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ORDER OF PROCEEDINGS
AT THE
CELEBRATION
OF

THE JUBILEE OF

Sik GEORGE GABRIEL STOKES, BART.






ORDER OF PROCEEDINGS
AT THE
FORMAL CELEBRATION BY THE UNIVERSITY OF CAMBRIDGE
oF
THE JUBILEE OF
Stk GEORGE GABRIEL STOKES, Barr, MA, Hox LLD, Hox ScD

Thursday, 1 June, 1899.

In the evening the Vice-Chancellor was present at a Conversazione i the
Fitzwilliam Museum  About one thousand guests accepted the nvitation of
the University

Lord Kelvin, on behalf of the subscribers to the maible busts of Swr G G.
Stokes by Hamo Thornycroft, R A, offered one of them to the Umiversity,
and the other to Pembioke College. The former was accepted on behalf of the
University by the Vice-Chancellor, the latter on behalf of the College by the
Rev C. H. Prior, M A

Friday, 2 June, 1899. A Congregation was held this day at 11 am.
Sir G G Stokes sat on the right hand of the Vice-Chancellor

The Delegates sent by Universities, Academies, Colleges and Societies were
presented to the Vice-Chancellor in the chronological order of the Institutions
represented.

The names of the Institutions and of the Delegates were announced by
the Registrary, as follows

Univasity of Pars Professor Gaston Darboux, Doyen de la Faculté
des Sciences
University of Oxford Sir William Reynell Anson, Bait, M P, and

Robert Edward Baynes, M A, Lee’s Reader
wn Physics
Unwversity of Heidelberg Professor Quincke
b2



coe

viii
University of St Andrews

Umversity of Glasgow

Academies of Upsala, Copenhagen, Helsingtors
University of Aberdeen
University of Edinburgh

Umversity of Dublin

Royal Society

Académie des Sciences, Pans

University of Pennsylvania

American Philosophical Society }
Gesellschaft der Waissenschaften zu Gottingen
New York, Columbia Umversity

Princeton University, New Jersey

Imperial Academy of Military Medicine, St
Petersburg

Bataafsch Genootschap voor Physika, Rotter-
dam

Académie Royale des Sciences des Lettres et
des Beaux Arts de Belgique

Manchester Literary and Philosophical Society

Royal Irish Academy

Royal Society of Edinburgh
St Edmund’s College, Ware
Ecole Polytechmque, Paris

Ecole Normale Supérieure, Paris
Royal Institution

ORDER OF PROCEEDINGS.

P. R. Scott Lang, M.A, Regius Professor of
Mathematics.

Very Rev. Robert Herbert Story, D.D., Prin-
cipal, and Lord Kelvin, M.A., Hon. LL.D,
GCVO

Professor Mittag-Leffler

Sir Wilham Dugwid Geddes, LL.D., Principal.

George Chrystal, M.A., Professor of Mathe-
matics, and G. F. Armstrong, M.A, Pro-
Jessor of Engineering.

George Salmon, D.D, Provost, and Benjamin
Williamson, M.A., D.Sec.

Lord Lister, Hon LLD, President

Alfred Bray Kempe, M A, Treasurer

Michael Foster, M A, Professor
of Physwlogy

Arthur Wilham Rucker, M A. } Secretaries
(Oxou.), Professor of Physics,

Royul College of Scrence.

Professor Becquerel.

Professor G F. Barker, Vice-President.

Edward Riecke, Piofessor of Physics

Robert S Woodward, PhD, Professor of
Mechanics and  Mathematwal Physios,
Dean of the Faculty of Pure Science

Professor Edgar Odele Lovett

Professor Egoroff.

Dr Elie van Rijckevorsel.

Professor Alphonse Rénard, Professor G Van
der Mensbrugghe.

Reginald Felix Gwyther, M.A, Secietary

Earl of Rosse, KP, President, George F
FitzGerald, M A, Professor of Natural
and Ezpervmental Philosophy, Trimty
College, Dublin

Lord Kelvin, M.AA, Hon LLD, President, and
Sir John Murray, KCB, Hon ScD

Right Rev. J. L. Patterson, M A. (Oxon.),
Bishop of Emmaus.

Professor Cornu and Professor Becquerel.

Professor Borel.

Sir J  Crichton Browne, MD (Ednb),
Treasurer.



ORDER OF PROCEEDINGS. ix

Philosophical Society of Glasgow
University of Bonn

Cambridge Philosophical Society
Royal Astronomical Society

University of Toronto

St Dawvid’s College, Lampeter

Institution of Civil Engineers
King’s College, London

British Association
Umiversity of Durham

Solar Physics Committee, Science and Art
Department
Cambridge Ray Club

University of London
London Chemical Society
Queen’s College, Belfast
Queen’s College, Galway
Umversity of Sydney

Royal College of Science, London

The Owens College, Manchester
University of Bombay
University of Madras

London Mathematical Society

University of New Zealand

Durham College of Science, Newcastle-on-
Tyne

Umversity of Adelaide

Umversity College of Wales, Aberystwyth
Physical Society of Paris

Yorkshire College, Leeds

Physical Society of London

Mason College, Birmingham

Lord Blythswood.

Professor Kayser.

Joseph Larmor, M A., President.

George Howard Darwin, M.A., Plumian Pio-
Sessor of Astronomy, President

R. Ramsay Wright, M A,, B.Sc, Professor of
Buology.

A. W. Scott, M.A, Trmity College (Dubl.),
Professor of Physical Scvence and Mathe-
matics

Wilham Henry Preece, CB, President.

Archibald Robertson, D D. (Durham), Prn-
cpal.

Sir Wilham Crookes, President

Ralph Allen Sampson, M.A, Professor of
Mathematics

Prof G H. Darwin

Alfred Newton, M A, Professor of Zoology
and Comparatwe Anatomy.

Sir H Roscoe.

Dr T E Thorpe

Thomas Hamilton, D.D., President

Alexander Anderson, M A, President

Phihp Sydney Jones, MD (Lond ), Fellow of
the Senate of the Unmwversity of Sydney

John Wesley Judd, C.B, LL.D, Dean; W A.
Tilden, Professor of Chemustry

Alfred Hopkinson, QC, M A, Prinapal.

Dr H M Budwood, M A., CS.I

Hon H H. Shephard, M A, Puisne Judge of
the High Court of Madras

Lord Kelvin, MA, Hon LLD, President.

Edward John Routh, M.A, Sc.D

Henry Palin Gurney, M A, Principal.

Horace Lamb, M A, Professor of Mathematacs
wmn Owens College, Manchester.

Robert Davies Roberts, M.A

M Henn Deslandres

Leonard J. Rogers, M A, Professor of Mathe-
matics

Ohwver J Lodge, D Sc., Professor of Physics,
Unwersity College, Lwerpool, Presudent.

John Henry Poynting, Sc D, Professor of
Physics



x ORDER OF PROCEEDINGS.

Johns Hopkins University, Baltimore

Firth College, Sheffield
University College, Bristol

City and Gulds of London Institute for
Advancement of Technical Education

Unwersity College, Dundee

University College, Nottingham

Victoria Umversity

Royal Umversity of Ireland

Royal College of Science for Ireland

University College, Liverpool

University of the Punjab

Umniversity College of South Wales, Cardiff

University College of North Wales, Bangor

Royal Indian Engmeering College, Coopers
Hill

University of Allahabad

University of Wales

Simon Newcomb, Hon. Se.D, LL D, Professor
of Mathematics and Astr y; and
Professor Ames.

‘Wilham Mitchinson Hicks, Se.D., Principal.

Frank R Barrell, M.A, Professor of Mathe-
matics

Sir Frederick Abel, K.C.B.

John Yule Mackay, Principal

John Elliotson Symes, M A, Principal.

Nathan Bodington, Laitt.D, Vice-Chancellor

Right Rev. Monsignor Molloy, D.D, D Se

Walter Noel Hartley, Professor of Chemastry

Richard Tetley Glazebrook, M A, Principal

Sir Charles Arthur Roe, M A, late Fuirst
Judge of the Chief Court, Punjab; late
Vace-Chancellor of the University.

H. W Lloyd Tanner, M A (Oxon ), Professor
of Mathematics

Henry R Reichel, MA (Oxon), Principal

Prof. A Lodge, M A. (Oxon.), Professor of
Mathematics ,

G. Thibaut, Ph D, Principal of the Mwr
Central College, Allahabad

J Virnamu Jones, M A, Vice-Chancellor.

The following Institutions sent Addresses:

Yale Umversity.

American Academy of Arts and Sciences, Boston
Royal Academy of the Netherlands

Imperial Umversity of Tokio

Reale Accademia dei Lincer di Roma

A telegram was received from the Hungarian Academy, and a letter from
Professor Pascal, in the name of himself and the University of Pavia.

At 1.30 p.m. the Vice-Chancellor gave a luncheon at Downing College, at
which the Chancellor, Sir G. G. Stokes, the Delegates, the invited guests of
the University, and many members of the Senate were present.
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A second Congregation was held at 2.45 p.M.

A Procession was formed at the Library at 2.35 p.M. in the following
order .

The Esquire Bedells

Sk G. G. StokEs THE CHANCELLOR
The Recipients of the Degree of Doctor in Science, honoris causd :
1. Marie Alfred Cornu 2. Jean Gaston Darboux
3. Alfred Abraham Michelson 4. Magnus Gustaf Mittag-Leffler
5. Georg Hermann Quincke 6. Woldemar Voigt
The Lord Lieutenant The Vice-Chancellor accompanied by the Registrary

The Representatives in Parliament
The Heads of Colleges
Doctors in Divimty
Doctors in Law
Doctors in Medicine
Doctors in Science and Letters
Doctors in Music
The Public Oator
The Librarian
Professors
Members of the Council of the Senate
The Proctors

The Procession passed round Senate House Yard, and entered the Senate
House by the South Door
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The following Address, as approved by the Senate, and sealed with the
University seal, was read by the Public Orator, and presented to Sir George
Gabriel Stokes by the Chancellor.

Baronetto insigm
Georgro Gabrieli Stokes
Turis et Screntiarum Doctor
Regquae Socretatrs quondam Praesidy

Scientiae Mathemat per annos quinquaginta wnter Cantabrigienses Professort
S P. D,
Universitas Cantabrigiensis

Quop per annos quinquaginta inter nosmet 1psos Professoris munus tam praeclare
ornavisti, et tib1, vir venerabilis, et nobis 1psms vehementer gratulamur. Iuvat vitam tam
longam, tam serenam, tot studiorum fructibus maturis felicem, tot tantisque honoribus
1llustrem, tanta morum modestia et benignitate msignem, hodie paulisper contemplar1  Anno
eodem, quo Regmna nostra Victoria insularum nostrarum solio et sceptro potita est, 1pse
eodem aetatis anno Newtom nostr1 Universitatem 1uvenis petist:, Newton: cathedram postea
per decem lustra ornaturus, Newton1 exemplum et in Senatu Britannmico et in Societate
Regia ante oculos habiturus, Newtom vestigia in scientiarum termims proferendis pressurus
et ingenu tanti 1maginem etiam nostro in saeculo praesentem redditurus Ohm studiorum
mathematicorum e certamine laurea prima reportata, postea (ne plura commemoremus)
primum aquae et immotae et turbatae rationes, quae hydrostatica ct hydrodynamica
nominantur, subtilissime examinasti, deinde vel aquae vel aens fluctibus corporum motus
paulatim tardatos mimutissime perpendisti, lucis denique leges obscuras mngenn tui lumine
luculenter 1illustrastl. Idem etiam scientiae mathematicae m puro quodam caelo dn vixisty,
atque hominum e controversus procul remotus, sapientiae quasi in templo quodam seieno
per vitam totam securus habitasts. In posterum autem famam diturnam tibi propterea
praesertim auguramur, quod, 1n 1inventis tuis pervulgandis perquam cautus et consideratus,
mhil praeproperum, nmihil 1mmaturum, nihil temporis cursu postea obsolefactum, sed omma
matura et perfecta, omma ommnibus numens absoluta, protulists Taha propter merita non
modo 1n 1nsulis nostris doctrinae sedes septem te doctorem honoris causa nominaverunt,
sed etiam exterae gentes honoribus eximiis certatim cumulaverunt Hodie eodem doctoris
titulo studiorum tuorum socios nonnullos exteris e gentibus ad nos advectos, et 1psorum
et tuum 1n honorem, velut exempl causa, libenter ornamus. In perpetuum demque obser-
vantiae nostrae et reverentiae testimonium, in honorem alumm diu a nobis dilect1 et ab
alus nomismate honorifico non uno donati, 1pst nomisma novum cudendum curavimus In
honore nostro novo in te primum conferendo, mnter vitae ante actae gratulationes, tib1
omnia prospera etiam 1n posterum exoptamus. Vale

Datwm wn Senaculo
mensis Tunit die secundo ( @
A. 8 MDCcexcIx \
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A Commemorative Gold Medal was presented to Sir G. G. Stokes by the
Chancellor.

Professor Cornu and Professor Becquerel presented the Arago Medal to
Sir G. G. Stokes on behalf of the Academy of Sciences, Paris.

The following degrees were conferred :

Doctors in Science (honoris causd)

Mane Alfred Cornu
(Professor of Experimental Physics n the Ecole Polytechnique, Paris)

Jean Gaston Darboux
(Dean of the Faculty of Sciences in the Umversity of France)

Albert Abraham Michelson
(Professor of Experimental Physics i the University of Chicago)

Magnus Gustav Mittag-Leffler
(Professor of Pure Mathematics, Stockholm)

Georg Hermann Quincke
(Professor of Experimental Physics in the Umversity of Heidelberg)

Woldemar Voigt
(Professor of Mathematical Physics in the Umversity of Gottingen)

The Public Orator made the following speeches in presenting the several
recipients of honorary degrees to the Chancellor.

Primum vobis praesento arttum plurimarum Scholae Parisiensis professorem, quem 1n
hoc 1pso loco die hesterno perspicuitate sohta disserentem audivistis, virum non modo solis
de lumine in partes suas solvendo, sed etiam orbis terrarum de mole metienda per annos
plurimos praeclare meritum. Lucis 1n natura explicanda, quanta cum doctrinae elegantia,
quanta cum experimentorum subtilitate, quam diu versatus est Idem quam accurate
velocitatem 1llam est dimensus, qua per aers ntervallum immensum lucis simulacra
minutissima transvolitant,

‘ suppeditatur emm confestim lumine lumen,
et quasi protelo stimulatur fulgere fulgur.’

Lucis transmittendae in Aaumadngople quam felicter lampada a sws sibi traditem 1pse
etiam trans aequor Atlanticum alu tradidit

Duco ad vos ALFREDUM CORNU
Vou, XVIIIL
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Sequitur deinceps vir insigms Nemausi natus, Parisiensium in Universitate 1illustri
geometriam diu  prof et tiarum facultat1 toti praepositus. Pentis nota sunt
quattuor illa volumina, in quibus superficierum rationem umversam imclusit; etiam pluribus
notum est, quantum patnae legatus dehberatiombus 1llis profuent, quae a Societate nostra
Regia primum institutae, 1d potissimum spectant, ut ommbus e gentibus quicquid a
scientiarum cultoribus conquiritur, indicis unws 1 thesaurum, gentium omnium ad fructum,
in posterum conferatur, Incepto tanto tahum virorum auxilio ad exitum perducto, wter
omnes gentes el qui rerum naturae praesertim scientiam excolunt, sme dubio vinculis
artioribus inter sese coniungentur.

Duco ad vos IOHANNEM GASTONUM DARBOUX.

Trans aequor Atlanticum ad nos advectus est vir insigms, qui ea quae professor
noster Lucasianus de aetherss immensi regione, mn qua lux propagatur, orbis terrarum
motu perturbata, olim praesagiebat, ipse experimentis exquisitis adhibitis pemitus exploravit.
Lucis explorandae 1n provincia 13 certe scientiarum inter lumina numeratur, qu ohm
fratrum nostrorum transmarinorum 1n classe non 1gnotus, lampade trans oceanum e Gallia
sbi tradita fehciter accepta, etiam exteris gentibus subito affulsit, velocitatem immensam
eleganter dimensus, qua lucis fluctus videntur (ut Lucretn verbis utar)

‘per totum cael1 spatium diffundere sese,
perque volare mare ac terras, caelumque rgare’

Duco ad vos ALBERTUM ABRAHAM MICHELSON.

Scandinavia ad nos misit scientiae mathematicae professorem 1illustrem, qui studiorum
suorum velut e campo puro laudem plurimam victor reportavit Idem Regis su1 auspicus,
qui praemus propositis magnum hwie scientiae attulit adiumentum, etiam exterarum
gentium ad communem fructum prope vigmti per annos Acta illa Mathematica edidit, quae
in his studiis quas: gentium omnium mternuntium esse dixernm Ipse Homerus (ut Pindan
versus verbo uno tantum mutato proferam) dyyehov éohdv &pa Tiudv peyioTav mpdypate
wavti pépewv adferar xal Mabnois 8 dyyeMas opbas.

Duco ad vos MAGNUM GUSTAVUM MITTAG-LEFFLER.

Universitatem Heidelbergensem abhinc amnnos quadraginta professorum par nobile
spectroscopo nvento 1n perpetuum illustravit  Adest inde discipulorum plurimorum n
scientia physica praeceptor, qui et in instrumentis novis invemendis sollertiam singularem
et in ewsdem adhibendis 1ndustriam indefessam praestitit Ei qui i scientiae physicae
ratione universa versati, viri huiusce nventis utuntur, etiam de sua scientia verum esse

confitebuntur, quod de arte oratona praesertim dixit Qumntilianus:—*in ommbus fere minus
valent praecepta quam experimenta.

Duco ad vos GEORGIUM HERMANNUM QUINCKE.
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Uuniversitatem Goettingensem, a Rege nostro Hanoveriensi Georgio secundo conditam,
vinculo non uno cum Universitate nostra coniunctam esse constat. Constat eandem etiam
per annos prope quinquaginta Caroll Frederici Gaussii, scientiae mathematicae et physicae
professoris celeberrimi, gloria esse illustratam, qui cum ingenio fecundissimo disserendi genus
consummatum conmunxit. Iuvat inde professorem ad nos advectum exeipere, qui scientiae
ewsdem pulcherrimam nactus provinciam, etiam lucem 1psam et crystalla ingemi sw lumine
illustravit.

Sex virorum nsignium seriem consummavit hodie WOLDEMAR VOIGT

In the evening the CHANCELLOR presided at a dinner in the Hall of
Trinity College (kindly placed at the disposal of the University by the
Council of the College), at which Sir George Gabriel Stokes, the Delegates,
and the invited guests of the University were entertained.

JOHN WILLIS CLARK,
Registrary.

c2






LA THEORIE DES ONDES LUMINEUSES:
SON INFLUENCE SUR LA PHYSIQUE MODERNE*

Par ALFRED CORNU,

DE L’ACADEMIE DES SCIENCES ET DE LA SBOCIETE ROYALE DE LONDRES,
PROFESSEUR A L'ECOLE POLYTECHNIQUE.

THE REDE LECTURE (1 JUIN 1899).

Notre époque se distingue des fges précédents par une merveilleuse utilisation des
forces naturelles; I'homme, cet étre faible et sans défense, a su, par son géme, acquérir
une puissance extraordinaire et pher & son service des agents subtils ou redoutables, dont
ses ancétres 1gnoralent méme l'existence.

Cet admirable accroissement de la puissance matérielle de 'homme dans les temps
modernes est dii tout entier & I'étude patiente et approfondie des phénoménes de la
Nature, & la connaissance précise des lois qui les régissent et & la savante combinaison
de leurs effets

Mais ce qui est particulidrement instructif, c’est la disproportion qui existe entre le
phénomdne primitif et la grandeur des effets que I''ndustrie en a fait jailhr Ainsi, ces
formidables engms fondés sur l'dlectricité ou la vapeur ne dérvent m de la foudre, m
des volcans; 1ils tirent leur origmme de phénomeénes presque imperceptibles qui seraient

* En dehors de 'intérét que piésente un coup d’enl
d’ensemble sur les progras et 'influence de 1’Optique, cette
lecture offre les conclusions d’une étude approfondie du
Traité d’Optique de Newton. On verra que la pensée du
grand physicien a été singulidrement altérée par une sorte
de légende répandue dans les traités élémentaires ol la
théorie de I’émission est exposée  Pour rendre plus claire
la théorie des accds, les ont ¢ de

énialiser 1o molécule I sous la forme d'une
fldche tive se pré al vement par la pointe
et par le travers. Ce mode d’exposition a contribué 4

se borne & décrire les faits, pwis les résume dans un énoncé

sans 1 hypothétiq: 11 se défend
méme de faire aucune théone, quoique I'mtervention des
ondes excitées dans I’éther lu1 apparaisse comme fort pro-
bable De sorte que I'mp énéral dels
lecture du Traité d’Optique, et surtout des *‘Questions” du
troisidme livre, peut se résumer en disant que Newton,
loin d’¢tre I’adversaire du systéme de Descartes, comme on
le repré général t, est, au trés favo-
rable aux principes de ce systéme frappé des ressources
qu'offrait ’hypothése ondul pour I’ des

faire croire que toute la théorie de 1¢

était renfermée dans cette image un peu enfantine, 1l n’en
est rien. Nulle part, dans son Traité, Newton ne donne
une repré 6 que de la moléoule 1 il

P nes 1l I'aurait sans doute adoptée, s
’objection grave relative & la propagation rectiigne de la
lumidre, résolue seulement de nos jours par Fresnel, ne
I'en avait détourné,



xviii ALFRED CORNU, LA THEORIE DES ONDES LUMINEUSES:

demeurés éternellement cachés aux yeux du vulgaire, mais que des observateurs pénétrants
ont su reconnaitre et apprécier.

Cette humble origine de la plupart des grandes découvertes dont 'humanité bénéficre
montre bien que c'est l'esprit scientifique qui est adjourd’hui le grand ressort de la vie
des nations et que c'est dans le progrés de la Science pure quil faut chercher le secret
de la puissance croissante du monde moderne

De la une série de questions qui s1mposent & l'attention de tous. A quelle occasion
le gofit de la Philosophie naturelle, s1 chdre aux philosophes de I'’Antiquité, abandonnée
pendant des secles, a-t-1l pu renaitre et se développer? Quelles ont été les phases de
son développement? Comment ont apparu ces notions nouvelles qui ont si profondément
modifié nos 1dées sur le mécanmsme des forces de la Nature? Enfin, quelle est la vore
féconde qui, insensiblement, nous conduit & d’admirables générahsations, conformément au
plan grandiose entrevu par les fondateurs de la Physique moderne ?

Telles sont les questions que je me propose, comme physicien, d’examiner devant
vous: c'est un sujet un peu abstrait, je dirai méme un peu sévire, mais nul autre ne
m'a paru plus digne dattirer votre attention, & la féte que I'Unwversité de Cambridge
célebre aujourd’hui, pour honorer le cinquantenaire du professorat de Sir George-Gabriel
Stokes, qui, dans sa belle carnére, a précisément touché d’'une main magistrale aux
problémes les plus profitables 4 I'avancement de la Philosophie naturelle.

Ce sujet est d’autant mieux & sa place ic1 quen citant les noms des grands esprits
"qui ont le plus fait pour la Science, nous trouverons ceux qui honorent le plus I'Universitd
de Cambndge, ses professeurs ou ses éleves, Sir Isaac Newton, Thomas Young, George
Green, Sir George Airy, Lord Kelvin, Clerk Maxwell, Lord Rayleigh; et le souvemr de
gloire qui se perpétue & travers les sidcles jusqu'au temps présent rehaussera l'éclat de
cette belle cérémonie.

1

Cherchons donc, dans un rapide coup d’eeil sur la Renaissance scientifique, & reconnaitre
l'influence secréte, mais puissante, qui a été la force directrice de la Physique moderne.

Jo suis porté & penser que I'étude de la lumidre, par lattraction qu’elle a exercée
sur les plus vigoureux esprits, a été l'une des causes les plus efficaces du retour des
1dées vers la Philosophie naturelle, et & considérer I'Optique comme ayant eu sur la
marche des Sciences une influence dont on ne saurait exagérer la portée.

Cette mfluence, déjd visible dés la création de la Philosophie expérmentale, par
Galilée, a grandi dans de telles proportions qu'on prévoit aujourd’hur une immense synthése
des forces physiques, fondée sur les principes de la Théorie des ondes lumeuses,

On se rende compte aisément de cette influence lorsqu'on songe que la voie par
laquelle arrive & notre intelligence la connassance du monde extérieur est la lumidre.

Cest, en effet, la vision qui nous fourmt les notions les plus rapides et les plus
compldtes sur les objets qui nous entourent, nos autres sens, l'ouie, le toucher, nous
apportent aussi leur part d'instruction, mais la vue seule nous fourmt une abondance
d’informations simultandes, forme, éclat, couleur, qu'aucun des autres sens ne peut nous
donner.
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Il n'est donc pas étonnant que la lumidre, hen perpétuel entre notre personnalité
et le monde extéreur, intervienne & chaque instant, par toutes les ressources de sa
constitution intime, pour préciser l'observation des phénoménes naturels. Aussi chaque
découverte relative & quelque propriété nouvelle de la lumitre a-t-elle eu un retentissement
mmmédiat sur les autres branches des connaissances humaines, souvent méme, elle a déter-
miné la naissance d’une science nouvelle en apportant un nouveau moyen d'investigation
d’'une pussance et d'une délicatesse mattendues.

L'Optique est véritabl t une moderne, les anciens philosophes n'avaient
pas soupgonné la complexité de ce qu'on appelle vulgairement la lumidre: 1ls confondaient
sous la méme dénomination ce qui est personnel 3 'homme et ce qui lur est extérieur.
Ils avalent cependant apergu une des propriétés caractéristiques du lien qui existe entre
la source lumineuse et I'eeil qui pergoit Iimpression: la lumibre se meut en ligne droute.
L'expérience vulgaire leur avait révélé cet axiome, en observant les trainées brillantes
que le Soleil trace dans le ciel en per¢ant les nuées brumeuses ou en pénétrant dans
un espace obscur De la étarent résultées deux notions empiriques: la défimtion des
rayons de lumiére et celle de la hgne droite, la premiere devint la base de I'Optique,
l'autre, la base de la Géométrie

Il ne nous reste presque rien des livres d’Optique des anciens, nous savons, toutefoss,
qu'ls connaissatent la réflexion des rayons lummeux sur les surfaces polies et l'explication
des images formées par les miroirs.

Il faut attendre bien des sidcles, jusqu'd la Renaissance scientifique, pour rencontrer
un nouveau progres dans 'Optique, mais celw-1d est considérable, 1l annonce V'dre nouvelle:
c’est 'nvention de la lunette astronomique.

L’ére nouvelle commence & Gahlée, Boyle et Descartes, les fondateurs de la Philo-
sophie expérimentale, tous trois consacrent leur vie & méditer sur la nature de la lumdre,
des couleurs et des forces Galilée jette les bases de la Mécamque, et, avec le télescope
& réfraction, celles de I'Astronomie physique, Boyle perfectionne I'expénmentation, quant
3 Descartes, 11 embrasse d’une vue pénétrante l'ensemble de la Philosophie naturelle,
1l repousse toutes les causes occultes admises par les scholastiques, 1l pose en principe
que tous les phénomenes sont gouvernés par les lois de la Mécamque. Dans son systéme
du monde, la lumidre joue un réle prépondérant*, elle est produite par les ondulations
excitées dans la matitre subtile qui, suivant luy, remplit tout l'espace  Cette matiére
subtile (quu représente ce que nous appelons aujourd’hui l'éther), 1l la considére comme
formée de particules en contact immédiat, elle constitue donc en méme temps le véhicule
des forces existant entre les corps matérels qui y sont plongés. On reconnaft I3 les fameux
tourbillons de Descartes, tantdt admirés, tantdt bafoués aux sidcles dermers, mais auxquels
d’habiles géométres contemporains ont rendu la justice qui leur est due.

Quelle que soit I'opinion qu'on porte sur la rigueur des déductions du grand philosophe,
on doit rester frappé de la hardiesse avec laquelle 1l affirme la haison des grands problémes
cosmiques, et de la pénétration avec laquelle 1l annonce des solutions dont les générations
actuelles s’approchent insensiblement

* Le Monde de M. Descartes ou le Trauté de la Lumwtre, Pars, 1664,
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Pour Descartes, le mécanisme de la lumiére et celui de la gravitation sont inséparables;
le sitge des phénomdnes qui leur correspondent est cette matidre subtile qui remplit
PUnivers et leur propagation doit s'effectuer par ondes autour des centres actifs.

II

Cette conception de la nature de la lumidtre heurtait les 1dées en faveur, elle souleva
de vives oppositions Depuis I'Antiquité, on avait coutume de se représenter les rayons
lumineux comme la trajectoire de projectiles rapides lancés par la source radiante, leur
choc sur les nerfs de l'e1l prodwisant la vision, leur rebondissement ou leur changement
de wvitesse, la réflexion ou la réfraction

La théorie cartésienne avait toutefors des aspects séduisants qur lui amenérent des
défenseurs: les ondes excitées & la surface des eaux tranquilles offrent une image s1
claire de la propagation d'un mouvement autour d'un centre d'ébranlement! D’autre part,
n'est-ce pas par ondes que nous arrivent les impressions sonores? IL'esprit éprouve done
une véntable satisfaction & penser que nos deux organes les plus précis et délicats, 'l
et l'oreille, sont 1mpressionnés par un mécanisme de méme nature

Cependant, une grave différence subsiste; le son ne se meut pas nécessairement en
ligne droite comme la lumidre, 1l tourne les obstacles qu'on lui oppose et parcourt les
routes les plus siueuses presque sans gaffaiblir.

Les physiciens se partagérent alors en deux camps. les uns, partisans de l'émission,
les autres, partisans des ondes Comme chacun des deux systémes se prétendait supérieur
3 lautre, et I'était en effet sur quelques pomnts, 1l fallait en appeler & d’autres phénoménes
pour trancher entre eux.

Le hasard des découvertes en amena plusieurs qui auralent dft décider en faveur
de la théorie des ondes, amsi qu'on le reconnut un swécle plus tard, mais les claires
vérités n'apparaissent jamais sans un long labeur.

Un compromis singuher s'établit entre les deux systémes, & I'abri d’'un nom illustre
entre tous, et la victowre fut attribuée, pendant un sicle, & la théorie de I’émission;
en voict I'étrange histoire -

En 1661, un jeune éleve plen d'ardeur et de pénétration entrait & Trinity College
de Cambnidge; 1l se nommait Isaac Newton, 1l avait déjd lu dans son wvillage I'Optique
de Kepler A peme entré, tout en swmvant les leqons d’Optique de Barrow, 1l étudie
avec passion la Géométrie de Descartes, 1l achdte sur ses économies un prisme pour
étudier les couleurs et, entre temps, médite déja longuement sur les causes de la
gravité, Huwt ans aprés, ses maitres le trouvent digne de succéder & Barrow dans la
chaire 1 me, et 1l gne 4 son tour 'Optique L'éleve dépasse bientdt le maitre
et annonce une découverte capitale: La lumidre blanche, qui semblait le type de la
lumiére pure, n'est pas homogéne; elle est formée de rayons de diverses réfrangibilités.
Et 1l le démontre par la célébre expérience du spectre solaire, dans laquelle un rayon
de lumitre blanche est décomposé en une séme de rayons colorés comme I'arc-en-ciel;
chacune de ces couleurs est simple, car le prisme ne la décompose plus. Telle est
Lorigine de l'analyse spectrale.
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Cette analyse de la lumiére blanche amena Newton & explquer les colorations des
lames minces qu'on observe en particulier sur les bulles de savon, l'expérience funda-
mentale, dite des anneaux de Newton, est l'une des plus instructives de 1'Optique, et
les lois qui la résument sont d’une admirable simplicité. Il en exposa la théore dans
un discours adressé & la Société Royale sous le titre: Hypothése nouvelle concernant la
lumitre et les couleurs.

Ce discours provoqua de la part de Hooke une vive réclamation. Hooke avait
antérieurement observé aussi les colorations des lames minces et cherché & les exphquer
dans le systéme des ondes: 1l avait eu le ménte (que Newton lu-méme reconnut sans
peme) de substituer & l'onde progressive de Descartes une onde vibratorre, notion
nouvelle et extrémement importante: il avait méme aperqu le rdle des deux surfaces
réfléchissantes de la lame mince, ainsi que l'action mutuelle des ondes réfléchies Hooke
efit été amsi le véntable précurseur de la théorie moderne, sl avait eu, comme New-
ton, la perception claire des rayons simples; mais ses raisonnements vagues pour ex-
phquer la coloration Otent toute valeur démonstrative & sa théorie

Newton fut trés affecté de cette réclamation de priorité, 1l combat les arguments
de son adversaire en rappelant que la théorie des ondes est inadmissible, parce qu'elle
ne rend pas compte de lexistence du rayon lumineux et des ombres Il se défend
d’avoir constitué une théorie, 1l déclare quil n'admet m I'hypothése des ondes, m celle
de Pémission, seulement 1l est obhgé, pour abiéger le discours et fare 1mage, d'avoir
recours & l'une et & l'autie, comme 81l les admettait.

Et, en fait, dans la XII® Proposition, au II° lire de son Optique®, qui constitue
ce que l'on a appelé depuis la théorie des acces, Newton reste absolument sur le terrain
des faits .

Il dit simplement “Le phénoméne des lames minces prouve que le rayon lumineux
est mis alternativement dans un acces de facile réflexion ou de facile t{ransmission”
Il ajoute, toutefors, que s1 lI'on désire une explication de ces alternances, on peut les
attribuer aux wvibrations excitées par le choc des corpuscules et propagées sous forme
d’ondes par I'dthert

En résumé, malgré son désir de rester sur le terrain "solide des faits, Newton n’a
pas pu s'empécher d'essayer une exphcation rationnelle, 11 a trop lu les éerits de Des-
cartes pour n'étre pas, au fond, comme Huyghens, partisan de l'universel mécamsme et
pour ne pas désirer secrtement trouver, dans les ondulations pures, 'explication du
beau phénomeéne quil a rédumt en lois s simples

Son admnable livre des Principes porte la trace de ses profondes méditations sur la
propagation des ondes, car on y trouve, pour la premtre fois, I'expression mathématique
de leur vitesse, ausst bien pour les vibrations longitudinales des corps compressibles que
pour les vibrations transversales des surfaces fludes.

* Prop XIT —Tout rayon de lumidre dans son p réfy t

et entre les retours, & étre aisément réfléchie

& travers une surface réfringente est mis dans un certan

état passager qui, dans la progression du rayon, revient &

ntervalles égaux et dispose le rayon, 4 chaque retour, &

4tre facilement transmis & travers la prochane surface
+ Loc. 1t , p 255

Vor. XVIIL

par elle

(8ir Isano Newton, Opticks or a Treatise of the Re-
fleot: Refract Infl and Colours of Light —
London, 1718, second edition, with additions, p 253 )

d
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Mais clest surtout le troisidme hvre de son Optique, qui témoigne le plus vivement

de ses aspirations cartésiennes et surtout de sa perplexité,

Ses fameuses “ Questions”

sont un exposé si complet des arguments en faveur de la théorie des ondes lumineuses
que Thomas Young les ctera plus tard comme preuve de la conversion finale de

Newton & la doctrine ondulatoire

Newton aurait certainement cédé & ce secret en-

trainement s la logique inflexible de son esprit le lui avait permis; mais, apiés avoir
énuméré toutes les ressources dont la théorie des ondes dispose pour exphquer la nature
intime de la lumilre, arrvé aux dernidres questions, 1l s'arrte comme pris d’un remords

subit et la rejette résolument.

Et le seul argument quil donue, c'est quil n'y vot

pas la possibilité de rendre compte du rayon lumineux rectiligne*

* Voiel, d'abord, un extrait des * Questions™ qum prouve
1a tendance des vues de Newtou vers la théorie ondulatoire
et les 1dées cartésiennes

“Question 12 —Les rayons de lumidre, en frappaunt le
fond de lceil, n 1s pas des vibrat dans la
tumica retina? Ces wmibrations, étant propagées le long des
fibres solides des nerfs optiques dans le cerveau, causent la
sensation de la vision

¢ Question 18 —Les diverses sortes de rayons ne font-

elles pas des vibrations de d d qu, t
leurs diverses d les des d
] de la méme ére que les vibrat de V'air,
t leurs d d tent les

des divers sons? Et, en particulier, ne sont-ce pas les

rayons les plus réfrangibles qui excitent les plus courtes
b pour prod la

les moins réfs bles, les plus

sensation du rouge extréme, etc.?

« Question 18 —La chaleur d’un espace chaud n’est-elle
pas tiansmise & travers le vide par les vibrations d’un
milien beaucoup plus subtl que I'air, qui reste dans le vide
aprés que l'air en & été enlevé?

Bt ce mlieu n'est-1l pas le méme que le mbeu par
lequel la lumiére est réfractée et réfléchie, par les vibra-
tions duquel la lumére commumique la chaleur aux corps
et est mise dans les accds de facile réflexion et de facile
transmission ?

“Et ce milieu n'est-1l pas infi t ( dingly) plus

du violet ,
pour prod la

a

les phénoménes de la lumidre par de nouvelles modifica-
tions des rayons?

** Question 28 —Ne sont-elles pas erronées toutes les
hypothéses dans lesquelles la lumdre est supposée con-
sister en une y ou un
un miheu fluride ?

“Srelle(lal ) it en une
ou un t propagé instantané t ou progressive-
ment, elle se courberait dans I'ombre. Car une pression
ou un mouvement ne peut pas se propager en ligne droite
dans un flude au deld de P'obstacle qui arréte une partie
du mouvement, 1l y a inflexion et dispersion de tous cotés
dans le mihieu en repos situé au deld de Pobstacle

“ Car une cloche ou un canon peuvent s'entendre au
dela d’une colline qui intercepte la vue du corps sonore, et
1es sons se propagent auss: bien & travers des tubes courbés
qud travers des tubes droits Tandis que l'on ne voit
jamais la lumidre suivre des routes tortueuses, m sn-
fléchur dans 'ombre

Devant cette objection, Newton se voit obligé de revenir
4 la théorie corpusculaire

‘“ Question 29 —Les rayons de lumiére ne sont-ils pas
de petits corps émis par les substances brillantes?

“ Question 80 —Les corps grossiers de la lumiére ne sont-
1ls pas convertissables I'un dans I'autre?  Le changement
des corps en lumidre et de lumidre en corps matériels est
1rds conforme an cours de la nature, qui se plait aux trans-

tat ”

propagé & travers

rare et subtil que 'air et infiniment plus élsanque et actaf ?
Et ne rempht-1l pas tous les corps? Et (par sa force
élastique) ne se répand-1l pas dans tout I'espace céleste ?”’
Newton examine ensmite le réle possible de ce miheu
(I’éther) dans la g et dans la t: des
sensations et du mouvement chez les 8tres vivants (ques-
tions 19 & 24) Les propnétés diesymétriques des deux
rayons du spath d'Islande attirent ¢galement son at

La logique le force & poursuivre Phypothése du vide et
des atomes et méme 4 1nvoquer (question 28, p 343), & ce
sujet, 1’ é des anciens philosophes de la Grdce et de
la Phénicie on ne doit done pas 8'6tonner de voir s per-
plexité se traduire par les paroles suivantes

*“ Question 81° et derniére —-Les petates particules des
ocorps n’ont-elles pas certains pouvoirs, vertus ou forces,

1

(questions 25 et 26).

Pumis amve cette volte-face soudaine, cette espdce de
remords d’avoir exposé avec trop de complaisance les
ressources de la théorie cartésienne fondée sur le plern 11
fait, en quelque sorte, amende honorable et continue amnel*

' Question 27 —Ne sont-elles pas erronées toutes les
hypothdses qui ont été inventées Jusqu'ier pour expliquer

par elles & dust non sur les
rayons de lumidre pour les réfléchir, les rét ou les
infléchir, mals auss1 les unes sur les autres pour produire
une grande partie des phénoménes de la Nature?”

Mais 1l 8’apergoit qu'il va peut-dtre un peu loin et qu'il

va se comp ausel ses dtes tend dévelop-
pées daus la p 8 t p lles un 1n.
stant*
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Considéré & ce point de vue, le troisiime livre de I'Optique nest plus la discussion
seulement impartiale de systémes opposés; 1l apparait comme la pemnture des souffrances
d'un génie puissant, tourmenté par le doute, tour A tour entrainé par les suggestions
séduisantes de I'imagination et rappelé par les exigences impérieuses de la logique.
Nous assistons & un diame, & l'éternel combat de I'amour et du devoir, et c'est le
devoir qu1 a été le plus fort

Telle est, )'imagine, la gendse intime de la Théorie des accés, mélange bizarre des
deux systémes opposés, elle a ¢té beaucoup admirée & cause de l'autorité du grand
géometre qui a eu la glowre de ramener l'ensemble des mouvements célestes & la loi
unque de la gravitation universelle.

Aujourd’hu, cette théorie est abandonnée,
cructs d’Arago, réahsé par Fizeau et Foucault
constitué un réel progrés par la notion précise
de lumiére considéré jusque-lA était simplement
ment rectiligne

elle est condamnée par l'ezperimentum
on doit pourtant reconnajtre qu'elle a
et nouvelle qu'elle 1enferme. Le rayon
la trajectowre d’une particule en mouve-
le rayon de lumiére tel que le décrit Newton posséde une structure
périodique régulidre, et la période ou longueur d'accés caractérise la couleur du rayon;
c’est l& un résultat capital 11 ne manque plus qu’une interprétation convenable pour
transformer le rayon lummeux en une onde vibratorre, mais il faut attendre un sacle,
et c’est le D' Thomas Young qui, en 1801, aura I'honneur de la découvrir

III

Reprenant D'étude des lames minces, Thomas Young montre que tout s'explique
avec une extréme simpheité, st l'on suppose que le rayon lumineux homogene est
I'analyse de l'onde sonore produite par un son musical, que les vibrations de I'éther,
soumises aux lois des petits mouvements, doivent se composer, c'est-d-dire interférer,
smvant l'expression qu'il propose pour exprimer leur action mutuelle. Quoique Young
edt pris I'habile précaution de se réclamer de Yautorité de Newton*, I'hypothése n’eut
aucune faveur, son principe d'mterférence condusait & cette singulitre conséquence que
la lumikre ajoutée & de la lumidre pouvait, dans certayns cas, produire l'obscunté,
résultat paradoxal, contiedit par I'expérience journahére La seule vénfication que Young
apportét était l'existence des anneaux obscurs dans l'expérience de Newton, obscurité
due, swivant lw, & linterférence des ondes réfléchies aux deux faces de la lame, mas,
comme la théorie newtomenne interprétait le fait autrement, la preuve restait douteuse,
1l fallait un ezpersmentum crucis, Young ne réussit pas & l'obtenir

“C t ces (gravité, é et élec-
trici1té) peuvent-elles se produire, je ne m'y arréte pas ic1.
Ce que )'appelle attraction peut étre produit par des impul-
sions ou par d’autres moyens que J'ignore

Il y aurait encore bien des remarques curieuses i faire
sur D'état d’esprit du grand physiolen, géomatre et philo-
sophe, qui se révdle nal: t dans ces * Q » Les

courts extraits qui précddent suffi Je cros, & justifi
la conclusion qui ressort de cette étude, & savowr, que

imtiateur de la théorie de I’émission. En réalité, 1l hésite
entre les deux sy pposés dont 1l olatre-
ment I'insufhsance et, dans cette discussion, 11 s’efforce de
8’¢loigner le moins possible des faits bien établis  voild
pourquoi 1l ne formule aucune théorie dogmatique II
serait done 1njuste de rendre Newton responsable de tout
ce que les partisans de 1'émission ont abnté sous son
autorité

* The Bakerian Lecture, on the Theory of Light and

Newton n’avait pas, sur le mécamsme de la lumidre, les
idées arrétées qu'on lu1 préte en le considérant comme

Colours,—By Thomas Young Phtlos. Trans. of the Royal
Soctety of London, 1802, p, 12

d?2
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La théorie des ondes retombait donc encore une fois dans l'obscurité des contro-
verses, et le terrible argument de la propagation rectihgne se dressait de nouveau
contre elle. Les plus habiles géomdtres de I'époque, Laplace, Biot, Poisson, s'étaient
naturellement rangés & l'opinion newtomenne: Laplace en particulier, le célebre auteur
de la Mécanique céleste, avalt méme pris loffensive; il était allé attaquer la théore
des ondes jusque dans le plus sohde de ses retranchements, celur qui avait été élevé
par Dillustre Huyghens

Huyghens, en effet, dans son Trawé de la Lumidre, avait résolu un probléme devant
lequel la théome de l'émssion étart restée muette, & savowr, lexplication de la biré-
fringence du cristal d'Islande, la théorie des ondes, au contraire, ramenait & une con-
struction géométrique des plus simples la marche des deux rayons, ordinare et extra-
ordinaire , l'expérience confirmait en tous pomnts ces résultats, Laplace réussit, & son
tour, & I'aide d’hypothéses sur la constitution des particules lumineuses, & exphquer la
marche de ces étranges rayons. La victowre de la théore particulaire parassait done
compléte: un nouveau phénoméne arrivait méme tout & pownt pour la rendre éclatante,

Malus découvrait qu’un rayon de lumidre naturelle, réfléch sous un certan angle,
acquiert des propriétés dissymétriques semblables & celles des rayons du cristal d'Islande,
il exphqua ce phénoméne par une orientation de la molécule lummeuse, et, en consé-
quence, nomma cette lumidre, lumiére polarisée; c'était un nouveau succes pour I'émission.

Le triomphe ne fut pas de longue durée, en 1816, un jeune ingénieur, & peine
sorti de I'Ecole Polytechmque, Augustin Fresnel, confiait & Arago ses doutes sur la théorie
en faveur et lui indiquait les expeériences qui tendaient & la renverser, s'appuyant sur
les 1dées d'Huyghens, il avait attaqué la redoutable question des rayons et des ombres et
Pavait résolue, tous les phénoménes de diffraction étaient ramenés & un probléme
d’analyse et l'observation vérifiait merveilleusement le calcul Il avait, sans les connaitre,
retrouvé les rasonunements de Young, amnst que le principe des interférences, mais, plus
beureux que lw, il apportait lexpersmentum crucis, l'expérience des deux mirowrs, 13,
deux rayons 1ssus d’'une méme source, purs de toute altération, produisent par leur
concours, tantdt de la lumdre, tantdt de lobscurité Lllustre Young fut le premier
& applaudir au succés de son jeune émule et lw témoigna une bienveillance qui ne
ge démentit jamais.

Ams, grice A lexpérience des deux mirowrs, la théorie du D* Young, c'est-a-dire
Panalogie compldte du rayon lumineux et de I'onde sonore, est solidement établie.

En outre, la théorie de la diffraction de Fresnel montre la cause de leur dissemblance,
la lumidre se propage en hgne droite parce que les ondes lum sont extré t
petites; au contraire, le son se diffuse parce que les longueurs des ondes sonores sont
relativement trés grandes.

Ams1 g'évanouit la terrible objection qui avait tant tourmenté Yesprit du grand
Newton.

Mais 11 restait encore & exphquer une autre différence essentielle entre l'onde
lumineuse et l'onde somore; celle-ci ne se polarise pas, comment se fat-l que onde
lumineuse se polarise ? %

La réponse & cette question parsissait si difficile que Young déclara renoncer &
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la chercher. Fresnel travailla plus de cing ans & la découvrir; elle est aussi simple
qu’inattendue :

L'onde sonore ne peut pas se polariser parce que ses vibrations sont longitudinales;
la lumitre, au contraire, se polarise parce que ses vibrations sont transversales, cest-a-dire
perpendiculaires au rayon lumineux.

Désormais, la nature de la lumidre est compldtement établhe, tous les phénomenes
présentés comme des objections absolues s'expliquent avec une merveilleuse facilité, jusque
dans leurs plus minutieux détails

Je voudrais pouvoir vous retracer par quel admirable enchainement d’expériences et
de raisonnements Fresnel est arrivé & cette découverte, 'une des plus importantes de la
science moderne, mas le temps me presse. Il m'a suffi de vous faire comprendre la
grandeur des difficultés qu'il a fallu vainere pour l'accomplir; j'ar héte d'en faire res-
sortir les conséquences.

Iv

Vous avez vu, au début, les rawsons purement physiologiques qui font de l'étude
de la lumitre le centre nécessare des informations de I'ntelligence humame Vous devez
juger mantenant par les péripéties de ce long développement des théories optiques, quelle
préoccupation elle a toujours causée aux puissants esprits qui s'intéressent aux forces
naturelles En effet, tous les phénoménes qui se passent sous nos yeux impliquent une
transmission & distance de force ou de mouvement, que la distance soit infiniment grande,
comme dans les espaces célestes, ou nfiniment petite, comme dans les intervalles molé-
culantes, le mystére est le méme. Or, la lumitre est l'agent qui nous améne le mouve-
ment des corps lumineux . approfondir le mécamsme de cette transmission, c'est approfondir
celul de toutes les autres, et Descartes en avait eu ladmirable ntwition lorsqu'il embrassat
tous ces problémes dans une méme conception mécanmque, voild le len secret qui a
toujours attiré les physiciens et les géomdtres vers I'étude de la lumiére

Envisagée & ce pomnt de vue, I'hwstoire de 1'Optique acquiert une portée philosophique
considérable, elle devient I'histoire des progrés successifs de nos connassances sur les
moyens que la Nature emploie pour transmettre & distance le mouvement et la force.

La premiere 1dée qui est venue & lesprit de l'homme, dés l'état sauvage, pour
exercer sa force hors de sa portée, c'est le jet d’une pierre, d’'une flecche ou d'un pro-
Jectile quelconque, void le germe de la théorie de I'émission cette théorie correspond
au systéme philosophique qui suppose un espace vide ol le projectile se meut librement.

A un degré de culture plus avancé, I'homme, devenu physicien, a eu lidée plus
délicate de la transmission du mouvement par ondes, suggérée d’abord par l'étude des
vagues, puis par celle du son. Ce second mode suppose, au contraire, que l'espace est
plen- 11 n’y a plus 11 transport de matitre, les particules oscillent dans le sens de
la propagation, et c'est par compression ou dilatation d'un milieu élastique continu que
le mouvement et la force sont transms Telle a été l'origine de la théorie des ondes
lumineuses, sous cette forme, elle ne pouvait représenter qu'une partie des phénomenes,
ainsi quon I'a vu précédemment; elle était donc insuffisante. Mais les géomdtres et
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les physiciens avant Fresnel ne connaissaient pas d’autre mécanisme ondulatoire dans un
milieu continu,

La grande découverte de Fresnel a été de révéler un trowmidme mode de trans-
mission, tout aussi naturel que le précédent, mais qui offre une richesse de ressources
incomparable. Ce sont les ondes & vibrations transversales excitées dans un milieu
continu 1ncompressible, celles qui rendent compte de toutes les propriétés de la lumiere.
Dans ce mode ondulatowre, le déplacement des particules met en jeu une élasticité d’un
genre spéeial, clest le ghssement relatif des couches concentriques & I'ébranlement qui
transmet le mouvement et Leffort. Le caractére de ces ondes est de n'imposer au
milieu aucune vanation de densité, comme dans le systéme de Descartes

La richesse de ressources annoncée plus haut provient de ce que la forme de la
vibration transversale reste indéterminée, ce qui confére aux ondes une variété infime
de propriétés différentes.

Les formes rectiligne, circulaire, elliptique, caracténsent précisément ces polarsations”
si nattendues que Fiesnel a découvertes et & l'aide desquelles 1l a s admirablement
expliqué les beaux phénoménes d’Arago produits par les lames cristallisées

L'existence possible d'ondes se propageant sans changement de densité a modifié
profondément la théorie mathématique de IElasticité Les géomdtres retrouvérent dans
leurs équations ces ondes & vibrations transversales qui leur étaient inconnues, 1ils apprirent,
en outre, de Fresnel la constitution la plus générale des milieux élastiques, & laquelle
1ls n'avaient pas songé

C'est dans son admirable Mémowre sur la double réfraction que le grand physicien
émet 1dée que, dans les cristaux, I'élasticité de I'éther doit étre varmable avec la direction,
condition 1nattendue et d’une extréme importance qui transformera les bases fondamentales
de la Mécamque moléculare, les travaux de Cauchy et de Green en sont la preuve
frappante

De ce principe, Fresnel conclut la forme la plus générale de la surface de l'onde
lumimeuse dans les cristaux et retrouva (comme cas particulier) la sphére et l'ellipsoide
que Huyghens avait assignés au cristal d’Islande.

Cette nouvelle découverte excita I'admiration umverselle parmi les physiciens et les
géomatres, lorsque Arago vint lexposer devant I'Académie des Sciences, Laplace, ;1 long-
temps hostile, se déclara convaincu Deux ans apres, Fresnel, élu membre de I'Académie
4 l'unanimité des suffrages, était élu, avec la méme unammité, membre étranger de la
Société Royale de Londres, ce fut Young lu-méme qui lm transmit la nouvelle de cette
distinction avec 'hommage personnel de son admiration sinctre

v

L'étabhissement défimtif de la théorie des ondes mmpose la nécessité d’'admettre I'existence
d’'un miheu élastique pour transmettre le mouvement lumineux Mais toute transmission
& distance de mouvement ou de force n'implique-t-elle pas la méme condition? Clest
& Faraday que revient I'honneur d’avoir, en véntable disciple de Descartes et de Leibnitz,
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proclamé ce principe et d'avorr résolument attribué aux réactions du milien ambiant
l'apparente action & dist des systd électriques et magnétiques. Faraday fut ré-
compensé de sa hardiesse par la découverte de l'nduction. Et, comme I''nduction s'exerce
méme & travers un espace vide de matidre pondérable, on est forcé d’admettre que le milien
actif est justement celui qui transmet les ondes lumineuses, I'éther.

La transmission d'un mouvement par un milieu élastique ne peut pas &tre instantande;
81 c'est vraiment l'éther lumimftre qui est le miheu transmetteur, 'nduction ne doit-elle
pas se propager avec la vitesse des ondes lumimeuses.

La vénfication était malasée, Von Helmholz, qui tenta la mesure directe de cette
vitesse, trouva, comme autrefois Gahlée, pour la vitesse de la lumitre, une valeur pratique-
ment 1nfinle.

Mais lattention des physiciens fut attirée par une singuhere comncidence numérique:
le rapport de l'uoité de quantité électrostatique & l'umité électro-magnétique est représenté
par un nombre précisément égal & la vitesse de la lumiere

Lillustre Clerk Maxwell, suivant les 1dées de Faraday, n’hésita pas & voir dans ce
rapport la mesure indirecte de la vitesse d'induction, et, par une série d’intuitions
remarquables, 11 parvint & élever cette célébre théorie électro-magnétique de la lumidre,
qui 1dentifie, dans un méme mécanisme, trois groupes de phénoménes en apparence
complétement distnets. Lumidre, Electricité, Magnétisme

Mais les théories abstraites des phénoménes naturels ne sont rien sans le contréle
de lexpérience. La théorie de Maxwell fut soumise & l'épreuve et le succés dépassa
toute attente

Les résultats sont trop récents et trop bien connus, 1c1 surtout, pour quil soit
nécessaire d’y insister .

Un jeune physicien allemand, Henry Hertz, enlevé prématurément & la Science,
empruntant & von Helmholz et & Lord Kelvin leur belle analyse des décharges oscil-
lantes, réalisa s1 parfaitement des ondes électriques et électrosmagnétiques, que ces ondes
posstdent toutes les propriétés des ondes lumineuses, la seule particularité qui les dis-
tingue, c’est que leurs vibrations sont moms rapides que celles de la lumiére.

Il en résulte qu'on peut reproduire, avec des décharges’ électriques, les expériences
les plus délicates de I'Optique moderne réflexion, réfraction, diffraction, polarisation
rectiligne, circulaire, elliptique, ete

Mais, je m'arréte, Messieurs, je sens que )'a1 assumé une tdche trop lourde en
essayant de vous énumérer toutes les richesses que les ondes & vibrations transversales
concentrent aujourd’hu1 dans nos mains

J'a1 dit, en commengant, que 1'Optique me paraissait étre la Science directrice de
la. Physique moderne.

Si quelque doute a pu #'élever dans votre esprit, j’espére que cette 1mpression
gest effacée pour fare place & un sentiment de surprise et d'admiration en voyant
tout ce que l'étude de la lumidre a apporté d1dées mnouvelles sur le méeanisme des
forces de la Nature

Elle a ramené 1nsensiblement & la conception cartésienne d’un milieu unique rem-
plissant l'espace, sitge des phénomdnes électriques, magnétiques et umineux; elle laisse
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entrevoir que ce milieu est le dépositaire de I'énergie répandue dans le monde matériel,
le véhicule nécessaire de toutes les forces, l'origine méme de la gravitation universelle.

Voild I'ceuvre accomplie par I'Optique; c’est peut-étre la plus grande chose du mécle!

L'étude des propriétés des ondes envisagées sous tous leurs aspects est donc, &
I'heure actuelle, la voie véritablement féconde.

C'est celle qu'a suivie, dans sa double carritre de géomédtre et de physicien, Sir
George Stokes, & qui nous allons rendre un hommage s touchant et si mérité, Tous
ses beaux travaux, aussi bien en Hydrodynamique qu'en Optique théorique ou expén-
mentale, se rapportent précisément aux transformations que les divers milieux font subir
aux ondes qui les traversent. Dans les phénoménes variés quil a découverts ou
analysés, mouvement des fluides, diffraction, interférences, fluorescence, rayons Rontgen,
l'idée directrice que jJe vous signale est toujours visible, et c’est ce qui fait I’harmo-
nieuse unité de la vie scientifique de Sir George Stokes

Que I'Umversité de Cambridge soit fitre de sa chawre Lucasienne de Physique
mathématique, car, depwis Sir Isaac Newton jusqu'd Sir George Stokes, elle contribue
pour une part glorieuse aux progrés de la Philosophie naturelle.
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L On the analytical representation of a uniform branch of a monogenic function,
By G. MITTAG-LEFFLER.

[Received 25 April, 1899.]

LET a denote a point mn the plane of the complex variable #, and associate with
a an unhmited array of quantities

F(a), F (a), FO(@a),..., F®(@),.ccrr... reererereresee 1),

where each quantity 13 completely determinate when the position which 1t occupies in
the array 18 known

Suppose that, as 18 possible mn an infimte number of ways, these quantities F are
chosen so that Cauchy’s condition®, that the series

P(a:la)=§0;1-!i'0‘) (COYCET?) RN ) §

shall have a circle of convergence, is satxsﬁed'

In the theory of analytic functions constructed by Weierstrass, the function is defined
by the semes P (z|a) and by the analytic continuation of this series. The function is
completely determinate provided the elements

F(a), F¥(a), F*(a),..., F¥ (a), .

are given We denote generally by F(x) the function in its totality which is defined
by these elements

If K is a continuum formed by a single piece, which nowhere overlaps itself and
encloses the pomnt @, and 1if 1t is such that the branch of the function F(z) formed
by P(z|la) and by its analytic céntmuation within K remains uniform and regular, I
shall denote this branch by FK(#) The problem to be discussed here is that of finding

* Cauchy, Cours d' Analyse de I Ecole royale polytechmigue, 18 a finte magnitude It 18 known that, if this finite
" T
L'~ partie, Analyse Algébrique, Pans 1831, chapitre 9, §2, tade be denoted by ©, the  is the reding of
1, p. 286, P m Ys T -
Caunchy’s condition would be fe lated thus « The upper the circle of convergence of the series (2).
limut of the lumiting values of the moduly

[y
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an analytical representation of « branch FK (xz) whiwch is to be chosen as emtenswe as
possible

Merely from the defimtion of the analytic function F(z) and from that of the branch
FK (z), there follows at once a kind of analytical representation of the branch FK (a)
1 question In effect, such a representation 1s always given by an enumcrable number
of analytical continuations of P(a|a) But as the radius of the circle of convergence
of such an analytical continuation 1s given only by Cauchy’s criterion alrcady quoted,
this mode of representing FK (x) becomes cxtremely complcated and rather unworkable
The analytical continuation ought rather to be regarded as the defimtion of the function
than as a mode of repiesentation

There 18 another mode of representation which arises immediately from the principles
upon which Cauchy’s theory of functions 1s based. Such a representation 1s given by
the formula

FK (@)= fs ﬁ; K (;) dz e D ®),

where the integral 1s taken along a closed contour § withm K. By the definition of an
integral, 1t 1s clear that the mtegral (8) can be replaced by an infimte sum of rational
functions of z, the coefficients of which are expressed by special values of & (there beng
an enumerable number of these) and the corresponding values of FK (2) This observation
was the pomnt of departure of the investigation of M Runge* as well as of the subsequent
mvestigations of MM. Pamlevé, Hilbert and others The analytical representation thus
obtamned accordingly requires a knowledge of the value of FK(r) at an mfinite and
enumerable number of pomts Now 1n the customary problems of analysis these values
are not known In general 1t 1s, on the contrary, the series of values

F(a), FO (a), F®(a),...

which 1s given. Adopting the usual pont of view, 1t 15 thus for mstance in the problem
of the ntegration of differential equations,

When, then, we have to find the analytical representation of FK (z), 1t must be diawn
from the elements (1) and, by means of those elements alone, a formula must be constructed
to represent the branch FK (z) completely Let C denote the circle of convergence of the
series (2). The expression

éo }% Fw (a)(z— a)*
then gives the analytical representation of FC(z), the cquality

Fo@=3 -1 Fo (@) @-ay
=0 M

holding for all points withm € This expression 18 constructed by means of the elements
F(a), FO(a), F*(a),

* « Zur Theorie der emdeutigen analytischen Functionen,” § 1, pp 220—289, Acta Mathematica, tome 6
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and of the rational numbers I»—}' mdependent of the choice of the elements: and 1t is to

be remarked that the expression 1s formed without any a priori knowledge of the radiwus
of the circle ¢ This radius 1s determinate, mn connection with the elements, by Cauchy’s
theorem, and there arc various methods of obtamming 1t from them, but 1t does not enter
expheitly nto the expression Thus Taylor's seres 1s formed simply by the elements

F(a), F¥(a), F (a),...,
when these are the denvatives of the function

The following question may therefore be proposed Is 1t possible to obtan for a branch
FK (z) with the greatest range possible an analytical representation of this nature? As I
have shewn n varlous notes, published in Swedish by the Stockholm Academy of Sciences
during the past ycar, the reply 1s in the affirmative, and consequently 1t 18 possible to fill
an 1mportant lacuna i the theory of analytic functions, In fact, hitherto 1t has been
impossible to give for the general branch FK () an analytical representation similar to that
found from the very beginning of the theory for the branch FC (x).

¥or a fundamental treatment of the question which has been pioposed, 1t 1s first
necessary to define a domamn K which shall be as great as possible This I shall do by
the introduction of a new geometrical conception—a Stur-figure.

In the plane of the complex varable z, let an area be generated as follows. Round
a fixed point @ let a vector ! (a straight line terminated at a) revolve once on each position
of the vector, determine umquely a pomnt, say @, at a distance from a greater than a
given positive quantity, this quantity being the same for all positions of the vector. The
pomnts thus determmned may be at a finite or at an infinite Histance from a. When the
distance between «, and @ 18 fimte, the part of the vector from @, to infinity 1s excluded
fiom the plane of the vanable

The region which remains after all these sections (coupures) in the plane of x have
been made 1s what I call a Star-figure  Mamfestly the star 15 a continuum formed of a
single simply-connected area.

Associate with a the elements
F(a), FO (a), F9(a),.. , F®(a),

satisfying Cauchy’s condition, and form the series

Play= 3 L Fw@(e—ar
w=0
Construct the analytical continuation of P(z|a) along a vector from a It may be the
case that every pomnt of this vector belongs to the circle of convergence of a scries which
itself 13 an analytical continuation of P(z|a) obtained by proceeding along the vector; but
1t 18 also possible that, on proceeding along the vector, a pomnt 18 met not situated within
the circle of convergence of any analytical continuation of P(z|a) along the vector In the
latter case, I exclude from the plane of the variable that part of the vector comprised
1—2
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between the pomnt thus met and mfinity On making this vector describe one complete
revolution round a, a Star-figure (as defined above) 1s obtained.

This, star bemng given m a unique manner as soon as the elements (1) are assigned, I
call 1t the Star belonging to these elements, and I denote* 1t by 4. In defining the star,
straight lines have been used as vectors 1t 15 easy to see that curved lines, suitably
defined, might have been chosen for the purpose.

In accordance with the phrase the star belonging to the elements (1), I speak of the
Sfunction F(z), as well as of the functional branch FA (z), belonging to these elements.

These preliminaries beng scttled, my main theorem 1s as follows —

Denote by A the star belonging to the elements
F(a), FW(a), F¥(a), ..

and by FA(z) the corresponding functional branch belonging to the same elements, let X
be any fimte domawn within A; and let o denote o posttwe quantuty as small as we
please  Then 1t s always possible to find an wnteger n such that the modulus of the

difference between FA(z) and the polynomual

I (@) = SV FY(a) (& — a)

Sor values of n greater than #, 18 less than o for all the values of a belonging to X  The
coefficrents ¢ are chosen a priort and are absolutely wndependent of a, of F(a), FO(a),

Fo(a), ,and of @

It 18 very immportant to observe that thc cxpheit knowledge of the star 18 not
necessary for the construction of the function g,(z) When the elements F(a), F®(a),
F@(a), . are once given, the star belonging to them 15 defimte, but 1t does not enter
exphcitly mto the expression g,(z) The case 1s precisely the same as for Taylor’s
serics where the radius of the circle of convergence does not enter expheitly into the
expression.

The theorem can be proved by very elemeutary considerations, usng espeaially the
fundamental theorem cstablished by Welerstrass i his memoir Zur Theorie der Potenzr evhen,
datedt 1841

Passing from the same theorem for functions of several vailables, we can easily obtamn
a generahisation of my mam theorem which ncludes the case of any fimte number of mde-
pendent variables
The coefficients denoted by ¢ are given « preorr  They ate quite independent of
1 ,
the special function to be represented just as are the coefficients m m Taylor’s series,
But the choice of these cocfficients 18 not umque On the contrary 1t can be made

an fimtude of ways, and when conditions are given, the problem anses of making a
choice which 1s the best adapted to these conditions,

* As the first letter of the word dorsp + Ges Werke, Bd 1, p 67
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The formula
moow ok 1 &~ @\ IHhat +hn
_ i FOnthyt +ha)
9"(””)”;..50 hEo 'h.i:o’h‘hz! . hn'F (a)( ) ®

gives an expression for gy (2) which perhaps 1s the cimplest of all as regards the mere
form There are other forms i which the coefficients ¢ are rational numbers, or are
numbers depending 1n a special manner upon the transcendents e and s, and which are of
great simpheity.

Upon this I shall not dwell* but I enunciate another theorem which 1s an almost

immediate consequence of my main theorem.
Denote by A the star which belongs to the elements
F(a), F(a), F(a), )

and by FA(x) the corresponding functional branch belonging to the same elements  This branch
FA(z) can always be represented by a series

£ G.)
n=0
where the quantities G.(z) are polynomwals of the form
G, (z) =3P FO(a) (2 - a),

each coeficient ¢ bewng a determinate number (which can be taken as ratwnal) depending
only upon p and v The seres

o
3% Gu(z),
w=0

converges for every value of « withwm A, and 1t converges uniformly for every domawn wnthwn
4 For all values withm A we have

§ Gu(z)=Lim g,(=),
=0 n=n0

where ga(z) 1s the polynomaal wn my mawn theorem.
In what precedes, a defimtion has been given of the star belonging to the elements
F(a), FOa), F¥(a), . @)

In accordance with this terminology, we can speak of the curcle belonging to the
elements (1) which, 1 fact, 13 the arcle of convergence C of the seres

P(z}a)= ) ~1—! F)(a) (z— a)*
w=0 M

It 1s evident that this eircle 13 inseribed 1n the star which belongs to the same elements
The circle may be regarded as a first approximation to the star To the circle C core-
sponds an analytical expression P (z]a) which has the property of representing FA (z)
within C, of converging uniformly for any domam within €, and of ceasing to converge outside
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C. Between the circle and the star, intermediary domams C®, (u=1, 2, 8, ..), exist,
unlimited 1 number, each of them in succession ncludes the domam that precedes 1t,
and they can be chosen so that, corresponding to each domain C®), there 1s an analytical
expression representing FA (z) within C® which converges umformly for every domamn
within C® and ceases to converge outside C® On this question there 1s an mteresting
study to be madc which I have merely sketched m my Swedish memoirs, to 1t I shall
return on another occasion

The only wrter who, so far as I know, has found a general representation of FA (z)
valid outside the circle belonging to the clements (1) 18 M Borel. In two important
memowrs*, M Borel 1s concerned with what he calls the summability of a series. It appears
to me that the chief interest of this investigation of M Borel 15 that the author 1eally
finds an expression vahd for a domamn which i general includes the circle ¢ The
domaimns which I have called C® can easily be chosen so that C'® becomes this doman
K so that M. Borel's domamm K becomes the second approximation to the Star, the
circle being the first as already indicated

But M Borel has discussed the same class of 1deas in another publication In his
bookt published without any acquantance with my Swedish Notes of the same year, the
author says} —

“Pour résumer les résultats acquis sur le probléme de la représentation analytique
“des fonctions uniformes, nous pouvons dne§ que nous en connaissons deux solutions
“complétes, l'une est fourme par le théordme de Taylor, l'autre par le théoréme de
“M. Rungel|
“généralité, mais chacunc d’elles a de graves inconvéments dont les prncipaux sont, pour
“la série de Taylor, de diverger en des régions ol la fonction existe, et, pour la repré-
“sentation de M Runge et celless de M. Paimnlevd, d'8tre possibles d’une nfinmté de
“manieres

Ces deux solutions ont une trés grande mmportance & cause de leur

“Le but 1déal & atteindre, c’est de trouver une représentation réumssant les avantages
“de la série de Taylor et des séries de M Runge ou de M Pamlevé, sans avowr aucun
“de leurs nconvénients*¥, et le but immédiat, c’est de trouver une telle représentation
“pour des classes de fonctions de plus en plus étenduest+”

* Journal de Mathématiques, 5™ Sér, t n (1896), require the knowledge of an enumerable number of values

“Fondements de la théorie des séries divergentes som-
mables,” pp 103—122, “8ur les séries de Taylor admettant
leur cercle de convergence comme coupure,” pp 441—454

+ Legons sur la théorie des fonctions, Paris, 1898

Tpp 881

§ All that follows on the analytical representation of
uniform functions can be applied, mutatis mutandis, to the
functional branch F4 ()

I T have indicated above that,:n M Runge’s theorem,
there 18 nothing which 18 not alreadyn prineiple contained
1n the representation by Cauchy’s integral

9 In what precedes, I have pointed out what appears to

of the function which correspond to points that approach
ndefinitely near the limit of existence of the function

** It will be seen that I have achieved this aim, not only
for umform analytic functions but also for the functional
branch Fd (r) It might be asked whether 1t would not be
possible to achieve the same aim for the function F (z)
1ts totality It 18 not so such a question 1s too general
The problem was mainly that of limiting the question 50 as
to make a sol possible without d k the
generality more than was necessary I believe that this
problem 1s solved by the introduction of the star and of the
functional branch FA (x)

me & graver inconvenience, viz. that these

+H It that M Borel has not regarded his own
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There exist a certain number of other investigations having relations with my theorems
but belonging to a range of 1deas quite different from M Borel's. I have already spoken
of the representation which follows from Cauchy’s mtegral

P @)= 2}; fﬂ FA (2) dz

-

With M. Runge, we can transform this mtegral into a series every term of which 1s a poly-
nomial m & But m order to constiuct these polynomuals, 1t 19 necessary to know not only
the star 4 but also the values of the function for an enumerable number of pomts
approaching ndefinitely near the boundary of A4  Investigations have been carred out
m which the elements F(u), F¥ (a), F®(a), are substituted for these values of the
function But thesc investigations always abut, m a manner more or less direct, upon
the conformal representation ot the circle of convergence on another figure known before-
hand and they still 1equire that we should know, as to the function which 18 to be
represented, that 1t 18 regular within the domamn represented on the cucle The most
mteresting and the most wigmficant theorem m this range of 1deas appears to me to
be that of M Pamlevé*

Gwen a conver domuwn D und an wnternal pownt a, a set of polynomials
Ow(@), (@), , Du(@), (w=1,23, .),

cun be constructed such that any function F(x) holomorplac wm D 1s developable in that
domawn w the form

F@= 2 (F(@) @)+ F (@ Ta @+ +F¥ (@) T, @)

The resemblance between M Painlevé’s formula and mune 13 obvious  Writing
T, (@)= ¢ (= ay
m M Pamnlevé’s formula, mine follows. Yet the 1esemblance 13 entirely formal, because the
formation of the polynomials 1L, (2), I (2),. , I,.(2) requires the a prior establishment
of the domam D and the knowledge of the function F(z) that 1t 1s holomorphic in D
whereas with me the formula of representation, so far from supposing any @ priort know-
ledge of the star A, gives on the contrary the means of determmming the start

In other publications, 1t 18 my mtention to develop other theorems mn the same range
of 1deas as well as to return to the numeious apphcations that can be made of my
theorems I restiict myself mn this place to the following indications. I have just
explamed that, besides the circle C and the star A, there 1s an infinite number of other

nvestigations on the summability of series from the pomnt  appeared in the Comptes Rendus (23 May, 1899) In the
of view just indicated 8o clearlyin his book Otherwise he same number of the Comptes Rendus, there 18 a note by
rather might have said that the immediate aim was to M Borel related to my investigations The reader 18 also
find & general representation vahid for a domam still more ferred to an addition to the “mé sur les séries
extensive than this domamn X (that 1s, C) divergentes par £ Borel” (4nn de VEc Norm ,1899), and

* Comptes Rendus, t cxxvi (24 Jan, 1898), pp 820,321  to two important notes by M FPicard (Comptes Rendus,

+ While the present note was passing through the 5 June, 1899) and M Phragmén (Comptes Rendus,
press, a new and interesting note of M Pamnlevé's, dis- 12 June, 1899) all of them are connected with these
cussing the relation of these invest: to my own, has  1nvestigations
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stars C®, C®, C®, ., each of which 13 circumscribed to that which precedes 1t and 1s
mscribed* to that which follows 1t, to these there correspond expansions PCY (z|a),
PC® (zja), PC® (z|a), which preserve all the principal characters of the Taylor’s series
PC(z|a) The expression PC® (z|a) 18 merely a (u+ 1)-ple series with limited convergence.

