UNIVERSAL
LIBRARY

OU_156653

AdVvddll
TVSHIAINN






OSMANIA UNIVERSITY LIBRARY

CallNo{:}, S///////\ Accession No. /4{/;
Author é - W}/ c

’I‘itlc
Thls book shoul tumed onor bcfore Eﬁc date last marked below






THE LAW OF GRAVITATION
IN RELATIVITY



THE UNIVERSITY OF CHICAGO PRESS
CHICAGO, ILLINOIS

THE BAKER & TAYLOR COMPANY
NEW YORK

THE CAMBRIDGE UNIVERSITY PRESS
LONDON

THE MARUZEN-KABUSHIKI-KATISHA
TOKYO, OSAKA, KYUTU, FUKUOKA, SENDAI

THE COMMERCIAL PRESS, LIMITED
SHANGHAI



THE LAW OF
GRAVITATION
IN RELATIVITY

By
Horack C. LLevinson, Pa.D.
atia

ErNEsT BLooMrIELD ZEISLER, PH.D.
nm————"—""

Second Edition

THE UNIVERSITY OF CHICAGO PRESS
CHICAGO, ILLINOIS




COPYRIGHT 1929 AND 1931 BY THE UNIVERSITY OF CHICAGO
ALL RIGHTS RESERVED. PUBLISHED FEBRUARY 1929

Second Edition May 1931

(OMPOSED, PRINTED AND BOUND BY THE
GEORGE BANTA PUBLISHING COMPANY
MENASHA, WISCONSIN



§1.
§2.
§3.
§4.
§5.
§6.

§7.
§8.
§9.

§10.

§11.

§12.
§13.
§14.
§15.
§16.
§17.
§18.
§19.
§20.
§21.

§22.
§23.
§24.
§25.
§26.
§27.
§28.
§29.

THE LAW OF GRAVITATION IN K¥LATIVITY

Introduction

............................................ S
CuAPTER I. ELEMENTS OF THE TENSOR THEORY
The linear differential form......., e 7
Transformation of matrices......w.. ..o oo ... 8
Tensors..................... e et 9
Lemmas.................... o e e e e 11
The group property of tensors............................ 12
Covariant equations. ............ .. ...t 13
CHAPTER II. ALGEBRA OF TENSORS
Algebraic properties of tensors.................. ... ..., 15
Reciprocal of Agy. ... 18
Existence theorem. ............. ...ttt 19
Quotient theorem. ........ ... ... ... ... . ... i, 22
Association of tensors. ......... ... .. .. i 24
CuaPTER ITI. DIFFERENTIAL PROPERTIES
The Christoffel symbols............ ... . ... ... it 26
Partial derivatives of the transformation.................... 27
The mixed Riemann-Christoffel tensor..................... 29
Covariant differentiation of tensors........................ 32
Order of covariant differentiation.......................... 34
Properties of covariant differentiation...................... 36
The quadratic differential form. Fundamental tensors........ 38
Fundamental tensors..................ciiiiiiiiennnnnnn. 39
Additional properties of guy ... ... i 39
Divergenceofatensor.............. .. ..ol 41
CHAPTER IV. THE TENSORS R, AND Gy,

Flat Space. .. ...oouiii e e 43
Pairs of quadratic differential forms. ........ ... ... ... ..... 43
Equivalence of quadratic differential forms.................. 44
The quadratic differential form of flatspace.................. 45
The covariant Riemann-Christoffel tensor.................. 46
The Ricci-Einstein tensor. . ....... ..., 47
Canonical codrdinates. .. ...... ... ... .., 48
Theorems on fundamentaltensors.......................... 52



§30.
§31.
§32.

§33.

§34.
§35.
§36.
§37.
§38.
§39.
§40.
§41.
§42.
§43.
§44.
§45.

CuAarTER V. FUNDAMENTAL TENSORS

Fundamental non-differential tensors of a linear differential

form. .. .. 55
Fundamental non-differential tensors of a quadratic dif-
ferential form. ... ... ... ... ... . . .. .. .. 60
Fundamental differential tensors of a quadratic differential
form.. ... .. 65
Fundamental differential tensors of odd valence..... . ... 69
CaAPTER VI. THE LAWS oF GRAVITATION
Postulates. Lawsof nature...... ........ ... ... ... ....... 70
The Lawof Gravitation. ............. ... ..c..civuiin..... 71
The form of the Law of Gravitation...................... 71
The tensor MWippwe oo o o 73
The Case m=m ... ... ... . . . . . . .. 75
The tensors Bom . . ..o oot e 76
The tensors Aom ... oo oooi e 77
The tensor Serpur .« - oo o e 80
The laws Lo =0.... .. .. e 81
The Laws of Gravitation. .... ............ ..... ... 82
The divergence of certain tensors. . ....................... 83
Applications. . ...... .. ... 86
CuAPTER VII. APPLICATIONS TO THE SOLAR FIELD..... 88
Appendix I.. e e e e . 107
Appendix Il . . . 107
Appendix TIT... .. ... ... . . .. .. oI
Appendix IV. . Cee 114
Appendix V.. . .. el 124
Appendix VI S . 125



INTRODUCTION

The subject matter of this book falls naturally into two main divisions,
an introductory part dealing with tensor analysis, and a second part
concerned with the search for all laws of gravitation in empty space
admissible under the postulates of Relativity. The problem of deducing
these laws from the given set of Relativity postulates is amenable to a
purely mathematical treatment, and is one of the most remarkable ex-
amples of this sort in modern Physics.

A very powerful weapon in the solution of this problem is the theory of
tensors. As originally developed by Ricci and Levi-Civitat this theory
was devised to meet a much more general class of geometrical problems
than those which later arosc in connection with the General Theory of
Relativity. In the following treatment we have limited the scope of the
theory of tensors in such a way as to lead, in our opinion, to the most
fruitful application to Relativity.

As special points in this development we wish to call attention to the
following: We commence with a linear differential form, or with scts of
such forms, and with matrices defined in a general way. The components of
these matrices arc explicit functions of the independent variables, their
differentials, and the coefficients of one or more linear differential forms.
We are then able to set up a simple definition of the transformation of a
matrix from one codrdinate system to another (§2). Tensors enter the
theory as matrices which transform in a specified way (§3). We are then
able to show that the components of a tensor do not contain the indepen-
dent variables explicitly (§3). This procedure makes it possible to es-
tablish a general existence theorem providing us with tensors of every
order, arbitrary in the coérdinates (§9); such a theorem can not be obtained
if the theory is based on a quadratic differential form alone. The so-called
quotient theorem follows almost at once as a corollary (§10); this can not
be proved without a general existence theorem. A precise definition of
covariant equations (§6) brings to light the relation of tensors to the
expression of laws of nature which satisfy the fundamental postulate of the
Theory of Relativity.

The quadratic differential form is introduced (§18) only after the
properties of the symmetric covariant tensors of the second order are
studied. The fact that the quadratic differential form plays a fundamental
role in the Theory of Relativity, due to its gcometrical significance, does
not imply that it must serve as basis of the theory of tensors in Relativity;
for every quadratic differential form can be decomposed into the sum of
the products of four pairs of linear differential forms.}

t Ricci and Levi-Civita: Math. Ann., 1901, (54), p. 125.
1 Or the algebraic sum of the squares of four linear differential forms.



In Chapter V we have been able to give the number and the explicit
form of fundamental non-differential tensors of the quadratic differential
form. Further, we have shown that every fundamental tensor linear in
the second derivatives and containing no higher derivatives, can be
expressed as an explicit sum of products of known tensors.

The set of postulates referred to above is given in the opening paragraph
of Chapter VI. With the aid of our previous theorems and of three proposi-
tions, all the possible forms of the law of gravitation are obtained. They
are expressed by four tensor equations (one being Einstein's law), and the
combinations of these. Of these four tensors three were previously known,
while the fourth, as far as we are aware, is given here for the first time.
We have denoted it by Serpun.

In Chapter VII solutions of these laws are given for the gravitational
field of one body. Solutions of the equations of motion of a point-mass in
the field of one finite body are given explicitly, including the Einstein law
as a special case. These results hold for much more general postulates than
those previously considered.

We may state here that all the functions occurring in the following
pages shall be assumed to be continuous, and to possess as many continu-
ous derivatives as may be required by the arguments in which they occur.
We have not used the double-index summation convention, as we felt that
it would be confusing here.

We wish to acknowledge our great debt to the treatments of tensor
analysis given by several writers, particularly Einstein,} Eddington} and
Becquerel. 11 As the first five and one half chapters were completed in 1927,
at which time we were not familiar with several of the more recent treat-
ments of tensor analysis, such as those of Veblen, Eisenhart, and Birkhoff,
we could not take advantage of some of their notational and other innova-
tions. We wish also to express our obligation and gratitude to Professor
G. A. Bliss for his encouragement and valuable advice.

t Annalen d. Physik, vol. 49, 1916, p. 769.
1 The Mathematical Theory of Relativity: Cambridge, 1923.
1t Principe de Relutivité et la Théorie de la Gravitation, Paris, 1922,



CHAPTER 1
ELEMENTS OF THE TENSOR THEORY

§1. The linear differential form.

We shall deal only with four-dimensional space, and functions of

four real variables x;, . . ., x;,. As the basis of the theory we take the
linear differential form

4
6)) dr = Y hudx,,
Jan=1
where the A, are arbitrary functions of x;, . . ., x;. Consider the single-
valued non-singular transformation of variables
; %= m(x, - y%4)
(T) |
e = xy(®’, - - 7).

Under this the dx, transform as follows:

@ iz, = 3 2%

4
%=1 ax;

dx, (w=1,---,4).
By substituting (2) in (1) we obtain the transform of (1) under (T):

4
dr =dr' = ) hldx),

p=1
where
’ , 4 8x¢ ,

3 hi(x]) = Z ,"hi[xi(’:k )] (=1, ---,4).

=] axp
The solution of this for 4, is

4 Ox/ ,

hl‘ = Z h‘,[xl (xk)] ("‘ = 19 e ;4)-
te] axu

In future we shall abbreviate by understanding that all summation in-
dices run from one to four, unless otherwise specified, and that all equations
hold for each value from one to four of the free indices.

Since the &, of (1) are arbitrary functions of the x, we may introduce
several sets 4" of such functions. The product of two such sets 4" kS
may be considered as the coefficients of a symmetric quadratic differential
form
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2 B h®drdx, = 3 h,dx,dx,,

" '

where

hlu = %(hn(l) h® 4 pW hu(”)-

§2. Transformation of matrices.

We shall deal with matrices of various orders, a matrix of order k
being an array of 4* components. For the components we shall admit
functions of the quantities x, . . ., x4, dxy, . . ., dxyy B, and the partial
derivatives of all orders of the h(» with respect to the x,.

We shall first consider the simplest type of matrix, namely, one of
order zero, a single function f(x,, dx;, /,{?); it is understood that every
function of the %{?, such as the one just given, may involve the partial
derivatives of the /(9 .

We shall now define the transform of this matrix f(x,, dx;, £{?) in a
new system of coérdinates when the independent variables x; are trans-
formed according to (T). Denoting the transform by f'(x., dx;, k)
we define it by

(4) S, day, D) = f(xi dxl  BS),

the /49" of the right member being expressed in terms of the x/ according
to the equations (3); in other words the function f(x,, dx,, b{?) is trans-
formed by replacing the quantities x,, dx,, b{?, by x/, dx!, h{?’, the
partial derivatives 8"i(? /dxfr. . .9x&« (Ta,=n), being replaced by
Y [oxias . .. dxfee, '

This law brings to light an important feature of the theory that we
are treating. It would be possible to consider the A in f as functions of
the x,, (which of course they are), so that they would transform by re-
placing the x, by the x/. But the significance of the present theory is
largely dependent upon the explicit presence of the /4,9 in the function f
and on their transformation according to (3).

The law of transformation for the general matrix of order % under the
transformation of variables (T) is that each component of the matrix
transforms separately according to (4). We shall use the notation A’
to represent the transform of the matrix 4 under (T).

The components of A’ are functions of the components of 4; in case
these functions are linear and homogeneous for the general transformation
(T), A shall be called a linear matrix.

Whenever a quantity is a function of several sets A, we shall ab-
breviate by writing simply 4,.

We shall have occasion to use the transform (84/dx,)’ of 04 /dx;,
for the function 4 (x;, k;). Then
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% = A.(x,, k) + Zk:/‘hk(x;,h;)%g _
By definition
’ ’
(%) =A. (], h})+ };Ahk(.\,; , I”’)G.%) .
On the other hand
, ’
::i, = 5%7/1(1‘,' ) = A, (x] 0] + ;‘4’%(‘\.)’ ’h")g%::: _
By definition
ok N\’  on
( ox; ) - ax! '

Hence

( 04 )' a4’
ax.- B ax,-’

§3. Tensors.

Among all existing linear matrices there are certain particular ones
which we shall call fensors. Under this heading we shall include the four
following types—covariant, contravariant, mixed and invariant, which we
now proceed to define. Consider a matrix 4 of order # with the 4" com-
ponents A(u1, - - -, ma). Under the transformation (T) this becomes a

matrix A’ of order n, with the components A’(ui, - - -, ua). If the re-
lations
ax,,, axa,.
(5) A’(I"lr t ';I‘n) = E ; ot 7 A(aly et ,an)
L3 VR axl‘ ax“n

are satisfied, the matrix A4 is called a covariant tensor. In this equation
A'(p, - - -, pa) is expressed according to (4) in terms of x,, dx;, h,; the
partial derivatives dx,,/dx’,, are expressed in terms of the x, by (T). By
the equation we mean an identity in the x;, the dx,, the 4, and their
derivatives. Every equation involving the x, ,dx;, and the &, of two co-
ordinate systems has precisely this meaning.

If the relations

ax’y, ax'y,
(6) A’(Vl’ tte ’yn) = Z Tt "l(ﬂlp tte )ﬂﬂ)
Bivr - Bn axp, dxs,

are satisfied, 4 is called a contravariant tensor.
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Tf the relations

axa axﬂk ax"
7 Ay, - mrv, ) = L L.
( ( 1y Hal 714 ¥ ) al,;,ak ax'p, ax,n axpl
B1,° .81
ax'n
A(al) et )ak;ﬂl) ttt )ﬁl)
dxs,

are satisfied, 4 is called a mixed tensor, covariant of order %, contravariant
of order I. The solution of (7) is

A%'a, 9%'a, 9%y,

§) Ay, - sy o ) = |
(®) Alus, - - smnim, - Zak 3%, tm  0x's,
al'.-..ﬂ‘

oA ek By B,
B

If the relations
(9) A’(Ml’ e )I‘n) = A(“h ot yl‘n)

are satisfied, the matrix .1 is called an invariant matrix. If A is also a
tensor it is an invariant tensor.
We shall hereafter use the term valence for the order of a tensor.t
The tensors (5), (6), and (7) are represented by the following notation:
The covariant tensor (5) is A,,,.. ., 4 OF simply A, or Af‘,’)).

The contravariant tensor (6) is A" """ " or simply A™ or Af{,')) .

The mixed tensor (7) is 422 "%, or simply 4 ().

As implied above, the term mixed tensor will be used to include a
tensor 4 my=4A,,,..., »,, covariant of valence #, contravariant of valence
zero, a tensor A =A% *." contravariant of valence », covariant of
valence zero, and an invariant tensor .l {3}, covariant of valence zero,
contravariant of valence zero, a single invariant function.

The notation A4 {;) shows that .1 is a mixed tensor of valence k1.
For the components of this tensor it is convenient to use the notation
Apy, -0y s vi, ©*, w) or A((Q) (w1 - - - y My Vi ", vi). The tensor
A is called a tensor of type ().

Since the tensor property as defined by (7) is a property of the function
A and not of its parameters, it follows that if A(x;, dx;, A4,) is a tensor of
type (}) then A(x/, dx/, k') is also a tensor of the same type; hence the
tensor property is independent of the codrdinate system. This also follows
directly: By (4) we see that A is the transform of A’ under (T-); thus if
A is a tensor then (8) is true for all (T~1), whence by definition A’ is a tensor
of the same type as 4.

t Due to Professor A. C. Lunn.
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THEOREM. A tensor cannot involve x; explicitly.

Let A(., be a tensor of type (.), the components being functions of x;,
dx;, h,. Make the transformation x,=x/ —a;, where the a, are constants.
Then dx:/dx =1I(i,j), I being the identity matrix. Then by (7)

A'(ur, - ypeivn, o ) = E I(as,pm1) - -+ Iak,p)I(B1,v1) - -
a7
B1,°°° ,BI

- 'I(phv')A(al’ t 0 ;ﬁh ctt nﬁl) = A(I‘l’ BT 7 TN 4 PERMI Vl)°

Hence for each component f(x;, dx;, h,) of A 8’, we have
f’(xi;dxh hn) = f(x.-,dxi, hu) .

By definition f’(x,, dx:, k) =f(x),dx/, k). Since x. = x,4+a; we have

dx! = dx;,
and by (3)
ki (x) = hu(x).

Now

3k,  ah, dh, dxs E ah,

dx, B ax) - * Oxp Odx. 9x,
Similarly

"k, ark,
dx{=r- - dxla  Jxfil- . Jrae
Hence
f(xiydx{ b)) = f(x; + ai,dxi,by).

Thus

f(xi + at',dxiyhn) = f(xndxuhu)-

Since the g, are arbitrary constants it follows that f does not involve x;
explicitly; hence the components of A&) are functions of dx;, A, alone.

§4. Lemmas.

For future reference we introduce at this point a few lemmas.
Lemma I.

> 9x, dxy EN
Y 0x) 9z 9x"s
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This follows directly from the usual law of multiplication of matrices

applied to
( dx; ) ( dx! )
-] and — ),
dx/! dx,”

using the well-known theorem on Jacobians.}
Lemma II.

9z, 9Oz, 0xq

> = = I(a,B).

¥ ax.,’ axg 3x3

This follows immediately from Lemma I by putting x’’=x, or if preferred,
by multiplying together the matrices

dx, ox!
Gar) = ()
ax,' ax,-
Lemma III.

_Aayﬁip""ypr =Aa,a7 sy """ 9Pr)y
?T‘; oxl om ( 1 ) (e, e, p1 )

Ax, OJxy

where A4 is any matrix of order r42. This follows at once from Lemma II.

§5. The group property of tensors.

The tensors as defined in §3 satisfy the group property. By this is
meant the following: consider two arbitrary non-singular transformations
of variables

(T) x; = xi(xf)
and
(T x! =z} (x/).

If a matrix A transforms under (T) to a matrix 4’ according to

%4 0%ax  9x4
10) A'(pr, + -+ ,pn) = .. LA
( ( ' au"z' 1an axﬂ{ axp;,’ 6x.,,+,

axpn,

A(ab e ;an))

and the matrix A’ transforms under (T’) to a matrix A” according to

t Goursat-Hedrick: Mathematical Analysis, vol. I, § 29.
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ax'pl 8x'5,, ax”pk 1
(11) A"py, o) = D ..
’ ' Buve-- o 0%"p, (EN ax,ﬁkﬂ
ax”p,.

A’ s LB,
ax’p,. (Blr aB )

then under the composite transformation
(T'T) x = x,[x] (2,")]

the matrix 4 transforms into the matrix 4” according to

dx dx dx”
(12) A"y, - ) = 3 :‘ oo Z" T
Yier st W dx " dx Pk ax-y,m
ax",,
_A(ﬁh’ e ,.Y").
ax‘)’n

To prove the theorem it is merely necessary to substitute the 4’ of (10)
in (11), and to note that hy Lemma I

> x5  dxa GEM
5 02", Odxd ax",

Since, as just shown, mixed tensors satisfy the group property, it
follows that all tensors satisfy it.

§6. Covariant equations.

For the sake of clarity it seems well to state at this point the object of
the present analysis. This object is to find covariant equations of the
linear differential forms

(1y drn = Y h(,,"dx,..
m

By a covariant equation of (1)’ is meant an equation

(13) f(xi,dxs,b,) = 0

such that, for every transformation (T), the equation
f(xd,dx' b)) = 0

is satisfied whenever (13) is satisfied. It is to be noted tbat according
to (4) this condition is that the transform f’ of f satisfies

f,(xhdxh hl‘) =0

whenever (13) is satisfied.
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By a set of covariant equations is meant a set
falxi,d2,h,) =0 (a=1,.--,m)
such that, for every transformation (T), the set of equations
fa(x!,dx! hl) =0 (@=1,--,n)

is satisfied whenever the first set is satisfied. Again it is to be noted that
this condition is that all the transforms f. of the f, vanish whenever all
the fo vanish.

We shall now show how the theory of tensors, as developed in §§ 1 to 5,
permits us to find examples of covariant equations.

By the equation

4 =0,
A being a matrix, is meant the set of equations
Apr, -+ - ) = 0.

If A isa tensor, then A =0 implies that A’ =0 under all transformations (T).
Hence for every tensor A the set of equations 4 =0 is a set of covariant
equations of (1)’. The search for examples of sets of covariant equations
may thus be conducted by searching for tensors. It must be noted, however,
that we have not shown whether or not there exist covariant equations not
equivalent to tensor equations.



CHAPTER II
ALGEBRA OF TENSORS

§7 Algebraic properties of tensors.

We proceed to consider some algebraic properties of tensors. The
sum or difference A+B of two tensors A, BY) is defined as C where

C(Ill, Tt Mk Vi ot )Vl) = A(I‘l, Ut G MES VL, ot ,"l)

iB(/‘l) Tt G ME VL V).

It follows immediately from the linearity of (7) that C is a tensor C{}).
The product 4 B of any two tensors 4 (), B{!)is defined as C where

C(#h""#m;"l"";"n;”l""a's;Tl,""Tt)

EA(I‘I; Ct yMmoy V1, ot ’VH)B(‘”’ Tt O3 TL, 9‘”)‘

That C is a tensor C{} 3 follows readily from (7). For example, consider
C=A{}) Bq). By definition

9x, Odx/ ox
A@py) = X — ——A(a,f); B(e)= X ———B®).
«p O0x) 0% y 0%/
Hence
dx, Ox, Ox/
A’ B'(o) = A (e, 8)B(7).
(u,v)B'(0) ¢§-, vl ol oz (e,8)B(7)
Since

C,(M,V,O’) = A'(M,V)B'(O‘) and C(“:ﬂ)'Y) = A(“)B)B(7)

it follows that

dx. Ox, 9%,

C'(u,v,0) = —C(a )
(M ) ) a,Xp_:y ax", axd EP ( )B,'Y)

which shows that Cis a tensor C{3). The product of two tensors as de-
fined above is called the outer product.

We shall now define the term comfracted tensor. For a tensor Af}),
k+1>0, consider the matrix C defined by

C(Ml; tt ot Gy Mk-13V1, ’”l—l) = EA(”'I) tt ot G ME~1,P 3VL, ;”l—lrp)'
o
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16
It is readily shown that C is a tensor of type (;2}). For
C'pay *+ se—a o, oo yimn) = D0 Aut, =+ ymee,0 391, * * + ,21m1,p)
4
> 9, O%a, , OXap 0x,/
» a,,. ., ak Bx,‘,’ ax",k_l ax,,’ axp,
ﬂ,, ., B8
d9xs, , dx,
_A(al) Y- 73 Y47 ;ﬁl’ e yﬁ!d-ﬁl)
axﬂl—l axﬁz
0%a, 0%e, , Ox,/ ax, .,

axﬁ:-x

a,,.. ,ak ax,,,’ ax,{,‘_, 6xﬂl

8y, .., 811
© L Bi-1LBY).

axak ax,’
Z ’ _A(aly Tt GO0k, Bl) :
B 0%,  Oxg,

By Lemma III of §4
t 9‘3[——1’3!)

0%a, Ox,
Z "A(aly Cr ke, 5 B,

Bre O0x,  Oxp,
= jl(a!’ tt 01,0 ; Bly M )ﬂl'—l)ak)t

Hence, setting ai=¢
0, 0Xay_, ax:,

' 7
axl‘ k—1 axﬁi

Vt-l) = Z

C'ut, =+ ue—r o, - v+, .
@y, ak—1 0%,
By, -+ Bl

ox,
T ZA(an s ooy, By, s ,ﬁt-l,v)

GXpl 1 T
W)
_ 0%q, 0xqy_, 0x',,
= — e e - —_— ..
Ay, 2k—1 0x,u dx Hk—1 axﬁl
By Bi-1
ox/ .,
C(al’ Tty @k—1 BI; toe )Bl—l)’
dxp,,

which shows that C is a tensor C_}). It is a once contracted tensor of 4.
This process is called contraction, with respect to us, ».. Contraction with
respect to two indices u, u2 Or »;, v; of the same character, does not yield
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a tensor, and is of no interest to us. Therefore the term contraction will
always imply that the indices are of opposite character, that is, one of
covariant, and one of contravariant character. It is evident that we also
obtain a tensor of type (:-}) by contraction with respect to any of the k!
pairs u,, v;. It is an immediate consequence of the theorem just proved
that by contracting a tensor A (] successively k times we obtain a tensor
C{}, which is an invariant.

We shall now define the term inner product of two tensors A{5), B{m).
If we contract the tensor C{A1™ =A%) B{T") successively m+n times we
obtain an invariant C{3), an inner product of A and B. Since it is possible
to choose the pairs of indices with respect to which the successive contrac-
tions are made in arbitrary fashion there exists more than one inner product
of A and B; in fact there are (m#)! such inner products, all of which
may be distinct.

