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PREFACE TO THE NINTH EDITION

IN preparing a new edition of this book for publication, attention
has been given to the change in outlook in mathematical studies in
Cambridge that began with the abolition of the order of merit in
the Tripos. Hydrostatics is still a subject which all candidates
are expected to study; but it belongs to the class of blind-alley
subjects, and it is clearly not profitable for the average student to
devote very much of his time either to the subject-matter or to
working elaborate problems. In the interests of the average
student, therefore, the amount of book-work has been substantially
reduced, and a large number of examples have been removed from
the book, while a few from recent Tripos papers have been inserted.

July 1925,

In this impression a few corrections have been made, particu-
larly in Chapters VI and VII, but in other respects the book is
unaltered. A.S. R.

May 1929,
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HYDROSTATICS

CHAPTER 1

1. We learn from common experience that such substances as
air and water are characterised by the ease with which portions of
their mass can be removed, and by their extreme divisibility. These
properties are illustrated by various common facts ; if, for instance,
we consider the ease with which fluids can be made to permeate
each other, the extreme tenuity to which one fluid can be reduced
by mixture with a large portion of another fluid, the rarefaction of
air which can be effected by means of an air-pump, and other facts
of a similar kind, it is clear that. practically, the divisibility of fluid
is unlimited : we find, moreover, that in separating portions of fluids
from each other, the resistance offered to the division is very slight,
and in general almost inappreciable. By a generalisation from such
observations, the conception naturally arises of a substance pos-
sessing in the highest degree these properties, which exist, in a
greater or less degree, in every fluid with which we are acquainted,
and hence we are led to the following

Definition of a Perfect Fluid

2. A perfect fluid is an aggregation of particles which yield
at once to the slightest effort made to separate them from each

other.
If then an indefinitely thin plane be made to divide such a fluid

in any direction, no resistance will be offered to the division, and
the pressure exerted by the fluid on the plane will be entirely normal
to it ; that is, a perfect fluid is assumed to have no * viscosity,”
no property of the nature of friction.

The following fundamental property of a fluid is therefore ob-
tained from the above definition.
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The pressure of a perfect fluid is always normal to any surface
with which 1t s in contact.

As a matter of fact, all fluids do more or less offer a resistance
to separation or division, but, just as the idea of a rigid body is
obtained from the observation of bodies in nature which only change
form slightly on the application of great force, so is the idea of a
perfect fluid obtained from our experiences of substances which
possess the characteristics of extremely easy separability and
apparently unlimited divisibility.

The following definition will include fluids of all degrees of
viscosity.

A fluid 1s an aggregation of particles which yield to the slightest
effort made to separate them from each other, if it be continued long
enough.

Hence it follows that, in a viscous fluid at rest, there can be no
tangential action, or shearing stress, and therefore, as in the case
of a perfect fluid,

The pressure of a fluid at rest 1is always mormal to any surface
with which it 1is in contact.

Thus all propositions in Hydrostatics are true for all fluids what-
ever be the viscosity.

In Hydrodynamics it will be found that the equations of motion
are considerably modified by taking account of the viscosity of a
fluid.

8. Fluids are divided into Liquids and Gases; the former, such
as water and mercury, are not sensibly compressible except under
very great pressures ; the latter are easily compressible, and expand
freely if permitted to do so.

Hence the former are sometimes called inelastic, and the latter
elastic fluids.

4. Fluids are acted upon by the force of gravity in the same
way as solids ; with regard to liquids this is obvious ; and that air
has weight can be shown directly by weighing a closed vessel,
exhausted as far as possible : moreover, the phenomera of the tides
show that fluids are subject to the attractive forces of the sun and
moon as well as of the earth, and it is assumed, from these and other
similar facts, that fluids of all kinds are subject to the law of gravita-
tion, that is, that they attract, and are attracted by, all other
portions of matter, in accordance with that law.
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Measure of the Pressure of Fluids

B. Consider a mass of fluid at rest under the action of any
forces, and let 4 be the area of a plane surface exposed to the
action of the fluid, that is, in contact with it, and P the force which
is required to counterbalance the action of the fluid upon 4. If

the action of the fluid upon 4 be uniform, then g is the pressure

on each unit of the area A. If the pressure be not uniform, it
must be considered as varying continuously from point to point
of the area 4, and if @ be the force on a small portion a of the

. . T . .
area about a given point, then - will approximately express the
rate of pressure over a. When a is indefinitely diminished let
o . .
- ultimately =p, then p is defined to be the measure of the pressure

at the point considered, p being the force which would be exerted
on a unit of area, if the rate of pressure over the unit were uniform
and the same as at the point considered.

The force upon any small area a about a point, the pres-
sure af which is p, is therefore pa-+vy, where y vanishes ulti-
mately in comparison with pe when a (and consequently pa)
vanishes.

6. The pressure at any point of a fluid at rest is the same in every
direction.

This is the most important of the characteristic properties of a
fluid ; it can be deduced from the fundamental property of a fluid
in the following manner.

If we consider the equilibrium of a small tetrahedron of fluid, we
observe that the pressures on its faces, and the impressed force on
its mass, form a system of equilibrating forces.

The former forces depending on the areas of the faces vary as
the square, and the latter depending on the volume and density
varies as the cube of one of the edges of the solid, which is con-
sidered to be homogeneous, and therefore supposing the solid indefi-
nitely diminished, while it retains always a similar form, the latter
force vanishes in comparison with the pressures on the faces ; and
these pressures consequently form of themselves a system of forces
in equilibrium.
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Let p, p’ be the rates of the pressure on the faces ABC,
BCD, and resolve the forces parallel to the edge AD; then,
since the projections of the areas ABC, BCD
on a plane perpendicular to AD are the
same (each equal to a suppose) we have ulti-
A p mately,

B

pa=p’a,
¢ or p=p.
And similarly it may be shown that the
pressures on the other two faces are each equal to p or p'.

As the tetrahedron may be taken with its faces in any
direction, it follows that the pressure at a point is the same in
every direction.

This proposition is also true if the fluid be in motion, for by
D’Alembert’s Principle the reversed effective forces and the im-
pressed forces which act upon the mass of fluid must balance the
pressures on its faces, and the effective forces are of the same order
of small quantities as the impressed forces and vanish in comparison
with the pressures.

Transmission of Fluid Pressure

7. Any pressure, or additional pressure, applied to the surface
or to any other part of a liquid at rest, is transmitled equally to all
parls of the liquid.

This property of liquids is a direct result of experiment, and,
as such, is sometimes assumed. It is, however, deducible from the
definition of a fluid.

Let P be a point in the surface of a liquid at rest, and @ any
other point in the liquid ; about the straight line P@Q describe a
cylinder, of very small radius, bounded by the surface at P and by
a plane through @, perpendicular to QP.

If the pressure at P be increased by p, the additional force on
the cylinder, resolved in the direction of its axis, is pa, a being the
area of the section of the cylinder perpendicular to its axis, and
this must be counteracted by an equal force pa at @ in the direction
QP, since the pressure of the liquid on the curved surface is per-
pendicular to the axis. The pressure at @ is therefore increased
by p.

If the straight line PQ do not lie entirely in the liquid, P and
Q can be connected by a number of straight lines, all lying in the
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liquid, and a repetition of the above reasoning will show that the
pressure p is transmitted, unchanged, to the point Q.

8. In consequence of this property, a mass of liquid can be
used as a “ machine ” for the purpose of multiplying power.

Thus, if in a closed vessel full of water two apertures be made
and pistons 4, 4’ fitted in them, any force P applied to one piston
must be counteracted by a force P’ on the other piston, such that
P’ : P in the ratio of the area A’ : 4, for the increased rate of pressure
at every point of 4 is transmitted to every point of 4’, and the
force upon A’ depends therefore upon its area.*

The action between the two is analogous to the action of a lever,
and it is clear that by increasing 4’ and diminishing 4, we can
make the ratio P’ : P as large as we please.

9. The pressure of a gaseous fluid is found to depend upon its
density and temperature, as well as upon the nature of the fluid
itself.

When the temperature is constant, experiment shows that the
pressure varies inversely as the space occupied by the fluid, that is,
directly as its density.

This law was first stated by Boyle, but it is a consequence of
the more general law that the pressure of a mixture of gases that
do not act chemically on each other is the sum of the pressures the
gases would exert if they filled the containing vessel separately.
For doubling the quantity of gas in the vessel would double the
pressure, and a similar proportionate change of pressure would take
place for any other change of quantity.

Hence if p be the density of a certain quantity of a gaseous
fluid, and p its pressure, then, as long as the temperature remains
the same,

p=kp,
where £ is a constant, to be determined experimentally for the fluid
at a given temperature.

If v be the volume of the gas at the pressure p, and v’ the volume
at the pressure p’,

pv=pl'vl’
or pv is constant for a given temperature.
10. The Elasticity of a fluid is measured by the ratio of a

* Bramah’s press is an instance of the practical use of this property of liquids.
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small increase of pressure to the cubical compression produced by
it.

If v be the volume, the small cubical compression is —%v, and

the measure of the elasticity is
%P
dv’
In the case of a gas at constant temperature pv is constant,
and

) dp_
P p+’b%—0,

so that the measure of the elasticity is equal to that of the pressure.
If the relation between the elasticity and the pressure is given,
we can deduce the relation between the pressure and the volume.
For instance, if we can imagine the existence of a fluid in which
the elasticity is double the pressure, we have

from which it follows that pv? is constant.

Measures of Weight, Mass, and Density

11. The weight, mass, and density of a fluid are measured in
the same way as for solid bodies.

If W be the weight of a mass M of fluid, then, in accordance
with the usual conventions which define the units of mass and force,

W=DMy.
If V be the volume of the mass M of fluid of density p, then
M=pV,
and <. W=gpV.

For the standard substance, p=1, and therefore the unit of
mass is the mass of the unit of volume of the standard substance.

If the unit of mass is a pound, the equation, W=2Myg, shows
that the action of gravity on a pound is equivalent to g units of
force. The unit of force is therefore, roughly, equal to the weight
of half an ounce, and it is called the Poundal.

12. In the previous articles no account has been taken of fluids
in which the density is variable; but it is easy to conceive the
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density of a mass of liquid varying continuously from point to point,
and it will be hereafter found that a mass of elastic fluid, at rest
under the action of gravity, and having a constant temperature
throughout, is necessarily heterogeneous: the density at a point
of a fluid must therefore be measured in the same way as the pres-
sure at a point, or any other continuously varying quantity.

Measure of the density at any point of a heterogeneous fluid.

Let m be the mass of a volume v of fluid enclosing a given
point, and suppose p the density of a homogeneous fluid such that
the mass of a volume v is equal to m, or such that

m=pv ;
then p may be defined as the mean density of the portion v of the
heterogeneous fluid, and the ultimate value of p when v is indefi-
nitely diminished, supposing it always to enclose the point, is the
density of the fluid at that point.

EXAMPLES
(In these Examples g is taken to be 32, when a foot and a second are units.)

1. ABCD is a rectangular arca subject to fluid pressure ; AB is a fixed line,
and the pressure on the area is a given function (P) of the length BC (2) ; prove

apP
that the pressure at any point of CD is p where a=A4B.

If A be a fixed point, and 4B, AD fixed in direction, and if AB=xz and
o*P
AD=y, the pressure at C= Ex—d—‘;j .
2. In the equation W=ggV, if the unit of force be 100 lb. weight, the unit
of length 2 feet, and the unit of time }th of a second, find the density of water.

3. If a minute be the unit of time, and a yard the unit of space, and if
15 cubic inches of the standard substance contain 25 oz., determine the unit
of force.

4. In the equation, W=ggV, the number of seconds in the unit of time is
equal to the number of feet in the unit of length, the unit of force is 750 lb.
weight, and a cubic foot of the standard substance contains 13500 ounces ;
find the unit of time.

5. A velocity of 4 feot per second is the unit of velocity ; water is the
standard substance and the unit of force is 125 lb. weight ; find the units of
time and length.

6. Tho number expressing tho weight of a cubic foot of water is hth of
that expressing its volume, jth of that expressing its mass, and y,th of the
number expressing the work done in lifting it 1 foot. Find the units of length,
mass, and time.

7. If a feet and b seconds be the units of space and time, and the density
of water the standard density, find the relation between a and b in order that
the equation, W=ggV, may give the weight of a substance in pounds.
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8. A velocity of 8 feet per second is the unit of velocity, the unit of accelera-
tion is that of a falling body, and the unit of mass is a ton ; find the density of
water.

9. The density at any point of a liquid, contained in a cone having its axis
vertical and vertex downwards, is greater than the density at the surface by a
quantity varying as the depth of the point. Show that the density of the
liquid when mixed up so as to be uniform will be that of the liquid originally at
the depth of one-fourth of the axis of the cone.

10. From a vessel full of liquid of density g is removed 1/nth of the contents,
and it is filled up with liquid of density o. If this operation be repeated m
times, find the resulting density in the vessel.

Deduce the density in a vessel of volume V, originally filled with liquid of
density g, after a volume U of liquid of density ¢ has dripped into it by in-
finitesimal drops.



CHAPTER 1II
THE CONDITIONS OF THE EQUILIBRIUM OF FLUIDS

13. Taking the most general case, suppose a mass of fluid,
elastic or non-elastic, homogeneous or heterogeneous, to be at rest
under the action of given forces, and let it be required to determine
the conditions of equilibrium, and the pressure at any point.

Let z, y, z be the co-ordinates referred to rectangular axes, of
any point P in the fluid, and let @ be a point near it, so taken
that PQ is parallel to the axis of .

Take z+8x, y, z as the co-ordinates of @ ; about PQ describe
a small prism or cylinder terminated by planes perpendicular to PQ.

Let a be the area of the section of the cylinder perpendicular
to its axis, p the pressure at P, and p-+68p the pressure at Q.

Then o may be taken so small that the thrust on the plane end
at P is approximately pa, the difference being of a higher order of
smallness.

Similarly the thrust on the plane end at @ may be taken to be

(p+3p)a.

If p be the mean density of the cylinder PQ, its mass =padz,
and Xpadz will represent the force on PQ parallel to its axis, if
X6m, Ydm, Z6m be the components of the forces acting on a particle
&m of fluid at the point (z, ¥, 2).

Hence, for the equilibrium of PQ,

(p+8p)a—pa=ZXpadz,
or Sp=pXdz.

Proceeding to the limit when 8z, and therefore 8p, is indefinitely
diminished, p will be the density at P, and we obtain

op__
a——x—-pX.
9 2
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By a similar process,

op_
oy~ PY
o9p_
o pZ.
_op ?p op, .
But dp= a—xdx-i- a—ydy—i— a——zdz ;

dp=p(Xdx+Ydy+2Zdz) . . . (1)
the equation which determines the pressure.

14. We now consider what condition must be satisfied by a
given distribution of force in order that it may be capable of main-
taining a fluid in equilibrium. The pressure is clearly a function
of the independent variables z, ¥, and z, and we know that

Pp_op Op_0op Pp_ 3%
Gyon G0y Oow owdr dxdy oyoxw

Hence we obtain from the preceding equations,

0 0

@(PZ)=5‘Z(PY)

.a_(pX)_—;E(pZ)k . . . o (2)
(p )——(PX)

Performing the operations indicated we have

op Y@_o____ <6Y 6Z>

oy oz ”‘52—55 ’

Op_ 7% _ (02 09X
ng Zaw p<6m X
y2P_ x%_ <aX aY>

o oy \oy oz

Multiplying by X, Y, Z, and adding, we obtain

oY o7y, (02 oX\ , ,(0X 0¥
X<—3-i—a—y-)+Y<5; az>+z<3y m) 0. . .@

as a necessary condition of equilibrium.
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The geometrical interpretation of this equation is that the lines
of force,

can be intersected orthogonally by a system of surfaces.

15. Homogeneous Liquids. If the fluid be homogeneous and
incompressible, p is constant, and it follows from (1) that
Xdz+ Ydy+Zdz must be a perfect differential in order that equili-
brium may be possible.

In other words, the system of forces must be a conservative
system, and the forces can be represented by the space-variations
of a potential function.

We then have, if ¥ be the potential function,

dp=—pdV,
and f;j’+ V=C.

T, for instance, the forces tend to or from fixed centres and are functions of
the distances from those centres, we have

X=z{¢(r)”—_r—“}, Y=E{¢(r)‘1¢}. Z=2-'{ql>(r)zlrc ,

whero (a, b, c) are co-ordinates of the centre to which the force ¢ (r) tends.

Now r*=(z—a)*+(y—b)*+(z—c)?,
. Xdr+ Ydy+Zdz=Z(r)dr,
and dp=pZp(r)dr.
In this case, since
—a y—b
S L =t N
oY , y—bz—a y—bx——
and T 2{(#( N~ %) ; },

it is obvious that the equation (3) is always satisfied, but it is not to be inferred
that the equilibrium of a heterogeneous fluid is always possible with such a
system of forces.
When the density is constant, the equations (2) become

0z_oY oX_oz 9X_o¥

Oy 02’ 0z oOx’ Oy oOx
which are in this case always satisfied, and therefore the equilibrium of a
homogeneous fluid under the action of such forces is always possible.

16. Heterogeneous Fluids. If the law of density be prescribed,
that is, if p be a given function of z, y, z, the conditions to be



12 PRESSURE OF FLUIDS [Grar. n

satisfied in order that a given distribution of force, represented by
X, Y, Z, may maintain the fluid in equilibrium are the equations (2).
17. Elastic Fluids. When the fluid is elastic, an additional
condition is introduced, for, as we have seen in Chapter I, if the
temperature be constant,
dp 1 ptp;
}?=%(de+ Ydy+Zdz) . . . (4
If the forces are derivable from a potential V, s.e. if

Xdz+ Ydy+Zdz
be a perfect differential —dV,

@D__gy
P

ook 10g%=— v,

_y C_r
or p=Ce ¥, and p=pe *

When the forces tend to fixed centres and are functions of the
distances, Art. 15, this equation takes the form

Sl Zp(r)dr,
p (")

and p can be determined.
If the temperature be variable, the relation between the pressure,
density, and temperature is found to be
p=kp(1+at),
where t is the temperature, measured by a Centigrade thermo-
meter, and a="003665.
From this we obtain

1
p=kpa{;+t}=KpT,
where K=Fka, and T=§+t.

T is called the absolute temperature, the zero of which is
—273° C.

In this case @:‘W

P KT ’
and therefore T must be a function of z, ¢, z.

In any of these cases, if the pressure at any particular point be
given, the constant can be determined.
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In the case of elastic fluids, if the mass of fluid and the space
within which it is contained be given, the constant is determined.

18. The equation for determining p may also be obtained in the following
manner.

Let PQ be the axis of a very small cylinder bounded by planes perpen-
dicular to PQ.

Let p and p+Jp be the pressurcs at P and @, a the areal section, and Js
the length of PQ. Then, if Sm be the component, in the direction PQ, of the
forces acting on an element dm,

(p+0p)a—pa=guSds,
and therefore, proceeding to the limit,
dp=pSds.
That is, the rate of incrcase of the pressure in any dircction is equal to the
product of the density and the resolved part of the force in that direction.

If z, y, z be the co-ordinates of P, and X, Y, Z the components of S parallel
to the axes,

S= Xg-g—{— )'Z—‘Z—{—Z‘Z?,
and .. dp=o(Xdx+ Ydy+ Zdz) as in Art. 13.
If the position of P be given by the cylindrical co-ordinates r, 0, and z, and
if P, T, Z be the components of § in the directions of 7, 0, 2,
S— Pds_{_TrdO " Zd
and the equation for p becomes
dp={Pdr-+-Trd0 |-Zdz}.
Again, if the position ot P be given by the ordinary polar co-ordinates 7, 6,
¢, and if the components of the force be R, N, and 7', in the directions of r, of

the perpendicular to the plane of the angle 0, and of the line perpendicular to »
in that plane, it will be found that

"Z’ Rdr+ Nr sin 0dg+Trdo.

In a similar manner the expression for dp may be obtained for any other
system of co-ordinates.

19. Surfaces of Equal Pressure. In all cases, in which the
equilibrium of the fluid is possible, we obtain by integration
p=9(, 9, 2).
If p be constant, Nz, y,2)=p . . . . (5)
is the equation to a surface at all points of which the pressure is

constant, and by giving different values to p we obtain a series of
surfaces of equal pressure, and the external surface, or free surface,
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is obtained by making p equal to the pressure external to the
fluid.
If the external pressure be zero, the free surface is therefore

d(z, y, 2)=0.
oy o o o
The quantities % oy &

which are proportional to the direction-cosines of the normal at the
point (z, y, 2) of the surface (5), are equal to

respectively, i.e. to pX, pY, pZ, and are therefore proportional to
X Y, Z

Hence the resultant force at any point is in direction of the
normal to the surface of equal pressure passing through the point.

The surfaces of equal pressure are therefore the surfaces intersecting
orthogonally the lines of force.

It follows from this result that a necessary condition of equili-
brium is the existence of a system of surfaces orthogonal to the
lines of force, a conclusion derivable also from the equation (3) of
Art. 14, for that equation is the known analytical condition requisite
for the existence of such a system.

20. If the fluid be a homogencous liquid, that is, if p is con-
stant, Xdz+ Ydy+ Zdz must be a perfect differential, or in other
words, the system of forces must be a conservative system.

In general, when the force-system is conservative, p must be a
function of the potential V.

For dp=—pdV, and, dp being a perfect differential, p must be
a function of V; hence V, and therefore p, is a function of p, and
surfaces of equal pressure are equipotential surfaces, and are also
surfaces of equal density.*

* These results may also be obtained in the following manner :

Consider two consecutive surfaces of equal pressure, containing between them a
stratum of fluid, and let a small circle be described about a point P in one surface,
and a portion of the fluid cut out by normals through the circumference. The
portion of fluid is kept at rest by the impressed force, and by the pressures on its
ends and on its circumference. Being very nearly a small cylinder, and the
pressures at all points of its circumference being equal, the difference of the pressures
on its two faces must be due to the force, which must therofore act in the same
direction as these pressures, t.e. in direction of the normal at P.

If the forces are derivable from a potential, the resulting force is perpendicular
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If the fluid be elastic and the temperature variable
dp_ dvV
» KT
Hence by a similar process of reasoning T is a function of p, and
surfaces of equal pressure are also surfaces of equal temperature.

If however Xdz+ Ydy-+ Zdz be not a perfect differential, these
surfaces will not in general coincide.

Let the fluid be heterogeneous and incompressible ; then the
surfaces of equal pressure and of equal density are given respec-
tively by the equations

dp=0, dp=0,
or Xdz+Ydy+ Zde=
Z_gdm-z_;dﬁg_zfimo o O

These then are the differential equations of surfaces which by
their intersections determine curves of equal pressure and density.
From (6) we obtain
de. dy _ dz

g vop vip ,0p Op Op

ZP_y2P xTP_ 7P yiP_ x%

Y X&z Zaz Y@z X@y

But from the conditions of equilibrium we have

..M

3X+X —2 Y2,
oy

aY+Y‘3” a—Z+Z
0z 6y

<+ 3 a_)_(_{_X
iI}

and therefore the equatxons (7) become
dx dy dz 8
%7 oy oX o2 ¥ ox ° - - O

y oz oz Tor o oy
the differential equations of the curves of equal pressure and density

to the equipotential surfaces, and the surfaces of equal pressure are therefore
identical with the equipotential surfaces.

Again, considering the cquilibrium of the elemental cylinder, the force acting
upon it, per unit of mass, is equal to the difference of potentials divided by the
distance between the surfaces of equal pressure, and as the mass of the element is
directiy proportional to this distance, it follows that the density must be constant,
that is, the surfaces of equal pressure are also surfaces of equal density.
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21. We shall now show how to obtain the fundamental pressure
equation by considering the equilibrium of a finite mass of fluid.

Let S be any closed surface drawn in the fluid, and I, m, n the
direction-cosines of the normal at any point drawn outwards. The
conditions of equilibrium of the mass of fluid within the surface S
are summarised in the statement that the normal pressures on the
boundary must counterbalance the effect of the given forces acting
throughout the mass. Thus by resolving parallel to the axes we
get three equations of the type

[[lpdS=([{pXdxdydz . . .09
and by taking moments about the axes we get three other equations
of the type

[fp(ny—m2)dS={[[p(yZ—2Y)dxdydz . . (10)

where the double integrations extend to the whole surface S and
the triple integrations are throughout the space enclosed.
Now by Green’s Theorem,* we have

H@dS:jﬂf’fdxdydz
and ij(n y—mz)dS= I”( _ ag\)tlwdydz,

so that (9) and (10) become

0
“]( 52— pX>d1.‘dydz=
/ 6] A op
and _‘-.” ?/K Pw } z<—6‘11/-—p Y)}(l;rdy(h:O;

and there are two other pairs of like equations.

Since these equations must be satisfied for all ranges of integra-
tionin the fluid, it is clear that the necessary and sufficient conditions
of equilibrium are

_,x, P_py, P,z

o P oy P o
It is to be noted that since a perfect fluid is incapable of resisting
shearing stress there can be no such stresses in a mass of fluid in
equilibrium, and therefore it follows that the equations obtained
by taking moments about the axes will of necessity be satisfied
whenever the equations obtained by resolving parallel to the axes

* Vide any Cours d’ Analyse, e.g. de la Vallée Poussin, t. i. p. 381 (4th ed.).
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are satisfied. For in equilibrium the latter equations are true for
any portion of the fluid finite or infinitesimal, and this balancing
of forces ensures that the equations of moments are true also.

22. We can also prove that p(Xdz+ Ydy+ Zdz) must be a perfect

differential, by condensing the equilibrium of a spherical element
of fluid.

For the pressures of the fluid on the surface of the element are
all in direction of its centre, and thercfore the moment of the acting
forces about the centre must vanish.

Let z, y, z be co-ordinates of the centre, and z+a, y+pB, 2+
of any point inside the small sphere.

Then, p being the density at the centre, the expression
Zdm(ZB—Yvy) becomes

(tadiy( p12Purlrg 22\ [gf 7 92, 92
jL(la(lﬁly P F@xa—*’byB ! oz2” Az F B+

( <+—-a+ B+ >}

Now [[fadadBdy=0, the centre of the sphere being the centre
of gravity of the volume, [[[BydadBdy=0), etc., and, if dr=dadfSdy,

[fatda=[[[B*dr=][[[y*dr=}[[(o?+B*+y})dr
=§ j|)4ﬂr,4dr _‘T-‘ﬂ'rs
The expression for the moment then becomes, neglecting higher
powers of a, B, v,
f z)—2pm|tr
and, in order that this may be evanescent, we must have
0 0
@(PZ)—*“E‘Z(P Y).
23. Fluid at rest under the action of gravity.
Taking the axis of z vertical, and measuring z downwards,
X=0, Y=0, Z=g,
and the equation (1) of Art. 13 becomes
dp=gpdz,

an equation which may also be obtained directly by considering
the equilibrium of a small vertical cylinder.
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In the case of homogeneous liquid,

p=gpz+C,
and the surfaces of equal pressure are horizontal planes.
Hence the free surface is a horizontal plane, and, taking the
origin in the free surface, and II as the external pressure,

p=gpz-+II.
If there be no pressure on the free surface,

P=4gpz,
or the pressure at any point is proportional to the depth below the
surface.
In the case of heterogeneous liquid, the equation

dp=gpdz
shows that p must be a function of z. The density and pressure

are therefore constant for all points in the same horizontal plane.
As an example, let p oc 2"=p2",

zw}-l II
then P=gp +1+ .
24, Elastic fluid at rest under the action of gravity.
In this case, p=kp,
a.nd éz'):%dz:
g
. 4
- log %:'—]]: and p=Ce*.

The surfaces of equal pressure are in this case also horizontal
planes, and the constant C must be determined by a knowledge of
the pressure for a given value of 2, or by some other fact in con-
nection with the particular case.

ExampLE. 4 closed cylinder, the axis of which 18 vertical, contains a given
mass of air.

Measuring z from the top of the cylinder,

p C%

e:/;:-];ek;

.* if M be the given mass, @ the radius, and % the height of the cylinder,

h gh
M=/ gnatdz= na'g(e k1),
o
whence C is determined.
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25. Illustrations of the use of the general equation.
(1) Let a given volume V of liquid be acted upon by forces
s py ez

—a';» "‘_b‘{v _"c—,l
respectively parallel to the axes ;
nr, o py z
then dp= g(— ?dz—-— ﬁdy— %dz),
_o_te(®. ¥ z_'>
and p=0— 2 <a‘+b’+c’ .

The surfaces of equal pressure are therefore similar ellipsoids, and the
equation to the free surface is
z? 2 22 20
BT g
assuming that there is no external pressure.
The condition which determines the constant is that the volume of the

fluid is given, and we have
20\1
V=4nabc. (—)
™00 \ g/ ?

__lo 3V >i
and ) '(4.-mbc .

(2) A given volume of liquid is at rest on a fixed plane, under the action of a
force, to a fixed point in the plane, varying as the distance.
Taking the fixed point as origin, the expression for the pressure at any
point is
p=C—Ypp(z*+-y*+2%)=C—}upr’,
where 7 is the distance from the origin ; and if §7a® be the given volume, the
free surface is a hemisphere of radius a, and

p=3}pp(a*—1r?).
The portion of the plane in contact with fluid is a circle of radius a, and
therefore the pressure upon it

0,

T [a
=[ [prdﬂdr
o Jo

=}mppat.