There 15 another method of generahsing Taylor’s series as follows

Denote by A a star unth s centre at a, and by A® an iate star, tric
with A and wscribed wn A, defined wnth reference to A wn some suitable manner Thus
star A® 15 to be such that «t becomes a cwrcle when 8§=1 and that 1t encloses wm its
mterior every domain unthin A when the quantity 8 18 sufficiently small.

Now suppose that A 18 the star belonging to the elements F(a), FV (a), F® (a),
and construct the series
Py(z|a)=F (a)

+ i; (™ (8) F (@) (@ — a) + hy™ (8) F ¥ (a) (w — a) + ... + P (8) FW (a) (w—a)}  (5)

)

The coeflicrents

IO (R B

can be assigned a prior, independently of a, of F(a), FV(a), F¥(u), . and of = so
that the seres p es the followwng properties: it converges for every pownt wwthun A®
and converges umiformly for every domain witlan A®. If convergence takes place for any
value, the value necessarly belongs to the wnterwr of A® or s a pownt of the star 4©
When 8§=1, the seres becomes Taylor's series.

The equality
FA (@)= Py (ola),
exists throughout the wnterior of A®
Among other differences between the two generalisations of Taylor’s theorem, this
may be noted that i the first the stars CW, €%, C®,  form, so to speak, a discontinuous

sequence of domains of convergence, while 1 the second there 15 a continuous transition
from the circle C' (= AW) to the star 4 (= A®)

The star which belongs to the elements F(a), F" (a),... 18 given at the same time
as these clements, just as the crcle which belongs to the elements also 15 given But
m order actually to construct the star on the circle, we must 1n the first case know
the pomts of the star (1t 1s thus that I describe the powmnts formerly denoted by a;)
and 1n the second case the distance between @ and the nearest pomnt of the star
It mght be difficult to deduce this knowledge simply by the study of the elements
F(a), FY (a), FO(a),. But 1n some problems the pomnts of the star are directly given
¢g the determination of the general integral of a differential all of whose critical pomnts
are fixed, being fimite mm number In this case, we can construct the star directly and
can obtan an analytical expression for the integral valid over the whole plane except

+1 b

* A star 18 nscribed 1n which
the two stars have common points such as q;

1t 1f the whole of the first star belongs to the second and 1if
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at a finite number of determinate sections Notwithstanding the remarkable researches of
M. Fuchs and M. Appell and others, this problem of finding a representation, which at
once 13 umgque for the whole plane and 1s sufficiently simple, has not hitherto been
solved

The beautiful researches of MM Fabry, Hadamaid, Borel and other French writers,
which have therr origin m M. Darboux’s memoir* “Sur Papproximation des fonctions de
trés-grands nombres” and which aim at the development of the critenia whether a pont on
a circle belonging to the elements F(a), F" (a), F® (a), .18 a singulanty of the function
or not, are well known My theorems make 1t possible to study this problem from a
more general pomnt of view than these wrters and to find the critera which distinguish
the points of the star belonging to the elements F(a), F® (a), F* (a),. from other ponts
It can be stated that, to each selection of the coefficients called c";), there corresponds
a special system of criteria

For these 1nvestigations, the following theorem can serve as the pomnt of departure:—

If # s a pownt withi the star A belonging to the elements F(a), F® (a), F (a),. .,
and of € 18 a posthwe quuntrty sufficrently small, it s always possible to choose a posutwe
number & so that, o bewng « poshwe quantity as small as we please, a positwe nteger
 emists such that

[l (8)F® (@) (1 + €) (w— a) + h,™ (8) F® (@) (1 + €) (x—a)*+  +hP(a) F*(a){(1+¢) (z—a)r|<o,
provdedt A2\

If on the contrary, « does not lie wnthw A, thvs property does not hold

M Pomcaré has pomted out a certamn substitution which 1s-of great value in the study
of certamn mechanical problems, particularly m that of n bodies When this substitution 1s
used, a development of the function in powers of the time can be obtamed which 18 valid
for real values of the time as far as the first positive o1 negatwe singulaity nearest the
ongm. But the mechanical problem 1equires 1 general a knowledge of the first positive
singulanty, and not mercly the nearest singulanty, positive or negative It 19 obvious that
the resolution of this problem can be biought within my theorem  In fact, knowing the
clements F (t,), F" (t,), F® (), at a given epoch £, we can obtamn a development which
1cpresents the function and 1s vahd for all real values of ¢>¢, up to the first singulanty of
the function.

Recently I had an opportumty of giving an account of a portion of my nvestigations
before the Academy of Sciences of Turin My friend M Volterra then made the following
teresting communication.

If in any dynamical problem the unknown functions be regarded as analytic functions
of the time, the problem will be solved cumpletely from the analytical pont of view when
1t can be shewn that the real axis of the time falls completely within the stars of the

* Liouville, Journ de Math, 3™ Sér, t 1v (1875), t The quantities § and A% (5) have the same sigmficance
pp 554 as 1n the formula (5)

Vor. XVIII 2
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unknown functions, the centre of the stars being the mmtial value of the time. In fact,
it 18 sufficient to employ M. Mittag-Leffler’s expansions to obtamn the unknown functions
for any value of the time The coefficients 1n the expansions will be determined by the
mtial conditions of motion.

1°. A very extensive class of dynamical equations can be reduced to the integration
of differential equations of the type

L
D= Sl'o?x Usx PxPry
where aS:’a—aﬁ:) 0 Since m this case a fimte strip enclosing the real axis 18 contamed

m the stars of the functions p,, the centre being ¢=0, new forms of the mtegrals of
these equations can be derivable by M Mittag-Leffler’s expansions*,

2°. Passing to the problems of attraction, 1t may be remarked that the problem of
the motion of a point attracted by fixed ponts placed mn a strmght hne, the force bemng
according to Newton’s law, has not been resolved when the number of attracting points
18 greater than two Let us consider the general case and suppose that the moment of
the initial velocity of the moving pont m, with reference to the axis a of fxed pomts,
18 not zero Then $ bemng the angle which the plane ma makes with a fixed plane
through 2, and » being the distance of m from the axis 2, we have the areal integral

2% = (' = constant,
and the integral of vis viva 7'~ P =/ = constant, where

M m

i

T=jm@A+r$ 1y, P=5=

T bemg the vis viva and P the potential 1 the latter expression the macses of the
fixed pomnt are denoted by A, and their distances from m by », It 1s at once obvious
that » cannot vanish In effect, 1f for ¢t=¢, » can become mdefimtely small, let us
take this quantity as an infimtesimal of the first order On account of the areal
mtegral, § would be infimtely great of the second order, and consequently 92 (=C3)
would also be of the sscond order 7' theiefore would be infimtely great of the second
order But P 1if it become infinitely great, can be so only to the first order because the
quantities 7, are greater than », hence if 7 could become infimtely small, the integral of
vis viva would not be verified. Tt therefore 18 to be inferred that the real axis of the
time 18 contamned mn the stars of the unknown elements and consequently these elements
are expressible by Mittag-Leffler’s seres.

3° Given n pomts repelling one another according to the Newtoman law of force,
the integral of vis viva may be written

by (24l +af) + I < ),
. ws Tue

* I have studied this class of equations in three Notes  class can be still further extended so as to include many

published by the Academy of Turin in 1898 and 1899 The  of the classical problems 1n dynamics
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where w,, y, % are the coordinates of the moving pomnts, m, their masses, 7, ther
distances, and % 15 a constant quantity By noting that in this equation all the terms
are positive, we infer that the pomnts cannot colhde and that thewr velocities are fimte
Hence 1n this case also, the real axis of the time lies within the stars But we can
pass from the case of repulsion to that of attraction by changing ¢ into ¢,/ =1 Through
this transformation, the components of the velocities become imaginary if they were real,
and wice versa But if at the beginming of the time they were zero, the transformation
leaves them zero Hence we deduce the very curious theorem

Consider the problem of n bodies 1n the most general case, with the sole condition
that the mmtial velocities of the bodies are zero then taking the origin at the beginning
of the time, the real axis 13 not included within the stars of the coordinates, but the
maginary axis 18 always completely mcluded That 1s to say, M Mittag-Leffler’s expansions
will be valid for mmaginary values of the time even 1f they are not so for all real
values

4° Finally 1t may be remarked that M Mittag-Leffler’s expansions can be used for
the motion of straight and parallel vortices Reference may be made to Lecture XX. mn
Kirchhoft’s Mechanik for the differential equations of the motion

The nterest of this development 13 mamfest I remark, however, that the main 1m-

portance of my theorems so far as concerns mechames appears to me to be that they provide
a means of finding a real and positive pomt of my star, and of determining whether
this pomt 18 at nfimty or not M Volteria on the contiary supposes as always known
betorehand that this pomnt 1s at infimty My principal theorem also provides in this case
a means of representing the function, with any approximation desired for any real domam
whatever, by a polynomial mto which there enter no clementd taken from the function
other than a hmited number of the quantities F(t,), F™ (t,), F® (t,),... It appcars to me
that this pomnt of view may become useful in applications to mechanics

PEruGIa, dpril, 1899



II.  Application of the Partition Analysis to the study of the properties of
any system of Consecutwe Integers. By Major P. A. MacMason, R.A,,
D.Se., F.R.S.,, Hon. Mem CP.S.

[Recerved 15 May, 1899 )

INTRODUCTION

THE object of this paper 15 to solve a problem, conceining any arbitranly selected
set of consecutive integers, by the apphcation of a new method of Paitition analysis
I will first explain the problem, and aftciwards the analysis that will be used

In the bmomial and multinomial expansions, the exponent being a positive nteger,
every cocfficient 18 an integer. This fact depends analytically upon the ecircumstance
that the product of any m consecutive integers 1s divisible by factonal m, we have

ERERCE) €5

an 1nteger for all values of n.

The present question 1s the determination of all values of a;, a, a, . a, for
which the expression
<n+ 1 (;1+_‘{)-‘ (714. 3)~= <n+m)“m
1 ) 2 3 m

1s an 1nteger for all values of n, in particular the discovery of the fimte number of
ground or fundamental products of this form, from which all the forms may be generated
by multaplication

There 18 a parallel theory connected with the algebraic product

1—‘1/"‘“ a; l_xn-n a; 1 — gnte\ ey ].—-(l‘"'”" am

G O () (2
where &, @, a5, .. @, have to be assigned so that the product 1s fimte and integral
for all values of » This has been discussed by me in the ‘Memowr on the Theory
of the Partitions of Numbers, Part II’ Phil Trans R S 1899 It will be observed
that the algebraic product merges into the amthmetical product for the particular case

@=1, so that all algebraic products which are fimte and integral produce in this manner
arithmetical products which are integers This, however, 1s as much as can be sad, for
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otherwise the theories proceed on widely divergent hnes, as mght be expected the
arithmetical products form a more extended group than the algebraical.

Denote, for brevity,
1 — gn+e n+s
1o and
by X, and N, respectively

The principal X theorem, that has been obtaned loc cit, 15 to the effect that con-
structing any X rectangle

X, X, X, X, X,

X, X, X, X . X
IY: X 4 X 5 X 6 X +2
X X X X Xito

Xm Xm+| Xm+z Xm+s -Xl+m+h

! and m having any values, with the law that any X has a suffix one greater than
the X above 1t or to the left of 1t, the product

XXX Xisune,

obtammed by multiplying all the X’s together, 1s finite and integral for all values of the
mteger n There are other forms as well, eg. the product

XXX XX,
which are not expressible i the rectangular lattice form, the theory of which 13 not yet
complete.
We see therefore that the product of N’s contamned mm the rectangle
N, N, N, N,
N, N, N, ... Ny,
N, N, N, N
Nm 4Vm+1 J\’Ym+z o Nl+m—l

18 an mteger for all values of n

It will appcar morcover that no product eaists which 18 fiee from N,, so that all
these products, bemng irreducible, are fundamental solutions of the problem,

The method of partition analysis 18 concerned with the solution of one or more rela-

tions of the type
M0+ A 4 A + e+ Al

> B+ et s+ .+ B,

the coefficients A and u being given positive 1ntegers, and 1t 18 1equired to find the
general values of a;, @ ...8), By, , bemg positive integers, which satisfy the one or
more relations,
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This 18 accomplished by constructing the sum
Imnahat ot Pyl Loy

for all sets of values of a, @, B, B,  which satisfy the relation The expression
obtamed 1s found to indicate the ground solutions of the relations and the syzygies that
connect them

The sum 18 expressible m the crude form

0 1

2 1—mha, 1—mha, l—mhaz, 1— mThy T—mmhy, 1 —mrey,

where the symbol of operation

v o

18 connected with the auxihary symbol m in the followmg manner —

The fraction 15 to be expanded in ascending poweis of ay, a3, ¥, ¥, .. , all
terms contwning mnegative powers of m are to be then deleted, subsequently, i the
remaining terms, m 18 to be put equal to umty.

Shght reflection will shew that the conditional relation will be satisfied m all
products which swvive this operation, and that 1f we can perform the operation so as
to retan the fractional form we <hall arve at a reduced generating function which
will estabhish the ground solutions and the syzygies which connect them

As a simple example of 1eduction which 18 of great service in what follows take

428,

this leads to Q 1

> 1 ’
1—maz,.1-"
' m

and observing that

L
1 S S m
T l—ma. 1=z,

B

1 1
11— ma, l—ﬁ‘% 1—';—".’/1 1 ~ayy,

we find ‘Q__l__= 1 ,
l—x. 1=m:y

> 1
1 —ma, 1_’;;.1 %

1
Q m? .

also Sia di-ay’

> 1
l—nw,.l—;i%

which 1s the solution of 2P +s,
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so that the solution of

13 given by

Agam, 1f

we have

the solution

Also the solution of

Lastly,

THE PROPERTIES OF CONSECUTIVE INTEGERS

>3
1
Q m _ x,
> 1 " 1-z.1-ux
l-mw,.l—ﬁy, ! 1
o 2B+ B,

Q 1

2l— 1 11 1 !
my —EJI‘ _';L‘%

(0] 1

’

> 1
1 —ma, l—ﬁy, 1-ay,

1
1-2 1 -:z,y,.l—-a,y,'

o> B +8

— — .——ml - -
1—wy 1=a,y 1=y,

o+ a2

gives, by repeated application of the above simple theorem,

- 1—aa,y,
1-2, 1—u, 1-ayy, 1—a,y

15

In general the subsequent work merely mvolves processes easily derivable from these cases

Particular theorems will be given as they become necessary, and tfor the general theory,
which 1s heie not needed, the reader 15 referred to Part 111 of the Memoir on Paititions
which may appear shortly in Phil. Thans. B S.

To come to the object of the paper I commence with

ORDER 2

SPICT R

this product 1s an integer when n is even, but when n 13 uneven we must have
a >0,
1
1
1-aN.1- a N,

Q
and SNaNm= S

Z

»

1
S1<N, 1-N.N.
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shewmg that the ground products are N,, NNV,

or (ma)=(1, 0), (1, D)
ORDER 3
n+ 1\ M2\ M+ B\ o ar
(T CE) () e
When 2 15 of form condition 1s
4m + 1, a, + 2a4 > a, (@),
4m + 3, 2 + a3 > ay N
3m + 1, a > ),
3m + 2, o> a (c)

We may omit the sccond of these as being mplied by the first and fourth and mtroducing
the auxiharies @, b, ¢ 1 the 1elations marked (a), (b), (c) respectively we write down the

Q function
(¢} 1

Zloach, 1-°N, 1-CN,
—aciVy g et

as the expression of the sum IN»N:Ng@

It must be observed that the operating symbol £, has reference to cach of the threc

>
auxilaries @, b, ¢

These must be dealt with in the most convement oider, so that unnecessary labour
may be avorded, this order 19 not always obvious without some preliminary experiments. In
the present mstance 1t 15 clearly advisable to commence with b because a occurs to the
second power, and operation upon ¢ will mtroduce «* [t should be remarked that operation
upon one letter may cause two letters to vamish, this would indicate that the 1elations
associated with these letters are mnot dependent members of the system of relations
It does not follow conversely that 1t the 1elations are not all independent two letters
must vanish as the 1esult of operation upon some one letter This does follow for a
certamn order of operation upon the letters, but not for all orders

Ehmmating b we obtain
1

> 1 a
1—ach, I—EN"I_EN’N’

Observe that this expression would have presented itself if for the two 1elations
o+ oy >a,,
a, 2 ag,

we had constructed the sum SNANgs(N,N)s
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The fact 15 that we can reduce the three relations (a), (b), (c) to two by writing a,+as
for a,, a tranformation that the relation (b) permits, and then we have to write N.N, fo
N, 1 the sum

IN» NN,
We next eliminate ¢, obtaming
Lo} 1
> T '
1-aNl,. 1—‘;N2 1-a*N,N,N,

an expression that would have presented itself if we had been summing

SN Ngs (NN, N,
for the single relation o + 22, > a,,
obtained from the telation
o+ a2 a,

by wnting a; +a; for a;, a transformation permitted by the relation

o > a

The process employed 19 therefore equivalent to a gradual reduction mm the number
of the conditional relations associated with a proper transformation of the product to be
summed

To ehmnate ¢ we requue the subsidiary theorem

[0} 1 _ l+ay—ayz—ays?
Tl-c¢ -y 1—yz 1—az’

2 w1 1 1
1—de 1—ay ~ 4’

and thence we denve
1+ NN2N,— NeNAN,— NPNJN,
1-N,.1-N,N,.1- N\N,N, 1= NNV,
_ 1= N2N2N,— N2NSN, — NeNANE + NPNANE + NeNSN e

1-N, 1-N,N, I-N,N,N, 1 -N,N?N, 1-N,N}N,

In this 1esult the denommator indicates the ground products, and the numerator the
sinple and compound syzygies which connect them

It 1s mamfest that the ground products aie
N,, N.N,, N\N.N,, NNN:N,, N.N?N,
connected by the simple syzygies
(4) = () (NN 2Ny) = (N No) (NN, N) = 0,
(B) = (N,) (N N3 Ny) — (N ) (NN Ns) = 0,

(C) = (NlN-st) (NxNz'Na) - (NxszNx)’ =0,
VoL XVIII 3
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and the compound syzygies
V)(C) = (NN.N,)(B) =0,
(N\N2N) (B)— (N\N#N)(4)=0,
indicated by the numerator terms
- NfN,’Ng, - NlaNzuNx: - leNz‘Nxﬁ’ + N,’N“N,’, + leNfN»’
respectively
The generating function takes also the suggestive form —
o 1—-N2NSN,
I-N, 1- NN, 1- NN,N, 1-N,N:N,
+ NN 2N, -
1- N\N,.1-NN,N, 1-N,N}N,

By procecding 1n this manner we not only obtamn the new ground products appertaining
to the order but also those of lower orders previously obtamed It would be desirable to
exclude the latter, and 1 the case before us we see & postertors that this could have been
secured by mmpressing the additional condition

a=0a,

but no method, simlar to this, seems to be available for an order higher than 3, as no
equation 1nvanably connects the mdices of the ground products

ORDER 4
CE (T 3T (-
When 7 1s of the form condition 18
m+1, a + 20, > a, + 2a,,
4m + 2, a2 ,
4m + 3, 2a, + a; >0, + 2a,,
3m+1, a>a s
3m + 2, a, + oy >0y

The Q function which can be at once written down 18 somewhat troublesome to deal
with, so that I find 1t appropriate to divide the generating function nto two paits according
as @ 205, 4>

Case 1 a,>0a

The conditions reduce to

a >0 (),
&+ 2020+ 2 (D),
o >y (c)

2,2 @)



THE STUDY OF THE PROPERTIES OF CONSECUTIVE INTEGERS

and 1t 13 convenient to add the implied condition

a>a, (e)
We obtam, for SNaN NN g,
0 1
2 od 1 1 )
1—abeN,.1 —3N2.1 —E,FlN" l_b?c‘éN‘
and, elminating d and e, this 18
4] 1
> )
L-abl, 15N, 1-2 N8, 1- L NN,
which, elininating ¢, 18
1 .
a l—I;N,N,-'I\,N,
> 1 b a . ’
1-abMN, 1 —BN,, 1 —aN_.N,.l - I;;NIN,N, 1 - N,N,N,N,
and, ehminating «, this becomes
Q 1—-N2N2N N,
> )
1-bN, 1- %Nﬂ 1=, NN, 1=BNNN, 1- NNV,
the term 1 — %N,N;N:,N‘ disappearing.
This 18 equal to
L5y
1—-N32N2N,NQ 1 + b
1-NN,NN,2|1-b0N, 1-NN, 1- %Ng- 1- NN,
1
1 I;' NlNJNA
X1 a7 iy +
ll VN,N,N, 1— N;:N:N,N, 1— Z};.NxNeNc N2NN,N,

1
“1=N, 1=N,N, 1=N,N,N, 1= N,N.N,¥N,

1

+9 I?N“ 1
TTNFIL N
> 1NN, -y, LT L A
LN,
+.Q, g N 1
Z1oow 1Ly, T L NN

|

|

19
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.
“1-N,.1-N,N, 1-N,N.N, 1 - N,N,N,N,

. N.N:Ny+ NNAN, )
I=NN,.1-N.N.N, 1-N,N,N,N, 1 =N, NN

. -~ NeNSN.,
1T, 1= NN, 1-N,N,N.N, 1= NgN,N,

Case 2 a;> ay.
The conditions become
a3 > a, (w),
20, + a3 > ay + 20, (b),

oy > ay (),
2,2 a (@),
a + o> % (e),

to which 1t 18 convement to add the implied conditions

a = (f):
A 2> ay @),
the 2 function 1s
1
[0 «@
>, _bef _cd aby ¢ N
1 aN’ 1 bN2 1—‘51\73 l_b‘cj}]A‘
1
) “
T > b cd ub be
1—71\’, I_T‘V" l-—%N‘.l—CdN,NxN‘
b
B de Vs
> 1 —Y:JN)Nx 1 _(El-‘vz 1 "‘:;%N; l—eNlNgf\',lV‘
b
1 o G NNNoN,
L= NNN >y Yy N, 10N, 1=y,
_ NN, o 1
" 1-N,N.N,N,>

1 —BN,N.N, 1- If N, 1—N,NNgN,

_ N N2NaN, (1 + 8,N2N)
TSI TN, NN, 1= N,N;N, 1= N,N.N,N, 1= N,NaNzN.
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Hence the complete sum
S-Nla‘N 2Ny fal

1
1=N, 1-N,N, i-=N,N,N, 1= N,N,N,N,

+ N,N2N.+ N, NN,
1-N,N, 1-N,N,N,.1-N,N,N,N, 1 -N,N2:N;

" NN, N,
1-N,.1-N,N,.1- N,N,N,N, 1- N3N, N,

e NNANAN.(1+ NN o
1-N,N,N, 1-N, N3N, 1-N,N,N,N,.1~N,N2N:N,’

and we have three ground products of order 4, viz —

N.N.N.N,,
N13N2N4)
N,N2NZN,,

and cvery product of order 4 can be compounded of these and of ground products of
lower orders

I pause to observe that the form NBN,N, 15 one of a kind that always presents
itself for an even order The system 1s

NaNaNsNgs Ny,
and may be scparately cxammned  For the order 6 the ground products
N@N,N,, N¢'N.NN,, N*N,N2N;, NN, NN,
and tor the order 8 N'N,NNyN,, N*N,N,N2N,, N2Nz2NN,,
NPN,NENEN,, NENSNSNSNG,

are casily obtaned

ORDER 5,

We now come to a very complicated system of forms, which includes no fewer than
13 ground products of oider 5  These I find to be
N.,N.N,N.N;, N\N.N;:N.N,, N\N:N,N. Ny,
N,N:NgN, Ny, N N2NZNN,, N,N:N&N2N,,
N,NpN2N,N,, N,NNSN2N;, N NiN:N, N,
NpNSNJNENG, NANAN,NeN;, NyNANINSNg,
NENSNENSF,
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The complete generating function can be obtamed without difficulty, but, on account
of 1ts great length, I restrict my endeavours to the estabhshing of the 13 ground
products I find 1t necessary to adopt abridged notations, and m future, where 1t 15 con-
venient, 1 denote

NaNsaNsNaNes by (og000,0)

Further, 1if a portion of the generating function presents 1self, which involves merely
ground produets already obtamned wn the previous work, I enclose 1t 1 biackets [ ] and
thenceforward omut 1t For example, I write

A=[B]+(C=C=[D]+E=E,
and so on

For CONCUNC SACVEGTE

= NN aN@ NN = (a0,0,2)

When 2 15 of form condition 1
p+1, o, + 205 + a5 > o, + 2a,,
4p + 2, a2 a,
4p + 3, 20, + oy + 205 > oy + 21,
p+1, o, + o > ay,
3p+2, a + @ >0,
5p+1, o, >0,
5p+2, a, > a,
5p+3, o, > ay omit,
p+ 4, o, >a,

the eighth of these conditions may be omitted as being mmplied by the second and
sixth I separate the generating function into six portions corresponding to

Case 1 o >y, 421,

Case 2. G2y, >0,

Case 3. > ay, O >dy, O+ 050,
Case 4 @ >a, o> a, a>a; + o,
Case 5 >, O3> ay, o+ o5>0,

Casc 6 a>a;, a>a, ay>a; + a
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For Case 1. The conditions become

o + 205+ a5 > o, + 20, .

o>, .
a,2ag ..

a2,
a>a .
a>a,
for which the generating funetion 19
Q 1
> of a’e d @
1-abl, 1—55N2 1- . N‘,.l—"—‘fN, 1_?leN‘
which, elimmating b and ¢, 18
0 1
Z 1 —aN, 1=fN.N, 1—aefN. NN, 1= “ N, 1-2 ¥
1 14Y 2 14V 4V ”"j 4 de"
and ehmmating d, e, and f,
0 1-(2211)

S .
1- NN, 1-aN.V.N, u%N,NeM 1—ad, 1-a(11111). 1=(1111)

1

Nowg .
“1-an l-ay 1—az 1—2i5w

Lal e |

=f—-aw?ll—a‘x.l—a‘y et

l-ay 1—uz l—g_,j

1 2+ yzw

S ioy 1oz 1w 1w 1= 1=20
Q 2
+ WYy’

Z

1-auy.1-az 1—:% 1-aw

S _ Pwtyaw
1=z l-y 1=z l-aw l-aw l-2 1—2w

+ yAw + yw (yw + yaw)
T-yl-zl-Zw l-aw 1-y l—yw | —zw 1- rw

23

(a),
®),
(),
(@),
(e),

VX
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Hence, putting z=N,N,N,, y=N,, z=(11111), w= N,N,N,, we have
zw = (2211),
yw = N2N,N,,
2w = (33232),
yzw = (32121),

and we arrive at the thiee ground products
(11111),
(82121),
(33232),

which, as tar as this case 15 conceined, are 1rreducible

Case 2 o >a,, oay>a,.

The system of conditions reduces to

2 eee eenen s . (a),
a>a, . . (b),
oy >0 .. . (o),
GQtap>a; . .. . (d),
a; 2o, . (e),
and SNaNsNaN N e
1
_a b
2 cd b € !
1—al, 1-2/N, 1-2 N, 1-°N, 1_fe.N,,
1.
_0 aX
T2 c T 1 d
1-aN 1-2N.N, 1— N, 1-_N.1-7 NN,

1 \d
Q 3 N,N.N,

>
1=N, 1—=c¢N,N,N, 1- %N,N.Z\Q. 1 —%N.. 1 —%N.N,.

= iy -
1-N, 1-N,N,N, 1-N,N,N,N, 1-(11111) 1 —(11211)’

yielding the new ground product
(11211).
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Case 3 a3 > oy, 0>, a -+ ag> o,
The reduced conditions are
U >0 e e . e e . (a),
a,>a, e e e v (D),
ata>a . . e e e e (0),
o+ 20+ >a,+ 2, . . e e e (d),
aGta o ... e e e arees (e),
aza ... .. e e f),
a>a . . . . 9)
a=ay .. .. . N ()
o >a (),
of which the generator 1s .
Q a
Ty -y, 1—2nlN, 1- 325, 1—5,‘3‘11\’
e NN =T 1T N - N L ced NNNNL,

'7?
the result ot elumnating «, ¢, & and o

It might be thought advisable at this stage to chminate b or £ but experiment shews
an advantage 1 proceeding with d

Consider
P
.Q d
o w
1—dw 1 l .1-dz 1—(~l
gi w
Y d 1 d: 1 d
T 21l-ay l-aw l_d"”'+1_1i 1—_01—z+1 w
d? Td
P 1
Q d Q P

S Ty p s p PN
ey l—zw.1—dx.1~dz l—ay.l—zw 1—dix.1- a

1
s

o
*>
l-ay 1—2w.1-dz 1—;’_,

Vou. XVIIL 4
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_ pr + pz -
S1=z l—ay 1-zw 1—=a l—z l—ay 1—zw

paw (14 aw) pyzt

tizs l—ay 1 —2w - TT=2 1—uy T-ow 1—ya*

Hence the gencrator 18 —

1
(puttmg p=UN,, a:=b—c—e.Ns, N‘, z—ced(lllll))

f
L yN
[9) ce .,

>

1 1
1—5-02N,.1—bcf¢ WV, 1=beef(12111) 1 —boef N, N,

N beef (12111)
1 1
— oo Ve 1= e (L) 10 NN, 1=beef (12111) 1~ boef N, N,
. bos (34343)
1-c¢(11111) l—bifN.N, 1-bef(12111) 1—0—;(22232).1—bch,N,
’iﬂv:zv (1+—f~ NN)
+

1 - ar
1-p N, 1- bfl\,x\ | - beef (12111) 1— bf NiN, 1—-beef NN,
=A+B+C+ D, suppose
1
— NN,
Now A=2 e ’ T
“ 1 —beeN, N, 1—boe(12111).1~ ¢ (12221). 1= . N,

0 I;TN,N}
+ > 1
1-beeNiN, 1-e(1111) 1—-e(12221). 1 -7 N,
1
0 oo Vo (1= NuN2N, (11111))

T >2T—ceN, N, 1—ce(12111) 1 —e(12221) 1= N, N, N, 1—(i12211)

L0 be (2321)
2TT0e NN, T—e(l111) 1—¢(12221) 1= N,N,N,

o 3211) {1 —-(121)(11111)]
T1-(111) 1—-(12111) 1 —(12211) 1 -—(12221)
(121) {1 — (121} (11111)}
TITAD T=QID 1=(2110) 1= (12211) 1—(12221)

(121)(1111)
IS Ty 1= (U T = (12291)
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a tesult which indicates the new ground forms
(12111),
(12211),
(12221),
(13211).

B 15 casily shewn to have the expression
i 12111
Ty T=(11l) [ 1= (1101 1= (121TQ)

(12211) -
TICAD TSI 1=y 1= (13111) T=(12211)

C, by elimiation of b and ¢ (1n one operation), becomes

(w43 0 1
1=QUD L= AHID> y rqo1n1) 1-£(11) 1—},(22232)

1
3) Q /
Iy 1=(zn > T e 1_}(22232)

o 3445
T iy =i

L (34343) 11 — (45343)) o
T1I-(Q1) 1T=(1111) 1—(1I11) 1—(12111) 1 —(34343) 1-(33232)

(46564)
FIC 1) I-ATINY T=(12221) 1=(12111) 1—(34343)°
wheremn observe that (45343) = (11) (34343),

(46564) = (12221) (34343) ,
so that (34343) 15 the only new giound product that emerges

Separating the numerator terms of D 1t can be wutten D, + D,

For D, we require the result
w
¢

9]
w

> 1 1-2 1
—er l—ey 1-2 -

yw aw atw?

_‘—'37-1':.02 1-.yw+l_:x l1-y 1-az 1————‘—1/w+1—r l—a2z 1—aw 1—yw

yew
tio ~y l—az.1—yz 1—yw’
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which (puttmg @ =0bef (12111), y=1bef (11), z=l—)16N3, 10—LN,“N,> brings 1t to

Q b17? (131)

> —517N,N. 1-£(12211) 1-b%2(131) 1—bef(11)
Y b2 (14211)

g l—gistN‘ 1—/(12211) 1-5:%(131) 1—bef (11) 1—bef(12111)
+ 2 bif* (28422)

1o, b Moo 1=/ (12211) 1=Bf2(131) 1= bef (12111). 1= by/* (14211)
2 bfe(121)

>

1—WN3N. 1-£(12211) 1-8F*(181) 1 —bef(11) 1—f(111)

B asn
SI-(AD).1-(111) 1= (131) 1 —(12211)

(14211) {1 —(11) (12221)}

oI TSy, T=asn. T=(1211) 1- 221y 1=(12221)

(14211):
iz —(131).1—(12111). 1 - (12211) 1 —(12221) 1 —(14211)

(121y
oA TS AID. 1= (1111). 1= (181) 1= (12211)’

yielding the single new ground product

(14211)

For D, we requue the result
p
Q ¢

> z w
l—er 1—ey 1—;.1——;

Y I zy m’-’____+ Tw ¥z }
T ilgw -y 1=y 1 s 1y 1Sy 1w 1—y T—y2)’
bf®
and putting pP=4 N3Ng, z=bef (12111), y=1bef(11),
1

z2=3 N, w"é{;‘Nngu

be
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and observing that we may put b=f=1 and that moreover
xz=(12111), yw =(131),
pyr=(121) (131), pary=(121)(14211),
par = (13211)(14211), patw = (13211)(14211)2,
pyte=(121)0, aw=(14211), yz=(111),

while operation upon the remamng letter ¢ produces no new form, 1t 15 clear that no new
form arises

Case 4 o> 0y, a,>ay, >+ a5,

The 1educed conditions are

[ . . (a),
o> a ([))v
G>ata . (¢),
2a, + a5+ 205 2 @, + 2a....... .. . .o (d),
onta>a (e)
a, > )
a, 20y )
a, 2> oy (h),
leading to SN» N sV NN
1
_0 ac
T2 deh abf
1- f-N 1—‘ N,.1 _beN ng th
and this by elmination of «, b, ¢, e, g and h becomes
Q (T“N"N N,
2 S dF(I). 1= dF(12211) 1-4N, 1~ fN. 1-1 F V.,
0 1
and smce 1
1-fe.l-fy.1—fz.1-zw
S
1 yw

e 1-—y.1—z.1—zw+l—y.l-—yw.1—zw

+ zw + zhw*
l—z l-y. l=yw.l-z2w |l=z l—aw l—yw 1-2w
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this becomes —
(puttmg o=dr(111), y=d*(12211), z= 1N, w=‘—§—iN.>

i
1
0 (—i;N,N,N. )
>
1——NN {1-dz(111) 1 - d(12211) 1——N3 1- 5 Ly,
(12221)
+ T
1-d:(12211) 1~ 5, NN, 1-(12221)
N (1111)

1—di(111) 1—d2(12211) 1—5,1\@1\', 1—(12221)}

the fourth fraction being omitted as obviously contributing nothing new

Now writing w=(111), y=(12211), 2= N,, w=N,N,N,,

P=1\’;1\'4,
w

Q d? o yw(+yp)

Z -y 1-51-5 Tley loge Loyt

‘ﬁ)

Q d: e (l+yp)
> - — - 7:v“‘

1-dw 1-dy -G 1=k IR R B S

@ (L+y+y) (1 +p) zw

T=t 1-ap 1—yp 1—uw

¥ (1 +p) aw

1~z l—_/ T-yp* 1—aw

K aw
+1—1-'p-‘ 1—yp? 1—aw

where K=14+z+y+2+ay+y +22y+ay’ +a2y
+ (@4 ay + ¥+ 2y + a4+ 2y p

+ (‘Lly +ay2 + a{')yl)P'Z’
’l‘U_
Q o
2l cdw l—ay 1-5 1-9 1-2
T iTYY it T e
yw A +yp) (L+yz) ¥ zwp

SISy Il—aw L-yw 1—yp Ty i =uw 1—yw 1—y'p? 1—y2
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aw (1 +22) (1 +9%p) + aw(yz +y'zp)
T 1o —y l—aw 1—a2® 1-y'p! l—y l—uw | —y'p?

. (wyp + xyzp + 2%p* + Yp’ + w'zp® + BYP* + TPt + Lyzp + & J’zp‘)
l-—z l-aw 1—uz* 1-2'p* 1-y°p?

In venifying these laborious calculations the relations

z
R U R
1-dy 1-2 1=y 1=dy 1—yz® 1—%
LYY P
1 _ 1+dyp . 3 de d
N ) 1—y*p* 1—dy ’
1—dy l—fls I v 1—yp? l—gs

nll be found useful
On e¢xamining these 1esults we find that
yw = (13321)
s a new ground form, and that every other term 15 expressible by means of 1t and
f ground forms previously reached
Case 5 ay>0,, ay>a, a+a;>a,

The reduced couditions are

a > o (a),
a>a, ®),
o+ 25 2 (c),
>, (d)'
a,>a, (e),
o 2>, ),
rom which
1
Q abh
> of ab b e c \-
I—EN,I —N 1- Nﬂl'gNtl‘éc*\a
‘_i» N.N;
0 ¢

Z | —o(111l) 1—‘;-1N_,N, 1—%N, 1-d(111) 1—(%1\74’

Q 4 (23422)
> ,
1-d(12211).1—d (111) 1—(51N. 1—(11111) 1-(11211)
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_ (zz1n(i21l) (12211)
“1—(11111).1—(11211—){1—(12211) T-(11).1-(1111)

(12221)

T I-(12211) 1-@2221) 1— (1111’

80 that new forms do not arise
Case 6 a,>2, ¢,>a, a,>a +a,

The reduced conditions are

a>a, (a),
oy >a, + a (),
20, + oy + 205 > 0, + 20, (c),
o> ay (d),
o+ oy > ay (e),
a+a,za, N,
[ ),
leading to
1
[0} ab
2. Z’f’J 7 de ‘fb_c f 7 ce 5
1 3 N, 1- cZ\,l )‘N’ ‘RA" 1-—61-11\5

which 1s 1cadily thrown into the tormn

Q
Z1_e@11) l-—(%N,NxN. 1-¢

% N.N.N, (1 - g 1\*,21\@\31\:)

b p et ults b i
and eliminating b this 1~
Q ¢ (12321) — " (11) (12321 )

2
1—c3(111) l-é‘\gN‘,N, 1-(1111) 1 —¢2(12211) 1—¢3(11211) 1 —(12221)

9 ¢ (12821)
Z o111 1-(12221) 1= (11211) 1 —c(111) 1~£1,N2N.A2

V2

¢ (12211)(12321)
1-(12221) 1 - (11211) 1—c3(12211) 1 - ¢¥(111) 1——N)NJ\'

+

Now
Q c

> 1
1-c 1-cy l—c—,z

- 1 £z +azi+a%’
l—z 1=y T=yz 1—=a 1—pys 1%

C N, 1= NNNY, 1-C NNV, 1 -SNN,

f
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and
Q c*

> 1
1-ce 1—-cty 1—cw I_E’z

1 z
T1-z 1-y —wti= -y 1—w l—wz

2’ yz?

1w 1—‘1/‘1—1:}}"1'—7:1;2"-1—‘0/ 1—wz 1—yz

x2® + 'zt - a°2°

il Iwe 1=ys 1-a2

Putting now
2= (11211), y=(111), w=(12211), z=(0111),
we can examine the gencrating function
It 18 clear that

xz = (12321)
18 a ground product

Also 2'2* =(12321) (13431) =(23752)
13 a ground product, (13431) not being a solution of the conditions

Fuither
(12211)(12321) 2 = (12321) (13821),

wz = (13321),
(12211)(12321) y2*=(121) (25752),
(12211) (12321) z2* = (13321) (25752),

50 that therc are no more ground products

We have therefore in Case 6 obtained the new fundamental forms —
(12321),
(25752)

33

The 1nvestigation that has been given does not estabhish that the 13 forms obtained
are ground products qud the whole of the s1x cases, but 1t does prove that all the ground
products are included amongst these 13 But 1t 15 clear that all forms mn which a,=1 are
necessanly ground products This accounts for 9 of the 13 and 1t 18 easy by actual expen-

ment to convince oncselt that the remaning 4, iz —
(235752),
(32121),
(33232),

(34343),
are, 1n fact, wrreducible

Vor XVIIL
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Hence the 13 ground products of order 5 are established.

Finally, to resume the foregomng, 1t has been shewn, i respect of the arithmetical

function
Ct%“0+3~c+@&c+ﬁ“@j%w
I 2 300 4 5 ) = (o, a, a5, a, o)’

n being any mteger whatever, that all integral forms are expressible as products of

(1) order 1,
@an order 2,

=

(111)
{(121) order 3,
(131)

(1111)

{(3101) order 4,
(1221)

(11111)

(11211)

(12111)

(12211)

(12221)

(12321)

(18211) order 3.
(13321)

(14211)

(25752)

(32121)

(33232)

'(34343)




III.  On the Integrals of Systems of Dyfferential Equations.
By Professor A. R Forsyra.

[Received, 28 July, 1899 ]

INTRODUCTORY

THE present paper deals with the chatacter of the most general integral of a system
of two equations of the first order and the fiist degree in the denvatives of a couple
of dependent variables with regard to a single independent varable, the ntegrals being
determined with reference to assigned imitial values, It will be seen that corresponding
results can be establiched for a system of n equations, of the fiist order and the first
degree 1 the derivatives of n dependent variables

When the equations are given n the form
d dz
az=f(“" Y 2), d—;'—'g("v% 2),

then Cauchy’s existence-thcorem shews that, if o =u, y=0, z=c be an ordinary combina-
tion of values for the functions f and g, so that f and g are regular mn the vicimty of
z=a, y=b, z=c, there exist mtegrals y and z of the equations, which are regular
functions of # and which acquire values b and ¢ respectively when 2 =a, these solutions
are the only regular functions satisfymg the assigned conditions, and 1t may be (but 1t
18 not necessarily) the case that they are the only solutions of the equation (whether
regular or non-regular functions of z) determined by the assigned conditions

If however a, b, ¢ be not an ordinary combination of values, then the character of
the integrals of the equations depends upon the character of the functions f and g in
the vicimty One mmportant form, which includes a large number of cases, occurs when
a, b, ¢ 18 an acadental singularity of the second kind for both f and g, that 1s, the two
functions are each of them expressible in the form

P@—a, y-b z-0)

Qe—a, y—b z—¢)’
where P and @ arc regular functions of then aiguments, each of them vamshing when
@=a, y=b, z=c It 15 necessary to obtamn an cquvalent reduced form of the equations
and one method 1s the appropriate generahsation of Briot and Bouquet’s method as applied
to a single cquation of the first order This has been carried out in the case of
5—2
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n varimbles by Komgsbeiger®, and m the case of two variables by Goursatt For our
system, the most mmportant reduced equivalent form 1s

W U BV ot =0.(07,1))

; . (A),
dV
t(it—-a,U+ﬂgV+ry,t+ =02(U,V,t)L

where 8, and 6, are regular functions of then three arguments each of which vamshes
with U, V, t The relations between the vanables are

a—a=tY, y=b=(b,+U0)t", z—c=(c,+V)t?,

where 6, ¢, ¥ are positive integers with no factor common to all three, and b, and ¢,
are appropriately determined constants The new conditions attaching to the dependent
variables U and V ate that U=0 and V=0 when ¢ =0, thesc correspond to the initial
conditions that y=5 and z=c¢ when 7=q. and the matter to be discussed 1s the determ-

mation of integrals of the equations (A) subject to the condition that U=0 and V=0
when =0

The integrals, so determmed, are either regular or non-regular functions of ¢ their
existence and their character me affected by the nature of the roots of

(E—a)(E-B)—aB =0,

which may be called the critical quadratic  Vanous theorems have been from time to
time enunciated mn varlous mvestigations Thus Picard} proved that the equations possess
mtegrals, satisfymg the 1equired conditions and expressible as regular functions of ¢
provided neither root of the critical quadratic 15 a positive integer, and Goursat shewed§
that, 1f the real paits of cach of the roots ot the cntical quadratic are negative, then
the equation possesses no mtegrals other than the regular functions of ¢ satisfying the
required conditions  Also Pomcaré| and, tollowing him, Bendixson9, have discussed the
mtegrals of »n equations of the form
t‘f%:ﬁ,(u,,u,, s ), (r=1, ,n),

the functions 8, bemg regular functions of their arguments and vanishimg when u, =0,
w,=0, ,u,=0 these can be made to mclude the system (A) by wnting n=3, and
taking the third equation m the form

du
t = Uy,

dt

with the condition that w,, w,, «, all vamsh with ¢ In this case, there 1s a ciitical

* Lehbuch der Theorie der Dufferentialylecchungen,  743—745, see also hus Cours d'Analyse, t 11, ch 1
Leipzig (1889), pp 352 et seq § Amer Journ Math, vol xi,p 342

+ Amer Journ Math , vol x1 (1889), pp 340, 341 \| Inauquial Dissertation, 1879

+ Comptes Rendus, t vxxxvir (I87d), pp  130-~432, 4 Stockh Ofver ,t 11 (1894), pp 141—151
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cubic corresponding to the critical quadratic speeified above, one root of the cubic bemng
umty But all the alternative possibihties for the general equation are not set out n
detall m the memoirs specified, so that all the possibilities for the limited cubic would
have to be considered independently.

Agam, a considerable portion of Chapter v of Komgsberger's treatise, already cited,
18 devoted to the corresponding discussion for n equations, some difficulties as regards
adequacy of proof of the theorems, independently of the genecral statement, prevent me
from thinking the investigation entirely satisfactory, that 15, 1if I understand 1t correctly*
Some papers by Hornt may be consulted further references will be found i them.

My intention 1 this paper 18 to take account of the different general cases that can
arise owing to the various possibilities of the form of the roots of the entical quadratic
For this purpose, the method used by Jordan} for the corresponding discussion of a single
equation 1s adapted to the system of two equations The different cases are —

I The quadratic has unequal 100ts —
(a) neither 100t being a positive mteger
(b) one 100t bemg a positive integer, the other not
(¢) both roots bemng positive integers
II. The quadratic has equal roots —
(a) the (repeated) root not being a positive mteger

(b) the (repcated) root being a positive nteger.

It should be added that a further assumption will be made for the present purpose,
viz that the cntical quadiatic has not a zero-root As a matter of fact, the existence
of a zero-toot would 1mply (as for a single equation of the first order) that the reduced
form of the system belongs to a type different from that here considercd

* The mnvestigation seems to 1mply (p 397) that, taking  are
n=2, the non-regular integrals of bB cB?
= —— — . 2
AWy y ey redhredhit oy e, B
T e =hYHn B 1] . ¥
R G P
’ y—“_)\l_)\?.i'ﬁr2)\1_)‘J G2+ BG+ BB+

d
r ey vt Yy, 1)
dt : T
the unexpressed terms bemng terms of higher order n
when the real parts of \; and \, are positive, are
b=ah 1».+A|m+mn}
,

Y,= oM Serghet At Aarn

2§, ¢ and &, & denoting ™, 2™ respectively The
only way 1in which M can be a factor of z 18 by having
B=0, and then z™ 18 not a factor of ¥, and similarly as
that 18, ™ 18 a factor of ¥; and 2™ a factor of ¥, But rewards 2 and M

the mtegrals of t Crelle, t cxvi (1896), pp 265—306, b, t cxvir
ar (1897), pp 104—128, 254—266
2 gz =hrhasz byt cy? + Cours &' dnalyse, t 11, §§ 94—97

:gZ=xﬂ+nzr+ﬁ1y+7y’
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It 18 convenient to transform the varables. When the roots of the critical quadratic
(E—a)(E—B)—a8,=0
are unequal, say £ and £, we mtroduce new variables « and v, such that
u=AU+uV, v=NU+4V,

where (= E)N+ ot = 0} (= E)N +au' =0
BA+(B~E)u=0 ’ BN +(B—E)pw'=0 ’

the ratios A p and AN 4 are unequal, and consequently the new varables u, v are
distinct  The equations become

d
155 =t (u, v, 1)

dv ’
t &= Ev+ ¢ (u, v, 1)
where ¢,, ¢, are regular functions of thew arguments, vamshing with them, except for

a term 1n ¢, they have all then terms of the second or higher orders mn u, v, ¢ combined

When the roots of the crtical quadratic are equal, having a value § <y, we
mtroduce a new variable u such that

u=AU+uV,
where (@=Hr+ap=0, BA+(B,~Eu=0
Then we have

d
tdi;= Eut ¢y (u, v, t),

VvV _a
t;ft —th+§V+¢2(zl, V,t)
=nxu+EV+¢,(u, V,0),
say

It therefore appears that the equations corresponding to the cases I(a), I(b), I(c),
are

d
t(Tl: =Eu+¢,(u, v, t)y

t% =Ev+.(u, v, t)J\y

where £ and §, are unequal to one another and that the equations coriesponding to
the cases II(a), II(D), are

zfl’t‘=gu+¢,<u,u,z) ]

d
15 =kt Eok 6, (1, t){
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In both forms, the functions ¢, and ¢, arc regular functions of theirr arguments
and vamsh with them, and the only term of the first order m ¢, and ¢, 15 possibly
a term mn ¢ For both forms, the imtial conditions are that u=0, v=0, when ¢t=0,

For brewity, integrals, which are regular functions of ¢ will be called regular
wtegrals < and 1integrals, which are not regular functions of ¢ but are regular functions
of quantities that themselves are not regular m ¢, will be called non-reqular wntegrals
The results are obtamed for the transformed equations 1 » and v, smce U and V
are linear homogeneous combinations of u and v, the results apply to the original equations

REGULAR INTEGRALS

Case I (¢) the crtical quadratic has unequul roots, newther bewmg a positwe nteger.

1 If the equations

d
tjl; =Eu+ ¢, (1, v, t), t ljlg =Ev+ ¢, (u, v, t),

possess 1egular mtegrals vamshing with ¢, these integrals must have the form
=3 ay", v=3 byt"
n=1 n=1
That they may have wigmficance, the power-series must converge, that they may be
solutions, they must <atisty the equations identically

Accordingly, substituting the expressions and comparing coefficients of t?, we have
(n=E)an=fa, (—E)bi=gn,

where f, and g, are the coefficients of ¢ mn ¢, and ¢, respectively after the expres-
sions for w and » are substituted From the forms of ¢, and ¢, 1t 1s clear that f,
and g, are hnear combmations of the coefficients 1 ¢, and ¢,, that they are rational
integral combmations of the coeflicients @, a,, , b, b, . , and that they contain no
coefficient « after a,_, and no cocfficient b after b,, m the respective sets Since
neither § mnor £ 1s a positive integer, the equations can be solved m succession for
mcreasing values of n, so as to determmne formal expressions for all the coefficients
In paiticular, a, and b, are obtamned each of them as sums of quotients, the numerators
of these quotients are integral algebraical functions of the cocfficients m ¢, and ¢,
and the denommators are products of powers of the quantities

I—En 2—Ely' > n—l—f,, "—Ely
1"an 2_&:”-: n‘l“f'n n"fz
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To discuss the convergence of the power-series, we introduce an associated set of
dominant equations The functions ¢, and ¢, are regular in the vieimty of «=0, v=0,
t=0, let then domam of existence include a region [¢t|<r, u|<Zp, |v|<€p” of the
two quantities p’ and p”, let p denote the smaller, so that ¢, and ¢, are certamnly
regular 1 a regon [t|€r, u|<p, lvl€p Withm that region, let M’ denote the
greatest value of |¢,| and M” the geatest value of ¢,/ of the two quantities M’
and M”, let M denote the laiger, so that

i 1€ M, |¢,|2M,
within the 1egion specihed, and M 15 & finite magmtude Then af f; and g, are the
coefficients ot w/tf 1 ¢, and ¢, respectively, 1t 15 known that
M ‘ M
[furl 2 PR TR O

Further, no one of the quantities m—§, m—§ for mteger values of m vamshes.
there 15 theretore a least (and non-zero) value of |m —§1, [m—§,(|, for the varous
values of m, let 1t be denoted by e

Now consider the equations

s
6X=—t+}.p,+jrk

M X'th"?
1
MM ol
el =7t+:;‘+}—7kX1w=L
where the ummation 15 for teger values of 2, ), & such that 14)+k>2 Clearly
X =Y, and cach of them 15 given by
M M

X=TtrX D X

=__L_~2MX_M,

(=405 7

and therctore

In this cubic equation, the term independent of X vamshes when ¢=0, and the
term 1volving the fiist power docs not vamsh because e 18 not zero Hence when
t=0, the cubic cquation has one root and only oune root which vamshes It thercfore
follows, from the continuity ot 10ots of an algebraical equation, that the cubiec has one
root which vanishes with ¢ and which 1s a regular function of ¢ for values of |¢| less
than the least modulus of a root of the disermmnant, that 1s, for a finite range
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To obtain the expansion of this root as a regular function, 1t 16 sufficient to determme
the coefficients 1n the power-seres

X=At+ AL+ . +A4+

so that the equation

M M

= s
X = Ft+"’[{'*}h“ Xvbogk
15 1dentically satisfied, because the root which vamshes with ¢ 1s the only root of the
cubic of that type, and the series for X 15 known to converge within the fimte range
indicated  Clearly we have
Ao=F
€

where F, 1s the coefficient of ¢* on the 1night-hand <ide of the cquation tor €X' When
this value of 4, 15 used for successive values of n, and the new expressions for
A,, , A, are substituted m F,, the ultimate formal expression obtamned for F, 13 the

quotient of an integral algebraical expression m the coefficients priar by a power of €
Comparng the quantities [f,1 and F,, we note that a quantity greater than |fn| 1s

obtamed when in 1ts numerator every term 1s 1eplaced by its modulus, that this greater

quantaty 18 further mcaeased when the modulus of the cocfficient of wwt* m ¢, or

¢, 15 1eplaced by p‘ji[fl“” and that this mereased quantity 1s still further appreciated

when every factor of the type |m—§! m the denominator 15 replaced by e But, on
comparing the two coefficients «, and A,, 1t 15 clew that these three changes turn
fa to F,, accordimgly

Sl <Fy
Swnlarly for g, and F,, so that

1gn| < Fa
Also in—§12¢ 1n—§|>e€,
hence tanl<dn, 1byi<d,
The series A+ A+ A +

converges absolutely within a fimte region round t=0, therefore also the series
at+ et +at*+
bt+bt+ o8+

converge absolutely within that 1egion

Hence the differential equations possess 1egular wntegrals whach vamsh with ¢ Tt 1s
not difficult to prove that they are the only 1egulur integrals which vamsh weth t
Vor. XVIIL 6
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Case L1 (b) the critical quadiatic has unequal roots, one of which s a posutwe nteger
and the other of which 1s not a positwve wnteger

2 The equations may be taken in the form

du
t = mu + at +6(u, v, t)

dv
Car = Ev+Bt+ d(i1, v, t)

where m 18 a positive integer, £ 15 not a positive mteger, 6 and ¢ are regular functions
of their arguments, vamshing with u, », f, and contamn no terms of dimensions lower
than 2

If regular solutions exist, which vamish with ¢, we can take
u=t\+u), v=t(p+uv),

choosing the constants A and g so that w, and v, vamish with ¢ Then £ 15 a factor of
6 aud ¢ after this substitution 19 made, say

0 (u, v, t)= t"'el/ (ul) v, t), 4) (u, v, t)= t“’(ﬁ,/ (lll, vy, t),
but 6, and ¢’ do not necessanly vanish when ¢, u,, v, vamsh The equations for the
new vanables are
t ddl;' =(m—=DX+a+(m—Du+18/ (4, v, t)

dv,

t g = E-DprB+E=Du+id)/(u, v, o)

Now as w, » are regular fuuctions of ¢ the expressions on the left-hand side vamish
when t=0, hence
(m=DA+a=0, (E-Dp+B=0

If 6/(0, 0, 0)=e,, ¢,'(0, 0, 0)=4,, the equations amre

t %’-;‘ =(m=1)u +at+10,(u, v, t)

(= =10+ B 18,00, D

where 6, and ¢, arc regular tunctions of thewr arguments and vamsh when u, =0, v,=0,
t=0 The equations are, in form, the same as before, except that the coefficients of
the fust power of the dependent variables on the right-hand «ide have been 1educed by
unity, and the relation between the two sets ot dependent variables 19

. ,
"=‘(";,L;1+"')’ ””‘fsﬂ*”‘)

It 1s mamifest that the cquations i «, and v, can be subjected to a simlar trans-
formation with a corresponding 1esult, and that, as m 15 a positive 1nteger while £ 1s
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not, the process can be carried out i —1 times, but not more Denoting the dependent
varlables after all these transtormations have been cffected by «’, ¥/, we have equations m
the form

du’ , -
tdt— wtat+h(, v, t)
v ’
W .o

di kv + bt + b, v, t)

where #, =f—m+1, 15 not a poutive integer . h, k are 1egular functions of then
arguments, vamshmg with ¢ and contaiming no terms ot oider less than 2 The
relation between the varables u, » and w/, v 15 ot the form

w= L, + "N, v =0, + W,

wherie P, and @, arc algebrawcal polynomials ot degice m—1 vamshing with ¢,
and «'=0, ¥=0 when ¢=0 The coeflicients « and b aie algebraical functions of the
ongmal coethcients

The equations can possess regular mtegrals only 1f ¢ 15 zeto For regular integrals
must be of the form
wW=pt+pti+ , V=qttqt+
substituting these, 1remembering that 2 and k& ame then of the second order at least in
t, and equating coeflicients of ¢ i the first of the equations, we must have
P=p+a,

which 1s possible for non-infinite values of p, only 1f @ 13 zero

Suppose now that @ 15 zero  Smece w' and o' (f they exist as regular functions
of t) vamish with ¢ we can assume

w=ty, V=t

the <ole transferred condition being that 5, and 7, are regular functions of ¢, which
now nced not necessarily vamsh with ¢, We have

2 dn,

t —d—t=h (tm, tny, ty=0H (9, n,, 1),

t %’:(/z— 1) tn,+ bt +4 (tn,, tn,, t)

=(k— l)tﬂz"‘bt'f‘th("h- 2, 1),

where H and K arc regular functions of their arguments The second equation shews
that, when ¢=0, then (k—1)n,+b=0, accordingly taking

b

= + &
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we have {, vamshing when t=0 As regamds 7, theie 15, as yet, no restriction upon
1ts value when ¢ =0, denoting 1t by 4, we take

m=4+¢,

where { vanishes when t=0 Both & and ¢, aie 1egular functions of & When the
values are substituted, 4 remams undetermmed by the equations, and theretore an
arbitrary (fimte) value can be assigned to A The equations for § and ¢ now are

[ T b

tg=tH{4+6 | —+b, t)

>

dt, b
t;ié__(x—l)t.,"'tK(A'*"CIy l_—_/c+¢2' t)

with the condition that § and § must be regular functions of ¢ vanishing with ¢

Let them, 1f they exist be denoted by

;) =3 autt, §z= X bn‘”y
n=1 n=1

substituting 1n the equations which must be satisfied 1dentically, and equating coefficients,
we have relations

nan=/fn, (n—k+1)b,=gn,
similar to those 1n the Case I(a)

These equations are treated m the same way as m the Case I(a) Smce « 13
not a positive integer, no one of the coefficients of b, vamshes, and thence 1t 19 easy
to sec that the whole of the treatment m I[(«) subsequent to the corresponding stage
can, with only shght changes in the analysis, be appled to the present casec It leads
to the result that the power-series for § and § conveige absolutely for a fimte region
round t=0, and from the form of the equations for & and &, 1t 13 clear that the
coefficients 1 the power-series will mvolve the arbitiawy constant 4

Hence 1t follows that, unless the condition represented by a=0 be satisfied, the
equatwns do not possess regular antegrals vamshing with t=0 If that conditwn be
satisfied, the equations possess 1egular wntegials vamshing with t=0 and wmvolning an
arburary constant n other words, they possess « single wfimtude of regular wntegrals
vamshing with t=0

The condition represented by @« =0 can be obtamned from the origmal equations

du
t de =" +at+0(xu, v, )

t:i/—: =Efu+Bt+¢(u, v t)
as follows Let

m=1
u= X ft*+ U,
=1

m=1
v=3 gt +tnV,
p=1
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substitute in the equations, and determine (by comparison of the coefficients) the values
of i, -, fnerr ¢, , gu—r  Then the condition 18 that the coefficient of £ m

m=1 m=1
at+0( S ot T g,te, t)
p=1 p=1

shall be zero This statement can easily be venfied

Cask I(c) the ertical quadratc has unequal roots, both of which are positwe ntegers

3. Let m and n be the two unecqual roots, of which m 1s the smaller, so that
the equations may be taken m the form

du
tm=mu+at+0(u, v, t))

|
|

tj§=nv+/9t+¢(u, v, t)i

These equations can be transformed, as m the Case I(b), by m —1 <ubstitutions mn turn,
and ultimately they acquire the form

du
P

»

= u+at+h(u,, t)]
&' (
] , o

tdi = KV +bt+/l(u,v,t)‘

where #, =n—m+1,1s a positive 1mteger greater than umity, v’ and o' are 1egular functions
of ¢t vamshing when t=0, and the functions &, A have the same sigmfication as n 1(b).

If the equations possess regular solutions, the latter must be of the form

=2 ptt, V=% qf,
=1 -1

substituting these values and equating coefficients, we have
m=p+a, q=«q+Dd,
(! = 1) py = cocfficrent of ¢ m k (¥, ', t),
A—e)qu= .. tn A0, 8)

It 15 clem that, if ¢ 15 different from zero, the fust cquation cannot be satisfied, and
therefore as one condition for the possession of regular integrals, « must be zero
Assuming this satisfied, we sce that p, 1s lett undetermimed let a value a, provisionally
arbitrary, be assigned to 1t

Solving now the remaming equations for the values I=1,2, ,x—1 m cuccessive
sets, ecach set being associated with one value of I, we have the values of p,, , pey,
¢, » Qe all these m general involve a In order that g, may have a fimte value,
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so that (I —«)q vamshes for ! =«, we must have the coefficient of ¢ i k(u', ', t) zero
If this coefficient be zero, the value of ¢, 18 undetermined, let a value B, provisionally
arbitiary, be assigned to 1t  For the remamning values of I, the equations determine
formal ecxpressions for the remammmng coefticients, mvolving a and 8 and no further
formal conditions need to be imposed When the values of p,, , pe, ¢1,. , Qe are
mserted 1 A (), o', t), the coefhcient of ¢* i that quantity may be an 1dentical zero,
1 that case, the functions «', v mvolve two aibitrary constants a and 8 so that, 1if the
functions actually exist, there 15 a double mfimtude of regular solutions vamshmg with ¢
Or the coefticient may be zero only 1f some relation among the constants of the original
equations be satisfied, 1if the relation 18 not satisfied, there are no regular 1integrals of
the origmal equations vamshing with ¢ if the relation 1s satisfied, there 1s a double
mfinitude of 1egular mtegials  Ov the coefhcient may be zero only if some relation
among the constants of the origmal cquations and a be satisfied, this relation 1s then
to be regarded as determining a, and then for each value of a so determined, thete 15 a
single inhmtude of 1egular solutions vamshing with ¢

These results are stated on the assumption that the power-series, as obtamed with
the coefficients p and ¢, conveige the assumption can be justified as follows Let
Ao =pt+pt+  + pot
B =qt+ @'+ + gt

the coeffictients p and ¢ being known, then if functions w and o exist of the speeified
form, we can assume

W=d4,,+tU,

v =B, + ¢V,

where U and V"’ ate regular functions of ¢ that vamsh with ¢ Thus, assuming @ =0,
we have

td—g:_“u. t* d{g_ + (k=1 = Aoy + 70 + b (A + U7, By + 071V 1)

Now the quantity

dAx—l
tgy —Ae

18 equal to the aggregate of the terms mvolving ¢, 2, ., = m
h(d,—y, By, t)
Also 1 A (i, v/, t) there ate no terms of dimensions lower than 2 so that, in
h(dey + 70, By + 67V ) = b (Aymyy Beoy, ),

the cocficients of 107, ¢!V’ are of diumension at least umty, and therefore this
expression may be taken as equal to

e H (U, V7)),
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where H, 13 a regular function of 1ts arguments, which vanishes with them and contams
no terms of dunension lower than 2 Also let the term< in h (A4, B..,, t) of order higher
than x —1 be

Ot + Cegy U1

then
aU’ iy —
t“dt + (k= 2)t U =ct + et +  + < H (U, V', 1),
and therefore
au’ , 1
t a—t»=(2—x)U +et+ HU, V' b),

on absorbing the other powcis of ¢ mto H, and denoting by H the new function which
has the <ame character as H, Simularly

eV Vbt KUV,

where the terms m k(d,_,, B, t) of order higher than x—1 are
b+,

and K 1s a function of the <ame character as H

As k15 a posttive nteger >1, 2—x 15 not a positive mteger =1 Thus the coefficient
of U’ 1s not o posttive mteger, while the coefhcient of V'’ 18 umty, and thus the two
equations for U’ and V' ae a particula mstance of the general form discussed m 1(b)
There 15 no regular mtegral vamshing with ¢ unless b, =0, the <wgmficance of this
condition, either as an 1dentity, or as a relation among the constants of the origimal
equations, or as an equation determining a, has already been diccussed  Assuming the
condition by =0 satistied, 1t 15 known from the preceding result that the equations m U’
and V' possess 1egular mtegrals, which vamish with ¢ and 1nvolve an arbitrary constant
that does not appear mn the differential equations  The interences stated ealier are
therefore established

It appears from the mvestigation that two conditions must be satisfied i order to
the possession of 1egular mtegials one of them 1s a 1clation among the constants of the
cquation represented by «=0 the other of them 1s the relation 1epresented by b, =0
To obtam them dncetly from the ongmal forms, we can pioceed as follows Let

u=3pt, v=3qt,
1=1 =1
be substituted m the ongial cquations and determune p,, , pmar. ¢, Qu—r  The first
condition 1s that the coefficient of ¢™ 1n

m—

1 m-1
6 ( S pth, S oqi t)
=1 I=1
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shall vamish Take p,=a, and then from the oniginal equations determine pusi, , Pu—r»
Qms+-rs Gn The second condition 1s that the coefficient of ¢* m
n:l n-1
o(Sut, "Sat 1)
t=1 =1

shall vamsh It 18 not difficult to venfy these statements

Summansing the results, 1t appears that, unless one condution be satisfied, the equations
possess no regular ntegrals vamshing with t  When the condition s satisfied, another relation
must be satisfied If this relation determines a parameter, the equations possess a single
wfimtude of 1egular wntegrals, 1f @ wvolves only the constants wn the dyferential equations,
then, when it 15 not satisfied, there are no 1egular wntegrals vamshing with t  and, when 1 13
satisfied, there s u double wfinitude of such wntegrals

Cask II (a) the cmtical quadratic has equal roots, not a positwe wteger

4 The equations wuie

t‘g::fu+¢,(u, v, t) l

)

dv
tm—-xlu- Ev+ ¢y (u, v, t) "

where £ 15 not a positive teger, the functions ¢, and ¢, are regular and (with the
possible exception of a term m ¢) contain no terms of order lower than 2 If they possess
regular tegrals vamshing with ¢, they must have the forms

u=32 put", v=23gq,t"
n=1 n=1

Substituting these expressions and equating coefficients, we find

(n_f)Pn=/"
(1 =&) qu=_gn+xp.

where f,, and g, are the coeflicients ot t* in ¢, and ¢, respectively, when the senes for u
and v ate substituted It 1o clear that f, and ¢, arc lmear 1 the coefficients of ¢, and
¢a, that they are tegial algebialcal combmations of py, pi, ., ¢, ¢, , and that they
contamn no coefficient p o1 ¢ m the succession later than p,; and g,, As £ 1s not an
integer, the foregomng equations, taken for successive values of n, detetmine formal ex-
pressions for the whole set of coefficients p and ¢, in particular, p, and ¢, are obtaned as
sums of quotients, the numerators of which are mtegral tunctions of the coefficients i ¢,
and ¢,, and the denomiators of which are products of powers of the quantities

1-§ 2-¢ ,n—-¢&

To discuss the conveigence of the power-series for u and v with these coefficients, we
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mtroduce an associated set of dominant equations Let a common region of existence of
¢, and ¢, be determined by the range

lulzp, |v|<a, |tizr,

within this region let the greatest value of [¢,| be M, and that of |¢,| be N, so that

within the region
|2 M, H’.’l?N-

M and N denoting fimte magmtudes Also, let e denote the smallest value of |m — £ for
values of the integer m, and let «x|=c¢ Then we consider the domimnant equations
given by

x="iys M xop,
”r ptalr

eV =cX +ﬁrt+ p TI-V—»,; XY,
T ptaln

where the summations on the rnight-hand wde aie for integer values of 1, 5, & such that
1+y+ k22

The general course of the argument 15 simlar to that i I(a) In the first place, X
and Y can be determmed by the simultancous equations

Yo M’ -M—-MX—MY
Ty e

_ N vy ¥y
R T e T

From these we have
NeX = M(eY = cX),
so that

Y=X(N ').

nte
when this value 18 substituted for ¥ m either equation, say m the first, we have

(e+%’+‘%’+ C—M>X(1 —LY) {1 X (‘X+9)}

ge p o \M "«
=1L_[£_M (1_f§j {1 —g(ﬁ,ﬂ)}

s
a cubic equation i X. The term ndependent of X vanshes when t=0, and the term
wmvolving the first power of X does not vamsh when t=0, because € 1s not zero  Hence

the cubic has one (and only one) 100t vamshing when t=0

Vor. XVIIL 7
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1t follows, as before, that this root of the cubic vamishing with ¢ can be expressed as a
regular function of ¢ in the form of a power-series, which converges absolutely for values
of '¢t! less than the least modulus of a root of the disciiminant, that 1s, for a finite range.
When the power-series for X has been obtamed, the power-series for 17 18 given by

, o(N ¢
r=2X (J["'E)’
say
X=Pt+Pt+ + P+ }
Y=Qt+ Qt+ +Qut"+.