Consider two matrices 4 and B, of order 2. We shall denote by (4 B)
the matrix obtained from A and B by ordinary matricial multiplication.
Let A’, B’, and (AB)’ be the transforms of 4, B, and (4 B) respectively.
It follows that

(AB) = A'B’.

For, let
a11y, = " ,014 bu, -+ b

a41, * " " 5,04 bary o ybaa

> auba, -, Z a1:bia

Then

(4B) =

2 a-hbil, trt E a.ubu

According to the law of transformation of a matrix (§ 2)

!’ ’ 13 14
Qi1 " C ,014 bily -+ 014
A =1 - -y B =| - . ,
‘I .l .I .I
Q41 4 * *° ,044 baf , - -+ ,b4d

where g, is the transform of a,,,and b,, is the transform of 4,,, Hence
Zau'bﬂ', trt Eal{b“'
! )
(4'B") = .

14 7 ’ 4
Z a4 bu y " E (L7 bi‘l
s [
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’ ’

( P aubu> y 1t ,( > ax.bu)
: ! : ’

( E aubu) y "7t ,( Z anbu)

’
( Z anblk) = Z aj‘,bzk, ]

as is apparent from the law (4) for the transformation of a function, it
follows at once that (4 B)'=(4'B’).
The matrix 4 is said to be symmetric in p,, p, if

Also

(4B)" =

Since

A(pl; Tt aPiy Tt 5Py ’pn) = A(Pl: REREEY 7 FRRRREEY 2 P ;Pn)°

The matrix A is said to be antisymmetric in p,, p, if

Alpry == ypay = 5piy o ypn) = — Ao, ==+ 4piy 0t ,Piy tt ,Pa).

The matrix 4 is said to be completely symmetric or completely antisymmetric
in case it is symmetric or antisymmetric respectively in every pair p;, p,.

It follows at once from the definition of transform that if . is a sym-
metric or an antisymmetric matrix, then .1’ is a symmetric or an anti-
symmetric matrix, respectively. For if .1(«, 8, p,) =.1(B, «, p,) it follows
from (4) that the /1’ satisly the same relations. These definitions of course
apply in the particular case where .1 is a tensor.

§8. Reciprocal of A ).

Consider a particular covariant tensor of valence two, A4,,, with
det A#0. Let B=A"! represent the reciprocal of the matrix 4; then
(AB)=I. Weshall show that B is a contravariant tensor of valence two.

By § 7, (AB)'=(A'B’). But (AB)'=I'=1. 'Therefore (A’B’)=1.
We have

B 9) = T A'uB(i9) = I(u,9).

By (5) 5 s
Xa E7]
A4',, = ——Aap.
* .,Z,g dx) Oxf ?
Hence

dx, Oxg

,?, o —5;‘;-,4.,,3'(1',;') = I(u,»).
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Multiply each side of this equation by

! ’

dx, xy
B(s
9% ( 77) 9z,

and sum as to §, v, u. We then have

. dx, dxg dx, Ox,
Z B'('t,ll) Z - Z —,— Z B(5,7) E , “_Aaﬂ
i 3 816 ] 6x.- ¥ a,u 6x,. 6x.,
dx, ax,.
= X —B@(,7) X —I(u,).
8.y ax6 u 8x.,
By Lemmas IT and III of § 4 this becomes
dx] 9dx)
B'(p,V) = z - _B(6)7),

IR axa 8x,

which shows, by (6), that B=A"'is a contravariant tensor.

It is interesting to note that, with the commonly accepted definition,
the reciprocal of the matrix Z, of (1) is not a contravariant tensor as might
be expected from the results of this section. For the reciprocal in question
is

That this is not a contravariant tensor is seen by applying the trans-
formation

%1+ %

=
=
]

Xy = X1 — X2
X3 = X3
Xy = X4 .

§9. Existence theorem.

In preceding sections we have defined tensors in a general way, and
have discussed some of their algebraic properties. The question naturally
arises as to the existence of tensors of various ¢ypes. In answer to this ques-
tion we shall state and prove the following theorem:
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For every pair of indices m, n, there exists a general tensor of type (m),
a function of h,D.

By a general tensor of type (%) we mean a tensor 4 (%) whose components
as functions of the x; are arbitrary except for the condition that the tensor
is non-degenerate, that is, that for every choice of m+#—1 indices the four
components corresponding to the remaining index are not all identically
zero.

We shall first consider the case where =0, m>£0. For m=1 the theorem
is obviously true, for the covariant tensor 4, of (1) is arbitrary in the x; by
definition. For the general m we proceed by induction. Suppose the
theorem true for m—1, that is, that there exists a general tensor A4 (m-1).
In proof consider the expression

(14) Aupeev s My + -+ Dyy, oo i s Qums

where 4, B, C, D are general tensors of type (,;), and M, N, P, Q general
tensors of type (}). It follows from § 7 that this expression is a tensor of
type (3). We wish now to show that this tensor (14) is genecral, that is,
that we can choose 4, B, C, D, M, N, P, Q such that the components of
(14) are arbitrary functions (cxcept for the condition mentioned) of =,

say T(ui, * - -+, um). To this end let us choose the arbitrary components
A, - - -, Qin the particular codrdinate system in which the T(u, - - - , pm)
are given, as follows:

M =1,0,0,0

N =0,1,0,0

P =0,0,1,0

Q =0,0,0,1

Ayyenn pimer = T(ury v ¢ ltmeg, 1)
By oo pmer=T(u1, =+ * ypim-1,2)
Cureve bmar = T(u1, +* + ptm—1,3)
Dy,,... ppmar = T(u1, -+ ,pm-1,4) .

Then the components of (14) are T(ui, * -+, um), as was to be shown.
To complete the proof it is necessary to note that since by hypothesis the
tensors 4, - - -, O are non-degenerate, the particular choice we have
made is Jegitimate.
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"The proof of the theorem for m=0, n70 is completely analogous to the
proof for n= 0, m0, after we establish the existence of a general contra-
variant tensor of valence one, which we proceed to do, first introducing the
following lemma.

Lemma: There exists a contravariant tensor of valence two, B*
whose components are functions of the «x;, arbitrary except for the con-
dition det B#0.

For let T be a matrix of the second order whose components are func-
tions of the x,, arbitrary except that det T'#£0; then det T-10. By the
theorem for =0, m>0 there exists a covariant tensor 4,,=7T-1. Now
by §8 we know that there exists a contravariant tensor B~*=A-1, But
A~'=T; hence B**=T, which proves the lemma.

Now consider the expression

(15) D [A»M, + B»N, + CwP, + DwQ,|,

where A, B, C, D arc tensors of type (3), arbitrary except that their de-
terminants are all not identically zero, and M, N, P, Q are general tensors
of type (}). It follows from §7 that this expression is a tensor of type (3).
We wish now to show that this tensor (15) is general, that is, that we can
choose A4, - - -, Q such that the components of (15) are functions of the
xi, say T'(p), arbitrary except that not all are identically zero. To this end
let us choose the arbitrary components of M, N, P, Q as follows:

M =1,0,0,0
N =0,1,0,0
P =0,0,1,0

Q =0,0,0,1. °
Then (15) becomes

(15)’ A1 Bu2 4 Cu3 4 Du,

Since not all the components T(u) are zero, suppose that 7°(1)>0. Now
choose 4, B, C, D as follows, in the same coérdinate system:

A% = T(1),0,0,0

Bx2 = 0,T(2),T(1),0

C# =0,T(1),T(3),0

D¥ =0,—T(),-T(1),T(4).

Then the components of (15)’, and hence of (15), are T'(u), as was to be
shown. To complete the proof it is necessary to note that our choice of
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M, N, P, Q and of 4, B, C, D is legitimate, for we can easily choose
A»r (v#£1), B*(v#£2), C**(v#3), D** (v#4) so that det 40, det B0,
det C0, det D#0.

We have thus proved the existence of a general contravariant tensor
of valence one, and hence according to our previous statement the theorem
is true for m=0, n=0.

If m#0, and also #5<0, the theorem is proved in exactly the same man-
ner. For we first obtain a general tensor of type () as follows:

(1 (1) (1)
Am =AmM "+ - +Dm@Q ;

next a general tensor of type (a)

) 10 m m
Amy =Awm M +---+Dwm @,
and so on.
To prove the theorem for the remaining case (m, n)=(0, 0) we con-
sider the expression

2. A*B,,
»

where A, B are general tensors of type indicated. This expression is a
tensor of type (9), i. e. an invariant, by §7. Choose

4 =1,0,0,0
B=T,1,0,0

where T is arbitrary. Then Y, A#B, has the value T, which is arbitrary.
Hence we have an arbitrary tensor A{) of valence zero.

Corollary. For every pair of indices m, n, there exists a tensor AR such
that A'{n) is a general tensor.

For consider the general tensor B{%), and let A{n] be the tensor ob-
tained from B{%} by the transformation (T~'); then B{M=4"{n} which
shows that A’{2) is a general tensor.

§10. Quotient theorem.
We have seen in §7 that

(ntr)
Z A(MP) (I"lr St G Mmy T, 0 3 Tp Vi 3 PnyPly C 0 ’p‘)
B1,°0° hm
¥1,°°° ,¥n

(m+t) (r+-1)
B(n+l) ("l! Tt g Uny 01, ,0e 5 M1, T G Mm, T, ’1'3) = C(P+“7'



LAW OF GRAVITATION IN RELATIVITY 23

We wish now to prove a quotient theorem :

If for every tensor A{n%)

(n+r)
Z A(M-H') (“1) T GMm, Ty, G, Tp gy Vi, t ey Pl ,Pr)
B1,"°° um
¥1,°°° ¥n

B(yl; Tt V01, 7t 0 5 M1, G Mm, T, ;T!) = C(1I',0‘ ) p’T)

is a tensor of type (;11) then B is a tensor of type (*1!). In the proof we
shall let 3° dx,/0x’, represent Y- 9x,,/0%',, - - - 0%a,/0%',,, etc. By

hypothesis

0x¢ Odx, 0x! 0dx!
C'llryo; py7) = 3 — ?

6,6, ax-rl axc, 0x, 9z

2 A, ;5 v,0)B'(v,0 5 1,7)

By

C(8,x;1,N\); that is

dxg dx, dx; dx/
= - - A(n,0 ;5 v,0B,« ; u,N\)
0,6, A u,» ax, 6x, ax. ax)‘

dxy Ox, dx,

> 0% (@05 8,0B6,x ; @
= a,0; 6,0 ,K 5 a,N).
f,8,6,0,a,8 axrl axwl axL ax)\ ' ’

Also by hypothesis, using (8),

dx, dxy dxg dx,
z == —A'(u,7 ; v,8).

A(e,0 i Bye) =
’ By, v, 8 axa 3xo axr, . axa

Hence

EAI(#,‘II';V,p)B'(V,O';[L,T)

By

dx9 dxy dx, 0x, Oxz Ox, dx; Ax/ ,
= _7 T ot A -"," , — —4 (l‘y'Y;yxa)B(B; x;a,)\)
0..xha80%7 O0x9 Oxf Ix, Ox, Ox. Ox, 0%\
myyv,8

dxg 0x, Ox) Ox! 9xp 0x, dx, Ox;
= o7 : - —‘B(B,K;a’)‘) Z __7__—7_'_‘4'(“97;”16)-
y,v.ﬂ,x.a.)‘axr axd axa ax)‘ 0,;,7,161': axaax& ax,

By Lemma II, § 4,

dxg Ox, 9z, 6x,,'A,( 5) = A )
— — —— —A'(u,v;v,8) = A'(u,7;v,p).
0.0,y.8 %7 9x¢ dx4 Ox, T e
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Hence

dxg dx, dx,) dx/!
EA'([I.,T,V,}))B (v, oip,T)= E s - A’ (5 ":p)B(ﬂrK a)\),
u,v,8,%5,a,\ axv axc axa 0x X\

or

ZA'(#,";v,p)[B'(v,v;u,T) -2

’ !
oy Boea 0%, 0%, 0xa O\

dxg dx, Ox, Ax!

B(ﬂ,x;a,)\)]=

Since by hypothesis this is true for every 4, and by § 9 4 is general and
therefore A’ general, we may conclude that the quantity in the bracket is
zero, i.e.

dxg dx, dx,) ox/!

B',o;u,7) = —_— —— —=B(8,k;a,\N),
ro5m,7) ,,,..,xax.ax.,axaax( )

which is the condition that B is a tensor B%fi,') (v,o;m, 7).

§11. Association of tensors.

Let g or g, represent a symmetric covariant tensor of valence two
with det g=0; then by §8 there exists a tensor g which is the reciprocal
of gy

Consider a tensor A{r). Let us form the outer product gaA{® and
contract with respect to one index of ge,; since g is symmetric it is im-
material which of its indices is used. The result of this operation is a
tensor A{n3; there are clearly n such tensors (which are distinct unless
A{n) is symmetric in a pair of the n indices of contravariance). This
process may be performed successively » times. Instead of employing
g2 we may employ g®, and perform the operation up to m times. In
this way we obtain a set of tensors 4{j "~ which we shall call associated
tensors. Given any two associated tensors A g+, A{mtr=*=D we can
obtain the second from the first by successively multiplying by ge, or g
and contracting with respect to the proper indices.

In § 6 we saw that by equating a tensor to zero a covariant equa-
tion is obtained. We shall show that the equation

(n)

A =0
(m)

is equivalent to
(m+n—k)
4 m-n. = 0,
)
that is, that the same law is obtained by equating to zero any one of the
associated tensors. In this fact lies the chief significance of association of
tensors.
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To prove this proposition it is sufficient to show that .1{ =0 is equiva-
lent to 118:,}.3=0. For simplicity we shall consider a tensor .1*; the
extension to the gencral case is obvious. If A#»=0 then obviously
Z., g d*=0. Converscly, the sccond implies the first; for the deter-

minant of the last equations in the A# is (det g)*, which is different from
Zero.



CHAPTER 1II
DIFFERENTIAL PROPERTIES OF TENSORS

§12. The Christoffel symbols.

Before treating the differential properties of tensors it is convenient
to introduce two symbols commonly used in Differential Geometry;
these are known as the Clristoffel symbols:

v 1 a o a vo a v
0[],
T 2 \dx, Odx, dx,

I’ v
1) = ze "]
g a a
It will be readily seen by (23) that these expressions are not tensors. They

have several properties, which we proceed to write down. Clearly cach is
symmetric in u, ». From (16)

l:u V:I 1 ag.
v 2 dx,

S0} tpe i)

v v, ax v ax‘, 6.\',,

From (17)

Due to the symmetry of g

0fua Oguy
nga “_.__Egva_“;

ax, v ox,

hence
a ra
(18) S{" -7 T -
From (16)
(19) [‘“’] + I:Pw] _ agvv i
Y v ax,
From (17)

B f?} - Boe ] -zl (1)
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By a change of indices this becomes

@ MEPTS

From (19) it follows that [“]=0 implies g,,=constant. From (20) it
follows that {#'} =0 implies g,, = constant.

Now consider two tensors g,, and ., and let [%]; be defined by (16)
with g,, in place of g,,. Then

S I i

Consequently [%]= [#]; implies g,, = g,,+ constant.

§13. Partial derivatives of the transformation.

We have the relation
(22) , dx; dx,
Euv = ~ 9%, ax:gn-

We wish to obtain the second derivatives of the x; with respect to the
x{ in terms of the first derivatives of the x, and the Christoffel symbols.
Differentiating (22) we have

g ZI: ( a%x, 6x,+ 2x, 6x,>+ax. dax, ag.-,-]
9x; w 8 dx/dx,) dox,  dx/ox) ox/ ax, ox) dxs 1

Since g;;=g,, we may interchange i and j in the second term of the paren-
thesis. Noting also that '

38:;‘ (')g,',' axk

ax; % Oxp dx.]
the above equation may be written

;T [~
' Lg"( I Yot a1
x4 iidk dx/9x, dx, dx/0x) dx,

dx, ox! dx! dxad

d%x; Ox, d%x, ax,> Ox; 0x, 9xi 9gi;i ]

Similarly

3gre B x; dx; %x; dx; dx; 0xx 0x; g
Z 8is

dx, ial°\owx/ox, ox!  oxlox! ox!/)  ox! ax! dx. dx)
ag,:, B ( 9%x; 9% 92%x; 6x,-> dx; 0%, 0% ag;ﬂ
ox,) N ;,,,k_g‘f dx;dx,) ox;  dx/0x,; Ox, ox,) 0x; ox) Bx;_’
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where in the last terms we have changed the order of the summation
indices ¢, 7, k.
If we add the last two and then subtract the first we obtain, using (16),

and noting that
a’x.- 62x.-

== )
dx/dx,  dx/)dx,

@ [Y]- S e 3 Y

’8 / ax., IR ax,,' 6x..’ ax,’ k

azx. dx; A GE ax, CET Y]
P [ B )

6x,. dx, Ox; v ik 0% ax dx/L k

Hence

ax.
Multiplying by g’ and summing as to p and o this becomes

ax,
ax, dx; %x; ax,[ :l'
24 ! ap. — = top_—_
( ).fv;:.g'b YL ox, dx/! ch ox;
0x; ax,[ij]ax, ET rap
wikeo 0x) 0x/L k 10x, dx/ )

Since g'/ is a contravariant tensor the first member becomes

a’x.- a’x.

Zgng - =

(%] ,ax' ax,.' ax,'

The first term of the second member of (24) becomes, by (17)

E ox, { uy }'
> 0x; Up -
The second term becomes

_ Z 0x; ax, [z]]_ —E 9x; 6x,-{ij}'

$.9.k axu ax/ i ax,) ox) Le

Hence (24) may be written

9%z, E { } > dx; ax,-{ij}
oz ox, x,) ~oxl ax! e’
which is the desired result.
To find an expression for 4%, /dx,dx, we proceed similarly, starting
with the expression

(25)

dx, 9x, ,

o= 2 aa
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We obtain

s , 0%/ dx] ax. ax, aixi [if7
- = Zgu —+ .

- 0x,0%, 90X, ik ax,. ax, dx. L &

We multiply by g°?dx;/dx,, sum as to p and o, and proceed as before,
obtaining

o%x) 0x4 ( uv dx! dx] (i7)’
T
dx,dx, p Ox, \p 4, 0x, dx, L e
§14. The mixed Riemann-Christoffel tensor.
By (25)
d%x, dxe Ox, (aj 0x. (uv)’
g o)
dx/dx, wy Ox, 9dx; Le , 0%, I p
and
02x, dx, Ox jaj

, ax. {p)\ }
) - - + — .
6xx ax) § ax,l axl e } ; ax, L p

From the first of these differentiated with respect to x)’ subtract the second
differentiated with respect to x,’ :

ddr, x, ?x, Ox j
@) — x o x _ Z Y, ,_{a_]}

dxy dx, dx,) ax)axN ax“ ey 0x)0x] dxN

EM %y, (aj dr, Ox; d (aj
+ 2 ’——-—-{c}+z i 4 e}

ay Ox) dx/dxy -, Ox) ox) dx

{
1
B Z_afx,.7 6x:_~{aj} Z—fﬁ—' d2x, _{aj}

ay O0x)\ox, OJx/ e g Ox) Oxiox)

o0x, Ox; i) j d%x,
-z S B

ay Ox) Ox;) odxX le > oxladx, U p

ax, 9 wrv)’ ax, (uN)’

g s ey gt gy
» axﬂ dxy P axvaxp 4
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The second and fifth terms of the right member cancel each other. The
third term may be written

Z 0%, Ox, Oxi a;a]}
Sax!  axd ax!  am \

and the sixth may be written

9x, Odx, Oxy a{aj}

a2,k axu, dx] dxN Oxx l e

Hence the right member may be written

Z dx, 0%, axk(a I(ak} i) {aj})
ok Ox] dx; o=l ax,'l e dxr L e

mk 02xm 0xx 02x,, D
+ Z{" et 5e)
m.k

e dx,dx,) dxy dxyox, OJx;
dx, i) uv)’ i) aN)’
BT
»  0x,] \ 9xy p dox, )
d%x, AN 0%x, (mMNY
+ Eom ATt Zaagth b
» 0xx0x, p , o0x,dx; U p
Now by (25) the second term may be written
E{ }[ > ax,,,_{ }I X > dx; ax,{ij‘lax,,
mt L e s 0xd \ B BN v 9x) dx) m ) dxi

OXm (N " 9 dx; O0x; 1:] Axx
(Y o e an

B B 6xp’_ B ax, 6y 0x) dxy\ \m fox!

and the last two terms may be written
Z {yv}'( Z{p)\}' 9x, Z ax,,, dxi {mk})
. p ) B x4 mk 0x, 0x) e

_ N’ pv)’' 0x, B Oxm Oxp {mk}).
;{p}(g:{ﬁ}axp’ ,.Z,.,ax,,’ ox; e
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Hence the right member of (27) is
ik 0x)  dx)  dx \8x,1 e ax,, e
> dx; dx, Jdxi {mk}{z }
fkm 0%, dx]  Ox) m
i 0x, Oxk (mj) (ik ax,,. Axx (mk) (uv)’
RN b e U LI R = i [
.,,,.,,ax,, ax,  dxy m p,,.kéxg gzl \ e g
0xm Oxp (mk) (X} %,/ 0 (mv)’ d (u\)'
B S )
gmk O0xg 9dx) U e B » 0x, \dxx\ Up ax, \p
0x, (uv)' (pN)' dx, (LN)' (pv)’
rZat G B
o8 O0xg Up B p8 925 Lp B
0xm Oxx (uv) (mk Oxm Oxi (uN)' (mk
I R
omk 0%,  Ox) p e pm 0%, Oz, p ]

The fourth and ninth terms cancel each other, and the fifth and tenth
likewise. Hence the right member of (27) is

dx; dx; axkr a {ikl 6{ } { }{ }
.-,E,_k dx, Ox) 6x){|_6x, cf dx; Le ; m e

S m Y
A A AR P Rt

Let us now define

(28) R(u, v\, p) = { }{ } ;{M}{Bp)\}
R 3

+
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Then (27) becomes

29) ix, _ 9z, _ —E ER [R (v hp)
ax)

dxl dx) ox,) dx, dxy dx,! N

ax,- axk 8x,,'

R(i,j,k,1) ] .

7.k ax,. dx, dxi  Ax

Now, since the left member of (29) is zero, it follows that

ax; 3.’&‘,‘ Xy
R(1 7 k0.

R'(u,v,\,0) = E

ioka Ox)  dx)  dxl  Om

Hence R(u, v, N, p) is a tensor R},; this is called the mixed Riemann-
Christoffel temsor, and is of fundamental significance in the Theory of
Relativity.t This tensor is evidently antisymmetric in » and \.

§15. Covariant differentiation of tensors.

We now come to the consideration of differential properties of tensors.
Let .1,(h,) be a covariant tensor of valence one. Then

0xq
(30) Ap’ = E _Aa.
- 0x)
Hence
axl,,’ 62x., a\a A
31 — = Aq _
(31) dx, Za MGEH " + ; dx, dox/

Substituting in the first term of the right member according to (25) this

term becomes
g} Oxg 0x; 0x,(ij
R R i O
ap Lp ) dx, ang, 0x) 0x)  a

By (30) the:ﬁrst term of this last expression is

2{Th- s {0

»

The second term of the right member of (31) may be written
dx; 04; 0x; dx; aA-

T 0x,) 6x, v 0x] dx, ax,

t For the method of this section see Juvet: Calcul Tensoriel, 1922, p. 63.
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Therefore (31) becomes

A} ] ax, dx ij dx; dx; 04
plfu g e Bl
ax. 5. ox, ax, ax; T \la ..; 0x) dx.) 0xy

Hence

oA, E{,W}IA' dx, ax,[ Z{ } ]
ard T\ \af T T oax) oxllox, 45 '

By the last equation of §2 this shows that

DA, 94, no
32 = — Aa
(32) Dx, 9dx, 5:‘{ a }

is a covariant tensor of valence two.

We note in passing that d4,/dx, is not a tensor; for if it were then by
(32) it would follow that 3, {%’}A.is a tensor, and then by §7 that
{v7}isa tensor, which, as stated in §12, is not the case.

Now let 4“(%;) be a contravariant tensor of valence one. Then

ax)
Ar = Z ——Adx,
a Xa
Hence
A’ a%x,) dx, 9A4<
(33) =2 — 2z
ax, « 0x, 0Xq « 0%q 0%/

The first term of the right member may be written

9%x, Oxg

ap O0x30x, 9x/

By (26) this equals

R L A 9

aB.p axp ata a,B,8,7 ax.. axﬂ 14 ax,
dox, dx, a ax! (17} dx;] 9z
= ....__’.__._ {]}Aa_z .{J}A“Z‘—L '.
< 0xs 9% 2 Ui aij0%a v s Oxg Oxy

The last term of this expression is

SR MVEEED R SRR o E

a,f axa
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The second term of the right member of (33) may be written

dx, dxg 0A= 6x., dx; 94¢

>

ap 09X, 0x, 6rg e ax, dx, dx,

Hence (33) becomes

a4’ dx, ox/ aj ac)’ dx, dx, 04"
= Z.._i__._ Z{ :I}Aa_Z{ }A1a+ =T

ax/ s Oxg dx, T L « L v, Ox; ox) ax;

Therefore

EYL ’ dx, dx,[d.4® j
e 2 2T

ax./ a L v, Ox; dx) Lox, -

This shows that

V: LV
D M Z{aa}A“

Dx, OIx, « Ly

is a mixed tensor of type (}), covariant in .
By direct extension of this process wefind that fora tensor.1(%,) of type(p)

Vloeees¥n
[/lllll i1,y 11y M,

(34) > Z

‘.Dx, ax, =1

FERRRY 4] 2o 3¥n
e fre

+ Z Z {aa\lAvl: '"‘-1,0‘ Viplr + y¥n

is a tensor of type (,,41), covariantinuy, * - -, fm, 0.
If m=n=0 we shall define

() ©)
DA (0) 611 (n)

Dr, x|
§16. Order of covariant differentiation.

