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PREFACE TO THE ENGLISH EDITION

The Tnglish edition of the “Theoric und Anwendung der direkten
Methode von Ljapunov” is, apart from the new Seetion 35, a translation
of the German edition of 1959. T took the opportunity to make a few
corrections and, at least, to quote the most recent publications. A closer
evaluation of the results, however, was not possible.

Liapunov’s method has been recognized in several textbooks, mono-
graphs, and introductory presentations, sinee the German edition of this
book was published. In particular, the reader is referred to the following
Iinglish language publications: Antosiewicz [2], Cesari [1], Cunningham
[1], Kalman and Bertram [1], LaSalle and Lefschetz [1], and the summar-
izing report, “ATEIY Workshop on Liapunov’s Second Method,” published
by the University of Michigan, Industry Program of the College of Iingi-
neering, Ann Arbor, Michigan, 1960. )

My thanks are due to Professor Siegfricd H. lLehnigk, Huntsville,
Alabama, to Mr. Hans I1. Tlosenthien, Huntsville, Alabama, and to their
co-workers, for editing this translation and for valuable comments con-
cerning the text.

‘W. HAHN



PREFACE TO THE GERMAN EDITION

The fundamental work of A. M. Liapunov (1857-1918) on the stability
of motion published in Russian in 1892 and in a IFrench translation in 1907
(Liapunov [1] in the bibliography), originally received only little attention
and for a long time was nearly forgotten. Just 25 years ago, these investiga-
tions were resumed by some Soviet mathematicians. It was noticed that
Liapunov’s methods are applicable to concrete problems in Physies and
Iingineering. Henceforth, as can be seen from the increasing number of
publications, mathematicians deal more and more with the stability theory
founded by Liapunov. This is particularly true for the so-called second or
direct method which Liapunov actually used only to establish stability the-
orems in Theoretical Mechanics. Nowadays, this method is applied to
praciical problems in the realm of mechanical and electrical oscillations
and, particularly, in Control Engincering. On the other hand, it has been
recognized that the direct method can serve as a fundamental principle of
a general theory of stability comprising considerably more problems than
the one ensuing from ordinary differential equations.

The theory of the direct method has been considerably advanced within
recent years, and it has reached a certain state of completion. Therefore,
it can now be presented in a summarizing progress report. A review offer-
ing this subject to a larger circle appears the more indicated since nearly
all of the literature was published in Russian, and parts of this literature
are difficult to obtain. Among books published outside the USSR, the
handbook of Sansone and Conti [1] as well as the textbook of Lefschetz [1]
devote only one chapter to Liapunov’s method. The excellent textbook of
Malkin [19] on the theory of stability is available in German and English
translations.

In the subsequent report I have included papers dealing with the direct
method which either extend the theory, or use the method as a tool.
Hereby, I have endeavored to include the pertinent publications through
1957 as completely as possible. Inregard to the fact that the overwhelming
majority of these publications is devoted to the derivation and application
of stability criteria for ordinary differential equations, I have emphasized
the stability theory of ordinary differential equations in the Euclidian
phase space, and I have developed it as far as the direct method permits.

Vi



PREFACE TO THE GERMAN EDITION Vil

With the exception of occasional references, I have omitted the topo-
logical methods (cf., e.g., Iilsgolts [ 1], Nemyckii and Stepanoff [1]), termed
“qualitative’”’ methods by the Soviet authors, as well as other methods of
stability investigation, such as those developed by Perron [1, 4] and others.

The material is divided in the following manner. The first two chapters
contain the elementary part of the theory, the knowledge of which is
necessary and practically also sufficient for the applications. A knowledge
of the fundamentals of the theory of differential equations and of matrix
calculus are the only prerequisites. In these chapters, the primary facts
have been fully substantiated; secondary results and extensions have been
referred to the “Remarks.” Applications in the narrower sense, especially
with respect to technical problems, are treated as a whole in Chapter 3. In
this manner, I believe, the importance of the problem and of the individual
papers is more emphasized than it would be by arranging the results ac-
cording to strictly systematic points of view. In Chapters 4 to 7, the theory
is extended further. Some scetions (26, 28, 32, 33) of these chapters, how-
ever, are as well of interest for applications.

The concluding Chapter 8 shows that the direct method is not restricted
1o differential equations, but that with its help an essentially more general
stability theory can be established. Chapter 8 requires a more profound
knowledge of topology. However, the necessary generalizations are pre-
pared by the formulation of the fundamental definitions and theorems of
the previous chapters. In the results, and occasionally also in the proofs,
1 have mentioned the place of the first publication. Evidently, this cannot
be done with full certainty in cach case. Particularly important definitions
and theorems have been emphasized by putting them in italics. These
formulations, however, are not always those of utmost generality.

1 have not dealt in large with second-hand presentations. They are
included in the references. The recently published book of Zubov [6],
however, the only monograph on the direct method published as yet, de-
serves particular mention. The author, starting from the concept of the
dynamical system (cf. Sec. 20) and applying his own method of construc-
tion (cf. See. 21), arrives at a very elegant derivation of the principal
results of the theory. His presentation aims at the utmost generality and,
in spite of the title, not at applications in the sense of Chapter 3 of my
report. .

T would like to express my sincere gratitude to Prof. Dr. I'. K. Schmidt,
who suggested the writing of this report.

I also offer thanks to Dr. André, Dr. Hornfeck, and Dr. Tietz for their
assistance in proof reading as well as for their valuable suggestions and,
last, not least, to the publisher for his cooperation and prompt completion
of the publication.

W. HAHN
Braunschweig, April 27, 1958
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FUNDAMENTAL CONCEPTS

1. NOTATIONS

y

(a) The concepts “stability™ and “instability” originated in mechanies
as characterizations of the equilibrium of a rigid body. The equilibrium
is #aid to be stable if the body resumes its original position after every
suff ciently small displacement. Similarly, & motion is called stable if it is
insensitive to small perturbations and to changes in the initial values and
in the parameters. Here, in the most simple case, motion means the varia-
tion of a point with respect to time, but more generally, we shall under-
stand by a motion the quantities which determine the state of a physical
system as a function of time (such as the 1 agrange coordinates). A motion
can also be interpreted as the trajectory of a point in a space of sufficiently
high dimension, thereby permitting the concept of motion to be explained
without reference {o physical interpretations.

An exact definition of the concept of stability of a motion (which must,
of course, comprise the stability of an equilibrium as a special case) can
be given in various ways (ef. Moisseev [5]). The definition as formulated
by Liapunov [1] has been found to be particularly convenient (cf. Sec. 2).
The present work will be based primarily on this definition.

(b) A point of the real, n-dimensional Iuclidean space shall be denoted
by the coordinates ay, . . ., z.. The system of values {4, . .., .}, denoted
by x, is to be treated as a column vector of n components. The row vector
which corresponds to x shall be denoted by x”. Analogously, symbols such
sy, z, a, . . ., will be used for column vectors with n components. In the
case of several vectors x, xs, . . ., the components z2y,, . . ., z,, refer to the
vector x,. Vectors will be denoted by lower case sans serif letters.

1



2 FUNDAMENTAL CONCEPTS CHAP. 1

The absolute value of the vector x is, as usual, the quantity
x| = Vat + - + 27 = VxTx (L.1)

In addition to the n-dimensional x-space, which is also called phase
space, we shall refer to the (n 4+ 1)-dimensional space of the quantities
Ty, . . ., Tn, t, which will be called motion space.

(c) The notation x = x(¢) indicates that the components z, of x are
functions of ¢. If these functions are continuous, then the point (x(¢), t) of
the motion space moves along a segment of a curve as ¢ runs from ¢, to &,
& £t £ t,. This segment forms a portion of the motion of x(f) in the motion
space. The t-axis represents the particular motion belonging to the null
vector x(t) = 0.

The projection of a motion upon the phase space is called the phase
curve, or trajectory, of the motion. In this case the quantity ¢ plays the role
of a curve parameter. If x(¢) is defined for all ¢t = 4, or ¢ < ¢, there cor-
responds to this right or left infinite paramecter-interval a branch of the
motion, sometimes called half-trajectory.

(d) Scalar functions will be denoted by lower case italic, or, sometimes,
Greek letters. Functions of the form f(zy, ..., x.), or f(z1, ..., 2, 1),
which are defined in the phase space or motion space, shall be abbreviated
by the notation f(x), or f(x, t), respectively. Ocecasionally, several such
functions fi(x, t), f(x, ¢), . . ., may be combined to form a column vector
f(x, 1).

Capital sans serif letters denote matrices; If A denotes a matrix, AT
will denote its transpose and A! its inverse. U will always denote the unit
matrix. Capital German letters will be used to denote point sets. The
concept ‘‘domain” will be used in the general sense, i.e., for open as well
as for closed point sets.

(e) The function f(x, #) is said to belong in B to the class Co(f € Cy)
if it satisfies a Lipschitz condition at each point of a domain 9, i.e., if in a
certain neighborhood of the point (x, £) an inequality of the form

U‘(le t) - f(x2y t)l = mlxl - le

is satisfied, where the constant m is independent of ¢ and x,. The function f
is said to belong to the class C, if f has continuous partial derivatives with
respect to the x,, up to the order r. If there exists for the whole domain 8
a uniform Lipschitz constant m, or if the partial derivatives are uniformly
bounded, then f € Co, or f € C,, respectively. C, denotes the class of the
real analytic functions.

The statement ¢(r) belongs to the class K means that ¢(r) is a continu-
ous real function defined in the closed interval 0 < r < k, and that o(r)
vanishes at 7 = 0 and increases strictly monotonically with r,



see. 1 FUNDAMENTAL CONCEPTS 3
(f) The vector differential equation

dx/dt = % = f(x, 1) 1.2)

stands for a system of n scalar differential equations of the first order and
it might sometimes be equivalent to a single scalar differential equation
of the order n. In the following, no distinction will be made in gencral
between vector and scalar differential equations.

If the right hand side of (1.2) is continuous and of such a nature that
the existence and uniqueness of the solutions, as well as their continuous
dependence on the initial values is assured, f shall be said to belong to the
class B, f € E. The initial values represent the initial instant t, (henceforth,
we assume fy 2 0) and the initial point xo. 1f f € E, then p(t, x, t) will
denote that well defined solution which takes on the value x, at t = 4, i.e.,
p(lo, X0, b) = xo. A constant solution, p(¢, xy, to) = x, is said to be an equi-
librium, or a singular point, of the differential cquation. If x, is the only
constant solution in a neighborhood of x, it is called an 4solated equilibrium.

If the right hand side of (1.2) does not depend on t, or if it is periodic
in ¢, the equation is called aulonomous, or periodic, respectively. Linear
differential equations are written in matrix notation as

< = Alx (1.3)

(g) Among the scalar functions, the so-called Liapunov functions (cf.
Definition 4.1) play a particular role. For these functions we shall reserve

the letters u, », and w. For the most part, they are defined in the spherical
neighborhood

futlx] £ h (1.4)
of the origin of the phase space, or in a half-cylindrical neighborhood
Ruut|x| £ b, L2t (1.5)

of the t-axis of the motion space. In all of the following it is assumed that
these functions are continuous and that they have continuous partial
derivatives with respect to all arguments. The symbols &, and £, shall
always have the meaning explained by (1.4) and (1.5). The number ¢
shall mean a fixed, nonnegative and in certain cases sufficiently large con-
stant. To give an exact characterization of a Liapunov function, it is
necessary to introduce some definitions.

DEFINITION 1.1: A function v(x) is called positive (negative) semi-definite
if v(0) = 0 and if in a neighborhood &) of the origin »(x) = 0 (£ 0). The
case that v vanishes identically is included. If »(0) = 0 and v(x) > 0 (< 0)
for x > 0, the function is called positive (negative) definite.

DerFmviTioN 1.2: A function v(x, t), defined in a domain R, of the
motion space, is called positive (negative) semi-definite if v(0, £) = 0, (¢t = &),



4 FUNDAMENTAL CONCEPTS CHAP. 1

and if, with suitable hy < h, v(x,t) 2 0 (£ 0) in ®44, The function
v(x, t) is called positive (negative) definite if v(0, t) = 0 and if in a domain
fm(h = h) of the phase space, a positive definite function w(x) exists, such
that the relation

v 1) 2 w(x) (= —w(x) (1.6)
holds.

Ezample: v(x,t) = (1 4 t)" (2} + 23) is positive semi-definite, but not posi-
tive definite; however,
v, 8) = (1 4+ (1 + )™ (x} + 23)

is positive definite.

DeriniTioN 1.3: A function o(x, {), defined in a half-space t = t, is
called radially unbounded if for each a > 0 there is a 8 > 0 such that
v(x, t) > a whenever |x] > 8 and t = ¢,

The concept of radial unboundedness has been introduced by Barbagin
and Krasovskii [1] with the terminology ‘v becomes infinitely large.”

DeriniTION 1.4: A function v(x, ) is called decrescent if the relation
limo(x,t) =0 for |x| —0
holds uniformly in ¢. This is equivalent to the existence of a positive defi-
nite function w(x) which is independent of ¢ and which satisfies the in-
cquality
ot D] S ux) (x| bt 2 ) (1.7)
Ezxample: r} 4 tx} is not decrescent, but r? + z3sin ¢ is decrescent.

In papers of Liapunov and others who followed him, the terminology
“v admits an infinitesimal small upper bound” is used instead of “v is
decrescent.”’

(h) Using the fact that the functions v(x, t) here under consideration
are continuous, i.e., that they assume a maximum and a minimum in every
closed domain, Definitions 1.1 to 1.4 can be given in a more convenient
form.

DErFiniTION 1.5: A function v(x,t) with v(0,t) = 0 is called positive
(negative) definite if a function ¢(r) of class K exists such that the relation

v, 0 2 e(x) (2 —e(x)) (L.8)
1s satisfied in R4 4.

DeriniTioN 1.6: A function v(x,t) is called radially unbounded if in-
equality (1.8) is valid for arbitrarily large h and where o(r) increases un-
boundedly with r.

DeriNiTION 1.7: A function v(x, t) is called decrescent, if a function J(r)
of the class K extists such that in K,
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o le(x, )] < ¥(Ix]) (1.9)

18 valid.

Based on these definitions, the following theorems can be stated.
TureoreM 1.1: A function v(x) which vanishes at x = 0 and which is

continuous there, is decrescent.

THEOREM 1.2: A function v(x, t) which vanishes at x = 0, and which
has bounded partial derivatives dv/dx, in ,,, is decrescent.

Proof: According to the mean value theorem, we have

v(x, t) = 1 J_,_av;: ) + -+ __61(()6:( 0 0V<s<l)
1 Un

Hence, since the partial derivatives are bounded,
|U(X, t)l < a(IT1| + Tt + ]IMI)

THEOREM 1.3: A function v(x, t) is deerescent if there exists for v in a
domain f),, a power series expansion in the r, which has no constant term,
and which has coefficients uniformly bounded in ¢.

(1) Let v(x, t) and the differential equation (1.2) be given. If a particu-
lar solution p(t, xo, &) of the differential equation (1.2) is substituted for x
in v(x, 1), then » becomes a function of ¢ alone, along that motion which is
determined by this solution. This function of ¢ shall be denoted by »(¢).
The derivative o of ¢(f) with respect to ¢ is the lotal derivative of v(x, t) with
respect to ¢:

w o

= 2L g il
b= gn il ) 4 e F Ll D)+ (1.10)

1t is called the total derivative of v for the Eq. (1.2). Occasionally, it will be
more convenient to use the notation 9.9 to refer to the differential equa-
tion under consideration. In cases where the total derivative does not
exist, the function (1.10) will be replaced by

lim sup o(x(t + Ab), t + Al) — v(x(1), 1) (1.11)
At—0+ At

2. THE CONCEPT OF STABILITY ACCORDING TO LIAPUNOV

Let the components y,(f) of a motion y({) continuously depend on cer-
tain parameters a;, @, . . . . A particular constellation of such parameters
shall be denoted by a. It defines a point in the parameter space. l.et ao
be a fixed point in the parameter space and s a variable point belonging
to a neighborhood U of ap. y(¢, a) and y(¢, a) shall be the corresponding
motions. The motion of y(t, an) is called the unperturbed motion; all other
motions y({, a) are called perturbed motions. According to Liapunov, we
introduce:
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DeriniTION 2.1:

(a) The unperturbed motion y(t, ac) is said to be stable (with respect to the
parameter set 1 and the initial instant o) if for each ¢ > 0 there isa 8 > 0
such that the inequality

ly(to, a0) — y(to, 8)] <8 21)

implies
IY(ty a0) — Y(t} d)| <e tz to) (22)
The number & depends on ¢; however, in general it will also depend on #.

(b) The unperturbed motion is said to be quasi-asymptotically stable if

the relation

lim (y(4, a0) —y(t,8)) =0 (=) (2.3)
holds for all a of a certain meighborhood Uy S U of ao. A motion which is
stable, but not asymptotically stable is said to be weakly stable.

The concept of quasi-asymptotic stability has been introduced by An-
tosiewicz [2].

DErFINITION 2.2: The unperturbed motion is called asymptotically stable
if 1t 1s both stable and quasi-asymplotically stable.

Both properties combined in this definition are independent of each
other (¢f. the example given below).

DerinirioN 2.3: The unperturbed motion s called unstable if it s not
stable. In this case there exists a fixed e > 0 with the following property:
there exists a sequence of numbers t;, &, . . . — % and a sequence of vectors
y(t, an) such that

IY(["! a0) — y(tu, an)l Z e
although
lim {y(t, a0) — y(t, a.)} = O
S

Examples: Fach motion of the family y = asint (—» < a < ) is weakly
stable if to # kx (k integer). For t, = km the motions are unstable. Each
motion of the family y = ae™' sin { is asymptotically stable for &, 5 kw. For
to = kmr it is quasi-asymptotically stable, but not stable.

Llach motion of the family y = sinwt (— < w < ) is bounded, but
unstable.

The motions of the family y = e~*! cos wt belonging to the parameter
interval —o < w < ®, are quasi-asymptotically stable if & > 0. Each mo-
tion is unstable if « = 0.

In the study of actual motions, the disjunction of stability and insta-
bility is of less importance than the disjunction of asymptotic stability and
instability. Weak stability is a relatively rare special case. Most families
contain asymptotically stable and unstable motions but no weakly stable
motions. The theory of stability is primarily concerned with motions deter-
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mined by ordinary differential equations, where the initial values serve as
parameters. When speaking of stability of these motions, the appendage
“with respect to the initial values™ will be omitted. Let

y = f(y, 0) (2.4)

be the differential equation under consideration, and let v be a particular
solution determining the unperturbed motion. If we put

X =y =y (2.5)
we obtain the differential equation
% =[x+ v, t) — f(v, t) (2.6)

which is called the differential equation of the perturbed motion. This equa-
tion has the trivial solution x = O as an equilibrium (Sec. 1 (f)). How-
ever, Eq. (2.6) is often more complicated than the original equation (2.4).
The majority of the theorems of stability theory provide statements
about the stability or instability of the equilibrium. Therefore, in the
sequel we shall make the assumption that the differential equations, con-
sidered as equations of a perturbed motion, shall have the trivial solution
as an solated equilibrium. In the following, this isolated equilibrium will
be called simply the equilibrium. Unless otherwise stated, we shall further-
more assume that the right hand sides of the differential equations belong
to the class £ (cf. Sec. 1 (f)) in a certain domain $,,,. Occasionally, dif-
ferential equations whose right hand sides do not satisfy these conditions
(which are, for instance, not one-valued in a neighborhood of the origin)
can be made amenable to the theory by introducing new variables (cf.
Dubosin [1]). If possible, we shall denote the dependent variable by x, and
write
x = f(x, 1) (f0,t) = 0,f € E) (2.7)
Definitions 2.1 and 2.2 will now be given in a form of particular interest
for applications. It is convenient to define separately the two properties
resulting in the concept of asymptotic stability.
DEeriNiTION 2.4:
(a) The equilibrium of the differential equation (2.7) s said (o be stable
if there exusts for each ¢ > 0 a number § > 0 such that the inequality
Tk <8 ‘ (2.8)
implies
Ip(t, xo, )] < € (t = t) (2.9)
(b) The equilibrium s said to be quasi-asymptotically stable if there is a
number 8 > 0 such that from |x| < 8 the relation
lim p(t, X0y to) =0 (t i °°)
Sollows.
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In this case, there exists for each n > 0 a number 7 = 7(n) such that
Ixo] < & implies the inequality

lp(t, xo, L)) <7 (> t+T) (2.10)

The number r depends in general on & and xo (ef. Sec. 17).
(¢) The equilibrium is said to be asymptotically stable if it is both stable

and quasi-asymplolically stable.

Definition 2.4 permits the following interpretation. Inequality (2.9)
defines a half-cylindrical neighborhood R4, of the t-axis of the motion space
and inequality (2.8) defines an n-dimensional spherical domain &; in the
hyper-plane ¢ = f, with the center at (0, t). The condition for the stability
of the equilibrium means that a motion can be forced to remain in the
domain ., by guiding the motion for ¢ = ¢ through the spherical domain
§t;. In the case of asymptotic stability, all motions originating in the
spherical domain remain in a neighborhood of the t-axis contracting towards
the f-axis.

The properties explained in Definitions 2.4(a) and 2.4(b) are inde-
pendent of each other, as can be seen from examples given by Massera [4].

In the case of- asymptotic stability, the set of all points (xo, fo) from
which motions originate, satisfying the relation (2.10), forms the domain
of attraction of the equilibrium. The dependence on & is generally of no
importance (cf. the following Remark 1). Therefore, in general, we shall
understand by the domain of attraction only that part of the phase space
in which decaying motions originate. The domain of attraction can also
be characterized by the fact that cvery motion originating in it is asymp-
totically stable.

If relation (2.10) is valid for all points x, from which motions originate,
we shall say that the equilibrium is asymptotically stable un the large (Aizer-
man [4], Krasovskii [7]). If relation (2.10) holds for all points of the phase
space, the equilibrium is said to be asymplotically stable in the whole.
(Barbagin and Krasovskii [1, 2]). LaSalle [2] proposed “complete stabil-
ity.” The distinction between asymptotic stability in the large and asymp-
totic stability in the whole has often been obliterated by inaccurate
translations of the Russian terminology. However, it becomes important
in cases where Iiq. (2.7) is not defined for all points of the phase space.
Refinements of the concept of stability which are necessary for further
extensions of the theory (uniform stability, ete.) will be introduced later
(Sees. 17 and 22).

With respect to the equilibrium, Definition 2.3 can be expressed in the
following form.

DeFINiTION 2.5 The equilibrium is called unstable if there exists a num-
ber ¢ > 0 with the following property: There exist a sequence of nmumbers
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1, T2y« - - — © and a null sequence of initial points xy, xq, . . . — O such that
Ip(lo + Ty xny )| 2 € (n=1,2...)

A stronger form of instability is described by the following property:
There exist a number ¢ > 0, a null sequence x, — 0, and for every »n an
unboundedly increasing sequence 7,.,» such that

lp(to + Tu.my Xny B0)| 2 € mn=12"...)

The equilibrium is unstable, for instance, if solutions which increase
unboundedly with ¢ originate in every necighborhood of the origin. But
this is not at all a necessary condition.

A special case of instability occurs when every motion tends away from
the equilibrium. This case is described in:

DerinitioN 2.6: The equilibrium is said 1o be completely unstable if
there exists a number e > 0 with the following property: After finite time,
each motion p(t, xo, 1) reaches the sphere |x| = ¢, where 0 < |xo| < ¢, and
4 = to.

Remarks:

1. The initial instant ¢, appears as a parameter in the previous definitions,
and the number 8 in (2.8) generally depends on . If for & a number
8 = 8(e, 1) > 0 can be found which corresponds to the stability requirenient.,
then there also exists a positive 6(e, £h) for cach & > t. For, by the assump-
tion about the right hand side of (2.7), each motion can be traced back from
t; to o (ef. Kamke [1], Sec. 16). The motions originating from the spherical
domain |xo| < 8(e, to) interscet the hyperplane ¢ = ¢ in a domain 8 which
in general is not a sphere about x = 0. However, the point x = 0 is cer-
tainly an interior point of B and B certainly contains a spherical domain
Ix| < 6(e, ;) with nonvanishing radius.

2. A slight modification of the definitions becomes necessary if the as-
sumptions about the right hand side of (2.7) are weakened so that only the
existence, but not the uniqueness of the solutions is guaranteed. “Motion”
is then understood to mean the union of all integral curves originating from
the point (xo, o). The “distance of the motion from the origin” has to he
defined by sup [x({)|, where x(t), for fixed ¢, passes through all points of the
solutions p(t, xo, to) of which the motion is composed. (Kurzweil [3]; of. also
See. 17, Remark 5 and Sce. 35.)

3. The quantitics occuring in stability problems are in gencral real.
However, the definitions remain valid for equations of the type (2.4) and
(2.7) in the complex domain, provided the independent variable ¢ is real
(Vejvoda [1]). The complex case can always be reduced to the real case by
separation of the real and imaginary parts.

4. Moisseev [2, 4] defined the concept of “probability of stability” to
more precisely describe the situation in the case of an unstable equilibriuin.
By an “S-motion,” Moisscev understands a solution of (2.7) such that
|xo] < & implics the inequality
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lp(ty Xo, tﬂ)l < 'P(a)

for all t = to, where ¢(r) is any function of the class K (Sec. 1 (e)). Let Af5(5)
be the measure of the points of the spherical domain |x| < é from which
S-motions originate and let S(r) be the measure of the sphere |x| = r. The
probability of stalility is defined by the limit value of the quotient 3 s(8)/S(5)
for 6 — 0. This limit value depends on the choice of the function ¢(8).
Stepanoff [1] defined a similar concept for autonomous motions only: Let
E(R, r) be the measure of the set of those points xo of the spherical domain
|x| < r for which sup |p(t, %o, 0)| for ¢ = 0 is not greater than R. The prob-
ability of stability is defined as

A 1S @1
provided this limit exists.

Obviously, the probability of stability as defined by (2.11) is cqual to 1
for the case of stability in the sense of Liapunov. However, the converse
is not valid. For example, the trajectories of the system of differential equa-
tions

b 2 e 92
ey (2.12)
Y= 2xy

are the circles passing through the origin and with centers located on the
y-axis, the origin iteelf, and the entire z-axis. Consequently, the equilibrium
is unstable. The measure E(R, r) is equal to the arca of the two lunae which
are cut from the circle with radius r about the origin by the circles about
(0, £R/2). Indepcendent of R, we have here

1 EL_R’_"Z =
s !

5. 1f the left hand sides of the incqualities (2.8) and (2.9) are replaced by

{Zml x?(to}m or {f} r?(t)}m
=1

1=1

respectively, where m < n, i.e., if not all of the variables are considered, one
arrives at the concept of stability with respect to a subset of the variables. This
concept has been more closcly investigated by Rumiancev [6]. (Cf. also
Zubov [10].)

6. Kats and Krasovskii [1] introduced the concept “stable with prob-
ability.” This concept is of importance in connection with differential equa-
tions whose right hand sides depend on a statistically given function. In
such a case, inequality (2.8) has to be replaced by the following statement:
The probability for (2.8) being satisfied can be brought as close to unity as
desired by suitable choice of 6. In the case of asymptotic stability with
probability, the probability for (2.8) being satisfied approaches unity.
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3. THE IDEA OF THE DIRECT METHOD OF LIAPUNOV

The direct, or second method of Liapunov attempts to make statements
on the stability of the equilibrium without any knowledge of the solutions
of the differential equations, i.c., without using the explicit form of the
perturbed motions. The name ‘“‘second method” is of historical origin.
Liapunov [1] also used a “first method.” The first method comprises all
procedures in which the explicit form of the solutions is used, especially
when represented by infinite series. In this report, we will not refer to the
first method. The second method attempts to make stability statements
directly by using (in addition to the differential equations) suitable func-
tions which are defined in the phase space, or in the motion space. These
functions are usually called Liapunov Functions. In general, the sign of the
Liapunov function, and the sign of its time derivative for the differential
equation have to be considered. The method admits a geometrical inter-
pretation which very likely was originally given by Chetaev [8] and which
appears to be particularly useful in applications. Subsequently, the method
shall be illustrated in the most simple case. The following considerations
do not replace a proof. Let x(¢) be the general solution of two autonomous
differential equations of first order. We construct the totality of all phase
curves which schlichtly cover the phase plane, or at least a neighborhood
of the origin. Furthermore, let ©(x) be a positive definite function such
that »(x) = ¢ = const defines for sufficiently small positive constants ¢ a
family of closed curves which also schlichtly cover a neighborhood of the
origin (cf. the following Remark 2). The origin itself is located in the
interior of each curve and corresponds to the value ¢ = 0. We shall assume
that all phase curves originating from points of the circular disc |x| = r
cross the curves v(x) = ¢ from the exterior towards the interior if we go
along these curves in the direction of increasing values of the parameter ¢.
Then we can conclude that these phase curves approach the origin ar-
hitrarily closely as ¢ increascs, i.e., the equilibrium is asymptotically stable.
Analytically, the hehavior of the phase curves can be described in the fol-
lowing manner: The function »(t) = v(x(t)) decreases monotonically as ¢
increases. Its total derivative o for the differential equation must always be
negative for sufficiently small values of |x|. For asymptotic stability in the
whole, we must demand # < O for all x and, in addition, that the curves
v(x) = ¢ remain closed for arbitrarily large c¢. For example, this does not
hold for

v =z7 + (exp (—2}) — 1)?

If » < 0 holds only for |x| > r > 0, then asymptotic stability cannot
be guaranteed, but, the solutions are at least bounded.
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If the function »(x) is indefinite, there exist in each neighborhood of the
origin points where v < 0. The domain v < 0 is bounded by the curve
r = (. Assume the case that » < 0 along a phase curve originating some-
where on the boundary curve » = 0. Then this curve penetrates the do-
main r < 0 as ¢ increases, and it can never again reach a point where v = 0;
the equilibrium is unstable. Apparently, less information is required for
this conclusion than is necessary in the case of stability. The inequality
# < 0 needs to hold only in the domain » < 0. These considerations can he
casily extended to systems of higher order as well as to nonautonomous
cquations. In the latter case, the motion space has to be considered. For
the rigorous foundation of the method (cf. Sec. 4 ff), the geometrical inter-
pretation is not sufficient.

Remarks:

1. The main characteristic of the direct method is the introduction of the
function v, by which a generalized distance from the origin of the phase
space, or from the t-axis of the motion space, is defined. The method is
characterized by the systematic application of such functions for the deduction
of general statements, particularly about the stability behavior of the trivial
solution (equilibrium). Only recently, Reissig, Yoshizawa, and others used
the method to derive statements alout the boundedness (¢f. See. 35). “Liapunov
functions’ have been applied in several specifie investigations; by Bendixon
[1], for example, to study the differential equation y’ = f(r, y) in the neigh-
borhood of a singular point, by Levinson [1], and by Reuter [1, 2] to prove
the boundedness of the solution of certain equations of oscillations. But in
these specific investigations no systematic use was made of Liapunov’s theory.

2. Only a certain part of the curve, or surface, v = ¢ was used in the
previous geometrical considerations; it can be characterized as follows: We
connect the points of a sphere |x| = r of sufficiently large radius r with the
origin by all possible continuous paths, and we consider the locus of all those
points for which the paths first interseet the surface » = ¢ when traversing
the path from the origin. In the sequel, the surface v = ¢ shall always be
understood as the so-defined cycle (Chetaev [8]). If » depends eaplicitly
on {, we define the eyele v = ¢ in the following manner: We consider for fixed
t = t, the eycle w = ¢, where w is the function defined in (1.6), and we con-
struct the locus of all points at which the paths drawn from the origin to
the eycele w = ¢ intersect the surface © = ¢ for the first time. Apparently,
the eycle w = ¢ “comprises” the cyele v = ¢.

3. As already mentioned in the autonomous case, the function v(x) can
be considered as a generalized distance from the origin of the phase space.
If a function u(x) is written in the form

u = f(x)/g(x)

it can be interpreted as the angle-coordinate in a suitably chosen cylindrical
coordinate system under certain assumptions about the pencil of surfaces
determined by f(x) — eg(x) = 0, i.e,, by u = ¢ = const. The simplest
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example for n = 3 is u = 7,/x,; the peneil of surfaces consists of planes.
The condition « > 0 means that the corresponding motion rotates about the
axis of the pencil of surfaces always in the same rotational sense. If the
motions always remain within a torus-like domain, then it is possible to infer
the existence of almost periodic motions which characterize a quasi-oscillatory
state. The precise analytical formulation of this situation was given by
Nemyckii [3, 4] who named u a rotating Liapunov function. These concepts
are not needed in the phase plane, since the existence of periodic solutions
is already guaranteed if the phase curves remain in an annular domain.

4. By means of some examples, Reissig [2, 7] showed that it is sometimes
possible to use discontinuous Liapunov functions. For example, let

v=ax?4+ 2 (ry <0), v=aux?+y* (xy>0)

If a; # as, the consideration of the first part of this section cannot be carried
out, since the curves v = const are not closed, but have jumps at the r-axis.
However, if we know that the decrease of |v] along a phasc curve in the upper,
or lower half-plane, respectively, is greater than the jump of » while crossing,
the r-axis, then the above explained conelusion does hold. But this procedure
can only be applied if certain properties of the phase curves are already
known.



SUFFICIENT CONDITIONS FOR
2 STABILITY OR INSTABILITY
OF THE EQUILIBRIUM

4. THE MAIN THEOREMS ON STABILITY

The following theorems concern the equilibrium of the differential

equation (2.7),
x = f(x, 1) (fe B)

and, together with the theorems of Sec. 5, form the actual core of the
direct method. For the sake of simplicity, each statement in which a
Liapunov function » occurs will be stated only for one sign of that function.
With each statement based on » there can be associated a completely
equivalent statement based on —u.

TueoreM 4.1 (Liapunov [1]): The equilibrium is stable if there exists
a positive definite function v(x, t) such that its total derivative v for the dif-
Serential equation (2.7) is not positive.

Proof: By assumption, a function ¢(r) of class K exists such that in a
domain &

r(x, 1) = ¢(|x]) (4.1)
Now, let ¢ < h be given, and let x be so chosen that the inequalities
[xo] < e and v(xo, to) < (e (4.2)

are satisfied simultaneously. Since v is continuous and equal to 0 at the
origin, such a vector x, always exists. Then it certainly follows that
Ip(t, xo, bo)| < € for small values of t — t,. If there were a t; > & for which
Ip(h, %o, bo)| = ¢, it would follow that

v(h) = v(p(t, %o, lo), l:)l% e(Ip(ty, xo, t)]) = ¢(€) 4.3)
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in contradiction to the inequality

l(h) l‘(to) < ¢‘(G‘ ({1 > l())
which follows from # =< 0.

TaEOREM 4.2 (Liapunov [1]): The equilibrium is asymplotically stable
if there exists a postiive definite, decrescent function v(x, 1) such that its total
derivative for (2.7) 1s negative definite.

Proof: The equilibriumn is at least stable, since the assumptions of the
theorem include those of Theorem 4.1. Consequently, it is possible to
choose a number 8 so that the motions determined by {x| < § remain in
the interior of the domain £, for a given iy = h. According to the as-
sumption, there also exist two functions x(») and ¥(r) of the class K such
that for ¢ = ¢,

o = —x(lp(, x, b)]), v £ ¥(lp(l, xo, t0)]) (+.4)
r(t) decreases monotonically as ¢ inereases, and, since (1) Z 0
lim o(t) = lim v(p(¢, xo, 1), 1) = 4 2 0
{—200 {—
exists. I 9 were positive, then ¢((p) would be positive for all p(f, xo, to)
with sufficiently small x|, since ¢(|p|) = 0. Henee, we would have
lp(l, xo, )] Z po > 0
(‘onsequently,
o(t) = Mp, x, b), 1) = —x(p) (L =)
and by integration
t
o(t) = v(l) + ﬁ, odt = v(xo, b)) — (& — to)x(P0) (4.5)

In the case p > 0, inequality (4.5) would lead to a contradiction, since
»(t) = 0. Therefore, py = 0, and & = 0, i.c., lim p(t, xo, ) = O.

Trrorem 4.3 (Barbadin and Krasovskii [2]): The equilibrium is as-
ymptotically stable in the whole if there exists a function v(x, t) which is
everywhere positive definite, radially unbounded, and decrescent, and
whose total derivative for (2.7) is negative definite.

The proof is similar to the proofs of Theorems 4.1 and 4.2 with k now
permitted to be arbitrarily large.

DermntTioN 4.1: A function v which satisfics the comhtwns of the theorems
of Secs. 4 and 5 1s called a Liapunov function for the differential equation (2.7).

Remarks:

1. According to Moisseev [1], one can dispense with Liapunov’s original
requirement on the continuity of the function ¢ and admit finite jumps.

2. It suffices to require only the continuity of the right hand side of dif-
ferential equation (2.7), since the uniqueness of the non-zero solutions is
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not used in the proofs. However, the concept of motion has to be defined in
a correspondingly general sense (Sce. 2, Remark 2). The equilibrium must
naturally be the only existing one in ®,4.

3. If a positive definite, decrescent function v(x, t) and a negative defi-
nite function #(x,t) can be found such that, with increasing ¢, the func-
tion v = ¥ — v, tends uniformly towards zero in every fixed domain
0 < hy £ |x| £ ha < b, then the equilibrium is stable (Malkin [5]) and it is
even asymptotically stable (Massera [1]). The existence of a positive definite
Liapunov function with negative definite derivative without the additional
condition that this function is deerescent does not even guarantee the quasi-
asymptotic stability of the equilibrium. Thus, the only possible conclusion
is that p(2, xo, to) approaches zero on a suitably chosen sequence t = £4(t, — )
(Antosiewicz [2], Massera [4], ef. also Sec. 19).

