LE.
Pros. 4. Ore half the sum of the suw’s greatest and least meridian al-
titudes is equal to the colatitude of the place.
t(lLH4+sH) =4HE4+EL+HE—Es)
=4(HE)=HE.
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Prob. 5. The angle which the equator makes with the horizon is equal to
the colatitude = E H.

ProB. 6. When the sun describes

b a in twelve hours, he will describe ca —

.. . - . a =GP

in six; if on the meridian at a it be - /s

noon, at c it will be six o’clock. Also / N

at d he will be due east. He travels 15° q

in one hour. The angle a P x, mea- [y / v R
sured by the number of degrees con- \
tained in a x (supposing x equals the b
sun’s place), converted into the time at 7 Q
the rate of 15° for one hour, gives the -l

time from apparent noon, or from the
sun’s arrival at a.

ProB. 7. Given the sun’s declination,
time of rising, and azimuth at that tirne.
Given Z E, .. Z P = colat. given.
Given b ¢, .. Pb = codec. given.

Givenb Z = 90°.

Required the angle Z P'b, measuring
a b, which measures the time from sun
rise to noon.

Take the angles adjacent to the side
90% and complements of the other three
parts, for the circular parts.

. r.cos. ZPbacot.ZPcot. Pb
or

r. cos. hour 2=tan, lat. tan. dec.
.~. log. tan. lat. 4 log. tan. dec. — 10 = log. cos. hour < required.
Also the angle P Z b measures b R, the azimuth referred to the northy

and
r.cos. Pb = cos. PZ. cos. Z

r. cos. p

. c0s, L = —
sin, L

Pros. 7. (a) T. cos. hour £ = tan, latitude tan. declination, for sun rise.
2. tan, lat. tan, dec.

Hence the length of the day = 2. cos. hour £ =
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cos. Zb —Z cos.P. cos.P b
sin.Z P.sin. Pb

, or since h > 909,

h may be found thus, from A Z P b cos. h=

sin. L cos. €os. p
= (since Z b=190" )’—co:, L’ snp

— cos. h = — tan. L. cot. p, or cos. h = tan. L. cot. p.
and the angle P> Z b may be similarly found,
cos. Pb—cos. Z P.cos.Z b
sin. Z P.sin. Zb

_ COs. p
~ cos. L”
Pros. 8. Find the sun’s altitude at siz o’clock in terms of the latitude
and declination.
The sun is at d at six o’clock. The angle Z P d = right angle.
Zp = colat. P d = codec. Required Z d (= coalt.)

r.cos. Zd = cos.ZP.cos.d P

r.cos. Z =

or
r. sin. altitude = sin. latitude X sin. declination.

Pros. 9. Find the time when the sun comes to the prime vertical (that
vertical whose plane is perpendicular to the meridian as well as to the hori-
zon ), and his altitude at that time, in terms of the latitude and declination.

Z P = colatitude. P g = codeclination. The angle P Z g=right angle.
Required the angle Z P g.

r.cos. ZPg =tan.ZP. cot. Pg.
= cot. latitude tan. declination.
Also required Z g equal to the coaltitude,
r.cos. Pg = cos. P Z. cos. Z g.
. r.sin, declination
sin, latitude

Pros. 10. Given the latitude, declina-
tion, and altitude of the sun ; find the
hour and azimuth.

Let s be the place. B - /

Given Z P, Z s, P s. Find the angle S
Z Ps. )

Let ZP, Zs, Ps = a, b, ¢, be given, ! R
to find B. \ ~

sin. B = 2% x Q

Silll. a. sin, €
¥s.(s—a).(s—b).(s—c) p \/
a4+ b4ec
—

= sin. altitude.

where s =
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Also find C. v « (Or by Nap. 1st and 2d Anal.)
2r

sin.a.sin. b’

sin. C =
2r ¢
sin. b. sin. ¢ v
ProB. 11. Given the error in the altitude- Find the error in the time
in terms of latitude and azimuth.
Let m n be parallel to H, and n x be 7

the error in the altitude. P
< &m P x = error in the time = y z. B
yzimx::irad.:cos.my v \

Similarly, sin. A = sin. < of position =

mx:xn::rad. :sin.nmx

z N
s.yz:ixn :iir® : cos.my.sin.nmx H/ \O B
or
rtnx \ \/
z = —
y €Os. m y. sin. n m X Q
_ rtnx

cos.my.sin.Zx P’

but
sin.ZxP __sin.ZP
sin.x ZP = sin. Px
sin. PZ.sin.xZ P
cos. my
rinx
cos. L. sin. azimuth*

Cor. Sin. of the azimuth is greatest when a z = 90¢, or when the sun
is on the prime vertical, ., y z is then least.

Also, the perpendicular ascent of a body is quickest on the prime
vertical, for if y z and the latitude be given, n x o azimuth, which
is the greatest.

Pros. 12.  Given the latitude and
declination. Find the time when twilight
begins.

(Twilight begins when the sun is 18° g
below the horizon.)

h k is parallel to HR and 18° below g | R
H R. h

.. Twilight begins when the sun is in

hk. "
e Zs=90° 4-18°, Ps=D, Z P=colat. /
Find the angle Z P .

ssinn Zx P =

yz =

N
F
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Pros. 13. Find the time when the
apparent diurnal motion of a jfized star
is perpendicular to the horizon in terms of E
the latitude and declination.
Let a b be the parallel described by
the star. H
Draw a vertical circle touching it at
5

.*. s is the place where the motion ap- Q
pears perpendicular to H R. S~

. ZP,Psyand L. Z S P=90"is given.
Find Z P s.

