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PREFACE

In so far as quantum mechanics is correct, chemical questions are
problems in applied mathematics. In spite of this, chemistry, because
of its complexity, will not cease to be in large measure an experimental
science, even as for the last three hundred years the laws governing the
motions of celestial bodies have been understood without eliminating
the need for direct observation. No chemist, however, can afford to
be uninformed of a theory which systematizes all of chemistry even
though mathematical complexity often puts exact numerical results
beyond his immediate reach. In this book we have attempted to put
into a systematic, condensed form the tools which have been found
useful in efforts to understand and develop the concepts of chemistry
and physics.

We have included a wider range of subject matter than is to be found
in other introductory textbooks in quantum mechanics and have indi-
cated this in the title. The effort has been to build a reasonably com-
plete and unified logical system on which the serious student can con-
tinue building. This has necessitated a somewhat formal mathematical
style. Much interesting illustrative material might have been added.
Including it would have lengthened a book already long enough.
Instead we have tried to present group theory, statistical mechanics,
and rate theory in a usable, if condensed, form.

The book has been written at the level of the graduate student in
chemistry. It contains somewhat more material than has been pre-
gented in the year course given at Princeton since 1931. The good
student who has mastered calculus will be able to follow the arguments.
The way will be made easier by whatever he has learned of differential
equations, vector analysis, group theory, and physical opties. Often
unfamiliarity is mistaken for inherent difficulty. The unavoidable for-
mality of quantum mechanics looks much worse on first reading than
it is. The important fact emerges from the experience of the last
twenty years that mastery of the subject is worth what it costs in
effort.

Our general indebtedness to others is great and is acknowledged in
part throughout the text and in Appendix IX. We want, in addition,

m
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to thank Dr. Hugh Hulburt for much help in the writing of the chapter
on rate processes. We also thank our many friends who, over a period
of years, have decreased the number of errors and obscurities in the
material finally assembled here and hope thatrthey and others will feel
the unfinished task to be worth continuing,.

Henry Evyring

JouN WALTER
Georce E. KiMpaLL
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CHAPTER I
INTRODUCTION: THE OLD QUANTUM THEORY

la. The Composition of Matter. It is now well established that
all matter is composed of a small number of kinds of particles. We
cannot discuss here the long chain of experimental evidence on which
our belief in the existence of these particles is based, but at present the
following types are known:

Electrons, with a mass of 9.107 X 10~28 gram and a negative charge
of 4.8025 X 10710 electrostatic unit.

Protons, with a mass of 1.6725 X 107%¢ gram and a positive charge
equal numerically to that of the electron.

Neutrons, with a mass very nearly equal to that of the proton but
carrying no electric charge.

In addition, the following particles have been observed in nuclear
phenomena but are not of chemical importance:

Positrons, with the mass of the electron and the charge of the proton.

Mesotrons or mesons, with the charge of the electron but with a mass
intermediate between that of the electron and that of the proton.

Neutrinos, with a mass of the same order of magnitude as that of the

electron but without electric charge.

" The evidence for the last two particles is less conclusive than that
for the first four.

From the viewpoint of the chemist, matter may be regarded as being
composed of atomic nuclei, of charge +Ze and mass M, where Z is the
atomic number and e the magnitude of the electronic charge, and elec-
trons of charge —e and mass m. If matter is composed only of these
particles, then it must follow that all the properties of matter are
properties of assemblies of these particles. A knowledge of the forces
between these particles and their laws of motion is at least in principle
sufficient to determine the behavior of all matter under any conditions.

It was only natural that the first attempts in this direction should
have been made with the laws of classical mechanics as laid down by
Newton. It was soon found, however, that these laws were inadequate
to cope with problems of atomic mechanics.

1b. Black-Body Radiation. The failure of classical mechanics in
this realm was first recognized clearly by Planck® in 1901. By applying

1 Planck, Ann. Physik, 4, 553 (1901).

1



2 INTRODUCTION: THE OLD QUANTUM THEORY

classical mechanics to the problem of the equilibrium between a perfect
absorber and emitter of radiation, a so-called black body, and its radia-
tion field, Rayleigh and Jeans had found that the amount of energy
per unit volume, E, dv, in the frequency range between » and v 4+ dy,
in equilibrium with a black body at the absolute temperature T’ should
be

2
E, dv = 81r23kT dy 1-1

where k is the Boltzmann constant and ¢ is the velocity of light. This
law is in hopeless disagreement with the experimental facts, since it
states that E, becomes infinite as » approaches infinity, whereas experi-
mentally E, approaches zero for large values of ».

Planck overcame this difficulty only by making a violent departure
from the concepts of classical mechanics. In order to simplify the
problem he assumed that the black body was composed of harmonic
oscillators, that is, of small charged particles bound by Hooke'’s law
forces to their equilibrium positions. According to classical theory
such oscillators will absorb or emit radiation of their natural frequency,
the absorption or emission taking place continuously. According to
Planck’s “quantum theory,” however, this absorption or emission is
not continuous. Instead, the energy of each oscillator must always
be an integral multiple of a certain “ quantum " of energy, the size
of the quantum depending on the natural frequency »g of the oscillator
according to the law

€ = hy 1.2

where ¢ is the quantum of energy and h is a factor of proportionality,
the now famous Planck’s constant, the value of which is 6.6242 X 10727
erg - seconds. Application of the same statistical methods as those used
by Rayleigh and Jeans now led Planck to the black-body radiation
formula

3
E,dv = 8%?— 1 a4 13

oT— 1

which is in agreement with experiment. It will be noted that, when the
condition hv < kT is satisfied, the two expressions for the radiation
density are identical.

ic. The Photoelectric Effect. The next successful application of
Planck’s quantum hypothesis was made by Einstein.? It was known
that, when light falls on a clean metal surface, electrons are emitted.

2 A. Einstein, Ann. Physik, 17, 132.(1905).
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If the kinetic energy of the electrons is plotted against the frequency
of the incident light, we obtain a graph of the type shown in Figure 1-1.
Varying the intensity of the incident light at constant frequency does
not affect the kinetic energy of the emitted electrons but merely changes
the number which are emitted in unit time. The equation of the curve
in Figure 1-1is

Kinetic energy = h(v — ) 14

where vg is 8 minimum frequency below which no electrons are emitted
and % is numerically identical with the value required by Planck to
make equation 1-3 reproduce the experimental data on the density of -
radiation in equilibrium with a black body. This photoelectric effect
was completely explained by Einstein by the hypothesis that the energy

A

Kinetic
Energy

Y

Fia. 1-1. Energy of photoelectric electrons.

of light is not spread out through the wave, as classical electrodynamics
would have it, but is concentrated into corpuscles, or photons, of energy
hv. It is further assumed that the emission of an electron from the
surface takes place only when the electron is struck by and receives
all the energy of the photon. The kinetic energy with which the elec-
tron is emitted will be less than hy by an amount hyy, the energy with
which the electron is bound to the surface. The intensity of the light
therefore determines only the number of electrons emitted; the fre-
quency of the light determines their energies. " f‘gx

1d. Bohr’s Theory of the Hydrogen Spectrts: o ‘Perhaps the great-
est of these early successes of the quantum theory was
hydrogen spectrum as developed by Bohr.? Empirically, it has been
found that all the lines in the hydrogen spectrum could be represented

by the formula
1 1
p=Fa(z 15

where n and m are integers with n < m, and where n has the values 1,
3 N. Bohr, Phil. Mag., 26, 1 (1913).
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2, 3, 4, 5 for the Lyman, Balmer, Paschen, Brackett, and Pfund series
of lines, respectively. The Rydberg constant for hydrogen, Ry, has
the value 109,677.581 if the frequencies are measured in wave-
numbers 7. (? is the reciprocal of the wavelength in centimeters.)
Bohr postulated, following Rutherford, that a hydrogen atom was
composed of a positive nucleus around which moved one electron,
Classically, it can be shown that an electron of mass m moving about
mM
m-+ M
moving about a fixed center. Considering only the case in which the
particle moves in a circular orbit of radius r under the influence of the
coulomb forces between the two charges, we have, since the centrif-
ugal and attractive forces must balance,
2

d«'p 2
o (@) -5

where ¢ is the azimuthal angle. The kinetic energy T, the potential
energy V, and the total energy £ = T + V are

a proton of mass M is equivalent to a particle of mass u =

'(b

1.6

[

de\? 1le
— 1,21 2(%\ _1¢
T=23m 2#-7‘(dt> 27
L
V==—'; 1.7
2
E=T+V=-1%__p
2r

Bohr now made the assumption that only those orbits are allowed

h
for which the angular momentum is an integral multiple of o ; that is,

only those values of r are allowed for which
de nh .
ur? 5= o (n an integer) 1.8
Using this relation, the allowed values for the energy are
1 1 n%n? 162

=—T=—§;;—2-—_41r2='—§'; 1'9
or, eliminating r from these equations,
22 pet
E” = - n2h2 1'10

Classically, such a system would radiate light of a frequency equal to
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the frequency of revolution of the electron about the nucleus. Bohr

therefore made the additional assumption that the atom could exist in

the states characterized by the above energy values without radiating

energy, and that a transition from the state with the ‘ quantum

number ” m to that with the quantum number » could take place with

emission of light of frequency

Em - Eﬂ

= n 1-
oh 11

Substituting the values for the allowed energy levels into this expression

gives the allowed frequencies

1 1
V= RH (;'2' - ;’-L"z') 1-12

p

vl
SA]

2n2uet

ch?
The calculated value of Ry agrees with the experimental value within
the limits of error involved in the determination of the values of the
fundamental constants e, h, and m.

le. The Old Quantum Theory. The work of Planck, Einstein, and
Bohr formed the basis of what is now known as the old quantum
theory. This method of attacking atomic problems consisted of two
definite parts: first, the problem was solved by the methods of classi-
cal mechanics; and then, from all the possible motions of the system,
only those which fulfilled certain ‘“ quantum conditions ” were kept.
These quantum conditions, for a system of f degrees of freedom, were
of the form

We see that (1-12) is.identical in form with (1-5).

fpidq;=nh G=1,2---f) 113

where ¢; is any of the coordinates representing a degree of freedom
of the system and p; is the corresponding momentum. The symhol

f means that the integral was taken over a complete cycle if the motion

was periodic; non-periodic motions were not quantized. The anal-
ogous quantum condition in the above treatment of the hydrogen
atom is given by equation 1-8. The number n on the -ight side of
equation 1-13 was called the quantum number corresponding to that
particular degree of freedom. In most cases n was taken to be an
integer, but in some problems it proved better to use ualf quantum
numbers, that is, to give n a value from the series 1/2,3/2,5/2---. In
this way a number (generally an infinite number) of quantized mutions
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of the system were found. The energies of these motions were called
the energy levels of the system. These energies substituted in equa-
tion 1-11 determined the spectrum of the system. By the absorption
of light of the proper frequency the system could be raised from a low
energy level to a higher one, and by the emission of light the system
could pass from a high energy level, or excited state, to a lower one.
Although it did not prove possible to calculate the actual energy levels
of any atom except hydrogen (and other one-electron atoms such as
Het and Lit™), the scheme of energies could be found from the spec-
trum, and in this way a large amount of knowledge concerning atomic
structure was gained.

In spite of the success of the old quantum theory in simple problems,
it finally became evident that it could not produce correct quantitative
results in the more complicated ones. For this reason the old quantum
theory was finally abandoned in favor of what is known as quantum
mechanics.

1f. The Dual Nature of Light. The essential feature of quantum
mechanics is the dualism of all the fundamental particles. At times
these particles behave like forms of wave motion; at other times they
exhibit the ordinary properties of particles. Consider, for example,
the photon. Although Einstein was forced to assume that the energy
of a light wave was concentrated into corpuscles, his success in explain-
ing the photoelectric effect in no way invalidated the old well-tested
evidence that light is a form of wave motion. It is just as inconceivable
that a stream of particles should show the phenomena of diffraction as
that a wave should suddenly concentrate its energy at one point to
knock an electron out of a surface.

Let us examine the conditions under which light behaves as a wave.
In a typical diffraction experiment, light from a point or line source
passes through a slit system and the diffraction pattern is recorded on
a photographic plate. Now it has been found experimentally that the
sensitization of a photographic plate is a quantum process as much as
is the photoelectric effect. Regarded from the photon theory, there-
fore, the experiment may be considered as the passage of a stream of
photons from the source to the plate. If it were possible to perform
the experiment with a single photon we could not possibly obtain the
complete diffraction pattern; at most one grain of the emulsion on the
plate would be sensitized. The experiment with a large number of
photons can be regarded as the experiment with a single photon re-
peated a large number of times. The diffraction pattern is then an
expression of the probability that a photon emitted from the source
will strike a given part of the plate. The waves themselves are not
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observed in this or any other optical experiment: the actual observa-
-tions of the light are always quantized, whether we detect the light with
a photographic plate, a photoelectric cell, or the human eye.

Since we always observe photons, and not light waves, we must
logically conclude that light is * really ”” a stream of photons. The
waves are the mathematical expressions of the way in which the photons
move. The photons of a beam of light do not obey Newton’s laws of
motion but the laws of wave motion.

1g. The Dual Nature of Electrons. It is now known, as a result
of the experiments of Davisson and Germer* and of G. P. Thomson,®
that diffraction experiments very similar to those on light may be per-
formed with a beam of electrons. These experiments form a brilliant
confirmation of the hypothesis, first advanced by de Broglie,® and put
into mathematical expression by Schrodinger,” that electrons, instead
of having laws of motion similar to the classical laws, actually obeyed
the laws of wave motion in the same way that photons do.

Instead of starting with the classical motion and applying quantum
conditions to it, as in the old quantum theory, the new quantum me-
chanics abandons classical concepts almost entirely. In the new
quantum mechanics all our information concerning an electron is con-
tained in the mathematical expression of a function ¥. The square
of the absolute value of this function expresses the probability of
finding the electron at a given point. The law according to which ¥
changes with time is known, so that a statistical knowledge, but nothing
more, can be obtained of the position of the electron at any future time.

In the chapters to come we shall see how this new mechanics gives
all the results of the old quantum theory and goes on to solve problems
in which the old theory failed. Before starting a discussion of the
principles of quantum mechanics and its application to problems of
chemical interest, it will be of value to review, in the next chapter, the
principles of classical mechanics, since the new mechanics is expressed
largely in the terminology of the old.

4 C. Davisson and L. Germer, Phys. Rev., 30, 705 (1927).

5 G. P. Thomson, Proc. Roy. Soc. London, 117, 600 (1928).

8 L. de Broglie, Ann. phys., 8, 22 (1925).

1 E. Schradinger, Ann. physik, 79, 361, 478; 80, 437; 81, 109 (1926);



CHAPTER 1II
THE PRINCIPLES OF CLASSICAL MECHANICS

2a. Generalized Coordinates. In classical mechanics, the motion
of a particle is determined by Newton’s law of motion, which may be
written in the form

d?z d%y d%
m?=f$ m:l?2—=f,, mog =J: 2:1

where z, y, and z are the Cartesian coordinates of the particle, m is its
mass, and f,, fy, and f, are the three components of the total force
acting on the particle.

In many problems it is not convenient to use rectangular coordinates.
In the problem of planetary motion, for example, the forces are simple
expressions in polar coordinates but are quite complicated in rectan-
gular coordinates. Again, if the motion is not free but is subjected to
constraints, such as the requirement that the particle move on a given
surface, it is usually preferable to use a coordinate system such that
the condition of constraint takes the form of a requirement that one
or more of the coordinates remains constant.

The most frequently met example of a motion subject to constraints
is the motion of a rigid body. We may regard a rigid body as a system
of particles moving in such a way that the distance between any two
of them remains constant. If there are N particles, their positions
are specified by 3N rectangular coordinates z, y1, 21 - - * Zw, YN, 2N-
These variables are not all independent, since we must allow them to
vary only in such ways that the distances between particles remain
constant. If we fix the coordinates of three particles which do not lie
in a straight line, the coordinates of all the other particles are then
determined. Between the nine coordinates of the three chosen par-
ticles there are three relations corresponding to the three distances
between the particles, so that the positions of the three particles, and
hence of the whole body, are fixed by only six variables. The only
exception to this rule occurs when all the particles lie on a straight
line; then the position of the whole system is seen to be determined
by five variables. The number of variables necessary to specify the

8



LAGRANGE’S EQUATIONS 9

position of a system is known as the number of degrees of freedom of
the system; thus, a rigid body has six degrees of freedom.

In general the position of a system of N particles with F degrees of
freedom is determined by F coordinates, which we shall denote by
q1,- - - qr. The conditions of constraint may then be expressed by the
constancy of 3N — F other variables gp41 - gsy. In terms of the
¢’s the rectangular coordinates of the particles are given by the 3N
functions

zy =<p1(ql--~an) Y1 = o2(q1 - qan) 21 = o3(q1- - - gan)

. .

. . 2.2

Ty = @3n—2(q1 - gsN) YN = @an—1(q1 " - @3N) 2N = ¢3n(q1 - * * QaN)

2b. Lagrange’s Equations. We shall now find the equations of
motion in terms of the generalized coordinates ¢;; In the derivations
which follow, it is convenient to make a slight change of notation.
Instead of representing the Cartesian coordinates of the first particle
by 1, ¥1, 21, we shall use z;, xp, £3. For the second particle we use
T4, Ts, Tg, and so on. We number the forces and masses in the same
way. Newton’s laws may then be expressed by the single equation

d?x;
m; d_tzl =f; 23
Likewise, equations 2-2 become
z; = ¢i(g1 - - - gan) 24

and a variation in the 2’s may be expressed in terms of & variation in
the ¢’s by the relation

0x;
dz; = — dq; 2:5
) ‘:‘: 99; s

Suppose that the system is subjected to an infinitesimal displacement
of the coordinates. In this displacement, the forces do an amount
of work
ox;
AW = Tfida; = X X fi—dg; = X Q; dg; 2-6
3 s 7 9gj i

where

Qi=>fi— 27
s i
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is the generalized force associated with the generalized coordinate
g;. Using equation 2.3, the work done may also be written as

d? d°zi ax.
aw = Zmz dt2 d:t ZZ mq dt2 ag; dQJ 28
so that we have the relation
d’z; a:c,
sz' dt2 o J = gQJ d95 2.9

Since the ¢’s are independent variables there is no relation between
the dg’s; equation 2-9 will therefore be true only if the coefficients of
each dg; on both sides of the equation are equal. This condition gives
us the set of j equations:

Z d? d°z; or;
t

ek I 2
a ag; Qi 10
The left side of this equation can be simplified. By the ordinary
rule for the differentiation of an implicit function, we have

dx ox; dg;
— =3 — 211
7 0g; dt
d
so that, upon differentiating with respect to —gf = ¢z, we obtain
9; _ 0% 212
9 9
We can obtain the additional relation
d ox; _ 94 2.13
dt dqx gk
by noting that
Qai _r 2 9 oz dq, 2.14
9gx 7 0gy dg; dt
and
@9 _ . 9 9w dgy 2.15

dt oz '; 9g; qr dt
We now write the left side of equation 2-10 as

d%x; dx; _ Z (d:c, 0x;
1

d oq; dt ag; Z i

; d 0x;
Z mi— | a1 og, 2:16
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which becomes, after using the relations expressed by equations 2-12
and 2-13;

d?z; 0x; d (dx; 9%; dx; 9%;
LM 5g, = F™ dt(dt 38;) " E™ @ 2,

-Gz (G ) - [z ]
= d aq,-[z.-:zm‘ dt) 3¢ T 21

. . dz:\?
The kinetic energy of the system is T = Y im; (—t-i_tl) ; the set of
i
equations 2-10 may therefore finally be written

Z oo 218

If the f{s are derivable from a potential, that is, if there exists a function
V(zy -+ - - zax) such that

1%
= 2 2.1
Ji P 9
then
oV 9z; oV
Q=-y & _ 22 220
! 2;: dx; dq; dg;

In this particular case, which is the most important one, equation
2-18 reduces to

————(T-V)= 221

Since V is a function of the coordinates only, this equation ean be
written more simply in terms of the function L = T — V; it then
becomes

The function L is known as the Lagrangian function for the system,
and the set of equations represented by 2-22 as the Lagrangian equa-
tions of motion.

Example 1. Two particles of masses m; and my are connected by
a massless rod of length R. The system moves in a vertical plane
under the influence of gravity. Discuss the motion.

Let the coordinates of the center of gravity of the system be z and
, the y axis being vertical, and let the angle made by the line from the
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center of gravity to the first particle with the vertical be ¢. In terms
of these coordinates, the rectangular coordinates of the two particles are

ma . my
%y =+ —— Rsin = ————R cos
! +m1 + mq ¢ n y+m1 + mg e
2.23
my my
%y =% — —— Rsin =y — ——Rcos
2 my + ma (4 Ya=1y "y + ma ()
The kinetic energy

)+ 306 @]

is easily found to be, in the new coordinate system,

AT ()] ()
T [(dt) dt)]+2 dt 22U

myms

my + mg
particles are, first, the forces due to gravity, which may be derived
from the potential V = Mgy, where g is the gravitational constant;
and the forces exerted by the connecting rod. Suppose that the z
component of this force on the first particle is ¥. In order that the
force may be directed along the rod, the y component must be F cot .
The law of action and reaction then requires that the components of
the force on the second particle be —F and —F cot ¢. It is easily
verified that the generalized forces due to the connecting rod vanish.
This result is perfectly general: the generalized forces due to the con-
straints of any system always vanish and hence never need be con-
sidered. The Lagrangian function for the system is therefore

M[(d dy\* Z‘k’)z
L=T-Vv= [(dt) +(dt)]+2 @) " Mw 2B

and Lagrange’s equations of motion become

where M = m; + my and I = R?. The forces acting on the

d2
M(—i-t—,;- 0

d2

122

&2
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The first two of these equations show that the center of gravity of the
system moves as a particle of mass M under the influence of the grav-
itational field. The last equation shows that the angular velocity of
the system is constant.

Example 2. A particle of mass m moves in a plane under the in-
fluence of a potential which is a function only of the distance of the
particle from a fixed point in the plane. Discuss the motion.

Let the origin of coordinates be at the fixed point; let r be the dis-
tance of the particle from the fixed point, and let ¢ be the angle between
the = axis and the line from the fixed point to the particle. The rela-
tion between the two coordinate systems is therefore

T =171 Cos¢ y =rsing 2:27

so that the kinetic energy is

28 @] @] o

If we represent the potential energy by V (r), the Lagrangian function is

H{E) )]0 o

and the Lagrangian equations of motion are

d (mr idf) =0
dt dt)
d2r

mog — mr d‘p) +3; V()— 2:30

The first of these may be integrated to give the result
do
mr? G- C=Pe 231

that is, the angular momentum of the particle about the fixed point is

a constant. By use of this result ‘;—‘: may be eliminated from the second

d2
:l.t_z —_ :’:% (r) 2.32

equation, giving

which may be solved when an explicit form is taken for V(r). The
second term in this equation represents the centrifugal force,
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2c. Generalized Momenta and Hamilton’s Equations. In many
problems it is convenient to express the kinetic energy in terms of
momenta instead of velocities. For generalized coordinates we define
the momentum p; associated with the coordinate ¢; as

L

Di = aq—; 2:33
In order to find the laws of motion in terms of the p;’s and ¢;'s instead

of the ¢;s and ¢;’s, consider the differential

9L oL
dL = T qa: + 2= das .
206"t ag, dq') 234
The coefficient of dg; is by definition p;, while from Lagrange’s equations
oL d oL .
55; =7 6—% = Py 2:35
Hence
dL = X (pidg; + pidg:) 2:36
%
If we subtract equation 2-36 from the identity
d2pg) = 2(pds + dudpy) 2:37
3
we obtain
(X pids — L) = 2(¢:dp: — pidgs) 2-38
3 3

The quantity (ZP#}:‘ — L) is known as the Hamiltonian of the system

1]
and is represented by the symbol H. If H is regarded as a function
of the p’s and ¢’s, then, from 2-38,

dH = 3. (¢udp; — Pidgs) 2-39

and by the definition of a partial derivative

a
H ¢ . —Di 240

This set of equations is known as Hamilton’s equations of motion.
Since the kinetic energy T is a homogeneous quadratic function of
the #’s, and the #’s are homogeneous linear functions of the ¢’s, it
follows that T is a homogeneous quadratic function of the ¢’s; that is,
T = 33 a:j§4;, where a;; may be a function of the ¢’s but not of the
14
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A,

¢'s. If the forces are derivable from a potential, then

oL oT
T
o = 22wl + 22 audidy = 2T 241
J 1

H=Ypgr—L=2T—-L=2T—(T—-V)=T+7V
k

that is, the Hamiltonian function H is equal to the total energy of the
system.

Example 3. Solve example 1 by the use of Hamilton’s equations.
The generalized momenta are:

oL dz

M__

oz dt

aL dy

M—

a3y dt

oL do

2-42

so that
.__1_. 2 2 1 2
H =5 (3 + 23) +2Ip¢,+ng 243

and Hamilton’s equations of motion become
dz _ ps dp.

= £ “Z =90

i M dt

dy _ Py Py
a M dt

do _pe  dy
dt I dt

The equations are readily seen to be equivalent to those obtained from
Lagrange’s equation.

Any p; and the corresponding g; are said to be conjugate variables.
By extending this definition to include any pair of variables which
satisfy equations of the form 2-39 the concept becomes more general.
For example, if a system of F degrees of freedom is described by the
coordinates ¢ -+ - - ¢p and the time ¢, with ¢ being formally treated on
the same basis as the ¢'s, the analysis shows that for systems in which

= —Myg 244
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the total energy is constant the variable conjugate to ¢ is the negative
of the Hamiltonian function.

2d. Vibration Theory and Normal Coordinates. Many problems
of mechanics are concerned with the vibrations of a system of particles.
By a vibration we mean the oscillations of a system when it is slightly
disturbed from a position of stable equilibrium. In such a motion no
coordinate ever departs by a large amount from the value it would have
if the system were in the equilibrium position. It is convenient in
these problems to choose a system of coordinates such that all the ¢/'s
vanish at the point of equilibrium; then all the ¢;/s will remain small
throughout the motion.

If we were to express the coordinates of each particle by a set of
rectangular coordinates with the origin at the equilibrium position of
the particle, the kinetic energy of the system would be

2
I = 22 (f;) 2.45

Usually a more general coordinate system would be used; the kinetic
energy of the system in generalized coordinates is of the form

th dq}

dt dt 2-46

T"‘ zzz asj

where the a;;’s are functions of the g¢;’s, but for small vibrations it will
be a sufficiently good approximation to regard the a;;’s as constants,
with the value they have at the equilibrium position.

The potential energy may be expanded in a Taylor’s series in the
g’s about the point of equilibrium:

)% 9%V
vevorz(§) et 555 (nag) et 20

where the derivatives are evaluated at ¢; = 0, the position of equi-
librium. The constant term V is arbitrary, and so for the sake of sim-
plicity we take it to be zero. Since g; = 0 is a point of equilibrium,
av
V must be a minimum at this point, so that (a—) = 0. If we denote
i/o

2

i}

the constant (aq %2 ) by bij, we may therefore represent V approxi-
1 945/0

mately by

= %Z_I?buq.-q; 248
%
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Lagrange’s equations for the system are then
d?q;
2.ai g%" + 2 bijg; =0 249
i ¢ i

If the system has F degrees of freedom, there are F of these differential
equations corresponding to ¢ = 1,2,---F. In order to solve these
equations let us try to find a set of constants ¢; such that, if each equa-
tion of the set is multiplied by ¢; and the results added together, the
new equations will be of the form

d*Q

— A\ = .
T +2 =0 2-50
where @ is an expression of the form
Q = 2hjg; 2:51
J

The equations which must be satisfied in order to obtain this result are
1
2cai; = = Xcbij = hj 2:52
i L

The equations given by the equality sign on the left are just sufficient
to determine the ¢;’s; the remaining equations will then give the Aj’s.
If we write the left-hand equation in the form
Z()\a.-,- d b,’j)CQf =0 2:53
i
it is seen that one solution is ¢; = 0. Now by an algebraic theorem

(Appendix IV) this is the only solution unless the determinant of the
coefficients vanishes, that is, unless

[\a;; — byl = 0 2.54

This equation may be satisfied if we choose \ properly. Let \; be one
of the F roots of this equation. Then the equations

2 (Mai; — bij)ei =0 255

have a set of non-vanishing solutions for the ¢;'s, which are unique
except for one arbitrary constant factor.

When this set of ¢;’s has been determined, the &,’s are fixed by equa-
tion 2:52. Let these be denoted by h{" and the corresponding Q by Q.
In the same way each of the other roots of 2-54 gives a set of hy’s which
in turn determines a possible @, so that we arrive at a set of F @’s, each
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of which satisfies the equation

d2
g‘+w,_o G=12--F) 2.56

If we regard the Q’s as a new set of coordinates, these equations are just
Lagrange’s equations in the new coordinates. Because of the simple
form of these equations the @’s are known as the normal coordinates of
the system. In terms of the normal coordinates, the kinetic and po-
tential energies have the simple form:

) vope e

2

If the equilibrium is stable, then all the \/s ()\; = V) are real and

g
Q3
positive. But for positive N’s it is easily seen that the solution of
equation 2-56 is

Qi = A;cos (\/}:'t + &) 2.58

where A; and ¢; are arbitrary constants.

If the solution is desired in terms of the original coordinates, the ¢;'s
must be expressed in terms of the Q;’s by solving simultaneously the
equations defining the @,;’s. Suppose that the result is

4= ;gijQi 2-59

Then the equations of motion are
9 = 2gi;4; cos (Mt + ¢) 2-60
J

If all the A’s are zero except one, then each g; varies sinusoidally with
time, each with the same phase. Such a motion is called a normal
mode of vibration of the system. Corresponding to such a mode of vi-

-

)‘.
bration there is a definite frequency given by »; = —2-7-‘_—’ . The most

general vibration of the system can be regarded as a superposition of
the various normal modes, with arbitrary amplitudes and phases.

If the equilibrium is unstable, the above formal treatment can still
be carried out. In this case, however, at least one of the N’s is real and
negative, so that the corresponding frequency is imaginary. The
motion then is not sinusoidal, since the @ corresponding to the negative
A will be an exponentially increasing function of the time.

Example 4. Three springs, whose force constants are k, 2k, and
k, are joined in a straight line, and the ends of the system are fixed.
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The joints between the springs are balls of mass m (Figure 2:1). Deter-
mine the motion if the balls are set vibrating in the line of the springs.

Fia. 2-1.

Let the displacement of the first ball from its equilibrium position
be z; and that of the second ball z;. The changes in length of the three
springs are then zy, zo — x;, and —z,, so that the potential energy of
the system is

V = 3kaf + 3(2k) @2 — 21)? + 3h(—22)?
= $ka? — 2kzixs + $kal 2-61

If we consider the springs to have zero mass, the kinetic energy is

_ m[(dz:)? (d_@"’]
T_2[(dt) & 262

Lagrange’s equations of motion are therefore

2
m%—t?+3kxl — 2%kzy =0
263

d%

mgt-;’- — 2kz; + 3kzy = 0

If we multiply the first of these equations by ¢; and the second by ¢,
and add, we obtain

d2x1 d2x2

Td‘tT + meq Ti‘tg' + (3’001 - 2’002)131 + (—2k01 + 3]602)3:2 =0 264
In order that this be of the form 2-50 we must have

mcey

mey = % (3]001 - 2’002) = hl

1 2:65
meg = X (—2key + 3kcs) = hg
There will be a non-trivial solution for ¢; and c; only if
e — 3k 2k
=0 2:66

2k azm — 3k



20 THE PRINCIPLES OF CLASSICAL MECHANICS

5k k
The roots of this determinant are \; = — ; N\ = " Substituting
\; in equation 2-65 gives¢; = —cs. Hence 1f we take ¢, which is arbi-
trary, to be 1, co must be —1, and
Q= hgl)xl + hg)xz = mr; — My 2-67
In the same way we find for @, the value
Q2 = may + maz 2-68
The equations of motion in the new coordinates are
a’Q
dtzl + Ql
2-69
d’Q; k&
dtz + mQ2 =

The first normal mode is that in which @, = 0, that is, ; + 23 = 0.
In this normal mode the balls move in opposite directions with a fre-

quency él— A /-in—k . In the second normal mode #; = x5; the balls move
s

. . 1 |k
in the same direction with a frequency — /—-
27 \N'm



CHAPTER II1
THE PRINCIPLES OF QUANTUM MECHANICS

3a. The Uncertainty Principle. A typical problem in classical
mechanics involves the finding of the values of the various dynamical
variables of a system, given the values of the p’s and ¢’s at one instant.
In general the motion of a system of f degrees of freedom requires the
knowledge of 2f variables at some time in order to be completely speci-
fied. It is assumed in classical mechanics that it is possible to deter-
mine these 2f variables to any desired degree of accuracy. Within the
last two decades it has been found that this specification cannot be
carried out beyond a certain limit.
@ Microscope
\ 7/ Objective

\ /

]
\ | 4
\ /
1
\ ! e/
\
\ i
—_— \l
nghe == ¥ Electron
———.—)—
X
Fia. 3-1.

Suppose that we set out to measure the position and momentum of
an electron in order to determine its motion. The natural instrument
to use in the determination of its position is a microscope, illustrated
diagrammatically in Figure 3-1. The accuracy with which a microscope
can measure distance along the z direction is limited by the wavelength

of the light used, this limit being At first it might seem that

A
2sin e
this difficulty could be overcome by using light of a very short wave-
length. However, a new difficulty then arises: the Compton effect.

h
If a photon of energy Ar and momentum :V strikes an electron at rest,
th(’a photon after the collision will have an energy h»’ and momentum
h
=, while the electron will have a kinetic energy 3mv? and momentum
c

my, where m is the relativistic mass of the electron and v is its velocity.
21
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The motions of the photon and electron are illustrated in Figure 3-2.
The law of conservation of energy gives the relation

v = ' + Jmo? 31
\
A
a
3= > X
%
'Zy' %25 g

Fia. 3-2. The Compton effect:

while the law of conservation of momentum gives the relations

W
— = — 08 o + mv cos B 32
c c
V’
= —sin @ — mv sin 8 33
c

The z component of the momentum of the electron is therefore
h /
p,=—c—(v—v cos @) 34

As may be seen from equation 3-1, »’ is less than »; that is, the scattered
light is of longer wavelength than the incident light. For our purposes,
however, we will obtain a sufficiently accurate value for the momentum
of the electron if we put »’ = » in equation 3-4, giving

p,=-£-(1—cosa) ' 35

If we are to see the light in the microscope it must be scattered by the
electron into the objective, so that a must lie between the limits 90° — e
and 90° + e. Since there is no way of telling through which part of the
objective the light from the electron has passed, we know only that the
z component of the momentum of the electron lies between the limits

%(1—sine)§p,5£(1+sine) 36

8o that there is an uncertainty in the momentum of the electron of an
amount

Apy ~ ;l- sin € 37
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Owing to the finite resolving power of the microscope, there will be an
uncertainty in the position of the electron, as mentioned above, of an
amount

A

sin e

Az ~ 38

The product of these uncertainties is
Ap, Az~ h 39

which is independent of the wavelength of the light used. The attempt
to gain accuracy in position by using light of short wavelength is there-
fore defeated by the loss of accuracy in the measurement of momentum.

This difficulty is quite general. Whatever experiments are devised
to measure at the same time two conjugate variables, the limit of accu-
racy always appears to be given by a relation similar to 3.9, This result
has been assumed by Heisenberg! to be a fundamental law of nature,
and is generally known as the uncertainty principle.

3b. Wave Mechanics. In order to explain this principle a new
mechanics is necessary. This mechanics must not, like the old me-
chanics, assign a definite position and momentum to each particle, but
must allow an uncertainty in these variables. This is accomplished
by introducing functions which express, not the fact that a particle is
at a given point, but the probability that the particle is at that point.
Such functions are used in the theory of electromagnetic waves. As
stated in Chapter I, light is corpuscular in nature, at least when it inter-
acts with matter. The motion of these light corpuscles, or photons,
is governed by the electromagnetic field, which according to Maxwell’s
equations moves in the form of waves which obey the usual equation of
wave motion

W | PW  FW 1 W
oz T ay? TE T 2w

where ¢ is the velocity of light and W is the amplitude of the wave.
The photon is not definitely located in any part of the wave, but the
probability of finding a photon at any point is given by the square of the
amplitude at that point. The energy E of the photon is connected with
the frequency v of the wave motion by the Einstein relation

310

E=h 311
and the momentum of the photon is
h
P=3 312

1W. Heisenberg, Z. Physik, 48, 172 (1927).
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As stated in Chapter I, the de Broglie assumption that electrons were
accompanied by waves controlling their motions in the same manner
that photons are controlled by electromagnetic waves has been verified
by the electron diffraction experiments of Davisson and Germer, G. P.
Thomson, and others. By using crystal lattices as gratings and com-
paring the wavelength of the electrons as calculated from the diffraction
pattern with that calculated from the momentum of the electron, the
validity of equation 3-12 for electron waves has been verified.

If we assume that the Einstein relation (3-11) is valid for electron
waves, the velocity of the waves is given by

v=r =2 313
p

The differential equation of the wave motion is then

2 2 2 2 2 a2
Sttt Ao 314
022 o ar  E? off
where ¥ is the amplitude of the wave; the square of this amplitude
gives the probability of finding the electron at a given point. If we
wish a solution that will represent standing waves (such as those on a
string fastened at both ends), we may write ¥ in the form

¥ = ye2rit 315

where ¢ is a function of z, y, and 2z, but not of the time 2. For the
probability of finding the electron at a point we must take the square
of the absolute value of ¥ in order that the probability be real and
positive. Substituting 3-15 into 3-14 gives
a2lp 62\(/ 62‘0 47r2p2
a2 + Y2 + - 12

as the differential equation for . The kinetic energy of the electron
is T = E — V, where V is the potential energy and is connected with
2

v 3-16

the momentum by the relation 7' = %,} . We may therefore write

equation 3-16 in the form
Py % 9 8 *m
‘ﬁ+ f+azf =5 (B~ V=0 317

This is the first of Schrodinger’s equza,tioma,2 by means of which most of
the applications of quantum mechanics are made. From the form of

28ee Chapter I, reference 7.
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equation 3-15, it may be noted that this equation may also be written
as
Pv v W 8®mfh 8
—_t—t — — = == ¥ = .18
9x? + + 822 h? (2m’ at ) 0 3

ay®

which is the second of Schrodinger’s equations. Although the greater
part of this text will be devoted to the solution of equations 3:17 and
3-18 for particular systems, the above “ derivation ”’ of these equations
does not furnish a very satisfactory foundation for an exposition of
quantum mechanics. We shall therefore proceed to formulate the
principles of quantum mechanics in more general terms.

3c. Functions and Operators. Because the mathematics used in
the general formulation of quantum mechanies is rather unusual, we
shall first develop the elements of the theory of operators. A function
is nothing but a rule by which, given any number, we can find another
number. Thus the function z? is merely the rule: take the number
z and multiply it by itself. Similarly, we define an operator as a rule
by which, given any function, we can find another function. Thus we
may define an operator § as follows: multiply the function by the inde-
pendent variable. This rule is written symbolically

§f(z) = zf(x) 319

Another operator, §, is differentiation with respect to the independent
variable:

() = f'(x) 3-20

We may develop an algebra of operators, just as we can develop an

algebra of numbers. The sum of two operators a and B is defined by
the equation

(@ + B/ () = af(z) + Bf(x) 3-21
The product of two operators is defined by the equation
aff(z) = a[pf(x)] 322

The resemblance of operator algebra to ordinary algebra is only super-
ficial. Although the operator a + B is the same as the operator B + a
by definition, the operators ap and Ba may be quite different. If
ap and Ba are the same, a and B are said to commute. An example of

two operators which do not commute is given by the operators § and
8 defined above, since

£/ (2) = E8f(2)] = &f' (2) = o' (@) 323
88f(z) = 8l&f ()] = 8[zf ()] = af' () + f(z) 324
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Operators are not limited to functions of one variable. We may have
such operators as 8,, defined by the equation

8.5, 4) = 5 1(2,9) 325

An important group of operators are the vector operators (Appendix II),
of which the one most frequently used in quantum mechanics is the
Laplacian operator, defined by the equation

* o oY
2 —_ — - .
Vf(z,y,2) = 6x2+8y2+3z2 3-26

We define a class of functions as all those functions which obey cer-
tain specified conditions. Thus there is the class of continuous, single-
valued functions of one variable £ which vanish at z = 1 and z = —1.
It may happen that in a given class there are functions which, when
operated on by an operator a, are merely multiplied by some constant
a, or in symbols

af(z) = af(x) 327

Those members of the class which obey such a relation are known as
the characteristic functions or eigenfunctions of the operator a. The
various possible values of @ are called the characteristic values or
eigenvalues of the operator. For example, if our class is the class of
functions of = which are finite, continuous, and single-valued in the

d . .
range —7< z <m, and if our operator is 8§ = —, the eigenfunctions

dz
are of the form ¢*2, where k& may be real or complex, since
d ,
— k% = ke 3
iz 28

and every number is an eigenvalue. The class of the functions is very
important, for, if in this example we had restricted our class by adding
the condition that the value of the function must be the same at z = «
and z = —m, the eigenfunctions would have been only those functions
of the form €™, where m is an integer, and the eigenvalues would
have been the imaginary integers im.

In quantum mechanics the eigenfunctions which are allowed are
always chosen from the class of functions which are single-valued and
continuous (except at a finite number of points where the function
may become infinite) in the complete range of the variables, and which
give a finite result when the squares of their absolute values are inte-
grated over the complete range of the variables. If ¢ is such a func-



GENERAL FORMULATION 27

tion and y* its complex conjugate, the last condition requires that
. f Y¥* dr be finite, where the element of volume dr=dx; dzs - - » dz,, the

2’s being the cartesian coordinates of the particles. By appropriate
transformations dr is expressible in other coordinate systems. We shall
refer to this class of functions as the class Q.

If ¢ and ¢ are any two functions belonging to the class @, and a is an
operator operating on ¢ and ¢, the operator a is said to be Hermitian if

Jorwn ar = o) ar 320

Hermitian operators have the property that their eigenvalues for func-
tions in class @ are always real, for, if a is an Hermitian operator and
¥ is an eigenfunction of a from class @ with the eigenvalue a, then

ay = ay 3:30
Taking the complex conjugate of every quantity in this equation,
a*y* = a*y* 331
Then
Jr@nar=afvvar 332
and
f ¥(a*y*) dr = o* f W*dr 3-33

But if a is Hermitian these quantities must be equal, so that a = a*,
which is true only if a is real.

Operators do not generally have the property expressed by the
equation

aleifi (@) + c2fa(2)] = c1af1(z) + coafz(2) 3-34
For example, if a is the operator which squares the function, that is, if

of (@) = [f(=)]?
alfi@) +£20)] = W@ + 2f1@)e@@) + 2@ 335

then

and

af1(2) + afa(®) = [f1 (@) + [f2(2)]® # alfi(z) +hL@El 336

If equation 3-34 holds for a given operator, the operator is said to be
linear.

3d. The General Formulation of Quantum Mechanics. We are
now ready to put forward the general principles of quantum mechanics.
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We shall do this by making certain postulates, which, like the axioms
of geometry, are not proved. From these postulates the whole theory
will follow, and finally we shall be led to conclusions which can be
checked experimentally. The theory will stand or fall on the strength
of these experimental checks. There is no unique set of postulates in
quantum mechanics, but the following formulation seems most con-
venient for our purposes.

Let us consider a system of particles of f degrees of freedom which
could be described classically by the values at a given time ¢ of the f
coordinates ¢; - -+ ¢qs and the f conjugate momenta p;---pr. We
then state

PosTuLATE I. Any state of the system is described as fully as pos-
sible by a function ¥(gy--:gqs ) of the class Q. This function
¥(q - - * gy, t) is called the state function of the system, and has the
property that ¥*¥ dr is the probability that the variables lie in the
volume element dr at time ¢; that is, ¢; has a value between ¢; and
g1 + dgi, ete. Since each variable must have some value, the total
probability must be unity, so that

Jo @ 0 0%@ g =1 337

where the integral is taken over all possible values of the ¢’s.

Posrurate II. To every dynamical variable M there can be
assigned a linear operator p. Since we are interested only in observ-
able quantities, which are real, we may restrict ourselves to the case
where these linear operators are also Hermitian. The rules for finding
these operators are the following:

(a) If M is one of the ¢’s or ¢, the operator is multiplication by the
variable itself.

h @
(b) If M is one of the p’s, the operator is — — where ¢; is con-
2mi 9g; .

jugate to p;.

(¢) If M is any dynamical variable expressible in terms of the ¢s,
the p’s, and ¢, the operator is found by substituting the operatars for
the ¢’s, the p’s, and ¢ as defined above in the algebraic expression for
M, and replacing the processes of ordinary algebra by those of operator
algebra. If there is any ambiguity in the order of the factors, they
must be arranged so that the resulting operator is Hermitian.

Posturate III. The state functions ¥ (g, £) satisfy the equation

B o L d
H(q, 2mi 3’ t>‘1'(q, t) = ~ 2 é—t\I'(q, t) 338
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0
where H(q, —2-% 5&: ) is the Hamiltonian operator for the system.

This is Schrodinger’s equation including the time.
Posturate IV. If the state function ¥(g,t) is an eigenfunction
of the operator . corresponding to a dynamical variable M, that is, if

p¥(g, 1) = m¥(g,?) 3-39

then in this state the variable M has the constant value m precisely;
and conversely. Such a state is known as an eigenstate of M.

CoroLuary I. If the state function is an eigenfunction of the
energy operator, the Hamiltonian operator H, with the eigenvalue E,
then ¥ (g, t) satisfies the equation

h 9
H(q, 20 ~6—q’ t)\Il(q, t) = E¥(q, 1) 340

If equations 3-40 and 3-38 are to be consistent, ¥(g,¢) must be of
the form

2xi
V(g t) = y(g)e & ™ 341
where ¢(q) is a solution of the equation
h o
H(s 3 201)u0) = B0@ 342

Equation 3-42 is Schrédinger’s equation for a stationary state, that is,
for a state which is an eigenstate of the energy operator.

As an example of the manner in which these postulates work let us
consider the system consisting of a particle of mass m moving in a
potential field V(z,y,2). The kinetic energy of the particle is

1
T=o-0etp,+0; 343

and the classical Hamiltonian function is
H=— G2+ + ) + Vi 0,2) 344
2m pﬂ; p[l pﬂ b y’
According to the above postulates, the Hamiltonian operator is
B 3 1 B3\’ AN B 9\?
H — —t)=—|{— = —_— — —_—
( " omi aq ) om [(2m' ) T <2m' ) T (2-,n' az) ]
+ Viz,v,2) 345

—K2 (8% & 9
=8—;r2—1n: 5?2'+3y-§+5z—2)+V(x,y’z) .
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The Schrodinger equation including the time is therefore

—h? 92
87rm( 2+6 2+ )\I'(x,y,z,t)+V(x,y,z)\I/(x y»z,t)
=20 4y 20 3.46
omiat ¥ .

If we look for a solution of this equation in the form

=2 gy
¥ (z, Y, 2, t) = Kb(x’ Y, 2)6 k 347

we obtain the equation

— h2 32
[81!'21%( 2 + a 2 + ) + V(x’ Y, z)] 'l’(x; Y, Z) E\b(x; Y, 2) 3‘48
This is identical with equation 3-42, so that, if ¢(z, y, 2) is a solution
of equation 3-48 and is a function of class @, it is an eigenfunction of
the energy operator and describes a state with the precise value E for
the energy. Equation 3-48 may also be written as

%y 624/ %  8x’m
E Tt ot

BE—-V}=0 3-49

so that in this special case the general theory gives the same result as
the theory of section 3b.

In most of our discussions we shall be dealing with state functions
which are eigenfunctions of the energy operator for a given system.
For such state functions equations 3-37 and 3-39 are equally valid if
¥ (g, t) is replaced by ¢(g), as may be seen from the relation 3-41 between
these functions.

From the postulated form of the operators for position and momen-
tum we can obtain an important rule for their product. Since

_ho, ~_ bk kW
pay = 2wt 3 (qxb) "’+2mqaq 3-50
and
B 9 N
qpy = Q(2 : aqll/) = om -—4q 3 3-51
we have the result that
h
(pq — gp)y = -2—7;510 352

a rule first discovered by Heisenberg.!
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3e. Expansion Theorems. If two functions ¢;(z) and ¢(x) have
the property that

b
f o @)1 (z) dz = 0 353

for a certain interval (@, b), the functions are said to be orthogonal in
this interval. A set of functions

(01(27), (02(1,‘), e gp‘(x) cee

such that any two functions in the set are orthogonal in the interval
(a, b) is called an orthogonal set for the interval (a, b). If in addition

b
f o @)ei() dz = 1 354

for all values of 7, the set is said to be normalized.

The great importance of orthogonal functions lies in the possibility
of expanding arbitrary functions in a series of these orthogonal func-
tions. Suppose thatf(z) is any function and that it is possible to expand
f() in the interval (a, b) in a series

J(@) = cio1(x) + capz (@) + - - - + copi(x) + - - - 3-55

where the ¢’s are constants. If we now multiply both sides of equa-
tion 3-55 by ¢} (x), where ¢,(z) is a member of the set of normalized
and orthogonal functions given above, we have

b
f o (2)f (&) dz =

b b
o [ @eE st o [ @@ do+ - 35

A]] the integrals on the right side of 3-56 vanish because of the orthog-
onality of the functions except

b

f Gt @)eon(z) do = 1
hence

b
Cn = f on(@)f (@) de 3-57

8o that the coefficients are easily found if the expansion is valid. The
question as to when such an expansion is possible is beyond the scope
of this text, but it is possible for all functions of the class Q.

We shall now show that the eigenfunctions of any Hermitian operator
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are orthogonal functions in the interval corresponding to the complete
range of the variables. Let the operator be a, the eigenfunctions ¥
and y,, with the eigenvalues a; and ay, that is

awr =a1  ayge = agyds 3-58
Now consider the integral
[ovidr =[50, ar 359

Since a is Hermitian, we have
f Vhay dr = f Yra*yd dr = ab f Yk dr = ay f bidr 360

the last equality arising from the fact that a@,, being an eigenvalue of
an Hermitian operator, is real. Hence

@ f Vi dr = a f ot dr

(ay — az)f\P;lPl dr =0

If a1 £ a,, this requires that
f\Vzk\[/l dr=0 3-62

so that eigenfunctions corresponding to different eigenvalues are orthog-
onal. When two or more eigenfunctions have the same eigenvalues
this argument breaks down. In this case, however, a set of orthog-
onal eigenfunctions can always be found. Suppose that

wh = ab; obs = aby; [ Vvidr =D 3.63
If we replace 2 by ¥4 = ¥2 — by, then
[urwiar= [utpar—b finar-b-b=0 364

and
ays = a2 — b)) = aps — bay,
= a(ys — b¥1) = ayp 3-65

80 that ¥4 is also an eigenfunction of « and is orthogonal to ¥4, and if
we use y; instead of ¥, our eigenfunctions are all orthogonal. The
process by which y5 was found is known as orthogonalization,
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If ¢; and ¢ are two eigenfunctions of the operator g corresponding
to the dynamical variable M, with eigenvalues m; and mg (my = mg),
the state represented by ¢ = c1¥1 + ca¥2 is not an eigenstate of p, since

pY = pleds + cade) = cimidy + camads # m(cryy + cade) 3-66

In order that J ¢*¢ dr = 1 we must have the relation

f (Y + avs) (e + cave) dr = cfer + cdca = 1 3.67

between the coefficients. We may give the following interpretation
to the state ¢ by a postulate, known as the principle of superposition.
PosturaTe V. If ¢; and ¢, are eigenfunctions of the operator
corresponding to the variable M with the eigenvalues m; and ms, then
the state represented by ¢ = c;y1 + co¢2 is that state in which the
probability of observing the value of M to be m;, is cfc; and the proba-
bility of observing the value mj is cyco.  Since the set of eigenfunctions

Y1, ¥, * + + Y5 - - - of an operator p is a normalized, orthogonal set, we
may expand any state function ¢ in terms of these ¢,’s:
¢ = Zci‘pi
%
where

c; = f¢f¢dr

Consider now the integral [ ¢*peodr. Expanding ¢ in terms of the

eigenfunctions of p we have

Jorwedr = [EetvimEens ar

= [ (Sema dr = Smactes 368

But Y m.c¥c; is merely the average value of M in the state ¢, so that
i

we have the important theorem:
TueoreM I. The average value of any dynamical variable M in

any state ¢ is given by f ¢* dr, where . is the operator corresponding

to M.
An important example of an expansion of this type occurs when ¢ is
formed by operating on one of the eigenfunctions y; of an operator p
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by the operator a of some other variable, so that ¢; = ay;. In this
special case we have

e = ad; = 2aibi 3-69
where

Qi = ft[/?a\b, dr 370

The set of quantities @;; found by expanding all the functions ay; is
called the matrix of @. The quantities a;; are usually written in the
form of a table:

(1731 Q12 ayg:* .-

Q21 a22 Qg3 * °
asy azg g3z ** 371
If a is Hermitian
a;; = f Yiap;dr = f Yia*yTdr = af 3.72

Suppose that we also have an operator B such that
BYs = Shigkss by = [vipysdr 373

and we wish to find the matrix c;; of the operator y = af. We have

apé; = aXbusbe = 2 buiods
= %Zbkjaik¢i = Z(%aikbkj)‘l’i = e 374

so that
Ci = 2 aibr; 375
%

3f. Eigenfunctions of Commuting Operators. In most of the
problems in atomic and molecular structure with which we shall be
concerned we will be interested in several operators at the same time.
The eigenfunctions of one operator are usually different from those of
another operator, but there is a very important exception in which one
set of functions is a set of eigenfunctions of two operators at the same
time, namely, when the operators commute. In this case we have the
theorem:
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Tueorem II. If two operators a and B commute, there exists a set
of functions which are simultaneously eigenfunctions of both operators.
Let « and B be two commuting operators and let y2 and y? be the

eigenfunctions of these operators, so that
i = ayi; ﬁ'l/? = bﬂl’? 376

If we expand ¢ in terms of the y¥’s, 2 = S c;4? we have
7
ayf = a‘jtc,-av}’ = a.Zcil}
or Yciila —a)yl =0 377
J

The function (o — a;)y¥} is an eigenfunction of B, or is identically zero,
for, since a and B commute

B{(a — ai)¥}} = (a — a:)B¥}
= (a — a;)bj? = b;{ (@ — a;)y?} 3.78

and the eigenvalue of this function is the same as that of y? itself. Let
us suppose that there are no two of the b;/’s which are equal, that is,
the y¥’s form a set of non-degenerate eigenfunctions. Then it follows
that y? and its multiples are the only functions which satisfy the equation

BY = by 3-79
The function (o — a,-)nl/}’ must therefore be some multiple of 'l/}’; that is
(@ — @)y} = g} 3-80

where g;; is some numerical constant. Substituting this relation in
3-77, we have Zcﬁg,-jllzf = 0. If we now multiply by y2* and integrate

J
over the variables we have
2 Ciifij f Vi) dr = crga = 0 381
3

80 that either cg; or gy is zero. If gy is zero, then
(@ — @y = 0; ayf = adf 382

and ¢? is an eigenfunction of a with the eigenvalue a;, as well as an
eigenfunction of B. If ¢z; = 0, then

Jviar = S frirviar = ai=o0 383
J

and we see that ¢? is orthogonal to y2. Since the set of functions y?
form a complete set, no function can be orthogonal to all of them;
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there must be at least one value of &k for which gz; = 0. We thus see
that when there is non-degeneracy every eigenfunction of B is also an
eigenfunction of a.

If, as usually happens, there are several ¢;’s with the same eigen-
value, the above argument does not hold. Suppose, for example, that
% and ¢4 have the same eigenvalue. Let us then make the following
change in the y’s. We write

¥ = cd} + et
and construct another function
¥5 = dyf + dath

with the constants d; and dy chosen so that y¢ is orthogonal to y3.
If there are other degeneracies we adopt an analogous scheme. We now
carry out the analysis using the y%’s. Owing to the degeneracy of
¢¥ and ¢35, we have in place of 3-80 the two equations

(@ — a)¥} = ga? + gio¥h
(@ — a3 = hay{ + hat
where g1 = f V¥ (o — a;)y} dr, ete. It is now possible to form

3-80a

linear combinations of ¢ and y5 which are eigenfunctions of «, that
is, we can find constants k;; and k;2 such that

(@ — a){kay? + kvd} = A{kay? + kil '} 3-84

By multiplying the first of equations 3-80a by k;; and the second by
kis and adding, we find that k;; and k;» must satisfy the relations

Ak = kaga + kiohi
Akeia = kigiz + kighio

When these relations are satisfied, the functions (k;¢% + kioyd) are
eigenfunctions of a with the eigenvalues A; + @;. They are of course
eigenfunctions of B with the eigenvalue b;.

Theorem II has thus been proved. The analogous theorem holds
for the case of more than two operators; we shall use this theorem
without proof.

We may also prove the converse of this theorem:

Taeorem III. If there exists a complete set of orthogonal functions
¥; which are eigenfunctions of two operators a and B, then « and B
commute.

Let us expand any function ¢ in terms of the y;’s, and then operate

3-85
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on ¢ with (ap — Ba). We have
(ap — Ba)p = (ap — Ba)'%“.calle = ‘Zci(aibi —ba)ys =0 3-86

Since ¢ is an arbitrary function we see that a and B commute.

The physical interpretation of these theorems is that, if two physical
quantities have operators which commute (as do the operators for the
energy and the total angular momentum of a system), then it is pos-
sible to have states of the system in which both variables have definite
values. Conversely, if it is possible for two variables (physical quan-
tities) to have definite values for a complete set of states at the same
time, then the corresponding operators commute.

Another theorem which we shall find useful is:

Treorem IV. If B is an operator which commutes with an operator
a (where both are Hermitian), and ¢, and y» are eigenfunctions of a,

then the matrix element f ViBy2 dr vanishes unless a; = ag, where

a; and a; are the eigenvalues of ¥; and 5.
To prove this theorem consider the integral

[viBavsar =z [vipsaar 387

Using the fact that a is Hermitian,

Jvipataar = [utapyn) ar = [ Gua) @b ar
= a1 [Vipys ar 388

Therefore (61 — az) f ViBlzdr =0 3.89

so that f YiPve dr = 0if a; # as.

3g. The Hamiltonian Operator. We have seen that the Hamil-
tonian operator for a single particle is, in rectangular coordinates,

—h? [ 0® o2
81rm( 2—i— 2+ )+V(x,y,z) 3-90
but we have not as yet proved that this operator is actually Hermitian.
Such a proof is necessary, for if we had written the classical Hamil-
tonian in the form

1

_1fr, 1, 1 2) )
H"zm p,x+ypyy+zp.z + V(z, 9, 2) 391
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which is algebraically equivalent to equation 3-44, and then substituted
the operators for the p’s, we would have the quite different result

—h? 19 19 9
87rm( 2+xax+6y2+yay+ 922 +-—~—)+V(x,y,z) 3:92

Since H = H*, the condition that H be Hermitian is

ff£:¢*H¢dxdydz=ff _:¢H¢*dxdydz

provided that ¢ and ¢ belong to class . This condition requires that
02
¢ and ¢ vanish at infinity. Consider the operator Fong We have
2

00

2 00 -1
fff @ dedydz—ff go*(y-dydz
—00 ~—00 a dp=—00
ﬂ(p*a_llx
_f.[f_w oz 00 B W%

a .
Since ¢* vanishes at infinity, and Bg is finite or zero, the first integral on

the right is zero, hence

JI v [f [ fwwe

In the same way, we find

62 * a¢*a¢
ff _wxlz 5 dr dy dz = —fff_w o 37 dz dy dz

9® 9® 9?
so that the operator —; Pyt and analogously the operators —; o and —; 55 e

Hermitian. The Hamiltonian operator 3-90, being the sum of Her-
mitian operators multiplied by real constants, is therefore Hermitian.

For the operator ai , we find
L7

-

00

0 aw 0 ER S
fff <p*—dxdydz=ff o dy dz
—00 dx —_—0 =00
0 a¢*
ff v dayde
o0 .1
_ dp* ff %™
- ffj:msbax de dy dz 5 vEawye 3%
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i)
so that the operator py is not Hermitian. (From the above equations,
a .
however, it is apparent that the operator i:’); is Hermitian.) The

19 " I
operator e will likewise be non-Hermitian, so that the Hamiltonian

written as 3-92 is not valid from the quantum-mechanical viewpoint.
Written in vector notation, the Hamiltonian operator 3-90 is

72
87r2m v2 (SC, Y, Z) + V(x; Y, 2) 394
Rectangular coordinates are not always the most convenient coordi-
nates to use. Since the Laplacian operator is invariant under a trans-
formation of coordinates (Appendix III), the Hamiltonian operator
in an arbitrary coordinate system will be

2

8rém

ViE 8+ VE D) 305

where £, 1, ¢ are the new coordinates. The transformations from reec-
tangular to various other important coordinate systems are given in
Appendix III, as are the expressions for the Laplacian operator V> and
the volume element dr in these coordinate systems.

3h. Angular Momenta. Of almost as great importance as the
Hamiltonian operator are the operators connected with angular momenta.
For a single particle, the angular momentum about the origin is
M = r X p, where r is the distance from the origin and p is the linear
momentum, or, in terms of its components M, M,, and M, in rectan~
gular coordinates,

M; = yp, — zpy
M, =zp, —zxp, 3-96
M, =zpy — yps

Replacing the p’s by the corresponding quantum-mechanical operators,
we obtain the operators for the components of angular momenta;:

h 2 li]
Mx—%(ygé—z@

h ] ]
M,=—(z— —y—
2 (x oy ax>
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The total angular momentum is, of course,
M =iM, + jM, + kM,

We shall never have occasion to use M itself, but only its scalar product
with some other vector, or its square:

M? = M2 + M2 4 M? 398

The angular momentum operators are usually expressed in spherical
coordinates. By means of the transformations given in Appendix III
the operators in spherical coordinates are readily found to be:?

3 We may illustrate this calculation for M. From the transformations
z = rsinfdcose
y =rsinfsine
z2 =rcosf
we obtain the reverse transformations
=2ty +a?
z

€088 = ————————
Va? +y* + 2

tan¢=y

8

from which we calculate the partial derivatives:

or o ..
a—z = co8 6§ 5;/-=smosm¢
00 gin 9 cosfsine
2 " r - r
% _, B _ cosg
9z dy rsing

Therefore

h
M’—E;r—i yb;-—za—y]
h T d 000 Btpa

=— 6
20 L750 “‘"“’(a T %o

6r6 6«:6)]
-— '] —_— - —
r cos +6y66+6y %%
BT

.o s 9
=— L(rsmé?snnqpcoso —rcosﬂsmﬂsmgo)-ér-

. . . 9
+ (— sin? 0 8in ¢ — cos? 0 8in p) % + (— cot 6 cos p) %]

=i -—sin g—-—cotﬂc —'-3-]
2ni L «’60 os¢a¢
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i) i)
M,=—(-—Slnga%—cot0008<p )
h ]
M,,=§7—r—i(cos:pa—e—-cot0$m<p )
3-99
-t 3
* T 2mi dp

-~k 1 o ] 1 9® ]
2 _ N 9 (i a2 9
M =2 [sin 9 66 (Sm b ao) T T 0 052

The commutation rules for M,, M,, and M, are most readily found
from the expressions in rectangular coordinates

32 2 2 2 2
M.M, 4h ( v ajaz_xygz_z—zza;ay"'"a;az) 3100
MM, = ;—:;(;yz 6:2:% — 22 ajzy 62 —i—x—— + xz aaZz) 3-101
80 that
MM, — M,M, = *hg( a%—z%/

Similarly, we find

MM, - MM, = -;-}-,'- M,
T
3-103
th
MM, -MM, =—M,
2r

If we now consider the commutation of M? and M, we see immediately
from the expressions for the operators in spherical coordinates that

MM, — M,M? =0 3-104

so that M? commutes with M,. Because of the equivalence of M,,
M,, and M,, M? will also commute with M, and M,, as may be proved
explicitly from the expressions for the operators. These commutation
rules will be shown later to hold 1or systems of particles as well as for a
single particle.

From the commutation rules derived above, it is possible to deduce
the most important properties of angular momenta. Since M? and
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M, commute, it is possible to find a set of functions which are eigen-
functions of both operators simultaneously. We shall denote these
eigenfunctions by Y3, .,, where Y, , satisfies the equations
MY m=kY m 3:105
MY, m=knYim 3-106

where the subsecripts ! and m identify the eigenvalues k; and k,, asso-
ciated with ¥; ,,. Writing M? in terms of its components, 3-105 be-
comes

(M + M} + MDYy, = ki¥i m 3107
and applying M, to equation 3-106 yields
MY m=kpYim 3-108
Subtracting 3-108 from 3-107 gives the result
(M2 + Mﬁ)Yl, m= (ki — k)Y m 3-109

so that Y7, ,» is an eigenfunction of (M2 4 M2) as well as of M? and M,.
Let us now write Yi,m= Z ciy;, where the ¥;'s are eigenfunctions of

M, with eigenvalues my;. 'tI‘hen
MY)m = Zemigi = 2% tnpYap 3-110
where ' e
@t m = [ViaMEYy e = [ (0D (Cemdi dr = Tlein; 3111
Similarly, we can find for M2Y;, ,, the expression
MY, ,, = ;;b,,,,,y,., »; Where b, ,= Zildilzm§¢ 3.112
Comparing 3-109 with the sum of 3-110 and 3-112, we see that
o = ki = X el + [dil*mi) 3113

Since M, and M, are Hermitian, mZ; and mZ; are positive; the right
side of 3-113 is therefore positive, so that

k> k2 3-114

We now make use of the commutation rules for M., My, and M,. It
is easily verified that

M,(M, + iM,) = (M, + iM,,)(M, + 2’”7) 3-115

M.(M; —:M,) = (M; —:M,){ M, — 5}—:—‘_) 3-116
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Operating on Y, ,, with both sides of 3-115 gives

. h
Mz{ M, + Zlv-[z/) Y, m} = (M; + 'LMy)(Mz + é"l‘r)Yl. m

= (k,,, + zi){ M, + M) Yy, ) 3117
™

so that (M, + 1M,)Y}, ., is seen to be an eigenfunction of M, with the
h

eigenvalue k., + 3, OF Zero. Since M2 commutes with all the operators
w

in 3-115, (M, + tM,) Y}, 1, is still an eigenfunction of M? with the eigen-

value k;. In an analogous manner we see that (M, — tM,)Y; ., is
h

an eigenfunction of M, with the eigenvalue k,, — o or zero, and of M?
0

with the eigenvalue k;. We may therefore obtain a whole series of

eigenfunctions of M? and M,, all having the eigenvalue k; for M? but

having the eigenvalues

2h h h
—2_1r, km—g;y kmy km+é;'r:

for M,. This series must terminate in both directions, since 3-114
states that the square of the eigenvalue for M, must be less than k;.
Let us denote by k., the lowest and by k,,/» the highest allowed eigen-~
value of M., and the corresponding eigenfunctions by Y, s and Y7y, mer.
(M, + ¢M,)Y;, s should be an eigenfunction of M, with the eigen-

2
o, m km+_h,... 3.118
2m

h
value Ky + o ©OF zero, and since by hypothesis knr is the highest
™

eigenvalue we must conclude that

M, +M,)Y;, =0 3-119
For similar reasons, we must have
M, — MY, =0 3-120

Operating on 3-119 with the operator (M, — tM,) gives
M; — iM,) M, + M) Y, e
= {M2 + M2 4 {(M_ M, — M,M_)} ¥}, v

= (Mi + M121 - 2% Mz) Yl. m!t = (M2 - Mﬁ - '2%"_ M:) Yl, m!!

h
= (k; - k?"u bt 2—_1rkm") Y;' mt = 0 3121
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so that
h
kl = k?;,u + - kmn 3'122
27
By operating on 3-120 with (M, 4+ :M,), we find
h
ky =k — — ko 3123
2%
In order that equations 3-122 and 3-123 will be consistent, with k.
> kpmr, we must have ky = —ky.  According to 3-118, ks must be

greater than k,, by an integral multiple of §h— 80 that k- must be of the
w

nh . . .
form Pl where 7 is & number in one of the series 0, 1,2,3,0r%, 3, %, + - -
Since we have so far put no particular significance on I, and since ki,

l
depends on [ only, we may put I = n, so that &, = 5’2 . Then

n
h\2 h (1lh
k= é?.-) +§1"r(é;)

by 3:122, or
hz
ky=1(+ 1)4-—1r2: 3124
The possible values of k,, are then
lh h ih
é;'r, (l—l)'2—1'r, -“—‘2-1-; 3:125

and we may specify m by

b= I>m> -1 3.126
27

If 1 is an integer, m is also an integer; if ! has half-integral values, m-
likewise has half-integral values.
We may now write equations 3-105 and 3-106 as

2
MYy m=I10+1) "‘t—§ Yim
4r

h
MzYl. m=m_ Yl. n 3127
27

As these results were derived entirely from the commutation rules, they
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will be valid for any operators whose commutation rules are similar to
those for angular momentum.

With the aid of the operators (M, & tM,) we may obtain the form
of Y, » for the case of a single particle where the explicit form of the
operators is known. We have seen that (M — iM,)Y,, ,, is an eigen-

function of M? with the eigenvalue I(I 4 1) 5 and of M, with the eigen-

value 7—5—’-" - 2-E— = (m — 1) —h- . The eigenfunction (M, — iM,)Y;,
™ ™

is therefore related to the elgenfunction Y1, m—1 by the relation
(Mz - 7vMy) Yl, m = NYI, m—1 3:128

where N is a constant numerical factor. In order to determine N we
use the requirement that Y;, ,, be normalized. We therefore multiply
3-128 by its conjugate and integrate over the coordinates. This gives

f (M, — iM,) ¥y, n}*(M, — iM,) Ty, dr
~ NN* f Y moa¥imadr=N? 3129

since we may choose our normalizing factor to be real. M, and M, are
Hermitian, so that the first integral may be written as

- f {(M, — iM,) Y1, m} "M, Y3, mdr

- f {(M, — iM,) Yy, m}*M, ), dr

= f Y1, mM{ (M, — iM,) Yy, m}* dr
y f Yo, nM{ (M, — iM,)Y), o}*dr
= [Vi (M2 + M2 +QEM - MIMD) Y adr 3130

Taking the complex conjugate of this equation, and making the obvious
substitutions, we have

N"=fY,",‘,,.(M2—-ME+£M,) Yy, mdr

2
- th"’ (10 + 1) — m(m — 1)} 3.131
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so that

(M, — MY = % Vil +1) —mm — 1) Yy, s

- S VTFMA-m D Yy 3182
T
In a similar way, we find

(M, + M)V = o= VI D = min + D Vi, ma

= §h— V@+m+1D0—m) Yi,my 3133
m™

Let us now assume that Y;, (0, ¢) may be written as the product
01, m(0) P (p). Using the operator for M, in spherical coordinates,
we then have

h 9 mh,
— — 107 2 (0)D,, = — 160, m(0)P,, -134
5 5y | OLnOPa(@)} = 5701 m (01 ()] 313
or
d .
"_(I)m(‘P) = ’lm‘bm(tp) 3135
dep
The solution of this equation is
$,,(p) = Nc™ 3-136

In order that ®,(¢) be a single-valued function of position, we must
have

B,(p) = Pnlp +2r) or €7 = gnietn 3-137

This requires €™ to be unity, which is true only if 7 is an integer.

The normalization condition

27 2r
f @, (0)Pm(0) dp = N* f de =1 3138
0 0
gives the value -—1— for N
V2r
In order to caleulate 6;, ,,(®) we apply 3-119 in the form

M, +M,)Y; ;=0 3-139

In spherical coordinates the operator (M, 4 1M,) is

; - _h_ iP ,‘Z ) _'?_)
M; +iM,) = 2 (e % + 2¢*¥ cot %% 3:140
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Equation 3-139 is therefore

h 1
= 2 ile .
27r\/2—e { a0+1,cot0 )9; 1(6)e* } 0 3-141

which reduces to

é%e; 1(0) —lcot 86, :(6) =0 3-142

or
d 9;, 1(9) _ cos 6
91' 1(0) sin 6

Integrating both sides of this equation with respect to 6, we readily find
the solution

3-143

0;, 1(0) = Ny sin' 6 3-144
The normalization factor Ny; is given by
1 Ly
ok f sin® ¢ sin § d9 = —sin® 6 cos 6]F + 2lj cos? 0sin®""1 9 df
i 0
- 2l " sn20—1
a1 . sin 6do 3-145
If the integration is repeated I times, we obtain
1 2021 — 2) - f
— 0do
MTE+ne - 1) 3J, snod
2(2'11)2
= -14
@+ D! 3146

The normalized solution of 3-142 is therefore

0 1(0) = (—1) [ D! + D! 1 g 3.147
2‘1'

where the factor (—1)? has been introduced for our convenience later.
From the expression thus obtained for Y3, ; Y, ,, may be found by
repeated application of 3-132. The result obtained in this way is
equivalent to the following compact expression, as will appear in the
next chapter (section 4e).

Yl, m (0, ¢) =

(=1 [@+D (= |mD! . ditml gin%lg i
2 4r (4 I)!Sm '0 (d cos ¢9)’+'"‘I 3148

where |m| is the absolute value of m.



CHAPTER IV
THE DIFFERENTIAL EQUATIONS OF QUANTUM MECHANICS!

4a. The Linear Differential Equation of the Second Order. We
have seen that the Hamiltonian operator is a second-order differential
operator, so that the equation Hy = Ey is a second-order differential
equation. In order to find the eigenfunctions of H we must therefore
develop the technique of solving differential equations of this type.
For the present we shall confine ourselves to the case of one inde-
pendent variable. The general equa,tion to be solved is then of the form

d?
y J + p(x) Yy g@y =0 41

where p(z) and g(z) are given functions of z.
Suppose that, in the neighborhood of the point z = z, ¥ can be
expanded in the form of a power series
Y = ao + a1(z — o) + ag(x — 20)® + -+ -+ 42
Taylor’s theorem then states that

a) .o, - L(P) .
A = Y=z 0 = (dx)z-zo, 0z = 2'(d$2 T=y ’ ) 43

d%y ) d%y dy
If we solve 4-1 for o2 e find an expression for E—x—é in terms of — o
3
i
d
terms of dx2 , di ,andy. By repeated differentiations we may therefore
find any derivative of y in terms of the lower derivatives. Now suppose

and y. If we differentiate 4-1, we then find an expression for

that at the point & = zy we are given the values of y and % The

differential equation then gives all the higher derivatives, and from
these the constants ag, ai, as - - - in the series 4-2 are determined by

d
4.3. Thus from the values of y and a-i at one point we may determine

! Some readers may prefer to delay the study of this chapter until they require
the specific results for the solution of the equations in later chapters of the text.
48
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the whole function throughout the interval in which the series
converges.

In practice this method usually turns out to be rather clumsy. If,
however, the differential equation can be put in the form

P(x ) +Q( ) +R(x)y = 44

where P(z), Q(z), and R(x) are polynomials in z, the solution is much
simpler. We expand y as a power series in

y=ao+a1x+...+ayx"+... 4.5
and differentiate the series term by term, obtaining
dy ,
3p =t 2zt ¢+ Daga” + e 46
d2
i 2a2 + 3203z + -+ -+ (v + 2)(v + Dayjor” + -+ 47

If we substitute these series in the differential equation, the coefficient
of every power of x must vanish. Putting the coefficient of z” equal
to zero then gives a relation of the form

ay = €101 + CoQyg + -+ + CrO,— 4-8

where the ¢’s are constants. The number of ¢’s occurring in this
expression will depend on the form of the differential equation. Such
a relation is known as a recursion formula; by means of it the whole
series can be found when the first few terms are known.

As a simple example of this process consider the equation

d2
EZ —y=0 49
where P(z) = 1, Q(z) = 0, R(z) = —1. If we put
y=a+ ax +axx® +--- 4-10

and substitute in the equation, we find
0 = (262 — ao) + (3-2a3 — a1)z + -
FIO+ 20+ Dags —al’ 4+ 411
Equating the coefficient of z” to zero gives

Ay Qy_g

%2 = U Do F D) 412
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If we take ap = a; = 1, we obtain the particular solution
2 3

y=ldat+ o+ttt = 413

which is seen to satisfy the differential equation 4-9,
If we attempt to use this method on the equation

dxz+x—+(x - 43y=0 414
we find
0 = —}ao + farx + (Afas + ag)s® +
+ [0 — Da, + a, o)’ 4+ - 415
so that the recursion formula is
-— av_2 .
a, = F— 1 4-16

In order that the constant term and the coefficient of z vanish, we must
have ay = a; = 0. The recursion formula then requires that all the
remaining a’s vanish, so that we get no solution at all. A little con-
sideration shows why this has happened. If we write equation 4-14
in the form of 4-1, we have

Py 1d 1
2+——q+(1—;1?>y=0 417

2
When 2 =0, p(x) and ¢(z) become infinite, so that fll—xg cannot be

found from this equation. The point = 0 is called a singular point
pf the equation. If it is possible to write a differential equation in
the form

d? d
2+ e @+ @y =0 418

where p’(x) and ¢’ (xr) are finite at # = 0, the point = 0 is called
a regular point of the equation. A singular point which is not regular
is called an essential singularity.

In the neighborhood of a regular point a differential equation can
usually be solved by the following method. Instead of starting the
power series with a constant term, we use a series of the form

y = agr? + a1z + agrttE 4 ... 419



LINEAR DIFFERENTIAL EQUATIONS 51

where ag # 0 and L may have any value. Then

W — Lo + (L + Do + -+ 420
d*y —2 I—1
T = L(L - Vagz™* 4+ (L+ 1)Layz“t 4+ - 421

If we substitute these series in equation 4-14, we find
0 = (L2 — aw® + { (L + 1)? — L}az™™!
+{[(L + 2)? — Haz + ao}z™™2 + - -
+ {[(L +v)* — Ha, + ar}z™™ + .- 4-22
which leads to the series of equations
(L? = ag =0
(L+1)?—%la =0

{IL+»)? - 2Ya, + a2} =0 4.23

The first of these is called the indicial equation. Since ag ¥ 0 we
must have L? = 1, or L = +%. The other equations then determine
the other a’s in terms of ag. There are thus two solutions:

y=aox"’{1—£2+—x4+“-} 4.24
6 120

2 4
gl T L .
Y = ax {1 2+24+ } 4.25

If we are interested only in the solutions of a differential equation
which belong to the class Q, it is essential to investigate the behavior
of the solutions at all the singular points of the equation, for if the
exponent L is negative or fractional the function y is either infinite or
multiple-valued and therefore cannot be of class Q.

" Infinite series are at best awkward things with which to work. For
example, it is very difficult to derive the properties of the function sin z
from the series

g
Sinx=x"—"—+“‘-"'—+too 4'26

whereas the properties are easily derived from the ordinary trigono-
metric definition. For this reason the various functions which are met
in quantum mechanics are defined by some other definition than the
power series derived from the differential equation, and are then iden-
tified with this series.
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4b. The Legendre Polynomials. Consider the equation

(1 — 2% % + 2nzy =0 4.27
If we write this in the form
it may immediately be integrated to give
y=c(l—2a%)" 4-29

where ¢ is any constant. If we differentiate equation 4-27 (n + 1)
times, the result is

dn+2y dn+
d.’l;n+2 dx”"‘

which may be written as

(1—2%)

Y+ nn +1)—=0 430

1- xz) — — 2x + n(n + 1)z = 4.31

where

d™y ar
29 2 (1 - 4.32
o =c— (1 — 2"

Equation 4-31 is known as Legendre’s equation. The particular
solution

1 a2y .
Tl 2o x*—-1) 433
is called the Legendre polynomial of degree n. [Po(z) is defined to
be unity.] It is possible to show that these functions form a system
of orthogonal functions in the interval —1 <2 <1, and also that these
polynomials are the only functions of class @ which satisfy equation
4-31 in this interval. As these functions are special cases of a more
general set of functions which we shall now discuss, we shall prove
these statements only for the general case.