Another way of weakening the condition ‘¢ negative definite” was given
by Kuzmin [1]. His theorem corresponds to the instability theorem of
Chetaev [2, 6] stated in See. § after Theorem 5.3.

4. As inequality (4.5) shows, rather than requiring ¢ to be definite, it is
sufficient that an inequality of the form

o < ~£&)x(Ipl)

holds for sufliciently small [p|, where £(t) = 0 and where the integral

/t: E(r) dr

increases beyond all bounds.
5. Let ¢(r, t) be continuous for 0 £ r £ A, t = to, and be of such a nature

that the scalar differential equation
b=¢, )

has unique solutions in the domain just mentioned (one of these solutions
is the trivial one). Let v(x, t) be positive definite and let

i = e(x 1), 1) (4.6)

If the equilibrium y = 0 is stable, or asvmptotically stable, the corresponding
statement holds also for the equilibrium of (2.7) (Corduncanu [3]). A special
case of this theorem (Massera [4]) is: Let o(x, t) be positive defimte, let
~(7) be a function of the class K and let 6 = y(v(x, t)): then the equilibrium
is asymptotically stable.

6. In the assumptions of Theorem 4.2, the condition “decrescent” can
be replaced by “f(x, t) bounded” (Marachkov [1], Massera [1]). However,
one cannot dispense with both conditions simultancously (Massera [1]).

7. Let the equation be autonomous, x = f(x). The cxistence of a positive
definite function r(x) with the following properties is then sufficient for
asymptotic stability of the equilibrium: (a) Outside of a certain spherical
domain |x| < 7 an inequality of the form v 2 s holds with constant s; (b) in
the domain v < s, the derivative ¢ is nonpositive; (¢) in the domain ¢ = 0,
there lies no complete half-trajectory of the differential equation with ¢ = 4
(Barbagin and Krasovskii [1], Tuzov [1]). The corresponding statement
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for asymptotic stability in the whole can be formulated as an extension of
Theorem 4.3.

8. In a criterion of Krasovskii [21], a family of Liapunov functions is
used. This criterion is based on the fact that all motions originating in the
interior of the domain of attraction of the equilibrium are asymptotically
stable (cf. Sec. 2). With cach “perturbed motion” p(t, xo, &), originating in
the interior of the domain of attraction, a Liapunov function v(xq, to; x, t) is
associated. The initial values are to be regarded as parameters. The func-
tion v is defined in a certain neighborhood

|X - p(tr Xo, t‘i‘)l < 6()(0’ to; t)

of the perturbed motion. The function 6 is positive, continuous, and is
permitted—this is essential—to tend towards zero with increasing ¢. Asso-
ciated with this family of functions are four positive constants ay, az, b, and ¢
which are independent of the initial values, such that the inequalities

x| < v(¥o, to; X0, £) < @alx|

%mwm%muf—p@xuMJ)<-meme0

arc valid. A solution different from p has to be substituted for x(t) in the
left hand side of the last inequality. The existence of such a family of func-
tions is sufficient for the asymptotic stability of the equilibrium (even for
exponential stability, of. See. 22). Veksler [1] operated with a slightly dif-
ferent modification of the Liapunov function.

9. Makarov [1] considered two simultancous equations

x=1[xy,0, y=sgyt X))
and called the unperturbed motion stable if

yl<ea and |x—y|<e ({E>t)
follows from
‘Yl < 5|, IX - yI <0 at t=14t

It is assumed that g(0, t) = O, but not necessarily f(0, 0, t) = 0. Naturally,
the equations could be discussed in a (2n 4 1)-dimensional motion space by
introducing a new variable z = x — y. However on the basis of the following
theorem (the proof of which is similar to that of Theorem 4.1), it is possible
to discuss Eq. (4.7) by means of two Liapunov functions (Makarov [1]):
Let the function (x,y,?) be “positive definite for x = y” (that is, let
v(x, x,t) = 0 and v(x,y,t) = w(x,y), where w > 0 for x # y, and where
w = 0 only for x = y). Furthermore, let u(y, t) be positive definite. If the
derivatives ¢ and « for (4.7) arc negative semi-definite, then the unperturbed
motion is stable.

10. Basically, the application of the direct method is restricted to the
real domain. If an equation is complex, it must be transformed into a system
of real equations by splitting it into real and imaginary parts (cf. Sec. 2,
Remark 3). This transformation may be formally bypassed by constructing
& Liapunov function v(z, Z, {) for the complex equation

i= f(Z, t)
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with ©(Z, z,t) = v(z,Z,f). (The bar denotes the conjugate complex.) In
discussing such a funection, separation into real and imaginary parts cannot
be avoided.

11. The foregoing stability theorems have been formulated for the par-
ticular isolated singularity, the origin, corresponding to the equilibrium.
Consequently, it was possible to characterize the Liapunov funetion » by the
general properties *v is positive definite,” or “¢ is decereseent,” quite inde-
pendently of the particular form of the equation. 1f it is desired to state
the theorems of the direet method for an arbitrary solution rather than for
the cquilibrium, then the special properties of the solution will naturally
enter the definition of ¢ and the theorems lose their general character (ef.
Sec. 20). However, if the point set ¢ = 0 is invariant, then it is sometimes
possible to make a more precise statenment. (9N is said to be tnvariant if each
trajectory originating in 9t remains in I for all t > ty; of,, c.g., Lefschetz
[1].) LaSalle [1, 2] proved: Each solution of the autonomous equation
x = f(x) originating in B tends towards P if the following three conditions
are fulfilled: B is of such a nature that cach solution originating in B is
bounded and remains in 8 for all ¢t > {, + T (7 finite); n(x) € (yand 6 £ 0
in B: M is the greatest invariant subset of the set 5 = 0 in Y.

Erample:
P= (=0 —ar =0y, §=(+pd—ar®—b4?)
We choose » = x% 4+ 4% Then
U= (24 y)(1 — a2 — %)

Thercfore, the phase curves approach the ellipse a2r? + b%? = 1 from the
outside and from the inside, depending on the sign of 7. The ellipse itself is
not a limit ¢ycle (it is not a solution), but it is an invariant set.

12. The main theorems can be extended to the case of stability with
probability, mentioned in Sec. 2, Remark 6. In this case, the Liapunov fune-
tion also depends on the random function appearing in the differential equa-
tion. Instead of the function »(1), introduced in See. 1 (i), one has to operate
with the mathematical expectation for that expression obtained by sub-
stituting a solution into » (Kats and Krasovskii [1]).

5. THEOREMS ON INSTABILITY
Compare the preliminary remarks to Sec. 4.

TuroreM 5.1 (Chetaev [1]): Given the differential equation (2.7) and
a function v(x, t) with the following propertics:

(a) In every domain K. (with arbitrarily small € > 0) there exist points x
such that v(x, t) is negative for all t Z ty (with sufficiently large ty). The totality
of points (x, t) with |x| < h and v(x, t) < O shall be denoted as the “domain
v < 0”. This domain vs bounded by the hypersurfaces |x| = hand v = 0 and

ts possibly separated into several subdomains Ny, A, . . . ;
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(b) v s bounded below in a certain subdomain A of the domain v < 0;

(¢) In the domain A of the motion space defined in (b) the total derivative
¢ for (2.7) is negative; in particular, ? £ —¢(|v]) < 0, where o(r) 1s a func-
tion of the class K. The cxistence of such a function v(x, t) implies that the
equilibrium is unstable.

Proof: Let (xo, ta) be a point of the domain A with arbitrarily small
Ixo] such that v(xo, &) = —a < 0, & < 0. Along the motion p(¢, xo, t),
v decreases. On the other hand [ef. (4.5)]

o(t) = v(p(t, %0, b), 1) = —a + A’ bdr < —a — ¢(a)(t — 1) (5.1)

and, sinee v is bounded below in the domain under consideration, the motion
must leave this domain. However, this can only occur at the boundary
[x| = h; i.e., the equilibrium is unstable.

Theorem 5.1 contains as a special case the so-called First Theorem of
Liapunov on instability:

TrEOREM 5.2 (Liapunov [1]): The equilibrium is unstable if there exists
a decrescent function v(x, t) which has a domain v < 0, and whose total deriva-
tive for (2.7) 1s negative definite.

Corollary: If in this casc v is always negative for x % 0, in particular
if it is negative definite, the equilibrium is completely unstable (ef. Defini-
tion 2.6).

Another sufficient condition for instability is stated by the so-called
Second Theorem of Liapunov [1] on instability:

TreorEM 5.3 The equilibrium is unstable if the following holds: In the
domain $y,, there catsts a bounded function v(x, 1) with the properties:
(a) Its total derivative for (2.7) is of the form

0= gv 4+ w(x, ) ».2)

where g 15 a posttive constant, and where w(x, t) is a semi-definite funclion;

(b) If w(x, t) does not vanish identically, there exist in each domain K,y
with arbitrarily large t; and arbitrarily small hy < h Such x-points that v(x, t)
and w(x, ) have the same sign for.t > t,.

Theorem 5.1 is generally more convenient for applications than Theo-
rem 5.3. However, viewed from the standpoint of the theory, they are
equivalent. As a matter of fact both furnish necessary and sufficient con-
ditions (cf. Sec. 19): If the equilibrium is unstable there exist two functions
v, and v, which satisfy the assumptions of Theorems 5.1 and 5.3, respec-
tively. Consequently, the following weakenings of the assumptions are of
interest only for the application of the theorems and do not amplify the
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region of their validity. According to Dubogin [7], one can replace in (5.2)
the term gv by g(£)+*, where k 2 1 and where the integral

j: g(r) dr

increases beyond any bound. Erugin [4] stated several other assumptions
weaker in a different sense. For instance, it suffices to require that for a
certain unboundedly increasing sequence 4, t,, . . . of upper limits the in-

tegral
/ ) dr
to

decreases below any bound, or it even suffices that this integral for a fixed
{ = t* is less than the bound required in assumption (b) of Theorem 5.1
for the function v. Another modification of Theorem 5.1 was given by
Massera [4].

Chetaev [2, 6] proved a theorem in which two functions are involved.
Let it be possible to choose a decrescent function v(x, {) and a function
w(x, t) in the following manner:

1. The domain v > 0 is not empty for any value of ¢ in the interval
t £t = « which has to be considered as a closed interval;

2. For arbitrarily small |x| there exists a subdomain w > 0 of the do-
main v2 > 0; the derivative w has a constant sign on the boundary w = 0
of the domain w > 0.

Then the equilibrium is unstable.

In analogy to the theorems on stability mentioned at the end of Sec.
4.9, Makarov [1] established two theorems on instability in which the
assumptions of Theorem 5.1 are required correspondingly for only one of
the functions « and v, respectively.

The following theorem can be proved similarly to Theorem 5.1.

THEOREM 5.4 (8. K. Persidskii [1]): The equilibrium is completely un-
stable if a function v(x, ) exists which has the following properties in a
domain £,,:

Lv>0 for x30;
2.020;
3. The function v tends uniformly towards zero as ¢ increases.

The function v appearing in Theorem 5.4 does not have to be definite.
The fact that one cannot dispense with the uniformity required under 3,
is illustrated by the differential equation

= —z/4
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whose equilibrium is asymptotically stable. The functions

v = 1exp (t — 2%, = (3 — 2r* 4+ x4
satisfy for &, = 2 all assumptions of the theorem, except that of uniformity.

"l he same example proves, by the way, that the boundedness of v in R,
required by Theorem 5.3, must not be dropped.



APPLICATIONS OF THE
3 STABILITY THEOREMS TO
CONCRETE PROBLEMS

6. FUNDAMENTAL REMARKS ON THE APPLICATIONS

In many problems, statements on the stability properties of an equi-
librium can be made by means of the theorems of Chap. 2. However, the
method -has to be adjusted to the peculiarities of every specific system.
There is no general procedure for the construction of a Liapunov function.
(Cf. Chap. 4 for the problem of the existence of Liapunov functions.) In
particular the following problems can be investigated:

1. Clarification of the question of whether an equilibrium s stable or
unstable. If the stability of a motion different from the equilibrium is to be
investigated, the diffcrential equation of the perturbed motion (cf. Sec. 2)
must first be established (cf. Ergen, Lipkin and Nohel [1]).

2. Estimates of the stability domain of the initial points. The domain
contains all of those points x of the phase space from which motions origi-
nate which either remain in a prescribed neighborhood of the origin in the
case of weak stability, or which come arbitrarily close to the origin in the
case of asymptotic stability. That part of the stability domain for which
the latter holds is (as mentioned in Sec. 2) the domain of attraction of the
equilibrium (or of the trivial solution).

3. Estimates of the stability domain of the parameters. Frequently, the
cquations of motions, particularly equations of physical systems, depend
on parameters which vary between certain bounds. The question of interest
is for which of the parameter values the equilibrium will be stable. It is
convenient to interpret these parameters as coordinates of a parameter
space. The subspace of all “points” for which the equilibrium is asymp-

22
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totically stable is called the stability domain of the parameters. In most
physical and technical applications, asymptotic stability is required even
in the whole.

4. Derivation of conditions for nonlinearities in order to guaraniee sta-
bility. The nonlinear parts of the differential equations must have certain
properties, or satisfy certain conditions for the equilibrium to be asymp-
totically stable. For instance, these nonlinearities must have certain prop-
erties of rate of change; their maxima or minima must lie between certain
bounds; certain integral inequalities must be satisfied; etc. A clear separa-
tion of these problems and those mentioned under 3 is not always possible.

5. Estimales for the soluttons. As can be seen from the geometrical inter-
pretation of the direct method sketched in Sec. 3, a relation exists between
the absolute values of the solutions and the values of the Liapunov func-
tion. Therefore, estimates of the integrals by means of the Liapunov
functions can be given. However, inequalities of this nature are of value
only if the Liapunov function is of a sufficiently simple form. Sometimes
it is sufficient to know the behavior of the Liapunov function only in
certain domains of the motion space which do not necessarily have to be
neighborhoods of the (-axis (Melnikov [1]).

The problems mentioned under 2 to 4 are usually treated as follows:
We construct a Liapunov function, and we investigate for which initial
points, or for which points of the parameter space, etc., this Liapunov
function looses its characteristic properties. In general, no “optimal’ re-
sults can be obtained along this line, since the theorems of Sec. 4 furnish
only sufficient conditions. Iowever, it has to be emphasized that some
stability problems can as yet be investigated only by means of the direct
method (Secs. 13 and 14).

The applications of the dircet method known at this time refer almost
exclusively to autonomous differential equations. This is not only a con-
sequence of the difficulties connected with nonautonomous differential
equations, but it is also a consequence of the fact that the equations of
motion of most concrete systems are autonomous.

6. Krasovskii [25, 26] pointed out another rather specialized applica-
tion. In the field of optimal control, we are concerned with the problem of
designing the control process so that the time of the control action becomes
a minimum. In the linear case, let the system be governed by the equation,

x=Ax+Bu+cy

where u = u(¢) is the control vector, and where y = y(¢) represents a scalar
perturbation function. The motion depends on ¢, xo, and, in addition, on ¥,
%o = y(t) and u. If we consider the time 7" of the control action along a
certain trajectory, it turns out that the derivative dT°/dt is equal to —1
along an optimal trajectory. Considered as a function of the initial
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values xo and {, T° is basically positive definite, and, as a consequence of
dT?/dt < 0, the assumptions of Theorem 4.2 are satisfied with » = 7.
Hence, the problem of optimizing the process can be considered as the
problem of constructing a Liapunov function with the additional property
v = —1. Krasovskii applied this consideration in order to prove the exist-
ence of solutions of the optimization problem.

7. EQUATIONS WITH DEFINITE FIRST INTEGRALS

A definite first integral v = const (if it exists) of Eq. (2.7) can be used
as a Liapunov function. In this case, ¥ vanishes identically. Applying
Theorem 4.1, we can conclude that the equilibrium is stable.

For example, let the equations of motion of an autonomous system be
given in canonical form:

G, = 0H/op:, p. = —0H/dq, z=1,...,n) (7.1)

These equations have the energy integral H = const. The kinetic energy
is o positive definite form of the momenta p,. If the potential energy
U(gy, . . ., ¢») takes on a minimum at the equilibrium ¢; = --- = ¢, = 0,
which can always be assumed to be 0, then the total energy is positive
definite. Theorem 4.1 then leads to the well known Theorem of Lagrange:
The equilibrium is stable if the potential energy takes on a minimum at
this position (cf. Sec. 26 and Pozarickii [1]).

If H is not definite, one can try to construct a definite function
v = H + w by adding a function w(p, q). The total derivative of this
function for (7.1) is equal to the negative Poisson expression.

(6w O0H owoH )

v = _(w) H) = _Z ap' aq‘ aq‘ap‘

i=1
One has to investigate the question whether or not this expression is defi-
nite (Liapunov [1], Dubogin [2]). If the potential energy is a homogeneous
function of the coordinates ¢, which takes on negative values in every
neighborhood of the origin, then the equilibrium is unstable. This can be
shown by means of the Liapunov function

v=H X py
i=1
and by applying Theorem 5.1 (Chetaev [8]).
The following theorem answers the question under what conditions a
definite first integral can be constructed at all from first integrals of the
equation of motion.

THEOREM 7.1 (Pozarickii [3]): Let wi(x, ), . .., un(x, t) (p < n) bep
known linearly independent. first integrals of x = f(x, ). A necessary and
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sufficient condition for the existence of a definite first integral of the form
e(uy, . . ., up) is the definiteness of the form uf + - -+ + 2.

Naturally, this form is always semi-definite. By means of Theorem 7.1,
Pozarickii showed, for instance: No definite first integral can be constructed
from w,, . . ., u, if the known integrals do not depend explicitly on ¢, and
if they are of the form

u; = af x + terms of higher order

and if the rank of the matrix (a, . . ., a,) is equal to p.

The theory of gyros is a special f.eld for applications of such considera-
tions. In the simplest case of a gyro rotating about its center of gravity,
the equations of motions are of the form

ap+ (c—blgr=0, bj+ (a—c)pr=0,
¢+ (b—a)pg =10

a, b, c are the principal moments of inertia; p, ¢, r are the components of
the velocity vector in the coordinate system of the principal axes of inertia.
In order to investigate the stability properties of the specific motion

p=0 ¢g=0 r=7/=#0

we consider the differential equation of the perturbed motion, which is
obtained by the substitution

Ty=pP, To=¢q, r3=7r—*F
This equation has the two integrals,

a ; c o2 b
which are definite for a 2 b > ¢ and a £ b < ¢. We conclude that the
rotations about the maximum and the minimum principal axes are stable.
The instability of the rotation about the mean axis follows from Theorem
5.1, if we use the Liapunov function » = 17, (Chetaev [7, 8]).

For a general motion of a gyro, the first integrals furnished by the
theory, are in general not definite. However, under certain conditions a
definite integral can be obtained from thesc intugrals by suitable combina-
tions of them. If this is possible, stability conditions can be established.
Chetaev (7, 8] and Skimel’ [1] proceeded in this manner in the case of the
ordinary gyro, Rumiancev [1, 5], Zhak [1] and Charlamov [1] did so in the
case of the motion of a gyro in a liquid medium, Beleckii [1] in the case
of the motion of a gyro in a Newtonian field of force. (cf. also Morosova [1].)

By means of the method of definite first integrals, Magnus [2] investi-
gated thoroughly the stability properties of the heavy symmetric gyro in
gimbled suspension. Rumiancev [7] and Chetaev [9] used the paper of
Magnus as a starting point. For further applications to the theory of

; €22 + (az? + ba} + 2¢fz; + cad)?
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gyros, the reader is referred to Czan Sy-Ni [2], Isaeva [1], Krementulo
[1, 2], Pirogov [1], Rumiancev [8 to 12], Tabarovskii [1, 2].

A more general problem was investigated by’ Aminov [1]. He considered
the paths of mass points, namely the geodetic curves in a Riemannian
manifold, determined by the equation

¢’ + Theg*g® = 0
Here, as usual in differential geometry, the dot denotes the derivative with

respect to arc length. The “stability’’ of the transition to the “perturbed”
trajectories v ' '
q: = q’ + P’

is investigated. Under certain assumptions about the dependence of the
metric fundamental form upon the perturbations p7, first integrals of the
cquations can be found, which might be used to establish stability condi-
tions.

8. CONSTRUCTION OF A LIAPUNOV FUNCTION FOR A
LINEAR EQUATION WITH CONSTANT COEFFICIENTS

Let
x = Ax (8.1
be the equation of motion, and let p,, . .., p. be the eigenvalues of the
matrix A = (ax). The Liapunov function shall be determined as a quad-
ratic form,

v = xTBx (BT = B) (8.2)

under the condition that its total derivative for (8.1) is equal to a given
negative definite quadratic form —x"Cx. This leads to the equation

ATB +BA = —C (C positive definite) (8.3)
for the unknown matrix B. This equation represents a system of linear
equations for the n(n + 1)/2 elements b, of B. ‘This system of linear equa-
tions has a unique solution if none of the numbers p, and none of the sums
v+ p, (4,7 =1,...,n) vanish. The matrix B determined in this manner
is the matrix of a positive definite quadratic form (8.2) if and only if all
eigenvalues p, have negative real parts:

Rep,. <0 (i=1,...,n) (8.4)

(proof, cf. e.g. Hahn [3], Bellman [1], Taussky [1]). If condition (8.4) is
satisfied, a Liapunov function is found which satisfies the assumptions of
Theorem 4.2.

THEOREM 8.1: The equilibrium of equation (8.1) is asymplotically stable
if all eigenvalues of the matriz A have negative real parts.

If there are eigenvalues with positive real parts, the solution B of (8.3)—
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if it exists—is a matrix of an indefinite form, or the matrix of a negative
definite form if Rep; > 0 ( = 1, .. ., n); then the function (8.2) satisfies
the conditions of Theorem* 5.2. If Eq. (8.3) has no solution because one
of the terms p; 4 p; vanishes, then there exists always a number q¢ > 0
such that the matrix A; = A — ¢U still has eigenvalues with positive real
parts, but no longer belongs to the exceptional case. Then B can be com-
puted from the equation

AIB + BA, = —C  (C positive definite) (8.5)

The Liapunov function constructed according to (8.2) satisfies the as-
sumptions of Theorem 5.3. If, in addition, the Corollary of Theorem 5.2
is used, the following theorem results:

THEOREM 8.2: The equilibrium of Eq. (8.1) s unstable, if at least one
of the eigenvalues of A has a positive real part. If the real parts of all eigen-
values are positive, then the equilibrium vs completely unstable.

A differential equation of the form (8.1), satisfying the conditions of
Theorem 8.1, or of Theorem 8.2, shall in the sequel be called an equation
with significant behavior of the equilibrium. In this case, the matrix has
either only eigenvalues with negative real parts, or has at least one eigen-
value with positive real part. For a differential equation with critical
behavior of the equilibrium, none of the eigenvalues has a positive real part;
however, eigenvalues with vanishing real parts do occur. As we shall see
later (Sec. 22), significant behavior of the equilibrium actually means that
the solutions of the differential equation can be estimated exponentially.
With suitable positive constants, we either have

Ip(¢, xo, to)| < alxole— = (8.6)
for all solutions, or there are solutions with
lp(t, %o, to)| 2 alxoletpt=1 8.7)

On the other hand, in a critical case, the not decaying solutions are either
bounded, or they increase at most like a power of ¢.
The following procedure can be used to study the stability behavior in
a critical case (Hahn [3]). Let z = Lx be a nonsingular transformation,
where L transforms A into its Jordan Normal form, LAL! = J. The dif-
ferential equation )
1=Jz (8.8)

and differential equation (8.1) are equivalent with regard to the stability
behavior of their equilibria. In general, differential equation (8.8) splits
into several subsystems of equations of lower dimension: Theorem 8.1
holds for those subsystems associated with eigenvalues with negative real
parts. If the elementary divisor which belongs to an eigenvalue with
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vanishing real part is linear, then the corresponding subsystem can be
transformed into the form

=0, or % =ks %= —ks (8.9)

respectively (k real). If we take v = 2} and v = 2} + 23, respectively, as
Liapunov functions, then in both cases, # = 0 and Theorem 4.1 can be
applied. If there are elementary divisors of second order, then there are
subsystems with coefficient matrices

0 -k +1 0
0 1 +k 0 0 +1
(00)or 0 0 0 —k
0 0 +k 0

respectively. Here, we take v = 212, with » = 2% and v = 2123 + 22, with
v = 2§ + 23, respectively, as Liapunov functions. By means of Theorem
5.1, or by means of the theorem which we obtain from 5.1, by replacing »
by —uv (cf. the introductory remark of Sec. 4), we conclude that the system
is unstable. This result remains valid for elementary divisors of higher
order, and proves:

TareoreM 8.3: The equilibrium of Eq. (8.1) is weakly stable if in a
critical case the elementary divisors corresponding to eigenvalues with
vanishing real parts are linear. The equilibrium is unstable if there are
elementary divisors of higher order.

Remark: The proof just sketched does not exclude asymptotic stability of
the equilibrium. The more precise statement ‘“weakly stable” which can be
concluded immediately from the well-known explicit form of the solutions
in terms of exponential functions, can also be obtained by means of the direct
method. However, for that purpose we have to conclude, from the more
complicated converse theorems of Sec. 18, that the equilibrium can never be
asymptotically stable if there is no positive definite Liapunov function with
negative definite derivative. But as it is readily seen, the derivative of a
positive definite function for (8.9) can never be negative definite. It is
sufficicnt to consider the quadratic terms of the power series expansion of v,
which certainly exists (cf. Sec. 18).

Theorems 8.1 to 8.3 remain valid for a matrix with complex coefficients.
This can be proved either by means of an Hermitian form, constructed in
analogy to (8.2), or by reducing the complex system to systems with real
coefficients (Vejvoda [1], Hahn [7]).

The elements ba of the matrix B defined by (8.3), can be expressed in
closed form. For C = 2U, for example, we have

- n dir & dlrr — P&
ba 2, J?L)—i—ﬂld,(p’) d—p) (8.10)

where d(p) denotes the characteristic polynomial of the matrix A whose
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zeros p, are assumed to be simple. The quantities d..(p) are the cofactors
of the elements of the matrix A — pU. Equation (8.10) can be obtained by
means of a formula of Malkin [15] (cf. Theorem 24.5) which is based on
an investigation of Bedel’baev [1]. From Eq. (8.10) Bedel’baev derived
some other formulae for the computation of the by.

If for » the special form X z.z, (¢ < k) is chosen, then v can be computed
by an elementary procedure given by Moisseev (Bedel’baev [2]).

Instead of the quadratic form (8.2), a form of higher order can be used
as a Liapunov function for (8.1). In this case, the following theorems of
Liapunov [1], which refer to a differential equation of the form (8.1), hold.

TueoreM 8.4: If all Re p. < 0, then there exists exactly one positive
definite form v of the order m whose derivative & for (8.1) is equal to an
arbitrarily given negative definite form of the order m.

THEOREM 8.5: If there is at least one Re p; > 0, then, for a given
form w of the order m, a form v of the same order and a number ¢ > 0
can be found such that & = gv 4 w is the total derivative of v for (8.1) and
such that the conditions of Theorem 5.3 are satisfied.

Disregarding certain exceptional cases, a form of the order m can also
be constructed under the conditions of Theorem 8.5 such that the condi-
tions of Theorem 5.2 are satisfied.

Liapunov proved Theorems 8.1 to 8.5 by using the stability behavior
of the equilibrium of differential equation (8.1), which can be derived from
the explicit form of the solutions. This means that Liapunov did not prove
the statements about the equilibrium of (8.1) by means of the direct
method.

9. SIMPLE STABILITY CONSIDERATIONS FOR
NONAUTONOMOUS LINEAR DIFFERENTIAL EQUATIONS

The stability theory of general linear differential equations requires,
in spite of their relatively simple form, a more profound approach; in
particular, the Liapunov theory of the characteristic numbers (cf. Sec. 25)
is required. But if the matrix A(f) of the equation

x = A(l) x 9.1)
is bounded, and if the ecigenvalues of A(f) have negative real parts for
every fixed ¢ 2 {4, then some sufficient stability conditions can be obtained
by modifying the methods developed in Sec. 8.

We compute the symmetric matrix B(f) which depends on ¢ from the
equation

AT(@) B(t) + B@t) A() = —C ' 9.2)

This equation is analogous to Eq. (8.3). If the given constant symmetric
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matrix C is positive definite, then, as a consequence of the assumptions
on A, B(¢) is uniquely determined for fixed ¢ and B(¢) has positive eigen-
values. Let ¢(t) for t = ¢ be a positive bounded function whose derivative
is continuous. As a Liapunov function for (9.1), we choose the quadratic
form

v = o(t) x"B(t) x (9.3)
The total derivative of this form for (9.1) is

b = o(t) xTG(t) x

where

GO = ~C + By + 180 gy

Let a(t) be the greatest root of the equation

det B—C — uB) =0 9.4)
and let

10 = o) exp (— [ a(r) ar) 9.5)

Then the condition

dloge _dlogy _

dt a_ " F

is necessary and sufficient for G(¢) to have only negative eigenvalues. In
this case, 0 is negative. Now, the function ¢(f) has to be chosen such that
v is positive definite. According to Lebedev [3], it is sufficient for this
purpose, for example, that the expression ¢(f) VB(f) be always greater
than a fixed positive number §; 8(¢) here denotes the smallest eigenvalue
of B(t). As a sufficient condition for the stability of the equilibrium, the
following inequality is obtained (I.cbedev [3]):

VB(1) exp (— [ “ a(r) dT) 256>0 (L= t) (9.6)

Asymptotic stability cannot readily be inferred, since the definiteness of o
is not secured. If the real parts of the eigenvalues of A(t) are always smaller
than a negative bound which is independent of ¢, then the form (9.3) is
positive definite even for ¢(f) = 1.

In a similar way, a stability condition can be established for a differ-
ential equation with “slowly varying coefficients.” For these equations,
the matrix A(?) is equal to a matrix yQ(¢) with bounded Q(¢). 1f B is de-
termined according to (9.2), then B = yR(f), where R(¢) is bounded, and
for v = xTBx, we obtain

= —xT(C — vR(®)) x

(Razumichin [5]). The condition that # be negative semi-definite, or nega-
tive definite, respectively, furnishes bounds for y. However, without
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additional assumptions on A(¢), again only weak stability can be inferred
(Chetaev [2, 3]).

Sometimes it is convenient to introduce a new time scale. Let the real
parts of the eigenvalues of A(f) be always smaller than a given negative
number. Furthermore, let 7 be a new variable and let

t=1{r) (b=10),r20)
be a continuous and continuously differentiable function. The derivative

with respect to = (denoted by a prime) shall always be bounded by two
fixed positive numbers:

0<k <t'(r) <k,
The original equation (9.1) is transformed into
x' = t'(r) Alt(r)) x 9.7)
and the matrix B(¢) is replaced by the matrix
B*(r) = (1/t) B(t(7))
The total derivative of the Liapunov function v* = xTB*x for (9.7) is
v* = xT(B(t) — B(t) § — C) x

Here, log t' = s, and this quantity has to be considered as a function of ¢.
According to the conditions on t/, these expressions always make senso.
We try to make v*' negative definite by choosing §(t) sufficiently large.
We choose, for example, $(¢) greater than the greatest root @(t) of the
equation

det (B(t) — uB(®) = C) =0
which is formally equivalent to (9.4). We then have

t' = ¢ = exp (ﬁ: sdt) = exp (j: f(r) dr)

Since t’' is bounded, we obtain the sufficient stability condition given by
Razumichin [3] in the form:

A’ a(r) dr (9.8)
must be bounded.
Let the matrix A(t) in (9.1) be a periodic function with period w and let

C= L—tﬁA(o dl

be similar to a diagonal matrix D. If the original equation is transformed
by means of a linear transformation into the form

y=Dy+F@y

then the discussion of the Hermitian form
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v=y"O+D)y

which has to be used as a Liapunov function, leads to the following results
(Nougmanova [1]):

(a) The conditions
D negative definite,

G=0+D2?+ O+D)F+F(+D)

positive, are sufficient for stability;
(b) The conditions

D negative definite,

G positive definite,

are sufficient for asymptotic stability.

By means of simple Liapunov functions, Dubosin [3] obtained suffic-
ient stability conditions for the special differential equation

P4+plt)r=0

which is equivalent to the system

T =y, y=—-pt)z

This system has already been investigated by Liapunov. For instance, let
p(t) be negative for large ¢; then the equilibrium is unstable. This follows
from Theorem 5.1 by means of the Liapunov function » = zy. If lim p(¢)
exists as ¢ — oo, if this limit value is positive, and if p(¢f) < 0, then the
equilibrium is asymptotically stable. In this case, v = (pz? + ?) e is
chosen as a Liapunov function.

Reissig [7, 8,] used Remark 4 of Sec. 4 for the construction of a
Liapunov function for a system of second order. Other references are:
Charasachal [2] and Reissig’s [5] comment on this note.

Roitenberg [1] considered a system of linear differential equations of
higher than first order in the form

kil Fi(D) 7 = kﬁlz,k(D) % (G=1,...,n;D=d/d)

Here, the f;: are certain polynomials with constant coefficients, the L;: are
polynomials with variable coefficients. By means of a suitable linear trans-
formation, the system can be brought into the form

y=(J+B@®)y

The Jordan matrix J does not depend on ¢. The transformation formulae
are given explicitly. Application of Theorem 4.2 with the Liapunov func-
tion v = |y|? furnishes sufficient stability conditions.
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10. EQUATIONS WITH LINEAR PRINCIPAL PARTS

Tet

x = Ax (10.1)

be an autonomous linear differential equation with significant stability
behavior (cf. Sec. 8). Suppose ° is a Liapunov function for (10.1), con-
structed on the basis of the theorems of Sec. 8, and suppose ° is a form
of the order m. In practical applications we usually assume m = 2,
The derivative #* is then definite. Only in the exceptional case where
p. + p, = 0, the function ¢ is of the form ¢v + definite form (g > 0).

In addition to Eq. (10.1), we consider the differential equation

= Ax + g(x) (10.2)

which is in general nonlinear. We shall say that Eq. (10.1) is obtained
from the Eq. (10.2) by reduction, i.e., by neglecting the term g(x). We shall
try to find a Liapunov function for (10.2) of the form

v o= 4 ¢
where the additional term v* has to be so chosen that:

1. » has the same definiteness properties as °,
2. Pao.2) has the same definiteness properties as i%.1,.

Here, the total derivative of v for (10.2) is

faoey = Paoy + Z + e + Z (10.3)

ag' a*"

If a function v* can be chosen such that v satisfies the above mentioned
conditions, then the differential equations (10.1) and (10.2) are equivalent
with respect to the stability behavior of their equilibria. In the construc-
tion of v#, the specific properties of g(x) have to be considered.

Spectal cases:

(a) Suppose the functions g,(x) have, in the neighborhood of the origin,
power series expansions in the variables x4, . . ., x, beginning with terms of
at least second order. Then Eq. (10.1) is called the equation of the first
approximation of Eq. (10.2) and we shall say that (10.1) is obtained from
(10.2) by linearization. In this case, we can use the function v* = 0, since the
second term of the right hand side of (10.3) is at least of the order m + 1
in the variables z;. Therefore, this term has no effect on the definiteness
behavior of the term ¢9,,,. This leads to the fundamental Theorem on the
Stability in the First Approzimation.

THeoreM 10.1 (Liapunov [1]): If the stability behavior- of the differ-
ential equation of the first approximation is significant, then the equilibrium

of the complete differential equation has the same stability behavior as the
equiltbrium of the reduced equation.
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This theorem can be proved also by other means (cf., for instance, Perron
[1] with weaker assumptions on g(x), or g(x, t), respectively; compare (b)
and (c) below). However, the proof recently given by Saltykow [1] is also
based on the construction of a Liapunov function.

In critical cases, the stability behavior of the equilibrium is not deter-
mined only by the first order terms. In fact, as Liapunov [1] showed, for a
fixed linear part instability or asymptotic stability of the equilibrium can
be obtained by modifying the terms of higher order.

(b) The assumption about g(x) made under (a) is very restrictive and is
not satisfied in many practical problems. Therefore, we replace it by the
following weaker assumption: Every function g,(x) can be estimated by two
fixed lincar forms, i.e., there are vectors g/, g/’ (¢ = 1, ..., n) such that

! or xTglZ g.(x) = xTg! @=1,...,n) (10.4)

We further assume that all eigenvalues py, . . ., p, of the matrix A have
negative real parts such that the equilibrium of the reduced differential
equation is asymptotically stable. The problem is to find bounds of the
components gy, gi of the vectors g/, g/ such that the inequalities (10.4)
guarantee the asymptotic stability of the equilibrium of (10.2). To solve this
problem, we consider in addition to (10.1) the linear auxilliary equation

x=(A+ Q) x (10.5)

in which the constant matrix G is still to be determined. By forming the
total derivative of the quadratic form (8.2) for (10.5), we obtain a quadratic
form with the matrix

X7} = g.(x) S x7g

M= -C+ G™B + BG (10.6)

We choose G such that M becomes negative definite. Then, as a consequence
of Theorem 4.2, the equilibrium of (10.5) is asymptotically stable. The con-
ditions for definiteness of M furnish n inequalities for the n? elements of the
matrix G. The common solutions of these inequalities determine in the space
of the g a well-defined domain which is certainly not empty, since it con-
tains a neighborhood of the origin. If the numbers g/, g7/ lic in that interval
in which g, may vary without leaving the above mentioned domain, then
the function (8.2) is a Liapunov function for the differential equation (10.2),
provided condition (10.4) is satisfied (Aizerman [4], Hahn [2]). The degree
of the inequalities which have to be solved in order to determine the clements
of G is at most 2r, where r is the number of nonvanishing components of
the vector g(x) (Hahn [2]). In practical problems, sometimes only one of
the scalar equations which correspond to the vector equation (10.2) is
actually nonlincar. In this case, the inequalitics are quadratic. But even
then, the computations are relatively cumbersome (Aizerman [4] and Pestel
(1D. :

Estimates of the form (10.4) can certainly be given if [g(x)| < a |x| with
a > 0. In this case, the thcorem on the stability of the first approximation
(for sufficiently small a) is also valid (Perron [1]). Evidently, this method
does not give very accurate results. However, the results are in general not
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worse than those obtained by other methods. T'he accuracy of the results
depends heavily on the properties of the linear part of the differential equa-
tion (10.2), as shown by Malkin [17].

