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PREFACE

This book is designed as a text for first-year graduate students of
metric differential geometry, and it will also be found useful by those
who wish to acquire some knowledge of this subject by independent
reading. The treatment is elementary. Plane analytic geometry,
three-dimensional analytic geometry, and calculus are prerequisite for
understanding the developments of the text, but vectors are not used.
The advantages of a treatment by means of vectors are well known,
but it has been thought best, in order to make the discussion as ele-
mentary as possible, to refrain from employing them here.

Most of the material included is classic. It has been the common
heritage of so many generations of geometers that no attempt has been
made to give complete references to sources or to assign credit in every
instance for the original discovery of results. An occasional reference
has been given to more extensive treatises, particularly for the proofs
of a few theorems which have been included here without proof. A
bibliography of a few of the best-known treatises is appended at
the end.

The reader who is acquainted with projective differential geometry
will recognize that the definitions of those configurations which admit
of projective definitions are stated in projective form. Moreover,
whenever it is feasible to do so, definitions are stated in such a way as
to be valid in hyperspace as well as in ordinary space. As a rule, no
simplicity is lost in so doing, and anyone who goes on to study pro-
jective differential geometry and hyperspatial geometry will find the
road made smoother by this method of treatment.

Un1vERsITY oF CHICAGO
October 1939






CONTENTS

CHAPTER PAGE
I. Curves 1
1. Introduction 1

2. Definition and equations of a curve 2

3. Arc length 7

4. The local trihedron 10

5. Curvature and torsion 18

6. Frenet formulas 22

7. The local coordinate system 27

8. The osculating sphere and the osculating circle 32

-9. Shape of a curve 37
II. THE MoviNGg TRIHEDRON 41
1. Preliminary discussion 41

2. General theory 42

3. Involutes 48

4. Evolutes 50

5. Parallel curves 53

6. The transformation of Combescure 87

7. Bertrand curves 59
IIT. SURFACES 63
1. Definition of a surface 63

2. Curves on surfaces 66

~ 3. The first fundamental form 74
+ 4. Tangent plane and normal line 76
v 5. Envelopes of surfaces 81
« 6. Developable surfaces 86
v 7. Ruled surfaces 92
IV. Cunves oN SURFACES 104
1. Transformation of parameters . 104

- 2. Minimal curves .. 109
3. Angles between curves on a surface 115

4. Asymptotic curves: the second fundamental form .o 122

- 5. The fundamental diffcrential cquations . . . 131

" 6. Conjugate nets . 135
7. The lines of curvature - . .. 142

8. Geodesics e S ¥

vii



viii CONTENTS

CHAPTER PAGE
V. CURVATURE . . . . 151
1. Radius of normal curvature 151

2, Principal normal curvatures . 156

3. Gaussian curvature and mean Lurvature 161

4. Equation of Euler: indicatrix of Dupin 165

5. A local coordinate system 170

6. Geodesic curvature 173

7. Geodesic torsion 182

VI. TRANSFORMATIONS OF SURFACES . 187
1. The general analytic transformation . 187

2. Conformal representation . .. 191

3. Conformal maps of the sphere upon the plane 195

4. Applicability . 198

5. Equiareal maps 202

6. Spherical indicatrix 205

7. Paralle] surfaces . . . 207
BIBLIOGRAPHY 212

INDEX . . . .. 213



CHAPTER 1

CURVES

1. Introduction. This book is primarily devofed to the analytic
metric differential geometry of curves and surfaces in ordinary three-
dimensional space. To say that a geometry is analytic means that it
employs a coordinate system and thus avails itself of the powerful
methods of algebra and analysis. Furthermore, metric geometry is
characterized by saying that it is the study of properties of figures
that are unchanged when the figures themselves are subjected to rigid
motions, namely, translations and rotations. Examples of such prop-
erties arc the distance between two points, the angle between two
lines, and the area of a triangle. The fact that the ordinary measures
of these and various other quantities are invariant under rigid motions
has caused this geometry to be called metric.

The differential, or infinitesimal, geometry of a figure is concerned
with properties of the figure that depend only on a neighborhood of one
of its elements. For instance, the differential geometry of a plane
curve, regarded as the locus of a point, is concerned with the proper-
ties of the curve in a neighborhood of one of its points, as distinguished
from properties which depend on the entire curve. The familiar defini-
tion of the tangent at a point of a curve, which states that the tangent
is the limit of the secant through this point and a neighboring point
on the curve as the second point approaches the first along the curve,
is perhaps the simplest geometrical definition having a characteristi-
cally differential nature; obviously, the tangent depends only on a
neighborhood of its point of contact. On the other hand, the problem
of determining the number of intersections of a straight line and a
conic in the same plane demands for its solution a knowledge of the
entire line and conic and is an instance of a problem not of an essen-
tially differential character.

The definition of the tangent just referred to involves a limiting
process. Such limiting processes occur frequently in differential ge-
ometry. For this reason the differential calculus is a very convenient
tool for its study. Indeed, most books on the calculus freely employ
the metric differential geometry of plane curves as an aid in interpret-
ing the definition of the derivative and as a field of application of the
principles of the calculus. So the reader is probably already familiar

1



2 METRIC DIFFERENTIAL GEOMETRY

with the fact that, when the equation of a plane curve C is written
with ordinary orthogonal cartesian coordinates z, y in the form

(1-1) y =1y,
the equation of the tangent at a point P(z, y) of C is

’ , d
(1-2) Y-y =y(X -2 (v-9).

in which X, Y are the coordinates of a variable point on the tangent.
Moreover, the equation of the normal at the point P of the curve C is

(1-3) Yy¥Y¥—-y9+X—-2=0.

The element of arc length ds of C is given, except for sign, by the
formula

(1-4) ds® = dz? + dy?,

and the curvature 1/p at the point P of the curve C is expressed in
terms of derivatives of y by the formula

1 ylr
Pl ETOLE

2. Definition and equations of a curve. In ordinary three-dimen-
sional space let us establish a left-handed orthogonal cartesian coordi-
nate system with the same unit of distance for all three axes. In this
system any point P has coordinates z, y, 2, as in Figure 1.

A curve may be described qualitatively as the locus of a point mov-
ing with one degree of freedom. A curve is also sometimes said to be
the locus of a one-parameter family of points, or the locus of a single
infinity of points. However valuable these descriptions may be for
facilitating the visualization of a curve, none of them are sufficiently
restrictive for our present purposes. So we proceed to define a real
proper analytic space curve.

DeFINITION 1. Let the coordinates z, y, z of a point P be given as
single-valued real-valued analytic functions of a real independent vari-
able t on an interval T of a t-axis, by equations of the form

(2-1) z =z(), y =y, z=2z().

Further, suppose that the functions z(t), y(t), 2(t) are not all constant
on T. Then the locus of the point P, as t varies on the interval T, i3 a real
proper analytic curve C.

(1-5)
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Some comments on the foregoing definition will perhaps clarify its
meaning. Equations (2 1) are called the parametric equations of the
curve C, the parameter being the variable {. We reserve the right to
permit the parameter ¢ to take on complex values if they are properly
introduced in the sequel. Moreover, one or more of the coordinates

Z

/;

Z, ¥, 2 may, under suitable conditions, be allowed to be complex. The
curve C would in this case be called complez, or perhaps, under suitable
conditions, imaginary. To say that a curve is proper means that it
does not reduce to a single fixed point, as it would do if the coordinates
z, y, 2z were all constant. It is clear that at an ordinary point of a real
proper analytic curve, i.e., a point where nothing exceptional occurs,
the inequality

Fia. 1

(2-2) 24 Y24 22> 0 (x' =3—;£,...)
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holds. Any point of such a curve where this inequality fails to hold is
called singular, although the singularity may belong to the parametric
representation being used for the curve defined as a point-locus, or
may belong to the curve itself. Singular points will ordinarily be avoid-
ed hereinafter. A curve, or portion of a curve, which is free of singular
points may be called nonsingular. Furthermore, we assume that the
interval T is so small that values of the parameter ¢ on the interval T
and points (z, ¥, 2) on the curve C are in one-to-one correspondence,
so that the parameter ¢ is a coordinate of the corresponding point
(z, y, 2) on the curve C.

To say that the functions z, y, z are analytic means, roughly, that
they can be expanded into power series. More precisely, this state-
ment means that, at each point {, within the interval T, each of these
functions can be expanded into a Taylor’s series of powers of the differ-
ence ¢{ — t, which converges when the absolute value |t — {| is suffi-
ciently small. It would be possible to study differential geometry
under the hypothesis that the functions considered possess only a defi-
nite, and rather small, number of derivatives; but we assume ana-
lyticity in the interests of simplicity. So the word function will mean,
for us, analytic function; and the word curve will mean a real proper
nonsingular analytic curve unless the contrary is indicated.

Some examples of parametric equations of curves will now be ad-
duced. First of all, the equations (2-1) may be linear, of the form

(2-3) z=a+1l, y=b+mt, z=c+nt,

in which a, b, c and I, m, n are constants. Then the curve C'is a straight
line through the fixed point (a, b, ¢) and with direction cosines pro-
portional to I, m, n. If t is the algebraic distance from the fixed point
(a, b, ¢) to the variable point (z, y, ) on the line, then [, m, n are the
direction cosines of the line and satisfy the equation

(2-4) B4+m+nt=1.
As a second example, equations (2-1) may take the form
(2-5) z=t, y=1¢, z==¢.

The curve C is then a cubical parabola. This is one form of a twisted
cubic, which can be defined as the residual intersection of two quadric
surfaces that intersect elsewhere in a straight line (see Exs. 2, 6, be-
low). Finally, if equations (2-1) have the form

(2°6) z=acost, y=asint, z=1"bt (@>0,5>0),
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the curve C is a left-handed circular heliz, or machine screw. This may
be described as the locus of a point which revolves around the z-axis
at a constant distance a from it and at the same time moves parallel
to the z-axis at a rate proportional to the angle ¢ of revolution (see
Fig. 1). If we had supposed b < 0, then the helix would have been
right-handed.

A curve can be represented analytically in other ways than by its
parametric equations. For example, it is kaown that one equation in
z, y, z represents a surface, and that two independent simultaneous
equations in z, y, z, say

27 F(z,y,2) =0, G(z,y,2) =0,

represent the intersection of two surfaces, which is a curve. Equa-
tions (2-7) are called implicit equations of this curve. Sometimes it is
convenient to represent a curve by implicit equations, when really
the curve under consideration is only part of the intersection of the
two surfaces represented by the individual equations (see Ex. 2).

If the implicit equations (2-7) be solved for two of the variables
in terms of the third, say for y and z in terms of z, the result can be
written in the form

(2-8) y=y@, z=2(z).

These equations represent the same curve as equations (2:7); and
they, or the equations which similarly express any two of the coordi-
nates of a variable point on the curve as functions of the third co-
ordinate, are called explicit equations of the curve. Each of equations
(2 8) separately represents a cylinder projecting the curve onto one
of the coordinate planes. Soequations (2-8) are a special form of equa-
tions (2-7) for which the two surfaces are projecting cylinders.

If the first of the parametric equations (2-1) of a curve C be solved
for ¢ as a function of z, and if the result is substituted in the remain-
ing two of these equations, the explicit equations (2-8) of the curve C
are obtained. From one point of view, the explicit equations (2-8) of
a curve, when supplemented by the identity z = z, are parametric
equations

29 T =2z, y=y(z)) z=z(z)

of the curve, the parameter now being the coordinate z.
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EXERCISES

1. Write explicit equations for the straight line (2 3), the cubical parab-
ola (2 5), and the helix (2 6).

2. Show that the cubical parabola (2 5) is only part of the intersection of
the two cylinders

and is also only a part of the intersection of the two quadric surfaces
z2=1xy, Yyt =zx.
3. Prove that the cubical parabola (2-5) intersects any plane
az+by+cz4+d=0
in three points, and discuss special cases.

4. Prove that a necessary and sufficient condition that a curve (2 1) be a
plane curve is

4 y' 4
7] ’ ’ — , d.t
(2 10) T y' 2’| =0 (’r:Jt—"")'
" ym 2"

5. Determine the function f so that the curve
z=acost, y=asint, z = f(t)
shall be a plane curve, What is then the form of the curve?

6. Compare the shapes of the four types of twisted cubics:
a) Cubical ellipse,

e ot £
“eFir YTeya

x

b) Cubical hyperbola,

£ t ¢
T=p—1 VYTp_10 f=p_7e

¢) Cubical parabola,
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3. Arc length. We shall now establish a formula for the square of
the element of arc of a space curve analogous to the formula (1-4) for
a plane curve. Referring to Figure 2, let us consider a point P(z, y, 2)
on a curve C represented by equations (2 1) and consider also on C a
neighboring point Q(z + Az, y + Ay, z + Az). Draw the line PQ,

Z
cC
( Qlxedry: dy,z.42)
Ac,
s Az
(x,y,Z,
X
%\ 7Ay
\
z
% X - . "
y ]

Fia. 2
and let the segment of this line between P and Q be denoted by Ac,
while the arc of the curve C between P and Q is denoted by As. From
elementary geometry it is known that

@31 Act = Az + Ay + Az,

Let ¢ be the value of the parameter corresponding to the point P, and
let At be the increment of the parameter corresponding to displace-
ment along the curve C from P to Q. Then elementary algebra gives

on (-6
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Letting At approach zéro and assuming that the limit of the ratio of
the chord Ac to the arc As is unity, i.e., that

3-3) lim — =1,

we obtain
. do\t _ (do\t  (dy\?, (da)?
34 (dt) "(dt) +(dt) +(dt) '

Multipfying through by di?, we arrive at the desired formula for the
square of the element of arc of a space curve, namely,

(3-5) ds? = dx? + dy* + d2*.

A formula for calculating the length of a curve between two points
on it can now be deduced. The inequality (2-2) assures us that
ds/dt # 0. Let us solve equation (3-4) for ds, taking the positive
square root, and then integrate with respect to ¢ from an arbitrarily
chosen fixed lower limit ¢, to a variable upper limit . With the under-
standing that the arc length s is zero when ¢ = {,, we reach the re-
quired formula,

(3-6) g = ﬁ(z/z F 4 4 27V (xr — Z_-: . ) .

It should be carefully noted in this connection that taking the posi-
tive square root is equivalent to making ds/dt > 0, so that s is an in-
creasing function of {. Thus, a positive sense on the curve C has been
chosen according to the following convention:

The positive sense on a curve defined by parametric equations is, by
agreement, the sense in which the parameter increases.

This convention is not of a purely geometric nature, since the posi-
tive sense along a curve C, as agreed upon, is not determined when
the curve is given but depends on the parameter used in the analytic
representation of the curve. This parameter can be changed at will in
the following way. Let us suppose that the parameter ¢ is an arbitrary
function of another parameter u, so that

37) t = t(u) (g—; » o) .
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Then let us substitute this function in equations (2-1), obtaining
B8 z=a(M), y=ytm®), z=-z0@).

These are the parametric equations of the same curve C referred to the
new parameter u. In particular, the transformation of parameter ¢ =
—u reverses the positive sense on the curve C.

It may be worth noting that at the close of Section 2 the parameter
was, in effect, specialized to be the coordinate r. For some purposes
this choice of parameter is very convenient. It will be more convenient
for our purposes, however, to choose the arc length s along a curve C,
measured from an arbitrarily chosen fixed point on C, as the parameter
for C. This choice is effected in the following way. Since ds/dt # 0,
it follows that the integral in equation (3-6) can be inverted, so that
this equation can be solved for ¢ as a function of s; let the result of
this solution be

(3-9) t=1t(s).

Substituting in equations (2 1) as we did before, we now obtain the
parametric equations of the curve C with the arc length s as parameler:

z=2z(ts), y=ytE), z=2(0s).

From the foregoing discussion the following conclusion can be drawn.

THEOREM 1. It 78 no restriction on a curve to suppose that the param-
eter used in writing the parametric equations of the curve 1s the arc
length s measured from an arbitrarily chosen fixed point of the curve.

It will be supposed hereinafter, unless the contrary is indicated,
that the parameter is the arc length s, and then accents will indicate
derivatives with respect to s. When the parameter is not necessarily
the arc length, some letter other than s will be used to denote the
parameter. Equation (3:5) can be re-written in the form

(3-10) 24 y?t+ 2% =1 (x'gz—::’...)
from which one obtains, by differentiation,
(311) l".‘l}" + ylyll + 2’2" —_ 0 .

These equations will be used frequently in succeeding sections.
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EXERCISES

1. Show that the parametric equations of the helix (2 6), when the param-
eter is the arc length s, measured from the point of the helix on the z-axis,
become

s . s bs

(312) z=acos
2. The length of one turn of the helix is 27 (a? + b2)1/2.
3. When the equations of a curve are written in the explicit form (2 8),
the arc length may be calculated by the formula
z
(3 13) s = f (1 4 ¥ + 2212y (y’ = %, .. ) ,
o
4. Show how to calculate the arc length when the equations of a curve are
written in the implicit form (2 7).
5. The length of the curve
2ay = 12, 6u%: = 13
from the origin to any point (z, ¥, z) is £ + 2.
6. The length of the curve

2(;3 1/2
= n— =y 2
y = 2(ar)'/? — 1, z=1r-—3 a)

from the origin to any point (z, ¥, z) sz + y — 2.
7. Find the length of the curve

x? 4 a
a_,i_zi = 1, I=§(8‘/‘+e“/")
from the point (a, b, 0) to any point (z, y, 2).

8. Investigate the most general transformation of parameter preserving
the condition

(3-14) 224+ yt+71=1 (z’=%,---) .