4c. The Associated Legendre Polynomials. If equation 4-27 is
differentiated (m + n + 1) times, we obtain the equation

+nt2, +ntl,y,

(1-2% Z:m-l-n+2 2(m+ Ve ——ey od{:mﬂ+1 +

z=P,(z) =

+ny
m4+n+1)(n~— )dm =0 434

d$m+”
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which may also be written as

(l—xz)d—2—2(m+1)x-‘?§+(m+n+1)(n—-m)z=0 435
dx? dz

where
dm+ny ar dm+"
z = R = d—x;P n(z) = cdx'”+” 1 — z?)» 4-36
Let us now put
z=u(l —2%)"2 4.37
Then
dz du mau -2
d’z [d2 2mzx  du m m(m + 2)a:2> o
d';'é dx2+ 2dx+(1—-x2+ 1= )2 u}(l—x)

so that the differential equation for u is
m2
(l—xz)——-—Z:c——+(n(n+1) -——~;—§)u=0 4.38

This equation is known as the associated Legendre equation, and the
function u, denoted by u = Py (z), is called the associated Legendre
polynomial of degree n and order m. From equations 4-36 and 4-37,
we see that

Plx)=Q01- x2)2z =(1~- ::;2)2ﬂ P(x) 439
or, using 4:33,
a- x2)2 drtm
P*(zx) = Tl g (x% = 1)* 4.40

It is apparent that PJ(z) = P,(z). Also, since P,(z) is a polynomial
of degree n, P7p(zx) is zero if m > n.

We shall now show that the functions P7(z) and P7*(z) are or-
}ﬂ?ﬁ%in the interval —1 < 2z < 1if I £ n. The equations arising
rom =38 satisfied by these functions may be put in the form

2
L R N
- X

%{(1 — a?) %m} +{n<n+ 1) -

%{(1_ )dz} {z(z+1) ’”:2}})?=o 442
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If we multiply 4-41 by PT" and 4-42 by Py and subtract, we obtain

{1 (25 - pp200)]
o {(1 z%) (P = Py 7

+{ntr+1) -1+ D}P"PP =0 443
Upon integrating between —1 and 41, the first term vanishes because

of the factor (1 — %), so that, if n # I, we have

+1
PR (z)P(x)dz =0 444

In order to normalize these functions, let us now consider the integral
+1 + d™P, d"P
™ )2 da = g dind T
[ e@ra= [ a-ert S
oy APy d™1P, P
= — 22\m nZ - "
[(1 T dz™ dxm—l]
Hgnip, d {(1 — 22y arpP,
_1 dz™ T dx dz™

If 4-27 is differentiated m + n times, and the result multiplied by
(1 — 2%)™1, we obtain

g=—1

} dr 445

amtip, da"pP,
(1 — xz)m dxm+1 2,mx(1 — x2)m——1 o
—1
+®m+mn—m+1)A — )™ d;m_l_)l =0 446
which is equivalent to
d 2\m de"‘
sl gl
—1
=—Mn+mmn-m+1)Q1A - xz)""l%m_—-li-;' 447
Substituting this result in 4-45, we find
+1
S, mrere
+1 dm—-an 2
=mn+m)n—m41) —-1 1- x2)""1 [W] dx

+1
=ot+ma-m+1) [ PP s 448
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If this process is continued, we finally arrive at the result
+1 n+m
[T repas = Lt
-1 m)!
This last integral can be evaluated by means of the explicit expression
4-33 for P,(xz). We have

[Pn(x)]2 449

+1 1 +1 dn
f} PP s = o [ 6 —1)"——-(x — 1) dr 450

Integrating by parts n times, this reduces to

_1\n + n
S " P = ED [ - - e
-1

- PRIk dz*"
—1\n -+1
= :2"3]2 f_l (x? — 1)™(2n) ! dx
1 +1
- [%?T]a f A-ar(tords 451
Since
+1 n +1
f A= terdr =t [0 -arta e
_ nln —1)--- ) S _
T+ Dm+2)- --2nf_.1 (L +2)™ = (2n)! 2n + 1) 4:52

equation 4-49 may finally be written as

+ _(n4m)t 2
m 2 -4
_f_l Pr@F ds = (2ot 453
‘ o . 2n 4+ 1 (n — m)!
50 that the normalized functions are \/ 5 ot m)! P (x).

4d. The General Solution of the Associated Legendre Equation.
Up to this point we have been concerned with particular solutions of
Legendre’s equations 4-31 and 4-38. We shall now show that these
are the only solutions for the interval —1 < 2 < 1 which belong to
class Q. Since 4-31 is a special case of 4-38, we shall discuss 4-38 for
the sake of generality; the results, of course, will hold for 4-31 as well.

Equation 4-38 has two singular points, x = 1 and x = —1. If we
make the transformation x = £ 4 1, the resulting equation is

QEE+ 1) du £ m? ) _
vz +( e alenrTe Kl

2
3 d£2+
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which is of the form 4-18, with

o _ 26+, E om
YO ==y @ = —ne+ D) - g 455

Since these functions are finite for £ = 0, the point ¢ =0 (x = 1) is a
regular point. If we now clear of fractions we obtain our equation in
the form of 4-4

du du
2y ¢ U 3 2 au
(&* 4 488 + 4¢ Tz + (28 4 6&° 4 4¢) T

+[-nn+ 1) —2n(n+ 1)t —m*u=0 456

Substituting for » the power series

u = agtl + aiglt 4. .- 4-57
we obtain the indicial equation
AL(L — 1) 4 4L — m? = 0; L==1="§' 4.58

m
If we take m real and positive the series beginning with ¢ 2 becomes
infinite at £ = 0 in such a way that the square of the function is not
integrable, and so the resulting function is not of class @ in a range
including the point £ = 0 (z = 1). The solution which remains is,
returning to z as the independent variable,
u=(z— 1% (@ +az+---) 4-59

A similar analysis of the other singular point shows that » must also
be of the form

m
w=(x+1Z%(a +a'z+:--) 4-60
Now the function

w=(1 =22 (bo+bz+--+) 461

m
is of the form 4-59 if we expand the factor (1 4 z)2 and also of the

m
form 4-60 if we expand the factor (1 — )2, so that the requirements
at both singular points are satisfied if we put

u=(1—-2%2%z z2=0by+bz+.-- 4-62
The differential equation satisfied by z is

1 - z?% @fﬁ —2(m + l)xg-z—+ mn+1) —mm+1]z=0 463
dz? dz
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giving the recursion formula for the coefficients in 4-62
O+ D+ Dbua = b — 1) + 2(m + 1)y

—nn+1) +mim+ 1P, 464
If » — m is an integer, we find that, for the particular case in which
v =n — m, byp_myo I8 zero, and thus the alternate coefficients bp—my4,

bn—my6, - - - are also zero. Therefore if the solution is written in
the form
z=b0(1+m(m+1)2—n(n+1)x2+n_)
1 2) — 1
+b1( (m + )(m-l;’z) nin+1) ) 465

either the even series or the odd series degenerates to a polynomial
of degree n — m. The complete solution of 4-38 is therefore

u= (1 —2%)2z = AP™(z) + BQ™(x) 4-66
where Q7'(x) represents the series which does not terminate. The
terminating series must, of course, be the polynomial P7'(z) which we
have already studied. Since
{),_+_3 v — 1)+ 2(m + v — n(n + 1) +m(m+1)

by ¢C+DE+2)

lim b;)*’ 1 467

p—300
the series for @' converges for —1 < z < 1, but at the points z = 1
the series becomes divergent. The function [Q7(x)]? is therefore not
integrable over the range —1 < 2 < 1 and hence is not of class Q in
this range. We therefore see that, aside from a numerical factor,
Py (z) is the only function of class @ which satisfies equation 4-38 in
the range (—1, 1). If n — m is not an integer neither series ter-
minates. The same considerations which were applied to the function
Qr apply here to both series, so that there is no solution of 4-38 which
belongs to the class Q.

4e. The Functions 0;,(8) and ¥; ,(6, ¢). We will now establish
the connection between the functions ©;, ,,(6) introduced in the pre-
vious chapter and the functions P} (x) discussed above. We there
derived the results:
2

MY, ,, =10+ 1) 4"7 Yim 4-68

h )
MY, m=m—Ym 4.69
27
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1 .
Y, » was found to be equal to —=0;, ,,(§)e*™?, where m is an integer.

Ver

Using for M? the expression in spherical coordinates (3:99), we obtain
as the differential equation for ©,, ,,.(0)

d delm
s;m()df)(1 o do ) SinZ 091m+l(l+1)61, =0 470

or
d*6;, ,m . cos0 dOy m m?

& Tsno b {l(l +1h =

In order to be an acceptable solution, ©;, ,(8) must be of the class @
over the range 0 < 6 < 7. Let us now make the change of variable

z = cos 6. Then

}sz-—-O 4.71

d d d? d? d
i —~sm0dx e = sin® 0%2 — ¢os Og-x 472
and equation 4-71 becomes
2 m2
(l—xz)%‘_{ﬁ——%dzm {l(l+1) }9;,,,-—0 473

Expressed as a function of x, 6;, ,, must be of the class @ over the range
—1 <z <1. Comparing 4-73 and 4-38 we see that O; ,, must be
identified with 4 = P™. Since m enters equation 4-73 only as m?,
we must have 0;, ,, = 6;, _n. The exact identification is, therefore,
for the normalized functions:

20+ 1 (I — |m|)!

0, ..(0) = P™(cos 6 74
l,m() J 2 (l+ m)! & (COS ) 4

where |m| indicates the absolute value of m. Further, since m is an

integer, and since equation 4-38 or 4-73 has an acceptable solution only

if I — m is an integer, [ must be integral valued. From 4-40, we see

that the explicit expression for ©;, ,,(6) is

(= 1)} \/21+1 G EO TR SilC ) .

211 2 U+ mD1 ™™ ° (d cos 0)F™

The explicit expressions for the normalized associated Legendre poly-
nomials are given in Table 4-1 for [ =0, 1, 2, 3. The normalized
spherical harmonics Y, (8, ¢) are obtained by multiplying ©;, ,(6)

0, m(0) =

1
by ®nle) = ;72———1; e
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TABLE 4-1
Tae Normarizep AssocIATED LEGENDRE PorLynNoMIALs 6; ,4(8)

1
1=0, m=0 60,0 = —F%=

vV
=1 m= 01,0 = %COSG
l=1 m= =1 01, 41 = %Sinﬂ
1=2 m=0 93, 0 =\/§(3cos"’6—1)
1l=2 m= =1 02, 41 =\/1—_—;isin00050
1=2 m===%2 03 13 ="V}5sin?0
1=3, m=0 03,0 = V82 (§cos®d — cosh)
=3, m=3xl 0341 = ‘/.’-3;—19:(500520 — 1)sing
1=3 m= +2 93,i2=@sin26coso

8
I
H
@

1=3,

03, 43 = %—g- sin® @

4f. Recursion Formulas for the Legendre Polynomials. In our
later work, we shall have occasion to evaluate integrals of the form

fez, m COS 0 Oy, o dr and fez' m 8in 0 Oy, e dr
The evaluation will be greatly simplified if we have available explicit

expressions for the quantities cos 8 P{™ (cos 6) and sin 6 P} (cos 6)
in terms of a series of Legendre polynomials. From the formula

P@) = = & 2 — 1y 476
N T A
it can readily be shown that the equations
d
@+ 1)P; = o (Pry1 — Pry) 477
’ d d
and (l + l)Pz = E Pz+1 — 2 d-; Pz 4'78
are valid. If 4.77 is differentiated m times and the resulting equation
m-+1

multiplied by (1 — 2%?) 2 we immediately have, using the definition
4-39 for the associated Legendre polynomials,

@+ 1)1 — 2P = PRt — PRt 479
Differentiating 4-78 (m — 1) times, we have
d"'P;  d"Py, __da"P

d™lp,
dxm—l - dx™ z dz™

dxm—l

a+1) e m—1) 4-80
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Multiplying this expression by (2l 4 1)(1 — a:z)g and rearranging
gives
(2 + )PP = (21 + 1)Pf; — (L4 m){(2L + 1)(1 — z*)%PpY}
= (2l + )PP, — (I +m){Pn, — PPy}
=(l-m+ 1P+ (+m)P, 4-81

If equation 4-27 is differentiated (m 4 ) times, the resulting equation
for P, is

a"tip a"P arip
dxmﬂ’ — 2ma -——‘+ A+m)@—-m+1) dx,,,_,’

(1—2% =0 482

We now multiply by (21 4 1)(1 — 11:2)§ and rearrange, obtaining
@+ 1)(1 — 2?ypPpH
= 2m (2l + )zPP — (I +m)(l — m + 1) (2L 4+ 1) (1 — 2?)*P1 4.83

Substituting for the terms on the right their values as given by 4-79
and 4-81, we obtain

@+ 1)1 — %Pt = PRy{m — 1)@ — m + 1)}
+ PR+ m)( + m + 1)}
or, replacing m by (m — 1),
@+ 1)1 —-2)PP = —(1l—m+ 1)1 — m + 2)P77!
+ @+ m)T+m— )PP 484
Expressing equations 4:79, 4-81, and 4-84 in terms of cos 6§ = z gives us
the desired relations

cos OP™ (cos §) = T + ] {@ = |m| + 1P (cos 6)
+ (I + |m])PI"; (cos 6)} 4-85
gin P} (cos §) = { P (cos 0) — P|™[*'(cos 6) 486

l-l—l

{ @+ |m)) @+ |m| — 1)P™ " (cos 6)
— (U~ |m| + 1) = |m| + 2)P|7 (cos 6)} 4-87
4g. The Hermite Polynomials. Consider the equation

2l+1

3—% +2xy =0 4-88
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The solution of this equation is readily seen to be
Yy = ce™ 4-89
If we differentiate equation 4-88 (n + 1) times, we get

dxz + 21: + 2n+ 1)z =0 490
where
— d"y _ ar 2
2 i cdx” () 491

z is a function of the form w(z)e ', where u(z) is a polynomial of
degree n. Substituting this expression for z in equation 4-90 we find
that u (z) satisfies the equation

2
gx—‘z‘-zx‘il’—‘+2nu~o 4.92

Equation 4-92 is known as Hermite’s equation, and the particular
solution obtained by putting ¢ = (—1)" is known as the Hermite
polynomial of degree n. The usual symbol for these polynomials is
H,(x); explicitly

Ho@) = (~1)° o () 403
The first five Hermite polynomials are:
Hyo(x) =1 Hi(z) =2z
Hy(x) = 42® — 2 Hs(x) = 8% — 12z
Hy(z) = 162* — 4822 + 12 4-94
In general
—_ n—2
e
—_ — — n—4
+ n(n — 1)(n 22)!(7& 3) (2z) n 405

Differentiating this series term by term, we find

dH,(z) _ 1 (n—1m—2) i
= = 2n{(2x) 1 —n (22)"% 4

= 2nH n—1 (x) 4-96
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Differentiating once again, we find
dan (.’.D) = 2 dHn—l (x)
dz? dz
If we now substitute 4-96 and 4-97 in the differential equation 4-92, we
obtain the useful recursion formulas

dn(n — 1)Hy g — 4nzH, 1 + 2nH, =0
2H,y = (n - I)Hn—-2 + %Hn

or, upon replacing n by n 4 1, we obtain the relation analogous to
equation 4-85 ’
tHy = nHpq + $Hoyy 499
= —

We shall now show that the functions H,(z)e 2 form an orthogonal

get in the interval (— «, ©). Let m be less than n; then

. [ - Ll

(-1 H,(x)H,(x)e ™ dx = H,,,( ) dz 4100

-0 . . . —00

=4n(n — 1)Hp 2 4-97

4-98

Integrating by parts, we have

© n—1 —x’
1 [ Hu@ @) da H’”%—_l—(——)]
-—00 —00
dH d™1(e™)
- T e s

The first term on the right is zero, since ¢ " and all its derivatives

dH,,
vanish at £ = = ©. Replacing = by 2mH,,.__1, we have-

n—1

" B @@= o [ B

-—00 -0

e de 4102
7/

Repeating this process, we finally obtain

®© 0 qar—m

Hyu(@)H,(@)e ™ de = (—1)""2"m! Ho(x)

—w dx™ ™

dn-—m—-l

(¢ 'f’) dz

-0

= (—1)"+"~2va|: —z’)]:’ =0 4103

s

da;n—m—l (

If m = n, the same process leads to

0

[Ha@)P dz = (—1)%2"n! e dr = 201 Vr 4104

-—00 ———
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2
We have thus proved that the functions ——=— H,(z)¢ 2 form a
@ n!\/vr)%

normalized, orthogonal set.
We must now show that these polynomials are the only solutions of
equation 4-92 belonging to the class @ for the range (—o,«). As
there are no singular points in this equation (except z = ), we
may expand our solution about any point. Expanding about the
origin, we find the recursion formula for the coefficients in the series

U =ag+ a1z 4+ axx®+ ... 4.105
to be v+2)r + Dayz + (2n — 2)a, =0 4-106
so that the solution is
22 -1
u=ao(1—nx2+n nx4+---)+a1(:c—(n3 ):va+-n) 4-107
Since lim ‘%“- = —, the series always converges. In the series
y—>®© v 4
. 134 x2v
=14+ +=+ - += 4-108
2! v!
a, = for » even; a, = 0 for » odd, so that lim Dotz _ 2 We
(v/2)! y—w G, Y

therefore see that the series 4-107 behaves like ¢ near z = + .

But neither ¢?* nor ¢** is integrable from — o to «, so that neither »
72

nor ue 2 is a function of class Q. If n is a positive integer, one of the
two series in 4-107 reduces to a polynomial, which will be a constant
x2
times the particular solution H,(z). Then, as we have seen, H,(z)e 2
is quadratically integrable and hence is a function of class Q.
4h. The Laguerre Polynomials. The polynomials L,(z), of the
ath degree in z, are defined by the equation

Ly(z) = €° ;_F‘ (z%™®) 4-109
and are known as the Laguerre polynomials. The Sth derivative of

L,(z), called an associated Laguerre polynomial, is denoted by L2(z).
The general formula for the associated Laguerre polynomials is

Az) = (—1)° _— ﬁ)!{ a—B _ a(al*!— 8) 761
da—IXajﬁﬂa— "Dx”**+-~} 4-110
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The Laguerre polynomials are not orthogonal functions, but the func-

z
tions e 2L,(z) form an orthogonal set for the interval (0, ). In
order to prove this, consider the integral

00
f € 2L, (z) dx = f
0 0

If we integrate by parts v times, we find

f " () dn = (— 1)y f T ey i
0 a - v o dxa——-'y

0

Y El—; (z%¢ %) dx 4.111
dx

For v < o, this gives
Y @) do o “_I]w 0 4
‘-/; e a(x) = (—" )7.[&';;;77: (x € ) . = 112
while for ¥ = a we have ‘
00 00
f T La(z) dr = (—1)%! f 2T dr = (—1)%(al)? 4113
0 0 ) H
Since L. is a polynomial of the yth degree, 4-112 gives

00

[ L@@ =0 y<a 4114
0

or, exchanging the roles of o and v,
00

f L, () La@)dz =0 y#a 4115
0
The highest power of z in L, (z) is (—1)%z®, so that

00

f ) € *[Lo(x)2 dx = (—1)* f 6 2Ly (2) dz = [«]2 4116
0 0

-z
The functions —1—! e 2L,(z) therefore form a normalized, orthogonal set.
a

To show the orthogonality properties of the associated Laguerre
polynomials, we consider the integral

00 00 dB
j; e 2LE dy = j; e s L da 4117
Integrating this by parts g times gives

0 0 8
f e LB dx = (—1)F f Lq -d—ﬁ (e%z") dx 4.118
0 0 dx

as the integrated part always vanishes. The first term in % (e7%x7)
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is (—1)%¢ "z, For y < o, we therefore see irom 4-112 that
00
f e *r'Ledx = 0
0

Now the function zPL? is a polynomial of degree v, so that we have

the result
00

_/; e 2PLEdx =0 y<a 4-119
or, since @ and v may be exchanged
f i ¢e*PLALSdr =0 y#a 4120
) (—1)%!

For v = a, the first term in zL2 is We therefore have, by

4.118 and 4-113,
00 - a ' 0

f e *tPLALE dx = (Z1)%! f e 2L dx
0 0

«—pn"

(a—B)!
=E_T_1)_;°)‘: f e"”x"‘Ladx=z—(39%—)' 4121
a — ‘Jo a — :

—B8)! -z 8
The functions 4 /%—'5-’2—)— e 222 Lf therefore form a normalized orthog-
3]

onal set in the interval (0, «).
In the theory of the hydrogen atom we will need the value of the in-

00
tegral f e P HLELE dz. By expanding 2°T!LE by means of 4-110,
0

and retaining only the terms in 2*t! and z*, since lower powers of z
will integrate to zero, we have

fw e—zxﬂ-l-ngLgdx o (—1)aa![fw e—xxa+lL£dx
0 (=8B! Jo

— ala — B) f eozeLf dx} 4122
0

Using 4-118, and retaining the first two terms in the expansion of

8
(%:—B (e7%z**1), this reduces to

fw e""x‘”‘leLﬁdx —_ ("'].)a‘a![‘]‘o° e—-—zxa+lLad$
0 (@—B)!Wo

— Bla+1) + ala— )] fo 2L, dx} 4123
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The last integral has the value (—1)%«!]?, according to 4-113. For
the first integral, we have

f 2got, dy = f x“"’l 4 (:c ) da
0
or, after integrating by parts « times,

f e Ly de = (—1)%(a + 1)! f z*tle™ de
0 0
= (=1)(a+DI? 4124

Substituting these values in 4-123 gives us the final result

fw e P ILLLE dy = (a—!)t’»_ {(@+1)2 = [Bla+ 1) + ala -8}
0

(@ — B!

In order to find the differential equations satisfied by the Laguerre
polynomials and their derivatives, consider the equation

dy
z o+ (x— o)y =0 4126

which ig satisfied by y = 2% . If we differentiate this equation
(a + 1) times, we find

d* dz
xa-a;,+(x+1)ga—;+(a+1)z=0 4.127

where

_ %y
dz*

Substituting this value of z in equation 4-127 gives us the differential

equation for the Laguerre polynomia,ls

da
2 = o (%) = € Lo (x)

d;i; +(1—x)——+aL -0 4128

and differentiating this equation 8 times gives
d2 +(B+1—x)-+(a-—ﬁ)u=0 4-129
where u = d;jg = L as the differential equation for the associated

Laguerre polynomials.
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We shall now consider the general solution of this equation. The
point z = 0 is a singular point, but it is regular, so that we take as our
solution the series

u = apr” + ayzttt 4 ... 4130
Substituting this series in 4-129 gives the indicial equation
LL+B)=0 L=0 L=-3

The series beginning with 2™ cannot be of class @ in any region in-
cluding the point £ = 0; therefore there remains only the series

u = ag + ayx + agx? + - - - 4131
The recursion formula for the cocfficients is readily found to be
C+B+DE+Day = (+8—aa 4-132

so that

.a 1
lim = ==
v

y—oo @,

The series always converges, but, as v — o, the limiting ratio of the

coefficients is the same as that in the series expansion of ¢*. Hence
z B
the function u is not of class @, nor is e 2x2u unless the series terminates.

This is possible only if & — 8 is an integer greater than zero, in which
event we have a constant multiple of L8, Where we shall use this
function, 8 will be a positive integer, so that « must be an integer
greater than B if there is to be a solution of class Q.



CHAPTER V
THE QUANTUM MECHANICS OF SOME SIMPLE SYSTEMS

In this chapter we propose to treat by the methods of quantum
mechanies certain of the simple systems for which the Schrodinger
equation can be solved exactly. These systems are an idealization
of naturally occurring systems, but the consideration of them is not
without value, as they furnish an insight into the methods of quantum
mechanics and give results which are useful in the discussion of many
problems of physical and chemical interest.

ba. The Free Particle. The simplest imaginable system would be
a particle of mass m moving in the = direction under the influence of
no forces. The classical Hamiltonian function for this system is

1 2

where the value zero has been chosen for the constant potential V.
The eigenvalues E, for the energy are given by the solution of the
equation

K d%
TEemat T 52
A possible solution of this equation is
2 ot
Y =N(E)er 53

In order that the wave function remain finite at £ = =+ 0, the quantity
V2mE, must be real, and so E; must be positive. As this is the only
restriction on E,, we conclude that all possible values of E, from 0 to
+ « are permissible; that is, we have a continuous spectrum of energy
values. Classically, the energy is related to the momentum by the

. 1 .
relation E, = 2m pZ, so that in terms of the momentum we may write

pua Ve
¥ =N(p)eh ¥ 54
Let us now calculate the average value of the momentum associated
68
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with the wave function 5-3. According to equation 3-68, this is

h 98
=f\l'*(%‘5; vdz

[vva

An equally valid solution of equation 52is

De = \yszz =V P: 55

v27'lEzz \/p—

¥ = N(Ez)e = N(Pz)e 56
The average value of the momentum associated with this wave function

——\/;2. The wave function 5-4 therefore represents a state in which
the particle is moving in the 4z direction with the definite momentum

\/172; the wave function 5-6 represents a state in which the particle
is moving in the —z direction with the same absolute value of the
momentum. Let us now consider the probability that the particle,
in the state represented by 5-3, will be in the region between z and
z + dr. According to Postulate I, this is y*¢ dr = N*N dz. We
thus see that all regions of space are equally probable, so that the un-
certainty in the position of the particle is infinite. This is, of course,
required by the uncertainty principle, for, if Ap, is zero, as we have
found it to be, Az will be infinite in order that the relation Ap, Az ~ h
will be true. Any linear combination of the solutions in 5-3 and 56
involving the time

o Vot  — 20

o= NE)er e R 538
2miEgy
Y =NEe b "R 568

15 auso a solution of the wave equation

8r%m 0x®  2mi at"’

If we take the combination representing the sum of all possible wave
functions 5-3a and 5:-6a, the waves will reinforce one another at some
particular point £ = zo and will interfere everywhere else, so that in
this event the particle can be located exactly. However, the uncer-
tainty in the momentum is infinite. A more complete analysis® shows
that the smallest possible simultaneous uncertainties in position and
momentum are governed by the relation Ap, Az ~ h; in this way
the uncertainty principle is derivable from our fundamental postu-
lates.

1R, C. Tolman, Principles of Statistical Mechanics, Oxford, 1938, p. 231.



70 THE QUANTUM MECHANICS OF SOME SIMPLE SYSTEMS

6b. The Particle in a Box. We now consider a particle of mass m
constrained to move in a fixed region of space, which for simplicity we
take to be a rectangular box with edges of length @, b, and ¢ and volume
v = abc. The potential ¥V may be put equal to zero within the box;
at the boundaries of the box and in the remainder of space we put
V = o, We take our coordinate system to be the cartesian coordinate
system with the origin at one corner of the box and the z, y, and 2
axes along the edges of length a, b, and ¢, respectively. The potential
energy is then

V=0, 0<z<a; V,= o otherwise
V,=0, 0<y<b; V,
V.=0, 0<z<¢; V,= o otherwise

o otherwise

Il

Schriodinger’s equation for the system is
2y %y Yy | 8
T 5 - v =0 57

We have a differential equation in three variables. In order to solve
this equation we seek a solution of the form

Y = X(@)Y(y)Z(2) 58

where X (z) is a function of z alone, ete. If we now put V=V,+V,
+ V., and substitute 5-8 in 5-7, we obtain

1 9X(x) 1 62Y(y) 81rm

X@ o TY@ o &=V “2;"; .
1 90“Z(z 1rm
C Z@) 92 + Vs 59

On the left we have a function of z and y only; on the right, a function
of z only. If we vary z and y, keeping 2 constant, the right side re-

mains constant; therefore the left side must be a constant. Let us
2

hzm E,. We then have the equations

call this constant
d*z (z) 8« 'm
dz?

1 %X (x) 8r?m
X(x) ox? 7;1.2 (B - B; = Vs)

(B, = V)Z() =0 5-10

_ 1 a”Y(y)_l_Swzm
Y@ o h?

vV, 511
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By the same reasoning followed above, both sides of this last equation
2

. 8 L
must be equal to a constant, which we call —%;-ZE,,. This gives us the

additional equations

2 us

A, b ’"(Eu V)Y (@) =0 512
2

20 B @ - vax@ =0 513

where, in 5-13, we have put E = E; + E, + E,. We thus have three
differential equations, each involving one variable only, and which are
thus readily solvable. Let us consider first the equation in z. Since
Vs = o for £ > a, £ < 0, 513 will hold in this region only if we put

2
>.¢ .
X(@z) =0, (zjd;(::—) = 0. For the region inside the box the equation is
d’X (x 8n?
e ) - B.X () 514
for which the general solution is
278 o
X(z) = Aot S 4 pyw VI 515
or
RS T — Ry —
X(@) = A" cos 7 V2mE, x + B sin 7 V2mE,z 5-16

In order that the solution for the region inside the box join smoothly
with the solution for the region outside the box, we must have X (z) = 0
at £ =0, z =a. The first of these considerations requires that

2r .
A’ = 0; the second requires that —;L—r V2mE, a = n,w, where n, is an

integer (not including zero, as this value of n, would make X (z) equal
to zero everywhere). This limitation on the nature of the wave
function at the edge of the box requires that the energy be quantized
that is, only those values of the energy given vy

nZh?
Ex='81—ma§ n,,=1,2,3,--- 517

will give an acceptable wave function., This wave function may now
be written as

X(z) = B sin Zl—‘-z- z 518
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The normalization factor is given by the integral
a a
f (X @) dz = B'? f sin? (—'ial' )dx =1 519
0 0

2
which gives B’ = \/(;. The equations in y and z are solved in the
same manner. The final results are therefore

Nn,w

- - /8 P o sin 7 4 sin "
v, y,2) = X@)Y[W)Z() = o sin = . Z 2 sin b y sin . e

8
= \/ sin BT z sin i y sin ____n i 5-20
v a b

E=E,+E,+E, = + z) 521

where n,, ny, n, = 1,2, 3,4, -+ -, These results will be of importance
in connection with the theory of a perfect gas, and also in the theory of
absolute reaction rates.

6c. The Rigid Rotator. The theory of the rigid rotator in space will
be of value in the discussion of the spectra of diatomic molecules. As
an idealization of a: diatomic molecule, we consider that the molecule
consists of two atoms rigidly connected so that the distance between
them is a constant, B. As we are not interested here in the transla-
tional motion of the molecule in space, we may regard the center of
gravity as fixed at the origin of our coordinate system. Suppose that

the polar coordinates of one atom are a, 6, ¢, where a = — Tz ,
my + mg
and m; and my are the masses of the two atoms. The polar coordinates
of the other atom are thenb, 6, ¢, where b = ——:I_—- R. The kinetic
my

energy of the first particle is

mi [ (dm* | (dn)’ %2]=@f[d0) oY’
2 [(dt) +(dt) +<dt> 2 (dt + sin’ o(dt)] 522

Similarly, the kinetic energy of the second particle is

)+t (G)]

so that the total kinetic energy is

= e (G) oo ()
T = 2 @ + sin2 ¢ 7 ] 5-23
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If we put mya® + mgb® = I (the moment of inertia), then the kinetic
energy may be written as

_IT(deN: | 5, (de)
_2[(dt T sin 0<dt>] 524

which is the same as that of a single particle of mass I confined to the
surface of a sphere of unit radius. From the expression for the La-
placian operator in spherical coordinates (Appendix IIT) we see that the
Hamiltonian operator is

L EIL2(22) L 2 (o 2)
" 8r%m |2 or % sin 9 90
1 9

+rzsm 6 92

If no forces are acting on the rotator we may put V = 0, and, putting
r =1, mr? = m = I, we find that Schrodinger’s equation is

1 9 a¢) + 1 %y 81r'“’IE

— 0_.
sin 0 90 90 sin? oaz+

We have once again a differential equation with more than one inde-
pendent variable, so that we look for a solution of the form

]+V 525

y=0 5-26

¥ = 0(0)2(p) 5-27
After making this substitution we may write equation 5-26 as
sing 9 SWZIE 2 1 8%
— i i = —_——— -2
5 3 (s + ———sin® 6 95 5-28

By the same line of reasoning as was employed in the previous section
both sides of this equation must be equal to a constant, which we take

equal to m2, We thus obtain two differential equations
d’o .
t_i—wi = —m-P 529
1 a6 90 m? 8n’IE
sin 6 ao( n0%)  snzs Ot T ©=0 530

Equation 5-29 is seen to have the solution
®(p) = ce*™? 5-31

We have previously shown (section 3h) that this is an acceptable wave
function if m is an integer; the normalized solution of 5-29 is therefore

ol

1 .
‘I’(‘D) = ‘p:hm((’) = .———( /2 esme m = 0’ 1, 2! 3. 5-32
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2
In equation 5-30, let us replace —5— 8 by l(l +1). This equation then

becomes

3 90 m?

0-— = 5-33
sin 6 80( sin? 6
which is identical with equation 4-70, and therefore has acceptable

solutions only for integral values of I; > |m|. The normalized
solutions of 5-33 are thercfore

— !
0(0) = 01, 1n(0) = \/2l;_ - g + ZZBI

The restriction on [ requires that only those values of the energy given
by the relation

P!™ (cos 6) 5-34

h?
E—§7—'_2—Il(l+1) 1=0,1,2,3-.- 5:35

are allowed. The total wave function is, of course,

¥ = 6, :!:m(o)q);i:m(ﬂp) = YZ. +m (07 ®)

As we have seen in sections 3h and 4e, these wave functions satisfy
simultaneously the equations

h2
M?Yy, m =11+ 1) o Yi, im
A 5-36
MzYl_ im = +m Zr Yl' +m

In addition to being eigenfunctions of the Hamiltonian, with the eigen-

2
values for the energy E = h l(l + 1), these functions are also

eigenfunctions of the total angula,r momentum, with the eigenvalues

M2 =10+ 1)

o and of the z component of the angular momentum,

with the eigenvalues M, = :I:m§h4. All these variables thus have g
m

constant value simultaneously. In general, when only two coordinates

are needed to describe a system, we would expect only two dynamical

variables to be simultaneous eigenvalues. The reason that we have
three here is that classically there is a relation between the energy and



THE HARMONIC OSCILLATOR 75
2
the square of the total angular momentum, this relation being E = >
which is also true for the eigenvalues given above.
6d. The Rigid Rotator in a Plane. As a special case of the above
problem, let us restrict the motion to rotation in a given plane, which
we may without loss of generality take to be the zy plane. In this
event, 6 has the constant value of 90°, so that equation 5-26 becomes
d*y _ 8r2IE
de® h?
Comparing this with 5-29 we see that the eigenfunctions are ¢ = &_.,,(¢)
2

h
821

¥ 5.37

m2. These eigenfunctions for

with the energy eigenvalues E =

. . . h
the energy are also eigenfunctions for M ,, with the eigenvalues +m o
™

6e. The Harmonic Oscillator. Many systcms of interest can be
approximated by harmonie oscillators; for example, the vibrations of a
diatomic molecule and the motions of atoms in a crystal lattice can be
treated to a first approximation as motions of a particle in a harmonic
field. A harmonic oscillator is a particle of mass m moving in a straight
line (along, say, the z axis) subject to a potential V = 3kx?, so that
the force on the particle is —kz. Classically, the equation of motion is

d%x
mog = —kz 5-38
with the general solution
z = a cos 2mv(t — 1y) 5-39

1 |k
where a and {, are constants and » = o \/% . The kinetic energy is
™

dt

2mn?v%a? cos? 2rv(t — 1p), so that the total energy is B = 2ma*’%a? =

dx\? .
Fm (__:_c) = 2mnr2%a? sin® 2rv(t — 1); the potential energy is 3kx? =

ga""; all positive values of E are allowed.

The classical Hamiltonian for the system is
_ 1 2 ko,
H = om P + 2% 540

so that the Hamiltonian operator is

Bod k,

H=—-§1r—2n;d—x—§+§:v 541
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The wave equation for the system is therefore

2
%+8’;2m(E— —x)¢ 0 542

and our problem is to find those functions of class @ which satisfy this
equation. This equation may be rewritten as

Z:ﬁ + (a = %)Y =0 543
where o = 8—7;;ZL E, B= 21r\;mk . We can further simplify this
equation by making the change of variable ¢ = v E z. Then d%; =
B g—; , and the equation in £ becomes

:l;f + <~ - 22)4« 0 544

Let us first see what form we must take for ¢ (¢) for very large values
of ¢ in order that we may have an acceptable wave function. For

sufficiently large values of ¢, % may be neglected in comparison with
£2, so that in this region ¥ (£) must approximately satisfy the equation
d*y

i £y 5-45

e_’

The solutions of this equation are approximately ¢ = ce 2, since
d2 1]

T (e 2) =e 2 (82 = 1), and the factor =1 may be neglected in
comparison to 2 in the region of large £. We cannot use the solution

a 8
e+2 as this is certainly not of class @; the solution ¢ 2 will, however,
beha,ve satisfactorily at large values of {£. These considerations sug-
2

¢
gest that a solution of 5-44 of the form ¢(£) = u(£)e” 2 might be found.
Making this substitution, we find that «(4) must satisfy the differen-

tial equation
du a
2 — —— = .
3 a +(ﬁ l>u 0 546

Comparing this with equation 4-92, we see that the two equations are
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identical if we replace (% — 1) by 2n. wu(¢) is therefore H,(¢), and
e
the wave function y(¢) is ¢H,(¢)e 2, which, as we have seen, is a

function of class @ for all positive integral values of n, including zero.
This restriction on n gives us a corresponding restriction on . We have

S-om+1 547
B
or, substituting the full expressions for « and 8 and simplifying
o[k
E =§;\/;,; m+3) = @n+Hw 548
The allowed energy values are thus 4, 8, §, - - - times the energy h»

associated with the classical frequency of oscillation.
We now need to find the constant ¢ such that

© 2 )
S vnde= 2 [ v@reta =1 549

‘\4/"'
From equation 4:104, we sce that we must take ¢ = B _. The

\’/2"72 'V
normalized wave funections for the harmoniec oscillator are therefore

N ,
Va®) =( 6/) Ho@e ?  t=Vpa 550

2™"n!

The first few energy levels and the corresponding wave functions are
shown graphically in Figure 5:1. We note that the wave functions
are alternately symmetrical and antisymmetrical about the origin. Of
particular interest is the fact that, on the basis of quantum mechanics,
the harmonic oscillator is not allowed to have zero energy, the smallest
allowed energy value being the “ zero-point ”’ encrgy 3hv. This is in
accord with the uncertainty principle; if the oscillator had zero energy
it would have zero momentum and would also be located exactly at the
position of minimum potential energy. The necessary uncertainties
in position and momentum give rise to the zero-point energy. A sim-
ilar situation exists for the particle in a box, which also has a zero-point
energy. In the rotator, the lowest state corresponds to the situation
in which all orientations in space are equally probable; the uncer-
tainty in position is therefore infinite, hence the momentum, and
therefore the energy, may have the precise value zero.



78 THE QUANTUM MECHANICS OF SOME SIMPLE SYSTEMS

Let us now calculate the average value of the displacement of the
particle from its equilibrium position. We have

1VB/r ®

= __1_. F = g1 .
T = \/’“E - 8 2t J_y Hn(g)EHn(E)e dE 551

m=10" gm, F=1186 cri-

5 dynes
k=5x10 e

|
|
1
|
1
|
|
!
1
[
1
|
|
}
I
i
1
I
|
|
|
|
[
[
|
|
|
|
]
!

1.00+

0.00

1 1 L L L L L i 1 1
=20 =16 =12 —.0'8—.0'480.0 .04 .08 .12 .16 .20
10" X (cm.)

Fra. 5-1. Energy levels and eigenfunctions for the harmonic oscillator.

The recursion formula 4-99 for the Hermite polynomials states that
EHn(§) = nHa1(8) + 5Hny1(8)
The integral therefore vanishes because of the orthogonality of the
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wave functions, so that Z = 0. This was, of course, to be expected,
since the squares of the functions are symmetrical about the origin.
For the average value of 2%, we have

—_ 1 \/B/ ™

2

2® = 3% Sl f Ho(§)8Ha (£)e" d 552

From the recursion formula, we have
EH, = ntHn g + 3tHan
= [(n - 1)Hn—2 + 2Hn] + [(n + l)H -+ 2Hn+2] 5-53

Since only the terms in H, contribute, the integral 5-52 becomes

— Va/x ,
o? = B];ﬁ 2fr/| (n + 2)f [Ha(8)Pe ¥ dt = n';‘z 5-54

Using the relations derived above, this may be written as z? = 7 o
—_ — 2
E = kz®. Now, classically, 22 = 92—, so that in terms of the mean

square displacement from the equilibrium position we see that the
energy is given by the same relation in both cases.



CHAPTER VI
THE HYDROGEN ATOM

6a. The Hydrogen Atom. In this chapter we will treat by the
methods of quantum mechanics the simplest atomic system, the hy-
drogen atom. The hydrogen atom consists of a proton, of charge e
and mass M, and an electron, of charge —e and mass m. These two
particles attract each other according to the Coulomb law of electro-
static interaction. If we denote the coordinates of the proton by x,
y1, and 23, and the coordinates of the electron by xs, y2, and z, the

potential energy is

—e?

Vi@ —22)? + (1 — v2)* + (a1 — 2)?
The classical Hamiltonian function, in this coordinate system, will
then be

= CRONC)
() (2 (@]

Because of the form of the potential energy, the Hamiltonian function
is not at all simple in this coordinate system. We therefore introduce
the following change of variables. Let z, y, and z be the coordinates
of the center of gravity. Referred to the center of gravity of the
system as origin of a spherical coordinate system, let the spherical
coordinates of the electron be a, 6, ¢ and those of the proton b, 8, ¢,

M m
r,b=—
M+ m M4+ m
the proton and the electron. In this coordinate system, the potential
2

wherea = r and where r is the distance between

e
cnergy now has the simple form V = — —, In terms of the new coor-
r

dinates, the rectangular coordinates of the proton and electron are

x1=x——lirsin(icos«p x2=x+£'-'rsin0008<p
M m
It . . [ . .
Y1 =Yy — —rsinfsine Yz =y + —rsinfsine 6-2
M m
z1=z——”—rcos() zz=z+£-coso
M m

80
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M
where u = m e is the “ reduced mass "’ of the system. With the

introduction of this change of variables, the classical Hamiltonian
function becomes

-G+ () + ()]
0= ) T\a) T\&
s (drY? 2(1’?>2 in2 (Eii’)z] ¢
+2[(dt> + 7 7 + 72 sin% 6 57 . 6-3
The first term is the kinetic energy, in rectangular coordinates, of a
particle of mass M + m; the seeond term is the kinetic energy, in

spherical coordinates, of a particle of mass . The Hamiltonian oper-
ator for the system is therefore

_h2 62 2 (92
81r2(M + m) {6x2+ 2+¢-9?}
R (1 0 3 1 a9/, 9
87!'”{7‘ ar< 8r>+r2sin06_0(8m060

r? sin? 6 94 r

so that Schrédinger’s equation for the hydrogen atom is

h2 62 62
8r2(M + m) {0:1:2 T o7 y? + 9z° }‘l,

B (1 9 | ] E
+87r;u{7‘ 6r<r 6r)+r smeao(meéb
1 ’ r _ .
+72s1n 08¢}¢+(E )‘I/_O 65

It is apparent that we can separate this wave equation into two equa-
tions, one containing z, y, and z only, the other containing r, 6, ¢ only.
Carrying out this separation in the manner employed in the previous
chapter, we set ¢/ = x(x, y, 2)¥(r, 6, ¢) and obtain the two equations

?’x . %x 8r2(M + m)
2+ X 42 2+"’7—"“

1af % __1__._‘9( "_*”)
2a(raar T o a0 \" % %

1 321P 81ru e’) )
+r281n06<p (E+ y=0 67

(' —E)x=0 6-6
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Equation 6-7 contains only the relative coordinates of the two particles,
so that E is the internal energy of the hydrogen atom. Equation 6-6
is just the wave equation for a free particle of mass M + m, with
translational energy E’ — E. This equation has already been dis-
cussed, and we will not consider it further in this chapter. It is ap-
parent that in the treatment of any atomic or molecular problem the
translational degrees of freedom of the system may be separated from
the internal degrees of freedom in the same manner and thus need not
be considered in general.
To separate the variables in 6-7, we make the substitution

¥(r,0,9) = R(r)Y (6, ¢)
obtaining

19 23R) 81ru( )
R6r<r or h? B+

1 af. o 1 3%y
o Ysinoz)b(sme?g)_Ysinzog 68

By our usual argument, both sides of this equation must be equal to a
constant, which we call .  We then have the two equations

1 9 Y 1 9%y
-Si?)gé(smﬂw){—s————mzo—é—g—l—)\Y—O 6-9
—151(12‘”3 +{8’”‘<1)+ )—%}R=o 6-10
r° dr r

Equation 6-9 is by now quite familiar. The allowed solutions are
Y =Y, 4m@, ¢), where X = [(l + 1), with [ and m integers, and
1> |m|. It should be mentioned at this point that, in all problems in
which, in spherical coordinates, the potential energy can be written
as a function of r only, the separation of the wave equation will proceed
in the same manner as above, giving Y; .. as the angular part of the
wave function. Introducing the required value N = I(l 4+ 1) into
6-10, and expanding the first term, we have

2 2
dR+2@_§+[8”“<E+%)—l(l;D]R=0 611

dr? r dr

We must now consider separately the two cases where E is positive
and where E is negative. With negative E, equation 6-11 may be
simplified by the introduction of a new parameter n, defined by the
relation

4
e
E=— W 6-12
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and a new variable z defined by
h2
81r2;462 z 6-13

Equation 6-11 is reduced by these substitutions to

d’R 2dR 1 »n 0+ 1))
dx? xdx+("1+a: z? E=0 614
If we look for a solution of the form
R = u(z)z'e 2 6-15
we find that «(z) must satisfy the differential equation
2
d —|—(2l—[—2~:c)——+(n——l—1)u— 6-16

This is the same as equation 4-129 if weput 8 =21+ landae =n + L
We have seen that equation 4-129 possesses satisfactory solutions only
if @ — B is a positive integer. Now a — 8 is equal to n — [ — 1, and,

since ! may have the values 0, 1, 2, 3, -+, n may have the values
1, 2, 8,---, with the restriction that n > 14 1. This gives the
allowed negative values of the energy
2r2uet
E=~"T0s n=123" 6-17

which are identical with the values obtained in Chapter I by means of
the Bohr theory.
The radial wave functions for the hydrogen atom are therefore

R(r) = cx’e~5Lf,'+1(x); z = -&;—Z—’ff r 6-18
To determine ¢, we take
fﬂMMWW=1 6-19
But ’
_/; ) [R(MZ2dr = ¢# j; ) 22~ L2H ()12 dr 6-20

hZ
We may write r = %x, where ap = T is the radius of the first
T p

Bohr orbit, as is easily verified from the equations in Chapter I. Then,
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by means of equation 4-125,

_/; i [R(r)%r2 dr = ¢? (%)3 fo ) 2?2 L2 ()12 dee

_ nag $on[(n + DB .
“02(2) (n—1— 1)l 621

80 that

where the minus sign has been introduced to make the functions
positive.

6b. Hydrogenlike Atoms. The problem of the ionized atoms He',
Lit™, ete., is identical in prineciple with that of the hydrogen atom, the
only distinction being a slight difference in the reduced mass u, and
a numerical factor Ze? in place of € in the potential energy. We can
therefore write down immediately the solution for the general hydrogen-
like atom of nuclear charge Z and nuclear mass M;. The solutions
are

V=R, ("Y1, 1m (6, 0) 6-23
Y1,1m(6, 0) = \/2l4—:_ ! ill ~—l- ZB; P'™! (cos §)e*me 6-24
_ (n—1-1)1/2Z 2Zr\* -Z~ a1 (227
Bai) = =\ 1 o) (o ) ()

\/m (ao)” (29) -: n L2 (2") 6-25

Z
where p = a—r. Certain of the normalized radial wave functions for
0
hydrogenlike atoms are given in Table 6-1. The energy levels for these
atoms are

—2r 2,uz22 4 2ﬂz Mzm
E; = 2he =27 EH: pz = M, +m 6-26

Since :—:£ is very close to unity, the energy levels of hydrogenlike atoms
H

are given to an excellent approximation by the relation E; = Z2Ey,
where Ey represents the energy levels of hydrogen.
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The energy levels as given by 6-26 are in essentially perfect agree-
ment with the experimental results. The above treatment of the
hydrogen atom neglects certain small energy terms, the first being
that due to ““ electron spin,” which, although very small for hydrogen,
is important in the general theory of atomic structure and will be con-
sidered in a later chapter, the second being a small relativity correction
which we shall entirely disregard, as these relativistic effects are neg-
ligible for small energies and hence can be ignored in problems of chemi-
cal interest.

6¢c. Some Properties of the Wave Functions of Hydrogen. From
the form of the wave functions, we see that they satisfy simultaneously
the equations

H ‘I’n. l, 4m = E, ‘I’n. 1, 4m

h2
M?Yn, 1, 4m = LU+ 1) 32 Ve ltm 627

h
M. ¥n, 1, 1m = £=m 2_7-r ¥Yn, 1, tm

so that the energy, square of the total angular momentum, and z com-
ponent of the total angular momentum are simultaneous eigenvalues.
Each wave function of hydrogen is specified by the three quantum

TABLE 6-1

NormaLIZED RapiaL Wave Funcrions R(r) ForR HYDROGENLIKE AToMS

Z
p—'—r, n2l+1

34
n=1 1=0 Ry 0= 2(—-)

Z _P
== = = — 2
n 21 l 0 RZ,O 2_\/—2‘ 2o (2 P)e
2, 1=1 R ()% ¥
R

3, Il=0 R = 2 ( * (27 — 18p + 2 2) -2
n =3, = Lo=—=— — 3
3, 0 81\/5 ao P p°)e

4 Z\%* —°
= 3' l == 1 R , 1= ——(—- 6p — 2 -
n 8,1 81'\/6 o ( /4 P )e 8

’ 1
81'\/30 ao
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Fia. 6-1. Radial eigenfunctions of hydrogen.
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numbers 7, I, and m. The quantum number n determines the energy
of the atom; the quantum number ! determines the total angular
momentum; and the quantum number m determines the z component
of the angular momentum. In Figure 6-1 we have plotted the radial
wave function R(r) for several of the lowest energy levels of hydrogen.
It is noted that the radial wave function has a non-zero value at r = 0
only for those states for which I = 0, that is, only for those states which
have no angular momentum. The radial wave functions become
zero n — | — 1 times between r = 0 and r = o,

According to Postulate I, the probability of finding the electron at
a distance between r and r + dr from the nucleus, with its angular
coordinates having values between 6 and 6 4 db, ¢ and ¢ + de, is

Y dr = [Ra, (DY 1, 1m0, ¢))%® sin 0 dr d6 de 6-28

An alternative way of viewing this situation is to consider the electron
as having a spatial distribution, the density of the ‘electron cloud ”
at any point in space being given by the square of the wave function
at that point. The angular distribution of the electron density is given
by the square of the spherical harmonics Y, 4..(0, ¢). Referring to
Table 4-1, we see that the state with I = 0, m = 0, is spherically sym-
metrical about the origin. The state with I = 1, m = 0, has the maxi-
mum value for the eclectron density along the z axis; the states with
l =1, m = 1, have the maximum value for the electron density in the
zy plane.

To determine the probability that the electron be between the dis-
tances r and r + dr, regardless of angle, we must integrate over 6 and
¢. Since the spherical harmonics are normalized to unity, this inte-
gration gives us simply

P(r)dr = [Rn, 1("))%r% dr 6-29

Ih Figure 6-2 we have plotted this probability distribution for several
of the lower states of the hydrogen atom. The average distance of
the electron from the nucleus is given by the integral

r= [omar= fo [Ba, 1) dr 630

For the hydrogen atom in the lowest state (» = 1,1 = 0), the average

valueof ris

4 ° % 4 Qg 4

7=——f e °°r3dr=-{3!(——)}= 6-31
a3 Jo a3 2 Ba
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that is, the average distance of the electron from the nucleus is three-
halves the radius of the first Bohr orbit. The most probable value of r
is found from the equation

dP(r) 2 Z 2r

= —Z¢ %2 4 ¢ =0 6-32
dr ao

so that the most probable distance of the electron from the nucleus is
exactly ag. The average value of % is

— 4 e 2 4 ao\®
P==] e %rtdr=54! (_o) = 3a} 6-33
g Yo L0 2
0.60
/™
0.40 — \\
/ 1s
0.20 ™~
. \\
0.00 =
2
::s. 0.20 = i
"20.10 T
%0.00 L // T
2 p
0.20
/ \\
0.10 " i e
0.00 = ———
) 1 2 3 4 5 6 1 8 9
@

F1a. 6-2. Probability distribution in hydrogen.

States of the hydrogen atom with ! = 0, 1, 2, 3, 4, 5, - - are known
ass, p,d, f, g, h, - - - states, respectively. A state withn =3,l = 1,is
called a 3p state; a state with n = 1,1 = 0, is called a 1s state; etc.
It will be noted that there are three p states, withm = 1,0, —1. These
may be designated as p,1, po, and p_; states, respectively. The angu-
lar factors associated with these states are, aside from a numerical
factor,

Py ~ sin 6e*
Do ~ cos § 6-34

P_y ~ sin e
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For many purposes it is more convenient to replace these functions
by the following linear combinations:

Py1 + P .
= ———=—n~sinfcosp ~z
Pe V2
Pz = Po~ cOSf ~ 2z 6-35
. Py1 — P . .
= —}——=— ~8infsingp ~
Py V2 y

the designations p,, py, and p, indicating that the angular part of these
wave functions have their maximum values in the z, 9, and 2z directions
respectively. Similarly, for the d functions, we take the linear combina-~
tions

dp=dop~ (3cos?0 — 1) ~ 322 — 1

Aoz = ﬁd—i%;;:l-m/sin(icos()cowwvxz

dy: = —1 %é——l ~ sin 0 cos 0 sin ¢ ~ yz 6-36
dep_yp = -dﬁ—\j_-é—d——z ~ sin? § cos 2¢ ~ sin® f(cos® ¢ — sin? p) ~ 2% — 3?

dyy = —igﬁ—\—%i:z~sin265in2<p~sin20005¢sin¢ny

In Table 6-2 we give the complete normalized hydrogenlike wave func-
tions for n = 1, 2, 3, using the above form for the angular part of the
wave functions.

TABLE 6-2
Normarizep HyproGeNLIKE WAVE FuNcTIONS
zZ
p =T
ao

1 ZN\%
n=1 Il=0 m=0 ¢1.=—\/-— ;—0) d
T

2, 1=0 0 ! (Z)‘}é 2 ) ——3
= £, = U, = = — -— e
n m Y2 o \x e

I

2 I=1 0 1 (Z)% z
n =2, = m = 2 = - pe cos 6
! 2 4V 2r \Qo
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TABLE 6-2 (Continued)

P

1 Z\3% .
n=2 l=1 m==1 ¢2p:=4'72—"-(a'(;) pe 258in @ cos ¢
w

= — ¢ 2 sin 6 sin
'l’?))" 4@ aq p ['4
A 2 ":5;
n=3 1=0, m=0 = Z) (27 — 180 + 20%)e
81V 3x \g0
Z\% -2
n=3 l=1 m=0 3 = ﬂ(—- (6p — p2)e 3 cosb
81V 7 \ao
] 2 (z %(6 2) -4
n=3, l=1 m==1 = =\ — p — p“)e 3sin @ cose
Ve, 81\/1r a0
Z é( 2 _g
¥Yap = (—' 60 — p2)e 3 sinfsing
s~ g14/x \o
Z\% 2_1; . y
n=3 =2 m=0 Y3d, = —(-—) p’e 3 (3cos*6 — 1
* " 81V6r \a0
V2 2N\ -
n=3 =2 m==xl yYzg =—p3x —) p% 3 sin @ cos 0 cos ¢
£73 81.\/

36 _»p
273 .
p“e ¢ sin 6 cos @ sin ¢
81\/- (ao>

34 4
n=3 =2 m==+2 yY3 = ( ) 2¢ 3 in% 9 cos 2
' ’ Mt 81@ a/ * ¢

L (2N -5, .
Vaa,, = 81\/27.- w) ° e 3 sin%0sin 2
6d. The Continuous Spectrum of Hydrogen. We must now con-
sider those states of the hydrogen atoms for which E is positive. In

this case we make the substitutions

2 2 4
E= 7%;“ 6-37
kh?

T=g M32 z 6-38

Equation 6-11 then becomes
d®R  2dR E I+ 1)]
For very large values of x this is approximately
d’R
— +iR=0 6-40

dr
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for which the solutions are R = ceﬂg. The solutions of 6-39 are there-
fore finite at infinity. The only possible difficulty is at the origin,
where there is a singular point. If we let

R = aox¥ + ayz™t! 4 gzt - ... 6-41
the indicial equation is found to be
LL-1)+2L-1(14+1)=0 6-42

sothat L =1l or L = —(l 4+ 1). The solution beginning with L =1
is finite at the origin and at infinity. There is therefore a solution of
Schrodinger’s equation of class @ for all positive values of E. We thus
have a continuous range of positive eigenvalues, corresponding to
ionization of the hydrogen atom, as well as the discrete set of negative
eigenvalues for the un-ionized atom.



CHAPTER VII
APPROXIMATE METHODS

7a. Perturbation Theory. The number of problems which can
be solved exactly by the methods of quantum mechanics is not very
large. This is not surprising if we recall that even in classical mechanies
such problems as the three-body problem have resisted solution in a
closed form. The great majority of the problems of quantum mechanics,
including the problem of the structure of all atomic systems more com-
plicated than the hydrogen atom, must therefore be treated by ap-
proximate methods. The most important of these approximate
methods, at least for our purposes, is the quantum-mechanical per-
turbation theory.

Suppose that we wish to solve the problem of the motion of a system
whose Hamiltonian operator H is only slightly different from the
Hamiltonian operator Hy of some problem which has already been
solved. Associated with Hy we have a sct of ecigenvalues 1Y, 9.«
E%. .. and the corresponding ecigenfunctions ¢, ¢5- -5« satis-
fying the equation

Holy = By 71
Since by assumption H is only slightly different from Hy, we write
H = H, + AHY 7-2

where \ is some parameter, and the term N\H®, which is called a “ per-
turbation,” is small in comparison to Hyg. The equation which we wish
to solve is therefore

(Ho + 2 HD )y, = Endn 73

If X is placed equal to zero, equation 7-3 reduces to 7-1, so that it is
natural to assume that for small values of A the solutions of 7-3 will lie
close to those of 7-1; that is, the effect of the perturbation NH® will
be to change slightly the “ unperturbed ” eigenvalues £ and eigen-
functions ¢2. Now suppose that ¢, and E, are the eigenfunction and
eigenvalue which approach ¢ and E. as A — 0; and for the present
we shall assume that no two of the Ev's arc cqual. Since ¢, and %,
will be functions of A\, we may expand them in the form of a power
92
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series as
Un = Yo + M+ NP 4o 74
E, = E3+\EP +NEP 4 ... 7.5

where ¢, ¢&, ... ; EP) EQ, ... are independent of \. If we sub-
stitute these series in 7-3 we find

Hoyd + MNHEHDY + Hogi?) + M2HEHDYP + Hep?) + - -
= ENY + ANEPYS + EWP)
+ )\2(1,]1('2)‘,/” E(l)w(l) (2)) oo 76

In order that this equation may be satisfied for all values of A the co-
efficients of the various powers of A on the two sides of the equation
must be equal. Equating the coefficients of the various powers of A
gives the series of equations

Hovn = By, .7
(HO — ES)#,(I) E(l)‘l/O H(l)'llo 7.8
(HO _ Eg)¢(2) E(2)¢n _+_ E(l)‘p(l) H(l)\l/,(‘l) 7_9

The first of these, by assumption, is already solved. If the second
can be solved, we can find ¢’ and E’. The solution of the third
equation then gives ¢{? and £, and so on.

In order to solve equation 7-8, let us assume that the expansion of
the function z[/“) in terms of the normalized and orthogonal set of
functions y9, ¥, -+ -2, - - - is

W= A+ Anh e A+ 7-10

where the A,’s are to be determined. The function HVy? can also
be expanded into the series

HOy = HENY + His + « -+ + Hod + -+ 711
where
HY = [yradyar
Substituting these series into 7-8 gives
(Ho — E))(Ad + Ayg + -+ +) = BP9 — HQNE — H{NG -+ 7412
which can be reduced by means of equation 7-7 to
(B — EDAWA + (B3 — ER) A + -+ -
= B0 — HiND — HSNR - -+ 7413
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The coefficient of each ¢ must be equal on both sides of the equation.
On the left the coefficient of ¢ is zero; on the right it is (B — H®);
80 that

EP —HY =0 7-14
The first-order perturbation energy has thus been determined to be
EQ = HY) = f YaxHDY) dr 7-15
By equating the coefficients of y% (m £ n), we obtain
® Hy)
(B — E))Am = —HR; Am = B 7-16

This relation gives us the values of all the A’s except A,. The coeffi-
cient 4, may be determined by the requirement that ¥, be normalized.
We may express ¥, as

¥n = Vo + AT Al + NP + N2(- - )

where ¥~/ means that we are to sum over all values of m except n. Then

Jortndr= formitar+n s an o2 viar

+ A2 4n f ¥atim dr + 204, f Yardmdr + N(--) 717

Since the functions y2, are normalized and orthogonal, equation 7-17
reduces to

f Wudr = 1+ DA, +22(-++) 718

If the functions ¢, are to be normalized, the right side of this equation
must be equal to unity for all values of A, so that we must put 4,
equal to zero. The results to the first order in A are therefore

En = Ep+MHJ) +N(-++) 7-19
(1] ’ H,(,},), 0 2
¢n—¢n+>\§’_;: -E—g‘_‘E—?n'Pm+7\('“) 7:20

We obtain ¢{2 and E® by a similar process. If we assume that
=By} + B3+ o+ Budo + - 721
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where the B’s are to be determined, then
(Ho — E)WD = (B — ER)BiS + (B2 — BBy + -+ 7:22
From equations 7-10, 7-11, 7-15, and 7-16, we have

EDYY = X gﬁHﬁ vo - 723
HOum = 57— Hm gy
= Z, EgH_'(r}n Z HOW
- ox felles g 724
8o that, with the use of these results, equation 7-9 becomes
T (5 - EDBu = EPV + T H"’")Hﬁﬁ Vo

H(I)H(l)
~TE s 125

If we now equate the coefficients of Y2 on either side of the equation,
we find

H(l) H(l)
= 2) 14 nm- L mn K
0 = E; Z 7 — E° 7-26
or
H(l) H(l)
@ _ s/ mn_ .
B =2 e
Equating coefficients of ¥2 (k = n) gives
H(I)H(l) H(I)H(l)
_ 10 — ZinnZTkn mn K
(Eg E,,) Bb Eo Eo Z Eo E(')u 7 28
so that
DAY HOH
- mEim@-n ®omp

The normalization of ¢, requires that B, vanish. The results, correct
to the second order in )\, for the energy levels and wave functions are
therefore
H(l) H(l)
En=E2+)‘H'(.B+)\22’__E'_"__’l'_"_+)‘3(...)+... 7-30
m Ex—E,
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i)
A
H(I)H,(,},), H,(,I)H(l)
+x22 [E’ 0 E EO_EO - EOn EO
(E Ic)( n m) ( n )

¥n “"'//n+7\2'

| RHRC
7-31

In most applications it proves convenient to absorb the parameter \
into the function HY, in other words, to place A equal to unity in the
above equations.

7b. Perturbation Theory for Degenerate Systems. In the last
section we made the assumption that the unperturbed energy levels
EQ were all different. Problems frequently arise in which two or more
orthogonal eigenfunctions have the same eigenvalue. Such eigen-
values are called degenerate. Suppose, for example, that

Hy, = By, 7:32
and
Hy; = Ey, 7-33

Then, if ¢; and ¢, are any constants such that cfc; + cyco = 1,
H(cr + o) = E(cryr + c2y2) 7-34

80 that c;y¥; + coye is also an eigenfunction. Hence, if there are two
eigenfunctions having the same eigenvalue, there are an infinite num-
ber of eigenfunctions having that eigenvalue.

A set of n eigenfunctions is said to be linearly independent if there
is no relation of the type

ey e+ e =0 7:35

connecting them. In the above example there are no three eigen-
functions which are linearly independent since all the eigenfunctions
are expressible in the form ¢y + cof. If the number of linearly
independent eigenfunctions corresponding to a given eigenvalue is n,
the eigenvalue is said to be n-fold degenerate. Once a set, of n linearly
independent eigenfunctions has been chosen, any other eigenfunction
with the given eigenvalue can be expressed in the form

1+ coa 000+ Con 7-36

where the ¢’s are constants.
Now suppose that we wish to find the solution of

(Ho +  HDV)y = Ey 7:37
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where the eigenvalue approaches an m-fold degenerate eigenvalue of
Hoy? = E%° 738

as \ approaches zero. With no loss of generality we may assume that
the m linearly independent eigenfunctions corresponding to this eigen-
value are ¢3, ¥3+-+¢5, so that EY = E3 = --- = E%. We may also
assume that ¢¢, ¥3 - - - ¢2, have been made orthogonal. As) approaches
zero, Y must approach some solution of 7-38 whose eigenvalue equals
E?, that is, some linear combination

o =cl + ol + o+ el 7-39

where the ¢’s are constants. This linear combination may be spoken
of as the ¢ zeroth-order ”’ approximation to ¢. The expansion of E
and ¢ in powers of A must therefore be of the form

E = E} + \EW + \?E® 7-40
v= X cif + MO +23® 4 ... 7:41
j=1

Substituting these expansions in 7-37 and equating coefficients of like
powers of \ gives

Ho o) = B T o] 7.42
i= i=
(Ho — EYY® = ¥ ¢;(B® — HO)yf 743
i=1

Since EY = E} = ... = EY, equation 7-42 is already satisfied. As

before, let us put
YO = T Ay HOY) = T HRPW 744

j k

where HY = f YO*HMY? dr, and the A’s are constants to be deter-
mined. Then

m m
521 cHDYO = le: e H®PYQ
=z " =

m
=¥ T aHRY 745

k=1 j

Substituting these expressions in 7-43 gives

L& — B)A#y= % B - Z(Z al) 746
. 5 -
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If j > m, equating the coefficients of ¢J on both sides gives

(B? — E)A; = ED¢; — z HPex 747
But, for j < m, E = EY, so that
> HPc, — EVej =0 7-48
k=1

We thus have the system of m simultaneous equations for the ¢;’s

HY — EP)ey + Hc, oot HP¢, = 0
Hfe, + (HY —E®)eg 4+ - + HPcm =0

B+ H3n At (@3- EVa=0 749
A possible solution of this set of equationsis¢; = ¢z = +++=¢cn = 0.

According to a theorem of algebra (Appendix IV) this is the only solu-
tion unless the determinant of the coefficients of the ¢’s vanishes, that
is, unless

HP - E®) R . HR
HY @R -E)...  HY
) =0 750
R ER - @3- E)

This is known as the secular equation. Since the H{”s are known
constants, it is an equation of the mth degree in E(‘), and therefore
has m roots. Let these roots be E{, E, -+ - EL. TUnless some of
these roots happen to be equal, there are therefore m different perturbed
states whose energies approach E? as'\ approaches zero.

In order to find the eigenfunction corresponding to the root E{V,
we substitute this value for EV in the set of equations 7-49 and solve

for the ratios =, 2. .. . A knowledge of these ratios, plus the nor-

1 G
malizing condition

cici +caca oo Fcmem=1 7-51
is sufficient to determine completely the ¢’s and hence the zeroth-order

eigenfunctions ¢;, the subscript indicating the root of 7-50 to which the
eigenfunction corresponds.
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The first-order eigenfunction may now be found by equating the
coefficients of the remaining y{ (j > m) in equation 7-46. The result is

Z cH (l)
(E° (B - E)

In order that ¢ be normalized we must put A; = 0 (f < m). Hence,
if ¢, is the eigenfunction whose zeroth-order approximation is ¢;, the
first-order perturbation theory gives

(B° - EDA; = — z aHP; Aj= 7-52

Q:: HP
'pl =@ + >‘]§n (Eo E()) Kl’; + )\ ( . ‘) 7-53
= B +2E{ +2(-+ ) 754

for the perturbed eigenfunctions and eigenvalues.

7c. The Variation Method. Another, completely different, method
of finding approximate solutions of the wave equation is based upon
the following theorem: If ¢ is any function of class @ such that

f ¢¥e dr = 1, and if the lowest eigenvalue of the operator H is Ey, then
f ¢*Hpdr > E, 7:55
The proof of this theorem is very simple. Consider the integral

Jor®@ —Bodr= [oHodr — B [ dr

¢*Hpdr — E, 7:56

If we expand the function ¢ in a series of the eigenfunctions ¢4, 2, « -
¥; - - - of H, we will have

Jr@—Egea = [En@- Byt T8

Since the ¢'s are eigenfunctions of H, Hy; = Eg;, and s0 equation
7-57 becomes

Jor@ = Bopdr = [ (e (C @~ Boeato ar

= ¥ cici(E; — Eyp) 7-58
3
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Now cic; is a positive number, and by definition E; > E,, hence

ftp*(H — Eyedr >0 7-59
and
f¢*H¢p dr > Ey 7-60

The equality sign can hold only when ¢ = ¢4, where ¢, is the eigen-
function with the eigenvalue Ej,.

The method of applying this theorem is equally simple in principle.
A trial eigenfunction ¢ (A1, Ag, * + + ), normalized to unity, is chosen, this
trial eigenfunction being a function of a number of parameters Aq,

A2, -+ +. The integral J = f ¢*Hep dr is then found. The result will,

of course, be a function of the parameters Ay, Ag, - - +. The integral J
is then minimized with respect to the parameters. The result is an
approximation to the lowest eigenvalue, and the corresponding ¢ is
an approximation to the corresponding eigenfunction. By taking a
sufficiently large number of parameters in a function of a well-chosen
form, a very close approximation to the correct eigenvalue and eigen-
function can be found.

In simple cases, and with a judiciously chosen trial eigenfunction, the
results of the variation method are identical with the results obtained
by the solution of the Schrodinger equation. As an example, let us
consider the harmonic oscillator, for which the Hamiltonian operator is

r? 42
H= 8x2m dz? + 761

If we try ¢ = ce ™™, the condition that ¢ be normalized is fulfilled if

2\
we put ¢ = 422 Then
™

s . ck s
x __2)\) —A\Z 4 2:1:2 —)\:c

and

+o0
i=f

—00

2h2 2k
[— g2 (4N%2 — 2\)e A" . - 5 z2 -2’“’] dz 762

Upon evaluating these integrals (Appendix VIII), we obtain

XN k
= &2m T 763
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The condition that J be a minimum is

Tk
_— e — e = — ,6 7‘ 4:
A Gtm e 0 or A=zVm 6
so that the lowest eigenvalue is
ok
By <— L [==1h 65
"= 4xNm 2 g 76
and the corresponding eigenfunction is
4/92 =T N nkx?
0= |-Vmke B 7-66

h

The fact that these results are identical with those of section 5e is, of
course, due to the “ well-chosen”’ form which we took for our trial
eigenfunction.

It is also possible to use the variation method for the calculation of
energy levels and eigenfunctions for excited states. After we have
obtained an approximation to the ground state by the above method,
we choose a second trial eigenfunction which is orthogonal to the one
that we obtained for the ground state. A repetition of the above pro-
cedure will then give us an approximation to the first excited state.
This process may be continued indefinitely, although the errors involved
will be cumulative.

7d. The Ground State of the Helium Atom. As a further example
of the use of these approximate methods we shall calculate the energy
of the ground state of the helium atom both by the application of the
first-order perturbation theory and by the variation method. The
Hamiltonian operator for the helium atom (or for other two-electron
atoms such as Lit, ete.), is, if we neglect the terms arising from the
motion of the nucleus,

2 2 2 2
LA IR gy 7-67

7r2m T1 To T12

H= -

where V; and V. are the Laplacian operators for electrons 1 and 2;

r1 and re are the distances of thesc clectrons from the nuclens; 7o is

the distance between the two clectrons; and Z is the nuclear charge.

For the purpose of simplifying the calculation of the integrals involved

in problems of this type it is usually more convenient to use atomic

units. The transformation to atomic units is obtained by expressing
2

distances in terms of the Bohr radius a¢ = We therefore

4rime’
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? 1 4
write ry = aoRl, re = aoRz, ri2 = aoRlz, ax2 ao aX2, ete. With

this transformation, the Hamiltonian operator becomes

R 1 Ze? Zé? e?
H= — —— = (V2 +V2) — - 7-68
8n’m a?j( 1+ V) aoRy  aoR; + aoRy2

82
or, in units of —»
ao

Z Z 1
H= -iVi4+V}) - — - —+— 7-69
3 (V1 + V3) R R2+R12

In applying the methods of the perturbation theory to this problem
we set H = Hy + H®, where

Ho = —3(Vi+V3) — ‘Z" _Z 770
R, R,
go - L 771
Ryo
The zeroth-order eigenfunctions are the solutions of the equation
Hoy® = E%° 772

If we now set y° = y°(1)¢°(2), E® = E°(1) + E°(2), equation 7-72 is
immediately separable into the two equations

IVNQ) + (E°(1) + )¢°(1)
773
W@ + (E°(2) + )¢°(2)

These equations are just those for a hydrogenlike atom with nuclear
charge Z. For the ground state of the helium atom, we therefore have

o1y — L % —zRs 00y — L 3 2R
') \/-Z € v’ (2) \/;Z )

73
= Ve = —e‘zw‘*”*’ 774

E° = E°(1) 4+ E°(2) = 22°E,,(H)
where Ey,(H) is the energy of the ground state of hydrogen, and, in
ordinary units, is —3% :l—o . The first-order correction to the energy is,
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according to equation 7-15

B = [ 00 ey an

&2 78 ¢—2ZR1,;—~2ZRy
=—— f f dry drg 7.75

where

dry = R?sin ©; dR, dO, dd,

dry = R2sin 65 dR; dO, dd,
Written in the above form, the integral cannot be evaluated because
of the presence of the term _RLw According to the theorem proved in

Appendix V, this quantity can be expanded in terms of the associated
Legendre polynomials as

lml) R<
T~ T
where R. is the smaller and R, is the larger of the quantities B; and
R;. The wave functions themselves do not involve the angles ex-
plicitly; in other words, only the constant functions P) (cos ©,) and
PJ (cos ©;) are involved in the wave functions. Since the associated
Legendre polynomials are orthogonal, all the terms in the summation
will vanish except those for I = 0, m = 0. For these terms Py (cos 6)
= 1, so that equation 7-75 reduces to

—2ZR1 —2ZR2
E® = - = f f dry drq 7.77

The integration over the angles gives a factor (47)%, so that we have
only the integral over R, and R,, which may be written as

2 L R
O = 162°% [ e [_1_ f ' 22Rap3 ap.
Yo Ry J,

+ e 2ZRp, ng] R% dR, 778
Ry

P (cos ©,) P (cos ©;) ™= 7.76

which may be evaluated in a straightforward manner to give
&
EV = 87 — 779
ap

To the first order, the energy of the lowest state of helium (or helium-
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like atoms) is therefore

2
E=E+E® = (222 — gZ)(— % f—)
%o 7-80

= (22° — §2)By,(H)

The energy of the ground state of Het is Z2E,,(1I). The first ioni-
zation potential of helium, that is, the energy necessary to remove one
electron from the atom, is thus calculated to be

(22 — 82)E,,(H) = $E,,(H) = $(13.60) = 20.40 electron volts
rs 2

The observed value is 24.58 e.v., so that our calculated value is in error
by 4.18 e.v. or about 16 per cent. Our results will look better if we
compare the calculated and observed total binding energy. These
values are: calculated 4,1(13.60) = 74.80 e.v., observed 78.98 e.v. —
an error of 4.18 e.v. or about.5 per cent. The actual error is the same
in both cases; the percentage error is, of course, decreased in the
latter case.

For the two-electron atoms Lit, etec., the percentage error is consid-
erably less than for helium, since the interactions between the electrons
and the nucleus become relatively more important than the interaction
between the electrons. In 7-80 we see that for helium the perturba-
tion energy is % of the zeroth-order energy. As this is certainly not
a ‘““small 7’ perturbation, we should not be greatly disappointed at the
failure of the first-order perturbation theory to give more accurate
results. We shall now show how the binding energy of the helium
atom can be calculated to any desired degree of accuracy by means of
the variation method.

In order that we may choose a reasonable trial eigenfunction for use
111 the variation method, let us consider that one of the electrons of the
heliarn atom i3 in an excited state and the other in the ground state.
The electron in the ground state is subjected to the full attractive force
of the nucleus, so that ¢V(1) should he essentially the same as in 7-74.

‘he clectron in the excited state, however, moves essentially in the
field of a nucleus of charge ¢, as the (1s) electron screens the nucleus
more or less completely, and so ¢°(2) for an excited state should ap-
proximate more closely a hydrogen wave function with Z = 1. 'These
considerations suggest that a good trial eigenfunction would be

4 ’
Q= -—1—'.- e"'z (R+Ry) 7_81

where Z’ is between 1 and 2, the best value being determined by min-
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imizing the encrgy with respect to Z’. The functions written above
are the solutions of the equation

Hip = Elp 7.82

2

. . €
where, in units of —,
do

// ZI
14

Ho= —3(Vi + v5) Ry ke
El = 22"E,,(H)

We must evaluate the integral

= ffp*H¢ dry drg 7-83

where H is given by 7-69. We can write Ho as

z 7 11 1
Hy = | —% (v} 2——-—] Z— /( -'_>
¢ [ 7 (Vi +V3) R —( ) It +R2 ¢+ T
1 1
N 14 _ .
=FEwp— (Z -2 )(R1 5 ) 7-81
80 that the integral 7-83 is reduced to
E=E,— (Z - 7)[ff—dndr,+ffﬁ—"dndw]
dry 7-85
11)

The two integrals in the brackets are equal, as they differ only in the
interchange of the subscripts. The first of these is

16 0 )
16x® —Z—— e 22 PR, dRy f 2 RRL ARy = Z7 7-86
0 0

™
The last integral is identical with 7-75 if Z is replaced by Z’. The
result for the encrgy is thus

E=E, —27'(7 - z')g—" )/’

[¢))
= [22'2 + 42/ (7Z — Z') — 57/l (H)
= =222 + 427" — 32'115,,(11) 7-87

According to the theorem of the variation method, we obtain the best
approximation to the true encrgy by giving Z’ the value which will
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make the energy a minimum. This condition requires that

O = (~4Z' +4Z — PELE) = 0
or

Z' =7 -5 7-88
Substituting this result in 7-87, we obtain for the energy the value

E = 2Z"E\,(H) = 2(Z — {%)%E1,(H) 7-89

For the first ionization potential of helium we therefore obtain
[2(3])% — 4]E1,(H) = 1.695(13.60) = 23.05 e.v.

The discrepancy between calculated and observed values is thus re-
duced to 1.53 e.v., or about 6 per cent. The total binding energy is
calculated to be 77.45 e.v. as compared to the experimental value
78.98 e.v., or an error of about 2 per cent.