With respeet to the solution of the problem mentioned in connection with
(10.4), the matrix C can be chosen arbitrarily. Lehnigk [1, 2] showed by in-
vestigating some special systems that the “quality” of the results, in other
words, that the bounds for the elements of G, depend very much on C.
C = U is not always the best choice, although it is particularly convenient
for computations.

(¢) The considerations under (b) remain valid if the right hand side of
(10.2) depends explicitly on ¢, provided the linear estimates (10.4) hold for
{ 2 ) uniformly in ¢ (Perron [1]). For example, this condition is satisfied
if the original equation is of the form

x = (A + Q@) (10.7)

in which the matrix A is constant and the matrix Q(t) has bounded elements
which approach zero as ¢ increases. The stability behavior of the equilibrium
of Iq. (10.7) is determined by the limit equation (8.1), provided that this
limit cquation has significant behavior of the equilibrium (Chetaev [8]).
This statement can be expressed in a more general form (cf. Sec. 26, Remark
to Theorem 26.2).

Erugin [1] considered an equation where the matrix of the lincar part is
of the form A + ¢F(t). The clements of F(t) arc trigonometric polynomiuls;
¢ is a small paramecter. The considerations under (a) and (b) are applied
twice. In the first step, bounds for the parameters are obtained; in the second
step, bounds for the nonlinear terms are obtained.

Chetaev [11] considered the equation x = Ax + €f(x, t) and obtained
bounds for e which guarantee asymptotic stability.

In certain cases, the methods just sketched can also be extended to dif-
ferential equations with discontinuous right hand sides, in particular to
equations with terms of the type sgnz (Aizerman and Gantmakher [2],
Anosov [1], Litvartovskii [1, 2, 3]). A report on differential equations of
such a nature was published by Filippov [1].

11. BOUNDS FOR THE INITIAL VALUES

Suppose the equilibrium of the linear part (10.1) of differential equation
(10.2) is asymptotically stable, We consider the Liapunov function v, con-
structed for the linear part, and its derivative w(x) constructed for (10.2).
Let the function v be radially unbounded, which, for example, is the case
for (8.2), or, in general, for every definite form. If g € E holds everywhere,
and if w(x) is negative definite throughout the entire phase space, then,
as a consequence of Theorem 4.3, the equilibrium is asymptotically stable
in the whole. However, if w(x) vanishes for certain points x » 0, we cannot
draw this conclusion. But as long as one of the hypersurfaces v(x) = const
lies completely in the interior of the domain determined by w(x) = 0
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(cf. Sec. 3, Remark 2), then it certainly belongs to the domain of attraction
of the origin. Hence, it is necessary to determine those surfaces » = const
which contact the surface w = 0 from the inside, and to select from among
all these surfaces that one which corresponds to the smallest value , of the
constant. Then the domain

v(x) < v (11.1)
is a subdomain of the domain of attraction. At a pointy at which those sur-
faces are in contact with each other, grad v is parallel to grad w. Therefore,

_‘2@1_1”)__ =1 (11.2)

w(y) = 0, and rank 3@ - s T by

Certain liberty is involved in the construction of the Liapunov function.
For example, the matrix C in (8.3) may be given arbitrarily as a symmetric
positive definite matrix. Therefore, it is possible to vary the domain (11.1)
in a certain manner by a suitable choice of ». Kunin [1] and Kartvelishvili
[1] investigated a practical problem of obtaining an optimum in the case
of n = 2. This problem deals with the stability of the motion of water
in a storage basin of a power plant.

The considerations of 10(b) and 10(c), respectively, have to be modified
if the linear estimates (10.4) do not hold for all x. For example, let (10.4)
be valid only in the interior of the n-dimensional parallelepipedon |z.| £ a,,
whereas for |x;! > a; the inequalities be violated. We then consider those
surfaces v = const which contact the hyperplanes z, = + a. (the corre-
sponding conditions are obtained in analogy to (11.2)), and we again select
that surface with the smallest value of the constant. Then an inequality
analogous to (11.1) determines a subdomain of the domain of attraction.

If the inequalities (10.4) hold only for large values of ||, for example
for |z,] > a;, then as a consequence of the method of construction, the
function is negative with certainty only for large values of |x|. In this
case, we can infer only that phase curves originating from large initial
points approach a neighborhood of the origin in which they remain. A
simple adjustment of the considerations carried out above leads to an
estimate of this neighborhood, and hence to bounds for the motion itself
(Aizerman [4], Hahn [4]).

If we consider (8.1) as a special case of a nonlinear system

x = H(x) (Fe Gy (11.3)

then Ax = f(x), and A is equal to the functional matrix

o) = (agﬁ, e 1»2)

Tty . . oy Xn)
at the point x = 0. Theorem 8.1 may be considered as a stability state-
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ment based on a property of this functional matrix. A logical generaliza-
tion is given by:

TureoreM 11.1 (Krasovskii [9, 10, 21]): The equilibrium of x = f(x, )
is asymptotically stable if the following conditions are satisfied:

(a) f(x, t) is continuously differentiable throughout the entire motion
space with respect to the z;;

(b) KO, t) = 0;

(c) there is a real symmetric constant matrix B such that the eigen-
values (depending on x, and t) of the matrix

M = $(J"B + BJ) Ot St <w) (11.4)

lie below a fixed negative bound —é for all x of a certain domain ,; in
(11.4), J is the functional matrix defined above.

If the eigenvalues of M are smaller than — for all x of the phase space,
the equilibrium is asymptotically stable in the whole.

Proof: The following proof applies to autonomous differential equa-
tions. The real parts of the eigenvalues of the matrix BJ lie between the
greatest and the smallest eigenvalue of its symmetric part M, i.e., they
are smaller than —§. Hence in &,

ldet BJ| = o
and in R, the function
Idet J| = w(r) (11.5)

is always greater than a fixed positive number 5. Therefore, the mapping
of the x-space onto the f-space, determined by f = f(x), is reversible in a
certain neighborhood of the origin. This means that the point x = 0 is an
isolated equilibrium of Eq. (11.3). Consequently, the Liapunov function

v = [T(x) Bf(x) (11.6)
is positive definite as a function of x. Its total derivative for (11.3)
o = [T(x) (JTB + BJ) f(x)

is negative definite according to the assumption on M. But so far, this
proves the asymptotic stability only “in the small.” If w(x) > 5 holds
everywhere, we see that equation (11.3) has no other equilibrium than
x = 0 in every finite subspace of the phase space. Furthermore, we obtain
by integrating over the volume element in the f-space and in the x-space,

/df=/w(x)dx§n/dx

From this it follows that at least one of the components of f increases
beyond any bound as |x| increases. Hence the function (11.6) is radially
unbounded, and, as a consequence of Theorem 4.3, the equilibrium of
(11.3) is asymptotically stable in the whole. The extension of this proof
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for the nonautonomous case is given by Krasovskii [21]; in this proof the
lemma mentioned in Sec. 4, 8 is used (for a simpler proof cf. Ingwerson
[1D.

In Theorem 11.1, instead of matrix (11.4) we may use a matrix N
defined as follows. We determine the matrix A(x, t) by the equation

A+ JA=-U

and we put
C = Z (0A/ox) fix, 1

Then let
N = C+ (8A/at) — U
(Krasovskii [21]).
For the following nonautonomous differential equation, written in

matrix form
- x = F(x, 1) x (11.7)

Zubov [1] proved the following:

TuaroreEM 11.2: The equilibrium of (11.7) is stable if all eigenvalues
(depending on x and ) of the matrix

3T + )
are nonpositive in a certain domain £54. The equilibrium is asymptotically

stable if the eigenvalues arc smaller than a quantity —é(¢), and if the
integral

L " 8(t) dt

diverges. The equilibrium is also asymptotically stable if lim F(0, t) exists
as t — o and if all eigenvalues corresponding to this limit have negative
real parts.

The first part of the theorem can be proved by means of the Liapunov
function |x|%, by means of Theorems 4.1, 4.2, and Remark 4, Sec. 4. The
proof of the second part can be accomplished by a reasoning similar to
that of Sec. 10(¢).

The proof of Theorem 11.1 can easily be modified so as to obtain an
estimate for the domain of attraction (Krasovskii [7] for n = 2, [10] for
the general case). Let (11.3) be autonomous, and let the matrix B defined
in Theorem 11.1 be equal to the unit matrix, U. Furthérmore, let

m(r) = min |f], w(r) = max |f|

and let A\(r) be the minimum of the absolute value of the eigenvalues of
(11.4) for |x| = r. Then the following theorem holds.

TueoreM 11.3 (Krasovskii [7, 10]): The spherical domain |x| < r lies
completely in the interior of the domain of attraction of the origin of (11.3)
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if the eigenvalues of (11.4) are negative in every domain & for which the
inequality

L " m(s) N(s) ds > 3u(r) (11.8)

holds. If this integral diverges as r — 0, h — «, and if the eigenvalues of
(11.4) are negative in the entire phase space, then the equilibrium is asymp-
totically stable in the whole.

The proof can be given by means of the Liapunov function |f|2. The
integral condition guarantees that the domain &) is not contained in the
domain of attraction of any singularity of (11.3) which is different from O.
Another theorem by Krasovskii [7, 20] permits the condition of differ-
entiability of Theorem 11.1 to be replaced by a somewhat weaker condition.

Estimates of the stability domain were also investigated in papers by
Zubov (to be discussed in Sec. 21), Nemyckii [2] and Kim [1]. In the case
where A in (10.2) is a triangular matrix, a better result can sometimes be
obtained by means of a theorem of Perron [1]. A simple technical applica-
tion is given by Vorel [1].

Recently, Ingwerson [1] extended the method of Sec. 8 to nonlinear
systems, starting from the functional matrix J(x). In a similar way,
Schultz and Gibson [1] tackled the problem of generating Liapunov func-
tions.

12. ESTIMATES FOR THE STABILITY DOMAIN OF THE PARAMETERS

Besides statements about stability of the equilibrium, the methods of
Sec. 10, especially 10(b), and 10(c), furnish a tool to estimate the stability
domain of the parameters which was defined in Sec. 3. The parameters
may be functions of ¢. Equations treated by the direct method and the
corresponding results are compiled in the sequel. Most cases deal with
practical problems of nonlinear mechanics. Therefore, the equations are
often written as scalar equations of higher order, rather than in vector form.

(a) Starzinskii [1] chose a time independent quadratic form in z and &
as a Liapunov function to investigate the equation

& +p(f):b+q(t)x =0 (12.1)
where p(t) and ¢(¢) are continuous for ¢ > 0 and satisfy the inequalities
0=sh=plt) £, 0=m £ q(t) £ m
Evaluating the relations among the coefficients obtained for ¢ = 0, he

obtained the inequalities

me + 2\/m1m2 + 5my \/"" \/""
— — - 2.
‘\/m2 — \/ml , L> me my (l 2)

Iy <
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as sufficient conditions for the asymptotic stability of the equilibrium. The
“Mathieu equation with a damping term”

" . 2 _
x+ax+(1+bcos“t)x—0 (12.3)
(a and b constants, 0<a,0<b<1)

is a special case of (12.1). This case has also been treated by Aizerman [3];
however, the condition

a>V1i+b—-vV1-9p

obtained from the relations (12.2), furnishes a better result than the
Aizerman condition. The time dependent Liapunov function

1
v=a24+ ——i?
U]
results in the bound
b
a> ———
uVl — b
which is in some cases even better.

(b) Starzinskii [2, 3] also dealt with equations of third or fourth order;
however, the computations became rather complicated. A sufficient condi-
tion for asymptotic stability of the equilibrium of the particular differential
equation

2® 4+ pi+z4+rt)c=0 O<p0=7(t) £p)
is given as
pSp— (@4, pSV2
or
p < 1/p, pzV2
Sufficient conditions for the differential equation

W 4 p2® +qgi+ &+ s(t) =0 0<p0<q0=s() =0)

are

(?—pq+2>péa§

Q-

for g +8+VFTIomsesh+

= I

or
c=1/q for q = (p*/4) + (2/p)

(¢) Occasionally, parameter dependent, nonautonomous, linear equa-
tions occur which become independent of ¢ for certain values of the parame-
ter. For example,
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= (A 4+ vP@®) x (12.1
is such an equation. Let P(f) be bounded and let v be the parameter with
v = 0 as the special value for which (12.4) becomes independent of {. We

compare (12.4) with (8.1) and use the Liapunov function (8.2). Its total
derivative for (12.4) is

# = —xT(C — ¥(PTB + BP)) x

The condition that # be negative definite for ¢ = ¢ results in bounds for
the parameter vy (Chetaev [8]).

G. A. Riabov [1] treated a special case. He considered a so-called
“rectilinear particular solution” to the three-body problem. He established
the differential equation of the perturbed motion, which is equivalent to
the system

I = Ty = 21 —_—
1 2, 2 4+1+‘ycost
. . B
Iy== Ty = =28y ————— 2
3 4 ! " 14 yecost™?

Here, «, 8, and v are certain constants; ¢ denotes the angle formed by
the rectilinear motion and a direction determined by the initial values of
the problem. The question of interest is, which values of v result in unstable
motions. Riabov answered this question by means of the method sketched
above and by applying Theorem 5.1.

(d) Razumichin [8] considered a linear differential equation

x = A(l) (12.5)

and interpreted the matrix A(f) = (aux(t)) for t = t as a parameter repre-
sentation of a curve in the n*-dimensional space of the coefficients ax. Let
v(x, t) be a positive definite function, and let # be its total derivative for
(12.5). If this derivative is nonpositive for the value ¢; = f, then the cor-
responding “point”’ A(4) shall belong to the domain (v). Thus, the domain
L(v) is the set of all points of the space of the coefficients where » < 0.
Evidently, a sufficient condition for the stability of the equilibrium of
(12.5) is the existence of a definite function v, whose domain £(v) contains
the curve A(t) (t = ) completely. If such a function is known, and if the
corresponding domain (v) can be described, or at least estimated, then a
sufficient stability condition is obtained in the form of inequalities for the
aqx(t). For a quadratic form » = x"Bx (B constant), for example, 2(v) is of
the type of an elliptic paraboloid. By this method, Razumichin [8] derived
stability conditions for the differential equation

™ 4+ g+ oo g it a )z =0

where only the lowest coefficient a.(¢) is not constant.
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13. THE PROBLEM OF AIZERMAN AND ITS MODIFICATIONS

(a) The problem of Aizerman belongs to the class of problems posed
under Remark 4 of Sec. 6 and has initiated a large number of specific
investigations. The starting point is the linear auxiliary equation (10.5)
which was used in the discussion of Eq. (10.2). Estimates for the elements
of the matrix G were obtained by means of the Liapunov function (8.2).
These estimates also resulted in conditions for the nonlinear part g(x). It
is evident that the indicated procedure does not yield the best possible
estimates for the elements of G (cf. Sec. 10, last part of (b)). On the other
hand, exact bounds for the elements of G can be obtained by utilizing the
linearity of (10.5) and by applying Theorem 8.1. Investigation of the
Hurwitz inequalities for the characteristic equation of the matrix A + G
(cf. Malkin [19]) yields the exact stability domain of Eq. (10.5) in the
ga-space, and, in the case of a linear function g(x), the exact stability do-
main for (10.2). The question now arises as to whether these exact bounds
can also be applied to nonlinear additional terms; in other words, whether
the bounds which are admissible for the elements gi, gi in the inequalities
(10.4) coincide with the exact bounds for the additional linear terms.

This question is the content of Aizerman’s problem in its most general
form. The original formulation by Aizerman [1] was given in much more
specific terms; namely, under the condition that the vector g(x) possess
only a single nonvanishing component depending on a single argument
only. In this particular case, the problem can be stated as follows:

Given the scalar differential equations

i = k%} aa + @) (i0) = 0,/ix) € E)
- (13.1)
z; = kEI (0 % 78 =2...,n)

where j denotes a fixed number between 1 and n. In addition, a linear
comparison system is considered where the function fi(z,) is replaced by
az;. The inequality

ax} < z,fi(x;) < B} (z; #= 0) (13.2)

shall be valid for every pair of numbers «, 8 for which asymptotic stability
of the equilibrium of the linear comparison system follows from

a<a<p (13.3)

Can it be inferred under these assumptions that the equilibrium of (13.1)
is asymptotically stable in the whole? (As already mentioned, the maxi-
mum interval for admissible values of a follows from the Hurwitz condi-
tions.)
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The Aizerman problem stems from a question posed for a concrete
system. The differential equations (13.1) can be considered as the equations
of motion of an automatic control system with a single nonlinear element,
as frequently occurs in practice. Here, asymptotic stability in the whole
means that the control action decays after any arbitrary, finite, initial
displacements have been imposed. Inequality (13.2) indicates that the
only condition imposed on the characteristic of the nonlinear element is
that it is to remain in a fixed angular domain.

So far, the problem has been completely solved only for the case of
n = 2, and in that instance it was found to have an affirmative answer,
provided an exceptional case of no practical interest is disregarded.
Originally, it was conjectured that the general problem would also have
an affirmative answer; however, the following compilation of results shows
that additional conditions must be imposed on the nonlinearity even for
the case n = 3. The same is true to an even greater extent if several
equations are nonlinear and if the nonlinear functions depend on several
variables.

(b) The first complete results were given by Erugin [2] and Malkin
[16] and refer to the equations

&=flx) +by (f(0) =0)

y=cx+dy
If f(x) is replaced by hx, where h is a constant, the Hurwitz conditions for
the linear comparison system are

h+d<0, hd—bec>0 (13.5)
The condition on the nonlinearity corresponding to (13.2) is

z(f(z) + dx) <0, =z(df(z) — bex) > 0 (x #0) (13.6)

Providing d2 4+ bc # 0, these inequalities are actually sufficient for the
equilibrium of (13.4) to be asymptotically stable in the whole. This result
is valid even if f(x) is continuous only, i.e., if the question of the uniqueness
of the solution is neglected (Erugin [5], Skackov [1]).

According to Malkin [16], the proof is accomplished by use of the posi-
tive definite Liapunov function

v= 7@ d ~ bet) dg + H(da — by (17)

(13.4)

whose derivative for (13.4),
v = (f(z) + dz)(df(z) — bex)

is nonpositive as a consequence of (13.6). Stability of the equilibrium
follows immediately, and, according to Remark 7 of Sec. 4, asymptotic
stability follows if f(z) € C;. To assure asymptotic stability in the whole
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(which is then also valid for the exceptional case d* + bc = 0) one has to
require in addition that the expression

y=lim [F(Jf@d—be)dt (| =) (13.8)

be unbounded. v is then radially unbounded. This assumption is satisfied,
for example, if the inequality

dﬂ;—)—bcg¢3>0 (6 fixed)

is valid for all large |z|.

The discussion of the Liapunov function (13.7) does not furnish the
entire statement formulated in connection with (13.6). To obtain the
entire statement, the phase curves must be studied in greater detail, and,
as a consequence, resort must be made to qualitative methods (cf. the
Introduction). Erugin [5] obtained the following supplementary results by
such methods: If the quantity v, defined by (13.8), is finite for the excep-
tional case d? + bc = 0 (i.e., if the equilibrium is not asymptotically stable
in the whole), then the domain of attraction of the origin includes the do-
main v < v. Pliss [1] showed that this domain is generally unbounded;
but it is a proper subdomain of the phase plane. He also provided a
procedure enabling the domain of attraction to be constructed with any
desired accuracy. Krasovskii [1] gave a counter example illustrating that,
in the exceptional case, the inequalities (13.6) are not sufficient for asymp-
totic stability in the whole. Let

g=flx)+y, 9Y=-x—y
with
6—24

f@) =2 = 5

— (z1), f@ =x—&}—,x (x < 1)
Apparently, d? + be = 0 and f(z) € Co. The phase curve originating from
the point (1; e~ — 1) has the equation y = e¢~* — z; it does not approach
the origin with increasing ¢.

(¢) The second case of Aizerman’s problem for n = 2 concerns the
system

t=ar+f(y), y=cx+dy (13.9)
Malkin [16] also investigated this system. It is a subcase of a more general
system with two nonlinear functions, studied by Krasovskii [1, 3, 4]. The
procedure is similar to that of (b) with the direct method being used first
and the results then extended by qualitative discussions.

The most important results of Krasovskii are given below. It is as-
sumed that the nonlinear functions f,(z) = zh.(z) belong to the class C, and
that these functions vanish at the origin. 1he following statements on the
functions h, shall always refer to nonvanishing arguments.
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1. Let
z=fi(z) +by, 9=rfilz)+dy
and
dhy(z) — bhe(z) > 0, hz)+d<0

Then the condition
lin [(h(@) + do) sgnz = [*(fOd = OV de] = == (a] > =)

is necessary and sufficient for asymptotic stability in the whole. The func-
tion sgn z has the value of +1 for positive z, and —1 for negative z. Its
definition for x = 0 is here and in the following of no importance.

In the proof, Krasovskii [1] used the Liapunov function

v= [ (&) d — £2(8) b) dt + ¥do — by)*
for which
» = 2(h(z) + d)(dhi(x) — bha(z))

In the linear case, the inequalities in the assumption reduce to the Hurwitz
inequalities. If only one of the functions fi(z), or fa(z) is nonlinear, then
the problem is equivalent to that of Eq. (13.4), or of Eq. (13.9), i.e., to
the Aizerman problem for n = 2.

Krasovskii [3] proved the necessity of the conditions by employing
qualitative methods.

2. Let

= fi(x) +by, y=-cz+foly)
be two nonlinear differential equations. Then the two conditions
h(z) + he(y) <0,  hi(2) ha(y) — be > 0

are sufficient for asymptotic stability in the whole.

The proof is based on the Liapunov function
bic\2 z b2
4o -0+ 3 (b - 5) 48 [Fh@ de + [ o) dn — oy
depending on two parameters o and 8 chosen such that the inequalitics

h(z) +8=0, Bh(z) —bc20

ho(y) + «a £ 0, ahy(y) —bc=0
hold.
3. Let
t=az+f(y), 9=n+dy

Sufficient conditions for asymptotic stability in the whole are:

(a) for a < 0, d < 0 the inequalities
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(b) for ad < 0 the inequalities

a+d<0, ad — hi(x) ha(y) > 0
4. Let
= fix) + fi(y), Y=cx+dy

The function fi(z) + dz be monotonically decreasing, and
dhi(z) — cha(y) > 0

Then, if d > 0 and ¢ < 0, the equilibrium is asymptotically stable in the
whole. The case ¢ > 0, d < 0 requires the additional condition

lim| [* (futn) — By dn| = = (lyl = =0)

where 8 is the parameter introduced under 2. Here, the conditions cor-
responding to the Hurwitz inequalities,

h(x) +d £ -5 <0, h(z)d — ho(y) c = 8 >0

are in this stronger form not even sufficient for asymptotic stability in the
small.

Krasovskii [3] also solved some additional cases of the systems dis-
cussed under 2 to 4 not included in the previous compilation.

In this connection, Mufti [1] may also be mentioned, whose results
were .obviously found independently of Krasovskii.

(d) Tuzov [1] studied an “Aizerman system’” of three differential equa-
tions, where the first equation is of the form

T = anr + 2y + a3z + f(il') (f(()) = O,f € Cl)

The other two equations are assumed to be linear. Depending on the
inequalities between the coefficients a,, and the Hurwitz determinants, 22
subcases have to be distinguished. Tuzov constructed a Liapunov function
for each case and arrived at stability conditions of the type discussed
under (c).

Some other special systems were investigated by Tuzov [2] and Pliss
[2, 3, 4]. Reference is also made to the summarizing monograph of Pliss
[5] on Aizerman’s problem for systems of two or three differential equa-
tions.

The Aizerman problem has not yet been completely solved even for the
case n = 3. In principle, the methods developed so far can also be applied
to systems of higher order; however, the rapidly increasing number of
subcases would render the calculations so cumbersome and tedious that
this approach to solving the general problem scems to promise little suc-
cess. A review of the progress achieved until 1954 is given in a report by
Erugin [7], (cf. also Nemyckii [1], Pliss [5]).

(e) Asshown by the papers of Krasovskii [1, 3], the methods employed
in the study of the restricted Aizerman problem can also be applied to some
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more general differential equations involving several nonlinear functions,
but the cases dealt with as yet, are relatively specific cases sometimes
associated with concrete problems.

Krasovskii [2] considered a system of three equations:

z = fi(x) + any + awz
¥ = fa(x) + azny + axz (f(0) =0, f(x) € E)
z= fs(l') + azpy + asz

where f.(z) = zh.(z). The cofactors belonging to the elements of the matrix

hh ap ag
M (T) =|he aun asn
hs ap  as

shall be denoted by du. The characteristic equation of M is written in
the form

det (M —AU) = =N+ alx) N+ bx) N+ () =0
The coefficients of this equation shall satisfy the “Hurwitz inequalities”
a(x) >0, a(x)b(x) —c(r) >0, c¢@)>0
for all z 3 0. Then the following two theorems are valid:

(a) Let
ap/ay = dn/dy (13.10)
The condition

lim I:r (% - a(r)) sgn x — ﬁf te(f) dé] = - (| =)

is necessary and sufficient for asymptotic stability in the whole.
(b) Suppose, (13.10) is not valid. Then the two conditions

lim j;z tc(f) dE = (|} — )
dkac(@)[a() — ki) — [‘iﬂg-lki—k—“’) + ko(a(z) — ki) by — kgb(x)T >0

are sufficient for asymptotic stability in the whole. k; and k. are two arbi-
trary, but fixed, positive numbers.

The proof is accomplished by the use of the direct method in conjunc-
tion with qualitative methods. The system is first transformed into a more
convenient form by means of linear transformations. The distinction be-
tween the different cases is a consequence of these transformations.

Barbadin [2] considered the differential equation

2® + ai + o) + f(z) =0

in which f(z) is continuously differentiable, ¢(y) is continuous, and both
functions vanish if their arguments are zero. Sufficient conditions for
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asymptotic stability in the whole are obtained by means of the Liapunov
function

oz, ,2) = a [ 1© di + uf(@) + [[" o) dn + 2272
These conditions are:

@a>0, &so @=o, aﬁjﬁ—f’(xwo (y #0),

(8) v(z, y, 0) radially unbounded in the (z, y)-plane.

They are satisfied, for instance, if two positive numbers k; and he exist
such that

{85 3>, affyﬂ-—f'@);ahz—hoo

M. L. Cartwright [1] provided some analogous sufficient conditions for
the equations

@ + 0 2® + apf + ast + f(z) =0
W 4+ a;2® + (@) & + azt + ax = 0

Here, it is assumed that f(r) € C:and ¢(y) € C;. Ogurtsov [1] investigated
similar equations.

Nonlinear functions of several variables occur in papers of Simanov
[1, 2]. In the first paper, he considered the differential equation

z® + flae, ) 4+ b +cx =0
under the supposition that f(z, y) and f.(z, y) are continuous. He arrived
at the inequalities

b>0, ¢>0, f(x,y) >c/b, yfoz,y) £0

as sufficient conditions for asymptotic stability in the whole.
In the second paper he treated the system of differential equations

z + fl(xx Y, i‘; y) x + ‘Pl(x) =0 (‘pl(O) = O)
G+ @,y 499+ ey) =0  (p(0) =0)

and

and obtained
¢(2)/2 >0 (2= 0), fuz,y &y >0,

fre®de— e (g —=) (=12

as sufficient conditions for asymptotic stability in the whole. Similar prob-
lems were dealt with by Ezeilo [1].
Razumichin [1] investigated the differential equation

i+ o(z, 2) 2+ f(z,2) =0
but obtained complete results only in certain special cases.
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14. THE PROBLEM OF LUR'E AND ITS GENERALIZATIONS

(a) The second method finds an important application in a problem
belonging to the theory of automatic control. The problem probably was
first formulated by Lur’e and Postnikov [1] (cf. also Lur’e [1]), and sub-
sequently became the subject of numerous publications by, primarily,
Soviet authors. Considered from a mathematical standpoint, we are con-
cerned with the following problem.

Let the equations of motion for the quantities i, . . . , Z., ¥, 8 be of the
form

x=Axtpy y=16), s=bx= 3 ba (14.1)

where A is a constant matrix, p > O is a constant vector, and f(s) is a
nonlinear function with the properties

f(s) € E, f(0)=0, sf(s)>0 for s#0 (14.2)

The components by, . . ., b, of b shall be determined such that the equilib-
rium of Eq. (14.1) is absolutely stable, in accordance with the following
definition:

DeriniTION 14.1: The equilibrium of (14.1) is called absolutely stable
if it is asymptotically stable in the whole for all functions f(s) possessing
the properties (14.2).

System (14.1) describes the behavior of a control system without
auxiliary energy; x comprises the general coordinates, y is the controller,
f(s) the nonlinear characteristic of the control motor of proportioned action
and s is the input signal of the motor. It is desired to obtain the stability
domain in the space of the parameters b; of the controller for all functions
f(s) admissible in the sense of (14.2).

The more general system

x=Ax+py, =1, s8=bx—hy (h>0) (14.3)

can be written in place of (14.1). It describes a control system with auxil-
iary energy and a control motor of integral action. This system can for-
mally be transformed into the form (14.1) by substituting new variables.
But the matrix of the linear principal part will thereby be transformed into
a matrix with a vanishing eigenvalue. Obviously, this has an effect on
solving the problem. Therefore, a separate treatment is recommended.

(b) The procedure of solving Lur’e’s problem for the differential equa-
tions (14.3) is given below. A complete treatment can be found in papers
of Lur’e [7] and Letov [8]. Summaries of the literature were given by
Lur’e [8] and Letov [9, 11]; cf. also Yakubovich [2] and the very elegant
treatment given by Lefschetz [3].

The differential equations are at first transformed into the so-called
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canonical form by means of a transformation developed by Lur’e [3]. For
this purpose, the eigenvalues oy, .. ., a, of A are assumed to be simple.
et D be the diagonal matrix with the diagonal elements ay, . . ., an. Fur-
ther, let n be the column vector with the elements 1, ..., 1. If det A = 0,
a vector q and a matrix B can be determined by the conditions

B'AB=D, Ag+p=0, Blg= —n

Then by setting
x = Bz 4+ yq, bTAB = xT

the Eqgs. (14.3) are transformed into
2 = Dz + f(s) n, § = xTz — hf(s) (14.4)
If det A = 0, Egs. (14.4) can be obtained by putting

z=Cx+ yn, bTAC = xT
where

CAC! =D, Cp = Dn

Lur’e [3, 7] and Letov [8] supplied explicit transformation formulae for
(14.1) and (14.3). The transformation can still be accomplished if the
eigenvalues of A are not all simple (Troickii [1], Spasskii [1, 2]). The
matrix D is then replaced by the Jordan normal form of A.

The matrix B can be computed as indicated only if p is orthogonal to
none of the eigenvectors of A. However, Theorem 14.1 remains true in
any case. In the exceptional case (not considered by ILur'e) where p is
orthogonal to I 2 1 eigenvectors of A, let m be the vector of n — I com-
ponents 1 and ! components 0. One proceeds now with m in the same way
as previously with n. If in the corresponding canonical form of the resulting
equation ! components of x are put equal to zero, the equation splits into
two equations of the order n — ! and I, respectively, which are independent
of each other. One of these equations is linear and it may be omitted from
the next steps which can be carried out as in the normal case.

By eliminating at first y from the differential equations (14.3), these
equations can be rewritten as

x = (A 4+ h'pb?) x — h7lsp
¢ = bT(A + h7'pb”) x — (s/h) b"p — hf(s)

If the vector x is subjected to a linear transformation such that the matrix
A 4+ h7'pbT” is transformed into its Jordan normal form, then another
suitable “canonical” form is obtained (Letov [4]).

In the sequel, the eigenvalues a; shall be numbered so that the first &
of them are real and the remaining are conjugate complex pairs:

ay, . .., real, Qigl = @k42y + « +y Onl = Qln (14.5)
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As a consequence of (14.4), the same holds for the components of the
vector z,
21, ..., 2 real, 2ig1 = Bht2y o o oy Znel = Zn
Now, let
Rea, <0 (i=1,...,n) (14.6)

i.e., the equilibrium of the linear part (in other words, the equilibrium of
the control loop with disconnected controller) is asymptotically stable. We
introduce the vector g with the components ¢, ..., g» and the vector
w = w(t) with the components e**g,. For the time being, the g; shall be
considered as unknowns; but let

Gy -, gereal, gy = Jegg ooy Gu = G (14.7)
Furthermore, let K be a diagonal matrix with positive, but still undeter-
mined elements kj, . . ., k. and, finally, let

M = —(g.9+/ (e, + ax))
By assumption (14.5), the quantity
(Z™w)? = 2"ww’z
is real and nonnegative for finite values of ¢. The integral
v(z) = ﬁ)w (ZTw())? dt

converges with regard to (14.6) and it can be written as a quadratic form,

¥(z) = zTMz
We construct the Liapunov function
v =1 + e + [ fw) du (14.8)
It follows from (14.2) and (14.6) that (14.8) is a positive definite function
of the n + 1real variables z, . . ., 2, Re 2k, Im 2iy1, Re 2kys, . . ., Im 2,, 8.

Further statements on the definiteness behavior shall refer to these vari-
ables. In order to get v radially unbounded, we additionally require

A’f(u)du——»oo as |u| —

The total derivative of v for (14.4) is

» = z7(DM 4+ MD) z + z7(DK + KD) z — hs?
+ (nTMz + zZ"Mn + n7Kz + z7Kn + xz) f(s)
Now,

DM 4+ MD = —ggT, ZT(OK + KD) z = 2 ix ki Re ailz?

If the identically vanishing quantity
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2f(s)V'h g7z — 2f(s)V'h g7z
is added to #, then

0 =2 3 biRealslt - (JOVi+ 5 ga)
+ f(s)(xTz + 2nTMz + 2Vh g’z + n7K(z + 2))

As a consequence of the assumption (14.6), the first two terms are certainly
negative. Therefore, the derivative o is negative definite, provided g is so
determined that the factor of f(s) vanishes identically. This leads to the
determining equations.

-—29,2 ——QL—+2\/hg,+2k =0 (=1...,n (149
Ii=1

If we put k; = 0( = 1,...,n), all considerations remain valid; but &
becomes negative semi-definite. Asymptotic stability in the whole can
still be inferred by using Remark 7 of Sec. 4: ¢ can be equal to zero only
for Vh f(s) + g7z = 0, and this relation cannot be valid along a complete
half-trajectory of (14.4), since otherwise a linear system of differential
equations could be obtained by elimination of f(s). This leads to:

TueEOREM 14.1 (Lur’e): If the algebraic equations
Vg —90. Y 8 _ 1 m _
.+ 2Vhg: 2g,j=l ot o 0 G=1,...,n) (14.10)

can be solved with respect to the quantities ¢;, . . ., ¢. such that the solu-
tions satisfy the conditions (14.7), then the equilibrium of (14.3) is abso-
lutely stable.

The stability problem has thus been reduced to an algebraic problem.
(c) Multiplying the 7th equation of (14.10) by a;, or i}, respectively,
and adding the resulting expressions, we obtain the relations

2\/}—‘_51910‘""5 ria.'—(E g)2=0

t=1
2\/h£L+E ():9-) <zi \/h> -0
i=1 im1 @ i1 % .-1"" im1 %
1t follows from the last relation that
h+£—zo
1-1

is a necessary condition for the solvability of (14.10). (Bromberg [1] made
a critical remark regarding the sign of equality.)
A slight modification of (14.8) leads to results in the case of one vanish-
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ing eigenvalue, say, oy = 0. Then ¥(z) is formed only for 2,, . . ., z, with
the result that the equations (14.9) and (14.10) are also obtained only for
i=2,...,n The relation

k1+7'1 = 0, i.e., It <0

is obtained in place of Eq. (14.9). Inclusion of several eigenvalues with
nonpositive real parts also causes no fundamental difficulties (Letov [3],
Troickii [1]). By means of an algorithm given by Lur’e [5, 7], system
(14.10) can be transformed into an equivalent system in which the coeffi-
cients of the original equation (14.3) occur instead of the elements of the
transformed quantities D and x. Thereby, computation of the eigenvalues
of A is avoided.
In the case n = 2, Lur’e’s equations have the form

9 _ o7 2092 _ .
" 2\/hg,+al+a2 =0 (i=1,2)

If new variables t, {, are introduced by setting
o= —alte—Vh)  (i=1,2)

the two equations

(h+ ts — VR = g2
(1 — o) B+ 20(Vh£ ) h — (VR £ ) —ar +az — 1+ 1 =0
are obtained, where the quantity
2= h+ (rn/a) + (re/as)

is obviously positive. If the side conditions (14.7) for the g; and the con-
ditions which follow from them for the ¢, are considered, the desired suffi-
cient conditions are obtained in the form

o 4 o + ayr + agrs = 20009k > 0 (14.11)

They determine a domain in the (r, r;)—plane in which absolute stability
is assured. (If oy and a. are real, (14.11) is immediately evident. That the
condition is also valid for a; = &, can be recognized by establishing sepa-
rate equations for the real and imaginary parts.)