4. The local trihedron. The local trihedron at a point of a space
curve is a trihedron having for edges three mutually perpendicular
straight lines through the point, of which one is the tangent and the
other two are normals, called, respectively, the principal normal and
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the binormal. In order to define the local trihedron more explicitly, we
proceed to make use of the hypothesis of analyticity formulated in
Definition 1 of Section 2. Except when the contrary is indicated, the
points of curves under consideration will always be ordinary points,
i.e., nonsingular points at which nothing special or exceptional occurs.

Let us consider an analytic curve C whose parametric equations,
with the arc length s measured from a fixed point P, on C as param-
eter, are

4-1) z=2(8), y=yl), z=z2(s).

Asin Figure 3, let P(z, y, z) be a point on C, corresponding to a certain
value s of the parameter, and let P,(z,, y1, 2:) be a neighboring point

z
A
/
QXK2)
[Pogr
z, z
z
2] x - x, - X x
Y Y y
——
\

F1a.3

on C, corresponding to a value s + As of the parameter. Since the
curve C is analytic, each of the functions z,, yi, z1 can be expanded
into a power series in As, so that we have

Tn=2z+2'As + §2"'As 4. . -,
(4-2) n=y+yas+3y’As*+ ..., L
21 =z+ 2As+ }2'As2 4 - .. (x’=— )
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Here each of the functions zi, y1, 21 is to be evaluated at s 4 As,
while each of z, y, 2, ', ¥/, 2’, 2/, . . . is to be evaluated at s; moreover,
As is supposed to be so small that all the series (4-2) converge. These
series will be fundamental in much of what follows.

The tangent line, or briefly the tangent, of a space curve may be de-
fined with the same language as the tangent of a plane curve.

DEeFINITION 1. The tangent line at a point P of a curve C 18 the limit
of the secant line through P and a neighboring point P, on C, as P, ap-
proaches P along C.

In order to find the equations of the tangent line, let us consider
a variable point Q(X, Y, Z) on the secant line PP, as in Figure 3.
The so-called two-point formula for the equations of a straight line
gives immediately the equations of the secant line, namely,

X—x_Y—y=Z—z

4-3 = .
( ) Xy — X nw—y 2y — 2

Substituting for z,, ¥, 21 the respective power series (4 2), multiplying
through by As, and then letting As approach zero, we obtain the equa-
tions of the tangent line at the point P of the curve C,

(4-4) X—z Y-y _Z-z2 (x' dz )

:‘B' yr zl - dS ’

Here X, Y, Z are the coordinates of a variable point on the tangent,
and z, 9, 2, ', ¥, 2’ are to be evaluated at the value of s corresponding
to the contact point P.

Let us denote the direction cosines of the tangent by a, B, ¥. Then,
except possibly for sign, these are respectively equal to z’, ¥/, 2’. To
remove the ambiguity of sign, we choose the positive sense on the
tangent according to the following convention:

The positive sense on the langent is, by agreement, such that

(45) ea=1, B=1vy, y=2.

If ¢ is the algebraic distance along the tangent from the contact
point P(z, y, 2) to the variable point (X, ¥, Z), then each of the ratios
in equations (4-4) is equal to t. Consequently, the equations of the
tangent can be written in the parametric form,

(4-6) X=2z+at, Y=y+Bt, Z=z+41t.
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We next define one of the faces of the local trihedron, called the
normal plane.

DErINITION 2. The normal plane at a point P of a curve C s the plane
through P perpendicular to the tangent line of C at P.

The equation of the normal plane can be written by observing that
the equation of any plane through the point (z, y, z) has the form

47 aX —2)+b(Y —y)+eZ—-2)=0,

in which a, b, ¢ are proportional to the direction cosines of any line
perpendicular to the plane. Since the tangent line is perpendicular to
the normal plane, it follows that the equation of the normal plane is

(4 8) X —2)+8(Y —y)+v(Z—-2) =0.

Another face of the local trihedron, called the osculating plane, is,
in some sense, an analogue of the tangent line. A tangent line of a
curve is sometimes described by saying that it is a two-point line of
the curve, or also by saying that it intersects the curve in two consecu-
tive points at its point of contact. Now, just as a line is determined by
two points, so a plane is determined by three points. Consequently,
in studying a space curve C, it is suggested to consider a three-point
plane, or a plane that intersects C in three consecutive points at a
point P. Such a plane is called the osculating plane of C at P, and P
is referred to as its point of osculation.

DeriNITION 3. The osculating plane at a point P of a curve C 1is the
limit of the plane through P and two neighboring points Py, Py on C
and not collinear with P, as each of P,, P, independently approaches
P along C.

In order to write the equation of the osculating plane, let us recall
that the equation of the plane determined by the three points P, P,
P, can be written in the form

X Y Z 1
z y =z 1
4. = 0
( 9) ) 2z 1 ’
o Y2 22 1

a variable point on the plane having coordinates X, ¥, Z, the point
P having coordinates z, y, z, and the point P; having coordinates
Z, Y, 2 (¢t = 1, 2). Let us substitute for z,, y,, 2, the power series
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(4 2) with As, in place of As, and similarly substitute for zs, ys, 2; the
series (4+2) with As; in place of As. Then, taking suitable linear com-
binations of rows, and making use of certain elementary properties
of determinants, we reduce the equation (4 9) whose left member is
a determinant of the fourth order to the following equation, whose
left member contains as a factor a determinant of only the third
order:

X—z Y —y Z -z
4-10) |2’ +--- ¥ +--- 2 4| }A845(As; — Asy) =0,
z"+.-. y"+... z"+...

the dots indicating terms which vanish when As, and Ass approach
zero. Dividing this equation by the factor outside of the determinant,
and letting As; and As, approach zero, we obtain the equation of the
osculating plane,

X—2z2z Y-y Z-2z
(4-11) z’ y 2’ =0.

On interchanging rows and columns and writing only a typical
row within parentheses, this equation becomes

(4-12) X—-—z22,2")=0.

Another way of arriving at the equation of the osculating plane is
instructive. Let us return to the equation (4 7) of any plane through
the point P(z, , 2), and substitute therein in place of X, ¥, Z the
power series (4-2) for 1, ¥1, 21, writing As, in place of As to corre-
spond to the point P;. The result is a necessary and sufficient condi-
tion that the plane (4-7) contain Pj, or that it contain the secant line
PP,. Dividing through by As;, and then letting As, approach zero,
we obtain the following condition on a, b, c:

ar’ + by’ + ¢z’ =0.

This condition is necessary and sufficient that any normal to the plane
(4-7) be perpendicular to the tangent line at the point P of the curve
C, or, in other words, that the plane contain the tangent line of C at P.
A plane satisfying this condition may be called a two-point plane of the
curve C at the point P. Let us again substitute in equation (4-7) in
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place of X, Y, Z the power series (4-2) with subscripts 2, where we
previously had subscripts 1, to correspond to the point P;. Making
use of the condition just found for a two-point plane, let us divide
through by Asj and then let Asz approach zero; the result is the fol-
lowing condition on a, b, ¢:

az’’ + byn'xi_ ¢z’ =0.
o e

Elimination of a, b, ¢ from eqyp,ti:m (4-7) and the two equations just
found yields again the equation (4-11) of the osculating plane.

It may be observed that the equation (4-7) and the two conditions
just found on a, b, ¢ leading to the equation of the osculating plane
could have been obtained by complying with the following rule. Write
the most general equation of a plane in variable coordinates X, Y, Z, and
demand that this equation be satisfied by the power series (4 - 2) identically
in As as far as the terms in As®. This process will be employed later
on in analogous situations.

All the lines of the one-parameter family of straight lines passing
through a point P of a curve C and perpendicular to the tangent line
of C at P are naturally called normal lines, or simply normals, of C
at P. These lines lie, of course, in the normal plane of C at P and form
a flat pencil with center at P. Among these normals there are two
which are distinguished from the rest. They are used as the two re-
maining edges of the local trihedron and are named and defined in the
following way.

DEerFiNiTION 4. The principal normal at a point P of a curve C 1s the
normal line that lies in the osculating plane of C at P.

DerINITION 5. The binormal at a point P of a curve C s the normal
line that is perpendicular to the osculating plane of C at P.

In arriving at the equations of the binormal it will be convenient to
make use of an easily verified algebraic identity known as Lagrange’s
identity, namely,

(a® + b + &) (B + m® + n?) — (al + bm + cn)?

@13 { = (am — b)* + (bn — om)* + (cl — an)?,

in which g, b, ¢, [, m, n are any six numbers. If a, b, ¢ are the direction

cosines of a line, and if [, m, n are the direction cosines of another

line, while 6 is the angle between the two lines, then

a+b+ct=1, P+m*+nt=1, cosf =al+bm+cn,
gin? § = (am — bl)? 4+ (bn — em)? + (cl — an)?,
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and so in this case Lagrange’s identity reduces to the trigonometric

identit,
y 1 —cos?@ =sin? 8.

Denoting the direction cosines of the binormal by \, u, v we observe
that \, g, » are respectively proportional to the coefficients of X, Y, Z
in the equation (4-11) of the osculating plane, so that we may write

(4_14) A\ = p(y’z” _ yllzl) , u = p2'z" — 2''%),
p = p(x’y" - xllyl) ,

where p is a proportionality factor to be determined. Squaring and
adding equations (4 - 14), making use of Lagrange’s identity in 2’, ', 2/
and z”’, y"’, 2”’, and keeping in mind equations (3 10) and (3-11), we
obtain

(4-15) L

z = xllz + yllz + zllz .

®

This equation determines p except for sign. This ambiguity of sign
is removed by the following convention with regard to the positive
sense on the binormal, which enables us always to take the positive
square root when solving for p:

The positive sense on the binormal is, by agreement, such that p is
positive.

The equations of the binormal can immediately be written and are

X—2z Y-y Z-:

(4-16) N - g "

The equations of the principal normal can be written in the form

X—z Y-y Z-2
I m  n

(4-17)

in which the direction cosines I, m, n will be shown to have the values
given by

(4'18) l —_ pxll’ m = Py” , n = pZ” .

To make the demonstration, let us observe that, since the principal
normal is perpendicular both to the binormal and to the tangent, we
have

l(ylzll — yllzl) + m(zlzll — zllxl) + n(xlyll _— zIl,yl) o O ,

la’ + my’ + nz' =0.
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Solving thesc equations for the ratios of I, m, n, and keeping always in
mind the fundamental equations (3-10) and (3 11), we obtain

(4-19) l = kx', m = ky”, n = k2",

where k is a proportionality factor to be determined. Squaring and
adding these equations, we find by (4-15) that k* = p2. The ambi-
guity in the sign of k is removed, and the proof completed, by making
the following convention with regard to the positive sense on the
principal normal:

The positive sense on the principal normal is, by agreement, such that
k= p.

The three edges of the local trihedron, namely, the tangent, princi-
pal normal, and binormal lie by pairs in its three faces, namely, the
osculating plane, the normal plane, and the rectifying plane, the last-
named plane being defined as follows:

DEFINITION 6. The rectifying plane at a point P of a curve C is the
plane through P perpendicular to the principal normal of C at P.

It follows at once that the equation of the rectifying plane is

(4 20) X —2)+m¥ —y)+nZ—2)=0.

Incidentally, it may be observed that the equation (4 11) of the oscu-
lating plane can also be written in the form

(4-21) MNX —2)+u(Y —9) +wZ —2) =0.

EXERCISES

1. The tangent line at a point of a straight line is the line itself. The oscu-
lating plane at a point of a plane curve not a straight line is the plane of the
curve, and the osculating plane at a point of a straight line is indeterminate.

2. The circular helix (2 6) crosses the generators of the cylinder 22 + 2 =
a? at a constant angle, namely,

b
cos™! @F -

3. The principal normal at any point of the circular helix (2 6) intersects
orthogonally the z-axis, i.e., the axis of the cylinder 2? + y? = a? on which
the helix lies.

4. The equations (4 4) of the tangent and (4 11) of the osculating plane
are unchanged in form if the parameter is changed from the arc length s to
any parameter {. In this case the formula (4 15) for p becomes

1 _ zzlzzzllg — (Ezlxll)z

(4 22) ;—3 = ( zzrz)a ’
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the summation being for cyclical permutation of z, y, z. Study the effect of
this change of parameter on the remaining formulas of this section.

5. Through any point @ in space there pass three osculating planes of the
cubical parabola (2 5). The three points of osculation of these planes lie in
a plane which passes through Q.

6. The matrix

a B v
Il m =n
N 4o

is orthogonal. The determinant of this matrix has the value +1. The sum
of the squares of the clements in any row (or column) is unity. The sum of
the products of the elements in any row (or column) by the corresponding ele-
ments of a different row (or column) is zero. Each element of the matrix is
equal to its own cofactor, so that

a=my— nu, B=n\-1r, v =1Ilu—m\,
(4 23) l=puy -8, m=va — Ny, n=AN — ua,
A=fn—ym, p=xvyl—an, v=am— Bl.

7. If all the osculating planes of a curve pass through a fixed point, the
curve is a plane curve.

8. Prove that all the normal planes of the curve
z = asin?t, y =asintcost, z=acost

pass through the origin.

9. Show that, of all lines through a point P of a curve C, the tangent line
is nearest the curve, by proving that the distance from a point Py on (' to the
tangent is an infinitesimal of higher order, compared with the arc PP, as
principal infinitesimal, than the distance from Py to any other line through P.

10. Show that, of all planes through ths tangent line at a point of a curve,
the osculating plane is nearest the cigve, iy the-sense of Exercise 9.

6. Curvature and torsion. At each point of a plane curve there is
a curvature, which may be calculatedl by the formula (1-5). But at
each point of a space curve there are two curvatures, called, respec-
tively, the first and second curvatures, or, better, the curvature and
the torsion, which it is the purpose of this section to discuss.

Intuitively, the curvature at a point of a space curve, like that of a
plane curve, is a measure of the rate at which the tangent at the point
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rotates when the point of contact moves along the curve. More pre-
cisely, the curvature at a point of a curve is the rate of change in the
direction of the tangent line, per unit are length of the curve. In still
more cxact language, the curvature may be defined as follows:

DeriniTiON 1. The curvature at a pount P of a curve C s the limit
of the ratio of the angle between the tangent at P and the tangent at a
neighboring point Py of C, to the arc PPy, as the point P, approaches
P along C.

If the angle between the two tangents at P and P, is denoted by
Ag, and if the are PP, is denoted by As, it follows immediately that
the curvature of C at P is

For the purpose of finding an expression for the curvature at a point
of a curve in terms of derivatives of the coordinates of the point, it is
advantageous to make use of a spherical tndicatriz, in the following
way. Let us construct a sphere with center at the origin and with
unit radius. Let us then consider a point P on a curve C and on C a
neighborhood of 2 such that no two of the tangents of ¢ at points in
this neighborhood are parallel to each other. Finally, let us draw radii
of the sphere parallel to all these tangents. The locus of the extremities
of these radii is a curve I' on the sphere called the spherical indicatriz
of the tangents of the curve (". The points of the indicatrix I' are in
one-to-one correspondence with the points of the curve C. Let Q and
@1 be the points of I' corresponding, respectively, to the points P
and P, of C. Let the arc of the indicatrix between Q and @, be denoted
by Aeg, and let the arc of the great circle through Q, @, be denoted
by Ac. Assuming that

B0k = 1
we find
'R
Al A 8% @A Ac_do
5 1) A!l_r{loz\—;— thE ,—;!1m ~ As—hm A = g5

since A@ = Ac, in the sense that®he number of radians in A9 is equal
to the number of linear units (radii of the sphere) in Ac. But since
the coordinates of a point at unit distance from the origin are equal
to the direction cosines of the line from the origin to the point, it fol-
lows that the coordinates of the point @ are a, 8, v. The formula (3-4)
for the derivative of the arc of a curve can now be applied to the indi-
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catrix T, along which the parameter is the arc length s on C. In this
way, and by means of equations (4 5), (4 15), one obtains

(5-2) (%)2 —a24 B4t = gy 4 " =

1
P’
It follows that do/ds = 1/p if the convention is made that the arc o
on the indicatrix shall be an increasing function of the arc s on the
curve C. The result may be stated in the form of a theorem.

TuroreEM 1. The curvature at a point of a curve is 1/ p, the function p
being positive and computed by equation (4 15).

The torsion at a point of a curve is, intuitively, the rate at which
the binormal at the point rotates when the point moves along the
curve. The following definition of the torsion is obtained from the
definition of the curvature by substituting the binormal for the tangent.

DEerFINITION 2. The torsion at a point P of a curve C 1s the limit of
the ratio of the angle between the binormal at P and the binormal at a
neighboring point P, of C, to the arc PP,, as the point P, approaches
P along C.

If the angle between the two binormals at P and P, is denoted by
A¢, and if the arc PP, is denoted by As as usual, then the torsion of
CatPis

The spherical indicatriz of the binormals of the curve C is constructed
in the same way as the indicatrix of the tangents, the binormals being
used in place of the tangents. If ¢ now denotesarc length on the indi-
catrix of the binormals, and if the torsion is denoted by 1/7, it is easy
to show that

do

1 ey S
(5-3) == (%) = N2#u'2 42,

7
Therefore the torsion is given, except for sign, by the formula
(5-4) % = + (N2 4 p2 + V)12,

The ambiguity of sign will be removed in the next section.
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EXERCISES

1. The curvature at a point of a plane curve of the family defined by the
equations

2=0, M(z,y)dz+ N(z,y)dy =0
is given by the formula

MN(My + N:) — N*M. — M’N,
= (M? N2 )

ol

where the subscripts indicate partial derivatives.
2. The curvature of the circular helix (2 6) is given by the formula

a

1
® 5 o= T

and is therefore constant.