By introducing more parameters into the trial eigenfunction ¢, we
can approach more and more closely to the experimental result. Par-
ticularly good results are obtained, even with quite simple trial eigen-
functions, if the variable R;, is explicitly introduced into the trial
eigenfunction. For example, Hylleras,! using the trial eigenfunction

¢ = A{eZ BRI (1 4 cRy,)} 7-90

where A is the normalization factor and Z’ and ¢ are adjustable con-
stants, obtained a value for the ionization potential which was in error
by only 0.34 e.v. By using the more general function

¢ = Af{e BB (polynomial in Ry, Ry, Ri2)} 791

he was able to reduce the error still further. The function involving
a polynomial of fourteen terms gave a value for the energy which agreed
with the experimental value within 0.002 e.v. It is thus apparent that
the accuracy of the results obtainable by the variation method are lim-
ited only by the patience of the calculator, a very important limitation,
however. In ourlater work, we shall therefore be satisfied with a smaller
degree of accuracy in most of our numerical calculations.

L E. Hylleras, Z. Physik, 66, 209 (1930).



CHAPTER VIII
TIME-DEPENDENT PERTURBATIONS: RADIATION THEORY

8a. Time-Dependent Perturbations. In the previous chapter we
discussed the problem of determining the new energy levels and wave
functions for a system subjected to a perturbation which depended only
on the space coordinates of the system. For certain problems, particu-
larly those dealing with the emission and absorption of radiation, we
need to calculate the effects produced by a perturbation which is a func-
tion of the time; therefore, we shall now develop the time-dependent
perturbation theory.

The wave equation, in the form which expresses the manner in which
the complete wave function ¥ changes with time, is

h 0¥ ., 0¥

= = g .
Hy om ot 81

where # = Q’L Let us now write the Hamiltonian operator as
™

H = H, + H’, where Hy is independent of time and H’ is a time-
dependent perturbation. The unperturbed eigenfunctions ¥° satisfy
the equation

ov°

Ho¥° = % Ty 82

.En

and are of tne form ¥2(q, ) = ¥%(¢)e " #'. In order to obtain a solu-
tion of 8-1 we expand the function ¥ in terms of the unperturbed eigen-
functions ¥?, with coefficients which are functions of the time; that is,
we write

¥(g, 1) = Tealt)¥ale, 1) 83
n
Substituting this expression for ¥ in equation 8:1 gives
a 0
Xc,.Ho\Ilo + z:c,.H’\p° = mz‘, — \Il° + hz Cn dt 84

Since the unperturbed eigenfunctions ¥2 satisfy equation 8-2, the above
107
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equation immediately reduces to
P [
S, B = by —— v 85
n o dt

Let us now multiply both sides of this equation by ¥2F and integrate over
coordinate space. Then

dey d

2¢n f‘I’Om*H"I’S dr = ihy (;—tf‘l’?n*‘llﬁ dr = ih ———2;" 8:6

dey, 7 i

- =i [ 87

In any particular problem we will thus have a set of simultaneous differ-
ential equations which can be solved to give explicit expressions for the
Cn’s.

8b. The Wave Equation for a System of Charged Particles under
the Influence of an External Electric or Magnetic Field. The most
important problem to which the time-dependent perturbation theory
will be applied is that of radiation. In order to discuss radiation theory
we need the ITamiltonian operator for a charged particle in an electro-
magnetic field. In deriving the classical Hamiltonian function it is
more convenient to use the vector potential A and the scalar potential ¢
rather than the electric and magnetic field strengths E and H. The
relations between these quantities are given by the equations

19
H=vA; E=—>-—A—-Vp 88
cat
where ¢ is the velocity of light.
A particle of mass m and charge e moving with a velocity v in an elec-

tromagnetic field is subjected to a force
1
F=¢E+ . [vH])

The equations of motion are therefore

d’z dp edA, e (du dz
i o A it 4 s gy .
e Cox "¢ at Te\att T av 89
2y 2,
with similar expressions for T and R Using the relation H = V<A,
these equations become
md2z_ eé‘—p ¢ A, ‘f[@(?ﬂ! OAx)
de? dxr ¢ at  cldt\ oz y

dz (0A, 04
+Et(0x - az)] 810
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ete. It is not difficult to demonstrate that these equations of motion
are derivable from the Lagrangian function

m[ [dz\? dy\? dz 2]
L-a[(:z;) +(az) + zt)
efdx dy dz
to ?J?A”+th”+thz)_e‘p 811

oL
From the definition of generalized momentum, p; = 53 , we see that
i

d
De=m Exi + EA,, with analogous values for p, and p,. The Hamil-

tonian function is therefore

dz
— — L
dt

[ (Y (WY, (Y’
"5[<dt) +(dt) +(dt>]+e“’ 812

or, in terms of coordinates and momenta,

i L[ (p.—%4.) —EA)2+ —EA)2]+ 813
= om p:cctc +pucy pzcz ep

The procedure for constructing the Hamiltonian operator is identical

with that followed before; in the classical Hamiltonian function the
, b B0 _

momentum p, is replaced by 5riom oo etc  Operating on a

wave function ¥, the first term in the Hamiltonian gives

dx dy
H"pxdt +p1/dt + p.

2m o
1 z 97 e d e, 9 ¢
_ 1 209 €9 3264 9 € 2
2m( B ax2+mcaxAz+mc xa:c+c2IAxl>‘P
1 292 e dA,
= (-8 tih- =¥
Zm( R dx? {—zhc oz

v v €
+ A, A= %]A,]-’-\p) 814
c ox c ax c

After collecting terms, and expressing our results in vector notation, we
see that the Hamiltonian operator is
1

2
= . —%2y2 'f . '.e- . 6_ 2 .
H 2m( RV + ih-V - A + 2h-A V+c2|Al)+e¢ 815
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For an electromagnetic field such as that associated with a light wave,
v-A=0and ¢ = 0. Since the perturbation of a system by a light

wave will be a small perturbation, the term lAl2 may be neglected in

discussing radiation, although it must be retamed when discussing per-
turbations due to strong magnetic fields. For a system of charged
particles, with an internal potential energy V, we will therefore have
the Hamiltonian operator H = H, + H’/, where

Hy=-% —-v, +V; B =3 -2 Ay, 816
7 2m;j i mjc

The operator H is just the operator for the system in the absence of an

electromagnetic field; the perturbation H’ may equally well be written

’ e
Y ._.__.A.. .
as H ? P p;

8c. Induced Emission and Absorption of Radiation. Let us con-
sider an atomic or molecular system subjected to the perturbation H’ of
an electromagnetic field. For simplicity, we first will assume that the
field is that of a plane-polarized light wave with A, and A, equal to
zero.* We shall need to calculate the values of such matrix elements as

e
—AriDas
ijc a:Jpr

J

f YOH dr = (W) = (\If°* \1/3) 817

Since molecular dimensions are of the order of 1/1000 the wavelengths of
visible light, a sufficiently good approximation for our present purposes
will be to take A as constant over the molecule. The matrix elements

* That this situation represents a plane-polarized wave may be seen as follows:

We take A = id; with
Az = Alcos 2ﬂ(t - z)

This represents a wave moving in the z direction with a velocity equal to ¢. The
associated electric and magnetic fields are then

E=-124o i?I-"A‘;siu2w(t—f)
[ [} C
H =V =327’"’Agsin 2,1.(: -i)

The electric and magnetic fields therefore have equal amplitudes and are at right
angles to each.other as well as to the direction of propagation, and hence represent
8 plane-polarized light wave moving along the z axis with a velocity c.
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\112)
5
eh  ¢EmEn, 1

9
= e - - 3 —_ 0%| ~ |40 .
2a T () sas

i m;

can then be written as

0
ox

-4, Zi_(‘lf?..* p:i127) = —EEA, r— (\I'°*
¢ i mj

i m;

In order to obtain usable results, we wish to express the matrix elements
9
of oy in terms of those of ;. Let us for the moment consider that the
T
¥’s are functions only of one coordinate z. Then ¢! and ¢9 satisfy
the equations
d2 0% 2m
ey F[Em ~ V@1 =0 818a

d”-/fn

[E —V@N=0 8.18b

If we multiply the first of these equations by zy2 and the second by
% and subtract, we obtain, upon integrating the resulting equation,

d2¢/0* d2¢0) fuo o 10
f (fﬂlln i h2 (E,,—E,,.) . ®xyddr 818c

The first two terms may now be integrated by parts; since the wave
functions vanish at infinity, we have

INE L S )‘”"]

= —f-ﬁ (E,,, — E,) f P*wldr 818d

or

d"’m o#% — gz_"' — ® 0k, 0 .
f ('/’n dx 'pm x(y)dx = hz (Em En) j:—w 1”". x\l/“ dz 8:18e

of we integrate the first term by parts, we see that it is equal to the
gsecond. For this one-dimensional example, we have thus obtained

the result
( Cl P ‘I’n) = — "'(Em E.) W lxl¥?) 8-18f

This result can be generalized. The matrix element (¥%|H’|¥?) may
therefore be written as

‘.E,.-—E',. ¢

(‘I’gflﬂ'l‘l’g) == 'lc;Az % (Em - En)ane % 8'183
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where X,n = ( ?,,*lez_x,-lnlz?,) is the matrix element for the £ compo-

J
nent of the dipole moment.
If we now assume that the system was originally in the state n,
s0 that ¢, = 1 and all the other ¢’s are zero at the time ¢ = 0, we have,
for times sufficiently small so that all the ¢’s are negligible except c,:

dc 1 iEm—En,
-(—i—t"—’ = — %Amen(Em —E,e * 819
If the light has the frequency », the time dependence of A, may be

expressed as

Ax —_ Ag cos 2mvt = %Ag(e%ﬂ'vt + e—21ivl)

Then
de 1 .Em—En—Hwt iEm—E'.-hrt

Hm 240 - {‘ [ x } .
- 57348 Xn (B — En) e +e 820

Integrating, and choosing the constant of integration so that c,, equal
zero when ¢ = 0, we have

iE,,.—E,.+hrt ‘E,,.—E,.—-hv‘

on = = A0 X, (E. —E)'e T —tge f 1 }8-21

ok ETTT YN By — En + ) (B — En — )
Let us consider that E,, > E,, so that the transition corresponds to
absorption. ¢, will be large only when the denominator of the second
term in brackets is nearly zero, that is, when E,, — E, =~ hv. The
probability that the system will be in the state m at time ¢ will be the
value of the product c¥c... The first term in brackets being neg-
lected, this product is

) Em - En — hy
o i
Chlm = 1t |A2%| Xonn|? (B — Ey)? E, — K, — v |2 822
2h g

So far we have considered only a single frequency ». To obtain the
correct value of cpc, we will have to integrate over a range of fre-
quencies. Since cncn, is very small cxcept for frequencies such that
E,. — £, = hy, it will be satisfactory to integrate from — o to + oo
and regard A2 as constant and equal to A2 (v,,). This integration gives
o = o2t

c*h?

‘Ag (an)lzlxmn‘2t 8:23

where E,, — E, has been replaced by hvp,y.
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Equation 8-23 has been derived upon the assumption that the light
was plane polarized. In the general case in which 4, and A, are not
zero, equation 8-23 will, of course, contain additional terms in 4, and
A4,. In calculating chc,, the cross terms will vanish because of the
randomness of the phase differences between the various components
of A; the final expression for chc,, will therefore be

1 49 () 21 Xl | A0 2] Vo
+ [A2Gmn) [P Z,n|? )t 824

*
CmCm =

zﬁz
If the radiation is isotropic, then
|420ma)* = [450ma)[? = [420mn)[* = 4|4°Gma)[* 825

We may express |A°(vmn)|2 in terms of the radiation density p(¥mn).
From Equation 8-8,

2 m
E("mn) = T AO(Vm«,;) sin 27wt

Then

— 27

Ez("mn) = LA an le(an)lz
since the average value of sin? 2wt is % In electromagnetic theory, it

2 2
is shown that p(vpn) = — L’Z(an) so that ]AO(V,,.,,)I2 3 62 2 (Vmn).
TV,

The product cpcn may now be written in terms of the radlatlon den-
sity as

C::,Cm = 3h2 {lenlz + ]Ymnlz + [Zmn] }P(Vm'n)t 826

Since the probability that the system will be in the state m is zero at
time ¢ = 0, and is the value given by 8:26 at time £, the probability
that a transition from the state n to the state m will take place in
unit time, resulting in absorption of energy from the electromagnetic
field, is

2
Bn——»mP(”mn) = §h12 IRmnI-ZP("mn) 827

where
lRmn|2 = lenIz + |Ymn|2 + 'Zmnlz 8:28

If the system is originally in the state m, then the same treatment
shows that the probability of transition to the state n, resulting in the
emission of energy, due to the perturbing effect of the electromagnetic
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field, is
Bm—mP(an) = Bn—-»mp(l'mn) 8-29

8d. The Einstein Transition Probabilities. The coefficients B,,_,,
and B,_... are known as the Einstein transition probability coefficients
for induced emission and absorption, respectively. Since a system in
an excited state can emit radiation even in the absence of an electro-
magnetic field, the completion of the theory of radiation requires the
calculation of the transition probability coefficient An,—,» for spon-
taneous emission. The direct quantum-mechanical calculation of
this quantity is a problem of great difficulty, but its value has been
determined by Einstein® by a consideration of the equilibrium between
two states of different energy. If the number of systems in the state
with energy E,, is Ny, and the number in the state with energy E, is
N, then the Boltzmann distribution law states that at equilibrium

Ew
kT rmn
Nﬁ =3 e = e kT 8.30
N, _En
n ,TET

where T is the absolute temperature and % is the Boltzmann constant.
Expressed in terms of the transition probability coefficients discussed
above, the number of systems making the transition from m to n in
unit time is

Nu{Am—on + Bnosnp(mn) }

Similarly, the number of systems making the reverse transition is

N, an—»mP (an)
Since at equilibrium these two numbers are equal, we have, after elim-

N .
inating the ratio — by means of equation 8-30,

N,
e h;';." — Bn_ymp (an)
Amsn + Bnonp (an)
hvmn
A e kT
or 0 (mn) = mon? 831

— Dm—n TRT + Brom
Using relation 8:29, the energy density may therefore be wriveen as

Amsn

Bmsn

p(vmn) = 8:32
e*T — ]

! A. Einstein, Physik. Z., 18, 121 (1917).
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The energy density in a radiation field in equilibrium with a black body
at a temperature T may be calculated by the methods of quantum
statistical mechanics (Chapter XV) and, as mentioned in Chapter I,
is given by Planck’s radiation distribution law as

8xhil, 1

3 hvmn 8'33
© e —1

P (an) =

Comparing 8-32 and 8-33, we see that

8rhid,
Am—-m = Wc: Bm—m
or R
32733,
Apsn = _é::W' ]RmnI2 8:34

To the degree of approximation used above, the coefficient for spon-
taneous emission depends only on the matrix element for the electric
dipole moment between the two states. If the variation of the field
over the molecule is not neglected, there will be additional terms in the
expression for A,,_,,, the first two additional terms being those corre-
sponding to magnetic dipole and electric quadripole radiation. In-
cluding these terms gives?

+{(rlzrb)

321r an {l( Ierln)12
+ V""‘I(mlerrln)[ } 835

We may estimate the relative orders of magnitude of these terms as
follows. Disregarding the constant term, we have

| (mler|n)|? ~ (eap)? ~ 6-5 X 107 c.g.s.

> eh \? —41
l(m n)\ ~ (2%) ~ 87 X107 c.gs

g -
.1;!0_,“.3.'162” |(mlerr|n)|? ~ 6-8 X 107* c.gs. (A = 5000 A)

2
Am-—m =

€
2me rP

We thus see that the probability of transition due to magnetic dipole
or electric quadripole radiation will be negligible in comparison to the
probability of transition due to electric dipole radiation. The higher
terms in 8-35 will therefore be of importance only in those cases in which

2E. U. Condon and G. H. Shortley, The Theory of Atomic Specira, p. 96, Cam«
bridge University Press, 1935.
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the electric dipole matrix element (m|er|n) vanishes because of the
symmetry properties of the states m and n.

The actual intensity of radiation of frequency »,, due to sponta-
neous emission will, of course, be

I(Vm'n) = Nm(hl'mn)Am—)n 8-36
8e. Selection Rules for the Hydrogen Atom. According to the

results derived above, the only transitions of importance in the hydro-
gen atom will be between those states @ and b for which

(aler|b) = ef{i(alz|b) + j(aly|b) + k(alz|b)}

is different from zero. The eigenfunctions for the hydrogen atom may
be written as

Yn, 1.m = ()P (cos ) &™

so that we must investigate the values of such integrals as

f‘/’n. I mz¢:',l.m' dr = f\bn. l, m(r cos 0)‘[’:’,1’,:::’ dr

‘This integral may be written as the product of integrals in r, 8, and ¢.
The integrals in r will be non-vanishing, so that we may concentrate
our attention on the integrals over the angular coordinates. For the
z component of the electric dipole moment we must therefore investigate
the integral

f P™ cos 8 P sin 6 do f ™o dy 8:37

From the recursion formulas for the associated Legendre polynomials
(equation 4-85), we have

o U=|m| 1 U+
m'] Pim | > 1 plm) .
Cos OP} —"‘_‘_""‘“‘21, F1 1+1 -4 2l, T 1 P!-—l 8:38
The integral 8-37 is therefore non-vanishing only if
m=m'; l=0=x1 8-39

These relations are the selection rules for the emission of light polarized
in the z direction. Rather than calculate the matrix components for
z and y separately it is more convenient to calculate those for the com-
binations (x + 4y) = rsind ¢* and (r — 4y) = rsin ¢ *. For the
combination. (x — 1y) we have the integrals

f P} sin 6 P{™ sin 6 df f gt m—m=1e 4., 840
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The integral over ¢ is non-vanishing only if m = m’ 4+ 1. From the
recursion formula 4-86

1
20 +1

we see that the integral over 6 is non-vanishing only if 1= 1" + 1.
Similarly for the combination (z + 4y) we have the selection rules
m=m'—1,1=1+1. The selection rules for the hydrogen atom
may therefore be written as

sin 6 P! = {PpiF — pmitly 841

Al= £1; Am =0, %1 8-42

The selection rules for the different types of polarization are, of course,
significant only when there is a unique z direction, due, for example,
to the presence of a uniform magnetic field. This subject will be dis-
cussed more fully in the following chapter, where the Zeeman effect is
considered. It is apparent from the derivation of the above selection
rules that they are not limited to the hydrogen atom but are valid
for any central field problem where the angular portion of the wave
function is identical with that of the hydrogen atom.

8f. Selection Rules for the Harmonic Oscillator. Let us now con-
sider the system consisting of a particle moving along the = axis with a
harmonic motion. Let the charge on the particle be +e, and let the
charge at the position of equilibrium be —e. The instantaneous value
of the electric dipole moment will then be ex. The wave functions for
the system will be the eigenfunctions of the harmonic oscillator (sec-
tion 5e). A transition between the states » and m will be possible
only if the integral

(n|em[m) = fx//,.xgbm dz 843

is different from zero. From the recursion formula (equation 4-99)
$Hm = mHm_l + %Hmwl-l 844

we see immediately that the integral 8-43 will be zero unless m = n =+ 1.
This is the selection rule for the harmonic oscillator; only the funda-
mental frequency » can be emitted or absorbed by this system. We
shall later require the exact values of the integrals in 8-43. The wave
functions are

_a
Yn(z) = Npe 2Hn(€) 845

- vie s (G

™ 2"n!

where
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so that
(nleztn + 1) = Noaps 5= f OH ()t Hua () de 846
24

By the use of the recursion formula 8-44, this reduces to
(vlesln + 1) = NoNops S [ PH. @@ + DHLE) do
(04

N. n+l

n

=+ 03 f@P e e+
24

Introducing the explicit expressions for the normalizing factors, we
obtain

n+1
(nlex|n +1) = e o™ 848
Similarly,
(aleafn = 1) = Moy = [t @@ o
[
=l N n
Va N Nz 549

8g. Polarizability; Rayleigh and Raman Scattering. If « is the
polarizability of an atomic system, then an electric field E inducesa
dipole moment R = oE in the system. Let us consider classically a
system in which an electron of charge —e is bound elastically to an
equilibrium position at which there is a charge +e. If the system is
subjected to an alternating electric field of strength E = Ey cos i,
the classical equation of motion is
d’r
ma;‘, + kr = —¢eEg cos wt 8-50
where r is the displacement of the electron from the origin and & is the
force constant of the forces binding the electron to the equilibrium
position. The steady-state solution of this equation is

e
— — E; cos wt
m

—eE ¢
_ —¢Eocoswt _ ) 851

k — me? W — w

where wy = \/% The dipole moment of the system is R = —er;
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2
the classical polarizability of the system is therefore : /m2 . If we
Wy — w

now write r = A coswf, then the acceleration of the electron is
d’ .
= —Aw? coswt. The time average of the square of the accelera-
tion is

d?r\? —_—

(gﬁ) = |AJ% o ol = |4t 852

According to classical electromagnetic theory, an electron moving with
2¢%a*
3c?
Classically, the system described above would therefore radiate light

acceleration g radiates in one second the amount of energy

of frequency » = 21, the amount of energy radiated per second being
s
e2l A]2w4.
3c3
According to quantum mechanics, if a system is in a state a, then

the probability of a transition to a state b with the emission of light
of frequency v, is, as we have seen earlier in this chapter,

32232,

3¢k

Aoy = | Ras|? 853

The amount of energy radiated per second is

64ntv,
3c?

LY PR | Ra|? 8-54

Let us now calculate the dipole moment associated with the transi-
tion between the states a and b, which we define as

Rap = (¥9%|er|¥9) + (¥3*|er|¥))
= (alerlb){ei%a—bt + e_iggjt}

Ea

= 2(aler|b) cos 5 L= 2(aler|b) cos way 855
where we = %ﬁ = p-f;—E—b By analogy with the classical argu-

ment, we therefore calculate the rate of emission of energy of frequency
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vap tO be

e
d¢? 4eod, 641r vy
S = S |Gl = 25 | Rf? 856
which is identical with the quantum-mechanical result in equation
8-54. This is a justification for the definition given in 8:55 for the
dipole moment associated with the transition between two states a
and b. R, may also be written as Ry = 2Re{ (¥3*|er|¥9)}, where
Re means that we are to take the real part of the quantity in brackets.
For the dipole moment associated with a given state

Ro = Re{(¥3"er|®)}

A system which in the absence of an electromagnetic field is in the
state represented by ¥0 has, in the presence of the field, the perturbed
wave function

Y, = VO + Y0 857
b

where ¢, according to equation 8-21, is given by the relation

E Eb;+et ':Eb;—‘et
_ g 4o e .
0 =5 A (bler|a) { - + B = J + constant  8-58

where Eye = Ey — E;; e = hv. The dipole moment associated with
the state ¥, is

.Eab
R, = Re{ (¥}ler|¥,} = (a|R|a) + 2Re{§c,,(a|R]b)e’7‘}

i‘—t —s;it
= (a|R|a) +Re[ & ”“( IR|b) (b|R]a) - AS[ — % ° J] 859
where R = er. In writing this last expression the constant in equa-
tion 858 has been placed equal to zero. This can be done in this case
without loss of generality, as the inclusion of this constant would give
us no additional terms which would be functions of the perturbing
fields. Equation 8-59 may be simplified to

R = @Rl +3 2 (1 - L) x

Eba—e

(a[Rlb)(b[R]a)-Agsin;:-t 860

Since Eq = — P = ‘iAg sinit, the dipole moment as a function
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of the electric field becomes

Eba 1 1
= (a|R|a) + }; - (Eba s é) (a|R|b) (b|Ra) - Eq

= (a|R|a) + Sa 2 B = (@|R[b) (B[R]a) - By
= @Rl +7 % —~b_ . (@ R[D) 0/Rl0) - By 861

The first term in this expression is the permancnt dipole moment u
of the system. In order to dectermine the polarizability, we must
write the remaining terms in the form «Ey, which can be done by
averaging the vector quantitics over all orientations of the system with
respect to the ficld, assuming all orientations to be equally probable.
The quantity which we must average is of the form RR E If 6 is the
angle between R and E, this is ector
in the direction of R. The component of th]s vector along E is
[R{ [Ii[ IE | cosZ 0. Averaging over all values of 6, we obtain for the
magnitude of the vector along E the value 7| || |E], so that the
average value of the vector quantity RR - E is £R - RE.  Making this
transformation in 8:61, we obtain

2 _mal (a|R[D)|?

R, = (R|a) + 2 el @RDE g 862
3% vy — v

The second term is now of the form «Ey, so that we have obtained the

quantum-mechanical expression for the polarizability

2 173 R/l
p> V-b*i—‘b—!g 8.63

Y D Vi — V
The dipole moment R, contains a term which varies with the frequency
v of the incident light. According to the above discussion, the system
will therefore radiate light of frequency », which will be in phase with
the incident light and which is therefore called coherent. This co-
herent scattering of light by an atomic system is known as Rayleigh
scattering.

Of more importance for the elucidation of problems in molecular
structure is the study of the phenomenon known as incoherent or
Raman scattering. In order to understand the origin of this phenom-
enon, let us ealculate the dipole moment for the transition a — b when
the system is subjected to radiation of frequency ». The wave fune-
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tions are U, = ¥y + ;Ck‘l’g
0 o 8-64
¥y = ¥, + ZICI‘I’I

The dipole moment for the transition is therefore
Ry, = 2Re (\I/*lRI\I/b)}

Eal

= 2Re{ (a|R|b)e b ‘+ch(kIRlb)e ¥ ‘+ Ta@RDS ) 865

where the coefficients ¢} and ¢; are

E'd °+'t - E'Im—ct

—iEka o e 1

= - AQ

o - (k|RJa) - E Tt e} 8.66
E E»+e‘ ..Eu;‘—c‘
(2371 o e
= —— (I|R[d) - A .
& =5 R oE <t E 867

Substituting these expressions for the coefficients in equation 8:65, we
obtain for the dipole moment of the transition between the two states
a and b the result

E
Roy = 2Re | @R[ 7 ' — % oo (EIR[b) (IRla) - A
e e iEy
— (a|R{DR|D
g T E e T T o (a|RID(RD) - A3
Eab+¢ ‘.EJL'_'_';
e F e ” 868
Ep+e * Ep —e
iEab=e Eap —
Sinee Re{z'e A t}= —gin bﬁ e)t
. € — Eab .
= gin % t =sin2x (v — vap)t; ete. 8-69

the expression for the dipole moment Rg may be simplified to
E,
Ry = 2(a|R|b) cos 2avest — s ks (k| R[b) (k|R|a) - A X

{sm 2r(v — vep)t  sin 2r(v + vaz,)t} Elb
Erate Eyy — € 1
{sin 27 (v +vap)t _ sin 21r(v — vap)t
Ep e Ep — ¢

— @RIDAR]p) - A3

} 870
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Since the summations over k and I are entirely equivalent we may rc-
place both of them by a summation over j and write 8-70 as

_ Vaj Vb
Ras = 2(a|R|b) cos 2mvapt + Z’: (Vaj o vmt ,,) X

. Aj . 123 Via )
(a|RIA) GIR[D) - ch sin 2m (v + vap)t + JZ <Vbj +v Vie + ¥ X
0

(a|R]7) GIR|D) - %" sin 2r (v — vap)t 871

where vq; = —hij , etc. The dipole moment for the transition thus con-

tains three terms varying with the time. If the matrix element (a|R|b)
is not zero, light of frequency »,; will be emitted. This, of course, is
just the term corresponding to ordinary emission, as stated earlier in
this chapter. We see, however, that if there exists some state j for
which (a|R|j) and (j|R|b) are simultaneously different from zero, then
light of frequency v 4+ vq and v — v, are also emitted by the system.
The first frequency arises when the system goes from an excited state
to a lower state, thus adding energy to the field; the second arises
when a system absorbs energy from the field.

For a harmonic oscillator, the selection rule for the Raman effect
is the following. Let us assume that the harmonic oscillator is origi-
nally in the state ¢ with quantum number n. Then the matrix ele-
ment (a|R[j) will be different from zero only if the state j has the
quantum number n 4 1. Similarly, if state b has the quantum num-
ber m, (j| Rlb) will be different from zero only if state j has the quantum
number m -+ 1. Both matrix elements will be simultaneously different
from zero only if m = n or m = n 4= 2, so that we may conclude that
the selection rule for Raman scattering by a harmonic oscillator is
An = 0, = 2. The first possibility corresponds to sca%tering of light
of the incident frequency »; the second corresponds to scattering of
light of frequency » & 2»,, where », is the fundamental frequency of
the harmonic oscillator.

If we assume that » > v,; we may write

= L2 @lR|j) GIRID) = "2 3 (alRI) GIRD)

v

”—:’f (a|RR|b) 872
According to 8-72, the frequency » + v, will appear in the Raman
effect if any matrix element of the type (a|z,xs|b), where ;, 5 equal
2, y, or 2, is different from zero. We shall use this formulation of the
selection rules for Raman scattering.



CHAPTER IX
ATOMIC STRUCTURE

The spectrum of a many-electron atom will in general consist of
hundreds of lines with little apparent regularity. Before the develop-
ment of the quantum theory it was found empirically that when the
observed wavelengths were expressed as frequencies, a set of numbers
could be assigned to a given atom such that all observed frequencies
would be given by the difference of two numbers in this set, although
not all differences would appear in the observed spectrum. In modern
terms these experimental facts are expressed as follows. For a given
atomic system, there exists a set of discrete energy levels, or ““ stationary
states,” of energy E;, Ey -« E,, -+ Transitions between certain of
these states are allowed, these transitions resulting in the emission of

-

h
designated by the letter m to that designated by the letter n. In this
chapter we shall determine the number and characteristics of the states
present in a given atom, derive the selection rules regulating the transi-
tions between these states, and calculate theoretically, so far as these
calculations are feasible, the eigenvalues and eigenfunctions of these
states. This program will necessitate the inclusion of several additional
features in our general theory, the first of these being the hypothesis of
‘ electron spin.”

9a. The Hypothesis of Electron Spin. If the energy level diagram
of an alkali metal, which has one valence electron, is drawn from the
spectroscopic data, it is found that most of the levels appear in closely
spaced groups of two. In the alkali-earth metals, with two valence
electrons, the levels may be divided into two series; in one series the
levels appear separately, in the other in groups of three. This multi-
plicity of levels does not appear if the electron is assumed to have no
properties other than mass and charge, as was done in our previous
treatment of the hydrogen and helium atoms. This difficulty was
resolved by Goudsmit and Uhlenbeck,! who introduced into the old
quantum theory the hypothesis that the electron possesses an intrinsic

radiation of frequency » = ~ if the transition is from the state

1 G. Goudsmit and 8. Uhlenbeck, Naturwissenschaften, 13, 953 (1925).
124
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h . . . . .
angular momentum —, with which there is associated a magnetic
™

) eh
moment of magnitude
4rme

of the electron with the magnetic fields produced by the motion of the
electrons in their orbits was then found to give rise to the splitting of the
energy levels into the observed multiplets.

The spin of the electron was measured experimentally by Stern and
Gerlach.? A beam of silver atoms was passed through a strong inho-
mogeneous magnetic field. It was found that the beam divided sharply
into two beams. One beam was deflected as though each atom were a

The interaction of the magnetic moment

magnetic dipole of magnitude oriented along the field direction;

Tme

the other was deflected like a magnetic dipole of the same strength
but oriented in the opposite dircction. There are good grounds for
believing that the total angular momentum due to the electrons mov-
ing in their orbits vanishes for the normal silver atom, and that the
observed magnetic moment is due solely to the single valence electron.
The Stern-Gerlach experiment is therefore a direct measurement of the
electron’s intrinsic magnetic moment.

It is impossible to explain by classical mechanics why the beam of
silver atoms is split into two distinet beams; classical mechanics would
predict only a broadening of the beam. If, however, we assume that
the spin angular momentum obeys the quantum-mechanical laws of
angular momentum, and assume that I = %, then we would expect that
the beam would be split into two beams corresponding to the states with
m= +%andm = —3.

In view of this fact we make the assumption that the electron has spin
angular momentum, represented by a set of operators S,, S,, S, and S?
which are analogous to the operators M,, M,, M,, and M? for orbital
angular momentum and obey the same commutation rules. According
to the discussion in the previous paragraph, we assume that there is

2

h
only one eigenvalue 1(1 + 3) o for S2, so that there are only two
h h
eigenvalues of S, namely, %—2—— and —1 o In referring to a general
™ ™

h
spin eigenfunction we shall use the quantum number s, writing s — for
™

the eigenvalues of S,. s may therefore have the values 1.
Let us denote.by o the spin eigenfunction corresponding to s = +3,

20. Stern and W. Gerlach, Z. Physik, 8, 110; 9, 349 (1922).
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and by B the spin eigenfunction corresponding to s = —%. These
eigenfunctions then satisfy the equations
3 h? 3 h?
2 = - — 2 = —_-— '1
Sa =12 S8 =1 a2P o
1h 1h
= - — = e —— .2
S = 25 S:8 2 2.0 o

In order to find the effect of S, and S, on these eigenfunctions we use the
equations analogous to 3:132 and 3-133. These are, making the proper
substitutions,

. h
(S:c - ZSy)a = EB
(S:c - ’LS,,)B =0

(S. +iS)a = 0 o3
) B
(Sz +18,)8 = 5-a
Uy
From these equations we find by addition and subtraction that
h h
S;a = 4—1r-B S8 = e 94
h th
S,,a-—;r-ﬁ S8 = e 95

The effect of such operators as S,S,, etc., can be easily found by the
successive application of the above rules. For example,

ih? th?
S;Sya = -16_1('—5 a; S,,Sxa = - I(_i? 3 9-6
so that
ih h ih
(SzSy - Sny)a = 5; Z;a = 5‘; Sga 9.7

as, of course, it must be if the commutation rules are to be satisfied.
This formal method of treating electron spin was developed by Pauli.?

In order to fix in our minds more clearly the relation between angular
momentum and magnetic moment, let us consider a particle of mass m
and algebraic charge e moving in a circular orbit of radius ¢ with a
velocity v. The motion of the charged particle is equivalent to a current
flowing along the orbit, the magnitude of the current being equal to the

3W. Pauli, Z. Physik, 43, 601 (1925).
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charge divided by the time required for a complete cycle, or
¢ _ e
" 2ma/v 2ma

According to electromagnetic theory, a current I moving about a loop

. 1A .
of area A is equivalent to a magnetic moment - The magnetic

moment associated with the motion of the charged particle is therefore
e
b= ——=—ay = mcp 9-8
where p is the angular momentum of the particle. The ratio of mag-

e
netic moment to angular momentum, S is called the gyromagnetic

ratio. The classical result above gives the correct relation between
orbital angular momentum and associated magnetic moment in quantum
mechanics as well. For spin angular momentum, however, we obtain
correct results only if we take the gyromagnetic ratio to be twice as
large. The magnetic moment of the spinning electron is therefore
represented by the operators

e

e = e ¢
e

b= g S 70
€

= — S,

# mc

where ¢ and m are the charge and mass of the electron. In a magnetic
field with the components H,, H, and H,, the classical energy of a
magnetic dipole is

- (Hzl-‘z + Hyﬂy + Hzﬂz)

The corresponding operator is obtained by replacing the u’s by the
operators in 9-9, so that in a magnetic field the Hamiltonian operator
contains the operator

— = (HS. + H,S, + .S 9-10

If the z axis is taken to be the field direction, so that H, and H, vanish,
this reduces to

- —f—HSg 911
me
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The spin eigenfunctions « and 8 are therefore the correct eigenfunctions
of the Hamiltonian operator as well as of the operators S, and S2. If
the field strength is allowed to become zero this argument still holds,
so that even if there is no magnetic field we still use @ and 8 as our spin
eigenfunctions of the Hamiltonian operator.

9b. The Electronic States of Complex Atoms. For an atom of
atomic number Z, the approximate Hamiltonian is

2 L2 2

P svioxZixE 9-12

p)
8r°m i Ts i>iTij

where V7 is the Laplacian operator for the ith electron, r; is the distance
of the 7th electron from the nucleus (motion of the nucleus can be
neglected in heavy atoms), and r;; is the distance between the 7th and jth
electrons. The exact Hamiltonian contains additional terms represent-
ing the magnetic interactions of the electronic orbits and spins, which

we will disregard for the present.
2

Because of the presence of the terms ;— in the Hamiltonian cperator
)

it is not possible to separate the variables in the wave equation. 'The
problem must therefore be treated by approximate methods, but it is
gratifying to find that all the qualitative features of atomiec structure can
be obtained with little actual computation. As the starting point of
the perturbation theory we use the set of one-electron eigenfunctions
which are the solutions of the wave equation with the Hamiltonian

h2
Sy, Vi T IV ) 9-13

where V (r;) is an effective potential for the 7th electron. The differ-
ence between 9:12 and 9-13 is treated as the perturbation

2 2
B=--s% 5% sve 914

i T i>;Tij i

Hy = —

In order to obtain a good set of zero-order functions, ¥V (r;) should be
taken to be such a function of r; that H’ is as small as possible. If r;
is much greater than any of the other r;’s, the field due to the remaining
electrons will apprzoximate that of a charge — (Z — 1)e at the origin, so

that V(r;) = — -i—, in which case we say that the nucleus has been
i

screened by the other electrons. If 7; is much smaller than any of the
other r;’s, the field due to the other electrons is approximately the field
inside of a spherical shell of charge, which is a constant, so that
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2

Z
V) = — —Ti + constant. As the general features of the electronic
i

states are not dependent upon the explicit form chosen for V(r), a
further discussion of the radial part of the wave equation will be reserved
for later sections of this chapter.

The eigenfunctions of the approximate Hamiltonian 9-13 are known
as atomic orbitals. Since we have chosen a potential function which
is a function of r only, they will be similar in many ways to the hydrogen
eigenfunctions. The factors of the orbital depending on 8 and ¢ are
of the form PJ™ (cos 6)e™*, and the radial factor is similar to the radial
function of hydrogen. Each orbital may therefore be labeled by quan-
tum numbers n, I, m, analogous to those in hydrogen, and we may speak
of 2s orbitals, 3p orbitals, etc. One important difference between these
atomic orbitals and the hydrogen eigenfunctions is that the energy of a
hydrogen eigenfunction is a function of n only, whereas the energy of an
atomic orbital depends on I as well, so that, for example, a 2s and 2p
orbital have different energies. Since the energy of an atomic orbital
is not a function of m, the value of this quantum number is not specified
when we describe an orbital.

9c. The Pauli Exclusion Principle. Having once chosen an appropri-
ate set of atomic orbitals we must combine these orbitals into approxi-
mate cigenfunctions for the entire atom. This can, of course, be done
in a variety of ways, depending on the choice of orbitals from the chosen
set. Let us suppose, however, that we have decided to construct an
eigenfunction corresponding to a state in which the numbers of 1s, 2s, 2p,
etc., electrons are all fixed. To be concrete, suppose that the state is
one with two 1s electrons and one 2p electron. Let us denote our orbital
by ¢(n, I, m|?), giving the first part of the parentheses the three quantum
numbers, and in the other part the number of the electron occupying
the orbital. Then we might take the product

2(100]1)¢(100/2)¢(211]3) 915

as an approximation to the eigenfunction for the desired state. We
might equally well have chosen

¢(100]3)¢(100[2)¢ (21T|1) 916

{0(21T|1) = (2, 1, —1|1)} or any similar product. Up to the present
we have not considered the spin of the electrons. Since the Hamiltonian
9-12 does not involve the spin in any way as yet, we may take the
functions « and 8 of section 9a as representing the two possible spin
states of each electron. If we insert the s value after the three quantum
numbers n, I, m in our symbols for the orbitals the eigenfunctions for our
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chosen state might take on the appearance
2(1003|1)¢(100%|2)¢ (100]3) 917

In this way we can write an eigenfunction, in fact a number of eigen-
functions, for any state. But we could by this procedure write eigen-
functions corresponding to states which are never observed. For
example

¢(1003|1)¢(100%]2)0(1003/3) 918
would represent a state in which the atom had three 1s electrons, all
with positive spin. If we were to calculate the energy of this state in
lithium by the variation method we would find a lower energy than that
of any known level, and yet the theory of the variation method tells us
that our calculated energy must be too high.

The way out of this difficulty was discovered by Pauli.* Before
quantum mechanics took on its present form Pauli put forth the follow-
ing exclusion principle: no two electrons can have all their quantum
numbers, including spin quantum number, the same. With the new
quantum mechanics this has been changed to the following statement,
from which the previous one may be derived: every eigenfunction must
be antisymmetrical in every pair of electrons (or more generally in every
pair of identical elementary particles); that is, if any two electrons are
interchanged, the eigenfunction must remain unchanged except for the
factor —1. The electron density distribution for a given state is given
by the square of the corresponding eigenfunction. If two electrons are
interchanged, the electron density distribution must, of course, remain
unchanged. This means that the eigenfunction must either be unaf-
fected by this interchange of electrons or must change only in sign. Itis
found empirically that we obtain a correct description of nature only if
we always adopt the second alternative.

It is not immediately apparent that the new form of the exclusion
principle includes the old. Let us, however, consider the determinant

©(1003]1) (1003]2) (1003(3)
D- \71?;_—' o(100J]1) #(1005[2) (100%/3) 019
Te@113[1) »@115]2) e(21153)
If we interchange any two electrons in this eigenfunction, say electrons 1
and 2, then'two columns of the determinant are interchanged. This
causes a change of sign of the determinant, so that this eigenfunction
satisfies the exclusion principle in the new form. Any antisymmetric
eigenfunction can be written as such a determinant or ag a linear combi-

4 W. Pauli, Z. Physik, 81, 765 (1925).
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nation of such determinants. Now if we attempt to set up an eigen-
function in which two electrons have the same set of quantum numbers,
and write the eigenfunction in its determinantal form, it is seen that two
rows of the determinant are identical. But such a determinant, one
with two identical rows, vanishes, and the eigenfunction vanishes.
Therefore the old form of the exclusion principle is included in the new.

Accepting the exclusion principle in its new form as a new postulate
to our theory, we are no longer permitted to use the simple products
such as 9-15 in our future discussion, but only linear combinations of
determinants such as 9-19. In other words, though we can construct
eigenfunctions corresponding to states in which a definite set of orbitals
is occupied, we cannot specify which electron occupies a particular
orbital.

In most atoms the energies of the various orbitals lie in the order
1s, 2s, 2p, 3s, 3p, 4s, 3d, 4p, 5s, 4d, 5p, 6s, 4f, 5d, 6p, 7s, 6d, the 1s orbitals
having the lowest energy. When the atom is in its normal state, its
Z electrons occupy the lowest orbitals possible without violating the
exclusion principle. Thus hydrogen, with one electron, normally has
this electron in the 1s orbital, but in lithium one electron must go into
the 2s orbital, since there is no way in which three electrons can occupy
the 1s orbital without violating the Pauli exclusion principle. The
group of two 1s electrons is presen in all the elements of higher atomic
number than 1. Such a complette group is known as a closed shell.
With beryllium, the 2s shell is completed, and the fifth electron in boron
must occupy a 2p orbital. Since there are three different 2p orbitals,
corresponding to the values 1, 0, —1, for the quantum number m, and
since each of these may have either of two values for the spin quantum
number associated with it, the 2p shell can hold six electrons. In the
elements from boron to neon the 2p orbitals are being filled. When we
come to sodium, however, there is no more room for 2p electrons, and so
the eleventh electron goes into a 3s orbital. Magnesium completes the
3s shell, and from aluminum to argon the 3p orbitals are filled. In this
way we build up all the atoms in the periodic table. There are a few
irregularities which will be discussed in section 9m, where we shall con-
sider the properties of the atoms in the periodic table from the view-
point of their electronic structure.

A state of an atom in which the number of electrons in each shell is
specified is called a configuration. The usual notation for a configura-
tion is the following. We write the designations 1s, 2p, ete., for the
various shells, with exponents indicating the number of electrons in the
shell. Thus the normal configuration of lithium is (1s)%(2s), and the
normal configuration of phosphorus is (1s)%(2s)%(2p)%(3s)%(3p)3.
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od. The Calculation of Energy Levels.® For a closed shell of
electrons only one eigenfunction may be written. Thus for a shell of
six 2p electrons we may write

p(2113|1) +oeeen o(2111]6)
p(211E[1) --eoe :
1 ¢,(210%11) ...... .
—— ’20
VB!| o(210F1) +----- . o
¢(2IT%11) ......
e(211L[1) -----. 0(211F]6)

No other determinant is possible. (The factor —= is a normalizing

1
NG
factor; the determinant as written will be normalized if the functions ¢

) Hence for a

are normalized. For N electrons the factor is L
VN!
closed shell the eigenfunction is completely determined by the configura-
tion. For an incomplete shell, however, there are always a number of
possible eigenfunctions. For example, the configuration (1s)(2p) has
twelve possibilities. Abbreviating the determinants by writing just
the prmmpa,l diagonal between bars, these are

Dy = —=|o(1004[1)p(2115[2)] D =\7;l¢(100¥11>¢<211%l2)l

\7?!
1
Dy = ;/1—2——!|<P(100%l1)¢(211§l2)l Dy = 7=lo(100F1)p(2113[2)

1
D; = lo(1003|1)p(2103]2)] Dy =\—/;l¢<100%|1)¢<210%l2)l

1
Vel
Dy = ;71;—! lo(1005]1)p(210%(2)|  Dyo = -{/% l0 (1003 1) (210F(2)|

D; = 7_ lo(1005[1)p(2113]2)] D = -\71-2=!I¢(100§|1)¢(21T§|2)l

D= = loC100 D@ T2 Dia = = leC100F D @iTER)

5 The methods used in this and several subsequent sections are essentially due to
J. C. Slater, Phys. Rev., 34, 1293 (1929).
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Let us suppose that inthe general case there are n determinants
D,, D,, « + + D, corresponding to a given configuration. The first-order
perturbation theory for degenerate systems then tells us that the energy
levels will be given by the roots of the equation

Hy — SuE Hyp — SpgE vvvere Hin — Si,E
Hy — 81 Hay — S8 o vvv v Hyn — 82.E | = 921
Hy — SuE Hps — SpgE o« v e H,, — S..E

where H;; = f D}HD;dr; S;; = f DiD;dr. Equation 9-21 is analo-
gous to 7-50, except that the D functions have not been assumed to
be orthogonal.
9e. Angular Momenta. The large number of states arising from
most configurations makes the direct solution of equation 9-21 a very
difficult task. Equation 9-21 can be simplified by the use of the opera-
tors representing the various angular momenta of the atom. Represent-
ing the operators for the components of orbital angular momentum of the
various electrons by Mgy, My1, M.1; Mz, My, Mo, ete., we define the
operators for the components of the total angular momentum by
M, =M, +M;:+---
M, =M;; +Mp+--- 922
M,=M,; +Mg:+:---
The operator for the square of the orbital angular momentum of the
atom is
M? = M2 + M2 4 M? 9-23
* At the same time we define the components of the total spin angular
momentum by
S: =Sz +Se2+---
Sy =S,1+ S+ 9-24
S; =8 +8S2+---
For the square of the total spin angular momentum the operator is
S? = 82+ 82 + 82 9.25

Finally there are the operators for the components of total angular
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momentum and its square

J.=M. + Ss
=M, +S, 926
Jo=M.+S,

P=L+L+1X

Classically all these angular momenta are constant. The quantum
analogue of this is that all these operators commute with the Hamilton-
jian operator H. That S,, S,, S,, and S? commute with H is obvious,
since H does not contain the spin coordinates. To show that the others
commute with H we first consider M,. In polar coordinates this

operator is
M
* 7 2mi (am e T )

The only terms in H which involve the ¢’s are the parts of the Laplacian
2 2

l¢) i) e
contalmng 5, Which commutes with 3 and the terms in e Now
dp @ 5i

1 ..
— involves ¢; and ¢2 only in the combination (¢; — ¢2), so that
12

o2
<<9<P1 + E + );1—2
9 ){3(«31 — ¢2) a(m — ¢2)} +..
a(¢1 — ¢2) \I'2 d¢1 A2
=0

Hence M, commutes with H. Since H is spherically symmetrical,
M, and M, must therefore also commute with H, as must M2, The J’s
must likewise commute with H, for they are combinations of operators
all of which commute with H.

These operators do not, however, commute among themselves.
Making use of equations 3:103, and the fact that the various angular
momenta of one electron commute with those of any other electron, we
find that

ih
MM, - MM, = 51—er
zh
MM, - MM, = —M, 9-27
2r
th

MM, — M_M, = - M,

2r
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Similar equations hold between S,, S,, and S,, and between J., J,, and
J.. Just as M? commutes with M,, M,, and M, for one electron,
M2, 8%, and J? commute with their components. Of course M? and its
components commute with S? and its components. M? and S? also
commute with JZ and its components, but the components of M? and S?
do not commute with either J2 or its components (except like components
such as M,, S;, and J.).

We can therefore select from among the angular momentum operators
various sets which commute among themselves and also with H. Thus
we might choose M?, M,, S%, S,, and J, or M2, 8%, J2 and J,. Now
according to Theorem II of Chapter 111, the eigenfunctions of H can be
chosen so that they are simultaneously eigenfunctions of all the operators
in any one of these sets. Moreover, if this is done the matrix compo-
nents of H between eigenfunctions which have different eigenvalues for
any one of these operators will vanish. Therefore, if we take a set of
linear combinations of the D functions described above such that each
combination is an eigenfunction of all the operators of a set of commut-
ing angular momenta, then in equation 9-21 the H;;'s and S;’s will
vanish except between those combinations which have the same eigen-
values for all operators of the set. The appearance of 9-21 will then be

9-21a

if we arrange the combinations of D’s in such a way that the combina-
tions with the same eigenvalues for the angular momenta are together.
The shaded portion of the diagram represents non-vanishing H’s and S’s;
the remainder of the determinant is occupied by zeros. Now a determi-
nant such as the one in 9-21a is equal to the product of the shaded
determinants along the diagonal, so that the roots of 9-21a are just the
roots obtained by putting each of the shaded determinants successively
equal to zero. The solution of 9-21 is thus reduced to the solution of a
number of equations similar in form but of smaller degree.

of. Multiplet Structure. As long as we use the Hamiltonian 9-12,
which does not contain the spin terms, it does not matter what set of
angular momenta we use to reduce the secular equation 9-21 to the form
9-21a. If the complete Hamiltonian were used, the only angular
momenta which would commute with it would be J2 and its components.
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Although the other angular momenta do not commute with the exact
Hamiltonian, it is found that usually M2 and S? “ almost commute ”’
with H; that is, HM? — M?H issmall. On the other hand, M,, S,, etc.,
do not “ almost commute” with the exact Hamiltonian. It would
therefore seem logical to pick the set M2, S?, J2, and J, as the set of
angular momenta to be used to reduce the secular equation. We shall
presently see, however, that the eigenfunctions of the type described
above are already eigenfunctions of M, and S,. For this reason it is
more convenient to choose M2, 8%, M,, and S, as our set of angular
momenta as long as we are using the approximate Hamiltonian 9-13.
If it is desired to find the eigenfunctions of J? and J,, these may be found
later in terms of this set.

Our next problem is then to combine the determinantal eigenfunc-
tions, the D functions, into new trial eigenfunctions which are eigen-
functions of M2, 82, M,, and S,. We shall first show that these trial
eigenfunctions are already eigenfunctions of M, and S,. Let us take a
general determinantal eigenfunction

1
D= v o (nilimysi| D)o (nalomysg|2) « - | 9-28
A typical term in the expansion of this determinant is
‘P(nlllmlsll1)‘P(n2l2m232!2) s

Operating on this term with M,, we find that the term M,; gives the

h
same product multiplied by m; 2 the term M,, the same product
™
h
multiplied by mg 5 and so on. The total result of operating with M,
us

h
is the sum of these, or (m; +mp + -+ ) o times the original product.
mw

Since this holds for every term in the expansion of the determinant, it
holds for the whole determinant, which is therefore an eigenfunction of

M, with the eigenvalue M, éh; , where M, =my +mg ++-+. Byan
exactly similar argument the D functions are eigenfunctions of S, with
the eigenvalue Mg 5}:—‘_ , where Mg =8 + s+ -+. TFor the list of
possible D functions for the configuration (1s)(2p) given above, we
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have, for example,

h h
M.D, = é—q;Dl M.Dg = — o Dg 9-29

h
S.D; = — Dy S.Dg =0 9:30
2r

Let us now consider the effect of M2 on the D’s. A typical term in the
expansion of a D function is

o (mlymysi|1)p(nalymasa|2) - + - 9-31
Now

M? = (M:cl+‘Ma:2+"')2+(MUI+M02+"')2
+ (le +Mz2+"')2
= M{ + M + M5 + -

+ 2M.;1M;; + 2M, M.3 + 2M,;M;3 + - -+

+ (Mz; + tMy;) Mz — tMy2)
+ (Mxl - iMyl)(MzZ + 'iMu2) 4+

Using equations 3-127, 3-132, 3-133, we find
Mz{«p(nlllmlslll)w(n2l2m282]2) EE}

h2
=l i +1) + Ll +1) + -« 4+ 2mymg + 2mymg

+ 2mymg + - Jlo(mlimisi|1)p(nalomyse|2) -« ¢]

F [0+ 1) — mi(mg + 1))l + 1) — ma(me — 1))
lo(mly, m1 + 1, s1]De(naly, ma2 — 1, 82|2)0(n3lamass|3) « - 1]

+ [+ 1) —mi(mg — 1) + 1) — ma(mg + 1))
lo(mly, my — 1, s1|1e(naly, mg + 1, 82]2)e(n3lamsss|3) - - -]
+ e 9:32

If we represent by D{(nilyms;)(nalomasg) «« -} the D function whose
principal diagonal is 9-31, we see that M? affects each term in its expan-
sion in the same way, and hence that
M2D{ (nilimys1) (nalamass) « « +}
h2
= {ZLG:+1) +2 ij,m,-]D{ (nilymysy) (nolamasg) « « +}
>
+ (G0 + 1) — mi(mg + D) + 1) — my(my — 1)
545
D{(nalimy81) - -+ (nily, mi + 1, 85) + - - (mjl;, mj — 1,8;) ++-}}  9:33
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Analogously

S2D{ (nilimys1) (nolemasg) -« +}
2
= f;? (Zfsif sl + 1) + 2 g_sis,-]D{ (nalymsy) (nelymass) « « -}

+¢§} (@ +38)G — s)F — )G + )" D{ (mlymysy) - - -
(ndamg, 85+ 1) - - - (nilymj, 55 — 1) -+ }} 9:34
In the same way we find the effect of (M, = ‘M,) and (S, =+ ¢S,) on
the D functions to be
(M, & :M,)D{(nylymy8;) « - -} = 2-h; ‘Z[li(li + 1) — mi(m; &= 1)]*

D{(milymysy) «+ - (nalimi = 1, 8) »++} 935

h
(S % i8y)D{(mlymysy) «+ <} = o Z[(‘% =+ s;) ('% + Si)]H
D{ (nylymysy) - - - (nglmsy 83 £ 1) - - ‘} 9:36

We thus see that the D’s are not themselves eigenfunctions of M2 or S2.
We can, however, form linear combinations of D’s which are such eigen-
functions. Tirst, it is obvious from 9-33 that M? does not change the
value of My, or Mg. The combinations that we desire will therefore
involve only D functions with the same M, and Mg, We therefore put

A= ZC,‘D,‘ 9-37

where D; is one of a set of D functions arising from a given configuration
and having the same M and M. We wish 4 to satisfy
M24 = 2\ 9-38
h2
=a
Since M, has an integral value, L must also be integral. Substituting
9-37 into 9-38 gives

and we know in advance from 3-127 that X is of the form L(L + 1)

M?X¢,D; = MY e:D;
i ‘
Multiplying through by each of the D} in turn gives a set of equations
analogous to 7-49
X (M} — Ngji)ei = 0 939

where M = f DyM?D;dr. These equations are solved in the same

way as 7-49.
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Having found a set of A’s which are eigenfunctions of M2, M,, and
S., we repeat this same process with S? taking the place of M2, The
resulting linear combinations of A’s are then eigenfunctions of M2, 8%
M., and S,. We thus obtain a set of trial eigenfunctions B; which
satisfy the relations

h2
M2B; = Li(L; 4+ 1) —; B; 940
47
h2
S2B; = S;(8; + 1) 12 B; 941
h
M.B; = M, — B; 942
2
h
S.B; = Mg, — B; 9-43
2T

The final step is to use the B’s (taking only a set with the same L, S, M,
and M) in equation 921 to determine the approximate energy levels
and eigenfunctions of H. Before going into this last step in detail, we
shall note some of the properties of the B functions.

The L and S values of a B function (or an energy level whose eigen-
function of H is a combination of B functions) is denoted by a capital
letter showing the L value, the letter being chosen from the same code
which is used in denoting the I value of an atomic orbital. The value
of 28 + 1, the multiplicity of the term or group of levels with the same L
value, is placed as a left-hand superseript. Thus a B function with
L =1, S = } is denoted by *P (quartet P); a B function with L = 0,
S = 0 is denoted by 'S (singlet S).

If any one of the B’s is picked out, a set of associated B's can be found
by applying the operators (M, == :M,) and (S, = ¢S,) to the original B
function until no new functions arise. All the members of such a set
will have the same L and S values but will have all the possible M,
and M g values consistent with the L and S values. Such a set is known
as a “‘ term.” If there is more than one term of a given L and S value
arising from a given configuration, the B’s arising from one of the B
functions with a given M 1, and M gupon multiplication by (M, & :M,)
and (S, = ¢S,) may not be the same as those found directly from per-
turbation theory. These may, however, always be combined in such a
way that the terms do not get mixed. In future work we shall assume
that this has been done.

Now let us consider a matrix component of H between any two B

functions, f BYHB; dr, where B; and B; have the same value of L, S,
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My, and Mg. Let Bf be the member of the term of B derived from B,
by the application of the operator (M, -+ ¢:M,), thus having an M7,
value greater by 1 than B; has. Let B} be the corresponding function
derived from By, Then from equations 3-133

2
B, = —I-:-' (L(L + 1) — Mp(My + DI 7*(M. + iM,)B,

B = ZLE +1) = Mu(My + DIP(M, +iM,)B,
The matrix element of H between B and Bj is
[ BBy = ‘—‘g [L(L + 1) — My(Mp, + DI
J1an, + MBI, + M,)B; dr
D , ,
= Tl [BIEM, - M) (M, + iM,)B, dr

4 2
= h—’; [ fB’fH(Mz - M2 - %M,)Bz dr

4 2
= fz— (L(L 4+ 1) = Myu(My, + DL + 1) — M2 — My)
2
ﬁg fB’{HB, dr
= fB’fHB2 dr

This same relation holds for all the members of the term. Hence if we
use any set of B’s belonging to a term, regardless of the M and Mg
values, the matrix of H is the same, and therefore the approximate energy
levels are the same. This is the reason that the M 1, and Mg values of a
B function are not specified.

As an illustration of the construction of B functions let us consider
the configuration (2p)2. The possible D functions are:

D, = D{(211})(211})} 2
Dy = D{(2113)(210})} 1
D = D{(2113)(210])} 1 0
Dy = D{(211])(210})} 1
Ds = D{(211])(2100)} 1
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My Mg
Ds = D{(211})(211})} 0 1
Dy = D{(211-2v)(211 )} 0 0
Dg —-Dl(211 Y(2111)} 0 0
Dy = D{(2103)(210)} 0 0
Dy = D{(211}) (21T})} 0 -1
Dy, = D{(210})(2113)} -1 1
Dy, = D{(210}) (21T])} -1 0
Dy; = D{(210}) (2113)) -1 0
Dy = D{(210F) (211])} ~1 -1
Dy = D{(2113) (211])} -2 0

Since Dy is the only D function with My = 2, Mg = 0, it must be a
B function. Applying M2 and S? to it, and using 9-33 and 9-34, we find
2

h2 h
4

§2D; = 4 X (82 - 42Ip( 2113 211}

+ (MO @) W)D{(211§) (211}
and since D{ (211%)(2113)} = —D;

h2
$2D, = 12 (D1 — D;) = 0(0 4+ 1)D,

we conclude, therefore, that, having L = 2, S = 0, D, is a B function
belonging to a D term.

As an example of the procedure when there is more than one D func-
tion with given My, and Mg values, consider D7, Dg, and Dy. Equa-
tion 9-33 gives

h2
M2D; = 2 K D7 + 2
h2 h"’
M2D8—24 5 Dg 2‘;r—2—D9
h? h? h2
M2D9-242D 2aDs+4
The secular equation for the eigenvalues is therefore
2~ L(L+1) 0 2
0 2—-L(L+1) -2 =0

2 —2 4— L +1)
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which is satisfied by L = 0,1,and 2. For L = 0, equations 9:39 become
2¢; +2¢3 =0
2c0 —2¢c3 =0
261 — 2¢0 + 4¢3 =0

which gives ¢y : ¢z :c3 = —1:1:1. Hence we put

1
Ay = \—/—3—‘ (=D7 + Dg + Dy)

choosing the magnitudes of the ¢’s so that A7 is normalized. It is easily
verified that A7 is an eigenfunction of M? with the eigenvalue zero. In
a similar way we find for L = 1

1
Ag = —= (D7 + Dg)

V2
and for L = 2
4y = \/— (D7 — Dg + 2Dy)
We now calculate S2D;, S2Dg, and S2Dy by the use of equation 9-34.
B2 n2
5D = g Doty D
h2 h2
SzDg = D7 +
82Dy =0
Hence

SzA7 = 0; SZAs = 1(1 + 1) As, SzAg =90

It follows that A7, Ag, and A are eigenfunctions of S% and may be used
immediately as B functions. B; = A; belongs to a 1S term; Bg = Ag
belongs to a 3P term; and By = Agbelongs toa D term. The complete
list of B functions is found to be

1
(*D) B, = Dy- (*D) By = 76(1)7 — Dg + 2Dy)
(®P) B, = D, (®P) By = Dyg

(°P) B, = -\}—5 (Ds + Dy) (P) By = Dyy
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(D) By= = (D3 = Do) CP) Bia = <= (Dia + D)
(3P) Bs = Djs (*D) By3 = \/Lé (D12 = Dy3)
(®P) Bg = Dg (CP) By = Dy

(1) By = \% (=Dy +Dg+ D) (D) Bys = Dig

CP) Bs = 7= (D + D)

By operating with (M, == ¢M,) and (S, £ ¢S,) on these functions we
find that all the 1D Bfunctions belonging to a single term. In the same
way the 3P B functions form a term, and the single ! S B function repre-
sents a complete term.

A configuration representing a closed shell has been seen to have only a
single D function. This D function is always a B function of the type
1S, having L = 0 and S = 0. If we compare the D functions arising
from a configuration which includes one or more closed shells with the
D functions arising from the configuration obtained by omitting the
closed shells, we find that their properties are the same for operations
with the operators M2, S2, M,, etc. The terms arising from these con-
figurations are therefore the same. Hence, in the treatment of any
atom, the closed shells may be omitted during the processes described
in this section. Thus our example of the configuration (2p)? serves as
well for the configuration (1s)?(2s)2(2p)? of the carbon atom.

9g. Calculation of the Energy Matrix. The matrix H;; of equa-
tions 9-21 is formed from integrals of the type

H;; = foHBjdr

Since the B’s are linear combinations of the D functions, these in-
tegrals may be expressed in terms of the integrals

H = f D¥HD; dr
Let us therefore consider this integral, taking as D;

D; = \712_@ lo(@l|Deal]2) - - - | 9-44
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and as Dy
D;= W le(al’[1)p(@y’]2) + » ¢ 9-45

where we have abbreviated the sets of quantum numbers », I, m, s to
the single symbol a, and N is the number of electrons in the configuration.
If the determinants are expanded, 9-44 and 9-45 become

D;= \/ Z (=1)P,{e(ai|)e(az]2) - - -} 946
1
Dj= /=% Z (=17P,{e(af[De(az’2) - - 9-47
where P, is an operator which permutes the variables 1, 2, 3, - * among

themselves, and » is the ordinal number of the permutations. H 3 may
then be written

1
= [ 31/ TZ - DRle@De ) - -
T

H[(—~1)"P,{¢(af'[1)p(az'|2) - - -}]dr 948
Since all the variables are integrated out in each of the terms in this
expression, we may interchange them in any way that we wish without
changing the values of the integrals, provided that all the functions in
any one integral have their variables changed in the same way. Sup-
pose, therefore, that in each of the terms in 9-48 we change the variables
by the permutation P, which restores the order of the variables in the
first product to the normal order. Then

Ty = 72T [lletaivet) -
H((-1)"P P, {p(a|[De(as'[2) - -+ }1dr 949

since H is not changed by permuting the variables. If we now sum
over u we find that all the terms in the sum are equal, for the application
of P, to the whole set of permutations P, gives the same set in a differ-
ent order. Since there are N'| permutations P, we find

= = [lo@De@2) - 1*
’ H(=1)"P,{¢(a)|De(@/|2) -+ } dr 950
The last product in this expression is of the form
(=1 (af|1)e(a5]2) -
where the a’ are the same as the a/’, or at most in some new order.
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If we put
h? Zé? e?
g Gl e L

equation 9-50 becomes

= EE(-1 [l @D a2 - 1 Oulo@lDe@l2) - - -} dr

+ 5 -1 [ @lne@l2) -
i<k »
sz {e(ai|e(as]2) -+ -} dr 951

Since Uy is a function only of the coordinates of the kth electron, we
may now integrate over all the variables in the first of these integrals
except those of the kth electron. The result is

(~UE, @) = (-1 [@lRe@li e 952

if @ = af for all 7 except ¢ = k. Otherwise the integral will vanish
because of the orthogonality of the orbitals. But if one of the P, makes
all the a} except one equal to the corresponding a}, then any other permu-
tation P, will destroy this equality, since no two o} are equal. Hence
only one term in the summation over » will remain. If we now sum
over k, we find the total contribution of U to H (, This eontribution is

(a) X U(ar, az) if D; = Dj.
%

(b) Ufal, al’) if D; differs from D; only in that a! » af’.

(¢) I, by permuting the order of the orbitals in D; by a permutation
P, D; may be made to satisfy the conditions of (a) or of (b), then the
contribution is that of (a) or (b) times +1 if the permutation is even,
or times —1 if the permutation is odd.

(d) If two or more orbitals of D; are different from those of D;, there
is no contribution.

Rule (a) is a consequence of the orthogonality of the orbitals and the
fact that no term in H involves the coordinates of more than two elec-
trons. In the second integral of 9-51, we integrate first over all the
coordinates except those of the kth and lth electrons. This integration
gives zero unless every af = a; except for 1 = k and ¢ = I, when it
becomes

(-l)yV(aIIM al’; a’;) a{)
= (=17 [*@lIR)* @l iVup @ (@i]D) dr - 953
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In considering the various permutations P,, we see that, if any P, gives
a set of a}such that a7 = a/ except for i = k, [, then any other permuta-
tion will destroy this property except the permutation which differs
from this P, only in the interchange of I and k.. The sum over v there-
fore gives only two terms. Summation over k and ! now leads to the
following rules for determining the contribution of Vy; to /1 ,’, This con-
tribution is

@) T V(s ai; ag, ) — V(ai, af; af, ap)} if D; = D

1<k
() X {V(ar, an; ai, Gmy) — V(ak, G; @, az)} if D; differs from D,
k=m

only in that al, % a,/.

(¢) V(al, al; alf, all) — V(al, al; alf, all) if D; differs from D;in
that a), # a,/ and a,, ¥ a) but is otherwise the same.

(d) That of (a), (b), or (c), if, by permuting the a}’, D; can be made
to obey the conditions of (a), (b), or (c¢), times +1 if the permutation is
even, or times —1 if the permutation is odd.

(e) Zero if D; contains three ¢’s different from those of D;.

Since neither Uy nor Vi; depends on the spin coordinates of the orbi-
tals, these coordinates may be integrated out of the expressions for Uy
and Vi;. Using the orthogonality properties of « and 8 we see at once
that U(ay, az) = 0 if s; 5% sp and that V(ay, as; a3, a4) = 0 unless
81 = 83 and 8o = 84.

As the operators Uy do not depend on the 6 or ¢ coordinates of the
electrons, these may also be integrated out of 9-52.  If we put

o(nlms|i) = R(nl]i)Y (Imls) {EZ;} 9-54

then

U(nlllmlsl; nglomass)
L
= J B b DURGalo [ P G| DY (1) [Z‘HC:} o
1 2
= I(nily; nals) f Y*(limy| 1)V (lomo|1) sin 0 d0 do 8(sy, 53) 955

where
I(nlll; ’nglz) = fR*('nlll‘].)UlR(nzlzll)T2 dr 9'56

and where 8(sy, s2) = 1 if sy = sp; = 0 otherwise. Because of the
orthogonality of the Y’s, the integral

f Y*(lymy|1)Y (lams|1) sin 6 d6 de
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vanishes unless I; = Iy and m; = mg, in which case it is unity. Hence
U (nilymysy; nglomass)
= I(mli; nolp) 8(ly, lo) 8(my, mg) 8(s1, 82) 9-57

. 1 . .
Since V;; involves ) which depends on the variables 6 and ¢, we
%)

cannot integrate out these variables in V(a,a2, aszas) directly. If,
. 1 . . .
however, we use the expansion of — as given in Appendix V, we find,

Tkl
after integrating out the spins,

V(nilimysy; nalomass; malsmass; nalsmass)
=3 4r {ffR*(n l [1)R*(n l ]2) ﬁR(n l ]1)
ZA+1 141 2l2 rl;H 3l3
R(n,;l.;ll)rfrg d7‘1 d7‘2 X
f f Y*(lymy|0101) Y (lama|8101) Y*(Im|6101) sin 61 do; dey X

S f ¥ @amalouoa) Y Qumaloaoa) Y (mozgs) sin 0 doa dea} X
d(s1s3) 8(szs4) 9-58

The integrals vanish unless m = m3 — m; = my — my, so that the
summation over m is reduced to a single term. The remaining integral
over the angles is of the form of a product of two integrals which we
denote by

e (lymy; lams)

{2]0 + 1} ‘/‘Y*(llmlla‘f’)Y(lmla‘P)Y(lzmzlalp) sin 6 do d(p

where m = m; — my. Now unless m; + my = m3 + mg in equa-
tion 9-58 it is impossible to find an m such that m = mz — m; =
mg — my. Hence V(ny-«--) = 0 unless m; + my = mz + my, and of
course s; = 83; Sz = 84. When these conditions are fulfilled

V(nilymysy; nalomasy; nalamsss; nalsmasy)
= Y ¢ (lams; mi)ey(lama; Limg) Ri(naly, nola; mals, ndy)  9:59

where

]
Ry(myly, + + + ngly) = ffR*(nlllll)R*(nzlzl2) %
>
R(nalall)R(’n‘l‘IZ)Tng dT1 de 9-60
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The integrals I(nily; noly) and R;(nily, nals; nals, nyly) cannot be
evaluated unless the forms of the ¢’s are known, so that we have reduced
the calculation of H; to its simplest form.

To summarize the procedure for calculating H{;, there are four steps:

1. Weare given two D functions, D (a1, a5, a%,- - -) and D (a}’,a¥’,a%’ - -+).
We first permute the sets of quantum numbers aj’, o}/, - -+ until as
many sets ' as possible are identical with the corresponding sets aj.
If the permutation which effects this arrangement is an odd permutation,
we multiply the result by —1.

2. We now express H/; in terms of the U (a;, a;) and V (a;, a;; ax, a1).
There are four cases:

(a) After the permutation, the two D functions are identical. Then

H:j = Zk:U(aky ak) + :L_:I{V(ak) ap; O, al) - V(ak) a; ai, ak)} 9-61
<

(b) After the permutation the two D functions are identical except
for one set of quantum numbers, say the kth, so that a # a;’. Then

Hs,'j = U(a’l,c: allcl) + Z{V(a;{;, ar, al,c” al) - V(al’c, ai; a, allcl)} 9-62
Ik

(c) After the permutation the two D functions differ in two sets of
quantum numbers, say a; = a; and a] # a;’. Then

! 14 /., 124 124 7 ’. 124 124
Hy= Vi, a; o, ') — Vin, ;5 @', &) 9-63

(d) After the permutation, the two D functions differ in more than two
sets of quantum numbers. The contribution to Hj; is then zero.

3. The Uf(a;, aj) and V(aa;; aga;) are expressed in terms of the
integrals I (nl;, njl;) and R;(ndi, nsl;; ngle, nii). We have

U(aa;) = I(nds; njly) 6(1s, ;) 8(mg, my) 8(ss, s5)
V(ayas; azay) = ;CT (lgmg, lymy)ci(lams, lymy)

Ri(nily, noly; ngls; nals) 8(sy, 83) 8(s2, 84)
é(my + mg, mg +my) 964

4. The integrals I'(nl;; n;l;) and R(nl;- - +) are evaluated and the
results for H;; are substituted in 9-21. The integrals S;; are equal to
d:5, since the D’s and B’s are orthogonal.

In most of the calculations of this type it will be necessary to calculate
only diagonal elements for the energy matrix. This will be the matrix
element between one D function and itsclf, so that we have case 2a.
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The encrgy matrix in this case may be written quite simply as
Hy = Y1(ag, a5) + X Jk, 1) — KKk, 1) 9:65
k k<l k<l

where the ¢ coulombie ”’ integral J (k, 1) is defined as

J(k, 1) = V(agar; azay) = ;al(aky a)F(ay, ay) 9-66

and the ¢ exchange ”’ integral K (k, 1) is defined as
Kk, 1) = V(ax, a1; ar, ax) = 5(s, s1) ;bl(ak, a)G'ax, @) 967
where
at(ax, @) = cf (ax, ax)er(a, az)
o (ar, m) = ¢ (a1, ax)er(ar, ag)
Fiar, @) = Ry(arar; axa)
GHax, ar) = Ri(arar; aaz)
In Tables 9-1 and 9-2 are listed the values of the a’s and b’s for states
involving s and p electrons. Values of the ¢’s, as well as more complete
tables for the a’s and b’s, may be found in Condon and Shortley.%
As an example of these rules, let us calculate the energies of the terms

arising from the configuration (2p)%. Referring to the list of B func-
tions for this configuration, we see that the secular equation has the form

=0 9-68

including eight determinants of the first order, two of the second, and
one of the third. Now D, is a B function corresponding to the *D term,
so that the energy of this term is immediately given by the root of the
determinant in the upper left-hand corner as

E('D) = H}, 9-69
Similarly, the energy of the *P term is immediately given as
E(GP) = H}, 9.70

8 E. U. Condon and G. H. Shortley, Theory of Atomic Spectra, Cambridge Uni-
versity Press, p. 178, 1935.
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TABLE 91
at,m; U, m')
ELecTRON
ConriguraTiON ! m U m' a® a?
s8 0 0 0 0 1 0
sp 0 0 1 *£1 1 0
0 0 1 0 1 0
D 1 +1 1 +1 1 o
1 +£1 1 0 1 -
1 0 1 0 1 o5
The remaining a’s are zero for s and p electrons.
TABLE 9-2
bi(t, m; U, m)
ELECcTRON
CONFIGURATION ! m U m b bl b2
88 0 0 0 0 1 0 O
sp 0 0 1 x1 0 % 0
0 o 1 o0 0 % o
2D 1 41 1 41 1 0 %
1 -1 1 =1 1 0
1 1 1 0 0 0 %
1 41 1 -1 0 0 £
1 b 1 0 1 0 o

The energy of the 1S term will be given by one of the roots of the third-
order determinant. The other two roots of this determinant correspond
to the !D and 3P terms. Now the sum of the roots of a determinant is
equal to the sum of the terms on the principal diagonal, so that the energy
of the 1S term is given as

E('S) = Hy; + Hyg + Hoy — Hiy — Hy, 9-71

Referring to the list of D functions, we readily find, by means of equa-
tions 9-65-9-67 and Tables 9-1 and 9-2 that the pertinent matrix com-
ponents of H are

Hiy=2I(2,1; 2,1) + F°(2,1; 2,1) + %F%(2,1; 2,1)

Hip=21(2,1; 2,1) + F°(2,1; 2,1) — &F°(2,1; 2, 1)
— 356°(2,1;2, 1)

Hp=2I(21; 2,1) + F°(2,1; 2,1) + %F%(2,1; 2,1)
Hig=2I(2,1; 2,1) + F°(2,1; 2,1) + %F%(2,1; 2,1)
Hjo=2I(2,1; 2,1) + F°(2,1; 2, 1) + &F%(2,1; 2,1)
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from which we calculate the energies for the various terms to be
E(D) =212 1; 2,1) + F°@Q, 1; 2, 1) + #5F%(@2, 1; 2,1) 972

E(3P) = 21(21 1; 21 1) +F0(2: 1; 2) 1) - §2'5'F2(2; 1; 2) 1)
—-A6%@21;2,1) 973

E(S) =2I(2,1; 2,1) + F°(2,1; 2, 1) + 4%F?%(2,1; 2,1)
+ %G?%(2,1; 2,1) 974

It is, of course, impossible to make an exact comparison of theory with
experiment without evaluating the integrals for a particular choice of
trial eigenfunctions. It is, however, possible to make some qualitative
calculations. As the integrals F' and G are positive quantities, we see
that the orders of the levels will be P, 1D, 1S, with the 3P the lowest.
This is in accord with Hund’s rule in atomie spectroscopy: Of the terms
arising from a given electron configuration the term with the highest
multiplicity will lie lowest; of terms with the same multiplicity, the one
with the highest L value will lie lowest. For equivalent electrons,
Fl'(n1, nl) = G'(nl, nl1). For the electron configuration (np)2, our
results state that

E(S) —E('D) _ &F* +5G° 3
E(D) — ECP) J&F* + &G 2

975

For the atoms C, 8i, Ge, Sn, all having this electron configuration,
Condon and Shortley give the values for thisratio as 1.13, 1.48, 1.50, 1.39,
respectively, although for certain other atoms having this same con-
figuration the agreement is less satisfactory. Although this method of
approach by no means gives exact quantitative results, it does give the
number and type of terms correctly, and usually the relative positions
of these terms are qualitatively correct.

oh. Fine Structure. To the approximation we have been consider-
ing, we have seen that the various B functions of a term all have the
same energy. If, however, we add to our Hamiltonian operator the
terms representing the interaction between the magnetic dipoles associ-
ated with the motions of the electrons in their orbits and the magnetic
dipoles associated with the spin of the electron, this is no longer true.

We can determine the general form of this ¢ spin-orbit ’’ interaction
by the following argument. Consider an electron moving about a
nucleus of charge Z }el at a distance r. The electric field at the electron

Z . . e
will be E = —;:—r. If the electron is moving with a velocity v, it will
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be subjected to the action of a magnetic field of strength

Ev Z Z

By _ el 2l 076
¢ cr mer

H =

where M is the angular momentum of the electron. The classical
energy of a dipole in a magnetic field is —p - H, so that the energy cor-
rection should be
Zle|
H=-"M-
mer®

A more careful analysis,” including a relativity correction, shows that this
) e
expression should be reduced by a factor 3. Since p, = — e S,, ete.,

the spin-orbit interaction thus contributes a term to the Hamiltonian

1 Ze

H = 2;, omiE T (M.;Sz; + My;Sy; + M.iS;) 9-77
VA 2

For the more general case of a non-coulomb field, the term —i— will be

T%
1 V(@
replaced by - (rs)

, 80 that we obtain for the spin-orbit interaction

: aT,‘
operator the result
1 (10V(r)
/ = 9,22 - ) y y . . . .
H = Zz: 2m262 lri (97‘,' ] (szS:n + MmSm + MMSH) 9.78

This operator commutes with J? and J,, but not with M2, S2 or their
components. The eigenfunctions of the complete Hamiltonian will
not therefore be eigenfunctions of M2, 8%, M,, or S,. If, however, the
term H’ is small compared to the other terms in the Hamiltonian, the
energy levels of the complete Hamiltonian will approximate those of the
approximate Hamiltonian which we have previously considered. There-
fore each term will break up into a number of energy levels whose ener-
gies will be close to that of the unperturbed term. The eigenfunctions
corresponding to these energy levels will be approximately represented
by linear combinations of the B functions corresponding to the unper-
turbed terms.