V.-M. Popov [1] carried out a somewhat more precise investigation of
the case n = 2; he also arrived at necessary conditions.

The discussion of (14.10) becomes considerably more cumbersome even
if n = 3;it has been completed only in special cases forn = 4 (Lur’e [5, 7])
Rozenvasser [1] discussed in detail the stability conditions for (14 1) in
the cases n = 5 and n = 6.

(d) Another sufficient condition for absolute stability can be derived
from (14.8) in a different manner (Malkin [10]). By setting K = O and
by writing
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n 2 n n .
—i = hf? + (Z gm) —-2f ¥ 2z (2ui =r—2¢; 3 o ii a'>
7 J

1=1 i=1 i=1

the right hand side can be regarded as a quadratic form in the variables

fiz, ..., 2, Reziyy, . . ., Im2,. Positive definiteness of this form assures
stability. Now, the form has the discriminant
B g o GG W
Gig2 08 cc Gegn U
) . cee . . (14.12)
Gign  Gofn  cc Gn o Ua
U Us ceo Uy h

whose first n-principal minors are evidently positive. Thus, the only re-
maining sufficient stability condition is that under the side condition (14.7)
the numbers ¢;, . . ., g, can be chosen such that the determinant (14.12)
is positive. Investigations of special cases have shown that Theorem 14.1
furnishes sometimes better sometimes worse estimates than the evaluation
of the conditions just mentioned (cf. also Komarnitskaia [17]).

(e) If the assumption (14.6) is not satisfied, but if eigenvalues with
positive real parts occur, the system is said to be inherently unstable (Letov
[4], Lur’e [6]). The problem formulated in connection with (14.2) can now
only be solved by imposing additional requirements on the nonlinear func-
tion f(s) beyond those of (14.2). According to Letov [4], a suitable addi-
tional condition is

f(s) = ¢s + o(s) (c>0,s0(5) >0 for s0) (14.13)

Under this assumption, the stability problem can be approached in the
following manner: We replace the nonlinearity in (14.3) by ¢s and consider
the linear system of equations obtained by elimination of s,

x = Ax + py, 7 = cbx — chy
We also consider the corresponding original nonlinear system
x = Ax + py, 9 = cb"x — chy + o(s) (s =b"x) (14.14)

and we treat these equations as a system of the type (14.1) in the n + 1
variables x;, . .., x,, y. The matrix of the linear principal part can be
writien as

an Q2+ Qin P

Ay A2 -+ Qan P2
A=

Qp1 Que e Qnn Pn

chy cbp .-+ cb, —ch

We now require at first that the matrix A, have only eigenvalues with
negative real parts; this leads to n + 1 inequalities for c. Then (14.14) is
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treated as in (a) to obtain a system of quadratic equations of the type
(14.10) which must be solvable with side conditions such as (14.7). The
conditions for solvability and the stated inequalities represent the desired
sufficient conditions for absolute stability of the equilibrium. Another way
of approaching the problem was discussed recently by Rekasius and Gibson
[1].

(f) In several variations, the differential equations (14.1) and (14.3)
occur in control theory. These different forms of the equations necessitate
slight modifications of the methods described in (a) to (¢). Letov [2] con-
sidered a system in which the equation for x contains a constant perturba-
tion term, such that the ‘“trivial solution” becomes a constant different
from zero. In this case, the differential equations of the perturbed motion
must first be established. Lur’e [2] investigated a system with the non-
linearity f(s) = c(sgn s + sgn §) which is discontinuous at the origin. A
Liapunov function of the type (14.8) is adequate for a system of this type;
#, naturally, becomes discontinuous. However, the system has equilibria
other than the trivial solution and thereby necessitates a special considera-
tion. Vorovich [1] assumed that (14.1) is subjected to certain random
perturbations and he employed statistical methods to estimate their effect.
Control systems with several controllers have been considered occasionally.
The equations of motion analogous to (14.1) then become

£ = Ax + §1.f1(s,) by si=blx  (G=1,...,m) (1415

This case does not introduce basically new concepts. The numerical evalua-~
tion of the stability conditions becomes quite cumbersome even for m = 2
(Duvakin and Letov [1], Letov [8], Spasskii [1], Rumiancev [3]).

If the feedback of the control loop contains a derivating term, then y
oceurs in the equation for s,

s=blx — hy — hy (hz20,h =0

The term k3 has no effect on stability if all eigenvalues of A have negative
real parts; however, it does become important for an inherently unstable
system (Letov [10, 12], also Bass [1]). In a paper of Chang [1], the second
equation in (14.3) is of the form § + ay + by = f(s). Lefschetz [3, 4] modi-
fied the original equations by adding more nonlinear terms (cf. also
Yakubovich [3, 4]).

Razumichin [2] treated the differential equations (14.1) and (14.4)
under a point of view which falls more into the realm of Aizerman’s prob-
lem (Sec. 13). He put f(s) = s¢(s) in (14.4) and he considered the system
as linear in the variables z, and s, with ¢ considered as a parameter. As a
Liapunov function, a quadratic, or Hermitian form, respectively, is con-
structed for this system; one of its coefficients is treated as a variable pa-
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rameter v. To each value of ¥ there corresponds an interval ¢, < ¢ < ¢s,
such that the linear system has an asymptotically stable equilibrium. That
interval [¢1, ¢2] common to all intervals has the following property: If the
inequality ¢1 < ¢(s) < ¢ is satisfied for all values of the argument s, then
the equilibrium is asymptotically stable in the whole. Razumichin derived
a quadratic equation for the computation of the numbers ¢; and ¢,. If A
has only real eigenvalues, the stability condition can be formulated even
more conveniently. Skackov [2, 3] studied another modification of the
problem. The system has the form
gi=axi+by (=12 g=7[f(a,2,y)

f vanishes on the plane y = pi1; + pos.
bips| | |baps
ay (42

1+ >0

+

is a sufficient condition for asymptotic stability in the whole. In another
note, Skackov [4] showed that this inequality is necessary in a certain
sense: If the left hand side is negative, functions f can be constructed such
that the equilibrium of the system becomes unstable.

Lur’e’s problem for nonautonomous differential equations shall be
treated later in connection with a different subject (Sec. 34).

15. ESTIMATES FOR THE SOLUTIONS

Assume a Liapunov function » to be known for an autonomous dif-
ferential equation with asymptotically stable equilibrium. Let ¢ be nega-
tive definite in a certain neighborhood of the origin. From the qualitative
discussion of Sec. 3 it follows that during the time interval t, < t < t;, the
trajectory x(f) is located between the hyper-surfaces v = v(x(f)) and
v = v(x(t)). If the distance of the hyper-surface v = const from the origin
can be computed or estimated, then estimates for |x(¢)| can be obtained.
So far this possibility has not yet been systematically utilized; only several
special results are known to date.

Chetaev [4, 8] considered Eq. (8.1) in the stable case by means of the
Liapunov function » determined by (8.2) and put C = U in (8.3). If A
denotes the smallest, and \, the largest eigenvalue of the matrix B, then,
as is well known,

Mix[2 S v S \x)?
Turthermore, according to the method of construction

b= —|x
Hence
v(x(0)) e~*™ < v(x(t)) = v(x(0)) e~t/™
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(o s L) < LD i, o oy B oo
1 1 1

or finally,
XOF < xO)f 22 =
1

For the motion to have the property that the image point in the phase space
travels through the distance between the two spheres of radii

ro = |x(0)] and 7 = |x(t)|

in a minimal time, the expression

T8Ax
N log 2,
must be as small as possible. Application of this rule requires a knowledge
of the eigenvalues of the matrix B. Bedel’baev [1] provided a procedure
which bypasses the direct computation of the eigenvalues.

Razumichin [5] treated the nonautonomous linear differential equation
in a similar manner. Let » = x”B(¢) x be the Liapunov function con-
structed in accordance with Sec. 9; the determinant of B shall be denoted
by b, and the cofactor belonging to the element by by 8.. Furthermore,
let » = xTH(t) x, and let fiy = fo(t) denote the largest root of the equation
det (B — uH) = 0. Then the inequality

()] £ 4Jv(x0) @,f exp (% A " Bol) df)

is valid for the kth component z; of the solution vector p(¢, xo, £). From
this inequality, incidentally, the stability condition (9.8) can be easily
obtained. An equivalent estimate was given by Gorbunov [2, 4]. Letov [5]
investigated the solution of a nonlinear equation of the type (14.3) with
asymptotically stable equilibrium. He attempted to determine a number «
such that for ¢, = 0 the inequality

[x(®)] < [xo] et
always holds (cf. Sec. 25, concept of order number). Letov chose that
instant 7 for which

Ix{r)| = e7[xq|
as a measure of the rate of transient decay of the process described by x(¢)
(in control engineering terms: as a measure of the quality of the control
process).

Obviously,
TS 1/k

Under the assumption that the nonlinearity is of the form (14.13), Letov
first established a canonical form for the original equations (cf. Sec. 14 (b)):
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. n -
2, = Bz, + s, § = 21 rz, — as — ¢(s) (15.1)
B

Introducing a parameter k by putting
y = ez, n = e (15.2)

the following system of differential equations for the variables yy, . . ., Y, 0
can be derived from (15.1):

U= B.+k)y. +n
n (15.3)
n = §1 ry. — (@ + k) q — etlp(et'y)

For k = 0, the equilibrium of (15.3) is asymptotically stable by assump-
tion, but for large values of k it is certainly unstable. Because of (15.2)
the smallest value of k resulting in instability of the equilibrium of (15.3)
is an upper bound for the desired number «. The stability test can be
carried out by means of the Liapunov function
b= Iyl +

Similarly as for' (14.12), several conditions follow from the inequality
# < 0. Only the last of these conditions is essential; it furnishes an alge-
braic equation of degree n whose smallest real root is an upper bound for «.
In special cases, this bound is the best which can be obtained.

Pligkin [1] investigated some differential equations, studied before by
Krasovskii [1, 3] (cf. Sec. 13). He estimated the integrals

LT @ord, [T (@Or + G0 d (15.4)
For example, under the assumption
dhi(z) — bhe(z) 2 8 >0, h(z)+d= —86<0
one obtains for the system treated in Sec. 13 (c),1, the estimate
U S —26,002°

from which it follows that

/~ﬁm<d&ﬂl
0 26,02

Integrals of the type (15.4) play a role in interpreting the equations of
motion under the point of view of control engineering. The numerical
values of these integrals can be considered as a measure of the control
quality. In the linear case, the relation

ﬁﬂ@&@ﬁ=dm (15.5)
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is obtained by integrating (8.2) under consideration of (8.3). This is a
closed expression for the “generalized quadratic control-surface’’ intro-
duced by Feldbaum [1]. But the value of this expression for practical
evaluation is somewhat problematic (cf. B. Herschel [1, 2]).



4 THE CONVERSE OF
THE MAIN THEOREMS

16. STATEMENT OF THE PROBLEM

The main theorems on stability and instability introduced in Secs. 4
and 5 furnish only sufficient conditions; they contain no hints on how to
find a Liapunov function for a given differential equation. In fact, the
general question on the existence of such functions remains completely
open. On the other hand, suitable functions can be determined for nu-
merous specific cases and also for certain general types of differential equa-
tions (cf. Chap. 3). The question then arises as to what extent the main
theorems can be reversed, i.e., under what circumstances the existence of a
Liapunov function can be inferred assuming the stability behavior to be
known. In other words, under what circumstances are the sufficient condi-
tions expressed by the main theorems also necessary.

Only recently, this part of the theory of the direct method has received
attention. Nevertheless, the main questions may be considered to be
satisfactorily answered even though the theory has not yet been completely
worked out. The first converse statement of the theorem on weak stability
has been given by K. P. Persidskii [4]. Massera [1] achieved the first
substantial success with respect to asymptotic stability, for which Malkin
(1, 3] previously solved some specific cases. Massera proved the reversibil-
ity of Theorem 4.2 for autonomous and periodic differential equations.
Malkin recognized that the most important point of Massera’s proof is not
the restriction to autonomous and periodic equations, but rather the eon-
cept of the ‘“uniformity” of the stability (which is an a priori property of
these types of equations (cf. Sec. 17). Malkin [20] proved a converse
theorem for nonautonomous equations which has been improved in the
meantime by Massera [4]. Other converse theorems have been given

60
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independently by Barba#in [1], Krasovskii [12, 16, 19], Kurzweil (1, 2, 3],
and Zubov [6].

The investigations indicated that a refinement of the concepts “‘stable”
and “asymptotically stable” is necessary to clarify the situation.

The point is whether or not the function

u(t, xo, to) = sup [p(te + u, %o, to)| (16.1)

can be uniformly estimated with respect to x, and, above all, with respect
to t,. The function (16.1) has the properties:

(a) in the case of stability, it is bounded with respect to ¢ for fixed &
and xo and it tends monotonically towards 0 as x — 0.

(b) in the case of quasi-asymptotic stability, it tends monotonically
towards 0 as t — » (xo and {, being fixed). If the function (16.1) can be
uniformly estimated, then the terminology uniform stability, and uniform
asymptotic stability will be used, in contrast to nonuniform stability. It was
found that the assumptions of Theorem 4.2 immediately guarantee uniform
asymptotic stability. Theorem 4.2, as given in Sec. 4, is too weak; it cannot
be expected to be reversible. Nevertheless, it can be reversed if it is ex-
pressed as a statement on uniform asymptotic stability.

Several methods of proving the converse theorems are now known.
One of these methods shows the existence of a suitable Liapunov function
by providing a construction procedure, essentially in an analytical manner.
But the procedure is transfinite, i.e., “‘construction” cannot be understood
as in Chap. 3. Another method uses topological tools, in particular the
theory of dynamical systems (cf. Sec. 20). Finally, a method of Zubov
[3, 6] has to be mentioned. Here, a Liapunov function is obtained by
solving a partial differential equation.

The inversion of the theorems on instability has also been studied
(Krasovskii [8], Vrko¢ [1]). This problem is basically simpler, since in-
stability of the equilibrium is a much less characteristic property than
either stability, or asymptotic stability. A comparing survey of the con-
verse theorems was given by Massera [6].

17. UNIFORM STABILITY

The number § occuring in Definition 2.1 is in general not only a function
of the given deviation ¢, but it depends also on the initial instant f,. In the
case of uniform stability, the number § depends only on ¢ and not on .

DeriniTioN 17.1 (K. P. Persidskii [2]): The equilibrium of differential
equation (2.7) s said to be uniformly stable if for each ¢ > 0" a number
6 = 8(e) > 0, depending only on ¢, can be determined such that the inegquality

lP(t; X0y t°)| <e (t 2 to) (17'1)
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Jollows from
Ixo] < &
forallt, 2 0.

The definition can also be formulated by means of a comparison function,
as can be seen from the following theorem.

TuaeoreM 17.1: The equilibrium of differential equation (2.7) is uni-
formly stable if and only if there exists a function p(r) with the following
properties:

(@) o(r) s defined, continuous, and monotonically increasing in an in-
terval 0 £ r = ny;,

(b) p(0) = 0; the function p, therefore, belongs to the class K;

(c) the inequality

Ip(t, %o, to)| = p(|x0]) (17.2)
1s valid for |xo| < 7.
It is immediately clear that the condition is sufficient. The necessity of
the condition, i.e., the existence of a suitable function p(r) in the case of
uniform stability can be shown as follows: We consider for a given ¢ > 0
the upper bound §(e) of all numbers & belonging to e due to Definition 17.1.
If |x] < 8(e), then |p(t, xo, k)] < ¢, and there exists at least one initial
point %o with |%! < & for every &; > 8 such that at some time ¢ the quantity
lp(t, %0, to)! exceeds the value e. Obviously, the function 5(e) is positive for
e > 0; it is nondecreasing, it tends towards zero as e — 0, and it is possibly
discontinuous. We choose now a continuous, monotonically increasing
function 8(e) such that 8§(¢) < §(¢). This function has an inverse satisfying
the assumptions of Theorem 17.1.

DerFiNtTiON 17.2: The equilibrium of (2.7) is said to be uniformly
stable in the whole if the assumptions of Theorem 17.1 are satisfied for
every arbitrarily large ry.

Autonomous and periodic differential equations form a special case;
this follows from:

THrEoREM 17.2: If the equilibrium of an autonomous, or periodic dif-
ferential equation is stable, then it is also uniformly stable; stability in the
whole tmplies uniform statility in the whole.

Proof (Hahn): Because of the stability, the expression
I‘(Oy X0, to) = Sup Ip(to + %, %o, to)l
u 20
(cf. (16.1)) is certainly bounded if the initial points xo are chosen from the

interior of a fixed spherical domain f,. Since the differential equation
admits the period w (w is arbitrary in the autonomous case), the relation

p(t + w, %, b + w) = p(t: Xo, t‘)) (173)
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holds. Consequently, u is periodic with respect to ¢, and if » remains suffi-
ciently small, the function

p(T) = sup !p(tU =+ u, xo, to)l (174)
can be formed. The variables have to be varied according to the conditions
uz0, H=ZthSt+w |xSr (t; = 0, arbitrary)

The function (17.4) satisfies the conditions of Theorem 17.1 for arbitrarily
large n.

Massera [1, 4] was the first to formulate the theorem and to give an
indirect proof.

In the case of asymptotic stability, uniformity refers to the limit
process of Definition 2.4. Since the initial point and the initial instant
both occur as parameters, two types of uniformity can be defined.

DeriniTioN 17.3(a) (Antosiewicz [2]): The equilibrium of the differ-
ential equation (2.7) is said to be quasi-equiasymplotically stable if there is
for each initial instant ¢ a number 6 = 6(¢) such that the solution p(¢, xs, o)
tends uniformly towards zero for |x < é as t — o. If this is the case,
there exists for each ¢ > 0 a 7 = 7(¢, {p) such that

oW, xo, )] < € for (>t 4+ 7, |x] <8 (17.5)

DeriniTioN 17.3 (Massera [1]): If the equilibrium is both stable and
quasi-equiasymptotically stable, then it is said to be equiasymptotically
stable. In this case, one also uses the terminology uniform asymptotic
stabelity with respect to the spatial coordinates (i.e., With respect to the phase
space, or, in other words, with respect to the initial point) (Krasovskii
[16]).

In the case of linear equations, equiasymp#dtic stability is a consequence
of asymptotic stability. Massera [1, 4] gave examples showing that this
conclusion is not always valid.

If for given € the number 7 can be chosen independently of {o, then the
equilibrium is uniformly equiasymptotically stable (Antosiewicz [2]). In
addition to this, if the équilibrium is uniformly stable, one arrives at:

DgeriniTioN 17.4 (Malkin [20]): The equiltbrium of (2.7) is called uni-
Jormly asymplotically stable <f

1. the equilibrium is uniformly stable,

2. for every € > 0 a number r = 7(€) depending only on €, but not on the
initral instant ly, can be determined such that the inequality

Ip(t, xo, to)| < e t>t+r)
holds, provided x, belongs to a spherical domain &, whose radius q is inde-
pendent of e.

To Theorem 17.1 there corresponds:
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TueoreM 17.3: Necessary and sufficient for the second assumption of
Definition 17.4 is the existence of a function o(r) with the following prop-
erties:

(a) o(r) is defined, continuous, and monotonically decreasing, for all
rz 0,

(b) lim o(r) =0,

(c) provided the initial points belong to a fixed spherical domain &,,
the relation
lp(t, xo, o) = ot — to) (17.6)
holds.

The proof is similar to that of Theorem 17.1. With a given ¢, the lower
bound 7(e) is formed for the numbers 7 of Definition 17.4; a continuous
monotonically decreasing function #(¢) = 7(e) is chosen whose inverse func-
tion is taken as o(r). This function possibly depends on the initial point
xo, but can be uniformly estimated, so that (17.2) and (17.6) can be com-
bined into a single inequality. Then one obtains:

TaEOREM 17.4 (Hahn): Necessary and suffictent for uniform asymptotic
stability of the equilibrium is the existence of two functions k(r) and #(r) with
the following properties:

(@) «(r) satisfies assumptions (a) and (b) of Theorem 17.1,

(b) 9(r) satisfies the corresponding assumptions of Theorem 17.3;

(c) in addition, the inequality

lp(t, xo, to)| = k(Ixl) S(t — to) (17.7)
holds, provided the initial points xo belong to a fixed spherical domain R,.

DeriniTioN 17.5 (Barbasin and Krasovskii [2]): The equilibrium of
differential equation (2.7) is said to be uniformly asymptotically stable in
the whole, if the following two conditions are satisfied:

(a) The equilibrium is uniformly stable in the whole;

(b) for any two numbers & > 0 and 6, > O there exists a number
(01, 82) such that

Ip(t, xo, to)| < &2

ift g_ to + T(al, 62) and IXoI < 51.

Remark: In the case of asymptotic stability in the whole, the necessity of
an inequality of the form (17.7) cannot be verified by the above argument.
The sufficiency is evident.

As a counter-part to Theorem 17.2, we have:

THEOREM 17.5: If the equilibrium of an autonomous or periodic differ-
enttal equation is asymptotically stable, or asymptotically stable in the whole,
then this asymptotic stability is uniform.
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Proof: According to the assumption, the expression u(t, xo, ), defined
in (16.1), is periodic in ¢ and approaches zero for fixed initial values xq, #,
as{ — . Asin the proof of Theorem 17.2, it can be seen that the expres-
sion

a(r) = sup lp(to + %, xo, bo)|
represents for u = 7, t; £ th £ & + w, x| £ r, a comparison function of
the properties required by Theorem 17.3.

This theorem was also precisely formulated first by Massera [4], who
provided an indirect proof. Gradstein [1] gave a proof for the autonomous
case.

A sufficient condition for uniform stability is obtained by a thorough
analysis of the proofs of Theorems 4.1 and 4.2. This analysis shows that
the existence of a Liapunov function with the properties required by those
theorems implies uniform stability. This leads to:

TuEOREM 17.6: If there exists a positive definite decrescent Liapunov
SJunction v such that its total derivative v for (2.7) is negative semi-definite, then
the equiltbrium s uniformly stable. If 0 is negative definite, the equilibrium
s uniformly asymptotically stable; if v is radially unbounded, the equiltbrium
18 untformly asymptotically stable in the whole.

The theorem was established in several steps by K. P. Persidskii [5],
Malkin [20], Barbasin and Krasovskii [2]. The following proof is due to
Massera [4] (cf. also Kurzweil [1]).

Proof: We use the notations of (1.8), (1.9), and Sec. 4. The relation
e(Ix) = v(x, t) = ¥(x) (17.8)

holds in ®,4. Let 0 < e < hy and ¢ = {(e) be chosen so that ¢(e) > ¢(¢).
If x| < ¢, then
Ip(t, X0, t())| <e for t> to

for, by assumption, v(p(¢, xo, o), t) = v(t) does not increase with ¢. Thus
v() £ v(t) £ ¥() < @(e) (17.9)

According to (17.8), v(x, ) = ¢(e) for |x| = e. Hence, from (17.9) the in-
equality
'P(t’ X0y to)l <e
can be inferred. This proves the uniformity of the stability.
Now, let ¢ be negative definite. For ¢ = h;, let § denote the number

3(¢) of Definition 17.1, and let W, be the minimum of |p(t, xo, t)| in the
interval [t t]. Then the inequality

v(t) < o(t) — (t — to) x(Wo) < Y(8) — (t — to) x(W)  (17.10)
follows from the integral estimate (4.5). Let
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_
x(£(e)

where {(¢) was defined above. If the relation @, = {(¢) were true, then

from (17.10) for ¢ = t, + 7 the inequality

v(to+ 1) S Y(@) — m™x(®W) £ 0

would follow which contradicts the positivity of ». Hence, in the interval
(lo, to + 7) there is a point ¢, for which

Ip(tli X0y to)l < {(5)

Then, certainly, |p(t, xo, t)] < efort > t; and, even more so, fort > &, + .
However, the number 7 does not depend on {#; i.e., the asymptotic stability
is uniform. If the equilibrium is stable in the whole, or asymptotically
stable in the whole, respectively, the consideration is valid for each h and
furnishes the last statement of the theorem.

T

Remarks:

1. The assumptions of Theorem 17.6 about » can be modified. For in-
stance, if v is positive definite, and decrescent, if (4.6) holds, and if the
equilibrium of the differential equation introduced in Sec. 4, Remark 5, is
uniformly stable, or uniformly asymptotically stable, then the corresponding
statement is valid for the equilibrium of (2.7) (Clorduneanu [3]) [If a bounded
function satisfies the conditions established for the special case of Remark 5,
Sec. 4, then uniform asymptotic stability of the equilibrium is a consequence
of uniform stability (Massera [4]).

2. The assumption of Sec. 4, Remark 4, assurcs uniform stability of the
equilibrium with respect to the phasc space coordinates (Krasovskii [15, 16]).
Massera [1], and S. K. Persidskii [3, 4] established some other sufficient con-
ditions. In these conditions, Liapunov functions are used for which the
properties “positive definite,” and ‘“‘decrescent” are somewhat weakened.

3. The fact that the assumptions of Theorem 4.2 alrcady assure uniform
asymptotic stability yields an explanation for the many possibilities of
weakening these assumptions (cf. the Remarks of Scc. 4). However, the
conditions of Theorem 4.2 are necessary and sufficient for uniform asymptotic
stability (cf. Sec. 18).

4. The equivalence of stability and uniform stability, expressed by Theo-
rems 17.1 and 17.2 in the autonomous, or periodic case, does not hold for
any arbitrary differentiai cquation. For instance, the differential cquation

i=—2/(1 40 (17.11)
has the general solution
P, X0, to) = 1ol 4 to)/(1 + £)

which does not tend towards zero uniformly with respect to f,. Nor does
equiasymptotic stability generally follow from uniform stability, and uniform
asymptotic stability does not necessarily follow from uniform stability
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(Massera [1, 4]). Thus, the introduced refinements of the concept of stability
are truly refinements.

Differential equations with almost-periodic coefficients are sometimes
encountered in investigations of oscillation problems. For example, such is
the case if the differential equation of the perturbed motion is formed for the
almost periodic solution of an autonomous differential equation [cf. (2.6)].
In this connection, the following problem arises which is still unsolved.

Problem: Is it true to state that for differential equations with almost-
periodic coefficients (asymptotic) stability of the cquilibrium is equivalent
to uniform (asymptotic) stability?

5. A modification introduced by Yoshizava [1] (“equistable”) is only of
interest for differential equations whose solutions are not uniquely deter-
mined by the initial values. For such differential equations, Kurzweil [3]
defined a concept which comprises uniform asymptotic stability in the whole.
Let @ be an open subset of the phase space containing the origin, and let §
be its complement. Let o(x, §) be the distance of x from F; furthermore, let

T e
w(x) = max (lxlr p(x, fg) p(O; %))

The cquilibrium is called strongly stable in & if for arbitrarily given positive
numbers 8 and e there exist two positive numbers b = b(8) and 1 = 7(8, €)
with the following properties:

(a) b(B) tends monotonically towards zero with 8 — 0;

(b) if g(t) is a solution of the differential equation, defined in the interval
h StSt <o, and if g(t) satisfies the inequality w(q(t)) £ 6, then there
exists a solution p(¢) defined for all t = ¢, which coincides with g(f) in the
interval (f, 1) and which satisfics the conditions

w(p(t)) <b for t>t
wp(®) <e for t=t+r

6. As a conscquence of the definition of uniform asymptotic stability, a
lower bound for the rate, so to speak, at which motions approach the equi-
librium is introduced. By estimating this rate above, another refinement of
the stability concept is obtained. According to Zubov {6, 7], the equilibrium
of differential cquation (2.7) is said to be uniformly atiracting if it is asymp-
totically stable and if for every number { satisfying the inequality 0 < § < ¢
{n is the number introduced in Definition 17.3) numbers 7 > 0 and a > 0
can be found such that for all to > 0 and all ¢ of the-interval b S ¢ <t + 7
the inequality

Ip(, %o to)] > o
holds, provided
{=Iolsn

The definition can be expressed in analogy to Theorem 17.5 by means of the
two comparison functions x;(7) and &(r) which must satisfy assumptions (a)
and (b) of Theorems 17.11 and 17.3, respectively: The equilibrium which is
assumed to be asymptotically stable is uniformly attracting if and only if
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Ip(t, X0, t0)| > Kka(|xo]) Fu(t — o) (17.12)
provided the initial points belong to the interval ¢ < x| < #.

The inequalities (17.7) and (17.12) hold simultaneously if the equilibrium
is both uniformly stable and uniformly attracting. These inequalities then
guarantec that the motions remain in a “tube-like” domain.

7. A refinement of the concept of uniform asymptotic stability, the
so-called exponential stabilily, will be dealt with in Sec. 22 along with a dis-
cussion of the corresponding refinements of the concept of instability.

18. THE INVERSION OF THE STABILITY THEOREMS

(a) Let the differential equation
x = f(x, 1) (18.1)

be given, and suppose the stability behavior of the equilibrium in the sense
of the definitions of Sec. 2, or Sec. 17, to be known. The question is whether
or not there exists a Liapunov function » which allows the application of
the theorems of Secs. 4 and 17. The various existence theorems, which are
also called converse theorems of the direct method, differ in several re-
spects, namely:

(a) in the assumptions about the right hand side of differential equa-
tion (18.1);

(8) in the assumptions about the stability of the equilibrium,;

() in the statements on the Liapunov function », particularly with
respect to existence and continuity of its partial derivatives.

(b) Converse Theorems on Weak Stability.

TuaroreM 18.1 (Kurzweil [1]): Let the functions f.(x, {) and df;/dxz; be
continuous in a domain R, and let the equilibrium of (18.1) be stable.
Then there exists a positive definite function v(x, t) which has in &, con-
tinuous first partial derivatives with respect to all variables, and whose
total derivative » for (18.1) is negative semi-definite.

Proof: As a consequence of the assumption of stability, a number é§ > 0
can be chosen such that the inequality |p(¢, xo, to)] < h/2 follows from
Ixo| < & fort = tp. Let & and ®&; be the sets of those points (x, 7) of ®nu
for which |p(ts, x, 7)| < 8/2, and |p(t, x, 7)| < 8, respectively, and let &,
be the complement of &, in 8. Let v(r) denote a function which vanishes
for r £ 0, which is positive and continuously differentiable for » > 0, and
which takes on the constant value v(r) = & for r = /2. The Liapunov
function is now defined in the following manner:

v, ) =8  ((x,7) € &)
v(x, 7) = v(plte, x, 1))  ((x.7) € Gy)

The two definitions agree in &; N ®,. The function v is nonnegative, and



sEC. 18 THE CONVERSE OF THE MAIN THEOREMS 69

it vanishes at the origin. It is continuously differentiable in &4, and its
total derivative for (18.1) is identically equal to zero, since v is constant
along every motion. The fact that v is positive definite can be shown as
follows: Let 0 < ¢ < h and § < & be so determined that the inequality
lp(, x, to)| < efollows from |x| < 8fort > t. Ife < |x| < hand (x,7) € O,
then certainly |xi| 2 & for x; = p(fo, x, 7), since p(t, x, ) = p(t, x, 7). It
follows that

I)(X, T) 2 min (62, 7(|8|)

The essential parts of Theorem 18.1 have been proved already by K. P.
Persidskii [5]. His result differs only in that the domain for which the
existence of v is assured forms in general only a subdomain of ®4. Per-
sidskii showed the following: If the solution p(t, xo, 0) is solved with respect
to xo and if xo is put equal to q(¢, p), then the expression |xo[?> = v(p, t) can
be used as a Liapunov function for (18.1). A Liapunov function which is
continuous at the origin, but not necessarily differentiable, was constructed
by Yoshizava [1] in an even simpler manner under the sole assumption of
continuity of f.

The following Theorem is somewhat sharper than Theorem 18.1.

TreoreEM 18.2 (Kurzweil [1], Krasovskii [12]): Suppose that in addi-
tion to the assumptions of Theorem 18.1 the stability is uniform. Then a
positive definite, decrescent function v(x, t) exists in each domain R4, with
0 < h < h which has continuous first derivatives in .+, with respect to
all variables, and the total derivative of » for (18.1) is negative semi-
definite.

The proof of this theorem according to Kurzweil [1] is more extensive
than that of Theorem 18.1. It is best given in several steps. The first step
is to show that the auxiliary function m(x, t) = min |p(r, x,0)| (0 £ 7 = 1)
is positive definite and decrescent by using primarily the uniformity of the
stability. This function is then “smoothed,” i.e., it is replaced by a dif-
ferentiable function #i(x, {) whose values are only slightly different from
those of m. In the next step, a function is formed which has the additional
property of being decreasing along each motion. This function, constructed
by means of suitable estimates-for the partial derivatives of i, is the de-
sired Liapunov function. In connection with Theorem 17.6 it then follows:

The conditions of Theorem 18.1 are necessary and sufficient for uniform
stability.

Krasovskii [12] proved Theorem 18.2 by assuming the boundedness
of the partial derivatives df;/dz; and by using a topological lemma of
Barbasin [1]. Kurzweil and Vrkoé [1] showed that the assumption of’
continuity of the partial derivatives may be replaced by other weaker con-
ditions. They have furthermore demonstrated that, in the case of only
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continuous right hand sides, uniformity of stability alone is not sufficient
to assure the existence of a continuous Liapunov function, but that addi-
tional assumptions about f(x,?) are needed. However, if a continuous
positive definite function v with nonnegative derivative ¢ exists at all, then
there also exists a function »* with the same properties and which has
partial derivatives of any order. If v is decrescent, the same holds for v*.
It should be mentioned that a time-independent Liapunov function which
satisfies the conditions of Theorem 4.1 cannot be constructed for every
autonomous differential equation with a stable equilibrium. The situation
is different in the case of uniform asymptotic stability.

(¢) Converse Theorems on Asymptotic Stabulity.

TreorkM 18.3 (Massera [4]): Let the equilibrium of (18.1) be uniformly
asymptotically stable, and let f € Cy in Rn4. Then there exists a positive
definite decrescent function v whose total derivative for (18.1) is negative defi-
nite, and which has partial derivatives of any order.

Corollary 1: If f € C, (i.e., if there exists a uniform Lipschitz constant),
then v can be determined such that all partial derivatives are uniformly
bounded in £, with respect to ¢ and such that the same bound is applicable
to all derivatives.

Corollary 2: If the differential equation is periodic, or autonomous,
v can be constructed to be independent of ¢, or to be periodic in ¢, respec-
tively.

The proof of this important theorem, which actually answers the prin-
cipal question of the inversion problem, is an elaboration of a proof de-
veloped by Massera [1] for a special case (assumptions: f autonomous, or
periodic, f € Cy; statement: v € Cy). Massera used the following:

Lemma: Let p(r) and o(r) be continuous and positive functions defined
for r z 0, the first of which increases with r, the second of which tends
towards zero as r — . Then there exists a function w(r) € K defined for
all 7 = 0 (cf. Sec. 1) with the following properties: (a) the derivative «'(r)
exists and belongs also to the class K; (b) the integrals

i etemydr [ 60D p0) dr
are bounded.

Malkin [20] proved a somewhat weaker form of Theorem 18.3 by
means of Massera’s method (assumption: f € C;; statement: v € C,). In
particular, from uniform stability he first inferred the existence of two
functions p(r) and ¢(r) satisfying the lemma and permitting the estimates

Ialp(io + X to)lg < p(r) la Egtz Xy 10) 2
! I

6xi
Ip(to + 7, %, L)| < o(r)

< p(r)
t=tb+r
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[o(r) is the comparison function of Theorem 17.3]. If w(r) is the function
of the lemma corresponding to p(r) and ¢(r), then the expression

o(x, ) = [ allp(r,x, ) dr

satisfies the assumptions of Theorem 4.2.

Because of the weak assumptions of Theorem 18.3, Massera [4]
had to proceed somewhat differently. He began with the function
plx, t) = sup p(t + 7, x,1)| defined in the motion space (with different

notation, the function was used already in the proof of Theorem 17.2). He
then constructed an auxiliary function ¢g(r) of the real variable r, which
satisfies certain conditions imposed on its rate of change. This function is
primarily determined by the rate with which p(x, t) varies in dependence
upon (x, 1). A definite, decrescent Liapunov function u(x, {) which has a
negative definite derivative can then be defined by means of the function
g(p(x, 1)), which again has to be considered as a function in the motion
space. An ingenious smoothing process finally transforms u(x, ?) into a
function v(x, t) which satisfies all statements.

Barbagin [1] approached the problem by means of completely different
tools; he used methods of the theory of dynamic systems (cf. Sec. 20). He
first showed the existence of a Liapunov function » with » € C,, in the case
of autonomous differential equations provided that f € C,.. However, the
result can be immediately extended to certain nonautonomous differential
equations. Another, somewhat shorter, proof of Barbasin’s result was
given by Krasovskii [19].

The additional assumption of uniformity of the asymptotic stability
in the whole becomes necessary for the converse statement of Theorem 4.3.

TurorEM 18.4 (Massera [4]): If the equilibrium of (18.1) is uniformly
asymptotically stable in the whole and if f € C,, then there exists a positive
definite, decrescent, and radially unbounded function v with negative defi-
nite derivative. The function v has partial derivatives of any order.

Most parts of the proof are identical with the proof of Theorem 18.3.
Earlier, Barbasin and Krasovskii [1] formulated Theorem 18.4 for autono-
mous motions with reference to Barbagin’s [1] lemma mentioned above in
connection with the proof of Theorem 18.2. However, as Erugin [6] noted,
the assumption must be made that the solutions can be continued into the
interval —eo < ¢ < #y, and this is not always admissible. (An additional
critical remark of Erugin [6, 8] has been considered by Barbasin and
Krasovskii [2].) Theorem 18.4 was proved with f € C, and v €°C; in a
paper of Barbasin and Krasovskii [2].

