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FOREWORD

The undergraduate student usually begins his study of atomic physics
with great interest and anticipation but soon encounters two difficulties.
The first is due to the fact that he must learn to deal confidently with
numerical quantities whose significance is beyond the reach of anyone’s
imagination, with immense numbers of small particles which move at
tremendous speeds, with waves of a nature and frequency never en-
countered in daily life, and with physical concepts which defy descrip-
tion in space or time. He can learn to convince himself about the reality
of these numbers and concepts only by using them for the solution of a
large number of numerical problems which establish their correlation
with measurable quantities. The problems at the end of each chapter
of this book and the illustrative examples of solutions should prove
valuable to him for this purpose.

The student’s second difficulty derives from the wide scope of the
atomic theory, which embraces almost all problems of matter. It relates
to the mechanical, thermal, caloric, electric, magnetic, optical, and
chemical properties of matter, reviewed in the introductory chapters of
this book, but the empirical foundation of atomic physics was developed
mainly from information supplied by research in newer fields: electronics,
gas discharges, photoelectricity, spectroscopy, X-rays, and radioac-
tivity. In an introductory text it is impossible to give an adequate ac-
count of these investigations and their techniques; this must be supplied
by a laboratory course—but to profit properly from it the student must
know beforehand what he is to look for in each experiment. A summary
of this information is presented in the later chapters of Part I of this
book, which present what might be called “the facts of life” concerning
the isolated atom. The failure of classical theories and earlier atomic
models to account for these facts supplies the motivation for the theo-

retical development in Part II.
H. MUELLER



PREFACE

The purpose of this book is to provide the reader with an explanation
of those concepts which are fundamental to an understanding of modern
physics as well as a knowledge of the detailed application of such con-
cepts to the specific field of atomic physics. '

The subject of atomic physics provides an ideal introduction to
modern physics. Logically, atomic physics begins with the physical-
chemical view of atoms as classical hard spheres and extends through a
study of atomic spectra to the wave-mechanical theory of a diffuse cloud
of electrons surrounding a tiny central nucleus and described by various
quantum numbers. This is also, roughly, the historical pattern of de-
velopment in atomic physics. Where deviation from the historical
sequence offered pedagogical advantage, the author has rearranged the
topics accordingly. For example, the subject of black body radiation,
although it preceded the quantum historically, is deferred until it can
be treated by modern methods.

Although the author’s basic objective has been to present a thorough
and logical explanation of atomic physics, the book also includes descrip-
tions of the extension of the techniques of atomic physics to developing
fields of contemporary interest, such as nuclear physics. The guiding
principle throughout has been to impart to the reader an understanding
of the problems of atomic physics and their solutions in a minimum
of space and without losing sight of the logical unity of the subject.
Wherever feasible each argument is introduced by appeal to the experi-
mental facts which forced the adoption of new and at first unfamiliar
concepts. Illustrative problems which clarify the application of these
ideas are given at the ends of the chapters and are followed by actual
problems in which the reader can himself apply them. The problems
frequently include important applications that complement ‘the text
material.

The author extends his thanks to M. Walker, who drew the illustra-
tions, and to V. P. Close, who typed the manuscript.

D. C. PeasLEE



CONTENTS

Part I: THE FACTS OF ATOMIC STRUCTURE

Atoms and Elementary Chemistry .

1.1. The elementary laws of chemistry, 3. 1.2. Boltzmann principle
of statistical mechanics, 7. 1.3. Tons and electric charge, 9. 1.4. Avo-

. gadro’s number, 12. 1.4a. Determination of Boltzmann’s constant &,

12. 1.4b. Direct measurement of the electronic charge e, 14. 1l.4ec.
Determination of N, by counting, 17. 1.4d. Miscellaneous meth-
ods, 18.

Atoms as Components of Matter.

2.1. The dimensions of atoms and molecules, 25. 2.2. Molecular mo-
ments of inertia, 30. 2.3. Forces between atoms and molecules, 32.
2.4. Properties of gases, 356. 2.5. Properties of solids, 38.

Particle Beams in Electric and Magnetic Fields

3.1. Experimental background, 47. 3.2. Velocity and energy filters,
60. 3.3. Determination of specific charge, ¢/M, 62. 3.4 o particle
scattering from the nuclear atom, 54. 3.5. Experimental test; nuclear
gize and charge, 68. 3.6. Isotopes, 69. 3.7. Deflection of neutral par-
ticles in inhomogeneous fields, 62.

Magnetic, Optical, and Electric Properties of Atoms

4.1. Dynamic model and magnetic properties, 76. 4.2. Gyromagnetic
(Einstein-de Haas) effect, 79. 4.3. Diamagnetism and magnetic sus-
ceptibility, 80. 4.4. The normal Zeeman effect, 83. 4.5. The static
model and dispersion, 86. 4.6. The magneto-optical Faraday effect,
89. 4.7. Radiation damping and the scattering of light, 91. 4.8. Elec-
tric polarizability end dipole moments, 95.

X -Rays

5.1. Production and detection of X-rays, 105. 5.2. Absorption and
scattering of X-rays, 107. 5.3. Total reflection of X-rays, 109. 54.
Diffraction of X-rays, 111. 5.5. Derivation of Bragg’s law, 115.

Photons and X-ray Spectra .

6.1. The photon, 128. 6.2. The short wavelength limit, 781. 6.3. Ion-
ization, 133. 6.4. Energy levels and term values, 136. 6.5. Discrete

25

47

75

. 104

. 128



7.

emission spectra, 138. 6.6. The combination principle and selection
rules, 142. 6.7. Further questions, 143.

Optical Spectra . . . . . . . . . .. Ce e .. 152

7.1. The photoelectric effect, 7563. 7.2. Ionization potentials, 155.
7.3. Critical potentials, 168. 7.4. Optical absorption spectra, 160.
7.5. Optical emission spectra, 163. 7.6. Series analysis of spectra, 166.

Part II: THEORETICAL INTERPRETATION OF THE FACTS

8.

10.

11.

12.

Special Theory of Relativity . . . . . . . . . .. . . 177

8.1. The Michelson-Morley experiment, 178. 8.2. The Lorentz trans-
formation, 180. 8.3. Addition of velocities and Doppler effect, 185.
8.4. Relativistic transformation of mass and energy, 187. 8.5. Four-
vectors, 190. 8.6. The electromagnetic field, 793.

Wave Mechanies . . . . . . . . . . . . . .. .. .. 198

9.1. The photon as a particle, 198. 9.2. The angular momentum of
light, 199. 9.3. The Compton effect, 203. 9.4. de Broglie’s hypothesis,
206. 9.5. Crystal diffraction of electrons, 207. 9.6. The Bohr atom,
208. 9.7. Further details of the Bohr-Sommerfeld atom, 211, 9.8. The
correspondence principle, 278, 9.9, The uncertainty principle, 214.

The Schroedinger Equation . . . . . . . . . C.. . 224

10.1. The equation, 224. 10.2. The particle in a box, 227. 10.3. The
hydrogenlike atom, 230. 10.4. Quantization of angular momentum,
236. 10.5. Parity, 239. 10.6. | ¢ |* as probability, 240. 10.7. The un-
certainty principle, 242. 10.8. Stationary states and radiation, 243.
10.9. Selection rules, 247.

Electron Spin and Multiplet Spectra . . . . . . . . . 257

11.1. The Stern-Gerlach experiment on hydrogen, 257. 11.2. Doublets
in alkali spectra, 267. 11.3. Two-electron spectra, 264. 11.4. Vector
model and complex spectra, 269. 11.5. The Zeeman effect, 272. 11.6.
Theory of the electron spin, 276.

The Periodic Table, Exclusion Principle, and Other
Topics . . . . . . . . . . . 283

12.1..The build-up of the periodic system, 283. 12.2, The exclusion
principle, 286. 12.3. X-ray spectra, 289. 12.4. Equivalent electrons
in complex atoms, 292. 12.5. Statistical weights and intensities, 300.
12.6. j-j coupling in complex spectra, 302. 12.7. Coupling in strong
external fields, 304.



CONTENTS ix

Part III: FURTHUR APPLICATIONS OF THE THEORY

13.

14.

Modern Developments . . . . . . . . . . . . ... .35

13.1. Isotopic mass and “atomic” energy, 3/5. 13.2. Nuclear spins
and magnetic moments, 318. 13.3. Hyperfine splitting, 379. 13.4.
Molecular beam measurements of u;, 322. 13.5. The nuclear shell
model, 325. 13.6. The Lamb shift and electrodynamics, 329.

Quantum Statistical Mechanies . . . . . . . . . . . 337

14.1. Black body radiation, 337. 14.2. Specific heats of solids, 342.
14.3. Specific heats of gases, 346. 14.4. Fermi-Dirac and Bose-Ein-
stein statistics, 349. 14.5. “Electron gas” in metals, 352.

Appendices . . . . . . . . . . . .. ... .....365

I. Mathematical symbols and notation, 365.
II. Some properties of the elements, 367.
III. Values of some physical constants, 370.
IV. Equations of classical electromagnetism, 372.
V. Electromagnetic units, 379.

Answers to Even-numbered Problems . . . . . . . . 381

Index . . . . . . .« . . i e e e e e e e e . 387






Part 1
THE FACTS OF ATOMIC STRUCTURE

The first part (Chapters 1-7) of our discussion deals with the factual
information of atomic physics. This information is the basis for the
rather abstract concepts of modern atomic physics. Some of this informa-
tion—e.g., measurements of atomic size and of certain electric and mag-
netic properties of matter—can be at least partially interpreted by simple
classical models. Unfortunately, the classical explanations are generally
incomplete, involve ad hoc assumptions, or are mutually inconsistent.
For example, although classical mechanics is sufficient to establish the
nuclear model of the atom, most atomic phenomena are not compre-
‘hensible on a classical basis. An improved theory is required. The data
of Part I provide a testing ground for the improved theory, which will be
satisfactory only if it can explain all of the facts in a consistent fashion.

Part I includes the evidence establishing the dual nature of light,
which is the key to development of an adequate atomic theory. Discus-
sion of the photoelectric effect in metals and ionization by X-rays leads
to the conclusion that light consists of particles called photons or light
quanta. At the same time, it is emphasized that diffraction of X-rays
by crystals requires for its explanation a wave picture rather than a
corpuscular picture of light. This is a primary example of the duality
between particles and waves. Extension of the duality principle to the
“particles” of classical mechanics, particularly electrons, will lead in
Part II to the discussion of modern quantum (wave) mechanics.






Chapter 1
ATOMS AND ELEMENTARY CHEMISTRY

The atom, by its original definition, is the smallest unit of a chemical
element that still displays all the chemical properties of the element.
From the point of view of chemistry atoms are the primary components
of all macroscopic matter as we know it.

In such a chemical approach we first glimpse the atoms only from the
outside, so to speak. A great deal of essential, quantitative information
is already available from this external position. We should start by
surveying this information, just as an explorer entering an unknown
jungle might first try to find out its size, density, and other charac-
teristics. Such a survey provides the proper orientation for our subse-
quent study of the details of internal atomic structure. Much of the
subject matter in this and the next chapter comes under the general
heading of physical chemistry. The difference is that in physical chem-
istry the atom is the smallest unit under consideration, while in our dis-
cussion of atomic physies it will be the largest.

1.1. The elementary laws of chemistry

The elementary laws of chemistry gave birth to the concept of the
atom. We may state the first three of these laws as follows:

(i) There exist chemical elements, which cannot be resolved into
simpler components by chemical means;

(ii) Elements combine chemically in fixed mass ratios (Dalton’s law
of constant proportions);

(iii) When two elements combine in more than one mass ratio, the

relation of these ratios is always that of small whole numbers
(law of multiple proportions).

There is some logical sequence among these laws. The rules (ii) and
(iii) of constant and multiple proportions cannot exist without the prior
recognition (i) of the existence of chemical elements.

To arrive at a simple formulation of (i) and (ii) we introduce the con-
cept of the atom. The atoms are the chemically indivisible units that
make up a substance. All the atoms of a given element are identical in
size, mass, and all other properties;* they are different from the atoms

* This is not strictly true in a physical sense, although it is accurate enough for
most chemical purposes. Actually, different atoms of the same element may have
slightly different masses; such atoms with the same chemical properties but dif-

-2



4 ATOMS AND ELEMENTARY CHEMISTRY Ch. 1

of any other element. The law of constant proportions then states that
in a chemical compound containing N, atoms of element A, Ny atoms
of element B, No atoms of element C, etc., the successive ratios
Ni:Ny:Ng: ... are constant.

By expressing the law of constant proportion in terms of masses and
in terms of atoms, we can obtain a scale of relative atomic masses. For
example, we observe that 2 grams of hydrogen combine chemically with
16 grams of oxygen to form water. If we decide from additional evidence
that the correct formula for water is H:0, then we know that the masses
of individual hydrogen and oxygen atoms are in the ratio 1:16. By pro-
ceeding in this way through many compounds, we can build up a table of
relative masses for the atoms of all elements. The masses in this table
are not absolute but merely relative to some fixed standard, which we are
free to choose for convenience. The conventional chemical standard is
to define the atomic mass unit (amu) to be precisely 1% the mass of an
oxygen atom ;* we can then specify the masses of all other atoms in terms
of amu.

To account for the rule (iii) of multiple proportions, it is convenient
to introduce the concept of valence. The valence of an atom A can be
positive or negative: it is the number of hydrogen atoms that A can re-
place in a chemical compound (positive) or the number of hydrogen
atoms that will combine with A in a chemical compound (negative).
Multiple proportions will occur if an atom can have two or more valences.
For example, O has the valence —2, while C has the valences 2 and 4,
so that the compounds CO and CO, are both possible. The valences are
all small whole numbers, since the law of multiple proportions also in-
volves only small whole numbers.

The atomic mass unit is not defined directly in terms of macroscopic
mass units, such as grams. A combined unit is the gram atomic weight:
if the atoms of an element have mass A amu, then one gram atomic
weight of that element weighs A grams. For a chemical compound the
gram molecular weight has a similar definition: if the molecule has a
total mass of M amu, then one gram molecular weight of the compound
weighs M grams. Another name for gram molecular weight is the mole.

" ferent masses are called isotopes. For most of our discussion it will be sufficient to
neglect the differences between isotopes. The “mass’” of an atom is then the
average mass of all the naturally occurring isotopes of that element. The value
given in chemical tables of atomic mass corresponds to this average mass.

* The chemical scale of amu is based on the average mixture of oxygen isotopes
occurring in nature; the physical scale is based solely on the most abundant oxygen
isotope. In Chapter 3 we see that 1 amu (chemical) = 1.00028 amu (physical).
This difference is generally negligible for the purposes of atomic physics.
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In terms of the gram atomic weight we can state Avogadro’s hy-
pothesis:
(iv) One gram atomic weight of any element contains the same number
of atoms; this number is Avogadro’s number, N, = 6.03 X 10
atoms/g at wt.
The numerical value of Ny was unknown at the time of Avogadro’s
original hypothesis. Section 1.4 discusses methods of measuring N .
A knowledge of N, allows us to assign an absolute mass value for the
amu. From the definition of the gram atomic weight it follows that

lamu = 1/Nog = 1.66 X 10 g (1.1)

A sizglgle oxygen atom, for example, weighs 16 X 1.66 X 107 = 2.66 X
1077 g.

In our discussion of elementary chemical laws we should include the
periodic table of elements, originally devised by Mendeléeff. This table
classifies elements of similar properties into groups. We shall ultimately
find an explanation of the periodic table in terms of the modern theory
of atomic structure (Chapter 12).

Some 90 elements exist in nature. To organize them into the periodic
table, we classify them according to their atomic mass, their valences,
and their chemical similarities to other elements. The best organization
according to present knowledge is that of Fig. 1.1, which differs slightly
from Mendeléeff’s original scheme. We arrive at this organization em-
pirically in the following way. In an arrangement of the clements ac-
cording to increasing atomic mass, we note that the inert noble gases
Ne, A, Kr, Xe, Rn (He is an exception) come directly after five elements
that resemble cach other in chemical properties. These are the halogens
F, Cl, Br, I, At. They in turn come directly after the set of chemically
similar elements O, S, Se, Te, Po. The succession continues through
three more groups of five elements, ending with the group B, Al, Ge, In,
Tl v

A shorter succession of this sort consists of the alkali earths Be, Mg,
Ca, Sr, Ba, Ra, which come directly after the alkalis Li, Na, K, Rb, Cs.
To this succession of two groups we may add the pair He, H.

The remaining elements constitute three sequences of 10 and one of
14. The group of 14 consists exclusively of the rare earth elements. The
three groups of 10 do not show perfect correspondence in the chemical
properties of equivalent members; e.g., Fe, Ru, and Os have different
valences.

The sequences of 2, 6, 10, 14 combine as indicated in Fig. 1.1 to form
a table of elements that follow generally the order of increasing atomic
mass. There are a few exceptions to this rule, however. For instance, all
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Valence
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Fig. 1.1, Periodic table of elements. The order number Z is at the lower
left, the atomic weight A at the upper right. The valences of the rare earth
groups are very complex.

the evidence from chemical properties indicates that argon A should pre-
cede potassium K, although A is a little heavier. The deviations from
increasing atomic mass are relatively slight and do not cause any un-
certainty in the order of the elements. It is possible, therefore, to assign
to each element in the table a definite afomic number (or order number) Z.
This number is an integer running consecutively from Z = 1 for hydrogen
up through Z = 92 for uranium, the heaviest element occurring in nature.
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In general the atomic number is about one-half the atomic mass 4 in

amu: for the lightest elements Z/A = 0.5; this ratio diminishes and be-

comes Z/A == 0.4 as we approach the heaviest elements. The value of

Z is of great significance in relation to the internal structure of the atom.
Appendix IT lists some physical properties of the elements.

12. Boltzmann principle of statistical mechanics

To relate the observed properties of large-scale matter to those of the
atoms composing it, some statistical method is necessary because of the
enormous numbers of atoms involved (on the order of 10®). The basis
for such a statistical procedure is Boltzmann’s principle. We give here
an elementary discussion of the principle; for a complete derivation the
reader is referred to standard texts on statistical mechanics or theoretical
physics.

Consider the example of a gas enclosed in a container. We divide the
container mathematically into a large number of small, equal boxes.
At any instant we can describe the gas by specifying how many mole-
cules are in each box, regarding all the molecules in a given box as in-
distinguishable. Each such distribution of the molecules among the
boxes is called a configuration. Since the boxes are a mathematical
artifice, the individual molecules have no preference for any of the
boxes. It is a straightforward matter to compute the probability of oc-
currence of a specific configuration according to the laws of chance. In
particular, there is one configuration that has a maximum probability.
For the simple case of a gas in a container, the most probable configura-
tion corresponds to uniform density of the gas. That is, the most prob-
able configuration is just the one expected when the system is in thermal
equilibrium.

This principle is quite general: any system in thermal equilibrium as-
sumes the configuration of maximum probability. Let this maximum
probability be p. The description of the system in terms of configurations
is a microscopic one, in which we count the individual molecules (or even
atoms). We wish to find a way of relating this microscopic definition
to a macroscopic (i.e., thermodynamic) one. According to thermo-
dynamics a system in thermal equilibrium has a maximum value of the
entropy S. The key to the relation between the two descriptions is the
observation that at thermal equilibrium p is a maximum in the micro-
scopic description, while S is a maximum in the macroscopic description.
This suggests a direct connection between S and p.

We can immediately see that the relation between 8 and p is loga-
rithmic. Suppose that we have two independent systems 1 and 2, both
in thermal equilibrium, and we consider the total system formed by 1
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plus 2. The total entropy is 8 = 8, + S:, while the total probability is
p = pip2. To satisfy both these relations, we can only have

S=—khnp 1.2)

The minus sign is necessary because S is a positive quantity, and the
probability can always be normalized so that p < 1.

In (1.2) % is a universal constant, which must be independent of the
system under consideration. Its value can therefore be established by
considering a simple example.

Consider a mole of a monatomic gas at constant temperature, which
contains N, molecules. Compare two states: (1) the gas occupies a sec-
tion of volume V/2 in a box of total volume V'; (2) it occupies the entire
box. The probability that one of the Ny molecules in the box is in the
section V/2 is 1; and the chance that all the molecules are in this section
is p1 = (34)"°. The probability that all the molecules are in the total
volume V is just p, = 1. Thus

Inp, —Inp, = Nyln } (1.3)

State 1 can be transformed into state 2 by an isothermal expansion.
During this revisible change the work output is equal to the heat input
—dQ. For a small change of volume, using PV = RT, we have

dW = PdV = RTdV/V = —dQ (1.4)

Since entropy is defined by
dS = dQ/T (1.5)
the entropy difference of the states is

v \4
8 — 8 = ./;lde/T = —R_/;IZdV/V

=RIn}YV —RInV =RIn} (1.6)
The identification S = —F In p therefore requires
k= R/No, = 1.36 X 107 erg/°K (1.7)

where & is called Boltzmann’s constant. Since it is the ratio of the uni-
versal gas constant R and Avogadro’s number, it is also a universal

constant.
For any system or subsystem we can write for the integral of (1.5) as

S=8+E/T (1.8)

where E is the total energy of the (sub)system, and S, does not depend
on the energy. With (1.2) this becomes

p = g0 kg BIRT o g EIRT (1.9
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Equation (1.9) states that for a system in thermal equilibrium, the prob-
ability for a subsystem to have energy E is proportional to the Boltzmann
factor, ¢ *'*”. The constant C depends on the total system; for many
applications of (1.9) it is not necessary to have an explicit expression for
C. The subsystem to which (1.9) applies can be as small as a single mole-
cule in a gas (see illustrative problem 1). Equation (1.9) or its quantum-
mechanical modifications (Chapter 14) are fundamental to considera-
tions of statistical mechanics.

In practice (1.7) has proved most useful for the determination of No.
The value of the constant R results from macroscopic experiments, and
certain other experiments provide values of k (section 1.4). Avogadro’s
number, on the other hand, is difficult to determine directly in spite of
its great practical importance, so that (1.7) has frequently been helpful
for this purpose.

The Boltzmann relation (1.9) has many other applications. The sedi-
mentation of particles in solution also follows the law of atmospheres
(illustrative problem 1). The Maxwell distribution of molecular velocities
in a gas follows from inserting £ = }mv* in (1.9). The Boltzmann factor
also applies to the energy of rotation and of internal vibration of the gas
molecules, and to the vibrational energy of atoms in a crystal.

The great usefulness of the Boltzmann principle in the form (1.9) is its
ability to express measurable, macroscopic properties in terms of atom’
behavior. The relation (1.7) between the macroscopic constan*
the microscopic constant k is an example of this usefulnes.

1.3. Ions and electric charge

It is not always necessary to invoke Boltzmann’s principle i
learn the properties of atoms from macroscopic measuremen
contain electric charges which can be detected by laboratory t:
The conductivity of electrolytic solutions, for instance, gives
information about some electrical properties of atoms. When
NaCl is dissolved in water, the solution becomes a relatively
ductor of electricity. As current passes through the solution, chl¢
appears at the positive electrode (anode) and sodium is release.
negative electrode (cathode).

The electrolysis of any such solution follows a definite, qua.
law originally established by Faraday: to deposit one gram atomic
of a z-valent element, a total charge zF must pass through the &
where the faraday F = 9.65 X 10* coulombs. The depender
law upon valence, as well as the fact that the original compo’
out as separate elements, indicates that individual atoms
in electrolytic conduction. We can understand all the fea!
lytic conduction by supposing that the NaCl molecules
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compose into electrically charged units called ions, Na* and CI”. The
ions do not have the same chemical properties as the corresponding
atoms. For example, Na atoms will react with water to form NaOH,
while Na* ions are able to move through water without reacting, as elec-
trolysis reveals.

ITons also differ clectrically from atoms, which are clectrically neutral.
The sign of the charge on a particular ion is readily determined from the
electrode at which it deposits. Positively (negatively) charged ions are
call caitons (anions) because they deposit at the cathode (anode) in
electrolysis. Elements just hefore the inert gases in the periodic ‘table
form anions. The strict proportionslity of Faraday’s law with valence
indicates that the charges on ions are all multiples of a basic unit. There
exist uni-, di-, tri-, etc. valent ions such as Li*, Be™, B***, The magni-
tude of this basic unit of ionic charge ise = F/N, = 1.60 X 107" cou-
lomb. Thus chemical valence and the chemical forces holding atoms to-
gether to form molecules appear to be basically electrical in character.

To account for the atomistic behavior of ionic charge, which varies
only in multiples of a basic unit, the simplest hypothesis is that this
charge is carried by some kind of indivisible, subatomic particle. This
particle is known as the electron. J. J. Thomson first definitely estab-
lished the existence of these particles shortly before 1900, The thermi-

~ie radio tube, in which electrons are emitted by a hot filament or
has made the electron almost a modern household item. The
28 to be the basic building block of the atom, and atomic

inly the study of how electrons behave in atoms.
ing from the observed fact of electrolytic conduction to the
i cept of the electron, we included as an essential step the
¢ f ionie conduction in electrolytes. This hypothesis cannot be
. valid until we have shown that it can account for the major
. electrolytic conduction. Consider an electrolyte like NaCl
sth positive and negative ions have valence 1 (a 1-1 valent
« + With n jons of each kind per ¢m®. An electric field E subjects
) 1on to a force Ee. Since the ion is in a viscous medium (water),
.+ perform an accelerated motion but will move with a constant
velocity »;, given by Stokes’ law for the motion of a sphere in

medium.

= cE/6rR,y (1.10a)

the radius of the positive ions, assumed to be spherical in
» is the coefficient of viscosity of the medium. Similarly, if
*s of the negative ions, they will move with a velocity

v2 = —eE/6xqR: (1.10b)
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The ratio v/E is called the mobility of the ions; it is numerically equal
to the velocity of the ion in a unit field. Certain ions such as those of
chromium are colored and allow direct observation of their motion: one
observes the motion of the color boundary in a cell containing a colored
and an uncolored electrolyte.

The current density J is the current passing through one square centi-
meter of area perpendicular to the current. Both positive and negative
ions contribute to this current density, which is

J = nev; — nev. (1.11)

where 7 is the number of ions per unit volume. The number of positive
and negative ions is equal for a 1-1 valent electrolyte, and the charges
are +e¢ and —e, respectively. The specific conductivity is defined by

¢ = J/E, whence
_ne (1 1)
© = G (z‘z; & (1.12)

The conductivity of electrolytes is observed to increase rapidly with
temperature, which (1.12) ascribes to the decrease of viscosity with in-
creasing temperature.

According to (1.12) the conductivity should be proportional to the ion
concentration n. Experiments show, however, that the conduetivity is not
proportional to the amount of dissolved salt. Another disturbing experi-
mental fact is the dependence of ionic mobility on concentration, al-
though (1.10) does not contain the factor n. This does not mean that the
basic idea of ionic conduction is incorrect, but rather that the considera-
tions presented above are oversimplified. The theory of Debye and
Hueckel gives a satisfactory explanation of the properties of electrolytes
by taking into account the Coulomb forces of attraction between the
positive and negative ions. In ionic¢ conduction the positive ions move
opposite to the negative ions. Because of the Coulomb forces, the stream
of positive ions tries to pull the negative ions along with it, and vice versa.
This effect is called electrophoresis, or eleciric friction. The net effect of
electrophoresis is to increase the viscosity, and the electrophoretic effect
naturally increases with concentration of the ions. Thus electrophoresis
causes the effective value of 5 in (1.10) and (1.12) to increase with n,
which accounts for the experimental observations just mentioned.

The theory of Debye and Hueckel assumes the salt to be totally dis-
sociated into ions in the solution. Since NaCl molecules are stable in the
solid state and in fact combine to form macroscopic crystals, we may
ask how it is that these molecules dissociate so completely in aqueous
solution. The answer lies in the exceptionally high dielectric constant
¢ = 80 for water. This reduces the electrostatic forces between two point:
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charges by a factor 80 from what they would be in vacuum. The fact
that the NaCl molecule completely dissociates under such a force reduc-
tion again indicates that its cohesive forces are primarily electrostatic
in nature.

1.4. Avogadro’s number

The laws of chemistry, of ideal gases, and of solutions offer no absolute
proof of the existence of atoms and the validity of Avogadro’s hypothesis.
A number of prominent nineteenth-century physicists were, indeed,
reluctant to admit the atom as an established scientific fact. The atomic
theory gained general acceptance only after several different determina-
tions of Ny led to the same value (within experimental errors), even
though the methods of measurement were based on different physical
principles. The value of Ny also is of great practical importance in relat-
ing macroscopic measurements to atomic constants. It is therefore worth
while to consider some of the independent ways of determining No .

We possess today a dozen or more methods that furnish Ny to an ac-
curacy of better than 10 %. The paragraphs below discuss some of these
methods, which fall into four main categories: (1.4a) determination of
Boltzmann’s constant k, which allows the calculation No = R/k; (1.4b)
direct measurement of the electronic charge ¢, which allows the calcula-
tion Ny = F/e; (1.4¢) direct counting procedures; (1.4d) miscellaneous.

1.4a. Determination of Boltzmann’s constant k

(a) Sedimentation Equilibrium. A suspension of fine oil droplets in
water obeys the law of atmospheres, except that here m is replaced by
m' = m — mo, where m is the mass of the oil droplet, m is the mass of
the same volume of water, and m’ is the effective mass with allowance
for the buoyant effect of the water. If the density of the oil is not much
greater than that of water, the particle size can be chosen large enough
to be directly measured with a microscope. After the suspension has
remained at constant temperature for several days to establish thermal
equilibrium, particles of a fixed size are counted at two different heights
hy and h; . Then by (1.32),

k= m'glhy — hy)/T In (n2/my) (1.13)

where n, and n, are the densities of particles at k, and h, . Within an
experimental error of about 3% such measurements give &k = 1.36 X
107" erg/°C. Thus at room temperature kT =~ 4 X 107 erg.

The inaccuracy of this determination arises chiefly in the measure-
ments of 7, and n . They are obtained by counting the number of par-
ticles appearing in a definite range of view in the microscope. This num-
ber is subject to fluctuations and will vary considerably in successive
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observations. The error in the average of a large number of observations
Q decreases only as 1/4/Q, so that several thousand observations are
necessary to attain an accuracy of 1%.

With k a known quantity, sedimentation equilibrium represents an
important technique for determining the molecular weight of large or-
ganic molecules typical of biological systems, such as proteins, rubber,
and cellulose. In the study of these systems, an ultracentrifuge replaces
gravity, producing an acceleration of 10g or more. The absorption of
light by the protein molecules determines the relative numbers n, and 7,
at two different heights. Such studies have revealed the important fact
that protein molecules can have definite molecular weights on the order
of 10*-10° amu.

(b) Brownian Motion. A small particle suspended in a solution exe-
cutes 4 random zigzag motion under the impacts of the solution mole-
cules, which are continually colliding with and bouncing off the particle.
Although the colliding solution molecules are too small to be seen, the
resulting (Brownian) motion of the small particles can be observed in
an ultramicroscope. The displacements of the particle in the x direction
at equal time intervals ¢ are observed over a large number of such inter-
vals. The mean-square value of these displacements z? is computed,
and the value of k follows from the diffusion-theory formula

_ 3mR 2?

k= T 3 (1.14)

Here is the viscosity of the solution and R is the radius of the particle,
which must be independently determined.

(¢) Coagulation Measurements. The addition of electrolyte to a col-
loidal solution will cause it to curdle. During this process two colloidal
particles that collide are likely to stick together; and if the electrolyte
is sufficiently concentrated, the likelihood of sticking together is prac-
tically unity. The detailed theory of this coagulation process, developed
by M. v. Smoluchowski, leads to the result that the number of separate
colloidal particles present at a time ¢ after addition of the electrolyte is

n(t) = (1.15)

No
1+ t/r
Here n, is the original number of particles present at time ¢ = 0, and =
is a constant called the coagulation time, which is the time after which
the original number of particles is reduced by one-half. Then n(t) and
hence 7 can be measured, either by counting the particles in a micro-
scope (using samples in which the coagulation has been stopped with



14 ATOMS AND ELEMENTARY CHEMISTRY Ch. 1

“protective colloids,” such as tannic acid) or by measuring color changes
of the colloid. The measurements provide excellent verification of (1.15).
The theory of Smoluchowski further shows that

1/7 = $nokT/n (1.15a)

where 7 is the viscosity coefficient of the solution. The coagulation time
is thus independent of the particle size and type. Measurements indeed
show that different colloids, such as milk or colloidal gold and silver,
coagulate at the same rate regardless of particle size, provided that the
original number of particles is the same. For any colloid with 10"
particles per cm® the coagulation time is 18 sec in water at 18°C. Intro-
ducing this result and the corresponding values 7' =~ 300, 7 = 0.01 into
(1.15) gives nearly the right value for k. Extensive measurements indi-
cate that this method is accurate to better than 2%.

(d) Black Body Radiation. A “black body” is one from which the
emission of radiation is independent of the material constituting the
body and depends only on the absolute temperature T' of the material.
The total energy radiated per second per cm’® is given by the Stefan-
Boltzmann law,

W = o', ¢ = 567 X 10~ erg/em’ sec (°K)* (1.16a)

If the radiation is plotted as a function of wavelength A, the maximum
intensity occurs at a wavelength X, given by Wien’s displacement law,

AT = b = 0.290 cm°K (1.16b)

The first satisfactory explanation of these phenomena came from the
work of Max Planck, who introduced the concept of the quantum in
formulating his explanation. This entailed introduction of a new con-
stant A, in terms of which

o = 20°K'/15K°C, b = hc/4.965k (1.17)

where ¢ = 3 X 10" cm/sec is the velocity of light. Elimination of &
from the two equations (1.17) yields

k = 1% (4.965)°sb%/cx’ (1.18)

Substitution of the experimentally determined values for ¢, b, and ¢
leads to k¥ = 1.38 X 107" erg/°K.

1.4b. Direct measurement of the electronic charge e

To measure an electric charge, we determine the force exerted on it
by an electric field of known intensity E. The instrument generally
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used for this purpose is an electrometer, or electroscope. A common
type of instrument is one in which the electric force is determined by
balancing it against gravity (gold leaf electroscope) or against an elastic
force, as in the string or quadrant electrometer. The smallest charge
measurable with these instruments is about 10™*° coulomb, or at least
10* elementary charges e. The limit of the sensitivity is set by the
Brownian motion of the gold leaf or string. Thus if we can count the
number of elementary charges e, we can use an ordinary electrometer
to determine e; otherwise a more sensitive electrometer based on a
different principle will be necessary. Both procedures are in fact feasible.

(e) Counting of Alpha Particles. A number of so-called radioactive
substances have been found to emit charged particles. Examples of
such substances are radium, thorium, and uranium. These naturally
produced particles are of two types called a and B, with respective
charges +2e¢ and —e. A magnetic field will separate positive and nega-
tive particles in motion, so that an experiment can use a particles alone.
The rate of emission of a particles from a natural source remains con-
stant over a period of many years and is determined by counting the
particles with a (eiger-Mueller counter, which produces an electric
discharge for each a particle entering the counter chamber. If the «
particles are used to charge an electrometer, it is possible to attain a
charge of 10,000e or more on the electrometer with a known number s
of a particles. The electrometer measures this total charge ¢ directly,
and the elementary charge is then ¢ = ¢/2s. It is evident that s must
be large, usually on the order of 10°.

(f) The Millikan Oil Drop Experiment. This determination of e followed
the invention of an improved electrometer, which consists of a capacitor
with horizontal parallel plates. Through a battery and short-circuiting
switch the potential difference across the plates can be made a fixed
value V or zero. The space between the plates contains a fine mist of
oil droplets. The capacitor volume is in the field of view of a horizontally
mounted microscope with illumination coming from the side. The
droplets appear in the telescope as “stars,” whose vertical progress can
be accurately measured by means of horizontal crosshairs in the eye-
piece. An ionizing radiation from an X-ray tube or from radium ir-
radiates the capacitor volume to provide plenty of charged particles.

The droplets move under two vertical forces: that of gravity, which
is always downward, and that of the electric field, which is downward
or upward according to the sign of the charge on the drop and the
polarity of the capacitor plates. A few of the droplets have the right
relation between mass and charge to stand nearly stationary under
equal and opposite gravitational and electric forces. The vertical



16 ATOMS AND ELEMENTARY CHEMISTRY Ch. 1

velocities of these droplets with and without the electric field can be
determined through the telescope and crosshairs.

The motion of the droplets follows Stokes’ law for a sphere in a
viscous medium,

F = 6rqRy (1.19)

Here F is the applied force, » is the coefficient of viscosity, R is the
radius of the sphere, and » is the final velocity of the drop, at which
the applied force is just balanced by the viscous drag. Thus for a con-
stant applied force the final velocity is a constant, and the final accelera-
tion is zero. The value of R is not known but can be determined from
the free fall under gravity, for which

6rnR = F1 = mg = ($«R°) (p — po)g (1.20)

Here p and po are the densities of the droplet material and of the air,
respectively, the difference accounting for the buoyant effect of the air
on the droplet. All factors in (1.20) except R are known or measured
in the experiment, and hence R is determined. With the electric field
the equation corresponding to (1.20) is

6mRve = Fy = mg — (V/d)g (1.21)

Here V and d are the potential difference between the capacitor plates

and g is the total charge on the droplet. In (1.20) and (1.21) the down-

ward direction has the positive algebraic sign for forces and velocities.
These equations yield

V 6“"7(‘01 — )R
(122)
_ d 9"01 1/2
=y Smalon — o) [2(9 po)g]

The values of ¢ determined in this way are found, within the experi-
mental error, always to be a small integral multiple of ¢ = 4.8 X 107"
esu.

A variation of this experiment shows the atomicity of electric charge
even more directly. In the electric field a drop will often abruptly
change its velocity from v, to v,’. This must be due to a gain or loss
of electric charge, given by

¢ — g=Aq = (d/V)6an(v: — v')R (1.23)

Equation (1.23) may be used relatively or absolutely. If R is not de-
termined, then when the drop is followed through several successive
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velocity changes in a constant field, Ag is in constant proportion to
Av. It is found that Av is always equal to a constant magnitude or
sometimes a small multiple of that magnitude, which implies the same
about Ag. If R is determined from the free-fall velocity v; of the same
drop, the absolute Ag may be obtained. It is alwayse, ora small multiple
thereof. Thus not only is the droplet charge a simple multiple of e,
but the process of losing or gaining charge always occurs in units of e
and never gradually. This is the most direct evidence we have that
the basic unit of charge is e.

1.4c. Determination of N, by counting

(g) Counting of a Particles. This method uses the same particles and
Geiger-Mueller counter as method (e) above, but is based on Ruther-
ford’s obgervation that an o particle in coming to rest loses its charge
and becomes a helium atom. The « particles emitted by a radioactive
source collect in an evacuated container, and the amount of helium re-
sulting is determined by spectroscopic analysis. Such measurements
show that 1 g of radium emits in one year enough particles to form
0.156 cm® of He gas at 0°C and 1 atm pressure. Counting experiments
show that 1 g of radium emits 1.36 X 10" particles per second. The
numbers of atoms in 1 mole of He is therefore

No = 1.36 X 10" X 60 X 60 X 24 X 365 X 22414/0.156
= 6.16 X 10®

(h) X-Ray Investigations of Simple Crystals. This method is today
considered to give the most accurate determination of No, because of
the precision of X-ray measurements. Chapter 5 contains a more com-
plete discussion of X-ray diffraction, but the principle of the method
can be sketched here. Suppose that we wish to count the number of
lines in an optical grating. Instead of counting the lines with a micro-
scope, we can measure the distance d between the lines by using the
grating for diffraction of light of a known wavelength A. The well-
known grating equation then tells us that the diffraction maxima occur
at the angles 0; , for which

sin 0; = jd/A, i=123,... (129

The number of lines in a grating of length L is thus L/d. In an exactly
analogous manner, X-rays are diffracted from the three-dimensional
lattices formed by the atoms in a crystal. Study of the X-ray diffraction
patterns produced by crystal of NaCl shows that the ions are arranged
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in a simple cubic lattice, as illus-

trated in Fig. 1-2. The Na and Cl

ions are at alternate corners of unit

cubes of side d, and exact measure-

ments show that d = 2.82 X 107° cm.

This information on the lattice

® Na structure and dimensions of the

o Cl  crystal is sufficient to compute Avo-

Fig. 1.2. Simple cubic structure §adro’s number from the molecular

of NaCl erystal. weight M = 5845 of NaCl and the

density p = 2.17 g/em®. There are 1/d3

ions per em®, and one mole of NaCl occupies a volume of M/p em®.
The number of ions per mole is thus

M/pd® = N, (C1) + N, (Na) = 2N, (1.25)

Equation (1.25) holds only for simple cubic lattices, with one atom
at the corner of -each unit cell. It is applicable to NaCl, KCl, NaBr,
LiF. For other types of regular lattices formulas similar to (1.25) but
with different coefficients can be established. An alkali halide like
CsCl, for instance, has a body centered lattice in which all the atoms of
one kind are at the corners of the cubes, and all the other atoms are
at the cube centers. Many metals, such as Ni, Fe, Cu, Ag, and Au, have
cubic lattices. Usually they are body centered, but some are face
centered with the atoms in the centers of the faces of the unit cell, as
well as at the corners.

1.4d. Miscellaneous methods

These methods usually require the measurement of a number of
different macroscopic constants, while those described above generally
require the measurement of one macroscopic and one microscopic
constant.

(i) The Refractive Index and Light Scattering of Gases. Elementary
considerations show that the refractive index n of a gas at 0°C and 1
atm pressure is related to the electric polarizability a of the atoms or
molecules by the equation

2xLa = (n* — 1)/2~n -1 (1.26)

Here L = N,/22414 = 2.69 X 10" is Loschmidt’s number, the number
of molecules per cm® of gas at normal temperature and pressure. The
same considerations show that if a parallel light beam of intensity
I (erg/cm’® sec) is incident on a volume V of the gas, the rate dU/dt
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(erg/sec) at which luminous energy scatters into a solid angle dw at
90° to the incident beam is

dU/dt = SVI dw
S = }(2x/)\)'Lo’

where S is the transverse scattering power and X is the wavelength of the
light. We can determine L and hence No by measuring n and S for a
gas with light of a known, constant wavelength. Eliminating a from
(1.26) and (1.27), we have

L = 27'(n — 1)*/S\* (1.28)

The most careful determination of N, by this method, using argon gas,
leads to a value Ny = 6.6 X 10%. This method is subject to some in-
herent inaccuracy, discussed at the end of Chapter 4.

() The Limiting Law for Electrolytes. It was pointed out in section 1.3
above that ions in solution exert electrostatic forces on each other
These electrostatic forces affect the lowering of the freezing point.
For example, the addition to a liter of water of m moles of a 1-1 valent
clectrolyte like NaCl should ideally lower the freezing point by A, =
3.72 m °C. Because of the electrostatic interaction between the ions the
actual lowering A in a solution of finite concentration is somewhat less
than Ao. The theory of Debye and Hueckel mentioned in section 1.3

leads to the fomula
é _ '\/E sz )3/2

1= & = 2eW, (Bﬁ (1.29)
where F is Faraday’s constant and e is the dielectric constant of water.
Equation (1.29) is valid only for low concentrations m, where it leads
to the same value of N, as the other methods described above. This
close agreement of many independent procedures for determining No
conclusively establishes the validity of the atomic hypothesis.

(1.27)

SUMMARY

The elementary laws of chemistry lead to the concept of atoms as
indivisible chemical units of matter. They combine with each other
according to strict valence rules. The number of atoms per gram
atomic weight, based on O = 16.000 . .. , is Avogadro’s number, Ny =
fliél_?»ﬂx 10®. On this basis one atomic mass unit (amu) equals 1.66 X

g.

The elements can be unequivocally arranged into groups with similar

chemical properties. Such a periodic table indicates a definite atomic
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number Z for each element. This number will prove to be of cardinal
importance for the internal structure of the atom.

The Boltzmann principle of statistical mechanics states that for a
system in thermal equilibrium at temperature T, the relative proba-
bility for any component of the system to have energy E is e *'*7.
Boltzmann’s microscopic constant k¥ = 1.38 X 107*° erg/°K is related
to the macroscopic gas constant R through k = R/N,.

Faraday’s law of electrolysis states that F = 9.65 X 10* coulombs is
required to deposit from solution A/z grams of a z-valent element of
atomic weight A. This strongly suggests that valences are associated
with electric charge, and that electric charge in atoms comes only in
multiples of an elementary unit e = F/Ny, = 4.8 X 107" esu = 1.60 X
107" coulomb. This elementary charge is measured directly in Milli-
kan’s oil drop experiment.

The validity of the atomic hypothesis requires that Avogadro’s
number N, be a universal constant. It is therefore of great importance
that all independent methods of measuring N, lead to the same result,
within experimental errors. Several of these different methods are
discussed.
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ILLUSTRATIVE PROBLEMS

1. Use the Boltzmann relation (1.9) to obtain the density distribution
of the atmosphere as a function of height, assuming a constant tempera-
ture T'. Integrate the resulting equation to obtain (1.7).

Solution. The total energy of each molecule is

E=U+K+ mgh (1.30)

where U is the internal energy of the molecule, K its kinetic energy, and
mgh its potential energy in the gravitational field of the earth. Assuming
that U and K are independent of the heights of the molecule in the
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atmosphere, we have for the relative probability of finding a molecule
at heights b, and bz ,

pz/Px = em(lu-h:)/u (131)

The probability that a molecule will be present at a certain beight is
directly proportional to =, the average number of molecules per unit
volume at that height. Thus in (1.31) we can replace p/p1 by na/ns; or,
taking the height h; = 0 at the earth’s surface and calling 4. a general
height k, we have

n(h) = noe ™M*T (1.32)

Here n(h) is the number of molecules per unit volume at height A, n
is that at the earth’s surface. The relation (1.32) is sometimes called
the law of atmospheres.

Equsation (1.32) provides a second method for relating k to the
macroscopic constants B and N, . The pressure of the air on the surface
of the earth is just the force due to the weight of the molecules above
a unit area of the surface. This pressure is

P= £ " mgn(h) dh = nokT (1.33)

with the use of (1.32). If V is the volume occupied by one mole of the
gas, then ny = No/V, where Ny is Avogadro’s number. Thus (1.33) is
equivalent to

PV = Nu&T (134)

On comparison with the well-known perfect gas law, PV = RT, we see
that

R = Nk (1.35)
which is identical with (1.7).

2. How many elementary charges are required to deflect the string
an electrometer by 1 ecm when its sensitivity is 2 X 107" volt/cm
deMection? The electrometer has a capacitance of 2 uuf and the charges
are Nollected in an ionization chamber with a capacitance (including
leads o the electrometer) of 5 puf.

SolutXon. The total capacitance of the system is 2 + 5 = 7 uuf =
7 %X 107%f = 7 X 107" coulomb/volt. To produce a deflection of 1 cm
thus requines a charge of (2 X 107 (7 X 107) = 1.4 X 107 cou-
lomb = (14X 107%/1.6 X 107 = 9 X 10* elementary charges of

A

magnitude ¢ = 1.60 X 107" coulomb.
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3. It is characteristic of kinetic theory considerations that they give
rise to Gaussian probability distributions of the form

p(:c) dx = V/2/xx0 ¢ gy

The mean square value of z is
7 = f 2p(z) dz = 20
0

Such a probability distribution applies to Brownian motion, where x
is the displacement of a droplet between two collisions. Using (1.14),
determine the maximum radius that an oil droplet can have so that 1ts
z-displacements in intervals of 1 second exceed 1 micron (1p = 107
cm) in magnitude at least 50 % of the time. Is the droplet visible in an
ordinary microscope, which has a resolution on the order of the wave-
length of visible light, A = 4 X 10~° em?
Solution. We require the value of z = /2 such that

[ payar =13

z1/2

The integral of the Gaussian or error function is given in standard
mathematical tables, and we find that the 50% condition is xl/; =
0.67x, . Accordmg to the conditions of the problem, x;, = 107

80 Zo = 1.5 X 10~ em. Using (1.14) with kT = 4 X 107 erg, 9 =
0.01, we obtain

= (kT)t/(3wnzo’)
=4 X 10" X 1/[3r X 107% X (1.5 X 1077
=19X 10" cm

This droplet is not visible in an ordinary microscope.

PROBLEMS

1. If the water molecules in one gram of water were uniformly distrib-
uted over the surface of the earth (R = 6300 kilometers), how many
molecules would be found in one square centimeter of the earth’s /s,hr-
face? .

2. (a) If all positive ions in one mole of NaCl could be placed-p¢ the
north pole of the earth, and all negative ions at the south pgle what
force would be necessary to hold an electron at the equator? (b) Find
the force between the two charge concentrations themselves; the large
magnitude of this force illustrates the enormous quanfity of charge
contained in one mole of ions. '
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3. In a modification of Millikan’s experiment the plates of the ca-
pacitor are vertical and the charged oil droplets, moving under the
simultaneous action of gravity (vertical) and electric field (horizontal),
move in an inclined straight line. Two different droplets of oil, not
necessarily the same size, are observed: droplet A descends along a
path at 60° with the vertical, droplet B at an angle of 45° with the
vertical. The speed of droplet B is 1.43 times that of droplet A. What
are the smallest possible charges on the particles?

4. Alpha particles are doubly positive helium ions (charge +2e).
When a single alpha particle enters a Geiger counter, it causes an
electric discharge of 1 microsecond (10 sec) duration. To count a
rapid succession of particles, the discharge pulses are passed through
an electronic device consisting of several stages. Each stage contains
two electronic tubes and transmits to the following stage one-half the
number of the pulses that it receives from the preceding stage. The
final stage operates a mechanical counter. Assume: (1) the Geiger
counter records every alpha particle if they enter at a rate not higher
than 10° particles per second; (2) the mechanical counter has a maximum
recording rate of 50 pulses per second. Compute: (a) How many elec-
tronic tubes does the device require? (b) If the life of a tube is two
years for continuous operation, what fraction of one mole of He can be
counted? What is the reading of the mechanical counter at that time?
(c) How long would it take, with tube replacements, to count one mole
of He by this method?

5. Radium is known to eject a particles, each particle forming after
release a helium atom. The rate of ejection remains constant for long
periods (decreasing by 50% after about 7 X 10 years). During one
year, 1 g of radium is found to produce 0.156 cm® of helium gas at NPT
(1 atm 0°C). The ejection of a single a particle can be recorded as a
single discharge in a Geiger-Mueller counter. How many micrograms
will produce ten clicks per second in a counter of 1 ¢m’ area placed in
a vacuum 10 cm from the Ra source?

6. Compute Avogadro’s number from the following sets of data: (a)
for light of wavelength A = 4358 A in argon at normal temperature and
pressure the refractive index is 1.000280 and the transverse scattering
power is 1.34 X 107%; (b) the density of KCl is 1.984, and its simple
cubic lattice spacing is d = 3.138 X 10 cm

7. The Brownian motion of the spherical particles in a gold colloid
at room temperature (T = 300°, 3 = 0.01) is to be studied with an
ultramicroscope. The objective of this microscope produces a real
image with a magnification of 300 in the plane of the glass scale, which
is observed through a 10 power ocular. What must be the radius of the
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gold particles to observe for a time interval of 16 sec an rms value of
the displacement along one direction (a) equal to the diameter of the
particle; (b) equal to 5 mm, as seen by an observer with normal vision?
(c) What is the sedimentation velocity of the latter particles (apply
Stokes’ law and the force of gravity)?

8. Protein molecules have a molecular weight of 20,000 and a density
of 1.5. A dilute aqueous solution is placed in the cell of an ultracentri-
fuge. The outer radius of the cell is 3 cm, the inner 2 ¢cm from the axis,
and the concentration difference is measured by recording the absorp-
tion of light. What must be the number of revolutions per sec and the
effective g to observe a concentration ratio of 1.1 between the outer
and inner ends of the cell?

9. Two electrodes with a potential difference of 100 volts and a
separation of 1 cm are inserted in a dilute solution of NaCl. If the
radius of an Na ion is 1.4 X 107° cm, how long will it take to travel
from the positive to the negative electrode? Assume a viscosity of 0.01
cgs unit and recall that the effective field in the medium is reduced by
a factor 1/¢, where ¢ = 80 for water.

10. Gold particles of radius 10™° cm are observed to migrate under
the influence of an electric field with an electric mobility of 4 microns/
sec/volt/em. The direction of the migration indicates that the particles
are positively charged in water; and since gold is a conductor, we con-
clude that a certain fraction f of the gold atoms on the surface of the
particles are positive ions of single charge. Assuming that a gold crystal
has a simple cubic lattice, compute this fraction f. The viscosity of the
water is 0.01 poise (cgs units).



Chapter 2
ATOMS AS COMPONENTS OF MATTER

In this chapter we continue the discussion of Chapter 1, still treating
atoms from an external point of view but now emphasizing their physical
rather than chemical characteristics. We shall also consider some ap-
plications of kinetic theory, which relates the mechanical motions of
atoms and molecules to the bulk thermal properties of matter.

2.1. The dimensions of atoms and molecules

We shall see in our later discussions that an atom has no sharply de-
fined boundary, according to our most modern and comprehensive
picture of the atom. Nevertheless, many properties of matter can be
understood by considering a single atom as a solid sphere of definite
radius. The sphere is supposed to be elastic as well as impenetrable;
that is, it can absorb no energy into its internal motion or ‘heating”
such as that produced in a macroscopic inelastic sphere. A molecule
then consists of a cluster of spheres; although a moleculeis not spherical,
it is convenient to introduce an average molecular radius. The sig-
nificance of this radius varies with the problem; for example, it may
refer to the radius of the sphere with the same volume as the molecule,
or to the radius of a circle that has the same area as the molecule in
impact experiments. It is obvious that the various methods of comput-
ing molecular sizes cannot give exactly identical results. The same is
true for the radii of atoms. The apparent size of an atom in a gas may
differ somewhat from the size of the same atom in a liquid or solid.
Actually, these differences seldom amount to more than 5-10 % in atoms
so that it is reasonable to speak of a definite atomic radius. Although
this hard-sphere picture is certainly not correct in detail and has many
shortcomings, it provides a useful orientation in the magnitudes of
atomic systems. We shall therefore describe some of the numerous
methods available for the determination of atomic magnitudes, which
generally turn out to be on the order of Angstroms, where 1 A = 10~° cm.

(a) The Lattice Constant of Solids. The high compressibility coefficient
of solids indicates that in a crystal the atoms are very closely packed.
It is permissible to assume that the spherical atoms are touching each
other. Hence we conclude that for a crystal such as NaCl the lattice
distance d must be the sum of the radii of the Na and the Cl ions.
X-ray investigations of a large number of crystals validate this conclu-
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sion. They show that whenever the same two atoms have each other as
neighbors in a crystal, they are separated by very nearly the same
distance. Thus the distance between a nitrogen atom and an oxygen
atom is found to be 1.14 & 0.02 A in all nitrate crystals. The oxygen-
oxygen distance is 1.22 A, and the nitrogen-nitrogen distance is 1.10 A.
These data indicate that the radius of the oxygen atom is about 0.6 A
and that of nitrogen 0.55 A. Similarly, the distance between O and S
atoms is measured with X-rays to be 1.37 A, so that the radius of the
S atom must be about 0.8 A. This is verified by the measured S-S
distance of 1.60 A. In this manner the approximate radii of atoms and
ions in crystals can be ascertainéd within about 0.02 A. The numerous
cross checks agree within this limit. The X-ray method has been ex-
tended to measurement of interatomic distances in molecules of gases
and liquids, and the results agree with those obtained from crystal data.

(b) Density of Liquids. The variations in density p of almost all liquids
with changes of temperature and pressure are so small that we may
assume the molecules to be closely packed. To obtain a rough estimate
of the radius R of the molecules, we can assume that they are spheres
in the hexagonal close packing, like stacked cannon balls. In this type
of packing the empty space between the spheres amounts to 35% of
the space occupied by the spheres. Hence the molecules of one mole
require a volume 1.35 X (4x/3)R’N,, which must be equal to M/p, or
hence

R =067vVM/p A, 1A=10"cm 21

While this is a rough approximation, it can be expected to give the
correct order of magnitude with an accuracy of better than 30%, be-
cause any other type of packing would not change the numerical factor
0.67 by more than this. Within the same accuracy the equation can be
expected to hold also for solids, because their density is not much
different from that of the liquid form of the same substance.

From the values of M and p given in Appendix II it is apparent that
the radii of atoms do not cover a large range. Carbon in the crystalline
state of diamond has the smallest M/p value of 3.4 and Cs has the
largest value of 72, indicating a variation of R by a factor 2 to 3. For
chemically similar elements such as the alkalies, the alkaline earths, or
the halogens, the radius increases with the atomic weight and the
atomic number; but a comparison of chemically dissimilar elements
shows that a heavy element generally does not have a much larger
radius than a light element. For instance, the M/p for Li is larger than
that of the heavy elements Pt or Hg. A plot of the M/p values versus
the atomic number Z shows that the alkali atoms are largest, the alka-
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= line earth and halogen atoms come next in
,7—-‘?/\/ ' size, and for most of the other elements
M /p is between 5 and 20, with a varia-

tion of R of less than 50 %. It follows
that the radius of most atoms is less than
2 A, with a lower limit of about 0.5 A.
Although the alkali atoms seem to be exceptionally large, we should
remember that these atoms usually occur in the form of positive ions.
As ions they have a radius of normal magnitude, as may be inferred
from the fact that the lattice constant of the alkali halides is about 3 A.

C -

Fig. 2.1. Kinetic theory model
for viscosity.

(¢) Mean Free Path and Viscosity of Gases. A molecule of radius R,
moving along a straight line with a velocity » through an ideal gas
would collide with 4xR*nv molecules during each second, where n is the
number of gas molecules per cm®. As it travels during this time a distance
of v cm the average distance between impacts is A = 1/4xR’n. Actually
the molecule follows a zigzag path, which increases the collision prob-
ability with the result that the mean free path is reduced to

~ A = 1/4x/2 R’n 2.2)

Suppose that a gas fills the space between two parallel plates, one of
which is moving with constant velocity in a direction parallel to the
plates, while the other is at rest (see Fig. 2.1). Every molecule hitting
the moving plate will gain at the impact an additional momentum due
to the motion of the plate. This additional momentum will eventually
be imparted to the plate at rest, which will hence feel a force dragging
it along in the direction of the moving plate. This is called the force of
viscosity. Its determination furnishes the coefficient of viscosity 9 of
the gas. The magnitude of the momentum transferred to the resting
plate, and hence the value of n can be computed from kinetic theory,
which shows that 9 is independent of the gas pressure and is propor-
tional to the square root of the absolute temperature. The viscosity 7
is also proportional to the square root of the molecular weight M and
is proportional to the mean free path or hence to 1/R’. For 0°C the
theory gives the relation

2(0°C) = 1.14 X 107°+/M /R’ (2.2a)

Since the viscosities of all gases range between 1-2 X 10™ cgs units,
Eq. (2.2a) indicates molecular radii on the order of 107% em.

At atmospheric pressure n = L = 2.69 X 10®, and the mean free
path computed from the viscosity is

A = /(206 X 107/ = /6.6 M (2.2b)
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Using M = 30 and n = 1.7 X 107" for air, we have a mean free path
at normal temperature and pressure of 5.6 X 10~° cm. The mean free
path lengthens as we reduce the gas pressure; for 1 mm Hg pressure
it is roughly 4.3 X 107 cm, and to obtain a free path of 1 cm we must
reduce the pressure to 4.3 X 10~ mm Hg.

(d) Properties of Real Gases. The ideal gas law is valid only at low
pressures where the distance between the molecules is so large that a
molecule is effectively a mass point, and the forces acting between
molecules can be neglected. To include deviations from the ideal gas
behavior, two corrections are necessary to the equation PV = RT for
one mole. (1) The volume available to the molecules is not that of the
container but is reduced by some volume proportional to that occupied
by the spherical molecules. The “proper volume” occupied by the
molecules in one mole is € = No(4r/3)R’. A detailed argument shows
that the reduction in V must be b = 49Q. (2) Neighboring molecules
exert forces on each other. Since any molecule inside the gas is sur-
rounded by a large number of neighbors on all sides, the resultant force
on any inner molecule averages to zero. This is not true for molecules
near the surface, however, because they have neighbors on one side
only, which pull them inwards. This pull is equivalent to a pressure
from outside, so that P must be replaced by a larger quantity. With
these corrections, the equation for an nonideal gas takes the form

(V=12b) (P + a/V? = RT (2.3a)

which is called the van der Waals equation.

The isothermal lines in a PV diagram of Eq. (2.3a) are shown in Fig.
2.2, where Ty > Ty > Tx > T3 > Ty. For high temperatures these
curves approach hyperbolas, as for an ideal gas. At low temperatures
there is a region in which the solution of (2.3a) yields three real values
of V corresponding to a particular P. The P(V) curve then has a
maximum and a minimum. Between these extremes the volume de-
creases with decreasing pressure. This is a nonphysical behavior, which
must represent a failure of (2.3a). Equation (2.3a) is suitable for a
system entirely in the gaseous phase but is not adequate to describe a
liquid-gas combination. The anomalous region of Fig. 2.2 corresponds
to liquification of the gas. The correct description of liquification is to
have a continuous change of volume at constant pressure, as indicated
by the horizontal lines in Fig. 2.2. The dotted region in Fig. 2.2 repre-
sents the condensation of a gas to form a liquid. Equation (2.3a) pre-
dicts such condensation only for temperatures below the critical tem-
perature T, determined by the condition that the maximum and
minimum of the isothermal P(V) should coincide. Mathematically, we
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Fig. 2.2. Isotherms PV for the van der Waals Eq. (2.3a): P and V
are pressure and volume, and the temperatures Ty > T: > Ty > T3 >
T,. The critical point is at Tk, Vi, Pg.

must require (dP/dV)r = (d’P/dV*), = 0 in Eq. (2.3a). The corre-
sponding critical volume V; and critical pressure Py are

Vk = 3b, Pk = 3RT/¢/8VI: (23b)

where T is the critical temperature below which a gas must be cooled
before it can be liquified by compression. The pressure necessary for
liquification is always smaller than P, and approaches this value at the
critical temperature. Therefore T, and P, are experimentally meas-
urable, and from these values we compute V; , b, and the radius of the
molecule.

(e) Mobility of Ions and Electrolytic Conductivity. Equations (1.10)
and (1.12) are valid only when the electrophoretic effect can be neg-
lected. This is the case for very dilute electrolytes. By measuring the
mobility of one single type of ion as a function of the electrolyte con-
centration and extrapolating to zero concentration, we can find the
radius of such ions from v/E = e/6wyR. The radii of all other types of
ions can then be computed from (1.12) and conductivity measurements,
which again must be extrapolated to zero concentration.

The results obtained by this method agree with those obtained from
X-ray investigations of heteropolar (ionic) crystals only in those cases
where the ion is larger than 1 A. For small ions, such as Li or H, the
conductivity data lead to radii that are too large. We must therefore
assume that small ions are “hydrated.” In their migration in the
electric field they carry with them a layer of water molecules. Hydra-
tion is the result of the extremely strong electric field near the surface
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of the ion. For an ion of 1 A radius carrying a charge e this field is
e/r = 48 X 10° esu = 14.4 X 10° volt/cm and exerts such a strong
force on the dipoles of the water molecules that the latter appear to be
chemically bound to the ion. In larger ions this effect is greatly reduced.

(f) Refractive Index of Gases. Equation (1.26) relates the refractive
index n of a gas to the electric polarizability of the gas molecules. If a
gas molecule were a perfectly conducting sphere, we should have

a=R (2.4)

Deviations from ideality will make a < R?, but this method can still be
used to give minimum estimates of R.

2.2. Molecular moments of inertia

The moment of inertia I of a molecule has a magnitude of order
mR?, where m is an atomic mass. We know the relation between mass
in amu and in grams, 1 amu = 1.66 X 10~* g. Therefore measurement
of I also in principle allows the determination of atomic and molecular
radii. Values of I are determined indirectly by measuring the fre-
quencies at which molecules absorb radiation in the microwave and
infrared regions.

One important fact about atomic structure is immediately evident
from such measurements; namely, that although the atom may behave
in some respect like a hard sphere of radius approximately 1 A, its mass
appears to be almost entirely concentrated at a point in its center.
Consider for example the oxygen atom and O: molecule. The radius of
the O atom is R = 0.6 A, and if the mass of the atom were distributed
uniformly throughout this sphere, the moment of inertia would be I, =
2mR’/5 = 3.8 X 107 g cm’. An oxygen molecule would have two
moments of inertia: one about the axis joining the centers of the two
atoms equal to I, = 21, = 7.67 X 107 g cm; the other about an axis
passing through the center of mass of the molecule and perpendicular
to the line joining the centers of the atoms and itself equal to I; =
2(Io + mR’) = 269 X 107 g cm’.

These predictions are in direct conflict with the experimental evi-
dence, which shows that the O, molecule has only one moment of
inertia with the value 7 = 19.2 X 107 g ecm®. This experimental value
just equals 2mR*, which is the moment of inertia of two mass points m
separated by a distance 2R. Two mass points would have Iy = 0,
which explains the absence of a second measured value for . Thus the
experimental evidence strongly indicates that the mass of an atom is
mainly localized in a small region about its center, called the nucleus
of the atom. By taking this fact into account, we can compute the
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interatomic distances of simple molecules from their measured moments
of inertia. A complex molecule without an unusually high degree of
symmetry will have three different moments of inertia. If the geo-
metrical shape of the molecule is known, these moments serve to fix
its dimensions. The moments of inertia of molecules vary between
wide limits, from 0.47 X 107 g cm’ for H, to 2750 X 10~ g cm” for
Hgl., and to even larger values for complex molecules with heavy
atoms. For most common, simple molecules it is on the order of 100 X
107 g cm’.

Table 2.1 contains a summary of some molecular and atomic sizes
as determined by various methods. The method called spectroscopy for
atoms involves measurement of the moment of inertia of a gaseous
molecule. Note that the radii of diatomic molecules are approximately

, TABLE 2.1. MOLECULAR AND ATomic Rapire
MEeTHOD MEeTHOD
Molecule | Gas  Critical Liquid Atom < Spectros-
Viscosity  Point  Density A-ray copy
He 0.98 A 1.25A | 2.00 A He
Ne 1.17 Ne
A 1.46 1.45 2.02 A
Kr 1.6 1.57 2.24 Kr Molecules
Xe 1.756 1.63 2.22 Xe monatomic
Hg 1.19 1.29 Hg
H, 1.23 1.33 1.97 H 0.30A | 0.37A
N. 1.59 1.49 2.12 N 0.70 0.55
O, 1.49 1.35 1.94 (0]} 0.66 0.60
F. F 0.64
Cl. 1.85 1.55 1.84 Cl 0.99 0.99
Br, 2.02 Br 1.14 1.14
I, 2.23 I 1.33 1.33
NO 1.5 B 0.88
CO 1.6 1.52 2.12 C 0.77
HF 1.42 Si 1.17
HCI 1.5 1.5 2.09 P 1.10
HBr 1.56 1.75 S 1.04
HI 1.7 Ge 1.22
H.0 1.36 1.4 1.35 As 1.21
CO, 1.66 1.55 2.3 Se 1.17
S0, 1.69 Sn 1.40
CH, 1.67 1.56 Sb 1.41
CCl, 1.9 2.69 Te 1.37
CeH, 2.1 2.6

s Data mainly taken from H. A. Stuart, Molekulstruktur, Springer, Berlin
(1934) and L. Pauling, Nature of the Chemical Bond, Cornell, Ithaca (1945).
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the sums of the radii of their atoms, but that the molecular radii show
larger fluctuations among different methods of measurement than do
the atomic radii. This suggests that the hard-sphere approximation is
less valid for molecules than for atoms. Note that the heavy atoms do
not tend to be much larger than the light ones; for example, the atom
of Hg is not much bigger than that of Si.

2.3. Forces between atoms and molecules

Since atoms, ions, and molecules combine to form crystals and larger
aggregates of cohesive matter, there must be appreciable attractive
forces between them. From the rather limited point of view of this
section, which regards atoms, ions, and molecules as hard spheres, we
cannot expect to ynderstand the origins of these forces. We must be
content merely to describe them phenomenologically. Four types of
forces can be catalogued: coulomb, valence, van der Waals, and re-
pulsive.

The coulomb forces are the only interatomic forces that can be well
understood without knowledge of internal atomic structure. For ions
of valence z; and 2, (positive or negative) separated by a distance r in a
medium of dielectric constant e the coulomb foree is

F = 2126’/ & (2.5)

Here F is directed along the line joining the ions and a positive sign
means repulsion, negative sign means attraction.

The attractive forces between atoms include valence as well as
coulomb force. The hard-sphere model is quite inadequate to explain
valence forces. A more complete and detailed model can successfully
interpret them as arising from the exchange of electrons between the
atoms. The characteristic property of valence forces is their ability to
bind a definite number of atoms, no more and no less. Valence forces
are also directional, so that an atom with two or more valence links
always has definite angles between these valence bonds. For example,
in an H;0 molecule, the angle between the two O—H bonds is always
108°. The attractive forces give rise to the binding energy of a molecule,
which is the energy necessary to dissociate the molecule into separate,
neutral atoms. This energy is on the order of 10" erg for the simplest
molecules; for example, the binding energy of H; is about 0.7 X 107"
erg, of N’ and CO about 1.8 X 107" erg, of O; about 1.1 X 107" erg,
of Cl; about 0.4 X 107" erg.

Van der Waals forces are attractive forces acting between the neutral
molecules of a gas. They are responsible for the formation of liquids
and the existence of surface tension. They are relatively weak forces
and act over a short range, on the order of 1 A or less. For large ranges
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they fall off very rapidly, having a variation with range roughly as
1/r". They arise from mutual polarization effects of the molecules,
which tend to form two electric dipoles and thereby attract each other.
The energy required to separate two molecules held together by van der
Waals forces can be estimated from the heat of evaporation of liquids.
For example, the heat of evaporation of O: at its boiling point of 90°K
(Kelvin or absolute temperature) is about 1.6 X 10* cal/mole. Because
of the short range of the van der Waals forces, we may assume that each
molecule is bound by these forces to only two other molecules. Then the
number of pairs of molecules per mole is No, and the average energy
required to separate a pair is on the order of

1.6 X 10° X 4.2 X 10" erg/6.0 X 10® = 10 erg

This energy is only about 1% of the energy required to separate the two
atoms of an O, molecule.

The forces discussed above are all attractive and would tend to
make every molecule collapse into a point. To reproduce the hard-
sphere behavior of atoms, we must introduce a strong repulsive force
that acts inside the hard-sphere radius and vanishes rapidly outside
of it. This is a totally ad hoc assumption, and classical physics has
nothing to say about the nature of this repulsive force. The form
chosen for the force is guided solely by mathematical convenience;
it has been customary to take

F=A/" (2.6)

where 7 is a relatively large number.

As an illustration we apply this phenomenological treatment of inter-
atomic forces to the case of an NaCl crystal. For a first approximation
we consider only forces between nearest-neighbor ions. Combining
(2.5) and (2.6), we have for the force law between ions (using esu,
where e = 1)

F=-¢/fr+ 4/ . @2.7)

where A and n are unknown and to be fitted to the empirical data.
From X-ray measurements it is known that the spacing of nearest
neighbor ions in the NaCl crystal is d = 2.82 A. At this point the
force F must be zero, since the crystal is in equilibrium. Thus we have

F=0, éd"*=4 2.8)

A second equation is obtained from the laws of elasticity. By Hooke’s
law the force S per cm® required to stretch a bar of length L an in-
finitesimal amount AL is given by S = Y AL/L, where Y is Young’s
modulus. The crystal can be regarded as composed of long chains of
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nearest-neighbor atoms. The density of the chains is 1/d* per cm?
Each pair of atoms in a chain suffers an equal displacement Ad such that
Ad/d = AL/L. The force on each chain is Sd* and is transmitted
equally throughout the chain, so that Sd® = —AF, where AF is the
force due to displacement Ad from the equilibrium position (2.8). Thus

Ad —AF 1 /dF _ 2%° nd \ Ad
Ya"s‘*dT*'a'z(d—r),.d“"(W‘dTﬂ)zf

2 nd e
by substitution of (2.8) Measurement of d and ¥ permits evaluation of
n and A: for NaCl, Y = 6 X 10" dyne/cm’, and we find n &~ 10, 4 ~
82 X 107%,
We next search for phenomena to test this model of the crystal. Ac-

cording to the model, the ions oceupy equilibrium positions with an
elastic restoring force, given in (2.9) as

AF = —Yd ad (2.10)

We write AF = F, Ad = z, (Yd) = f, where f is the stiffness of the
linear restoring force that holds the atom to its equilibrium position.
Then (2.10) becomes just the familiar force law for simple harmonic
motion with frequency

v = w/2x = 1/2z+/f/M = 1/22/Vd/M (2.11)

Because the harmonic motion consists of two atoms of different masses
M, and M, moving against each other, in (2.11) we must substitute the
reduced mass,

M = M\M,/(M, + M) (2.12)

For NaCl we calculate » = 3 X 10" sec™.

We can observe this resonauce frequency directly. When light is re-
flected on a succession of NaCl crystals, most of the light passes through
the crystals. After several reflections the reflected beam practically
vanishes. There is one exceptional case, however. If the light has the
resonant, frequency (2.11), it strongly excites vibrations of the ions.
Since these are charged particles, they reradiate light of the same fre-
quency by their vibration. The net effect is that the NaCl reflects
light of the frequency » selectively. After a number of reflections a
beam of light originally containing all frequencies will contain only the
frequency », which can be measured directly. This light remaining after
several reflections is called a residual ray (Reststrahl). Residual rays
were first observed by Rubens at the end of the nineteenth century.
Their wavelengths lie in the infrared part of the spectrum. For NaCl
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the wavelength is 52 u, where the micron p = 10~° meter = 10* cm.
The corresponding frequency is 5.8 X 10" sec™', which is of the same
order of magnitude as the calculated value. For our phenomenological
treatment, order-of-magnitude agreement is all that we can expect.
These classical equations also yield approximately the correct heat of
formation of NaCl. From measurement of the heats of solution and of
chemical reactions we can determine experimentally the energy re-
quired to take a crystal apart into separate, noninteracting ions. For
NaCl this heat of formation is 9.8 X 10" cal/mole. This implies that
the work necessary to separate a positive from a negative ion is about

u =98 X 10° X 42 X 107/6.0 X 10®
6.9 X 107 er

From the force equation (2.7) the work necessary to separate two ions is

” ¢ 1 ) 12
“"LFdr”J<l”ﬁTj =7.2X 10 erg (2.13)
Although the value calculated for u in equation (2.13) is almost exactly
the same as the measured value, we must regard this as no more than
order-of-magnitude agreement on such an oversimplified model.

24. Properties of gases

Our picture of atoms and molecules as hard spheres should be ade-
quate to interpret at least some of the simplest properties of bulk
matter. This proves to be true of gases, especially in their thermal
behavior. The thermal equation of state for an ideal gas, which holds
for real gases at sufficiently low pressures, is

PV = mRT (2.14)

Here m is the number of moles of the gas in the volume V, R = 8.31 X
10" erg/mole deg is the universal gas constant, and 7 is the temperature
on the absolute (Kelvin) scale, 0°K = —273.2°C.

The Maxwell-Boltzmann kinetic theory of gases leads to (2.14)
without detailed assumption of molecular structure. Suppose that the
molecules of the gas exert no forces

on each other and undergo perfectly
elastic collisions at the walls of the
container. Let a molecule be traveling
in the z-direction with the velocity
v, as shown in Fig. 2.3. On making a

collision with the wall it returns with SN~ Le—>
velocity —v. . The change of momen- Fig. 2.3. Model for gas pressure.



36 ATOMS AS COMPONENTS OF MATTER Ch. 2

tum is Ap, = 2Mv, , where M is the mass of the molecule. The interval
between successive collisions on one container wall is ¢, = 2L./vs,
where L. is the distance between parallel walls. The average force ex-
erted on the wall by these collisions is

F. = Ap,/At, = Mv,’/L, (2.15)
If the area of the wall is A, the pressure on the wall is
P = F./JA = Mv.)/AL,= Mv,’/V (2.16)

where V is the volume of the rectangular box. The components », and
v, of the molecule’s velocity make no contribution to the pressure on
the area considered.

The molecules are not moving in any preferred direction in space,
so that on the average

ot =gt = 0k =30+ 0t 0 = W @I
where o’ is the average squared velocity of the molecules. We therefore
obtain for m moles of molecules

PV = mNoMv.! = mN2(GMY) (2.18)

where $M+* = K.E. is the average kinetic energy per molecule.

Equation (2.18) becomes equivalent to (2.14) upon introduction of
the classical principle of equipartition of emergy. This principle states
that a system in thermal equilibrium at an absolute temperature T has
an average energy 3kT per degree of freedom, where k is Boltzmann’s
constant. The degrees of freedom are just the independent coordinates
necessary to specify the system completely in classical mechanics. A
monatomic gas molecule has three degrees of freedom: its velocity
components v,, v,, v,. More complicated molecules have additional
degrees of freedom corresponding to their rotation and internal vibra-
tion. Internal degrees of freedom are neglected in deriving (2.18),
so that we should substitute

K.E. = iM? = 3GkT) (2.19)

for the kinetic energy of each molecule. The factor 3 comes from the
three degrees of freedom for thermal motion.

From (2.19) one obtains the specific heat per mole of a gas of simple,
monatomic molecules,

C, = dU/dT = §Nok = §R (2.20)

where U = N, (K.E.) = §NokT is the internal energy of the gas. For a
diatomic molecule there are in addition two rotational degrees of free-
dom, since no energy is associated with rotation about the axis joining
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the two atoms. The law of equipartition of energy assigns an average
energy 3kT to each of these degrees of freedom. Thus, for diatomic
atoms that do not vibrate, the specific heat is

C, = §R + 2(3R) = 3R (2.21)

where $R is for translational motion and 2(3R) for rotation. In a non-
collinear molecule of three or more atoms, the rotational contribution is
3R. These conclusions are confirmed by the observation that at ordinary
temperatures the specific heat of monatomic gases is C, = 3 cal/mol,
and for diatomic gases C, = 5 cal/mol (R = 2 cal/mol). At elevated
temperatures the specific heat increases because of the contributions of
vibrational degrees of freedom. The vibrational specific heat of gas
molecules is similar to the specific heat of solids, which we shall discuss
in the next section.

The principle of equipartition of energy relates only to the average
kinetic energy of the gas molecules. In the 10® molecules of a macro-
scopic sample there will be large numbers of molecules with considerably
more or less energy than this average. To find the distribution of these
energies (or velocities), we make use of the Boltzmann principle. Ac-
cording to Eq. (1.9) the relative probability that a molecule in an ideal
gas will have energy of translation M0’ is

p(v) = Ce—uv’/M = Ce—Mv,’lsze—Mv,,’/ZkTe-Jllv,l/ﬂ'T (2_22)
We can regard this as the product of three independent probabilities
for the three independent velocity components v., v,, and v, . The
probability that the velocity components will be in the range v, to
v: + dv., v, to v, + dv,, v, to v, + dv, is then p(v) dv. dv, dv.. We
define a “velocity” coordinate system with mutually perpendicular
axes v, vy, and v, . In spherical velocity coordinates, where we do not
specify the direction of » but only its magnitude, the volume element is
dv, dv, dv, = 4w’ dv. If we write P(v) dv for the probability distribution
of the velocity magnitude, we have

P®) dv = p)4m? dv = C'e™ "™ 2 dy (2.23)

For one mole of gas we must have -4 P(v) dv = N,, the number of
molecules involved, and hence

¢ - /2 () -

The distribution law (2.23) is useful in providing a more detailed
description of molecular behavior than is contained in the simple
kinetic theory with equipartition of energy. Distributions similar to
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(2.23) exist for other types of energy; for example, we obtain the distribu-
tion of rotational energies by substituting 31w’ for M+’ in the exponent.

2.5. Properties of solids

A few properties of solids are interpretable in terms of the simplified
atomic and molecular models discussed here. We have described in
section 2.3 the relations between intermolecular forces and the elastic
constants of solids. The discussion of section 2.4 on the thermal proper-
ties of gases also extends to some features of solids.

In a solid conductor the atoms or molecules are more or less fixed in
position, and electric current is carried by electrons that move rela-
tively freely from atom to atom. To a first approximation we can re-
gard these conduction electrons as constituting an ideal gas inside the
solid. Although these electrons can move freely within the solid, to
remove a conduction electron from the solid requires a certain amount
of energy W. This energy is characteristic of the material and the
condition of its surface; it is generally specified by the work function
of the surface, ¢ = W/e. The work function has the dimensions of an
electric potential and is generally a few volts in magnitude (see Table
2.2). The energy W has the same magnitude as ¢ if expressed in terms
of eleciron volis. The electron volt (ev) is the amount of energy that an
electron acquires in falling through a potential difference of 1 volt. It
is the most convenient unit of energy to use in all atomic problems, and
its relation to cgs units is

lev = 1.60 X 107 erg (2.24)

We can picture the situation at the surface of the metal by means of
an energy diagram, as in Fig. 2.4. The energy of an electron is plotted
against its position in one dimension. Under ideal-gas conditions the
total energy E = K + V of each electron is a constant, represented by
a horizontal line on the energy diagram. The potential energy V varies
with the position of the electron, and the kinetic energy K must also
vary in such a way as to keep the total energy E constant. The po-
tential energy in the metal is represented in Fig. 2.4 by a line that
rises sharply by an amount W = ep at the metal surface. This sharp
rise is called a “potential barrier.” An electron in the metal with E < W
can never escape through the surface, because outside the metal it

TasLE 2.2. TyricaL Work FUNCTIONS ¢ OF SoLIDS

C 4.4 volts Ta 4.2 volts
Ca 3.2 w 4.5

Ni 4.6 Pt 5.3

Mo 4.3 Ba 2.5

Cs 1.8
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Fig. 2.4. Energy diagram with potential barrier. Potential energy is
taken tobe V = 0 inside barrier.

would have negative kinetic energy, which is impossible in classical
physics. Only the electrons with £ = W inside the metal can escape,
and these will have kinetic energy K = E — W = E — ep outside
the metal.

If the conduction electrons behave like an ideal gas in the metal, we
can use Boltzmann’s principle directly to compute the fraction that
can escape over the potential barrier. Let the z-direction be perpendicu-
lar to the metal surface, so that only the energy 3mv,’ associated with
the z-component of velocity will be consumed in escaping from the
surface. The y- and z-components of velocity remain unaffected and
we can accordingly neglect them. The probability of the one-dimen-
sional distribution in v, is

p(v,) dv, = Ce™="*7 dy, (2.25)

If there are n, conduction electrons per cm®,

-1/2
C = (—2’:”:71) o

The rate at which electrons cross the barrier is proportional to the
velocity v, with which they arrive as well as to p(v;); thus the rate of
emission per second per cm” of surface is

i= [ vepe do = (R e oap)
VI T z z %m B

The emitted electric current density is J = ej, where here ¢ is the

electron charge to distinguish it from the mathematical symbol.

If there is no external field to draw off the emitted electrons, they
will eventually be drawn back into the metal by electrostatic attrac-
tion, since the metal becomes positively charged through loss of elec-
trons. If, however, fresh electrons continuously flow into the metal to
keep it electrically neutral, Eq. (2.26) represents the maximum current
density that the metal can produce at a given temperature. This is
Richardon’s law of thermionic emission, of which the dominant ex-
ponential term has been well verified by experiment. More refined
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arguments using quantum statistics (Chapter 14) indicate the number
of conduction electrons available per unit volume should be propor-
tional to T*%, so that the coefficient in (2.26) should vary as T” instead
of T', This difference is not apparent experimentally because of the
masking effect of the dominant exponential term.

The specific heat of solids is especially interesting because it illustrates
both the success and failure of the simplified models that we have been
using. The law of equipartition of energy associates an average of
1kT of energy with each degree of freedom of an atomic system in
thermal equilibrium. In a crystalline solid, the atoms are fixed in
position and have no freedom of translational or rotational motion.
They can, however, vibrate about their equilibrium positions, perform-
ing harmonic oscillations. For each dimension of such an oscillation,
two degrees of freedom are involved, one associated with the position
(potential energy) and one associated with the velocity (kinetic energy)
of the atom. This corresponds to the result of classical mechanics that
the motion of a simple harmonic oscillator is completely determined if
we know both its position and velocity at a single instant. Since there
are three independent directions of oscillation for each atom, the in-
ternal energy of oscillation per mole of substance and corresponding
specific heat should be

U = 3 X 2(3kT)No = 3RT (2.27a)
C, = dU/dT = 3R (2.27b)

This equation is the law of Dulong and Petit, according to which all
crystalline solids should have a constant specific heat of 3R or about
6 cal/mole °C. This law is approached by all crystals at sufficiently .
high temperatures; but at low temperatures, sometimes considerably
below 0°C, C, falls below the limit 3R for all solids and invariably ap-
proaches C, = 0 as T approaches 0°K.

The same is true of vibrational specific heats of gas molecules: al-
though the contribution of vibration to the specific heat of a diatomic
molecule is 2(3k)N, = R per mole, this specific heat is not observed at
low temperatures but is suddenly added over a relatively narrow range
at higher temperatures. At sufficiently low temperatures even the
rotational specific heats of gasses can be “quenched.”

The explanation of these specific heat anomalies is quite outside the
scope of our simple models and of classical mechanics itself. A new physi-
cal principle—that of quantization—is required. The specific heat
problem was historically one of the earliest causes for the introduction
of quantum mechanics. We shall nonetheless approach quantum me-
chanies through a study of atomic spectra and return later to the inter-
pretation of specific heats (Chapter 14).
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SUMMARY

As a first approximation we can consider atoms and molecules to be-
have toward each other as impenetrable spheres of fixed, definite radius.
Since they are not really hard spheres, the radius to be used in this ap-
proximation depends to some extent on the method of measuring the
radius. This fluctuation is particularly apparent for molecules, while for
atoms and ions the effective radius remains remarkably constant. The
radii of atoms lie almost entirely within the limits 0.5 A to 2.0 A; there
is not much general increase in size as we go from light to heavy elements,
although mass ratios of 10 or 20 are easily obtained. Thus there is no
proportionality between the mass and size of an atom.

Measurements of molecular moments of inertia show that the mass of
an atom is almost entirely concentrated in a region at its center called
the nucleus. This is inferred from the fact that diatomic molecules ex-
hibit only one moment of inertia instead of two.

Fxcept for the coulomb forces between ions, we can describe the forces
between atoms and molecules only in phenomenological terms without
detailed understanding, as long as we keep to the oversimplified hard-
sphere model. These phenomenological forces are the valence forces,
the van der Waals forces between molecules, and a short-range repulsive
force to represent the hard sphere. This short-range force is generally
written A/r". The constants can be adjusted to give order of magnitude
agreement with measured binding energies of molecules and crystals.

We can interpret some simple thermal properties of gases and solids
without detailed knowledge of atomic or molecular structure. The dis-
tribution of molecular velocities in an ideal gas follows from Boltzmann’s
principle and has application to thermionic emission from solid surfaces.
From the law of equipartition of energy the molar specific heat of any
substance is 3R per degree of freedom. This law is in agreement with the
translational specific heat of gases, but agrees with vibrational specific
heats of solids and gases only at sufficiently high temperatures. As the
absolute temperature T — 0, C, — 0 for all vibrational degrees of free-
dom. This phenomenon can be explained only on the basis of quantum
mechanics, to be discussed in a later chapter.
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ILLUSTRATIVE PROBLEMS

1. Chlorine (M = 35.5), argon (M = 39.9) and potassium (M = 39.1)
are expected to have atoms or ions of approximately the same radius.
Compute this radius from the information that the refractive index of
KCl crystals isn = 1.49 for light of wavelength A = 5890 A. The density
of KClis p = 1.98 g/cm’.

Solution. We must modify (1.26) to apply to a solid by replacing L
with 2Nop/M, the number of ions per cm®. Here M is the total weight
of the diatomic KCl molecule, M = 64.6. Substituting (2.4) for a, we

obtain
n—1 M\"

2. A crystal of NaCl (molecular weight 58.4, density 2.17 g/cm’) has
a dielectric constant ¢ = 6. Assuming that the dielectric polarization
is caused by a displacement of the positive ions in the direction of the
applied electric field, and an equal and opposite displacement of the
negative ions, compute the distance of these displacements in a field of
100,000 volts/cm (slightly below electric breakdown). This calculation
indicates that the ions in the crystal behave like close-packed solid
spheres.

Solution. We use the relations (Appendix IV) D = E + 4xP = ¢E,
where D is the applied electric displacement and P is the induced dipole
moment per unit volume. Eliminating E, we have

1 1

The ions Nat and Cl™ have unit charge e, and displacement of an ion
from its equilibrium position by a distance Az produces a dipole moment
u = e Az. Since the displacements of + and — ions are equal and op-
posite, the moment u is the same in magnitude and direction at every
ion position. Thus P = (2Now/M) u, or hence

1 M 1-—1)1)

= 8x Nope ¢
_1 884 1 (-He
8x 603 X 102 217 X 48 X 107 6/ 300

=10 X 10 % cm
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The conversion factor of 300 is applied to perform the calculation in esu.

This Az is less than 10~ times the spacing between ion centers in the
NaCl crystal, even though it is about the maximum displacement that
can be achieved without electric breakdown in the crystal. Hence the
ions behave essentially like incompressible spheres.

3. An HCl molecule can be considered as made up of a Cl monovalent
ion of radius 1.27 A, and an H ion which can be considered as a point
charge and point mass, located at the surface of the Cl ion.

(a) Compute the moment of inertia of the molecule about its center
of mass, assuming that the mass of the Cl ion is concentrated in its center.

(b) Compute the electric dipole moment of HC], assuming that the
Cl ion is not polarizable.

(¢) Compute this dipole moment with the assumption that the Cl
ion has a polarizability of 3.22 X 10~* esu. Evaluate the induced mo-
ment of the Cl ion by assuming that the electric field acting on it can be
considered uniform and equal to that produced at the center of the Cl
ion by the charge of the H ion.

Solution. (a) Let the masses of the ions be m and M = 35.5m for H
and C), respectively. Their centers are separated by the distance d and
the distances of the ions from the center of mass arer = dM/(m + M),
R = dm/(m + M). The moment of inertia about this center is

I = m* + MR’

[ ¥m]e

= gg% X 1.66 X 107%g X (1.27 X 10~° cm)?

26 X 107% g em®

(b) p=ed
=480 X 10 esu X 1.27 X 10~° em
= 6.10 X 107 esu
(¢) p = ed — aE, where a = 3.22 X 107,
E = e/d* = 48 X 107*/(1.27 X 107’
= 2.98 X 10° esu. Hence u = (6.10 — 9.60) X 107"
= —3.5X 107 esu.

The polarization is sufficient to change the direction of the dipole
moment.
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PROBLEMS

1. Chlorine (M = 35.45), argon (M = 39.94), and potassium (M =
39.10) are expected to have atoms or ions of approximately the same
radius. Compute this radius from each of the sets of data below:

(a) The mean free path in argon gas at NPT (0°C, 760 mm Hg) is
8.84 X 107° cm.

(b) The electric conductivity in reciprocal ohms X cm (mho X cm)
of aqueous solutions of KCl at 15°C is

Concentration: normal (1 mol/liter) = 0.09252
1/10 normal = 0.01048
1/100 normal = 0.001147

Extrapolate to zero concentration. The viscosity of water at 15°C is
0.01140 poise.
(¢) The critical data for argon are

T, = —117.4°C, P, = 52.9 atm

(d) The density of KCl crystals is p = 1.984 g/cm®.

(e) The refractive index of argon for light with A = 4358 A at NPT is
1.000280.

(f) The transverse scattering power for natural light with A = 4358 A
in argon at atmospheric pressure and 27°C is 1.34 X 10~°.

2. Assume that Na™ and CI” ions are of the same size. If all the posi-
tive ions in one kilogram of NaCl could be assembled in a square array
to form a monatomic layer, with the same interionic spacing as in the .
crystal,

(a) What would be the area of this monatomic layer?

(b) If the negative ions could be assembled in a similar layer, and the
two layers were put together to form a parallel plate capacitor with a
plate separation equal to the interionic distance in the crystal, what
would be the force between the two layers?

(¢) Compare the force per unit area on the capacitor plates with
Young’s modulus for the NaCl crystal, ¥ = 6 X 10" dynes/cm’.

(d) Compute the electric energy stored in the capacitor and compare
it with the heat of formation of the NaCl crystal, 97,900 calories/mole.
Comparisons (c) and (d) suggest that as a first approximation we may
consider the binding forces of the crystal as due simply to electrostatic
attraction between the positive and negative ions.

3. Using Eq. (2.1) and the values of density and molecular (atomic)
weight in Appendix II, make a plot of atomic radii against Z.
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4. The wavelength of the “residual rays” of KCl is 63.4 microns.
Neglecting the difference of mass of the two ions and assuming that both
have the atomic weight 37, compute:

(a) the linear restoring force holding the ions at their equilibrium
positions in the KCl lattice;

(b) the average amplitude of the thermal vibration of an ion, using
the law of equipartition of energy;

(c) what fraction of the normal distance between the ions is repre-
sented by this amplitude;

(d) an approximate value of Young’s modulus for the crystal. The
density of KCI is 1.98 g/cm”®.

5. When NaCl is evaporated, it forms a gas with NaCl molecules in
which the distance between ionic centers is 3 A. To increase this by an
amount d, a force Kd is required, where K is 4 X 10 dynes/cm. This
force can be considered as resulting from the superposition of the coulomb
attraction ¢’/r* of the ionic charges and a repulsive force. If the latter
is assumed to depend on the distance r according to an equation A/r",
what must be the values of A and n? What minimum force is required
to separate the two ions? How far must the ions be separated before the
average molecule flies apart (recall that equipartition of energy ascribes
1kT to each rotational degree of freedom)?

6. Consider an O; molecule as made up of twospherical O atoms of 1.4
X 107® em radius held together by an “elastic force.”

(a) What is the moment of inertia of the molecule at absolute zero
temperature?

(b) If the frequency of vibration of the molecule corresponds to that
of an infrared absorption line at 100 u, what is the moment of inertia at
300°K ? Hint: Find the linear force constant, and note that the O atoms
will become separated by centrifugal force.

(¢) What is the mean rotational frequency at this temperature?

7. The absorption spectrum of water vapor shows that the H;O mole-
cule has three moments of inertia about the center of mass: I; = 0.98 X
10 gem?, I, = 225 X 107 g em®, I; = 3.23 X 107 g cm®. With the
assumption that the two valence bonds of the O atom are identical and
act at an angle of about 120°, compute the OH distance and the exact
angle HOH.