The question naturally arises whether the order of covariant differen-
tiation is immaterial, that is whether

0 Az
D P —
(@xl _ @x)‘
SDxx @xv
is zero. We have, by (34) and (32),

(35)
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5) o o0, be.  prayd
—5;;—_——6@)(@%) E{ }m,_ Ea{a}fbx:

“olae— Tl S 201
- {0 )

_ 024, Z{uv}azlg . d {uu}
= — — = Ap—-

dxyn g anl g
B s H e
-E{“}ZL Z

(oo
- sl Bl

" omar, arn S lafo
-2 sUH

u )\1 av 9 (uv
e 2 2UUHG - S
24 2V 0 f1g S " aml s
The sum of the first five terms of this right member is symmetric in » and \.
Hence (35) has the value

S H - U -2

or by (28)

(36) D AgR(u,v,\,B).

]

We see by (34) that (35) is the difference of two tensors of type (3),
and hence (36) is a tensor of type (3). Hence by the quotient theorem of
§7, R(u, », \, B,) is a tensor R%,), as was proved in §14.

Hence we have shown that a necessary and sufficient condition that the

order of covariant differentiation of a tensor of type (}) he immaterial is
that the mixed Riemann-Christoffel tensor vanish.
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§17. Properties of covariant differentiation.
Having defined a type of tensor differentiation we now consider some
of its properties. Evidently
D4+ B) D4 + DB
Dz,  Dx,  Dx,

For every two tensors 4 %), B{Y it is true that

DUB) _ DB O

iy + B .
(37 Dx, Dz, Da.
For
DA+ wmBors - 52) _ o4, B, + 3B, A,
@xc ax, ax'
S 1154 »
— Z Z { « }Aﬂlu.-.#{—|.a,y‘+, ..... “MBP
=1 a
- pico r ,
—_ Z { a }BP:,-.- T W PR -PrAu
=] a
n ao | STRICICIIN JRRSIN: 79 SRR 2 YR 4
+ Z E{ ) }An + B,
Tl a N
t ac Tieo st Tem @ Tyqys =t " oFg , ¥
+ > { }Bp + i
=1 T
. D4, ., DB,
= B,, R il
@x, @x’

Consider now the covariant derivative of the general symmetric
covariant tensor of valence two, g, and of its reciprocal g®.

e g BT

Dx, 9z, a "
By (20) this becomes
Dgur _ 8w [u cr:l _ [ya]
Dz, 9z, v pd

which by (19) is identically zero. We therefore have
Dgu»

= 0.
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Consider now

A
(38) 2gug™ = gu=1.
We have
< Zguvg») Te
39 .—" , - o __.f‘f , .
(39) Dr, Zgu D + E., Zumx'
On the other hand by (34)
m o e B
Dx, Ix, a \a A
Now
o oI
dx, B dx, o
Ro) 4 po) ac) , no
..{a}“ {x} ;{x} {x}
Hence N
Dex _ 0.
Dx,
Therefore, in view of (38) we have from (39) that
ng).
y - =0,
2,: B o
from which it follows from §10 that
E WA
LI
Dx,
We now have the results
Ve g Dy
(40) 8u _ (4 _ 8u -0,
Dx, Dx, Dx,
By (37)
m( Xv. 'h :':‘) »
Eg L _ Z @A“ + EAvmgln.
(Dxa vy gx’l @xc v * @xd

37
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The second term on the right is zero by (40). We also have

DX & *1dpr -t ) ,
%g u u _ Eg)‘” DA, N ZA' Dghus
== 1 )
D, o Dx, W D,
in which similarly the second term on the right is zero.

Hence for every tensor the operations of association and covariant
differentiation are commutative.

§18. The quadratic differential form. Fundamental tensors.

It follows from (2) that dx(=dxy, - - -, dx,) is a contravariant tensor
of valence one. Consider now the quadratic differential form

E gwidx,dx,,

114

g« being the symmetric covariant tensor of valence two which we have
been studying. It follows from § 7 that this function is an invariant; this
quantity we shall call

(41) ds?= 3 gudxdx,.

By

It should be noted that the equation (22) of transformation of &»
is the same that we should have if we took (41) as the fundamental form
of the tensor theory and applied (T) to it as we did to (1) in § 1.

In the Theory of Relativity the form (41) defines the geometry of the
4-dimensional space xi, - - -, x4 in the sense of the theory of spaces as
developed by Gauss and Riemann, in which the properties of a space
are equivalent to the propertics of a symmetric quadratic differential
form. Thus ds? is the square of the differential clement of length ds;
and the length s of a path C from a point P, of the space to a point P, of
the space is

P2
ds.
Py
The existence of this integral will not be discussed here.

A fundamental tensor is defined as a tensor which is a function of only
the g,, and their derivatives. Examples of fundameutal tensors are the
following:
g2 =g covariant of valence two
g '=g" contravariant of valence two
I =g, invariant, and also mixed of type (})
ds? invariant

P

- of type (3)
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Other tensors are
dx contravariant of valence one
h, covariant of valence one
We can introduce two theorems that enable us to form new tensors
from given ones.
I. If A(h,) is an invariant then d.1 is an invariant.
For A’= A4 implics that d4’'=dA.
IL. If A{)(k;) is an invariant then .4 /dx, is a covariant of valence one. For

o4’ a4
ar; el
since A’=A. Therefore
a4’ a4 dx; 04
o, ax E ox, ox
But by § 2
ad \’ o4’
() =5
Therefore
ad \/ dx, 44

which shows that a4 /dx, is a covariant of valence one.

§19. Fundamental tensors.

It was stated in § 6 that our object is to find covariant equations of
(1), and that this is to be accomplished by finding examples of tensors.
The problem can now be made more definite by limiting the tensors sought
for to fundamental tensors.

It is to be noted that the results of § 15 enable us to form covariant
partial differential equations by equating to zero the covariant derivative
of a tensor; but we cannot obtain such equations by covariant differen-
tiation of the fundamental tensor g,,, since by (40) the covariant derivatives
of g, are identically zero.

§20. Additional properties of g,..

We shall consider in this section some additional differential properties
of gw. Now gt'=1/g adjoint g, and therefore adj g.,=gg"”. Let us
expand g according to the elements of the uth row:

g= gu» adj gu»+terms free of g,,.
We note that adj g,, is free of g,,. Hence

dg=adj g,, dg,,+terms free of dg,,.
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Since this is true for all values of u and » we have

Z adj gu.dgu,-
By
Also
adj gu» dg
Z grdg., = E - dguy = — -
"N ' 4
Replacing g by g~ in this we have
1 dg
Zguvdg“:_‘l_ = -
w 4
Hence
dg
“2) e 2o84dg, = — Dgudg”.
noy »ov

We also have
2 g =I(a,7).
B

Hence
2 BapdgPr = =D gP7dgay.
B8 B

Multiplying by g,s and summing as to v,

D Basgnadg? = — D gP'pyidges = — E I(8,8)dgas = — dgas-
8.y B.Y

Let B® be a symmetric tensor; then
— 2 Budga = 3 ( 2 gvigasB )dg"’ = 2 Bgsydgh,
a,d By a,d 8,y

where By, is defined as the associated tensor of B, Hence

Z Berdg,, = — Z B,,dg+".

' w,v

In developing the formulae obtained in this section partial differen-
tiation with respect to xx may be substituted for the differential operation.
We thus have

1 0gu»
iDL R YRR

g 9z GEY P dxa

ZB‘" g“' = - EBI"
I'ng

ax)‘ wor ax,
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We obtain another relation as follows: by (18)

> {M} =% 3 g 9w

n M 'R ax
Hence
A 1 9g 1 /—g @ _
43 = — = = lo -
(43) ; { M } 2 dm V=g o axy BV =8

where we have used —g because, in fact, g is always negative in the
physical applications.

§21. Divergence of a tensor.

By a divergence of a tensor A} *» (h,) we mean a tensor of type (*7)
derived from A by contracting its covariant derivative with respect to the
index of differentiation:

Y P _".
VI ] Hhm '2' Qx,‘

Clearly there are # such divergences of 4. For example the divergence of
the tensor 4* is by (34) and (43)

et

.5 a4’ -—-——ZA"

y Ox, — ax., -2 >

V=8,

which is an invariant. Similarly

sai- 2 2 {T}ar 2{7) 4]

ax,

- 5 Doy v -z a )

By (17) the last term is

g pes]- - p (e )

5 \ 0z, 0x, 0xp
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If 3, g*#A} is symmetric this term reduces to

ag,
__}: gﬁ-—g"A,.,
v.a,f 8:x,.

and we have

98

v 1 v
v,d, = Z (A,.\/ -2 — — Z £ Aa.
‘/"'g » v.a,B ax,‘
By § 20 we may write this
v 1 i) ag*?
Ved, = 2 (A4i/=0) +

V=g, O0x 2 yap 0%,



CHAPTER 1V
THE TEN SORS Rppv)\ AND G;u/.

§22. Flat space.
A space S defined by the form
(41) dst = ) gudrdx,,

By

where the g, are given functions of the x,, is called flut if (41) is equivalent
to a form with constant coefficients.

A necessary and sufficient condition that S be flat is

R:,)‘ = 0.

That the condition is necessary is evident at once. For by hypothesis
there exists a (T) such that the g,, are constants. Hence by (16) and (17)
{ } =0. Hence by (28) R,,,,,‘—O But since R%,, is a tensor it follows
thatR:,,=0.

That the condition is sufficient will be proved in § 24.

§23. Pairs of quadratic differential forms.

We shall state and prove two theorems. Consider two quadratic
differential forms

(41) 2 gwdzdx,,
and .
Z BudZ,dE,,
By

and a non-singular transformation
v Xe = xi(E1, - - - ,E,).
Let us assume that

0%x,

Eax,{ } 0x, 8x,~{ij}
6:2,.6::, » 0%, Lp)- 5., 0%, 0%, L e

9(2)

(44)

Let (U) transform (41) into
2 fudz,dz,.
By
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Let g, —fu =k, ; then
_ ox; Odx; _
B = 2o g, B H e
Now by the method of § 13 we find that
0%x, 0x, (v dx; 9dx; (tj
95,08, ; az,,{p}— B Z,: OF, ?x:.—{e}

()
Z dx, g [yv]
oe 0T, o l-

k(1)
d0x, v
p Iy 22 [" ] =0,

a
oo Ole 7k

Hence by (44)

so that [% ]Ea) =0, and therefore,by § 12, k., = constant. Thus g,,= fu»tcon-
stant, which is the first theorem.
Consider now two forms

> Eudi,dE,,

and "
(45) 2 fundzdz,,
and suppose that {*’ }gm {#"}7,- Let (U™) transform (45) into
(41) 2 Ewdx,da,.
",

Then (U) transforms (41) into (45). By (25) we have

9%x, Z 0xe {uv] Z ax, axi{ij}

02,08, 7 0%, p fin ~ 3z, o5, le
But since {*}; fo=1%}: iw this equation becomes exactly (44). Hence by
the preceding theorem

g,,,=f—,.,+constant.
Thus {*1,, = {*},. implies g, = f. + constant; the converse is
p IS pSaa p L{" "
clearly not true.
§24. Equivalence of quadratic differential forms.

Let us determine the condition that two symmetric quadratic differen-
tial forms

(46) E gwidx,dx,, det g, #0;
"]

> 3,,d%,d%,, G, = const., det d,, = 0,
"N ]
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be equivalent, that is, that there exist a non-singular transformation
connecting the two forms.}

If the forms are equivalent there exists a non-singular transformation
(U) which transforms the first into the second. Then by (25)

a%x, 0xe (Mv Ox; 0x; (1]
R
0Z,0%, 5 0%, Lp )iy 4, 0T, 9% e
> dr, Ox, szl
~ oz, or, le

since {#}s,=0. Consider (47) as first order partial differential equations
in the unknowns dx,/d%; and independent variables x,. By a well-known
theorem] we know that if (47) is a complete system there exist 16 quantities
dx;/8%; of det>%0 satisfying (47); these 16 quantities furnish by direct
quadrature a non-singular transformation (W). A sufficient condition that
(47) be a complcte system is

3, Py,

OIOE0L,  OLAMOL,
By (29) this becomes

dx, dx, Oxip .
- T T T uk=()-
v.0.k 0T, OF, O
Thus RS,,»=0 is a sufficient condition that (47) be a complete system and
hence that there exist a non-singular (W) satisfying (47). Let this (W)
transform the first form of (46) into

Y furdi,dz,.
'

Now we may apply the first theorem of §23 with g, =d,, so that
8u—fuw=const. Tlence fuw=constant, and the existing non-singular
transformation (W) transforms the first of (46) into a form with constant
coeflicients.

Hence R%,,=0 is a sufficient condition that (41) be equivalent to a
quadratic differential form with constant coefficients.

§25. The quadratic differential form of flat space.

In the case that R%,,=0we may particularize still further the form to
which the coefficients g,, may be reduced. For by a well-known theorem
every quadratic differential form with constant coefficients is equivalent
under a real non-singular transformation to one in which only the square

t The general situation in which the d,, are not constants is of no interest to us here.
For this case see Veblen: Invariants of Quadratic Differential Forms. Cambridge Tracts;
1927, Chap. V, §§6-8.

1 Goursat: Les Equations aux Dérivées Partiélles du Premier Ordre, 1922, p. 116.
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terms are present, the coefficients being numerically equal to one. If we
start with real g,, there are five forms to which this reduction may lead:

(a) ds?

4+ dx? 4 dxs? + dxs? + dxg?

) ds? = — dx2 4 dxs? + dx3® + dxg?
(o) ds? = — dx? — dx? + dxz? + dxs?
(d) ds? = — dx? — dxs® — dxg® + dxg?
(e) ds? = — dx? — dxg? — dxg? — dxg?.

It is clear that these forms are all equivalent under purely imaginary
transformations, and hence that no two of them are equivalent under
a real transformation. For suppose that a transformation (T) transforms,
for example, (b) into (¢); then since the imaginary transformation (Q)
{2’;‘,,,(,,1) transforms (a) into (b) we see that the transformation (TQ)
transforms (a) into itself, and hence (TQ)=7. Hence T=Q!, and T is
imaginary. Which onc of these forms a given ds? is equivalent to under
real transformation depends entirely on the g,,.

We may mention in passing that the fourth of the forms is the one

assumed to apply to real space-time systems in the Special Theory of
Relativity.

§26. The covariant Riemann-Christoffel tensor.

Let us consider the associated tensor
8
(48) Ropum = ngﬂR#'M
B

which we shall call the covariant Riemann-Christoffel Tensor. By (28) and
(20) we find that

W WA RE

R A=

Ox, @ axx

By (19) and (16)

o rem- 2 HC

n _1_( ) 0%, 9%gun % )
dx,0x, 9dx,0x\ OJx,0x, 9x,07

2

We see immediately that
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Rounn = — Ryunr,
(50) 1RPFV)\ = Ri)\py; hence Rp;nX = - Rupr)q
Rpuv)‘ + va)u + Rp).uy = (.

The relation, R,,n=— R,,., follows from the first two. The first two of
these reduce the number of linearly independent components of R,,,» from
256 to 21; the third relation still further reduces the number to 20. Hence
this tensor has not more than 20 linearly independent components.

A set of 20 lincarly independent components of this tensor is indicated
by the following set of indices:

1212 1234 1334 2324
1213 1313 1414 2334
1214 1314 1424 2424
1223 1323 1434 2434
1224 1324 2323 3434.

These 20 components are clearly linearly independent, for by (49) each one
contains a second derivative which none of the others contain; e.g. the only
one containing d°g13/9x20.x4 is Rizus, the only one containing 82gi2/dx:0x; is
Ry324, the only onc containing d%gy2/0x19x2 is Ryae, etc. .

From §11 it follows that Rf,,=0and R,,,»=0 are equivalent equations.
Hence by § 24: A necessary and sufficient condition that S be flat is R, =0.

§27. The Ricci-Einstein tensor.
Let us consider the following tensor

(51) G, = ng)‘Rpm = ng)\ ZS’pﬁRﬁw’)\ = ZRdﬁwk ng)‘gnﬂ= ZR)‘M)H
P PN B B\ P A
By (28) this is, i
_N) (av ) (aX d (uA o (uv
- - EUHT R - S
: g AR f‘:x a f 1 +§:ax. A z,\:ax,\ A

By (43) we have

Z{M} - 2 iogv=E;

» LA 9x,
hence
d 92 -
(52) G,, = — Z——{"”} + Z{'m}{vﬂ} + —logv/— g
a« 02, \ as B a dx,0x,

" E ke

0%q
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Other tensors derived similarly from R\ are

EgP"R,,,,)‘, Zg”Rnu')w Zg"'RMwM Zg")‘RMWM Zg')‘RMwX-

P Py Bo¥ #A (R

The first of these, 3, g™R,un, is zero by the relation R,u»=—R,,n
of (50);

ZK”RMA = - Eg”anh = —Uu;

Py Py

Zg“levl = - Eg"y-Rupvl = Zg“Rm)M =Gpn;
"N " "3

Zg")‘me)‘ = - Eg”)‘-lev)\ = —G,;

'y BN

Zg"‘R,,,,.,x = 0, since Royn = — R

»,A

Hence in this way the tensor R, yields only one new tensor, the
Ricci-Einstein tensor G,,, which is obviously symmetric by (52).
If we form the inner product (§ 7) of g** and G,, we obtain an invariant

(53) G= Zg"”G,n = Z g8 Roun.

By B Np

The equations G,,=0 are Einstein’s field equations of gravitation in free
space; the quantity G is the Gauss-Riemann invariant curvature of space.
§28. Canonical cosrdinates.

Given

ds? = Zg,,,dx,‘dx,,
B

we wish to show that there exists a transformation (T)t such that all 40
derivatives dg,,/dx; vanish at a previously chosen non-singular point Po.}

First, by a simple translation, let us move the origin to Py. Now make
the transformation

1
(T X = x! — — E{a.ﬁ} xd xf
2 «,p 1 0
where { ¥}, is the value of {°f} at the origin. Then

dx, o
= Ilew) — E{ “}x,:,
ax,!

» a e 0

g U0
dx, dx/) e)o efo

t Cf. Eddington: The Mathematical Theory of Relativity, ch. 3,
1 A point at which g=0 we shall call a singular point.
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6.%‘,’
(det ——) =1.
axll 2'=0

Thus (T') is non-singular, and has a unique inverse about the origin;
hence x; all zero implies ! all zero. Then by (25)

> ax.{w}' > dx; 6x,-{ij} {/.w}
» 9x) Lp e Oox) dx) Le e,

at the origin this equation becomes

;I(e,p){":}' - ZI(i,mI(j,v){ij}f -{"}.

0 1, e

Hence

Hence

and thus

Hence, by (20) and (19).

dg’,,
< 44 ) — 0,
ax,' 0
as was to be shown. P
If now we make the transformation

1
(") wl =2 +— 3 ala,B,7)x" %"z,

a.B,Y

where the ai(a, B, v) are constants completely symmetric in «, 8, v,
then

( ’

x 1
’,, = I(e,u) +— D acln,a,B8)xa" 25",
xll 2 a,f
02x/
54 = au,v,a)x,”
( ) ax“”ox', za: G(ﬂ) ) ) )
3x.
ax“”axv,’axc” = a‘(l‘ ? ll’ 0') .
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dx!
det— = 1.
ax," z”—o

Thus (T”) is non-singular, and has a unique inverse about the origin;
hence x/ all zero implies x!’ all zero. By (25)

(25)" 1?x) _ Z 6.\*.’_{;41;}” _ ﬂl, 6x,’{ ij}'.

dx,"dx,” p dx,"Up e Ox" ax," Le

Hence

Hence

%! x! (uv)" ax! d v
o it BT+ B

dx, dx,ox," 7 ax)ox," U p > ox,” dx," U p

ax! dx; dx{ 9 {ij}’ ax{ 3%, {ij}'
ok 08 ax,” ax,” ax! e o Ox) 9x,dx,” L e

> x/ 8.1',’-{ij}'
ey 0xSax," axt e’

(a”‘:) I(e,n)
= e ,
6x,.” 0 H

92x/
Y=0
(6x,,"6x.">0 ’

and we have above that {¥};=0. Hence (25)’ shows that

Zl(e,p){””}” - {“} —o.
P pPJo € Jo
( 9w’ \ _
axc” )0—
By (55) and (54)

= o)),
- Zrawrgmika(={ 7} )

ik dxi r

By (54)

Hence

Hence
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_ 9 (uv)” i pv}')
ao(l";”)") = (6x,”{ e } )o (636,{ ¢ 0’
AH-GT)
56 1 \M,V,0) =\T"7 —\57 ’
(56) auli7,0) (6x."{ e o \9x,/ e 0
a v 7] ¢
a.(lt,l’,d) = (—_{ya} ) - (__{”o’} ) )
6x,." € 0 6x,{ e 0
where in the last two we have made cyclic changes in u, », . Hence
d (uv)” TTAN a (ve)"”
G G GATY)
Ix," \ e 0 dx, U e 0 dx, e 0
(G T G ) G ) ot
Izl e o \ox! le o \ox, le 0 GolsP, 07

Choose

sinmer = = GAT D G G

we note that this choice is legitimate for it satisfies the requirements
placed on the a.(y, v, ). Then

Gt ) Gl ) Galoh )=

and by § (26)

67 Gal" D) Gals ).

Hence, by the compound transformation (T'"I’) we obtain a codrdinate
system in which

Gz)-o
G G GTho

Coordinates for which (58) is true are called canonical coirdinates.

(58)

Let us see what becomes of tensors when we transform to canonical
cooérdinates. Choose an arbitrary non-singular point Po= (%), in the z-
system. Make the three non-singular transformations:

TO: x = (x:)o + «f,

1 ’
(59) T : x ==z — -; E{aﬁ} %o %g,
a,p 1
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1
T": af =zl + — D ala,B,v)xd" 24" 2",
a.f.Y

11/ 9 (uv)” 9 fua)”
ae(p,v,0) = — 3‘[(5;”;{ ¢ } )0+ (5,7'{ e } )o
9 (va)”
* G ).]
ax) e 0d .
(25) () ()
3z]Je, \ox!/o \ax/" /o o

we have, for every tensor 4,

(60) (A)Po = (A, = (A" = (A"""),.

where

Since

§29. Theorems on fundamental tensors.

( Ogu» azg,,,. )
Al gy, —> —— ).
dx, dx,0x,
Let us transform to canonical coérdinates x; such that the point P, in the
%, transforms to the origin in the x,. Then, as we have just seen,

A)p = (40 = 4 (( ) <3g’,,,) < 3%’ ) )
Fo ’ Burler ax,' o, ax,,’ax,’ 0
(0 (57),)
= & ur)pY, 9%, 0% /o ’
()
ax/ /o
Now we have, by (57) and (58),
d (uv)'’ 0 (no)’ 9 (ve)’
Gl ) G ) Gl7h ) o
9x; \ e o \dx, Le o \9x, Le 0
0 [uo] 9 [urvy ,
LT G o
ax, € 0 0xa e []
We may consider (61) as linear algebraic equations in the 100 quantities
(8g,,/9%, 8. Jo; the coefficients are functions of [(9g,,)/(9x4)]o=0, (g**)o,

[(9g"*)/(9%4)]o=0, and hence of (g,,)o; the right members are linear
functions of (R,,)o. We know that these equations are consistent, for

Consider a tensor

since
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they are satisfied by all g,,. The first set of (61) is symmetric in g, », o
and hence contains at most 80 linearly independent equations; the second
set contains 20 linearly independent equations (§26); hence there are at
most 100 linearly independent equations in (61).

If there were not 100 linearly independent equations (61), then, since the
equations are consistent, we could choose at least one of the [(d%,,)/
(3x}8x!)]o, for example [(9%11)/ (8x:3)]o in any way we wish, say equal to
k. But since (gu)p, is arbitrary in the x, we cannot say that [(0%11)/
(82,2 Jois equal to k.

Now we can solve the 100 linearly independent equations (61) for
[(8%,.,)/(8x] dx!) ]o as rational functions of (g.)o and (Reue)o, linear in
(R:,m)o-

The equations (61) can in fact be solved very easily. By (17) we may
write the first of (61) as

i) wr) i) uol
’ !
- ac + ( ac|: ] )
(6.\‘,’ %:g [c!] )0 axy ;g ald /o
d vel
+<—, Zg""[ ] ) =0.
a.\’,‘ a o 0
If we multiply by (g’s)o and sum as to e, noting that (9g’*/dx’,)o=0, we
have
0 [urv] d [uo o [ve]
Gl D G D G-
dxJ Lea o \dx, La o \dx; La 0

Multiplying this by (g’*) and summing as to a leads to the first of (61)
so that (61) is equivalent to

a MYy ’ a uo ’ a vo ’
! <;‘—Z[ ¢ :| )"+ <;"_‘-; [ € ] )n+ (6;2[ e :I >0— 0
o [uvl d [uosy )
Il B ((:’.—‘.'Z[ [ ] >0+ (5;2 [ e ] >ﬂ“ (mer)o.