This result may be written in the form pla - npa®, which is the expression
for the attraction on the whole mass of fluid, supposed to be condensed into a
material particle at its centre of gravity, and might in fact have becn at once
obtained by considering that the fluid is kept at rest by the attraction to the
centre of force and the reaction of the plane.

(3) A given volume of heavy liquid is at rest under the action of a force to a
fized point varying as the distance from that point.

Take the fixed point as origin, and measure z vertically downwards ;

then X=—pz,Y=—py, and Z=g—puz;
. dp={— padx— pydy+(9— pz)dz},
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3 3 3
and ’é’ =C0— p""++z +gz.

The surfaces of equal pressure are spheres, and the free surface, supposing
the external pressure zero, is given by the equation

2 2C
syttt le=
The volume of this sphere is

4 (20 g )i
7T H
)z .u’
equating this to the given volume, the constant C is determined, and the

pressure at any point is then given in terms of 7 and z.

Rotating Fluids.

26. If a quantity of fluid revolve uniformly and without any
relative displacement of its particles (i.e. as if rigid) about a fixed
axis, the preceding equations will enable us to determine the pres-
sure at any point, and the nature of the surfaces of equal pressure.

For, in such cases of relative equilibrium, every particle of the
fluid moves uniformly in a circle, and the resultant of the external
forces acting on any particle m of the fluid, and of the fluid pressure
upon it, must be equal to a force mw? towards the axis, w being
the angular velocity, and 7 the distance of m from the axis; it
follows therefore that the external forces, combined with the fluid
pressures and forces mw?r acting from the axis, form a system in

statical equilibrium, to which the equations of the previous articles
are applicable.

A mass of homogeneous liquid, contained in a wvessel, revolves
untformly about a vertical azis; required to determine the pressure
at any point, and the surfaces of equal pressure.

Take the vertical axis as the axis of z; then, resolving the force
mw?r parallel to the axes, its components are mw?c and mw?y, and
the general equation of fluid equilibrium becomes

dp=p(w2zxdz+ w?ydy—gdz),
and therefore p=p{}w*(2?+y?)—gz}+C.

The surfaces of equal pressure are therefore paraboloids of
revolution, and if the vessel be open at the top, the free surface is

given by the equation
20 211

R
where II is the external pressure.

The constant must be determined by help of the data of each
particular case.
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For instance, let the vessel be closed at the top and be just
filled with liquid, and let II=0; then, taking the origin at the
highest point of the axis, p=0 when z, ¥y, and 2 vanish, and therefore
C=0, and

p=p{}w¥2*+y?)—gz}.

27. Next consider the case of elastic fluid enclosed in a vessel

which rotates about a vertical axis ;

as before dp=p{wX(zdx+ydy)—gdz},
and p=kp;
o klog p=}w¥(x?+y?) —g2+-C,

so that the surfaces of equal pressure and density are paraboloids.

Let the containing vessel be a cylinder rotating about its axis,
and suppose the whole mass of fluid given ; then, to determine the
constant, consider the fluid arranged in elementary horizontal
rings each of uniform density : let r be the radius of one of these

rings at a height 2, &r its horizontal and 8z its vertical thickness, A
the height, and a the radius of the cylinder :

the mass of the ring=2mprérdz,

h (a
and the whole mass (M) of the ﬂuid=] j 2mprdzdr,
oJo
the origin being taken at the base of the cylinder.

C  wirl-2g2

Now p=ck.e *
972 C/ v _o
and .'.M=‘.“-;;~]:c"<e” —1>(1—e "),

an equation by which C is determined.

28. In general the equation of equilibrium for a fluid revolving
uniformly and acted upon by forces of any kind is

dp=p{ Xdz+ Ydy+Zdz+ w*(zdz+ydy)}.

In order that the equilibrium may be possible, three equations
of condition must be satisfied, expressing that dp is a perfect
differential, and, if these conditions are satisfied, the surfaces of
equal pressure, and, in certain cases, the free surface can be deter-
mined ; but it must be observed that a free surface is not always
possible. In fact, in order that there may be a free surface, the

surfaces of equal pressure must be symmetrical with respect to the
axis of rotation.
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EXAMPLES

1. A closed tube in the form of an ellipse with its major axis vertical is
filled with three different liquids of densities g,, g,, @5 respectively. If the
distances of the surfaces of separation from either focus be r,, r,, 75 respec
tively, prove that

71(02— 03)+72(0s— 01)+73(01— 02)=0.

2. Find the surfaces of equal pressure when the forces tend to fixed centres
and vary as the distances from those centres.

3. Prove that if the forces per unit of mass at z, y, z parallel to the axes
are

yla—z), z(a—=z), =y,
the surfaces of equal pressure are hyperbolic paraboloids and the curves of
equal pressure and density are rectangular hyperbolas.

4. In a solid sphere two spherical cavities, whose radii are equal to half
the radius of the solid sphere, are filled with liquid; the solid and liquid
particles attract each other with forces which vary as the distance: prove
that the surfaces of equal pressure are spheres concentric with the solid sphere.

5. Show that the forces represented by

X=u(y*+yz+2%), Y=p(*+tzz+2?), Z=p(x*+zy+y?)

will keep a mass of liquid at rest, if the density o from the plane

1
(dist.)?
z+y-+2=0; and the curves of equal pressure and density will be circles.

6. If a conical cup be filled with liquid, the mean pressure at a point in the
volume of the liquid is to the mean pressure at a point in the surface of the cup
as 3:4.

7. A mass of fluid rests upon a plane subject to a central attractive force
ulrd, situated at a distance ¢ from the plane on the side opposite to that on
which the fluid is ; and a is the radius of the free spherical surface of the fluid :
show that the pressure on the plane

= mou(a—c)/a.

8. Find the surfaces of equal pressure for homogeneous fluid acted upon
by two forces which vary as the inverse squaro of the distance from two fixed
points.

Prove that if the surface of no pressure be a sphere, the loci of points at

which the pressure varies inversely as the distance from one of the centres of
force are also spheres.

9. If the components parallel to the axes of the forces acting on an element
of fluid at (z, y, 2) be proportional to

Y+202+2° 2 2pextat, 2-2vay+yh,
show that if equilibrium be possible we must have
2A=2p=2v=1.
10. A fluid is in equilibrium under a given system of forces ; if p,=¢(z, ¥, 2)

0:=y/(2, ¥, z) be two possible values of the density at any point, show that the
equations of the surfaces of equal pressure in either case are given by

¢(.’t, Y z)+1¢(x’ ¥y, 2)=0,
where A is an arbitrary parameter.
11. A hollow sphere of radius a, just full of homogeneous liquid of unit
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density, is placed between two external centres of attractive force u?/r* and
u'%/r’?, distant ¢ apart, in such a position that the attractions due to them at
the centre are equal and opposite. Prove that the pressure at any point is

prfrp e — pdp (4 {(p ) a4 pp e
12. The density of a liquid, contained in a cylindrical vessel, varies as the

depth ; it is transferred to another vessel, in which the density varies as the
square of the depth ; find the shape of the new vessel.

13. A rigid spherical shell is filled with homogeneous inelastic fluid, every
particle of which attracts every other with a force varying inversely as the
square of the distance; show that the difference between the pressures at the
surface and at any point within the fluid varies as the area of the least section
of the sphere through the point.

14. An open vessel containing liquid is made to revolve about a vertical
axis with uniform angular velocity. Find the form of the vessel and its
dimensions that it may be just emptied.

15. An infinite mass of homogencous fluid surrounds a closed surface and
is attracted to a point (O) within the surface with a force which varics in-
versely as the cube of the distance. If the pressure on any clement of the
surface about a point P be resolved along PO, prove that the whole radial
pressure, thus estimated, is constant, whatever be the shape and sizo of the
surface, it being given that the pressure of the fluid vanishes at an infinite
di tance from the point O.

16. All space being supposed filled with an elastic fluid the particles of
which are attracted to a given point by a force varying as the distance, and
the whole mass of the fluid being given, find the pressure on a circular disc
placed with its centre at the centre of force.

17. A mass m of elastic fluid is rotating about an axis with uniform angular
velocity w, and is acted on by an attraction towards a point in that axis equal
to u times the distance, u being greater than w?; prove that the equation of a
surface of equal density o is

u w?)? ) m2 }

(n—
u(@*+y*+2%)— ¥z +y%)=k log { T 8w ok

18. A mass of self-attracting liquid, of density p, is in equilibrium, the law
of attraction being that of the inverse square : prove that the mean pressure
throughout any sphere of the liquid, of radius 7, is less by 37g%? than the
pressure at its centre.

19. A fluid is slightly compressible according to the law

(e—@0)/eo=B(2—P0)/Dos

where f is small: prove that a mass 47gqa® of the fluid will, under the action of
its own gravitation with an external pressure p,, assume a spherical form of
approximate radius a(l— & fmna®g,*/p,), where m is the constant of gravita-
tion.

20. A mass M of gas at uniform temperature is diffused through all space,
and at each point (z, y, z) the components of force per unit mass are — Az,
—By, —Cz. The pressure and density at the origin are p, and g, respectively.
Prove that

ABCgM?*=8npy

21. A given mass of air is contained within a closed air-tight cylinder with
its axis vertical. The air is rotating in relative equilibrium about the axis of
the cylinder. The pressure at the highest point of its axis is P, and the
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pressure at the highest points of its curved surface is p. Prove that, if the fluid
were absolutely at rest, the pressure at the upper end of the axis would be
(p— P)/{log p—log P} ; where the weight of the air is taken into account.

22. A mass of gas at constant temperature is at rest under the action of
forces of potential y at any point of space, with any boundary conditions. At
the point where y is zero, the pressure is IT and the density g,. The gas is now
removed from the action of the forces and confined in a space so that it is at
a uniform density g,. Prove that the loss of intrinsic potential energy by the
gas, due to the expansion, is

= Po¥

eoffjye 1 dv;
where the integrations are taken throughout the gas in its original state.

23. A uniform spherical mass of liquid of density p-o and radius a is
surrounded by another incompressible liquid of density ¢ and external radius
b. The whole is in equilibrium under its own gravitation, but with no external
pressure. Show that the pressure at the centre is

2 2 f2a
Sale+0)%ar+ 5 { o+ e(atd) }o—a).

24. A uniform spherical mass of incompressible fluid, of density ¢ and
radius a, is surrounded by another incompressible fluid, of density o and
external radius b. The total fluid is in equilibrium under its gravitation, but
with no external pressure or forces. The two fluids are now mixed into a
homogeneous fluid of the same volume, and the mass is again in equilibrium
in a spherical form. Prove that the pressure at the centre in the first case
exceeds the pressure at the centre in the second case by

sote—aw(1=7 ) 1+3(2-1) (145) (1453) |

25. The boundary of a homogeneous gravitating solid, of density o and
mass M, is the surface r=a{l+aP,(cos 0)}, where a is a quantity so small
that its square may be neglccted. The solid is surrounded by a mass M’ of
gravitating liquid, of density g. Show that the equation to the free surface is

approximately
r=b{1+ fP,(cos )},
3/M M
where b= 47;(?-'-0— )'
and B=3(0—g)an+3a/{(2n—2)gb*+(2n+1) (0— @)a}b™

26. A uniform incompressible fluid is of mass M in gravitational units,
and forms a sphere of radius @ when undisturbed under the influence of its
own attraction. It is placed in & weak field of force of gravitational potential

r’l
Z‘pnmlP”(cos 0), (n>1),

where r is measured from the centre of the mean spherical surface of the
liquid, and the squares of quantities of the type u, can be neglected. Prove
that the equation of the free surface is

o142 2"“"1 P, (cos 6).

27. Prove that the pressure at the centre of the Earth, if it were a homo-
geneous liquid, would be 4ga lb. per square foot, where g is the mass in pounds
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of a cubic foot of the substance of the Earth and a is the Earth’s radius in
feet.

28. The density of a gravitating liquid sphere of radius a at any point
increases uniformly as the point approaches the centre. The surface density
is g, and the mean density is o. Prove that the pressure at the centre is

§7a*{100(@— o) +300’}-
29. In a gravitating fluid sphere of radius a the surfaces of equal density
are spheres concentric with the boundary, and the density increases from

surface to centre according to any law. Prove that the pressure at the centre
is greater than it would be if the density were uniform by

gy [} a( 02— o¥)rdr,

where g denotes the mean density of the whole mass, ¢’ the mean density of
that portion which is within a distance r of the centre, and y is the constant
of gravitation.



CHAPTER III
THE RESULTANT PRESSURE OF FLUIDS ON SURFACES

29, In the preceding Chapter we have shown how to investi-
gate the pressure at any point of a fluid at rest under the action
of given forces ; we now proceed to determine the resultants of the
pressures exerted by fluids upon surfaces with which they are in
contact.

We shall consider, first, the action of fluids on plane surfaces,
secondly, of fluids under the action of gravity upon curved surfaces,
and thirdly, of fluids at rest under any given forces upon curved
surfaces.

Fluid Pressures on Plane Surfaces

The pressures at all points of a plane being perpendicular to it,
and in the same direction, the resultant pressure is equal to the
sum of these pressures.

Hence, if the fluid be incompressible and acted upon by gravity
only, the resultant pressure on a plane

=2gpzd4,
where 2 is the depth of a small element d4 of the area of the plane
=gp24,
where 4 is the whole area and Z the depth of its centroid.
In general, if the fluid be of any kind, and at rest under the
action of any given forces, take the axes of z and y in the plane,

and let p be the pressure at the point (z, y).
The pressure on an element of area dx8y=pdxdy :

.. the resultant pressure= [[pdzdy,

the integration extending over the whole of the area considered.
If polar co-ordinates be used, the resultant pressure is given by

the expression
[[prdrdo.
26
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80. Der. The centre of pressure ts the point at which the
direction of the single force, which vs equivalent to the fluid pressures
on the plane surface, meets the surface.

The centre of pressure is here defined with respect to plane
surfaces only ; it will be seen afterwards that the resultant action
of fluid on a curved surface is not always reducible to a single
force.

In the case of a heavy fluid, it is clear that the centre of pressure
of a horizontal area, the pressure on every point of which is the same,
is its centroid ; and, since pressure increases with the depth, the
centre of pressure of any plane area, not horizontal, is below its
centroid.

To obtain formule for the determination of the centre of pressure
of any plane area.

Let p be the pressure at the point (z, y), referred to rectangular
axes in the plane, z-+38z, y+8y, the co-ordinates of an adjacent
point,

Z, §, co-ordinates of the centre of pressure.

Then §. [fpdydz=moment of the resultant pressure about OX
=the sum of the moments of the pressures on
all the elements of area about 0X
=Xpdydz . y
=/[pydydz;
. g pydydz
I oy
and similarly a'=ffff;?5;:,

the integrals being taken so as to include the area considered.
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If polar co-ordinates be employed, a similar process will give

the equations
__ [[prtcos 6drd0 _ [[pr?sin Odrdd

= fTprardd > Y= [Tprdrdd

31. If the fluid be homugeneous and inelastic, and if gravity be
the only force in action,
P=gph,
where % is the depth of the point P below the surface; and we
obtain
g hedydz . [[hydyds
= Thdydz’ YT [/hdydx

It is sometimes useful to take for one of the axes the line of
intersection of the plane with the surface of the fluid : if we take
this line for the axis of z, and 6 as the inclination of the plane to
the horizon, p=gpy sin 6, and therefore

[zydyde - [[y*dydx 9
Tydyis’ V= jjyyas =+ 0 @

From these last equations (2) it appears that the position of
the centre of pressure is independent of the inclination of the plane
to the horizon, so that if a plane area be immersed in fluid, and
then turned about its line of intersection with the surface as a
fixed axis, the centre of pressure will remain unchanged.

If in the equations (1) we make A constant, that is, if we sup-
pose the plane horizontal, Z and ¢ are the co-ordinates of the centroid
of the area, a result in accordance with Art. 30 ; but, in the equations
(2), the values of Z and § are independent of 6, and are therefore
unaffected by the evanescence of . This apparent anomaly is
explained by considering that, however small § be taken, the portion
of fluid between the plane area and the surface of the fluid is always
wedge-like in form, and the pressures at the different points of the
plane, although they all vanish in the limit, do not vanish in ratios
of equality, but in the constant ratios which they bear to one
another for any finite value of 6.

The equations of this article may also be obtained by the follow-
ing reasoning.

Through the boundary line of the plane area draw vertical lines
to the surface enclosing a mass of fluid ; then the reaction of the
plane, resolved vertically, is equal to the weight of the fluid, which

1)

T=
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acts in a vertical line through its centre of mass; and the point in
which this line meets the plane is the centre of pressure.

Taking the same axes, the weight of an elementary prism,
acting through the point (z, y), is gphdz8y cos 0, where 0 is the in-
clination of the plane to the horizon; and therefore the centre of
these parallel forces acting at points of the plane is given by the

equations
- [[gphz cos Odydx  _  [[gphy cos Odydx

= gph cos 6dyds’ Y™ [gph cos Odyda’
- [[hadydz _ [[hydydx
or = hdyds” T= T hdyds"

Hence it appears that the depth of the centre of pressure is
double that of the centre of mass of the fluid enclosed.

32. The following theorem determines geometrically the position
of the centre of pressure for the case of a heavy liquid.

If a straight line be taken in the plane of the area, parallel to the
surface of the liquid and as far below the centroid of the area as the
surface of the liquid vs above, the pole of this straight line with respect
to the momental cllipse at the centroid whose semi-axes are equal to
the principal radis of gyration at that povnt will be the centre of pressure
of the area.

Taking 4 for the area, and b, a for the principal radii of gyration,
these are determined by the equations

A=[[y2dxdy, Aa*=[[2?dzdy,

and the equation of the momental ellipse is
za yz
PRl T
the co-ordinate axes being the principal axes at the centroid.
Let Z, 4 be the co-ordinates of the centre of pressure, and
z cos 64y sin f=p
the equation to the line in the surface ;
__J/(p—x cos 6—y sin O)adzdy _ a?
then 2= T(p—w cos —y sin Oydzdy ~ p cos 6,

2
and similarly, g]=—% sin 6 ;

. (&, §) is the pole of the line
z cos 0+y sin f=—p
with respect to the momental ellipse.
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33. Examples of the determination of centres of pressure.

(1) A quadrant of a circle just immersed vertically in a heavy homogeneous
liguid, with one edge in the surface.
If Oz, the edge in the surface, be the axis of z,

/ / Y sty g pdsty
f [\/(a’—t’) " [Jydxdy’

the limits of the intogrations for 7 being the same as for Z,
[fydxdy=}[(a*—2?)dz=1a?,
Jfaydzdy—3fo . (@*—a)do=Lat,
[[ytdedy=][(a®—2?)idz= 7;—(;-. H
_ 3 _ 3
% x=éa, Y= Em.

Employing polar co-ordinates and taking the line Ox as the initial line, we

should have p=ggr sin 0, and
[ / 73 cos 0 sin 0drd0 [ [ 3 sin? Odrd0

/ f 2 gin 0drd0 f ] r? sin OdrdO

(2) 4 circular area, radius a, is immersed with its plane vertical, and its
centre at a depth c.
Take the centre as the origin, and the vertical downwards from the centre
a8 the initial line ; then if p be the pressure at the point (r, 6),
p=ge(c+r cos 0),
and the depth below the centre of the centre of pressure

2_[‘“[:1’ cos O(c-7 cos 0)drdd

3 3
= 8(1, and 167”.

2//r(c+r cos 0)drd0 de

It will be scen that this result is at once given by the theorem of Art. 32.

(3) A vertical rectangle, exposed to the action of the atmosphere at a constant
temperature.
If i1 be the atmospheric pressure at the base of the rectangle, the pressure

0z
at a height z is le™ %, Art. 24, and if b denote the breadth, the pressure upon

a horizontal strip of the rectangle
0z
=TIle” kbdz,

.*. the resultant pressure, if @ be the height,

74
f Te kbdz—~n--<1——e_ :),
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and the height of the centre of pressure
a _7

Y
_ Oze dz_k “

e m g om
/:) e kdz ek—1

(4) A hkollow cube is very nearly filled with liquid, and rotates uniformly
about a diagonal which 8 vertical ; required to find the pressures upon, and the
cenires of pressure of, its several faces.

I. For one of the upper faces ABCD,
take AD, AB, as axes of x and y; 2, r, the vertical and horizontal distances
of any point P (z, y) from A,

then z—;= w4gz,
z=x_\—{/-_§/, projecting the broken line ANP on AE,
3= AP} 2=+ y*—2*=§(2? - y*—xy) ;
afa
.*. the pressure (P) on ABCD= j; L pdydz

2
=e. f / {%(z%y’—xy)%-%(xﬂ)}dydx

—o[2 g ,,a}
_9{36(1‘0)’—}- Vil
The centre of pressure is given by the equations
. afa wB g }
— 7 P = — (2 2__ LA .
ZP=yP=¢ f) L x{ 3 @yt —ay)+ Z5(a+y) pdyde
219+34/3w?a

S F=y=a- 36g+5+/3wa’
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I1. For one of the lower faces ECDF,
take EF, EC as axes, then, for a point Q,

- ety
z2=a+/3— V3’
=iz +y*—ay),

and the rest of the process is the same as in the first case.

(5) A quadrant of a circle is just immersed vertically, with one edge in the
surface, in a liquid, the density of which varies as the depth.

Taking Oz as the edge in the surface, o=puy and p=4ugy*; the centre of
pressure is therefore given by the equations

LT[

, and §=—+F——3
oo e

or, in polar co-ordinates,

b
g * f rt sin? 0 cos Odrd® [ [ 4 5in® Odrd0
J 0

,and J="—"""— 3
f f 3 gin? 0drd0 f j 73 sin? Odrd0
16a _ 32a

and it will be found that
=15 and = B

34. Let @ be the centre of gravity and C the centre of pressure
of a plane area 4 which is moved parallel to itself so that the depth
of G is increased from 2 to 244, and let G’, C" be the new positions
of G, C. Then the pressure at every point of 4 is increased by the
same amount gpk and the resultant pressure is therefore increased
by adding a force gphd, acting at G, to the original resultant
gpzA which acts at C’, so that the new centre of pressure C” is on
@' (' and divides it so that

GO :GC'=z:z+h.

If a given plane area turn in its own plane about a fixed point,
the centre of pressure changes its position and describes a curve
on the area.

If AB is the line of intersection of the plane area with the sur-
face, the distance of the centre of pressure from 4B is independent
of the inclination of the area to the vertical (Art. 31).

We may therefore take the area to be vertical.
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Let % be the depth of the fixed point O, and let Oz, Oy be axes
fixed in the area.
4 B

/0\
'hen, if 6 is the inclination of Oz to the horizontal,
p=gp(h—= sin 8—y cos 8).
[[pxdxdy _a+4-b sin +c cos 0
[Jpdxdy — d+esin 0-+f cos 6’
_ a'+b' sin 64c¢ cos @
y= d+esin 0+fcos 8’

a, b, d, ete., being known constants, and the elimination of 8 gives
a conic section as the locus of the centre of pressure.

S E=

and

Resultant Pressures on Curved Surfaces

85. To find the resultant vertical pressure on any surface of a
homogeneous liquid at rest under the action of gravity.

PQ being a surface exposed to the action of a heavy liquid, let
AB be the projection of PQ on the
surface of the liquid.

The mass AQ is supported by the
horizontal pressure of the liquid and
by the reaction of PQ; this reaction
resolved vertically must be equal to
the weight of 4Q, and conversely, the
vertical pressure on P is equal to the
weight of 4Q, and acts through its
centre of mass. i

If PQ be pressed upwards by the N
liquid as in the next figure, produce the surface, project PQ on
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it as before, suppose the space 4Q to be filled with liquid of the
same kind, and remove the liquid from the inside.

Then the pressures at all points of PQ are the same as before,
but in the contrary direction,
and since the vertical pressure
in this hypothetical case is
equal to the weight of 4Q, it
follows that in the actual case,
~ the resultant vertical pressure
y upwards is equal to the weight

I — ..;‘_““.::‘ of AQ.
% — — If the surface be pressed
/ Q partially upwards and partially
downwards, draw through P, the
highest point of the portion of surface considered, a vertical plane
PR, and let ACB be the projection of PSQ on the surface of the
liquid.

Then the resultant vertical pressure on PSR

=the weight of the liquid in PSR,
andon RQ=............coovviuunn. CcQ,
and the whole vertical pressure=the weight of the liquid in CQ+
the weight of the liquid in PSR.

This might also have been deduced from the two previous cases,
for PR can be divided by the line of contact of vertical tangent
planes into two portions PS, SR, on which the pressures are re-
spectively upwards and downwards ; and since

pressure on PS=weight of liquid 4PS,
and........... SR=......ccc..... ASR,
the difference of these, 4.e. the vertical pressure on PSR=weight of
fluid PSR.
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In a similar manner other cases may be discussed.

It will be observed that this investigation applies also to the
case of a heterogeneous liquid (in which the density must be a func-
tion of the depth, since surfaces of equal pressure are surfaces of
equal density), provided we consider that the hypothetical extension
of the liquid follows the same law of density.

86. To find the resultant horizontal pressure, in a given direction,
on a surface PQ.

Project PQ on a vertical plane perpendicular to the given direc-
tion, and let pq be the projection.

Then the mass Pq is kept at rest by the pressure on pg, the
resultant horizontal pressure on P@, and forces in vertical planes

parallel to the plane pq.
/

> /p

Q

q

Hence the horizontal pressure on PQ is equal to that on pg, and
acts in the same straight line, 7.e. through the centre of pressure of pg.

Hence, in general, to determine the resultant fluid pressure on
any surface, find the vertical pressure, and the resultant horizontal
pressures in two directions at right angles to each other. These
three forces may in some cases be compounded into a single force, the
condition for which may be determined by the usual methods of
Statics.

Exampre. A hemisphere is filled with homogeneous liquid : required to find
the resultant action on one of the four portions into which it is divided by two
vertical planes through i1s centre at right angles to each other.

Taking the centre O as origin, the bounding horizontal radii as axes of
z and y, and the vertical radius as the axis of z, the pressure parallel to z is
equal to the pressure on the quadrant yOz, which is the projection, on a plane
perpendicular to Oz, of the curved surface.
Therefore, the pressure parallel to Oz
na® da 1
=904 " 5,~390%%
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and the co-ordinates of its point of action are
(0, §a, P5ma), Art 33, Ex. 1;
similarly, the pressure parallel to Oy=1gpa®, and acts through the point
(ia, 0, 357a).
The resultant vertical pressure=the weight of the liquid = }go7na®, and

acts in the direction of the line z=y={a.
The directions of the three forces all pass through the point

(ia, 3a, Issm)’
and they are therefore equivalent to a single force

tgeav/(n*+8)
. . 3 3 2 3
in the line v—ga=y—ga= n( 2— fém>’
1
or r=y=_7

a straight line through the centre, as must obviously be the case, since all the
fluid pressures are normal to the surface. The point in which it mects the
surface of the hemisphere may be called ‘ the centre of pressure.”

87. To find the resultant pressure on the surface of a solid either
wholly or partially tmmersed in a heavy liquid.

Suppose the solid removed, and the space it occupied filled with
liquid of the same kind ; the resultant pressure upon it will be the
same as upon the original solid. But the liquid mass is at rest under
the action of its own weight, and the pressure of the liquid surround-
ing it : the resultant pressure is therefore equal to the weight of the
liquid displaced, and acts in a vertical line through its centre of mass.

The same reasoning evidently shows that the resultant pressure
of an elastic fluid on any solid is equal to the weight of the elastic
fluid displaced by the solid.

This result may also be obtained by means of Arts. 35 and 36,
as follows: Draw parallel horizontal lines touching the surface,
and forming a cylinder which encloses it; the curve of contact
divides the surface into two parts, on which the resultant horizontal
pressures, parallel to the axis of the cylinder, are equal and opposite ;
the horizontal pressures on the solid therefore balance each other
and the resultant is wholly vertical. To determine the amount of
the resultant vertical pressure, draw parallel vertical lines touching
the surface, and dividing it into two portions on one of which the
resultant vertical pressure acts upwards, and on the other down-
wards ; the difference of the two is evidently the weight of the fluid
displaced by the solid.
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38. If a solid of given volume (V) be completely immersed in
a heavy liquid, and if the surface of the solid consist partly of a
curved surface and partly of known plane areas, the resulting
pressure on the curved surface can be determined.

For the plane areas being known in size and position, we can
calculate the resultant horizontal and the resultant vertical pressure,
X and Y, upon those areas ; and, since the resulting pressure on the
whole surface is vertical and equal to gpV upwards, it follows that
the resultant horizontal and vertical pressures on the curved surface
are respectively equal to X and gpV—Y.

ExaMPLE. A solid i8 formed by turning a circular area round a tangent line
through an angle 0, and this solid 18 held under water with its lower plane face

horizontal and at a given depth h.

In this case,
V=mna0, X=goma*(h—a sin 6) sin 6,
and Y=gona*h—h cos 0-+asin 0 cos 6).

39. To find the resultant pressure on any surface of a fluid at
rest under the action of any given forces.

Let p be the pressure, determined as in Chapter II, at any
point (z, y, 2) of a surface, S, exposed to the action of a fluid. Let
l, m, n be the direction-cosines of the normal at the point (z, y, 2).