8. A molecule consists of two atoms of weight M; and M, with a
distance d between their centers. For small displacements z the force
acting between them is F = —fz. Derive an equation for the number of
vibrations performed by the atoms while the molecule makes one com-
plete rotation in the gaseous state at the temperature 300°K. Compute
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this number for the HBr molecule for which f = 3.6 X 10° dyne/cm,
d=142A.

9. Assuming (1) that the atoms of an element with the atomic weight
M have hexagonal close packing in the liquid state, and (2) that they
form diatomic molecules in the gaseous state with an effective radius
equal to twice the radius of the atoms, derive an equation for the average
number g of rotations performed by the molecules in the gas at atmos-
pheric pressure and 0°C between successive impacts. Show that g =
Dp/M, where D is a universal constant and p is the density of the liquid.
Compute the value of D and find g for O, .

10. If an electron with a speed of 1 meter/sec could pass through a
molecule without being deflected or losing speed, through how many
molecules of radius 3 A in a gas at NPT would it pass in 1 sec? What
is the average distance between impacts? To what pressure in mm Hg
must the gas pressure be reduced to obtain a mean free path of 10 cm
for the electron?



Chapter 3

PARTICLE BEAMS IN ELECTRIC
AND MAGNETIC FIELDS

Studies made with beams of elementary particles have provided an
important part of our information about atomic structure. These studies
always involve measurement of the kinematics of the particles under
the influence of electric and/or magnetic fields. In this chapter we
consider systematically this type of measurement.

It should be remarked that this type of measurement became pos-
sible only after the development of high-vacuum techniques, which are
essential to the study of isolated atoms. At very low pressure the atoms
are far enough apart to have negligible static interactions; moreover,
the mean free path becomes so long that we can investigate the dynamics
of the motion of a single atom. The development of high-vacuum tech-
niques has also resulted in the discovery of new tools for atomic re-
search, such as the electron and X-rays. These new tools provide
examples of a process that constantly repeats itself in all phases of
research in physics: upon first discovery a phenomenon undergoes
exploration and study for its own sake. As the exploration becomes
complete, the phenomenon becomes in its turn a tool for making new
discoveries.

3.1. Experimental background

We list the particles involved in experimental atomic physics.

1. Electrons were first discovered as ‘‘cathode rays’’ produced in gas
discharge tubes at gas pressures around 10~ mm Hg. At such pressures
the mean free path for molecular collisions is much longer than the
distance between cathode and anode. The electrons are liberated by
ionization of the gas in a narrow space in front of the cathode. More
prolific sources of electrons are the metals. They emit electrons when
heated (thermionic emission), as in the filament or cathode of a radio
tube, or when illuminated with X-rays or other light of sufficiently short
wavelength (photoelectric effect).

2. Positive ions of atoms and molecules are produced by electron
bombardment of a gas in a discharge tube. Observers first noted them
as a colored stream emerging through a hole in the cathode in a direction
opposite to the anode. This phenomenon earned for them the early
title of canal rays. In applications involving positive ions, the region
of production is generally at a much higher pressure (approximately

47
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10~ mm Hg) than the region of use (approximately 10~ mm Hg).
Differential pumping maintains this pressure difference; an electric
field draws the ions from one region to the other and accelerates them
to form a beam.

3. Neutral atoms and molecules are produced in streams by heating a
gas or evaporating a liquid or solid in a small container in an electrically
heated oven. The atoms escape with their thermal velocity through a
small hole in the oven into high vacuum. This system needs differential
pumping.

4. The « and B particles are components of the radiation emitted by
the so-called natural radioactive elements. These comprise all the
elements heavier than Bi, such as Ra, Th, U. Methods described below
have succeeded in identifying the a particles as doubly charged positive
ions of He, the 8 particles as electrons. These particles have played an
important role in the history of atomistics because they have such ex-
tremely high speeds as 10° to 10" cm/sec. With modern equipment
like cyclotrons and betatrons we can produce these and other high-
speed particles artificially, so that natural radioactivity is no longer an
important source of particles.

We form narrow beams of all these particles by passing them through
a set of small circular holes or narrow slits. The high-speed particles
are relatively penetrating and can be studied in air at atmospheric
pressure but require heavy lead pieces for the stops. For low-speed
particles a high vacuum is necessary to produce path lengths of labora-
tory size.

The methods for detecting beams of charged particles generally rely
on the ionizing properties of these particles. In gases at moderate
pressure the path of electrically charged particles can be seen directly
as a glow. This glow consists of radiation emitted by the gas molecules
that have been struck and ionized by the moving particles; the color
depends on the gas and is bluish in air, red in hydrogen, etc. A high-
speed particle passing through a gas leaves behind it a trail of ionized
gas that persists for several seconds after the particle has passed by.
We can make the path of a single particle visible by saturating the gas
with water vapor and then cooling it by adiabatic expansion just after a
particle has passed through. Cooling creates supersaturation and fog
formation in the gas. The charged ions along the particle track serve
as centers for condensation of this fog. Thus under strong illumination
the track appears as a thin line of fog, immediately after expansion of
the gas. This is the principle of the Wilson cloud chamber, in which a
record is generally made by photographing the track through a window
in the chamber.
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Beams of electrically charged particles are photochemically active
and will “expose” a photographic emulsion at whatever points they
pass through the emulsion. Using a microscope to examine the de-
veloped emulsion, we can follow tracks of individual particles as in a
cloud chamber. Charged particles also produce phosphorescence on
glass plates coated with phosphors like ZnS. The phosphorescent light
created by a single a particle is sufficiently strong to be seen as a “scin-
tillation” under a low-power microscope.

An ionization chamber detects charged particles by collecting the
electrons and positive ions formed by the particles and measuring the
extremely small current (down to about 107'* amp) that these ions and
electrons produce. The chamber contains two electrodes and has the
intervening space filled with gas. A collecting potential of a few hundred
volts is placed across the electrodes. Particles entering the chamber
release ions and electrons in the gas, and the collecting potential pre-
vents them from combining and draws them to the electrodes. A single
fast particle may produce enough current to be observable. If the
direct ionization current is too small, we can enhance it by operating
the chamber at a somewhat higher collecting potential. In this case the
original ions are not only collected but accelerated to the extent that
they make secondary collisions in the gas and produce more ions, which
are also accelerated towards the electrodes, etc. By the time that an
original ion is collected, it is accompanied by a finite number (< 100)
of secondary ions. This effect is called gas multiplication, and essen-
tially amplifies the current pulse produced by each entering charged
particle. The chamber operated in this way is a proportional counier,
because each current pulse is directly proportional to the initial ioniza-
tion produced by the incident particle. Finally, if we increase the col-
lecting potential still further, each original ion produces so many second-
ary ions that a self-sustaining, continuous discharge is established in the
gas. This is the phenomenon of electrical breakdown: the gas no longer
acts as an insulator, and a heavy current passes between the electrodes.
At certain potentials this breakdown does not occur spontaneously, but
is triggered by the ionization of a charged particle entering the gas.
The discharge must be immediately quenched by a special external
circuit before the next particle can be counted. When operated in this
way, the chamber will give an equal discharge for each incident charged
particle, regardless of the initial ionization produced, and is called a
(Geiger-Mueller) counter.

Neutral particles are rather difficult to detect. We can detect neutral
alkali atoms, however, by allowing them to fall on a heated filament,
where they turn into positive ions that can be detected by methods
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applicable to charged particles. The reverse reaction has been observed
for neutral chlorine atoms: after falling on a heated filament, they tend
to evaporate as negative ions.

The energy of a particle of charge ze that has fallen through a poten-
tial difference V volts is 2V electron volts (ev). The electron volt is de-
fined in Eq. (2.24). It is also convenient to use units of kilo electron
volts (kev), million electron volts (mev), and recently even billion elec-
tron volts (bev), where 1 bev = 10° mev = 10° kev = 10° ev. It is
often convenient to express neutral particle energies in ev, even though
they cannot be accelerated by an electric field, in order to have charged
and uncharged particle energies in easily comparable units. In electron
volt units the thermal Boltzmann’s constant is k = 0.86 X 10~ ev/°K.
At room temperature the average thermal energy per degree of freedom
is kT = 1.25 X 107 ev. Neutral particles from an oven at 3000°K
have an average translational energy of k7 = 0.38 ev.

3.2. Velocity and energy filters

In any charged or uncharged beam the particles never start from
rest. Depending on the mode of production or the temperature of the
source, their initial energies vary over a range that may be as large as 1
ev. For high speed particles with energies of several kev this spread in
velocity introduces a negligible error, but for accurate measurements
with low-speed particles the velocity distribution is an important factor.
To eliminate the effect of velocity distribution, we pass the particles
through a velocity filter.

For slow neutral particles a simple mechanical velocity filter is pos-
gible. Such filters involve rotating parts with apertures that are sepa-
rated by some distance along the
path of the particles and synchro-
nized to present an unobstructed
passage only to particles of a sin-
gle velocity or a few selected
velocities. A couple of possible
arrangements are shown sche-
matically in Fig. 3.1.

v For charged particles we can

— use combinations of electric and
magnetic fields as velocity filters,

The beam can pass through the

fields consecutively or simulta-

- neously. The simplest filter is

Fig. 3.1. Schematic diagram of two that using superposed, crossed
types of mechanical velocity filter. fields, as indicated in Fig. 3.2. In
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® CIRCULAR STOPS
B

v

Fig. 3.2. Velocity filter.

this system the beam passes through two circular stops. Between the
stops a uniform electric field E is introduced by plane electrodes par-
allel to the beam, and a uniform magnetic field B is created by coils
or permanent ‘magnets usually placed outside the evacuated region where
the beam passes. The fields E and B are both perpendicular to the beam
and to each other. The particles can pursue a straight path through the
filter only if the magnetic and electric forces on them balance, when

9E = ¢'vB = q(v/c)B
v = cE/B

Here ¢ = 3 X 10" e¢m/sec is the velocity of light, and E and B are meas-
ured in absolute Gaussian (cgs) units. The conversions to practical
mks, rationalized, etc., units are given in Appendix V. In the absolute
Gaussian system the magnitude of a charge in emu is related to its
magnitude in esu by ¢ (esu) = c¢’ (emu). Throughout the text we use
q’, € to refer to charge in emu, and g, e for esu. The conversion factor ¢
will be included where necessary, as in (3.1). In general, we shall write
all final formulas in terms of ¢ (esu) = 4.80 X 107"

Only particles with the velocity v given in (3.1) can pass through the
filter undeflected; all others hit the exit stop. Note that v is independent
of the charge ¢ on the particle, as long as ¢ # 0. When used with a
stream containing different kinds of charged particles, the filter trans-
mits all those which have the same velocity, regardless of how they dif-
fer in mass, charge, or energy. A beam with par-
ticles of constant velocity is sometimes called
monochromatic.

We can also construct an energy filter, which "
selects particles of specific energies. In the veloc- R
ity filter electric and magnetic forces balance each \._
other: in the energy filter an electric field exerts a v
centripetal force, as shown in Fig. 3.3. The par- Fig. 3.3. Energy filter.

3.1)
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allel plates that produce the electric field are now concentric cylindrical
sections of mean radius B. The uniform electric field E in the region
between the plates is radially directed so that the force gE produces
the centripetal acceleration necessary to keep the beam in a circular
path:
¢E = Mv*/R
T = MV’ = }qER

Here M is the mass of a particle and T its kinetic energy. For particles
of fixed g this device acts as an energy filter, regardless of the mass or

velocity. It is sometimes advantageous to pass a beam through an
energy filter as well as a velocity filter.

3.2)

3.3. Determination of specific charge, q/M

The deflection of a charged particle in steady, uniform electric and/or
magnetic fields depends on the velocity » of the particle and on its spe-
cific charge, which is the ratio ¢/M of its charge ¢ to its mass M. The
velocity filter serves to determine », and a separate measurement will
fix ¢/ M. 1t is impossible, by any combination of fields E and B to deter-
mine g and M individually. This is because all such methods measure
only the kinematics of the particle—that is, the geometrical configura-
tion of its path, velocity, or acceleration. No absolute measurement
is ever made of the force on any particle. Thus all the information ob-
tained is equivalent to the equation

dr F v
a='¢it73=7l7=ﬁqi[E or EB] (3.3)
or its time integrals. Equation (3.3) contains only ¢/M as a parameter
and as long as we do not measure the force F directly, we cannot deter-
mine ¢ and M separately. There are two general methods, with varia-
tions, for the measurement of ¢/M: magnetic deflection and parallel
fields.

The method of magnetic deflection requires a monochromatic beam
that has passed through a velocity filter. A strong, uniform magnetic
induction B deflects the beam. Since the side thrust is always normal
to the velocity of the particles, it acts as a centripetal force and bends
the beam into a circular path of radius R, given by Mv’/R = qu/cB, or

R = (M/q)(vc/B) (34)

We keep the magnitude of B fixed and use a fixed value of v as supplied
by the velocity filter. The particles describe a semicircle and are re-
corded on a photographic plate. With the plate adjusted normal to the
incident beams the traces due to different particles have a separation of

8 = 2R, — 2R = (2vc/B)(M/q)» — (M/q)] (3.5)
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Note that the traces record the (M/g) values of all particles in the
incident beam on a linear scale.

Such a magnetic deflection apparatus is called a mass specirograph.
Strictly speaking, it records not the masses but the M/q values. We
have, however, conclusive evidence that ¢ is always a whole multiple
z of the elementary charge. Particles of the same mass but different
degrees of ionization z are readily distinguished. Thus the instrument
can be calibrated directly in amu units.

The method of parallel fields uses a stream of particles with velocities
that vary over a considerable range, such as “canal rays,” i.e., positive
ions. The beam passes through superposed fields E and B, which are
perpendicular to the beam as in the velocity filter but act in the same
direction, either parallel or antiparallel (unlike the velocity filter).
To record the deflection of the beam, a phosphorescent screen or photo-
graphic plate is placed normal to the undeflected beam. In this arrange-
ment the electric force ¢E is normal to the magnetic side thrust ¢(»/c)B.
Define perpendicular coordinates x, y on this observation plate, and let
z be the direction of the parallel fields. The particle suffers the accelera-
tions @, = qE/M, a, = q(v/c)B/M. Since both components are con-
stant, the deflection on the plate is * = }a.®, y = 3a,8’, where t =
d/v is the time required for a particle of velocity » to move the distance
d from the entrance stop to the plate. Hence the deflections are z =
3(¢/M)Ed’/v’, y = 3(g/M)Bd*/vc, and elimination of v gives

z = (M/q)QEC/B'd)y* = ¢y’ (3.6)

For fixed values of E, B, and d, the value of C is constant for all par-
ticles with the same specific charge. Equation (3.6) states that these
particles form on the plate a trace with the shape of a parabola. By
reversing either E or B, or both, we can trace two complete symmetrical
parabolas. Particles with different specific charge give different parab-
olas for given fields E, B. The intensity distribution along a parabolic
trace depends on the velocity distribution of the particles. The veloc-
ities can be analyzed by noting that v = ¢(E/B)(y/x).

The above derivation assumes that the deflections z and y are much
smaller than the distance d between stop and plate. It is easy to satisfy
this condition by a proper choice of experimental parameters.

The parallel field method yields a value of e/m for the electron, which
is e/m = 1.77 X 10° coulomb/g. In combination with the value e =
F/No = 1.60 X 107" coulomb, this gives m = 9.1 X 107 g for
the electron mass. This is an extremely small mass, on the order of
1/1825 amu. The positive ion masses, as determined by either of the
methods above, always turn out to be on the order of A amu, where A >
1 is the molecular weight of the ion. It is natural to suppose that the
electron is the only carrier of negative charge in the atom, since no
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other has ever been observed. It then appears that all but one part in
several thousand of the mass of an atom is associated with its positive
charge. The evidence from the moments of inertia of molecules, dis-
cussed in section 2.2 indicates that this preponderant mass is mainly
concentrated at the center-of the atom. Thus we are led to a model of
the atom in which a very dense, heavy part at the center called the
nucleus contains the positive charge and almost all the mass of the
atom, while the negative electrons somehow manage to fill up most of
the space in the atom, out to its radius of about 1 A. This is the cele-
brated nuclear model of the atom, due originally to Rutherford.

3.4. « particle scattering from the nuclear atom

The evidence presented thus far on the internal structure of the atom
is rather indirect. It is desirable to have some direct test of the nuclear
model in which the small, heavy, positively charged nucleus is sur-
rounded by a cloud of the relatively light clectrons. This test is provided
by experiments on the scattering of « particles. Measurements of ¢/ M
reveal that a particles are just He' ions, cjected from radioactive sub-
stances with speeds up to 10° em/sec. These natural sources have the
further advantage that the a particles emitted arec monochromatic,
having a single or at most a few distinet values of velocity v. When
these high-speed a particles pass through an atom, they are scarcely
affected by the electrons, which are about 7500 times lighter than an a
particle. The a particle passes through the electron cloud like a bullet
through a swarm of mosquitoes. The positively charged nucleus, how-
ever, is A/4 times as heavy as the « particles (of mass 4 amu), where 4
is the atomic weight of the substance used to scatter the particles.
Sinee the nucleus is very small, there will be an intense coulomb field
in its immediate neighborhood. We expect that this field can cause strong
deflections of the doubly charged « particles. Such sharp deflections are
indeed observed in cloud chamber experiments and lend qualitative
support to the nuclear model of the atom.

The whole point of the science of physics, however, is that it deals in
quantitative and not qualitative relationships. Therefore to verify the
nuclear model, we require that the o particle scattering show quantita-
tive agreement with the law predicted mathematically from the cou-
lomb forces in the nuclear atom. This scattering law was first derived
by Rutherford and bears his name.

Suppose that we have an incident particle of charge ze and mass M.
Let the nucleus be of charge Ze and of effectively infinite mass, so that it
suffers no recoil. The scattering effect of the electrons is neglected. The
path of the particle is shown in Fig. 3.4. At a great distance from the
nucleus the incident particle proceeds along a straight line with velocity
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p°
+ze
N Vo
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Fig. 3.4. Rutherford scattering by a fixed charge Ze.

v . If we extend this incident path in an undeviated straight line, the
distance of closest approach to the nucleus is p. This quantity is the
impact parameter, related to the angular momentum L of the particle
about. the nucleus through the equation

L = Mup 3.7

The polar coordinates of the incident particle relative to the nucleus are
r, 8, as shown in Fig. 3.4. The electrostatic force between the particle
and the nucleus acts only along the direction of the radius r, and it is a
theorem of mechanics that radial forces conserve angular momentum.
Therefore L is a constant throughout the scattering process, and we can
write

L = Mr*do/dt = Mup (3.8)

Together with the conservation of energy 1My, Eq. (3.8) implies that
the impact parameter of the scattered particle at large distances from

the nucleus is also p.
The radial force of coulomb repulsion is F = zZe*/r’, which gives rise

to a radial acceleration

a, = d’r/di* — r(d6/dt)* = F/M = 2Z¢'/Mr* (3.9)
To solve (3.8) and (3.9), we transform coordinates by
r=1/u (3.10a)
dr _drdo 1 du L’ L du
@ @da - wa M M (3.10b)
dr _dd [(_ll‘]
¢~ dideldt
L’ L dzu)
g (_ L (3.10¢)
L_’f d*u

=W
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In (3.10) we have used Eq. (3.8) to ehmmate de/dt. With (3.8) and
(3.10) Eq. (3.9) becomes

— U= -~ = - — (3.11)

Here R = 2Z¢’/(3Muv,’) is the absolute minimum distance of approach
of the particle to the nucleus. It is achieved only in a hea,d-on collision
and is-the point at which the initial kinetic energy 1My, is entirely
converted into electrostatic potential energy zZe¢’/R. For any given
particle R and p are both constants and are convenient parameters to
describe the Rutherford scattering.

The differential Eq. (3.11) is a standard form with the general solution

1 . R

—=A 6+ B 0 — — 3.12
- cos § + B sin o (3.12)
There are two arbitrary coefficients A and B, as is necessary for a second-
order differential equation. They are determined by requiring the
mathematical solution (3.12) to correspond to the physical situation of
Fig. 3.4. It is clear from the diagram that when 6 — 0,

u=

Ldu _dr

Conditions (3.13a) and (3.13b) mean respectively that A = R/2p’ and
B = Mw/L = 1/p. The solution for scattering of a particle with im-
pact parameter p becomes

2 (cos 0 — 1) (3.14)

This is the equation of a hyperbola in polar coordinates.

The asymptotes of the hyperbola are the straight lines in Fig. 3.4
passing through the nucleus. We find the angles 6 that correspond to
these asymptotes by putting r — «©, « — 0 in (3.14). One solution is
6 = 0, which corresponds to the incident particle. The other solution,
representing the scattered particle, is

%’3=9m—‘-";s—")=tang=cot§ (3.15)
The angle ¢ represents the deviation of the particle from its original
direction and is conventionally called the “scattering angle.” Another
significant geometrical feature of the particle path is the distance of
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closest approach to the nucleus, i, . From the symmetry of the hyper-
bola, 7min clearly occurs at 6/2 and is given by

R 1
Tmin = 5 (1 -+ csc 5 (a) (3.16)
If the scattering angle is small, csc 3¢ & 2/p > 1, so that
rmin = R/e & p, X1 (316&)

In an actual experiment there is not just one particle incident on a
single atom, but a parallel beam of many particles impinging on a thin
foil of material perpendicular to the beam. To inquire how many par-
ticles are scattered through an angle ¢ or greater is by (3.15) the same as
asking how many particles have impact parameter with respect to some
atom that is less than or equal to p = (R/2) cot }e. Suppose that
around each atom we draw a little circular area xp’ perpendicular to
the beam. Also suppose the areas to be so small that the areas in the
front of the foil do not appreciably shadow those in the rear. Then if
n is the number of atoms per cm?® and ¢ is the thickness of the foil in cm,
the fraction of particles passing through the little areas is

Flo) = nixp’ = Y(nt)sR® cot’ 3o 3.17)

This is just the fraction of particles that is scattered through an angle
o or greater in passing through the foil.

Overlap of the areas =p’ corresponds to multiple scattering of the
incident particles. Such multiple scattering cannot be compared with
the simple formula above and must be minimized. The mathematical
condition for multiple scattering to be small is clearly

1> nixp® (3.18)

Of course for sufficiently small angles ¢ the condition (3.18) cannot he
satisfied, and the comparison of theory with experiment must be re-
stricted to larger angles. In order to satisfy (3.18) over the widest pos-
sible angular range, we must make the thickness { as small as possible.
For this reason the scattering target is generally a thin metal foil.

The differential fraction of particles scattered into an angular range
de from ¢ to ¢ + dep is

_ _ T ,p2CO8 fo
flo) do = —dF() = g nik" 257s de
. (3.19)
ntR" dw

f('P)dw = m
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where the element of solid angle is
do = 27 8in ¢ dp = 47 sin 3¢ cos 3o dp

This final form (3.19) is Rutherford’s law for scattering by a coulomb
field.

Equation (3.19) has the peculiarity that the scattering becomes in-
finite as ¢ — 0, which is of course physical nonsense; Eq. (3.19) simply
does not apply for very small angles. For example, we might say that it
does not apply for very large impact parameters because of multiple
scattering effects. Substituting (3.16a) in (3.18), we have

¢ > nixR (3.18a)
as a condition for validity of (3.19).

3.5. Experimental test; nuclear size and charge

Numerous experiments have verified the essential correctness of
Rutherford’s law (3.19) and hence of the atomic model on which it is
based. Although Rutherford scattering appears daily in the measure-
ments made with modern particle accelerators, the first and one of the
most thorough verifications of (3.19) came from the classic experiments
of Geiger and Marsden in 1913. They mounted a radon source of « par-
ticles behind a thin metal foil and observed the scintillations produced
in a Zn8S screen. The screen was under a microscope to make individual
scintillations visible, and the angle of observation varied from 0° to
150°. Counting the scintillations was a tedious process, since many
counts were necessary, and the entire set of experiments represented a
considerable feat.

To check the variation with ¢, Geiger and Marsden determined the
quantity N = f(e) sin* 4 for angles from ¢ = 5° to ¢ = 150°, on silver
as well as gold foils. For each foil, N was constant to within about 17 %
over the angular range. Since both f and sin* 4¢ vary by a factor of some
10 in this range, we must consider the relative constancy of N as veri-
fication of the 1/sin' }¢ feature of Rutherford’s law. The linear increase
of the scattering with the foil thickness ¢ was verified for thin foils of
gold, silver, copper, and aluminum. The linearity held only for such
thicknesses and angles of observation (3.18a) that multiple scattering
was negligible. The dependence of the scattering on va was tested by
using various a-particle sources with different particle velocities. The
quantity fre' was constant to about =12%, although v, varied over a
range of about ten.

After being established, Rutherford’s law served in turn as a means of
investigating internal atomic structure. Some experiments by Chad-
wick on a particle scattering had the specific purpose of determining
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the charge number Z of the nucleus. For copper, silver, and platinum
he found Z = 29.3, 46.3, and 77.4, respectively, with estimated errors
of 1 to 2 per cent. Since an atom is electrically neutral and contains an
integral number of electrons, Z must also be an integer. The atomic
numbers of these elements, giving their positions in the periodic table,
are 29, 47, and 78. Within the experimental errors these measurements
indicate that the positive charge on the nucleus in units of ¢ equals the
atomic number of the element.

The approximate size of the nucleus is also measurable in scattering
experiments. Deviations from Rutherford scattering will appear when-
ever the distance of closest approach of the incident particle is smaller
than the nuclear radius. For natural a particles this distance is generally
a few units times 107" cm, and no deviations from Rutherford scattering
are observed. This sets an upper limit on the size of the nucleus. With
the fastest natural « particles against nuclei of low-Z elements like
boron, or with artificially accelerated protons (H" nuclei) it is possible
to observe deviations from Rutherford scattering. Such measurements
show that the radii of all nuclei lie between 107" and 107 ¢cm. Thus the
atom finally appears to be mostly empty space! The atom itself has a
radius of about 1 A, around 10" to 10° times the nuclear radius, and yet
all but ahout 0.03 % of the atomic mass is concentrated in the nucleus.
If the nucleus were the size of a large orange, the atom would be about a
mile across. The space outside the nucleus is filled with Z electrons,
where the atomic number Z runs from 1 to 92 or a little higher. The
central problem of atomic physics is to determine the behavior of the
electrons in these vast, empty reaches of the atom. One question that
immediately arises is how the atom can hehave like the impenetrable
elastic sphere discussed in Chapter 2, if it is mostly empty space con-
taining a few electrons. This apparent difficulty is related to more fun-
damental problems of atomic structure at the end of Chapter 6.

3.6. Isotopes

Another result of the specific charge measurements described in section
3.3 has been the discovery of isotopes. The mass spectrograph principle
of circular deflection in a uniform magnetic field can be developed into
an instrument of very high resolving power, to determine masses with
an accuracy of 10~ amu. Since it is difficult to produce ideally uniform
magnetic fields over a large area, the instrument does not measure in-
dividual particles but rather the small differences between similar par-
ticles. If we take into account the fact that all ionic charges q = ze,
where 2 is the valence of the ion, we can write (3.15) as

8 = Cl(M/2)1 — (M/2)s] (3.20)
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where C is a constant for any instrument, C = (2ve¢/eB). It is entirely
sufficient to measure only the differences s for various ions, because
all the ionic masses are defined relative to O = 16.000 - - - as a standard.
Thus by taking oxygen as one of the pair of ions in (3.20), we can de-
termine the masses of a group of secondary standards; from these second-
ary standards we can proceed by difference measurements to a third set
of ions, and so forth until we determine all ionic masses.

To be sure, the oxygen ions used for such an analysis do not have
exactly the mass 16.000 - - - , because this value by definition refers to a
neutral atom, and the oxygen ion of valence -z is lighter than the atom
by the removal of z electrons. This fact is, however, of no consequence
for the determination of n/z from the difference s. To realize this, con-
sider the case of two ions of valence z; and 2; , and let the masses of the
corresponding neutral atoms or molecules be M, and M. The masses
of the ions are then My’ = M, — zimo and My’ = M, — zymy, where
my is the electron mass. The spectrograph records

s§=CM\/zy — My /z) = C(My/2y — M,/2) (8.21)

where the terms in m, have exactly canceled. This cancellation always
occurs. Thus we see that we can interpret the mass spectrograph
measurements as giving differences between neutral atomic or molecular
masses, regardless of the fact that the measurements actually involve
corresponding ions.

In contrast to chemical measurements of average molecular weights,
the mass spectrograph shows that the mass of any individual atom or
molecule is nearly a whole multiple of 1 amu. For atoms of the light ele-
ments the mass differs by less than 0.01 amu from an integer, and for
heavy elements the difference is less than 0.1 amu. This fact has led to
the introduction of the mass number A of an atom. This is the nearest
integer to its actual mass in amu. The convention adopted is to write
the number A as a right upper subscript to the chemical symbol of
the element. To describe the element completely, the atomic number Z
giving its order in the periodic system is added as a left lower subscript.
Thus ,,Ne® is the symbol for a neon atom. It is the tenth element and
has a mass of 20.0004 amu. Order number and chemical symbol are
synonymous and somewhat redundant, except that Z has the quantita-
tive significance of being the positive charge on the nucleus, which
must be equal to the number of electrons in a neutral atom.

The mass number is in general not identical with the usual chemical
atomic weight, because the mass spectrograph has revealed the impor-
tant fact that many elements possess atoms of different masses, though
these atoms are chemically identical. Thus pure neon gas is found to
contain atoms with the mass numbers 20 and 22: ,,Ne” and ,Ne™.
Chemically identical atoms of different mass are called 7sofopes of the
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element. Some elements have many isotopes, such as tin %Sn with the
mass numbers 112, 114, 115, 116, 117, 118, 119, 120, 121, and 124.
The existence of isotopes explains why the atomic weights are not in-
tegers and why samples of different origin, though chemically pure
and identical, may show different atomic weight. The mass spectro-
graph serves not only to identify the isotopes of an element but also
permits determination of their relative abundances. The independence
of chemical properties of the nuclear mass is direct proof that these
chemical properties depend only on the electron configuration outside
the nucleus. This fact is already implicit in the equivalence of the num-
ber of electrons with Z, the order number in the chemical periodic table.

Molecules containing different isotopic atoms such as Cl:, which can
be CI*—C1®, CI*—C1*" or CI—CI”, possess different moments of
inertia and therefore produce different infrared rotation spectra. The
largest difference occurs in H, because H has an isotope +H? called
deuterium (dlso denoted by D), and these two atoms have the largest
mass ratio of any isotopes, namely 1:2.

The existence of isotope mixtures among the elements necessitates a
slight redefinition of the atomic mass scale. The ‘chemical” definition
of the atomic mass unit was that one neutral oxygen atom should weigh
precisely 16.0000 - - - amu. Naturally occurring oxygen proves, how-
ever, to be a mixture of the isotopes s0'°, s0'", and 0™ in the approxi-
mate ratio 1:0.0004:0.0020. The obvious “physical” definition of the
atomic mass unit is that a neutral atom of the isotope sO'® weighs just
16.000 - - - amu. The chemical amu is thus larger than the physical
amu by a factor 1.00028. This factor is negligibly different from 1 for
most applications; we shall refer to amu only on the “physical” scale.

Atoms of different elements but with the same mass number, like
wSn'? and ;Sb™ are called isobars. If the masses of isobaric ions of the
same valence were the same, their traces in the mass spectrograph would
coincide. By using instruments of high resolving power it has been
possible to show that their masses are not identical, and the differences
can be measured with an accuracy of 10~° amu. The same procedure
can be applied to molecular ions with the same valence and mass num-
ber (sum of the atomic mass numbers) or to ions that have the same
M /z values. Measurement of these small differences makes it possible
to determine the masses of all atoms and their isotopes to five signifi-
cant figures, by using suitable combinations as illustrated by the fol-
lowing example.

With a combination of methane and oxygen we have,* using the chem-
ical symbol to indicate the mass

«C2(HY), — 0" = 364.15 + 0.08 X 10~ amu (3.22)
*Values taken from K. Ogata and H. Matsuda, Phys. Rev., 89, 27 (1953).
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Since O'® has by definition a mass of 16.000 - - - amu, it follows that
C? + 4 ,H =16 + 364.15 = 008 X 10 amu  (3.23)

In a mixture containing monovalent D; and divalent (C* ions, which
have the same M/z values, we find the difference

D; — 3,C* = 423.01 = 0.09 X 10~* amu (3.24)
In a similar fashion singly ionized H; molecules and D atoms give
(H"Y; — D = 15.492 =+ 0.008 X 10~ amu (3.25)

Equations (3.23 to 25) are three equations for the masses of ,H', ;H’
and ¢C", which yield

H' =14 81.45 &+ 0.02 X 10~™* amu
H: =D =2 + 14741 + 0.03 X 10~ amu (3.26)
¢C? = 12 4 38.44 + 0.06 X 10 amu

This procedure of comparing molecules with almost but not quite the
same M /z ratio is sometimes called the mass doublet method. To see
why it achieves such high accuracy, consider that the difference C**H; —
0" = 0.036 needs to be measured only with an accuracy of 3% to yield
an accuracy of 3% X 0.036/16 = 0.01% in the mass determination
of C"Hi relative to the basic standard O,

Note that the deviations from integral values in (3.26) vary irregu-
larly; they are not related to the atomic or mass number in a simple
manner. They imply, for instance, that if C"* were made up of 12 ,H'
units, some mass would have to be lost in packing the units togcther.
The interpretation of these mass defects is of great importance in
nuclear physics (see Chapter 13).

3.7. Deflection of neutral particles in inhomogeneous fields

Uniform electric or magnetic fields can deflect only beams of charged
particles and have no effect on beams of neutral atoms or molecules.
An inhomogeneous field, however, will deflect a beam of neutral par-
ticles provided that they possess a dipole moment u. This deflection in
the magnetic case was first studied by Stern and Gerlach. The theory
is identical for both electric and magnetic fields but will be easier to dis-
cuss for the electric case. The resulting equations describe the magnetic
case if we replace E by B and the electric by the magnetic dipole moment.

In the experiments an inhomogeneous field is established between a
flat and a V-shaped electrode (or pole pieces of magnets), as indicated
in Fig. 3.5, and the beam passes near the apex of the V in the symmetry
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Fig. 3.5. Inhomogeneous electric field
E; EZ
! [
\
+q P
¥ | Fy
Az #d 4
Z _i —_——— > Ey
-q
s B
Y

Fig. 3.6. Forces on electric dipole.

plane of the setup. If we denote the beam direction by z and the sym-
metry axis by z as shown, the field E at the position of the particles has
the components E, = 0, E, = 0, while £, will vary with 2.

We consider first a more general case where E, = 0, but where E,
and E, are arbitrary functions of y and z. An electric dipole can be
represented by two charges +¢ and —q a short distance d apart, as in
Fig. 3.6. The position of —qis denoted by y and z, that of +¢by y + Ay,
z + Az If E,, E, denote the components of the field at —g, the field
at 4 ¢ has the components

E’-—E+ ”A + "A?/
(3.27)

E' =

The dipole moment, considered as a vector of ma.gnitude qd pointing
from —q to 4¢, has the components

my = ¢ Ay, B = q Az (328)
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Adding the products of charge and field components, we get for the
components of the resulting force

OE

F, = + * 9z
(3.29)

- aE, oE,

Ol >

The equations for the magnetic case are exactly the same, except
that we substitute the magnetic induction B for the electric field E,
and the dipole moment u refers to the magnetic dipole moment. The
force components are

F, = + 28,
b o, o, 30
TGy TR

As we shall see in the next chapter, the magnetic dipole moment u
of an atom is antiparallel to its angular momentum L. A magnetic in-
duction B exerts a torque T = y X B on the dipole. By elementary
mechanics this torque produces a change in the angular momentum,
T = dL/dt. In the present case dL/df amounts to a precession of L
and hence of g about the axis of B, as shown in Fig. 4.2. The pre-
cession frequency is on the order of megacycles even for a field of 1
gauss. Hence in passing through the Stern-Gerlach apparatus, the mole-
cules will perform 10* or more precessional rotations. The only nonzero
component of B at the beam position is B, , so the precession occurs
about the z-axis. The average forces on the molecules during their
passage through the apparatus are

B, , _ 9B,
F, =p, a_a_ + B
B (3.308)
F. = ﬂu + B

where the bars indicate averages over the path through the magnet.
Because of the precession
By =0, B, =pcose (3.31)

where ¢ is the angle between the directions of u and B, and u is the total
magnitude of the magnetic moment. The net force on the molecules
thus becomes

9B, éB,
F,-—-—ucoswal', F.=chS¢-£ (3.30b)
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The symmetry of the field (Fig. 3.5) assures us that B, = 0 along the
z-axis, o of course dB,/dz = 0 at the beam position. Thus the force
on the molecules finally reduces to a single component,

Fo=F, =0, P =peoseZ> (3.30¢)

Equation (3.30c) tells us several things about the force on the mole-
cules: the force is entirely directed along the symmetry axis of the V-
shaped pole piece and would be absent in a homogeneous field, for
which dB,/6z = 0. The magnitude of the force depends on the angle of
orientation and is a maximum for cos ¢ = =+1. Even the maximum
force attainable with neutral atoms in an inhomogeneous magnetic
field is rather small, so that the maximum deflections expected in a
typical apparatus are on the order of a few millimeters.

Suppose that an incident particle has a velocity v, = v in the z-
direction. This initial velocity component remains unchanged by the
side thrust F, which produces an acceleration a, = F/M. This accelera-
tion occurs only for the time ¢ = /v during which the particle is in the
magnetic field, where 1 is the length of the edge of the V-shaped magnet.
If we assume the acceleration a, to be uniform, the particle emerges
from the magnet with velocity and displacement in the z-direction equal
to

v, = a,t = (F/M)(l/v)
) (3:32)
z = yait’ = W(F/M)(U/v)

The path of the particle inside the magnet is a parabola, as in the case
of a horizontally fired cannon ball under the constant vertical accelera-
tion of gravity. After leaving the magnet, the particle follows a straight
path. It strikes a detecting plate a distance s from the end of the capac-
itor. The deflection on this plate from the undeviated position with the
field off is

_ v _ s+ 12

AZ—Z‘I";}—S—FI—AIT (3.33)

The deflection Az is proportional to 1/v°, where v is the incident veloc-
ity. The source of the neutral particles is generally an oven with a
small aperture through which the particles escape to form a beam with
thermal velocities. The average value of v* given by the principle of
equipartition of energy is My?* = T, v* = 3kT/M. We can make a
somewhat improved estimate of »* by taking into account the actual
geometry of the source. The particles that emerge from the oven with
a velocity v in a time interval At come from a cylinder behind the aper-
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ture of length v As. Thus the rate of particle emission through the aper-
ture is v times the density of corresponding particles in the oven. The
velocity distribution inside the oven is (2.23), and hence the velocity
distribution of the emitted particles is

p'(W)dy = C"e T dy (3.34)

where C” is not the same as ¢’ in (2.23). The mean square velocity of
this distribution is

_ _/: v’p’ (v) dv _ 4T (3.35)

= p'(v) dv M

This value for »? is usually inserted in equation (3.33).

Since the force F varies with cos ¢, we should expect that a beam of
neutral atoms with dipole moments in an inhomogeneous magnetic
field would be smeared out in a continuous fashion along the z-axis.
The striking result of the experiments, first performed by Stern and
Gerlach, is that the beam does not smear continuously but splits into a
finite number of uniformly spaced components. With neutral atoms of
Ag and Na, for example, the beam splits into two well-distinguished
parts, equally and oppositely placed from the undeflected position.
This suggests that the dipoles can take only two possible orientations
relative to the z-axis. This phenomenon is known as space quantization.
The possible orientations are always restricted to a finite number,
equally spaced in values of cos ¢; this number is not always two, as for
Ag and Na, but it is usually small.

Space quantization appears to be a fundamental and unvarying law
of nature. Like the deviations from Dulong and Petit’s law, C, = 6R
for solids, space quantization is inexplicable on the basis of classical
mechanics. Both of these anomalies fit logically into the structure of
quantum mechanics (wave mechanics), discussed in subsequent chap-
ters.

SUMMARY

Studies with beams of charged and neutral particles are of great im-
portance in revealing subatomic structure. Measurements on charged
particle beams yield only the values of the specific charge g/ M, and never
g or M separately. Crossed electric and magnetic fields produce a
velocity filter for monochromatizing charged beams; an electric field
used to produce a centripetal force makes an energy filter. Two general
principles for ¢/M measurements are circular deflection in a uniform
magnetic induction and crossed electric and magnetic fields (parabola
method).
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The g/M measurements on electrons and positive ions show that the
electron is many thousand times lighter than the average atom. This
great mass is concentrated in the nucleus of the atom, which also con-
tains the positive charge. Experiments on the scattering of a particles
from naturally radioactive sources and of artificially accelerated protons
give evidence that Rutherford’s nuclear model of the atom is ('orrect
These experiments show that the nuclear radius is betwcen 107 and
107 cm, as compared with an atomic radius of order 10~ cm. They
also show that the atomic number Z of the element, giving its order in
the chemical periodic table, equals the positive charge on the nucleus
in units of e. Therefore Z also equals the number of extranuclear elec-
trons in an electrically neutral atom.

The g/M measurements of positive ions reveal the existence of iso-
{opes, which are chemically similar atoms with the same charge number
Z but different atomic weights. It is found that all isotopic masses are
close to integer values in amu, which permits the definition of an in-
tegral mass number A for each isotope. By means of a difference or
“doublet” method we can measure the small deviations of M from A to
order 10™° amu. The nonintegral values observed for the atomic weights
of some chemical elements arise from a mixture of different isotopes. In
the case of oxygen there are three isotopes, gO"‘, 0", sO"; the chemical
amu, based on the natural mixture as 16.000 - units is therefore larger
by 0.028% than the physical amu, based on 30'° as a standard.

Neutral atoms or molecules with permanent dipole moments will not
respond to a uniform field but are deflected by an inhomogeneous field.
In a simple geometry the force depends on the angle between the dipole
vector and the symmetry axis of the field; we accordingly expect an
incident beam to be smeared in a continuous fashion between certain
limits. The magnetic experiments of Stern and Gerlach and others
show, however, that the heam splits into a finite number of separate
components, suggesting that the angle of orientation can assume only a
few distinct values. This phenomenon of space quantization can be
understood only in terms of quantum (wave) mechanics.
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ILLUSTRATIVE PROBLEMS

1. Design a mass spectrograph for which the doublet separation of
\H? and H; is 0.5 mm, using the following specifications. The singly
charged ions pass through a velocity filter with a plate separation of 2 mm
and a potential of 100 volts; the same magnetic induction B is used for
the filter and for the circular deflection in the spectrograph. Compute
the magnitude of B and sketch the instrument, indicating its dimen-
sions and the directions of the electric and magnetic fields. The mass
of H? is 2.014741 amu, of H' is 1.008145 amu.

Solution. According to (3.20),

=2l M)

Here z; = 2, = 1, M; = 2.01629 amu, M, = 2.01474 amu, where 1
amu = 1.66 X 107 g. Also, by (3.1), v = ¢cE/B = (V/d)(c/B). Using
e =48 X 10 esu, ¢ = 3 X 10" em/sec, and a conversion factor of
1/300 from practical volts to statvolts (esu), we have
_XV
T Bt de
_ 2 X 9 X 10" X (100/300) X 1.53 X 10~ X 1.66 X 10~
B2 X 02 X 48 X 107

(M, — Ms)

10*
Thus, with s = 5 X 10~ cm,
B = /159 X (10°/5) X 10* = 5.6 X 10’ gausses

The size of the instrument is determined by R = (vc/Be)(M/2) for
either ion. Comparing with the equation for s, we see that

- M _ 2y 2 .
2R—M1_M2—5X10 X1.53><10—65cm
The magnetic induction must therefore be 2R = 65 cm across. The

apparatus is shown in Fig. 3.7.
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e— 65 cm———e-

Field perpondiculor—-@ B t‘I I_.__

to plane of diogrom
pointing away from
viewer

Fig. 3.7. Sketch of mass spectrograph.

2. Derive a relation for the number of alpha particles that will be
deflected by an angle larger than 90°, assuming that Rutherford’s
law is valid up to 180°. Use the result to answer the following problem.
In an experiment all forward scattered particles are collected and their
charges recorded on an electrometer E;. Similarly all backward scat-
tered particles are collected to charge an electrometer E. . The capaci-
tance of E; is 1 uf, and that of E, is 10 uuf. The velocity of the alpha
. particles is 1.6 X 10° cm/sec. The scattering foil is of gold, Z = 79,
M = 197.2, density 19.32 gm/cm®. Determine what thickness of the
foil should be used so that the potential of the two electrometers in-
creases at the same rate.

Solution. According to (3.19), the fraction of scatterings from 90 to
180° is

* (intxR® cos ip _1 2 o
[/ (s de) o = uek? = o0
The portion of scatterings between 90 and 0° is therefore 1 — f(90°).
Note that the forward scattering cannot be computed directly from
integration of (3.19), which would give an infinite result. This infinity
is physically meaningless because it arises from integration over the
region ¢ — 0, for which Rutherford’s formula does not hold because
(3.18) is not satisfied. The expression for f(90°), like the formula (3.19),
is valid only for ¢ small enough to avoid multiple scattering.
The charging rate of the electrometers is

g2 _  f(90°)

q  1-—7090°
and the rate at which their potentials increase is
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If Vo/Vy = 1, then g/qn = 107 & 7(90°) = intxR’. For the present
case ’

_ Nop _ 603 X 10% X 193 _ 59 X 10®
197 cm?

2
_ 2Ze
%M vo?

_ 2% 79 X (4.8 X 1079)?
IX4 X (166 X 107%) X (16 X 10°¢

=43 X 107* cm

Thus = %———— =12X 10"* em

3. The magnetic moment of neutral sodium atoms is 9.26 X 10~
emu, and the boiling temperature of Na is 880°C. Assume that the in-
duction in a Stern-Gerlach experiment has components (in emu)

B.=0
B, = 10'(—y — 2z3®)  (Note: div B = 0)
B, = 10'(1 — z — 22%)

and that the pole shoes are 10 em long. Find how far from the end of
the pole shoes the collecting plate must be placed to obtain a separation
of 2 mm between the two beams of sodium atoms oriented parallel and
antiparallel to the field. The incident beam passes along the x-axis,
y=12z=0.

Solution. The force on an atom is

F=u ?:. cos ¢ = F9.26 X 10" dyne

for cos ¢ = +£1. The difference in deflections for cos ¢ = +£1 is, by
(3.33) and (3.35),

_ 2F1 1\ _ Fl l

84 = 3t (“+‘2‘) = 27;1*(" +§)

Inserting kT = 1.38 X 107"* X 1153 = 1.59 X 10 ™ erg, and I = 10
cm, Az = 0.2 cm, we have

_ 04 X159 X 10"

926 x 10~ 0 = 6tem




Ch. 3 PARTICLE BEAMS 71

PROBLEMS

1. To realize the tremendous value of the specific charge e¢/m of the
electron, consider two charged particles, each of mass 1 g with the same
specific charge as the electron.

(a) What force is required to hold these particles at a distance of
1 cm?

(b) If they start at this distance with zero velocity, what is their
velocity when they are separated by a distance of 1 m? Note that both
particles are released simultaneously and both move; neglect relativity.

(¢) What is their energy at 1 m distance, in ergs, in clectron volts,
in calories?

(d) What is the magnetic force on the particles at 1 m distance if
they are moving perpendicular to the earth’s magnetic field of intensity
0.2 gauss?

2. In Fig. 3.8, (' is a 90° section of a cylindrical capacitor with a plate
separation d which is small compared with the average radius of curva-
ture R of the two plates. A voltage V is applied across the plates and a
uniform magnetic induction B is acting normal to the plane of the dia-
gram. A beam of charged particles is to pass along a circle of radius R
through the capacitor, in which electric and magnetic forces are acting
on it. After leaving the capacitor, the particles remain in the same mag-
netic induction B and are found to fall on the collecting plate P at a
distance x from the exit slit of the capacitor.

(a). Indicate the polarity of V and the direction of B required for
positive rays to be focused at a distance x < 2R.

(b) Derive the equations for the velocity » and the g/m value of par-
ticles arriving at x, in terms of V, d, B, R, x.

(c) Can this arrangement he used as a velocity filter? Discuss its
features and disadvantages relative to the crossed fields filter.

(d) Is the arrangement useful as a mass spectrograph? Can you sec
any advantages or disadvantages compared with the common type?

(e) WithV = G volts, R = 10cm, d =
mm, what magnetic field in gausses must be
applied to have protons arrive at z = R?

(f) What is the velocity of these protons
and what accelerating potential is required

to provide them with this velocity? L ‘—‘ ®s

3. A mechanical velocity filter has two
identical disks 4 c¢cm apart, each with 12
equidistant holes on a circle of 2 ¢m radius, 3.8. Cylindrical ;
with the holes in the two disks lined up par- d;i,er ﬁltei .:m;lc:pe;:z.
allel to the rotation axis. The filter is to be  graph.



72 PARTICLE BEAMS Ch. 3

used for a stream of He atoms entering the vacuum from a gas reservoir
in which the temperature is 500°K and the pressure 1 atm.

(a) What must be the minimum angular velocity in rps if the filter
has to transmit the atoms which have an energy corresponding to their
average kinetic energy in the reservoir?

(b) At this angular velocity what is the energy of the other atoms
capable of passing through the filter?

4. Monochromatic positive ions enter the analyzing chamber of a
mass spectrograph through a narrow slit and are deflected by a uniform
magnetic induction. If the initial velocities are spread over an angular
range 2¢, what is the linear spread of the line on a photographic plate
inclined at an angle ¢ with respect to the direction of the incident beam?
Show that to first order in ¢ the ions are focused on the plate when
¢ = 90°. What is the second-order effect at this position?

5. (a) Using a discharge in pure water vapor as a source of positive
jons, one may find in the mass spectrograph ions of ;H', ;H? s0'°, 0",
40 and of the various OH compounds such as (H} s0'%), etc. How
many doublets or multiplets can be observed? Give their designations
and compute their doublet separations in amu from the following table:

H' = 1.0081 amu, 0" = 16.0000 amu,
H? = 20147 amu, 0 = 17.0045 amu
§0"® = 18.0050 amu

(b) A mass spectrum is produced with COCl; in the discharge tube,
and lines are observed on the plate corresponding to the following mass
numbers: 14, 16, 17.5, 18.5, 28, 32, 35, 37, 63, 65, 70, 72, 74. Identify
the ion producing each of these lines, if C has isotopes A = 12, 13, O
has isotopes A = 16, 17, 18, and Cl has isotopes A = 35, 37.

6. Assume that an alpha particle passing through a gas is deflected
only when it strikes a nucleus of a gas atom. Compute the approximate
fraction of alpha tracks in a cloud chamber that will end in a “fork” as
the result of such an impact, if the chamber is filled with helium at
normal pressure and temperature. The average velocity of the alpha
particles is 10" m/sec, their normal range in the cloud chamber is 5 cm,
and the radius of the He nucleus is 107 em. What would be the range
of the alpha particle if it could be stopped only by impact with a He
nucleus? The much shorter actual range is due to impacts with many
atomic electrons, which cause the alpha particle gradually to lose mo-
mentum.

7. The scattering of alpha particles with a velocity of 1.35 X 10°
cm/sec from films of boron shows deviations from Rutherford’s law



Ch. 3 PARTICLE BEAMS 73

above the scattering angle 150° in the center of gravity system. Assum-
ing the proton to have the same radius as an alpha particle, compute the
minimum velocity of protons which would show deviations from Ruther-
ford’s law in scattering experiments with thin boron films. What poten-
tial in volts is required to produce protons of this velocity? What value
is indicated for the sum of the boron plus a particle radii? Note: in
this case the scattering nucleus is not infinitely heavy relative to the
scattered particle, and we must use the reduced mass of the particle
appropriate to the center of mass system, M’ = MM,./(M + M,)
where M, is the mass of the nucleus.

8. Thorium emits a particles with an initial velocity of 1.41 X 10°
cm per sec.

(a) What is their energy in mev?

(b) What is the radius of their path in a magnetic field of 10000
gausses?

(c) Using the same magnetic field, what electric field is required
for a velocity filter to transmit these particles?

(d) Assuming the nuclei of all elements to have a radius of 107*
cm, determine the largest order number of an element in a foil for which
the scattering of these particles would deviate from Rutherford’s law
at large deflection angles.

9. The validity of Rutherford’s law in any actual experiment rests
on two conditions: (1) that practically none of the particles suffer more
than one nuclear collision in passing through the target foil; (2) that
the bombarding particle maintains a constant velocity throughout the
foil, or hence must lose a negligible amount of kinetic energy by electron
impacts. In practice, these conditions restrict experiments to very thin
foils. Show this by a calculation along the following lines. Alpha par-
ticles of initial velocity 1.4 X 10° cm/sec bombard a gold foil (pAu'’,
density 19.3 g/cm®, assume a random polycrystalline distribution); and
it is required that neither the average energy loss per particle nor the
fraction of particles suffering more than one collision exceeds 5 %.
All deflections are observed that amount to 2° or more.

(a) What is the maximum impact parameter for one of these alpha
particles if it is to suffer a deflection of at least 2°?

(b) Neglecting the effect of electron impacts, use the result of part
(a) to compute the mean free path of an alpha particle in gold for a de-
flection of at least 2°. This is the average distance traveled between two
such collisions.

(¢) Neglecting the effect of large deflections, compute the average loss
in alpha-particle energy per unit distance of gold foil traversed, on the
assumption that the loss by electron impact averages 100 ev for each
Au atom traversed.
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(d) Note that the calculation of part (b) neglects the effect of part
(c) and vice versa. Why is this justified ?

(e) From the results of (c) and (d) compute the maximum thickness
of gold foil under the limitation that neither effect should exceed 5%.

(f) Compute roughly the percentage energy loss and fraction of mul-
tiple impacts for thicknesses onc-half and two times as large as that of
part (¢). What can you say about the relative importance of these two
effects for thin and thick foils?

10. Design a Stern-Gerlach experiment that will give a separation of
2 mm between the two beams of ;;Na® atoms with a magnetic moment
of 9.26 X 107 joule m®/weber, when observed at a distance of 10 cm
after leaving the magnet. Use the following data: the kinetic energy of
the atoms is 2k7T', where T' = 1200°K is slightly above the boiling tem-
perature of Na. The magnet is 10 em long (neglect end effects) and made
of iron with a flux density of 2 webers/m* at saturation. Consider the
sharp edge of the V-shaped pole piece as a circle of radius ry and assume
that the field around this edge decreases with the distance r from the
center of the circle as D/r (analogy with a cylindrical capacitor). The
beam enters the field at a distance r = 2r,. Note that the transverse
displacement of the atoms between the pole pieces must be very small,
so that in first approximation the induction B acting on the particle
when it is at a distance r = 2r, + y can be written

B(y) = BQ@2r) + y (‘fi—f)r_m

Compute the radius of curvature ro of the pole piece at the sharp edge.



Chapter 4

MAGNETIC, OPTICAL, AND ELECTRIC
PROPERTIES OF ATOMS

The nuclear model of the atom explains the moments of inertia of
diatomic molecules and the large-angle scattering of « particles. The
mathematical theory of this scattering turns out to be in excellent quan-
titative agreement with experiments performed to check it. On the
other hand, it is difficult to reconcile this picture with the hard-sphere
behavior of atoms toward each other. When such a dilemma arises, the
next stage in the scientific procedure is to examine all the other physical
implications of the nuclear model and apply quantitative tests to them
also. If theory and experiment agree, we obtain further independent
support for the model. If they disagree, it becomes necessary to modify
and improve the model. Usually such changes do not mean scrapping
the previously successful features of the model so much as refining the
details. From these refinements in understanding of atomic structure
has ultimately come wave mechanics, our most powerful modern tool
for analyzing the microscopi¢ physical world.

An application of the nuclear model, which will extend our understand-
ing of its details, is to the magnetic, optical, and electric properties of
atoms. Here we can score a number of qualitative successes, which lend
strong general support to the model. Certain prominent difficulties arise,
however, to be resolved only by additional hypotheses. The chief source
of difficulty is the question of radiation by the electrons in the atom.
Efforts to avoid the radiation difficulty on a purely classical basis lead
to the introduction of a “static’’ as well as a “dynamic’ atomic model.
Neither of these versions is entirely correct, but each contains some ele-
ments of the truth. We should therefore examine both models to see
how far they are adequate to explain the observed facts.

The natural dynamic model to assume is one where the electrons re-
volve in orbits about the nucleus, just as the planets around the sun.
The attractive coulomb force in the atom can exactly replace the gravi-
tational force in the solar system, since both follow inverse square laws.
The electron revolving in its orbit experiences a centripetal acceleration,
and according to classical electrodynamics should emit radiation. This
radiation carries energy away from the electron, which should therefore
spiral into the nucleus in a remarkably short time. We know atoms to be
stable systems, however, and do not observe any such continuous radia-

75
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tion. Thus we have to entertain an alternative static model in which
the electrons are supposed to occupy stationary equilibrium positions
in the atom. An electron when disturbed from its equilibrium position
experiences a harmonic restoring force to that position. This removes
the difficulty with radiation but introduces another: it is not possible to
achieve such stationary positions by electric forces alone, and no other
forces are known to exist among electrons or between electrons and
nuclei. By combining various features of each model, we can obtain some
predictions in agreement with observation. This is hardly a satisfactory
situation, however, and improved hypotheses are needed.

The solution of this dilemma—as well as those of the space quantiza-
tion demonstrated by the Stern-Gerlach experiment and the deviation
of specific heats from the constant values predicted by classical kinetic
theory—requires the introduction of quantum mechanics into atomic
problems. Since the quantum mechanical treatment is more complicated
than the simple static and dynamic models, it is worth while for us first
to consider in detail their successes and limitations.

4.1. Dynamic model and magnetic properties

The classical dynamic model is useful mainly for interpreting magnetic
properties of atoms. We neglect for the time being the difficulty with
radiation and assume the electron orbits to be stable. To simplify the
discussion, consider the orbits to be circular and neglect any interaction
between different electrons in an atom. If the radius of an orbit is r,
the coulomb force of the nucleus on the electron is Ze¢*/r*, which produces
the centripetal acceleration rw’, where  is the angular frequency of
rotation. Thus the frequency of rotation is

v = /2% = (&/2nr)(Z/mr)'" 4.1)

The radius of the outermost electron orbit is of order » &~ 10~® cm, so
that the corresponding » = 10'®/sec. This frequency corresponds to
light of wavelength 10~ to 10™° cm, which is the ultraviolet and near-
visible range. When atoms are forced to radiate in an electric discharge
tube, they emit light of this wavelength range. It therefore seems reason-
able to ascribe this optical radiation to the outermost or ‘“optical”
electrons of the atom. The infrared radiation of much longer wavelength
(210~ cm) is due to rotation and vibration of charged atoms
in molecules.

An electron in its orbit represents an electric current ¢ = —e’v passing
around a loop of area A = r*. Such a current loop produces a magnetic
field equivalent to that of a magnetic dipole with magnetic moment

p =14 = xr'e'v = =rev/c 4.2)
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The magnetic moment is perpendicular to the plane of the orbit in the
direction shown in Fig. 4.1. With the rough values above for r and »
the order of magnitude of the magnetic moment is
p~ 107° esu =10°" emu (gauss-cm). This moment &
is called the orbital magnetic moment.
A rotating electron has a moment of inertia
about the nucleus of I = ms* and an (orbital) an-
gular momentum

L = Io = mr2xv (4.3) -e
. . . . Fig. 4.1. Mag-
This angular momentum is a vector quantity and is petic moment of

also directed perpendicular to the plane of the orbit. rotating electron.
For a negatively charged particle like the electron,

the vectors yw and L are antiparallel; for a positive particle they are
parallel. The ratio of the magnitudes of w and L is

u/L = e/2mc = G (4.4)

The gyromagnetic ralio G has the remarkable property that it is inde-
pendent of the size of the orbit, frequency of rotation, and magnitude Z
of the nuclear charge. Although the constancy of this ratio is shown
here only for circular orbits, its independence of all orbit parameters
strongly suggests that it would be true for any shape of orbit. This can
be shown to be the case.

The various electrons in an atom have their magnetic moments point-
ing in different directions. The magnetic moment of the atom is the
vector sum of these moments. It turns out that this sum is zero for most
atoms and molecules. They have no resulting moment and the substance
composed of them is diamagnetic. Only in the relatively rare cases where
the vector sum is nonvanishing does the atom possess a permanent
magnetic moment and form a paramagnetic substance.

Suppose the atom to be placed in a uniform magnetic induction B,
defined for convenience to be in the z-direction. This induction exerts
on the orbital magnetic moment of each electron a torque of magnitude
T = uB sin v, where v is the angle between u and B. We can represent
this torque as a vector T' = w x B, normal to both y and B. Since the
torque is always normal to the angular momentum L of the electron,
which has the same direction as w, it cannot change the magnitude of L,
but only its direction. Thus L executes a precession about the direction
of B. To compute the precession frequency, we introduce a system of
axes as shown in Fig. 4.2. With respect to these axes the angular momen-
tum of magnitude L has the components

L, = Lsinvycose
L, = Lsinvysine 4.5)
L, = Lcosy
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and the torque has the components
T.= —uBsinysin ¢
T, = uB sin vy cos ¢ (4.6)

T.=0
The equations of mechanics tell us that T, = dL./dl, and similarly for
the y- and z-components. Since the magnitude of L is constant, T. = 0
implies that v is also constant. The only quantity in (4.5) and (4.6)
that can vary with time is ¢, and if v, = dp/dl, we have

—uBsinysing = T, = dL,/dt = —w,L sin ysin ¢ 1)
pBsinycose =T, = dL,/dl = w,.Lsinvy cos ¢
From both Eq. (4.7) comes the condition
wz = uB/L = BG (4.8)

Thus the application of a constant magnetic field causes each electron
orbit to rotate so that its magnetic moment and angular momentum
vectors precess about the field direction with an angular frequency w,, .
The corresponding linear frequency v, = w./2r is known as the Larmor
frequency. Using the value of G from (4.4), we have

vi = (e/4rme)B = 1.41 X 10°B (gausses) 19)
= 1.41 X 10"B (webers/m?) )
B Note that the direction of the Larmor

] precession is independent of the direc-
tion in which the electron rotates. Re-
versal of the electron motion changes

-~ the sign of both L and T in Fig. 4.2 and
( . leaves the precession unchanged. It is also
\\ independent of the size and shape of the

orbit and the angle v of its orientation
relative to B. The precession would be
reversed only if the charge of the elec-
tron were made ¢ instead of —e, with

/ a corresponding change of the sign of G
in (4.8). Therefore all electrons in an atom
N undergo the same precessional motion.

netic moment in external field. rotate the entire electronic system in a
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clockwise sense as seen from the direction of the field. This rotation
serves to explain the three magnetic phenomena discussed in the follow-
ing sections.

4.2. Gyromagnelic (Einstein-de Haas) effect

In the absence of a magnetic field many atoms have a total angular
momentum equal to zero; they are called diamagnetic. The angular
momentum veetors of the individual electrons are randomly oriented,
and hence their vector sum is zero. When a magnetic field is applied,
the Larmor precession of the electron gives to each atom an angular
momentum L, pointing in the field direction. We may estimate the
order of magnitude of this momentum in the following way. Let z2
and y2 be the mean square values of these coordinates for the ith elec-
tron, which thus has a moment of inertia about the z-axis (direction of B)
of m(z? + %?). The total moment of inertia of the atom about the
z-axis is Iy = Z m(z2 + y?2), where the sum is over all electrons in

the atom. Under the Larmor precession, the entire electron configuration
acquires an angular velocity v, about the z-axis. The angular momentum
of the atom associated with this rotation is

Ly = w1y = ;—gc Z‘: m(z2 + y?) (4.10)

Since a spherical atom is symmetrical, we expect that

25.5=Zy?=;2? =“‘;(z_,=+zﬁ+é?ﬂ) =%§2E§ (4.11)

and hence
eB «— —
h—ggﬁ (4.12)

A similar angular momentum in the same direction is given to each atom
of the substance. With v/ 2 & 10" cm, a magnetic field of 10* gausses

will induce an angular momentum on the order of 107" g c¢m®/sec in
every cm’ of the sample.

Suppose now a macroscopic body to be suspended at rest on a fine
wire and suddenly subjected to a magnetic induction B. There is no
torque acting on the body from outside, so that if it was initially at rest
with total angular momentum zero, the momentum must remain zero.
The external field, however, has produced an angular momentum L,
in the electrons. To balance this and keep the angular momentum of
the total system equal to zero, the body as a whole must rotate in the
opposite direction to L . Thus the body should rotate counterclockwise
when viewed in the direction of B. This extremely small rotational
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momentum, predicted by Einstein and de Haas, has been found in
careful measurements by Barnes.

In the observations the body is suspended to form a torsion pendulum.
First one measures the damping of the rotation without applied field.
Then the field is switched on and periodically reversed when the pendu-
lum passes through the zero position. The effect of the field is therefore
to assist or oppose the oscillations, according as the gyromagnetic effect
creates a torque in the direction of or opposite to the motion. What one
observes is decrease or increase in the apparent rate of damping. The
measurements verify the order of magnitude of the calculated angular
momentum.

4.3. Diamagnetism and magnetic susceptibility

In addition to gaining angular momentum from the Larmor preces-
sion, an atom gains » magnetic moment. The effect of the Larmor pre-
cession is to rotate the sth electron about the z-axis in an orbit of area
x(z2 + y#) with frequency »,. Since the rotation is clockwise and
the electron negatively charged, a net magnetic moment appears directed
opposite to the field. Thls is in accordance with Lenz’s law. The in-
duced moment per cm® due to all the electrons is hence

M; = —noevL'er(x.2+y)

(i) 7

where 7, is the number of atoms per cm®. In (4.13) we write H instead
of B because the individual electrons are supposed to be moving in
empty space devoid of any material medium.

The induced moment My is called diamagnetic because it opposes the
action of the applied field. It arises from an intrinsic polarizability of
each atom, and experimental verification would provide support for the
dynamic model of the atom. Not all materials are suitable for measure-
ment of this diamagnetic effect. Many materials show a paramagnetism
(induced magnetic moment parallel to the applied field) that masks the
diamagnetism (4.13). Paramagnetism occurs when the atoms or mole-
cules of a substance have a permanent magnetic moment y. The applied
field tends to line up these moments, resulting in an induced moment
M, . We estimate M, as follows: the magnetic moment per cm® has an
average component along the direction of H equal to

(4.13)

= m f s cos 0p(6) dao (4.14)
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Here p(f) dw is the probability that a dipole u will be pointing in the
solid angle dw at an angle 6 to the direction of H. The component of g
parallel to H is u cos 6, where u is the magnitude of the permanent dipole
moment per molecule; and n, is the number of molecules per cm®. To
determine p(8), we note that the potential energy of a dipole u in a field
H is —upH cos 6; and according to Boltzmann’s principle (1.9) the
probability p(6) dw is

p(0) duo = 92 gouniemy s (4.15)
On substituting (4.15) into (4.14), we take dw = dy sin 6 d6,
27
j de = 2r, and *FT 0 + cosﬂ

The last is an approximation justified because uH/kT <« 1 in experi-
mentally realizable situations. Thus we obtain
M,

f ysinﬁcoso(l + cos B)do

_ T
2 b kT
(4.16)
_mpH
3

kT

The components of M, perpendicular to H involve integials of the form

j;zrsin¢d¢=0, j;z'cos<pd¢=0

thus the induced moment is entirely parallel to H for a simple medium.
The total induced moment in the substance is

M=M,+ M, (4.17)

In order to describe the magnetic properties of a material in a way
that does not depend on its density p, we define the susceptz‘bility by

x=-p= -—( 2+ g (4.18)

The negative and positive terms in (4.18) are, respectively, the dia- and
paramagnetic susceptibilities. The diamagnetic term is always present,
the paramagnetic term only when the atoms or molecules happen to
possess permanent magnetic moments. In case the paramagnetic term
is present, however, it is generally a couple of orders of magnitude
(factors of 10) larger than the relatively small diamagnetic term. In
cases where the paramagnetic term is absent, measurement of the nega-
tive susceptibility supports the dynamic model of the atom. The per-
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manent magnetic moments are an ad hoc assumption here, so that
measurement of paramagnetic susceptibilitics does not provide any
further insight into the dynamic model.

To estimate the magnitude of the diamagnetic effect, suppose that the
Z electrons in an atom are uniformly distributed throughout a sphere of
outside radius R. The number of electrons in a spherical shell of radius
r and thickness dr is then dn = 3Zr’ dr/R’, and

_ R
2= f P dn = 3ZR?
T (]
Inserting this value in (4.18) and taking no/p = No/A, where N, is

Avogadro’s number and A is the atomic weight, we have for the dia-
magnetic susceptibility

& Z
T A
. (4.18a)
—C
R g N & —10°R’

where we have taken Z/A & } for all clements. The observed magnitude
of the diamagnetic susceptibility is on the order of x, & —10~° to —107",
80 that by (4.18a) R & 10™® em = 1 A. This is just the same order of
magnitude for the atomic radius as obtained in our discussion of Chapter
2, considering the atoms as impenetrable spheres. The atomic model of
electrons circulating in orbits does not seem much like a hard sphere,
but it is given quantitative support by the fact that (4.18a) correctly
predicts the sign and order of magnitude of the diamagnetic cffect.
About half the chemical elements and most organic compounds exhibit
the negative x characteristic of diamagnetism.

The discussion above assumes a single type of atom to be present; in
a compound substance we must understand (Z/A4)R* to be an average
value for the atoms in the compound. This refinement is scarcely sig-
nificant in view of the crudity of the model.

In case of a permanent magnetic dipole moment u, paramagnetism
is observed. Typical ions with g # 0 (from the 10- and 14-number
groups of Fig. 1.1) have u & 1-10u,, where po = 107 emu. Thus at
room temperature the paramagnetic term is

o1 107 n)”N P

Neglecting xa in (4.18) as comparatively small, we can write

X Xe = kT

C
7 (4.18b)
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The form C/T exhibiting the inverse temperature dependence is called
Curie’s law, and C is Curie’s constant for the material. Relation (4. 18b)
is by no means universal but has been verified for some substances over
a wide temperature range (O gas, copper- and iron-ammonium
sulphates).

An improvement on Curie’s law due to Weiss is to write

=C/(T - T (4.18¢)

The addition of another adjustable parameter, the Curie temperature T'. ,
makes it possible to fit the experimental data on a wider range of sub-
stances. In particular, iron, cobalt, and nickel have large, positive
Curie temperatures; for iron T. &~ 1000°K. For temperatures T > T.,
these substances show paramagnetic behavior. As T — T, from above,
(4.18¢) indicates that x = M/H — . Physically this means that for
T < T., when (4.18¢) does not hold, these substances can retain a
finite magnetization M in the absence of an applied field (H = 0).
Substances capable of making “permanent” magnets of this sort are
ferromagnetic. The finite M in zero H arises from a spontaneous lining
up of the permanent dipole moments .

4.4. The normal Zeeman effect

In the dynamic model we must neglect the normally expected radiation
and say that an undisturbed atom will be stable and not lose energy by
radiation. This assumption holds also under Larmor precession. Atoms
can be forced to radiate, however, by passing an electric discharge
through a gas-filled tube. %pe(troscopw measurements show that
atomic radiation contains a series of sharp frequencies called specirum
lines. On the basis of classical theory we know nothing else but to assume
that the observed frequencies of radiation correspond to the frequencies
of rotation of the electrons in their orbits. On this assumption we con-
clude that the frequency of the radiation would be altered when a mag-
netic field is applied. These frequency shifts of spectral lines in a mag-
netic field constitute the Zeeman effect. In some special cases the
observations are in full agreement with the theory of the Larmor pre-
cession given here. Such lines are said to have a “normal” Zeeman
effect. All other lines, by far the greatest majority, have anomalous
Zeeman effects which we shall discuss later on. This situation again
indicates that the simple dynamic model contains a considerable germ
of truth but is deficient in some important details.

To understand the normal Zeeman effect in terms of the dynamic
model, let the plane of an electron orbit make an angle y with the zy-
plane. In the absence of the field, choose the y-axis along the intersection
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of the orbit plane and the zy-plane. Then the coordinates of the electron
as a function of time are

I = T CO8 ‘Y CO8 wl

y = r8in wi (4.19)

2 = r8in v cos wl

where r is the radius of the circular orbit. Now when the induction B
acts in the z-dircction, the z- and y-axes of the entire figure precess with
an angular velocity w, . The coordinates x, , #, 2 of the electron rela-
tive to some fixed set of axes are then displaced by an angle ¢ = wt
in the zy-plane from the coordinates (4.19). Thus we have

o= TcosSp —ysing
Yo=zsineg + y cos ¢ (4.20)
% =2
By means of relations of the form
sin A cos B = }[sin (A +B) + sin (A — B)] (4.21)

and corresponding forms with sin A sin B and cos A cos B, the electron
coordinates relative to the fixed axes become

r [(c___os 72+ 1) cos (w + wi)t + (m—l> cos (& — w")t]

Yo = r[(cos-yz+ l) sin (w + wy)t — (ms'y__z__—_—__l) sin (w — coz,)t]

2 = 7 sin vy cos wt (4.22)

Zo

The first terms in the expressions (4.22) for z, and y, represent a rotation
in the zy-plane with frequency (v + w,). Comparison with (4.20) shows
that this rotation is in the same direction as the precession w,. The
terms in (4.22) with frequency (w — w,) represent rotation in the op-
posite direction. The 2z,-coordinate expresses a simple linear vibration
with unaltered frequency w.

According to classical electromagnetic theory the radiation emitted
by a moving charge is determined by its equations of motion. The
radiation from a rotating or oscillating electron therefore has the same
frequency and general properties as the mechanical rotation or oscilla-
tion. For motion described by (4.22) an observer looking along the
direction of B will see each spectral line of original frequency w split
into two components. The component with frequency (v + w;) i8
circularly polarized in a clockwise direction, which is the direction of the
precession. The lower frequency component (w — w.) is circularly
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polarized in the opposite or left-hand direction. The vibration along
the z-axis does not produce any observable light in this direction. Light
is a transverse vibration and an observer can see radiation only from
components of the electron motion that are perpendicular to his line of
sight. If the radiation is observed at right angles to the field, the high-
and low-frequency components appear to be plane polarized in the
zy-plane perpendicular to B. The original frequency w is also seen and is
polarized along the z-axis, parallel to B, since it is radiated by that com-
ponent of the electron motion. The longitudinal (in the field direction)
and transverse Zeeman effects are shown schematically in Fig. 4.3.

Thus the normal Zeeman effect consists of a splitting of an original
spectrum line of frequency » into three equally spaced lines of fre-
quencies », v = v;, . Only the two extreme lines can be seen in the field
direction. They will be right or left circularly polarized as shown in
Fig. 4.3, according as the direction of observation is along or
opposite to B.

Note that these predictions of the circular polarization are inde-
pendent of the direction of motion of the electron in its orbit. We have
seen above that the direction of precession is independent of the electron
motion. Changing the direction of rotation in (4.19) results only in the
exchange of the factors (cos ¥ + 1) and (cos v — 1) (4.22), which is
without significance for associating polarizations with the frequencies
w =+ w.

We may also understand the phenomenon in the language of radio
circuits. The radiating electron corresponds to an antenna that is made
to precess with an angular frequency w;. This produces a periodic
amplitude variation at an observer. The light is amplitude modulated,
and therefore the carrier of frequency w acquires two side bands w + w,, .

For a line in the visible region of wavelength A = 6 X 10~° cm, the
separation of the Zeeman lines in a field of 10* gausses is 0.17 A. It can
be observed in a very good spectrograph, but for accurate measurement
requires an interferometer or an exceptionally strong magnetic field like
10° gausses. The data on the lines with normal effect are in exact agree-

— ) — vy 44—
- . v

vov——3  —— vey —
LOOKING ALONG B LOOKING INTO B TRANSVERSE

LONGITUDINAL (DOUBLET) (TRIPLET)

Fig. 4.3. Longitudinal and transverse normal Zeeman effects.
Polarizations of the lines are indicated.
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ment with the theory and furnish one of the most accurate determina-
tions of ¢/m for the electron, while the polarization properties confirm
the sign of the electronic charge.

4.5. The static model and dispersion

The dynamic model is useful chiefly for consideration of magnetic
effects in atoms, which must arise from circulating currents of electrons.
It has the difficulty that it should also predict spontaneous and con-
tinuous radiation from atoms, which would lead to their rapid collapse,
in contradiction with their observed stability. Because of this difficulty
with radiation, the static model generally replaces the dynamic model
for a classical discussion of problems involving radiation or hence optical
phenomena. In the static model we avoid the spontaneous radiation
difficulty by assuming that every electron in the atom has a fixed rest
position and is held in this position by an elastic restoring force. The
nature of this force is not specified, since it is actually unknown. For the
sake of the model, however, we associate a simple elastic spring constant
Ji with each electrom in the atom. Of course each atom of an clement has
the same set of f;, but the f; can vary among the different electrons in
an atom.

Consider a light wave impinging on the atoms of a substance. The
light wave consists of transverse E and H vectors that are periodic
functions of the time at any fixed point in space. The force on the
electronis F = —e(E + v x H/c) where v is the electron velocity and
—c is its charge. The electrons in atoms generally have velocities much
less than e, the velocity of light. Therefore we can neglect the second
term in the foree equation, and the equation of motion of an electron
becomes

md'x;/df = — fx; — eEy cos wl (4.23)

Here x; is the vector coordinate of the 7th electron in the direction of the
clectric vector E = E, cos wt of the incident light wave. The frequency
of the light is » = w/2x. The first term on the right side of (4.23) repre-
sents the elastic force tending to restore the electron to its equilibrium
position at x; = 0. The second term is the force on the electron due to
the light wave, where E, is the amplitude of the electric vector E. Equa-
tion (4.23) describes the forced vibration of a harmonic oscillator and
has the solution

- (lEo/ m

@ = = (424)

fi/m

where w; is the natural frequency of the ith electron.

X =
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A displacement x; of the ith electron produces an electric dipole
moment —ex; in the atom, which has no moment in its equilibrium
state. If there are Z electrons in the atom and n atoms per cm® of the
substance, the total dipole moment per em’® induced by the light is

2 Z
P = "n_()e!_o cos wi E __.,2_.._1__.,
m f=1 Wi" — W
nd & 1 (4.25)
e
LCEY Y

m im1w? — ol

Note that P varies with time as cos wt and hence is just proportional
to E at all times, as the second form of Eq. (4.25) shows. In a nonmag-
netic medium the electric field E, displacement D, dielectric constant e
and refractive index n are related by (Eqs. 7a and 24, Appendix IV)

. D=E+ 4rP = E =n'E (4.26)
Substituting (4.25) for P, we obtain for the refractive index
2 _ 4y & & 1

If n & 1, as is usually the case, we have the approximate relation

2 2 2 Z
_n lzn =1 _ 2mme » 1 ! (4.28)

n-]_n+] 2 m ilw?— o

This equation gives the dispersion of the refractive index, where the
term “dispersion” refers to variation with frequency. In (4.28) the
angular frequency w = 2m» of the incident light is the variable. The
fixed values w; are characteristic of the atom and are called the resonance
frequencies.

Each term of the sum over ¢ has a positive value when the frequency
of the incident light is smaller than that of the ith resonance, v < w;.
When o > ; the corresponding term value is negative. Asw approaches
w;, the term 1/(w — ) becomes infinite. This is not a physical phe-
_ nomenon but is due to our oversimplified derivation of the formula. Re-
turning to (4.24), we see that this infinity at resonance corresponds to
an infinite amplitude of oscillation for the electron. This is physically
absurd, and we must suppose that there is a certain amount of natural
damping of the electron’s motion. We can supply this damping ad hoc,
like the spring constants f; , or we can obtain it from the radiation of a
vibrating electron! Thus the radiation properties, which were a funda-
mental difficulty in the dynamic model, are actually a saving grace in
the static model. This illustrates how the two imperfect models comple-
ment each other.
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We show in section 4.7 that the inclusion of the damping factor re-
places each factor 1/(w’ — «°) in (4.25) by

2 2
Wy — W

where v, is another parameter characteristic of each resonance. The
term v; keeps (n — 1) finite at the resonance, where the approximate
form (4.28) is not applicable. The curve of refractive index versus
frequency » of the incident light therefore takes the form shown in
Fig. 44.

Comparison of this curve with the experimental observations on
gimple gases like helium and sodium vapor shows that the theory is
adequate in the following respects:

(1) At low frequencies the refractive index increases gradually with
frequency. This increase is called “normal” dispersion because for most
substances the first resonance point is in the ultraviolet region of the
spectrum. They therefore show normal dispersion in the visible region.

(2) At the resonance frequencies the refractive index drops sharply
with increasing frequency as shown (on an exaggerated scale) in the
sketch. This phenomenon is called anomalous dispersion. Light of
the resonance frequency is strongly absorbed and is re-emitted by the
gas. The emitted light is called resonance radiation.

(3) After passing successive resonance points, the refractive index
becomes smaller and finally for the high frequencies of X-rays becomes
less than 1.

Thus in a qualitative way the formula is adequate. An essential
feature of physics, however, is its insistence on exact, quantitative agree-
ment. This has been one of the mainsprings of its progress, and quanti-
tatively Eq. (4.28) is not satisfactory in the following respects:

(1) The number of resonance frequencies »; is not equal to the number
Z of electrons in the atom but is usually much larger than Z.

(2) According to (4.28) each electron contributes a term of the same
form to the summation. To fit the data with an equation of this type,

—> v
_[VIs1BLE) ) o aViOLET) |V l/_-———

(X-RAYS)

Fig. 4.4. Qualitative dispersion curve of refractive index. The
approximate frequency ranges are indicated. As » = 0, n — 1
— [noe2/2xm] =; 1/»2; a8 v — ®, n — 1 — 0 from the negative side.
The last resonances are in the X-ray region.
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however, we find that each oscillator must have a different ‘“‘strength”
z; . The form of the equation is then
2 ¢
n—1="2my & (429)

m i=lw?® — o

where ¢ >> Z. On the basis of the static model, this might be interpreted
to mean that the electronic charge in the atom is not split up into Z
charges of —e each, but ¢ charges of different magnitudes —z.c. To have
the same amount of total charge in both cases, we expect that

]
Tu=12 (4.30)
gu=]
This is indeed true and is known as a ‘“sum rule,” where it must be
noted that £ can be a very large or in fact infinite number. The oscillator
strengths z; are not generally integers and are usually smaller than 1,
sometimes’ larger than 1.

Thus the static model of dispersion, if interpreted quantitatively,
leads to the idea that the charge in the atom exists in all sorts of odd frac-
tional units of —e. This is in contradiction to all the direct evidence of
indivisible charge discussed in the preceding chapter. Therefore the
static model must contain a serious error. On the other hand, it must
contain some over-all truth, since it suggests the quantitatively correct
sum rule (4.30).

4.6. The magneto-optical Faraday effect

From the above discussion it seems fair to say that the static and
dynamic models frequently lead to qualitatively correct results but only
occasionally to quantitative verification, as in the case of the normal
Zeeman effect. We might also expect to obtain qualitatively correct
results from a combination of the two. For example, the static model
shows that the refractive index depends on the characteristic frequencies
at which an atom absorbs and re-emits radiation. The dynamic model
indicates that in a magnetic field each such characteristic frequency
v; should break up into three components »;, »; == », with different
polarization properties. Therefore we expect that the dispersion curve
in a magnetic field will break up into two or three dispersion curves
with slightly different resonance frequencies shifted by amounts +», .
This is in fact observed and forms the basis of the Faraday effect.

Consider the simplest case, in which the light travels parallel to the
magnetic field. Then there are two separate dispersion curves for right
and left circularly polarized light. Far from resonance these curves will
coincide, but in the neighborhood of a resonance they will differ as
shown in Fig. 4.5. The L and R curves refer to observation along the
direction of the field. The two curves have the same shape, but their
resonance frequencies are separated by a shift 2». . The region of visible
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light, in which the Faraday effect is observed, lies to the left of the
resonances in Fig. 4.5.

RIL
|
|
n=-| I
|
} >V
Vi"'VL | Vi+VL
Y

Fig. 4.5. Dispersion curves for right (R) and left (L) circularly
polarized light.

Now suppose that the light transmitted in the field direction is plane-
polarized. This can be represented as a linear superposition of right and
left circularly polarized beams as illustrated in Fig. 4.6a. The electric
vector E of the plane-polarized beam oscillates back and forth along
the r-axis with amplitude E, and angular frequency «w = 2v. This
can also be written as the vector sum of two vectors of constant magni-
tude E,/2, which rotate in opposite directions with frequency . When
the light beam travels a distance D) along the magnetic field direction,
the phases of the components are shifted by amounts ¢,,; = wD/v, ;.
Here v = ¢/n is the velocity of the light wave in the material, and is
different for the right- and left-hand components. The plane of polariza-
tion is accordingly rotated by an angle ¢ as shown in Fig. 4.6b. Then

1 wD
¢—§(¢r—¢z)—§5(n'—nz)

= 92_01_) G + ) — nl — )] (431)
@D dn 2o D dn
~ ¢ L dv c g dv

where the last approximation is valid because v, < », and we are in a
region of the dispersion curve where n varies slowly with ». It is more
customary to express the variation of n in terms of A, the wavelength
of the light. Taking A\» = ¢ as good approximation for this purpose and
substituting (4.9) for v, , one has

yan _ _dn
dy d\
(4.32)
@ leXdn
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Equation (4.32) gives the optical rotation of the plane of polarization
per centimeter path length along a magnetic induction B. This phe-
nomenon is the Faraday effect,

Eq. (4.32) is Becquerel’s equation, 'E" “E/2 ~—~ Eol 2 €
and the constant C' is the Verdet L_ w l
constant of the material. Note ——_-— - —
that the plane of polarization is E
rotated in the same direction, a) \\s_ ,/

regardless of whether the light

beam travels along B or opposite

to B. This means that a plane-

polarized beam which travels

along Band is reflected back again

will be rotated through an angle

. (b)
The qualitative features of the

14

~. 2
D\er

Fig. 4.6. (a) Plane polarization

Faraday cffect are all in agree-
ment with the theory as ex-
pressed by equation (4.32). In

as the sum of right and left circular
polarizations. (b) Rotation of the
plane of polarization in the Faraday

the visible range where the dis- effect.

persion is normal, dn/d\ is nega-

tive and the rotation ¢ is clockwise as seen by an observer looking along
the direction of B. The fact that the theory predicts this sign correctly

is proof that negatively charged particles are responsible for the effect.

4.7. Radiation damping and the scattering of light

The static model is fundamentally designed to avoid the radiation
difficulties that plague the dynamic model. Therefore it is no particular
trouble to introduce radiation into the model. The instantaneous rate
at which an accelerating charge e radiates energy is (Appendix 1V)

(4.33)

where a is the acceleration. For an harmonic oscillation, x = x; cos wi,
the average rate of radiation per cycle is
dU _ 2ézw' cos’ wt _ €xie’

a3 P T

(4.34)

The effect of this radiation is to slow down the electron, acting in much
the same way as a frictional force in ordinary mechanics. Such a fric-
tional force is generally taken proportional to and opposing the velocity,
F = -s; and the rate of energy loss because of this fraction is dU/df =
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—Fv = &’. In the harmonic oscillation above, the average energy loss
per cycle would be

W = o' it = § o' (435)
We can therefore describe the radiation loss of the vibrating electron
in terms of an equivalent frictional force by putting

26w

The equation of motion (4.23) for an electron in the electric field
of a light wave now becomes

d2 i dxi
m_g = —fix; — s T eE, cos wt (4.37)
By inserting the trial solution x; = x cos (wt + &), we find that
X = (e, ‘m) 09§—~(9 t +9) , tand = ( :’ s/m 2) (4.38)
V(wd = W) + (ws/m)? Wt o

The effects of the radiative damping are (1) to keep the amplitude of
oscillation from becoming infinite at resonance (w = w;) as is the case
for an undamped electron, and (2) to shift the oscillation of the electron
out of phase with the driving force by an amount é. For obtaining the
polarization P in (4.25), we use only the part of x; that is in phase with
the driving force,

(eEy/m) cos & cos wt
V(w? = )2 + (ws/m)?

2 2
cE Wi — W
== : cos wi

m (0? — ’)* + (08/m)?

The damping term (ws/m) is important only for w & w;, so that we can
put approximately

x; (in phase) =
(4.39)

Although the above derivation yields a specific expression for v;, we
must remember that it is not possible to interpret the static model
literally in all its details. It is more satisfactory to call v; a parameter
associated with each resonance and allow its value to be determined
from experiment, just as for the oscillator strengths in equation (4.29).
If we include radiation damping in this way, thf resonance factors in

2
. W —w . .
equations (4.25) to (4.29) become e i these improved
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resonance factors pass through zero instead of becoming infinite as
 — w; , thus reproducing the observed dispersion curve.

We obtain the average radiation rate from the electron driven by
the electric field of the light wave by inserting (4.38) in (4.34).

au _ 16\ E,
3w (of — D T v (4.40)

The intensity of the incident light beam is Io = cEq’/8x for each direc-
tion of polarization (Appendix IV), so that

2 4
dU 8 To Iow (4.41)

di 3 (w® — w?)? + v

2
n=—=28X10"m (442)
me

The quartity 7, has the dimensions of a length and is known as the
“classical radius” of the electron. This notation is more a convenient
figure of speech than an exact physical dimension of the electron.

We sum (4.41) over all resonances in the atom to obtain the total radia-
tion. By analogy with optical dispersion, we must expect to find many
more resonances than electrons in the atom and must introduce the
same fractional oscillator strengths as in (4.29). Thus the radiation
rate becomes

U _ 8 ot 3 — (4.43)

The energy radiated by the electron appears as light emerging in all
directions except that parallel to the motion of the electron. This energy
is supplied by the incident beam of light, so that the whole process corre-
sponds to the physical phenomenon of light scattering by electrons
bound in atoms.

It has become conventional in atomic and particularly in nuclear
physics to specify any type of scattering phenomenon in terms of an
equivalent cross section. In a scattering process we suppose the incident
particles or light waves to form a beam, which approaches the scattering
center (atom) along parallel, straight-line paths. The beam is every-
where of uniform density. The scattering cross section is a fictitious area
located at the atom, perpendicular to the incident beam, and of such
a size that the total scattering is correctly given by assuming that all
of the beam passing through the area is scattered, and all of the beam
passing outside is not affected. This is illustrated in Fig. 4.7. The
scattering cross section is conventionally denoted by o; it specifies
the scattering quantitatively and is a simple and convenient concept to
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use. For example, the rate of energy scattering from a light beam of
incident intensity Io is dU/dt = olo, where by comparison with (4.43)
the cross section for scattering is

4
w2z
-3 d 4.

g 7'0 E w — wz)z + 'Yiz ( 44)
The cross section always has the dimensions of an area. It is often con-
venient to specify a differential cross section for scattering of the beam
into some particular element of solid angle. For example, we can de-
scribe the Ruthelford scattering (3.19) in terms of a differential cross
section.

R2
= 4.
do TG ¢/2dw (445)
o where do is the cross section for scattering of an a
- . . .
= particle through an angle ¢ into an element of solid

: angle dow.
“The failure of the static model is chiefly due to

. the circumstance that it makes too specific assump-
Fig. 4.7. The . . s
scattering of 4 par- tions about the_behavnor of each individual electron.
allel beam through ~ We cannot ascribe to each electron a particular force
the cross section 0. constant for harmonic binding and an associated
resonance frequency. Hence it seems reasonable that
the model will be quantitatively most accurate when its predictions
are least dependent on these specific assumptions. This occurs both
at low and at high frequencies » of the incident light, when » < »; or
v > vi. At low frequencies (optical region), we have

o= B o wt Z 2 (4.46)
3 deel w:

Although we cannot in general evaluate the sum, it 1s at least a constant
for low froquencleq so that ¢ is proportional to w* or hence to 1/A",
where A = 2w¢/w is the wavelength of the light. This proportionality
of the light scattering to 1/A* was deduced by Rayleigh and bears his
name. It is found to be true for light in the optical region and is the
reason for the apparent blue color of the sky. When sunlight passes
through atoms of the upper atmosphere, more of the blue than the red
component is scattered, according to the 1/X* law. The secondary
scattering of this predominantly blue radiation to the eye of the ob-
server on earth produces the effect of a blue sky. At the other extreme,
when w >> w;, the scattering cross section per atom becomes

o= — To Z n=3 T r’Z (4.47)

=]
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This formula applies to X-rays of short wavelength and is the sum of
the scattering cross sections of Z independent electrons in the atom
each having a cross section of (8x/3)r,". This scattering cross section
would be appropriate to a free electron in classical electrodynamics and
is sometimes called the Thomson scattering. Equation (4.47) will be
discussed further in Chapter 5 on X-rays.

4.8. Electric polarizability and dipole moments

Since the forces holding electrons in atoms must in the last analysis
be electric in nature, we do not expect that isolated atoms can display
any permanent electric dipole moments. If any such moment should
exist, the electrons would redistribute themselves to neutralize it. This
is in distinction to the permanent magnetic dipole moment of an isolated
atom, which requires for its existence only a steady current in the atom,
as is provigded in the dynamic model. Although isolated atoms cannot
have permanent clectric moments, they are readily polarized by an
external electric field. In particular, this external field may be supplied
by a neighboring atom in a molecule, with the result that some molecules
have permanent electric dipole moments, although atoms do not.

We can estimate at least the order of magnitude of atomic polariza-
bilities by a combination of the static and dynamic models. Consider
first the static model: when a uniform external field E is applied, the
tth electron in the atom is displaced by an amount x; = —eE/f;. The
corresponding dipole moment produced is

u = —ex; = C2E/f.' = ezE/mw;’ (4'48)

which corresponds to (4.25) in the low-frequency limit as w — 0. Now
in the dynamic model we may picture the electron as rotating in a cir-
cular orbit about the nucleus. The Coulomb force of the nucleus on the
electron is partly shielded by the other electrons present, so that the
nucleus appears to have a positive charge Z.e, where the ‘‘effective
charge number” Z; is smaller than the actual charge number Z of the
nucleus. For the outermost electron in the atom, Z; may not be much
larger than 1. Replacing Z by Z; in Eq. (4.1), we have

Z&/rd = mwlr; (4.49)
where 7, is the orbit radius. Substituting (4.49) in (4.48) we obtain
uw; = Er.-“/Z; = a.~E (4.50)

Here o, is called the polarizability and applies to the ith electron; for
the atom as a whole the polarizability is

a = ;a.-,f,R' (4.51)
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where B &~ 1 A is the phenomenological radius of the atom, discussed
in Chapter 2. The sum of the a; is likely to be less than R? because for
most of the electrons in an atom we expect that r; < R, and Z; 2 1.