Since J? and J, commute with the complete Hamiltonian, the final
eigenfunctions of H must also be eigenfunctions of those operators with

2

eigenvalues of the form J(J + 1) 4%_—2 for J2 and M 2h——1r for J.. If we

7 E. Kemble, Fundamental Principles of Quantum Mechanics, p. 502, McGraw-
Hill Book Company, 1937.
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represent the final eigenfunctions of H by C(J, M), we must therefore
have

2
YO, M) = J( + 1) 1 CW, M) 079
J.0U, M) = M - O, M) 980

Since J, = M, + S,, the B functions involved in C(J, M) must have
M+ Mg = M, since there is but one B function with a given Mj,
and Mg value. We may label the B functions by their Mz, and Mg
value as B(My, M g), so that the C’s must have the form

C(J,M)=2k(Mr, Ms)B(Mr, M5) 9-81

where k(M 1, M) is a constant.
The values of the constants k are most easily found by means of the
operators

J. +=14J, = M, £ M, + S, £ 1S,
We have
(Je £14J,)CWJ, M) = Zk(Mp, Ms)(M, £ iM,)B(My, Mg)
+ 2 k(Mr, Ms)(S: £ iSy)B(Mz, Ms)
from which
[JWJ+1)—MM+D*CJ, M £1)
= Sk(My, Mg)[L(L 4+ 1) — My(My + 1) B(My £+ 1, M)
+ Tk(Mp, Mg)[S(S + 1) — Ms(Mg + )" *B(My, Mg £ 1) 9-82

and therefore, from a knowledge of C(J, M), equation 9-82 gives
C(J, M = 1) and hence all C’s with the same J value.

The highest value of M is M = L 4 S, and there is only one B func-
tion with this value of M, + Mg Moreover, there is no B function
with a greater value of M. Henceif J = L + S

CWJ,J) = B(L, S)

and by 9-82 all the C(J, M) with J = L + S can be found. In particu-
lar, C(J, J — 1) is found as a linear combination of B(L — 1, 8) and
B(L,8 —1). NowC(J’,J"), where J' = L + S — 1, must also be a
linear combination of the same two B functions; in addition it must be
orthogonal to C(J, J — 1). We therefore put
CWJ',J')=KBIL -1,8) +kB(L, S — 1)

If

CJ,J —1) =kB(L-1,8)+4+ kB, S —-1)
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the orthogonality condition is, since the B’s are normalized and
orthogonal,

kiky + kok) = 0 9-83

which, with the condition k{* + k4% = 1, determines k] and k. Having
determined C(J’, J') we now determine all the C(J/, M) by 9-82.
We may now determine C(J”/, J''), where J// = L + S — 2, by finding
that combination of B(L — 2, S), B(L — 1, S — 1), and B(L, S — 2)
which is orthogonal to C(J, J — 2) and C(J’, J' — 1). This in turn
gives all the C(J'/, M). This process is continued until 28 4 1 or
2L + 1, whichever is smaller, sets of functions have been found, with the
J values |[L + S|, [L+ S| —1---|L—8|. If we attempt to carry
the process beyond this point, we find that the number of B functions
corresponding to M = J™tV ig only 2z + 1, where z is the smaller of
L and 8, and we already have (2z + 1) C(J™, M)’s. It is therefore
impossible to find a new linear combination of B’s which is orthogonal
to the linear combinations already found.

To illustrate this process, let us consider a 2P term, so that L = 1,
S = 1. The B functions are B(l, %), B(1, —%), B(0, %), B(0, —3),
B(—1, 3), B(—1, —3). The process therefore starts with C(3, §) =
B(1,%). Equation 9-82 (with the lower signs) then gives

C# %) =B(,3)
¢33 = VIBO b + ViR, -}
¢ —1) = VIB(-1 ) +V3B©, -$)
C3, —3) = B(-1, -3
We now put
CG, %) = kB0, §) + kB(1, —%)
and 9-83 gives for orthogonality to C(3, %)

V2 +Viky = 0; ka = —V2

The values ky = \/% and ky = —V/ % satisfy this as well as the relation
k3 + k% = 1. . Hence
¢4, %) = ViBO Y - VEBQ -}
If we apply 9-82 again, we obtain
¢G, -9 =ViB(-1,H -ViBO -}
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We have now formed six C functions out of the six B functions, and no
iore linear combinations can be made. The process is therefore
complete.

The energy levels derived from the C functions are dependent only
on J and are the same for C functions with the same J but different M.
Thus the four C functions C (—% $,c3 5,03, —%), 03, —2) have
one energy, and the two C (%, ) and C(3, —2) have a different energy.
The energy levels are denoted by adding the value of J as a subscript to
the term symbol. Thus the two energy levels arising from the 2P term
are denoted by 2P3, and 2Py,

In retrospect, the energy levels of an atom may be thought of as aris-
ing from the various electron configurations. If the interactions
between the electrons were completely neglected, the various eigen-
functions arising from the configuration would have the same energy.
The electrostatic interactions split the configurations into terms, denoted
by their L and S values, with different energies. Finally, the spin-orbit
interaction splits each term into 2L 4+ 1 or 28 + 1 energy levels, dis-
tinguished by their J values, which run from IL + Sl to |L — 8.
Each of these energy levels is still degenerate, having 2J -+ 1 eigen-
functions corresponding to M values which run from J to —J. As we
shall see in the next section, this degeneracy can be removed by the
application of an external magnetic field.

In many atoms, particularly atoms of high atomic number and with
almost complete shells, the spin-orbit interaction may become of more
importance than the electrostatic interaction. In considering these
atoms, it is a better approximation to neglect the electrostatic energy
at first and consider the spin-orbit interaction alone for the first approxi-
mation. We shall not treat this case here. Atoms of this type are said
to have j—j coupling, as contrasted with the type we have been consider-
_ing, which are said to have L-S, or Russell-Saunders, coupling.

9i. The Vector Model of the Atom. The results obtained above
form a basis for a discussion of the ‘‘ vector model "’ of the atom. This
model is of value in visualizing some of the energy relations involved, as
well as in giving a simple method of calculating the terms arising from a
given electron configuration. From the configuration (np)?, we saw
that one obtained the terms D, 3P, 1S; that is, we had possible L
values of 2, 1, and 0, and possible S values of 1 and 0. Since we had
Iy = 1,1, = 1, where l; and I, are the I values of the two electrons, we
see that the above L values are obtained by adding l; and I; vectorially,
if we require the resultant vectors to differ in length by steps of unity.
In the same manner the above S values can be obtained by vector addi-
tion of ls;| = % and |s;] = §. The resulting L and S values cannot be
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combined arbitrarily, since the exclusion principle must be taken into
account. The possible terms can be determined by the following
scheme.® We write as a table all the possible values of Mz, which can
be formed by combination of m; and ma.

The table shows that the values of M, are

210 —-1 -2
1 0 -1
0

which are just the values required to form one D, one P, and one 8 term.
The spins can be combined to form either S = 0or S = 1. For S =1,
both electrons have the same spin quantum number, so that they must
differ in their values of m. We cannot, therefore, combine any of the M,
values from the diagonal of the above table with S = 1. Also, we can
use only the M, values from one side of the diagonal, as those on the
other side merely correspond to a different numbering of the electrons.
When S = 1, we are thus limited to the M, values 1, 0, —1, so that we
havea 3P term. When S = 0, the electrons differ in their spin quantum
numbers and there is no restriction on the values of M1, which may be
combined with this value of S. As the set of values 1, 0, —1 has
already been used to form the P term, we thus have the sets of M,
values 2, 1, 0, —1, —2, and O to combine with S = 0, giving !D and 1.8
terms.

For the configuration (ns)?, there is, of course, only the one term 1S.
For the configuration (nd)2, our table for the M ;, values is

% 2 1 0] 2
8 1 0 |-1|1
TG T | -
2 1 -1 12| 0 1,=2
—_— | 2

1 o“,~1\|'\-2\=\-3 -1

|

0l-1 -2 -3 >4 -2

! | ' I m‘

8 @. Breit, Phys. Rev., 28, 334 (1926).
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For 8 = 1, we are again limited to the Mz, values from one side of the
diagonal, which are sufficient to give *F and 3P terms. For S = 0,
we have the remaining sets of M, values, which are sufficient to give
'@, 1D, 'S terms. This method can be extended to more than two
equivalent electrons, although the calculations are slightly more compli-
cated. The possible terms that can arise from combinations of equiva-~
lent s and p electrons are

(ns) 28
(ns)? 13
(np)  *P

(np)2 18 3P D
(np)S 4S 2D 2P
(,np)-l IS 3P lD
(np)® °P
(np)® 'S

For such electron configurations as (np, mp), the exclusion principle
is already satisfied by the differing values of the principal quantum
number. There is thus no restriction on the combinations of M 1, and S,
so that this electron configuration gives the terms 3D, *P, 38, 1D, 1P, 18,
Similarly, for the combination (np, nd), the exclusion principle is satis-
fied by the differing I values. From this configuration we thus obtain
the terms 3F, 3D, 3P, 38, 'F, 1D, 'P, ' S.

. . h
For a given term we have an electronic angular momentum L* o’
L

where IL*l = VL(L +1); and a spin angular momentum S* -2’L,
T

where |S*| = V/S(8 4+ 1). As we have seen in the previous section,
these angular momenta combine to give a total angular momentum
J*%, where |J*| = VJ(J + 1), and where J has the values from
|L + S| to |L — 8|, the J values differing by unity. These are just the
J values we would obtain if we imagined the orbital and spin angular
momenta to combine vectorially to give the resultant angular momen-
tum, the resultant values being limited by the quantum principle. As
we have seen, a magnetic moment is associated with the orbital angular
momentum as well as with the spin angular momentum. Also, the
motion of the electrons in their orbits produces a magnetic field. Aec-
cording to equation 9-78, we see that the spin-orbit interaction will be of
the form

AE = AL*. S* 9-84
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where A will be some function of L and S and the electronic state. Since
|TH2 — ¥ — s

* g QK
L¥e S 2

this becomes
AU+ -TE D -SEFD) 98

'The magnetic field produced by the orbital motion is in the same direc-
tion as the orbital angular momentum. The state of lowest energy will
be that in which the magnetic moment of the electron spin is parallel
to the field. Now the magnetic moments of both orbital and spin
angular momenta are in the direction opposite to that of the associated
angular momenta, owing to the negative charge of the electron. The
state of lowest energy will thus be that in which L and S are in opposite
directions. The lowest state is therefore that with the lowest value of J.
[In the list of terms arising from configurations of equivalent electrons
as given above, it will be noted that (np)® gives the same terms as (np);
that is, a closed shell minus one electron gives terms similar to those from
the same shell ccntaining only one electron. In terms arising from
these ‘‘ almost-closed shells ”’ the order of the states is reversed, the
lowest state being that with the highest J value. For example, the
halogens, with the (np)5 configuration, have 2Py, as the ground state.]

Since L and S are the same for all members of a multiplet, the sepa-
ration between the state with quantum number J and that with J + 11is

AU+ DU +D - JU+DI =AU +D) 988

that is, it is proportional to the larger J value. For example, the states
3Py, 3P1, 3P, have relative scparations 1:2; the states *D,,, *D;,,
Dy, *Dy, have relative separations 3 : 5 : 7. This relation, the Lande
interval rule, is closely obeyed in atoms with Russell-Saunders coupling.

As stated above, a state with angular momentum quantum number J
is (2J + 1)-fold degenerate, there being this number of C functions
with the same value of J. Returning to our example of the terms
arising from the electron configuration (np)Z%, we have 1Sy, non-degener-
ate; 1D,, 3P,, five-fold degenerate; 3P;, three-fold degenerate; 3P,
non-degenerate. This accounts for the fifteen states corresponding to
the possible linear combinations of the fifteen D functions for this con-
figuration. If the atom is now placed in a magnetic field, the energy will
depend on M as well as on J, and this degeneracy will be removed. If
ps+ is the magnetic moment associated with a state with quantum
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number J, the energy in a magnetic field will be

E(J, M) = Eo(J) — ppoH 987
where E,(J) is the energy in the absence of the field. As we have noted
previously, the magnetic moment associated with the orbital motion is

eh
41rme

Prr = L*

that associated with spin angular momentum is
eh

Psx = 2S*

The magnetic moment associated with the total angular momentum is
therefore

= ﬁ‘l (zs] cos (L T*) + |ps] cos (S* J%))

*eh

= gJ 9-88

2J(J +1)

is the “ Lande g factor.” The energy levels in the presence of a mag-
netic field are therefore

E(J,M) = Ey(J)—¢g *H

4
..EO(J)+thHM M=J,J—1---—J 989

Each level with quantum number J is thus split into 2J + 1 equally
spaced levels by the magnetic field, the lowest level being that with
= —J. In Figure 9-1 we have plotted the levels arising from the
configuration (np)? for the various degrees of approximation. For each
degree of approximation, the relative separations within a given multi-
plet are correct; the other separations are not to scale.
9j. Selection Rules for Complex Atogls. As the field of atomic
spectroscopy lies to a certain extent outside the scope of this book, we
shall not treat the selection rules for the allowed transitions in complex
atoms in any detail but shall merely summarize some of the more impor-
tant results. According to the general theory of Chapter VIII, a transi-
tion between two states a and b may take place with the emission or

absorption of electric dipole radiation only if the integral f varg, dr is
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different from zero. Now any atom has spherical symmetry; the
Hamiltonian operator is unchanged if the position coordinates of every
electron are subjected to an inversion through the origin of coordinates.
Because of this spherical symmetry, the product ¢, must be unchanged

1
, 'S Sy m=0}'Sy
|
I
|
|
I
|
I
|
1
]
I
|
I
e M=%
] ID IDZ 4’:::'———————_ 1 11)
L =TT e
) SI——
]
1l
i/
H :p, . Mz? 3
H P 2 <Eé:::: or By
:I‘ / \\\\\\\ 8 M=1)3
,"1 II \\\\__21__..5:_:_:_:: 0 L
N - -
N 3
i m=0}'Fy

/
(np)® ;’
np
Spin-orbit ‘Magnetic
field

No electronic  Electrostatic
interaction repulsion interaction
included included present

Fia. 9-1. Schematic energy levels from the electron configuration (np)2,

Upon inversion, therefore,

if every coordinate is replaced by its inverse.
the funection ¢, must either remain unchanged or must change only in

sign, so that the atomic wave functions can be classed as even or odd
with respect to inversion. The vector r is, of course, an odd function
with respect to this operation. Now, if ¥, and ¢, are both even func-
tions or both odd functions, the product y,ry; will be an odd function.
If we carry out an inversion, the integrand will change sign, its magni-
tude, however, remaining unchanged. Thus for every contribution to
the integral from a particular volume element dz; there will be a con-
tribution of equal magnitude but opposite sign from the inverse volume
element; the integral will be ¢dentically zero. We have thus derived the



SELECTION RULES FOR COMPLEX ATOMS 161

selection rule for dipole radiation: only transitions between an even
state and an odd state are allowed. This selection rule is perfectly
general, depending as it does only on the symmetry properties of an
atom and not on the particular set of wave functions which we use to
give an approximate description of the electronic state of the atom. The
following selection rules are less strict but hold approximately for many
atoms.

If we consider that the states of the atom can be described by wave
functions which are the proper linear combinations of products of one-
electron orbitals which are solutions of a central field problem, we can
make the following statements. Many transitions can be described by
assuming that only one electron is involved. The angular portions of
the orbitals are then identical with those of the hydrogen atom, the
selection rule will therefore be the same, so for a one-electron transition,
to this approximation, we have the rule Al = +1. For example, a
transition of the type (np)? — (np, md) is allowed; transitions of the
type (np)? — (np, mp) or (np)? — (np, mf) are forbidden. As may
readily be seen, either from the expressions for the hydrogenlike wave
functions or from the nature of the spherical harmonics, these functions
are even for l even and odd for I odd. To the approximation we are here
considering, an atomic wave function is therefore even or odd according
as > l; is even or odd. If we have a transition involving two electrons

1
simultaneously, then the general theorem that transitions are allowed
only between even and odd states tells us that Al must be even for one
electron and odd for the other. Since we have Al = +1 for a one-
electron transition, for a two-electron transition we would have
Al = £1; Al, =0, +2.

Of more general interest are the selection rules for S, L, and J, as
these quantum numbers describe an atomic state with greater accuracy.
To the approximation that we neglect spin in the Hamiltonian operator,
the spin wave functions are independent of the coordinate wave func-
tions. The dipole moment integral will vanish because of the orthogo-
nality of the spin functions unless the spin quantum numbers match in
the initial and final states. To this approximation, we thus have the
selection rule AS = 0; that is, only transitions between terms of the
same multiplicity are allowed. The selection rules for L and J cannot
be derived so simply; the results are®

AL =0, £1; AJ =0, £1 9:90

9 E. Kemble, Fundamental Principles of Quantum Mechanics. p. 543, McGraw-
Hill Book Company, 1937.
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In the presence of a magnetic field, the energy depends also on M. The
observed phenomena in the Zeeman effect are explained by the selection
rule for M

AM = 0, +1 991

this selection rule being derivable in the same manner as the selection
rule for m in the theory of the hydrogen atom. The selection rule
AM = 0 corresponds to the non-vanishing of the z component of the
dipole moment integral; the light emitted during a transition for which
AM = 0is polarized along the z axis (the direction of the magnetic field).
Similarly, for transitions for which AM = 41, the emitted light is
circularly polarized in the zy plane. In passing, we might mention that
investigations of the Zeeman effect provide one of the most powerful tools
for the determination of the characteristics of the states involved in
atomic spectra.

Ok. The Radial Portion of the Atomic Orbitals. Up to the present
we have not specified the exact nature of our atomic orbitals, aside from
the specification that the angular portion of the orbitals would be the
ordinary spherical harmonics, since they were assumed to arise from the
solution of a central field problem. For any quantitative calculation of
energy levels some form must be chosen for the radial portion of the
orbital. The best one-electron orbitals are found by the method of
Hartree, which is discussed in the next section. In approximate work
it is often desirable to use orbitals which, although less accurate than
those obtained by Hartree’s method, are simpler in form and hence
easier to use. For example, Zener!? and Slater!! have used orbitals of
the form

Nr D¢ ™45y (1 mo, o) 9.92

where n* and s are adjustable constants and N is a normalizing factor.
These eigenfunctions are solutions of the central field problem where
V(r) is given by the relation

(Z —s)e?  n*(n* — 1)A2

Vi) = - r 8x®mr? 993
For large values of r this approaches
)2
vy~ - L= 004

corresponding to a screening of the nucleus equivalent to s atomic units;

10 G, Zener, Phys. Rev., 36, 51 (1930).
113 C. Slater, Phys. Rev., 36, 57 (1930).
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in other words, the effective nuclear charge is equal to Z — s. From its
resemblance to the quantum number n of the hydrogen atom, n* is
known as the ¢ effective quantum number.” Qualitatively, the eigen-
functions 9-92 differ from the hydrogen eigenfunctions in that there are
no nodes in the radial portion, whereas the hydrogen eigenfunctions
have n — [ — 1 nodes.

By varying n* and s so as to minimize the energy, Slater has been
able to give the following rules for the determination of these constants:

1. n* is assigned according to the following table, according to the
value of the real quantum number »:

n=1 2 3 4 5 6
n*=1 2 3 3.7 4.0 4.2

2. For determining s, the electrons are divided into the following
groups: 1s; 2s,2p; 3s,3p; 3d; 4s,4p; 4d, 4f; - '

3. The shleldmg constant s is formed, for any group of electrons, from
the following contributions:

(a) Nothing from any shell outside the one considered.

(0) An amount 0.35 from each other electron in the group considered
(except in the 1s group, where 0.30 is used).

(c) If the shell considered is an s or p shell, an amount 0.85 from each
electron with principal quantum number less by 1, and an amount 1.00
from each electron still farther in; but if the shell is a d or f shell, an
amount 1.00 from each electron inside it.

For example, carbon has two 1s electrons, two 2s electrons, and two 2p
electrons. The approximate radial orbital (unnormalized) for a 1s
electron is, according to the above rules:

—5.70%
o(ls) e %

while for a 2s or 2p electron the radial function is

_3.26r
¢(28) = ¢(2p) ~re 2%

Since the constants in these functions were determined by the use of
experimental data, the functions will be satisfactory for rough quantita-
tive calculations. Various other sets of screening constants have been
proposed for use in wave functions of the above type, for example, those
of Pauling and Sherman.!2

9l. The Hartree Method. According to our discussion of the helium
atom in Chapter VII, the best wave functions for an atomic system

127, Pauling and J. Sherman, Z. Krist., 81, 1 (1932).
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should include the distance between the electrons r;;, explicitly.
Because of the complexity that would result from the use of such wave
functions for many-electron atoms, we are limited in practice to the use
of the one-electron wave functions of the type 9-19. The best possible
wave functions of this type would be obtained by means of the variation
method. In the earlier work of Iartree, the simpler product form of
one-electron functions was used instead of the determinantal form. If
we write the wave function for an n-electron atom as

¥ = o1(a1|De2(a2]2) - - - pn(an]n) 9-95
then the best wave function of this type is that which makes the energy
E = f V*Hy dr a minimum, in other words, that which satisfies the

equation
o = 5 f V*Hy dr = 0 9.96

The above method of expressing the energy is valid only if ¢ is normal-
ized. We can insure that this condition is fulfilled if we require that
each ¢ be normalized, that is

[eterdr=1; i=1,2,--n 097
The Hamiltonian operator for the system of n electrons is

H= z{ L —Vi- %f} 222—

i=1 i ij=iTf 998
e
= Z H +3X 2 —
i=1 T =il
The solution of equation 9-96, subject to the condition 9-97, shows that

the best possible wave function of the type 9-95 is obtained by using the
set of ¢’s which are the solutions of the » simultaneous equations

Hp; +{ Z fl¢]| d"']} ©i = €p; 9-99
J#*s

Now e?|p;|2? is just the charge distribution of the jth electron, and

2
2“"’ ] is the potential energy of the ith electron in the field of the jth

T, ¥
electron. The term in brackets thus represents the potential energy of

the ¢th electron in the field of all the remaining electrons. The method
of solution of the set of simultaneous equations is the following. First
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an arbitrary set of ¢;’s is chosen (the choice, of course, being guided by
any previous knowledge of approximate wave functions for the atom).
The field arising from all the electrons except the ¢th electron is calcu-
lated from this set of ¢’s, and ¢; is then calculated from equation 9-99.
This procedure is carried out for each of the n electrons. The calculated
set of ¢'s will not in general be identical with the original set; the calcu-
lations are repeated with a new set of ¢’s which have been altered in a
manner suggested by the results of the first calculation. This process is
continued until the assumed set of ¢’s and the calculated set are identical,
at which point the solution of the set of simultaneous equations has been
achieved. Since an assumed charge distribution gives a set of ¢'s
which will reproduce this charge distribution, the above method is fre-
quently called the ““ method of the self-consistent field.”

The energy associated with the wave function 9-95 is

E= | y*Hydr

o3 15 o [ [ledlesl?
=3 ofHpidr; +32.2 ¢ ———dr;dr; 9:100
i=1 R T35

Comparing this equation with 9-65, we see that it contains terms repre-
senting the energy of the one-electron wave functions and terms repre-
senting the “ coulombic "’ interaction of the electron cloud distributions,
but that the term representing the ““ exchange ”” energy is missing. If
the ¢’s are the solutions of equations 9-99 the energy will be given by

n 121 .12
E= Zei—%ZZeszMdndq 9101
i=1 IS Tij

The reason why there are no energy terms in 9-100 corresponding to the
exchange energy is that the original wave function ¢ was written as a
simple product rather than as a determinant, as it should be if the exclu-
sion principle is to be satisfied. By writing ¢ as a determinant, and pro-
ceeding as above, with the additional requirement that the ¢’s be orthog-
onal, one is led to Fock’s equations,'® which are similar in form to the
Hartree equation 9-99, but contain additional terms corresponding to the
potential energies arising from the electron interchange. The results
for the energy levels and wave functions do not differ appreciably from
those obtained by the Hartree mcthod. Since our main interest is in
the problem of molecular structure rather than in that of atomic struc-
ture, we shall postpone a more thorough discussion of exchange encrgies
to later chapters, where they will be of more significance.

18V, Fock, Z. Physik, 61, 126 (1930).
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It should be mentioned at this point that, although the above wave
functions, particularly those obtained by the solution of Fock’s equa-
tions, are the “ best possible ”’ one-electron wave functions, they give
values for the energies of atoms which are incorrect by approximately
0.5 volt per electron. For this reason any results obtained from calcu-
lations based upon one-electron wave functions can be only quali-

2
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F1a. 9-2. Electron distribution in He, Nat*, and Rb* by the Hartree method.

0

tatively correct; it is somewhat unfortunate that these are the only
wave functions which can be used in most problems concerning the
energy levels of complex systems.

In Figure 9-2 we show the electron density distribution, as calculated
by the Hartree method,'# for He, Nat, and Rb*. It will be noted that

1D, R. Hartree, Proc. Cambridge Phil. Soc., 24, 89, 111 (1928).
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the various shells of electrons can be clearly distinguished, and that
the “ radii ”’ of these shells decrease as the nuclear charge Z increases.

"I‘he diameter of the first shell, the K shell, is essentially gZE , where ag is

the radius of the first Bohr orbit. In Figure 9-2 the. electron density
D(r) is normalized in such a way that the area under each curve is equal
to the number of electrons in the atom.

9m. The Periodic System of the Elements. We will conclude this
chapter on atomic structure with a brief discussion of the periodic system
of the elements from the viewpoint of the electronic states of the various
elements. In Figure 9-3 we have reproduced the periodic chart, the
arrangement being essentially that suggested by White!® on the basis
of the spectroscopic characteristics of the various elements. In this
table are included the electron configurations of the ground states of
the elements, the designation of the lowest level, and the ionization
potentials!® both numerically and graphically. As a matter of con-
venience, the members of the rare-earth group between La and Lu have
been omitted. In giving the electron configurations, only those electrons
which have been added to the electrons of the preceding rare-gas con-
figuration have been explicitly noted. For example, the electron con-
figuration of Ne is (1s)%(2s)%(2p)®; the designation (3s) for the elec-
tron configuration of Na implies (1s)2(2s)2(2p)%(3s).

As mentioned in section 9¢, the electron configuration of the ground
state of any atom is obtained by adding the electrons one at a time to the
lowest possible orbitals, taking account, however, of the exclusion
principle. As previously mentioned, the orbitals lie approximately in
the order 1s, 2s, 2p, 3s, 3p, 4s, 3d, 4p, 5s, 4d, 5p, 6s, 4f, 5d, 6p, 7s, 6d.
In the hydrogen atom the energy depends only on n, so that, for example,
the 3s, 3p, and 3d orbitals all have the same energy. The new order
of the orbitals in the heavier atoms may be qualitatively understood in
" the following way. The outer electrons move in an effective field which
is the resultant of the nuclear field and the field of the inner electrons, or,
as we have previously said, the inner electrons * screen ”’ the outer elec-
trons from the nucleus. The energy binding an outer electron to the
atom will thus depend on how effectively this electron is screened from
the nucleus; for example, if a 3d electron is more completely screened
than a 3p, and the 3p is more completely screened than a 3s, then the
order of the orbitals will be 3s, 3p, 3d, with the 3s orbital the most stable.
This is exactly the case in heavy atoms. If we look at the hydrogenlike

18 H. E. White, Introduction to Atomic Specira, p. 85, McGraw-Hill Book Com-

pany, 1934.
16 G. Herzberg, Atomic Spectra and Atomic Structure, p. 287, Prentice-Hall, 1937.
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eigenfunctions in Table 6-1, we see that, disregarding the constant
factor, the angular factor, and the common exponential factor, for small
values of r the 3s eigenfunction is a constant, the 3p eigenfunction varies
as r, and the 3d eigenfunction varies as r2. This means that the proba-
bility of finding the electron in the immediate neighborhood of the
nucleus is greatest for the 3s electron and least for the 3d electron, so
that the 3s electron is screened least by the inner electrons and the 3d
is screened most; the order of stability is thus 3s, 3p, 3d. Because of
this difference in energy between the 3p and 3d, it is possible for the 4s
orbital to be even more stable than the 3d, and we observe that this is so.
Similar arguments hold for the relative stability of f orbitals; it is
observed that the 4f orbitals are so completely screened by the inner
electrons that the 6s orbital is more stable.

By adding electrons into the various possible orbitals, taking proper
account of the exclusion principle, we get the electron configurations
as shown in Figure 9-3. The 1s shell is complete at He, the 2s shell at
Be, and the 2p shell at Ne. Irom the viewpoint of electron configura-
tion alone, He should properly be in the same column as Be; from the
viewpoint of chemical properties, it belongs with Ne. This point will
be discussed later. The 3s shell is completed at Mg, the 3p shell at A,
and the 4s shell at Ca. At this point the 3d shell begins to fillup. Since
the 4s and 3d orbitals are closc together, it happens that the 3d shell does
not fill up smoothly; there is a tendency for the 3d shell to fill up at the
expense of the 4s shell. At Cu the 3d shell is complete, and there is one
4s electron present; at Zn both the 3d and the 4s shells are filled. The
4p electrons are now added, this shell being completed at Kr. The
same procedure is repeated with the 5s, 4d, and 5p electrons. The 6s
shell is completed at Ba, then one 5d electron is added, followed by the
fourteen 4f electrons. The 4f shell is completed at Lu, which, as far as
electrons outside closed shells are concerned, has the same configuration
as La. The addition of the remaining 5d electrons and the addition of
the 6p electrons brings us finally to Rn. Little is known about the
remaining elements.

We now note that all the elements in a given column have the same
ground state. For example, the elements H, Li, Na, K, Rb, and Cs
have %S, as the ground state; the elements Zn, Cd, and Hg have 1S,
as the ground state; the elements C, Si, Ge, Sn, and Pb have ®P, as the
ground state. Since the chemical properties of an element are deter-
mined by the electron configuration of the element, we see why the ele-
ments in any given column have similar chemical properties. The
above statements are not strictly true for the elements in those portions
of the table where the d shells are being filled. Owing to the competition
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between the d and s shells, certain irregularities arise; for example,
while Ti, Zr, and Hf have the same electron configuration, that of Cb
differs from that of V and Ta. In the first four and last eight columns
the correspondence is exact; the intermediate columns show more or less
variation.

We also note that the chemical characteristics of an element are not
completely determined by the electron configuration of the ground state,
gince, for example, K and Cu both have %Sy, as the lowest level, and
Ca, Zn, and Kr all have 1Sy. In order to understand the differences
between such elements several other factors must be considered. The
differences between K and Cu are undoubtedly to be attributed to the
fact that in Cu we have a 4s electron on top of the rather loosely held
3d shell, whereas in K we have a 4s electron on top of the tightly held A
configuration. The result of this is that the 4s electron in Cu moves in a
stronger effective field than the 4s electron of K, hence the ionization
potential of Cu is considerably higher than that of K. The 4s electron
in K is therefore more readily removed than that of Cu, so that, though
there are many similarities between the two elements, K is the more
reactive.

As will be seen in the following chapters, the normal covalence of an
atom is equal to the number of unpaired electron spins in the atom.
F, O, and N have multiplicities of 2, 3, 4, respectively, so that the spin
quantum number S has the values 3, 1, $, respectively, for these atoms.
These values of S can arise from 1, 2, 3 unpaired spins, so that F, O,
and N have normal covalences of 1, 2, and 3, respectively. Be, on the
other hand, should have a normal covalence of zero. However, com-
paring the ionization potentials of Be and B, we see that the 2p orbital
is only slightly less stable than the 2s. One of the 2s electrons in Be
can thus be rather readily moved up to the 2p level, giving two unpaired
spins and hence a covalence of two. Similarly, by moving one electron
from the 2s to the 2p level in B and C, we obtain the normal covalences
of 3 and 4 for these elements. The behavior of Zn is analogous to that
of Be. For the rare-gas elements, a quite different condition exists.
For example, the ionization potential of Ne is 21.45 e.v., while that of
Na is only 5.12 e.v. There is thus a great gap between the 2p and 3s
levels. The promotion of a 2p electron in Ne to the 3s level, which
would give Ne a covalence of 2, requires so much energy that this con-
dition does not occur. Similarly, there is a large gap between the 1s
and the 2s levels; for this reason He has the chemical properties of Ne
rather than of Be.

As we fill in a given shell, say the 2p shell, the ionization potential
increases with increasing atomic number; since the electrons in a given
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shell screen each other very little, the effective nuclear charge is increas-
ing. An exception will be noted in the oxygen group; the ionization
potential of O is less than that of N. As long as there are three or less
electronsin a p shell they can all be in different ones of the three available
p orbitals (p,, py, Ps), so that the electrostatic repulsions are a minimum.
The fourth p electron must go into an orbital which is already occupied
by one electron; the increased electrostatic repulsion causes the electron
to be bound less firmly than would be expected from considerations of
effective nuclear charge alone.



CHAPTER X
GROUP THEORY

The Schrédinger equation can be solved exactly in only a very few
simple cases; in general, we are limited to the approximate methods
of solution discussed in Chapter VII. There exists, however, a large
class of results which depend only on the symmetry properties of the
system under consideration; these results can be obtained exactly by
use of the branch of mathematics known as group theory. We pre-
sent in this chapter an elementary treatment of group theory, although
we make no claim to completeness. Several of the important theorems
are presented without proof; the interested reader may refer to one of
the complete expositions of the field (see General References). Group
theory, in the form which will be of interest to us, makes considerable
use of matrix notation, so that we shall first present the elements of
matrix algebra, with particular reference to the matrices involved in
linear transformations of coordinates.

Y
(0 9,)
wo e ) (wpyl)
73
0 77
>X
Fia. 10-1.

10a. Matrices. Let us consider 4 point in the zy plane, this point
being specified by the coordinates (z1, y1) (Figure 10-1). These two
numbers may also be thought of as defining the vector r;. A rotation
of this veector through an angle 6 will transform it into the new vector
1, defined by the numbers z2 and y;. The relation between (xz2, y2)
and (z;, ¥1) and the angle of rotation 6 is given by the set of linear
equations

Ty =1 €080 — y; 8inl
10-1

Yo = 1 8in 0 + y; cos b
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The reverse transformation is

__ cosé sin 6
Ty = T2 A Y2 A
10-2
sin 6 cos 6

Y= —73 A*+ZI2~‘A—

where A is the determinant of the coefficients in 10-1:
cosfd — siné

= cos? § + sin%?9 =1
sin 0 cos @

The set of equations 10-1 can be written as
Z2 cosfd —sind\[x;
=\ . 10.3
Y2 sin 8 cos 8/ \y1

cosf — siné
10-4
sin cos 0
is the matrix of the transformation which takes r; into rs. The corre-
sponding matrix for the reverse transformation is

cos 6 sin @
10-5
—sinf cosf
In the n-dimensional case, we have the corresponding set of equations

14
Zp = G11%1 + 1272 + - ¢+ + A1a2n
4
Tg = G171 + G292 + + -+ + G2nTy 106

L I O I I I R R R N I R RN I

’
T, = An1%1 + An2l2 S RIS Y S

where

where the z;’s are the new coordinates and where the a’s satisfy the
relations

n
xla,?,,=1 k=12 n
)=
E}a§j=1 k=120
10.7
_Zlajkaj;=0 k,l=1,2,---n;k;él
=

n
‘z:lakjalj=0 kl1=1,2"- -n; ks
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In addition, the determinant of the a’s is unity. The matrix formed
by a set of a’s which satisfy the relations 10-7 is said to be a unitary
matrix; the matrices representing rotations, reflections, and inversions
are unitary. It will be noted that the matrices 10-3 and 10-4
satisfly the relations 10-7. The transformation which is the reverse
of 10-6 is given by the set of equations

4 ’ ’
Ty = an; + a1%3 + - - - + Ay,
’ ! ’
Tz = Q1271 + Q2gTy + - - - + GuaTh 10-8

Tn = alnx{ + a2nxé +---+ anﬂxi,l
The matrix of the reverse transformation is thus obtained from the
matrix for the original transformation merely by changing columns
into rows.
The set of equations in 10-6 can be written in the compact form

o =Yapte  kj=1,2--n 10-9
k

An even simpler notation which expresses the same thing is obtained
if we write

' = azx 10-10
where a is the matrix
ayi; G2 A1n
az1 Qg2 **°* Q2q
a =

an1 Gn2 *** Qnn

of the transformation from the unprimed to the primed coordinates.
A second transformation could be written as

2’ =ba'; or zl' = Thiz! 10-11
J

These two successive transformations are equivalent to some one trans-
formation
!
2" =cx; or 2z = Tcaxs 10-12
)

Combining the above equations, we have
'xﬁ' = Zj:b,-,-x; = };_‘,:[,b,-ja,-kxb = %c.-kxk 10-13

The components of the product matrix ¢ = ba are thus given by the

relation
cix = 2 bsia5k 10-14



GENERAL PRINCIPLES OF GROUP THEORY 175

which is the rule for matrix multiplication. The product of the ma-
trices of the transformations 10-6 and 10-8 must be a matrix which
represents no transformation of coordinates at all, that is

aji; Q2 *** Qia\ fG11 G21 °** Qn1 10 .- 0
Gz1 OG22 G2n || G12 Q22 Gn2 |=|0 1 0] 1015
dn1 Qn2 *** QGun/ \G1n Q2n *°° Qny o0 ---1

From the rule for matrix multiplication, and the relations in 10-7, we
see that the matrix equation 10-15 is indeed true.

Before proceeding with the formulation of group theory,- we need
certain general concepts concerning vectors. In three-dimensional
space, any three numbers may be thought of as defining a vector, the
vector from the origin of coordinates to the point specified by the three
numbers. If we have the two vecors A and B, defined by the num-
bers (A1, As, As) and (By, Bz, Bs), the vectors are said to be orthog-
onal if

ABy + A2Bs + A3B3 =0

In the three-dimensional case, this means that vectors are perpen-
dicular, or, in the notation outlined in Appendix II, the scalar product
A+ B is zero. In more general terms, we may consider n numbers
(A4, A2--- A,) as defining a vector A, in n-dimensional space. If
B, is another n-dimensional vector, the two vectors are said to be
orthogonal if their scalar product

A,*B, =A1B1+A2BZ+"'+Aan

is equal to zero. If the numbers which define the vectors are com-
plex, the vectors are said to be orthogonal if the Hermitian scalar
product

(An*B,) = AB, + A¥By +--- + A}B,

is zero.

In three dimensions any arbitrary vector can be expressed in terms
of a linear combination of three orthogonal vectors, for example, the
three unit vectors along the coordinate axes. In other words, it is
possible to construct only three independent orthogonal vectors in
three-dimensional space. Analogously, in n-dimensional space, it is
possible to construct only » independent vectors. This concept of a
set of numbers defining a vector will prove useful later.

10b. The General Principles of Group Theory. The set of opera-
tions which send a symmetrical figure into itself are said to form a
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group. Let us consider the symmetrical figure formed by three points
at the corners of an equilateral triangle, as in Figure 10-2. The opera~
tions which send this figure into itself are:

1. The identity operation E, which leaves each point unchanged.

2. Operation 4, which is a reflection in the yz plane.

3. B — reflection in the plane passing through the point b and per-
pendicular to the line joining a and c.

4, C — reflection in the plane passing through ¢ and perpendicular
to the line joining @ and b.

5. D — clockwise rotation through 120°.

6. F — counterclockwise rotation through 120°,

Fia. 10-2.

Other symmetry operations are possible, but they are all equivalent
to one of the operations given above. For example, a clockwise rota-
tion through 240° is a symmetry operation, but it is identical with
operation F'; a rotation through 180° about the y axis is identical with
operation A.

The successive application of any two of the operations listed above
will be equivalent to some single operation. Rotation in the clock-
wise direction through 240° is obtained by applying operation D twice;
this is cquivalent to the single operation # — we denote this fact by
the equation DD = F. OQOperation A interchanges points b and ¢; if
operation D is applied to the resulting figure, ¢ is returned to its original
position, b goes to the position originally occupied by @, and a goes to
that originally occupied by b. Operation 4 followed by operation D
is thus equivalent to operation C, or DA = C. If we work out all
possible products of two operations, we obtain the following multi-
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plication table, Table 10-1, where the operation which is to be applied
to the figure first is written across the top of the table. The set of
operations E, A, B, C, D, F forms a group, and Table 10-1 is known
as the multiplication table for this group. The number of operations
in the group is called the order i of the group; here the order of the
group is 6.

TABLE 10-1

E A B C D F
E E A B c D F
A A E D F B C
B B F E D c A
C c D F E y: | B
D D C A B F E
F F B c A E D

More generally, any set of elements P, @, R, S - - - is said to form a
group if the following conditions are satisfied:

1. The product of any two elements in the set is another element in
the set.

2. The set must contain the identity operation E which satisfies the
relation ER = RE = R, where R is any element of the set.

3. The associative law of multiplication, P(QR) = (PQ)R, must
hold; that is, P times the product of @ and R must be equal to the
product of P and @Q times R.

4. Every element must have a reciprocal such that, if B is the re-
ciprocal of S, then RS = SR = E.

That all these conditions are satisfied by the group given above is
easily verified. The commutative law of multiplication does not neces-
sarily hold. From Table 10-1 we see that AB = D; BA = F, so that
AB = BA. If PQ = QP for all elements of the group, the group is
said to be Abelian.

In the group of symmetry operations on three points as given above,
we have three distinct types of operations: the identity operation E;
the reflections 4, B, and C; and the rotations D and F. We say that
each of these sets of elements forms a class; that is, £ forms a class by
itself, A, B, and C form a class, and D and F form a class. Usually
the geometric considerations will enable us to pick out the classes;
more precisely, two elements P and @ which satisfy the relation
X7'PX = P or.Q, where X is any element of the group and X! is
its reciprochl, are said to belong to the same class. From the multi-
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plication table, we have

EDE =D EFE =F
ADA =F AF4 =D
BDB =F BFB =D
CDC =F CFC =D
FDD =D FFD =F
DDF =D DFF =F

The elements D and F therefore form a class; in the same way it is
found that A, B, and C form a class, and that E forms a class. If the
group is Abelian, then X 'PX = X~ 1XP = Pforall X’sand P’s. Each
element of the group then forms a class by itself, and the number of
classes is equal to the number of elements. The concept of a class of
operations has the following geometric meaning. If two operations
belong to the same class, it is possible to pick out a new coordinate
system in which one operation is replaced by the other. For example,
in the group given above, we could equally well have taken our y axis
through the point b and perpendicular to the line joining @ and ¢. The
operation A in the new coordinate system is the same as the operation
B in the old coordinate system, since A has been defined to be a re-
flection in the yz plane.

Any set of elements which multiply according to the group multi-
plication table is said to form a representation I' of the group. For
the group given above, we immediately see that the sets of numbers
assigned to the various elements in the following way form representa~
tions of the group:

The corresponding matrices will also form a representation of the group
if we replace ordinary multiplication by matrix multiplication. If we
denote by e, a, b, ¢, d, f the matrices of the transformations of coordi-
nates associated with the corresponding operations, we see that these
matrices form a representation of the group. That is, the product of,
say, A and B is AB = D; the product of the matrices a and b must
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therefore be ab = d, so that the matrices multiply according to the
group multiplication table. We have therefore found three matrix
representations:;

E A B C D Fr

r, 1 1) 1 (1) 1) Y

r, (1) (—1) (-1 (-1 ¢)) 1)
1 [ 1 Y3\ _t ¥3\[ 1 Vs
F(“’)(—l 0) 2 2 2 T2 2| T2z T2
Noi/\o +1/| v3 Vi o1 vz 1]l v3 1
e 2 To/\" 2 T2/\z T2

In I3, the matrices e and a can be written down immediately. d and
f are obtained from 10-4 by inserting the proper value of 6; b and ¢
can then be found by means of the group multiplication table and the
rule for matrix multiplication.

It is possible to find other representations of the group. For ex-
ample, if we assign to the points a, b, and ¢ the coordinates (zq, ¥.),
etc., the matrices of the transformations would be of dimension 6
(six-row matrices) and would form a representation of the group.
Let us suppose that we have found some such representation, and let
us call the corresponding matrices €, a’, b’, ¢/, d’, f. The new set
of matrices e’’ = p7le’B; a’’ = p~'a’p’; b’/ = B'b’B, etc., also form
a representation of the group, as may be seen as follows. Assume that

a’’v"’ =d” 10-16

Then B~'a’Bp~'b’B = p~'d’B. From the associative law of multi-
plication, we have

BB = p4'B
If we now multiply from the left by B and from the right by B~ we have
a'd' =d 1017

Since 10-17 is true, 10.16 must also be true; the transformed matrices
¢’/, etc., therefore also form a representation of the group. The trans-
formations of the type a’’ = B~'a’B are called similarity transfor-
mations. Let us now suppose that it is possible to find a similarity
transformation which will transform all the matrices e’, a’ - « -+ into
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the form
( a) 0 0 \
a’=plaB=| 0 | af | 0 10-18
0 0 aj’
e e e /

where a}’ is a square matrix which has the same dimension as
by, ¢’ - - -, and where there are only zeros outside the squares.
Since a’’b’’ = d”’ -+ -, we have from the law of matrix multiplication
the relations

a{lbil = d{l

aypy = dy 10-19

The sets of matrices e/, ai’, bl ---; e}/, a}’, by’ .. .; ete., therefore
form representations of the group. The matrix representation e’,
a’, b’ ... is said to be reducible and to have been reduced by the simi-
larity transformation with the matrix B. If it is not possible to find a
similarity transformation which will further reduce all the matrices
of a given representation, the representation is said to be irreducible.

The representations T'y, T, I'z given above are all irreducible. Since
matrices representing transformations of interest to us are unitary,
we may restrict ourselves to representations which involve only unitary
matrices and to similarity transformations with unitary matrices.
Two irreducible representations which differ only by a similarity trans-
formation are said to be equivalent. We shall now show that the
non-equivalent irreducible representations I'y, T's, I's given above are
the only non-equivalent irreducible representations of the correspond-
ing group, and we shall then state, without proof, certain general
theorems regarding irreducible representations.

We denote by I';(R) the matrix corresponding to the operation R
of the ith irreducible representation, and by T';(R),, the mnth com-
ponent of this matrix. For the above representations, we therefore
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have the relations:!
%PI(R)IIPI(R)H =6
ZRF2(R)11P2(R)11 =6

%I’s(R)uI‘a(R)u = %FS(R)IZPS(R)H 1020
= %I‘a(R)mFa(R)zl = ZRI‘a(R)zzI'a(R)zz =3
In addition, we note that
%I‘I(R)ul‘g(R)n =0
2T1(R)uls(R) =0
il 10-21

§P1(R)11P3(R)12 =0
%I‘s(R)uI‘s(R)xz = 0, ete.

All the relations of the type 10-21 can be expressed by the equations
%Pi(R)mnPJ’(R)m'n' = 0; T ?5]

0-22
S Ti(R)mnTi(R)mrnr = 0; m=m'; nsn 1
R
while the relations 10-20 can be written as
h
%Pi(R)ﬂmPi (R)mn = i“ 10-23

where & is the order of the group and I; is the dimension of the ¢th
representation. KEquations 10-22 and 10-23 can be combined into the
general relation (see Appendix VI)

l; l;
%I‘;(R)mn \/-;; I‘j(R)mlnl \/:’; = 0¢j Omm’ Onnt 10-24

where §;; = 1if 1 = j; 8;; = 0 otherwise. Equation 10-24 may be shown
to be true for the non-equivalent irreducible representations of any group.
From equation 10-22 we see that the matrix components I';(R;)ma,
Ti(Rg)mn * * * Ts(Rn)mn of the A elements of the group can be regarded
as the components of an h-dimensional vector which is orthogonal to
any one of the vectors obtained by a different choice of the subscripts

1T be more general, these expressions should be replaced by %[I‘x(R)]ﬁP 1(R)1,1

etc., but this form of the equations will be sufficiently general for our purposes,
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m and n, as well as being.orthogonal to any of the similar vectors ob-
tained from a different irreducible representation. If there are ¢ such
irreducible representations, each of dimension I;, there are I + 12 + - - -
4 12 such orthogonal vectors. But it is possible to construct only
h orthogonal k-dimensional vectors. Actually,

B4+B4.--+82=h 10-25

This result is perfectly general and follows directly from 10-24, The
representations T, T'p, and T3 are therefore the only non-equivalent
irreducible representations of the symmetric group of three points.

The sum of the diagonal elements of a matrix is known as the char-
acter of the matrix. We denote by x;(R) the character of the matrix
of the operation R belonging to the 4th irreducible representation of
the group, that is

Xi(R) = 2. Ti(B)mm 10-26

The characters of the representations I'y, I'y, T'g of the group which we
have been discussing are

E A B C D F
X1 1 1 1 1 1 1
X2 1 -1 -1 -1 1 1
X3 2 0 0 0 -1 -1

The character of a matrix is unchanged by a similarity transformation.
The character of a matrix P is xp = X Pjj. The character of
Q = X"'PX is
XQ = ;Qii = ‘ZZhZXEIijin = Z%ZinXEIij
b 2 3
= ;ij 0iPjk = 2.Pj; = xp
2

If two operations belong to the same class, the corresponding matrices
for a given representation have the same character, as may also be
verified from the character table above.
From 10-24, we have the result
3

Zrt‘ (R)mmrj (R)m’m' = i‘ 035 Omme
E i

Summing over m from 1 to I; and over m’ from 1 to I; gives

h il h i
2xi(R)xj(R) = 78ij 22 2 Omer =5 855 2. 1 =hé;y; 1027
R l" m=lmi=] lj m'e=]
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We see, therefore, that the characters of the matrices of the irreducible
representations form sets of orthogonal vectors. Since the character
is unchanged by a similarity transformation, we see that two non-
equivalent representations have different character systems and that
two irreducible representations with the same character system are
equivalent.

Since the characters of all matrices of a given representation which
correspond to operations in the same class are equal, 10-27 can be
written as

k
ZIXi(Rp)Xj(Rﬂ)gp = h by
=

or
9o 9
2 x:(R,) 5 xi(R,) \/: = 8;; 10-28
p=1 h h

where g, is the number of elements in class p, R, is any.one of the
operations in this class, x(R,) is the corresponding character, and k is

the number of classes. The normalized characters x;(R,) %;—’ are
therefore the components of a set of orthogonal vectors in k-dimensional
space. Since there can be k such vectors, we see that the number of
irreducible representations is equal to the number of classes.

From the relations already developed it is possible to obtain further
interesting results. Any matrix representation of a group must be
some one of the irreducible representations or some combination of
them; otherwise it wculd be an additional irreducible representation,
but the number of irreducible representations is limited to the number
of classes. Any reducible representation can be reduced to its irre-
ducible representations by a similarity transformation which leaves the
character unchanged. Thus we can write for the character of a matrix
R of the reducible representation the expression

k
x(R) = Z:lafx,- (R) 10-29

where a; is the number of times the jth irreducible representation
occurs in the reducible representation. From 10-27 we have

%X(R)Xi(R) = %;anj(R)Xi(R) = ha; 10-30

so that the number of times the irreducible representation I'; occurs
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in the reducible representation is
1
@ =3 Zx(B)xi(R) 10-31
R

Since there is a one-to-one correspondence between the character sys-
tems of a group and the irreducible representations of the group, we
will usually find it sufficient to deal with the characters themselves
rather than with the irreducible representations. For any group, the
character table can be built up by means of the relations already de-
rived. We here summarize these rules in a convenient form..

RuLe 1. The number of irreducible representations is equal to
the number of classes of the group.

RurkE 2. The sum of the squares of the dimensions of the irre-
ducible representations of a group is equal to the order of the group,
that is,

B+B+---+8E=nh
Since I; = x;(E), this is cquivalent to the relation

Zlxi(B)? =h 10-32

RuwLe 3. The character systems of non-equivalent irreducible
representations form orthogonal vectors; that is

2xi(R)x;j(R) = 0; t5#j 10-33
R

RuLe 4. The sum of the squares of the characters of a given ir-
reducible representation is equal to the order of the group; that is

%[X:’(R)]z =h 10-34

10c. Group Theory and Quantum Mechanics. We consider now
the Schrodinger equation

Hy; = Eg;

for some atomic or molecular system. Suppose that R is some trans-
formation of coordinates which has the effect of interchanging like
particles in the system. For example, in helium, R could be the trans-
formation which interchanges the two electrons; in Hy;O, R could be
the transformation which interchanges the hydrogen atoms. We sub-
ject both sides of the Schrédinger equation to the transformation R,
obtaining RHY; = RE);. Since R interchanges ohly like particles,
it can have no effect on the Hamiltonian, so that RH = HR. R, of
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course, commutes with the constant E;, so that we have
HRY; = E;RY; 10-35

that is, the function Ry; is a solution of the Schrodinger equation with
the eigenvalue E;. If E; is a non-degenerate eigenvalue, then ¢; or
constant multiples of ¥; are the only eigenfunctions satisfying 10-35,
so that for this case we have Ry; = ¢¢;; in order that Ry, be normalized,
¢ = =+1. If E;is k-fold degenerate, then any linear combination of
the functions ¥,1, Yig, + * - i will be a solution of 10-35, so that in this
case we have

k
Ry = Zlajnlfij 10-36
J=l
where the a;;’s must satisfy the relation

k
Yap=1

j=1

If S is another operation which interchanges like particles, we also have

&
S¢i; = 21 bmim 10-37
Applying operation S to 10-36 gives
% E ok
SRy, = Zlasz'l/ij = 21 Zlajlbmﬁl’im 10-38
= j=1lm=

Now the product of S and R, which we may denote by SE = T, is
likewise an operation which interchanges like particles, so that

k
Ty = Zlcml\l’im 10-39
Comparing 10-38 and 10-39, we see that
k
Cmt = 2 bmjaj 10-40
i=1

If we now form the matrix a from the coefficients a;;, and the matrix
b from the coefficients b,,;, we see that the product of these two ma-
trices is equal to the matrix ¢ formed from the coefficient ¢n;; more-
over, all the matrices are unitary, In other words, the matrices
obtained from the coefficients in the expansion of Ry, ete., form a
representation of the group of operations which leave the Hamiltonian
unchanged. The set of eigenfunctions ¥, - - - ¥i is said to form a
basis for a representation of the group, since the representation is
generated by the application of operations R, S, etc. The dimension
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of the representation is equal to the degeneracy of the corresponding
eigenvalue. The representations generated by the eigenfunctions
corresponding to a single eigenvalue are irreducible representations, as
otherwise it would be possible to form sets of linear combinations

Y Y . . /
Yin V- VYieVietr1 5 0 ¥

of the original eigenfunctions such that operations of the group would
send one of the new eigenfunctions into a linear combination involving
only members of the same set. But, if this were possible, the eigen-
values corresponding to the new sets could be different, which would
contradict our original assumption, except for the extremely rare case
of ‘‘ accidental degeneracy ”’ (where two eigenvalues are the same
even though the corresponding eigenfunctions behave differently under
the operations of the group). We may therefore in general assume
that sets of eigenfunctions with the same eigenvalue form a basis for
an irreducible representation of the group of operations which leave
the Hamiltonian unchanged. Returning to our original notation, if
T; is an irreducible representation of dimension k, and if ¥{, ¥4 - - - ¢
is a set of degenerate eigenfunctions which form the basis for the jth
irreducible representation of the group of symmetry operations, these
eigenfunctions transform according to the relation

k
RYi = IZII‘;' (Rl 10-41

If we are dealing with a symmetrical atomic or molecular system, these
considerations place a severe restriction on the possible eigenfunctions
of the system. All possible eigenfunctions must form bases for some
frreducible representation of the group of symmetry operations. From
a knowledge of the irreducible representations of the group, we there-
fore know immediately what degrees of degeneracy are possible. The
form of the possible eigenfunctions is also determined to a large extent,
since they must transform in a quite definite way under the operations
of the group. For example, if our system had the symmetry of the
group of three points which we have discussed in detail in this chapter,
our eigenfunctions would be of the following types. There would be
a set of eigenfunctions which would form bases for the representation
I';. These eigenfunctions would be non-degenerate and would remain
unchanged if subjected to any of the operations of the group.
There would be another set of non-degenerate eigenfunctions which
form bases for the representation I';; these would remain unchanged
if subjected to operations E, D, and F, but would change sign if sub-
jected to operations A, B, or C. Finally, there would be a set of doubly
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degenerate eigenvalues; two eigenfunctions with the same eigenvalue
would behave in the manner determined by the matrices for the irre-
ducible representation I's and equation 10-41. No other types of
eigenfunctions would be possible; for example, there would be no
triply degenerate eigenvalues, nor would there be any non-degenerate
eigenfunctions which changed sign when subjected to operations D
orF.

10d. The Direct Product. Let us suppose that R is some operation
of a group, and that Ay, Az An; By, Bz-:- B, are two sets of
functions which form bases for representations of the group. Then

RA,' = Zlaj,'Aj
i=

RBk = lzlblkBl

and
RABy = }:1 ; lajiblkAjBl = Z;le. i A;Bi
1=1 I= J

The set of functions A;Bj forms a basis for a representation of the group
of dimension mn. The matrix ¢ of this representation has the character

x(c) = ‘/;)l:c,-z, 1= Z,uzlajjbu = x(a)x(b) 10-42
’_ ==

The set of functions 4By is called the direct product of the sets of fune-
tions A; and B;. Equation 10-42 then tells us that the character of
the representation of the direct product is equal to the product of the
characters of the individual representations. The representation of
the direct product of two irreducible representations will in general
be a reducible representation but may be expressed in terms of the
irreducible representations by means of equation 10-31. For example,
for the direct products of the irreducible representations I'y, T'g, T's of
the symmetric group of three points, we have

nr=rT Ty =T
Tl =Ty '3 =13
T3 =T+ T2+ T3 ToT3 =T

The importance of the direct product appears when we wish to evalu-
ate integrals involving functions which are bases for representations of

the group. If we have an integral f vapp dr, this integral will be

different from zero only if the integrand is invariant under all the
operations of the group or may be expressed as a sum of terms of which
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at least one is invariant. The integrand belongs to the representation
T = PaT'p where I'4T'p is the direet product of the representations
of o4 and pp. In general, I'4T's will be reducible, that is, will be ex-
pressible as

Tal'p = 'Z_airi

where the T'J’s are irreducible representations of the group. The in-
tegral will be different from zero only if I'yT'p contains the totally
symmetrical representation I'y. It may readily be verified from the
tables in Appendix VII that, if the characters of the representation
are real, as they will be in all cases of interest to us, then T'yT's con-
tains T'; only if I'y = I's. For our purposes, therefore, we may state

the following corollary to this theorem: The integral f oafop dr is

different from zero only if T4yI'p = I'y. Moreover, since the Hamil-
tonian operator belongs to the totally symmetrical representation T,

the integral | ¢4Hyp dr is different from zero only if I'y = I's. In

the secular determinant of the type

Hy — SuE Hig — Si2E -+ Hyw — SiilE
Hgy — Sa1E Hag — Sk« -+ Han — SonE
. =0
H,y— SuE H,, — S,2E - H,, — S..E

the terms H;; and S;; will be different from zero only if ¢; and ¢; be-
long to the same irreducible representation. By classifying the eigen-
functions ¢ according to the representation to which they belong, it
is often possible to reduce the order of the secular equation.

It may happen that in certain problems we start a perturbation
calculation with zero-order eigenfunctions which do not themselves
form bases for irreducible representations of a group. If we take the
proper linear combinations of these eigenfunctions so that the new
eigenfunctions form bases for iireducible representations, the secular
equation will be simplified. These linear combinations can be found
by the following procedure. Denote the original eigenfunctions by
¢’ and the new by ¢, where ¢}, is the eigenfunction belonging to the
tth irreducible representation of dimension /; with the eigenvalue Ej.
Suppose further that there are s; eigenvalues corresponding to the
representation T';; that is, the representation I'; occurs s; times in the
reducible representation to which the ¢’’s belong. Then any of the
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¢"’s may be expressed in terms of the <p’s by

Z Z Z Czkm‘Plcm 10-43

t k=1m=1

If R is any operation of the group, then by 10-41
8 I
=2 2 > Czkm Z Iy (R)nmﬁolm 10-44

t k=1 m=1

lj
If we now multiply by x;(R) = > T';(R): and sura over all orerations
t=1

of the group, we have
8
ZXJ(R)R<P = Z Zl Z Cikm Z ‘Z ZPJ(R)ttpt(R)nm‘PIm 1045
t k=1 m=1 n=1 t=1

From 10-24, we see that this exprcsswn reduces to

s 1

SxiR)R = ¥ ¥ Cjkml Z Zag,.am ol 10-46
R k=1 m=1 in=1t=
85 Ui
=2 ) =1 7 Ciike oht 10-47
k=1 (=1

Equation 10-47 has the following meaning. If both s; and ; are unity,
then Y x;(R)Ry’ will give a constant times ¢f;, regardless of which
3

¢’ weuse. If [; is unity, but s; is, say, two, then Y x;(R)Re’ will give
B

expressions of the form ag); + bel;. There will be two linearly inde-
pendent expressions of this form; the combinations of those whick
correspond to the two eigenvalues are determined in the usual way
after the corresponding two-row determinant has been solved. For
s; equal to unity, [; equal to 2, we obtain two independent linear com-
binations which have the same cigenvalue. For s; and I; equal to 2,
we obtain four independent linear combinations, the solution of the
corresponding secular dcterminant will then enable us to form two
sets of two combinations each, one set for each of the two eigenvalues.
The other cases are analogous.

A description of the various symmetry groups of interest in the theory
of molecular structure has been inciuded in Appendix VII. Appen-
dix VII also contains the character tables for these groups, as well as
the transformation propertics of certain quantities which will be of
interest in our later work. We shall make considerable use of group
theory in later chapters; the actual applications are much easier to
perform than might be expected from some of the rather complicated
equations which appear above.



CHAPTER XI
ELECTRONIC STATES OF DIATOMIC MOLECULES

11a. Separation of Electronic and Nuclear Motions. A molecule
is usually defined as a stable group of atoms held together by valence
forces. We shall here, however, use the word molecule in a somewhat
wider sense, to denote any system of atomic nuclei and electrons,
whether stable or not. If we regard the problem of the motion of such
a system from the classical viewpoint, we see that, because of the great
masses of the nuclei as compared with the mass of the electron, the
electrons will move with much greater velocities than the nuclei, so
that, to a first approximation at least, the motion of the electrons is the
same as it would be if the nuclei were held fixed in space.

This same approximation is stated quantum mechanically by the
assumption that the eigenfunction ¥ for the whole system may be ex-
pressed as the produet of the two factors ¥, and ., where ¢, involves
only the coordinates of the nuclei, while ¥, is an eigenfunction of the
electronic coordinates found by solving Schrodinger’s equation with the
assumption that the nuclei are held fixed in space. The coordinates
of the nuclei would thus enter ¥, only as parameters.

In order to test the validity of this assumption we need to see if such
an eigenfunction can satisfy, to a good approximation, the wave equa-
tion for the whole system. The exact Hamiltonian operator may be
written as
h? h2
H=-% Ve X g Vit Van+ Vae+ Ve 1111

2 @ 2
a87rMa ,-81rm

where the first term represents the kinetic energy of the nuclei, the
second represents the kinetic energy of the electrons, and Vin, Ve,
and V., are the contributions to the potential energy arising from
nuclear, nuclear-electronic, and electronic interactions, respectively.
If the nuclei were assumed to be fixed in space, the Hamiltonian for
the electrons would be
h2
Ho=-X 5= Vi+ Vo + Ve 112
i 8r°m
190
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If we now represent the remaining terms in 11-1 by H, we have

h2
Hy =~ oo Vet Vi 113
and
H=H,+H, 114
We define ¢, as the function which satisfies the equation
Hdpe = Ee‘po 11-5

where F, is the electronic energy. Now if we write the wave equation
for the complete system, assuming ¢ to be of the form ,y,, where
Y5, is a function of nuclear coordinates only, we have

H‘/’e‘/’n = E‘[’e\bn 11-6
or
h? 2 B,
Z M Va¢e\bn - Z 87r2m Vi‘pe‘l‘n
+ (Vnn + Vne + Vee)‘l’e\(’n = E\l’e‘l/n 11.7
Now

Vzwe‘pn = %stbn + 2V - Vo + %Vf, ]
V?‘l‘e‘l’n = 'l/nvz? ‘lba
so that 11-7 becomes

2 h2

K2 2 } 2
{_g 47"2Ma Va"l’e ‘ Va\l’n - Za: 8’n‘2Ma zi”an e + ¢e§: - 87I'2Ma Va n
h2
+ ‘l’nz - 87%m V?‘l’e + (V'rm + Ve + Vce)‘l’e‘ﬁn = Eyyn 118

[f we neglect the terms in braces, this reduces to

h2
¢ Z 81r2M fo‘l’n + I:Z - V2 e + (Vne + Vse)‘/’e]
- E‘pe + Vmﬂh =0 119

or, from 11-2 and 11-5,
2
Z - hM Vﬁ » + Vrm'Pn + Ee\”n - E‘I’n =0 11-10
which, because of 11-3, is equivalent to
(Hy + E,)¥n = En 1111

We thus see that, if our approximation is valid, the effective Hamil-
tonian for nuclear motion is just that which would arise if we assumed
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that the elcctronic energy E,, which will be a function of the inter-
nuclear distances regarded as parameters, behaved as a part of the
potential energy of the nuclei. For equation 11-11 to be valid, the
terms in braces in 11-8 must be small in comparison to the term
h2

'P‘g 872M,
¥, is usually only a slowly varying function of the nuclear coordinates,
so that V. is much smaller than V,¥,; hence the approximation will
be valid. Otherwise the negleeted terms may be treated as a perturba-
tion and wil! give rise to energy terms representing the interactions
of elcetronic and nuclear motions. We shall postpone further con-
sideration of equation 11-11 to Chapter XIV, devoting the remainder
of this and the following two chapters to the solution of equation 11.5.

11b. Molecular Orbitals; The Hz* Ion. The problem of the
electronie structure of molecules bears many resemblances to the prob-
lem of atomic structure. Just as the eigenfunctions of atoms are
usually built up as linecar combinations of atomic orbitals, so may the
eigenfunctions of molecules be approximated by a scries of molecular
orbitals. No method for the construction of molecular orbitals, how-
ever, is comparable in accuracy to the Hartrec method for atoms. It
is true that the principles of the Hartree method apply equally to atoms
and molecules, but the difficulties encountered in the numerical inte-
grations needed to calculate the Hartree field of even the simplest
molecules have not yet been overcome.

The chief source of trouble in molecular problems is the absence of
the spherical symmetry of the isolated atom. The operators M?
and its components, which played such an important part in our treat-
ment of atomic structure, no longer commute with the Hamiltonian,
and so they lose their usefulness. It is true that many molecules have
some elements of symmetry, when the problem can be simplified with
the aid of group theory, but these symmetry elements are properties
of individual molecules and cannot be used in the general theory of
molecular structure.

In order to set up a system of molecular orbitals we are almost
forced to use linear combinations of some set of functions in terms of
which an arbitrary function may be expressed. Such a set might be
the atomic orhitals of any one of the atoms composing the molecule.
This set, however, would converge very slowly if we tried to expand
in terms of it an orbital belonging to some other atom of the molecule.
If we use as our sct the orbitals of all the atoms of the molecule we
should expect rather rapid convergence of our molecular orbitals. The
value of this method can be estimated only by actual trial.

Van, which represents the kinetic energy of the nuclei.
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Let us therefore suppose that we have set up an approximate po-
tential field V for the molecule, in which an eleetron is to move. This
field might, for example, be that obtained by the superposition of the
Hartree fields of the component atoms. Let us also suppose that we
are given a set of functions ¢1, ¢e, * * - ¢a, which we shall think of as
atomic orbitals of the various atoms of the molceule, although any set
of independent functions could be used. The approximate orbitals
can then be found by the method of trial cigenfunctions, using ¢y, + - + @n
as the zcro-order functions. The approximate cnergics of the molecu-
lar orbitals will therefore be the roots of the secular equation

Hy — SukE -+ Hin — SinE

. =0 11-12

Hnl - SnlE v Hnn - SnnE

2
where, if H is the onc-electron Hamiltonian H = — 2 hzm VP4V,
2
Hi;i = | ¢iHop;dr 11-13
S = f¢f<pj dr 11.14

Unless the atoms of the molecule are infinitely far apart, the integral
8S;; will not in general vanish, since ¢; and ; are not nccessarily eigen-
functions of the same Hamiltonian and are therefore not necessarily
orthogonal.

If, however, the atoms are a large distance apart, all the off-diagonal
terms of 11-12 will vanish; those between orbitals of different atoms be-
cause each orbital vanishes over the region where the other has a finite
value, those on the same atom because then H is just the atomic Hamil-
tonian in the region where the orbitals do not vanish, and the orbitals
are eigenfunctions of the atomic Hamiltonian. If the atomic orbitals
are normalized, equation 11-12 is of the form

Hi—E 0 -
0 Hy—E - 0
y =0 11.15
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and the roots are E = Hyy, Hgg, + - - Hpn.  In other words, the energies
of the molecular orbitals are equal to the energies of the atomic orbitals
if the atoms are far apart.

If we now bring the atoms together, the roots of equation 11.12 will
change continuously. We may thus correlate each of the n roots of
11-12 for any configuration of the nuclei with one of the energies of
one of the separated atoms. This does not, however, imply that each
molecular orbital will become an atomic orbital on separation of the
nuclei, for, if any two of the atomic orbitals have the same energy,
the molecular orbitals whose energies approach this energy on separa-
tion will usually go over into some linear combination of these orbitals.
To illustrate this effect let us consider two orbitals which have the same
energy at infinite separation. When the separation is large, equation
11-12 has the form

E,—-E €
11.16

i
=]

€ El—E

where E; is the energy of each orbital and e is the small value of H;,.
The roots of this equation are E = E; 4= ¢. If we take E = E; + ¢,
the linear combination of ¢; and ¢ given by equation 7-49 is

1
:/—5 (¢1 + ¢2); while if we take E = E; — ¢, the linear combination is

1
73 (¢1 — @2). If we go to the other extreme and let the distances

between the nuclei become zero, the Hamiltonian of the molecule re-
duces to that of an atom whose nuclear charge is the sum of the nuclear
charges of the atoms composing the molecule. The proper orbitals
are then just the atomic orbitals of this ““ united atom.” Each mo-
lecular orbital may therefore be designated by the united atom orbital
into which it degenerates when the nuclei are brought together, as well
as by the atomic orbital (or combination of such) which it becomes
when the nuclei are separated.

As an example of this procedure let us consider the hydrogen mo-
lecular ion Hy™. In this molecule just one electron is moving in the
potential field of the two nuclei. We may get a rough description of
the lowest orbital of this molecule by considering it as a linear combina~
tion of the 1s orbitals of the two hydrogen atoms. Let us designate
the nuclei by the letters a and b, the 1s orbital of an electron in the field
of nucleus @ alone by ¥,, and the 1s orbital of an electron in the field
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of nucleus b alone by ¥. Analytically (in atomic units)

_ 1 g
b=
11.17
¥ = L ¢k
Ve
If we put
§= [Vatndr  Hy= f WoHyy dr
11-18

Hi = f\(’aH¢a dr Hy = f\l’aH\bb dr = Hp,

the determination of the coefficients in the linear combination
4’ = Ca% + cb‘l’b 11-19
leads to the following secular determinant for the energy

Haa - E Hab b SE
=0 11-20

| Hap — SE Hy — E

From the symmetry of the problem it is evident that H,, = Hy,. Us-
ing this relation, the roots of the determinant are found to be

Haa —E = =F(Hab - SE)

or
_ Hua + Hab . _ Haa - Hab
E‘"__1+S By = 1121

The first root gives the following set of simultaneous equations for the
coefficients in 11:19

ﬂ:[(HaaS - Hab)ca + (Hab - SHaa)cb] =0 11-22

Equations 11-22 are satisfied only if ¢, = cp. " In order that the eigen-
function 11-19 be normalized, we must have

&+ &+ 2,08 =1
1

G = Cp = —F——=

V2 +28

8o that
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Similarly, the second root gives
¢ c 1
e = —Cp =
V2 — 28

The wave functions and their associated energies are therefore

¢ _ ‘I/a+¢b E =Haa+Hab
V2t 28 ' 1+8

11-23
¢2= '¢a"“l’b E2=Haa—Hab
V2 - 28 1-8

The integrals S, Hgaq, and H, may all be evaluated exaetly. In atomie
units the Hamiltonian is

1 1 1
Y & R S I S .
(zv +tetg R) 11.24

where R is the internuclear distance in units of a,. Since
1 1
Hy, =(Fg — — + =) ¥a
12 ( HT R + R) ¥

where Ey is the encrgy of the ground state of hydrogen, the matrix
elements for the encrgy beecome

_po L _ va
Hy = I‘H + R €aay €ga = v/‘b?b dr
. o 11-25
Hyp = (EH + ']‘?) S — €an; €&y = "Iai—f dr
vo that the encergy levels are
B =E +_];_€aa+€ab
1 = &n R 1+ S
1126

1 €aa — €ad
E, =E - —_—
2 u + 7 1—3
In order to evaluate the integrals involved in 11-25 and 11-26, it is
convenient to transform to elliptical coordinates (Appendix I1T)
I\"a. -+ Rb Ra - Rb
e e, Te T

[ R ’ - R y @
Ra
dr = 3 (82 — v*) dudvde

1<puLw; =1<v<1; 0Lp<2r
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For the “ overlap ’ integral S we have

§= [vadr == [rmimg

RS © 1 2%
= -—f e dy fl (W? — »*) dv de
1 —_ 0

8w
3 0 R3 ©
= %—j; ple e gy — —6—-—/; e du 11-27

The integrals involved are special cases of the gencral integral (Appen-
dix VIII).

0 nle@ n ak
n,—GT = e = 2
JI z"e¢ %" dx ey k§ok! An(a) 11.28
8o that S is readily found to be

2
S =¢" (1 + R+ I—;—) 11.29

The integral €., is

1 —2Ra 2 —~R (utv)
== f C g =12 dr
T Ry T IR w—v

R2 b 1 i 1
= —{f e Ten d,uf e dy +f ¢ fn d,uf ve v dv} 11-30
2 1 -1 1 1

€an

The integrals in » are special cases of the integral
fll "¢ dy = (—1)"1A,(—a) - A.(a) 1131
Inserting the proper values for the integrals gives
€aa = fle“ — ¢ 2’1 + R)} 1132
In the same way, we find for €,3:

e = € (1 4+ R) 11-33

For large values of B we see that S = 0, H,, = Ey, H, = 0, s0 that
E, = E; = Ey, that is, just the energy of a normal hydrogen atom,

as of course it should be. For R =0, S =1, H,y = Eg — 1 + Ilc’

1
H,, = H,,. Neglecting the nuclear repulsion term 7 for the time

being. we see that the electronic energies are Ei = 3Ej, E) =0.
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When R = 0, the lowest molecular orbital should become the 1s atomic
orbital of He, with an energy 4Ey. Our approximation is therefore
in error by an amount Ey for B = 0, although it is correct for large R.
The reason for this is clear. For large R the orbital ¢, is the correct
orbital for a hydrogen atom, but for B = 0 it is again a hydrogen or-
bital, but surrounding a nucleus whose charge is two instead of one.
In order to get a good approximation for small R we should take a
number of orbitals for each atom.

Referring to 11-26, and for simplicity neglecting S as compared with
unity, we see that the difference in energy between the two states, to
this approximation, is just 2em. Also, to this approximation, state
Y2 is unstable with respect to a hydrogen atom and a proton by an
amount (1 + R) (e + ¢~2E) while state y; is stable by an amount
(14 R)(¢e ® — ¢2F). That this should be so may be seen qualita-
tively in the following manner. For state ¥;, the electron density is

2 + ¥ + 20ats)

— * —
=% 2
While for state ¢ it is
— * =
pz = Y22 3

5 Vi + ¥E — 20at)
At a point midway between the two nuclei, we have

¥i; p2=0

4
L= o128
State y; thus has a much greater accumulation of charge between
the two nuclei tnan state ¢; . the attraction between this accumulation
of charge and the two protons may be considered as producing the
stability of state ¥;.

It is of some interest to look at this problem from the following view-
point. The wave functions, including the time-dependent term, are,
if we neglect S as compared with umty,

1

B,
-t 5
= y1e "t \/— (¥ + \(’b)e
_,'.E_"g
o =y B = —
Any linear combination of these two solutions will represent some

particular distribution of electron density. Let us consider the com-

bination ¥ = —\}—_2- (¥; + ¥3). The electron density corresponding to
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this state is S —
. (B1—Es ¢ (BB
p=%(¢i’+¢np2[e’ A e ® ‘]+¢%)
Fort = 0,p = (Y1 + ¥2)% = ¢2, so that the electron is on nucleus a.

wh
Fort—m,

p =301 —¥2)? =¥}
08+

1T

“Experimental

F1a. 11-1. Binding energy of Hot as a function of the internuclear distance.

8o that the electron is on nucleus b. From this viewpoint (which should
not be taken too literally), the electron oscillates between a and b,

E‘—;—E—? . We thus have

the frequency of the oscillation being » = 7
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the result AE = hv, where » is the frequency of the oscillation between
the two states and AF is the difference in energy between these two
states.

In Figure 11-1 the energy levels for these two states are plotted as
a function of the internuclear distance R, along with the experimental
curve as determined from spectroscopic data. In Figure 11-2 the dis-

A6T
14
.06+ by
OO‘]' - Y A4
a 2
p
251
20+
I
i /
s / \ Ay
|
| = \/ N AN
,0“ - o — —
l ' ;
R

F16. 11-2. Electron density distribution in Hyt.

tribution of charge along the internuclear axis is shown. It is seen
that this approximation gives qualitatively correct results, although
quantitatively the treatment is not very satizfactory. The results
can be somewhat improved by taking more complicated zero-order
functions.

A simple method of improving the agreement would be to introduce
a parameter into ¢, and y¥,; for example, we might take

3\ ¥ 3\ ¥
[2 4 o
Yo = (-) ¢eofe; gy = (—) ¢
T ™

and then vary a so that the energy is minimized. We should then get
agreement at B = 0 as well as at B = o, The energy may be further
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improved by including in the secular equation the 2p orbitals of the
hydrogen atoms. The inclusion of these terms partly takes into ac-
count the polarization of the hydrogen atom by the other nueleus.

We shall see in Chapter XIV how the depth D,, the internuclear
distance r,, and the curvature of the energy curve at the minimum
may be determined from spectroscopic data. For Hy™ the band
speectra indicate the values D, = 2.791 e.v. and r, = 1.06 A. The
simple theory as described above gives D, == 1.76 e.v. and r, = 1.32 A.
Introduction of the parameter « improves these results to D, = 2.25 e.v.
and r, = 1.06 &,! and inclusion of the 2p orbitals gives D, = 2.71 e.v.,
re = 1.06 A.2 The value of D, could, of course, be improved by add-
ing more and more hydrogen orbitals.

The best orbitals which have been obtained were found by a different
method of approach. This method is similar to that used in the varia-
tional treatment of the helium atom; hydrogenlike orbitals are given
up completely. For the Hyt ion, the natural coordinates to use are
the elliptical coordinates u, », ¢. James® found that a good approxi-
mation to the lowest orbital of this molecule is

Y = %1 4+ o?)

where § and ¢ are parameters. For the observed internuclear dis-
tance 1.06 A, the best values of the parameters give D, = 2.772 e.v.,
which is quite close to the experimental value. Even better results
may be obtained, however, since the wave equation is secparable in
these coordinates and may be solved by numerical integration. We
shall discuss the results in detail in the follow'ng scetion.

11c. The Electronic States of the Hy™ Ion. In the the.r~ of the
clectronic states of molecules, particularly of diatomic molecules, the
simplest example, Hy™, plays a role of importance equal to that of the
hydrogen atom in the problem of the electronic structure of complex
atoms. We wish at this point, therefore, to present a general dis-
cussion of the possible states of this molecule and its exact energy
levels before proceeding to the description of more complizated dia-
tomic molecules.