Kurzweil [2, 3] restricted the assumptions of Theorem 18.3 to the
extent that f(x, t) needs only be continuous. He replaced the requirement
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of uniform asymptotic stability by strong stability as defined in Sec. 17,
Remark 5. Kurzweil’s proof was established independently of Massera’s
proof, but it is based on the same procedure. However, it is considerably
longer, since the weaker assumptions and the nonuniqueness of the solu-
tions necessitate a number of additional considerations.

Krasovskii [20] proved an existence theorem for a decrescent Liapunov
function with definite derivative. It was found that “noncritical and
uniform’ behavior of the trajectories are necessary as well as sufficient
conditions. This means, for any two sufficiently small numbers 6 > 0 and
n > 0 there exists a number 7 = 7(§, 1) such that every motion p(¢, xo, ts)
with |x > n reaches the hyper-surface |x| = 6 along at least one half-
trajectory, i.e., for t = &, or ¢t = {f,, respectively, before the end of the time
period |t — t| < 7. Therefore, the motions are not allowed to approach the
t-axis of the motion space arbitrarily closely, or to leave the t-uxis arbi-
trarily slowly. In the stable case, the so defined concept coincides with the
concept of uniform asymptotic stability. The theorems on equiasymptotic
stability, mentioned in Sec. 17, Remark 2, can also be converted (Massera
[5], S. K. Persidskii [3, 4], Antosiewicz [2]).

(d) Converse theorems with the assumption of asymptotic stability of
the equilibrium without uniformity are still unknown. However, Zubov
[6] proved some theorems in which a more general statement on the rate
of decay of the motion replaces the inequality (17.7). Two auxiliary func-
tions ¢(¢) and ¢(¢) which are positive and continuous for ¢ = 0 are needed
to formulate these theorems. The integral

12
¥(r)
¢ =
J(,to) j; (p(*r) dT
shall be bounded for ¢ = { = 0 and it shall approach infinity with in-

creasing {. Furthermore, the expression
£0) \ 1/ (1)
ot i, 8) = (A8Y™ exp (=0, )

depending on two positive parameters « and 8, shall approach zero as
t — . With these notations, the following theorem holds:

THEOREM 18.5 (Zubov [6]): Let the equilibrium of (18.1) be asymp-
totically stable and let
Lik(t, to; @, B1) [xol? = lp(t, xo, t0)[? = lax(t, bo; @, B2) |xol?

for all sufficiently small values of |x|; i and [, are certain positive con-
stants. The existence of two functions

v = |x|2 o(t) xTA(x, t) x
and
w = |x|2 ¥(t) xTB(x, t) x
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with the properties given below is necessary and sufficient for such behavior
of the solutions:

(a) they are defined and continuous in a domain &4;

(b) for sufficiently small |x|, the relations

alle = XT/A\()(, ) x = a2|Xl2 (> 0,a > 0)

b1|X[2 g XTB(X, t) X é b2|x|2 (b1 > O, b2 > 0)
hold;
() v = —w
Other expressions with similar properties may be used instead of the
expression denoted by «.

19. THE INVERSION OF THE INSTABILITY THEOREMS

The converse statements of the instability theorems are generally less
intricate than those on asymptotic stability, mainly because the property
of being unstable is considerably less characteristic than that of being
asymptotically stable. The fact that the converse theorems on stability
were proved earlier than the corresponding theorems on instability does not
mean that the latter theorems arc more complicated. The requirements
contained in Theorem 5.2 arc more stringent than those of Theorem 5.1.
The assumptions of Theorem 5.2 comprise a statement on the behavior of
the derivative in a whole neighborhood of the origin; the assumptions of
Theorem 5.1 (and also those of Theorem 5.3) require knowledge of » only
in a domain for which the origin is a boundary point. Correspondingly,
the converse of Theorem 5.2 provides a more general statement, but also
requires stronger assumptions.

The first important result was obtained by Krasovskii [8]; it refers to
the autonomous differential equation

x = f(x) (19.1)

and is based on a lemma (which is in itself of interest) on the existence of
a Liapunov function v with definite derivative v (cf. also Krasovskii [14]).

TueoreM 19.1 (Krasovskii [8]): The existence of a neighborhood of
the origin of the phase space, not containing a complete phase trajectory,
is necessary and sufficient for the existence of a Liapunov function » whose
derivative » for (19.1) is definite.

Using the results of Barba&in [1] (cf. proof of Theorem 18.2), Krasovskii
proved this theorem by applying topological methods, and by means of a
construction procedure similar to that of Massera [1]. The assumption of
Theorem 19.1 for example, is not satisfied in the critical cases of Sec. 8;
it, is also not satisfied for the motion described by (2.11), since every neigh-
borhood of the origin contains closed phase curves (cf. also Krasovskii [20]
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and Sec. 18 (¢)). Krasovskii [24] formulated the property of the motion
which is characteristic for the existence of a Liapunov function with defi-
nite derivative also in the nonautonomous case. A sequence of spherical
domains : is considered whose radii hx approach zero monotonically. Let
9 be any subdomain of £, (h fixed). It has to be required that a number
T can be chosen with the following property: That part of the motion
p(t, xo, ) which is determined by t, — Tx £t £ ty + T is positively not
completely contained in 9, provided the initial point x, lies in the exterior
of the domain f;, and provided, of course, that ¢, is so large that the motion
can be continued sufficiently far into the domain ¢ < ¢, (cf. also Sec. 4,
Remark 3).

Krasovskii [8] proved the following theorem by means of Theorem 19.1.

TueoreEM 19.2: Let the equilibrium of (19.1) be unstable. The exist-
ence of a neighborhood of the origin not containing a complete phase
trajectory of (19.1) is necessary and sufficient for the existence of a function
v which can take on negative values in every neighborhood of the origin
and whose total derivative v for (19.1) is negative definite.

Theorem 19.2 contains Theorem 5.2 in the ¢ase of autonomous motions
and the conditions for its inversion. Using the above mentioned extension
of Theorem 19.1, Krasovskii [24] proved the converse of Theorem 5.2 in
the nonautonomous case.

The converse of (‘hetaev’s Theorem 5.1 can be accomplished without
additional assumptions about the integral curves of the original equation.

THEOREM 19.3 (Vrkot¢ [1]): Let the cquilibrium of the differential
equation
% = f(x, 1) (Fe Cy (19.2)

be unstable. Then there exists a Liapunov function v in a certain domain
11 with the following properties:

(@) v € Cy;

(b) there exists a domain » < 0 (cf. Theorem 5.1) where v is bounded;
and

ONEX

The relatively simple proof consists of a transfinite construction proce-
dure for the Liapunov function on which even the additional condition
may be imposed to be negative in a certain domain of instability and only
there. This domain of instability ®(e) is defined for given e > 0 and fixed
to as follows: Let the initial points %, be such that

max |fo] <€ max |p,(t %o, to)] > € ({ > b)

®(e) is the set of all these points .
Theorem 19.3 provides an inversion of Theorem 5.3, from which the
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equivalence of Theorems 5.1 and 5.3 (mentioned already in Sec. 5) follows.
Another inversion of Theorem 5.3 was found by Krasovskii [19].
Theorem 5.4 can also be converted.

TraEoOREM 19.4 (S. K. Persidskii [1]): If the equilibrium is completely
unstable, there exists in a domain f4,, a positive function v with nonnega-
tive derivative; v tends uniformly with respect to x towards zero with
increasing .

The proof is accomplished in 8 manner similar to K. P. Persidskii’s [5]
proof of Theorem 18.1. In the theorems of Liapunov and Chetaev (Sec. 5)
the property of being “not stable” is characterized by means of Liapunov
functions. Blichevskii [1] noted that the properties of being “not uniformly
stable’” or “not asymptotically stable,” may as well be characterized by
suitable Liapunov functions.

20. ON THE STABILITY THEORY OF DYNAMICAL SYSTEMS

Some of the theorems given in the previous section assume a particu-
larly elegant form if they are formulated as statements on dynamical sys-
tems. In fact, one can even develop a large part of the theory of the direct
method immediately by such an approach. This approach was taken by
Zubov [6] whose presentation and terminology will be used in this section.
We state only results.

Let a veetor function g(x, ¢) be given in the n-dimensional phase space
with the following properties:

(a) For cach finite x, the components of q are defined in the entire
interval —o < ¢ < 4o as one-valued functions of their arguments;

() alx,0) = x;

(¢) alalx, b), &) = qlx, & + b).
Then the function g(x, ¢) is said to define a dynamical system in the phase
space. The sct of the points g(x, t) for fixed x is called a trajectory of the
system. The system can then be counsidered either as the set of its trajec-
tories which determine a schlicht coverage of the phase space, or as a
one-parameter group of continuous mappings of the phase space onto itself.
In the latter case, the notation °

x = q(x, t)
is used.

A point set M of the phase space, consisting of trajectories only, is
called an invariant set of the system. If x € IN, it follows that q(x, £) € M
for all ¢. |

As usual, let

o(x, M) = inf |x —y| (20.1)
yEM
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be the distance of the point x from the set 3. The set of all points x with
0 < p(x, M) < r represents a meighborhood U(IM, r) of the set M. This
definition, used by Zubov, differs somewhat from the usual definition.

A stability theory can now be based on the following definitions:

DeriniTioN 20.1: A closed invariant set It of a dynamical system is
called stable, if for every ¢ > 0 a number § > 0 can be found such that for
allt >0

p(Q(X, t)) S))'R) <e
provided
plx, M) <8
If, in addition,
thm P(Cl(X; t): ?D?) =0

then M is said to be asymptotically stable.

DeriniTioN 20.2: The closed invariant set It is said to be uniformly
asymptotically stable, if there exists a number &, with the following property:
For each ¢ > 0 there exists a number + = 7(¢) > 0 such that

plalx, t), M) < e for t>7
provided
P(X) WE) < do

DeriniTION 20.3: The invariant set I is called unstable if there exists
an ¢ > 0 with the following property: For every 6 > 0, there is in U(, §)
at least one point xo and there is an instant ¢, > 0 such that

p(alxo, &), M) 2 €

The refinement achieved by the transition from asymptotic stability
to uniform asymptotic stability can be interpreted topologically: An as-
ymptotically stable, closed, invariant set which has a compact neighbor-
hood, is a priori uniformly asymptotically stable. For those propertics
defined in Definitions 20.1 and 20.2, conditions can be established which
are completely analogous to those of the direct method; they are even both
necessary and sufficient. In the following four theorems, It denotes an
invariant, closed, set of the given dynamical system q(x, t),and U = UW(IM, r)
denotes a sufficiently small neighborhood of k.

TreEOrREM 20.1: Necessary and sufficient for stability of It is the exist-
ence of a function v(x) with the properties:

(a) v(x) is defined in U;

(b) to every sufficiently small number ¢; > 0 there corresponds a num-
ber ¢; > 0 such that v(x) > c2if x € U and o(x, M) > ¢1;

(e) to every sufficiently small number d; > 0 there corresponds a num-
ber d; > 0 such that v(x) < dyif x € U and p(x, M) < dy;
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(d) the function v(q(x, t)) does not increase for ¢ = 0, as long as q(x, t)
remains in 1.

TuroreM 20.2: Necessary and sufficient for asymptotic stability of It
is the existence of a function v(x) which satisfies the assumptions of Theo-
rem 20.1 and, in addition,

(e) lim v(q(x, t)) = 0 (20.2)
t—x
for q(x,t) € Uand t > 0.

TueoreM 20.3: Necessary and sufficient for the uniformity of the
asymptotic stability assured by Theorem 20.2 is the additional assumption:

(f) a neighborhood U(IN, &) exists such that the limit process (20.2)
holds uniformly with respeet to x € (I, &).

TuroreM 20.4: Necessary and sufficient for the instability of I is the
existence of a function v(x) with the properties:

(a) v is defined and bounded in U;

(b) in every arbitrarily small neighborhood of I, there exist points x
for which v(x) > 0;

(c¢) for every point x, the equation ¥ = gv + w is valid, where

i) = lim v(alx, 1)) — v(x)
=0+ t
g is a positive number and w is a nonnegative function defined in U.

The transition from the stability theory of dynamical systems (of which
only the most important thcorems have been mentioned) to the stability
theory of differential equations is accomplished by means of the following
theorems.

TreoreEM 20.5: To every autonomous differential equation
x = f(x) (fe E) (20.3)

there can be associated a dynamical system defined in an n-dimensional
space such that the solutions of the differential equation correspond to the
trajectories of the system and are equivalent to them with respect to the
stability behavior.

TraeoreEM 20.6: If the equilibrium of a nonautonomous differential
equation
x = f(x, t) (f € Cyin &, f(O, 1) = 0) (20.4)

is uniformly stable, then there can be associated to the differential equation
a dynamical system, defined in an (n 4+ 1)-dimensional space, for which the
t-axis is a stable invariant set. If the equilibrium of (20.4) is uniformly
asymptotically stable, then the {-axis is an asymptotically stable invariant
set of the dynamical system.
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If the right hand side of (20.3) belongs to the class E in the whole phase
space and if the solutions x(¢) are defined for all ¢ (—® <t < +), then
the trajectories of the differential equation already form a dynamical sys-
tem in the phase space. Otherwise, the function f(x) must be continued in
some suitable manner into the whole phase space. For example, a new
independent variable s can be introduced by the expression

ds/dt = V1 + |f|? (20.5)

The solutions are then defined for all values of s.

A corregponding procedure is applied in the nonautonomous case. The
dynamical system is defined in the motion space and the variable s, intro-
duced by (20.5), plays the role of the system parameter.

The principal statements of Theorems 4.1 to 4.3, 5.1, 18.1 to 18.3, and
19.3, can be obtained from Theorems 20.1 and 20.4 in conjunction with
Theorems 20.5 and 20.6. The assumptions (b) and (¢) of Theorem 20.1
generalize the definiteness, or the decrescentness, of the Liapunov function,
respectively. Theorem 20.6 clarifies the meaning of uniformity of stability
with respect to the inversion problem.

As already mentioned (See. 18), the proof of the converse theorem con-
tained in Theorem 20.3 was first accomplished by Barbasin [1].

The theory of dynamical systems is not sufficient for the treatment of
nonautonomous differential equations with nonuniformly stable equilib-
rium. Therefore, “general systems’” are considered for which a stability
theory can be established which is analogous to a certain degree to the
theory sketched above (cf. Sec. 35, Zubov [6] and Lefschetz [2]).

21. ZuBOV'S METHOD OF CONSTRUCTION

Zubov ([1 to 6]) reduced the problem of constructing a Liapunov func-
tion for a given differential equation to the solution of a partial differential
equation. This problem then becomes, in many cases, amenable to a sys-
tematic treatment. Furthermore, the method permits precise determina-
tion of the boundary of the domain of attraction. Zubov [3] first considered
the stability of the equilibrium of the autonomous differential equation

x=fx) (F0) =0,f€ E) 21.1)

He then extended the construction method to invariant sets of dynamical
systems (cf. Sec. 20) with the result that it can also be applied to some
classes of nonautonomous differential equations. In the meantime, the
investigations have been summarized and presented in a monograph
(Zubov [6]). The author developed a systematic theory of the direct
method and succeeded in deriving a series of results by means of his con-
struction approach. The core of Zubov’s theory is:
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TaeorEM 21.1 (Zubov [3, 6]): Let A be an open domain of the phase
space and let A be its closure; A shall contain the origin. Necessary and
sufficient for % to be the exact domain of attraction of the equilibrium of
(21.1) is the existence of two functions v(x) and ¢(x) with the following
properties:

(a) v(x) is defined and continuous in 2, ¢(x) is defined and continuous
in the whole phase space;

(b) o(x) is positive definite for all x;

(e) o(x) is negative definite, and for x € A, x # 0, the inequality
—1 < v(x) < 0 holds;

d) if y € ¥ — A, then limv(x) = —1, furthermore, hm v(x) = —1,

Xy x — 0

provided that this limit process can be carried out for x € ¥;

© (‘" i OQ), 0 =X 1160 = (L + o) VIF I (21.2)

1=1

Corollary 1: If f € C,, the function ¢(x) can always be chosen such that
v belongs to the class C, in .

Corollary 2: The theorem can also be expressed in terms of a positive
function v, in order to be in agreement with the theorems of See. 4.

The auxiliary function ¢(x) is appreciably arbitrary. We shall attempt
to determine it such that differential equation (21.2) can be solved in the
most convenient manner. The square root occurring in this differential
cquation is a consequence of the change of scale (20.5). If ¢ is replaced
by s in accordance with (20.5), then (21.2) becomes

dr/ds = (1 4+ v)e (21.3)

Because of the continuity of », this function is defined in . From
property (d) it follows that the equation »(x) 4+ 1 = 0 determines the
precise boundary of the stability domain which consists of phase trajec-
tories according to Erugin [2]. If 1 4+ v > 0 for all values of x, the equi-
librium is asymptotically stable in the whole; this condition is necessary
and sufficient.

Ezample: The partial differential equation (21.2) corresponding to
&= —z+ 2z%, ) = —y (21.4)

52y = )+ T (=) = pla, 1) +OVIF 4 F @y — 2

We put
x? + y?
V1 + y? + (22% — z)?

and obtain a diffcrential equation with the solution

oz, y) =
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= - v —12 —_— ——————-—ZQ )

v 1+exp( 2 " 20 —2p)

which vanishes at the origin and which is a Liapunov function for (21.4).
From the condition v + 1 = 0, we obtain the curve zy = 1 as the boundary
of stability.

Frequently, it will not be possible to obtain a closed form solution of
the partial differential equation in spite of the freedom in the choice of ¢(x).
In such cases, the precise determination of the stability boundary is not
possible; however, it is often possible to obtain at least an estimate for ¥.
Suppose the right hand side of (21.1) is analytic in the z;, and let

x = Ax + g(x) (21.5)

where A is constant. The functions g,(x) have power series expansions in
the neighborhood of the origin beginning with terms of at least second
order. The real parts of the eigenvalues of A shall be negative; thus, the
equation of the first approximation is stable (cf. Theorem 10.1). If here
o(x) is chosen as a positive definite quadratic form and if the partial differ-
ential equation is solved for », the series
v=vsF vy + - - - (21.6)
results, where v, denotes a form of order j in the components of x. Since v
is negative definite, the same holds for », and, in particular, it is found that
the derivative of v, for the linearized differential equation
% = Ax
is equal to ¢(z).
Now let o be the least upper bound of the values of the function v, on
the set defined by
(D)@ = 0 (21.7)
(with the exception of the origin). If such a set does exist, then o < 0.
This leads to:

TuroreM 21.2 (Zubov [3, 6]): The point set defined by
(x) = a (21.8)
lies entirely within the domain of attraction ¥ of the equilibrium of (21.5).

Proof: If a subset of the set defined by (21.8) would lie outside 2, then
there would exist phase curves which would intersect the set (21.8) at two
points; namely, those phase curves which, on the basis of a theorem of
Erugin [2], form the stability boundary. Along that segment of the phase
curves lying between both intersections, there would be a point % at which
7, would vanish since v, has the same value « at the end points of that
segment. However, since x lies in the interior of the surface, or curve, re-
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spectively, defined by (21.8), we would have v(X) < @, and this would
contradict the definition of . The reasoning remains valid if there are
points on the phase curve to which an equilibrium of (21.5) corresponds,
since v, vanishes in this case.

Analogously, one proves:

THEOREM 21.3 (Zubov [3, 6]): Let 8 be the greatest lower bound of
the values of v, on the set (21.7). Then the domain of attraction lies en-
tirely within the domain v, > 8. If 8 = —, the equilibrium is asymptoti-
cally stable in the whole.

From Theorems 21.2 and 21.3 it follows that the stability boundary
lies completely in the domain

a > v(x) > B

The domain of attraction for a given differential equation can be deter-
mined by means of Theorem 21.1. Zubov [3] showed that the converse
problem can also be solved. Under certain assumptions, a differential
equation can be established for a given domain ¥ such that ¥ is precisely
the domain of attraction of the equilibrium.

Theorem 21.1 may also be formulated for an invariant set I of a
dynamical system in the phase space. Let 2 be an open invariant set
containing a neighborhood of the closed invariant set 9, and let A be its
closure.

TaroreM 21.4 (Zubov [6]): Necessary and sufficient that o is pre-
cisely the stability domain of I is the existence of two functions »(x) and
¢(x) with the following properties:

(a) v(x) is defined and continuous in ¥; ¢(x) is defined and continuous
in the entire space;

(b) =1 <v(x) <0if x € A x & M; if p(x, M) # 0, then o(x) > 0; if
x € M, then o(x) = 0;

(c) for every sufficiently small number ¢; > 0, two numbers ¢; > 0 and
¢z > 0 can be found such that v(x) < —c; and ¢(x) > ¢ if p(x, M) = ¢1;

(d) the functions v and ¢ tend towards zero as p(x, M) — 0;

(e) limo(x) = —1 (p(x,x) — 0) if a point x M, x € A — A exists;

@ (§),., = e+ 16

The assumptions guarantee, incidentally, that It is uniformly asymp-
totically stable and uniformly attractive (cf. Sec. 17, 6).

Theorem 21.4 permits statements to be made on the stability domain
of nonautonomous differential equations with uniformly asymptotically
stable equilibrium. The stability domain % then is a cylindrical neighbor-
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hood of the t-axis. In this case, the Liapunov function v as well as the
auxiliary function ¢ depend in general explicitly on t. The properties of
being ‘“‘definite” and of being ‘‘decrescent,” required only for ¢t = & = 0 in
the theorems of the direct method, must in this case be extended to
t = t, > —=, since otherwise the theory of dynamical systems could not
be applied.



LIAPUNOV FUNCTIONS WITH
5 CERTAIN PROPERTIES OF
RATE OF CHANGE

22. ORDER NUMBER AND EXPONENTIAL STABILITY

(a) In the cases of asymptotic stability and uniform asymptotic sta-
bility, the solutions tend towards zero with increasing {. Nothing was said
about the rate of decay of these solutions and unless further assumptions
are made, nothing can be said about the asymptotic behavior of the
Liapunov functions, the existence of which is guaranteed in the case of
uniform asymptotic stability. Such assumptions refer either to the be-
havior of the solutions or to the form of the differential equations. So far,
the following cases have received closer consideration:

(a) The comparison function of the inequality (17.7) has the special
form

Blxo| exp (—a(t — 1)) (>0,8>0)

Then the existence of a positive definite Liapunov function » can be inferred
which satisfies estimates of the form

oix, 1) <alxlr, o] > blx  (@>0,b>0,v>0)

This statement can be reversed. If the solutions increase like exp (a(t — t)),
the order of magnitude of the Liapunov funection can also be determined.
(8) For sufficiently large ¢ — ¢, the comparison function has the form

Vixlt —t)* (> 0,8>0)

In this case there exists a function v with |o| < alx|7, [s| > blx|" (¥’ > v).
Conversely, from the cxistence of such a function it can be inferred that
the solutions increase or decrcase at least like a power of ¢ — {,.

83



84 LIAPUNOV FUNCTIONS WITH PROPERTIES OF CHANGE CHAP. 5

(v) The right hand sides of the differential equations are homogeneous
linear functions with bounded coefficients. The treatment of this case is in
particular necessary for stability investigations by means of the method of
the first approximation for nonautonomous differential equations, which
will be dealt with in Chap. 6. For the following, we need the concept of the
order number of a function. This number can be determined by comparing
the function under consideration with an exponential function.

DerINITION 22.1: Let the real or complex valued function f(f) of the
real variable t be defined for ¢ = ¢ and bounded for finite values of {. By
the order number of the function f(f) we shall understand the expression

#(f) = lim sup l_og_[tfﬁ)J (22.1)
t—ow

In most publications following Liapunov, the characteristic number of a
function is used. The characteristic number of f(¢) is equal to —#(f). The
preceding definition is due to Perron [2].

The properties of the order number follow immediately from its defi-
nition:

7(f + ¢) = max (v(f), 7(9)) i =(f) # (g)
m(f+g) ==(f) if =(f) = n(g)
©(fg) £ =(f) + 7(9) (22.3)

w( f ' f) du) < x(f) i w(f) 20
to

(22.2)

IA

(22.4)
r([ f(w) du> s#(f) if =(f) <0

DeriNiTioN 22.2: By the order number of the vector x(¢) we under-
stand the order number of its absolute value

(x) = lim sup '15 log >":1 0 (22.5)
t—o 1=
Apparently,
7(x) = lim sup 1 log max |z.|
oo L i (22.6)
= max (r(zy), - -+, 7(Zn))
The properties (22.2) to (22.4) are correspondingly valid for the expression
(22.5).
(b) Now let
x = [(x, t) (22.7)
If all solutions with sufficiently small initial values have negative order
numbers, then the equilibrium is certainly asymptotically stable, but not
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necessarily uniformly asymptotically stable. Both properties are combined
in

DerinrrioNn 22.3: The equilibrium of the differential equation (22.7)
is called exponentially stable if there exist two positive constants « and 8
which are independent of the initial values, such that for sufficiently small
initial values the inequality

Ip(t, xo, to)| < Blxo| exp (—a(t — b)) (22.8)
is satisfied.

(Massera [4] speaks of exponential asymptotic stability. Following
K. P. Persidskii [6], Krasovskii [13, 16] speaks of uniform asymptotic
stability according to the first approximation.) In order to define more
precisely the behavior of the solutions of a differential equation with un-
stable equilibrium, it is convenient to introduce two more concepts.

DEeriNITION 22.4: The equilibrium of the differential equation (22.7) is
called exponentially unstable if two positive constants o and 8 exist and if
there are initial values (xo, t) in every domain 5, with arbitrarily small &
and arbitrarily large 7 such that

]p(ta X0y to)l > :B|X0| €xp (a(t - tﬂ))

If this relation is valid for all initial points x, with sufficiently small absolute
values, then the equilibrium is called completely exponentially unstable.

DeriniTioN 22.5: The motions of differential equation (22.7) have
intensive behavior, if every motion admits along at least one of its branches
an estimate of the form

|p(t, X0y to)l > leol €Xp ((Xlt - tol)
(t = to, or é to) (229)

where « > 0, 8 > 0. Exponential stability and complete instability are
special cases of this concept which was introduced by Krasovskii [13] in a
somewhat different terminology. In the cases of exponential stability, or
exponential instability, we shall speak of significant behavior of the motions.
The so-defined concept coincides with that introduced in Sec. 8 for the case
of linear differential equations with constant coefficiénts. It should be
emphasized that the existence of an estimate of the type

Ip@ xo, b)] = O(e™!)  (t— )

guarantees exponential decay of the solution and thereby asymptotic sta-
bility of the equilibrium, but not uniformity of stability and not -at all
exponential stability.

A condition for intensive behavior is expressed in:
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TueoreMm 22.1: (Krasovskii [13, 16]): The existence of a Liapunov
Junction v(x, t) satisfying the estimates
v(x, t) < ailx|” (22.10)
[o] > asfx|” (22.11)
where ay, as, and vy are positive constants, is necessary and sufficient for the
motions of differential equation (22.7) to have intensive behavior.

Corollary: In the case of intensive behavior, v € C, can be chosen such
that in addition to (22.10) and (22.11) the inequalities

[¢] .
55:1 < aglx|? (=1 ,n;a;>0,v>1) (22.12)
hold.
Proof:
(a) Assume inequalities (22.10) and (22.11) to be satisfied and, in
particular, assume that initial values xo, f exist such that v(x, &) > 0,
#(xo, ta) = 0. According to Sec. 1(i), we introduce the funetion

v(t) = v(p(, xo, bo), 1)
which increases with ¢ since, as a consequence of (22.10) and (22.11),
o(t) > aw(l) (as = as/ay)

and hence
v(t) > v(ty) exp (as(t — b)) (22.13)

Consequently, a positive 7 can be chosen such that for ¢, = & + 7 the in-
equality
v(ty) > dleo|7
holds, where the constant as is independent of x,. Then it follows from
(22.13) that for ¢t > ¢t
M g ar
o)y T @
l’(() > T'([]) exp ((14(1 - {]))

= () exp (as{t — ) exp (—ayr)

a4

and since
Gllp(t, xo, )Y > v(t)
we finally find that

ailp(t, xo, L)Y > as exp (—7aq)|xo]” exp (as(t — b)) t>1h)

This is an inequality of the form (22.9).

(8) If v(ty) and () are of opposite sign in the preceding computations,
the considerations have to be carried out for the time interval ¢t < &. This
again leads to an incquality of the form (22.9).
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(¥) The following theorem is used to prove the necessity of the condi-
tions of Theorem 22.1:

THEOREM 22.2: Let w(x, t) € C, be defined on a domain of the motion
space and let

p(x, ) = [ o(p(r, x, 1), 7) dr (22.14)

Along the path of integration, p shall remain in the domain of definition
of w. Then the derivative for (22.7) is

= wpl+ h xt),t+h) — wx,t) (22.15)

Proof: Forming the derivative & for (22.7), an expression is obtained
which contains two integral terms in addition to the right hand side of
(22.15); the integrand is

i 611),+§_@=2@Q£ 1+E dw Ay

vo1 0P ot % Opk dr, re1 0Pk Ot
-y gy o
oo Ok \ [T 0

The expression in parentheses vanishes identically for all £ = 1,
(ef., e.g., Kamke [1], Scc. 18, No. 87). Thus, only (22.15) remains.

If Theorem 22.2 is applied with w = |x|?, a function v(x, t) is obtained
which satisfies the inequalities (22.10) to (22.12) for v = 2. If the equi-
librium is exponentially stable, & may tend towards . The function ob-
tained is positive according to the construction; it is even positive definite,
which can be shown as follows: Let |p|2 = £(r), then

;,—E= E dn' 227}&
1=1

and since f(x, t) is bounded in Ry, it follows that

,n

Z—fl<clp| =cVE  (¢>0)

€] =

Consequently,

v(x, ) = [ 7, 16(r, x, 1) dr

£=0
£
= d,
~/E-lxl’ f’ ¢

Iz
%‘ A \/E dg > C]I)(I3 (61 > 0)

v

i.e., v is positive definite. By (22.8) we obtain
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L]

o(x, ) < |x|262 / == dr < gylx|?

which shows that » is also decrescent.
If the equilibrium is unstable, h is chosen such that 2 > (1/a) log (1/8).
Without verification, Krasovskii [16] supplied the function

v, 8) = [ ol x 01 dr + [° Ip(r, % O] dr,
h = (4/a) log (2/6)

which is applicable in both cases and which increases faster along one branch
of the motion than it decreases along the other. Krasovskii [13] developed
a considerably more cumbersome topological construction of the function
v(x, t) of Theorem 22.1.
If, in addition to (22.10) and (22.11), inequalities of the form

v > ailx]7, [9] < az|x|” (22.14)
are valid, then the motion can be estimated above and below. For example,
as in the proof of Theorem 22.1 and in analogy to (22.13), the inequalities

D ag ,

< = = a4, v < v(t) exp (as(t — 1))
v )

are obtained for ¢ > &, = &y + 1, and then as above
ailp(t, xo, k)|* < a5

xo| v exp (—air) exp (as(t — t))

The considerations of part (8) of the proof of Theorem 22.1 can be trans-
ferred similarly. Thus we obtain the following extension of Theorem 22.1.

TuaeoreM 22.3: The existence of a function » satisfying, for sufficiently
small |x|, inequalities of the form

aflx|" < v(x, ) < aifx|”
aslx|” < [o(x, 1) < ajlx|”

is necessary and sufficient for every motion with sufficiently small values
of |xo| to admit an estimate of the form

Bilxo| exp (ault = t]) < |p(t, xo, to)| < Balxo| exp (aslt — ko),
0 < ag é [27)

along at least one of its branches.

23. DIFFERENTIAL EQUATIONS WITH HOMOGENEOUS RIGHT HAND SIDES

For the most part, the results of Sec. 22 can be extended to the case
where the comparison function #(r) of Theorem 17.4 is a power of r. The
most important class of such differential equations consists of the equations
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with homogeneous right hand sides. The simplest equation of this type is
£ = —axt (@ >0,k = 2, k integer) (23.1)

Here,
pt, 2o, 1) = (@d™% + alk — 1)(t — &))" 1¢-D (23.2)

If & is an odd number, the equilibrium is uniformly asymptotieally stable
and, in particular, for ¢t — £, > 0 the inequality

Ip(t, a0, to)| < |xo]*[a(k — 1)(t = ty)]71/2¢=D (23.3)
1s satisfied. Consequently, the functions
k(r) = 12
9(r) = (a(k — 1)r)-t/2G¢=D

can be chosen as comparison functions in the sense of Theorem 17.5. With
suitably chosen constants, Eq. (23.2) can be written in the form

piF = BxbF + a(t — b)
This leads to:

DerinitioNn 23.1: The motions of differential equation (2.7) have
weakly intensive behavior if every motion with sufficiently small initial
values admits, along at least one of its branches, an estimate of the form

|p(tr Xo, to)l'—" < ﬁlXoI'—" - alt - tol
(t>t or t<t)

Here, «, 8, and 5 are positive constants.

(23.4)

In the case of asymptotic stability, relation (23.4) is valid for ¢ < ¢,.
If ¢ and ¢, are interchanged, it follows that
lp(t, xo, L)|7" > B x| + aB~(t — k) t>t) (23.5)

and for sufficiently large ¢ — 1, for sufficiently small |x,| and for suitable
v > 0, the inequality

[p(t, %o, to)| < ¥V |xo(t = to)="* (23.6)
holds. In analogy to Theorem 22.1, the following theorem is obtained.

Treorem 23.1: The existence of a function v(x, t) satisfying inequali-
ties of the form
v < afx|?, [9] > as|x|7+" (23.7)

for sufficiently small |x| is necessary and sufficient for the motions of
differential equation (2.7) to have weakly intensive behavior. Here, a;, as,
n and v are positive constants.

Corollary: In the case of weakly intensive behavior, v € C, can be de-
termined such that, in addition to (23.7), the inequality
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a7l < ag|x|7! E=1,...,0a>0v>1) (23.8)

is valid.

Proof: The reasoning is the same as in the proof of Theorem 22.1. In

place of (22.13), we obtain the inequality
v az

pitaly > a7t

= a
and by integration
vo/r — p(0) Y < -—%m(t — &)
However, since
v > ai Vx|

an inequality of the form (23.4) results.
Theorem 22.2 is needed to show the necessity of the condition. Accord-
ing to (23.5), the inequality
Ip(r, x, )] < [x|(8 + a(r = DIx[)~1
is certainly valid in the case of stability. If a positive number is chosen for
v, the integral

o, 8) = [ Ip(r, x, Ol dr 23.9)

converges; it is of the type (22.14) with w(x, t) = |x|**". Now let
|x|"(‘r —t)=u
then for » = t:

© du
v = / BT awh

This is the first inequality (23.7); it proves the decrescentness of ». The
definiteness follows in the same way as in the proof of Theorem 22.1;
Theorem 22.2 yields the equation

D= — |x|"/+n

In the casc of an unstable equilibrium, an integral extended over a suitable
finite interval is used.

Let the components h,(zy, .. ., %,) of h(x) in the autonomous differ-
ential equation

%x = h(x) (23.10)
be homogeneous functions of rational order » > 0. Then
cp(e1t, xo, 0) = p(t, cxo, 0) (23.11)

Thus, the equilibrium is asymptotically stable in the whole if it is asymp-
totically stable,
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TueoreM 23.2 (Krasovskii [13]): Let the order m > 1 of the functions

k. be an integer. The differential equation (23.10) shall not have a bounded

solution for —» < t < 4+« other than the trivial solution. Then there

exists a Liapunov function » € C; which is independent of ¢ and which
satisfies the estimate

[9] > a|x|r+™1 (23.12)

in addition to the inequalities (22.10) and (22.12).

Krasovskii [13] provided a construction procedure for these functions
which is based on the same considerations as his proof of Theorem 19.1.
By means of Theorem 23.1, weakly intensive behavior is inferred from the
existence of these functions, and it is recognized that a Liapunov function
can be constructed under the assumption that v is of the form (23.9). In
addition, if relation (23.11) is used, we see that the functions » and o can be
determined as homogeneous functions of the coordinates x, . . ., Zn.

Zubov [11] proved the following stability criterion for differential
equations of the form (23.10): The existence of a Liapunov function v(x)
with the following properties is necessary and sufficient for asymptotic
stability:

1. The total derivative of v(x) for (23.10) is a negative definite form of
the order k > r 4+ 1;

2. The form »(x) and its partials satisfy the equation

fj:;’— i= (k41—

From Theorems 23.1 and 23.2 follows:

TuroreM 23.3 (Krasovskii [13]): If the autonomous differential equa-
tion (23.10), the order of which is supposed to be an integer, does not have
a bounded solution for —w <t < 4o, then all of its motions have
weakly intensive behavior.

It is not yet known whether Theorems 23.2 and 23.3 remain valid if
the functions h.(x) are homogeneous, but of nonintegral order. However,
the following theorem holds:

THEOREM 23.4 (Zubov [6]): Let the components h; of the right hand
side of the autonomous differential equation (23.10) be homogeneous func-
tions of positive rational order u # 1. Estimates of the form (23.6) are
assumed to be known for the solutions. Then estimates of the form

cilxo|"™ 4+ ca(t — to) < [p(E, xo, to)|'* < & [xo|*™* 4 €5 (t — t)

are valid. (Inthecase x > 1, the number u must be of the form (2p + 1)/¢,
where p and ¢ are integers). All motions have the same order of magnitude
with respect to t — &,
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Conjecture: Theorem 23.3 is very likely also valid for differential equations
whose right hand sides A; are homogeneous functions of nonintegral order.
For the case of nonautonomous equations with homogeneous right hand sides,
the following theorem seems to be true: If the equilibrium of such a differ-
ential equation is uniformly asymptotically stable, then its motions satisfy
an estimate of the form (23.6).