Let 88 be an element of the surface about the same point.
The pressures on this element, parallel to the axes, are

1p3S, mpdS, npds,
~.if X, Y, Z, and L, M, N, be the resultant pressures parallel to
the axes, and the resultant couples, respectively,

X=”lpdS, Y=”mpdS, Z=j j npds,
L=ﬂp(ny—mz)dS,
M=Hp(lz——nw)d8,

N =Hp(mx—ly)d8,

the integrations being made to include the whole of the surface
under consideration.
These resultants are equivalent to a single force if

XL+YM+ZN=0.
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40. The surface may be divided into elements in three different
ways by planes parallel to the co-ordinate planes.
Thus, 8zdy=nprojection of 8S on zy=ndS ;
and ... Z=[[pdedy; and similarly, X=/(pdydz, and Y=[[pdzdz,
L={[p(ydaxdy—2zdzdzx)
=[[p(ydy—zdz)dz,
M=[[p(zdz—zdx)dy,
N=][p(zdz—ydy)dz.
41. If the fluid be at rest under the action of gravity only,
and the axis of 2z be vertical, p is a function of z, ¢ (2) suppose, and

therefore
X=[[¢(2)dydz,

which is evidently the expression for the pressure, parallel to z,
upon the projection of the given surface on the plane yz; and
similarly Y is equal to the pressure upon the projection on zz.

Again, if the fluid be incompressible and acted upon by gravity
only, pdz8y is equal to the weight of the portion of fluid contained
between 3S and its projection on the surface of the fluid ;

. Z, or [[pdzdy, is the weight of the superincumbent fluid.

These results accord with those previously obtained, Arts. 36
and 36.

42. When the surface S is closed, as for example the surface of a
solid body, it is sometimes convenient to use Green’s Theorem to
transform the surface integrals of Art. 39 into volume integrals
through the space bounded by S. The forces and couples then

become
_[[fer
X —jﬂé} dxdydz,

and two similar equations, and

~((f(,2r_2»
L= H(yaz z ay)dxdydz

and two similar equations; when p is the value of the pressure
function at the point (z, y, 2) of the enclosed space supposed to con-
tain fluid with the same law of pressure as the surrounding fluid.

43. If a solid body be wholly or partially immersed in any
fluid which is at rest under the action of given forces, the resultant
fluid pressure on the body will be equal to the resultant of the forces
which would act on the displaced fluid.
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For we can imagine the solid removed and the gap filled up
with the fluid, which will be in equilibrium under the action of
the forces and the pressure of the surrounding fluid; and the
resultant pressure must be equal and opposite to the resultant of
the forces.

In filling up the gap with fluid, the law of density must be
maintained, that is, the surfaces of equal density must be con-
tinuous with those of the surrounding fluid.

EXAMPLES

1. A heavy thick rope, tho density of which is double the density of water,
is suspended by one end, outside the water, so as to be partly immersed ; find
the tension of the rope at the middle of the immersed portion.

2. A hollow sphere of radius a is just filled with water ; find the resultant
vertical pressures on tho two portions of the surface divided by a plane at depth
¢ below the centre.

3. A vessel in the form of a regular pyramid, whose base is a plane polygon
of n sides, is placed with its axis vertical and vertex downwards and is filled
with fluid. Each side of the vessel is movable about a hinge at the vertex,
and is kept in its place by a string fastened to the middle point of its base and
to the centre of the polygon; show that the tension of each string is to the
whole weight of the fluid as 1 to # sin 2a, where a is the inclination of each side
to the horizon.

4. If an area is bounded by two concentric semicircles with their common
bounding diameter in the free surface, prove that the depth of the centre of

pressuro is
157(a+-b)(a?+b%)/(a*+b*+-ab),
where a and b are the radii.

5. A square lamina ABCD, which is immorsed in water, has the side 4B
in the surface ; draw a line BE to a point £ in CD such that the pressures on
the two portions may be equal. Prove that, if this be the case, the distance

between the centres of pressure : the side of the square : : V505 : 48.

6. A semicircular lamina is completely immersed in water with its plane
vertical, so that the extremity 4 of its bounding diameter is in the surface, and
the diameter makes with the surface an angle a. Prove that if B be the
centre of pressure and 6 the angle between AE and the diameter,

3n+416 tan a
164-15n tan @’

7. A plane area immersed in a fluid moves parallel to itself and with its
centre of gravity always in the same vertical straight line. Show (1) that the
locus of the centres of pressure is a hyperbola, one asymptote of which is the
given vertical, and (2) that if a, a+#, a+A’, a+A” be the depths of the c.a. in
any positions, y, y+k, y+k&’, y+&” those of the centre of pressure in the same
positions, then

tan 0=

ik, h, h(k—h) |=0.
kl’ hl’ h’(k’_hl)
klt, hll’ hll(k’/—hﬂ)
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8. A right cone is totally immersed in water, the depth of the centre of its
base being given. Prove that, P, P’, P” being the resultant pressures on its
convex surface, when the sines of the inclination of its axis to the horizon are
8, &', 8" respectively,

P2(s"—8")+ P"3(8"—8)+ P"%(s—8’)=0.

9. A quantity of liquid acted upon by a central force varying as the distance
is contained between two parallel planes; if 4, B be the areas of the planes in
‘contact with the fluid, show that the pressures upon them are in the ratio
A%: B

10. A solid sphere rests on a horizontal plane and is just totally immersed
in a liquid. It is then divided by two plancs drawn through its vertical
diameter perpendicular to each other. Prove that if ¢ be the density of the
solid, o that of the fluid, the parts will not separate provided o> }o.

11. A closed cylinder, very nearly filled with liquid, rotates uniformly
about a generating line, which is vertical ; find the resultant pressure on its
curved surface.

Determine also the point of action of the pressure on its upper end.

12. Show that the depth of the centre of pressure of the arca included
between the arc and the asymptote of the curve

a 3na4-16b
4 3nbt4a’
the asymptote being in the surface and the plane of the curve vertical.

(r—a)cos =0 is

13. If a planc arca immersed in a liquid revolve about any axis in its own
plane, prove that the centre of pressure describes a straight line in the plane.

14. A solid is formed by turning a parabolic area, bounded by the latus
rectum, about the latus rectum, through an angle 0; and this solid is held
under water, just immersed, with its lower plane face horizontal. Prove that,
if ¢ be the inclination to the horizon of the resultant pressure on the curved
surface of the solid,

3 sin? 0 tan ¢=>5 sin 0— 3 sin 0 cos 6—20.

15. A given area is immersed vertically in a heavy liquid and a cone is
constructed on it as base, the cone being wholly immersed : find the locus of
the vertex when the resultant pressure on the curved surface is constant, and
show that this pressure is unaltered by turning the cone round the horizontal
line drawn through the centre of gravity of the base perpendicular to the
plane of the base.

16. A vessel in the form of an elliptic paraboloid, whose axis is vertical,
2 2
and equation -z—,+g—2=/z;, is divided into four equal compartments by its

principal planes. Into one of these water is poured to the depth A ; prove
that, if the resultant pressure on the curved portion be reduced to two forces,
one vertical and the other horizontal, the line of action of the latter will pass
through the point (y%a, 730, 2k).

17. A regular polygon wholly immersed in a liquid is movable about its
centre of gravity ; prove that the locus of the centre of pressure is a sphere.

18. A hemispherical bowl is filled with water, and two vertical planes are
drawn through its central radius, cutting off a semi-lune of the surface ; if 2a
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be the angle between the planes, prove that the angle which the resultant
pressure on the surface makes with the vertical

—1/8in @
=tan —_— ).
a

19. A volume 47a® of fluid of density @ surrounds a fixed sphere of radius
b and is attracted to a point at a distance ¢(<<b) from its centre by a force ur
per unit mass ; supposing the external pressure zero, find the resultant pressure
on the fixed sphere.

20. A vessel in the form of a surface of revolution has the following
property ; if it be placed with its axis vertical, and any quantity of water
be poured into it, the resultant vertical pressure has a constant ratio to the
resultant horizontal pressure on either of the portions into which the surface
is divided by a vertical planc through its axis ; find the form of the surface.

21. Find the equation of a curve symmetrical about a vertical axis, such
that, when it is immersed with its highest point at half the depth of its lowest,
the centre of pressure may bisect the axis.

22. A rectangular area is immersed in compressible liquid with its plane
vertical and one side in the surface, where the pressure is zero. Show that, if
the density is a linear function of the pressure, the depth of the centre of
pressure is

a (m—1)o,+(1—1m?)g,
m  e—(m+tlg,

where a is the length of the vertical side, g,, ¢, are the densities at the top and
bottom of the arca, and

m=log (0,/0.)-

23. A cubical box of side a has a heavy lid of weight W movable about
one edge. It is filled with water, and held with the diagonal through one
extremity of this edge vertical. If it be now made to rotate with uniform
angular velocity w, show that, in order that no water may be spilled, W must

not be less than
1 ofa\__,
(2 5

if W’ is the weight of the water in the box.

24. A small solid body is held at rest in a fluid in which the pressure p
at any point is a given function of the rectangular co-ordinates z, y, z; prove
that the components of the couple which tends to make it rotate round the
centre of gravity of its volumo are

p_O°p o'p o
(- B)m o <a o) Eoyen T  uow
and two similar expressions, where 4, B, C, D, E, F are the moments and
products of inertia of the volume of the solid with respect to axes through the
centre of gravity.

25. A mass of homogeneous liquid is at rest under the action of forces whose
potential is a quadratic function of rectangular co-ordinates, so that the
surfaces of equipressure are ellipsoids. Show that, if a body of any shape is
held immersed in the liquid, the resultant thrust on the body may be repre-
sented as a force acting through G, the centroid of its volume, and directed
along the normal to the surface of equipressure through @, together with a

4
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couple which depends on the orientation of the body but not on the position
of @ in the liquid.

26. A rigid spherical shell of radius @ contains & mass M of gas in which
the pressure is « times the density, and the gas is repelled from a fixed external
point O (distant ¢ from the centre) with a force per unit of mass equal
to x/(distance). Prove that the resultant pressure of the gas on the shell is

«kM 5¢c*—a?
¢ bc*+ta?”

27. A vessel full of water is in the form of an eighth part of an ellipsoid
(axes a, b, c), bounded by the three principal planes. The axis ¢ is vertical,
and the atmospheric pressure is neglected. Prove that the resultant fluid
pressure on the curved surface is a force of intensity

I90{brcs+arcs+ Fnrarbocy)}.
28. A hollow ellipsoid is filled with water and placed with its a-axis making
an angle a with the horizontal and its c-axis horizontal. Prove that the fluid

pressure on the curved surface on either side of the vertical plane through the
a-axis is equivalent to a wrench of pitch

3csin a cos a a?—b?
2 4c%+4-9(a? sin? a+b? cos? a)’
29. The angular points of a triangle immersed in a liquid whose density

varies as the depth are at distances a, 8, ¥ respectively below the surface, show
that the centre of pressure is at a depth

3 (atp+y)a?+B+y*)+aBy
6 a+p+y+aftfytye

30. A plane area, completely submerged in a heavy heterogeneous fluid,
rotates about a fixed horizontal axis at depth k perpendicular to its plane. If
the density of the fluid at depth z be equal to uz, and if the area be symmetrical
about each of two rectangular axes meeting at the point of intersection of the
area with the axis of rotation, prove that the locus in space of the centre of
pressure is an ellipse with its centre at a depth

h(at— k. %k,?)
T @A@Y
where %, and k, are the radii of gyration of the area with respect to the axes
of symmetry and the atmospheric pressure is
igp(a*—h?).
31. Show that the pressure on any plane area immersed in water can be
reduced to a force at the centroid of the area, and a couple about an axis in
the plane of the area, and that the axis of this couple is perpendicular to the

tangent at the end of the horizontal diameter of & momental ellipse at the
centroid.

2h



CHAPTER IV
THE EQUILIBRIUM OF FLOATING BODIES

44. To find the conditions of equilibrium of a floating body.

We shall suppose that the fluid is at rest under the action of
gravity only, and that the body, under the action of the same
force, is floating freely in the fluid. The only forces then which act
on the body are its weight, and the pressure of the surrounding
fluid, and in order that equilibrium may exist, the resultant fluid
pressure must be equal to the weight of the body, and must act in
a vertical direction.

Now we have shown that the resultant pressure of a heavy
fluid on the surface of a solid, either wholly or partially immersed,
is equal to the weight of the fluid displaced, and acts in a vertical
line through its centre of mass.

Hence it follows that the weight of the body must be equal to
the weight of the fluid displaced, and that the centres of mass of
the body, and of the fluid displaced, must lie in the same vertical
line.

These conditions are necessary and sufficient conditions of
equilibrium, whatever be the nature of the fluid in which the
body is floating. 1If it be heterogeneous, the displaced fluid must
be looked upon as following the same law of density as the sur-
rounding fluid ; in other words, it must consist of strata of the
same kind as, and continuous with, the horizontal strata of uniform
density, in which the particles of the surrounding fluid are neces-
sarily arranged.

If for instance a solid body float in water, partially immersed,
its weight will be equal to the weight of the water displaced, together
with the weight of the air displaced ; and if the air be removed,
or its pressure diminished by a diminution of its density or tempera-
ture, the solid will sink in the water through a space depending

upon its own weight, and upon the densities of air and water. This
43
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may be further explained by observing that the pressure of the air
on the water is greater than at any point above it, and that this
surface pressure of the air is transmitted by the water to the
immersed portion of the floating body, and consequently the
upward pressure of the air upon it is greater than the downward

pressure.

45. We now proceed to illustrate the application of the above
conditions, by discussion of some particular cases.

ExampLE 1. 4 portion of a solid paraboloid, of given height, floats with its
azxis vertical and vertex downwards in a homogeneous liquid : required to find its
position of equilibrium.

Taking 4a as the latus rectum of the gencrating parabola, 4 its height, and
z the depth of its vortex, the volumes of the whole solid and of the portion
immersed are respectively 2nah® and 27ax? ; and if g, o be the densities of
the solid and liquid, one condition of equilibrium is

@ 2nak*=oc . 2max?;

SoT= \/gh,
g

which determines the portion immersed, the other condition being obviously
satisfied.

ExaMPLE 2. It is required to find the positions of equilibrium of a square
lamina floating with its plane vertical, in a liquid of double its own density.

The conditions of equilibrium are clearly satisfied if the lamina float half
immersed either with a diagonal vertical,
or with two sides vertical.

To examine whether thero is any
other position of equilibrium, let the
lamina be held with the line DQC in the
surface, in which case the first condition
is satisfied.

But, if the angle CGA=0, and if 2a
be the side of the square, the moment
about G of the fluid pressure, which is
J the same as the difference between the

?/Z
o
»

AN
)

K moments of the rectangle AK, and of
twice the triangle GBD, is proportional to
2a? . }a sin 0—a? tan 0 . }(a sec 6+a cos 0),
or to sin 6(1— tan? 0),

and this vanishes only when =0 or }=.

Hence there is no other position of equilibrium.
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ExampLr 3. A4 triangular prism floats with its edges horizontal, to find sts
positions of equilibrium.

Let the figure be a section of the prism by a vertical plane through its
centre of gravity.

PQ is the line of flotation and H the centre ¢
of gravity of the liquid displaced. When
there is equilibrium the area APQ is to ABC
in the ratio of the density of the prism to the
density of the liquid, and therefore for all
possible positions of PQ the area APQ is
constant ; hence PQ always touches, at its
middle point, an hyperbola of which 4B, AC F
are the asymptotes.

Also HG must be perpendicular to PQ,
and therefore since

AH: HE=AQ: GF,
FE must be perpendicular to PQ, that is,
FE is the normal at E to the hyperbola.
The problem is therefore reduced to that of
drawing normals from F to the curve.
Let 2y=c? . . . . . ()
be the equation of the curve referred to AB, AC as axes, and let
BAC=0, AB=2a, AC=2b.
Let z, y be the co-ordinates of E ; the co-ordinates of F are a, b, and the
equation of the normal at E is

_ycosf—x
=Y~ 4 cos O—y(s—z)'

And if this pass through F, the co-ordinates of which are a, b,
(b—y)(x cos 0—y)=(a—z)(y cos 0—=z),
or 22— (a+b cos 0)z=7y*—(a cos 0+b)y . . . (2)

The equations (1) and (2) determine all the points of the hyperbola, the
tangents at which can be lines of flotation.

Also (2) is the equation to a rectangular hyperbola, referred to conjugate
diameters parallel to AB, AC ; the points of intersection of the two hyperbolas
are thereforo the positions of K.

To find z, we have

xt—(a-+b cos 0) %+ (a cos 0+ b)c*x—ct=0,
an equation which has only one negative root, and one or three positive roots,
and there may be therefore three positions of equilibrium or only one.

If the densities of the liquid and the prism be g and o, we have, since the
area PAQ

=3}AP . AQ sin 6=2zy sin 6=2¢*sin 0,
20c? sin 6=20ab sin 0,
or gc?® =acab,
from which ¢ is determined.



46 EQUILIBRIUM OF A FLOATING BODY  [cEAP. IV

Suppose the prism to be isosceles, then putting a=¥b, the equation for z

becomes
28— ct—a(l+-cos 0)(2®— c*z)=0 ;

from which we obtain z=c, which gives y=c, and makes BC horizontal, an
obvious position of equilibrium, and also

z= g(l—l-cos 0)+ {%’(l +cos 6)*— c’} *= a cos? 30 +-(a? cost $0— )t ;

the isosceles prism will therefore have only one position of equilibrium, unless
a cos? $0>c;
and since pc?=oa?, this is equivalent to
cos? 40> +1/(a/p).

46. If a solid float under constraint, the conditions of equi-
librium depend on the nature of the constraining circumstances,
but in any case the resultant of the constraining forces must act
in a vertical direction, since the other forces, the weight of the
body, and the fluid pressure, are vertical.

If for instance one point of a solid be fixed, the condition of
equilibrium is that the weight of the body and the weight of the
fluid displaced should have equal moments about the fixed point ;
this condition being satisfied, the solid will be at rest, and the
stress on the fixed point will be the difference of the two weights.

As an additional illustration, consider the case of a solid floating
in water and supported by a string fastened to a point above the
surface ; in the position of equilibrium the string will be vertical,
and the tension of the string, together with the resultant fluid
pressure, which is equal to the weight of the displaced fluid, will
counterbalance the weight of the body ; the tension is therefore
equal to the difference of the weights, and the weights are inversely
in the ratio of the distances of their lines of action from the line of
the string, these three lines being in the same vertical plane.

47. For subsequent investigations, the following geometrical
propositions will be found important.

If a solid be cut by a plane, and this plane be made to turn through
a very small angle about a straight line in itself, the volume cut off
will remain the same, provided the straight line pass through the
centroid of the area of the plane section.

To prove this, consider a right cylinder of any kind cut by
a plane making with its base an angle 6.

Let z be the distance from the base of the centroid of the section
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A, 84 an element of the area of the section and ¥V the volume
between the planes. Then
234 . PN)
A H
. 4 cos 0z=2/(84 cos 6 . PN)=V,
or V=%(area of base).

Z=

Now the centroid of the area A4 is also the centroid of all sections
made by planes passing through it, as may be seen by projecting
the sections on the base of the cylinder; it follows,
therefore, that z being the same for all such
sections, the volumes cut off are the same.

In the case of any solid, if the cutting plane
be turned through a very small angle about the
centroid of its section, the surface near the curves
of section may be considered, without sensible
error, cylindrical, and the above proposition is
therefore established.

In other words, the difference between the
volume lost and the volume gained by the change
in the position of the cutting plane will be indefinitely small com-
pared with either.

7/

48. Definitions. If a body float in a homogeneous liquid, the
plane in which the body is intersected by the surface of the liquid
is the plane of flotation.

The point H, the centre of mass of the liquid displaced, is the
centre of buoyancy.

If the body move so that the volume of liquid displaced remains
unchanged, the envelope of the planes of flotation is the surface
of flotation, and the locus of H is the surface of buoyancy.

Curves of flotation and curves of buoyancy are the principal
normal sections at corresponding points on a surface of flotation and
a surface of buoyancy.

49. If a plane move so as to cut from a solid a constant volume,
and if H be the centroid of the volume cut off, the tangent plane at
H to the surface which is the locus of H s parallel to the cutting plane.

In other words, the tangent planes at any point of the surface
of flotation, and at the corresponding point of the surface of
buoyancy, are parallel to one another.
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Turn the plane ACB, the cutting plane, through a small angle
into the position aCb, the volumes of the wedges ACa, BCb being
equal.

Let G and G’ be the centroids of these wedges.
In GH produced take a point E such that

EH : HG : : Volume ACa : Volume aDB.
Join EG’ and take H’ such that
EH' : H'@ ::Volume BCb: Volume aDB;

then H' is the centroid of aDb ;
but EH :HG::EH :H'@,
and HH' is therefore parallel to GG".

Hence it follows that ultimately when the angle ACa is in-
definitely diminished,

HH' is parallel to ACB ;

and HH' is a tangent at H to the locus of H.

This being true for any displacement of the plane ACB about
its centroid, it follows that the tangent plane at H to the locus of
H is parallel to the plane ACB.

80. The positions of equilibrium of a body floating in a homo-
geneous liquid are determined by drawing normals from G, the centre
of mass of the body, to the surface of buoyancy.

For if GH be a normal to the surface of buoyancy, the tangent
plane at H, being parallel to the plane of flotation, is horizontal,
and GH is therefore vertical.

The two conditions of equilibrium are then satisfied, and a
position of equilibrium is determined.

The problem comes to the same thing as determining the posi-
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tions of equilibrium of a heavy body, bounded by the surface of
buoyancy, resting on a horizontal plane.

b1. Particular cases of curves of buoyancy.

For a triangular prism, as in Art. 45, the curve of flotation is
the envelope of P@Q, which is an hyperbola having 4B, AC for
asymptotes ; and, since AH=%A4E, the curve of buoyancy is a
similar hyperbola.

If the body be a plane lamina bounded by a parabola, the curves
of flotation and buoyancy are equal parabolas.

If the boundary be an elliptic arc, the curves are arcs of similar
and similarly situated concentric ellipses.

If the immersed portion of a lamina
(or prism) be a rectangle, the curve
of flotation is clearly a single point;

and the curve of buoyancy is a / %
parabola. A [4) B

To prove the last statement, let H, H’
be positions of the centroid corresponding 4 JV
to the positions ACB, A’CB’ of the line T
of flotation.

Then, if AC=CB=a, BB'=8, CH=c,
and S=the area cut ofi,

\
Sy—S . H'N=1ap. ?_%a,e<—?§ )=te8

So—8 N —}ap(c+£ ) ~lap(c—E)=1aps

and .~ Sy*=4a’r.

In the case of Ex. (2), Art. 45, S=2a2, and the curve of buoyancy
is the parabola, 3y*=2ax.

The radius of curvature at the vertex, H, of this parabola is }a,
which is less than HG.

Hence it will be seen that three normals can be drawn to the
curve of buoyancy, giving the three positions of equilibrium.

52. In the case of a right circular cone floating with its vertex
beneath the surface, the surfaces of flotation and buoyancy are
hyperboloids of revolution.
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If V is the vertex of the cone, ACB the major axis of a section,
and VK the perpendicular upon 4B, the volume VAB is equal to

1VK .1nAB.{AV . BV sin? a} %,
But VK .AB=VA . VBsin2a,

each expression being double the area VAB ; therefore, the volume
being constant, it follows that the area VAB is constant.

The locus of (”, the centroid of the plane section, is therefore a
hyperboloid of revolution, and, VH being three-fourths of VC, the
surface of buoyancy is a similar hyperboloid.

53. Surfaces of buoyancy and flotation for an ellipsoid.

If the ellipsoid have equation z?/a®--y?/b*+4-2%/c*=1, the substitutions
x=aé&, y==bn, z==c{ reduce the problem to that of the sphere &2-7%4-{%=1;
and if V denote the immersed volume of the ellipsoid, ¥ /abc denotes the cor-
responding volume of the sphere. It is clear that the plane which cuts off this
volume touches a concentric sphere of radius 7, such that

f ln(l——x’)dx= V Jabe,
or $n(1—7)*(2+47)="V Jabe.

Also the centroid of the volume cut off lies on a sphere of radius R, where

R/lyz(l—z’)dx=/lm:(l——z')dx

or R=3(147)*/(247).
Returning to the original problem, we see that the surface of flotation is a
similar ellipsoid of semiaxes ra, b, rc, where
(1—7)%2+47r)=3V/mabe . . . . (1)
and the surface of buoyancy is another similar ellipsoid of scmiaxes Ra, Rb,

Rc, where
R=3(14r2/24+1) . . . . @
Similar results hold good for a hyperboloid of two sheets.

54. Elliptic Paraboloid.

This case can be deduced from the results for an ellipsoid by making a, b,
¢ tend to infinity in such a way that a?/c—a and b2/c— B, where a, B are the
semi latera recta of the principal sections of the paraboloid. If, as before, V
denotes the finite volume immersed, then V/abc tends to zero, so that r and also
R both tend to unity. Hence the surfaces of flotation and buoyancy are equal
paraboloids. Also the distances between their vertices and the vertex of the
given paraboloid are the limiting values of ¢(1—7) and ¢(1—R).

But from Art. 53 (1), we see that

3Ve |4

=11 = e rnab nVap’
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go that the intercept on the axis between the given paraboloid and the surface
of flotation is y, where

y:=V/n v a—ﬁ.
Similarly, from Art. 53 (2),

1—7)(5+3
e

thus determining the corresponding intercept for the surface of buoyancy.

55. Cylinder of any section.

The surface of flotation is a point on the line of centroids Oz, given by Adc=V,
where A4 is the cross-section and V the volume
immersed.

Let z=lz{+my+c be the equation of the
cutting plane, the origin being in the base.

12

l

t

'

The co-ordinates (%, ¥, Z) of the centre of !
|

|

|

buoyancy are given by

V= [[xzdxdy integrated over the base

= [fa(o-tla-+my)dedy A
|

—1

=al+hm. ]
Similarly :
Vi=(lyedady c
=hl+bm ; |
and Vi=3[[z*dxdy 1
— }(al-2hlm-bm?) + ¢4 ; 0
where a=[[2?dady, h={[[zydzdy, b=/|[y*dzdy.

If we use the principal axes of the section as axes of z and y, we have
h=0, and
Vi=al, Vy=bm, V(z—3}c)=3}(al*4-bm?).

Therefore the equation of the surface of buoyancy is

z? Yyt Z—c

PR S

EXAMPLES

1. A solid formed of two co-axial right cones, of the same vertical angle,
connected at the vertices, is placed with one end in contact with the horizontal
base of a vessel : water is then poured into the vessel ; show that if the alti-
tude of the upper cone be treble that of the lower, and the common density of
the spindle four-sevenths that of the water, it will be upon the point of rising
when the water reaches to the level of its upper end.

2. A cone, of given weight and volume, floats with its vertex downwards ;
prove that the surface of the cone in contact with the liquid is least when its
vertical angle is 2 tan—11/+/2.

3. A hollow hemispherical shell has a heavy particle fixed to its rim, and
floats in water with the particle just above the surface, and with the plane of
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the rim inclined at an angle of 45° to the surface ; show that the weight of the
hemisphere : the weight of the water which it would contain

1:44/2—5:6+/2.

4. A solid cone is divided into two parts by a plane through its axis, and
the parts are connected by a hinge at the vertex ; the system being placed in
water with its axis vertical and vertex downwards, show that, if it float with-
out separation of the parts, the length of the axis immersed is greater than
h sin? a, h being the height of the cone, and 2a its vertical angle.

5. A cylinder floats in a liquid with its axis inclined at an angle tan—12/5
to the vertical, and its upper end just above the surface ; prove that the radius
is 4/7 of the height of the cylinder.

6. A cone floats, with vertex downwards, in a cylindrical basin of water,
and is lifted just out of the water (without tilting) ; show that the work done is

W(§i—4),
where W is the weight of the cone, ! is the depth of the vertex below the sur-

face in equilibrium, !’ is the length of the cylinder which would be filled by
the water then displaced by the cone.

7. If a given quantity of homogeneous matter be formed into a paraboloid
of revolution and allowed to float with the vertex downwards, the square of
the distance of the centre of gravity from the plane of flotation will be inversely
proportional to the latus rectum.

8. If the height of a right circular cone be equal to the diameter of the
base, it will float, with its slant side horizontal, in any liquid of greater density.

9. A cone, whose height is % and vertical angle 2a, has its vertex fixed at
distance ¢ beneath the surface of a liquid ; show that it will rest with its base
just out of the liquid if

act cos® a cos O=ph? [cos (0— a) cos (0+a)}t,

where o and g are the densities of the liquid and cone, and 0 is given by the
equation ¢ cos a=h cos (0+a).

10. A right circular cylinder, whose axis is vertical, contains a quantity of
liquid, the density of which varies as the depth, and a right cone whose axis is
coincident with that of the cylinder and which is of equal base, is allowed to
sink slowly into the liquid with its vertex downwards. 1f the cone be in
equilibrium when just immersed, prove that the density of the cone is equal
to the initial density of the liquid at a depth equal to ;;th the length of the
axis of the cone.