The wave equation for the hydrogen molecule ion may be written as

Z 2 2
v2¢+%-"(E+j—+-°¥—"—b)¢= 11.34

1 B. Finkelstein and G. Horowitz, Z. Physik, 48, 118 (1928).
2 B, Dickinson, J. Chem. Phys., 1, 317 (1933).
$H. M. James, J. Chem. Phys., 8, 7 (1935).
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We now transform to the elliptical coordinates

Te + 1y Ta — T
=T, a7,
[ Tab ’ Tab y @
In this coordinate system, the Laplacian operator V2 is (Appendix III)
4

V=g
ras(u? — »%)

o, , d 9 2 a] w2 =2 az}

{é’n[(l‘ )a.u:l+t%'[( o) T (1 — 1)(1 = »?) 8o°

Equation 11-34, in the new coordinate system, is then

2. 2 _. ‘?}_l’ 9_ 2 Q_‘l_’] “2__,,2 Qf'f
an[(” 2 au]+av[(1 ] T @ DA P o

4+ {— W — e+ 2R}y =0 1135

2 2 2
e=__u(E__e_>; R="C =2
Tab, h 21}

X

where

2h?
We now try to find a solution of the form

¥ = M@u)N@)2() 11-36

82
Since ¢ enters equation 11-35 only in the term 302 it is at once appar-
P

ent that this equation can be separated into a part dependent on ¢
alone and a part dependent on p and ». We call the first separational
parameter —\Z%, so that ®(p) satisfies the equation

2
‘é; = 2, 1137
Equation 11-35 is thus reduced to
19 ,, oM A2 2
Map(“ 1) om —F2_1~#e+2Ru
19 oy ON N 3
=—=2 - — 11-38
Nad =gty re U3

We set both sides of this equation equal to —r and thus obtain the
final differential equations for M (x) and N (»).

al, , dM] ( A2 2
g - - - M=0 1139
d,u.[(“ 1) dn + ] ple + 2uR 4 7 1
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)\2
1 -2

51_(1,_,,2)@4_(_ +V2e—-'r)N=0 11.40
dv dv

The set of equations 11-37, 11-39, 11.40 will possess satisfactory solu-
tions only if the parameters A\, 7, and ¢ have certain definite values.
The set of simultaneous equations has been solved by Teller,* and, for
the ground state, by Burrau,® Hylleraas,® and Jaffe,” leading to results
in complete agreement with experiment. The solution of the ¢ equa~
tion leads to the familiar result

P(p) = ——1_—= P
2r

where \ takes on positive or negative integral values. The energy
depends on \ through ||, since only A% occurs in the equations which
determine the energy parameter e. For r,; = 0, the wave equation
is the same as that for He', except for the difference in nuclear mass.
The quantum number N is a “ good ”’ quantum number at all inter-
nuclear distances, since the equation in ¢ can always be separated
from the remainder of the wave equation. For 7, = 0, that is, for
the united atom, N becomes equivalent to the atomic quantum num-
ber m. In describing the molecular orbital, it is therefore character-
ized by the designation of the state of the united atom to which it
reduces, 2s, 2p, ete., plus the designation of the A value; the symbols
o, m 6---denote |)\| =0, 1, 2--., Since, for the united atom,
m=11—1--.—I, the possible molecular orbitals are 1se, 250, 2po,
2pr, 3sa, 3pa, 3prm, 3do, 3dw, 3dd - -+ . The o states are non-degener-
ate, the m, §, etc., states are doubly degenerate because of the equiva~
lence of the two values =N. In Figure 11-3 the electronic energies of
several of the lowest states of Hyt are plotted; in Figure 11-4 the total
energy for the 1soc and 2poe states are plotted as a function of the inter-
nuclear distance.* It will be noted that the state lss corresponds to
the state {Y.(1s) 4+ ¥5(1s)} of our earlier treatment; the state 2po
corresponds to {Y,(1s) — ¥u(1s)}.

11d. Homonuclear Diatomic Molecules. At this point it is of
value to consider, on the basis of group theory, the possible states of a
homonuclear diatomic molecule. Such molecules belong to the sym-
metry group Dojy; the characteristics of the possible states, including
their degeneracies, are determined directly from the character table

4 E. Teller, Z. Physik, 61, 458 (1930):

50. Burrau, Kgl. Danske Videnskab. Selskab., T, 1 (1927).

8 E. Hylleraas, Z. Physik, 71, 739 (1931).

1G. Jaffe, Z. Physik, 87, 635 (1934).



204 ELECTRONIC STATES OF DIATOMIC MOLECULES
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Fra. 11.3. Calculated electronic energy of Hqt.
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Fia. 11-4. Calculated total energy of Hot.
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of the irreducible representations of this group. This character table
is shown below. The symbols in the first column are those used to
describe the electronic states of homonuclear diatomic molecules.

E 2C, Ty 1E 2, oy
o1 1 1 1 1 1
= 1 1 1 -1 -1 -1
zZ7 1 1 -1 1 1 -1
2 1 1 -1 -1 -1 1
I, 2 2cosp 0 2 2 cos ¢ 0
I, 2 2 cos ¢ 0 —2 —2cos ¢ 0
Ay 2 2 cos 2¢ 0 2 2 cos 2¢ 0
Ay 2 2 cos 2¢ 0 -2 —2 cos 2¢ 0

States which are invariant under rotation about the symmetry axis

are called Z states. If only one electron is present, these are the states

for which N = 0; if more than one electron is present, these are the

states for which A = 2_\; = 0. II states are those for which A = 1;
i

A states those for which A = 2, ete. If only one clectron is present,
these are equivalent to the 7 and 6 states discussed above. In addition,
the 2 states are characterized by the designation + or — according
to the manner in which they behave when subjected to the operation
o,, which is a reflection in a plane in which the symmetry axis lies. All
states are further characterized by the symbols ¢ (‘““ gerade ”’) and u
{““ungerade ). These svmbols tell whether the wave function re-
mains invariant or changes sign up~n inversion at the center of sym-
metry. For the special casc of the Hyt ion, we readily see that o
orbitals give =7 states, = orbitals give II states, ete. The g or u prop-
erty is independent of the internuclear distance. If the molecular
orbital is written as a linear combination of atomic orbitals, then we
immediately see that combinations of the type {¥. + ¥»} are g, those
of the type {¥, — ¥»} are u. For the united atom, the center of sym-
metry becomes the atomic nucleus, a molecular orbital thus has the
same g or & property as the atomic orbital to which it reduces. For
a one-electron atom, the wave function is g or u according as ! is even
or odd; for a many-electron atom, the atomic wave function is g or u
according as ) _l; is even or odd. We thus see that a 2ss orbital gives

1
a Z} state, a 2po orbital gives a T state, and a 2pr orbital gives a
IT, state. Referring to Figure 11-4, we note that in Hp™ the =} state
iz stable, the 2 state is unstable.
It is possible to make a unique correlation between the states of the
united atoms and the states of the separated atom by means of the
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theorem which says that two levels with the same symmetry properties
cannot cross as the internuclear distance is varied. The following
proof of this theorem is that given by Ncumann and Wigner® as modi-
fied by Teller.® Suppose that we kiow all the electronic wave func-
tions except two. These two may be written as linear combinations
of the functions ¥; and ¥, which have been chosen to be mutually
orthogonal and orthogonal to all the remaining wave functions. The
energy levels are given by the solutions of the equation

Hy,—-E H;
Hy, Hyy — E

In order that the two roots be equal, the conditions Hy; = Hgp, Hiz = 0
must be satisfied simultaneously. If ¢; and ¥» have different symmetry
properties, then Hyo is identically zero. Since Hy; and Has are func-
tions of the internuclear distance, it is possible for the two to be equal
at some distance; when this is true, the two energy levels are equal,
and crossing can occur. If ¢; and ¥, have the same symmetry, Hy,
will not be zero. It will not, in general, be possible to satisfy the two
conditions by varying one parameter, hence the two energy levels
can never be equal, and crossing is impossible.

Since \ is a good quantum number at all times, and since the g and
u properties must be preserved as the internuclear distance is varied,
the correlation between the states of the united atom and those of
the separated atom must be ¢, — 0y, 0, — 0y, 7y — 7, ete. Further,
two o, orbitals cannot cross; neither can two o, orbitals, etec. In
Figure 11-5, we have on the left the various states of the united atom
and the possible molecular orbitals into which they can split; on the
right we have the various states of the separated atoms and the sym-
metry properties of the molecular orbitals which can be formed by
taking linear combinations of the atomic orbitals. The correlation
between the two sets of states is given by the connecting lines which
were drawn in accordance with the above rules. It will be noted that
this schematic representation corresponds exactly (as of course it
must) with the exact energy level diagram for Hyt (Figure 11-3).

In determining the electron configurations of complex atoms, we
added the electrons to hydrogenlike orbitals, placing the electrons into
the lowest orbitals allowed by the exclusion principle. Similarly, for

8 J. v. Neumann and E. Wigner, Physik. Z., 80, 467 (1929),
9 E. Teller, J. Chem. Phys., 41, 109 (1936).
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complex homonuclear diatomic molecules, we add the electrons to
the lowest allowed Hyt-like molécular orbitals. Taking account of
electron spin, the exclusion principle allows us to place two electrons
in o orbitals, and four electrons in w, & - - - orbitals, because of the
two possible values of N in the latter. This procedure gives us the
electron configuration of the lowest state, which will then be char-
acterized by the values of A =3\; and S =3 s;. States with S =0,
1

1 1...are called singlet, doublet, triplet, - - - states, just as for atoms.

R Ty \\\
2 Ty N\ 2P
2p, gy -~
op 2T
—— 2po-u
Tu,

23 2s0,

Ju 18
gg =
1s M
United Atom Separated Atoms

Fia. 11-5. Correlation diagram for like nuclei.

This procedure will be perhaps clarified by several examples. For the
simplest homonuclear diatomic molecule, Hot, the electron configura-
tion is (o,1s), the notation referring to the states of the separated atoms,
which gives A = 0, S = 1, so that the state is 2Z;. (o orbitals can,
of course, give only + states; m, 8- - - orbitals can lead to either +
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or — states. If the number of electrons in u orbitals is even, the
resulting states will be ¢; if the number of electrons in w« orbitals is
odd, the resulting states will be u.) For Hp, the electron configura-
tion is (o,1s)% so that A = 0, S = 0 (because of the exclusion prin-
ciple), and the ground state is 'ZF. For Liy, the electron configura-
tion is (oyls)?(0u1s)?(042s)?%; the corresponding state is 'Z}. For
more complex molecules, there is a possible ambiguity in the order of
the orbitals, as this order sometimes changes as the internuclear dis-
tance is varied. For these molecules it is necessary to resort to ex-
perimental evidence to determine the electron configuration of the
ground state. For example, the clectron configuration of N is found
to be (7415)%(s,15)%(0,25)%(0,25)% (m,2p)* (¢,2p)%. Only closed shells
of electrons are involved, so that the state represented by this con-
figuration is 'Z}. In O, the two additional electrons go into the
(w¢2p) orbital. The quantum number A can be either 0 or 2, depend-
ing on whether or not the N's are directed oppositely or are parallel.
If A is 2 the spins must be opposed; if 0 they may be ecither parallel
or opposed. The configuration - - - (7,2p)? thus leads to 1Z, 32, and
1A states. All states are, of course, g; the detailed theory!® shows
that they are in fact 'Z}, 22, and A,. The lowest state of O, is
found experimentaliy to be the *Z; state; as a result, O, is para-
magnetic (Chapter XVIIQ).

An interesting interpretation of the character of the chemical bond
in diatomic molecules can be given in terms of the above considerations.
If an orbital maintains the same principal quantum number as the
transition is made from the separated atoms to the united atom, it is
said to be a “bonding orbital.” If the principal quantum number
increases, it is said to be an ‘‘ anti-bonding orbtial,” and an electron
in an orbital of this type is said to have been ““ promoted.” As may
be seen in Figure 11-4, occupicd bonding orbitals will tend to form
stable states; occupied anti-bonding orbitals will tend to form un-
stable states. The difference between the number of pairs of electrons
in bonding orbitals and the number of pairs in anti-bonding orbitals
may be regarded as the effective number of ‘‘electron pair’ bonds.
For Lip, O, and Ny this difference is seen to be 1, 2, and 3, respectively,
which corresponds to the usual designation of the bonds in these mole-
cules ag single, doubie, and triple.

1le. Heteronuclear Diatomic Molecules. For heteronuclear dia-
tomic molecules we no longer have the center of symmetry which was
present in the homonuclear diatomic molecules. Ilecteronuclear dia-
tomic molecules belong to the symmetry group Cw,, for which the

10 E. Wigner and E. Witmer, Z. Physik, 51, 859 (1928).
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character table is
E 2C¢ [ £]
=t 1 1 1
- 1 1 -1
1} 2 2 cos¢ 0
A 2 2 cos 2¢ 0

We note that we have the same types of possible states as for the group
Dy, except that the g and u property has been lost. In drawing the
correlation diagram analogous to Figure 11-5, we must take into
account the fact that there arc now, for example, two 1s states for the
separated atoms, since, if we designate the atoms by a and b, the atomie
orbitals ¥, (1s) and ¢, (1s) will have different encrgies because of their
different nuclear charges. Let us suppose that we again write the
molecular orbital as a linear combination of atomic orbitals, for ex-
ample

¥ = caba(ls) + copn(1s) 11-41
The secular equation is
Hye — E Hgp— SE
Hy — SE Hy, — E

=0 11-42

where the symbols have their usual mecaning. We now wish to inves-
tigate the values of the coefficients ¢, and ¢;. We imagine the inter-
nuclear distance to be sufficiently large so that the overlap integral S
may be taken equal to zero. We further assume that a has the greater
nuclear charge, so that H,, > II;. The energy eigenvalues, given
by the solution of 11-42, are

E = %{ (Haa "" be) + \/(Haa - -be)2 + 4H§b 11-43

For Haa = Huw, the upper nign give: ¢, = ¢ the Jower sigh gives
¢ = —¢. For Hy,, > Hyp, we may therefore conclude that the upper
sign corresponds to the case where ¢, and ¢, have the same sign; the
lower sign corresponds to the case where ¢, and ¢ have opposite signs.
Further, for the limiting case where H,, = 0, the upper sign gives
E =Hg, =1, ¢ =0; the lower sign gives E = Hy, ¢ = 0,
¢t = 1. For any internuclear distance we therefore conclude that
the proper linear combinations of atomic orbitals are

¥ = . (18) + ciys(1s)
r ’
Vi = /0, (1) — ¢'¢p(1s)
where ¢, > c;; ¢’ > c)’. Using the cerrelations ¢ — e, © — m, ete.,

11-44
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and noting that two o or two = orbitals cannot cross, we obtain the
correlation diagram for heteronuclear diatomic molecules given in
Figure 11-6, where atom a is considered to have the greater nuclear
charge. The method of determining the electron configuration for
the ground state is identical with that applied previously. For ex-
ample, LiH should have the electron configuration (1ss)%(2s0)? if we
use the united atom notation, which leads to the ground state 12+,

3ds
N 3do (r2p),
(0.2 )‘\s (21))’0
3prw Py -
8p ~P
— < 3po
@2p), =120
_—_88 v —
(028), (23),
_2_1_;__<< 2pa- (o'zs)a (23),1
2s 280 (@ls),  (1s),

(@19), __(19),

1s 1so

United Atom Separated Atoms

Fra. 11-6. Correlation diagram for unlike nuclei.

If we consider the molecule (LiH)'™", we see that the electron con-
figuration for the ground state is (1ss)%. Upon separation of the
nuclei, Figure 11-6 tells us that we obtain Li* and HT; that is, both
electrons remain on the Li nucleus, which is in accord with our con-
clusion that ¢; > ¢;. However, if we separate the nuclei in LiH, the
correlation diagram states that we would obtain Lit and H™, Actu-
ally we would obtain Li and H. These considerations suggest that
we would obtain better molecular orbitals by the following procedure.
We consider that the 1s electrons of Li are unaffected by the formation
of the molecule, and we form molecular orbitals, not between Litt+
and H*, but between Li* and H*, The problem then becomes quite
similar to that of the hydrogen molecule; we take as the molecular
orbital which leads to a stable molecule the linear combination

¥ = ayri(2s) + byu(ls) 11-45
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This orbital can, of course, be occupied by two electrons, provided
that their spins are antiparallel.

The above considerations have enabled us to determine the types
of states that may arise in diatomic molecules and have shown us how
to write approximate orbitals to describe these states. It cannot be
expected that the usc of these simple orbitals will give quantitatively
correct results. In the next chapter we shall see what results can be
expected in the simpler cases, and, on the basis of these results and the
above considerations, we shall attempt to develop a satisfactory quali-
tative theory of valence.



CHAPTER XII
THE COVALENT BOND

12a. The Hydrogen Molecule. For the hydrogen molecule, the
Hamiltonian operator, in atomic units, is

A LU A B b
Ree Ry Ry Riz R
where the subseripts 1 and 2 refer to the electrons and the subscripts
a and b refer to the nuclei. According to the results given in the pre-
vious chapter, the lowest molecular orbital, expressed as a linear com-
bination of the atomic orbitals of hydrogen, is

‘I/lw = 'pa(ls) + |h,(18) 12-2

We can, according to the exclusion principle, place two electrons in
this orbital, with their spins opposed. If we designate the electrons
by 1 and 2, the unnormalized wave function for the ground state of
the hydrogen molecule would then be, to this approximation,

__tee loe 1
H - {2v1+2v2+Ra1+

¥ = {¥a(1) + ¥ (1)} {¥a(2) + ¥u(2)} 123
where
Va(1) = —1“=€_R““ (1) = -1=e_R“; ete.
Ve o Vr
vHY dr
The energy E = ———— of the ground state of hydrogen as given
WwWdr

by this wave function has been calculated approximately by Hell-
mann.! He finds the equilibrium distance to be B ~ 1.6ao; the dis-
sociation energy to be ~2.65 e.v. — values which are not at all in
agreement with the experimental values R = 1.40ay; D = 4.72 e.v.
One reason for this disagreement may be seen immediately from the
following argument. If we multiply out equation 12-3, we obtain

¥ = ¥a(1)¥a(2) + ¥a(D¥s(2) + ¥ (10¥a(2) + ¥ (1¥e(2)  12:4

LH. Hellmann, Einfihrung in die Quantenchemie, p. 133, Franz Deuticke, 1937;
212
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The first and last terms in this expression represent electron density
distributions in which both electrons are on the same hydrogen nucleus;
that is, they represent ionic states such as HTH™. Since it is known
that the electron affinity of hydrogen is very much less than the ioni-
zation potential of hydrogen, we would expect that such states are not
very stable, and hence that we might obtain a better representation
of the ground state of the hydrogen molccule by dropping these terms.
This leads us to the furction used by Heitler and London? in the first
successful attack on the problem of chemical valence. These authors
wrote

¥ = Ya(1)¥3(2) + ¥u(1)¥a(2) 12-5

as the function representing the ground state of the hydrogen mole-
cule. The energy corresponding to this function may be written as
J + K

E=1r%

12-6
where

= [Vl @B D) dry drs
= [Hn@EL @) dr dr,
= [ DB@¥@W) dr dr,

From the form of H and the functions ¢,(1), ete., it is readily seen
that the energy may be written as

E=2E,H)+Q+ « 12.7
where
J K
Cire tTire 128
1 1
I = [rn@ - 5 -t i@ ddn
_ 1 {Wa(1)}2{¥6(2)}2
= 2€aa + Rab + f ng dT1 d‘r«z 129
1
K= f‘l’a(l)‘hz(z) {-— R Eb; + 1?1'2' + 7 }%(2)%(1) dry dre

I P | A0 EYO D 1210

Ry2
‘2 W. Heitler and F. London, Z. Physik, 44, 455 (1927).
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The integrals S, €., € have been evaluated in section 11b. The re-
maining integrals have been evaluated by Heitler and London? and
by Sugiura.® The results gave for the internuclear distance and the
dissociation energy the values R = 1.64ay, D = 3.14 e.v. Although
this value of the dissociation energy is only slightly better than that
obtained from the strict molecular orbital treatment, the Heitler-
London method is somewhat easier to handle than the molecular
orbital method, and we shall make considerable use of this method of
writing approximate wave functions in the following pages.

It is of interest to investigate the state of the hydrogen molecule
that arises when one electron is placed in the 1ss orbital and the other
in the 2pe orbital. The wave function is then

¥ = {¥a(D) + ¥ (D)} {¥a(2) — ¥6(2)} 1211

which, if we drop the ionic terms as in the Heitler-London approxima-~
tion, may be written as

Vo= Ya(1¥s(2) — ¥a(2)¢s(1) 12-12
For this state, the energy is
E =2E,H)+Q — 1213
where
Q = J K

1-8 718

and where the remaining symbols have the same significance as before,
The quantities @ and « are called the ‘“ coulombic '’ and ‘‘ exchange ”
energies, respectively; the integrals J and K are called the coulombic
and exchange integrals. The state represented by 12-12 is unstable.
It is noted that the stability of 125 relative to 12-12 is due essentially
to the difference in sign of the exchange energy, the binding energy of
12-5 being Q + «, and of 12-12 being Q' — o’. In Figure 12-1 the cou-
lombic energy and the total energy, as calculated from the above equa-
tions, are plotted as a function of the internuclear distance. It is
observed that the greater part of the binding energy arises from the
exchange term, the coulombic energy being only about 10-15 per cent
of the total. We further note from equation 1210 that the exchange
integral K will be at least roughly proportional to the overlap integral
S, so that if two orbitals overlap only slightly the exchange integral will
be small, and hence the binding energy of the two orbitals will be small,
This result will later become of great importance.
3Y. Sugiura, Z. Physik, 45, 484 (1937).
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We have as yet made no explicit mention of electron spin. To the
approximation that we have been using, the Hamiltonian operator
contains no terms dependent on spin, so that the spin wave functions
and the orbital wave functions are separable. As before, we designate
by e the spin eigenfunction which has the eigenvalue +%, and by g

Coulombic energy
0_ ——————————————————————————

gs—zoi
5
R
k=

8401
o
=1}

~60+

~804-

0 1 R 2

Interatomic distance, A
Fia. 12-1. Calculated coulombic and total energies of Hj as functions of the
interatomic distance.

the spin eigenfunction which has the eigenvalue —3. If we have two
electrons, we can form one spin eigenfunction
{a(1)B(2) — a(2)B(1)}
which is antisymmetric in the electrons, and three spin eigenfunctions
{a(D)a(2)}
{8(1)B(2)}
{a(1)8(2) + «(2)8(1)}

which are symmetric in the electrons, Of the orbital wave functions
which we have thus far considered for the hydrogen molecule, 12-5 is
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symmetric in the electrons and 12-12 is antisymmetric in the electrons.
According to the exclusion principle, the complete wave function for
a system must change sign if two electrons are interchanged; in order
to form acceptable wave functions of the above type we must there-
fore combine a symmetrical orbital with an antisymmetrical spin func-
tion, and conversely. We thus obtain the complete wave functions

Vizp = (D% + L@} a(DBER) — a@BL)] 1214
{a(1)a(2))

Yozt = (Ya(¥0(2) — Ya@We(D)} | {2(1)B@) + a@BW)} | 1215
(B(1)B(2)}

We note that in the stable state 'Z} the spins are opposed; in the
unstable state 32 they arc parallel. The general theory of valence
will be based almost entirely upon the material thus far presented in
this and the preceding chapter.  Before beginning this general discus-
sion, we shall sce how the above method of approach should be modified
in order to obtain better quantitative agrecment with experiment.

Several simple modifications of the function 12-5 have been made.
A considerable improvement in the calculated dissociation energy is
obtained by introducing an effective nuclear charge as a variational
parameter, that is, writing

2B\ 3
Ya(l) = (—‘) e ete.

™

This function, with & = 1.17, gives D = 3.76 e.v.! A more general
function is obtained by writing the unnormalized function as

Va1 = (1 + 1201 )¢ R

where the nuclei lie along the z axis, that is, including the 2p, hydrogen
orbital in the variational function in order to take account of the fact
that one hydrogen atom will polarize the other., With « = 1.17,
¢; = 0.10, a value D = 4.02 e.v. is obtained for the dissociation encrgy.®
If in addition the ionie terms in 12-4 are included, multiplied by a
parameter ¢z, then, with @ = 1.19, ¢; = 0.07, ¢; = 0.175, the dissocia~
tion energy is calculated® to be D = 4.10 e.v. as compared with the
experimental value D = 4.72 e.v. This small value for ¢; is further
confirmation of the fact that, for the hydrogen molccule at least, the
4S. Wang, Phys. Rev., 31, 579 (1928).

5 N. Rosen, Phys. Rev., 88, 2099 (1931).
6 8. Weinbaum, J. Chem. Phys., 1, 317 (1933).
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Heitler-London or *“ valence-bond ”’ method is superior to the method
of molecular orbitals.

As for Hot, it is again found that an accurate value of the binding
energy can be obtained only by a method of approach which is not
based upon the use of one-clectron approximate wave functions.
James and Coolidge” used a variation function which was written as
a function of elliptic coordinates and which included the interelectron
distances Rjs explicitly. These authors investigated the function

- k I k
‘p = g0 Gt Z cklmnp{l‘lﬁ-?)”inl’gup + M1M2V'1'v3'up} 12:16
klmnp
where
_ Ray + Byt o = Rao + Ruo

(a1 Rab ] 2 I{ab

v _Ra] _Rb1. v =Ra2—Rb2. U'"2R12

! Ro = ° Roy Rup

The form of the function 1s such that it is symmetric in regard to inter-
change of electrons. In order that it may alsuv be symmetric in the
coordinates of the nuclei, only those terms which have (m + n) an
even interger were included; the indices were taken to be positive
integers or zero. With & = 0.75, the calculations, for a thirteen-
term function, gave Rq = 1.40 ao and D = 4.698 e.v., in essentially
complete agreement with experiment. The accuracy could no doubt
be further improved by the inclusion of additional terms. We have
had several examples (He, Hy", H;) of the exact results which can be
obtained by means of the variational method with a wisely chosen
variation function. However, the labor involved in these calculations
is so great even for these simple systems that it does not appear to be
a profitable method of attack on molecular problems in general. Be-
cause of the mathematical difficulties involved, we arc forced to use
much less accurate approximations; usually we are forced to write the
wave function as some linear combination of one-electron wave func-
tions. Although these will not give satisfactory quantitative results,
they should in general be qualitatively correct, and should enable us
to correlate experimental chemical facts. It is to be noted that the
James and Coolidge treatment of Hs contains nothing corresponding
to the separation of the binding energy into a coulombic part and an
exchange part which appeared in the Heitler-London treatment.
This separation is a mathematical result of the use of one-electron
orbitals in forming the valence-bond function. Thus, thoush we shall

7H. Tames and A. Coolidge, J. Chem. Phys., 1, 825 (1933).
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continually use the terms ‘‘ coulombic energy ” and * exchange en-

ergy,” the reader should remember that these terms have more of a
mathematical than a physical significance. It might be added, how-
ever, that in principle any wave function can be written in the form

Y= ;(—l)vpv{f(a}) a%) ag’ e GZ)}

where P, is the operator which interchanges the subscripts of the sets
of quantum numbers al, ete., this form of function being that which
has the proper symmetry in regard to the interchange of like particles.
The associated energy will then be a sum of integrals. Certain of these
integrals will be of the type

Ji@, & B d - ad)

which may be called coulombic integrals; others will be of the type

S a, - aEfEh ), ete.

which may be called exchange integrals.

12b. The Covalent or Electron-Pair Bond.® According to the
Heitler-London theory, which gives a satisfactory qualitative descrip-
tion of the hydrogen molecule, the covalent bond in this molecule is
represented by the orbital wave function

{a (D¥s(2) + ¥a(2)¥5(1)} 12-17

where the functions ¥, (1), ete., have the significance previously stated.
This orbital wave function must be combined with the spin wave
function

{a(1)8(2) — a(2)8(1)}

representing oppositely directed spins, in order that the complete
wave function be antisymmetric in the electrons. Parallel spins lead,
as we have seen, to unstable states. The valence bond in LiH, ac-
cording to the discussion in the last chapter, will be represented, in
the molecular orbital method, by the function

{a¥ri(1) + t¥u (1)} {ayri(2) + Wa(2)} 1218
or, in the Heitler-London method, by the function
{YL(W¥a(2) + y@W¥a(l)} 1219

8 The methods employed in this section are essentially those employed by Pauling.
See L. Pauling, Nature of the Chemical Bond, Cornell University Press, 1940.
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where ¥1; is the 2s wave function of Li and ¢y is the 1s wave function
of H. The mathematical treatment follows the same lines as for Hy;
the function 12:19, which must be combined with an antisymmetric
spin function representing oppositely directed spins, leads to a stable
molecule.

The Heitler-London method is obviously not limited to the treat-
ment of the formation of the bonds in diatomic molecules. In CHy,
for example, if we let ¥c1, Yoz, Yes, ¥os be the orbitals occupied by
four of the electrons of the carbon atom, and y¥y1, ¥u2, Yus, ¥us be
the 1s orbitals of the four hydrogen atoms, then the set of functions

{¥or (L¥m(2) + vo1 (20 (1)}
{¥c2(3)Wr2(4) + ¥c2(4)¥u2(3)}
{¥c3(5)¥us(6) + ¥c3(6)¥ms(5)}
{Yea(T)Wrs(8) + You(8)¥ua(7)}

would represent four covalent bonds formed by eight electrons. With-
out at this time further specifying the nature of the four carbon orbitals,
we can state that they will be orbitals with the principal quantum
number 7 equal to 2. The remaining two electrons of carbon will be
in the 1s orbital and will have their spins paired; as each of the four
valence electrons has its spin paired with an electron from a hydrogen
atom, we see that all electron spins in the molecule are paired, so that
the resultant spin S of the molecule is zero. Similarly in LiH and
in H, all the electron spins are paired. The experimental fact that
stable molecules (with a very few exceptions) are non-paramagnetic
(seec Chapter XVII) is a confirmation of the above-derived results that
the resultant spin should be zero for molecules in their ground states.

An electron which has its spin paired with another electron from
the same atom obviously cannot take part in the formation of a co-
valent bond, so that the covalency of an atom is equal to the number
of electrons with unpaired spins possessed by the atom. The results
of this rule have been mentioned in Chapter IX; we shall not repeat
that discussion at this point but shall consider a number of examples
in greater detail.

The electron configuration of the ground state of the nitrogen atom
is (1s5)%(25)2(2p)3; the lowest term is *S, indicating that the spins
of the three 2p clectrons are parallel. Nitrogen should thus have a
covalence of 3, in accordance with experimental facts. The three
valence orbitals may be written as ¥qp,, ¥op,, ¥2p,; if we were to carry
out actual numerical calculations, we would use, for example, Slater-

12-20



220 THE COVALENT BOND

type eigenfunctions with the effective nuclear charge appropriate for
the 2p orbitals of nitrogen. If we wished to describe the valence
bonds in NHj, then, according to the Heitler-London theory, we would
write '

{Wop, (D¥n (2) + ¥2p, C)u (1)} 12-21

with analogous expressions for the two remaining bonds. According
to the results of the similar calculation for Hs, the energy of the bond
represented by 12-21 is determined largely by the value of the exchange
integral between ¥, and ¥y, This exchange integral is, as we have
seen, proportional to the overlap integral between ., and ¢y, Now
Vap, has its maximum value along the 2 axis. Consequently the over-
lap integral and henee the exchange integral will have their maximum
values when the hydrogen atom lies along the z axis; that is, this
particular N—II bond will be stronger when the hydrogen atom is on
the z axis. The same argument can be carried out for the other bonds;
the stable configuration for the ammonia molecyle is thus that in which
the three hydrogen atoms lic along the z, y, and z axes, respectively.
Since the thrce bonds are equivalent except for orientation in space,
this simple theory of directed valence prediets that the ammonia mole-
cule should be a triangular pyramid, with all H—N—H angles equal
to 90°. The experimental value is about 108°; the manner in which
the simple theory must be modified will be discussed later.

The oxygen atom has the clectron configuration (1s)%(2s)2(2p)*
the lowest term being *P.  Since there are four electrons to be placed
in the three 2p orbitals, one of the orbitals, which we may take to be the
2p, orbital, must be occupicd by two electrons with their spins paired.
The two valence orbitals are then o,  and 9, ; the arguments used
above for NHj3 lead us to expeet that the IHI—O—H angle in H,O would
be 90°. The actual angle is 105° indicating that the simple picture
of the oxygen valence also requires some modification.

The deseription of the covalent bonds formed by the carbon atom
is less simple than the deseription given above for nitrogen and oxygen,
and it requires a new concept: that of the formation of valence orbitals
by the ‘ hybridization ” of the simple atomic orbitals. The lowest
electron configuration of carbon is (1s)%(25)%(2p)?; the lowest term
is 3P. If this electron configuration represented the valence state
of carbon, it would be divalent, with the spatial distribution of the
bonds similar to that of oxygen, in complete contradiction to experi-
mental facts. However, the first excited electron configuration of
carbon is (1s)2(2s)(2p)3; the lowest term arising from this electron
configuration is °S; carbon in this state had four electrons with un-
paired spins and hence has a valence of 4. This excited state, arising
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from the “ promotion ”’ of a 2s electron into the 2p level, has not been
definitely located experimentally, but according to calculations by the
Hartree method, as well as certain indirect experimental evidence,
the 5S term lies about 34 e.v. above the ground state.® There is
probably no very close correlation between this energy difference in
the carbon atom itself and the energy required to ‘‘ promote” a 2s
electron when a compound such as CHy is formed, since the perturba-
tion of the energy levels of carbon by the hydrogen atoms will be ex-
ceedingly large. This promotional energy would be more than com-
pensated for by the energy furnished during the formation of the two
additional covalent bonds. It may therefore be regarded as a reason-
able assumption that quadricovalent carbon is represented by the
electronic state (1s)%(2s)(2p)3, 88.

The four valence orbitals of carbon could then be written as s,
Yop,, Yop,» Y20, IHowever, we need not limit ourselves to this particu-
lar set of four valence orbitals but may use linear combinations of
them. We will therefore take as our valence orbitals the set of linear
combinations ¥1, ¥z, ¥3, ¥4, the combinations being formed in such a
way that they fulfill the necessary requirements of being normalized
and mutually orthogonal. In addition, we will require the four va-
lence orbitals to have the maximum possible bond-forming power.
According to our previous discussion regarding exchange and overlap
integrals, this means that we want ¢, for example, to be that linear
combination of g, Y2, Vop,, ¥2p, which has the largest possible
magnitude along some arbitrary direction in space, subject, of course,
to the condition that it be normalized. The functions ¥s,, Yop,, ¥2p,,
¥2p, Mmay be written

l1’2.9 = R2a (7‘)
Yop, = Rop(r) sin 6 cos e
Y2p, = Rop(r) sinfsine
Yop, = R2p(r) cos d

1222

The radial functions Rs,(r) and Rz, (r) will not differ greatly; if we
use Slater-type eigenfunctions the two are identical. Assuming the
radial functions to be identical, and writing only the angular parts of
the wave functions, we have

Yo, =1 Yop, = \/§sin0sincp

Y 12-23
Yap, = V3sinbcose  ¥up, = V3 cost

where the angular parts of the wave functions are normalized to 4.
9C. W. Ufford, Phys. Rev., 63, 568 (1938).
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In accordance with the result that the strength of the bond formed

by two valence orbitals will be proportional to the overlap of the two

orbitals, Pauling'® has defined the bond-forming strengths of the above

orbitals to be 1 for ¥, and V'3 for Vap,y Y2p,, and Yap,, these being the

maximum values possessed by the angular parts of the wave functions.
We now write

'l’l = a‘l/2c + b\b2pz + apzpy + d‘lﬂﬂ’l 1224

where the possible values of the coeffi-
cients are restricted by the normalization
condition a? 4 b? 4+ ¢? +d? = 1. The di-
! rection in space in which this first orbital
| 1,3,1) has its maximum value is arbitrary. We
: »>Y choose this direction to be along the (1,1, 1)
! diagonal of a cube with the carbon atom
/ _____ 0z at its center and with the z, y, and z axes
parallel to edges of the cube, as illustrated
X in Figure 12-2. This choice of direction
Fra. 12-2. Coordinate system requires the coefficients b, ¢, and d to be
for tetrahedral carbon orbitals. equal, so that ; may be written as

Y1 = ape, + b(¢’2p,, -+ \[’Zp,, + 'I/2p,) 12-25

with the normalization condition a® 4 8b% = 1.  Along the (1, 1, 1)

1 1
diagonal, sin.p = cos¢ = ;—/—5, cos § = 75, sinf = % , 80 that

>IN

V25, = V2p, = Y25, = 1 along this diagonal. The bond-forming strength
of y¥; is thus (a4 3b), or, by use of the normalization condition

(a + V3Vl — a?). The condition that the bond strength be a maxi-
mum gives us the relation

d -

- @+V3Vi-—a) =0
so that @ = 3. The condition a + 3b2 = 1 gives b = 1; the valence
orbital ¢ is thus

Y1 = (oo + Vop, + Yop, + V¥op,) 12:26

This valence orbital, which has the bond-forming strength 2.00, has the
maximum strength which can be obtained from any linear combina-~
tion of 2s and 2p orbitals.

10 3ee page 78 of reference 8.
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If we form the set of valence orbitals

\"(1) 1) 1) = %('1’23 + 'pr, + ¢’2p,, + \I’2p.)
1,0(1, -1, _1) = %(¢2s + ¢2p, - ‘P2p,, - ¢2p,)
Y(—1,1, —1) = 3(bas — Yap, + Yop, — ¥2p,)
V(=1 —1,1) = F(b2s — Vop, — Yop, + ¥2p,)

12.27

we note that these functions are normalized and mutually orthogonal,
each function having a bond-forming strength of 2.00 (the maximum
possible value for 2s and 2p functions), with the maximum density
along the diagonal of the cube indicated. All members of the set are
equivalent except for orientation in space. Each member of the set
has its maximum value along one of the lines from the carbon atom to
a corner of a regular tetrahedron with the carbon atom at its center.
This set of orbitals, determined by the condition that their bond-
forming power should be a maximum, thus gives a description of the
valence of carbon in complete accord with the experimental facts.

It seems probable that promotion of a 2s electron also takes place
to a certain extent in nitrogen and oxygen. Since the strongest pos-
sible bonds that can be formed from a combination of 2s and 2p orbitals
are the tetrahedral type with the coefficient of o, equal to 3, we
would expect sufficient promotion in nitrogen and oxygen to make the
bond angles tetrahedral in NH3 and H,O, provided that bond strength
were the only criterion for the type of bond formed. However, the
necessary promotional energy increases as we go along the series,
C, N, O; in addition, promotion does not increase the valence of nitro-
gen and oxygen. The experimental facts indicate that a compromise
is reached in N and O; the angles are slightly less than tetrahedral,
showing that promotion takes place to a lesser extent than would be
necessary to give pure tetrahedral bonds.

Actual calculations made with these valence bond functions cannot
be expected to lead to accurate values of bond energies, nor could they
be expected to lead to any results not given by the above qualitative
procedure. The above procedure must be looked upon as a quantum-
mechanical description of covalent bond formation based largely on a
previous knowledge of experimental fact. In the next chapter we will
find that it is possible to treat many problems in a more quantitative
manner; we will here largely limit ourselves to this descriptive method.

The carbon-carbon double bond, such as that in ethylene, may be
described as follows. From ¥2,, and two of the 2p orbitals, which we
may take to be ¥2,, and ¥2,,, we form three equivalent bond orbitals,
which will have their maximum values in the zy plane and will be
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separated by angles of 120°. Taking one bond direction to be the z
direction, these bond orbitals are

‘ 1 V2
'pl = \_/_g‘,’Zs + _,\/—511/2p,
RV RV AL IRV A

1 1 1
'p3 = 73"[’23 - :‘/‘gihp,, - _\7é¢2pv

The remaining carbon valence orbital is ¥4 = ¥o,,. Using the first
three valence orbitals, the carbon atom can form two C—H bonds
and a single C—C bond. With the fourth orbital, an additional
carbon-carbon bond can be formed with the corresponding orbital of
the second carbon atom. The bond formed by orbitals of the type
¥, is called a ¢ bond; that formed by orbitals of the type ¥4 is called
a m bond. Let us denote the coordinate system of the first carbon
atom by @, y, 2; that of the second, by z’, 3/, 2/. The strongest =
bond will be formed when the relative orientation of the two carbon
atoms is such that ¥s,, and ¥s,,, overlap as much as possible, that is,
when z and 2’ are parallel. The stable configuration should thus be a
planar configuration, with the H—C—C and H—C—H angles equal

H'
' i_o,

Fia. 12-3. Stable configuration of CoH,.

to 120° as illustrated in Figure 12-3 (the z directions are upward, per-
pendicular to the plane of the paper). This is in agreement with the
experimental facts for ethylene. It also gives a reason for the rigidity
of the double bond; if we were to rotate one end of the molecule rela-
tive to the other, we would have to supply energy to compensate for
the weakening of the = bond caused by this rotation. Since the carbon-
carbon ¢ bond is not equivalent to the C—H bonds, we would not
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have been required to make ¥, and ¥5 equivalent to ¥;; in other words,
the H—C—C angle could have been made unequal to the H—C—H
angle. The angles in ethylene are as indicated; these angles may not
persist in substituted ethylenes.

In acetylene, we may describe the carbon-carbon triple bond as
consisting of one ¢ bond and two = bonds cf the type given above.
This valence form would give acctylene the known linear configura~
tion. Since the 2p orbitals in a = bond overlap less than the orbitals
in a ¢ bond, we expect a = bond to be weaker than a ¢ bond, and hence
expect a C=C bond to be less than twice as strong as a C—C bond.
The experimentally observed bond strengths are C—C, 59 keal.;
C==C, 100 keal.; C==C, 123 kecal., in agreement with this expectation.

When we come to second-row atoms, there are available for the
formation of valence orbitals not only the 3s and 3p orbitals, but also
the 3d orbitals, five in number. It is thus possible to have a covalence
greater than 4. Rather than discuss the many individual cases by
the methods used above, we shall later present the general theory of
directed valence and show how it is possible to predict, by application
of group theory, the types of bonds formed by any combination of s,
p, and d orbitals. First, however, it is of interest to see to what extent
the above qualitative conclusions can be justified by approximate
calculations; as an example, we consider the HoO molecule.

12c. The Quantitative Treatment of H;0.!! In the valence bond
method, the valence orbitals of the oxygen atom may be taken to be
¥20,(0) and ¥2,,(0), those of the
hydrogen atoms to be y;,(H). {

We first investigate the energy of H

the valence structure shown in !

Figure 12-4, where ¢ is the angle ,/

between the O—H bond and the  |¢/

« axis. For a particular valence K _H

structure, the energy may be | 3™ X

written as o -
E=Q+ «a 12-29 Fia. 12-4.

where @ is the coulombic and « is the exchange energy. According to
equation 13-30 of the next chapter, the exchange energy for this case
will be

o = K13 + Koy — 5(K14 + Koz + K2 + Kas) 12:30
where the K’s are integrals of the type 12-10. The oxygen 2p, orbital
11 . Van Vieck and A. Sherman, Rev. Modern Phys., T, 200 (1935).
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can be expressed as
'llzl’s = \b2p0 cos ¢ + ‘l’2pt sin ¢ 12:31

where Y2,, is an oxygen 2p orbital with its axis along the O—H bond
and ¥sp, is an oxygen 2p orbital with its axis perpendicular to the bond
direction. We may therefore write K;3 as

Kis = [Vop (000102 Bbzy, 21, (1) dry dr
= K,; c08% ¢ + Kqr 8in® ¢ + 2K, sin ¢ cos ¢ 12.32

where
Rao = [ Vape(D01,(2)Bbape @W1s(1) dry dry

with similar expressions for the other exchange integrals between
oxygen and hydrogen orbitals. The integral K;p is independent of
o. If we neglect the hydrogen-hydrogen exchange energy, the part of
the exchange energy that depends on the angle ¢ will be

K,;(2 cos? ¢ — sin? ¢) + K,r(2sin% o — cos? o)
4 2K,,cospsing 12:33
The integrals K, are of the form

f Rap(r1) Ras (r2)HRs (r2) Ras (r1)2'#’ dry dr

where the 2’ axis is along the O—H bond direction and R, is the radial
part of ¥y,, ete. The integrals K., are therefore zero, since they in-
volve odd powers of 2. The.orbitals ¥o,, and ¥y, are orthogonal;
the integral K, , thus contains only the electron repulsion term, so that
this integral is positive. The orbitals ¥2,, and ¥y, are not orthogonal;
the integral K,, is therefore similar to the analogous integral in the Hj
problem and is negative (corresponding to attraction). The value of
¢ which gives « the greatest negative value is therefore 90°. On the
basis of the exchange energy alone, and without considering the effect
of hydrogen-hydrogen repulsions, this calculation gives the same
results as our previous qualitative investigation. The coulombic
energy for this structure is

Q=Jiz+ Jog+ Juu+ Joz + J12 + Jag 12-34
J12 and Jg4 being neglected, the coulombic energy becomes
Q= 2J40 4 2Jxx
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where
Joo = f Vope (D10 @) Hdzps (W14 (2) dry drg

The coulombic energy is thus independent of ¢, so that only the ex-
change energy is effective in giving directional properties to the va-
lence bonds in HyO. Inclusion of the hydrogen repulsions would, of
course, tend to increase the bond angle, as would the use of s-p hybrid
orbitals for the oxygen atom.

12d. The General Theory of Directed Valence.!? In discussing the
valence of the carbon atom, we found that it was possible to construct
four equivalent valence orbitals from the four atomic orbitals ys,,
Yop,» ¥2p, V2p,, these valence orbitals having their maximum values
in the directions of the corners of a regular tetrahedron. Similarly,
from the orbitals y¥2,, Y2p,, ¥2p, We found that it was possible to construct
three equivalent valence orbitals in the zy plane, separated by angles
of 120°. We now wish to investigate the possible sets of equivalent
valence orbitals which can be formed from any combination of s, p,
and d atomic orbitals, that is, from any combination of some or all of
the atomic orbitals s, Pz, Dy, D2y do2y dasy dyy dzyy doayp.  These sets of
equivalent valence orbitals can be most easily found by means of group
theory. Any set of such orbitals has a characteristic symmetry group.
The set will form a basis for a representation of the group which will
in general be reducible, but which can be expressed in terms of the
irreducible representations of the group by means of the group char-
acter table. The s, p, and d orbitals of the atom will also form repre-
sentations of the group. By comparing the component irreducible
representations of the set of valence orbitals with those of the atomic
orbitals it will be possible to tell which combination of atomic orbitals
will lead to a set of valence orbitals of the required symmetry. The
general procedure can be best described by an example; we will discuss
the possibilities of forming three equivalent coplanar bonds, separated
by angles of 120°.

This set of valence orbitals has the symmetry Dgj; the character
table for this group is reproduced in Table 12:-1. The table also in-
cludes the transformation properties of the coordinates and the perti-
nent combinations of the coordinates. The atomic orbitals are func-
tions of r multiplied by the function written as subscript. Hence
they transform under the operations of the group in the same way
as their subscripts. The atomic orbitals therefore form bases for
representations of the group as given in the table. It is now necessary

12 G. Kimball, J. Chem. Phys., 8, 188 (1940). J. H. Van Vleck and A. Sherman.
Rev. Modern Phys., T, 174 (1935).
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to investigate the transformation properties of the set of valence
orbitals. These are represented schematically in Figure 12.5. Apply-
ing the operation E leaves the three orbitals unchanged; the char-
acter of the represcentation for the operation E, applied to this set of
orbitals which we denote by a, is consequently 3. The operation oy,
reflection in the zy plane, likewise leaves the orbitals unchanged; the
character for this operation is thus 3. The operation Cj, a rotation

Y

=X

Y

Fia. 12-5. Valence orbitals with symmetry Dgp.

by 120° about the 2z axis, changes the position of all orbitals, and thus
has the character zero. The operation S3, a rotation by 120° fol-
lowed by a reflection in the zy plane, likewise has the character zero.
The operation 3, a rotation by 180° about an axis which we may take
to be the z axis, interchanges orbitals 2 and 3 and leaves orbital 1 un-
changed, and hence has the character 1. Similarly, the operation
0y, which we may take to be a reflection in the 2z plane, is seen to
have the character 1. The character of the representation ¢ is given
in the table. Either by inspection or by applying equation 10-31, we
see that this representation may be broken up into the sum of irre-
ducible representations .

c=Al+F 12-35
The set of valence orbitals ¢ can therefore be made up of any of the
combinations
o=84+p.+py
o =d;+ p:+ Py
g = s+d,u+dz:_y:
0 =ds+ doy + dpayn

that is, it is possible to form the set of three equivalent valence or-
bitals from any of the electron configurations sp?, sd?, dp? d®.

12-36



GENERAL THEORY OF DIRECTED VALENCE 229
TABLE 121

CHARACTER TABLE FOR TRIGONAL ORBITALS

E o 203 28; 3C; 30,

s, dg2 1,22 + ¢2 22 A7 |1 1 1 1 1

45 |1 1 1 1 -1 -1

47 |1 =1 1 -1 1 -1

P z 47 |1 =1 1 -1 =1 1

{d P by } @E-eEy) | F |2 2 -1 -1 0
Yy X Y

dzz, dya (x2, y2) E'" |2 -2 -1 1 0 0

s |3 3 0 0 1 1

T |6 0 0 0o -2 0

The possibility of double bond formation can be discussed in a
similar fashion. In describing the valence bonds in ethylene, we stated
that a double bond can be considered as a ¢ bond, with valence orbitals of
the type discussed above, plus a 7 bond formed by the interaction of two
p electrons in orbitals which have their axis perpendicular to that of the

Fia. 12:6. Double bond formation for group Dgs:

¢ bond. In a polyatomic molecule, consisting of a central atom with a
number of external atoms bound to it, bonds of this type can also be
formed; as far as the external atoms are concerned, the condition for
the formation of = bonds is the presence of p orbitals at right angles
to the bond axes. Since there can be two such p orbitals per external
atom, the configuration of these p orbitals can be represented by the
arrows in Figure 12.6, where orbitals 1, 2, 3 are in the zy plane and
orbitals 4, 5, 6 are parallel to the z axis. Designating this set of or-
bitals by the symbol =, we proceed to find the character of th> = repre-
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sentation in the same manner as for the o representation. We have:

E: all orbitals unchanged; character 6.

on: 1, 2, 3 unchanged; 4, 5, 6 changed in sign; character 0.

C3: all orbitals changed in position; character 0.

S3: all orbitals changed in position; character 0.

C} (considered as rotation about the x axis): orbitals 2, 3, 5, 6 changed
in position; orbitals 1 and 4 changed in sign; character —2.

o, (considered as reflection in the zz plane): orbitals 2, 3, 5, 6 changed
in position; orbital 4 unchanged; orbital 1 changed in sign; character 0.

The character of the = representation is given in the table.

Breaking the = representation down into its irreducible components,
we have

r=Ay+ A}y +E + E” 12.37

In order that = bonds may be formed, the central atom must have
available orbitals which transform in the same manner as the p or-
bitals of the external atoms, so that any orbital of the central atom
which belongs to one of the irreducible representations in 12-37 may
be used in double bond formation. Consequently the orbitals avail-
able for the formation of = bonds are the p orbital belonging to A3’
(p2), the d orbitals belonging to E’’ (d,., dy.), and the two orbitals be-
longing to E’ which are not used in forming the original ¢ bonds. The
original ¢ orbitals probably contain a mixture of both the p and the
d, E’ orbitals, so that the = orbitals formed from these orbitals are
probably weaker than those formed from the A4’ and E’’ orbitals.
We may divide = bonds into two classes, calling them * strong” if
they belong to representations not used in ¢ bond formation, and
““ weak 7’ otherwise.

The results of such calculations for a central atom surrounded by
two to eight external atoms are shown in Table 12:2. The columns
give the coordination number, the configuration of electrons used in
the formation of o orbitals, the arrangement of the bonds obtained
from this electron configuration, the orbitals available for the formation
of the strong and weak = orbitals, in this order. Where there is a choice
df two or more orbitals when only one can be used, the orbitals are
enclosed in.parentheses.

It should be noted that this method does not predict directly the
type of bond arrangement formed from any given electron configura-
tion; it merely tells whether or not a given arrangement is possible.
If, as often happens, it is found that several arrangements of the bonds
are possible for a single configuration of electrons, the relative sta-
bility of the various arrangements must be decided by other methods,
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such as Pauling’s strength criterion discussed earlier in this chapter,
or considerations of the repulsions between non-bonded atoms.

TABLE 12-2

StaBLE BOND ARRANGEMENTS AND MuULTIPLE BOND POSSIBILITIES

I
2

II
sp
dp
p?
ds
d2
sp?
dp?
ds?
da
dsp
P’
d%p
sp®
d3s

dsp?
d2p2
d%sp
dp?
d®p
d4
dsp®
d3p
d?sp?
d's
d2p3
d*p
dspz
d5
d%sp?
disp
d%p
dspa
d3sp?
d®s
d4p2
dsp?
dbsp
disp?
d4p3
dspz

dsp?

d5p3

dbsp?

III

Linear
Linear
Angular
Angular
Angular
Trigonal plane
Trigonal plane
Trigonal plane
Trigonal plane
Unsymmetrical plane
Trigonal pyramid
Trigonal pyramid
Tetrahedral
Tetrahedral
Tetragonal plane
Tetragonal plane
Irregular tetrahedron
Irregular tetrahedron
Irregular tetrahedron
Tetragonal pyramid
Bipyramid
Bipyramid
Tetragonal pyramid
Tetragonal pyramid
Tetragonal pyramid
Tetragonal pyramid
Pentagonal plane
Pentagonal pyramid
Octahedron
Trigonal prism
Trigonal prism
Trigonal antiprism
Mixed
Mixed
Mixed
ZI‘F7—3
ZrFy3
TaF;2
TaF;2
TaF;2
Dodecahedron
Antiprism
Face-centered prism

v
p2d2
p2d2

d(pd)
d(pd)
d(pd)

slallllI1IT1Il%Ysaas

A

[ = |8&



CHAPTER XIII

RESONANCE AND THE STRUCTURE OF
COMPLEX MOLECULES

13a. Spin Theory and Bond Eigenfunctions. We will now develop
the mcthods which will enable us to-give an approximate quantitative
treatment of many-clectron molecules. Because of the complexity of
the problem, we again use products of one-electron eigenfunctions as the
basis for a perturbation caleulation. For a system of n atoms, each
with one valence electron, we denote the eigenfunctions of the valence
orbitals of the atoms by a(z, y, 2), b(z, ¥, 2), c(z, ¥, 2) - - - n(z, ¥y, 2).
Let the coordinates of the ¢th electron be (x;, y; 2;). Then a possible
eigenfunction for the n electrons, with spin neglected, will be
a(1)b(2)c(3) - - - n(n), where a(x;, y1, 21) has been abbreviated to
a(1), ete. Any function which may be obtained from this by permu-
tation of the numbers 1, 2+ - n is an equally good eigenfunction. To
be complete, each of the above orbital eigenfunctions must be multiplied
by a spin function of the type a(1)a(2)B8(3) - - - @(n). According to the
exclusion principle, only those functions are allowed which are anti-
symmetric with regard to electron interchange As for the atom, our
zero-order eigenfunctions are therefore the linear combinations

(aa)y (ba); (cB)1 -+ (ma)y

(aa)s (ba)z (cB)2 -+ (na):
—=| 13-1

(a@)n (ba)n (eB)n -+ (na),

where (aa); = a(1)a(1), ete. There are 2" such determinants, since
each column may contain either « or 8. We will denote the above

eigenfunction by
(a b ¢ - n)
¢ =
a o B cee

The energy, to the first order, is given by the roots of the secular equation
|Hi; — 84E| =0
232
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where :
Hi = f ¢iHp;dr; Si; = f eieidr

For the n-clectron problem, the order of this equation is 2", so that the
problem will be tractable only if we can break the secular determinant
down into a product of determinants of lower order. In the atomic
problem this was done by means of the operators M?, M,, S%, S,, all of
which commuted with the Hamiltonian. Owing to the lack of spherical
symmetry of most molecular systems, the operators M? and M, will no
longer commute with the Hamiltonian, and so they lose their usefulness.
To the approximation we are considering, in which spin interactions are
neglected, the operators 8% and S, commute with the ITamiltonian and
may be used to reduce the order of the secular determinant.  Iach of
the eigenfunctions ¢ is already an cigenfunction of S, since each term
in the expansion of the determinant of ¢ is an cigenfunetion of S, with
the same cigenvalue. The cigenvalue of any ¢ for 8, is found from the
relation

« h
S = (ng — ng) a;ﬂ"

where n, is the number of columns of &’s and ng is the number of columns
B’s. For n = 6, we have 2° = 64 cigenfunctions ¢. Classifying these
according to their cigenvalues of S, we have:

} 1

Eigenvalue of S, (units of 5‘—) 32 1 0 41 -2 —3
m

Number of eigenfunctions 1 6 15 20 15 6 1

Since H;; = S;; = 0 if ¢; and ¢; have different eigenvalues for S, this
classification results in a considerable simplification of the sceular equa-
tion. Further simplification is possible if the ¢’s are combined into
linear combinations which are cigenfunctions of S% as well as of S,.

Let us imagine the n atoms to be divided into pairs (a, b) (¢, d), ete.,
with each pair at a great distance from all the other pairs,  The system
will be most stable if there is a bond between ¢ and b, one between
c and d, ete. According to our previous discussion, ¢ and b will have a
stable bond between them only if the spins of the corresponding electrons
are paired; the same condition holds for each of the other pairs. Such a
distribution of spins corresponds to the condition S, = 0. Even if the
atoms are not separated, it would scem reasonable to assume that the
most stable configuration would be that corresponding to the maxi-
mum number of bonds. We will therefore focus our attention on the
determinants containing only the ¢’s which have the eigenvalue for the
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operator S, equal to zero; that is, in the six-electron case for example,
we assume that the ground state of the molecule is given by one of the
roots of the twenty-row secular determinant. The eigenfunctions ¢
are not in general eigenfunctions of S2, but we can form linear combina-
tions of the ¢’s which are. Rather than treat the general case, let us
consider the system of four electrons. The eigenfunctions ¢ which have
the eigenvalue zero for S, are

a b c a
®1 a a B B
2 @ B a [
3 B a o B
©4 a B B a
s B a f o
®6 B B a ]

We will now form a linear combination of the ¢’s which corresponds to a
bond between a and b and one between ¢ and d. This requires @ and b
to have opposite spins, so that we are limited to the functions ¢g, ¢3,
¢4, 8nd ¢5. The combination will therefore be of the form

Yab, cd = G202 + 303 + G404 T+ As05 13-2

If we interchange the spins on a and b, the function ¥4, .4 must change
sign, since the spin function associated with a stable bond is antisym-
metric in the electrons. We therefore obtain

Vab, cd = —02p3 — G302 — Qsp5 — B5P4 133
Performing the same operation with the spins on ¢ and d, we have
Vab, cd = —Q2ps — G305 — G4p2 — A5p3 13-4

The above equations are consistent only if a5 = ag, az3 = a4 = —a,.
We have, therefore, for the (unnormalized) function representing the
two bonds a-b, ¢-d, the bond eigenfunction

Yab, cd = 02 — 03 — ¢4 + 05 135
In a similar manner, we find the bond eigenfunctions

Vad, bc = ¢1 — @2 — ¢5 T+ ¢6 136

Vac,bd = ¢1 — ¢3 — ¢4 T+ ve 13-7

We note that, these bond eigenfunctions can be written as

6
Vij, bt = 21 8:5(n) 81 (n)en 138
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where §;;(n) is 1 if < has the spin « and j has the spin 8; é;;(n) is —1 if
1 has the spin 8 and j the spin «; §;5(n) = 0if ¢ and j have the same spin,
This expression can readily be generalized.

If we want the bond eigenfunction corresponding to a bond between
a and b, but none between ¢ and d, we proceed in an analogous manner.
Only o2, ¢3, ¢4, ¢5 can be used, as they are the only functions in which
a and b have opposite spins. This function must be antisymmetric
with respect to exchange of the spins on @ and b but symmetric with
respect tn the exchange of the spins on ¢ and d. We readily find the
appropriate bond eigenfunction to be

6
Yab =02 — @3+ 04 — 05 = El5ab(n)¢n 139
n=

The other one-bond eigenfunctions are
Yoc =1 — @2+ 5 — @6
Vea =92t ¢3— 01— ¢5
Vad = o1+ 02 — 05 — ¢ 13-10
Yac = o1 — @3 1+ 04 — v8
VYoa = o1+ @3 — 01 — v8
The bond eigenfunction corresponding to no bonds is obviously

V=011t o2+ 03+ 04+ 5+ 0p 13-11

This eigenfunction is symmetric with respect to exchange of the spins
on any pair.

Not all the above bond eigenfunctions are independent. As our
independent set we take the bond eigenfunctions Y., cdy Vad, be; Yabs
Ybe, Yed, ¥. The remaining bond eigenfunctions can be expressed in
terms of these as

Yac, ba = Yab, cd + VYad, be
VYaa = VYab + Yo + Yed
Yoo = Yab + Yoo
Voa = ¥oc + Yed

We will now show that the bond eigenfunctions derived above are eigen-
functions of S?, and further, that bond eigenfunctions corresponding to
different numbers of bonds have different eigenvalues for S%. Accord-
ing to equation 9-3, the spin operators S,; S, and the spin eigenfunctions

1312
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« and B obey the relations
(Sa:l + "fsyl)a(l) =0 (S:c + 7'Su) = Z(an + isyn)

. h
(Sa1 + 1S,)8(1) = - (1) 1313

(Ser = iSyn)a(1) = o2 B(1)

(Szl - Z.Syl)ﬁ(l) =0 (S: — ":Sy) = Z(Szn - 1:Sun)

where S, is the operator for the £ component of the spin of electron (1),
etc. Denoting the ¢ eigenfunctions by the abbreviated notation
(aBaf), ete., we have

(S2 +15,) (eah) = 5= [ (aeaf) + (e}
(. + iS,) (@Bef) = 5- | (wea) + (aBoc)]
(S2 + iS,) (Jo) = - { (aae) + (Baaa)}
(S: + iS,) (a3e) = - { (aaBa) + (afaa))
(S + 8,) (Bea) = - { (aabe) + (Becac)
(S: + iS,)(Iac) = o { (aBaa) + (aaa)}
(S, — iS,)(ael®) = 2o ((BaB0) + (eB3)] 1314
(2 = iS,) (o) = - {(888) + (a538)]
(S2 = i5,) (Baa) = 2= {(808) + (6a9)]
(2 = i8,)(eBBe) = 5~ {(8882) + (a836)}
(5. = i,) (o) = - {(8850) + (8o}

(2 = 15, (8Bac) = o= | (8860) + (8508)]
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Operating on the bond eigenfunctions we therefore obtain
(Sz + isv)\”ab, ea=0

_ 1315
(Sa: + isu)v/ad, be =0

Since

§° = (S, — i8,)(S, +8,) + o= S, + 8
U

and since the eigenvalues of the bond eigenfunctions for the operator S,
are zero, we sce that the bond eigenfunetions representing two bonds are
eigenfunctions of S? with the eigenvalue zero.

Operating on .5, we obtain

h |(eaaB) + (afaa) — (acaB) — (Baaa)

S +iS)Wap = =
( +1/ y)'l’ b [+ (aaBa) + (aBaa) — (aaﬁa) —_ (Baaa)

‘1
2 ] 13-16

h
= 2'2—; {(aBaa) - (Baaa)}

2
(Se = 18) 82 + i, = 275 {(6‘3"“") T (affe) + (afaf) }

— (BBaa) — (BaPa) — (BaaB)

n? h?
= 2;17 {2 — 03+ 04 — @5} = 2:1;2%5

2
Yab is therefore an eigenfunction of S? with the cigenvalue 1(1 4 1) :1._2.
(4

In the same way we find that y,. and ¥.q are eigenfunctions of
2

h
S? with the cigenvalues 1(1 4 1) et and that ¢ is an eigenfunction
2

h . .
of S? with the eigenvalue 2(2 + 1) + Since matrix elements be-

472
tween functions with different values of their eigenvalue for S? vanish,
the six-row secular determinant for the four-electron problem is thus
reduced to one three-row, one two-row, and onc one-row determinant.
The energy of the ground state of the system should be given by one of
the roots of the two-row determinant, since the bond eigenfunctions
involved in this secular determinant correspond to the maximum number
of bonds. This is further confirmed by the observation that the ground
state of most molccules is non-paramagnetic, indicating zero spin.

The above results are readily generalized for more than four electrons.
To summarize the procedure when we are interested in the ground state
of a complex molecule, we first form the zero-order eigenfunctions ¢ in
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determinantal form. These functions are eigenfunctions of S,; we
consider only those for which S, = 0. From these functions ¢ we
form the bond eigenfunctions ¥ by the rule

Yij, kl,mneee = 22055 (») 81(¥) Sma(¥) - - 0, 13-17
Bond eigenfunctions corresponding to different numbers of bonds have

different eigenvalues for S?; we consider only those corresponding to the
maximum number of bonds, which have the eigenvalue zero for S2.

a—b n a i _ a><b
d<—oc zli h d

c (4

'»[ab,cd + '/’ad be = '/’.w,ba
a—»>b a b a b a b
+ |+ =1
a ¢ d c de«—c d c
Y o+ ¥ho + Ya = Y
a—»p a b a b
+ =
d 4 d 1’; d\ c

T

d<—-c d c

'l’bc + Y = ¥a

Fia. 13-1. Bond eigenfunctions for four electrons.

O et O

d

The energy of the ground state is then given by the solution of the
secular equation |H;; — Si;E| = 0. (In the above discussion, we
implicitly assumed the number of electrons to be even. For an odd
number of electrons, the problem is first solved for the next higher even
number, and then all integrals in the secular equation which involve the
extra electron are placed equal to zero.) In the general case, no further
reduction of the secular determinant can be made. If the molecule
possesses external symmetry, a further reduction is possible, as will be
shown later.

The possible bond eigenfunctions for the four-electron problem and the
relations between them are illustrated graphically in Figure 13-1 (from
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equations 13-12). We note that a kind of vector addition law holds for
the bond eigenfunctions. Usually we are interested only in bond eigen-
functions corresponding to the maximum number of bonds. Figure 13-1
tells us how to determine the number of independent bond eigenfunctions
for any number of electrons. We arrange the symbols for the orbitals

a—-20b a b a—b a b b
/
R op 1 N g ¢ f///c f\\o
x d e—d e——d d \e d
1 1L 11T v v

Bond eigenfunctions representing 8 bonds

a—b a—b a—b a b a
\ A\
S ¢ f ¢ K ¢ f ¢ f c
/ \
e d e—-d e d e—d e d
Vi VII VIII IX X

e d e d e d e—d
X1 XIH X111 X1V

Bond eigenfunctions representing 2 bonds

a—b o b a b a b a b

S c f \cf c f c f o
e d e d e«/ e—d \ed.

Xv XVIL XV XVIII XIX
Bond eigenfunotions representing 1 bond

e b

f 0 Bond eigenfunctions
representing 0 bonds

e d
XX

Fig. 13-2. Bond eigenfunctions for six electrons.

in a circle, which, of course, need have no correlation with the actual
structure of the molecule. We then draw the bonds in all possible ways.
Some of these will involve bonds which cross, such as ¥4, 5g. Any two
bonds which cross can be uncrossed by the application of equations of
the type

Yao, ba = Vab, ca + Vad, bo 1318
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This procedure can be continued until the original bond eigenfunction
has been expanded into a linear combination of bond eigenfunctions
which do not involve crossed bonds. Conversely, any eigenfunction
can be built up from eigenfunctions which do not involve crossed bonds.
We thus have the theorem due to Rumer:! arrange the orbitals in a
circle, draw all the structures which contain the maximum number of
bonds, but draw only those which contain no crossed bonds. The
eigenfunctions corresponding to these structures are linearly inde-
pendent, and, as all other bond eigenfunctions representing the maxi-
mum number of bonds can be expressed in terms of them, they form a
complete set.

In order to form the bond cigenfunctions with the eigenvalue of S,
equal to zero, but representing less than the maximum possible number
of bonds, we proceed in an analogous manner, including only those bond
structures which are not derivable from others by the rule of vector
addition. For six electrons, for example, we have the bond eigenfunc-
tions as given in Figure 13-2. There is a total of twenty, as this is the
number of ¢’s with the cigenvalue zero for the operator S,. The deter-
mination of the energy of the ground state for a six-electron problem
would thus involve the solution of a five-row determinant.

13b. Evaluation of the Integrals. In order to complete the solution
of the problem, we need the values of the integrals of the type

Hup = f ViHypdr and  Sup = f Vivsdr

Since the y’s are expressed as linear combinations of the ¢’s, we will first
focus our attention on the integrals of the type [ ¢;He;dr. Return-

ing to the four-clectron case, we consider the eigenfunctions

o1 = \/% 2 (~ 1P (@) (ba)a () (d8)a)
= L 5 (—1)"P2{ (aa)s (88)2(ca)s (dB)e)
402—\/4—!,‘, yilda)y 2{Ca)3 4
The integral [ o1Hgs dr is therefore

Hia = 31 [1Z(= 1P (@0 Ge)a @) @9)4]1*
H[S (—1)"P}{ (a0)1 (bB)2(ca)a(dB)}ldr  13-19

1 G. Rumer, Gottingen Nachr., 1932, 377.
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If the operator P! is multiplied by another permutation operator, the
result will be unchanged, since the integral already contains all possible
terms. As in dealing with the atom, we therefore multiply by the
inverse operator (—1)’[P}]™!, obtaining for the first summation

T PP {(aa)1(ba)2 (cB)3(dB)a} = 4! {(a)1(b8)2(cB)a(dB)s)

since there are 4! identical terms in this summation. The integral is
thus reduced to

Hyp = f{(aa)l(ba)z(cﬂ)a(dﬁ)«i}
H[> (- 1)""P,{ (aa)1 (98)2(car)3(dB)4}1 dr  13-20

Because of the orthogonality of the spin functions, all the terms in 13-20
will vanish except those for which the spins match identically. Inte-
grating over the spins, we therefore have

Hyz = — (abed|H|achd) + (abed|H|acdb) 1391
+ (abed|H|cabd) — (abed|H|cadb)
where

(abed|H]achd) = f (arbacada)H (acsbsdy) dr, et

If we now assume that the one-electron functions @, b, ete., are mutually
orthogonal (or are willing to set all integrals involving multiple exchanges
of electrons equal to zero), all the above integrals with the exception of
the first are equal to zero; this integral will be further abbreviated to
(bc). We thus have the result

Hyp = — (bc) 13-22

This result is perfectly general: The matriz element H;; between two

different ¢ functions s zero unless the functions differ only in the spins of

two orbitals; then it is the negative of the corresponding exchange integral.
For the integral Hy; we obtain the result

Hu= [ {(a2): (e)s(c8)s(d8)s HI(— 1) Por{ (a)s (be)a (cB)s(d8)s) dr
= (abed|H|abed) — (abed|H|abde) — (abed|H|bacd)
= Q — (cd) — (ab) 13-23

That is: The matriz element H; between @ o function and itself is the cou-
lombic integral Q minus the sum of all exchange integrals between orbitals
having the same spin.
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Continuing with the four-electron problem, and denoting ¥4, ¢ by
Y4 and Yaq, e BY ¥B, We require the matrix elements Ha4, Hpp, H4p.
In terms of the integrals Hs, etc., we obtain from 13-5 and 13-6 the
results

Hpa = Hyp + H3z + Hyy + Hps

+ 2(Hos + H3s — Hoz — Hoy — H3s — Hys)
Hpp = Hyy + Hoo + Hss - Hee

+ 2(—Hy2 — Hy5 + Hig — Hgg + Has — Hse)
Hup = Hig — Hiz3 — Hyy + Hys — Haoy + Has 4 Hyy — 2H s

+ H3s + Hys — Hss + Hag — Hzg — Hag + Hse

The necessary matrix elements H;; are readily found by application of
the rules given above; we have

Hiy = Q — (ab) — (cd) Hys = —(be) Hy; =0
Hjs = Q — (ac) — (bd) Hy3 = —(ac) Hjyg = — (ad)

H3s = @ — (ad) — (be) Hyy = —(bd) H3y =0
Hy = Q — (ad) — (bc) His = —(ad) H3zs = — (cd)
Hss = Q — (ac) — (bd) Hig =0 H3g = — (bd)
' Heg = Q — (ab) — (cd) Hy3 = —(ab) Hy5 = — (ab)
Hy = —(cd) Hyg = — (ac)
Hyzg = — (be)

Therefore

Haqa = 4Q — 2{(ac) + (ad) + (bc) + (bd)} + 4{(ad) + (cd)}
Hpp = 4Q — 2{(ab) + (ac) + (cd) + (bd)} + 4{(ad) + (bc)} 1324
Hap = —2Q + 4{(ac) + (bd)} — 2{(ab) + (ad) + (bc) + (cd)}

Since f ¢pf<p,- dr = §;;, we have the results Sqs4 = Szp = 4; Syp = —2.

In general, S4p will be equal to the coefficient of Q in H,p.

The above procedure, although straightforward, becomes rather
tedious for more than four electrons. By an extension of arguments of
the above type, the following general formulation can be made.

To find the matrix element of H between two bond eigenfunctions,
58y (1) Yab, cd, ef, gh a0d (2) Yae, ba, eg, 1y We Dote that the two electrons
in any bond must have opposite spins. If we let the spin of a be «, that
of b must be 8 from (1); according to (2) the spin of ¢ must be 8 and
that of d must be . The spin of ¢ can now be chosen arbitrarily; for a
given choice of the spin of e the remaining spins are fixed. We say that
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a, b, ¢, d form a cycle and ¢, f, g, h another. Let us assign the spin « to e.

This situation is denoted by
( ad\ [ eh)
AN

AN -/

where the orbitals associated with a’s are written above the line and
those associated with §’s are written below the line. The matrix ele-
ment of H for the bond eigenfunctions (1) and (2) is then, where z is
the number of cycles, and v is the number of interchanges of orbitals
which are assigned different spins in the diagram in ¥, required to
make it equal to y;.

Hyz = (—1)"2°{Q + 3[X (single exchange integrals between
orbitals in the same cycle with opposite sping) — > (single
exchange integrals between orbitals in the same cycle with
the same spin)] — 33 (all single exchange integrals)} 13-25

Equation 13-25 is perfectly general; the proof goes as follows. Let us
consider the matrix component of H between the two functions

Va = Vab, cd, ef, on~ B0d  ¥B = VYac, be, an, fg

for which the diagram is (b fhd) This integral will be expressed as a sum

of integrals involving ¢ functions, of the type | ¢iHg;dr. There are

three possibilities:
1. ¢; = ¢j; according to 13-17, the sign of the integral is (—1)”.
This gives a contribution to H4p, according to equation 13-22, equal to

(=1)"{2(Q — Z[(ae)-typel)}

the factor 2 arising from the fact that either « or 8 could be assigned to a.

2. The two ¢ functions differ in the spins assigned to, say, a and b. -
This integral is multiplied by —1, relative to the coefficient of @, as
can be seen from 1317, and therefore, according to 13-22, gives a con-
tribution 4 (ab). Since there are two such integrals, and since the
spins of any pair of this type could have been interchanged, the total
contribution to H4p arising from integrals of this type is

(—1)"{+2Z[(ab)-type]}

3. The two ¢ functions differ in the spins assigned to, say, ¢ and d.
This integral has the coefficient +1, relative to the coefficient of Q, so
that the total contribution to Hp arising from integrals of this type is

(—1)"{—2%[(ad)-type]}
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and the integral Hp is
Hap = (—1)"2{Q + Zl(ab)-type] — 23 [(ad)-type]}
in agreement with equation 13-25.
For the functions ¥¢ = b, cd, o, o 30d YD = Vac, b4, ¢g, 74 We have

h
the diagram (g—j) (;—g) Again there are three cases.

1. The two ¢’s are identical. There are then four different ways of
assigning spins to a and e:

a~a, e~ a gives (—1)’{Q — 3 [(ad)-type] — 3[(ae)-type]}
a~a, e~ B gives (—1)"{Q — 3 [(ad)-type] — X [(af)-type]}
6~ B, e~ a,gives (—1)"{Q — X [(ad)-type] — Z[(af)-type]}
a~ B, e~ B, gives (—1)"{Q — X[(ad)-type] — %_[(ae)-type]}
Cases 2 and 3 are identical with the similar cases above, except that
the numerical factor is 4. Since it is impossible to change the spin on
only one orbital in a given cycle, there are no integrals of this type in
which the two functions differ in the spins of @ and ¢, etc. We therefore
have the result

Hep = (—1)"4{Q — 23 [(ad)-type] 4 X[(ab)-type]
— 32 [(ae)- and (af)-types]

which is equivalent to the general expression 13:25. The proof can
readily be extended to more general cases.
Returning to the four-clectron case, for H44 we have the diagram

(%> (%) . The matrix component of H is therefore

Haa = 23{Q + 3[(ab) + (cd)]
— 31(ab) + (ac) + (ad) + (be) + (bd) + (cd)]
= 4Q — 2[(ac) + (ad) + (bc) + (bd)] + 4[(ab) + (cd)]

in agreement with the previous calculation. For Hsp we have the

. ac
diagram (Ed_) , 80 that

Hap = (—1)2{Q + 3[(ab) + (ad) + (bc) + (cd)] — ${(ac) + (bd)]
— 3l(ab) + (ac) + (ad) + (bc) + (bd) + (cd)]}
= —29 + 4{(ac) + (bd)] — 2[(ab) + (ad) + (bc) + (cd)]

13c. The Two-Electron Problem. Although the two-electron prob-
lem has previously been treated in detail, it is of interest to consider at
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this point the results obtained by the above method. Denoting the
orbitals by @ and b, there are four possible ¢ functions:

a b
@1 a B
@2 B o
3 a «a
@4 B B

Of these four functions, ¢; and ¢, have the eigenvalue zero for S,. The
linear combination having the eigenvalue zero for S? is the bond eigen-
function

Ya = va = o1 — ¢2

The energy of the ground state is therefore given by the solution of the
one-row secular determinant

Hqn — SasE =0
According to the rules developed above,
Haa = 2[Q + (ab)], Saa =2
so that the energy is
E =Q + (ab) 13-26
Comparing this with the result given by equation 12-7, we see that they
become identical if the overlap integral S = f Yap d7 in 12.7 is placed

equal to zero, as it has been assumed to be in the present method.
Although this diserepancy may appear to be quite serious, in actual
practice a compensation is made, as will become evident later.

13d. The Four-Electron Problem. The matrix elements have
already been determined. Inserting these in the secular determinant

Hys — SasE  Hyp — SasE
Hyp — SapE  Hpp — Spsk

we obtain
B(artaz)—W  —3(taz+Bi+Be—vi—v2)+3W
—3(rtaz+Bi+Be—11—72)+3W  F(Bi+B)—W

where the common factor 4 has been removed from each term, (ab),
(cd), (ad), (be), (ac), (bd) have been replaced by a1, a2, 1, B2 11, 725
respectively, and

W=E~-Q+4(a1 +oag+81+ 82+ 7+ %)

=0 13-26
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Writing @ = oy + ag, 8= B1 + B2, ¥ = 71 + 72, 13-26 reduces to
W?—(@+B8+7)W —3a+B—7)"+3af=0

so that
W=‘f—i—g—ﬂi%\/(a+ﬁ+v>2+3(a+ﬂ—7)2—12«3
or
E=QxVa+8+1°—af — ay — By 13.27

Of these two solutions the one with the negative sign represents the more
stable state; this may be written as

E=Q—Vi{(@a—8°+B—7?+ (v—a)?} 1328

a result first obtained by London.?
If we now remove the electrons ¢ and d to infinity, equation 13.28
reduces to

Eap = Qab + o 13-29

(the sign of oy is taken to be + since «y is a negative quantity; equa-
tion 13-29 therefore represents the lowest state of the system), which is
identical with 13-26, as of course it should be. This result forms the
basis for the ¢ semi-empirical ’’ method of treating complex molecules.
We assume that the energy of any electron pair bond a-b can be repre-
sented by an equation of the form E,; = Qs + ag. The energy
of this bond is obtained from the experimental data on some simple
gystem, usually the data on the corresponding diatomic molecule.