Pron. 14. Find the time of the shorlest twilight, in terms of the latitude
and declination.
ab is parallel to H R 18° below H R.
The parallels of declination ¢ d, h k,
are indefinitely near cach other.
The angles v P w, s P t, measure
- the durations of twilight for ¢ d, h k.
Since twilight is shortest, the incre- )
ment of duration is nothing. 4 7)|,
R v. I:,v: = sPt \\(’Q
SV = WZ £\
and rs =tz __/
and the angle v r s = right angle
=wzt
strvs=zwt,andZwe=90"—zwt=90"—ZwP.
stzwt=ZwP

Y
\

aVAEE)
\
=

Similarly,
Lrvs=72ZvP
W ZwP =ZaP.

Take ve = 90°% Join Pe. Draw Py perpendicular to Z c.
In the triangles Z Pw, Pve, Zw =ev, P w= Pv, and the angles
contained are equal,s., Z P = Pe.
<. In the triangles Z Py, Pey, Z P=Pe, Py com ; and the
angles at y are right angles.
. Z e is bisected in y.
r.cos, Pv=cos. Py.cos.vy
r.cos. Pe = cos. Py. cos. y e.
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-wcos. Pvicos. Pe::cos.vy:cos.ye
(but v y is greater than 90°, .-, therefore cos. v y is negative.)
12 — cos. (—compl. y €) : cos. y e
iisinnye:cos.ye
iltanye:

. 18°
) sin. L. tan. y e _ St Lotam = G, 1, tan, 9o
L) cos' p = ———-_r_-—_—- -— ,._——l'—_._— — -—-—;‘-‘—-—’

P Z is never greater than 90, Z y is equal to 9, .. P y is never greater
than 90° .- cos. Py is always positive; vy is always greater than 90°
.. cos. v y is always negative, .. cos. P v is negative, .*. the sun’s decli-
nation is south.

Also, if instead of R b = 18° we take it equal to 2 s equal the sun’s
diameter, we get from the expression sin. D = s - Tab. | L; a0 $ the time

when the sun is the shortest time in bringing his body over the horizon.

Pros. 15. Find the duration of the shortest twilight.
twPZ =vPe ...ZPe=vPw
<. 2 Z P e is equal to the duration of the shortest twilight.
r.sin Zy =sin ZP.sinn ZPy
or
sin. 90°, r
Tcos. L.
which doubled is equal to the duration required.
Pros. (A). Given the sun’s azimuth at six, and also the time when
due east. Find the latitude.
From the triangle Z P c,
r.cos. L =tan. Pc.cot. P Zc.
From the triangle Z P d,
r.cos-h = cot. L. cot. P d.

cos. L
. tan. ==
Pe cot. Z

sin ZPy =

b

cos. h H
cot. L
cot. L
.. tan. P d = m
,cos. L cot.L
**cot. Z T cos. h

oosin. L = cot. Z .
cos. h

cot. Pd =




FOR VOLUME IIL i 353

Prob. 16. Find the declination when 7 b
it is gust twilight all night. /’\.( T~
Dec.bQ=QR —DbR E ~ N

colat. — 18°

/

90° — L — 18° ,
720 — L “( -

Pros. 17. Given the declination, \/}
find the latitude, the sun being duc east, \/ ¢
when one half the time has elapsed be-
o ~
tween his rising and noon.
Given 2 Z Pc, and ZPd =} ZDPec.
Given also P d = p,

AN

Y/

and 4 P Z d right angle. N P
*.* by Nap. B /
\\\

r.cos. h = tan. Z P. cot. p ™~

.. . h (
cot. p

If the angle Z P ¢ be not given. /

=

b
From the triangle Z P d, .
.cos. ZPd=tan. Z P. cot. p. . Q
\\“

From the triangle Z P ¢,
r.cos: Z Pc=cot. Z P. cot p,
or cos. h = cot. A cot. p
cos. 2 h = tan. A. cot. p}

[

= 2cos.2h— 1= 2cot- *A cot. °p _l___g_c_ci."_______}:-—-l
tan.* A
s tan? A, cot. p = 2 cot.? p — tan.® 2
ootan.? A 4 tzz;; — 2 cot.p =0,
from the solution of which cubic equation, tan. A is found.
Pros. 18. Given the angle between 7
two and three o’clock in the horizontal 3
dial equal to a. Find the longitude.
From the triangle P R n, \
r.sin. P R=tan. Rn. cot. 30 ] ‘
=tan. Rn. ¥/8. h,_'\ R
From the triangle P R p, Tpn ™
r.sin. P R=tan. R p. cot. 45 \\/
=tan R p. ~

~—
Vor. II. 2
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tannnp=tana=tan.Rp—Rn
_ _tan. Rp—tan.Rn
1+tan. Rp.tan. Rn

| sinA (l“ﬁ) _sina (¥ 8—1)
= sin*a T TA 3 4sin?y
1+°vs
Pros. 19. In what longitude is the .
angle between the hour lines of twelve P
and one on the horizontal dial equal

to twice the angle between the same
hour lines of the vertical sun dial ?
From the triangle P R n, N 0
sin. A == cot. 15.tan. R n
From the triangle p N m,
sin.p M = cot. 15. tan. Nm

Rn n
= co0s. A =cot. 15. tan——g—— N

.sin.A__ tan. Rn — tam A
""cos.A T tan. Rn an.
2
Rn Rn
R Nl
Rn ~— Rn’
—tan. 2~ —tan, ¢ 2
1 —tan 5 1 —tan 5
Ra
2
Pros. 20. Given the altitude, latitude, and declination of the sun, find
the time.

tan.

cos. Z S —cos.Z P.cos. P S
sin. Z P.sin. P S Z
_ sin. A — sin. L. cos. p
cos. L. sin. p P
1 4 cos. h = &% L. sin. p + sin. A — sin. L. cos. p
B cos. L. sin, p
— sin. (p— L)+sin. A
cos, L. sin. p

cos. h =

w0

or

h 5’..cos(A+p_ ) sin, (‘LLIL—ZB)
2cos.ty = cos. L. sin. p
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.. cos,? -12-1- = (cos. ( ). sin. ( ) ) the form adapted to the Lo-

garithmic computation, or, see Prob. (18).