By means of his own method (cf. Sec. 21), Zubov showed that inequality
(23.6) may be replaced by a quite different statement: The following con-
dition is necessary and sufficient for every solution of (23.10) to satisfy an
estimate of the form (23.5): The domain of attraction of the system of
differential equations

& = —2 — hix) f=1,...,n)
is bounded.
This domain of attraction can be investigated directly (cf. Sec. 21).
Therefore, it is sometimes possible to decide whether or not (23.6) is
satisfied.

24. THE STABILITY BEHAVIOR OF LINEAR DIFFERENTIAL EQUATIONS

The following theorem is a consequence of the results of the remark to
Theorem 8.2. The terminology of Sec. 22 is used.

THEOREM 24.1: The motions of a linear diffcrential equation with
constant coefficients have significant behavior if and only if either all roots
of the characteristic equation have negative real parts, or if there is at
least one root with positive real part. In the first case the equilibrium is
exponentially stable, in the second case it is exponentially unstable.

An equivalent statement is valid for periodic linear differential equa-
tions

x=Alx (At +w) = Alt) (24.1)
with continuous and bounded coefficients.

THEOREM 24.2: The motions of a linear differential equation with
periodic coefficients have significant behavior if and only if its character-
istic equation has either only roots with absolute value less than unity, or
there is at least one root with absolute value greater than unity. In the
first case the equilibrium is exponentially stable, and in the second case it
is exponentially unstable.

In order to obtain the characteristic equation of (24.1) (its definition is
different from that of the characteristic equation of autonomous linear
differential equation, cf., e.g., Malkin [19]), the linear substitution S is
considered to which the fundamental system X(¢) of (24.1) is subjected if
the argument ¢ is replaced by ¢t + w:
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Xt 4+ w) = X(@)S (24.2)
The characteristic equation is then the eigenvalue equation of the matrix
S, ie.,

det S—Al)=0 (24.3)
Equation (24.3) is independent of the particular choice of a fundamental
system. The proof of Theorem 24.2 can be accomplished by means of the
theory of difference equations (cf. Sec. 39), or by the so-called Reducibility
Theorem of Liapunov [1].

DeriniTioN 24.1 (Liapunov [1]): A linear differential equation with
continuous and bounded coefficients is said to be reducible, if it can be
transformed by means of a nonsingular linear substitution

y = Q()x (24.4)

with bounded coefficients into a linear differential equation with constant
coefficients,
y =Ry (24.5)

Obviously, the existence of a matrix Q(¢) which satisfies a differential
equation of the form

QQ! + QAQ! = R, R = const
is necessary and sufficient for reducibility (cf. also Yakubovich [1]).
According to Liapunov, a periodic differential equation is reducible. In
particular, a periodic matrix Q(t) can be constructed by means of a funda-
mental system of differential equation (24.1), or of the adjoint differential
equation
x4+ AT()x = 0 (24.6)
respectively. The matrices R and S are connected by the relation
R= (1/w)log$
The equilibrium of (24.5) has the same stability property as the equilibrium
of (24.1). Thus, Theorem 24.2 follows by applying Theorem 24.1 to Eq.
(24.5). .
In the case of autonomous, or periodic differential equations, uniform
asymptotic stability is (by Theorem 17.5) a consequence of asymptotic
stability. Using Theorems 24.1°and 24.2 even exponéntial stability can be
inferred from the asymptotic stability in the case of linear autonomous, or
periodic differential equations. However, this conclusion is in general not
applicable for nonautonomous differential equations, as may be shown by
the equation mentioned in Sec. 17,

(24.7)

whose solution
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Lo

1+¢

does not tend exponentially towards zero. However, the following theorem
is valid:

z(t) = (1 + t)

TaEOREM 24.3: If the equilibrium of a linear differential equation is
uniformly asymptotically stable, then it is also exponentially stable.

Proof: Let xo:i(i = 1, ..., n) be n linearly independent initial vectors;
let p(Z, xos, to) be the corresponding linearly independent solutions and let
X(2, &) be the matrix of this fundamental system. Furthermore, let

Z(ty to) = X(t! O)Xl (to, 0)
Then the “general solution” is

p(t; X0, to) = Z(tr tU)XO (248)
and

Ip(t, %0, to)|2 = |Zx0|? = x0Z7Zxo t =t

Denoting the largest eigenvalue of the matrix Z7Z, in other words, de-
noting the norm of the linear operator Z, by w?(t, t), we obtain the in-
equality

lp(tv X0y to)lz g /"Q(tv t")[x(’l‘l
Comparing this expression with inequality (17.7), which holds by assump-
tion, we find, that «(r) can be chosen as «(r) = r and that u(¢, ty) satisfies
the inequality u(t, t)) < 9(t — ). Now, for t, < ¢, < t, the relation

Z(ta to) = Z(t, tx)Z(tl, lo)
is valid, from which

u(t, b) = u(t, bull, b)
follows. Repeated application of this inequality fort =t +nr(n=1,2,...)
yields the relation

l‘(tv to) é (#(to + T to))"
If now 7 is chosen such that ¥(r) < } and if

a = (log2)/r
then
u(t, b)) < 2exp (—alt — t))
and since |p| < u(t, to)|xo|, it follows that the equilibrium is exponentially
stable.
Theorem 24.3, formulated independently here, is a part of Malkin’s
[19, Sec. 75] proof of the following theorem:

TrEOREM 24.4 (K. P. Persidskii [4]): If a decrescent and positive defi-
nite function v exists for the linear differential equation

% = A() x (24.10)
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and if the total derivative # for (24.10) is negative definite, then the equi-
librium is exponentially stable.

(Liadchenko [1] established another sufficient condition for exponential
stability.) Theorem 24.4 follows from Theorems 18.3 and 24.3. Kuzmin
[1] showed that in cases where  is not negative definite, stability, or asymp-
totic stability, respectively, can occasionally be inferred. Somewhat more
precise statements can be made about the Liapunov function guarantecd
by Theorem 22.1 if the equilibrium of (24.10) is exponentially stable. This
is the content of

TaEorREM 24.5 (Malkin [15]): If the equilibrium of (24.10) is expo-
nentially stable, then a decrescent, positive definite function v(x, f) can be
constructed such that its derivative v is equal to an arbitrarily given nega-
tive definite form —w(x, t) of integral order m and with continuous and
bounded coefficients. Specifically,

p(x, t) = ﬁ * wip(r, x, 1), 7) dr (24.11)

Proof: Let a;, az and a3 be positive constants. Certainly,

alx|™ £ wlx, 1) = alx|”
and from (22.8)

17()(, t) = a xlm
which means that »(x, t) is decrescent. The definiteness can be inferred as
in the proof of Theorem 22.1. The rest of the statement is obtained from
Theorem 22.2.

As in the case of Theorem 22.1, a Liapunov function analogous to
(24.11) can be found if the equilibrium of (24.10) is completely exponen-
tially unstable. In this case, the integration has to be carried out over a
suitable finite interval t £ r < ¢t 4+ h.

Theorems 24.4 and 24.5 have also been found by Antosiewicz and
Davis [1].

If w is chosen as a quadratic form, w = x”Q(f) x, then v will also be a
qubdratic form, v = x"P(f) x. Gorbunov [1 to 4] thoroughly investigated
the relations between these two forms without imposing conditions on the
stability behavior of (24.10). The relation between P, Q and A is

P+ AP +PA=-Q (24.12)

Denoting the minimum of the form w for fixed ¢ under the side condition
v = 1 by »(t), we obtain the following

THEOREM 24.6 (Gorbunov [3]): A necessary and sufficient condition
for the asymptotic stability of the equilibrium of (24.10) is: there exist two
quadratic forms» = xTPx, w = x7Qx, related by (24.12), which are positive
definite for every finite fixed ¢ and of such a nature that the integral
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L " () dr
increases beyond any bound as t — .

Apparently, »(?) is equal to the smallest eigenvalue of QP?; therefore,
this theorem belongs to the realm of Sec. 15.
We consider the system of equations

i‘,=%a¢j(t)xj t=1...,n—-1)
j=1

n
pE, = ‘El a,.j(t) T,
i=

where u is a small parameter. The question of interest is whether or not
conclusions on the stability behavior of this system can be drawn from the
stability behavior of the equilibrium of the system of order n — 1 which
corresponds to the value p = 0. If the equilibrium of the degenerate sys-
tem is exponentially stable, a quadratic form can be constructed as a cor-
responding Liapunov function. If the term

p.xn(g)(t) A R o gn(t) x")

is added so that a Liapunov function for the complete system is obtained,
and if the definiteness conditions are evaluated, the following statement
results: If the absolute value of the coefficient a..(t) is always larger than a
fixed positivé number, then exponential stability of the complete system
follows from exponential stability of the degenerate system, provided u is
sufficiently small and is opposite in sign t0 a,.(f). (Razumichin [6], without
the assumption of exponential stability. Cf. also Gradstein [1].)

If the equilibrium of (24.10) is stable, a quadratic form v can easily be
found which satisfies the assumptions of Theorem 4.1. To compute this
form, we may apply the method of K. P. Persidskii [4] which was men-
tioned in connection with Theorem 18.1. Because it follows from (24.8)
that xo = X(%, 0) X'(¢, 0) p. Consequently,

v(x, §) = IXI(t, 0)x[?

is a Liapunov function of the desired kind. Gorbunov [2] determined such
quadratic forms in a different manner.

25. THE ORDER NUMBERS OF A LINEAR DIFFERENTIAL EQUATION

(a) Every solution of the linear differential equation (24.10) has a well
determined order number (ct. Definition 22.2). In particular, the following
theorem is valid:

TrEOREM 25.1 (Liapunov [1]): Every solution of (24.10) (except the
trivial) has a finite order number.
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Proof: let
z = eMx (25.1)

be a new variable, and let X be a parameter. Then
Ll = 154Nz with SEN =AT+A+DU  (25.2)

Since A(f) is bounded, two values A; and N\, can be chosen such that the
corresponding matrices S have only positive and negative eigenvalues, re-
spectively, for ¢ 2 0. Then, with suitably determined constant « > 0,

2alz|? < 27S(t N) 2z, —2alz|? > 27S(, \) z
for t = 0. By integration of (25.2), the inequalities
(’al|Zo| < |ZI ()\ = )\1) or 6—M|Zol > {Z; (}\ = )\2)

follow, and from (25.1) it can be concluded that the order numbers of the
solutions x(¢) of (24.10) lie in the interval (a — A\, a — Ny).

If the differential equation has the particular form (10.7), the same
procedure as above shows that the largest order number is at most equal
to the largest real part of the eigenvalues of A. Because. if the linear sub-
stitution (25.1) is carried out and if the quadratic form ¢ = z7Bz is chosen
as a Liapunov function, where B is determined by

A’B + BA = —(U + 2)B)
(cf. Sec. 8), then
b= —|z]* = ZF(Q"B + BQ) z

As a consequence of the assumption about Q. # is negative definite. The
cquilibrium of the differential equation in z is then asymptotically stable if
and only if the matrix B is positive definite; i.e., if and only if the matrix
A 4+ AU has only eigenvalues with negative real parts. Then the largest
real part occurring is the least upper bound for the admissible A-values.

In simple cases, the order numbers can he compared with the values of
a suitable Liapunov function. By this, estimates of the order numbers can
be obtained (cf. also Sec. 15). From the inequality for |zi| in Seec. 15,
Gorbunov [4] immediately obtained upper bounds tor the order numbers.

(b) Let xi, . .., xs» be any fundamental system of differential equation
(24.10). Because of Theorem 25.1, the sum
w(x1) + -+ w(xn) ' (25.3)

is bounded; for certain fundamental systems it takes on its minimum.
Thus, the following definition is meaningful:

DeriniTioN 25.1 (Liapunov [1]): A fundamental system for which the
sum (25.3) takes on its minimum, is called normal; the order numbers of a
normal fundamental system (arranged according to their numerical values)
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are called the order numbers of the differential equation. (They are uniquely
determined.)

If the order numbers of a fundamental system are all distinct, the
fundamental system is already normal. Because of the property (22.2),
the sum (25.3) can never become smaller in the transition to another funda-

mental system.
If X(t) is the matrix of a normal fundamental system, if s(¢) is its trace
and if d(t) is its determinant, then (cf., e.g., Kamke [1], Sec. 19)

¢

(@) = lim sup% / s(u) du
] 0
since (25.4)

d(t) = exp (/(: s(u) du)

(The initial instant # which was of importance in Sec. 24 is unimportant
here; it may be put equal to zero.) If n(d) is estimated in accordance with
(22.2) and (22.3) by means of the order numbers \y, . . ., \, of the differ-
ential equation, and if (22.4) is considered, then

LGPV R (25.5)

DerinitioN 25.2 (Liapunov [1]): The differential equation (24.10) is
called regular if

1. the sum of its order numbers equals the order number of d(%), and if

2. the relation = (d) + =(1/d) = 0 holds.

1t is readily concluded that every autonomous linear differential equa-
tion and, more generally, every reducible (Definition 24.1) differential
equation is regular. The following theorem is valid for regular differential
equations:

TrEorREM 25.2 (Liapunov [1], Perron [2]): Let differential equation
(24.10) be regular; let \; = X2 £ --- = \, be its order numbers and let
1 = p2 = v+ = Mg be the order numbers of its adjoint differential equa-
tion

y+ATy=0 (25.6)
Then
Mt u=0 r=1,...,n) (25.7)

Proof: If Y is the matrix of a normal fundamental system of (25.6) and
if X has its former meaning, then XTY = const, as can casily be verified by
differentiation. From (22.3) it follows that N\, + u, = 0. On the other
hand, Y = XITC. Consequently, the elements of Y can be expressed in
terms of the determinant d(f) and its minors and the order numbers of the
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elements of Y can be estimated by means of (22.3) and (22.2). Taking the
regularity into account, it is recognized that N\, £ —u,. This proves the
truth of the statement of the theorem. At the same time, it is seen that
differential equation (25.6) is regular. Relation (25.7) is, by the way,
sufficient for the regularity of the differential equations (24.10) and (25.6)

(Perron [2]).



THE SENSITIVITY OF THE
6 STABILITY BEHAVIOR
TO PERTURBATIONS

26. STABILITY ACCORDING TO THE FIRST APPROXIMATION

Let the stability bohaﬁor of the equilibrium of the differential cquation

A x=1fx1t) (FEC) (26.1)
be known. In addition, let the modified differential equation
x = Hx, t) + g(x, t) (fF+g€C) (26.2)

be given. Then the problem of the sensitivity of the stability behavior of
Eq. (26.1) arises; in other words, the question arises as to the effect of the
additional term g(x, t) on the stability or instability of the equilibrium. In
one of the simplest cases where f is a lincar function with constant coeffi-
cients, this question is partially answered by Theorem 10.1. It shows that
the stability behavior for a sufficiently small additional term is insensitive,
provided the trajectories have significant behavior. The requirement
“sufficiently small” can be more closely described. On the other hand, the
stability is sensitive in the case of critical behavior, for even an arbitrarily
small additional term can change the stability behavior.

Theorem 10.1 can be considerably extended and generalized by applica-
tion of the results of Chap. 5, but a general answer to the question above
is not yet available.

TrEOREM 26.1 (Krasovskii [13]): Let the motion of (26.1) have intensive
behavior and for sufficiently small |x| < & let there be an estimate of the form
It O] <blx| (> 0) (26.3)

100
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for the additional term of (26.2). Then, if b is sufficiently small, the differential
equations (26.1) and (26.2) have the same stability behavior.

Proof: (Krasovskii [13]): A Liapunov function is constructed accord-
ing to Theorem 22.1 and its total derivatives are formed for (26.1) and
(26.2). Because of (22.11) and (22.12) (in the case where 7.1y < 0) the
inequality

n

. 0
bosny = sy + X é—;:)fgi < —ay|x|" 4+ nbas|x|

1=1 *
holds. For sufficiently small b, the function o s.5) is also negative definite.
Thus the same stability theorem can be applied to both differential equa-
tions. (A different proof for the case of stability was given by Barbasin
and Skalkina [1].)

Conjecture: 1t seems that Theorem 26.1 is valid even with the assumption
“significant”’ instead of “intensive.”

The most important application of Theorem 26.1 is made with regard
to the question of stability according to the first approximation. If (under
the assumption f& C,)

af:
Ll —au, AW = (@)

axk x=0
holds, then Eq. (26.1) can be written in the form
% = Al)x + g(x, 1) (26.4)

This is an equation of the type (26.2). The “reduced” differential equation
with which it has to be compared is linear:

x = A(t)x (20.5)
Since the series expansions of the components of g(x, ¢) begin with terms of
at least second order, an estimate of the form (26.5) can be made.

THEOREM 26.2: If the motions of the linearized differential equation
(26.5) have intensive behavior, then the complete and the reduced differential
equation have the same stability behavior.

Corollary: If the reduced differential equation is either autonomous, or
periodic, then Theorem 26.2 is valid even with “significant’” instead of
“intensive.” This follows from Theorem 10.1 in connection with Theorems
24.1 and 24.2. This corollary is often applied in practice if the stability of
the periodic solution of an autonomous, or periodic differential equation is
to be studied. Ifor instance, let the canonical system (7.1)

. _oH 8H .

q,._apiv P = 39i (z—l,...,n)
be given, and let 7,, §: be the components of a special solution. In analogy
to (2.5), the expressions
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i = Gi + x4 pi = Pi+ yi
are substituted into the equations of motion and the right hand sides of

these equations are expanded with respect to powers of the z, and y.. Then
the differential equations of the perturbed motion are obtained (cf. Eq.

(2.6)):

n 2 2
%, Z(BH 0*H

%*
ap a0 e + 3pIm yk) + ¢

k=1

. v d?H a2H *

0= = Z (3505 * s0am w) + ¥
The asterisk indicates that the quantities 5 and g are to be substituted for
p and g. The functions ¢; and y; contain the terms of higher order. The
linear part represents the “equations in the variations” ; it is periodic if the
special solution is periodic. Due to the particular form of the linear part,
sometimes a Liapunov function can be given immediately. For example, if

V=t + Taln

is used, it can be seen that the equilibrium is unstable if the quadratic
forms which correspond to the matrices

oH \* 9°H \*
(6p1<9m> an (—Gqﬁq)

are both positive definite (Pozarickii [1]). This result is valid also for non-
periodic p, q. (Pozarickii treated the problem in the case of somewhat
more general equations of motion in another paper [2].) Cf. also Theorem
23.1.

Problem: It is not yet known whether stability according to the first approxi-

mation also exists for differential equations with almost-periodic linear part.
This problem is closely related to that formulated in Sec. 17.

A special case of a linear differential equation with an almost-periodic
right hand side and an exponentially stable equilibrium was treated by
Stelik [2].

For considerations such as the previous ones it is generally assumed
that the right hand side of the differential equation of the perturbed motion
is at least continuous. However, Aizerman and Gantmakher [1] showed
recently that one can also allow finite jumps. For this purpose, the equa-
tion of the first approximation must be defined in a suitable manner.

Perron [4] presented the following criterion: The matrix A(f) shall be
of such a nature that the nonhomogeneous differential equation

x = A()x + K¢t)

where f(t) is arbitrary, but continuous and bounded, has only bounded
solutions. Then stability exists according to the first approximation. It
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can be shown (Malkin [19]) that Perron’s condition is equivalent to expo-
nential stability of the equilibrium of (26.1). (Cf. also Massera and
Schiiffer [1].) _

The conditions of Theorems 26.1 and 26.2 are not necessary conditions.
For instance, the requirement of exponential stability can be weakened.

TueoreM 26.3 (Malkin [4]): Let the estimate
lgt, O] <blx"  (r>1) (26.6)

be valid for the nonlinear part of (26.4), and for the solutions of the
linearized differential equation (26.5) let (22.8) be replaced by

[p(t, xo, to)| < Berhe—at—t) (t > t)
with 0 < p < (2r — 1)a. Then the equilibrium of the complete differential
equation is asymptotically stable and we even have
lim evx(t) = O

{—w»
provided v < p/(2r — 1).
Similar theorems can be found in papers of K. P. Persidskii [2], and
Reghig [1].
Without excluding exponential stability, the assumptions can be
changed by replacing (26.3) by

30, O] < () Ix|
where (1) is subjected to certain limitations in rate of change (Germaidze
[1]). Corduneanu [2] established a criterion in which a condition of the
form |g| < w(|x|, t) appears. Here, the scalar function w is of such a nature
that the equilibrium of a certain scalar differential equation

¥ = py + quy, )
is asymptotically stable. Somewhat differently oriented are some results
on the linearly perturbed differential equation

x = (A@) + B@®) x

in comparison with the unperturbed equation x = A(f) x. The best result
available was given by Massera [4].

In the case of differential equations with weakly intensive behavior as
treated in Sec. 23, the solutions are not compared with exponential func-
tions, but with powers of ¢. In this case it is also possible to formulate
theorems on the stability behavior of perturbed differential equations.

TrEOREM 26.4 (Krasovskii [13]): Let the motions of the differential
equation (26.1) be weakly intensive and let the additional term of (26.2)
satisfy an estimate of the form

IS(X’ t)l < blxI"
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where n is the number defined in (23.4) and where b is sufficiently small.
Then the differential equations (26.1) and (26.2) have the same stability
behavior.

The assumptions are satisfied, for instance, if (26.1) is autonomous with
homogeneous right hand sides of integral order and if (26.1) does not have
solutions bounded for all ¢ (c¢f. Theorem 23.3).

This theorem can be proved in the same manner as Theorem 26.1 by
using the Laipunov function whose existence is guaranteed by Theorem
23.1. At the same time, it follows from Theorem 18.1 that the equilibrium
of the perturbed differential equation is uniformly asymptotically stable.
This theorem was originally proved by Malkin [14] for the case of differ-
ential equations with autonomous principal part. By a different approach
Massera [4] showed the uniformity of the asymptotic stability directly.

If the components of the right hand side of (26.1) are homogeneous
polynomials and if the equilibrium is unstable, then instability of the
equilibrium cannot be inferred in general, not even if (26.1) is autonomous,
as Krasovskii [13] showed by a counter example. To infer instability, the
existence of bounded solutions must be excluded.

A related criterion was given by Sestakov [1].

Two special theorems will be mentioned here, which partially belong to
the realm of fotal stability (cf. Sec. 28).

TueorEM 26.6 (Krasovskii [8]): Let (26.1) be autonomous; let the
equilibrium be unstable and let there be a neighborhood of the origin which
does not contain any complete trajectory. Then there exists a continuous
function

7(x)  (n(x) >0 for x0,7(0) =0)

with the following property:
If

2 966, 0 < 1)

the equilibrium of (26.2) is also unstable.

THeoreM 26.7 (Malkin [18]): Let the differential equation (26.1) be
autonomous, or periodic, with an asymptotically stable equilibrium. In a
certain neighborhood of the origin, g(x, t) tends uniformly towards O with
increasing t. Then the equilibrium of (26.2) is also asymptotically stable.

Remark 3 of Sec. 4 is used in the proof.

27. THE THEOREM OF LIAPUNOV ON REGULAR DIFFERENTIAL EQUATIONS

In a noteworthy theorem on stability according to the first approxima-
tion, the concept of the regular differential equation (cf. Definition 15.2)
is used.
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TreorEM 27.1 (Liapunov [1]): Let differential equation (26.4) be
given and let the differential equation (26.5) of its first approximation be
regular. If its order numbers are all negative, the equilibrium of (26.4) is
asymptotically stable; if at least one of its order numbers is positive, the
equilibrium of (26.4) is unstable.

Proof (According to Chetaev [7]; the original proof of Liapunov does
not make use of the direct method): The notation of the proof of Theorem
25.2 shall be used. The fundamental systems X and Y shall be normalized
such that X7Y = U. Furthermore, let

MSEARE - =SB0

and let D be the diagonal matrix with the diagonal elements
e)\ll’ RN e)\ut

If the new variable
z = DYTeftx

is introduced, then by Theorem 25.2 and by (22.2) and (22.3):
m(z) S 7(x) + B
On the other hand, x = ¢=#XD’z and from this it follows that
T(x) £ 7(z) — B
ie, m(z) = 7(x) + 8. Now, let 2v = |z|2. If the total derivative of v is
formed for the differential cquation in z obtained from (26.4), the relation
b = 27(DD + BU) z + 27(BDYTg(x, 1)) z (27.1)

follows. In the nonlinear part, all terms are of at least fourth order with
respect to the components z; of z. The matrix ¢#'DYT tends towards zero
with increasing ¢; since, because of the regularity, the characteristic num-
bers of the variable vectors y, are equal to —\,, and 8 is negative. There-
fore, the second term r(z, t) of (27.1) satisfies the estimate

Ir(z, t)] < alz|? (Iz| £8,t=t,a>0) (27.2)
with properly chosen numbers § > 0 and ¢, > 0. Since
ZOD +pU)z = 2 (\+ 6) o
it follows that
lz]2 = (\ + B + a) |z[? (t 2 t)

1}:

Ol
I

If the initial point z, is chosen such that the corresponding solution z(t) of
the differential equation for z remains for {, < t < ¢, within the domain
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defined by (27.2), then there exists a constant ¢ > 0 such that for suffi-

ciently large ¢
[z()* < cexp 2\ + B + ) 1)

and, consequently, for sufficiently small a
mz) EM+B+a 7)) =M+ a<0

This proves the asymptotic stability of the equilibrium of (26.4) and the
first part of the theorem. Now, if the largest order number X\, is positive,
let z = DY”x. As above, but with 8 = 0, we obtain

m(z) £ w(x) (27.3)

The component z, satisfies the differential equation

n
D 2= M2Za T geline™
1=1
from which
t n
Zn = ceMt 4 eMt L 2 gy dt
i=1

follows. If the equilibrium were stable, the functions g, would be bounded
for sufficiently small initial values; the order number of the integral would
be —\, and hence the order number of the second term would be non-
positive, so that

by (22.2): m(zn) = N > 0

and by (27.3): m(x) = A >0

follows in contradiction to the assumption of stability. Consequently, the

equilibrium of (26.4) is unstable.
A slight modification of the proof leads to the following:

Corollary (Chetaev [7]): Assume that the differential equation (26.5) of
the first approximation is not regular. If all its order numbers are smaller
than the always negative quantity (cf. (25.5))

—k = —7(x) — +++ — 7(xa) — w(1/d)

then the equilibrium of (26.4) is asymptotically stable; if at least one of
the order numbers is greater than «, the equilibrium of (26.4) is unstable.
If the inequality
Ig(x, t)] < alx|” with r>1
is satisfied, then the condition
A < "'K/ (T - 1)

is sufficient for asymptotic stability of the equilibrium of (26.4) (Massera
(4.

The criteria for the stability according to the first approximation
formulated in the theorems of Secs. 26 and 27 are not equivalent: The
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regularity of a linear differential equation is neither necessary nor sufficient
for intensive behavior of its motions, which can be seen from counter
examples (Perron [4], Malkin [19]). A criterion has been formulated by
Maizel [1] which comprises the theorems just mentioned; but it only states
sufficient conditions. A theorem comprising the necessary and sufficient
conditions for the general case of stability according to the first approxima-
tion is not yet known. Chetaev [11] gave an instructive survey of this
group of problems.

28. TOTAL STABILITY

In Sec. 26 it was assumed that the differential equations to be com-
pared, namely (26.1) and (26.2), both have the trivial solution; i.e., in
particular, that g(0,¢) = 0. If (26.2) is considered as the equation of
motion for a real, physical system upon which certain small perturbation
forces act, described by g(x, t), it must be realized that often such forces
are not accurately known; in general, there are at most estimates for the
perturbations. Thus, the assumption g(0, t) = 0 is an idealization not
justified by physical reality. If this assumption is dropped, the “stability”’
statement that small perturbation forces g(x, t) produce only small devi-
ations cannot be formulated by means of the stability concept defined in
Sec. 2; an extension of this concept is needed.

The right hand side of the differential equation

x = f(x, 1) (28.1)
as well as the right hand side of the “perturbed” differential equation
x = Hx, t) + g(x, t) (28.2)

shall be continuous and shall belong to the class E. Furthermore, let
f(O,t) = O fort = t,.

DeriniTioN 28.1: The equilibrium x = O of the differential equation
{(28.1) is called totally stable, if for every e > 0 two positive numbers 8, (¢)
and 8:(e) can be found such that for every solution p(t, xo, %) of (28.2), the
inequality

lp(t, xo, to)| < € (t > t)
holds, provided that
x| < or
and
lg(x, t)| < 82 (28.3)
in the domain ¢,

In the Russian literature this type of stability is called stability under
constantly acting perturbations. The concept was introduced by Dubosin [4]
with proper modification of Definition 28.1 for an arbitrary motion of
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(28.1). Vorovich [1] recently extended the definition to the case where
the perturbation forces are statistically given random functions.

THEOREM 28.1: If the equilibrium of (28.1) is uniformly asymptotically
stable, then it is also totally stable.

The proof of this theorem was given in different, but equivalent, forms
by Gorsin [1] and Malkin [9, 19]. Gorsin’s considerations seem to be
independent of those of Malkin. Antosiewicz [1] gave another proof.
Malkin’s proof is based on the following:

Tureorem 28.2 (Malkin [9]): If a positive definite Liapunov function
v(x, t) exists whose partial derivatives are bounded in a domain and whose
total derivative for (28.1) is negative definite, then the equilibrium is
totally stable.

Proof: According to Theorem 1.2, v is decrescent. Thus there exist
three functions ¢(r), ¥(r) and x(r) of the class K such that

e(x) = vlx, O = ¥(xD), s = —x(Ix])
Let ¢ > 0 be given and let 0 < 8 < ¢(¢). Then there exists a number
v = v(8) > 0 such thatf from v(%, t) = B the inequality
v < |¥ < e
follows and, in addition,
besay (%, 1) < —x(v) (28.4)

The functions i(s.1) and ds.2) differ by the occurence of the term

“ o
§ 62:@
which (because of the additional assumption) can be made arbitrarily small
by suitable choice of §; in (28.3). Thus with sufficiently small é,, we also
have 9.5y < 0 in the domain |x| < 8. Now, choose & = &;(¢) such that

o <e and v(ty) = v(xe, b)) < B I x| < &
Then
Iplt, xo, o)l <€ (t>t)

If this inequality were not valid for ¢ > t,, we would have v(4,) > 8 since
B < ¢(e). But v(ty) < B and, since vy < 0, the function »(t) decreases
monotonically.

Theorems 18.3 and 28.2 together yield Theorem 28.1.

If the differential equation (28.2) is autonomous and if its equilibrium
is asymptotically stable, then the domain of attraction of the equilibrium
is, in a certain sense, insensitive to perturbations. A function g(x), inde-
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pendent of ¢, can be found such that the equilibrium of (28.2) has the same
domain of attraction as the equilibrium of (28.1), provided that

lg(x, )] < g(x)
(Evidently, it must be required that g(0, ¢) = 0.) Zubov [6] proved this
theorem by means of the methods of Sec. 21. Massera [2] considered the
periodic solution of a differential equation with periodic coefficients under
the assumption that the periods of the solution and of the equation are
incommensurable. Massera stated conditions for the total stability of this
solution.

Krasovskii [6] introduced the concept of total stability in the whole for
autonomous differential equations. In addition to the conditions of Defi-
nition 28.1 it is required that for every ¢ > 0 there exists a number 5(¢) > 0
such that for every solution x(f) of (28.2) lim sup |x| < e (t — =), provided
that in the domain ., an inequality of the form

sl < ax(x])
holds. In this inequality, «(r) is a given positive function which character-
izes the growth of the perturbation function in the phase space. A general
condition for total stability in the whole is not yet known. Krasovskii [6]
restricted his investigations to the derivation of sufficient conditions for
the differential equations treated in Sec. 14, under (b) and (c). He also
considered the system

T = fl(x; y)v y = fZ(S)v § = ar — by

which has been investigated before by ErSov [1, 2]. This system admits
a control engineering interpretation.

The Insensitivity Theorem 28.1 remains valid if, with regard to the
perturbation functions, only ‘‘smallness in the average” is assumed in
place of (28.3). In this case, the existence of a continuous function ¢(t)
must be required which satisfies in the domain 4, the inequalities

ST ew du <8, gt 0] < () (28.5)

Here, 7 is an arbitrary positive number. The bounds §, and é;, defined in
Definition 28.1, may depend on r (Germaidze and Krasovskii [1]). Under
very general assumptions on the right hand side of (28.1), Vrko¢ [2] closely
investigated the case in which the perturbation function g(x, t) in (28.3)
satisfies certain integral conditions (integral stability).

The criteria mentioned in Sec. 4, Remark 5, and Sec. 17, Remark 1,
which are based on a differential equation for », can also be expressed for
the previously formulated insensitivity statement: The equilibrium of
(28.1) is totally stable, or integrally stable (in the sense of Vrkoé, or
Germaidze-Krasovskii) if the corresponding is true for the equilibrium
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y = 0. In addition, a Lipschitz condition for » must be satisfied

(Corduneanu [3]).
Theorem 28.1 cannot be inverted (Massera [4], Erratum). However,

the following is valid:
TreoreM 28.3 (Massera [4]): If the equilibrium of the linear differ-
ential equation

x = A() x
is totally stable, then it is uniformly asymptotically stable (and, by
Theorem 24.3, also exponentially stable).
Proof: Because of the total stability, the equilibrium of the linear
perturbed auxiliary equation

y = (A® + )y
is stable for sufficiently small » > 0. However,
x(t) = e~y ()
from which the uniformity of the asymptotic stability follows.



7 THE CRITICAL CASES

29. GENERAL REMARKS ON THE CRITICAL CASES

A critical case exists if the equilibrium of the linearized differential
cquation of a given complete equation is stable, but not exponentially
stable (¢f. Sec. 8 and Sec. 26). In this case, the stability behavior of the
complete differential equation is no longer determined solely by the linear
terms of the power series expansions of the right hand sides; it depends
rather on the terms of higher order. Consequently, the critical cases are
not actually special cases; they arc characterized by the fact that a par-
ticular special case is not present. I'rom this it follows that the theory of
such cases does not involve general criteria such as, for example, that of
stability according to the first approximation. Although criteria could,
in principle, be established for a theory of “stability according to the
second approximation,” etc., the numerous necessary discriminations did
limit the investigations to the consideration of some special differential
cquations. The few general theorems do not actually represent criteria;
they contain assumptions under which stability statements can be made
by means of a finite process, for example, by constructing a differential
equation with the same stability behavior as the original equation, but of
simpler structure. Since criticial cases occur quite frequently in concrete
problems of physics and mechanics, such reduction procedures are of con-
siderable importance for applications, provided they are reasonably amen-
able.

In the following sections, the simplest critical cases of autonomous
differential equations will be treated. Some of these cases have already
been solved by Liapunov [1]. Several approaches are available in general
to solve the stability problem. In the sequel, always that procedure in

111
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which the direct method is used will be sketched. A presentation of the
theory in form of a textbook was given by Malkin [19] (cf. also Dubogin
[7], Zubov [6]). In order to arrive at a classification of the critical cases
for autonomous differential equations, the following can be done. Let

x = Ax + g(x) (g € C., cf. Sec. 1(e)) (29.1)

be the given differential equation, written in the form (26.4). The real
parts of the eigenvalues of A shall be nonpositive. Those eigenvalues which
have vanishing real parts are called critical; their number determines the
degree of difficulty of the investigation. One eigenvalue is critical in the
simplest case; i.e., the characteristic equation of A has one simple vanishing
root. The following can occur in the case of two critical eigenvalues: (a) two
purely imaginary roots which are conjugate complex, (b) a vanishing double
root to which an elementary divisor of second order corresponds, and (c) a
vanishing double root with two elementary divisors of first order. In the
case of three critical eigenvalues, there are four subcases, etc.

In order to solve the stability problem, the differential equation is at
first subjected to a linear transformation such that the variables split into
two groups, corresponding to critical and noncritical eigenvalues. Then
certain nonlinear transformations arc applied which, in a sense, eliminate
the cffect of the noncritical variables without changing the stability of the
equilibrium. Thus, a differential equation is obtained which is equivalent
to the original equation with respect to stability but which contains only
as many variables as there are critical eigenvalues. Finally a suitable
Liapunov function is constructed for this reduced differential equation
which enables one to decide upon the stability of the equilibrium.

30. THE TWO SIMPLEST CRITICAL CASES

(a) The matrix A of (29.1) shall have the single critical eigenvalue 0.
By the linear transformation, mentioned at the end of Sec. 29 and by a
suitable renotation of the variables, the differential equation changes into
the form

Yo = go(Yo, Y1, - « -, Yn) (30.1)
¥i = j?l Piiyi + Do + 9o, Y1, - -+, Yn) G=1,...,n) 302)

The power series expansions of g, g; begin with terms of at least second
order. The equations

n
j§1p.-jyf+ P+ ¢, ¥y, .., ¥) =0 (@E=1,...,n)

can be solved with respect to the variables yy, . . ., ¥, since the functional
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determinant does not vanish at the point (0,. .., 0) as a consequence of
det (p.;) # 0. Its solution shall be denoted by
w(yo), . . . y u,.(yo)
The substitution
Yo=2, Yi=zitulp) @GE=1...,n)
transforms (30.1) and (30.2) into
2'() = ho(fo, 21y v e ,Z,,) (303)

b= 2 pigi+ bz, . ..,2)  G=1,...,m)  (30.4)
i=1

In these equations, the function h; contains the term

_du, _du
_dZoo—dZo

The differential equations (30.4) are characterized by the fact that the
critical variable 2o no longer occurs linearly. Furthermore, the term (30.5)
causes the order of 2z in (30.3) to be not larger than the order of z, in the
Eqgs. (30.4). However, the assumption must be made that the function
ho(zo, 21, . . . , 2.) does not vanish identically.