Some assumed ratio for Qa being taken, each of these quantities can be
Qg

determined independently. It is then further assumed that the quanti-
ties oy, ete., which appear in the energy equation for a many-electron
system, are identical with the corresponding quantities for the two-
electron system, and that @ for the many-electron system is equal to
2_Qij, where Q;; is the coulombic energy for the two-electron system
L

1 — j. For example, if we had the problem of four atoms 4, B, C, D
with the corresponding orbitals a, b, ¢, d, the various terms in 13-28 are
obtained as follows. We draw the diagram illustrating the various
energy terms (Figure 13-3). From experimental data on the diatomic
molecules AB, CD, AC, BD, CB, AD we determine the energies Eg;,

E.i, Eqac, Eva, Ecy, Eaa. These energies may be expressed as functions
2 F. London, Z. Elektrochem., 86, 552 (1929).



THE FOUR-ELECTRON PROBLEM 247

of the corresponding interatomic distances by means of an empirical
equation such as the Morse function (equation 14-31). We now assume

gsome value for the ratios Qﬂ’, etc., and thus calculate the individual
a;

quantities. These values of e, etc., as obtained from the diatomic
molecules, are now used directly in 13-28. @ in this equation is assumed
to be given by

Q = Qab + Qca + Qac + Qva + Qb + Qaa

It will be observed that this procedure is actually an extrapolation of
the binding energy between atoms from the diatomic to the polyatomic
problem. Some such extrapolation is necessary if any treatment of poly-
atomic molecules is to be made, since actual evaluation of the integrals,
even if a satisfactory set of zero- -

order functions were known, is @ B™Qurt
completely out of the question.
Since the above method of treat-
ment involves the same type of
approximation for both the dia-
tomic and the polyatomic prob-
lem, we would expect the defects
arising from these approxima-
tions to be at least partially
compensated for by the method
of determining the integrals from Fia. 13:3. Coulombic and exchange en-
experimental data. Actually it ergies for a four-atom system.
must be recognized that this is an empirical method, and its validity
must be determined largely by the results obtained.

In determining Qq» and «; from E,, it is necessary to assume some
definite ratio for the two integrals. In the Heitler-London treatment
of the hydrogen molecule, where the corresponding integrals can be
evaluated, the total binding energy is about 10-15 per cent coulombie.
In actual practice satisfactory results are usually obtained if the coulom-
bic energy is assumed to be about 14 per cent of the total binding
energy for a given electron pair.

We may summarize the situation with regard to quantum-mechanical
caleulations involving polyatomic molecules as follows. The correct
wave function for a system of n electrons would be a complicated func-
tion of the 3n coordinates. Judging from the results on Hs, a satis-
factory wave function should contain the interelectron distances r;;
explicitly. However, with such a wave function, the n-electron prob-
lem becomes completely intractable; we are forced to make drastic

&

'E¢d=Q0d+a2 \c)



248 COMPLEX MOLECULES

simplifications. The first approximation that is made is to assume that
the eigenfunction for the system can be written as a product of one-
electron functions. Even in the simple case of Hj, these wave functions -
will not give very accurate results. Using these functions as a basis,
we carry out a first-order perturbation calculation in which the further
approximation that the one-electron functions are orthogonal is made.
The energy of the system is then obtained as a function of certain cou-
lombic and exchange integrals. These particular integrals arise from
the method of writing the zero-order wave function and might not appear
in this particular form in a more accurate formulation of the problem.
These integrals are in general evaluated, not by direct calculation, but
from experimental data on simple systems. In spite of the apprexima-~
tions, these calculations usually give results of considerable value in the
interpretation of chemical phenomena.

13e. The Concept of Resonance. We have seen that, for a system
involving many electrons, it is possible to write a number of bond eigen-
functions representing various ways of pairing the electrons to form
two-electron bonds; the encrgy of the system is then given by the
solution of a secular determinant of high degree. In many cases only
one of these bond eigenfunctions will be of importance in determining
the energy of the ground state of the molecule; we say then that the
electrons are localized in particular bonds. If we assume that the ground
state of a given molecule can be represented with sufficient accuracy
by one bond eigenfunction ¢4, the energy of the ground state is given by

=—=24_ From equation 1325, we have

E = Q + X (exchange integrals between bonded orbitals)
— 13" (exchange integrals between non-bonded orbitals) 13-30

This equation has been used in section 12c in the discussion of the water
molecule, where it was assumed that the bonds could be drawn in a
unique way. In many molecules there does not appear to be any single
way of drawing the bonds which is a better representation of the actual
state of the molecule than other possible ways of drawing the bonds; in
this event the complete problem must be solved by the above methods.
We then say that the molecule “ resonates’’ among the various states
represented by the individual bond eigenfunctions; the difference in
energy between the actual molecule and the energy of the most stable
bond eigenfunction is called the * resonance energy.” This concept of
resonance has been applied, especially by Pauling,? to the elucidation of

3 See L. Pauling, The Nature of the Chemical Bond, Cornell University Press, 1940,
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many problems in molecular structure. As an example of this concept
and of the methods derived in this chapter, we calculate the resonance
energy of benzene.

13f. The Resonance Energy of Benzene.* Ixperimental evidence
shows that benzene is a planar molecule, with the carbon atoms at the
corners of a regular hexagon, and with all C—C—C and C—C—H
angles equal to 120°. Taking the plane of the molecule to be the zy
plane, we can form three carbon valence bonds with bond angles equal
to 120° from the proper lincar combination of the s, p;, and p, carbon
orbitals. This leaves the six p, orbitals, one on cach carbon atom. The
valence structure is thus similar to that of ethylene. In benzene, how-
ever, there is no unique way of pairing the spins of the p, clectrons to
form = bonds. We shall not attempt to solve the benzene molecule
completely, but shall assume the s, p,, and p, carbon elcetrons and the
hydrogen electrons o be localized in ¢ bonds, and shall limit ourselves
to the calculation of the binding energy arising from the interaction of
the p, electrons. This is a six-electron problem; if we denote the p,
orbitals on the various carbon atoms by a, b, ¢, d, ¢, f, the five independent,
bond eigenfunctions corresponding to the maximum number of bonds are

—b [/ b
o /(l \ a—1pb \ /a b
A A e SN / )
e d e—d e—d e d ¢ d
% % ¥ ¥ ¥

We note that, owing to the symmetry of benzene, the following rela-
tions hold between the matrix elements:

Has = Hpp; Hee = Hpp = gy
Hic=Hap = Hag = Hpe = Hpp = Hpg
Hep = Hpg = Heg

We need calculate only the matrix elements Ha4, Hap, Hac, Hep, Hec,
which is readily done by use of equation 13-25. For H44 we have the

diagram (%) (5) (;) , S0 that

Haq = 22{Q + 3[(ab) + (cd) + (ef)] — 32 (all exchange integrals)}
= 23{Q + 3[(ab) + (cd) + (¢f)]
— 3[(ab) + (be) + (cd) + (de) + (¢f) + (af)]
— 3l(ac) + (bd) + (ce) + (&) + (ae) + ()]
— 3l(ad) + (be) + (N1}

Again, owing to the symmetry of benzene, there are only three different
41, Pauling and G. W. Wheland, J. Chem. Phys., 1, 362 (1933).
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exchange integrals: the type (ab), the type (ac), and the type (ad).
We denote these types by «, 8, v, respectively, so that

Hia = 22{Q + §a — 38 — 37}
Since exchange integrals will decrease rather rapidly as the distance

between the atoms increases, we now make the approximation that g8
and y can be neglected in comparison to «, and write

Has = 22{Q + 3o}

In the same way we find for the other necessary matrix elements the
values

Hee = 22{Q}

Hap = 2{Q + 6a}

Hyc = —2*{Q + 3a}

Hep = 2{Q + 6a}

The secular determinant, after the common factor 2® is removed,
is therefore

(= +y) (z+y> —(§+y> —<g+y> ~(§+y)
o) o) G+
—(§+y) —(§+y> z (£+y)
—(§+y) —(g—!-y) (EZ-H/) x

) -G o) G -

wherez = Q — E andy = §a. After a slight manipulation, this deter-
minant reduces to

3 0 0 0 0
0 Gz+y) —(‘g + y) 0 0
=0
0 —(g + y) (g + %y) 0 0
0 0 0 (8= — 3y) 0
0 0 0 (Fz — 2y)
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The roots of the secular equation are therefore
z =0, %{l/, %’yi %(1 + v 13)?/’ %(1 -V 13)y

80 that the energy levels are

E=Q E=Q— (1+V13)a
E=Q—2¢ E=Q-(1—V13)a
E=Q — 2a

« is & negative quantity, so that the energy of the ground state is
E=Q— (1—V13)a=0Q + 26la
In determining the coefficients in the expression

V¥ = ca¥a + ca¥s + cc¥o + cp¥p + cr¥Ee

for the wave function of the ground state of benzene, we note that,
owing to the symmetry of the problem, ¢4 = ¢, cc = ¢cp = cg. (It is
not necessary to make this assumption; the solution of the five simul-
taneous equations will give the same result.) From the first equation
in the set which determines the coefficients, we thus obtain the ratio

cc 5V13-17

- ~5 = 0.434
ca 24—6V13

80 that the unnormalized wave function for the ground state of benzene is
¥ =94+ ¥p+0434Wc +¥p + ¥r)

Had we assumed that the ground state of the benzene molecule was
represented by one of the Kekulé structures, say y4, the calculated
energy would have been E’= Q + 1.50a. According to the above
calculation, the actual benzene molecule is more stable than this hypo-
thetical molecule by the amount 1.11a. The resonance energy of ben-
zene is therefore 1.11a. Had we based our calculation on the two
Kekulé structures alone, we would have obtained the secular determinant

(+y) (£+y>
=0

(Z—-H/) (x+y)

with the roots z = 0, £ = —$§y, corresponding to the energy values
E=0Q, E=Q+240a. The resonance epergy bhere is 2.40a —
1.50c = 0.90c. We therefore see that the greater part of the resonance
energy arises from resonance between the two Kekulé structures.
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The factorization of the secular determinant is not accidental. In
the general six-clectron problem the determinant would not be further
reducible; however, on account of the presence of symmetry in the
benzene molecule we may reduce the determinant by the aid of group
theory. Benzene belongs to the symmetry group Dgy; in this particu-
lar problem the operation ¢ gives no new results, so that we may use the
group Dg. In Table 13-1 we present the results of the application of the

TABLE 131
a—->b /a b\ a——-=b a b\ /a b
NI f\\\ © //c
e d e—d e—d e d e d
A B C D E
E C; C¢f C3 Cf Cg Cila) Cy(b) Ci(c) €3 (ab) C3(bc) C3'(cd)
A A B A A B B B B B A A A
B B A B B A A A A A B B B
c ¢ C E D D E E D C C E D
D D D C E E C D C E E D C
E E E D ¢ C D ¢ E D D C E
x¥) 5 3 2 2 0 0 1 1 1 3 3 3
TABLE 13-2
CHARACTER TABLE rorR Dg

E C 203 20 3Cy  3CY

m 4] 1 1 1 1 1 1

T Az| 1 1 1 1 —1 -1

Ts B 1 -1 1 —1 1 -1

Iy B;| 1 -1 1 -1 -1 1

s E;| 2 2 -1 -1 0 0

Te Ez| 2 -2 -1 1 0 0

v 5 3 2 0 1 3

operations of this group to the five bond eigenfunctions, which have been
denoted by the letters A, B, C, D, and F rather than by ¢4, ete. In this
table, C§ means a rotation by +120°, etc.; cz(a) is a rotation about the
symmetry axis through atom a; c3’ (ab) is a rotation about the symmetry
axis perpendicular to the bond a—b, ete. The character of the repre-
sentation which has this set of bond eigenfunctions as its basis is given in
Table 13-2, which contains the characters of the irreducible representa~
tions of the group. x(¥) was determined directly from the results given
in Table 13-1. .T'(¢) can now be expressed in terms of the irreducible
representations of the group as

I'(y) = 2Ty + Ty +Tp
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By means of equation 10-45 we now find the proper linear combinations

of the original set which are the bases for these irreducible representa-

tions. The various sums  x;(R)RA, etc., of interest are given in
R

Table 13-3. From the three combinations denoted by (1), (2), (3), we

TABLE 13-3
§x1(R)RA =6(4 + B) };x,,(R)RA = 6(4 — B)
%:;a(R)RB = 6(A + B) %m(R)RB = —6(4 — B)
%:M(R)R() =4(C+D+E) %x.,(R)RC =0
};XI(R)RD =4(C+D+E) ;;m(ze)m) =0
;n(R)RE =4(C+ D+ E) ‘%x4(R)RE =0

ZR‘,XG(R)RA =0
%xs(R)RB =0
%xa(R)RC =4C —-2E —2D (1)
ZRXS(R)RD =4D —2C --2E  (2)
}I;xg(R)RE = 4 — 2D —-2C  (3)
can form the independent linear combinations (2) — (3) = 6(D — E)

and (1) — (2) = 6(C — D), so that the linear combinations which are
bases for irrcducible representations of the group are

Y1 =94+ ¥5 ]I‘ ¢4=‘/’C—¢D]P
Y2=vc+¥p+ ¥z ¥s=¥p— V&
Y3 = Y4 — ¥} Iy

Since matrix elements between eigenfunctions belonging to different
irreducible representations of the group vanish identically, our problem
isreduced by this method to the solution of two two-row and one one-row
determinants, These are:

Hyy — SuE  Hyz — Si2E (8= + 4y) — 3z + 6y) B
Hia— SuE Ha— SnE| |—@Gu+6y) Go+opl

(Hsz — S3E) = §2 =0 (2
Hyy — SuuE  Hys — SssE Bz —2) (—%=+vy)
Hys — SisE Hss — SssE|  |(—§z+y) (= —2y)

(1

=0 @
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where the notation is the same as above. The matrix elements Hys,
etc., are easily found from the previously derived matrix elements
Hyp, ete. The roots of (1) are

=201+ V13)y, z=3%31-Vi3y
For the coefficients in the expression ¢ = ¢1y¥; + ¢ we obtain, for the
root z = (1 — V'13)y, the rautio(cEg = 0.434, which is identical with the
1

previous result, From (2) we have z = 0; from (3) we have z = 4y,
z = %y, so that the results are in accord with our previous findings, as of
course they must be. Determinant (3) can be reduced further, since the
two roots are known to be equal from the fact that the functions ¢4 and
¥ belong to a doubly degenerate representation.

The calculated resonance energy of benzene has been found to be 1.11¢,
where « is the exchange integral between the orbitals on adjacent carbon
atoms. It would be of little value to attempt to calculate this integral
directly; we may estimate its value in the following manner. From
thermochemical data, Pauling finds that the strength of the C—C bond
is 59 keal., that of the C=C bond is 100 kcal. From our previous dis-
cussion of ethylene, we see that the difference between these values,
41 keal., should be approximately equal to the strength of the = bond
between the p, orbitals. Since the energy of a bond is largely exchange
energy, we would therefore estimate the value of the integral a to be
about 40 keal. (Since the carbon-carbon distance in benzene is greater
than that in ethylene, this estimate should be a maximum.) We would
therefore expect the resonance energy in benzene to be of the order of
40 kecal. From thermochemical data, it is found that 1039 kecal. is
required to break all the bonds in benzene, while only 1000 keal. would
be required to break three C—C bonds, three C=C bonds, and six C—H
bonds; that is, the experimental resonance energy is 39 keal. This
agreement is perhaps better than should reasonably be expected,
although we shall see later that this method gives internally consistent
results for benzene and the other condensed ring systems. First, we
wish to treat the resonance energy in benzene by the molecular orbitals
method.

13g. The Resonance Energy of Benzene — Molecular Orbitals
Method.> In the molecular orbitals method, we do not attempt to
find a set of functions with the significance of the bond eigenfunctions
used above. Rather, we form molecular orbitals which are linear combi-
nations of the atomic orbitals on the six carbon atoms. From the six

S E. Hiickel, Z. Physik, 70, 204 (1931); 72, 310 (1931); 76, 628 (1932).
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atomic orbitals, we can form six independent molecular orbitals, Two
electrons can then be placed in each of the three most stable molecular
orbitals, giving the state of lowest energy. We denote the six orbitals
on the six carbon atoms by Vi, ¥s, ¥¢, ¥4, ¥e, and ¢;. These are con-
sidered to be the solutions of a Hartree-type calculation, although we
shall not specify them further. The molecular orbitals are then of the
form

¥ = c¥a + s + e + ca¥a + cede + Cf'lpf

Carrying out the usual first-order perturbation calculation, we are led
to the secular equation

w B8 0 0 0 B
B W B8 0 0 O
0 8 Wi 0 0
003W50=0 1331
0O 0 0 B W B
B 0 0 0 8 W

where W =Q — E, H; = Q, H;; = Bif ¢ = j £ 1, Hy; = 0 otherwise;
that is, the ¥,’s are assumed to be normalized and mutually orthogonal,
and the integrals of H between non-adjacent carbon atoms are placed
equal to zero. The roots of this equation can be shown by an algebraic
method to be

W = 28 cos 2—2’—0 k=0,123,4,5 13:32
or
W = 26; B; —ﬁ: "'2Bp —'B; B 13-33

We shall later obtain these roots by a different method. The integral 8
is presumably negative, representing attraction, so that the three
lowest levels are those for which W = —28, —8, —8, or

Eiy=Q+28 E;=Q+8 E;3=Q-+8

If we place two electrons in each of these levels, we find the energy of the
six p, electrons in benzene to be E = 6Q 4 83. For one of the Kekulé
structures, we have the corresponding secular equation
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with the triply degenerate lowest root W = —B. For this structure the
energy is therefore E = 6Q + 68, so that the resonance energy of
benzene, on the basis of this treatment, is 2.008. It does not seem
possible to estimate the value of 8 directly; we may test the theory as
follows. The resonance encrgy of the series of compounds benzene,
naphthalene, anthracene, and phenanthrene is calculated by this
method. The resonance energies will be functions of the parameter 8.
If the values obtained by comparison with experimental data agree, we
may assume that our description of the structure of benzene is sub-
stantially correct. The same test can be applied to the method of bond
eigenfunctions. The results obtained are tabulated in Table 13-4.%

TABLE 13-4
A B C D E
Benzene 39 1.1l 35 2.008 20
Naphthalene 75 2.04«a 37 3.688 20
Anthracene 105 3.09a 34 5.328 20
Phenanthrene 110 3.15a 35 5.458 20

A = experimental resonance energy:
B, D = calculated resonance energies.
C, E = calculated values of « and 8:

It is seen that both theories give consistent values for the parameters;
the molecular orbital method seems slightly better here. In general, it
appears that both methods give about the same results;’ sometimes the
method of bond eigenfunctions is slightly superior to the molecular orbi-
tals method, as it was for Hs.

By means of group theory, we can find directly the molecular orbitals
which form bases for irreducible representations of the symmetry group
of the benzene molecule. The procedure is identical with that followed
in finding the proper linear combinations of bond eigenfunctions. In
place of the set of five bond eigenfunctions we use the set of six atomic
orbitals as the basis for the reducible representation. The character of
this representation is

E C;, 20 20s 30y 3C¥
6

x(¥) = 0 0 0 2 0

which, in terms of the irreducible representations gives
I'y) =T1+4+Ts+T5+ T
Proceeding as above, we find the linear combinations which are the bases

8 E. Hiickel, Reference 5. L. Pauling and G. Wheland, J. Chem. Phys., 1, 362
(1933); G. Wheland, 1bid., 8, 356 (1935).
TG. W. Wheland, J. Chem. Phys., 3, 474 (1934).
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of these irreducible representations to be

a c e I‘
\/—W + ¥+ e+ e+ e+ ¥} (T1)
¢2=:/—6{‘I'a—¢b+'llc*"l/d+'l/e—¢f} (T)

1
= —— (2 — ¥ — Yo + g — P —
Y3 \/ﬁ{‘b ‘I’b 'P+¢d 12 ¢f}

] (Ts) 13-34
= —== {Yy — 2 c - 2¢.
Vs et 2 Vo + Yo + Ya — e + ¥y}
1
'ps=_\/—i_2;{2\ba+¢b—¢c—2ll/d—'pe+¢f} (I‘)
[]

1
'pﬁ=—\7—1—é{¢a+2¢b+¢c-¢d_2¢c—¢f}

From these linear combinations, we can immediately write down the
pertinent matrix elements of H. These are

Hn=Q+28 Hu=3Q-8
Hypp=Q—28 Hss=Q+8
Hz3 =Q— B Hge =Q + 8
Hy=Q—p Hss = 3(@ + 8)
The solution of the one- and two-row determinants now gives us the
energy levels:
E-Q+2 (1) E=Q-§ (Ty) 1555
E=Q—-28 (T3) E=Q+8 (Te)
The six electrons go into the lowest three molecular orbitals ¥y, ¥s, ¥e-
The molecular orbital with the lowest energy, ¥4, represents a charge
distribution in which the electrons are distributed symmetrically about
the ring. The second level, which is degenerate, has associated with it
an unsymmetrical charge distribution. ¢35, for example, represents a
charge distribution in which the electron density on atoms a and d is
four times greater than the density on any of the other atoms. This
does not mean that the resultant electron distribution is unsymmetrical.
If we take the normalized linear combinations

I Hl

13-35

1 1
Vi=—=(Ws+ve) = —= W+ Vo — ¥a — o)

\/§ Vi 13-37
Y6 = (V5 — Ve \/—(¢a—¢b+2¢c—¢d+¢,—-2¢,«)

we see that we have a symmetrical distribution of charge if both yj
and ¢ are occupied by electrons.



CHAPTER XIV
THE PRINCIPLES OF MOLECULAR SPECTROSCOPY

In the preceding chapters we have discussed the energy levels and
electronic wave functions for molecules in which the nuclei were assumed
to be at rest. For a diatomic molecule the electronic energy levels were
given by the solution of the equation

{Ho — Eo(r)}y =0 14.1

where the electronic energy Eo(r) was a function of the internuclear
distance r, the stable position for the nuclei being that which made
Eo(r) a minimum. We wish in this chapter to drop the restriction that
the nuclei remain in fixed positions, and to consider the possible wave
functions and energy levels for actual molecules in which the nuclei
may move relative to one another or relative to a set of axes fixed in
space.

14a. Diatomic Molecules (Spin Neglected). For the discussion
of diatomic molecules we will use the following coordinate system.
Let z’, y’, and 2’ be the axes of a rectangular coordinate system fixed in
space, and let z, y, and z be the axes of a similar movable system with
the same origin. The orientation of the movable system relative to the
stationary system will be defined by the Eulerian angles 6, x, ¢, as illus-
trated in Figure 14-1. The equations giving the relation between
z,y,zand z’, y', 2’ are:

z’ = z(cos ¢ cos x — cosfsin psin x)
— y(sin ¢ cos x 4 cos 0 cos ¢ sin x) + 2 sin 6 sin %

y’ = z(cos ¢ sin x + cos 6 sin ¢ cos x) 142
— y(sin ¢ sin x — cos 6 cos ¢ cos x) — 2 sin 8 cos x

2/ = z sin 6 sin ¢ + y sin 0 cos ¢ + 2 cos 0

The concept of & molecule possessing electronie, vibrational, and rota-
tional energy levels is quite familiar. Similarly, several investigations
along the lines indicated in section 11a have shown that the complete
wave equation for a diatomic molecule can be separated into parts corre-
sponding to electronic, vibrational, and rotational motion, the terms
which must be neglected in order to make this separation being in general

258
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very small.! The results of these investigations show that if the com-
plete wave function ¢ is written as

Y = F((E, Y, % r)R(r)U(O, X) 14-3
then the component wave functions satisfy the equations
.{HO(x) Y, %, 7‘) - EO(r)}F(x) Y, % 7') =0 144
R af,9 ,
{W 5(1* 5) + E — Eo(r) — E (r)] R(r) =0 14-5

1 9 a 1 i) 2 8%rur?
—— Z(sing—) 4 AN | 4
{sin 0 90 (Sln 6 ao) sin? ¢ (ax vh 008 0) h? (r)} X

U@, x) =0 146

In these equations E is the total energy of the system, r is the internu-
h

clear distance, u is the reduced mass, and A o is the angular momentum
™

about the z axis associated with the electronic wave function F(z, y, 2, r).
R(r) and U(9, x) are the vibrational and rotational wave functions,
respectively; we see that the rotational and electronic energies enter the
vibrational wave equation as effective potential energies. We shall first
investigate the possible states of the system and the symmetry proper-
ties of these states before we consider the energy levels in detail.
Equation 14-4 is just the equation for the electronic energy which was
discussed in Chapter XI. The electronic wave functions F(z, 7, 2, r)
therefore have the symmetry properties of the various irreducible repre-
sentations of the groups D) or
Cw, according as the nuclei are f
identical or different. The vibra-~ z
tional wave function R(r) de-
pends only on the distance
between the two nuclei and
therefore belongs to the totally
symmetrical representation. The
complete wave function will thus
have the symmetry properties of
the product F(z, y, 2, 1)U, x).
In order to discuss the nature of
the solutions of 14-6 it will be con- ¥
venient to consider first the wave
equation for a symmetrical top,
that is, a rigid body with rotational symmetry about one axis. Using
the coordinate system of Figure 14-1,with the symmetry axis of the rigid

1 M. Born and E. Oppenheimer, Ann. Physik, 84, 457 (1927). R. Kronig, Z.
Physik, 468, 814; b0, 347 (1928). J. Van Vleck, Phys. Rev., 88, 467 (1929).

Y

Fia. 14-1. Rotating coordinate system
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body along the 2 axis, the wave equation? for the system is
1 o (. oy 1 0% (cos2 0 A) 0%y
et e 0 —_ —_— —_— —_ ) I
sin 6 30 (Sm ao) tanoae T \snfe T C)op
2cosf 0% = 8rA

sin? 8 dx d¢ + h? By =0 147

where C is the moment of inertia about the symmetry axis and 4 is the
moment of inertia about an axis perpendicular to the symmetry axis.
If we now sct

¥ = 0(6)eKeeiMx

we obtain the equation

1 d doe M? cos?9 A
— g — ) — —_ il KZ
sin 0 db (Sm b do) [sin2 o (sinz i C)
2 cos 0 2A
_ .0023 KM — 8
sin“ @

For the special case in which K = 0, this equation reduces to

1 d( do\ | M® 84
sin 6 d (sm 0 d0> T lsinZe A2 E} 0=0 149

which is identical with the equation discussed in section 5e¢. The
energy levels are thercfore

h2
Ej' o.M = m J(J + 1) 1410

and the wave funections are
07,0, u = P (cos 6) 1411
For K 5 0, the solutions of 14-8 are quite complex, and we shall give

herc only those results which are significant for our discussion. The
energy levels in this case are

12 [J(J + 1) 2(1 1
Er g om= Srz{ 1 TEN\G- Z)} 14-12
where J > |K|, and the solutions 6y, g, »r have the property that
07, x, m(r — 0) = (=1)7"E Mo, _x 1 (6) 14-13

Returning now to equation 14-6, we see that if we write
U@, x) = 6'(0)e™*

2 F. Reicheand H. R_ademacher, Z. Physik, 39, 444; 41, 453 (1927). R. Kronigand
L Rabi, Phys. Rev., 29, 262 (1927). D. Dennison, Rev. Modern Phys., 3, 280 (1931),
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we obtain the equation
de’) [ M?  cos?9 2 cos @ 8r2ur?
—— —(sing—) — A — M\ — ——E'} ¢
simpdo\ " do/  |sin®0 ' sin® 6 sin® 6 X }e
=0 1414

This is identical with equation 14-8, provided that we replace K by A,

1
A by wr?, and put = equal to zero in equation 14-8, so that

C
0'(6) = 07, x, u(©)

14b. Symmetry Properties of the Wave Functions.® If all the
particles of the system are subjected to an inversion through the origin
of coordinates, the transformation is equivalent to changing from a right-
handed to a left-handed coordinate system. The Hamiltonian operator
is invariant under such a transformation, so that the complete wave
function must either remain unchanged or must change only in sign.
This inversion at the origin is equivalent to a rotation of 180° about an
axis perpendicular to the z axis, which we may take to be the y axis,
followed by a reflection in the zz plane. If the transformed angles are
denoted by the superseript ¢, then 8 = 7 — 0, ¢! = 2r — ¢, x* = 7 + x.
If Y* = ¢, the wave function is said to be positive; if ¢* = —y, the wave
function is said to be negative (the superseript ¢ denotes the transformed
wave function). The rotation about the y axis cannot ehange the clec-
tronic wave function since it leaves the relative positions of electrons and
nuclei unaltered; the reflection in the zz plane is equivalent to the
operation g,. 27 states are unchanged by the operation o,; for Z~
states, the operation o, changes the sign of the wave function. For the
2 states we thus have the result that ()t = 2+, (27)t = -2,
For \ £ 0, we have the doubly degenerate states II, A, ete. For these
states the electronic wave functions F_) will be of the form F .\ =
fire=™¢, where f.» is a function independent of ¢. Since e*** ™) =
e ™ we conclude that F', = F_,, F'.y, = F,\. From 14-13, we sce
that 6%y, 1 = (=1)" M0, _\ u. Since eM ™0 = (_1)Mgidlx
we have, for the transformed value of U (6, x), the result U% i, ar =
(=1)'72Uys, -, u. The complete wave function will transform in the
same way as the product of F and U. For X = 0, we thercfore have the
following relations:

1. If the electronic state is %, then ¢f = (—1)"y, so that a rota-
tional state is positive for even J and negative for odd J.

2. If the electronic state is =7, then ¢¢ = (—1)711y, so that a rota-
tional state is negative for even J and positive for odd J.

3E. Wigner and E. Witmer, Z. Physik, b1, 859 (1928)
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When ) # 0, we can form two linear combinations of the functions
such that ¥4 = ¢y, ¥4 = —y; these combinations are

Y1 = Uy, ufre™ + (=17 Us, o\, ufre™
Yo = Us x, ufne™ — (=1)7 Uy, o, ufre™™

For A 5% 0, we thus have both a positive and a negative state for each
value of J.

The positive or negative character of the wave functions is independent
of the nature of the nuclei. For identical nuclei we have in addition
the g or uw property; the electronic wave function either remains the
same or changes sign upon inversion at the origin. Since an interchange
of the nuclei does not affect the Hamiltonian, the complete wave function
must either remain unchanged or must change sign when the nuclei are
interchanged. Wave functions of the type that remain unchanged are
called symmetric in the nuclei; those that change sign are called anti-
symmetric. Interchange of the nuclei is equivalent to an inversion of all
particles through the origin, followed by an inversion of the electrons
only. Under the first operation the wave functions transform according
to their positive or negative character; under the second they transform
according to the g or u property of the electronic wave function. We
therefore have the following relations:

1. For molecules in g states, positive terms are symmetrical in the
nuclei, negative terms are antisymmetrical in the nuclei.

2. For molecules in u states, positive terms are antisymmetrical in
the nuclei, negative terms are symmetrical in the nuclei. In Tables 14-1
and 14-2 we give the symmetry properties of the various allowed states
for diatomic molecules,® where the positive and negative property is
designated by the symbols 4 and —, the symmetric-antisymmetric
property by s and a.

14c. Selection Rules for Optical Transitions in Diatomic Molecules.
According to the results derived in Chapter VIII, a transition between
two states ¥; and ¥, resulting in the emission or absorption of radiation,

14-15

is possible only if the integral f Yiz'vs dr is different from zero (2’

represents z’, ¢, or z’). Using the symmetry properties of the wave
functions we can immediately derive several selection rules for transi-
tions in diatomic molecules. Since 2’ changes sign upon inversion, the

integral f Y12V, dr will be different from zero only if iy, changes sign

upon inversion. We thus have the selection rule:
1. Positive terms combine only with negative terms.
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Since interchange of the nuclei does not affect the electric moment
integral for molecules with like nuclei, and since z’ is unaffected by this

interchange, the integral f Y12’ dr will be different from zero only

if the product ¥y, does not change sign under this operation. This
gives the additional selection rules for homonuclear molecules:
2. Symmr~tric terms combine only with symmetric terms.
3. Antisymmetric terms combine only with antisymmetric terms.
We need in addition the selection rules for changes in J, A\, and M.

TABLE 141
SYMMETRY OF RoTATIONAL StTATES FOR HOMONUCLEAR DiaToMmic MoLBCULES
J=0 1 2 3 4
zf + - + - +
8 a 8 a 8
o+ -+ -+
a 8 a 8 a
27 - + - + -
a 8 a 8 a
2 - + - + -
8 a 8 a s
o, +- +- +- 4+ -
sa s a s a s a
Hu + - + - + - + -
a8 as a8 a8
Ag + - + - + -
s a s a s a
Ay +- +- + -
as as a s
TABLE 142
SYMMETRY oF RoTaTiONAL STATES FOR HETERONUCLEAR DisToMic MOLECULES
J=0 1 2 3 4
=+ + - + - +
2~ - + - + -
a +- +- +- +-
A +- +- +-

(Since the energy does not depend on M in the absence of a magnetic
field the selection rule for AM is of little significance.) Using the trans-
formations 14-1 for z, ¥, and 2, we will obtain a series of integrals, each
of which may be written as the produet of two integrals, the first involv-
ing the functions F,,, RB(r), and the coordinates z, y, z; the second
involving the functions Uy, x, a (6, x)e** and the angular coordinates
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8, x, ¢. Since R(r) is totally symmetrie, the first of these integrals will
be non-zero if the product of the electronic wave functions transforms
under the operations of the group in the same manner as one of the
coordinates.

We consider first the transitions between two 2 states. For molecules
with unlike nuclei, belonging to the group C4,, the possible direct prod-
ucts of the irreducible representations are

St =32+, T2 =3t ZtZ- =32

The only coordinate which transforms like any of these products is z,
which belongs to the representation Z*, The possible transitions are
therefore
Ste>3Zt I <> 2"

For these transitions the electric moment is along the z axis; the band
spectra corresponding to such transitions are known as parallel bands.
For molecules with like nuclei, belonging to the group D, the possible
direct products are

e =2F 3fzr=32; Z;Z;=3f

2727 =2F Z¥EZ;=2; ZZ; =27

THEF =2t sreh = ZF 27Th =327

ZiZ;=2F

Again the only coordinate which transforms like a 2 state is z, which
belongs to the representation . The possible transitions are therefore

SF<>ZF  Z;<>Z;

The integrals over the angular functions associated with the integrals
over z are the same as those involved in determining the selection rules
for the hydrogen atom, where it was shown that the integrals vanish
unless

AJ = 1, AM =0, +1

From Tables 14:1 and 14-2 it can readily be seen that the selection rule
AJ = +1, together with the selection rules + <> —, s <> s, a <> q,
give the same results for the allowed transitions between 2 states as the
above considerations based on group theory.

When one o1 more of the states has N £ 0, then the integrals over the
angles give the following allowed transitions:

z, y integrals £ 0 AJ =0, £1; AN = %1, AM =0, £1

(perpendicular Lands)

z integral == 0 AJ =0, £1; AN=0, AM =0, =1
(parallel band-
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These restrictions on J and \, plus the selection rules 4+ <> —, s <> s,
a <> g, aresufficient to determine the selection rules for such transitions.
All allowed transitions for diatomic molecules® are listed in Table 14-3.

We note that, for homonuclear molecules, all allowed transitions
require a change in the electronic state; that is, pure rotation or rota-
tion-vibration spectra are forbidden.

TABLE 14-3
AvLLowED TRANSITIONS IN DraTomMic MOLECULES
ch Duoh
Tte Zt f ez
ez ZreZ,
o <2+ 0o Mo ZF
o 2 N2y My Z7
0 oo I, <> I,
A oI I, <> A, I, <> A
A ©A Ay © Ay

So far in this chapter we have not included the effeet of electron spin.
As mentioned in Chapter XI, molecules may possess singlet, doublet,
triplet states, ete., according as the total spin angular momentum quan-
tum number S is cqual to 0, 3, 1, - - -.  For molccules, just as for atoms,
the selection rule is AS = 0; this rule must be considered in applying
the results given in Table 14:3. Tables 14-1 and 14-2 are correct only
for singlet states, which are by far the most important. For a detailed
account of the way the states are modified when S = 0, the reader is
referred to a textbook on molecular spectroscopy.*

14d. The Influence of Nuclear Spin. Since it is known that an
atomic nucleus has spin angular momentum as well as mass and charge,
we will have obtained an exact wave function for a molecule only when
the wave functions discussed above are multiplied by a nuclear spin
wave function ¢. Designating the total wave function by ¢;, we have
¥ = Yo, where ¢ is the wave function previously discussed. We have
previously stated that a wave function must be antisymmetric in elce-
trons; the wave function must change sign when two electrons are inter-
changed. It has been found that the total wave function ¢¥; must be
chosen so that it changes sign whenever any two like particles are inter-
changed; the behavior of ¥, for the interchange of two protons or two
neutrons is the same as for the interchange of two electrons. If, in a
homonuclear molecule, the two nuclei are interchanged, the total wave
function will change sign if the number of particles (and hence the

4 G. Herzberg, Molecular Spectra and Molecular Structure, 1, 231, Prentice-Hall, 1939,
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atomic weight) is odd, and will remain unchanged if the number of
particles is even. We thus have ‘the following rules for homonuclear
molecules:

1. If the atomic weight is even, the combinations ¥ (s)e(s) and
¥ (a)e(a) are possible wave functions.

2. If the atomic weight is odd, the combinations ¥ (s)¢(a) and
¥ (a)e(s) are possible wave functions.

The symbols s and a denote functions which are symmetric and anti-
symmetric in the nuclei, respectively. Since it is known that protons
and neutrons, as well as electrons, have spin 4, the resultant nuclear spin
is integral for even atomic weight and half-integral for odd atomic
weight. For atoms with nuclear spin equal to zero, we can construct
only one nuclear spin wave function y4(1)¥o(2), where ¥ (1) means that
nucleus (1) has zero spin, etec. This wave function is symmetrical in
the nuclei. Since zero spin can occur only for even atomic weight, we
have the following corollary to the above rules:

3. For atoms with nuclear spin zero, only those states with wave
functions ¥ (s) are possible.

When we construct nuclear spin wave functions as indicated below,
we find that, if the nuclear spin is I, then

Number of functions ¢(s) I+ 1  Number of “ ortho ” states
Number of functions ¢(a) I Number of “ para ” states

For molecules in Z states this will result in alternating statistical weights
for the alternating J values, giving alternating intensities of ratio

I+1

to the lines in the rotational] bands resulting from transitions

between these states.

We discuss first ortho- and parahydrogen. Since the proton has
spin 1, the possible nuclear spin wave functions are ¢y and ¢_y,, corre-
sponding to the spin wave functions « and 8 for an electron. We can
therefore construct three symmetrical wave functions

e+3(1)ey15(2)
?115(De35(2) + o35(L)e135(2)
#—15(1e—15(2)
and one antisymmetric wave function

P115(1)p34(2) — o15(1)p434(2)
giving & ratio of symmetric to antisymmetric functions equal to
1
3 +1

i The ground state of hydrogen is 'Z}. As hydrogen
2

3=
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belongs to case 2, we see that the function ¥ must be combined with
antisymmetric nuclear spin wave functions for even values of J, and
with symmetric nuclear spin wave functions for odd values of J. Since
the forces acting on nuclear spins are very small, there is little possibility
of a transition from a symmetrical nuclear state to an antisymmetrical
one, hence hydrogen exists in two quite distinct species: orthohydrogen,
with only odd J values allowed, and with nuclear spin statistical weight
3; and parahydrogen, with only even J values allowed, and with nuclear
spin statistical weight equal to 1. In hydrogen gas under ordinary con-
ditions the two species are thus present in the ratio 3 : 1. A possible
electronic transition for hydrogen is from the ground state = to an
excited state '2}. The symmetry properties of these states are given
in Table 14-4, with the possible transitions indicated by full and broken
lines. We see from this table that transitions involving odd values of J
in the ground state will be three times as intense as those involving even
values of J.

Deuterium has a nuclear spin of unity, so that the possible nuclear
spin wave functions are ¢4 1, 0o, ¢—1. With these functions we can form
six symmetrical combinations

er1(Des1(2) e+1(1eo(2) + 041(2)e0(1)
#o(1)eo(2) er1(De—1(2) + 041(2)e—1(1)
e—1(1)e_1(2) ?0(1)e—1(2) + ¢0(2)e-1(1)

and three antisymmetrical combinations

e+1(1)e0(2) — 041(2)p0(1)
er1(De—1(2) — ¢41(2)e-1(1)
e0(1)e—1(2) — ¢o(2)p_1(1)

TABLE 144
123’—* 12-,'- in Hj
Exdlted State (Z3)

J= 0 1 2 3 5 5

v & s & 7 & s

8 a 8 a 8 a

Statistiont WornhtS 18 1 38 1
amunastate (25, N \ ¥\ Y

J= 0 1 2 3 4 b

v & @ % @ § 3

a 8 a 8 a 8

Statsieawognel 8 1 3 1 38
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Deuterium has the ground state ' 2} and belongs to case 1, so that ortho-
deuterium has even J values, paradeuterium has odd J values; the
ortho-para ratio is 2 : 1. For a transition such as that illustrated for
hydrogen in Table 14-4, transitions involving even values of J in the
ground state are twice as intense as those involving odd J values.

The ground state of 03°is 32;. 0!8 has zero nuclear spin and there-
fore belongs to case 3. In the ground state, only even J values are
allowed.

14e. The Vibrational and Rotational Energy Levels of Diatomic
Molecules. The radial wave function R(r) satisfies the equation

o
8r2ur? dr
where E is the total energy, Eo(r) is the electronic energy, and E’(r),

the solution of 14-5, is, according to 14-12 and 14-14, given by the
expression

( 2(%) + B — Eo(r) — E’(")}R(r) =0 14-16

2
E'(r) = ’; ST+ 1) - N2} 14-17

‘T'he electronic energy FEo(r), according to the results of Chapter X1, has
the following qualitative behavior. For r = «, it has the value zero,
corresponding to dissociation of the molecule. For some value r = r,,
the equilibrium distance, it has the minimum value E4(r.). For r— 0,
Ey(r) = «. Regardless of the exact form of Eo(r), it can be expanded
in a Taylor’s series about the position r = r, ag

Bo(r) = Bo(ra) + (r — 72) (GE“”

r=rq

(r — 1,)? («92Eo(7’)

a1 14-18

r=r,

Since r = r, is a position of equilibrium,

an(T) _
( ar >= =0

Equation 14:16 may then be written as
R?  d d h’A
42l - _ ) =
{ T 5 ( dr) +e— V() 87r2;.¢r2}R(r) 0

8reure dr

or

1d(,dR 8
2 ;{r(’z ?17) + { 2t ;:2” (e — V(r))} E=0 14-19
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where
e=F — Eo('l‘g)
V(r) = Eo(r) — Eo(re)
A=JJ+1) -\
The function V (r) acts in this equation as a potential energy; the energy
origin has been shifted so that V(r) = 0 for r = r.. The energy e now

represents the energy of vibration and rotation of the molecule. If we

nowlet R(r) = 1 8(r), the function S(r) satisfies the equation

d2S 82
] +{ =t hf (e~ V(r))}S =0 14-20

To a first approximation, we may write

V) = e — e>2<" E"(r)) = Lk —ro)?

that is, the potential encrgy curve, to this approximation, is that of a
harmonic oscillator. Using this value for the potential, the equation
for S becomes

dzs { A 87r p

FE] + (e — 3k(r — n)"’)} 14-21

2

h
Let us treat the term 32 ;5 ag a perturbation. Then, if we let
T p

x = r — r,, the equation for S is
d’S  8ru
da? T 2

The boundary conditions for this problem require that R = 0 for
r = 0, r = 4 o, which is equivalent to the conditions that S8 = 0 for

{e — Yka?}S =0 14-22

r=0r=+w; or S=0forx = —r, 2= 0. At z = —r,, the
potential energy is V(r) = 3k2. For those states for which e < 3472,
the wave function will be quite small in the region £ = —r, from these

energy considerations alone. It will therefore be a valid approximation
for small values of e to replace the boundary condition S = 0 for
z = —r, by the condition S = 0 for r = — o, KEquation 14-22 thus
has the same form and the same boundary conditions as the equation for
the harmonic oscillator problem; the solutions are

Sp(z) = {(‘7—:)% 1 }% "5 H, (Vaz) 14-23

2"n!
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where
_ 47%u, 1 k
T TR T o
and the energy levels are e, = (n + 3)hve..
The first-order correction to the energy will be

'—thf s*()[ }S(a:)d:v 14-24
" 8rPu =+r)H "
The term ———; @ + N may be expanded in terms of — reas

1 1 1

T z?
(x+7'e)2=1'2<1+£)2—;:2.(1_-2;6-*-3;3-4—...) 1425
e o

Only the first three terms in this expression being kept, the perturbation
energy is

2
& = hA f S*(){1—2 +3= }S(x)dx 14-26
lJ're —00

The first integral is equal to unity. Using the recursion formulas for the
harmonic oscillator (equation 4-99), we find that the second integral is

3
zero, the third is equal to P (n + %), so that the first-order perturbation
a!

energy is
h2
=BjA, B, =B, —oa,(n+3%), B, = Pyl
6B
al = — —3-2-= —-—2  14.97

Of equal importance to the term in o/ is the contribution to the second-

2z
order perturbation energy arising from the term — - BlA. Thisgives
[]
a contribution

o lHr,t. n—ll2 + ]H,,,’ n+112 = IHr’z. n——l]2 - IH:;, fH-1l2
€n — €n—1 €n = €nql hve

14.28

Using the results

(n|x|n+1)= n;;l; (nlxln—1)=\/§;¢—x
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of equations 8-48 and 8-49, this becomes
" 2B.2A?

4B!3
— e e ' p2, / — (]
= 422 4% D [

14.29

B (1
The coefficient of A in the energy expression is Py (P) . For the
L

1 1 . .
harmonic oscillator, (r—2> is greater than 2,80 that o is hegative. For

e
actual potential energy curves, the curve is flatter in the direction of

1\ . 1
greater r than in the other direction; as a result, (T—2> is less than =

s
and o] is positive for actual molecules. The part of the vibration-rota-
tion energy which is a function of 4, or, as N is usually zero, of J(J + 1),
is usually written, in analogy with the above results, as

E rot
he

= B,J(J + 1) = DulJ(J + 1P 1430

where
h h

"~ 8m3cur? "~ 82,

B, = B, — ac(n + %) B,

Dn = De+ﬁe(n+%)

When the molecule is in the vibrationless state n = 0, its effective mo-
ment of inertia can be found from the equation

BO = B, — %ac

In general, «, will be positive; therefore By < B, and thus ro > r;
that is, the average value of r, due to the zero-point vibrational energy,
is greater than the distance 7, corresponding to the minimum in the
potential energy curve. For example, in HCI the values of the constants
are B, = 10.5909, a, = 0.3019, giving r, = 1.2747 &, ry = 1.2839 A.5
The quantities a,, D., 8, will usually be quite small in comparison to B,;
their exact analytical form depends upon the exact form of the potential
energy curve.

The above results are based upon a harmonic oscillator potential
energy curve, which of course does not give a particularly good repre-
sentation of the potential energy curves for actual molecules. We
could include additional terms of 14-18 in the expression for the potential
energy; a more satisfactory procedure is to assume some appropriate

5 Reference 4, p. 488.
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analytical expression for the potential energy curve. Morse® has written
the potential energy as

V(r) = D,{1 — ¢otrm}2 14-31
which has the correct qualitative form; the constant D, (not to be
confused with the constant used above) is equal to the depth of the

potential energy curve at r = r,, Using this value for V (r), the equation
for S(r) becomes

d?s { A 81r u

i (e — D{1 — e‘“"—'-’}ﬂ)}s =0 1432

th .
or, if —5— is to be treated as a perturbation
8rur

2
d S 8’"' om (é Dg{l - e-a(r—h) }2)S =0 14-33

If we now make the substitution z = ¢~ equation 14-33 reduces to
4?8 1dS 8r u(e - D, 2D,
dx2+x der ' a?h?\ 2% + x

Making the further substitution

Zv b
S(x) = e? y2L(y) 14-35

- D,>S =0 14-34

where

Y= 1—1-7—"\/2;1D,x
b= — \/2p(D —€)

we obtain as the equation satisfied by L(y) the result

21 b+1
Vi, - 1)
2L (b L( H
d—2+(—_~"—1- )d + 2 /1-0 14-36
dy y dy Y

The associated Laguerre polynomials L1} satisfy the equation

2L2l+1 L2l+l —1—-1
ddy";“ + (2(1; D_ )dd’;+’+ z LA =0 1437

Equations 14-36 and 14-37 will be identical if we set b + 1 = 2(I + 1)
and the quantity [ V2uD, 2uD, — b+

1 . .
} equal to some integer n. This

8 P. Morse, Phys. Rev., 34, 57 (1929).
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last step gives an equation which will determine the energy. We have

b 27
A vaD = n+3] == EVED, =9 s

ah 2 h
from which
% = we(n + %) - xawa(n + %)2
where
a |D, he
=== = — .39
W woN2 x 1D, We 14-3

According to the results of 14-39 and 14-30, we should expect the vibra~
tional-rotational energy levels to be expressible by a function of the form

€y, r

he

= we(n + %) — Lwe(n + %)2
+ B, J(J + 1) — D, [J(J + 1]* 1440

For example, the energy levels of HCl (in the ground electronic state)
can be very accurately reproduced by the equation?

fﬁ- = 2988.95(n + 3) — 51.65(n + 3)*
+[10.5909 — 0.3019(n + $)]1J(J + 1) — 0.0004[J (J + 1)]2

The values of the constants D, and a in the Morse curve can be deter-
mined from the experimental values of w, and z,w,; however, the values
of the dissociation energy Dy = D, — 3hv, as determined in this manner
will usually be in disagreement with the values determined by more
direct methods.

14f. The Vibrational Spectra of Polyatomic Molecules. If we con-
sider a molecule as a system of point masses (the atomic nueclei), then,
according to section 2d, the kinetic and potential energies of the molecule
can be written in the form

T = %’g (ko)z, 14

where N is the number of atoms in the molecule. Most of the simpler
molecules will have certain elements of symmetry; they will belong to
one of the symmetry groups of Appendix VII. Since subjecting a mole-
cule to a symmetry operation cannot change the potential or kinetic
energy of a molecule, the normal coordinates must transform in the

7 Reference 4, p. 121,

3N
%kz MQE 1441
=]
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following manner. If @ is non-degenerate, that is, if no other A is
equal to Az, then the symmetry operation R acting on @, must change it
either into itself or its negative, so that RQ; = +£1Qi. If Qyis degener-
ate, for example if \; = Nz, then the symmetry operation may change Qg
into a linear combination of @; and @;. - In general we would have

fi
RQu = lZIauQn

where the summation is over the f; values of \ for which N\ = \g. If
S is another symmetry operation, then
i s

SRQi = E aSQy = Z 2 alkblezm
l=1 m=1
and if T is the resultant of the successive application of the two opera-
tions R and S, T = SR, we have

s
TQu = mZI cmitQim

The coefficients therefore obey the relation
b1
Cok = 121 bk

We thus see that the normal coordinates form bases for irreducible repre-
sentations of the symmetry group of the molecule in exactly the same
way as do the eigenfunctions of H. If we form a reducible representation
of the group based upon any arbitrary set of 3N coordinates, and then
find the irreducible representations of which it is composed, there will be
ag many distinet values of N (except for accidental degeneracy) as there
are irreducible representations in the reducible representation. The
degeneracy of a given A, that is, the number of normal coordinates which
have this value of \ as their coefficient in the potential energy expression,
will be equal to the dimension of the corresponding irreducible represen-
tation. Further, these normal coordinates will transform in the manner
indicated by the matrices of the corresponding irreducible represen-
tations.

If we express the kinetic and potential energies in terms of an arbi-
trary coordinate system as

dQ‘ de = %Z (%) tQj

T—'zz”dt dt <

then, according to 2-55, the values of \ in equation 14-41 are given by
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the roots of the determinantal equation

ap\ — by aggh — b1z +++ aisyN — bi,an

asy, N —bzy,1 e *++ agy,avN — by, sy

If, however, we use a set of coordinates (which are not necessarily nor-
mal coordinates) that transform under the symmetry operations of the
group to which the molecule belongs in the manner indicated by the
matrices of the irreducible representations, then all cross products of
the type Q/Q;, where @/ and @ belong to different irreducible repre-
sentations, will vanish; this choice of coordinates will thus greatly
simplify the solution of equation 2-55. We shall return to this point
briefly a little later; first we wish to derive the selection rules for optical
transitions between the various possible vibrational states of polyatomic
molecules.

Using equations 14-41 for the kinetic and potential energies of a mole-
cule, the vibrational wave function is found to be

3N 62|[/ 3N
> (E I \Qy =0 C 1442
t=1 aQ =1

Making the substitutions
3N 3N
14 =I{‘/’i(Qi)§ E = ZIE.‘

we obtain the set of 3N equations
d*y;
aQ? +

each of which is the equation for a one-dimensional harmonic oscillator.

Some of the \;’s may, of course, be equal; the vibrational wave function,
aside from a normalizing factor, may be written as

'Pnl. Ng, Naesongy = e_u?a"Q%I.IHn.- (\7;3 Qs)
§

hz (E — Q=0 14-43

where H,, is the Hermitian polynomial of degree n; in (\7 ;: Q).
According to the discussion in Chapter VIII, a transition from the
state ¥n,, n,... n,y t0 the state ¥y, n,...n,y is possible only if

f¢:1y ﬂ’,---nmnll' ‘n;,---n;N dT 95 0
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(in this general discussion, z =z, y, or z). But, according to
section 10d, this integral will be zero unless the direct product
T'(¥ny...ngy) T(¥n,...nsy) is identical with I'(x). This is a general
statement of the selection rule for vibrational transitions in polyatomic
molecules; all the selection rules for the appearance of fundamentals,
overtones, or combinations can be derived from it. Here, however, we
shall be interested only in the selection rules for the fundamental fre-
quencies, that is, for transitions of the type

l[lol, 02,...031,,'—)\#01, [YRRTS PRY e
The exponent in ¥y, ...n,y has the same form as the potential energy,
and hence is invariant with respect to every symmetry operation. The
function ¢ will thus belong to the samé representation as the produet of
the Hermite polynomials. We therefore have the results

T'(Yo,, 0,,---0,y) = I't (the totally symmetrical representation)
I‘(ll/()l, Ogyeoelyyee ozN) = I'(Q;)

so0 that the selection rule for the appearance of fundamentals in the infra-
red is: The frequency v; is infra-red active if T'(Q;) = T'(x), T'(y), or
I'(2), where T'(Q;) s the irreducible representation to which the correspond-
ing normal coordinate Q; belongs.

According to section 8g, a frequency vqp is Raman active if one of the
matrix elements of the type (a|zy|b) is different from zero. Proceeding
as above, we therefore have the selection rule for the appearance of fun-
damentals in the Raman effect: The frequency v; vs Raman active if
I'(Q:) = I'(z*), T (%*),T(?%), T(ay), T'(x2), or T(y2), where T'(Q;) is the
irreducible representation to which the corresponding mormal coordinate
Q; belongs.

38

Y

0, X
V4

=
——e
!
-

Fia. 14-2. Symmetry properties of the H20 molecule.

We shall now proceed to the discussion of several examples.

ExampLE 1: H;0. H30 belongs to the symmetry group Cay; the
symmetry elements are the identity E, C, (rotation about the z axis by
180°, the zz plane is taken to be the H—O—H plane, the z axis goes
through the O atom), o, (reflection in the zz planc), o, (reflection in the
¥z plane); in Figure 14-2, the O atom is above the plane of the paper,
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the hydrogen atoms are in the plane of the paper. The character table
for this group is reproduced in Table 14-5; the character of the represen-
tation generated by the possible motions of the molecule is included in
this table. The character of this representation is found as follows,

TABLE 14:6
C2y (H20) ,
B Ce oy oy
22, 92, 22 2 Ay 1 1 1 1
zy R, As 1 1 -1 -1
zz R, z B, 1 -1 1 -1
yz R, ] By 1 -1 -1 1
I'm 9 -1 3 1

Each atom can move in any direction. We therefore imagine vectors
X;, ¥ Z: attached to each atom 7, these vectors representing the dis-
placements of this atom from its equilibrium position, and see how these
vectors transform under the operations of the group. The operation E
leaves each vector unchanged; thercfore x(£) = 9. The operation Cy
interchanges the hydrogen atoms, so that the contribution to x(Cz)
from these atoms is zero. For the oxygen atom, z —z, y— —y,
x — —x under this operation, so that x(C2) = —1. o interchanges the
hydrogen atoms, for the oxygen atom z— z, y >y, x — —x, so that
x(o3) = 1. For o, z— 2z, y— —y, x—Xx for each atom, so that
x(¢,) = 3. Breaking the reducible representation down into its irre-
ducible components, we have

I = 34; + Az + 3B; + 2B,

Certain of the normal coordinates which belong to these irreducible
representations represent translational and rotational motion. Since
the vectors representing translational motion transform in the same way
as the coordinates z, y, and 2, and the vectors representing rotational
motion transform in the manner given in the table, we have for the
representation which has these motions as its basis

Ty, =A1+ A2 + 2B; + 2B,
Subtracting I';, , from T, we obtain
Top =24, + By

as the representation which has the vibrational motions as its basis.
There are therefore three distinct vibrational frequencies for H,O.
Two of the normal coordinates associated with these frequencies belong
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to the totally symmetric representation A;; one belongs to By, and this
normal coordinate changes sign when the hydrogen atoms are inter-
changed. In order to find the actual normal coordinates we would have
to solve the secular equation with some assumed form of the potential
energy. We can, however, find by inspection certain coordinates which
have the necessary symmetry properties. If, for simplicity, we assume
that the mass of the oxygen atom is infinite, a possible set of such
coordinates would be

Ql =d'o + b (r1 +13)
Q=co+d(r+r2)
Qs = ¢ (1 — 12)

where ¢ is the H—O—H angle and r; and r, are the O—H distances.
(Coordinates of this type must always be chosen in such a way that they
do not introduce any translational or rotational motion.) With these
coordinates, the sccular determinant, which would in general be a three-
row determinant for H,0, is broken down into the product of a two-row
and a one-row determinant, since the produects Q;Q5 and Q3Q% may not
appear in either the kinetic or potential energies. Solution of the deter-
minant, with an assumed potential energy, would then lead to the
proper linear combinations of @{ and @} which are the actual normal
coordinates. When this is carried out, it is found that one of the normal
coordinates belonging to A, represents (approximately) a stretching of
the O—H bond; the other represents a bending of the O0—H bond. The
normal coordinates are thus approximately

Q=08 Q=0br+r) Qz=c(r—rs)

The modes of vibration associated with these normal coordinates are
illustrated in Figure 14-3. Actual calculations involving the solution

of the secular determinant are

A A Q8 ad rather difficult and are carried
out only if one wishes to find the

‘/\\ A bt force constants in some assumed
2= N7 potential energy expression, By

inspection, diagrams of the type

/\ By Q=c(r-7) in Figure 14-3 can usually be

drawn. These will not in gen-
eral represent normal coordi-
nates but merely coordinates with the proper symmetry.

From the selection rules for the infra-red transitions and Raman
scattering, and the transformation properties of the coordinates and

F16. 14-3. Normal modes of vibration of HyO.
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products of the coordinates, we see that in H,O all fundamentals are
allowed in both spectra.

In studies of the Raman effect, the degree of polarization of the Raman
lines is usually measured; this information often aids in assigning the
observed frequencies to particular modes of vibration of the molecule.
If the incident light is traveling in the —y direction and the scat-
tered light is observed in the z direction, then, if the incident light
was polarized in the z direction, the degree of depolarization is defined

I
by the equation p = —I%—;— , where I(y) and I(z) are the observed inten-
sities of light polarized in the y and 2z directions, respectively. The
theory of the polarization of Raman lines is given by Kohlrausch.®
If the incident light is unpolarized, then the degree of depolarization p,

2
of the scattered light is given by p, = ﬁf—; . The degrees of depolari-

zation are given by the following rules:
1. If the matrix elements of z2, 4%, 22 are all zero, then

p=% m=*%
2, If not all the matrix elements of z2, 42, 22 are zero, then
OSPS%: OSPnS%
For H,0, we see that the frequencies belonging to 4; have p, < $; the
frequency belonging to By has p, = $.

ExampLE 2: Acetylene. In Table 14-6 we have reproduced the
character table for the group Doy, to which acetylene belongs, and have

TABLE 146
D,1(CoHy)

E 20, CpiE 2C, iC,
z2 4+ 9% 22 4 |1 1 1 1 1 1
A 1 1 1 -1 -1 -1
Agy 1 1 -1 1 1 -1
z Agy 1 1 -1 —1 -1 1
(z2, y2) (Rz Ry) Ey, |2 2 cos ¢ 0 2 2cose O
(z,y)| Eiu 2 2 cos ¢ 0 —2 —2cos¢g 0
(2 — y% ) Eyy 2 2cos2p 0 2 2cos2 O
Eoy 2  2cos2 0 —2 —2cos20 O
I'ym |12 44+8cose 0 O 0 4

8K Kohlrausch, Der Smekal-Raman Effekt, p. 27, Springer, Berlin, 1938.
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included in this table the character of the representation which has all
possible motions of the molecule as its basis. For the operation C,,
all z coordinates are unchanged, giving a contribution 4 to x(C,). The
matrix of this transformation for the z and y coordinates has the charac-
ter 2 cos ¢, so that these coordinates give a contribution 8 cos ¢ to
x(C,). The characters for the other operations are found in a straight-
forward manner. Breaking the reducible representation down into its
irreducible components, we have

T = 2Alg + 2A2u -+ 2Elg + 2E1u
Subtracting the representations for the external motions leaves
Typ = 2Alg + A2u + Ela + Elu

so that there are two non-degenerate modes of vibration belonging to the
totally symmetric representation A, one non-degenerate mode which is
antisymmetric to inversion, and two doubly degenerate modes. In

o o « A, R. ”s—g-

- o Ay, R, p= %-

‘——é»———&———-; Eyp, LBe

Tia. 14-4. Normal modes of vibration of CyHa.

Figure 14-4 we present a schematic representation of possible coordi-
nates having the required symmetry, as well as the selection rules for the
corresponding frequencies.

ExampLE 3. Benzene. The results of a similar ecalculation for
benzene are given in Table 14-7, In determining the characters of the
reducible representation for the operations C3 and C3’ it is convenient to
let the axis of rotation be one of the coordinate axes z or y. Benzene is
seen to have twenty frequencies, of which ten are doubly degenerate.
Of these frequencies, those associated with the representations Eq,
and A,, are infra-red active, so that the infra-red spectrum should con-
tain three degenerate frequencies and one non-degenerate frequency.
The frequencies associated with E;4, E24, and A1, are Raman active, so
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that the Raman spectrum should contain five degenerate and two non-
degenerate frequencies. The other frequencies do not appear (as funda-
mentals) in either case.

TABLE 14-7

Dgr (CeHg)
C2 2Cs 2Cs 3C3 3C;' iE iCy 2iCs 2iCs 3iCy 3iCy

&y

22 4 4% 22 Ay 1 1 1 1 1 1 1 1 1 1 1

1
Aw|l1 1 1 1 1 1-1-1 -1 =1 —1 —1
R: |A,|1 1 1 1-1-1 1 1 1 1 -1 —1
z [Aw|1 1 1 1 -1 -1 -1-1 -1 -1 1 1
Byp|l-1 1-1 1 -1 1-1 1 -1 1 —1
Biu|l-1 1-1 1 -1-1 1 -1 1 -1 1
By|1—-1 1-1-1 1 1-1 1 —1 -1 1
Bp|1—-1 1-1-1 1-1 1 -1 1 1 —1
(=® — o2, zy) Eyp|2 2-1-1 0 0 2 2 -1 —1 0 0
Ew|2 2-1-1 0 0-2-2 1 1 0 0
(zz,92) |(RoR)|Ep|[2-2-1 1 0 0 2-2 —1 1 0 0
zvy) |Fw|2-2-1 1 0 0-2 2 1 —1 0 0
I3 0 0 0—-4 0 012 0 0 0 4

Tm = 2Alo + 2A2a + 2A2u -+ 2Blu + 2B2g + 23214
+ 4E2g + 2E2u + 2Elo + 4E1u
Tup = 2415 + A2y + A2y + 2By, + 2By, + 2Bg,
+ 4E20 + 2E2u + Ela +‘ 3Elu

If the molecule has a center of symmetry, then z, y, and z belong to u
representations while their products belong to g representations. In
such molecules, therefore, a frequency cannot appear as a fundamental
in both the infra-red and the Raman spectrum.



CHAPTER XV
ELEMENTS OF QUANTUM STATISTICAL MECHANICS

Our study has thus far been limited to the discussion of the structure
and properties of individual atoms and molecules. The determination
of the properties of a system of atoms or molecules (* particles ”’) from
a knowledge of the properties of the individual particles requires the use
of the methods of statistical mechanics. We do not intend to treat this
subject in any great detail; but it is of interest at this point to see how
the connection between the properties of individual particles and the
properties of systems of these particles is made.

Let us consider a system of n particles, all of the same kind,. We
represent the coordinates of the n particles by the symbols ¢4, ¢2,¢3* * * ¢a,
where ¢; represents all the coordinates necessary to specify the state of
the ith particle. We assume that the Hamiltonian operator H of the
system can be expressed in the form

H = H(q1) +H(gz) + - -+ H(gn) 15-1

If we represent the wave function for the system by ¢,, then the energy
levels E,, of the system are given by the solutions of the equation

H‘ﬁn = En'l’n 152

Because of the assumed form of H, this equation may be separated into
the n equations

H(g1)ea(q1) = €apalqi)

H(g2)eb(g2) = evpn(ge)

) 153

H (Qn)‘Pm (Qn) = €mPm (Qn)

The function ¥ will be expressible in terms of the ¢’s; we must, however,
take a combination of the ¢’s which will give ¢ the proper symmetry.
These symmetry requirements lead to three possible cases, which we now
discuss.

15a. The Maxwell-Boltzmann Statistics. We consider first the
classical case, where our system contains n distinguishable particles. In
this case there are no symmetry restrictions on ¥; any combination of

282
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the ¢’s such as
'I’n = ¢a(q1)‘Pb(q2) e (om(qu) 154

will be an acceptable wave function for the system. Since the particles
are distinguishable, any interchange of particles among the occupied
states ¢q, ¢y * + + om Will lead to a new state for the system.

Let us now divide the ¢’s into the groups 1,2 -k .- so that the
eigenvalues for all the ¢’s in the kth group lie between the limits ¢
and e + de, and let us suppose that there are g ¢’s in the kth such
group. We now ask the question: How many ¢’s correspond to a dis-
tribution of the 7 particles such that there are n; in the energy region
corresponding to group 1, m; in the energy region corresponding to
group 2, ete.? (If a particle is in the kth energy region, it may be con-
sidered to have the energy ¢;.) In order to answer this question, let us
calculate the number of different ways in which we can distribute the n
particles among the various regions so that there are n, particles in
region 1, etec. For simplicity, let us consider that we have only two such
regions. We readily obtain the following table:

n ny ne N
1 0 1 1
1 0 1
2 0 2 1
1 1 2
2 0 1
3 0 3 1
1 2 3
2 1 3
3 0 1
4 0 4 1
1 3 4
2 2 6
3 1 4
4 0 1

(N = number of ways of obtaining the given distribution.) In order
to see how this table was formed, consider the case wheren = 4, n; = 2,
ng = 2. If the particles are numbered from 1 to 4, the six possible
distributions are:

Rearon 1 RecroN 2
12 34

COND R
o W

2
2
1
1
1

DWW



284 ELEMENTS OF QUANTUM STATISTICAL MECHANICS

Since the order in which we select the particles which we are going to put
into a given region is immaterial, the designations 1 2 and 2 1 are equiva-
lent and are counted only once. It is to be noted that, in each of the

!
"' _ (0! defined to be 1). If the above table

cases listed, Nn' ny, ng 1
ny !n2 :

is extended to include more particles or more regions, we find that the
same expression holds. The number of ways of distributing the parti-
cles among the different regions will therefore be

nl

N”'nh mareemee oe = nylngleomglees 15-5

We now wish to calculate the number of ¥’s corresponding to the above
distribution. We denote this number by Gn, ny, n,...n;.... Since
there are g ¢’s in the kth region, each of the n; particles can be in any
one of the g; different ¢’s, since there is. no restriction regarding the
number of particles that can occupy a given ¢. The n;, particles can
thus be put into the g, states in gi* different ways, each corresponding
to a new ¢. This gives us the relation

—_ ot N
G”, Ny, NgesoNpees T gl.lg22 Tt g;clk °c 'Nn, Ny, NgeseNgsee 15-6
or

nlgpt

157
nk!

Gn‘ Ny, NgessNpoun =IkI

This is the answer to our first question. We now ask the additional
question: If our system contains a fixed number of particles n, and a
fixed total energy E, what distribution is the most probable? In order
to answer this question, statistical mechanics makes the following
assumption: Each state of the system which is consistent with the
requirements that n = constant and E = constant has the same
a priori probability; that is, any two such states have equal chances of
occurring. It therefore follows that the probability of the occurrence of
a given distribution is directly proportional to the number of
states representing such a distribution; if we call this probability
Pn'nl,n,...nk..., then

Pn.nl,n,---nl,-..=CGn,nl,n,...n,‘... 15'8

where C is a constant. If we consider P to be a function of the n;’s,
then the most probable distribution will be that for which P is a maxi-
mum, or that for which P = 0 (where the variation is with respect to the
ny’s), subject, of course, to the restriction that én = 0 and 8E = 0.
Since log z is & maximum when z is a maximum, it will be equally valid
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and more convenient to determine the distribution for which é log P = 0.
According to 15-7 and 158,

log P, ny... = log C + log n! + %nk log g — % log ni! 159

For 2z sufficiently large, Stirling’s formula states that log z! =
zlog z — x. Using this relation, the condition é log P = 0 gives

3" log % s, = 0 15-10
k Jk
Equation 15-10 must be solved subject to the restrictions
on=20m =0 15-11
k
O0F = Zekank =0 15-12
k

The desired solution can be obtained by the method of Lagrangian multi-
pliers; we multiply 15-11 by the parameter «, 15-12 by the parameter 8,
and add the three equations, obtaining

)3 (log L ﬁek> ong = 0 15-13
k gk
The variations én; may now be considered to be arbitrary; therefore
equation 15-13 can hold only if

1og1‘gi‘ + o+ Beg =0 15.14
&

for all values of k. The most probable distribution will thus be that for
which each n; satisfies the equation

ng = gre e P 15-15

Equation 1515 is correct only when each n; is large enough so that the
Stirling formula does not introduce any error. When this approxima-
tion cannot be used, the most probable distribution would have to be
computed directly from 15-9. The systems ordinarily considered in
chemistry contain a sufficiently large number of particles to make the
Stirling formula adequate.

15b. The Fermi-Dirac Statistics. If our system contains n indis-
tinguishable particles, and we require that the total wave function
be antisymmetric with regard to interchange of two particles, we are led
to the Fermi-Dirac statistics. As we saw in Chapter IX, an antisym-
metric wave function can be represented by a determinant, or by the
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expression
¥ = 2 (—1YP{ea(g1)es(gz)  * * om(2n)} 15-16

This method of writing ¥ is equivalent to stating that no state ¢ may
contain more than one particle. Since the particles are indistinguish-
able, it does not matter which particle we choose to occupy a given state;
the number of ¥’s corresponding to a given distribution will be equal to
the number of ways in which we can select occupied ¢’s for this distribu-
tion. As before, we divide the ¢’s into groups of essentially equal
energy. If there are g ¢’s in the kth group, then the number of ways
Ny, n, in which we can select n; occupied ¢’s is illustrated by the
following table:

gk ng Ny, nk

2 0 1
1 2
2 1

3 0 1
1 2+1=3
2 14+42=3
3 1

4 0 1
1 3+1=4
2 34+3=6
3 14+3=4
4 1

5 0 1
1 44+1=25
2 64+4=10
3 446 =10
4 14+4=56
5 1

Since a given ¢ can be occupied by not more than 1 particle, n; < g;.
The method of forming the above table can be illustrated by the case
gr = 5, n; = 2. If the first ¢ is empty we have 2 particles to be divided
among 4 states, which, according to an earlier section of the table, can
be done in 6 ways. If the first ¢ is occupied, we have 1 particle to be
distributed among 4 states, which can be done in 4 ways, so that, for
gk = 5,n, = 2; Ny, =6 +4=10. In asimilar manner, each line
of the table can be obtained from some preceding lines, so that the entire
table can be built up from the trivial case gx = 2. It isto be noted that
in every case ’
gx!

—_— 15-17
m (g — nz)!

Nﬂk' n =
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a result which is perfectly general. The number of ways in which a given
distribution can occur will evidently be equal to the product of the num-
ber of different ways that we can select occupied states in the various
regions, that is,
!
comgeeemgen= NG =TI — % 1

Gn, ny, ng ny % Ok» Tk . nk!(gk — nk)! 15-18

The remainder of the analysis for the Fermi-Dirac statistics is identical

with that for the Maxwell-Boltzmann case. We find that the most
probable distribution is that for which

o= —%
BT e 1

15c. The Bose-Einstein Statistics. If our system contains n indis-
tinguishable particles, and we require that the total wave function ¢ be
symmetrical with respect to the interchange of two particles, we obtain
the Bose-Einstein statistics. A symmetric wave function may be repre-
sented by the linear combination

V= ;P’{wa(m)m(h) <o om(gn)} 1520

15-19

For this case of symmetric wave functions, there is no limitation on the
number of particles which we can put in a given state ¢. Aside from
this difference, the procedure is identical with that followed in the Fermi-
Dirac statistics. The analogous table is:

(] ng Nak,m
2 0 1
1 2
2 3
3 4
4 5
3 0 1
1 142=3
2 1+2+3=6
3 14+424+3+4=10
4 1+424+3+4+565=18
4 0 1
1 1+3=4
2 1+3+6=10
3 14+3+4+6-+10=20
4 1+3+6+10+15=235

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
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For g, = 2, n; = 2, the first state can contain either 0, 1, or 2 particles,
the remainder being in the second state, giving Ny, 2 = 3, etec. The
section of the table for gy = 3 can be obtained from that for g; = 2 as
follows. Forgy, = 3, n, = 4, the first state can have either 4, 3,2, 1, or 0
particles in it. If the first state has 4, the remaining O particles can be
distributed among the remaining 2 states in 1 way; if the first state has
3, the remaining particle can be distributed among the remaining 2
states in 2 ways; if the first state has 2, the remaining 2 particles can be
distributed among the remaining 2 states in 3 ways; ete., so that

4
N3'4=1+2+3+4+5=15=ZN2_,‘

i=0
In each case
_ (e + g — D!
Nopny = “—‘—‘—‘—"‘nk!(gk — D1 15-21
go that
(n + gx — 1)!
Gn.m-ng...nk...=ll!:m 15-22

The completion of the analysis shows that, for Bose-Einstein statistics
the most probable distribution is that for which

- 9
e%ePe — 1

Nng 1523

The expressions for ny (15-15, 15-19, 15-23) contain two parameters,
a and 8. The value of @ may be determined by means of the require-
ment that

2 = 15-24
)

The parameter 8 may be evaluated by calculating some property of the
system, such as, for example, the pressure if our system is a perfect gas,
and comparing the calculated with the observed value. In this way it is

found that, for each of the three statistics, 8 = where k is the Boltz-

1
kT’
mann constant and T is the absolute temperature. For all actual
systems (except electrons in metals and gases at temperatures very close
to the absolute zero), e%¢®* > 1. The term =1 in the denominators of
15-19 and 15-23 may thus be neglected; the three statistics then give
the same result

L)
np = gee e = gye e *7 15-25
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&k
Since Sny =€ gpe T=mn
b %

" k7
we have e _ —gk—'e—T 15-26

n — 5k
e *T
2

as the general expression defining the most probable distribution.
Equation 15-26 may with equal validity be regarded as the probability
that a given particle will be in the state with energy e.

15d. The Relation of Statistical Mechanics to Thermodynamics.
The relation between the energy levels of a system and its thermo-
dynamic properties may be simply derived by the following argument.
Let us regard the ‘“ particle ”’ in the above discussion not as a single atom
or molecule but as, let us say, a mole of any chemical substance; that is,
we now regard our “ system ’’ as a ¢ particle.”” An analysis identical
with that presented above then leads to the result that the probabxhty

b
that the system be in the state with energy E;is equal to ——= ¢ — - The
e kT

T
average energy of the system, the thermodynamic internal energy E, is
therefore given by the expression

By
Z:E,e—"— 3
E="—p—= kT2<—— log {ze 'TT}) 15-27
S 3 oT v

and the specific heat at constant volume will be

B\ _ 3 [ )]
C, = (aT) aT[kT (aTlog {Z:e } . 15-28

If we now calculate the entropy of this system, we have

d— 8 _fTQdT_le _a_[sz(__ lo Ze"%‘})]dT 1529
°=Jo T T J, ToT g ;

By integrating by parts, we obtain

S - So——l-sz(——-log{Ze "T) +kf (———log Ze-’%’})dT

g + klog {Ze—’%} -k (Iog {Ze E‘T}) 15-30
(4 T
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The constant term may be identified with Sp; we note that
So = k log go, where gq is the * statistical weight ”’ of the ground state,
that is, the number of eigenfunctions corresponding to this state. This
is the statistical-mechanical formulation of the third law of thermo-
dynamics. If, as is usually true, the ground state of a system is non-

E
degenerate, then S = 0. Since S = — — %,we have the final result

T
A= —kTlogZ 15-31
where
—Ea
Z =3¢ *T

and the summation is over all energy levels E, corresponding to the
allowed eigenfunctions ¥, of the system. The effect of phase transi-
tions is the addition of the same term to 7'S and E; equation 15-31 is
thus perfectly general. The quantity Z is known as the ‘ sum-over-
states’ or ‘‘ partition function” for the complete system.