Pros. 21. Given a star’s right ascen-
sion and declination. Find the latitude
and longitude of the star. B

Given N
yb, b S, 2. Sb y right angle /
~find2SybandS 4. O—
ot Sya=S8Syb— OblL
.~ S ¢ is known, 2 S y a is known L

Y Q

and S a y is a right angle,
. find S a = latitude
y a = longitude.

Given the sun’s right ascension and
declination. Find the obliquity of the
ecliptic.

P S being known Py = 90° 2 SPy
= R A,

.~ in the aAS Py, 2 Sy Pisknown.

*. obliquity = 90° — S » P is

known. ~ o

Pros. 22. In what latitude does the
twilight last all night? Declination
given. Z__p
(Twilight begins when the sun is 18° a
below the horizon in his ascent, and Ea
ends when he is there in his descent,
lasting in each case as long as he is in H e 'R

travelling 18°.) \7,,

RQ=HE=colat. =bQ + bR Q
=D 4 18°. /
900 — 18 —D =L —

= 72" — D.

(See Prob. 16.)

L2
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Find the general equation for the hour at which the twilight begins.
Z

<R

> 1t

/r\
Vi

Ao

H

Let thesides PZ, PS,Z S,beabec,
sin. (2 bte a) sin.(?_t%i-f——- b)

. 2
e Y .
Then sin. g =

sin, a. sin. b
or

sin, (C(ﬂat' + g + 1080 colat, )

sin. cotan. 4 p 4 108°
. ,h % ( 2 —»)
2
sin.? & = -
2 cos. L. sin. p
Pros. 4. Given the difference be-
tween the times of rising of the stars, T~

P
and their declinations: required the lati-
D]
tude of the place. )
n

Given P m, P n, and the 2 m Pn

included. H o/ n
From Napier’s first and second ana- /
logies, the 2 P m n is known,

~. Pm C = complement of P m n is
known, | _—
-~ P C = 90° Pm is given, and the Z
¢ P m C is found, P
.. P R = latitude is known. E

Pros. 25. Given the sun in the equa- S
tor, also latitude and altitude: find the H -
time.

Given
ZP,ZS,PS= 90° find the 2 Z P S.
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Pros. 26. The sun’s declination = 8°
south, required the latitude, when he
rises in the south-east point of the
horizon, and also the time of rising.
PS=0900+4+8,Z28S=90,,.8SZP

= 45° 4 90",

Find ZP,and the . Z P S.

Pron. 27, Determine a point in E Q,
that the sum of the arcs drawn from it
to two given places on the earth’s sur-
face shall be minimum.

Let A, B, be the spectator’s situations,
whereof the latitude and longitude are
known.

Let E Q be the equator, p the point
required; a b = difference of the lon-
gitudes is known. Letap = x,
< pb=a-—x LetL,L be the la-
titudes.

InaAap,r.cos. Ap =
cos. L/, cos. x.

InaBbp,r.cos. Bp =
cos. L. cos. a — x,
.. cos. L. cos. x 4 cos. L. cos. (a—x)
= max.
~cos. L, (—sin x). dx 4 cos. L. x
sin, (& — x). (—dx) =0,
<. —cos. L. sin. x = cos. I/, sin. a. cos. x — cos. L. cos. a. sin, x.

Letsin.x = y

oo —cos. L.y = cos. L. sin. a. ¥ 1 — y* — cos. L. cos. a. y

.. transposing and squaring

cos.® L. y® — 2. cos. L. cos. L’. cos.2 y* - cos.* L. cos. a. y*

= cos.® L. sin.? a — cos.? L. sin.*a y?%

sSy*=&c. =n.andy = # n
Pros. 28. To a spectator situated within the tropics, the sun’s azi-
muth will admit of a maximum twice every day, from the time of his leav-
ing the solstice till his declination equal the latitude of the place. Re-
quired proof.
a b the parallel of declination passing through capricorn.
Z3
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From Z a circle may be drawn touch-
ing the parallel of the declination till
this parallel coincides with Z. .- every
day till that time the sun will have a
maximum azimuth twice a day, and at
that time he will have it only once at Z.

(Also the sun will have the same azi-
muth twice a day, i. e. he will be twice
at f.)

Pros. 29. The true zenith distance
of the polar star when it first passes the
meridian is equal to m, and at the se-
cond passage is equal to n. Required
the latitude.

GivenbZ =myaZ = n,

ZP = colat. = }. m 4 n.

Pros. 30. If the sun’s declination
E e, is greater than E Z, draw the cir-
cle Z m touching the parallel of the de-
clination,
<+ R m is the greatest azimuth that day

If Z v be a straight line drawn per-
pendicular to the horizon, the shadow
of this line being always opposite the
sun, will, in the morning as the sun
rises from f, recede from the south point
H, till the sun reaches his greatest azi-
muth, and then will approach H; also
twice in the day the shadow will be upon
every particular point, because the sun
has the same azimuth twice a day, in
this situation. .. shadow will go back-
wards upon the horizon.

But if we consider P p a straight line or the earth’s axis produced, the
sun will revolve about it, .*. the shadow will not go backwards.
r.cot. Z P q = tan. P q. cot. P Z,

or

cot. (time of the greatest azimuth) = tan. p. tan. L.
All the bodies in our system are elevated by refraction 38’, and depress-

ed by parallax.
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«~ at their rise they will be distant from Z, 90° 4 33’ — horizontal pa-
rallax.
A fix d star has no parallax, ... distance from Z = 90’ 4 383"

Pros. 81. Given two altitudes and 7
the time between them, and the decli- =P
nation. Find the latitude of the place. 0 y v

Given Zc,Zd, P¢c, P ¢, LcPd
FromacPd, find ¢ d, and 2 Pd c.
FromaZcd, find 2 Z d c, H 2 R

wZdp=cdP—cdZ, \)1,
. Froma Z Pd, find Z P = colat. Q
~—~ /

Pros. 32. To find the time in which
the sun passes the meridian or the hori-
zontal wire of a telescope.