To the sum of these two cquations add the second with u and ¢ inter-

changed; thus
d [ue} 1 ,
(‘5;’[ ¢ ] ) = —;'l(R:uva)O + (vap)()] .
Ly 0 .

If we substitute this in (62) we are led by (50) to identities; hence this last
is equivalent to (62). If to this last we add the equation obtained from it by
interchanging ¢ and ¢ we find, by (19),

62)
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0%gu 1
(ax 1oyt >0= —E(R;:m + R::vw)o
p OXg

as the solution of (61).
Thus

(A)r, = A((gw)o, 0, 3(Rouwe + Rovue)o) .
But by (60)

(g’uv)o = (g,w)ro, (R,:,m,)u = (mec)l’o )
hence at P

(63) A= A(K;ny 0, %(Rmmr + vaw)) .

Since Py is an arbitrary non-singular point (63) is true at all such points.
We thus have the important theorem:¥}

Every fundamental tensor which does not contain derivatives of the g,, be-
yond the second order is an explicit function of only the g,, and the R ., ; if this
tensor is linear (with constant coefficients) in the second order derivatives of
&u» Bt is linear (with constant coefficicnts) in the R ..

This latter tensor has the form
(64) E M(I‘I) tty Mm ;P;I‘;V:”)(ann'i'Ramv) + N(I‘l, Tty I‘M)’

Polbyv,0
where M and N are functions of the g,, alone.

We have at once from the theorem:

Every fundamental tensor which does not contain derivatives of g,.
beyond the first order is an explicit function of only the g,,.

t For a proof of this theorem independent of tensors see E. Cartan: Journal de Mathé-
matiques, 1922.



CHAPTER V
FUNDAMENTAL TENSORS

§30. Fundamental Non-Differential Tensors of a Linear Differential Form.
Consider the single linear differential form

1) dr =Y hdx,.

By a fundamental non-differential tensor of (1) we shall mean a tensor
whose components are explicit functions of onlyhy, - - -, kst Itis of interest
to investigate how many and what types of such tensors exist. We shall
confine our attention to tensors whose components are analytic functions
of the %,, and hence expressible as power series in the #,.

A notable simplification in all of the proofs is attained by working in
two dimensions instead of four. A circumspect examination of the proofs
will show that the same method is effective in the four-dimensional case.
We shall use the following notation:

ax,
Pi = dx,)

ax/
gy =

6x,~

Hence the matrices p and ¢ are reciprocals.
THEOREM 1: Every invariant malrix is a matrix of constants.

Let f(k,) be a component of an invariant matrix. Then, by definition,
for every (T)

(65) f(h) = f(h), (for every h,).

We may write

0,00
fhy) = D auht by,

i,

the a;; being constants. Then

It

0,0
f'(hy) > aghlihir.
LXY}

1 In this section the convention that #, shall stand for 4, has heen suspended.
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Now since (65) is true for every (T), it is true for a (T) such that pjz = pa =0.
Then by (3)
(66) B = puhy, hi = puhs.
Therefore by (65)
0,0 0,0
> dupniprehthi = D aiiht by .
1.} 2

Since this is true for every Ay, ks, it follows that

s 7
aq,p11p22 = Ay.

Since this is true for every pu0, p20, we see that all the a,; are zero
except age. Hence f(/1, h2) =ago=constant. Thus every component of an
invariant matrix is a constant.

THEOREM 2: Every covariant lensor of valence one is a constant multiple
of the tensor h.

Let the components of the tensor be

111(111,112) = E a,,lh ]lz
1.

Az(l[l,hg) = Z b.,hl,i hz’.

]

By (3)

) Al = pudy =+ p21ds

7
1
A2’ = prody + PzzAz-
Now with pj2=ps1 =0 we have
. (]
A = X anhiihi? = 3 appupninthy
1,7 LEY)
pudr = Z aupuhf hzj,
(391

from which it follows that

¢ 3
a,;p11p22 = di,P11.

Hence all a;, are zero except aio=a. Similarly all b;; are zero except da=b.
Hence Ai=aly; As=>bks. It remains to show that a=5b. To this end
consider a general (T); then

Al = ah{ = apuhy +aparhe
pudis + pnds = apnkhy + bp2iha.

By (67) these two quantities are equal, and therefore a=b.
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TueoREM 3: Every covariant tensor of valence two is a constant multiple
of the tensor hay h,.

This theorem is a special case of Theorem 4. We merely wish to point
out in passing that the matrix kg, is singular, that is, its determinant

is zero; hence it has no reciprocal.
THEOREM 4: Every tensor of type (5) is a constant multiple of the tensor
m

hay -~ - k.

For a (T) with pj2=ps=0 we obtain by the same method as in previous
theorems

Au... 11 = d11... 11111"'

Ayn...12=an... 2™ Yhy

1121... 1n=24as;-.. 11[11’"’ ]llz

doa...01 = daa...o1hih™!

dia... 00 = a1a... o5l 1
Aga... 90 = doa. .. 20ly™.

Now for a (T) with p;=p2=0 we find that a is symmetric with respect
to the subscripts 1, 2; for example ay....2=dz...n. Let us now consider
a general (T). Then

i m A m kk m—k
(08) /l,u-- 1n = au... ulpnh + pnihe)™ = au...n ZCI. pupzt kb,
k—0
But by (7) :

m m—1 m
Afr.con=pudn...u+pu pudu...1a+ -+ puda... 0.
The coefficient of 4™ 1k, in the right member of the last equation is

m—1

pu paa...2 4+ au...a+ -+ dn..on).

The coefficient of A 'k, in the right member of (68) is pu™ 'pn man...n.
Hence

(69) au...m+au...21+ R +021... 11 = Mad11...11.

Similarly, starting with Ay ...1s instecad of Aji...u, and again considering
the coeflicients of 4™ 'k, we obtain

(1 —M)au...12+au...21+ L +021...u = 0.
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In the same way, starting with the remaining (m —1) components 4’
which have only one subscript equal to 2, we obtain in all m» homogeneous
linear equations with constant coefficients in the m quantities aone2y whose
determinant D is as follows: each term of the principal diagonal has the
value 1—m; all other terms have the value 1.

Lemma. The k-order determinant whose principal diagonal elements are
1—m, all other elements being 1, has the value

(= 151k — m)m*-1,

For the proof see Appendix I. For k=m this quantity is zero; for
k=m—1 it is distinct from zero.

Hence D is of rank m—1, so that the m equations in question have a
unique solution for the m —1 ratios of the m quantities @ ne2). These equa-
tions are clearly satisfied when these m quantities are all equal. Hence
this is the only solution.

Now starting with any one of the remaining 4’ . . ., and again consider-
ing the coefficients of A™ 'k, we find that a... =ay ..., where 4’... and

. are any corresponding pair. Hence the tensor is equal to a constant
multlple of h(]) h(l)

THEOREM 5: Every tensor of type (), where n>m, is zero.

We select a (T) with piz=ps=0. Then

11e.- 11 mn -1
4 1. u—Pud'uAu 11.

Hence from (66)

mn aij
aa;PnPaz = puonds; = — 7O
P11

since here auy=1/pu. Since n—m>0 it follows that all the g, are zero.
The same method shows that all the other components of the tensor are
zero.

THEOREM 6: Every tensor of type () is an invariant, and hence a malyix
of constants.

Using a (T) for which pjs= pa1 =0 we obtain

1--11 m m - 11

u
’
Ao —Puo'u-lu 11 —Au

Similarly we find that all the other components are either zero or invariant.
Hence the tensor is invariant, and by Theorem 1 is a matrix of constants.

THEOREM 7: Every matrix of type (1) is a constant multiple of the identity
matrix I of the second order.
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For by Theorem 6 a matrix of type (i) is a matrix of constants (2 3).

Now for a (T) with piz=p2 =0 we find b=c=0. Now by using a (T) with
pu=pn=0we find a=d. Here A{}}=al.

THEOREM 8: Every tensor of type (3) has the form
u 2
An=An=a+b
12 2
Ap=An=a

Ah=An =1

other ten components zero.

For a (T) with pia=p; =0 we find that ten of the components are zero,
as stated in the theorem. Using a general (T) it now follows readily that
the six remaining components have the form stated.

We may note that for =0 this tensor reduces to aII.

There remains but one case to consider, namely, a tensor of type
(m%s), where m>0, n>0. This problem we have been unable to solve.
We believe, however, that the following proposition is correct:

ProrositioN: Every tensor of type (,,'1..) may be written as the product of
a tensor of type (33) and a tensor of type (9), that is

(m) (m) (@ (m) n
Aniny = Bem)Ciny = Kimbhay -~ - hay,

where K % is a matrix of constants.

In connection with this proposition we have been able to show only the
following, using a (T') with pjp=pg; =0:

1(?M¢a.rlwu) { 0if?>k0rr>l

(k ones, I twos) (p ones, r twos) h’""" h""
(k ones, 1 twos) 1 2 -

Since k+Il=m+n, p+r=m, we see that (k—p)+(—r)=n. Now
using a (T) for which pn = ps»=0we find that a, is symmetric with respect
to the indices 1, 2. To prove the proposition it would still be necessary
to show that certain of the ¢ __ are equal to each other.

THEOREM 9: Every tensor of type (3) is a constant multiple of the product
of the tensor I and the tensor h.

For it follows from what we have proved in connection with the above
propositioa that the components of the tensor 4 () are as follows:
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Alu = alnhl = ah,, A:z = ah,

Ay = aishy = bhy, Ay = bhy
(70) A;l = ailhg = cha, Afz =ch

Az =0, A =0.

Now let us use a general (T). We then have

n 2 1 1 1 2
An = pnondu + pupaionds + pupziondar + prpzioizdis

2 2 2
+ p21p110124s1 + pa1oi2das.
We also have
hl, = puhi + parhs

hi = pizh1 + pazhe.
Hence, using (70)

2
P11P22 P11P21P22 P11P21P22

apuhy + apnh: = a hh+ b he + ¢ he
det p det p det p

2

P11P12P21 P11p12p21 P12p21
C 111 —b Ill —a
det p det p detp

ha.

Equating coefficients of /4, and &, we obtain
c+b=a.

Proceeding similarly with A} we obtain
b=a.

Therefore ¢=0, and the matrix 4 has the components

llil = ah, Azll =

/1:2 = ah, 11212 =0

A:l = dlll 11122 =0
2 2

Azg = ahz .‘{11 = 0.

This matrix may be written alh.

§31 Fundamental Non-Differential Tensors of a Quadratic Differential Form.

We shall now treat fundamental non-differential tensors of the quad-
ratic differential form

(41) ds* = ) g.dxdz,.

By

THEOREM 1: Every invariant tensor is @ matrix of constants.
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The proof is entirely analogous to that of Theorem 1 of §30.
TueorReM 2: Every tensor of type (2941) is zero.

We use a (T) with pz=pn=0. Then

7 2m4-1
An...u=pn dy...n

K’M = PppPvvBuv.

Putting
1,0
[} 7 k
Aun...nu= Z a,,1811812822
i,k
we have
2047 42k 2mt1
dyrp1l P2 = kP11

Hence a,,;x=0 for all i, j, %, and therefore 41;;..u=0. In exactly the same
way it turns out that all the other components of the tensor are zero.

THEOREM 3: Every tensor of odd valence is zero.

Consider the tensor A{j}, where s+ is odd. By n successive associa-

tions of this tensor with g, we obtain a tensor of type (,-.), Which is
equal to zero by Theorem 2. Hence it follows from §11 that the tensor
A{R is zero.

'THEOREM 4: Every tensor of type (3) is a constant multiple of the tensor
8@
This proof is entirely analogous to that of Theorem 2 of §30.

TuroREM 5: Every lensor of type (1) is a constant multiple of the identity
matrix 1.

For a (T) with p;=ps=0 we find at once that

Al =a, Al=0

A3 =0, Ay =o0.
Now for a (T) with pu=pn=0 we find that a=5. Hence 4{{}=al.

THEOREM 6: Every tensor of type () is a constant multiple of g®.

Let A® be a tensor of type (§). Then

22 A*"gse = al(p,0)
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by Theorem 5. Hence
2 Avggm =0 3 gl (u,0) = agh.

But the left member of this equation equals A*. Therefore A® =ag®.

TueorReM 7: There exist exactly three linearly independent temsors of
type (3), namely ga)ge) with the indices in all possible orders:

8uBpar BupBver Buovo
For a (T) with pja=pz1=0 we have

’ 4
Aun = pudun.
Hence

2+ 42k 4
Qikp11 P22 = P11lygk.

Thus
2
Ay = agyy .

In the same way, for the other components we find

dun = agfl, Asgey = dg:2
dine = bgugxz, Ageo1 = Bglzgzz
Ana = cgugs, A1z = Cg12g22
Az = dgnge, Az = 2},’12g22
(71)
A2 = eguge, Ar222 = 8gisgae
Anze = aguges + 53112, Azenn = a@guger + ngz
Ai21z = Bguge + Egﬂm, A = Bguge + ngz
A2z = vguge + ﬂgfz, Ageo1 = Ygugar + ﬁgfz,

where ¢, 4, b, b, a, & etc. are constants. Using now a (T) with pn=pn=0
we readily find that

a=4a

b=>b
(72)

a=a
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Now we employ a general (T). Then

3 2 3 2
A;nz = ap11p12611 + bpupzzguglz + (C +d + C)Pupzlplzgnglz
2 2 2
+ (o + B + v)pup2ip2egiigas + (6 + € + n)pupaipasg
8 2 3 2
+ apaipaega + bpapiagizgae + (¢ + d + €)prpaipasgiages

4+ (a+ B8+ 'Y)Pupzlpngugn + @G +e+ "I)PIIP:IPlsz;Z-
On the other hand

63

2 2
A;uz = b(Pu,(,'u +2011021g12+9215’22) (Puplzgl 1 + p11p22812 + p21p12§21 +Pslpzzgzz)-

Equating cocfficients for the terms p;ipugdi, pupsipugugs, PupsiPrgs, We

obtain
b=a
(73) atBtr=1b
6+e+19=2b.
Simila,rly from Al'22l) AI'ZII’ A2'|u, we find
(74) ) c=d=c¢=a.
Now from A5 and A1, we obtain by the same method
at+déd=ga
B+e=a
(75)
B+y=28
atvy=ce.

Now by (72), (73), (74), (75), we may write (71) as

Ann = (@+ 8+ en

Az = Aun = Adven = doin = (@ + B + 7)gugn
Ann = (@ + B+ v)gn

Ason = Asnz = Anzz = Aupm = (@ + B + 7)gugee
Augs = Ay = agugn + (8 + v)gn

Az = Asa = Bguge + (a + ’Y)grz

Az = Aun = vgugae + (@ + ﬂ)g:s.
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This result may be represented by the following formula:
(76) Auvos = aguvgoo + BLusgve + YEuokvo»
from which the theorem follows directly.

THEOREM 8: There exist exactly three linearly independent tensors of type
(3), namely g®g®  with the indices in all possible orders.

The proof is completely analogous to that of Theorem 7.

THEOREM 9: There exist exactly three linearly independent temsors of
type (3), namely those whose components are

8urg®’, I(,u,p)](v,a), I(V,p)[(/.t,d).

In proof consider a tensor 4%,. Then by §11

po
Z dys8oaBa = Lyvan.

PO

Hence

po -~
2 Lanfeulang g =2 Ayasge®.

a.B.p,0 a.3
The left member reduces to A%). Therefore

pa
xlny = Z g"pgua-lnvaﬂ
a,f

Using (76) we find that
(77) A = agugr® + Bl (v,0) + VL(,p)[(1,0).
THEOREM 10: The number of lincarly independent tensors of type (a,) is
Nm)=J]@m—=2k+1)=1-3-5--- Q2m —1).
h=1

A complete set of linearly independent ones is given by m successive multiplica-
tions of gy, with all possible orders of indices.t

For the proof see Appendix II, Theorem 1I.

THEOREM 11: A complete set of linearly independent temsors of type
(™) is given by m successive multiplications of g, with all possible orders of
indices. The number of such tensors is N(m).

The proof is analogous to that of Theorem 10.

t We find that this theorem was given by P. Franklin: Phil. Mag., vol. 45, 1923, p. 998.
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THEOREM 12: A complete set of linearly independent tensors of type (%)
15 obtained by repeated outer multiplication of g ), g®, and I. The number
of such linearly independent tensors is N(m).

This follows from Theorem 10 in the same way as Theorem 9 follows
from Theorem 7.

THEOREM 13: A complete set of linearly independent tensors of type
(am—n) 15 obtained by repeated outer multiplications of g, g®, and I. The
number of such linearly independent tensors is N(m).

§32. Fundamental Differential Tensors of a Quadratic Differential Form.

We shall consider only fundamental tensors which do not contain
derivatives of the g,, beyond the second order, and which are linear in the
second order derivatives. By §29 every covariant tensor of this kind may
be written
(78) o

Am = Z M(Tl, T Tm p’#,y’a)(RPﬂ'a-l_pr‘(a) 4 Nlry -+ 1,)

Py Y,O

where M and N are functions of the g,, alone.
We shall now show that (78) may be written as

(79 .
(
A?o:;) = Z P(Tl; C 5 Tmy P:l‘,"yd)(RMw'*‘R;/mv) + N(Th ey Tm),

LA 1414

where P(ry, * * +, Tm; p, &, ¥, 0) has the same symmetry relationsin p, u, », o
as does R,uwe by (50). To prove this let us proceed as follows. There are
exactly 20 linearly independent R,,.., a complete set of which is given in
§26. We here give a table of the R,,,,, using the notation puve for R,,,,:
1212 =— 2112 = — 1221 = 2121

1213 = — 2113 = — 1231 = 2131 = 1312 = — 3112 = — 1321 = 3121
1214 = — 2114 = — 1241 = 2141 = 1412 = — 4112 = — 1421 = 4121
1223 = — 2123 = — 1232 = 2132 = 2312 = — 3212 = — 2321 = 3221
1224 = — 2124 = — 1242 = 2142 = 2412 = — 4212 = — 2421 = 4221
1234 = — 2134 = — 1243 = 2143 = 3412 = — 4312 = — 3421 = 4321
1313 = — 3113 = — 1331 = 3131

1314 = — 3114 = — 1341 = 3141 = 1413 = — 4113 = — 1431 = 4131

(80)

1323 = — 3123 = — 1332 = 3132 = 2313 = — 3213 = — 2331 = 3231
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1324 = — 3124 = — 1342 = 3142 = 2413 = — 4213 = — 2431 = 4231
(80) 1334 = — 3134 = — 1343 = 3143 = 3413 = — 4313 = — 3431 = 4331
1414 = — 4114 = — 1441 = 4141
1424 = — 4124 = — 1442 = 4142 = 2414 = — 4214 = — 2441 = 4241
1434 = — 4134 = — 1443 = 4143 = 3414 = — 4314 = — 3441 = 4341
2323 = — 3223 = — 2332 = 3232
2324 = — 3224 = — 2342 = 3242 = 2423 = — 4223 = — 2432 = 4232
2334 = — 3234 = — 2343 = 3243 = 3423 = — 4323 = — 3432 = 4332
2424 = — 4224 = — 2442 = 1242
2434 = — 4234 = — 2443 = 4243 = 3424 = — 4324 = — 3442 = 4342
3434 = — 4334 = — 3443 = 4343.
Eight other components are given in terms of these by

1423 = — 4123 = — 1432 = 4132 = 2314 = — 3214 = — 2341 = 3241

(81)
= — 1234 + 1324.
The remaining 112 components are all zero.
We shall alse ~hbreviate by writing P(p, u,v,0) for P(ry, - -+ , Tm;
~ . ,v,0),and M(p, p,v,s) for M(ry, - - -, Tm;p, u,v,0). Now let us choose

1
P(1,2,1,2) =—6-[.u(1,2,1,2) - 2M(2,1,1,2) — 2M(1,2,2,1)
+ M(2,1,2,1)]
1
P(1,2,1,3) = —1-;)[M(1,2,1,3) — 2M(2,1,1,3) — 2M(1,2,3,1)

(82) +M(2:1:3)1)+M(1)3:1:2)—2M(3;1:1;2)
- 2M(1,3,2,1) + M(3,1,2,1)]

1
P(3,4,3,4) = -6—[M(3,4,3,4) — 2M(4,3,3,4) — 2M(3,4,4,3)

+ M(4,3,4,3)].

The analogy between this display and (80) is direct. The remaining
236 components of P shall be chosen analogously to (50) as follows:

(83) { P(p’”'t”"") == P(pﬂ-")o’)”) = P(v,0,p,n)
P(p,u,v,0) + P(p,v,0,u) + P(p,o,p,v) = 0.

Thus for each set of indices (71, - - - , 7m) the 256 components P(p, u, », ¢)
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are expressible in terms of the 20 given in (82), in the same way as the 256
components R,,,, are expressible in terms of the corresponding 20 given in
§26. Thus P(p, u, »,0) has exactly the same symmetry relations in
p, My ¥, 0 a8 does R,uy,.

With this choice of P it follows that

(84) E P(Tl’ v "Tm;P)l‘sV’U)(Rpuvv‘l' vaw)
[Ny
= Z ]"[("'1, . ',Tm;P,H;”,“)(Rpuv0+RPVM0)-

Pilbiv,0
For by (83), (80), and (50)
P(1’2’172)R1212+P(1’2,1,2)R1122 + P(Z,l,l,Z)Rgug
+P(2,1,1,2) Ross + P(1,2,2,1)Ryzay + P(1,2,2,1)Ryiom

+ P(2,1,2,1)Ro1o1 + P(2,1,2,1)Rag1y = 6P(1,2,1,2) Ryaye,
and

M(1,2,1,2)Ripe + M(1,2,1,2) Ryges + M(2,1,1,2)Ross
+ M(2,1,1,2) Rous + M(1,2,2,1) Rypar 4+ M(1,2,2,1)Ryony
+ M(2,1,2,1)Rases + M(2 1,2,1) Raany
= [M(1,2,1,2) — 2M(2,1,1,2) — 20(1,2,2,1) + M(2,1,2,1) | Rizss,

which by (82) is equal to 6P(1, 2, 1, 2) Risi2. There will be exactly similar

relations for each linc of the display (80), and also for (81). Adding these 21

cquations we ohtain (84), and consequently we may replace (78) by (79).
Now according to (5)

Z PI(TI) Tt yTmy P;M,V,U)(Rp,uw'*‘R;mo) + N’(TI) ttt )TM)
Prpis¥,0
85 dx, E
®3) = E —T'l_ e —'T—[ Z P(eh v -,em;a,3,7,6)(Rma+R¢,aa)

CTTLIY I ax,, ax a,f..b
+ N(el) tre ,em)]’
This equation is an identity in the g,, and their derivatives. By (8)

d9x’, 9%’y 0x’, 90X
Ropys = 2, —— e
pr,g 0%g O0Xg 0x, OXs

Substitute this in (85). Now since by (49) every term of R’,,,, contains a
derivative of g,,, the identity (85) leads to the two identities

0%e 0%em

Z (Rl"u'v+R;vuﬂ)[Pl(Tl) e mi;P:l‘:”)U) - Z _—IL o ’

Pk Y,0 €1y * *sfm axfl axrn
a,B8,7.8

(86) dax! dxJ adx,) 9dx;

dx, Odxg Odx, OJx;

Ple, - - yém ; a,B,’y,B)] =0
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and

@) N(r, - yrw) = ,

g, .enm axn’ 0x,,,

CEM 0%em

A’(é], A ,Em).

Let us write (86) as

(88) Z (RD,F"+RI:’M)A(TI) tr rTm;p:F;V;a) = 0.

Pois\¥,0

This equation is an identity in the g,, and their derivatives; consequently
the coefficients of the different terms of (88) are separately zero.

Let us abbreviate by writing A(p, u, v, &) for A(ry, - - , Tm; p, 1, », 7).
From the definition by (86) it follows readily that A(p, u, », ¢) satisfies
the same symmetry relations (50) as does Plp, u,»,a). By (49) the
coefficient of 3%1,/dx{dxd in (88) is obtained, by the first line of (80), from

(Riglz + R;lzz)t\(l ) 2 ’ 1 ) 2) + (R:,Z112 + R:,HI‘.!)A(Z ) 1 b] 1 ’ 2)
4 (Ris+Rian)A(1,2,2,10) +(Rouas 4 Ran)A(2,1,2,1) = 6R}010A(1,2,1,2);

hence the coeflicient is 6A(1, 2, 1, 2), and hence A(1, 2, 1,2)=0. The
coefticient of d%1s/dx/dx{ is obtained similarly, by the second line of (80),
from 12R[;;5A(1, 2, 1, 3), and is G6A(l, 2, 1, 3); hence A(1, 2, 1, 3)=0.
Similarly by (80) all the A(p, u, », o) arc zero except the 24 of thesixth
and tenth lines and of (81); we now show that these arc also zero.