In the second place 1t can, as before, be shewn that the analyss, effective for the

determmation of p, and g, m connection with the ongimal equations, 1s effective for the

determination of P, and @, mn connection with the dommant equations by merely making
literal changes, and that these literal changes are such as to give

iPu!<Pu |qnl<Qn
for all values of n. It therefore follows that the series
nt+pti+pti+
Qt+ g+ gt'+
converge absolutely within a not iwfimtesimal region round ¢=0  Consequently the

equations possess regular ntegrals vamshing with ¢t and 1t 15 not difficult to prove that
these reqular integrals are umque as regular wntegrals unth the assigned conditions

Cask II (b) when the ciitwcal quadratic has equal 100ts, the 1epeated
100t bemng « positive nteger

5. The equations are

du
b=t At 0(u, v, t) }l

v ’

Y

=K+ nv+ Bt+ ¢ (u, v, t)l

where m 1s a positive nteger, the functions € and ¢ are regular, vanishing with w, v, ¢,
and contaming no terms of dimensions lower than 2

We transform the equations as m I (b) by successive substitutions, each of which
leads to new equations of a similar form with a dimmution by one umt n the
coefficients of w and of v after cach operation We take

u=t(A+w), v=t(u+v),
choosing A and w so that u, and v, vamsh with ¢ then u, and v are regulan functions

of ¢, 1if the equations possess regular integrals To secure this form of transtormation,

we must have
(m=1)A+a=0,

v+ (m=Dpu+B=0,
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so that
a xa
A= - = . -,
m-1" * (m—=1F m-=1"
and the new equations are
d
t(%’:(m—l)ul+a't+«9,(u,,v,, t) l

t%—? =xi,+(m—=1) v+ Bt + ¢, (, v, t))

A similar transformation can be effected upon this pan, with a similar result, and the
process can be carried out m —1 times m all, leading to equations

=u' +at+h, 0, ) ]

|
’

dw’
&
t%’:— =+ +bt+k (W, v, t)[

where J, k are regular functions, vamshing with ', ¢, ¢, and contamning no terms of
dimensions lower than 2, also «’, v are to vanish with ¢

There are two sub-cases to be considered, according as « 18 zero and « 1s different
from zero

Fuirst, let « be 0, <o that the equations are

de S,
t dr = +at+h (V)
LA P SR
i~ v

It 15 easy to see, by substituting expiessions of the form
W=pt+pt+ , V=qttqtt+ .,
that the equations cannot possess regular integrals vamshmg with ¢ unless
a=0, b=0
Assume, therefore, that a=0, b=0 It the equations then possess regular ntegrals
vanishing with ¢, we can take
w=tU, v =tV

where now the only tiansferred condition to be mposed upon U’ and V' 1s that they
arc to be regular functions of ¢t Substituting these values, we find

T

,aU" _ ST -
¢y =AUV ) =tH U, V),

0 W kU, 0= oK (U, VL,
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8o that

av’ Cy Vv
e =HWL VL, S =KL V0,

where H and K are regular functions of thewr arguments To these equations, Cauchy’s
general existence-thcorem can be applied, 1t shews that they posscss integrals which
are regular functions of ¢ and assume assigned (arbitiary) values when ¢=0  Accord-
ingly, the equations wn w' and o', wn the case when the conditions a =0, b=0 are satisfied
and when the constant k s zero, possess u double wnfinstude of regular ntegrals whach
vamsh when t=0.

Secondly, let x be different from zero If the equations possess regular integrals,
they are expressible i the form

W=t +at+ ., V=bt+bt+

substituting these, and taking account of the first power of ¢ on the two sides of both
equations, we have
= +q, by=rwua;+ b, +b

Hence we must have a =0, then b, 1s undetermned, and
a,=— ; »
a fimte quantity because « 18 not zero

Assuming that the condition a=0 1s satisfied, and assigning an arbitrary value
A to b, let

, b ,
w=t(—;+m>, v'=t(4 +n),

so that n, and #, are to be iegular functions of ¢ vamshmg with ¢, the equations
for m, and 7, are

‘flﬁ—h( 2 4ty tA + tm, t)
=tH (m, m, B),
t‘%‘—xtn,+k<—t%+tm, td +tn,, t)

= xtny + 0K (1, m, £),
that 18, they are

d
"71 =tH (m, 11, ) ]

d ’
t ‘;’7; =« + tK (1, 1o, t)[

where H, K are regular functions of their arguments and nvolve the arbitrary constant A4
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These equations are now the same as mn the Case II (¢) when £ 15 made zero.
Accordingly, all the analysis of that earlier discussion applies when 1 1t ¢ 1s taken
equal to umty The equations m %, and %, possess regular integials vamshing with ¢,
and their expression nvolves A, the arbitimy constant, and therefore the orginal
equations m w and v possess no reqular ntegrals vamshing with t unless the condition
represented by a=0 be sutisfied, but of that condition be satrsfied, they possess a sumple
wfimtude of regular ntegrals vamslhing with ¢

The conditions represented by a=0 and b=0 1n the sub-case when « 1s zero, and
the condition represented by @¢=0 m the sub-case when x 18 different from zero, can
be expressed as before For the foimer sub-case, we determine cocfficients @ and b so
that

u=at+ +dp "+ )
v=0t+ +bu, "7+ J

satisfy the equations
du

7

=mu+ at+ 0 (u, v, t) '

v

t((lli =mv+PBt+ ¢ (u 0 t){
and the conditions are that the coefficient of t™ 1n
m-1 m-1
a+0('S b, S bt o),
[ -1
and the same cocthelent n
m=1 m-1
,9¢+4>< S at, S bt t),
-1 =1
shall vanish  For the latter sub-case, we deteimine the 2(m—1) cocfficients m » and
v s0 that the equations

t'gg:mu-pame(u, , t)

t%:xu+mv+ﬁt+¢(m v, t)[

are satisfied, and the single condition 1s that the cocefticient of #* mn

m=1 m-1
at+9( S at, S bt t>

1=1 =1
shall vanish

This completes the discussion of the regular integrals vamshing with ¢ with the
respective results as enunciated in the various cases
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NON-REGULAR INTEGRALS.

6 It has becn seen that, either 1 gencral or subject to certamn conditions, the
equations

t%%’=a,U+B,V+y,t+ =0T, 7, z)]

z‘%ﬂ?mg:mvﬁ —0,(U, V., z){
possess regular integrals which vamsh with ¢ and these are unmique as 1egular integials
Denoting them by u,, v, let

U=su+a, V=u+y,

so that 1if functions v and y exist, different from constant zero, they are non-regular
functions of ¢, and they must vamsh with ¢ because U, w;, V, v all vamsh with ¢ Then

tj;:o,(ul+:r, v+y, t)—0,(u, v, t)

1 0 9\
- = = =
= 3 L'(acaul+ya )Gl(u,,v,,t)

n=1 O

dy ¢ 1 d _8\”
ty- s 5 (x o V) B: v 0)

are cquations to determwe @ and y  On the nght-hand <des theie aie no terms
mvolving ¢t alone, the only teims of the first oider are ax+ By, ax+B.y respectively,
and the coefticients of the other powers of z and y are functions of ¢t and of wu, v,
that 15, after substibution of the values of w,, v, these cocfficients are regular functions
of t  Hence we may take the equations in the form

dr

£, = +Bny+3,(ﬁ,1,t)?
dy [
t[z'z=a7w+3,y+3,(w, A t)j

where %, and 9, are regular functions of a, y, ¢, vamshing when #=0, y=0, and con-
taimng no terms of dimensions lower than 2 m &, y, and ¢ The dependent variables
@ and y, 1t they exist as other than sero constants (which manifestly satisfy the
equations), ate to be non-regular tunctions of ¢ which vanich when t=0

It 1s conveuient to transform the equations by lnear changes of the dependent
variables, as was done for the discussion of regular integrals the new forms dependmg
upon the roots of the cntical quadiatic

(E—a)(E—B) —api=0.
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When the roots of the quadratic are unequal, say £ and &, we take new variables
' th=Ap+uy, t=Nzo+uy,
where
(ax - el) A+ ap= 0} (o, — fz) N+ a.',”" = 0]
BA+ (B — E) =0 BN +(B—E)w=0["

the equations become

di,
t d?l = Eltl + ¢1(th by, t)

dty_
b= Bt dult )

where the regular functions ¢, and ¢. vanmsh when £,=0, t,=0, and contamn no terms
m ¢, t,, ¢t of dimensions lower than 2.

When the roots of the quadratic are equal, the common value bemmg £, the cor-
responding forms are

it
t;h =Etl+¢1(tntu t) !

dt, ’
tdt_=’d1+eta+¢z(th t, t)l

with the same charactenstic properties of the functions ¢, and ¢, as tor the former
case, here t,=y and t,=\z+ py, where

(G—EHr+au=0, Br+(B,—&Epu=0,

and the constant « 15 given by A =a,

We proceed to deal with the various alternative cases, as for the regular integrals
merely remarking that, for those mstances of the ongmmal equations which do not possess
regular mtegrals because the appropriate condition 15 not satisfied, 1t will be necessary
to return to those original equations for the discussion of the non-regular mtegrals

7 Some indication of the character of the solutions may be derived from the
consideration of two simple examples, one of each foim

A simple example of the case when the roots of the critical quadiatic are unequal 1s

dt,
t%-m+w4

’

dt, _ }
by = uta+ bt

itegrals (if they exist) are required which vamsh when ¢=0  The solution of these
equations, which are linear, can be made to depend upon that of a hnear equation
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of the second order having t=0 for a singularity 1t appears that the integrals are
normal n the vieimty of ¢=0 Their full expression 1s

_ abt? (abt’)’_.__
'A‘“{”z(up)*z Fi+pcaep T }

" abt: (abt?y
T PICENRE +
b . abt? _ (abry
""““‘“{ s3rp TG nGER }
abt? (abt?y
*B”‘{”za pteea-pa-n* }

where p=A—pu 1n order that the solution may be satisfactory, 1t 13 mamfest that p
may not be an mteger, positive or mnegative For the present purpose, the general
mtegrals must be chosen so that they vamsh with ¢, and consequently the most
umportant terms 1 the immediate vieity of t=0 arc

= At* + = Bt’”"l

bA
14

’

ty= At‘+‘+Bt"l
p

the quantities A and B bemg arbitrary

It the real part ot N and the real pmt of x be both positive, then, when the
variable ¢ approaches 1ts ongin not making an infinite number of cireurts round that
origm, # and ¢, ultimately vanmish when ¢=0, that 1s, as A aund p are not integers,
there 18 a double infimtude of non-egula ntegrals vamshing with ¢

It the real part of A be positive and the 1eal part of w be negative, then, when
t tends to zero as before, ¢, can tend to zero only if B be zero and if B=0, then
t, and ¢, ultimately vamsh when ¢=0, that 1s, thee 15 a single mfimtude of non-
regular integrals vanishing with ¢

Sumularly, 1f the real part of X be negative and the 1cal pait of u be positive,
there 15 a single mfinitude of non-regular integials vamshing with ¢

If both the real part of A and the real pait of w be negative, then ¢, and ¢,
vansh with ¢ only it 4 =0, B=0 that 1s, non-tegular mtegials vamshing with ¢ do
not then exist  Thiy last 1esult 18 1 accordance with Gonrsat’s result already quoted
m the mtroductory remarks

It will be noticed that the parts depending upon #* alone, when they exist, are of
the form

=t'p, t=tp,
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where p, 18 an arbitrary finite quantity and p, 15 zero when t=0, and that the parts
depending upon t* alone, when they exist, arc of the form

ty=1ta, =0,

where o, 15 another arbitrary finite quantity, and o, 18 zerto when t=0 These particular
results are general and, m this form, can be cstablished by an appropriate modification
of Goursat’s argument (l¢) They are mcluded 1 the more general theorems that will
be considered 1mmediately

A smple example of the case when the roots of the wntical quadratic are
equal is
dt

' =M, + utt,)
L
i
!

=kt + M,

tegrals (if they exist) are required which vamsh when ¢=0  The solution of these
equations can, as for the prcceding example, be made to depend upon the solution ot
a linear equation of the second order, having ¢=0 tor a singulanty, and ther expressions
can be obtained mn the torm

=Aat (1 + Jart + )+ Ba jax® " (L+ Yant+ ) log t+ (1= jae’tr — ) A,
=40 1+ act + )+ B{ae* (14 ant + )logt+ (ax — et — ) tY

When the real part of A 1s positive, these integrals vamsh with ¢, and there 19 a double
mfinttude of them  When the real part of X 1 negative, then 1t 15 necessuy that
A and B both vamsh  that 1s, the integrals do not exist 1f they are to vamish
with ¢

When B 1s zero, then the mtegrals become ot the form
t =t h, L= V‘Ph

where p, 13 an arbitrary fimte quantity, and p, 15 zero when ¢ =0 Thio result 1o
general  There 13 no corresponding simple nference from the parts that depend solely
upon B the complication 1s caused by the teim «t, i the second equation

The special results herc obtamned are mecluded 1n the theorems relating to the
equations 1 thewr general form they suggest that integrals exist which are regular
functions of ¢, #, and # log¢, when the real patt of A 1s positive

Vor. XVI1L 8



58 Pror FORSYTH, ON THE INTEGRALS OF SYSTEMS OF

CasE I (u) the crtwcal quadiatic has unequal roots, nesther of them bewng
« posutwe wnteger

8 It has been proved that the orgmnal equations m this case possess regular
integrals vanishing with ¢ and theiefore, in order to consider the non-regular integrals
(if any) that vamsh with ¢, we transform the equations as in § 6, and we study the
derived system

dt
3(’]‘;=Extl+¢l(tn t, t)

dt
tdtzzfatz“'d’:un ty, t)

>

where ¢, and ¢, are regular functions of thewr arguments, vamshing when =0, t,=0,
and containing no terms of dimensions less than 2 in ¢, &, ¢ The integrals ¢, and ¢,
are to be non-regular functions of ¢, required to vamsh with ¢

The main theorem 18 as follows —

When the 10uts of the critical quadratic & and £, have thew 1eal parts positwve,
and are such that no one of the quantites

A=DE+pbtry, Mo+ (w-DE+y,

vamshes for posttwe wnteger values of N, p, v such that N+pu+v>2, then the equatrons
possess a double wnfinitude of non-regular wntegrals vamshing wnth t, these wntegrals being
reqular functions of t, t&, th,

Immediate corollanes, when once this theotem 1s established, are as follows —

If the real part of &, be positwe and that of &, be negatwe, there s only a single
wfimtude of non-regular wntegrals vamshing with t they are regular functons of ¢
and th

Likeunse, of the 1eal part of & be postwe and that of & be negatwe, there s only
a single infimtude of non-regular wntegrals vamshing with t they we reqular functions
of t and th

If the real part both of & «nd of & be negatwe, there are mo non-regular wntegrals
of the equations that vamsh unth ¢

These results (the last of which 1s due to Goursat in the first instance) will be
found sufficiently obvious to dispense with any proof subsequent to the establishment
of the mam theorem

9 In discussing the equations, 1t will be convement to replace 6 and t& by new
variables, say
te"_'zn t;‘=z:»,

so that, by the general thcorem, 1egular functions of 2, 2z, t are to be established as
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solutions of the cquations Accordingly, regarding ¢, and ¢, as functions of these three
arguments, assume

by = SEZmny 2,72,12)

ty=Z55byup zmemer)’
wherce the summation 13 for all positive (and zero) values of the integers m, m, p, with
the conventions

Ao =0, Dyo=10

Moreover

d 0 o 0
b= tat bog, thny,

Hence the differential cquations are

af; atl ot _
t ot + &4 0z, + &2, 02, Eth+ il 6y 8)
oty

0 ot
t ot + & 32 + .2, a;i =&b+ ¢.(t, by, t)

Substituting  the assumed values of ¢ and ¢, and aftetwaids equating coefficients ot
2™zM?, we have

{(m=1) & + n+ p} dypnyp = 'zlmnp}

(m&+(n = 1) E,+ p} buyp =8 vnp

where o, 14 @ 1ational algebiaical function ot the cocfficients m ¢, of the coefficients
@y m t such that

m'em, W&n, p'ep, m'+n+p <m+n+p,

and of the coefficients byuy 1 ¢ with the same 1restrictions. and hkewise for 8y
i 1elation to ¢@,.

As there 18 no term m ¢, (4, t,, t) of dimension umty m ¢, ¢, t,, there can be
no term of dimension unity m 2, z, ¢t after substitution of the values of ¢ and ¢,
henee

{(7n—1)E,+nE;+p] amnp=0y

when m+n+p=1 Accordingly
Ae=0, ayu=0,
but there 18 no hmtation upon @, so that 1t can be taken arbitranly we assume
=4
For similar reasons
{"LEI +(n— 1) E: + P} bmnp =0,
when m+n+p=1, and we mnfer that
biw=0, bw =0, bmo =B,
where B 1s atbitrary
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Suppose now that no one of the quantities
(m=1&+nks+p, mb+(n—DE+p,
for positive integer values of m, n, p such that
m+n+p=2,

vanshes  Then when the equations

{m = D& +nés + p} uunp = &'runp

mé + (=D & + p} buunp =/3’mn,,}

are solved 1 groups for the same value of m+n+p, and 1n successive groups for increas-
ing values of m+n+p beginmng with 2, they lead to results of the form

Qopnp = Qnp, bmnp = anp;

where amnp, Bump are rational mtegral functions of the coefficients that occur i ¢, and ¢,,
these functions being divided by a product of factors of the forms

(m—1E+nE,+p, mE+n-10)E+p, for m+n+p>2

It has been seen that g =0, by =0 we easily sec that aw, =0, by =0 for all values
of p For cvery tetm i ¢, (t, t,, t) and cvery term m ¢, (¢, ¢, t) mvolve ¢, or ¢, or
both and the equations for awp, by, are

(p—=E)tap=Aop, (P~ E)bup= Buop,

where A, Byy ate mtegral functions of the coefficients m ¢, and ¢,, and of coefficients
aop , Dy such that p'< p. these mtegral functions beng divided by factors of the form
p—§&, p—& No term occurs either mn d,,, By, mdependent of ey, buy because there
18 no term m ¢, o n ¢, independent of ¢, and £, Hence if all the coefficients gy,
by vamsh when p'<p, then dep, bup also vamsh  But e =0, by =0 hence gy, =0,
bwa=0 and so on with the whole series

Consequently m the expressions for t, and t,, there occur no terms that imvolve ¢
alone without either 2z, or 2, or z; and 2, which 18 thercfore one general charactenstic of
the non-regular integrals if they cxist

Fiom t, and ¢, let all the terms which do not involve 2z, be gathered together
By what has just been proved, there are no terms which nvolve ¢ alone hence the
aggregates of the sclected terms contamn z, as a factor, and the aggregates of the remainders
contain 2z, as a factor, so that we can wnte
L=2zp+ 20,
t,=z71+20,
where p and 7 are regular functions ot t and z, which will be proved to be such that
p=A4, r=0, when t=0, 4 bemg an arbitrary constant. and ®,, ®, are regular functions
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of ¢, 2, 2, which will be proved to be such that ® =0, ®,=B when t=0, B bemng an
arbitrary constant

The first stage of the proof will establish the existence of the parts zp, zr the
second stage will establich the existence of the parts z,0,, 2,0, It may be added that,
had 1t been deemed desirable, a selection from ¢, and ¢, of terms that do not mvolve z
might first have been made the forms of ¢, and ¢, would then have been

t=2zp+2a%, ti=zm+a¥,

where p,=0, ;=8 when t=0, and p,, 7, are regular functions of ¢ and 2z, also ¥,=4,
V,=0 when t=0, and W,, ¥, are regular functions of ¢, 2z, z, Fuither, 1t will be seen
fiom the forms of the tunctions that p, v, ¥,, W, all vamsh when A=0 and that ®,, 0,
p1, 7 all vamish when B=0

10 It 18 clear that if the cquations under conwideration possess integrals of the
form
h=pz, t=1z,

where p and 7 are to be regular functions of z and z, then, taking account of the forms
of ¢, and ¢,, the quantitics p and 7 must satisfy the equations

op op _ dp_
ta thag, =t =henab 1

or or dr
tgthag =t =E-0r G z,,»;

The functions 4, 4, ate regular i their arguments both of them vamsh when p=0,
=0 1n each of them, every term, which 15 of dimensions A m p and 7 combined,
possesses a factor z*  and no teim 15 of dimensions less than 2 1n p, 7, ¢ combmed
Because p and 7 are to be regular functions of ¢ and 2z, they will be expressible m
the forms

p =33k, T= I3 lmn™t,

substituting these values and equating coefficients on the two sides of both equations, we
find
(n+ mE) han = A ma
{n +(m+ ])El - Ez} lmn = llmn ; ’

where A'mn and U, arc lincar i the coefficients of ¥ and 4, respectively, and are
rational integral functions of the coefficients Ay, lu, 1 p and 7 such that m'z2m, n'<n,
m 40 <m+n

From the forms of the functions ¥, and +,, we have Ky=0, l'y= Hence when
m=0, n=0, the fiist of the coefficient-equations leaves ky, undetermimned we therefore
make 1t an arbitrary (fhuite) quantity 4  the second of the coefficient-equations gives
lo=0, for £ and & are unequal
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Since no one of the quantities
(m=DE+nk+p, mb+(n-DE&+p

vanishes for mteger values of m, n, p such that m+n +p>2, 1t follows that no one of the

quantities
n+mf, n+m+1)E—-8&

vamishes for integer values of m and n such that m+n>1 Hence when the coefficient-
equations for £ and ! are solved i groups for the same value of m+mn, and m
successtve groups for increasmg values of m+n begmming with 1, they lead to results
of the form

kann = Yuny lmu = Mnn»

whete y and A are ntegral functions of the coefficients that occur m , and 4, cach
divided by a product of factors of the forms

n+mé, n+(m+1)E—E
Moreover cach of the coefficients & and I, thus determined, contains A as a factor

It now 18 necessary to prove that the series for p and 7, the formal expressions
of which have been deduced, are converging series For this purpose, we constiuct
domimnant equations as follows

Let a region of common exwstence of the functions ¥, and -, be defined by the
ranges [t{€r, |2/€n, |pi<a, [T|€B so that ¥ and 4, arc 1egular functions of them
arguments within these ranges In this 1region, let M, be the gieatest value of [
and M, the gieatest value of |4r| let M denote the greater of the two quantities
M, and M, Further, since the quantities n4m§, n+(m+1)E —E do not vamsh for
mnteger values of m and n such that m+n2>1, there must be a least value for the
moduli of the quantities for the vailous combmations of m and n, let this value be
7, so that

In+mé €9, |nt (m+1)E—E|<Zy,

in all nstances Also let {4 ;=4" Then the dommant equations are chosen to be

(P~ 4) =T

1 [ o M nP T
Tz t Ey 2 Zly i a8
(1"?)(1—63 (1—"'13) =
Clearly P—-A'=T then common values are given as the roots of the cubic
equation

M M MA' 5T 24" 5T
[+ e T+ e (- 18) (0= - 5)
M (4 11 Ay s
= 1t {rla+T(ﬁa+hﬁ Tx‘aﬂ'?) r 7“1"“/3}
r
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When ¢t=0 and z, =0, the term 1n this equation independent of T vamishes but the
term 1 the first power of T' does not vamsh because 7 18 not zer10  Hence there 1s
one root, and only one root, of the cubic equation which vamshes when ¢=0 and
z=0, 1t 15 a regular function of ¢ and 2z 1 the immediate vicomty of t=0 over a
region which 15 not infinitesimal  Actually solving the equation for this 100t, we find

M4 ( +5 4 zl)-}-hxgher powers of ¢ and z,
e
and then
P=d'+ f]{:" ( + 4’ z,)+lngher powers of ¢t and z,.

Now knowimng that such a solution of the dominant equation exists, we can obtain 1ts
formal expression otherwise  Let
P=A4"+33 2"t Ty }
I'= PIFRLL) YN
substitute these values mn the dommant equations, expand their right-hand sides mn the
form of regular serics, and cquate coefficients of z™¢" on the two sides. We find

9
Pﬂl'll =K mn

Instead of actually evaluating K',n, the analysis used to determine ry,,, can be adopted To
this end, constiuct the value of |o,,| and, 1n 1ts cxpression, effect the following changes in
suceession —

1 Replace every modulus of a sum by the sum of the moduli ot 1ts terms
un  Replace each denomimator-factor [n+ mé; | and {n+(m+1)E—&,| by 7
m Replace the cocfficients of pMamz gt m ¢, and ¢, by M —a™ 8% r Py, for all
values of my, ny, pi, @
v Replace |4 ] by A’
The final expression, so modified, 1s K’y But the cffect, upon the imtial expiession for
[ymn|, of each of these changes 1s to appreciate the value hence, taking the cumulative
result, we have
|'Ymn | < T
Similarly
p\'mnl < T

But the series
A"+ ZZ 5"t T,

converges for a finite region round the origm ¢=0, hence the series
p=A + EZqym "t
T= PP WPAL
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converge absolutely that 1s to say, the formal expressions p and = have significance, bemng
regular functions of z; and ¢ The equations accordingly have integrals
bh=pz, bL=r1a,

of the characteristics indicated

This completes the first stage of the proof

11. For the second stage, let
t=pz+ Th =12+ Tzv

the equations for 7, and T, arc

t“i‘l— ET 4+ ¢ (pas + Ty, 72, + 15, t) — by (21, 72, 1)

=E|Tl+‘h(TD Ta' 21, t)

dT, i
t‘ata = EaTa + ‘P:(Tn 12: 2, t)

after substitution for p and v  Here 4, and , are regular tunctions of their arguments
vamshing when 1,=0, T,=0, they contamn no terms of aggregate dimensions lower than 2
m T, T, 2z, t In accordance with the statement m § 9, 1t has to be proved that these
equations possess solutions of the form

T,=2,9, T,=12,0,,

where ®, and @, arc 1egular functions of ¢, z,, 2z, 1t will appear that ®, =28 (an mbitrary
constant) and ©,=0, when ¢=0 Substituting thesc values for 7'\ and 7%, we hnd

O, ),
@6‘4’51 la ' +fﬁ 28 : + (6= 8)0, =/ (0,, 0;, 2, 2, t)]
00, 36")1 00, '
t at""Elzl 32 + &2 02, =/ (8, 0, 2,2, t)¢

the functions f; and f, ate regular i their arguments, every term mvolves ©, or @,
or both, and a term involving ®, and ©, 1 the fom ©2@# has also a factor z *+!

If quantities ®,, @, exist, being regular functions of ¢, 2, 2, and satisfymng these
equations, the substitution of expressions of the form

0O, = SXXpiun 21'2", O, = SEZquma 212,87,

i these equations must lead to identities Accordingly, equating coefficients of ztzm®
on the two sides of both equations, we have

4+ (=1 E+ (m+1) £} pian = T i,
(n+ 1+ mé,) Jimn = K tmn,
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where 7 imn, X'umn 8re lmear functions of the coefficients m f; and f;, and are integral
functions of the coefficients prmn and quws, such that
Vel, mzm, W’'en, V+m' +0'<l+m+n
Owing to the forms of £, and f;, we have

Tuw=0, Ko=0

Hence pyo=0, and gy 15 left undetermined, we take
Goo = B,
where B 1s an arbitrary constant Moreover, no one of the quantities
n+(U=1)E+mE, n+lé+(m-1)E,

vanishes for values of I, m, m» such that n+l+m>2, hence m the equations for
Pimny Qunn» 10 one of the coefficients of  pruu, quen vanshes when n+l+m>1 Hence
these equations can be solved for all the coefficients p and q after pum, g They
are most conveniently solved 1 gioups for the <ame value of n+l+m, and m
succecding groups for mcreasing values of n + I+ m, beginmng with 1, the results are

Pinn = Timn;  Qunn = Kimn,
where ynn, #mn arc sums of integral functions of the cocfficients 1 f, and f,, each
divided by products of factors of the types
n+(-1)E+(m+1)E, n+lE+mg,

Expressions thus are obtaned as formal solutions of the equations 1t 1s necessary to
establich the convergence of the infimte series As  before, we construct dominant
equations for this purpose, as follows

Let a common region of existence of the functns fi and f,, which are regular
m thewr arguments, be defined by the ranges
[t|22, |a|2p, |2.1<p., 10,120, AR
and within this region, let N denote the maximum value of |f;| and |f,|, so that N
18 a fimte quantity  Also let 7 denote the least among the values of
[n+(@=DE+m+DE]L  [n+i&+mE,

for the various combinations of the integers [, m. n such that I+m+n>1, and let
{B|=BThen the domiant cquations to be considered are

7P, = (P, - B)
1! y
A t) 2 ( 2,0, ( 2, P,
T-J(1="F (1= (1=
( T, ( Pl) Pz”n) Pz"z)
N _ .A'zﬂ), _ _Nz,(b,

Vou. XVIIL 9
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The common value of @, and ®,—B 18 determined as a root of the cubic equation

RO e [C [ (B

_T—J-V._z-,- {;gte o ( : ; B’ZL:) - p:’tz:,a',}
<l - "') (1 - ;1)

- + e - 2
P01 P03 2010

When ¢=0, z,=0, z,=0, the term i this equation independent of &, vamishes but
the term 1n the first power of &, does not then vamsh, because 5 15 different from
zero, Hence there 1s one root, and only one 100t, of the cubic which vanishes when
t=0, 2=0, z=0 and 1t 1s a regular function of ¢, z, 2z mn the immediate vicmty*
of t=0. Actually solving the equation for this root, we find
¢, = VB (.t_ +z_’+{’lj’

NP0 \T  P1 PuCy

>+terms of higher orders;

and then we have

¢2=B’+£(E+Z’_ B

)+ terms of higher orders
NPON\NT Py PO

As 1n the preceding stage of proof of the main theorem, we can obtam the
expression of these particular quantities @, and &, otherwisc Knowmng that @, and
®, — B, equal to one another, are regular functions of ¢, 2, 2z, let

b, =D, B =333 P2tz

substitute m the dominant equations, expand the right-hand side in the form of regular
series, and equate the coefficients of z,'z" on the two sides We find

P, tmn = Mpnne

But instead of actually deriving IIpn, from the equations so obtaned, we can utihse
the analysis that leads to the quantitics 7pmn, &pa, as follows Construct |mpm,! and,
m 1ts analytical expression, effect the following changes i succession —

1 Replace every modulus of a sum by the sum of the moduli of the terms

1. Replace each denommator-factor |n+ (I -1)& +(m+1)E,| and |n+ 1§ +méE,|
by 7

m. Replace the coefficient of @™@,;mzmzmt? m f, and f, by N— aymaymp™pmre,
for all values of my, m,, n,, ny, p

v Replace |B| by B
The final expression, after all these modifications have been made, 18 I, But the

* It remsins 8 regular function so long as |t! 18 less than the least of the modul of the roots of the
disoriminant of the cubio
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effect, upon the mtial expression for |mum,|, of each of the modifications 18 to appre-
clate the value, hence taking the cumulative effect, we have

| ”lmnl < Iyma
Slmllarly I Kimn I < My

Now the series for &, when P, 1s replaced by IL.., converges for a finite
region round the origm, hence the series

0, = pHRL IMPATEL t”}
0, = B + 332k, 202"

also converge for that region Consequently the modified equations have integrals of the
character

T'=20, T,=:0,
and therefore the onginal equations have integrals
Lh=pa+29, t,=12+20,
where p and T are regular functions of ¢ and 2z and ©,, ®, are regular functions of
t, 2, 2.

This completes the proof of the main theorem with the specified conditions

Case I(b) one root of the critical quadratic ws « positwe wnteger, the other s not
@ posutive nteger

12 Let the mteger root be denoted by m, the non-integer root by &, the equa-
tions can be taken 1 the form

t % =mu+at + 0 (u, v, t)]

t-——fv+;9t+¢(u, v, t))

whete # and ¢ are regular functions of then aiguments, vamsh with u, v ¢ and
contain no terms of dimensions lower than 2 The same tiansformations as were used
m §2, viz

a i _ B_
“‘t<";f_’1+"l)' u—t( E__.1+v,),

can be apphed m —1 times 1 succession and ultimately we have equations

dt,
ta =t+at+fi(h, t, t)
Zt;—xtn+bt+ﬂ(tl, t )

9—2
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L4

where x, =f—m+1, 18 not a positive teger, the functions f; and f; are regular
functions of their arguments of the same type as 6 and ¢ above, and the 1integrals
t, and ¢, are to vamsh with ¢

It has been proved that theie are no regular integrals of the equation vamshing
with ¢t unless @ 1s zero and that, if @=0, there exists a simple nfimtude of regular
integrals satisfymg the equations We procced, not in the first place to the complete
theorem but only to a partial theorem, by shewing that when a 1s not zero, there
emists a sumple wfimtude of non-1eqular ntegrals vamshing wnth t, these wntegrals beng

regular functions of t and tlogt und when a s zero, these non-regular wntegrals do
not exust

To establish this result, we procecd from equations

ti%=ax+at+€,(z, )

>

t(fl‘tl!=xy+bt+0,(w, Y, t)

where o is taken to be a real postive quantity, a lttle less than 1 imtially and
equal to 1 ultimately and, as the expheit forms of 6, and 6, arc required, we
suppose
0,(z, y, t)= SZZa,,a'yit?,
(+j+p22).
0.(«, y, t) = SE3Zb,,aptr,
With these equations, we associate a set of dommant equations. Let
Jtyp| = Ay, 1bipl =By, ja|=4,
then the dominant equations are
thl)t—(—a'X+At=®,(X, Y, )
t‘%’_ ¥ s Bt=0,(X, Y, ¢
where
0,X, Y, t)=SSEA,,pX'Y1tv}
,(X, ¥, =SS5 B, X:¥u»)

If « be real, not being a positive integer, we choose that sign for the term + Bt,

which makes
B

k—1
a positive quantity, if « be complex, we choose a term + Bf, such that
B

k=1

18 & real positive quantity and |B|>|b|
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By the theorem of § 10, we know that solutions exist, which vamsh with ¢ and

are expressible as regular functions of ¢ and #° Let a new vamable § be introduced,
defined by the equation

tr—t=(1-0)4,

and, m the solutions 1ndicated, replace ¢ by ¢+(1—0o)68, they then become regular

functions of ¢ and 6, expressed as converging power-series To obtamn ther coefficients
m this form directly, let

X =Z3a,, 0™,
Y =33 b, 07,

where au=0, by=0, then smce

dé
t P ol —t,
we have
t ﬂfi‘f = 33ty (RO + MmO (00 — B)}
=33 ((n + om) 07 — w1} ayn,
and
g B
o = 33 {(n + om) 07t — mm-rgn ) b,

Substituting 1 the differential equations and comparing coefficients, we have

(n+aom— &) g —(m +1) U1, n—1 = }[‘m, n}
(n4om—u) by —(M+ 1) by nos =Ko n

where H,, , and K,, , are sums of terms of the form

Hmn = ENAuyam,n, . Qmng bm,’n,’ . bmy'"/ ’
and similatly for K, ,, such that
t+3+p22
m+  mdm’+ 4w =m
PHm+  Anmtn’+  4n=n

N bemng a numerical quantity, representing the number of integer <olutions of the last
two equations

As regards the mmtial coefticients, we have the following expressions
For m+n=0, so that m=0, n=0, then
an=0, by=0
For m+n=1, so that m=1, n=0 and m=0, n=1, then
0.a,=0, (c—#k)by=0,
(l-0)an—ay=—4, (1—k)by—by=%B;
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so that
ty=(Q1=-a)an+4, (1=rk)by=FB, b,=0,
thus a, 15 undetermined and therefore can be taken arbitrarly, say =C, whete C 18 positive
Thus ay, @y, by are positive
For m+n=2, so that m=2, n=0: m=1, n=1 and m=0, n=2, then
Ty = Ao?,
(20 — k) by = By, }
Ay = 2090 = 2A 000ty Uy + A 13oGiobey + A1y @56
(14 0 = k) by = 2by = 2Byethuttin + Buotrobun + Bunt } '

(2—0) a0 — =A@ + A 13000 bn + Aol + A1 @ + Ao by + oo }
(2 = &) by = by = Bye@®y + Buio@nbon + Bunb®n + Bioy@n + Byyibyy + By,

And so on, taking 1 succession the groups of terms for increasing values of m+n, and
taking, 1 each group, the equations for increasing values of = beginmng with zero
The result 15 to give

Qmn="Opn, bmn= ¢mm

where 0., and ¢,, are sums of a number of terms, each term 15 a quotient, the
numecrator bemg a positive 1ntegral function of the coefficients of 6, and 6, and
contamnmng a,™ as a factor, and the denominator being a product of quantities of the
form

n+om—o, n+om-—«

It can be proved, by an argument precisely similar to that m Jordan’s Cowrs d’Analyse,
t. m, §97, that the number of quantities entering into the denomnator product for
each of the terms m 6., and ¢un 18

Zm+2n—1.
On account of the theotem of § 10, estabhiching the cxistence of the mtegrals as regular
functions of ¢ and ¢, 1t follows that the series

SZaun 6", ZEby 0t
converge absolutely

Now proceed to the himit in which o increases to, and ultimately acquires, the value
umty, then 6 becomes —tlogt, the differential equations become

dX

t - X+4t=0,X,Y,1
zddf — kY + Bt=0,(X,Y,1)

and the ntegials change to
pIAT SRNCLLT LD 5 /L0 18

where @'nn and 0, are the values of ay, and by, when o 1s replaced by 1.



DIFFERENTIAL EQUATIONS 71

In 6., let T be any one of the terms, and let 7" be the value of T when o 18
replaced by 1 As regards the numerator m T, 1t 18 the sum of a series of postive
quantities and 1t 18 unaffected by the change of o, except that a, 1s replaced by 4,
that 13, by a dimimshed quantity, hence the numerator of 7" 1s less than that of T
As regards the numerical denominator, each factor n+am —~o 15 replaced by n+m—1,
which 1s a greater quantity than the factor 1t replaces, unless m vanishes, but when
m=0, then

r=fc2-0,
because then n>2 Also every factor n+om —« 15 replaced by n+m —«, the imagmary
portions (if any) of these two are the same, but the real part of the new factor 1s greater
than that of the old except when m=0, and then they are the <ame The number of
factors 1n the denommator 1s not greater than m+2n—1 hence

n+om—o nt+om-—«

nt+m—1 n+m-~g

< (2 — a)m+m-l

< (2 . o.)m+m

The changes made have dimmshed the numerator of T, thus

Z{ 'mtom—g ntom-—x
in4+m—1 " n+m-«
<(2—g)ymtm

Remembenng that 6, 1s a sum of terms I and bearmmg mn mind the character of T,
we have

a & mn

2 n+am
L2 <( oy
Similarly .
l 2 mn om+an,
T } <(2-o)

Now the series .
250 0mt",  ZEb,m O™
converge absolutely for a finite region round the ongm  Let this be defined by |¢{<r,
{6|€s, and let M,, M, be the respectlve maximum vahies of the modult of the seres

within that region Then
M,

gmyn’

M,

bmn < gmpn?

Amn <

and therefore
M,
] m r n’
e lamwr
M,
s m { r "

2-ay 1@-op

{ [ } <

\ blﬂ"l ‘ <
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Consequently the series
330 a0 tn, S, O t0
converge absolutely for a finite region round ¢=0.

If the original equations

dx
tm=w+at+8,(w, Y, t)

t?%:xy-#—bt-*-ez(m. )

possess integrals vamshing with ¢ mm the form of regular functions of ¢ and tlogt, these
integrals may be assumed to be

@ =2 frun OE1
Y=33Gumn omt"}
when substituted, they must satisfy the cquations identically. Choose f, so that
[ful=C,
where € 1s the aibitrary constant i the integials of the preceding equations
When the relations that arise fiom the comparison of the coefficients are solved
80 as to give fun, Jum. 1t 15 easy to see that the same results are obtained as would
be given by changing, m d'ms and V', A nto —a, B mto Fb, 4,, mto ay, and
B,, mto b,,, for all values of 3, ), p Bearing in mind that
lal=4, [bl<|B|, \“vpl=Avp‘ lbtjp"—‘Bupy
1t 18 manifest that the rcal positive quantities |@/ma| and |V, are superior limts for
[ fun| and | g |, that 1s,
Snl <@, [Gmn | <] 'mn|
But the series
PO L . L
converge absolutely hence also the series
E3fmn 0, EEGma 08
aléo conveige absolutely, and the equations accordingly possess integrals as stated m the
theorem

Note. If a 15 zero, then a',y=0, a'4»=0, ¢, =0, and 1t 18 1Mmediately obvious
that

'mn =0,
for all values of m>0 and all values of »  Stmlarly

Vma=0,
for the same combinations of m and n In this case, § disappears entirely from the
expressions

33 frn O, 239, 0m0",

so that the mtegrals become regular functions of ¢, which are known to be solutions
of the equations when a=0
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13 The main theorems as to the equations

dt
B t,+at+f,(t1,évt)!

§£2= kty+ bt + £, (4, L t)‘
/

b

so far as concerns the non-regular solutions, are —

When a s not zero, so that the equations do not possess any regular solutions that
vamsh wnth t, they possess non-1eqular solutwons that vamsh with t It « have s real
part positwe, not self bewng « posutwe integer, there 1s a double wnfinitude of such solutions,
they are regular functoms of t, t and tlogt It k have its real part negutwe, there s
only a single wnfimtude of such solutions, they are reqular functwns of t und tlogt

When a 1s zero, so that the equations possess a sungle nfimtude of regular solutions
vamshing wnth ¢, then 1f « have us 1eal part posutrve, not uself bemg a postive wnteger,
there 15 a simgle wnfimtude of non-reqular  solutions vamishing with t which are regula
Sunctwns of t and t<, but of & have s 1eul purt negatwe, the equatrons possess no nonm-
reqular solutwons vamshing with t

These theorems can be  established by analysis and o course of argument similar
to those which have been adopted, wholly o1 partially, m picceding cases The actual
expressions for the mtegrals, when « 15 not zero, are

ti=ab + At + 353y, Homer

b “ ’
= _ Kc+Bt;+ SES Dy GO

where the summation 15 for values of I, m, n such that [ +m+n>2, the coefficients
A and B are abitrary, ¢ denotes ¢ and 6 denotes tlogt

When a 18 zero, all the coefficients ¢, fy.m for values of m >0 vanish, so that
6 disappears from the expressions for f, and ¢, The resulting expiessions then can be
1esolved cach mto the sum ot two funetions one a rcegular function of ¢ which
mvolves A4, the other a 1egular function of ¢ and ¢ which mvolves B, and vanishes
when B=0

It may be noted that a shght degeneration occurs m the solutions when & 15 the
1eciprocal of a positive integer, a  reguluw  tunction of ¢ and ¢ 15 then merely a
regular function of ¢«

When the cquations m then st transtormed expression are

du
t dt = mi+at+0(u, v t)

»

d
ﬁ:T;)=EU+Bl+¢(’l, v t)b

the gencral results arc the <ame as above, the value of « 18 £—m+1, and the
critical condition, which 15 represented by a =0, 1 stated at the end of § 2
VoL XVIII 10
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Cask 1(c) the roots of the critical quadratic are unequal, and both
are posutwe ntegers.

14, Denoting the roots by m and n, of which m may be taken as the smaller
mteger, the equations can be tiansformed so as to become

du

b @

=mu+at+ 0 (u, 2, t))

v

tdt =nv+ Bt+ ¢ (u,v, t)f

They can be modified by substitutions sumlar to those adopted in the picceding case .
such substitutions can be apphied m —1 tunes 1 saccession, leading to the forms

dt .
t dtl= t+at+ £ (b, b )
dt, . '
tge =Kt bt fa(t, b 0)

where x, =n—m+1, 15 a postive mteger greater than 1, the tegrals ¢, and ¢, are to
vamsh with ¢, and the functions f, f. are regular functions which vamsh with thewr
arguments and contain no terms of dimensions lower than 2 1 ¢, ¢,, ¢ combined

It has alicady been proved (§ 3) that the equations possess no regular mtegrals
vanishing with ¢, unless two relations among the constants be satisfied, one of them
19 1epresented by a=0, the other by (say) O=0, where C 15 a definite combination
of «, b, and the constant cocthcients w 7, and f; The theorem as regaids the non-
regular mtegrals 18

The equations i general possess « double wfimtude of mon-regular antegrals which
vamsh with t, they we regulwr functwns of t, and tlogt If both of the conditrons
represented by «=0, (=0 are satisped, the equations possess no non-regular solutions
vamshing with t they are known to possess a double wfimtude of regulur wntegrals
which vamsh with t

The method of cstablishing this theorem 15 sumlar to that for the case when «
18 umty so that the entical quadiatic has a repeated 100t As that case will be
discussed later m full detml, we shall not here reproduce the analysis and the argument,
which follow closely the correspondmg analysis and argument in that later discussion

It may be added that the conditions for the equations
du_
dt

v

a= no+ Bt + ¢ (u, v, t)J

13 mu + at + 0 (u, v, t)}

>

t

represented for the modified formns by « =0, C=0, have already (§ 3) been given
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Cask II (a) the crtical quadratic has equal roots, not a positwe wnteger

15 It has been proved that, in this case, the ongmal equations possess regular
mtegials vanishing with ¢ and therefore, m order to consider the non-regular integrals
(f any) that vanish with ¢, we transfoom the cquations as i §6, and we study the
derved system

dt,
tg =+ttt )

dt,
tdb"=xll+ Et,+¢;(tn by, t)

where ¢, and ¢, are regular functions of their arguments, vamsh when ¢,=0, {,=0,
and contamn no terms of dimensions less than 2 m ¢, ¢, ¢ combmed The mtegrals ¢,
and ¢, are to be non-regular functions of ¢, requued to vamsh with ¢,

The non-regular integrals are given by the theorem

When the repeated 100t £ of the criticul quadratic has s 1eal part positive, not
uself bemg a positwve wnteger, there 1s a double wmpmitude of non-1egular wntegials vamshing
with t, these wntegrals bewng regular functwns of t, ¢ &€ logt

When the theorem 1s established, there 15 an immediate corollary

If the real part of the repeated 100t E of the critical quadratic be negatwve, then
the equations do not possess non-regular ntegrals vamshing with t, the 1egular ntegrals
possessed by the orynnal system of equations are the only wntegrals that vamsh unth t

The forms of the theorem and the corollary aie indicated by proceeding nearly to
the limit of the theorems for the case of I (a) when the roots of the critical quadiatic
are equal to one another Tf £=§ +8, where & 1s mfimtesimal, then

th=th(1+3logt+ ),

so that a function of ¢, ¢, tf becomes a function of ¢, t&, thilogt, but further investi-
gation 18 needed mn order to shew that, in passing to the hmit, the functions under
consideration continue to cxist  Instead of adopting this method of proof, we proceed
dependently

It 1s convenient to take
t=tt, —np=ttlogt

If theiefore 1ntegrals of the character indicated 1 the theorem exist, they can be
expressed 1n the forms

b= 335 Wimn tl"’"tnl
ty= 3% by St
10—2
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and these values must, when substituted, satisfy the differential equations identically Now
ag dy _
tt’iz_fg‘ tdt-fﬂ—;
so that
tdit (CI'I)"'t") - (n + [E + mE) Clnm " — ,mtlﬂnm—l tn,

Hence equating coefficients of ¢'n™t* on the two sides of both equations after substi-
tution of the assumed values of t, and t,, we have

[n + (l +m - 1) E‘ Q. — MUy, my1, n = @i }
i+ l+m—1)E} by — ’”bl—l,m+x, n = 0mn + B'1mn ’

where a'pn, B'man, bemng the cocfhcients of &y™¢* m ¢, and ¢, respectively, are linear
functions of the constants mn ¢, and é,, and are integral functions of the coefficients
Qs Ormwe, Such that U2l wm'em, Wen, U4+w' +0'<l+m+n

Assuming that the real part ot £ 1s positive but that £ 1s not a positive mteger,
we see that no one of the quantities u+(/+m—1)& can vamsh if l+m+n>2

If l=m=n=0, then a4n,=0, 8 pa=0; hence
Ao = 0,
bow = Oty =0
For values such that [+m+n=1, we have
0.t =0, that 15, ay, =K,
Aoy =0,
0.y =0, that 1, ap=1,
0 by =0 ay,=06K,
byn =6,y =0,
0 by =0 a,y=06L
In order therefore to obtain fimte values for the coefficients « and b, we must have
K=0, L=0,
and then by,, by, are arbitiary, that 15, we have
=0, =0, apn=0,
boo = B, by =0, by =C

To obtamn the terms of dimension two 1 § #, ¢ m ¢ and f, we require the
explicit expressions of ¢, and ¢, let them be
¢ = att, + btt, + ct? +etit, + kP + ...,
¢, = att, + Bty + yt,? + etity, + &t + .0
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The terms 1n ¢, and ¢, of dimension one, obtammed as above, are
t=0, t,=C¢+ By,
80 that, as far as terms of dimension two 1 ¢, and ¢, after substitution, we have
&= bt (Bn+Cl)+ &k (By+CL),
2= Bt (Bn+ CF) + & (Bn + CE»
Accordingly. for [+ m+n=2, we have
Etpy=kB, ay; =bB, (2—§E)ay=0,
@, =b0C, (14 §)ay,—aw = 2kBC,
Eaye =407,
Ebyy = B+ 0aun, byy= BB+ 0ay,, (2= &) bun=0a,
by = BC+0asi, (1 + )by — bux = Oy, + 26 BC,
Ebyy = kU + Oy,
and therefore the terms m ¢, and ¢,, of dimensions two i the arguments ¢, 9, t, are
2kBC + Eb"
1+¢

’goﬂr-w th+ ’gﬂmu bO%t + bBt,

m ¢, and

o o B ,
(, + _EA) Fo (,c + ?) F (34 00) UL+ (8-+.00) Bt

fx+‘””)33+2x30 0 21.BC+’£B=}
+{< Elf}’: + ((l"'f);f ) &n,

m ¢ And so on

The cquations, when solved i groups for the same value of I+ m+n beginning
with a zero value of I, and solved in successive groups for mecreasing values of
l+m+n, give values of ayun, bpnn which are sums of integral functions of the lteral
coefficients of ¢, and ¢,, and ot the arbitrary coefficients B and C, each such integral
function bemng divided by a product of factors of the form n+(l4+m—1)E Let the
values thus obtamned be

Qmn = Omns  Dimn = Bimn
As m §9 for the former case, 1t can be proved that
oy =0, bop=0,

for all positive integer values of p, so that there are no terms m # or m ¢ wmvolving
t alone, every term mvolves either ¢ or n or both ¢ and 7
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To establish the convergence of the series thus obtained, we proceed m two
stages as 1n the corresponding question (§§ 10, 11) when the roots of the ecritical
quadratic are unequal

Extract from # and ¢, all the terms which are free from 75, as each of them
mvolves §, thewr aggregate can be taken i the respective forms gp, ¢r, and the
remaining terms then have # for a factor, so that we may write

t={p+70,,
ty =81+ 70,

It will be proved, first, that solutions of the form
t=tp, ty=¢r

exist, where p and 7 are regular functions of ¢ and § p vanshing at ¢=0 and =
having an arbitraty value there so that the functions involve one arbitrary constant,
and there conscqueuntly 18 a simple wfinitude of such solutions

Then substituting
L=p+70,, t={r+190,

1t will be proved that functions @, and @, exiwst, so that they arc regular m thewr
arguments { 7, ¢, they mvolve an arbitrary constant €, ®, vamshes at t=0 and @,
acquires the value C there Thus for an assigned value of B, these will represent another
(and an independent) simple 1nfinitude of integrals

In each stage, the details of the analysis follow the detailed analysis of the

former case somewhat closely 1t thercfore will be abbreviated for the present purpose

16  Substituting t,={¢p, t;=¢r m the equations for ¢ and ¢, we find p and 7
determined by

d
ta=henty |
dr ’
tg=Op+vlp m & t)(
where the general character of ¥ and y, 135 as before If these are satisfied by regular
functions of ¢ and ¢ theiwr expressions
= EEka;”'t",
=32 i t%,

must, when substituted i the above ecquations, satisfy them identically Accordingly,
comparing coefficients ot {™t* on the two sides of both equations, we have

(0 + mE) kppn =K',
(" + mE)Jmn =J/'nm + aknmy
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where K'mn, J'mn are lmear in the hteral coeffictents of p and r, and aie integral
functions of K, Jmwm, such that m’Zm, n'€n, m' +20'<m+n Also, from the form of
V¥, and ¥, K'p=0, J'y=0, hence we have

k=0

But j, 18 undetermmed, and 1t can therefore be taken arbitrarly: let 1ts value be B,
where B 15 any aibitrary constant

When the equations for A, and j,, are solved, m groups for the same value of
m+n and 1 succeeding groups for mcreasing values of m +n, they lead to results of
the form

Kmn = Kn, Jmn = buns

where kmp, tmy a1c sums of tegral functions ot the coefficients m y, and Y, divided
by products of factors of the form n +mé

The dominant functions are constructed as before Let e denote the least value
of |n+mf| for mteger values of m and n, so that € 15 a finite (non-vanishmg) quantity,
and let [8]=0, |C|=(" Alwo, let a common 1cgion of existence for the functions
and ¥, be given by the ianges [t|2r, |82, [p|2h, 7|2k, and within this region
let M be the greatest valuc of || and i  Then conwider functions P and 7, defined
by the equations

1 M M re Tt
e[’_Eil - 1_}){) 1_5) _I_E_MM—MM},
( - ;)< Iy ( ki, r
o 1 a M Pt TC
eT'=eC +®P+—c2 ]_t> ‘_Pc><,_ [é,)—-l—_-?_—M}nl—Mm}
\ ) ( Iy I r
Clearly
(e+O)P=¢e(I'-C"),
that 1s,

€ ’
P=ioT=0

The value of P 15 a 10t of a cubic equation which, when t=0 and {=0, has
no term mdependent of P and has a non-vamshig term mvolving the first power of
P so that 1t has one and only one root vamshing with ¢ and ¢ and this root 15 a
regular function  To obtain 1ts expression without actually <olving the cubie, we take

P=X% ma ™",

where K =0 we cxpand the nght-hand side of the dommnant equations as a regular
function of t. § P, T, and compare coeffictents The analysis that leads to the values
Of Kmn, tmn can be used to obtamn the value of K,,, by making approprate changes
siilar to those m the ealier corresponding case. These changes are now, as was the

case before, such as to make
l/‘mnl < Kuns |tmnl < Knns
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and therefore as the series
SEK it
converges, the series
E3kmn ™, C+ 3Z)unlmt,

also converge The existence of the integrals, connected with the first stage, 13 therefore
established

17 Now wrnting
t = {P + ’I®|; t,= §T+"7®5»

where p and 7 are the regular functions of ¢ and ¢ as just determmed, the equations
for ®, and O, are

de,
o =h®, 0,5
de '
14 dt—z'-'-'e("):“‘fz(@n sz L‘, , t) [

where f; and f, are regular functions of thewr arguments, vamshing when ©,=0 and ©,=0,
the coefficients of the first powers of @, and ©, vamsh when ¢=0, and any term,
mvolving ®, and O, in the form O2Op, contams p**#~! as a factm

The method of proot and the general course of 1t are the same as before (§ 11)
The regular functions ot ¢ 7, t, which are the tformal solution of the equations, are

proved to conveige, by bemng compared with the functions which satisfy the dommant
equations

ew,=1, M — M _M’L(Iil_Mf_)é ,
"[(1—9(1—%)(1—7:25:)('—’3;‘5:) -0y J
g - i

eq>1-e;(;+|0|‘b+7’[(l_§><]_g)(hz(i:)(l—ﬁ:)

-ﬁl—_—g“”'ﬁf“”ﬁf}
r P

and are such that, when ¢=0, {=0, =0, then ®, 15 zero and ®,=|C| There exists a
sigle quantity @, satisfymg these cquations and vanishing with ¢, which 1s expansible as
a regular function of ¢, & 7 m a non-mhnitesimal 1egion round ¢, the power-series which 1s
its expression being consequently a converging series within that region  And theiefore
®,, being given by

®,=|C|+ (1 + '-gl) @,

15 also expressible as a regular function of f, § 7 which, when ¢=0, acquires the
value | C|
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A companson of the coefficients of {'g™t* 1 O, and O, with those of the same
combination of the vanables m @, and @, 18 easily seen to lead to the nference that
the moduli of the former are less than the modulus of the latter, consequently the
former series converge and therefore integrals of the equations, defined by the specihed
conditions, are proved to exist Their explicit expressions, as power-series, ate obtammed as
m § 11

Case II(b) the crmtwal quadiatic has a 1epeated root which s « positwe wteger
18 Denoting the repeated root by m, the equations aie

du
tEi—mu+At+6'(u, v, 1)
d
t%=xu+mv+,8t+¢(u, v, t)

where the functions 6, ¢ are 1cgular, vamsh with u, v, ¢, and contamn no terms of
dimensions lower than 2 m their arguments

The equations can be transformed as betoie (§ 5) by the appropriate substitutions,
and this transformation can be effected m —1 times, leading to new equations of the
form

dt,
o =ttat+ 0., 0 ]
dt, [
£ et 4t bE+ 0,8, ) 8) )

dt

where ¢ and ¢, are to vamsh with ¢, and 6,, 6, are of the same type and propertics
as 6, ¢ n the hist form

There are two sub-cases according as x 15 zero, o1 x 18 not zero

19  Furst sub-case x=0 The equations can be taken i the form
dx

td£=w+at+0,(:,1/,t)'

dy )
td?=y+bt+€,(4, ) ]

the mtegrals are to vamish with ¢, and the functions 6,, 6, are 1cgular functions of ther
arguments, which vanish when =0, y=0, t=0 and contmn no terms of order lower
than 2 1 a, y, ¢t combimed

The mtegials vamshing with ¢ are defined by the theoem

The equations possess, i general, a double wnfumtude of non-1egular ntegrals vanmshing
with t, which ae regular functons of t and tlogt, and it 1w known that there we no

VoL XVIII 11
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reqular wntegrals vamshing with ¢ If, however, both a=0 and b=0, the equatons do
not possess mon-regular ntegrals vamshing with t, the only ntegrals vanwshng with t
are the double wnfimtude of 1egular ntegrals which the equations are known to possess

This theorem can be estabhished, as i other cases, by the construction of dominant
equations and comparison with their integrals which actually are obtamed i  exphert
expression

For this purpose, consider the equations

t(%}f—a-X+A S5 A, X0 Vot
O Y+ B=S33 B, X

where 2+)+p>2 m the two tnple summations  The quantities o and p are real, positive,
and less than umity ultimately they will be made equal to umty It follows, fiom the
theorem of §8, that theie 14 a double mfimtude of mtegrals vamshimg with ¢, these
integrals being regular tunctions of ¢, t7, te

Let two new variables 6§ and ¢ be mtioduced such that
tr=t—(c—1)0+(c—1)¢,

tr=t—(p—DO0+(p—1)1¢,
we easly find

do
t5+t=0 =(l—p)(l-—d’)¢=/3¢!

‘I¢+0 (c+p-1)p=ap {

where @ and 8 are constants which, when p=1, =1, are cqual to 1 and 0 respectively

The regular functions of ¢, t, ¢¢ are expressible m the form of absolutely converging
power-series, when &7 and t* are replaced by then values m terms of 6 and ¢, the new
functions are regular functions of ¢, 6, ¢ To obtan therr exprcssions m thiy last form
directly from the differential equations, we substitute

X = ZZS by t 6™ P
Y =S58kt 6 ¢"}
mn the equations which are to be satisfied 1dentieally Now

ax 93 dé o
b= (‘ AT ‘dtaq:)X

=333 {(I + m + an) hyaq t 6™ $»

— ,m]”mn g+ g1 ¢’u — n}’lmn tl gm+1 ¢n—-1 + ﬁmhh’m t gm— ¢»+1} ,
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hence, comparing coefheients of ¢ 6™ ¢" on the two sides, we have
CH+m+oan—6) hmn—(m+ 1) oy mpsn— @+ 1) Ay pucy ngs + (M + 1) Bl mas, nes = & n
Sumilarly
G+ m+an—p) kimn — (M + 1) kg mprn— (0 + 1) Ay psr + (m+ 1) Bkt mi1,n—1 = Btmn

Here o'un, B are expressions which are hnear m the coethcients A4,,, B,, respectively,
being an aggregate of terms of the form

Ny Ay himn, oo Mokt oy ne hivony g
Vi Bophymn,  humoniky im0y himns
respectively, the subscripts are subject to the relations
mt Fmm+ ) =m
m+ 4+ + =0},
prh+. + L+ U+ + 4=l
and the numeiical factor &, 15 the number of integer-solutions of these equations

In particular, we have
hoo=0, hup=0

When [+ m +n=1, the cquations for the coctficients in X are
A=) hw— huw=~4,
(l - 0') hulo - }'om =0,
(2 =) hoy + Bl =0,

which are satisfied by
hpo=(1 —a) b+ 4 }

oy = (1 = @) hyyy

and hy,g 15 arbiiary  Sumlarly,
knw = (l - P) ltum + B}

ki =(1 = p) how
and ky, 18 arbitiary.

When [ +m +n=2, the cquations for the coefficients 1 X are
(2= 0) o — hoy = iy
(L4 a—a) by + 280 —= o= oy 12
(20— ) hyoy + Bhoy = oLing
(2 = @) o= 2how = Iy = @ 10 l
1+ a—=0) hy— o + Bl = 41 J

(2-0) hagy = o = & g0

11—2
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The first three cquations, when solved, determmne hug, hoy, how, When the values of hy,
and hy, ate substituted 1 the next two equations, they determine hy,, hin, the last equation
then determines the form of A,

Sumilarly for the coefficients m ¥

For values of [+ m+n>2, the equations can be solved m a similar way They are
solved m groups for the successively mcreasing values of [+m+n In each group, say
that for which [+m +n=N (so that the cocficients hymw, Armw, such that

UV'em' +n<2N-1,

are supposed known), the convenint method 1s to arrange the equations n sets, determined
by the values of [ and in sequence according to mercasing values of I begmning with 0
i each set, the equations are arranged 1n sequence according to increasing values of =
beginning with 0 In each <et, we use the equations mn succession to cxpress ky,, m terms
of hyn_1,0 and previously known coethelents and constants, when the hrst N—1 cquations
m the set have thus been used, the remammg equation, on substitution ot the values of
hio -1, iy n—ia, then detetmmes hyy o, and so also the values of all the cocfficients
hymn, such that m +n=N—10 Likewise for the coefficients Apn

And then, as the solutions are known to be regular functions of ¢, 6, ¢, the series
SSE by 0@, EES Ry, tH0m P,
with the values of hyun, kuan which have been obtamned, converge absolutely.
As 1cgards the forms of the coctheients hyum, Kuea, they arc the aggregates of positive
terms 7' The numerator of cach term 7' 1s the sum of a number of positive quantities

1t 15 an ntegral algebraical function of the coefficients A4,,, B,, 1t 15 also an 1integral

algebrarcal tunction of Aypmin, Kiymsn such that {4+m+n=1. The denominator of the
term 1" 18 of the form

P+ QB
where P 18 the product of factors of the types

l+m+oan—0o, l+m+an—p,

and wheic @ 15 an aggregate of quantitics, each positive and simlar to I but con-
tamning two factors fewer than P

As 1cgards the number of factors in P, being a part of a denommator m a term

T i hyuw or Apum, 16 can be proved, by an amplfication of Jordan’s argument quoted
i § 11, that this number
23l 4+ 2m +n.

It 18 known that, so long as o and p are different from unity, the convergence
of the power-scries 18 absolute hence this will be the case when

og=1—-¢ p=l-¢
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where ¢ 15 a real positive quantity that can be taken as small as we please Proceed
therefore to the lumt m which ¢ and p acquire the value umty, so that e passcs
from small values to zero The cffect 135 to give to 6 and ¢ the values

0=—tlogt, ¢=4%t(logt);
to change the differential equations to the forms

X
Vit

Y vam=ss3p, x|

— X+ At=S3SA,X Y ’

"y

and to change the integrals to the forms

X =33V (,,,,,tl( tlogt)"’ {%t(log t) }“

V= SEXR 8 (— tlog O™ (¥ (log 1)1
where &y and &, are the respective values of hy,, and ky,, when =1, p=1

It 18 necessary to compare the cocfficients 'y, and fy., and hkewise the co-

efficients Kyun and Ay Let T be one of the terms i Ay, as explamed above and
let 7" be 1ts value when o=1, p=1 The effcct of the change on the numerator 1s
to replace (1—¢)ho+4 by A, by by 0, (1=p)hw+B by B, ke by 0, m every case

a decrease and therefore, as the numeiator 15 a sum of positive terms, the whole effect
on the numerator 18 to decicase 1t, that 1s,

numerator of 7" < numerator of 7'

As regards the denommator of 7, m the form

P+QB,

the quantity 8 15 of the sccond order of small quantities, @ 18 an aggregate of a
linited number of products, cach contaimng a hmited number of factors. hence QB 18

of the second order of small quantities Let P’ be the changed form of P, obtamned
from P by changing

l+m+an—o mto L+m+n-1,
and I+m+oan—p mto I+m+n—1
Now l+m+an—c—(l+m+n—1)=—=(2n—-1)e¢
a small quantity of the first order unless n=0, <o that, unless n=0,

l+m+an—o

l4m+ n—1

=1l-v,
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where v 15 a positive small quantity of the first order When 2=0,
l4m—o—(l+m—-1)(2-0)=¢e(2-1~m),

so that as 4+ m >2, we have

where 4’ 13 a positive small quantity of the first order, unless {+m =2, and then ¢ =0.
Hence

P 1 1
Py oy
1
>I12—~__‘r
1
>

(2“_ a)u}m» ’

the difference between the two sides being a small quantity of the first order  Also

Q8
z

18 a small quantity of the second order, that 1s, a quantity of an order less than the
foregoing difference, consequently
oS
P+QB (2_0.).xl+)m+n
The changes depicciated the numerator of 7' mto that of 7” hence

 P+48
TP

< (2 —_ a)xl +om+n
< (2 - a-)al+3m+m
This result holds for every term m Ay, hence

,
Wonn |

< (2 — g)¥t+mtam
hum | <)

Similaily,

’
é imn {< 2- a.)sl+.\m+m
tmn

Let the region of convergence of the power-series
S35yt 0 @",  TEZ Aot O™ "
be defined by the 1anges

t Zr, |0|2n, |p|<gn,
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and let M,, M, be the maxunum values of the moduh of the series respectively within
this region, then

M,
hlmn < 717’7,:7 o )
M,
klmn < ;11,;;1‘:" y
consequently
, M,
I3 tmn < v T R j T i
letof ool el ar}
/ M.
k mn < 2

{(2 1"a>'lf [ {<2 - a)*}m {@ 3}

SESH0ngh, SEEKyL0n",

Hence the seiics

converge absolutely for values of ¢ such that |¢| <2

The existence of integrals of
t dw t+3SSS "tP
Ji =& at+IE3a,ry

dy

tae

=y +bt + SIZEh,aytr

can be deduced from the preceding 1esult, by choosing
lai=4, [b|=B8B, [(Lw, [= An)h (bnr = Bl]lh
as the quantities A, B, d,,, B,, for those dommant equations The expression for the
mtegrals 15
=333 Hm, t’G"'qS”}
Y= 385K, )
where Hj 18 denived fiom Wy, and Ky, from .., by changmg 4 mto —aq,
B mto - b, 4,, mto ¢,,, and B, mto b, The effect of these changes 1s to give
1Hlmul < hlhmn
lKlmnl <K

and theicfore the serles for & and y converge absolutely
The actual values are
z=atlogt+ Ot + ZEZ Himn t'0m¢"}
y="btlog t+ O+ ZIF Kpp, tmp™) '

where 6=~—tlogt, ¢=4%t(logt)’, the summation 15 for values of I, m, n such that
l+m+n3>2, and the coefficients C,, C; are arbitiary constants
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But the formal expiession 8 more general than the actual value The equations
determining the coefficients are

(l +m+n— I)Hlmn“'(m"' I)Hl-l,m+1.u_(n+ l) Hl.m«l.nH=Elmn}
+m+n =) Kpn=(m+ DKy i, n= 0+ DKy oy nir = Frn)

with
Hy=0, Hy=-a, Hy=0,

K|w=('2, Kolnz_ b: Kom=0

It 18 clear that, when [+m+n=2,
Emn=0, Fipn=0, if n=1, 2,

hence H,,, Kimn both vamsh for I+m+n=21f n=1, 2

Thus for I+m+n=3,
Epn=0, Fipy=0, of n=1, 2, 3,
hence also Hy,,, Ky, both vamsh for I+m+n=3 if n=1, 2, 3. And so on all the
coefficients Hy,,, Kpnn vamsh 1f

n>0,

that 1s, the quantity ¢ does not actually occmr 1 the expressions for o and y which
accordingly are 1egular functions ot ¢ and tlogt

The theorem 1s theirefore establhished

Note 1. Any term 1 a2 and y 1s of the form
Ktm (tlog tyr,

that 15, Kt™+(logt)*, and thercfore the mdex of logt 15 never greater than the index
of ¢

If, however, the cquations were

¢ Z—:} =gz+ at+ ctlog t + SEZZa,, wyt? (¢ log t)'l]
t g‘? =y+ bt +c'tlogt + SEIZXD,,, a'yt? (¢ log t)qj
where 14 )+p+¢>2 for the summations, then the values of = and y satistymg the
equations are

x=—%ct(log ty+atlog t+ Cit + XX H,,, t’6”"¢."}

y==—4ct(log )+ btlog t 4 Cf + SSEK 167"

where ¢, 6, ¢ have the same values as above, and the summations are for values of
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I, my n such that [+m+n>2 and the cocflicients Hy,,, K, ate determinable as
before  Any term m « 18
Htl+m+1l (l()g t)nH-zu’

that 15, the mdex of log ¢ 1s not greater than twice the index of ¢

Note 2 It « vamshes but mnot b, the <olutions are still non-regular functions of
t, likewse 1f b vamshes but not @« In these cases, 1t 15 known that no regular integrals
vanishing with ¢ are possessed by the equation

If =0, b=0, then H,,=0, K, =0, 1f m>1 that s, tlogt disappears from the
expressions for 2 and 4, which then become regular  functions and are the double
manitude of regular mtegrals that vamsh with ¢ In this case, the regular mtegrals
arc the only mtegials vamshing with ¢ that are possessed by the cquation

20 Second sub-cuse & not zero
The theorem 1y

The equations possess wi general a double wnjuntude of non-1egular wdegials vamshing
with ¢ which we regular functions of t, tlogt, $t(logty, and wt s hnown that there
we no reqular anteqrals which vanesh wnth t It however a=0, then the wnteqials can
be wranged i two sets, one s a sunple wnpmtude of non-1egular ntegrals vanmshing
with ¢ which are 1eqular functions of t and tlogt, the other s the sumple wnpmtude of
reqular wteqrals vawshing wnth ¢ which the equation vs hnown to possess (It 15 necessary
that the constant « be different from zero otherwice some  of the coefficients 1
the second set are mhmite unless & also 15 zero, m which form we 1evert to the first
sub-case alrcady conadered)

The method of establishment 18 similar to those which piecede 1t need therefore
not be 1epeated after the many mstances of 1t which already have been given

The mitial terms m the mtegrals of the equations as taken m § 15 we
th=al+ At +
y=rap+(ed +0)0+ Bt +

the unexpressed terms bang of higher oider m ¢, 6, ¢ hete 4 and B are arbitrary,
O=tlogt, and ¢=4%tdogt)} Any term m the expanson ot ¢ or t, which 1volves ¢
contamns & 1 1ts coefherent, the disappearance ot the terms m ¢ fiom the tegrals
m the fitst sub-case 15 thus explamed, for « then 15 zero

Concluding Note

21  Some <ub-cases <till 1emamn over fiom Case I(a), when the roots & and §, of
the critical quadratic do not satisfy the conditions that (§8) prevent some one (ot
mote) of the quantities

A=D&+pb+v, Mi+p-DE+r,
Vor. XVIII 12
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from vanishing for integer values of X, u, v such that A+ u+v>2 The real parts of
£, £ are supposed to be positive.