3. If the curvature of a real curve is zero at every one of its points, the
curve is a straight line, and conversely.

4. Let a circle* of radius a be drawn on a sheet of paper which is then rolled
into a circular cylinder of radius b. If the cylinder is placed with its axis on
the z-axis and with the bottom of the rolled circle on the x-axis, the parametric
equations of the curve are

a

o) - i) oma oo e
z=beos (ysin-), y=bsin(psinz), z=a({l-cos-J,

where s is the arc of the curve measured from the bottom. The ecurvature of
the curve is given by the formula

1 1 1 ]
5 6) ;J-;=;,+b—2(aos‘a.

5. Consider a point P of a curve C and a point P, near P on C, in the posi-
tive sense from P. On the positive end of the tangent of C at P lay off a seg-
ment PM equal in length to the arc As of C between P and P,. Denote the
length of the segment P, M by d. Then prove that the curvature 1/p of C
at P is given by

67

* C. Smith, Solid Geometry (London: MacMillan & Co., 1910), p. 212, Ex. 20.
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6. If in the formula (1 5) for the curvature of a plane curve the independ-
ent variable is changed from z to s and the convention is observed that the
positive square root is to be taken in the denominator, the curvature is found
to be given by

1 7] "ot ’ _ 2
5 8) ,-’—.ry—xy (.t—ds,---),

and so may be either positive or negative in sign. But if z = 0in (4 15) and
if the convention is observed that the positive square root is to be taken, the
curvature of a plane curve is found to be given by

(59 :, = (" by,

and so is always positive. Reconcile these results with regard to both the
magnitude and the sign of the curvature.

_ 6. Frenet formulas. The Frenet formulas express the first deriva-
tives, with respect to the arc length, of the nine direction cosines of
the three edges of the local trihedron linearly in terms of these cosines
themselves, the coefficients being, except possibly for sign, the curva-
ture and torsion. When written in our customary notation the Frenel
formulas are

l m n
a'=;; ﬁ'=;, 7'=’;,
A
61 {r=-2-12 m'=_§_‘_‘, n=-X_7"
P T p T P T
l m n
M= W= =1

the accent indicating differentiation with respect to the arc length s.

The formulas (6-1) can be established in the following way. The
three formulas in the first row result at once upon differentiating equa-
tions (4 5) and eliminating z’/, ", 2’ by means of (4-18). In order
to arrive at the three formulas in the third row, let us begin by differen-
tiating the equations

N4 w2t 2=1, aA+Bu+vyv=0.

The derived equations can be reduced, by means of the first three of
the Frenet formulas (already established) and the orthogonality of the
principal normal and binormal, to

WA ud +0w =0, aN 4+ B’ +v' =0.
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Solving these equations for the ratios of N, 4/, +/, and employing the
equations in the second line of (4 23), we get

N =kl, p =km, v =kn,

where k is a proportionality factor to be determined. Squaring and
adding these equations, and making use of equation (5 4), we find
1/7* = k*. Here is an opportunity to keep the promise made at the end
of Section 5, to remove the ambiguily in the sign of the torsion, by the
following convention with regard to it:

The sign of the torsion 1/r 18, by agreement, such that 1/r = k.

The Frenet formulas in the second line of (6-1) can be established
by first differentiating the equations in the second line of (4-23), and
then using the Frenet formulas already established, as well as the re-
maining equations (4 23).

In spite of the fact that the formula (5 4) for the torsion apparently
contains an irrationality, it is possible to show, in the following way,
that the torsion 18 a rational function of the derivatives of the coordinates
z, y, 2. Differentiation of equations (4 14), followed by some simple
reductions, results in

4 1 ’
Y2 — e = ;;I _ %2 A,
’
(6'2) | T L L u,
pr I
1 o
2y — 2"y = —-n =2,
L y pr p

By means of these equations and (4 15) it is casy to verify the follow-

ing formula,

r y z

B 1 "
xllz + ynz + zllz

63 =

nr "r ZIII

r
after first expanding the determinant on the elements of the second
row. This formula exhibits the torsion 1/ as a rational function of
the first, second, and third derivatives of z, y, 2.

Let us consider the system of differential equations

© 9) W=l VYE—pmD W=l >0,
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in three unknown functions u, v, w, accents indicating differentiation
with respect to an independent variable s, and p, 7 being functions
of s. The Frenet formulas (6-1) assert that, if the functions p, r and
the variable s have the significance usually attached to them in curve
theory, then three triples of solutions of the differential equations
(6-4) are

al,\; B,m, p; YN, V.

It would be possible to start out from the equations (6 4) as funda-
mental and base a theory of curves on them. First of all, by means of
the theory of such differential equations, one would prove the follow-
ing theorem.

TuEorEM 1. The differential equations (6 4) define a curve uniquely,
except for its position in space; and for this curve 1/p and 1/7 are, re-
spectively, the curvature and the torsion, and s is the arc length.

This method of developing curve theory is intimately related to
another method, which takes the coefficients of equations (6 4) as
fundamental and which is based on the following theorem.

THEOREM 2. If two functions fi, f2 of a variable s are given, if fi > 0,
and 1f 1/p, 1/7 are defined by placing

S -

(6:5) D=0, 1 =),
then there extsts a curve which is uniquely determined cxcept for its posi-
tion in space, and for which s is the arc length and 1/p, 1/7 are, respec-
tively, the curvature and the torsion.

This theorem is scarcely more than a restatement of Theorem 1,
and its proof may be made to depend on the integration of equations
(6 4); but we shall not go into details* here. The equations (6 5) are
of so much importance that they are given a name by the following
definition.

DEerFINITION 1. The intrinsic equations of a curve are two equations
expressing the curvature and torsion of the curve as functions of 1s arc
length.

The theory of curves can proceed from the intrinsic equationst as
a starting-point, but this method of studying curves will not be de-
veloped to any great extent here. However, it scems proper to make a
distinction between intrinsic equations, as just defined, and natural
equations, defined in the following way.

* Eisenhart, Differential Geomelry, pp. 22-28.
t Cesaro, Geometria 1nirnsica, Chap. IX
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DEeFINITION 2. A natural equalion of a curve is any equaiion con-
necting the curvature 1/ p, the torsion 1/r, and the arc length s of the curve.
Evidently a natural equation,

11
f(;v;’s)=01

of a curve imposes a condition on the curve, so that the curve has cer-
tain special properties; but there may be many curves having these
propertics. For example, 1/7 = 0 is a natural equation characterizing
all plane curves not straight lines, and 1/p = 0 is a natural equation
characterizing all straight lines. An additional independent natural
equation g = 0 of the curve specializes the curve still more. If the
two natural equations f = 0, g = 0 be solved simultaneously for 1/p,
1/7 as functions of s, the intrinsic equations (6 5) result. Therefore,
two natural equations ordinarily determine a curve uniquely, except for
1ts posilion tn space.

EXERCISES

1. The torsion of a plane curve not a straight line is zero. The torsion of
a straight line is indeterminate.

2. If the parameter that varies along a curve is changed from the arc

length s to any parameter ¢, the torsion of the curve is then given by the
formula

'r y ~
1 1 " " N7
©8) T rh e o720l R
xl’l ylll zlll

the summation being for cyclical permutation of 'z, y, 2.

3. The torsion of the left-handed circular helix (2 6) is given by the formula

b
Ta? 4 b

1_
=
and is therefore constant. Moreover, the torsion of a left-handed heliz is nega-
tive when the coordinate system is left-handed. The torsion of a right-handed

heliz is positive when the coordinate system is left-handed. Discuss the situa-
tion if the coordinate system were right-handed.

4. In Definition 1 in Section 5 replace the tangent by the principal normal,
and show that the resulting so-called third curvalure is

Gy
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Carry out a similar investigation for any line through the point P, whose
direction cosines are functions of the arc length s.

5. When a point P moves along a curve C, the local trihedron of C at P
moves as a rigid body with a screw motion, which is compounded of a transla-
tion and a rotation. Show that the direction cosines of the instantaneous aris
of rotation* are proportional to

S ™

67

-4
1
NiR
©Ir
=R

-]

This line lies in the rectifying planc. As in Exercise 4, show that the rate of
change in the direction of the instantaneous axis, per unit arc length of the

curve, is
!
(tan“ I) .
p

6. The parametric equations of any plane curve can be written in the form

8 8
6 8) :c=a+fcosods, y=b+fsinads, z2=0,
& 80

8
a=fd—8=tan—‘a-{g
0 P dr

and s, is a fixed value of s.

where

7. For the plane curve of Exercise 6 verify the Frenet formulas

e e —

alzl, ﬁ’—_‘m)
p p
69
ll'=— , m = =",
where
a=coso, B =sinc, l=—singo, m = cosc.

8. Use the result of Exercise 6 to verify the differential equations

(6 10) =y, Y=,

* Ziwet and Field, Introduction to Analytic Mechanics (New York: Macmillan
Co., 1912), Chap. IV.
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and then prove that z and y both satisfy the differential equation of plane
curves,

1" ‘l,n lr_ '-@
(6 11) LT (#=%.--).

9. Defining a cylindrical heliz to be a curve which lies on a cylinder and
crosses the generators of the cylinder at a constant angle, show that this
curve is the same as a gradient curve, defined to be a curve whose tangents
make a constant angle with a fixed direction. Prove that the spherical indi-
catrix of the tangents of such a curve is a circle, and that a necessary and
sufficient conditron that a curve be a cylindrical helux 1s that the ratio of its curva-
ture to its torsion be constant.

10. If the principal normals of a curve are all parallel to a fixed plane, the
curve is a cylindrical helix.

11. Find the parametric equations for the cylindrical helix whose intrinsic
equations are p = 5,7 = s,

12 C(Caleulate p and 7 for the curve
r=a(t—sint), y =a(l —cost), z=10bt.
13. Discuss the curve for which
p =as, T =bs (a, b = consts.)

7. The local coordinate system. Frequently in analytic geometry
a special choice of the coordinate system simplifies the equations of the
configuration which is being studied. A familiar illustration may be
found in plane analytic geometry. There the general equation of an
ellipse has six terms, whereas, when the origin of coordinates is at the
center of the ellipse and the axes of coordinates coincide with the prin-
cipal axes of the ellipse, the equation takes a simpler form, containing
only three terms. This specially chosen coordinate system is said to be
covariantly connected unth, or covariant to, the ellipse, in the sense that
the origin and coordinate axes are defined geometrically in terms of the
ellipse in a way which is invariant under rigid motions in the plane.
One of the first problems in any analytic geometric investigation of a
configuration is to discover a covariant coordinate system, i.e., a
coordinate system which is defined geometrically in terms of the con-
figuration in a way which is invariant under the group of transforma-
tions defining the geometry in view, since the introduction of such a
coordinate system usually simplifies the analysis.



28 METRIC DIFFERENTIAL GEOMETRY

We have not hitherto specialized our coordinate system beyond
prescribing that it is a left-handed orthogonal cartesian system with
the same unit of distance for all three axes. We now propose to choose
a new coordinate system that will be covariantly connected with the
point P and the curve C under consideration, so that we may expect
to enjoy corresponding analytic simplifications. More specifically, let

¢

QX))
(¢,n.¢)

Fia. 4

us take the new z-axis along the tangent, the new y-axis along the
principal normal, and the new z-axis along the binormal of C at P,
positive senses on coinciding lines being the same, the unit of distance
remaining the same as before, and C being supposed to be not a
straight line. The new coordinate system will be called the local coordi-
nate system at the point P of the curve C. From the equation (see Ex. 6 of
Sec. 4)
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it follows that the local coordinate sysiem has the same orientation as the
original coordinate system, and therefore is left-handed. The truth of
this assertion, and also that of the next statement below, will be as-
sumed as well known, since transformation of coordinates is thorough-
ly discussed in any standard text on three-dimensional analytic geom-
etry* (see Fig. 4).

The equations of transformation between the unspecialized (or old) co-
ordinates X, Y, Z of a point Q and the local coordinates &, n, ¢ of Q re-
ferred to the local coordinate system at a point P, unth the old coordinates
z, Y, 2, of a curve C are

X—z=at+In + 1,
(7-1) ly—y=3£+mri+ﬂi’,
Z—z=vfE+ng +.

Solution of these equations for £, », { results in an equivalent set
of equations,

=a(X —x)+ B(Y —y) +(Z — 2),
(7-2) =X —-2) +ml —y)+nlZ -2,
F=MY =) +uY —y) +9(Z - 2).

Both sets of equations can be read off very conveniently from the ac-
companying table.

X—-1z Y —y Z—z

£ a B Y
(7-3)

] l m n

¢ A n v

The following theorem about transformation of direction cosines
will be found useful in Chapter II.

THEOREM 1. If A, B, C are the direction cosines of a line referred to
the unspecialized coordinate system, and if a, b, ¢ are the direction cosines

* Snyder and Sisam, Analytic Geometry of Space (New York: Henry Holt &
Co., 1914), p. 39.
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of the same line referred to the local coordinate system at a point P of a
curve C, then the equations of transformation between these cosines can
be obtained from equations (7-1) above by writing A, B, C in place of
X—2z,Y—y,Z —zanda,b,cinplaceof £ 1, ¢.

To prove this theorem let P,, P; be two points on the line under
consideration, and denote the coordinates of these points in both sys-
tems by subscripts 1 and 2, respectively. Write equations (7 1) for
the point P;, and then for the point P,, and subtract, to obtain

Xo—Xi=alle—8)+ lm—n)+N2—5),
(7-4) Yo—Yi=8E— &) +me— ) + (2 — ),
Zy —Zy =y — &)+ nlne—m) + v —6).

It is easy to verify, and besides is geometrically obvious, since the
length of a line segment is preserved by rigid motion, that

7.5 [ (&2 = X+ (V2 = V)t o+ (2 = 27
l = (2 — £)* + (2 — m)* + (2 — )72

Dividing the left member of each of equations (7 4) by the left mem-
ber of (7-5), and similarly for the right members, and remembering
the definition of the direction cosines of a line, we obtain

A=aa+ 1 + A,
(7-6) B = Ba + mb + uc,
C=+ya+nb + v,

thus completing the demonstration.

In the local coordinate system the power series expansions (4 2)
for the parametric equations of a curve take an especially simple form.
As many terms of the simplified expansions as desired can be calcu-
lated in the following way. In equations (4 2) replace 2/, ¥/, 2’ by
a, B, ¥, respectively, according to (4-5). Then replace =/, y", 2"’ by
l/p, m/p, n/p, according to (4-18). To calculate similar expressions
for z’'’, y'"", 2", differentiate equations (4 18) to obtain

(77) I = p'z" + px’", m = plyH + pym, n = p'z" + pz"’
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and then make use of the Frenet formulas (6 1); the required ex-
pressions are

[ ’
2 = __10a+<1>l _1y
: P pT
neo_ __1_ (1 ' __1_
(7 8) *y - 26+ p p‘r“’
’
2 = —1..‘Y+(1)n _ v
{ p’ p pT

Expressions for the fourth and higher derivatives of the coordinates
can similarly be calculated, by repeated differentiation and use of the
Frenet formulas. Substituting these derivatives in equations (4-2),
and writing s in place of As, as we have a right to do if we suppose that
the are length s is measured from the point P under consideration, we
obtain

nn=r+ta+ g+ N,
(79) ly1=y+£B+vrm+s°u,
z=z+t&t+m+y,

where £, 7, ¢ are the following power series,

1 1/1Y 1{/1\ 1 1
101 =gotg (0) o+ g (G) 5= o

1 1 1y , 1/1Y
£ = gl () +2G) [

Comparison of equations (7 9) with (7-1) shows that £, », ¢ are the
local coordinates of the point P; near the point P which is the origin
of the local coordinates. So the following conclusion can be drawn.

THEOREM 2. Equations (7-10) are the parametric equations of a curve
C in the local coordinale system at an ordinary point P of C, the parameter
being the arc length s measured from the point P.
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EXERCISES

1. The components w¢, wy, wy of rotation of the local trihedron about the
$-axis, n-axis, and {-axis, respectively (see Ex. 5 of Sec. 6), are given by

1

w5=—';.r wy =0, wr =

© |-

2. Prove that the equations of a circle in a gencral position can be written
in the form

z=r(arcost+ azsint) + A,
(7-11) y=r(icost+ bysint) +k,
z2=r(cicost+ casint) + 1,

in which r is the radius, and (k, k, I) the center, while the remaining constants
satisfy the conditions

ad+di+cd=1, a@G+b+cE=1, aar+bbi+ce:=0.

3. Differentiate equations (7-8), and use the results in proving that r, y,
and z satisfy the differential equation of space curves,

1" p_'_ll " B’_, B_I_T_’ l _].> 144
(7-12) * (29 f>x +(p’+pr+p’+f’ *

8. The osculating sphere and the osculating circle. Just as the
tangent (or osculating) line at a point of a curve is determined by two
consecutive points, and the osculating plane by three, so the osculating
sphere is determined by four consecutive points.

DerINITION 1. The osculating sphere at a pomnt P of a curve (', not a
plane curve, 18 the limit of the sphere through P and three neighboring
poinis Py, Py, P3 on C, as each of P,, P,, P; independently approaches
P along C.

The local equation of the osculating sphere can be found by writing
the most general equation of a sphere in local coordinates £, 9, ¢ and
then demgnding that this equation be satisfied by the power series
(7-10) for £, n, ¢ identically in s as far as the terms of the third degree.
The resulting equation, after the squares are completed on 5 and ¢, is

81 4+ — 02+ ¢+ 1) = o2+ (70)".
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The center of this sphere evidently has the local coordinates 0, p, — 7o,
and the square of its radius R is given by the formula

(8-2) R = p* + (r0').