The coefficients of d%gis/dx{dx{ and of d%s/dx{dx{ are obtained from
A(1,2,3,4)(8Risss + +R1szs — 4R1ees)
+ A(1,3,2,4)(8R1s24 + 4Rioar + 4R1s2)
+ A(1,4,2,3)(8Riuzs — 4Rizss + +R1sn0) .

Since A(p, u,v,0) and R(p, u, v, o) both satisfy the third symmetry
relation of (50) this becomes

12(2R 1234 — Ris2)A(1,2,3,4) — 12(Riass — 2R134)A(1,3,2,4).
Thus the coefficients in question are respectively
6A(1,2,3,4) — 12A(1,3,2,4) and — 12A(1,2,3,4) + 6A(L,3,2,4).

Since these must he zero we sece that A(1,2, 3, 4)=A(1, 3,2,4)=0;
hence A(1, 4, 2, 3)=0, and every component of A is zero. Therefore by the
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definition of A it follows that P is a tensor of the type (1), con-
travariant in p, u, »,0.f By (87) N is a tensor of type (3). By Theorem
3 of §31 either P=N=0 or m is even.

We have thus proved the fundamental theorem:

Every covariant fundamental tensor which does not contain derivatives of
the g., bevond the second order,and which is linear in the second order deriva-
lives, may be expressed in the form

nro
(90) 2 P rinRowrot Ron) + Nopo ey
Pk ¥,0
where the tensors P and N are functions of the g,, alone and where P and R
satisfy the same symmetry relations in p, u,v, .

§33. Fundamental Differential Tensors of Odd Valence.

By Theorem 3, §31 we see that there exists no non-zero fundamental
non-differential tensor of odd valence. It follows from §32 that every non-
zero fundamental differential tensor linear in the second order derivatives
of the g, and not containing any higher derivatives, is of even valence.
Thus we have not yet found that there exists any fundamental tensor,
differential or non-differential, of odd valence, except zero. But we can
readily show that there do exist fundamental tensors of odd valence in-
volving the third derivatives of g,,; for we get such tensors by covariant
differentiation of G, G, and R,,... Thus

G
0x,
DG,
D,
DR,uve
D,
are fundamental tensors of types (), (%), and (3) respectively, each involv-
ing third derivatives of the g,,.

91) {

t Since 112 of the components of R are identically zero, the corresponding components
of M in (78) may have any values whatever, so that A1 need not be a tensor.



CHAPTER VI
THE LAWS OF GRAVITATION

§34. Postulates. Laws of Nature.

We shall investigate the problem of possible laws of gravitation in free
spacet under the following set of postulates.

PostULATE 1. The quadratic differential form

(41) ds? = ) g.dx,dzx,, detg,, # 0,
B,y

defines the geometry of the physical universe.

As we have stated in §18, in the theory of spaces as developed by Gauss
and Riemann, the properties of a space are equivalent to the properties
of a symmetric quadratic differential form.

PostuLATE II. The Fundamental Postulate of Relativity. Every law of
nature is covariant.

By this is meant that every law of nature consists of a set of covariant
equations (§6). This postulate is the very essence of the Theory of Rela-
tivity, without which the theory ceases to exist.

PostuLATE III. The Law of Gravitation is a set of differential equations
in the g, alone.

PRrOPOSITION 1. Every set of covariant equations is equivalent to a set of
tensor equations.

As stated at the end of §6, we do not know that this is true. But it seems
to be true, and we shall assume that it is until either proved or dis-

proved; it must be stated that until such a time the present development of
the theory is incomplete.

PosTULATE IV. The Law of Gravitation is o set of differential equations
not involving derivatives of g,, beyond the second order.

This postulate does not seem to be intrinsically essential; it is made, as
is V, by analogy to classical dynamics.

PosTuLATE V. The Law of Gravitation is linear in the second order
derivatives of the g,,.

This postulate also is not essential to a theory of Relativity.

T By free-space is meant all points of space free of matter or energy.
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§35. The Law of Gravitation.

Assuming the correctness of the Proposition of §34, it follows from
Postulate II that every law of nature may be expressed by a set of tensor
equations. As the first law of nature we shall consider the Law of Gravi-
tation, that is, the law which determines the g,, of (41) in terms of

%1+ -+, % From what we have said this law must be a set of tensor
equations
(92) 4,=0 (t=1,---,m)),

where each 4, is a tensor, a function of only g,,, dx,, and the derivatives of
the g,.,; for as we saw at the end of §3, the x; cannot enter explicitly.
Since the equations (92) are to determine the g,, in terms of the x; alone,
it followst that the 4, are independent of the dx,. Consequently the law of
gravitation is a set of fundamental tensor equations. It now follows from
Postulates IV and V, in view of the first theorem of §29, that the law of
gravitation is a set of equations of the form of (64). Since by §11 the same
law is obtained by equating to zero any one of a class of associated tensors,
we may restrict ourselves to covariant tensors.} Consequently the law
of gravitation is a set of equations of the form of (90).

We shall in the next section proceed to study the cquation (90), thus
obtaining all possible forms of the law of gravitation.

§36. The Form of the Law of Gravitation.

We shall consider for various values of m, the equation

(90) > Pt (Rowe + Ruwe) + Noyoorn = 0,

Pp YO

where P and N are functions of the g,, alone, and where P and R satisfy
the same symmetry relations, (50), in p, u, », 0.

By a solution of (90) shall be meant a set of g,, with det g,,70, satisfying
(90).

Case 1. m=0.

By Theorem 8 of §31 we have
Prre = qgergre + BgPrght + ygrogh,
where a, 8, v are constants. Then by §27
2 P (Ryset Rona) = (—a—B+27)G = dG.

X T4

1 This argument is only intuitive; Postulate III permits us to avoid this difficulty.
1 It was for this reason that we considered only covariant tensors in §32; as a matter of
fact the method of that section suffices for mixed tensors as well.
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By Theorem 1 of §31 we have N=b, a constant. Hence (90) becomes
(93) aG+b=0.

If =0, then the equation becomes merely b =0, which does not involve the
gw. Therefore we need consider only the case a0, whence

(94) G+c¢=0.
CAsSE 2. m=1.
By §31
P::',':= arg? I I3, + angeI5 17, + asgrI} I3,
+ agID I7, + asgrell IT, + ougl, I,
+ BugIg Iy, + - - -+ Beg I8, I,
+ grirslargrg + asgr g + asgrpe].

Hence

X PP (R + Rowe) = 06y, + bg: G,

b Yo

where e= —a1—as + 203+ 24— as— a6 — B1 — B2 + 285 + 28 — B — Be, and
b=2ay—a;—as By Theorem 4 of §31 we have N,,,=cg,r,. Writing (u, »)
for (r1, 72), (90) becomes

aG,, + bgG + cgw = 0.
If a=0 this becomes
(95) guv(bG + C) = 0.

The solutions of this equation are the solutions of (93). Hence this gives
us nothing new unless a#0. Then we have

(96) Gw + gu(bG + ¢) = 0.

Let us multiply this equation by g*» and sum as to g, ». Then
G+ 4G+ ¢) = 0.

Therefore

G+ c=—1G,
and (96) becomes
(97) En- = Gpv - iGgm = 0.

Case 3. m=2.

By §31, P?%7 . is a sum of 105 terms, each being a constant multiple
of one of the three types
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88 Grimarra s EMradn Iy, s ILIL LIS,

The 105 terms correspond to all permutations of the sets of indices (p, &,7, o)
and (m, 74, 73, 74), which give distinct values to these three quantities. The
terms of type

E gﬂ“g"’gf 17 ,grlf‘(-Rpunv + Rpwm)

Pl v ,0

lead to

G(b1gougs + b28ovgus + b3goour) .
The terms of type

Z gﬂﬂgr |T:I:SI: A(RPA‘WI +vau¢)

P kYO

lead to

a’leugwr + a‘szvgur + aaGpagnv + a4Guvgpv + ascuvgpv + aBngpnc
The terms of type

2. I (Rywet Rono)

Pih.v,0

lead, in view of (50), to

a(R,,,,w + Rpuua) .
By Theorem 7 of §31

Nerrirs = Q8rirarars + Crirogry + C38rir (Brurse

Hence (90) becomes

(98) aRprva + aRpwm + aleugva + (1'2Gpugua + a3Gp¢guV + a'iGI"gM
+ GBG;wgpv + aGGngpu + (b1G + Cl)gpllgw + (b2G + 62)gp'gm'
+ (b3G + €3)gpogur = 0.

§37. The Tensor W 0.

The process of twice contracting the outer product of a covariant
tensor A me1y and g we shall call a first reduction of A, by g®. There are
six first reductions of the left member of (98), corresponding to the indices
of contraction (p, u), (p, v), (p, @), (u, »), (4, @), (v, ¢); each reduction has
the form aGw +Bge,G+7vge. We wish to know for what values of the
constants in (98) cvery first reduction has its three coefficients «, 8, v all
zero.

The reduction contracting hy (p, u) gives

Gro(— @ + a2 + as + as + a5 + 4a5)
+ 8.G(ar + 4b1 + b2 + bs) + guo(dc1 + c2 + ¢3).
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If we equate to zero the 18 coeflicients of the six reductions we have
—etartastastas+4as=0
—a+a+a+a+4a5+a=0
2at+ar+art+4das+a+a=0
2Zatatat+desta+a=0
—a+a+ 4o+ a3+ as+as=0
—a+4dl+dz+a3+a4+aa=0,

(99) 1

o+ 4+ ba+ b3 =as+ 4+ b2+ b3 =0
(100) S G2+ b+ dba+ by = a5+ b+ 4b: + b3 =0
{aa+bl+bz+4bs as -+ by + by + 463 = 0,

461+ 6+ e=0
(101) C1 + 462 + Cc3 = 0
' 61+62+4C3=0.

Equations (99) give

Ay = Az = Ay = Ag = —

—
b
N

as

Il
)
-

I

|
s

now from (100)

and by (101)
a1 =2¢=c¢3=0.
Hence the left member of (98) is
¢[Rowe + Rone + 3Gougsr + 3Gorgur — Goofur — Gurtlos + 3Guofor
+ $Guogon + 8G(— Zolro — Eovkus + 28008 ] 5
if now we definef
(102) Wowe = Rows + 3Gorgus — 3Goelw — 3Gurps + 1Guolor
+ 8G(googur — Govuo)
then the left member of (98) becomes
(103) (W oo + Woma) .

1 This tensor was discovered by Weyl, who refers to it as the “‘conformal curvature
tensor.” H. Weyl: Math. Zeitschrift, (2), p. 404.
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Properties of Wy,

1t is readily verified that W, has the same symmetries (50) in p, u, v, o
as does R0, and that in addition every first reduction of W ,,,. is identically
zero, a property which R,,,, does not satisfy (§27).

As will be seen in Chapter VII, W, is not identically zero.

There are at most 20 linearly independent components of this tensor;
this follows from (50) just as in the case of R,,,.

§38. The Case m=m.
By Theorem 13 of §31 we know that #*? _ isa sum of terms each of

T T2m
which is a product of the factors ge,, g2, and I'; as in §36 we see that these
terms are of three types:
ger 7 gl I, goy -7 gag®Il, gaoy-~-gaog®Pg®.
Hence (90) may be writtenf

m-2 m-1

(105) 2w 7 gwRe + Rw) + 2o 7 galGo

+ 2w geG+ VNam =0,
or by (102) and (97)

m-2 - m:/l .
(106) Zg'(?.) g g('z)(”"(i) + W(n) + ng - gwEe
+Gt‘[(2m) + N(zm) = 0)
where cach sum extends over all those permutations of the 2m subscripts
giving linearly independent terms, and Rowe=Rome, 11 pwe=1IV ovio

LeuMA I If the constant obtained by m successive reductions of a funda-
mental non-diferential tensor Py by g is sero then Pomy is identically zero.
For if Pem is not identically zero then by Theorem I, Appendix IT there
is a first reduction P gm_s which is not identically zero; by the same
theorem there is now a second reduction P @.—y) not identically zero; hence
by induction P g is not zero.

If now we reduce (106) m times by g® we obtain

G;‘I(o) + N(o) = 0,

where M, N, are the mth reductions of M gmy, Nam. If Mg =0 then
Nop=0 and M@gm and Ngm are identically zero, by the lemma, so that
(106). becomes

m-2 - m-1
(107) Lan= D gy gaWw + Ww) + 2ga -7 gmEwm
= Azm + B2m = 0.

tIn (105) and in similar expressions we have omitted the constant coefficients in order
to simplifv the writing.
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If ]l[(o)?éo then G=c¢ and G]”(zm)'f‘N(zm)=CM(2m)+N(2m)‘=P(2m) is a
fundamental non-differential tensor. But Pgy=cM g+ Ng=0, so that
Py is identically zero, and (106) becomes (107) combined with (94).
Hence the only laws are given by (107), and (107) combined with (94).

For the study of the laws (107) we shall find it convenient to introduce
tensors

- I
(108) Aom = ng' T g (W@ + W),
m-1
(109) Ban= D gor-goEq),

which have the property that all their first reductions are identically zero
while the tensors themsclves are not identically zero.

In §39 we shall show that there exist no Ba,, except B,, and in §40 that
there exist no g, except Ay and 4s. In §42 we shall show that every law
(107) is equivalent to

(110) dom =0
with or without (97), so that every law of gravitation is equivalent to
(110) with or without (97) and (94). In Appendix V it will be shown that
(110) is equivalent to a set of laws

(111) g =0,

and in §42 that (111) is equivalent to one or both of Ag=0, I, =0,

In §41 it will be shown that =0 is equivalent to S, =0, where S,
is given in (119). Consequently every possible law of gravitation will be
known.

§39. The Tensors Bopm.
For m=1 the only B; is aEp; it follows from (97) that the first re-

duction of this is identically zero; hence it is a B, and
(112) By = aFE .
For m=2 we have
(113) By = Bpue = 01Epugse + a2Epua
+ a3Bpnguy + a1 Lwgos + a5Fusgoy + a6Eyegou-

If this is to be B, then every one of its first reductions must be identically
zero; since Iz is not identically zero we are thus led to equations (99)
with a=0; hence a;=0 and there exists no B,.

TueorReM. There exists no Bym for m=2, 3, 4.

We have proved this above for m=2; in Appendix III we prove it
for m=3, 4.



LAW OF GRAVITATION IN RELATIVITY 77

ProrosiTION II. There exists 1#o Bam for m>4.
We have not been able to prove that this proposition is correct, hut
there are good reasons for thinking so (Appendix IIT).

§40. The Tensors As,.

For m=2 the only A4 is a(W w+1w); it follows from the way in
which (103) was derived that every first reduction of this is identically
zero; hence it is an Ay, and

(114) Apwe = a(W g + T pra) -
We see rcadily, using (50), that
(115) ZZP#W + a oo = 3V oo ;

hence A1=01is equivalent to W, =0.
Before treating the case m=3 we define the following set of fifteen

functions and their conjugates:
1"1(0!1 y T '0!15):——'1"1(0!;) Edn—2(!4—2a5+a7+aa+a10+a12—2a13—2a15

Fila)=¢1+aitas—2ar—2as—2a10— 2a1a+a3+ays
Fola,) =¢a—2a— 2a5+ar+as— 2010— 2+t ouy
Fala,)) =¢atastas— 20— 209+ aio+an — 2a13— 2o
1"3((!,)‘-—‘-¢3—2a,z,—2a6—~2a8—-2a9+a11+a12+a14+am
;(oz) o1ty tastagtay—2a0—2a12— 2a13— 204
l'a(a,) =¢p—20; — 203+ art oy —2a10—2a11tan+a;s
I’s(a,) = s+ astas—2a;— 2as— 2011 — 212+ aintays
(116) 1’7(0!,)—~¢7+l¥1+a»+aa+f¥6“2“10‘“70111—7“13—20115
Ia\,(a) = py— 201 — 2o+ st st ot — 2an3— 2an4
I'..(a,)— Syt astaz—20— 2astant o — 2 — 2,5
I'm(a ) =¢rotartas—2as—2a;— 207 — 2a9+ a1y tars
lv“(a,) =¢n+artas— 20— 2as+ st as— 2013 — 2oy,
F ,._,(a,) =¢pra— 20— 23— 203 — 205+ astastastas
1’11(“;) datartas—2a,— 20— 2a7— 2astan+an
lq.;(a,) =¢1tastastastas—2as—2a9—2a10— 2an
lb(a,)_d;l;,—-2a1——2a3+a5+a3—2a7—-2a9+am+am.
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Here we have written explicitly only the first two of the conjugate func-
tions; the others are formed in exactly the same manner. The ¢; are un-
determined functions which are introduced to obtain more generality.
We shall abbreviate this set of equations by writing it

Fe,) = ¢; + fi(a)

Fa) = ¢ + [(a).
We then have

LemumA L. The set of equations

F,(a,) - F!(al) = fl(“:) - _7:(“1) =0
is of rank 9, and its most general solution is
as = — a3+ ay + an
a; = oy — a3+ auy
as = as + an — au
@ =ar—a3— a;+ as + an
as = a3+ ay — ay
ap = a1 — a3 — as+ ay + a3
i = a3+ ay — aiy
a3 = a3+ an — oy
ai; = ) — oy + ay,
where on, a3, oy, g, g1, and auy are arbitrary.
This fact is easily verified and will not be proved here.
LemMma I1. If ¢i=4a; then the set of 30 equations
F,(a;) =0
F(a) =0
admits the unique solution o;=oa, where a is arbitrary.

This result is obtained by putting ¢,=4a; in the equations F;(a,) =0,
Tv‘.(a ) =0, and substituting in them the partial solution given in Lemma I.

We are now ready to consider the case m=3. Let us represent the term
Zgue®1238 (Wi usgu + W s ) 0f (107) by the symbol 56—1234; by (107),
Ag is the sum of C8=15 such terms with distinct indices. If this is to be
an As then every one of its fiftcen first reductions must vanish identically;
this condition furnishes us equations in the «;in order that these equations
have certain symmetry properties which make them readily solvable it is
necessary to choose the order of the indices in a particular manner as
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follows: We take :1g equal to the sum of the following fifteen terms, cach
column of three terms being obtained from the preceding column by a
substitution operation on pairs:

56 — 1342 36 — 1254 45 — 1263 35 — 1246 46 — 1235
(117) 34 —5126 25 — 3146 26 — 4135 24 — 3165 23 — 4156
12 — 3564 14 — 2365 13 — 2456 16 — 2354 15 — 2463.

If wereduce by g* the term A\r — - - - is called the base. Now if, for example,
we reduce by g* we obtain terms which may be reduced, by (50), into two
sets, those in Wie and those in its conjugate Wi, On reduction by ghr
the base gives four times its « in cach of the two sets of terms; if both of
the reducing indices are on the right of the term in (117) we get zero (§37);
if one of the reducing indices is on the left and the other on the right we
obtain the I and 11 of the base. For example, if we reduce by g% the base
is 56—1342; this term gives daze(117 3+ 140) ; the term 34—5126 gives
zero; the term 36—1254 gives aipss(Wissa+Wiss) which, by (50), is
s — 2Wap+ W), We may note that for each pair of reducing indices
exactly nine terms of (117) have non-zero reductions.

In the reduction equations obtained by reducing (117) three types of
terms occur:

Type 1: The numerical coefficients of @y, in the equation and its
conjugate are respectively 41 and —2.

Type 2: The numerical cocflicients of @, in the equation and its con-
jugate are respectively —2 and +1.

Type 3: The numerical coeflicient of a,u, is the same in both the
cquation and its conjugate.

The fundamental property of the table (117) is that terms of Type 3
enter only from the base. Also in each reduction equation there are
exactly four terms of each of Types 1 and 2.

Let us denote the a'’s by their orderin (117):

Q312 = @), Q5126 = Q2, * * * , Q2463 = Q5.

Now if we reduce (117) in the C3=15 possible ways and equate them to
zero we have the thirty equations (116) with ¢,=+4a,; by Lemma II
these equations have only the solution «,=a, an arbitrary constant; hence
there exists only one Ajg:

1 . . . . .
—'Avrpuvk = gor(”"puv)\ + " pvp)\) + gap(" Avrp + 1] )\nm) + ga,.(” Aoty + i Xfpv)
[+

+ go(Warru + Wors) + 8a(Wopr + Wipr) + gro(H e + Wanna)
(118) + gru(Waraw + Woon) + (W anue + Wone) + gaa(HWopue + ops)

4 20u(Wavor + Waarr) + 2ov(HWaure + Winwe) + goa(Woors + Wirar)

+ gu(Waopne + Wangr) + 8a(Wopor + Wigpr) + g1 puor + Wpouo) -
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THEOREM. There exists no As.
This is proved in Appendix IV.

PropoSITION III. There exists no Aam for m > 4.

We have not proved the correctness of this, but have good reasons for
assuming it (Appendix IV).

§41. The Tensor Sorpuv
Let us define a new tensor
Serounn = LarWoun + ZooWirer + gaulnorr + gosWWiprn + groWorwr
(119) + ZuWiroor + 8aWoper + govlWiurre + W iors + a1V oror
+ 2o Woor + gaWoure.
Then it is readily verified, using (50), that

1 _ —
(120) o (A",,"x - A"pvnl) = Su‘rp).n,
3a

1 —
(121) - (-A_drpnvx + Aarpm).) = Svrpuvk + Svrpvuk + Scr)‘uvp + Sv'r)\vpp-
[+ ]

Hence
— o
(122) Avrpur)\ = "2_(3Snrp)n + Svrpuv)\ + Sarpvn)x + Scr)\pvp + Sdr)\vnp) .

Properties of Serpuvn

By equations (120) and (122) it follows at once that S =0 is equivalent
to Ag=0. By (120) it follows that every first reduction of S, is identically
zero, since A, satisfies this property. Using (50) we can directly verify
that S has the following symmetries:

(123) Saaauv) = Saapav)‘ = Saapua)\ == Sa-rpaaa = 0’

i.e., if any 3 of the subscripts are equal, then that component is identically
zero.

(129) { Serwh = = Stousne
Sarpuv)‘ = - Svmpv)\ y
(125) { SWPMVU + Safpwp + So'rpayr = 0 )
S)apuﬂr + Smp)mr + Sp)\pwv =0 H

this last follows at once from the 3 preceeding ones. The following 15
quantities have the same symmetries in p, g, v, o as in (50):
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Saapyvv ) Sapavuc ) Sapmua' ) Sapwran ) Supuna )
S paavopy Spavaau ] Spaauav ) Spuvvmx )

(126) Sonaaras S, S prayaas

PR py Dp

Spnmau, Spvuavm )

Sp;awaa )
the last five of these follow directly from the first seven by (124), the 15th
from the 1st, the 14th from the 2nd, the 13th from the 6th, the 12th from

the 3rd, the 11th from the 7th.
In addition,

(127) Sapuwa = Spauvaa = Spualxlm = 0,

Seapagrs = Sapayas = — Saapyss = — Spgayas,
(128) !

Saaprfiy = Spsavay = Syyafas-

From these symmetries (123—128) it follows that of the 45=4,096 com-
ponents of S there are at most 10 linearly independent ones, given by
the subscripts

112323 112324 223134
112424 113234 224143
113434 114243 334142
223434,

§42. The Laws Lo, =\).

Assuming the correctness of the Propositions in §§39 and 40 we know
that there exist no Azm, Bam except

B,
(129) - A,
..

We shall now consider the general law with m =3,
(13()) L!m = A12m + B2m = 0'

By §39 if B,m is not identically zero one of its first reductions is not
identically zero; by induction, at least one of its (m— 1)st reductions is not
identically zero and hence is a non-zero constant multiple of E,; but every
(m—1)st reduction of A, is identically zero; hence there is an (m—1)st
reduction of Ly, which is a non-zero constant multiple of Eq,; hence (130)
implies E =0 and hence B;,»,=0 and A;»n=0. But Eg =42, =0 implies
L:n=0; hence Ly»=0 is equivalent to As»n=0 and Eg =0 combined. If
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Bs,, is identically zero then L,, =0 is equivalent to :1,,=0. Hence every
law (130) is equivalent to

(131) Adgm =0

with or without (97).

Now consider (131) where .13, is not identically zero. By Appendix V
A2, =0 is equivalent to the sct of equations obtained by equating to zero
all the (m—3)rd reductions of .15,. Hence every possible law (107) is
equivalent to a set of laws .14=0, with or without (97) and (94).

Now consider

(132) g =0,

where g is not identically zero. If .1=A; then (132) is As=0, which is
equivalent to S =0. If As# A then one of the first reductions of g is
not identically zero and must be

(133) all o + bl ¢,
where a, 50, 0. Hence (132) implies

dowwe = @l ppe + W pupe = 0.

But
2-1puvv + 2"-[::01';: + ‘lpvmr + A popr = 34.1”'”4:«; 3

hence

MW e = O prpe = 05
but a, b0, 0; hence (132) is equivalent to
(134) W e = 0.

§43. The Laws of Gravitation.

We have shown in §42 that every possible law of gravitation is equiv-
alent to one or more of (94), (97), W&y =0, S =0. Hence the only possible
laws of gravitation are

G =c,

E, =0,
Wowe = 0,
Sheowre = 0,

and the combinations of 2 or more of these.
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§44. The Divergence of Certain Tensors.
For a tensor A,,.. ., (k,) let

14

(135) Aprevops = 28" Ay
then by §11 -
A,y ..., = 0 is equivalent to A:l...,.,__l = 0.
By §21 we have
(136) Vol gy = Zg——A;""“ﬂ.
’ Da,
It follows from §17 that

v

vd...+vB..=vd...+ B.).