The dipole moment of gaseous molecules is deduced from the dielectric
constant e of the gas by the relations (4.26), P = E(e — 1)/4x where
P is the polarization or dipole moment per unit volume of the gas pro-
duced by application of the field E. This polarization P arises partly
from the intrinsic polarizability « of the molecule and partly from the
orientationof its permanent electric moment y. We calculate the orienta-
tion effect exactly as in the magnetic moment case (4.16), except that the
electric field E replaces the magnetic field H, and by u we understand
the electric instead of the magnetic dipole moment.

The total dipole moment per unit volume, from both intrinsic polariz-
ability and orientation effects is P = no(e + »*/3kT)E, where no is
the number of molecules per unit volume. Comparison with (4.26)
shows that

e — 1 = 4mngla + ¥*/3kT) (4.52)

This experimental test of this equation consists in measuring the
capacitance of a capacitor containing a fixed amount of gas as a function
of the temperature 7'. Since no is constant in this experiment, ¢ — 1
should be a linear function of 1/T. The plot of ¢ — 1 against 1/T gives
a straight line, of which the slope determines g, the intercept determines
«. In this way the dipole moment p of the water molecule is found
to be 1.87 Debye units (1 Debye unit = 107° esu-cm). The molecules
H;, N;, 0:, and CO, have no permanent dipole moments, and for
some other molecules the moments in Debye units are u(HCl) = 1.03,
u(S0;) = 1.76, u(CHCl) = 0.95, p(nitrobenzene) = 3.89.

As a final application of the considerations of this chapter, we can
derive Eq. (1.26) and (1.27), used to determine Avogadro’s number
No. From (4.48) and (4.50) we have a; = ¢’/mw.’, so that for light
of long wavelength (v < w), (4.29) becomes

¢
n—1=n2r le;a,- (4.53)

which is just the form of (1.26). Under the same conditions (4.46)
yields for the scattering coefficient

3 w 4 ¢t 2’_ 4 ¢t
S = e =no(t) Dot = (%) Grad 0
* ¢/ izi A/ =

Thisisthe form of (1.27); but note that Z:z,-a:.-2 isonlyapproximately equal
to (Xz:)?, so that we cannot expect great accuracy from this method
for measuring N .
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SUMMARY

The nuclear hypothesis of atomic structure suggests a dynamic model
of the atom in which the electrons revolve in planetary orbits about
the massive nucleus, the centrifugal force just balancing the electro-
static attraction of the positive charge on the nucleus. With each orbit
is associated a magnetic dipole moment u = GL, where L is the angular
momentum of the electron and G = —e/2me is the gyromagnetic ratio
of the electron. This relation is independent of the size and shape of
the orbit.

This simple model is able to account for the Einstein-de Haas effect,
in which application of a magnetic field imparts a small rotation to a
suspended body. The observation of this phenomenon is the most
direct evidence we have for the existence of circulating currents in the
atom. Many atoms have total angular momentums and magnetic mo-
ments of zero, but show small induced moments on the application of a
magnetic field. If the induced moment opposes the external field, the
effect is called diamagnetism. The dynamic model predicts the observed
order of magnitude for diamagnetism. It also correctly accounts for the
normal Zeeman effect, in which a spectrum line of frequency » splits in
a magnetic induction B into three components of frequencies v, v & vy, .
Here v, = eB/4wmc is the Larmor frequency. The component of fre-
quency v is plane-polarized parallel to the direction of B, and the other
components are circularly polarized about the direction of B.

The dynamic model fails to account for the fact that most atomic
spectral lines show an anomalous Zeeman effect, which differs from the
simpler “normal” effect. Therefore we must regard the dynamic model
only as a first approximation that needs considerable improvement. One
of the greatest difficulties of principle in the dynamic model is the neglect
of radiation. On a classical basis the centripetal acceleration of an
electron in an orbit should cause it to radiate its energy away very rapidly
and spiral into the nucleus. Since we know this does not happen, the
first major improvement in the dynamic model must be to correct this
radiation difficulty. For this correction we must introduce the notion
of the quantum.

As a simple alternative to the dynamic model, we may postulate a
static model of the atom where the electrons are normally at rest and are
bound by harmonie restoring forces to fixed positions in the atom. This
model accounts qualitatively for the dispersion of the refractive index
of an optical medium, with its many resonances hetween the visible and
the X-ray wavelengths. A combination of the dispersion curve and the
Zeeman effect accounts for the Faraday effect, in which the plane of
polarization of a light beam is rotated on passage through a transparent
medium in a magnetic field. The scattering of light by atoms can be
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computed with the static model and leads to results substantially inde-
pendent of the model at very low (visible) and very short (X-ray) wave-
lengths. For visible light the scattering follows Rayleigh’s 1 /A law,
which explains the blue color of the sky; for X-rays the formula indicates
independent scattering by cach electron, regardless of the wavelength.

By a combination of the static and dynamlc models we can estimate
the electric polarizability of an atom to be « < R’, where R &~ 1 A is
the phenomenological radius of the atom. Free atoms do not have
permanent electric dipole moments w, but some molecules do. Both
u and « can be determined by dielectric measurements as a function of
temperature. At long wavelengths we can relate a to the refractive index
and to the scattering of light.

In all atomic scattering processes, such as that for light, it is con-
venient to introduce the concept of the cross section o. This is a fictitious
area normal to the incident beam, so as to give the correct quantitative
scattering if we assume that all the incident beam passing through the
cross section is scattered, all the beam passing outside the cross section
is unscattered. '

The static model does not have the radiation difficulties of the dy-
namic model, but has other equally serious defects. The number of
resonances in the dispersion curve is far greater than the number of
electrons in the atom, and we are forced to assign fractional oscillator
strengths, even though the charge on the electron is indivisible. Worse
than this, there are no known forces capable of holding the electrons in
fixed positions in the atom. The difficulties of the static model, and
indecd the distinction between static and dynamic models, are removed
by the introduction of quantum mechanics.
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ILLUSTRATIVE PROBLEMS

1. In the dynamic model of the atom, suppose an electron to be
rotating in an orbit of radius 1 A with the force of the nuclear charge
(4 Ze) producing the centripetal acceleration.
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(a) What are the frequency w of rotation and the wavelength of
light having this frequency?

(b) What is the binding energy of the electron in this orbit?

(¢) Assume that the electron starts from this orbit and radiates energy
according to the classical law. How long will it be before the electron
spirals into the nucleus, of radius 107" em?

(d) How many revolutions will the electron make in this process?

(e) Compare the result of calculation (¢) with experiment.

Solution. The condition for balancing of centrifugal and Coulomb
forces is mw’r = Ze*/r*. The kinetic energy of the electronis 7' = imo'r,
the potential energy is —Ze’/r, so the total energy is U = T' + V =
—Ze¢/2r = —}mw'r. This energy is negative because it is measured
with reference to a zero point corresponding to an electron at rest an
infinite distance from the nucleus.

(a) w = (Ze/m™)"'* = 1.6/Z X 10"/sec

A = 2wc/w = 1.18 X 10° A/\/Z

(b) The binding energy is the minimum necessary to liberate the
electron; that is, | U | = —U = Zc*/2r = 7.2Z/r ev, where r is in Ang-
stromsand 1 ev = 1.6 X 107% erg.

(¢) The acceleration in the orbit is a = w’/r = Zeé'/mr4, so that the
rate of radiation of energy is

au _ 2¢a® 27% 1

dt T T3¢ 3cmr
Substituting U = —Z¢’/2r, we have dU/dt = (Zé*/2r%) (dr/dt), or
hence
dr 471 3m’c ,
@i~ 3mer BT iz

Integrating from time t = 0 to ¢ = T and from corresponding radius
r=1Ator = R = 10 A, the nuclear radius, we have

_1m’ s 5 1m’c 3
T=12a " ~FINGgar
since R < r. Thus
_1le
4 row?

where 7o = ¢¢/mc® = 2.8 X 107 cm is the “classical” radius of the
electron; or T = 107°/Z sec.
(d) The number of revolutions is

N = Lrvdt=§l1—rfarwdt
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The formula above for df is of the form df = —Kd(r*), where K is a
constant. This is equivalent to dif = —K'd(1/o?) = 2K'dw/w’. In
these terms T = K'(1/o’ — 1/wr’) & K'/o, since the final frequency
wr 3> w, the initial frequency. Then

1 (7 K [“Tdw K'(l 1) K _oT _ 51X 10°
— wdl =— f = ~ = =

w  wr ) T \Z

(e) Atoms are observed to be stable, with constant » &~ 1 A. There-
fore something is wrong with at least the radiation part of the model.

w Jo w? T

2. If a spherical particle of aluminum (Z = 13, p = 2.70, M = 27,
x = —1.8 X 107°) could be suspended to rotate without friction, what
should its radius be to rotate at 1 rps in an induction of 1000 gausses?

Solution. The angular momentum of the sphere induced by the
field is

Vne' B 2B
n‘; ;r3= —T,M—xpV

L=
where V is the volume of the sphere. This angular momentum equals
Iw, where I = 2pVR’ for a sphere. The radius R for a revolution fre-
quency » = /27 = 1/sec is given by

—5Bm_ _ 5 10° X 91 X107 X 18 X 10~
2r ¢v X 2x 16 X 10 X 1

7.8 X 107" cm?

or R = 09 X 10”° cm.

3. Light of wavelength 6000 A, traveling in the z-direction and plane-
polarized with an electric vector of amplitude E, in the z-direction, passes
through a gas of free electrons (e.g., the space charge of a radio tube).
Neglecting the radiation emitted by the electrons, compute the intensity
of the light in watts per cm® (1 watt = 10" erg/sec) for which the ampli-
tude of the magnetic force on the electron amounts to 1 % of the ampli-
tude of the electric force. What is the amplitude of vibration of the
electron in this case? What general conclusion do you draw regarding
usual values of v/c for electron motion in atoms?

Solution. The light wave has Hy = E,. If o is the amplitude of the
electron motion, the amplitude of its velocity is vo = wz, . The amplitude
of the electric force is eEy, with ¢ in esu units; the amplitude of the
magnetic force is (evo/c)H, , where ¢ is again in esu. The ratio of these
forces is (evo/cHo)/eEy = wio/c = f = 107%. The amplitude of vibra-
tionis 2o = ¢f/w = (A/2x)f = 9.6 Aforf = 107", andlight of A = 6000 A.

The vibration of a free electron is given by (4.20) with the elastic force

R =
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constant f; — 0, or hence w; — 0. Then 2, = eEy/mw’. The intensity of
the incident beam is

L= _ ¢ (m_ﬂf’_')’ - f_("wwf>’ _ meo’s*

8r 8= e T 8r e 8710

where 7, = ¢'/mc* = 2.8 X 107" cm is the classical radius of the electron.
Using » = 2m¢/A = = X 10"/sec, we have

_9X 107 X 3 X 10° X #° X 10° X 107*
- 8r X 2.8 X 101

= 3.8 X 10" erg/cm’ sec
= 3.8 X 10" watt/cm’

I,

The amplitude of vibration is ten times larger than an atom, instead
of ten times smaller, as might be physically reasonable. The light beam
required to produce this vibration carries an enormous energy unattain-
ableby terrestrial means. Thus for this classical model, electronsin atoms
are very unlikely to achieve speeds of v/¢ = f = 107>, This conclusion
directly contradicts the actual facts and is another illustration of the
failure of this model.

PROBLEMS

1. A free electron moves with a certain velocity perpendicular to a
uniform magnetic field.

(a) Show that the orbit is a circle.

(b) Show that the frequency of rotation we is independent of the
electron velocity and orbit size.

(c) Show that the “cyclotron” frequency w is twice the Larmor fre-
quency wy, .

2. In a chloroform (CHCl;) molecule, the three Cl atoms form an
equilateral triangle in the center of which are the C and H atoms; the
C and H atoms are on an axis A4 perpendicular to the plane of the tri-
angle. Since these latter are ions, the molecule has an electric dipole
moment g = 1.57 Debye units (1 Debye unit = 107 esu-cm.), and
this moment points in the direction of the axis 4. The moment of inertia
of the molecule about this axis is 4 X 107 g cm®. If such a molecule
rotates in chloroform vapor about the axis 4 with thermal kinetic energy
Yo'l =1/2kT = 2 X 107 erg, how will its motion be affected when an
electric field E is applied in a direction making an angle v with the
rotation axis? Compute the precession frequency for a field E of 24
volts/cm.
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3. Compute the root-mean-square atomic radii of the following
elements:

Element Z Density M Magnetic Suscepti-
bility (emu)
(o} 6 3.51 12.0 —0.49 X 10°*
Sb 51 6.62 121.77 —0.87
Cu 29 8.94 63.57 —0.086
Au 79 19.32 197.2 -0.15
Pb 82 11.35 207.2 -0.12
Ag 47 10.50 107.88 —0.20

4. A hydrogen atom, assumed to consist of a proton with an electron
rotating about the nucleus in a circular orbit of radius r = 0.5 A, is
placed in a uniform electric field E of 1 statvolt per cm, directed normal
to the plane of the orbit. Noting that the field cannot change the an-
gular momentum of the orbital motion, compute the displacement &
of the plane of the orbit and calculate the electric polarizability « of
the hydrogen atom. The displacement of the plane of the orbit can be
considered small relative to its radius.

5. Compute the separation of the lines in the transverse Zeeman
effect in a field of 10,000 gausses for spectral lines of 7000 A and 3000 A
wavelength, giving the separation in A units.

6. A light source produces monochromatic light of wavelength 5800
=+ 0.005 A; i.e., the spectrum line has a natural width of 0.01 A (due to
Doppler effect arising from the thermal motion of the atoms in the
source). The light is made right circularly polarized by a polarizer and
a quarter-wave plate; it then enters a tube containing a gas with atoms -
having a resonance frequency equal to that of the light. Since the gas
in the tube has a lower temperature than the source, the resonance
radiation scattered by the gas atoms covers a smaller wavelength range,
5800 4= 0.002 A. A coil C with n = 50 turns per cm surrounds the tube
and creates a magnetic induction B = 0.4rnl gausses for a current of
I amperes. What current must be passed through the coil to quench the
resonance radiation entirely, if the resonance line has a normal Zeeman
effect? Quenching occurs when the incident and scattered frequencies
do not overlap.

7. Compute the amplitude of vibration of an elastically bound electron
under the influence of a linearly polarized beam of green light (A =
6000 A) with a luminous flux of 1 lumen per em’* = 1.6 X 10~
watts/cm’, if the resonance frequency of the electron is 4 times larger
than the frequency of the light. What intensity would be required
to create an amplitude of 1 A?
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8. Measurements of the dispersion of sodium vapor (monatomic)
at a temperature of 644°C furnish the following values for the refractive
index n.

A= 5460 A n = 0.999829 A=5916 A n = 1.00297
5827 0.9988 5960 1.00116
5875 0.9954 6013 1.00029

Assuming one effective electron per sodium atom, calculate the pressure
of the sodium vapor. Use a single resonance of the dispersion formula.

9. The refractive properties of glasses are commonly described by
stating the refractive index for the Na line 5390 A (the so-called Fraun-
hofer D line). The dispersion is given by ny — ng, where F refers to
the Fraunhofer F line of A = 4861 A, and the C line has the wavelength
6562 A. The values of np and (ngy — n¢) range over the values

np = 1.516; np — nc = 0.00737 for light crown glass
ny = 1.9626; nr — nc = 0.04882 for heaviest flint

Assuming a linear change of n with A, compute the extreme values for
the Verdet constant of glasses. Give these values in angle of rotation
(degrees) per gauss per cm light path, for the D line. With an induction
of 1000 gausses, what is the minimum length of a glass block to attain
a Faraday rotation of 45°?

10. A parailel-piate capacitor is between the poles of a magnet which
can produce a field of 50,000 oersteds. The capacitor has plates of 2 em’
area and is filled with liquid NO (M = 30) at a temperature T = 120°K
where it has a density of 1.2 g/em® and a magnetic susceptibility of
1.6 X 107" emu. The capacitor is connected to an elcctrometer; the
lumped capacitance of the capacitor, leads, and electrometer is 33.3
uuf, and the electrometer has a sensitivity of 1 scale division per milli-
volt. Assume that the electric dipole moment of the NO molecule is
107" statcoulomb-cm. Compute the scale deflection of the electrometer
when the magnetic field is applied, using the hypothesis that the electric
and magnetic dipole of the molecule are always parallel, so that when one
is oriented the other is also oriented. Failure in actual experiments to
observe anything approaching the enormous deflection calculated here
demonstrates that the hypothesis is incorrect.

Proceed as follows: find the magnetic moment of NO and compute the
magnetization M in the field H. The resulting electric polarization is
P = M X (electric moment of NO/magnetic moment of NO). Polariza-
tion P creates a charge Q = PA = CV on the capacitor.



Chapter 5
X-RAYS

The dynamic model of the atom gives us a rough correlation between
the frequency of atomic radiation and the radius of the corresponding
atomic orbits. This correlation suggests that the optical radiations in
the wavelength range A 2 1000 A are associated with orbits of radius
on the order of one to a few A. Since this is the apparent radius of an
atom, we conclude that visible light and ordinary optical phenomena
have to do only with the electrons on the outer edge of the atom. The
same observation holds for the magnetostatic and electrostatic phe-
nomena discussed in the preceding chapter, for a static field is in gen-
eral equivalent to a light wave of zero frequency or infinitely long wave-
length.

Now the radius of the nucleus is no more than 107 em, and the “clas-
sical radius” of an electron is only 2.8 X 107'* cm. Therefore an electron
should find a great deal of empty space inside an atom of radius 107% em.
We may ask whether the electrons are all on the outer surface of the
atom or whether, as seems more likely, they are distributed more uni-
formly throughout the atomic volume. Formula (4.1) indicates that the
innermost electrons are associated with the atomic radiations of shortest
wavelength. These radiations are called X-rays and cover a loosely de-
fined region from about A = 10 A to A = 0.1 A. The electron orbit
radius that corresponds to these wavelengths is about 10™° em. Thus
the atom is populated with electrons in to about 1 % of its outer radius.

We expect, then, that the study of X-rays will reveal some charac-
teristics of the interior electronic structure of atoms. There is no reason
to suppose that this structure is any different in principle from the elec-
tronic structure near the outer edge, but the X-ray data provide further
information that must be accommodated in any final, quantitative
model of the atom.

The study of X-rays shows some features in accordance with the sim-
ple static model of the atom and also provides valuable quantitative
information on the structure of matter—the location of atoms in a crys-
talline solid, for example. X-rays help to determine precise values for
fundamental constants of atomic physics like ¢ and Ny . They even fur-
nish some information on the internal distribution of electrons in an
atom. Finally, X-ray phenomena raise a number of questions that can-
not be answered at all by classical physics, and are fundamental to the
further development of atomic understanding.

104
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5.1. Production and detection of X-rays

In 1895 Roentgen discovered a new type of radiation, which he called
X-rays because of their unknown nature. He found that a high-vacuum
(and therefore necessarily high-voltage) gas discharge tube produced
radiation that would penetrate a cardboard and cause fluorescence in
outside materials. The X-rays also affected photographic plates. Their
penetrating power was greatest through light materials and least through
dense substances. This property received immediate application to medi-
cal examination of bones in living tissue.

A modern tube for producing X-rays contains as high a vacuum as
feasible and two high-voltage electrodes. The cathode consists of a
heated filament that forms a thermionic source of electrons, as in a
radio tube. The high voltage, some tens or hundreds of kilovolts (1 kilo-
volt = 1000 volts), accelerates these electrons to the anode. The anode
of “target” is generally a piece of fairly heavy metal with a high melting
point, like tungsten or molybdenum. X-rays are produced when the
high-energy clectrons strike the anode. Considerable heating occurs in
the anode, since all the electrons stop in the anode and give up most of
their energy as heat. A large X-ray tube has a water-cooled anode.

A standard detector for X-rays is a photographic plate, since X-rays
will expose photographic emulsion. Another useful instrument for X-ray
detection is the ionization chamber. This is an airtight chamber con-
taining gas, usually argon, and two electrodes, which are frequently the
outside metal tank of the chamber and a central wire inside. The X-rays
enter through a thin window provided in the chamber, and in passing
through the gas liberate a number of electrons from the atoms of the
gas. The atoms that lose electrons become positive ions. A collecting
potential of a few hundred volts is placed across the electrodes of the
chamber, drawing the + and — charges to opposite electrodes. Thus a
small current on the order of 10™"® amperes is made to flow through the
chamber. If the collecting voltage is small, many of the ions will re-
combine with electrons before being collected. The current flow is then
correspondingly small and will increase with increasing voltage until
“gaturation” is reached. At this point essentially all the ions and elec-
trons produced are collected without recombination, and the current
does not increase appreciably with moderate increases in voltage. The
chamber therefore is usually operated at saturation, where the rate of
current flow is a direct measure of the instantaneous X-ray intensity.
Since extreme amplification is necessary for the small saturation cur-
rent, the chamber and amplifier circuit must be constructed with care.

The problem of how X-rays manage to produce gaseous ions is a prac-
tically insurmountable difficulty for classical physics, and will be dis-
cussed in Chapter 6. This phenomenon led Bragg to suggest before 1910
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that the X-rays were corpuscles of some sort. The bulk of the evidence,
however, is that X-rays are electromagnetic radiation like visible light,
only of much shorter wavelength. There are several pieces of evidence
in favor of this interpretation: (1) classical electromagnetic theory pre-
dicts that the stopping of electrons in a target will be accompanied by
electromagnetic radiation; (2) no combination of electric and magnetic
fields can deflect X-rays; (3) a double scattering experiment shows that
X-rays are transversely polarized; (4) X-rays exhibit diffraction phe-
nomena characteristic of light with a wavelength of a few A.

An accelerated charge ¢ in classical electrodynamics radiates energy
(Appendix IV, Eq. 25). When the high-speed electrons stop in the anode,
they are subject to a strong deceleration and should therefore radiate.
Classical theory indicates that this radiated light should extend over a
continuous range of wavelengths, including the X-ray region around a
few A.

Ordinary light is the principal type of “ray” in our previous experi-
ence that remains undeviated in any electric or magnetic field, so it is
natural to suppose that X-rays are similar in nature. The only other
type of undeviating *‘ray’” among those that we have encountered would
be a beam of neutral atoms or molecules with no permanent electric or
magnetic dipole movements. It is easy to show experimentally that

X-rays do not consist. of such a beam;

for instance, a beam of neutral atoms

> } or molecules would have little pene-

trating power, in contrast to the ob-

served high penetrating power of
X-rays.

The transverse nature of X-rays was -
first shown by Barkla (1906) in a dou-
1% ‘t ble scattering experiment. Asindicated
in Fig. 5.1, scattering of a transverse
wave through 90° results in a plane-
polarized wave. When this polarized
wave scatters a second time through
90°, the resulting intensity ranges

v from a maximum in the plane of the

Fig. 5.1. Double scattering ex- 1St scattering to zero in a direction
periment to show transverse na- perpendicular to the first plane. X-rays
ture of X-rays. are found experimentally to behave in

this fashion. Therefore, if we are to
consider X-rays as wave motion, they must be transverse.

The diffraction of X-rays is the subject of section 5.4.
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5.2. Absorption and scattering of X-rays

Experiment shows that when a beam of X-rays passes through matter,
its intensity diminishes with distance in a roughly exponential fashion,
The intensity I (erg/cm’® sec) of a beam after passing through a thick-
ness ¢ of material is

I = Ie™ (5.1)

where I, is the incident intensity and w is the attenuation coefficient.
Expressed in differential form, the decrease of intensity in proceeding a
distance df through the material is

dl = —uldt (5.2)

We find that for any given substance u is proportional to the density p.
A parameter independent of the density is the mass atienuation coef-
Jicient, p/p, which is characteristic of the material and not of its physical
condition.

There are two effective contributions to the attenuation coefficient
measured in a simple exponential beam experiment. The true absorp-
tion coefficient is denoted by u,. In addition, the beam loses intensity
because of scattering by the atomic electrons, as mentioned at the end
of the preceding chapter. In this scattering the electrons do not ac-
tually absorb much energy from the beam, but reradiate it in all direc-
tions. Since this reradiated energy is mostly lost to the forward direction
of the beam, it appears to a straightforward transmission measurement
as an additional attenuation effect. If the coefficient for this scattering
is u, , then

b= et M (5.3)

We may relate these coefficients to corresponding atomic cross sec-
tions. When an X-ray beam passes through a slab of infinitesimal thick-
ness df, the fraction of the area that appears to be covered by atomic
cross sections is no df, where n, is the number of atoms per ¢em® and o
is the atomic cross section. Thus the fractional loss in intensity of the
beam as it passes through the slab is

dI/I = —no dt (54)
Comparison with (5.2) shows that
B = mo (5.5)

We can divide the atomic cross section into two independent parts,
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o, and g, , the first describing scattering of the beam, the second true
absorption. Then

Ps = TNy0%s , Ha = Tw0a (5.5&)
o =0,+ 0 (5.5b)

The true absorption coefficient is incapable of explanation on a simple
classical basis (see Chapter 6), but we can interpret the scattering in
terms of the static model of the atom. The cross section per atom for
scattering of high frequency light is given by (4.47). For an element
of density p and atomic weight A, no = Nop/A, where N, is Avogadro’s
number. Hence

Ms __ ?_E 2 Z

;—- 3 ro NOA (5-6)

For all élements but hydrogen, Z/A = %, as indicated by the a par-

ticle scattering experiments. We may therefore expect the correspond-
ing value of

’7‘; - 8_; 28 X 107%)% X 60 X 10° X } ~ 02

to hold for all elements and to be independent of wavelength (frequency)
of the X-rays. A major exception is hydrogen, for which the measured
e/ p is 0.4, indicating that Z/A = 1. The prediction u,/p = 0.2 agrees
with experiment only for elements with A < 30 and X-rays of wave-
length A around 0.2 — 1.0 A. For heavier elements u./p increases with
Z and tends to vary as Z°/A instead of as Z/A. Moreover, it does not
remain entirely independent of A, but increases with increasing \.

We can make some qualitative arguments to bring these deviations
into accord with the static model. Suppose that the wavelength A of
the incident X-rays is small compared with the radius of the atom. Then
w >> w;, and each electron vibrates like a free electron. Moreover, be-
cause A < R, each vibrating electron has a random phase relation with
all other electrons. Thus the atom scatters X-rays as if it contained Z
free, independent electrons. This independent, random-phase scatter-
ing is called incoherent, and is the situation to which (4.47) applies. Now
suppose that the wavelength A is somewhat longer, being about the size
of the atom. It is still generally true that @ > w., so that we can again
neglect resonance effects and consider the vibrating electrons as essen-
tially free. They no longer have random phase relations, however, be-
cause they are all located in a region with dimensions on the order of a
wavelength. The electrons therefore tend to vibrate more or less in
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phase: that is, as if they were a single particle of charge —Ze and mass
Zm. Such a particle would have a scattering cross section of

Oooh = 8—; Z'r’ (5.7
The subscript stands for coherent scattering, the usual term for such in-
phase phenomena. Thus the scattering coefficient u./p will vary as Z
for perfect incoherence, as Z* for perfect coherence.

Of course, for X-ray wavelengths comparable with the atomic radius,
neither of these ideal conditions will obtain, and the coefficient will be
intermediate between Z and Z’. The detailed variation of the scattering
coefficient with wavelength therefore gives some information about the
distribution of electrons in the atom. In this way X-rays provide a
direct means of ‘‘seeing into” the interior of atoms. An example of this
type of application of X-rays is given at the end of section 5.5. Scatter-
ing of o particles shows the location of the massive positive charge in
atoms, while scattering of X-rays indicates the average positions of the
light, negatively charged electrons.

Studies of the variation in scattering with wavelength show that for
increasingly heavy elements there is an increasing concentration of elec-
trons near the nucleus. Heavy elements have most of their electrons
within a relatively small radius, although the outside radius of the atom
is roughly constant at 1 A. Thus for X-rays of fixed wavelength on the
order of 1 A there is an increasing tendency toward pure coherent scat-
tering for heavy elements. This qualitatively explains observed devia-
tions from (5.6); namely, that the Z?°/A (coherent) scattering becomes
predominant for heavy elements and large A.

5.3. Total reflection of X-rays

Another implication of the static atomic model that X-ray experi-
ments can check is total reflection at a material surface. Consider rela-
tion (4.28) for the refractive index of an element: for X-rays of wave
length A = ¢/» this becomes

_ _ mZé _mZ .,
where n, is the number of atoms per unit volume, Z is the number of
electrons per atom. For ordinary X-rays on silver, § &~ 10~ to 107",
The important fact that » < 1 implies* that total reflection must be

* It also implies that the velocity of the X-rays in the crystal is v = ¢/n > ¢.
This seems to contradict one form of the relativity postulate (Chap. 8), namely,
that no energy can be transmitted with a velocity greater than that of light in
free space. The dilemma is resolved by realizing that the velocity c/n is the
phase velocity of the X-rays (see Chap. 9), and that energy transmission is asso-
ciated with the group velocity, which is <¢ in this case. See Chap. 9, problem 1.
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observable at a plane boundary between a solid sample and a vacuum
(or air). An X-ray beam incident on the solid from the air is totally
reflected if it makes a glancing angle A with the surface smaller than the
critical angle A. . The eritical glancing angle is given by

n=cos A 1 — A’/2 (5.9)

where the last expression is an approximation valid for A. < 1, as is al-
ways the case with X-rays. Comparing (5.9) and (5.8), we see that

A, = NnoroZ/x)'? (5.10)

Equation (5.10) in principle provides a means of determining the num-
ber of electrons Z per atom if the wavelength A of the X-rays is known.

An experiment to verify this law consists of rocking a polished metal
plate about the point where a narrow beam of X-rays is incident. The
distribution of the reflected intensity is observed on a photographic film
as shown in Fig. 5.2. The region of the film corresponding to total reflec-
tion is markedly darker than the rest. This region comes to an abrupt
end at the position corresponding to A = A.. From Eq. (5.10) it fol-
lows that for X-rays of about 1 A wavelength, A. }* 107 radian or
about 1°. With a distance of 50 ¢em between metal plate and film we
can measure this angle to an accuracy of 1%. The data substantiate
equation (5.10) to within experimental accuracy. It is found that A, is
proportional to A and to (noZ)'"* by using a series of different metals.
Since no is known, such cxperiments serve to determine the number of
electrons per atom. This turns out to be approximately equal to the
order number Z of the element in the periodic table, within experimen-
tal accuracy. The precision of such measurements is limited by experi-
mental difficulties in obtaining sufficiently flat and uniform metal plates.

Here again X-ray scattering provides information complementary to
a particle scattering. With a particles the charge number Z of the nu-
cleus is found to be approximately equal to the atomic number, while
X-rays establish a similar rule for the number of electrons. Of course,

PHOTOGRAPHIC FILM

Fig. 5.2. Total reflection of X-rays.
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nuclear charge number and external electron number must be the same
in a neutral atom.

5.4. Diffraction of X-rays

In the foregoing sections we assumed for the sake of exposition that
X-rays were light of short wavelength. The experiments discussed do
not, however, absolutely require this assumption. All phenomena such
as scattering, absorption, and even total reflection can be equally well
explained on a corpuscular hypothesis. It therefore seems desirable to
find some experimental means for establishing without doubt the wave-
like character of X-rays. The one property peculiar to waves, which
cannot be duplicated by a suitably chosen set of particles, is interference
between two parts of what was initially the same wave. The basic phe-
nomenon of interference is responsible for all so-called diffraction pat-
terns. The medium for producing a diffraction pattern with X-rays is
any crystalline substance like NaCl or a metal, where the atoms are
in a regular geometrical array of constant spacing. Diffraction results
from interference of X-rays scattered by different atoms in the crystal.
The experimental observation of X-ray diffraction in crystals, dating
from the pioneer work of Laue, Friedrich, and Knipping in 1912, is
conclusive evidence of the wave nature of X-rays.

Crystal diffraction of X-rays has a twofold importance. It allows a
detailed study of the lattice structure of crystals and has been of great
usefulness in understanding the solid state of matter. On the other hand,
the crystals are natural optical gratings for measuring the wavelengths
and spectral distributions of the X-rays themselves. The second appli-
cation is of interest to us here, since the X-ray spectra yield information
about the atomic processes in which they originate.

An elementary picture of X-ray diffraction is due to Bragg. The
atoms in a crystal are regularly arranged, and we shall consider only the
simplest example of a cubic lattice. The atoms are centered at the cor-
ners of a perfect cube, which pattern is repeated throughout the crystal.
Sodium chloride is a crystal of this type (Fig. 1.1). Through the lattice
points (atomic centers) of such an array it is possible to draw an infinite
variety of parallel planes separated by constant spacings d. We may
now assume that an incident X-ray is partially reflected at each of the
planes. In general these reflected waves will cancel each other by de-
structive interference. Constructive interference occurs only when the
path difference for two successive reflections is an integral multiple of
the wavelength A of the X-rays. This is the case in Fig. 5.3 when

AB+BC =5, j=123,:-- (511)
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Fig. 5.3. Reflection from Bragg planes.

In discussions of X-rays it is customary to specify the direction of the
incident beam by the glancing angle with the lattice plane. This angle
is the complement of the angle of incidence used in ordinary optics. If
the spacing of the Bragg planes is d, then AB = d/sin 0, and BC =
AB cos (180° — 26) = —AB cos 20. Thus (5.11) becomes

] d .
A= o (1 — cos20) = 2d sin (5.12)
which is known as Bragg’s law.

If the incident beam has a continuous distribution of wavelengths,
the reflected beam at any angle 6 contains only a selected number of
wavelengths, Ay = 2d sin 6, A\ = 3\, Az = 3\1, -+ . The integer j is
called the order of the reflection. If the incident beam is monochromatic,
there will usually be no reflection. To obtain a reflection, the crystal
must be turned until 6 reaches one of the angles given by Bragg’s law.
Thus by observing the reflections of a monochromatic beam from a
“rocking” crystal, we can find the orientation and spacing of its lattice
planes. Instead of rocking the crystal, it can be ground into a powder,
with the grains in the powder possessing all possible orientations for
Bragg reflections. This powder method makes it possible to study the
crystal structure of substances for which no large single crystal is avail-
able. These investigations have shown that all solids except glasses pos-
sess a lattice structure.

In order to have a systematic designation for the many possible Bragg
planes, the Miller indices are convenient. Suppose that a plane makes
intercepts X, Y, and Z on the corresponding axes of a coordinate system.
The Miller indices h, k, I of the plane are the smallest whole numbers
proportional to 1/X, 1/Y, 1/Z. The coordinate system is attached to
the crystal lattice in the simplest and most symmetric fashion. In a
simple cubic lattice the x-, y-, and z-axes are along the cube edges. Note
that it is only the ratio of the indices that matters, so that the (4 2 2)
planes are the same as the (21 1) planes. Thus a given set of Miller
indices specifies an infinite set of parallel planes in the (infinite) crystal.
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A Miller index zero means that the planes are parallel to the correspond-
ing axis. Thus the principal planes are (00 1), (100) and (0 10). Nega-
tive as well as positive indices are of course possible and are designated
by bars over the indices. Thus the (2 10) and (21 0) planes are inde-
pendent sets, although of course (210) = (210) and (210) = (2 10),
since the indices of one set differ by a constant factor —1 from those
of the other. The reader can convince himself with a little coordinate
geometry that if the principal spacing of a cubic lattice is do , the spacing
of the (h k 1) planes is

b
G = TR B+ P

The relative intensities of reflection from different Bragg planes are
indicated by the following considerations. The X-ray reflected from a
given lattice plane has an electric vector proportional to 7. , the num-
ber of atoms per unit area of an hkl plane. The jth order diffraction cor-
responds to perfect constructive interference between reflections from
every jth plane, so that the total electric vector scattered from one such
set of planes i8 Ey ~ (J/)nue with corresponding scattered intensity
I ~ E ~ %’wi/7. Here J >> 1 is the total number of planes. There
are j equivalent sets of these planes with perfect scattering incoherence
among them,* giving a total scattered intensity of 7 = jl, ~ n * i/
Now if no is the number of atoms per unit volume of the crystal, then

o do
Nhet = Mo At = Vi T E LD
by (5.13) for a simple cubic lattice, if we neglect the difference in scat-

tering power among different types of atoms. With these simplifications
we have for the diffracted intensity

(5.13)

1
J(h? + & + 12)

Equation (5.13a) shows the general trend of I with order number and
the Miller indices. More careful studies of intensity variations yields
detailed information about electron distribution in atoms in crystals
(cf. section 5.5).

Because of (5.13a) any actual experiment reveals only a finite number
of Bragg reflections. Some of these are suggested by the planes in Fig.
5.4, but there are many more planes in three dimensions. A schematic
experimental arrangement is indicated in Fig. 5.5. X-rays scattered
from a single crystal produce a regular two-dimensional pattern in the

I;(hkl) ~ (5.132)

* That is, the total scattered intensity is simply the sum of the separate in-
tensities from each set of planes.
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Fig. 5.4. Miller indices of some simple planes parallel to the z-axis.

plane of the photographic plate. This so-called Laue diagram is sym-
metric about the axis of the incident beam. A powder sample would
effectlvely rotate the pattern about this axis to form a series of concen-
tric rings. From the symmetry of
the Laue diagram the symmetry of
X . the crystal lattice structure can be

inferred.

The discovery of Bragg’s law
(5.12) did not immediately solve the
Fig. 5.5. Production of Laue diagram. problem of X-ray measurement, for

it related two quantities, A and d,
which were both unknown at the outset. From analysis of the intensi-
ties and angles of the spots in a Laue diagram, however, it is possible
to show unambiguously that NaCl, for example, has a simple cubic
lattice. We can then obtain the lattice constant from the molecular
weight M,

\

do = (-M/Nop)”a (5-14)

where p is the density of the material. For NaCl, d, = 2.814 A. With
this information we can use the crystal as a sort of optical grating for
measuring the X-ray wavelength. The accuracy of this procedure de-
pends on the precision with which we know Avogadro’s number N, .

A precision method for measuring X-ray wavelengths without de-
pending on N, involves ruled gratings of the same sort as used for visible
and ultraviolet light. There would seem at first sight to be some dif-
ficulty with this method. Light of wavelength A\ incident normal to a
grating with a distance b between ruled lines produces diffraction maxima
at angles ¢ to the normal, where

sing = /b, j=1,2/3,--- (5.15)

Gratings are available in the spectroscopic laboratory with ten thousand
lines per cm or b = 10™* em. Thus for X-rays of wavelength 1 A the
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Fig. 5.6. Grazing angle reflection from a ruled grating.

successive diffraction maxima would be spaced apart by about 107*
radians &1 minute of arc. These lines could be resolved if registered
on a photographic plate some 10 meters away from the grating. With
ordinary light such an arrangement is possible, but only with the help
of lenses and mirrors. As lenses and mirrors do not exist for X-rays, this
direct approach is not feasible.

The solution to this problem takes advantage of the total reflection
of X-rays at grazing angles. At grazing angles the effective grating
spacing presented normal to the beam is greatly reduced. From Fig. 5.6
it is apparent that the condition for interference maxima is

A = (AB — CD) = b(cos 8 — cos ) (5.16)
Using the small angle approximation cos z = 1 — 32 + - -+, we have
¥ — 6 = 2j(\/b) (5.17)

For an incident angle § &~ 1° and a grating spacing of 10~ cm, the an-
gles ¢ for successive maxima have a separation also on the order of 1°.
Thus the angles to be measured are some 10° times larger than in the
case of normal incidence. This method has been refined to the point
where X-ray wavelengths are accurate to 5 significant figures. They
are sometimes expressed in X-ray units, 1 A = 10® X.U. With this high
accuracy in A we can use (5.12) and (5.14) together for a precise de-
termination of Avagadro’s number N,. This method is mentioned
in section 1.4c(h). We first use (5.17) to determine the exact wave-
length of monochromatic (single wavelength) X-ray. Then from Bragg’s
law diffraction of this X-ray in a simple cubic crystal, we find dy for
that crystal. Then finally (5.14) yields No = M o/ds’. Such X-ray de-
terminations of N, are the most accurate now available.

5.5. Derivation of Bragg’s law

In this section we shall give a somewhat more rigorous derivation of
Bragg’s law. The assumption of lattice planes as partial mirrors for
X-rays has no obvious foundation in the physical situation. There are
in fact no mirrors for X-rays, and the lattice planes are a geometrical
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invention to describe the crystal structure. At best the lattice planes
contain the atomic nuclei, but it is the electrons rather than nuclei that
scatter X-rays. Our knowledge of lattice distances and atomic radii
clearly indicates that the entire space between lattice planes must con-
tain electrons.

A rigorous demonstration of Bragg’s law must take into account scat-
tering by all the electrons in the crystal. As an example we shall con-
sider only the simplest ideal case, where the lattice is of simple cubic
form with the nuclei of identical atoms at the lattice points. The elec-
trons are distributed in some way in the intervening space. This dis-
tribution is presumably most concentrated in the neighborhood of the
nuclei because of the Coulomb attraction between electron and nucleus.
Only one other feature of the electron distribution is certain, but it is
of importance for the derivation; namely, the distribution is periodic
in the three perpendicular lattice directions with period do, the lattice
constant.

To describe these facts mathematically, introduce an electron density
function D(z, y, z) such that the number of electrons in a volume ele-
ment dV at position z, y, z is D(z, ¥, 2) dV. An arbitrary nucleus is
chosen as origin of the coordinate system, and the z-, y-, z-axes point
along the cube edges. The variation of D with £ must be periodic with
equal maxima at ¢ = 0, do, 2do, - - - . Fourier’s theorem states that
this variation can be described by a series containing only cosine terms:

D) = i A; cos Z—zj
=0 do

The depencence of D on y and z must be of the same form, because of
the perfect symmetry of the cubic lattice. This implies that D(z,y,2)
can be represented by a three-dimensional Fourier series

- . 2r , 2r
D(z,yz2) = Zj:A,cos(doJx ;A, cos(do]y)x

X [Z Aj cos] 2—rj”z (5.19)
o d

where j, 7/, and j”” run from O to ©, and the A ; are unspecified constants.
The general term of this series is of the form

P 2r . 2r .,
A;Ajr Ajcos (E Jx) cos (E‘T J’x) cos (—d%'] x)

By means of simple trigonometric identities any such product can be
represented as a sum of terms of the form

cos (%f (£ jx £ j'y = j"z))
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Therefore (5.19) can also be written
D(zyz) = i f: i Byi cos (& (hx + ky + ZZ)) (5.20)
hex—00 k=—00 lum—0o0 do .

In this this summation the indices (&, k, I) assume all integral values
from — through 0 to «, and all possible combinations of (k, %, 1)
must be taken into account.

The first terms of this series, which will be the largest ones, are

D(z,y,2) = Bowo + 2B (cos ?d’—; z + cos ?d% y + cos ?i—’: z)
27 2r 2
cos — (z + y) + cos == (y + 2) + cos = (z + z)
do do do
~+ 2B ) 0 0
> cos 2T (¢ — T (g — AT, —
+coad0(1: y)+cosdo(y z)-l—cosdo(z x)

cos%'—r(x+y+2)+0082§(x+?/— z)_l
do do

2B o (5.21)
+cos—&;(x—y—-z)+-~-—|
In writing out (5.21), we have made use of the fact that
By = B_io = Bow = Bo—y = Bon = Boo—1 (5.22)

and similar relations for the Bio, B, ete. This follows algebraically
from the fact that the A4 ; were identical for the distributions in the z-, y-,
and z-directions; or what is the same thing, relations of type (5.22) can
be inferred directly from the complete symmetry of the cubic lattice.
Any single one of the cosine terms in (5.20) or (5.21) represents a sine
wave with crests at the positions

(hz + ky + &) =%ﬂ (5.23)

where j is an integer. But this is the equation of a plane with z-, y-, 2-
intercepts equal to
id  jh  jd
h’ k"’ l

Therefore the indices (h, k, !) that appear naturally in the Fourier ex-
pansion (5.20) of the crystal electron density are just equivalent to the
Miller indices of the Bragg planes. To prove the Bragg equation, it is
now only necessary to show that the diffraction effect produced by a
single cosine term in (5.20) or (5.21) is equivalent to a Bragg ‘‘reflection.”
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To this purpose consider the diffraction effects produced when the
electron density is represented by a single cosine function, taken as

D) = B cos 2—;’5 (5.24)

No special restrictions are imposed by this choice, because any one of
the cosine terms can be written in this form if the coordinate axes are
properly rotated. Here d is the distance between successive lattice
(Bragg) planes and is not necessarily equal to do . Consider now a plane
wave of X-rays incident in an arbitrary direction specified by a unit
vector i. The scattering by crystal electrons is observed at a very great
distance away from the crystal, so that all the scattered waves have
essentially the same direction. This direction is specified by the unit
vector o.

Let the amplitude of the incident light vector be E, ; then the ob-
served amplitude of the light scattered from a volume dV is

dE = (const) E,D(z) dV cos (wt + ¢) (5.25)

Polarization relations are of no concern and are accounted for by the
(const) factor in (5.25). The time variation is given explicitly, and dis-
tance factors are contained in the phase angle ¢. The total scattered
amplitude E is the integral of (5.25) over the volume of the crystal. Thus
only the relatiue values of ¢ are of importance, and one may arbitrarily
set ¢ = O for the scattered ray that passes through the origin O of coor-
dinates in the crystal. The phase angle ¢ for scattering from any other
point P in the crystal is

o= -211’ (AP — 0B) (526)

as illustrated in Fig. 5.7.

Fig. 5.7. Diagram for scattering by a Fig. 5.8. Definition of b = i — o.
volume element at P.
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1t is convenient to introduce the vector r = OP. Since i and o are
unit vectors, AP = r+i, OB = r+0. Then if the vector b is defined by
b =i — oasin Fig. 5.8,

=20 (527)

The vector b bisects the angle (180 — ) between i and o and is of length
b = 2 sin y/2. Introducing (5.27) and (5.24) into (5.25), one has

dE = (const) E,B cos -2—21; cos [wt + g—; (xb: + yb, + zb,)] X

Xdzdydz (5.28)

The total scattering amplitude observed is the integral of (5.28) over
all the volume of the crystal. Consider the integral over z: unless b, = 0,
the integrand oscillates like a simple cosine function of 2, and the inte-
gral is zero. Likewise for the integration over y, so that the scattered
intensity is zero unless

by=b=0 (5.29)

Thus b must point entirely in the z-direction, normal to the set of lat-
tice planes we have been considering according to (5.24). The vectors
i and o specifying the directions of the incident and scattered beams
therefore satisfy the relations of specular reflection from the lattice
planes (Fig. 5.9).

The idea of reflection at the lattice planes, used in the elementary
derivation of Bragg’s law, is thus seen to be
valid. Bragg’s law itself follows from the prod-
uct of the two cosine terms in z, which can be
expressed as the sum of terms in cos [w +
2xz(1/d + b/\)] and cos [wt + 2xx(1/d — b/N)].
By the same argument as above, the integrals

Fig. 5.9. Scattering of these terms over x vanish unless
equivalent to reflection
from lattice plane. A = +bd (5.30)

Since A, b, and d are intrinsically positive quantities, only the positive
sign can hold, and (5.30) becomes

A=2dsiny/2 =2dsinb (5.31)
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This is just Bragg’s law for a first order reflection. The higher order
reflections come from other Fourier components in (5.20) that lead to
variations (5.24) of the form

2 27 ,.
cos—‘;(2x), .-y, cosaz(]x),

All such variations correspond to planes with Miller indices that are
simple multiples of each other and hence the same. Thus a complete
verification is possible of the Bragg law in all its details. Note that the
constant term By in (5.21) makes no contribution to the diffraction
of X-rays. ,

The intensity of Bragg reflection is proportional to | f dE |* or hence
to | B |*, the absolute square of the Fourier component. Intensity meas-
urements of reflection from various lattice planes furnish in principle a
complete set of amplitudes for the Fourier series (5.20). Therefore the
electron distribution in a lattice can be determined from an analysis of
X-ray data. The use of X-rays to “see” into the internal structure of
the atom has been mentioned in section 5.2 above.

The type of information obtainable from intensity measurements may
be illustrated by the following example. Consider reflection on the (1 1 1)
planes of an NaCl or KCI crystal. These planes are normal to the body
diagonal of the cubic lattice. Call the direction of this diagonal z, so
that the Fourier components representing these planes to all orders are

D@&) = By cos (27” x)+ Ba cos (27" 2:0) + oo (532)

The successive planes contain atoms all of one kind, either Na (K) or Cl.
In NaCl there will be more electrons near the Cl planes than the Na
planes, because Z = 11 for Na, while Z = 17 for Cl. For KCI, however,
the distributions will be more nearly equal, because Z = 19 for K. The
two situations are illustrated schematically in Fig. 5.10. For KCI the
curves are nearly symmetrical for K and Cl planes, which implies that
they vary much more like cos (27x/d)(2x) than cos (2x/d)r, or that
| Bz| > | Bi|. In fact, experiment shows

Ka that the first-order reflection in KCl does
W not occur at all, which means complete sym-
metry between the K and Cl planes. This is

direct proof that in the crystal K and Cl
Fig. 5.10. Relative elec- exist as positive and negative ions with 18

tron distributions in KC1 electrons apiece. In NaCl theintensity ratio
and NaCl. of first and second order reflections again

L T T
Cl K,Na Cl
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proves that the crystal is ionic in character, with 10 electrons forming
Na* and 18 forming CI™.

Thus we see how crystal diffraction of X-rays confirms the nuclear
model of the atom. In particular, this technique provides information
relevant to the static model. It serves to count the number of electrons
surrounding a nucleus and reveals their average distribution within the
atom. The maxima of D(z,y,2) at periodic intervals imply that the
electron density is highest in the neighborhood of the nuclei.

SUMMARY

X-rays are penetrating electromagnetic radiation produced by elec-
trons of many kev energy impinging upon a target. They are, in fact,
identical in.nature to ordinary, visible light, except that their wave-
length is on the order 0.001 that of visible light. X-ray wavelengths are
accordingly sometimes measured in X units, where 1 X.U. = 10°A =
10" ¢m. The basic form for attenuation of an X-ray beam on passage
through matter is an experimental law ¢ . The attenuation coefficient
is p = mo(o. -+ 04), Where n, is the number of atoms per unit volume,
o, is the X-ray scattering cross section per atom, and o, is the absorp-
tion cross section per atom. Because of the factor no , u is proportional
to the density p of the material; it is frequently replaced by the mass
attenuation coefficient u/p, which is characteristic of the substance and
independent of its condition.

The scattering cross section is incoherent for X-ray wavelengths
around0.2 — 1 Aand A < 30, ¢ = (87/3)r°Z. For longer wavelengths
and heavier atoms, where the electrons are more crowded together,
the electrons tend to vibrate in phase with each other instead of ran-
domly. This coherent motion gives rise to a scattering cross section
that approaches (8/3)ry’Z’ for pure coherence.

The total reflection of X-rays at a material surface measures the num-
ber of electrons per atom. Within experimental error this equals the
order number Z of the atom in the periodic table. This phenomenon
also makes it possible to measure absolute X-ray wavelengths by ruling
a diffraction grating on a polished metal surface and observing inter-
ference patterns in the reflection at grazing angles. At these small an-
gles the effective grating spacing is greatly reduced, making it possible
to deal with wavelengths as short as those of X-rays.

The diffraction from crystals provides definite proof that X-rays have
wavelike character. The Bragg law jA = 2d sin 6 describes crystal dif-
fraction as ordinary reflection from the symmetry planes of the crystal.
The symmetry planes of a crystal are conveniently designated by the
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Miller indices h, k, I; in a cubic crystal the spacing of the symmetry
planes is d = do/h? + k? + 2, where d, is the separation of atomic
centers. From diffraction measurements it is possible to determine crys-
tal spacings very accurately, and from these to obtain a precise value of
Avogadro’s number N,. The Bragg law of crystal diffraction can be
derived from the mere assumption that the electron density in the crystal
varies periodically. X-ray measurements furnish information about this
distribution and thereby provide a means of “seeing into” the atom.
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ILLUSTRATIVE PROBLEMS

1. Observations of the total reflection of X-rays at the surface of a
calcite crystal (CaCOs) show that (n — 1)/A’ has the constant value
—3.67 X 10" em™.

(a) What is the angle of total reflection for X-rays of wavelength
2.5 A?

(b) Compare the experimental value with the theoretical: the density
of calcite is 2.8 and the atomic numbers are Ca = 20, C = 6, O = 8.
The molecular weight of CaCOj; is 100.

Solution. (a) By (5.9),

A, = [2(1 — )]* = [gg_l}\__;.n)]uzk

Here for A = 2.5 X 10~ cm,
A. = (2 X 367 X 102 X 25 X 10™® = 6.8 X 10 radian = 3.88°

(b) By (5.8), n — 1/A* = (—neZ/27)r. In this case we take no =
Nop/A = 6.02 X 10® X 2.8/100 = 1.69 X 10% as the number of mole-
cules per unit volume, and Z = E n:Z; as the total number of electrons
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per molecule. The Z; are the order numbers of the atoms (equal to the
number of electrons per neutral atom), and the n; the number of atoms
of the ith type per molecule. Then in CaCO;, 71 = ny = 1, ny = 3, and
corresponding Z, = 6, Z, = 20, Z; = 8;hence Z =6+ 20+ 3 X 8 =
50. Thus the theoretical value is

n—1 _ —169 X 10” X 50
N 27
The discrepancy between observed and theoretical values is less than
3 %.

2. A cube of an NaCl crystal is irradiated with a beam of X-rays
covering a_centinuous spectrum from 1 to 5 A. The beam is incident
normal A0 a cube face. The lattice constant of NaCl is 2.814 A.

What.is the wavelength and what is the polarization of the X-rays
uufracted at right angles to the incident beam?

(b) If the crystal is subjected to pressure in a direction parallel to
the incident X-rays, determine how much pressure P in kg/cm® must
be applied to alter the Bragg reflection in part (a) by an angle of 1°.
Young’s modulus for NaClis ¥ = 45.4 X 10" dynes/cm?®, and Poisson’s
ratio is 0.126.

Solution. (a) The incident beam is unpolarized and can be considered
as consisting of two plane-polarized beams, one polarized parallel to
the reflected beam at 90°, the other polarized perpendicular to the plane
of the incident and reflected beams. The reflected beam can contain
only these polarizations and must in addition be a transverse vibration.
It is therefore plane polarized perpendieular to the plane of the incident
and reflected beams.

We can write Bragg’s law in the form

IVETRTE= (?-)‘i"> sin 6,

where j is the order of the reflection, h, k, I are the Miller indices, dy =
2.814 A is the lattice constant, and 6 is the glancing angle made by the
beam with the planes specified by &, k, I. For a 90° reflection, § = 45°.
Under the restriction 1 A < A < 5 A the only planes that make an angle
of 45° with a beam incident along the z-axis, for example, are the (10 1),
(011) (101) and (0 1 1) planes. For these planes A = 2 d; sin 6/74/2 =
do/j = 2.814 A, 1.407 A for j = 1, 2. These are the only two wave-
lengths within the specified range that are reflected at 90°.

(b) The pressure shortens the crystal along the z-axis and enlarges
it along the directions perpendicular to z. The relative enlargement is
0.126 times the contraction effect; thus if the relative contraction in the
z-direction is Az/z, the corresponding change in 6 is A(tan 0)/tan 6 =

X 28 X 107" = —3.77 X 10" cm™
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1.126 Az/z = 1.126 P/Y = 2 Ad/sin 20. The angle of reflection is ¢ =
180° — 26, so that Ap = —2 A9 = 1° = 0.017 radius. Thus for sin
26 = 1 the pressure in kg/cm® (1 kg = 9.8 X 10° dynes) is

_ (2a9)Y _454 X 10" X 0017
T 1126 sin 20 X 98 X 105 1.126 X 9.8 X 10°

3. A monochromatic beam of X-rays of wavelength A is incident nor-
mal to an edge of a cubic crystal of lattice constant d. The crystal is
rotated about this cube edge as axis.

%) Derive a relation for the angles ¢ formed with the incident beam
by all diffracted beams that are in the plane normal to this rotation axis.

(b) For NaCl with d = 2.814 A, what is the maximum wavelength
that the beam can have in order to obtain at least 7 reflected beams on
each side?

Solution. (a) the angle ¢ = 20, where sin 6 = j\/2 d. The Miller in-
dices involved have | = 0 because the reflection plane is parallel to a
cube axis;

P = 7.0 X 10°kg/cm’

_ & _ ._l(j\/h2+kn)
i=Vigr " o= Ty g

Here j, h, k are positive integers, restricted to values such that the argu-
ment of sin~* does not exceed 1; either h or k& but not both can be zero.

(b) The seven lowest values of j4/A2 + k2 are 1, v/2, 2, /5,2 /2,
3, 4/10. The condition on the argument of sin”’ requires that

___V;Odlgl, or A< ¥0d, = 1500 A
0

PROBLEMS

1. After what distance is the intensity of a parallel beam of X-rays
(0.2 A wavelength) reduced to 5% of its initial value (a) in oxygen at
STP; (b) in gold. Assume that the attenuation coefficient for O. equals
the theoretical value for incoherent scattering, while the attenuation
coefficient in Au is 1 the theoretical value for completely coherent
scattering.

2. To obtain strong reflections in diffraction experiments of X-rays
on a grating, the glancing angle of the incident beam should be smaller
than the glancing angle for total reflection. For X-rays of A = 1.537 A,
the glancing angle for total reflection on gold is 31’ 24’. With a grating
ruled on gold of 10,000 lines per cm, at what glancing angle will the
first-order diffraction maximum occur when the incident light has the
above wavelength and is incident at the critical angle for total reflection?
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3. Obtain the simplest approximation for the polarization and inten-
sity distribution of scattered X-rays. Use the approach of section 4.7,
in which the incident light causes electron vibration parallel to its elec-
tric vector E. The vibrating electrons reradiate in all directions. The
radiation reaching any point P from an oscillating electron has its elec-
tric vector proportional in magnitude to the amplitude of the electron
oscillation as seen from P, and polarized in the same direction as the
electron motion.

(a) Let the points of observation P all lie a constant distance from
the scattering atom. Show that the scattered intensity from an initially
unpolarized beam is proportional to sin? §, where 6 is the angle between
the incident and scattered beam directions. Note that an unpolarized
beam is mathematically equivalent to the sum of two plane-polarized
beams with mutually perpendicular planes of polarization.

(b) Using the result of (a), find the differential atomic cross section
do (8)/dw that corresponds to (4.47). This differential cross section rep-
resents scattering into the solid angle dw located at the angle 6. The
requirement that it must satisfy is

./;2' de '[ sin 0 do (do/dw) =

the total scattering cross section (4.47).

(¢) In a double scattering experiment unpolarized X-rays are incident
upon a block of material A, from which they scatter at an angle 8 to
block B. The radiation scattered from B makes an angle ¢ with the
plane of the angle 6. Find the dependence of the scattered intensity
on 0, ¢, and show that it vanishes only for § = ¢ = 90°.

4. A parallel beam of X-rays with a continuous spectrum extending
from A = 0.5 to 3 A is incident in the direction indicated on a crystal
in which the atoms form hexagonal rings.

(a) What is the wavelength of the X-rays scattered in the plane of
the diagram at an angle of 120° to the incident beam?

(-]
Incident Reflected beom
beaom \ /
° o °
Py -]

Problem 4.
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(b) How many diffraction orders can be obtained in this direction and
how will their intensities compare?

5. The intensities of the Bragg reflections from various lattice planes
vary in inverse proportion to the sum of the squares of the Miller in-
dices; thus the (0 0 1) reflection is the most intense.

(a) If the strongest line in a diffraction pattern made with mono-
chromatic X-rays and a powder of NaCl appears in the direction at 60°
to the incident beam, where will the three next most intense lines occur,
and what is the wavelength of the incident beam? Illustrate the dif-
fraction pattern in a diagram and compute the diffraction angles.

(b) Answer the same question as in part (a) for the case of a pattern
made with a single crystal that is rocked about an axis normal to the
incident beam; the axis being parallel to a cube axis of the lattice.

6. Consider a crystal with an orthorhomboid unit cell (rectangular
box) of dimensions d; = 3 A along x,d: = 2 A alongy,and d; = 1.5 A
along z. The cell contains only one atom which may be assumed to be
located at the corners of the cell. Consider a lattice plane passing
through the first atom on the z-axis, the third atom on the y-axis, and
the second atom on the z-axis.

(a) What are the Miller indices for this plane and those parallel to it?

(b) What is the lattice distance d between these planes?

(c¢) Find the wavelength of the X-rays, incident in the z direction,
which produce Bragg reflection on these planes.

(d) What is the angle between the incident and the diffracted beams
of part (c)?

7. An X-ray beam is incident parallel to a cube axis of a cubic crystal
with a lattice constant of 2 A. The Laue pattern is to be recorded on a -
photographic plate, normal to the beam at a distance of 4 cm from the
crystal. Construct a diagram showing the position of the most intense
diffraction spots and the wavelengths of the X-rays at these spots. As-
sume the plate is 10 cm square. The most intense spots correspond to
low indices h, k, I; do not use indices larger than 3 and note that it is
sufficient to locate the spots in half a quadrant of the plate.

8. Derive an expression for the Bragg law, taking into account the
index of refraction = of the crystal. Assume the surface of- the crystal
to be parallel to the planes from which Bragg reflection occurs. What
is the change A@ upon inclusion of a refractive indexn = 1 — 5 X 10™°
when 6 = 45°?

9. The density and refractive index fluctuation produced by sound
waves in liquids or solids have the same effects on visible light as the
electron density variations in crystals have on X-rays. Compute the
frequency of a sound wave (supersonic) that produces ‘“Bragg reflec-
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tion” at 90° to the incident beam for green light of 6000 A wavelength
in a liquid with a sound velocity of 1500 meter/sec. For a standing
sound wave the Bragg reflection is periodically interrupted with the fre-
quency v, of the sound wave; hence the reflected beam is modulated
and its frequency is that of the two “side bands” » + »,, where » is
of the frequency of the incident light. Compute the difference of the
wavelengths in Angstroms of the two side bands. By varying the direc-
tion of the sound wave, determine at which direction of observation the
separation of the sidebands is a maximum. Note: in applying Bragg’s
law, note that it refers to the wavelength of the light in the medium.
Assume a refractive index of 1.5.

10. The blackening of a photographic film containing AgCl reaches a
sharp maximum when the wavelength of the X-rays coincides with one
of the “absorption limits” (Chap. 6) of silver. The K-limit is at 0.48 A,
and one of the L limits is at 3.464 A. In studying the continuous radia-
tion from an X-ray tube with a rotating crystal spectrometer, the effect
of the above L limit is observed on the film when the reflected beam
strikes the film at an angle A = 60° from the position of the incident
beam. At what angle is the corresponding effect of the K limit observed?



Chapter 6
PHOTONS AND X-RAY SPECTRA

In the last chapter we saw that X-rays behave in many ways like
transverse electromagnetic vibrations—that is, light of very short wave-
length around a few A. The wavelike character of X-rays is conclusively
established by diffraction in crystals. On the other hand, certain promi-
nent features of X-rays require for their explanation something more
than the mere assumption that X-rays are light waves obeying Max-
well’s equations. These “nonclassical’”’ features are the short wavelength
limit of the continuous emission spectrum, the critical absorption wave-
lengths, and the line emission spectrum with its K-, L-, M- ... groups
corresponding to the critical absorption. Even the ionizing properties
of X-rays, so useful in their detection, are not adequately explained by
classical electrodynamics.

It turns out that a single new idea is sufficient to interpret all these
difficulties; namely, the concept of the photon or light quantum. In
this chapter we shall introduce the photon concept and illustrate its
fruitfulness by application to X-ray phenomena. In the next chapter
the same principles will be applied to optical spectra.

6.1. The photon

Max Planck first introduced the quantum in 1900 in a study of black
body radiation. He considered an enclosure of finite volume containing .
light waves in thermal equilibrium with the container walls at a temper-
ature 7. If a small aperture is made in the container, the light waves
are emitted as if from a perfect black body radiator. In obtaining the
first successful formula to fit the observations on black body radiation,
Planck was forced to a rather peculiar assumption. Let the light of
frequency » have a total energy in the enclosure of W(»); then Planck’s
hypothesis is that W(») cannot take any arbitrary value but is re-
stricted to the values*

W) = (n + Hhv, n=012--- (61)

Here Planck’s constant h is a fundamental constant of nature like the
electronic charge e. Measurements of black body radiation indicate a

* Planck’s original hypothesis was that W (») = nhv. The additional }h» arises
from a more modern mathematical treatment of the problem. Its introduction
here is merely a formality, since it plays no observable role in any physical process.

128
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value on the order of A = 107*° erg-sec. The energy in the enclosure,
because it could assume only the discrete values (6.1), was said to be
quantized.

Planck’s hypothesis represents a radical departure from classical”
ideas, according to which W(») should be able to range continuously
over all values. Quantization was at first so uncomfortable a notion
that even Planck made serious efforts to find a way of dispensing with
it. It remains, however, the only means for a satisfactory interpretation
of the black body radiation spectrum. Today so much independent evi-
dence has accumulated in support of the quantum hypothesis that we
cannot doubt its correctness.

Einstein generalized the relation (6.1) by discarding the artificial re-
striction of the enclosure and regarding the monochromatic radiation
itself as consisting of indivisible quanta or photons, each of energy hw.
Thus the integer n in (6.1) simply represents the number of quanta in
the box. The extra 3h» is known as a ‘“‘zero-point energy’’: it must
always be present, even in a complete vacuum. We can never in any
way observe it directly, however, and can therefore neglect it in all
physical processes.

The light quantum or photon recalls Newton’s old corpuscular theory
of light. The essential improvement over the corpuscular theory is that
the photon is quantitatively related to the wave picture for the same
light through

W="m 6.2)

Here W is the energy of each photon and » is the frequency of the same
light, considered as transverse electromagnetic waves. Since the photon
is indivisible, the emission or absorption of light by any system must
occur in units of whole photons. A system as small as an atom usually
absorbs or emits only one photon at a time. This fact, used in connec-
tion with (6.2) is of great importance in the interpretation of X-ray and
optical spectra.

In the following sections we see that only the photon concept is ade-
quate to explain the “nonclassical” features of X-rays, such as the short
wavelength limit of the continuous spectrum, absorption edges, and
emission lines. On the other hand, the phenomenon of crystal diffractign
clearly shows that we must think of X-rays as wave trains. That 1s,
somehow or other light manages to have simultaneously the properties
of two concepts that have previously seemed to be mutually exclusive—
waves and particles. For there is no doubt that the photon behaves in
every way like a particle: it has momentum, can suffer elastic or inelastic
collision, etc. These properties will be further elaborated in Chapter 9.
The fact that light simultaneously possesses wave and particle aspects
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is already implicit in (6.2), which is the connecting link between the
two concepts.

So far no way has been found of resolving this wave-particle dilemma,
and we must therefore just learn to live with it. We can put this truism
in the form of a “principle of complementarity,” which states that the
wave and particle pictures are both valid aspects of the same reality and
must be viewed as complementing rather than contradicting each other.
In practice this means that both the wave and particle pictures must be
borne in mind, and the more appropriate one applied to any given
situation. With practice this becomes relatively easy and occasions no
confusion. There are many situations in which either picture will lead
to equivalent results. For instance, two independent states of polariza-
tion can be ascribed to the photons as well as to transverse waves.
Instead of plane polarization, it is particularly convenient to use circular
polarization for photons. In the wave picture we can represent circularly
polarized light by means of E and H vectors that rotate continuously
about the direction of the light beam as an axis. Clockwise and counter-
clockwise rotation are the two independent types of circular polariza-
tion. On the photon picture we can think of the particle as continuously
spinning about its own axis. This axis is parallel to the direction of
motion, and the two independent polarizations are represented by spins
in clockwise and counterclockwise senses (see Chap. 9).

We can extend the energy relation (6.2) to determine the amplitude of
an electromagnetic wave associated with one photon. Suppose that one
photon of frequency » = w/2x and a single state of (plane) polarization
is contained in a volume V. In the wave picture the electric vector of
the light is of amplitude

E = Eycos wt = 3B’ + 3Ee ",
and the energy in the whole volume is
W = VE!/8r = hv (6.3)

We have used (6.2) because there is just one photon in the volume. A
detailed consideration of the problem, beyond the scope of this section,
shows that in the photon picture we must distinguish between photons
of positive and negative frequencies, &= @ = =2=xv. The amplitude
associated with a single frequency is

E, = B, = 4/ ¥ 64)

In a similar fashion H, = \/2xhs/V = E,. Equation (6.4) completes
the quantitative relationship between wave and particle pictures of
light; it gives the amplitude of the electric vector E, in the wave picture
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that corresponds to the presence of one photon of frequency » (or —v)
in a volume V. As numerical example consider a green light beam
(A = 6000 A) of one lumen (1/700 watt/cm’) intensity. For this in-
tensity we have from (6.3) I = (n/V)cW = (n/V)hc*/\, where n/V
is the number of photons per em® in the beam. In this case

L

Vo ke
_ 6 X 107 X 45 X10°
66 X 1077 X 9 X 10®

_ 1.3 X 10°
cm?

This photon density is infinitesimally small in comparison with typical
atomic densities of 10”/cm®; even a good vacuum produced in the
laboratory contains on the order of 10° molecules/ cm’.

6.2. The short wavelength limit

Measurements with a crystal spectrometer allow a study of the
spectrum of any X-ray beam. The spectrum is the distribution of in-
tensity as a function of wavelength (or frequency). The spectrum
directly produced by an X-ray tube consists of two parts: the continuous
spectrum and superposed on this the line or discrele spectrum. The con-
tinuous spectrum has the remarkable property that it cuts off sharply
at a minimum wavelength A\, . It has no definite long wavelength
limit. The short wavelength cutoff is independent of the anode material
in the tube and varies inversely as the applied voltage. It is given by

Amin = 12.4A/V (kilovolts) (6.5)

The line spectrum, on the other hand, is characteristic of the anode
material that serves as target for the bombarding electrons. It is inde-
pendent of the applied voltage, except that at any voltage only those
lines appear which have X > Auin. If the discrete spectrum contains
additional lines of shorter wavelength, these will ﬁrst appear at higher
accelerating voltages. This situation is
illustrated schematically in Fig. 6.1.

In this section we consider the contin-
uous spectrum and particularly its short ¢ v, JL
wavelength limit. On a classical picture v J\A\L
we certainly expect radiation to be emit-
ted when electrons stop in the target. A —

An electron accelerated by a voltage V' Fig. 6.1. Spectrum from an X-ray
has an energy eV when it strikes the tar-  tube at two voltages, V2 > V1.
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get. It quickly loses all this energy by making collisions with the electrons
and nuclei in the atoms of the target. The struck electrons in turn col-
lide with other electrons and nuclei; the energy eV of an incident electron
is rapidly converted into heat by this process. The collisions involve
brief but extremely large accelerations. According to classical theory
we should expect strong radiation during these collisions, with a spectrum
extending over all frequencies. Although classical theory can account
for the radiation of X-rays, it cannot explain the short wavelength limit.

The quantum theory also predicts that the electrons will emit radiation
at these collisions, but as individual photons instead of the continuous
radiation of the classical formula. In such a radiative process during
collision an electron may radiate any part AW of its initial energy.
Since single-photon emission (or absorption) is about 100 times more
likely than two-photon emission, we expect the wavelength of the cor-
responding photon to be

= ¢/v = he/AW (6.6)
For an electron beam of incident energy eV we have AW < ¢V, so that
A = he/AW > he/eV = Auin 6.7)

Relation (6.7) follows from the photon hypothesis and is in complete
agreement with experiment. Reversing the argument, we see that the
observation of a short wavelength cutoff for X-ray spectra is evidence
for the existence of the photon.

Comparing the experimentally observed constant in (6.5) with (6.7),
we have

hefe = 12.398 A kilovolt (6.8)

We can quote the constant from (6.5) to such accuracy because of the
high precision possible with X-ray measurements. Since precise values
of e and ¢ are also available, we have a means of determining Planck’s
constant with great accuracy:

h = 6.625 X 107" erg-sec 6.9)

For many applications it is useful to express hc and its reciprocal in
terms of the energy unit electron-volts (ev):

he = 12.398 A kev = 1.2398 X 10~ cm ev
1/hc¢ = 8066 cm™ ev™! (6.8a)

Of course the complex collision processes in the X-ray target produce
many photons of lower energy than the maximum value eV. These
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photons have X > Anin and form the total continuous spectrum. The
shape of this spectrum as calculated from a quantum mechanical formula
is in reasonable agreement with observation. The radiation of photons
in the deceleration of charged particles goes by the general name given
it in such quantum mechanical calculations, Bremssirahlung or “brake
radiation.”

It is important to realize the differences between the classical and
quantum-mechanical description of radiation. Classically, we deter-
mine the trajectory of a charged particle and compute the radiation
from its acceleration along that trajectory. (In a refined calculation the
radiative energy loss must be taken into account in determining the
trajectory.) From this trajectory the radiation intensity and frequency
distribution are completely determined. Classically the motion of the
charged particle is the primary phenomenon, and the radiation is a
secondary effect derivable from the motion. Quantum mechanics in a
sense reverses this procedure: the radiation is a primary effect, described
directly by AW = hv; the deceleration of the charged particle is derived
from the fact that it has lost the energy AW. Quantum mechanics pro-
vides no detailed description of the particle motion; we simply say that
the particle “jumps.” The success of the quantum mechanical deserip-
tion extends beyond the prediction of the short wavelength limit. Since
it does not describe the motion of the particle at all but only specifies
the radiated energy, it can accomodate charged particle motions in
which AW = 0 but the acceleration is not zero. This feature in principle
provides a way of freeing the dynamic model of the atom from its
classical radiation difficultics. We shall see in succeeding chapters that
quantum mechanics does avoid the radiation difficulties in just this way,
but at the expense of being unable to ascribe specific trajectories to
atomic electrons. Strangely enough, the loss of this specific descriptive
power proves no hindrance to our present understanding of the atom.

6.3. Ionization

The photon concept is equally useful in explaining processes of ab-
sorption as well as emission of light (X-rays). Applied to absorption, it
accounts for the ionizing properties of X-rays. It also accounts for the
K-, L-, M-, - - - absorption edges, if we make the further important as-
sumption that the electrons occupy fixed, invariable orbits in the atom.

The remarks of section 6.2 suggest that it may be possible to neglect
the classically predicted radiation in the dynamic model of the atom.
Such neglect would make the orbits stable. If the ith electron is in a
stable circular orbit of radius r;, its kinetic energy is 3mv. and its
potential energy is —Z.¢*/r;. Here Z; < Z, the charge number on the
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nucleus, because of shielding of the nucleus by electrons interior to the
ith. The total energy of the electron is, using Eq. (4.1),

U; = %mvf - Z,f:"/n = —%m-v,-" = —%Z;az/r.- (610)

The total energy U, is negative, which means that energy from an ex-
ternal source must be supplied to the clectron to separate it from the
atom. We call an electron in this situation bound to the atom. The
energy necessary to liberate it is W = | U;| = —U: = Bi. The nega-
tive of the total energy is a positive quantity, the binding energy B .
Any energy W that equal or exceeds B is sufficient to liberate the
electron; an energy W less than B; can only move the electron out to a
radius . such that U/ — U; = W. The radius r;/ will remain finite,
however, so that the electron is still bound to the atom.

Still neglecting radiation by the electrons, we may suppose them to
be distributed in various stationary orbits throughout the atom. To
each orbit corresponds a fixed, definite binding energy B.. If we ir-
radiate the atom with X-rays of wavelength A, one of the electrons may
absorb energy from the incident radiation. According to the quantum
hypothesis, this absorption must involve at least one quantum or photon
of energy W = hv = he/\. 1t is in fact most likely to involve just one
quantum. If the photon energy W cxceeds the binding energy B, , this
absorption will liberate the electron from the atom. Any excess energy
W — B, will appear as kinetic energy of the liberated electron. Of course
this electron liberation converts the neutral atom into a positive ion.
Thus the photon hypothesis provides a possible mechanism for the
observed strong ionizing properties of X-rays. .

To check whether this mechanism is really a satisfactory explanation,
we should determine whether the average hv of X-ray photons exceeds
the binding energy of atomic electrons. For the outermost electron in
an atom, Z; =~ 1, because the nucleus is shielded by all the other elec-
trons. The radius r; &~ 10~ cm, so that by (6.10) B; = —U.: = €'/2r: &
23 X 107°/(2 X 107®) = 1.2 X 107" erg = 7.5 ev. An X-ray photon
of wavelength 1 A has an energy W = hy = he/A = 1.2 X 10* ev.
Thus X-ray photons certainly satisfy W > B, for the outermost atomic
electrons; they also satisfy this condition for many of the inner electrons.
Consider an interior orbit in a heavy atom, with Z; &~ 50, r; &~ 107
em, B; = 3.7 X 10* ev. An electron in this orbit can escape from atom
by absorbing a photon of wavelength shorter than A = he/W =~ 03 A;
an X-ray of longer wavelength cannot liberate this electron.

From these examples it is clear that by going to the shortest X-rays
around 0.1 A we can liberate any electron in even the heaviest atoms.
This process is called photoionization or is sometimes included under the
more general heading of the photoelectric effect. Thus the concept of
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the photon provides a ready explanation of the ionizing properties of
X-rays. We should also demonstrate, however, that only the photon
concept is in accord with the observed facts of photoionization. We
postpone this discussion to the optical photoelectric effect considered
in the next chapter.

In section 5.2 we split the attenuation coefficient for X-rays into a
scattering term u, and a true absorption coefficient u,. The term u,
varies only slowly with A of the incident X-rays, but the total u or hence
the absorption u, shows marked variation for certain wavelengths, which
reflects a corresponding variation in the absorption cross section o, .
This variation is shown schematically in Fig. 6.2. For X-ray wave-
lengths on the order of 1 A, the mass absorption coefficient increases
rapidly with wavelength until a critical

wavelength is reached at which the L

absorption drops sharply. The absorp-

tion “edge” at shortest wavelength is M K

designated by the letter K. Next

comes a group of three relatively close A—>

L absorption limits, and at still longer  pig g.2. Critical absorption edges
wavelengths five M limits are observed. for X-rays.

For heavy substances there are beyond

these N, O, - - - groups with 7,9, - - - edges, but their observation becomes
increasingly difficult. The critical absorption wavelengths at which the
sharp breaks occur are characteristic of each element, and become
shorter in regular fashion with increasing atomic number of the absorb-
ing element. We can in fact represent the absorption edge frequencies
by the formula

v = (Z — o)’Re/n® (6.11)

wheren = 1,2,3, --- for the K, L, M, - - - edges. Here c is the velocity
of light and R = 1.097 X 10° cm™ is a universal constant known as the
Rydberg constant; Z is the order number of the element, and ¢ = 1 for
the K edges. For the L, M, - - - edges, ¢ becomes progressively larger—
for example, it is on the order of 10 for the L edges, and 30 for the M
edges. Furthermore, except for the K edges, ¢ shows a pronounced
tendency to increase with Z.

Our previous discussion of photoionization makes it natural to assume
that the high absorption peaks correspond to ionization of a few par-
ticular electrons in the atom. The “edge” occurs at a wavelength cor-
responding to hv = B, ; for longer wavelengths hv < B;, and ionization
cannot occur. With this interpretation of the absorption edges, we
can put

Bi = hv = (Z — o)’heR/n’ - (6.12)
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for the electron binding energies in the orbits. Comparison with Eq.
(6.10) (U; = —B,) permits us to draw the following inferences:

(1) Z; = Z — o, so that o represents the extent to which the charge
on the nucleus is shielded or “screened”” by the other electrons; o is
therefore called the screening constant.

(2) The number of different groups of absorption edges, K-, L-, M-,
etc. is much smaller than the total number Z of electrons in the atom,
although a sufficiently high frequency X-ray can eject any atomic
electron. We must therefore assume that the electrons are arranged in
“ghells” in the atom. All electrons in a given shell have practically the
same binding energies. We call these the K-, L-, M-, etc. shells to cor-
respond to each group of absorption edges. The separate absorption
edges in each group correspond to relatively minor differences in the
electron binding energies in a single shell.

(3) There are more electrons in a shell than there are edges in the
corresponding absorption edge group. The number of distinct edges in -
agroup is @n + 1), 0r 1, 3, 5, --- for K, L, M, ---. The screening
constant ¢ indicates that there are 2 electrons even in the K shell, and
considerably more than 3 or 5 in the L or M shells, respecgively.

(4) The radii of the K, L, M - - - shells in an atom vary in the ratio
1%:2%:3% ... = 1:4:9: .... For different elements the radius of a
given shell varies as 1/(Z — o). This explains qualitatively why the
atoms of heavy elements are not much larger than those of light ele-
ments. The heavy elements have more shells, but the radii of correspond-
ing shells are smaller in the heavy elements.

We must regard these conclusions as of a semiquantitative nature
only. Nevertheless, they show that the photon concept is again suc-
cessful in relating the frequencies of the absorption edges to the proper-
ties of the electron orbits in the atom. We see here how consistent
application of the photon hypothesis to X-ray data begins to tell us
something definite—e.g, shell structure—about the internal arrange-
ment of the atom.

64. Energy levels and term values

The absorption edges make clear one fact that the phenomenon of
ionization alone does not show, namely, that the electrons in atoms
occupy fixed orbits with definite, unvarying binding energies B;. The
sharpness of the absorption edges indicates that there is no variation in
the frequency »; = B,/h at which the photon energy just equals the
binding energy. On a classical picture this constancy is surprising:
even if we neglect radiation, the electrons should exchange energy be-
cause of the Coulomb forces between them. Thus on a classical picture
an electron in any atom should have a continuously variable binding
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energy. This conclusion is contradicted by the photon interpretation
of the absorption edges.

Another way of phrasing the problem posed by the discrete absorption
edges is to ask why the atom contains just those corresponding orbits
and no others. Classically, the radius r of an electron orbit in an atom
can have any value whatever, and the corresponding B also varies in a
continuous fashion. The observations tell us, however, that in any atom
the electrons lie in a fixed set of orbits with prescribed radii, 1, 72, -,
r» . Why should we never find an electron in this atom with an orbit
radius r lying between r; and r,? This problem is made more acute by
the fact noted in section 6.3 that most occupied orbits in an atom con-
tain more than one electron each.

These questions will be settled in Chapters 9 and 10 by a further
application of quantum principles. For the moment let us be content to
note the experimental fact that atomic electrons cannot have arbitrary
binding energies but only certain particular values B;. In terms of the
total electron energy U; = — B; we say that an electron in an orbit of
radius r; is in an energy level U;. We will frequently talk about the
energy levels of an electron without specifying the corresponding orbits
explicitly. It is also often convenient in discussion to plot these energy
levels in a vertical diagram, as shown in Fig. 6.3a. The horizontal axis
is the line of zero energy: all levels below this line correspond to bound
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Fig. 6.3 (a.) Energy levels in a hypothetical atom; the levels U,
correspond to orbits in the nth shell. The dots represent electrons
occupying the levels (orbits); they are usually omitted. All the lev-
els below the line of zero energy represent bound states. (b.) Energy
level diagram of photoionization of a K electron by a photon of
energy W, leaving the electron with a positive kinetic energy of
K=W+4+U,=W - B.
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electrons. This is in the spirit of section 6.2, where we noted that
quantum mechanics specifies energies or energy changes but does not
say anything definite about electron trajectories.

To illustrate the application of an energy level diagram, Fig. 6.3b
shows photoionization by an X-ray photon of energy hv. The vertical
arrow indicates absorption of a photon, and the electron after absorption
has a positive kinetic energy K. This energy is given by K = hv —
B; = hv + U;. In general, the energy of the photon required to lift
an electron from energy level U to U’ is

hy = U — U (6.13)

It is frequently more convenient to deal with the frequency or wave-
length of the photon than its energy hv. In spectroscopy, in particular
optical spectroscopy, the custom has arisen of specifying radiation by
its wave number £ = 1/ = v/c generally measured in units of cm™.

Then the energy of a photon is hy = hck, and (6.13) reads
t=U/he — Uhe =TT (6.14)
T= —U/hc =B/he, T = —U'/hkc =B'/he (6.14a)

The quantity T is called the term corresponding to the energy level U.
It is a positive quantity for bound levels and has units of em™ for con-
venience in spectroscopic applications such as (6.14). It is of course
possible to plot Fig. 6.3 as a term diagram instead of an energy level
diagram simply by changing scale from energy units (usually ev) to
cm™" units. The conversion is given in (6.8a).

6.5. Discrete emission spectra

The radiation emitted by an X-ray tube consists of the continuous
spectrum and the superimposed discrete or line spectrum. We have
seen how the photon concept satisfactorily accounts for the continuous
spectrum, and it will prove equally useful in understanding the line
spectrum. These lines are characteristic of the element that forms the
target for the electron beam in an X-ray tube. They fall into groups
designated K-, L-, M-, - - - . The K emission lines all have wavelengths
similar to that of the K absorption edge of the target substance. The
important difference is that the K emission wavelengths are always
somewhat longer than the K absorption edge wavelength. The same
relation holds for the L-, M-, - - - absorption edges and corresponding
emission lines. There are many more emission lines than absorption
edges in any particular group. For instance, there is one K absorption
edge and two to six regularly observed emission lines. No emission lines
of a group appear at all, however, unless the energy of the electrons
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hitting the target in the X-ray tube exceeds the energy hv of the ab-
sorption edge corresponding to this group. This is true even when the
electron energy is in the narrow energy range that exceeds the h» of the
emission lines but is less than the Av of the absorption edge.

Studies of the X-ray emission lines, pioneered by Moseley in 1913-
1914, show that the frequency of a particular K line, designated by
K., , Ka, , Ks, , Kg, , etc., increases regularly as we go to higher atomic
number Z. The frequency of any such line can be well represented by
the formula

Vv =Cx(Z -1) (6.12a)

This is of the same form as Eq. 6.12 for B:; in this case it actually
represents a difference B/ — B; of two energy levels of type (6.12).
Equations similar to (6.12a) hold for the L-, M-, --- emission lines:
the corresponding constants C become progressively smaller, and the
term —1 in (6.12a) is replaced by progressively larger screening con-
stants —o. Figure 6.4 is a graph of (6.12a) for K emission lines. Such
“Moseley diagrams” are of considerable practical usefulness in the
analysis of unknown samples. For L-, M-, - -- lines the Moseley dia-
grams show more curvature than Fig. 6.4, suggesting that C and/or ¢
do not remain quite constant throughout the periodic table. These
experimental curves are still useful for analytic purposes, however.
The discussion of the preceding sections, particularly of the absorption

60 T | T T T

50

40

(e

30

Fig. 6.4. Moseley diagram for K emission lines. Here ¢ = 3 X 10%
cm/sec, R = 1.097 X 10® cm™.
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edges, has led us to conclude that in atoms the electrons exist in states
of definite, fixed energy. When an external agent such as a photon
ionizes the atom by removing one electron, a vacancy is left in one of
the normally filled energy levels U; of the atom. If this vacancy cor-
responds to an orbit in one of the inner electron shells of the atom,
there will still be many electrons in the atom in higher energy levels,
U{ > U;. Any one of these higher energy electrons could jump into the
vacancy if there were some means of conserving energy in the process.
The photon provides this possibility: the electron in jumping from the
level U/ to U; radiates a photon of wave number & = T; — T/. The
energy carried off by this photon is just W = hy = hek = U/ — U,
so that energy is conserved.

Consider the K emission lines, which we may represent as diagonal
lines on the term diagram 6.5. This is the same as the energy level
diagram 6.3, except that we plot term values 7' = — U/hc instead of
energies directly, and we have separated horizontally the L-, M-, N-, - - -
term groups for pictorial clarity. An atom in the X-ray target is ionized
by collision of a high-energy incident electron. The incident electron
knocks out one of the K shell electrons of the atom, which is represented
on Fig. 6.5 by raising the electron from its normal position in the level
at T'x to a free state above the T = 0 line, where the electron has posi-
tive energy and can escape from the atom. A hole now remains in the
K shell, and it is rapidly filled by an electron from the L-, M-, N-, - --
shell. In jumping from its original shell to the K shell, this electron units
a photon of wave number & = Tx — 7T u,»,... as indicated by the
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Fig. 6.5. The K lines in X-ray emission following ionization of an
electron in the K shell. The wave number of the emitted photon is
obtained directly from the difference of the term values as plotted:
’G = Tx - TL.M.N-
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diagonal lines in Fig. 6.5. In any individual atom only one of these
several possible jumps will occur, after which the K shell will be filled
again and no more electrons will fall into the K shell. Figure 6.5 simply
shows all the various possibilities at once.

We can understand the observed features of discrete X-ray emission
spectra in terms of Fig. 6.5. The K absorption edge corresponds to a
photon of wave number £ = 1/A = Tx. The K emission lines, how-
ever, correspond to photons of wave numbers &' = 1/\ = (Tx —
Tr.ux) < Tx. Thus ' > A, or the emission line wavelengths are
always longer than that of the corresponding absorption edge, as ob-
served. There is a multiplicity of emission lines corresponding to each
absorption edge, because a vacancy in any shell or subshell can be filled
by electrons from several other subshells. Each such transition produces
a photon of slightly different wave number. Of course no K emission
lines appear at all unless the energy of the external agent (photon or
bombarding electron) exceeds hvxy = hcTx, even though this energy
exceeds that of any of the K emission photons, A'.

The L-, M-, - -- emission lines have a similar interpretation: first
ionization occurs by loss of an electron from an L-; M-, - - - subshell.
An electron from a higher subshell then jumps into the resulting vac-
ancy, emitting a photon of appropriate wave number in the process.
The emission spectra of the higher shells become progressively more
complicated because of the increasing number of subshells. Of course
the K-, L-, M-, - - - emission spectra can follow each other progressively.
The K, emission lines result when an electron jumps from an L subshell
into the K shell. This fills the vacancy in the K shell but leaves one
in the L subshell, which can now be filled by an electron from an M
subshell with emission of an L line. The resulting vacancy in the M
subshell leads in turn to an M emission line, etc. These secondary emis-
sion lines that result from previous emissions are called ‘“fluorescence
radiation.” In an X-ray tube at any energy of the bombarding elec-
trons, the first (shortest wave length) set of emission lines follows
directly from ionization, and the higher sets are partly direct radiation
and partly fluorescence radiation.

Sometimes an atom converts the emission X-ray from an inner shell
into a photoelectric effect on one of the outer electrons. The photon
accompanying an L-K transition has sufficient energy to produce
ionization by ejecting another L-, M-, N-, - .- electron. When ioniza-
tion occurs in the same atom as the original X-ray emission, it is called
the Auger effect, or occasionally by the more general term of internal
conversion. Mathematical analysis of this process shows that we should
not really consider the photon as actually emitted and then reabsorbed;
rather the direct forces between the electron charges and currents
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themselves cause a rearrangement in which an electron drops from an
L subshell into the K shell, and energy conservation is maintained by
the ionization of another electron. Of course the L- and higher emission
lines can show the Auger effect, as well as the K lines.

6.6. The combination principle and selection rules

It is important to emphasize the general principle from which we
obtain the wave numbers or frequencies of all spectral lines. It is the
combination principle, which states that all wave numbers of discrete
spectra are representable as a difference of two terms:

k=TT (6.15)

The complete set of different terms T is characteristic of the atom. For
X-rays the terms have the form (6.11).

T = R(Z — o)°/n’ (6.16)

Physically the combination principle simply reflects the following facts,
which we have discussed above: (1) the electrons in atoms exist in
definite energy states; (2) when they change these states, energy con-
servation is accomplished by emission of a single photon; (3) the wave
number and energy of the photon are related by W = hc%. Historically,
however, the combination principle was enunciated as an algebraic
relationship by Ritz long before the photon concept was fully developed.
The combination principle is very useful in the empirical analysis of
spectra, because it reduces the large number of observed lines into
fewer and simpler components, the terms 7. A group of n spectral lines
is reducible to as few as approximately /2n separate terms. Te
nalysis by means of the combination principle is especially useful for
optic T8, apter which are more complex tﬁan X-ray_m pectra.

On considering the X-ray emission lines 1-sotewhat greater detail,
we are led to postulate certain selection rules. These rules state that
electron transitions do not occur between every possible pair of energy
levels, but only between certain selected pairs.

If we now survey the X-ray emission lines, we find lines with wave
numbers £ = Tx; — Ty , & = Tx; — T 11, but no line corresponding
toTey — Tuy.

In order to state the selection rules for X-rays precisely, we must
introduce the notion of subshells. Figure 6.5 indicates that the K-, L-,
M-, - .- level groups actually contain 1, 3, 5, - - - levels of relatively
narrow spacing. This structure is inferred by counting the number of
distinct absorption edges in a single group. If we relate these energy
levels to radii by means of (6.10), we may say that the L-, M-, ---
shells are subdivided into subshells (the K-shell has no subdivisions).
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These subshells are numbered in order of increasing radius (decreasing
term value) by subscripts I, II, III, - - - . Thus the L-subshells are
LI s Lu, Ln] H the M-subshells are MI y Mn, Mn] N MIV ) Mv . In
Fig. 6.5 the diagonal lines connect the K-level to the Ly, Ly, My,
My, N1, Ni levels. It turns out that the single K-level should be
designated as K; to be consistent with this scheme. The number of
subshells in any given shell is not so large as the number of electrons
in that shell. Some of the subshells, at least, must contain more than
one electron. There are also K emission lines corresponding to T'x; —
Twuu, Tei — Ty, Tkx — Twu, Txy — T, but none representing
combinations between K; and any of the other I, IV, V, --- levels.
Extending these observations to the L series of emission lines, we find
t = TL, - Tyu , Tl,( - Tum, TLI - TNn N TLl - TNm ’ but no
combinations of 7., with any other term. We can generalize these
facts to the rule that the X-ray terms with subscript I combine only
with those of subscripts II and III to give observed X-ray emission
lines. This selection rule is independent of whether the terms involved
are K-, L-. M- N-, --- .

In a similar fashion we can find selection rules for combinations in-
volving other terms. The collected selection rules for X-ray spectra
read as follows:

(1) Terms 1 combine only with terms IT and III.

(2) Terms II combine only with I and IV.

(3) Terms III combine only with I, IV and V. (6.17)

(4) Terms 1V combine only with II, III and VI.

(5) Terms V combine only with III, VI and VII; etc.