Equations (7 1) yield the following formulas for the unspecialized co-
ordinates Xo, Yo, Zo of the center Py of the osculating sphere,

(8 3) { Xo=z+pl—1\, Yi=y+pm—r1ou,
Zo=2z+4 pn — 7p'v.

The osculating circle at a point P of a curve is naturally the circle
that intersects the curve in three consecutive points at P.

DrrFINiTION 2. The osculating circle at a point P of a curve C 1s the
linut of the circle through P and two newghboring ponts Py, P2 on C and
not collinear with P, as each of P, P, independently approaches P
along C.

The caleulation of the local equations of the osculating circle will
be much simplified by observing that this circle must lie in the oscu-
lating plane, ¢ = 0. Then, writing the most general equation of a
circle in the osculating plane, in local coordinates £, 9, and demanding
that this equation be satisfied by the power series (7 10) for £, 9
identically in s as far as the terms of the second degree, we find the
local equations of the osculating circle,

(84) ¢=0, E4+@—pt=0p.

The next two theorems are immediate consequences of the foregoing
discussion.

TueOREM 1. At a point of a curve, the osculating plane intersects the
osculating sphere in the osculating circle.

THEOREM 2. The radius p of the osculating circle at a point P of a
curve C 13 the reciprocal of the curvature of C at P.

The center (0, p, 0) of the osculating circle is sometimes called the
center of curvature, and the radius p of the osculating circle is some-
times called the radius of curvature, at a point of a curve. Associated
with each point of a curve there is a noteworthy covariant line called
ihe polar line, which is defined as follows:

DerINITION 3. The polar line associated with a point P of a curve C is
the line through the center of the osculating circle perpendicular to the
osculating plane of C at P.
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The local \equations of the polar line are evidently
(8-5) £=0, n=op.
The unspecialized parametric cquations of the same line are
86) X=z+pl+\, Y=y+pm+tu, Z=z+pm+1,

in which ¢ is a parameter. Comparison of equations (8 3) and (8 6)
yields the following theorem (see also Ex. 1).

TuEOREM 3. The center of the osculating spheie at a pornt P of a curve
C lies on the polar line of ' associated with P and is situated at the dis-
tance | 7o’| from the center of the osculating circle, on the positwwe side of
the osculating plane if vp' ts negative, and on the negatwe side if 7p' is
positive.

Just as a curve which lies entirely in a plane is called a plane curve,
s0 a curve drawn entirely on a sphere is called a spherical curve. Of
course, a circle can be a spherical curve, since there is a one-parameter
family of spheres that contain a given circle. Moreover, no other curve
than a circle can be at the same time a spherical curve and a plane
curve.

Spherical curves that are not plane curves will now be investigated.
For the purpose of stating a theorem let a function S be defined by
placing

8 7) S = ’T’ + (p")' .

TuroreM 4. A necessary and sufficient condition that a curve C, not a
plane curve, be a spherical curve is S = 0.

To prove this let us diffcrentiate equations (8 2) and (8" 3) with
respect to the arc length s of the curve €. The derived equations arc
reducible to

(88) X:, = —S\, Y.’, = —Su, Z", = -Sl', RR’ = STp'

A curve, not a plane curve, is evidently a spherical curve if, and only if,
the osculating sphere at a point of the curve remains fixed when the
point moves along the curve. In this case the center and radius are
fixed, that is, X; = 0, ¥Y; = 0, Z; = 0, R’ = 0. Inspection of cqua-
tions (8 8) now makes the truth of Theorem 4 evident. Moreover, the
last of equations (8-8) contains the following theorem.
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THEOREM 5. A necessary and suflicient condition that the radius of the
osculating sphere of a curve, not a plane curve, be constant 1s that the
curvature of the curve be constant or else that the curve be spherical.

If a curve C is not plane and is not spherical, then, as a point P
moves along C, the center Py of the osculating sphere of C at P also
moves along a curve C,. The relations of these two curves are very
interesting. For instance, the first three of equations (8 8) show that
the tangent of Cy at Py is parallel to the binormal of C at P. But the
center Py of the osculating sphere lies on the polar line, by Theorem 3,
and this line is parallel to the binormal. So the following conclusion
can be drawn.

TuroreM 6. The polar line corresponding to a point P of a nonplane
nonspherical curve C 1s tangent to the locus C of the centers of the osculat-
ing spheres of C, at the center P, of the osculating sphere of C at P.

Moreover, squaring and adding the first three of equations (8 8),
and denoting by sp are length of the curve 'y, we find

89 ds? = S%s? .

Making the convention that the arc sq shall be an increasing function
of the arc s, we obtain

dSo = _‘tSdS,

the positive sign being taken when S > 0 and the negative when

S < 0. Further results in this connection may be found in Exercise
6 below.

EXERCISES

1. The centers of the double infinity of two-point spheres lie in the normal
plane, £ = 0. The centers of the single infinity of three-point spheres lie on
the polar line, £ = 0, 7 = p.

2. Derive the formulas (8 3) for the nonspecialized coordinates of the
center of the osculating sphere without using local coordinates.

3. At a point of a curve, the centers of all two-point cireles that are located
in the osculating plane lie on the principal normal; the centers of all two-point
circles lie in the normal plane,

4. At a point of a curve, all three-puint spheres contain the osculating
circle.

5. Calculate the equations of the osculating circle without using local co-
ordinates.
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6. If S > 0, indicate by subseripts o quantitics belonging to the locus € of
tiie centers of the osculating spheres of a curve (', and establish the following
formulas,

a = —N\, ﬂ°=_#y Yo= —V,

Po = iTS To = pS
(8 10) o ] _
b= 7F1, me= Fm, ne = Fn,

o = Fa, Ho = F8, vo=+7,

in which the upper signs are to be taken if 7 > 0, and the lower signs if
7 <0. If N <0, the signs of ao, B, Yo and of ly, me, ne are to be changed,
and then the upper signs are to be taken if 7 < 0, and the lower signs if
7 > 0. Observe in both cases that 7 has the same sign as S, and that

(ppo)* = (770)* .

7. The osculating plane at a point Py of the locus 7 of the centers of the
osculating spheres of a curve (" 1s the normal plane at the corresponding
point P of the curve C.

8. If a curve has constant curvature, the center of the osculating sphere
coincides with the center of the osculating cirele; the radius of the osculating
sphere is constant; the curvature of the locus of the centers of the osculating
spheres is constant and the same as the curvature of the first curve; the prod-
uct of the torsions of the two curves is equal to the square of the common
curvature; the two curves have the same principal normals; and each of the
two curves is the locus of the centers of curvature of the other.

9. As a point P moves along a curve C, the tangent to the locus of the
center of the osculating cirele of © at I’ makes the same angle with the radius
of the circle to P (principal norinal of (') that the tangent of the locus of the
center of the osculating sphere (polar line of C) makes with the radjus of the
sphere to P.

10. Calculate p and 7 for the curve represented by the equations
z=asintcost, y =acostt, z=asinl (¢ = const.) ,
in which ¢ is the parameter, and prove that this curve is spherical.

11. For the circular helix calculate the direction cosines of the tangent,
principal normal, and binormal; write the equations of the osculating plane,
normal plane, and rectifying plane and also of the osculating sphere and oscu-
lating circle; write the parametric equations of the locus of the center of the
osculating sphere; calculate p and 7.
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12. For the cubical parabola compute the same things as asked for in
Exercise 11.

13. Show that local parametric equations of the osculating circle are
£= %in—t- = (l~cos£) ¢ =0
P! p’ n=p PYE =Y,
where ¢ is arc length on the osculating circle. Then show that unspecialized

parametric equations of the osculating circle are

[ T
X=r+p asin-+l<l—oos:—,> ,

Y=y+p|Bsn

o~

t
+ m(l — cos ;) ,

-

© ~ Vi~

Z=:+4p|ysm

+n (1 —cns:;)‘ .

14. Reversing the positive sense on a curve reverses the positive sense on
the tangent and binormal but leaves the positive sense on the principal nor-
mal always directed toward the center of curvature.

9. Shape of a curve. Much information about the shape of a curve
C in the neighborhood of one of its points P could be acquired by
studying the orthogonal projections of C onto the three faces of the
local trihedron at P. The local equations of these projections would
be obtained by climinating s between equations (7 10) taken in pairs.
However, the shape of the curve can be determined with sufficient
accuracy for most purposes by studying only certain approximations
to these projections, which can be investigated with very simple anal-
ysis, as follows:

In the equations (7 10) of a curve C, referred to the local trihedron
at an ordinary point P of C, let all terms after the first in the right
members be dropped. The resulting equations,

(91) E=3s, 7l=§—82: § = —a—8,

represent a cubical parabola which has approximately the shape of the
curve C in the neighborhood of the point P. Of course, the smaller the
neighborhood of P is, the closer will be the approximation to C.
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If s is eliminated from the first two of equations (9-1), and if the
result is interpreted in the fn-plane, the equation of an ordinary
parabola,

(9-2) 20m = £,

is obtained. This parabola is approximately the orthogonal projection
of the curve C onto the osculating plane, { = 0, at the point P. In
Figure 5(a) the projection of the curve C onto its osculating plane is
seen from a point on the positive half of the binormal. The first of
equations (9 1) shows how £ changes when a variable point moves, in

[f ] ¢ 7<0 3 f T<o0
\
\
\
\
- - - \\ £
P 7 7P 7 N
\
\
\
\
>0 ‘7‘>a
(@ (4) (c)

I'ia. 5

the direction of increasing arc length s, over the portion of the curve C
in a small neighborhood of the point P. The second of (9 1) similarly
describes the behavior of y. Thus the following conclusion is justified.

THEOREM 1. When a variable point P, runs along a curve in the posi-
tive direction through a fixed point P, the point P, passes through the
normal plane at P from the negative to the positive side, remaining on the
positive side of the rectifying plane.

If s is eliminated from the last two of equations (9-1), and if the
result is interpreted in the p{-plane, the equation of a semicubical
parabola,

(9-3) 2p7® = 977,

results. This curve is approximately the orthogonal projection of the
curve C onto the normal plane, ¢ = 0, at P. In Figure 5(b) the pro-
jection of the curve C onto its normal plane 1» seen from a point on the
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negative half of the tangent. The third of equations (9-1) shows that
¢ behaves in two different ways according as the torsion 1/r is positive
or negative at the point P. These two cases are distinguished as fol-
lows:

THEorEM 2. Wath the hypothesis of Theorem 1, the point P, passes
through the osculating plane from the positwe to the negative side 1 f the
torsion is positive, and from the negative to the positive side 1f the torsion
18 negative.

Eliminating s between the first and third of equations (9- 1), and
interpreting the result in the ¢£-plane, we get the equation of a cubical
parabola,

(9-4) 6pre = —83,

which is approximately the orthogonal projection of the curve C onto
the rectifying plane, 7 = 0, at P. In Figure 5(c) the projection of the
curve onto the rectifying plane is seen from a point on the positive half
of the principal normal. There are again two cases to be distinguished
according as the torsion is positive or negative at P. When the torsion
is positive, the projection lies in the second and fourth quadrants and
is generated downward; when the torsion is negative, the projection
lies in the first and third quadrants and is generated upward.

In the foregoing investigation it was supposed that the point P was
an ordinary point on the curve C, i.e., a point at which the curve has
no special property. If the curve C has a special property at a point P,
which it does not have at every one of its points, then this point P
may be called an exceptional point of the curve. There are three kinds
of exceptional points which deserve mention here. First of all, when
a curve C is represented by parametric equations of the form (2-1), if
the curve does not reduce to a fixed point, then 2/, ¢/, 2’ are not identi-
cally zero in the parameter . However, it may happen that these
derivatives all vanish for one or more isolated values of ¢, although
they do not vanish identically. A point where this vanishing occurs is
called, as we have already seen, a singular point. At a singular point
the curve is, so to speak, temporarily like a fixed point. A variable
point running along the curve stops when it comes to such a point
and ordinarily reverses the direction of its motion. For this reason
such a point is called a stationary point and is ordinarily a cusp. At a
stationary point the tangent line 1s 1ndeterminate when defined to be a
line intersccting the curve in two coincident points at the point of
tangency.
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Secondly, it may happen that z'/, ¥/, 2’ vanish identically in . If
80, the curve C is a straight line and its curvature is identically zero.
However, it may happen that the curvature vanishes for one or more
isolated values of ¢, although it does not vanish identically. At a point
where this occurs the curve is temporarily like a straight line. The
tangent line stops its rotation instantaneously, and ordinarily reverses
the direction of its rotation, when its contact point passes through
such a point in running along the curve . For this reason, at such an
exceptional point the tangent is said to be statzonary, and the point is
ordinarily an inflexion point. At an exceptional point of this kind the
tangent line contains at least three consecutive points of the curve, and the
osculating plane is indeterminate.

Finally, if equation (2 10) is satisfied identically in ¢, the curve
is a plane curve. If, however, this equation is satisfied by isolated
values of ¢ but is not satisfied identically, the points corresponding to
these isolated values of ¢ are exceptional points at which the curve is
temporarily like a plane curve. At such a point the osculating plane is
said to be stationary, because, when its point of osculation runs along
the curve and passes through such a point, the osculating plane ceases
its rotation instantaneously and ordinarily reverses the direction of the
rotation. At an exceptional point of this kind the curve has at least four
consecutive points in its osculating plane.

It is evident that a point of a curve is either stationary or not; the
tangent line is either stationary there or not ; and the osculating plane
is either stationary there or not. So, from this point of view, there are
in all eight possibilities as to the shape of the curve in the neighbor-
hood of the point. We have described the shape of the curve in the
ordinary case, i.e., the case in which neither point nor line nor plane
is stationary. The discussion of the shape of the curve in the other
seven cases is left to the reader.



CHAPTER 1I
THE MOVING TRIHEDRON

1. Preliminary discussion. The method employed in this chapter
for developing the theory of the moving trihedron is due to Professor
G. A. Bliss, who presented it from time to time in his lectures on metric
differential geometry.

In order to explain what is meant by the moving trihedron in curve
theory, it is convenient to start with the usual fundamental left-hand-
ed orthogonal cartesian coordinate system with the same unit of dis-
tance for all three axes. This system will be referred to in the follow-
ing discussion as the fixed coordinate system, and the same unit of dis-
tance will be used throughout. Let us consider a real proper nonsingu-
lar analytic curve C, not a straight line, whose parametric equations
in the fixed coordinate system are

(1rn = z(s), y=y@), z = z(s),

the parameter s being the are length measured from some fixed point
to the ordinary point P(x, ¥, z) on C.

Further, let us consider any point Q whose coordinates X, Y, Z in
the fixed coordinate system are given as functions of s by equations
of the form

1 2) X = X(s), Y =1Y(), Z =Z(s).

If the coordinates X, ¥, Z of the point @ are constants, then Q is
fixed, relative to the fixed coordinate system, when s varies. This case
will be excluded hereinafter, unless the contrary is indicated. Then, as
8 varies, the point P moves along the curve C and the point Q gen-
erates a proper curve ('y, represented by the parametric equations
(1 2). The points of the curves C and C, are in one-to-one corre-
spondence, corresponding points P and Q being those that correspond
to the same value of the parameter s.

At a point P of the curve C there is the local coordinate system in-
troduced in Section 7 of Chapter I. In this coordinate system the
coordinate axes lie along the three edges of the local trihedron of C
at P, the {-axis lying along the tangent, the n-axis along the principal

41
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normal, and the {-axis along the binormal. The local coordinates £,
n, ¢ of the point  that corresponds to the point P are related to the
coordinates X, ¥, Z of Q by the equations* (I 7-1), or (I:7-2), of
transformation of coordinates. Therefore the coordinates £, », { are
themselves functions of s, and we have

(1-3) E=ts), n=m1(), ¢=¢(0).

When the point P moves along the curve C, the local trihedron of ¢/
at P also moves, of course, and hence is appropriately referred to as
the moving trihedron at the point P of the curve ('. Furthermore, the
local coordinate system based on the moving trihedron may be desig-
nated as the moving coordinate system associated with, or at, the point
P of the curve C. If the local coordinates £, 9, ¢ of the point @ are
constants, then @ is fixed relative to the moving trihedron.

It is frequently of interest to study the properties of the curve (',
and in particular to investigate its relations to the fundamental curve
C. For this purpose it is usually advantageous to refer (’; to the moving
coordinate system associated with a variable point of the curve . The
theory that thus originates is capable of extensive applications in the
study of pairs of curves with their points in one-to-one correspondence,
and especially in the investigation of classes of curves 'y which are
defined in terms of a given curve C in such a way that the points of the
curve C and of a curve C; are in one-to-one correspondence. In asitua-
tion of this kind, the definition of a curve C, is usually stated by im-
posing a relation between various parts of the local trihedrons of C
and C which holds at all pairs of corresponding points. It is not sur-
prising, then, that the general theory of the moving trihedron, which
will be developed in the next section, has as one of its essential features
the calculation of the dircction cosines of the edges of the local tri-
hedron at any point Q of the curve '}, referred to ihe local coordinate
system at the corresponding point P of the curve C.