Let m n equal the diameter of the sun
equal d” in space.

Vv:mn :: r: cosine declination,

_ mn
™ cosine declination
= d”. second declination in se-
conds of space,
*» 15” in space : 1” in time
d” second dcc.
]5//
= time in seconds of passing the merid

radius 1,

:: d” second dec. :

Hence the sun’s diameter in R A = V v = d”. second declination.
(n x = d” = sun’s diameter)

Vv:mn::r:sin, Pn
mn:nx::r:sin.xnP
Vv:nx::r%:sin. Pn.sin.Zn P,

"V r’. nx _ rfnx
“sin, Pn.sin. Zn P~ sinnZP.sin. PZn
r!'dll

~ cos. A. sin. azimuth
r%. d”

ot f ribi = " .
time of describing V v 15”. cos. A. sin. azimuth

which also gives the time of the sun’s rising above the horizon.
zZ4
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Pros. 33. Flamstead’s method of determining the right ascension of a
star.

Lemma. The right ascension of stars
passing the meridian at different times,
differs as the difference of the times of
their passing. '

For the angle a P b measures the dif-
ference of the times of passing, which is
measured byab = ay —by.

Hence, as the interval of the times
of the succeeding passages of any fixed
star : 8360 (the difference of its right
ascensions between those times) : : the
interval between the passages of any two fixed stars : to the difference of
their right ascensions.

Let A G ¢ be the equator, A B C
the ecliptic, S the place of a star, Sm
a secondary to the equator. Let the sun
be near the equinox at P, when on the

[}

meridian.
Take C T = P A, ... the sun’s de- G
clination at T = that at P. Draw PL, zb i L
T Z, perpendicular to A G c. jawm
) N\ .
<. Z L parallel to A C. s P/\A

Observe the meridian altitude of the
sun at P, and the time of the passage
of his center over the meridian.

Observe what time the star passes over the meridian, thence find the
apparent difference of their right ascensions.

‘When the sun approaches T, observe his meridian altitude on one day,
when he is close to T, and the next day when he has passed through T,
so that at t it may be greater, and at e less than the meridian altitude at
P. Draw t b, and e s, perpendiculars.

Observe on the two days before mentioned, the differences bm, s m, of
the sun’s right ascension, and that of the star.

Draw s v parallel to A C.

Considering the variation of the right ascension and declination to be uni-
form for a short time, v b (change of the meridian altitudes in one day) : o b
difference of the declinations) : : sb (= sm — bm) : Zb, Whence Z b.
Add or substract Z b to or from T m. Whence Z m. Add, or take the
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difference of, (according to circumstances), Z m, L m, whence Z-'L,

lg_(_)_—g-_Z_I_‘ gives A L, the sun’s right ascension at the time of the fitst
observation.

< AL 4+ L m = the star’s right ascension. Whence the right ascen-
sion of all the stars.

Proz. 34. Given the altitudes of two known stars. Find A

Right ascensions being known, .~ a b
= the difference of right ascensions, is Z
known,

. ¢ a P b is known, 0,
v« From As P, 2 s ¢ P is known, a
and ¢ s,

. {
From A Z s ¢, £ s¢ Z is known, \
~ ¢ Z o P is known,

~ from & Z o P, Z P is known. Q

Pro. 35. Given the apparent diameter of a planet, at the nearest and.
most distant points of the earth’s orbit. Required the radius of the planet’s
orbit.

& G} " nearest diameter.
distance’ D greatest, D a

A“D:D:: EP:EP
:EP—-EC:CP+4 EC,
«DCP4+DEC=DCP-IEC,

. _ D4+ D
..CP_ECD,_D.
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Proz. 86. Given the sun’s greatest apparent diameter, and least, as 101
and 100. Find the excentricity of the earth’s orbit.

D« EI‘T; the sun at S, P P’ the earth’s orbit,

100 : 101 :: SP: SPP:: CP—-CS:CP+CS
A~ 100CP4+100CS=101CP—~—101CS
201 CS=CP

~CS= 926!;—, on the same scale of notation,

Pros. 87. Two places are on the same meridian.

Find the hour on a given day, when
the sun will have the same altitude at
each place.

Z 7/, two zeniths of places, .-, Z 7 is
known, S the place of the sun in the
parallelab, Z S = S Z'.

From S draw perpendicular S D,
o%e Z D — Z, D,
’
&PZ 4+ -Z—é?- = P D, is known, H Q
P S is known, ~ S D P right .,

<2 DPS = hour is known.

Pros. 38. Find the time in which
the sun passes the vertical wire of a te-

lescope. Z
Meridian = the vertical wire, m/: P
.. the time of passing the meridian = y L/
the time of passing the vertical wire. A A

Take m n = the sun’s diameter = d.  H|
Vv:mn: r: cos. declination,
dr
cos. dec.’
« V v converted into the time at the
rate of 15’ for 1° = the time required.

W Vy=

Pros. 40. If 2 man be in the arctic circle, the longest day = 24 hours,
the shortest = 0.
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P Z = obliquity = Q R,
~“ZR=PQ =9
ZH=PQ = 90°

«. H R is the horizon, and the
nearest parallel touches at R,

« the day = 24 hours, and the far-
thest parallel touches at H,

»~. the day = 0 hours.

Pros. 41, Given the sun’s meridian
altitude = 62°% midnight depression
= 22°. Find the longitude and declina-
tion.

Qa=bQ
orHa—HQ=RQ—RbD
=HQ—RD,
.'.Mz H Q = cos. »

2
= 42 .. A = 48",

w D= 62 —42 = 20.

Pros. 42.Given the sun’s declination,
apparent diameter, altitude, and longi-
tude. Find the time of passing the
horizontal wire of a telescope.

s = the place of the sun.

Take s nin a vertical circle = the
sun’s diameter = d.