11. A solid cone, of height A, vertical angle 2a, and density g, is movable
about its vertex, and its vertex is fixed at a depth ¢ below the surface of a
liquid, the density of which, at a depth z,is uz. The cone is in equilibrium with
its axis inclined at an angle 6 to the vertical, and its base above the surface ;
prove that

puc® cos? a cos 0=>5ph4 {cos (0+a) cos (06— a)}i.

12. A hollow paraboloidal vessel floats in water with a heavy sphere lying
in it. There being an opening at the vertex, the water occupies the whole of
the space between the vessel and the sphere. If the resultant pressure on the
sphere be equal to half the weight of the water which would fill it, show that
the depth of the centre of the sphere below the surface of the water is 4a%/3c,
where 4a is the latus rectum of the paraboloid, and ¢ the distance of the plane
of contact from the vertex.
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13. A right-angled triangular prism floats in a fluid of which the density
varies as the depth with the right angle immersed and the edges horizontal ;
show that the curve of buoyancy is of the form

r3sin? 6 cos? f=c3.

14. A life-belt in the form of an anchor-ring generated by a circle of radius
a floats in water with its equatorial plane horizontal ; show that z, the depth
immersed, is given by the equations

z=a(l—cos B),
2n8=(2f—sin 2B) ;
where s is the specific gravity of the material of the belt.

15. An indefinitely small picce of ice, the shape of which may be taken to
be that of a right circular cylinder, is floating in water with its axis vertical.
The part immersed receives deposits of ice in such a manner as to continue
cylindrical, the radius and axis receiving equal increments in equal times.
Find the ultimato shape of the part not immersed.

1f the specific gravity of ice be -96, prove that the surface is formed by the
revolution of the curve

Y2(9x—y)25=qa?,

16. A solid bounded by the planes == +a, y= +b, 2=0, and z=c floats in
water with the base z=0 wholly immersed. Show that for displacements such
that the volume V immersed remains constant and the base is entirely under
water and the opposite face entircly out of the water, the equation of the sur-
face of buoyancy is

z? y? 8abz 1
AN T A

17. A cylindrical vessel with its cross-section of any shape floats with a
length 2¢ of its axis immerscd when the axis is vertical. Prove that the
equation of the surface of buoyancy is #%/a?4-y*/b®=z/c ; where the origin is
taken at the middle point of the portion of the axis immersed for the upright
position, the axis of z is vertically upwards, and the axes of z, y parallel to the
principal axes of moments of inertia of the plane of flotation for the upright
position through its centre of gravity, and b, a are the radii of gyration for
those axes of the plane of flotation.




CHAPTER V

THE STABILITY OF THE EQUILIBRIUM OF
FLOATING BODIES

56. If a floating body be slightly displaced it will in general
either tend to return to its original position or will recede farther
from that position ; in the former case the equilibrium is said to be
stable, and in the latter unstable, for that particular direction of
displacement.

Consider first a small vertical displacement : it is clear that, if
the body be floating partially immersed in homogeneous fluid, or
if it be immersed, either wholly or partially, in a heterogeneous
fluid of which the density increases with the depth, a depression
will increase the weight of the fluid displaced, and on the contrary
an elevation will diminish it; in either case the tendency of the
fluid pressure is to restore the body to its position of rest, and
the equilibrium is stable with regard to vertical displacements.
This, it will be observed, is only shown to be true of rigid bodies ;
if the increased pressure, caused by depression, have the effect of
compressing any portion of the floating body, the equilibrium is
not necessarily stable, and in fact it may be unstable.

An arbitrary displacement will in general involve both vertical
and angular changes in the position of the body ; if however the
displacement be small, as we have supposed to be the case, the
effects of the two changes of position can be treated independently ;
and we proceed to consider the effect of a small angular displace-
ment, on the supposition that the weight of fluid displaced remains
unchanged, and consequently that the fluid pressure has no ten-
dency to raise or depress the centre of mass of the body.

§7. A solid, floating at rest in a homogeneous liquid, is made
Lo turn through a small angle in a given vertical plane ; to determine
whether the fluid pressure will tend to restore it to its original position

or not.
b4
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Suppose that the body is turned through a small angle 8 about
an axis Oy in the plane of flotation A40B; Oy being at right angles to
the plane of the paper, Oz
in the plane of flotation
and Oz vertical in the
original position ; and as
the body is turned let the
axes be carried with it.

If daxdy denotes an
element of area on the
plane of flotation 4AOB,
the volume of an ele-
mentary column PQ is
2dxdy, where z denotes the length PQ. In the displaced position
the length of the corresponding column P’Q is z--26 and its volume
is (2-+2z0)dzdy. Hence the volume V of liquid displaced will be
the same in both cases if

[[(z+20)dxdy=V =[[zdxdy,

where the integrations are over the section of the body made by
the plane of flotation in the original position.

This reduces to [[zdxdy=0, which means that the centre of
gravity of the surface section must lie on Oy, as was proved in
Art. 47.

Assume that this condition is satisfied. In the original position
the centre of gravity G and centre of buoyancy H are in the same
vertical, and we may denote the co-ordinates of the latter by (Z, 7, 2)
and note that G will have the same (%, 4). In the displaced position
there is a new centre of buoyancy H’ whose co-ordinates referred
to the original axes are (%', 7, 2').

Now Vz=[[zzdzdy, Vy=[[yzdxdy, Vi=[[}z*dzdy.

These integrals being written down by taking the elementary
column PQ of volume zdzdy with its centre of gravity at the middle
point of its length.

In the displaced position the corresponding elementary column
is P’Q of length z+z6 ; its centre of gravity is at a distance §(z+z0)
from P’, and therefore at a distance §(z—xf) from P, so that we
have

V&' =[[a(z+z0)dady, Vi =[[y(z+z0)dxdy,
Vz' =[[}(z—z0)(2+20)dzdy.
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We observe that, to the first power of the small angle 6, we have
#' =2, so that the tangent plane to the surface of buoyancy is parallel
to the plane of flotation, as was proved in Art. 49.

Now in the displaced position the body is subject to two equal
and opposite parallel forces, viz. its weight W or gpV vertically
downwards through G and the force of buoyancy vertically up-
‘wards through H’. These forces form a couple and the plane of
this couple will be at right angles to the axis of rotation if, and
only if, the points @, H' are in a vertical plane perpendicular to
Oy, i.e. if §'=7,
or [fy(z-+x0)dzdy=[[yzdady.

This reduces to [fzydady=0,

which means that the axis of rotation Oy must be a principal axis
of inertia of the section of the body made by the plane of flotation.

When this condition is satisfied the
vertical through H' intersects the line
HG in a point M called the meta-
cenfre. The couple acting on the body
is W .GM@, and it tends to restore the
body to its former position or to in-
crease the displacement according as M

is above or below G.
Also, we have HM . 0=HH'=x'—%

_ Offz*dady
=5
Therefore HM=Ak?|V, where Ak* denotes the moment of inertia
of the section of the body made by the plane of flotation about

the axis of rotation.
The couple tending to restore the body is therefore

gpOV(HM —HG)=gpf(AR—V . HG).

ul-._]

68. Since there are two principal axes through the centre of
gravity of the surface section of the body with corresponding
moments of inertia I, and I,, it follows that a displacement about
either of these axes would set up a couple in the plane of the dis-
placement tending to restore equilibrium if GH < I,/V and also
< I,/V. Hence these conditions are necessary for stability of
equilibrium.
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59. Work done in producing a displacement. When the
body has been displaced through a small angle 8 about either
principal axis through the centre of gravity of the surface section,
the couple acting on the body is

gp(AR2—V . HG)S.

Consequently the work that would have to be done by external
agency in order to increase 6 by a small amount d6 is

gp(Ak2—V . HG)6do,

and, by integration, it follows that the work done in producing the
angular displacement 6 is

1gp(AR2—V . HG)6.

60. Sufficiency of the conditions for stability. A small rotation
about any axis in the plane of flotation through the centre
of gravity of the water-section may be regarded as compounded of
rotations 6,, 6, about the principal axes of the section. Each of
these separately sets up a restoring couple, and the total work that
would have to be done by external agency, or the gain in potential
energy, in producing the displacement is *

19p(L,—V . HG)0 2+ 3gp(I,—V . HG)O,?.
Whence it follows that the conditions HG < I,/V and also < I,/V

are sufficient to ensure stability for displacements which do not
alter the volume of liquid displaced.

61. The question of stability may also be treated somewhat
differently.

Defining a metacentre as the point of intersection with the
line HG of the vertical line through the new centre of buoyancy
after a slight displacement, we are led to the following theorem :

A metacentre s a centre of curvature of the surface of buoyancy
at the point n the same vertical line with G.

This is at once obvious from the fact that the point M is the
point of intersection of consecutive normals to the surface.

Hence it appears that for any displacement, consistent with the
conditions for the existence of a metacentre, the direction of the
fluid pressure is always a vertical tangent to the evolute of the curve
of buoyancy.

* That the expression for the work done in a displacement of this kind does not
contain a term 0,0; may be proved as in Art. 66 following.

5
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62. A most important case naturally presents itself; that is,
the question of the stability of equilibrium of a ship when displaced
by rolling.

In general it is impossible for a ship to roll without tossing,
because the two ends of the ship are unsymmetrical ; but in the
case of a very long vessel, such as an Atlantic ““liner,” it may be

N\

assumed that the ship can be divided symmetrically by a plane
perpendicular to its length, and in this case the ship has two vertical
planes of symmetry, and consequently the vertical line HG passes
through the centroid of the plane of flotation.

The line HIG also divides the curves of buoyancy symme-
trically, and the point H is a point of maximum or minimum
curvature. In the first of these two cases the cusp of the
evolute is pointed downwards; in the second case it is pointed
upwards.

The figures at once show the effects of displacement.

In the first case the righting moment, which is the statical
measure of stability for a given angle of displacement, is propor-
tional to GY the perpendicular from G on the tangent PQ, and
increases with an increase in the angle of displacement.

In the second case the righting moment increases to a maximum
value, and then diminishes, vanishing for the position given by
the tangent GQ'P’.

This is a position of equilibrium, but it is of unstable equili-
brium, in accordance with the general mechanical law that positions
of stable and unstable equilibrium occur alternately.
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If the equation to the curve of buoyancy be obtained in the
form p=f(¢), G being the origin,
GY=dp|d,
and the righting moment is
Wap|dg,
if W be the weight of the ship.

In general the curve of buoyancy, for moderate displacements,
is approximately an arc of an hyperbola ; in the case of a *“ wall-
sided ”’ ship, that is of a ship with the sides vertical near the water-
line, the curve is an arc of a parabola.

In the case of a ship, if M is the metacentre for rolling, the
product W . GM is called the st/ffness of the vessel.

63. Dupin’s Theorem. In the case of a ship floating upright,
the radius of curvature of a transverse section of the surface of
flotation is

r,=[y? tan ads/4,
ds being an element of the perimeter, and A4 the area, of the water-
section, and a the inclination of the side of the ship to the vertical ;
the axes of z and y being the longitudinal and transverse axes
of the section of the vessel by
the plane of flotation through its
centroid C.

To prove this let C, C' be
neighbouring points on the trans-
verse section of the surface of
flotation, the tangent plane at C’
making a small angle  with the
water-section AP@B, and let
apgb be the projection on the
water-section of the section of
the ship made by this tangent
plane, so that E, the projection of (', is the centroid of the area
apgb. Let PQ, pq be corresponding elements, and PQ=ds, then

area PQpg=y0 tan ads ;
~. CE . (4)=[y?0 tan ads,
and, since CC’'=r,0, and CE=CC’ ultimately, it follows that
r;d=[y? tan ads,
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an expression first given by C. Dupin, in a memoir presented to
the Académie des Sciences in 1814. A corresponding expression
obviously exists for the radius of curvature (R,) of the longitudinal
section.

64. Leclert’s Theorem. Calling rand R the metacentric heights
for transverse and longitudinal displacements, that is, the radii
of curvature of transverse and longitudinal sections of the surface
of buoyancy ; we know that

r=—;'-, and R=—§.,

where ¢ and I are the principal moments of inertia of the water-
section. K. Leclert has established the following relations between
these quantities : i > il iR
=Ty Bgy=R gy

A translation of Leclert’s paper is given by Mr Merrifield in
the Proceedings, for 1870, of the Insti-
tution of Naval Architects, and in the
Messenger of Mathematics, March 1872.
The following is the first of the two
proofs which are given; it is retained
here for its historic interest, but a more
rigorous treatment is given in Art. 67
following.

Taking a section parallel to the water-
section, and at a distance dz from it,

dV=Adz.

Let apgb be the projection of this new section upon the water-
section ; then d¢ is the moment of inertia of the area between
apgb and APQB;

"=

.. di=2ydz . tan ads,
di .,
and o= [y? tan ads.

ldv _di

Hence "=3Lm=av

or ri=r+V-=
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65. Surface of buoyancy in general.

Let the origin be taken in the vertical through the centroid of
the original water-line section. Then if z==¢ be the original section,
the plane in the slightly displaced position will be

z=c+lz-}-my
where I, m are small.

If (,, %o, 2o) and (z, ¥, 2) denote the co-ordinates of the centre
of buoyancy in the two positions

V(z—u,)=[f(z—c)zdzdy=al+hm,

V(y—yo)=/I(z—c)ydady=hl+bm,

V(z—z0)=[[1(z2—c?)dzdy=1(alt+2hlm+bm?),
where a=([fz*dxdy, h={fzydzdy, b={[y*dzdy.

Hence 2(z—2zo)=Uz—x0) +m(y—Yo)

or 2(z—z,) =ab.L~hz{b(w—xo)2—2h(x—z0)(y—y0) +a(y—yo)%}

is the approximate form of surface of buoyancy. If the original
axes of z and y are principal axes of the plane section, then A=0,
and if the origin be now moved to the centre of buoyancy in the
first position, the surface becomes

2z="Vala+ Vy?/b.

If we now define the metacentres as the centres of curvature of
the principal normal sections of the surface of buoyancy, the heights
of the metacentres above the centre of buoyancy are the principal
radii of curvature a/V or b/V.

66. Condition for stability.

The tangent plane to the surface of buoyancy at a point (z, ¥, 2)
is given by

|4
{—2="—0)+ Tn—y).

And the perpendicular distance of the centre of gravity (0, 0, 2 of
the solid from this plane is

2 2.2 2,2) —#
{z_.erV”” Y%}{]+Vx+%iy_}

Va2 Vy Vi VP
—{ ot zb}{l 2a zbz}

szz/a. 2\, Ve -
=t a7y z>' zb2< z)‘
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Now by Art. 50 the positions of equilibrium correspond to those
of a heavy body bounded by the surface of buoyancy resting on a
horizontal plane, so that for stability the height of the centre of
gravity above the plane must be a minimum. This requires that

z should be less than — v 2 and %, or the centre of gravity must be

below both metacentres.

67. Surface of Flotation. Leclert’s Theorem.

Suppose that the volume immersed is increased by a small
amount 8V by depressing the solid from the second position
of Art. 65.

If & %, { are the co-ordinates of the centre of gravity of the
thin slice, of volume 8V, since al-+hm=difference of z-moments of
volume displaced, therefore by Art. 65,

l3a+mSh=¢S8V.
Similarly 70V =I6h+mdb ;
and {8V =}(1?8a-}-2lm3h--m?8b).
Also as the thickness of the slice is diminished the point
(&, m, {) tends to coincide with the corresponding point on the
surface of flotation, i.e. the centroid of the water-line areca.
Hence on the surface of flotation we have
2’ . dV=Ilda+mdh
Y . dV=Idh-+mdb
2’ . dV=}(l*da-+2lmdh--m2db),
and its equation is

. av 9 "o’ ’

In the special case in whlch dh=0, this becomes

v, v
—'?
2 =a g Y

and the radii of curvature of the surface of flotation are %and

db
av as in Art. 64.

We observe that the principal axes of two parallel sections of
the solid are not necessarily parallel, so that =0 does not imply
that dA/dV=0. The results of Art. 64 are thus seen to be true
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only in the cases there implied in which there are vertical planes
of symmetry which contain all principal axes of horizontal sections.*
68. We now append some examples of the determination of the meta-
centre.
Exampre 1. 4 solid cylinder of radius a and length h floating with its axis
vertical.
In this case the plane of flotation is a circular area, and
Ak*=}mnat;
therefore, if &’ be the length of the axis immersed,
na?h’ . HM=}nat, or HM=a?/4k/,
and the equilibrium is stable if
at b W
Wy
ExampLE 2. A cylinder floating with its axis horizontal and in the surface
18 displaced in the verlical plane through the axis.
The plane of flotation is a rectangle, and
Akr=1}ah?,
k being the length of the cylinder, and a its radius ;
S HM= 5 7;;;
and the equilibrium is stable, if
1#_da
3na” 3
or b > 2a.
ExampLE 3. A solid cone floating with its axis vertical and vertex downwards.
Let & be the length of the axis,
z the portion of the axis immersed,
2a the vertical angle of the cone.

Then Ak?=}nz* tant q,
and V=1nz*tan® a;
o HM=3%ztan®a;
also HG=3h—3z,

and therefore the equilibrium is stable or unstable, according as
ztan®a>or< h—z,
or z2>or< hcos? a.
But if g, 0 be the densities of the fluid and cone,

05

* This correction to Leclert’s Theorem and the method of treatment of the last
few Articles, as well as Arts. 76-78 below, are due to Dr Bromwich.
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therefore the equilibrium is stable or unstable as
g
2 >or< costa.

ExAMPLE 4. An isosceles triangular prism floating with its base not immersed,
and ils edges horizontal.

Referring to Art. 45, consider first the position of equilibrium in which
the base is inclined to the horizon.
In this case, if AQ=2y and AP=2z, and we put a=b in equation (2) on
page 45, = and y arc given by the equations
z+y=2a cos? 0,
zy=c?.
The co-ordinates of @ and H referred to AB, AC as axes are respectively
3a, 3a, and 3z, 3y,
». H*=4{(a—x)*+(a—y)*+2(a—2z)(a—y) cos 6}
= 4§ {22+ y*+2xy cos —2a(1--cos 0)(x+y)+2a%(1+-cos 6},
trom which, by means of the above equations, we obtain

HG:; sin 30(a? cos? }0—c?)k.

The arca PAQ=2c?sin 6, and if M be the metacentre, and I the length of
the prism,
2lctsin 0. HM =, PQ* . 1,

re?
B =g in o
But PQ?=4(x2+y*—2zy cos 6)

=16 cos? }0(a? cos? }0—c?);
4
HM:.'_S cos? $0(a2 cos? 30— c?)#/c? sin? 30,
and HM> HQ, if c®sin? }0 <cos? }0(a? cos? }0—c?),
s.e. if cos? $0>c/a.

Next, consider the case in which the base is horizontal, and PQ therefore
parallel to BC.
The area PAQ=2c? sin 0,

AP=AQ=2c, and PQ=4csin }0.
Hence, HM= gc sin? 30/cos 40, and HG= ;(a— c) cos 40,

and HM> HG if cos? $0 <c/a.
Now in the Art. before referred to, we have shown that there are three
positions of equilibrium, or one only, according as
cos? 40> or <c/a.
Hence it follows, that when there are three positions of equilibrium, the

intermediate one, in which CB is horizontal, is a position of unstable equi-
librium, while in the other two positions the equilibrium is stable.
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If there be only one position in which the prism will rest, its equilibrium
is stable.

It will be a useful exercise for the student to obtain these results by in-
vestigating the equation to the curve of buoyancy, and determining the
position of its centre of curvature.

69. Finite displacements. If a solid body, floating in water, be
turned through any given angle from its position of equilibrium,
then, as before, the moment of the fluid pressure is restorative or
not according as the point L at which the vertical through the new
centre of buoyancy meets the line HG is above or below @, assuming
these lines to intersect.

It is not to be inferred that if L is above @, the body will when
set free return to its original position and oscillate through it, or
even that the original position is one of stable equilibrium, accord-
ing to our previous definition of stability : it is a general law of
mechanics that positions of stable and unstable equilibrium occur
alternately, and the body may have been displaced from its original
position through other positions of equilibrium.

As a particular example take the following.

A solid cone, floating with ils axis vertical and vertex downwards, is turned
through an angle 0 in a vertical plane,
the volume of fluid displaced remaining
the same ; to determine the direction of \
the moment of the fluid pressure.

Let AB be the major axis of the 5
elliptic section made by the surface
plane of the fluid, € its middle point,
Aa, Bb, Cc lines at right angles to AB,
and let the angle AVB=2a and
VA=d. Then

VAa=0—a,
and VBb=n—0—a.

1 1 [ sin(6—a)
VC=§( Va+- Vb)=é . \Il“‘gln ]

cos (0—a) sin_(O—{—a) \

+dos (0fa) sin0 J
_ dcos 0 .
" cos (0+a)’
o vL=12q c80

4"cos (0+ay
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The semi-minor axis of the ellipse AB is a mean proportional between the
perpendiculars from .4 and B on the axis of the cone,

.. its area=n}AB(VA . VB.sin? a)t
___7_1 sin asin 2a  fcos (6—a)\ ¥
cos (0-+a) * \cos 0+a)f
therefore the volume of the fluid displaced

=1d cos (0—a) . (area of ellipse)
fcos (B—a)\}
\cos (0+a)
Hence, if g, o be the densities of the fluid and the cone, since the weight
of the fluid displaced is equal to that of the cone, we have

od? sin? a cos a{co: §Z+Z;

or (__)" o fcos (0+a) \i
h

o\cos (6—a)) cos’a

=}nd? sin? a cos a;

} =ch® tan? q,

. cos 0
And VL >VQif dm) > h,

{/(_t cos a cos (6-4-a) . Jeos (6— a)}i
0 > cos 0 {cos (0+a)

Supposing 0 indefinitely small, we obtain the condition of stability for an
infinitesimal displacement,

or if

\7 §>cos2 a ; as before, Ex. 3, Art. 68.

Let the equilibrium of the cone be neutral for small displacements, that is,
let
o=pcos® q,

then, after a finite displacement, the action of the fluid will tend to restore
the cone to its original position, if
cos a - cos 0 > 4/{cos (0-+a) - cos (0—a)},

a condition which is always true, a and 0 being each less than a right angle.
In the case of neutral equilibrium of a cone, the equilibrium may therefore
be characterised as stable for any finite displacement.

70. When liquid is contained in a vessel, which is slightly dis-
placed from its original position, the preceding investigations enable
us to determine the line of action of the resultant downward
pressure,.

The problem in fact in this case, as in the previous one, is the
following.

A given volume, the centroid of which is H, is cut from a solid
ABC by a plane, and the line CH is perpendicular to the plane;
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the same volume being cut off by a plane making a very small
angle with the plane 4B, to determine the position of the straight
line perpendicular to the second plane, and passing through the
centroid of the volume cut off by it.

If the interior surface of the vessel is symmetrical with respect
to the plane through H perpendicular to the line of intersection of
the two planes, the line whose position is required will intersect
CH in a point M, the metacentre, the position of which is deter-
mined by our previous results.

71. Vessel containing liquid. A4 hollow vessel containing liquid,
floats in liquid ; required to deter-
mane the nature of the equilibrium,
supposing that the body s sym-
melrical with respect to the vertical
plane of displacement through its
centre of mass, and that the centres
of mass of the body and of the liquid e
are in the same vertical line.
Let M be the metacentre for
the displaced fluid, and M’ for the
contained fluid, W, W’, the weights
of the displaced and contained A
fluid.*
Taking moments about @, the centre of mass of the vessel, the
resultant fluid pressures will tend to restore equilibrium, or the
reverse, according as

B

W.GM—-W'.GM'

is positive or negative, 7.e. as
’
— >0I<———,
w’ GM
ExamMPLE. A hollow cone containing water floats in water with its axis
vertical.
Let h=the length of the axis of the cone,
h’=the length of the axis in the contained fluid,

z=the length beneath the surface of the external fluid.

* This is the case of a leaky ship rolling ; the next article discusses the pitching
of a leaky ship.
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Taking 2a as the vertical angle of the cone, we have

HM=4}ztan? a.
But HG=%h—3}z;
o~ GM=3zscc® a—%h.
Similarly GM’=3}h scc? a—%h.
also W
W Rs?

thercfore the cquilibrium is stable if
(3 )" 9%’ sec* a—8h
n 9z scc? a—8h’
2z being given by the equation
W— W’'=1}gomn tan® a(z>—Ah"*)=weight of cone.

72. In the case in which the centres of mass of the contained
and of the displaced fluid are not in the same vertical, suppose the
displacement to take place in direction of the vertical plane through
the centres of mass, and that the body is symmetrical with respect
to that plane.

Let @ be the centre of mass of the body, H of the fluid displaced,
H' of the contained fluid, and
M, M’, the metacentres.

Also let GNN' be horizontal
in the position of equilibrium,
and GLL' the horizontal line
through G in the displaced
position.

Then W, W’, having the
same meanings as before, and
0 being the angle of displacement, the equilibrium is stable or
unstable, as

W.GL>or<W .GL,
or W(GN cos 8+MN sin 0) > or < W/(GN' cos 8+M'N’ sin 0),

1.e. since W.GN=W'.GN',
S K> or <£I-I,N’
2 W N

73. Constraints. Stability of the equilibrium of bodies floating
under constraint.

Consider the case in which a body is free to turn about a hori-
zontal axis fixed at a depth 2. Draw GO at right angles to the
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axis, and, if the centre of buoyancy is not in the vertical plane
through GO, let H be its projection on this vertical plane. Let
C, L, N be the projections on the

plane of flotation of O, G, H. < re il
Take an axis of y through C

parallel to the axis of rotation

and CLN as axis of . Then if

the body turns through a small

angle 6 about the given axis so 0

that @, H are displaced to G, H', [~

the vertical displacement of C'is N \ "
of order 62, and it is easy to see >x7
that the restorative moment due ¢’ 'y

to the change in the displaced

liquid is gpA%20, correct to the first power of 8; where 4% is the
moment of inertia of the surface section about Cy. Also the loss
of moment due to the displacement of H is

gpV . NN'=gpV . HH' sin N'H'N=gpV(HN —h)6.
Similarly there is a loss of moment of the weight of the body due
to the displacement of G' of amount W(GL—h)6.

Hence the condition for stability is that
gpAk?—gpV(HN—h)+ W(GL—PR)0
must be positive, with the condition
W .CL=gpV .CN.

Cor. If a body, floating freely in homogeneous liquid, has a
plane of symmetry and is turned through a small angle 6 about any
horizontal axis in the plane of symmetry, the restorative couple is
gp0(Ak2—V . HQG), where Ak? is the moment of inertia of the surface
section about its intersection with the plane of symmetry.

74. The equilibrium of a body floating partially tmmersed in two
liquids.

Let p be the density of the upper liquid, and p+p’ the density
of the lower liquid.

Also let ¥ be the total volume immersed and ¥’ the portion of
V immersed in the lower liquid, and let 4, 4’ be the areas of the
two planes of flotation. Then the forces which support the weight
of the body are the weights of the masses of liquid pV and p'V’,
supposed to act upwards.
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Take the case in which the body is symmetrical with regard to
a vertical plane perpendicular to the plane of displacement, so that
the centroids, G, H, H’, of the body and of the masses pV, p'V’ are
in the same vertical line.

Then, if the body is displaced through a small angle 6 about
any horizontal axis in the plane of symmetry, the total moment
about @ of the forces tending to restore equilibrium is

gp(4dk*—V . HG)0+-gp'(A'k*—V' . H'G) 0,
or geV .GM . 0+gp'V' . GM’ . 6,

in which the positive direction of GM, GM' is upwards.
The equilibrium is clearly stable if M and M’ are both above G ;
but if M’ is below @, for stability we must have

oV .GM>p'V' . M'G,
or p(AR—TV . HG)>p'(V . H'G—A'K™).

75. Heterogeneous liquid.

The metacentric height in the case of heterogeneous liquid may
be investigated by the method used for homogeneous liquid at the
beginning of this chapter. Using the figures and notation of Art.
57, let p=f(z) denote the density at depth z, where z is measured
vertically. After the displacement the density at the point (z, ¥y, 2)

of the liquid displaced is f(z+x0), or p—i—x(?(;—z, to the first power

of 8. The condition that the mass displaced remains constant is

m<p+x0‘fl'—’;>dxdydz+” p 2 0dady= mpdxdydz .

where the volume integrals are taken through the original volume
displaced, and the surface integral over the surface section refers
to the wedges at the surface, and p, is the value of p at the surface.
This condition will be saticfied if at all levels [fzdady=0, 7.e. if the
centroids of all horizontal sections in the original position are in
the plane yz.

Again, if we suppose that the mass M, of liquid displaced is con-
stant, the co-ordinates of the centres of buoyancy H, H' in the two
positions are given by

M@:Hjlpwdxdg/dz, Mﬂ=j”p3/d$d3/d@ Mﬁ:”jpzdxdydz;

v s i
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M Og'ZHKP-i—xB%)ydxdydz—kﬂp yxldxdy,

M 05’_—_-‘-”(,)-{—@0%) :dxdydz
2

to the first order of 6.
The condition that the vertical through H’ may intersect HG
is §'=4¢, as in Art. 57,

or J.J‘J.wydjz dxdydz—l-”p zydedy=0 ., . (2

which is satisfied if at all depths the plane yz meets the horizontal
section in a principal axis of that scction. When conditions (1)
and (2) are both satisfied we have

HM . 0=HH' =& —=%

a
= { j j j 220" Ldudyds [ j p,xzedxdy} [

And if Ak? denotes the moment of inertia of the section at depth
z about its axis in the yz plane, this gives

HM= { J Ak%’dw- prd k2 } Mo

or, integrating by parts,

. (2 d
HM= { [pAkﬂl—Lpd-z(Akz)dzﬂlA17012} [,

2 ?d 2
= { padi2— [ pawyas } o,
where the suffixes 1, 2 refer to the top and bottom sections, and 4,

is zero unless the body has a flat bottom.
An alternative method will be given in the next Article.