(6) All of the foregoing rules are independent of whether the terms
involved are K-, L-, M-, N-, - -- . v

The existence of selection rules (6.17) is an experimental fact, which
any complete and satisfactory picture of the atom must explain. Again
we must postpone this explanation until after a discussion of quantum
mechanics.

From the empirical point of view we may say that the combination
principle (6.15) needs to be supplemented by certain selection rules
(6.17) that prescribe which of the many theoretically possible combina-
tions will actually occur in practice. We will encounter a similar need
for selection rules in the study of optical spectra in the next chapter.

6.7. Further questions

The preceding discussion has shown how the photon concept is in-
strumental in explaining all the nonclassical features of X-rays. Work-
ing out these explanations requires the introduction of some new ideas,
which lead in turn to further questions. The principal innovation that
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we had to introduce was the notion that electrons in atoms exist in
fixed, definite energy states U;. By Eq. (6.10) these definite energy
levels con:espond to discrete orbits of radii r; . This forces us to con-
clude that, contrary to all classical expectations, only a few definite
orbits are available to the electrons in an atom; the vast majority of
possible orbits are for some reason forbidden. We describe this situation
by saying that the orbits are quantized. From (6.10) and (6.12), the
radii of the quantized orbits are

ri = —3Z6/U: = 32£'/B; = inie'/ZR (6.18)

Although the quantized orbits are themselves a problem, they do pro-
vide an answer for one of our previous perplexing questions, that of the
stability of the dynamic model against radiation. Classically, the elec-
trons should radiate energy continuously and spiral rapidly into the
nucleus, causing complete collapse of the atom. This process requires,
however, that the orbit radius be continuously variable and able to
assume any arbitrary value. If the orbits are quantized, an electron
cannot spiral continuously in but can only jump from one permitted
orbit to the next, emitting light quanta in the process. The cascade
emission of M, L, K X-rays by an electron as it jumps to the succes-
sively smaller M-, L-, and K-orbits is the quantized analogue of the
classical spiraling in with continuous radiation. Under quantization,
this process stops abruptly when the electron reaches the smallest of
the quantized orbits. The stability of atoms against radiative collapse
thus derives from the fact that the quantized orbits have a lower limit,
below which there are no permitted orbits. The question of why this
minimum orbit exists is just a specially important case of the general
problem posed by the quantized orbits.

Another immediately apparent feature of these quantized orbits is
their strictly limited capacity to hold electrons. Classically it is possible
for any number of electrons to occupy orbits of the same radius. If the
same were true of the quantized orbits, a normal atom would have all
its electrons in the smallest orbit, namely, the K shell. The interpretation
of X-ray spectra requires, however, that only about two of the atomic
electrons be located in the smallest or K orbits, and that the rest be dis-
tributed among the successively larger L-, M-, N-, --- orbits. Since
even the heaviest atoms contain electrons only out to the P or @ shells,
the L-, M-, - - - orbits must have capacities which, though still finite,
are larger than the capacity of two for the K shell.

A shell completely filled with electrons is called “‘closed.” Evidence
that the lowest shells in an atom are normally closed comes from the
X-ray absorption edges. The K absorption edge, for example, corre-
sponds to complete ionization of the K electron (¢ = Tr); there is no
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absorption edge that corresponds to lifting the K electron into the L
shell (& = Tx — T.), the inverse process to emission of a K, line. The
absence of such an absorption edge must mean that in a normal atom
the L shell is filled or closed and will not admit an additional electron.
These missing absorption edges are among the most direct experimental
evidence that there is a maximum capacity of electrons for each energy
level. Of course there are K absorption edges where the K electron is
lifted to an open shell, say N-, O-, - -+ ,with& = Tx — Tx, Tx — To,
-+, The terms Ty, To, - - - are so small relative to T'x , however, that
these additional absorption edges appear merely as fine structure on
the main ionization edge. Observations have been made of such fine
structure, indicating that there is no hindrance of the transition if the
shell to which the electron jumps is not filled.

We may characterize this limited orbit capacity by saying that the
electrons obey some kind of exclusion principle. After a certain number
of electrons assemble in an orbit, this principle acts to exclude all further
clectrons from entering that orbit. The net effect of the exclusion prin-
ciple is to keep the electrons from associating too closely with each
other. The exclusion principle provides a ready answer to a question
that arose in Chapter 3 where we first considered the nuclear model
of the atom. If the atom is really mostly empty space, how can the sim-
ple classical considerations of Chapters 1 and 2 be so successful, when
we consider atoms to be hard spheres with fixed radii of about 1 A?
According to our present discussion, atoms normally have their inner-
most shells filled. Only the outermost shells have any vacancies for
further electrons, and the radii r; of these outermost shells are always on
the order of 1 A. Thus when two atoms approach each other, the ex-
clusion principle prevents the electrons of the first atom from entering
orbits any closer than about 1 A from the second nucleus, and vice
versa. Thus the atoms do behave like hard spheres with radii about
equal to r;, the radius of the outermost, unfilled shell.

The problem of the hard-sphere behavior of “mostly empty’”’ atoms
is therefore equivalent to the more fundamental problems of why only
certain quantized orbits exist in atoms, and why they fill up according
to an exclusion principle.

We will need to develop many more of the details of orbit quantization
before we can state the exclusion principle in precise form. We can al-
ready see, however, a connection between the periodic table of elements
and the exclusion principle. The lowest values of the atomic number Z
for which X-ray evidence shows the existence of the various shells are
the following: Z ~ 10, 20, 40, 50, 90, for L-, M-, N-, O-, P-shells, re-
spectively. This regular progression strongly suggests that. the periodic
table is determined by the filling up of successive atomic shells in ac-
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cordance with the exclusion principle. We consider this point in more
detail in Chapter 12.

SUMMARY

The concept of the photon or light quantum is necessary for the in-
terpretation of “nonclassical” X-ray phenomena. Here “classical” phe-
nomena are those we can explain by regarding X-rays as transverse
light waves, described by Maxwell’s equations. The nonclassical phe-
nomena are the short wavelength limit of the continuous emission
spectrum, the ionizing properties of X-rays, the absorption edges, and
the discrete emission spectra.

The photon first appeared in Planck’s successful derivation of a black
body radiation formula: it behaves like an indivisible particle. Its rela-
tion to the corresponding wave picture is

% =1/\ = v/c = W/hc = 8066 cm™ ev_ W

where % is the wave number of the light in the wave picture and W is the
energy of the corresponding photon. Here = 6.625 X 107" erg-sec
is a universal constant of nature called Planck’s constant. All radiative
processes of atoms involve emission and absorption of single photons.

The necessity of postulating the photon does not mean that the wave
picture of X-rays is incorrect. Both wave and particle pictures are valid
aspects of the same entity and must be used to complement rather than
contradict each other. Many phenomena can be interpreted on either
basis, but some phenomena specifically require one or the other.

The short wavelength limit of the continuous X-ray spectrum is
explained by noting that an electron of energy eV striking the target
in an X-ray tube can radiate a photon of maximum wave number # =
eV /he.

The ionization of atoms by X-rays is effected when an electron ab-
sorbs a single photon of energy W = hv, where W exceeds the binding
energy B; of the electron in the atom. The photon is indivisible in such
an absorption process, so that light of frequency » can give energy to
the atomic electrons only in units of W = hy. For X-rays this energy
is on the order of 10* ev, which is sufficient to ionize even the inner elec-
trons of many atoms.

The X-rays absorption edges correspond to this ionization process.
Their sharp values indicate that electrons exist in atoms at definite,
fixed energy levels, U; = —B;. The corresponding radii of the electron
orbits are r; = 3Z£’/B;. Using the observed Moseley law for the fre-
quencies »; of the absorption edges, one finds r; = 3(*/heR)ni/Z:,
where R = 1.097 X 10° cm™ is the Rydberg constant. Here n; = 1, 2,



Ch. 6 PHOTONS AND X-RAY SPECTRA 147

3, - - - for the K-, L-, M-, - - - shells, with no orbits in the relatively wide
intervening spaces. We say that the orbits are quantized.

The discrete emission spectra are the photons radiated when an elec-
tron jumps from one shell to another lower shell, such as an L-K transi-
tion. These transitions occur only after some external agent like a
photon or bombarding electron beam has knocked an electron out of
the lower shell (K shell for an L-K emission line), leaving a vacancy in the
shell.

According to the combination principle, the wave numbers of all emis-
sion lines are representable as the combination of two term values,
% =T—"T.Here T = B/he = —U/he, T" = B'/hc = —U'/hc are
the term values in em™ corresponding to the negative energy levels
U, U’. Comparison of this principle with observed spectra shows that
there are selection rules which limit the pairs of terms that may combine
to give an observed emission line. These selection rules can be ex-
plained only on the basis of a full understanding of the quantization of
electron orbits in atoms.

The explanation of nonclassical X-ray phenomena in terms of the
photon leads to several new questions about atomic structure. The
allowed electron orbits appear to be definitely quantized, which solves
the problem of radiative stability by introducing a smallest orbit from
which no transition to a lower energy (smaller) orbit is possible. On
the other hand, some principle must be found that will lead to orbit
quantization. There appears in addition to be some sort of unexplained
exclusion principle operating on the electrons, so that only a limited
number can occupy any particular orbit or shell. This exclusion prin-
ciple is a determining factor in the structure of the periodic table.

REFERENCES

A. H. Compton and S. K. Allison, X-rays ¢n Theory and Ezperiment,
Van Nostrand, New York (1935).

W. Duane and F. L. Hunt, Phys. Rev., 6, 166, (1915).

J. W. M. DuMond and E. R. Cohen, Revs. Modern Phys. 26, 691 (1953).
M. Planck, Theorie der Wérmestrahlung, Barth, Leipzig (1913).

D. Siegbahn, The Spectroscopy of X-rays, Oxford, London (1925).

A. Sommerfeld, Atomic Structure and Spectral Lines, Methuen, London
(1923).

H. E. White, Iniroduction to Atomic Specira, McGraw-Hill, New York
(1934).



148 PHOTONS AND X-RAY SPECTRA Ch. 6

ILLUSTRATIVE PROBLEMS

1. What minimum potential must be applied to an X-ray tube to
obtain Bragg reflection at 90° to the incident beam, if the beam is inci-
dent parallel to the cube axis of a crystal of NaCl?

Solution. The lattice spacing of NaCl is dy = 2.81 A, and the 90°
reflection described will involve the (110) planes, with a spacing of d =
do/A/2 = 2.0 A. The Bragg condition is n\ = 2 d sin 6, where here
6 = 45°. The maximum X is given byn = 1,0or A = 2d sin§ = 2.81 A.
This is the longest wavelength for which the specified reflection can
occur; it will be the short wavelength limit of the continuous spectrum
for the minimum voltage V on the X-ray tube. Using (6.7) and (6.8),
we have V (kilovolt) = 12.4/2.81 = 4.41 kv.

2. The wavelengths in X units (10™ cm) of the K absorption limit
and the three L absorption limits of four elements are

K L Ly L,
wAg 485.2 3684.4 3504.7  3260.5
wCs  344.5  2467.8 2307.3  2160.5
#Pt  158.2  1070.9 952.1 802.1
«Pb  141.0  950.0  813.6 780.6
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The subscripts of the elements are their atomic numbers Z.
Construct a Moseley diagram using /%/R for the four limits and
identify the element with the following absorption limits in X.U.:

K L Ly Lt
229.4 1587.0 1441 .4 1364.8

Solution. The Moseley diagram is shown in Fig. 6.6. The unknown
element is dysprosium (Z = 66).

PROBLEMS

1. Using the values b = 6.625 X 107%" erg sec, ¢ = 1.602 X 107"
clb, ¢ = 2.998 X 10" em/sec, construct a table of conversion factors, to
four significant figures, for the following computations in cgs units:

(a) Given 'the energy E of an electron in ergs, find

(1) the frequency of the radiation emitted when the energy E
is transformed into radiation;

(2) the wave number in em™ of this light;

(3) the wavelength in vacuum of this light.

(b) Given the energy V of an electron in electron volts, find 1, 2, 3
as in (a).

(c) List the conversion factors for the reverse transformations; i.e.,
find E and V when frequency, wave number, or wavelength are given.

2. Derive a formula for the minimum potential in kilovolts to be ap-
plied to an X-ray tube in order to produce radiation for Bragg reflection
of jth order on a set of lattice planes of d Angstroms spacing. Apply
the equation for the first three diffraction orders of calcite with a spacing
of 3.03 A.

3. From measurements of the wavelengths of K, L, M absorption
limits of various elements one finds the following abbreviated table of
(%/R)"* for the elements of order number Z.

Z K Li L, Ls M, M, M; M. M
Ca 20 17.245
Zn 30 26.677
Zr 40 36.410 13.70 13.03 12.80
Sn 50 46.363 18.14 17.51 17.01
Nd 60 56.587 22.94 22.26 21.39
Yb 70 67.232 27.83 27.12 25.67
Hg 80 78.22 33.056 32.35 30.07 14.49 13.32 13.07
Th 90 89.92 38.82 38.08 34.64 19.53 18.86 17.24 16.02 15.65

(a) Construct a Moseley diagram for the K and L limits, plotting
(*%/R)'" versus Z.
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(b) When a certain white powder is placed in front of the photo-
graphic film of an X-ray spectrograph, absorption limits are observed
at the following wavelengths (one X unit = 10~ cm)

44838 X.U., 344.04 X.U., 2160 X.U., 2307 X.U., 2467 X.U.
Identify the chemical composition of the powder.

4. What voltages must be applied to the X-ray tube with suitable
anticathodes to excite the K emission lines of the five elements in illus-
trative problem 2? The strongest lines of this spectrum are called Ka,
and K,, and correspond to transitions from Ly and Ly, respectively,
to the K level. Compute the wavelengths of these lines from the data
in illustrative problem 2 and compare the result with the following ex-
perimental data.

Ka, Ko,
Ag 558 X.U. 563 X.U.
Cs 400 404
- Pt 182 190
b 165 170
Dy 269 274

5. The #%/R values of some of the strongest K series emission X-ray
lines of various elements are as follows:

Ca Zn Zr Sn Nd Yb Th

271.62  634.59 1155.68 1844 2712 3781 6661
271.88  636.29  1161.89 1861 2751 3856 6888
272.85  637.79  1300.28 2095 3104 4356 7795
273.46  696.32  1301.29 2098 3113 4373 8036
273.65 1323.56 2144 3189 4484

(a) Using the data of problem 3, determine the L and M levels (i.e.,
whether L, , Ly, Ly , M, , etc.) from which the electron must jump into
the K level to give the observed lines of Th and of Sn. Verify for the
other elements that it is always the same L level which does not com-
bine with K.

(b) At what wavelengths should one expect to find the L absorption
edges of calcium? Why are they not listed in the table of problem 3?

6. The following is a complete list of the L emission series of Th,
including both strong and weak lines (forbidden by selection rules):

(k/R) =

1068.59  1353.18  1429.67 1193.45  1398.16  1443.86 958.38
818.93  1102.62  1179.22 943.49 955.16  1147.78  1155.57
1150.71  1250.72  1262.46 844.93 903.11  1175.47  1157.14

1209.80  1422.11  1437.05  1490.93  1495.03  1307.15  1458.61
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Which ones of these lines can be accounted for as combinations between
some L and some M level, using the data of problem 3?

7. Make a rough estimate of the number of electrons N, and N,
required to fill the L- and M-shells. When all the absorption edges of a
shell are observed, we can assume that shell to be filled. Calculate the
screening constant ¢ from the L; and M, values in problem 3; take ¢
to equal the number of electrons in the shell under consideration plus
all inner shells. These values of N, and Ny will be a little too large
because the electrons do not really occupy circular orbits, and there is
additional screening by electrons that are nominally outside the shell
but actually penetrate it to some extent. The values of N, and Ny
obtained here are of the correct order of magnitude, however.



Chapter 7
OPTICAL SPECTRA

The X-ray spectra of the previous chapter correspond to transitions
of the inner atomic electrons. We expect that similar laws apply to the
outermost electrons. The term values and wave numbers associated
with the outer electrons will be on the order of T; = —U,/hc =
3Z % /r:he, where Z; =~ 1 because the outermost electron sees the nuclear
charge Z as screened by Z — 1 other electrons. If we take the outer
radius as 7; = 2 X 107° em, then T; &~ 3 X 10* em™. This corresponds
to a wavelength of 1/7T,; =~ 3300 A, which is in the ultraviolet range.
Certain transitions will involve energies less than hcT'; , and the photons
will have longer wavelengths, corresponding to the visible region. Thus
the radiation of visible light by any incandescent substance comes from
the outermost electron or electrons. These are accordingly called the
optical electrons.

The frequency distribution of radiation produced by the optical
electrons is the optical spectrum. Because this light is in the visible or
near-visible region, measurements of high precision and resolution are
easier to achieve than with X-rays. The optical spectra themselves
display a more complicated structure than the X-ray spectra. There
is thus an abundance of experimental data on optical spectra, analysis
of which should lead to further detailed understanding of how electrons
behave in atoms. We expect the same principles to hold for optical as"
for X-ray spectra and the same questions to arise, such as orbit quantiza-
tion and selection rules. Further nonclassical features may be revealed
by the greater detail of the optical spectra.

In this chapter we discuss some empirical details of optical spectra.
Many of the topics have exact analogies in X-ray spectra: the optical
photoelectric effect is equivalent to X-ray ionization, the optical absorp-
tion and emission spectra resemble to some extent the X-ray absorp-
tion edges and the discrete (not the continuous) X-ray emission spectra.

There are some experimental precautions to observe if we want to
study the outermost electron orbits of an atom. These orbits are sub-
ject to considerable distortion by the presence of neighboring atoms, so
that we must study the spectra of monatomic gases at relatively low
pressure. This difficulty is not present with X-ray spectra, because the
inner electron orbits remain independent of the effects of chemical combi-
nation. Chemical effects involve only the outer electrons, as we have

152
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seen in Chapter 2, where the chemical measurements of atomic size
always give values characteristic of the outermost orbits. Since optical
spectra involve these same outer orbits, they are extremely sensitive to
chemical effects. For example, molecules show characteristic optical spec-
tra that extend from the ultraviolet into the far infrared. These spectra
appear as “bands” of varying intensity that can be resolved into a
large number of individual lines. In order to avoid confusion between
molecular and atomic spectral lines, we must use gases that are normally
monatomic or that can be made so. Fortunately, many molecules will
dissociate into atoms at the very high effective temperatures produced
in a spark discharge. Even under these conditions we do not obtain
“pure” atomic spectra, for there is a considerable admixture of ionized
atoms; positive ions have their own characteristic spectra, which differ
from those of neutral atoms. The ionic spectra are similar in character
to those of neutral atoms, however, and provide additional experimental
data for analysis along with optical spectra (section 7.5).

If simple diatomic molecules do not make suitable sources for optical
spectra, then we must expect liquids and solids to be even less suitable.
Here an individual atom is in contact with something on the order of a
dozen neighboring atoms. In solids the outermost electrons can become
detached from the individual atoms and wander more or less freely
throughout the entire volume of the solid. These freely wandering
electrons can transport an electric current easily, so the solid is known
as a conductor. Most metals have this property. An electric insulator
or dielectric, on the other hand, is a solid in which the electrons remain
more or less tightly bound to individual atoms. Even in these solids
we do not expect the optical radiation to resemble that of free atoms.

In accordance with these arguments the following sections discuss
phenomena related to individual atoms. The photoelectric effect is an
exception because it is experimentally feasible only with solids.

7.1. The photoelectric effect

If the outermost electron in a neutral atom has a term value T, it
can escape from the atom by absorption of any photon of wave number
% > T;. The example in the introductory paragraph suggests that ultra-
violet light should be able to liberate electrons from many substances.
This is indeed the case. The earliest observers recorded the emitted
electrons directly instead of the residual ionized atoms—hence the name
photoeleciric effect. These measurements generally employ metal plates
as sources of photoelectrons under irradiation with ultraviolet light.
Since metals are conductors, the energy required for emission of an
electron is characteristic of the conduction electrons in the metal as a
whole, rather than of the individual atoms of the metal. The liberation
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of conduction electrons depends mainly on conditions at the surface of
the metal. The minimum energy necessary to liberate an electron from
a metal surface is called its work function ¢ = hcT /e, where ¢ has the
dimensions of an electric potential and is generally on the order of a
few volts. Some typical values of ¢ appear in Table 2.2, and the ac-
companying text contains some further discussion of the work function
concept.

Although we cannot use the photoelectric effect on metal surfaces to
learn about the outer electron orbits of free atoms, the observations do
emphasize strongly the necessity of describing this process in terms of
photons rather than continuous electromagnetic waves. The experi-
ments of Millikan with visible light on the alkali metals Li, Na, and K
provide examples of this necessity. In these experiments the illuminated
plate is in a vacuum and is opposite to a collecting electrode. An elec-
trometer measures the electron current to the collector when the metal
plate is illuminated. A retarding potential V" is applied between the
plate and the collector, which means that the measured current comes
only from electrons that leave the illuminated plate with kinetic ener-
gies ymv® exceeding eV. The collector current varies with the retarding
voltage V'; and if the illuminating light is monochromatic of wave num-
ber &, the current falls to zero at a well-defined *cutoff” potential
V(%) that depends on the wave number #.

A simple scheme for determining the cutoff potential is indicated in
Fig. 7.1. The collecting electrode and photoelectric plate are connected
to an electrometer. As the current flows, it charges the electrometer
until the system reaches the cutoff potential V'(%). Then the current
ceases and V(&) registers directly on the electrometer.

The measurements show that the cutoff potential for any particular
metal varies with the wave number of the light according to

Vik) = Cthk — &) = Ch — o
C=124kv-A = he'e

The constant € in (7.1) is the same as that of Eq. (6.5) for the short
wavelength limit of the continuous X-ray or Bremsstrahlung spectrum;
and ¢ is the work function of the metal surface. Equation (7.1) tells
us that for each surface there

is a characteristic wave num-

ber £y = ep/he, such that light

ELECTROMETER  f \yve number less than %,

v does not produce photoelectrons.

Fig. 7.1. Measurcment of photoelectrie 'l‘hi.s is in accord with all obser-

stopping potential. vations.

(7.1)
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Equation (7.1) is immediately interpretable in terms of photon ab-
sorption, which turns (7.1) into a simple equation of energy conserva-
tion upon multiplication by the electron charge ¢. The term V(%) =
imy® is the total kinetic energy with which an electron emerges from
the surface. The term ¢cC% = hek = W is the energy of a single incident
photon of wave number #. And ¢p = B is the binding energy of the
electron in the surface. Thus (7.1) reads

im’ =W — B (7.1a)

which is just the energy conservation equation for complete absorption
of a single photon by a bound electron, resulting in ejection of the
electron.

In contrast to the success of the photon concept, the wave theory of
light is helpless to explain the empirical facts of the optical photoelectric
effect. It eannot interpret the variation of the effect with wave number
of the incident light and in particular fails to explain why the emission
should cease entirely for # < #,. Also, an increase in light intensity
means in the wave picture an increase in amplitude Ey of the electric
vector of the light wave. This correspondingly increases the amplitude
of oscillation of an absorbing electron or hence the energy with which
the electron is finally ejected. The observations show, however, that
im’ is independent of intensity and dependent only on frequency » of
the incident light—both features in accord with the photon interpreta-
tion, which regards increase in intensity simply as an increase in the
density of photons of energy hv.

The optical photoelectric effect thus provides the most direct and
palpable evidence for the existence of the photon.

7.2. Ionization potentials

Photoionization of an isolated, neutral atom of monatomic gas can
proceed by removal of any one of its electrons. Ionization by X-rays
generally involves one of the inner electrons, while ionization by visible
and ultraviolet light can affect only the outermost electrons. Measure-
ment of optical photoionization would give the binding energy B; or
corresponding term value 7'; = B:/hc of the outermost electron. We
frequently express those quantities in terms of the equivalent ioniza-
tion potential

V, = Bie = heTife = (12.4 kv-A)T; (7.2)

measurement of V; will give us some quantitative information about
the outer electron orbits in atoms, just as the X-ray measurements
(6.11) gave information about the inner orbits.

Unfortunately, the photoelectric effect in solids is not a suitable
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means for determining V., as discussed above. To obtain V; for a
“normal” atom, we could in principle perform a photoelectric experi-
ment on a gas of free, monatomic molecules. In practice this involves
some complications because the source of photoelectrons no longer forms
a natural clectrode. Another experimental technique for measuring V;
is 1o induce ionization of gaseous atoms by electron bombardment.
If an electron impinges on an atom with a kinetic energy that equals
or exceeds ¢V, it can transfer this energy to the optical electron, which
then escapes from the atom. Since the incident electron loses an ap-
preciable part of its energy, the electron impact is called inelastic.
If the incident clectron energy is too small to effect any internal changes
in the atom, all collisions will be elastic (conserving kinetic energy).

A schematic diagram of the procedure for measuring V; by inelastic
collisions is shown in Fig. 7.2. The gas to be measured fills at a pressure
of about 10 ¢m of mercury a tube containing a filament, grid, and plate.
A variable potential V maintained between the filament and the grid
accelerates electrons emitted by the filament toward the grid. The net
potential acting ou the electrons is V' = V — Ap, where Ap is the con-
tact potential difference between the filament and grid. The plate is
maintained slightly negative with respect to the filament and hence
collects no electrons. When V' < V', no electron ever has enough en-
ergy to ionize a gas atom by collision, and no current flows in the plate
circuit. As we inerease 17, some of the electrons on nearing the grid
have enough energy to ionize gas atoms. The positive ions travel to
the plate and cause a current in the plate circuit. The value of V' at
which the plate current starts to increase is then V = V; + Ae. Inde-
pendent knowledge of Ag permits us to determine V', .

Atoms may show several jonization potentials in such an experiment. -
The second, third, . .. potentials correspond to removal of a second,
third, . . . electron, forming more highly positive ions. The first or
normal ionization potential varies regularly with position of the atom
in the periodic table. It is lowest for the alkali metals, ranging around
1 to 6 volts. It increases with elements in successive columns of the
periodic table and has the largest

[ - ;‘- value for the inert gases. Helium
~ { Sve -
A nh Al with 17, = 24.6 volts has the high-

est, ionization potential.

_@!__ This striking behavior of the

) ] MA ionization potential, along with
i [——d e :‘
iy T

many other indications, suggests

that the inert gases correspond to

Fig. 7.2. Measurcment of ionization tO the closing of electron shells of
potential by electron bombardment. the type discussed under X-ray
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spectra,. It is therefore natural to consider the alkali metals as having one
additional electron outside such a closed shell. This outer electron is the
optical electron, and the remaining (Z — 1) electrons form the core, which
generally remains undisturbed by visible and ultraviolet light. In corre-
sponding fashion the alkaline earths have two optical electrons outside
the core, and atoms in the following rows of Fig. 1.1 have even more
optical electrons. Clearly the simplest cases to consider are the alkali
metals (including hydrogen) and we shall therefore draw most of our
detailed examples from this group.

The ionization potentials of the alkali metals and hydrogen are shown
in Table 7.1. The third column of this table lists the orbit radius of the
optical electron as calculated from Eq. (6.10) with Z; = 1, since the
core presumably shields (Z — 1) of the Z units of positive charge on
the nucleus. Note that except for hydrogen there is relatively little
increase in atomic size as we go from the lightest to the heaviest ele-
ments in the series. These outer orbit radii are the same order of magni-
tude as the atomic sizes deduced in Chapter 2.

TaBLE 7.1.
IoN1zaTION POTENTIALS AND ORBIT RADII OF OPTICAL ELECTRONS
Element H Li Na K Rb ]
V: (volts) 13.6 539 5.14 43¢ 4.18 3.89
ri (A) 0.53 1.34 1.41 1.67 1.73 1.86
TABLE 7.2.
ToN1zATION POoTENTIALS AND Rapir oF NoBLE Gas AToMs
Element He Ne A Kr Xe
V: (volts) 246 21.6 158 14.0 12.1
rs (A) 0.29 0.33 0.46 0.51 0.59

It is of interest to compare the values of Table 7.1 with those for
the noble gases, given in Table 7.2. The “radii” of the noble gas atoms
average only about % those of the immediately following alkali atoms
in the periodic table. The optical electron in an alkali metal is hence
quite well separated from its core and will presumably be alone respon-
sible for ordinary optical phenomena. One check on this is provided by
considering the second ionization potentials of the alkali metals. For Li,
Na, K, and Rb they are respectively 75.6, 47.2, 31.8, and 27.5 ev. These
ionization energies are very much larger than the energies of order 4 ev
or less generally involved in optical transitions. This is another way of
seeing that the core is unlikely to take part in the lowest energy optical
phenomena: note that it is somewhat more unlikely for the light alkali
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atoms than for the heavier ones, where the second ionization potential
becomes smaller. Further evidence for the presence of a single optical
electron in neutral alkali atoms appears in section 7.5.

7.3. Critical potentials

Measurement of the ionization potentials in Table 7.1 determines
the so-called normal energy level U, = —heT; = —eV,; in which the
optical electron resides when the atom is undisturbed. Electron bom-
bardment of gases can be made to yield information about other optical
energy levels besides the normal one, as in the experiment of Franck
and Hertz. In this experiment we observe directly the energy loss of
clectrons that hombard monatomic gas atoms, instead of looking for
the positive ions produced. The experimental arrangement is the same
as that shown in Fig. 7.2, except that the plate is connected over a small
retarding potential to the grid instead of to the filament. The plate
current then consists of electrons. The measurements record the varia-
tion of plate current versus accelerating grid voltage. At small voltages
the current increases rapidly with voltage up to a certain critical voltage
at which the current abruptly decreases. As the grid potential continues
to increase, the plate current goes through a broad minimum and then
rises 1o a second sharp peak at a second eritical voltage. The curve of
plate current against accelerating voltage has the form shown in Fig.
7.3. Further peaks also exist at higher voltages.

To interpret these peaks, it is helpful to keep in mind the physical
processes discussed in the previous section on ionization potentials.
The essential feature is that at sufficiently high accelerating voltages,
an clectron gains enough energy to engage in an inelastic collision with
a gas atom. This collision leaves the electron with little or no energy, -
and in the diseussion of the previous section the atom was ionized as a
result. In the Franck-Hertz experiment we measure the electrons di-
reetly and would expect the electron current to fall off sharply when
the electrons had just enough energy to make inelastic collisions with
the gax atoms. Thus we might expect that the critical voltages observed
equal V', 2V, 3V,, -+, corresponding to the successive ionization
of 1,2, 3, --- gas atoms by an electron as
it accelerates towards the grid. Actually, the
observed critical voltages have the values
(Ve — a¢), (V. — Ap), BV, — Ap) ---
where Ag is a contact potential between the
filament and grid. Then 1", represents the

Vv potential characteristic of the gas atoms. The

Fig. 7.3. Plate current remarkable feature of this measurement is
in Franck-Hertz measure- that Ve is considerably smaller than V; for
ment of critical potential.  all atoms studied!
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There is only one simple quantum mechanical explanation for this
fact: there must be another cnergy level in the gas atom for the optical
electron besides the normal level —U;. This second energy level is
somewhat higher than the normal level, and we call its energy —U.,,
where U'» < U;. In accordance with the notion of quantized orbits
that we found necessary in the previous chapter, we expect no orbits
or energy levels to be permitted between —U; and —U.. When
the bombarding electrons attain an energy £ = —U, — (—-U;) =
U; — U., they can undergo inelastic collisions in which the optical
electron jumps to this upper state. The accelerating potential at which
this first occurs is

g I, — :

V, = 1_' = E_:___l@ = he (T: =Ty (7.3)
e e €

where we have written Ty, = —U./he as the term value in em™ cor-

responding to the second level. The successive, evenly spaced current
peaks in Fig. 7.3 therefore correspond to inelastic collisions of the bom-
barding electrons that leave 1, 2, 3, - - - gas atoms in this second level.

It is after all not surprising to find other encrgy levels besides the
normal level for the optical electron. Consideration of X-rays in the
last chapter showed us the existence in the atom of a number of differ-
ent energy levels and corresponding quantized orbits. An exclusion
principle was also necessary to limit the number of electrons that could
occupy one single orbit. The optical electron normally occupies the
lowest orbit in the atom that is not already filled, but we must expect
that there will be other, higher energy levels that are not normally
occupied. The optical electron can jump to these levels whenever it
acquires the necessary energy.

These higher levels are called the excited states of the optical electron,
as opposed to its normal or ground state. The excited level — U, is
that of an optical electron which is still bound to the atom, because the
energy ¢V, necessary to reach — U, is considerably less than the energy
eV, necessary to liberate the electron from the atom. For example, in
mercury V. = 4.89 volts, V; = 10.43 volts. Of course the optical elec-
tron does not remain long in the state — U, but rapidly returns to its
normal state by emitting a photon of wave number 1/A =% =T, —~ T,.
The experiments do indeed show that inelastic collisions are accom-
panied by the emission of radiation of this sharply defined wave num-
ber, which is called the resonance radiation. In the case of mercury it
has a wavelength of 2537 A.

The Franck-Hertz experiment is another in the long list of atomie
phenomena that require quantum concepts for their interpretation.
Classically, the bombarding electrons can make inelastic collisions with
the gas atoms at any energy, no matter how low. We can obtain a
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threshold eV, for inelastic collisions only by postulating quantized orbits
in the atom.

7.4. Optical absorption spectra

Electron bombardment mainly shows the existence of the first ex-
cited level — U, . Measurement of the optical absorption spectrum re-
veals the presence of many higher excited (though still bound) levels.
The “optical spectrum’’ covers the wavelength range from about 2000 A
to about 10,000 A. Suppose that we have a source of radiation like an
underwater spark gap with a spectrum that covers continuously the
optical range. We analyze this radiation with a spectrograph, which
spreads the spectrum out along a photographic plate. We now pass
the radiation through a tube containing monatomic gas and examine
the resulting spectrum in a spectrograph. At certain sharp, discrete
frequencies », the gas has absorbed the incident radiation, producing
dark (unexposed) lines in the picture. The simplest type of absorption
spectrum is that for an alkali atom, as shown in Fig. 7.4. The absorp-
tion lines plotted on a frequency scale start with some lowest frequency
vy and crowd closer and closer together at higher frequencies. These
lines form a sertes, which converges on the series limit, v; . At frequen-
cies above »; the sharp, discrete lines disappear, and absorption can
occur over a continuous range of frequencies. For this reason it is cus-
tomary to classify the regions below and above the series limit as the
discrete and continuous absorption spectra, respectively. We shall
concentrate exclusively on the discrete spectrum.

The absorption spectra find a ready interpretation on the quantum
hypothesis. The optical electron exists in a normal state with term

value T; = —U./hc. Above this level exist many other unoccupied
levels with term values T., T3, :-:-, 7., --- and corresponding
energies —U., —Us, -+, =U,, --- . The electron can jump from the

normal to the nth excited state by absorbing a single photon of wave
number

fn =T — Tn = wa/c (7.4)

where », is the corresponding photon frequency. These frequencies v
appear in the absorption spectrum; their presence is direct evidence for

Vb

Vo ¥ o eennl

Fig. 7.4. Absorption spectrum of an alkali gas.
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the existence of the energy levels —U, in the atom. Equation (7.4)
is an example of the Ritz combination principle discussed in section
6.6, whereby all the lines of a spectral series can be represented as the
differences of a set of term values.

The term values 7', deduced from the known ionization potential V;
and the measured absorption frequencies v, comprise a term level dia-
gram, as shown in Fig. 7.5. The observed absorption frequencies cor-
respond to the diagonal lines, which represent electron jumps from the
normal state 7; to the excited states T, . The absorption frequency
that corresponds to the threshold for photoionization of the atom is

V; = CT.‘ = eV.'/h (75)

The v; as computed from (7.5) just equals the measured series limit,
shown as »; in Fig. 7.4. The region » > »; corresponds to photoioniza-
tion of the'atom in which the liberated electron carries away the excess
energy AE = (hv — hv,) as kinetic energy. The orbits of the free electron
are not quantized, so that AE may assume any value; hence the con-
tinuous nature of the absorption spectrum for » > »;. On the other
hand, absorption of any photon with » < »; leaves the electron still in
a bound orbit in the atom. Bound orbits are always quantized, so the
absorption spectrum for » < »; is discrete. One thing about the bound
levels that we might not have guessed a prior: but is evident from the
absorption spectrum is that the discrete levels crowd closer and closer
together as their term values T approach zero.

The optical absorption spectrum corroborates the electron bombard-
ment experiments in that both lead to the same values of the ionization
potential and of T for the first excited level. The absorption spectrum
yields a great deal of additional information about higher excited levels.
We should like to express these data in systematic form. Figures 7.4
and 7.5 indicate that the term values T, decrease rapidly with increas-
ing order number n. The difference between successive term values

o o
VF 4 10,000
er 4 20,000
3 L
ol 4 30,000
st { 40,000
ér 4 80,000
=Ulev) Ti T(em™"

Fig. 7.5. Term or energy level diagram for optical absorption lines.
(The symbol v* is used in place of £.)
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decreases even more rapidily. In the case of an alkali spectrum with
over 60 observed lines, we find that for large n,

Toy— Tox Ty — Top1 X 2R/0° (7.6)

where R is again Rydberg’s constant, 1.097 X 10° cm™. Here n is the
integer denoting the order of the term, counting in sequence from n = 2
for the first excited state. This integer is the total quantum number and
is in some way related to the quantization of the corresponding orbits.
Equation (7.6) suggests that the individual term values are of the form
T. = R/n’, but this would imply that the optical absorption spectra
for all alkali atoms are identical. This equality exists for large n values
but not for small n, and we allow for this deviation by writing

T. = R/(n — )" = R/’ @.7)

The nonintegral quantity A, is the quanium defect: it is largest in magni-
tude for lowest n, and A, — 0 as n — «. The quantum number = is still
an integer, although the effective quantum number n' is not and becomes
s0 only for large n.

To understand the origin of the quantum defect, consider the radii of
the electron orbits corresponding to the term values 7', . The optical elec-
tron is in the electric field of a net charge of +4¢ from the nucleus plus
core of inner electrons; the orbit radius corresponding to a term value 7',
is

B o _ o
" 2heT.  2heR
For values of n’ greater than about 3, r, is considerably larger than the
normal atomic radius, so that the orbit must lie entirely outside the core
of inner electrons. For small values of n’, however, r, is not necessarily
larger than the core itself-—and it is just for these cases that the quantum
defect is large. Ve are thercfore led to associate the quantum defect with
partial penetration of the electron core by the orbit of the optical elec-
tron.

We may compare (7.7) with the corresponding expression (6.16) for the
term values of the inner electrons. These formulas have two striking
features in common: the appearance of a universal constant R, which
has no apparent connection with other physical constants of the electron,
such as its charge and mass; the appearance of successive integers or
quantum numbers in the denominator. The minor differences in form of
(7.7) and (6.16) are all superficial and largely a matter of convention.
In the X-ray formula (6.16) the quantities n are always integers, and
any deviations are accounted for by varying the screening constant o.
The appearance of the factor (Z — ¢)* simply reflects the fact that the

(n')* = 0.53(n")*A (7.8)

r
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inner electrons are not so completely screened from the nucleus as is the
optical electron. In the optical formula (7.7) on the other hand, (Z — o)
is conventionally taken to be exactly unity; for the penetrating orbits
where this assumption fails, we adjust the values of 7', by inserting n' =
n — A, in place of n instead of trying to alter (Z — o), which does not
appear explicitly. There is one other difference that is also a matter of
convention: the inner K-, I-, M-, . .. shells have quantum numbers
n =123, - in Eq. (6.16). If the highest filled shell in the core has
quantum number 7, , one can argue that the optical levels should start
with no + 1 for T';, ne + 2 for T, , ete. Many texts actually follow this
system; but for purposes of comparing optical spectra of the alkali with
cach other and with hydrogen, it is convenient to adopt another point
of view, already assumed above. We take the orbits of the optical elec-
tron to be those existing in the Coulomb field of a charge +¢ and do not.
inquire into the exact structure of the source of this field. It is then logi-
cal to begin numbering the orbits with n = 1 for the normal state,n = 2
for the excited states.

7.5. Optical emission spectra

‘When the optical electron of an alkali atom jumps to an excited state,
it does not remain there but jumps down into a lower state by emitting
a photon of appropriate frequency. It very rapidly (in something like
107® sec!) returns to its ground state by one or more of these jumps in
succession. The emission spectrum thus appears in a spectrograph as one
or more serics of sharp lines at discrete frequencies. The most immedi-
ately striking feature of even the most simple emission spectrum is its
complexity. From the analysis of this complexity has come the detailed,
quantitative information that gave rise to quantum mechanics and all
its modern ramifications. Optical emission spectra are the experimental
core of atomic physics.

One source of complexity in emission spectra is the fact that atoms
can be forced to radiate by several different means. The radiating sub-
stance may be flame heated, placed on one of the carbons in an arc light,
or placed on the electrodes of a spark gap. Different kinds of excitation
usually produce different spectra from the same substance. The reason
for this variation is evident. In flames and arcs the excitation of the opti-
cal electron comes from thermal impacts. The energies involved are usu-
ally too small to produce ionization, so that the spectrum is that of the
neutral atom. In spark discharges the atom can hecome singly, doubly,
or more highly ionized as the voltage of the spark is increased. For ex-
ample, the arc spectrum of Be is that of the neutral Be atom, while the
spark spectrum will contain in addition the lines of Be* and Be*™.

Comparative studies of the various spectra of many atoms and ions
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reveal a number of regularities known as the laws of 7soelecironic sequence.
We can summarize them as follows:

(1) Atoms in the same row of the periodic table, Fig. 1.1, like the al-
kalis, or the alkaline earths, or the halogens, have analogous spectra. By
this we mean that the general appearance and properties of the lines, as
well as their distribution in the spectrum, are similar for all atoms in the
sequence. The lines appear in the same frequency range but do not have
exactly the same frequencies for each spectrum.

(2) The spectrum of a singly charged positive ion has an analogous
structure to that of the preceding neutral atom in the periodic table.
Thus the spectrum of Mg" resembles that of Na. The principal difference
is that the ionic spectrum appears at much higher frequencies than that
of the neutral atom. More generally, the spectrum of a neutral atom with
atomic number Z is similar to that of an ion of valence z and atomic num-
ber (Z + 2). The spectrum is shifted to higher frequencies for higher
valences, the frequencies being proportional to (z + 1)°. For example,
corresponding lines of Na, Mg*, and Al** have an approximate frequency
ratio 1:4:9. '

(3) We can generalize the above rules by stating that atoms with the
same number of optical electrons have spectra with the same structure.
We can obtain the frequency ratios 1:4:9: . . . by inserting into Eq. (7.7)
a factor (z 4+ 1)*in analogy with the factor (Z — ¢)* in the X-ray formula
(6.18). The effective positive charge felt by the optical electrons in a
z-valent positive ion is (z + 1)e, just as the charge {elt by an inner elec-
tron is (Z — o)e.

(4) It is reasonable to suppose that the simplest spectra are those due
to one optical electron. These simple spectra occur for the atoms and
ions H, He', Li, Li**, Be*, Na, K, Rb, Cs, Cu, Ag, Au, Mg*, Ca™.
These single-electron spectra will form the basis of our discussion.

Even in single-electron spectra we encounter a complexity of spectrum
lines. This complexity is not apparent with a spectrograph of low resolv-
ing power. Such an instrument usually shows a limited number, say 100,
of sharp lines at intervals of several hundreds or thousands of wave num-
bers. With a better spectrograph, however, these single lines turn out to
be groups of 2 or 3 with a spacing on the order of 1 to 10 wave numbers.
These are the multiplets or fine structure of the lines. In an instrument
of intermediate quality this fine structure, although not resolved, makes
some of the lines appear fuzzy and has led to the distinction between
“sharp” and “diffuse” lines. When the lines are observed with the high-
est resolving power, by means of an interferometer, the lines of the fine
structure generally show a further splitting known as hyperfine structure.

We shall first concentrate on the gross structure of the spectral lines,
leaving a discussion of the fine structure to a later chapter. We are thus
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able to develop one at a time the basic principles involved. The chief
method used for the empirical analysis of emission spectra is to group
them into series of the same sort as found in optical absorption spectra.

7.6. Series analysis of spectra

The emission spectrum of an atom always shows the same series of
lines that appears in the absorption spectrum. This set of emission lines
is called the principal series. There appear in addition many other lines.
In one-electron spectra, which are the simplest, we find that most of the
remaining lines go to make up three other series, as shown in Fig. 7.6.
The lines of each series start with one of minimum wave number (fre-
quency) and crowd together as they approach a maximum frequency,
the series limit. The four prominent series are named sharp, principal,
diffuse, and fundamental—frequently abbreviated by S, P, D, F. The
series limits’ of the sharp and diffuse series are identical. Their names
derive from the appearance of their lines in the early spectrographs.
Most lines of the fundamental series are in the infrared.

A common limit not only holds for the S and D series but has the
further remarkable property that its wave number is just equal to T,
the first and largest term value of the principal series. This fact, on com-
parison with Egs. (7.4) and (7.5) for the absorption (P) series, shows that
we must consider the S and D series as arising from electron transitions
which end in the energy level — U, . None of the principal term values,
however, can combine with 7%, to yield the observed lines of the S and
D series, which are different from each other. We must therefore assume
the existence of other excited levels in the atom besides those found in
absorption spectra. To distinguish these term values from those found
previously, they are denoted by S, and D, . Their values are given by
equations similar to (7.7),

Se=R/(n—3s), n=23--- (7.9)
D,=R/(n—d,)}, n=34,-- (7.10)

The quantum defects s, and d, differ from A, and from each other, so

10,000 20,000 30,000 40,000.
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Fig. 7.6. Emission series of a one-electron spectrum. The principal
series is the same as found in the absorption spectrum.
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that the term values S, = 7. # D,. Like the A,, however, s, and
dn, — 0 as n — o : it is this feature that determines the appropriate
starting number n. The wave numbers of the lines in the sharp and
diffuse series are then given by

n(8) =To— 8, n=23 - (7.11)
#n(D) = Te — D,, n=3,4,--- (7.12)
in analogy with (7.4).

In the same way the limit of the fundamental series corresponds to
D;, and we have

Fo=Ds — %(F) = R/(n — J..)’, n=45--- (7.13)

To write the principal series in the same notation, we put P, in place of
T.. Moreover, we find by comparison with (7.9) that we could reason-
ably write the term 7'; as S;. Thus

Pr= 8 = &(P) = R/(a —p)',  n=23,--- (1.14)

It is conventional to write the subsecript » in front of the term type
designation, as nl?, oD, ete. Thus the wave numbers of the various
series are conventionally represented as

£.(P) = 18 — nP, n=234,---
£.(8) = 2P — n§, n=2234---
kﬂ(D) = 2P — nD1 n = 31 4, 5: e
#.(F) = 8D — nF, n=+4>5,6,---

(7.15)

Equation (7.15) contains all the lines usually seen in a one-electron
spectrum, except perhaps for some infrared lines of the form 3D — nP,
n = 4,5, --- . These transitions and the corresponding term values for
sodium are shown in Fig. 7.7. If we arrange the columns in the order
SPDF as indicated, the transitions giving rise to emission spectra occur
only between neighboring columns, S-P, P-D, D-F. Lines corresponding
to 8-D, 8-8, P-F, P-P, 8-F, etc., transitions usually are not found. This
is direct evidence for selection rules of the sort mentioned previously in
section 6.6. We may state the selection rule explicitly here: when we
group the optical terms into series and order the series S, P, D, F, only
neighboring terms can combine. This selection rule at once explains why
the absorption spectrum is so much simpler than the emission spectrum
of the same atom. For the alkali absorption spectrum the electron starts
in the normal S level and hence can make transitions only to P levels. For
emission spectra, however, the electron can start from any level, de-
pending on its previous history.
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Fig. 7.7. Term diagram of sodium and hydrogen.

The quantum defects of all the terms vanish as n becomes large, which
implies that all the terms become equal to R/n’ in this limit. As dis-
cussed in section 7.4, we may attribute the quantum defects to penetra-
tion of the core by the optical electron. Hence the defects become smaller
as the average radii of the orbits increase with n. Another way of reduc-
ing the quantum defect is to make the core smaller by going to lighter
and lighter atoms. The ultimate limit is the hydrogen atom, which has
no core at all but only an optical electron outside the nucleus. In this
case, the SPDF terms are all identical for each value of n. When energv
levels and term values are the same, even though they belong to differeu
series, we call them degenerate. Figure 7.7 represents the hydrogen term
scheme next to that of sodium and shows how the sodium diagram ap-
proaches the degenerate hydrogen terms for large n. For hydrogen the
wave numbers of all lines are of the form

nt  m?

k=R(1 —l), m>n (716

where all possible integer n, m values can occur.
Historically, the hydrogen relations became evident earlier than the
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other laws for single electron spectra. As early as 1885 Balmer discovered
that lines of the visible spectrum in hydrogen follow (7.16) with n = 2.
This series, which corresponds to the sharp and diffuse series, is the Bal-
mer series of hydrogen. In the ultraviolet region Lyman discovered the
series with n = 1, corresponding to the principal series. Other series
gimilarly bear the names of their discoverers: the Paschen, Brackett, and
Pfund series have n = 3, 4, and 5, respectively.

The ions He' and Li*™" exhibit spectra exactly resembling that of
hydrogen, except that in place of the Rydberg constant R in (7.16) we
must put 4R and 9R, respectively. The entire spectrum accordingly
shifts towards the ultraviolet region. The lines of He' found in the vis-
ible region form the Pickering series:

%t =4R(1/4 — 1/m?), m = 5,6,---  (7.17)

The striking whole-number relationships of the hydrogen series are
the immediate source of modern atomic theory. Any acceptable explana-
tion of atomic energy levels must account for the occurrence of these
integers. It must also account for the universal appearance of the Ryd-
berg constant R, which plays an important role not only in optical but
also in X-ray spectra. The theory of wave or quantum mechanics fulfills
both these requirements, and we will discuss it in Chapters 9 and 10.

SUMMARY

The photoelectric effect with visible or ultraviolet light provides direct
evidence for the existence of the photon. The emission of photoelectrons
is possible only above a certain threshold frequency for the incident light, .
v = e/ h, where ¢ is the work function of the metal surface. The kinetic
energy of the emitted photoelectrons is 1mv* = hy — hvy = hv — ep and
is independent of the light intensity. Both of these facts contradict the
expectations of the classical wave picture of light and are understandable
only on the basis of the photon concept.

The optical photoelectric effect on a metal surface does not give us in-
formation about the electron orbits in free atoms. The orbits of the outer-
most or optical electrons are distorted in the metal, so that ¢ is a specific
function of the surface. For this reason it is necessary to study free,
gaseous atoms. Electron bombardment of gas atoms and measurement
of the positive recoil ions determines the ionization potential V; and the
corresponding term value of the normal ground state T': = eV./he.

Electron bombardment of gas atoms and measurement of the elec-
trons to determine their inelastic collisions (the Franck-Hertz experi-
ment) shows the existence of an excited, bound level T, with T, < T';.
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The resonance radiation re-emitted from these atoms when the optical
electron returns from this excited state to its normal state has wave
number £ = T; — T:. These electron bombardment experiments pro-
vide direct proof of the quantization of orbits and energy levels for the
optical electrons.

The optical absorption spectrum shows the existence not only of 7', but
of an apparently infinite number of higher excited states, with T'; > T >
Ty> - >Tp>Tn> -+ >0. The term valuesare T', -R/(n—A,.),
where the universal Rydberg constant is B = 1.097 X 10° em™, n =
2,3,4, -- - is an integer, and A, is the quantum defect. We can attribute
the quantum defects to partial penetration of the core by the optical elec-
trons; as n — o, the optical orbits become very large and A, — 0. The
optical absorption spectrum appears as a series of discrete lines con-
verging towards a series limit, »; = ¢T;. Beyond »; is a continuous ab-
sorption spectrum that corresponds to ionization of the atom with
kinetic energy im»® = h» — hv, carried away by the escaping electron.

Optical emission spectra are even more complicated than optical ab-
sorption spectra. There are generic similarities in the emission spectra
of atoms or ions with the same number of optical clectrons. The simplest
spectra are those produced by substances with one optical electron: hy-
drogen, the alkalis, the singly charged positive ions of the alkaline earths,
etc. These spectra fall into four main series: the sharp, principal, dif-
fuse, and fundamental, labeled SPDF. A sclection rule operates so that
the only term combinations are S-P, P-D, and D-F. This selection rule
and the fact that the principal series is identical with the absorption
spectrum leads us to classify the normal term T; as S; and the other
T, as P, . The various series are given by

%.(8) = 2P — n8S, n=2234---
%.(P) = 18 — nP, n=234---
%.(D) = 2P — nD, n=34>5---
%.(F) = 3D — nF, n=4586,:.-

where the terms are of the form ndA = R/(n — a,)’for A = S, P, D, F.
As n — w, all the quantum defects a, — 0 and the SPDF terms for a
given n become degenerate. In H, Het, Li**, where there is no core,
this degeneracy is present for all values of n. This substantiates the argu-
ment that quantum defects arise from penetration of the core.

The most striking features of optical spectra to be explained by quan-
tum theory are the incidence of integers n that are associated with the
quantized orbits, and the invariable occurrence of the Rydberg constant
R.



170 OPTICAL SPECTRA Ch. 17

Table of conversion coefficients:

E (erg) = 6.625 X 107 »(sec™)
1.986 X 107** &(cm™)
1.986 X 107°/A(A)

]

E (ev) = 4.135 X 107" y(sec™)
= 1.240 X 10~ Z(cm™)
= 1.240 X 10°/A(A)

v(sec™) = 1.509 X 10° E (erg)

]

2.418 X 10" E (ev)
Z(em™) = 5.035 X 10° E (erg)
8.066 X 10" E (ev)
1.986 X 10™*/E (erg)
= 1.240 X 10*/E (ev)
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ILLUSTRATIVE PROBLEMS

1. The limit of the principal series of lithium has the wave number.
43, 484.45 em™'. The following table gives the wave numbers of all ab-
sorption lines observed in lithium vapor:

14,903.09 cm™! 43,055.25 cm™!  43,343.09 cm™!
30,924.52 43,103.52 43,354.55
36,467 .16 43,144.45 43,363.20
39,011.60 z 43,179.85 43,371.10
40,390.00 x 43,209.71 43,377.87
41,215.53 r 43,235.88 43,384.27
41,749.30 43,256 .45 43,389.73
42,112.3 43,277.04 43,394 .81
42,371.0 43,295.78 43,399.91
42,567.63 43,308.90 43,404 .06
42,713.12 43,323.93 43,408.02
42,826.55 43,335.20 43,411.76
42,924 .00 43,416.31
42,994 .17 43,420.27
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(a) What is the ionization potential of Li in ev?

(b) Use Eq. (7.6) to determine the order numbers of the lines marked
with z and assign the appropriate order numbers to the other lines.

(c) Compute the quantum defects of the first five lowest terms in-
cluding the normal term.

(d) What is the limit of the diffuse and sharp series of Li? Give its
wavelength.

Solution.

(8) Vi = he/eT: = 1.240 X 107" X 43,484.45 cm™ = 5.39 volts.

(1) Tact — T & Tw — Topy = 2R/n’*. By (14), Tw = Ti — fa,
80 2R/1* 2k — Kny R knpy — kn = 29.86 em™' & 26.17 em™". The
average value is 2R/n* = 28.0 em™, or n = (1.097 X 10°/14)'"* =~ 20.
This is the order number of the central line marked x: the other two are
n = 19 and n = 21. The other lines run serially from n = 2 ton = 42.

() Tu = T; — o = R/(n — An)3,

T; = 43,484 em™, Ay = —0.59
T, = 43484 — 14,003 = 28,581 em™!,  A; = +0.04
Ty = 43,484 — 30,925 = 12,559 ecm™!, Az = +0.05

T, = 43,484 — 36,467 = 7,017 cm™, Ay = 40.05
Ts = 43,484 — 39,012 = 4472 em™, As = +0.04
(d) T, = 28,581 em™!, N\ = I/Tz = 3519 A

2. The lowest term values for sodium are

1S 41,448 cm™ 2P 2448 3D 122714 4F 6,858 cm™!
28 15,706 3P 11,180 4D 6,897
38 8,246 4P 6,407

Describe the spectrum of sodium for the following excitation condi-
tions:

(a) Bombardment with 2-volt electrons

(b) Bombardment with 4.2-volt electrons

(¢) INlumination with light of 6159 A wavelength

(d) Illumination with light of 4123 A wavelength

(e) Illumination with light of 3303 A wavelength
Note that there are no selection rules for excitation by electron bombard-
ment.

Solution. (a) = 8.066 X 10° X 2¢V = 16,132 cm™". The 1S — 2P
difference is 16,964 cm™!, so that 2-volt electrons cannot produce any
excited level at all. Hence no emission spectrum will appear.

(b)k = 8.066 X 10° X 4.2¢V = 33,877 cm™'. Now 18 — 33,877 = 7571
em™'. Since there are no selection rules for electron bombardment,
the only limitations are imposed by energy restrictions. The levels ex-
cited are accordingly 28, 3S, 2P, 3P, and 3D. The subsequent emission
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lines are 3P — 38, 2P — 38, 3D — 3P, 2P — 3D, 28 — 3P, 2P — 28,
18§ — 2P, 1S — 3P.

(¢) & = 1/A = 16,236 cm™. Again the 2P state cannot be excited,
and no emission spectrum appears.

d) % = 1/x = 24,254 em™; T — 24,254 = 17,194. Since a partial
photon is not absorbed, no excitation or emission occurs.

(e) £ = 1/\ ~ 30,270 em™; T; — 30,270 ~ 11,180 cm™. The 3P
level is thercfore excited; the spectrum is the same as in part (b), omit-
ting transition from the 38 level.

PROBLEMS

1. When the intensity of a light beam varies periodically with a fre-
quency of 1 megacycle, it is found that the photocurrent excited by it
in a vacuum photocell varies with the same frequency without any
measurable phase lag. Hence the conversion of light energy into kinetic
electronic energy must require less than 107° sec. To demonstrate the
incompatibility of this result with classical electromagnetic theory,
compute for how many seconds a beam of green light of 1 lumen/cm?
intensity must fall on an atom of 1 A radius before the energy impinging
on the atom amounts to one h» (1 watt = 621 lumens).

2. The photocurrent of a photocell can be suppressed by application
of a potential of —1 volt to the collector, when the illumination is mono-
chromatic of 6000 A wavelength.

(a) What is the work function in ev of the photoelectric surface?

(b) What maximum wavelength can the monochromatic illumination
have and produce any photocurrent in this cell?

(¢) If an electrometer is connected across the cell, to what potential
will it be charged when the illumination has a wavelength of 4000 A?

(d) To what minimum wavelength must the spectrum of a “white”
beam of light extend to be able to charge the electrometer to a potential
of 3 volts?

3. Using Eq. (6.10) with Z; = 1, compute from the ionization potential
the effective radius of the atom (optical electron orbit) for all the ioniza-
tion potentials given in Appendix II. Plot the atomic radius versus the
atomic number Z. Compare the results with the radii obtained from
physical chemical methods (Table 2.1).

4. The first four lines and the series limit of the absorption spectrum
of rubidium have the wave numbers (in 10° m™)

128 238 278 298  limit 33.7
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(a) Find the ionization potential in volts.

(b) What is the excitation potential of Rb?

(c) What is the wavelength of the resonance line?

(d) What is the wave number of the series limits of the diffuse and
sharp series?

(e) If Rb vapor is bombarded with electrons, what maximum energy
in eV can the electrons have for elastic impacts?

(f) Compute the quantum defects of the first four P terms.

5. The first four lines of the sharp and diffuse series of rubidium have
the wave numbers (in 10° m™)

13.5 16.2 17.7

Sharp: 7.3
6.5 12.9 15.9 17.5

Diffuse:

Using the data from the preceding problem, determine

(a) The quantum defects of the first four S and D terms. Plot s, and
d, in the same graph as p, .

(b) What is the wave number of the limit of the fundamental series?

(¢) What are the wave numbers of the lines of the fundamental series,
if the quantum defect of the F terms is negligible? (The observed values
are 7.4, 9.9, 11.3, 121 m™)

(d3 Construct a term level diagram for Rb, giving the values in m™
and also in ev.

(e) The Rb spectrum also contains lines with the wave numbers 4.5,
7.7. What are the term notations of these lines? What minimum po-
tential is required to excite these lines?

(f) What minimum potential is required to excite the first line of the
fundamental series?

1

6. When Na vapor is bombarded with 4-volt electrons, it emits radia-
tion of the following wavelengths:

X: = 3,300 A Xq = 1],400 A
A= 5900 A As = 22,100 A
A= 8,200 A Ne = 91,500 A

(a) Noting that the wave numbers of these spectra lines satisfy the
relations

o + ko + ks =, fos + fs = &5 + s
determine the term notation of these lines. From the data given two al-

ternate designations of two pairs of lines are possible: give both.
(b) The ionization potential of Na is 5.14 volts. Using this and the
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above data compute the lowest five term values in em™ (slide rule ac-
curacy) and plot the results in a term level diagram.

(c) What is the first excitation potential of Na?

(d) What must be the wavelength of the light which, when used to
irradiate Na vapor, will excite the same six lines as are excited by the
4-volt electrons?

7. The first five lines of the sharp and diffuse series of Li have the wave
numbers

sharp series diffuse series

£ = 12,300.83 ¢cm™! & = 16,378.86 cm™!
20,107.21 21,718.83
23,394 .49 24,192.11
25,081.77 25,634 .43
26,046.01 26,341.92

Use in addition the data of illustrative problem 1 if necessary.

(a) Construct a plot of (1/term)'”* versus » for the various terms, and
compute from it the value of the Rydberg constant.

(b) From the same plot show that the normal term is an S term.

(¢) What is the first excitation potential of 1.i?

(d) Which ones of the above lines will appear in the emission spectrum
when Li vapor is bombarded with 4.6-volt electrons, assuming no selec-
tion rules for electrons?

(e) Sketch the term level diagram of Li.

(f) What is the wave number of the limit of the fundamental series?

(g) Show that the emission spectrum can have a line of wave number
4085.78 em™'. What is its notation and what is the maximum wave- -
length of light that can excite it. by irradiation?



Part 11
THEORETICAL INTERPRETATION OF THE FACTS

By using the photon to interpret atomic spectra, we can relate the
major nonclassical phenomena of Part I to one central problem of atomic
structure. This problem is to understand why the orbits of electrons in
atoms appear to be quantized, with a smallest orbit for each atom and a
limited capacity for electrons in each orbit.

Quantum mechanics successfully explains this fact, and Part II
(Chapters 8-12) is concerned with working out the major aspects of this
explanation.® A revolution in the philosophy of physics was required,
however, before quantum mechanics could replace classical physics.
This revolution was begun in Einstein’s theory of relativity, which in-
sisted on taking into account the experimental limitations of any possible
measurement. The theory of relativity also suggested that certain ques-
tions in physics may turn out to be meaningless and hence unanswer-
able; e.g., the motion of the earth relative to the ether.

A similar insistence on the limitations inherent in experimental meas-
urements leads to the uncertainty principle, which states that it is mean-
ingless to ask for a precise simultaneous knowledge of a particle’s posi-
tion and momentum. This principle can be developed mathematically
into the full formulation of quantum mechanics.
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Chapter 8 ‘
SPECIAL THEORY OF RELATIVITY

Chapters 1 through 7 have reviewed the primary experimental facts
concerning atoms. In these chapters we described the atoms entirely in
classical terms—as hard spheres, or as miniature solar systems with the
electrons revolving in circular orbits, or in terms of a static model with
fixed elastic constants for each electron. In dealing with light and its
interaction with atoms, we were forced to introduce the nonclassical
concept of the photon or light quantum. According to this concept,
atoms can emit or absorb light of frequency only in discrete, indivisible
quanta of energy E = hv.

Although we have introduced quantization for light, we have not con-
sidered any nonclassical innovations for the structure of the atom itself.
The experimental facts, however, give abundant evidence that some non-
classical ideas are necessary. The quantization of electron orbits is the
most outstanding feature of atomic structure that is inexplicable on a
classical basis. This quantization is essential to save atoms from the
classical catastrophe of radiative collapse. The existence of discrete
energy levels in atoms, with a lowest or ground level, is another mani-
festation of orbit quantization. Not only are the orbits quantized, but a
certain exclusion principle acts to prevent all the electrons in an atom
from occupying the same orbit. The capacity of each orbit to hold elec-
trons appears to be strictly limited, although it is larger than unity.
The K-shell orbit has a capacity of 2 electrons, for example, and the
L- M- --- shell orbits can hold increasing but finite numbers of elec-
trons. This exclusion principle has a direct connection with the build-up
of the periodic table of chemical elements. Another nonclassical phe-
nomenon is the existence of well-obeyed selection rules that forbid cer-
tain radiative transitions in atoms, even when sufficient energy is avail-
able.

The solution of all these mysteries lies in the development and appli-
cation of a suitable quantum mechanics to the motion of electrons in
atoms. This quantum mechanics will have the same underlying prin-
ciples as that for light. For example, we must somehow regard light as
consisting simultaneously of wave motion (crystal diffraction) and of
indivisible corpuscles or photons (photoelectric effect). It will turn out
that we must do the same thing for electrons: regard them not only as
particles, but as simultaneously possessing wavelike properties. From
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this more general point of view electrons and photons are just two special
examples of an all-inclusive quantum mechanics.

Chapters 8 through 12 are concerned with setting up the quantum
mechanical description of the atom and verifying that it satisfactorily
accounts for the observations. This will require a fairly radical departure
from the philosophy of classical physics. Historically and logically, the
first point of this departure is Einstein’s special theory of relativity.
The relativistic formulas established in the present chapter provide a
suitable vehicle for the introduction of de Broglie’s wave mechanical
postulate (Chapter 9). Under this postulate, electrons and photons ap-
pear as special cases of a more general formalism.

8.1. The Michelson-Morley experiment

To appreciate the need for the theory of relativity, consider one of the
outstanding problems of classical physics at the turn of the twentieth
century. The brilliant success of Maxwell’s theory of light left little
doubt that the velocity of light in free space should be

¢ = ¢ (esu)/q (emu) = 2.998 X 10"’ cm/sec (8.1)

where the ¢’s refer to the same charge, measured in electrostatic and
slectromagnetic units, respectively. To a classical physicist nothing was
more natural than the assumption that the velocity of light must be
measured relative to the medium through which the light propagates.
For light this medium bore the name of the ether, imagined as a massless,
irictionless fluid filling all space uniformly. Even if the ether has a uni-
form motion in space, the surface of the earth cannot always be at rest
relative to the ether because of the earth’s revolution around the sun and
its rotation about its own axis. In fact, from astronomical observations
we expect the velocity v of the earth’s surface relative to the ether to be
of order '

v/ex~ 107 8.2)

over at least part of the earth’s orbit about the sun. Therefore very
precise measurements of the velocity of light relative to the earth’s sur-
face should reveal the velocity v of the earth’s surface relative to the
ether. The purpose of the Michelson-Morley experiment was to de-
termine v in this way. The negative result of the experiment stimulated
the development of the theory of relativity.

The basic plan of the experiment is as shown in Fig. 8.1. Monochro-
matic light of wavelength A\ from a source L passes to a semisilvered
mirror M, where the beam splits into two parts. One part passes straight
ahead to a mirror a distance [, away; the other goes at right angles to
the original direction and is reflected by a mirror at a distance &, . The
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reflected beams recombine at M and pass T R2

to an interferometer at 1. The entire ap- )

paratus can rotate through 90°, and any 2 .
relative phase shift of the two beams upon | _, M sﬁ — R
this rotation is observable in the inter- ) !
ferometer. The light paths are entirely in

vacuum. ¥i

Let the initial velocity » of the appa-
ratus through the ether be parallel to [, ,
as in Fig. 8.1.

If ¢ and » combine like classical velocities, the time required for the
beam to go from M along [, and back should be

l] ll le / C
b=yt e T Tk
For the beam along I, , on the other hand, the mirror moves sidewards
0 that the light beam through the ether must follow a diagonal path.
Since the velocity along this path is ¢, the component in a direction per-
pendicular to » is /¢ — »2. The time required to go from M to the
mirror and back is accordingly

Fig. 8.1. Scheme of the
Michelson-Morley experiment.

(8.3)

f = __glz/ C

* =1 = ol
When the two beams recombine in the interferometer, they will be shifted
relative to each other by a number of wavelengths

(84)

(= t)e _ 2/\ ( A ) .
M T Vi-we\Viewe 2 ©Y

After a 90° rotation the shift of the beams becomes

' —EL_ _____lg_____
LYy (ll - \/r“—"’,;:/‘c‘a) (8.6)
The change in the beam shift in this process is
_ _ ,_g ll+lg_~< 1 _ )NEW-{—_!}?”

An =n —n Y VI = e \VI = e 1)~ N @ 8.7

where the last expression in the equation is an approximation valid
when v/c K 1.

By using multiple reflections in the paths I, and l,, Michelson and
Morley achieved a total path length of about 20 meters. With visible
light of about 5000 A wavelength and v/c = 10™* as expected for the earth
moving through space, the fringe shift would be on the order of An = 1.
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The actual displacement that Michelson and Morley observed was
certainly less than 14, probably less than 14, the expected amount, and
was entirely attributable to experimental errors.

The negative result of this experiment, repeated several times at in.
tervals of weeks or months, occasioned a great deal of speculation. A
simple hypothesis that fitted this particular experiment was the Fitz-
gerald-Lorentz contraction. According to this hypothesis distances
measured along the direction of v shrink by a factor /1 — 12/c?, which
is just sufficient to account for the experimental result that An = 0. This
explanation is purely ad hoc, however, and bears no logical relationship to
any other physical phenomena.

Einstein on the other hand took a philosophically much more far-
reaching step and assumed the null result of the Michelson-Morley ex-
periment as a postulate. That is, the vacuum velocity of light is assumed
to be a constant ¢ in any possible measurement, and never v/¢* — 1
This essential assumption leads to the special theory of relativity. This
theory encompasses not only the Michelson-Morley experiment but also
a host of other experimental facts. Its agreement with observation is so
universal that we cannot doubt its correctness.

8.2. The Lorents transformation

A single phrase suffices to present the entire postulational basis of rela-
tivity, although that phrase requires a paragraph or two of interpretation.
The relativity postulate is that

all inertial systems are equivalent (8.8)

Here “inertial” means that the systems are moving relative to one
another with uniform, straight-line velocities; “equivalent” means that
all the laws of physics have identical formulations in the two systems.
The general postulate (8.8) may be subdivided into two special postu-
lates:

all inertial systems have equivalent laws of mechanics, (8.8a)

all inertial systems have equivalent laws of electromagnelism

and optics: in particular, the velocity of light is a constant,
independent of the system (8.8b)

The postulate (8.8a) is nothing new, for it obtains in classical mechanics
also. The real innovation in relativity was the extension of the postulate
to cover electromagnetic phenomena.

Consider the relativity postulate for mechanics (8.8a), and let S and
8’ be two inertial systems. In Fig. 8.2, S’ is moving relative to S with
a constant velocity » parallel to the z-direction; the coordinate axes
zyz and z'y’z’ are parallel in the two systems. According to (8.8a), if
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-l
S' ' XTFV s } ' x.—’v
|
S ——7ix— S H—~
X vt e X
(a) t=t"=0 (b)t,+'>0

Fig. 8.2. Relatively moving systems.

we establish the law of mechanics F = ma in system 8, then the law
F' = m’a’ must hold in system S’. The equivalence of all inertial sys-
tems implies that we must be able to describe any physical phenomenon
equally well in the coordinates of any inertial system. Shifting from one
system to another is simply a matter of convenience, and for this pur-
pose we must establish the fransformation laws hetween the coordinates
of system S and system §’. These tranformation laws give 2/, ¥, 2/, t’ as
functions of z, y, 2, t:

7' = filz,y,2¢)
Y = fa(@,y,2:1)
2 = fi(x,y,2t)
V' = fuzx,y,2,t)

We have included the time £ as a coordinate because the laws of mechan-
ics involve ¢ in such quantities as @ = d’z/di’. The postulate (8.8a) re-
quires that the transformations (8.9) be linear; that is, the functions f
involve z, ¥, 2, and ¢ only to the first power and contain no products of
two or more quantities z, ¥, 2, t. Otherwise the equations for force-free
motion, d’z/di* = dy/df = d’z/di’ = 0 would not be the same in all
inertial systems.

Classical mechanics yields a linear set of transformations (8.9), in
accordance with (8.8a). For the systems of Fig. 8.2, supposing that at
time { = ¢’ = 0 the origins of coordinates in S and S’ coincide, we have

(8.9)

¥ =z—u
Y=y
(8.10)
2 =2z
¢ =t

This classical transformation is known as a Galilean transformation. It
leads to the conclusion that the Michelson-Morley experiment should
give a nonvanishing result, as discussed in section 8.1. It is thus in-
compatible with postulate (8.8b). The question naturally arises whether
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there exists any transformation law (8.9) compatible with both (8.8a)
and (8.8b). If not, the general relativity postulate (8.8) must be aban-
doned. It turns out that there is just one transformation, known as the
Lorentz transformation, which satisfies (8.8a) and (8.8b). The Lorentz
transformation is thus prescribed by the postulate of relativity.

To allow for a more general transformation than (8.10) between the
systems S and S’ ,we write

= vy( — o)
'

y=Y

, (8.11)
2 =2z

' =ar+ bt

Here v, a, b are constants to be determined; the requirement of linearity
assures us that they are constants. Since the relative motion is in the
z-direction, We have no reason to alter the classical equivalence of the
coordinates perpendicular to the 2-direction. In the expression for z’ and
t’ there are no constant terms because we have taken x = ' = 0 at
t =1 = 0. The factor (zx — ot) in the expression for x’ comes from the
fact that the point ' = constant in §’ corresponds to a point moving
with uniform velicity v in 8. We wish to choose v, a, b in order to satisfy
(8.8b). Suppose that at time t = ¢’ = 0 a light ray starts from the (then
coincident) origins of coordinates, x = ' =y =y’ =2 =2 = 0. At
some later instant we measure the distance traveled by the light ray.
Since the velocity of light must equal ¢ in both systems, we have

4y +2 = (8.12a)
oyt 2 = (8.12b)
Now substitute (8.11) in (8.12b), obtaining
Y (@® — 2zt + o) + o' + & = ()(@"s® + 2abat + b))  (8.13)
Rearranging terms yields
O = &N + ¥ + 2 = (€D — YOO + 2xi(abe’ + ) (8.14)

If the transformation laws (8.11) really carry us from system S’ to S,
then (8.14) must be identical with (8.12a) for arbitrary z, 3, 2, and . This
means that the coefficients in (8.12a) and (8.14) must be identical for
each of the independent terms x*, ¢*, 2°, £ and zt. That is,

72 —add =1
Y — = (8.15)
ab +vy* =0
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Putting ac = A and v/c = B8, we have

y -4 =1 (8.16a)
-fy =1 (8.16b)
Ab+8Y =0 (8.16¢)
Eliminating A between (8.16a) and (8.16¢) yields
L N A (817)
Comparison of (8.17) and (8.16b) shows that
= (8.18)
Substitution of this result in (8. ]Gb) yields
¥ =0=1/0-p) (8.19)
And substitution of (8.19) in (8.16a) leads to
A=y —1=6/0-§) (8.20)

In taking the square roots to obtain v, b, and 4, some ambiguities of
=+ signs appear. We resolve these by choosing the signs to be compatible
with (8.16¢) and to lead to the necessary result 2’ = z and ¢’ = ¢ when
v = 0. The coefficients are now uniquely determined and the transforma-
tions (8.11) read

z’ = —:g_‘g'c_!)' (ct') = —(—‘—;F—):;:-_éz
Vi =g V1i=g (821)

.7/’ =Y 7=z
Here we write the coordinate (ct) instead of ¢ to make all quantities have
the same physical dimensions. Formula (8.21) are the Lorentz transfor-
mations. We can reverse them by solving algebraically for xz, { in terms
of z/, ¢, in which case (8.21) yields

s 1 N ct’+ﬂ:v
V=g’ Vi- g (8.22)

y=y z=7

Equations (8.22) are exactly similar in form to (8.21), as we expect from
the equivalence of the systems; the only difference is that the velocity of
S’ relative to S is +v, while that of S relative to S’ is —

We may give a physical interpretation of the Lorentz transformation
in terms of contraction and dilation factors. Suppose that an object is
at rest in system S’ and is of length Az’ = z," — z,/. An observerin S
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instantaneously measures the end points of the object to be z, and z;,
so0 that the length is Ar = z, — z; in S. Here “instantaneous” implies
that the corresponding times are identical, ¢, = &, ,or At =, — #; = 0.
To relate Az’ with Az, we can take differences of the right-hand equa-
tion of (8.21) or (8.22):

, Az — oAt
A = (821a)
Ar + Bc At
Ar = ————\/i————_ 5 (8.22a)

We cannot use (8.22a) because At is unknown and does not in general
equal Al. From (8.21a) with At = 0 follows

Az =12, — 3 = /1 — B A2 (8.23)

Equation (8.23) states that an object which is moving relative to an
observer appears to be contracted in the direction of motion by a factor
an object in S, the prime would shift to the other side of Eq. (8.23),
but the physical meaning would be the same. This apparent contraction
in the direction of motion was introduced as an ad hoc postulate by Fitz-
gerald and Lorentz in the years before the announcement of the rela-
tivity principle.

We obtain a similar effect with the time coordinate. Suppose that an
event occurs in S’ at a fixed position z,/ = x»’ and is of duration A’ =
t — t’. An observer in S measures this interval as At = &, — #. In
relating { and ¢/, the question again arises of using (8.21) or (8.22). Since
we know nothing about z; and z., we must use (8.22), obtaining

At =ty — &y = A'/A/1 — B (8.24)

In this case 1/4/1 — @ is a factor of dilation, by which the time inter-
val in a system appears to lengthen when measured by a relatively mov-
ing observer.

Note that these equations all imply that » < ¢. Otherwise 4/1 — g2
becomes imaginary, and we have no physical interpretation for imag-
inary distances and time intervals. The restriction that no measurable
entity can travel faster than light can also serve as an alternative postu-
late from which to derive the formulas of special relativity. It is of in-
terest to observe that the relations resulting as ¥ — ¢ are sometimes
qualitatively the same as in classical motion when ¥ — . For example,
(8.23) implies that as v — ¢, an object of fixed length in S’ can pass an
observer in S in an arbitrarily short time. This would be true classically
asy — @,
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8.3. Addition of velocities and Doppler effect

The conclusion that all material velocities in relativity must not exceed
the limit ¢ contradicts the classical law for addition of velocities, accord-
ing to which the addition of two parallel

velocities like §c and %¢ would yield a re- s ,
sultant velocity considerably exceeding c. U

The proper relativistic law for velocity ad- S ' /a

dition follows from (8.21) or (8.22). We I U —V
may anticipate that it will approach the

classical addition as v — 0, and that it  Fjg 83 Relativistic addition
will never yield resultant velocities greater of velocities.
than c.

In the simplest case, consider a body in system 8’ moving in the
z-direction with a velocity v’ = dz’/dt’. What is the velocity u = dz/dt
seen in system S? From Egs. (8.22) we have

dr = y(dz' + Bcdt’), cdt = y(cdt' + Bdz')
c(dz'/dt’ + v) _ w4+ (8.25)
c+ vfedd’/dt! 1+ u'v/c
The reader can easily convince himself that if ' and » are both less than
¢, then u must also be less than ¢, as expected. Moreover, (8.25) reduces
to the classical law v = u’ 4+ » when %’ and » are much smaller than c.

In case the velocity ' is not parallel to », we can follow a similar pro-
cedure. Suppose the velocity is U’ at an angle o' as shown in Fig. 8.3.
Then we have Eq. (8.25) with v’ = U’ cos o’ for the component of U’
parallel to »; and for the component of U’ perpendicular to v we have

dy = dy’, w' = dy'/dt’ = U'sin o’
_dy _ dy’ _ w’ (8:26)
YE&U T & Fofddr A0+ W)
Then the total velocity in the system S is
U=+vVu+uw
— VU"? 4+ v* + 2U’ cos o' — (U'v sin a')?/c?

dz/dt = u =

1 4+ (U cos o')/c? (827)
and the angle with the z-axis is given by
’ 1 1 ’
tona=" w U’ sin o (8.28)

u YW@ +tv) (Wcose +v)

An interesting special case occurs when U’ is perpendicular to v, and
cos a' = 0. Then from (8.26),
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w=uw/y = U1 =g, u=1v (8.29)

Equation (8.29) comes directly from applying the time dilation factor
(8.24) and noting that the perpendicular space coordinates in (8.21)
suffer neither contraction nor dilation.

These formulas and all others in relativity theory reduce to those of
classical physics for velocities much smaller than ¢. The phenomena of
everyday observation are the basis of the laws of classical physics and
are hence well described by these laws. Only highly advanced tech-
niques of measurement like those of optics uncover the need for improved
laws. Furthermore, these improvements do not deny the formulas of
classical physics that have proved so useful, but merely extend them to
domains where they have never been considered before. The two prime
examples of this continuous extension are relativity and quantum
mechanics, which apply to the domains of very high velocities and very
small quantities of energy, distance, and momentum. Relativity reduces
to classical equations for v « ¢, and quantum mechanies “corresponds”
to classical physics for high quantum numbers (large electron orbits).

We can apply the transformations (8.25) — (8.27) and (8.22) to obtain
the relativistic Doppler effect of a light wave. Suppose that a source of
light in system S’ has a frequency »” when measured in 8’. We define the
light ray to be in the 2’y’-plane and to make an angle o’ with the z'-axis.
An observer in S sees this light ray, and we inquire what angle « it makes
with his z-axis and what frequency » he ascribes to the light. Since z =
2’ in (8.22), a light ray with no 2z’ component has no z component and
hence lies in the xy-plane.

The light wave is a periodic disturbance, so that its £ or H vector in
system S’ is proportional to sin [2r(v't’ — s’/\’)], where s’ is the distance -
from the source measured along the path of the light ray and N’ = ¢/»’
is the wavelength. 1f the light source is at the origin of coordinates in
8’ and the light ray is in the z’y’-plane, then 2’ = s’ cos o’ and 3’ = &'
sin o', or hence s’ = 2/ cos o/ + ¥’ sin o/ = ¢ (sin’ ' + cos® o).
Thus the E or H vector is proportional to sin [(2x/c)v’(ct’ — z' cos
a’ — 3’ sin o')] in the original system §’, and is proportional to sin
[@7/c)v(ct — x cos @ — y sin )] in the observation system S. The quan-
tity inside the brackets is the phase of the light wave. The phase is a
physical quantity that must have one single numerical value at any point
in space and instant of time, which numerical value cannot depend in any
way on the coordinate system used to describe space and time. This is
one way of restating the basic postulate of relativity. Hence for all cor-
responding points xyt and x'y’t’ we have

vt — xcosa — ysina) = ¥'(ct' — 2’ cosa’ — y' sina’) (8.30)
The velocity of light ¢ is the only quantity in (8.30) that is the same for
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both systems. From (8.25) with ' = ¢ cos &', u = ¢ cos a,

u/c = cosa = (cos a’ + B)/(1 + B cos a’) (8.31)
and from (8.26) with w’ = ¢ sin o/, w = ¢sin o,
w/c = sin a = sin o'/y(1 + B cos ') (8.32)

Equation (8.31) relates the direction of the light ray in § to that in S'.
We now substitute (8.31), (8.32) and (8.22) on the left-hand side of
(8.30), obtaining

sy oy Y(cosa’ +8)@ +Bet) o sina’ ]
v ['y(Cl + Bz') (1 + B cos a’) v(1 + B cos ')

= (W%%;?) [v*1 ="B%) e — v*(1 — Bz’ cos o’ — /' sin o']

v
T 41 + Beosd)

= (et — 2’ cos &’ — ¥ sin ')

(¢! — 2’ cosa’ — ¥y sin a') (833)

Thus the relativistic Doppler transformation is
1 08 o
v = u'(—+‘ /1—'6"_(———5‘;0‘!—) (8.34)

We can write this in the form
v = /[(1 + Beosa) + (1 — 1/+/T = g1 + B cos )]
= (1 + B cos o’ + 36" +. .. (higher powers in g))

by making an expansion valid for 8 < 1. The second term in the final
bracket is the classical Doppler shift. The third is a specifically rela-
tivistic Doppler term, which has the feature of being independent of the
angle o'.

(8.35)

8.4. Relativistic transformation of mass and energy

We have seen above how relativity implies contraction and dilation
factors in distance and time proportional to 4/1 — g%. A similar factor
occurs in the mass of a particle in relativity. Sup-

s' l '~ __—=V  posethat observersin systems S and 8’ haveidenti-

\./ cal balls of mass m as measured by each observer
° in his own system. Each observer throws his ball
S l.._’_“'_ in a direction perpendicular to the direction of the

Fie. 84 Elasti relative velocity ». The balls make a perfectly
18, 8.4 Riaslie ) stic collision and return to the observers. The

collision as seen from . . . . .
S. situation as seen by observer § is shown in Fig.
8.4. His own ball has velocitv w. and tha hall
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from S’ has an z-velocity of », and a y-velocity of w'a/1 — B? ac-
cording to (8.29). Here w' is the velocity of the S’ ball as seen by the
observer in §'. Since the balls are identical and the whole system is per-
fectly symmetric, we must have

w=w (8.36)

Now define the momentum of a ball to be mU, where m is a parameter
that reduces to the actual mass of the ball as U — 0 but may in general
be a function of velocity, m(U). For the collision of Fig. 8.4, conserva-
tion of the y-momentum would read (as seen from S)

wm(w) = V1 — g wm(\/uﬁ(l — v¥/c?) + vg) (8.37)
Now dividing both sides by w and taking the limit as w — 0, we have
m(0) = V1 — § m()
m = my/N1 — B

In (8.38) m is the mass at velocity v, and me is the so-called rest mass,
which is a characteristic of the body under consideration. This equa-
tion indicates explicitly that no material body can have a velocity greater
than c.

The momentum of a body in relativity is given by the classical formula

p = mv (8 .39)

except that now m is given by (8.38). The first direct experimental
verification of the relativistic variation of mass was provided by Buch-
erer in 1909. Since then repeated confirmation and refinement of his
results by other experiments, some similar in technique and some differ- -
ent, have left no doubt that the basic relation (8.38) is correct. A direct
method of measuring the change in mass (8.38) is to determine e/m
for very fast electrons by the parabola method, Eq. (3.6). The rest
energy of an electron is only moc® = 0.51 mev, so that an accelerating
potential of 500 kev will produce electrons with 8 > 0.8. Modern ac-
celerating machines can easily produce voltages of this order and higher.
Another source of high-speed electrons is the naturally radioactive
elements, whose nuclei spontaneously emit , 8, and v rays. The 8 rays
have been identified as electrons with very high velocities, up to 8 =~
0.98. Bucherer used a 8 ray source in his early parabola experiment.
The results of all such measurements are that the apparent e/m value
for very fast electrons deviates systematically from the e/my value for
slow electrons. These deviations accurately follow the formula

e/m = (e/m)V1 — g (8.38a)

(8.38)



Sec. 8.4 SPECIAL THEORY OF RELATIVITY 189

in verification of (8.38). For 8§ = 0.98 the effect is quite pronounced,
since /1 — g2 = }.

In this connection we should note that (8.38) holds for uniform mo-
tion in a circle, such as described by a charged particle in a constant
magnetic induction. Although the particle is under constant accelera-
tion, the acceleration is always perpendicular to v and does not affect
the mass-velocity relationship.

Suppose now that we accelerate a body of rest mass m, by application
of a force F. We assume that the body is originally at rest and that F
is constantly in the z-direction. The total amount of work done on the
body by the external force is

z t
T=fo de=j; Fodi (8.40)
The relativistic form of Newton’s law is the same as Newton’s original
statement of it—not F = ma, but
F = dp/dt = (d/dt)(mv) (8.41)

This equation reduces to F = ma only in case m is a constant, which is
no longer true in relativity. From (8.38-8.41) we have, performing an
integration by parts,

f dpdt fovdp—vp:l [pdv

ms 1)2 ]v _ v moﬂ(%,ﬂ)

TVI-BL T h VI we
= myc’ (—\/Té—z_—gi +V i______.->' = myc ( \/_7’) (842)

One of the basic laws of physics, which cannot be altered by relativity
for any inertial systems is that of the conservation of energy. There-
fore the work T must equal the kinetic energy of the body moving at
its final velocity v, and this kinetic energy must be convertible back
into work when the body comes to rest. We can check this interpreta-
tion by considering the limit of (8.42) as v/c — 0, which should equal
the classical, nonrelativistic expression for the kinetic energy. For
8 « 1, we can approximate (1 — 8)'* by means of a binomial expan-
sion, (1 — 8™ = 1 4+ 36, ... Then (8.42) becomes

= mc(1/V/1 = B — 1) ® m’(36°) = ime" (843)
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This is indeed the classical expression for kinetic energy, so that we
may call the right-hand side of (8.42) the relativistic kinetic energy of
a body of rest mass m, .

We can also write (8.42) in the form

T = KE. = E(v) — E(0) (8.43b)
E@®) = me’/A/1T — B2 = mc’ (8.44)

That is, the energy of motion (kinetic) is the difference of an energy
E(v) characteristic of the body at velocity » and an energy E(0) charac-
teristic of the body at rest. This characteristic energy E(v) should have
a name, and the most reasonable one is the total energy of the body.
The energy

E@0) = mo’ (8.45)

is the rest energy or rest-mass energy of the body. Thus (8.43b) states
that the total energy of a body at a velocity v equals its kinetic energy
plus an invariant rest-mass energy that is always present and is not
ordinarily convertible into any other form of work or energy. Nuclear
reactions, however, can accomplish the direct conversion of rest mass
into heat or other useful energy. These reactions have provided experi-
mental proof of Eqgs. (8.45) and (8.44), which are Einstein’s celebrated
mass-energy relationship. Another form of (8.44) is

E' — mi'ct = mo'c{1/(1 -ﬁz) - 1]
221)2/(1 pc

The relation of mass and energy provides a direct physical interpreta-
tion of the classical electron radius ro , Eq. (4.42). If the electron were
a perfectly conducting sphere of radius 7, and charge —e, its electro-
static energy would be ¢’/ro. If we set this electrostatic energy equal
to the observed rest-energy moc’, we obtain

= (6*/moc’) = 2.82 X 107 ¢m (8.46)

It should be emphasized, however, that present electromagnetic theories
suggest that the electron rest energy is not entirely electrostatic in
character. One cannot speak of ‘deriving” the relation (8.46). The
simple physical interpretation serves merely as an aid to remembering
the relations between physical constants.

(8.44a)

8.5. Four-vectors

In classical mechanics, the position coordinates z, y, and z form a
vector in three dimensions; the time ¢ appears as a nonvector (scalar)
quantity quite different from the space coordinates. The Lorentz trans-
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formation (8.21) shows that in relativity time is on an equal footing
with the space coordinates. This suggests that a particle in relativity
must be specified by four equivalent coordinates, z, y, 2, ¢l. Sincé the
number of independent coordinates equals the number of dimensions
of the space in which the particle moves, this is a 4-dimensional repre-
sentation of the particle’s behavior. The coordinates x, y, z are said
to form a 3-vector, and z, ¥, 2, and ¢t compose a 4-vector.

A second example of a common physical 4-vector may help to make
the concept clear. Consider a particle of rest mass m, moving parallel
to the z-axis. In system S it has velocity u, in S’ it has velocity u'.
The corresponding momenta and total energies are

p: = mu/N1 — wfd, p’ = mw'/\/1 = u?e

8.47
Ey = mid*/V/1 — w¥/c, E' = me’/\1 — 3/ (847)
From Eq. (8.25) for the addition of velocities it follows that
ey (= w1 — v'/c%)
1 — /e = T F wo/er
1 i 1 + u'v/c (848)
VI = e~ V1w VT = #e
Multiplying by (8.25), we have
u _ u + v
Viowe  Vi-ue Vi- vje (8.49)
Thus
_ mo(u’ + v)c
P = T—u?fe V1 = &/
v _ 1 ( meu'c " » moc? )
TV - E\VI = we T eV —ue
_cp: + BE
- \/1—_—31
(850)

E= moct(1 + u'v/c?)
T V1T =u? V1 — e

1 myc? mou’
RV ﬁ’(\/l — u?/c RV u”/c’)
_E + 8(cp.)

v1- ¢

where 8 = v/c.
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Equations (8.50) exactly resemble the Lorentz transformations (8.22)
for z and ct. The reverse equation expressing cp,’ and E’ in terms of
cp- and E are obtained in the same way and are the analogues of the
first Lorentz transformations (8.21). By carrying through similar argu-
ments for the perpendicular components of momentum p, and p.,
we find that

cpy = cp)/, cp. = cp, (8.51)

One therefore concludes that the 3-vector of momentum c¢p and the
total relativistic energy E build a 4-vector in the same way as r and ct.

The factors ¢ are inserted in ¢p and ¢! in order to make the transforma-
tion equations perfectly symmetric. All the quantities in the trans-
formation now have the same physical dimensions—length (z, ¥, 2, ct)
and energy (cp: , ¢py , ¢p. , E). From these examples we arrive by induc-
tion at the general rule that any 4-vector (4, A;, 45, As) obeys the
transformation law

g, o A R4S ,
Al = m ) A,z = Az
A/ Ay

where the system S’ moves relative to S in the 1-direction at a uniform
velocity v = Bc and the 4-direction is the timelike axis. Equation
(8.52) is the definition of a 4-vector; from it we can derive the basic
property of 4-vectors that

Af + AP+ A8 — AP = A" + A" + A7 - A7 (8.53)

The quantity (4:° + A7 + A — AS’) is therefore invariani under
Lorentz transformations. In analogy with the three-dimensional case,
this quantity can be called the square of the magnitude of the 4-vector.
Thus a 4-vector has the property that its magnitude is invariant under
Lorentz transformation.

The squared magnitude of a 4-vector, unlike that of a 3-vector, may
be positive, negative, or zero. If the squared magnitude is positive, the
vector is called spacelike because it resembles the first three terms of
(8.53); if the squared magnitude is negative, the vector is timelike in
agreement with the last term of (8.53). For the coordinate vector of a
light beam in vacuum the magnitude is zero,

L+ +2—(@)=0 (8.54)

(852)

The Lorentz invariance of this quantity is just another way of stating
the postulate that the velocity of light is the same in all systems. The
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momentum-energy 4-vector of a material particle is timelike, for ac-
cording to (8.44a)
2+ p' + p’ — (B/e)' = —(moc)’ (8.55)

Here Lorentz invariance is equivalent to the statement that m, and
¢ are constant for all systems, so that m, must be an intrinsic charac-
teristic of the body under consideration.