2. General theory. The general theory of the moving trihedron is
based on the equations (I-7-1) of transformation of point coordinates,
and the equations (I 7 6) of transformation of direction cosines.
Equations (I-7-1) express analytically the relations between the co-
ordinates X, Y, Z of a point Q, referred to the fixed coordinate system,
and the coordinates &, », ¢ of the same point Q referred to the moving

* Roman numerals are employed in referring to equations in preceding chap-
ters. For example, the equations (1-7-1) are equations (7-1) in Chapter I.
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coordinate system at the corresponding point P(z, ¥, 2) of a curve C.
Equations (I-7-6) similarly express analytically the relations between
the direction cosines 4, B, C of a line referred to the fixed coordinate
system and the direction cosines a, b, ¢ of the same line referred to the
moving coordinate system,

First of all, some analytical consequences of equations (I 7 1) will
be deduced, and then certain geometrical interpretations will be ex-
plained. If the equations (I 7-1) are differentiated with respect to the
arc length s of the curve C, the derived equations can be reduced, by
means of the Frenet formulas (I 6 1), to the form

lX’ = ad, + IB: + \(C,,
@ 1) Y’ = BA, + mBy + uC,
lZ’ = vA, + nB, + (',

in which the coefficients A,, B,, (', are defined by the formulas
22 4=1-T4¢, B=f4iyy o --T4p
1 p ] 1 P T ] 1 T )

the accent indicating differentiation with respect to s. Similarly, dif-
ferentiation of equations (2 1) and reduction by the Frenet formulas
lead to

X” = a.‘12 + 1132 + )\('2 y
(2 3) Y = B.’lg + nlB; + #('2,
7" = ‘7.12 + nt + V(‘g,

wherein the coefficients A, B,, ('; are defined by the formulas

Cy

A= -Brpay, p-Myg =+ B,
p P T

(2-4)
(‘2 = —I—g‘l + (‘i .

T
Repetition of the process gives

X" = ady+ 1By + 23,
(2 5) Y = BAs + mBs + uCs,
2" = yAs + nBs+ (s,



44 METRIC DIFFERENTIAL GEOMETRY

where A;, B;, (3 are defined by
a=-Bia, B-24%4p,
(2 6)
Cs = —-;2 + Cs.

An easy induction would yield recursion formulas for the coefficients
A,, B,, C, obtained by further repetitions of this process, but it will
not be necessary to calculate any more of these coefficients here.

Let us make the convention that the are length s, of the curve C,,
measured from some fixed point thereon, shall be an increasing func-
tion of the arc length s of the curve C. Squaring and adding equa-
tions (2 1), and taking the positive square root of the sum in accord-
ance with this convention, we obtain

db]

en 5

= (X4 Y + 2% = (41 + Bl + CY'~
The equality of the first and last members of these equations supplies,
upon taking reciprocals, a formula for the derivative ds/ds; which is
written as the first of equations (2 8) below, the summation therein
being for cyclical permutation of A, B, C:

d_ 1

ds, (A2’
@ 8) 1 (24)

d%s ZA.A,

dst @AY

The second of these equations is vbtained by differentiating the first
by the ordinary rules of the calculus and using the definitions (2 4).
Similar expressions for higher derivatives of s with respect to s; could
be calculated by continuing this process, but they will not be needed
hereinafter.

The first three derivatives of X with respect to s, may be calculated
by means of the well-known formulas

40X _ e
ds, = ds,’
EX _ v (ds\E o

@9 gz =4 (ds,) X T
EX [ ds L dsds | o,d
@t = (d ) t3X g am T dbg’
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the derivatives of Y, Z being easily written by cyclical permutations
of X, Y, Z. The equation in the second line of (2 9), and the similar
equations for ¥, Z, can be reduced, by means of (2 1), (2 3), and
(2 8), to the form

( 2V
= oL +IM 4,
S1
@ 10) 12X~ BL 4+ mM + N,
1
L%Zf = yL 4 ndM 4N,
1

in which the coefficients L, M, N are defined by the formulas

II = (‘jlz) (1‘12&./12 A;EA]AQ) ,
~il]
1 o
* T 7N A4 2\9 zt 1 1erdl 1412}
2-11) WM—(A)I(Bg A? — BiSA,A,)
il
o1 s
L 1\ = (2:11% 2(02 A p].. 11112) y

the summation being for eyclical permutations of A, B, (. Finally,
direct calculation gives

dY &*Z  d*Y dZ ds
EW‘@@“(J‘)(aPﬂ—lQ + AR),

dZ X @7 dX
212) "‘(“"((1‘3“3 EK‘ (db>(3p+mQ+,,R),

ds, ds?

dX &*Y d’X dY s
t(lsl ds? "~ ds? ds, (d—sl) (P + nQ + »R),

where the cocfficients P, Q, R arc defined by placing

P = B\(; — B,C = C1d; — (a4,
(213) L2 21, Q 1412 1
R =A1B2—AgBl.

Some of the foregoing formulas have geometrical interpretations.
First of all, the direction cosines of the tangent line at a point Q of the
curve Cy, referred to the fixed coordinate system, are

X Ay
ds, ’ ds, ' ds,’
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If each of equations (2 1) is multiplied through by ds/ds;, the left
members of the resulting equations are shown, by the equations in
the first line of (2 9), to be exactly these direction cosines. The equa-
tions (-7 6) of transformation of direction cosines can now be em-
ployed to complete the proof of the following theorem.

THEOREM 1. The direction cosines of the tangent line at a point Q of
the curve C\, referred to the moving coordinate system associated with the
corresponding point P of the curve C, are respectively proportional to the
Sfunctions A,, By, C, and are equal to

ds ds ds
A, — zs B, Zs. C, I

The curvature 1/p; at the point @ of the curve C, is expressed in
terms of derivatives of the coordinates of @ by the familiar formula

1 d2X a2y \? d2Z\?
(2:14) i <dsl) +(Es‘g) +(711-‘g) :

If the expressions found for the second derivatives in equations (2 10)
are substituted in this formula, simple calculations suffice to demon-
strate the following theorem.

THEOREM 2. The curvature 1/p, at a point Q of a curve C, 18 given by
the formula

(2-15) pl = (L2 + M2+ N2,
1

The direction cosines of the principal normal at a point Q of the curve
C,, referred to the fixed coordinate system, are

a2 X d*yY a7
41 ‘&g, P1 d—sf’ 41 d_sf .

If each of equations (2-10) is multiplied through by p;, and if proper
account is taken again of the equations (I-7-6) for the transformation
of direction cosines, the following theorem is easily proved.

TraeoreM 3. The direction cosines of the principal normal at a point
Q of the curve C,, referred to the moving coordinate system associated with
the corresponding point P of the curve C, are respectively proportional to
the functions L, M, N and are equal to

P1L ’ PlM ] PlN .
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The first direction cosine of the binormal at a point Q of the curve ('},
referred to the fixed coordinate system, is

— —— o — —

(dY ®Z &Y dz>
P \ds, ds?T ~ ds? ds,

and the other two dircction cosines can be written by circular permu-
tationsof X, ¥, Z. Equations (2-12) and the equations of transforma-
tion (I 7 6) can be used to prove the following theorem.

Turorkm 4. The direction cosines of the binormal at a point Q of the
curve ('y, referred to the moving coordinate system associated with the cor-
responding point P of the curve C, are respectwely proportional to the
Junctions P, Q, R and are equal to

ds\? ds\3 ds\3
P1 (a‘;) P, P (E) Q, m (a) k.

It may be remarked, in passing, that if X®, Y®) Z@) are thought
of as the components of a veetor along the three fixed axes, then A,, B,,
(, (2 =1,2,...) arc the components of the same vector along the
moving axes, as is shown by equations (2 1), (2 3), (2 5), and so on.

The general theory developed up to this point in the present chap-
ter will be applied in various special situations in the remaning sec-
tions of the chapter.

EXERCISES
1. Establish the formula

1 P2 + 02 + R?
Pt (AT + B+ (D3

(2 16)

2. Prove that the torsion 1/, at a point Q of a curve (', is given by the
formula

A[ Bl C|
1 1 v
(2 17) ;l- = -—m 442 Bz ('_'

3. Prove by (2 1) and (2 2) that the local coordinates £, 9, ¢ of a point Q
which is fixed, relative to the fixed coordinate system, satisfy the differential
equations

' 1_1 ’=._§_
(2 18) £ = 1+p, n p
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4. Differentiate equations (I 7 6) and use the result to prove that the
local direction cosines a, b, ¢ of a line which is fixed, relative to the fixed co-
ordinate system, satisfy the differential equations

b a ¢

(2 19) "’=;)1 b="’;_;y ¢ =

S|Io

5. Find the differential equations which the local coordinates &, 9, ¢ of a
point Q must satisfy if the curve €'y generated by @ is a straight line.

6. Solve the problem of Exercise 5 if C; is restricted only to be a plane
curve.

3. Involutes. As a first application of the method of the moving
trihedron, we shall study the involutes of a given curve. These are
defined in the following way.

DEFINITION 1. An nvolute of a curve C 15 a curve that intersccls the
tangents of C at right angles.

In other words, an involute of a curve is an orthogonal trajectory of
the tangents of the curve. In order to find all the involutes of a given
curve (', let us consider a point P(z, y, 2) on C, and a point @ on the
tangent of € at P, which generates an involute 'y of (. The local co-
ordinates £, 7, ¢ of @, and the direction numbers A;, By, C; of the
tangent to the involute (' at Q, satisfy the conditions

@1 17=¢=0, A,=0,

which are merely an analytic form of the definition of the involute ('y.
Equations (3 1) and (2 2) imply

3 2) 0=1+¢, B =

© Ivee

y C,=0.

Integration of the first of these equations leads to
(3 3) §=c—s,

where ¢ is an arbitrary constant. This equation validates the follow-
ing statement.
THEOREM 1. A given curve has a one-parameter famaly of tnvolules.
The involutes of a curve cover the surface which is the locus of the
tangents of the curve (later on called the tangent developable of the
curve). In the moving coordinate system the coordinates £, n, { of
the point Q generating a general involute C, are given by

3 4) E=c—s, 7=0, t=0.
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The parametric equations of an involute 1n the fized coordinate system
are easily found, by the equations (I-7-1) of transformation, to be

(35) {X=z+a(c—s), Y=y4+8(c—-39)),
Z=z+4++v(c—3s).

The last of equations (3-2) has the following interpretation.

THEOREM 2. The tangent at a point of an involute of a curve C is per-
pendicular to the binormal at the corresponding point of C.

The next theorem is a consequence of the conditions 4, = 0,
Cl = 0.

TueoreM 3. The tangent at a point of an involute of a curve C is per-
pendicular to the rectifying plane at the corresponding point of C.

It is obvious that one could calculate for an involute C, all the func-
tions introduced in the preceding section for a general curve C,. On
this basis an extensive theory of involutes could be constructed. How-
ever, the discussion will be restricted, for the present, to a considera-
tion of two further properties of involutes, called, respectively, the
parallelism property and the string property. The reason for the name
parallelism property is made evident by the following theorem.

TuEOREM 4. The distance between two 1nvolutes of a curve C, meas-
ured along the tangents of C, 1s constant; and the tangents of the two in-
volutes at points on each tangent of C are parallel.

To prove this theorem, let us consider two involutes individualized
by assigning two particular values cy, c; to the constant c, and let the
corresponding coordinates ¢ be denoted by £;, . For these two in-
volutes equation (3-3) gives

fi=c—3s, be=c— 8.
If the value of s is the same in both equations, subtraction leads to
(3 6) E—bh=ca—oc.

This equation asserts the first part of the theorem. The second part is
proved by observing that the tangents of the involutes are perpendicu-
lar to the same rectifying plane, by Theorem 3, and therefore are
parallel lines.

T'he string property is incorporated in the following theorem, which
is merely an interpretation of equation (3 3).

THEOREM 5. If one end of a string of constant length c is fastened at
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the point where s = 0 on a curve C, and if the string is held taut and
wound along C so as to remain tangent to C, the locus of the other end of
the string is an involute of C.

EXERCISES

1 Deduce equations (3 5) without using the theory of the moving tri-
hedron.

2. Find the involutes of the circular helix (I 2 6), and prove that these
involutes are all plane curves whose planes are perpendicular to the generators
of the circular cylinder on which the helix lies. Prove that these involutes are
also involutes of the circles cut on the cylinder by the planes in which they lie.

4. Evolutes. Another family of curves, associated with a given
curve and amenable to investigation by the method of the moving
trihedron, consists of the evolutes of the curve, which are defined as
follows:

DEeFINITION 1. An evolute of a curve C is a curve whose tangents
intersect C orthogonally.

Animmediate consequence of the definitions of involute and evolute
may be stated as follows:

THEOREM 1, When one curve is an involute of another curve, then the
second curve 1s an evolute of the first.

f

/a
Qo 7,()

’

Plo,0,0)

Fia. 6

In order to find all the evolutes of a given curve C, let us consider a
point P on C, and a point @ which generates an evolute C; of C, as
in Figure 6. It is understood that @ corresponds to P in the sense that
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the tangent to the evolute C, at @ passes through P perpendicular to
the tangent of C at P. Therefore the point Q lies in the normal plane
of C at P. Furthermore, the local coordinates §, », ¢ of the point @
and the direction numbers 4,, B,, C, of the tangent to the evolute C,
at Q, referred to the moving coordinate system of C at P, satisfy the
necessary and sufficient conditions

(41) £=0) Al=0: Bl:k’): Cl=k§)

where k is a nonvanishing proportionality factor whose value is im-
material. The first two of these conditions and the definition of 4,
in (2 2) imply

4-2) n=p-

This result can be interpreted as follows:

THEOREM 2. The point Q generating an evolute of a curve C, and
corresponding to a point P of C, lies on the polar line associated with the
point P of the curve C.

The last two of the conditions (4 1) and the last two of the defini-
tions (2-2), in the presence of (4-2), imply

pt' — ¢ 1

*:3) T e s

-

Let a function w be defined by placing

4-4) w = .‘i'-g,

“T

where $o is an arbitrarily chosen fixed value of s. Integration of the
differential equation (4-3) now gives

(4-5) tan“§=w+c,

where ¢ is an arbitrary constant. This equation confirms the follow-
ing assertion.
THEOREM 3. A given curve has a one-parameter family of evolutes.
The evolutes of a curve cover the surface which is the locus of the
polar lines of the curve (later on called the polar developable of the
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curve). In the moving coordinate system the coordinates £, 9, ¢ of
the point Q generating a gencral evolute C, are given by

(4-6) £=0, n=p, ¢ =ptan (w+c).

Equations (I-7-1) now yield the parametric equations of an evolute in
the fized coordinate system,

X =z+pll +\tan (v + )],
47 Y =y+ p[m + ptan (w + 0)],
Z=1z+ pln +vtan (w+ ¢)].

As in the case of involutes, a very extensive theory could be de-
veloped by computing for an evolute C, the various functions intro-
duced in Section 2 for a general curve C,. However, the discussion
will be confined, for the present, to establishing one more property of
evolutes, called the rotation property and put in evidence by the follow-
ing theorem.

THEOREM 4. If each tangent of an evolute of a curve C is rotated through
the same angle about the point P in which it meets C, remaining in the
normal plane of C at P, then in their new positions these lines (originally
tangents of an evolute) are still tangents of an evolute of C.

The proof is very simple. Let two evolutes of a curve C be indi-
vidualized by assigning two particular values c,, ¢z to the constant c.
The angle between the two tangents of these evolutes that pass
through a point P of C is shown to be constant, as P moves along C,
by the equation

(w4 ¢2) — (w + ¢1) = ¢2 — ¢1 = const.

EXERCISES

1. Calculate the element of are ds, of a general evolute of a curve, and by
integration prove that
81 =psec (w+c)+h,

where h is an arbitrary constant.

2. A necessary and sufficient condition that a curve be a plane curve is
w = const.

3. The one of the evolutes of a plane curve which is characterized by the
condition ¢ = —w lies in the plane of the curve and is the locus of the centers
of the osculating circles of the curve. Conversely, if the locus of the centers
of the osculating circles of a curve C is an evolute of C, then C is a plane curve.
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4. The evolutes of a plane curve C are the cylindrical helices on the ¢ylinder
which is the locus of the straight lines drawn perpendicular to the plane of C
at the centers of the osculating circles of C.

5. Prove that the normal plane at a point of a curve is the rectifying plane
at the corresponding point of an evolute C; of the curve, by showing that
P = 0 for the evolute C,.

6. Parallel curves. Parallel curves are defined as follows:

DeriniTION 1. Two curves are parallel tn case it s possible to set up
a one-to-one correspondence between their points such that corresponding
points are equally distant and the tangents at corresponding points are
parallel.

Two involutes of a curve C are parallel curves, for which corre-
sponding points are on a tangent of C. A curve may be said to be
parallel to itself, the distance between corresponding points being zero
in this case.

All curves parallel to a given curve C, which is not a straight line
and is not a plane curve, will now be determined. For this purpose let
us consider a point P on the curve C and the corresponding point @
which generates a curve C, parallel to C. Let £, 5, { denote, as usual,
the local coordinates of @, referred to the local coordinate system of C
at P. The two hypotheses that the distance PQ is constant and that
the tangent of C, at Q is parallel to the tangent of C at P, or, what is
the same thing, is perpendicular to the principal normal and binormal
of C at P, are expressed analytically by the equations

5'1) &+ +2=¢*, B =0, Ci=0 (¢ = const.) .

After the first of these equations is differentiated, and the formulas
for B,, C; are substituted in the other two from the definitions (2 2),
we obtain

(52 4w+ =0, r=--5 po1

The result of eliminating n” and {’ from these equations is

(5-3) £ (E’ — 3) =0.

p

There are three cases to be considered according as both factors
vanish, or £ # 0, or ¢ — 9/p # 0.
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In the first case the conditions £ = 0, § — n/p = 0 lead at once
tot =0,7 =0, =0. Therefore the curve C; parallel to the curve
C coincides with C in this case.