76. Surface of buoyancy for a solid floating in a liquid of variable

density.
Consider first the case of a body floating in a liquid formed of
layers of different densities py, p, . . . ps in descending order.

Let v,, denote the total volume of the solid immersed below the
upper surface of the layer of density p,.
As in Art. 65 let z=c be the original water-line section, and
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let z=c-+-Ilz+my denote the plane in a slightly displaced position,
then we have
{p1o1+(pa—p1)v +ps—po)vst  +(pa—pa-1)Va} (T—)
={psa;+(p2—p1)as+. . . +(pn—pn-1)an}l
+{pihs+(pa—p)hat. . . H(pn—pa-)ha}m;
and corresponding equations for (y—y,) and (z—2,) when (%, o, 2),
(z, y, 2) are the centres of buoyancy in the two positions, and a,, A, b,

denote
ij2dxdy, ”xydxdy, ”yzdazdy

taken over the corresponding section.
Proceeding to the case of a continuous fluid we get

M(z—zy)=Al+Hm,
M(y—yo)=HI+Bm,
and M(z—2zo)=3(A1~-2Hlm - Bm?),

n
where M=py, ;—Slrdp

—piry Hpil [ pdo

1
=I Pd”’
n

and A=pa,-} j,:adp
=p1w1+[pa_l’;—jlpda

1
=pnan+J' pda,
n

and a like expression for B, the suffixes 1, n referring to the top and
bottom sections of the immersed solid, v, being in this case clearly
zero, and a,, 1s also zero except when the solid has a flat bottom.

The surface of buoyancy is obtained from three equations as in
Art. 65, and, in the special case in which H=0, and the origin is
at the equilibrium position of the centre of buoyancy, the equation
becomes

22=Mz?/A+My?B,

and the metacentric heights are 4/M and B/M.

77. Solid floating wholly immersed.
In this case we have similar equations, with

1 n 1
M =j pdv, and A=Ladp or (pna”—p1a1)+j pda,
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there being no displacement of the centre of buoyancy with a solid
tmmersed in homogeneous fluid.

78. ExampLEs. (1) Cone of semiangle a vertex downwards.

If z is the distance of a section from the vertex O, we have
a=}nz* tant a,
o da=rnz® tant adzr.

Also dv==rnz? tan?® adz, so that da=z tan? adv,
and A/M=[gda/{odv=tan? afzodv/[edv
=7z tan? q,

where Z is the height of the centre of buoyancy above O, and thus the height
of the metacentre above O is Z sec? a.

(2) Paraboloid of latus rectum l,, vertex downwards.

Here a=}nl2a?, .. da=}nllxde.
Also dv=rnlxdz, so that da=13l.dv,
and A/M= fgda/fedv: 31,

(3) Cylinder with axis vertical.
Here a=constant, so that 4/M=g,a,/M.

79. Potential Energy. The theory of the stability of the
equilibrium of floating bodies may also be based on the principle
of energy and the subject may be treated from this point of view by
direct calculation of the changes in the potential energy.

To find the work done in inserting a body in a sea of hearvy liquid ;
neglecting the alteration in the level of the liquid, and the disturbance
caused by the insertion of the body.

0 /

) ds,

4

If a vertical prism of cross section dzdy cuts the boundary of
the body in contact with the liquid in elements dS,, dS,, at depths
2y, 24, at which the pressures are p,, p, respectively, and 6,, 0, are

6
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the acute angles which the normals to dS;, dS, make with the
vertical ; then the work done against the thrusts on these elements,
as the depth is increased by a small amount dz, is

(p1d8; cos 6, —p,dS, cos 0,)dz=(p,—p,)dzdydz.
Therefore the work done in placing the body in the position under

consideration
=2 { dxdy(jolp 1dz—jo.]o 2dz) }

=2 { dzdyj:lpdz }

where the integration extends to the volume immersed.
If the liquid be homogeneous p=gpz and the work done

=gp”jzda:dydz

=gpV,
where V is the volume of liquid displaced, and z the depth of its
centroid.

When a body floats in a liquid it possesses potential energy in
virtue of the work that has been done in placing it in the liquid ;
and if the liquid be homogeneous, and G, H the centres of mass of
the body and of the liquid displaced, and £ and z their depths, the
measure of the potential energy of the body may be taken to be
gpV(z—1{), or, when the body floats in equilibrium, gpV . HG.*

80. To find the work done in turning & floating body through a
small angle 6 about any azis in the plane of flotation.

Let Oy be the axis of rotation, Oz vertically downwards, and let
the plane 20z contain the centre of mass G of the body and the
centre of buoyancy H. Let the co-ordinates of H and G be (%, 0, 2)
and (¢, 0, {) respectively, so that in equilibrium Z=¢.

In the initial position the potential energy due to the displaced
liquid

=gpVZ or Lgp[fztdzdy.

Turn the body about Oy through a small angle 6 and let the

axes Oz, Oz move with the body.

* The zero configuration is a hypothetical one, in which the space occupied by
the body in the liquid is filled with liquid of the same kind, and the whole mass of
the body is at the level of the free surface of the liquid.
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The length to the surface of the prism of cross-section dzdy
immersed in the liquid becomes z+4z tan §=2+-20, and the depth

of its centre of mass is }(z2+4z8) cos 6 ; therefore the increase in
the potential energy due to the displaced liquid

=§-gp.”(z+zﬁ)z(l—%ﬁz)dxdy—z gpﬂzzdxdy

=g;gp92j j (2 —Lot)dady +gp0”:czdxdy.
But the loss of potential energy due to displacement of the body

=gpV({ cos 04§ sin 0—{)=—19p02V{+gpbV¢,
therefore the total gain in potential energy is

~19p0"| | (@2~ 1e2)dzdy+ 190077

=1gp02(AR—Vz+ V)
=1gp0( AR~V HG).... ... (1),

where A is the area of the surface section of the body and % is its
radius of gyration about Oy.

From this it follows that the equilibrium is stable if 44*>V . HG,
and that the restorative couple is
%Eé’=gp9(Ak2—V .HG).

The conditions previously obtained for the stability of a body
floating under constraint and of a body floating in heterogeneous
liquid may also be found by evaluating the changes in potential energy
as far as the second power of §. The work is to be found in earlier
editions of this book, butis not regarded as of sufficient importance
to be reproduced.
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81. Potential energy where a body floats in liquid contained in
a cylindrical vessel.

Take the zero of reckoning to be the undisturbed level of the
liquid in the vessel before the body is immersed. Let B be the
cross-section of the vessel and S the water-section of the body when
floating. Let V, be the volume immersed in the equilibrium
position ; taking gp=1, V¥, also denotes the weight of the body.
Let V be the volume immersed in any other position. In this
latter position the level of the water is raised a height V/B, so that
if the centre of buoyancy is at a depth p below the zero level, a
weight ¥ has been raised a height p+V/2B and the work done is
Vp+V22B. Hence if ¢ denote the height of the centre of gravity
of the body above the zero level, the whole potential energy is

Voi+Vp+V?2B.

Now let V=V y+v, and let p, be the depth of the centroid of
the volume V, of the body in the displaced position, so that
Vp=V  po+r¢ where, provided that v is small, é=v/28—V/B.

Then the potential energy is

V\ V2
Vo(9+Po)+@<z—vS— ﬁ) +2—B

14 14 2
=Vo(q+po)+v<§'g— o) +{F

=V -}—%v?( %> +constant,

1_
S
where { denotes the vertical distance between the centre of buoy-
ancy and the centre of gravity.

82. ExampLE. A cylinder floating in @ cylinder.

Take the origin O at the centroid of the base
of the floating cylinder, which is of area 4. Let
the plane of the surface of the liquid be

lx+my-+nz=p,

where I, m, n are direction cosines of the upward
vertical.

Then V,=Ap/n, and the projection on the
upward vertical of the line OH, where H,
is the equilibrium position of the centre of buoyancy, is
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1
A / / (lz+my+ §nz)edady
1 1
=ZLI'I7J f {p*— (le+my)*}dzdy

1
= 57, (AP~ (ol fm 2yl

where a=[[z*dzdy, P=/{[y’dxdy, y=[frydxdy integrated over the cross-
section.

Also, if a, b, ¢ are the co-ordinates of the centre of gravity @ of the body,
we sce that

Vo=V ola-+mb-ne)—o.-{Ap—(al*+ -+ 2im))

and S=A4/n, so that the potential energy is
w(l'—-l-) -V (lat-mbt-no)+ (-t -+ 2ylm)— 3L ® + const.
4 B 2n A
Suppose, for example, that a=>5b=0, so that @ is on the line of centroids

Oz, and write V,=Ah so that & is the draught in the vertical position ; then
the potential energy is

1 1
w(}i- B)+§m4h(2c—h)+2—n (ol fm2+-2ylm).

In the case in which the cylinder is nearly vertical we put n=1—}(I*4-m?)

approximately, and the coefficients of {2 and m? become
${a—}4h(2c—h)} and }{f—3A4h(2c—h},

8o that for stability we must have 34k(2c—4%) less than the least moment of
inertia of the section.

If, further, the scction is a circle or any form for which a= g, y=0, then
the potential energy in a position in which the axis makes an angle 6 with the
vertical is

gvz(“’; o_ %)H cos OAR(2c— h)H%'—f——::.
Taking the volume displaced as constant, we put v=0, so that for equi-
librium in an oblique position we must have
— Ah(2¢— h)+ a(2+tan? 6)=0,
which gives a real value for 6, when
3Ah(2—h) > a,
i.e. when the vertical position is unstable.

EXAMPLES

1. If a solid paraboloid, bounded by a plane perpendicular to its axis, float
with its axis vertical and vertex immersed, the height of the metacentre above
the centre of gravity of the displaced liquid is equal to half the latus rectum.
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2. A cone, whose vertical angle is 60°, floats in water with its axis vertical
and vertex downwards ; show that its metacentre lies in the plane of flota-
tion ; and that its equilibrium will be stable provided its specific gravity> 2].

3. Anisosceles wedge floats with its base horizontal, and its edge immersed ;
show that the equilibrium is stable for displacement in a plane perpendicular
to the edge, if the ratio of the density of the wedge to that of the fluid is greater
than the ratio cos! a: 1; 2a being the angle of the wedge.

4. A closed cylindrical vessel, quarter-filled with ice, is placed floating in
water with its axis vertical ; the weight of the vessel is one-fourth of the weight
of the water which it can contain; examine the nature of the equilibrium
before and after the ice melts, neglecting the change of volume consequent on
the change of temperature.

5. A solid in the shape of a double cone bounded by two equal circular
ends floats in a liquid of twice its density with its axis horizontal : prove that
the equilibrium is stable or unstable according as the semivertical angle is less
or greater than 60°.

6. The cross-section of a cylindrical ship is two equal arcs of equal parabolas
of latus rectum ! which touch at the keel, the common vertex of the twe
parabolas, so that the sides of the ship are concave to the water. The ship is
floating upright with its keel at a dcpth A. Prove that tho height of the meta-
centre above the keel is

h(‘% h?
it l=>'

7. Find a solid of revolution such that, when a segment of it is immersed
in liquid, the distance between the centre of buoyancy and the metacentre
may be constant, whatever be the height of the segment.

8. Water rests upon mercury, and a cone is too heavy to rest without its
vertex penetrating the mercury ; find the density of the cone that the equili-
brium may be stable assuming the cone to be completely immersed.

9. If the floating solid be a cylinder, with its axis vertical, the ratio of
whose specific gravity to that of the fluid is 6, prove that the equilibrium
will be stable, if the ratio of the radius of the base to the height be greater
than {20(1—o)}} .

10. A hemispherical shell, containing liquid, is placed on the vertex of a
fixed rough sphere of twice its diameter ; prove that the equilibrium will be
stable or unstable, according as the weight of the shell is greater or less than
twice the weight of the liquid.

11. A solid of revolution floats with its vertex downwards, determine its
form when the position of the metacentre is independent of the density of the
liquid.

12. A solid cone is placed in a liquid with its axis vertical, and with its
vertex downwards and resting on the base of the vessel containing the liquid.
If the depth of the liquid be half the height of the cone, and its density four
times the density of the cone, prove that the equilibrium will be stable if the
vertical angle of the cone exceeds 120°,

Replacing the solid cone by a thin conical shell of the same height, of
vertical angle 60°, containing liquid, up to the level of the middle point of its
axis, of half the density of the liquid outside, prove that the equilibrium will
be stable if the weight of the shell be less than three-fourths of the weight of
the liquid inside.
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13. A cylindrical vessel, the weight of which may be neglected, contains
water, and the vessel is placed on the vertex of a fixed rough sphere with the
centre of its base in contact with the sphere. Find the condition of stability
for infinitesimal displacements, and prove that, if the equilibrium be neutral
for such displacements, it will be unstable for small finite displacements.

14. A cylindrical vessel is movable about & horizontal axis passing through
its centre of gravity, and is placed so as to have its axis vertical ; if water be
poured in, show that the equilibrium is at first unstable ; and find the con-
dition which must be satisfied, in order that it may be possible to make the
equilibrium stable by pouring in enough water.

15. A thin conical vessel of given weight is movable about a diameter of
its base, which is horizontal, and is partly filled with a heavy fluid ; show that
the cquilibrium is always stable if the semivertical angle of the cone is < 30°;
and if it be greater than this, determine when the equilibrium is stable or
unstable.

16. A paraboloidal cup, the weight of which is W, standing on a horizontal
table, contains a quantity of water, the weight of which is nW ; if & be the
height of the centre of gravity of the cup and the contained water, the equili-
brium will be stable provided the latus rectum of the parabola be

>2(n+1)h.
17. A solid cone whose axis is vertical and vertex downwards is movable
about an axis coincident with a generating line; to what depth must the

system be immersed in water, in order that the equilibrium of the cone may be
stable ?

18. Prove that the work done in turning a floating body through a small
angle 0 round its centre of gravity is

1g0(Ak*+Ab*—cV)0%,
where ¢ is the distance between the centres of gravity of the body and the

liquid displaced, and b is the horizontal distance between the centre of gravity
of the body and that of the area of the plane of flotation.

19. A paraboloidal cup, whose latus rectum is 42 and whose centre of
mass is at a distance from the vertex equal to 2a, floats in two liquids of
densitics ¢ and g (6 >p); prove that the work required to turn the body
through a small angle 0 about a horizontal axis is

Fnag0*{h*(o—o)-+(h+h') e},
where h, b’ are the lengths of the axis immersed in the fluids.

20. A thin metal circular cylinder contains water to a depth 4 and floats in
water with its axis vertical immersed to a depth . Show that the vertical
position is stable if the height of the centre of gravity of the cylinder above its
base is less than 3(h-A’).

21. A uniform liquid of density o, overlies another of greater density o,,
and a body with a plane of symmetry floats with its plane vertical so as to be in
contact with both liquids. Prove that its metacentric height from the bottom
of the body is

(z1V1+Iu’A1)(¢71—‘72)+(12Vs+"2’A2)°'s’
Vi(o1—03)+ V504
when V, is the volume submerged in the lower liquid, z, the height of the
centre of buoyancy of this volume above the lowest point of the body, 4,, x,
the area and radius of gyration of the lower ‘ water-line”; and V, is the
whole volume below the upper  water-line,” 2z, is the height of the centre of
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buoyancy which this volume would have if it were submerged in a single liquid,
and 4,, «, refer to the upper ‘‘ water-line.”

22. A right-angled isosceles wedge floats vertex downwards in a fluid
with its base horizontal and } of its volume immersed, so that its centre of
gravity and metacentre coincide. Determine whether the equilibrium is
really stable or unstable.

23. A solid in the form of a paraboloid of revolution floats with its axis
vertical ; if the centre of inertia coincides with the metacentre, prove that the
equilibrium is stable.

24, A right circular cylinder of radius a rests in a liquid with its axis
vertical and a length ¢ immersed. The density at a depth z being ¢ (z), show
that the depth of the metacentre is

L *2b(2)dz—1a3(c)

R

25. A paraboloid of revolution floats with its axis vertical and vertex
downwards in a liquid, the density of which varics as the depth ; the equili-
brium will be stable or unstable, according as 4c is less or greater than
3(m~+a), where ¢ is the length of the axis, a the length immersed, and m the
latus rectum of the generating parabola.

26. An oblate spheroid floats half immersed, with its axis vertical, in a
liquid, the density of which varies as the square of the depth ; prove that the
height of the metacentre above the surface is

5 a*—b?
8 b °

27. A solid paraboloid of revolution floats with its axis vertical, vertex
downwards, and focus in the surface of a liquid, the density of which at the
depth z is p(a-+z), 4a being the latus rectum of the generating parabola ;
prove that the distance of tho metacentre from the vertex is 21a.

28. A right circular solid cone of semivertical angle a floats, wholly
immersed, with its vertex upwards and axis vertical, in a liquid the density
of which varies as the depth. If & is the height of the cone, and b the depth
of its vertex below the surface, the distance of the metacentre from the vertex
is equal to

3 6b+4h—h tan? a
5 4b+-3h *

29. A cylindrical tub of shect iron of uniform thickness, of radius a feet
and weight w pounds, floats upright in water ; show that its centre of gravity
cannot be higher above the lower end than

w  49a*
393" w’

Prove also that, whatever be its weight, its metacentre is always more than
*7a feet above the lower end.

30. A cylindrical cup is made of thin uniform sheet-metal ; the cup has
a circular section, a flat base and an open top; its length is 4} times the
radius of the base, and the weight of water which would fill the cup is W.
Prove that the cup cannot float in water in stable equilibrium with its
generators vertical, if its weight is between (-029) W and (-871) W.
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If the weight of the cup is #W, it can be steadied by pouring in water, so
as to float with its generators vertical, provided that the weight of the water
poured in lies between } W and 2W.

31. A twin steamer is formed of two equal and similar ships united along-
side one another and similarly loaded. Show that, if d is the height of the
metacentre above the centre of gravity in the case of the separate ships for
rolling, the height in the twin ship is d+b24/V, where A is the area of the
plane of flotation, ¥ the volume immersed of either, and 25 the distance
between the medial planes.

32. Prove that the equilibrium of a prismatic body with vertical sides
near the water-line, which is so loaded that its centre of gravity coincides
with its metacentre for displacement by rotation about a line parallel to its
edges, is stable.

33. A cylindrical water-tank is free to swing on a horizontal axis which is a
diameter of one of its cross-sections, situated below the middle of its height.
Show that it will hold less water before it tips over, if the surface of the water
is free, than if it is held by a lid fixed to the tank. If in tho former case the
water may rise to a height H above the axis of free rotation, show that in the
latter it may rise an additional height (H24-2k?)}— H, where the moment of
inertia of the cross-section, of arca 4, with respect to the axis of rotation, is A%2.

34. A uniform right circular cylinder of height %, radius @, and specific
gravity s(<1) is placed with one of the circular ends below the surface of a
large sheet of water ; the volume of water displaced is #a?z and the axis of the
cylinder makes an angle 0 with the vertical. Prove that the potential energy
of the system is equal to

wna?{(x*— 2hsx+h?s) cos 0+}a? sin 0 tan 6},
where w is the weight of unit volume of water.

Apply this to show that, if an oblique position of equilibrium does exist
with one circular end above and one below the water surface, it is a stable
position.

35. Prove that a ship after passing from fresh to salt water has, in addition
to change of draught, a very slight change of trim (measured by change of differ-
ence of draught fore and aft); calculate the amount in inches for a ship 300
fect long, longitudinal metacentric height 350 fect, distance of centre of gravity
of area of water section from vertical through centre of gravity of ship 10 feet,
increase of density ;%;th part.

36. Assuming the stability of a floating body for a certain type of displace-
ment to be measured by the height of the corresponding metacentre above the
centre of gravity, show that, if a wall-sided ship is moving slowly from fresh
water into salt water, this stability incrcases at a rate proportional to the height
of the metacentre above the plane of flotation and to the rate of increase of the
logarithm of the density of the water.

37. Show that, if the position of a floating body be unstable, the centre of
gravity being over both metacentres, the fixing of a line in the body in the
plane of the water surface gives a stable position for rotation about the line
if the line lie outside a definite ellipse.

38. A heavy homogeneous cube is completely immersed with two faces
horizontal in a fluid whose density=« times the cube of the depth. Prove

?
that the metacentric height is ﬁ%‘%{, where M is the mass and @ the length of
an edge of the cube.
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39. A thin vessel in the form of a right circular cone, whose weight is
negligible, floats with axis vertical in liquid whose donsity is u(a-+2), z being
the depth below the surface and b the length of the axis immersed. Prove

h
that, if it contain liquid of density ,u’(a-l—z>, the equilibrium will be stable

provided
i( y’)i 4a+h
b6\u > 5a+h
40. A cube, whose edge is a, floats with two faces horizontal, a length I of
the vertical cdges being under wator. Show that the work done in turning the
cube through a finite angle 0 about an axis parallel to one of the horizontal
edges without altering the volume of water displaced or immersing any parb

of the upper face of the cube is
2 6
W[gzz sin 0 tan 0—(a—1) sin'—z-],

where W is the weight of the cube. (See Art. 82.)

41. A ship contains water in its hold and floats in tho sea. A solid is held
partially immersed in the hold by a machine on land, so as to displace a weight
w of water ; it is then depressed so that a small extra length dz is immersed.
Prove that the gain in the potential energy of the ship and contained water is

(o)

where W is the weight of the ship and the contained water, A is the area of
the water section of the held solid, C is that of the ship, and B is the area of
the surface of the contained water.

42. Show how to determine the effect on the trim of a ship of the displace-
ment of a weight small compared to the total weight : prove that, if the dis-
placcment be across the horizontal deck in a direction making an angle 0 with
the medial line, the resulting slope of the deck is such that the line of greatest
slope makes an angle tan ~*(m tan 0) with the medial line, where m is the ratio
of the metacentric heights.

43. A log of square section floats in water with the two square faces vertical
and three of the edges perpendicular to them wholly immersed. Show that
there are three positions of equilibrium with a given edge not immersed, pro-
vided the specific gravity of the substance of the log lies between 23/32 and
3/4; and that if this condition be satisfied the two unsymmetrical positions
are stable for rolling displacement, and the symmetrical position is unstable.

44. A homogeneous body is floating freely in stable equilibrium. Show
that, if the body be turned upside down, 8o as to float with the same plane of
flotation in a liquid of suitable density, the equilibrium will be stable.

45. Form an estimate of the effcctive increase in metacentric height when
a ship is steadied by a rapidly spinning flywheel.

46. A uniform solid body, in the form of the portion of the paraboloid
a?/a?+13/b*=4z/l cut off by the plane z=I, is floating frcely in a liquid with
its vertex downwards. A small weight is placed at the point &, 7 on its plane
base, prove that these points in the plane base which suffer no vertical displace-
ment lic on the line whose equation is

x ny
P U R 7 R
where n? is the ratio of the density of the solid to that of the liquid.




CHAPTER VI
PRESSURE OF THE ATMOSPHERE

83. If a glass tube, about three feet in length, having one end
closed, be filled with mercury, and then inverted in a vessel of
mercury so as to immerse its open end, it will be found that the
mercury will descend in the tube, and rest with its upper surface
at a height of about 29 inches above the surface of the mercury in
the vessel : this experiment, first made by Torricelli, has suggested
the use of the Barometer, for the purpose of measuring
the atmospheric pressure.

The Barometer, in its simplest form, is a straight
glass tube AB, containing mercury, and having its
lower end immersed in a small cistern of mercury ;
the end A4 is hermetically sealed, and there is no air in
the branch 4B.

It is found that the height of the surface P of the
mercury above the surface C is about 29 inches, and, as
there is no pressure on the surface P, it is clear that
the pressure of the air on C is the force which sustains
the column of mercury PQ.

We have shown that the pressure of a fluid at rest
is the same at all points of the same horizontal plane ; hence the
pressure at C is equal to the pressure of the mercury at @.

Let o be the density of mercury, and II the atmospheric pressure
at C, then

II=goPQ,

and the height PQ measures the atmospheric pressure.

On account of its great density, mercury is the most convenient
fluid which can be employed in the construction of barometers,
but the pressure of the air may be measured by using any kind of
liquid. The density of mercury is about 13-568 times that of water,

83
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and therefore the height of the column of water in the water-
barometer would be about 33} feet.

The density of mercury changes with the temperature, and
o must therefore be expressed as a function of the temperature.

Experiment shows that, for an increase of 1° centigrade, the
expansion of mercury is gggyth of its volume ; hence if oy be the
density at a temperature t°, and o, at a temperature 0°,
ao=o,<1—{-%%(—)>=a,(1+-00018018t) ;

. oy=a,(1—0) if §=-00018018,

and II=gaoy(1—0)PQ.

By means of the formula, II=go,(1—0t)k, the atmospheric
pressure at any place can be calculated, making due allowance for
the change in the value of g consequent on a change of latitude.
It is found that this pressure is variable at the same place, with or
without changes of temperature, and that in ascending mountains,
or in any way rising above the level of the place, the pressure
diminishes. This is in accordance with the theory of the equili-
brium of fluids, for, in ascending, the height of the column of air
above the barometer is diminished, and the pressure of the air upon
C, which is equal to the weight of the superincumbent column of air,
is therefore diminished, and the mercury must descend in the tube.

If then a relation be found between the height of the mercury
and the height through which an ascent has been made, it is
clear that by observations, at the same time, of the barometric
columns at two stations, we shall be able to determine the difference
of their altitudes.

We shall investigate a formula for this purpose ; but it is first
necessary to state the laws which regulate the pressures of the air
and gases at different temperatures, and also the laws of the mixture
of gases.

84. We have before stated the relation
p=kp(1+at)
between the pressure, density, and temperature of an elastic fluid :
it is deduced from the two following results of experiment :
(1) If the temperature be constant, the pressure of air varies in-
versely as its volume. (Boyle’s Law.)
(2) If the pressure remain comstant, an increase of lemperature
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of 1° C. produces in a mass of air an expansion -003665 of its volume
at 0° C. (Dalton’s and Gay-Lussac’s Law.)

Hence, if p be the pressure and p, the density of air, at a tem-
perature zero,

p=kp,.

Suppose now the temperature increased to ¢, the pressure re-
maining the same: the conception of this may be assisted by
considering the air to be contained in a cylinder in which a movable
piston fits closely, and has applied to it a constant force, so that
an increase of the clastic force of the air would have the effect of
pushing out the piston, until the equilibrium is restored by the
diminution of density, and consequent diminution of pressure :
we shall then have from the 2nd law,

po=p(1+at),
taking p as the new density and a=-003665 ;
< p=kp(l+at).

If p’, p’ be the pressure and density of the same fluid at a tem-
perature ¢/,

p'=kp'(1+at’),
p_p l4at
and }—)-,-—-;-, 1 -{—at"

The quantity a is very nearly the same for gases of all kinds,
but % has different values for different gases, and must of course
be determined experimentally in every case.

85. Absolute Temperature. If we imagine the temperature
of a gas lowered until its pressure vanishes, without any change
of volume, we arrive at what is called the absolute zero of tempera-
ture, and absolute temperature is measured from this point.

Assuming ¢, to represent this temperature on the centigrade
thermometer, we obtain, from the equation 14 aty=0,

zo=—£=—273°.
In Fahrenheit’s scale the reading for absolute zero is —459°,
The equaunions, p=kp(1+at),
0==kp(1+at,),
lead to p=kpa(t—t,)
=kpaT,

if T' be the absolute temperature.
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Since pV is constant, it follows that pV/T is constant, and
this law expresses, in the absolute scale, the relation between
pressure, volume, and temperature.

86. Mixtures. The pressure of a mizture of different elastic fluids.

Consider two different gases, contained in vessels of which the
volumes are ¥ and V', and let their pressures and temperatures,
p and ¢, be the same.

Let a communication be established between the two vessels,
or transfer both the gases to a closed vessel, the volume of which
is V4V’ : it is found in the case in which no chemical action takes
place, that the two gases do not remain separate, but permeate
each other until they are completely mixed, and that, when equili-
brium is attained, the pressure and temperature are the same as
before. From this important experimental fact we can deduce the
following proposition.

If two gases having the same temperature be mized together in a
vessel, the volume of which is V, and f the pressure of the two gases,
alone filling the volume V, be p and p’, the pressure of the mixture
will be p+p’.

Suppose the two gases separated; let the gas, of which the
pressure is p, have its volume changed, without any alteration of
temperature, until its pressure becomes p’; its volume will be, by
Boyle’s law, pV/p'.

. Let the two gases be now mixed in a vessel, of which the volume
is

7+27, o 2Py,
P P

the pressure of the mixture will still be p’, and the temperature
v/ill be unaltered. If the mixture be then compressed into a volume
V, its pressure will become, by the application again of Boyle’s
law, p+p'.

This result is obviously true for a mixture of any number of gases.

87. Two volumes V, V' of different gases, at pressures p, p’ re-
spectively, are mized together, so that the volume of the mixture is
U ; to find the pressure of the mizture.