8.6. The electromagnetic field

We conclude by mentioning one or two properties of the electromag-
netic field in relativity, without giving derivations or a treatment that
is in any way complete. From Maxwell’s equations we can deduce the
transformation laws for the fields in empty space:

brm (o 228/, B

H,.= (H - ""E') /\/1_—3'2, H, =H’

c y—z

(8.56)

where v is in the z-direction. It is of interest to note that, apart from
the factor vy = 1/4/1 — g2, the first Eq. (8.56) when multiplied by
q (esu) is just the classical force on a charged particle in combined
electric and magnetic fields. The second Eq. (8.56) is its counterpart
demanded by the symmetry of all relativistic transformations. In
relativity there is no clear distinction between electric and magnetic
fields, which are combined into a single electromagnetic field. This
field has 6 independent components and is something mathematically
more elaborate than a 4-vector. It is a tensor of a certain type (anti-
symmetric) in four dimensions, and its closest analogue in three dimen-
sions is the cross product of two vectors. In three dimensions this cross
product is equivalent to another vector, but in four dimensions it is
not.

Using equations like (8.56), Einstein considered the energy content
of an electromagnetic (light) wave in a certain volume. In system S’
let the energy contained in a volume V’ be equal to W’. Then the energy
W contained in the corresponding volume V in 8 is

w=w m_“ ° (8-57)

where o’ is the angle that the direction of the light ray in S’ makes with
the direction of v, the relative velocity of S’ and S. The transformation
law (8.57) for the energy content of a light wave is remarkable for being
identical with (8.34), the transformation law for the frequency, although
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the derivation of (8.57) in no way invokes the frequency. From (8.57)
and (8.34) we obtain

W/iv=W//=h (8.58)

where h is a constant of proportionality. This is just the familiar quan-
tum condition (6.2)! It is indeed remarkable that the relativity theory,
which treats light exclusively as electromagnetic waves, should lead
directly to the idea of the quantum. Relativity itself of course gives
no indication of the actual magnitude of A but lends strong support
to the quantum concept in general. In the next chapter we shall sec
how relativistic formulas provide a starting point for further develop-
ment of quantum mechanics.

SUMMARY

The theory of relativity rests on the postulate that all systems of
reference are equivalent if they are inertial; i.e., differ only by motion
with a uniform velocity. This means that there is no absolute system of
coordinates nor any way for determining an absolute velocity for any
system 8. In particular, we cannot specify any velocity for S by observa-
tions made on S alone.

The relativity postulate includes electromagnetic phenomena, so that
the velocity of light is a constant for all inertial systems. This hypoth-
esis is in accord with the null result of the Michelson-Morley experi-
ment. From this axiom we can obtain the Lorentz transformation.
The transformation is physically equivalent to the apparent shortening
of a rod moving with velocity v = ¢8 by a factor v/1 — g* known as .
the Lorentz contraction. A time interval in a system S’ moving with
velocity v relative to an observer appears to have lengthened by a cor-
responding factor 1/4/1 — pt.

This Lorentz factor also appears in the relativistic transformation
of mass: a particle of rest mass m, hasaneffectivemassm = mo//1 — g
when traveling with velocity c. Its total energy at this velocity is mc',
of which moc’ is rest-mass energy and the remainder is kinetic energy.
This kinetic energy mec*(1/4/1T — B — 1) & jme’ whenv/c = 8 & 1.
The rest-mass energy is not ordinarily converted into work or heat, but
such conversion occurs in nuclear reactions. The rest energy of an elec-
tron is mec® = 0.51 mev.

The Lorentz transformation can be used to define a 4-vector as any
four quantities that transform like z, y, 2, ¢! in going from system S to
S’. An example is the energy-momentum vector cp. , ¢p, , ¢p., E. The
magnitude of a 4-vector is invariant under a Lorentz transformation.
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A 4-vector is spacelike or timelike according as its squared magnitude
is positive or negative.
The relativistic law for addition of parallel velocities becomes

u= (' + )1+ uv/d)

For ', v K ¢, this reduces to the classical law of simple addition; but
as %' or v — ¢, the addition formula is such that u can never exceed ¢,
even when ' or » = ¢. Similar formulas exist for the relativistic addi-
tion of nonparallel velocities, and for the transformation of the direc-
tions of u and u/. The net result of these formulas is the impossibility
of achieving any velocity greater than that of light.

The relativistic Doppler effect formula is

_ ,1+Bcosa
ViR
The same transformation law holds for the energy content W of a given
volume of a light wave. This implies that
W = hy

Although relativity does not determine the constant h, it gives remark-
able support to the quantum hypothesis of light.
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ILLUSTRATIVE PROBLEMS

1. If classical theory were valid, what accelerating voltage would be
required to produce electrons with the velocity of light? What is,
according to relativistic mechanics, the actual velocity of the electrons
for this potential? By what fraction has their mass increased?

Solution. Classically, eV = img’, even forv = c. ThuseV = moc’® =
0.25 mev, or V = 250 kv. Relativistically, the kinetic energy is (8.43),

T = mc’ (—\/l———l—__--—ﬁ2 - 1) = 025 mev = }myc’
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or 1//T = g = §, so that the velocity is v = 8¢ = 34/5¢ = 0.75¢.
Their mass is my/N/1 — B = $my, an increase of 50% over the rest-
mass value.

2. The special theory of relativity is of importance for bodies that
move with velocities approaching that of light. Electrons in atomic
orbits frequently do have » — ¢, so that we should incorporate relativistic
mechanics into any complete theory of the atom. Estimate v/c for the
K electrons in lead.

Solution. According to (6.10) and (6.12) imy® = —U; = B; =
hecR(Z — o)*/n’, where Z = 82, ¢ = 1, n = 1 and m is the electron
mass. Thus

() ()

c - mc n
_ (2 X 662X 107" X 1.097 X 105>”2 - 042
B 9.1 X 10% X 3 X 10° e

On a classical basis' we expect these electrons to have 40 % of the veloc-
ity of light, so that relativistic corrections should be appreciable. Not
all atomic electrons move so rapidly; for example, the electron in a
hydrogen atom with a radius of 0.53 A has a velocity v = ¢/137. Al-
though this electron velocity is rather small relative to that of light, we
must remember that optical measurements are of extremely high pre-
cision and will reveal even very small relativistic effects.

PROBLEMS

1. | (a) Derive (8.22) from (8.21). (b) Show that the Lorentz contrac-
tion (8.23) introduced ad hoc into the Michelson-Morley will account
for the null result.

2. B rays from radium C are deflected in a circle of 16 cm radius by
an induction of 121 gausses. They then enter the space between the
place parallel plates of a capacitor, which is also in the magnetic field.
The capacitor plates are  mm apart. Find the velocity » of the elec-
trons, their total energy E, and kinetic energy T in ev, and the poten-
tial V on the capacitor plates necessary to pass the electrons.

3. What is the energy in ergs corresponding to 1 gram of rest-mass
energy? How does this compare with the energy to be obtained from
chemical combustion of a gram of coal? Before the equivalence of mass
and energy was realized, a serious problem in astrophysics was the
question of why the sun did not rapidly burn itself out. Compare the
rates of chemical and “rest-mass” burning of the sun.
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4. The elastic impact of two identical particles with rest mass m;, is
described by an observer R as follows:

(i) before impact my = mz, vy = —v: = v,

(i) after impact m)’ = my = my, v/ = —v = —v)’

(a) What are the total momentum P, total energy E, and total kinetic
energy T of the system (of both particles together) for observer R?
Give all answers in terms of mo, v , and c.

(b) How will an observer S, moving with the velocity » (i.e., with m,
before impact) describe this impact? Give the values of my, ms, v, v,
before and after the impact.

(c) What are the total momentum P, and the total energy E, of the
system for observer S?

5. In the prerelativity ether theory the ether was supposed to be
dragged along to some extent by a moving, transparent medium whose
index of refraction differs from unity. Measurements first made by
Fizeau on the velocity of light in streaming liquids indicated that the
velocity of light is

¢ =c¢/n—ov(l —1/n) (8.59)

where v is the streaming velocity of the liquid (directed opposite to
¢ and ¢’) and n its refractive index. Show that (8.59) agrees with the
relativistic law (8.25) for the addition of velocities, provided that small
terms proportional to (v/c)’ and higher powers are neglected.

The explanation of “ether drag,” as well as the negative Michelson-
Morley experiment, by the hypothesis that the velocity of light is ¢ for
all systems has deprived the concept of the ether of all usefulness. It is
now generally discarded.

6. The relation E = mc® can be used to compute the “effective mass”
of a photon. What is this mass for a photon of wavelength 6000 A?

7. Make a rough estimate of how relativity affects the binding energy
of atomic electrons. To first approximation show that if the nonrelativis-
tic binding energy is B, the relativistic binding energy is B(1 + B/2mqc’)
where my is the electron rest mass.

Proceed as follows: Equation (6.10) expresses B and the orbit radius
in terms of the electron mass. Classically this mass is my , relativistically
it is (8.38). The corresponding change in B is evaluated by using the
classical value for +* as an approximation in 1/4/1 — g2 & 1 + v*/2¢%

How large is this relativistic effect for a K electron in Pb, which has a
K absorption edge at 0.141 A?



Chapter 9
WAVE MECHANICS

In the preceding chapters we have encountered a number of phenom-
ena that require quantum mechanics for their explanation. These
quantum phenomena scarcely appeared when we viewed the atom from
the outside as a classical hard sphere; but as we penetrate into the
interior of the atom they become more and more important. The two
chief quantum phenomena that we have encountered are the photon,
or light quantum, and the quantization of electron orbits in atoms. In
previous chapters we simply introduced these ideas as working hy-
potheses to account, for the observations of atomic spectra. We now
begin the study of the details of quantum mechanics itself, which also
goes under the equivalent title of wave mechanics.

The detailed theory of wave mechanics involves a number of new and
at first sight quite striking hypotheses. The statement of these postulates
is necessarily rather mathematical in character, and their application
to physical phenomena involves considerable mathematical technique.
We shall attempt to stress the main physical features of wave mechanics,
developing the necessary mathematical apparatus as we go along. Our
discussion starts from the formulas of relativity.

9.1. The photon as a particle

Consider the properties of the photons that we suppose to constitute
the elements of a light beam in quantum mechanics. They travel in
vacuum with the velocity of light and have total energy E = hy.
According to relativistic Eq. (8.44), we can associate this energy with
a mass m = E/¢¢ = he/\. The rest mass is

m=+1—-pgm=0 9.1)

for any finite energy E of the photon, since 8 = 1. Thus a photon
behaves like a nonmaterial particle whose energy is entirely kinetic.
The momentum associated with this energy is, by (8.44a),

p=%-\/E'2_m0204=

It is frequently convenient to think of the photon as a real particle,
even in macroscopic applications where the wave picture of light is also
adequate. For example, from (9.2) we can deduce that a light beam of
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energy density u = nyE has associated with it a momentum density
g = nyp = u/c 9.3)

Here ny , the number of photons per unit volume, does not appear
explicitly in the final relation (9.3); thus we expect that (9.3) is of
general validity for both the particle and wave pictures of light. This is
in fact the case, but the derivation of (9.3) from the wave picture alone
is considerably more complicated than (9.2) and does not involve so
immediate a physical picture of the situation. In the wave theory the
momentum of light is associated with the Poynting vector, which
represents energy flow (Appendix IV); but it is not simple to give a
rigorous proof of this association.

The linear momentum of light is observable through the pressure
that it produces. Suppose a beam of light containing (ny) photons of
energy E pér unit volume impinges normally on a plane surface. If the
surface completely absorbs the photons, it also absorbs momentum at
the rate

cnyp = F/A =P (94)

per unit area of its surface. A rate of change of momentum is equivalent
to a force F; and the force per unit area is the pressure P on the surface,
as given by (9.4). Comparison with (9.3) shows that

P=u (9.5a)

If the surface is totally reflecting, the photons bounce off and reverse
their incident momentum, so that the momentum change at the surface
is twice as great as for absorption. Then

P = 2u (9.5b)

As before, relations (9.5) are derivable from the wave theory of light,
but a rigorous derivation is more difficult and physically less immediate.
The pressure (9.5) was directly measured by Lebedev and by Nichols
and Hull, shortly before the special theory of relativity appeared.
Highly polished mirrors were hung on a delicate torsion balance, in
which oscillations were excited by periodic illumination of the mirrors
with strong artificial light. The observations confirm (9.5b) within
experimental error.

9.2. The angular momentum of light

In addition to its linear momentum, light also possesses an angular
momentum. This angular momentum is predictable from the classical,
wave picture of light and has been measured in a macroscopic experi-
ment by Beth. The classical theory and the experiment involve the
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torque produced by light in a doubly refracting medium. This is an
optical medium like calcite, which has different refractive indices in
different directions. We can choose a set of principal azes in the ma-
terial such that the relationship D = €E of a simple refractive medium
(Eq. 6a, Appendix IV) becomes

D.=&E., D, = ¢E,, D, = ekE, (9.6)

where ¢, ¢, , €. are not all equal. In spite of this asymmetry, relation
(IV-7a) still holds for the polarization P per unit volume. We can
regard P as representing the number of electric dipoles per unit volume;
according to (IV-13a) the total torque per unit volume is

N=PxE=L1(0D-E) xE=-_DxE 9.7)
47 4x

since E x E = 0. In an ordinary medium where D = E, N would
also vanish identically, but in a doubly refracting medium it does not.

Suppose that a slab of doubly refracting material is cut so that two
of its principal axes are parallel to the plane faces of the slab, and the
third axis (z-axis) is perpendicular. Let a plane-polarized light wave be
incident along the z-axis. The incident E vector of amplitude E, makes
an angle 6 with the principal z-axis of the medium. The components
of E after passing through a thickness z of the crystal are

cl — ngz

E. = E, cos 0 cos

(9.8

E, = Eysin cosgt—;—n—”f

where n. = Ve, , n, = Ve, (we take the magnetic permeability of the
medium to be p = 1), and X = A/2r = ¢/w. We shall call both A
and X the “wavelength” and avoid confusion by writing the appropriate
symbol.

From (9.6)-(9.8) we calculate the torque per unit volume at a depth
2z in the slab:

N =Ni, = %Eo’ sin 0 cos 8(e, — &) cos " cos L= ™ (99)

A A

The axis of the torque is the direction of propagation of the light beam.
To take the time average of (9.9), we note that

cos (wt + A) cos (wt + B) = 3[cos 2wt + A + B) + cos (A — B)].
The first term in the brackets averages to zero, and the second term is



Sec. 9.2 WAVE MECHANICS 201

a constant. From the second term the magnitude of the torque per unit
volume at depth 2 is

N@) = '° (sm 26)(e; — €,) cos [(&_—_’-‘_1_2,_)_3 ] (9.10)

The total torque per unit area exerted on the slab is the integral of
(9.10) over the entire thickness 2 :

T/A = fo N dz o1)

= (Eo/4x)’n\ sin 20 sin (Anz/X)

where n = i(n, + n,), An = n, — ny.
The sign and magnitude of the torque (9.11) depend on the thickness
of the slab. A maximum torque occurs for a slab of thickness

2 = (x/2)(R/An) = {(\/An) (9.12)

Such a slab is called a quarier-wave plate because of the factor § occurring
in (9.12). A quarter-wave plate has the property that it turns plane-
polarized light into circularly polarized, and vice versa, as can be seen
from manipulating Eqs. (9.8). Supposec now that we ccmbine two
quarter-wave plates to make a total thickness twice that given by
(9.12), and that circularly polarized light is incident on the first plate.
It produces in this plate a torque per unit area (T'/A) given by (9.11)
and emerges plane-polarized. In the second plate it also produces a
torque T/A and emerges circularly polarized in the opposite sense from
the incident beam. Thus this half-wave plate reverses the circular
polarization of the incident light, suffering in the process a torque
2(T/A). When the angle 6 is adjusted to be 45° this torque takes its
maximum value

2(To/A) = 2n\(Eo/4r)* . (9.13)

By reflecting the transmitted beam on a mirror and passing the
reflected beam back through the plate, Beth was able to increase (7'/A4)
by another factor of 2 over (9.13). The half-wave plate was hung on a
fiber to form a torsion pendulum. The equilibrium position of the
pendulum was determined by measuring its free oscillations: first with
no light passing through the plate, then with right circularly polarized
light, and finally as a check with left circularly polarized light. The
shift of the equilibrium position under these different circumstances
measures the torque (9.13). The observations confirm not only the
existence of the torque but also its predicted magnitude.

We can associate this torque directly with angular momentum of the
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light beam. According to Newton’s law of action and reaction the torque
T/A on the crystal implies an equal and opposite torque —7T/4 on the
light beam itself. The mechanical definition of torque is that T =
AL/At, where AL is the change in angular momentum of the system
to which the torque is applied, and At is the time interval during which
AL occurs. If the thickness of the half-wave plate is [, the time during
which —7' acts on any part of the beam is At = l/v = In/c. Here
v = ¢/n is the velocity of the light through the plate. Let @ = L/V
be the angular momentum per unit volume in the beam. Then

where IA = V. The total change in angular momentum density on

passage through the half-wave plate is, from (9.13) and (9.14),
T _ 20 E0>2 _ 2k By’
M=CATT (Er =

= 2Au/c

¢ 8r (9.15)

Here n* = ue = ¢ and the energy density of the light beam in the
medium, according to (IV-14a) is U/ = eEq/8x.

A light beam experiences the change AQ when its circular polariza-
tion reverses its direction. The simplest and most direct interpretation
of (9.15) is that right (left) circularly polarized light has an angular
momentum density

Q = +Xu/c (9.16)

The change when right circularly polarized light is converted to left
circular polarization is AQ = [+Xu/c — (—Xu/c)] = 2ku/c as in (9.15).
The angular momentum density (9.16) is really a vector, Q, directed
parallel or antiparallel to the direction of propagation of the beam.
Unpolarized and plane-polarized light have no net angular momentum
density: they contain equal numbers of right and left circularly polarized
components. Any light beam can be decomposed mathematically into
circularly polarized components, regardless of whether the original beam
has any net polarization.

The association of angular momentum density with circular polariza-
tion is a fundamental aspect of light. On a classical picture the pro-
duction of a circularly polarized beam of light requires an atomic
electron moving in a circle. As the electron loses energy by radiation, it
spirals towards the center of the atom, thus losing angular momentum.
The total angular momentum of the system must be conserved, however,
according to the general principles of mechanics. This implies that the
circularly polarized radiation carries off angular momentum.
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The photon interpretation of light describes circularly polarized light
as a stream of circularly polarized photons. Beth’s experiment indicates
that each photon carries an angular momentum by rotating about its
direction of propagation as an axis.

Consider a circularly polarized, monochromatic light beam containing
n, photons per unit volume, and denote by L. the magnitude of the
angular momentum of each photon about the z-axis (direction of
propagation of the beam). Then (9.16) becomes

nyL, = Q@ = £Ru/c = £(R/c)nvhy
L, = +h/2r = xh (9.17)

The quantity h/2r occurs so often in quantum mechanics that we use
the special symbol £ for it. Equation (9.17) states that the z-component
of a photon’s angular momentum must have one of the two specific
values ==#. This statement is important in two respects: it shows that
the quantum mechanical unit for angular momentum is #; and, more
essential, it exemplifies the principle of space quantization. The angular
momentum component L, of a photon is strictly quantized, for it can
take one of only two discrete values. This principle of space quantiza-
tion, if extended to material particles like atoms, exactly explains the
observations of Stern and Gerlach (section 3.7). The details of this
explanation will be developed in Chapters 10 and 11. The space
quantization principle can even be made to yield the quantization of
orbits in atoms (section 9.6)!

9.3. The Compton effect

The preceding sections have discussed the macroscopic evidence for
the linear and angular momentum of light. The microscopic evidence
gives more detailed support to these concepts. ‘“Microscopic’ processes
here are those involving one photon at a time. The Compton effect,
first studied in 1923, provides striking experimental proof of the reality
of the linear momentum of individual photons. In this experiment
X-ray photons, which have relatively short wavelengths and hence
large momenta, scatter from electrons bound in atoms. The outermost
optical electrons have binding energies of only a few electron volts, which
is negligible in comparison with the energy of an X-ray photon, some
10* to 10° electron volts. That is, the effect is practically the same as if
the electron were free and at rest. We shall therefore consider the
mathematically simpler probem of photon scattering by a free and
initially stationary electron.

This case is an example of a procedure that repeatedly proves very
useful in physics. When a physical problem appears too difficult to
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solve directly, we try instead to find an artificial problem that is readily
soluble and is as much like the given problem as possible. After solving
the artificial problem, we can frequently improve the solution to resemble
more closely that of the real problem. The chief skill involved is to
formulate a soluble problem that closely resembles the original problem.

Consider the elastic scattering of a pho-

P ton from a free electron at rest. We take

P ¥ ____ the photon to be a particle with definite
N energy and momentum. The collision is like

P that of two perfectly elastic billiard balls,

Fig. 9.1. Compton collision. and the laws of conservation of energy and

momentum should apply. In Figure 9.1 the
initial and final photon momenta are p, p’ with corresponding en-
ergies E, E'. The electron momentum after collision is P, and its ki-
netic energy is T = mc® — moc’. Now we have

p—p =P ' (conservation of momentum) (9.18)
E-FE =T (conservation of energy) (9.19)
P = (T + moc®) — mo'c*

T® 4 2moc’T (9.20)

(momentum-energy relation for the electron)

pc = E’ p'c = E’ (9 21
(momentum-energy relation for photons) 21) .

The boldface type indicates 3-dimensional vectors; the same symbols
in ordinary type are the magnitudes of these vectors.
If 6 is the angle between initial and final photon directions,

PP="PFP =(p—p)e(p—p
2 (1:2 )@ —1) ©22)
=p + p" — 2pp’ cos 0

From (9.19) and (9.21) we have
T=E~—-FE =(p-19) (9.23)
and from (9.20) and (9.23),
P = (1/)T* + 2mT

0.24
= (p — 1)’ + 2mec(p — 7") ®249
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Combining (9.22) and (9.24), multiplying by h, and using (9.2), we
have

2moc(p — p') = 2pp’(1 — cos 6)
k(1/p’ — 1/p) = h/mec(1 — cos 6) (9.25)
N — 2 = 27Kk(1 — cos 9)

Equation (9.25) is the basic relation of the Compton effect. It states
that in scattering by a free electron an X-ray photon will increase its
wavelength by an amount that depends on the angle of scattering. The
only other quantity appearing in the final equation is the Compton
wavelength of the electron,

Mo = 2mXo = h/moc = 2.426 X 107 cm (9.25a)

which depends only on the fundamental constants k, mq, c.

Experiments verify all the features of (9.25), providing the most
direct possible evidence for the existence of light quanta. Paradoxically,
the Compton effect occurs in crystals together with Bragg reflection, a
phenomenon that we can explain only by treating light as continuous
wave motion. This is a primary example of the wave-particle duality
that is an inherent feature of wave mechanics. There seems in fact to
be no way to resolve the dilemma. Physicists are now accustomed to
describing phenomena alternatively in terms of particles or of waves,
whichever seems best suited to the purpose.

Although the Compton and photoelectric effects both reveal the
photon character of light, there is an important physical difference
between them. In the Compton effect, momentum and energy are
conserved between the photon and electron alone. In the photoelectric
effect, the photon is entirely absorbed and gives up all its energy to the
ejected electron. The student can readily prove for himself that the
photon and electron alone cannot conserve momentum in this case.
Conservation of momentum is, however, one of the few principles of
classical mechanics that carry over absolutely without modification
into wave mechanics. In the photoelectric effect, therefore, we must
recall that the electron is originally bound by electric forces to a nucleus
much heavier than itself. The binding forces serve as a means for trans-
mitting momentum to the nucleus. If the nuclear recoil momentum is
P, its energy is P?/2M ; therefore if the nuclear mass M is very large,
the nucleus can absorb a large amount of momentum without acquiring
much energy. The photoelectric effect would be impossible without the
nuclear recoil. For a free electron only the Compton effect can occur,
and for this reason it was appropriate to neglect the binding energy
in the discussion above. This qualitative argument indicates that the
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photoelectric effect is most important for photon energies of the same
order as the electron binding energy. The Compton effect is dominant
for higher photon energies.

9.4. de Broglie’s hypothesis

The particle attributes of light were known from the early days of
quantum theory around 1905. During the same period the theory of
relativity gave additional evidence that the Lorentz transformation
properties of a light wave were those of a particle with zero rest mass.
On the whole, however, light was regarded as wavelike in character.

If a wave motion had certain particle-like properties, it might have
seemed natural to ask whether nature was symmetrical in this regard—
whether particles might not have certain wavelike aspects. Eventually
such a hypothesis was indeed made and became the cornerstone of wave
mechanics. In 1924 de Broglie postulated that material particles as well
as light quanta have associated with them an intrinsic frequency »
and wavelength A, given by

v=E/h, \=h/p (9.26)

where p and E are, respectively, the momentum and total energy of the
particle. The medium in which this wave motion exists is not specified,
since the ether postulated for that purpose in the case of light turns out
to be illusory.

In the case of a photon with zero rest mass, pc = E, so that de
Broglie’s relations yield A\v = E/p = c¢ which is indeed true for light.
For a material particle with m, ¢ 0 the relation is more complicated,
and we must discuss group and phase velocities. Consider a super- .
position of two almost identical waves moving along the z-axis, repre-
sented by

o1 = A cos [2r(nt — z/\)]

9.27)
w2 = A cos 27 (vt — x/\2)]
The superposition is a wave
®=¢ + ¢
_ | Wl _ z(1 _ 1

V1+l’2 __:c 1 1
x°°s{2"[ 7 §(x+r,)]}

If M & N & Xand v & » & v, we can write the second factor of (9.28)
as cos [2x(»t — x/A)]. This represents a wave motion with velocity

v=2A (9:29)
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which is the phase velocity. The first factor of (9.28) is a much more
slowly varying amplitude function that represents wave motion with a
velocity

Ay dv Ndv _ L dv
vEggmSaam S T ! e 00

The velocity w is the group velocity, a term readily understood from Fig.
9.2. The wave motion (9.28) consists of a rapid oscillation enclosed by
more slowly varying envelopes. The solid lines in Fig. 9.2 progress
with the phase velocity v, generally greater than the group velocity w
of the envelopes. Thus the wave train appears to be constantly moving
through the slower envelopes without distorting their shape.

Fig. 9.2. Phase velocity » and group velocity w of wave packets.

We can obtain some intuitive notion of the wave-particle duality
from this picture. Each of the envelopes of Fig. 9.2 forms a “wave
packet,” which we must clearly associate with the particle aspect, while
the waves of phase velocity » represent the wave aspect. For a material
particle, the phase and group velocities are

v =2\ = E/p = c\/T+F (mec/p) (9.31)
w = dv/d(1/\) = dE/dp = ¢/ /T + (mec/p)? (9.32)
w = ¢ (9.33)

The group or particulate velocity is always less than ¢, as is required
by relativity. Conversely, the phase velocity is always greater than c,
for a material particle. In the light of relativity we must simply interpret
this to mean that we cannot experience such wave motion directly.
For a photon withmy = 0, w = v = ¢.

Figure 9.2 also applies to the photon versus wave picture of light.
Under the de Broglie hypothesis, the distinction between material
particles and photons largely disappears: they are distinguished mainly
by nonvanishing and zero values for their rest masses.

9.5. Crystal diffraction of electrons

The first direct demonstration of the wave motion associated with
particles was the experiment of Davisson and Germer (1927). In the
chapter on X-rays we noted that interference phenomena can be inter-
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preted only in terms of waves and not in terms of particles. Thus
diffraction by crystals proves the wave nature of X-rays. Davisson
and Germer tried the same measurement with electrons instead of X-rays
and looked for something similar to Bragg reflection.

The experiment consists of shooting a beam of electrons from an
electron “gun” at a nickel crystal. If the wave hypothesis is valid, the
electrons should show interference maxima at glancing angles given by
Bragg’s relation

n\ = 2dsin @ (9.34)

The effective spacing of the planes in nickel is d = 2.15 A, and the first
question in the experiment is what energy of electrons to use. The energy
must be such that the de Broglie wavelength X is less than 2 d; it should
not be too much smaller than d, however, in order to make the maxima
for different n widely spaced and easily distinguishable. Using (9.26)
and the nonrelativistic momentum-energy relation valid for a slow
electron, we obtain

A = h/p = h/\/2mT = 12.26 A//V (9.35)

where T is the kinetic energy of the electron, m its mass, and V the
accelerating voltage in volts of the electron gun. In the case of nickel
it is necessary to use V > 9 volts, say up to V around 100 volts—
voltages easily obtainable in the laboratory.

The measurement was first performed with electrons of about 50-60
electron volts energy. Peaks appeared that correspond to diffraction of
the electron waves not only from the Bragg planes in the crystal, but
also from the lattices of the surface planes. The surface diffraction fol-
lows Eq. (5.15), where b is the lattice constant. The positions of the -
peaks and their variation with V confirmed (9.35) within the experi-
mental error. This provided a striking validation of de Broglie’s hy-
pothesis. We have many indirect proofs which support the hypothesis
to a much higher degree of precision than that attainable with such a
direct experiment.

9.6. The Bohr atom

The high-precision confirmations of de Broglie’s hypothesis come
mainly from optical spectra, where extremely accurate measurements
are possible. In this section we shall see how the hypothesis (9.26) pro-
vides a natural basis for the quantization of electron orbits in an atom.
1t also introduces the integer quantum numbers n that characterize the
term values of these orbits, and provides a theoretical formula for the
Rydberg constant R in terms of fundamental constants e, k, ¢, and mo ,
the electron rest mass. The simple pictorial model used here is due to
Bohr (1913). .
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Suppose that an electron is moving in a circular orbit with constant
velocity—what becomes of its associated wave motion? The associated
waves of wavelength A = h/p must also follow the circular path. In
order for the electron motion in the orbit to be stable, the wave train
must form a standing wave. Imagine that we try to wrap an infinitely
long wave train of wavelength A around a circular orbit of radius 7.
The total wave at any position on the circumference represents a sum
over many different points on the original train. Unless the original
wave is exactly in phase at all these corresponding points, destructive
interference will exist and the net total wave on the circular orbit will
be zero. If the original wave is exactly in phase at all points that
correspond to a single position on the circle, the interference is con-
structive and a nonvanishing standing wave is set up. This phase
condition is

27r = N\ (9.36a)
where 7 is an integer. Substituting (9.26), we have
L = mvor = n(h/2x) = nh (9.36)

where L is the angular momentum of the electron in its orbit.

The form (9.36), without the physical interpretation (9.36a), was
introduced by Bohr a decade before de Broglie’s hypothesis, as an
ad hoc assumption to help explain atomic spectra. It is interesting to
note that (9.36) is a generalization of Eq. (9.17) for the angular mo-
mentum of a photon. The photon can have as its z-component of L
only one unit of %, while according to (9.36) the elgctron in an atomic
orbit can have any integral multiple of # for its angular momentum.

Equation (9.36) provides the quantization of atomic orbits that
spectroscopic observations show to be necessary. The integer n in (9.36)
plays the role of the principal quantum number in the empirical formulae
for atomic spectra. To see in detail how this comes about, consider
the equations for an electron in a circular orbit about a central charge
+Ze. From (6.10),

mor = pr = Ze'/v (9.37)
and by (9.36),
Zé'/w = pr/h = n (9.38)

Equation (9.38) relates the quantum number n to the orbital velocity
v and hence to the electron energy. The binding energy in the orbit is

(aZ

)2
n2

B=-U=+ %mov’ - +%(moc’) (9.39)

e _ 1
=% -1 (940)



210 WAVE MECHANICS Ch. 9

Equation (9.39) expresses the electron binding energy in terms of the
rest mass energy moc® of the electron, the effective charge Z at the
center of the orbit, the quantum number 7, and the quantity « defined
in (9.40). This quantity « is the “fine structure constant” of Som-
merfeld: it is a number without physical dimensions, as the reader can
check for himself, taking e to be in esu. The best numerical value of
1/« at present is not quite the integer 137, but deviates by less than
0.1% from this number, which we can use as a good approximation.
The term value corresponding to (9.39) is

_B_ B _1 moc)a’z”_Rz’

) n?

he 2xhc 4 \ 7 (941)

R=2_ (942)

where X¢ = Mo/2r is the electron Compton wavelength appearing in
(9.25). The quantity R defined by (9.42) turns out to have the same
numerical value as the spectroscopically measured Rydberg constant,
R = 1.097 X 10° cm™. Equation (9.42) represents a great triumph for
the quantum theory in relating the optical constant R to the physical
constants e, m, ¢, and h. Equation (9.41) explains the term values
(6.16) observed for the X-ray shells. The K-, L-, M-, - -- shells cor-
respond to quantum numbersn = 1, 2, 3, - - - as expected for the lowest
and next lowest energy levels. The factor (Z — o) in (6.16) is the
effective central positive charge seen by the electrons in any shell: it is
the total charge +Ze on the nucleus minus the screening by an average
of o negative electrons. For optical spectra the term values (7.7) follow
from (9.41) by assuming the nucleus is completely shielded by the other
Z — 1 electrons. By convention we express any failure of the shielding
for the optical electron by changing n ton’ = n — A, instead of altering
Zeﬁ = 1.

If, however, we remove one electron from an atom with two optical
electrons, the remaining positive ion has one optical electron with
Zet = 2. Using this picture and (9.41), we can readily understand the
laws of isoelectronic sequence in section 7.5.

For the hydrogen atom there is no “core” of electrons inside the
optical electron, and Eq. (9.41) should hold with Z = 1 and A, = 0.
Since this is the ideal case to which formula (9.41) applies, it is in-
structive to consider some of the magnitudes associated with the
hydrogen atom. The binding energy in the ground state is

B = heR = 136 ev (9.43)

The binding energies of the K(n = 1) electrons in heavier elements



Sec. 9.7 WAVE MECHANICS 21

increase roughly as Z?, so that for an element like lead the K shell
energy is on the order of 100 kev, as indicated by X-ray absorption
edges. For L electrons the binding energies are less by a factor } =
1/n? in addition to the reduction caused by screening of the nucleus.

The radius of the smallest orbit for the hydrogen atom, corresponding
to the ground state energy (9.43) is by (6.10) for Z = 1,

r=¢/B=a =053A (9:44)

For the K orbits of heavier atoms we have r = Ze’/B, where B increases
as Z’, so that the net effect is to reduce r as 1/Z. The K shells of heavy
elements thus have radii on the order of 10™° cm. The radius of the
hydrogen ground orbit serves as a sort of secondary standard of length
for some atomic problems, since all atoms have exterior dimensions on
the order of 1 A. The conventional symbol for this “Bohr orblt radius”
is @p, as in (9 44). The radii of higher orbits increase as n’aq .

We have by this time introduced four different lengths to characterize
electrons in atoms: 1/R, ao, X, and ro. It is interesting to note that
these quantities differ essentially by powers of a; using the definitions
(9.42), (9.44), (9.25a), and (4.42), the reader can readily verify that

1 a _ X _ 1o
R e d @ (9.45)

Relation (9.38) is useful for estimating the importance of relativistic

corrections for an electron in a particular orbit. We have

B =v/c=aZ/n (9.46)

For the lowest orbit of hydrogen, v = ¢/137, so that relativistic cor-
rections are not large. In the K shell of lead, however, » &~ 0.6¢c, so
that relativistic corrections are appreciable. They become rapidly
srzhaller with increasing =, since the corrections are generally of order
8.

9.7. Further details of the Bohr-Sommerfeld atom

We must emphasize that the simple model used here is no longer re-
garded as giving a completely correct picture of the atom. It was his-
torically the first successful attempt to explain orbit quantization in
atoms, however, and still remains conceptually the simplest way of
doing so. For this reason we have discussed it briefly. Because of its
inadequacies this “‘old quantum mechanics” has now been entirely re-
placed by the “new quantum mechanics,” which was developed after
de Broglie’s hypothesis and is the subject of Chapter 10.
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Many of the conclusions obtained from considering the old quantum
mechanical model remain nonetheless true in the new quantum me-
chanics. Because of its pictorial simplicity we use the quasi-classical
Bohr model in this section to obtain a few generally valid results. In
Chapter 4, an electron circulating in any orbit with a constant angular
momentum L produces a constant magnetic dipole moment, given by
v = GL, where G = ¢/2mc is the gyromagnetic ratio, Eq. (4.4). Rela-
tions (9.17) and (9.36) strongly suggest that all angular momenta in
atoms are of the order of magnitude of #, say

L=1Ih (9.47)

where ! is a fairly small, physically dimensionless number. It becomes
convenient to express the magnetic moment in terms of # also:

p = GL = gpul (9.48)
pe = eh/2mpc = 0.927 erg/gauss (9.49)
gb = ] (9.50)

Here uy is the Bohr magneton. Its order of magnitude is as expected
from paramagnetic measurements. We have also added for convenience
in later applications a dimensionless ‘g factor.”
R r In the case of orbital angular momentum L,
M I |‘_ j the g factor is g, = 1, so its insertion is super-
M fluous. It will be useful in Chapter 11, where

Fig. 9.3 Rotation of atom We encounter cases where g = 1.
about center of gravity We obtain a further confirmation of the
model on which we deduced the expression
(9.42) for R by considering the effect of nuclear motion. In deriving .
(6.10), we implicitly assumed that the nucleus was a fixed center;
i.e., that it was infinitely heavy relative to the electron. This is not
literally true. For the lightest elements the nucleus is around 10*
times as heavy as the electron, so that its motion will have an effect
of order 107 on the Bohr orbits and energies. Fractions like 10~ are
readily measurable in spectroscopy, however, which is a principal reason
for the great fruitfulness of this field. In a precise treatment of the one-
electron atom, both electron and nucleus should be considered as
rotating about their common center of mass, as indicated in Fig. 9.3.
The center of mass is defined by MR = mr'; the total radius is r =

R + 1, or hence

v = (M”Jf m)r (951)

Here m and M are the respective electron and nuclear masses. By
repeating the arguments that lead to (9.41), we find that the net result
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of the nuclear motion is to reduce E by the same factor as r in (9.51).

Thus
E,= -1 (“Z)z( mM _)c’ (9.52)

2w \m+M
The factor mM/(m + M) is the “reduced mass” of the electron in the
center of mass system.

From (9.52) we see that the Rydberg constant of (9.42) is really
R, , corresponding to infinite nuclear mass M. Then

Ry = (M/M + m)R, (9.53)
The difference between Ry and R is greatest for hydrogen, where
R, = 1097373 em™, Ry = 109,677.6 em™' (9.54)

From thesé experimental values and (9.53) we can deduce the ratio
M /m for the hydrogen nucleus and clectron. It is found to be M/m =
1836, in excellent agreement with the deflection measurements of ¢/m
for electrons and hydrogen ions.

The simple circular orbits of section 9.6 may be generalized to elliptical
orbits with the nucleus at one focus, a step first taken by Sommerfeld.
Although this development encompasses some further details of atomic
structure, it belongs to the now discarded old quantum theory and will
not be discussed here.

9.8. The correspondence principle

Quantum mechanics, in its “old” or “new” form, represents a radical
departure from classical theory. The question then arises, how can the
laws of classical mechanics and electrodynamics be valid for large-scale
phenomena when they fail so badly in application to atoms and electrons?
The answer is that quantum mechanics is fundamental and correct in
every situation, while classical mechanics is only an approximation
valid under conditions generally satisfied in the macroscopic world. In
quantum mechanical terms we can state these conditions rather precisely:
quantum mechanics approaches infinitesimally close to classical me-
chanics in the limit as the quantum numbers n — oo, This is the
principle of correspondence between classical and quantum mechanics
enunciated by Bohr for the old quantum mechanics; it is equally valid
for the new. It strongly resembles the theorems in mathematics that a
series like 1/n, where x takes only integer values, is well approximated
by the continuous function 1/z, when z, n 3> 1. The difference between
quantum (integer) and classical (continuous) formulas is most pro-
nounced for low values of .

As an illustration of this correspondence, consider the frequencies of
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light emitted by the hydrogen atom from orbits of large n. The frequency
for a transition from n; to n, is

v = ke = Re(1/n’ — 1/n°) (9.55)

If the change An = (n, — ny) < my, ny, this expression becomes ap-
proximately
v & (2Re/n’) An = vy An
’ (9.56)
nR"n R Ne
Since An = 1,2, 8, - -, the frequencies (9.56) are just the harmonics
of a fundamental frequency », = 2Rc/n’. The frequency of rotation of
the electron in its orbit is, from (9.37-39), (9.41),

Y e T mer Cam o w0

Thus the fundamental frequency of radiation equals the frequency
of electron rotation in its orbit, which is just the classical result. Note
that (9.56) is an approximation valid only if An < n. Thus a second
requirement for quantum mechanics to approach classical mechanics is
that in any transition An < n.

9.9. The uncertainty principle

The stationary orbits for atomic electrons that follow from de Broglie’s
hypothesis combine some features of the static and dynamic models.
This is why each of these classical models could lead in some instances
to correct conclusions. In the quantum mechanical picture of an
atomic state, the wave packet of the electron is distributed over the
entire region occupied by the classical orbit. This distribution can be
regarded as a standing wave that does not vary with time; in this way
we can understand how such states can exist without radiating. On the
other hand, this description does not permit us to specify exactly the
position or velocity of the electron in the atom. Thus to obtain the
advantages of a wave packet picture of stationary states, we must
abandon the idea of classical kinematics, where the position and velocity
of a point particle (electron) can always be specified exactly.

This sacrifice of classical kinematics is not peculiar to the problem
of the atom but is a fundamental, general feature of wave mechanics.
In fact, one statement of the basic postulates of the new quantum
mechanics is that a classical, completely determined motion cannot be
ascribed to any mechanical system, including atoms. This is the un-
certainty principle. Its discussion here will serve to introduce the
philosophy of the new quantum mechanics, which is the basis for the
treatment of the,atom in Chapter 10.
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The philosophy of the uncertainty principle is directly akin to that
underlying the theory of relativity. Relativity insists on considering
physical situations only in relation to their possibilities of measure-
ment. There is no such thing as an absolute measurement of length or
of a time interval.

In specifying a length or time interval, it is always necessary to
specify in addition the relative motion of the observer. The observer
and his limitations can never be divoreed from the system under observa-
tion. For example, we could also derive the Lorentz transformations
(8.21) on the assumption that two observers in S and S’ can com-
municate by signals which travel only with the speed of light and no
faster. In quantum mechanics a similar insistence on taking into account
the means of measurement in any situation leads to Heisenberg’s un-
certainty prjnciple.

To state this principle, we may return to Fig. 9.2, in which the
envelopes represent the particle aspeet of a wave train. From this
picture it is clear that we cannot localize an individual particle in
position closer than a distance of order Az = 1D, where D is the length
of an envelope. According to (9.28), this distance is

1
D= eV (9.58)
Substituting (9.26), we have
Az Ap =~ h/2=~h (9.59)

Here Ap represents an uncertainty in the particle momentum, which
gives rise to the spread in wavelength A(1/X). Since (9.59) is only an
order of magnitude estimate, we can write % instead of h on the right-
hand side. '

Equation (9.59) is Heisenberg’s famous uncertainty relation. It
states that the uncertainty in the simultaneous knowledge of the
position and momentum of a particle can never be less than a certain
amount, For example, if we know the position exactly, Az = 0, Ap —
«, and we can say nothing at all about the momentum. Conversely, if
Ap = 0, Az — oo, so that a perfect knowledge of momentum implies a
complete ignorance of position in space. When Ap = 0 the wave train
in Fig. 9.2 is of constant amplitude and contains just one wavelength,
corresponding to envelopes that have become infinitely long. A beam
of monochromatic light provides a physical example of this situation:
the photons all have the exactly known momentum p = h/X, but their
position is unknown within infinite limits.

This uncertainty in knowledge of the position and momentum
(velocity) of a particle implies that we cannot predict exactly where it
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will be at some later time or exactly how it will be moving. Thus we
must abandon the absolute predictability of classical physics, much in
the same way as relativity abandons the classical idea of absolute
motion. It is useless to try to measure the position and momentum of a
particle more accurately than allowed by (9.59). For suppose that we
attempt to measure the position with great precision. To do this we
must be able to see the particle, which involves reflection of light from
the particle. The smallest unit of light that can be reflected is one
photon, and we have seen in the Compton effect how such a reflection
behaves like a billiard ball collision. Reflection of the photon would
impart to the particle a certain recoil momentum. That is, the very
act of measuring the particle position would make our knowledge of its
momentum less precise. A second measurement to redetermine the
momentum would disturb the position, etc. A physical argument of
this sort, based on the limitations in measuring technique available to
an observer, can be carried through to yield just the relation (9.59).

The wave train in Fig. 9.2 proceeds along the z-axis, so that the un-
certainty relation actually holds between Ar and Ap., the component
of momentum in the z-direction. Similar relations of course hold between
Ay and Ap,, Az and Ap.. Now we wish quantum mechanics to be in
addition relativistically invariant, and the discussion of 4-vectors
shows that the (ct) bears the same relation to =, y, z as (E/c) does to
Pz, Dy, P. - Therefore a corresponding uncertainty relation must exist
between ¢ and E;

Alct) A(E/c) = MMAE =~ | (9.60)

Uncertainty relations of the type (9.59) and (9.60) exist in fact be- .
tween all pairs of “canonically conjugate” variables in classical me-
chanics. The only other such pairs that will be of importance to our
discussion are the angular momentum L and angular position ¢, for
which

AL, Ap, = h (9.61)

Here ¢, is the angle of rotation about the z-axis; and similar rules per-
tain to the z- and y-axes.

We can apply the uncertainty principle to obtain a physical inter-
pretation of the Compton wavelength A, (9.25a). Consider the relativis-
tic momentum-energy equation p’ + (mec)’ = (E/c)’. Here moc has
the dimensions of a momentum, but it is a quantity intrinsic to the
particle and Lorentz invariant. If we insert Ap = mqc in (9.59), the
corresponding uncertainty in position is

Az = h/Ap = X (9.62)
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Thus the Compton wavelength represents a sort of inherent uncer-
tainty in position or “spread” of a particle, which it should exhibit even
when at rest.

Relation (9.62) points out an interesting contrast between classical
and quantum mechanics. Any estimate of the size of an electron by
classical means always leads to a radius on the order of 7, = ¢*/moc® =
2.8 X 107 c¢m. In quantum mechanics, however, we cannot localize
the position of an electron at rest any closer than X, , regardless of what
the intrinsic size of the electron may be. Thus in atomic phenomena
the electron generally has an “effective” size on the order of Xy, which
is 137 times larger than the classical electron radius 7, .

The uncertainty relation makes it clear why classical mechanics is
successful for macroscopic phenomena, while wave mechanics is neces-
sary for atomic systems. Since & =~ 107" erg sec in cgs units, the un-
certainty ir* position and momentum of a large-scale object is many
orders of magnitude smaller than any measurement could show. We
can then neglect the uncertainty relation and with it the essential wave
structure of nature. The particle approximation of classical mechanics
is sufficient. In atomic systems, however, the distances and momenta
for light particles like electrons become extremely small and are com-
parable in magnitude with their uncertainties. The effects of the un-
certainties then become very pronounced, as in the example of the
electron radius discussed above.

SUMMARY

The formulas of relativity suggest considering the photon a particle
of rest mass zero. The energy of the particle is E = hv, and the corre-
sponding momentum is p = FE/c = h/\. Macroscopic experiments
demonstrate the reality of this linear momentum. They also show an
angular momentum for circularly polarized light, corresponding to
L, = +h = =£h/2x for each photon. Thus angular momentum appears
to be quantized in wave mechanics.

. The Compton effect provides microscopic verification of the linear
momentum as a property of individual photons. In this experiment a
photon scatters elastically from an electron. The measured change in
wavelength of the scattered photon agrees with the model of a billiard-
ball collision and verifies the relation p = h/A.

De Broglie’s hypothesis is that material particles as well as photons
have associated wave motions given by the same relations as for pho-
tons: v = E/h, A\ = h/p, where p and E are, respectively, the momen-
tum and total relativistic energy of the particle. We can associate
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these quantities with the phase and group velocities of a wave packet.
The group velocity w of the wave packet is always w < ¢ for a material
particle and is in fact the ordinary particle velocity. The phase velocity
v = \v of the associated wave is v = ¢’/w > c, so that according to
relativity it is not directly observable. For the special case of a photon
with zero rest mass, v = w = c.

The Davisson-Germer experiment of scattering electrons from a
crystal provides direct evidence of the wave motion associated with
particles. In this scattering interference maxima appear, which re-
semble the reflection of X-rays from the Bragg planes. Since the prop-
erty of interference is a characteristic only of waves and not of particles
as such, this experiment conclusively proves the existence of wave
motion associated with particles like electrons. Quantitatively the
measurements agree with the value A = h/p for the wavelength.

The application of de Broglie’s hypothesis to motion in a circle leads
immediately to the quantization of orbits, in agreement with the em-
pirical evidence from atomic spectra. If a wave traveling in a circular
orbit is to remain stable, it must not cancel itself out by destructive
interference. Hence the only allowed orbits are those for which nA =
2xr, or hence L = nh = nh/2m, where n = 1, 2, 3, - - - is an integer.
The corresponding electron binding energies are B = (Z°/n’)hcR, where
+Ze is the effective charge on the core and n is the quantum number.
This is just the form of the observations discussed in Chapter 7, and
the Rydberg constant is R = (3r) o®/ry, where @ = ¢'/hc = 147 and
ro = €/myc is the classical electron radius. The success of this formula
in interpreting atomic spectra and in predicting the numerical value of
R lends strong support to de Broglie’s hypothesis.

To specify the magnetic dipole moment u associated with the orbital
motion of the electron, it is convenient to introduce the Bohr mag-
neton py = eh/2mec. The magnetic moment for an angular momentum
L = Ilhis then u = gruol, where g, = 1.

A physical interpretation of de Broglie’s hypothesis is the uncertainty
principle, which states that

Ap Az &~ AE At = AL Ap R B,

where Ap is the uncertainty in the value of a particle’s momentum and
Az the uncertainty in its corresponding position. Uncertainty relations
exist between all pairs of “conjugate” variables such as E and ¢, LL and
¢. It is impossible to overcome this uncertainty by any series of meas-
urements, since any measurement to fix = accurately will disturb p by
an unknown amount, etc. This uncertainty is of no importance for
macroscopic objects because % is so small, but for electrons in atoms the
uncertainties are relatively large and a quantum mechanical treatment
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is necessary. Quantum mechanical formulas approach infinitesimally
close to classical formulas in the limit of large quantum numbers, n —
o (principle of correspondence). On the other hand, for small quantum
numbers it is impossible to apply the deterministic formulas of classical
mechanics, according to the uncertainty principle. For this reason the
“old quantum mechanics” of the Bohr atom has been replaced by the
“new quantum mechanics” incorporating de Broglie’s hypothesis and
the uncertainty principle (Chapter 10).
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ILLUSTRATIVE PROBLEMS

1. What is the maximum wavelength that a photon can have and be
able to transfer half its energy to the recoil electron during a Compton
impact? What are the direction and magnitude of the velocity of the
recoil electron in this case?

Solution. The maximum change in wavelength or hence energy is
given by (9.25) with 8 = 180°. The scattered photon emerges in the
backward direction. Then N — XA = 4aX. If we require that »' =
v/2, X' = 2\; or hence A = 2\, = 48.5 XU. The electron recoils straight
forward and has kinetic energy hv/2 = hc/2\ = moc’/4. According to
the relativistic formula this is moc’/4 = moc’(1/4/1 — 2 — 1) or hence
v/e=8=%19=3% = 18 X 10" cm/sec.
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2. A cubic crystal has a lattice constant of @ = 3A. A beam of 36-
volt electrons is incident upon the crystal. Locate the positions of the
strongest two maxima as the crystal is rotated.

Solution. The wavelength of the electrons is by (9.35), A = 12.2/6 =
2.03 A. The strongest maximum is from the n = 1 reflection on the
(100) planes; the next strongest maxima are from n = 1 on the (110)
planes and » = 2 on the (100) planes. For the (100) planes d = a =
3 A, for the (110) planes d = a/v/2 = 2.12 A. The corresponding
values of 6 are 6 = sin™' (nA/2d) = sin”' (0.34), sin~’ (0.48), sin”'
(0.68). The angles of deviation from the incident beam at which the
diffracted clectrons appear are 180° — 26 = 140°, 123°, 96°.

3. (a) What minimum energy in ev must the electron in a spark
discharge have to be able to strip a sodium (Z = 11) atom of its last
electron, assuming that the other ten have already been removed? Is
this energy smaller or larger than that required to excite the K radia-
tion of the Na metal? (b) What is the wavelength of the first line of
the “Lyman series” of a ten times ionized Na atom?

Solution. (a) B = heRZ*/n* = (11)* X 13.6 ev = 1.64 kev. The
formula for the X-ray K cdges is T = (Z — 1)’R, indicating that for
the K electrons in Na metal there is already some shielding of the
nucleus. The energy to strip the last electron involves Z* instead of
(Z — 1)” and is therefore larger than that required to excite K radia-
tion. (b) The wave number is

I/N=%f=T-1T = RZ[})’ — 3)]
=1.00 X 10"em™,orA = 10 A

PROBLEMS

1. Derive the following alternative expressions for the group velocity
in a dispersive medium,

_dv  _dew _ _ 2x
w = J(W = dk where w = 21|'V, k= T

11 dn\ _1( _ dn
a,‘z(””a;)‘a(" *"dTo)

where Ao is the wavelength in vacuum, n the refractive index. Apply
these relations to the velocity of X-ray photons for whichn = 1 —
A/v*. Show the validity of the relation 1/w + 1/v = 2/c and show that
the X-ray photons travel with a velocity smaller than c.

2. Using relativistic mechanics, find the voltage required for pro-
ducing an electron for which the phase velocity is twice the electron
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velocity. Compute the frequency and the wavelength of this electron
wave.

3. Determine the wavelength of X-rays for which the Compton scat-
tering at 90° has twice the wavelength of the unmodified scattering in
the forward direction.

4. Show that momentum and energy could not be conserved if a free
electron were to absorb a quantum of any energy without re-emitting
a second quantum or transferring recoil momentum to a nucleus. Re-
verse the argument to show that a freely moving electron of any energy
cannot spontaneously emit radiation, and that it can convert some of
its energy to photons only in a collision process. This is the quantum
mechanical statement of the classical fact that a charge radiates only
when accelerated but not during uniform motion.

5. An electron beam is incident normal to the lattice planes of a
simple cubic lattice with a lattice constant of 2 A.

(a) Determine the electron energies in ev required to produce pref-
erential reflection at the crystal surface at an angle of 150° with the
incident beam.

(b) For what electron energies will a “Bragg reflected” beam at 90°
to the incident beam occur?

6. An experiment is performed in which a beam of 100-volt electrons
is incident at an angle of 7 = 30° with the normal to the plane of a
double grid. The two grids are electrically separate, and between them
is a retarding potential V.

(a) What is the de Broglie wavelength of the incident beam of elec-
trons?

(b) When V = 36 volts what is the wavelength for the beam trans-
mitted through the grids?

(c) From these wavelengths compute the relative refractive index for
the electron waves in the two spaces on both sides of the double grid.

(d) Using Snell’s law compute the angle of refraction r of the re-
fracted beam, relative to the normal to the plane of the grids, when
V = 36 volts.

(e) For what voltage V will the electrons be totally reflected by the
double screen? Use the optical condition sin r = 1.

(f) Show that the results of (d) and (e) agree with the conclusions
arrived at by computing the deflection of the electrons with classical
particle mechanics.

7. Derive a relation for computing the mass m, of the electron from
Ry, Rz, mu, and m;z, where Ry is the Rydoerg constant for hydrogen,
my is the mass of a neutral hydrogen atom, and R is the Rydberg
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constant for an atom composed of a single electron revolving about a
nucleus of charge Ze, and m  is the mass of a neutral atom with this
nucleus (and Z electrons). Compute my (in amu) from the following
data: Ry = 109,677.58 cm™, Ry, = 109,722.27 cm™, myz = 1.00814
amu, and my. = 4.00388 amu.

8. A gas-discharge tube, driven at a high potential, contains H', H?,
He®, He', Li®, Li’ ions or atoms, where the superscripts give the masses
in amu.

(a) What is the minimum potential that must be applied to the tube
to make all these ions emit a hydrogenlike spectrum?

(b) What is the wavelength of the spectrum line of highest frequency
emitted by these hydrogenlike atoms?

(¢) All the above atoms or ions will emit light of nearly the same
wavelength as the first line of the Lyman series of H'. Compute how
much they differ in frequency and wavelength from this line and show
in a sketch in the wavelength scale how the spectrum of the discharge
would appear in the neighborhood of the first Lyman line.

9. In quantum mechanics the appearance of discrete energy levels is
characteristic of any bound system. It is not peculiar to atoms with a
potential varying as 1/r. Using the old quantum mechanics approach—
i.e., (9.36), find the energy levels of a harmonic oscillator in quantum
mechanics. Proceed along the following line:

(a) consider a 3-dimensional harmonic oscillator, with potential
energy V = 3kr?, kinetic energy T = }ms’, and frequency of vibration
wo = V'k/m. Let the mass m be rotating in a stable orbit, in which the
centripetal acceleration is provided by the spring force kr. Show that
in this orbit w = v/r = wp .

(b) Quantize the orbit by means of (9.36) and show that its total
energyis E = T + V = nhw, = nhy , where », is the classical linear
frequency andn = 0, 1, 2, 3, - - - is an integer.

(¢) A three-dimensional harmonic oscillation can be resolved into
three independent one-dimensional oscillations (z-, y-, - components).
Each of these independent oscillations must be separately quantized and
still satisfy E; + E, + E. = E. The most general way of doing this is
to take E. = nzhw,, etc. so that n, + n, + n, = n. Thus the one-
dimensional harmonic oscillator has the same quantized energy levels as
the three-dimensional oscillator.

In the new quantum mechanics the harmonic oscillator levels are
more correctly given as E, = (n + %)hw . Note that this is just the
energy (6.1) of a number of photons in an enclosure. The two problems
are in fact the same: the electromagnetic field in an enclosure can be
represented as a number of equivalent oscillators of various frequencies
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v. When these oscillators are quantized, the nth excited level of a par-
ticular oscillator corresponds to the presence of n photons of that fre-
quency in the enclosure. We may ultimately allow the enclosure to
become infinitely large, in which case the number of virtual field oscil-
lators also becomes infinite.

10. The diffraction pattern produced by two slits of width “a” at a
separation “d” has five strong maxima when d/a = 3. As a first ap-
proximation the intensity distribution can be assumed to consist of
five sharp lines with the following diffraction angles 6 and intensities I:

central max: 6 =0, I = 0.38]
first side max: 0 = +M/d, I = 0.261,
second side max: 0= £2\/d, I = 0.051,

Note that 2.7 = I,. In terms of the photon theory this result can be
interpreted as follows: the z-coordinates of the photons passing through
the slits are known with an uncertainty Az = % d; and since the z-
component of their momentum is h6/), it is known with a mean-square
uncertainty

8pe = N/ ST/l

because I/I, is the probability for occurrence of the deflection 6. Show
that Ap, Az = h(constant) and find the value of the constant.



Chapter 10
THE SCHROEDINGER EQUATION

In the previous chapter we have discussed de Broglie’s wave hy-
pothesis and have made one simple application to the motion of an
electron in an atomic orbit. This application is somewhat oversimpli-
fied, because it does not make use of all the properties of the associated
wave motion, but only of the coincidence of the phase of the wave after
completing a circuit of the orbit. To study the behavior of atomic
electrons in further detail, we must treat the de Broglie waves with
more complete and adequate mathematics. One of the most straight-
forward mathematical techniques is that of the Schroedinger equa-
tion (1926).

This chapter introduces the Schroedinger equation and the termi-
nology used to relate it to physical interpretation. We apply it to the
physically interesting case of the hydrogenlike atom.

10.1. The equation

In classical mechanics a system is completely described if we can set
up and solve the equations of motion. These equations of motion are
all applications of Newton’s law F = ma subject to the constraint of
the particular system at hand; auxiliary laws like the conservation of
energy simply represent integrals of F = ma. In wave mechanics we
must likewise set up an equation of motion for the de Broglie waves as- ~
sociated with the particles. The solution of this equation then repre-
sents the complete wave mechanical description of the system. It
contains all the information we can ever obtain about the system. If
this wave mechanical solution allows a physical interpretation as
particle motion in definite orbits, classical mechanics will be a valid
approximation. This is the case for macroscopic bodies or for any
system when the quantum numbers are large, according to the corre-
spondence principle (section 9.8). For microscopic systems in states of
low quantum number we cannot make the simple classical approxima-
tion of particles in definite orbits but must return to the basiec, wave
mechanical description.

The wave equation of motion is the Schroedinger equation. To set up
this equation, consider the individual wave trains that combine to form
the particle-like envelopes of Fig. 9.2. These wave trains are specified
by a function of the form

¥ = A sin [2x(t — z/A)] 4+ B cos [2x(»t — z/A)] (10.1)

9294
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The wave funciion ¥ represents a periodic disturbance of some sort, but
we cannot specify the exact nature of this disturbance nor of the medium
in which it propagates. These questions are as meaningless as those
relating to the absolute ether, which physicists in prerelativity days
supposed to be the exclusive medium for the propagation of light. The
wave function (10.1) actually represents a traveling wave that moves
in the positive z-direction with a phase velocity v = Av. Another type
of wave function is the standing wave, given by

¥ = (A’ sin 2xrx/\ + B’ cos 2xx/\) sin 2wl (10.2).

Standing and traveling waves are familiar in elementary physics from
the discussion of acoustic vibrations in strings and air columns. The
standing wave is most useful for our present purpose, which is ultimately
to describe the states of an electron bound in an atom. A bound electron
can certainly not travel to infinity as does the traveling wave (10.1).

As in the acoustical case, both traveling and standing waves satisfy
the wave equation

v _ 19w
Fraa (103)
If we now generalize the wave motion to three dimensions, (10.3) be-
comes

ER A A 4 _ 1w

é:—t'i'f' + = =vy

oyt | 9z T o (104)

The symbol V* is a conventional abbreviation for the differential oper-
ator 8*/9z" + 8%/9y’ + 98°/972’.

We must now find a way of relating the wave equation (10.4) to the
classical mechanical equation that would apply in this case. Then for
any problem we can always find the correct wave equation by first
setting up the classical equation and performing certain formal algebraic
operations. To find these operations, we note that (10.4) is the wave
equation for a free particle, for which by (9.31)

p+p +p’=p=EN (10.5)

where E is the total relativistic energy of the particle. Now (10.5) be-
comes just (10.4) if we multiply on the right by ¥ and make the sub-
stitutions

Dz, Dy, Ds — —thd/dx, —ihd/dy, —ihd/dz  (106)

E — iha/at

The factors # make the physical dimensions the same on both sides of
(10.6); the other factors are thus far determined only to within a con-
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stant multiplier K. The choice of K = =7 is dictated by the following
considerations: we want to be able to write

p¥ = h/A¥ (10.7)
in accord with de Broglie’s hypothesis (9.2). For this purpose we de-

compose ¥ into terms of the form ¥ = ¢*"*¢**"*' and consider a
single one of such terms. Then if p, — Khd/dx, we have
, ) .
pY — I—(-Z—‘:«I-' =+ Kzi"h v =+ !‘;’—h v (10.8)

This is of the form (10.7) if K = 43:. Thus we have established all the
factors in (10.6), except for the =+ signs, which are arbitrary. Equation
(10.6) gives the standard sign convention.

We can write (10.5) in the form p* + moc’ = E*/c’. Substituting
(10.6) and applying to ¥ yields

1 9’

| vy — a3 = my’cV (10.9)
This resembles an equation for a wave of velocity ¢, except for the ad-
dition of an extra term m.’c¥. For a photon with my = 0, (10.9) be-
comes just the equation for a light wave, with ¥ = E, H, etc. Equation
(10.9) is sometimes known as the relativistic Schroedinger equation, but
it is the nonrelativistic form that we shall use. To obtain the nonrela-
tivistic form, we write

E=md+ W-=1V) (10.10)

where mqc’ is the rest-mass energy, W — V = T is the kinetic energy of
the particle, V is its potential energy, and W is its total energy exclusive
of rest mass. Then in the nonrelativistic case when T << moc’, we have

P’ + mo’c® = (E/e)’ & moct + 2me(W — V) + ---
p/2m +V =W (10.11)
The only quantity on the right-hand side of (10.10) that could replace
E as a time derivative operator is W; in analogy with (10.6) we put
W — ihd/at (10.12)

We are now in a position to write the usual nonrelativistic Schroe- -
dinger equation. The prescription is the following: write the classical
Hamiltonian form (10.11) for the system, expressing the conservation
of energy. In this form make the substitutions (10.6) and (10.12),
applying the operators to the wave function ¥. The resulting form

- ., OV
( %v + V)\I' = zhﬁ (10.13)
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is known as the time-dependent Schroedinger equation. For our ap-
plication to clectrons in atoms we shall mainly be interested in cases
where W is a constant, corresponding to a definite discrete energy level.
In this case

m%‘;’ = Ww (10.142)
V= g MU (10.14b)
[v’ + -2—h"%" w - V)]-p =0 (10.15)

Equation (10.15) with W a constant is the time-independent Schroe-
dinger equation. This is the basic equation to solve in obtaining a wave-
mechanical description of the system.

10.2. The particle in a box

As an example of the explicit solution of (10.15) for a physical situa-
tion, consider a free particle in a box. The simplest possible case is a
one-dimensional box of length D. We take the potential energy inside
the box to be V = 0, and the Schroedinger equation (10.15) becomes

(0*/92 + k') = 0 (10.16)
k = v/ 2mW/h? (10.16a)

Here k = 1/% is called the wave number of the particle; it is related by a
factor 2r to the wave number of spectroscopy (Chapters 6 and 7),
k = 2x% = 2x(1/A). The general solution of (10.16) is ¢ = A sin kz 4
B cos kzx, which we can also write in the equivalent form

¥ = Asin (kz + 9) (10.17)

Since (10.16) is a second-order differential equation, the general
solution (10.17) has two arbitrary constants. We can determine one of
these from boundary conditions on ¢ provided by the physical situa-
tion. The wave function ¢ is somehow associated with the particle in
the classical picture. Classically, the particle cannot be outside the
box, so it is reasonable to suppose that ¢ = 0 in this region. Further-
more, since all wave motions that we know in nature are continuous,
we expect the same of the de Broglie waves. This means that we should
impose the boundary conditions ¢ = 0 at both ends of the box. Let the
positions of these ends be z = 0, D. Then

y(0) = Asiné=0, &=0 (10.18)
¥(D) =0 = AsinkD (10.19)
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In (10.18) & = 0 is the simplest solution of sin § = 0. We cannot take
A = 0, because then y would vanish everywhere, corresponding to the
total absence of the particle. In (10.19) we have already inserted § = 0;
if A £ 0, the only solution is

k = nx/D, n=123--- (10.20)

We exclude n = 0 because this would again lead to identically vanish-
ing ¢; and negative integer n are entirely equivalent to the positive
integers. ‘

Equation (10.20) is a quantization condition that introduces the
quantum number n. It arises from the physical boundary conditions
on ¢ and leads to the quantized energies

2
= 511;;0 (’%ﬁ) (10.21)

Thus the wave-mechanical particle in a box has discrete, quantized
energy levels W, . This is in contrast to the classical particle, which can
have any energy. The corresponding wave functions ¢ are plotted in
Fig. 10.1 for the lowest values of n. Note that there are (n — 1) interior
positions in the box where ¢ = 0. These are the nodes of the wave
function.

Can we find any relation between this wave mechanical solution and
the classical picture of a particle in a box? Classically, a particle in a
one-dimensional box must continuously bounce back and forth be-
tween the ends of the box. Now consider the total wave function

v = we_"thh _ Ae—‘Wt/,l sin kx - é-_ (ei(kz—Wt/h) _e—‘(kz+wt/'l)) (10 22)
21 |

The first term represents a wave traveling to the right, the second a
wave traveling to the left. In this qualitative respect the wave mechani-
cal solution (10.22) resembles the classical situation of a particle bounc-
ing back and forth. The waves, however, obey a strict phase relation

X=0 M3 N\ XD

SeA

Fig. 10-1. Wave functions y, of a particle in a one-dimensional box
of length D.
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such that the total ¢ is always zero at the ends of the box and at the
nodes.

It is a straightforward matter to extend the above formulas to the
more realistic case of a particle in a three-dimensional box. In this
case the Schroedinger equation becomes

(_*?_2_ L8 8 ;g) v=0 (10.23)
ax? 9y 92
The general solution is
¢ = A sin (ks + 8.) sin (ky + §,) sin (k.z + &) (10.24)
kX + k4 k=K = 2mW/H (10.24a)

Using the same arguments as before about the boundary conditions
¢ = 0 at the edges of the box, we obtain

. 5.=0,=06 =0 (10.25a)
k. = wn/D., k, = wn,/D,, k, = wn./D,  (10.25b)

Here n,, n, , n, are quantum numbers that can independently assume
the values 1, 2, 3, --- ; and D,, D,, D, are the dimensions of the
rectangular box. The nodes where ¢ = 0 are now planes parallel to the
sides of the box, instead of points as in the one-dimensional case.

The quantized energy values of the particle in the box are

- STG) () e com

If D., D,, D, are incommensurate, no two values of W will be the
same. When any two sides of the box are in the ratio of whole numbers,

v Y4

x|

(3,4,n;) X (3,3,n)
/ [

P

(3,4,n)" X (4,3,n,) X

Fig. 10-2. Eigenfunction ¢ corresponding to degenerate eigen-
values for D, = D, . The lines are the nodal positions where y = 0.
In the two upper diagrams W (3, 4, n.) = W(4, 3, n,) and a degeneracy
exists. In the two lower diagrams a small perturbation has been
introduced, which makes W'(3, 4, n.) < W'(4, 3, n,) and hence re-
moves the degeneracy.
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however, there will be many cases where W is identical for two or more
different sets of quantum numbers. Such energy levels are said to be
degenerate. They correspond to wave functions that are geometrically
different and just happen to have identical energies. In this situation
a measurement of the energy alone would not be able to distinguish
between the different possible geometrical configurations of the system.
Actually this ideal condition of degeneracy is seldom fulfilled in practice:
the box generally has some small irregularities which destroy the de-
generacy, making the energy of each geometrical configuration (choice of
N, Ny, , n.) slightly different. These irregularities cause a perturbation
of the system that removes the degeneracy. Figure 10.2 illustrates this
for a box with D, = D, . The (3, 4, n.) and (4, 3, n.) states are originally
degenerate. The perturbation is a small dent in the side of the box,
which splits the degenerate energies.

Equation (10.26) illustrates one way in which the wave mechanical
solution approaches the classical situation for high quantum numbers
(correspondence principle). The energy levels (10.26) are discrete, but
as n., n,, n, — o, the average spacing between successive levels de-
creases as 1/n’. Thus for high n the energy levels approach the con-
tinuous distribution of classical mechanics.

10.3. The hydrogenlike atom

A problem of greater physical importance than the rectangular box
is the hydrogen atom. It was nevertheless worth while to discuss the
rectangular box in some detail, because many general properties of its
wave functions and quantized energy levels have close analogues in the
atomic case. The rectangular box has the advantage of mathematical
simplicity because V = 0; in the atom we must introduce the potential
energy V = —Z¢*/r, which makes for mathematical complications in the
solution. In this section we must carry through some of the mathematics
in order to see that the Schroedinger equation gives physically sensible
results. In particular, it must give the correct energy levels for hydro-
genlike atoms, Eq. (9.39). The hydrogenlike spectrum is the basic
problem of atomic physics and provides the crucial test of any theory.

Consider the nucleus as rigidly fixed and of charge +Ze with a single
electron of charge —e outside. The classical expression for the total
nonrelativistic energy of the electron is

W = p'/2mg + V = p*/2m¢ — Zé’/r (10.27)

where r is the electron distance from the origin of coordinates located
at the nucleus. The corresponding Schroedinger equation (10.15) is

} [v’ + 2—;'}“ (W + zf)] v=0 (10.28)

r
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It is always simplest in solving wave mechanical problems to choose a
coordinate system with the same symmetry properties as the potential.
Therefore we measure the electron posi-

z tion in spherical polar coordinates r, 8, ¢,
illustrated in Fig. 10.3. The angle 4 is
. conventionally measured from the z-axis,
and ¢ from the z-axis. The relation be-

r/
| tween this coordinate system and the
P l Cartesian coordinates is
{ »Y
o~ | T = rsin 0 cos ¢
P . L S
~o y = rsgin 6sin g (10.29)
X 2z =1rcosf
Fig. 10.3. Spherical By using these relations, we can estab-
polar coordinates. lish the Laplacian operator V* in polar
coordinates:

. 9 8 9 19 .,a) 1 a(. a)
V=wtaTa"ra\"a) 1 rsmoan\" %5

1 &
7% §in 0 9¢*

(10.30)
+

Equation (10.28) is solved by the method of separation of variables.
This method is applicable only in a limited number of coordinate sys-
tems, which fortunately include those most often used in simple physical
problems. Assume that the wave function can be written as a product
of functions

¥(r,0,0) = R(r)0(0)2(e) (10.31)

where each of the functions on the right-hand side involves only one
variable, as indicated. Then if we divide Eq. (10.28) through by ¢, it
becomes

119 (20R), 2m (p  ZEY] 1T 1 0(o 6_9)]
[Rr’ar(r ar) 7 (W+ r ]+P[6§in05§ sin 625

1 1 9%
T Tamie (3 5?) =0

(10.32)

2
Consider first the part (‘—;— g) This is by definition a function of the var-
¢

iable ¢ only; but by comparison with (10.32) we see that it is equal to
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a quantity that is a function of r and 6 only. This can be true only if
the functions involved are constants. Thus we can set

2
71.133—:: - —m? (10.33a)
or hence _ )
d=e" (10.33)

where we have chosen the constant to be —m’. This is a second-order
differential equation and accordingly has two independent solutions.
We have written these as ¢**™¢ = cos me = 4 sin me.

The value of the constant m is immediately limited by physical con-
ditions. Since ® is to be part of a physical wave function, it must have
exactly the same value for the positions ¢, ¢ + 2w, ¢ + 47, .-+, 0 +
2nr, - -+ , where n is an integer. These mathematically different values
all correspond to the same physical position. This constancy of & is
possible only if m = 0, 1, 2, --- . To combine the two types of solu-

tion (10.33), we write
d=¢™ m=0,%1,+2 - (10.34)

Thus we have obtained our first quantum number m from physical
restrictions on the wave function. It is known as the magnetic quantum
number because it is important chiefly when the atom is in a magnetic
field.

Having solved the equation for &, we may proceed a step farther and
solve for ©. The last two terms of (10.32) have the form

111 /. 006 m?
7 [é §in 0 36 (S"‘ 6 55) - g;nT,,] (10.35)

By definition of © the expression in the brackets is a function of 8 alone,
but on comparison with (10.32) we see that it equals a function of 7
alone. Therefore this function must be another constant, which we
shall with forehanded knowledge of the solution call —I(l 4+ 1). The
resulting differential equation has solutions that are finite for all 6

onlyif I = 0,1, 2, --- . These solutions are well known as the Legendre
polynomials, -
Il
0) = Pi(w) = (1 — pH™" d'"™Py(u)
dﬂlml
L 416 = D (10.36)

PI(I‘) = ?ﬂ ———du’

6 = cos b, PO(F)EI
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Thus the solutions © introduce a second or azimuthal quantum number.
The absolute value signs on m in the definition of the polynomials mean
simply that P;" = P, ™. From the definitions in (10.36), it is easy to
see that P;™ = 0 for | m | > I. Thercfore the two quantum numbers
found so far satisfy the important relation

1>2|m| >0 (10.37)
Turning finally to the equation for R, we define the variables
2V ks, = w2t
(10.38)

x = kr, x = R/r

Equation (10.32) becomes

dx  [_,_W+1 211] _
X+ [ 1- =024+ 2 =0 (10.39)

We know that for a bound state the electron must remain in the im-
mediate neighborhood of the nucleus; accordingly the wave function
should vanish for large r, or x — 0 as * — «. A possible solution of
this type is

x = Az"¢” (10.40)
Inserting this as a trial function in (10.39), we obtain

{:?2 It — 1) — 10 + D]+ g (n — n)} A =0 (1041)

This equation can be satisfied for A = 0 only if the coefficients of both
the 1/z* and the 1/z terms in the brackets vanish. This yields two
conditions:

n=1+1 (10.42a)

n=n=123,-- (10.42b)

From (10.42b) we obtain the quantized enexgy levels. Substitution
of (10.38) yields

1. 2¢_ _1

2™ 2

exactly as in (9.39). The wave mechanical solution therefore yields the

correct energy levels for the hydrogenlike atom.
Actually, Eq. (10.39) has other bound solutions besides those of the

W = —1%/2m = — (my &°) %ﬁf (1043)
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form (10.40). These solutions can all be extracted by similar pro-
cedures. Since the mathematics becomes a little more involved, we
shall merely state the conclusions: for all hound solutions of (10.39),
Eqgs. (10.42b) and hence (10.43) remain true. Equation (10.42a) is re-
placed by the more general form

n=14+1+y v =20,1,2--- (10.42¢)

The net effect of (10.42¢c) is to make n and ! independent quantum
numbers; they are non-negative integers satisfying the relation

n>120 (10.42d)

Thus the total atomic wave function ¢ = R6® depends on three quan-
tum numbers n, [, and m, which are independent except for the restric-
tions (10.37) and (10.42d). The wave function of a particle in a three-
dimensional box also depends on three independent quantum numbers
nz, n,, n,. Comparison with the one-dimensional box leads us to
conclude that the wave function of a quantized system has one quan-
tum number for each independent coordinate.

The hydrogen atom is a doubly degenerate system because all wave
functions with the same total quantum number n represent states of
the same energy, regardless of I and m. The degeneracy with respect
to [ is peculiar to a potential with a strict 1/r dependence. It is removed
if the potential deviates from a 1/r law. This is the case for alkali
atoms with one optical electron outside a spherically symmetric core.
In the region completely outside the core the optical electron moves in
a 1/r potential; when the optical electron penetrates the core, however,
the potential changes in form because the core no longer screens the
nucleus so completely. This perturbation removes the degeneracy on 1
for alkali atoms. The m-degeneracy is removed only by a potential
that is not spherically symmetric, as is characteristic of a uniform
external magnetic or electric field.

In studying the alkali spectra (Chapter 7), we found a general formula
for the optical energy levels:

W = Rhe/(n + a,)’ (10.44)

Here n is the same principal quantum number as in (10.42), (10.43);
the quantum defect a, varies not only with n but also with the different
series S, P, D, F, --- . Since the energies (10.44) should depend on
both n and [, we are led to associate the different series with different
values of I. This idea finds further support in Eq. (7.15), where the
principal quantum number begins with n = 1, 2, 3, 4, --- for S, P, D,
F, ... terms. This is just the rule (10.42d), if we associate = 0, 1, 2,
3,:--with 8, P, D, F, --- . The selection rule of section 7.6 for ob-
served spectra then assumes the more mathematical form



Sec. 10.3 THE SCHROEDINGER EQUATION 235

Al = +1 (10.45)

Figure 7.7 shows the one-electron energy levels for the case of de-
generacy (no core).

As in the elementary de Broglie interpretation (Chapter 9) the wave
functions ¢(r, 0, ¢) represent standing waves. For a point-symmetric
system (with a single center of symmetry) the nodal surfaces of the
standing waves are a set of concentric spheres, a set of cones centered
on the symmetry axis, and a set of planes through the symmetry axis.
The “symmetry axis” is the one corresponding to the quantum number
m; it is conventionally taken to be the z-axis. The total number of
nodal surfaces for a wave function ¥,.i. is n. Since one of these is a
sphere of radius r — o, there are only (n — 1) nodal surfaces at finite
range from the nucleus. As the m-dependence of ¢ can be written as a
factor cos mep, we see that the quantum number | m | represents the
number of nodal planes through the symmetry axis. The polynomial
0 = P;/™ cos 6 is of degree (! — |m|) and therefore has (I — |m |)
zeros, all of which are real. They correspond to (I — | m |) conical nodes.
The remaining (n — I — 1) nodes (if any) are concentric spheres of
finite radius.

Table 10.1 catalogues the various nodes of the lowest one-electron
wave functions.

TasLE 10.1. NobEs oF LowgsT ONE-ELEcTRON WAVE FUNCTIONS

Spherical  Conical Plane

Term n ! | m | nodes nodes nodes
18 1 0 1] 0 0 0
28 2 0 0 1 0 0
2P 2 1 0 0 1 0
2 1 1 0 0 1
38 3 0 0 2 0 0
3r 3 1 0 1 1 0
3 1 1 1 0 1
3D 3 2 0 0 2 0
3 2 1 0 1 1
3 2 2 0 0 2
4F 4 3 0 0 3 0
4 3 1 0 2 1
4 3 2 0 1 2
4 3 3 0 0 3

It is useful to consider the nodes in attempting to visualize the geo-
metrical appearance of the wave function. For example, the two repre-
sentations of a 2P state differ only in the orientations of their nodal
plane, because the conical node corresponding to m = 0 is a cone with
an angular aperture of 90°. It is hence a plane perpendicular to the
z-axis. Nodes that are conical in appearance first occur for D-states.
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104. Quantization of angular momentum

In the discussion of the hydrogen atom the quantum numbers [ and
m are associated only with the angular variables. The extraction of
these quantum numbers would be unaltered for any potential V(r) that
is a function of r only. Such spherically symmetrical potentials give
rise to ceniral forces, which are always in the direction of the radius
vector. In classical mechanics we have the theorem that angular
momentum is always conserved by central forces. None of the principles
of wave mechanics should upset this theorem, so we may anticipate
that I and m are associated with angular momentum.

Let us return to the radial wave equation (10.39), writing it out in
physical units: '

d’x | 2m, zé w4+ 1)] _
Comparison with (10.15) indicates that in addition to the attractive
coulomb potential —Ze*/r, Eq. (10.46) contains an cffective repulsive
potential '

Kl + 1) (10.47)

V(‘I’) = 2m0 r?

A similar repulsive potential also appears in the classical equations of
motion: it is, in fact, the potential representing the centrifugal force on
the particle. The centrifugal force is F = moo’ = L’/me’, where
L = myr’w is the constant angular momentum of the particle. This force
is derivable from a potential

V(r) = L*/2my? (10.48a)
= —aV/or = L*/my* (10.48b)

Comparison of (10.48) with (10.47) shows that we must put
LI'=#10+1) (10.49)

That is, in wave mechanics the angular momentum is inevitably quan-
tized.

This procedure is superior to that of Chapter 9 in the following re-
spects: here the quantization of angular momentum follows as a natural
consequence from a rigorous mathematical solution based on the funda-
mental wave postulate of de Broglie. In Chapter 9 the quantization of
angular momentum was an isolated, mysterious postulate justified only
by the fact that it worked. Furthermore, (9.36) is not quite the same as
(10.49), and the evidence leaves no question that (10.49) is right. An
immediate physical advantage of the present treatment is that it allows



Sec. 10.4 THE SCHROEDINGER EQUATION 237

states of zero angular momentum (S states) with the usual energy
values (10.43). The simple model of section 9.6 always requires an
angular momentum of one unit of 2 or more. In the days before the
development of wave mechanics, modifications of the simple model
were attempted in order to circumvent this difficulty. This Bohr-
Sommerfeld atom was never entirely satisfactory, however; it has been
entirely supplanted by the wave mechanical solution and its attendant
condition (10.49).

Quantization affects not only the squared magnitude of the angular
momentum but also its z-component. From the correspondences
(10.6) we can derive the correspondence L, — —1ihd/de. Classically,
L = r x p, so that by use of (10.6)

L, = zp, — yp. — — th (xd/dy — yd/dx) = —ihd/de (10.50)

by definition of ¢. In wave mechanics we give meaning to these cor-
respondences by inserting the wave function ¢ on the right:

Ly = —ihdy/de (10.51)
For a hydrogen atom this becomes, according to (10.34)
Ly = mhy (10.52)

Thus the quantum number m represents the z-com-
ponent of L in units of . The mathematical rule
(10.37) now has a sensible physical interpretation:
it merely states that the z-component of a vector
cannot exceed the total magnitude of the vector! In
fact, in quantum mechanics the z-component can-
not even equal the total magnitude (unless both
are zero). The various possible orientations of a
nonzero angular momentum vector are illustrated
in Fig. 10.4. This phenomenon of space quantiza-
tion is in accord with the measurements of Stern
and Gerlach (Chapter 3).

The results for L, imply essentially that one
component of L is quantized. By convention this

Fig. 10.4. Quan-
tized angular mo- | :
mentum for [ = 3. 1S taken to be the z-component in the same way

The projections of  that the polar angle ¢ is conventionally defined
L on the z-axis in  about the z-axis. We could have chosen L, or L,

units of A can run 4, he the quantized component. Note, however,
from m = -3 to

+3 as shown; the that only one comp'onent can be quantizgd:for since
actual total magni-  the magnitude L is quantized, and L* = L, +
tude of Lisv/124. L' 4+ L,%, quantization of more than one com-
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ponent would mean quantization of all three components. In this case,
not only the magnitude but the direction of L would be absolutely
fixed by the abstract principles of quantum mechanics, without refer-
ence to any physical problem! To avoid the possibility of such non-
sense, we must realize that only one component of L can be quantized
at a time. The other two components may range over all values con-
sistent with

L+ L2 =L"-L =[(+1) — m (10.53)

To form a physical picture of (10.53), it is sometimes convenient to
think of the vector L as precessing continuously around its fixed z-com-
ponent L, = mh.

Thus in wave mechanics neither the angular momentum nor its
z-component can take arbitrary values, for both are quantized. The
orbital angular momentum can assume only magnitudes given by (10.49);
and for each value of [ there are (20 + 1) different possibilities for the
z-component mh,

m=4Ll-1,---, =(0—=1), =1 (10.54)
The addition or subtraction of angular mo-
p'=1 mentum vectors in quantum mechanics follows

the usual rules of classical mechanics, except

_ that the initial and final vectors are all quan-
2 tized. If we add two angular momenta [ and I’
tomake a resultant angular momentum 1”, then

I+V>1“>|1—1] (10.55a)

Fig. 10.5. Addition of where [, I, and I” are all integers. The same
quantized angular mo- Telation also holds if we subtract ! from I’ or
menta. vice versa. This is the quantum mechanical

analogue of the classical rule that if a + & = ¢
is a vector sum, then the magnitudes satisfy the relation a + b > ¢
> |a — b|. The quantum mechanical relation (10.55a) is illustrated
for = 1 in Fig. 10.5. Note that although we specify the angular
momenta by the integers !, the vectors in Fig. 10.5 are of lengths
A/II"¥ Dr. In classical vector addition, the z-components act like sim-
ple numbers, and this feature carries over to quantum mechanics:

m” =m-+m (10.55b)

Equation (10.55a) is the basis of the vector model of the atom, which
is a useful and relatively simple basis for understanding the details of
more complex spectra than those so far discussed. We shall develop the
vector model further in Chapter 11.
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10.5. Parity

It is of interest to discuss at this point a quantum number that has no
classical analogue. All the quantum numbers mentioned so far apply to
properties well known in classical mechanics, like energy and angular
momentum. The parity of a wave function ¢ refers to its behavior
upon simultaneous reflection of all the space coordinates: z, y, 2 —
—2, —y, —z. We may distinguish two ideal cases,

¥(—z, —y, —2) = +d(zye)

¥(—zx, —y, —2) = —¥(@,y,2)
These can be combined in the form

¥(—z, —y, —2) = PY(z,y2) (10.57)

where P =.+1 or —1. Here P can be assigned the role of a quantum
number. It is rather more restricted than the other quantum numbers
we have found, since it ranges over just two values, +1 and —1. Never-
theless, we can treat it like a true quantum number. The physical
property it defines is called the parity of the system; this parity is
quantized and has the quantum number P. The names ‘“‘even parity”
and “odd parity” denote the respective cases P = +1 and P = —1.
Parity is a concept that has no meaning in classical physics, because it
is defined in terms of the Schroedinger wave function ¢.

Any solution of the Schroedinger equation where V is a function of
the radius only, corresponding to a central force, satisfies (10.57).
Jonsider the hydrogen atom wave function ¢y = R(r)0(6)®(¢). Under
reflection of the coordinates, r, §, ¢ — r, # — 8, # + . According to
(10.34),

(10.56)

a(r + ¢) = ™™ = (—1)"'8(y) (10.58)
And 6 - 7 — 6 means u — —u in (10.36), so that
a(—6) = (-1)"*'"e(s) (10.59)
Thus
¥(—z, —y, —2) = R()(=1)"""0(0)(~1)"™'8(p)
= (-=1)'R(r)6(0)2(¢) (10.60)
= (-D¥(, 9, 2)
since (—1)*'™ = 1 for integer m. For a hydrogen wave function with

quantum number I for orbital angular momentum, the parity is hence
P = (-1)} (10.61)
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10.6. | ¢ |* as probability

In wave mechanics our entire knowledge of a system is contained in
its wave function . We need some prescription for extracting from
the mathematical function y the maximum possible amount of physical
information about the system. The prescription that has proved most
satisfactory, originally due to Born, is the followmg if the wave func-
tion of a particle is a,b(:c,y,z), then Iw(x,y,z) |* dV is the probability of
finding the particle in the volume element dV at the position (z,y,2).
Since probability must always be real and non-negative, we take the
absolute value squared, to allow for the possibility that y may be com-
plex. We can always fix the constant A in expressions like (10.17),
(10.24), and (10.40) to make this probability interpretation quantita-
tively exact. This process of fixing 4 is called normalization of the wave
function. We normalize by requiring that

[1vauarar =1 (1062

which expresses the fact that there is one particle in the volume V. The
choice of V varies with the problem at hand. For a bound state, where
there is only one electron in the entire system, we take V — . For a
free particle this is not possible, and V is some standard volume.

As an example, let us normalize (10.24) to represent one particle in a
rectangular box. The volume V is then just that of the box, and (10.62)
reads

1=j|¢|2dv

Dy .
= Al [ [o dy | ” i g’ 200 it 22U it 28 (10,69)
'z 'y 'z

-IAI()DDD

where V is the volume of the box. The normalization determines only
the absolute magnitude of A. It will never be necessary to know the
real and imaginary parts of 4 separately. In this particular problem
the normalization constant A happens to be the same for all sets of
quantum numbers (%, %y , 7;). In most physical problems this is not
the case, and 4 is a function of these quantum numbers.

This interpretation indicates information we can obtain about a system
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in wave mechanics. An electron in a hydrogen atom, for example, can
never be specified to run in a particular orbit as in the Bohr model of
Chapter 9. Fig. 10.6 shows the probability distributions |y |* for some
hydrogen wave functions. In general, we must be satisfied to know aver-
age values of any mechanical quantities such as position, momentum,
etc. After normalizing so that |y |* represents the true probability,
we have for the average value of any quantity g,

@= [ 1wraav = [ veapav (1064

In the second part of (10.64) we have replaced |y |° by the mathe-
matically identical y*¢ (where ¢* is the complex conjugate of ¢), with
the modification that ¢ appears between y* and . This form is the
more general one, because it allows ¢ to be a quantity that involves
derivatives, like p, — —1hd/dx, L, — —1ihd/de, etec.

—

LOOKING || To
Z-AXIS

LOOKING L TO
Z-AXIS

220, ms0 2=1, m=0 =1, m*y
Fig. 10.6. Particle density distribution | ¢ |? for n = 2.

In quantum mechanics the average value {q) is frequently called the
‘“expectation value’” in accord with the following idea. We envision a
large number of independent measurements on the system to determine
q: they yield the values q1, 2, -+, ¢n, * - - . These values are in general
all different, but the expected average of all the measurements is the
expectation value {¢), which we can calculate from (10.64).

There is one special case in which the individual measurements show
no fluctuation at all. Every measurement yields precisely ¢, = (g).
This is the case in which the quantity ¢ is quantized. Consider, for
example, ¢ = L. . Any individual measurement of L, yields exactly the
value mh; and by (10.64),

(L) = fv WALy dV = mh fv VAV = mh (10.65)
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by use of (10.62). The expectation value of a quantized property, which
is the identical result of every measurement, is called the eigenvalue.
For example, the eigenvalue of L, is mh, and Eq. (10.43) gives the
eigenvalues of the energy W for a hydrogen atom.

10.7. The uncertainty principle

The discussion of the preceding section in terms of probability is
closely akin in spirit to the uncertainty principle of section 9.9. We
shall now illustrate the connection by using the expectation value pro-
cedure to establish a mathematically precise form of the uncertainty
relation. We consider the example of two conjugateé quantities, the
position £ and the momentum p.

The average value of the position coordinate x is its expectation
(z) = [ ¢*x¢ dV. The usual measure of the extent to which individual
measurements fluctuate about this average is the mean square deviation

((82)) = ((z = (&))"} = (") — ()" (10.66)

If we choose coordinates so that (z) = 0, the root-mean-square devia-
tion or average uncertainty in x is

Az = /(7 (10.672)
For the conjugate momentum p we have the average uncertainty
Ap = \/G;?) (10.67b)

Now consider the quantity

1[/

- [pav>0, D= + (10.68)

where A is an arbitrary real parameter at our dlsposal. The integral 7
in (10.68) is over all space, and it is essentially non-negative because
the integrand D is also non-negative, being the square of an absolute
value. Writing out the expression for I, we have

1 *..2 >‘ d"ﬁ* d\b
"—)§f¢ x'ﬁdV‘*'Z;;)f('d—x'W'i"P*x'&x‘)dV
2 [dy*dy
+ A fa;%dV

"Zx">+<>f[ (Wrap) — w]dv

2 dy dy
+¥ [[Z(r3) - v Eh]av

(10.69)
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For integrals like

J=[2Lwwyav =]

we recall that for a bound state wave function, one of the necessary
physical conditions is that ¢ — 0 as x or r goes to infinity. Therefore
the integral J equals zero. A slight modification in the argument is
needed when ¢ refers to a free particle, but we can still conclude that
J =0and [¢y*¢dV = 1. Thus

2
1=L1-2_ f LA (10.70)

To evaluate the last term of (10.70) we note that by (10.6),
8*/9x" — —p’/#%, so that the last term is just proportional to (p°) =
(Ap)®. Hence finally

1— 2, Nap)?’
=__ 24 220 5 10.71
(Az)* R = 0 ( )
We may regard (10.71) as a quadratic equation in A\. The condition that
any quadratic expression (az® + bz + c) be never negative is that its
discriminant b* — 4ac is never negative. In this case the discriminant
condition becomes

I

1 4 (ap)’
Gayt W (aap =0
(ap)*(az)® > % (10.72)
Ap Az > g

The last line of (10.72) has exactly the form of the uncertainty rela-
tion (9.59), but is somewhat more precise. The uncertainties Ap and
Az have the meanings of root-mean-square deviations, and the numeri-
cal constant multiplying % turns out to be > 3. Using the ideas of ex-
pectation values, we can carry through similar arguments for all pairs
of conjugate quantities subject to the uncertainty relation.