The second case is characterized by the conditions £ > 0, ¢ —
n/p = 0. Consequently, the solution of the problem is made to de-
pend on the integration of the system of differential equations

(5-4) E =

© I3

’

the only solutions of interest in this connection being those that
satisfy the conditions

(5 5) £E#0, 4+ 2+ ¢2=¢c* (c = const. #0).

The Frenet formulas (I 6 1) tell us that three sets of solutions of
these equations are a, l, \; 8, m, u; v, n, v. Therefore, the most general
set of solutions ¢, 4, ¢ is given by

§=ca+ B + ey,
(5 6) n=al +em+cm,
{=cA+cp + v,

where ¢,, ¢s, ¢; are arbitrary constants not all zero. These solutions
satisfy the conditions (5-5). Therefore, equations (5 6) give the co-
ordinates £, 9, ¢, in the moving system, of the point @ generating a
curve C; which is parallel to the curve C. The parametric equations
of the curves parallel to the curve C, in the fixed coordinate system, are
found by (I-7-1) to be, in this case,

57 X=z+a, Y=y+c, Z=z+c.

Therefore these curves parallel to the curve C are obtainable from C by a
translation.

The third case is characterized by the conditions § =0, ¢ —
n/p # 0. It is evident that » # 0, and so the solution of the prob-
lem is made to depend on the integration of the system of differential
equations

o P
(58) n = T’ {-T'
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the only solutions of interest in this connection being those that satisfy
the conditions

5-9) ¢=0, n#0, ”+2=c (c = const. # 0) .

Elimination of ¢, and then of 5, from (5 8) by means of the last of
(5-9) results in

_dn _ _ds __df _ds
GO gt T @Epr T

Integrating these equations for », { and re-writing the first of (5 9),
we have

b11) ¢=0, 7 =ccos (w+h), { =csin (w+ h),

where w is defined by equation (4-4) and & is an arbitrary constant.
Equations (5-11) give the coordinates £, », {, in the moving coordi-
nate system, of the point Q generating a curve C, which is parallel to
the curve C. The paramelric equations of the curves parallel to the curve
C, in the fized coordinate system, are found by (I 7-1) to be, in this
case,

X=z4c[l cos(w+ h) + Asin (o + )],
(5-12) Y =y + c[mcos (w+ k) + psin (w + h)],
Z =2z 4 c[n cos (w—+ h) + vsin (w+ h)].

These are the curves (distinct from C since ¢ # 0) which are parallel to
C and are not obtainable from C by a translation. Another characteriza-
tion of them will be based on the following theorem.

THEOREM 1. The orthogonal trajectories of the normal planes of a
curve C are parallel to C.

For the purpose of the proof of this theorem, an orthogonal trajec-
tory of the normal planes of a curve C is described analytically, in the
notation of the theory of the moving trihedron, by the equations

(513) E=0, Bl=0, C;=0.

Consequently, the problem of determining all the orthogonal trajec-
tories of the curve C is reduced by the last two of the formulas (2-2)
to the analytic problem of solving the system of equations,

(5'14) £=0, 77 = -=, O=-.
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The result of eliminating r from the last two of these equations is
'+ =0,
and integration of this equation gives
7+ 2=c (c = const.) .

Ifc=0,then {§ = 0,7 =0, { = 0. Thus the curve C is exhibited as
an orthogonal trajectory of its own normal planes. If ¢ # 0, the prob-
lem of finding the orthogonal trajectories of the curve C is analytically
the same as the problem solved in the third case above. So the theo-
rem is proved. The promised characterization of the curves (5 12) is
now at hand.

TrEOREM 2. The curves represented paramelrically by equations
(5-12) are the orthogonal trajectories of the normal planes of the curve C
(exclusive of the curve C itself).

The following theorem summarizes the results of the argument in
this section.

THEOREM 3. The curves parallel to a nonrectilinear nonplane curve C
are the curves obtainable from C by a translation and the orthogonal tra-
Jjectories of the normal planes of C.

EXERCISES

1. Determine all curves parallel to a nonrectilinear plane curve, and show
that the results are essentially those stated in Theorem 3.

2. Find the parametric equations, in the fixed coordinate system, of all
curves parallel to the circle

(5 15) x=rcos;, y=rsin;, z=k,

where r, k are constants and s is arc length.

3. The involutes of the evolutes of a curve C are the orthogonal trajectories
of the normal planes of C, and hence are parallel to C.

4. Consider a point @ in the normal plane at a point P of a curve C. When
P moves along C, demand that the locus C, of @ shall be such that its osculat-
ing plane at @ is the normal plane of C at P. Then prove that C, is the locus
of the centers of the osculating spheres of C' (sometimes called the planar
evolute of C).
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5. Prove that the coordinates , 9, {, in the moving coordinate system, of
the point Q gencrating an orthogonal trajectory C, of the osculating planes of
a curve C (sometimes called a planar involute of C) are

i 2 2
£ = —sin af p sin ade — cos ofp cos ado ,
[/ [/

16 ‘ ’
(5 16) W77=—cosafpsinod0'+sinﬂfﬂcos'7d‘7-
% %

L§'=0.

where ¢ is defined by

(6 17) 7= ) 7

the lower limits oo, so being arbitrarily chosen fixed values of ¢, s. Then prove
that all these trajectories C have the same planar evolute, namely, the curve
C itself.

6 Find all the orthogonal trajectories of the rectifying planes of a curve C.
Prove that they include the involutes of C' and that any two of them are
parallel.

6. The transformation of Combescure. It may be recalled that in
defining parallel curves two conditions were laid down, one referring
to constant distance and one to parallel tangents. In this section the
condition of constant distance is dropped, and a one-to-one corre-
spondence with the condition of parallel tangents is studied briefly.

DEeFiNITION 1. Two curves are said to correspond by a transformation
of Combescure in case there is a one-to-one correspondence between their
points such that thevr tangents at corresponding points are parallel.

Since any curve parallel to a curve C corresponds to C by a trans-
formation of Combescure, it is obvious that, when a curve C is given,
there always exist other curves in the relation of a transformation of
Combescure to C. A remark perhaps not so obvious is that the trans-
formation of Combescure is actually more general than the transfor-
mation by parallelism, in the sense that there exist pairs of curves not
parallel but related by a transformation of Combescure. The truth
of this remark is made evident by comparing equations (5 7), or
(5-12), which involve arbitrary constants at most, with the equations
in the following theorem, which involve an arbitrary function.
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TueoreM 1. The parametric equations of the most general curve in
the relation of a transformation of Combescure to a curve C are

1) X= f f(s)ds, ¥ = f B, 7= f "(s)ds,

in which s s arc length on C, and a, B, v are the direction cosines of the
tangent of C, whule f(s) 1s an arbitrary function of s.

To prove this theorem, let us observe that the parametric equations
of the most general curve "y whose points are in one-to-one corre-
spondence with the points of a given curve C can be written in the
form

(6 2) X=X(), Y=Y@), 742=2(%)),

the functions in the right members being arbitrary functions of the
arc length s on C. If arc length on the curve C, is denoted by s;, the
direction cosines of the tangent at a point @ of the curve C, are found,
by differentiating equations (6 2), to be given by

dX o, ds  dY _ ., ds  dZ _ , ds
(63) (E_‘\d_s;’ dsl—) dS[’ dS1—A(181.

The derivative ds;/ds can be found after squaring and adding these
equations and taking the square root of the sum; the result is

6 4) e RS LR O

It is surely true that ds,/ds is arbitrary, since the functions X, Y, Z
are arbitrary. Let us write

(6:5) B = ),

where f(s) is an arbitrary function of s. The tangent at a point @ of
the curve C, is parallel to the tangent at the corresponding point P of
the curve C if, and only if,

axX_ o odar_, oz

(bb) ds; =a, ds; B; ds, =7.
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From equations (6 3), (6 5), and (6 6) one deduces the differential
equations

(67 dX = af(s)ds, dY = Bf(s)ds, dZ = ~f(s)ds,

integration of which reproduces equations (6-1) and so completes the
proof.

EXERCISES

1. If two curves correspond by a transformation of Combescure, the prin-
cipal nor.nals at corresponding points of the curves are parallel.

2. If two curves correspond by a transformation of Combescure, the bi-
normals at corresponding points of the curves are parallel.

3. If the points of two curves, neither of which is a plane curve, are in
one-to-one correspondence so that the binormals at corresponding points of
the curves are parallel, the correspondence is a transformation of Combes-
cure.

4. Denoting by 1/p, and 1/7, the curvature and torsion of any curve (6-1)
in the relation of a transformation of Combescure to a given curve C, prove
that

©
-

1 1

f(s) =

o |
=]

and hence that the ratio of the curvature to the torsion of a curve is invariant
under a transformation of Combescure.

7. Bertrand curves. This section is devoted to a brief discussion of
a special class of curves called Bertrand curves, which are defined in
the following way.

DerINITION 1. A Bertrand curve is a curve such that there exists
another curve with the same principal normals.

The existence of Bertrand curves is at once evident from the follow-
ing theorem.

THEOREM 1. Every plane curve is a Bertrand curve.

To prove this theorem, consider the locus Cy of the centers of the
osculating circles of a plane curve C. The curve C has the tangents of
C, for principal normals, and the same is true of any other orthogonal
trajectory C, of the tangents of Co. Hence, the curves C and C, have
the same principal normals.

Another example of a Bertrand curve is any curve with constant
curvature (see Chap. I, Sec. 8, Ex. 8). Two curves, C and C,, with
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the same principal normals are called associated Bertrand curves. The
method of the moving trihedron will now be used to prove the follow-
ing theorem.

THEOREM 2. A necessary and sufficient condition that a curve, not a
plane curve and not a curve with constant curvature, be a Bertrand curve
18 that the curvature and torsion of the curve satisfy a linear equation of
the form

7 1) =1 (a, b = consts. # 0) .

4
:

©Ia

To prove this theorem, consider a curve C, a point P on C, and a
point @ with local coordinates £, 5, {. Let @ now be on the principal
normal of C at P, and, furthermore, let the principal normal at @ of
the locus C, of the point Q coincide with the principal normal of C at P,
or, what is the same thing, let the tangent and binormal of C; at Q be
perpendicular to the principal normal of C. The analytic formulation
of these necessary and sufficient conditions that C and €, be associated
Bertrand curves is

(72) £=0) §'=0, Bl=0: Q=07

the function Q being defined in (2 13). Equations (2 2) are equiva-
lent in this case to

(7 3) A1=1—Z, 0=1», C=-

LIE-

The condition B; = 0 and the definitions of A,, C3in (2 4) imply
(7 4) A, = Af, C; = Cj.

Moreover, the condition @ = 0 is equivalent, by the definition of the
function @, to

(7 5) Cid; — C4; = 0.
Since ' = 0, it immediately follows that
(7-6) n=a (a = const. # 0) .

Since p is not constant, it follows from the first of equations (7-3) that
A,  0; and since the curve C is not plane, it follows from the third
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of equations (7-3) that € # 0. Substituting from (7 4) into (7 5),
we obtain

77 CiA1 - ClA,=0.
Integrating this equation, we find
(7 8) A, = hCy (h = const. = 0) .

If the expressions for A, and € in equations (7 3) are modified by
writing e in place of 5, and if these expressions are then substituted
in equation (7 8), the latter equation becomes precisely equation (7 1)
with b = —ha. Thus the condition (7 1) is proved to be necessary.
The sufficiency of this condition is demonstrated by starting with a
point @ having local coordinates (0, a, 0). The definition of B, shows
that By = 0. Then the reasoning can be reversed from equation (7 8)
to (7 5) to show that Q = 0.

It will be observed that associated Bertrand curves intercept a con-
stant distance on thewr common principal normals. In the moving coordi-
nate system associated with a Bertrand curve C, the coordinates ¢, 7, ¢
of the point @ generating a Bertrand curve (', associated with C are
given by

(7 9) £=0, 1=a, =0 (a =const. #0).

The paramelric equations of the associated Bertrand curve C, in the
fired coordinate system, are

7100 X=zx+la, Y =y+ ma, Z=2z+na.

EXERCISES

1. Prove geometrically, and also analytically, that equations (7 2) imply
IJ = 0, N = (.

2. If a curve (' is such that there exists another curve with the same bi-
normals, the curve (' is a plane curve, and the two curves intercept a constant
distance on their common binormals.

3. If A is the angle between the tangents at corresponding points of a
Bertrand curve C and an associated Bertrand curve, then the linear relation
(7 1) can be replaced by

asl:A__ac‘:_SA=sinA (a = const. = 0) .
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For a plane curve C we have A = 0, and for a curve C with constant curva-
ture, A = r/2.

4. A circular helix is a Bertrand curve which has infinitely many circular
helices for associated Bertrand curves.

5. The product of the torsions at corresponding points of two associated
Bertrand curves is constant and positive.

6. The orthogonal trajectories of the principal normals of a circular helix
are circular helices with the same principal normals.

7. Two orthogonal trajectories of the principal normals of any curve in-
tercept a constant distance on the principal normals. The same is true for the
binormals.

8. Prove that, if a curve C has the property that the locus of a point on a
tangent at a constant distance from the contact point P is a straight line, as
P varies along C, then C is a plane curve and is, in fact, the tractrir.



CHAPTER III
SURFACES

1. Definition of a surface. A surface can be described as a two-
parameter family, or double infinity, of points. A surface can also be
said to be the locus of a point moving with two degrees of freedom. A
more precise definition of an analytic surface will be formulated pres-
ently.

One method of representing a surface analytically consists in first
establishing the usual left-handed orthogonal cartesian coordinate
system with the same unit of distance on all three axes and then im-
posing one condition on a variable point P(z, y, z) by an equation of
the form

(1-1) F(z,y,2) = 0.

Such an equation is called the implicit equation of the surface repre-
sented by it.

Certain very simple types of surfaces are already familiar. For ex-
ample, if the equation (1 1) is linear in the variables z, y, 2, the sur-
face represented by it is a plane, which is the simplest surface of all.
Perhaps the next simplest surface is the sphere. If the equation (1-1)
is of the second degree, the surface represented by it is a quadric sur-
Jace, of which the sphere is a special case. If equation (1 1) is homo-
geneous in z, y, 2, it represents a cone whose vertex is at the origin.
Finally, if one of the variables is missing from the implicit equation
of a surface, the surface is a cylinder whose generators are parallel to
the axis of the missing variable.

If the implicit equation (1-1) be solved for one of the variables as
a function of the other two, say for z as a function of z, y, the result-
ing equation,

(1-2) z=f(z,9),

represents the same surface as before. Such an equation is called the
explicit equation of the surface represented by it. The explicit equa-
tion (1-2) can be exhibited as a special case of the implicit equation
(1-1) by transposing z to the right member and placing

F(z:yrz) =.f(3)y) — 2.
63
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Although for some purposes the implicit and explicit equations of
surfaces are very useful, the definition of a real proper analytic surface
which will be used in this and succeeding chapters will be based on a
parametric representation.

DErFINITION 1. Let the coordinates z, y, z of a point P be given as
single-valued real-valued analytic functions of two real tndependent vari-
ables u, v on a rectangle T in a uv-plane, by equations of the form

(1-3) z = z(u, v), y =y, ), z = 2(u,v).

Further, let the jacobians of x, y, z with respect to u, v be denoted by J1, J,,
J3, so that

Jl = YuZy — Yovlu, J2 = 2u4%y — 2Ty, J3 = XulYvo — ToYu
(1-4) (x.,=@,--->,
ou

and suppose that not all of J1, J 1, J 3 vanish identically on the rectangle T.
Then the locus of the point P, as u, v vary on T, 13 a real proper analytic
surface S.

Equations (1-3) are called parametric equations of the surface S, the
parameters being the variables u, v. We reserve the right to permit the
parameters to take on complex values whenever they are properly
introduced in the sequel. Moreover, one or more of the coordinates
z, ¥, 2 may, under suitable conditions, be allowed to be complex.

To say that a surface is proper means that it does not reduce to a
single fixed point and also that it does not reduce to a curve. Both
of these degenerate cases are ruled out by the hypothesis that the ja-
cobians J; (z = 1, 2, 3) do not all vanish identically. For, if the locus
S were to reduce to a fixed point P, the coordinates z, y, z of P would
all be constant, and the jacobians J; would all vanish identically.
Furthermore, if the locus S were to reduce to a curve, this curve could
be represented parametrically by equations of the form (I-2-1). If
in these equations the parameter ¢ is set equal to any function of , v,
the result is three equations, of the form (1-3), for which the jacobians
J; are easily proved, by actual calculation, to vanish identically. Con-
versely, the identical vanishing of the jacobians J; would imply that the
locus of the point P was not a proper surface. For, if the jacobians all
vanish identically, then the functions z, y, z are three solutions of a
linear homogeneous partial differential equation of the form

(1-5) ad, + b9, = 0,
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in which the coefficients a, b are functions of u, v. The theory of linear
partial differential equations of the first order tells us how to integrate
this equation. First form the associated ordinary differential equation

(1-6) bdu — adv = 0.
This equation has an integral
17 t(u, v) = const. ,

and the most general solution 8 of equation (1-5) is given by the for-
mula

(1-8) 0 = F(i(u, v)),

the function F being arbitrary. Consequently the coordinates z, y, 2
are either all constant or are, at most, functions of a single parameter
t, so that either P is a fixed point or else has for its locus a curve.