The pressures of the two gases, reduced to the volume U, are

respectively
Vv V.,
o TP
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and therefore, by the preceding article, the pressure of the mixture
is
Vv vV,
UP+ UP
and if @ be this pressure, we have
sU=pV+p'V'.
If the absolute temperatures of the gases before mixture are
T and 7", and if after mixture the absolute temperature is =, and
the volume U, the pressures of the gases will be respectively
PV na 27
T T and T
Hence @, the pressure of the mixture, is the sum ot these two
quantities, and therefore
_nzg pV +p V
-
In the case of the mixture of any number of gases, we have
aU pV
T =27 T

88. The laws and results of the preceding articles are equally
true of vapours, the only difference between the mechanical qualities
of vapours and gases, irrespective of their chemical characteristics,
being that the former are easily condensed into liquid by lowering
the temperature, while the latter can only be condensed by the
application either of great pressure or extreme cold, or a combination
of both.*

89. Vapour. If water be introduced into a space containing
dry air, vapour is immediately formed, and it is found that the
pressure and density of the vapour are dependent only on the
temperature, and are quite independent of the density of the air,
and indeed are exactly the same if the air be removed. If the

* Professor Faraday succeeded in condensing carbonic acid gas, and other gases
requiring a considerable pressure for the purpose, and the result of his experiments
led to the conclusion that, in all probability, all gases are the vapours of liquids.
This conclusion was remarkably supported in 1877, when M. Pictet, in the early part
of the year, liquefied oxygen by applying to it a pressure of 300 atmospheres, and,
in December of the same year, M. Cailletet liquefied nitrogen, and atmospheric air.
In 1884 hydrogen was liquefied by Wroblewski, in 1899 Dewar obtained solid
hydrogen, and now liquid air and various other gases in liquid form are articles of
commerce.
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temperature be increased or the space enlarged, an additional
quantity of vapour will be formed, but if the temperature be lowered
or the space diminished, some portion of the vapour will be
condensed.

While a sufficient quantity of water remains, as a source from
_which vapour is supplied, the space will be always saturated with
vapour, that is, there will be as much vapour as the temperature
admits of ; but if the temperature be so raised that all the water
is turned into vapour, then for that, and all higher temperatures,
the pressure of the vapour will follow the same law as the pressure
of the air.

In any case, whether the space be saturated or not, if p be the
pressure of the air, and @ of the vapour, the pressure of the
mixture is p+®.

90. The atmosphere always contains aqueous vapour, the
quantity being greater or less at different times; if any portion
of the space occupied by the atmosphere be saturated with vapour,
that is, if the density of the vapour be as great as it can be for
the temperature, then any reduction of temperature will produce
condensation of some portion of the vapour, but if the density of
the vapour be not at its maximum for that temperature, no con-
densation will take place until the temperature is lowered below
the point corresponding to the saturation of the space.

Formation of Dew. If any surface, in contact with the atmo-
sphere, be cooled down below the temperature corresponding to
the saturation of the space near it, condensation of the aqueous
vapour will ensue, and the condensed vapour will be deposited in
the form of dew upon the surface. The formation of dew on the
ground depends therefore on the cooling of its surface, and this is
in general greater and more quickly effected when the sky is free
from clouds, and when, consequently, the loss of heat by radiation
is greater than under other circumstances.

The Dew Point is the temperature at which dew first begins
to be formed, and must be determined by actual observation.

The pressure of vapour corresponding to its saturating densities
for different temperatures must also be determined experimentally,
and, if this be effected, an observation of the dew point at once
determines the pressure of the vapour in the atmosphere. For
if ¢’ be the dew point, and p’ the known corresponding pressure,
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then at any other temperature ¢ above t’ the pressure p is given by

the equation
p 1l+4at

P 1+at”

91. Effect of compression or dilatation on the pressure and tem-
perature of a gas.

It is found by experiment that if a quantity of air, enclosed
in a vessel impervious to heat, be compressed, its temperature is
raised ; and that, if a quantity of air, enclosed in any kind of
vessel, be suddenly compressed, so that there is no time for the
heat to escape, the temperature is similarly raised.

92. Thermal Capacity. The thermal capacity of a body is
measured by the amount of heat required to raise the temperature
one degree.

The unit of heat which is actually employed is the quantity of
heat required to raise by one degree the temperature of one unit
of mass of water, supposed to be between 0° C. and 40° C.

Specific Heat. The specific heat of a body is the thermal
capacity of one unit of mass, or, which is the same thing, it is the
ratio of the amount of heat required to increase by 1° the temperature
of the body to the amount of heat required to increase by 1° the
temperature of an equal weight of water.

If an amount of heat d@ produce in the unit of mass a change

aQ

of temperature dt, the measure of the specific heat is P

In gases it is necessary to comsider two cases: (1) when the
pressure remains constant, the gas being allowed to expand, (2)
when the volume remains constant.

We shall denote the specific heat in these two cases by the
symbols ¢, and c,.

It is easy to see that ¢, is greater than c,, for in the first case
the heat imparted does work in expanding the gas as well as in
raising its temperature.

93. Internal Energy. A mass of gas in a given state possesses
internal energy depending upon the configuration and motion of its
molecules. The difference between the energies in two given states

7
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depends only upon those states, and not upon the mode of change
from the one to the other. If we denote by U the difference between
the internal energies in any assigned state and in some standard
state, then dU is a perfect differential of a function determined by
the state of the gas.

For a gas the first law of thermodynamics may be expressed by
the relation

dQ=dU+pdv . . . Y
or the quantity of heat imparted is equal to the increase in internal
energy together with the work done by the pressure as the gas
expands.

A perfect gas is an ideal substance which is assumed to obey the
relation pv=K T for all ranges of temperature, where T' denotes
absolute temperature and K is a constant. There are experimental
reasons for concluding that for such a gas the internal energy U is
a function of T only.

If we suppose the volume to be kept constant while heat is im-
parted, then ¢,=dQ/dT. Hence it follows from (1) that ¢, =dU/dT;
but U is a function of T alone, therefore ¢, is a function of T alone.
Now it is found that for the permanent gases and for all but very
high or very low temperatures, ¢, is independent of 7, consequently
it is assumed that for a perfect gas ¢, is independent of 7, ie.c,1sa
constant and d U==c,dT.

Hence, for a perfect gas, (1) may be written

dQ=c,dT+pdv . . . . (2)
where pv=KT.
Therefore pdv+vdp=KdT,
8o that dQ=c,dT+ KdT—vdp . . )

Now, suppose that the pressure is kept constant while a quantity
of heat d@Q is imparted, so that ¢,=dQ/dT or d@=c,dT. Sub-
stituting this value in (3) and putting dp=0, we get

cr—Co=K . . . . 4

Consequently ¢, is also a constant for a perfect gas and, as stated

in the last article, it is greater than c,.

94. Adiabatic Expansion. Let a change of state take place
without any heat being imparted to or lost from the gas. Such an
expansion or compression is called an adiabatic change.
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In this case, since no heat is supplied or lost, we have
dQ=0,
0=c,dT+pdv.
But pv=KT7T, and from (4) K=c,—c,,
therefore pdv+vdp=(c,—c,)dT,
and eliminating d T gives

pdv-l—'vdp+<?— 1>pdv=0,

therefore, from (2)

do_
b_

d

i

P
On integration we find that

0.

C,
or 2
ci’

pv¥=const.,
where y denotes the constant ratio c,/c,.

The equation prY=constant is, in thermodynamics, the equation
of the adiabatic, or isentropic lines, and it represents the relation
between the pressure and volume of a mass of gas, when, during
a change of volume, no heat is lost or imparted.

The equation is true in the case of a sudden compression or
dilatation of a mass of air, because there is no time for any sensible
loss of heat, or for any addition of heat from external sources. It
will be found that this relation is of great importance in the theory
of sound.

85. T'o find the work done in compressing a gas isothermally.

Let v be the volume of a gas at the pressure p, dS an element
of the surface of the vessel containing it, and dn an element of the
normal to dS drawn inwards.

Then the work done in a small compression

=p2dSdn=—pdv,
and the work done in compressing from volume ¥V to V*
=—jpdv=—j%‘lv, since pv=C,
V 14
=Clog 7= log 7
If the compression takes place in a vessel surrounded by the

atmosphere, as for example if the gas is confined in a cylinder by
a piston, the pressure of the atmosphere assists in the work of com-
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pression. Thus if the initial volume is ¥ at atmospheric pressure II,
the external work done in compressing it to volume ¥’

1 4
=—L(p——II)dv, where pv=IIV
_TIV log ;,—-II(V— 7).

96. The work done during an adiabatic compression of a gas.

In the last paragraph we have assumed that the compression is
isothermal.

This state of things can be secured by performing the operation
so slowly that any heat which may be generated is dissipated
during the process.

If the compression is adiabatic, that is, if the process is so
arranged thet no heat islost or imparted, which is practically the case
when the compression is very rapid, we have from Art. 94 the
relation

pvr=constant=C.

Hence it follows that the work done in compressing from volume

V to volume U

= —jpdv: —_‘-Cv“fd'v
C
(Vrr—Ur),
1—y
97. Isothermal Atmosphere.
On the hypothesis of uniform temperature the law of pressure is
given by

dp=—gpdz,

where p, p denote pressure and density at a height z. If po, po
denote the values at a height z,, we have

P_Po_yp,
P Po
and ... klog p=C—gz;
P__9,_
whence log ” k(“ Zo) . . . 1)

If we take 2,=0 and suppose H to be the height of a homo-
geneous atmosphere of density p,, that would produce the pressure
Po, We have po=gp H, so that k=gH, and log p/po=—2/H,

or P=poe—"2.
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This shows that, as the altitude increases in arithmetical progression,
the pressure decreases in geometrical progression.

Formula (1) may be used for comparing differences of level by
observing barometric pressure. Thus we have

g 2
z—2, p log o0
on the hypothesis that the temperature is constant. If the tempera-
ture be not constant, the relation between p and p is p=Fkp(1+ai),
and if 7, 7o be the temperatures at the two stations and we proceed
on the hypothesis of a mean uniform temperature {=3}(7o+7),
we have

k
z—z0=——§{1+;a(ro+-r)} log 2%.

This formula may be further corrected by allowing for the
difference in the value of gravity at different altitudes; thus, if g
is the measure of gravity at sea level and r is the earth’s radius, the
attractive force at a height z is measured by gr¥/(r-+2)%. For
accurate results corrections must be made to the barometer readings
so as to allow for the difference of temperature of the mercury at
different levels and for the aqueous vapour in the atmosphere, but
a more detailed discussion is beyond the scope of our present
purpose.

98. Convective Equilibrium. An alternative hypothesis is that
of the convective equilibrium of temperature in the atmosphere.
As explained by Lord Kelvin,* “ when all the parts of a fluid are
freely interchanged and not sensibly influenced by radiation and
conduction, the temperature of the fluid is said to be in a state of
convective equilibrium.” This state implies that if equal masses
of air at different levels were interchanged without gain or loss of
heat, 7.e. adiabatically, they would merely interchange pressure,
density and temperature so that on the whole there would be no
change. In this case therefore the equations are

dp=—gpdz . . . . @D
p=Fkp" and p=KpT,
where 7' denotes absolute temperature at the height z;
- kyp2dp=—gdz,
* Collected Papers, vol. iii. p. 256.
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and by integration

"If_'y P =0-g2;

Y
" A, By
y—1lp I
v L K(T—To)=—gz

'y—l 0 'y

where T’y denotes the absolute temperature at sea-level ;
T y—1 gz

T,y KTy
And if H is the height of the homogeneous atmosphere
KpTo=po=gpoH ;

=1z . Q)

If in equation (1) we take gr%/(r+2)? instead of g, as before, we get
on integration and substitution as above

=

T _, y-1 rm
10 y 'H(T“l‘z)

)

99. The following problem is illustrative of the principles of
this chapter.

A piston without weight fits into a vertical cylinder, closed at its basc and
filled with atmospheric air, and is initially at the top of the cylinder ; water being
poured slowly on the top of the piston, find how much can be poured in before it
will run over.

Let a be the height of the cylinder, and z the depth to which the piston
will sink ; then in the position of equilibrium the pressure of the air in the
cylinder is 1+ ggz, where 11 is the atmospheric pressure, and g the density of

water ; but
this pressure: n=a:a—z;

na
o ——=TM+gg2

a—z
Let A be the height of the water-barometer,
.~ I=gph,
ha=(a—z)(h+-=),
and 2=0 or a—h.

Unless then the height of the cylinder is greater than A, no water can be
poured in, for, even if the piston be forced down and water then poured on it,
the pressure of the air beneath will raise the piston.

The negative solution, when a <A, can however be explained as the solution
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of a different problem leading to the same algebraic equation. Suppose the
oylinder to be continued above the piston, and let it be required to raise the
piston through a space z by a force which shall be equal to the weight of the
cylindrical space z of water.
This leads to the equation

n—gez a

el
or z=h—a.

EXAMPLES

1. The readings of a perfect mercurial barometer are a and B, while the
corresponding readings of a faulty one, in which there is some air, are @ and b ;
prove that the correction to be applied to any reading ¢ of the faulty baro-

meter is
(a—a)(B—b)(a—D)
(a—c)(a—a)—(b—c)(f—b)
2. If a thermometer, plunged incompletely in a liquid whose temperature

is required, indicate a temperature ¢, and T be that of the air, the column not
immersed being m degrees, prove that the correction to be applied is

_m(t=7)
6840 4-t—m’
1/6840 being the expansion of mercury in glass for 1° of temperature, assuming

that the temperature of the mercury in each part is that of the medium which
surrounds it.

3. A closed vertical cylinder of unit sectional area contains a piston,
weight W. Tho piston is originally halfway up the cylinder, and the space
above and below is filled with saturated air. On being left to itself the piston
sinks to half its former height ; prove that the tension of the saturated vapour
is 3W—41 where N is the pressure of the atmosphere : the temperature being
supposed the same at the end and beginning of the process.

4. A vertical baromcter tube is constructed, of which the upper portion
is closed at the top, and has a sectional area a?, the middle portion is a bulb
of volume 42, and the lower portion has a section ¢2, and is open at the bottom ;
the mercury fills the bulb and part of the upper and lower portions of the
tube, and is prevented from running out below by means of a float against
which the air presses ; the upper part of the tube is a vacuum : find the change
of position of the upper and lower ends of the mercurial column, due to a given
altoration of the pressure of the atmosphere.

Show also that, if the whole volume of the mercury in the instrument be
¢®H, where H is the height of the barometer, the upper surface will be un-
affected by changes of temperaturo.

5. A cylindrical diving-bell sinks in water until a certain portion ¥ remains
occupied by air, and in this position a quantity of air, whose volume under the
atmospheric pressure was 2V, is forced into it. Show how far the bell must
sink in order that the air may occupy the same space as in the first position.

Find also the condition that when the air is forced in at the first position
no air may escape from beneath the bell.

6. A vessel, in the form of the surface generated by the revolution about
its axis of an arc of a parabola terminated by the vertex, is immersed, mouth
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downwards, in a trough of mercury ; show that the pressure of the air con-
tained in the vessel varies inversely as the square of the distance of the vertex
of the vessel from the surface of the mercury within it. Supposing the length
of the axis of the vesscl to be to the height of the barometer as 45 is to 64,
find the depth of the surface of the mercury within the vessel, when the whole
vessel is just immersed.

7. A piston without weight fits into a vertical cylinder, closed at its base

- and filled with air, and is initially at the top of the cylinder ; if water be slowly

poured on the top of the piston, show that the upper surface of the water will

be lowest when the depth of the water is +/(ah)—h, where A is the height of
the water-barometer, and a the height of the cylinder.

8. A cylindrical woll of depth kb and section 4 is maintained at constant
temperature ; if g, and g, are the densities of the air at the top and bottom,
show that the total amount of air contained is Ak{g,—g,)/(log o,—log g,) :
if the barometer at the top stand at 30 inches, and at the bottom at 31 inches,
show that the mean density of the air in the well will differ from that due to a
pressure of 30°5 inches by about 1 part in 11,000.

9. A straight tube, closed at one end and open at the other, revolves with
a constant angular velocity about an axis mecting the tube at right angles;
neglecting the action of gravity, find the density of the air within the tube at
any point.

10. A bent tube of uniform bore, the arms of which are at right angles,
revolves with constant angular velocity w about the axis of one of its arms,
which is vertical and has its extremity immersed in water. Prove that the
height to which the water will rise in the vertical arm is

wlgh,
el )
ge

a being the length of the horizontal arm, I the atmospheric pressure, and o
the density of water, and % the ratio of the pressure of tho atmosphere to its
density.

11. A thin uniform circular tube of radius a contains air and rotates with
angular velocity o about an axis in its plane, distant ¢ from the centre ; find
the pressure at any point neglecting tho weight of the air. If ¢ is less than q,
and if p and p’ are the greatest and lcast pressures, prove that

PP top
log F 2k(a+c) ,

12. Two bulbs containing air are connected by a horizontal glass tube of
uniform bore, and a bubble of liquid in this tube separates the air into two
equal quantities. The bubble is then displaced by heating the bulbs to
temperatures ¢ degrees and ¢’ degrees : prove that, if the temperature of each
bulb be decroased 7 degrees, the bubble will receive an additional displacement
which bears to the original displacement the ratio of

2av : 2+a(t+1'—27),
where a is the coefficient of expansion.
13. A conical shell, vertical angle /2, and height H, can hold double its
own weight of water. It is inverted and immersed, axis vertical, in a mass of

water. The water is now made to rotate with angular velocity (7g°/2H?®)} and
the cone sinks till its vertex hes in the surface : prove that the height of the

water-barometer is to that of the cone as 3 :/28.
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14. If the pressure of the air varied as the (14-1/m)t power of the density,
show that, neglecting variations of temperature and gravity, the height of the
atmosphere would be equal to (m--1) times the height of the homogeneous
atmosphere.

15. A piston of weight w rests in a vertical cylinder of transverse section
k, being supported by a depth a of air. The piston rod receives a vertical blow
P, which forces the piston down through a distance & : prove that
M\ | gP*
(w+ﬂk){h+a log(l-—a>f +§; =0,
I being the atmospheric pressure.

16. Prove that, if the tomperature in the atmosphere fall uniformly with
the height ascended, the height of a station above sea level is given by
z=a{l—(h/ho)™},
where h, &, are the readings of the barometer at the station and at sea level
respectively, and a, m are constants.

17. Show that in an atmosphere in “‘ convective equilibrium > the tempera-
ture would diminish upwards with a uniform gradient; and calculate this
gradient in degrees centigrade per 100 metres, assuming the following data
(in c.g.s. units) :

height of barometer =760,
temperature (absolute) =272°C.,
density of air =-00129,
density of mercury =13-60,

ratio of specific heats (y)=142.

18. In a vertical column of perfect gas the pressure and absolute tem-
perature at any height z are p and 7. Prove that
g Po_ (MTdp
egTolr P’
where p,, 0o, T'y are pressure, density and absolute temperature at the bottom.
Height is measured in an aeroplane by means of a specially graduated
ancroid barometer. The graduations are such that the true height would be
read direct if the temperature of the atmosphere were uniformly at 10° C.
Show that the instrument will read differences of height correctly whatever
the barometric pressure at ground lovel.
To find the true height when the temperature is not uniform, it is necessary
to read the temperature during the ascent. Show that the true height corre-
z
sponding to a recorded height z is f —2—%
2

level and 7' the absolute temperature when the reading is 2’.

19. A perfectly flexible balloon contains a light gas of total mass m. At the
ground level it is at the same temperature as the surrounding air. Prove that
it will exert the same lift at all heights if it remains at the same temperature
as the air round it, but that, if the gas inside expands adiabatically, the lift
at height z will be less than the lift at the ground level by the amount

-y

(-2

mgo ll 1 i i,
where o is the ratio of the density of air to that of the gas under standard
conditions, y, 9’ are the ratio of the specific heats for air and for the gas and H

is the height of the atmosphere, i.e. the height at which pressure, temperature,
and density vanish. Itissupposed that the balloon is never fully extended.

dz', where z, is the reading at ground




CHAPTER VII
CAPILLARITY

100. It is a well-known fact that if a glass tube of small bore
be dipped in water, the water inside the tube rises to a higher level
than that of the water outside.

It is equally well known that if the tube be dipped in mercury,
the mercury inside is depressed to a lower level than that of the
mercury outside.

If a glass tumbler contain water it will be seen that at the line
of contact the surface is curved upwards and appears to cling to
the glass at a definite angle.

If the tumbler be carefully filled, the level of the water will
rise above the plane of the top of the tumbler, the water bulging
over the round edge of the top.

If water be spilt on a table, it has a definite boundary, and the
curved edges cling to the table.

These facts, and many others, are explained by the existence
of forces between the molecules of the fluids, and of the solids
and fluids, in contact ; the field of action of the force exerted
by any particular molecule being infinitely small.* And since

these molecular forces are only

/% exerted at very small distances,

it follows that as far as mole-

cular forces are concerned,

@ every element of a homogene-

ous body, not near its bound-

ing surface, is under the same conditions ; but that at the surface

itself the sphere of action of a particular molecule is incomplete,

and the molecule also falls within the field of action of molecules
of whatever matter is on the other side of the bounding surface.

* The field through which capillary forces are exerted is extremely small. In
Quincke’s experiments the same phenomena were observed with water in a glass
tube silvered with a coating -0000542 mm. thick, as in a silver tube of the same
diameter, Pogg. Ann., cxxxix. (1870), p. 1.

98
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Also if we assume that the linear dimensions of the field of action
are infinitely small as compared with the radii of curvature of the
surface, then all parts of the surface of separation of two homo-
geneous substances are under similar conditions as far as molecular
forces are concerned, and the surface potential energy due to mole-
cular forces must be in a constant ratio to the area of the surface, the
constant depending on the nature of the substances in contact.

101. Surface Tension.

We shall see shortly that the surface potential energy is such as
would exist if the surface were in a state of uniform tension 7', so
that the tension in the surface across any short line of length 8s in
the surface is 7'8s at right angles to the line 8s.

We proceed to show that, if such a surface tension exists, then
there is a relation between the surface tension 7', the curvatures
of the surface, and the difference @ of the pressures on opposite
sides of the surface.

Let the equation of the surface be z=f(z, y). Consider the
equilibrium of any portion S of the surface bounded by a curve s
without singularities. The resultant of the tensions 7'8s across all
the clements 8s of the curve s must balance the resultant of the
pressure differences @3S on the various elements 8S of the surface S.

Let A, p, v denote the direction cosines of the normal to the
surface at the point (z, ¥, 2), and let I, m, n denote the direction
cosines of the tension 7'8s across 8s. The direction cosines of the
tangent to the element 3s at (z, y, 2) are dx/ds, dy/ds, dz/ds, or
2',y', 2 ; and, since the tension is at right angles to 8s and to the
normal to the surface, therefore (I, m, n), (A, u,v), and (', y’, 2’) are
the direction cosines of three mutually perpendicular lines, and

I m n

= =1
pz' —vy' ve'—A' Ay —pa

The equation of equilibrium obtained by resolving parallel to the
axis of 2z is

”mvdS——ands=O,

which is equivalent to

”mdzdy —IT (Ady —pdx)=0,

where the integrations are over the projection of S on the zy plane
and round the boundary of this projection. By using Green’s
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Theorem * for transforming the line integral into a surface integral,

this becomes
oA 6;1. _
'U{ _T<6a; 5 > }da:dy——o.

Since this integral must vanish for all such ranges of integration, the
. integrand must be zero. Hence we have
oA ou
=T
(8z+ 0 _/>
Now, in the ordinary notation, with p, ¢, 7, s, t as partial differential
coefficients of z with regard to z and y, we have
—1
X e
TR SV
From this we find that
oA ou_ r(1-+¢%)—2pgs+i(1+4p?)

3x+9y (P*+g*+ 1)

1,1
== ""*‘ )
P1 P2
where p,, p, are the principal radii of curvature of the surface at

(@, ¥, 2).T Therefore
< 1 >
P1 P2

and resolution parallel to either of the other axes would have led
to the same result.

102. Application of the principle of energy to the case of a homo-
geneous liquid at rest in a vessel under the action of gravity.}

In equilibrium the value of the potential energy must be
stationary, and it is composed of four parts: the gravitational

energy gp”j‘zdzdydz, where 2 is the height of an element dadydz ;

and the energy of the surfaces separating (a) liquid and air, (B) liquid
and vessel, (y) air and vessel.
Hence we require that

gpjjjzdzdydz+Asl+Bsz+csa

should be stationary, where 8;, S,, S; denote the surfaces (a), (8), (y)

* See any Cours d’ Analyse, e.g. de la Vallée Poussin, t. i. p. 348 (4th ed.).

t See C. Smith, Solid Geometry, p. 225.

1 This discussion of the theory of capillarity is taken from Mathieu, Théorie de
la Capillarité, 1883.
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and 4, B, C their energies per unit area respectively ; subject to
the condition that the volume j”dzdydz is constant.

For a slight displacement of the surface S,, between the liquid
and air, if 8n denote the element of the normal
to the surface S; between corresponding ele-
ments of S; in the old and new positions, the

variation of the first term is clearly ypjszndS X

Suppose, in the first place, that the line of
contact of the liquid with the vessel does not
vary, then S, and S; are constant and S,
changes to S,. Consider an element ds,ds, of
S, bounded by lines of curvature ; the normals
through the boundaries of this element cut the
surface S,” in an element ds,'ds,’, and if p,, p, are the principal
radii of curvature,

ds{:(l ~—-811'>dsl, dsz’=<l—§’fb>cl.92 ;
P1 P2

s 48, — A8, s, dsy —ds dsy— *<1 + 1 \ouds,ds,,
P1 P2/

or 8d8,=—( —1-+—1->3n . dS,.
\P1 P2
But we require that

gpjszndSl+A8jdel=O,
or, that ” {gpz—A<~1—+l> 1 dndS;=0, . . (1)
p1 P2/ )

subject to the condition of constant volume, viz. USndS 1=0; and

this is equivalent to
1 1
_)—4 -+-»-> $ndiS,=0,
”{gp(z : <P1 P } '

where k is a constant and n is arbitrary.

. A(—I- +l>=gp(z—h) ;
P1 P2
* It is probable that the density of the liquid infinitcly near the surface varies
owing to the molecular action, but as the thickness of the layer of variable dens.ity
is infinitely small compared with dn, we may neglect this variation without affecting
the argument.



102 CAPILLARITY [oBAP. vIX

If we wish to take account of the atmospheric pressure IT above
the liquid, we can do so by observing that, in the displacement con-

sidered, an amount of work —J:‘-HSnd;S'1 would be done by this

pressure, and regarding this as a loss of potential energy we must
subtract this term from the first member of equation (1), and we

then obtain the result 1 1
A<—-+—>=yp(z—h)+11,
P1 P
and this is the result that would hold good if the surface were
in a state of uniform tension 4 and the pressure difference on
opposite sides of the surface were
II—gp(h—2).

Secondly, suppose that the line of
contact of the liquid with the vessel
is displaced from s to s’. If we
draw normals to the surface S, at
all points of the line s, they will
meet the surface S,” in a line ¢, and
the surface S," may be considered
as composed of two parts, the one 2' enclosed by the line o, and
the other 2’ between the lincs o and s’.*  As before, we get

z—sl——JK 1 \SndSl ,
P1 Pz

and, if 3A denote the distance between the elements ds, ds’, 2’ may
be considered as the projection of the elements 8Ads of the surface
of the vessel on the surface S,’, so that if 4 is the angle between
the normals to the surfaces S; and S,, then

Z’:j cos 10Ads.
Also 332=—533=j8,\ds.

Now since the potential energy is stationary we have

5{ gpjjjzdxdydz+Asl+Bsz+ 08, } =

subject to the condition that the mass is constant ; or

* In the figure, PQ is an elcment ds of the line of contact s of the liquid with
the vesscl, and P'Q’, pg are corrcsponding elements of the lines s’, o respectively :
P'pqQ’ is an element of the surface 3. The variation in the mass represented by
the wedge-shaped elements PP’q round the line of contact of the liquid and the
vessel is of a higher order of small quantities than the rest and may be neglected.
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gpIIzSndSH-A(Z—[- 2 8,)+ B38,+058,=0;

or ” {gpz-—A<’;l—1+;)l-) } SndSl+j.(A cos 1+B—C)éAds=0

2/
subject to the condition
II87ZJSI= 0,

and, since 8] is arbitrary, this gives equation (1) as before, and also

A cos1+B—-C=0 . . . . (2)
or the angle between the surfaces of the liquid and the vessel is
constant along the line of their intersection.

103. From the foregoing considerations combined with the results
of experiment we are led to two laws which may be stated as follows:

(1) At the bounding surface separating air from a liquid, or
between two liquids, there is a surface tension which 1s the same at every
point and in every direction.

(2) At the line of junction of the bounding surface of a gas and
a liquid with a solid body, or of the bounding surface of two liquids
with a solid body, the surface is inclined to the surface of the body at a
definite angle, depending upon the nature of the solid and of the fluids.

In the case of water in a glass vessel the angle is acute; in the
case of mcreury it is obtuse.

Assuming these laws we can account for many of the pheno-
mena of capillarity and of liquid films.