10.8. Stationary states and radiation

Since Eq. (10.15) is time-independent, we say that the wave functions
¥ describe stationary states of the system. By means of '?10.14b) it is
possible to associate a time dependence with each stationary state,

V(z,y2t) = Y(zyz)e ™ ™ (10.73)
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The time dependence is a simple harmonic variation, e*** = cos wt —
1 sin ot where iw = W. It is still physically reasonable to speak of a
stationary state, for the density distribution | ¥(z,y,2,) |* = | ¢(z,9,2) |*
is independent of the time ¢. This perfect constancy with time can also
be seen with the aid of the uncertainty principle, AW At 2 /2. In this
case the energy W is a precisely known eigenvalue, so that AW = 0
and At = «. An infinite uncertainty in ¢ means that there is no way
of measuring time by means of this state, or hence that it is absolutely
constant with time.

The Schroedinger equation (10.28) implies that all the energy levels
of the hydrogen atom correspond to stationary states. This disagrees
with the observed fact that all excited states pass rapidly to the ground
state by emitting photons of appropriate energies. The Eq. (10.28) is
incomplete because it does not include the effects of radiation. To do
this in complete detail is beyond the scope of our present discussion, but
we may mention some of the important features. The possibility of
radiation means that an excited state is no longer perfectly stationary
but tends to decay with time according to the law

dN

dt
where N is the number of atoms in an excited statc at any time ¢, and
7 is the mean lifetime of that state. The solution of (10.74) is

N/Ny = ¢ '" (10.75)

which says that the fraction of atoms that are excited decays exponen-
tially with time £ In order to obtain such an exponential time depend-
ence for the density distribution | ¥(x,y,2,) |*, it is necessary to assume .
that the excited energy W is not a real number but has a small negative
imaginary part. Hence to account for radiative decay we may write

= - % N (10.74)

W—W —iI'/2 (10.76)
so that now
| W@yt [P = | ¥zyz) " (10.77)
Comparison with (10.75) indicates that the mean life = satisfies
T'r=h (10.78)

This is just in the form of an uncertainty relation; it implies that just as
the time is no longer infinitely uncertain, so the energy of the level is
no longer infinitely certain. A spectral line is hence not infinitely sharp,
even when observed in a perfect spectrometer, but has a natural width
as illustrated in Fig. 10.7. The width of the peak at half its maximum
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height is called the half width and on a

frequency scale is just equal to I'/A. In "
the lowest excited states of hydrogen T'/# INTENSITY A
is on the order of 10°/sec. L)

Thus without actually correcting Eq.
(10.28) to take account of radiation, we
have been able to describe some proper-
ties of the solution of this corrected equa-
tion. This account may be made quantitative by estimating . We
shall indicate how this estimate is made in the simplest approxi-
mation, although the calculation can in principle be refined to any
desired degree. Consider first the radiation from a classical electron
oscillator, which we take for convenience to be oscillating only in the
z-direction. The instantancous rate at which it radiates energy is

* dU/dt = (3)é’a’/c (10.79)

where o is the acceleration. Now a = d’z/df* where T = xo cos wtf and
%o is the amplitude, w the frequency of oscillation. The average rate of
energy radiation is

dUJdl = (3)(o's/c®) cos® wb = (B)ew'ze?/c* (10.80)

since the average value of cos® wt per cycle is 3.

The quantum mechanical treatment differs from the classical in one
important detail: in quantum mechanics we must distinguish between
positive and negative frequencies. In

T = 2008 ot = (ro/2)e™t + (wo/2)e "
—iwt

the term with ¢*’ corresponds to photon emission, the one with ¢
to photon absorption. We arc only concerned with one of these processes,
for which the amplitude is z,’ = zo/2. Thus

Zo (classical) = 2(x0/2) = 2z (quantum) (10.81)

v

Fig. 10.7. Natural width of a
spectral line.

In quantum mechanics it is natural to take something like the expec-
tation value of z in place of the amplitude zo'. Since the radiation occurs
in a transition between the states ¥nim and ¥n- 1m We take a sort of tran-
sition expectation value,

®'Um'| z |nlm) = f Yn v Yuim AV (10.82)
In this notation the previously discussed expectation values for a single

state are (g) = (nlm| g |nlm). On substitution of (10.82), (10.81) in
(10.80) the quantum mechanical radiation formula takes the form
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T 2 4
‘-i(—g = %le “c’;"" | (n'V'm’ |z | nlm) |* (10.83)
where wnns = (W, — W,.)/h. Since all the radiation occurs in photons
of energy hwnns, we can write dU/dt = hwan /7, Where 7 is the mean
lifetime (10.74) for emission of one photon. Then :
2 3
; = %{—c‘—%‘z" [ (' U'm’ |z | nlm)|* (10.84)

Equation (10.84) gives the quantum mechanical estimate for the rate
at which an atomic system goes between states with quantum numbers
nlm and n'l'm’ by emission of radiation. It assumes the model of an os-
cillating electric dipole that moves only in the z-direction. The radiation
is accordingly plane polarized in this direction. To obtain the total elec-
trie dipole radiation rate, we must allow for oscillation in the y- and
z-directions as well. Thus we have for the final radiation formula

3
1=t (@ I+ @) (1085)
The quantities in angle brackets, defined as in (10.82), are the matriz cle-
ments, so called because of their historical association with a method
originated by Heisenberg (1925).

In Egs. (10.83)-(10.85) we include absolute value signs around the
squared matrix elements. This is to insure that dU/dt and 1/7 are real
quantities—as they must be physically—regardless of the character of y.

Other types of matrix elements besides those for an electric dipole
will cause radiative transitions. They are called magnetic dipole, mag-
netic and electric quadrupole, octopole, 2¢, 25, - - - , 2"-pole matrix ele-
ments. In the atomic case they lead to valuesof = that are several factors
of 10 larger than for the electric dipole (10.85). Since the intensity of
radiation is proportional to 1/7, the intense spectrum lines will all cor-
respond to electric dipole transitions.

Frequently an initial state nlm can undergo radiative transition to
several different final states n'l'm’, n”'I'’'m”, - - - , ete. Each such transi-
tion proceeds independently of all the others with its characteristic half
life ', 77, - - - . The chief factor affecting r is the energy of the transi-
tion, which enters (10.85) to the third power. The total rate (intensity)
of decay of the initial state is

r=1/74+1/7"+ - (10.86)
and the fractional rate (intensity) in any transition is
1z (1087)

77 ¥/ F -
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‘When several possible decay processes can occur simultaneously in this
way, they are said to be in competition. ‘

10.9. Selection rules

One of the satisfactory features of wave mechanics is its ability to
interpret the observed selection rules for atomic spectra. The empiri-
cally observed rule is Al = =1, which must apply to the electric dipole
radiation (10.85), which is the most intense. To see an example of these
selection rules, consider the matrix element (n'l'm’| z |nlm). With the
expression (10.29) for z, the integral over the coordinate ¢ becomes

2x . 27 : ’ : ’ ’
fo e ™ cospe™ dp = 3 jo (e"mm e gV 4y (10.88)

This integral vanishes unless
’ m —m=Am = =1 (10.89)

We have therefore a selection rule on m for allowed transitions. The
matrix element of y gives the same rule, and for z we have simply

27
fo ™ dp,  Am =0 (10.90)

The complete selection rule on m for electric dipole transitions is there-
fore

Am = 0, &1 (10.91)

Similar integrals over the coordinate 6 will lead to the selection rule
on l. As these integrals are rather involved, we shall present here only a
physical argument. The quantity Am in (10.91) actually represents the
z-component of the angular momentum that is carried away by the pho-
ton in the transition. The equation m’ — m = Am simply states the
conservation of the angular momentum z-component among the initial
and final atomic states and the emitted photon. According to (10.54)
Am = 0, 1 corresponds to a total angular momentum Al = 1, which
the photon carries off. This Al is a vector quantity, which is added to
(or subtracted from) the vector [ of the initial state to yield the vector I
of the final state. The quantum mechanical rule (10.55) of vector addi-
tion with Al = 1 are that

'=151x1 (10.92)

as illustrated in Figure 10.5. Actually, not all these potential combina-
tions occur in practice. There is one further quantum number and
associated selection rule that eliminates the possibility I’ = [ from
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(10.92). This quantum number is the parity of the wave function, dis-
cussed in section 10.5.

Consider the matrix element {x). This is a physical quantity, and its
value cannot depend upon the mathematical coordinate system used to
evaluate the integral involved. In particular, (z) must not change when
weput z, y, 2 —> —Z, —Y, —2:

(x) = f Vnrm (Z,2) D mim(2y,2) AV (10.932)

= f Ve (—2,—y,—2) (—2)¥uim(—2,—y,—2) dV. (10.93b)

By use of (10.61), Eq. (10.93b) becomes
(@) = (=1 f Vi m (XY 2) Wmim(Ty,2) AV (10.93¢)
Equations (10.93¢c) and (10.93a) are automatically identical if I’ =
I & 1;but if ¥ = I, they imply () = —(z), which can be true only if
() =0 (10.94)

The same argument holds for (y) and (z), so that the parity selection
rule (10.94) in combination with (10.92) leads to the final form

'—1=Al= =1 (10.95)

in full agreement with the observed (10.45). -

Explicit calculation shows that there are no other selection rules for
electric dipole emission than (10.91), (10.95). These rules are specific
to electric dipole emission; other multipoles have their own selection rules. .
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SUMMARY

This chapter presents some of the mathematical apparatus necessary
to determine in complete detail the motion of de Broglic waves and wave
packets. The nonrelativistic equation of motion in wave mechanics
follows from the classical equation of particle motion by a prescrip-
tion: in the Hamiltonian equation representing conservation of energy,
p’/2my + V = W, make the replacement p, — —1h 9/9z, etc. and apply
the whole equation as an operator on a wave function y(z, y, 2). This
is the time-independent Schroedinger equation; we obtain the time-
dependent form by also substituting W — ¢k d/0t. The wave function
¢ completely describes the motion of a mechanical system in wave me-
chanics: it contains all the physical information that we can have about
the system.

The payticle in a rectangular box provides an example of the solution
of the Schroedinger equation. The wave function ¢ must satisfy phys-
ical boundary condition at the edges of the box. These conditions
determine not only the form of ¥ but also the eigenvalues of the energy
W. The eigenvalues depend on three integral quantum numbers, cor-
responding to the three spatial dimensions. Degeneracies frequently
oceur in which wave functions of different geometrical configuration
have identical energy eigenvalues. These degeneracies are generally
removed by small perturbations. For the rectangular box a dent in the
side represents a perturbation; the phenomenon of degenerate eigen-
values and perturbations is a general effect not limited to the particular
case of the rectangular box.

The Schroedinger equation is applied to the bound states of the hydro-
gen atom. By assuming a y that vanishes as r — «, we obtain the eigen-
values W = —1imo(aZ)’/n’, as in the simplified Bohr treatment of
the previous chapter. Three independent quantum numbers n, [, and
m characterize each eigenfunction corresponding to W. In a pure Cou-
lomb field W depends only on n and is hence degenerate with respect to
[ and m; the degree of the degeneracy (number of geometrically different
wave functions with the same energy) is n>. When the atom has a core
of inner electrons, the degeneracy with respect to ! is removed: the
(21 + 1)-fold degeneracy with respect to m vanishes only in an external
magnetic field, as discussed in Chapter 11.

In quantum mechanics the angular momentum L is quantized in two
respects: its projection along an arbitrary axis (conventionally taken as
the z-axis) is mh, where m is an integer limited by —1 < m <'I, and !
is an integer specifying the magnitude of the angular momentum. The
absolute magnitude of L is not Ik, but \/I(l + 1)A, so that the vector
L never lies entirely along the z-axis. There are (2] 4+ 1) possible pro-
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jections along the z-axis. The addition of two angular momenta [ and
I’ leads to a quantized angular momentum ”, where |l — rpgr<
| + I'. The corresponding z-components add algebraically: m’ =
m+ m'.

An important physical parameter of atomic systems is the parity.
This is the eigenvalue of ¥ on the reflection of the coordinate system and
can have the values P = =+1. This is the first example of a physical
quantity that is essentially quantum mechanical in character, since ¢
does not exist for classical systems.

The physical interpretation of the wave function is that |¥(, ¥, 2) |*
represents the probability of finding a particle per unit volume at the
point z, ¥, z. For free particles we normalize | ¢ [* to one particle in a
standard unit of volume; for a bound state we normalize the wave
function so that the integral of | ¢ |” over all space is unity, corresponding
to one particle in the bound state.

The interpretation of | ¢ |* as a probability density leads to the idea

of the ezpectation value of any quantity ¢: {(¢) = f Y*qy dV. If in the

integral ¢ is not a differential operator, the integral is f gl¢ | dV, the

usual expression for a statistical average. The physical interpretation

is that () represents the expected average of a large number of measure-

ments on the system of the quantity g, but that we can never predict

exactly what will be the result of any particular measurement of q.

Exceptions to this rule occur when g is quantized and yields an identical

etgenwalue for each measurement. For example, the eigenvalue of L, is

mh. The idea of the expectation value can be applied to give a more

precise form of the uncertainty relation: Ap Ar > #/2, where Ap and -
Az are root-mean-square values. The same relation can be obtained

for all pairs of conjugate variables.

The wave functions of the Schroedinger equation describe stationary
states of the system: the configuration does not vary with time. Such
stationary states arc in general an approximation except for the ground
state of an atom. All other states can decay by emission of radiation to
lower energy states. This decay occurs at an average rate 1/7 = T'/A,
where r is the mean lifetime of the state and T is the corresponding
uncertainty or half-width of the energy level that is dictated by the un-
certainty principle. By applying a sort of expectation value argument
to the classical radiation formula, we are able to estimate 1/7 in terms
of an integral over the wave functions ¢ of the stationary states involved
in the transition. A closer examination of this integral reveals the selec-
tion rules Am = 0, =1 and Al = =1, in agreement with experiment.
This explanation of selection rules is possible only with the fully de-
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veloped form of wave mechanics discussed in this chapter and is one of
the indications that this wave mechanics is essentially correct for atomic

problems.

ILLUSTRATIVE PROBLEMS

1. Show in what sense Newton’s law F = ma = dp/al is satisfied in
wave mechanics.

Solution. In wave mechanics we must always deal with a wave func-
tion ¥, so that we cannot simply write F = dp/dt. An equation of this
form does hold between expectation values, however. For simplicity
we state the proof for motion in the z-direction only, although the pro-
cedure is also applicable to three-dimensional motion.

The force is F = —adV/dx, where V is the potential function in the
Schroedinger equation. For any state ¥ of the system the expectation
value of the momentum in the z-direction is, using (10.6),

@ = [wpvaz = —in [0 &
The time derivative of this quantity is
ov* 6‘1’ x 0 ¥
Ap)/ot = —ih f ( ot oz TV ar at) dv

Substituting the time-dependent Schroedinger equation (10.13), we have

— 2 % 3
op) _ =¥’ f 9* ov - 9},) e
at 2my 9r® ox dxd

+ f[w*%’ —v 2 (V\If)]d:c

_—h"‘f (\p*a\p ) f*
- ac\oz oz Lam)E Y

The first integral is just
—n’ (0\1!*6\1! o* a*w)"*‘” 0
2mo \ 9z oz dz?

=00

since the physical conditions on the wave function are that ¥ — 0 as =
approaches the end of its range, taken here as £ — = . Thus we have

ap)/ot = — f * (3V/62)¥ dz = (F)

Thus in wave mechanics Newton’s law is exactly satisfied by the ex-
pectation values of p and F. This illustrates the relation between quan-
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tumn and classical mechanics: the expectation values in quantum me-
chanics play the role of classical variables. For macroscopic bodies the
fluctuations from the expectation values are imperceptible, so that
classical mechanics is a valid approximation.

2. Find the energy eigenvalues and wave functions of the one-dimen-
sional harmonic oscillator in wave mechanics.

Solution. For an oscillator centered at the origin the potential is
V = 3kz’, and the Schroedinger equation (10.15) becomes

dy/d + 2m/BEW — } ma’zt ) = 0

where wy = V/k/m is the classical frequency of the oscillator. If we put
y = (mwo/h)"*z, @ = 2W/hwo , this becomes

2
e @— g =0

The wave function y must satisfy physical restrictions as y — +
and y — 0. As y — = 0, the term in %* becomes very much larger than
the term in a, so the equation is approximately d¥/dy’ — ¥’ = 0.
This suggests a solution of the form ¢ & ¢*’ or ¢ & ¢ *". The first choice
—x as y — o, and is therefore not acceptable as a physical wave
function. Taking the second choice, we write ¢ = P H(y) and sub-
stitute in the equation above, obtaining

dH/dy* — 2y dH/dy + (@ — 1)H = 0
For H we try a power series solution of the form
H(y) = an?/n + an_ly"" + -+ ay + a.

We take the highest power of i to be ", so that a, # 0. The series stops
with @y because the next terms would be powers of 1/y, which would
make ¥ an unacceptable wave function (i.e., we could not interpret
| ¥ |* as a finite probability) as y — 0. Substituting in the equation, we
have

anla = 2n — 1)y" + aua(a — 20 + Ly™~"
+ [a.n(n — 1) + @nola — 20 + 3)|y"*
+ [@n1 (n = 1)(n — 2) + apsla — 20 + 5" + - --
+ [6as + a1 (@ — 3)]y + [20: + aole — 1)] = 0

The coefficient of each power of y must be zero for this expression to
be generally satistied. For the first term a, # 0, so we must have
a = 2n + 1; for the second term & — 2n + 1 = 2, so we must have
an—1 = 0. The successive terms relate a,, an-2, @ny, --- and a.;,
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@3y Gns, '+ ; hence @u1 = @n3 = @ps = -+ = 0. The series for
H therefore contains only even or odd powers of y, according as n is
even or odd.

The eigenvalues of the energy are

Wa = hooa/2 = (n + )
n=012--

The energy levels of the harmonic oscillator in quantum mechanics are
equally spaced with a spacing hwo = hw , where » is the classical oscil-
lator frequency. Even in its ground state with n = 0, the quantum me-
chanical oscillator has energy 3#wo, which is known as the “zero-point
energy.” Thus in quantum mechanics the oscillator is never entirely at
rest. The zero-point energy can never be extracted from the oscillator
and transferred to any outside system; it can generally be neglected in
considering the interaction of the oscillator with external systems.

PROBLEMS

1. An electron is confined in a rectangular box of sides D, , D, , and
D, . For a state with quantum numbers n., n, , n., find the pressure
exerted on the three faces of the box. This pressure is defined as A4,P, =
—3/38(W, n,n,), Where A, is the area of the face and s is the axis
perpendicular to this face.

Show that this pressure is in general different on different faces of the
box, in distinction to the classical case. Under what circumstances are
the pressures equal in all three directions? What are the pressures if
the box is a cube 1 cm on a side and the electron is an n, = n, = n, =
1 state?

2. Find the simplest wave mecchanical solution for a particle in a
spherical box of radius E. The procedure may be outlined as follows:

(a) Write the Schroedinger equation in coordinates appropriate to
the spherical box.

(b) Separate out the 8- and p-dependent parts in the same way as for
the hydrogen atom. Write the remaining radial equation.

(¢) Reduce the radial differential equation to a simpler form by putting
R(r) = (1/r)u(r) and finding the equation for u.

(d) To obtain the simplest form of this reduced equation, put I = 0.
The corresponding solutions are called s-waves in accordance with the
spectroscopic notation. The radial equation is now in a simple standard
form.

(e) The solution u of the radial equation is subject to two conditions,
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similar to those for the square box: u = 0 forr = 0 and » = R. Find
the energy values in terms of the radial quantum number,

W = (28 /2mR)n’.

Since I = m = 0 for these levels, they should be written Wog .
(f) Find the normalized wave functions that represent one particle

contained in the box f |¢ ?dV = 1. Remember that ¢y = u/r and

that dV = 7* dr sin 0 d6 de.
(g) Use the results of (f) to argue that the lowest permissible value
of n is 1 and not 0.

3. Using the experience gained in problems 1 and 2, determine the
pressure necessary to keep an electron inside a nucleus of radius 5 X 107%
cm. Assume the ¢lectron to be in the lowest s-state.

What does the result of this calculation suggest about the physical
likelihood that electrons are contained inside the nucleus? Is the neglect
of relativistic effects justified? (Note that a relativistic treatment would
lead to qualitatively the same results.)

This problem is an elementary example of a technique that is quite
useful in solving original problems in physics. If a new physical prob-
lem arises that one is not at first able to solve directly, he may first try
a few practice problems. These exercises have the properties that:
(a) their solutions are readily obtainable; (b) they have some physical
features in common with the given problem. From the experience gained
on the practice problems it is frequently possible to pass to a solution
of the given problem. The chief inventiveness required is to find suit-
able practice problems. In this simple example the physical problem .
was to find the pressure of an electron in a nucleus, and problems 1 and
2 served as practice exercises.

4. For an S state the probability of finding the electron at a dis-
tance r or less from the nucleus in the hydrogen atom is proportional to

r sy==riry
P(r) = 4x [o R dr = 4ar,} jo Q* )y’ dy

Using this equation and the information in problem 5, determine

(a) The ratio of the probabilities of finding the electron at a distance
from the nucleus smaller and a distance larger than the Bohr radius in
the normal 18 state.

(b) The ratio of the probabilities of finding the electron inside and
outside of the spherical node for the 28 state. Note that the electron
is mostly “outside” the Bohr orbits, especially for the higher values of n.

5. The radial dependence of the hydrogen wave function is determined
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by the quantum numbers n and l, and is of the form R.:(r) = Qui(ya)e™
where y, = r/r, and r, = nao is the radius of the nth Bohr orbit. Then
Q.:(y,) is a polynomial in y, of degree (n — 1) and has the following
values:

n l in(y)

1 0 -1

2 0 20y — 2)

2 1 —6y

3 0 —3(y* — 6y + 6)
3 1 24y(y — 4

3 2 —1204°

The general equation for Q,;(y) is
. d21+l
. Quly) =y dypH [Lnu(z/)]
where L,.; is a Laguerre polynomial, defined by

Li(y) = e d*(y"e™)/dy".

Using these equations and a, as a unit, draw to scale the positions of the
spherical nodes of the 28, 38, and 3P states.

6. Using the data of problem 5, compute the expectation value of the
electrostatic potential energy V., = —é’/r for a hydrogen atom in the
state Y0 . Since T + V = W, we can obtain directly the expectation
value of the kinetic energy 7. How does the ratio (T)/(V) compare with
that computed on a classical model?

7. The term I(l 4+ 1)/2° in (10.39) can be regarded as a sort of “cen-
trifugal potential” V', associated with the angular momentum. Compute
the expectation values of V,, V., and the radial kinetic energy
T for the state yz10 and show that their total is W, . Use this argu-
ment to show that the lowest energy level of a particle in a spherical box
must be an s-state, as assumed in problem 2.

8. The Legendre polynomials are defined by

Pi= b L6~ 1)
and have the following values:
P =1; P; = }(52° — 32)
P, = z; P, = (35z' — 307" + 3)/8
P, = }(32' — 1);
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The “associated” Legendre polynomials are P,"(z) = (1 — 2)™*
d™/dz"P(z).
Show that

(a) When [ = m there is no conical node.

(b) When I = m + 1 the conical node degenerates into a plane
node in the equatorial plane.

(¢) When! = m + 2 the conical node is a double cone.

(d) When I = m + 3 the nodal surfaces are a double cone and an
equatorial plane.

(e) Compute the angles of the cone representing the conical node of
the wave function of the 3D state with m = 0.

(f) Compute these angles for the conical nodes of the wave functions
representing the 4F states with m = 0, and m = 1.

9. Sketch the wave functions representing the 4 types of 4F states.

10. Using the information in problems 5 and 8, compute the half-
width of the 2P state of hydrogen. Note that (10.85) should be calcu-
lated for a single fixed value of m in the initial state, and summed over
all degenerate final states with different m’. In this case the final 18
state must have m’ = 0 only.



Chapter 11
ELECTRON SPIN AND MULTIPLET SPECTRA

The preceding chapters have discussed the quantized energy levels of
electrons in atoms. The wave mechanical treatment in Chapter 10 is
adequate to explain the gross structure of the energy levels and may be
summarized by the formula 7 = R/n’” Actually, atomic spectra are
not so simple as we have considered them up to this point. We must in-
quire what refinements in the atomic model are necessary to explain
some of the more complex details of atomic spectra.

A close, inspection of what we have previously called a single “line”
of an alkali spectrum (excluding hydrogen) reveals that each line is a
doublet, consisting of a narrow pair (or double pair) of lines. A well-
known example is the yellow sodium line, which appears as a doublet
even in a spectroscope of medium resolving power.

Another spectral phenomenon that we have not accounted for is the
anomalous Zeeman effect. The wave mechanical treatment of the Zeeman
effect, according to the models of the previous chapters, leads to just
the classical result that in a magnetic field each line splits into three
cqually spaced lines with a frequency difference v, (4.9). Actually,
most spectral lines (and in particular those of the alkalis) display an
anomalous Zeeman effect, splitting in a magnetic field into more than
three lines with unequal spacings.

The existence of these unexplained effects does not force us to abandon
all the wave mechanical explanation that has proved so successful.
Rather, we must find some way of improving our picture of the atom in
order to explain these relatively fine details without disturbing the gross
structure already established. It will turnout that only one improvement
is necessary to explain both these spectral effects; namely, the assump-
tion of electron spin.

The present chapter describes the experimental background and the
applications for the idea of electron spin.

11.1. The Stern-Gerlach experiment on hydrogen

We have described the Stern-Gerlach measurement in section 3.7. A
beam of neutral particles with permanent magnetic dipole moments
passes the length of an inhomogeneous magnetic field. The symmetry
of the field defines an axis (z) perpendicular to the path of the beam.
The deflection of a particle after passing through the field is proportional

257
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to u., the projection of its magnetic moment along the z-axis. The
magnetic moment of an electron circulating in an orbit is a vector @
proportional to the angular momentum vector L. According to the
definitions of the g factor and Bohr magneton in (9.49), (9.50), we can
write

v = gunl/h (11.1)
or for the z-component
ps = gumoles/h (11.2)

where g, = 1, uo = eh/2mpc. The discussion of section 10.4 tells us that
orbital angular momentum is always quantized. By (10.52) the pro-
jection of L along the z-axis is L, = mh, where m takes on every integral
value running from —I to +1, and I is a positive integer (or zero) speci-
fying the quantized magnitude of the angular momentum.

The z-component of the magnetic moment associated with the orbital
angular momentum of an electron is therefore

pe = gupom, -l<€m<il (113)

The quantized u, can assume just (20 + 1) different values so that the
incident beam in a Stern-Gerlach apparatus splits into (27 + 1) separate
components on traversing the inhomogeneous magnetic field. The
qualitative observation of this splitting into discrete components is the
most direct evidence of space quantization. Quantitatively, the ob-
served splitting is not in exact accord with the following features of
(11.3): the beam should split into an odd number of equally spaced
components, since [ is an integer and (2/ + 1) is always an odd number.
Also, since one possible value of m is zero, we expect one of the beam -
components to be undeviated.

Now consider a Stern-Gerlach experiment using neutral hydrogen
atoms. This should give information relating to a single electron, since
neutral hydrogen with Z = 1 contains just one electron. To produce
atomic hydrogen we use instead of the conventional oven an electric
discharge tube. The tube contains hydrogen at a pressure of about
10~ atmosphere maintained by differential pumping; the main constitu-
ent of the high voltage discharge is a current of electrons, which decom-
poses hydrogen molecules into neutral atoms by collision. In the
middle of the discharge tube is an aperture for the hydrogen atoms to
escape and enter the initial slit system of the Stern-Gerlach apparatus.
The effective temperature of the atoms is that of the discharge in the
tube; this is hard to estimate exactly, but in a typical case may be around
400°C.

The method of detection as well as of production also requires modifi-
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cation for hydrogen atoms. The usual method with metallic atoms is
simply to let them deposit on a cold glass plate. For hydrogen, the plate
carries a thin film of some compound that will react chemically with
atomic hydrogen and change color in the process. A suitable substance
is MoO; , which is white but becomes dark blue on reduction to lower
oxides by atomic hydrogen. It does not respond to molecular hydrogen,
so the presence of molecules in the beam causes no essential difficulty.
This experiment was performed in 1927 by Phipps and Taylor and by
Wrede.

This experiment shows that in an inhomogeneous field a beam of hy-
drogen splits into two components, with equal and opposite deflections
from the original undeviated beam, as suggested in Fig. 11.1. The
magnitude of the deflection indicates that

gim, = =1 (11.4)

for the two components. The same proves to be true of other atoms
(Na, K, etc.) with one optical electron, which is presumed to be solely
responsible for the magnetic deflection. We have used the subscript s
to distinguish (11.4) from (11.3), for it is clear that the magnetic moment
here is different from that associated with orbital angular momentum.
The Stern-Gerlach pattern resembles that for an orbital momentum,
with the important difference that the central (undeviated) component
is missing.

Not only is this pattern of unexpected form, but our previous consid-
erations would have led us to predict that there would be no pattern at
all. The normal or ground state of the hydrogen atom is the 18 state,
which has I = 0. Hence m = 0 only, corresponding to a single, un-
deviated beam even in the magnetic field.

We must ascribe the observed splitting to some heretofore neglected
magnetic moment associated with the electron. It could not be asso-
ciated with the single proton that forms the nucleus of ordinary hydro-
gen, for any magnetic moment associated with the proton should be of
order of magnitude ef/2Me¢, where M is the mass of the proton. This
proton moment is smaller than the observed moment u, for hydrogen by
a factor of order m/M = 10~°. Thus
any proton moment would be much too (a)
small to explain the observed effect.
Since the ordinary hydrogen atom con- T
tains nothing but a proton and an elec-  (b) - Z -AXIS
tron, the effect must reside in a single Fig. 111 Pattern in the
electron. . ; Stern-Gerlach experiment with

Up to this point our only source phydrogen: (a) without field; (b)
of electronic magnetic moments has  with field.
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been orbital motion; the magnetic moment y,, is directly proportional to
the angular momentum L. If the electron has some magnetic moment in
addition to u. , it is natural to look for some other angular momentum
that the electron might have. The locus of this additional angular
momentum is readily apparent when we consider the analogy between
the classical picture of the atom and the solar system. The electron mov-
ing in an orbit about the nucleus resembles a planet circling the sun.
The planet has orbital angular momentum from this circling motion, but
at the same time it is rotating about its own axis. We could also ascribe
to the classical electron a rotation about its own axis, or spin. Since the
electron is a charged particle, this spin angular momentum s should also
have a certain magnetic moment u, associated with it. Consideration
of any simple mechanical model indicates that . is directly proportional
to s, or

¥, = U,S (11.5)

in analogy with (4.4). In the classical picture of the electron as a ‘“‘solid”’
particle, the gyromagnetic ratio G, depends on the specific model of the
electron. Since quantum mechanics describes the electron only by a wave
function ¥ and does not permit a detailed mechanical model in the clas-
sical sense, we must expect to determine G, only by comparison with ex-
periment.

In quantum mechanics all angular momenta must be quantized.
This rule applies also to the electron spin s. The prescription for quan-
tization of any angular momentum J is a natural generalization of
(10.49) and (10.52)

= i+ DN

(11.6)
J;=mjh, —jSmJSj

Here J* is the square of the absolute magnitude of the vector J, and
J . is its projection along some axis, conventionally taken as the z-axis.
The pure numbers j and m; are not necessarily integers, but all the possi-
ble values of m; must differ by integers. Thatis, m; = 5,7 — 1,5 — 2,
cee, =(j = 2), =(j — 1), —J, a sequence formed by integral steps.
This requirement limits 7 (and hence m;) to have integral or half-
integral values. We have already explored the possibilities of integral j
in discussing the quantization of orbital angular momentum, but the
half-integral values are something new.

What value of this quantum number shall we assign to the electron
spin? We have seen above that the Stern-Gerlach pattern in hydrogen
must be entirely caused by the magnetic moment associated with the
electron spin, and that this spin has no m = 0 component. Thus the
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electron spin must have a half-integral value; it is immediately tempting
to try the simplest (smallest) value, 3.
We assume that the electron spin s satisfies

=8+ 1, s=1

11.7
s, = m,h, me = £} o

Equation (11.7) leads to a Stern-Gerlach pattern of two components
with equal and opposite displacements from the undeviated beam. This
is indeed what we observe for hydrogen, confirming the assignment s = §.
In analogy with (9.48) we write the gyromagnetic ratio for spin in terms
of the Bohr magneton and a g factor for spin,

Gs = g&"o (11.8&)
From (11.4) and (11.7) we sce that
gs = 2 (11.8b)

Thus the gyromagnetic ratio for the spin is twice that for orbital motion
(9.50). This need not occasion any surprise, since we had no a prior:
reason to expect them to be the same.

11.2. Doublets in alkali spectra

As mentioned in the introduction, the spectral “lines” of the alkali
atoms reveal themselves on closer inspection to be narrowly spaced pairs
or double pairs of lines. These doublets or fine structure find a natural
interpretation in terms of electron spin. Indeed, the fine structure was
historically the first phenomenon to be explained in terms of a two-
valued quantum number, m, = =3}, although the physical interpreta-
tion as an intrinsic electron spin did not come until later. We first re-
view the experimental facts relating to alkali doublets.

If we examine the spectrum of an alkali atom like sodium or potassium
with a spectroscope of fairly good resolving power, we find that each
line of the sharp and prineipal series is in reality a rather narrowly spaced
pair of lines, called a doublet. For all other series there is in addition a
faint “satellite’” line attached to each doublet. Although each of these
groups really contains three lines, their customary name is compound
doublets. We should emphasize that none of the present discussion ap-
plies to the hydrogen spectrum, which is a special case in this regard.

The compound structure of the alkali spectra reveals quite simple laws
when we express the doublet separations in wave numbers or frequency
differences:

1. For the principal series, 18 — nP, all lines are doublets, and the
doublet separation decreases regularly with increasing n.
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2. For the sharp series, 2P — n.S, all lines are doublets with a con-
stant wave number difference, regardless of n.

3. For the diffuse series, 2P — nD, all the lines are compound doublets.
There are three lines, two quite close together and a third more widely
separated from this pair. The “doublet separation” in this case is the
wave number difference between the separated line and the nearer
member of the pair: this separation remains constant for all n and equals
that of the sharp series. The spacing of the narrow pair decreases regu-
larly with the increasing n.

4. For the fundamental series, 3D — nF, the multiplet structure has
the same character as for the diffuse series, that of compound doublets.
The major separation is constant for all n, and is equal to the narrow
spacing of the 2P — 3D doublet; the narrow separation again decreases
with n.

The combination principle (6.15) states that all spectral lines may be
expressed as differences between term values or energy levels. We must
ascribe these doublets to a splitting of the energy levels. The exact
manner in which the term values split is easily deducible from the ex-
perimental facts. Since the separation of the 2P — n.S lines does not
vary with n, this simple doublet must be due to splitting of the common
2P term into two terms. The 8 terms apparently do not split. The vari-
able separation of the 18 — nP lines must be due to variable splitting
of the P terms; that is, all P terms are doublets and all S terms are
singlets. The compound doublets of the 2P — nD series comprise a
fixed doublet due to the 2P splitting and a variable doublet due to
splitting of the nD terms.

Since both the P and D levels are doublets, we might expect their
various combinations to result in four components for each of the
2P — nD lines; actually, however, only three components appear in
each compound doublet. The nonoccurrence of one of the possible com-
binations points to the existence of a selection rule between the com-
ponents of the doublet levels.

The structure of the 3D — nF lines is the same as for 2P — nD lines,
and the same conclusions are to be drawn: the F levels are also doublets,
and the same type of selection rule operates between the doublet com-
ponents as in the 2P — nD case. The same conclusions will hold for all
higher terms, such as G, H, etc. We can therefore draw without am-
biguity the energy level diagram (Fig. 11.2) and the corresponding
transitions; the transition forbidden by the selection rule appears as a
dotted line. To denote the fact that each level is split into two com-
ponents, it is conventional to insert the number 2 as an upper left-hand
index in the term notation; that is, the superseript in 3°P, 4°F, 6’D indi-
cates that these terms are all doublets. Note that although we have seen
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3s 3P 4D= 4F
- 3D
2s - 2P
1S

Fig. 11.2. Doublet spectrum lines; dotted transitions are forbidden.

them to be single, the S terms are also designated as °S (and not 'S)
for the alkali atoms. This notation simply indicates that they belong
to a system of terms which are all doublets, with the sole exception of the
S terms. This notation will create no confusion in practice, because we
shall see presently that the S terms are always single for any atom, no
matter what its spectral system. The notation 5°D is read, “five doublet
D.” .

It is also possible to have a system composed entirely of single levels,
which are designated by 'S, 'P, 'D, --- and read ‘“singlet S” etc. If
the levels (with the exception of S) are all triple, we have a triplet sys-
tem, denoted by *S, °P, °D, - - - ; quadruplet, quintuplet, etc., systems
have corresponding designations. These different multiplet systems are
all observed among the spectra of atoms in various rows of the periodic
table.

In our previous discussion it appeared that each spectral energy level
corresponded to a different set of quantum_numbers. It is natural to
try to extend this principle to the present case. For this purpose we have
available a new quantum number represented by the electron spin. The
alkali spectra result from a single optical electron, for which the spin is
always s = %; this quantum number in itself would not cause any dou-
bling of the energy levels. Now consider the vector addition of the spin
and orbital angular momenta of the electron,

L+S=1J (11.9)

Here J is the total angular momentum of the electron. The addition
rule (10.55a) for quantized angular momenta tells us that the quantum
numbers corresponding to (11.9) satisfy the relation

l+s252( -4 (11.10)

Since s = %, this means that

j=1x} (11.11)

Since j is always a positive number, the = sign in (11.11) holds for every ‘
value of [ except [ = 0, in which case only the - sign applies, and j = §.
This total angular momentum j is exactly the quantum number we
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need to interpret the doublet energy levels: for each value of I there are
two values of j, one for each doublet level. And for s terms there is
only one value of j, so that they all remain single in spite of being mem-
bers of a doublet system. The selection rule necessary to assure that only
three out of the four possible transitions occur between two doublet
levels is clearly

Aj =0, %1 (11.12)

This is quite similar to the selection rule (10.45), Al = =1.

In distinguishing the various states, we attach the j value to the term
symbol as a lower right-hand index. Thus the terms of the alkali spectra
are n*Syz, n’Pys , n*Pys, WDy, ete. The notation 4°Dy. reads “four
doublet D-three-halves” and implies a state with n = 4,1 = 2,7 = §.

The hydrogen fine structure shows some exceptional degeneracies in
comparison with the fine structure of the alkali atoms. The degeneracy
is no longer so extensive as in the simple theory without fine structure
where all levels of a given n had the same energy, regardless of I. When
fine structure is taken into account, pairs of hydrogen levels with the
same n, j are equal, regardless of [. In the alkali atoms the presence of
the core removes the degeneracy by making the energies depend also on I.

11.3. Two-electron spectra

Before examining the role of the electron magnetic moment in the
anomalous Zeeman effect, let us consider the spectra of atoms with more
than one optical electron. Normal He and the alkaline earths Be, Mg,
Ca, Sr, Ba, and Ra have two optical electrons each, and all show spectra
of the same general form. If we neglect the multiplet structure of the
lines this spectrum appears simply to resemble the superposition of two
alkali spectra, similar to what is observed in a discharge containing Na
and K. The energy level diagram ismadeup of two diagrams, each of the
same type as for the alkalis, with a set of S, P, D, F terms. Within each
diagram the same combinations occur as for the alkalis, but there are
no transitions from levels of one diagram to levels of the other diagram.
For a time it was actually thought that the two parts of the spectrum
were due to two kinds of atoms, and it was customary to speak of the
ortho- and para-helium spectrum. Another possible elementary explana-
tion would have been to assign one spectrum to one optical electron,
the other to the second optical electron.

Actually, no such simple explanation is possible. This is because of
the different multiplet structures of the two sets of lines and term
schemes. All lines of one spectrum are strictly single lines, and therefore
the terms composing this spectrum are singlets. The lines of the other
spectrum are triplets or compound triplets. The multiplicity rules are
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similar to those for alkali atoms; the principal and sharp series are sim-
ple triplets, the principal with variable spacing and the sharp with con-
stant spacing of the lines in the triplets. All other series are compound
triplets, which consist of six lines. This must mean that the term system
consists of triplets; the S terms are again single, but are nevertheless
called triplet S terms because they belong to a triplet system. The two
term systems of the two-electron atoms are therefore the singlet and the
triplet system with the notations 'S, 'P, 'D, --- and ’S, °P, °D, --- .

To assign quantum numbers to these triplets, we recall that the
doublet levels of the alkali atoms are distinguished by different values
of the quantum number j for total angular momentum. For the doublets
j = 1 = %, and the most obvious extension to the present case is

j=Llx1 (triplet)
(11.13)
, j=1 (singlet)

for the two types of terms in two-electron spectra. This assignment
makes the structure of the compound triplets consistent with the selec-
tion rule (11.12). In order to obtain simple triplets for S — P transitions,
we must assign j = | only for the § levels of the triplet system. The j
values are again appended as subscripts to the term notation: 'S, , 'Py,
'Ds, ete; °Si; *Po, ‘Py, *Pa; 'D1, *De, "Ds; ete.

For the lines of the singlet system, we have j = [; that is, the electron
spin does not play a role, meaning that it is effectively zero. It is unlikely
that the electron has a spin in some atoms and not in others. A much
more satisfactory assumption is that the singlets correspond to states
where the spins of the two optical electrons are in opposite directions
and cancel each other. This assumption automatically explains the
origin of the triplet terms. They correspond to states where the two
electron spins are parallel and add up to a total spin of 1 in units of A.
Indeed, all j values of the triplet states can be understood as the magni-
tude of the vector sum of the I vector and a unit vector, as shown in Fig.
11.3 for the 3D state.

This interpretation implies that the various energy levels do not refer
to either electron individually. They refer to the assembly of both elec-
trons, taken as a whole. The entire system of optical electrons possesses
a set of energy levels, and it is these levels that determine the radiation
of the atom. It is in the nature of wave mechanics

and the principle of indeterminacy that the two (=2 J=3
optical electrons in the atom cannot be distin-

guished; one can take the place of the other, with- J=1  Js2

out altering the description of the atomic proper- Fig. 113. The

ties. Inamultielectron system it makes no sense to three j values for a
speak of the wave function of one specific electron, 3D state. )
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when several electrons are more or less equivalent. We can consider
only the wave function of the combined system. Consequently the
quantum numbers 7, j, s do not refer to any particular electron, but
are numbers characterizing the whole assembly of optical electrons;
or we may say that they arc the quantum numbers of the atom and
not of any clectron.

To emphasize this important distinction, the quantum numbers of
the atom are designated by capital letters L, J, S, M, M, , M. Here
L is the orbital angular momentum of all electrons, M its component
in the z(field) direction, and S the total spin of all electrons (which
should not be confused with the S term notation); J is the total angular
momentum of the complete system, M is its component along the field
direction, and M bears the corresponding relation to S. All the state-
ments valid for the quantities represented by small letters are valid
for the corresponding quantities represented by capital letters. Spe-
cifically, the selection rules for the emission of radiation are

A =0, %1 (no 0 < 0) (11.14a)

AM; =0, £1 (11.14b)
AL = =1 (11.14¢)
AM =0, %1 (11.14d)

In (11.14c), the possibility AL = 0 cannot be definitely excluded
because for many electron spectra the parity of the system is in general
not definitely related to the total L. For the lowest energy states, how-
ever, it usually happens to be true that P = (—1)t. Therefore (11.14c)
holds for combinations of the lowest terms, which are the simplest and
most instructive to analyze. We may see the reason for the special
rule no 0 <> 0 in (11.14a) by returning to the original discussion of the
radiation selection rule in section 10.9. There we observed that the
photon always carries off one unit of angular momentum from the atom
in a radiative transition. Thus if J and J' are the total atomic angular
momenta before and after the transition, we have

J=J+1 (11.15)

where [ is a unit vector. According to the rule (10.55a), the quantum
numbers J' and J satisfy

J+1>0>|J—1]| (11.16)

Thusif J = 0, J’ = 1 only; and if J = %, J' = 4, }. These are the
only exceptions to AJ = J' — J = 0, 1. In particular, J' and J
cannot both be zero, because of the vector properties of the photon.
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The states of the alkaline earth spectra have quantum numbers and
designations as follows:
Singlet system L 8
'nlSo 0 0
an 1 1 0
n'Dy 2 0
general L 0
Triplet system L §
'n3S1 0
'nsP 0 1
nsP 1 1
n3P 2 1
nle 2
‘nsl)z 2
'nan 2
ete.

WNHNFROHQ NND-O

Pk pamd ek ek pmd pd

It is evident that the highest multiplicity of the terms in a given term
system is determined by the value of S for this system. The value of
the left upper index is (28 + 1). Hence the notations, singlet, doublet,
triplet, quartet, . .. indicate the value of S for the system: 0, 3, 1, },... .

The number of components in a multiplet does not always equal
(28 + 1), however. The minimum value of . is | . — S|, which must
be a positive number. The total number of ./ values (multiplet com-
ponents) is therefore determined by the smaller of the two numbers
L and 8. Only when L > § is the number of components (28 + 1);
when 8 > L, the number of components is (2L 4 1). This accounts
for the fact that all S terms with I = 0 are single, regardless of the
multiplet with which they are classed. The multiplets are classed accord-
ing to (28 + 1), regardless of the exact number of components.

In the alkaline earths and in He the term 1'S, is the lowest energy
level. It corresponds to the normal state of the atom and determines
the ionization potentla.l The absorption spectrum consists only of the
singlet series 1'Sy — n'P, since no other levels can combine with 1'S,.
The other lines of the smg,]et system originate in the same way as in
the alkalis. But to create the lines in the triplet system it is necessary
first to ionize the atom. In the normal atom the electron spins are anti-
parellel, so that one electron must first be removed from the atom, later
to rejoin the atom with its spin parallel to the spin of the electron which
was not removed. In doing this it gives out the radiations of the triplet
system, pursuing successive jumps between these tnplet levels until it
has reached the lowest triplet state, which is the 1°S; level. The latter
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has a higher energy than the normal state, but the electron does not
jump from the 1°8; to the 1'S; level because transitions from the triplet
to the singlet states are not permitted. This general rule of the non-
existence of transitions between levels of different multiplicity consti-
tutes the selection rule

AS =0 (11.14e)

which states that ordinarily in a transition no electron can reverse its
spin. As a corollary, also

AMs =10 (11.14f)

Thus the electron is trapped in the lowest triplet state, and one might
expect that after continuing a discharge for a long time all atoms might
finally end up in the triplet state. Actually this does not happen. The
atom can make the prohibited transition to its normal state. This
transition does not occur spontaneously, as do all the other transitions,
but becomes possible during the impact of two atoms. Impacts of
atoms which give rise to prohibited transitions are called collisions of
the second kind. (A collision of the first kind is the opposite process, in
which an atom gains excitation encrgy by the collision, rather than
losing it. In the Franck-Hertz experiment, section 7.3, the atoms make
collisions of the first kind with electrons.) Thus an atom in the lowest
triplet state remains stable until it is hit by another atom. Depending
on temperature and pressurc of the gas it may remain in this state for
what in optical radiation phenomena is a relatively long time, perhaps
as long as some 107* sec. Such levels are called metastable states. The
impacts of the second kind may be due mainly to atoms of a different
chemical nature, explaining the fact that additions of a small amount’
of another gas can modify the radiation of a gas discharge. De-excitation
of metastable states can also occur, of course, in collisions of gas atoms
with the walls of the container.

The fact that the quantum numbers of the energy levels, which de-
termine the radiation of an atom, refer to the whole atom and not to
the individual electrons does not imply that no such quantum numbers
exist for the electrons. If an alkaline earth atom is ionized, so that it
possesses only one optical electron, its spectrum is analogous to that
of an alkali. The remaining electron has definite quantum numbers,
i, 81,71. When the removed electron rejoins the atom, it brings with
it a definite angular momentum and a definite spin, given by I, s,.
The problem arises of how to add the momenta together to determine
L, 8, and J of the combination and to retain conservation of the angu-
lar momentum.
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114. Vector model and complex spectra

To classify the spectra of complex atoms with three or more optical
electrons, it is convenient to extend the vector model already used in
connection with two-electron spectra. The ith electron in a complex
atom has associated with it two angular momentum vectors, its spin
s; and orbital angular momentum ;. All the vectors for the optical
electrons must combine to give the total angular momentum J of the
atom. The way in which they do this constitutes the coupling scheme
of the atom.

In quantum mechanics we can picture an angular momentum vector
as continuously precessing about its fixed J, component (Fig. 11.4).
This is just a visual way of representing the quantum mechanical fact
that if we specify J. exactly, we cannot say anything at all about J,
and J, individually. In much the same way we picture vector addition
as in Fig. 115, with the two component vectors j; and j. precessing about
their sum J. In the vector model the speed of this precession measures
the strength of the interaction between the motions producing ji and j,.

Now consider the combination of a large number of vectors as in a
complex atom. The general principle for building up this combination
is as follows: the angular momenta with the strongest coupling forces
between them combine first to form resultant vectors about which they
precess; these resultant vectors, which are more weakly coupled to
each other, then combine to form the final resultant. We can see which
coupling forces are usually strongest by returning to the two-electron
case.

The spectroscopic facts for two optical electrons demonstrate clearly
that the spins of two electrons must have a strong interaction. The
spin of one electron strongly affects the spin of the other; they can he
only parallel or antiparallel, and to switch from one position to the
other, it is necessary first to remove one electron from the atom and
later to bring it back in reversed position. We say that we have strong

'Y p
Jz = mh V
J=fiti+n0h
114 11.5

Fig. 11.4. Precession of an angular momentum vector about its
) z-axis projection.
Fig. 11.5. Precession of two angular momentum vectors
about their sum.
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Fig. 11.6. In the
vector model, the
speed w of preces-
sion of two angular

momenta  about
their resultant is
proportional to the
strength of the
coupling between
the momenta. The
strength of this
coupling is expres-
sed by E, the in-
teraction energy
between the mo-
menta and the an-
gular frequency w
= E/h. Thus in
building up the
total momentum J
in L-S8 coupling,
the precession of
U1, 12 about L and
81, 82 about S is
more rapid than
that of L and S
about J.
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s coupling. Similarly, the orbital motions of two elec-
trons are strongly coupled, since their wave functions
overlap. As a result the two ! vectors precess about
each other, and the two s vectors do likewise, forming
L and S; and only the latter again couple to form J.
This type of interaction is called L-S coupling or
Russell-Saunders coupling, after the discoverers of the
principle. It is illustrated in Fig. 11.6.

In a few atoms there is a tendency away from L-S
coupling to socalled j-j coupling. In this case the I
and s, first combine to make j;, while I, and s, com-
bine to form j, . Then j; and j, couple to form the re-
sultant J. This type of coupling is relatively rare in
atoms, and we shall discuss first the rules for con-
structing many-electron configurations in L-S cou-
pling. Chapter 12 discusses some further aspects of
Jj-j coupling.

The rules derived for two electrons are generally
valid for systems of many clectrons with L-S cou-
pling. These rules are the following:

1. All electron spins can have only two orienta-
tions according as m, = +3. We conventionally call
these orientations “up” and “down.” It follows that
when the number N of optical electrons is even—as
for elements in the second, fourth, sixth, and last
columns of the periodic system—the total spin S
takes integral values, J = 0,1, 2, --- , 3N. For el-
ements with an odd number of optical electrons the
total spin S has half-odd values, S = §, 4§, ---,
iN.

2. Now L is the vector sum of all I vectors, and L
and all the | quantum numbers are always posi-
tive integers or zero. For example, the sum of

1 = 3and ! = 4 can have by (10.55a) the values 7, 6, 5, 4, 3, 2, 1 but
not 0, as seen from a vector diagram. If we know the quantum num-
bers [, I’ and L, we can compute the angle between the vectors [ and U,
which we denote by (I, I'). Since in quantum mechanics L* = I(l + 1)#’,
the trigonometric law of cosines reads

LL+1D) =W+ +VC+ 1) —2/I0TF DT + 1) cos A1)

or hence

cos ([, l') =

W+HD+IC+1) —LIL+1Y
VI + ) VI + 1)

(11.17)
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3. The total angular momentum J of the atom is the vector resultant
of L and S. The quantum number J is always positive and is a ‘“half”
or a “whole” number, depending on whether S is half or whole. For a
given L and S these correspond to several values of J; that is, all the
values obtained by counting in integral steps from | L — S |to L 4+ 8.
The number of possible J values or hence multiplet components is
(28 + 1) or (2L + 1), whichever is smaller. The angle between the
S and L vectors is deduced by the same method as above:

S+ +LL+1-JJ+1)
2vVL(L+1) V8IS + 1)

In L-S coupling the spacing of the various levels with different J
values in a given?s+! L multiplet depends directly on the angle between
S and L. The energy difference of the multiplet levels arises from the
interaction of the magnetic dipole moments associated with the vectors
L and S. This interaction energy is proportional to the scalar product
of these vectors,

E, = AL-S
~\VIT F DVSE + 1) cos (S,L) (11.18)
W2 +1) — 88 +1) = L(L + 1)]

where ) is a constant for a given multiplet. We can eliminate the un-
known constant A by taking the energy differences between successive
levels:

(11.17a)

cos (S, L) =

EJ - E,]_l = AEJ = XJ

11.19)
AEJ:AEJ’ = J/J' (

Relation (11.19) is useful only for § > %, where it is known as the
Landé interval rule. For example, in a *D multiplet, the spacings be-
tween the J = 1, 2, and 3 levels are in the ratio of 3 to 2.

This interval rule is useful for identifying the J values of a multiplet,
and for determining the larger of the two quantum numbers L, S (the
smaller follows simply by counting the number of terms in the multiplet).
The rule (11.19) is valid only for I-s coupling; it is therefore useful
even where the observations fail to agree with it, for such failure implies
in turn a deviation from pure L-S coupling in the atom.

We should emphasize that there is nothing mysterious about these
effective forces between different vectors in the atom; the coupling forces
are all electromagnetic in character. They arise in the electric and mag-
netic interactions among different motions of the electrons. For ex-
ample, consider the spin-orbit (I-s) coupling of a single electron.



272 ELECTRON SPIN AND MULTIPLET SPECTRA Ch. 11

In the classical picture the electron circulates about the nucleus in an
orbit with angular momentum l. The electron sees the nucleus as mov-
ing in a circle, which creates a magnetic induction B at the position of
the electron. Then B is parallel to I. The interaction energy of B with
the magnetic moment u, associated with the electron spin is

AE = —u,B cos (u:, B) (11.18a)
Av/s(s + DV + 1) cos (s, 1)

where 4 is a constant and s, I are parallel to u, , B. The generalization
of this formula for S and L of several electrons leads to (11.18) and the
Landé interval rule (11.19).

11.5. The Zeeman effect

When atomic radiation takes place in an external magnetic field, all
the lines of the original spectrum are split into several components.
This is the Zeeman effect, the classical interpretation of which we have
given in Chapter 4. In the classical theory each spectral line splits into
first three components of frequency vy, vy £ eB/4wmc, where », is the
original frequency, B is the applied magnetic induction, and ¢/m is
the “specific charge” of the electron. Although a few spectral lines do
happen to show this classical or ‘“normal” Zeeman effect, most of them
do not, and have instead anomalous Zeeman effects, in which there are
more than three components of each spectral line, and these components
do not have equal spacings.

For atoms with L-S coupling the rules of the preceding section are
sufficient to predict the complex phenomena of the anomalous Zeeman
effect, with the addition of two more rules.

4. In a magnetic field the J vector, representing the total angular
momentum, orients itself in such a way that the component of J along
the field is quantized according to M, . Then M, is an integer when
J is integer, and is half-integral when J is half-integral, and M, takes
all values from J to —J, causing each original level to split into 2J + 1
levels in the magnetic field.

5. The magnetic moment associated with the orbital momentum is
pr = gV L(L F 1), where L is the quantum number of the total
L vector, g, = 1, and yo is the Bohr magneton eh/2me. The magnetic
moment associated with the spin is us = gauoV/S(S + 1), where S is
the spin quantum number and gs = 2.

The direction of the magnetic moment vectors u, and us are along
the L and S vectors, respectively. Actually, u, and us are directed oppo-
sitely to L and S because the charge on the electron is intrinsically
negative. Since this is only a matter of a sign convention, we may
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neglect it and for convenience consider u, and ps co-
incident with L and S. It is clear that the resulting
magnetic moment w = w, + wg will not point
along the J vector, because of the difference in the ¢
factors. The resulting moment, g will precess with the
atom about the J direction, as illustrated in the sche-
matic vector diagram Fig. 11.7. The effective mag-
netic moment u; is given by the component of the
total moment u along J. Since the effective w, is
parallel to J, we can express it in terms of an ap-
propriate g factor:

wr = pegaVJIW + 1) (11.20)

where the magnitude of the vector J is ai\/.J(J + 1),
as in (11.6)
We can readily compute the factor g, from the
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Fig. 11.7. Re-
sultant magnetic
moment in the vee-
tor model for L-S
coupling. The to-
tal moment u pre-
cesses with L and
S ubout J, so that
the net effective
moment i8 uy in

wave mechanical laws of vector addition. Diagram  the direction of J.

11.7 gives
= pgcos (LJ) + pecos (S,J) (11.21)
where for the cosines we have
cos (LJ) = L(L+1)+J (-{ + 1) =88 +1)
08 M) = T eI F ) VI F 1) (129
S@+ 1) +JJ+1) = LIL+1) '
cos (S,]) =

288 + 1) VJIU F 1)
Introducing these expressions along with the magnitudes of the moments
e and pg into Egs. (11.21) and (11.20), we have

Y . S SS+1)+JJ +1) = LIL+1)
0 = J(J+1)—1+ 570 + 1) (11.23)

This equation along with u; = pog,J gives the magnetic moment of an
atom in the quantum state characterized by the quantum numbers
L, J,S.

This g factor performs the same function as when it was first intro-
duced in Chapter 4 to describe the magnetic moment of the electron;
that is, it specifies the relation between the angular momentum of a
given configuration and its effective magnetic moment.

If the total angular momentum is J, the effective magnetic moment,
oriented along J, is u; = pgsJ. Equation (11.23) for g, was arrived at
empirically from observations of the anomalous Zeeman effect by Landé
several years before the vector model and the electron spin were recog-
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nized. The agreement of Eq. (11.23) with experiment verifies the pro-
cedure given and represents the best proof of existence for the electron
spin and its associated magnetic moment.

In a magnetic induction B the J or u, vector orients itself so that the
component of J along B is kM, . The angle between the magnetic mo-
ment and the field direction is therefore v, where

cosy = M,/A/JWJ + 1) (11.24)

This equation gives the possible orientations for space quantization.
The potential energy of a magnetic dipole moment in a field is

—psBeosy =V (11.25)

This represents a change of the energy level in a magnetic field. Fach
level is split into 2/ + 1 components, characterized by different M,
values, with an energy difference from the original, unsplit level of

AE = pBg,M, (11.26)

obtained by introducing (11.23) and (11.24) into (11.25). The minus
sign in (11.25) is canceled by taking account of the heretofore neglected
negative charge of the electron.

With the splitting of the level known from (11.24), it is a simple
matter to compute the pattern of the anomalous Zeeman effect for a
transition from a level L, S,, Ji, to a level L., S, J.. Each level
has its own ¢ factor, g, and g, . Of course we need only those transitions
that satisfy the selection rules for L, S, J. To obtain the Zeeman pat-
tern, we have simply to apply the frequency condition AE = hv and
take into account the selection rule for M, ,

AM, = 0, %1 (11.27)

Transitions in which M, is not altered are = components of the Zeeman
pattern. They are polarized parallel to the magnetic field in transverse
observation. All other transitions are ¢ components, polarized normal
to the field in transverse observation, and circularly polarized in longi-
tudinal observation (x components do not appear in longitudinal observa-
tion of the Zeeman effect).

If E, and E; are the energies of the unsplit levels, and v = (E, — E»)/h,
the frequency of the unsplit spectrum line, we have as general expres-
sions for the split levels

El’ = E1 + ﬂongMh, Eg' = E2 + “OgZBMJ’ (1128)
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Hence the frequencies of the transitions are

_ B - B _ mB -
v = h — =y + A (glMJl gzMJz) (11.29)
=y + Av
M,(g —g2) if AM; =0 (m)
Ar = x| O ! (11.30)

Mig — g £ g if AM; = x1 (o)

where in (11.30) we take M, = M,, , and », = eB/4xmc is the Larmor
frequency. This equation shows that in general the line splits into a
considerable number of components, with various displacements from
the original line. These spacings are of the same order of magnitude as
the Larmor frequency »,, .

The pormal Zeeman effect appears as a special case of the above equa-
tions, namely, when S = 0. In this case J/ = L and g, = g» = 1 by
(11.23). Then (11.30) reduces to

(0 ()
Av = v, X (11.31)

|1
Note that (11.31) gives rise to a much simpler spectral pattern than
(11.30) because the dependence on M, drops out. Equation (11.31) is
that of the normal Zeeman effect. It appears only for lines that are

Mizas
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)
9 6/5 -3p
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2 ! Mj=32
gpars ——A=—=—== : v
N =-1f2
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Fig. 11.8. Construction of lines in the Zeeman pattern of a
2P, — %Dy, transition. The dotted lines are the levels in the ab-
sence of a magnetic field.
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Fig. 11.9. Frequency plot of the Zeeman components of Fig. 11.8.
The dotted line in the center of the diagram represents the original
spectrum line in the absence of a magnetic field. The scale factor
v}, is shown.

members of a genuine singlet series. Since singlet lines are relatively
rare, most observed Zeeman effects are anomalous.

As an example of the anomalous Zeeman effect we calculate the pat-
tern for the transitions corresponding to one of the multiplet lines of the
diffuse series of an alkali, namely *Py» — *Ds;p . Wehave Ly = 1, 81 = 3,
Ji=34g=4%andl, =2,8 =14 J: =4 ¢ = § For the first state
M, assumes the values =3, 4. The = lines have therefore the fre-
quency shifts

Av = (X3, £Dvid — 8 = v, v,
while the ¢ transitions involve the frequency shifts
+(ds £8) = +1§, 4]
PE X [:I:(é- +4) = £, *1 J}

The term level diagram with the transitions and the appearance of the
pattern are illustrated in Figs. (11.8) and (11.9).

11.6. Theory of the electron spin

In our discussion we have introduced the electron spin merely as a
supplement to wave mechanics. Actually, the electron spin can be in-
corporated into the theory of wave mechanics, as was shown by Dirac.
The detailed theory of electron spin is beyond the scope of this text,
although the procedure is a logical extension of Schroedinger’s equation
from the nonrelativistic case in which p*/2m = E for a free particle to
the relativistic case where E* = p’c’ 4+ mo'c’. In the solution of this
problem there is a certain analogy with optics. In optics the wave
character of light is adequately described by a single wave function,
but this representation is not sufficient to describe its polarization.
To specify this parameter, it is necessary to introduce four quantities
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E.,E,, H,, and H,, of which all satisfy the wave equation and may
be called wave functions. These electric and magnetic field components
are not independent, but are related by Maxwell’s equations.

The electron spin appears as the counterpart of polarization of light;
the electron wave is “polarized,” either right or left circularly according
to the spin direction (m, = =+31). If we neglect this polarization, we
can specify the electron by a single wave function; but to include the
spin in our description again requires the introduction of four different
wave functions that are not independent but related by Dirac¢’s equa-
tions. These equations show that the electron magnetic moment is
naturally related to its spin.

SUMMARY

The " concept of intrinsic clectron spin and an associated magnetic
moment succeeds in explaining several otherwise anomalous phenomena:
the Stern-Gerlach experiment on hydrogen, the existence of multiplets
in atomic spectra, and the anomalous Zeeman cffect.

The Stern-Gerlach measurement on neutral hydrogen atoms shows
them to have a magnetic moment of approximately one Bohr magneton,
uo = eh/2me. This magnetic moment must reside in the electron, since
any proton effects would be about 1000 times smaller. It must reside
in a single electron, because neutral hydrogen contains just one electron.
On the other hand, normal hydrogen is in an S state with I = 0 and
hence has no magnetic moment due to orbital motion of the electron.
We must thercfore associate the observed moment with an intrinsic
spin of the electron. The splitting of the hydrogen beam into just two
components, with no central undeviated component, indicates that the
quantum number of this spin angular momentum must be s = 3. The
total magnitude of the spin vector is A/s(s + 1) = +/3h, and its z-com-
ponents are hm, , with m, = =+%. This accounts for the splitting of the
beams into two components in the Stern-Gerlach experiment. The
associated magnetic moment component along the z-axis is p. = pogsm. ;
the measurements imply that gs = 2, in contrast to g, = 1 for orbital
angular momentum.

The spin s and orbital angular momentum ! combine by the laws of
vector addition to give the total angular momentum j of the electron.
This j is also a quantum mechanical vector, having absolute magnitude
2V/5(G + 1) and z-component &m; , where m; runs from —j to + j in
integral steps. According to the quantum mechanical rules of vector
addition, j = I &= 3 > 0. The fact that there are two values of j for
each value of I (except I = 0, when j = } only) accounts for the doublet
spectra of the alkali metals with one optical electron. Spin-orbit inter-
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action (cf p. 277) causes a small splitting of the levels with the same [
and different j. From the alkali doublet spectra the selection rule Aj =
0, =1 is found. The notation for doublet lines is %Sy, *Py2, P32, - -+,
etc., with the value of j a lower right-hand subscript.

This same vector model carries over readily to more complex spectra
arising from more than one optical electron. The spectra here depend on
the quantum numbers of the optical electron system as a whole, rather
than on the quantum numbers of individual electrons. In the most
common form of coupling between optical electrons (L-S or Russell-
Saunders), we may suppose that all the spins combine to give a total
spin 8 = s; + s, + --- . The individual spin vectors s, precess rela-
tively rapidly about the resultant S. Likewise, the individual ! precess
rapidly about their resultant L = 4, + 1, 4+ --- . Finally L and S pre-
cess rather more slowly about the total resultant angular momentum
for the whole system, J = L + S. For sufficiently large L there are
(28 + 1) different values of J associated with each L, where S is the
quantum number of S. Thus each level splits into (28 + 1) levels,
constituting & system of (28 + 1)-plets. The term designations are
25H(1), . The selection rules are AJ = 0, &1, and AS = 0. If there
are n optical electrons, the possible values of § are n/2,n/2 — 1, --- |
(3 or 0). Thus the totality of term values for the atom may contain a
number of sets of different multiplicity, which do not combine because
of the selection rule AS = 0. Two optical electrons as in He, for example,
give rise to singlet and triplet term systems.

In L-8S coupling the spacing of levels in a multiplet follow the Landé
interval rule. If the energies or term values of the different levels in a
multiplet are E,, and the spacings are AE, = E, — E,_.;, then
AE,:AE,. = J:.J'. The accuracy with which this rule is followed gives
a measure of the validity of L-S coupling.

Because the g factors are different for S and L, the total magnetic
moment of any atom in L-S coupling is not generally parallel to J.
The magnetic moment y precesses with L and S about J, so that only
its component w, parallel to J is effective. We can define a ¢ factor for
this effective moment,

S+ +JU + 1~ LEL+D
oI T 1)

In a magnetic induction B the displacement of an energy level is AE =
wBg, M, , where AM, is the component of J along B. Since the g, factor
is in general different for the two levels of a transition, a single line
splits into a very complex pattern in a magnetic field. The spacings of
the pattern are of the order of the Larmor frequency », = eB/4rmc but

—_wh _
{1.1--.,”0 1+
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are not uniform. This is the anomalous Zeeman effect; the normal
Zeeman cffect with three equally spaced components occurs only for
singlet lines with S = 0. The quantitative agreement of the anomalous
Zeeman effect with calculated g, factors is the best quantitative evi-
dence that the electron spin exists and has gs = 2,

The detailed theory of eclectron spin is beyond the mathematical
scope of this text. The electron spin appears naturally in the relativistic
theory of Dirac, where the electron is described by not one but four
related wave functions ¢, which specify the different states of electron
polarization or spin.
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ILLUSTRATIVE PROBLEMS

1. How many components has the multiplet *P? What are their
designations?

Solution. The multiplet °P is a term in a quintet system. The num-
ber of components is (21, + 1) or (28 + 1), whichever is smaller. In
this case L = 1,80 2L + 1 = 3 is smaller than 28 4+ 1 = 5. There
are accordingly three components. The values of ./ aregivenby L + S >
J>|L-S8|,or14+2=3>J2>|2-1|=1 ThusJ = 1,2,
3, and the term designations are °P, , *P, , °P; .

2. In atoms with several optical electrons a somewhat less usual type
of coupling than L-S (Russell-Saunders) is j-j coupling. In this scheme
the spin s; of each electron adds to the orbital angular momentum
l; of the same electron to form the total angular momentum j; for that
electron. The several j; then combine vectorially to form the total J of
the system. Find the g, factor from the vector model for two electrons
in j-j coupling.

Solution. Let the electrons have momenta j; and j, with g factors
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g1 and g. . They couple to give total spin J. The total magnetic moment
component along J is

s = p1co8 (ji,J) + pa2 cos (ja,J)

_ je—— [H + 1) = G2+ 1) + J(T + 1)
= B eVl + l)[ 2ViG + DVIT 1) ]

- [ 72(79 1) — (i 1 :
+mgg\/j2(jz—_|_])[.7(.7 +1) -G+ 1) +JU + )]

2505 + 1) VJWT + 1)
=mgs VI +1)
Thus

_1. A+ 1) — (e + 1) 1
9.1—5(91 gz)[ JJF 1D ]+§(91+92)

Note that if ji1 = 7z, g, is just the average of g, and g. , regardless of J.

3. Show that wave mechanics gives the correct polarizations in the
normal Zeeman effect: polarized parallel to B (x) for Am = 0, opposite
circular polarizations (¢) about the axis of B for Am = 1.

Solution. The normal Zeeman effect occurs when the spin vanishes,
so that it should be appropriate to use the wave mechanics of a spinless
electron, as presented in Chapter 10. The electric dipole radiation rate
(10.85) is proportional to the sum of the squared matrix elements

Vr~ @ P+ 1@+ | )
=d@E@+wl+3lE@-—i)+ ]

The polarization of the emitted light is that of the matrix element: for
| ¢z) |’ the light is polarized along the z-axis, which is the direction of
B; for the matrix elements (z = 1y) the light is right or left circularly
polarized about the axis of B.

We obtain the selection rules for (m’ |z =% 4y |m) from a formula
like (10.88), in which the integral over the coordinate becomes

2%
m' |z £1y|m)~ ‘£ e e etie me g,

This integral vanishes (and with it the matrix element) unless m’ — m =
Am = +1for (z + iy), Am = —1 for {x — 4y). Thus the two directions
of circular polarization are associated with different values of Am, one
with Am = 41, the other with Am = —1. Polarization in the z-direc-
tion is associated with Am = 0, as in (10.90).
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PROBLEMS

1. (a) What are the quantum numbers L, J, S of a ‘P term?

(b) Show in a diagram the relative orientations of the L, J, and S
vectors for this state.

(¢) How many components has the multiplet to which the ‘P term
belongs?

(d) Into how many components will the *Py. level split under the
influence of a magnetic field?

2. (a) What are the quantum numbers L, 8, J of a *D; term? of a
4F 3/2 term?

(b) Into how many components will the levels *Dy and *Fy, split
under the influence of a magnetic field?

(¢) Give the notations of all terms of the multiplets to which the
terms *D; and “F;, belong.

3. Draw to scale the multiplets'F, *P, °G.

4. Give the L and S values of multiplets with the relative spacings
4,3,2,1;7,5,3;9,7,5, 3.

5. The ground state of sulfur is *P.. In a Stern-Gierlach experiment
on sulfur, into how many components would the heam split? Sketch
their positions relative to the original undeviated beam. What magnetic
moment will the experiment measure for these atoms?

6. In the illustrative example 2, how are the factors g, and g, obtained?
Give a general expression for such a g factor in terms of the electron [
for the two casesj =l + Y andj =1 — 1.

7. In the coupling of a spin S and an orbital angular momentum L,
suppose that the respective g factors have arbitrary values gy and g, ,
not necessarily equal to 2 and 1, respectively. Obtain a formula for g, .

8. In an atom with two optical electrons, suppose that one electron
occupies a p and one electron a d orbit. What terms of the system as a
whole will they produce in Russell-Saunders coupling?

9. The line 2P — 4D of rubidium is a compound doublet with lines
of the following wavelengths and wave numbers:

A=T7595A & = 12,8839 X 10°m™
= 77579 A = 12,886.6 X 10°m™
= 76192 A 13,121.2 X 10’ m™

(a) Noting that the doublet separation of terms decreases with in-
creasing n, determine to what transitions these lines correspond.
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(b) Compute the Zeeman effect of the three lines in an induction of
1 weber/m’, and illustrate the results in diagrams, showing all three
lines on the wave number and the wavelength scale.

(¢) For what induction B will the Zeeman patterns overlap (Paschen-
Back effect, Chapter 12)?

10. In the spectrum of cesium lines are found corresponding to
4F — nG, n=256,7---

(a) How many fine structure components will these lines have and
what are their notations?

(b) Into how many components will each fine structure line split in
a magnetic field?



Chapter 12

THE PERIODIC TABLE, EXCLUSION PRINCIPLE,
AND OTHER TOPICS

With the addition of intrinsic spin to the electron, we have completed
the basis of our present wave mechanical understanding of atomic strue-
ture. In this chapter we discuss some further ramifications and applica-
tions of these ideas.

Our first approach to the atom in the opening chapters was from a
chemical point of view. No picture of the atom, however elaborate,
can be considered accurate and significant unless it provides some insight
into chemical questions. As a single example of chemical application,
we consider how the periodic table of chemical elements is related to
the structure of the corresponding atoms. This example leads directly
to establishment of the exclusion principle, which is of great importance
throughout the theory and application of wave mechanics.

Some additional details of atomic spectra are also discussed, including
statistical weights, j-7 coupling, and the Paschen-Back effect in strong
magnetic fields.

12.1. The build-up of the periodic system

The analysis of optical atomic spectra permits us to assign quantum
numbers to the ground state or normal term of each atom. Among
other features, the normal term has in L-8 coupling the quantum num-
bers S, L, and .J. These represent respectively the total spin, orbital
angular momentum, and total angular momentum of the optical elec-
trons. From a knowledge of S, L, and J for a single atom we get no
indication in general of just how many optical electrons are involved.
In going from one atom to the next higher one in the periodic table,
however, we must add one electron to the outside, and it is safe to assume
that this is an optical electron. Thus by comparing the ground states
of neighboring atoms, we can obtain some information about their
optical electrons. Continuing this comparison step by step through the
periodic system, we can build up a comprehensive knowledge of the
optical electron structure of all atoms.

The simplest ground state configuration is 'S,. This configuration
has no spin or angular momentum of any sort, for § = L = J = 0. In
fact, this state is the same as would be formed by no electrons at all.

223
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It therefore seems reasonable to assume that atoms with these normal
terms have no optical electrons. All their electrons are somehow con-
tained in inner shells that do not contribute to the ordinary optical
spectrum. This assumption leads to a great simplification in construct-
ing the electronic configurations of the atoms; for it means that when-
ever an '8, term appears, we can set the number of optical electrons
ny = 0 and start counting over again. And it is particularly easy to tell
the [ and j values of the optical electron for the atom just above an
18, term. In this case | = L, j = J. Throughout all this analysis we
tacitly assume that the addition of one more optical electron does not
disturb the quantum numbers of those already present.

To start the analysis, we look for a set of atoms with similar 1S, states.
We may reasonably expect the periodic table of chemical elements to
provide such a set. The chemical as well as the optical properties of
atoms derive from their outermost clectrons; we therefore anticipate
that elements with similar chemical properties, forming one row of the
periodic table in Fig. 1.1, should have similar optical ground states. A
prominent set of this sort is the noble gases, He, Ne, A, Kn, Xe, and
Rn. All these atoms have 'Sy normal states. Thus they have no optical
electrons, but contain all their electrons in closed shells. Extending the
idea of closed shells a little farther, we remark that they also have no
electrons to spare for chemical interactions, and hence are especially
inert. Other cvidence that the noble gases consist of closed electron
shells is discussed in section 7.2.

The atoms following the noble gases, Li, Na, K, Rb, Cs, (Fr), have
normal states *Sy, . This implics that the single optical electron outside
the closed noble gas shell is in each case an “s-electron’; that is, it has
!l = 0. When we add another electron to form the elements in the
second row of the periodic table, it produces in every case another 1S,
ground state. The normal terms of Be, Mg, Ca, Sr, Ba, and Ra are all
'Sy . This means that the second electron is also an s-electron in each
case. The first electron has I; = 0, and the total orbital momentum of
the two electrons is I = 0, so by vector addition in quantum mechanics,
lg = L - ll = 0

Thus we see that the first two rows of the periodic table in Fig. 1.1
correspond to addition of s-electrons to closed shell cores. Furthermore,
the addition of just two s-clectrons forms a new closed shell, signalized
by a 18, ground state. We therefore conclude that two s-electrons form
a closed shell, or perhaps better “subshell.” The elements Be, Mg, etc.,
are not so inert chemically as the noble gases; it therefore seems appro-
priate to speak of them as “closed subshells” reserving the title “closed
shells” for the more distinctive noble gases.
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Consider next the remaining elements in the second column of the
periodic table, Fig. 1.1. These are B, C, N, O, F, (Ne), with normal
terms *Pys ,'Po , *Ss2, Py, *Psj2, (1S0), respectively. For two successive
atoms in this series, let the orbital momenta be L and L/, and let the
orbital momentum of the added electron be I. Then by the rules of
vector addition |L — L'| < 1 £ L + L'. In particular if L(L') is
zero (S term), then L'(L) = 1. This rule shows that the electrons added
in going from Be to B, C to N, N to O, and F to Ne must be p-electrons.
The electrons added in going from B to C and from O to F are not sa
certain. In these cases 0 < I < 2, and the added electron can be s, p,
or d. It seems most likely, however, that we are here filling up a sub-
shell with electrons all of one kind, namely, p-electrons. Certainly the
facts are all consistent with this assumption. The shell is closed at Ne
after the addition of six p-electrons. The same argument holds for the
other periods of six elements in Fig. 1.1.

With these examples as guides, it becomes easy to guess how to ac-
count for the remaining periods of the table. We have catalogued all
the periods of two (s-clectrons) and of six (p-electrons). The next sub-
shells should be those of d-electrons. The next longest periods are the
groups Sc-Zn, Y-Cd, and La-Hg, each comprising ten elements. For
example, Sc has a ground state *D, , while the preceding element Ca
has 'So. Therefore the first electron in this subshell is a d-electron.
Other D-8 neighbors in the group support this conclusion, and the pres-
ence of D-F and F-I' neighbors does not contradict it. There are a few
slight irregularities, but in general we cannot doubt that these periods
represent the filling of subshells of d-electrons. Exactly ten electrons
complete a d-subshell, and the closed subshell elements Zn, Cd, and Hg
all have normal terms 'S, .

There is one more possible complete subshell in the periodic table,
represented by the rare earths, which comprise fourteen elements.
This must be at least an f-subshell. The ground states are not all cer-
tain, but variations of neighboring ground states like *Dy»-*H, are pres-
ent. These neighbors require at least [ = 3 (f-electron) for the added
electron. We therefore associate the rare earths with an f-subshell,
which is filled with fourteen electrons. Thorium begins a second f-sub-
shell that extends into the transuranic elements but is not complete.

We have now accounted for the entire periodic table of chemical
elements in terms of the building up of subshells of electrons. The num-
ber of optical electrons in a subshell bears a distinet correlation with the
chemical valence of the element. It is therefore natural to aseribe the
valence properties to the optical electrons. Here we have a direct inter-
pretation of a chemical phenomenon, valence, in terms of the physical
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picture of atomic structure as consisting of shells and subshells of elec-
trons.

12.2. The exclusion principle

One of the most striking features of the atomic shells is that they
contain definite small numbers of electrons. The s, p, d, f shells are
complete with 2, 6, 10, and 14 electrons, respectively. This immediately
points to some sort of exclusion principle for the electrons. Apparently
the p-shell, for example, has just six vacancies for electrons; when these
are all filled, all further electrons are excluded from the shell. The re-
peated filling of p-shells in the periodic table simply indicates that there
are several different p-shells. The exclusion principle must apply to the
individual positions in a shell, so that no two electrons can occupy the
same position. Otherwise there could be more electrons than positions
in the shell, and the total number of electrons would become indefinite.

Let us inquire more precisely what we mean by the words “vacancy”
or “position’’ in a shell. We have observed that in quantum mechanics,
the only quantities describing an electron that are absolutely certain
with no indeterminacy are its quantum numbers. We cannot specify
the position or momentum of an electron precisely; but its principal
quantum number 7, orbital angular momentum number /, and magnetic
quantum number m (I, component) assume only precise, integer values.
To these three quantum numbers we can add a fourth, m, = =1, the
z-component, of the electron spin, which has just two values. The num-
ber of electrons in a shell is a definite integer with no uncertainty, just
like the electron quantum numbers. We therefore look to see if there is
a closer connection.

The values of m for an electron are subject to the condition —1 <
'm < I, where m and [ are integers. Hence there are (2/ + 1) different
possible values of m for a given I. For each value of m, an electron can
have two values of m, . The total number of different combinations of
m and m, for fixed values of n and [ is therefore 2(2] 4 1). This number
takes the values 2, 6, 10, 14, - - - for s, p, d, f, - - electrons with [ = 0,
1,2, 3, --- . But these are just the numbers of the shell structure. We
may therefore say that a shell consists of electrons with the same n, 1
quantum numbers but different m, m, quantum numbers. The various
s, p, d, f subshells correspond to different values of I. It is a natural
generalization to assume that the different subshells with the same I,
like B-Ne and Al-A, correspond to different values of =.

We can construct this picture of the subshells entirely from a single
principle; namely, that in building up the electronic structure of an
atom, we assign to no two electrons exactly the same four quantum
numbers n, I, m, and m, . This is the exclusion principle for electrons.
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Although we have developed it here indirectly from atomic ground
states, it holds quite generally:

in any system containing several electrons, no two (12.1)
electrons can have all quantum numbers identical ’

By looking at the order of the subshells for different I values in atoms,
we can infer the corresponding values of the principal quantum number
n. Equation (10.42d) statesthat! < n — 1. The first subshell is an s-shell,
comprising H and He; after this comes another s-shell (Li, Be), followed
by a p-shell (B-Ne); next comes another s-shell. This pattern indicates
that H, He have n = 1,1 = 0; Li-Ne have n = 2, = 0, 1, where the
! = 0 occurs for Li, Be. For succeeding subshells the value of n increases
in regular order. Thus we specify subshells by both n and I: 1s, 2s, 2p,
3s, etc. The general order for the filling of the subshells throughout the
periodic table is the following:

the subshells fill in order of increasing N = (n + 1), (12.2)
and for constant N the subshells of lowest = fill first ’

This rule has a number of minor exceptions but gives a good general
picture of the building up of the periodic table of elements. It is repre-
sented as a diagram in Fig. 12.1.

~

~
S~
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_ ,,-?f—oz)rare earths (actinides)
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- // 4d
Se.—~
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- 2p
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Fig. 12.1. Filling up of orbits in the periodic table. The elements
listed mark the closing of the respective subshells. The diagram is
schematic only and not supposed to represent actual level spacings.
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In this discussion the principal quantum number n has the value n =
1 for the lightest elements, and goes up to n & 6 or 7 for the optical
electrons of the heaviest elements. This choice of n means that we refer
each electron orbit to the nucleus of charge +Ze. It is an obvious choice
to make when discussing the build-up of the periodic table element by
element. On the other hand, when considering optical spectra we fre-
quently find it convenient to refer the orbits of the optical electrons to
the core a nucleus plus closed electron shells. When referred to this rather
artificial basis, each optical electron starts with » = 1 in its ground
state. Although this point of view was useful for the optical spectra
of Chapter 7, in the present chapter we shall adhere entirely to the other
notation, specifying the levels by counting n = 1, 2, 3, --- from the
innermost orbits.

We can express the exclusion principle more mathematically by saying
that the wave function for all the clectrons in a system must be totally
antisymmetric in the exchange of any two electrons. Suppose that the
wave function for all the n electrons of a system is

V(1112181 ToYo2se; **° TalinZaSa) (12.3)

where the coordinate s, represents the spin of the kth electron. The
wave function is totally antisymmetric if

V(Tye2e82; Til12181; ¢ TolYn2nSn) =
(12.4)

_ 1[/(.’61?/12181; Tols2a82; * x..y,.z,.sn)

and likewise for the exchange of any pair (¢, k) of electrons. To see that
(12.4) is equivalent to (12.1), we may argue as follows: according to
quantum mechanics, the only features of electrons 1 and 2 that can be
measured with certainty are contained in their quantum numbers
(nyymym,,) and (nolymem,,). Now if these two sets of quantum numbers
were identical, electrons 1 and 2 would be indistinguishable, or hence

Y(Tayo2a82; Tilh2181; ** TalnZnSn)
(12.5)

= Y(The1%1; ToYsReS2; - TnlYnZaSn)

But (12.4) and (12.5) together imply that ¢ = 0. That is, if we try to
give two electrons identical quantum numbers in an antisymmetric
wave function, the wave function vanishes. This is just the property
we want in order to satisfy the exclusion principle automatically. Thus
(12.4) is the mathematical equivalent of (12.1).

Thus electrons somehow have a highly individualistic behavior. It
is possible to prove by abstract arguments that electrons must behave
this way if they are to have intrinsic spin 4 and at the same time satisfy
the requirements of the special theory of relativity.
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12.3. X-ray spectra

With this picture of the build-up of the periodic table, and the ex-
clusion principle that is postulated to explain it, we can give a complete
interpretation of the X-ray spectra discussed in Chapter 6. It is necessary
only to identify the K, L, M, - -- shells observed in X-rays with the
electron shells defined by » = 1, 2,3, --- . These two notations for the
shell are interchangeable, and we shall generally use the X-ray notation.

The K shell has» = 1 and contains two s-electrons with I = 0. There
are no subshells in the K shell. Next comes the L shell with n = 2.
This shell can have both s- and p-clectrons: there are two 2s-electrons,
and six 2p-electrons. The X-ray absorption edges and emission spectra
indicate the existence of definite subshells L;, Ly and Ly in the L
shell, and we inquire how to associate these subshells with different
quantum numbers of the electrons. It is natural to assume that the two
s-electrons form one subshell; but how do the six p-electrons form two
other subshells? We must search for more quantum numbers, and they
are not hard to find. In the discussion of the previous chapter on
doublets in the spectrum of a single optical electron, we saw that the
energy levels depend not only on n and I, but to some extent also on
j = 1 £+ }, the quantum number of the vector sum of I and s. The de-
pendence on j is rather slight compared with the dependence on [ and n,
but it is sufficient to account for the relatively narrow doublet splitting.
In a similar fashion, the energy difference of the Ly and Ly energy
levels is relatively small compared with the separation between the K
and L groups. Thus we attribute the three L subshells in X-ray spectra
to syo-, Piz-, and psp-electrons, where the lower right-hand subscript
conventionally gives the value of j. For s-electrons, ! = 0 and j = +3
only, so that the K shell does not split into subshells on the introduction
of the quantum number j.

The X-ray M shell corresponds in this scheme to n = 3, and contains
s-, p-, and d-electrons. If we classify these further according to their
j-values, they form five subshells with sy2-, D1/2-, P3/2-, dsj2-, and ds/o-elec-
trons. Observations on the X-ray spectra do indeed show the existence
of subshells My, My, My , M1y and My . This further evidence con-
firms our assumption that we should associate subshells with different
values of j.

To determine how the electrons divide between j = I + 3 and j =
I — % subshells, we can usc the exclusion principle. It is first necessary
to rearrange the electron quantum numbers somewhat. In addition to
n each electron has the quantum numbers I, s, j, m, m, , and m; . These
quantum numbers refer to various angular momenta and their com-
ponents along the z-axis. The spin quantum number is s = } for all
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electrons, so this quantum number plays no role in the exclusion con-
siderations. The remaining five quantum numbers are not all inde-
pendent; in fact, only three of them are independent. We can be sure of
this because it is possible to deduce the exclusion principle from the
periodic table by using only I, m, and m, in addition to n. Now by
(10.55b), m; = m + m,, so that we could just as well have used the
quantum numbers I, m, , and m; to label the electrons. For each value
of 1, there are just two values of m, ; but there are likewise just two values
of j = | & % in general. Therefore we anticipate that an equally good
labeling scheme can be constructed with [, j, and m; . This scheme is the
most appropriate for consideration of the X-ray levels; it is completely
equivalent to the [, m, m, scheme, and the choice of which to use is dic-
tated solely by convenience. For each value of I, j there are (25 + 1)
values of m; , which has the range —j < m; < j. Hence by the exclusion
principle there can be two electrons in an atom with the same values
of m,1, and j = %; four electrons if j = 3, six if j = §, etc. In particular,
the six electrons in a p-subshell divide into two in the py-subshell, four
in the pa/z-subshell; in a d-subshell there are four dj.-electrons and six
ds>-electrons, making the previously observed total of ten. These rela-
tions can be extended to shells with higher =.

In order to complete the identification of X-ray spectra and the sub-
shells built up by means of the exclusion principle, we have only to as-
sign the quantum numbers si2, P12, Py2, * -+ to the appropriate sub-
shells I, IT, ITI, - - - in X-ray notation. This we accomplish by applying
the selection rules (10.45) and (11.12), which govern the most intense
(electric dipole) atomic transitions, in the X-ray as well as optical regions.
The observed selection rules in emission spectra of X-rays are (6.17).
From the existence of K-Ly, K-Ly; transitions and the absence of
K-L, transitions, we infer that L, subshells consist of s-electrons. To
determine which of the Ly , L1 subshells is py2 and ps, we consider
the combinations with M1y and My which are dy; and dg/; subshells in
this scheme. The pi;-subshell can combine only with the dy.-subshell
because of the selection rules (10.45) and (11.12); the pj..-subshell, on
the contrary, can combine with both d;. and dg2 . The observations are
that the II subshell combines only with IV, while III combines with
IV and V. This identifies the II, ITI, IV, V subshells as py2 , a2, ds2 ,
dy/2 , respectively. This analysis extends in the same way to higher sub-
shells. A schematic diagram of the allowed transitions between energy
levels in the first three shells and subshells is given in Fig. 12.2.

This level diagram for X-ray spectra possesses great similarity to the
term diagram for the single optical electron of the alkali spectra. In
the alkali spectra there also exists only one level for n = 1 (1:8y2) corre-
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Fig. 12.2. Allowed transitions in the K- and L-lines of X-ray

emission spectra. The energy differences are not to scale. The sub-
scripts a, B8, - - - are standard X-ray notation.

sponding to the single K level. For n = 2 there are three optical levels
(2’812, 2°Py2, 2°Pyp), which correspond to the three L levels in the
X-ray diagram; and the five n = 3 levels (3°Sy2 , 3°Pyj2, 3°Pis2, 3°Dype
3’Dy2) are analogous to the five M levels, and so forth. The selection
rules for transitions between the levels are the same for the optical and
X-ray cases. The origin of this analogy can be understood as follows:
X-rays lines are produced when an electron jumps from a higher shell
into an empty space or “hole” in a lower shell. This process leaves a
hole in the higher shell that is filled by an electron from a still higher
shell, and so on. This is equivalent to saying that the hole jumps up-
ward from one shell to the next, emitting X-rays in the process. Thus
we conclude that a single hole in a closed shell behaves much like a single
electron outside a closed shell: the energy levels of the atom have quan-
tum numbers characteristic of the hole, and radiation of the atom can be
described in terms of transitions of the hole, following the same selection
rules as for a single electron. The equivalence of the level diagrams for
electrons and holes arises from the fact that a closed shellhas L = S =
J = 0; the removal of an electron from this shell leaves a state with the
same L, 8, J quantum numbers as the single removed electron, accord-
ing to the laws of vector addition. The equivalence of electrons and
holes is a useful concept in dealing with states involving several elec-
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trons; in the next section, for example, we see that for electrons in a
single shell of capacity N it is never necessary to consider more than
1N electrons or holes.

The striking difference between single electron optical spectra and
X-ray spectra occurs in absorption. The production of X-ray spectra
depends on the creation of a hole in a closed shell, which can occur only
by removing one electron entirely from the atom. This is why the X-ray
absorption edges are simple and are at shorter wavelengths than the cor-
responding emission lines (Chapter 6). The observed differences between
X-ray absorption edges and emission lines provide graphic evidence for
the exclusion principle.

124. Equivalent electrons in complex atoms

For atoms with more than one optical or valence electron, the ex-
clusion principle places strong restrictions on the configurations that
are possible as a shell is being filled. To discuss these restrictions, we
define “equivalent electrons” as those having identical » and ! quantum
numbers, that is, occupying the same subshell. In Chapter 11 we ob-
tained the S, L, and J values for systems of several optical electrons by
adding the s and I vectors of individual electrons in accord with the
vector model. This addition tacitly assumed that each electron could
have any arbitrary m and m, values; in particular, two electrons could
simultaneously have identical m and m,. According to the exclusion
principle, this is possible only for nonequivalent electrons. The build-up
of the periodic table, however, suggests that the several electrons in a
complex spectrum are most likely to be equivalent. We must therefore
take account of the exclusion principle in constructing states of S, L,
and J.

The effect of the exclusion principle is always to eliminate certain
states that would require two electrons with identical m and m, values.
It thus reduces the total number of possible configurations. As the
simplest example, consider two s electrons. Here l; = I, = 0, so that
L = 0, and an & state can result. The spins are s, = 8; = 3, so that the
total spin can be § = 0 or S = 1, if the clectrons are not equivalent
(have different quantum numbers n). If the electrons are equivalent,
we must have m,, # m,,; or hence

My = —May (12.6)

since each quantum number has only the values m, = =+3. Now by
(10.55b), the z-projection of the total spin is

Mﬂ = m.l + m" = 0 (12.7)
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because of (12.6). This is compatible only with a total spin § = 0; for
if the spin could be S = 1, it would be necessary to have M5 = 0, +1,
in contradiction with (12.7). Thus in the simplest case of two s-elec-
trons, the exclusion principle for equivalent electrons eliminates one of
the two states available to nonequivalent electrons.