The 1nstances that can occur are obviously for A =0 i the first set and p=0 1n
the sccond set, both are included in the form

E=un+v,

where £ and 7 are the roots of the quadratic, and p+v>2 The cases p=0, p=1,
have already been discussed For the remamng ecases, we have the theorem The
double wnfimtude of non-regular wntegrals vamshing with ¢ we then 1eqular  functons of
¢, tn, t1tvlogt, where w and v are integers It can be established i the same mauner as
the simular theorems in the preceding <ections



IV Ueber die Bedeutuny der Constante b des van der Waals'schen Gesetzes
Von Pror. Borrzmany und Dr Macng, in Wien

[Recerved 1899 Auguss 14 ]

In dem Buche von Professor Boltzmann * Voilesungen uber Gastheorie, 11 Theil”
wurde die van der Wauls'sche Formel aus der Vorstellung abgeleitet, dass die Gasmolekule
Anzichungskiatte aut cmander ausuben, deren Wiukungssphare gross ist gegen den Abstand
zweler Nachbarmolckule Der Fall, wo diese Annahme nicht mehr zutnfft, wurde n
demselben Buche auf Seite 213 kurz behandelt  Es zegt sich, dass dann Erschemungen,
wic sie ber der Dissociation zwelatomiger Gase vorkommen, nicht emticten konnen, falls
die Anzichungskiatt gleichmassig nach allen vom  Atomcentrum ausgechenden Richtungen
wirkt  Die an jener Stelle abgeleiteten Formeln konnen aber benutzt werden, um die
Zustandsgleichung zu entwickeln  Es wwde dort die Annahme gemacht, dass dic daselbst
mit x bezeichnete Grosse constant 15t Lassen win diese Annahme fallen, so tritt an
Stelle der Formel 233 allgememn der Ausdruck

ny, 2mn, [°F

ny Vv J,

3
12 e';hlm‘

Es wnd also jetet angenommen, dass die Tiennungsabeit von der Tiefe abhangig ist,
bis zu welcher das Centrwm cmes zweiten Molekuls m doen kntischen Raum des ersten
emgediungen st Dagegen soll sunachst der Fall dahin vereinfacht werden, dass die
Ausichungskiaft mnerhalb dieses kutischen Raumes constant bletbt  Dann wird

FG)=C(a+8—1)
Schieibt man zur Abkurzung 2AC=c¢ und fuhit die Integration durch, so hat man
Zmngt

m="l et [(co+ 1P+ 1] = [(ca + 8+ 1)+ 1)) = § w2

Es gilt aber allgemem fur cin Gasgemisch aus n, und =, Molckulen verschicdene:
Art die Bezichung

pV= ,%cz (g +ny) = MRT (n, + n,)
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Nennen wir ¢ die Zahl der Molekule ber vollkommener Dissociation, so 1st
w=ny+ 20, =0y + kn?
Hingegen 15t die Zahl der fieien Molekule 1m betrachteten Zustand

a+n
n=np 4Ny = —2"

Durch Ehlmmation von n, und Entwickeln der Wurzel findet man hieraus den Naherungs-

wert n=u—d% und folgheh auch weiters
e MRT
})V:(LJIRT—( 12 K.
Ist aber m die Masse cmes Molekuls, p das  Atomgewicht, v das specifische
Volumen, endlich 1 die Gasconstante des betrachteten Gases, so st 1lf=m, (‘y=1,
m v

endhich {;e=7' und es wud auch

oder wenn man auf den Ausdiuck fur « zuuckgeht

T 1 2mT e
]’=77,‘"17 “:;:m"{ e +1y+1]=[(co+3 + 1) +1] =

1T A
v v?

Hieber 1st aber m v noch der von den Deckungspharen der Molehule ausgefullte Raum

p=-)l; 4ma® abzuziehen  Wir crhalten also als Zustaudsgleichung

' T d
r=

r=p (v=p}
Zur Discussion dieser Formel hnde noch folgende Betiachtnng Raum  Es ist, wie
man <ich lewcht durch Rechuung uberzeugt,
2% o 8)
[ \o

. n=r 1
S (e 2 _ by 1) 11= "SS Sy — —
e f(co+ 1y +1]—[(co+d+1)+1]=co ..:1(°) n,+n+],+“+2.

i . PN
a-r pol -
Feiner st A= " 2na&i T 3 (S 1 e - e
n o ,..:1(0 ) tn' n+1'+n+2'
Es gilt weiters die Bezichung 20( vo1
' ' ez1e =200 =
& ¢ beriehung mr T
1 '8 c
Sctzt man endlich dratS=a, — =B, % =¢
m n 1)
1 .
so 1st auch o= i’ = Jae
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und es lasst sich die obige Zustandsgleichung i der Form schiciben

_ T arl  no= /B (1 2 2
p_v—-‘gae—(b:%ae)“,;‘<1' ‘ln'+;b+llz+n+2'e’

Die Constanten dieser Gleichung haben folgende Bedeutung

Es 15t a gleich dem halben mm Volumen der Massenemheit vorhandenen kritischen
Raume,

ﬁr=§f gleich dem Potential der Anszichungskiaft aut der Oberflache der Deckungs-

sphaie,

endlich e=g glewch demn Verhaltms aus dem Duichmesser  des  Molekuls und der
Distans, auf welche die Anzichungskraft wirkt

Da diec Glewchung 233, von welcher wn ausgegangen sind, voraussetzt, dass die
Anzahl der Tnipehnolekule gegen die Anzahl der Doppelmolekule verschwindet, <o 1t auch
die obge Gleichung an die Voiaussetzung  gebunden, dass die Abwerchungen des Gases
vom Boyle-Charles'schen Gesetze noch klem sid  Es darf also auch das letste Ghied unserer
Glewchung, welches ja den Innendiuck daistellt, nicht uber cmen gewissen Wert hinaus
wachsen  Dies wind um <o wemger der Fall <em, je grosser e 15t Aus den Versuchen
von smagat und Andrews uber die Compressibilitat des Kohlendiosyds berechnet wich e
fur dieses Gas zu ungefaln 100 Nach dieser Vorstellung schemt also der Anziehungs-
bereich sogar noch relativ Klein zu sem gegen den Durchmesser des Molekuls

Wir haben bisher unsere Zustandsgleichung abgeleitet, indem wn  fur f(2) em
bestimmtes  emnfaches  Abhangigkeitsverhaltnis  einfuhiten Lasst man /(1) ganz will-
kurhieh, <o agibt wich laeht, dass dies den Typus der Zustandsgleichung, anf welche
man kommt, m kemer Wese verandert

Es wird stets p= '—T——‘wi, und es 15t nm noch 4 von f(r) abhangig

v—p (v—p)

Dies gt fiethch nw solange man die Anzabl der Tripelmolekule und der noch
hoheren  Congregationen vernachlassigen darf  Ist dies nicht mehr der Fall, <o weiden
noch weitere Gheder hinzutreten, weleche m 1hren Nennemn das v —p i der dntten,
vietten und hoheren Potenzen enthalten  Es  ergibt sich dann fur p cme Potenziethe,
wic sie ahnlich auch <chon Heir Protessor Jager von anderen Betrachtungen ausgehend
aufgestellt hat.  Leider begegnet die Auswertung ihier weiteren Coegficienten kaum zu uber-
windenden Schwiengkerten



V  On the Solution of « Pair of Swmultancous Linear Differential
Equations, which occur wn the Lunar Theory. By KErxest W Browx,
ScD, FRS.

[Recerved 1899 July 14]

IN the caleulation of the mequalities 1n the Moon’s motion by means of 1cctangular
coordinates a certamn pan of differential equations 15 continually 1equining solution  The
left-hand members are hnear and always the same, the nght-hand members are known
functions of the mdependent variable—the time—and vary with each class ot mequalities
considered 1t has been the practice to obtain the requned paiticular mtegral by assunung
the solution (the form of which 15 known) and then to determme the coefficients by
continued approximation  This method s troublesome to put mto a form wlich a com-
puter can use easly and 1s besides pecuharly hable to chance eriors, a laige number
of processes would have to be learnt before the computer could proceed quickly and
secutely  The main object of this paper 1s to put the solution mto a form which will
avod these difficulties, but I beheve that some of the iesults may be found to be of
a more genetal nterest  Further, the question of the convergence of the series used
to 1epresent the coordinates m the Lunar Theory may be somewhat narowed In fact
1t bemng granted that the series formmng the ‘ Vanation’ mequahties and the elliptic
iequalities depending on the first power of the Moon’s ecccentuicity are convergent, 1t
19 not difficult to demonstrate, by means of equation (14) below, that all the terms
multiphed by a ginen combation of powers of the eccentrcities, melmation and ratio
of the paiallaxes, that 1s, all the terms with a given charactenstic, foom a convergent
series

The equations to be considered are

dia ,dy .
—&E—2:L Et+Lw+Ly— R,

dy o ,da o, o
dt‘+2' —Jt+Lw+L y=R,
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wheie
L L X < Cos ,
o are of the forms g QT+ (n=n)(t-t),
R, < €8 ,
" of the forms X,q, an 1 (t—=t)+r(t—t)} (n~7n),

to, ti, T, n, 7, q, bemng known constants, and @ taking all positive and negative mtegral
values, 7 18 ether an integer, in which case ¢, =¢, o1 15 meommensmable with an
mtegex

The corresponding particular mtegral required 15, m general,

@ _ g o003

Y= S s L=t +T(t—t) (n=n).

If we substitute this solution i the differential equations and cquate to zero the
coefficients of ltke periodic terms, we obtain an mbmte scries of hnear equations with an
mfimte number of unknowns The senes are assumed to be convergent and m most cases
the coefficients dimimish rapidly as ¢ ncreases  Nevertheless, 16 15 frequently found
necessaty to proceed as tu as o=+ 3, demanding the determmation of about 20 unknowns

trom the same number of equations

In the determination of the latitude the equation

d*z

dt‘+L‘2=R A

oceurs, L, B awe of siular forms to L, R, respectively If z, z, be two particular
itegrals of

d
d£’+le =0,
1t 15 known that the particular integial required 15

s 0=z [a RV A= [ R

where (f 15 a coustant given by
C=z,(~1—i"—z2(Z
dt dt
I shall show i what follows how we may obtain a simlar expression for the solution
ot the simultaneous equations above, having a sufficiently sumple form to be of use m
computations  Later the sigmficance of the solutions 18 explamed and certam exceptional
cases occurting m the Lunar Theory are treated The results obtamed have m fact been
used 1 the caleulation of the terms of the third* and fourth orders n relation to the
eccentricities, the mchnation and the 1atio of the parallaxes

*Uem. R A4 S, Vol nm pp 163—202
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I

In order that the senes which ocewr may be all algebiazeal wstead of tngonometieal,
we use the conjugate complexes u, s, wheie
u=ua+y, S=a -yt
We also put
C=exp e(n=n)(t—-1t),
d 1 d
D=¢ o= —— +
gdg‘ v(n=nydt’

n

lll=n"',, t,=0=t,.
The generality of the results 1s not affected by the last supposition
The simultancous equations then take the fom

(D+my+Mu+t Ns=4 )

I . ),
(D—m)+Ms+ Nu=4J
where M, N ae of the form Xp, &, )
1=0, £1,
A 19 of the form Sp,gatitr 4 Sp/, g, |
M=

The bar placed over a letter o1 expression denotes here and clsewheie that ¢ has been
changed to —¢, that 15, &' put tor &
To obtamn the particular mtegrals of equations (1), 1t will hist be necessary to obtam
fom 1ndependent particular integrals ot
(D+myu+ Mu+ 1_Vs=0 ) @)
D=mys+Ms+Nu=0|
Denote these mtegrals by
u=u, s=s, j=1,2 3,4,
so that if @, dencte an aibitiary constant, the general solution of (2) 15
u="23,Qu, s=%40s, 3=1,2 34
By supposing the @ to have vamable mstead of constant values we can then proceed

to find a particular mtegral of (1) and thence then gencral solution

In owder to make certan ot the later arguments clear 1t 15 necessary to mdicate the
manner m which the equations (1) arise

The equations

3 KU
2 2 =m? —_—— =
D2+ 2m Du + gm (w+s) Ty 0,
3 XS
D* — 2m Ds +Z) m?(u+s)— (u875= 0,
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with their first integral,

F=Du.Ds+- m”(u+s)2 s )} =,
admit a particular solution,

== 34, "M, §=s=Sa_, {7,

containing two albmary constants , these constants are the quantities denoted by n,
above  The coefhcients «, are functions of n and the known constants present in the
differential equations

Put U=+ Uy, S=8+ s,

and, after expansion i powers of 1, 8, neglect squares and produets of these quantities
Omitting the sufix, and giviug propet meanmgs to M, N, the resulting cquations
become those denoted by (2) above

The fist mtegral F = C hecomes
HF PF'
= or a0
6= ﬂu‘, 85.,9
If, however, we had deduced this first mtegral dinectly from (2), 1t would have been
¢ =C", where ¢” 15 an arbitiary constant When the equations (2) are considered inde-

pendently the constant ¢ must be retamned

Thice mdependent solutions of (2) are known In finding the prneipal pait of the
motwn of the lunar pengee Dr Hill* gave one of them, namely, u= Du, s=Ds,, and
obtamed the forms of the other two, the coefficients of the latter have been obtaned
by wyselft It 15 therefore only necessary to find a fourth solution, hneaily mdependent
of the other thice, m order to obtam the general solution

II

The Fourth Integral of the Equatwons

D+ myu+Me+Ne=0 . e o (3),
D-mys+Ms+Nu=0 .. ... . 3).
The known mtegrals may be denoted by
Uy = 2,6, é—-zH-H-c si= E,Gl_, {m——\-ﬁ—c
u,=3,¢, e s, =Y, . . (4).
=32+ D a, g+, (%—l)a £
* Acta Math Vol vir pp 1—386 t+ Mem ' 4 S Vol rux p 94

Vor XVIII 13
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If Q, Q. @ be three arbitrary constants, then

u=3Qu, s=3%Qs, 7=1,23 ... e (B
18 a solution of the equations. Owing to the introduction of @, @,, @, we can consider
w, . 8 completely known, ¢ 1s a constant which 1s supposed incommensurable with

unity,

To discover the fourth integial, the method of the Varation of Arbitrary Constants
18 used m the usual way, by assuming that
u; DQy + w4, DQ, + w;, DQy= 0.
By substituting (4) m the differential equations we find
Du,. D@, + Duy DQ,+ Du,. DQ;=0,

S (5,0Q,+ 2Ds; DQ,—2ms;DQ)=0 ... ... v (6)
Put w,Duy—u; Du, = &, ete.
Then D@, _DQ,_DQs_ L, suppose.
o LA
Substituting m (6), the equation for L may be wutten,
(Sas) DL + 2LD (2as) — L (3sDa + 2m3as) = 0 ceee o (0),
where Sas = a, 9 + a8, + 438y, ete

The last term of this equation can be shown to be zero  Substitute u,, s, and w,, s,
successively m (3)+ multiply the resulting cquations by s, s respectively and subtiact

We thus obtain
. (D + 2m) (s,Du; — 8, D) + (m* + M) (syu; — u,8,) =0

Also, treating (3') m a sumilar manner,
(D = 2m) (4, Ds, — 1, Ds,) + (m? + M) (u,8, — 8,1,) =0
The sum of these two equations 13 integrable and gives
8,Duy — 1, Ds, + 1, Ds, — 8,Du, + 2m (8,0, — w,8) = Oy,
where C,, 15 a constant It should be noticed that this constant 15 not aibitrary since

the values of w,, 8, v,, 8 were defimtely fixed, so that C), may be treated as a known
constant

Denote the last equation by
Ju=0y . e e e e e w o ()

We find m an exactly similar manner
‘/:ra=Uu, f;1=03l e eeee ser e s . (7’)

Multiply these three equations by w,, u,, u, and add Noticing the meanings attached

to a;, ay, ay, we obtain
'y + u,Cy + u,Cy = Sas

Similarly 0 = 1, Dfys + 1, Dfyy + us Dy,
=YsDa + 2mZas.
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Substituting the last result i (6°), we find

DL, ,D(Zas) _
J AR o =Y
which, on 1ntegrating, gives

L, L,

L= " =
(Zasy (4O + 1,00 + 143 O
where L, 18 a new arbitrary constant
Thence =(Q)+I,D - B,
Q=@)+L (t, O+ 1,y + us O’ te,
w which (€)) 15 a new arbitrary constant and D' denotes an mtegration, 1e the operation
mverse to D

If, finally, we now let @, @, @, Q. tepresent four arbitrary constants, the genecral
solution of (2) 1s
u=Quy + Qs+ Qs + Quuy,
s=Qs + @5y + Qusy + Qs

. a
where U= DL 7=1,2,3

(16,00 ¥ 1,0y + ugCr )’
This result 18 true whatever particular solutions are 1represented by
W, 8§ Uy S Uy, 8
as long as they are lhmealy mdependent  As, however, the expression for u, can be

very much simphified by using the values given eathier, I shall immediately proceed to
the special case under consideration

It 1s casy to show that Uy, =0=C, Fo, looking at the forms assumed, we scc
that u,, s, contain the factor &, u,, s, the factor ¢ and w, s, have no such factor
Tence fy has the factor ¢, f, the factor & As ¢ 18 supposed mcommensurable with
umty, the equations (7°) are only possible 1f Cy=0 and €, =0

Henee we have

uy Dty — 1, Du wy Dy — 1, Du w0, Dy —w, Du
SRS g, D "l Rl BT /e s L
re

w0, C 2 =w, D™ 5
u

ugt

The st two terms of the nght-hand side are mtegrable and become

u u

0=y
u, u,

that 1s, zerto  Whence considering C))* as absorbed m the arbitiary Q,, we have

- (ELDE“,“*D"‘) o )

ug?

We may similarly show that

=g§, D1 s‘D‘%_S’I_)ﬁ
Sy =8 A‘“sn,

18—2
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IIL
Although this 1s probably the simplest form obtainable for u,, 1t 18 unsuitable for
calculation. The values of u,, ... are all of the form
sum of cosmes+¢ (sum of simes)
To adapt u, to calculation it 1s best to express 1t n the form
us (P + Qo)
where P, Q aie real I shall show that
Y _ po (ﬁ‘gﬁ_ u,Du,)

Uy ug?

Usgdy UsSs UsSs 8y

ULy {ﬁ_ 1%ty = Wy, <2m +Il)¢u3__ D?«)} ©)
¢]

Simnce fu=0=fy and f,=Cy,, we have
3 Cu _ usfii—fn_ 4 fu __wDuy—u Dy + u, Dsy — w, Dsy + 5, Diy = 8, Dy

© Ugdy u sy UsSs ug 21,8,

U3y iy 8y

sty — w8y Duy Uy — Wy S, wy Dy —u,Du Sl — Uy S
BTt M St TSGR g (BT S
Uy Uysy

Sy —wy s, (Du, I)s,,) ms,u_,—u,sz
U8, uy 8 Uy

Submutting this to the operation D=* and transposing we obtun the required expression

It 13 casy to see that (9) 18 of the r1equired form For when we put —¢ for ¢, that
18, &7 for ¢ the expressions

W, Uy, 81, Sz Uy 83, D7 D respectively
become S 81y Wy Wy =8y, — Uy —D7Y, =D,

the first term of (9) 1s therefore unchanged, while the sccond term <imply changes wign
Hence the first term 19 real and the second a puie imaginary

1v,

It 1s necessary to examme the four solutions and especially the one last found a
httle more closely. Wnte
uy=uy (P + D' P),

The expressions (4) show that P and P,, bemg both real, will be cxpressible as sums
of cosmes of multiples of the angle 2(n—n')t. As P, contamns a constant term B, D7'P,
contains a term of the form Bt (n—n'), and therefore u, 1s of the form

Uy (¢Bt (n —1') +a power scries mn &2,
It 1s therefore of the same form as u,, except for the part
WBtuy (n—n').
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We saw carhier that the equations (2) admit of a first integral

$=0,
and that this should be derivable from the integral
F=0,

of the non-lmear equations when the former are considered as derived from the latter
The constant €' should therefore m this case be zero Tt 19 easy to see that the constant
13 zero when we substitute 1 ¢ the solutions u,, s, or u,, s, or uy, 5, For the solution
u,, 8,, the constant takes the value (), which 18 not zero Hence though (u,, s,) belongs
to the linear equations (2) 1t plays no part m the non-hnear cquations from which these
were derived

The solutions w, s, and u, s, are those used m developing the Lunar Theory, they
contain the terms dependent on the first power of the lunar cccentrieity It 15 necessary
to see why the solutions wu,, s, and w,, s, are not used m the development.

The particular solution of the ornginal equations of which use was made was

U=y, $=8,
where o= 2,4, =3,a, exp. (2v+ 1) (n—n')(t —~1t,)
If we add a small quantity 8, to ¢, (which 13 an arbitiary constant of this solution)

the resulting expression will still be a solution. Expand m powers of 8, neglecting squares
and Ingher powers  The additions to u,, s, will be

.,
Su =‘a’ti 8ty=—Du, 8t, 8s= 5? 9 8ty = — Ds, St

These values when substituted for », s 1n (2) must satisfy them independently of the
ralue of 8, Hence w=kDu, s=kDs 13 a solution obtammed merely by altering the arbitrary
t, and 15 therefore unnecessary for the development of the Lunar Theory

The other arbitrary constant mn %, 18 n, and the coefficients a, are functions of n  If
we make a small addition 8n to n and procced as before we sce that
ou 08,
0 8= L _0
o’ on

1s a solution of the linear cquations (2) It 1s only necessary to identify this with u,, s,.

u=Fk

The forms for both are evidently the same. For we have

%%”_g, {a“‘+(z@+1)(z-t,) a,} exp (24 1) (n—w)(t~1,)

= %~ exp. (2v+ 1) (n —0') (t — &) + (t = t,) Du,.
The terms with ¢ as factor agree (4, was put zero in the expression for w) when
the proper constant factor 1s ntroduced, and the remaimming parts are of the same form
As no linear relation can exist between the first three solutions and either of the forms
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for the fourth solution, these two forms must be the same except as to a constant
factor Hence

oy - u,Du,—n.,Du,)
l%—uaD ( W)

This relation 19 a somewhat remarkable onc In investigations where the arbitrary

constants are varied—and there are many such—we have a means of obtaining g—z, g%
(which are the most tioublesome to find) when the numerical value of the 1atio #'/n has
been used i findng @, y. A direct proof of this relation 15 dewirable This and the
theorems which I have given elsewhere* are probably particular cases of some much more
general theorem  Thus, of the four integials of the linear cquations two only are requued
for the development of the lunar theory, the other two ansing fiom additions to the
arbitrary constants in the particular solution of the onginal equations

Having obtamed the solution of
(D +m)u+ Mu+ Ns =0,
(D —m)'s + Ms + Nu=0,
m the form w=3Qu, s=3Qs, j7=1,2 3 4
the next problem 1s to find the solution of
(D +myPu+Mu+ Ns =4,
(D—m)s + Ms + Nu = 4,
where 4, 4 are functions of the time
Following the usual method of varying the aibitraries we have
2Dw DQ,= 4, =Ds, DQ,= 4
3, DQ; =0, 25DQ,=0
These must be <olved m order to find the variable values of the arbitrailes The only
difficulty 1s to hnd these values in forms sufficiently simple to be of use

(10

The expressions at the end of I show that we can derive s,/s; from w/u, by putting
¢ for ¢ and changing the sign  For wu,, s, wterchange as do u, s, while D changes
sign  ug becomes —s;. Since

wg=u; (P+ ),

we have se=8 (—P+ Q)
Hence U8y — Sty = 2138, I
SUS — WSy o e eee s . (11)

by the result obtamed in IIT

* Proc London Math Soc Vol xxvir pp 143—155
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Agam, as the first mtegral obtamned in II 13 equally apphcable to u, s, we have
Oy =fi=8,.Dus + u,Dsy; — u, Ds, — 8, Duy + 2m (8,15 — u,8;),
which, by mserting the expressions for u,, s, just given, becomes
Cyy=—2 (s Dug—u; Ds;) P ~ 20u,8,DQ + 2m (8%, — u,8,),
or, using the values of P, @ obtamed in IIL,

S1Uy— Uy 8,
ha g,
U383

Cy =—(83Dug — 4, Ds,)

+ (8% — 1,8,) (2m + D, _ Dﬁ) +2m (8,1 — 8 Uy),
Uy 8,
whence Cp==0C ... c T o (12)

We can show as m II that C,,=0=C,.

Solving equations (10) we obtan
A

D Q) = “AZ >

where
A= Du, Du,, Du,, Du,
|
. Ds,, Ds,, Ds,, Ds,
| U, Ug,y Uy, Uy

oSy 8 Sy, 84

A =| 4, Du,, Du;, Du,
A

Ds,, Ds,, Ds

’ 2y '3y 4 R th
0, wy, u;, u
0, 82 S Sy

In the determmant A the first mmor of Du, 18
Ds, (uss, — 851,) + Dsy (u,8, — 8,10,) + Ds, (1,8, = 8,5),

= sef;c +3tfn+ Sme

= 8,0y + 8,0+ 5,0,
Also, the first minor of Ds, 1s stmlarly

— (4, C4g 4+ 14, Cy 4+ 1,Cs).
The other minors of the elements i the first two rows of A aie sumlar, the suffixes
following a cycheal order We have thus all the mmors of the elements 4, 4 m the

determinants A,.
Remembering that Cy=—C,; and that all the other constants C, are zero, we obtam

A =~ (5,4 +u,d) C,,
A= (s, 4+ u,Z) Cla,
A= (5,4 +ud)C,,
A== (84 +u,A) C,,

and A = —(83Duy — 8, Duy — s, Dug + s,Du,) Cy.
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But the effect of putting ¢! for £ mn A 1s only to interchange an even number of
rows and columns and therefore to leave A unaltered Making this change m the last
equation we find

A= — (—w, Ds, + uy Dsy — u,Ds; + 5, Duy) Cy,

Whence, by addition,
20 = — {fi, = 2m (8,1, — 1,8,) — fo + 2m (8,25 — 1,8))} €,
=—(Cp=0y) 0, =-20,7
m virtue of (7) and (12) Hence A=-C2

Finally, ag=%- 54 (*Z:ﬁf‘! ote

and Q= (], D (s, 4 + 1122), ete
‘12
And the particular integial corresponding to the 1ght-hand members, 4, 4, 15
u= (/l,- (D1 (8,4 + 1w, A) — 0, D7 (8,4 + 1, A)
12
—uy D (5,4 +u Ay + w0, D7 (5,4 + 1, A)) (13),
§= C’l (D7 (5,4 + w0, A) = 8,D (5,4 + 0, 4)
2]

it

— 8, D7 (5,4 + w, A) + s, D7 (3,4 4 u«,E)j

It 13 casy to see that s 15 denvable from w (as 1t should be) by puttng & for ¢ In
fact, the cocflicient of w, m the first term 1s conjugate to that of w, m the sccond term,
that of u, in the third term 15 o pure mmagmary and that of u, m the last term 15 1cal

VL

In the applications ot this 1esult to the Lunar Theory 4 1s always an expression of
the form

20807439877 =0, £1, £2,. ,
where 7, q., ¢ arc known constants, 4 1s denved from 4 by putting & for ¢ Thus 4,
4 are conjugate complexes whose 1eal and 1maginmy parts are 1espectively sums of cosines
and smes  The contesponding particular integial should in general be of the same form
Hence a difheulty arses owing to the fact that w,, s, contamn ¢ in a non-periodic foom I

shall now show that m general all the non-periodic parts disappear fiom the particular
tegral

Put
uy=u, + (Bugt (n — '),

s,= 8, + 1Bst(n—n')
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Then u/, s,/ are periodic The sum of the third and fourth terms of (18) becomes

—u, D (s/ A +u/A) + u/ D (8,4 + w1, A)

—[u, D7 (84 + 1, A) t] + ust D (5,4 + u A)] B (n =)
The fitst Iine of this expression 1s m general penodic  The second lme becomes, on mnte-
grating 1ts st term by parts
wyBD (s, 4 + usd)

The non-periodic part thus disappears

When we perform the double integiation involved m this last expression, we obtain

1, {Cy+ Cho(n=n') t + pertodic part}

where ¢, €, arc atbitranies  The terms contamimg C,, C, are simply parts ot the comple-
mentary function and may be considered as contamed m Quu,+ Quuy  The particular
mtegral may therefore be wntten

U= 21, [y D7 (s, 4 + u,A) — w, D1 (5, 4 +71,Z)+ u! D (8,4 + w,A)
19

—u, D {5/ A + /A = BD™ (s, A + ,A)})] . (14),
which 15 1ts final torm

VI1I
In general this patticula mtegral conwsts only of penodic terms  There are, how-
ever, two cases m which non-pentodic terms may anse It 7=an odd mteger, that s,

if 4 1 of the toom Xg, &%, the mtegrals multiphed by w/ and w, mght give rse to
terms of the form at where a 15 a constant

In this case, s,d 4w, d 15 of the foom 28, (& ~ &) and therefore 1ts mtegral will
be perodic  The last tetm of (14) 18 of the torm

— w0, D7t (const + power series 1n ),

=—u,(th + k" +power serics mn §?),
k, A" bemg constants, the former defimite and the latter arbitiary  The terms — u, (th+1')
may be written
Sk ke
Bu(n—=n') " Bue(n—n')
The first two teims of this may be considered as ncluded 1 the part Quus+ Quy of the
complementary funetion, the last pait 1s defimte and penodic  Hence no non-periodic
patt remains

=K uy—{ustBe (n — ') + u/'}

The second case of non-pertodicity occurs when
A =3, 244 4 B,q,/ 40
Here the first two terms of (14) may give rse to the non-periodic part
{nte(n =) [, 4 + w0, dJy— wote (n — ') [, 4 +u,d)} - Cy,
VoL XVIII 14
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where [¥], denotes the constant term m the expansion of ¥ as a sum of cosines, Now
A +u,d and 4+ d are conjugate Hence

[5.4 + 'hz]o=[31A + "1Z]o =[(s,+8) 4}
Thus the non-periodic pat 18

(n=w)[(si+s)A)ye(n=n)t-0C, .. (13)

In the applications to the Lunar Theory, the part of the complementary function
used 15 obtamed by puttimg @,=0=@,, and the constants 1 wu, u, ate so adjusted
that we can put @ =1=@, I shall show that (15) 15 cquivalent to a small addition
8c to ¢ m the mdex of ¢ n

y
A+ u,= )zs' Cn+l+f + S' E,Q'“—L,

squares and higher powers of 8¢ beng neglected

Put c¢+38c for ¢ m the last expression It becomes
(NaEN Nel
Remembenng that &=exp «(n—»')¢ and expanding m powers of 8¢ we obtamn
U+ 1y + (1, — 1) See (n ~n') ¢
Companng with (15) 1t 19 evident that we can put
Se=[(s; +8) ALy~ C,

This 15 nothmg clse than the general form of the expression which I obtamed m

a paper, “Investigations m the Lunar Themy*” Fo
Co=fu=[flo=2,(Y+1+m+c)e+3,(2~1—m+c)e?,

on substitution of the values (4) 1 £, Also s+, 16 the same as the expression there
denoted by s, The companson of A4 with the remander of the equation of the paper
Just 1eferred to will follow from what precedes that equation  The general case 15 given
w my memoir on “The Theory of the Motion of the Moon, etet” No useful purpose
will be served by giving turther detals of the comparison of the two forms for 8¢

The final conclusion 15 that the non-periodic terms cither disappear of therr own accord
or belong to a part of the complementary function which 15 not to be mcluded n the
general development  The last put of this mvestigation—concernng 8e—is of course only
applicable to cases sumlar to those which oceur m the Lunar Theory where we proceed by
continued appronimation and whete we require to have only periodie terms  In the general
problem  the non-periodic terms will remain

* Amercan Jowr Math Vol xvir p 336, equation (16) t+ Mem R A S Vol v p 76



VI. The Perwdogram of Magnetic Declination as obtamed from the records
of the Greenwich Observatory during the years 1871—1895 By ArTHUR
Schuster, FR.S, Professor of Physies at the Owens College, Manchester

[Recerved 1899, Aug 1]

I INTRODUCTION

THE science of Meteorology deals with vanable quantities which ate subject to
continuous and apparently miegular changes  Imegulanties m the <tiiet sense of the
word do not however exist 1 natuie, there 15 never absence of law, though often an
appearance of lawlessness caused by the effects of several mteracting causes  Our efforts
must be directed to disentangle these causes, and to diseover for that puipose the
hidden regulanties of the phenomena

If we look for instance at the curve which 1cpresents the barometric changes, we
see at once that though wcgular, there 15 a tendency towards an average position,
large dewiations fiom that position bemmg less ficquent than small ones  Prof Kal
Pearson has mvestigated statistically the laws of deviation from the mean, and obtained
valuable and mteresting results  But enquiries of this kind nccessanly leave out of
account onc of the most essential pomnts m the phenomena they deal with, which 15
the regulanty which may exist m the succession of cvents In taking the average daily
values of barometiic pressure and studying then deviations from the mean, the same
importance 15 attached to an exceptionally high barometer when 1t follows another day
of high barometer, as when 1t follows one of low pressure  But a high pressure 13 more
likely to be followed by a high pressure than by a low one, and the regulanty which
this succession 1mplies seems to me to be of greater mmportance than the laws of
distribution based on the assumption that successive days are quite mdependent of each
other

[ mtend m this paper to desenibe a method, applying 1t to a particular case which
secms to me to yield some valuable information concermng the hidden regulanties of
fluctuating changes, though 1t does not pretend to give a complete 1epresentation of all
that 1t 19 important to know.

14—2
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The method has been suggested by the analogy between the varable quantities we
are here concerned with, and the disturbance n the lnminous vibrations If we could
follow the displacements 1 a ray of light, we <hould find them to present characteristic
properties not unhke those of meteorological vanables There 1s the same irregular fluctua-
tion combined with a certain regularity of succession, which becomes revealed to us by
prismatic analysis, and shews atself i the distitbution of energy i the spectrum  Absolute
irregulanty would shew itself by an energy-curve which 13 mdependent of the wave-length,
re a stiaight hne when the energy and wave-length or period are taken as 1ectangular
coordinates, while the perfect regulanty of homogeneous vibrations would shew 1iteelf as a
discontinuity mn the energy-cuive.

Fourier'’s analysis gives us a means of domg by caleulation for any vamation what
the <pectroscope does experimentally for the luminous vibrations, and 1if we construct a
curve which represents the rclation between the coefficient of Founer’s senes for a given
pertod and that pertod, we have o wimple way of representing the i1egulanties of the
quantities to be mvestigated We <hall also meidentally gain the gieat advantage of
sepatating m a clear and defimte way the fluctuations which take place 1 dehmte
periods, such as the lunar and <olar variations, from the more complex changes on which
they are superposed

II THE PERIODOGRAM

Let f(t) be any tunction of ¢, and consider the quantity B determined by the

cquations
Tinl rtal

pnTd=[ feosktds, ynTB= f £ty xtdt ),

Ri=A24 B " (2),

where x=27/T and n 13 an mteger  In these equations I' represents a certam interval,
and 7 a time which can be varied In the class of functions f(#) to which this paper
refers, a change m 7 with a constant value of n and T will cause R to fluctuate round
some mean value Let $? be the mean value of R! which, still kecping  constant, will mn
general depend on 7' With T as absersa and S as ordmate, draw a cuive, which may be
called the “Penodogiaph” I define the “Perodogiam” as the suiface ncluded between
this cuive and the axis of I It will be seen that the “Periodograph” corresponds
exactly to the curve which represents the distribution of energy m the spectrum  The
treatment of a few special cases will render this clear, and lead gradually up to the
complex phenomena which form the chief subject of this mvestigation

Case 1 Let f(t) be a simply-pertodic function, so that we may put

7 (t) =cos (gt + 8)
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The mtegrals 4 and B aie casily calculated and expressed n the torm

my_ o |cos(e+d)  cos(a—0b) .

nI’A_Z[ g4x + g—« sin ggnl,

mp_ o [sm(@+b) | sm(a—b) .

nI'B-..[ g+ g—r | Yynl,
where 20=a, + %, 20 =B, + 8.,
and o = KT, Bi=gr+38,

a,=k(r+nT), B,=g@r+nT)+8
Hence nTR= {/“f 2 bgnT'[2 (g + &) + 2 (g — &?) cos 2b]l~'
If the average of R 1< formed for different values of 7, the term contaning cos 2b
will disappear, and therefore wnting
y=k =0T =mn? ",

1t follows that
_ (2 (g + &%) smy
=yt y

N

It n1s lage, S will only have appreciable values when g and « are very nearly cqual,
and m that case we may put with suthcient accuracy

Y
7

This 1s the well-known  expression, giving  the distnibution of amphitude m  the
tocal plane ot the telescope, when a homogencous vibiation 15 examined by means of
a prsm or gating  If we wish to plot down the curve of mtensities of vibiations as
analysed by a grating-spectioscope, we may define any duection by the penod 27« which
has 1ts prinerpal maximum i that duection It the meident hght has a penod 2mg
the expression for the distribution of amplitude 15

sin|w N (g - x)e]*

TN (g—x)e
which 15 1dentical with S if N, the number of les on the gating, 15 equal to n, the
number of periods ncluded m the integration  In obtaimng the * Penodogiam,” we have
done by calculation precisely what the spectroscope does mechamecally  The analogy 1s
complete, and just as a ray ot homogencous hght does not appear homogencous m a
spectroscope, there being secondary maxima owmg to the fimte resolving power, so does a
purely periodic function when analysed by Fourier’s series <hew apparent penodicities
* This expression may be obtauned either from the 1n my paper “On Interference Phenomena,” Plal Wag

original papers by Lord Rayleigh on the resolving powers Vol xxavir p 509 (1894)
of gpectroscopes, o1 more directly fiom an expiession given
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having secondary maxima near the principal one These secondary maxima I have termed
“spurtous” pernods

Therr tenaity remams the same when the “1esolving power” nm 18 ncreased, but
they approach nearcr and nearer to the prmecipal maxunum  They are therefore dis-
tinguished from the tiue periodieity by the fact that thewr position changes with »

Case 2 The function to be analysed consists of two overlapping simple perodicities

The mtegrals A and B will split up wmto two parts which we may call 4,, 4,,
B,, B, respectively Hence

Ri=(4,+ 4.+ (B, + B,y

The products 4,4, and BB, will vamsh m the expression for 8 when the
average 18 formed for varying values of + Hence

S’=A|2+B‘”+AZJ+B..’= R12+R_,3,

or the Periodogram of two «imple perodicities may be formed by the superposition of
the separate periodograms *

CasE 3 The function vaies umformly with the time  Putting 7(t) =ct, and pe1-
formmg the mtegrations, 1t 15 found that

9 9

zc =C
=="amkr, B=-—""coskr,
K K

R = 8= det/n? = T m
Hence the Periodogiaph 1s a Parabola

The consideration of this case, which has no analogy 1 the analyms of lumnous
disturbances, 1s of 1mportance i the tieatment of seculmr variations, such as that of the
magnetic elements

Case 4 So far the function f(¢) has been taken to be continuous, but cases
arise, where f(¢) 15 given numerncally for a number of values of ¢, which we may for
the sake of simpheity assume to be equidistant  As Fourier's analysis apphlies also to
discontinuous  functions, we may mclude cases of this kmd Let the different detached
values of f(¢t) tollow the law of eirors so that, N bemng the total number of ordinates, the

-
number having a value mtermediate between B and B+dB 1s 2;1\ e " dB I have
™

shewn + that 1n this case

2
S= o

* In my paper ‘On hidden periodicities” (L'errestrial  change to the latter form 18 apparent from the above
Magnetam, Vol wr p 13) I defined the ordinate of the + On the investigation of hidden periodicities, loc cat
Perodogram to be S mstead of S The advantage of the
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so that the peniodograph 1s a straight hne, parallel to the axis of I, the distance
between the two lmes being mversely proportional to the number of ordinates

Case 5 The function 18 given m the form of an uregular curve which satisfies
the condition that theic 15 a definite law of probability that the quantity B should
lie withmn assigned hmits, this probability bemng independent of the mmtial time = If
we consider for instance the cuive iepresenting the height of the barometer, excluding
lunar and solar periodicities, the changes m the curve will apparently be quite riegular
but will satisfy the above conditions  Let 4, and B, be taken to be components of
a vector defined by the equations

T+mnT

+mT
inTA, =f 7(8) cos xtdt, nTB, =/ S(@) s wtdt

T

r+om T T
Similaly  $aT4d,= S () cos xtdt, inTB,= S (@) s xtdt,
r+mT r+mT
rtonT v bonT
and so on until 3nld,= £ (t) cos xtdt, ynTB,=| S(t)smktdt, .
T+ (s=)mT Srd(s-DmT

with the condition that swe=n, m not bemg necessanly an mteger number

We may choose m7' sufherently laige to sccure complete independence of successive
vectors, all directions of the vectors being equally probable  In that case the vecton R
which 15 the resultant of the sepatate vectors A, B, ete, will, as shewn by Lord Rayleigh*,
have a value such that the expectancy of R* 15 proportional to the number S of vectors,
henee keepmg o constant and mereasing S, the ordinates of the periodograph will vary
mversely with 27" This 15 the only gencral conclusion we can diaw n this case

(lasE 6 The function £(t) 15 formed by the supeiposition of one o1 more smple
penodicaties superposed on the megular cutve ot case (3)  This meludes the 1mportant
cases of barometie, thermometiie or magnetie changes  The Periodogram may m all these
mstances be used to separate the real fiom the aceidental penodieities For the value of
the ordmates of the Penodogiam has been shewn to be independent of the range of time
over which the mtegration 19 performed when the perodicities aie 1eal (Case 1), but to
vary mversely with the tine when they are aceidental (Case 5) Hence we may obtain
a conclusive enterton to distinguish between the two cases The fundamental proposition
on which the separation depends may be stated thus

T
The value of f F(t) cos ktdt tluctuates for the functions under conwideration about
o

some value which 15 proportional to 7' when f(t) = cos kt and proportional to /7' when
f(t) contams no 1rcal perodicity of periodic time 2m/x

* Plal Mag, Vol \ p 73 (1850)
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The sepaiation of regula and wregular oseillations, by an 1mciease of the time
mterval, 18 1dentical with the spectroscopic separation of bught lnes and continuous
spectia (eg 1n observing the solar chromospheie) by an mctease of resolving power

IIT  CALCULATION OF THE PLRIODOGRAM OF MAGNETIC DECLINATION

I chose as an example of the trcatment mdicated m the previous pages the record
of magnetic dechnation at Gireenwich The subject imterested me chiefly on account of
an alleged magnetic effect connected with <olar 1otation, and special attention was
therefore paid to the periods 1 the neighbourhood of 26 and 27 days It will appear
that the magnetic dechnation 1s not at all a favourable quantity to fix upon for the
discovery of possible outside magnetic effects, but as the only 1eal pieces of evidence,
so far produced, m fasowm of a period approximately comeident with that of olar
rotation, wete denved from magnetic declination and the occutrence of thunderstorms, and
a4 the latter does not lend 1tself easily to accmiate treatment, I had no choiee but to
attack 1 the first wstance the 1ccords of declmation  The publication of the Greenwich
Observatory contains the average daily values of declination to 01 mmutes of atc  There
are occasional gaps of a few days dutation The way of dealing with these gaps was
quite 1mmaterial on account of the large quantity ot material used, and a rough process
of terpolation was adopted Thus 1f there were no 1ecords dunng thiee days, and if
the values given for the days preceding and followmg the gap were 1771 and 15°8,
the mtermediate values were put down as 168, 164, 161 In the few mstances n

which the 1ecords extending over a considerable portion of an adopted period were
missing, the whole period was excluded

The first object of the caleulation was to find the Founer coefheients corresponding to
a oufficiently laige number of periods, <o that the cwmive representing the perodograph
might be diawn continuously through the powmts obtained The ongmal series of hgures
wete for this pwpose arranged according to the usual procedure, m 10ws corresponding
to the selected period In order to obtain, for nstance, the Fourer coefficient for the
24 day penod, the first row would begin with the magnetic declination ot Jan 1,
1869, and end with that of Jan. 24, the second row including the values from Jan 23
to Feb 17 bemng wutten underneath the first  Subsequent rows were added until a
date was reached as near as possible to Jan 1, 1870. This meant 135 1ows, the last
number bemg that corresponding to Dec 26, 1869 The anthmetical sum of the 15 rows
was taken as basis for the treatment of the 24 day period durmg 1869 A <imilar
group of 1ows was wntten down for 1870, begmning, 1 order to securc continuity, with
Dec 27, 1869, but the third group, begimmning with Dec 22, 1869, and ending with
Jan 9, 1872, included 16 10ws I thus obtammed a new set of 25 rows (there being
25 years), cach of which consisted of a sum of 15 or 16 ot the origmal rows. The sub-
division 1nto years was chosen so as to divide the whole material mto convenient portions
It will be understood from what has been said that a row corresponding to a paiticular
year has been obtamned by making use of observations, the great bulk of which fell
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within that year, but some of which may have belonged to December of the preceding
or January ot the following year

Table T gives the figures for the 24 day penod, the last three columns indicating
the date of the first and the last observation made use of i the corresponding 10w
and the number of 10ws included in the year, 356’ 70 meamng the 356th day ot 1870
The umt 1n the first three Tables 15 01 of a mimnute of arc, mn the remamimg Tables,
unless otherwise stated, 1t 15 the mimute of arc

The columns ot Table I and of the corresponding ones for other periods were added
up, and the 1esults, after subtracting a constant for each row, are given i Table IT

Table II clearly shews the effects of «ceular varation, and we must consider 1
how far 1t 18 necessaty to take any notice of this variation If our observations extended
over an ndefinite time, Founer’s analysis would 1tself perform all that 15 required, and
cach period would be  totally mdependent of all otheis  But our imvestigations have
been lhimted to a range of time of 25 years, and the secular vanation mvolves a period
much longer than this  The progiessive change ot dechination will add terms to the
pertodic series which 1t 15 casy to cvaluate with sufficient accuracy It we take the
change to be umform and cqual to —ect, Founer’s theorem apphed to the mterval 0 to
7' gves us

—ct=—

9 s o + QS’“ p +§sm 7 +

moom 9 .
cl+cli e 1 4t 1 6t } ..... )

The eftect of such a umform progressive change would be to leave the cosine

T
terms unaffected, and to add “" to all sme terms of penod T'
m

As 1t 15 owr object to separate all real fiom aceidental perodicities, we are justihed
w elmmating all known effects ewther totally or partially according to convenience

The average magnetic dechnation at Greenwich during the year 1893 was 2°52 7
less than dunng 1869, giving duning 25 years a change ot almost exactly 3°  Throughout
this investigation the magnetic declination has therefore been assumed to be made up
of a umform progiessive dimmution of 7°2 per year added on to more o1 less irregular
changes, the latter only bemg subjected to Fourer’s analyss  No assumption 15 made
as to the sccular valation bemng  either umiform in chatacter or having exactly the
above magnitude  We have chmmated fiom ouwr 1esults a large portion of the secular
variation, but 1t 13 immatenial whether 1t 15 entirely eliminated or not  Should 1t be found
desirable to retuin to the unconected figmes and to caleulate the Founer cocfficients,
mcluding the eftects of <ecular varation, 1t will be easy to do so with the help of
equation (3)  As the umt i Table II 18 Ol of a minute, the correction 18 made
by adding to successive colummns, successive multiples of 1800/n, where n 1s the number
of days m the period For example, m the 24 day period, 75 1s added to the second
number, 150 to the third, and so on

Vor. XVIII 15
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Table II1. gives the figures so corrected, and these were plotted down on a suitable
icale, and curves drawn, jommng the ordinates by straight lines The Kourmer coefficients
vere obtained by means of Coradr's Harmome Analyser, belonging to the City Guilds
f London Institute, which Prof. O Henuer kindly placed at the disposal of his assistant
Mr H. Klugh for the purpose.

Table IV. gives the values of the coefficients of the series
@, ¢o8 kt + @y cos 2xt + ......

+ b, sin «t + b, s1n 2kt +

TaBLE 1V,

Daysn No of
Perrod a, b, a, b, «, b, a, b, @, b, Periods

24 [ +752 | +892 | +648 |+008 | —232 | —-448|-332 | +544 | +124 | +308]| 380
26 | —~080)|—-096 | +444|—-276)|~-304|—-400|+368 | +648 | +404|+176) 365
26 | —-068 —1308 | —660 |-316 | +392 |+024 | -344 |--216,—~336|+192| 351
27 |+044 |-11120 | +876 | —288 | +344 | +628 |-308 |--372 | —-116 |+116| 338
28 [+004 | +836 |-596|+25 | +216 [+196 |—-152 | ~528 —-308 |--020| 326
20 | +468 | —-052]|-456|+296|-128(—-340|-056|+188{+396|+108]| 314

30 |-1364 |-800 | -236 | +464 | +216 | —412|-020 | +080|—~096 | +352 | 304

— I L A R i

To obtamn comparable figures a further reduction 1s necessary The number of rows
meluded 1 Table III and mndicated 1n the last column of Table IV differs according
to the period, bemg larger for the shorter periods If Fourier’s analysis had been
applied to the original series of numbers made up of the actual observed values of
dechnation, the factors obtamned would have been smaller than those given in Table III n
proportion of the number of periods mcluded It 18 not necessary to perform the
division for cach coefficient separately, as the ordinates of the Periodograph depend only
on the square of the amphtude, viz 7'=a?+0?, r?=a?+b?, etc Table V gives the
reduced squares Ry R which correspond to R* m (2), r bemng the 1st of January,
1869, I' the number given wn the first column of Table V, and n the number given
mn the last column of Table IIIL

It is seen that the values of R* are subject to considerable varations, R? beng
for instance more than 100 times laiger for the 26 day period than for the 25 day
pertod  According to the reasoming umformly employed by pievious investigators, this
would prove a real existence of the 26 day peiod, but the theory of probability shews
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that such variations are not more than we should expect. Assuming the ordinates of
the Periodograph to vary uniformly between the periods of 24 and 30 days, we obtain,
by taking the mean of the columns of Table V, the ordnate $* of the Periodograph
corresponding to a period of 27 days. The value of S, or the amphtude of mean
square, 1e. the square root of the expectancy of R/ 1s thus found to be 00317 (see
Table V.). This therefore is the order of magmtude we should expect for the amphtude,

TABLE V.
I : e T e
Days i Period R? R} R R? Ry
o ! B I
24 946 9 x 107 2907 x107%1 176 5x 107¢ 281 9x 10°¢ 765x 10
|
25 117 2051 " 1896 416 4 146 0
26 13924 4345 \ 1253 134 2 1217
t
27 1099 7 744 3 i 4487 204 2 235
28 657 6 396 2 80 2 284 4 898
29 2250 299 9 1338 390 1711
30 27058 2933 2340 74 1439
Mean (5% =10056x 10~ 3806 x 1078 198 3x 107¢ 1954 x 107¢ 1104 x 10-°
S= 00317 0' 0195 0' 0141 0'0140 0' 0105

it Fourier’s analysis 18 applied to a record of 235 years of Greenwich declination, the
period bemng m the neighbourhood of 27 days As the expectancy of amplitude varies
mversely with the square root of the time-interval, the expectancy of amplitude 13 as great
as 0'1585 for a single year’s record

The ordinates of the Periodogiaph may be obtamned in another way, agreeing more
closely with the theoretical defimtion given on page 108 If each of the rows of
Table I 18 scparately treated by Fourier's analysis, and the coefficients afterwards are
divided by the number of periods included m each row, we obtam the amplhtude of the
24 day period for each year, the mean square of this amplitude 1s the ordnate of the
periodograph for the interval of one year It was considered sufficient to confine this
method of treatment to the 26 and 27 day periods If Fourler's series 18 put into
the form

rycos(xt — ) +ryco8 (2t — ) +. . .,
Table VI gives the values of 2 »2 ... r? for the 26 day period, Table VII the same
values for the 27 day period, and Table VIII the angles ¢, and ¢, for the same periods
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Taste VI 26 Day Perion

Year " | 7 ‘ ' 0 7' Penos
1864 10 574 | 3 480 1116 0122 0930 14
1870 1os2 14718 | 1150 0824 0 580 14
1871 1992 |, 452 1682 2 497 0284 14
1872 13744 : 4802 0268 0128 2 401 14
1873 12109 0603 0104 3803 0716 14
1874 8488 0601 1892 0504 0213 14
1875 3624 0284 1016 0678 0692 14
1876 4004 2511 2949 01771 1604 14
1877 ‘, 1297 2339 2180 0 569 0008 14
1878 1758 0398 0811 0216 0179 14
1879 5673 0578 | 0433 0876 0194 14
1880 1403 0305 : 1151 0265 1300 15
1881 2 448 1504 | 0392 0216 0149 14
1882 7092 20 | oou 0532 0005 14
1883 2500 | 2938 0758 1341 0190 14
1884 3379 ‘ 0437 0464 1-386 0052 14
1885 0315 2512 0041 0592 1632 14
1886 3118 1850 0503 0116 1182 14
1887 4180 4640 1638 0763 0058 14
1888 1946 2 269 1550 0847 1847 14
1889 2064 2694 0354 0184 0029 14
1890 | 1790 0240 0573 0531 0834 14
1891 0715 0090 0303 0132 0382 14
1892 0784 1271 0784 2726 0754 14
1803 9143 9541 0362 0583 0471 14
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2198
1348
1190
8555
1692
1742
1270
1396
6548
5177

TasLe VII. 27 Day Periop

2, 7 [ |
0923 1205 0 457
4326 3968 1375
1181 1978 1071
1256 0 447 0113
6470 0708 2609
1073 1260 1330
0743 0008 0951
0473 3910 2403

[ 0548 0105 0509
0192 0142 1823
0016 0227 0036
0794 1456 0 269
3589 2960 2662
1561 0693 0163
2844 01565 1992
1619 0098 0 87H
0519 0816 0009
1403 0094 1567
0167 0760 0685
0004 0268 1079
2347 0 804 0270
1074 0373 ! 1038
0710 0536 : 0715
1177 3533 i 0307
3059 0 908 " 0252

14 654

119y

'

No of
Periods

13
14
13
14
13




120

Mr SCHUSTER, THE PERIODOGRAM OF MAGNETIC DECLINATION

Year

TaBLE VIII

Period of 26 Days

¢l

‘ Period of 27 Days
b, b,
354° 318°
56 280
141 51
297 303
289 268
280 143
135 70
84 338
226 271
78 115
151 951
317 298
110 | 346
261 |, 133
267 31
221 267

| 238 9245
; 198 297
i 126 54
| 208 45
i 161 342
w249
266 153
350 350
310 65

V

Period of 26 Days

Period of 27 Days

r 7,
192 96
372 208
428 109
478 112
199 2 b4
225 103

66 086
230 069

82 074
229 014
144 013
239 084
150 190
359 125
148 169
209 127
109 072
293 118
217 041
132 006
113 153
118 103
256 084
228 109
383 175
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The number n of periods ncluded in each row of figures 13 given 1 these Tables,
and 1f §* m accordance with the previous notation represents the expectancy of the square
of amphtude -
1
S=gei
The values of §* found in this way are entered i Table IX, the last column
giving the average of the two values found for the 26 and 27 day periods respectively

TaBLE IX

Amphtude of Periodogram for interval of one year.

(The umt 1s the square of one minute of arc)

Period n Period 1n Average of
Days & Dl;yu 52 two l-Ig'gnods
26-1 02147 27-1 03145 026460

26-2 01117 27-2 00777 009471

26-3 00462 27-3 00583 005225

264 00432 27— 4

00537 004846

i
|
|
|
I
|
|
26-5 00337 27-5 } 00384 003606

- B e e g e

According to the theory founded on the laws of probability the values of S§* for the
one year mterval should be 25 times greater than for the 25 years iterval, and we
may obtan an mmportant confirmation of the theory by the cémparson given in Table X

TABLE X
,ie]!;:;is Ol?:: ?ﬁ:;e‘;,e 0“}:,':“;2 ;i:;s(} Ratio Final Mean Secular Vanation
27 26460 x 10°¢ 1006 x 107¢ 26 3 1052 x 107¢ 28704 x 107¢
135 9471 381 249 379 7176
9 5225 198 26 4 208 3189
675 4846 195 248 192 1794
54 3606 110 327 139 1148

between the values of $* which have been found from the 25 years curves (Table V.)
Vor. XVIIL 16
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and those just deduced for the shorter interval. The latter being the mean of values
obtamed for the 26 and 27 day periods should, strictly speaking, be put down as belonging
to a period of 265 days, but for our purpose 1t 18 sufficient to neglect the difference of
half-a-day. Considering that the value of §* for the 25 years interval represents the
mean of only seven values, the approximation of the ratio of the numbers given for
the imtervals of 25 yeats and one year 1espectively to the theoretical number 25 18 very
remarkable.

Incidentally this agreement shews that the secular varation has been eliminated
sufficiently to leave no appreciable effect on the Periodogram  The last column of
Table X. gives the ordnates of the P.6 for a umform progressive change of 7°2 per
minute The origmal uncorrected figures would have given, according to our previous
deductions (Cases 2 and 3), values for the P 6. made up of the sums of Columns vI and
I or III respectively, and the ratios of these sums would have been widely different from
25. Further consideration of the figures shews that, while possibly a small change n
the assumed value of the secular vamation would have brought the numbers of Column 1v
mto still nearer agreement with the theoretical number, such a change would amount
to less than a percent, and would be quite uncertain. .

The surface of the Periodogram having been determined with sufficient accuracy for
periods varymng between 5 and 27 days, 1t seemed desirable to extend the investigation
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to shorter and longer periods. The caleulation for a period of 2 days gave very httle
trouble. If the alternate mumbers in each of the rows of Table I. are added together,
and the differences of these sums are taken, we obtamn numbers which, after division by
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the proper factor, give the Fourier coefficients. The average square of amphtude for
the year was found to be ‘003460 and this has to be divided by 25 to get the
ordinate of the periodograph for the 25 years interval. The number 1384 x 10— so
obtamned 15 almost 1dentical with that previously found for the 54 day period, which
tends to shew that for short periods the expectancy of a Fourier coefficient 1s indepen-
dent of the period. Fig 1 gives the shape of the Periodogram for periods up to 30
days The vertical ordinates give the heights actually determined, while the curve 1s
drawn continuously so as to pass nearly through these ponts.

For longer periods the monthly averages, as published in the Greenwich records,
served as basis of calculation To obtain the coefficient of the annual period, the
interval of 25 years was divided mto 5 groups of 5 years, and the harmonic analysis
was appled to cach of these 5 groups The average square of amphtude then gave the
ordmate of the Periodograph for a range of 5 years, which has to be divided by 5 m

order to reduce 1t to our normal mterval of 25 years

Periods of 11 and 13 months were treated simlarly and the coefficients obtained
for 5 groups of 55 months and 4 groups of 65 months. The average squares of amph-
tude have in these cases to be divided by 60/11 and 60/13 to reduce to the normal
interval The results ate given in Table XI, and 1t will be noticed that the Period-

TABLE XI

Period in Months S,? S2 Syt 83 82
11 04591 00475 00158 00079 -00054
12 08828 01610 00842 00287 00218
13 09344 01082 00891 00237 00196
Average 07588 01055 00630 00201 00156

i
Period in Months 12 6 4 3 23

ogram contnues to 1increase 1apidly with increasing lengths of period. The conclusion
we must draw from the curve i Fig 1 and the figures of Table XI 1s, that the
causes which produce the variations of dechination are on the whole persistent 1n
character, so that the vamations of short periods have on the average a much smaller
amplitude than those of longer periods

IV. APPLICATION OF THE THEORY OF PROBABILITY.

In a previous paper* I have applied the theory of probability to the solution of
the question whether the value of any particular coefficient of Fourler's series indicates

* Terrestrial Magnetism, Vol ur p. 18

16—2
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a true periodicity or may be accounted for by purely accidental causes. The principal
results arnved at may be shortly stated here, as far as they concern the present dis-
cussion,

The average daily value of magnetic dechnation, leaving the secular vanation out of
account, oscillates round some average value. If 8 1s the difference between any observed
value and 1ts average, there will be some function f(B) such that f(8)dB will represent
the number of cases in which the value lhies between 8 and B+dB, for instance, if the
ordinary law of errors holds, the number of cases in which the deviation from the average

lies between 8 and B+ dB will be 2MY3"‘"'dﬂ, where h 18 a constant and N the

v
total number of days considered In this case 1t 18 found that the probability that the
Fourter coefficient of any particular period lies between p and p+dp 18

Nhag 4396t o p,

This expression holds on the assumption that the values on successive days are
entirely independent of each other

The expectancy (E) of the square of Fourier's coefficient 18 1n that case
0 , 2
fo pr. NIogmi9 pdp = 2,

and the probability that p? should exceed a value «E 13 smply e This latter ex-
pression still holds when the law of distribution 1s not that of errors, and even if the
successive daily values are not independent of each other, as 13 eg. the case when
the causes which produce the deviations from the average persist for several days. In
the last case the expectancy must be obtamed by trial, the mean square of the Fourier
coefficients bemng taken. This expectancy, which according to our defimtion 18 the ordi-
nate of the periodograph, should serve as the basis of any attempt to discover real
periodicities, and Table XII will give at once the probability that a coefficient of the
Fourter series 18 due to a periodic cause and not to accident If for instance the
square of a coefficient has been found to be equal to about twice the expcctancy, we
obtain by the Table the value of ¢ for x=2 as ‘135, which means that in one case
out of about seven, accidental circumstances will cause the coefficient to be even greater
than this, and therefore no conclusion can be drawn as to a real perodicity

When the square of amphitude which for shortness we may call the “intensity”
amounts to about 12 times the expcctancy, the probability of mere chance 1s only one
m 200,000 and we may then begin to be fairly certain of a real effect, or if we are
satisfied with a probability of one in 1000, we may begin to count effects as probably
real when the intensity becomes equal to about 7 times the expectancy.

We may follow the theory of probabiity a little further in another direction, the
expectancy has m most cases to be determined by tmal, and for this purpose the mean
of a certain number of calculated intensities is taken The question arses how many
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such numbers must be combined mn order to obtamn a sufficiently approximate value for

the expectancy.

TaBLE XIIL

100
150

| 200
300
400
500

9512
*9048
8187
6703
5488
4493

+3679
*2231

1353
0498
0183
00674

i

248x107*
335x107*
454x107°
614x107¢
832x1077
113 x1077
152x107®
206x10°°
139x107"
936x10°"
425 x10-®

9

2

e—x

x 107

To calculate the probability with which an average of a finite number of cases
approaches the expectancy, we take two quantities such that the probability of either
exceeding a certain value «E 18 given by e* and find the probabihty that therr sum
exceeds 2pE. If the first hes between <& and (x +dx) £ the second must be greater
than (2p—«) E as long as « 13 smaller than 2p, 1f greater the second may have any

value. Hence the required probability becomes

2P
e + f e e P~ de = e~ (1 + 2p).
0

By a repeated application of the same process 1t 1s found that 1f there are n
quantitics, the probability that their average exceeds «E 18

P [1 + nk + e +

which 18 equal to

n"

(n=1)

1
23"t

-+

1
(=T

©
f P W ] d,c,
x

nﬂ—‘l xn—l] ,



126 Mr SCHUSTER, THE PERIODOGRAM OF MAGNETIC DECLINATION

so that the probability that the average of n values should lLe between «xE and
(k+de) E 13
/nﬂ
w=1) Ko™ di
If n s large, we may sumplify the numerical calculation by putting approxmmately
according to Stirhng’s theorem

log(n=1)'=(n—3})logn —n + } log 2m,

" —",\/7
=117V oz

In order to illustrate the law according to which a gradually increasing number of
intensities tends to approach the value of the expectancy, I have plotted 1n Fig 2
the curve

from which 1t follows that

ah1 g,

—,n"
Y= -1

<

8

Fig 2

for the three cases that n equals one, five, or fifty, fifty bemng the number on which
our Periodograph in the neighbourhood of the 26 day period rests
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The lme HK gives the position of the expectancy, and the curve A,4,, which
represents the case n =1, shews how a single value of a Fourer coefficient generally
does not give us even approximately the value of the expectancy. For n=5, and still
more for n =50, the probability-curve approaches the line HK

In the conclusions which we shall have to draw on the reality of periodicities
much depends on the law of distribution of accidental Fourier coefficients According
to the theory the probability that the square of any coefficient exceeds x times the
expectancy is ¢™*; and although the theory rests on a sound basis, it 18 interesting to
obtam an experimental verfication.

The matenal collected for this investigation includes the Fourier coefficients of five
terms for each of 25 years, for the 26 day and the 27 day period. Hence 250 separate
values of amphtude have been obtammed For each of the five terms the average value
of intensity gives the expectancy, and calculating the ratio of the intensity to the
cxpectancy we find 250 values of «, Table XIIL shews the comparison between the

TasLe XIIL
7
Range of « nugnzbl:: ]v.vnftiises nuxfl?f::;egases
Above 3 125 14
Between 2 and 3 214 25
,, 15, 2 220 19
" 10, 15 36 2 325 1‘
” 8, 10 204 205
” 6, 8 248 23
” 4, 6 304 275
» 2, 371 485
Under 2 453 40
Altogether over 1 920 905
» under 1 158 0 1595

calculated distribution of these values of « and that actually found, the agreement being
very satisfactory The fraction one-half appears in the column of observed values, because
if the value of « agreed to 2 decimal places with a limiting value, 1t was considered as
beng half-above and half-below that value Thus «= 60 was entered as one-half nto the
compartment including the values of x between ‘6 and ‘8, and as one-half to the
compartment including the values of « lying between 4 and 6
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V. CALCULATION OF AMPLITUDES IN SPECIAL CASES

The Fourter coefficients having been calculated for the 26 and 27 day periods in each
year, we are able to obtain the amplitudes for periods not differing too much from these
values. To shew the process of calculation to be adopted for this purpose, let 4,, 4,,
ete., B, B,, etc be defined by the equations

nT Wl anT

4, =f S (2) cos gtd, A, =f S (2) cos gtdt, An=| f(t)cosgtdt,
o T (6-1)aT
nT T

B,=| f(t)singtdt, B,=| f(t)smgtdt, = f f (t) s gtdt,
0 2T (8=1)nT

where g =2m/T
It 18 required to find
2 (T 2 "
=T f F@esdy, B f £ (t)sin xtds,
0 0
where « = 2mw/T"

If k and g do not differ much from each other we may put approximately

mnl mnl
F@)cosut=| f(t)cos(gt+im)=Amcosa,— Bysina,, . v ().
(n=1) nT (m-1 T

The gieatest approach to equality 1s assured when the curves cos«t and cos (gt + a,,)
are made to concide as nearly as possible throughout the mteival, and hence the phases
should agree n the middle of the nterval, so that for ¢=(m —§)nT, st=gt+a,

This gives
a,,.—2vr(1 )(m—%)nT

We may now put

anT m=s
f (t) cos xtdt = s A,,, €08 &y, — = By, sin @,

m=1 m=1
f S (t)sn wtdt = L_ A SIN %y + s B COS tlyy.
The coefficients which we suppose to have been calculated are

TAU bl:ﬂ%'Bl’ ete,

anT
1
so that — | f(t)cos ktdt =~ X (@ €OS ay, — by, 810 aty)
sn’l o )
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“

If snT=pI" and p 18 an integer, the left-hand side would represent the coefficient
of period 7" obtamned by analysing the record of p successive periods. 1f p 18 not an
integer we may still take this to be approximately the case 1f sn 15 large, for we
may always put

anT (p+e) T’

f f(t) cos wtdt =f f(t) cos xtdt + f(t) CO8 Kt uuviier o urenns (5),

p bemng the nearest integral to sn, and e a fraction. The second integral will be small
compared to the first, if the first includes a large number of periods

We have therefore finally for the required coefficients o’ and b’

T ms T
o= e 2 (u,,. CO8 Oy — by 810 @) = T 3 7'm €08 (A + Pm), )
........... 6),
= al ™ nT ©)
Py b3 (a,,. 810 &y + by €OS 4,0) = T 27 810 (A + D),

where @y, = 7 €08 b, by =74 810 Py
The fraction nT/pT" may generally be taken to be equal to 1/s

The values of a arc those given above, so that

-7 T-T i
& =mn —m—, oL,=3vrn—T,-, a,,,=(2m—l)-rmT~T,l ........... (7).

It remamns to be shewn what crror has been introduced by the assumed equality
(4) and the neglect of the second integral of (5) For this puipose we imagme the
function f(t) to be accurately represented by cos«t, so that

mnT
A,=| cos«tcosgtdt= —2" , 81 me cosk(m—4%)nT,
(m=)nT - g 2
and as @, = (ke —g) (m — ) uT,

2K
Ap=+ P sin §axnT cos a,,

where the lower sign 1s taken when 7 18 odd

Similarly

29
B,=7%F /cT—'g’ sin enT sin ay,.

By substitution it follows that, using equations (6),
=5 1., sm $enT 3 (k COS? tyy + g SIN® Apy)

2
pl" oo g,sm}lmTZ{(x+g)+(x g) cos 2aty},

Vor. XVIIL 17
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or writing y=" ;_g nT,

a’=‘;L,IZ smy {34—2”——‘(] cos 2a,,.}.

v k+g
,_ nl singy N
Similarly b =T Ty Sk S0 200,

The factor siney/y only having appreciable values when v 18 small, the value of '—;i—g
will be small compared to umty, hence the sum of s terms contamming that factor will
be small compared to 8 This reduces the cocfficients to

p 18 defined as the nearest integer to ns7/7”, and as s, the total number of
pertods 1ncluded, was about 350 in the cases to which the above mvestigation will be
apphed, we may with sufficient accuracy wite

sin
o =17
b

The original function nvestigated cos«f, having umt amphtude, 1t 1s seen that the
approximate method of calculation gives an amplitude which 13 reduced in the ratio
sin y/y or an intenaity reduced 1 the 1atio sin?eqy/y?