From (34) it follows that at the origin of canonical cosrdinates of §28
we have

mxv 61, ’
and hence
, Y W
(137) Tl = 3, —
v ax.

We shall now consider the value of the divergence of several of the fore-
going tensors at the origin of canonical cosrdinates.
By (135)

G: = ZgWGIW = Z gwg"Rupw-

T.p,T

Hence, by the first of (58),

4 aR TO
VG = 3 grpr—— .

¥.,0.,0,7 6x,

Now by (49)

> 1 9 62 o az 14 32 T a’ o
(138) V,G“ = — E gvvgpr__( 8u & _ Bu _ (4 )
2 dx,0x, Jdxdx, Ox,0x, Ox,.0%,

v.,p,0,T d Xy

1 azgpo aag[l‘r
_2_ Z gva pT _—

¥.p,0,T axyt?x,,(?xr ax,,ax,,ax,

1 03g,, g
+— X g"z’"( - ) :
2 v,p,0,T axyax,.ax. ax,ax,.ax,
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By interchanging p with », and 7 with ¢ we find

3 3
5 pp(2 )

2,4, 05,0%,0%,  9%,0%,9%

3 3
= _1_. E gprgw( 9 Bur —_ a Buo ) .

2 Ve 9x,0x,0%, 9x,0%,0%,

Since this quantity is thus its own negative it must be zero.
Thus (138) becomes

v 1 93¢, 0%,
139 v.G, = — v w( - )
(139) ) 2 &g A0,0x,0%, 0%,0x,0%,

¥ ,p,0,T
Similarly
oG ORypme
VvG _ e == va opT.
8 Eg" ox, ax, y,g.rg § ax,
If we treat this as we did (138) we find
G aag T 33{,' 4
Vg == 2 g"’s’"( o = . )
CER pao.T 9x,0x3,0%, Ixdx,0x,
Comparing this with (139), we see that
1 6G
(140) VG = — —
2 6\,,
oG
(141) v.Ggl = —.
X,

We also have

apr apy-r 1 a:‘ ot
N
ax, 0.7 2 01, 01,0x,
+ 0% _____‘23 o 03gur )
X 08,0x, IxIx,0x, 9x,0x0x,
G, 1 > "( 0%gor n 3o 9% 0%g,r )
ax, 2 .,,,g 0x,90,0%,  0xdx,0x, 0x,0%,0%, 0x0x,0x,/)
Hence
6_(1:,:,_ (?Ei'= _1_ qu( 0% + 0°gpr A3gur _ 0% )
dx, Ox, dx,0x,0x, OxAX, 0%, 6\ 0x,0x, 0x,0x,0%,
_ Eg,,efw.
e 0x.,
4 a puy pUYVT
VeRpw = E = Eg

s 0%, s 0%,
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Hence
. 8G,, 9G,,
(142) VuRp;w = _w_ 7,
ax, X,
Also
G, G
(143) Got® = 2 g0 —o = —2,
p dxy ax,
1 4G
(144) VoG8 = EuVeG,” = — fu )
2 dx,
G
(145) VoGRmss = LmVeGs” = g
From the preceding relations we find, since
TG, 6G,.,
D, 6\’,,
(146) vEr L%
T L ey
. 1 /TG, TG, 1 G aG
147 Voll pur = — (————~ — ——> < y - .————)
(147) o 2\Tx, Du, 12 5 ox, x 8 ax,/’
TG, TG,
(148) VR = — ——
Dy, T

It is to be noted that we have shown these relations only at the origin
of canonical coordinates.

By II of §18 we know that G/dx, is a tensor, and by (34) we know that
DG/ D, is a tensor. Hence the relations (146-148) are between tensors.
Hence by (60) the relations (146-148) are lrue at every point of every codrdinate
system. '

Another relation, that of Bianchi, is easily proved:

(149) gkp.an + @Rapvr + @Rppvr _ 0 )
D, D, Dix, ’

for at the origin of canonical cosrdinates this becomes

amer + aRaprr + aRpuvr
8.1',, ax,, 0%,

=0,

which is verified directly by using (49); hence the relation (149) is true at
every point. Similarly it is found that

?Rpun 3 Rmt-rv bRpwr TRpura

150 T — = 0.
(150) D, + T, + Dy + Dy,
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It is now found readily, using (119), (135), (147), and (102) that

(151) VASorow = 0
is an identity.
§45. Applications.

Consider a tensor equation

1 4

(152) Ay iy = 0.

On every solution of (152) we have also

aA,.,...,.,l__l_ —0
ax, ’

so that by (137) at the origin of canonical cosrdinates we have

(153) Vidyy gy = 0;

since the left member of this equation is a tensor the equation holds at
every point. Hence every solution of (152) is also a solution of (153).
Now if (97) is true then by (146) we have

oG
—_— = 0’
0x,

so that G=const.

Hence by §43:

With the S Postulates of §34 and the 3 Propositions of §§34, 39, 40 the
only possible laws of gravitation are

(94) G=c¢;

(154) Guw — kg =0, (k= 1G = const.)

(134) Wowe = Rows + %Gpvg/w - % pofuv — %Guvgu + %Guagpv
+ %G(gpaguv - gpvguv) =0,

(155) Sorpun = gorWour + ZooWirer + goulWrowr + ZosWinorn + ZeoWorus
+ &uWreor + gnWosor + g Worre + g\ Wiary + guvWarer
+ gaWonrr + gaWyor = 0,

(156) Wowe = 0 with G = ¢,

(157 Serown = 0 with G = ¢,

k
(158) Rowe + _3'(gpvg;w — BooBu) = 0,
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(159)  gorRown + ooRurvr + gouBirpor + govRuprn + groRorw + gruRicpr
+ gaRouor + govRurne + EorRuors + LuRorer + gurRoavr + g Ropor
+ klgor(gmgir — £or8ur) + Eoo(gurtire — Burkr)
+ au(gngor = Exein) + Eor(Buror — Eirgor)] = 0.
We have obtained (158) by combining (154) with (134), and (159) by
combining (154) with (155).

The law of gravitation chosen by Einstein is (154). These laws will be
discussed in the next chapter.



CHAPTER VII
APPLICATIONS TO THE SOLAR FIELD

In the preceding chapter we saw that the only possible laws of gravita-
tion under our postulates are given by (94), (154), (134), and (155- 159).
The law (94) can be omitted, as it determines but one of the ten g,,.
Equation (154) is Einstein’s law, which will be considered later.t

The equation (158) can not be used as a law of gravitation. For in
case the total curvature G is zero it becomes R,.,=0, a necessary and
sufficient condition that space-time be flat (§22). Thus the field is reducible
by a transformation of codrdinates to that of the Special Theory of Rela-
tivity, which by definition means the absence of all matter. If G is not
zero, it is in any case a constant. Similarly in this case it can be shownf
that all solutions are deducible from any one of them by a transformation
of coiirdinates. On this basis we shall reject (158).

We shall now consider the equation

(134) ”'mﬂa = lewr + '%prg,.a - ;G”g,w - %G‘ngp, + %G“,gp,
+ §G(8ooBur — EovBus) = 0.

It has been showntf that this equation represents a necessary and
sufficient condition that ds® be reducible to the form

3
(160) ds* = ]Il: — Ddx? + d.\u’:l,

—1
where /i is a function of the x,. The fact that the condition is necessary
indicates that (160) is a solution of (134) regardless of the form of the func-
tion /. It is clear from this remark how indeterminate a theory we should
obtain if we used (134) as a law of gravitation. In a given physical problem
no integration of a set of partial differential equations would be required;
it would merely he necessary to assign to the function /% any value satisfy-
ing the given boundary conditions. This does not mean, however, that the
motion of a planet in the field of the sun, to take a physical example, is
arbitrary under the law (134). We shall show later what limitations to
the motion are imposed by the form of the solution (160), and in par-
ticular that what might be called a “pseudo-Newtonian” situation is ad-
missible, in which a planet revolves around the sun with its perihelion

1 When the text of this chapter was written we had not as yet found the tensor Sgrpui.
Rather than revise this chapter we have inserted a few remarks on the subject in Appendix VL.
I Veblen: Invariants of Quadratic Differential Forms, p. 78.
tt J. A. Schouten: Math. Zeitschr., 11, 1921, p. 58.
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point fixed in heliocentric cosérdinates. Furthermore, it follows at once
from the form of (160) that a ray of light is not deflected in passing the
sun. We obtain, then, a gravitational field in which the path of a planet
differs inappreciably from that required by the Newtonian law, and in
which a ray of light behaves as in the classical electro-magnetic theory, as
distinguished from the corpuscular theory. The fact that such a result is
permissible under the fundamental postulates of Relativity, as set forth
in §34, is interesting. )

It is to be especially noted that (134), contrary to Einstein's law (154),
permits the total curvature G to be other than a constant. It will be
shown later that in the field of a mass-point, G is a monotonic decreas-
ing function of the radius r, and at infinity approaches a constant
given by the bhoundary conditions. Thus under this law every particle
of matter is related to a variation in the total curvature, which ap-
proaches zero as the distance from the particle increases, and may bhe
thought of as superposed on the constant total curvature of the universe.
On this theory it would bhe natural to expect the total curvature to be
sensibly increased at a point inside a region containing a large number of
particles, i.e., inside of “solid matter.” This type of gravitational theory
seems to us a much more natural one than that arising from the usual
Relativity law, since the latter calls for a sudden jump in the total curva-
ture at the boundary of a mass. In order to obtain such a theory, and at
the same time admit the Einstein deflection of light, it would bhe necessary
to renounce one or both of Postulates 1V and V of §34.1

We can combine equations (134) and (94). Then the function % of

(160) ceases to be arbitrary. In particular we shall consider the case G=0.
Then

(161) R + ';‘Gpvgw - %ngﬂv - % w8 po -+ %G,wg,w = 0.

We require a solution of this set of equations for the solar field. We also
wish to know the form of the solution (160) of (134) in another system of
coordinates; instead of transforming (160) we shall set up the required
equations directly in the new system.

It has been shown] that in polar codrdinates the ds? for a static, radially
symmetric field may be written

(162) ds? = — e\dr? — r%d0? — r?sin? 0d¢? + e'dt?,

where N and v are functions of r alone, such that as r=o0, et =¢"=1, using
light units. For this ds? all equations of (134) are identically zero except
those containing exactly two distinct indices. Of these six equations only
the following two are distinct:

T Or we could adopt (155) as the law of gravitation. Cf. Appendix VI.
1 H. Weyl: Raum. Zeit. Materie. §31.
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1 1 1 1 1 1 2
W —NV =2 — —-—N - 2— +2—+—G=0,
g v 2 v r g r r? + r? + 3
(163) . :
—0' - \N)+ ?e"G =0.
We also find that .
1 1 1 1 1 1
G=—¢? [u" — =\ + =2 42— —2—N — 2—¢* + 2-——:| .
2 2 r r r? r?
If this value of G be substituted in (163) both equations reduce to
1 1 1 1 1 1
(164) V' ——AV 4+ —24+—N\N —— — 2—e* + 2— =0,
2 2 r r r? r?

as is required by the fact that & in (160) is arbitrary. Thus we may choose
v arbitrarily, subject to the boundary conditions, and X will be determined
by (164). Put A=log \; and v=log », and assume that A\, and » are
expansible as convergent power series in m/r, so that

am Aam*
)\1=1+—‘+—2—+"'
r r
(165)
bm  bom?
VvV = l + I— +
r r?

Then it is found by substituting in (161) that ai=b1, a;=2b—3b:2, - - - .
Then
m?

9
- 2 _ — ...
G—(zbl 6[)2)1’4 + .

We shall now consider the case where G=0. Then the second equation:
of (163) gives A'=»’, or A=v, by the boundary conditions. The first of

(163) becomes
.2 2 _,
v = ﬁe’ + R
which admits the solution

bym 3 b2m?
v=log<l+——-—+—— +...),
r 4

where b, is an arbitrary constant.
Thus in (162)

bym 3 bim?
(166) —gu=gu=l+—:—+—‘i— -

r2

t We shall confine ourselves to the case where one boundary condition states that A=y =0
for r= o, and that X and » vanish with m. In this case (154) admits no solutions except those
of the equations G, =0.
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The Schwartzschild solution of G,,=0 is

bym

lIl _—— = —
] r
The constant b, is undetermined.

We shall now study the solutions of the equations of motion of a mass-

point in a radially symmetric field of the type we have heen discussing.
The equations of motion are those of the geodesic lines:

d?x, jaﬁ} dx, dxg
167 — 2 -0
(167) ds? + .,2;' Vif ds ds

Since the form of (162) is independent of the choice of gravitational
law, we obtain great generality by avoiding the introduction of numerical
quantities until after the integration. We shall merely assume that the
gw of (162) are analytic functions of the variable m/r in every finite
domain, so that

am agm?
cf=N=1+—+

r r?
(168)
bym  bam?
e =y = —t—
r r?

Then the equations (167) become

d2r+1 1 (lk.(dr)z r(d())2 rsinzgo(ddz)’_l_ 1 1 dvy/de? 0
ds? A\ dr \ds N \ds A ds 2 N\ dr (ds>_

2
d 2 dr do
ds? r ds ds N
d*¢ 2 dr d¢ do do
—_— 4 — — — 4+ 2 cot — =0
ds? r ds dx+ “’E ds
dt 1

1 dvi/dt\?
ds? 2 v; dr \ds
If ¢==/2 and d¢/ds=0 initially, the third equation shows that the orbit

remains in the plane ¢=m/2. The second and fourth equations lead
respectively to the integrals

r’— =}

(169) ds
dt k
ds B 1 4%

where % and % are constants of integration. Using the relation
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(170) ds? = — Ndr? — r2d0? + yidf?

with (169), and putting »=1/r, we are lead to the equation of the orbit
du\? k2 1 11 u?

(171) ——) = ———— — — .
dé R Ay BN\

We shall put a?=1/4?, 8*=k?/k*. Then by (168) the right side is expressible
as a power series in %, a? 8%, and (171) becomes

du\? 1[pB?
(172) (——) = ——[— - a? — u’] = — o? + B2 + ma,0*u — me,fu
d0 )\1 V1

— 42 + m2e0®u? + m¥f,5%2 + ma,u®

+ mieza?u® + - - - = P(u),
where
e1= a1+ b

€3 = Qg — al’
fo=ad —as+ b2 — bs + a0,
€3 = Gqs - 20102 + as.

The unwritten terms are of order four, at the least, in #. If we differentiate
(172) we obtain the equation

d*u 1 1
(173) T = —é—mala’ — ?melB’ — u + m2esau + m?f,0%

3
+ ?ma;u2 + —z—m‘esa’u’ + o =0Q(u).

We shall show that there exists a circular orbit, i.e., a solution %= con-
stant of (172), which also satisfies (173), so that P(#)=0 and Q(u)=0.
Now the functional determinant of P and Q with respect to » and 82 does
not vanish for #=p2=a?=0. Therefore by a well-known theorem} on
implicit functions these equations admit a unique solution for # and g? as
power series in a? vanishing with a2, and convergent for Ia2|< some
positive constant. The solution is

1 1 3
=24 = a”[ - 7mb; + m? (?blbz - -be’)a’ + . ']
(174) .
p? = a’B = a’[l - Im’b;’a’ + - ]
A and B are defined by these equations. The second gives

1
(175) Bo= 1= —mibiat

t Goursat-Hedrick: Mathematical Analysis. Vol. I, Chap. IX, §187. F. R, Moulton:
Periodic Orbits. Chap. I, §1.
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These values for # and 82 define, then, circular orbits such that P=Q=0.
We note that if o? is sufficiently small 22<1, i.e., a?>62 and 4, <0, pro-
vided that the orbits are real.

We wish to study a particular class of the solutions of (172) or of (173),
those that differ but slightly from the circular orbits just defined. We shall
later impose the further condition that the orbits he closed with respect
to a new independent variable, a constant multiple of . We put

(176) B% = a®(B 4 A%%de),
where d and e are new constants, and make the change of variable
a7 u = a?A(1 + ep).

We impose the initial conditions for §=0, u(0)= U =a24 (14+e), orp(0)=1
and further

du dp
— =—=0forg =
do do

Thus for6 = 0

(178) U=0o24(1 +¢).

Substituting for 4 its value from (174), this equation becomes
U= (1+ ¢)[ — $mbie* + a*(other terms)].

If le]<landa?is sufficiently small, this requires 4, <0, as in the circular
case, since U is positive by definition.

Before proceeding to the solution of (173) we shall show that the con-
stants of integration / and %, introduced in (169), can be expressed as power
series in U and e, and conversely that e is expressible in terms of & and k,
so that the equation of the orbit (177) contains only these constants. It
will be seen that the constant d of (176) is introduced merely for con-
venience, and is directly expressible as a power series in a2 and e.

Now (178) can be solved at once for a? as a unique power series in U
and e, of the form ) )

o U( mb1+mble+ )
To obtain the corresponding value of ¥ we substitute (176) and (178) in
(172) for 6=0, i.e., in P=0, remembering that u=a?4, 82=02B satisfy
P=0 and Q=0. The calculation is simplified by use of the following
lemma:

Consider a power series

Py(u) = po+ pu+ pai® + - - - =0,
with a root u=A. If we put = A4 (1+4e¢), we find
P = PIAG + 2P2A23 + P2A282 4+ - =0.
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From the Binomial Theorem it follows that the terms in ¢ may be written

e D np.An.

Now suppose that #=A is also a root of the derived equation P,'(s)=0.
Then
Pl(w) = pr+ 2924 + 3psd2 + - - - = 0.

If this equation be multiplied by /e it may be written
e 2 np.A™ = 0.

Thus P, contains no terms in e.
Using this lemma the result of our substitution in (172) is, after dividing

by AZ%ate,
d — meidatd — merdalde — e + m?e.0?e + mifoA%04d + 2mfod 2atde
+ mfiA%tde? + mif.Bole + 3marda’e + maAdae® 4 - - =0,

The omitted terms contain o! as a factor, vanish for d=¢=0, and contain
no terms of the form d%!. This equation can be solved for d uniquely as a
power series in ¢ and o, vanishing with e; the explicit solution is

(179) d = e(1+ D),
where
D = m2(aiby — 3b2 —(es + f2) — 3bfe) 4+ a®(other terms),
If we substitute this result in (176) we obtain
B% = o?B + o*A2%2(1 + a?D),
or
(180) B2 =1— im?2a?(1 — ¢?) + a*(other terms)

It is clear from this that if o? is small, and if ¢?<1, then £2<1, or o> 32,
As e? approaches zcro k? approaches the value B of (174), which leads to
a circular orbit. This is clearly the minimum value of &2 for all values of e
that satisfy the condition necessary to secure the convergence of (179).
Thus %2, and hence %, is determined in terms of o?, ¢, or, by a previous
remark, in terms of U, e.

In integrating (173) two new constants must be introduced. One of
them is known at once, since (173) was derived from (172), so that the latter
serves as an integral with known constant. The second new constant of
integration, which enters as an additive constant to 6, was taken to be
zero when we took 8=0 as the value of 6 corresponding to the nearest
apse. It follows that the equation of the orbit (177) must be expressible as
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a function of only a(=1/k), k, and 6. To accomplish this it is necessary
to solve (180) for e. The equation may be written

2

m3b? o

1/2
(181) [1 - LA azlﬁ] = + e(1 + a2Dy)12,

where v=1—#4?, B, is a power series in @?, and D, a power series in o2, e.
The left member, which is rcal, can be expanded as a convergent power
series in y/a? and a?. As we wish ¢ to be positive, the plus sign is required.
We may then solve for ¢ as a power series in y/a? and a2, of the form

e=1-— E(l, az),
a?

where E is a power series in y/a? and a2, and 1>£>0. The scries will
converge for sufticiently small values of y/a? and a®. The form of (180)
shows that 4y/m?b,%a? is very slightly less than unity for small values of
e, so that the left member of (181) is small. We have the inequality
v/ <im?bi*+a? (other terms), or approximately, v/a? < }m?2b,2.

We turn now to the solution of (173), making the change of independent
variable

(182) . 0= (1428y,

where 6 is a constant. It will be proved that there exists a value of & such
that (173) admits as solution a two-parameter family of closed curves,
reducing to circles for e=0; in other words there exist periodic solutions
of period 2, for small values of e.

Now substitute (176), (177), and (182) in (173), and eliminate d by
(179); there results

(183) fﬁ + (1 4+8p=>10+ 6){»12 [(’2 + 12 —3—alb,]a2p + imgbleloz’e
dy? 2 4
— —m?aba?ep? — mt [—l—bl2 fa + —bies — ialblbg
4 4 2 2
9 1 1 1
+ "é‘albxs:l atp + mt I:—Zdlb?h - "é_blsel - Zbun(ez + fz)

1 1 3 3 9
+ -Zblzfz - "Iblhbz +—13bla el] a‘e + m [—‘—{alblb, - Ra;b;‘

3 1 1
- :bles] atep? — —8—‘m‘b1"ela‘ez + —4—m‘b1’f2a‘e2p

+ of(other terms).
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Sufficient conditions that a solution of an equation of this form be
periodic are
p(2m) = p(0)
p'(2r) = p'(0).

In this case these equations are not independent,f the second implying the
first, due to the presence of (172). It will be sufficient, then, to determine §
such that p’(27) =0.

By the Cauchy-Poincaré theorem equation (183) can be integrated as
a power series for p in a?, e, convergent for 0S¢y <27, provided that o?
and e are sufficiently small. The initial conditions are now written in the
form

(184) p(0) =1;  p'(0) =0.
a,e ae

If this integration is carried out, we find that the equation p’(27)=0
becomes

3
(185) o'(27r) = — w6 + 7r|:”12(€z + f2) — —z—mzalbl] a? 4+ P(a?,e,d) = 0,

where P(a?, e, §) is a power series in the quantities indicated. It vanishes
for a?=6=0, thus containing no terms in e alone. For if a2=0 in (183)
there is a solution of period 2« if and only if §=0. Thus (183), for a®?=0,
must contain the factor 8. It follows that (185) admits a unique solution for
d as a power series in o? and ¢, vanishing with o?, and convergent for a? and
e sufficiently small, which we shall write

(186) & = 85002 + das0e + dq0a? + date + dsaie? + af(other terms).

This expansion contains no terms in a"e”, o, nor in ae?, for no such terms
are present in (183), and therefore in (185). With this value for é equation
(183) admits a periodic solution of period 27. The coefficients §,; can be
computed from (185). We shall, however, obtain the same result in the
direct construction of the solution.}

We can now integrate (183), after substituting (186) in it, in the form

(187) p = poo + p200? + p2ia®e + peoct* + paarte + pasce? + ab(other terms),

where the p,; are each periodic in ¢ with period 2=, and are subject
also to the initial conditions (184). Substituting, then, (186) and (187)
in (183), we obtain the set of equations

1 Cf. Moulton: loc. cit. Chap. II, §40. Poincaré: Méthodes Nouvelles de la Mécanique
Céleste. Vol.Ip.87.

t The existence of the periodic solution also follows from a gencral existence theorem
due to W. D. MacMillan: Transactions of the Amer. Math. Society vol. XIII, 1912, p. 157.
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(188) (a) poo + poo = 0
(®) pz20 + p20 = — 820000 + |m%(e2 + fo) — 'g"l2alb1|l)oo
(¢) pa + p21 = — 8a1poo0 + Im2bie; — %m’a;blpgo .

The writing down of further equations is simplified by use of the solutions
of these. In integrating cach equation two constants of integration enter;
they are uniquely determined by the initial conditions (184). The 3,
are uniquely determined by the periodicity conditions, as previously noted.
In order that an equation of the type of (188) admit a solution of period 2,
it is necessary that the coeflicient of cach term in cos ¢ be identically zero.
Now the required solution of (188a) is pgo=cos ¥, and since the equation
for the general p,; contains precisely one term in é,,, which is of the form
d.,pun, it s clear that the above condition uniquely determines the 3,,,
for all values of 7 and j. Furthermore, the right members of equations
(188) are expressible in powers of cos ¥, that is to say in cosines of integia’
multiples of y. None of these terms can give rise to non-periodic terr. ¢
except those in cos ¢, and these latter will have zero coefficients.
The solutions of the first three equations of (188) are

(189) (0) Poo = (‘()S\b

() p2o=0

() par = m2{1b% — Lawby — b2 cos ¢ + Laib; cos 2n[/} ,
and
(190) (B) 8:0 = m2{es + fo — Zaibi}

((I) 521 =1().