Draw n ¢ parallel to the horizon,
Vv:ies::r: cos dec

os:ns::r:sinnnsP,
~Vv:id::r*:sin PssinnnsP
t:r?:sin. Z Psin. P Z s,
V== drt con-
sin. cos, A sin, azimuth,
verted into the time, gives the time re-
quired

/

863

P

L,

o

0
~—R
b
Q
Z
L—>. P
v
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Pros. 48. Given the longitude,
right ascension, and declination of two
stars; find the time when both are
on the same azimuthal circle, and also
of the azimuth,

Given PS,PS,and « SPS =
difference of right ascension.

s P S § is known,
« 2. P S Zis known,
and Z P given, and P S given,

& & PZES, is known = azimuth,
and Z P S = time for the first star,
or (ZPS + SPS) = time for the
second star.

Pros. 44. Given the longitude and
declination. Find the time when the
sun ascends perpendicular to H R.

D must be greater than 2, or a Q
greater than Z Q.

Draw the vertical circle tangent to
the parallel of declination, at d.

P Z given, Pd given, . Pd Zisa
right ¢,

« . Z P dis known,

Pros. 45. Find the length of the
longest day in longitude = 45°.
Q d = obliquity,
«~ Pd = 90 — obliquity = P,
ZP = 45,
Zc = 90,
-. 2 hours is known.
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Pros. 46. Find the right ascension
and declination of a star, when in a
line with two known stars, and also in
another line with two other known
stars.

The star is in the same line with S, S/,
and in the same line with s, o,

- in the intersection s

Pros. 47. The least error in the time due to the given error in altitude
= b”. Find the longitude.

n x is the given error in altitude, 7

V v:mn::r: cos. declination, : P

mn:nx::r:sin.xnP. * 1A
Vv:nx::r*:sin. Pnsin.Zn P, % ¢

nxr? v \
Vv =

sin. Pnsin.Zn P

- nxr?
T sin.ZPsin. PZn
nxr?

~ cos. A sin, azimuth®
« V v is least when the sin. azimuth
is greatest, or the azimuth = 90, i. e. the prime vertical.
nxr?
= Cos. %

nxr?
o0 COS. A = .
b

Pros. 48. Given two altitudes, and
two azimuths of the sun. Find the longi-
tude.

Z Sisknown, Z & isknown, 2. SZ S’
= difference of the azimuth,

&t Z S S is known,

W ZSP=7Z8SS —90%is known,

~ZSP,ZS,SZP, known,
find Z P.
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Pros. 49. Near the solstice, the declination o longitude, nearly.

rsin. D = sin. L sin, 9,
w rd (D) cos. D = sin, y d (L) cos. L
d (D) _ sin, y cos. L B
Td (L) = cos.D
__ sin.y cos. 90 — d (L) .
= o5 7 , since D
may be considered the measure of 7,
= tan. y sin. d (L)
= tan. y d (L), since d (L) small,
d
Eg))g _EE_Z = constant quantity,

~d(D) «d (L) nearly.

Pros. 50. Given the apparent time T of the revolution of a spot on
the sun’s surface, find the real time.

Considering the spot as the inferior planet in inferior conjunction,
T = _P:p_r_) where P equals the earth’s periodic time, p equals the planet’s,

- P
A~TP—Tp=Pp,
.._ TP
“P = P
Pros. 51. The sun’s declination equal 8 south, find the latitude of the
place where he rises in the south east point, and also the time of his
rising.

&=

~

~—_

Zc=090%Pc=098,cZS =135
whence Z P, and 2 h
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Pros. 52.
night?

ZP=RQ. TakePd=Qb

< bd =90

Draw x d to the tangent at d,

.. if the person be raised to Z x, he will
see the sun at b,

£dCb=90=xCR,
+xCd=R C b measured by R b
given,
.. in the rectilinear A xd C, 2 xd C

= right angle,
£ x C d being known from the dec.
C d = radius of the earth.

.. C x being known,
.. Cx — 90" or Z x is known.

Pros. 53. Given the latitudes and
longitudes of two places, find the straight
line which joins them. They lie in the
same declination of the circle.

Vv:AB::1: cosine declination,

.. A B is known,
and the straight line joining A, B, is the

chord of A, B, = 2 sin. 2.8

2

NI/

367

How high must a man be raised to see the sun at mid-

d

H

C

7
-
0 A
v
A

b

Pros. 54. A clock being properly adjusted to keep the sidereal time,
required to find when y is on the meridian.

P

AR
N

Observe the sun’s center on the meridian, when the declination = x y,
is known,



368 PROBLEMS FOR VOL. I1L

£ Xy y = right angle
x 7 y = I, being known,
x y is known.
‘Whence y ¥ = time from noon to y being on the meridian, or from y
being on the meridian to noon, whence two values of y y are found.
If the declination north and before solstice the > value gives the time,

after <
If the declination south and before————124 <
after. 124>
(Thelwall.)
Pros. 55. Given the sun’s declina- p
tion and longitude, find his right ascen- - P
sion, his oblique ascension, his azimuth o y.

and amplitude, and the time of his rising,
and the length of the day.
y C is given, from a ¢ Cd, cdisgiven; H
L and right angle, find ¢ d.
+Cy=R A, Cd = oblique asc".
and C d measures 2 C P ¢,
.+ 90° 4 C P ¢ = time of rising,
2 (90° 4+ C P c) = length of the day.
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N OTUES

To show that (sce p. 16.)