A Table of sinq/y* 18 given 1n Mascart’s Optique, Vol 1, p 324, from which 1t
appears that as 4 takes the values 15°, 30°, 45°, 60°, the function becomes 977, 912,
811, 684 If 1t 1s sumply desired to decide whether a perod 13 real or accidental,
the mtensity nced not be accwmately known, and we may allow ourselves considerable
latitude therefore m the value of 4 If we fix the cxtreme valuc of that angle as 45°
which means a reduction of mtensity of about 20°/,, we obtain a relation between 7' and
T’, for 1n that case

o)

me

_...,m_T,Ti < iZ"
= VG 3’

r-1 1
or T <t
If T 1s 26 days, and n=14, there being 14 pertods of 26 days n the year, we
find that by the method indicated all amplhitudes may be calculated which lie between
2554 and 2647 days If the coefficients of the 26 day and 27 day periods are
known for each year we shall be able to calculate those of all intermediate periods
with sufficient accuiacy, for the extieme reduction i amplitude when 7'—7"=4day will
be 789, and 1t 1s only when the intensity comes very near the pont at which 1t 1s
difficult to distinguish between real and accidental periods that this reduction will make
a material difference
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VI. NUMERICAL APPLICATIONS,

Some 1nvestigators have come to the conclusion that seveial meteorological and
magnetic phenomena shew a periodicity having a time not far different from 26 days
and, not uncommonly, this period 1s supposed to be connected with solar rotation.
I proceed to apply the methods of this paper to test the reality of this period
Hoinstem®*, on the strength of the declnation records for Prague, assigns to 1t an am-
phtude of 7 minute of arc or an ntensity of 5 Such an intensity would be equal
to 500 times the ecxpectancy, if an interval of 25 years 1s submitted to examination,
and 1f real and approaching Hornstein’s value mm magmtude, 1t should stand out above
the accidental perlods to such a degree that every doubt would be removed. Adolph
Schmidtt was led by a discussion of Hornstein’s results to a duration of 2587 days
as bemg the most probable periodic time, while von Bezold finds a shghtly shorter
pertod for the frequency ot thunder-storms

More recently Professors Eckholm and Arrhemus} have published a paper in which
a perwodicity of 25929 1s put forward as probable or even proved. As opposed to these
investigators Professor Frank H Bigelow gave a conwiderably longer time (2668 days) to
the periodicity and has cndcavomed to shew that 1t exists mm many meteorological
phenomena

To shew whether the Gieenwich records confirm or disprove these results, 1t 18
necessary to calculate the intensities for each periodic time, and 1ts corresponding half
period This I have done, the results bemng collected 1 the first section of Table XIV

TasLe XIV
3, : f

Period fg‘;fiffuﬂf_. 3 Semi-period E,‘},"P'}ffuﬁe 3
25 87 001001 95 12935 000316 83
25929 001027 93 12 965 000200 55
26 68 000242 23 13 340 000132 35
25 809 006168 586 12 905 001060 2 80
256 825 004182 407 12913 001286 339
26 181 001144 109

26 255 001081 104

26 814 005936 564

27 061 002943 280

* Wiener Ber uxiv p 62 (1871) + Kongl Svenska Akad Vol xxx1 No 3 (1898)
+ Ilid xcvi p 989 (1887)
17—2
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The column headed x gives the ratio of the intensity (square of amplitude) to the
expectancy , and there is a remarkable unanimity mn the smallness of this factor, shew-
ing that the amplitudes are even less than the average amplitudes calculated on the
theory of chance This result must defimtely disprove Prof Eckholm and Arrhenius’
pertod of 25929, as well as that of Bigelow, as far as the Greenwich records of declin-
ation are concerned

The interval of 25 years which forms the basis of this mvestigation is, however,
so long that unless the periodic time 18 very accurately known beforehand, the exist-
ence of the periodicity may escape attention Hornstem’s mvestigations, as treated by
Schmidt, do not claim any great accuracy, and a period of say 2584 days might give a
large amplitude. In other words, we can only say that there 13 no periodicity having
a length between about 2586 and 2588 days, but a further investigation 1s necessary
if the possibility of an error of more than 01 day mn Schmudt’s value 1s admitted.
Both Bigelow and Eckholm and Arrhemwus claim to have fixed their period to three
places of decimals and our result must be considered as conclusive aganst them

In order to be certan that no periodicity of sufficient magm'tude has remained
unnoticed the investigation was extended i the following way

A diagram was prepared (Plate I) in which the phases of the 26 day period,
as they are given 1 Table VIIL. for each year, are mcasured off as ordinates in
equidistant vertical lines which represent successive years If there 13 a period 1n the
neighbourhood of 26 days which has a large amplitude, the pomts representing the
phases should group themselves more or less round a otraight lhne and from the
inclination of the straight lines we may calculate the length of the period giving the
mcreased amplitude In order to include possible periods which may differ as much as
‘5 from 26 days, the diagram must be repeated three or four times so as to admt a
phase vanation of several revolutions of a cwcle Thus for the first year the phase
was 73° and a pomnt 18 marked on the diagram, not only on the horizontal lne corre-
sponding to 73° but also on that of 433°, 793° and 1153°, all differing by 360°. In
order to be able to give more weight to those years i which the ampltude 1s great,
the pomnts are marked differently according as the amphtude 18 great, intermediate or
small The manner of marking 1s best secen on the Plate If the eye 1s suddenly
moved towards the Plate so as to obtamn a general view of the grouping of pomnts, I
think there will be no doubt that these shew a decided tendency to group round a
straight hne marked 4,4,. To bring the phases of the ponts which he along this
line mto agreement the phase of the 25th year which is 593° must become equal to
that of the 5th year which 1s 1333°. This gives a shift of phase of 37° per year.
To obtamn the period corrected so as to bring the phases into agreement we may use
equation (7), putting

Uy = Oy = 27710 7—'—5,—,1;:-—-37.

If =26 and n =14 the corrected time 7" 1s found to be 25809
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The amplitude was next calculated for this corrected period and 1ts square entered
wto the second section of Table XIV The intensity now exceeds the expectancy, being
586 as great. There appeared also to be a mmor tendency of groupings about the lines
BB, and (,C;, and to bring the phases along these lines into agreement the corrected
periods were calculated to be 26255 and 26'181 Table XIV however shews that the
intensities corresponding to these times barely exceed the expectancy.

Plate IT gives smlarly the distribution of phases for the 27 day period, the
straight lines along which there scems a possibility of clustering are marked on the
Plate, the corresponding periodic times bemng 27061, 26814, 27327 days. The inten-
sities of the two first of these periods are entered into Table XIV. It will be noticed
that the two periods which shew the greatest amplitudes are those of 26814 and 25809
days As regards the latter, reference to Table XIL or independent calculation shews
that 1t will happen about once mn every 350 trals that, owmng to accidental circum-
stances, the square of a Fourler coefficient exceeds 586 times the expectancy It
will of course be mnoticed that the period which gives the high value for the
amphtude has been selected with that special object m view, and regard must be had
to the fact that 1t represents the greatest intensity that can be obtammed within the
range of periods extending from 255 to 275 days. The question how many independent
trial periods that range may be considered to contain may be answered by our previous
mvestigation (p 130) from which 1t appears that two periods T' and T may be con-
sidered as independent when

]—‘—._—7—-">4,1
7 " 4n’
n being the total number of periods icluded in 7 For F=27, n was 338, and hence
T~ 1T 1s almost exactly 02 day As our range covered all periods between 255
and 275 days, we must consider that we have dealt with 100 independent periods and
found the two greatest intensities to be respectively 564 and 586 times the expect-
ancy What 1t comes to therefore 1s this, that 100 trials have given us one intensity
586 times the expectancy, while on the average this should only happen once in 3850
trials. Or taking the two greatest amplitudes into consideration, 1t ought according to
chance to happen once 1 every 150 trials that an ntensity of 5 times the expectancy
1s found, while in the actual case this happened twice mn 100 trals It 18 obvious
that no conclusions as to the reality of the periodicity can be drawn from this argu-
ment There are however two considerations which lead me to pause before finally reject-
g the 25809 period, the high amphtude 1s accompamed also by a considerable amphtude
of the half period, and 1if these half periods are plotted in a manner illustrated m Plates
IIL. and IV, 1t 18 found that a somewhat greater value 18 obtamed if the time were altered
to 25825 days. This however gives a decidedly smaller value for the mamn period (sce
Table XIV.) The comcidence of two high intensities for a period and 1ts semi-period
much 1ncreases of course the probability of 1its reahty, but even 1if this 1s taken into
account, the excess of tensity over the expectancy 1s msufficient to establish the period.
The second consideration hes i the fact that the most defimte result so far in the
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search of periodicities has been that of Prof. v. Bezold whose work had reference to
the trequency of thunder-storms He gives 2584 days as the length of his period, but
1t was really only the semi-period which shewed a large amphtude The numbers 2584
and 25'825 lie so near together that 1t will be wise to keep an open mind as to the
possibility of some real periodic time of that length But 1t must be understood that
the record of Greenwich declination extending over 25 years shews nothing beyond a
shght indication of such a pertod An intensity of 006 corresponds to an amphtude
of 077 mnute of arc, and 1t can be defimitely asserted as the result of this enquiry
that there 1s no period between 255 and 275 days which had a larger amplitude at
Greenwich during the years 1871—1895

VII LuNAR PERIODICITIES

One of the principal objects of this mvestigation was to prove or disprove the
suspected lunar period i the daily average of magnetic dechnation The clustering of
phases round the: hne BB, Plate IV, shews that observation gives a somewhat larger
amphtude than the average for a period of 27327 days which les very near the length
of the tropical month The two periods, that of tropic revolution and that of synodic
revolution, were therefore specially treated, the result being exhibited m Table XV It

TaBLe XV
! ! k‘ o
Period ‘ e x| s Abde |« ‘
- | i
27 32 E 002352 224 13 66 ! 000819 216
2953 ‘ 000026 25 14 77 } 002876 756

18 seen at once that there 15 a strong indication of a period having as 1ts time half
the period of the synodic month The value of « which 1s 756 1s considerably higher
than any other given within the whole range of investigated periods An accidental
comcidence 1s not excluded, for as calculation shews 1t may happen once mn every 2000
trials that such a large value should be found for « We can only assert therefore
that there 1s a probability of 2000 to 1 that the moon has a true effect on magnetic
declination ~ The amphtude 18 only 054 minute of arc and the strong evidence afforded
of the real existence of a periodicity having such a small amphtude shews, I think,
the value of the method which has been adopted in this investigation As regards the
phase of action no certamn conclusions can at present be drawn, the maximum westerly
declination occuired on the average during the years under examination between 2 and
8 days after new and full moon Nothing 1s of course asserted as to the reason why
the moon should affect the dechination needle, but the action 1s probably a very ndirect
one. It would be important to extend the investigation to the other components of
magnetic force and to other localities It 1s highly improbable that a westeily force
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should act simultancously all over a circle of latitude, for that would 1mply considerable
currents across the earth's surface It 18 more hkely that the principal action takes
place along a geographical meridian, and 1f that 1s the case, the horizontal force should
shew stronger evidence of these lunar periodicities than the declination. There 18 also the
possibility that what 1s observed in the daily average of dechnation 1s only a remnant of a
vatiation having the lunar day for its period. In that case the periodicity should dis-
appear when the average position of the needle i a lunar day 1s subjected to calculation
If this 18 the correct explanation 1t should not be difficult to prove 1t, for 1t would
require a much greater amplitude within the lunar day to account for the 0’06 amplitude
found m the daily averages How much greater may be seen from the following considera-
tion If fiom a periodic function cos «t another 1s formed by taking averages over a
period 27 we obtamn
1 [t+

T 1
- cos ktdt = - sin KT Cos «t,
27 )¢ KT

that 1s a reduction 1 amphtude of x—l_rsm et 1t 27 15 onc sola day, 2w/« one lunar

kT _ 2853
P 29537
averages 1s only about the 29th part of that of the original curve The comparison of
averages of successive days will therefore produce an apparent period having the lunar
month as pertodic time and, 1f the period found above is due to this cause, the amphtude
of the original lunar varation should be 1’74 Such an amplitude ought to be traceable
without much difficulty

day. hence x7 equals 174° and the amphtude of the curve obtained by taking

A thorough enquiry into the nature of lunar periodicitics of magnetic records seems
to me to be of special impoitance, but requires considerable arrthmetical labour, for, to be
conclusive 1t must be complete I have been assisted 1in the numerical calculations which
wele necessarv 1 the present mvestigation by Mr J R. Ashworth, to whom I desirc to
tender my thanks The expense connected with the numerical work was partially covered
by a small contribution from the Govermment Grant Fund of the Royal Society
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PART I

GENERAL DESCRIPTION OF THE METHOD.

AFTER a considerable number of experiments on the discharge of Leyden jais, and
a qualitative study of the electric oscillations accompanyng such discharge, 1t seemed
desirable to make an exact determination of the frequency of alternation given by a
standard condenser through a crcuit of known self-induction, m order to ascertain
whether the well-known theory of the case was accurate or only an approximation.

The absolute determinations necessary were three, viz. —
(1) The capacity of a condenser, which 1s K times a length,

(2) The self-induction of a coll, which 18 u times a length, though 1t
would be natural to measure 1t indirectly by comparison with the already carefully
determined standard of electrical resistance,

(3) The period of oue oscillation of the discharge, under circumstances when
the dampmng influences are not appreciably disturbing.

The resstance of the circuit might possibly enter as a correction mto the resuls,
and many other minor determinations might have to be made, but these three are the
maimn quantities involved, and the relation between them 1s

T=2m J(uly. KL,),

and the formula would be verified 1f the resulting value for the product of the as yet
entirely unknown constants, u the permeabiity and K the inductive capacity of the
medium, agreed at all closely with the already otherwise determined value, viz. the
square of the reciprocal of the velocity of hght

It was hoped indeed that the method might turn out sufficiently accurate to give
a useful re-determination of this important quantity. It was with this i1dea mn mind
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that the following research was undertaken, and much care was accordingly bestowed
upon 1t.

It may be here noted that Lord Kelvin himself, i one of his popular lectures®,
suggests this method of electric oscillation as just conceivably one of the methods by
which v could be practically determined, and he puts the matter in a geometrical way,
which 1t may be interesting freely to paraphrase thus.

Take a wheel of radius equal to the geometric mean of the followng two lengths,
the electrostatic measure of the capacity of a condenser, and the electromagnetic measure
of the self-induction of 1ts discharge circumit, make this wheel rotatc 1 the time of
one complete electric oscillation of the said condenser (as 1f 1t were bemng driven by
an electrically oscillating piston and ciank), then 1t will roll itself along a railway with
the velocity »

And indeed (as Maxwell discovered) ethereal waves excited by the discharge are
actually transmitted through space at this very speed

GENERAL REQUIREMENTS OF THE METHOD.

The first essential 15 a condenser of capacity dircctly measurable from 1ts dimen-
sions  Its dielectric must accordingly be amr, 1ts plates must be a reasonable distance
apart, and they should be either spherical or have a guard-ring. The necessary small-
ness of capacity of a condenser satisfying these requirements 1s a difficulty, especially
when a quantity so large as the velocity of light 1s the subject of measurement A
difficulty of the same sort 1s, however, common to all methods, and 1s what makes “v”
a quantity so much more difficult to determine than for instance “the ohm.”

To compensate for the smallness of practicable electrostatic capacity a discharge
circurt of very great inductance must be employed, or else the time-determination will
be difficult from 1ts excessive minuteness.

The imnductance must be secured 1n combination with as much conductance as
possible, or the discharge will fail i being oscillatory To this end Messrs W. T Glover
and Co were requested to supply a regularly wound hank or coil of No. 22 (s w.G)
high conductivity copper, very thinly india-rubber covered, of shape such as to give
maximum self-induction, and of size estimated to give between 5 and 6 secohms, ve, m
magnetic measure, a length of 5 or 6 earth quadrants

This would be afforded by a coil of 4 inches cross-sectional area and mean diameter
15 inches, with three or four thousand turns of wire But to guard agamnst the danger
of sparking or leaking betwcen layers 1t was decided to reduce the dangerous tension to
one-quarter by having the coil in two halves Accordingly it was made as follows (to
quote Messrs Glover's statement).

* Sir W. Thomson’s Lectures and Addresses, Vol 1 p 119 Lectwre on Electrical Umts to the Inst. C E.,

Vou. XVIIL 18
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“4,330 yards of No. 22 tinned copper wire covered with 2 coats of pure ndia-
rubber to the diameter of ‘035 inch. This was the only covering In two parallel
colls, mternal diameter 10§ mnches, 4 inches deep, and 2 inches wide” See Figure 1.

This pair of coils were then packed carefully and permanently mn a round walnut
box or drum, with a thin sheet of glass between them, and the
terminals of each coill were led to the outside and finished off on four

. ebonite pillars

e

-

They could, therefore, be connected up 1n series, or parallel, or
used separately, but i practice they were usually jommed in simple
109 series, With this coll many prehmmary experiments were made at

Laverpool

The self-induction of the double coil was estimated as about
5 secohms or “quadrants,” but no attempt was made to measure 1t with
any care at this time, because 1t was better to do 1t when all the
apparatus was 1n position 1n the basement room set asde for the
experiments described i Part IL

b2

Fie 1.

The chief part of the whole business consisted i taking clear images of a spark
on a moving sensitive plate, getting every detail of the oscillation clearly recorded on
the negatives, so that they could be subsequently analysed under a microscope and the
time of an oscillation accordingly determined.

The sparks used were extremely feeble, and each was drawn out by motion into
a band, so that i order to get every detail clear the plates had to be super-sensitive.
For such plates we were indebted to the kindness of Mr J. W Swan, who sent on
several occasions a special packet of Messrs Mawson and Swan’s most highly sensitized
plates, which answered admirably

The next principal part consisted in the micrometric reading of the records on the
photograpime plates The reading 1s rather a tedious process as a great many numbers
have to be recorded for each plate, and care 13 necessary to disentangle the several
sparks, which to economise time and labour at the experunental end were usually taken
during a single spin

The details of the method of obtaiming the record will now be described

TIME oF ONE OSCILLATION.

The long-established method of observing spark oscillation by means of a revolving
murror was at first used, but this plan, though easy for observation, does not readily
lend 1tself to precise measurement. It 15 desirable to obtamn a photographic record
which can be studied at lewsure, and 1t seemed therefore best to form an 1mage of
the spark on a plate moving so rapidly that its constituent oscillations were clearly
visible.
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For metrical purposes there are many advantages m thus moving only the sensitive
plate, though for mere display Mr Boys's more recent plan of spinning a succession of
lenses is able to give morc striking results

Accordingly an old packing case was made light-tight, and used as the camera In
1t were contained first the spaik-gap, a pawr of adjustable brass knobs about half-an-
mch 1n diameter, clamped to a glass pillar, one vertically over the other and with a
clea1 space, on the average about 2 millimetres, between them, next the lens, an
ordinary camera lens on a special stand, and lastly the sensitive plate m 1ts conjugate
focus, arranged so that the image was not very much smaller than the object. The
photographic plate 18 supported firmly 1n a revolving wooden carrier or frame fixed to
the horizontal axle of a whirling machine (one of Weinhold’s) which was firmly clamped
to a stone pillar outside the camera and was driven by a long carefully sphiced whip-
cord belt by means of one of Bailey’s “Thirlmere” turbines standing on a distant
sink, and having a large grooved pulley to give the necessary “gearing up” One end
of the whirling machme axle passed through into the box in a lhght-tight manner, and
1t was supplied with a self-olling syphon wick The ordinary speed at which 1t was
driven was 64 revolutions per second, occasionally 1t rose as high as 85, but the
water pressure was not often enough for this

The turbine could have been fed from a cistern mn the roof, but greater pressure
was attanable in the mains, and though hable to fluctuation this was found at certain
times 1 the day or eveming regular enough for good observation

Mope OF CONTROLLING AND DETERMINING THE SPEED

Uniformity of rotation was essential, and to secure 1t the method employed by
Lord Rayleigh m his determination of the ohm was imrtated A small cardboard
stroboscopic disk was painted with several circles ot radial markings, or “teeth,” the
ones chiefly used bemmg 3, 4, 5, 6, 8 teeth respectively mm a circumference, especially
the pattern 4

This disk was watched through a pair of slits carried by the prongs of a large
electromagnetically maintained Koenig fork, whose loads were adjusted to give 128 vibra-
tions per second precisely The shts permitted vision at the middle of each swing,
consequently 256 glimpses a second Hence whenever the 4 pattern on the stroboscopic
disk was distinet and stationary as seen through the shits, 1t meant that the sensitive
plate on the same axle was spinning 64 tumes 1n a second.

Photographs of spaiks were taken only when the pattern was stationary and the
speed thus known to be regular.

To determine the speed absolutely 1t was necessary to calibrate or specially observe
the period of the fork To this end two methods were employed one the ordinary
method devised by Lord Rayleigh, for comparing an electromagnetically mamtamed fork

18—2
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with a large free standard fork *, the other by means of a simple four-figure mechanical
counter attached to the axle of the stroboscopic disk. This counter recorded mechani-
cally the actual number of revolutions made by the disk, during say five or ten
minutes, and all this time the disk could be watched through the jaws of the electro-
magnetic fork and some definite pattern kept, on the average, absolutely steady.

The control over the speed was obtamned, as mm Lord Rayleigh’s case, by passing
the driving cord through the fingers of the observer as he watched the disk through
the jaws of the fork, thus keeping oun the cord a shght frictional pressure, which,
whenever necessary, was increased or relaxed, and thereby regulated the speed With
practice this method of personal government is susceptible of swrprising accuracy It 18
always however much casier to keep a pattern still on the average, that 1s, to bring
a tooth back 1f 1t has slipped forward a httle, so as not to allow any unknown escape
of the steady pattern from control, than 1t 18 to keep the pattern constantly steady,
as 1t ought to be when a photograph 1s being taken. At the same time 1t may be
noticed that at the customary working speed a retardation or acceleration at the rate
of one tooth interchange every second (which 1s conspicuously bad) makes an error of
only 1 i 256, or less than one-half per cent., and as 1t 1s not a systematic error 1t
is hkely to disappear from an average, even 1if so great as this When the water
pressure is regular, and the oiling also regular (a superabundance of paraffin 1s the
eastest way of securing this latter condition) the regulation of the cord 1s easy. But
if the water pressure vartes much a duster or pad 1s necessary between the cord and
the fingers, to save them getting burnt, and then some of the delicacy of manipulation has
departed

It will be observed that mn the experiments for determming the rate of the fork
there 18 no need to run the stroboscopic disk very fast. The 8 or the 12 pattern may
be the one kept still, corresponding to 32 or 211 revolutions per second, a moderate
speed which 18 not hable to heat or otherwise overstrain the counter.

The multiplication necessary to get the speed for any other steady pattern 1s of
course precise.

The fork was not found to vary on different days, 1t was set very accurately to
128 vibrations per second (viz. close to the mark 256), and this part of the determ-
nation, viz. the absolute speed of the revolving plate, was entirely easy and satisfactory.

ExXAMPLE OF A RATING OF THE FORK.

The following may serve as an example of one of the observations for calculating
the speed of the fork There were three observers. one to watch the disk and control
the dniving string, so as to keep any selected pattern steady; another to watch the
counter and make a tap whenever a figure changed on the 100 dial (the umts flew
past invisibly, and the tens were inconveniently quick); and the third to read a
chronometer and record the time of occurrence of every other tap to the nearest half
second.

* See Phil. Trans., 1888, Part 1, p. 816.
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The correctness of absolute time was secured by comparing the chronometer every
day with a standard clock which was rated from the Observatory The error in the rate
of the chronometer was thus found neghgible, being certainly not more than one or two
seconds a day.

Although 1t was possible to keep the speed constant for ten mmutes or so, 1t was
rather wearying and was really unnecessary, two or thiee minutes bemng quite sufficient,
on this method of observing. Table I. gives a set of readings taken on the 23i1d July,

1889, the “cight” pattern bemng kept steady and every other tap, or every 200th revolu-
tion, being timed

TaBLE 1

h. m, 4, h m '

x1 32 35 x1 33 430
P 95 s o 95
w w155 w w0060
o 220 . 34 20
w o 2853 R 853
n oo 345 s 145
w410 w o 209
w o 470 w o 270
oo 033 b 333
w w9953 » w395
s 33 35 o 435
w o 120 w520

Analysing these figures 1t will be found that the average time fo 16 “taps” of
200 revolutions each 1s 100 scconds, as 1t happens exactly ~And this corresponds to
32 revolutions per second, appiopriate to the steadiness of the “eight” pattern

After this the speed could be increased till the “fowmr” pattern was steady, with the
certamnty that the plate was then revolving 64 times a second with extreme accuracy.
Thus the fork was uscd merely as an ntermediary tune-keeper to the chronometer, the
media of comparison bemng the counter and the stroboscopic disk.

PROCESS OF TAKING A SERIES OF SPARK PHOTOGRAPHS.

The room bemg thoroughly darkened one of the senwutive plates was extracted
from 1ts case, and by the light of an exceedingly dim red glmmer fixed into the
rotating frame holder. The spark knobs had previously been focussed on a dummy plate
so that the spark length would be exactly racial, and near 1ts outer margm The
packing-case cover being well covered, hight was admitted to the room so as to make
visible the stroboscopic disk which was watched between the jaws of the vibrating fork,
and the turbine was turned on. The patterns werc seen steadyng themselves one after
the other until the 4 pattern was reached and just passed; the water was regulated
close to the pomnt by past experience; the cord was then gripped by the observer and
the escaping pattern brought back steady.
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Meanwhile a small Voss machine, attached to the spark knobs, which formed the
termmal of a circuit contaiming the condenser and the coil, had been excited with 1ts
knobs 1n contact At a signal from the observer watching the disk they were drawn
apart, and one, two, three, or four sparks lstened for inmde the case. The machine
was then short-circuited agamn, and the lens shghtly shifted a felt amount (which
could be done without opening the “camera”) so as to bring the spark 1mage a tnfle
nearer the centre, and another ring of sparks was then taken, sometimes with the
conditions varied, sometimes with them just the same. Then a third, a fourth, and some-
times a fifth circle of sparks were also taken. The number of sparks which without
too much fear of umntelligible superposition could be taken n a single circle depended
partly on thewr strength With a large condenser a single spark might overlap 1ts own
record, with a very small condenser 6 or 8 sparks could be safely taken

In practice either 4 or 5 was the commonest number, and though chance frequently
caused some overlap 1t was not usually difficult to disentangle the records when reading
the plate

It was customary to get about 2 dozen sparks on a single plate, though sometimes
1t would have been wiser to try for fewer. But a bad overlap after all 1s no worse
than 1f neither record had been attempted

Lastly, a ncedle pomt was held on the still spinming plate near its muddle so a<
to centre 1t by a small circular scratch, and then the turbine was stopped, the room
darkened, and the plate removed.

An assistant, Mr Robinson, to whose careful mampulation we aie much indebted,
then proceeded to develop the plate, sometimes using an mtensifier when the markings
were too faint.

Meanwhile whatever conditions had to be varied were attended to, other measuiements
such as that of the self-induction of the coil, or the timing of fork, were made, and things
were got ready for another spin

This process went on without interruption for some wecks, and a large number of
negatives were obtammed The plate at first used was the ordinary half-plate size, but
order to permit larger circles, Mi Swan subsequently sent us square plates, 4 inches
square, and on these the final records were taken.

The spark-trace exhibited the alternate oscillations very distinctly: one end (probably
the cathode) being always brighter than the other, and this brighter end alternated
from sde to side with every half-period. The beginning and end of each oscillation
though clear enough to ordinary vision became furry under magnification, and by far
the most definite things to set the crosswire on was a narrow bright radial line or sharp
spit, due evidently to the sparking of the knobs into one another: a phenomenon which
accompanied the main oscillations of the condenser and marked the beginning of each
electrical surge. These spits were so 1instantaneous that the rotation of the plate had
absolutely no effect on then sharpness. They were narrow hnes no wider than the
Crosswires.
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READING OF THE RECORD.

The negative when thoroughly finished was subjected to careful micrometric examina-
tion.

To this end the plate was fixed on a horizontal circular graduated plate, part of
a spectrometer, reading with verniers at opposite ends of a diameter, and capable of
rotation with a slow motion tangent screw Above the plate was clamped a microscope
of moderate power, with crosswires 1n 1ts eye-piece, and below the plate a scrap of
murror was arranged inchined at 43° to throw the hght up.

The centre of the plate was made to comncide with the centre of rotation, and the
microscope was placed over one of the spark 1ngs The plate was turned until the
beginning of a spark-trace appeared Some definite feature of 1t was then brought
under the crosswire, and the verniers were read Then another feature was sighted,
and the vermers read agan, and so on, all along the trace of that spark, and simlarly
with cvery spark round that circle Then the microscope was shifted till over another
circle, and the process 1epeated

By far the most distinct features, and the most useful for precise setting, were
the sharp spits or radial lines already referred to and visible in the positives or rough
copies ot some of the preliminary plates.

All the readings were done on the negatives, and the best or final series of plates
have had no positive copies taken from them as yet.

PART 1II
THE MEASUREMENT OF THE SELF-INDUCTION OF THE ColL

Theory of the Method

The method adopted for the measurement of the self-induction 1s that devised by
Maxwell, in his papers on “A Dynamical Theory of the Electromagnetic Field,” Collected
Papers, Vol. 1. p 549
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The coil whose coefficient of self-induction L 18 required forms onc of the arms of a
Wheatstone bridge, Fig. 2. Let P be the resistance of the arm. Two of the other arms
R and S are two resistances whose ratio—preferably one of equality—is known, and a
balance is obtained by adjusting the fourth arm @  When this balance 18 found we
have the relation P/Q=R/S

If the connections in the battery circwit be now reversed, a current due to self-
induction m the arm P passes through the galvanometer Let a the first throw of
the galvanometer be observed

Now alter the resistance @ by an amount 6@. In consequence there will be a deflec-
tion of the galvanometer needle, let 6 be this deflection, let #, 2’ be the currents
the arm P before and after the alteration of @, M\ the loganthmic decrement, and
let T be the time of a complete oscillation. Then, remembering that P and @ are
equal, we have (Rayleigh, “On the Value of the British Association Unit in Absolute
Measure,” Phil. Trans. Part 11, 1882)

2810 2

L=8Q— (1 N Gng Ttan 4

THE RESISTANCE BoOXES.

In our expeniments the coil P, already partly described, was wound in two sections
each with a resistance of about 100 ohms, so that when both sections were mn use
P was approximately 200 ohms The other resistances were taken from two boxes of coils
of platinum silver wire by Messrs Elhott Bros, coriect m “Legal Ohms” at 17°C The
boxes had been calibrated in previous experiments, and the cois agreed eclosely with
each other R and S were two coils of 100 ohms from one of these boxes, for the arm
@ an arrangement of two resistances mm multiple arc was used One of these was
205 ohms, the other was a large resistance of about 8000 ohms, and by varying this a fine
adjustment could be easily obtained.

DESCRIPTION OF THE GALVANOMETER USED

The galvanometer employed was a ballistic 1nstrument of about 64 ohms resistance

It has two channels of rectangular section. Each channel contains 20 layers of thin
copper wire and 16 layers of thick, making about 465 and 202 double turns respectively,
so that there are 667 double turns in each channel, and about 2668 single turns on the
galvanometer

The two thicknesses of wire were employed 1n order to fill the channels, and at
the same time permit the resistance of the galvanometer to be varied as required. The
ends of the wires are connected to binding screws on the bobbin marked 4, B, &c, a, b, &c
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A to a 18 one wire, B to b another In our experiments the coils were connected up 1n
series, the total resistance being about 64 ohms at a temperature of 18°2 C

The needle of the galvanometer was suspended from the Weber suspension by three
single cocoon fibres of 60 centims 1n length

The magnet was a small bar of hardened steel 1'5 centim long, 6 centim. broad,
and ‘12 centim thick, 1ts weight was 708 grm The magnet was attached by two
small screws to a brass stirrup to which the murror was fixed A piece of brass wire
66 centims long, with a screw thread cut on 1t, was fixed to this stirrup at nght angles
to the plane of the murror, projecting equally on either mde of the murror. Two small
brass cylinders could be screwed along this brass wire, and by means of them the moment
of mertia and tune of swing of the needle could be adjusted as required The stirrup
and murror weighed 6 6 grms

The galvanometer has a sold wooden base of about 18 centims diameter, and
this base was supported on three leveling screws A graduated circle 1s fixed to the
base, and the coils can be turned about a vertical axis, and thewr position read by
means of a vermer This was found useful 1n adjusting the coils parallel to the magnetic
meridian

The galvanometer 1ested on a stone bracket built up trom the ground A scale
placed approximately north and south at a distance of about 347 centims from the
magnet was reflected 1 the mirror and viewed thiough a telescope

The scale rested on a sohd stone support on the floor of the 100m  The murror,
about 15 centim square, was a specially good one, selected by a fortunate chance from
among a number 1n the laboratory The divisions of the scale were mn millimetres, and
after practice these could be subdivided by the eye with great accuracy to tenths The
scale 1tself was of paper, though this material 18 unsuitable for many purposes because of
the changes produced 1n 1t by the weather, in our experiments these changes aie of
small consequence, for we require only the ratio of the throw produced by the induction
current to the steady deflection produced by the permanent current, and the time which
elapsed between the measurements was only a few minutes Any shunking or altera-
tion of the scale will go on very approximately umfoimly thioughout 1ts length and
not alter the 1atio of two lengths, which were never very unequal, as measured by the
scale The scale had been carefully compared with the standard metre and the necessary
correction applied to the readings

The distance between the mirror and the scale only enters our result in the small
correction necessary to reduce the scale readings so as to give the 1atio of the sme of
half the throw to the tangent of the deflection It was unnecessary, therefore, to
measure 1t with any great accuracy or to take steps to ensure 1ts remaining the same
from day to day, so long as 1t did not change during the half-hour occupied by each
experiment, all the conditions required by us were satisfied

The scale was carefully set so that the e jownng 1ts middle pomnt to the centie

Vor. XVIIL 19
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of the mirror was east and west, while the scale itself ran north and south By taking,
however, throws and deflections on both sides of the zero which was at the centre of
the scale, the effect of any small error mn setting was eliminated from the result

GENERAL THEORY OF THE METHOD.

In making the observations the double amplitude, e, the distance between an
extreme elongation to the nght and a corresponding one to the left, was noted Let
@ be this double amplitude in scale divisions for the induction throws, ¢ for the deflection
due to the alteration 8Q, and let d bc the distance between murror and the scale

Then tan 2a= 1}5, tan 20:«}5, and from this we find

2sinfa_« 1
tand ¢

_Na'— 8
12842 |’

neglecting higher powers of a/d and ¢/d The values of (11a®—8¢*)/128d* vaned for the
different arrangements from 00173 to 00023

The value of the ratio 2’/ was obtaned as follows -

Let E and E’ be the values of the potential difference between the pomnts where
the current enters and leaves the bridge, i the two cases when the values of @ are
Q and Q +8Q respectively.

e the EMF of the battery, which we suppose does not alter *.

Let X and X’ be the resistances between the pomnts A4 and D where the cuirent
enters and leaves the bridge mn the two cases, and ¥ the battery 1esistance

Then putting P=Q =200 1n the small terms, and R =98=100, we tind
E' =o' (Q+ 8Q + 100 + 43 8Q),
E =x (Q+100),

14 ¥
E X

also ~—,=—T=1
’ 1+ 5

if a term of the order ¥8@/90,000 be neglected. Y 18 of the order 1 ohm, and 8@ of
4 or 5 ohms

o
Hence =
z

* A combination of large Damiell's cells was used themselves will afford a test of this A small change

Except for the correction now discussed, the results are
independent of changes in the battery EM.F, provided
such (if they oocur) go on umiformly, and the experiments

the E M r. would only produce a first order change 1n the
value of the correction, and therefore a second order change
1 the whole result , 1t may therefore be omitted
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In a second series of observations the approximate value of @ was 100, and 1n
z Q +100
this case the formula becomes == Q100+ 1350
The actual value of the ratio will vary with the value of 8Q mm the varous

experiments, In most cases 1t 1s from one to two per cent greater than umty: 8@ bemng
negative

Introducing these the formula for L expressed m terms of quantities which can be
directly observed 1s

L=8Q:—;r(1+x)Q+

Q+ 100 a 1_.lla’—fic’
100 + 3580 ¢ 128

[The coefficient of 8@ 1n the denominator 1s in some of the experiments %]

THEORY OF THE ACTUAL OBSERVATIONS

The above simple theory of the experiment assumes (A) that a perfect resistance
balance can be (1) obtammed and (2) mamntained during the expenment, and (B) that i
measuring a throw the galvanometer needle can be brought to absolute rest before a
reversal of the curient The coil 18 made of copper wire, shght changes of tempera-
ture theretore affect 1ts resistance, the current itself pioduces a small heating effect
the wire, and 1t 18 practically 1mpossible to maintain an accurate balance Again to bring
the needle accurately to rest before each throw involves time, while to avoid undue
heating 1t 15 necessary to be rapid in observations, 1t 1s better therefore to make a
correction for any small swing which may exist at the tune of making a reversal Lord
Rayleigh has shewn how actually to make the obscrvations, provided the reversal takes
place as the needle passes 1ts equilibrium position (Phil Trans, 1882, Pt 11, p. 680)
The following quotation gives his theory and practice of the method of observation

“In the smple theory of the method the induction throw 1s supposed to be taken
when the needle 1s at rest, and when the 1esistance balance 1s perfect Instead of
waiting to reduce the fiec swing to insigmficance, 1t was much better to observe 1its
actual amount and to allow for 1t The first step 1s, therefore, to read two successive
elongations, and tlis should be taken as soon as the ncedle 1s farly quiet  The battery
cutrent 18 then reversed, to a signal, as the ncedle passes the position of equilibrium, and
a note made whether the free swing 1s in the same or i the opposite direction to the
induction throw We have also to bear m mind that the zero about which the vibra-
tions take place 15 different after reversal from what 1t was before reversal, in consequence
of imperfection m the 1esistance balance At the moment after reversal we are there-
forc to regard the ncedle as displaced from 1ts position of equilibrium, and as affected
with a velocity due jointly to the induction impulse and to the fiee swing previously
existing If the arc of vibration (i.e the difference of successive elongations) be a, before
reversal, the arc due to mduction be a, and 1f b be the difference of zcros, the subsequent
vibration 18 expressed by

$(a + a;) st + b cos nt,
19—2
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i which ¢ is measured from the moment of reversal, and the damping is for the
present neglected The actually observed arc of vibration 1s therefore

2Vt (a ta) + b7,

or with sufficient approximation

3
ata,+ 2 »
a

so that
26

a=observed arc F a,— P

“In most cases the correction depending upon b was very small, if not insensible
The ‘observed arc’ was the difference of the readings at the two elongations 1mmediately
following reversal As a check agninst mstakes the two next elongations also were
observed, but were not used further in the reduction The needlc was then brought
nearly to rest, and two elongations observed in the now reversed position of the key,
giving with the former ones the data for determining the imperfection of the resistance
balance As the needle next passed the position of equihibrium, 1t was acted upon by
the induction mmpulse (in the opposite direction to that observed before) and the four
following eclongations were read.”

To find then the correct double throw a, if @, be the observed throw, a, the throw
at the time of reversal, and b the difference between the equilibrium positions before
and after reversal, we have

2h?

a=,F ag——.
0 a]

The sign to be attached to @, depeunds on the directions of «, and a,.

After two throws right and left respectively have been observed, and the equihbrium
position 18 taken with the battery key in one posmtion—denoted by R, say, in the
table—then @ 1s altered by 8Q and the new equilibrium position 1s found This was
done by bringing the needle approximately to rest near the new position, by the proper
use of the battery key (Maxwell 1) and an auxilary damping circuit, and reading
three elongations in the usual way. From these the posmition of rest was found, The
difference between the two equilibrium positions gives ¢, the deflexion to the right,
the battery key 1s then reversed and a deflexion to the left found; the resistance
8Q 18 then removed and a second zero reading taken; from these two, we find the
deflexion ¢, to the left.

The sum of ¢, and ¢, gives ¢ the double deflexion required.

The values of Q@ and Q+8Q are calculated from the resistances on the multiple
arc 1n the arms of the bridge.
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Thus, on July 18th, for the balance the resistances were 205 and 7750 ohms, for
a deflexion 205 and 3950 ohms. Hence

1.1
205 * 7750°

1 1 1
Q+50 =205 * 3950
Whence Q=1991713,
Q+8Q =194884,
8Q =— 4829 “legal ohms.”

The temperature of the box was 18°5.

Ll

Having obtamned a value for ¢ as desciibed, a second series of throws were taken,
then another series of deflexions, and so on successively

Table II gives as a spccimen the observations for July 20th

Temperatme 17°5C

Battery 1 Damell cell
Resistances for Balance 205 and 6760
’ for Deflexion 205 and 3460
‘Whence
Q=198 9662 legal ohms
8Q = — 54329 "
11a? — 8¢*
s = 00107,
Z-10211
P
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TasLe II
Mean Mean
Time Zero a, a, b @ throw | deflexion
a ¢
II 10 | L 7565 1 803 05 802 802
Throw R 756 2 80 802
Deflexion [ [ ¢
II 12 | L 7665 | 117 41 35 825 825
Deflexion R 756 3445 4115
a, a, b a
II 14 | R 756 0 80 05 80 80
Throw L 7565 1 799 80
Deflexion A ¢ ¢
II 17 | R 7555 345 4105 823 823
Deflexion L 757 116 95 4125
a, @, b «
II 18 | I 757 pA 799 15 801 8005
Throw R 75355 1 801 80
Deflexion ¢ ¢, ¢
II.22 | L 757 117 413 824 824
Deflexion R 7565 34 55 411
@, o b a
1T 24 | R 7565 1 97 05 798 79 85
Throw L 757 2 797 799
1T 26 Final| Means 80025 8240

Thus the complete set of 4 throws and 3 deflexions took sixteen minutes.

We see from the last two columns that there has been a shight change in the
value both of the throw and of the permanent deflexion the current has decreased
shghtly, but very shightly, during the observations

We can get a series of values of the ratio of afc by combining an observation of
deflexion with the throws on either side, or an observation of throw with the deflcxions

The mean value of ajc for this series 18 97118,



DISCHARGE OF AN AIR CONDENSER, WITH A DETERMINATION OF “y” 151

TIME OF SWING OF NEEDLE
The time of swing was found m the usual way by observing the transits of the
zero reading over the cross-wire of the telescope.

In this case 12 transits were observed and then after waiting for an interval of
16 transits 12 more were taken

We thus found the mean of sets taken on several occasions, always both before and
after the series of throws and deflexions 7T=10713 mean solar scconds The time was
taken on the chronometer already mentioned mn Part I of the paper

The greatest error from the mean n any one of the 12 observations was less than
2 parts m 1000 Thus the time of swing 1s very accurately known

The value of X was found by reading a series of 42 deflexions The average value of
a large number of observations (which lay between 0134 and 0131) was 01324

Fiom these observations we obtain for the value ot L
L = 46488 Legal Quadrants

The result requires o small corection becanse 8@ was at 17°5 imstead of at 17°
at which the box 1s right

Introducing this we find as the value
406494 Legal Quadrants

Four sets of observations were taken on the two coils airanged 1n seiles

Table III gves the detals, from which the results have been caleulated The
mean value of 01324 has been cmployed throughout for the logarithmic decrement A

TasLe I1T

Tempera

Date ture a ¢

) L
1 o r L at17° C.

July 18th 185% | 8071 7387

10742 - 4829 199 684 46480 | 46499

July 29th 175 80025 | 8240 10713 -54329 ' 198 966 46488 | 46494

July 30th 189 80725 | 7725 10723 -50553 | 199640 46471 | 46496

\
\
\
|
i
July 20th | 189 | 7701 | 7146 | 10716 | —4903 | 199909 | 46460 | 46485
!
|
|
|

Mean 46493 legal quadrants

* There was a shight uncertainty about this temperature
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It appears that the greatest difference between two results 1s ‘0014 mn a total of
46500, or less than 1 part in 3000.

It will be noticed also that the agreement 1s very decidedly improved by the
temperature corrections of the last column Thus the value of the coefficient of self-
induction has been determmed to an accuracy which requires that the temperature of
the various coils used should be known to a fraction of a degree

The value given, 46493, 15 m legal quadrants, ve, the resstance of a column of

mercury 106 cm long has been taken as 10° cas unts To 1educe 1t to “Henry's
or “International Quadrants” 1t must be multiphed by the ratio 106/1063 We then
find as the valuc of the coefficient of self-induction of the coil

46362 Quadrants,
or 46362 x 10%, centimetres

SELF-INDUCTION OF EACH HALF OF THE ColL

Since the col was wound i two parts and one of the parts occasionally used
alone, 1t was thought well to find the coethcients for the two parts separately, and to
check the result by observing also the value when they were airanged so that the
mutual mduction of the two opposed the self-induction. Let L,, L, be the two coeffi-
cients of self-induction of the two parts, M the coefficient of mutual induction between
the parte, I the coefficient of self-induction of the whole with the two parts opposed

Then L=1L+L,+2M,
L'=L+L,-2M
=2(Ly+ L)~ L
Thus L=2(L,+L)-L.
The coefficients are all small and the probable errors of the mcasues are greater
than those mn the direct measurement
The following values, however, were obtamed
L, = 1405 Quadiants for semi-coil marked 4
L,=1393 ” » » . B
I'=0963 ”

Whence £ =4 633 legal quadrants, agreemng fairly well with the true result
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PART III

CORRECTIONS TO THE SIMPLE THEORY OF THE EXPERIMENT

(1) THE ErECTROSTATIC CAPACITY OF THE CoIL

The chief cause of difficulty in comparing the experimental results with theory
arises from the fact that the coill has considerable capacity, and further that this 1s
not distributed umiformly along the length ot the wire.

The coil consists of two sumlar portions almost 1dentical

Each half 13 wound with about 60 layers of gutta percha covered wire contaming
about 30 turns to a layer The interior diameter 18 275 em and the exterior
18 487 cm, while the axial depth of the coil 15 about 52 em  The number of turns
of the coill were not counted exactly when 1t was wound

After the experiments the case was opened and the coill measured as far as practic-
able It was found that the number of layers in a radial direction as estimated from those
which could be seen and counted was 64, and they occupied 1035 em  Thus the average
distance between the centres of consccutive layers 1s 1033/64 or 164cm. The inner
layer contamned 28 turns, and of these 25 lie m a space of 39 cm , thus the distance
between consecutive turns 15 156 e The thickness of the uncovered wire was found
to be 049 cm., thus the thickness of two coverings 15 107 em

The two halves arc scparated by a sheet of glass with a circular hole m 1ts centre,
the sheet 1s about *27 em 1n thickness.

The whole coil 15 enclosed m a wooden box, the ends of the wires bemng brought
to terminals which are well nsulated from the wood

Now 1f we consuder any turn of the one coil lymng near the glass, 1t 1s faced on
the opposite side of the glass by a simlar turn, which during the experiments will be
at a very different potential  Charges will thus accumulate on these turns and thewr
capacity must be considered 1 the theory If we consider a turn in the centre of
etther coil 1t 1s surrounded by other turns at ncarly the same potential as itself, and
does not therefore become much charged

The outer layers of the coill will have some capacity, but 1if the wood case be
treated as an 1nsulator this will be small, and thus we may consider that the chief
capacity of the coil hies i the faces in contact with the glass

We may thus represent the two coils in the following diagrammatic manner

Consider a number (n—1) of equal condensers, cach of capacity 8’, each plate of a
condenser represents two adjacent turns of the wire, which he on the same side of
the glass, and face two corresponding turns, representing the second plate of the condenser,
on the opposite side of the glass,

Vor. XVIIIL 20
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In strictness, since the diameters of the turns increase from 27 to 48 cm., the
capacities of the condensers ought not to be taken as equal, but unless this is done the
solution is very complex, and when the correction 1s small the error introduced cannot be
great,

Let the positive plate of each condeuser be connected to the positive plate of the
two adjacent condensers by wires of self-nduction L, and likewise for the negative plates,

Each loop of wire represents two adjacent layers mn the coil 1tself

The one set of condensers and loops represents one coil, the other set the second
coill. Connect the two plates of the condensers at one end of the series by a loop of
wire of inductance 2L, and connect the plates of the condenser at the other end of
the series by wires of mductance L to the two plates respectively of a condenser of
capacity S

We have thus a representation of the condenser and coil mn which the oscillations
occur. This 1s shewn diagrammatically in Fig 3.

A7) g A
Q Qg Q l ' c
k-4 s s s’
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Case 1.
Let @, @’ be the currents m the wnes connecting the positive and negative plates
of the first and second condensers, ., &, those i the wires connecting the corresponding

plates of the second and third condensers, and so on. Let @, Q,,  be the charges on the
positive plates.

Then since the rates of increase ot the charges on the opposite plates of any one
condenser are equal and opposite, 40
1

’
wl=—%=@n
aQ, _ ., .
Ly =& =— dt=w’ — &,
C m=a,
2=y, ete.

Now let V,, V,, V, be the potentials of the positive plates, VY, V;, ete. those
of the negative plates, R, L the resistance and inductance of the wires jomning consecutive
plates,

Li + Ray=V,~V,
Li/ + Ray =V, = V.
But =&, ®m=a,
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el vl

o 2Lay+ 2Ray= Vi = Vi = (Vo= VY _%_@
Now 1if L, R’ denote the inductance and resistance of the two wires jomning the
plates of any two consecutive condensers, then
L'=2L, R=2R.
Then if R 1s the whole resistance, L the whole inductance,
R=nR, L=nal.
And the equations to find the period are

L’-’;"x + Rz, = % - 2;‘7

L'é,+ Rz, = Q,—g—.f,
Lz,,+Ra:,,—g,',
_dQ
THT a0
dQ.
T — &= (IQE"
d n
-’”n-l—xn-‘—‘%

Hence we have

L'#+ Rz, + ( 1) 1,.12—0

S8
1 2
S,w,+Lw,+Rw, —S,wg-‘—s—,w,=0'
Y tnst Lant R+ Saa=0
- g T o, + wu+‘§nln—
Put = X,e™,
and let
, 1)
af/’ - —1=
S{XL R S 1=P,

S {ML ~Ra\) —2=0,
S (ML= Ra}—-1=R.
Then the cquations become
PX,+X,=0,

X +QX,+X,=0,

X.+QX;+ X, =0,

Xn.+ RX, =0
20—2
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Whence to find the periods we have the determinant

P10 O0.. =0
1 Q1 0...
01 Q1. (to n columns).
Q1
1 R
Now the determinant
=P|Q 1.. +(=111 ... 0 1
1 Q. Q1 (n —1) columns Q é 1 g (n—1) columns
1 R 1 RO
=P|R 1.. +(-1)"3 R 1
1 Q'.' Q 1\(n—l)columns 1e Q1 (n — 2) columns
1 Q| 1Q
Now
R 1 =R Q 10 +(=1y~11 0 0
'1 Q 01 (m) columns (1) ? é (m — 1) columns ?é (l)
! 1 Q | .
=R|Q 1 0 +(=1y"3|Q 1 0
1 Q1 (m —=1) columns 1 @ 1 |(m~—2)columns
Q e
= RA"I—] — Bz,
if A,, stands for Q1 0 0 to m columns
1 @ 1 0.
01 Q1 .
Q

Thus the given determiant
=P {RAn—z - An—a} - {RAn-x — A, 4} =0,
Now 1f @=2cos 6, then we know that

_sm(m+1)8
- smé

Ay (Rayleigh, Sound.)

Hence we have as the equation for the periods

P{Rsm(n—1)0 —sin(n—2) 6} — {Rsm(n—2)6—sm(n-—3)60}=0.
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In the first instance neglect the terms depending on the resistances, then

SNML —2=Q=2cos 6,

Sall=2(1 +cos€)=4-cos’g.

Now if the whole of the capacity S, were concentrated at one part of the circuit
connected by a wire of mductance L we should have

1 1

M= o=, s e
SL n(rn-1)8L

In the most mmportant of the cases with which we have to deal a large part of the
inductance 1s so concentrated m the capacity 8 We shall suppose therefore i solving
the cquation that A*S’L’ 18 a small quantity of the order 1/n¢ So that 2cosg 18 of the

order 1/n, and 6 15 not much different from 7 Put @ =7 —¢ ultimately ¢ will be
treated as small, though for the present the solution 13 general —then

S'ML =2(1+cos 0)=2(1 —cos ¢)
Whence substituting
INNL =1} {($'N2L = 1) sin (n — 1) ¢ + 510 (n — 2) b}
+®'NL -)sm(n—2)¢p+sm(n—3)¢
- % (ML —1ysm (n—1) ¢ + s (n— 2) ¢} = 0.
Thus ML fsin (n— 2) 6 — s (n — 1) $} '
+om@-—1)¢p+sm@n—3)p—2sm(n—2)¢
- % sm(n—2)¢—sm(n—1)¢+8' ML sm(n—1) ¢}
+8"*\Lsm(n—1)¢ =0,
28"\ (s1n (n — 2) ¢ —sm (n — 1) b}
+2sm(n—2) ¢ (cosd—1)
—%I{sm (n—2)p—sm(n—1)¢+8"VLsn(n—1) ¢}
+ 8L em(n—1) ¢ =0
But 2(c08¢—1)==SNL oot e o e (A)
ML {am(n—2) ¢ —2smn(n-1) ¢}
-l -2¢-sme-1)¢+5WL a0 (- 1) ¢
+8'MLsm(n—1)$ =0 ...
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On elmmating ¢ from (A) and (B) we obtain an equation for A*

Now we have seen that 4omn?¢/2 18 of the order 8'L’/SL, where £ stands for the
whole capacity In the most important cases S, the external capacity, 13 large compared
with 8, the capacity of the coil, and 1 this case the whole capacity 15 large compared
with S, In the gencral case on substituting in (B) from (A) we find

ML {sin(n—2)¢p—2sm(n=1)¢+2sm(n—=1)¢ (1 —cos ¢)}
= Llmm=2)¢—smm—1)¢+2(1-cosg)sm (- 1)¢]
sin(n—1) ¢

Whence Mis=1 +sm (n—=2)¢ —2cospsim(n—1)¢
-1 _sm(n—-1)¢
s ne
=1 —cos ¢ + sin ¢ cot ng,
.o ML/ (8= 38') =5 ¢ cot np R RN (6))

or substituting for A2L" from (A)
2tan%’(S—1}S’) S cotng . .. . . (@),

the fundamental equation for the periods

Up to the present no assumption has been made as to the relative values of S
and S’ In our case 8’ 15 small compared with S,, and then ¢ 1s small; 8 may have
any value

In the more important cases S 15 large compared with S, In this case n¢ 15 of the
order (S,/S)}  We may expand cotng and cot ¢/2 and use 1/SL as an approximate value
for A* mn the small terms

Now we have 2(1—cos¢) =MLY

Thus ¢*=NLS 1+ HNLS + ).
rQr a b

Hence ¢r=NL'S 1"’;&‘*‘;{" ,

where a, b, etc can be found approxmmately Hence expanding m Bernowillr’s numbers,

18" a b
a8 (1= 242
nL/A\8 (1 9 )(1 +n,+n‘...)

S
_{y_ 2Bt _ 2By
R A }
f-By_be )
Bt ),

Now, as a first approximation,
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Hence n*¢? 18 of the order S,/S,

n?¢* 18 of order %(%)n or ﬁ)lo_o (%)ﬁ,

since n=30 approximately in the experiments,

Agam, the value of S 18 n the final experiments 5853 cin. while S,, when the two
coils (4) and (B) are used, 18 about 1600 cm. (See Part IV)

Thus the mmportant terms are those in n¢?, a‘¢p*. , while a term such as one m
n'¢* 18, when S, has 1its largest value, of the order (S8,/8)°, and when S, 18 only 100 cm
1t 18 of order (S,/8)

Hence retaimng the most 1mportant terms,

MLS {1 - % 5 s} o1 ZBe 2Bt

(n—1) JA T
and B‘=—3—)-?Tzz, nﬂ¢’=%’(1+%)
Thus st{ui(nf—’l—)S}=1-§§;{1+%}
Henee )JLS=1——§Z’{I—-27%%)}

18, 1 .
_1_§ §{1 - 2(71—1_)}’
omitting terms of the order 1/n* m the coefficient of §,/8-

Substituting 1n the terms mn ni¢* and introdueing the value of n m the last term, we
have approximately

18 1 + 8y
MLS = ‘:‘si(l'z(n-l))ﬂ‘ﬂb_‘)‘ - D

In obtaming the coefficients of (S,/8) the terms i n¢ have been retamned when
compared with terms m ¢.

Hence for 8,/8 = 2733,
ALS =1—+0896 + *0066 = 9169.

In some of the preliminary cxperiments however the value of S,/S was greater than
umty and the series method of solution will not apply.

The following graphical method however will apply to all the cases
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The equations to be solved are
M=2(1—cos¢)

Lls"r—"_ )
(28 _ 4\
tan 9 (S' 1>—cotn¢,
__ Sl — Sl — &
S'= et n—1=30, = 2733,
for 8 =58:'53 metres, S,=16 metres
28
Hence (—S—, - 1) =218
Hence 218 x can% =cot 31¢

An 1mspection of the Tables and a trial shews that ¢ 15 nearly 56

By plotting on a large scale the values of cot 31¢ and 218 tan ¢/2 at about 56,
we find the curves ntersect at 56" 30”

Henee ¢ = 356" 30"

Hence MLS=2(1-cos ¢) TL—%,

=2(1-cosg)n(n-1)%

1
= 919,

substituting for ¢, n and S/S,

Thus practically the same value 18 found as by the series If we take S, =1 metre,
as in the experiments with coll (4) or (B) singly, then

8/8,=738, 2(n—1)=60,
and tan ¢/2 {38 x 60 — 1} =cot 31¢

Thus B4T9 x tan & = cot 314,

A smilar procedure gives for ¢ the value 14’457, and substituting m the equation
for MLS we obtan

NLS =-9924
The solution by series already obtammed was '9943.

The case m which there 18 no outside condenser 18 given by putting S=8' m the
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original equation, thus, supposing the coil to consist of n parts, so that nS’ =8, = 16 metres,

we have
t.anf =cotnp, ¢= L
2 ! 2n+1’

MLS, = 20 (1 — cos ¢) = @";—l); .

4
=238 1if n=31

= f{l - 1%} neglecting 1/n*

The case of a continuous coil of umform capacity 8 and nductance ! per umt of
length may be treated as follows,

We assume the fiequency to be such that the current across each section of the
wite 18 the same at any given moment.

Let V be the potential at one end, that at the other bemng zero, a the length of
the wire, v the potential at a distance # from the end at which the potential is zero.

Then v=£¢
a
The charge on an element dz at z 18
sVade
q=svdz= =

Vg
—dr=s L do

Energy

The total electrostatic energy of the coil 18 thus
1sV3 " e
5w/, 2*dz,

and thus =% x }Va =3V78,,

if 8, 15 the capacity of the whole coil

Hence the total clectiostatic cnergy of the coil and condenser 1s

V(S +18)
The eclectrokinetic energy 1s $Lu? 1if u 18 the current
H v= L
ence = LS +18) i

This agrees with the result already found for a large number 2 of condenseis

connected by wires (See equation (D), p 159)
In some of the earlier experiments desciibed in Part IV in which the whole coil was
21

VoL. XVIIL
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used and the value of S, therefore was 16 mctres, the values of 8 were approximately
2, 5, 55 and 105 metres The values of ¢ and MLS can be found for these cases 1n
the same manner and we thus get the following Table.

TasLE IV.
s 8 ‘ 818, " NLS
2 16 125 2°37' 48" | 2449
5 16 312 2 16 40 4582
55 16 344 212 20 4741
105 16 656 152 12 6498
58 53 16 36569 56 30 9169
0 16 2 38%

The experiments 1n which the external capacity 1s small are of no value as a means
of finding “v” They serve however to test the truth of the formula and of the cor-
rections which we have applied

We may put the correction another way, and say that instead of employmng the
whole capacity S to calculate the frequency from the formula MLS=1 we have to use
a capaaity S/k, where k has the values given in the last column of Table IV

Throughout the above we have taken L/, the effective coefficient of self-induction
of 1/n of the number of turns, as 1/n of the whole coefficient, and neglected the
mutual mduction between the turns, we proceed to justify this.

Now the effect of inductance in any wire 13 made up of the self-induction of that
wire, and the mutual wduction of the other wires, moreover the currents in the varous
turns are, owing to the capacity, not the same.

Let I, be the coefficient of induction of a wire m which the current 1s , due to
1tself, my,, mys, etc the mutual coefficients,

Then the strict cquations for any wire jomng two of the condensers cach of
capacity S’ will be

" . 1
Ly A Moy @y + +bTr(wx"""z)=0;
put L', = Ly + mypa, +
and let &y = o, + ¥,
3=, + Y, ete,
L'éy = (b + mag + oo0) 1+ m,§y + mugis +

* For this case S takes the place of S.



DISCHARGE OF AN AIR CONDENSER, WITH A DETERMINATION OF “v” 163

Now #/é¢ depends on 8’/S, and m,,, etc are all finite and less than [;;
L'=(A+m,+...)+m—';gbs— i,
where 7 18 of the order of the arithmetical mean of my,, m,;, etc,

s L=l +m,+ ..+%fn

Thus i the case ot a large number of turns, 1if S,/S 18 small the equations
already used arc correct if L’ be 1/nth of the whole self-induction, for we may neglect
the term S, /8 compared with the sum I, + m;, + ete

There 18 now the correction for resistance to be considered In the case of a simple

circmit
1 1/ R\
- . —_—— =
M=gr {1 4(7@)}’
A, being the uncorrected value, thus we may put
1
R R —
N =zF (1-k)
Now so far as the inductance of the circuit 1s concerned,
1 "
M= (L= k)
And 1n the more mmportant cases both &7 and &’ are small
1
m , | J— Ny gy 4
Therefore N SL(l B —Fk),

where &” has the valuc already found from Table IV,

¢=3 ()

In some of the experiments A, 18 about 27 x 103,
R=200x10°, L=5x10°,

R 1
L =150 approximately,

and the correction 1s neghgible
If the perod be 1/120 second as in other cxperiments,
Ao=2m x 12 x 10" =172 x 10* approximately,

B _1 approximately
AL 20 ’

11 1
and & =3 400" 600" which 18 also neghgible.

21—2
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In some of the experiments only half the coil was used.
We may represent this case diagrammatically thus (Fig. 4)

The upper set of plates and loops represents the coil connected to the man
condenser, the lower set represents the insulated coil, the ends of which are msulated

Y-,
Vi oo/ 0000Y 100000/ 100040075

Fie 4

Case 1.

As the mamn condenser 1s discharged the electrostatic action of the upper plates
causes the charges on the lower plates to vary and oscillating currents are produced 1n
the lower coil

Let z be the current leaving the mam condenser, y,, ¥;, ¥, the currents between
the lower plates of the coil condensers, then the currents between the upper plates of
the same are «£—y,, # - y,, etc,, and the equations are

L'@=V-V,
L(@-y)y=V,-V,

D@—mm=nﬂ-m>
Le=V,-V/
L=V, =V,

Lyps=Vy =V,

Hence nLe=Vi=-V/'+V/ -V,
R A A
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=2(V,—V,')—2L’w’—5w+g“

m+2) =20 % G

5 "5ty

w2, ity
(n+2)Li= SQ Fant

Also L(@=2y)=V,= V) ~(V,- V)
_Q_ G
=gy
L(&—2yn-)= Q"—’ Q—"
S
L'(#-25) =285,
. L =Yt 2y —

Hence L (5~ 29n)= i—ﬁ'y’—%'

a2+ 2Yn—,
L'~ 2_1,,,_1)-—_1/-’5'_L‘,

Now we may shew that y,=ya,. For superpose everywhere on the system a
potential v, this will not attect the currents And now choose » so that the potentials of
the plates of the mamn condenser are equal and opposite, 1e so that

Vito=—(V+v),
=§(Vi+ V),

the distribution 15 a symmetrical one and obviously m this case

Y3 =Yn-s
Ys = Yn—s, €HC
Hence 1f n=2m
Ym = Ym—1, d%‘tﬂ-l =0,

and we have m—1 equations
I/(w-2y)—"" Ly
- 9y —
L@ -y =" dtght,

L'(z~24jm)=" 5/2'3:—,1”.2"‘ ,
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put o=, T=a-2, z=a-2y,,
=4 (@m—z), Yh=1%(n—=z) etc,

Ys— Y=} (3 — ), ete

e _ 1 1(m—m)

1(m+1)1}w,— F%T5 g
Hence no DT Ty ZLy— &y
I Lo="5g~ — 55
L' = 38" (@mey — )

putting 2= Xe~,

([23' {(m+ AL - }S’} - l] X, +X,=0,
[ X, + {2800 — 2} X, + X, =0,
Xopr + {28ML — 1} X, =0,

Solving these equations as previously, putting S'L'A’=1-—cos¢, we find as the
equation for the periods

3]/ 1 =
S\L Jlm +1WT‘)(7E¢} =1. s (E)

Expanding as far as ¢* and assuming that ¢* may be neglected, compared with

m?@?, we have
, m
SvL {m +— m‘¢‘} =1,

3

28\ L {1 + m;¢'} =1

Now omL' = L, ¢*=28'NML, S,=(2m-1)8’
1 mo 8
Henco DS {L+ g g ) s*} =L

or neglecting the terms m (S,/S),
1/ m S,
MLS=1-¢ <2m —T) S

.. (F).

|

=1—%(1+%)
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Thus so far as the term i 8,/S is concerned the correction 18 one-fourth of that
to be applied n the first case, and this, when the values of S, and S are 16 and
58 53 respectively, comes to — 022.

If we assume the coefficient of the term in (S,/S) to be also divided by 4 we
have to add to this + 001. Thus to about one part in 1000 we have
MLS=1- 021="978
It however in the case represented in Fig, 4, we suppose that the lower coil 1s

uninsulated, the equations can readily be shewn to be those of the first section of this
Part, and the formula for the frequency will be

MSL = 0169 .. ... e . (@

.

There 13 however another possible arrangement to notice.

Fie 5 °

Case m

If m Fig 5, 4B, CD repiesent the two coils, we have supposed above m Fig 3
that B was connected to C, while 4 and D are connected to the man condenser In
some of the experimcuts however 1t appears posmble that B was connected to D, and
4 and C to the external condenser. The distribution of potential would then be as shewn
mn the figure, and the solution differs from that of the first casc We can wnte down
the equations and solve this case, but 1t can be shewn thus that 1t reduces to the
second case

For compaic Fig 5 with Fig. 6, which 1s obtammed by putting the coil DC alongside
AB, and placing above the two a second similar double coil A’B'D'C’ with 1ts ends
msulated, the distance between this and the fust col bemng the same as for the two
cols m Fig 5 The distnbution of currents 1s clearly the same Now if § be the
capacity of the two coils AB, DC, or 4’8, D'C' i Fig 6, the correcting term 15
-8,/128
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But §,=28, Thus the correcting term in this case 13 —% g‘ or one half of 1ts value

1 the first case

o B4y PO N, ST

0200005 s auaar——ante oGy a0 Ncaar st

Fia. 6.

We shall assume that 1if the higher powers of S,/S are included the correction 1s stlli
one half of 1ts value n the first case.

The solution for the case in which there 1s no condenser attached 15 best obtamed
from the original equation (E), p. 166, by putting S=.8’, 1e. assumng the last section of
the coil to be the external condenser

Thus we have

STt ) _ sl =1,
MS'L'=1-cos ¢
Also S =8, 2nl' =L.
Whence n(1 — cos ) cos (n¢ - %’) = cos %’ cos ne
Now assume, guided by the solution on p 161, that n¢é =; - % where ¥ 15 small
Then n(1 - cos ¢)sin % (p+4) =cos gsm% and ¢ = 22";! approximately , neglecting ;—’;
T (- 9L,
fp-y et

Thus approximately ¥= 116 7;:‘:;

"‘*’:g{‘ - 1&}

Now N8, L = 2038 L'\ = 2n%(1 - cos ¢p) =n¢p: =Z;
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Thus comparng this with the result on p 161 we see that the frequency 1s the same
whether the connexions be as in Fig 8 or mn Fig. 5
In order to solve when S, 18 not small compared with S we have with the same
notation from the above equations
sm(¢+) {% —n (1 —cos ¢)} = sm%’cos%

Now we may suppose ¢ is small.

ng* 8
Hence cot ng = tanfk——g’(l . g)_—ﬁ)
- 2 " g
T2
Now 1f MSL =k = 2unSL,
since 2L = ¢?,
we have k=n¢? 5
=n¢'
N’ k
{1 2 (1= )
B cotn¢=1}¢§, b( 2 .

k
(1-3)
Now 8'=18=} approximately, and when the connexions aic as m Fig 4, k=25
foo S=2 Hence assuming k 1s not very different in the present ariangement
cot 30¢ = 3 (1 + 12),

cot30¢=3—§6¢=163¢

The solution of this gives ¢ =2°50"30” and i = 2873
If 8=5, k15 45 m the first arrangement Thus
cot 80 ¢ = Gp approximately,

whence ¢ =2°30"30",
and k=1558.

For 8=535 k=574,
while 1f S=105, A='784

If then we wnite MLS=%k we have the followng values for & according as the

connexions are made

Vou. XVIIL 22
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TaBLE V.
X |
8
Cuse 1 Case 1 Case
CollasinFig 8 }::le:clg:gmzd CoilasinFig &

2 245 287
5 458 | 558
55 474 T4
105 659 784
305 1- 152 1- 076
190 1- 028 1- 007 1- 014
3000 1- 002 1 - 0005 1- 001
585 1- 081 1-021 1- 040

|

Agam 1t appears from an approximate calculation founded on the measurements of
the coil that the capacity of any one layer on those adjoining 1t 1s large, 1t may even
be as great as 600 cm, It is therefore desirable to investigate if possible what effect
this has on the formula for the frequency.

We may perhaps represent this by supposing the coil to consist of a seres of

3 T,
v, -Q,

'y Q
v, —Qy

g @
v, -Qy

° -y
v —Qu-)

loops without capacity with a series of parallel plates attached at the centre of each
loop.
Le=V,~-V,

L' (i=y)=V,-V,,
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L'(z— Yn) = Vo= Va,
Le=V,-V/,

d
V.- Vl=gf/s ‘C‘%=%, ete,

nl'z =L () + Yot yna)=V,— Q’
’ " 1
L (‘”—?Ia)=le/3/1,

P a 1
L (w - yﬂ-l) = :g"_/ Yn-1»
SYLMN=-1)Y,=(8/L'v—1) Y, =8/L'MX,,
Ny (= D8I 1
’ 1-8/I' |~ 8
SIna=1-" ;~2 SonL,

n—28/
MSL = 1—-——-S

Now 1t appears possible from the investigation m Part IV. p 174, that 8/ may
be as great as 600 em <o that 8'/S=4.

Also, taking the two cols, n=60 and 1 —1};;2% 1.— 6()6 approximately, thus the

correction 1s neghgible, and we mght give S a much larger value without modifying
our final result

If we have no external condenser then S=.8; and we have )»’S"L=l—1—ll approxi-

mately So that m this case the capacity of each layer of the coil on the next may
be the effective factor 1 determiming the period.

(1) EFFECT OF RESISTANCE AND THROTTLING ON THE PERIOD.
The citical resistance at which the discharge ceases to be oscillatory 1s
4L
5’
and 1 our case this 1s enormous, because of the small capacities. In the principal
case, of the large air condenser, 1t 18

46 x10° 3x 10"

6000 °  10°
When only one half coll 1s used the critical resistance 1s less, being about 30,000 ohms.
22—2

= 53000 ohms
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Now the resstance of our wire circuit 18 only 200 ohms as ordinanly measured,
but 1t is well known that under rapid oscillations the resistance of a conductor 18
increased by reason of the extra peripheral distribution of the current. The spark gap
has also a certamn resistance which 1t 1s not easy exactly to estimate,

Some observations were made with a condenser discharging through several known
circmits and the same air gap, mn order to study the dampmng and make an
estimate of what the resistance of the spark was. These ndicate that for feeble
discharge a spark resistance 18 high, while for powerful discharge 1t may be quite
low With our feeble spark 1t 18 undoubtedly large, and quite eclipses the resistance
of the wire part of the circuit, though 1t does mot amount to anything like the critical
resistance at which the discharge ceases to be oscillatory, but 1t cannot be considered
as constant, and 1ts complete specification will be difficult

With regard to the throttling by reason of rapid alternation, 1t must be observed,
1st, that the alternations weie not excessively rapid, always comparable to 1000 per second,
and 2nd, that thé wire on the coll was copper and very thin

The coil had a mean diameter of 38 centims and consisted of 3493 turns of copper
wire, half a milimetre in diameter At 1000 alternations per second uniform distribution
of current through such a wire would haidly be departed from, and neither the resist-
ance or the self-induction would be greatly different from their ordmnary values

It 1s important to note that no correction to self-induction 1s necessary, for even
with infinite rapidity of oscillation, when all the current flows by the periphery, the
value of the self-induction would not be greatly distwibed, though the throttling resistance
would then be enormous The reason why the self-induction 18 not very dependent on
distribution 1n a thin wire 1s that 1t 18 only the space mside the wire which ceases
to be magnetised by a peripheral distribution, and this 18 small m comparison with all
the space outside

(m) SkLF-INDUCTION OF LEADING WIRES.

The self-induction of the leading wires between condenser, coil and spark-gap, was
about 100 metres, but as the self-induction of the whole circwmit was considerably more
than an earth quadrant this 1s entirely insigmificant.

(iv) EFFrCT OF LEAKAGE.

The 1nsulation resistance between the two halves of the coll was measured and
found to be 20 megohms; hence leakage duing a discharge was practically non-existent

(v) ErreEct oF WAVE LENGTH.

The electric oscillations have not been assumed quick enough to give waves com-
parable . length with the circuit, else different parts of the circwt would be n different
phases, and some complications would result.
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The length of the circuit 18 4 kilometres.

The wave length mn the chief cases is either

3x10°  3x 100
880 ' 1600

and 1s always bigger than 100 kilometres, so no comphcation from ditferent phases will
anse

centims.

PART 1IV.

PRELIMINARY EXPERIMENTS

In the ecarlier stages of the work a large number of experiments were made with
various condensers, some of these had a small capacity It was thought at the time
that 1t might be possible to use a guard-ring condenser of which the capacity could be
accurately determmed and that thus a good value for “v” might have been obtained,
at this stage the importance of the correction for the capacity of the coill was not
fully reahzed and 1t was the discrepancy which was observed when the results of these
experiments were comparcd with a simple theory which led to the fuller consideration
of this corrcction which has been given mn Part [II.