Let the expansion of the expression ho(z, 0,...,0) in powers of 2z,
begin with the term

ho (30.5)

U;

gz5  (m 2 2) 30.6)
Then the following theorem is valid:

TreorEM 30.1 (Liapunov [1]): Let the assumptions just formulated
for the differential equations (30.3) and (30.4) be satisfied. If m is an even
number, the equilibrium z = 0 is unstable; consequently, the equilibrium
of (30.1; 2), or of (29.1), respectively, is unstable. If m is odd and g > 0,
the result is the same. If m is odd and g < 0, the equilibrium is asymptoti-
cally stable.

Proof: The proof can be given by means of the direct method as follows.
If there is only a single equation (n = 0), the Liapunov function

v=gz5  (for odd m)
or (30.7)
v = gz, respectively (for even m)
is chosen. Its derivative
b= 2¢%F*" 4+ ..., respectively o = g%l + ---
is always positive definite, and the statement of the theorem follows from

Theorem 4.1, or 5.2, respectively. If n = 1, a Liapunov function v, is
obtained by adding to (30.7) additional terms, namely:
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1. the quadratic form z'Bz, taken with the negative sign, which is
formed in accordance with the procedure of Sec. 8 for the linear system

Gi=pannt o FPmta  (@=1,...,1n)
2. a linear combination of 23, 23, . . . , 2, whose coefficients are certain
linear forms of the nonecritical variables zi, . . ., z,. The coefficients are to

be chosen such that #, is definite. It can be shown that these coefficients
are uniquely determined by these requirements. The Liapunov function
so constructed has the same properties as the function v defined by (30.7).

The exceptional case, excluded above, is solved by the following:

TreoreM 30.2 (Liapunov [1]): If the function ke of (30.3) vanishes
identically, then the equilibrium is weakly stable. In this singular case,
the equilibrium belongs to a family of stationary motions 2o = const,
z, = 0, or 5o = const, ¥, = ui(yo), respeetively, @ = 1,...,n).

This theorem can be generalized.

TreoreM 30.3 (Liapunov [1], cf. also Malkin [6]): Let two differential
equations be given for the k-rowed vector y and the n-rowed vector x:

\} = S(Xr Y t)v X = PX "I‘ h(x, Y t)
The power scries expansions of the components of g and h, with respect to
the variables x,, y;, shall begin with terms of at least second order. Further-
more, let
30,yv,) =0, h©O,y,t)=0

and let the constant matrix P have ounly eigenvalues with negative real
parts. Then the equilibrium is weakly stable, and every solution suffi-
ciently close to the equilibrium tends, with increasing ¢, towards a sta-
tionary solution of the form

y = c(= const), x=0

Theorem 30.1 permits a solution of the stability problem for the differ-
ential cquation x = [(x) in the critical case. But as a consequence of the
complicated procedure of the proof, it does not make it very clear how the
stability behavior of the equilibrium is determined by the structure of the
differential equation. This question is answered by :

Tueorem 30.4 (Krasovskii [11]): If the Jacobian matrix (9f;/dx:) has
the simple eigenvalue 0 at the point x = O, and if in a neighborhood of
this point it has only eigenvalues with negative real parts, then the equi-
librium is asymptotically stable. However, if at every point of a neighbor-
hood of x = 0, this point excluded, there is an eigenvalue with positive real
part, then the equilibrium is unstable.

The proof, which was given by Krasovskii [5] for the special case n = 2
and later for the general case, is also based on a nonlinear transformation
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which results in equations of a form analogous to (30.3) and (30.4). For
these equations a suitable Liapunov function is constructed. Difficulties
arise in the discussion of the sign of that term which corresponds to (30.6).

(b) Let the matrix A of (29.1) have two purely imaginary eigenvalues
#i\. The differential equation can then be put into the form

y=Ly+3sl,x), x=Px+ Qy+hiy,x) (30.8)
Here, y is a 2-rowed vector, x an n-rowed vector, and
0 —
L”(+A 0)

First, let n = 0; then only the critical variables ¥, y» occur. The first equa-
tion of (30.8) is written in the form

y =Ly + g®(y) + g®() + --- (30.9)

All terms in which the variables are of the kth order are contained in the
function g®(y). The Liapunov function is written as a secries

v=yl+y3 + fily) +fuly) + -~ (30.10)

which correspondingly progresses by forms of second, third, ... order.
In particular, these forms are so determined that the total derivative o for
(30.9) begins with a term of the form

Yem(y3 + y3)™ (m 22
Equations for the forms f, can be obtained; the first two of these equations

are
ofs _ .13) — 20 ® — 2.0@
(y s~ YV oy, Y191 Yogs
9, af.a)
A _i = —f* 2 22
(y s~ Von F5y) + 7@ + 43)
where

F10) = g2 0 + 2 g + 200 + 20

2
= — 1 (cos ¢, sin ¢) d.
"= 5 f4( @, 8in ¢) do

These partial differential equations determine uniquely the forms fsand f,
(Liapunov [1], Malkin {7, 19]). If v, 5 0, we put

v=yi+Bd+LH+ (30.11)
Then
b = vi(y} + 43)? + terms of higher order.

It can be seen that the equilibrium is unstable in the case where y; > 0, and
asymptotically stable in the case where v4 < 0.
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If v4 vanishes, we have to proceed by computing f5, fs, or even higher
forms. But if all ... vanish, then # is identically zero, the equilibrium is
weakly stable, and the curves v = const are integral curves. In this case,
the origin is a center.

If the differential equation (29.1) contains also nonecritical variables,
we try to eliminate their effect in the same manner as in (a). Here again,
a nonlinear transformation of the variables

z = x— v(y, ¥2)

is applied. The components of v are determined by a system of partial
differential equations:

c')v,- _(?_17_,
Em (=Ny2 + gily, v)) + s (1 + ga(y, v))

= patr + -+ F Pinln + quts + gisty2 + hi(y, v) @=1,...,n)

The terms which are linear in the critical variables are eliminated by
the transformation, and the orders in which the critical variables occur in
the terms of h are not smaller than the corresponding orders in g. A
Liapunov function is obtained for the transformed differential equations
by adding suitable additional terms to (30.10), or (30.11), respectively, if a
nonvanishing number v, should occur. The sign of this number is decisive
for the stability behavior of the equilibrium.

On the other hand, if all y,, = 0, then the equilibrium is weakly stable,
and the original differential equation has periodic solutions. This special
case is obtained, for instance, if the differential equation (30.1) has complex
coefficients, and if the assumption is made that the matrix has a single,
purely imaginary eigenvalue. The equilibrium of the equivalent real system
is weakly stable and has periodic solutions (Vejvoda [1]).

(c) As already mentioned, the solution of the stability problem in a
critical case can be approached in different ways. The approach sketched
in (a) and (b) is characterized by its methodical clarity, but it is not very
well suited for practical application since the single steps, in particular the
computation of the components of v, are in most cases very cumbersome;
Malkin [11, 12] developed a procedure which considerably simplifies the
computations by applying several tricks. It is evident that an answer to
the stability question for many particular cases can be obtained quicker
by direct construction of a Liapunov function. Berezkin [1] studied in this
manner some differential equations of the type

2=yl + (), §=e¢@ +ya@+- - (f0)=0)
For instance, if ¢(z) = 0, ¢1(x) = 0for 0 < 2 < ¢ it can be seen by means
of the Liapunov function v = zy that the equilibrium is unstable.
A geometrical interpretation of the procedure described in (a) and (b)
was given by Moisseev [3].
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31. MALKIN’S COMPARISON THEOREMS

The decisive step in the procedures of the preceding section is the
introduction of the nonlinear transformation of variables. In a well deter-
mined manner, the transformation increases the minimum order of the
critical variables occurring in the individual differential equations. Thereby
it becomes possible to consider a reduced system instead of the original
system of differential equations, which contains only as many (scalar) dif-
ferential equations as there are critical variables. A Liapunov function v,
formed for the reduced system, can be transformed into a Liapunov func-
tion #; for the complete system by adding certain additional terms. The
functions v and v, on the one hand and their derivatives ¢ and #, for the
corresponding differential equations on the other have the same definiteness
properties. Hence, it can be concluded that the complete system and the
reduced system are equivalent with respect to the stability behavior of
their equilibria.

Malkin [8, 19] recognized that the considerations of Sec. 30 are special
cases of a much more general situation. The generalization refers to the
following three points:

1. The number of critical variables is not confined to one or two;

2. the differential equations are not necessarily autonomous;

3. stability according to the first approximation can be replaced by
stability according to the mih approximation. Here, mth approximation
means that the stability behavior of the equilibrium depends only on those
terms in the series expansions of the right hand sides whose orders are not
greater than m and that the stability behavior is in no way effected by
terms of higher order.

Let the differential equation
2=, 8) + (0 + - F ™ (z,t) + 8(z, 1) (31.1)
be given in R, Let the components of f*(z, t) be forms of the order k in
the variables z;, . . ., 2, with continuous and bounded coefficients. The

term 8(z, t) comprises all those terms whose order exceeds the number m

so that
Is(z, )| < alz|™ (a = const) (31.2)

DeriniTioN 31.1: The equilibrium of {31.1) is said to be stuble accord-
ing to the mth approximation if for every ¢ > 0 a number é > 0, depending
only on ¢ and a, but not on 8(z, t), can be determined such that from
|z(to)| < & the inequality

[z <e (> t)
follows, independent of the particular form of the function g(z, t), provided
only the inequality (31.2) is satisfied. If even in addition
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lim |z(t)] = 0
t—w

the equilibrium is called asymptotically stable according to the mth approzi-
malion. If under the same assumption on g(z, t) there is a number ¢ > 0
(depending on @) and a number 7 = 7(¢) such that for arbitrarily small
and for arbitrary choice of g(z, t) there is at least one motion z(t) with
|2(t)| < & which satisfies the relation |Z(t 4 r)| 2 ¢, then the equilibrium
is called unstable according to the mth approximation.

In order to formulate Malkin’s theorems, the original differential equa-
tion is written in a form similar to that of Sec. 30:

y = R(t) x + B(Y: x, t) (313)
x=P®)x+hly,xt) (¢Ztz0|x=hly=h
Here, y is a k-rowed vector, x an n-rowed vector. The matrices P and R
shall be continuous and bounded. The series expansions of the components
of g and h with respect to y and x shall begin in the domain 4,4, with terms
of at least second order. Let the equilibrium of the linear auxiliary system

x = P(t) x (31.4)
be exponentially stable. Besides (31.3), the reduced equation
y = h(y,0,?) (31.5)

is considered. Under these assumptions the following theorem is valid:

TaroreM 31.1 (Malkin [8, 19]): Let the equilibrium of (31.5) be
asymptotically stable, weakly stable, or unstable, according to the mth
approximation. If the series expansions of h(y, O, {) begin with terms of
order @ = m + 1, then the equilibrium of the complete differential equa-
tion (31.3) has the same stability bchavior as the equilibrium of the reduced
equation.

If the first differential equation of (31.3) contains an additional term
Q(t) y, where Q(t) is bounded, which then also appears in (31.5), then
Theorem 31.1 is valid only under the additional assumption that the
system of the partial differential equations

ou, : -~ A,
o + .Z=:1 I:k§1 Pax + Rt u, x)] oz

k
= E Q% + g.(u, x, 1) @E=1,...,k)
i=1
admits an analytic solution u, which is bounded with respect to ¢. (The
form in which Theorem 31.1 is expressed here is quoted from the German
edition of Malkin [19].)
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Instead of (31.3), we consider the new system
y=Q@®)y+3ly,xt)
= P(®) x + R@®) y + h(y, x, )

For this new system, the assumptions of Theorem 31.1 are not satisfied.
In this case, we try to satisfy these assumptions by means of a nonlinear
transformation

(31.6)

x =z 4+ uly) 31.7)
Formal power series

=3 asrm ..... m")(t) yinx,‘/zm e ?/;c"" (/m1 + e+ mp 2 ]_) (318)

with bounded coefficients a.(t) are chosen for the components u; of u such
that the partial differential equations

aau -+ E —a— (quyr + <+ + quye + 9i(y, u, 1))
=1 Y.

= Path + -+ + Ponlthn

+ rays + -+ raye + Ry, u, f) (s=1,...,n) (319
are formally satisficd. (The left hand side represents the expression du,/d¢
for (31.6) with u in place of x.) The word “formal” shall indicate that the
convergence of the series under consideration is unimportant. If the
quantity x in the first equation of (31.6) is now replaced by u(y), then the
reduced equation

y=Q®y+sly,uly), (31.10)

is obtained, and the following theorem holds:

Tueorem 31.2 (Malkin [8, 19]): If the equilibrium of the reduced
differential equation (31.9) is asymptotically stable, weakly stable, or un-
stable, according to the mth approximation (m arbitrary, but finite), then
the equilibrium of the complete equation has corresponding behavior.
Here it is assumed that the differential equations (31.9) can be solved by
power serics with bounded coefficients.

A Liapunov function for the linear auxiliary system (31.4) is used to
prove Theorem 31.1. In order to apply Theorem 31.2, the partial differ-
ential equations (31.9) must be solved by power series (31.8) with bounded
coefficients. The conditions for this being possible are not yet completely
known; however, the solvability has been proved for some important
special cases. This is expressed in:

TueoreMm 31.3 (Malkin [7, 8, 19]): The differential equations (31.9)
possess formal solutions of the form (31.8) with bounded coefficients (at
least) under the following conditions: (a) the matrix Q(t) vanishes identi-
cally; (b) the matrices P, Q, R are constant. In the case (b) there exist even
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infinitely many solutions. If here g and h are periodic in ¢, then there is
exactly one formal solution with periodic coefficients; in this case, the
reduced differential equation has also periodic coefficients. If g and h are
independent of ¢, then there exists exactly one solution of the differential
equations which does not depend on ¢; the corresponding reduced differ-
ential equation is autonomous.

32. SPECIAL INVESTIGATIONS OF CRITICAL CASES

(a) The procedure treated in Sec. 31 is predominantly of theoretical
value, since the computations leading to the reduced differential equation
are generally rather tedious, even disregarding the stability investigation
which has to be carried out for the reduced equation. However, as already
mentioned at the end of Sec. 30, in some special cases the procedure can be
abbreviated and the stability question can be answered completely. In
particular, Malkin [2, 6, 19] solved the case where the matrix A of (29.1)
has a double eigenvalue 0 with two associated elementary divisors of the
first order. He also showed (Malkin [13, 19]) that two other critical cases
can be reduced to this case, namely:

(a) the matrix has two distinct pairs of purely imaginary eigenvalues;

(8) the matrix has a simple eigenvalue zero, and one pair of purely
imaginary eigenvalues.

Beyond this, Zubov [6] studied the case of a multiple eigenvalue 0, as
well as the case of more than two pairs of imaginary eigenvalues.

(b) Tor the reduced differential equation (with two scalar components)
belonging to the first special case, the stability behavior can be described
by a Rule (Malkin [2, 6, 19]; cf. also Kamenkov [1]). In analogy to (30.9),
we write the differential equation in the form

y = 8™, y2) + g™V (Y1, y2) + - - (m 2 2) (32.1)

The functions g (y1, ¥2) (i = 1, 2) are forms of the order k. Furthermore,
let
fily) = ygf™ + yogf”,  foly) = 998" — yogi™

We introduce the quantity

_ 1 [ fieos o,sing)
* T 2r Jo fulcos ¢, sin ¢) a (32.2)

and we consider the straight lines of the (y1, y;)-plane defined by the equa-
tion

Jo(, y2) = 0 (32.3)
Then the following Rulc holds:

1. The equilibrium of (32.1) is asymptotically stable if f; is not definite
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and if f; takes on only negative values along all straight lines (32.3) except
at the origin.

2. The equilibrium is unstable if f, is not definite and if f; takes on
positive values along at least one of the straight lines (32.3).

3. The equilibrium is asymptotically stable if f, is definite, if o = 0,
and if af; < 0; the equilibrium is unstable if f; is definite, if a % 0, but if
afz > 0

4. Higher terms of the expansion (32.1) must be taken into account in
order to solve the stability problem if f, is definite and if @ = 0, or if f; is
not definite and if f; vanishes along some of the straight lines (32.3) without
taking on positive values.

If differential equation (29.1) has complex coefficients and if A has a
critical eigenvalue zero, then, by the Comparison Theorems, the stability
problem can be reduced to the investigation of the scalar differential
equation

2 = cz¥ 4+ terms of higher order (c complex, k = 2) (32.4)

From case 2 of the Rule just mentioned, it follows that the equilibrium of
(32.4) is always unstable. This can be proved directly in a simpler manner
(Vejvoda [1]).

(¢) If the matrix A in (29.1) has a double eigenvalue 0 and if the corre-
sponding elementary divisor has the order 2, the investigation becomes
considerably more complicated. This case was solved by Liapunov [2] for
the reduced differential equation and by Kamenkov [2] for the complete
equation. If the reduced equation is written in the form

%=y + 9y, y2)
Po=ayf + a'yi + -+ p(byf + VYT A+ o) + yih(yy, 1)

(g is at least of second order, a and S are positive integers), then the sta-
bility question can be answered by the following Criteria of Liapunov [2]:
The equilibrium is unstable, if one of the following conditions is satisfied:

. aeven;
. aodd, a > 0;

aodd,a <0,B8even,a =8+ 1,b>0;

aodd,a < 0,B80dd, a = 28+ 2;

aodd,a <0, Bodd, «=28+1, b2+4(6+1)a>0
the equation for ¢, contains only the term h(yi, y).

SRS e

The equilibrium is asymptotically stable if

7. aodd, a < 0, ﬂeven,a>ﬂ+l b<0
8. Beven, b <0,ay} + a'ys™' + -
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Higher terms of the expansion must be considered in the following cases:

9. aodd, a <0, g8 even, a < B;
10. @ odd, ¢ < 0, B odd, a < 26;

11. « odd, Bodd, a =28+ 1, +4B+1)a <0.
Berezkin [2] considered the following specific system
t=y, §=bi—by)2? 2= —ax—by—cz

The equilibrium is unstable if all constants are positive, or if a = 0,
by > 0. The equilibrium is weakly stable if @ > 0, b; = 0.

(d) We now consider a differential equation with periodic coefficients.
Here, a critical case occurs if there are no roots of the characteristic equa-
tion of the lincarized differential equation (cf. Scc. 24) of absolute value
greater than 1, but if there is at least one root whose absolute value is
cqual to 1. With regard to the theorems of Sec. 31, it suffices to consider
only the reduced differential equation

y=QMy+ sy (32.5)

The vector y contains as many variables as there are critical roots. By
means of the Reducibility Theorem of Liapunov (Sec. 24), Eq. (32.5) can
be transformed into an equation whose linear part has a constant coefficient
matrix; it may readily be assumed that this matrix is the Jordan normal
form J. Thus, (32.5) can be written in the form

2= Jit 0G0+ 0G0 + o+ 1) + g%, 1)

z is the vector of the new variables. The components of {* are forms of
thecorder rinzy, . . ., 2, and |g*| < a|z|™ with constant a. It may further-
more be assumed that the functions f®, . . . |, f™ have constant coefficients;
this can always be achieved by means of a nonlinear transformation and
by solving certain partial differential equations similarly as in Sce. 31. By
this method, the stability problem for the periodic differential equation
(32.5) is reduced to the corresponding problem for an autonomous differ-
cntial equation.

Liapunov [1] solved the two simplest critical cases for periodic differ-
ential equations by reduction to autonomous equations. In these cases, the
characteristic equations either have a simple root 1, or two conjugate
complex roots of absolute value 1. No other cases have been treated in
the literature since then. Kalinin [1, 2] somewhat simplified Liapunov’s
procedure by introducing polar coordinates and by replacing the time ¢ by
the polar angle. Aminov [2] investigated a special case of the differcrtial
equation (32.5) where the characteristic equation has the simple root 1,
and where the differential equation has first integrals. He constructed a
Liapunov function by means of these integrals (as in Sec. 7) which satisfics
the assumptions of the theorem on weak stability.
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Kalinin [3] investigated another special case, namely the equations
itat+br=—cy y=ps+qlt)s’, s=z+ ar—hy
i.e., a system of the type (14.3) with periodic ¢(t). The investigation leads

to a critical case of a system with periodic coefficients.

If the differential equation of the perturbed motion for a periodic solu-
tion of an autonomous differential equation is determined according to
(2.6), then a periodic differential equation is obtained whose linearized
equation always has a periodic solution because of the autonomy of the
original equation. The characteristic equation has at least one root 1, i.e.,
the system is critical. The stability problem for this case which is of inter-
est with respect to practical applications is solved by:

TreoreM 32.1 (Andronov and Witt [1]): If the characteristic equation
of the differential equation of the perturbed motion for the periodic solution
of an autonomous equation has n — 1 roots whose absolute values are
smaller than 1, then this periodic solution is (weakly) stable.

33. THE BOUNDARY OF THE STABILITY DOMAIN
IN THE PARAMETER SPACE

Let the differential equation .
x = f(x, 8, 1) (F € E) (33.1)

be given where the function f depends continuously on parameters which
are the components of the vector a.
Let the differential equation

x=Als,)x (339

of the first approximation of (33.1) be either autonomous or periodie. Those
values of the parameters for which (33.2) has an exponentially stable equi-
librium form the stability domain in the parameter space. Estimates for this
domain were given in Secs. 12 ff. The stability domain is bounded by a
hyper-surface which is called the stability boundary and which has to be
distinguished from the stability boundary in the space of the initial points.
The stability boundary is characterized by the fact that the corresponding
differential equations (33.1) have an equation of the first approximation
(33.2) which has critical behavior. Thus, the stability boundary corre-
sponds to those parameter values for which (33.2) has critical behavior.
Analytically, the stability boundary can be characterized by the fact that
the characteristic equation of (33.2) has roots with vanishing real parts,
or of absolute values 1, respectively, but no roots with positive rcal parts,
or absolute values greater than 1, respectively. The corresponding condi-
tions can be written in closed form by means of the Hurwitz determinants
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(cf. Malkin [19]), and hence the equation of the stability boundary can be
expressed in closed form.

For practical applications it is important to know how a physical system
behaves if the parameter a leaves the stability domain. Let a lie on the
boundary and let a + c be a neighboring point outside the boundary. The
corresponding differential equation (33.1) has the form

x = Hx, 0,8) + 8(x,8,¢,1) (33.3)

The additional term g(x, a, c, t) takes on the value O for ¢ = 0 and, because
of the continuity with respect to g, it is certainly of the character of the
additional term in (28.1). Thus, Theorem 28.1 can be applied which leads
to:

TaEOREM 33.1: If the equilibrium of (33.1) is asymptotically stable
for a located on the stability boundary (i.e., if the equilibrium of (33.2) is
asymptotically stable), then the maximum deviation of the motion from
the equilibrium caused by crossing the boundary can be kept arbitrarily
small if only the distance |c| from the boundary is kept sufficiently small.

After the stability boundary has been crossed, the system oscillates
without damping about the equilibrium. However, the amplitudes depend
continuously on c and can be made arbitrarily small by suitable choice of
c. Hence, in practice, the transition from the parameter value a to a + ¢
with sufficiently small |c| will, in general, have no undesired consequences.
According to Bautin [1, 2], the stability boundary is said to have a non-
dangerous domain if the equilibrium is asymptotically stable at the points
of the stability boundary which belong to this domain. A point at which
the equilibrium is not asymptotically stable is said to belong to the danger-
ous domain. Both domains may be open or closed. In the neighborhood
of a point of a dangerous domain oscillations of increasing amplitudes,
irreversible transitions into other equilibria, or different other phenomena
might occur. Geometrical interpretations of these situations were given
by Malkin [19] and Hahn [4].

The theory of critical cases yields criteria for the dangerousness or non-
dangerousness of a domain of the stability boundary. Lur’e [4, 7] estab-
lished explicit criteria for the physical systems described by (14.1) and
(14.3) under the restriction to the simplest critical cases treated in Sec. 30.
The derivation of the criteria leads to the problem of expressing in closed
form the constants g and 4, respectively, in terms of the parameters of the
original equation. The signs of g and v, are significant. Troickii [2] solved
the corresponding problem for control systems with several controllers
(Eq. (14.15)). However, the application of the criteria requires a consider-
able amount of computations, since the roots of the characteristic equation
have to be known, etc. In practice, it is thercfore convenient to use ap-
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proximation procedures which, if sufficiently accurate, answer quickly the
question of the ‘‘dangerousness” of a domain of the stability boundary
(Aizerman [2], Magnus [1]).

The differential equation can also be written in the form (33.3) if a does
not lie on the stability boundary. The effect of the quantity c always illus-
trates the dependence of the solutions on the parameters. To investigate
this dependence, DuboSin [6] formally considered the quantity c as a
function of ¢ and added the equation

c=0
to the differential equation (33.3). The resulting system for the quantities
X1, ..., &Tn, €1y . . ., Cr can then be investigated by the direct method in the

usual manner.



8 GENERALIZATIONS OF THE
CONCEPT OF STABILITY

34. STABILITY IN A FINITE INTERVAL

According to Definition 2.1, stability in the sense of Liapunov pertains
to the time interval (0, < ). Consequently, the stability property can never
be verified in practice, since a physical system can be observed only during
a finite time interval. Therefore, an attempt has been made to modify the
concepts such that the motion has to be considered only during a finite
time interval, and to develop corresponding criteria for stability in a findte
inderval.

Let the right hand side of the differential equation

x = f(x,t) (34.1)

belong to the class E for |x| < &, ¢ £ ¢ < t”. Furthermore, let #(x, ) be a
positive definite function and let #(x, t) = const determine a cycle (cf. Sec.
3, Remark 2). By the diameter d(t) of the domain

v(x, 1) S a : (34.2)

bounded by the cycle we shall understand the least upper bound of the
distance of any two points x;, x; of (34.2) for fixed t. The function d(¢) is
assumed to be bounded; a is a fixed positive number.

DrriniTioN 34.1 (Lebedev [2]): Lett! St St S 4 St andd(t) £ d(b).
The equilibrium of (34.1) is said to be stable in the interval [to, ;] with respect
to the domain (34.2), if the inequality

v(p(t, xo, o), t) S a BL=tsth)

follows from v(xy, &) = a. The equilibrium is called unstable in the interval
[to, t1] 1with respect to (34.2) if this inequality is not valid.
126
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Lebedev introduced the concept of uniform stability with respect to
(34.2) in the interval [¢, ¢"’] if the equilibrium is stable in every interval
[to, V'] (¢’ = &, £ t”). He called the stability monotonic if the integral
curves always penetrate the cycle v = const from the outside towards the
inside (cf. also Gorbunov [1]).

To derive criteria (Kamenkov [3], Lebedev [1, 2], Kamenkov and Le-

bedev [1]), the original equation is written in a slightly different form:
x = A(t) x + g(x, 1) (34.3)

In the interval [ty, 4], the matrix A(¢) shall be continuous and bounded and
it shall always have simple eigenvalues X\,(f). A(t) need not necessarily be
the matrix of the equation of the first approximation. Let g(x, t) satisfy
the conditions g € £ and

gl S clx*= (> 0,a>0) (34.4)

The nonsingular matrix P(f) shall be chosen such that PAP! =D is a
diagonal matrix. Since P is not yet uniquely determined by this condition,
we may additionally require that P contain a constant element in each row
and in each column. Iinally, let the differentiable function ¢(¢) be positive
and bounded in the interval [{, {;]. For the variable y = ¢(t)P(t) x a differ-
ential equation of the form

y = Dy + My + g*(y, t) (34.5)
is obtained from (34.3), where
M = PP! + (¢/¢) U (34.6)
Now let
000 1) = W2 = £ [nl = ()2 xPP (34.7)

If the smallest eigenvalue of the positive definite Hermitian matrix P7P is
denoted by v(t), then the diameter d(?) satisfies the equation

A _ elt) ()
a) = o) N0 (34.8)

(Lebedev [2]). From this it follows that d(¢) is bounded for suitable choice
of ¢(t) and that d(f) is monotonic as required by Definition 34.1. The
total derivative of (34.7) for (34.5) has the form

p=y" O+ D+ M7 -]— M)y + h(y, t) ' (34.9)

where |h| < ¢|x|?** as a consequence of (34.4). The function # is negative
definite in the interval (t, #) if its first term is negative definite, i.e., if the
Hermitian matrix

D+D+M +M=D+D+ PP)T + PP + 2(5/0) U (34.10)
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has only negative eigenvalues. This is the case if and only if the eigen-
values, taken with the opposite sign, of the matrix

H =PPr 4+ PP + D+ D (34.11)

are always larger than the function dlog ¢?/dt. This condition is also
sufficient for stability of the equilibrium in the interval (¢, ;) with regard
to the domain (34.2) defined by the function (34.7). If the condition is
satisfied for ¢t = {,, the stability interval certainly extends to that value of
t for which one of the eigenvalues of (34.11) violates the condition for
the first time. (Lebedev [2] also derived conditions which assure stability
in an interval as a consequence of stability in an adjacent interval.)

If the matrix (34.10) has a positive eigenvalue for ¢ = {,, then the
cquilibrium is unstable in each interval beginning at ¢,. If the differential
equation x = A(?) x is actually the equation of the first approximation for
(34.1), then the previous considerations yield a sufficient condition for
stability according to the first approximation in a finite interval: The
eigenvalues of H, taken with the opposite sign, must always exceed the
function 2(¢/¢) by a fixed positive number §.

1f A(t) has multiple eigenvalues at the initial instant ¢, the considera-
tions must be modified in the following manncr (Kamenkov [3], Lebedev
[1]): The transformation matrix is chosen such that the blocks of the
Jordan normal form N(t) of A(f) are at t = t, of the form

M) 3 0
3 M) %
0 i M)

Then the differential equation for y is written in the form
y = N(t) y + M*y + h*(y, 9)

and the derivative of the Liapunov function (34.7) is formed. For small
|x| and in the neighborhood of ¢, the sign of ¢ is determined by the behavior
of the Hermitian form y"N(f) y. Thus, a necessary and sufficient condition
for the existence of a stability interval is that this form be negative definite.

Letov [7, 8] used the concept of stability in a finite interval to treat
Lur’e’s problem (Sec. 14) in the case that the coefficients of the equations
of motion (14.3) depend explicitly on ¢{. As in the autonomous case, the
problem is to determine conditions for the quantities p, = p;(f) which
guarantee stability in a finite interval for arbitrary initial points and arbi-
trary nonlincarities which are determined only by (14.2), or by (14.13).
The function v entering the Stability Definition 34.1 is chosen as a quadratic
form of all variables. As usual, a condition for absolute stability (Defini-
tion 14.1) is obtained by discussing the sign of its total derivative » for
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the equations of motion: A certain quadratic form of the quantities p;(f)
and some auxiliary parameters, must be negative definite. However, the
practical evaluation of this condition is rather difficult.

Stelik [1] and Czan [1, 3] established a relation between the concept
of stability in a finite interval and the determination of optimal control
(Sec. 6, Remark 6; cf. also Lebedev [4], S. K. Persidskii [2], Kudakova [1]).

35. DIFFERENTIAL EQUATIONS WITH BOUNDED SOLUTIONS

Applying the considerations of Sec. 3 to the case where the function »
is positive in the exterior of a certain sphere and where ¢ is negative in that
domain, it can be concluded that the phase trajectories penetrate those
hyper-surfaces » = const which are sufficiently far away from the origin
from the outside to the inside. Consequently, all solutions with bounded
initial points are bounded themselves. If ¢ is greater than a sufficiently
large t-value, the absolute values of these solutions are even smaller than
a fixed upper bound. Criteria for boundedness can be derived for special
differential equations, cf. e.g., Reuter [1, 2]. Yoshizawa developed this
method systematically in several publications ([2 to 8], in particular [9]).
Apparently, his investigations are originally independent of the considera-
tions of Liapunov. The analogy to the direct method is obvious and is
emphasized by the fact that the boundedness of the solutions can be inter-
preted in the sense of a stability property of the trivial solution. LaSalle
[2] introduced the terminology: ‘‘stability in the sense of Lagrange.”

To the different types of stability (cf. Secs. 4 and 17) there correspond
different types of boundedness. The most important types of them are de-
fined in the following:

DeriNiTION 35.1: The solutions of a differential equation are said to
be uniformly bounded if there exists for a given h > 0 a constant k > 0
depending only on & such that

|p(t, X0, to)l < ’C lf lXol < h (t g to)

DerinitioN 35.2: The solutions of a differential equation are said to
be ultimately bounded with the bound b if there are positive numbers b and
7 such that )

lp(t, X0, to)l <b if t> to + T
The number r might depend on x, and t,.

DeriniTioN 35.3: The solutions of a differential equation are said to
be uniformly ultimately bounded with the bound b if the number 7 of
Definition 35.2 can be chosen independent of x, and #.

Yoshizawa defined some other types of boundedness corresponding to
the concepts of ‘“quasi-asymptotic stability,” ‘‘equiasymptotic stability,”
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ete. Seibert [1] modified the definitions by assuming that the initial and
final values of |p| are not located in spheres, but in more general domains.
To characterize the different types of boundedness by means of the
direct method, “Liapunov functions” w(x,t) are introduced which have
the properties explained in Sec. 1 in a domain
9"-“’: lxl > h) t g tO
In particular, the following properties are needed:

(a) in Y44, the function v(x, f) can be estimated above by a positive
increasing function ¢,(r):
v(x, t) < ei(|x])
(b) in 4, the function »(x, ¢) can be estimated below by a nonnegative
increasing function ¢»(r):
v(x, t) 2 ‘pZ(lxl)
(c¢) the derivative of » for the differential equation is nonpositive in

S\?h.h;
(d) the derivative of ¢ for the differential equation can be estimated
above in ¢, by a negative continuous function —¢s(r):

(S —‘P3(|X|)
The following theorems, for example, hold:

TareoREM 35.1: The erxistence of a function v(x,t) with the properties
(a), (b), and (c) 7s sufficient for uniform boundedness of the solutions.

TarEOREM 35.2: The existence of a function v(x,t) with the properties
(a), (), and (d) is sufficient for uniform ultimate boundedness of the solutions.

The conditions listed above are also necessary in the case where the
right hand side of the differential equation belongs to the class €. It is
possible to construct functions with these required properties.

Proof of Theorem 35.1: Let » > h. According to condition (a), the in-
cquality
1’()(, t) .S.. ‘Pl(r)
holds if |x| = r. Because of condition (b), a number »’ > 0 can be deter-
minecd such that ¢:(r") > ¢1(r). Suppose there would exist an initial point
xo With |xg| < r and a number ¢’ such that
(¥, xo, to)| = 1’
Since |p(t, %o, to)| = |%o| < r there must be two ¢-values t; and ¢, such that
hSsh<tbst
‘D(tl, Xo, lo)' =Tr, lp(l‘l’ X0y to)l = T’
r<|lplt,x,to)] <r if L<t<ti
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If this were true, we would have

o) S @ulr), o) 2 ee(r')
However, these inequalities contain a contradiction, since, according to

condition (¢), the function »(f) does not increase. Consequently,
|p(t, xo, to)| < 7’ if |xo| < r, i.e., the solutions are uniformly bounded.

Proof of Theorem 35.2: Proceeding in the same manner as in the proof
of Theorem 35.1, we find that the solutions are uniformly bounded. Be-
cause of condition (b) we have ¢:(r) < v(x, 1) if |[x| > r. Leta > r. Because
of the uniform boundedness of the solutions there exists a number a’ de-
pending only on a such that

lp@, xo, )] < @’ if [x| <a andif t =t
We consider the function »(x, t) in the domain
G:t = 1, r<ix £a

According to property (d) there exists a number —k depending only on «’
such that in ® the inequalities

f?(t) < —IC, l'(t) - l‘(lo) =< —’{'(t - to)

hold. In ® the function ¢(t) has the following properties:

L o(t) > eur);

2. v(t) £ ¢1(a’) according to property (a). Consequently, the trajectory
must leave the domain . However, this can happen ounly for decreasing
[x|. Thus, there is & number ¢’ satisfying the relation

to <t <to+ (1/k)(er(a’) — (7))
such that
|p(t’, X0y to)l =T

This is the condition for uniform ultimate houndedness.

The analogy between these proofs and the proofs of the corresponding
theorems of the theory of stability is obvious.

Yoshizawa [4, 9] defined also the analogue to total stability which
characterizes the effect of perturbation terms on the boundedness behavior.
By means of Liapunov functions, Yoshizawa established sufficient condi-
tions.

An important application of the theorems on boundedness can be found
in the proof of the existence of periodic solutions, in particular of systems
of the order 2 (cf. e.g., Kuskov [1], Zheleznov [1], Yoshizawa [10]).

Reissig [3, 4] pointed out that ultimate boundedness of the solutions
can be interpreted as complete instability (cf. Definition 2.6) of the point
at infinity. To obtain a criterion, we have to transform that one formulated
in the Corollary of Theorem 5.2, so to speak, to the point at infinity.
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The definitions of the different types of boundedness as well as the
definitions of the different types of stability refer to the trivial solution.
The quantity |p(t, x, &)| occurring in these definitions represents the dis-
tance of the motion from the origin. Yoshizawa [9, 11] considered also
systems for which the distance between corresponding points of any two
solutions is uniformly bounded, or ultimately bounded, or tending towards
zero, etc. For example, Yoshizawa called the sy. tem x = [(x, t) equi-distance-
bounded if there exists a positive function ¢(r, t) such that

|p(tv X0, to) - p(t) X(,)» to)l = ﬂ"(to, a)
provided that
|Xo - x6| Sa

If ¢ tends monotonically towards 0 with decreasing r, the system is said
to be equistable. 1t is said to be uniform-distance-bounded if ¢ can be chosen
independent of ¢, ete. The remarkable point is that all these different types
of behavior can be characterized by means of Liapunov functions v which
depend, however, on two vector arguments, » = v(x, v, {). The vectors x
and y are interpreted as solutions of

x=fx,t) and y = Hy,1)
with the same function f.. The statements are based on the time derivative

». Tor example, the following THEOREM holds: The system is equistable
if there exists a function v(x, y, t) such that the inequalities

allx —y)) L vlxy, 1) £ @allx = y])
o(t) <0

hold, where ¢:(7), ¢2(r) arc suitable functions of the class K.
In most of his definitions and proofs, Yoshizawa did not require unique-
ness of the solutions.