We can now simplify the further equations of (188), obtaining

(188)  (d) pio + pao = cos Yi— 810 + 830 + ImA[2a,b® — 3a1bib,
+ 3bies — §b2 1]}
(€) pi1 4 ps = — by cosy + Im2|1bie, — 3aiby [8a0
+ Imtla2b? 4 1ab@ + 104 + Larhib,
— b2by — bler — Yarbi(ez + f)]
+ cos 2p{ — Im2aibidgo + 3mA[3a1b1bs — $airly

-_ 3b1€3] }

(f) P:'z + D4y = COS\L‘ — 042 + i'?)l4b\2fz - %1Ilzd1b1pm} - ;‘;m‘br"el.
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The solutions are

(189) () pso =0
(&) par = Im*{Talb? — Labd + 1b)* + Yaibibs — b2by
+ b2fy — 3bies — Jawbi(es + fo) + cos¢[— a2d?
+ @b — bt + bies — b fa + b2ba + arbi(es + f2)]
+ cos 2¢[— 2a2b? + 2aib® — 3aibids + 3bies
+ labi(es + f2) ]}

() pse = %m“{%albf — bt — cosy[falb? — b#] — 3abd cos 29
+ $;a2b2 cos 31[/}
and
(190) (d) 840 = mA{2a2b2 — Sa;b® + 3a\biby — 3bres — 102/

+ ((’2 + f2)2 —_ 301171([’2 + f2)}
(€) =0
(f) a2 = Im4{3a2b? — 3aibP + 2b2f,}.

With these results the equation of the orbit (177) becomes, after re-
turning to the variable r=1/x,

1
(191) a?d
r =
1+ ep,
where

(192) p = cosy + tm?{b? — %aib; — b cosy + 3aib; cos 2y }aZe
+ im*{3a2b2 — L2a.b3 — 3adby + $b¢ + 3a1bias + 2a1b1bs
— blag — 2b2b; — 3bias + cosy[— a2b? + aibd + adb,
— $bf — 2a1b1as — arbibs + b2az + 2b2b; + bias)
+ cos 2¢[ — Yab? + Fabd + Ladby — arbraz — aibib,
+ 3bias]}ate + Imt{lab® — b + cos ¢ [3b — Fa2b?]
— La;bd cos 2y + abe cos 3 )ate? + - - - .

We have replaced ¢, e, f2, and e; by their values as given by (172).
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If the perihelion distance, equal to 1/U, is as great as in the case of the
planct Mercury, the constant «? is extremely small, and the orbit will
differ but slightly from a fixed ellipse in the ¥-space, which is rotating uni-
formly with respect to the #-space. The constant ¢ is the measured eccen-
tricity of the planct’s orbit; it is related to the constants of integration
of our problem by (181). It is most convenient to introduce the major
semi-axis @, instead of using the determination of &% in terms of U. Then,
considering the orbit as an ellipse in the ¥-space, we have

oA = (I(] - 82)’

2 3
2 = — — 1 — m?2(—b2 — by )a? + - - -|.
« mb,(1 —ez)a[ " (4 ' 2)0: + ]

This equation can be solved uniquely for a? as a power series in 1/a,
giving

(103) o 2 1 +[ 4b, 3 ]1 N
R - = - —-— —_ —_—
mb(1 — e?) « b2(1—e®)?2 (1—e?)?2] a?

Since 6=+/1+&y, and & is given by (186) and (190), we obtain at
once a formula for the angular change in the perihelion point per revolu-
tion, measured in radians. Denoting this change by A we find

or

(194) A = 2x(1 + 8)'2 — 2z = 7m2[b? — by — Laibi]a?
+ wmt [%bﬁ - l—‘;;alzblz — '},7(111)13 - gal“bx - %blzlh + ﬁa:blbz
+ 3a\bias + Lb2as — dbias + 3b:2]at

+ et b+ a2b? — Jaib? — }bas — L1b2bs]ater + - - - .

In this result we eliminate a? by use of (193), and A is expressed in terms
of only a;, b;, a and ¢; a positive value corresponds to an advance of peri-
helion in the direction of the planet's motion. For our present purposes
we can neglect all but the first term, giving

2am by 1
(195) A= _——_—[bl - ———al].
(1 - (.'2)0 bl 2

It is of interest to note that of the coefficients a, b,, this result contains
only ay, b; and bs. Under our initial assumption concerning the singularities
of the g,, in this problem, our formulae for A are valid for any law of
gravitation satisfying the first three postulates of §34. In other words the
validity of the formulae does not depend on the linearity of the equation
expressing the law in the second derivatives, nor on the order of derivatives
that enter.
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For Einstein’s law G,, =0, we obtain from the Schwarzschild solution,
(p. 91), taking by=—2,
b1=-—a1=—2, b, = 0.
Then

(196) A=

6rm
(1 — eda

This is the well-known result, leading, in the case of the planet Mercury, to
an advance of perihelion of approximately 43’/ per century.

Now consider the law (161), which is equivalent to (134) with G=0.
Its solution for this case is given in (160). Giving the arbitrary constant
by the value — 2, as in the Einstein case, we have

b1=01=—-2, bz=3.

Then
m

197 A= —— .
(197) (1 — eda
Thus the law (161) calls for a retrograde motion of perihelion at the rate of
one sixth that of the Einstein law, or roughly — 7’/ per century.
In the case of the law (134) it will be recalled that the b; of (165) may

be arbitrarily chosen. As in previous cases we take ;= —2; then a;= —2.
The formula (195) then becomes
(198) A 2m I: 1 5 1]

- (1 —e¥al 2 : ’

here b, is entirely arbitrary. By assigning b= —4 we obtain exactly the
advance of perihelion indicated in (196) for the Einstein law. For b;=2
we have A=0. Since the law (134) implies a zero deflection of light rays,
this case represents precisely the state of affairs in the classical theory before
the advent of Relativity. Itsinterest here is due to the fact that it is permis-
sible under the postulates of §34. It does not seem, furthermore, that we
can introduce any further postulates which are physically justifiable,
and which lead to the elimination of the law (134). It is surely not justi-
fiable to postulate that the divergence of the tensor be identically zero,t
since we are interested only in the solutions of the tensor equation, and the
divergence is always zero on the solutions (§ 45). A further discussion
of the postulates involves the introduction of a matter tensor. The argu-
ment then depends on the concept of continuous regions of matter. But
there seems no justification for introducing postulates that cannot be

1 1t is worthy of note that of the possible laws of gravitation listed in §45,0nly $*;,,,,=0
has its divergence identically zero, by (151).
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based on a consideration of the gravitational field in free space alone.
In any event, we shall limit our attention in this treatment to the latter
case.

Knowing the equation of the orbit of a planet in the sun’s field, we can
easily find its period of revolution. From the equations (169) and (170),
substituting (182), we obtain

dt Bl + 8

—?

dlﬁ V1

The value of »; is given in (168), that of » in (191) and (192), that of § in
(186) and (190), and B is given by (180). If we make all of these substitu-
tions and arrange the result according to powers of « the equation becomes

(199)

dt 4 1 1 1 1 a1
(200) — = — + -—[—4——
dy m? (1 4+ecosy)?a® (14 ecosy)? a b
TP 2)] PR .
b2 2 ¢ 14+ ecosy a
SR =245t 2oy = 3 2««]
(1 o) « e e cos m cos

+ « (other terms).

The period of revolution, from perihelion to perihelion, which we shall de-
note by 7, is equal to the right member of this equation, integrated between
the limits ¢y =0 and y=27.

The integration can be performed directly, since

f" ay 2r
o 14 ecosy _(1—62)"2’

i ay _ 2r
j; (1 4+ ecosy)? (1 — er)¥2’

and the remaining integrals can be evaluated in terms of these. Or the
fourth term can be integrated as a power series in e, since|e|<1. Per-
forming the integration we obtain

o) T 8w 1 n 1 27 [ s a; +6 bg]
) T om2(1—e)¥2 o8 | a \(1— e?)i2

3 2 2 ay 2 38
ral(ae e e
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Eliminating a by (193) we obtain, assuming that 5, <0,

(20 T = 4mwadl? 9am!/2( — b))%t/
@i — by T (UL = )
121rb2mllﬂallﬁ 21rm”2(—- bl)l/2alI2 a1
@V (— b)¥(1—e?) ()11 — e?) [ by
bs 3r 2r
- 65] + .(—Zsmmm(_ by)1/21/2 4 PN ml2(— b)V2(1 — €2)V/2g1/2

a
[(—2+——>e2—363+---]+"'.
by

The first term is very large compared to the sum of the others. If the con-
stant b;, which is left arbitrary by every law of gravitation that we have
considered, is given the value — 2, this term is identical with the Newtonian
expression

2rad?

ml/2

To obtain 7" in seconds it is necessary to divide by the velocity of light c.
We shall evaluate (202) for the law G,,=0. Then —b=a,=2; b,=0, and,
after expanding the right member in powers of ¢, we have

2wad/?

(203) T =——+ 2mm'2aV%(3 — 32 — 334 - - ) 4 - - - .
ml/?

For the planet Mercury the ratio of the second term to the first is approxi-
mately 7.3 10~*, which gives an increase in the period of one revolu-
tion of approximately .56 seconds, compared to the Newtonian period.t
We have considered above what has been called the quasi-elliptic}
type of orbit. For the sake of completeness we shall mention in passing
the quasi-parabolic type. In the preceding case it was found that 22<1.
Consider now the case k?=1, or a?=p2% Then from (172) the equation
P(%) =0 admits the root #=0. Removing this root we have an equation

— mbio® — u + m?(ex + fo)a*u + maw? + - - - =0,
which can be solved for # as a power series in a?,

u = —mbha?®+ - =a?U,.

t Cf. J. Chazy: Comptes Rendus de I’ Académie des Sciences, t. 176, 1923, p. 666.
t E. T. Whittaker: Analytical Dynamics. 3rd edition. Chap. XV, §170.
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Consider now from (173) the equation Q(#) =0, or
— jmbia? — u + m¥*(es + fo)ou + §mau? + - - - =0
it admits the solution
u = —3mbo®+ - - - = a?V,.

We now transform (173) by

u =a*(Vi+p),
and impose the initial conditions

p(0) = Uy — Vy,

p’(0) = 0.

Then, by the Cauchy-Poincaré theorem the resulting equation may be
integrated as a power series in a?, convergent for any pre-assigned interval
of 8, provided that a?is sufiiciently small. The solution is easily constructed
and will be omitted here. It is characterized as quasi-parabolic by the fact
that # is zero for 6=.

We come now to the quasi-hyperbolic type of orbit, for which 22> 1.
We shall not stop to treat the class of these orbits that differs but slightly
from the quasi-parabolic class, but pass on to the consideration of those
for which &2 is large. If we allow the mass  to approach zero these orbits
approach straight lines, to which they are related in the way that elliptic
orbits of small eccentricity are related to circles.

Returning to the equation of the orbit (172) we determine a value of «
such that P(u) =0, which we select as the value of # for §=0. To this end
we put a?=782, where the quantity n=1/%k* may be regarded as small.
Then the equation to be satisfied is

B2 — 7B%; — u*v, = 0,
or

B*(1 — m) — mbmB*u — m*bmP*u® — u* — mbiu® + u* (other terms) = 0.
Now put
(204) = p(1 — (1 +9),
and the above equation becomes, after dividing by 82
— mbmB — mbmBy — 2(1 — )% — (1 — n)1/%?
— m?an(1 — 7)B% — 2m%bam(1 — 7)B% — m2bm(1 — n)B%?
— mby(1 — 7)%/28 — 3mbi(1 — 0)¥/28v — 3mbi(1 — n)3/28v?
— mbi(1 — 7)**8v* + - - - = 0.
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It is easily seen that s and 8 enter this equation only in the form (mg)".
It can be solved as a power series for v in s, vanishing with m8. We thus
obtain, substituting the solution in (204),

(205) u=U= (1 — 9?8 — Imby(1 — 9)%/28% — smbmB>+ - - -.
Turning now to the equation (173) we write it
d?u

1 1
" 4+ = — —z—mal(l — n)B2 — -—2—mb162 + m2emBiu

(2060 —
9

3
+ m*faB%u -|"—2--mam2 R

Under the initial conditions
uw(0) =U
#'(0) =0,
this equation can be integrated as a power series in m and 8, convergent for

any pre-assigned interval of 0, provided that m and B are sufficiently small.
The result of this integration is

(207) %= (1 — )28 cos 0 + ima,(1 — )82 — imb,s?
+ 3mbiB2[1 — (1 — )32 — ] cos @ — Lma;(1 — n)B2cos20 + - - - .
This is the equation of the orbit that we were seeking. The right side is

analytic in 7.
If in (207) we set m =0 we have
(k2 — 1)1/2
(208) u=_1—1n)2Bcosd = — cos 0,
A

the equation of a straight line. Now the case m=0 is precisely that of the
Special Theory of Relativity, whence we obtain an interesting interpreta-
tion of the constant k. From the Special Theory we have, in light units,

()-1-()-G)- ()

fi =+ (1 - Vz)uz’
a

or

where V is the velocity of the particle, in absolute value always less than
or equal to unity. From (169) we have, for m=0,
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so that, for k positive
1

(] — ]f‘.!)l/:! '

Thus in the limiting case m =0 the quantity k increases with the velocity.
It follows by continuity that for small values of m and for orbits that do
not differ too much from (208), large values of % correspond to large
velocities of the planet. It will be scen below that for the limiting case of
motion at the speed of light % is infinite.

Let us now consider the path of a ray of light which passes the mass
m at a distance R=1/U. We obtain its equation at once from (207) by
a proper determination of the parameters that enter. The motion of a ray
of light is characterized by the fact that ds=0. Let us, then, allow ds to
approach zero. In the limit we have, from (170),

dr\? di\?
b }\1 <—‘> — r? + l/l(‘—> = (),
de de

(di)'z kot
do B R ovd

Eliminating dt/d0 and putting, as before, r=1/u, we obtain as the equation

of the orbit
du\* 1* ko1
—) =4 =—"
do A1 P A

The comparison of this equation with (171) shows that the effect of taking
ds=0 is to cause hoth / and % to approach infinity in such a way that
k/li*<w. We achieve our purpose, then, by putting o®*=0, or, what is
equivalent, n=0. Then (205) becomes

(209) U=8—1lmbp*+ ---.

and from (169)

This equation can be solved as a power series for 8 in U/, vanishing with
B=U+imbU*+ - --

The equation of the orbit (207) becomes

(210)  u = Bcos 0+ ImayB82 — ImbB* — ImaiBicos 20+ - - - .

In the application to the solar field *=1'R? is small, so that powers
of 8 above the second may be neglected. Then (210) can be written in
rectangular coordinates as

1 1 1
X o= P + Tmb]ﬁ(.r? + ¥y — 71}1(116)'?(.\'2 + ¥
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The equations of the asymptotes to this curve are
1 1
= + ?mﬁ(al = by,

and the angle between them, which we may denote by ¥, is
x = mB(ar — by).

To an order of accuracy enormously greater than that of observation we
have

B=U=—,
so that ( )
m(a; — by
(211) X=—F "
For the Einstein law a;= — b, =2, which gives
4m
X = 'E *

This is the well-known result; if R is put equal to the radius of the
sun, so that the ray grazes the sun’s limb, it is found that x=1".75. For
the law (134), or for the law (134) plus (94), we have a;=b,, so that
x=0, a result which we knew in the first place from the form of the solutions
of these laws.

The equation (210) gives the path of a light ray for any law of gravita-
tion, i.e. for any set of a;, b, which satisfy a gravitational equation under
the first three postulates of §34, in case the entire gravitational field in
play is attributable to the mass m; in other words, provided that the g,
reduce to the Galilean values for m=(.
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APPENDIX 1
We give the proof of the lemma of §30 because of its brevity.

LEMMA. The k-order determinant Dy whose principal diagonal elements
are 1+-p, all other elements being 1, has the value

D = (p + k)p* 1.

For consider the k-order determinant

1 1 1
1 14p - - - 1
dy=| - . 1+4+p 0
1 1 - 14p

to evaluate this we subtract the first row from each other row, whereupon
we obtain di=p*'. If now we expand diy1 by the elements of its first
column we have

diyy = Dy — kdy;
hence
Dy = diy + kdp = p¥ + kp*tl = (p + k)p*-L
If p=—m, we have
Dy = (= 1)1k — m)m*-1,

APPENDIX II

TuroreM L. If every tensor A (gm—sy oblained from a fundamental non-
differential tensor s, by doubdle contraction of g®'.1am is identically zero
then A a2y is identically sero.

By the method of §31, with pj2=px=0 we find

! 2m
Al---l = PuAl---l-

Hence
Ai...1 = ay...ag11.
Similarly
Ayi...2 = al...gg'l';"lgn.
Now
gl = 23_, gl = g = _ﬂz_., g2 = ._gi

g
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By hypothesis
(1) guA...l...l..."'l"gle...1...2...+ gzlA...a...l... +g2’A...|...g...=0

is an identity in g,,.
Let us take giz=ga1=0. Then by (1)

1 1
_A----l---l--- +—-A...2...2... =0
gu 822

for all gn#0, g2.70. Hence in particular
1 1
——‘41...1 + —"‘Agzl...l = 0 .
g1 §22

But Ay, g=ar. g™ Hence .lwi. 1=—ai. . agl ‘g
Let A2 be any component with k& twos as indices. Then similarly

m—1
Az/z = —da1...18,, {22

Now again by (1)

1 1
—A...z...g..q...l... + —_ A...z‘..g...g...z... = 0.
in 892
Thus
822 m—2 2
qu = — ‘*.]2/2= + d;...lgu 2322.
g
Similarly
(2) Ay = (= 1) ar. g™ g = (= 1)7a g gan.

But we must show that by choosing gio=g2=0 we have not changed the
value of Aus: ,

In general Asye=pu™* ph.1s2; hence Au»=cgli "o, and this is not
changed if we take gi2=gn=0. Hence (2) is correct.

Now by (2)
el + g% ey oa e, = 0,
so that by (1), with general g,,
3) 2 A azy ez + g2y e = 04
hence
A2, = — Aey..-2
Thus
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11(1/2)...2...1...1 = 11(1/2)...1...2...1;

but by (3) these two expressions are of opposite sign; thus .1 s =0. Now
by (1) \
g am + g% @ + g8 e + g2 @y = 0.

Thus cvery
-9
Ao = — 20g1™ 2g1agae.

Again by (1)
8" Ay o0 + g% Ly iz + g0 sy e+ g2 2y e = 0,
which gives by (2)
g% L aay - 2 + g2 a0y . iniee = 0

thus 4ag11'"‘2g121g22=(), SO that a=0, and Alg,/2=.11/2=‘13/2=0: now it fol-
lows readily from (1) that A,,;1,2=0, so that .1 =0, and the theorem is
proved.

THEOREM L. The number of linearly independent fundumental non-
differential tensors of type (35, is

Nm)=135----2m—1).

A complete set of linearly independent ones is given by m successive multiplica-
tions of gy, with all possible orders of indices.

We shall prove this theorem by induction. We have seen in §31 that
it is true for (3) and (§); let us assume that it is true for (3,), where
k=m—1. Then every .ls, . can be expressed as stated.

We now wish to show that

LeMMA L. For every Adsm_s there exists exactly one Ban which is a sum of
terms each of which is a product of m successive multiplications of gey, such
that every double contraction of g B, is identically equal to Asm_s. For
example, the general .1, is, by (76)

(4) Apwve = agougvs + Bgov8us t+ YLooLuv,

and we wish to find
Byrpure = Z £ 8@8@),

such that
Zg“BMMtW = A pur,
A

(5) ngpBXr/mva = -‘17‘4”,
Ap

Eg”BMMAW =4 Nrpu .

vo
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Let
(6) Bripwe = gar(@igougve + 2forguc + sgocfur) + Gor(ctsgougn
+ asgogn + sgagw) + ge( -0 )+ gl 0)
+ gor(usgaugrs + 1180gur + 1sBroGur)-
Then (5) becomes
(M) fula) =ai=1,---,8),8(F=06,---,10), v(i =11, -, 1§),

where the f, are lincar homogencous cquations with constant coeflicients in
the 15 quantities «,. Let (7) have the determinant D. Consider

(8) f,‘(al) =0 (1 =1, 15)'

If (8) is satisfied then every first reduction of (6) is identically zero, so
that (6) is identically zero by Theorem I above; thus the only solution of
(8) is @, =0, so that D>£0; hence (7) has a unique solution.

Clearly by induction we can now prove the lemma.

In a similar way we can prove

Lerma II. For every set of k< C2" tensors A%, _, there exists one tensor
Bs,, which is a sum of terms each of which is a product of m successive multi-
plications of gy such that the tensors obtained by double contraction of g9 Aym
are exactly the tensors A ;",’,,_2; if the indices are specified then there exists exactly
one such Bam.

We are now in a position to prove Theorem II. For let 4., be a tensor
of type (3%). Then there are exactly C3” tensors 4 ® _;obtained by double
contraction of g®As,. Then by Lemma II there exists exactly one tensor
B,,. such that for every choice of indices the tensor obtained by double
contraction of g‘® By, is the same as the tensor obtained by double contrac-
tion of g® A,.. Hence, if we set

sz = Azm - B2m

we see that every tensor As,_2 obtained from Aan by one reduction with
g® is identically zero; hence by Theorem I, Appendix I, the tensor Aam is
identically zero, and hence Azm = Bam.

But By is of the form required in Theorem 2; hence Azm is of that form
also. The value of N(m) is immediately calculated.
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APPENDIX III
THEOREM I. There exists no Bs. (Cf. §39.)
By (107) we see that B is the sum of 15 sets of terms of the form

ab-cd ac-bd ad- be .
(i gavgca + @iy BucBba + @i Gaagv) .y,
where the constant coeflicients a’}," “ are symmetric in (a, d), in (c, d) and
in (i, j) and also

b-rd d-ab
1) aij = ay

If Bs is to be a B then by definition every first reduction of Bs must be
identically zero; hence, by §39, the coefficient of cach of the six terms of
each reduction is zero. If we reduce Bs by g? then the coefficient of g..E;, is

ab-cd ac-bd ad-be bj-ed bi-cd aj-cd ai-cd

4“:,/ + [£7%} + @, + Qa, + Ay, + (2778 + ap j
Let us introduce new variables

ab-cd ab.cd ac-bd ad-be

(2) ‘lli = 4&,, + a,, + «,
Then if Bg is to be a Bg we have

ab.cd bjyecd byecd aj-cd ai-ed

(3) Au + A, + g, + Qp; + Qp, = 0.
From (3) we have

ryeed ab-cd

.l,,), = .1 1 H
and by (2) and (1) we have
abecd lt‘d-ab
1) = .1y ’
thus
@) AN = = T = = =

so that there arc only 15 distinct A's. The solution of (2) is

ab-cd ab-cd ac-bd ad-bc
(5) 8 = A0 — 0

substituting this in (3), and using (4), we have
ab-cd bj-ed aj-cd

18427 4 1000 4 A0 — (O AT Y g

ad-b; a)-bd ac+bj aj-be

+ A0  FAe FAda +da ) =0.
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If we interchange @ with ¢ and b with d and add, we obtain
ab-cd by-cd ajecd ab df ab.)

(6) 18Anj + S(Acu + Abl + 4115 + "lcll )
— T AT AT T
ac-bj aj-he

+ 44 + .14 ) =0,

These are 15 homogencous equations in the 15 quantities .1. Let us number
these equations (ij, ab, cd) by the first term; let us now number the rows
and columns of the symmetric determinant D of (6) as follows: the row
(ij, ab, cd) corresponds to the equation of the same number; the column
(if, ab, cd) corresponds to the terms in .1:*“. We can now readily see that
the clements of D are as follows: Let the element in the row number r
and column number ¢ be D,,; then

(3 pair alike D.=18 (diagonal),
when 7. ¢ have l only lower pair alike D,.=0 (2 clements),
’ lonly one upper pair alike D,.=5 (4 clements),
{no pair alike D, =—1 (8 elements);

this determinant we shall call D(18, 0, 5, —1); we wish to show that it is
not zero. To faci'itatet this we introduce the

Lemma. If
(7) Z(I”=k¢() (j=1’-..’n)

—1

then det a;; =0 implies that det (u,,—c) =0 for every constunt c.

For consider the equations

(8) 25 =0 (=1, m;
=1
then
) Z a,v, = E-"J Zau =k Z‘\.J =0,
1,2=1 1=1 1=1 1=1
so that
2% =10
=1
hence
Zcx,- =90;
7==1
subtracting this from (8) we have
O] >(ai; — )x; =0 (i=1,---,n).
=1

 Although in this case the introduction of this lemma makes no essential change in
the proof that D30, we have introduced it because there are many cases in which it is very
useful in similar proofs.
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Now every solution of (8) is also a solution of (9); if det a;,;=0 then (8)
has a solution with the «; not all zero and hence (9) has such a solution;
thus det (a;;—¢) =0.

Our determinant D(18, 0, 5, —1) is one to which this lemma applies,
with k£=230; hence if D(18, 0, 5, —1) is zero then so is D(19, 1, 6, 0). It is
easily verificd, since D is symmetric, that

(10) D(a7377’0)'1)(19’17670) = I)(&:E"ng)y
where
a=19%+ 28+ 24y,
B = + 20, R
(11) = et
Y= Oa + 25v,
5 68 + Tv.
If we choose
7 2 1
QK = — — = — = — ,
33 33 11
then
e D B=q=5=1
e frv=e=t

Now (&, B, 7, 8) has its principal diagonal elements —19/11, and all its
other elements equal to 1; hence by the lemma of Appendix I it is not zero;
hence by (10) we have D(19, 1, 6, 0) 0, so that D(18, 0, 5, —1)#0. Now
it follows from (6) and (4) that all the .14’ “ are zero, and hence by (5) all
the «}r “ are zero. Thus By is identically zero and there exists no Bs.

THEOREM 11I. There exists no Bs.

The proof of this theorem is similar to the above and will not be given
here.