For equivalent p and d electrons, the calculations become more com-
plicated but proceed along the same lines of counting up the various
possible sets of m and m, values consistent with the exclusion principle.
The results are given in Fig. 12.3. The notation d° means “three equiva-
lent d electrons,” etc. For no electrons, p" and d', the configuration is
that of the core, 'Sy . The J values are not given in Fig. 12.3; they follow
by vector addition of L and 8 with no restrictions, since we have entirely
satisfied the exclusion principle in obtaining the allowed values of L
and S.,

The tables in Fig. 12.3 have a simple symmetry: the configurations
obtained from n equivalent electrons are identical with those obtained
from (N — n) equivalent electrons, where N is the total number in a
completed shell. We can readily understand this by noting that for
vectors addition and subtraction are in fact identical operations. Since
the p°® and d" configuration form closed shells, they must have 'S,
configurations, just like p” and d°. Now in the vector model the addi-
tion of a single p-electron to 'Sy (p°) is mathematically the same as sub-
traction of a single p-electron from 'So(p®), with a similar argument for
the d-shell. The exclusion principle does not alter this general equality

P 18

' 2p

pz 15D P

P 2p,D ]

pt 18D 3p

P zp

p 1S

& 1S

dt 2D

& SDG pF

& 2D,P,D,F.G,H ‘P.F

d¢ 18D,GSDFGI 3p,F,P,D,F,G,H °D
ds *D,P,D,F,G,H,S,D,F,G,I ‘PEDG °8
ds  18,D,GS,DFGI *P,F,P.D,F,.GH *D
a 2D P,D,F,G,H ‘PF

& S,DG pF

@ D

do 18

Fig. 12.3. Values of S and L for equivalent p- and d-electrons.
Repeated values of L in a single line correspond to different con-
figurations that happen to give the same total angular momentum.
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of addition and subtraction in the vector model. Continuing this argu-
ment step by step we see that addition of n electrons to 'So(I’) is the
same as subtracting n electrons from 'So(I*). Therefore the configura-
tions of n electrons in a single subshell must be identical with those ob-
tained from » “holes” or hence (N — n) electrons in the same subshell.

We may use the results of Fig. 12.3 for a closer analysis of the way in
which the periodic table is built up. In particular, we can discuss some
of the irregularities. The 2p- and 3p-shells fill up in a regular fashion.
1f we include the p® and p® configurations, these shells comprise the ele-
ments Be-Ne and Mg-A. The order of the ground states for 2,1, e,
p® is 'So, *Pys, “Po, *Suz, ‘P2, *Paa, 'So. We can describe all these
ground states by three simple rules:

(1) The spin S assumes its maximum value.

(2) The orbital quantum number L assumes the maximum

value consistent with (1). (12.8)

(3) The total angular momentum has J = L — § for

n < N/2,J =L+ Sforn > N/2.

The second rule is redundant for the p-shell but will not be for the
d-shell.

Now consider the first d-subshell. After the 3p-subshell closes at 4,
the electrons can go into the 3d-subshell to fill up the (n = 3)-shell.
Actually, however, they first fill the 4s-shell first in K and Ca. Then
the 3d-subshell fills, closing at Zn. The succession of ground states in
the elements Ca-Zn (starting with d° at Ca) is 'So, Ds, *Fz, ‘Fap,
7Ss N ﬁng;/z , r’D4 N ‘F 9/2 5 aF 4, 215'1/2 ) 1S() . Comparing this succession with
Fig. 12.3, we find agreement with the rules (12.5) up till chromium.
This element should have the configuration (4s°3d")°Dss , but actually
shows a ground state of S; . The very high multiplicity of 7 immediately
indicates that at least six electrons are involved; since two 4s-electrons
must form a closed shell by the exclusion principle, the only reasonable
assumption is that the configuration is (4s3d°)"S; . The five d-electrons
should form a °S;. state according to (12.8), and the single s-electron
adds to make a 'S, or 'S; state. This is the first case of a slight aberra-
tion in the filling of the subshells.

The next element after Cr is Mn with a normal state of °Ss/; from which
we conclude that the 4s-subshell is again filled, and the ground state
represents a 3d° configuration. The d-subshell fills regularly until Cu,
which should be (453d?)’ Dy, but is *S; instead. This indicates that the
configuration is really (4s3d")’Sy: with the 3d-subshell completely
closed.

From Ga to Kr the 4p-subshell fills regularly, followed by the 5s-
subshell. The 4d-subshell then fills in the elements Sr-Cd, with even
more irregularities than in the 3d-subshell. Proceeding in the same way
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as above, we can specify the most likely ground state configurations for
each of these elements. Extending this process throughout the table,
we arrive at the assignment of ground state configurations in Fig. 12.4.

We can associate the valences and chemical properties of elements
with these ground state configurations, at least in a qualitative way.
The subshells that fill in the most regular fashion are the s- and p-sub-
shells, and the corresponding elements have the least variety in their
valences. The elements with a single s-electron outside a closed shell
have always the valence +1, corresponding to loss of that electron: H,
Li, Na, K, Rb, Cs, (Fr). In addition, Cu, Ag, and Au have a single 1s
electron outside a closed d-subshell. These elements have +1 as one of
their prominent valence states, although they have other valences as
well. Tt is noteworthy that these elements with (d'’s) configurations are
the three best. conductors of electricity.

The €lements with two s-electrons have closed 2-subshells; but these
subshells do not seem to be closed very tightly, since the elements are
chemically active, with valence +2. The elements with two s-electrons
outside a tightly closed p-subshell are Be, Mg, Ca, Sr, Ba, and Ra. In
addition, Zn, Cd, and Hg have two s-electrons outside of closed d-sub-
shells; these elements have +2 as their most prominent valence state.

Each p-subshell fills outside of a previously completed but not very
tightly closed s-subshell. Thus these elements can generally have two
or three valences: a positive valence n corresponding to loss of all the
p-electrons; a positive valence (n + 2) corresponding to loss of both
p- and s-electrons; a negative valence (6 — n) corresponding to acquisi-
tion of enough electrons to complete the p-subshell. Thus in the second
major division of Fig. 1.1, the valences of successive elements in the
p-subshell are +1, +3; 42, +4; +3, +5, —3; +4, +6, —2; +5, +7,
—1; and 0. The zero valence is for the noble gases that correspond to
closing of the p-subshell. This appears to be the most tightly closed of
all subshells, since the noble gases are chemically inactive. The element
He is an exception, having the only s-subshell that is tightly closed.

For the higher subshells the valences become more complicated and
irregular, especially since the d- and f-subshells fill after some higher
subshells are complete. This reversal in the filling order is associated
with a number of anomalous chemical effects. For instance, it seems to
lead to a high prevalence of colored ions in solution. The first d-shell
contains the ferromagnetic elements Fe, Co, and Ni with configuration
(4s3d* ™' *). The question arises why the other d-subshells do not also
contain ferromagnetic elements. Inspection shows that the configura-
tions (s%d® ™ ®) do not occur in the higher d-subshells; instead we find
(5s4d™%, 4d"™), (6s5d’, 5d” ). We can thus associate the presence or
absence of ferromagnetism with the irregularities in d-subshell filling.
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12.5. Statistical weights and intensities

According to the exclusion principle, the number of electrons of total
angular momentum j that can occupy any state of a system is (25 + 1),
since this is the number of possible m; values. If all the states of the
system are filled, and we compile statistics about the electrons, we should
count each state containing j-electrons (2§ + 1) times. This factor is
therefore called the statistical weight associated with a state of total
angular momentum j. In a similar way we can associate statistical
weights (2 + 1) and 2s + 1 = 2 with the orbital and spin angular
momenta of a single electron. Since [, s, and j are not all independent
but satisfy the relation |l — s| < j £ I + s, we expect a relation among
the corresponding statistical weights. This relation is

J=1l+s
@+ 1DE+1)= > +1 (12.9)
i=|1—s]
Equation (12.9) assures us that the total statistical weight associated
with a given choice of the independent vectors [ and s is a constant,
regardless of how it is computed. On the left-hand side of (12.9) we
compute it by considering [ and 8 as independent; on the right-hand
side we combine ! and s in all possible ways to form j and then add the
statistical weights of j. We can easily check (12.9) for the case of one
electron where s = 3 andj =1+ 3. Forj=1+4+32j+1 =21+ 2;
andforj =1 — 3,2+ 1 =2l. Thend (2 +1) =21 +2+2 =
2020+ 1) = (25 + 1)(20 + 1), asin (12.9).

The basic feature of the statistical weight factor is that it represents
a sum over all m; in a case where the property under consideration does
not depend on m; . In the example used above, the property under con-
sideration is the state (i.e., energy eigenvalue) of individual electrons.
The same argument applies to the states or energy eigenvalues of many-
electron systems. If several optical electrons in an atom combine to
form a state of total angular momentum J, its statistical weight is
(2J + 1). In L-8 coupling, relation (12.9) holds among L, S, and J.
An alternative statement is that the statistical weight factor represents
the degree of degeneracy of the energy levels. In the absence of external
fields the energy levels do not depend on M, , so that a level of spin J
is (2J + 1)-fold degenerate. Summing over all individual states in this
degeneracy produces the statistical factor (2J + 1).

Another property of atomic systems that does not depend on M, is
the probability for radiative transitions of the electrons. Suppose that
an atom is in a multiplet state with quantum numbers J, M, . It can
emit a photon and go to another multiplet state having quantum num-
bers J’, M,’. The selection rules allow J' = J,J &+ 1and M, = M,,
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M, &+ 1. The total transition probability from the initial state will in-
volve the sum of squared matrix elements like those in (10.85) over all
possible values of J’ and M,’. It turns out that this sum is independent
of M, . Thus if we sum over all M, also, we have the result that the
total transition probability to all possible final states is proportional to
(2J + 1), the statistical weight of the initial state. The matrix elements
(10.85) are certainly symmetric between the initial and the final states,
which is equivalent to the statement that all quantum mechanical proc-
esses are reversible. Hence by the above argument in reverse the total
transition probability to a single final state J’ from all possible initial
states of a multiplet is proportional to (2J’ 4 1), the statistical weight
of the final state.

In quantum mechanics the intensity of electric dipole radiation is pro-
portional not only to the matrix element squared but also to wan A~ v‘,
where » is the frequency of the emitted photon. Thus the relative in-
tensities of the different lines in a multiplet will be slightly affected by
their different frequencies; these frequency differences are relatively
small (Av < »), however. Hence we can neglect this dependence and in
first approximation compute the relative intensities of multiplet lines
on the basis of the statistical weight factors alone. We have then the
rule for transitions between two multiplet states denoted by 7 (initial)
and f (final):

the sum of intensities of all transitions arriving at a
state of quantum number J; in the final multiplet is
proportional to the statistical weight (2J, + 1); the
sum of intensities of all transitions from a state of
quantum number J; in the initial multiplet is pro-
portional to the statistical weight (2J; + 1)

(12.10)

These so-called ‘“‘sum rules” are not in general sufficient to determine
the relative intensities of lines within a multiplet. They are useful in
analysis of spectral measurements, however, where they help in identi-
fying the various members of a given multiplet. In cases of special
simplicity, the sum rules alone will specify the relative intensities of
transitions. For example, consider the transitions from *D to ’P states.
Here J; = },§, and J; = §, §. Call the intensities of the } — §, §} — §,
and § — } transitions A, B, and C, respectively. The sum rules state
that

A+B)/C=02X}i+1)/2XF+1) =2
A/ B+C)=2X§i+1D/2Xi+1) =4

From this we have A:B:C = 9:1:5. These intensities are representa-
tive of all doublet transitions: the two lines with AJ = 1 are the strong-
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est, and that with A/ = 0 is much weaker. In an instrument of only
moderate resolution and sensitivity, this weak “satellite” line would be
masked by the nearer strong line, and the observation would reveal
only two lines of apparent relative intensity (9 + 1)/5 = 2:1. This is
why the notation doublet, triplet, - - - has remained for these multiplets,
even though they ultimately appear to consist of more than two, three,
.-+ lines. Only two, three, - -- lines of the multiplet are relatively in-
tense, and the rest appear as satellites.

12.6. j-j coupling in complex spectra

Some points in the previous sections suggest that the quantum number
j of the individual electron has some validity in complex atoms. The
X-ray subshells show a definite dependence upon this quantum number.
The inversion of the ground state from J = L — S in subshells that are
less than half filled to J = L + S in subshells that are more than half
filled can be traced to interaction between the I and s vectors of each
individual electron. It is just this interaction that gives rise to the valid-
ity of 7 as a quantum number. Accordingly, we review briefly here the
features of j-j coupling in complex spectra. This type of coupling is less
prevalent than L-S coupling but is by no means unknown.

The j-j scheme follows whenever the strongest coupling forces among
the optical electrons are those Letween I, and s;, the orbital and spin
vectors of the same (7th) electron. This occurs when the force binding
the electrons to the nucleus is stronger than the forces acting between
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Fig. 12.5. Progression from L-8 to j-j coupling. (From H. E.
White, Introduction to Atomic Spectra, New York, McGraw-Hill,
1934).
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the electrons themselves; i.e., when the effective nuclear charge Ze is
large. Thus optical j-j coupling is most favored for heavy elements;
and for a given atom the significance of j as a quantum number is great-
est for the inner shells, as indicated by X-ray data. The vector model
picture is that for each electron I; and s; precess rapidly about their re-
sultant j; . The j; then add to make a total resultant J, about which they
precess more slowly. For several electrons in j-j coupling the notation
is not so convenient as in L-§ coupling; we must specify each individual
j value as well as the total J:(jijs- - *jin)s -

We illustrate j-j coupling with atoms having two optical electrons,
where the j-j and L-8 notations are equally simple. Consider, for ex-
ample, the first excited states of the elements that have two p-electrons
in their ground states: C, Si, Ge, Sn, Ph. This first excited state con-
gists of one s-electron and one p-electron. In L-S coupling they can form
states *Py, 1, » and 'Py; in j-j coupling they can form states (3, )o, 1 and
(3, D1, 2. The total selection of J values is the same in each case, but
they are differently distributed. In L-S coupling the triplet levels have
relative spacings in accord with the interval rule (11.19), and the singlet
level is separated from them by a much wider interval. In j-j coupling
the pattern comprises two narrow doublets separated by a relatively
wide interval. The progression from good L-8 coupling in C to rela-
tively good j-j coupling in Pb is illustrated in Fig. 12.5. The intermediate
elements show an intermediate coupling that is neither pure L-S nor
pure j-j.

The selection rules for radiation are independent of the coupling
scheme. For j-j coupling they remain as in (11.14):

A =0,+1 (0 to 0 excluded)

(12.11)
AM =0, +1
For the individual 7’s we add the selection rules
Aji =0,%1
Am;; =0,+1 (12.12)

Aj, =Am,~,,=0 fork £ 1

That is, only one electron at most changes its quantum numbers in a
strict j-j transition. The relative intensities of transitions between
members of j-j multiplets also satisfy the sum rules (12.10). The detailed
intensity relations of the various transitions turn out to be different for
j-j and for L-S coupling, however. The intensity relations provide
another means of distinguishiny experimentally between j-j and L-S
coupling.
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Various forms of intermediate coupling are possible. If more than two
optical electrons are present, the so-called J-j coupling may obtain. In
an excited state, one electron may carry all or most of the excitation
energy; it therefore couples rather loosely to the other electrons and its
1 and s vectors combine to form its total angular momentum j. The
remaining electrons, however, have little or no excitation energy and
form a resultant J’ by L-S coupling. The vectors J’ and j then combine
to form the total resultant angular momentum J of the atom. This
situation is referred to as J-j coupling and is observed, for example, in
the excited states of the inert gases, neon, argon, krypton, and xenon.

Any form of j-j coupling leads to an anomalous Zeeman pattern in a
magnetic field. The observed lines follow by the selection rules given
above; in particular, AM, = =1 corresponds to emitted light that is
polarized circularly about the axis of B, and AM; = O to light linearly
polarized in the direction of the field. We compute the separations of the
allowed lines in the Zeeman pattern as in the examples given for L-8
coupling, except that the g factors depend entirely on the type of coupling
assumed. For pure j-j coupling, a derivation similar to that for L-S
coupling yields (illustrative problem 2, Chapter 11)

_1 LG + 1) = (e + 1)
g _l§{(gl + g2) + (g1 — g2 JUF D } (12.18)

where g; and ¢ are the respective g factors appropriate to the angular
momenta j; and j, which combine to make up the total angular momen-
tum J. This form applies whether the momentum j; is that of a single
electron (in which case ji = &1 = }) or whether j; is the resultant of
several electrons in L-S coupling, as appears in the case of J-j coupling.
In this latter case g is given by (11.23).

12.7. Coupling in strong external fields

We have seen that in an external magnetic field each component in a
multiplet spectral line splits into a separate Zeeman pattern, the total
width of which is directly proportional to B. The spread of the Zeeman
patterns is usually much smaller than the separation between the lines
of the multiplet. However, it is possible to produce strong magnetic
fields in which the spread of the Zeeman patterns is so large that the
patterns from a single multiplet would overlap. In this case a new
phenomenon occurs: the combined Zeeman pattern of the lines of a
multiplet gradually approaches, in a strong magnetic field, the pattern
corresponding to the normal Zeeman effect of a singlet line. For instance,
the doublet of the principal series of an alkali splits up into ten lines in
a weak magnetic field. As the field strength is increased, the ten lines
gradually “bunch” together into three groups and finally unite into
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three single lines with equal separations and polarization corresponding
to a normal Zeeman effect. This phenomenon is called the Paschen-Back
effect. It arises from the circumstance that a strong magnetic field is
able to overcome the interaction forces responsible for spin-orbit cou-
pling.

We can interpret this transition simply in terms of the vector model.
In a weak field, the energy of the magnetic interaction between the spin
and orbital motions of the electrons (symbolized by vectors S and L)
is much greater than the energy of interaction between either of these
motions (vectors) and the magnetic induction B. Thus we can consider
the L and S vectors as precessing rapidly about their resultant J, which
in turn precesses more slowly about B, giving rise to the anomalous
Zeeman effect discussed in Chapter 11.

As we increase the strength of B, its interaction energy with S and
with L increases proportionately until it greatly exceeds the interaction
between S and L. Then the S and L vectors precess rapidly and inde-
pendently about the direction of B. We say that the action of the strong
external field has uncoupled the spin and orbital motions. Now the
energy term of a given configuration depends on the two separate
quantum numbers M and Mg, since S and L represent independent
motions:

E' = E + pgiBM + pgsBMs = E + wB(M + 2Ms) (12.14)

Here the g factors have their usual values, g, = 1, gs = 2. Of course
the value of (M + Mj) in the strong field equals the M; value of the
corresponding weak-field configuration. The selection rules for transi-
tions in this case are

AMsz =0 (12.15)
corresponding to the selection rule (11.14), AS = 0, and
AM =0, £1 (12.16)

with the usual rule AL = 1. That is, since uncoupling of L and S has
destroyed the vector J, the selection rules are just those appropriate to
L and S independently.

From these selection rules it is clear why the Paschen-Back effect
shows a ‘“‘normal”’ Zeeman pattern. Since neither S nor Mg can change
during a transition, the atom behaves as if it had no electron spin but
only an L vector, at least as far as the transition frequencies are con-
cerned. But this is exactly the case that corresponds to the normal
Zeeman effect as in (11.31).

Actually, the approach to a normal Zeeman pattern for strong fields
is not quite perfect; even though the L and S vectors precess inde-
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pendently about B, there is still a certain average interaction energy be-
tween them, which has the form

AE = —\MMs4 (12.17)

Here A is the same constant as appears in (11.18), expressing the strength
of interaction forces between the magnetic moments associated with L
and S. The additional AF is small relative to E’, but from its form we
see that the observed line shift will depend on My when M = +1, but
will be independent of M s when M = 0. Thus the central () line of the
strong field pattern will be a single line, but the two side lines (o) will
split into (28 + 1) equally spaced lines, where (28 + 1) is the number
of different possible values for M5 and is hence the multiplicity of the
original multiplet in the absence of a magnetic field. The splitting of the
o lines is much narrower than the total spread of the total strong-field
pattern, however, so that to first order it is still proper to ch( ribe it
simply as a ‘“normal” pattern.

Between the weak-field (Zeeman) and the strong-field (Paschen-Beck)
regions is a transition region where the coupling hetween B and L or B
and S is of the same order of magnitude as that between L and S. This
corresponds to the case where the spread of the Zeecman pattern would
about equal the multiplet spacing. The line structure in the transition
region is quite complicated.

The Paschen-Back effect also occurs for j-j coupling. If we apply a
strong field B to an atom containing two optical electrons in j-j coupling,
the interactions between j; and B and between j; and B become stronger
than between j; and j.. Accordingly these vectors become uncoupled
and precess independently about B. The energy of a level now depends
on mj, and m;, separately:

E' =E + [l.ongm,'l + uoggBm,-, (12.18)

In this case g, and g, do not have simple integral values, and the transi-
tion may be either Am;, = 0, &1 or Am;, = 0, 1. Therefore in j-j
coupling even the Paschen-Back pattern shows no general regularities.
There is an additional term similar to (12.17), representing residual j-j
coupling:

AE' = —\N'mjm;, , (12.19)

Here N’ is not generally equal to the A of (12.17).

With an even stronger magnetic induction we could in principle pro-
duce the complete Paschen-Back effect. That is, all the I and s vectors
of the individual electrons become uncoupled and precess independently
about B. There is no longer L-8 or j-j coupling, because none of the
vectors J, L, S, j;, or j. has constant magnitude in this strong field. The
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selection rules are that As = 0 for all electrons, and Al = Am = 0 for
all electrons but one, which has Al = 41, Am = 0, 1 with the usual
rules about polarization. This is once again a situation that leads to a
normal Zeeman pattern: i.e., where the transition involves a change of 1
and m only, not of j and m; . There are now many small correction terms
corresponding to the interaction of each pair of s vectors, [ vectors, and
I-s pairs. Because of these small terms, each of the three main lines
(o-m-0) of the “normal” pattern splits into a number of components;
morcover, the spacings between these components vary according to
whether j-j or L-S or some intermediate coupling ordinarily exists.

SUMMARY

Comparison of the ground states of successive elements in the periodic
table allows the assignment of individual quantum numbers to the suc-
cessive electrons. The ground states configurations 'S, represent closed
shells or subshells of electrons. The optical electrons of an atom or ion
generally are only those outside of closed subshells. These electrons are
also responsible for chemical valence. To judge from valence properties,
the most tightly closed subshells occur for the noble gases He, Ne, A,
Kn, Xe and Rn. For the first two rows of the periodic table in Fig. 1.1
the optical electrons are filling s-subshells; in the next six rows they are
filling p-subshells; for the two long periods they are filling d-subshells;
and for the rare earths they fill an f-subshell.

From the buildup of the periodic table, the s-, p-, d-, f-subshells ap-
pear to be filled by 2, 6, 10, and 14 electrons, respectively. This is just
the number of possible different m and m, values for electrons with a
given value of I. The spin projection can have two values, m, = =+3;
and —! < m < [, so that m can assume (2] + 1) different values. The
total number of different values is 2(21 + 1) = 2, 6, 10, 14, for I = 0,
1, 2, 8, --- . This rule for filling of subshells directly implies an ex-
clusion principle: no two electrons in an atomic system can have all
quantum numbers the same. The repetition of p-subshells, etc., corre-
sponds to different values of the principal quantum number n. The
electron in an atom has four independent quantum numbers, to which
the exclusion principle applies; they are nlmm, or nljm; .

The build-up of the periodic table and the exclusion principle make
it clear that the K, L, M, .- - shells discussed in X-ray spectra corre-
spond to shells formed by electrons with principal quantum number
n=1,23, ---. The subshells I, II, III, IV, V, - . - correspond to 8 .
Dz, Py2y a2, dsp2, - - - electrons, where the subscript is the value of 7.
The selection rules for X-rays are the same as for optical spectra: Al =
%1, Aj = 0, 1. The exclusion principle explains why X-ray absorp-
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tion edges are at higher frequencies than the corresponding emission
lines. The K emission lines, for example, represent electron jumps from
the L shell to an unfilled position previously excited in the K shell. On
X-ray absorption, the L shell is normally filled, however, and the K elec-
tron must jump to a higher energy level, corresponding practically to
ionization of the atom.

Electrons with the same » and [ values in an atom are equivalent.
Because of the exclusion principle equivalent electrons cannot attain
all the total L and 8 values that the vector model would allow. Taking
these limitations into account, we can give simple rules for the L, S, and
J values of atomic ground states: S has its maximum value, L the maxi-
mum consistent with S, and J = L — S if the shell is less than half
filled, J = L + 8 if the shell is more than half filled. This difference is
caused by a tendency towards j-j coupling.

Many phenomena, such as the probability of a radiative transition,
do not depend on the value of M, . Thus when we sum over all possible
M, values, a_siatistical weight factor of (2J + 1) appears. Statistical
weight factors occur in all quantum mechanical transitions. They lead
to intensity sum rules for lines in a multiplet: the sum of all intensities
arriving at a state of total angular momentum .J, is proportional to
(2J; + 1); the sum of intensities leaving a state J; is proportional to
(2J; + 1). These rules do not completely determine the multiplet in-
tensities except in special cases, but are useful as conditions that any
supposed multiplet must follow.

Although L-8 coupling is predominant in atoms, there is some tend-
ency to j-j coupling, which increases for heavier atoms. The selection
rules for optical transitions are AJ = 0, =1 (no 0 < 0), AM,; = 0, +1,
where J, M, are the quantum numbers of the whole atom. The same
rules apply to one electron, while the’ rest have Aj = Am; = 0.

A very strong magnetic induction B produces the Paschen-Back ef-
fect, in which the L and S vectors are decoupled from each other and
precess independently about B. Spectroscopically, the Zeeman patterns
become so broad that they overlap the multiplet splitting. As the field
strength increases, the spectral pattern tends to approach the normal
Zeeman pattern. This is true for L-S coupling but not for j-j, although
it would be true in the extreme case where all the I and s vectors of in-
dividual electrons are decoupled and precess independently about B.
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ILLUSTRATIVE PROBLEMS

1. Show that an atom with J = 0 cannot have any magnetic moment,
regardless of the individual values of L and S.

Solution. We may use a geometric or an algebraic argument. Geo-
metrically, the vector model tells us that in quantum mechanics the only
measurable component of the magnetic moment u is its projection along
the direction of J. The component of u perpendicular to J precesses about
J and averages to zero. Now when J = 0, there is no vector J and there-
fore no component of u parallel to J; hence there is no measurable com-
ponent of . Algebraically, we can suppose the total J = 0 to be com-
posed of the vector sum of ji and j» , with associated g factors. In order
to make J = 0, the rules of vector addition require that j; = j: = j.

Then the measurable magnetic moment is, using (12.13)

(7'1+j2+1)]=0

B = wdgs = %0'[(91 + g)J + (91 - (h)(jl - .72) T+

since J =51 —J. = 0.
The conclusion that J = 0 implies no magnetic moment is perfectly
general and rigorous, applying to all quantum mechanical systems.

2. Prove Eq. (12.9) for integer [ and s.

Solution. We use the mathematical formula for the sum over all the
integers from 1 to n, S(n) =Ei‘x = n(n + 1)/2. The sum over all even
integers from 2 to2n is E(n) =2 3"z = 28(n) = n(n + 1). The sum over
all odd integers from 1 to 2n + 1 is O(n) = S2n + 1) — E(n) =
(n 4+ 1). In terms of the quantity O we have.

2@ +1)=00+s) —0( —s—1)
A+s+1)°—(@1—9
=4ls+204+224+1=2l+1)2s+ 1)

3. Show that the number and variety of total J values for two elec-
trons is the same in L-S and in j-j coupling. From this result we can
extrapolate to the general conclusion that the distribution of J values
for any number of electrons is independent of the coupling scheme L-8S,
j-j or intermediate. This conclusion remains valid when the exclusion
principle is taken into account.

Solution. Consider two electrons of orbital angular momenta I, and I ;
neglect the exclusion principle. In L-S coupling, the total L value can
run from |l — | = ltoly + & = U'. For the singlet term S = 0 and



310 EXCLUSION AND OTHER TOPICS Ch. 12

J = L, so that j runs from [ to . For the triplet terms § = 1, and the
L and S vectors can have three relative orientations in a quantum me-
chanical vector diagram: approximately “parallel,” “perpendicular,”
and “antiparallel.” Then j runs from [ + 1 to I’ + 1 when they are
“parallel,” from I to I’ when “perpendicular,” from |l — 1| to I’ — 1
when “antiparallel.” Thus the assortment of j values in L-S coupling
is the following: [l — 1] and I’ 4+ 1 occur once, [ and I’ occur 3 times;
and each value from ! + 1 to ' — 1 occurs 4 times.

In j-j coupling we first form j, and j,. When js = L + 4, 7o = b +
3,jrunsfrom |js — jo| = ltoju+ =1+ 1. Whenji=hL — },5: =
I, — %, 7 runs from |j: — jo| = I tojis + j» = I — 1. The two remain-
ing cases arejy = Iy & 3,72 = b =+ 3. Of these cases | — jo| = 1 + 1
in one case, and is || — 1| in the other case; j; + j: = I’ in both cases.
Thus the assortment of j values in j-j coupling is the following: |l — 1|
and I’ 4+ 1 occur once; ! and I’ occur 3 times; and each value from [ + 1
to I! — 1 occurs 4 times. This is just the same distribution as found for
L-8 coupling. This distribution is therefore independent of the coupling
scheme for two electrons; the results can be generalized as indicated in
the first paragraph.

PROBLEMS

1. (2) Prove Eq. (12.9) in case [ is an integer, s is a half integer.
(b) Prove Eq. (12.9) in case both ! and s are half integers.

2. Show that the total number of electrons in a filled shell is 2n’,
where n is the principal quantum number of that shell.

3. Two electrons with the same orbital momentum I can combine to
give a maximum angular momentum J = 2! + 1. Show that if the elec-
trons are equivalent, this value of J is excluded.

4. Show that by the exclusion principle a shell containing 2(2I + 1)
equivalent electrons must be in a 'S, state.

5. The ground states of the successive elements Sr to Cd are the fol-
lowing: lSo , 2D;;/g , st ’ l,.Dug , 733 , GS:./z , st ’ ‘Fg/z ’ lSo y 2lSl/z ’ 1S,
Using the rules (12.8), carry through an analysis like that of section 4 of
the text, attempting to determine what are the corresponding electron
configurations.

6. Suppose a doublet transition I — I’ = I — 1, in which the line j =
l+3—>7 =0+ 3islabeledA,j =1— % —j =1+ }islabeled B,
andj =1— 3} —j = I'— } islabeled C. Using the sum rules (12.10),
show that the relative intensities are A:B:C = (2I' + 1)(I + 1):1:
(2l 4+ 1)V'. Therefore although the compound doublet actually contains
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three lines, one of them (B) is very weak and appears as a “satellite”
or a strong doublet.

7. The element 4Nb has five electrons outside the krypton configura-
tion. The preceding element 4,Zr with 4 outside electrons has as lowest
spectral term °F, , indicating that two clectrons are (5s) and the other
two electrons are (4d). In the lowest term of Nb, isa °D term compatible
with the assumption that two of the electrons are (5s), and the remain-
ing three are (4d)?

8. To see the effects of the exclusion principle, fill out the first part of
Fig. 12.3 for the case of nonequivalent p electrons, from " to p*.

9. (a) Draw a diagram depicting the energy levels of a °P triplet in
L-8 coupling, and their behavior in weak and strong magnetic fields. The
following, procedure may be used:

(i) With no external field, the triplet spacing is that of (11.18).

(i) Ina weak magnetic field, the splitting of each level of the
triplet is given by (11.28).

(iii) in a strong magnetic field, use (12.14) and (12.17).

To connect the magnetic sublevels in a weak field with the correspond-
ing sublevels in a strong field, the following rules are sufficient:

(i) The total M, = M5 4+ M is the same for weak and strong
fields.

(ii) Levels of the same M, never cross in going from weak to
strong fields.

(b) Repeat this procedure on a *S; level.

(¢) Using the results of (a) and (b) show how the three weak-field
Zeeman patterns *S; — *Po, *S; — *P1, %8, — *P. go over into a Paschen-
Back pattern in a strong field. Show that the Paschen-Back pattern
has the general features of a normal Zeeman pattern: a central line
polarized parallel (r) to B and two equally spaced lines on either side,
which are polarized perpendicular (¢) to B. The side lines in this case
are split into three narrowly spaced components. The selection rules
for the Paschen-Back effect are (12.15) and (12.16), with the additional
feature that AM = Ois a x line, AM = =+1 are s lines.

10. The theorem discussed in illustrative problem 3 makes it possible
to deduce from Fig. 12.3 the J values allowed for equivalent electrons
in j-j coupling. Find the J values for two equivalent p;; electrons as
follows: for two p electrons in L-S coupling the J values given by Fig.
12.3 are J = 0%, 1, 2°, where 0’ means two different J = 0 states (!So
and *P,), ete.

The two equivalent p-electrons can be (pys)’, P2z, or (Pys)’
In j-j coupling two equivalent pyp-electrons are like two equivalent
8yz-electrons, which can make only a 'S, state. Since py» and py. are
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not equivalent, they are not limited by the exclusion principle and can
form all the J values allowed by the vector model. Any of the J values
found in L-S coupling not included in (pys)’ and pys ps» must be at-
tributed to (pa/z)z.

(a) Show in this way that two equivalent pss-electrons can have J =
0, 2 only.

(b) Extend the procedure to show that (ps) has J = i only.

(c) Show that (ps»)* has J = 0 only.

(d) Show that two equivalent dy.-electrons have J = 0, 2, 4. For
this purpose, note that in j-j coupling, the J values of (ds2)* and (pss)*
are the same.



Part IT1
FURTHER APPLICATIONS OF THE THEORY

Atomic physics per se is in a sense a closed field: nobody feels any
doubt that the electronic properties of individual atoms can be entirely
explained by the principles discussed in Part II. On the other hand,
the theory of quantum mechanics ought to apply to a wide range of
natural phenomena, in spite of being specifically invented to explain
the isolated atom. Part III (Chapters 13-14) surveys a few of these
applications.

It is fair to say that the major activity in modern physics has been
along lines that involve extension and application of the principles of
quantum mechanics. One of these lines is the study of macroscopic
matter, which requires in particular the development of a quantum
statistical mechanics. The study of nuclear physics has also received
great emphasis: it has the intriguing feature that although the general
principles of quantum mechanics seem to apply, the specific details of
nuclear forces and nuclear structure remain yet largely unknown.






Chapter 13
MODERN DEVELOPMENTS

Electron spin and the exclusion principle complete the list of basic
physical concepts discovered in the realm of atomic physics. There still
remain some complex optical spectra to unravel, but these now appear
mainly as difficult exercises in the application of principles already dis-
cussed. No one expects new, fundamental insights into the principles
of physics to come from such studies. Recent development of atomic
physics has therefore consisted in application and extension of its ideas
and methods to further fields, notably to the study of the atomic nu-
cleus. On the theoretical side the notions_of relativistic invariance, the

uncertainty pri clple, wave_functions, quantlzed an, ugpl_a_wmgmentum

and intrinsic spin, associated magnetic moments, and the exclusion

prmclﬁl_“have all been taken over quite successfully into nuclear phys-
ics. On the experimental side many of the techniques originally de-
veloped for atomic studies have proved useful in nuclear studies as
well. The atom today is well enough understood to serve as a laboratory
for investigation of the less well-explored nucleus. This is an example
of a process frequently repeated in the development of physics: a subject
orlglhnngllﬂpvestlgated for its own sake becomes so well analyzed that

it can serve in turn as a powerful tool m further myg__t bigations.

e i

physics that is based ultimately on expenence gained in atomic physics.
A few selected examples are presented to show some applications of
atomic techniques that have been of recent interest.

13.1. Isotopic mass and ‘‘atomic’’ energy

The techniques of deflecting charged particles in electric and mag-
netic fields first found application in atomic physics to the measurement
of e/m, the specific charge on the electron. The enormous value of this
specific charge as compared with that of ions was an important fact in
establishing the independent existence of the electron as a subunit of the
atom. The techniques are also applicable to determination of the ionic
or hence nuclear masses, since the ionic charges q are known. We have
discussed in Chapter 3 the principles of the mass spectrograph, an in-
strument for the precision measurement of nuclear masses. With the
mass doublet method, accuracy to 5 or 6 significant figures is not un-
usual.
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Such measurements reveal that most elements have several isolopes,
in which the nuclei have the same charge +Ze, but different masses.
These masses are close to integer values in amu, so that we can specify
the different isotopes by mass numbers A. The different isotopes of
an element all have identical electronic structures, so that we can ignore
their differences in discussing problems of atomic physics. For nuclear
physics, however, we must consider the isotopic differences as an essen-
tial fact.

The first problem is the source of the 1sotoplc mass differences. For
nuclei observed in nature, the ratio of A/Z varies from 2.0 among light
elements to about 2.5 among the heaviest elements. An exception
is the “ordinary” or lightest isotope of hydrogen, which has 4 = Z = 1.
It is natural to assume that this hydrogen nucleus with a charge of one
unit (+€) and mass close to 1 amu is one of the building blocks of
heavier nuclei. It is called the profon. If nuclei consisted exclusively
of protons, we should find that Z = A for all nuclei. Hence all nuclei
heavier than ordinary hydrogen have other constituents besides protons.
We could, for example, postulate that heavier nuclei contain A protons
and (A — Z) electrons, so that the total mass will be A amu and the
total charge -+ Ze. Considerations of quantum mechanical principles
like those of Chapter 10, problem 3, indicate that so small a volume as
the nucleus could not ordinarily contain an electron. It is therefore
necessary to postulate the existence of a second nuclear particle, the
neutron. The neutron also has a mass of 1 amu and generally resembles
the proton, except that it has no electric charge. Abundant experimen-
tal evidence now supports the existence of the neutron. No other par-
ticles like these nucleons (a generic term to include neutron and proton)
appear in nuclei, so that there is no doubt that an isotope of mass
number A and charge number Z contains Z protons and A — Z = N
neutrons. The rule that Z/A < 3 means that nuclei generally have
about equal numbers of neutrons and protons, with an increasing pre-
ponderance of neutrons for heavier elements.

As Eq. (3.26) indicates, the masses of isotopes derived from precision
mass spectroscopy are not exactly integers in amu. Actually, a nucleus
of mass number A has a somewhat smaller mass than the total of its
constituent neutrons and protons. These mass defects provxde direct
experimental proof of the mass-energy relation (8.44), £ = Mc. Con-
sider, for example, the nucleus of heavy hydrogen (deuterium), H?,
which consists of a neutron and a proton bound together. This deuteron
(neutron plus proton) normally resides in a ground state of lowest
energy. The energy is quantized and hence has a definite, discrete
value U, . Since the system is bound, U, is negative. The correspond-
ing binding energy Bo = — U, = | U, | is the minimum energy necessary
to split the deuteron into a free neutron and a free proton. We can
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make these statements without knowing the details of the specific nu-
clear forces holding the deuteron together.

If we use E = Mc for the rest-mass energies of the nucleons, the
total energy of the deuteron is ‘

Ei= M + M, — By (13.1)

where M, , M, are the neutron and proton masses, respectively. For a
deuteron at rest we should have the inverse relationship for the deuteron
mass,

Ms = Ei/c¢ = M, + M, — B)/c (13.1a)

Thus the deuteron should have a mass defect of Bo/c’. Direct measure-
ment of the ionization potential by the photoelectric effect shows that
By, = 2.28 mev. The corresponding mass defect is M, + M, — My =
0.00239 amu. Within experimental error the ratio of these two quan-
tities is just equal to ¢ = 9.0 X 10® (cm/sec)’, thus providing direct
proof for the equivalence (8.45) of mass and energy. Of course a similar
reduction in the mass of an atom occurs because of the binding energies
B; of the electrons, but this reduction is generally too small to measure
directly as a mass defect. The conversion factor from mass to energy is

1 amu = 931 mev (13.2)

The deviations of nuclear masses from exact integral values in amu
are expressible by means of the packing fraction,

M-A
=" (133)

Here M is the actual nuclear mass in amu, and A is the nearest integer.
Since f is generally on the order of 107, it is customary to quote values
of 10%. Figure 13.1 presents a curve of this quantity, smoothed over a
number of minor fluctuations. The packing fraction is positive for the
lightest and heaviest isotopes and is negative for the middle-weight
nuclei, from 4 & 20 to A ~ 160.

We can use the curve of Fig. 13.1 to see where the atomic bomb de-
rives its energy. The U™ nucleus that absorbs a neutron and undergoes
fission is most likely to split into two fragments of mass numbers ap-
proximately 95 and 140. The packing fractions from Fig. 13.1 are
roughly +5.5 X 10~ for the uranium, and —6.0 X 10~ for 4 = 95,
—3.0 X 10~ for A = 140. Applying (13.3), we have for the mass
difference of the uranium and its fission products

My — My — Mw = (Af)v — (Af)s — (Af)w

134
~ 023 amu = 2.1 X 10’ mev (134)
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Fig. 13.1. Packing fraction as a function of atomic number A.
The curve shown is an average, in which many irregularities have
been smoothed out. .

Therefore each uranium atom on fission liberates something on the order
of 200 mev. The energy release per unit weight of fuel in this process
roughly is 1 mev per amu.

The energy release in nuclear fission is enormous by comparison with
chemical explosions. A chemical reaction releases energies on the order
of a few ev per molecule, which is the characteristic magnitude of molec-
ular binding energies. Thus the energy release per unit weight of fuel
is on the order of a million times greater for nuclear fission than for
any chemical reaction. Through a peculiar misnomer, this nuclear
energy has acquired the popular designation of ‘“‘atomic energy.”
Strictly speaking, true atomic energy is that available from electron
configurations, conventionally known as chemical energy.

13.2. Nuclear spins and magnetic moments

The part of atomic quantum mechanics that deals with angular
momentum should be directly transferable to nuclear systems. Al-
though the exact nature of nuclear forces still remains a mystery, it is
impossible for any forces internal to the nucleus to affect the rotational
properties of the system as a whole. In the language of quantum me-
chanics we say that the total nuclear angular momentum 7 (in units of
h) is a good quantum number. The projection I, along a particular
axis is also a good quantum number. The general arguments showing

)
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that any quantized angular momentum can have only integral or half-
integral values are identical in application to atomic or nuclear systems.
Experiments show that the spins of both the proton and neutron arc
1. The spin I of a heavier nucleus is therefore integral or half-integral
according as A is even or odd. In fact, I = 0 for all “even-even” nuclei
in which N and Z are both even.

If the spin of a nucleus is I = 0, it will have no magnetic moment.
Essentially this is because the magnetic moment is a vector quantity
that must be associated with some ‘“natural” vector of the nucleus,
i.e., with the angular momentum. For I = 0 this natural vector van-
ishes, and so also must the magnetic moment. See illustrative problem
1 of Chapter 12. All nuclei with I > 0 will generally have magnetic
moments. There are many such nuclei, since I > } for odd A. The
natural upit in which to measure these magnetic moments is the nuclear

magnelon,
uy = eh/2Mc (13.5)

where M is the mass of a nucleon. This definition is slightly ambiguous
because of the mass difference of neutron and proton, but that difference
of less than 0.1 % is of little importance here.

Nuclear magnetic moments are not integral or half-integral mul-
tiples of ux , 88 was the case in atomic systems. For example, the mag-
netic moment of the proton is u, = 2.79ux , instead of the value u, =
uw that would be expected if the proton were exactly like the electron.
The magnetic moment of the neutron is w. = —1.91 uy, which corre-
sponds to a particle of negative charge, even though the neutron is
electrically neutral. The magnetic moments of the proton and neutron
indicate a compound structure for these particles, but there is at present
no satisfactory understanding of this structure. Similar irrational
values of the magnetic moment occur for heavier nuclei.

13.3. Hyperfine splitting

A number of methods for determining the nuclear magnetic moment
and spin involve atomic principles. One method is to measure the
hyperfine structure of atomic spectra. Hyperfine structure of spectral
lines has been known since around 1900, soon after the development of
the interferometer. In many elements the lines of the multiplet spectra,
when viewed under the high resolving power of the interferometer,
show further subdivision into a number of narrowly spaced components.
This hyperfine spacing is generally on the order of a few tenths of wave
numbers (cm™). The fine structure spacing, in comparison, is fre-
quently on the order of 100 wave numbers. The fine structure splitting
shows great variation throughout the periodic table, increasing from
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less than a wave number in the lightest elements to almost 10,000 wave
numbers in the heaviest. The hyperfine structure shows no such varia-
tion.

The discovery of isotopes with different nuclear masses for the same
element seems at first sight to provide a simple explanation for hyper-
fine structure. The correction for the motion of the nucleus and elec-
tron about their common center of gravity (section 9.7) would be differ-
ent for different isotopes. Thus the spectrum from a natural element
would be a superposition of the slightly different spectra of each isotope
present. This would appear as a single spectrum with isotope hyperfine
structure.

The solution of the hyperfine structure problem is a particularly
simple example of the scientific method as applied in physics. By ex-
tremely precise and systematic observation, a certain regularly occurring
phenomenon is discovered. A simple hypothesis is put forward to ex-
plain it, based on a mechanical model that is consistent with all other
known features of the system. It next becomes necessary to verify or
disprove the hypothesis by deducing its logical consequences and sub-
jecting them to .experimental test. If hyperfine structure is due solely
to isotope mixtures, two obvious implications are that all lines of a single
spectrum should show the same hyperfine structure, and that elements
with only a single isotope should have no hyperfine structure. Experi-
ment contradicts both these conclusions, so that we must seek another
hypothesis. Another possible cause of hyperfine structure is a small
magnetic moment associated with the nucleus. This hypothesis proves
to be in such satisfactory agreement with experiment that we cannot
doubt its validity. Characteristically, the second hypothesis does not
entirely replace the earlier one, but rather complements it. The isotope
effect is also undoubtedly present, but it is overshadowed by the nuclear
moment effect. The name “hyperfine structure’” has come to refer only
to the nuclear moment effect.

If both the nucleus and the atomic electrons have magnetic moments,
there will be a certain energy of interaction between them. This will
make the energy of the total system somewhat different from that of
the electrons alone. The difference will be small when measured in
atomic ynits, since the magnetic moment of the nucleus is smaller than
electronic moments by a factor on the order of m/M ~ 10™°. Quantum
mechanically, we must specify the energy levels of the total system not
only by J for electrons but also by F, the quantum number of total
angular momentum. Then F is defined from the rule for vector addition
in quantum mechanics,

F=1I+1J

(13.6)
F=I+0D,T+J=1),-|J~1T]
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Each atomic energy level of angular momentum J accordingly splits
into a number of levels with the same J but different F. There are
(21 + 1) or (2J + 1) such levels, whichever number is smaller.

The pattern of the hyperfine structure can be determined if we know
the exact law of interaction of the magnetic moments y; and u, . We
obtain a simple plausibility argument for this law by returning to the
old Bohr atom picture. The electron revolves in a circular orbit with
the nucleus at its center. Classically, the magnetic field at the center
of such a current loop is parallel to the orbital angular momentum L
and in the opposite direction because the electron is negatively charged.
Generalizing from this, we may expect that the induction at the nucleus
due to the wave-mechanical motion of electrons with a total angular
momentum J is

B, = —AJ (13.7)

where the coefficient A is independent of the orientation of J. The in-
teraction energy with u; is

AE = —p;- B, = A" cos (1, J) (13.8)

Here A’ is proportional to the magnitude of u;. The values of cos
(I, J) allowed by quantum mechanics are as given by (11.17),

— cos (I, J) = FF+1)—-II+1)—-JJ +1) (13.9)

2VJIJ + ) VIT + 1)

Since I and J are constant for a given set of hyperfine levels, we can
write

AEr = A"[F(F + 1) — II + 1) — J(J + 1)] (13.10)

The selection rules on F for optical spectra are the same as those for
J, and indeed for any angular momentum,

AF =0, +1 (13.11)

The only exception is I, for which Al = 0 is excluded. From the ob-
served hyperfine structure of the emission lines, we can infer the split-
tings AEr of the original levels with the aid of (13.11). According to
(13.10) the intervals between successive hyperfine levels are

AE, - AEp_1 = A”ZF (13.12)

Thus the hyperfine intervals form a regularly increasing sequence,
as illustrated in Fig. 13.2. The interval rule (13.12) and the relations
leading up to it are exactly analogous to the arguments for the fine
structure in section 11.4.

The coefficient A in (13.7) is in principle calculable from the electronic
wave functions. Unfortunately, we cannot compute its value with
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high precision for atoms much heavier than hydrogen, because it is
difficult to account accurately for the effects of the core. The algebraic
sign of A follows, however, simply from vector model addition of the
various ! and s vectors of the individual electrons that

—— F=4  combine to form J. Thus for 7 and J > }, the sign of
3 the nuclear moment u; is found simply by observing
—_— whether the hyperfine splittings are in the order of Fig.
—_— 18.2 or inverted. The value of I comes from counting the
number of hyperfine components of a level with large J; if
Fig. 13.2.  J > 1, this number is just (27 + 1). If I or J = 3, how-

E‘fge;ﬁc_ ever, there are only two hyperfine components, and nei-
ture forJ = ther the sign of u; nor the magnitude of I is obtainable

I=2 by such direct means. A determination is in principle

possible from the relative intensities of the two lines, but
in practice it is difficult to measure the intensities with sufficient accu-
racy and reliability. In no case do hyperfine measurements give a pre-
cise value for.the magnitude of u, . They are most useful for determin-
ing the value of 7 and the sign of u; .

13.4. Molecular beam measurements of u;

Techniques first used in atomic physics have also provided the basis
for a method of making precise measurements of u; . The molecular beam
procedure of Rabi and collaborators represents a further development
of the atomic beam methods of Stern and Gerlach. In order to measure
directly the rather small nuclear magnetic moment in an atomic system,
it is necessary that the much larger electronic moments vanish entirely.
This is certain to be true only if J = 0, for if there is no angular momen-
tum vector associated with the electron, there must also be no dipole
moment vector. The condition J = 0 can be satisfied for a much wider
variety of elements in molecules than in atoms, so that molecular
beams are used for measurement of p; .

The molecular beam experiments do not use the inhomogeneous
fields to determine g, directly. The fields provide instead a standard
system; deviations of the molecular beam from this standard give the
value of u;. The scheme of the apparatus is as shown in Fig. 13.3. The
molecules emerge with thermal velocities from an oven O and pass

dHz/dZ ;IT tB

,___.__\ +»B,
I ~| ~——‘_-—-—-"“_

Fig. 13.3. Scheme of molecular beam experiment.
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through a defining slit system S to a detector D. Along the path are
two magnets A and A’ that produce inhomogeneous magnetic fields

such that
dH.\ _ _ (dH.
(_a%v )A = ( .._)AI (13.13)

Thus a nucleus with constant component of u; or hence I along the z-
axis will suffer equal and opposite deflections in magnets A and A’,
according to (3.30c). A molecule that leaves the oven with a small
component of velocity in the z-direction will be deflected back to pass
through the central slit S and will eventually reach the detector D.
By proper adjustment of the apparatus, the beam current reading at
the detector is essentially the same with the magnets A and A’ both on
or bath off. ~

The detection of the beam when magnets A and A’ are on depends
on the fact that the z-component of u; remains constant throughout the
path. If this component is somehow changed in the region between
A and A’, the deflections in the two magnets will no longer compensate,
and the beam will not reach the detector. This change occurs in the
following way: the space between A and A’ contains a known homo-
geneous induction B in the z-direction. The energy of the nucleus in
this induction is

E = —unxBM (u:1/un) (13.14)

where uy is the nuclear magneton (13.5), u; is the magnitude of the actual
nuclear magnetic moment, and M, is the z-component of the nuclear
spin. The fact that M, can assume only integral or half integral values
is demonstrated in the original Stern-Gerlach experiment. The value
of M; can change on the emission or absorption of electromagnetic
radiation. The selection rules on M, are the usual ones for a magnetic
quantum number, namely, AM; = =1 for radiation polarized in the
z- or y-direction and AM; = O for radiation polarized in the z-direction.
The energy change corresponding to AM,; = =1 is

|AE’l=hw=u~B

B (13.15)
UN

Only the absolute magnitude of AE is determined, since = AE correspond
to absorption and emission of a photon of angular frequency w = E/h.
In this case the photons are provided by a small oscillating magnetic
induction B, in the zy-plane, which varies as cos wt. The frequency
v = wy/2x is on the order of a few megacycles, so that the wavelength
of the corresponding radiation is on the order of 100 meters. This radio-
frequency region is far removed from the optical region, the original
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birthplace of the light quantum. Quantum mechanical principles
should hold for all frequencies, however; they find verification for radio
frequencies by the success of the molecular beam experiments.

A combination of all these details will yield a precision measurement
of | ur |. When the fields 4, A’, B, and B, are all on, the molecular beam
will in general reach the detector, unless it happens that v, = . In
this case M; of at least some molecules changes between A and A’,
so that the intensity reaching the detector diminishes. In practice
it is easiest to keep w; fixed and to vary the magnitude of B until the
beam current passes through a minimum at B,. The value of |l
then follows from (13.15),

R
un Bopw

A typical transmission curve is shown in Fig. 13.4 for the measurement
of F*°, where | ur| = 2.629 un.

(13.16)

This method can also be used to

100 ' measure the proton magnetic mo-
A—V"\f ment. The present value is u, =

+-2.793 nuclear magnetons. A sim-

R ilar procedure was first used by

I 90 Alvarez and Bloch (1940) to meas-
W, »7.76 me ure the magnetic moment of the

N neutron. Two magnetized iron

80 blocks stand in place of the inho-
1800 ISOé) 2000 gauss mogeneous magnetic fields of the

usual molecular beam experiment.

Fig. 13.4. Molecular beam resonance
of F* in NaF. The beam intensity I
is in arbitrary units. (Rabi, Mill-
man, Kusch, and Zacharias, Phys.
Rev., 66, 526 (1939)).

Their magnetization is in the same
direction as the intermediate uni-
form induction B, which we take
as the z-direction. Such iron blocks

act as polarizers for the neutrons,
transmitting preferentially those neutrons with one value of M, . When
the intermediate induction B, and the frequency of the perpendicular
field w; satisfy the critical condition (13.16), the neutrons make transi-
tions to the other possible value of M;. The second iron block then
discriminates against them, and a decrease in beam intensity results. The
neutron magnetic moment measured by this method is —1.913 nuclear
magnetons.
It is convenient to express nuclear as well as electronic magnetic
moments in terms of g factors. The intrinsic moments of the neutron
and proton are

5.585
—2 K28

= g 3, =
Yr pK N g (13.17)

U. = N.uws. n. =
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As in the electron case, the g factors are twice the measured u, because
the z-component of s is of magnitude %.

13.5. The nuclear shell model

Chapter 12 discusses how to build up the chemical periodic table by
adding successive electrons in accordance with the exclusion principle.
The electrons occupy shells defined by different values of n, the principal
quantum number. X-ray studies show that subshells exist in accordance
with the different values of the quantum numbersland j = Il =+ }. A
filled or “closed” shell generally does not contribute to the chemical or
optical properties of an atom. This is also true to some extent of closed
subshells. For instance, the failure of noble gases to form chemical com-
pounds indicates the p-subshells are tightly closed.

Actually, there are two sets of forces among the electrons in atoms:
the Coulomb force binding each electron to the central nucleus of charge
+Ze, and the forces of mutual repulsion between pairs of electrons of
charge —e. The quantum numbers n refer only to the central forces,
and the assignment of n values is somewhat perturbed by the forces be-
tween electrons. The existence of well-defined shells indicates, however,
that this perturbation is relatively small and can be neglected to a certain
approximation. This is in agreement with the fact that the nuclear
Coulomb force is in general much larger than that betweeen electron
pairs.

The proton and neutron both have spin 4, and like the electron obey
the exclusion principle. At first sight, however, there appears to be no
reason to expect shell structure in nuclei. There is no strong central
force like that yielding the quantum number 7 in the atomic case. The
entire binding energy of a nucleus comes from forces between pairs or
groups of nucleons. Even if we somehow assign quantum numbers n to
each nuclear orbit, we would expect the forces between nucleon pairs
to mix different n values rather indiscriminately for any set of nucleons.
Well-defined shells would not appear under such circumstances.

It has therefore been a recent development of great interest to dis-
cover that, in spite of all the learned arguments to the contrary, nuclei
do appear to display a certain shell structure. We may attempt to
understand the origin of the shells by introducing a fictitious central
potential and neglecting all the interactions between nucleon pairs.
That is, we somehow regard each nucleon as moving in an average field
of force due to all the other nucleons, which field behaves like a central
force and in which no specific pair forces are distinguishable. This model
is of course a drastic oversimplification and cannot be rigorously correct.
We use it at present merely on a tentative basis as being the simplest
model that fits the facts, even though it appears inconsistent with other
present knowledge about nucleon forces,
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For the fictitious potential a number of different shapes are possible,
but the most plausible choices all lead to essentially similar results. The
simplest potential to treat is that of the three-dimensional harmonic
oscillator. The energy levels of this potential are as shown in Fig. 13.5.

They have a principal quantum number n» and an
L, 2. 3d, 43 orbital angular momentum I, just as in the atomic
1k, 2f, 3p case. For a pure oscillator these levels are equally
1, 2d, 3s spaced, and the higher levels become increasingly de-
generate. The rule for the degeneracy is that all or-

T

1f,

1:;2;; bits with the same N have the same energy, where

. N =2n+1 (13.18)

1s Herel =0,1,2,---,andn = 1,2,3, ---, so that
Fig. 13.5. En- N=234,:.:.

We can hardly expect the fictitious potential to be
ergy levels of a 3- . . . .
dimensional har- @ Derfect oscillator potential, and there is accordingly
monic oscillator. & splitting of the degenerate levels. Observations
show that in any set of levels of given N, the levels
of smallest n and largest [ lie lowest. Asin the electron case, we may next
look for a splitting of the levels of given [ according to j = [ + . In
atomic levels this splitting, due to coupling of the orbital momentum
l and particle spin s, is relatively small. In nuclear levels, on the con-
trary, this spin-orbit splitting appears to be of dominant importance. It
approaches the spacing between levels of different N and frequently
exceeds the splitting between levels of the same N,

There is at present no good theoretical basis for the model discussed
above. Its validity as a description of the lowest energy levels of nuclei
rests on a large amount of empirieal evidence. Certain isotopes show
properties of exceptional stability and are therefore analogous to the
noble gases in the atomic case. Such isotopes occur whenever either
N or Z is one of the “magic numbers’ 2, 8, 14, 20, 28, 50, 82, 126. These
numbers must represent the closing of shells or subshells; since there are
two kinds of nuclear particles, each type forms shells of its own that be-
have as if they were relatively independent of the other type of particle.
The existence of these shells is support for strong spin-orbit level splitting.
All the prominent magic numbers above 8 (except 20) are due to an
orbit from the N energy level group that has been lowered by spin-
orbit splitting until it lies in the neighborhood of the (N — 1) level group.
The energy level order is shown in Fig. 13.6. It should be emphasized
that this order is qualitative only, and that there may be a good deal of
crossing and recrossing of levels within a single shell, especially among the
higher shells. The most definite feature of the level order is the existence
of the closed shells. .

Note that the spin-orbit splitting not only depresses the level of higher



Sec. 13.5 MODERN DEVELOPMENTS 327

7 but also raises that of lower j. There is accordingly some tendency in
the upper shells for the states g;,» and hy2 not to be the lowest in their
shells but to be in competition with the ds;2 and f-/; levels for the lowest
position. At present, however, no very strong support can be given to
many such finer details of the level order.

The spins and magnetic moments of nuclei constitute a large class
of data that contribute direct and detailed information on the level
order. We have discussed some methods for measuring these quantities
in the preceding section. It is found that all even-even (N even, Z even)
nuclei have spin zero. This suggests that the neutrons and protons tend
to “pair off” in such a way that the pairs all have zero total angular

126 ———-
=—— hoyy, fi2 fore Pape P12 B13/2
82 ———-
——— &2 dsp» dap 812 PUp
50 ————
— 82
——= fu2 P32 P12
28 —————
fir
20) === 8172, dape
(14) ———
ds/z
8 ——-—
DPsre P12
2 ——
81/2

Fig. 13.6. Energy levels with ! and j splitting. The levels in the
bracketed group fill generally in the order indicated, but with many
irregularities. The “‘magic numbers’’ are indicated; those in pa-
rentheses are not so well defined as the others.

momentum. In an even-odd nucleus we should therefore expect the odd
nucleon to be the source of the entire spin and magnetic moment. On
this hypothesis we get direct information about the orbits by measuring
the spins of even-odd nuclei. This information is one of the principal
sources of the detailed level order indicated in Fig. 13.6.

Each value of j is associated with two values of | in single-particle
orbits. The two choices of [ are distinguishable by measurements of the
magnetic moment. By applying formulas (11.22) we obtain the g; factor.
The total magnetic moment in units of ux is conventionally taken to be
the maximum z-component of u:
pi=gij = glJ(J +1) + l2((l‘+ 1) —s(s+ 1)

7+ D (13.19)
+gj(j+1)+8(8+1)—l(l+l) )
) 2+1)
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Fig. 13.7. Magnetic moments of even-odd nuclei and Schmidt
limits: (a) odd neutron nuclei; (b) odd proton nuclei. (From P. F. A,
Klinkenberg, Revs. Modern Phys. 24, 63 (1953)).
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Here g; = 1 for the proton and g; = O for the uncharged neutron;
g. = g, and g, as given in (13.17). Using s = }, we can write the two
cases j = I + } and j = I — § separately,

Bimirt = gl + 30:

o 4+nE-1_1 2—-1 (1320
Wimd = 00—y 2Pa T

These formulas appear as continuous curves in Fig. 13.7, although of
course they apply only for half-integral values of j. They represent the
ideal one-particle case and are called the Schmidt limits, after their first
proponent (1937). In Fig. 13.7 are also plotted the magnetic moments
of known nuclei. Two features of this plot are clear: first, the measured
moments usually are close enough to one Schmidt limit to permit a con-
fident assignment of I; second, there are marked deviations from the
Schmidt limits.

These deviations have not yet been entirely explained, but it seems
probable that they represent a failure of the extreme one-particle model.
The extreme assumption is probably unjustified that in an even-odd
nucleus all the nucleons but one pair off to give zero angular momentum
and zero contribution to the magnetic moment. One must allow in the
nuclear ground states admixtures of 3-, 5-, - - - , (2n + 1)-particle states.
These states should certainly be present, according to the arguments
above regarding the absence of a real central potential and the existence
of strong forces between adjacent nucleons. The remarkable feature of
the shell model is not that there should be deviations from the extreme
one-particle picture, but that this picture turns out to be at all a reason-
able first approximation.

Although many properties of nuclei support this general shell strue-
ture, there are also many details like the magnetic moments that need
further clarification. The nuclear shell model is at present a still de-
veloping and most interesting extension of ideas originating in atomic
physics.

13.6. The Lamb shift and electrodynamics

One of the present uses of atomic physics is to provide a laboratory
for the investigation of finer details than those involved in earlier studies.
In hyperfine structure, for example, the atom provides the magnetic
field by which the spin of the nucleus is determined. Another interest-
ing instance of the atom as a laboratory has recently occurred in the
measurement of small corrections to the quantum theory of radiation.
There is a large body of theoretical understanding related to the quantum
mechanical treatment of the electromagnetic field, in particular to the
properties of electromagnetic radiation. Although the subject of quantum
electrodynamics is well beyond the scope of the present text, we can
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attempt to describe some of its problems and the light thrown upon
them by atomic measurements.

The Schroedinger cquation for atomic energy levels is more properly
replaced by the Dirac equation, which correctly takes into account the
electron spin and consequent fine structure. The general level structure
is the same as for the Schroedinger equation. Both these equations are
based on a definite approximation, however; they neglect the possibility
of radiation by the atom. The different wave functions truly correspond
to stationary siates, for which the energy is exactly known and the life-
time is infinite. This unrealistic picture is corrected in first approxima-
tion by introducing electromagnetic radiation. By virtue of its inter-
action with the electromagnetic field, the electron can radiate energy
and jump from one level to another. Thus an excited state of an atom
is no longer infinitely stable but will decay by photon emission in an
average time r. Correspondingly, the excited energy level is no longer
infinitely sharp but has a certain half-width T' = &/7.

If the interaction with the electromagnetic field alters the energy levels
from the ideal Dirac equation by giving them half-widths T, it is reason-
able to ask whether this interaction might not have some additional
small effects on the positions of the energy levels. Strong evidence for an
affirmative answer was provided by the work of Lamb and Retherford
(1947); their measurements related to the 2.S and 2P levels of hydrogen.
In the hydrogen atom the effect of electron spin is to remove the de-
generacy between energy levels of the same n but different j values.
Levels of the same n, j but different [ remain degenerate, however. For
example, the 2°S,, and 2°P;;; levels of hydrogen have the same term
values, while the 2°P;. level is higher by 0.365 em™. This conclusion
is based on the simple theory without correction for the effects of radi-
ation. The measurements show that actually the 2°S;. level is some
0.035 cm™ higher than the 2°P;; level. The discovery of this “Lamb
shift” has greatly stimulated theoretical studies of quantum electro-
dynamics, which have resulted in successful calculations of this effect
and its magnitude. The observed situation is as indicated in Fig. 13.8.

22P3/2
.365 cm™!
2 035 em~! !
Sy i
: i —""L‘— 22p

Fig. 13.8. Separation of n = 2 levels of hydrogen. The S level
position is shown as measured; the dotted line is the S level predic-
tion by the simple theory neglecting the radiation field.
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It is of interest to note the atomic principles involved in the experi-
ment. The ground state of hydrogen is 10.2 ev below the n = 2 levels.
Both the 2P states decay by photon emission into the ground state in
about 10~° second. The 28 level is metastable, however, for selection
rules forbid a transition with Al = 0, so that the 2.8-1.S transition does
not occur. A hydrogen atom in the 2S level can return to the 1S ground
state only by collision with another atom or by simultaneous emission
of two photons, to which the selection rule does not apply. Two-photon
decay is much slower than one-photon emission and requires about 10~
second to occur. Of course if the metastable hydrogen atom is taken
from the 28 to one of the 2P states, it will decay very rapidly.

The experimental details of the measurement are similar to those of
the molecular beam measurements. A beam of atomic hydrogen emerges
from a thermal source. It passes through a perpendicular beam of elec-
trons of energy somewhat exceeding 10.2 volts. These electrons excite
a certain number of hydrogen atoms to the metastable 28 state by colli-
sion. From the electron bombardment the atoms pass to a region where
a radio-frequency field of frequency w is applied, and thence to a de-
tector that responds to atoms in the metastable state. If there is an
energy difference 2°Sy, — 2°Py, = AE, then transitions from 2°Sy,; to
2°Py,» will be induced by the radio-frequency field at the resonant fre-
quency wo = AE/h. The metastable state will thus be destroyed. A
measurement of the frequency wp at which the beam current of metastable
atoms decreases yields the value of AE.

In practice a slight modification is made by introducing a uniform mag-
netic induction B into the radio-frequency region. Induced transitions
then occur between the Zeeman components of the n = 2 lines. This
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Fig. 13.9. Resonant » versus B for 8;2 — P32 and Sy/2 — Pys
transitions. The m values of the P states are as listed; the m value
of the S state is 4. The solid lines are calculated on the basis of no
shift between S,/: and P/: levels; the dotted lines are observed and
correspond to the shift shown in Figure 13.8. (Lamb and Retherford,
Phys. Rev., 79, 549 (1950)).
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has the advantage that the resonant condition can be attained by vary-
ing the strength of B instead of the frequency «. Also, a plot of the reso-
nant values of w verus B leads to a straight line that extrapolates to give
an accurate value of AE.

Typical results of such measurements are shown in Fig. 13.9. The
expected lines of wy versus B assume that AE = 0. The observed curves
show a shift of Aw = AE/A = 1057.8 & 0.1 megacycles. The2’S;/, — 2°Py.2
curves do not tell whether AE is positive or negative, so that it is neces-
sary to refer to the 2°S;» — 2°Ps;; curves. These show that the 2°Sy
level is shifted upwards relative to the 2°Pys .

This shift arises from interaction with the electromagnetic field,
neglected in the simplest approximation. In quantum mechanics a
charged particle like the electron interacts with the electromagnetic
field by constantly emitting and reabsorbing photons. This holds true
even of an electron at rest; each photon emitted is ultimately reabsorbed
by the electron. These photons are not observed directly and are called
virtual photons. The energy involved in this process of emission and re-
absorption is part of what we measure as the rest-mass energy of the
electron. Thus for an electron at rest the effects of the virtual quanta
are not observable. For an electron in an atomic orbit, however, it turns
out that the effects of the virtual quanta are slightly dependent on the
type of orbit involved. This slight dependence is the cause of the Lamb
shift. Quantitative calculations of this effect are in excellent agreement
with experiment.

Another electrodynamic effect of this sort is a correction to the mag-
netic moment of the electron. The g factor in the simple Dirac theory is
exactly ¢ = 2, but with radiative corrections becomes

a az
g=2 (1 +§—; - 2'97311_-2 + - ) (13.21)

where @ = €*/hic = 1/137.04 is the fine structure constant. This cor-
rection for the g value has also been verified by experiment.

SUMMARY

Atomic physics per se is now no longer in a stage of rapid development.
Rather the concepts and methods that proved so fruitful in atomic
physics have extended themselves to other fields, notably nuclear
physics. A few examples of this extension are given.

The technique of deflecting charged particle beams in electric and
magnetic fields, first applied to measurement of the specific charge of
the electron, leads to accurate isotopic weights for nuclei. The high
precision reveals mass defects AM that verify the mass-energy equiva-
lence of relativity: AM = B/c’, where B is the binding energy of the
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nucleus. In this relation 1 amu = 931 mev. The mass defects account
for the energy released in nuclear fission of uranium; in this fission a mass
equivalent to about 200 mev is released as energy. This is really nuclear
energy and is about 10° times as great as the energy release in chemical
reactions, which is true atomic energy.

Atomic nuclei display angular momenta and magnetic moments that
follow the same quantum mechanical rules as the corresponding atomic
quantities. The neutron and proton both have spin }, like the electron.
The unit in which to measure their magnetic moments is the nuclear
magneton uy = eh/2Mc =~ 5.5 X 10~ g . The neutron and proton have
anomalous magnetic moments, with g, = 5.58 and g, = —3.82. This
indicates a compound structure for these particles, not now understood.

The hyperfine splittings of spectral lines, amounting to fractions of a
wave number, are evidence for the existence of nuclear magnetic mo-
ments, Analysis of this structure parallels that for fine structure splitting
in L-8 coupling, with J, I, and F replacing L, S, and J. Here I is the
nuclear spin and F is the total angular momentum of the atom, electrons
plus nucleus. The selection rules on F for photon emission are the same
ason J: AF = AM,; = 0, 1. For a term with sufficiently large J the
number of hyperfine structure lines is just (2I + 1), which provides a
method of determining nuclear spin. The hyperfine structure also de-
termines the sign of the nuclear magnetic moment y; but does not give
the magnitude of u,; accurately.

For precision measurement of the magnitude of x; the molecular beam
method has proved useful. This is an extension of technique of deflecting
neutral atomic beams in an inhomogeneous magnetic induction. In this
method the beam passes successively through two inhomogeneous in-
ductions, so arranged that the deflections in each field are equal and
opposite. When this perfect cancellation occurs, the beam is recorded
in a detector. In the region between the inhomogeneous inductions, an
oscillating induction causes changes AM = =1 in the z-component of
the nuclear spin. This destroys the equality of the deflections in the two
inhomogeneous fields, and the beam no longer gets through the apparatus
to the detector. This drop in beam intensity occurs for a critical fre-
quency w; , from which follows a precise value of the magnitude of u; .
This experiment also verifies the validity of the quantum mechanical
relation E = h» for radio frequencies.

Another beam technique with radiofrequency excitation reveals that
in hydrogen the 28,,; term is at a frequency » some 1058 megacycles
higher than the 2P;,; term. In the simplest quantum theory where we
neglect interaction with the electromagnetic field, the 28, and 2P,
levels are degenerate. We may ascribe the shift to the emission and re-
absorption of virtual photons. The measurements have stimulated re-
finements in the theory, and the two are now in good agreement.
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ILLUSTRATIVE PROBLEMS

1. Like atoms, nuclei have discrete, quantized excited levels from
which they can decay to the ground state by emission of a photon. These
nuclear photons are called gamma (v) rays.

(a) If Cd™ emits a v ray of energy hv = 0.24 mev, what is the recoil
energy imparted to the nucleus? What is the effect of this recoil on the
frequency of the v ray?

(b) If the mean lifetime of the excited state of Cd"' in part (a) is
r = 8 X 107° sec, what is the half-width or intrinsic energy spread T'
of the excited level?

(¢) Comparing (a) and (b), what can you say about the possibility
of using this v ray for a resonance radiation experiment: i.e., using a Cd""
source of v rays to excite the 0.24 mev level of other Cd"" nuclei, which
would then re-emit this resonance radiation? Neglect Doppler effects
from thermal motion of the nuclei.

Solution. (a) The photon momentum is p = hv/c; the nuclear recoil
energy (the nonrelativistic approximation is sufficient here) is AE =
p°/2M = (hv)*/2M¢’. Using h» = 0.24 mev, M = A amu, and the con-
version factor (13.2), we have AE = (0.24)°/2 X 111 X 931 ~3 X 107"
mev = 0.3 ev. If the energy difference of the nuclear levels is E, the
energy of the emitted y ray is hv = E — AE. The AE represents a Dop-
pler shift of the photon frequency due to motion of the source.

(b) The uncertainty relation gives I'r = A =~ 3 X 107 ev sec. Thus
for r = 8 X 10" sec, I' ~ 10" ev.

(c) Since AE » T, it will be impossible to produce the resonance ex-
citation or hence re-emission of resonance radiation, if we neglect Doppler
effects. This result holds in general for nuclear y radiation.

2. In Chapter 11 we considered the *S;/; level to be single and to have
no fine structure, although a member of a doublet system. If the nucleus
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of the atom has I # 0, what is the multiplicity of the Sy/2 level? In a
transition from a single hyperfine component of *Py/; , what are the rela-
;;ive intensities of transitions to the various hyperfine components of
Sx/z ?

Solution. For J = .} and I # 0 the total spin F has two values,
F=1-—3}and F = I + }. The’S,,, terms thus split into two hyperfine
components. For hyperfine transitions the sum rules (12.10) hold if we
replace the statistical weight (2J 4 1) by the corresponding statistical
weight (2F + 1). Thus for transitions to the two hyperfine components
of *S1/2, the intensity ratio is @F + 1)/@2F' + 1) = 21/21 + 2 =
I/I + 1. Observation of such alternating intensities is another way of
determining nuclear spin.

PROBLEMS

1. The recoil effects considered in illustrative problem 1 also occur
for photon emission by the atomic electrons.

(a) Compute the recoil energy AE of a Cd™ atom that emits an
optical photon of wave number k¥ = 4.4 X 10* em™.

(b) If the mean life of this emission is r = 107° sec, what is the natural
energy spread T of the spectrum line?

(¢) Would the resonance radiation experiment be possible in this
case?

(d) Is this recoil of any physical importance? Compare AE with the
average thermal energy per degree of freedom, 3k7. Contrast this com-
parison with AE/1kT for illustrative problem 1.

2. Calculate the order of magnitude of the total binding energy of the
electrons in a heavy atom, for example Pb. Is this binding energy within
the range directly measurable as a mass difference? If so, why has it
never been measured directly? Use as an approximation for the binding
energy the formula B = RhcZiy/n’, with n = 1, and sum (integrate)
over all Z. from 1 to Z.

3. In general we gain nuclear energy whenever the packing fractions
of the end products in a process are lower than the packing fractions of
the original nuclei. Figure 13.1 therefore indicates that weshould beable
to gain nuclear energy not only by fission of heavy nuclei but by fusion
of light ones. As an example, consider the fusion of two deuterons, ,H’
to make an a particle ;H*. The mass of the H* atom is 2.01474 amu, of
an He' atom is 4.00388 amu. How much energy is released in the fusion,
\H? + ;H* — ;He'? Does this total energy release depend on whether
the reaction goes directly or through a number of other intermediate
nuclei? What is the energy release per unit mass of fuel, and how does
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it compare with the corresponding figure for uranium fission? This
principle is the source of energy in stars.

4. Lithium has two isotopes of atomic masses 6 and 7. From the
ionization potential determine the isotope hyperfine splitting of the
atomic ground state. What difficulty is there in calculating the isotope
splitting for a level caused by two or more optical electrons?

5. Innuclear ground states there frequently appears to be considerable
j-j coupling, as opposed to the atomic case. The only cases resembling
good L-S coupling are found among the light nuclei. Consider the two
nuclei Li® and N*, which both have I = 1. Their magnetic moments
are p = 0.822 uy(Li®) and u = 0.404u v(N™). Compare the computed u
for these nuclei for L-S versus j-j coupling: the states consist in each
case of a neutron and a proton outside of (or lacking from) a closed shell;
in L-S coupling the states would be 38, for both nuclei, in j-j coupling
(DssaPase)1 for Li® and (pyjapje) for N*.

6. Each line of the S-*P resonance doublet in Na splits into a hyper-
fine structure. The total number of lines in the fully resolved hyperfine
pattern is 10. Find the number of hyperfine components of each doublet
line, and show that the nuclear spin of Na is I > §.

7. On a purely empirical basis it has been suggested [Schawlow and
Townes, Phys. Rev., 82, 268 (1951)] that the deviations of nuclear mag-
netic moments from the Schmidt limits are in rough agreement with
the following rule. Consider two nuclei, one with an odd number of
protons Z, and even number of neutrons N,, the other with an odd
number of neutrons N, and even number of protons Z.. Consider only
cases where the spins I of the nuclei are the same and N, = Z,, even
though N, # Z, in general. Then if the displacement of each magnetic
moment is measured in units of the distance between the appropriate
Schmidt limits for the spin I, this relative displacement is approximately
the same for the odd neutron as for the odd proton nucleus. This is a
rule of thumb for predicting the order of magnitude of some unmeasured
nuclear moments.

(a) How well does this rule check all the cases availablefor comparison
in Fig. 13.7?

(b) In a molecular beam experiment with fixed frequency » = 8.3
megacycles, through what range of B would you expect to have to sweep
to find resonances with the magnetic moments of Ne*, Mo*" 7, Ru®®" '"'?



Chapter 14
QUANTUM STATISTICAL MECHANICS

The discussions of previous chapters have shown how quantum
mechanics is absolutely essential to an understanding of microscopic
phenomena, which involve individual atoms. The connecting link be-
tween microscopic and macroscopic processes is Boltzmann’s principle,
as mentioned in Chapter 1, and the mathematical apparatus of statis-
tical mechanics. Frequently the averaging processes of statistical
mechanics tend to smooth out the quantum mechanical discontinuities,
so that classical (as opposed to quantum) mechanics is quite adequate
to desdribe the behavior of bulk matter. There are some cases, however,
particularly at low temperatures, where quantum mechanical effects
have a profound influence on large-scale processes. These cases repre-
sent total mysteries to classical kinetic theory. Historically they were
the problems that led to the invention of the quantum, but for logical
development we have found it convenient to postpone their discussio
until now.

For this discussion we must repeat some of the development of
tistical mechanics, paying attention throughout to quantum meg
restrictions for the microscopic system. This turns out to be ’
more difficult than for classical statistical mechanics.
tistics allows us to explain satisfactorily the classical p
black body radiation spectrum and the failure of the law
and Petit for specific heats of solids. We also sketch the apphcatlon to
conduction electrons in metals.

14.1. Black Body Radiation

Any substance at a temperature T > 0°K will radiate electromagnetic
energy. From a quantum mechanical point of view, this radiation orig-
inates in the emission of individual photons by various atoms and mole-
cules of the substance. Of course photon emission cannot occur unless
the atom or molecule is already in an excited state. The necessary
excitation energy comes from collisions of atoms and molecules in which
energy of thermal motion (kinetic) transfers to energy of electronic
excitation. The excited electronic states return rapidly to ground states
with the emission of radiation. If the substance is a solid, we must
understand “‘collision” of the atoms in a rather figurative sense, but the
basic mechanism still remains the transfer of energy of thermal motion
to electronic excitation.

337
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Each emitted photon has a definite characteristic energy, and the
spectrum will consist of an enormous collection of individual lines. For
a complex mechanical system like a solid, however, these lines will be
so numerous and so closely spaced that their distribution in frequency
will appear continuous. This is especially true if the measurements are
made with low resolving power. In this case the spectral distribution of
intensity as a function » or A depends only on the temperature T' of the
substance if the radiating atoms are in equilibrium with a heat source
at temperature T'. A black body is the idealized case in which there is
no dependence of the spectrum on the quantized energy levels of the
atoms. Its properties are independent of constituent materials or
surface conditions. The radiation spectrum follows entirely from the
properties of the electromagnetic field (radiation) in equilibrium at
temperature 7.

Another way of defining a black body is to say that it absorbs every
photon falling upon it. If it did not absorb every photon, it could not
remain in equilibrium with the radiation field. Thus a good practical

: approach to a black body is a closed oven
with a small aperture. Radiation falling
80 on the aperture is almost certain to be
- absorbed after multiple internal reflec-

60} tions on the oven walls, so that the aper-

1 ture behaves like a black body. Measure-

40 2320° ments of the black body spectrum with
such an apparatus are shown in Fig. 14.1.
20 \ 1450° To interpret this spectrum, consider
L —1215° a radiation field in thermal equilibrium.
ol — 935°  We employ a mathematical artifice that
2 4 is convenient in many applications, that
A(107% cm) of quantizing in a large box. We suppose

Fig. 14.1. Black body spec- the radiation to be contained in a large
trum at various temperatures box of finite volume V with perfectly re-
T (°K). ' flecting sides; after completing the solu-

tion of our problem with this restriction,
we let the volume V become infinitely large. It always turns out that
if we apply this technique correctly, the final step V — « does not
alter the physical conclusions. The wave equation for photons in
a box has a solution exactly similar to that for a particle in a box,
except that the rest mass of the photons is zero. We accordingly recast
Eqgs. (10.23)—(10.25) to eliminate my, obtaining with the use of (10.6),

k; = p./h = 2mn./D,
ky = p,/h = 2wn,/D, (14.1)
k. = pn/h = 2ml/Dl




Sec. 14.1 QUANTUM STATISTICAL MECHANICS 339

Here p., p,, p. are the momentum components of the photon; k., k, ,
k, are corresponding wave numbers; D., D,, D, are the dimensions of
the rectangular box; and n,, n,, n, = 0, =1, £2, --- are quantum
numbers. Each set of quantum numbers corresponds to a physically
distinct wave function of the photons in the box. Here we include de-
tails that were not of interest in the previous discussion of the box
(section 10.2): we distinguish positive and negative values of n; and
include n; = 0. The values of n; are strictly quantized; but in the limit
as V — «, a small momentum change Ap; represents a large quantum
number change An;. In this limit we can with negligible error replace
the difference An; by the differential dn;. The number of different
configurations in a given range of quantum numbers is then

dn' = d‘nz dny dns
= D, D, D, dp, dp, dp./(2xh)’ (14.2a)
= Vp®dp dQ,/(2xh)}

In the last line of (14.2a) we have transformed dp from rectangular to
spherical coordinates: p* dp dQ, corresponds to a momentum vector
with magnitude between p and p + dp, pointing into a solid angle
ddp. :

If we consider all states in the range p* dp d©, as having the same
energy, within the accuracy of our measurement, there are dn’ degener-
ate states at this erergy. The number dn' is therefore a statistical
weight factor of the type discussed in Chapter 12. This factor appears
in all quantum statistical considerations, and is a cornerstone of quan-
tum statistical mechanics. In making sums over all microscopic states
to obtain macroscopic quantities, we must take account of such statis-
tical weights.

The statistical factor dn' is common to all types of particles quantized
in the mathematical large box. For any particular type of particle we
must also include any statistical weight factors peculiar to the particle.
For photons there is an additional factor of 2, which corresponds to the
two possible directions of polarization for each photon of frequency ».
The total number of photons in the range dp d, is therefore

dn = 2dn’ = 2Vp’dp dQ,/(2xh)" (14.2b)

The photons in thermal equilibrium in this enclosure are like an ideal
gas, to which the Boltzmann factor (1.9) applies. Consider photons of
a specific frequency »: at temperature T' the relative probabilities for
the presence of 0, 1, 2, - -+ m, - - - photons are

po:pl?pz: “ee :p“: “en
= Co:Coe—h!/kT:C"e—%v/kT: - :Coe—nhv/kﬂ': s (14.3)
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Here C, is a constant factor that Boltzmann’s principle does not deter-
mine, and in the exponent nmhy is the energy of the system when n
photons of frequency » are present. The average number of photons
present is

== (14.4)

=22 (14.5)

It is a mathematical identity that for z < 1,

S =l = — (14.6)
‘n—o l—x
= ﬂ_ S n—. —_ d = ﬂ_
,gmz =z gom: z 5 Z_;x =T x), (14.7)

Therefore
() =

Equation (14.8) gives the average number of photons of frequency »
in the box. The total number in the frequency range » to » + dv fol-
lows by multiplication with the statistical weight factor dn, expressed
in terms of frequency. For this purpose we note that the photon mo-
mentum is p = h/X = hv/c, so that

= 2V da v dv/c* (14.9)

We obtain the distribution of photon energies in the box by including
a factor hy, the energy per photon:

- (l - 1)_1 = (" — 1) (14.8)

- x

2Vdeh Vdv
3 (e — 1)

The final factor in (14.10) is Planck’s law for the frequency distribu-
tion of radiation in thermal equilibrium. This formula is in excellent
agreement with measured curves, as in Fig. 14.1. The figure shows
curves as a function of wavelength; we can convert (14.10) by substi-
tuting » = ¢/\. Either as a function of » or of A, the distribution factor
in (14.10) goes to zero as », A — 0, «, and passes through a maximum
between these limits. Planck’s law was the first successful deduction of
this qualitative behavior and provided the first introduction of the

dE = hvii(p) dn, = (14.10)
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quantum. If the energy of the radiation does not come in discrete units
hy, it is impossible to make the spectral distribution converge for large
v or small A.

In the original deduction of this law, Planck proceeded by classical
reasoning throughout until the single step at which the quantum
hypothesis E = hv became necessary. We have given here a completely
quantum mechanical derivation, which has the advantages of brevity
and simplicity. It is of at least historical interest to note that Planck’s
constant & can be evaluated from measurements on the black body
spectrum alone. From (14.10) we can show that the wavelength Apmax
at which the spectrum has its intensity maximum is

= hc/4.965kT = b/T (14.11)

Thus by measuring Amax as a function of T' we determine hc/k and A if
k and ¢ are known.

Another quantity capable of measurement that also determines h
is the total intensity of radiation from a black body. Figure 14.2 shows
the aperture in an oven that serves as a black body. The total energy
density (energy per unit volume) just inside the aperture is u. This
density consists of photons going in all directions with equal probability.
Thus half the density will be moving inward and not escape from the
oven at all. The other half of the intensity is moving outward with an
average velocity ¢ cos 6, where cos 6 is the average value over a uniform
distribution of outward directions. This average value is

/2
o ‘£ cos 0 d(cos 6)
cos § = =73 =
fo d(cos 6)

Thus the total intensity of radiation from the aperture in encrgy/cm®
sec 18

D[ =

= (4/2)(c/2) = uc/4 (14.12)
To find the total energy density, we integrate (14.10) over all directions,

c f dQ = 4, and over all frequencies, obtaining

¢ A@ "= jdE 81rhf e’”v dv

kT — 1

= Br e f v'dy (1413

Fig. 14.2. (he)? e — 1
Emission from an 5 14
aperture (black - (8_1 _’E_ _) T = oT"
body). 15 (he)?
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Thus
I= %‘-’T‘ = oT* (14.14)

The dependence of I or hence u on T* can be predicted by purely thermo-
dynamical reasoning, but to evaluate the coefficient ¢ requires a detailed
theory.

It is of interest to note that in all our discussion it has never been
necessary to specify V, the volume of the large box, used for quantizing
the radiation. We can therefore discard this artificial limitation and
let V — « or to any arbitrary value.

Radiation measurements determine o and hence & if k and ¢ are known.
Or if neither £ nor h is well known, determination of both ¢ and b
allows us to find k and h independently, as discussed in Chapter 1.

14.2. Specific heats of solids

The method of treatment of black body radiation finds immediate
application to the problem of the specific heat of solids. A crystalline
solid contains atoms packed in a regular array. The nuclei have equi-
librium positions at the points of a three-dimensional geometric lattice.
The simplest is the cubic lattice, illustrated in Fig. 1.2, and we shall
use this as our model. The nuclei are not quite rigidly bound to the
lattice points, but can execute harmonic vibrations about the lattice
points as equilibrium positions. When the vibrations of all the nuclei
are in phase, they constitute a standing wave, like those observed in a
string under tension. In a standing wave the displacements of the
individual nuclei bear a constant geometric relation to each other. The
absolute magnitude of any displacement varies periodically with a
frequency ». This frequency is characteristic of the particular standing
wave.

Mathematically, any standing wave is equivalent to the sum of two
traveling waves of the same frequency, moving in opposite directions.
Let the two traveling waves be (see section 9.4)

@1 = Asin 2x(vt — z/N\)
¢2 = Asin 2x(vt + z/))
then their sum is
P=p1t+ ¢
= 2A s‘in (2xwt) cos (2mx/\)

This is the equation of a §ta.nding wave. Furthermore, any vibration

(14.15)
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of the nuclei in the crystal, no matter how complicated and irregular
it may appear, is representable by a sum of standing waves. Hence we
may consider the vibrations of a solid to consist of a large number of
traveling elastic waves. These waves have characteristic wavelengths A
and frequencies ». They are responsible for the propagation of sound
through the solid with velocity ¢/, so that Av = ¢'.

The general principles of wave mechanics imply that the wave-
particle duality is a universal aspect of nature. Thus we should expect
to define the corpuscular equivalents of these sound waves by the de
Broglie relations p = h/\, E = hv. These sound wave particles are
called phonons. We may now take over bodily the discussion of the
preceding section. The number of degenerate phonon states in a range
p’ dp dQ, is

dn’ = Vp*dp dQ,/(2rh)* (14.16)

where i1l this case V appears as the actual volume of solid. If we inte-
grate over all d2, and convert to frequencies,

an' = 4V (14.17)

This is the number of degenerate modes for phonons of a single polariza-
tion. Actually, the phonons can have three polarizations, two transverse
and one longitudinal. The velocity associated with transverse polariza-
tion is not generally identical with that for longitudinal polarization,
but we ignore this difference, which is not essential to our considerations.
With three polarizations, the number of degenerate phonon states
between » and » + dv becomes

12‘I’V 2

dn = 3dn = g (14.18)

There is one important difference from the previous case of the
photons in a box. A mole of a solid with a total of Ny atoms can have
only 3N, independent modes of vibration, corresponding to the three
independent directions of vibration for each nucleus. Therefore there
must be a maximum frequency » such that

3N, = fo " dn = 42V (n/c) (14.19)

The value of 7(v) is computed in the same way as before, leading to
(14.8). The total internal energy of vibration for one mole of the solid

is therefore :
v 12aVh [ Vdv
U = [ i) dn = o | sy (a0
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Substituting y = hv/kT, yo = hwo/kT, and using (14.19) to eliminate V'
(notice that again the volume of quantization in the box drops out
of the final result), we have

3 y' dy

ell

U= 3RT

7= 3RT D(yo) (14.21)

where Nok = R, the gas constant.

To obtain the molar specific heat of the solid from (14.21), we should
take dU/dT. Unfortunately, we cannot give the function D(y,) in
analytic form suitable for taking the derivative with respect to T.
Analytic approximations to D(y,) are feasible, however, for the limiting
cases 3o — 0, yo — o, which are of most physical interest. As yo — 0,
we put ¢’ &~ 1 + y and obtain D(y) = 1; and as yo — =, we can put

jﬂo f“’ T‘

—_— = —
) (] 15
as in (14.13). Thus

~U _,3r  T»0

T aT
12 4 Ta_ 2 T)s
-—)—5-1R<o) —2.3X10R(E TK6

where 8 = hw/k is the “Debye temperature” of the solid, named after
the originator of this theory of specific heats.

Equation (14.22) indicates that at high enough temperatures all
solids should approach Dulong and Petit’s law, C, = 3R. This is in
agreement with observation. On the other hand, as T — 0, the specific
heats of all solids fall to zero. The value of C, follows a T® law for low
temperatures on the order of 6, a characteristic temperature of each
solid. For most elements the values of 8 range over about 100°~400° on
the absolute scale. The diamond crystal is an exception, with 6 ~
2000°K. This accounts for the fact that the specific heat of diamond
falls particularly short of Dulong and Petit’s law at ordinary tempera-
tures.

Figure 14.3 compares the observed specific heat of silver with that
calculated from the Debye formula (14.21). The agreement is quite
good, especially in view of the fact that (14.19) is a crude approxima-
tion: the frequency distribution in a real crystal is always more compli-
cated than assumed in (14.18). On this account the agreement of the
simple Debye theory with experiment is not always so good as in Fig.
14.3. There can be no doubt, however, that this quantum mechanical
explanation for the behavior of specific heats is in principle correct.

Cy
(14.22)
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Fig. 14.3. Specific heat curve of silver.

This is the classic example of a macroscopic phenomenon that is strongly
dependent on the microscopie restrictions of quantum mechanies.