Where it is possible to express the energy E, as a sum of terms each of
which depends on one particle only, it is convenient to write Z as a func-
tion of the partition functions of the individual particles. If ¢, is

¥Yn = ‘Pa((ll)‘ﬁb(QZ) tee ‘Pm(Qn) 15-32
then
En = ea(l) + eb(2) + - + Em(’n) 15-33

where ¢, (1) signifies that particle (1) has the energy ¢,. We now con-
sider a system where the available number of states ¢ is much greater
than the number of particles n — a condition which is well satisfied for
most systems of chemical interest. It will then be extremely unlikely
that a given ¢ will be occupied by more than one particle, and the possi-
bility of the occurrence of such states can be neglected. From 15-33 we
note that a given value of E, can then be obtained in n! different ways
which differ only in the numbering of the particles. For the Maxwell-
Boltzmann statistics, each of these n! ways of obtaining E,, corresponds
to a different function ¢, since the particles are distinguishable. For
this case, therefore, we may write

_En _ a4+ - - - tei(n)

e T = > e kT 15.34
n €(1),ei(2) ¢ o«

where the second summation is over all possible values of (1), €(2),

etc. For the Fermi-Dirac or Bose-Einstein statistics, where the parti-
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cles are indistinguishable, the n! ways of obtaining E, according to 15-33
represent only one wave function ¢. If we were to form a sum of the
type 15-34 for these cases, we would have, corresponding to a given value
of E,, n! terms in the summation on the right which differ only in the
numbering of the particles. Since our summation is to contain only
one term for each distinet ¥, a summation of the type 15-34 is thus too
large by a factor n!. The correct expression for indistinguishable
particles is therefore

_En 1 _aMte@) + - - tei(n)
Se == T ¢ T
n n!ei(l). €(2) -

15-38

If the particles are all alike, as we have assumed them to be in this
discussion, then

_eiD) +eq(@ + -+ +eiln) _ei\n
e %T - (Z e kT)

= f" 15-36

ei(l),€(2), =+
where f is the partition function per particle. We have as our final
results:

For distinguishable particles Z = j* 15-37
For indistinguishable particles Z = 1—:-! i 15-38

If our system is a perfect gas, the particles are obviously indistinguish-
able, and the correct partition function for the system is given by 15-38.
If our system is a perfect crystal, the particles are distinguishable
because of their fixed positions in space, and the correct partition func-
tion for the system is given by 15-37. Intermediate systems such as an
imperfect gas or, more important, a liquid, introduce considerable diffi-
culty. In the first place, it will not in general be very exact to write the
Hamiltonian in the form 15-1. If we make the approximation that the
interactions of the neighboring particles with a given particle can be
represented by some average potential field, this separation of the
Hamiltonian can be achieved; the question then arises whether we
should use 15-37 or 15-38. Since the particles are actually indistinguish-
able, and since they have a certain amount of mobility, it would appear

1
that the correct partition function would be Z = ¥ /™, where

1 < N <nl It seems likely, however, that any exact treatment of
such systems must be based upon the use of a Hamiltonian which con-
tains terms involving the coordinates of more than one particle.
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15e. Approximate Molecular Partition Functions. The partition
function for a single molecule, as defined above, is given by the relation

g
JF=2¢* 15-39
J

where the summation is over all the allowed energy levels of the mole-
cule. Equation 15:39 may alternatively be written

J=3ge *T 15-40
13

where g; is the degeneracy or statistical weight of the ith level. To a
good approximation, e; may be expressed as the sum

& = () + &(v) + () + e(e) + e(n) 15-41

where € (1), (), €(r), e:(e), e:(n) are the energy levels associated with
translational, vibrational, rotational, electronic, and nuclear motions,
respectively. To this approximation, the partition function for the
molecule becomes

T = Jefofefofn 15-42

ei(t) _e()

fo=2g:e *T,  fo=2g:)e *T, ete. 1543

where

We now consider these terms separately. As far as nuclear energy is
concerned, it may be taken equal to zero. The nuclear partition func-
tion then becomes f, = gns, Where gns is the nuclear spin statistical
weight. Since the allowed rotational levels are dependent upon the
nuclear spin wave functions, as we have seen in section 14c¢, it is conven-
ient to combine the nuclear spin statistical weight with the rotational

partition function, and write
e(r)

fo=Ffn= z‘:gm(i)gi(r)e— kT 15-44

The partition function for electronic energy cannot be further simpli-

fied; however, the first excited electronic stazt)e is usually so high above
e (e
the ground electronic state that the term ¢~ % may be neglected in com-
parison with unity. Then the electronic partition function is go(e),
where go(¢) is the degeneracy of the ground state.
According to section 14e, the vibrational energy of & polyatomic mole-
cule, to the harmonic oscillator approximation, is

) = (m + Phvy + -+ (3w + o+ (u + Hhn
n=01,23---

15456
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where »; is the fundamental frequency of the 7th vibrational degree of
freedom and there are k vibrational degrees of freedom, Now

® (n+}‘z)hv _hy © nhy
Z e = ¢ 2kT Z e kT
=0 n=0

hv

=e 2kT{1+3 kT+( ) +(e kT _|..} 15-46

A 1
=¢ WT )]
1—¢ #

8o that the vibrational partition function for a polyatomic molecule, to
the harmonic oscillator approximation, is

hvi
t=k “okT
fo= M0 1547
=111 — ¢ #T

The translational energy levels of a molecule are given by the solution
of the wave equation for a particle in a box (section 5b). If the mass of
the molecule is m, and if it is constrained to move in a rectangular box of
edges a, b, and ¢ and volume V' = abc, the translational energy levels are

h? (n2 2)
E= %( +b2+

15-48
Ngy Nyy My = 1,2,3, 4+
The translational partition function is therefore
@ kg @ Ay 2 hon}
fe= 2 e Sma%T ), ¢ SmbkT D, € BmckT 15-49
ng=1 ny=1 ng=1
2
Now the quantity ——-— is very much less than unity for ordinary
8ma’kT
h%n2
temperatures and reasonable values of a, so that ST changes only

slightly as we vary n,. For this reason it is permissible to replace the
summations by integrations, and write

R O ) © ke
fi= e 8makT dn, e~ 8mvkT dn, e 8mckT dn, 1550
) 0

according to Appendix VIII,

ad hn} ¥
f ¢~ kT dn, = Sg—"’%k—"r—)— a 16:51
(1]
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so that the translational partition function becomes
2xmkT)% 2rmkT )%
@rmkT)* _ @omkT)*

Je= e = W 15-52
Classically, the energy of a system is given by the equation H (p, q) =
The classical analogue of equation 15-40 is therefore
1 _H.9
f=m [ dpiedpuda - da 1553

where the factor }?‘ has been introduced so that f may be non-dimen-

sional. The introduction of this specific factor may be further justified
as follows. For a particle of mass m moving under the influence of no
forces, the Hamiltonian function is

.__!'.. 2 2 2
H = o= (0} + 7} + b)) 1554

so that equation 15-53 gives for the translational partition function the
result

1 ® _ (pitpyted)
f,:}_zgfff e dp,,dp,,dp,j[fdxdydz 15-55
- 00

If the particle is constrained to move in a volume V, then

fffdxdydz=

Integrating over the momenta, we obtain

2rmkT)%V
fo= _(J’_mz%_)__ 15-56

which is identical with 15-52.

We next consider the rotational partition functions for diatomic
molecules. According to section 14¢, there is no restriction on
the allowed values of the rotational quantum number J if the nuclei are
different. If the two nuclei have spins s; and s; the nuclear spin
statistical weight is (2s; + 1) (2s2 + 1). The rotational energy levels
are

h2
E; = 37T JJ +1) 15-57

where I is the moment of inertia, and each level is (2J + 1)-fold degen-
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erate. The rotational partition function fy is thus

o _RJWT41)
fo= (28 +1)©2s +1) T (2J+ 1)e BT 15-58
J=0

For large values of T and T, we may replace the summation by an inte-
gration, and obtain
RJ(J+1)

fo= 2 +1)@s +1) j; ¢ ST (2] 4 1) dJ

2
= (28 + 1) (28 + 1) §"h#-7-1 1559

When the nuclei are identical, there is a restriction on the allowed J
values. For hydrogen in the ground electronic state, even J values are
allowed for parahydrogen, with nuclear spin weight unity; odd J
values are allowed for orthohydrogen, with nuclear spin weight three.
If we consider hydrogen as being a single species, which is legitimate at
high temperatures, we have the rotational partition function

AU (J+1) RIJ+1)

=3 % (2J + l)e' 8rlkT 4 1 > @J + 1)3_—8—1_’I_kT 1560
J odd J even
If we replace the summations by integrations, then, since the summations
contain only one-half the possible terms, we obtain, according to 15-59,
the result

822 IkT

In any homonuclear diatomic molecule, with nuclear spin s, the statisti-
cal weight of the ortho states is (s 4+ 1)(2s + 1); that of the para
states is 8(2s + 1). The rotational partition function will thus in
general be

8x°IkT » 87Tk T
oz~ B g

For all diatomic molecules, we may therefore write the rotational parti-
tion funection as

{(s+1)(2s + 1) + s(2s + 1)}

15-61

8x*IkT
fo= @+ 1)@ +1) =g 1562

where o, the ¢ symmetry number,” is 1 for heteronuclear and 2 for
homonuclear diatomic molecules; that is, ¢ is the number of indis-
tinguishable ways of orienting the molecule in space.
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For polyatomic molecules, the analysis is similar to that given above.
For high temperature, the result is

2/qQ..3 34 3

where A, B, C are the principal moments of inertia and where the sym-
‘metry number ¢ is again equal to the number of indistinguishable ways
of orienting the molecule in space; for example, ¢ = 2 for H;O; ¢ = 3
for NH3; o = 12 for CH4 and CgHg. The origin of the symmetry
number is the same as in the diatomic case; if there are n equivalent

. . . 1 .
orientations of the molecule in space, then only - of the possible energy

levels are allowed by the symmetry restrictions on the wave functions.

15f. An Alternative Formulation of the Distribution Law.! Consider
some definite atomic or molecular system A which is in thermal equilib-
rium with a system B composed of s harmonic oscillators. Suppose that
the combined system A + B possesses a total energy E. What will
then be the probability that the system A has an amount of energy e
distributed in some one exactly specified way among the various degrees
of freedom of A?

In order to perform this calculation we make the usual assumption of
statistical mechanics: Any exactly specified way of distributing the energy E
in the system A + B is as probable as any other exactly specified way of dis-
tributing the same total energy. The probability of a partially specified
distribution is consequently proportional to the number of exactly
specified distributions which are compatible with it. Thus the probabil-
ity of A having the energy e in some exactly specified way is proportional
to the number of exactly specified ways of distributing the remaining
energy (E — ¢) among the s oscillators of the system B. But this is
E —¢)

hy
among s oscillators, where hv is the energy per quanta. Since the quanta
are indistinguishable, and since there is no restriction on the number of
quanta in a given oscillator, the problem is similar to that already-met
in the discussion of the Bose-Einstein statistics. The number of ways
N.,,, of distributing n quanta among the s oscillators is, analogous to
Equation 15-21,

just the number of ways of distributing » = ( quanta of energy

_(m+s-=1)
Nas = nl(s — 1)!

This result can be derived quite simply in the following way. We count
18¢e E. U. Condon, Phys. Rev., 54, 937 (1938).

15-64
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the number of different ways in which #n quanta and s oscillators can be
arranged in a line so that there is always at least one oscillator on the
extreme right; all quanta which are placed between two oscillators are
considered as belonging to the oscillator to the right. There are
(n 4+ s — 1)! such arrangements. Eliminating arrangements which
have been counted more than once then leads directly to 15-64.

Equation 15-64 is an exact answer to our problem but can be simplified
when 7 and ¢ are very large numbers. Using Sterling’s approximation

zl = 2mrx)¥afe™ 15-65

which is valid for large values of z, equation 15-64 becomes:

_ _fnts— 1)""’” (n4s—-1)7" .
If n> s we have
o\ nHs N\ _A\n
<n+s 1) =<l+s 1) <1+s 1)
n n n
— 16 _ _ — 2
_ (l +s 1) {1+n(8 1) +n(n 1)(s 1)
n n 2! n
+n(n-— 1)(n — 2)(8— 1)3 +}
3! n
ger-l
a result which becomes strictly correct asn — . Also,
E — ¢ o1 E + (s — l)hu)""l
- —1 _ ==l
(n+s—1) ( > + 8 1) ( -
{1 _ ____6_____]6—1
E+ (s — Dl

If the average energy per oscillator is v, we can write
E+ (s—1hv=sy+yg

where g will be much smaller than sy provided that = is large compared
with s and e is much smaller than E. In this case

- (Bl wy™

hy

{1.-<s_1>(87‘;5)+£8—gfs—m(w;g)?...}
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NIij‘_(i’“_ll’i’:)’_l{_‘ e & }
=( hy 1 'y+2172 3173+

— 1 _ e
(g
14
Therefore

Na, o2 (2m)% e 7=Ce ¥ 1567

et (E + (s — D\*?
(8 — 1) hy

where C is a constant independent of e. But, according to our original
postulate, N, , is just proportional to the probability P(e) that the
system A have the energy e in an exactly specified way. Therefore,
we have

"P(e) = Ce 7 15-68

The constant v in 15-68 (which is the reciprocal of the 8 in our earlier
discussion) can be evaluated by calculating some property of the system
A (such as the pressure if we let A be a perfect gas) and comparing with
the experimental results. As mentioned before, such an analysis gives
the value y = kT, where k is Boltzmann’s constant and T is the absolute
temperature.



CHAPTER XVI

THE QUANTUM-MECHANICAL THEORY OF
REACTION RATES

16a. Formulation of the General Theory. In previous chapters we
were largely interested in the application of the principles of quantum
mechanics and statistical mechanics to the study of those properties of
chemical systems which are independent of time, that is, to the study of
structural chemistry. These same principles can be applied successfully
to the problem of the calculation of rates of chemical reactions. As the
first step toward the solution of this problem it will be profitable to con-
sider the method of representing reactions and changes in the state of a
system generally by means of a geometrical picture.

The state of any system is described in quantum mechanics by its
eigenfunction ¥(q, t), where ¢ is the time and g represents all the coordi-
nates which would be necessary, in classical mechanics, to specify the
positions of all the particles in the system completely. With some
reservations, these positional coordinates will be termed ‘ degrees of
freedom,” although this notion is not so precise in quantum mechanics as
in classical mechanics. (Since the observable properties of a mechanical
system are completely determined by the energy of the system, it might
be said to have only one degree of freedom, even though it consisted of
many interacting particles. In the following discussion we shall use the
term only in the sense of classical degrees of freedom.) Given the eigen-
function ¥, we can calculate all the physical properties of the system; if
R is the operator which corresponds to the property in question, then

f\II*R‘I' dr
B=t —

f ¥y dr

is the expectation value of the property, that is, the average value of a
large number of measurements of the property. If ¥ does not represent
a stationary state, that is, if ¥*¥ is a function of the time, these expecta-
tion values will be functions of the time.

The reaction between a hydrogen molecule and a hydrogen atom, such

as occurs in ortho-para hydrogen conversion, constitutes a transition in a
299

16-1
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three-atom system. The properties of this system are completely deter-
mined by the Schrodinger equation governing it, that is, by its eigen-
functions. The system itself may be represented by a point in four-
dimensional space: three dimensions are required to specify the relative
positions of the nuclei, one additional dimension is required to specify the
energy. (We assume here that the motion of the electrons is so rapid
that the electrons form a static field for the slower nuclear motions.)
The three internuclear distances ry4, 793, 713 can be conveniently used to
specify the configuration of the system. At some time iy this system is
found in a configuration in which, say, 715 is much smaller than either
Teg OT Ty3; that is, atoms 1 and 2 form a molecule. The reaction in
question is represented by a transition from this configuration to one in
which, say, ro3 is much smaller than either r13 or r13. The probability
of such a transition will be denoted by «.

As the internuclear distances change in such a transition, the total
binding energy of the system, that is, the electronic energy of the ground
state of the system, will also change. The problem of determining the
binding energy for any given values of the positional coordinates is
identical with the problem of the calculation of the binding energy of
stable molecuies and is subject to the same limitations. The surface
which represents the binding energy of the system as a function of the
positional coordinates is known as the potential energy surface for the
system; its determination is usually the first step in the theoretical dis-
cussion of the rate of a chemical reaction. The general features of
potential energy surfaces may be illustrated by the surface for the reac-
tion H 4+ H,. For simplicity we assume the three hydrogen atoms to be
collinear; the system is then completely specified by the two coordinates
r12 and rp3.  If the calculation of the binding energy is made by use of
the London formula (equation 13-28), assuming the coulombic energy
to be 14 per cent we obtain the surface illustrated in Fig. 16-1,! where
the lines of constant energy have been plotted as contour lines. The
coordinate axes are inclined at an angle of 60° rather than 90°, since for
this particular system this choice of axes diagonalizes the kinetic energy;
that is, the kinetic energy is expressible as?

(@ @] e e

where m is the mass of a hydrogen atom. The equations of motion of
the system, from the classical viewpoint, therefore represent the friction,
1 H. Eyring, H. Gershinowitz, and C. E. Sun, J. Chem. Phys., 8, 786 (1935).

?8. Glasstone, K. Laidler, and H. Eyring, The Theory of Rate Processes, p. 100,
McGraw-Hill Book Company, 1941.
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less sliding of & mass point of mass u on the surface of potential energy.
(Strictly speaking, the analogy is not exact, since the motion of a mass
point on a gravitational potential surface takes place in three dimensions;
the discrepancy is not serious for our purposes.) We note that the
potential energy surface is made up of two long narrow valleys, represent-
ing the stable Hy molecules, connected by a region of higher energy and
separated by regions of still higher energy. The potential energy sur-
faces for more complicated reactions are similar. The regions corre-
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Fia. 16-1. Potential energy surface for three hydrogen atoms (after Eyring,
Gershinowitz, and Sun).

sponding to the configuration of the reactants (the initial state) will
usually be separated from the regions corresponding to the configuration
of the products (the final state) by a region of higher energy, in which
event the reaction has an activation energy. Classical mechanics pre-
dicts that, if the height of the barrier is Vy, no systems with energy
E < V, can react, and all systems with energy £ > V, which approach
the top of the barrier proceed to cross it and lead to reaction. If, asin
the H + H; example, there is a shallow basin with a second pass just
beyond the first barrier, a system may move into this basin and be
reflected into the valley from which it came. Figure 16-2,2 illustrating
the classical motion of a system entering this basin, is interesting in that

3 J. Hirschfelder, H. Eyring, and B. Topley, J. Chem. Phys., 4, 170 (1936).
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it shows that the motion of a particle in the basin tends to become com-
pletely random, and thus has an equal chance of leaving by either pass.
In this case only about one-half of the systems which enter the basin
will leave it through the pass into the valley corresponding to the.con-

py 2\ %/

.8 9 1.0 . 1.1 1.2 1.3
75— Distance between the atoms  and ¢ in A

Fia. 16-2. Path of representative point on H—H—H potential energy surface
(after Hirschfelder, Eyring, and Topley).

figuration of the products. These predictions of classical mechanics are
modified when the problem is considered from the quantum-mechanical
viewpoint. In the first place, there is a finite probability that a system
in the initial state with energy E < V, may nevertheless appear in the
final state at a later time. This phenomenon of *“ leakage ”’ through the
potential energy barrier is important in the decay of radioactive nuclei

1 If) I juts
- -% ——0—-—>X +i4

Fia. 16-3. One-dimensional potential energy barrier.

and in reactions involving only the transfer of electrons. In the second
place, evenif E > V,, there is a finite probability that the system will be
reflected in the region of the barrier and will hence not proceed to the
final state.

The method of calculating these probabilities may be illustrated for
motion in one dimension in the potential field of Fig. 16-3. The poten-
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tial energy is

V) =0 —oo<x<—%
V@ =Vo -i<z<s 163
2 2
V) =0 % < z< 4w
The Schrédinger equation for the system is
%—i‘é + -Slhzzﬂ [(E—-V(@)=0 16-4

Inregion I, where V(z) = 0, ¢ has the form of a plane wave (section 5-1),
the two independent solutions corresponding to motion toward the
barrier and away from the barrier. The general solution in this region
is then

Y1 = Ae"® + Be " 165
where a = 2%\/2mE', and F is the total energy of the system. In
region II, where V(z) = V,, the solution is of the same form if « is

2 S ——
replaced by 8 = —’-:: 4 2m(E — Vo). When E < Vy, 8 is imaginary,

and 11 corresponds to an exponentially decreasing probability of finding
the system in the region inside the barrier. In region III, Y11 has the
same form as y1, and so we have

pu = Ce¥* 4 De = 16:6
Y111 = Fe*® 4- Geo= 16-7
The eigenfunction for the entire region must be continuous and have a

continuous first derivative; therefore the following conditions must be
fulfilled :

W1 _ _ 1
Y1 = I, 3 =~ on when z = 5 16-8
ad
YI1 = ¥y, Yur _ W when =z = +-l- 169
oz ox 2

These four conditions enable us to determine the constants B, C, D, and
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F in terms of the constants A and G. The set of simultaneous equations
i8 readily found to be

1 1 1 1
Be™2 — Ce™¥2 — De¥2 = — Ao

N 1 1 il
—aBc“2 — gCe *2 + BDe®2 = —qde 2

5t —igk ik i} 16-10
Ce 2+De "2—Fe 2=@Ge 2
1 ") 1 1
BCe™2 — BDe™ "% = aFe™2 = —aGe ™2
whence
—ial -—iﬂ-’- iﬁl
—Ade 2 —e 2 —¢'2 0
iy sl 8l
—alde 2 —Be "2 Be "2 0
1 ) ") )
Ge "2 e?2 PR B
) ") ol 1
—aGe 2 Be®z  —ge Pz _ne™2
B = 16-11
1 1 )
e"*2 —e Pz %2 0
.2 ol ol
—ae'2 —Be P2 g2 6
") ol 1
0 2 e 2 —e'2
ol ) 1
0 pe®2 g2 g2

with the analogous expressions for C, D, and F.

Let us suppose that there are no systems returning from the final
state; that is, there are no systems in region III with negative momen-
tum. In this case G = 0. Let the probability of finding a system in
region I with positive momentum be unity; that is, let A = 1. Then
|F|? gives the chancc that it be transmitted into region ITI and |B|?
gives the chance that it be reflected back into region I. For E > V,
it is secn that the transmission cocflicient |F|? is small but finite. More-
over, it is a function of the variable § = Bl; that is, it varies with the
original momentum of the particle, the height of the barrier, and the
width of the barrier. When E > V,, the transmission coefficient oscil-
lates with these variables. Thus, for a fixed barrier height and width,
particles of certain energies will be completely transmitted, while those
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of slightly different energies will be less likely to cross the barrier, even
though they have enough energy.

The energy surface for an actual chemical reaction is always at least
two-dimensional and is usually many-dimensional, since it must include
a dimension for every internuclear distance for all the nuclei involved in
the reaction. In every case, however, there will be some initial configu-
ration in which the eigenfunction for the system can be well approxi-
mated in one dimension by a plane wave traveling toward the region of
configuration space which connects with the region of the produects.
Also, there will be a region where the eigenfunction for the configuration
of the system representing products can be well approximated in one
dimension by a traveling plane wave. Thus it will always be possible to
expand the exact eigenfunction for the system so that it will represent,
asymptotically at least, a plane wave which we shall call the transmitted
wave, traveling away from the activated state down the valley repre-
senting products. Then this representation will, in general, reduce
asymptotically in the reactants valley to the superposition of plane waves
traveling to and from the activated state, that is, an incident and a
reflected wave. The ratio of the amplitude of the transmitted wave to
that of the incident wave defines the transmission coefficient. Similarly,
the ratio of the amplitude of the reflected wave to that of the incident
wave defines the reflection coefficient.

It often happens that motion in degrees of freedom orthogonal to
that in which the reaction takes place is quantized, and the system
exists in discrete energy levels corresponding to vibrations of the react-
ants or products. These vibrational quantum numbers may or may not
change during the course of a reaction. A change in the energy of some
,quantized degree of freedom requires a corresponding change in the
energy of some other degree of freedom. Thus, reflection or transmis-
sion at a barrier in the energy surface may induce a transfer of energy
between the various degrees of freedom of the system. Let ¢, represent
the eigenfunction of the incident wave, where n denotes the set of quan-
tum numbers specifying its vibrational state. ILet p, be the trans-
lational momentum of a wave in the vibrational state n. The reflected
wave may have any vibrational state consistent with the available total
energy. Let the eigenfunction of that fraction of incident systems
initially in the vibrational state » which are reflected in state m be
R.m¥m. Their momentum will be p,. Similarly, let T.n.¥» be the
eigenfunction of the wave transmitted with change in vibrational state
Pn
M
their velocity. (M is their mass.) Since all systems are ejther reflected

from n to m. Then |¢,|? is the density of incident systems and
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or transmitted, and since there is no piling up in the region of the barrier,
we have the relation

l\bnlz % = %Ianlzl‘pmlz ?1&-_‘” + %lTnklzl'//klz% 16-12

where the sums are over all values of m and & which are consistent with
the total energy of the system. When the y’s are normalized to unity,

the ratio ]Rm,.]2 Z’pﬁ = pnm i8 defined as the reflection coefficient, and the
n

ratio ]T,,kl 2Pk _ knk 1S defined as the transmission coeffictent for the tran-
DPn

sition from level n to level k.

Let us now formulate the rate of a chemical reaction in terms of these
coefficients. We consider a region in the reactant valley which is far
removed from the potential energy barrier. Let C,(p) be the number
of systems in length of path dz in this region which have momentum
between p and p + dp along the reaction coordinate and energy E,
in the other degrees of freedom. The number of such systems which
pass a given point in the reaction path per second moving toward the

Cn . :
dip) 4 , since :r):, is the velocity of these systems, where

p is considered to have only positive values. The fraction of these
systems which react will be

Z"nk( ) ——

barrier will be

Cn (p)
m

16-13

where k1 (p) is the transmission coefficient as defined above. Assuming
an equilibrium distribution in this region, the concentration C,(p) will
be

Ay - - ~5 ~spdadp

Fon - 16-14

Ca(p) =
where (4y), (43), * - - are the concentrations of the reactants, Fy, Fyg, « + »
are the partition functions for the reactants, and w, is the statistical
weight of the level with energy E,. The net rate is obtained by summing
16-13 over n and integrating over the momentum p. The general expres-
sion for the rate of a chemical reaction is therefore

(A1) (42) -
FiFy - -

This expression cannot be further reduced unless certain simplifying

E
k= f ZZKnh(p)Wne T, 2"‘"”’? 16-15
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assumptions are made. We obtain an approximation to the classical
2

case if we assume x,(p) = 0 for é—;—n < Vo, kax(p) equal to some average

2
value « for LEPS Vo. Equation 16-15 then becomes

2m
_AA) e o BT —gZapdp
b= FFg.-- :c};‘,w,.e \/2mv.,e mh
A (Ao) « o "EBupp Vo
=£—l;)l-;€,—2%—x§wne kT—h—e kT 16-16
En

The quantity Swae *Z has the general form of a partition function and

n
may be denoted by F*. We therefore have for the specific reaction rate,
to this approximation, the result
F* kT -7

k2 1
KF1F2--°he 1617

k'
This is the familiar equation originally derived by Eyring,* using a
slightly different method of approach, and is a generalization of the
results obtained by Pelzer and Wigner® in their study of the H + H,
reaction. In the derivation by Eyring’s method, it was shown that F*
is the partition function for the activated complex (not including the
degree of freedom along the reaction path). The investigation of the
specifically quantum-mechanical effects in chemical reactions, as dis-
cussed later in this chapter, have confirmed the validity of equation 16-17
for most cases of interest. Most of the applications of the theory of
absolute reaction rates have been based directly on equation 16-17;
the results are discussed in detail in the recent textbook by Glasstone,
Laidler, and Eyring.2
It will be noted that in equation 16:15 all explicit reference to the
nature of the potential energy surface in the region of the barrier has
disappeared; the effect of the barrier is contained implicitly in the trans-
mission coefficients k,;(p). In this formulation of the theory there is no
assumption of equilibrium between the initial and activated states. It
is necessary to assume equilibrium between the various vibrational
states of the initial configuration, which appears always justifiable, since
the initial configuration can be chosen in such a way that the interactions
between the reactant molecules are as small as desired. When reaction

4H. Eyring, J. Chem. Phys., 8, 107 (1935).
5 H. Pelzer and E. Wigner, Z. physik. Chem., B16, 445 (1932).
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induces transfer of energy from translational to vibrational degrees of
freedom in the system, there will be, as we have seen, a different . (p)
and hence a different rate for each vibrational level in the final state. In
general, the distribution of systems over the vibrational levels in the final
state will not be the equilibrium distribution, but is given automatically
by adding the rates of reaction for each level. Thus there will be a rate
k!, for reaction in which the products are in the vibrational level m
given by
00 E"

IfTF—%—— Zx,,,,, (p)wne *Te 2"‘“' 1::: 16:18

Integrating this expression with respect to time will give the concen-
tration of products in the mth vibrational state (disregarding changes
after reaction). This will be the equilibrium value only for special forms
of .

The above formulation is completely general and applies immedi-
ately to bimolecular and higher-order reactions. Unimolecular reac-
tions require further consideration. They are usually considered to
involve two steps, an activation by collision followed by a decomposition
of the activated molecule. The first step, activation by collision, can be
treated in principle by the method given above. Here we are interested
in the calculation of the probability that systems approaching the
barrier will be reflected with a change in vibrational energy. Analo-
gously to equation 16-18, we have for the rate of formation of molecules
in vibrational state ! the result

K, =

En

d
ki = Fle f anz(p)wne kT 2kaP D

mh

where p,;(p) is the reflection coefficient. The rate of deactivation by
collision is given by an analogous equation. Activated molecules can
disappear either by decomposition into the products or by deactivation
by collision. The usual theory of unimolecular reactions, as developed
by Lindemann, Hinshelwood, Kassel, Rice, Ramsperger, and others,?
assumes that the concentration of activated molecules is constant.
This steady-state assumption leads to the equation

ki (A) (V) = kz(4) (N*) + ks(N*)

where (N) is the concentration of normal reacting molecules, (N*) is
the concentration of activated molecules, (4) is the total concentration

16-19

8 L. 8. Kassel, Kinematics of Homogeneous Gas Reaction, p. 93, The Chemical
Catalog Co., New York, 1932. C. N. Hinshelwood, The Kinetics of Chemical Change,
Oxford Clarendon Press, 1940.
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of molecules which can cause activation or deactivation by collisions.
k4 and k, are the specific rates for activation and deactivation by colli-
sion, respectively, and k3 is the specific rate for reaction of the activated
molecule. The actual rate of production of the products will be

kiks(4) (V)
E = ka(N*) = 22322/
OV = @) + ks
or, in the high-pressure limit
W =25

ko

The rate constants k; and %, are calculable by the equation given above;
however, in the high-pressure region, where only a negligible fraction of
activated molecules disappear by reaction, we may write

B _ (N _ Fw

where Fys is the partition function for activated molecules and Fy is
the partition function for normal molecules. According to equa-
tion 16-17, k3 may be written as

where Fyt is the partition function for the activated complex of the
reaction N* — products. (In Fyi and Fys the zero of energy is taken
to be the ground state of the normal N molecules.) The high-pressure
rate is therefore

“h Py “h Fy

that is, all exphclt reference to the activated molecules N* has disap-
peared, and we are back to our familiar rate equation.

There are two alternative ways of formulating the reaction rate prob-
lem which are more useful for some purposes. In practice it is not
possible to obtain the exact eigenfunctions for an n-body system when
n is greater than 2 because of the fact that the equations of motion are
not separable. They can be computed approximately, however, by first
calculating the eigenfunctions for an approximate Schrédinger equation
which is separable and then treating the terms which were neglected in
order to make the separation as a perturbation on these approximate
solutions. It is then found that the density of systems in any particular
unperturbed level is a periodic function of the time. The perturbation

- V) = (N) = )
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induces transitions from one approximate level to another. For uni-
molecular decompositions the approximate levels are those of the mole-
cule which is decomposing, and the lifetime of an energy-rich molecule
is determined by the probability with which transitions to continuous
levels (corresponding to dissociation) are induced. Rosen’ has used
this method to calculate the mean life of a linear triatomic molecule.
For more complicated molecules, even the separable problem is difficult
to solve. Kimball® has treated the question classically by calculating
the time elapsed before the amplitude of harmonie oscillations exceeds
a critical value such that the energy of the oscillation is equal to the
dissociation energy of the molecule.

A third method which is often useful in treating problems where the
rate is determined primarily by leakage through an energy barrier may
be called the method of beats. If two single minimum potentials are
connected by an energy barrier, it is found that the energy levels which
lie below the top of the barrier split into two levels of slightly different
energy as the width of the barrier is decreased. The amount of split-
ting is small compared to the energy difference between pairs of levels.
The corresponding eigenfunctions have different symmetry with respect
to inversion in the origin. The one corresponding to the lowest level
of any pair is antisymmetrie, that is, it changes sign when the coordinate
changes sign; the other eigenfunction is symmetric with regard o
inversion. We then see that the function ]ul/,, + tpsl?‘ is located almost
entirely on the left side of the barrier; the function |y, — ¥,|? is located
almost entirely on the right side of the barrier. The subscripts s and a
refer to the symmetric and antisymmetric eigenfunctions, respectively.
‘We therefore represent a system moving from one side of the barrier to
the other by the eigenfunction

_2xi 2ri

U=yge P B 16:20
The density is given by
2mp 208
VU = Y+ U Ve B et
When ¢ = 0,
T = |y, + ¢
. . h
and the system is on the left side of the barrier; when ¢t = —————
y! elt side of the barrier; when ¢ 2(E.—E¢)’

Y = |¢s — g2

TN. Rosen, J. Chem. Phys., 1, 319 (1933).
8G. E. Kimball, J. Chem. Phys., 6, 310 (1937).
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and the system is on the right side of the barrier. The frequency

1 2(E, — E,)

T h
is therefore the rate of penctration of the barrier. As the barrier width
increases, (E, — E,) decreases and » decreases. This method is appli-
cable only for small splitting of the energy levels and thus cannot
be used to determine the rate of passing over the barrier. Of the three
methods presented, the method of transmission coeflicients, leading to.
equation 16-15 for the rate, is the most satisfactory from the theoretical
viewpoint. The applications of the approximate equation 16-17 have
been adequately discussed elsewhere; we wish at this point to investigate
the behavior of the transmission coefficients x,x(p) more closely.

16b. General Behavior of the Transmission Coefficient. The trans-

mission coefficients for a number of special types of energy barriers can
be calculated exactly; this calculation has already been carried through
for a sharp rectangular barrier. A less drastically idealized case has been
considered by Eckart.® The Eckart potential is

At Bt ___2%”
¢ (1_5)2,5— ) 16-21

and the corresponding Schrédinger equation has exact solutions in terms
of hypergeometric series. This potential is a step function of the coordi-
nate z; its exact shape is fixed by specifying the constants A, B, and L.
We have

Yy =

Vi) = —

V(—w)=0, V(+x»)=A4 16-22
For 0 < |B| < |A|, the potential has a maximum whose height is
_(4+B)?
Viaz = a5 16-23

The rise in potential is accomplished practically in the distance 2I.
The Schrodinger equation with this potential is

a2y 81r2m{ At Bt _

Changing variable from z to £ gives
d®y ay 2m12{ At Bt }
2 T = .
Ed£2+£d£+ W 1“5+(1*‘E)2+E¢ 0 1625

9C. Eckart, Phys. Rev., 85, 1303 (1930).
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This equation is of the hypergeometric type and has solutions in the form

-b 1):0(b+1

Since for large positive or large negative values of z, the potential 16-23
reduces to a constant, the solutions 16-26 should be asymptotic to plane
waves with wavelength

4o 1626

__t forz — —
VomE
and
A = ———————h——————- forz — +w
Vom(E — A)
Atz = 4 « there will be a single transmitted wave:
2riz 1
e = (=5~ 1627
Atz = — o there will be an incident and a reflected wave:
27z 2z " —id
ae * +age * =a; (= +ax(—§ * 16-28

The requirement that the exact solution reduce asymptotically to the

forms 16-27 and 16-28 determines it uniquely and also determines the
2

coefficients a; and az. The reflection coefficient is then p = i
a1

A solution of 16-25 which converges for large values of £(x > 1) and
1

reduces asymptotically to (—£)* as IEI becomes very large is given by
v=a-v°(2) Pl +ie-g+a),

—3 +il@—8~-28), 1-— 2, 1—1—5} 16-29

where

16:30

That this reduces to (—£) for large ¢ is evident since F(a, b, ¢, 0) = 1.
Its value for small £ cannot be determined immediately, however, since
F(a, b, c, 1) does not converge. But it is possible to express 16-29 as the
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sum of two series which do converge for small values of £. We thus find
the analytic extension of ¢ in the region where its representation by
16-29 does not converge.

Using the known formula, we get

¢=a1(£_$_ 1) (1—9)“’F{%+z'(a—a+a),

—§+il@a—8—-19), 1+ 2, 1}
+a (5= 1) (- E)""F[%+i(—a ~B8+9),
—$ 4+ i(—a—B—19), 1— 2aq, ?—E-—l} 16-31
where
- = Ir'(l — 2B)T(—2ia)
VT T 4 i(—a—B—8)IT{ +i(—a— B+ )}
ag = Tl — 2(8)T(+2ix) 1632

{3 +ila—B—8)T{3 +ila—B+95)}

For small values of £, equation 16-31 reduces to equation 16-28 with the
values 16-32 for a; and a;. The reflection coefficient is then given by

P P4 —B— TG +i(=8—B8—)}f
IP(3 +:6— 8+ a)IT{F +i(—b6 — B+ o)}
‘When the constant C is small, § is real and applies when the wavelenglh
of the incident particle is short compared to the region where potential is
changing. If the wavelength is long compared to the length I, C will be

large and & will be imaginary. The expression for p is expressed differ-
ently in the two cases. For é real, we have

_ cosh 2w (e — B) + cosh 2rd
" cosh 27 (a + B) + cosh 275

16-33

16-34

For é imaginary,
cosh 2r(a — B) + cos 21r|8‘
cosh 27 (a + B) + cos 23]

The transmission coefficient is given by x = 1 — p.

This value of p or x may be used for any potential barrier which is
sufficiently well represented by equation 16-23. The general method, of
course, is applicable whenever the exact solutions of the Schrodinger
equation corresponding to the given potential are known. However,

p= 16-35
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many barriers are flatter than that represented by equation 16-23. The
question then arises: Under what conditions is it permissible to treat the
rising side and the falling side of the potential as independent changes,
each having a reflection coefficient given by 16-34 or 16-35? This
question has been investigated by Hirschfelder and Wigner.!® Any
irregularity in the potential surface, besides inducing transitions in the
reflected and transmitted waves, also sets up non-propagating * diffrac-
tion patterns’’ which may be considered to be exponentially damped
standing waves in the vicinity of the irregularity of the potential. If
the top of the barrier is wide enough so that these diffraction patterns
do not overlap, the transmission coefficients at the two edges may be
considered independent. The progressive wave representing the react-
ing system on the top of the barrier then loses all traces of the effects of
one edge before it reaches the other. It then exists in a fairly well-
defined quasi-stationary state while it is on the top of the barrier.
Under these conditions, it will be permissible to treat the activated
complex as a definite molecule with properties which can be calculated
from the shape of the potential at the top of the barrier. The potential
surface must be flat enough so that the density of reaction complexes, as
given by the Boltzmann factor, is sensibly uniform over it, and the flat
portion must be wide enough so that the uncertainty in the velocity due
to the relationship Ap Az ~ h is negligibly small. If the potential along
the reaction path through the activated state is approximated by the
parabola
V = Vo — ax?

these conditions may be expressed in the inequality:

h |a
hvy = 77\ }M <L kT 16-36

where M is the mass of the complex. It appears very probable that
most reactions satisfy this criterion, and it is consequently justifiable to
treat the transmission coefficients at the two ends of the activated state
as independent.

‘We may suppose that there is a probability p; that a system entering
the activated state will be reflected and a second probability py that a
system leaving the activated state will be reflected. The transmission
coefficient « is the fraction of those systems in the activated state moving
from the initial to the final state at thermal equilibrium which originally
came from the initial state and which will proceed directly to the final
state without returning to the activated state. At thermal equilibrium,

107, Hirschf.elder and E. Wigner, J. Chem. Phys., 7T, 616 (1939).
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let there be N systems in the activated state, A of which arrive in unit
time from the initial state, N — A = B of which arrive from the final
state. Of the A systems, Aps will be reflected at the boundary of the
activated state and A (1 — py) will be transmitted. Of those reflected,
Ap;ps will be reflected at the other edge of the activated state and will

Initial Transition Final
state St?:e state
A [ ! A(l-p
5 ) =
. Apf (1-p;) ) Apr )
Apipy Apipr(1-p5)_
<Apig; A-P) Ap;p}
Apfp} 1pf (l-pf)
P
B(1-p; B B
) -
Bp; Bp; (1-py)
~ Bp;pr(1-p;) | Bpip,
Boip; Bp; pr (1-P¢)
1pf (1 pz) : BP:P[
T
|
|

P &
Fia. 16-4. Calculation of transmission coefficients (after Hirschfelder

and Wigner).

recross it toward the final state. Figure 16-4 illustrates the flux of
systems of various types. Adding up the number of systems crossing
from left to right, we find the total number to be

Nor = AL+ pios + pio; + - ) + Boi(l + pioy + pip? + -+ )

= (4 + Be)(1 — pipp)™ ' 16-37
Similarly, the number crossing from right to left is
Ny = (API + B) (1 - Pipl)_l 16-38

At equilibrium, equal numbers of systems will be moving in each direc-
tion, that is, N;_,, = N,_,;, so that

A(l — py)

B="0=%

16-39
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Substituting this expression into 16-37 gives

A
Ny =" 16-40
(1 - p)
But the number of systems originating in the initial state which proceed
to the final state is, by addition,

A(1 — py)
Ni,f=——- 16-41
77 (U= )
and the transmission coeflicient is the ratio
Ni__, 1 - ) (1 —
r_ A ="p)A —py) 1642

K ==
N, (1 — pipy)

This expression for « is the average for a great many systems in thermal
equilibrium, whose energics consequently differ slightly. The trans-
mission of a single quantum state will depend critically upon the energy
of the system, as we shall see, but averaging over a range of energies
gives an average transmission coefficient which agrees with equa-
tion 16-42.

We can complete the calculation of « for the Eckart potential. Taking
B = 0 reduces the barrier to a simple step of energy A with no maximum
in V. For this special case the reflection coeflicient is

27l 2

e—h— (»—@) _ 1 4l

o=z et 16-43
eTp+q -1

wherep = V2mE and q = \/2m(E — A) are the momenta in the initial
(or final) and activated states, respectively. For an abrupt energy
change, I = 0, and the transmission coefficient becomes

4qp:ps
(@® + pipy) (pi + Dy)

where p;, ¢, and ps are the momenta of the system in the initial, acti-
vated, and final states, respectively. This value for ¥ may be compared
with the exact result for a rectangular barrier, as determined earlier in
thischapter. If we take the expression analogous to 16-11 and reduce the
determinants, we find for the transmission coefficient the result

4q%p:ps 2rq
K= " ’ =—d 1645
CPitp)icosto+ (@ +pop)isinie’ © h
where d is the barrier width. If this equation is averaged over ¢, that is,
over a range of momenta in the activated state, the result is identical

16-44

K =
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with equation 16-44 for k. « covers a cycle in its oscillation as ¢ goes
h
from O to 2 or as ¢ goes from 0 to 7 Thus, for wide barriers, the oscil-

lation in x as the momentum in the activated state is increased becomes
more rapid, and averaging over a small range of momenta smooths out
the oscillations more completely. Thus the treatment of p; and py
as independent is justified in a statistical sense as giving the average
transmission coefficient over a band of energies when the barrier is
sufficiently wide.

In an n-atom system a decrease in momentum as the system passes
from the initial to the activated state means that some of the initial
translational energy has been converted to vibrational energy. To
consider such a possibility, we must treat the problem in more dimen-
sions. An abrupt increase in potential in a straight channel of para-
bolic cross section will illustrate the essential features of the two-dimen-
sional case. Let us designate by X the coordinate along the channel,
and that perpendicular to the bottom of the channel by z. We consider
an abrupt change in the potential at X = 0, i.e., for X < 0, let V; =
A + az?; for X >0, let V; = asz®. In the left-hand region, the
Schrodinger equation

Hyr = Ids

with potential V;, must be satisfied. On the right side of the potential
drop, the equation to be satisfied is

Hyor = Frer
with potential V;. The ¢’s may be expanded in terms of the y’s as

er() = Zundi(z) 16-46

2ri
An incident wave from the left has the form y; (x)e—"—q‘x and gives rise
to a reflected beam in which the systems have all possible quantum
numbers m for their motion in the x direction. Thus the wave function
for X <0is

gliqx s _2_7""qu
Yier 4 Z Rynfme 4 16-47

m=0

and the total energy of the system is given by

q
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For X > 0, there is only an outgoing wave

[

-2—'-‘ka 2iimx
’;0 Tuese b = 3 TuugmPme » 16-49

k,m

and the energy is

E = p_% + Fy 16-50
2M

For high quantum numbers, the momenta p; and g; are imaginary, and
the corresponding wave function represents a local non-propagating
disturbance in the neighborhood of the discontinuity. These imaginary
momenta, when divided by 7, must be positive to represent exponentially
decreasing disturbances.

Both the wave function and its derivative must be continuous at
X = 0. Equating 16-47 and 16-49 and their derivatives with respect
to X at X = 0, and comparing coefficients of ¥, gives

Sim + Rim = 2T ixUiem
k 16-51
81mqt — Rimgm = Zlekukmpk

These equations may be solved for R;,, and T by the methods of matrix
algebra. The results are
R=(¢-1DE+D
T =264+ 1)""u
where { is the infinite square matrix ¢ = qu™'p™u. From the wave
function 16-47 we see that the number of systems with quantum num-

16-52

ber ! which are incident in unit time is ]q_l} , that is, density times velocity.

I

Similerly the number reflected with quantum number m is |R;m|2 o’

, 80

that the probability of reflection with quantum number m is IRz,,.]2 in,
Q

In the same way we see that the probability of transmission with quan-
tum number k is | Ty;|2 I—;—’-‘ .
1

Equations 16-52 are only a formal solution, since we have not evalu-
ated the matrix elements of £, This can be done for the case where the
total energy E is much greater than the energy of the highest vibra-
tional state F to which there is likely to be a transition. This means
that the translational energy in the final state will be large compared
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with the vibrational energy, though this need not have been true in the
initial state. The results of this calculation show that the reflection
coefficients for no change in vibrational quantum number are slightly
smaller than those calculated for one dimension, owing to the possibility

T T T T T T T

— i
1 ! 1 | 1
0 20 30 40 50 69 o
1.0 Translational Energy in Initial State —keal. “{
O N

Loy

T T L | ! 4

2.0 3.0 . 4.0 5.0 6.0 7.0
Translational Energy in Initial State— keal.
Fi1g. 16-5. Probabilities of reflection and transmission at abrupt drop of 9 keal. in
potential energy when vibrational frequency changes simultaneously from k»; = 4 keal.
to kv, = 2 keal. (after Hirschielder and Wigner).

10

for reflection with simultaneous change in vibrational quantum number.
To the approximations made, such changes can be either 0 or +2 for
the reflected wave; the transmitted wave may have any quantum num-
ber differing by an even integer from that of the initial state.

In Figure 16-5 the calculated transmission and reflection probabilities
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are plotted. It is evident that the probability of a vibrational transi-
tion is not large and that it decreases with increasing initial translational
energy. It thus appears that the interchange of translational and
vibrational energy has little effect on the transmission coefficient, at
least as long as the translational energy is large in the final state.

The effect of curvature of the reaction path on the transmission
probability may be investigated in the same manner. A convenient
energy surface to consider is that formed by the channel between two

—» X

Fic. 16:6. Hyperbolic reaction path.

confocal hyperbolas, Figure 16-6. The potential energy inside the
channel is taken to be V = 0; outside the channel, V = ., The
Schrédinger equation is separable in the elliptic coordinates x and ¢
given by

Z = R cosh usin ¢ y == R sinh u cos ¢ 16-53

into two equations: the equation in u describes the motion parallel to
the reaction path, and the equation in ¢ describes motion perpendicular
to the reaction path. These equations are
d’U | 8x°MR? (E
’Eﬁ' —1!—;{2—- (‘2- cosh 2u — )\) U=0 16-54
d’® 8r’MR? (E

E;;-z+ W -2-cos2¢+k)d>=0 16-55
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where R is the focal length of the hyperbolas, E is the total energy of the
system, and A is the separation parameter to be determined by the
boundary conditions. The lines ¢ = ¢g are the hyperbolas
22 ~ y? _ g
sin?py  cos? g

16-56

d .
whose asymptotes have the slope d—% = cot ¢g, 80 that ¢ is the angle

between the asymptote and the y axis. If the angle between the
asymptotes of the two bounding hyperbolas is denoted by A, the bound-
ary condition is that ® = 0 on the two hyperbolas whose asymptotes
. A A

aregivenby ¢ = ¢o + —éandga =¢0 =3

Equation 16-55 is now solved for ®, and the allowed values of \ are
determined. When these values are substituted into equation 16-54
it becomes a one-dimensional equation for the translational motion of
the system through the channel. For low values of E and for A < 30°,
the characteristic values for A may be developed in a power series in
A Uptotermsin A%, the allowed values of \ are

2,2
A= 3 MrlfV‘" cos? pg — g—cos 200 16-57

where W is the width of the channel at its narrowest point. With this
value of A, equation 16-54 is a one-dimensional equation for motion
parallel to the reaction path ¢o. It is not in the usual form, since the
energy E is multiplied by a function of the coordinates. Making the
transformation

4,7
x = UV sinh? 4 + cos? ¢g

u 16-58
8 = Rf Vsinh? u + cos? ¢ du
0

equation 16-54 becomes

d’x  8x’M

2+ = V= Vx =0 16:59
where

. h? [-2— — 3 cosh® 24 + 2 cosh 24 cos 2<po]
®  8r*MR? (cosh 2u + cos 2¢0)3

1L R, Langer, Trans. Am. Math. Soc., 36, 637 (1934).



322 THEORY OF REACTION RATES

_ R?n? cos? o
" 8MW? .1 (cosh 2u + cos 2¢)

Va

The coordinate s is measured along the reaction path with s = 0 at the
narrowest point of the channel.

Classically, every system which began the journey through the hyper-
bolic channel would get through. However, equation 16-59 shows that
the quantum-mechanical wave packet encounters an effective barrier.
This barrier may be ascribed to two causes. The largest part of it is V),
which arises from the increasing zero-point energy of vibration as the
channel narrows. In order to get through the neck of the channel, the
system must have sufficient translational energy initially to overcome
the increased zero-point energy of vibration in the narrow neck. The
second part of the effective barrier is much smaller, of the order of
0.3 keal. per mole at most. At large distances, the potential V is
attractive, but it goes through a maximum at the activated state, adding
to the effect of V. It arises from the transformation of coordinates
made in equation 16-54 and may be considered analogous to the centrifu-
gal potential which appears in discussions of the motion of a particle
which is constrained to move in a circular orbit. From the wave view-
point, the attractive minimum corresponds to a focusing effect similar to
that observed with light reflected from concave mirrors. In regions
where V,, is low there is a concentration of systems, due to the Boltz-
mann distribution, similar to the concentration of light intensity at some
points in front of a curved mirror.

We may conclude from this example that the effect of curvature of the
reaction path is to introduce a virtual potential barrier at which there
will be a reflection probability given by equation 16-44 or 16-45. How-
ever, it is important to note that for a hyperbolic channel there can be no
interaction of vibration and translation, since the Schrodinger equation
is exactly separable in the coordinates corresponding to these motions.
This, as we have seen, is never completely realized in actual reactions,
although for many reactions it may be a good approximation.

The transmission coefficient for a surface where vibrational transitions
do take place may be calculated for a channel having vertical parallel
walls which makes a 90° turn. Here, as in dealing with the straight
parabolic channel, it is necessary to join solutions of the Schridinger
equation for each of the three regions shown in Figure 16:7. If the
width of the channel is ! and the origin of coordinates is at the outside
corner, then, for z > I, 0 < y <1, there is an incident wave moving to
the left on which is superposed a number of reflected waves moving to
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the right, so that the wave function is

2 k ® 2 ]
Yi=e "msin"—%-y-l—ZRkje"Msinw—i-"y 16-60
j=0

For0 <z £1,0 <y <L, the wave function must satisfy the boundary
conditions

'I’(mt 0) = \0(0) y) = 'I’(l; l) =0

Such a function is

W= [Akj sin 27p; 2 sin 2 y + Byjsin ™ ¢ sin 27D, y] 16-61
i

h l l h
Y
4
111
N — [
IT 1
0.0 0,0 X

Fia. 16-7. Reaction path with 90° turn.

In region ITI, wherey > 1,0 < z < [, there are only the outgoing waves

27t .
W = EThe* " sin W a 16:62
J
At z = I we must have
awi] a¢i‘l
1 _ I . Wk _ i )
'l’k(l} y) - ‘Pk (l) :‘/) ) oz - 9z o 16-63
Similarly, at y = ! we must have
a¢£‘] awi“]
U ) = gl ); X — 1664
k (x ) Kbk (:t, )} ay - ay i

2mp; . . T .
-%& z in terms of sin Iiz z, we can write down the four

equations indicated above and compare coefficients of sin -1-;‘-7:;. This

If we expand sin
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gives
. 2mp; =~ L
Rkj = [AkjSln-%’l— e h i Bkj]e R P

21: 21r'|'p ! ]
a5 ]
pJ [Rk.ve """ h 7 oks

h
= Ak: 3 P, cos ”TJ: 1+ E( 1)"—“31".0”;
. 2mp; —jpjl
Ty; = Byjsin 7 le= 16-65
2mi L or
7? pka,-e = BkJ W " pj cos p’ I+ Z( 1y Am.Cn,
where

2 (' 2mp; . w
C,,,'=—l‘/;Sl 11}‘:’, 1;'7

The solution of these equations gives for the matrices of the coefficients
Ay; and By; the results

A=-2(1—-6»"1
B=-2(1-6)"'q 16-66

where @ is a matrix with elements given by

. 2 2
(—1)*+722%kj sin —’%r pre P!
Grj = 16-67

27 27 2 2,2]
: pil [(h sz) L]

For a given total energy p; can be calculated for different values of k
and the matrix elements evaluated. Equations 16-65 then give the
amplitudes of the reflected and transmitted waves.
il
t h
integer n, there is no transmission. Such energies correspond to reso-
nant frequencies for region II. The transmission coefficient is conse-
quently an oscillating function of the energy of the system, as it is for a
onc-dimensional barrier. Figure 16-8 shows the density of transmitted
systems in the first and second vibrational states if the incident wave is
in the lowest vibrational state. In contrast to the results for a straight
channel, it is seen that the probability of a vibrational transition upon

Inspection of equation 16-67 shows that, i is equal to some



BEHAVIOR OF TRANSMISSION COEFFICIENT 325

turning the corner is quite high. That this is not a peculiarity of the
sharpness of the corner is evident from the classical consideration of two
straight channels joined by a circular section, as in Figure 16-9. Let

1.00 \\ -------- Clas;xical

:z n \“\ '—:—'- {;:‘112:2%’2

.70 [\ W . \ b=ty

,.60 ‘ Y I SO

[T [ \ [ \ \*‘L
TN T A
.40 t .
IFEANE AR /

Zﬁ |1 \ " | )4 ’ )

. T . 7

10 \ I \ 'ﬁ l / \\

I AT T
1. 2, 3. 4. 5. 6. 7. 8.

Fic. 16-8. Density of transmitted systems for 90° turn.

the last collision with the walls of the straight section be just at the

point where the circular section begins. Inspection of the geometry

of the figure shows that, unless the circular channel has a certain very

definite length, the component of velocity perpendic-

ular to the reaction path will be altered in passing

around the corner. This is equivalent to a change

in the vibrational quantum state of the system. N
From these results, we are led to the conclusion 7 AN

that, though a barrier does not very often cause a vi- /

brational transition in the reacting system, a bend in ;'

the reaction path nearly always induces transitions i

to the highest vibrational state consistent with the

total energy of the system. A system moving slowly

in the initial state has less chance of surmounting

the barrier but more of turning a corner than one - g 00
with a high initial velocity. Actually, it is seldom

that the sharpest bend in the reaction path occurs just at the activated
state; usually it occurs just after the system has passed through the
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activated state and consequently is moving slowly. It thus seems
unlikely that large reflections due to a bend occur in practice.

It wilk be noted that the energy unit in Figure 16-8 i$ inversely pro-
portional to the effective mass of the reacting system. Consequently it
will be different for different isotopic compounds. Thus if §2 = 3 for
the complex H + HCI, it will be 6 for D + HCl. The transmission
coefficients are markedly different. The extent to which this difference
is realized in practice depends upon the degree to which the maxima in
the transmission coefficiéent average out as the result of the thermal
energy distribution. For reactions involving light atoms, the zero-point
energy is so high that averaging over the thermal spread may not affect
the peaks to any great extent. However, the potential used in calculat-
ing Figure 16-8 is highly idealized. If the incoming channel is narrower
than the outgoing the width of the peaks is much diminished. Further-
more, any smoothing of the sharp corner ought to increase the rapidity
of oscillation of the transmission coefficient, so that it appears that only
exceptionally should there be any noticeable experimental result from
these peaks. Inreactions involving isotope separations, the slight differ-
ences in transmission coefficient of the isotopes may well be important.
It should also be observed that the classical transmission coefficient
rapidly becomes equal to the average of the quantum-mechanical trans-
mission coefficient. For all ordinary cases it thus appears justifiable to
calculate the transmission coefficients on a classical basis.

16¢c. Transition Probability in Non-Adiabatic Reactions.'>® We
have considered so far only those reactions which proceed on one energy
surface. Frequently, however, two such surfaces come very close
together or, in fact, appear to cross each other. Actually, at the point
of the apparent crossing the system is degenerate, since the two different
electronic configurations have the same energy. This introduces a
resonance energy which separates the surfaces slightly so that they never
actually intersect but only approach each other closely, as has been
explained in section 11d. This state of affairs is typified by a diatomic
molecule which has both homopolar and ionic states. Figure 1610 is a
plot of the energy as a function of the interatomic distance for such a
molecule. - The electronic eigenfunctions are ¥; and ¢,. For r>> 5y,
Y3 is ionic in nature and ¥, is homopolar; for r < ry, the roles are
reversed. If the molecule is initially in state ¥, (homopolar) and the
internuclear distance r increases infinitely slowly, the molecule will
remain in state Y, for r > rq. But if r changes with a finite velocity,
there will be a finite probability that the molecule will change from

12 C, Zener; Proc. Roy. Soc., London, A137, 696; A140, 660 (1933).
131, Landau, Physik. Z. Sowjetunion, 3, 46 (1932).
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¥s to ¥ as it passes r = 7y so that its final electronic state will be repre-
sented by a linear combination

Y= A:1(r)¥1 + A2(r)Y2 16-68

For convenience in calculating 4; and 43, however, we shall express ¥,
and ¥, in terms of two other wave functions ¢; and ¢, defined so that

Fia. 16:10. “ Crossing ”’ of energy surfaces (schematic).

¢1 is equal to ¥ for r 2> 1y, that is, ionic in this example, but ¢; remains
ionic in character for all ». Similarly, ¢, is equal to ¥, for large r (homo-
polar) and remains homopolar in character for all . The energies ¢

Fia. 16-11. Energy relations at point of * crossing.”

and ¢, corresponding to ¢; and ¢, intersect when plotted as functions of
the internuclear distance r (Figure 16-11). Consequently ¢; and ¢a
are not exact eigenfunctions of the complete Hamiltonian for the
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system, and their eigenvalues ¢; and e; are only approximate; actually
they are eigenvalues for the Hamiltonian which does not include the
interaction energy €2 between the two states ¢; and ¢;. At the point
of crossing we have E; = ¢ — €2 and E; = €3 + €2, where €5 is the
difference between the exact eigenvalues E; and E» and the approximate
eigenvalues ¢; and €. If we choose ¢y, ¢q, ¥1, Y2 to be normalized and
orthogonal we must have

1 1
=Sz te; ¥a=—z (o1 — 1669
21 75 (o1 +02); ¥2 v (1 — ¢2)
Then, since ‘
Hy, = Ew; Hyy = Egfs 16-70

we readily see that

Hpy = 101 — €209
16-71

Hpy = e202 — 1201

We now consider the state of the system in terms of ¢, and ¢o as it
passes through r = ry. Suppose that initially it is in the state ¢». The
final state will be given by equation 16-68. But this can also be ex-
pressed in terms of ¢ and g5, if we consider the state of the system to vary
with the time rather than with the internuclear distance. ¢; and ¢
are not functions of ¢; they do not, however, represent steady states,
since systems are jumping from ¢; to ¢, at the crossing. We must
therefore write for the final state of the system the expression

27t 278

V=cle o) + cal®)e P " ea(r) 1672

At any time {y, there are lcl(t(,)l2 systems in the state ¢; and lcz (o) |2 in
the state ¢5. It is thus necessary to consider the time rate of change of
¢; and ¢y at any convenient fixed position r;. Since we know the rela-
tion of ¢; to ¥; and s to Yo for r 2> ry, it is convenient to take r; at «.
‘We now study the time variation of ¢ given by 16-72, using the time-
dependent Schrédinger equation:

. h i) 2—’)—ﬁqt 2—"——'"(#
H - 55 31 ca(t)e? () +calt)e? Te(r)p =0 16-73
Substituting equation 16-71, satisfied by ¢; and ¢, we have
h acy —gi'-‘(q—eg)t
o
3 16-74
I

2w a¢
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These equations must be solved simultaneously subject to the boundary
conditions

(=) =0 |ea(—w)| =1 16-75

which correspond to our knowledge that initially, { = — o, for r>> r,
the system is in the state ¢2, equivalent to ¢5. The probability of a non-
adiabatic transition is |4 (r > ro)|2 in equation 16-68. Denoting this
by P, we have

= |A1(r>10)|? = |ea(0)]2 =1 — |e1(0)]? 16-76

Equations 16-74 need be solved only for their asymptotic values of ¢;
and ¢;. Eliminating ¢, from 16-74 gives

d201 {21”, 1 6612} dey (21!’612)2
+ — ) — — (52 = 77
az (6 = ) €12 dt R )a=0 16

We now simplify this equation by means of the following assumptions.
(a) €12(ro) < the relative kinetic energy of the two systems. When
this is true, the motion of the centers of gravity of the two atoms is so
fast that this motion will have a negligible effect on ¢;5 during a crossing.
(b) The transition region is so small that we may regard ¢ — e
as a linear function of the time, and €2, ¢, and ¢ as independent of the
time. Thisis trueif ¢4 is sufficiently small.
We therefore write

2
5@ =) = at
16-78
ez _ dor _dez
at at at

This means that ¢ (r) and e;(r) are the asymptotes to the curves E;(r)
and E,(r) in the region of the crossing. The smallest separation of E,
and B, is Ey(ro) — Ea(ro) = 2e15(ro).

The assumptions 16-78, together with the substitutions

27!'612 —!’T‘(q—-ez)f

f= G =e U, 16-79
reduce equation 16-77 to the form
d2U1 2
E + (- ——+ Uy =0 16-80

The solution of this differential equation, subject to the boundary con-
ditions 16-75, gives for the asymptotic value of |¢; (= )|? the result

les(0)|2 =1 — 72 16-81
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where
v= -2,%' da " 16-82
Eﬁ (&1 — €2)
Therefore
P = ¢ %27 16-83

‘The denominator in 16-82 can be expressed as

d 361 362
Zotle, — R v4 bt A ] —- .84
T (1 —e)|=V o Br Visy — s 16-8
dr . . . .
where V = 7 is the velocity with which a system crosses r = ry and

|s1 — 3 | is the difference of the slopes of the two crossing potential
surfaces at r = ro. We have
4r’¢fg

P = ¢ iVhial 1685

for the probability of a transition, that is, of ‘ non-adiabatic >’ behavior.
The probability that a system stay on the initial energy surface is then

41’4&

Pl=1—¢ Wha 16-86

16d. Thermodynamics of Reaction Rates and the Effect of Applied
External Forces. Returning to equation 16-17, we may formally
write it .
KT F D kT
=k ———¢ M =—K 87
k KhFsz"'e K 16
where K? is the constant for the equilibrium between the activated
complex and the reactant molecules. Using the thermodynamie relation
—AF = RT log K, we may write 16-87 as
_art
L 16-88
h
where AF? is the difference in free energy between the activated and
normal states and is called the “ free energy of activation.” Since
AF = AH — TAS, we also have
smt ast

K= x-h—e— RT g & 16-89
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Equations 16-88 and 16-89 have proved to be very useful in the interpre-
tation and correlation of experimental data,? 1416

Equation 16-88 may readily be extended to include the effect of an
applied external force. Let AF* be the free energy of activation for a
given process in the absence of the external force. Then if an applied
force has a component f along the reaction path, and if this force acts

through a distance g from the normal to the activated state, the free

fz

energy of activation will be decreased by an amount 3 The specific
forward rate in the presence of the external force will thus be
1 Nfz
kT - (AF —-2—) Iz
ky = ke BT = [pe2T 16-90

where ko is the rate in the absence of the external force and N is
Avogadro’s number.
In the same way there is a backward rate against the field of

-1z
kb = koe 2T 16-91
This gives a net rate of
’ ( QL:f "5% N
E'"=ky—ky=Fko\e*"—e = 2ko smhé-’;T 16-92
and hence a net forward velocity of
Nk = 2ko sinh 22 16.93

2kT

Here is the average distance traveled per jump, which may, or may not,
equal z.1°

Elaborations of 16-92 and 16-93 have been successfully applied to the
study of a wide variety of physical problems, including viscosity, diffu-
sion, plastic deformation, and electrochemical phenomena.?

14 M. G. Evans and M. Polanyi, Trans. Faraday Soc., 81, 876 (1935).

18w, F. K. Wynne-Jones and H. Eyring, J. Chem. Phys., 8, 493 (1935):
18 H, Eyring, J. Chem. Phys., 4, 283 (1936).



CHAPTER XVII
ELECTRIC AND MAGNETIC PHENOMENA®*

17a. Moments Induced by an Electromagnetic Field. In order to
discuss the phenomenon of optical rotatory power, as well as certain
other phenomena, we need expressions for the electric and magnetic
moments induced in an atomic or molecular system by an electromag-
netic field. The procedure to be followed in calculating these moments
will be quite similar to that in Chapter VIII in the discussion of radiation
theory.

The wave functions for the unperturbed molecule will be of the form

B
\I/O —_ lpoe—til
Let the normal state of the molecule be ¥2. Then, in the presence of an

electromagnetic field the wave function for the molecule may be written
as

V=0 4 Tep(t) ¥ 171
)
where
dos _ 3 onlgp g0
dt - A (‘I,b lH I‘I'a)
and

H = -3 € Al pi
m;c
In equation 17-1 the assumption has been made that the coefficients of
all wave functions except ¥2 are very small.

In developing the principles of radiation theory we made the approxi-
mation that A could be regarded as constant over the molecule; this
assumption gave the result that the probability of a transition between
two states was proportional to the matrix element for the electric dipole
moment between the two states. For the discussion of optical rotatory
power this approximation is insufficient. The value of A at any point
in the molecule may be expressed by a Taylor’s series expansion in terms

* See General References.
332
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of the value of A and its derivatives at the origin of a coordinate system
fixed in the molecule. For the x component of A at the position occupied
by the jth particle in the molecule we will have, neglecting higher terms:

A7 A°+a:’(aA> +y aA) 7 ‘M”) 17:2
Y /o az Jo

To this approximation the perturbation H' may be written as

Terms
representing
quadripole
moment

1 . A
B = = XA BT () + 173

The first and second terms in H’ include the operators for the electric
and magnetic dipole moments, respectively. The electric quadripole
moment will be of no importance for our purposes; hence this term in H’
will be disregarded. The matrix element (¥9*|H’|¥?) is therefore

Lz, p)

(r'=p)

(w9 H'| ) ez———p

(o

. d .
(@l %e) = my = (0]o’]w0)

) \112) . (VxA)o} 174
j

m;c

or, since

Eba
(b|R|a) - A® + (B|M]a) - (VxA)o} ERR &

(o) = — e

where
Eba = Eb - Ea

®|Rja) = f e (Ter) W dr

oMlo) - [u+{x 3

We now introduce explicitly the time dependence of A° as

e . .
— (7 o)W dr
J

0 = 1AY(e"H + &Y 17:6
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where € = hv and » is the frequency of the electromagnetic field which is

perturbing themolecule. The coefficients % are thus

dCb {zEba

dt

6|R|a) - A3 + GIM]a) - <Von>}

{ Eba+a + . Eba""!t} 7.7

Integrating with respect to time, we have

& = 3 {22 o{RJa) - A3 + (]t - (vXA(,)}
;E”L’L"g -,'Ei‘_:"

{e“ e“t}cmt 17-8
Eba+€+Eba~e + Constan .

The constant in this expression for ¢; is not a function of the time-
dependent perturbing field and may for convenience be put equal to
zero in this problem.

According to section 8g, the electric dipole moment of the system
represented by the wave function ¥ is

R = Re (¥*|R|¥)
Neglecting terms of the order of ¢2, this is equal to
bu
R, = Re {(aIRIa) + 2Zcb(a]R|b)e ‘} 179
The first term in 17-9 represents the permanent dipole moment u of the
unperturbed molecule; the second term represents the dipole moment

R, which has been induced by the perturbing field. Substituting 17-8
into 17-9, the expression for the induced dipole moment becomes

R, = Re [ £ 2 o[R[5) 6/RIo) - A3

+ IR 6|Mlo) - (74D || 72 +G+E:;_"_]} 1710

or, since

i3t Ly 3 —ise ise —i%t
e'h + e % Eba(e'“+e"‘ —e\e'® — 7%
Ewo+e Epa—c¢ Ebza —é
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.Ez . —&
R; = Re{§(alRlb>(blRla) -[M—ga—f—ez—)Ag(e e x)

iE ba€

B i-;-t_ o—s’iz)]
H(EE, — &) A"(" ¢

Ey, Y —i<
+ ZERIDOM | 2 read (o )
b (Eba — € )
(W “‘5‘>]} 1711
a7l SICS
From the relations E = — % gt A, H = V*A between the fields Eand H

and the vector potential A, we have

1€ < L
E° = — —-Ag(e - A
C

2cth
i:; B 20%5 & (ei;—“ + e—‘%t) 17-12
1 = 3(vad) (5 + e“%‘)
T % ) (5 o)
dt
Using these relations, equation 17-11 reduces to
R = 2Re|T e
+3 (ﬂ"%;—z @RI GIRla) - -
+ Z 2 (a|R[b) (5| M|a) - HO
+ 5 g @RI 6M) - dﬂo} 1713

We will be interested in the components of R, in the direction of the
fields. To obtain these components, we average the expressions of the
type RR - E over all orientations of the molecule with respect to the field
directions, assuming all orientations to be equally probable, and obtain,
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as in Chapter VIII, the result 4R - RE. Equation 17:13 thus becomes

R = 306 {% o GIRD) - ORI

+3 —f‘f—”—%——a @RI - OlRl) 2
(B )€
+ Z (——~—-—— (a|R|b) - (b|M|a)H?
+ I g (E%’a 7y (@[R[D) - (6|M]a) - dHo 17-14

The induced magnetic moment M is obtained from 17-14 by replacing
@R}b) - G[Rja) by (@Mb)- (B|Rla) and (a[RIB)- (b[M]a) by
(a|M[b) - (b[Mla), as is apparent from the derivation. In taking the
real part of 17-14, we see that, since

@[R[p) - (0|R|a) = [ (aR[D)|?

is real, the coefficient of d_ft— is purely imaginary, so that its real part is
0

zero. Similarly, for M/, the coefficient of d%— is zero.
(a|R|b) - (b|M]a) can be complex, so that
Re{i(a|R]b) « (b|M]a)} = —Im{(a|R]D) - (6| M]a)}

where I'm means that we are to take the imaginary part of the term in
0

E
brackets. In calculating M/, the coefficient of -(id—z- can be further

reduced, since

Jor;
'Lh"_

b @T_—-— (a|M[b) - (b|Rla)

| a«-

2 (a]M]b) (®|R|a) + X Z———~
ih
(a]M Rla) + T = BL — &)

(a|M|b) - (b|R]a)

(a|M|b) - (b|R|a)

The first term is purely imaginary, so that its real part is zero. We
note further that, owing to the Hermitian character of R and M,

[(a|M]b) - (B|R|a)] = [(a|R]b) - (b|M]a)]*
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so that
Im{(a[M][b) - (B|R|a)] = —Im[(a|R|b) - (b|M]a)]

Making use of the various relations given above, we have the final
expressions for the induced moments:

1 dH’

Ra = aaE +’YaH, - ;Ba

/
M = kH + 7.E' += ﬁadE 17:15

The superscripts on the fields have been dropped, but the fields have
been written as E’, etc., to denote the fact that they are the total effec-
tive field at the molecule, which may not be the same as the external
applied field. The quantities @}, Kay Ya, Ba 8T€, a8 may be seen from 17-14

’ 2 vpal (| R|D)[2
<=yt
2 (almlb)P
*a = 3h % vig — 2 17-16
2 _ vaRe{(a|R|D) - (b|M]a)}
LT p
b ba
- 5 Im{@RD) - (|Ma)}
h b l'b,, 1'2

E
where v, = —}:—aand p = .,E

17b. Dipole Moments and Dielectric Constant. As shown in
Chapter VIII, the matrix element (a]M|b) for the magnetic moment will
in general be very much smaller than the corresponding matrix element
(a]R]b) for the electric moment. Of the quantities o, , B, v listed
above, «, 8, ¥ will thus be much smaller than o', so that, to a first approxi-
mation, and one which is sufficient for many purposes, we may state
that the effect of an electromagnetic field on a molecule which is in the
state a is merely the induction of an electric dipole moment

R, = olE’ 17:17

where o/ is the polarizability of the molecule in the statea. If the matrix
element (a|R|a) is different from zero, that is, if the molecuie possesses a
permanent dipole moment u,, there will be an additional contribution to
the polarizability arising from a partial orientation of the molecules with
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their dipole moments pointing along the field direction. We may calcu-
late this contribution to the polarizability in the following manner.

Let us consider that the molecule is subjected, not to the influence of
an electromagnetic field similar to that associated with light, but to a
constant electric field in the z direction, of strength E,. For this case,
the vector potential A may be taken equal to zero; the scalar potential
is —zE,. The classical Hamiltonian function for a system of charged
particles will then be

H = Ho - ):e,-z,-E, 17-18

where Hy is the Hamiltonian function for the system in the absence
of an external field. For this system, the dipole moment is

oH
bs = §e¢zi =~ 3L, 17-19

Quantum mechanically, the relation analogous to 17-19 will be

_ Jde,
Ha, = ok,

where ¢, is the energy of the molecule in the state a, this energy being
expressed as a function of the perturbing field.

The quantum-mechanical method of calculating the contribution to
the polarizability arising from the orientation of the permanent dipole
moment of a molecule may be illustrated by the simple example of a dia-~
tomic molecule with a permanent moment po along the internuclear
axis; this calculation, in fact, leads to results of quite general validity.

We treat the diatomic molecule as a rigid rotator in space; the wave
functions, in the absence of a perturbing field, are

17-20

Vs, (6, ¢) = P (cos §)eMe 1721
and the associated energy levels are
_J(J )R
€ = 81!'2 T 17-22

The perturbation is —poE, cos 6, so that the first-order perturbation
energy is

€ = W5, ul—poE: cos 6|y, ) =0 17-23
as may readily be seen from the known properties of the wave functions

¥s, u. In order to evaluate the second-order perturbation energy we
need the values of the integrals

HY ;00,0 = U5, u|—1oEs cos 8|y s, u) 17-24
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These integrals are similar to those involved in the determination of the
selection rules for electronic transitions in the hydrogen atom, and are
zero unless M = M’, J = J' & 1. From the recursion formulas 4-85,
we find for the squares of the pertinent integrals:

, _ e [+ M) — M)
\HY, a5 51, ml? = W3E2 {(2.1 +1)@J - 1)}

J+M+1)(J -M+1)
’ . 2 _ 2E§ {( o
VS, ot g0, m* = 4 @J +1)@2J +3) 17:25
The second-order perturbation energy will be
& = |HY, o, 91, u|? + |HY, o, 541, nef? 17:26
€ — €J1 €] — €J41
For J = 0, M = 0, we have
" §_7"2_I M(Z)EE
w=""97 3 17.27
For J 5 0, we obtain
’ Swzly%Ef{ 3M2—J(J +1) }
€y , M = - 2 17'28
2h JJ+1)@2J —1)2J +3)

According to 17-20, the z component of the dipole moment when the
o) ar

9E, ~
of a state, to' a first approximation, depends only on J, it will be con-
venient to calculate

molecule is in the state Y7, ariS ps, m, . = —

Since the energy

M=4J
Bd,s= 2. MBI, M, s 17-29
Now- !
MiJ M= 2012 422 482 e 4 J?) = JWJ +1)@J +1)
Ma—J 3
so that
M=J

(M-I +D]=J +1@J +1)

e —@Q@J+DNHJ+1)=0 1730
We thus see that py, ; = Ofor J % 0. For J = 0, we have
_ 8n2I2E,
s = =g

The average z component of the dipole moment is thus just o, ; multi-
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plied by the probability that the molecule will be in the state with
J = 0. According to 15-26, this probability is equal to

No 1
N

where ¢; is the energy of the ith state measured from the state with
J = 0. If we neglect the second-order perturbation energy, we obtain,
according to 15-59, the result
-5 8x’IkT
; ¢ FT = -3

so that the contribution to the polarizability arising from this effect is
2

52—21-, . This result is identical with that obtained from the well-known
2
classical theory. It is to be noted that the final result i valid only

3T
for low field strengths (neglect of ¢’ in ¢;), and high temperatures
(replacement of summation by integration), but these conditions are
adequately fulfilled in the usual measurements. Although this result
has been here derived only for a diatomic molecule with a permanent
dipole moment, a similar treatment shows that the result obtained is of
general validity.

The above contribution to the polarizability arises from the partial
orientation of the molecules with their permanent dipoles along the field
direction. In deriving the expression for o, we assumed all orientations
to be equally probable. The effect on o, of this partial orientation is of a
higher order than the effects considered above and will be neglected.
Our above derivation assumed the field to be stationary. If this is not
true, the results must be modified. The nature of the necessary modifi-
cation may be seen as follows. If the frequency of the field is much less
than the frequencies associated with molecular rotation the molecule
will be oriented in the manner discussed above; if the frequency of the
field is much greater than the rotational frequencies the molecule will
not be oriented with respect to the field, and there will be no contribution
to the polarizability arising from this effect. Since molecular rotational
frequencies correspond to wavelengths in the far infra-red, there will be
no molecular orientation when the perturbing field has the frequency of
visible light. We thus have the final formula for the dipole moment
induced by an electric field

R, = a.E’
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with
(stationary fields)

Qg =

3IcT
aq, = o (visible light)

v = |@R]0)]; « z ool @[ RID)]?
Vb -2

where

To complete the discussion of the relation between dipole moment and
dielectric constant, we consider a material medium containing N,
molecules per cubic centimeter, all of the same kind and in the same state
a (the extension to mixtures is obvious; if more than one state need be
considered, it must be weighted with the appropriate Boltzmann factor).
The polarization of the medium will be P = N;R. For an isotropic
medium, we may use for the effective electric field the Lorentz field

W=E+%P

If E’ is expressed by this relation, the polarization of the medium will be
N 101E
47N«
] — —1-
3

P=

From electromagnetic theory, we have the relations
D =¢E =E + 47P

where ¢ is the dielectric constant of the medium and D is the electric
displacement vector. In terms of the polarizability, the dielectric
constant will be

47N a
e=1+ _ 47Nia
3
or
e—1 47N«
c+2 3 17:31

For stationary or almost stationary fields, we have

e—1 41rN1 ,)
e+2 3 (3kT + 17:32
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which is the relation used when dipole moments are determined from
measurements of dielectric constants. The usefulness of a knowledge of
the dipole moment in investigating the structure of a given molecule is so
well known as to require no further comment at this point.