The expeniments therefoie are chiefly of interest as a test of the theory and
as enabling us to see the consequences of the correction.

Several measurements were made with a small awr condenser consisting of 7 concentric
brass cylindeis each 454 cm. high and 75 mm, thick and of internal diameters 13-25,
990, 826, 692, 500, 340, and 160 cms. respectively. The capacity of this condenser
making some allowance for the edges and for connecting wires was calculated at 55
meties

Another condenser consisted of eleven circular discs of brass of total capacity, as
calculated from the dimensions, of 5 metres, A lst of these varous condensers i1s given
below (See p 175)

Two other condensers weie used, one consisting of tinfoil plates on glass, the other
a paraffin paper condenser The capacity of the former caleulated from 1ts dimensions
18 475 K metres, K being the specific inductive capacity of glass Taking K as 5 this
comes to 237 metres An attempt made however to determie by observation the capacity
of this condenser gave as the value 190 metres, coresponding to the value 4 for K
which 18 very low.

The capacity of the paraffin paper condenser was } microfarad or 3000 metres.

The capacities of these condensers were also determined by the ballistic method, but
1t must be remembered that with such small capacities accuracy cannot be expected
and the values found are therefore only approximate.
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The correction to be made to the simple theory involves as we have seen m
Part III the capacity of the two halves of the coil treated as two plates of a condenser

We may obtam a very rough estimate of this by treating the two sets of opposed
turns as two discs separated by the glass plate and insulated covering of the wire.

Now we have from the dimensions given i Part III p 153 the following data the
thickness of the glass 13 27 em and of the gutta percha 1cm taking the inductive
capacity of glass as 7 and of gutta percha as 3, we have for the equivalent air thickness

27 1
X + g or 072 cm.

Hence since the interior diameter 18 27 5 cm. and the exterior 487 cm

T x 762 x 212
8= I a0 = 1400 cm. approximately.

But the value of S, can best be found by the ballistic method. The two halves of
the coil were charged hke the two coats of a condenser to a potential difference of 60 volts
and discharged through a balhstic galvanometer. A standard condenser of 01 microfarad
was similarly chaiged, and the kicks compared. As a second experiment the galvano-

meter was shunted with the 1/9th shunt and a condenser of capacity 02 microfarad
discharged

A number of concordant readings were obtained with the result that the capacity
came out as 0018 microfarad or 16 2 metres for rapid charging

If the time of chargmng 1s prolonged the capacity rises apparently and could be
got as high as 22 metres, this was due 1n part to the action of the contaimng box
which behaves as a conductor for slow chargmg We have taken then the value
16 metres as that to be applied 1n the corrections in the final experiment

We have scen that we may also require to know the capacity of one layer of the
coll on the next This 1t 1s difficult to determine with any approach to accuracy

In each layer there are about 30 turns of wire, its thickness being about 05 cm.
The least distance apart of the surfaces of these wires 1s about 1 em while the
distance between their centres 13 about °15.

We may as a very rough approximation treat the two layers as two concentric
cyhnders 1'5 cm (30 x 03) mn height and 12 cm. apart.

The mean diameter of these cylinders 13 88 cm Hence 1f X be the inductive
capacity of the dielectric the capacity required 1s

7 x38x16K
drx1g O™

or about 120K cm Assuming K =3 for india rubber we get for the capacity of one
layer on the next the value 36 metres,
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List of condensers used in the prelimmary experiments with their capacities as
directly measured ballistically or estimated from their dimensions.

Capacity
Cylinder condenser, already described, 55 K, metres
11 plate disc condenser, " 50 "
5 plate disc condenser, part of the above 20 »
A Leyden jar about 205 "
A flat sheet glass and tinfoil condenser  about 1900 W
or as found by calculation 237 ’
A large paraffin paper condenser by Muirhead,
consisting of six 2 microfarad condensers
arranged 1n series about 3000 N

After several preliminary photographs at various speeds and modes of connexion we
took on 22nd July a cateful series of spins with the fork adjusted exactly at 128 and
with the 4 pattern of the disc extremely steady.

The connections were made as mn Figure 8

L being the self induction co1l
C and €’ the condensers arranged close together
S the spark gap in the dark box, and M the electrical machine

The powt E was sometimes earthed.

Fia 8

Connexion with the machine was made through wooden penholders w, mn order to
avoid the capacity of the machine wires and terminals coming m as a disturbance, and
the two condensers are shewn connected to each other also by penholders. This was not
always done, and it 18 this circumstance which was specially varied, the object being
to test the mfluence of wooden connexions, for subsequent use; eg. with a guard-ring
condenser, where wooden connexion might preserve the potential umform during slow
charge but 1solate the guard-ring during sudden discharge.

The following are the circumstances of the chief plates taken this day
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Prate No. L.

On 1ts first or outer circle several sparks were taken, with cyhnder and disc con-
denser jomed by wood w'.

Second circle, several more with the same
Third circle, with the cylinder condenser alone, the disc condenser being disconnected
Fourth circle, both condensers m parallel, jomed as in Figure 8, but by wire, not wood

The following 1s the micrometric analysis of this plate, the numbers being given
rather fully as a specimen It was the first plate carefully read We do not quote the
actual circle readings but the successive differences or lengths of the constituent half-
oscillations, the last one was usually faint, and some were better marked than others
It will be seen that there were very few oscillations in each spark, because of the
smallness of the condenser and the resistance of the ciremt It would not indeed have
been surpnising 1f the damping had affected the perod perceptibly, but the only obvious
effect 1s the lengtheming out of the last swing by the high resistance of the decaying
spark

Successive alternation 1ntervals on fourth or mmer circle of Plate No 1 for different
sparks —

6° 48, 6°18, 655, T°¢

6° 36, 6°15, 6°40, 6°54

6°29', 6”41, 6°32, 7°6 (lower power object glass),
6° 32, 6”35, 6°25, 7°11' (plate recentred),

6° 32, 6°35, 6°26, T7°7 (repetition),

6° 23, 6°33, 6°16, 7°2 (plate recentred),

6° 32, 6°38, 6°34, 7° 28 (apparatus reset)

It 1s clear that the last or decaymng half oscillation 15 unduly lengthened by reason
of the high resistance of the dymg spark, so, omitting 1t, we have as the average of a
half oscillation for this circle 6°31".

Similarly omitting the last reading, which i nearly all cases 1s longer than the others,
the average length of a half oscillation on the thid enele 1s 5°19°, on the second crcle
5’18, and on the first or outer circle 5° 19

Since the plate was making 64 revolutions per second, this gives as the observed
frequency

For the cylinder condenser connected by wood to the disc condenser 2170 per second

For the cylinder condenser alone . L 2170 »

For the cylinder and disc condenser properly connected 1770 ”

These numbers shew that the wooden connectors sepaiating the condensers act as
expected, at least in preventing combined discharges, and thus act effectively n 1solating
the machine terminals from the capacity discharged.
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It would be tedious to quote at full length the details of all the prelimmnary spins,
and 1ndeed all of the records have not yet been read But such as seemed likely to
be structive were carefully examined, and a summary of them 1s given below

July 25 The 11-plate disc condenser arranged so that the machine charges 1t
through a needle pont, an 1nch or two distant, without direct contact. The needle
point replaces the wooden connexion previously used The following are the lengths of
various half oscillations as recorded on a plate spining 64 turns a second 4°42
4742, 4747, 4741, 4740, 4°41, 4°44', 4°38, 4°38, 4°41’, 4°50, 4° 48, 4° 37, 4°43,
4° 38, 4°29°, 4°19° Average of these numbers 4° 40"

Frequency deduced from the observation, 2470 per second.

Same duate Cylinder condenser, similarly arranged Frequency 2370

Same dute 5-plate disc condenser, similarly arianged, average 4°30° Frequency 2580.

July 30 Cyhnder condenser arranged mn a different part of the circuit, viz. each set
of plates connected to one of the terminals of the two halves of the coil as in Figure 11,
p 181

Average reading 4° 34" Frequency 2560.

On other cucles of the same plate, condenser detached and mmddle termmals of coil
left insulated, so that the only capacity was that of the two halves of the coil-

Readings 2° 45/, 2°54, 2°31, 2°4/, 2°4/, 2" 2/,

Average 2°30" Frequency 4630

July 31. Spms taken at the 12-pattern speed (1e 21} revs per sec) with the large
Munhead condenser m <imple ciremit with the whole coll  The outer circle was taken
with the condenser attached to mmddle screws, as on July 30, for the others 1t was con-
nected m the ordinaty way But no correction for coul or other capacity should be needed
with this great condenser

Average reading 30" 30, the speed not perfectly steady
Frequency deduced 126 per second
August 1 Cyhnder and disc condenser in parallel

Average of readings for spark alternations on outer circle 6° 32’

N ” for another set ditto 6° 38’

' » for spark on second circle 6° 30"
» " for another set ditto . 6° 29’ 5"

" " for spark on third circle . 6°32

» " for another set third circle . . 6°29

" » tor spark on fourth circle . 6°30
General average for this plate 6° 31" 5”

091

Frequency deduced, 1766

The speed for the outer circle was steadiest

Vor. XVIIL 23
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Same date. Cyhnder and disc agam, with coill connexions reversed, otherwise every-
thing the same,

Average of readings off all alternations on outer circle 6°13'5”

» » N " second circle 6°155”
» » » » third circle  6°11’
” » ” » fourth circle 6°17

Speed for fourth circle was steadiest, weighted average 6°15'

Frequency deduced 1830

Same date. Leyden jar added to cylinder and disc condensers.

General average of readings 9°48’

Frequency deduced 1180.

August 2. Took a spin with the large Mwrhead condenser connected not to the
entire coil, but only one portion of 1t, the portion called B

Average of readings (one spark on each circle) at 4-pattern speed was 49° 40’, but the
speed was not over steady, and with these heavy sparks the setting of the microscope on
a leading feature of each alternation 1s less defimte.

Frequency deduced 232 or 233
Same date Same condenser jomned to coil 4.
Average of readings 50° 10’

Or omitting the last or drawn-out alternation, and taking the most probable aveiage

from the steadiest circle
Estimated 1eading 49° 42'

Hence frequency deduced, average 230,
most probable 232

Same date. Muirhead condenser jomned to complete coil, one spark attempted on each
circle, but one apparently missed fire.

Average of whole set (with 8-pattern speed) 45°15',
or frequency 128,

Same date Muwrhead with disc and cylinder condenser added
Speed deduced 127 and 124

August 3 Sheet glass condenser (glass as dielectric).
Composed of 8 sheets of glass and 9 of tinfoul.
Each tinfoil 381 x 542 centim.

Combined thickness of the 8 plates 22 centim.
Plate running at 6-pattern speed.

Average of readings 17°8'

Frequency deduced 450

.
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Same date Same condenser through B coil only; frequency 820.

This 18 a sufficient account of the preliminary experiments, whose object was partly
to gain experience and partly to find out what sort of condenser was best to use. Decided
that a large simple air condenser was advisable, without complication of guard-ring or
anything, but with edges that could be allowed for by calculation and with plates large
enough to make the correction of relatively small amount.

In order to compare these preliminary results with theory 1t seemed best to calculate
the theoretical frequencies, using the formula AMLS =4 where k has the proper value for
each combination as given i Table V. i Part III

We thus obtain the following results:

Tarte VI Both coills 4 and B being used

Date Condenser contimerros calculated observed.
July 25 Five-plate disc 2 2590% 2580
; : N _ “ _ ’4037

24 . h P 2
Jl‘:li 25 Eleven-plate dise 5 2400* 3470
July 22 2060 2160
Tuly 25 Cyhinder 55 2270% 2370
July 22 Cylinder and dise = 1770
Aug 1 n parallel 105 1745 1766

Cyhinder, disc and = -
Aug 1 Leyden Jar 305 1170 1180
. . 190 501

Aug 3 Sheet Glass 237 T 450
July 31 126
Aug 2 Parafhn condenser 3000 128 127

128

» o9

In the observations marked thus * the calculations have been made on the assumption
that the connexions were as mn Fig. 5.
23—2
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TABLE VIL using only one coil

F
Date Condenser Capacity E:fg:::::g Jffe‘ﬁzgy
A . 232
ug 3 Paraffin condenser 3000 233 230
190 926
Glass condenser 237 837 820

Considering the nature of the experiments the agreement may be considered satis-
factory. The capacity taken for the cylinder condenser 1s probably too high, if 1t were
assumed as 51 instead of 55 the agreement m all the experiments in which 1t was
used would be mmproved It 1s also clear that the value 190 taken fur the capacity of
the glass condenser 1s too small, only one determmation of this was made, and there
may have been some leak which reduced the capacity as measured, an earlier attempt
at measuring the capacity was a falure from this cause

It will be noticed that the corrections have been applied as though on July 24
and 25 the coll connexions were those shewn m Figure 5, while on the other days they
were those of Figure 3 There 1s no evidence n the note-book that this was the case,
at the time these experiments were made the importance of the direction m which the
current traversed the coils was not realized.

The results of three of the preliminary experiments are not recorded n the table

On August 1, with the cylinder and disc condensers m use, the connexions were
as shewn m Figure 9, and the frequency was 1766, this result 1s given

Spark gap

Earth
Fie 9

The connexions were then altered so that the condenser was to the termmals B
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and C as i Fig. 10. A4 and D being connected together, the frequency rose to 1830,
this result we have not been able to explain as satisfactorily as we could have wished

B, A

Spark

Earth
Fio 10

The following may however have been the cause In the figure 4 and D are terminals
connected with the outer turns of the coils, B and (' those connected with the inner
Now the capacity of the outer turns 1s greater than that of the inmer, while at the same
time the portions of the coils which are nearest to the condenser, and in which there-
fore the potential difference 1s the greater, will have most effect on the result. We
have however taken an average value of ', 16/30, m calculating the correction It may
be that this average 1s mght for Fig 9, but that for Fig 10 1t ought to be reduced,
for the actual value of S' mnear C 1s only 3/5 of that near A If we assumed
8, =3x16/5=10 say, or S’'=10/30, we should obtamn as the frequency the value 1860
which agrees closely with that given by experiment

Agan on July 30 the cylnder condenser was connected to the coil as i Fig 11.
The observed frequency was 2560.

Bmmnmm%
S
’

c

Spark

D

Earth
Fre 11,
The calculated frequency for this case, assuming the corrections already given, 1s
2060, or 1if we assume the connexions to have been as in Case n, 2270, m ether
case the result 18 much too low.

It will be noticed however that m Fig. 11 the condenser 1s connected to the
termmals B and C, 1e to the iner termmals of the coll as in Fig 10, and we have
just seen that the assumption that the effective capacity of the coil 1s 10 meties
when this 1s the case serves to reconcile theory and experiment. It becomes of interest
then to evaluate the frequency, assuming S, equal to 10 and S" to 10/30



182 Mrssrs GLAZEBROOK axp LODGE, EXPERIMENTS ON THE OSCILLATORY

The resulting value for the frequency 1s 2470 which is still below that found by
experiment, viz 2560, but 1t has already appeared that the capacity assumed for the
cylinder condenser, viz 55 metres, 18 too high The assumption that the value was
51 which (p. 180) 18 required to reconcile with theory the expermments recorded m
Table VI. would also bring the results of this case into greater harmony

On the same date (July 30) and immediately after the above experiment, the
condenser was removed and oscillations taken with the coil alone In this case, assuming
the theory developed i Part III, we have

S.L)J=%2<l —}L>=238,

or if we suppose the capacity uniformly distributed along the coil,
S, In =3
On substituting for S, the value 16 metres, and foo L 463 secohms, we find for the
frequency the values 3830 and 4300 respectively, the experimental result 1s 4630 In this
case theory and experiment would be 1econciled by the assumption that the capacity of the
coil was 10 metres instead of 16, and this valuc fits, as we have seen, the cxperiments
Just discussed 1 which the condenser was used

If we adopt the first of the two formule and take S,=10 we hnd the theoretical
frequency 18 4820, while the second formula based on the assumption of a umform
distribution of capacity leads to the value 5360. The observed value was 4630 which
agrees best with the first of these two theoretical values, being 1ather below 1t. It will be
observed however from the record on p 177 that the experimental 1esults are very vanable

Thus these three sets of experiments in which the condenser was connected to the
termnals B, C of the coil will be reconeiled with theory by the assumption that when
the experiment 18 so conducted that there 1s a laige potential difference between the
mner windings of the coil for each of which the electiostatic capacity 1s smaller than
for windings near the outer edge, the effective capacity of the coil S, of the formula
18 about 10 metres, possibly rather over 10 metres.

These results are given i Table VII («)

TasLe VIL (a)
Both coils 4 and B being used, but the coil capacity taken as 10 meties mstead of 16

Date Condensel Capacity f:fcquli:?;‘l/ F;:lfglrevzg‘
-
Aug 1 Cyhndet and disc 105 1860 1830
July 30 ]\ Cyhinder 55 2470 2560
‘5 . Cal only 4820 4630
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The general concordance of the experimental results with theory appears to shew
that the capacity of the coil, layer upon layer, has no marked effect, 1f 1t be taken into
account a correcting factor of the form 1 —%%‘, must be ntroduced, where S," may possibly
be 3 or 4 metres. This would reduce the frequency 1n the case of the 2-metre condenser

by about 1/30th, bringing 1t to 2510.
For S=5 the correction would be 1/75

A sufficient account has now been given of these prelimmary experiments, as a result
we were led to construct an awr condenser of considerable capacity which we could calculate
with some degree of accuracy.

PART V
THE Air CONDENSER

We proceeded to make an ar condenser of eleven flat plate glass slabs very care-
fully covered with tinforl so as to offer a perfectly smooth metalhc plane on both
sides, folding the tinfoll 10und the edges so that they were practically slabs of metal.

The plates were nearly square, and their size was measured individually, giving as
the average result 39716 cm long by 59 614 cm broad

The boxwood scale which had been used was then compared with a brass standard
metre, which we know to be accurate at 0°; and 60 centims, on 1t was found to be
o mullimetre longer than 60 centims. of the standard at 18°. The expansion of the
brass would make the length of the standard too long by ‘2 millim, so the total
correction 15 025 centim Hence the corrected size of the condenser plates is

59 74 x 59 64 square centim.

The thickness of the eleven plates clean and fimshed and lying close together was
measured 1 eight different places and found to average 3157 inches, or when clamped
together tightly 3:116 nches, so the thickness of each plate was 284 mch or ‘721 centim.

We then cut a number of plate glass distance pieces, measured them carefully, and
arranged them 1n the 10 spaces between the plates, 5 i each space, like the pips on
a card Set the plates on end on a par of ebomite wedges and clamped them m
special wooden frames, making careful contact with each plate by a thin wire lymg
along the mddle of an edge. Connected alternate plates together and proceeded to
charge But found that the glass distance pieces leaked 1n the most surprising manner
Four of them were sufficient to prevent the machine from charging anything. Tested
them separately and found they leaked hke wood, giving a distinct brush discharge
from their corners
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Hence replaced them by pieces of ebonite all cut out of the same sheet, each

piece 7 milhmetres square. 52 pieces end to end, measured 1n vernier callipers,
occupied 10 24 inches

So the thickness of cach distance piece was

1989 1nch or 5001 centim.

With 5 of these between each plate, one at each corner and one i the mddle,

the plates were once more clamped up, connexions carefully made, and an experiment
begun

The plates stood vertically on a pawr of sharp-edged cbomte wedges, at a height
of 1 inch above the floor of the frame, which was tinfoiled to make 1t defimte The
sides and top weie at first open, so that the edges of the plates were then free, but
afterwards 1n order to keep the inside ar dry for all the best experiments, the box
was panelled in  The distances of the wood panelling from the plates were as follows*

Fiom edge of plates to wall of case . ......515 centim.
woow o woowooomoof L 88
woomow o ow floor Ll 25

A smple wooden X formed the front and back at a distance from the outer flat
of the plates, 40 on one face and 32 on the other

ESTIMATE OF CAPACITY OF CONDENSER

The method of correcting for the edges of a thin plate 13 given 1 Maxwell,
vol T §293 A term has to be added to the lhnear dimensions as if an extra strip
of a certain breadth were put on all round a umformly chaiged plate

This extia breadth, on account of the extra density at terminations of thimn parallel
planes, 1s

b
'7—'_ IOg‘ 2,

where “0” 13 the distance between the plates But the plates are thick and square
edged, and a further correction has to be made for thewr thickness, Maxwell’s further

correction for thickness B, cos gf, assumes the edges to be rounded and 1s therefore

mapplicable, but acoustic analogies suggest the addition to the dimensions of each plate
of a quarter of 1ts thickness, to represent the effect of the edges themselves (Cf. Rayleigh,
Sound, vol 11 § 307 and 314) '

The total correction 1s thus

22b + 238 =11 +18 = 29 centim
to be added all round
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Thus the capacity of the condenser proper 13

10 (59 74 + 58) x (59 64 + 58)
4 x 5001 ’

and this reduces to 5779 centimetres

To this has to be added a term for the proximity of the case to the edges, especially
for the proximity of the floor; the floor correction 1s

5% 60 %72
X35 =69 centims,
The walls and roof together amount to 87, or altogether 156 centims

Next, the ebonmite distance pieces must be allowed for They are cach § square
centim 1n area, and therc are 50 of them, then specific inductive capacity may be
taken as 3, so the extra capacity due to them 1s 8 centuns.

Adding all these we get for the condenser capacity, 5803 centims

Then there 1s a correction for the charged portion of the wires leading from the
condenser and coil to the spark knobs. This was approximately 73 metres long and
one millimetre thick, with a span of 14 metres between 1t and the walls Its capacity

was therefore —~7~——.- =50 centims
og, 15

Thus the whole electiostatic capacity under charge was

5853 centumetics.

Connexions were as i Figme 12 The machme was usually connected only across
an air space by ncedle pomnts so as to take no part mn the discharge

Fra 12,

Vor XVIII 24
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PART VI
FINAL EXPERIMENTS,

With the air condenser described mn Part V., a number of spark photographs on
Mr Swan's 4-inch square plates were taken with the plate revolving 64 times a second
From seven to mne circles were attempted on these plates with three or four sparks on
each circle.

Tin plates which are lettered from A4 to Z were afterwards read with great care
by Mr J. W Capstick who wntes “The measurements will be found to be within a
very few minutes of the correct reading In one case I accidentally went over a spark
twice, and though I was then at the end of six hours’ almost continuous work at
them, and the spark was an exceptionally indefinite one, the greatest divergence n the
readings was only 3 or 4 minutes,

“The plates are very much better than any I had done previously, and the setting
of the microscope was generally a simple matter The spaiks were in general so
defimte and regular that I did not think 1t necessary to make drawings of them”

[This had been done with some of the earher plates.}

Mr Capstick remarks—as will be seen from the Tables—that there 15 some iwregu-
lanty mn the sparks, and that, unless 1t 1s desired to study this, greater accuracy of
reading 1s hardly necessary.

The analysis of this long series of plates has been a work of time, we give below
the results of a study of all the plates from G to U. In the carher plates, marked
A to F, the work was m some respects of a prelimmnary character, there was no plate
marked Q. In the spin for plate P the coils were i multiple arc, and the coefficient
of self-induction for this arrangement was not determined.

We give as an example the actual record for two of the circles on plate U*

This 1llustrates the method cf dealing with the results

SPARK RECORD ON Prarte U.

Col B only used

Outer circle.
Aoctual readings, Differences Averages
Spark (1) 194 0O
186 49 14° 36’
179 24 (14 45)
14 25 [ 1
2 4 ;
164 59 (14 24)
157 40

* The record for this plate happened to come first 1n one of the note-books 1n which results were recorded
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Actusl readings Daifferences Averages
Spark (2) 155° 14/
(147 46) 147 21
140 53 14 12 14° 22’
133 34 1433
126 20
Spark (3) 112° 40 S
106 4 1411
or 105 5 (14 43) o e
o7 57 14 17 14° 18
90 48 9
83 48 14 12
76 36

General mean for this outer circle 14° 24’

Second curcle

Spaik (1) 136° 23
129 4 14° 12
122 11 14 11
Spark (2) 118 29 147 1¢
114 53 1419
11 6
107 32 14° 18
104 11 14 10 } 14° 18
96 56 14 28
89 43

Spark (3) 175° 24/
168 1
(161 6)
154 2
146 25

Spark (4) blurred

14° 18
14 0 14° 13
14 21

Here there was some simple overlapping, giving no difficulty m sorting out  The
geneial average for this circle 15 14° 14

24—2
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TaBLE VIIL

Prate U. Col B

Circle 1 I I 1II v V. VI ViI VIII IX

Spark 1 | 14°36" | 14712 | 14°33" | 14°17" | 14°21' | 14°34' | 14°39' | 14°46' | 14°56'
1445 (1411 [14 25 |14 6 (1412 |14 26 |14 40 |14 18 |14 41
14 25 |14 19 1419 [ 1425 |14 24 | 14 43 |14 24 | 14 37
14 24 14 56

211421 14 18 | 14 31 14 9 | 1412 |14 26 | 1445 |14 11 | 14 16
1412 (1410 | 1418 |14 5 (1410 (1414 [ 1423 |14 14 |14 12
1433 11428 | 1422 | 1415 | 1411 |14 24 | 1436 [ 1411 |14 9
14 49 15 5

311411 14 18 |14 29 | 14 21 1414 |14 14 (156 3 | 1417 |14 39
1443 |14 0 [ 1419 | 1420 {1420 |14 5 [1429 [ 1420 | 1410

14 17 | 14 21 1416 |14 24 |14 16 |14 23 | 14 16
14 9 14 14 14 21
14 12 14 7
4 1433 | 1419 | 14 43 14 23
1426 114 9 | 14 38 14 20
14 36 | 1425 | 14 39 14 34

Mean for | ,0q, 0yt o e T T o gp oqy o 9o °0q
arcle 11°24" | 14°14" | 14°27 14°19 | 14°18' | 14°26" | 14°31" | 14°22" | 14°29

Mean of

central | yueie | g g | 1400 | 14014 | 14012 | 14018 | 14008 | 140190 | 14017
swings for
each circle |

General mean from plate 14° 28’

Mean from central swings 14° 17’
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Thus 1 Table VIII will be found the actual length mn degrees and minutes of all the
oscillations on the plate. The Roman numerals at the head of the columns indicate the
circles on which the sparks are to be found, the record for each spark 1s shewn separately.

The mean length of oscillation from the 99 sparks here recorded 1s 14°23', the range
of the readings 1s rather over 1°; the means for the various circles are given n the
Table, they 1ange over 17" It 1s clear however that the oscillations 1n any one spark
are not of equal length As a rule the first oscillation 18 a long one This 1s followed
by one or moie of shorter period while, as the spark dies away, the oscillations again
lengthen, the cause of this has been discussed 1n Part IV.

The lengthening of the latter oscillations 13 more plainly shewn on some of the other
plates. If we omt the longer oscillatious, and take only the more regular central swings
on plate U, we get the following series of numbers, in which the 14° 18 omutted for
brevity

Averages | 16 8 21’ : 14 ‘ 12 18

TaBLE 1X.

l Circle I II I INA : v VI : VII VI X

l L R
25 11 25 6 12 26 % 40 18 41
12 {10 | 18 10 | 14 | 23 | 24 | 12
17 0| 19 5 | 11 3 l 36 | 14 9
9 20 | 16 | 38 (.29 | 11 | 10
26 9 ’ 14 | 2 | 16

! 23

; 20

|

28 19 17

These lead to an average length of oscillation of 14°17".

In taking the average i this manner we have given cqual weight to each
observation

Now the record of this plate taken at the time of the observation 1s
PraTE U
Arr condenser 1 circwit with B coil

Machme not i circurt but arranged to charge 1t through a pair of needle pomnts
from a distance so that 1ts capacity should not interfere
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On the outer circle were taken 4 sparks, speed steady.

" second ,, " w &, » far

» ted o, ., , 8 , , steady

» fourth ” P »  far

» fifth ” " . 4, , fair

" sixth » » 4 " »  quite steady

Y seventh ,, » , 4 » ,»  steady.

» eighth " . 4 ” » steady on average
» mnth ,, " n o — » - - -

(The number of sparks taken 1s not with perfect certainty correct, becausc there
was sometimes a difficulty in hearing them)

The remarks as to the speed were noted at the tume according as the stroboscopic
pattern had successfully been held still or not while the circle was bemg taken

If attention 1s paid to these speed remarks 1t would seem that circles I, IIL, VI,
VIL and VIIIL should have most weight attached to them.

The averages for these circles are 16', 21, 18/, 28, 19, for the middle swings, and
their mean 1s 14° 20"

The complete averages for these steadiest circles are 24/, 27, 26, 31’, 22/, and the
mean of these 15 14° 26

It would thus appear that the best value for the wave length for this plate 1s
14°20’, while 1if all the sparks be included which he on the circles retained, the
number 1s 1ncreased by 6', 1f all the circles are ncluded, each of these numbeis 1s
reduced by 3’

We may claim then to know the length of the osallation on this plate to
about 5, 1e to about 6°/,
The frequency corresponding to 14° 20" 1s 64 x 360/1433 or
1608

PraTe S

Another series of wave lengths as recorded on plate S, mm which coil 4 only was
used, 18 given m Table X

The notes relating to this plate are as follows

On this plate the sparks photographed were taken from the air condenser through
the A coil only Machine charging via needle pomts
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TasLe X
PLATE S. SuUMMARY OF READINGS.
Col A.

Circle I I ur v v V1 VII VIII

14°31" | 14°36' | 14°37" | 14°28" | 14°31" | 14°53" [(blurred) |(all overlap)
14 11 1420 11429 |14 3 |14 2 15° ¢
14 24 | 14 28 |14 28 |14 16 | 14 43 | 14 33 | 14 26
14 49 | 14 39 |14 11 14 52 | 14 32

14 15
1419 |14 41 14 45 14 35 | 14 39 14 56
13 57 14 21 14 43 | 13 58 14 4 | 1419 14 22
14 11 14 22 1417 |14 9 14 11 14 22 14 14

14 25 14 28 14 51 14 48 14 2
1432 [( )|1ass 14 40
14 13 14 15 14 33
1418 | 1419 |14 34 N RV

14 26 14 47 | 14 47

14 38 14 45

14 30 14 19

14 26 14 25

14 17 14 50

14 42
General o 9o o oQ’ Yy o oar o op o qgr o gnr
Mean 14°22" | 14°28" | 14°28" | 14°26' | 14°26' | 14°38 | 14°27
Mean of
central 14°117 | 14°22° | 14°23 | 14°15 | 14" 6 | 14°26" | 14°2¢
waves

General mean 14° 28’

Mean for centre swings 14°19’
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Four sparks were taken on each circle

Circle I  speed moderately steady Circle V. speed fair
II. » fair VI. » steady on average.
II » quite steady for 3 sparks. vir shightly backing
1v. " steady VIII. ,, fair

To save space only the differences are quoted. All the differences read are ncluded
Sometimes overlapping prevented any reading being attempted
The general mean from Table X. 1s 14°28, while the central swings give 14°19'
These means include all the circles. The range of the mean readings 1s about the
same as for plate U, and the ficquency calculated for the cential swings works out
to 1610 oscillations per second
TasLe XI

Prate R.  Complete Coll A+ B

Circle I II joss v v VI, viI

Spark 1 | 26°52" | 26°53 | 26°34’ 26" 43" | 26°47'
26 16 |26 22 |26 11 |26 19 | 26 23
26 18
26 46

22644 | 2655 | 2651 | 2652 |27 1

b !

2o

26 4 | 2618 | 2615 | 2620 | 26 23 M

£

26 51 o7 7 £ |

ER

s I

3 26 59 | 26 51 | 26 55 | 26 46 S :

=3

26 4 | 2612 %19 | F

o '

26 50 26 37 ) i
4 26 38
26 4

Gﬁ“ml 26°33' | 26°30° | 26°32' | 26°37 | 26°37’
ean

26°12 | 26°15" | 26°13" | 26°14" | 26° 21’

Central
Mean

General mean ot plate 26° 34’
Mean from central series 26° 15'
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As an example of a plate 1n which the whole coil was used the record for plate R
1s given m Table XI It will be seen that the means for the separate circles differ

by 7 in the case mn which all the sparks are considered, and by 9 when only the
central swings are dealt with, the difference between the two means 18 19",

If we take as the length of wave 26°15/, the frequency 1s 64 x 360/2625 or 878
oscillations per second

It 15 not necessaly to give the results of the other plates in such full detail

The following Table summarizes them sufficiently In each case the central sparks
only are included

TaBLe XII

Complete Coll A + B

Plate K L o R T

Number of sparks 11 13 9 15 22

Length of wave 26° 14 26° 9’ 26° 16’ 26° 15 26° 5

Mean length of wave 26°11’

Coul A
Plate G H M N s
Number of sparks 20 28 7 27 33

Length of wave 14°147 | 14°32° | 14°26° | 14°18 | 14°19

Mean length of wave 14° 20",
Vor. XVIIL
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Coul B.
Plate J 1 U
Number of sparks 28 ] 37
Length of wave 14° 26’ 14° 20’

Mean length of wave 14°22'.

From these we find as the mean length of the wave when the complete coil
A 4+ B 18 used 26°11

With regard to the observations made with the coils 4 and B in crewt separately,
1t will be observed that plates H and J give higher results than the others Now
there 13 a note 1 the book that for these two series the outer plates of the
condenser were earthed, they were taken therefore under different conditions to the
others; 1f they be omitted we have as the mean wave length for plate 4 14°18/,
and for B 14°20°, if we 1clude plates H and J, the mean for 4 1s 14°20’ and
for B 14°22'

The corresponding frequencies are, excluding plates H and J,
for coil (4 + B) 880 per second,
for coill 4 1611 per second,
for coill B 1607 per second

If we take the whole series of sparks for A and B we get respectively for A
1607, and for B 1603,

While the frequencies given by plates H and J are
for A 15683,
and for B 1596.

It 1s hardly necessary to work out the frequencies for each plate Foi the complete
coll 4 + B the greatest variation from the mean 1s four parts i one thousand.

We may now determine from these spark records the value for “v”
We have the formula

v=2m frequency x \/ %g’

where % 15 the constant, the values of which are given 1 Table V, occurring n the



DISCHARGE OF AN AIR CONDENSER, WITH A DETERMINATION OF “»” 195

formula LSN=% In the case in which the two coils were used there 18 no difficulty
in deciding on the value of & The formula for A 1s that given on p 159 (D),
. 18 1 LRCAS
LS"’—I—Es’{l‘zin‘:l)}*E(S)+ ,
and hence k= 916
If only one coil 18 used two cases may anse, if the lower coil 15 completely m-

sulated we have the case dealt with 1 Figure 4, the corresponding formula as far as
terms 1 S,/S are conceined 1s (F) on p 166, viz

! 18
Lb‘l’—l—ﬁ<1 ﬁ-;)g,
and the value of % resulting from this 1s 978 If on the other hand the lower coil

18 not msulated the correction necessary will be that indicated 1n (G), p 167, and the
resulting value of & will be the same as that for the two coils, viz 916

As far as we know the coll was usually insulated, at any rate 1t was not 1n-
tentionally connected to earth except for the two plates H and J

But there 1s another compheation in this case We assume 1 this case that the
value ot L 1s that for cither half the coil, now this assumes that there 1s no current
in the unused coil, but in consequence of the electrostatic induction there 18 a current
i the unused coil This current will be of the order #S8/S if « 18 the current from
the mam condenser, and 1ts effect will thercfore alter the coefficient of self-induction
L of the upper coil by an amount proportional to MS’/S or about M/120 Now the
value of L, 1s about 14 and of M about 91 Hence the value of L, m the experi-
ments with the sigle coil 15 uncertan to one part i one hundred and seventy

Omutting however this correction we get the following Table of values.

TasLe XIIT
|
Coul used k | Fiequeney | L N v Observations
! | - — - n
| l -
A+B 916 ‘ 880 i 4636 58 53 3009 x 10 | Mean fiom seventy sparks
A 978 1611 | 1409 58 53 2939 x 10" | Unused corlassumedinsulated
% 916 1611 1409 58 53 3037 x 10" » n ,» ummnsulated
916 1583 1409 58 53 2984 x 10 | Plate H, coil unnsulated
B 978 1607 1393 58 53 2922 x 10" | Unused corlassumedinsulated
i 916 1607 1393 58 53 3020 x 10" . ” ,» uninsulated
916 1595 1393 58 53 2990 <10 | Plate J, coil uninsulated

25—2
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In the fourth and seventh lines of this Table we give the velocity as obtained from
plates H and J. We know that in this case the effective coll and one plate of the
condenser was earthed originally, and we have therefore used the value of k calculated
on the assumption that the free coill was earthed throughout It will be seen that the
resulting values of “v” and that obtamned from the experiments with the full coil are
1 close agreement, being respectively 2:98 x 10, 299 x 10* and 301 x 10*

If we take the other observations for coils 4 and B, excluding plates H and J,
the results are not quite so satisfactory The assumption that the free coil was msulated
leads to the values 294 x 10" and 292 x 10°, given 1n hnes 2 and 5 of the Table, on
the assumption that 1t was earthed we find from the same series of experiments the values
3'04 x 10 and 302 x 10* respectively, given 1n lines 3 and 6 The truth would appear to
lie between the two.

If we take the experiments with the complete coill 4 + B n series, we can determine
the corrections with greater accuracy, and we find as the result
v =23009 x 10* centimetres per second,

while since the corrections can be calculated with more exactness in this case, we
attach far greater importance to the result

We da not however look upon the paper as one describing a very exact method
of determining “v,” but rather as a study in the oscillatory discharge of a condenser
which mcidentally leads to a determination of “v” by a novel method.



VIII. The Geometry of Kepler and Newton. By Dr C. Tavror, Master of
St John’s College.

[Received 25 August, 1899 ]

THIs paper consists of two parts (A) and (B), treating respectively of some things
in the geometry of Kepler and some m the geometry of Newton, the fimsher, in pure
mathematics as 1 physics, of so much of his bmlhant predecessor’s work

In Fontenclle’s Panegyrmck of Newton, pubhshed in French and English under the
title, The Life of Sw Isaac Newton with an Account of hs Writings (London, 1728),
the third paragraph begins thus, “In studying Mathematicks, he employ’d his Thoughts
very lhttle upon Kuchd, as judging him too plain and easy to take up any part of
his time, he understood him almost before he had read him, and by only casting s
eye upon the Subject of a Propostion, was able to give the Demonstration. He
launch’d at once mto such books as the Geometry of Des Cartes and the Opticks of
Kepler So that we may justly apply to him what Lucan has said of the Nile, whose
Springs were unknown to the Antients, That it was not granted to Mamkind to see the
Nile wn a small Stream”

(4)
KEPLER

Kepler's new and modern doctrine of the Cone and 1ts sections, which historians of
mathematics have ascribed to a later generation, was propounded in cap I1v 4 of his
Ad Vatell Paralyp , quibus Astronomue Pars Optiwa traditur, a work published
origmally m 1604, a century before Newton’s Optiwks (1704), and edited with notes
forty years ago by Dr Ch. Frnsch i vol 11 of his Joanms Kepleri Astronom: Opera
Omma 1 eight volumes The passage contaimng the new doctrine 18 given below line
for line, with the addition of numbers for reference, from the edition of 1604
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4. De Cont feltrombus.

Coni vani funt, reftanguli, acutanguli, obtufanguli: item
Coni recti feu regulares, & Scaleni feu irregulares aut comprefli
de quibus vide Apollonium & Eutocium in commentanis. O-
mnium promifcu¢ fectiones 1n quing, cadunt fpecies. Etemm
linea in fuperficte cont per feftiong€ conftituta aut eft reéta, aut
circulus, aut Parabole aut Hyperbole aut Ellipfis Inter has li-
neas hic eft ordo caufa proprictatis fue & analogicé magis
quam Geometricé loquendo quod & linea reta per hyperbo-
las infimtas 1n Parabolen, inde per Ellipfes infinitas in circulum
eft tranfitus  Etentm omnum Hyperbolarum obtufiffima eft
linea reta, acutiffima Parabole fic omnium Ellipfium acutifii-
ma eft parabole, obtufiffima Circulus. Parabole igitur habet ex
altera parte duas naturd infimtas, Hyperbolen & Reftam, ex
altera duas finitas, & in fe redeuntes, Ellipfin & circulum Ipfa
loco medio media natura fe habet Infinita emim & 1pfa eft, fed
finitionem ex altera parte affeftat, quo magis emmm producitur,
hoc magis fit fibupfi parallelos, & brachia, vt ita dicam, non vt
Hyperbole, expandit, fed contrahit ab infiniti complexu, fem-
per plus quidem compleftens, at femper minus appetens cum
Hyperbole, qud plus aftu inter brachia complectitur, hoc plus
etiam appetat Sunt igitur oppofitt termini, cnculus & refta, ilhic
pura eft curuitas, hic pura rectitudo Hyperbole, Parabole, Elli-
pfis, interieCte, & re€to & curuo participant, parabole ex zquo,
Hyperbole plus de refttudine, Elhipfis plus de curmtate  Pro-
pterea Hyperbole quo longitis producitur, hoc magis rete feu
Afymptoto fua fit fimihs Ellipfis qud longiis vitra medium
continuatur, hoc magis circularitatem affeftat, tandemdue coit
iterum fecum 1pfa Parabole loco medtio, femper curutor eft Hy-
perbola, fi aquahibus interftitus producantur, femperdue rectior
Ellipfi  Cumdue vt circulus & refta extrema claudunt, fic Para-
bole teneat medium 1ta etiam vt reCtez omnes fimiles, itemdue
& carculi omnes, fic funt & parabola omnes fimiles, foladue
quantitate differunt

Sunt autem apud has lineas aliqua punéta precipuz confide-
rationts, qua definitionem certam habent, nomen nullum, mfi
pro nominc defimtionem aut proprietatem aliquam vfurpes
Ab us emm punlis rette eduttz ad contingentes fetionem,
punftad, contatuum, conftituunt @quales angulos ns, qui fiunt;
fi punéta oppofita cum nsdem punétis contaCtuum connetan-
tur. Nos lucis causi, & oculis in Mechanicam intentis ea punéta
Focos appellabimus. Centra dixiffemus, qua funt in axibus fe-
€tionum, nmifi in Hyperbola & Ellipfi conici authores aliud pun-
ftum centr1 nomine appellarent. Focus igitur in circulo vnus
eft A 1sque 1dem qu & centrum 1n Ellpfi foct duo funt BC
®qualiter & centro figure remot: & plus in acutiore. In Parabole
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vnus D eft intra feftionem, alter vel extra vel intra feCtionem in
axe fingendus eft infinito interuallo & priore remotus, aded vt
eduta HG vel IG ex illo czco foco in quodcunque punétum

fectionis G. fit ax1 DK parallelos In Hyperbola focus externus 35

@

>
'}

F mterno E tantd eft propior, quanto eft Hyperbole obtufior
Et qu externus eft alter1 fetionum oppofitarum, s altert eft in-
ternus & contra.

Sequitur ergd per analogiam, vt in refta linea vterque focus
(ta loquimur de refta, fine vfu, tantum ad analogiam complen- s
dam) coincidat n 1pfam reftam fitque vnus vt in crrculo. In
circulo igitur focus 1n 1pfo centro eft, longiffimé recedens a cr-
cumferentia proxima, in Ellipfi 1am minus recedit, & in parabo-
le multd minus, tandem 1n refta focus minimum ab ipfa rece-

dit, hoc eft, in 1pfam incidit  Sic itaque 1n terminis, Circulo & re- 1o

&ta, cocunt foci, 1llic longiffiime diftat, hic plan¢ incadit focus in
lincam. In media Parabole infinito interuallo diftant, in Elhpfi
& Hyperbole lateralib bini aétu foct, fpatio dimenfo diftant, in

Ellipfi alter etiam ntra eft, in Hyperbole alter extra Vndique PAGE 95.

funt rationes oppofita.
Linea MN qua focum in axe metatur, perpendiculariter in
axem 1nfiftens, dicatur nobis chorda, & quea altitudinem often-

dit foct A proxima parte fectionis & vertice, pars nempe axis BR. s

f PAGE 94
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vel DK vel E. S dicatui Sagitta vel axis. Igitur in circulo fagitta -
quat femichord3, in Ellpfi maior eft femichorda BF § fagitta
BR maitor etiam fagitta BR quadm dimidium BP femichordz
feu chorda quarta pars In Parabole, quod Vitellio demonfira-
uit, fagitta DK pracisé ®quat quartam chorde MN hoc eft D
N eft dupla ad DK In Hyperbole EQ plus eft, qudam dupla 1-
pfius ES. fc. minor eft fagitta ES § quarta chorde EQ & fem-
per munor, atque minor per omnes proportiones, donec eua-
nefcat 1n recta, vbi foco in lineam ipfam incumbente, altitudo
foct feu fagitta euanefcit, & fimul chorda infimta efficit, coinci-
dens fc cum arcu fuo, abufiu¢ fic difto, cim re€ta linea fit Opor-
tet enim nobis feruire voces Geometricas analogie  plurimim
namdue amo analogias, fideliffimos meos magiftros, omnium
nature arcanorum confcios 1n Geometria precipue fufpicien-
dos, dum infinitos cafus interieCtos intra fua extrema, medium-
due, quantumuis abfurdis locutionibus concludunt, totamque
re1 alicutus effentiam luculenter ponunt ob oculos.
Quin etiam 1n defcriptione fetionum analogia  plurimium
me wuit Etenim ex 51 & 52 tertit Apollonn defcriptio Hyper-
» boles & Ellpfeos efficitur facihma, poteftque
vel filo perfict  Pofitis enim focis, & inter eos ver-
tice C. figantur acus m foas A B. anneftatur ad
. acum A filum longitudine AC ad B filum longi-
/\ tudine BC Prolongetur vtrumque filum aquali-
- 6 bus additionmibus, vt fi duplex filum digitis com-
prehendas, usque & C difcedentibus, bina fila paulatim dimittas,
alteraque manu fignes iter angul, quem vtrumque filum facit
apud digitos, ea defignatio erit hyperbole Facilius Ellipfis de-
feribitur  Foet fint AB vertex C  Fige acus firmas tn A B vtram-
que filo ampleftere, fimplict amplexu, vt mter AB filum non
interfit  Fili longitudo fit AC duplicata, & capita fili
nodo fint connexa Inferc 1am Graphium D in eun-
dem fili complexum cum AB & tenfo filo, quantum
1d patitur, circa AB circumduc lineam, hac Ellipfis erit
b Cum hac tam facilis effet defcriptio, non indigens o-
perofis illis circinis, quibus aliqui cudendis admiratio-
nem hominum venantur, dw dolut, non poffe fic et-
1am Parabolen defcribi Tandem analogia mé-
ftraut, (& Geometrica comprobat) non multod
a« operofits & hanc defignare Proponatur A fo-
cus, C vertex, vt AC f{it axis, 1s continuetur in
partes A. 1n infinitum vig,, aut quousq, Parabo-
len placuerit defcribere  Placeat viq, in E Acus
ergd in A figatur, ab ca fit nexum filii longitudi-
ne AC CE Teneas manu altera caput alterii fi-
s . It E. altera graphium, cii filo extende viq, in C
Sit ettam ad CE ere©a perpendiculaniter EF

a

Qs

d 4
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igitur graphto C & manu altera E difcede ®qualibus interualhis
4 linea AE. fic vt manus altera & fill caput femper in EF maneat,
filumdue DG femper ipfi AE parallelon, via CD. quam Graphio
fignauerss, erit Parabole

Dixi hzc de feftionibus conicis tanto libentilils, quod non
tantum hic dimenfio refrationum 1d requirebat, fed etiam 1n-
fra in Anatome oculi vfus earum apparebit. Tum etiam inter
problemata obferuatoria mentio earum erit factenda duobus 15
locss  Denique ad praftantifiima optica machinamenta, ad pen-
filem in aere ftatuendam imaginem, ad imagines proportiona-
iter augendas, ad 1gnes incendendos, ad infimté comburen- f“l’"""”"""

Optica
dum, confideratio earum plané eft neceffaria Poria

N

0

The headlines of the edition quoted are Joanms Keplerr and Parahpom
Vatellwnem up to page 221, and afterwards Joanms Kepleri and Astronomwe Pars Optica.

Pace 92

Kepler begins by saying that rays from the centie of a sphere do not become
paiallel after reflexion from 1ts inner surface, but converge to the centre. Some other
surface then had to be sought which would reflect all rays fiom some pomt mnto
parallels  Vitello m Iib 1Xx 89—44, 1n part supplying what was lacking m Apollonus,
had shewn that the paraboloid of revolution was of the required form. But the subject
of the Come Sections presented difhiculties because 1t had not been much studied
Kepler therefore—pardon a geometer—proposed to discomse somewhat “mechanically,
analogically and popularly ” about them.

Vitelho or Vitello (Witelo) had proved that at any pomt of a parabola the tangent
makes equal angles with a parallel to the axis and the hne from the pomt to a
certamn fixed pomnt on the axis. Rays of the sun 1mpinging equidistantly from the
axis upon the concavity of a reflecting paraboloid of revolution would therefore all be
reflected through a fixed pomnt on the axiw, and fiie might so be kindled thereat

Of cones mnght or scalenc there are five species of sections (hne 24), the right
line or lwme-pair, the crcle, parabola, hyperbola and elhpse From the lne-pair we
pass through an infinity of hyperbolas to the parabola, and thence through an infimity
of ellipses to the crcle Of all hyperbolas the most obtusc 18 the lne-pawr, the most
acute the parabola. Of all ellipses the most acute 1s the parabola, the most obtuse
the circle

Page 93.

The parabola 18 of the nature partly of the infinite sections and partly of the finte,
to which 1t 1s intermediate. As 1t 18 produced 1t does not spread out 1its arms
direction like the hyperbola, but contracts them and brings them ncarer to parallelism,
“semper plus quidem complectens at semper minus appetens” (lme 5). The hyperbola

Vor. XVIIL 26
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being produced tends more and more to the form of its “Asymptote” (line 12). Para-
bolas are all similar and differ only in “quantity” (lmne 19).

He then goes on to speak of certain remarkable pomnts related to the sections
which had No NAME (line 21). The lnes from them to any pomt of the section make
equal angles with the tangent. He will call them Focr (lme 27). He would have
called them centres 1f that term had not been already appropriated. The circle has
one focus, at the centre: the ellipse has two, equidistant from the centre, and more
remote as the curve is more acute In the parabola one 1s within the curve, while
the other may be regarded as either without or within 1t, so that a lme kg or 19
drawn from that “cecus focus” to any pomt of the curve 1s parallel to the axis
(lne 35).

PAGE 94,

In the hyperbola the focus external to either branch 1s the nearer to 1ts internal
focus as the hyperbola 18 more obtuse. In the straight lne (or line-pair), to speak m
an unusual way merely to complete the analogy, the foc1 fall upon the lne itself.
Thus 1 the extreme hmuting cases of the circle and the hne-pair, the foc1 come together
at a pomnt, which mn the one s as far as possible from the nearest pont of the cir-
cumference and in the other 1s on the lme 1tself. In the intermediate case of the parabola
the foci are infimtely distant from one another (lme 12) 1n the ellpse and the
hyperbola on either side of 1t they are a finite distance apart.

Pace 95.

The hne mn through the focus, 1e the latus rectum, 1s called the chord, and br
or dk or es the sagtta (lme 6) In the next lme BF 1s a misprint for BP. The
lengths of the sagitta and the chord are compared in the five sections, and 1t 18 said
that in the lne-pair the one vamshes and the other becomes infinite (line 15), whereas,
if 6 be the eccentricity, they are in the fimte ratio 1/2(1+e¢), and vamsh together
Kepler commends the principle of analogy in glowing terms, saying that he dearly loves
analogies, his most trusty teachers and conversant with all the secrets of nature
(hne 19). Analogy leads us to comprisc mn one definition extreme hmting forms, from
the one of which we pass to the other by continuous varation through an infinity of
ntermediate cases

In the next paragraph Kepler shews how to describe an arc of a hyperbola by means
of threads fixed at the foci, the difference of the focal distances of a pont on the cuive
being constant An ellipse 18 described more easily (hne 33), with one thread

PaGE 96

In line 1 “AC duplicata” 1s maccurate, the length of the thread bemng ac+cb He 1s
shewing how to describe an clipse by means of a thread fixed at the foc1 @ and b, the
pomt ¢ bemng a veitex. Having given his construction for this curve without the
troublesome compasses (line 6), he goes on to the parabola. To his grief he was long
unable to describe this analogously At length he thought of the construction 1n the
text, in which adg represents a string of constant length ec+ca fixed at the focus a.
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The horizontal lhine 15 a fixed ordinate, ¢ 18 the vertex and d any pownt of the locus His
construction assumes a case of the theorem that the sum or difference of the distances of
a pomnt on the parabola from the focus and a fixed perpendicular to the axis 1s constant.

In conclusion he refers to later passages for applications of his theory of the come
sections, See cap v De modo vistonis, and cap. XI prob. 22—23 (p. 375 sq.).

THE CONVERGENCE OF PARALLELS.

Vitellio, as we have seen, had proved that rays of the sun impinging equidistantly
from (1e. parallel to) the axis upon a concave reflector of the form of a parabolod of
revolution would all be reflected to a certan pomnt on the axis, whereat consequently
“1gnem est possibile accendn” Hence mn different languages the name “burning pomnt”
for what Kepler called Focus, m a parabola or other conic.

It would appear that the 1idea of the meeting of parallels at infinity came from
the observed fact that solar rays received upon a reflector may practically be 1egarded
as parallel Morcover 1t was obvious that the distance, estimated on an 1nfimitely
remote transversal, between “equidistant” lines would subtend a vanishing angle at an
assumed pomt of observation Kepler does not say that his doctrine of parallels 18
altogether new and strange, when he writes at the end of page 93, “adeo ut..”, so
that lnes from the powmt A (or 7) arc parallel,—as 1f that would be allowed to follow
from 1ts beng mfimtely distant. But 1t was perhaps a new and origmal suggestion
that h and » at infimty were the same pomt

Kepler states expressly that he gave the name Foci to certamn pomnts related to the
conic sections which had previously “no name” With their new name he associated his
new views about the pomts themselves, and his doctrines of Continuity (under the name
Analogy) and Parallclism, which would soon have become known, and would after a time
have been taken up by competent mathematicians.

An abstract of the passage now quoted at length from Kepler's Paralpomena ad
Vatellionem was given by the wniter i The Ancient and Modern Geometry of Conics*,
published early i 1881, and previously i a note read m 1880 to the Cambridge
Philosophical Society (Proceedings, vol. v 14—17, 1883), both of which have been referred
to by Professor Gino Loria m his writings on the history of geometry.

HENRY Briges

Frisch (11 405 sq.) quotes a letter of Henry Briggs to Kepler dated, Merton
College, Oxford, “10 Cal Martus 1625, which suggests mprovements m the Paralipo-
mena ad Vitellwnem. In this letter Briggs gives the following construction Draw a
line CBADC, and suppose an ellipse, a parabola and a hyperbola to have B for focus
and A for thewr nearer vertex. Let CC be the other foci of the ellipse and the
hyperbola Make AD equal to AB, and with centres CC and radius 1n each case equal
to CD describe circles. Then any pomt of the ellipse 18 equidistant from B and one

* The Ancient and Modern Geometry of Comcs 18 hereinafter referred to as 4AMGC
26—2



204 Dr TAYLOR, THE GEOMETRY OF KEPLER AND NEWTON.

arcle, and any pomnt of the hyperbola from B and the other circle. When C is at
finity on either side of D the circle about 1t becomes rectilinear Hence any pomnt P
of the parabola 15 equidistant from B and the perpendicular DF to DA This 1s ex-
pressed by Briggs as follows.

c

c

“S1 A st vertex sectioms, et B, C focy, et AB, AD aequales, ¢t centro C, radio
CD describatur peripheria* quodlibet punctum sectioms eandem servabit distantiam a
foco B et dicta peripheria. Eruntque...n Parabola (cut focus alter deest, vel dustat
infinite, et idcirco recta DF vicem obtinet peripherwae) PB, FP aequales”

The writer comprehended and accepted Kepler's way of looking at parallels as hnes to
or from a pomt at infimity 1n one direction or 1ts opposite

DESARGUES

The famous geomecer Desargues worked on the lhines of Kepler, and 1s now commonly
credited with the authorship of some of the ideas of his predecessor

Poncelet 1n the first edition of his Trawtd des Propriétés Projectives des Figuies
(1822) writes with reference to a letter of Descartes, “On voit aussi, dans cette lettre,
que Desargues avait coutume de considérer les systémes de droites paralldles comme
concourant & l'nfini, et quil leur appliquait le méme raisonnement” (p xxxix.). Chasles
on the Porisms of Euchd refere to this remark of Poncelet In his Apergu Historique
(p. 56, 1875) he writes that Kepler “introduisit, le premier, I'usage de Infini dans la
Géométrie,” but really with reference only “aux méthodes infimtésimales.” The saymng
that Kepler introduced the use of the infimte into geometry has been repeated by
other writers unacquamted with his doctrine of the infimtely great

Dr Montz Cantor i his Vorlesungen uber Geschichte der Mathematik writes under
the head of Girard Desargues (1593—1662), “Wir miissen emge wesentliche Dinge
hervorheben und darunter zunachst die Anwendung des Unendlichen in der Geo-
metrie...Auch Kepler hat 1615, Cavalierr 1635 i Druckwerken, deren Besprechung
uns obliegen wird, wenn wir von den Anfangen der Infimtesimalrechnung reden, den
gleichen Gedanken zu mnie geahnten Folgerungen ausgebeutct, aber ber Desargues waren
es ganz andere Unendlichkertsbetrachtungen als ber diesen Vorgangern” (1. 619, 1892). He
goes on to say that Desargues regarded parallels as meeting at infimty, and thus m
effect that Kepler did not so regard them. Cantor (p. 620 n), refernng to Poudra’s
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@Euvres de Desargues 1 103, states confidently that Desargues could not have held that
“es gebe nur einen Unendlichkeitspunkt emer Gerade” “Auch m 1 105. .darf man
Jenen modernen Sinn micht hinemlesen” But the oneness of opposite infinities followed
simply and logically from a first principle of Desargues, that every two straight lines,
including parallels, have or are to be regarded as having one common pomt and one
only A wnter of his insight must have come to this conclusion, even 1if the paradox
had not been held by Kepler, Briggs, and we know not how many others, before Desargues
wrote,

In Poudra’s (Buvres de Desarques, 1 210, under the head Traité des Coniques, we
read, “ Nombrus, pont brulans, foyers—C'est & dire que les deux pomts comme @ et
P sont les pomnts nommés nombnls, brulans, ou foyers de la figure, au swet desquel
1l y a beaucoup & dire” Desargues must have learned directly or mdirectly from the
work 1n which Kepler propounded his new theory of these pomnts, first called by him
the Foer (foyers), including the modein doctine of real pomts at infimty.

(B)

NEWTON

In the fifth section of the first book of the Principra, entitled Inventio orbum ubs
umbilicus neuter datur, the determination of conic orbits fiom data not including a focus,
Newton proves the property of the Locus ad quatuor lineas of which no geometrical
demonstration was extant, shews how to describe conics by rotating angles and other-
wise, and solves the six cases of the problem to determine a come of which n poimnts
and 5—n tangents arc given Two morc problems, each with its Lemma prefixed,
complete the section, which ends with the words, “Hactenus de orbibus 1inveniendis.
Superest ut motus corporum 1 orbibus inventis determinemus”

The following pages contamn a summary of the greater part of the section, with
suggestions for the simplification of some of 1ts contents and a few additional con-
structions and propositions The Lemmas and Propositions of the Princypa are quoted
by therr Roman numerals

1.
THE CoNIC THROUGH FIVE POINTS.

Pror. A. Guen five pownts of a comc to find a sucth.

Let 4, B, C, D, P be gwen ponts of a comc Through P draw PITSO parallel
to BA across BD, AC, CD. It 1s required to find the pomt K in which 1t meets the
conic again
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By a property of conics and by similar triangles, if 4B, CD meet in I,
OK OP/OC.0D=1A.IBJIC.ID=08.0T/0C.O0D.

Therefore OK OP=08 0T,
which determines K when the other ponts aie given.

Infleet PR to CD parallel to AC Then the pomt K 15 found by drawmng CK
parallel to RT, and PRT, SCK are similar triangles

Cor. 1. To determine the comc through five gwen pownts A, B, C, D, P Having found
K, we find H where PR meets the conmic agamn in lhke manner, namely by drawing BH
parallel to TR. Having two pairs of parallel chords, we can draw thewr diameters and
find the centre This with either pair of the parallel chords determines the comic, 1f
the pair be unequal. If they be equal, we can use the parallel chord through D m
lien of one of them Given five pomts 4, B, C, D, E, two pars of parallel chords
can also be determined as in Piob Lv of the Arithmetica Unwersalis Let AC, BE cross
m H Inflect DI to AC parallel to BE, and EK to DI parallel to AC Then, 1n
order that ID, EK may meet the comc again m F, @, we must have with Newton’s
notation for rectangles and proportions,

AHC BHE - AIC.FID - EKG FKD.

Cor. 2 To determine the come touching lines 7B, ID at B, D and passing through
P Supposing AC, BD m the figure to coalesce, find K as in the general case, and
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draw the diameter of PK Then draw the diameter through 7, and find 1ts vertices,
and those of the conjugate diameter.

Cor. 8 Hewagr Myst The construction 1 Cor. 1 for two pars of
parallel chords gives three pairs, AB and KP, AC and PH, BH and KC Hence
Pascal’s theorem for the case of parallels.

Cor 4. Given parallel chords 4B, KP and a fifth pomnt C of a comec, a sixth
pomt D on the curve can be found as follows Draw any parallel to CK meeting
PK i T and meeting the parallel through P to AC m R. Then BT, CR meet at
D on the conie.

Cor 5. In this construction we may say that PR, PT are to be taken wn a gwen
ratw equal to SC/SK. See below on Newton’s Lemma xX.

Cor 6 The locus of the pomnt (BT, CR) n Cor 4 1s a comc through 4, K, C, P, B
Hence the following construction Take fixed hnes PR, PT, fixed points B, C, and
a fixed pomnt Z at infimty. Then as the hne ZRT turns about Z the pomnt (BT, CR)
traces a conic through B and € Obviously 1t will likewise trace a comc in the general
case when Z 18 not at wnfinity.

Cor 7 In other words, the locus of the vertex D of a varymng trangle RDT whose
base shdes between fixed lnes PR, PT, while its three sides pass through fixed pomnts
B, C, Z respectively, 1s & come. This may be shewn mdependently as follows Draw CD
in any assumed direction, and find R, and then 7, and then D Thus one pomt D 18
found on the lme through C, and 1t 1s a single pomnt of the locus By drawmng the
line BC we find that cach of the pomnts B, C 13 a single pont of the locus. Thus CD
cuts 1t m two such ponts, and the locus 18 therefore of the second degree

Cor 8 The anharmomc pownt-property of comcs In Cor 4, as D varies, the parallel
RT to CK divides PR, PT proportionally, so that the cross ratios of R and T imn any
four positions are equal to one another Hence

B {D}={T}={R}=C{D},

or any four pomnts D of the come are equi-cross with respect to B and C, which may be
any assumed fifth and sixth

Cor 9 Hence we can deduce the general case of Cor 6

Cor 10. Locus ad quatuor lineas By sumlar triangles, PR/PT and SC/SK are
equal ratios Compounding with them other cqual ratios we get

PR.PQIPS PT=8C S4/8K SP = flg,
if f, g be the focal chords parallel to AC, AB See also below on Newton’s Lemma xviI

Cor. 11. The extension at the end of Cor. 6 follows from a simple transformation
of the figure by which the parallels RI' are turned nto convergents. In the figure as
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it stands suppose DBw drawn to PQ. Then, the pomnts 4, B, C, P bemg fixed and
D vanable,

{0} = {B}={T} = (o}

But P 1s the position of O, and hikewise of w, when RT vamshes Therefore Ow
passes through some fixed pomt # When D 18 at 4 the hne Ow becomes @S, and when
RT passes through B 1t becomes CH Thus F 18 the point (CH, @S), and as Ow turns
about F the pomt D 18 found by drawing CO, Ba.

Cor. 12. By the construction of Cor 7, as 1s well known, we can describe the
conic through five given pomnts For example, mm the limiting case in which three
pomts A, B, C and the tangents at B, C' are given, we can take AB, AC for the
fixed hnes, and for the fixed points B, C' and the intersection Z of the two tangents

Lemma A, To find the centre of an wnvolution of four pownts

To find the centre of the ivolution i which P, K and 8, T' are conjugate points,
through P and 8§ (or T) draw parallels, and through T (or S) and K draw paallels
meeting them m R and C respectively Then RC passes through the centre of the
mvolution (AMGC, p 258) The converse has i effect been used m Prop A, where
the comc and AC, BD cut a parallel to 4B 1 pomts of an ivolution having O for
centre

The sx joms of any four pomnts cross any transversal m three paiwrs of pomts m
mvolution. In the above constiuction two of the four pomnts are at infimty.

2.
Locus Ap TRES ET QUATUOR LINEAS

AroLLoNtus OF PErRGA We shall see that Newton mentions Apollonus of Perga
m connexion with the problem of the quadilmear locus What Apollonus says of the
Témos éml Tpels xal Técoapas ypappds is translated as follows by Dr T L Heath
his edition of the Comics of Apollonius in modern notation (p lxx sq, 1896), “Now
of the eight books the first four form an elementary introduction,...The third book
contamns many remarkable theorems uscful for the synthesis of sohd loci and determimations
of lunits, the most and prettiest of these thecorems are new, and, when I had dis-
covered them, I observed that Euchd had not worked out the synthesis of the locus
with respect to three and jfour lines, but only a chance portion of 1t and that not
successfully, for 1t was not possible that the synthesis could have been completed
without my additional discoveries.” This prepares us to find m the third book of the
Conics of Apollonius, 1f not the synthesis of the locus, the elementary theorems on
which 1t depends

Turning to hb 111 54, 56 we see the property of the locus proved incidentally for
the case of three lines m the proposition thus enunciated by Dr Heath (Prop 75, p. 120),
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TQ, TQ being two tangents to a come, and R any other point on it, if Qr, Qr'
be drawn parallel respectwely to TQ', TQ, and f Qr, QR meet wm r and Qr, QR

wn v, then
Q@ Qr'-QQ"=(PV* PT)x(TQ.T¢ QW)
where P 13 the pownt of contact of a tangent parallel to Q@

Dr Heath shews (p 122 sq) that this proposition and his next (lib 11 55), for
tangents to one branch and two branches of a comc respectively, “give the property of
the three-line locus” The constancy of @r @7 being a corollary from the property of
the trilinear locus, we can of course work back from the latter to the former

But more briefly, leaving out 7, +/, diaw the tangents TQ, TQ crossing any chord
RR’ parallel to Q@' mn K, K’

Then, becausec the diameter through 7' bisects both KK’ and RR', the ntercepts
KR, K'R’ are equal, and hkewisc KR, K'R

T T ) K
Therefore RK RK' (or KR.KR') varwes as KQ~
This 1s the trilinear theorem as proved by Apollonius.
Inflect RD to QQ parallel to QT.
Then RK.RK' vanes as R[? and the theorem may be stated thus,
The distance of any pownt on a comc from a gwen chord varies as a mean proportional

to dts distances from the tamgents at the ends of the chord, each distance being parallel to
any given line

Apollonus does not cnunciate the theorem, but he proves and uses 1t 1 the course of
his propositions mentioned above

Vor. XVIIL 27
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The distances of any pomt on a comc from the tangents at fixed points 4, B,
C, D being denoted by @, b, ¢, d respectively, 1ts distances from 4B, BC, CD, DA vary
as mean proportionals to ab, be, cd, da

Hence obviously the four-line theorem, AB.CD=%k.BC DA. Apollonius, who claims
to have solved the Locus ad tres et quatuor lineas completely, may very well have deduced
the four-lne theorem from the three-hne theorem m this way

The Lemmas and Propositions quoted below by number are Newton’s, whose proofs
and diagrams m hb 1 sect. v. of the Principa should be referred to.

Lemma XVIL. Case 1. AC, BD bemg given parallel chords of a come, through any
pomt P of the curve draw the chord PK parallel to AC and crossmg 4B, CD m @, R,
and a parallel to AB meeting AC, BD in S, I. Then PQ.QK/AQ.QB 18 a constant ratio.

But, the ntercepts PR, QK being equal, the rectangle PQ.PR 1s equal to PQ QK,
and therefore varies as 4Q.QB or PS.PT.

Thus Newton's proof for this case 13 the same as that of Apollonus for the three-
line theorem, which 1t includes, since the parallels AC, BD may be supposed to coalesce

In Case 2, with the help of Case 1, the theorem 1s shewn to hold when AC, BD
are not parallel In this general case Newton does not use the pont K, which might
have been found by drawwng the parallel to RT through B. Ths construction leads to
the proof of his Lemma xvir. m Prop A, Cor 10 The pioof n question 1s given by
Messrs J. J. Milne and R. F Davis i their Geometrical Conics, followed by a corollary
mn which Lemma xX. 18 deduced from Lemma xviI, as by Newton

Lemma XVIIT  Conversely, the locus of a pomnt P such that PQ.PR/PS PT is
constant 18 a conic section.

Corol  The trilinear theorem 1s deduced as a limiting case.

Schohum. The term conic section 1ncludes the lme-pair and the ciwcle, For a
trapezium may be substituted a re-entrant quadrilateral, and one or two of the pomnts
A, B, C, D may be at imnfimty

Lemma XIX. Any line bemng drawn through 4, the pomt P n which 1t meets
the locus agamn 18 determined.

Corol. 1 The tangent at a given pomt 18 drawn,

Corol. 2. It 1s then shewn how to find a par of conjugate diameters, and the
different species of conics belonging to the locus are discriminated

At the end 1t 1s said, with tacit allusion to the algebraic proof of the quadm-
limear theorem by Descartes, “ Atque ita problematis veterum de quatuor lhnes ab Euchd:

meeptt & ab  Appollomo continuatr non calculus, sed compositio geometrica, qualen
veteres queerebant, i hoc corollario exhibetur”
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3.
CURVARUM DESCRIPTIO ORGANICA.

Lemma XX AB, AC are giwven chords and P a given pomnt of a comec Through
P draw parallels to AC, AB forming with them a parallelogram PQAS, and across PQ,
P8 draw CRD, BDT to any sixth pomt D of the conic Then will PR/PT be a con-
stant ratio, and conversely.

Case 1 The constancy of PR/PT 18 deduced from the four-line theorem proved in
Lemma xvir Interchanging P, D i this paragraph only, let 4, B, ¢, D in the figure
of Prop A be fixed and P varnable Through D draw a parallel to AC meeting CP
m 7, and a parallel to AB meeting BP i t. Then, CD bemng given, Dr varies as
PR/RC, and therefore as PR/PS, and, BD bemng given, Dt vanes as PT/TB, and
therefore as PT/PQ Therefore Dr/Dt 1s a constant ratio

In like manner, with P fixed and D vanable as i Lemma xx, PR/PT (p 206) ts
a constant ratio.

Hence the hne RT 13 gwen wn dwection See Prop XX and Prop XX, where
Pt/Pr 13 made equal to PT/PR by drawing tr parallel to TR, “actd rectd tr 1pst TR
paralleld” Hence, K being the position of D found by drawing RT through C (p 206),
1t follows that RT 1s parallel to CK  Thus Prop. A 1s in fact Lemma Xx.

LemMa XXI. Take a trangle BPC, and let angles equal to 1ts angles at B and
C turn about those points as poles, one pair of the hnes or bars contaming the angles

P

tersecting at M on a fixed hne or director which cuts BC in N. Then the other
parr will cross at a pomt D lymg on a come through B and C

27—2
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For nflect PR to CD, making the angle CPR equal to the constant angle CNM.
Then PCR, NCM are sumilar triangles, and
PR/NM = PC/NC.
Inflect PT to BD, making the angle BPT equal to the constant angle BNM. Then
PBT, NBM are similar triangles, and
PT/NM=PB/NB
Therefore PR varies as PT, and by Lemma xXx, PR and PT bemg on fixed hnes,
the locus of (CR, BT) 18 a comec through B and C, and conversely.