104. Rise of ligurd between two plates.

If ¢ be the surface tension, a the constant angle at which the
surface meets either
plate, called the angle
of capillarity, kb the
mean rise, and d the

distance between the 5
plates, we have, for the
equilibrium of the unit e
breadth of the liquid,

2 cos a=gphd,
so that the rise in- — a

creases with the dimi-
nution of the distance
between the plates.
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It will be seen that the pressure at any point @ is less than the

pressure at N by gp . @N,
and ...=IT—gpQN.

The atmospheric pressure at P being sensibly equal to the
pressure at the water level outside, it follows that the weight PN
is supported by the resultant of the surface tensions on its upper
boundary.

105. Rise of a liquid in a circular tube.

In this case the column of liquid is supported by the tension
round the periphery of its upper boundary, and therefore, if 7 be

the internal radius,
27rt cos a=gp7r7‘2h,

or 2t cos a=gprh.

The pressure at any point of the suspended column being less
than the atmospheric pressure, it follows that if the column were
high enough, the pressure would merge into a state of tension,
which would still follow the law of fluid pressure of being the same
in every direction.

It may be observed that the potential energy, due to the ascent
of the column, is independent of the radius.

106. The Capillary Curve. The form of the surface assumed
by a liquid in contact with a vertical wall can be investigated if we
assume that the surface is cylindrical with horizontal generators. The
cross-section of such a cylindrical surface is called the capillary curve.

We shall take the case in which the angle of contact of the liquid
y

i

o Iz b4 «
with the wall measured in the liquid is acute, as when water is in
contact with a vertical plane of glass.
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Let EF be the wall which the liquid meets at an angle a. Take
a horizontal axis Oz at right angles to the wall at the natural level
of the liquid, 7.e. the level at which the pressure in the liquid is equal
to the atmospheric pressure II.

Let r be the radius of curvature at P (z, y) on the capillary curve,
and let ¢ be the surface tension. Then the theorem of Art. 101
gives

t
=L —P=9py.
Hence, putting 4t=gpc?, we get

ry=3c? . . . . . (@

If ¢ denote the acute angle between the tangent at P and the

axis of « as in the figure, and the arc s be measured from the wall,
we have r=—ds/di, and ds/dy= —cosec .

Therefore ydy=>%c®sin Ydip . . . )]

Hence, since y and ¢ vanish together
y*=1c¥1—cos y)=c? sin? L,
therefore y=dcsinyp . . . . (3)
and in the case considered the upper sign must be taken. Again,
dy/dx=—tan i, so that
dx=—1} ¢ cos 3 cot Ydyp
=—1%c(cosec $p—2 sin J)di.

Therefore z=}clog cot }p—ccos ¢ . . (Y]

provided that the origin be chosen so that =0 when y==. The
capillary curve is represented by equations (3) and (4). It has a
loop as in the figure and is asymptotic to the axis of @.

The height above the natural level at which the liquid meets the
wall is given by (3) in the form EF=csin (}7—3}a).

In the case of a liquid, such as mercury, for which the angle of
contact is obtuse, it is convenient to measure y downwards, and the
figure is inverted.

The differential equation (1) is also the equation of equilibrium
of a flexible rod bent by terminal forces. The integration in finite
terms obtained above depends on our being able to assume that
y and ¢ vanish together. With any other constant of integration in
the integral form of (2) we shall find that x is expressed by elliptic
integrals : and the curve may assume a variety of forms, and is
known as the elastic curve or the elastica.

8
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107. Drop of Liquid. If a drop of liquid be placed on a
horizontal plane, the equation of equilibrium will be
1,1 @
P P2 t’
where ¢t is the surface tension, and @ is the difference between
the internal pressure and the atmospheric pressure.
In general the drop
x will assume the form of
a surface of revolution.
The only case, how-
ever, which is capable
¢ B of simple treatment is
that in which we may
regard the drop as so
large that it may be
® considered to have a
flat top and that cur-
vature in a horizontal sense is negligible. Thus, measuring  down-
wards from the top when the pressure is atmospheric, we have
@=gpy, and putting 4t=gpc?, we get as in Art. 106
ry==c?,

0

and the vertical section is the capillary curve.

With axes as in the figure we shall find that

y=csin }i,

and z=}%c log tan }¢+c cos 3 + const.,
where 3 is the inclination of the tangent to Oz.

Thus, if a be the angle of contact of the liquid with the plane
measured in the liquid, the height of the drop is ¢sin }a.

This would hold good for the case of mercury upon glass or water
upon steel.

108. Floating needle. The well-known experiment of floating
a needle on the surface of water can be explained by aid of the
laws of surface tension.

The figure representing a section of the needle and the surface
of the water at right angles to the axis of the needle, the forces in
action on the needle are the tensions on P and @, and the water
pressure on PAQ, which is equal to the weight of the volume
NPAQM of water; these forces counterbalance the weight of the
needle.
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Further, the horizontal component of the tension at P, together
with the horizontal water pressure on BD, is equal to the tension
at B, PD being horizontal and BD vertical.

These conditions determine the equilibrium, and lead to the
equations
2t sin (80— a)+gpc(cf+c sin 6 cos §—2k sin 0)=w,
4t sin? }(0—a)=gp(c cos O—h)?,
where a is the angle of capillarity, w the weight of unit length of
the needle ¢ its radius, k2 the height of its axis above the natural
level of the water, and 20 the angle POQ.

109. Liquid films. Liquid films are produced in various
ways ; a soap bubble is a familiar instance, and liquid films may
be formed, and their characteristics observed, by shaking a clear
glass bottle containing some viscous fluid, or by dipping a wire
frame into a solution of soap and water, or glycerine, and slowly
drawing it out.

The fact that films apparently plane can be obtained, shows
that the action of gravity may be neglected in comparison with
the tension of the film.

It is found that a very small tangential action will tear the
film, and it is therefore inferred that the stress across any line is
entirely normal to that line. From this it follows that the tension
is the same in every direction.

For if we consider a small triangular element of the surface,
the equilibrium in the tangent plane is entirely determined by the
tensions across the sides of the triangle, for the tangential impressed
forces, if there be any, will ultimately vanish in comparison with
the tensions ; and since these tensions are at right angles to the
sides, they must be in the ratio of their lengths, and therefore the
measures of tension in all directions are the same.

Further, the tension will be the same at all points of the surface,
for, if a small rectangular element be considered, the tensions on
opposite sides must be equal.
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110. Energy of a plane film. If a plane film be drawn out
from a reservoir of viscous liquid, a certain amount of work is
expended, and the work thus expended represents the potential
energy of the film.

Imagine a rectangular film ABCD, bounded by straight wires
AD, BC; AB being in the surface of the liquid, and CD a movable
wire.

The work done in pulling out the film is equal to 7. AB. 4D, and
therefore, if S be the superficial energy, per unit of area, it follows that
S=r.

It should be observed that what we have here called the tension
of the film is equal to twice the surface tension of either side of
the film.

111. Energy of a spherical soap-bubble. The energy of a
soap-bubble is the work done in producing it. This consists of
two parts, viz. the work done in pulling out the film and the work
done in compressing the air in the bubble.

If ¢ be the surface tension, the former part is ¢S, where S denotes
the area of the surface, for the energy of a small plane element is ¢3S.

For the latter part, let p denote the pressure of the air inside when

the radius is r, and II the atmospheric pressure, then p—-II:%Tt;

and, if the bubble contains a mass of air which at pressure Il would
occupy a volume V, then

nV=4xr’p=pV’, say,
and by Art. 95 the work done in compressing the air from volume
V to volume V’

=07 log 7 —1(V—V)

2t 2\ 2t

If we assume that the difference between the pressures inside
and outside the bubble is small compared with the atmospheric

pressure, we may take % as small, and the last expression becomes
20\/2¢t 212\ 2
4.8 — —_——— )=
L {<H+ r > \71I 72112> r}

_ga 2808

a3 — =%—
3 20 Sl
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so that the work done in compressing the air is to that done in
pulling out the film as 2¢ : 3¢11.

112. The forms of liquid films. Minimal surfaces. If the air
pressure be the same on both sides of a film, the condition of equili-

brium is that
1 1

=4 —=0,
PL P2
or that the mean curvature is zero.
This condition is satisfied in the cases of the catenoid and the
helicoid, which are therefore possible forms of liquid films.
In Cartesian co-ordinates the equation becomes

02\N 0% 0202 0% 02 \2) 9%
{145 Vg ot 1+ Jr—o
as in Art. 101.
The discussion of this equation is the subject of many memoirs
by eminent mathematicians, and several very remarkable special

solutions have been obtained.
For instance, the surfaces

e*=cos y sec # and sin z=sinh z sinh y

will be each found to possess the property that its mean curvature
is zero.

In Plateau’s work, Sur les liquides soumis aux seules forces
moléculaires (2 vols. 1873), will be found an elaborate account of
the labours of mathematicians on this subject, and of his own
extensive series of experiments ; and, in Darboux’s Théorie Générale
des Surfaces, tome 1., livre iii., there is a full discussion of minimal
surfaces, that is, of surfaces which satisfy the condition given
above.

113. If the form of the film be that of a surface of revolution
about the axis of z, and at any point (z, y) on the meridian curve
the tangent makes an angle s with the axis of z, by resolving parallel
to this axis for the equilibrium of a portion of the film between
planes perpendicular to the axis, we get

27y . t cos y=const.

or =c sec ..
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Thus dy/ds or sin y=c sec  tan Pdi/ds,
and . §=c¢ tan ¢,

provided we measure s and ¢ so that they vanish together. Hence
the meridian curve must be a catenary; and a catenoid, or the
surface obtained by revolving a catenary about its directrix, is the
only possible form of revolution of a film when the pressure is the
same on both sides.

In the case of a surface of revolution, one of the principal radii
of curvature at a point is the normal intercepted between the point
and the axis of revolution. It is easy to see that in the catenary
the intercept on the normal between the curve and its directrix
is equal in length to the radius of curvature, and the catenoid
being an anticlastic surface the relation

is satisfied. We may also show conversely that this relation leads
to the catenoid as the only solution.

114, The same result is obtained by the principle of energy,

for the area
J2myds

is then a maximum or a minimum, and, by the Calculus of Varia-
tions, this leads to a catcnary as the generating curve, the axis of
revolution being the directrix of the catenary.

In Todhunter’s Researches in the Calculus of Variations it is
shown that it is not always possible, when a straight line and two
points in the same plane are given, to draw a catenary which shall
pass through the two points and have the straight line for its
directrix.

It is also shown that, under certain conditions, two such
catenaries can be drawn, and that, in a particular case, only one
such catenary can be drawn. The two catenaries, when they
exist, correspond to the figure formed by a uniform endless string
hanging over two smooth pegs.

When there are two catenaries the surface generated by the
revolution of the upper one about the directrix is a minimum, but
the surface generated by the lower one is not a minimum. When
there is only one catenary, it is not a minimum.
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Hence it appears that if a framework be formed of two circular
wires, the planes of which are parallel to each other and perpendicular
to the line joining their centres, it is not always possible to connect
the wires by a liquid film. In certain cases it is possible to connect
the wires by one of two catenoids, but, in the case of the catenoid
formed by the revolution of the upper catenary, the equilibrium is
stable, while the other catenoid is unstable.

When there is only one catenoid it is unstable.

There is also a discontinuous solution of the problem, consisting
of the two circles formed by the revolution of the ordinates of the
points, and an infinitesimally slender cylinder connecting their
centres.

In the article on Capillarity in the Encyclopedia Britannica*
by Clerk Maxwell, the question is discussed in the following
manner.

When two catenaries, having the same directrix, can be drawn
through two given points, and the catenoids are formed by
revolution about the directrix, the mean curvature of each
catenoid is zero.

If another catenary be drawn between the two catenaries,
passing through the same two points, its directrix will be above
the directrix of the other two, and therefore its radius of curvature
at any point will be less than the distance, along the normal, of
the point from the first directrix.

The mean curvature of the surface of revolution is therefore
convex to the axis, and it follows that if either catenoid is displaced
into another catenoid between the two, the film will move away
from the axis.

Again, if a catenoid be taken outside the two, its mean curvature
will be concave to the axis, and therefore if the upper catenoid be
displaced upwards and the lower one downwards the film will, in
each case, move towards the axis.

Hence it follows that the outer of the two catenoids is stable,
and that the inner one is unstable.

This argument, however, does not apply to any other form of
displacement, and therefore, for a complete proof of the case of
stability, it is necessary to have recourse to the methods of the
Calculus of Variations.

* This article was revised by Lord Rayleigh in the eleventh edition of the
Encyclopadia.
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115, If the pressure on the two sides of a film be different,
and if @ be the difference, the condition of equilibrium is
1 1 o

pr pz t
or that the mean curvature is constant.

If the film be in the form of a surface of revolution, we can show
that the meridian curve is the path of the focus of a conic rolling
on a straight line.

Let S be the focus of the conic and P its point of contact with the
given line.

Let SP=r and let p be the perpendicular SY from S to the line.
The (p, r) equation of a conic is of the form

_l_..g=?F(—1l Or Zero . . . (@

according as the conicis an ellipse, hyperbola, or parabola ; where
I denotes the semi-latus rectum and a the semi-major axis.

Hence, if p be the radius of curvature of the locus of S and ¢
the angle YSP, we have

o=
Also, if the locus of S is rotated round the fixed line, the normal
SP is one of the principal radii of curvature of the surface of revolu-
tion, and

1,1 2 pdr
p r 1 rdp
I 1dr
But from (1) 7 o 7
whence we get
! +1-— :{; Or Zero,
p T

according as the rolling curve is an ellipse, hyperbola, or parabola.
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The third is the Catenoid ; the first and second are called by
Plateau the Unduloid and the Nodoid, the former being a sinuous
curve, and the latter pre-

senting a succession of /\/
nodes. ~

To obtain a clear view
of the generation of the
nodoid, it must be con-
sidered that, as one W
branch of the hyperbola
rolls, the point of con-
tact moves off to an infinite distance; the line then becomes
asymptotic to both branches, and the other branch begins to roll,
thereby producing a perfect continuity of the figure.*

Of the numerous works and papers on the subject of liquid
films the student will find full accounts in Platcau’s work, and in
Professor Clerk Maxwell’s article in the Encyclopadia Britannica ;
and on the subject of Capillarity generally the following works
and references may be useful :

Mathieu, Théorie de la Capillarité, 1883.

F. Neumann, Vorlesungen diber die Theorie der Capillaritit, 1894.

Poincaré, Capillarité, 1895.

The articles Kapillaritdt by H. Minkowski in Encyklop. der
Math. Wissensch., Bd. v., 1907, and by ¥. Pockels in Winkelmann’s
Handbuch der Physik, Bd. i., 1908, both of which contain a full
bibliography of the subject.

116. ExamprLE. A soap bubble extends from fixed boundaries, so as with
them to form a closed space whose volume 18 vy, and contains a gas at pressure p,
and absolute temperature 0,. The temperature of the gas i8 gradually raised. If
A be the area of the film when the temperature is 0, and pressure p, show that

dA 0 dp
tooa‘a —I’o"o<l— E)‘ c—lb)'
where t is the surface tension supposed constant, and the external pressure 18

neglected. Deduce the relation between p and 0 when the bubble is spherical.

The change of energy
=104

=pdv.
But pv=FKk0 ;
o pov=kd60—vdp 3

* Plateau, vol. i. p. 136. Sce also an article by Delaunay, Liouville’s Journal,
1841, and an article by Lamarle, Bulletins de I’ Académie Belgique, 1857.
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dA dp
. ta?—k vd—e

0, pdo
2t
For a sphere A=4nr®, and p= 75

. A=167t/p%.

3
— 32 dP:k(l—o ‘l—p) ;

Hence from above

"ps 0 pdo
At dp 0dp
o —2—5 @:k(l—z—) d'—e),
but pv=k0;

o Yprd=10 or 3A=E0;
L _BW0dp_ Mdp
T p dd " p b’
LW
** p do
.. p*0=constant.

+1=0;

EXAMPLES

1. Two spherical soap-bubbles are blown, one from water, and the other
from a mixturo of water and alcohol : if the tensions per lincar inch are equal
to the weights of one grain and %, grain respectively, and if tho radii be  inch
and 1} inch respectively, compare the excess, in the two cases, of the total
internal over the total external pressure.

2. If two soap-bubbles of radii » and #’, are blown from the same liquid,
and if the two coalesce into a single bubble of radius R, prove that, if i be the
atmospheric pressure, the tension is cqual to

n R3—p—y

PRIy

3. The superficial tensions of the surfaces separating water and air being
8-25, water and mercury 42-6, mercury and air 55, what will be the effect of
placing a drop of water upon a surface of mercury ?

4. Show that if a light thread with its ends tied together form part of the
internal boundary of a liquid film, the curvature of the thread at every point
will be constant.

If the thread have weight, and if the film be a surface of revolution about
a vertical axis, prove that, in the position of equilibrium, the tension of the
thread is

4

é;z\/ 72— w?,

1 being its length, w its weight per unit length, and = the tension of the film.
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5. A plane liquid film is drawn out from a soap-sud reservoir ; prove that
the numerical value of the encrgy per unit of arca (e) is equal to that of the
tension (7') per unit of length.

If the film be removed from the reservoir, and if o denote subsequently
the mass of unit of area, prove that

T=e— a-df. (Clerk Maxwell.)
do

6. Any number of soap-bubbles are blown from the same liquid and then
allowed to combine with ono another. Find an equation for determining the
radius of the resulting bubble, and prove that the decrease of surface bears a
constant ratio to the increase of volume.

7. If a film under unequal internal and external pressure form a surface of
revolution, prove that the inclination ¢ of the tangent plane at P to the axis
is given by the equation

b

z
cos ¢p=--+4—:
a+z

z being the perpendicular from P on the axis and a, b constants.

8. Two soap-bubbles are in contact ; if 7,, 7, be the radii of the outer sur-
faccs, and r the radius of the circle in which the three surfaces intersect,

3_ 1,1 1

ar rd e ey
9. If water be introduced between two parallel plates of glass, at a very
small distance d from each other, prove that the plates are pulled togother

with a force equal to

2Atcos a .
—a ~+ Bt sin a,

A being the area of the film and B its periphery.

10. A necdle floats on water with its axis in the natural level of the surface ;
if o be the specific gravity of steel referred to water, B the angle of capillarity,
and 2a the angle subtended at the axis by the arc of a cross-section in contact
with the water, prove that

(o— a) sin }(a— f)=cos a cos }(a+p).

11. A soap-bubble is filled with a mass m of a gas whose pressure is £X (its
density) at the temperature considered. The radius of the bubble is @, when
it is first placed in air. The barometer then rises, the temperature remaining
unaltered. Show that the radius of the bubble increases or diminishes accord-

9k
ing as the tension of the film is greater or less than 3 E”:
12. Prove that the equation
y=z tan (az-}b)

represents a possible form of a liquid film, the pressure on both sides being
the same.

13. If two needles floating on water be placed symmetrically parallel to
each other, show that they will be apparently attracted to each other, and that
this is due to the surface tension.

14. A small cube floats with its upper face horizontal, in a liquid such that
its angle of contact with the surface of the cube is obtuse and equal to z—a.
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If o is the density of the liquid, and o that of the cube, and if goc? is the surface
tension, prove that the cube will float if

] c? L . /n a
é<l+4acos a—|—2‘;sm <Z_2 .

15. Two equal circular discs of radius a are placcd with their planes per-
pendicular to the line which joins their centres, and their edges are connected
by a soap-film which encloses a mass of air that would be just sufficient in the
same atmosphere to fill a spherical soap-bubble of radius ¢. If the film be
cylindrical when the distance between the discs is b, prove that in order that
it may become spherical the distance between the discs must be lessened to 2z,
where

%) Qe3
6a _82) =0abc?(2a— c).

a®-{-2% i

2(3a%+2z2%) {80”—— 3ab |-

16. A liquid film of total surfacc tension 7' is in the form of a cylinder
joining two equal parallel circular discs of radius 2e, with their centres at a
distance 2a apart on a line perpendicular to their planes. A pin-hole is made
in one of the discs so that the air slowly escapes ; show that a total quantity

ooma[8a*{1 4 T/(2am)}— c*{1-}-2 sinh (a/c)}]

will escape, where g, and 11 are atmospheric density and pressure, and ¢ is given
by cosh (a/c)=2a/c.

17. A plane plate is partly immersed in a lignid of density g and surface
tension &. The angle of capillarity for the liquid and substance of the plate is
f, and tho plate is inclined at an angle a to tho horizontal. Prove that the
difference of the heights of the liquid on the two sides of the plate above the
undisturbed surface lovel is

1 — —
4{;}%} % cos n—42ﬁsin z 42a.

18. A volume 47c® of gravitating liquid of astronomical density ¢ is
surrounded by an atmosphere at pressure 1 and contains a concentric cavity
filled with air, whose volume at this atmospheric pressure is 47a®. The surface
tension of the liquid is &.  Prove that the radius z of the cavity in the con-
figuration of equilibrium is given by the cquation

a® /1 1\ 2 [ 432 }
)=y = VS e TN 90
"<x3 1)'“‘ \e 1 FE T T\ T o

19. A liquid film hangs in the form of a surface of revolution with its axis
vertical. The upper boundary of the film is a circular wire held horizontally,
the lower boundary is a heavy elastic thread, hanging freely in the form of a
horizontal circle of radius r. The natural length of the thread is 2na, its
modulus of elasticity is 4, and its weight is 2zaw. The tension of the film is ¢.
Prove that r satisfies the equation

(A2— a2t2)r2—2A2%ar - (A2 +wta?)a?=0.

20. A wire circle (radius a) is placed in the surface of soapy water and
raised gently, so as to draw after it a film. Prove that, neglecting its weight,
the meridian section of the film is a catenary, and investigate the angle at
which the film meets the undisturbed surface of the water. Also prove that
the parameter of the meridian catenary, when the area of the film is equal to
na?, is afz, where z is given by

cosh™1z42(z2—1)l=22,
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21. Two circular rings with a common axis at right angles to their planes
support a closed liquid film containing air at a greater pressure than the ex-

ternal air : show that the cnds of the film are spheres of radius a=2—z', and
that the surface between the rings is a surface of revolution of which the
meridian curve has an intrinsic equation sin ¢=z:};£, where ¢ is lthe in-
clination of the normal to the axis and z is the distance from the axis.

22. A long circular cylinder of radius r entircly immersed in liquid, whose
acute angle of contact with it is a, is gradually made to emerge, its axis being
kept horizontal. Show that contact with the liquid finally ceases when the
axis reaches a height & above tho original and ultimato level of the liquid given
by the equations

h=r cos (¢—a)-c cos g,

2r . ¢ ) ./ . T
—_q] —_ —_— -1 —_— - -1 -
¢ Sin (¢—a)+2 sin 3 tanh-1sin 2—2 sin o tanh—1 sin v

the ratio of the surface tension to the density of the liquid being }gc2.

23. A long wedge of vertical angle 2a, floats in water with its base hori-
zontal and its top edge in the natural level of the surface. Prove that, if the
capillary action at the ends be neglected,

w-—~w’=:27"scc a(sin a+-cos y),

where w is the weight of the wedge per unit length, @’ that of an equal volume
of water, T' the surface tension, and y the supplement of the angle of capillarity.

24. A drop of fluid under no forces except uniform external pressure and
surface tension rotates as a rigid body about an axis ; show that on the surface
3/R.—1/R, is constant, where R,, R, arc the principal radii of curvature of the
surface.

25. Prove that, when the axis of z is along a downward vertical, and the
origin suitably chosen, the surface of separation of two fluids of densities u,,
1 satisfies the relation

2:=at(e~'+¢"™),

where g, o’ are the principal radii of curvature taken positive when the con-
cavity is downwards, a*=2T/{g(s,;—u.)}, and T is the capillary constant of
the interface.

If the surface is one of rovolution about the 2 axis, show that the approxi-
mate equation (in cylindrical co-ordinates) of the part near the axis is of the
form

z—2o)=2,0"2r2+ }(2002+22,%)a—%r4,

and indicato how, in the case of liquid in a tube, 2, can be expressed in terms
of the angle of contact.



CHAPTER VIII

THE EQUILIBRIUM OF REVOLVING LIQUID, THE
PARTICLES OF WHICH ARE MUTUALLY ATTRACTIVE

117. If a liquid mass, the particles of which attract each other
according to a definite law, revolve uniformly about a fixed axis, it
is conceivable that, for a certain form of the free surface, the liquid
particles may be in a state of relative equilibrium ; since, however,
the resultant attraction of the mass upon any particle depends in
general upon its form, which is unknown, a complete solution of the
problem cannot be obtained.

For any arbitrarily assigned law of attraction, the question is
one of purely abstract interest, and it is only when the law is that
of gravitation that it becomes of importance, from its relation to
one of the problems of physical astronomy.

We shall consider the fluid homogeneous, and confine our atten-
tion to two cases; in the first of these the attractive forces are
supposed to vary directly as the distance, and, in the second, to
follow the Newtonian law,

118. A homogeneous liquid mass, the particles of which attract
each other with a force varying directly as the distance, rotates uni-
Jormly about an axis through its centre of mass ; required to determine
the form of the free surface.

The resultant attraction on any particle is in the direction of,
and proportional to, the distance of the particle from the centre of
mass ; and if u be a measure of the whole mass of fluid, pz, py, pz
may represent the components of the attraction, parallel to the axis,
on a particle of fluid about the point z, ¥, 2.

Taking the origin at the centre of gravity, and axis of rotation
as the axis of z, the equation of equilibrium is

dp=p{(w?zs—pz)de+(w’y—py)dy —pedz} ;
and therefore

p=C-+1p{(w— (et +yt)—pet}.
118
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At the free surface p is zero or constant, and the equation to
the free surface is

1 @M 22y
et 942D,

the constant D depending upon w, and upon the mass of the fluid.

When w is very small, the free surface is nearly spherical, and as
w?increases from 0 to p, the spheroidal surface becomes more oblate.

When w?=p, the free surface consists of two planes; to render
this possible we may conceive the fluid enclosed within a cylindrical
surface, the axis of which coincides with the axis of rotation.

When w?>pu, the free surface is a hyperboloid of two sheets,
which for a certain value (") of w becomes a cone, the fluid filling
the space between the cone and the cylinder. Taking account of the
volume of the fluid, the value of w’ can be determined by putting
D=0, since the pressure in this case vanishes at the origin.

If w>w’, the surface is a hyperboloid of one sheet, which, as w
increases, approximates to the form of a cylinder, and it is therefore
necessary, for large values of w, to conceive the containing cylinder
closed at its ends.

The results of this article, it may be observed, are equally true
of heterogeneous fluid, whatever be the law of variation of density
in the successive strata.

119. A mass of homogeneous liquid, the particles of which atiract
each other according to the Newtonian law, rotates uniformly, in a
state of relative equilibrium, about an axis through its centre of mass ;
required to determine a possible form of the surface.

For the reason previously mentioned a direct solution of this
problem cannot be obtained, but it can be shown that an oblate
spheroid is a possible form of equilibrium.

Let the equation to the spheroid be

22 x2 +1/
ot amem
the axis of rotation being the axis of z.

Then the resultant attractions, towards the origin, on a particle

at the point (z, y, z) will be represented by

2
X= 7;!;3”{(1_}_,\2) tan~! A—2},

2”"”{(1 %) tan~A—A},
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=TT — tan-2)(1+)

parallel, respectively, to the axes.*
The equation of equilibrium is
dp=p{(w*z—X)dz+(wy—Y)dy—2Zdz}.
But from the equation to the spheroid,
ade+ydy -+ (1+A2)zdz=
and as this must be a surface of equipressure, we must have
w?—X/z=w?—Y/|y=—Z|(14+?)z.
Hence we get
w?  (14-2%) tan"IA—A  2(A—tan™1})
mp e - P
»?  (3+A%) tan~I]A—3A

or ‘—Z;p = b . . . (a)

If w and p are given, this cquation determines A and thence the
ratio of the semiaxes of the spheroid is known.
To investigate the real solutions, let
(3+2?) tan™lz—3z
= (1)3 . * . (B)
Substituting the serics for tan™lz, which is known to be con-
vergent when z<1, we get

n— n n
y=3) (ﬁm o W
dy_(12*+9) _ («*49)

Also (_iz'::ﬁ o 1) - tan™%

_2*49 122492
A {(x2+1)(w2+9) fan ’”} - O
_."_”ig()

T28--9z
(@®+1)(2*+9)
The forms (y) and (B) show that y vanishes for z=0, and 2=,

* These expressions will be found in Laplace’s Mécanique Céleste, Poisson’s
Mécanique, Duhamel’s Mécanique, and Todhunter’s Statics. In the last named, the
equation to the spheroid is (#*+y2)a®+2%a%(1—e? =1, but the expressions used in
the text will result from the expressions there given by putting

1—e?=1/(1+a%).

By the use of a, irrational quantities are avoided. Equivalent forms are given
in Kelvin and Tait’s Natural Philosophy, § 527, and Routh’s Analytical Statics,
vol. ii, § 219.

where fl@)= —tan~1z,
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respectively ; we shall show that as z increases from zero y has one
maximum value and only one.