Even if the jacobians J1, J2, J3 do not all vanish identically on the
rectangle T, it may happen that they vanish simultaneously for one
or more isolated pairs of values of u, v, or perhaps they vanish simul-
taneously along a curve v = v(u) in T. Any point of a real proper ana-
lytic surface at which the jacobians J1, J,, J3 vanish simultaneously
is called singular, although the singularity may belong to the para-
metric representation being used for the surface defined as a point-
locus, as in the case of the sphere discussed in the next section, or else
the singularity may belong to the surface itself. Singular points will
ordinarily be avoided hereinafter. A surface, or portion of a surface,
which is free of singular points may be called nonsingular. In this
book the word surface will ordinarily mean a real proper nonsingular
analytic surface.

Elimination of u, v from the parametric equations (1-3) of a surface
S would lead to the implicit equation (1-1) of S. Vice versa, if the
implicit equation (1-1) of a surface is given and a parametric repre-
sentation of the surface is desired, let two of the variables, say z and y,
be arbitrary functions of two parameters u, v, and then solve (1-1)
for z as a function of u, v. In particular, we might take z = u, y = .
Then solution of (1-1) for z would lead to the explicit equation (1-2)
of the surface, except that u and v would occur in place of z and y, re-
spectively. Indeed, the explicit equation (1-2) of a surface, when
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supplemented by the identities x = z, y = y, becomes the parametric
equations

(1-9) T=2z, vy=1v, z = f(z, y)

of the same surface, the parameters now being the coordinates z, y.

EXERCISES

1. If the parametric equations (1 3) are linear in u, », they represent a
plane.

2. The equations
r=u+rvr, y= (u+0)?, z2=(u+v)?

represent a cubical parabola, and not a proper surface.

2. Curves on surfaces. In the first part of this section the analytic
representation of curves on surfaces will be explained. One-parameter
families and nets of curves will be discussed, with particular reference
to parametric curves. In the second part, some examples of the para-
metric equations of surfaces will be adduced for the purpose of illus-
tration and for convenience of reference. Parametric curves on a sur-
face are defined as follows:

DErINITION 1. The parametric curves on a surface S, which is repre-
sented by parametric equations of the form (1 3), are defined to be those
curves on S along each of which one of the parameters varies while the
other 18 constunt.

If the parameter v is held fixed while u varies, the locus of the vari-
able point P(z, y, 2) is a curve on the surface S. This curve, which is
sometimes denoted by C¥, is called a u-curve because its parameter is u.
If v is given a different value and is again held fixed while u varies, the
locus of the point P is another u-curve on the surface S. In this way,
by placing v = const., a one-parameter family of u-curves is defined.
These cover the surface S and are completely described by the dif-
ferential equation dv = 0.

Similarly, interchanging the roles of the parameters » and v, we de-
fine a one-parameter family of v-curves on the surface S, along any one
of which, denoted by C?, the parameter v varies and u = const., so
that du = 0. The family of u-curves and the family of v-curves together
constitule the parametric curves, which are completely represented ana-
lytically by the differential equation

(2-1) dudv = 0.
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Tangent lines of parametric curves are called parametric tangents,
those of u-curves and of v-curves being named u-tangents and v-tan-
gents, respectively. Sometimes the values of a pair u, v which locates
a point P on a surface S are spoken of as curvilinear coordinates of P.
Since on a surface S points P and pairs of values of «, v are in continu-
ous one-to-one correspondence when the range T of the variables u, v
is sufficiently small, the terminology is then justified. Parametric
curves are also sometimes called coordinate curves.

Any curve C on a surface can be represented analytically in various
ways. For example, in the parametric equations (1-3) of a surface S
let the parameters u, v be functions of a third variable ¢, so that we
have

(2-2) u=u(t), v =o(t).

Then the locus of the point P(z, y, 2), as t varies, is a curve on S. Con-
versely, any curve C on S can be represented analytically by equations
of the form (2-2), since along C each of u, v is a function of any param-
eter ¢ that varies along C. Equations (2-2) are called curvilinear para-
metric equations of the curve represented by them.

Another way to represent a curve C on a surface is to impose a con-
dition on the curvilinear coordinates u, v by making them satisfy an
equation of the form

2 3) F(u,v) =0.

If this equation be solved for one of the variables as a function of the
other, say for v as a function of u, we obtain

(2-4) v = v(u).

If this function of u is substituted in place of v in equations (1-3),
the resulting equations are parametric equations of the curve C, the
parameter now being u. An equation (2 3) is referred to as the curvi-
linear tmplicit equation of the curve represented by it, while an equa-
tion (2 4) is designated as the curvilinear explicit equation of the curve
which it represents. The equation » = const. of a u-curve is a special
case of the explicit equation (2-4), but the curves » = const. are not
represented by (2-4).
An equation of the form

(2-5) F(u,v) =¢ (¢ = const.)
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represents a one-parameter family of curves on the surface defined by
the parametric equations (1 3). One of these curves passes through
each point (u, vo) of the surface, namely, that curve whose equation
in curvilinear coordinates is

F(u, v) = F(u, w) .
The equation

(2-6) Fuu+ F,dv =0,

obtained from (2 5) by differentiation, is called the curvilinear differen-
tial equation of the family of curves represented by (2 5). Conversely,
any equation of the form

27 mdu + ndv =0,

in which m, n are functions of u, v, is the curvilinear differential cqua-
tion of a one-parameter family of curves on the surface represented by
equations (1 3).

A net of curves on a surface is defined as follows:

DEFINITION 2. A net of curves on a surface S 1s two one-parameter
families of curves on S such that through each point P of S there passes
just one curve of each family, the two tangents of the curves at P being
distinct.

It is convenient to speak of the two tangents at a point P of the
two curves of a net that pass through P as simply the tangents of the net
at P. The curvilinear differential equation of a net results when the two
equations of the form (2 7) representing the two component families
of the net are multiplied together. Since the two families of the net
are distinct, corresponding coefficients in the equations of the families
are not proportional; or, in other words, the ratio of the differentials
dv and du computed from one equation is not identically equal to this
ratio computed from the other equation. Moreover, it follows from
the discussion in Section 4 below that, since at every point of the por-
tion of the surface under consideration the tangents of the net are
distinct, the two ratios cannot be equgl at any point. Consequently,
the curvilinear differential equation of a net can be written in the form

(2-8) Adu® + 2Bdudy + Cdv* = 0 (AC - B*#0),

in which the coefficients A, B, C are functions of u, v. Conversely,
any equation of this form (with nonvanishing discriminant) represents
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a net of curves on the surface (1 3), since the left member of such an
equation can be factored into two distinet linear factors which, when
equated to zero, represent the two component families of the net, the
two tangents of the curves of the two families being distinct at every
point of the suyrface under consideration.

The equation (2 1) representing the parametric curves on a surface
is a special case of equation (2 8). Indeed, the parametric curves on a
surface, or else on a sufficiently restricted region of it, form a net,
called the parametric net, and equation (2 1) is the curvilinear differen-
tial equation of the parametric net.

Some of the simplest examples of parametric equations of surfaces
may aid in arriving at a better understanding of the general theory of
surfaces. First of all, the zy-plane can be represented by the para-
metric equations

29 T=u, y=uv, z=0.

In this case the jacobians J, have the values given by
(210) J1=0, J2=0, Ja=1.

The u-curves are straight lines parallel to the z-axis, and the v-curves
are straight lines parallel to the y-axis. So ordinary orthogonal car-
tesian coordinates in a plane are an instance of curvilinear coordinates
on a surface, the parametric curves being straight and the surface
being flat in this special case.

After the plane the next simplest surface is perhaps the sphere, which
is usually defined to be the locus of a point moving at a constant dis-
tance from a fixed point. The following parametric equations of the
sphere with center at the origin and with radius r can be read off di-
rectly from Figure 7:

(211) z=rsinucosv, y=rsinusinv, Z=rcosu.

For this representation of the sphere the jacobians J, have the values
given by

Ji=rsinucosv, J2 = rsin? u sin v,
@ 12) .
Js = r¥sin u cos u .

In geographical language the u-curves are meridians of longitude and
the v-curves are parallels of latitude, the curvilinear coordinates of a
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point being its colatitude u and its longitude ». It should be noted
that, although the sphere itself, when defined as the locus of a point,
is perfectly regular at every one of its points, nevertheless the jaco-
bians J, all vanish at the north and south poles, where u = 0 and
u = , respectively. The reason for this phenomenon is that there
are infinitely many meridians of longitude through both poles, so that

Zz

F16. 7

at the poles the parametric curves fail to satisfy one of the conditions
laid down in the definition of a net. The singularities at the poles
therefore belong to the analytic representation used and not to the
surface itself regarded as a point-locus.

A surface of revolution, or simply a revolute, is in some sense a gen-
eralization of the sphere. Simple paramectric equations of a revolute
are obtained in the following way. With reference to Figure 8, let us
consider any curve C, in the zz-plane, which does not cross the z-axis
and which has equations of the form

(2-13) y=0, z = f(z).
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When the curve C is revolved about the z-axis, the locus of C is a sur-
face of revolution whose azxis of revolution is the z-axis. Any point
Po(x, 0, 29) on C takes the position of a point P(z, y, 2) after C has

4
Q P ,0,z2)
u
P(A:y,z) C
v
0 L N X
T A\
D, Yy
M
u
Yy
Fia. 8

been revolved through an angle v. It is obvious that z = z,. More-
over, if a function u is defined by placing

(2-14) u = (2 + yz)xlz
and is restricted to be positive, one sees immediately that
Xo = OM =u

and therefore that z = f(u). It is now evident that parametric equa-
tions of the surface of revolution are

(2-15) T =ucosv, y = usin v, z = f(u).



72 METRIC DIFFERENTIAL GEOMETRY
For the revolute the jacobians J, have the values given by

Ji=—flucosv, Joe= —fusinv, Ji=u

(2-16) (j,, _ 11[) .

du

The u-curves and v-curves are still called “meridians of longitude’ and
“‘parallels of latitude,” respectively. Comparison of Figures 7 and 8
shows that u in Figure 8 is r sin u in Figure 7. If in the last of the
equations (2-15) of a revolute the function f(u) is specialized by plac-

ing
fw) = (7 — w2,

the revolute becomes a sphere. 1f u is now replaced by r sin u, the
resulting equation,

z=f(rsin u) = rcosu,
is the last of the equations (2 11) of the sphere.
EXERCISES
1. The surface represented by the equations
(2 17) r=u, y=vo, 2=
is a hyperbolic parabolowd, whosc explicit equation is
z=1uxy.
The u-curves are straight lines,
y=v, z=uor,
parallel to the zz-plane; the v-curves are straight lines,
r=u, z=uy,

parallel to the yz-plane. The jacobians J, for this surface have the values
given by
J1=-v, Jo= —u, Js=1.

2. Find the implicit equation and the jacobians J, (i = 1, 2, 3) for each
of the following surfaces:

a) Ellipsoid,

(2:18) z=asinucosv, y=bsinusiny, z=ccosu.



SURFACES 73
b) Hyperboloid of two sheets,
(2-19) z = acosh u coshv, = b cosh usinh v, z=csinhu.
¢) Hyperboloid of one sheet,
(220) r=acoshucosy, y =bcoshusiny, z = c¢sinh u.
d) Elliptic paraboloid,
(2 21) r=aucosv, y=Dbusiny, z=u.
¢) Hyperbolic paraboloid,
2 22) r=aucoshv, y=obusinhvo, 2=

3. Discuss the following two surfaces of revolution:

a) The catenoid (surface of revolution of a catenary),

2 _ q2)1/2
(223) r = UuUCcosv?, y=usin”, 3=alogu+(ub ﬂ) )

b) The anchor ring (surface of revolution of a cirelt),
(224) r=wucosv, y=usine, z=[b"— (u—r)2!? (a>0).

4. Defining a conoid to be the locus of a straight line which is perpendicular
to and intersects a fixed straight line !, which is revolved about I, and which is,
at the same time, translated along !, prove that the parametric equations of a
conoid can be written in the form

(2 25) r=ucosv, y=usinv, z2=g().

Describe the parametric curves on this surface.
5. Discuss the following two conoids:
a) The screw surface,

(2 26) r=1ucosv, y=usiny, z2=av (e = const.) .
b) The cylindroid,

(2 27 r=wucosy, Y=wusiny, 3=3s8in2v.

6. Prove that the locus of the principal normals of a circular helix is a
screw surface.
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7. Find the parametric equations of the form (2-25) for the conoid whose
implicit equation is
22t 4+ a¥y? = rig?,

and determine the shape of the surface.
8. Discuss the helicoid,

(228) z=wucosv, y=usinv, z=ar+ f(u) (@ = const.) .

3. The first fundamental form. The word form, as used in algebra,
means homogeneous polynomial, An n-ary p-adic form is a form of
degree p in n variables. In particular, a binary quadratic form is a form
of the second degree in two variables. A differential form is a form in
the differentials of a set of variables, the coefficients of the form being
functions of these variables. Binary quadratic differential forms ap-
pear frequently in the metric differential geometry of surfaces. For
instance, the left member of equation (2-8) is form of this kind.

The first fundamental form in the metric theory of surfaces is a
binary quadratic differential form which arises in the calculation of
the element of arc of a curve on a surface. To discover it, let us con-
sider a surface S represented analytically by the parametric equa-
tions (1-3), and on S consider a curve C whose curvilinear equation is
known. Differentiating equations (1-3), we obtain

dxr = z,du + z,dv, dy = y.du + y.dv,
(3-1) {

dz = z,du + z,dv,

the differentials du, dv being supposed to be related by the equation
resulting from differentiating the curvilinear equation of C. Let s de-
note arc length measured from some fixed point of the curve C. Then,
squaring and adding equations (3-1), we find

3 2) ds? = Edu® + 2Fdudv + Gdv?,
where the coefficients E, F, G are defined by the formulas

83 E=224+1+2, F=2z2 4 yulo+ 22,
G=2+y;+ 2.

Thus the square of the element of arc of the curve C is calculated,
and the way is prepared for the following definition.
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DerINITION 1. The first fundamental form ts the form in the right
member of equation (3 2).

The coefficients E, F, G of the first fundamental form are sometimes
called the first fundamental coefficients in the theory of surfaces. Some
additional notations will be useful in the sequel. In the domain of real
numbers the coefficients £, G are positive. Two functions A and C are
now defined to be the positive square roots of £ and @, respectively,
so that

(3-4) A =E7", C =@q".

Furthermore, the first fundamental form is definitely positive in the
domain of reals, since this form is equal to ds?. Therefore, the dis-
criminant EG — F? of this form is positive. In fact, Lagrange’s iden-
tity (I-4-13) gives a relation,

(3-5) EG -F*=Ji+ J; + JE,

between this disecriminant and the jacobians J, defined by (1-4). A
function H is now defined to be the positive square root of this dis-
criminant, so that

(3-6) H = (EG — F)»2.

The element of arc of a parametric curve can be expressed by a very
simple formula. Let arc length of a u-curve be denoted by s* and that
of a v-curve by s*. Since we have dv = 0 along a u-curve and du = 0
along a v-curve, the general formula (3 2) for the element of arc of
any curve specializes, for the parametric curves, into

37 ds* = Adu, ds* = Cdv,

where A, C are defined in (3-4), and the positive square roots are
taken in order that the positive sense on a parametric curve may be
the sense in which the parameter increases, in harmony with the con-
vention made in Section 3 of Chapter I.

Then the length s of a curve C on a surface, measured from an arbi-
trarily chosen fixed point (u,, vo) to a variable point (u, v) on C, may
be calculated by means of the integral

(u, 7)
@3 8) s = f (Edu? + 2Fdudy + Gd?)"”.
(

uo, )
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In order to evaluate this integral along the curve C defined by a curvi-
linear implicit equation (2-3), one may differentiate this equation to
get a relation between du and dv which is valid at points of C, and may
then use (2 3) to express one variable as a function of the other, say
v as a function of u. Thus the evaluation of the integral may be re-
duced to a quadrature. It is even easier to reduce the evaluation of
the integral to a quadrature when the curve C is defined by its curvi-
linear parametric equations (2 2), by using ¢ as independent variable.

EXERCISES

1. For the xy-plane represented by the parametric equations (2 9), verify
the results,

39 E=1, F=0, G=1, H=1;

for the sphere (2 11),
310) E=r?, F=0, G =rtsinu, H = r’sinu;

and for the revolute (2 15),
@1) E=1+f*, F=0, G=uw, II=ul+fy)?,

the positive square root being taken.

2. Caleulate J,, E, F, G, H for the surfaces whose parametric equations
are written in the exercises of Section 2.

3. Use the integral (3 8) to verify that the total length of a meridian of the
sphere (2 11) is 277, that the length of the equator is 27, and that the length
of a parallel of latitude, u = b, is 27r sin b.

4. When the equation of a surface is written in the explicit form (1 2),

place
T=1u, y=v, f:=p, fll=Qr

and verify the following results:

Ji=-p, J:= —q, Ji=1,
(3 12) )
E=1+4+p, F=p, G=1+4+¢, H=1+p+¢.

4. Tangent plane and normal line. Let us consider a surface S rep-
resented by the parametric equations (1-3), and on S a curve C whose
curvilinear parametric equations are

41 u = u(s), v = v(s),
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the parameter s being arc length measured from an arbitrarily chosen
fixed point of C. The direction cosines a, 8, v of the tangent line at a
point P(z, y, z) of C are given by the formulas

a =2 =z 4+ 2,0,

(4 2) B=y =yu +yo, p
’ "
y=2 =zu + z0' ($=a-§,"'>-

Let functions belonging to the parametric curves be indicated by ap-
propriate superscripts u or v. Then equations (4-2) and (3-7) lead to
the following formulas for the direction cosines of the u-tangent and
the y-tangent at a point of a surface:
Ta— u=:l_/“ u=z“'.