-

Jxdy—ydx S S dy
T.ou X2 It +...,uyx...,u.dt—_,.p‘\ley,_a__

t
=3.mu {(X'-—x) (dy'—-(]y)-—(y'.__y) (dx’-—-dx)}
-0 ) dt .

e 1
Not considering the common factor Ie Ve have

TaXzs.p(xdy—ydyx)
=@+ 4+ + .0 fw(xdy—ydx)
: + (X’ d y/ — yr d X') + w’ (x'/ dy// — yu dx”) 4 &e.}
=ut(xdy —ydx) 4 u/* (¥ dy —y dx)
+ “’/ 2 (x// d y// — yI/ l‘ x//) + &C.
+ w (xdy—ydx 4+ x'dy —y dx)
+ ww’ (xdy—ydx + x"dy’—y’ dx") 4+ &ec.
+ W (xr dy/ . yl d x/) + (x” d y// —y" d x//)
+ l\ll’ M,// (x’ (l y' __yl (1 X’ + x/// (] yIII —_— ylll d x/’/) + &c
+ {/4” (bl’, (x// (1 y//-__ yII d x//‘_'_ x/// (] }.I/I —_— y/’/ ‘] xlll) + &c'
&e. '
the law of which is cvident
Again,
T.pyXSopdx—=S.px X S.apdy

= (wy+uy +u"y + o) (wdx + 2/ dx 4w’ dX" &)
— (ex + WX 4 X ) (pdy + Ay F WAy
=—upr(xdy—ydx)—p*(xdy —y dx) — &c.
+uw (ydx' —xdy +ydx—x dy)

+ ww’ (ydx”—xdy’ + y"dx —x"dy)+&c.
+ W (yYdx” —x dy’ 4 y' dx — X" dy)

+ " (ydx" —x'dy” +y"dx —x"dy) 4 &ec.
+ &c. 24
Vor. 1.
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Hence by adding together these rcsults the aggregate is
p (xdy—ydx 4 x'dy —ydx + ydx' —xdy + y dx—x'dy)
+ pp’ (xdy —ydx 4+ &e) + &e.
I/J'II (x' d yl — yl d x/ + xll (l y// ___y// (1 x’/ + y’ d X/l___ xl d yll
+ yr/ dx — x”d )”) + &e.
&e.
But
xdy —ydx 4+ xdy —y dx' + ydx¥'—xdy + ydx—x'dy
=dy(x—x)+dx(yY —y)+dy ¥ —x) +d¥ (y——y’)
=@ —x)dy —dy) — (' —y) (dx —dx);
and in like manner the coefficients of pu”, pp’”’ .. ... YT T T A L
&c. are found to be respectively .
(x—x)dy" —dy)— (y/—y) (dx”"—dx),
(x" —x) (dy"” — dy) — (¥ —y) (dx” — d x),

X —=x)dy —dy)—(y'—y) (dx" —dx),
(xlll — /) (d yIII — d yl) — (y/// —_— y7) ((1 x/ll — (] xl)

&c.
Hence then the sum of all the terms in uu/, pp” ... Wy W
u’ Wy W . is Lriefly expressed by :

ol {8 —x) @y —dy) — (Y —y) @ ¥ — d )}
and the suppressed coefficient Il] ¢ being restored, the only difliculty of p.
16 will be fully explained.
That s . (d 7\) = 0, &c. has been shown,

2, Toshow that /(23 .2dx Xz.pd*xX)=(Z.2dx) . iiiuias
page 17. '
s,ed?x =pd*x 4+ ¢/ A°X 4+ &e
=d.edx+ d.4/dxX 4 &
=d(edx 4+ ¢ d¥ 4 &c)
=d.s.xdx

Hence

S@sudx X s,pd*x) =/2.3pdx X d.s.udx
=(E.ndx)®

being of the form /2ndu = u*®
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8. To show that (page 17).
s.eX S (dxt4dy? +dz?)
e f(Eedx) 4 (Sady)t + (2.0 d2)Y
=S.ut {dX—dx)? 4 dy —dy)? + (d2 —d 2)%.
Since the quantities are similarly involved, for brevity, let us find the

valeeof S.p X 3.46dx?* — (S.pdx)%
=@+ +e+ ) (edx 4+ dxF WA 4 )
— (edx 4+ ¢ dx 4 p”dx" 4 ....)%;
Consequently when the expression is developed, the terms x*®d x?,
p'tdx'? u”’*dx’? &c. will be destroyed, and the remaining ones will

be
p ([dxP4dx*—2dxd¥) =pp/ (dx —dx)*
pp’ (dx? 4 dx"*—2dxdx’) =pp’/ (dx’"—dx)*
e’ ([dx  dx’t —2dx dx") = 4 4 (dx/ —dx)?
MAXtdx” — 2 dx dx™) = o' @ (d x" —d x)
("”IM,” (d' xl/ 2 + d X”l2 ‘) d \l’ dx///) — {& M/'/ (d nm d X )
&e.
Hence, of the »artial expression
=s.up(dx —dx)*

TooXS.adx?—(y.udx)? =

In like manner
wdy—(s.ady)t =36 (dy —dy)?*
wwdz?— (spdz)*=s.pp/ (d2 —dz)?

and the aggregate of these three, whose first members amount to the pro-

posed form, is
2oud fdx —dx)* 4+ (dy —dy)* + (d2 —d2)%

4. To show that (p. 19.)

s, BX
et o3
s (@)

nearly.
It is shown already in page 19 that



372 NOTES.

But since x, = x — x, y, =y — ¥\, z, = 2z — 2", by substitution

and multipiying both members by », we get

,ig'):—z {;\';(7—(?)—'(* cex+y.uy+2.pz) + \)a .
nearly.
Similarly
\

wx! x  3x ,
= e o (X Y Y )
nearly.
&e.
Hence
wxX s.ex 3%
P T e T ety sy A
But by the property of the center of gravity,
s.uXx=0,3.0y=0 2.0z=0.

\)3 2th,

Hence
x __3 x‘

s. r
¢’ (g‘)

'

= x nearly.

5. To show that (p. 22.)

A Xdex 41 d2 +ze-d’z= d?p—pdv?cos.®d —pdd®

and that

dQ d z (dQ dQ

(d )+ y(dQ)'*"g‘(Tz‘) (d )

First, we lmve

xd*x 4+ yd*y +zd*z

=dxdx+ydy+zdz)—({dx*+dy* + dz?).