The lengths PR, PT in the figure, which differs somewhat from Newton’s, are as
the perpendiculars from N to PB, PC.

QGiven four powmts B, C, D, P, an infimty of comwcs can thus be drawn through
them, for the given pomt D determines only one pomt M of the director. Given a
fifth point of the come, the director 1s determined, and one conic only can be deseribed

To draw the tangent BT at B, make D coincide with B See Prop. xx1r, Corol 1.
In other words, make the angle NCM equal to the angle PCB, and then the angle
MBT equal to the angle PBC.

To find the durections of the awes. 1If the arms BM, CM be made constantly parallel,
the intersection D of the others will trace a arcle through B and ¢ This will cut
the conic again at the two pomts found by making the parallel arms successively
coincident with BC and parallel to the director. Four points common to the circle and
the comie having been found, the axes must be parallel to the bisectors of the angles
between a pair of chords joimng them For Newton’s construction see Prop xxvin

Scholium (p. 216)

Pror. B If two angles AOB, AwB of given magmitudes twrn about poles 0, w,
and of the intersection A traces a curve of the nth order, the ntersection B wnll wn
general trace a curve of the 2nth order

For a given position of the arm OB there are n positions of A and therefore n
of B. When OB 1s in the position Ow all the B's comcide with w, which 1s therefore
an n-fold point on the locus of B, as 13 also the pomnt O, and since any hne through
O (or w) meets the locus of B i n other pomnts, the locus 1s of the order 2n.

4,
INVENTIO ORBIUM.

Prop. XXII. Pros, XIV. To describe the come through five pownts This 15 done by
Lemma xX., and again by Lemma xXI

Proe. XXIII ProB. XV. To describe a conic through four ponts and touching a
given line

Case 1. When one of the pomts 1s the pomnt of contact the construction 1s effected
as m Prop, xxir
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Case 2. In the general case, HI bemng the given tangent and BCDP the given
pomnts, draw HAI, ICPQR, GBDH, and make the ratio compounded of

HAYHD HB; GB.GD/GP.GC; IC IP/IA:,

a ratio of equality. Thus HA/IA 18 determmed and the pomt of contact 4 1s found
withwn or without HI.

This 18 Newton’s solution briefly stated, and 1t 13 1dentical with the modern solution
by what 1s called Carnot’s theorem. When A4 1s found the two conics can be described
by the methods used mn Case 1.

Prop XXIV ProB XVI To describe « comc through three gwen points and touch-
ing two gwen hnes.

Given two pomnts and two tangents, Newton proves that the chord of contact must
pass through one of two fixed pomnts. This may be shewn as follows

Let B, D be the given ponts and GH, GK the given tangents

Take H and K i hne with BD, and suppose BD and the chord of contact to
cross at R.

Then by the trilinear theorem, all the distances being measured along BD, we have
BR)/DR*=BH BK/DH DK

Divide BD within and without at R i the ratio thus determined, and we have
two points through one of which the chord of contact must pass

A third given pomnt C taken with B or D determines two pomts § thiough onc
of which the chord of contact must pass Thus there are four possible positions of RS,
giving four solutions.

When RS 1s found the conic can be described as in the first case of Prop xximr

Imagwary Pownts. In the second case of Prop xxmr and m Prop xxi1v. Newton
uses an auxihary lme which 18 supposed to cut the conic in pomnts X and Y

At the end of Prop. xX1iv he remarks that the constructions given will be the
same whether the lme XY cuts the trajectory or not. For the sake of brewity he
gives no special proofs for the case mn which, as we should say, the points X and V
are 1maginary

LEMMA XXII  Figuras in alhas eusdem geners figuras mutare

Here Newton gives a method of homographic transformation, mm which the loc of
puints @, g correspond so that the coordmnates X, Y of G and a, y of g are connected
by relations of the form,

x-04 4B, _0d.y
z ‘'z
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By this method, 1t is remarked, convergent lines can be transformed into parallels,
and when a problem has been solved in the simphfied figure, this can be retransformed
into the omgmal figure. In the solution of “solid problems” one of two conics can be
changed into a circle. In the solution of “plane problems” a line and a comc can be
made a hne and a circle.

Pror. XXV. ProB. XVII To describe a comc through two given points and touch-
ing three gwen lines.

Transform the given tangents and the line through the given points mnto the sides
of a parallelogram

Let these sides be hey, idk, kcl, lbah, where a, b correspond to the given points
and ¢, d, ¢ are the points of contact

Take m, n mean proportionals to ha, hb and la, Ib
Then hefm =1chd = ke[kd = le/n,

and each of these ratios is equal to the given ratio of hi+ kI, the sum of the
antecedents, to m +n + ki, the sum of the consequents Thus the pomnts of contact are
determined

It may be remarked that this case 1s the reciprocal of Prob xvi Given two
pomnts B, D and two tangents GH, GK, the pole of BD must Lie on one of two fixed
lines, A third tangent being given, we can thus find four positions of the pole of BD.
Having then five tangents and the points of contact of two of them, we can trace
the four conics 1 various ways.

Pror. XXVI. ProB. XVIII To describe a comc through a given point and touching
Sfour gwen lines.

Newton’s solution 18 m effect as follows, Let P be the given pomt, and let two
diagonals of the quadmlateral formed by the four tangents meet in O Draw OPw to
the third diagonal, and take @ a harmonic conjugate to P with respect to 0,
Then @ 1s on the comec, and the case 1s reduced to that of Prop. xxv

He transforms the given tangents into the sides of a tangent parallelogram, finds
the centre O, and finds @ the other end of the diameter PO. In the retransformed
figure Q would therefore be found by the previous construction.

Pror XXVIL Pros. XIX. 7To describe the comc touching five gwen hnes.

This 18 led up to by three Lemmas, one of which, with a transformation as 1n
Prop. xxv. or Prop xxvri, would have sufficed for the solution of the problem

Lemma XXIV. Corol 2. Using the figure of Lemma xxv, let AMF, BQI be
parallel tangents to a comc; A, B thewr points of contact, FQ, IM any third and
fourth tangents.
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Then AM:AF=BQ: BI, and FI, MQ meet on the diameter AB.

We can now solve the problem as follows,

[ M A L

Complete the parallelogram IKLM by drawing the tangent KL parallel to IM.
Then IL, KM cross at the centre of the comec. Conversely, from five given tangents
we can determine the come.

Case 1. Let four of the tangents be the sides of a parallelogram, as in the figure,
Its diagonals by thewr intersection give the centre, and FI, MQ also intersect on the
chord of contact AB. The diameter AB bemng known, the conjugate radius 1s a mean
proportional to AM, BI.

Case 2 Let the tangents at A, B only be parallel. These with FQ, MI determine
a pomt (FI, MQ) on the chord of contact AB; and with IM, KL they determmne a
pomt (IL, KM) on AB.

Case 3 When none of the tangents are parallel, the same construction determines
AB, for one par of them, or two pairs, can be transformed nto parallels by Lemma
xx1r.  All the pomnts of contact can be found m this way, and the comec can then
be traced by various methods

Lemma XXV. Corol 1 If IEM, IQK be fixed tangents to a comc and MK
the diameter parallel to their chord of contact, then, EQ bemng any third tangent, the
rectangle KQ.ME, or (IK-IQ)(IM-1IE) 1s constant., This leads to a tangential
equation of the form,

a.lIE.IQ+b IE+¢.IQ+d=0.
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Corol. 2. The anharmonic tangent-property of conics.

A sixth tangent eg 1s drawn, and it 18 shewn that
KQ:Qq= Me- Ee.

Thus the four tangents LK, EQ, eq, LM determine equal cross ratios on the
tangents IK and IM

Corol 3 A tangent quadmlateral being given, the locus of the centre of the conic
1s the straight line which bisects its diagonals

Prop XXVII  Hence, five tangents bemng given, two tetrads of them give two
lines through the centre The parallel tangents can then be drawn, their pomts of
contact found by Lemma XX1v, and the come deseribed by Prop xxit

Scholium  The preceding problems include cases m which the centre or an asymptote
is given For an asymptote 13 a tangent at infimty, and the centre with one pomt
or tangent determmnes another point or tangent

To find the azes and focr of a come described by Lemma xxXi  Set the arms
BP, CP (which by their intersection described the conic) parallel and let them so
rotate The intersection X of the other arms of the two angles will then describe a
arcle throngh B, ¢ Draw 1ts diameter KL crossing the director at right angles mn
H When X 15 at K, then CP 1s parallel to the major or mimor axis according as
KH 1s less or greater than LH, and when X 1s at L, then CP 1s parallel to the
other axis Hence when the centre 1s given the axes are given, and the foc1 can be
found

Newton does not explain his construction for the directions of the axes, which has the
appearance of having been first made for the hyperbola, and then stated for the ellipse
also as having tmaginary pownts at wfinity Le Seur and Jacquier, in their annotated
edition of the Principia, having explamed the construction for the case of the hyperbola
by means of 1its asymptotes, or tangents “ad distantiam infimtam,” merely 1emark m
conclusion that 1t applies also to the parabola into which the hyperbola 1s changed when
the intersections of the director with the circle coalesce, and to the ellipse mto which
the parabola 1s tuined when the director passes outside the circle*.

The squares of the axes are as KH to LH Hence a trajectory of given specios or
eccentricity can easily be described through four given points. Conversely a trapezium of
given species, “s1 casus quidam 1mpossibiles excipiantur,” can be nscribed 1 a given conic.

There are also other lemmas by the help of which trajectories of given species
can be described when pomnts and tangents are given. For example, the middle pomnt
of a chord drawn through a fixed pomt to a comec traces a smlar and simlarly
situated conic  “Sed propero ad magis utiha.”

* Their words are, ‘‘Superior autem constructio non  Ellips: in quam vertitur parabola, dum recta MN extra

solum hyperbolm convemt, sed & parabol® in quam hyper- circulum transit,”” the pomnts M and m bemng the nter-
bola mutatur, dum puncta m, M coeunt, atque etiam  sections of the director MN and the circle
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5.
PERSPECTIVE AND CONTINUITY.

In Lemma xxm (p. 213) Newton gives a construction made to 1llustrate his
algebraical transformation of an equation of any degree nto another of the same degree.
After the proof that tangents remain tangents, he remarks that his demonstrations might
have been put together “more magis geometrico,” but he aims at brevity ~With this
Lemma should be read his Enumeratio Linearum Tertri Ordnis, where again he has
something to say about curves in general.

At the end of the preface to s Opticks Newton writes, And I have jowned with
w another small Tract concermng the Curmlmear Figures of the Second Kwnd, which
was also written many Years ago, and made known to some Friends, who have solcited
the making ot pubhick He 1s referrng to the Enumeratio above mentioned, mn which
curves of the nth order are called curves of the (n—1)th genus or kind, the straight
line 1 this way of speaking not bemng counted among curves In this tract he gives
the theory of Perspective in space under the name Genesss Curvarum per Umbras, rays
from a lummous pont bemg supposed to cast shadows of geometrical figures on to an
mfinite plane  Thus, he says, the “Parabole quinq, divergentes” generate by their
shadows all other cubic curves, and so from *Curvae quaedam simphciores” of any
genus can be produced all the other curves of that genus

Such genesis of curves by shadows may have been suggested to Newton by some
of Kepler's problemata obseruatoria (pp. 201, 203), in which he lets the sun shine through
a small apeiture nto a darkened room, and observes the diurnal course of 1ts projection
on the floor. This varies with the latitude of the place, according to which the apparent
path of the sun itself n any day cuts or touches or does not meet the plane of the
horizon

Thus Perspective as a modern method may be said to have originated with Kepler
The 1dea of 1t was not altogether unknown to the ancients, but they were scarcely 1n
a position to put 1t to effective use, for this could not be done without a more or
less complete doctrine of Continuity, including especially the quasi-concurrence of parallels
at mfimty See AMGC, p lv., and the writer’s note on Perspective mn vol. x. of the
M of Mathematics (1881).

7

Newton’s Lemma XXIL may have arsen from his genesis of curves by shadows
Having seen how to connect varieties of the same order of curve graphically, he would
naturally seek to connect such curves algebraically, and this could obviously be done
by his transformation of coordinates from X, Y to #, y, with Xz and Yz/y constant

Page 200. 21 quantumuis absurdis locutionibus] Poncelet used “ce quil appelle le
principe de continuaté,” which 13 Kepler's principle of Analogy under a new name This
principle Kepler formulated mn terms switable to 1ts later applications. Including normal

Vor. XVIII. 28
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and limiting forms of a figure under one definition, we are led to paradoxical ways of
speaking, “sme vsu, tantum ad analogiam complendam” (p 199 5—6), as when we
think of a hyperbola as a sort of ellipse, and postulate imaginary elements in the one
analogous to what we see 1n the other

Newton in some of his constructions wirtually uses imaginary pomnts (pp. 213, 216),
whether or not, like Boscovich, he thought definitely of geometrical figures as having
imaginary elements. To say that equations in « and y, which represent coordinates, may
have imaginary roots (Opticks, p. 151) 18 to say in effect that there are what may be
called 1maginary pomnts Newton doubtless used equations for his own satisfaction 1n
some places where he does not fully explamn his geometry. An equation representing
the locus described mn Lemma XX1 (p. 211), 1s given in Prob vuin of the Armthmetica
Universalis (1707) By the method of Fluxions he discovered things which he gave to
the world proved “more magis geometrico” Thus he writes

“ At length i the winter between the years 1676 and 1677 I found the Proposition
that by a centmfugal force reciprocally as the square of the distance a Planet must
revolve m an Ellipsis about the center of the force placed in the lower umbilicus of
the Elhpsis and with a radius drawn to that center describe areas proportional to the
times.... .And this 18 the first instance upon record of any Proposition in the higher
Geometry found out by the method in dispute”

Two 1magimary pomts the Focomps (AMGC, p 281), or “Circular Pomts at Infimty,”
play a great part mn modern geometry Thewr cxistence may be proved in geometrical
form as follows

Draw any arcle mn a given plane, and let ¢ and ¢’ be the two pomnts 1 which
it cuts the line Infimty These will be the same for all circles in the plane.

For take pomnts 4, B on the circle subtending any angle a at the circumference,
and take any other two ponts @, b in the planc

Then the angle A¢B 1s equal to o, because ¢ 18 on the circle, and the lines
¢4, ¢a are parallel, and likewise ¢B, ¢b, because ¢ 18 at wfinity.

Therefore
< apb= £ ApB=a,
o1 any two lines through ¢ may be regarded as intersecting at any angle.

Hence every circle 1n the plane passes through ¢, and similarly through ¢’
Conversely, a conic through ¢ and ¢’ 15 a curcle

The orthoptic locus of a curve of the nth class 1s of the degree n(n—1), since 1ts
intersection with the lme Infimty consists of ¢ and ¢’ taken §n(n—1) times
From the equation
P +yr=(@+y)(@—1y)=0
i rectangular coordinates 1t seems at first that ¢ and ¢’ are indeterminate, because
z (or y) may have any direction But the angles tan™ +¢ are indeterminate.
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The equation tan (0 + @) = tan 6
tan a(1+tan?d) =0,

and when tan?6=-~1, then 0 1s of the form « + 18 with 8 mnfinte.

reduces to

Page 210 ab Euchde mceepti, etc] Newton has in mind the words of Descartes
in La Géométrie, “commencée & resoudie par Euchde et poursuivie par Apollonius, sans
avorr été achevée par personne.” Apollonius has indeed nothing to say about a locus
related to more than four hnes, but there 1s no reason to question his statement that
he had solved the problem of the four-line locus Its complete working out would have
supphed ample materials for a book on the scale of his ib. v on Normals*.

Newton assumes Lemma Xxvii in Lemma XX, on which his Lemma XXI depends,
thus making the “Oigamec Description” of comes seem less simple than 1t 1s. Having
proved Prop A, make A, B, K, P, C fixed pomts and D vanable, and we have at
once RT parallel to the fixed hne CK (p 206) as m Lemma XXI

Page 216 Sed propero ad magis utiha] The Principa, all but some ten or twelve
propositions composed previously, having been written 1 less than a year and a half
(Dec. 1684—May 1686), Newton could not have had much time to spare for the two
sections (b, 1 4—5) on Inventwo Orbuem  Maclauri’s constructions of a conmc by means
of three (p. 207, Cor. 6—7) or more lines through fixed pomnts grew out of a lemma
Neutonianum, as we learn fiom the preface to Simson’s Sectiones Comwce Newton himself,
with lewsure, could have developed the said two sections 1nto a comprehensive and
cssentially modern treatise

* Of this ib v Chasles tells us that 1t treats of “les  mazums et minimis, sur les sections comques Dans le
questions de marima et de munuma,” and that, “On y quidme Apoll particulid t quelles sont
retrouve tout ce que les méthodes analytiques d’aujourd’hur  les plus grandes et les moindres lignes qu'on puisse tirer de
nous apprennent sur ce sujet ” This astonishing statement  chaque pomnt donné & leur fé On y

18 & t00 brief summary of the words of Montucla on Itb v
and Iib vr, *“Ils traitent I'un et l'autre un des sujets les
plus difficiles de la géométrie, savoir les questions de

tout ce que nos méthodes analytiques d’aujourd’hui nous
apprennent sur ce sujet ’ Chasles goes on to speak of
normals as the subject of ib v

28—2



IX. Sur les Groupes Continus. Par H. PoINCARE.

[Received 25 September, 1899 ]

I. INTRODUCTION.

LA théorie des groupes continus, ce titre mmmortel de gloire du regretté Sophus
Lie, repose sur trois théorémes fondamentaux

Le premier théordme de Lie nous apprend comment dans tout groupe contmu 1l
y a des substitutions infinitésimales et comment ce groupe peut étre formé A l'aide
des opérateurs

x(n=3x L.

Considérons » opérateurs de cette forme

1) X)) X e v X (),

et convenons de poser
XX - XX, = (X.Xp).

D'aprés le second théoréme de Lie s1 les symboles (X,Xj) sont liés aux opérateurs
X, par des relations hnéares de la forme

@ (XXy)=ZcwX,,
ott les ¢ sont des constantes, les » opérateurs (1) donneront naissance & un groupe.

Les relations linéawres (2) pourront <'appeler relations de structure puisqu’elles
définissent la “structure” du groupe qui dépend uniquement des constantes c¢

Cest le troisiéme théordme de ILie qui attirera surtout notre attention Quelles
sont les conditions pour qu'on puisse former un groupe de structure donnée, cest-a-
dire pour trouver r opérateurs X;, X, ... , X, satisfaisant & des relations de la
forme (2) dont les coefficients ¢ sont donnés?

On voit tout de swite que les coefficients ¢ ne peuvent étre chowsis arbitrarement.
On doit d’abord avoir

(3) Chkg = = Ciks.
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Ensuite d’aprés la définition méme du symbole (X,X}) on a identiquement
(4) ((XaXb) Xn) + ((Xbxc) Xﬂ) + «cha) Xb) =0,
d’ott résultent entre les ¢ certaines relations connues sous le nom d'identitds de Jacobs

Une condition nécessaire pour que l'on puisse former un groupe de structure donnée,
cest donc que les coefficients ¢ satisfassent & ces 1identités de Jacobi auxquelles 1l
convient d’adjoindre les relations (3).

Le trosiéme théoréme de Lie nous enseigne que cette condition est suffisante

Pour la démonstration de ce théoréme, nous devons distinguer deux familles de
groupes.

Les groupes de la 1% jfamalle sont ceux qui ne contiennent aucune substitution
permutable & toutes les substitutions du groupe

Les groupes de la 2° famalle sont ceux qui contiennent des substitutions permutables
A toutes les substitutions du groupe.

En ce qui concerne les groupes de la 1t famlle, la démonstration de Lie, fondée
sur la considération du groupe adjomnt, ne laissc rien & désirer par sa simphcité.

En ce qu concerne les groupes de la 2¢ famille, Lie a donné une démonstration
entiérement différente, beaucoup moms simple, mais qui permet cependant de former les
opérateurs X, (b) par I'mtégration d’équations différentielles ordinaires

Dans une note récemment 1nsérée dans les Comptes-Rendus de UAcadémie des
Sciences de Paris, J’a1 donné une démonstration nouvelle du 3¢ théoréme de Lie.

Les résultats contenus dans cette note étaient momns nouveaux que je ne le croyais
quand je Par publée

D'une part en effet, Schur avait dans les Berwhte der k sachsischen Gesellschaft
der Wissenschaften 1891 et dans le tome 41 des Mathematische Annalen donné du
théordme en question une demonstration entitrement diftérente de celle de Lie

Cette démonstration présente la plus grande analogie avec celle que je propose,
mais elle n'a powr amsi dire pas été poussée jusqu’au bout Comme le fart remarquer
Engel, le résultat dépend de séries que Schur forme et dont 11 démontre la convergence,
au contraire Lie raméne le probléme & I'ntégration d’équations différentielles ordinaires.

Je sws mnvé comme Lie lu-méme & des équations différentielles ordinaires qu
méme sont susceptibles d’étre complitement intégrées

D'autre part Campbell a donné sous une autre forme quelques-unes des formules
auxiliaires qui m'ont servi de pomt de dépmt (Proceedings of the London Mathematical
Society, tome 28 page 38l et tome 29 page 612)

Il m’a semblé néanmoins que cette note contenait encore assez de résultats nouveaux
pour quil y eQit quelque intérét & la développer
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Je raméne en effet la formation d'un groupe de structure donnée, & l'intégration
d'équations différentielles simples, 1ntégration qui peut se faire en termes fimis

Ces équations sont mows smples que celles que Lie a formées pour les groupes
de la 1** famille; mais méme dans ce cas, il peut y avowr intérét & les connaitre, car
elles sont d'une forme différente et me s'en dédwisent pas immédiatement.

De plus elles sont applicables aux groupes de la 2° famille et dans ce cas elles
nous fournissent une solution du probléme plus simple que celle de Lie.

II DEFINITION DES QPERATEURS.

Soit f une fonction quelconque de n vanables @, @i, .. , @n.

Soit X un opérateur qui change f en
d
L@ L v,
ol les (X.) sont n fonctions données des n variables @, x,, . , @, de sorte que-
d
X(H=2x) &L
Solent Y, Z, etc d’autres opérateurs analogues de telle fagon que
d,
Y(H=2M§, 2(=2@)

les (1)), les (Z,), étant d’autres fonctions de @, @y, . , @n.

Dans ces conditions*

(N)=X[X ) XY () =X(Y(N)) XY(N)=X[XY(f) XYZ(f)=X[YZ(f)

seront des combinaisons linéaircs des dérivées partielles des divers ordres de la fonction
/., multipliées par des fonctions données des x,

Awmsi se trouveront défims de nouveaux opérateurs X% XY, X°Y, XVZ, ..., qu
sont des combinasons des opérateurs simples X, ¥, Z, .... On voit que ces produits
symboliques obéissent & la lo1 associative mais n'obéissent pas en général & la lo
commutative de sorte que XY ne doit pas étre confondu avec YX.

Ces opérateurs sont amsi symboliquement représentés par des monbémes, mais on

peut définir des opérateurs qui seront symboliquement représentés par des polyndmes
tels que-

1+aX, aX+0bY, aX*+20XY +cYY ......,

en convenant d’écrire par exemple .

A +aX)(f)=f+aX (f), @X+bY)()=aX (f)+bY(f) .. wom....
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On voit que les polyndmes opérateurs ams défimis obéissent & la fois & la lo
associative et & la lon distributive, de sorte qu'on aura

(aX +0Y)(cX +dY)=acX*+adX ¥ + bc VX + bd V7,
et en particuber
X+Yy=X"+XY+YX+V
expression qu’ll ne faut pas confondre avec X*+2XY + ¥*
On peut aussi introduire des opérateurs qui seront représentés symboliquement par
des séries wfimes Je citeramr par exemple l'opératews
fHraX+)(NH+2X + VP ()+e X+ VP (H)+ .,

que je représenterar symbohquement par

1
[l_—a Py Y)] o2
ou plus simplement par
1
T-a@+7)y
et I'opérateur
LX () e X(f)+ 8 X
[+ 114 (f)+§, (f)+37 )+,
que je représenteral par ¢*¥(f) ou simplement par e=¥

On peut se demander s1 l'emplor de ces opérateurs représentés par des séries est
légitime et s1 la convergence des opérations est assurée

Il y a des cas o cette convergence est certaine. C'est ansi que Lie a démontré que
et (fN)=f(a, & oy &)
ot les ', sont défims par les équations différentielles

(iw‘ ’ ; ’
W':(X')(wh Xy vy wn),

et par les conditions 1mtiales
Zy=a, pour t=0

Les opérateurs défims par des séries symboliques obéissent évidemment aux lois
distiibutive et associative, ce qui permet par exemple d'éerire des égalités telles que

celle-c1
(e¥eaXeZ) (¢~ ZebXeT) = ¥ elath) YT

Il y a ausst un cas ol 1ils obéissent & la lor commutative Soient
¢ (X)=Za, X" ¥ (X)=2b, X",
deux séries symboliques dépendant d’un seul opérateur élémentaire X

On a alors

(X)) ¢ (X) (N =+ (X) [$ (X) (N

Les deux produits symboliques ¢ (X) ¥+ (X) et ¥ (X) ¢ (X) sont en effet des sommes
de mondémes dont tous les facteurs sont égaux & X S1 tous les facteurs sont
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identiques, il est clair que l'ordre de ces facteurs est indifférent et que les opérations
sont commutatives

Mais cela ne sera plus vra1 s les séries symboliques dépendent de plusieurs
opérateurs élémentaires dufférents; 1l ne faudrait pas par exemple confondre
Xny»
mla'
Y xm

e’é1'= 2"7"7,
m'n

eXe¥ =3

avec

ni avec

iy o3 (&)
P

III CALcUL DES POLYNOMES SYMBOLIQUES

Soent X, ¥, Z T U, . , n opérateurs élémentaires Par leurs combmaisons on
pourra former d'autres opérateurs représentés symboliquement par des mondmes ou des
polyndmes. )

Deux monOmes seront dits équipollents lors quils ne differeront que par lordre de
leurs facteurs, 1l en sera de méme de deux polyndmes qui seront des sommes de
monOmes équipollents chacun & chacun

Nous appellerons polyndéme régulier tout polyndme qui peut 8tre regardé comme
une somme de puissances de la forme
(X +BY +o4Z + ...
Il résulte de cette défimition
1°. Que s un polynéme régulier contient parmi ses termes un certan mondme,
tous les mondmes équipollents figureront dans ce polyndme avec le méme coefficient
Cette condition est d’ailleurs suffisante pour que le polyndme soit régulier

2°, Que parmi les polynémes équipollents & un polynéme donué 1l y a un polynbme
régulier et un seul.

Le polynéme
XY-YX

Joutt de la méme propriété que les opérateurs élémentares, c'est-d-dire que
XY-YX)(f)
est comme X (f), Y(f) etc. une combmaison linéawre des démvées du premier ordre
seulement de la fonction f multiphées par des fonctions données des a,
Nous supposerons que les opérateurs élémentaires et leurs combinaisons linéares
sont seuls & jourr de cette propriété (Si cela n'avait pas lieu, nous introduirions parmi

les opérateurs élémentaires tous ceux qui en jouiwraient) Nous devrons donc avorr des
relations de la forme.

(1) XY-YX=(XY),
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ol (XY) est une combinaison linéaire des opérateurs élémentaires. nous reconnaissons
12 la relation de Lie dite relation de structure
XX - XiX, = Zcp X,

Cela posé, deux polynbmes seront égumvalents lorsqu'on pourra les réduire I'un & l'autre
en tenant compte des relations (1)

Par exemple le produt
(2) PXY-YX-(X))]Q
(o le premier et le dermer facteurs P et @ sont deux mondmes quelconques) est
équivalent & zero, et 1l en est de méme des produits analogues et de leurs comb:-

nawsons linéaires. Les prodwits de la forme (2) sont ce que jappellerar des produits
trinémes

La différence de deux mondmes qui ne différent que par l'ordre de deux facteurs
conséeutifs est équivalente & un polyndme de degré moindre

Sotent en effet X et ¥ ces deux facteurs consécutifs Nos deux monémes s'écriront
PXYQ,  PYXQ,
P et @ étant deux mondmes quelconques, et leur différence
PXY-TYX]Q
sera équivalente &
P(X1)Q,
dont le degré est d'une unmité plus petit, puisque (XY) est du 1 degré, XV - ¥YX
du 2% deg1é
Sotent maintenant M et M’ deux mondmes équipollents quelconques, c'est-a-dire
ne dufférant que par lordre des termes On pourra trouver une suite de mondmes
MM, M, MM,
dont le premier et le dernier sont les deux mondmes donnés et qui seront tels que
chacun d’eux ne différe du précédent que par l'ordre de deux facteurs consécutifs La
différence M—M' qu est la somme des différences M —M,, M,—~M,, . , M,— M’ sera
donc encore équivalente & un polynéme de degré moindre

Plus généralement, la différence de deux polyndmes équipollents est équivalente &
un polyndme de degré moindre

Je dis maimntenant qu'un polynéme g

régulier

que est toujours équwalent & un polyndme

Soit en effet P, un polynbme quelconque de degré =, 1l sera équipollent & un
polyndme réguhier Py, on aura alors I'équivalence

P, n= P n + P, n—1»
od P, est un polyndme de degré m—1 qui sera & son tour équipollent & un polyndme

régubier P',,, d’od I'équivalence -
8 i Py =Py + Py,

Vor. XVIIIL 29
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et ams de smte, on finwra par armver & un polyndme de degré zéro, de sorte que
nous pouvons écrire I'équivalence :

P,.=P',.+P',...1+P',._,+ )
dont le second membre est un polyndme régulier

On a donc un moyen de réduire un polynéme quelconque & un polyndme régulier
en se servant des relations (1) Il reste & rechercher si cette réduction ne peut se
fawre que d’une seule manitre

Le probldme peut encore se présenter sous la forme suivante, un polyndme régulier
peut-1l étre équivalent & zéro? Ou bien encore peut-on trouver une somme de produsts
trindmes de la forme

(2 PEXY-YX-(XD)]Q,
qun soit un polyndme régubier non 1dentiquement nul? Toutes les sommes de pareils
produits sont en effet équivalentes & zéro

Le degré d'un produit trindme sera égal & 2 plus la somme des degrés des
polynémes P et @ Si je consdére ensuite une somme S de prodwits (2), ce que
Joppellerax le degré de cette somme S, ce sera le plus élevé des degrés des produits
quit y figurent, quand wméme les termes du degré le plus élevé de ces différents
produts se détruiraient mutuellement

Le produit trmdme (2) peut étre considéré comme la somme de deux produits, le

produit bindme
(2 bis) PIXY-YX)Q,

o je distinguerar le mondme positf PXYQ et le mondme négatsf — PYXQ, et le

produit
-PEY)Q

que yappellera1 le produit complémentarre.

Soit donc S une somme quelconque de produits trindmes de degré p ou de

degré infémeur, je pourrai écrire:
S=8—Tp+8Sps—Tpos+ v oo +8,—1T,,
ol S; est une somme de produits bindmes de degré k
(2 ter) P[XY-YX]Q,
tandis que — T est la somme des produits complémentaires correspondants
-PXY)Q.

Il gagit de savorr s1 la somme S peut é&re un polynéme régulier sans &tre

dentiquement nulle  J'observe d’abord que s 8 est un polyndme régulier, 11 doit en

étre de méme de S, car §, représente l'ensemble des termes de degré p dans S,

tandis que (Sp1— Tp), (Spg~ Tpy), .., (S:—Ti), — T. représentent respectivement
Pensemble des termes de degré p—1, p-2, ..., 2, 1.
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On voit immédiatement que S, est équipollent a zéro, comme zéro est un polynéme
régulier, et que deux polyndmes réguliers ne peuvent &tre équipollents sans étre identiques,
1l faut que S, soit identiquement nul

Soit en particulier p =3,
S,=3[XY-YX]Z-3Z[XY-YX]

le signe % sigmfie que lon fait la somme du terme qui est explicitement exprimé sous

ce signe et des deux termes qu'on en peut dédwire en permutant circulairement les trois
lettres X, ¥, Z.

On aura
T,=3(XY)Z-3Z(XY),

8,=3[(XV)Z-Z(XY)],
7,=3[(XV)Z],
8=8,~T,+8,~T,=S[XY - YX~(XY)]| Z-SZ[XY - YX —(XY)]
+2[(XV)Z-Z(XY)-((XY)2)]

puis

Il est awé de vénfier que 8, et S,— 7, sont identiquement nuls, de sorte que S
se réduit A — T,

Or
T,=[(XY) 2]+ [(YZ) X]+[(ZX) Y]
est un polyndme du 1% degre, car [(XY)Z] comme (XY) lur-méme est un polyndme
du 1 degré

Or dans un polynéme du 1 degré, chaque terme ne contenant qu'un seul facteur,
on n'a pas & se préoccuper de lordre des facteurs Tout polyndme du 1 degré est
donc un polynéme régulier. S1 done le polynéme T, n'est pas identiquement nul, la
somme S sera égale & un polynbéme réguhier qui ne sera pas identiquement nul

Done pour qu'un polynéme puisse &tre réduit d'une seule maniére & un polynéme
régulier 1l faut qu'on ait les 1dentités suivantes

¥ XNZ]+[(Y2)X]+[(ZX)Y]=0
On reconnait 1a les identitds de Jacobi quu joucnt un s grand rdle dans la théore

de Lie

(St d’ailleurs ces 1dentités n’avaient pas heu, les opérateurs élémentaires seralent
lids par les équations (3) qui ne seratent plus des 1dentités, 1ils ne seraent plus
linéairement 1ndépendants; on pourrait donec en rédwire le nombre.)

Les 1dentités (8) sont donc la condition nécessaire pour que la réduction d'un
polyndme 3 un polyndme régulier ne puisse se fare que d'une seule mamére.

Il me reste 4 montrer que cette condition est suffisante.
29—2
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Je dirar pour abréger une somme régulére pour désigner une somme de produits
trindmes qu est un polynéme réguher.
Soit alors
S=8,~Tp+8ps = Tpu+ .
une somme de produits trinémes, les deux premiers termes S, — I}, représentent la somme
des produits trindmes du degré le plus élevé, c’est ce que j'appellerar la téte de la
somme 8.

J'ar distingué plus haut dans un produit trinéme trois parties que j'ai appelées le
mon6me positaf, le mondme négatif et le produit complémentaire Je dira1 qu'une somme
de produits trindmes forme une chafne s1 le monéme négatif de chaque produit est
égal et de signe contrawre au mondme positif du produtt swivant Le mondme positif
du premier produtt et le monbme négatif du dermier seront alors les mondmes extrémes
de la chaine

Il résulte de cette défimtion que tous les mondémes positifs d’une méme chaine ne
different que par Iordre de leurs facteurs.

Une chaine sera fermée s1 les deux mondmes extrémes sont égaux et de signe
contraire.  S1 S, — T, est une chaine fermée de produits trindmes (S, repiésentant la
somme des produits bindmes et — 7T, celle des produits complémentaires), 1} est clur
que S, est 1dentiquement nul puisque les mondmes positifs et négatifs se détruisent
deux & deux.

Nous avons vu que s1 S est une somme réguliere, S, est 1dentiquement nul, d’ou
1l résulte que la téte d'une somme régulitre S se compose toujours d’une ou plusieurs
chafnes fermées

S1 deux chajnes ont mémes mondmes extrémes, leur différence est une chaine fermée

Nous nous servirons de cette remarque pour montrer qu'une chaine fermée peut
toujours de plusieurs maméies se décomposer en deux ou plusieurs chaines fermées Une
chaine fermée quelconque peut de plusicurs mameres étre regardée comme la différence
de deux chaines C et (' ayant mémes monbémes extrémes, soit alors C” une trosi®me
chaine ayant mémes mondmes extrémes La chaine fermée C— C’ se trouve anm
décomposée en deux autres chaines fermées C—C” et C” —C’

Il sagit de montrer que toute somme réguliére est wdentiquement nulle et en effet
quand cela aura été démontré, 1l sera évident qu'un polyndme régulier dont tous les
coefficients ne seront pas nuls ne pourra étre équivalente & zéro, puisque tout polynéme
régulier équivalent & zéio est par définition une somme réguliere

Supposons que le théoréme ait été étabh pour les sommes de degré 1, 2, ..., p—1,
Je me propose de l'étendre aux sommes de degré p

Je remarque d'abord que s une somme réguhitre de degré p est identiquement
nulle, 11 en sera de méme de toutes les sommes régulitres de degré p qui ont méme
téte La différence de ces deux sommes serait en effet une somme régulitre de degré
p—1 qu serait 1dentiquement nulle d’aprds notre hypothdse.
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Il me suffira done de former toutes les chaines fermées de degré p et de montrer
que chacune d’elles peut étre regardée comme la téte d’'une somme réguliére identique-
ment nulle

Toute somme réguhitre S d'ordre p a en effet pour téte une de ces chaines fermées,
par exemple S’, s1 donc je montre que l'une des sommes régulitres dont la téte est S’
est 1dentiquement nulle, 1l en scta de méme de toutes les autres et en particulier de S.

Pour établir ce pomnt, je vas décomposer la chaine fermée envisagée en plusieurs
chaines fermées composantes

Il me suffira de démontrer la proposition pour chacune des composantes

J'appellera1 chaine sunple de la 1¥¢ sorte toute chaine oit le premier facteur de
tous les mondmes soit positifs soit négatifs seia partout le méme

Jappellerar chatne sumple de la 2¢ sorte toute chaine ol le dermer facteur de
tous lez mondmes sera partout le méme

Une chaine simple peut d’ailleurs étre ouverte ou fermée.

Il cst évident que toute chainc fermée peut étre regardée comme la somme d'un
certain nombre de chaines simples, alternativement de la 1%® et de la 2° sorte

Soit donc S unc chaine fermée, (4, (,, , C, des chaines simples de la 1°* sorte,
C'. €', , €'y des chaines simples de la 2° sorte, on aura
S=0+0,+0C,+0C,+ +Cu+0C%,
le monéme négatit extréme de chaque chaine étant bien entendu égal et de signe

contraire au mondme positif extiéme de la chaine suivante, et le mondme négatif
extréme de C’, égal ct de signe contraire au mondme positif extréme de C,

Soit X le premier facteur de tous les mondmes de C), Z le dernier facteur de
tous les mondmes de €', ¥ le premer facteur de tous les monémes de C,, T le
dernier facteur de tous les monbémes de (, (je n'exclus pas le cas ol deux des
opérateurs X, Y, Z, T «craient 1dentiques) :

Soit alors ¢” unc chaine simple de la 2° soite ayant son mondme positif extréme
égal et de signe contrare au mondme négatif extréme de C°,, dont tous les mondmes
ont pour dermer facteur 7', et dont le mondéme négatif extréme a pour premier
facteur X

Soit € une chaine simple de la 1" sorte dont tous les mondmes ont pour
premier facteur X et dont les monbmes extrémes sont respectivement égaux et de
signe contraire au mondme négatif extréme de C” et au monbme posttif extréme de C,

La chaine fermée 8 se trouvera décomposée en deux chaines fermées composantes,

& savolr
8'=(C"+0C)+C,+ 0+ (0 +0),

8=~ C" 4 O 4 O+ .. +Cot C'a=C".
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S8’ ne contient que quatre chaines simples, car (C”'+C) et (C’;+ C”) sont des
chaines simples, S” contient deux chaines simples de moms que S

En poursmivant on finra par décomposer S en chaines fermées composantes, formées
seulement de quatre chaines simples. Il nous suffit donc d’envisager les chaines fermées
formées de quatre chaines simples comme par exemple S’

Les monbmes positifs extrémes des quatre chaines simples qui forment S’ ont
respectivement pour premier et dernier facteurs

pour " +C,, X et T,
N C, , XetZ
Y c, , Y et Z,
a Ca+C”, YetT
Sotent M,, M',, M,, M’, ces quatie mondmes

Tous ces mondmes sont équipollents entre eux et équipollents & un certain mondme
que Jappelleran XYPZT

Nous allons alors construire une série de chaines simples, comprises dans le tableau
swvant, ot dans la premidre colonne se trouve la lettre qui désigne la chaine, dans
le seconde le mondme extréme positif, dans la tromdme le mondme extréme négatif,

Je fais figurer dans le méme tableau les quatre chaines simples qui forment S’ et je pose
pour abréger

Q=XYPZT, Q,=XYPTZ, Q=YXPTZ, Q,=YXPIT

Nom de la chaine | Mondme positif | Mondme négatif || Nom de la chaine | Mondme positif | Mondme négatif
0"+ 0, M, -M, D, M, -9
Cll M/l - MJ -Dla M/l - Q’z
01 Mz -M /z E, 1 Ql - le
0’2 M’ﬂ - Ml E,l Q'l - Q:
D, M, - E, Q - Q.
[ /S N N D VN | N X B R B

On peut supposer que tous les mondmes de la chaine D, ont pour premier et
dermer facteurs X et T', de sorte que D, est & la fois une chaine simple de 1°** sorte
et une chaine simple de 2° sorte Il en est de méme des autres chaines D. On

peut supposer de plus que les chaines £ se réduisent 3 un seul produit trindme de
maniére que par exemple

E,=XYP[ZT - TZ - (ZT))
La chaine fermée
8 =(C"+0C)+0C+C,+C,
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peut 8tre décomposée en cing chaines fermées composantes, & savoir .
U,=C"+C,+D,~-E, - D,
U’l = Cll + Da - Ell - D'u
2= 01+D'2_E2_Dn
U,=C,+0"+D,—E',-D,,
V=E+E +E+E,
I gagit donc de montrer que chacune de ces cing chaines fermées est la téte

d’'une somme régulitre 1dentiquement nulle

Pour les quatre premitres, qui sont des chaines simples fermées, le théoréme est
évident. On l'a supposé démontré, en effet, pour les chaines fermées d'ordre inférieur a
p. Or 1l est clair que Pon a par exemple

U= XH,
H étant une chaine fermée d'ordre p — 1.
Quant & V, ce sera la téte de la somme réguliére
[XY-YX - (XY))PZT+ YXP[ZT-TZ - (ZT))- [XY - YX - (XY)) PTZ
- XYP[ZT-1Z - (ZDD)+(XY)P [ZI-TZ - (ZT])) - [XY - YX —(XY)] P (ZT),
qu est identiquement nulle

Il reste & envisager ce qui se passe quand deux des opérateurs X, Y, Z, T sont
1dentiques, par exemple X =V, ou X =2,

Nous devons alors distinguer le cas ol les divers mondmes positifs ou négatifs de
notre chaine contiennent deux facteurs identiques, I'un jouant le réle de X et l'autre
le r8le de ¥ (ou lun le 18le de X et Vautre celm de Z), 1l n’y a alors rien &
changer & l'analyse qui précede

Et d'autre part le cas ol ces mondmes ne contiennent qu'un seul facteur X

Le premier cas pourra scul se présenter s1 l'on suppose X =2, ou X=1T, et s1l
y a plus de trois facteurs en tout.

Le sccond cas pouria au contiare se présenter s1 'on suppose par exemple X =V,
mais on posera alors

Q=Q,=XPZT, Q,=Q=XPTZ

La défimtion des diverses chaines demeurera d’ailleurs la méme et on constatera
immédiatement que la chaine V' est identiquement nulle

Le théoréme est donc démontré pour les sommes d'ordre p, s1l l'est pour les sommes
d’ordre moindre.

La démonstration précédente n’est toutefors pas applicable au cas de p=3, car la
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chaine V n'existe que 811 y a au moms quatre facteurs, Mais la seule chaine fermée
du 3* ordre est la chaine S,— 7T, envisagée plus haut et nous avons vu quelle est
la téte d’'une somme régulidre qui est 1dentiquement nulle s1 les identités (3) ont lieu

Le théordme est donc étabh dans toute sa généralité

Toute somme régulidre est identiquement nulle,

Donc un polyndme régulier qui n’est pas 1identiquement nul ne peut pas s'annuler
en vertu des relations (1).

Done en résumé,

Su les wdentités (3) ont heu, les relatons (1) permettent d'une mamére, et d'une seule,
de réduire un polyndme quelconque & un polyndme régulier,

IV. ProBLEME DE CAMPBELL

Solent
X, X, .o, X,

r opérateurs élémentaires, supposons qu'ils soient liés par les relations
(O] XoXp = XoXo = (XoXy),
(X.X,;) étant une combinaison linéaire des X, supposons de plus qu'on ait les 1dentités
(B)  (XeXp) Xo) + (XoXo) Xa) + (X Xo) Xp) =0

D'aprés le deuxiéme théoréme de Lie, ces opérateurs donnent naissance & un “gioupe
continu,” qui admet » transformations infimtésimales indépendantes Ces transformations
infinitésimales changent f en

f+eXi(f),

e étant une constante infiniment petite.

Soit
T=tX,+t,X,+ ... +t.X,,

une combinaison linéawre de ces opérateurs Les # sont des coefficients constants quel-
conques La transformation finie la plus générale du groupe s'exprimera par le symbole

e’ (f)-

Tsthl + t‘lXi+ . +tan
V=vX, +0uX,+...+0X,,

Soient maintenant

deux combinasons linéaires des X. Comme les transformations ¢ forment un groupe, le
produit

e¥eT
devra également faire partie du groupe, de sorte que nous devrons avoir

(4) eVeT = ¢V,
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ol
W=wlX, +wX,+..+wX,

est une autre combinaison linéaire des X.
Les coéfficients w sont évidemment des fonctions des v et des ¢.
Développons le produit

o VmIn
eVel =3 .
m!n!

ymTn ,

min €6 un polyndme d'ordre m +n  Par les relations (1) on
peut le rédwmire & un polyndéme régulier, et cette réduction ne peut se fawre que d'une
seule maniere.

Le terme général

Nous pouvons donc écrire

Vﬂg’n
m!' n!

=3, W(p, m, n),

ol W(p, m, n) est un polyndéme régulier et homogtne d'ordre p(p =m+n), on a donc
e’ =3, ,, ., W(p, m, n)
S1 nous réumissons les termes de méme degré et que nous posions
Wy =Zm . W(p, m, n),
1l viendra:
eVeT=3,W,

Le second théoréme de Lie, que je viens de rappeler, nous apprend que le second
membre doit étre de la forme ¢, et par conséquent que-

®) Wp =71

C'est 13 une proposition dont la simpheité serait 1attendue, st l'on ne connaissait
pas la théorie des groupes

S1 on pouvait la démontrer directement on aurait, comme I'a remarqué Campbell,
une nouvelle démonstration du second théoréme de Lie

Mais 1l y a plus, on aurait auss: une nouvelle démonstration du troisiéme théoréme

de Lne

Les égahtés (1) nous font connaftre des relations entre les opérateurs élémentaires
et les combinaisons XY —Y.X; ce sont ces relations qui constituent la structure du groupe.
Cette structure est done entidrement défime quand on connait les * coefficients ¢ des
r? fonctions lindaires (XY

Mais ces 7 constantes ¢ ne sont pas toutes mdépendantes, tous les coefficients de
(XX) doivent é&tre nuls, les coefficients de (YX) sont égaux et de signe contraue &
Vou. XVIIL 30
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ceux de (XY). Enfin les constantes ¢ dowvent étre chowsies de telle fagon que les
wdentités (3) sorent satisfartes J'adjomns donc aux 1dentités (3) les 1dentités smivantes
qui sont evidentes

Bbs) (XX)=0, (XV)=-(¥YX)

Le 3° théortme de Lie nous apprend qu'on peut toujours trouver un groupe de
structure donnée, pourva que les coefficients ¢ qu défimssent cette structure satisfassent
aux 1dentités (3) et (3 bis), c'est-a-dire aux rdentités de Jacob

Mais supposons 1nversement qu'on ait démontré directement Identité (5) et par
conséquent la formule (4) Les coefficients w seront donnés en fonctions de v et de ¢,
et Jje puis écrire

(6) we= e (0, &)

Pour former les fonctions ¢, 1l suffit de savon former le polyndme W,, par consé-
quent de savowr former les polyndémes W (p, m, n), cest-d-dire de savorr réduire un
polyndme quelconque en polyndme régulier, pour cela 1l suffit de connaitre les co-
efficients ¢ )

Soit
eVeT=eW, eWel=¢”, eleU=¢',
ol
U=2u,,X,,, Z= EZEX;;, Y=2y};X;,
Le caractire associatit de nos opérateurs nous montre que l'on a
eVel =7,
d’olt les relations suivantes
we = (v, &)y Ye =t W)
(7)) ze=de(w, w)=e(n, y)
Regardons dans les équations (6) les ¢t comme des constantes, ces équations (6)
définiront une transformation qui transforme v, v,, , v, en w, W, .., W, Les relations
(7) nous enseignent que l'ensemble de ces transformations constitue un groupe

(Cest ce que Lie appelle la Parametergruppe )
Les substitutions infimtésimales de ce groupe sont

=5 U din
X'(j)—ldvk dt, !

ob dans ¢ (v,, t,) on annule les ¢ aprds la différentiation

Les r substitutions nfinitésimales X,(f) sont hnéawrement indépendantes Et en
effet, pour qu'elles ne le fussent pas, 11 faudrait que le déterminant fonctionncl des
¢u par rapport aux ¢ fat nul, quels que soient les v quand les ¢ s'annulent Or cela
n’a pas heu car ce détermmant devient égal & 1 quand les v Yannulent.

Ayant ams1 défim les opérateurs élémentaires X, (f), leurs combinasons 7' = 3t X, (f),
eT, ete se trouvent définis eux-mémes
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Ces opérateurs étant associatifs, on aura
e (f)=eTel (f),
c'est-i-dire, en néghgeant les quantités du 3° ordre par rapport aux ¢ et aux u

Y=T+ U+1;U—;UT.

D'autre part, d’aprés la mamére éi;nt ont été formées les fonctions ¢y, on vénfie que
Y=T+U+3TU)=3tX, + Zup Xy + § = (t,ws — trw,) (X X),
et la comparaison de ces deux 1identités donne
XX - XX, =(X. X0,
ol les coefficients des fonetions hindaires (X,X;) sont bien les r* coefficients ¢ donnés

Le groupe amsi formé a done bien la structure donnée et le trosi2me théoréme
de Lie est démontré

Clest au fond la démonstration de Schur

Ce que jappellerar le probléme de Campbell consiste donc & démontrer directe-
ment la formule (5), ce quu démontre & la fois le sccond et le troisiéme théoréme
de Lie

V. Lk SYMBOLE ¢ (6)

Considérons r opérateurs élémentaires
X, X, .. X,
et une de leurs combinaisons linéaires
T=tX,+t.X,+ +t.X,

Soit ensuite ¥ un autre opérateur élémentaire qui pourra &tre ou ne pas &tre
une combinaison linéaire des opérateurs X.

Supposons que les opérateurs V et X soient hiés par des relations de la forme

VX, -XV=0b,X,+b,X,+. +b, .X,

(=12, ..., 7),
on aura alors
VT—- TV= Eu;,X,,,
ol
up = 3,k
Je poseral
VI-TV=0(T)

Donc 0(T) est comme T une combinaison lmndaire des X, et les coefficients de
6(T) se dédwmsent de ceux de T par une substitution lnéaire.

30—2
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Je poseral

0[6(M)=06(T), 6[6~(T))=06m(T),

de sorte que 6™(T) sera comme T une combinaison lindaire des X, les coefficients de
6™ (T) se déduisant de ceux de T en répétant m fois cette méme substitution linéarre,

S1 maintenant

$(6)= g0t
est un polyndme ou une série ordonnée suivant les puissances croissantes de 6, j'écrirar-
$(O)(T)
au heu de
Zgi0% (T)
Considérons I'équation, dite caracténstique
bu - o» bm ) b!r
b, -6, .., .
| bt b -
bn, ) , b —0

S1 cette équation a toutes ses racines distinctes et s1 ces racines sont 6,, 6,
1] existe » combinaisons linéaires des X,, & savorr.

(2) Vi=Zay X,,

telles que
VYr = YV =6Y,

S1 alors on a
T=3tX,=3t"Yz,
on aura
() (T)=Z¢p () t:Ys

S1 nous posons
¢ (0)(I)=3hX,,

nous voyons d'abord que les coefficients h, sont des fonctions linéaires des ¢, ce sont

d’autre part des fonctions des b, étudions ces fonctions.

S1 ¢(f) est un polynéme entier d'ordre p en 6, les h, seront des polyndmes

entiers d'ordre p par rapport aux b Si donc ¢ () est une série ordonnéde
les puissances de @, les h, se présenteront sous la forme de séries ordoundes
les puissances des b. Nous allons voir bientét quelles sont les conditions de
gence de ces séries

Des équations (2) on tire en effet

Xv = zﬁ‘k Yh
d’'od
o =2But,,
$(6)(T) =3¢ (6i) t'rau Xy,

suivant
suivant
conver-
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d’ol enfin .
hy =3t (6r) . ot B

Pour déterminer les produits ay, Bj faisons

1
O =5,
£ étant une constante quelconque
On a alors
g (D)= 3hXi = H,
ol
b= 5 b5
TE-6
On tire de la
(E-0)(H)=T,

ce qu peut s'éerire
Eh‘ - zbhhk =t
De ces équations on peut tirer les h en fonctions des ¢, on trouve
tJP Y
Fo
ol Py est un polyndme entier par rapport aux b et & §, quant & F(§) cest le
premier membre de I'équation (1) ou € a été remplacé par §

©) h=%

Le second membre de I'équation (3) est une fraction rationnelle en &, décomposons
la en éléments simples, 11 viendra
-y WPt

F (Oe) (E-62)°
od P est ce que devient Py quand on y remplace £ par 6

hy

On a donc P
o B = FT(‘:E)’
d’od enfin pour une fonction ¢ (f) quelconque -

_\.t,P!'¢(0.,)X.
@) O (== 3‘“’(9;) .

On voit que les h, s'expriment rationnellement en fonctions des b, des 6, et des ¢ (6y)
La formule (4) peut se mettre sous une autre forme, nous pouvons égrire

. _ 1 [dE(DE4PX,
(4' bls) ¢(€)(T)"2"T J:j F(E) H

Pintégrale étant prise dans le plan des § le long d'un cercle de rayon assez petit pour
que la fonction ¢ (&) soit holomorphe & I'intérieur, nous le supposerons de plus assez
grand pour que les pomts 6, 6,, ..., 6, soent & l'ntérieur du cercle. Cela nous améne
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& supposer en méme temps que le rayon de convergence de la série ¢ (£) est plus
grand que le plus grand module des quantités 6, 6, .., 6,

Ou a alors pour tous les points du contour d'intégration

[EI>16], 1E1>16:), woveee, [E[>]6r),
d’otr 1l résulte que la fonction iationnelle
By
F)
est développable suivant les pussances crowssantes des b Il en est donc de méme
des h,

Nous avons cit plus baut que les h, sont développables en séries procédant smvant
les puissances des b, et d'aprés cec qui précdde, 11 suffit, pour que ces séries convergent,

que le rayon de convergence de la séie ¢ () soit plus grand que la plus grande des
quantités

[0, 16:], eeeer, 16:].
S1 donc ¢ (£) est une fonction entidre, les h, seront des fonctions cntitres des b
Qu'arrve-t-1l maintenant s1 'équation caractéristique
F@)=0
a des racines multiples? Il est aisé de s'en rendre compte en partant du cas général
et en passant & la limite.

Je suppose par exemple que 6, soit unc racine triple Alors F(£) contient le
facteur (E—6,* St je décompose lc second membre de (3) en éléments simples, tros de
ces éléments deviendront wfims pour £=6,.

Soient
AW 4,0 A
—_ —_— e
-6, E-0r T E-ay
ces trois éléments simples Alors 1l faudra dans la formule (4) remplacer le terme
4P, 9(6) X,
7 (6)
(qu n’aurait plus de sens dans le cas d’'une racine multiple) par les trois termes
suivants

>

24, X, (0)-(ANZAMX P (6,)+(2") 24,9 X,¢" (6,)
On opérerait de méme pour les autres racines multiples

Donc les A,, dans le cas des racines multiples, sont des fonctions rationnelles des b,

des 6, des ¢ (6:) et de leurs dénvés ¢'(6i), @ (6), , on pousse jusqud ¢® (6;) m
O, est une racine multiple d'ordre p+ 1

Remarquons que Je n'aurais pu faire ce raisonnement par passage & la hmute, si-
Je m'étais restreint dés le début en supposant que V est une combinaison linéaire des



M: H POINCARE, SUR LES GROUPES CONTINUS. 289

X, et que les X sont hés par les relations (1) et (3) du N° IV. (relations de struc-
ture et 1dentités de Jacobr)

Alois en effet les cas ol I'équation caractéristique a des racines multiples ne pour-
ralent plus &tre regardés comme des cas particuliers de ceux ol toutes les racines sont
distinctes  On aurait pu, 1l est vrai, démontrer directement la formule (4 bis) et se
servir de cette formule, mais ja1 piéféré ne pas m'imposer au début cette hypothdse
restrictive, quitte & l'ntrodure dans la swite du caleul, de fagon & avowr le droit de
raisonner par passage d la limite

Quor quil en soit, le cas le plus intéressant au pomnt de vue des applications &
la théorie des groupes, c'est celur ol cette hypothdse restrictive est satisfarite Sup-
posons donc que V soit une combinaison lhnéare des X

V=v,X,+v,X,+ +0v.X,.
Supposons de plus que les X soient liées par les relations (1) du N° précédent
X.X,-X,X,=%c,X,,

I

et que les constantes ¢ satistont & des relations telles que les identités (3) du N° pré-
cédent arent heu

On aura alors
0(T)=3c,unt,X,,
bie=c kit o xtet  Fo ot

Les résultats, démontrés dang le cas général, seront évidemment encore vrais dans ce
cas particulier, s1 donc on pose

(O (T)=3 hX,,
les h, seront des fonctions lmnéanes des ¢, et des fonctions rationnelles des v, des 6,
des ¢(6) et de quelques unes de leurs dénvées Les 6, sont les racines d'une équation

algébrique dont le premier membie est un polynéme cntier homogéne de degré r par
rapport aux v et & I'mconnue 6

De plus les h, ne dépendent que hnéarement des ¢ (6;) et de leurs dérivées
S1 ¢ (£) est une fonction entiere de § les h, sont des fonctions entidres des wv.
Dans tous les cas, le symbole ¢ (8)(T) se tiouve entidrement défini
Je termmerar par deux remarques
1° 81 x (&) est le produtt des deux fonctions ¢ (&) et ¥ (£), on aura

$O) [¥(O) ()] =¥ () [$ (O (D] = x (6)(T)

2> Siona

$O) (D=1,
on aura

Cette dermére égalité n'a de sens que s1 ¢ () ne sannule pas pour =0, de telle
fagon que 4’—5) sort développable suivant les pussances de 6.
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VI. FORMULES FONDAMENTALES.
Considérons I'expression
1) e~oV T guV,

V et T ayant méme smgmfication que dans le § précédent, tandis que a et 8 sont
des constantes trds petites Développons cette expression en négligeant les termes du
8¢ ordre par rapport & a et & 8, 1l viendra:

(1-av+57) (1487 +BL) (1427 + 2T,

ou
1487+ 5/'3’21“— B (VT -TV),
ou avec la méme approximation
HAT—aB (VT-TV)

On aura donc, toujours avec cette approxmmation
(2) e VerTeV=¢U, o U=T-ab(T),
ou encore avec la méme approximation
(2 bs) e VepTeV=¢U, od U=¢(T)

Je me propose mamntenant de démontrer que la formule (2 bis) est vraie quelque
loin que Ton pousse Vapproximation, et d’abord qu'elle cst vraie quand on néghge le
carré de B et qu'on pousse I'approximation par rapport & a ausst loin que l'on vout

Supposons donc qu'on pousse lapproxumation jusquaux termes en B et jusqu'aux
termes en o™ inclusivement Dans l'expression (1) nous remplacerons efT par 1+ 8T,
eV ot eV par les m+1 premiers termes de leurs développements, en effectuant le
produit (et néghgeant dans ce produwit a™"') nous obtiendrons un polyndme symbolique
que nous pourrons rendre régulier par les procédés du N° III Soit

¢ (a, B) =24l

le polyndme régulier ainsi obtenu, II est un mondme symbolique, et A son coefficient qui
est un polyndme entier en « et 8

Nous avons alors
® $(a+da, §)= e Hiel 7 BT glerd V = gda-V ¢ (q, 8) gV,

En effectuant le prodwt du 3° membre de cette double égalité, et ndghgeant le
carré de la différentielle da, on obtiendra un polyndme régulier de méme forme dont
les coefficients sont eux-mémes des polyndmes du 1% degré par rapport & da d'une
part, par rapport aux coefficients 4 d'autie part. Telle est la forme du polyndme
$(a +da, B)
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D'autre part on a*
< dA

(3 bis) ¢(a+da,B)—¢(a,B)=daza;H.

Cette égalité, rapprochée de la remarque que nous venons de faire, montre que ‘jl‘:

est une combinaison linéaire des coefficients 4.

Done ces coefficients 4, considérés comme fonctions de a, satisfont & des équations
hnéaires & coefficients constants

De plus pour a=0 1ls dowvent se réduire aux coefficients de €7 Ces conditions
suffisent pour les déterminer

Or je dis que l'on peut y satistane en faisant (conformément & la formule 2 bis)
(@ B)=T, U=ei(T)
En effet cette formule nous donne
¢(a+da, B)=et, U’'=e-etdao(T),

et il s'agit de vénifier que
g-da V g8U gida V _ o8U"

Or la formule (2 bis) démontrée quand on néghge d’une part le carré de B, d’autre
part le carré de a, peut sapphquer 1c1 puisque nous néglgeons le carré de B et celm
de da  Nous avons donc

gde VpUgla V= gbU" [ =g daid (),
d'ott .
U =ed= O[e-.v (T)]___e—(udaw(ll'): U’
On a donc bien
¢ (a+da, B) =e %V ePU gdo-V = fU”
CQFD

La formule (2 bis) satisfarit done & nos équations différentielles et comme ces équations
ne comportent qu'une solution, cette formule se trouve vénfide

Poussons mamtenant l'approximation ausst loin que nous voulons tant par rapport
& B que par rapport & a

Nous avons
$(, B) =6 TV,
d’od
& (2, B+dB) = ¢~V eB+aNTgaV = (g~ 8T eaV) (g=2V 8 TeaF),
ou
$(a, B+dB)=¢(a, B) ¢ (a dB)

Comme nous néghgeons le carré de dg, je pus écrire

¢(¢n dB)=‘“ l7, U=G"'(T),
Vor. XVIIL 31
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d'on: .
@) (o B+dB)=¢(a B)e® T

Cette formule (4) représente sous forme condensée des équations différentielles de
méme forme que les équations (3 bis), auxquelles doivent satisfaire les coefficients 4 de

é(a, B)=3A.1I.

Cest ams1 que la formule (4) représentait sous forme condensée les équations
(8 bis).

On peut satisfaire & ces équations par la formule (2 bis), cette formule donne
en effet

G (a, B+dB)=eF+IV = BV b U= (a, B) e U

Les équations différentielles ne comportant comme les équations (3 bis) qu'une seule
solution, la formule (2 bis) se trouve vérifiée dans tous les cas.

Cette formule (2 bis) n'est d'ailleurs que la traduction symbolique d’une formule
bien connue et, 1 )'a1 développé la démonstiation, c'est unmiquement pour mieux faire
comprendre les symboles cmployés et pour faume connaitre un mode de rasonnement
applicable & des questions analogues, je veux parler de celm ol sintroduisent les
équations différentielles (3 bis) ou les équations analogues

II importe avant d’aller plus lom de préciser la portée de la démonstiation que
nous venons de donner Pour qu'elle soit valable, 1l faut que tout polynéme puisse étre
rédwt d’'une maniere et d'une seule & étre régulier Or, d’aprés le N° III, cela a heu
dans deux cas.

1° 81 V et T sont des combinasons linéares des opérateurs X,
V=3unX, T=3tX,
et s1 ces opérateurs sont hés par des relations
XX, — X X, =0 X,,
les constantes ¢ satisfaisant aux 1dentités
(Xo (Xp X)) + (X3 (Xe X o)) + (X (Xa X)) =0;

a1 en d’autres termes les opérateurs X défimssent un groupe de Lie et s eV, €T sont
deux transformations quelconques de ce groupe

Dans ce premier cas la formule (2 bis) est towjours vrawe
2° Elle sera donc vraie en particulier s1 on suppose que
vV, X, X,,... X,
sont 7+ 1 opérateurs liés par les relations

(6) VX~ X.V=3b,X,
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et
6) X Xi—XpX,=0

Ces relations entrainent en effet 1''dentité
V(X Xp) + (X (X)) + (X (VX)) =0,
en désignant suivant la coutume par (VX,) et (X,X;) les seconds membres des relations
(5) et (6) On aura donc dans cette hypothése
2 bis) e Vel =V, U=e-(T).
On aura de méme en permutant V et T
(2 ter) e PTeVebT < eoW = W =eP1(V),

e P étant un symbole analogue & e=* et défim de la mamere swmvante le symbole
7 est formé avec T comme le symbole 8 avec V', on a done, st ¥ est un opérateur
quelconque

2 (Y)=TY-YT
On aura donc
qg(V)=TV-VI=-6(1),
et en vertu des relations (6)
7(X)=0, 7(V)=0, 7*(V)=0,
eP(V)y=V—Bn(V)=V+RB0(T)
La formule (2 ter) devient ainsi

(2 quater)  e~FTeaV T = gnV+afB(T)

S1 Ton suppose maimntenant que les ielations (5) subsistent, mais que les relations
(6) n’atent plus lieu, les formules (2 bis) et (2 quater) cesseront d’étre vraies quels que
solent a et 8

Cependant supposons que l'on regarde les opératemis X comme trés petits et qu'on
en néghge les carrés, & ce degré d’approximation, les 1clations (6) dont les premiers
membres sont du 2% ordre par rapport aux X se trouvent satisfaites d’elles-mémes

Les relations (2 bis) et (2 quater) sont donc vraies, s1 I'on néglige les carrés des X,
ou, cc qu revient au méme, st l'on néghge le carré de T, ou encore s1 on néghge

le carré de B (puisque T’ ne figure qu'affecté du facteur B)

Sv donc V et les X sont r+1 opérateurs lids par les relations (5), les relations
(2 bs) et (2 quater) ont heu aux quantités prés de Uordre de 3°

Au méme degré d’approximation la formule (2 quater) peut s'écrire

eV +ef(T) = gV — BTe*V + ¢*V BT,
ou encore
goV +oBO(T) — gaV _ gBT ga¥ 4 ooV BT,

31—2
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ou en vertu de la relation (2 bis).

Y+ = gV — @V fU 4 VT, U=e(T),
ou, toujours en néghgeant le carré de B:

eV +80 () = ¥ (1 — BT + BT) = 6=V FT-1),

S1 nous posons
+ad(T)=W; T-U=Y,
1l vient
— g8
M) ereregerer, y21T0 )
Soit

W=3wlX

une combinaison lnéaire quelconque des X,, peut-on déterminer les coefficients ¢ de la
combinason T'=3¢, X, de telle fagon que l'on axt

+ab (T)=W?

Cela est évidemment toujours possible s1 le déterminant des coefficients b n'est pas
nul  Dans ce cas la formule (7) est vraie quel que soit W

S1 mantenant ce déterminant est nul, 1l suffit de partir du cas ol ce déterminant
n'est pas nul, de fare vaner les coefficients b d’'unc mamire continue de fagon que ce
déterminant devienne de plus en plus petit et de passer & la lhmite, pour démontrer
que la formule (7) est encore vraie quel que soit W

S1 enfin V, au heu d’étre un opérateur indépendant des X, n'est qu’une combinaison
linéaire des X, la formule (7) est évidemment encore vraie, puisqulelle nc peut cesser
de I'tre par sumite de I'mtroduction de nouvelles relations entre nos opérateurs.

Remarquons que ce raisonnement par passage & la himite n’aurait pas été possible,
s1 nous nous étions restremnts dés le début en supposant que V et 7 sont des com-
binasons des opérateurs X, que les X définissent un groupe de Lie, que e*¥ ct ¢ sont
deux substitutions finies de ce groupe de Lie. Dans ce cas en effet le déterminant des
ba aurait été constamment nul

La formule (7) peut s'établir directement

En effet en négligeant le cairé de 8 on a

CVHBW = S (fﬁfjf)_" ="+ 83 “;_' (VW 4 VAWV 4 Vs

+ . + VWV 4 WP,
Or on trouve aisément

n— "] n!
VWA VW 4+ WY ‘=T,—(ﬁ)—'V"—'W o= 2),1’ 0(W)

———“(” a7 (D)= 1),1,Vo'~—(W); l0,01»—(W)
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doli:
VW — ¥ 4 /925:{'_ [2 o p)lp' Vo-rp (- g)r-.(W)]
ou
- @V (-af) v (-ab)yr
err=or g3 [(S SN | <o [1483 O )],
ou
y 1—¢
VT =V (148Y) =V, V=-"p (W)

C.Q F. D.

VII. FORMATION DES SUBSTITUTIONS INFINITESIMALES D'UN GROUPE DE STRUCTURE
DONNEE

Sotent done X,, X, , X, r opérateurs élémentaires liés par les relations
1)  XX- XX, =X .Xi)=ZcwX,,
les ¢ étant des constantes telles que les 1dentités de Jacobr du N° III aient heu

Solent
=3t,X,, U=3uX, V=X, W=3wlX

diverses combinaisons linéaires de ces opérateurs.

Considérons le produit
VAT |
effectuons le produit qui sera une série de polyndmes symboliques, réduisons chacun de
ces polyndmes 3 des polyndmes 1égubiers en nous servant des relations (1), je me
propose d'étudier la nouvelle série ansi obtenue que j'appelle ¢(a, B), le rasonnement
sera le méme que dans le N° précédent, mais je le développerai un peu plus.

Tous les termes de cette série ¢(a, B) sont des polyndmes réguliers, et les co-
efficients de ces polyndmes se présentent cux-mémes sous la forme de séries développées
suivant les pwssances de a et de 8 Je puis ordonner ¢(a, ) suvant les puissances
crowssantes de S8, en groupant tous les termes qui contiennent en facteur une méme
puissance de 8. J'obtiens amsi:

¢ (a, B)= ¢+ B, + B'd. +

D’autre part y'a1
$(a, B+dB) =eTeTe® T=¢(a, B)e® = (o, B)(L +dB T),

ou.

® P-4

ou.
3) M = [ S T
ces conditions jowntes 3
(4') b=

suffisent pour détermimner ¢
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Or on y satisfait de la manidre suivante Faisons
(0 B)=e¥. (o B+dB)=e¥+iV,
soit 7 un symbole qui soit & W ce que 6 est & V.
Il s'agit de satisfaire & I'équation (2) ou ce qui revient au méme &

d(a, B+dB)=¢(a, B)e? T,
on doit donc avorr
eW+dW — eWedp. T,

Or en vertu de la formule (7) du N° pre'cédent, on satisfera & cette condition s1 l'on a

()

Cette formule (5) 1eprésente symbohquement un systéme d’équations différentielles
auxquelles dowvent satisfaire les coefficients w,.

En vertu de la formule (4 bis) du N° V,, ces équations peuvent s'écrire

1 dfl—etozr
sov=1)E FEy 2w b

(=12 .,r)

Gbhs)y tdB=

S1 l'on a
WX, - X.W= Eck,...wan

F(E) est le détermmant dont I'élément est (pour la ¢ higne et la s colonne)
= (G ettt G Wt o),
sauf les éléments de la diagonale principale (2=8) qui sont égaux A
—(C1 v Wi+ CoprsWa + oo+ Cr W) + E,

les Py sont les mimeurs de ce déterminant. L'mntégrale du second membre de (5 bis)
est prise dans le plan des £ le long d’'un contour fermé enveloppant toutes les racines
de I'équation F'(£)=0

La condition (2) sera donc satisfaite, a1 les w satisfont aux équations (5 bis), la
condition (4) le sera également si les valeurs imtiales des w pour 8=0 sont

Wy == Ve

Les équations (5 bis) admettant toujours une solution telle que pour 8=0, on ait
w,=v;, et d’autre part les conditions (2) et (4) suffisant pour déterminer ¢, on aura.