=4 e v g
(t 3)

av=(”-; 3'='(T: 'Y"=b-.

(6" y*)

C‘l

o/

@,p,y)

N

g

" 8% y")

Fi1a. 9

A remarkable fact about the geometry of a surface, in the neigh-
borhood of one of its points, will now be stated.

ThueoreEM 1. The tangent lines at an ordinary point P on a surface S
of all the curves that lie on S and pass through P lie in a plane.

The proof of this theorem is illustrated by Figure 9. The para-
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metric equations of the tangent line at the point P of the curve C on
the surface S can be written in the form

X =z + t(xau + z0),
(4-4) Y =y + tya' + '),
Z =z + t(zu' + z2'),

in which ¢ is the algebraic distance from the contact point P(z, y, z) to
a variable point Q(X, ¥, Z) on the tangent, and ', v’ are calculated
from the equations (4-1) of C. As the point  moves along the tan-
gent, the distance ¢ varies. If the curve C is now allowed to vary in all
possible ways, remaining on S and passing always through P, the ratio
v'/u’, or dv/du, varies. Under these circumstances cquations (4 -4) are
the parametric equations of a plane, whose implicit equation is found,
by eliminating the parameters tu’ and &’ from equations (4-4), to be

X—2z Y-y Z-:2
(4-5) T Yu a | =0.

Ty Yo 2y

The tangent lines at the point P of all the curves that lie on the sur-
face S and pass through P lie in this plane. The following definition
of the tangent plane is based on the foregoing theorem.

DeriniTION 1. The tangent plane at a point P of a surface S is the
plane that contains the tangent lines at P of all the curves that lie on S and
pass through P.

The equation (4-5) of the tangent plane can be written in the form

(46) (X—x) Zu, x,,) =0:

by interchanging rows and columns of the determinant and writing
only a typical row within parentheses. The equation of the tangent
plane can also be written in the form

47 JX —2)+ Jo(Y —y)+ Js(Z —2) =0,

by expanding the determinant in (4 5) on the elements of the first row.

The point P(z, y, 2) is naturally called the contact point of the tan-
gent plane of the surface S at P. The formulas (4-2) for the direction
cosines of the tangent line at a point P of a curve on a surface show
that, as long as the point P is fixed, the tangent line changes its orien-
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tation in the tangent plane if, and only if, the derivative dv/du
changes. In fact, this derivative is a coordinate of the tangent line
in the flat pencil composed of all the tangent lines in the tangent plane
at the point P. It is convenient to give the name direction to this
coordinate by a definition.

DEFINITION 2. At a point of a curve on a surface the direction of the
curve (or of its tangent) 1s the derivative dv/du calculated from the curvi-
linear equation of the curve.

Evidently, the tangents of two curves at a point on a surface coin-
cide if, and only if, the directions of the two curves at the point are
equal. The normal line, or simply the normal, at a point of a surface
is defined as follows:

DerFINITION 3. The normal at a point P of a surface S is the line
through P perpendicular to the tangent plane of S at P.

The equation (4-7) of the tangent plane shows that, except possibly
for sign, the direction cosines of the normal, which will be denoted by
a, b, ¢, are proportional to the jacobians J,. Hence, except possibly
for sign, they are equal to these jacobians divided by II. The uncer-
tainty with regard to their signs is removed by the following conven-
tion relative to the positive sense on the normal:

The positive sense on the normal s, by agreement, such that

'[[

_ J',,' _v[:{
(18) a—ﬁ, b =737 -

“H' ‘TH

The geometrical fact that the normal at a point of a surface is per-
pendicular to both parametric tangents at the point is affirmed ana-
Iytically by the following easily proved identitics:

49 aa* + b8+ ey =0, aa® +bB" +cy* = 0.

With these should be associated the following:

aa+b+ct=1, aay, + bb, + ¢cc, =0,
(4 10)
aa, + bb, + cc. = 0.
Finally, direct calculation suffices to verify the identity
uu ﬂu .Yu I
(4 11) a’ gr v | = A0
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Since the right member is positive, so also is the determinant positive.
Therefore the trihedron whose edges are the u-tangent, the v-tangent, and
the normal at a point of a surface s left-handed, since this trihedron must
have the same orientation as the fundamental coordinate trihedron.

EXERCISES
1. For the sphere (2 11) verify the results,

(4 12) a =sinuwcosv, b=sinusinv, cC=Ccosu;
and for the revolute (2 15),

fleosp

_ f'sinv 1 .
a = '_(l +flz)l/2 )

“13) RETC I T

b=
2. Write the equations of the normal line at any point of the sphere, and
prove that this line passes through the center of the sphere.

3. Write the equations of the normal line at any point of the revolute, and
prove that this line inverseets the axis of revolution at the point (0, 0, f +
u/f"). The length of the segment of the normal between this point and the
surface is

7+,

4. The direction cosines of the normal at a peint of a surface whose equa-
tion is written in the explicit form z = f(r, y) are proportional to f:, fy, —1.

5. The dircetion cosines of the normal at a point of a surface whose equa-
tion is written in the implicit form F(r, y, 2) = 0 are proportional to Fz, Fy,
F.. Interpret geometrically the equation

(4 14) Frde + Fldy + Fudz = 0,
which is obtained from the equation of the surface by differentiation.
6. When the equations of a curve are written in the implicit form
F(r,y,2)=0, (G(r,y,2) =0,
the direction cosines of the tangent at a point of this curve are proportional to
FG. - F.Gy, F.G.—-F.G, FLb,—FG:.
7. Find the equations of the tangent line at the point (1, 1, 1) of the curve

ryz =1, y¥=1=r.
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8. Find the equations of the tangent line and normal plane at any point
of the curve

24yt 4 22 =4a?, 1’4 22=2ar.
9. Find the equation of the normal plane at any point on the curve
ar? 4+ by*+c2=1, 124 y*+ 22 =d2.

6. Envelopes of surfaces. Just as in the plane a sufficiently regular
one-parameter family of curves has an envelope which is a curve to
which all the curves of the family are tangent, so in three-dimensional
space a sufficiently regular one-parameter family of surfaces has an
envelope which is a surface to which all the surfaces of the family are
tangent. We shall discuss in this section the envelope of a one-param-
eter family of nonspecialized analytic surfaces, and in the next. section
shall restrict attention to the case of a one-parameter family of planes.

Let us consider a sufficiently regular analytic one-parameter family
of surfaces represented by the equation

(5 1) F(x’ Y, g, t) =0,

in which £ is the parameter. For an arbitrarily chosen and then fixed
value ¢ of the parameter, equation (5-1) represents a surface of the
family. If a small increment At is given to ¢, we obtain the equation

(5-2) F(z,y,z,t+ At) =0
of a neighboring surface of the family. Any point on the curve of in-
tersection of these two surfaces is also on the surface whose equation is

1
B[F(x’y;z;t'f'At)—F(z:y)z)t)]=0-

If this curve of intersection approaches a limit when At approaches
zero, this limiting curve is called the characteristic curve, or simply the
characteristic, of the surface (5-1). In other words, the characteristic of
a surface s the curve in which a consecutive surface intersects it. The
implicit equations of the characteristic are

(5-3) F(z,y,2,1) =0, Fi(z,y,2,t) =0,

in which the subscript denotes partial differentiation. The way is now
prepared to define the envelope.
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DerinrrioN 1. The envelope of a one-parameter family of surfaces is
the locus of the characteristics of the surfaces.

Elimination of ¢ from equations (5-3) would yield the implicit equa-
tion of the envelope. If the elimination be performed by solving the
second of (5-3) for ¢ as a function of x, y, 2 and then substituting in
the first, the equation of the envelope takes the form

(5 4) F(z,y, 2 t(x,y,2) = 0.

With this equation of the envelope it is easy to prove the following
theorem.

THEOREM 1. The envelope of a one-parameter family of surfaces is
tangent to each surface of the family at each point of the characteristic of
the surface.

To prove this theorem, let us observe that the direction cosines of
the normal at a point of the envelope (5 4) are proportional to

F.r+Flt:, Fy+14‘ltv, F:+F¢tz-

But at a point of the characteristic curve (5 3) we have F, = 0.
Therefore the direction cosines of the normal to the envelope are pro-
portional to F,, F,, F,, and so this line is also normal to the surface
(5 1). Consequently, at each point of the characteristic (5 3), the
surface (5-1) and the envelope (5-4) have the same tangent plane
and hence are tangent to cach other, as was to be shown.

The characteristics of all the surfaces of a one-parameter family lie
on the envelope of the family and so form a one-parameter family of
curves on a surface. If this family of curves is sufficiently regular, it
has an envelope. To investigate this envelope, let us consider the
characteristic (5 3) and a neighboring characteristic whose equations,
obtained from (5-3) by giving to f an increment At, are

5-5) F(z,y,2t+4t)=0, Fyz,y,2,t+ At) =0.

Any point of intersection of these two characteristics has coordinates
satisfying the equation

1
—A—t[F‘(x’ vz t+ At) - F;(Z, Y, Z,t)] =0.
If this point of interscction approaches a limit when At approaches

zero, the limiting point is called a focal point of the characteristic. In
other words, the focal points of a characteristic are the points in which a
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consecutive characteristic intersects it. The coordinates of a focal point
satisfy the equations

(56) F(z,y,21t) =0, Fyz,y,2,t) =0, Fu(z,y,2,1) =0.

If these equations be solved for z, ¥, z as functions of ¢, the resulting
equations,

(5-7) T ==z, y= y(t) ’ z =z(1),

may be regarded as the parametric equations of a curve. This curve is
the locus of the focal points of the characteristics of the surfaces of the
family and is, by definition, the envelope of the characteristics of the
surfaces of the family. This envelope has a special name, introduced
in the following definition.

DEerINITION 2. The edge of regression of the envelope of a one-param-
eter famuly of surfaces is defined to be the envelope of the characteristics
of the surfaces.

The following theorem is an analogue of Theorem 1.

TuroreM 2. The edge of regression of the envelope of a one-parameter
Sanmaly of surfaces is tangent to each characteristic at each focal point of
the characteristic.

The proof of this theorem begins with the observation that the
direction cosines of the tangent at a point of the edge of regression are
proportional to r/, ¥, 2’ calculated from equations (5 7), the accent
denoting differentiation with respect to ¢. Since the functions of ¢ in
the right members of equations (5-7) satisfy the first two of equations
(5-6) identically in ¢, differentiation of these equations gives

Fx + Fy' + F.22+ F, =0,
For' +Fupy +Fe2’ +Fy=0.

But at a focal point of a characteristic we have F, = 0, F, = 0 by
the last two of equations (5 6). Consequently, we find

z' =k(F,F, — F.Fy),
y’ = k(FlFl.t - FzFlz) )
2 =k(F.Fy— F,F.),

where k is a nonvanishing proportionality factor whose value is imma-
terial. But the parentheses are proportional to the direction cosines
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of the tangent line of the characteristic (5-3) at the focal point. There-
fore the edge of regression and the characteristic have the same tan-
gent line at a focal point of the characteristic, and hence are tangent
to each other there, as was to be shown.

As a working rule, to find the envelope of a one-parameler family of
surfaces (5 1), differentiate with respect to the parameter and eliminate
the parameter. To find the edge of regression of the envelope, differentiate
twice with respect to the parameter and solve for z, y, z as functions of
the parameter.

If, however, one happens to be considering a one-parameter family
of surfaces associated with the points of a space curve, and if the equa-
tion of a surface of the family is written in local coordinates, it is con-
venient to know how to differentiate local coordinates in order to find
the envelope by thismethod. It turns out that the conditions (II 2-18)
on the local coordinates of a point which is fixed relative to the fixed
system of coordinates are the differentiation formulas required, as will
now be demonstrated. Let the equation of a surface of the family
under consideration be

(5 8) f(E’ 7’:‘-:8)=0:

in which s is arc length along the curve and ¢, 7, ¢ are local coordi-
nates. If the expressions given for £, », { by the equations (I-7 2) of
transformation of coordinates are substituted in equation (5 8) the
result is the equation of the surface referred to the fized coordinate
system, namely,

59  f(Za(X — z), X — z), SNX — 1), 5) =0,

the summation being for cyclical permutations. In order to find the
characteristic of this surface, the procedure is to differentiate partially
with respect to the parameter s, which appears in q, I, ), z as well as
explicitly. The result of the differentiation is the equation

(5-10) JE€ +f' + A+ =0,

where the accents indicate differentiation with respect to s. The deriv-
atives ¢, ', {’ can easily be calculated by differentiating equations
(I-7 2) with respect to s while X, ¥, Z are fixed. The expressions ob-
tained as the result of this differentiation can be reduced by means of
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the Frenet formulas (I-6-1) and the equations (I 7 2) themselves to
the differentiation formulas for locul point coordinates,

U [V S SR D U
G =147 = tf o (oK)

These formulas are observed to be the same as the conditions (IT 2 18),
and give the expressions to be used for ¢, 4/, ¢’ in equation (5 10) to
complete the solution of the envelope problem, as was to be shown.
Some concrete applications of these formulas will be found in Exercise
2 below and in the next section.,

EXERCISES

1. The equation of the envelope of the two-parameter family of surfaces
represented by the equation

(5 12) Fle,y, 3, u,1) =0,

in which u, » are the parameters, is obtained by eliminating u and » from this
equation and the derived equations

(5 13) Fulr,y, s, u,0) = 0, Fola,y,z,u,0) =0,

2 Use the differentiation formulas (5 11) to prove that the characteristic
of the osculating sphere (I 8 1) at a pomnt P of a nonspherical curve (', as P
varics on (*, 15 the osculating circle (I 8 4). Then prove that the edge of re-
gression of the envelope of the osculating sphere of the curve C is the curve ¢
itself,

3. The parametric equations of the envelope of the one-parameter family
of plane curves

(0 14) r = x(u,a), y = ylu, a),

the parameter of the family being «, are found by solving the equation
(5 15) Yulfa — Laliu = ()

for u as a function of a and substituting in (5 14).

4. The parametric equations of the envelope of the one-parameter family
of surfaces

(5 16) r=uxr(unr), y=ylura, 2= 3(u,rua),
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the parameter of the family being a, are found by solving the equation

Zu Yu 2
(5 . 17) Ly yv 2y = 0

Ta Ya Ra
for ¢ as a function of u, a and substituting in (5 16).

5. The parametrie equations of the envelope of the two-parameter family
of surfaces

(5-18) & =ux(u,v,a,b), y =y, ab), z2=2z(u,v,ab),

the parameters of the family being a, b, are found by solving the equations

Tu Yu 24 Tu Yu 2u
(5 19) Ty Yo 2v| = 0, Ty Yv | =0
La Ya Za I Yo 2b

for u, v as functions of a, b and substituting in (5 18).

6. Developable surfaces. This section is devoted to a special elass
of surfaces called developable surfaces, or simply developables. The rea-
son for the name is that analytic developables are the only analytic
surfaces that can be developed upon, or applied to, a plane so as to fit
upon it exactly without stretching, tearing, or folding. This property,
however, will not be discussed in detail until later (sce Chap. 6, Sec. 4).
The most general kind of developable surface is the tangent developable
of a curve. The following definition of the tangent developable of a
curve has the advantages of being usable in projective geometry as
well as in metric geometry, and of being valid in the geometry of
hyperspace as well as in that of ordinary space.

DEeFINITION 1. The tangent developable of a curve is the locus of the
tangents of the curve.

In order to obtain parametric equations of the tangent developable
of a curve, let us consider a curve ¢ whose parametric equations are
supposed to be known, the parameter being the arc length s measured
from a fixed point P, to the point P(z, y, 2) of C (see Fig. 10). The
parametric equations of the tangent line of C at P are

6-1) X=x+at, Y=9y+48t, Z=z+1t,



§6] SURFACES 87

in which ¢is the algebraic distance from P to a variable point Q(X, ¥, Z)
on the tangent and a, B, ¥ are the direction cosines of the tangent. If
8 is held fixed while ¢ varies, the point P is fixed and the point Q runs
along the fixed tangent of C at P. But if s and ¢ both vary, the point P
varics along the curve C and the tangent line generates a developable
surface, which is the locus of the point Q. Therefore equations (6-1)
are parametric equalions of the tangent developable of the curve C, the
parameters being s and t.

The curve C is called the cuspidal edge, or edge of regression, of its
tangent developable. Each tangent line of C is called a generator of
the developable, and the point where a generator touches the cuspidal
edge is called the focal point of the generator. The reason why some

(aBy)

Qxrz)

Fic 10

of the terminology of the theory of envelopes is used in this connection
is contained in Theorem 2, and the reason for the name cuspidal edge is
found in Exercise 7 below. The tangent developable of a curve is to be
visualized as consisting of two sheets joined together so as to be tan-
gent to each other along the curve itself as a sharp edge, namely, the
edge of regression. One sheet is generated by the positive half-tangent,
and the other by the negative half-tangent of the curve.

There are some special types of developables which should be
mentioned. For example, if the edge of regression is a plane curve,
the developable is all or part of the plane of the curve. So a plane is
a very special type of developable. Moreover, a cone is a developable
whose edge of regression has reduced to a fixed point. Equations (6 1)
represent a cone if z, y, z are all constant and if the direction cosines
a, B, v of a generator are functions of any parameter . The vertex of
the cone is then the fixed point (z, v, 2). A flat pencil of lines may be
thought of as a degenerate cone, but leads to the plane as a develop-
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able, and need not be considered further here. A cylinder is a develop-
able, since a cylinder may be thought of as a cone with its vertex at
infinity. Equations (6 1) represent a cylinder if the direction cosines
a, B, v of a generator are all constant and do not belong to the tangen