But i

x’+y'+z’=g’,

xdx 4+ ydy+zdz=¢dg

and because

X = gcos.d X cos. v

y = gcos. § X sin. v N

z = gsin, &
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sodxt 4 dy? = {d (¢ cos. 8) . cos. v—pcos. 6 X dvsin v}?
<+ {(¢ cos. 8) sin. v 4 ¢ cos. 8 d v cos. v}®
= (d.gcos. 0)® 4 g*d v?cos.?4,
codxt4dy? +dzt= (d.gsin )?+ (d.gcos. 8)* 4e*dv?cos.?s
=de* 4 e2dd® 4 gtdvtcos.?d.
Hence, since also
d.pde=de*+¢gd?y
xd’x+yd?y+zd*z
g

Secondly, since ¢ is evidently independent of the angles ¢ and v, the
three equations (1), give us

=d?p—pdvrcos.'d—pdo

(d 3\) = cos. § cos, Vv = -1:,’

(d Y) = cos. € sin, v = );,,

(d g) = sin. ¢ = _:_'

Hence
1 1
TED L ED D

_ (4Qy d 1Qy /d : .
- GG+ GG+ GG

But since Q is a function of ¢ (observe the cquations 1), and ¢ is a func-
tion of x, y, 2, viz. ¥x* 4 y? 4 2%,

d@= (G dr= (1) x {ax(h) + ay () +au(()

dz

D@+ (D E + e (D G,
But

(T (@) =ax {D) = (H G

and like transformations may be effected in the other two terms.
quently we have

1= ()G +a: ()Y + 0, (19 4Y

d g

Couses

Hence and from what was before proved, we get
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4t 1v? der 1
Tt =i E () + 1) + ()
- (49

6. To show that xd*y — yd®*x = d (¢2d v cos.® ¢), and that
d Q dQ dQ
X (d ) ( ) ( ) see p. 22,

First, since
xd’y=d.xdy—dxdy
yd*x=d.ydx—dxdy,

sxdty—yd?x =d.(xdy—ydx).

Bat from equations (1), p. 22,

dy =sin.v.d (¢cos 6) 4 gcos.0.cos.vd v
d x = sin. v.d (¢cos. §) — ¢ cos. 4 -sin, vd v,

* cos. 2 0
‘l_(_?__‘z)_o_s..__.),+ gtcos.?0cos.tvdy
2 24
yd x = sin. v cos, (Lg?__i(f____,)_
P

soxdy = sin vcos v.
—p?cos.?dsin.2vdv
the difference of which is
e?cos.?d X dv.
Consequently
xd?*y—yd*x = d.(e*d v cos. ? 6).
Secondly by equations (1) p. 22, we have
(dy) = g cos. ) cos. v = X

...x.) = —pcos. dsiny = —y,

2 (gy) =y (1) = @D (@D + @) @D

dy d x

But since dividing the two first of the equations (1) p. 22, we have %

= tan. v, v 1s a function of x, y only. Counsequently, as in the note pre-
ceding this it may be shown that



NOTES. 375

EDH=@HED +@EED
= (dQ)—'(J;)

Hence
dv
d.(s® 41 o )} i Q)
dt T \dv/

7. To find the value of (%—?)in terms of ¢, v, 4, (see the last line but

two of p. 22)
Since ¢ is a function of x, y, z, we have

1Q 1Qy dx 1Q, (dy 1Qy ¢d
((dl)) (({l'x ) (Zli;) + ((d y) (tl )0 ((dz) (il 3 '
But from equations (1) p. 22, wc get

"X in. 4 co
=) = ——psin. 0 cos. V
((10 ¢

@)

E]r;) = g cos. 4

Hence multiplying the values of

10 4Q 1Q
) Gy ()

— ¢ shin 4 sl v

1

vit.
d?x dty d?z
aee ai TF (see P 22)

by the p'u'tial differences we get

(d Q) = dtz{d’zgcos ¢ — d*y.osin, 0sin. v — d? x ¢sin. 4 cos. v},

Now the first term gives
gcos. 0.d?z = ¢ {d*¢ sin, ¢ cos. 0+ 2deddcos.?®
+ pcos.20d®0—¢d 0%sin. 0 cos. 0},
and the two other terms gives when added, by means of the equations (1)

p. 22,
sin, 0 sin. 0{

T eos g VYA =— i (ydydxdx)—(dxt+ dy )]
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Bat
d(ydy + xdx)=4d.(d.x*+ y?) = ;d*(s* cos.?¥)
= d {g cos. 4 d (g cos. 8)}
= (d.gcos. 8)®+ g cos. 4 d® (g cos. 6)

and
dx®* 4 dy®*=(d.gcos. ¢)® 4 g*cos.?2d.d v*
Hence

sin. ¢
cos. ¢

(yd*y+ xd*x)

(¢ cos. §) —p?cos.? 0 dv?¥}
= — gsin, ¢ {d? (g cos. §) — ¢ cos. 4 d v}
= —¢sin 0 §d*gcos. 0 —2dgddsin.d —d?0,sin. ¢
—dd* 4 dv*gcos. 4.
Adding this value to the preceding one of the first term, we have

(d Q) =t x pdro+ 2dgdd 4 ¢ dv*sin. 6 cos. 6}

dt
, dte dv 2¢dedy
an e dt’smocoso"' die 2

the value required.

8. To develope 1 in terms of the cosines of ¢ and of its mul-
1 4 ecos. d

tiples, see p. 25.
If ¢ be the member whose hyperbolic logarithm is unity, we know that

COV=Tf ¢=o V=TI
2

which value of cos. ¢ being substituted in the proposed expression, we

have

cos. § =

1 2clv—l
1 4ecos.d " ecefV=1 p 2ctV=1 4 ¢
2civ=T 1

Py — 2
g V=14 —¢ b V=14
c +3 +

But since

ctOV=T .2.,00V—i+1=0
e
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gives

—_—— 1 + | 1 1 —ViZen
V=1 — ___ — ] = — —
¢ - e—A et 1= ( )
and since, if we make
————— e
—:—(l — ¥1 —e® = A which also = =—=s7=—===,

we also have

%—(14— Vi—e) = -i_;
the expression proposed becomes
12 L
1 + ecos. ¢ e ET=TER) (cav-—l.‘_-}%—
e (L4 ArctV=1 (1 4 ac—0V=1)

2 A 1 Ac—0V=-l
e (L —2a%) X (l +AactV=T ] pacg—tv—1

.