17c. The Theory of Optical Rotatory Power. In order to under-
stand the origin of the phenomenon of optical rotatory power, we must
include the higher-order terms when calculating the moments induced
by an electromagnetic field. We therefore write, for the fields associ-
ated with visible light,

tr ) 82 .
R—a(E+3P)-—catH 17.33
M= H+2 3<E 4 A p) 1734

wherea = Zpaaa, 8= Zpaﬂa, K= Zpaxa, and p, is the probability that

the molecule will bein the statea. For the effective electric field we have
again used the Lorentz field B’ = E + %ﬂ—- P; for the effective magnetic

field we have set H' = H, since the magnetization is in general very
small. The terms in v, have been neglected, since it may be shown that
their inclusion would have only a second-order effect on the optical
rotatory power.! The electric induction D and the magnetic induc-
tion B may, with the aid of 17-:33 and 17-34, be calculated to be

B
SOy ER 5 7 PO i [
D=cE-— g%H 1735
B =H 4 4rN:M
121rN13 3
= (1 4+ 4xNx)H + —-Z-Z_V_ atE (to the first order in B)
- KH+gg_tE 17-36

1 E. U. Condon, Rev. Modern Phys. 9, 444 1937,
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where
e—1 4xNia
e+2 3
K =1 + 41rN1K
g =4xn, Bt 2 1737

The nature of the electromagnetic field in a region free from real charges
or real currents is specified by Maxwell’s equations

v-D=20 vV-B=0
17-38
19 19
X = e — — H =—- —
v-E catB v catD

For any particular medium, these equations must be solved subject to
relations of the type 17-35 and 17-36. Let us suppose, for the moment,
that the parameter g is zero, so that D = ¢E,B = KH. From the equa-
tion for V<E, we obtain, by taking the curl of both sides,

19 Ke 9%
><><E=--—2 . B e e e— x| = e e e
vxv V’E + VV.-E cat(VB) Z 28
or, since V-E = 0,
Ke 9°
VE = c—; ~E 1739
In the same manner, we find
2 Ke 92
V‘H = _c_é- a—t-z'H 1740

where 7 is the index of refraction. In non-magnetic media K 2~ 1, so
that n? = ¢, which is the familiar relation connecting index of refraction
with dielectric constant. We will now investigate the solutions of
Maxwell’s equations for the case where g is not zero.

For our present purposes, we will investigate the nature of the solu-
tions representing plane waves propagated along the z axis. The equa-
tion V- D = 0 may be written as

oD, oD aD
: +.___” =3

Itz =0 17-41
oz ay 0z
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D; _ Dy _ 0, and so we conclude that D, =
ox a9y

In the same way, the equation V-B = 0 requires that B, = 0; since
D, =B, =0 we must have £, = H, = 0. We now specialize our
desired solution even more; we require that the solution represent right

circularly polarized light. For this type of wave we have
E=E(icosy — jsiny) 17-42

For our plane wave,

where F is the amplitude of E and ¢ = 27» (t — 7—?) is the phase of the

. . ¢
wave of frequency » propagated with a velocity v = o At t =0,

2z = 0, E is directed along the x axis. As?increases, E rotates toward the
—y axis, or, to an observer stationed so that the light enters his eyes,
E rotates clockwise. From the curl equations, we have

.9E, OE,
VE =~ az +) a9z
2mvn 19
_ Bi—i . . __lag
. {—icos ¢ + jsin ¢} oy
or
B = nE{isin ¢ + j cos ¢} 17.43
In 17-36 we make the approximation that K = 1. Then
E 2
B=H-+tg a— -H- —1'”—93
or

H - (’ﬁ%’ﬂ)g = (n 4 2mg)E(isin g + jeosy) 1744

From the curl equations, we have

2T 1+ 2mvg)E(—isin g — j cos ¢) = — 2

VH =
c dt

or
D =n(n+2mvg)E(icosy — jsiny) = n(n + 2rvg)E 1745

But, according to 17-35 and 17-44
a
D=eE—g-ézH=eE-—2”gD

or ne

= m E 17-46
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In order that 17-45 and 17-46 be consistent, we must have

e

n(n + 21rllg) = m

ngp = &% — 2myg 17-47

where ng is the index of refraction for right circularly polarized light.
For left circularly polarized light, we may write E as

E=E(icosy + jsiny) 17-48

Proceeding in exactly the same manner as above, we find that in this
cage the index of refraction is

ny = € 4 2mwg 17-49
We therefore write
Yr = Yo + 9, YL =90 — & 17.50

where yo = 2mv (t - %) is the phase of a wave propagated with the

mean index of refraction n = ¢ and 5 = 4x%% (E: . The superposition
of right and left circularly polarized light waves of equal amplitude
gives a plane polarized wave. Adding 17-42 and 17-48, we have
E = Efilcos (Yo + 8) + cos (Yo — 8)]
+ j[— sin (Yo + 8) + sin (Yo — 8)]}
= 2F cos yp{i cos § — j sin 8} 17-51
Fors = 0, E is along the z axis; for § > 0, E has been rotated through an
angle § in the clockwise direction as viewed by an observer looking along

the —z axis. A medium for which & is positive is therefore dextro-
rotatory. The rotation in radians per centimeter is thus

or, according to 17-37 and 17-16,
’ 47%2 47Ny e + 2

¢ c c 3
16%2 (n2 + 2 V’Rea
=G M\ T3 ) s 1762

where Ry, = Im{(a|R|b) - (b|M|a)} is the “rotatory strength” of the
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transition a —b. From the theoretical viewpoint, the calculation of the
optical rotatory power of a molecule is thus reduced to a calculation of
the matrix elements (a‘Rlb) and (b|M|a). Since the eigenfunctions of
complex molecules are not known to any high degree of accuracy, it has
not as yet proved possible to determine the absolute configuration of any
molecules by actual calculation. For a discussion of the attempts
which have been made in this direction, as well as of related topics from
this viewpoint, the reader should turn to one of the review articles in
this field. It is possible, however, by a study of the symmetry proper-
ties of the rotatory strengths, to state the conditions necessary for optical
activity.
The operators R and M in rectangular coordinates are

R = efizx + jy + ke}
eh |, d i} . i) i}
M = 41rmci{l(y 9z zay> ti (z oz T oz
d i}
+k (x Py ¥ ax)} 17.53

If the molecule has a center of symmetry we may classify the states of
the molecule as odd or even according as the wave function for a given
state changes sign or retains the same sign when subjected to an inver-
sion at the center of symmetry, that is, when each coordinate is replaced
by its negative. Since the operator R changes sign upon inversion, we
have a non-vanishing value of (a|R|b) only between odd and even states.
The operator M does not change sign upon inversion; hence we have a
non-vanishing value of (a|/M|b) only between two odd or two even states.
The scalar product A(alRlb)-(blM[a) will therefore be identically zero for
all states a and b, and the optical rotatory power will be zero. If the
molecule has a plane of symmetry, we may again classify the wave func-
tions as odd or even with respect to reflection in this plane. Let the
plane of symmetry be the yz plane. Then, with respect to reflection in
this plane, the £ component of R is odd and the z component of M is
even. There will be no pair of states a and b for which the £ components
of (a|R|b) and (b|M]|a) are both different from zero. The same is true
of the y and z components. A fundamental requirement for optical
activity is thus that the molecule possess neither a plane nor a center of
symmetry.

We now consider the values of (a|R|b) - (b|M|a) for a given molecule
and its mirror image. A molecule may be transformed into its mirror

image by reflection of its coordinates in any plane; this reflection is
equivalent to changing from a right-handed to a left-handed coor-
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dinate system. If we reflect a molecule in the zy plane, the new
value of (a|R|b) - (b|M|a) for the molecule is obtained by replacing
2 by —z in the wave functions a and b in the corresponding expression
for the original molecule. If we change z to —z in both eigenfunctions
and operators, the product of the matrix components will remain un-
changed, since the values of the integrals involved, being pure numbers,
are ndependent of the particular coordinate system in which they are
evaluated. From the form of the operators, we see that R - M changes
sign when z is replaced by —z; therefore (alR]b) . (b[M|a) must change
sign if we replace z by —z in the eigenfunctions only. An unsymmetrical
molecule and its mirror image must therefore have equal optical rota-
tions, but with opposite signs. If a molecule is identical with its mirror
image, its optical rotation must vanish. These conditions for the exist-
ence of optical activity are, of course, identical with those which have
long been known.

17d. Diamagnetism and Paramagnetism. According to equa-
tion 8:15 the Hamiltonian operator for a system of charged particles in
an electromagnetic field is

H=H0+H,

where H, is the Hamiltonian operator for the system in the absence of
the field and

w-x|

1
2m,-

2
(’iﬁz V«,' . Ai + 2iﬁ§Ai . V,' +% IAilz) + eiga,-] 17'54

Let us consider a uniform magnetic field of magnitude H, along the
zaxis. The potentials are

Ay = —3Hyi; Ay =3Ha; A.=0; ¢9=0

From these values of the potentials we readily find the relations

o Hi 2 2
Vi-Ai=0 |A] = (x5 + vi)
17-55
H d ] H, 2xt
ZAi'Vi=—2j ' (xi—""yi“_" = —M,
where M, is the operator for the z component of the angular momentum
of the system. The perturbation H' can thus be written

27172

" e e“H;
= — — H,M,

H 2mcH +8m02

> (@ +9d) 17-56

If we include the interaction of the magnetic field with the electron spin,
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the perturbation H’ becomes, according to 9-11,

2772

, e eH,
= — — H,(M, + 28, it

H 2me (M. + )+8mc2

@+ ) 17:57

The term in HZ will in general be much smaller than that in H, and will
be of importance only where the eigenvalues of M, and S, are zero. We
will discuss the term in HZ, which is responsible for diamagnetism, later,
and will for the present concentrate our attention on the term in H,,
which is responsible for paramagnetism.

For atoms or ions, a portion of our discussion will parallel the discus-
sion of the Zeeman effect in Chapter IX. The paramagnetic term, for
an arbitrary magnetic field H, is

H'=——2—7%E{H-M+2H-s; 17-58

For an atom in the state characterized by quantum numbers L and S,
the first-order perturbation energy will be

eh
Tme

E"(L, S) = — 1 {H-L* 4 2H - S*} 17-59
where L* is a vector of magnitude VL(L + 1) and S* is a vector of
magnitude V S(S 4+ 1) The magnetic moment for this state will be
given by the relation analogous to 17-20, that is,

E' (L, S R

= (L* 4 28" 17-60

F(L, 8) =

where po = fwf—r;; is the ““ Bohr magneton.” The component of p(L, S)
along the vector J* representing the total angular momentum will be
pr(L, 8) = uo{L* cos (L*, J*) + 28* cos (S*, J*)}

= gJ*uo -17-61
where

_1+J(J+1)+S(S+1)—L(L+l)
- 2J(J + 1)

In the presence of a magnetic field, the atom is so oriented that the pro-
jection of J* along the axis of the field has the quantized values M = J,
J —1-..-—J. The average value of the component of the magnetic
moment of a given atom along the direction of the field, provided that
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only the ground clectronic state has an appreciable chance of being
occupied, is
gMuH
2 gMpuee *T
A= LTM‘»TH—“ 17-62
Se kT
o

For small values of H, we may expand the exponential and retain only
the first two terms. Then

2H
gﬂoZM + = g #0 %M

= Z(l N gMoMH) 1763
Since
S1=@J+1), SM=0 XM= J(J +1)@2J +1)
M 5% T 3
equation 17-63 reduces to
- ULy 17-64

3kT

The contribution to the magnetic susceptibility arising from the pres-
ence of permanent magnetic dipoles in an atom or ion is thus
J(J + Vg’
3kT
to the electric polarizability arising from the presence of the permanent
electric dipole. This paramagnetic term vanishes for atoms with
J = 0; for atoms in S states we have J = S, and the paramagnetism
arises entirely from the unpaired spins. Most molecules have zero
orbital angular momentum and no unpaired spins in their ground states,
and thus show no paramagnetic effects. A notable exception is O,
which has the ground state ®2, and thus exhibits a paramagnetic
effect arising from the unpaired spins. The exact value of the para-
magnetic susceptibility for molecules depends upon the nature of the
coupling between the spin, orbital, and rotational angular momenta.
All atoms or molecules, regardless of whether or not they are para-
magnetic, show diamagnetic effects. The perturbation energy arising
from the second term in 1756 is

, an expression which is very similar to the contribution

2 H2
e @+ 1765
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where (a7 + 37) is the average value of (2% +¢}). Since, to a first
approximation, all directions in space will be equivalent, 27 = y? = 2? =
%7?, where 72 is the distance of the electron from the center of gravity
of the system, so that

eH? 2 _—
) = Py g};r? 17-66
3
2 —
The associated magnetic moment will be — (%CEH 572, and the corre-
s
2
e

sponding susceptibility is — Z;?, which we note to be negative.
s

6me?
The complete magnetic susceptibility for an atom or ion will thus be

2 2 2
__ € <3, JU+1)w
K= zzi:r,—l- 3T 17-67



CHAPTER XVIII
SPECIAL TOPICS

18a. Van der Waals’ Forces. The weak attractive forces between
atoms which are not connected by ordinary valence bonds have long
been known by the name of Van der Waals’ forces. If the particles
possess permanent dipole moments, certain forces will arise from this
cause; - these forces can be calculated from classical theory. Van der
Waals’ forces exist even if the particles are symmetrical; the origin of
the forces may be most simply seen by consideration of the interaction
of two hydrogen atoms when the interatomic distance is large.

For the hydrogen molecule, the wave function, in the Heitler-London
approximation, may be written as

¥ = Ya(1)¥6(2) + ¥a(2)¥s(1) 18-1

If the internuclear distance is sufficiently large, we may assume the
electrons to be definitely located on one or the other hydrogen atom, and
we may write the wave function for this system as

¥ = ¥a(1)¥s(2) 182
The first-order perturbation energy will then be
B = [GON@EY(@) dry dry 183

where
Tab Ti12 Ta2 Thl

1 . . . .
the symbols — , ete., having their usual significance.

Tab

X

o (@Y ,%) (05, Yz, 22)
[e] ‘R O )/I—-‘Z

Y

Fia. 18.1.

If, in the coordinate system as illustrated in Figure 18-1, we let
(z1, ¥1, 21) be the coordinates of electron (1) relative to nucleus a, and
(z2, y3, 22) the coordinates of electron (2) relative to nucleus b, the

361
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analytical expressions for the distances are
Tep = B
re =V (@ — )2+ @1 — )+ (21 — 22 — R)?
rae = Vi + 13+ (B +2)°
m= Vel +yi+ (a1 — R)?

Since the atoms are assumed to be far apart, R>>x;, B> z,, ete.
Since

18-4

1 e 3
=1— 4=+
V1 + e 278" +
we obtain, upon expanding the expressions in 18-4 and retaining only
the first two powers of the coordinates of the electrons, the results

1 1

Tad B E

11

2 B

[1 N 22)® + (41 — y2)® — 3(21 —23)® ~ 2R(z; — 22)] 186
2R

1_ _1_[1 _x§+y§—2z§+2Rz2]
Taa R 2R?

1 1[1 iyl — 20— 2Rz1]

Tb1 R 2R2

Combining these terms gives, for the perturbation H’, to this approxi-

mation, the result
2

e
H = g {2122 + y1y2 — 22120} 186

which is the ““ dipole-dipole ”’ interaction.

For ¥,(1) and ¢¥5»(2) we take the 1s eigenfunctions of hydrogen.
Using the perturbation above, we immediately see that the first-order
perturbation energy is zero, since H' is an odd function of the coordinates
while the ¢’s are even functions of the coordinates. According to
equation 7-27, the second-order perturbation energy is

18.7
im0 By — Eg

where the summation is over all the states k of the hydrogen atom
except the ground state. The denominator of this summation is equal to
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&2

- &—(1 — 1-:—2 (since there are two hydrogen atoms), where n is the
0
principal quantum number of the state k. The denominator of the
. . 3¢ 2
summation thus varies from — im to — ;—0 ; in order to evaluate the
0

. € ..
sum, we set the denominator equal to — - for all terms. This gives an
0
approximate value for the second-order perturbation energy equal to

E(’)’ = e /ao Z Hokao

(HooH o)1} 18-8
1
e*/aq
since Hyo = 0 and Y (HMHlo) = (H'*)oo. In evaluating (H'?)go, the
P

cross terms are zero for the same reason that H{, vanished; we therefore
have the result

(H'®)0

4
H00 = 55 [ V.U @el} + vish + 4liNa(Dbs(@) dry

et
= golet 2258 + Y3y + 4252 18-9
Since the 1s state is spherically symmetrical,
, B=yp=2=14 et 1810
sq that
rey  _ 2 ¢t 5
(H™)oo = 3 8 1811

According to equation 6-33, 2 = 3a2. The second-order perturbation
energy is thus

6e2a

Ey = / H'?)po = — __Rﬁo 1812

By an actual summation of the series 18-7, Eisenschitz and London!
e2al

obtained the more accurate value B} = —6.47 —5- sz ; an exact pertur-

L R. Eisenschitz and F. London, Z. Physik, 60, 491 (1930).
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bation calculation® gives —6.499 as the value of the numerical coefficient.
If the expansion of H’ is extended to include higher powers of the

1
coordinates, the van der Waals energy contains not only the term in —; 70

1 1 . .
2R etc. By a procedure similar to that carried
out above, Margenau® obtained for the van der Waals energy the
expression

but also terms in

6e%a5  135¢%al  1416¢%a)
- R6 - RS - RIO

E} = 18-13
The van der Waals energy may be expressed in terms of the polari-
zability by an argument due to London.* Instead of writing
1
EII —

32/ Qo
taken to be the first ionization potential with the same degree of accu-
racy as we formerly took it equal to the ionization potential. According
to 17b the polarizability of an atom in a stationary field (» = 0) is

"2)00, We write B = — 2—11 (H'%)00, where I may be

o= z — (a[rlb) (blr]a) 18-14

An approximate value for the polarizability is therefore

a = Eh— :—Z(alrlb) (b]r[a)
2 262
= (alrzla) = 3—I-r2 18-15

where ¥,; i an average value of vy, and kv, has been replaced by I.
2 2

(H'?) 0 is thus equal to = 8 La

2 RE ; to this approximation, and the van der

Waals energy is
By = -~ — 18-16

London has shown that, if the atoms are not equivalent, the analogous
expression is
3 I AI B a4ap
By = - —"—F—— —— 18-17
° 2I,+1z R®
21,. Pauling and J: Beach, Phys. Rev., 47, 686 (1935).
8 H. Margenau, Phys. Rev., 38, 747 (1931).
4F. London, Z. Physik, 63, 245 (1930).
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where 14 and o4 are the ionization constant and polarizability of atom
(or molecule) A and I g and & are similar quantities for atom B.

For many-electron atoms, the perturbation energy is a sum of terms
of the type 18:6, with one term for each pair of electrons. Further
details on the van der Waals forces in complex atoms may be found in
the review article by Margenau.’

18b. The Quantum-Mechanical Virial Theorem.! In classical
mechanics, the virial theorem states that

dux;
Zmz ( ') =2 xiF o 18-18
dt R
where the bars denote time averages and Fy, is the = component of the
force on the ith particle; the left side of this equation is 2T, where T is
the kinetic energy of the system. This theorem also holds in quantum
mechanics, as may be seen from the following argument. Schrodinger’s
equation for a system of particles is
K2 92
s w-Bw=0 1819

3 81r2m, 0x;

. . 9 .
Operating on equation 18:19 by z;y* Pyl we obtain
)

h2 3,
DI A gy

oV o
Y *(V — B = .
3 8n“m; 6:12? az; ks axj‘p + 2 (V — E) or; 0 1820
while from 18-19 we have
2 61// 624/*
87%m; i dz; oz 2

z*(V — E)-—— = Z 1821

Substituting 18:21 in 1820, and summing over j, gives
r? L. 2 a2¢> . V>
zi: 8w’my ,Zx’ (‘I/ 022 0z;  Om; 9 T (Zx, ¥y=0 182

It is possible to integrate the first term in equation 18-22. We have

Zx~ i
9 57 ox; dz; Y KB Y ¥
v (W, TV ~ =
dx; ¢* dz; Ox; e z; 02 i oz dz¢

2
~¢*-‘1¢—+Z(¢* i xa'pa'p*) 18-23

i owiom; " dw; o

S H. Margenau, Rev. Modern Phys., 11, 1 (1939).
8J. Slater, J. Chem. Phys., 1, 687 (1933).



356 SPECIAL TOPICS

Therefore
~
Z"’J"’— 2 2
_2_ *2_(?_3 axj a\I/ (* _a_ﬂia\[/*)
8x; 4 ors Y* +Z zi\¥ 0x? ox; O da? 1824
or
Y
zx.-_—-
LR _ a%*) a’*’w o T ox;
* *2 ___ Je 7| 182
22 (¢ 2T0m om o) = "W a2 ax, M

When 18-25 is integrated with respect to z;, the last term vanishes
because the term y*? is zero at 4= . Integrating 18-22, we thus obtain

2% - il f ﬁdr=—f¢*(2x, -—~——>|//dr 18:26

mg

oV
Since Fzy = — oz’ this may also be written as
)
2 62
* - .
2f‘l, (i 8x2m; 9 ‘)\bdf f'/’ (fo F,)dr 1827
or
o = — Xl 18-28
i

where the bars now represent quantum-mechanical averages.
If the potential energy arises entirely from the interactions of charged

particles, the term 3 z,F,, takes a particularly simple form. The

J
potential V for such a system may be written as V = Y V., with

m#En

Vean = Emen , where e, and e, are the charges on particles m and » a dis-
Tmn
. . av,
tance 7,5, apart. We will now calculate the quantity > z;- — ax"'”
s

for this pair of particles. Since

Tmn = \/(xm —za)2 + Ym — 1/»)2 + (om — zn)2

we have

OTmn = (Zm "xn)’ Omn - _ (zm "‘xn), ete.

0%y, Tmn 0zn Tmn
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Vv vV o
We thus obtain the result, since — = —n,
0%, O OTm

ete,

anﬂ men
Yoj——= = = T (m — 20)? + U — Yn)® + (em — 20)?)
7 Ton
= - ‘7'"—51' = —Vmn 1829
or, summing over all pairs
i — ?Z =V 1830
7 ey

For this particular case, equation 18-28 becomes
2T = -V 18:31

for a system of charged particles.

For a diatomic molecule, the virial theorem can be put into the
following useful form. If the potential energy of the nuclei (the elec-
tronic energy) is E(r), the external force required to hold the nuclei

oF
fixed at a distance r is 6}@ If we apply this force to the nuclei, the
virial theorem 2T = — 3 z;F ., becomes
j
— — oF
2T = -V —r OE(r) 1832
ar

where T” is the kinetic energy of the electrons only and V' is the poten-
tial of the electrostatic forces. Since the nuclei have no kinetic energy

in this case, the energy F is equal to T + V. Using this relation, we
may solve 18-32 for T” and V' separately, obtaining

T — —p—0E
T = —E rar
— 18-33
V’=2E+r—a—Fi'
or

The potential energy curve for a diatomic molecule can be repre-
sented with reasonable accuracy by the Morse curve
E(r) = D{1 — ()2
or
E(r) — D{—Ze"’(""‘) + e—2a(r—r.)} 18-34



358 SPECIAL TOPICS

where the energy zero has been chosen so that E(+) = 0 when r = .
For purposes of illustration, let us take D = 100 keal, a =71, = 1.
The resulting _ourves for E, T', V' are plotted in Figure 18-2. At
r=c, B =T =V =0. Asthe internuclear distance is decreased,
the kinetic energy first decreases, then increases rapidly as the nuclei are
brought closer together. This increase in kinetic energy is more than

60

40
20 A — L =
0 \ L~

§

8
/ \\
1A\

A
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- N
220 NV

0 1.0 2.0 3.0 4.0
r

Fra. 18-2. Energy relations for a diatomic molecule.

compensated for by the decrease in potential energy, leading to the for-
mation of a stable system. It is of particular interest that at the equilib-
rium position 277 = —V’; that is, the kinetic energy of the electrons is
—1 the electrostatic potential energy, so that the binding energy E is
equal to V' = —T".

18c. The Restricted Rotator. Of considerable importance for the
study of the internal motions of complex molecules as well as for the
study of the motion of molecules in crystals is the problem of the energy
levels of a rotator moving under the influence of a potential field. As
the simplest example, we consider a rigid rotator whose moment of
inertia is I, moving in a sinusoidal potential field of the form

Vie) = —I;—o (1 — cos np) 1836



THE RESTRICTED ROTATOR 359

where ¢ is the angle of rotatiiu. The wave equation for this system is
d? 8x2I
¢(2¢) 48
dy h
Making the substitutions,

[E', — %9 (1 — cos w)] Vi) =0 18-36

g ="2
2
8x2IV,
9 = ln,‘,—h—i,—" 1837
32r%1 Vo
= By
this equation reduces to Mathieu’s differential equation
d2
—é—lfx—(;z + (a, + 20 cos 2x)y(x) =0 18-38

the solutions or which are far from simple. We may, however, consider
the limiting cases, where the motion resembles that of a free rotator or
that of a harmonic oscillator. For a, > 26 the equation becomes

dZ

——'é +ay =0 18-39

dx

which has the solutions

ir e
:l:zr2

Y = et = ¢ 18-40
where r is a positive integer, including zero. From the symmetry of the
2
potential ﬁeld, we must have y(¢) = ¢ <go -+ —E) . This requires that
r be restricted to even integers. Since a, = 72 the energy levels are
Vo 'n2h2r2
E,-—'E-=Er—2—l r=20,24,6--- 18-41

For the various values of n, we have

14 K2

n=1 Em——§9=mm2, m=0,1,238 4
V 2

n=2 E,,,—-2—°=8-—:erlm2, m=0,24,6-:-
V 2

n=3 E,,.—-—"——h——mz, m=20,3,609:--

2 8l
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Forn > 1, only % th of the energy levels for the free rotator are allowed.

The connection between this fact and the origin of the symmetry number
(section 15e) in rotational partition functions is obvious. These energy
levels are doubly degenerate.

For the opposite case, a, < 20, the wave function will have appreciable
values only for 22 0, so that we may write

d2
7 + [ar +20(1 — 22%)] ¢ =0 18-42
which is the wave equation for the harmonic oscillator. The energy
levels are given by the relation a, = 2(2r + 1)\/(; — 26, so that
E,= (@ +%hv, r=0,1,2,3--- 18-43
v
where vy = 7 —2—;- . For the intermediate case a, ~ 8 the energy
w

levels will not be well approximated by either of the above equations,
However, the Mathieu equation has been solved exactly for certain
values of ; the eigenvalues a, are tabulated by Wilson? for values of 8
from O to 40. We reproduce in Table 18-1 the exact eigenvalues a, for
the first seven levels for 8 = 4, 9, 16, and 36, together with the values
calculated by the above expressions for the limiting cases (in parenthe-
ses). Values above the line were calculated by the harmonic oscillator
approximation; those below the line were calculated by the free rotator
approximation.

TABLE 18-1
EIGENVALUES @, OF THE MATHIEU FUNcCTION
0 =4 9 = 6 =16
—4.2805 (—4.000) —12.262 (—12.000) —24.259 (—24.000)
2.7469 ( 4.000) — 1.3588 ( 0.000) — 9.3341 (— 8.000)
6.8291 ( 4.000) 7.9828 ( 4.000) 4.3712 ( 4.000)
16. 452 ( 16.000) 17.303 ( 16.000) 16.819 ( 16.000)
16.150 ( 16.000) 20.161 ( 16.000) 26.009 ( 16.000)
36.229 ( 36.000) 37.157 ( 36.000) 39.315 ( 36.000)
36.230 ( 36.000) 37.21 ( 36.000) 40.22 ( 36.000)
0 = 36

—60.256 (—60.000)

—37.303 (—36.000)

—15.467 (—12.000)

5.1467 ( 12.000)

24.379 ( 16.000)

42.118 ( 36.000)

TE. B. Wilson, Chem. Revs., 27, 31 (1940).




APPENDIX
I. PHYSICAL CONSTANTS

These values of the important physical constants are taken from the
tabulation of R. Birge, Rev. Modern Phys., 13, 233 (1941). Many of the
numerical values used in the text are based on slightly different values
for certain of the physical constants; these differences are not significant.

Velocity of light ¢ = 2.99776 X 10'° cm. - sec.”?
Charge on electron e = 4.8025 X 10710 abs. e.s.u.

1.7592 X 107 abs. e.m.u. - gm.™!

Ratio, charge to mass of electron

I

Planck’s constant 6.6242 X 10~ erg - sec.

Ratio 1.3793 X 1077 erg - sec. - e.s.u.}

9.107 X 10728 gm.
1.6725 X 10~ gm.
1.6734 X 10724 gm.

il

Mass of electron
Mass of proton
Mass of hydrogen atom

i
ki

1836.5.

Ratio

1.3805 X 10718 erg - degree™1,
8.3144 X 107 erg - deg.”! - mol."1
1.9865 cal. - deg.”! - mol.™!
6.0228 X 10%° mol.™!
109,677.581 em.™!

109,737.303 cm."!

Boltzmann constant
Gas constant

nn

i

Avogadro’s number

Rydberg constant for H

Rydberg constant for o« mass
h 2

Bohr radius (Z——;j)

weme

8 s:"n?"z ?da'slugmgugs otl> > e

= 0.5292 X 1078 cm.

h
Bohr magneton( ¢ ) B8 = 0.9273 X 1072° erg - gauss™}
4rmce

1 electron volt = 1.6020 X 10~!2 erg - molecule™! = 23,052 cal. - mol.”!
12395 X 1078 cm. = 8067.5 cm.~!

ez
— = 2Rw = 27.205 e.v.
ao

II. VECTOR NOTATION

The concept of a vector as a quantity having both magnitude and
direction is quite familiar, as is the parallelogram rule for vector addition.
If A is any vector, and Ay, A,, and A3 are the projections of this vector
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along the z, y, and z axes, respectively, A may be written as the vector

sum
A = A1 +A2 +A3 II'l

It is convenient to define a set of unit vectors i, j, k, which are vectors of
unit length directed along the z, y, and z axes, respectively, of a rectangu-
lar coordinate system. If we now let A, be the magnitude of A;, we
have A; = i4,, etc., so that, in terms of the unit vectors and the com-
ponents 4., Ay, A, we have

A =id, + jA, + kA, 112

There are two types of products of vectors, the scalar product and the
vector product. If |A| and |B| are the absolute magnitudes of the two
vectors A and B, and 6 is the angle between them, then the scalar prod-
uctA ¢ B (“ A dot B”) is defined as

A+B = |4]|B| cos® I3
In terms of the components of A and B, the scalar product is
AeB =A,B,+ A,B, + A,B, 114

As an example of the use of the scalar product, consider the motion of a
particle through a small distance ds, subjected to a force F which makes
an angle 6 with the direction of motion. The work done by the force is
the product of the component of the force along the direction of motion
times the distance through which the particle moves, or, in vector nota-
tion, dW = F ¢ ds.

The vector product AxB (“ A cross B”’) is a vector C perpendicular
to the plane of A and B. If A is rotated into B through an angle less
than 180°, the direction of C is that in which a right-handed screw would
move if given a similar rotation. The magnitude of C is defined to be
|¢| = |A||B] sin 6, where 8 is the angle between A and B. In terms of
the components of A and B the vector product is

AB = i(4,B, — A,B,) + j(4.B; — A.B,) + k(4,B, — A,B,)
i j§ k

A, A, A,

B, B, B,

From the definition of the direction of C = A~B, it is obvious that
(AxB) = — (BxA). Angular momenta can be quite simply expressed in
terms of the vector product. If r is the vector distance from a fixed
point to a particle of mass m moving with the velocity v, it can readily be
seen from the definition of the vector product that the angular momen-
tum of the particle relative to the fixed point is rxmv = m(r=v).

115
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Many physical laws assume a particularly simple form when written
in terms of the vector differential operators. We define a vector opera-
tor V (““ del ”’), which, in rectangular coordinates, is

i} ] i}
Vei—+j— +k— .
lax+16y+ 0z Ire
Operating on a scalar function ¢, this operator generates a vector called
the “ gradient ” of ¢:
Vo=i2 % % 117
T s T Ty T e
The scalar product of V and a vector A gives a scalar function known as
the “ divergence ”’ of A:
_ 04, 04, 94,

dz dy + 9z 118

The vector product of V and a vector A gives a new vector called the
“curl” of A:

i j k

va=| 9 9 9 119
or dy 09z
A, A, A,

Of particular interest in quantum mechanics is the operator formed by
taking the scalar product of V with itself:

a2 62 2
v-v-—v2=———+ 2+‘9 II-10

The operator V2 (‘““del squared”) is usually called the Laplacian
operator.

II. THE OPERATOR V? IN GENERALIZED COORDINATES

In rectangular coordinates, the operator V2 is given by the relation
A 62

V2= Py + > + Because of the frequent occurrence of this
operator in quantum mechanics, we will show by means of a physical
interpretation how this operator can be transformed to coordinate
systems which are not rectangular. The only coordinate systems that
we shall consider are those in which the three coordinate surfaces cut
each other at right angles. Such coordinates are known as orthogonal
coordinates. Let these othogonal coordinates be q, g2, ¢s. The dis-
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tance ds; perpendicular to the surface g; = constant, between the two
points (g1, g2, ¢s) and (g1 + dg1, g2, gs), Will not in general be equal to
dg; but may be written as ds; = hydg;, where h; may be a function of
the coordinates. The distance between the points (g1, g2, ¢s) and
(@1 + da1, g2 + dgs, g3 + dgs) will therefore, since the coordinate sur-

faces are perpendicular, be
(ds)? = (ds1)? + (ds2)® + (dss)?
h3(dg1)? + h3(dg2)? + h3(ddh) 1111

Comparing this with the corresponding expression in rectangular
coordinates

(ds)* = (dz)* + (aly)2 + (012)2

2
("‘ dg1 + — dQ2 + — d<13)
6y ay aw . \
+ dqy dgs + :'9— dqs
l 2 3

2
+ (_1 dqq + — dqz + — dqa) 1112

- (o) + (o) + ()
9q1 q1 oq1
2 82)2
— I11-3
(3412) <3<12> + (342
ar dy 9z \?
= () + (o) + G
: dq3 + 0q3 + 9q3

the other coefficients being necessarily equal to zero.

Now suppose that the coordinate space is completely filled with a fluid
whose density at the point (g1, ¢z, ¢3) is p(q1, g2, ¢3)- Suppose further
that the motion of the fluid at any point is determined by a velocity
potential V (g1, g2, ga) such that the velocity in any direction is given by

we find

Il

av . o
the value — e where ds is a displacement in the given direction. Let

us calculate the rate of accumulation of fluid in a small element of volume
bounded by the surfaces g1 = ¢}, ¢1 = ¢} + dg1; ¢z = 3, ¢2 = @3 + dge;
gs = ¢3 g = 3 + dgs (Figure III-1). Since the sides of the volume
element are infinitesimal, we may assume that V is constant over any
one surface. Now consider the surface ¢; = ¢}. The rate of flow
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perpendicular to this surface is

- == II1-4

and the area of the surface is hohz dgz2 dgz. Hence the amount of fluid
flowing through this side in unit time is

d hohs OV
- — = —p———dgad I11-5
P ( d:;) hahs dqz dgs T Y dqe dgs
The rate at which fluid is flowing in through the other side is
hghs oV ] { hahs aV}
— —dgs d —{p—=———idgadgs d I11-6
® o0 gz dq3 + Y P 7S g2 4¢3 aqy

(g} dg,, g+dg,, q+dq,)

(g1tdge;, 9, g3
(Q{, q;' q§+dq3)

(g;, 95, 95)
Fig. 1II-1.

50 that the rate of accumulation of fluid due to this pair of surfaces is
hohs AV
2 { 203 } dq1 dgs dgs 1117
9q1 1
The other two pairs of surfaces contribute
3 [ hbhs aV]

—p ——— — dq, dgs d II1-8

éqz{ hz 9ds q1 4q2 aq3
and
9 { hihg OV
R pLEL pal
dga | hs 9gs
so that the total rate of accumulation is

[ ey, o | ka2t

} dq dgz dgs 1119

Q1 P hy 9q1)  9qa g hy 9q2
1%
+ _"’_{,, L —]] dgy dgs dgs  TIL-10
dgs U hg 9gs
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The rate of accumulation of fluid per unit volume at any point is just the
rate of change of density at that point. Hence, since the element of
volume is

dr = d81 d82 d83 = h1h2h3 dq1 dq2 dQ3 III.11

the rate of change of density is

ap 1 [ ( h2h3 aV) + (p h1h36V)
3t hyhohs Q1 " hy 9q; dq2\ hg 9g2

9 hihg ‘)]
_— I11.12
+ 393( “hs 9gs

If we carry out the same analysis in rectangular coordinates, we find

T a5 tals) ral%)
at_ax(" ) Taoy\Pay) T oz

do . . . .
Since the value of 5% is independent of the particular coordinate system

we use, we conclude that, in general,

1T hzhg@V) ( hahg OV
Vo evY) = hihshs [6q1< hy 9q +642 he 392

0 hiho (?V)]
—fp — — III-14
+393(p hs 903

Taking now the special case p = constant, we find the expression for the
operator V-V = V2 to be

oL [d (b 2) 3 (b )
hihohs [ 8g1 \ b1 9qy dgz \ he 9gs

0 [hihy 8 ):I
+— ("‘— — I1I-15
dq3 \ hz 9g3

In particular, if we use rectangular coordinates, equation I11-15 becomes

62 62 2
2 + 2 + III'16

In rectangular coordinates, the operator for the kinetic energy of a

particle is
h2 62 62 a2
T=-— 3r%m (5;2 + P + é?) 11117
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We thus conclude that, in generalized coordinates, the operator for the
kinetic energy of a particle is

2
T=-_"

8rm

V2 11118

where V? is given by equation III-15. Equation  III-18 may also be
verified by a direct transformation of ITI-17.

We give below a few of the most important coordinate systems,
including the equations for the transformation from rectangular coordi-
nates, the explicit expression for V2, and the value of the volume element

dr = ds; dsy dsg = hyhohz dqy dqa dgs
1. Polar Coordinates.
z = rsin 6 cos ¢ y = rsinfsin ¢ z=rcosd
19 1 9 4 1 &
V= 2 5;( 6r)+r sin 6 ao(smo ) r2s1n 8 3¢
dr = 1% sin 6 dr df do
2. Cylindrical Coordinates.

z =rcosd y=rsind z =t

19 1 6 9
2=___
v rar( >+2302+a2

©0,0,—a) / Z 000

Fia. III-2.

3. Elliptical Coordinates (Figure III-2). (¢ measured from zz
plane.)

z=aV(u—-1)(1— ) cosy /.¢=ra;rb

y=aV (@ —1)(1 — ) sinp »=’°'1;’°

£ = Quy (R = 2a)
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4
V= m—)[;;{(#z -1) i} +%{(l — 1) ,:_,,}

#2 —- y2 62]

DA =) 3t

Ra
dr.= 3 (2 — v?) dudv de

IV. DETERMINANTS AND THE SOLUTION OF
SIMULTANEOUS LINEAR EQUATIONS

A determinant, it will be recalled, is defined by the cquation

a1 G122 Q13 Q1n
Gz1 QGg22 Q23 G2n
a a a. a
e | = S (—1)P, (@1102033 * + * Gna)  IV-1
Qni Gra Qpg **° Qpg

where P, is the opcrator which permutes the second subsecripts and
v i3 the number of interchanges of pairs of subseripts involved in P,.
From the definition, it is readily seen that the determinant vanishes if
two rows or two columns are identical, since interchange of two identical
rows or columns changes the sign of the determinant but leaves its value
unchanged. If we denote the above determinant by A, we can define a
set of numbers A ;,, by the relation

n
4 = _ZlaimAim Iv2

From this definition, it is obvious that Y a;Aim = 0 for k 5= m, since,
i=1
if @i = a;m for all 7, the determinant is identically zero, and, by IV-2,
n
a;xAm 18 the determinant which has a;; = a;, for all ¢,
1

‘.-
If we have a set of simultaneous equations

auZy + G1of2 + G13%3 + 0+ G1aln = €1

az1%1 + Gg2%2 + Q23%3 + ¢+ + Q2420 = C3

’ Iv3

An1Z1 + Ang%a + AagZs + * * ¢ + GanZn = Cq
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we can obtain a solution in the following manner. We multiply the first
equation by A;;, the second by A, etc., and add, obtaining

n n n
Z:lauAnzx + ZlaizAuxz R ZlainAilxn = ;CfAu IV4
i= i= -

n

But Y andq = A and Z]a,-,,.Aa = 0 form # 1, so that
i=1 i=
P
A

Ax1 = ZO;A.} or T = IV5
3

The quantity > c;A; is just the determinant in which a;; has been
3

replaced by ¢;. The values of the other 2’s are found in exactly the same
manner. The general result is

ZciAs‘n
Tn =

A solution exists only if A # 0, or, if A = 0, & solution exists only if all
the ¢’s are zero. Conversely, we may say that, if all the ¢’s are zero,
then a solution (aside from the trivial solutionz; = 2o =« -+ =z, = 0)
exists only if A = 0. This last statement is the one of particular impor-
tance in quantum mechanics.

Iv-6

V. THE EXPANSION OF 1

T
In terms of the distances r; and r; and the angle v between the vectors
from the origin to the two particles, the distance r;; between the two
particles is

1= Vri4 7 — 2 cos vy V1

If we let 75, be the greater of r; and r;, and r« be the lesser, then

rij = rsV1 + 22 — 2z cos v V-2
wherex = :3 . Letus now look for an expansion of rl of the type
> i
1 1 1 1
—_=— = — 3 0,Pp (co8 v) V3

i r>V1422—2rcosy T>n

If we square both sides of this expansion, multiply by sin v dv, and inte-
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grate over v from v = 0 toy = m, we obtain, by 4-53, the result
11+ -'v) 2,

—1 ( 1= =3 ot 1 a; V4
But, by an expa,nsion, we have

BU—2) “m+1”

. 1.
so that we conclude that a, = z", and the expansion of o in terms of
ij
P, (cos 7v) is

1_1 S a"P, (cos ) V-6

Tij s n
We must now express P, (cos ¥) as a function of the 6’s and ¢’s of the two
particles. Considering this as a function of 6; and @i, We may expand it
in terms of the orthogonal functions PJ™ (cos 6;) ¢™%. P, (cos v) is a
solution of the equation
1 9 (S P, 1 9P

sin 0; 96; me_é??— +s1n20,-—3¢?+n(n+1)P"=0 v

since this equation remains unchanged under any rotation. The general
solution of this equation is a linear combination of the functions
P™ (cos 8;) ™%, so that we may express P, (cosv) as

P, (cosy) = L AnmP™ (cosb;) e"™#s V-8

where, by 4:53,
2n +1 (n — |m|)t
4 (n+ |m|)!

We also can expand P™ (cos 6;) ™% in terms of the functions
P (cos v) e as

Anm =

f P, (cosv) P™ (cos 6,) e ™ dr V-9

Pl:"l (COS 01) e—imco; = Z Bnkplkl (OOS 'y) g"‘P V-10
where
2n+1(n—-|k!)1f o .
= lel i "'W.Plkl Tkp .
Bus 4r (n+ KIS (cos6;) € w (cosy) e **dr V.11

Equation V-10 must hold fory = 0, that is, for8; = 6;,¢; = ¢;. Then
k=+4n

Pi™ (cos 8;) e™™¥i = }: B PH(1) ¢ = B,oPa(1) V12
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since PX(1) = O fork = 0. P%(1) = 1; from V-12 and V-11 we have

2 1
i + f P!™ (cos 6;) e~ ™%P, (cosy) dr = P™ (cos 8;) ™™ V.13

8o that

(n — [m])!
Apm = - PI™l (cos 6;) e7™%; V-14
P e
Combining V-6, V-8, and V-14, we have the final result
© m=tn(n — |\m|)! r°
_ s 5 |m|)! %

7'1_7 n=0m=-—n (n + |m‘)' uHl

Equation V-15 may alternatively be expressed as

Pi™ (cos8;) Pi™ (cos 8;) e™@&—e) V.15

1 ® m=+n 2

77;;' h n§0m§—n2n + 17 n—
1 ® m=tr 4y
=3 %

Tij n=0m=—n2n + 17

TS o @06 em) V.16

”
nil Ym(ev %)Ym (9.1; ‘PJ) V-17

VI. PROOF OF THE ORTHOGONALITY RELATIONS

The most important single theorem in group theory is that giving the
orthogonality relation between the irreducible matrix representations
of any group. Asstated in Chapter 10, this theorem is

l; l;
%Pi(R)mn\/ r; (R)m’n’ \/Z = 6116mm'5nn' VI'l

where I; and [; are the dimensions of the representations and & is the
order of the group. We wish to give a simple proof of this theorem,
following essentially the method of Speiser.! Before we can begin the
actual proof of the orthogonality relations, we need several preliminary
theorems.

TaEOREM 1. If we have two sets of variablesz] - - -z, and yf -« * yh,
then every bilinear form

f Z Z Cthz y; VI-2

i=1 j=1

of these variables can be reduced to the normal form

J= X oy VI3
ka1

1 A. Speiser, Theorie der Guppen von endlicher Ordnung, Springer, Berlin, 1927,
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where r < n, r < m, by a suitable linear transformation of the variables
z{ and y;.
Proof. The product

— (‘_Zlcﬂx. ) (chﬂJ; ) VI4

contain all the terms in f which involve either z] or y]. If we make the
substitutions

T =—F= 2 czlxs

o=t VL5
1
Zc Y]
\/611 j=1 e
we may write f as
f = o1y + Z Z dux;yj VI-6
1=2 j=2

We can, without loss of generality, assume that n < m. After (n — 1)
substitutions of the type VI-5, we will have obtained the result

F=zy1 + 22y + -+ + TatYna + Z GniTaY] VI.7

J=ﬂ
We now make the final substitutions
’

m
To=@n Yo =Lt Yi=y (F>n)

J=n

Equation VI-7 then reduces to
f= ,lew.- VI8
fo.

which is the desired result. As the determinants of the transformations
on the z’s and y”’s are different from zero, the transformations have
reciprocals. In certain special cases the normal form VI-8 may contain
less than n terms.

Let us now take a set of variables z] - - - z, which form a basis for an
irreducible representation I',s of a group. We also take a set of vari-
ables y1 - - - y,, which form a basis for an irreducible representation I'y/
of the same group. We have then

TaeorEM 2. If T';s and I'ys are two irreducible representations of a
group there is no bilinear form of the variables z; and y/ which is always
invariant when both the % and the y are subjected to some operation R
of the group unless I, is identical with T,
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Proof. We shall prove this theorem only for the type of groups in
which we have been interested, namely, those representing transforma-
tions of coordinates. The corresponding matrix representations involve
only unitary matrices; for simplicity, we will assume that the matrices
are real. According to Theorem 1, any bilinear form

=X Xeijziy) V19

tem] je=l

can be reduced to the form
r
J= kZ Tl VI-10

by a suitable transformation. We consider that the matrices of the
representations T and T'y, have been subjected to the same transfor-
mation, so that we have obtained the corresponding new representations
T'; and T, which have the 2’s and y’s as their bases. We now require
that f be invariant when both the z’s and the y’s have been operated on
by some operation R of the group.

Rz = glr:c(R)ekxs
m VI-11
Ry = tZle(R)tkyc

If we operate on the z’s only in equation VI-10, we have
f = nE TRz, + 1L LBz, + -+ + U2 La(R)zs  VI2
Arranging this according to the z’s we have
f= xlélrz(R)lkyk +--+ xnk-ilrz(R)nkyk VI-13

When we operate on the y’s, equation VI-13 must reduce to equa-
tion VI-10. This requires that

r
kzlrx(R)ikRyk =y t=1l---r
which is equivalent to the requirement that

R;E‘:(R)swk =Y

or

-,
!

Ry = .le‘,(R).-m =17 VI-14
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For the real unitary matrix representations we have been considering,
the matrix of the inverse transformation is obtained from the original
matrix by simply interchanging rows and columns. By definition,
therefore

Ry = kZII‘y(R);kyk t=1.m VI-15

Comparing VI-14 and VI-15, we see that VI-10 will be invariant only if
m = r. By interchanging the order of operations, we could prove in
the same way that VI-10 will be invariant only if n = r. Again com-
paring VI-15 and VI-14, we see that VI-10 is invariant only if
I.(R)i = Ty(R)ix for 42,k =1---r. Equation VI-10 is, therefore,
invariant only if I'; and Ty are identical.

We now have the necessary background for the proof of the orthogo-
nality relations. Taking the sets of functions z; - - - x5, ¥1 + - - ¥, which
are the bases for the irreducible representations I'; and T'y, we have

TueoreM 3. If T'; is not identical with TI',, then

Z'Fz(R)iqu(R)u =0

for all values of 1, 7, k, L.

Proof. Referring to the definition of the direct product given in
Chapter 10, we see that the mn functions z,y, form a basis for a repre-
sentation I';Ty, of the group of dimension mn. If we denote these mn
functions by 2; - - -2, (r = mn) and the corresponding representation
by I', = I,T, then the r? matrix elements of I',(R) are T',(R):;T,(R)x
(Gj=1---n; k,l=1---m). If we now operate on z, by one of the
operations R of the group, we have

r
Rz, = ZII‘,(R)uzg VI-16
t=

Summing over all the operations R of the group, we have

r

f= %RZ. =32 I‘z(R)tczt VI-17

B (=1
Let A be any operation of the group. Then
Af = ARz, = %Rz. = f
R

since AR is always an operation of the group and the operation by A
merely changes the order of the summation. Now f is a linear form of
the 2’s, and hence a bilinear form of the z’s and y’s. But we have just
seen that there is no such form f which is invariant under an operation
of the group. Since Af = f, we must, therefore, conclude that f is
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identically zero. This can be true only if 3> TI';(R),, is identically zero
E

for all values of ¢t and s. Referring to ‘the correlation between the ele-
ments of T'y(R) and those of I';(R) and T'y(R), we thus see that the
theorem is true.

Now taking the sets of functions z; - - - z,, y1 - * - ¥,, which are bases
for the representation I', and noting that according to Theorem 2 the
function

1
J = Xz
k=1

is invariant under operations of the group, we can prove
THEOREM 4.

ZIT(R)iT(R)i; = 73
R

where h is the order of the group and ! is the dimension of the
representation.

%P(R)ijr(R)mn =0 (i) # (mn)

1
Proof. The function f = > xxy; is invariant. We operate on f with
k=1

some operation R, sum over all opera.tions of the group, obtaining
SR =TT z:l II@aT@arg = VI8

The coefficient of z,y; must vanish if s > ¢, s0 we immediately have the
relation

%P(R)akr(R)tk =0 st VI-19

Now Y R7!f = Y Rf, since each operation is contained once and only
R R

once in both summations. Recalling that the inverse matrices are
obtained by interchanging rows and columns in the original matrix,
we have

2Rf = 2R~ = Z Z Z Z T (R)ke T (R)keale

k=1s=1t=1

which gives us immediately the relation

%P(R)k.l‘(R)u =0 8t VI-20
Equation VI-18 is thus reduced to

ZRf Z Z ZP (R)ixT(R)axiy; = hf VI-21

-,-
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This requires that
%:kZII‘(R)ka‘(R)n =h (G=1--:1) V122
Considering the inverse transformation, we also obtain

}; kZlI‘(R)k,-I‘(R)k,‘ =h G=1-:-1) V123

From VI-22 and VI-23, we see that > I'(R);xI'(R) . is independent of
R
both k¥ and j. Therefore

TR (R)jx = _}l}
I

Combining the results of Theorems 3 and 4, we have the desired relation

l; l;
%; T'i(R)mn J;l i (R)min \/;"'"; = 0;j0mn/Onns VI-24

V. THE SYMMETRY GROUPS AND THEIR
CHARACTER TABLES

Most simple molecules will have a certain degree of symmetry; that
is, there will be certain transformations of coordinates which leave the
atoms of the molecule in a configuration in space which is indistinguish-
able from the former configuration. The possible transformations of
this type will be either rotation about an axis of symmetry, reflection
in a plane of symmetry, inversion in a center of symmetry, or various
combinations of these transformations. If two such transformations
are carried out successively, the configuration will be that which could
be obtained from some other transformation. The set of transforma-
tions which do not alter the configuration of the atoms in a molecule
thus form a group, the group of the symmetry operations for the mole-
cule. We include in this appendix the character tables for most of the
symmetry groups which are likely to occur in problems of molecular
structure.l*23

The notation used for the operators which transform a symmetrical
molecule into itself is the following:

E = the identity operation, which leaves each particle in its original
position.

1J. Rosenthal and G. Murphy, Rev. Modern Phys., 8, 317 (1936).

2 H. Sponer and E. Teller, Rev. Modern Phys., 18, 75 (1941).
3 R. Mulliken, Phys. Rev., 48, 279 (1933).



THE SYMMETRY GROUPS 377

2r
C, = rotation about an axis of symmetry by an angle o In prob-

lems of molecular structure, the values of n which will be of particular
interest are n = 1 (no symmetry axis), 2, 3,4, 5,6,and ©». (n =17,8,
etc., are possible values but probably occur only occasionally; these
groups are not included in the tables.)

o = reflection in a plane of symmetry. The symmetry planes are
further classified as follows. If the plane is perpendicular to the princi-
pal axis of symmetry (the axis with the largest value of n), reflection in
this plane is denoted by ¢;. If the plane contains the principal axis,
reflection in this plane is denoted by o,. If there are axes with n = 2
perpendicular to the principal axis, and if the plane contains the princi-
pal axis and bisects the angle between two of these 2-fold axes, refection
in this plane is designated by ;.

2
S, = rotation about an axis by —;—r followed by a reflection in a plane

perpendicular to the axis of rotation.

¢ = inversion in a center of symmetry.

The symmetry groups are designated by the following notation. We
may divide them into three main types:

I. The Rotation Groups. These are symmetry groups which have
one symmetry axis which is of a higher degree than any other symmetry
axis. This axis is considered to be the z coordinate axis. The following
groups belong to this general class:

A. The molecule possesses an axis of symmetry only. The groups
of interest are C;, Cs, C3, C4, C5, C¢. The possible operations are found
as follows. For the group Cg, with a 6-fold axis, all powers of Cg are
likewise symmetry operations. We thus have the operations

Cﬁ) Cg = 03, Cg = 02’ Cg = Cg: Cg

B. The molecule has the symmetry operations C, and o¢,. The
manner in which the operations are found will be discussed later. The
possible groups are Cg,, C3y,C4y, Cso, Coo.

C. The molecule has the symmetry operations C, and o;. The
possible groups are Cy4(C,), C2s, Can, C4, Csn, Con-

D. The molecule has the symmetry operation S,. The possibie
groups are S3(C;), Sy, Se(Ca:).

E. The molecule has 2n 2-fold axes perpendlcular to the principal
n-fold axis. These axes are denoted by C’, C3/, etc. The notation for
this type of group is D,. The possible groups are D;(V), D3, Dy, D5, Dg.

F. The molecule has the symmetry operations D, and ¢4. The
possible groups of interest are Dgq(V;), Dag.
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G. The molecule has the symmetry operations D,, ¢4 and o;.
The possible groups are Dy, (Vy), D3y, Dys, Dss, Den.

A number of the above groups can be expressed quite simply as the
combination of some other group of symmetry operations plus the
inversion ¢. These are

C4h = C4X’&. D2h = Dz"i
Cﬁh = Cﬁ"’i D4h = D4"’i
Se = C3>‘i D6h = De"’l:
D3y = Dgx

II. Groups of Higher Symmetry. These are groups which have no
unique axis of high symmetry but which have more than one n-fold
axis where n > 2. The groups of interest are

T = the group of operations which sends a regular tetrahedron into
itself. T, = T

O = the set of operations which sends a cube or a regular octahedron
into itself. O; = O«

T4 = the symmetry group of CH,.

III. Groups with the Symmetry Operation C.

C,y = the group of the symmetry operations of a heteronuclear
diatomic molecule.

Dus = the group of the symmetry operations of a homonuclear
diatomic molecule.

The symmetry operations for the rotation groups can most easily be
found by means of the stereographic projection diagrams. For the
group Cy,, this takes the form of Figure VII-1. The square in the center
represents the 4-fold axis. Starting with point 1, where the + indicates

that it is above the plane of the paper, we can ob-

tain the points 3, 5, and 7 by applying the opera-

tions Cy, C%, and C2 to this point. Applying the

O, operation o, to point 1 we obtain point 2; from

this point we obtain the points 4, 6, and 8 by the

rotations. These eight points are all that can

be obtained from a single point by any combina-~

Fia. VII-1. Stereographic tion of C4 and o¢,. From the diagram, we see

projection diagram for the that this set of points also possesses the sym-

group Cys. metry elements o4, where o4 represents a reflec-

tion in a plane which bisects the angle between the original o, planes
of symmetry,

Diagrams of this type are given in Figure VII-2 for all the rotation
groups. The principal n-fold axis is represented by the n-sided shaded
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Fia. VII-2. Stereographic projection diagrams for the simple point groups.
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figure in the center of the diagrams. S, axes are represented by open
n-sided figures. If the symmetry operation o}, is present, the large circle
is full; otherwise the large circle is dotted. The planes ¢, and o4 are
denoted by full lines. Two-fold axes perpendicular to the principal
axis are denoted by the symbol for a 2-fold axis placed at the ends of the
line through the center of the circle. The symbol + represents a point
above the plane of the paper; the symbol O represents a point below
the plane of the paper. All these points can be obtained from any one
of them by application of the various symmetry operations. As the
exact significance of the various symmetry groups can be better seen by
means of examples, in Table VII-1 we show molecules belonging to the
various symmetry groups.

In the character tables, the operations of the various groups are
collected into classes. For example, the group Cs, has three classes:
the class of E, the class of the two 3-fold axes, and the class of the three
planes of symmetry. This may readily be verified from the definition
of a class and the stereographic projection diagrams.

The characters of the irreducible representations of the groups of
most frequent occurrence are integers. For certain of the groups of low
symmetry, particularly the C, groups, complex characters occur.
When they do, the irreducible representations can be taken in pairs, the
characters of one member being the complex conjugates of the corre-
sponding characters of the other member of the pair. Such a pair of
representations is essentially equivalent to a single doubly degenerate
representation.® When applying the orthogonality rules to such
representations, the rule

%xj (R)X*(R) = hés;
must be replaced by
%[xj(R)]*x‘(R) = héij

2
etc. Also, it is to be recalled that, if w = e 8, for example, then

l4o+®+o®Fot+e®=0

Non-degenerate representations are designated by the letters A and B.
The A’s are symmetrical and the B’s are antisymmetrical with respect to
rotation about the principal axis of symmetry, that is, about the z axis.
Doubly degenerate representations are denoted by E and triply degener-
ate representations by T. The characters of the groups of the type
Dgr = Dgx are not given explicitly. They may readily be found in the
manner illustrated by Table 14-7 for the group Dgs. These representa-
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tions are denoted by the symbols A,,and 4,,, etc., the g representations
being symmetrical and the u representations being antisymmetrical with
respect to inversion. The transformation properties of the coordinates
z, Y, 2, the products of coordinates 22, 32, 2%, zy, 22, yz, and the rotations
Rz, Ry, R., about the x, y, z axes, respectively, are also given. If the
operation 7 is present, the coordinates belong to the u representations
while the rotations and products of coordinates belong to the g represen-
tations, as may be seen from Table 14-7.

TABLE VII-1

ExampLEs o MOLECULES BELONGING TO VARIOUS SYMMETRY GROUPS*

Den  Hp, O CoHz, CO.

Ceov CO, HCI

Cay H20, SO0; H;S, cis-CoHqClg
Csy NH;, PCl;, CH;Cl

Con trans-CoHoCly

Dsa ““ Staggered "’ C:Hg
Dss “ Eclipsed ” C,Hg
Dgp CgHg

Ta CH,

[0)3 SFg

*8ee also E. B. Wilson, J. Chem. Phyas., 2, 432 (1934).

The characters themselves are easily found for any group by applica-
tion of the four rules given in Chapter X. It may perhaps be of value
to determine the transformation properties of the coordinates and rota-
tions in several instances. For C,,, for example, the various operations
on the vector r, with components z, ¥, 2, give us the matrix equations

T 1 0 0\ /z z 1 0 0\ /z
Ely 0 1 0y ol ly)l=l 0 -1 O]ly
z 0 0 1/ \z z 0 0 1/\z

z -1 0 O\ /z x -1 0 0\/z
Caly]l=| 0 =1 o}ly aly]l=l 0 1 o]y
2z 0 0 1/\z z 0 0 1/\z

oy = reflection in zz plane.

(]

o) = reflection in yz plane.

Each coordinate therefore belongs to an irreducible representation,
z to By, y to Bg,and zto 4,. The products of the coordinates belong to
the representation of the direct product of the irreducible representa-
tions involved; for example, zy belongs to B;B; = A;. The various
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rotations may be indicated by curved arrows as indicated in Fig-
ure VII-3. Operating on these arrows with the symmetry operations,

we have
z 1 00 = z -1 0 0\ /R,
E(r, )= o 1 o)(B,) olR)=( 0 1 oz,
Rg 0 0 1 Rz Rz 0 0 - 1 Rg
z -1 0 O\/R. % 1 0 0\ /R,
R, 0 0 1/ \R, " 0 0 —1/\R,

so that R, belongs to Bs, R, to By, and R, to A,.

Fia. VII-3,

‘When we have degenerate representations the procedure is sometimes
less simple. For example, for D3, we have the matrices

1 v
(1 0 o) 2 2
E~|0 1 0 Sg ~ V3 1
001 -3 3 0
0 o0 -1

S
©C O =
(=R =]
'OO
[e——y
N
R
o O =
|
o = O
lOO
—t
v

&
|
N ==
° oS
|
[ SRR
(=]

3
OO M
|
o - O
-0 O
N
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We thus see that z belongs to the non-degenerate representation A7/,
and that the pair of coordinates (z, y) belongs to the degenerate repre-
sentation E/. The product 22 belongs to 43’43’ = Aj, the pair (zz, yz)
belongs to A3'E’ = E'. The products 2%, y?, and zy must belong to
E'E' = E' + A} + A}. If we consider any vector of unit length, then
22 + y? +2% = 1. Since 2% belongs to Aj, the combination z* + y*
must belong to 4]. This leaves us zy and the combination z* — y?
to be assigned to E' + Aj; we conclude that the pair (z% — y?, zy)
belongs to E’. These conclusions may be verified by working out the
transformation matrices for the vector with components z? + yZ,
z? — 42, zy. In a similar manner, we find that R, belongs to A3, the
pair of rotations (R;, R,) belongs to E’’.

1 C; E
A 1
C; E Cq
2. z% y% 2% xy R, 2 A 1 1
z, ¥ _
rz, yz B, Ry B 1 1
Cs ] E ¢ C}
z2 + y? 22 R, 2 A 1 1 1
30 Lr‘
(22, yz) (z,v) } E { 1 o o (0 =ed)
(za - yzr :cy) (Rzr Rﬂ) 1 (‘” @
Cy E C. Cy c3
¢ 22+ 9% 22 | R, 2 A 1 1 1 1
g z2 -y zy B 1 1 -1 -1
(zy y) 1 -1 [ -1
(@2, y2) (Rs, Ry) } B { 1 -1 - i
Cs E C; ¢§ ¢} ct
z2 4+ g2 22 Bs, 2 4 11 1 1 1
(=, v) 1 D I 2xt
5. | (z2, yz) (B., B,) } E 1 o' o o o (=6b)
— 2 " 1 o o 0o o
@ ~ v’ ) E { 1 & o of o
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Cs E Cg C3 Cy Cf Cg
z? + 2 2? R, 2 A 1 11 11 1
B 1 -1 1 -1 1 =1
8. 3 4 5 2t
(z, ) ’ 1 0o o o o @ (w=¢e°)
(z2, yz) (Rz, Ry) } E { 1 &% ot o o o
, 1 2 4 1 2 4
@ — % 2p) B’ { 1 b e ] oo
C2y E Cq Oy P
2%, y?, z A, 1 1 1 1
LOO R, A, 1 1 -1 -1
rz Ry, = By 1 -1 1 -1
yz Rz, y B 1 -1 -1 1
Cav E 208 3ﬂy
8 z? + y?, 2? 2z Ay 1 1 1
¢ R, A, 1 1 -1
(2 — y? zy)} (, v) }
) £ E —_—
(z2, y2) (R, Ry) 2 1 0
Ca E Cs 2C, 20y 204
2249222 | 2 Ay 1 1 1 1 1
9. R, Aa 1 1 1 -1 -1
z? — y? B 1 1 -1 § . |
zy B 1 1 -1 -1 1
(=, 9) } _
(2, y2) (B., B, E 2 2 0 0 0
Cso E 205 20 5o,
z2 + 9%, 2% z 4; | 1 1 1 1
10. R, As 1 1 1 -1 2z = 3-51-'
(z, y) }
(zz, yz) (Rs, Ry) E; 2 2cosxz 2co82r O
(z? — y% zy) E, 2 2co82z 2cosd4r O
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12.

13.

14,

16.

16.

17.

18.
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(o7 E C; 203 2Cg¢ 304 3oy
22 + y?, 22 2 Ay 1 1 1 1 1 1
R, A 1 1 1 1 -1 -1
B 1 -1 1 -1 -1 1
B, 1 -1 1 -1 1 -1
(=, v) } B
2 =2 -1 1 0 0
w2 v2) o By f| 2
(z2 — y2, zy) E, 2 2 -1 -1 0 o0
Cu E on
2%y 22y | R,z 9 A’ 1 1
22, Y2 R, Ry, z | A" 1 -1
Con E Cq o )
2,y 252y | R, 4, 1 1 1 1
z Ay 1 1 -1 -1
2z, Yz R;, Ry B, 1 -1 -1 1
z, Y By 1 -1 1 -1
Csn = Czxop ECs C3 o1 Ss (aaC3)
22 + y2 22 R, 4 11 1 1 1 1
2 A1 1 1 -1 -1 -1
@ =tz (=) 1w @ 1 o o 2ni
’ E 1 o w 1 w? w @=2¢3)
(972, 1/2) (Rz: Rﬂ) EII 1 w (02 —‘1 —w —-w2
Ul o® 0o =1 —w? —o
Cy = Cy
Csn = Cs%op
Cen = Cex
S2 E z
zzy y’, 32: zy, | R Ry, Ry 4, 1 1
rz, yz
%, Y 2 Ay 1 -1
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S E Cs Sy 5
22 + 92, 22 R, A 1 1 1 1
19. z B 1 1 -1 -1
(=, v) } 5 { 1 -1 i -
&, zy)} (Rs, By) 1 -1 -
20. Sg = Cg4
D, E c3 ¥ C3
a1 2%, yt 22 Ay 1 1 1 1
¢ xy R, 2 By 1 1 -1 -1
rz Ry, Yy B2 1 -1 1 -1
yz R, z B3 1 -1 -1 1
D3 E 2C3 3C3
22 2 +92 22 A, 1 1 1
: R‘y 2z Az l 1 —l
(2, yz) } (z, ¥) } B _ o
@ — % z)f| (Ba Ry) 2 "
D4 E ¢ 20 20 20§
z? + 37, 2? A 1 1 1 1 1
23 R;, 2 A2 1 l l —l "‘1
) B 1 1 -1 1 -1
\ B, 1 1 -1 -1 1
(J:Z, yZ) (z, y) .
-y ®am) J|E | 2 "2 0 0 0
Dy E 20 203 5Cy
22 + 32, 22 A, 1 1 1 1
24. B, 2 A 1 1 1 -1
(2, yz) (,v) } E, 2 2cosxz 2co82z O (z= 2r
’ (th Ry) b
(= — o2 zv) E,; 2 2cos2z 2cosdzr O
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Ds E ©C; 203 20s 3Cy 3CY
2+ 9, 2? 4, | 1 1 1 1 1 1
R,z 4: | 1 1 1 1 -1 -1
By | 1 -1 1 -1 1 -1
B: | 1 -1 1 -1 -1
(22, y2) g;z”}m } Ei|l2 -2 -1 1 o0
(= — 9%, =) E, | 2 2 -1 =1 0
Da E C: 28y 201 204
z2 + g2, 22 A, 1 1 1 1 1
R, Aq 1 1 1 -1 -1
z? — o2 B 1 1 -1 1 -1
Ty 2 By 1 1 -1 -1 1
(z, ¥) } _
(zz, yz) (B., By) E 2 2 0 0 ()}
D3i = D4
Doy = Do
D3y = DgXap E ax 2Cs 283 30; 3oy
22 + g2, 22 Aq 1 1 1 1 1 1
R, Az 1 1 1 1 -1 -1
AV 1 =1 1 -1 1 -1
z 47 | 1 =1 1 -1 -1 1
@ —ytay)| (=9 E 2 2 -1 -1 0 0
(22, yz) (Rz, Ry) E'"|l 2 -2 -1 1 0 0
Du = D¢
Dgs = Dg*on
Da = De¥i
T E 3Cs 4Cs 4Cy
Active A 1 1 1 l’

. 1 1 2xt
Active E { 1 1 :, : (o, —e?
Active  |(B= Fu R')} T | 3 -1 0 o0

(z, y, 2)

Th = T4
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36.

36.

37.

38.

39.

APPENDIX
(o) E 8C3s 3Cs 6C2 6C4
Active Aq 1 1 1 1 1
Inactive Aq 1 1 1 -1 —1
Active E 2 -1 2 0 0
. (B, R, R,) _ _
Active @ v, 2) T 3 1 1 +1
Active T2 3 -1 +1 -1
Op = 0%
Ta E 8Cs 3C2 604 68,
Active A, 1 1 1 1 1
Inactive Aq 1 1 1 -1 -1
Active E 2 -1 2 0 0
Active (R., Ry, R.) T, 3 0 -1 1 -1
Active (z, v, 2) Te 3 0 -1 -1 1
Coov E 2C, o
2?2 + y? 2? 4 1 1 1
2 Ag 1 1 -1
(z, v) }
E 2
(xz, yz) (Rz, Ry) 1 2 cos ¢
(2% — 9% 2y) E, 2  2cos 2 0
Do E 20, C; i 2C, iCy
z? 4 ¢, 2? Ay |1 1 1 1 1 1
A |1 1 1 -1 -1 -1
Ay |1 1 -1 1 1 -1
z Az | 1 1 -1 -1 -1 1
(3:2, 1/2) (Rz» Rﬂ) Ela 2 2cos [ 0 2 2 cos [’ 0
(z, ¥) Eww |2 2co8¢ 0 —2 —2cose 0
(=* — 3% zy) Eypy |2 2c¢0820 0 2 2cos2 O
Eow | 2 2co82¢ 0 —2 —2cos 20 0

VIII. SOME SPECIAL INTEGRALS

1 [ oremas -

© nl
2. 0 z"e‘“’d:c=&m, n>-1,a>0

a

z"** n
- ; " 1e% dgp
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10. f 267 dz = — (1 +a)
1 a

0 —a
11. f 2% %% dx = 2e3 (1 +a+ a—z)
1 a 2

0 a n ok
12, j; oo ds =200 3 L 2 4,

®

a™ ! (2o k!
+1 1
13. € dz == (&* — € %)
-1 a
+1 1
14. ze7%% dg =a—2{eﬂ~e-° —a(e® + )}

+1
15. fl z" % dz = (—1)""14,(—a) — Aa(a)
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Activated state, 305
Activation energy, 301
Angular momenta, 39
commutation rules, 41
Angular momentum operators, 42
Angular momentum, total, 134
Antisymmetric eigenfunctions, 130
Associated Legendre equation, 55
Associated Legendre polynomials, 59
Atomic orbitals, 129
order of, 131
radial part, 162
Atomic units, 101

Benzene, bond eigenfunction treatment,
249
molecular orbitals treatment, 254
vibrational spectra of, 280
Black-body radiation, 1
Bohr radius, 83
Bohr’s theory of hydrogen, 3
Bond eigenfunctions, 234
for four electrons, 238
for six electrons, 239
matrix elements between, 241
Rumer’s theorem, 240
Bose-Einstein statistics, 287

Character of a representation, 182
orthogonality relations, 183
Character tables, 383
Class, definition, 177
number of classes, 182
Commutation rules for angular mo-
menta, 41
Complex atoms, angular momenta of, 133
closed shells, 131
electronic states, 128
energy levels, 132
energy matrix, 143
fine structure, 151
selection rules, 159
““ terms ” of, 141
vector model, 155

Compton effect, 21
Conjugate variables, 15
Coordinate systems, 367
Coulombic energy, 214

for complex molecules, 247
Coulombic integral, 149
Covalence, normal, 170
Covalent bond, 218
Covalent double bond, 223
Crossing of potential surfaces, 327

Degeneracy, accidental, 186
Degenerate eigenvalues, 96
Degrees of freedom, definition, 9
Depolarization of Raman lines, 279
Determinantal eigenfunctions, 130
Diamagnetism, 349
Diatomic molecules, correlation dige
grams, 207, 210
electron configurations, 207
electronic states, 190
heteronuclear, 209
homonuclear, 203
nuclear spin, 265
selection rules, 262
symmetry of rotational states, 263
vibrational and rotational energy, 268
Dielectric constants, 337
Dipole moments, 337
matrix element, 112
Direct product, 187
Directed valence, 220, 227
stable bond arrangements, 231

Eigenfunctions, antisymmetric, 130
determinantal, 130
definition, 26
linearly independent, 96
of angular momenta operators, 42
of commuting operators, 34
Eigenvalues, definition, 26
of angular momenta operators, 42
of Hermitian operators, 27
Einstein photoelectric hypothesis, 3

301
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FEinstein transition probabilities, 114
Electromagnetic field, 108
Electron, charge and mass of, 1
dual nature of, 7
magnetic moment of, 125
Electron configurations, and directed
valence, 231
of complex atoms, 128
of diatomic molecules, 207
of the elements, 168
Electron density distribution, by the
Hartree method, 166
in hydrogen, 87
Electron-pair bond, 218
Electron spin, 124
angular momentum, 125
quantum numbers, 125
Electronic states, of complex atoms, 128
of diatomic molecules, 190, 203
of Hyt ion, 201
of heteronuclear diatomic molecules,
209
of homonuclear diatomic molecules,
205
Electronic structure of complex mole-
cules, 232
coulombic and exchange energies, 247
four-electron problem, 245
London formula, 246
‘“ semi-empirical ”’ method, 246
Eulerian angles, 259
Exchange energy, 214
in complex molecules, 247
Exchange integral, 149
Exclusion principle, 129

Fermi-Dirac statistics, 285
Fine structure, 151

Free particle, 68
Functions, class of, 26

Generalized coordinates, 8, 366
Generalized momenta, 14
Group, Abelian, 177

definition, 176

element of, 177

order of, 177

representation of, 178
Group theory, 172

and quantum mechanics, 184

INDEX

Group theory, and vibrational spectra
274
proof of orthogonality relations, 371
Gyromagnetic ratio, 127

Hamiltonian, classical, 14
Hamiltonian operator, 29
for charged particle in electromagnetic
field, 108
in generalized coordinates, 39
Hamilton’s equations, 14
Harmonic oscillator, 75
* selection rules, 117, 123
Hartree method, 163
Heitler-London theory, 213
Helium atom, perturbation method, 101
variation method, 104
Hermite equation, 61
Hermite polynomials, 61
normalization of, 63
recursion formula for, 62
Hund’s rule, 151
Hybridization, 220
Hydrogen atom, 80
continuous spectrum of, 90
energy levels of, 82, 90
selection rules for, 116
Hydrogen molecule, Heitler-London
treatment, 213
singlet and triplet states, 216
variation treatment, 216
‘Hydrogen molecule ion, 194
electron density distribution, 198
electronic states, 201
energy levels, 204
Hydrogen quantum numbers, 85
Hydrogen wave functions, 85
Hydrogenlike atoms, 84
Hydrogenlike wave functions, 89

Indicial equation, 51

Induced dipole moment, 118, 333
Integrals, table of, 388

Ionization potentials, 168
Irreducible representations, 180

Lagrange’s equation, 9
Lagrangian function, 11
Laguerre equation, 66
Laguerre polynomials, 63
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Lande interval rule, 158
Laplacian operator, 363
Legendre equation, 52
Legendre polynomials, 52
recursion formula for, 59
Light, dual nature of, 6
Linear differential equations, 48
Linear equations, simultaneous, 368
Linearly independent eigenfunctions, 96,
Lorentz field, 341

Mathieu’s equation, 359
eigenvalues of, 360

Matrices, 172
unitary, 174

Maxwell-Roltzmann statistics, 283

Maxwell’s equations, 343

Molecular orbitals, 192
quantum numbers, 203
separated atom notation, 207
symmetry properties, 2056
united atom notation, 203

Molecular spectroscopy, 258

Moments, induced, 333

Morse curve, 272

Multiplet structure, 1356

Neutron, 1
Non-adiabatic reactions, 326
Normal coordinates, 16
of acetylene, 280
of water, 278
Normalized functions, 31
Nuclear spin and diatomic molecules, 265

Operators, angular momenta, 42
commuting, 25
electron spin, 126
Hamiltonian, 29
Hermitian, 27
linear, 27
magnetic moment, 127
Optical rotatory power, 342, 346
Orbitals, atomic, 129
bonding, 208
molecular, 192
Ortho- and paradeuterium, 267
Crtho- and parahydrogen, 266
Orthogonal functions, 31
Overlap integral, 197

393

Paramagnetism, 348
and electron spin, 349
Particle in a box, 70
Partition functions, 290, 292
Pauli exclusion principle, 129
Penetration of potential barriers, 302
Periodic table, 168
Perturbation theory, 93
for degenerate systems, 96
Perturbations, time dependent, 107
Photoelectric effect, 2
Photon, 3
Physical constants, 361
« bonds, 224
Planck’s constant, 2
Polarized light, 110
Polarizability, 118, 121
Potential energy surfaces, 301
Promotion, 221
Proton, charge and mass, 1

Quantum mechanics, postulates, 29
Quantum theory, old, 5

Radiation, induced, 110
spontaneous, 114
Radiation density, 113
Raman effect, 121, 123
Rayleigh scattering, 121
Reaction rate theory, approximate equa-~
tion, 307
external forces, 331
general equation, 306
thermodynamics, 330
unimolecular reactions, 208
Reduced mass, 81
Reflection coefficient, 306
Representation of a group, basis of, 185
dimension of, 181
irreducible, 180
Resonance, 248
Resonance energy of benrzene, 249, 251,
254
Restricted rotator, 358
Rigid rotato~, 72, 76
Rotational energy, diatomic molecules,
268
Rotatory strength, optical, 346
Russell-Saunders coupling, 156
Rydberg constant, 4
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Scalar potential, 108
Schrédinger’s equations, 24, 25, 29
Screening constants, 163
Secular equation, 98
Selection rules, for complex atoms, 159
for diatomic molecules, 262
for harmonic oscillator, 117
for hydrogen, 116
for vibrational spectra, 276
Self-consistent field, 165
Separation of wave equation, 190, 258
o bonds, 224
Similarity transformation, 179
Singular points, 50
Slater orbitals, 163
Spherical harmonics, 47, 58
Spin functions of hydrogen, 215
Spin theory, complex molecules, 232
Spinning electron, 124, 125
Spin-orbit interaction, 151
State function, 28
Statistical distribution laws, 283, 285,
287
Statistical mechanics, 282
and thermodynamics, 289
Statistical weight, 200
Stereographic projection diagrams, 379
Sum-over-states, 290
Symmetrical top, 260
Symmetry groups, 376
Symmetry number, 295
Symmetry operations, 176

Tetrahedral orbitals, 223
Time-dependent perturbations, 107

INDEX

Transformations of coordinates, 174
Transition probabilities, 114
Transmission coefficient, 304, 306
for Eckart barrier, 311
for special cases, 317, 320, 323
Trial eigenfunctions, 100

Uncertainty principle, 21
Unpaired spins, 170

Valence orbitals, 218
of N, O, C, 220, 221
Valence structure, of acetylene, 224
of benzene, 249
of water, 225
Van der Waals’ forces, 351
Variation method, 99
Vector model of atoms, 165
Vector operators, 363
Vector potential, 108
Vectors, 175, 361
Vibration theory, 16
Vibrational spectra, and group theory,
274
of acetylene, 279
of benzene, 280
of water, 276
selection rules, 276
Virial theorem, 356

Wave number, 4
Zeeman effect, 162

Zero-point energy, 77
Zeroth-order approximation, 97
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