The sign of (% depends only on that of f(),

also when z=0, f(z)=0,
and when T=00, f(w)=—12—r.
Again, we find that
. 8aA3—a?)
f (m)“(w2+1)2(x2+9)2’

and this is positive from =0 to z=4/3, and negative for all greater
values of z, so that f(z) begins by being positive and increases as z
increases to v/3 and then decreases continuously ; f(z) therefore
vanishes for a value of & greater than v/3. By the help of tables
we can easily show that f(2) is positive and f(3) negative, so that

the value lies between 2 and 3. Also f(2-:5)='0025 approximately,
and Newton’s method of approximation gives for the root

9.5_1(29) —9-5-}--0293=2-5293. . . .

r@)
y
|
H2947
0 55008 z
Hence g% vanishes only when x=2-5293...and y is then a

maximum and its value is -2247.
The graph of equation (pB) is therefore as in the figure, in which
however the ordinate is drawn on a larger scale than the abscissa.
We conclude that if «w?/2mp>-2247 the oblate spheroid is not
a possible form of equilibrium, but if w?/27p<-2247 there are two
spheroidal forms possible, for there are two real values A;, A, of the
abscissa corresponding to every value of the ordinate less than -2247.

120. The ellipticity of the spheroidal forms. When there are
two real values A,, A, of A, one is greater and the other less than
2-5293. Let A, be >A;, then as w?/27p is diminished we see from

9
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the graph that A; decreases and A, increases, and since A,>2-5293
therefore V1+A,2>2-72 ; but the ratio of the semiaxesis vV I+A%: 1,
so that the larger value of A always represents a much flattened
spheroid, and the smaller we take w?/27p the flatter does the
spheroid become that corresponds to the root A;. On the other
hand, for small values of w?/27p the root A; will be small, and if €
denote the ellipticity of the spheroid, we have
¢(14€)=cVIFA2 so that e=}A,? approximately,
and therefore from (y)
® in 8e
= e T
as far as the first power of €; or
e=15w?/167p approximately.*

Maclaurin was the first to prove that an oblate spheroid is a
possible form of equilibrium of a rotating mass of homogeneous
fluid, and the spheroids are therefore commonly called Maclaurin’s
Spheroids.

121. Application to the case of a fluid, the density of which s
equal to the earth’s mean density.

Assuming for the moment that the earth is a sphere of radius
r and mean density p, the attraction at the surface, which also
measures the force of gravity (g) at the pole, is 4¢wpr. In c.G.s. units
g=980 approximately and 27r=4x 10° cm.

Therefore in astronomical units

p=3g/4nr=367-5Xx 107

If we make w?2mp equal to its limiting value 2247 for the
spheroidal form, and use the value just found for p, we obtain for
the time of rotation 27/w=2 hrs. 25 mins. This is therefore the
smallest time in which a homogeneous mass, of density equal to the
earth’s mean density, could rotate uniformly in the form of an
oblate spheroid.

Again, if we take for w the earth’s angular velocity 2——43:;502’

we obtain
w? 27 % 10?

2mp 242X 60* X 3675
which is less than the critical value 2247, so that for this density

* For a discussion in which the value of w%/2mp is obtained correct to the third
power of the ellipticity, see Darwin’s Scientific Papers, vol. iii. p. 423.

=-0023 approximately,
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and angular velocity two spheroidal forms are possible, there being
two real values for A as explained in Art. 120. The larger value
corresponds to a very flat spheroid, and the smaller gives a spheroid
whose ellipticity is by Art. 120

16w? 15 1

T6ap~ 8 % -0023=0043 or 353 nearly.

The earth, as is known by geodetic measurements, differs very

slightly in its form from a sphere, its ellipticity being -2_991—T5’* that

is, the axes of the spheroid are in the ratio 300-15:299-15. The
fact that the axes of the homogeneous fluid spheroid, of the same
mean density as the earth and rotating in the same time, are, as
we have just seen, in the ratio 233 : 232 shows that it is extremely
unlikely that the earth was at any period of its history a homo-
geneous fluid mass.

122. The prolate spheroid not a possible form. It must be
observed that we have not solved the general problem of the form
of a mass of rotating fluid in relative equilibrium, but merely shown
that if w?/2mp<-2247 an oblate spheroid is a possible form. And
we notice that this result is independent of the mass of the fluid and
depends only on the density and angular velocity. If w?/2mp>-2247,
it does not follow that equilibrium is impossible but only that there
is no oblate spheroidal form possible in this case.

To examine whether a prolate spheroid is a possible form we
may write —A"2 instead of A% in Art. 119, where A is to be <I1.
Equations (a) and (y) of that Article then give

w2 4n ron

Bmp~ 1@ DEAT)
which is impossible because the opposite sides of the equation are
of unlike signs. Hence a prolate spheroid is not a possible form of
equilibrium.

123. An important distinction has been pointed out by Poisson
(tome ii. p. 547) between the surfaces of equal pressure in a fluid
at rest under the action of extraneous forces, and in a fluid at rest,
or revolving uniformly about a fixed axis, under the action of the
mutually attractive forces of its particles.

Let ABC be the free surface, and DEF any surface of equal

* See Encyc. Brit. article, *“ Figure of the Earth,” by A. R. Clarke and F. R.
Helmert.
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pressure ; then, in the former case, the resultant force at any point
of DEF is perpendicular to the surface at that point, and is un-
affected by the existence of the fluid between 4BC and DEF ; this
fluid could therefore be removed without affecting the equilibrium
of the fluid mass bounded by DEF. In the latter case, the force at
any point of DEF, although perpendicular to the surface at that
point, is the resultant of the attractions of the mass of fluid con-
tained by DEF, and of the mass contained between DEF and ABC ;
these two components of the resultant force are not necessarily
perpendicular to the surface, and the fluid external to DEF cannot
in general be removed without affecting the equilibrium of the
remainder.

If, however, the fluid be homogeneous, and the particles attract
each other according to the Newtonian law, so that the free surface
may be spheroidal, the surfaces of equal pressure will be similar
spheroids ; and in this case, since the resultant attraction of an
ellipsoidal shell, bounded by two concentric, similar, and similarly
situated ellipsoids, on an internal particle is zero, the portion of fluid
between ABC and DEF may be removed, provided the rate of
rotation remain unaltered.

Moreover we have shown, Art. 120, that for a given value of
w not exceeding a determined limit, there are two possible spheroidal
forms : let ABC, the free surface, have one of these forms, and
describe within the fluid mass a concentric spheroid, GHK, similar
to the other spheroid ; then the fluid between 4BC and GHK may
be removed without affecting the fluid mass GHK.

The action of the shell upon a particle at a point P of the sur-
face GHK is not perpendicular to the surface at P, but this action,
combined with the attraction of the mass GHK, and the hypo-
thetical force measured by w?, is perpendicular to the surface, at P,
of the spheroid passing through P, which is concentric with, and
similar to, the surface 4BC.

In other words, the direction of sensible gravity, that is, of the
weight, of a particle on the surface is normal to the surface, and of
a particle inside, normal to the surface of equal pressure which
passes through the particle.

In the same manner if the free surface, 4BC, have one of the
possible forms, we can imagine a concentric shell of liquid added to
the mass, and having its outer surface of the same form, or of the
other possible form.
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In the former case, 4BC will still be a surface of equal pressure,
but, in the latter case, ABC will cease to be a surface of equal
pressure, since the new surfaces of equal pressure will be similar
and similarly situated to the outer surface.

124. If a fluid mass be set in motion, about an axis through its
centre of mass, with an angular velocity such as to make the value
of w?/27p greater than the limit obtained in Art. 119, it does not
follow that the fluid cannot be in equilibrium in the form of a
spheroid, for it may be conceived that the mass will expand laterally
with reference to the axis, taking a more flattened shape, until its
angular velocity is so far diminished as to render the spheroidal
form possible.

If the mass consist of perfect fluid, its form will oscillate through
the spheroid of equilibrium, but if, as is the case in all known fluids,
friction be called into play by the relative displacement of the par-
ticles, the oscillations will gradually diminish and at length a posi-
tion of equilibrium will be attained. Employing the principle that
the angular momentum of the system, relative to the axis, will
remain constant, we can determine the final angular velocity, and
the form ultimately assumed.

Considering the question generally, suppose the mass of fluid
set in motion in any way, and then left to itself ; the centre of mass
will be either at rest or moving uniformly in a straight line, and all
we have to consider is the motion relative to the centre of mass.

Draw through the centre of mass the plane, in the direction of
which the angular momentum is a maximum ; then, however during
the subsequent motion the fluid particles act on each other, this
plane, which may be called the ‘“ momental ”* plane, will remain fixed,
and when the motion of the particles relative to each other has been
destroyed by their mutual friction, the axis perpendicular to this
plane will be the axis of rotation of the fluid mass in its state of
relative equilibrium.

Let H be the given angular momentum of the system, and w
its ultimate angular velocity.

Taking ¢ and ¢4/(1+A?) for the axes of the spheroid of equili-
brium, and M for the mass, the expression for the angular momen-
tum is $Mc}(14+ 2w ;

o 3Mc(1+2)w=H ;
we have also $mpcd(14+22)=M,
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and from these two equations, combined with the equation
@? _ (34A% tan"'A—3A
27p A3 )
the values of ¢, w, and A can be determined.
From the first two we obtain

w?  25H*(§mp)}
Imp MY

. (34 22) tan"l/\—SA} ,_2oH 47'rp
{ " I+ = 53

is the equation which determines A.

The equation always has a root, for the left-hand member van-
ishes and becomes infinite with A, so that it ought to take a value
equal to the positive constant on the right-hand side for some value
of Abetween zeroand . It can be shown, moreover, that there is
only one positive root, for the derivative of the left-hand member
can be shown to be positive always. Therefore, regarding H and M
as given quantities, there is one spheroidal form and only one,towards
which the oscillating fluid mass continually approximates.

This discussion may be found in Laplace’s Mécanique Céleste,
tome ii. p. 61 ; Pontécoulant’s Systéme du Monde, tome ii. p. 409 ;
and in Tisserand’s Mécanique Céleste, tome ii. p. 96.

125. Jacobi’s Ellipsoid. It was discovered by Jacobi that an
ellipsoid with three unequal axes is a possible form of relative
equilibrium for a mass of rotating liquid.

If a mass of liquid revolves, as if rigid, about the axis of z with
the angular velocity w, and if X, Y, Z are the components of the
attraction at the point (z, y, 2), the equation of the free surface is

(X —w?r)dz+(Y —w?y)dy+Zdz=0.
Now, if the free surface is an ellipsoid,
X=A4z, Y=By, Z=Cq,
where 4, B, C are independent of z, y, 2.

Hence, if a, b, ¢ are the semi-axes of the ellipsoid, we have if
possible to identify the equations

(4 —w?)rdz+(B—w?)ydy+Cedz=

. Art. 119,

(14297

‘-:;—zdw—l- bzdy+ 2 dz=0.
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We must therefore satisfy the equations
A—w? ——é\z, B— w2=£, C=£,
from which, by the elimination of A and w?, we obtain
?(B—A)—(a*—b)e2C=0 . . . (1)
Now,if ~ D={(a*+u)®"+u)(c*+u)},
and if M is the mass of the liquid

du

4= .[o (a‘-}-u)D’ .r (b2+u)D’

*  du
C=3M 0 (cz-i—u)D'*
The equation (1) then becomes
du a2b? c?
2
(a*—b" )j {(a2+u)(b2+u) c2+u}

If a is different from b, the relation between the axes must
satisfy the equation

“uduf1 1 1, u
L F(Eﬁ* 17=“52+@b‘z>=0- )

If @ and b are given, this is an equation for determining ¢, and,
since the left-hand member is negative when ¢=0, and positive
when ¢=o, there must be one real value of ¢ which satisfies the

equation.
Since u/D? is positive, and since
11 1 u
PN

is positive if u is large enough, it follows that, when w is small, this
last expression must be negative.

Hence it appears that

1.1
5 a2+b2 N )

and therefore that ¢ is less than the least of the two quantities a
and b.
To find the angular velocity, we have
w?*(a?—b%) = 4a*— Bb*
» udu
— 2_}2 —
=#M(a*-b ).[0 (a2+u)(b2+u)D’

* See Kelvin and Tait’s Natural Philosophy, Art. 494 n, or Minchin’s Stat{cs,
vol. ii. p. 308.
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and therefore, if @ is different from b,
23 * udu
@ EML (a®+u)(b2+u)D ° “)
and, this expression being a positive quantity, a possible value of
w is obtained, and it is established that an ellipsoid with three
unequal axes is a possible form of a mass of liquid rotating about the
smallest axis.
126. That ¢ must be the least axis may also be seen as follows :
a*4—c*C
M I ) { 2 _9_2_}‘12‘
" 2a2)o \a*4u c*+Hul D
_3M (@—c?) J‘ ? udu ,
2a? 0 (a®~+u)(c*+u)D
which shows that for w to be real, we must have ¢<a, and similarly
c<b.

127, It was pointed out by Mr Todhunter, and demonstrated
in the following manner, that the relative equilibrium of the rotating
ellipsoid cannot subsist when the axis of rotation does not coincide
with a principal axis.

Referred to the principal axes, let I, m, n be the direction cosines
of the axis of rotation, M any point (z, y, 2) of the mass, and N the
foot of the perpendicular from M upon the axis.

Then ON =lz+my+ne,
and, if ON=v, the co-ordinates of N are lv, mv, nv.

The acceleration w*M N, when resolved parallel to the axes, gives
rise to the components

w¥z—W), w(y—mv), w}z—mnv);
therefore the differential equation of the free surface is
{ w¥(z—lv)— Az }dz+{ w(y —mv) — By }dy +{ w¥(z—nv) — Cz}dz=0 ;
hence the form of the free surface is given by the equation
w224y +22) — w¥(lz+my+nz)?— Ax?— By?— Cz2=constant,
and this cannot represent an ellipsoid referred to its principal axes,
unless two of the quantities I, m, n vanish.

Mr Greenhill remarks that a particle of the liquid at the end of
the axis of rotation will be at rest under the action of the attraction
of the liquid alone, since the expression w? vanishes at that point.

w?
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Hence the attraction on the particle must be normal to the
surface, which is only the case at the end of an axis.

128. We notice that if the mass of the fluid M be given, we have
also an equation §mpabc=M, and this equation together with
(2), (4) of Art. 125 may be regarded as determining a, b, ¢ in terms
of M, p, and w.

These equations were investigated by C. O. Meyer,* and a full
discussion will also be found in Tisserand’s T'raité de Mécanique
Céleste, tome ii., chap. vii.,} showing that the maximum value of
w?[2mp that will make a Jacobian ellipsoid a possible form of equi-
librium is 18709, and that for this particular value the ellipsoid is
one of rotation coinciding with one of Maclaurin’s spheroids. It is
further shown that this value gives a unique maximum to the
function on the right-hand side of equation (4) of Art. 125, and that
for smaller values of w?/27p there is one and only one ellipsoid.

To summarise our results relating to Maclaurin’s spheroids and
Jacobi’s cllipsoids, we have :

if  w?2mp>-2247, no spheroidal or ellipsoidal form,
if -2247>w?[27p>-18709, two oblate spheroids,
andif  -18709>w?/2mp, two oblate spheroids and one ellipsoid
with three unequal axes.

129, It follows from Art. 125 (3) that the ellipticities of a Jacobian
ellipsoid cannot be small, in fact that one of the axes is, in every
case, at least V2 times the axis of rotation. In a complete dis-
cussion of the Jacobian ellipsoids containing numerical tables and
diagrams,} Darwin remarks that the longer the ellipsoid the slower
it rotates; that, while the angular velocity continually diminishes,
the moment of momentum continually increases, and that the long
ellipsoids are very nearly ellipsoids of revolution about an axis
perpendicular to that of rotation.

130. Elliptic cylinder. It can also be shown that, theoretically,
an elliptic cylinder is a possible form of the surface of an infinite
mass of homogeneous gravitating liquid, rotating, as if rigid, about
the axis of the cylinder.

* Crelle’s Journal, tome xxiv. (1842).

1 For an abstract of the analysis see Appell, Traité de Mécanique Rationnelle,
tome iii. p. 170.

1 * On Jacobi’s Figure of Equilibrium for a rotating mass of fluid,” Proc. Royai
Soc., vol. x1i. (1887), p. 319 ; or Scientific Papers, vol. iii. p. 119.
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If a and b are the semiaxes, the components of the attraction
at the internal point 2, y are
4mpbx 4mpay
a+b and a+b
(Kelvin and Tait, Art. 494 p), and the equation of the free surface

is therefore
<§zp—b >xdz+ <4ﬂ)— —-w2>ydy=0.

a+b
Identifying this equation with

o | yd
ads +Jb:/_ ’

we find that
w?=47pab/(a+b)2

This determines w when p, a, b are given ; but if w, p are given

we see that since
a—b J w?
- [1=-<
a+b 7p

an elliptic cylinder will not be a possible form of equilibrium unless
wi<mp.

131. Poincaré’s Theorem. We have seen that a Jacobian
ellipsoid is an impossible form of relative equilibrium if
w?/27p>-18709,
an oblate spheroid is impossible if 0)2/27rp> ‘2247, and an elliptic
cylinder is not a possxble form if w?/27p>-5; Poincaré has proved
that if w?2mp>1 there is no figure of eqmlzbrium possible.* TFor a
necessary condition of equilibrium is that at every point of the free
surface the resultant of the attraction and centrifugal force should
be directed towards the interior, otherwise a part would be detached.
Let V be the potential of the attracting forces and r the distance
from the axis, and let
U=V+jw*?
The resultant outward normal force is Z—g and, for equilibrium,

at every point of the free surface %—g must be negative. By Green’s

Theorem ﬂ%gds =jIJV20dxdydz, where the first integral is taken

* Bulletin Astron., tome ii. p. 117, or Figures d’équilibre d'une masse Sluide,
P 1L
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over the surface and the second throughout the volume of the
fluid. And
VU =V*V 4 2w?=—4np+2wi.

Therefore jj%ds =2(w?—2mp) X volume,

and if w?>2mp, the left-hand member is positive, which implies
that at some points on the surface the resultant force is directed
outwards and therefore equilibrium is impossible.

132. Other equilibrium forms. In addition to the forms that
we have considered, the annulus was first considered by Laplace *
in connection with the theory of Saturn’s rings, and has since been
the subject of much investigation.

In the second edition of Kelvin and Tait’s Natural Philosophy,
§ 778", a number of results relating to the stability of the forms
already discussed were announced without proof. In attempting to
establish these results, Poincaré was led to write a celebrated paper
which appeared in the Acta Mathematica, T, Stockholm, 1885. In
this paper the problem of figures of equilibrium is discussed in a
more general manner. It is shown that possible figures of equili-
brium form linear series, that is, series depending on a single para-
meter, such as the angular velocity, and such that to each value of
the paramecter corresponds either one and one only, or else a finite
number of figures, and such that these figures vary in a continuous
manner when the parameter is varied. Thus the Maclaurin’s
spheroids form a linear series, and Jacobi’s ellipsoids form another.
It may happen that the same figure belongs to two distinct linear
series ; such a figure is called a form of ““ bifurcation.” Thus there
is a particular member of the series of spheroids which at the same
time belongs to the series of Jacobi’s ellipsoids. Poincaré also
considered, in this paper, the question of the stability of forms of
equilibrium, and showed that if a series of figures are stable up to a
form of bifurcation, then beyond that point the figures are unstable,
the stable figures now belonging to the other series involved in the
form of bifurcation. Thus Maclaurin’s spheroid is stable only so
long as its eccentricity is less than -8127, which is the point of
bifurcation, and at this point Jacobi’s ellipsoids become stable. In
attempting to find points of bifurcation in the series of Jacobi’s

* Mécanique Céleste, tome ii. p. 155. See also Tisserand, Mécanique Céleste,
tome ii. chaps. ix. x. xii., where the researches of Laplace, Clerk Maxwell, and
Mme. Kowalewski are discussed.
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ellipsoids by the use of Lamé’s functions, Poincaré found that there
are an infinite number of series of figures of equilibrium. All the
figures are symmetrical with regard to a plane perpendicular to the
axis of rotation ; they all have at least one plane of symmetry pass-
ing through the axis and some of them are figures of revolution.
Among these figures only one is stable and it has only two planes
of symmetry ; it is the form that arises from the first bifurcation in
the series of Jacobi’s ellipsoids and has been called the pear-shaped
figure of equilibrium, because of the resemblance to a pear of the
figure sketched in Poincaré’s paper.* Further investigation, how-
ever, has shown that the true form has less resemblance to a pear
than was at first supposed ; it has been discussed by Darwin in two
papers,t and its form determined to a second approximation. At
the point of bifurcation the axes of the Jacobian ellipsoid are as
65066 : 81498 : 188583, and w?/2mp="14200; and the pear-shaped
figure represents a small departure from this Jacobian ellipsoid,

which takes the form of a protuberance at one end of its longest
axis, and a blunting of the other end.

In the accompanying figures, taken by permission from the
second of Darwin’s papers just referred to, the dotted line represents

* Loc. cit., p. 347, also Figures d’équilibre d’une masse fluide, p. 161.

+ “ On the pear-shaped figure of equilibrium of a rotating mass of liquid,” Phil.
Trans., vol. 198 A (1901), p. 301, or Scientific Papers, vol. iii. p. 288 ; and * The
stability of the pear-shaped figure of equilibrium of a rotating mass of liquid,” Phil.
Trans., vol. 200 A (1902), p. 251, or Scientific Papers, vol. iii. p. 317. For a simple
account of the stability of these figures see also an interesting paper by the same
author on “ The Genesis of Double Stars,” being chap. xxviii. in the volume Darwin
and Modern Science.
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the Jacobian ellipsoid, and the other curve the pear-shaped figure ;
the upper is the equatorial section, and the lower is the meridional
section in the plane of symmetry.

133. The following expressions for the attraction of a solid
homogeneous ellipsoid of small ellipticities are often of use in dis-
cussing the forms assumed by masses of rotating liquid ; viz. if a,
b, ¢, the semiaxes, are such that b=a(l—e¢) and c=a(l1—1v), then
the component attractions at an internal point (z, y, 2) are

dpz, Bpy, Cpz,
where A=4m(l1—%e—37),
B=§mn(1+*e—3n),
C=$n(l—}et+in).*
These expressions may also be written in the symmetrical form

6a—k
or as A=~g-7r<1——5a >, ete.
where k=}(a+b+tc).

134. ExaMPLE. A mass m of homogeneous liquid and a distant sphere of
mass M revolve in relative equilibrium about their centre of gravity with a small
uniform angular velocity w ; show that the free surface of the liquid is an ellipsoid
of small ellipticities with its longest axis pointing to M and its smallest axis at
right angles to the plane of motion, and that the ratio of the ellipticities of the
principal sections passing through the line joining the centres of gravity of the
bodies 18 4M+m : 3IM.t (Math. Tripos, 1888.)

If d is the distance between the bodies, the centre of gravity O of the

M
mass m has an acceleration %2—, and O may

pP
be reduced to rest if we apply this acceler-
ation reversed to every element of the r
liquid mass. /)
If A is the centre of gravity of the ¢ G ]

mass M, and P any point in the liquid

nM
mass, the forces at P are P e

M
the self-attraction of the liquid and the centrifuga,l force. Now %1- along

towards A, A 0 parallel to AO, the force due to

pM
PA is equivalent to £ PA . PO along PO and 5 P A“ - OA parallel to OA.

* See Routh’s Analytical Statics, vol. ii. § 221 (2nd edition).
+ Problems of this class were discussed by Laplace in the third book of the
Mécanique Céleste.
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The former
___ M pMr
T {d*4r2—2dr cos G} d?
to the first order of »/d.

The latter combined with ’ﬂ

A0
_ uMd ,uM [tM }
T {d3+r*—2dr cos 0} a3 {1+ d °® -1
3uMrcos 0
=T @

parallel to OA.
1f we assume an ellipsoidal form and take the axis of  along 04, and Oz

for axis of rotation, we have

M 3uM.
U-leg= w*(xdx+ydy)— Apzdx— Boydy— Cozdz— £ rdr—{- —f‘za—ivdx.

And the free surface must be of the form

3uM M M M
a:’(w’ Ao+ /:i“ £ >+J”<w‘ Bg—~%3—>—z"(09+%3—>=const.

( 2I‘M > bz<BQ+'l—ﬁ—I—-—w2> cz(Ce_*_l;_]:s_

Now since the masses are rotating about their centre of gravity G with
angular velocity w,

. 0G= dzM,
but (M+m)OG' =Md;
a
. W 2M M
- “"“‘“B“? (i) (- 3m))
_@ M
) T Mtm
since w?/p and a—b are small.
o[ oM M
So alko d—c0= (Lt g )+ g
w' AM +m
9 M +m”
But from the last Article,
atd— sz_gn\(a:_ bz)—- (d . k)+6bz(b ’C)}

=gn(a—b){a+b—%(gi‘;f_+2~a_b>}' .
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and to get a result correct to the first order of the small difference a—b we may
put k=b=a in the last factor, so that
a*4—b2B=18na(a—d).
Similarly a*A—c*C=1}§na(a—c).
a—b a*4-bB 3IM

Hence a—¢ @*A—c'C aMtm

EXAMPLES

1. A thin spherical shell of radius @ is just not filled with gravitating
liquid of density o. If the liquid be rotating in relative equilibrium with
angular velocity w about a diameter, prove that tho tension in the shell across
the great circle at right angles to the axis of rotation is at any point in that
circle equal to w?pa’/8.

2. A mass of liquid of density ¢, is surrounded by a mass of liquid of
density p and the whole completely fills a case in the form of an oblate spheroid
of small ellipticity ¢; if the caso rotates about its axis with small uniform
angular velocity w, prove that a possible form of the common surface is an
oblate spheroid of ellipticity &, given by

16w?/16n=¢,0,+3%(e,—€)o.
3. A case in the form of a prolate spheroid of small ellipticity ¢ is filled by
a fluid nucleus of density o+ o surrounded by a fluid of density g. Show that,
if it rotates round its axis of figure with angular velocity (gngey, a possible
form of the common surface is a sphere.

4. A mass of homogeneous liquid of density p completely fills a case in the
form of the cllipsoid x?/a*+y?/b*+2%/c*=1, and rotates as a rigid body about,
the line zfl==y/m=-z2/n with uniform angular velocity @ ; show that if }1p is
the greatest excess of the pressure at the centre over the pressure at a point
on the surface,

I2 md n
It T 1 1 1
A—2ja* ot B—A* w* C—Ajc* o?

where Az, By, Cz are the components of the attraction at an internal point.

0,

5. Two gravitating liquids which do not mix, and whosc densities are p,
o(p> a), are enclosed in a rigid spherical envelope, and the whole rotates m
relative equilibrium with a small uniform angular velocity w about a diameter
of the sphere. Show that a possible form of the common surface of the two
liquids is an oblate spheroid of ellipticity }§ w?/n(e+30).

6. A given mass of gravitating fluid of density ¢ can rotate in relative
equilibrium with angular velocity o with its free surface in the form of an
ellipsoid with three unequal axes, the greatest semiaxis being a. A rigid
vessel of this form is now made and the fluid in it is set rotating with the vessel
in relative equilibrium with angular velocity w about the least axis. Prove
that the pressure at any point of the surface is

o(w*—a®)(z*+4%) or fo(w*—a%)(z*+y'—at),
according a8 w is greater or less than q.
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7. A solid sphere of mcan density p is covered by a thin layer of liquid
of uniform density 6. The whole rotates with small uniform angular velocity
w about an axis through the centre of the sphere; the solid sphere attracts
according to the law of the inverse square as if concentrated at a point on the
axis at a small distance ¢ from its centre, and the liquid also attracts according
to the law of the inverse square. Show that the outer surface of the liquid is
approximately a spheroid of ellipticity 15w?/8n(50—30), with its centre at
a distance pc/(p— o) from the centre of the sphere.

8. A solid gravitating sphere of radius a and density ¢ is surrounded by
a gravitating liquid of volume 47(b*—a®) and density 0. The wholc is made
to rotate with small angular velocity w. Show that the form of the frce surface
of the liquid is the spheroid of small ellipticity ¢ given by
r=b(1—3¢Py),
b _ 15w%?
where = 8a5(0— 0)a°+ 206%

and P, is Legendre’s cocfficient of the second order.

9. A homogeneous gravitating fluid just does not fill a rigid envelope in
the form of an oblate ellipsoid. The fluid is rotating in relative equilibrium
round the polar axis with kinctic energy £. 1f it rotates with kinetic encrgy K,
the envelope is a free surface of zero pressure. Prove that, for all values of &
whether greater or less than F,;, the tension per unit length across the
equatorial section of the envelope is

15 E~E,
32 4’
where A is the area of a polar section of the ellipsoid.

10. A ncarly spherical solid of mass M, the equation to whose surface is
r=a(l4aP,), has a mass m of liquid on its surface, the solid and liquid
attracting according to the Newtonian law, and the whole rotates about the
axis of the harmonic with angular velocity w. Show that the equator will be
uncovered if m<9aM/(12A—4)—5w?a?/(10A—6), and that the poles will be
uncovered if m<6aM/(3A—1)+5w?a®/(5A—3), where A is the ratio of the
density of the solid to that of the liquid.

11. Assuming the Earth to consist of a fluid surrounding a solid spherical
nucleus, prove that the ellipticity, supposed small, is given by

_ Dfe
="45r2(Djg—1Y

where m is the ratio of the centrifugal force at the equator to the gravity there,
D is the mean density of the whole Earth, and g the density of the fluid.
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