36. THE APPLICATION OF THE DIRECT METHOD
IN GENERAL METRIC SPACES

A considerable portion of the theory of the direct method developed in
the previous chapters is not restricted to motions which are determined by
differential equations. Certain portions of this theory can be generalized
in two directions. One way of generalizing the theory has already been
indicated in Definition 2.1 and in Sec. 20: the motions considered there do
not necessarily have to be integral curves of differential equations. A
second generalization, which is quite independent of the first, is to discard
the restriction to a finite dimension. The “point” describing the motion
does not have to be an element of the n-dimensional Euclidian phase space
or of the (» + 1)-dimensional motion space. Going over to infinitely many
dimensions it is possible to cstablish a theory of stability in general metric
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spaces, as (according to Zubov [6]) will be sketched in the following. (With
regard to the theory of metric spaces cf., e.g., Kolmogorov and Fomin [1].)
Let x be an element of the metric space R and let p(x) be the norm of x.
The parameter ¢ is restricted to nonnegative real numbers. By Fi, we
denote a mapping, not necessarily one-valued, which depends on two
parameters ¢, and t = {,, and which associates with the element x the set
w(x) C R.

DerINITION 36.1: A two-parameter family of mappings of the space R
onto itself is called a complete general system if the following conditions are
satisfied:

1. The nonempty set Fi(x) C R is defined for each x € R, for cach
t = 0 and for each t = f,.

2. lim Fi(x) = x.
t—to+0

3. If t; > & and if x, is any element of the set Fi(x), then
UFi(x) = Fu(x) (¢ 2 b, x € Fi(x))

If condition 1 is weakened by the assumption that the mapping is defined
only for a subset R; C R, then the system is called an incomplete general
system.

The union of the sets Fi(x) for ¢t = f, forms a motion. A set M C R
consisting of motions is called an invariant set of the general system. The
distance of a point x from a set I is defined by

p(x, M) = inf p(x, y) (y € M)

A neighborhood UM, r) of M is the union of all points x for which
0 < p(x, M) < r. Consequently, I does not belong to U(IMN, r); cf. Sec. 20.
The distance of the set Fi,(xo) from N is defined by

p(xo, ¢, to; M) = sup p(x, M) (x € Fi(xo0)) (36.1)

For fixed I, this distance is a function of x, and the parameters ¢ and .

If the definition of the dynamical system in the Euclidean space (Sec.
20) is transferred to the metric space R by replacing the distance |x| by the
norm p(x), the concept of the dynamic system in the metric space is ob-
tained. This concept is a special case of the concept of the gencral system.

DeriNiTION 36.2: The invariant set I of a general system is called
ctable (in the sense of the metric of the space R) if for each ¢ > 0 there
cxists a number § > 0 such that

plxo, b, ;M) < e  (t2420)

p(xo, M) < &

The other basic Definitions (2.2, 2.3, 2.5, 17.1, 17.3, Remark 7 of Sec.
17) can be transferred analogously.

provided that
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A functional v(x, t) depending on the parameter ¢ takes the place of the
Liapunov function. Instead with the time function »(t) as defined in Sec.
1(i) (which represents the Liapunov function along a motion), we have to
operate now with

v(x, 1, t) =supv(y,t) (v € Fi(x) (36.2)

To characterize the stability properties of an invariant set I, we consider
a real functional with the following properties:

(a) v(x, t) is defined for all ¢ = 0 and for all x of a certain neighborhood
uEm, r) of M;

(b) for each sufficiently small n; > 0 there exists a number n, > 0 such
that v(x, t) > 5, for all ¢ = 0, provided p(x, M) > m;

(¢) lim v(x, t) = O uniformly with regard to ¢ = & if p(x, M) — 0;

(d) the function v(x, ¢, ty) defined by (36.2) does not increase for ¢ = fy;

(¢) the function z(x, ¢, {;) tends towards zero if ¢ — « and if x belongs
to a certain neighborhood U (I, 6) of M;

() lim w(x, ¢, &) = 0 uniformly with regard to & if p(x, M) < &.

t—tg—re

Conditions (a) through (d) are necessary and sufficient for stability,
(a) through (e) for asymptotic stability and (a) through (f) for uniform
asymptotic stability of the invariant set I (Zubov [6]).

An even greater analogy to the theorems of the direct method is repre-
sented by:

TuroreM 36.1 (Zubov [6]): The following conditions are necessary
and sufficient for the invariant set I of the gencral system to be uniformly
asymptotically stable and uniformly attracting:

1. There exist two functionals v(x, ?) and w(x, t) with the properties
(a) through (c).

2. The associated functions v(x, ¢, &) and w(x, ¢, t,) defined by (36.2)
satisfy the relation

d
'd—t U(X, t; to) = —’Ll)(X, t’ t“)

A corresponding theorem holds for instability.

If more details are known about the general system, statements can be
made which are more far reaching. For example, the construction method
of Sec. 21 can be transferred to dynamical systems of a metric space.
Zubov proved furthermore that the function (36.1) can be estimated by
means of the functional v(x, t) introduced in Theorem 36.1.

Many of the results of Chaps. 2 and 4 which have been derived by a
direct approach can be obtained by specialization from the elegant theo-
rems on the theory of the general systems. However, it has to be realized
that the derivation of stability criteria in a strict sense is not actually the
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goal of the theory of general or dynamic systems. Of primary interest is
the characterization of the motions of the system. Therefore, the direct
proof of a stability criterion is often simpler than its derivation from general
topological theorems.

Important special cases of general systems are represented by the
trajectories of differential equations

x = f(x, 1) (0, t) =0) (36.3)

in linear metric spaces, in particular in Banach spaces. Here, f has to be
considered as an operator (depending on a parameter ¢) to be applied on
the clement x of the space (cf. Kolmogorov and Fomin [1]). In order to
apply the direct method to such differential equations without referring to
the theory of the general systems, it is necessary to find out which of the
theorems of Chaps. 2 through 5 are, with regard to their proofs, independ-
ent of the number of dimensions. By extending the basic definitions corre-
spondingly, these theorems remain valid for differential equations in general
spaces. In this manner, Massera [3, 4] fouud that the following theorems,
for example, hold in Banach spaces: Thecorems 4.1, 4.2, 4.3, and 5.1
(sufficient conditions for stability, asymptotic stability, asymptotic sta-
bility in the whole, and instability of the equilibrium; the theorem on
instability remains valid even in a more gencral form given by Massera
[4]), Theorem 17.6 (sufficient condition for uniform asymptotic stability),
the Converse Theorems 18.3 and 18.-4 with the somewhat weaker statement
v € Cp (Massera’s proof for the differentiability of » up to any order essen-
tially makes use of the finiteness of the number of dimensions); under the
assumption that f € C,, there exists a functional » with » € C, (Massera
[3]). Corollary 2 of Theorem 18.3 as well as Theorem 24.3 remains also
valid. In all these theorems, the ‘“total derivative of the functional v(x, t)
for the differential equation (36.3)"" has either to be replaced by Frechet’s
differentiation process

5 = lim v(x + hb, t 4+ h) — v(x, 1)

h—0 h
or to be defined by the upper limit of the difference quotient for A — 0+
(cf. Krasovskii [16]).

Some theorems cannot be transferred. For example, Theorem 17.5
(equivalence of asymptotic stability and uniform asymptotic stability in
the case of autonomous differential equations) is not valid in general spaces.
An example is given by the differential equation

= =iz (=12 (36.4)

in the Hilbert space (Massera [4]). The proof of Theorem 17.5 collapses
since the function p(p(t, xo, t)) cannot be estimated uniformly by a mono-
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tonically decreasing function of ¢ — ¢ for p(xo) < r. Theorem 19.4 (neces-
sary condition for complete instability) also is not valid in general spaces
(S. K. Persidskii [1]). Furthermore, the considerations which are connected
with Sec. 8 cannot be transferred, since there are no analogues to Theorems
8.1 and 8.2 on the stability behavior of the equilibrium of autonomous dif-
ferential equations.

The first extensions of the direct method to spaces of a more general
type were accomplished by K. P. Persidskii [6, 7]. He considered (36.3)
as a system of countably many differential equations for the components
T, Ty, . . . of the veetor x with the norm

p(x) = sup (|z], |22, . . .)
In the so defined space, a stability theorem holds which has no analogue
in the Euclidean space:

TueoreM 36.2 (K. P. Persidskii [7]): The equilibrium is stable if the
following conditions are satisfied. There exists a continuous positive semi-
definite functional v(x, t) € C, with the properties:

(a) v(x,t) < aimplies |z:1| £ g(e), where g(r) is an arbitrary, but fixed,
positive, continuous function of r with g(0) = 0;

(b) for each value s = 1,2, . .. there exists a sequence Z,, Tu1, Taz, . . .
of components of the solution vector such that the total derivative i(x, f)
for (36.1) is negative semi-definite for x = {z,, Za, . . .}. The equilibrium
is asymptotically stable if 9(x, t) is negative definite.

Furthermore, K. Persidskii [7, 8, 12, 13] transferred Theorems 18.1,
18.2, 19.3, the converse of Theorem 5.3 and Theorem 26.2 (stability accord-
ing to the first approximation) to systems of countably many differential
equations. However, to transfer Theorem 26.2, he did not apply the direct
method. Charasachal [1] gave a proof in which a Liapunov function is
used. Gorgin [1, 3] transferred the concept of total stability.

Under very general assumptions, Massera and Schéffer [1 to 4] investi-
gated the relations between the following problems:

1. Existence of bounded solutions of the nonhomogeneous linear differ-
ential equation.

2. Boundedness, or exponential decay, respectively, of the solutions of
the corresponding homogeneous equation.

3. Stability according to the first approximation.

4. Existence of Liapunov functions.

Movchan [2] noted that the definition of stability in general metric
spaces is actually based on two different metrics: the metric in the space
of the “initial points” and the metric in the motion space. If the initial
points and the motions are interpreted in two different spaces, these two
metrics need not be identical, although they are not completely independ-
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ent of each other. Movchan developed this idea and established a theory
of stability with two metrics where certain functionals replace the Liapunov
functions.

37. STABILITY IN THE CASE OF PARTIAL DIFFERENTIAL EQUATIONS

Let
/Ot = fu(Ty, o o o, Tu Uty v o oy Uny o o o, OU/BT, . )

) . (37.1)
(s=1,...,n;0=1,...,n;5=1,...,k)

be a system of partial differential equations of the first order. The right
hand sides shall be continuous in a certain domain of their arguments.
Let R be a metric space, whose elements are function vectors z(x) with the
components z(x), . .., 2.(x). With every z there shall be associated a
solution u = u(t, z) of (37.1). Each of these solutions shall be defined as
an element of R for allt (—» < t < +4») and, in particular, u(t, z) shall
be a continuous functional of its arguments and shall satisfy the conditions
u(0, z) = z and u(t, 0) = 0. The so defined solutions of the system (37.1)
define in R a dynamical system for which the solution u = 0 is an invariant
set (cf. Sec. 20). The solution u = O is called stable (in the sense of the
metric of R), if for every ¢ > 0 there exists a number § > 0 such that the
inequality p(u(t, z), 0) < € for ¢ = 0 follows from p(z, 0) < . The con-
cepts of asymptotic stability, etc., are defined correspondingly.

If the independent variable ¢ occurs explicitly in the right hand sides
of the differential equations, then the solution depends not only on ¢ and
z, but also on the “initial instant” %. Consequently, the notation
u = u(t, z, ) with u(t, z, t) = z has to be used. The solutions, which are
now defined only for ¢ = t,, do not form a dynamical system; they form a
more general system in R which also contains u = O as an invariant set.
The stability theory of dynamical, or general systems, therefore, can be
applied directly. The detailed formulation of the general theorems for the
dynamical case was given by Zubov [6].

In place of (37.1) let the more special system

ous - Iu, -
= —f,,(ul,...,un)—}-i‘::,l by G=1...m (72
with constant coefficients b;(¢ = 1, ..., k) and the system of ordinary
differential equations ) :
dus/dt = fy(uy, . . ., Un) (s=1,...,n) (37.3)

be given. The functions f, are continuous and bounded and they vanish at
the origin. Denoting the general solution of (37.3) by p(t, uo, to) (cf. Sec. 1),
the solution of (37.2), with the initial points z(x) is obtained in the form

p(t, 2(x + tb), 0) (37.4)
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(Zubov [6]). The constants by, . . . , b, are the components of the vector b.
The relation (37.4) permits a comparison of the stability behavior of the
trivial solutions of the differential equations (37.2) and (37.3). If the
equilibrium of (37.3) is asymptotically stable, two functionals can be con-
structed by means of the functions v(x) and w(x) whose existence is guaran-
teed by Theorem 20.1. These functionals satisfy the assumptions for
asymptotic stability of the partial differential equation (37.2). The con-
verse is also valid (Zubov [6]). Consequently, the partial differential
equation (37.2) has an asymptotically stable equilibrium if the same is
true for (37.3), and vice versa. In a certain sense, the theorem on stability
according to the first approximation holds for (37.2).

Zubov [6] proved a similar theorem which relates the stability behavior
of the equilibrium of a system of partial differential equations of higher
order, namely

ou, L - « gt '+‘"u,
5= BXar )

s=1...,0=2a+ - +ax Em)

to the stability behavior of the equilibrium of the system

of ordinary differential equations.
Movchan [1] applied the direct method to the special equation

ow _ Ow  dw — w/ozt =0 if z = -

ozt aax’+6t2_0 (w=0w/dx2=0 if =0, or z=1)
He obtained in this special case the general theorems proved by Zubov [6]
in a simpler manner without using the theory of dynamic systems. The
essential point is to define the metric in the space of the solutions in a
manner which suits the special problem. By means of the Liapunov func-
tional

ﬁ (wiz + aw? + w?) dz

Movchan obtained the value for Euler’s first (critical) load which is
known from the theory of vibrations of plates. The investigation shows
that the method might lead to practical results in concrete problems.
Volkov [1] considered a certain family of solutions from among the
set of all solutions of a hyperbolic differential equation which is determined.
for instance, by the condition that the initial points belong to a certain set
of functions. He then considered an operator J which associates to the
solution u(x, ) a functional J(u) depending on t. For J, or J(u), respec-
tively, the concept “definite” is defined by means of an integral inequality.
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The stability of the trivial solution » = 0 is defined by means of the func-
tional: The trivial solution is said to be stable, or asymptotically stable,
respectively, if dJ/dt £0 or limJ(u) = 0 with { — «, respectively.
Further investigations (e.g., independence of the stability on particular
functionals) have not yet been carried out.

38. APPLICATION OF THE DIRECT METHOD
TO DIFFERENTIAL-DIFFERENCE EQUATIONS

Let the system
x.(t) = f,(xl(t - hu), ey x,(t - hml), PPN ,x,(t - hk,), PN ,t)
C=1...,n5=1,...,m;k=1,...,m) (38.1)

of differential-difference equations be given. The functions f; shall be
defined for (x, t)-values of the domain ., of the motion space, and, as
functions of their arguments

Yu = To(t — hsy) C=1...,nk=1,...,m) (38.2)
they shall satisfy the Lipschitz condition
[£iCysy 8) = filyz, )] < llys — val (38.3)

uniformly in K., (y is the vector of the quantities y.; the subscripts 1
and 2 denote different y-vectors.) IFurthermore, f:(0, t) = O is assumed.
Differential-difference equations are characterized by the delay terms hy.(t).
Let the delay terms satisfy the inequalities

0<hi(t)Sh <h (t20) (38.4)

and let these functions be piecewise continuous. Constant delay terms
are of particular interest for practical applications.
A solution of (38.1) for ¢t > ¢, = h is uniquely determined by the znitial
points
lim z;(t) = z4 (38.5)
t—to+0
and by the znitial functions
zit) = 2(t) (b—h St S k) (38.6)

(Myskis [1], Hahn [1]). The initial functions, considered as.components
of a vector z(¢f), are assumed to be continuous and bounded. In addition,
let
lim Zi(t) = T
t—to+0

(The last assumption is not essential; however, it leads to some simplifica-
tions.)

In analogy to the notation of Sec. 1, the solutions of the differential-
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difference equation, depending on the arbitrary initial vector z(t), shall be
denoted by
p(¢, z(to), t) (38.7)

The initial vector is defined in the interval (t, — k, ). A solution, in other
words, a motion, is obtained by “continuation’ of z(¢) beyond this interval.
It can be considered as an clement of a metric space with the norm

px(®) =suplzt — )] O <r<hji=1,...,n) (388)

where ¢ has to be considered as a parameter. In a similar manner as a
solution of a differential equation, the solution (38.7) represents a two-
parameter mapping of the space of the norm (38.8) onto itself. However,
it does not define a general system in the sense of Definition 36.1, since
Property 3 is not necessarily satisfied. Not all of its trajectories initiating
at ¢, > t, can be considered as continuations of solutions initiating at ¢,
Thus, the stability property mentioned in Sec. 2, Remark 1, is lost: it can
happen that a particular solution is stable with regard to all initial func-
tions defined in the interval (fy — A, {;), whereas the same solution is un-
stable if referred to the initial instant ¢; > . (Examples of this type were
given by Elsgolts [2] and Malkin [16].) Asa consequence, Elsgolts [1, 2]
included the dependence on the initial instant in the definition of stability.

DeriniTionN 38.1: The solution (38.7) is said to be stable if for every
e > 0 and every t; > {, there is a number & > 0 depending on {, and ¢ (and
t) with the following property: The inequality

plp(t, Z2(t), t) — p(t, 2(t), to)] < e (t = & = t)
is satisfied for every function Z(¢) which satisfies the inequality
plZ(t) — p(h, z(b), t0)] < &

The definition can be simplified by considering the equilibrium instead
of the solution (38.7). This leads to:

DeriniTiON 38.2: The equilibrium of (38.1) is said to be stable if for
every ¢ > 0 and for every ¢, = ¢, = h there is & number 6(¢, £;) such that

p(P(t, (), 1) <e (> t)
if
p(Z(h)) <34

The concepts of uniform stability, asymptotic stability, uniform asymp-
totic stability, and exponential stability can be defined accordingly. Be-
cause of the reasons mentioned above, it is not possible to obtain the
stability theory for differential equations by specializing the stability
theory for general systems, as is possible in the case of ordinary differential
equations. In spite of this, the stability theories of the two types of equa-
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tions are quite similar. Elsgolts [1, 2] showed that Theorems 4.1, 4.2, and
5.1 can be transferred verbatim. However, the total derivative

n

. v o
V= 1§1 6_:c,~f «+ 5t
of the Liapunov function v for (38.1) depends not only on the arguments
Zi, ..., Zs, t, but also on the quantities (38.2). Therefore, in order to
determine the sign of 9, we have to know cither the quantities y. along a
motion, which contradicts the idea of the direct method, or we have to
know that # is definite as a function of the vectors x and y, which is a very
strong requirement. The assumptions of Theorem 4.2 are, as a matter of
fact, not feasible even in the case of very simple differential-difference
equations with n = 1, whose solutions approach zero oscillatingly. Theo-
rem 4.2 already assures asymptotic stability in the sense of the Euclidean
norm of the solution, and, as a consequence of » = 1, even the monotonic
approach of z(t) towards 0.

Krasovskii [17] developed the stability theory for differential-difference
equations by means of Liapunov functionals. This is a more suitable ap-
proach. The functionals are defined in the space of the initial functions
and they depend on the parameter ¢. Let these functionals be denoted by
v(z(—7),t). The auxiliary variable in the argument of 2, varics in the
interval 0 £ 7 £ h,. The functional v shall be defined in a domain

fwip(z) £ b, tZ b
of its arguments and shall be continuous with respect to the norm (38.8).
In analogy to (1.8), we introduce the concepts ‘“definiteness’” and ‘““‘decres-
centness”’ of a functional. For example: the functional v is said to be
definite if
1(z(=7),1) > ¢(p(z(0))) (2 t)
where ¢ belongs to the class K, etc. Based on these definitions, we have:

TaeoreM 38.1 (Krasovskii [17]): If a positive definite decrescent
functional » exists such that its total derivative for (38.1)

d
v = (—}l—tv(p(t — 7, 2(ly), to), t)

is a negative definite functional, then the equilibrium is uniformly asymp-
totically stable.

Like Theorem 4.2, this theorem permits several generalizations. IFor
instance, the expression which is analogous to (1.11) can be used in place
of 9. The condition ‘o negative definite” can be replaced by o < —¢,(x(t)),
where x(t) represents the solution and ¢, a positive definite function of the
arguments zy, . . ., 2,. A modificd proof was given by Halanaj [1].
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The proofs of these statements are similar to those of the corresponding
theorems for ordinary differential equations. This is also the case for the
converse of Theorem 38.1 which is based, as well as the proof of Theorem
19.3, on the method of Massera [1].

Taeorem 38.2 (Krasovskii [17]): If the equilibrium of (38.1) is uni-
formly asymptotically stable, there exists a functional v which satisfies the
assumptions of Theorem 38.1 and which, in addition, satisfies a Lipschitz
condition

[o(z(=1), 1) — v(22(—=7), )| < hp(za(0) — 2:(0))

If perturbation terms are added to the right hand side of (38.1), systems
of equations are obtained which suggest the definition of total stability for
differential-difference equations. This condition was first stated by
Elsgolts [1, 2] in a form corresponding to Definition 28.1; Krasovskii [17]
generalized this definition somewhat.

DerinitioN 38.3: In addition to (38.1), let the “perturbed” system
z, = filmit — Ah), . . ., .t — Bla); t)
+ gu(@( — ht), . . ., Za(t — hha); t) (38.9)
be given. The equilibrium is said to be totally stable, if for every ¢ > 0
three numbers & > 0, 7, > 0 and 72 > 0 can be so determined, that for the
solution p(t, z(t), &) of the perturbed differential-difference equations
(38.9) the inequality
plp(t, z(b), )] < e (t 2 k)
is valid, provided the conditions
plz(t)] <8, lgix)l <m in R
[R(t) — Rt ()] < e, () = 0
are satisfied.

The following theorem holds for total stability of differential-difference
equations in the sense of Definition 38.3 (and also for its generalization
defined by (28.5)).

TaeoreM 38.3 (Krasovskii [17], Germaidze and Krasovskii [1]):
Uniform asymptotic stability implies total stability.

Sufficient conditions for integral stability are given by Halanaj [4].
Theorem 38.3 contains as a special case the following theorem which was
proved earlier by Barba&in and Krasovskii [1] (cf. also Krasovskii [16]) in
connection with the direct method for ordinary differential equations.

THEOREM 38.4: If the equilibrium of the ordinary differential equa-
tions
i =fi(@, ..., Tn, )
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is uniformly asymptotically stable, then the same is true for the equilibrium
of the differential-difference equations
i, = f,(Il(t - h,‘l), e ,x,.(t -_ h.‘n); t)
provided the delay terms h,; are sufficiently small.
Of particular interest is the case where the unperturbed system is linear.
Let (38.9) be of the form
#i = pa(t) Tt — ha) + -+ + pin(t) Tt — hin)
+g.( .m0 = A, .. .50 (38.10)
t=1,...,mj=1,...,nk=1,...,m)
Here, the pi;(t) are continuous bounded functions which satisfy a Lipschit
condition
[po,) = p,{E'")| < alt’ —t"| (38.11)
The delay terms hi;, k%, are positive constants. For the functions g., esti-
mates of the form
lg:(@1, -« oy @0, O] < @] + -+ + |z (v > 0)
hold. In addition to (38.10), the autonomous system
9.(t) = pa(B) 43t — ho) + -+ + Pin(B) yn(t — ha) (38.12)
is considered. The number 8 is to be regarded as a parameter, and for the
constant delay term ho, the inequalities
[hy — ho| < K, [h% — ho|l < K (38.13)
hold for fixed k. Under these assumptions the following theorem is valid:
TrroreM 38.5 (Krasovskii [17]): Let the equilibrium of (38.12) be
exponentially stable, i.e., let
plP(t, z(h), t)] < bp(z(t)) e7=® (38.14)
for all 8 > 0 with fixed numbers b > 0, @ > 0. The numbers a and & of

(38.11), and (38.13), respectively, can then be so chosen that the equi-
librium of (38.10) is asymptotically stable.

In the case of exponential stability (cf. (38.14)) the theorems for the
first approximation hold in a similar sense as for ordinary differential equa-
tions (Germaidze [2], Halanaj [1 to 4]). In this connection, Halanaj [1]
proved in analogy to Theorem 24.3: If the equilibrium of a linear differ-
ential-difference equation

x(t) = Aot) x(t) + Ai(t) x(t — h1) + -+ + Axlt) x(t — hi)

is uniformly asymptotically stable, then it is also exponentially stable.
To prove this theorem, the operator of the mapping determined by
(88.7) is used which transforms z into p. This operator corresponds to the



144 GENERALIZATIONS OF THE CONCEPT OF STABILITY CHAP. 8

operator Z of the proof of Theorem 24.3. Since the operator determined by
(38.7) is linear and bounded, the reasoning applied to Z can be repeated.

If the coefficients and the delay terms of the linear system are periodic
functions with the same period and if the equilibrium of this system is
exponentially stable, then a “sufficiently adjacent” nonlinear system with
periodic coefficients and delay terms has an asymptotically stable periodic
solution (Krasovskii [22]).

A sufficient condition for exponential stability of the equilibrium of
(38.12) is that the ‘“‘characteristic equation”

det (p:;(8) — XM U) =0

has only roots Ay, As, . . ., whose real parts are smaller than a fixed negative
number Ao (Wright [1]). The assumption of Theorem 38.5 is satisfied if the
number Ao = No(8) is larger than a positive number which does not depend
on B.

If the differential-difference equations are linear, if they have constant
coeffeients and constant delay terms, and if the equilibrium is exponen-
tially stable (similarly as in Sec. 22), the functional can be chosen as an
integral of the form

[” (e, 20, 1) dr

In this case it is convenient to define the norm by

o) = Vix(Of2 + [} Iett = mf2 e

or some similar expression, rather than by (38.8). Since in the present
case the general solution of the differential-difference equation can be
written explicitly, it is also possible to give the functional v explicitly,
either as an integral expression or as a quadratic form in infinitely many
variables; here, the variables are the quantities (38.5) and, for instance,
the Fourier coefficients of the functions (38.6).

The application of Theorem 38.1 is limited by the fact that suitable
functionals v can presently be given only for a few special differential-
difference equations. Razumichin [4] attempted to make Krasovskii’s
theorems somewhat more applicable. Instead of the functional, he con-
sidered a Liapunov function »(x, t), defined in the motion space, and he used
the derivative v as a functional. This functional # does not necessarily have
to be negative definite; it is sufficient that o be negative definite along
certain solutions of (38.1). For instance, the following theorem holds:

TreorEM 38.6 (Razumichin [4]): The equilibrium of (38.1) is stable
if there exists a positive definite function v(x, £) whose total derivative &
for (38.1) has the following property: the functional # is nonpositive (or
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not identically equal to zero) along every solution x(t) for which the con-
dition
v(x(s), 8) Sv(x(t),) (bSsSY) (38.15)
is satisfied. If v is even decrescent and if ¢ is negative definite along the
solutions which satisfy (38.15), then the equilibrium is asymptotically
stable.
Example: Let
i(t) = —ax(t) — bx(t — h)
If v = x2, the total derivative is
b= —2z(az+by) (y=2z(~h)
The condition (38.15) is here of the form
z(e)*sz)? (0=s=¥)
It is satisfied by those solutions for which |z(t — )| = |z(8)|, i.e., for which
ly]| < Jz|. In this case it is sufficient to consider the values s £ ¢t — h. Con-
sequently, the inequality |b] = a, a > 0, is a sufficient condition for asymp-
totic stability of the equilibrium.

Several other conditions can be established instead of (38.15)
(Razumichin [4], Krasovskii [18]).

Razumichin [7] showed that criteria for stability according to the first
approximation can be derived from Theorem 38.6. Let the system (38.1)
be of such a nature that its equation of the first approximation is of the
form

x(t) = A() x(t) + B(t) x(¢ — h) (38.16)
with only one delay term. Let the ordinary differential equation
x(t) = (A@) + B(®)) x(¢) (38.17)

have an exponentially stable equilibrium, and let
v(x, £) = xTP(t) x

be a Liapunov function for (38.17) formed according to Theorem 24.5.
Then the derivative for (38.16) is of the form

vy = xT(E) Q) x(t) + xT(t) R(t) x(t — h) (38.18)

The condition of Theorem 38.6 requires that (38.18) be negatxve definite
for all those x(t — &) for which the inequality

v(x(t — h),t — h) < v(x(t), ) (38.19)

is satisfied. From this, a sufficient condition for stability according to the
first approximation is obtained if the maximum of (38.18) is estimated
under the side-condition (38.19) (Razumichin [7]).

Krasovskii [23] pointed out that the stability theory for differential-
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difference equations can be established in Banach spaces in analogy to the

theory in the Euclidean space.
Instead of (38.1), more general differential-difference equations

= fimE —9),...,2.(t —9);¢) =1...,n) (38.20)
can be investigated, where the f, are functionals with respect to the first n
arguments, and where ¢ varies between 0 and h (Krasovskii [24]), Hale [1],
Simanov [3, 4]). The core of the method remains unchanged. To investi-

gate the stability according to the stability of the first approximation, the
linear part of (38.20) is written by means of Stieltjes integrals in the form

z, =2 ﬁ)h z,(t — 9) dy,(9,¢t)
J
In the autonomous case, the characteristic equation is given by
det ([ 2 dy.,(@) = 8,) = 0 (38.21)

Simanov investigated the critical case of a vanishing root of (38.21) by
means of the method described in Sec. 30 (a).

Note that in general the considerations of this section cannot be applicd
without further assumptions to differential-difference equations of neutral
type. In equations of neutral type (which have received only little atten-
tion as yet) derivatives with time-lagged arguments occur in addition to
x(1), i.c., there are derivatives of the form x(t — k), ete. The stability
behavior of equations of this type is quite different from that of common
differential-difference equations. For example, asymptotic stability for an
autonomous system need not be uniform, not even in the linear case. This
was shown by Hahn [5] for a linear differential-diffcrence equation of the
order n. This equation has a family of solutions of the form

(.N:(t-—lo)
where
M = +2mi(k + a) — bk~ 4 o(k™)
@>0,0>0,a>0,k=1,2,...)

The situation is similar to that of example (36.4). The operator mentioned
ahove, which transforms in the case of a linear differential-difference equa-
tion z into p, is in the neutral case not necessarily bounded. Consequently,
the proof of the equivalence of uniform asymptotic and exponential sta-
bility cannot be transferred.

39. APPLICATION OF THE DIRECT METHOD TO DIFFERENCE EQUATIONS
We consider a difference equation of the form
ox = f(x, 1) (39.1)
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where ¢ is the independent variable, and where the operator Ox(t) = x(¢t + 1)
denotes the transition from ¢ to ¢ 4+ 1 in all arguments. Let the function
f(x, t) be real and continuous in |x| < h with respect to || for fixed ¢. In
addition, let f(0, t) = 0. Let the equation and its solution be defined either
for a sequence of discrete ¢-values

oo +1,06+2, ... (39.2)

or for all t = t. In the first case, the solution is determined by the initial
point x,. In the second case, the solution is, in a similar manner as (38.7),
determined by an initial function. But, since the value of the solution at
an instant 4, depends only on the value of the initial function at a single
point, the second case does not contain any basically new features.
Thercfore, it is sufficient to restrict the considerations to the first case.
The initial instant has to be considered as an integral variable parameter,
whose values are contained in a fixed sequence of numbers ¢*, ¢* 4 1, . . ..

The fundamental definitions of Secs. 2 and 17 of the stability of an
equilibrium, ete., can readily be transferred to difference equations. How-
ever, as in the case of differential-difference equations, a solution defined
for the initial instant ¢; cannot always be regarded as a continuation of a
solution beginning at & < ;. Consequently, it has to be postulated that
the stability definition is independent of the initial instant.

Only a few investigations of the stability behavior of difference equa-
tions have been carried out as yet. Without using the direct method,
Perron [3] and Ta Li [1] found the first fundamental results. A Liapunov
function was first applied in a special investigation by Meredith [1]; how-
ever, it cannot be decided whether the direct method was known to the
author. Krasovskii [13] transferred some results on differential equations
to difference equations. A systematic application of the direct method was
presented by Hahn [8].

In order to study the stability behavior of the equilibrium of (39.1), a
Liapunov function v(x, ¢) is used which need be defined with respect to ¢
for the values (39.2) only. Inequalities (1.8) and (1.9), by which the con-
cepts of “definiteness” and “‘decrescentness’” are defined, need as well hold
for these t-values only. Instead of the total derivative o, the ‘‘total”
difference

Av =0y — v =0v(0x,t+ 1) — v(x, t) . (39.3)

has to be considered. Disregarding these modifications, Theorems 4.1, 4.2,
5.1, and 5.2 remain valid verbatim. This is also true for the proofs. The
integrals occurring in these proofs, of course, have to be replaced by the
inverse operation of (39.3), i.e., by the sums. For the autonomous linear
difference equation

Ox = Ax 39.4)
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a Liapunov function can easily be constructed similarly as for differential
equation (8.1). The Liapunov function is chosen as

v(x) = xTBx (39.5)
The symmetric matrix B is determined by the equation
ATBA — A= -C (39.6)
in analogy to (8.3); C is a positive definite symmetric matrix. Then
Av = —xTCx

The quadratic form (39.5) is positive definite if and only if the absolute
values of all eigenvalues of A are smaller than 1. Applying this form as
in fec. 8 to the investigation of (39.4), one arrives at Theorems 8.1 to 8.3
with the single difference being that the term ‘“‘eigenvalue” has to be
replaced by “logarithm of the eigenvalue.” Therefore, the equilibrium of
(39.4) is asymptotically stable if all eigenvalues are smaller than 1 in
absolute value, etc. As in Sec. 10, the stability of the perturbed equation
can also be studied; in particular, Theorem 10.1 on the stability according
to the first approximation remains valid. (This theorem was first proved
by Perron [3] by a different method.)

The problem of reversing the stability theorems has not yet been in-
vestigated.

If the equilibrium of the nonautonomous linear difference equation

Ox = A(l) x (A(t) bounded and nonsingular) (39.7)

is exponentially stable, then a Liapunov function can casily be determined
by means of the procedure of Theorem 24.5. If x"C(?) x is a positive definite
quadratic form with bounded coefficient matrix, then

o(x, 1) = ,,%o DT+ k%, ) CU+ k) plt+ K x,8)  (39.8)

is a positive definite decrescent form with Av = —xTCx (Hahn [8]). The
theorem on stability according to the first approximation (the analogue to
Theorem 26.2) can also be proved for nonautonomous difference equations
by means of the function (39.8). Ta Li [1] proved this theorem in a differ-
ent, but equivalent, form (it corresponds to the criterion of Perron [4],
mentioned in Sec. 26).

By considering relation (24.2) as a difference equation for the funda-
mental matrix X, or for the rows of this matrix, it is possible to derive from
the theorem on the equilibrium of (39.4) a statement on the stability be-
havior of the equilibrium of the periodic differential equation (24.1): The
stability behavior is determined by the eigenvalues of the matrix S. The
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eigenvalues must have absolute values smaller than 1 for the equilibrium
of (24.2), or (24.1), respectively, to be asymptotically stable. This is one
of the statements of Theorem 24.2. The statement on instability is ob-
tained accordingly. By this approach, the main theorem on the stability
behavior of linear periodic differential equations can be obtained by means
of the direct method.

To find an approximate solution of the differential equation

x = g(x, t) (39.9)
by the so-called ‘“‘difference method,” the difference equation
x(t + w) = wg(x, t) + x (39.10)

is associated with (39.9). w is the span of the difference process. Here, the
following theorem holds.

TraeoreEM 39.1 (Skalkina [1], Krasovskii [13]): If the equilibrium of
differential equation (39.9) is exponentially stable and if the span w is
sufficiently small, then the equilibrium of the difference equation (39.10)
is also exponentially stable.

Proof: A Liapunov function is chosen for (39.9) which satisfies the
estimates of Theorem 22.1. Its total difference

Av = v(x + wg, t + w) — v(x, t)
for (39.10) can be put into the form

- dv i
o= Lw (ax,>o 0l §) w0 (at)o
by means of the mean-value theorem. The subscript 0 indicates that the
arguments x + dwg and ¢ + éw(0 < & < 1) have to be substituted into the
partial derivatives. Because of the assumptions on v, the expressions Av
and

Do) = igl %g;(x, t) + %
have the same sign for sufficiently small w and sufficiently small |x|. How-
ever, the derivative ¢ is negative definite. Consequently, Av is negative;
this means that the equilibrium of (39.10) is asymptotically stable. That
it is even exponentially stable can be concluded (by using Theorem 22.1
for difference equations) from the fact that v is also a Liapunov function
for (39.10). The existence of such a function guarantees the exponential
stability of the equilibrium.
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The above mentioned theorems can be applied to the theory of dis-
continuous control systems which are described by means of difference
equations (R. E. Kalman and J. E. Bertram [1]). A theoretical application
was considered by Karasik [1] who used Liapunov functions to derive
conditions for the existence of periodic solutions of difference equations.
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