But
A 1
¢ 14 VI—oct
and
] — A2 — _?«_V_I_T_ _02_ ,
1 4 /1 —e?

. S SR 1 Ac—0 V=T
14 ecosd V{l—c? (l-l,->\(;"‘7:~l l+Ac—“’_——7)’

which when ¢ = v — = is the same expression as that in page 25.

Again by division
-——-"‘——l‘“:——= 1 — Y Cc 0 V—-—':l + }.2 C! [ V—:l — &C.

and

re—0 V-l o V=1 2 8 V=T,
et e — -0 V=1 ___ " -2 = .
1+;\c_.0\'/—_l = AC A C +&C,

Taking the latter from the former, we get

V1--e®
e = 1—=—A(clV—1 - V=1 A% (c20 V=1 c=20 V=1
I 4+ ecos. ¢ ( e )+ At (e +

=1—2xcos.0 4+ 22r%cos. 24— 2 1%cos. 30+ &ec.
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and substituting for ¢ the value v — =, we get the expression in page
25.

9. To demonstrate the Theorem of page 28.

Let us take the case of three variables x, y, z= Thea our system of
differential equations is

dx
0...Hx+Gd +Pdt"

dy , pd%y,
O_IIy+G +th“’

dz dz

O—H"‘+Gdt+r i

in which F, G, H, are symmetrical functions of x, y, z; that is such as
would not be altered by substituting x for y, and y for x; and so on for
the other variables taken in pairs; for instance, functions of this kind
Vx4 yrt 2ttt (xy+d xz+xt+yztd oyt +zt)%,
»
(xyz+ xzt 4 yzt),
log. (x y zt) and so on,

Multiply the first of the equations by the arbitrary «, the second by 8,
and the third by y and add them too‘ether; the result is

0"11(“X+By+/&)+G( +f>’dy+

dt dt
dx dty d*z
! F (o ar PRt trge

Now since «, B, y, are arbitrary, we may assume
ax+By+y7z=0,
which gives
d X d dz
St i=0

A
d’ d’y d’z__
“qpr T ETE T g =0

d*x d*x

and substitating for x, —— T6° J2° their values hence derived in the first

of the proposed equations, we have
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H G r,d 1 1y
_._(3y+7z)_._q-(3_}f 17) —-—-(3( t2+ d2 -
dty dz d z
(II +Gdt+Flt a'(Hz+Gdt+th)=
B

——% 0 7xo-—o

[n the same it will appear that
eXx + By+yz=20
ifies each of the other two equations. It is therefore the integral of
h of them, and may be put under the form
z=ax+ Dby
valuing only two arbitraries a and b, which are sufficient, two arbitra-
5 only being required to complete the integral of an equation of the
ond order.
[n the equations (0) p. 27.
B;: I, G=0 and " =1
g .
le*being = (x? + y* + z*’-)g is symmetrical with regard to x, y, z.
nce the theorem here applies and gives for the integral of any of the
1atious 0
z=ax+ by,
page 28.
Again, let us now take four variables x, y, 2, u; then the theorem pro-
ies the integration of

O—I-I\:+G(-1-X+I‘3tf

d
0=Hy4 G y-;-rdtZ'

0=Hz+G -;-rdtz

0=Hu+Ga—t-+Fa~t-,—.

Multiplying these by the arbitraries «, 8, 7, 8 and adding them we get,
before

0=H(«X+ﬁy+72+6u)
dy
+G( dt+ﬁ T dt+6dt

d.u)

- dzx
+ F (« dt“+6dt +/dt’+ aie
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Assume
ax 4+ By +yz+du=0
and upon trial it will be found as before, that this equation satisfies each
of the four proposed equations, or it is their integrals supposing them
to subsist simultaneously. As before, however, there are more arbitraries
than are necessary for the integral of each, two only being required.

Hence the integral of cach will be of the form
X+y4+yz4+du=0

This form might have been obtained at once, by adding the two last of
the proposed equations multiplied by y and 3 to the two first of them, and
assuming the coeflicient of H = 0, as before.

In the same manner if we have (n) differential equations of the i-th order,
the order involving the n variables x M, x® . ... x®), and of the general
form

dx®

0=Hx®+ G- +rdx? di-1x®  dix0

dt? T o dtr—! dtr

we shall find by multiplying i of them (for instance the i wherein first
s=1,2....1) by the arbitraries «®, (), .....a®; adding these results
together and their aggregate to the sum of the other equations ; and as-
suming the coefficient of II = 0, that

eMx® 4 a@xO 4 L a®x® p xitt pxig2 4 x8 =0

will satisfy each of the proposed differential equations subsisting simulta-
neously ; and since it has an arbitrary for every integration, it must be
the complete integral of any one of them.

This result is the same in substance as that enunciated in the theorem
of p. 28, inasmuch as it is obtained by adding together the equations
whose first members are x ¥, x ), &c. and making such arrangements as
are permitted by a change of the arbitraries. In short if we had multi-
plied the i last equations instead of the i first by the arbitraries, and
added the results to the n — i first equations, our assumption would have
been

XO px @ o x @) 4 g0 x4 D f @ g =isD g i x1=0.... («)

which is derived at once by adding together the n — i equations in page
28,
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If we wish to obtain these n —i equations from the equati.n (a), it
may be effected by making assumptions of the required form, provided by
so doing we do not destroy the arbitrary nature « M, ¢ ®, .. ... « @, The
vecessary assumptions do, however, evidently still leave them arbitrary.
These assumptions are therefore legitimate, and will give the forms of
Laplace.

END OF YOLUME SECOND.
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