ProrostrioN IL. There cxists no Bawm for m>4. (Cf. §39.)
From (107) we see that

m—-1
Byy = ZS’(‘:) o goEw.
By Theorem 10 of §31 we sec that this expression contains C3"N(m—1)
=mN(m) constant coefficients. There are C3" first reductions of Bym,
each of which contains (m —1) N (m—1) coeflicients which are linear homo-
geneous functions with constant coeflicients of the coefficients of Bam.
If Bym is to be a B, then all its first reductions must be identically zero;
if we use induction, assuming that the proposition is correct for m—1,
then every coefficient of every first reduction of B, is zero. We are thus
led to a set of linear homogeneous equations with constant coefficients in
the mN(m) constants of Byn, the number of such equations being
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C3™(m—1)N(m—1). Thus therc are (m—1) times as many equations as
there are variables (the constants of B,); the conditions which these
variables must satisfy become stronger as m increases. We have seen that
for m=3, 4 the conditions are so strong that all the variables must be zero;
it seems very likely, therefore, that with m still greater the same will be
true, so that there exists no B.. for m>4. We have not been able to con-
struct a rigorous proof of this.

APPENDIX 1V
TueEOREM. There exists no Ax. (Cf. §40.)

By (107) we see that .15 is a sum of terms of the form

(1) (axmguwgmm + Bi3sogumrLuny + 'Ymrzguwgurm)(”ruwwu'z + Wmnmnz) ’

the number of such terms in As with distinct indices is C3=70; hence
there are 210 constants a, 8, y. If this is to be an A4 then by definition
every one of its C;=28 first reductions must be identically zero. Kach
first reduction is the sum of 15 terms as in (117) and 15 more with I
replaced by 11"; for this sum to be identically zero each of thesc 30 terms
must be zero; thus each first reduction of A sleads to 30 linear homogeneous
equations in the a, 8, v. Hence we obtain a set of 840 linear homogeneous
equations in the 210 quantities «, 8, v. To obtain a sct of equations whose
solubility is feasible we take A5 equal to a sum of terms in which, as in the
case of Ag of §40, the indices are arranged in a definite way. We shall
represent the term (1) by the symbol 3786 —1342; in general, the symbol
abcd — ijkl shall represent the term

(a;jkzgw.:gmm + B 1k18uamBrane + 'Ymzgn..u,gu,lm.)(”’u,u,m, + lry,“,.,,;,).

We now take 45 equal to the sum of the 70 terms

*5786—1342 5786—1342 5786—1342
3784—5126 3486 —5127 3746—5128
1782 —3564 1286—3574 1726—3584

*3786—1254 3786—1254 3786—1254
2785—3146 2586—3147 2756—3148
1784—2365 1486 —2375 1746 —2385
4785—1263 4586 —1273 4756—1283

*2786—4135 2786—4135 2786—4135

2) 1783 —2456 1386—2457 1736—2158
3785—1246 3586 —1247 3756—1248
2784 —3165 2486—3175 2746—3185

*1786—2354 1786—2354 1786 —2354

*4786—1235 4786—1235 4786—1235
2783—4156 2386—4157 2736—4158
1785—2463 1586 —2473 1756 —2483.
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By (2) we mean the sum of its 35 distinct terms (noting that each of the
starred lines contains two repetitions), plus the sum of the 35 terms ob-
tained from these by transposing the right and left sets of indices. Thus,
for example, the first line of the first column represents the term written
plus the term 1342—5786. When we wish to consider these terms we shall
always refer to them as fransposed. The array (2) is an extension of (117)
of §40, and is obtained from it as follows: to get the first column we place
78 between the two digits on the left of (117); to get the second column we
place 87 after the first two digits on the left of (117), and then interchange
6 and 7; to get the third column we place 78 in the second and fourth
places on the left of (117), and then interchange 6 and 8.

When we reduce (2) with g*r the indices A, 7 are called the reducing in-
dices; the term abcd—ijkl is called the base when A, 7 are chosen from
a, b, c,d. For cach reduction we specify the reducing indices and the base,
and then consider only the coefficients of W;,;; and W ., using the rela-
tions (50), as we did in §40; when we equate this reduction identically to
zero we obtain the two equations stating that these two coefficients are
zero; thus each hase yields two equations for each reduction. Each of
these equations contains three terms derived from the base and, as in
§40, eight others.

We encounter in the reductions three types of terms, as defined in §40.
In the previous case (m=3) it was possible to construct (117) such that
terms of type 3 enter only from the base. In this case such a construction
is not possible; however, sets 1 to 4+ below of reduction equations have this
property. Iurthermore, the properties of (2) are such that we can solve
the 840 reduction equations in several successive sets, the largest numerical
determinant to be evaluated being of order 15. For brevity we shall indi-
cate these sets in tabular form, giving the choice of bases and reducing in-
dices that give cach sct of equations.

Skt 1 Buse Reducing indices of the base
Each term of column 1 1st and 4th digits

For example, the first base is 5786 — 1342 and the reducing indices are 5, 6.
There are thus 15 terms used as base, leading to 30 equations. This set is
clearly the same as that obtained from (117) except that here cach equation
has the factor gzs (which can be omitted since it is not identically zero) and
that the ¢; are different, namely ¢;=4a;+8,4 v:, so that with the notation
of §40, Set1is
da;+ B+ vit+ file) =0

3 .
da; + Bi + vi + fila) =0,

from which
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@ fle) = fie) =0,
whose solution is given in Lemma I of §40.
SeT 2 Base Reducing indices
Each term of column 2 1st and 2nd digits

We obtain the same set of equations, but with a cyclic interchange of
a;, B, vi, so that
o, + 48, + v, + fl(Bl) =0

(5)
a + 48, + v+ f(8) =0,
(6) £(B) = f48) = 0.
SET 3 Base Reducing indices
Each term of column 3 1st and 3rd digits
In this case we get
(») «; + Bl + '1"71 + f:(‘Y)) = ()
7 .
«, + Bl + 47! + fi('Y])‘:' 0-
®) f4) = Jdr) = o.

The solutions of equations (4), (6) and (8) are given in L.emma I of
§40. It is to be undérstood that in this case, as in §40, we have numbered
the variables @, 8, ¥ by lincs of the table; but here the «;, for example,
represent different variables in the sets 1 to 3. For example in Set 1,
a:=a;516, While in Set 2, x=a;197, ¢tc. From now on we shall drop this
condensed notation in the interest of clarity.

By Lemma I of §40 the solution of (4) is

Q5126 = — a3364 T+ Qease + s

Q3116 = Qi3g2 — Q1ass + Oyine

Q236 = Q2436 + 03165 — Ai136

Q1263 = Q1342 — Q3s61 — OQiasi + Qoise - o@3105
Q4135 = Q3564 T Qlizsd — Qadae

9

Q1246 = (1342 — Q3564 — Q1254 + Q2456 + 4156
Q354 = Q3361 + Q1258 — Q1136

w1235 = Q1234 + Q3165 — Q416

Q2163 = Q1312 — Q1254 + Oladse.

The solutions of (6) and (8) are obtained from (9) by a cyclic interchange
of the variables @, 8, ¥ and by a simultaneous cyclic interchange of the
indices 6, 7, 8. If we substitute these three sets of equations into (3), we
obtain
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*Yia2 = — Biz1z — 2a1312 + aass6 + @aies

Yiize = — Bs126 + ozse + Botzses — 2otaane — 203165

Yases = — Bases + a1zir — 3asses + d2ss + osies
*Yiees = — Bizss + a1z — 3aiess + oaze + azies

Va1 = — PBars — 20312 + 3aiass + az56 + a6 — 3aiise

Y2365 = — ﬁzsas + iz — 2a94n — 2a3165 + 3as6

Y1263 = — Bioes — 2z + 3asse + 3a1251 — 2a9456 — 203165

(10) *74135 = — Bz + o11a — Barzsens — 3aress + dasse + 3165

Y2136 = — Baias + oy — 2aa456 + 3165

Y1246 = — Braas — 2otz + 3asses + 3aius1 — 246 + azies — 3ouse
Yies = — 63185 + Q1312 — 5126 — Qgaes T 20(2156 — (3165

*“/23:»4 = — Buzss + 312 — 3azzee — 3ai51 + azase + 165 + 3aa1s6
*’Yl:.)ss = — B + iz — a5y + asise — 2agiss + Basae

Yise = — B + qizie — as1a6 — a3361 + 2o + 203165 — 3ay1ss
Yeae3 = — Buiez — 2aezie + 31251 — deaszs + asies.

The corresponding sets obtained from (3) and (7) are obtained from the set
(10), as in the case of (9), by cyclic interchanges of the variables a, B, v,
and of the indices 0, 7, 8. The asterisks indicate those equations in which
the variable on the left occurs in a starred line of (2).

The 18 variables given on the right sides of (9) and its two related sets
are entirely arbitrary up to this point. We now show that there are fifteen
relations between these variables that effectively reduce the arbitrary
variables to three. These relations are the starred equations of (10) and
its two related sets, and may be written, after further elimination by (9):
Yiae + Bz + Qagzge — Qag56 — ag16 = ()

@rage + Yize + 281402 — Bowsr — azig = 0

Br3az + @ + Z’Yx:nz — Y213y — Y3z = 0

Y1234 + 31231 + ai342 + 3“1254 — Qa6 — agie; = 0

g + Yizss + BltH?. + 31312:.4 - 132157 — Bam = 0

Bizss + arzss + vz + 3yi1251 — Yauas — Ymss; = 0

Y3584 + Y1251 — Y2458 + B3s71 + Bi2s4 — 1324:»7 — o3 + Jasses + 30!1251
— dagiss — ages = 0

Y3584 + Yizas — Y2158 + Quses + agasg — a6 — Brage + 353374 + 3ﬂ1254
— 4AB2137 — Bars = 0
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Bssra + Biass — Baast + anes + caass — @zane — Yissz + 3vauss + 3124
— dya158 — va1es = 0
Yassa + Yizss — Yawss + Basra + Brass — Bursr — Qe + 3ozses + 3o1ess
— Otagss — Q3165 — 3aqzs = 0
Y3588 T Y124 — Y158 + @sses + @uosa — @nse — Bussz + 3PBasra + 3Bi2sa
— Bassr — PBarzs — 3Pursr = 0
Basis + Bizss — Barsr + azses + ogss — @qize — Yizsz + 3vasss + 3vi2ss
— Yaass — Y3185 — 3vatzm = 0
Yizss -+ Y3185 — Yars + Brass + Bairs — Barsr — uzse + 3aiass — aass + 2e3165
— 3agi56 = 0
Y1254 + Y3185 — Va8 + ress + asies — orarze — Bisae + 3Biess — Basr 4+ 2Bairs
— 3Busr =0
Biess + Bsirs — Barsr + 1231 + 3185 — anise — Yissz + 3yt — Y2ass + 2yass
— 3yaiss = 0.
The matrix of this set of equations is of rank 15, and the solution is
Q3165 = Q4156 = 021456 — Q3561 = QA
Bairs = Basr = Pawsr = Basra =
Y3185 = Y4158 = Y218 = Vgt = Y
azar = iy = Ja — ¥ — 3y =§,
"5“"“%3“}7552

Yisie = Yizss = — 3a — 38+ Jy=8;,

]

B13i2 = Biass

where o, 8, v, 01, 82, 63 are defined as here indicated.

We substitute this solution in (10) and its related sets. Before doing
this, however, we introduce one other notation that is almost required in
the sequel. We shall denote by a, the set of a,,1; that contain exactly one
subscript six, and neither of the subscripts 7 and 8, by vz, the set of v,
with exactly one subscript seven, and neither of the subscripts 6 and 8,
etc. The same holds for a s7) or By, for example. An asterisk attached Lo
a variable will indicate that no 6, 7, or 8 is among the subscripts. We may
then write the result of this substitution as

a* =38;; B* =108z v* =03

amy =a; Bey =B8; ve =17,
(11) Yo = — Bw) + m,

agy = — vm + 1,

B(a) = T o) + UET]
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where
ﬂls%a_ ‘%ﬂ_%')"
N = _Jz’a+%6_%7:
m = — ja— 38+ 3v.
SET 4 Base Reducing indices

(a) Each starred term of column 1 6, 7

(b) Each starred term of column 1 6, 8

(¢} Each starred term of column 1 7,8

We have 5 bases each with 3 reductions; hence we obtain 30 equations.
In writing thesc equations we shall express them by (11) in terms of only

o1, i, Be), ), a@m). The first set (a) may be written (noting that each
term on the left is of type 1 or 2 (§40)):

= 283116 + Brzes + Bizes — 2Bassz — 2amsr + ouars + onzer — 2@
= — 0; — 8y — 493

Barie — 2B1263 — 281246 + Braes + sz — 2aurs — 2ai01r + anars
= — 6y — 62 — 403

281246 — Borze — 2Barse + Passs + 200017 — 5121 — @137 + azasy
(122) = =06 — 06— 4+ m + 7
(conjugate of above) = — &§; — 8, — 485 + 0y +n2

— Bsie — Baies — 2Bzses + 284136 — @znr — sz — ey + 204157
' = — 8 — 8y — 45
(conjugate of above) = — §; — 82 — 483 + 31 + 3nq

2B2365 — Bates — PBaase + 2Bases + laasss — airs — aagsr + 2esns
= — 0, — 62— 483 + 291 + 29

(conjugate of above) = — 81— 6s — 485 + 291 + 2m»

2B1263 + Bs126 + Bares — 282365 + 2oz + @zier + agirs — 20375
= — 081 — 0s— 483+ 291 + 292
(conjugate of above) = — 8, — 6, — 465 — 71 — 12

The second set (b) may be written:



120 LAW OF GRAVITATION IN RELATIVITY

283146 — Pr2sa — Brass + 2Basss — 2azias + izs + arzs — 2aaams
= — 01— 46 — 83+ 2y
(conjugate of above) = — 8; — 482 — 83 + 2m
— 281246 + Bs126 + 264156 — Base + 2a1218 — @sias — 2ainns + qouss
=—0— 42—+ m+mn
(conjugate of above) = — §; — 48 — 82 + 71 + M
(12b)  Baiss + Bsies + 2Bss61 — 2Ba1ss — Asnis — aziss — 208 + 2aas
= — & — 402 — & + 2y
(conjugate of above) = — &; — 460 — 83 — m1 + 33
— 2Bases + Bases + Baase — 283561 + 2anasn — c2isz — azias + 284
= — 8 — 402 — 63+ 295
(conjugate of above) = — 8, — 48, — 83 + 23
— 21263 — Bs126 — Baes + 202365 + 21283 + asras + ziny — 2aaas;
= — & — 40y — &5 + 213
(conjugate of above) = — 8, — 46; — &; + 3n1 — 73
The third set (c¢) will not be written explicitly, as it follows from the other

two by simple considerations of symmetry.
The sum of the equations (12a) is

61+ 8+ dos+ 11 +n2 =0,
or

a+pB— 6y =0.
Similarly the sum of equations (12b) is
a— 034y =0,
Equations (12c), which are not written, give
—6a+ g8+ v =0.

The determinant of these three equations is distinct from zero, and they
admit the unique solution «=8=+y=0. Then our results (11) become

oF=pF*=y*=ae=0n =78 =0,

. Yo = — B,
(13) Yy = T o,
Bw = — awm.

From now on we shall use these results to eliminate the vy, ¥7y, and B3,
from all equations.
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We have shown that 45 of the 210 unknowns are zero, and have ex-
pressed 30 of those remaining in terms of another 30.

We consider equations (12a), (12b), and (12c), which have now become
homogeneous in B, @), a@). The set (12¢) is now a consequence of the
other two. We shall solve (12a) for the &z, in terms of the 8), and (12b)
for the a, in terms of the B,. Now, due to (13), the set (12h) is obtained
from (12a) by replacing the index 7 by &, and changing the sign of the
term in each case. Furthermore, we shall show later that ag,=—a\s,), so
that it will be necessary to consider only (12a). The equations may he
written

1273 + Qg = — Bi2es — Bi21e
agsr — g = — PBie + Brase
azszs — o7 = — Bases + Batne

— a7y — anrs = Bises + Bazes

— iz + aoars = Brass — Bazes
aziar + owirs = — Buas — Bases
s — asiis = Ba11s + Baes
ey + s = — Biia6 — Baies
— s+ @21 = Barze — Prsse

— a7z — atsr = Pages + PBrase .

The first five equations are entirely independent of the last five. The
matrix of coefticients of the left sides is of rank four, and the equationsare
consistent. The same is true of the last five. The solutions are

Qa7 = d2 31y = dj

s = — da — PBrass — Brzes aygzy ® — dg — Bae — Baana
(1) ansr = az + Braw — Buss au = — dg — Bae — Baies

g7y = da + Biae — Base ;o1 = dy + Ba16 — Barze

Qozzy = — da — Prass — Bazes oy = a3 + Bars — Bruss,

where a2 and a3 are arbitrary constants.

We shall now show that agz,=—aa,, as stated above. To this end
consider.

SET 5 Base Reducing indices
Each non-starred term of column 1 transposed. All pairs not containing6.

For example, base 5126 — 3784, reducing indices 5, 1 and 5, 2 and 1, 2.
There are 10 bases, each with 3 reductions, so that we get 60 equations.
If in this set we subtract each equation from its conjugate we obtain ten
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equations ag)= —a@), ten equations vy ay= —8), (which was implied by
amy=—as)), and ten other equations which are in fact a consequence
of the first twenty.

With the results that we now have it is an easy matter to show that there
exists a unique solution of the 840 reduction equations, in which each of
the 210 unknowns is zero. We shall be able to sketch the remaining steps
only sufficiently to indicate the procedure.

SET 6 Base Reducing indices

Each non-starred term of column 1. All pairs containing 7 but not 8.

For example, base 3784—5126, reducing indices 3, 7 and 7, 4. There are
40 equations. We may write these equations with the left members
containing only aer), Bn, ¥ s7), and the right members only a, and 8.
They divide into two equalsets, the forms of the left members of which are
indicated by the examples

Brrze = @zi7; + asars + @i
aiiss + Barse = asizs + asars — Bsize — 3azier.

The twenty equations of the second type contain 5 triples, each determin-
ing 3 of the (67) variables in terms of a1y, B,; the five remaining equations
may be combined with ten of the first set to eliminate the (67) variables,
yielding 5 equations between the a7, and the 8. Now the remaining 10
equations of the first set contain only 5 of the (67) variables, and thus yield
an additional 5 equations between the a7, and the 8. We note also in
passing that the equations of Set 6 determine all of the (67) variables
homogeneously in terms of a, and B, so that if we show that all of these
latter are zero, then all of the former are likewise zero.

We have, then, ten equations between the 8, and the a(7,. We eliminate
the latter variables by (14), and solve the resulting set for the 8, in terms
of a; and ¢;, obtaining

3

Bsize = — —(az + ‘13) Basss = a3
10

3

Bisses = — (ag — ) Bi2as = — ‘5‘(02 + a3)

1 1
(15) Baise = — 'g’(dz + as) Baes = — —5“(412 — day)
1
Ba23es = ‘;(302 — 2u3)  Pase = — as

1 1
Bi2es = ?(02 + a3) Bases = — ?(02 + a3).
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SET 7 Base Reducing indices
Each non-starred term of column 2  All pairs containing 6 but
not 8

This gives 40 equations. Precisely the remarks made on Set 6 apply to
Set 7, and we obtain ten equations for the 8, in terms of a; and a;. Five
of these equations turn out to be identical with five of those from Set 6.
The remaining five, however, can be satisfied by (15) only if a;=a3=0.
It follows that 8, =0, and from (14) that @z,=0. By a previous remark
this implies that a7, =81, =7@7,=0. We also have that as,=0.

To sum up, we have shown that every variable is zero, except those of
the (68), (78), and (678) sets.

SET 8 Base Reducing indices
Every non-starred term of column 1  All pairs containing 8 but
not 7

This set of 40 equations has the same form as Set 6, and shows at once
that a(es)=ﬂ(ss)='y(sg) =0.

SET 9 Base Reducing indices
Every non-starred term of column 2 All pairs containing 8 but
not 6

This set of 40 equations has the same form as Set 7, and shows at once that
a sy =B sy ="vas=0.

SET 10 Base Reducing indices
Every non-starred term of column 2 All pairs containing one 7
transposed

This set of 60 equations gives immediately a7s) =8 78, =7 673, =0.

We have now shown that the reduction equations imply that each of
the 210 variables is zero. This is a solution since the 840 reduction equations
are homogeneous in the 210 variables. Thus there exists no .1 s,.

PropostrioN 111, There exists no Az, for m>4. (Cf. §40.)
From (107) we see that

m—2

dam = Dgey ga(Ww + Wew).

By Theorem 10 of §31 this expression contains C3"N(m—2) constant
coefficients. There are C3" first reductions of .15, each of which contains
2C{" 72N (m—3) coefticients which are linear homogeneous functions with
constant coefficients of the coefficients of .1s,; the factor 2 is introduced
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by the presence of Wuyand I «). If Asm is to be an A then all its first
reductions must be identically zero; if we use induction, assuming that the
proposition is correct for m—1, then every coefficient of every first reduc-
tion of .1, is zero. We are thus led to a set of lincar homogeneous equa-
tions with constant cocfficients in the C3"N(m—2) constants of As,, the
number of such equations being 2C3"C3~2N(m—3). Thus the ratio
of the number of cquations to the number of unknowns is 2(m—2); the
conditions which these variables must satisfy become stronger as m
increases. Since for m=+4 these conditions are so strong that all the
variables must be zero, it scems probable that with m still greater the same
will be true, so that there exists no ., for m>4+. We have not been able
to construct a rigorous proof of this.

APPENDIX V
We shall here prove the theorem mentioned in §42, namely:

THEOREM. T'he equation s, =0 is equivalent to the set of equations
obtained by equating to zero all the (m—3)rd reductions of Az,
By definition, (107),

(1 Ao = Zg(a) g (W + ﬁ'u))-

Lemyy 1. For every dom_s not identically zero, with m >3, there exists
exactly one sy such that every first reduction of s, is identically Agp_s;
this gm is a sum of terms each of which is a product of g\ and Azp_s.

Let
*
(2) Ao = al‘.zgn-f.'-lf.:'---.fzm + -+ a‘zm-—l.'.!mgf.nu_l,.',mlfl- Taweny

where ap, - -+, dam—12m are unknown constants; this is clearly a tensor of
the form (1). Let us now cquate to .1z, the first reductions of (2); we
thus have the equations

3) Y gDy = dans;

. . . 2
these are (3" linear equations in the C2” unknowns a, ;- Let us now con-
sider the set of equations

) S5 =0,

with the same left members as (3). If the determinant of (4), considered
as linear equations in the a;,, were zero then (4) would have a solution with
the a;, not all zero; then because of the difference in indices in the various
terms of (2) there would be a tensor As, not identically zero but having
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all its first reductions identically zero, that is an A,.. But by §40 there
exists no Agm for m> 3 if we accept Proposition ITI. Hence the determinant
of (4) is not zero. Since the determinants of (3) and (4) are the same the
determinant of (3) is not zero. Hence there exists a unique solution (2)
of the equations (3).

Now suppose A2, is a tensor of form (1) such that every first reduction
of Ay, is identically As,_s; since A4+ has the same property it follows that
every first reduction of the tensor dsn—.A3s is identically zero; hence
by the Theorem and the Proposition of §40 it follows that .1,,, is 1dcnt1cally
A%, We thus have proved the lemma.

In a similar way we can prove

LemMa I1. For every set of k< C3™ tensors A%y not all identically zero,
with m>3, there exists exactly onc Aam such that the first reductions of lgm
are exacily the set Aoy with specified mdtccs this Agm is a sum of terms each
of which is a product of gw, and one of . 130 .

We are now ready to prove the Theorem. Consider the equation
(5) ‘Iom = 0.

Let the first reductions of .{,,, he

(6) Aums = g1y, k=1, -0,
Then by Lemma II,
- 8]
(7 dop = Zg(z)‘lzm—z-
k

Consider the set of equations

(8) dama =0, (=1, - ,CM.

By (6) it follows that (5) implies (8); by (7) it follows that (8) implies (5);
hence (5) and (8) are equivalent. Now the theorem follows readily by
induction. It is to be noted that to prove this theorem we have used
Proposition 1L (p. 123).

APPENDIX VI

We consider here, as stated in the footnote to page 88, the application
to the solar field of the tensor law

(155) S = 0.

We saw that the equation (134), IV 4, =0, represents a necessary and suf-
ficient condition that ds? be reducible to the form
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3
(160) ds? = I:[ — Ddx? + d.vﬁ] ,

1=l
where 7 is a function of the x;. It seems probable that there exists a similar
theorem stating that (155) is a necessary and sufficient condition that ds?
be reducible to the form

3
(212) ds* = — Iy 2 dvd + hadxg?,

1==1
where /i, and /s are functions of the x;. We have not had the opportunity
to attempt a proof of this proposition, but we have proved the following:
Every ds® reducible to the form (162) is a solution of (153).

This theorem is adequate for a study of the equation S =0 as a
possible law of gravitation applied to the solar field. It tells us that every
set g, of the form required by a static, radially symmetric field is a solution.
Thus, we have an even greater arbitrariness than in the case of 114, =0.
In particular the constants ay, by, and b, of (165), which control the period
of revolution, the motion of the perihelion point of a planet and the deflec-
tion of a light ray in passing a heavy mass, are arbitrary.
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