We can see the physical implications of the limiting cases ' — 0
and T — o more clearly by considering what happens to 7(»), the
average number of phonons (photons) present in the system at tempera-
ture 7. When T — = in (14.8), we can put ¢"”*" =~ 1 + hy/kT, so
that

iy R kT >1, T— (14.23)
hy
This is just the result we would get by the classical procedure of assigning
the equipartition energy k7' to each vibrational degree of freedom and
dividing it into arbitrary units h». On the other hand, when 7 — 0
the average number of phonons present is
= —hy/kT kT
iy R e < W <1, T—0 (14.24)
This is a decidedly nonclassical result, in which the average number of
phonons present is much smaller than the number necessary to provide
the equipartition energy kT'. The quantity ¢ *"*" is just the Boltzmann
factor for an energy £ = hv, and its appearance is intimately related
with the quantum hypothesis that phonon (photon) energy comes only
in discrete units £ = hv. If continuous energy distribution were allowed,
as in the classical case, the exponent in ¢ **" would automatically
adjust so that the average value of E is kT.
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This discussion provides a good example of the correspondence
principle referred to in Chapter 9. Under conditions where the quantum
numbers are large, quantum mechanics yields essentially classical
results. Specifically quantum effects dominate only when the quantum
numbers become small and it is no longer a good approximation to
replace integers by average nonintegral values. Thus when 7, > 1 as
in (14.23), classical conditions prevail, and Dulong and Petit’s law
holds. On the other hand, when the temperature becomes so low that
hv 2 kT, the equipartition energy, we must count individual quanta
one by one. In this case classical averages are not sufficient; in particular
the specific heat deviates markedly from the classical value.

14.3. Specific heats of gases

As discussed in Chapter 2, the specific heats of gases contain three
components, related to thermal energy in translational, rotational and
vibrational motion of the molecules. The translational specific heat of
3R per mole does not show quantum mechanical effects, but the other
specific heats have the same general property as that of solids. At
sufficiently high temperatures where k7' is much larger than the quanta
associated with rotation and vibration of the molecule, the corresponding
specific heats have their classical values. As the temperature decreases,
first the vibrational and then the rotational motion is quenched. We are
finally left with only translational motion and a corresponding specific
heat §R. As an example Fig. 14.4 shows the specific heat of H; gas as a
function of temperature.

We consider briefly the simplest case of diatomic molecules. Their
vibration relative to each other approximates that of a harmonic
oscillator with a natural frequency on the general order of » = 10*/sec.
The energy levels of a harmonic oscillator in quantum mechanics are
(Chapter 10)

En= (n + bhv n=012 - (1425
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Fig. 14.4. Specific heat of hydrogen gas.
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Here 1hv is the “zero-point energy’’ possessed by the oscillator even in
its lowest state. At any temperature T, the average quantum number
of excitation is

S —En/kT
e

=
Ze—En/kT
0

= (@ — (14.26)

n

as in (14.8). Note that the extra 3Av is a constant factor and makes no
difference in the derivation of 7. It also has no effect on the average
vibrational energy of the molecule. Even at absolute zero, the oscillator
will retain its 3hv of zero-point energy. We may therefore measure all
vibrational energies from this E; = }hv as a new reference point; the
net available energy of an oscillator in an excited state E, is then
E, — B = (n 4+ 3)hv — 3h» = nhv. The average available vibrational
energy per molecule is therefore

E = by = ho(e™™* — 1) (14.27)
The vibrational heat per mole is
_ N2
C, = N, g‘; =R (07,) SNTET — 1) (14.28)

where 6 = hv/k and R = Nyk. Here 6’ is similar to the Debye tempera-
ture of (14.22), except that » is the classical frequency of the gas molecule
vibrations.

The behavior of (14.28) as a function of T is qualitatively the same
as specific heat curve of a solid. Using the same approximations as for
(14.23) and (14.24), we have

C.— R, T— =

o (14.284a)
C,—RO/T)e"'"—0, T—0

Thus at high temperatures the specific heat goes to the classical value
of R per mole of one-dimensional oscillators; and at low temperatures
T K @', the vibrational specific heat falls to zero. For more complicated
molecules with several independent modes of vibration the vibrational
specific heat is a sum of terms like (14.28), each term corresponding to
a classical vibration frequency of the molecule.

The similarity of the C, curves for molecular vibration and for solids
is of course not accidental. It arises from the fact that the average
quantum number 7 is the same for the oscillator (14.26) as for the
phonons or photons in a box. In the case of the solid the oscillator and
phonon field pictures are just two slightly different ways of looking at
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the same thing. We could surely represent the solid as a sum of coupled
oscillators, like a gigantic molecule. If we quantize the oscillators
directly, we regard the thermal energy of the solid as residing in the
excitation of the many individual atomic oscillators. On the other
hand, if we first analyze the classical motions of these oscillators into a
number of standing waves and then quantize this wave motion, the
thermal energy resides in the phonons or quanta of this wave motion.
We employed the sccond procedure in the previous section, but the two
are mathematically equivalent. They differ only in the point at which
quantization is introduced into the classical treatment.

This duality in the possible types of treatment carries over also to
the case of photons, where we obtain the same expression (14.8) for 7.
This implies that we can consider the electromagnetic field not only as
decomposed into photons, but equivalently as comprising a set of
oscillators of characteristic frequency ». The presenceof n = 0,1, 2, - --
photons of frequency » corresponds to the existence of the oscillator in
its nth state of energy, E, = (n + 3)hv. This concept of the field
oscillators proves useful in some applications, particularly in dealing
with the detailed quantum mechanics of the electromagnetic field.
Frequently it appears in the derivation of the black body formula; for
this reason the energies in Eq. (6.1) contain the extra 3h» of zero-point
energy.

The zero-point energy of electromagnetic field oscillators is actually
a source of some conceptual embarrassment. In this case, unlike that
of a vibrating solid, there is no finite upper limit to the possible fre-
quencies ». This means that in a vacuum where no photons are present,
the total energy of the equivalent field oscillators is

E-= fo Yody = o (14.29)

Thus we are led to the absurd conclusion that a vacuum has infinite
energy, in comparison with which the finite energy of any real photon
must be negligible. We can get around this difficulty by essentially the
same method as used in discussing the molecular specific heat: since the
zero-point energy is unavailable, we may as well measure energies from
the zero-point energy as a new origin. That is, we define the divergent
integral (14.29) to give us the zero point of our energy measurements.
This procedure turns out to have no drawbacks for the present case:
infinite energy never reappears or causes trouble in any applications.
The general sort of difficulty represented by (14.29)—the appearance of
divergent integrals and the necessity for removing them by ‘‘renormali-
zation” of our measurements—appears rather frequently in the most
advanced applications of modern quantum theory. In some cases it is
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possible to remove the divergences by special procedures, as above;
but some divergences remain and there is at present no general assurance
that they can be circumvented.

The rotational specific heat of a diatomic molecule comes from
considering the quantized energy levels of a rigid rotator. When the
molecule is not oscillating too strongly, it approximates a rigid rotator.
The moment of inertia about the axis joining the atoms is zero, but the
moment of inertia about a direction perpendicular to this axis has the
value I. If the frequency of rotation is w, the angular momentum and
energy of rotation are

L=1Io, E=3}t=LYI (14.30)

Classically these quantities may have any value; but quantum mechanics
restricts them to L* = I(I + 1)A°. Hence the energy levels of the rotator
in wave mechanics are

= I(l + 1)#*/2I, 1=01,2, --- (14.31)

We obtain the average rotational C, at temperature 7' energy by the
same procedure as above, except that we must insert a statistical weight
factor (21 4+ 1) for the Ith energy level. This factor is the degree of
degeneracy of a given level due to the different possible values of
m = L,/h, as discussed in Chapter 12. The average rotational energy
per molecule is therefore

= U1+ 1)(2 + l)e—t(t+1)ﬁ=/2n«r
2l Z (14.32)
1=0 E @l + 1)e —I(I+1DR2/21kT .

E=

The specific heat derived from this expression has qualitatively the same
features as the other specific heats. 1f the characteristic temperature is
" = (#*/2Ik), the rotational C, per mole is

C,—R, T>0"
C,—0, T

For diatomic molecules the characteristic §” is generally an order of
magnitude (factor of 10) smaller than §’. We are therefore able to assign
a C, jump at lower temperature to rotational motion and a second
jump at higher temperature to vibrational motion, as in Fig. 14.4.

(14.33)

144. Fermi-Dirac and Bose-Einstein statistics

Although we obtained the energy distribution (14.10) for photons of
zero rest mass in an enclosure of volume V, we can make the same
derivation apply exactly to material particles. The basic Eqs. (14.1)
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that lead to the statistical weight dn’ do not involve the rest mass of
the particles, so that we can take over dn’ directly, provided that we
use the original form (14.2) in terms of particle momenta. The form
(14.9) is a special case valid only for rest mass equal to zero. In order
to take over the factor 7 to the case of material particles, we must
make a couple of modifications. One is-the trivial change of substituting
W/h = » for the argument of 7(y), where W is an energy associated
with the particle. For the sake of generality we put

W =E+E (14.34)

where E is the energy we wish to consider (for example E = p’/2m,
the nonrelativistic kinetic energy of a particle of rest mass m) and E,
is any residual energy like zero-point energies. The second step in taking
over 7 from the photon case is more fundamental and is in the nature
of a physical assumption. The occupation numbers n = 0, 1, 2, ---
indicate the number of photons of a given frequency present in the
enclosure. The fact that n may take any arbitrarily large value means
that any number of photons of a given energy may be present. For
quantization in a large box, each energy corresponds to a given set of
quantum numbers. Hence to apply 7 to material particles, we must
assume that the particles are of such a nature that any number of them
can be present in the box with identical quantum numbers.

This assumption is just the opposite of the exclusion principle, which
allows at most one particle in a system with a given set of quantum
numbers. In Chapter 12 we saw that the exclusion principle is equivalent
to saying that the particles are distinguishable. By the same token the
assumption of nonexclusion implies that the particles must be in-
distinguishable, since in quantum mechanics there is no measurable
difference between two particles with identical quantum numbers. The
discussion of Chapter 12 shows that there is at least one type of particle
—the electron—which must always be distinguishable; and the success
of the black body radiation formula and the phonon treatment of specific
heat shows that there also exists one particle—the photon—which must
always be indistinguishable from other photons.

In applying the law (14.10) to material particles, it is thus of para-
mount importance to know whether the particles are distinguishable or
indistinguishable. Distinguishable particles like the electron are said to
have Fermi-Dirac statistics; indistinguishable particles like photons are
said to have Bose-Einstein statistics. If the material particles we are
considering have Bose-Einstein statistics, their energy distribution
follows (14.10), o

2 E/kT -1
dE = Ea(E) dn = S‘-’—d-(%’:%—d-’-’ ("7- - 1) (14.35)
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Here A = ¢ ™/*" and § is a statistical factor for the particular particles
concerned: S = 2 for photons with two polarizations, 8 = 1 for simple,
monatomic molecules with total intrinsic angular momentum F = 0.
We have used the earliest form (14.2) of the statistical factor dn’.

The number distribution of Bose-Einstein gas molecules corresponding
to (14.35) is

2 ElkT -1
dN = K%‘;-ih—’;’?@f (“71— - 1) (14.36)

Our previous experience with specific heats leads us to expect that for
sufficiently high T, (14.36) should approach the Maxwell-Boltzmann
distribution (2.23) of classical kinetic theory. We can verify this
expectation in the following manner: suppose that the constant AKL],
so that the term —1 is negligible in the denominators of (14.35) and
(14.36), and

v dﬂ.ﬂ?z dp
(2wh)?

If the total number of gas molecules per cm® is ng , then with p = mo,
o= 1 f dN ~ Adn <_"1)a f "ot do BT
|4 ~ 2t/ b

-~ m “\/;(sz)“”

A =~ no(2rh?/mkT)Y? (14.39)

The integrand in (14.38) is just the Maxwell-Boltzmann distribution
(2.23). The condition that (14.37) be a good approximation is that
A < 1, and (14.39) shows that this is in fact true for T — « or np —
0. Thus classical statistics appear as a limiting case of Bose-Einstein
statistics for high temperatures and low densities. These are just the
conditions for ideal gas behavior. Thus a classical ideal gas has Maxwell-
Boltzmann statistics; the Bose-Einstein and Fermi-Dirac statistics
represent deviations from ideal gas behavior.

If the particles are like electrons and display Fermi-Dirac statistics,
we must find a new expression for 7 appropriate to this case. For any
given energy state W available to the particles, there are only two
possibilities: either there are no particles present in that state, or there
is one particle present. The ratio of probabilities for these two con-
ditions is po:p1 = 1:¢"'*" by the Boltzmann principle. The average
number of particles in the state is equal to the absolute probability of
finding one particle present:

dN ~ Ae BT (14.37)

(14.38)

or hence
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—W/kT
e — (JIET -1

ot TF @+ 1) (14.40)
This resembles (14.8) with the important difference that the —1 is
replaced by +1. The number distribution for Fermi-Dirac statistics is
accordingly

alw) =

14 dﬂ,p2 dp (ezlkr )—-1
dN = —@my \ 4 +1 (1441)
This distribution also goes to the classical Maxwell-Boltzmann distribu-
tion as T — . The argument is exactly the same as for the Bose-
Einstein case: when A — 0, it does not matter whether the negligible
term is +1 or —1. The general conclusion is that the classical distribu-
tion is the limiting form of all quantum mechanical distributions as
T — «. This example illustrates the universality of the correspondence
principle.

It is only at low temperatures that the quantum statistical distribu-
tions differ appreciably from classical statistics and from each other.
For Bose-Einstein statistics the effect of 7 — 0 is to concentrate all the
particles at a single energy; we then say that the gas is degenerate. In
practice this degeneracy is confused by other phenomena such as the
deviation of the gas molecules from ideal, pointlike behavior (finite
size). For the Fermi-Dirac case, however, an interesting and distinctive
result occurs. Suppose that as T — 0 the constant A — « in the form
A = ™", where E, is a constant. Then the 7 factor in (14.41) becomes

[F 5% L 11 =1 for E < E
=0 for E> E,

We can evaluate the constant E, by requiring (14.41) to fit a given
density no of particles per cm®:

1 xS (P, 4dr (2 Y
m=yfav=ghs [ vt -¥s(z) we
where the cutoff momentum p, corresponds to the cutoff energy E .

The Fermi-Dirac distribution function dN/V is plotted in Fig. 14.5
for T = 0 and for an elevated temperature. The change in shape of the
distribution is relatively slight for ordinary temperatures and affects
mostly the high energy particles.

T—0 (14.42)

14.5. “Electron gas’’ in metals

In a crystalline solid most of the electrons are tightly bound to nuclei
at the lattice points. If the solid is a good conductor of electricity,
however, the outermost electrons of each atom are relatively free to



Sec. 14.5 QUANTUM STATISTICAL MECHANICS 353

wander from one lattice position to the next. These electrons are
responsible for the conduction of electricity. If we make the simplifying
though not entirely realistic assumption that the conduction electrons
are completely free to move without interference through the solid, we
can treat them as an ideal “electron gas.” By comparing the.expected
properties of this electron gas with observations on metals, we can show
that the assumption of freely moving conduction electrons is a reasonable
first approximation.

There are two points of interest that lead us to consider the electron
gas. The first is that it follows the exclusion principle and hence Fermi-
Dirac statistics. These are peculiarly quantum-mechanical restrictions
that do not exist for a classical gas. In the second place, the small
mass of the electrons means that they go over from quantum mechanical
to classical behavior at very high temperatures. According to (14.39)
the condition for classical behavior of a gas is that ne(2wh’/mkT)"'* > 1.
The temperature T' at which this condition obtains is obviously in inverse
proportion to m. Thus we can expect the electron gas to show quantum
mechanical behavior up to temperatures several thousand times that at
which ordinary gases display quantum effects. In fact, the energy
distribution of the electron gas in metals still has distinctly nonclassical
features at the highest attainable temperatures. The T > 0 curve of
Fig. 14.5 corresponds to an electron gas at about 2000°K.

To evaluate the Fermi-distribution functions for electrons in a metal,
we assume a certain number g of conduction electrons per atom, expecting
that g will generally be on the order of 1. For electrons the statistical
weight factor is S = 2, because of the two possible orientations of
electron spin, m, = =%. Then for a metal of density p and atomic
weight A, Eq. (14.43) becomes

_ gNop _ 8 _&)"

g 1 3 (2’% (14.43a)
>
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Fig. 14.5. Fermi-Dirac distribution of conduction electrons
in a metal. E, is in ev units.



354 QUANTUM STATISTICAL MECHANICS Ch. 14

EO i
1 op
Vo 5
T 2

Fig. 14.6. Conduction electrons in a metal, regarded as a
potential well.
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For metals (gp/A)*? is on the order of 4, so that the maximum energy is
on the order of 10 ev above the lowest possible energy for the conduction
electrons. The conduction electrons normally remain bound in the
metal, and it requires an additional energy ep to liberate any electrons.
We therefore draw an energy diagram of the conduction electrons as in
Fig. 14.6. The metal appears to the conduction electrons as a sort of
potential energy well. The top of the well is at energy E = 0, where
an electron can escape from the metal; the bottom of the well is at
energy — Vy. The electrons fill up all the energy states in the well to a
level E, above the bottom. These highest electrons have energy Eo, —

Vo = —ep, where ep is the minimum energy necessary to liberate any
electron from the metal. Thus the potential depth inside the metal is
Vo = Ey + ep (14-44)

Since both E, and ey are on the order of 5-10 ev, V, is of order 10-20 ev.
This discussion and Fig. 14.6 apply to the electron distribution at T' =
0°K, but are substantially valid in general because the distribution of
Fig. 14.5 varies so little with temperature.

It is of interest to look for direct confirmation of the potential V,,
since this would provide indirect evidence for this model of the con-
duction electrons in a metal. In particular, establishment of a value
Vo > ep would lend support to the Fermi-Dirac statistical treatment of
the electron gas. A direct measure of the potential V, appears in the
experiments of Davisson and Germer (Chapter 9). If the potential is
really present in the interior of a metal, an electron of kinetic energy
eV outside the metal should have a kinetic energy e(V + V,) inside the
metal. Here V is the accelerating potential applied to produce the
bombarding electron beam. By de Broglie’s hypothesis (9.26), the
wavelengths of the corresponding electron wave inside and outside the
crystal should be in the ratio

N~ D 1+ % n (14.45)
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Here n is the effective refractive index of the metal crystal as seen by
an electron wave entering from the outside region, where we take
n =1,

If V> V,, the refractive index of the crystal does not differ much
from n = 1, and we may apply Bragg’s law directly as in Chapter 9 to
obtain verification of de Broglie’s hypothesis. If V is of the same
magnitude as V,, however, n becomes appreciably greater than unity.
In this case the electron wave not only undergoes Bragg reflection inside
the crystal, but also suffers observable refraction at the crystal surface.
In the simplest case where the Bragg planes are parallel to the crystal
surface, Bragg’s law becomes

= 2d v/n? — cos? 0 (14.46)

where 6 is the apparent reflection angle observed in the laboratory
system. This equation reduces to the usual (5.12) whenn = 1.

Interpretation of the electron diffraction measurements with (14.46)
allows a determination of the effective index of refraction n, and from
this an evaluation of V, by (14.45). Measurements on nickel reveal
that V, &~ 17 v, and for zinc Vo = 15 v. These potentials are con-
siderably larger than the respective work functions ¢ = 4.6 v and 4.2 v
of these metals. The experiment thus provides direct support for the
Fermi-Dirac distribution of electrons in a metal.

At temperatures above T = 0 there will be a few electrons with
energies E > E,, so that thermionic emission of electrons from the
metal can occur. We have estimated the thermionic current in Chapter
2 for the classical Maxwell-Boltzmann distribution; it turns out that
Fermi-Dirac statistics give a similar result. We repeat for the present
case the arguments that led to (2.26). The electrons that escape from
the metal surface, taken perpendicular to the z-direction, must have a
kinetic energy of at least eV, = p’/2m as measured from the bottom of
the Fermi well. The y-, z-components of their velocities are parallel to
the metal surface and of no consequence for emission, so that we integra.te
over all Ya.lues of the corresponding momenta. The rate of emission of
electrons is also proportional to »,, the speed with which electrons
approach the surface. Writing (14.41) in Cartesian coordinates, we
have for the emission rate

. N 2 E/kT -1
Jj= vzd-"i‘,‘ = @t f v, dp. dp, dp, (e__ + l) (14.47)

Since E > eVe > kT for emission, we can neglect the term 1 in the
parentheses, and the last factor becomes just Ae™*/*7 = F FONT,
The mtegratlons now proceed as for (2.26): the integral over all p,
values gives a factor (2rmkT)'"”, as does the integral over all p,. Inte-
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grating over p. from 4/2meV, to = gives a factor ETe o Vo kT _
kTe™**"*T, Thus the rate of emission of electrons per em” of surface is

mk’ o
= 5 T */*T (14.48)
The electric current density is J = ej, where here e is the electron
charge to distinguish it from the mathematical symbol e.

The expression (14.48) is similar in form to the classical Eq. (2.26).
The dominant factor ¢~ *"*” appears in each case. The principal dif-
ference is the temperature dependence T° in (14.48) as opposed to
T'* in (2.26). Because of the dominance of the exponential factor, it
has not been possible so far to distinguish experimentally between these
two formulas. We conclude, therefore, that the Fermi-Dirac electron
gas gives practically classical results for thermionic emission, even
though the electron distribution still retains the nonclassical form of
Fig. 14.5. This is because we have restricted ourselves for this process
to the small fraction of electrons in the high-energy “tail” of the distribu-
tion. This tail evidently bhehaves in a classical fashion, although the
bulk of the distribution does not.

To find nonclassical properties of this electron gas, we must consider
a phenomenon that involves the bulk of the electrons rather than the
high energy part. One such phenomenon is the specific heat C, , already
discussed for several other cases in preceding sections. Our general
experience with previous cases indicates that quantum mechanical effects
make C, — 0 for T < 6, some characteristic temperature. We have
also seen that the characteristic temperature for electrons is enormously
high because of their small mass. Thus we anticipate that C, for elec-
trons will be very small. ’

The procedure for obtaining C, is as before: using (14.41), we compute
the internal energy of the electrons at some finite temperature T, U =

[ EdN. Then C, = 9U/4T. The mathematical operations cannot be

carried out in closed form, but after some algebra we obtain the approxi-
mate result for the specific heat per mole of conduction electrons

o »MET (38Nogo\™° _ ,, 5kT
C' ~ R W (—S—;A—') ~ R —E; (14.49)
At room temperature kT X 74 ev, while we have seen that metals have
Ey ~ 10 ev. Thus C, = 10~°R per mole of electron gas at room tempera-
ture. On a classical basis we should have had to assign the usual C, =
3R per mole to the electrons as a monatomic gas; the specific heat of
solids would then have been §R 4+ 3R = 3R on inclusion of the atomic
vibrations as in section 14.2 above. Even at temperatures high enough
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to give a good approach to the law of Dulong and Petit for the atomic
vibrations, there is no experimental evidence for an additional 3R due
to the electrons. The absence of this specific heat term is further evidence
for the necessity of quantum statistics for the electron gas.

The electron specific heat is difficult to observe at ordinary tempera-
tures because of its small magnitude relative to the C, of lattice vibra-
tions. Equation (14.49) has the feature, however, that it holds down to
T = 0. Thus at very low temperatures C, (lattice) ~ T and C,
(electron) ~ T, so that the electron specific heat will exceed the lattice
specific heat as T — 0. The electron specific heat with its characteristic
linear T dependence is actually observed at temperatures a few degrees
above absolute zero.

SUMMARY

Classical statistical mechanics forms the connection between micro-
scopic and macroscopic phenomena. Quantum statistical mechanics
involves a reworking of some details of this connection in order to
introduce quantum mechanical restrictions into the microscopic phe-
nomena. These restrictions do not appreciably affect the large-scale
behavior of matter as long as the equipartition energy kT is large com-
pared with the energy differences of the quantum states concerned. As
T — 0 this condition fails, and quantum effects become important.

Black body radiation is a case where quantum effects are always of
importance. The statistical weight factor of photons in an enclosure is
dn = 8V dQ p’ dp/(2rh)’ with S = 2 for two directions of polarization:
a similar statistical weight factor is common to all free waves or particles
in quantum mechanics. The average number of photons present with
frequency » is () = (¢”*” — 1)™. Only a quantum mechanical
treatment is which hv assumes a fixed value and does not go to zero
with kT is capable of explaining the shape of the black body spectrum,
which goes to zero asy — 0 and as v — .

The elastic vibrations of crystalline solids provide another type of
wave motion that can be quantized; the corresponding quanta are
phonons. By cutting off the phonon frequencies at a maximum o
characteristic of the solid, we obtain an expression for the internal
energy and hence specific heat of the solid. These formulas contain a
parameter § = h»/k, the Debye temperature, which is characteristic of
the solid. For 7' > 6, the specific heat C, approaches the classical value
of 3R per mole; for T < 6, C, — 0 as (T/6)’. Thus quantum mechanics
accounts for the deviations from the law of Dulong and Petit.

Similar considerations apply to the specific heats of gas molecules,
both rotational and vibrational. At sufficiently low temperatures
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C, -~ 0 for both types of motion. For diatomic molecules C, (rotational)
— R, the classical value, at moderate temperatures; and at higher
temperatures C, (vibrational) — R also.

The similarity of the vibrational specific heat of a molecule with the
phonon and photon energy formulas suggests that the phonon and
photon fields are equivalent to a number of harmonic oscillators. This
is physically true for the phonon case and proves to be a useful concept
for the photons as well.

The phonon and photon cases represent a type of statistics in which
the particles are indistinguishable from each other. This is the Bose-
Einstein statistics, in which any number of particles can have the same
quantum numbers. If on the other hand the particles are quantized
according to the exclusion principle they must be strictly distinguishable,
and no two particles can have identical quantum numbers. This is the
Fermi-Dirac statistics, for which

eE’/kT -1
o= (B 4a)"

The Fermi-Dirac statistics apply to the “electron gas’ of conduction
electrons in a metal. Because of the light mass of the electrons, the
corresponding distribution dN changes only slightly over all available
temperatures and always resembles its form at T = 0. This form is a
distribution from £ = 0 up to a certain maximum E, = 10 ev for most
metals. The top of this distribution is still below the energy for escape
from the metal by the amount of the work function ep, which is on the
order of 5 ev. The conduction electrons therefore seem to find them-
selves in a potential well in the metal of depth V, & 15 ev. The real
existence of this potential V, is found in the Davisson-Germer experi-
ments on diffraction and refraction of electrons by metal crystals. The
specific heat associated with the electron gas at room temperature is,
contrary to classical predictions, negligible in comparison with the
specific heat of the lattice vibrations. Only as T — 0 does the electron
specific heat predominate. The thermionic emission law on the quantum
mechanical model has a factor T” instead of T"'* as in the classical case.
This difference is not significant because of the dominant ¢™*"*" term
in both formulas.
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ILLUSTRATIVE PROBLEMS

1. Quantum mechanics has the feature of reversibility. For any de-
tailed process there exists a corresponding reverse process, described by
the same basic formulas (matrix elements). The only difference be-
tween the forward and reverse formulas is the various statistical weight
factors involved. Hence if we have a formula for the rate at which an
atom radiates photons in going from state n to state n’, we can deduce
the rate at which it goes from n’ to n by absorbing photons, merely by
considering statistical factors. This procedure is sometimes called the
method of detailed balancing.

Consider a photoelectric effect in which an electron in an atom goes
from state n’ to state n by absorbing a photon of frequency va,s . This
is the reverse of the emission process described by emission formula
(10.85). Obtain a quantitative formula for the photoabsorption from
(10.85) and the principle of detailed balancing.

Solution. In order to use the principle of detailed balancing, we must
write the expression for radiative emission (10.85) in a form that ex-
hibits the statistical weight factor (14.9) for the emitted photon. Ac-
cordingly we write for the emission rate

1 :_ | M| <8_"_I%"§2.93) (14.50)

Tnen’

The second factor in Eq. (14.50) is the statistical weight factor; the
remaining quantity | M |® is a matrix element that is the same for the
transitions n — n’ and n’ — n. Thus the rate for the absorption process
is

1

Tn'sn

(14.51)

=1 yuplE

Ta

Here | E' | is the magnitude of the electric vector of the light ray in-
ducing the photoelectric absorption, and | Eo | is the amplitude of this
vector for the emitted photon in (10.85). In Eq. (14.51) the factor
| M | * just comes from detailed balancing, as discussed above; and since
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the absorption rate must obviously be proportional to the 1ntens1ty of
the incident light beam, we have to add a factor | E'/Eo | *.

The value of | Eo | ? is given by (6.4) as | Eo|® = 2whs/V, where V
is the same mathematical large box as in the statistical weight factor
(14.2b). Substituting this factor into Eqgs. (14.50) and (14.51), we have

1| > ¢

'-1-'; - 7 27 dy 8thy?
Just as in the derivation of (6.4), we must in quantum mechanics sepa-
rate the electric vector of a light wave E cos « into two parts, positive
and negative frequencies, E cos ot = 3Ee™' + 3Ee ~%! Only one
frequency participates in any quantum mechanical transmon so that
the factor E’ appearing in Eq. (14.52) is actually E/2, where E is the
classical amplitude of the light wave. The energy density of this light
wave is | E | */8r = p(v)dv = | E' | >/2x where p() is the energy den-
sity per unit frequency range of the incident beam. Thus

(14.52)

1 _1|8] &
Ta TelmW dv 8xhi?
1
=p() == 81rh s

- p<v)2”°'<l< VP )P+ [(2) D

2. Show that the average energy of a quantized rotator goes to the
classical value for large £T'.

Solution. When kT — o it is a sufficient approximation to replace
the sums by integrals in Eq. (14.32). If we let I(l + 1) = y, then 2] +
1 = dy, and

—yh3/ 21k T
h’f ydye R ZIIcT oIkT\™
B ST} X\Tw) =M
j; dye

the classical value for the rotation of a diatomic molecule.

3. Suppose that we had some sort of intermediate statistics in which
the maximum number of particles in a system that could have all
quantum numbers the same was N. Find the average occupation num-
ber #(E) for particles of energy E in equilibrium at temperature T.
Electrons have two spin orientations, so that we might try to satisfy
the exclusion principle by taking N = 2. Would this be correct?
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Solution. Let y = ¢ *"*”, Then

N

Xmw' g E
BT (e)
IR

n=0

- y;—y llog (1 — ™) — log (1 — )]

_ [ 1 _(N+1)y"]
Yy l_y l_yN+l

For N = 1 wegetii = y/(1 + y) = (¢**" 4+ 1), the Fermi-Dirac
case. For N — « the term in (N + 1)y" — 0, since y < 1, and we
have

a=y/(l—y) =" -7

the Bose-Einstein case.

To treat electrons as a case with N = 2 would be correct only if the
two spin states were indistinguishable. This would imply that the elec-
trons can convert freely from m, = +3 to m, = —j states. The con-
servation of angular momentum, however, requires that the total
z-component of the electron spin be a constant: Zm.‘. = const where
the sum runs over all conduction electrons in the solid. This condition
means that the electrons are not free to convert their spins, so that the
N = 2 case is not correct. We should use N = 1 with a statistical fac-
tor 8§ = 2 for the electron spin.

Particles obeying such intermediate statistics appear not to be mathe-
matically inconsistent, but none are now known.

PROBLEMS

1. Obtain dn/dE for relativistic particles; show how this expression
goes over in limiting cases to that for (a) nonrelativistic particles; (b)
particles of zero rest mass.

2. Derive (14.11).

3. The specific heat of copper as a function of absolute temperature
in °K is as follows (E. H. and E. Griffiths, Proc. Roy. Soc., 90, 557
(1914):

T K): . 235 50 90 130 170 210 250 290 390
C, (cal/mole):  0.22 132 346 4.73 516 540 558 567 585
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Using B = 1.985 cal/mole and the curve of Fig. 14.3 for the Debye
function, determine the Debye temperature of copper.

4. Calculate the specific heat C, of a black box full of radiation at
temperature T. Why has this specific heat no upper limit, as contrasted
with the case for solids?

5. The velocity of sound and observed Debye temperature for vari-
ous substances are

Substance Al Fe Ag Cd Pt Pb
¢’(10° cm/sec) 34 3.5 1.8 1.6 19 75
0(°K) 398 420 215 160 225 88

Compute the expected Debye temperature from ¢’ and compare with
the observed 6. Here ¢’ is an average effective velocity over all polari-
zations of the phonons.

6. Use as a general principle the fact that quantum mechanical ef-
fects are of significance for macroscopic phenomena only when kT is on
the order of the spacing of individual quantum levels for the system.
Compute the approximate temperature at which the translational
specific heat of He gas will show quantum effects when the gas fills a
1-liter container 10 cm on a side. What can you deduce in general about
the possibility of observing such effects in gases?

7. From the data given in section 14.5 on E, for nickel and zinc,
compute the number of free electrons g per atom of these metals.

8. Besides conduction electrons in metals, another and cruder appli-
cation of the Fermi well is to neutrons and protons in nuclei. Are
Fermi-Dirac statistics appropriate to these particles? Take the binding
energy of the most loosely bound nucleon in a nucleus to be By = 8
mev, and take the nuclear Fermi well to be a sphere of radius B =
r0A'® where A = N + Z and N is the number of neutrons, Z the num-
ber of protons in the nucleus; take 7, = 1.2 X 107 cm. What is the
depth V, of the well? What is the average binding energy per particle?
(Assume N =~ Z =~ A/2.)

9. Using the observed values of  in problem 5, find the approximate
temperatures at which the expected C. (electrons) > C, (lattice) for
Al, Ag, Pt, Pb. Use Eo =~ 10 ev.

10. The sum f = 2_; Si¢”**/*” of the Boltzmann factor over all states
of a quantum mechanical system is called the partition function. Here
S; is a statistical weight factor. The partition function is a useful de-
vice in statistical applications, particularly to thermodynamic quan-
tities.
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Show that the average energy and specific heat are

E sz 1n f

oE 2E 29 Inf
C, = 3T + kT 3T
For the diatomic molecule, show that f = f.f.f, , where the f’s are sepa-
rate partition functions for translation, rotation, and vibration; show
that therefore E = E, + E, + E,, C, = C,(t) + C.,(r) + C,(v). Write
the f., fr , f» explicitly.







Appendix 1
MATHEMATICAL SYMBOLS AND NOTATION

approaches; in diagrams, indicates direction of increasing co-
ordinate

proportional to

approximately equal to

not equal to

identical with .

greater than

much greater than

greater than or equal to

greater than or approximately equal to

less than

much less than

less than or equal to )

less than or approximately equal to

infinity

l=nn— 1)(n — 2) --- 3:2-1 for n = integer

!

SINAAAWVIVY VIERR L

2

= f z"e " dx in general
0

ginz =z —2/6 4+ -+ + (=1)"2"/@n + D! + ---
cosx=1—2/2+ --- + (=1)"2*"/2n)! + ---
=1—z+4+2/2—-264+ - + (=D)"z"/nl + -+

—1—=1+x+x2+x8---
1 -2
YVT=—2=1+2/2+ "+ -+

i = imaginary unit, ©* = —1
2z = z + 1y, complex number
z* = x — 4y, complex conjugate
Re(z) = x = 3(z + 2*), real part of a complex number
Im(z) = y = 3i(z* — 2), imaginary part of a complex number
2| = V2% + i = (22*)", absolute value or magnitude
e”™ = cos z + 1 sin 2, imaginary exponential
365



366 MATHEMATICAL SYMBOLS AND NOTATION Ap. I

i, j, k, unit vectors in the z-, y-, z- directions

A = A+ A,j + A.k, vector with components (4. ,A4, ,A,)

| A|or A = v/AZ + A2 + A?, magnitude or length of vector A

A-B = A.B.+ A,B, + A.B, = AB cos 0, scalar (dot) product

A x B =i(A,B, — A,B)) + j(A.B. — A.B,) + k(A.B, — A.B,),
vector (cross) product

A x (B x C) = B(A-C) — C(A-B), vector identity

V =1id/3. + jd/d, + k 8/9., vector derivative operator

V =V.V =93, + 8°/9," + 8°/9,’, Laplacian



SOME PROPERTIES OF THE ELEMENTS

Z = atomic number

Appendix 11

A = atomic weight on chemical scale
p = density. At 20°C if solid at this temperature, otherwise liquid

at boiling point

mp

bp
14

Element

Actinium
Aluminum
Americium
Antimony
(Stibium)
Argon
Arsenic
Astatine
Barium
Beryllium
Bismuth
Boron

Bromine
Cadmium
Calcium
Carbon

Cerium

Cesium
Chlorine
Chromium
Cobalt
Columbium
Copper
Curium
Dysprosium
Erbium

Sym- Z A
bol
Ac 89 227
Al 13 26.97
Am 95 (243)
Sb 51 121.76
A 18 39.94
As 33 74.91
At 85 211
Ba 56 137.36
Be 4 9.02
Bi 83 209.00
B 5 10.82
Br 35 79.92
Cd 48 112.41
Ca 20 40.08
C 6 12.01
Ce 58 140.13
Cs 55 132.91
Cl 17 35.46
Cr 24 52.01
Co 27 58.94
Cb (see Niobium)
Cu 29 63.57
Cm 96 (224)
Dy 66 162.46
Er 68 167.2

melting point in °C
boiling point in °C
first ionization potential in volts for free atoms

p mp
2.70 660
6.69 630
1.40 —186
5.73 sublimes
3.5 850
1.8 1350
9.78 270
1.73- 2300
2.54

2.93 -7.2
8.65 320
1.56 810
1.88- >3500
3.51

6.7- 640
6.9

1.87 28.5
1.56 -102
7.0 1620
8.9 1480
8.94 1080

4.77(?)
367

bp

1800
1380

—189
615

1140

1510
1450

58.8
770
4200 (?)

1400
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Element

Europium
Fluorine
Francium
Gadolinium
Gallium
Germanium
Gold
(Aurum)
Hafnium
Helium
Holmium
Hydrogen
Indium
Iodine
Iridium
Iron
(Ferrum)
Krypton
Lanthanum
Lead
(Plumbum)
Lithium
Lutecium
Magnesium
Manganese
Mercury
(Hydrargyrum)
Molybdenum
Neodymium
Neon
Neptunium
Nickel
Niobium
Nitrogen
Osmium
Oxygen
Palladium
Phosphorus

Platinum
Plutonium
Polonium
Potassium

(Kalium)
Praseodymium
Promethium
Protactinium
Radium
Radon

SOME PROPERTIES OF THE ELEMENTS

Sym- Z
bol

Eu
Fl
Fr
Gd
Ga 31
Ge 32
Au 79

BB

Hf 72
He 2
Ho 67
H 1
In 49
I 53
Ir 77
Fe 26

Kr 36

~La &7

Pb 82

Li 3
Lu 71
Mg 12
Mn 25
Hg 80

Mo 42
Nd 60
Ne 10
Np 93
Ni 28
Nb 41
N 7
Os 76
0 8
Pd 46
P 15

Pt 78
Pu 94
Po &
K 19

Pr 59
Pm 61
Pa 91
Ra 88
Rn 86

A

— bt
SusElzk
bg3e 8°

—t

178.6
4.003
164.94
1.008
114.76
126.92
193.1
55.85

83.7
138.92
207.2

6.94
174.99
24.32

200.61

95.95
144.27
20.18
(237)
58.69
92.91
14.01
190.2
16.00
106.7
30.98

195.23
(239)

210
39.10

140.92
(147)

231

226.05

1.11

5.91
5.36
19.32

13.3
.15

mp

—223

29.8
960
1060

2000 (?)

—259
155

sublimes
1535
—157
826
327
186
1260

—38.9
2620
—249
1460
2500
-196
—218
1550

4.1

1770

-1

bp

—187

1800
2700 (sub)

3200
—269
—253

1450
184

—153
1620
1600
1110

357

3700

3500
=210
>5300
-183

4300

760

1150
—62

4.34

(5.76)

5.28
10.75



Ap. II
Element

Rhenium
Rhodium
Rubidium
Ruthenium
Samarium
Scandium

Selenium

Silicon

Silver
(Argentum)

Sodium
(Natrium)

Strontium

Sulfur -

Tantalum
Technetium
Tellurium
Terbium
Thallium
Thorium
Thulium
Tin
(Stannum)
Titanium
Tungsten
(Wolfram)
Uranium
Vanadium
Xenon
Ytterbium
Yttrium
Zinc
Zirconium

SOME PROPERTIES OF THE ELEMENTS

Sym- Z
bol

Re 175
Rh 45
Rb 37
Ru 44
Sm 62
Se 21

Se 34

Si 14
Ag 47

Na 11

Sr 38
) 16

Ta 173
Te 43
Te 52
Tb 65
T1 81
Th 90
Tm 69
Sn 50

Ti 22
W 7

U 92
v 23
Xe 54
Yb 70
Y 39
Zn 30
ZIr 40

A

186.31
102.91
85.48
101.7
150.43
45.10

78.96

 28.06
107.88

23.00

°

=8

— —— — — -
@R NG == 2 SN O OGRS AR NS

=
w oo
w o

mp

3100
1990

38.5

2450
1350
1200

200

1420
960

97.5

800

119-

113

450

1850
232

1800
3370

1150
1710
—112
1490

1900

bp

>2500
700
4150

1950

1150

24100
1390

1550
>3000

>3000

—107

2500
910
>2900



Appendix II1
VALUES OF SOME PHYSICAL CONSTANTS

Reference: “Least-Squares Adjustments of the Atomic Constants,
1952,” by J. W. M. DuMond and E. R. Cohen, Revs. Modern Phys. 25,
691 (1953).

Symbol and Name

Ng , Avogadro’s number:
6.02472 =+ 0.00036 X 10® g/mole

¢, velocity of light:
299,792.9 + 0.8 X 10° cm/sec

e, electronic cﬁarge:
4.80288 + 0.00021 X 107" esu

m, electron rest mass:
9.1085 == 0.0006 X 107* g

h, Planck’'s constant:
6.6252 = 0.0005 X 107 erg sec

F = N, Faraday constant:
96520.1 =+ 2.5 coulomb/g mole

a = ¢’/he, fine structure constant:
7.29726 + 0.00008 X 10~°
a“, 137.0377 + 0.0016

ro = €'/mc’, classical electron radius
2.81784 =+ 0.00010 X 107 cm

Ao = h/mc, Compton wavelength of electron:
2.42625 =+ 0.00006 X 107 cm

ay = h*/me’, Bohr orbit radius:
5.29171 =+ 0.00006 X 10~° cm

Reo = mc’a’/4xhe, Rydberg for infinite mass:
109,737.309 =+ 0.012 cm™

M /m, proton to electron mass ratio:
1836.13 & 0.04

370



Ap. III VALUES OF SOME PHYSICAL CONSTANTS

Rz = R.(1 — m/M), Rydberg for hydrogen:
109,677.576 <+ 0.012 cm™

énergy per electron volt:
1.60207 = 0.00007 X 107" erg/ev

mc’, electron rest mass energy:
0.510984 =+ 0.000016 mev

conversion from amu to ev
931.162 =+ 0.024 mev/amu

no = N/V,o, Loschmidt’s number:
2.68713 + 0.00016 X 10'/cm®

k = R/N, Boltzmann’s constant:
1.38042 =+ 0.00010 X 10*° erg/degree
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Appendix IV
EQUATIONS OF CLASSICAL ELECTROMAGNETISM

The units used throughout are absolute, unrationalized cgs units.
This system includes two different sets of units, electrostatic units
(esu) for electrical quantities and electromagnetic units (emu) for
magnetic quantities. The units are specified in each equation below,
using emu and esu as may be appropriate. Conversions to practical
units are given in Appendix V.

1. Definition of ficlds E and B. The electric field £ and magnetic
induction B in any medium are defined in terms of the force F felt by a
test charge ¢ at any point in the medium. We may write F = F, + F, ,
where F, depends on the velocity v of the test charge, and F, is inde-
pendent of this velocity. Then

E (esu) = F, (dynes)/q (esu) (IV-1a)
v x B (emu) = F, (dynes)/q (emu) (IV-1b)

2. Electrostatic potential V. A conservative force in mechanics is
always derivable from a potential, F = —V¢, where ¢ is the potential.
The electrostatic potential V is a function defined so that a charge ¢
at any point has a mechanical potential ¢ = qV. The force equation and
(IV-1a) then yield

E (esu) = — VV (esu) (IV-2a)
The esu unit of V is the statvolt, and of E is the statvolt/em. Forces of

type (IV-1b) are not generally derivable from a potential, so that we
define only the electrostatic potential.

3. Field and potential of a point electric charge. A point charge of
magnitude ¢ (esu) in empty space has an electrostatic field
E (esu) = q (esu)l/7* (cm) (Iv-3)
where 1 is a unit vector pointing outwards in the direction of the radius
r. The electrostatic potential of this point charge in empty space is
V (esu) = q (esu)/r (cm) (IV-4)

These relations show that the esu unit of potential, the statvolt, equals
one statcoulomb (esu unit of charge) per cm; and that the esu unit of
electric field is the statvolt/cm = statcoulomb/cm’.

372
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+V

Evac™0

(a) (b)
Fig. IV-1. Production in a vacuum of (a) a uniform electric
field, and (b) a uniform magnetic induction.

4. Production of uniform fields. A uniform electrostatic field E re-
sults in the interior of an idealized parallel-plate capacitor in which we
neglect edge effects. The field is as shown in Fig. IV-1a; if the capacitor
is in a vacuum, the magnitude of the field is

E,.(esu) = V (esu)/d (cm) (IV-5a)

where V is the potential or voltage dlﬁercnce across the capacitor, and
d is the plate separation.

Similarly, the ideal model for produ(:mg a unaiform magnetic induction
B is the long solenoid shown in Fig. IV-1b, where end effects are neg-
lected. If the solenoid is in a vacuum, the field in its interior is of mag-
nitude

Boa(emu) = 47n (cm™')i (emu) (IV-5b)

where n is the number of turns per centimeter of the solenoid length,
and ¢ is the current. The emu unit of B is gauss, and the emu unit of ¢
is abamperes = abcoulombs/sec.

5. Definition of fields D and H. Insertion of a material medium into the
capacitor and solenoid of section 4 above alters the forces felt by a test
charge, or hence alters E and B from the values they would have in free
space. For many applications it is desirable to define auxiliary fields that
depend only on the charge and current configurations producing them
and not on any intervening material media. These abstract fields are
the electric displacement D and the magnetic field H. These are more
properly the fields produced by the capacitor and solenoid in Fig. IV-1.
In cgs units they are identical with the values that E and B would have
in vacuum; but they are defined to retain these values also in the presence
of a material medium.

6. Relation of E, B to D, H through e, p. In a simple material medium
E and D are parallel but of different magnitude; likewise, B and H are
parallel but of different magnitude. They are thus related by constants
of proportionality:

E (esu) = D (esu)/e (IV-6a)

B (esu) = uH (emu) (IV-6b)
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The dielectric constant ¢ and magnetic permeability u are constants
characteristic of each particular medium. In the cgs system they are
conveniently dimensionless numbers; D and H have the same units as
E and B, respectively. For free space uo = & = 1 in cgs units.

Note that there is a certain asymmetry in (IV-6a) and (IV-6b), which
unfortunately carries over into the designation of E and H by the names
“field,” although they are not physically corresponding quantities.
This asymmetry corresponds to a real physical phenomenon: for material
media we generally find both u and ¢ > 1. This means that electric media
generally tend to reduce, and magnetic media generally tend to in-
crease the effects of the external charge and current distributions. None-
theless, it is E and B that are physically comparable as specifying the
force on a test charge, while D and H are physically comparable as the
abstract (vacuum) fields produced by a given geometrical configuration
of charges and currents, regardless of the intervening medium.

7. Polarization P and magnetizalion M. The physical cause of the
difference between E, B and D, H in a medium is the polarization of that
medium. The external fields D, H cause the charges and currents in the
medium (originally distributed at random) to align themselves with the
field. This is illustrated schematically in Fig. IV-2 for the electric case.
The alignment of charge produces a secondary electric field P known as
the polarization. The effective field E felt by a test charge in the medium
is the sum of D and P. Since P generally opposes and reduces D, we
write

E =D — 4rP (IV-7a)

A numerical factor 47 occurs here; in the cgs system P has the same esu
tnits as D and E.
For the magnetic case we have in a similar fashion

B=H+ 4™ © (IV-7b)

where the magnetization M results from polarization of the medium. In
this case a + sign replaces the — sign above, corresponding to the fact
that the magnetization generally tends to be parallel to H and to increase
it in forming B. The emu units of B, H, and M are identical.

o‘
D D 3
D D

P

Fig. IV-2. Polarization produced in a dielectric medium.
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8. The susceptibility x. This is a dimensionless (in cgs) proportionality
constant, defined for the electric and magnetic cases by

P = x.E (IV-8a)
M = x.H ' (IV-8b)

These definitions of x. and x», do not exactly correspond, because P and
M are physically analogous quantities, while E and H are not. The asym-
metry between electric and magnetic cases in (IV-6) and (IV-7) is thus
preserved.

The constants of the medium x, and x, may be related to the previous
constants ¢ and u through (IV-6) to (IV-8):

e =1+ 4myx, (IV-9a)
=14 4rxm (IV-9b)

These equations appear symmetrical, but it must be remembered that
physically e plays the same role as 1/u. Therefore we again see that
x. and x.. are not strictly equivalent.

9. Dipole moments w. An electric dipole moment is defined as fol-
lows: consider two equal point charges of opposite sign, separated by a
distance d as shown in Fig. IV-3a. If the vector d is directed from the
negative to the positive charge, the system represents an electric dipole
moment .
u. (esu) = ¢ (esu)d (cm) (IV-10a)

In the idealized case we let d — 0 and ¢ — « in such a way that g re-
mains constant. The ideal dipole thus displays no internal charge dis-
tribution.

The magnetic dipole moment is defined as indicated in Fig. IV-3b. A
small loop of area A carries a current <. In the limit as the loop becomes
infinitesimally small, we may regard A as a plane area. The magnetic
dipole moment vector is perpendicular to A (defined by direction
4), and is given by

m (emu) = 7 (emu)A (cm’) | (IV-10b)

when 1 is in the direction indicated. We may again idealize this by allow-
ing A — 0,7 — « in such a way that y remains constant.

A=

@ ®
Fig. IV-3. (a) Electric dipole moment. (b) Magnetic dipole moment.
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The polarization P and magnetization M are simply related to the
induced dipole moment per unit volume of the material,

P (esu) = n (cm™’) y. (esu) (IV-11a)

M (emu) = n (cm™’) ym (emu) (IV-11b)

where n is the number of dipole moments were em® of the substance.

10. Dipoles in fields. The potential energy of a dipole in a field E or

Bis

0= —-uc-E (IV-12a.)

¢ = —unB (IV-12b)

Taking the gradient — Ve of these potientals shows that the field exerts
a torque on the dipole,

T =y xE (IV-13a)

T=yuynxM (IV-13b)

11. Energy content of fields. Electric and magnetic fields in space or

in a material medium represent energy stored in the field during the

process of its creation. This energy is regained in other forms upon col-

lapse of the field: the recovery is perfect for fields in a vacuum, imper-

fect for material media (hysteresis). The energy densities or energy per
unit volume associated with electric and magnetic fields are

u (erg/cm®) = (1/8w)E+D (esu) (IV-14a)
u (erg/cm®) = (1/8x)B+H (emu) (IV-14b)

12. The light wave. In classical electrodynamics the light ray is a
combination of moving electric and magnetic fields. It is customary to
describe it in terms of the fields E and H, respectively, although they are
not physically equivalent quantities. The electric and magnetic vectors
associated with a light wave of frequency » and wavelength \ are

= Eqsin 2r (vt — x/\) (IV-15a)
H = Hysin 2x (vt — x/)\) (IV-15b)

The vibrations of E and H are always in phase. The wave travels with a

velocity
v =\ (IV-186)

The amplitude vectors E; and H, are perpendicular to each other and to
the direction of the velocity v.
In empty space we have

v = g (esu)/q (emu) = c =3 X 10" cm/sec av-17)
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A schematic diagram of a light le A
wave is shown in Fig. IV-4.

13. Polarization of light. The W
light wave of Fig. IV-4 has its I” , ! I “ //////

vector E alwaysin the same plane //// /'/",/ 2 ” | I | I | | v
and is said to be plane-polarized.

For any direction of v there are Fig. IV4. Plane polarized light wave.
only two independent directions

of plane polarization. If we take v to define a z-axis, we can take the
independent planes of polarization to define z- and y-axes. Natural light
isunpolarized, which means that it contains equal amounts of the two in-
dependent types of polarization. It can be made plane-polarized by
various optical devices.

1O O
— O 0

Fig. IV-5. Motion of the tip of the E-vector as seen looking into
beams of plane, circularly, and elliptically polarized light.

Another type of polarization is circular polarization, in which the
vectors E and H rotate uniformly with an angular frequency w = 2=x»
about the axis of v as the light wave proceeds. Just as for plane polar-
ization, there are two independent types of circular polarization—
one clockwise and one counterclockwise. We may also consider natural
light as composed of equal amounts of these two components. It is
further possible to make elliptically polarized light, which is similar to
circular polarization, except that the magnitudes of E and H depend on
their directions. The motion of the E vector when viewed along the
direction of v is shown in Fig. IV-5 for the two independent components
of plane, circular and elliptic polarization.

14. Energy flow and Poynting vector of a light wave. A light wave car-
ries energy in the direction of v at the rate uv, where u is the energy
density in the associated fields. From (IV-14) this energy flow is

S (erg/cm’® sec) = uv = 831? (ED + B+H) = 521 (E* 4+ uHY (IV-18)
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The energy flow in the electric field equals that in the magnetic field;
hence for light waves,

eE* = uH® = \/ueEH (Iv-19)
The energy flow is accordingly

v z_v _v €
s=5(eE)_Z;(,¢H’)- 4: (E x H) (IV-20)

When a light wave impinges normal to the plane surface of a medium,
S, E, and H are continuous across this surface. Therefore for all media

v/ pe = const = ¢ (IV-21)
where ¢ is the velocity of light in vacuum with p = ¢ = 1. The energy
flow in any medium is thus the Poynting vector

S=LExH (IV-22)
4x

15. Intensity. The intensity of a light wave is its average energy flow:
at any fixed position the time average of S is

I in eEy cos? wt o Ey o uHy o EyH, (IV 23)

where E, , H, are the amplitudes of the E and H vectors.

16. Refractive index. In phenomenological optics, the refractive index
of a medium is

n=v/c=1/\/pex1/e (Iv-24)

by (IV-21). The last approximate form follows from the fact that ~1
for most transparent media.

17. Radiation by accelerated charge. A classical accelerated charge ¢
(esu) radiates energy in the form of light waves. The instantaneous
rate of energy radiation is

2 ¢* (esu) a* (cm/sec’)
3 & (cm/sec) (Iv-24)

Here a’ = a-a is the square of the magnitude of the acceleration. At
great distances from the charge, the radiated light is transverse and is
polarized according to the behavior of @. An oscillating charge radiates
plane-polarized light, a rotating charge radiates circularly or elliptically
polarized light.

dU/dt (erg/sec) =



Appendix V
ELECTROMAGNETIC UNITS

The absolute, unrationalized cgs system of units is used throughout
the text. Various reasons prompt this choice. The literature on atomic
physics appears almost exclusively in these units, so that the student

" will be prepared to undertake collateral reading or further study with-
out conversion of units. The great advantage of these units is that
numerical factors are most frequently equal to unity, so that in examin-
ing a formula we can immediately concentrate on its physical implica-
tions without the encumbrance of inconvenient and physically insig-
nificant numerical conversions. The major conversion factor involved
is the vacuum velocity ¢ of light. Since this is a universal constant of
nature, it automatically fits into the physically meaningful part of each
equation. In any case, the question of units should cease to be a serious
problem for the student by the time he has completed a course in atomic
physics. He should then be able to think in terms of atomic units—
electron volts for energy, A for length (or perhaps some more natural
unit like ao, the Bohr radius), % for angular momentum, po for mag-
netic moments.

The cgs system involves two sets of units: electrostatic units (esu)
and electromagnetic units (emu). The basic relation between them is
(IV-17). At points in the text where confusion might arise, the charge
in emu has been denoted with a prime (¢, ¢’) to distinguish it from
charge in esu (g, ¢). For convenience in the early parts of the text,
which treat macroscopic processes phenomenologically, we list equiva-
lent quantities in the two cgs systems and in unrationalized practical
units,

Quantity Symbol esu practical emu

Potential 14 1/300 statvolt = 1 volt = 10® abvolts
Charge q 3 X 10° stat- = 1 coulomb = 10! abcoulomb
coulombs
Electron ] 48 X 100 =16X 107" =16 X 107®
charge statcoulomb coulomb abcoluomb
Current i 3 X 10° stat- = 1 ampere = 10~! abampere
amperes
Capacity C = gq/V 9 X 101t ¢m = 1 farad = (not used)
Magnetic in- B (not used) = 10~ weber/m? = 1 gauss
duction
Electric field E 1 statvolt/em = 3 X 10¢ volt/m = (not used)
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Quantity Symbol esu practical emu
Magnetic field H (not used) = 10® ampereturn = 1 oersted
/m

Electric dis- D 1 statvolt/ecm = } X 10% cou- = (not used)
placement lomb/m?

Dielectric con-e¢ = D/E 1 = } X 10~ farad/= 1/c?
stant of free m
space

Magnetic per- po = B/H 1/c? = 1077 henry/m =1
meability of
free space

The relation of practical to cgs units is essentially through the quantity
of energy or work: W = ¢V = 10" ergs (esu) = 1 joule (practical) =
107 ergs (emu).

The units in the table above and throughout the text are unra-
tionalized. So-called rationalized units follow if we multiply by 1/4x
the equations giving D and H for any geometry of charges and currents.
Thus the rationalized electric displacement of a point charge ¢ in
empty space is D = ¢/(4wesr’). This provides an example of the nu-
merical simplicity of cgs units in which D = ¢/r%.



ANSWERS TO EVEN-NUMBERED PROBLEMS

Chapter 1

2. (a) 2.44 X 107" dyne;
(b) 5.20 X 10" dynes ~ 58 tons.

4. (a) 22 tubes;
(b) 1.05 X 12‘“ mole, 3.08 X 10’ counts;
() 1.9 X 10 yr.

6. (a) 7.15 X 10%; (b) 6.08 X 10™.

8. v = 60/sec, 350 g.

10. 2.47 X 107

Chapter 2

2. (a) 81 X 10 m® ~ % sq mile;
(b) 1.86 X 10™ dyne;
(c) 2.29 X 10" dyne/cm’ ~ 4Y;
(d) 1.26 X 107 cal & % heat of formation.
4. (a) 5.42 X 10* dyne/cm;
(b) 0.12 A; (¢) 3.9%;
(d) Y~ 18 X 10" dynes/cmz.
6. (a) 1.066 X 10~* g cm®;
(b) 1.069 X 107 g cm®;
() = 1.95 X 10%/sec.
8. n = D~/f/kT, 42.6 vibrations.
10. 7.64 X 10% 1.31 X 10~° cm, 10~° mm Hg.

Chapter 3

2. (a) B points up and out of page; inside capacitor plate is positive;
®) v = (EK)(_ZE_ A _?E) »:
dB/\2R — z/’ m zB/

(c) Since v depends only on x and fixed constants, the system acts
as a velocity filter. All particles arriving at = have the same
velocity. The filter selects not only » but ¢/m at the same time;
to get different velocities for a fixed ¢/m requires a complicated
(nonlinear) adjustment of fields.

(d) Selection of g/m means that the system functions as a mass
spectrometer. The mass scale is parabolic rather than linear;
this has the advantage of producing a relatively large separation
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Az for two particles of almost the same g/m when one operates
near the peak of the parabola, given by q/m = 4V¢'/RdB’.
(e) B = 500 gausses;
(f) » = 1.7 X 10" ecm/sec, V = 300 volts.

4. The ions bend in a circular path of radius R; those incident at angle
¢ strike the plate at a distance d = R sin (¢ + ¢) from the slit. To
first order Ad = Rsin (¢ + ¢) — R sin (¢ — ¢) X 2R cos¢. This
vanishes when y = 90° and the ions complete a semicircle be-
fore striking the plate. The second order A’d = —3¢'R sin ¢ =
—1¢'R, when Ad = 0. The second-order effect smears the line on
the side d < R; the line hasa sharp outer edgeat d = R, correspond-
ing top = 0.

6. 0.17%; 294 m

8. (a) 4.15 mev; (b) 29.4 cm.

(c) 1.41 X 10° volts/em, (d) Z = 13.
10. 0.14 cm.

Chapter 4

2. The axis 4 will precess about E with constant angular velocity w =
0.5 X 10°/sec, independent of 7.
4.5 =2610"cm, a = = 1.25 X 107% em’.
6. 7.05 amp.
8. 0.020 atm.
10. 9 X 10° scale divisions.

Chapter 5

2. 1.98 X 107* radians = 1°§’
4. (a) N (A) = 2.598/5, 1 =1,2,3,---

(b) j £ 5. The first order is generally the most intense; in this
case the reflection from all planes are coherent for the third
order, which is therefore specially intense. Thus j = 1, 3, give
stronger reflections than j = 2, 4, 5.

6. (a) (6,2,3) (b) 1 A
(C) A (A) = 00444/]: Jj= 1’2’3y Tt
(d) A = 180° — 26 = 96°.
8. jA = 2d\/n* = cos® 6,
A0 =~ 2(1 — n)/sin 20 = 10™* radians.
10. A = 26 = 8°,
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Chapter 6

V (kv) = 6.15j/d (A), V = 2.03, 4.06, 6.09 kv.
V Ka1 Kaz

Ag 255 kv 559 X.U. 563 X.U.

Cs 35.9 399 405

Pt 782 185 191

Pb 87.8 166 171

Dy 540 268 272

. 818.93 (Lin — M), 844.92 (Lix — Mu), 903.11 (Lin — Mum),

94349 (Lyy — Myy), 955.16 (Lin — My), 1068.59 (Ly — M),
1193.45 (Lu - MIV)) 1209.80 (L1 - MII!)) 1250.72 (LI - MIV))
126246 (L; — My). The transitions violating selection rules
(6.17) are relatively weak. The allowed transition L; — My, is ob-
served but cannot be measured accurately because of proximity to
the strong line at £#/R = 1150.71 (Ly; — Nyv). The calculated value
for Ly — My is /R = 1151.6. See S. Idei, Sci. Repts. Tohoku Imp.
Univ., 19, 559 (1930).

Chapter 7

. (a) 1.06 ev, (b) 1.16 X 10* A;

(¢) 2.09 v; (d) 2090 A.

(a) 4.18 v; (b) 1.59 v; (c) 7810 A;

(d) 20.9 X 10° m™; (e) 1.59 ev.

(f) p. = —0.29, ps = —0.32, p» = —0.30, p: = —0.29.

(a) Ay =18 — 3P, = 18 — 2P,
(A, Xs) = 28 — 3P, 2P — 28;
(A3, Xs) = 3D — 3P, 2P — 3D. From the data given, the last
pairs may be exchanged.

(b) 18 = 4.096 X 10* cm™,
2P = 2.402, 3P = 1.066, (28, 3D) = (1.175, 1.525)

(¢) 2.12 volts;

(d) 3300 A. Note that it must be exactly this wavelength, since a
photon cannot give up a fraction of its energy, as an electron

can.
Chapter 8
2. v=2.25 X 10 ® em/sec, E = 0.78 mev, T = 0.27 mev,
V =68lv B
(8) P =0, E = 2mc’/V1 — ¥/, T = E — 2mqc’;
D) =v' =0,m =m = mo, v =0/ = —=2/(1 + v*/c),

me = my' = mo(l + v*/¢")/(1 — v*/);
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(¢) Ps = —2mw/(1 — v*/c%), Es = 2mec’/(1 — /).
6.37X 10" g.

Chapter 9

2.V =021 X 10°v,\x = 0.024 A,
v = 1.77 X 10%/sec.
4. This would correspond to the Compton effect formula with ' = oo,
which is impossible for finite \.
6. (8) \i=122A; (b)\, = 153 A;
(¢) ni/n, = 125;(d)r =39 () V ="75v;
(f) Assume that the classical accelerating force is normal to the
plane of the two grids.
8. (a) 122 v; (b) 102 A;
(c) Relative to H' the shift of the other atoms is toward higher
frequency: in units of 10*/sec, Av = 0.673, 0.897, 1.020, 1.122,
1.154 for H?, He®, He*, Li°, Li’, respectively.
10. constant = 0.48.

Chapter 10

2. Vo = 1/r(2xR)™ " sin (nar/R).If n = 0, % * = 0, and there is no
particle in the box.

4. (a) 047; (b) 0.05.

6. (Vo) = 2W,(T) = —W, just as in the classical case.

8. P,'™ (cos 8) is a polynomial in sin 6 and cos 6 that contains only the
powers k, k — 2, ---, 1 or O of cos 6.
(a) & = 0, (cos 6)" = const, no node;
(b) £k =1, cos 6 = 0 at 6 = 90°, the equatorial plane;
(¢) k = 2, cos’ § — const = 0,8 = =6y, a double cone;
(d) k = 3, (cos® 8 — const) cos § = 0, § = 0, =6, equatorial

plane and double cone;
(e) 6o = £55°%;
() 6’ = £41°,90° (m = 0); 6p = £63° (m = 1).
10. 7.7 X 10~° ev.

Chapter 11

2.(a) L=2,8=1,J=3,L=3,8S=3/2,J =3/2.
(b) 7; 4.
(c) °D1, *Ds, °Ds; “Faps, ‘Fra, *Fapa, ‘Fopa.

4. 8=2L=2;8=3/2,L=2;8 =5/2,L = 2.

6. The electron g’s follow from (11.23) by substituting j, I, and s =
$forJ,L,and S. Theng; =1+1/@2l+ 1)forj=1x+1}

8. le. ‘Dz N lFs H aPou N st , sFm .
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10. (a) Three components: 2F 5/2 — 2G1/2 H 2F 72 — 2G7/2 H 2I"' /2 - ’Gg/n .
(b) 18, 22, 24 components, respectively.

Chapter 12

2. For each [ there are (2l + 1) independent values of m; and
2% (2 4+ 1) = n’. The additional factor 2 comes from the
electron spin states, s, = +%.

4. Every possible value of m and s, must be present just once; thus M
=2m=0,8, = 2s, = 0. But a state that has only zero for its
M value must have L = 0; by a similar argument, S = 0. Thus
L+ 8 =J =0, and only a 'S, state is possible.

6. (A + B)/C =+ 1)/l',(B+C)/A =1/( + 1). Putting B =
1, and remembering that I — I’ = 1, weget A = (2I' + 1) (I + 1),
C =2+ 1.

8. p 'S,
pl 2P,
pz 13SPD,

p’ ***PSPDPDF,

p' 11**45SPDPSPDPDFSPDPDFDFG.

0. (a) (0°1,2) — 0 — (1,2) = (0,2), where (1,2) are the J values of

(P1r2, Pss2)-

(b) Figure 12.3 shows that p* has J = (1/2), (3/2)%, (5/2). For
equivalent electrons (py/»)’ is impossible; (py/2)* s /2 is *Sps /2 with
J = 3/2; and p1/2(psp)’ = p12(0,2) has J = 1/2, 3/2, 5/2.
Thus for (ps2)°, J = (1/2, 3/2%,5/2) — 3/2 — (1/2, 3/2, 5/2)
= 3/2.

() M =Xm; = 0, 50 J = 0 by the argument of problem 4; that
is, four equivalent ps» electrons form a closed shell. The
simplest way to obtain the result (b) is by subtracting one
electron from this closed shell.

(d) From Fig. 12.3,d* has J = 0°, 1, 2%, 3, 4°. (dss)* has J = 0, 2
just as (pa/z)z; ds/zds/z has J = 1, 2, 3, 4. Then (d5/3)2 has J =
(02: 1, 23’ 3, 42) - (0, 2) - (l, 2, 3, 4) = (01 2, 4)-

Chapter 13

2. Bit = 1/3 RheZ® =~ 4.5Z° ev = 2.3 mev for Pb. Although energy
(mass) differences of this magnitude are measured, one never
measures B, directly, but only AB. . This quantity is in all cases
too small a fraction of the total mass to be observed.

4. 70 X 107 ev. The center of gravity motion depends upon the
coordinates of all the optical electrons and becomes very compli-
cated for more than one optical electron.
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2Si;2 — *Psj2, four components; *Sy; — P2 , six components.

The 2P;,. splits into four components, indicating that 27 + 1 > 4.
Chaypter 14

Put » = ¢/, dr = —cd\/A? in (14.10), obtaining dE ~ z™° dz

le¥* — 1], where z = MAkT/hc. Maximize this expression with

respect to z, and obtain (5 — y) = 5¢ Y, wherey = 1/z. This has
the numerical solution y = 4.965, or A = hc/4.965 kT.

Equation (14.13) yields C, = duV)/dT = 4aVT?. The finite
specific heat for solids depends on the existence of an upper cutoff
frequency »o, 8o that hvo/kT — 0 as T — «. The photons have no
such cutoff.

By Eq. (10.26) the difference between the two lowest energies of a
particle of mass M in a box of side D is AW = (wh)’/2MD’ ~ 3.5
X 107" erg for the present example. This corresponds to an ab-
solute T =~ 2 X 107" °K, many orders of magnitude below the
lowest attainable limit.

Since neutrons and protons have spin 3, each type of particle satisfies
Fermi-Dirac statistics with particles of the same kind. For an
effective temperature T' = 0, the maximum momentum P, of either
type of nucleon is given by integrating (14.2b): N = Z = A/2 =
2(47R*) (47Py") / (2wh)’. The factor 2 is for the two spin direc-
tions of a nucleon. The corresponding maximum energy is E, =
Po/2M =~ h?/32Mre =~ 34 mev;V, = Eo + By = 42 mev. The aver-
age energy is B = P?/2M = 3E,~ 21 mev,50 B = Vo, — E = 21
mev.

7= 13, .-Eskr=l[___df ]= : 4
f z‘: 8;E;e f d(l/m kT ar lnf.
For a diatomic molecule, S; = S,S,S, and E; = E. + E, + E,,
so the exponential factors break up into products also: In f = In f,
+ Inf, + Inf, ; and since E, C,depend only onlnf, E = E, +
E, + E,, etc. Here f, is given by (2.23),

_ ~J (J+1)A?/21kT
= ZJD @J + 1)e

fv = e—-ln-}-(l/z)]hvllﬂ' = e—hvlﬁk?(l — e—hvlkT)—l.



INDEX

A (Angstrom unit), 25
A (mass number), 60, 316
ao (Bohr radius), 211
a (fine structure constant), 209-10
Absorption:
optical spectra, 160-2
photon, 359
X-ray:
coefficient, 107
cross section, 108
edges (limits), 135
ionization by, 105, 133
Alkali metals:
ionization potentials, 157
optical spectra, 160 f
doublet fine structure, 2614
photoelectric effect, 154
radii, 157
Alpha particles:
identification, 48
Rutherford scattering, 54-58
differential cross section, 94
nuclear charge, 59
nuclear size, 59, 73
slowing down, 72, 73
Angstrom unit (A), 25
Angular momentum:
classical orbital, 77-80
photon, 199-203
quantized:
addition, 238
orbital, 209, 235-8
nuclear, 318 ff
spin, 260-1
total, 263 ff, 320-2
z-component, 203, 237-8
Anomalous Zeeman effect, 272-6
Antisymmetric wave function, 288
Atmospheres, law of, 21
Atomic energy, 318
Atomic mass:
chemical vs. physical scales, 5, 61
units (amu), 4-5
values, 6, 367-9
Atomic models:
Bohr, 208-13
dynamic, 75 ff
hard sphere, 25 ff, 145
nuclear (Rutherford), 54 ff
static, 75 ff
Atomic number (Z), 6, 59, 110, 135-9
Atomic radii, 25-31, 157, 172

Attenuation coefficient, X-ray, 107
Auger effect, 141-2

Avogadro’s number, 5, 12-19
Azimuthal quantum number, 232

B (binding energy), 32, 134 ff, 209-11,
316-7

Balmer series (H spectrum), 168

Barkla, 106

Beth, 199-203

Beta particles:

identification, 48
mass-velocity dependence, 188

Binding energy (B), 32, 134 ff, 209-11,
316-7

Black body radiation, 14, 128, 33742

Bohr magneton (ug), 212

Bohr model of atom, 208-13

Bohr radius (ao), 211

Bose-Einstein statistics, 350-1

Boltzmann factor, 9

Boltzmann’s constant, 8, 12-14

Born, 240

Brackett series, 168

Bragg’s law (X-rays), 111-120

Bremsstrahlung, 133

de Broglie hypothesis, 206

de Broglie wavelength, 206, 208

Brownian motion, 13, 22

Bucherer experiment, 188

C, (specific heat), 36-7, 40, 342-9, 3667
¢ (velocity of light), 178-82
Canal rays, 47
Canonically conjugate quantities, 216
Cathode rays, 47
Chadwick, 58
Chamber, ionization, 49, 105
Charge:
elementary (e), 10, 15-17
number (Z), 6, §9, 110, 135-9
radiation by accelerated, 75-6, 91-2,
99-100, 132-3, 245-6
Chemistry, elementary laws, 3-7
Cloud chamber, 48
Coagulation, 13-14
Coherent scattering (X-ray), 109
Collisions:
elastic and inelastic, 156-60
second and first kinds, 268
Combination principle, 142, 160 ff
Competition of decay processes, 247

387



388

Complementarity, principle of, 130
Compound doublet, 261
Compton scattering, 203-6
Compton wavelength, 205
Conduction electrons in metals, 3840,
352-7
Conductivity, ionic in solutions, 9-12
Conservation of mass-energy 189-90,
317-8
Constant proportions, law of, 3
Continuous spectrum:
absorption, optical, 160
emission, X-ray, 131-3
Contraction, relativistic, 180, 1834
Core, atomic, 157
Corpuscular theory of light, 105-6, 129
Correspondence principle, 2134, 346
Coulomb forces, 11, 32 ff, 44, 54 ff, 76
Counters:
Geiger-Mueller, 49
proportional, 49
Coupling:
intermediate, 3034
j-3, 270, 302 ff
L-8S (Russell-Saunders), 270 ff
spin-orbit, 271-2, 326-7
Critical point of gas, 28-9
Critical potentials, 158-60
Crystals, 17-8, 25-8, 33-5, 42-5, 111-26,
207-8, 342-5
Curie law of magnetism, 82-3
Cutoff energy and momentum, 352
Cutoff potential, 154-5
Cyclotron frequency, 101

D, d (spectroscopic notation), 165-6,
234, 326-7
Dalton, 3
Davisson-Germer experiment, 207-8,
354-5
Debye temperature (6), 344 ff
unit, electric dipole, 96
Debye-Hueckel, electrolytic conduc-
tion, 11, 19
Defect:
mass, 316-7
quantum, 162 ff, 234
Degenerate energy levels, 167, 229-30,
234, 264, 300
Degrees of freedom, 36, 40
Detailed balance, 359
Deuterium, 61-2
Diamagnetism, 80 ff
Dielectric constant, 11, 19, 42, 87, 96,
200-2
Diffraction:
electrons, 207-8
X-rays, 111 ff

INDEX

Diffuse series, 164 ff, 262-3
Diffusion, 13, 22
Dipole:
electric, 42, 62 ff, 87 ff, 95-6
magnetic, 62 ff, 76 ff, 211-2, 272 ff,
304-6, 318 ff
radiation, 246-8
Dirac equation, 276-7
Dirac statistics, 349 ff
Discrete spectra, 131, 138 ff, 160 ff
Dispersion:
optical, 87-91
quantum, 206-7, 220
Distribution of electrons:
in atoms, 104, 142-3, 240-1
in crystals, 115-21
Divergences, 348-9
Doublet spectra, 257, 2614
Doublets, mass, 62
Dulong and Petit (C,), 40, 344
Dynamic model of atom, 75 ff

¢ (elementary charge), 10, 15-17
Effective charge number (Z;), 95, 136,
152, 210
Effective quantum number (n’), 162
Eigenvalues, 241
Einstein:
E /v for photons, 129, 1934
relativity, 177 ff
Einstein-de Haas effect, 79-80
Electric polarizability, 18-9, 30, 95-6
Electrolysis, 9 ff
Electron:
charge (—e), 10, 15-17
conduction in metals, 3840, 352-7
diffraction, 207-8
‘“‘holes,’” 2014
identification, 10, 47-8
magnetic moment, 257-61
mass, 53
shells in atoms, 136, 140-2, 156-7,
284 ff
specific charge (e/m), 53, 86
specific heat, 356-7
spin, 259-61
thermionic emission, 39-40, 355-6
volt, 38
wavelength, 208
Electrophoresis, 11
Elements, 3-6
Elliptic orbit, 213
Energy:
atomic, 318
binding (B), 32, 134 ff, 209-11, 316-7
dipole 1n field, 81
excitation, 159
filter, 50-2
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Energy (Cont’d):
fission, 317-8
fusion, 335
ionization, 134-5, 155-7
nuclear, 315-8
photon, 129
quantization, 209-10, 228-33
rest-mass, 190, 317
stellar, 335
Energy levels:
alkali atoms, 160 ff, 261—4
definition, 137
diagrams:
H, 167
Na, 167
X-ray, 137, 140, 291
half-width (I'), 244-5, 329, 334-5
metastable, 268, 330
one-electron atoms, 160 ff, 208-13,
2304, 257-64
shift (Lamb), 330-2
splitting: N
magnetic field, 272-6, 304-7
multiplet, 261-72
Entropy, 7-8
Equipartition of energy, 36, 40
Equivalence of mass and energy, 190,
317
Equivalent eleetrons, 292 ff
Ether, 178
Ether drag, 197
Excitation potentials (see Critical po-
tentials)
Excited state, 159
Exclusion prineiple, 145, 283 ff, 350 ff

F (Faraday constant), 9

F, f (spectroscopic notation), 165-6,
234, 326-7 :

Faraday:

constant (F), 9
effect (magneto-optical), 89-91

Fermi-Dirac statistics, 349 ff, 362

Ferromagnetism, 83

Filters, energy and velocity, 50-2

Fine structure, 164, 261 ff

Fine structure constant (), 209-10

First and second type collisions, 268

Fission, nuclear, 317-8

Fitzgerald-Lorentz contraction,
1834

Fizeau, 197

Fluorescence radiation (X-ray), 141

Forbidden lines, 150-1

Franck-Hertz experiment, 158

Fraunhofer lines, 103

Frequencies, positive and negative,
130, 245, 360

180,

389
Friedrich, 111
Fundamental series, 164 ff, 262-3
G, g (spectroscopic notation), 293 ff,
326-7
g-factor:

complex, 273, 304

nuclear, 324 ff

orbital, 212

spin, 261
T (line width), 244-5, 329, 334-5
Gamma rays (y), 334
Gas:

constant (&), 8-9, 21, 28

light scattering, 18-19

mean free path, 27-8

non-ideal, 28-9, 31

refractive index, 18-19, 30

specific heat, 36-7, 346-9

velocity distribution, 37, 39, 350 ff

viscosity, 27-8, 31
Geiger and Marsden experiment, 58
Geiger-Mueller counter, 15, 23, 49
Gerlach (see Stern)
Germer (see Davisson)
Gram atomic or molecular weight, 4-5
Ground state, 159
Group velocity, 206-7, 220
Gyromagnetic effect, 79-80
Gyromagnetic ratio 77, 212, 260-1

H, h (spectroscopic notation), 293 ff,
3267
h (Planck’s constant), 128, 132
# (modified Planck constant), 203
de Haas (see Einstein)
Half-width of spectral lines (T'), 244-5,
329, 334-5
Hamiltonian, 226
Hard-sphere aiomic model, 25 ff, 145
Harmonic oscillator, 34, 40, 86, 91-2,
222, 252-3, 346-8
Heat of formation (crystal), 35, 44
Heisenberg matrix elements, 246
Heisenberg uncertainty principle,
214-7, 241-5
Hertz (see Franck)
Holes in electron shells, 2914
Hydration, solute ions, 29
Hydrogen:
Bohr model, 208-11
energy-level diagram, 167
ionization potential, 157, 210
fine structure, 264, 330
relative nuclear motion, 212-13
specific heat of gas, 346
Stern-Gerlach experiment, 257-261
wave mechanical theory, 230-35
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Hyperfine structure, 164, 319-22

I, © (spectroscopic notation), 293 ff,
326-7
Ideal gas law, 8-9, 21, 35
Impacts of first and second kind, 268
Incoherent scattering, 108
Index of refraction:
electrons, 221, 354-5
optical, 18-19, 87-01, 96, 200-2
X-ray, 88, 109-10, 126-7, 220
Inelastic collisons, 156
Inhomogeneous fields, 62-5, 3224
Interference of waves, 111, 207-8, 223
Internal conversion, 141
Ionic mobility, 11, 29-30
Ionization chamber, 49, 105
Ionization potential, 134-5, 155~7
Ionizing radiation, 15, 105, 133 ff
Isobars, 61
Isoelectronic sequence, 164
Isotopes, 60-2, 316, 320, 335-6

J, j (total angular momentum), 263 ff
j-j coupling, 270, 302 ff

K (X-ray atomic shell), 135 ff., 289-92
k (Boltzmann’s constant), 8, 12-14
k (optical wave number), 138
k (particle wave number), 227
Kelvin temperature scale, 35
Kinetic theory:

ges pressure, 35-6

mean free path, 27-8

molecular radii, 31

specific heat, 36-7, 40

velocity distribution, 37-9

viscosity, 27-8
Knipping, 111

L (X-ray atomic shell), 135 ff, 289-92

L, 1 (orbital angular momentum), 55,
71, 79, 202-3, 209, 235-8, 258,
263 ff, 283 ff, 325-8

N (de Broglie wavelength), 206 ff

X (modified wavelength), 200

No, X0 (Compton wavelength of elec-
tron), 205

Lamb shift, 330-2

Lande interval rule, 271-2, 281, 321

Laplacian (v2) 225, 231

Larmor precession frequency (v.), 78,
80, 83-6, 275-6

Lattice (crystal), 17-8, 25-8, 111-26,
207-8, 342-5

von Laue, 111

Laue diagram, 114

INDEX

Law of definite proportions, 34
Law of multiple proportions, 34
Lenz’s law, 80
Lifetime of excited state, 2446, 334
Light:
absorption, 107-8, 160-3, 350-60
angular momentum, 199-203
diffraction, 111-20
energy, 128-30, 1934, 340-1
intensity, 18-19, 93, 107, 113, 120, 131,
245, 301-2, 341-2
pressure, 199
quanta (photons), 128 ff, 198 ff, 327 fI
radiation, 75-6, 91-2, 99-100, 132-3,

2456
scattering, 18-19, 91-6, 102, 107-9,
118-20
Linear oscillator (see Harmonic
oscillator)

Liquid close packing, 26
Lorentz contraction, 180, 1834
Lorentz transformation, 180 ff
Loschmidt’s number, 18-9
Lumen, 172

Lyman series, 168

M (X-ray atomic shell), 135 ff, 289-92
M, m (magnetic quantum number),
232, 274 ff

u (micron)
uo, uv (magneton units), 212, 319
Magic numbers (nuclear), 326
Magnetic moments:

classical, 77

orbital, 77, 212

spin (electron), 259-61

spin (nucleon), 324

total, 272 ff

Schmidt limits (nuclear), 328
Magnetic quantum number (M, m),

232, 274 ff

Magnetic susceptibility, 80-3, 102
Magneton:

electron, 212

nucleon, 319
Magneto-optical effect, 89-91
Marsden (see Geiger)
Mass:

electron, 53

proton, 213

reduced, 34, 213

rest, 188
Mass attenuation coefficient, 107
Mass defect, 316-7
Mass dependence of R, 213, 221-2
Mass doublet method, 62
Mass-energy relation, 190, 317



INDEX 391

Mass number, 60, 316 Nuclear:
Mass spectrograph, 53, 59-62 atomic model, 30, 54
Matter waves, 206 ff charge, 59
Matrix elements, 245-8, 359-60 energy levels, 334
Maxwellian  velocity  distribution, fission, 317-8

35-38, 351 fusion, 335
Mean free path, 27-8, 46, 72-3 isobars, 61

Mean life of excited states, 244-6
Mendeléeff, periodic table, 5-6
Metals:
conduction electrons, 3840, 352-7
specific heats, 40, 342-5, 356-7
thermionic emission, 3940, 355-6
work function, 38-9, 154 ff, 3546
Metastable level, 268, 330
Michelson-Morley experiment, 178-80
Micron (u), 22
Miller indices, 1124, 120
Millikan, 15, 154
Mobility, 11, 20-30
Mole, 4
Molecular:
classical model, 25 ff
electric dipole moment, 43, 95, 101
forces, 32 ff
moments of inertia, 30-2
radii, 25-31
vibration, 34, 45-6
rotation, 38, 45-6
Moment of inertia, molecular, 30-2
Momentum:
angular (see Angular momentum)
photon, 198-9, 203-5
quantum operator, 225-6, 241-3
Moseley diagram, 139-148
Multiple proportions, law of, 3—4
Multiplets:
one-electron, 164, 2614
many-electron
L-8, 264-72
j 'j ’ 302-4
Multiplication, gas, 49
Multipole radiation, 246, 348

N, (Avogadro’s number), 5, 12-19
n (principal quantum number), 135,
162 ff, 209 ff, 233-5, 286 ff
Neutron, 316 ff
Noble gas atoms
closed shells, 1567, 284 ff
ionization potentials, 157
radii, 31, 157
Normal state, 158-9
Normal Zeeman effect, 83-6, 275-6,
305-6

Normalization of wave function, 240

isotopes, 60-2, 316, 320, 335-6
magic numbers, 326
magnetic moments, 318-29
mass, 534, 59-62
radiation, 48, 334
shell model, 325-9
size, 59
spin, 318 ff
Nucleon, 316
Number of electrons per atom, 110-1

Oil-drop experiment, 15-17

Optical electron, 152, 157 ff, 264 ff

Optical spectra, 152 ff, 234, 243-8, 257 ff

Orbit quantization, 144, 159 ff, 209,
230-3

Orbital angular momentum (L, I), 55,
77, 79, 202-3, 209, 235-8, 258,
263 ff, 283 ff, 325-8

Order number (Z), 6, 59, 110, 135-9

Oscillator strength, 89

P (parity), 239, 248
P, p (spectroscopic notation), 165-6,
234, 326-7
¥ (wave function), 224 f{
Packing fraction, 317-8, 335
Parabola method, 53
Paramagnetic susceptibility, 81
Parity (P), 239, 248
Particle in a box, 227-30, 2534
Partition function, 362-3
Paschen-Back effect, 305-7
Pauli exclusion principle, 145, 283 ff,
350 ff
Periodic table of elements, 5-6, 139,
283-99
Perturbation of energy levels, 228-30
Pfund series, 168
Phase velocity, 206-7, 220
Phonon, 343-5
Photoelectric effect, 153-5, 172, 205-6
Photoionization, 133 ff, 155 ff
Photon:
energy, 129-31
momentum, 198-9, 203-6
orbital angular momentum, 199-203
Planck, 14, 128-9, 340-1
Planck’s constant (h, %), 128, 132, 203
Polarizability, electric, 18-9, 30, 95-6
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Polarization of light:

circular, 84-5, 80-92, 201-3

linear, 84-5, 86 ff, 89-92, 125, 339

transverse (X-ray), 106
Potential:

barrier, 38-9

cutoff, 154-5

critical, 158-60

excitation, 158-60

ionization, 134-5, 155-7

stopping (see Cutoff potential)

well, 354-5, 362
Principal quantum number (n), 135,

162 ff, 209 ff, 233-5, 286 fT

Principal series, 164 fI, 262-3
Probability, configurational, 7-8
Probability density |y | 2, 240 ff
Proton:

identification, 316

magnetic moment, 324

mass, 62, 213

Quantum hypothesis, 128-9

Quantum mechanics:
angular momentum, 209, 235-8, 260 ff,

325-8
antisymmetric wave function, 228
black body radiation, 337-42
Bose-Einstein statistics, 349-51
de Broglie’s postulate, 206-8
Compton effect, 203-6
correspondence principle, 2134, 346
detailed balancing, 359
exclusion principle, 283 ff, 350 ff
Fermi-Dirac statistics, 349 ff
fine structure, 261 ff
harmonic oscillator, 222, 252-3, 346-8
hydrogen-like atom, 208-13, 230-5
hyperfine structure, 319-22
Lamb shift, 330-2
line width, 244-5, 334-5
matrix elements, 245-8, 359-60
new quantum (wave) mechanics,
224 ff

nuclear shell model, 325-9

old quantum mechanics, 208-13
orbit quantization, 209, 230-3
parity, 239

particle in a box, 227-30, 2534
periodic table, 283 ff

probability interpretation, 240-1
reversibility, 301, 359

rigid rotator, 349

Schroedinger equation, 224-7
selection rules, 247-8, 264 ff, 303-5
specific heats, 342-9, 356-7
spectral intensities, 301-2
stationary state, 2434

Quantum mechanics (Cont'd):
statistical weight, 300-1, 339, 343, 359
uncertainty principle, 214-7, 241-3
wave function (y), 224 ff
Zeeman effect, 272-7, 304

R (gas constant), 8-9, 21, 28-9, 35
R (Rydberg constant), 135, 162, 165-8,
210-3
ro (classical electron radius), 93, 190, 211
Rabi, 322
Radial quantum number (see Principal
quantum number)
Radiation:
accelerated charge, 75-6, 91-2, 99-100,
132-3, 2456
black body, 14, 128, 337-42
gamma, 334
radioactive, 48, 334
resonance, 159
Radiation damping, 91-3
Radiation pressure, 199
Rare gas atoms (see Noble gas atoms)
Reduced mass, 34, 213
Refractive index, 18-9, 30, 86-91, 95-6,
109-10, 197, 200-3, 221, 354-5
Relativity, special theory:
addition of velocities, 1856
classical postulate, 180
Doppler effect, 186-7
extended postulate, 180
four-vectors, 190-3
Galilean transformation, 181
Lorentz transformation, 1824
mass-energy relation, 187-90
Michelson-Morley experiment, 178-80
momentum, 188 )
transformation of electromagnetic
energy, 1934
Residual ray, 34, 45
Resonance line, 159
Rest mass, 188
Reststrahl, 34
Reversibility, quantum mechanical,
301, 359
Richardson, 39
Ritz combination principle, 142, 160 ff
Roentgen, 105
Rotational energy quantization, 349
Ruled grating (X-ray), 114-5
Russell-Saunders coupling (L-8), 270 ff
Rutherford, 54 ff
Rydberg constant (R, R.), 135, 162,
165-8, 210-3

8, 8 (spectroscopic notation), 165-6,
234, 326-7
8, 8 (spin vector), 260 ff, 319
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Satellite lines, 261, 302
Scattering:
a-particle, 54-8
light, 93-6
X-ray, 107-9
Scattering cross section, 93-5
Schroedinger equation, 224 ff
Scintillation counter, 49, 58
Sedimentation equilibrium, 12-13
Selection rules:
optical, 166
quantum theory, 234, 247-8
X-ray, 142-3, 290
Sharp series, 164 ff, 262-3
Shells:
electronic, 136, 140-2, 156-7, 284 ff
nuclear, 325-9
Short wavelength limit (X-ray), 131-3,
154
Sommerfeld, 210, 213
Space quantization, 66, 237
Specific charge (¢/m), 524, 86
Specific heat:
classical, 36-7, 40
electron, 356-7
gases, 36-7, 346-9
quantum, 342-9, 356-7
solids, 40, 342-6
Spectra:
absorption:
optical, 160-3
X-ray, 135-6, 289-92
alkali, 160 ff, 2614
arc and spark, 163
classical theory, 83, 214
continuous:
optical absorption, 160
X-ray emission, 131-3
emission:
optical, 163 ff
X-ray, 13842, 289-92
fine structure of, 164, 261 ff
hyperfine structure of, 164
ionized atom, 164, 168
isoelectronic sequence of, 164
magnetic field effects on, 836, 272-7,
304-7
many-electron, 264 ff, 302 ff
multiplet structure of, 164, 261 ff
one-electron, 160 ff, 230-3, 243 ff,
2614
sa.tellite, 261, 302
series analysis of, 165 ff
term values from, 138 ff, 158 ff
X-ray, 131-3, 135 ff, 289—92
Spin:
electron, 259-61
nucleon, 318 ff

393

Spin-orbit coupling, 271-2, 326-7
Standing wave, 209, 225
Static model of atom, 75 ff
Stationary states, 243
Statistical mechanies, 7-9, 3740, 337 ff
Statistical weight, 300-1, 339, 343, 359
Statistics:
Bose-Einstein, 350-1
Fermi-Dirac, 349 ff, 362
Maxwell-Boltzmann, 351-2
Stern-Gerlach experiment, 62-6, 237,
257-61
Stokes’ law, 10, 16
Stopping potential (see Cutoff po-
tential)
Sum rules, 89, 301

Temperature:

absolute scale, 35

Debye (9), 344 ff
Terms, speetral, 138 ff, 158 ff
Thermionic emission, 3940, 355-6
Thomson, 10, 95

scattering, 95
Total reflection, X-ray, 109-11
Transverse scattering power, 19, 96

Uncertainty principle, 214-7, 241-5

Vacuum, 47-8
Valence, 4-6, 10, 32, 285
Van der Waals’ equation, 28-9
Van der Waals forces, 32-3
Vector addition (quantized), 238
Vector model, 269 ff
Velocity filter, 50-2
Velocity, group vs. phase, 206-7, 220
Vibration:
energy levels, 222, 252-3, 346-8
molecular, 34, 37, 45-6, 346-8
specific heat, 40, 342-8
Viscosity, 27-8, 31
von Laue, 111, 114

Wavelength
de Broglie, 206, 208
Compton, 205
Wave mechanics
mechanics)
Wave number:
optical (k), 138
particle (k), 227
Wave packet, 207
Wave-particle duality, 129-30, 206-7
Weiss, 83
Work function, 38-9, 164 ff, 3546

(see  Quantum



394

X-rays:

absorption edges, 135-6, 292

applications
chemica) analysis, 139, 148 ff
crystal structure, 111 ff
electron distribution, 110-1, 120-1
Ny determination, 17-8, 114

attenuation, 107-8

Bragg’s law for, 112

Compton effect, 203-6

detection, 105

diffraction, 111 ff

discovery, 105

energy-level diagram, 137

fluorescence, 141

generation, 105

grating, ruled, 114-5

intensity, 113

internal conversion, 141-2

K-L-M-N-O-P-Q-shells, 135 ff, 144-6,

151, 289-2
polarization, 106, 125
reflection, total, 109-11

INDEX

X-rays (Cont’d):
scattering, 108-9
screening constant, 135-6, 139, 151
selection rules, 143, 289-92
short wavelength unit, 131-3
spectrum:
continuous, 131-3
discrete, 131, 138 ff, 289-92
term diagram, 140
X-unit, 121

Young’s modulus, 334, 44-5

Z (atomic, order, or charge number), 6,
59, 110, 135-9
Zeeman effect:
classical, 83-6
quantum:
anomalous, 272-7, 304
normal, 275
specific charge of electron, 86
strong field, 304-7
Zero-point energy, 129, 347-8
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