¢(a, B)=¢", w=3w,X,,

les w étant des fonctions de B défimes par les équations (5 bis) et les conditions 1mtiales
w, = v,

La sénie ¢(a, B) n'est donc autre chose qu'une exponentielle dont I'exposant est
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une combinason hinéaire des X,, c'est le théoréme que j'ar annoncé au N° IV | et comme
d’autre part ce théordme a été étabh en s'appuyant simplement sur les relations (1) et
en en faisant des combinaisons purement formelles, le probldme de Campbell est résolu
et le troiséme théoréme de Lie, en vertu de la remarque faite dans ce N° IV, se
trouve démontré.

Il est aé de se rendre compte de la forme relativement simple de ces équations
(5 big). Sowent &, &, . ., & les p racines distinctes de I'équation F(§)=0, ce sont
des fonctions algébriques des w, pwisque F(£) est un polyndme entier par rapport & E

dw,
et aux w Les dlgj seront donnés par des équations linéares dont les seconds membres
seront des constantes, tandis que les coefficients des premiers membres seront des fonctions
1ationnelles des w, des & et des e~f, ces coefficients ne dépendront d’'ailleurs que liné-

arrement des exponentielles e~f, cc seront des fonctions symétriques des racines

Résolvons ces équations par rapport aux ‘fi%' nous trouverons
(6) ‘iB =d, i+ 4, .+ . + 4,5,

les coefficients 4 étant rationnels par rapport aux w, aux £ et aux e~f.

Le probléme qui se pose & propos du tioisi®me théoréme de Lie est amnsi com-
plétement résolu

Il gagit de trouver 1 opérateurs

X () X)) . Xe(f)

satisfarsant aux relations (1), on y satisfait en fasant

] df d,
X(D=Angh van s vaL L

Les équations (5 bis) peuvent se mettre sous plusieurs autres formes
Soit

Sck ® :wk'_—bt ]
On aura (puisque les P, sont les mmneurs du détermimant F)

EP, - Zb, Py =

pour 1% 3 et
EPu - Ethh=

pour 1=}

Nos équations

-t
(5 bis) tldB=2— = fdgLL_ dwFP-
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donnent -
1 1-¢t
ABStbe= g fdg s SAwSbaPy,
d'on

3,dw, P, dw, 1-¢
d8Z0ba = g [dE (1= 00 "f .
BEtba= gy [ =) L L
La deuxidme intégrale étant nulle, nous pouvons éerire tout simplement
de
—et
el e

k=1, 2, ..., r)

(5 ter) Stbe=

D'autre part 'équation (5) peut s'éerire

aw
. ()
d’ou
dw, 1 gdg I4yP,
"Iy T= F®

ce qui donne.
EdE 4
2= 97 =5 a5 S iy

Cette derniére intégrale doit étre prise le long d’'un contour enveloppant toutes les
racines de F(§)=0, mais n'enveloppant pas les points

E=2%nN=1 (k=41, +2, ... ad mf)

VIII. FoRMULES DE VERIFICATION
Soit
eV = gVe¥,
V=3uX, 8V=S0X, Y=3yX,;

on aura en vertu de la formule (7) du N° VL

(posant .
posa o(Ty=VI-TV
comme dans le N° V),
Soit mamntenant
eVeTeV = U,

on aura par la formule (2 bis) du N° VI
U=e*(T).
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Soit
6~ VHIT) TP +aV — U,

on aura

U’ = -0+ (T),
ot 0+ 86 est un symbole qui est & V+8V ce que 6 est & V. On aura d’autre part
eV’ = ¢~ ¥eVeTeVe¥ = ¢~ Folet.
d’ott en néghgeant le carré de Y qui est infimment petat.
eV = U — YU + oUY = gU+UY-F¥U
D’on
U-U=0Y-YU
S1 je conviens de poser
=0+ _ g0 § (e—a),

1l viendra
U-U=8("*(T)

Nous arrivons amnst & la formule symbolique suivante
o\ 7 e 1-¢* 1—e* e
1 () T=[*M]|" 7—C@V) =] 5—@V)|[e*(D]

Pour mieux expliquer le sens de cette formule rappelons que nous avons trouvé
plus haut

@ SO D)= = [ O INX,

ott les h, sont des fonctions rationnelles des ¢, des v et des £ données par les équations
3) E]l;- Sbhe =t,, bch=01.l¢.tvl+Cz kalat ees +Cr g 1Yy
Alors on ama

8¢~ (T) = f dgetssh.X,,

_1
2N =1

ol les 8h, sont les accroissements que subissent les fonctions h, quand les varables v
subissent les accroissements Svg.

S1 alors les A, sont ce que deviennent les h, quand on y remplace les #, par les
8vy, la formule (1) pourra prendre la forme

— —et
(bs) 2V =13X, /dfe-fsh.=2(X,X,‘—X,,X.) fdfl E" h’.f dgeth,
Dans le 1 membre le signe % se rapporte aux r valeurs de l'ndice 2, dans le
2% membre aux r(r—1) arrangements des deux indices 1 et & (l'arrangement %, k étant
regardé comme différent de l'arrangement £k, 1).

Cette formule nous fait connaitre un certain nombre de relations auxquelles doivent
satisfaire les expressions X,X;— X;X, ou (X,X;) Ces relations sont curieuses, mais

Vo, XVIII. 32
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la plupart ont déja été démontrées par Killng et 11 semble que les autres pourraient
se démontrer facilement par les procédés de Killmg. Je n'y insiste donc que comme
sur un procédé de vénfication

Les deux membres de cette équation sont d'une forme particuliére.

Le premner membre est hnéare & la fois par rapport aux symboles X,, par rapport
aux f,, aux 8u, aux exponentielles e~ (les 6, étant les racines de l'équation F=0)
Les coefficients de cette fonction linéaire sont eux-mémes des fonctions rationnelles des
v et des 4,.

Le second membre est linéaire & la fois par rapport aux symboles (X,X;), par rapport
aux t,, aux v, aux exponentielles e¢ et e~%-% (6, et 6, étant deux 1acines de F=0).
Les coefficients de cette fonction lnéaire sont encore rationnels par rapport aux v et
aux 6,.

Les 6, étant les racines de I'équation F=0 sont des fonctions algébriques des w.
Dans les deux membres de I'équation (1 bis) entrent en outre linéarrement un certan
nombre de fonctions transcendantes, 1l y a d’abord les exponcntielles e=% et 11 y en a
autant que l'équation F'=0 a de racines distinctes Il y a cnsuite les exponenticlles
e~@+® qui peuvent étre distinctes des précédentes, mais qui peuvent également ne pas
en 8tre toutes distinctes s1 'une des 1acines de l'équation F=0 est constamment égale
4 la somme de deux autres racines

Supposons quil y ait ¢ exponentielles et soient
em, eMm, .. , e
ces exponentielles.
Les deux membres de l'équation (1 bis) seront alors des fonctions linéares des
produits de la forme
(+) tmSune™,

ol m et h peuvent prendre les valeurs 1, 2,..., 7, et ol u peut prendre les valeurs

1,2 ,q

Les coefficients de ces produits sont des fonctions algébriques des v, ne dépendant
nt des ¢, m des dv Pour que Identité puisse avowr leu, 1l faut que l'on puisse égaler
dans les deux membres de (1 bis) les coefficients d'un méme produit (4)

Nous aurons amnsi un certamm nombre de relations lhinéawres entre les symboles X,
d'une part, les symboles (X,X;) d’autre pait, les coefficients de ces relations linéaires
sont des fonctions algébriques des v Ces relations hnéaires doivent étre 1dentiques aux
relations de structure ou en étre des conséquences.

J'examinera1 seulement le cas particulier oi F(E)=0 a toutes ses racines distinctes.
Je puis alors supposer que les opérateurs élémentaires X, ont été chowsis de telle

sorte que:
VX -X.V=0X,

9; étant I'une de ces 1acines.
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Egalons alors dans I'équation (1 bis) les coefficients de ¢,,8vx, 1l vient
_1
27 J—-1

Le premier membre ne dépend que des exponentielles =% mais le second membre
outre I'exponentielle e~% contient encore g=%~fs,

doh l—e®
¢ ' = . - p=Om
sX, [dse— dords, = EnXn) 1 S oo

Egalons les coefficients de e-%-%. Si 6+ 6, n'est pas égal & une racine de F=0,
cette exponentielle ne figurera pas dans le 1 membre, nous aurons donc

(XmX3)=0.
On reconnait la 'un des théorémes de Killing

S1 au contrare 6+ 0, est racine de F=0, I'exponentielle powira figurer dans le
1 membre et (X, X3) pourra ne pas étre nul

Je n'msisterar pas sur les autres vérifications, m1 sur le cas ou les racines ne sont
pas distinctes et ol on 1etrouverait les autres thévurémes de Killing

Je me bornerar & faire remarquer que la vénfication de la formule (1 bis) n'est
pas mnmédiate, et quil faut pour la fawre avoir recours aux 1dentités de Jacobr et aux
théorémes que Killing en a déduits

IX INTEGRATION DES I'CQUATIONS DIFFERENTIELLES ET FORMATION DES SUBSTITUTIONS
FINIES DES GROUPES
So1t
1) eV+dV — gV gdd
ol
V=3uX,, dV=3dv,.X,, dd=23da, X,
On aura cn vertu de la formule (7) du N° VI

@ da=! “;-s @v)

Cette formule, 1dentique sauf les notations & la formule (5) du N° VII, compiend,
sous la forme symbolique, r systémes d’équations différentielles, ammsi que je lar déja
fait remarquer au N° VIL

Annulons tous les da, sauf da, égalons ensuite les coefficients de X,, X,, , X,
dans la formule (2) Nous aurons 7 équations différentielles qui défimront

day’ day’ " d
en fonctions des v Ce sont 18 comme nous l'avons vu au N° VII, les équations diffé-

rentielles qu défimissent une des substitutions infimtésimales du groupe, st l'on prend les
v comme variables 1ndépendantes

32--2
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En donnant & Pindice % les valeurs 1, 2,..., », on obtiendra r systémes d'équations
différentielles correspondant aux r substitutions infinitésimales du groupe

Nous devons prévoir que ces équations peuvent se ramener, au moms dans le cas
des groupes de la 1¥* famille (vide supra N° L), & des équations hnéaires, puisque cest
13 un résultat bien connu obtenu par Lie.

Voier le changement de variables quil faudrait faire pour retrouver ces équations,
soit :
U=3uX,, eVeVe"=¢L, L=311X,;
on aura:

@) L=e"*(U).

Cette équation symbolique (8) nous apprend que les I, sont des fonctions des v
et des u, lmnéares par rapport aux u, et nous permet de former ces fonctions, Si alors
on pose:

e~V-dVeUgV+aV — gL+dL
on aura*
L+l — g=dAgLyld,
ou, puisque A est infimment petit
(4) dL=LdA-dA.L.

Cette formule (4) représente symboliquement » systdmes d’équations différentielles quu
ne sont autre chose que ce que deviennent les » systémes d’équations différentielles

représentées symbohiquement par la formule (2) quand on prend les I pour varables
nouvelles.

Celu1 de ces systdmes que Yon obtient en annulant tous les da sauf da s'éert

ax

(4 bis) da

=LX,- X, L

Ces équations sont lindares et & coefficients constants et s'intégrent immédiate-
ment; ce sont celles auxquelles Lie arrive par la consdération du groupe adjont Il
wmporte de remarquer que la réduction des équations dafférentielles (2) aux équations (4)
par le changement de variables (3) n'est pas immédiate et qu'on ne peut la fare qu'en
tenant compte des 1dentités de Jacobi

Considérons de plus prés le cas des groupes de la 2° famille Nous pourrons alors
choisir les opérateurs élémentaires X, de telle mamere qu'on en puwsse distinguer de
deux classes Ceux de la 2% classe seront permutables & tous les opérateurs, ce seront
les X”,, quant & ceux de la 1*¢ classe que jappellerar les X’,, 1ls seront caractersés
par la propriété suvante aucune combinaison hnéaire des X', ne sera permutable & tous
les opérateurs.

Pour mettre en évidence cette distinetion, j'éerirar quand 1l y aura heu
EU.X, - E’U’, X, + E’U”.Xﬂ,, V'=3v.X', , V= XU’I,X", , V=V V"
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Les o, seront amns les coefficients des X', et les v”, ceux des X”, Les lettres
uy, w’y, U, U, U, U, LY L7, ete. auront une signification analogue

Il est clair qu'on aura
V/IT_ TV/I= V’lf A\ — TI'V/ = 0’
d’od
o(TH=Vr-rv=v'1r-17v
J'mtroduis alors un symbole nouveau, soit:
VI -Tv=3\X,+3X",
Je poseral
o (Iy=2\X"., ¢ (I=2\"X",
et Je défims ¢ () a4 l'axde de ' comme j'a1 défin1 ¢ (6) & l'aide de & On a alors
8(X")=0, 8[8"(I)]=0, $(6)(T")=0,
et on trouve aisément

$@O @M=/ =4@) )+ [$O22D ] s 01,

Remarquons que les cxpressions
6(1T), (1), 6°(D),

dépendent des o' et des ¢ mais sont indépendantes des v’ et des ¢”, et 1l en est
de méme de ¢(8) (T) st ¢(0) est nul.

Les I, étant hinéaires par rapport aux u, e pus écrire

dl,
l,=3 du g

Les dizl;_ sont des fonctions des v Voyons combien de ces fonctions sont ndépen-
*

dantes les uncs des autres Je dis d’abord que ces fonctions ne dépendent que des o
Nous avons en effet (¢ étant une substitution quelconque du groupe)

VAV gV ol gV eleV" = gZ,
d’'olt
el = gV'=V"gUgV'+V ' = g=V" V' gl gV V" = g=V'gU¢gV’,

ce qu montre que L ne dépend que de V', maws pas de V”

dl c
Je dis mamtenant que le nombre des fonctions n mdépendantes les unes des
autres est précisément celmr des varables »°  En d'autres termes, s1 'on posc

el =eVeleV, eli=eVieUeh,
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Videntité L =L, si elle a heu quel que soit U entraine Identité V'=F". 81 en effet
L=L,, on aura quel que soit U.
el’, e-l'eUeVe—V, =el/,

ce qui montre que e"e¢~"t est permutable & toutes les substitutions du groupe Clest
donc une substitution qui ne dépend que des X, de sorte que je pws écrire

eVeVi=gW",

W' étant une combinaison linéare des X”,, on en tire

V=W V=gVt W |

d’olt
V=V+w,
VeV, V=V, +W
Done V'=V",
CQFD
Nous pourrons prendre comme variables les %¢ et les v, au leu des o et
des v".

Les :i% sont défims par les équations (4 bis), qui étant par rapport & ces vaiables

I

des équations lméaires & coefficients constants s'intégrent 1mmédiatement

Les équations (4 bis) nous font donc connaitre les % et par conséquent les v’ en

fonctions de la vanable a;
Pour obtenir les v”, 1evenons aux équations (2), s1 nous posons
1-e*=0+ 6"y (0),
elles peuvent s'écrire
dA’ =dV' + 8 (68" (dV"),
dA” =dV" + 0"y (6') (dV")

On a
dA' =3da'y, X'p, dA” =3da” X"}

Si1 on annule tous les da’ et tous les da” sauf da”;, nos équations donnent
simplement

v'y=const , v, =const 1Zk), v';=a";+ const
S1 on annule tous les du' et tous les da” sauf da'y les équations deviennent
X'ida', =dV' +0'y (8 (dV"),
0=dV"+ 6"y (6")(dV")
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La premitre de ces équations, équivalente aux équations 4 bis, est susceptible comme
nous l'avons vu d'étre ramenée & la forme d'un systdme d’équations hnéaires & co-
efficients constants  L'intégration est immédiate et nous donne les v’ en fonctions de
la vanable a';

La seconde équation est équivalente & un systéme d’équations de la forme
dv”, + dv'\ Py +dv', P+ . 4+ dv', Fy =0,

les F étant des fonctions données des v En remplagant les v’ par leurs valeurs en
fonctions de @'y, elle prend la forme

dv",+ ¢ (a'y)da’s=0

et s'ntégre immédiatement par quadrature.



X. Contact Transformations and Optics. By Professor E. O. LovEerr.

[Recerved 15 September 1899.]

““Ayant vu combien les 1dées de Galois se sont peu 4 peu montrées fécondes dans tant de branches de
I'analyse, de la géométrie et méme de la méoanique, 1l est bien permis d’espérer que leur puissance se manifesters
également en physique mathématique. Que nous représentent en effet les phénoménes naturels, s1 ce n’est une

de transfc finté les, dont les lois de l'univers sont les invanants?—Sopuus Liz*

IT 1s the object of this note to eclaborate, and m fact mm = dimensions, certain
ideas which the lamented Sophus ILie sketched for ordinary space in a short paper+
presented to the Leipzig Scientific Society m 1896 and which were more or less developed
for the plane mn the first volume of the geometry of contact transformations} which
appeared with the cooperation of Scheffers in the same year.

1. Attending to a few prehmmary details, consider a family of oo! transformations
m n vanables @, @, ..., 2,

@' =X\ (#, .o, T, @), & =Xo(@, .., Tn, @), .., @'=Xn(2, ..., @, @) .. Q)
where the functions X,, ..., X, are regular analytic functions of =z, , x, and an
arbitrary constant «; suppose i particular that the family contains the 1identical
transformation, that 1s, that for some value of a, say a =0, the equations (1) reduce to the
form

o =w, @ =x, ., o=,
Then for a value of @, say &, nfinitesimally different from zero, the equations

(1) will yleld an infimtely small transformation. With the assumptions made relative
to the functions X;, .., X, thc transformation (1) for @ =&t has the form

@ =a+E (7, ., @)+,
‘Ta,=‘7/‘2+fa(wn . w,.)5t+ .o

CEETEEY . o * (2).
&y = @+ En(®, ey @) S+ ...
Under this infimitely small transformation (2) @, ., 2, receive the infinitesimal

increments

Smy=E8t+ , dm=858t+. ., , Sma=F8t4 oo e (8).

* Le Centenaire de UEcole Normale, p 489 —Pans, Math.-Phys. Classe, Bd 48, 1896, pp 131—133
Hachette et C'°, 1895 1 Geometrie der Berihiungstransformationen, dargestellt
+ ¢ Infi le Beruhr £ der Op- von Sophus Lie und Georg Scheffers, Bd. 1, Leipzig,
uk,” Ber u.d. Verk d k sichs Ges d Wiss zu Letpzig, Teubner, 1896  See 1n particular, pp. 97, 100—108
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Such a transformation 1s called an infimtesimal transformation. The expression

TN R R N AR — )

o, '
19 adopted as 1ts symbol, since Uf.8 1s the increment assigned to any function
f (@, . , ®) by the infinitesimal transformation.

2. If the transformations of the continuous ensemble (1) are so related that the
successive application of any two of them 1s equivalent to a transformation belonging
to the same fanuly, (1) 1s called a continuous group of o' transformations

Let the family (1) be a continuous group, suppose further that the gioup contains
the mverse transformation of every transformation 1 1t that 1s, that the resolution
of the equations (1) with regard to x,, .., @, gives a system of the form

=X (2, . , @, b), m=X, (), ..., @, b), .., e.=X,(x, ..., &, b).. (5)
where b 1s a constant depending only on a

Under these conditions 1t 18 easy to see that the group contans an infinitesimal
transformation, for, if 7, 1s the tiansformation of the group corresponding to the
parameter value «, the wverse T, of T, 1s also found in the group Further the
transformation .5 corresponding to the parameter value « + 8a, 18 the transformation
of the group diffening infimtesimally from 7, The product Tuis To™ which, by the
assumed group property, belongs to the gioup, differs then infinitesimally from the
transformation 7’3 7,™', but the latter 1s the 1dentical transférmation, thus the group
contains a transformation possessed of the propertics attributed to an 1nfimtesimal
transformation m the preceding paragraph

3 Conversely, cvery mfimtesimal transformation 1s contamed 1 a determinate
continuous group This may be made clear m the following manner The given infim-
tesimal transformation assigns the mnfinitesimal mcrements

Sy =E, (), <oey Tn) 8, Qun=En(m, ., @) .o L .(6)
to the vauables «, , @, on neglecting nfimtely small quantities of a higher order,
if ¢t be interpreted as the time, ry, ., @, as pomt-coordinates in a space of n dimen-
sions, 8t as a time 1increment, and &x,, , &z, as the corresponding increments of
2, , &, then the equations (6) determine a stationary flow 1n space of n dimensions
After an interval of time ¢ the pomnt (=, , &,) will have assumed the new position

(z/, ., ), the latter position will be obtamed by integrating the simultaneous
system

dz/ da; dz,’

G N S e = = g =t 7,

& (=, @) (e, , @) I C N @

Vor. XVIIL 33
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with the imtial conditions that ', .., «.’ shall reduce respectively to =, ..., =, for
t=0. The n integral equations may be taken n the form
Uiz, ., z)=0, (@1 . Ta),

Ue(“‘xl» ey "”nl)= Uz(wn )

.................................................... (8),
Una @) ..., wn’)= Una @1, oy @a),
Un(a), ooy @)= Up (@, .« o, @)+ 18,
the form of these equations shows that when resolved with respect to a,, , @ they

represent a group with the parameter ¢, accordingly the given infinitesimal transforma-
tion 18 said to generate a onc-parameter continuous group.

4, Consider 1n particular the case where the preceding transformations are contact
transformations The equations

& =X\ (@1, s Tny 5, P1s ey Prdy ooy B = XK@, oo, 00, 2,01, Pu)y =400y, @0, 2Dy, .,pn)}
Pi’=Pz(a"n s Tpy 2, Py, npn):
=12 ,0) i e e e . (9)

are said to define a contact transformation when they give rise to a differential relation
of the form

t=n 1=n
dZ —Elp.'dw.'=p(1‘,, vees Ty 2, Dy, Pa) (dz—Elp.dw.) . e (10),

the corresponding geometric charactenzation 1s that the property of tangency 1s an
mnvariant property under contact transformations Point tiansformations are then a
particular category of contact transformations

The expheit formulation of this notion, contact transformation, 18 due to Lie,
wmphatly 1t 18 to be found in particular form n many dircctions and may be traced
to Apollomus,

Lie has determined all infinitesimal contact transformations m a space of n+1
dimensions, 1n the followmng manner.

By defimtion the equations

z’=z+§(xn ey Ty 2, Pry oy Pn)8t+ . @ =m+ Ev(wn vy Ty 2y Pry ooy P:s)8t+---,
P|’=Pt+7"n(wh vy Tny &y Pry oo s pn)8t+-"y (r=1, 2, ) BT (1)

can represent an infinitesimal contact transformation only in the case where the relation
(10) 18 a consequence of these defining equations (11).

On substituting (11) 1 (10) we have

f=n t=n
de 4 d¢dt + ...—‘zl(p.+1r.8t+ L) (de +dESE+ ) =p(dz—Z pdz,). .. ....(12)
- 1=]
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The left-hand member of this equation 13 a series of ascending integral positive
powers of 8; thus the function p must be an ascending series in 1integral positive
powers of 8, as the term of zero degree in the left-hand series is dz — 3p,dz,, p must
therefore have the form

P=Ll 084 e e+ e e e, (13)

Inserting this value of p and equating the coefficients of corresponding powers of
8t we have

d¢ - EpdE, - Smda, = o (dz — Epyda,) oo cen veees o L L (14),
or d(§=Zpk) + 2Edp, - Emde, =0 (dz - Epda,) . ceene o e, .(15)

This linear and homogeneous condition 1 dz, dz,, dp, must be true for all values
of these differentials, hence, wrting

;—S’p'fv‘_""n(z‘ Ly veey Xny Pry oeeey pn) T ¢ 1))

for convenience, we have

Qu+m=ap, Qy=—0, Qp—E=0.. ... rrrre . an
Elimmnating o and solving (16) for ¢ we find
b= £=3p0p =0, m=—QuepQ, ... ... @s).

The infinitesimal transformation 1s therefore completely determined, ¢, £, m, bemg
given by an airbitrary function

5. Let the preceding results be now apphed to the infinitesimal contact transfor-
mation defined by the characteristic function

Q=NT+p+pi+  +pi
The formulae (18) show that the coordinates of a surface element, by which we
mean the ensemble of a pomnt and a plane through 1t, receive the infinitesimal increments
b=, P -1

= P et ST s, =0 . ..
ORI e 9

This infimitesimal transformation generates a one-parameter group of contact trans-
formations, namely the group of dilatations, whose fimite equations aie found by
tegrating the simultaneous system

VLEEpt g VIEEpS g, YLk Eph g, dp_ o _dpy
» Pu -1 0
the imtegration effects 1tself, without any difficulty, and ywelds the integral equations

’ Pt . t ,
S Ead L, = o p=p, L (=1, ., n) .. (2]
“ V1 +3py V14 3p2 P=p @ " @

where ¢ 1s an arbitiary constant
33—2
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These transformations are obviously characterized geometrically by the propeity of
changing the surface-element (a,, ..., @n, 2, p,, .., p) mto the surface-element
(z, .., ®, 2, p/s . ps) m such & manner that the pomnt of the second les on the
normal to the first and at a constant distance ¢ from 1its surface. They transform the
surface-elements of a pomt into those of a sphere, and change parallel surfaces into
such.

6. As Lie has pomted out for ordinary space the theory of wave-motion n an
isotropic elastic medium 13 ntimately related to the one-paiameter group of dilatations of
the space filled by the medium

Consider a wave-motion originating at a center of distmbance P, of an 1sotropic
n + 1-dunensional elastic medium, 1in an mterval of tune the motion will have advanced
to all pomts P of a sphere whose center 15 at P, and whose radws 1s ¢, say,
precisely the same manner as the dilatation (21) would change the surface-elements of
the pomnt P, into those of the last-named sphere Every pomnt P of this sphere can
now be regarded as the center of new elementary waves which 1n a second mterval
of time, say ¢, will have advanced to spheres of equal 1adu ¢, about the pomnts P as
centers These elementary waves have an outer envelope, which by Huygens’ principle
18 the 1dentical wave that would have been developed from the ongmal center P, n
the total time elapsed But in exactly the same manner the dilatation

plt‘l , t

=0+ U F=r— =, p)=p, ... =1, ., on . (22
V1 + 2p2 sy TP ' ) @)
carries every point P of the sphere about P, mto a sphere of radius ¢ about P as
center, so that the sphere of center P, will be changed by the dilatation (22) 1nto
the sphere of center P, and radius ¢, +1, that 13 mto the sphere nto which the pomt

P, is changed by the successive apphcation of the dilatations (21) and (22)

Thus the principle of Huygens finds 1its mathematical expression 1n the fact that
all dilatations form a one-parameter continuous group

The importance of this particular group of contact transformations 1s further
exhibited by observing that reflections and refractions fiom one 1sotropic medium to
another are contact transformations which leave the infinitesimal dilatation invariant,
the reflections have the additional property of being commutative with the latter. To
estabhish these facts 1t 13 only necessary to make the ordinary illustrative constructions
m a space of n+1 dimensions and apply the principle that all the surfaces of a
complex f that touch a surface ¢ have n general an envelope @, and hence the
passage from ¢ to ® is a contact transformation.

7 Let the charactenstic function be an arbitrary function of p,, ..., pa, say
Q=1(p, «,pn) - Cer e . (29),

the nfinitesimal transformation defined by II 15 represented by the equations
8z, = I, 8t, 8z=3p, 0, — 10, 8p,=0, ...... =1 .0 W) e (24)."
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By integrating the simultaneous system
dof _  _dew_ dil __dpl_  _dpd_
TRt | AP ) 1 s+ Gl Sl 0 =@ . . . ..(25)

we have the corresponding one-parameter group of contact transformations

' =a,+ Iyt 2 =2+ Ep 0, —T)¢ p/=p, . . =1, , n) .. (26).
Let t have for the moment a fixed value, the corresponding contact transformation
of the group changes the pomnt (z;, ..., #;, 2) mto a smface whose equation in current
coordinates (zy, ., @, Z) 18 obtained by eclimmating the p, from the first n+1
equations, this elimination yields the equation

q:(’i-t‘_“ e ’;’)=o..... e (2T)

The form of this equation enables us to find the characteristic property of these
transformations as the following considerations will make evident

1°. In the first place 1t 18 clear that contact transformations in n + l1-dimensional
space may be determined by a system of r equations

o (2, y @y 2y &1y eee, @) =0, 0,=0, , 0,=0 . .. . (28),

where » may have all values fiom 1 to n+1, mn the last case the transformations 1t
existent will be pomt transformations, since the n+1 relations will give the n+1
quantities @), 2/, as functions of the n+1 quantities z,, z aloune

In fact the problem of determimng all fimte contact tiansformations of a space
of n+1 dimensions 18 that of resolving the total differential cquation

dz'—%p,’dw,’—-p(dz-—%p‘dw;)=0, e (=1, ,n) L (29)

where the 2/, «/, p/ are functions of the 2n+1 variables z, @, p to be determined.
This equation shows that there ought to exist at least one relation between the variables
7, /, z, @, contamng 2 and z* Taking the general case of r different relations ex-
pressed by (28), the equation (29) ought to be a consequence of

dw, =0, dw,=0, .., dw,=0 e e e (30),
that 1s, 1t ought to be possible to find r coefficients A, ..., A, such that the identaty

dz - Ep,’dz.' —p(dz— %p,d.z.) = éhdw.
1 1 1

exists This demands the following equations -

%, Ow, L. 0w,
=3, 2, p/==— 3% M
N 5 Py ?Max;,

J=1..,n. ... (31);
LA L. 0o
=3\, ="' = SN, —
P= Th‘az"’p’ 1‘)\'3‘,‘]’

* See Goursat, Legons sur les équations aucr dérivées paitielles du premier ordre, Paris, Hermann, 1891, p. 258,
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the 2n+4 2+ 7 equations (30) and (31) 1n general determine the 2n+2++ functions
Z, @, p/s N, p as functions of z, &, p,

Elmnating p we can write the following n + 7+ 1 equations for 2, @/, A,

ow, aw._ .
Zh.a{r+ 2)\4——0 j=1 .., n

) .(32),
")\"aw‘—l, 0, =0, ..., 0,=0

resolving these for 2/, #/, A\, the remammng functions p,, p are found by substituting
the values of the former in the remaining equations of the system (30) and (31)

2° In the second place two transformations S and 7' are commutative when the
symbolic equation
S8T=T8
obtains  Consider the contact transformation S and the pomnt transformation 7. That
the pomnt P 13 changed into the pomnt P, by the transformation T 1s expressed by the
symbolic equation

(P)T=(P)

In the same manner, that S transforms P mto the surface 2 1s expressed by the
equation

(P)8=(3)
Then 1f (PYST=(P) TS,
we have also PYS=E)T

That 1s, if 8 transforms the pont P mto the surface %, and 7' changes the pomnt
P mto the pomt P,, the latter 1s changed by S into the surface mnto which the
surface £ 18 changed by T

3° In the third place let S be a contact transformation of an n + 1-dimensional
space commutative with all translations T' of that space If S changes a defimite point
P mto the surface I, the suifaces mto which all other pomnts are changed by S may
be determined, for there always exists a tianslation which cainies the pomnt P to any
other mbitrary position P,, then by the second paragraph above, the pomnt P, 1s
changed by S mto the surface X, mto which £ 1s changed by the last-named trans-
lation, hence all pomts are changed by S into congruent surfaces similarly situated
Accordingly the contact transformations that are commutative with all translations of a
space of any number of dimensions are determmed by a single function of the form

\P("’fl_xlly xz""xall ) x,.—x,,’, 5"‘1/)=0. e e ‘...‘....(33),

1t 13 not to our purposc to construct the explicit forms of these transformations here,
the most general one 1n the plane has been given by Lie in his geometry of contact
transformations to which reference has been made.
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Thus the equations (27) and (33) show that all the transformations of the one-parameter
group (26) are commutative with all translations

8. It 1s evident erther from the last-named property or directly from the form of
equations (27), that by varymg ¢ and thus operating on a pomt (z, 2., 2) with all
the transformations of the group (26), the pomt 13 changed successively mto similar
surfaces and smlarly placed The pomt P, 18 changed by the transformation whose
parameter 15 f, mto the surfice £ Operating on all the pomts P of % with the
transformation whose parameter 1s ¢,, these pomnts P will be changed nto congruent
surfaces that are similar and simlarly placed to = These latter surfaces have an outer
envelope, a suface X, into which the surface £ 1s changed by the second transformation
The successive application or product of the two transformations is equivalent to the
transformation whose parameter 1s ¢, +¢,, the latter transtormation cariies the pomnt P,
directly nto the new surface I,, and this suiface must then be a simlar and similarly
placed surface to .

The preceding geometrical operations and their results suggest the phenomena of
wave-motion m an elastic n+ 1l-dimensional medium. If such a space 1s filled with
such a medium 1 which motions origmating at a pont advance in different directions
with velocities depending only on the duection, then a center of disturbance P, gives
rnse to a sertes of waves similar and sumlarly placed with the common center of
similanty P,, accordingly the above geometric operations present a pure mathematical
mterpretation of Huygens’ principle for a non-isotropic elastic medium, and this principle
finds 1ts equivalent 1n the fact that the oc’ contact transformations (26) form a group

9 The group (26) may be generahized and speciahzed.

1°. Much more general wave-motions may be designed by using mm a simlar
manner the most general infimtesimal contact transformation defined by the characteristic
function

Q(zh ey Tny 2, Pry ey Pn):

a sunple geometric construction shows that the normal velocity of the wave 15 given
by the expression

QI+ Zps

2° The case applymng to the optics of a double refracting crystal 15 given by
the particular form

Q=;\/ao’+§a,’p,-’, (=1, ey B) s e e s (34)
1

Observing that
Qp=a2pQ7 s . v .(85),

we have
Py — == a0 s s s rreeenes e (36),
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hence the finite equations of the group of contact transformations generated by the
infinitesimal transformation (34) are

2/ =1 +ap ™, ' =z2—a’Q7, p/=p,  rer . (8T,
eliminating ¢ by means of the first n + 1 equations, we have the ellipsoid

(0 =@l | (o) — @) (@ —@n)* | (& —2)
— 2 4 =1 . (88),
@ @y @iyt (aty @9
thus the transformations of the one-parameter group (37) change the pomts of space
of any dimensions nto ellipsods of that space, any particular pomnt 1s changed by all
the transformations of the group into simlar clhipsoids similarly placed and concentric
with the point as common center

.o+

10 Lie mught have mcluded in this order of 1deas certain other contact trans-
formations *

Thus far the fimte contact transformations studied in detail have been defined by
a smgle equation connecting the coordinates of the pomts of the two spaces The
following however is an interesting example giving a category of such transformations
which are determined by two cquations 1 the pont variables

Consider the two equations

PR BN i (@ — a2 =0, l
1

n n n
(22 +2a/z) =k (" + 2 a/) (2 + 222 = 0}
1 1 1
where k& 1s a constant

By means of the formulae developed m §7, 2°, the fimte equations of the
transformations can be determmed, and the fact that they form a one-parameter group
established

1f
X.f Xf . Xunf e e e e e (40)

are the ifinitessmal rotations of n + 1-dimensional space wrnitten m the symbolic form
(4), the expression

®= \/ ”%‘ 5.0 2 SR (41)

may be taken as the characteristic function of the infimtesimal contact transformation
which generates the one-parameter group of contact transformations determmed by the
equations (39).

Observing that two infimtesimal contact transformations are commutative only 1
the case when the relation

UVE)=V(UF)Z0uriiiniiiiiiiniiiiniinciines vevnnens .(42)
* « Beitrage zur all T }{ t th » L Beriwchte, pp 495—498

D2y




Pror LOVETT, CONTACT TRANSFORMATIONS AND OPTICS. 265

exists between their symbols, we can verify by this principle that the transformations
of the above group are commutative* 1° with all dilatations, 2° with rotations about
the omgm, 3° with all spiral transformations starting from the origin, 4° with all pedal
transformations, 3° with all pomnt and contact transformations commutative with all
rotations about the orgin, 6° with all transformations of the nfimte group whose
characteristic function 1s

1 'Xﬁ Xﬂ+\ ¢l ¢"
<I>‘I'(q,, % <1>'$) e (3,

where

@, = fz,f af @, = J( (a«:.’ . e (45)

The first case of commutation 13 especially interesting because of reasons given n
§ 6 The second may be shown even more simply by mtroducing polar coordinates

The aequationes directrices (39) themselves exhibit certain geometiical properties
of the transformations For example they show that every pomt (z, , Tp) 18
changed into a circle whose ponts are at the same distance from the origmm as the pomnt
(2, @, . , a5) 1itself Further the 1adn vectores of (z, .xy, ., @) and (2, @/, .., @)
make an angle with each other whose cosine 1s k&

11 The particular transformation of the above group, namely that corresponding
to k=0 and accordingly defined by the two equations

z”—z’+§,(x,”—x.’)=0, 27 +~:t.ac. 0 .. .. ... (46),

was first studied as a contact transformation by Goursat, m threé dimensions¥.

If in equations (46) 2/, x/, , x4,/ be regarded as constants and z, 2, ..., a, as
current coordinates, these equations detine a certamn circle ¢ 1 n + 1-dimensional space,
the locus of (2, @, , ;) That 1s the equations make a circle C correspond to
every pomt (2, @, ..., @), and simlarly, since the equations are symmetiical 1 both
sets of vanables, to every pomnt (z, ¢, ., ) there corresponds a circle ¢’ 1n the current
coordinates (7', @/, ..., #,') When the pomt (z, @, .., x,) describes a swface 3, the
crcles €' relative to the several points of % form a congruence. The focal surface of
this congruence 18 the surface ¥’ mto which X 1s transformed. X’ 18 also the locus of
the pomnts (2, «', . , @) such that the corresponding circles C’ are tangent to §

The focal surface of the congruence of circles €’ 1s a plane passing through the
radius vector OP and the normal PN to the surface at P Thus to construct the
pomnt P’ corresponding to P 1t 15 only necessaly to draw, in the plane passing thiough
OP and the normal PN, the perpendicular OP’ to OP, cutting off a distance OF’ equal
to OP.

* In the last loc cit Lie shows indirectly that the enumerated commutative properties appertan to these
t 1 three d
+ See loc cit p 267

Vor. XVIII. 34
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The geometric construction shows that we have here the long known construction
by which the apsidal surface of a given surface 18 derived Accordingly the above
contact transformation 18 possessed of the very impoitant property of changing ellipsoids
mto Fresnel wave surfaces.

The finite equations of the transformation (46) expressing 7/, ', p, as functions
of z, x, p, may be obtammed without difhiculty by the method of § 7 If this trans-
formation be combined with those of the one-parameter group (37) we shall have oo?
contact tiansformations which change the pomts of space of any dimensions nto the
wave surfaces of that space.

12. This suggests the nteresting problem of finding all those contact transformations
which change every wave surface to a wave suiface, that 1s, those contact transfor-
mations which leave the family of all wave suifaces mvariant

Analytically the problem may be approached either by determiming the fimte
transformations or the infimtesimal transformations which leave the partial differential
equation of the wave swiface mvanmant From either starting pomnt the difficulties in
the way of integrations to be effected are well-mgh msurmountable This ought not to
be surpnsing since all contact transformations of ordinary space changing plane nto
plane have not been determined (though Lie has found all those that change surfaces
of constant curvature into surfaces ot constant curvature mn ordinary space, and lately
the most general contact tiansformation leaving unaltered the family of developable
surfaces of n+ 1-dimensional space has been found)

An indirect method for finding contact transformations transforming wave surfaces
mto such may be employed by using the results of a beautiful memor of M Maurnce
Lévy, “Sur les équations les plus généales de la double refraction compatibles avec la
surface de l'onde de Fresnel,” Comptes Rendus, t 103, pp 1044—1030

Without making any assumption whatever relative to the nature of a luminous
vector Lévy proposes to find 1ts most general form compatible with the Fresnel wave
surface His problem narrows itself to determining the most general expressions of the
second denvatives, with regard to the time, of the three components of the luminous
vector as functions of the various second dervatives of these components with regard
to the coordmates of the pomt of the medium which produces the light, by means of
the condition of reproducing the equation of velocities and hence the wave surface

The equations to be imnvamant n this method are more numerous, but simpler
form than the partial differential equation of the surface of waves

For reference Lévy's system of equations 1s appended here Letting u, v, w be
the components of the luminous vector, ¢t the time, , y, z the coordinates of the
pomnt of the medium which produces the hght, «, b, ¢ the reciprocals of the principal
indices of refraction, a, B, g three arbitrary constants, and A, u, v three other arbitrary
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constants entering only by their mutual ratios, Lévy finds the following 4. oo® solutions of
the proposed problem :

e b k- B I
*) fg’;‘ 3Z+ﬂay+a’§;+ o= “)ayaz*’ (- c')ayax
e ’aﬂw”gz’:"“x(“‘b’)aa@*“(ﬁ “)azay
a;::=ag’—;:+ au’+b"az,~, ”'(a c)a‘lay-l»h(a b)%,
R Y L AR TR a*)j;“’azﬂ(ﬁ g)ayaz’

tw 0w 8w ow A o
a6 =¥ s 8y Y gty - b”a awt 5 ‘”azay’

_ o 0 P ™ v 0w
= (63/ o)+ x(ﬁ—“’)m+i<7‘““’5;a;’

o™ ] » i) v
© e =Rz * > (5 +_) L= l")a,az‘L O b’)ayax

0*u *u
w =t (By’ + o

o o™ o | 0%
D B + 7v
(D) * oy bg(

on = 022 ' ox* ;:. LB cg) 8yaz *u (B as) 0, Jb'c
0*w 0w 0w | ow\ , A
%= e+ (Gt ay’i) Hr—a) 4 "’)azay

However, these half-dozen possibilities or tentatives towards the solution of the
problem of finding contact transformations which leave the family of wave suifaces
mvarniant have so far yielded no further 1esult than the trivial one formed by the
repetitions of the reciprocal apsidal transformation

13. Assuming the rectilineal propagation of hght the theory of optics becomes a
branch of line-geometry This tamiliar view opens up other possibilities 1n the applica-
tions of contact transformations to optics

Confining owselves to ordinary space for convenmence of expression these applications
may be made either by means of the contact tiansformations which change straight
lines into such, or by means of other correspondences set up by contact transformations
between two spaces such that straight lines are changed imnto the elements of some
other four-dimensional mamfoldness.

34—2
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The simplest four-dimensional manifvldnesses 1n three-dimensional space are that
of all straight lines and that of all spheres. For this reason those contact transformations
between two three-dimensional spaces or which change a three-dimensional space into
itself 1 such a manner that straight lines are changed into spheres, are the first to
atbract attention and have so far been the most fruitful. Lie constructed such a
transformation mm his memoir on complexes n the fifth volume of the Mathematische
Annalen which has led him to a generalized form* of the theorem of Malus

Lately this manner of changing straight lines into spheres by contact transforma-
tions has been found not to be unmique, 1 fact infimte groups of infimte numbers of
such lme-sphere contact transformations have been constructed.

The above observations increase the demand for the resolution of the problem of
determmng all continuous groups m four varmables But such contact transformations
need not necessarily be contact transformations of a three-dimensional pont space mto
itself, for example, if the four varables be nterpreted as line-coordinates or sphere-
coordinates, the corresponding mvariant Pfaffians by no means provide that the conditions
for contact transformations of the three-dimensional space into 1tself be satisfied It 18
precisely because of such a confusion that we find these notions used loosely mn a
recent memoirt on the employment of infimtesimal transformations 1n optics

* “Lack hlen, die 1n Pseud 1 bilden, Pseud 1 tem auf die Pseudokugel des t ffend,
gehen ber jeder Reflexion und Refraction in emn Pseudo-  Raumes,” Leipziger Berichte, 1896, loc cit , p 133
normalensystem uber Sind bei einer solchen Refraction + Hausdorff, * Infi le Abbild der Optik,”
die berden in Betracht } den Pseudokugeln (d h  Lewpziger Berichte, 1896, pp 79—130
Wellenfluchen) lich verschieden, so bezieht sich jedes



XI On a Class of Groups of Funite Order. By Professor W. BURNSIDE.
[Recerved 30 September 1899 ]

AMONG the groups of fimte order that earliest present themselves, from some
pomts of view, to the student are the groups of rotations of the regular sohds An
admirable account of these from the purely geometrical stand-pomnt 1s given 1n the
first chapter of Klem’s Vorlesungen uber das Icosaeder Of the six types included in
this set of groups there are three which, though quite unlike in other respects, have
a distinctive property m common These are (1) the dihedral group of order 2n (n odd),
(n) the tetiahedral group of order 12, and (m1) the 1cosahedral group of order 60
They are defined abstractly by the relations —

1) A*=1, b*=1, (4By=1, n odd,
(n) A*=1 B'=1, (dBy=1,
(m) 4d:*=1, B*=1, (4By=1

The order of each of these groups 1s even, while the only operations of even order
which they contamn are operations of order two  While they have this property in
common they are otherwise of very distinct types

The first has an Abelian (cyclical) self-conjugate subgroup, order =, which consists
of the totality of 1ts operations of odd order The second contains a self-conjugate sub-
group of order four, this bemng the highest power of two which 18 a factor of the
order of the group The third 18 a simple group contamming five subgroups of order
twelve, each of which has a self-conjugate subgroup of order four It can be repre-
sented as a triply-transitive substitution group of degree five

I propose here to determine the groups of even order, which contain no operations
of even order other than operations of order two The determination 1s exhaustive, and
1t will be seen that the groups in question arrange themselves m three quite different
sets of types of which the groups (1), (n) and (1), defined above, aie representative.

1. Let G be a group of even order N, which contains no operations of even order
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other than those of order two. To deal first with the smplest case that presents
1tself*, let

N=2m,
where m 18 odd Since no operation of order two 13 permutable with any operation of
odd order, G must contain m operations of order two which form a single conjugate
set. Let these be

If A,A, were an operation of order two, 1, 4,, 4,, and A.4,, would constitute a
subgroup of @ of order four. No such subgroup can exist, and therefore 4,4, 1s an
operation of odd order The m operations

4,4, A4, ., A4y,

which are necessarily distinet, are therefore the m operations of odd order contained
m G These m operations may similarly be expressed in the form

AlAn A:Arv ----- ) AmArx

and since
4, 4,4, 4,=4,4,,
A, transforms every operation of G, of odd order, mto 1ts inverse. Hence
A A, A, =AA,=4,4,.4,4,,

and this shews that every pair of operations of @, of odd order, are permutable. Hence
the m opeiations of G of odd order, including 1dentity, constitute an Abehan group,
and this 13 a self-conjugate subgroup of G Conversely, if H 18 any Abehan group of
odd order m, generated by the independent operations 8, 7, . , and if 4 15 an
operation of order two such that

ASA=8", ATA=T-, ..,

then A and H generate a group G of order 2m, whose only operations of even order
are those of order two

When » 1s given, s can always be taken in just one way so that 4,4, 18 any
given operation of G of odd order. Hence every operation of G of odd order can be
represented 1 the form 4,4, m just m distinct ways. Tins property will be useful in
the sequel

The groups thus airived at are obviously analogous to the group (1) above.

2. Next let N=2"m,

where m 18 odd and n 18 greater than one The operations of order two contained
m @ form one or mote conjugate sets Suppose first that they form wmore than one

such set; and let
4, 4, .,

and B, B, ..,

* This first oase 18 considered 1n my Theory of Groups of Fimite Order, pp. 143 and 280.
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be two distinct conjugate sets of operations of order two The operation AB must
either be of order two or of odd order. If 1t were of odd order, u, the subgroup
generated by A and B would be a dihedral subgroup of order 2u, and m this sub-
group 4 and B would be conjugate operations Smce 4 and B belong to distinet
conjugate sets mn @, this 18 1mpossible Hence AB 18 of order two, or 1 other words
4 and B are permutable Every operation of one of the two conjugate sets 1s there-
fore permutable with every operation of the other. The two conjugate sets therefore
generate two self-conjugate subgroups (not necessarily distinct) such that every operation
of the onec 1s permutable with every operation of the other The order of each of
these 18 divisble by two, and therefore the order of each must be a power of two,
as otherwise G would contain operations of order 2r (r odd) The two together wll
generate a self-conjugate subgroup H' of order 2% If #’ 1s less than n, there must
be one or more conjugate sets of operations of order two not contamed mn H’ Let

¢ o, ..,

be such a set. As before every operation of this set must be permutable with
every operation of H' Hence finally G must contain a self-conjugate subgroup H of
order 2» No operation of G 15 permutable with any opeiation of H except the
operations of H aitself, and G 13 therefore a subgroup of the holomorph* of H It
follows that G can be represented as a transitive group of degree 2" Moreover, since
G contains no operations of even order except those of order two, the substitutions
of this transitive group must displace either all the symbols or all the symbols except
one Hence m must be a factor of 2°—1, and G contamns 2" subgroups of order m
which have no common operations except identity With the case at present under con-
sideration may be combmned that m which G has a self-conjugate subgroup of order
2", the 2" — 1 operations of order two belongmng to which form a single conjugate set In
this case m must be equal to 27 -1

We thus arnve at a sccond set of groups with the required property of order 2%m,
where m 1s equal to or 18 a factor of 2" -1 They have a self-conjugate subgroup of
order 2%, and 2" conjugate subgroups of order m, the latter having no common operations
cxcept 1dentity. These are clearly analogous to group (1) above.

3  Lastly there remams to be considered the case in which the operations of @

of order two form a single conjugate set, while G contains more than one subgroup
of order 2"

If H and H' are two subgroups of G of order 27 and 1if [ 1s the subgioup
common to H and H’, then smce H and H' are Abehan (their operations being all
of order two) every operation of I 18 permutable with every operation of the group
generated by H and H’. This group must have operations of odd order, since 1t contains
more than one subgroup of order 2" Hence J must consist of the identical operation
only, or in other words, no two subgroups of order 2" have common operations other

* Theory of Gioups, p 228
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than 1dentity. It follows from an extension of Sylow's theorem that the number of
subgroups of order 2" contamed mn G must be of the form 2" + 1.

If K 18 the greatest subgroup of G which contamns a subgroup H, of order 27,
self-conjugately, then K must be a subgroup of the nature of those considered in the
preceding section, and 1ts order must be 27w, where p 1s equal to or 18 a factor of
2 -1 Also no two operations of H can be conjugate in G unless they aie conjugate
in K* The 2"—1 operations of order two mm K therefore form a single conjugate set,
and hence wu must be equal to 2" —1 The order of G 1s therefore given by

N=2%+1)2"(2"-1)

That G must be a simple group 1s almost obvious. A self-conjugate subgroup of even
order must contan all the 2" +1 subgroups of order 27, since the operations of order
two form a single set In such a subgroup the operations of order two must foom a
single set, and therefore a subgroup of order 2" must be contamed self-conjugately
one of order 2"(2"—1) Hence a self-conjugate subgroup of even order necessanly
comcides with G If on the other hand G had a self-conjugate subgroup I of odd
order r, I would by the first section be Abchan and every opeiation of G of order
two would transform every operation of I mto 1its wnverse This 1s impossible, for if 4
and B were two permutable operations of order two m G which satisfy the condition,
then AB 1s an operation of order two which 1s permutable with every opeiation of I,
contrary to supposition Hence G must be simple

If A and B are any two non-petmutable operations of oider two in @, AB must
be an operation of odd order u, and 4 and B generate a dihedral group of order 2u
Hence G contamns subgroups of the type considered in the first section  Let 2m, be
the greatest possible order of a subgioup of this type contained 1 @, and let I, be a sub-
group of @ of order 2m,, and J; the Abelian subgroup of order m, contammed mn J,.  Every
subgroup K of J, 18 contamned self-conjugately in I,, and, for the reason just given in
proving that G 18 sumple, no two permutable operations of order two can transform K
mto 1itself. Hence 7, must be the greatest subgroup that contains K self-conjugately, as
otherwise 2m, would not be the greatest possible order for the subgioups of this type
contained 1 @

Let p* be the highest power of a prime p which divides m,, and let K be a subgroup
of J, of order p* If p* 18 not the highest power of p which divides N, then K would be
contained self-conjugatelyt mn some subgroup of G of order ps+'  This has been proved
mpossible  Hence m, and N/m, are relatively prime

Again no two subgroups conjugate to J; can contamn a common operation other than
1dentity, for if they did I would not be the greatest subgroup of its type contained
m @

If I, and the subgroups conjugate to it do not exhaust all subgroups of G of order
24 ( 0dd), let I, of order 2m, (m, odd) be chosen among the remammng subgroups of G of

* Theory of Groups, p 98 + Id. p 65
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this type so that m, 19 as great as possible; and let J; be the Abehan subgroup of I, of
order m, Then J; has no operation other than identity in common with J; or with any
subgroup conjugate to J,; also no two subgroups conjugate to J, have a common operation
other than identity, and m, and N/m, are relatively prime All these statements may be
proved exactly as in the former case.

If the subgroups of G of order 2u (u odd) are still not exhausted, a subgroup I, of order
2m, contammng an Abehan subgroup J; of order m, may be chosen 1n the same way as
before, and the process may be continued till all subgroups of G of the type i question
are exhausted  Now J, 1s one of N/2m, conjugate subgioups and each contains m,—1
operations which enter into no other subgroup conjugate to J; or to J, or J Hence
the subgroups conjugate to Jy, Jo, Jy, . . contam

N N N
om, (m,—1) +é~'h;(m,-— 1)+ 27’[;(»1, -1+ ..

distinct operations other than identity If I, actually existed, this number would be equal
to or greater than N, which 1s 1mpossible. Hence there can at most be only two sets of
conjugate subgroups such as I, and I,

It was shewn n section 1 that each of the m,—1 operations of J, other than identity
can be represented m o, distinct ways as the product of two operations of order two
Simularly cach of the m,— 1 operations other than identity of J,, 1f 1t exists, can be represented
as the product of two operations of order two i m, distinct ways Moreover these and
the operations conjugate to them are the only ones which can be represented as the
product of two non-permutable operations of order two Now G contamns

@k +1) (28 = 1)

operations of order two, and any one of these 1s permutable with exactly 2"—1 Hence
the number of products of the form AB, where A and B are non-permutable operations
of order two and the sequence 1s essential, 18 ’

(2% +1) (2" - 1) 2% (2" = 1) = Nk (2 1)

On the other hand as shewn above this number 1s

.
N
%— (m—=1)+ 3 (m, - 1)

or =1

according as [, actually exists or does not
Hence 1f I, does not exist
m=2k(2"-1)+1,
and at the same time m, 1s a factor of

(2 +1)(2" - 1)
Vor. XVIII 85



274 Pror. BURNSIDE, ON A CLASS OF GROUPS OF FINITE ORDER

These conditions are obviously inconsistent Hence I, does exist, and
mtmy=2{k(2"-1)+1}
1t follows that, m, and m, being positive numbers of which m, 1s the greater,
m>2%k+1-k

On the other hand, since no two operations of order two contamned mn I, are permutable,
while G contains only 2"k + 1 subgroups of order 27,

< 2%+1
Hence there must be an mteger I, less than k, such that
my=2%+1-1,
and my=2"%+1+1~-2k

Now m, and m, are relatively prime factors of
(2% +1)(2"-1)
Hence (2% + 17— 2k (2™ + 1) + 2kl — P (2" + 1) (27 = 1),
and @& fortiors since ! 18 less than k, and 2"k +1 13 positive,
e +1-2kg2"—1,

1e. kgl
The group @ can thercfore only exist 1f & 15 umty, and this necessarly nvolves that
l 18 zero Hence

N=@+1)2"2"-1), m=2"+1, my=2"-1,
and these are the only values of N, m,, and m, consistent with the existence of a

group G having the required property

Smnce G 18 sunple, 1t can be represented as a substitution group of degree 2"+ 1.
The subgroup of degree 2" which leaves onc symbol unchanged, has a self-conjugate
Abehan subgroup of order 27, and 2" conjugate Abehan subgroups of order 2*—1,
the latter having no common substibutions except identity.

Hence the subgroup of G which leaves one symbol unchanged 1s doubly-transitive
i the remaming 2" symbols, and therefore G can be represented as a triply-transitive
group of degree 2"+ 1

The Abelian subgroup of order 2" —1 which transforms a subgroup of degree 27
18 shewn m an appended note to be cyclical ~Assuming for the present this 1esult,
the subgroups of G of order 2"(2"—1) are doubly-transitive groups of known type.

Now @ contans just 2"—1 operations of order two which tiansform each operation
of a cychical subgroup of degree 2" —1 into 1its nverse Since each of thesc leaves
only one symbol unchanged, each must nterchange the two symbols left unaltered
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by the cyclical subgroup of order 2"—1 But there are only just exactly 2"-1
substitutions of order two 1n the 2*+ 1 symbols which satisfy these conditions Hence
for a given value of n the group, if 1t exists, 13 umique.

That such groups exist for all values of n 1s known®. In fact the system of
congruences

, _az+8
d=—_,
vz +8

(mod 2),
where a, B, v, 8 are roots of the congruence
A1=1, (mod 2),
such that ad—By£0, (mod 2),
actually define such a group, and the permutations of the 2"+ 1 symbols
w, 0, A, A, L, AT,
where A\ 18 a primitive root of
At=1, (mod 2),

which are effected by the above system of congruences, actually represent 1t as a triply-
transitive gioup of degree 27+ 1

The set of groups thus arrved at are the analogues of group (u1) above.

Finally, every group of even order, which does not belong to one of the three sets

thus determimed, must contamn operations of even order other than operations of order
two

NOTE

Let H be an Abehan group of order 2" whose operations, except identity, are all
of order two, and suppose 1f poswble that H admits two permutable 1somorphisms of
prime order p one of which 18 not a power of the other, such that no operation of
order two 18 left unchanged by any isomorphism generated by the two So far as a set

ot p* operations of H are concerned the two 1somorphisms, being permutable, must have
the form

(AnAu Alp) (-AMAH A?ﬁ) . (AplAm . APP)’
and (AnAn' Apl) (AuAn . Apz) . (AlpAip‘ Aw))
Ay, Ay o e e A,

* Moore *“On a doubly-nfinite series of simple groups,” Chicago Congress Papers (1898), Burnsde. *“On
a class of groups defined by congruences,” Proc I. M S Vol axv (1894)

356—2
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bemng the p* operations. Moreover any cycle of an 1somorphism generated by these two
has the form
(Ar,o Ariz aays ooneee Arip-vz, s+ip-1y)
the suffixes being reduced mod. p
Since no operation of H except identity 1s left unchanged by any one of these

isomorphisms, the product of the p operations 1n any one of the cycles must give the
1dentical operation.

Hence Andy .. 4, =1,

and therefore on multiplication
A,r=1,
or 4, =1.

The supposition made therefore leads to a contradiction Hence if H admits a
group of isomorphisms of order p™, no one of which leaves any operations of H except
dentity unchanged, this group has only a single subgroup of order p. It 18 therefore cyclical*
If then p™ 18 the hghest power of p which divides 2% —1, the subgroup of order p™

mn the Abelian group of order 2" —1, considered above, 1s cychcal Hence the Abehian
group 1s 1tself cyclical

* Theory of Groups, p 173



XII. On Green's Function for a Circular Disc, with applhcations to Electro-
static Problems. By E. W. Hossox, Sc.D., F.R.S.

[Received 7 October 1899 )

THE mam object of the present communication 18 to obtain the Green’s function
for the circular disc, and for the spherical bowl The function for these cascs does not
appear to have been given before in an expheit form, although expressions for the
electric density on a conducting disc or bowl under the action of an nfluencing pomnt
have been obtammed by Lord Kelvin by means of a sertes of mversions The method
employed 1s the powerful one devised by Sommeifeld and explamned fully by him
the paper referred to below The application of this method given in the present paper
may serve as an example of the simpheity which the consideration of multiple spaces
mtroduces mto the treatment of some potential problems which have hitherto only been
attacked by indirect and more ponderous methods.

THE SYSTEM OF PERI-PoLAR COORDINATES

1. The system of coordinates which we shall use 1s that known as peri-polar co-
ordinates, and was introduced by C. Neumann* for the problem of electric distribution
m an anchor-rmg A fixed circle of radius a bemng taken as basis of the coordinate
system, 1n order to measure the position of any pomt P, let a plane PAB be drawn
through P contamming the axis of the circle and intersecting the circumference of the

arcle n A and B, the coordinates of P are then taken to be p=log%, 6 which

18 the angle APB, and ¢ the angle made by the plane APB with a fixed plane
through the axis of the circle In order that all pomnts in space may be represented
uniquely by this system, we agree that 6 shall be restricted to have values between
—7 and w, a discontinmty in the value of 6 ansing as we pass through the circle,
so that at points within the circumference of the circle, 6 18 equal to m, on the upper
side of the crcle, and to — 7 on the lower side of the circle, the valuec of 6 beng
zero at all pomnts mn the plane of the circle which are outside 1ts circumference  As

* Theorie der Elektricitits- und Werme-Vertherlung in emnem Ringe, Halle, 1864
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P moves from an infimte distance along a line above the plane of the crcle up to
any pomnt inside the circle, and n 1ts plane, 6 1s positive and 1ncreases from 0 to
whereas as P moves from an infimte distance along a line below the plane of the

Fie 1

crcle up to a pomt within the circumference, 6 15 negative, and changes from 0 to
—m The coordinate ¢ 1s restricted to have values between 0 and 2w, and the co-
ordinate p may have any value from —o to + o, which correspond to the pomnts 4, B
respectively  The system of orthogonal surfaces which correspond to these coordinates
consists of a system of spherical bowls with the fundamental circle as common rm, a
system of anchor-rings with the circle as limting circle, and a system of planes through
the axis of the circle If we denote by & the distance CN of P from the axis of
the circle, and by z the distance PN of P from the plane of the circle, the system
Ecos¢, Esing, z will be a system of rectangular coordinates, which can of course be
expressed in terms ot p, 6, ¢ Let the lengths PA, PB be denoted by 7, # respec-
tively, then r/r’ =logp, we have

2rr’ cos 0 = 12 + 12 — 4a® = 27’ cosh p — 4a?,

, 2a?

hence ™ = Gosh p — cos 8"
Agam, z 2a=rrsmné,
hence s= __asmé
cosh p — cos ¢’
also since 724 "0 = 202 + 201,

we have CP? = v cos 6 + a?,
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whence we find OP = a? 1 cosh p + cos ,
cosh p — cos 6

a*sinh? p

hence &= (cosh p — cos @)’

thus £, # are expressed 1n terms of p, 6 by means’of the formulae

a smh p asm f

cosh p —cos 6’ z=(ﬁhp—-ci)~s_0'

2. To express the reciprocal of the distance D between two pomts (p, 6, ¢) and
(po, 0o, ¢), we substitute for £ 2z and £, 2 m the expression

={(z—2) + £ + &' — 2k cos (¢ — &)},

their values in terms of p, 8 and p,, 6,, we then find

1 _ 1 (coshp—cos6)(coshp, —cosfy)

D™ .V2 {cosh« — cos (0 — 8,)} !

where cosh a denotes the expression cosh p cosh p, — sinh p sinh p, cos (¢ ~ ¢,). If we
suppose the expression {cosh a —cos(f—86,)j"} 13 expanded in cosnes of multiples of
cosmy

6 - 6,, the coefficient ot cos m(d —6,) 18 = o (cosh a—cos 08 Yyt

dyr which 15 equal* to

2’{2 Qm_; (cosha) when Q,_; denotes the zonal harmonic of the second kind, of degree

m=g, thus })= a (cosh p — cos @)} (cosh p, — cos O,)} £ 2Q,,_, (cosh a) cos m (6 — 6,), where
the factor 2 1s omtted 1 the hrst term, for which m=0 The series m this expres-
sion for 1/D may be summed by subsnt,ntmg for @Qm-j(cosha) the expression

o—mu

V> (cosh u — cosh a)* (loc. aut. p 519),

we find
1 1 u
b= e 7; (cosh p — cos )} (cosh p, — cos Gy )t f (cosh 1 — cosh @)t 14+ 2Ze™™ cos m (6 — 6,)} du,
and thus we have the formula
1 1 sh
D= uis hp— t (cosh p, — cos )} E du,
D™ qa (cos p — cos 0)} (cosh po — cos 6) J Veorh w— cosh a cosh u — cos (0 0‘,) *

where a 18 given by

cosh a = cosh p cosh p, — sinh p sih p, cos (¢ — ¢)

* See page 521 of my memoir “On a type of spherical harmonies of umestricted degree, order, and argument,”
Phil Trans. Vol cuxxxvir (1806) A.
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GREEN'S FUuNoTION FOR THE CIRCULAR Disc

3. In order to obtain Green’s function for an indefinitely thin eircular disc, which
we take to comncide with the fundamental circle of our system of coordinates, we shall
apply the 1dea ongmated and developed by Sommerfeld*, of extending the method of
mmages by considering two copies of three-dimensional space to be superimposed and
to be related to one another in a manner analogous to the relation between the sheets
of a Riemann’s suiface. In our case we must suppose the passage from one space to
the other to be made by a pomnt which passes through the disc, the first space 15
that already considered, mm which 6 lies between —a and o, for the second space we
shall suppose that & hes between = and 3w, thus as a pomnt P starting from a pomt
in the first space passes from the positive side through the disc, 1t passes from the
first space mto the second space, the value of  increasing continuously through the value
m, and becoming greater than 7 in the second space In order that a pommt P starting
from a position Po(p,, 6y, ¢o), say on the positive side of the dise, may after passing
through the disc get back to the original position Py, 1t will be necessary for 1t to
pass twice through the disc, the first tume of passage the pomnt passes from the first
space mto the second space, and at the sccond passage 1t comes back into the first
space  Corresponding to the powmt p,, 6, ¢, where 6, 13 between —ar and o, 18 the
pomnt (py, 6+ 27, ¢,) 1 the second space, whereas the pont (po, 6, + 4, ¢) 13 regarded
ag 1dentical with the point (p,, 6,, @) The section of our double space by a plane
which cuts the rim of the disc 1s a double-sheeted Riemann’s surface, with the line of
section as the line of passage from one sheet into the other Let p,, 6, ¢, be the
coordimates of a pomnt P in the first space, on the positive side of the dise, thus
0<6,<m, taking the expression for the reciprocal of the distance of a pownt Q (p, 6, ¢)
from P, given mn the last aiticle, we have, since

.1 1
sinh 5 simnh ; u

1 2
+3 ’
co%h—%u-—cos%(g —0,) 2(’05]1%1&-}-003%(0—00)

sinh u 1
coshu —cos(§—0,) 2

1
1 1 1 sinh g

PQ” 2 y2ma (cosh p — cos 8)* (cosh p, — cos 6,)} f « Weosh

1 du
u—cosha .y % w— cosé [CEXD)

1 ® 1 sinh % u
- - ¢ - 3 e
+g Jema (cosh p — cos )} (cosh p, — cos f,) f‘ T du,

h"_COSh“cosh%u-—cos%(@—ﬁ,—.77)

Kl
we thus see that 1/PQ 1s expressed as the sum of two functions, the first of which
mvolves the coordinates p,, 6,, ¢, of P, and the second 1s the same function of the

* See his paper  Ueber verzweigte Potentiale 1m Raume,” Proc Lond Math Soc Vol. xxvim
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coordinates p,, 6,+ 2w, ¢, of the pomnt P’ in the second space, which corresponds to P.
If @ moves up to and ultimately comncides with P, we have cosha=1, 1t will then
be seen that the first function becomes infinite at the lower limit, but that the second
one remains finite at that hmt.

Consider then the function W (po, 6,, ¢o) given by

1
W(Po, 0., 4’0) = '2'J—

—  (cosh p ~— cos )t (cosh p, — cos 6,
2ma

smh 1 u

1
f‘“ » L du,
a Ycosh u—cosh a cosh U= coss (0 6,

the above equation may be written
m"‘ W(Po, 85, $o) + W (po, 0,+ 2, &o).
It 1s clear that the function W 1s umiform in our double space as 1t 18 unaltered

by increasing 6 by 4m, 1t will now be shewn that 1t 1s a potential function We
may express W in the form

1 1
W = ——— (cosh p — cos 6)* (cosh p, — 9&]’ S S {1 25 g-imu a
2‘\/2'71'11((:0‘3 p = cos 6 (cosh p, = co3 6y) Vcosh «— cosh a +ase %3 (0 0")1 “
which may be written 1n the form
W= (cosh p — cos ) (cosh p, — cos G,) llQ_; (cosh a) + 2 }. Q,,. L (cosh a) cos 5 (0 6,) }
sice the formula
—m+hu

V2 Qn (cosh «) = f o

u — cosh a)t t
holds for all values of n such that the real part of n+1 1s positive (loc. cit p 519).
Now (cosh p — cos B)} (cosh p, — cos 8,)% cos s (6 — 6,) Q,—3 (cosh a) 18 a potential form whatever
s may be, and thus W 1s a potential function, and 1s expressible in the form
W= 2;11_ a (cosh p — cos @)} (cosh p, — cos 6,)t {Q_, (cosh a) + 2Q), (cosh a) cos % [CEXD)
+ 2@ (cosh a) cos (6 — 6,) + } ,
the value of W(p,, 6,+ 27, ¢,) bemng
2—; “ (cosh p — cos 8)* (cosh p, — cos G,)} {Q-, (cosh a) — 2@, (cosh a) cos % 0-6,)
+ 2Q_; (cosh a) cos (6 — 6,) — .. } ;

the two expressions added together give the expansion of 1/D obtamed mn Art 2.
Vou. XVIIL 36
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. 1
4. To evaluate the definite ntegral in the expression for W, wmte cosh§u=.:,

cosh ;—a =g, C08 % (0—6,)=r, then

smh-l-u
_~1 2 du =\/§f . —
« «/coshu—coshacosh%u_cos%(a_on) s VB =gt (x—1T)
V2 ~
)

where the inverse circular function has its numerically least value, we thus obtamn the
expression

1 (cosh p — cos 6)} (cosh p, — cos f,) [ _ }]
W= mav'?2 {cosh a — cos (6 — 6,)* gt sin”! {cos 2 (6-8i)sech 5

which may also be written 1 the form

W= 0|3 I:l l sin~! {cos % (6 — 6,) sech % a}] e 1)

This expression W has the following properties —it 18, together with 1ts differential
coefficients, finite and continuous for all values of p, 6, ¢ in the double space, except
at the point P m the first space, and 1t satisfies Laplace’s equation, when Q comnudes

with P, the inverse circular function approaches g,

as 1/PQ, when however @ approaches the pomnt mn the second space which corresponds

and the function becomes fimite

to P, the inverse circular function approaches —‘g, and the function does not become

mfimte The expression (1) 13 then the elementary potential function which plays the
same part 1n our double space as the ordinary elementary potential function 1/PQ does
n ordwary space

5 In order to find a potential function which shall vamsh over the surface of
the disc, and shall thioughout the first space be everywhere finte and continuous
except at a point P(p,, 6, ¢,) mn the first spacc on the positive side of the disc
(0< 6, <m), we take the function W (o, 6,, b)) — W(po, 2m—6, ¢) which 1s the
potential for the double space due to the pomt P and 1ts mmage P’ (py, 27— 6o, @),
which 18 smtuated mn the second space at the optical image of P mn the dwsc Ths
function 18 equal to

1 (cosh p— cos @)k (cosh p, — cos @,)t - 1 a1
e (cosha — cos (6 — GJF |:§ + s {cos Q(O— 6,) sech 3 a}

—_ 1 (coshp—cos f)(cosh p, + cos 6;) - 1 1
Tav?2 {coshi a+ cos (6 + AL l:'l— + s {_ 2 (0 +60) sech 2 aH ’
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which 18 the same thing as

U= PEQ [%+ _;l-rsm-‘ {cos%(e— 6,) sech % u}] _FI’Q [% + "l—rsm-’ {— cos%(€+ 6,) sech % a}]

e e (2),
where P’ 18 the optical image of P mn the disc On putting m this expression (2), for
U, the values §=m, §=—m, and remembering that over the disc PQ= P'Q, we verify
at once that U vamshes on both surfaces of the disc. If Q concides with the pomnt
(po» — 0y, ¢o) the function U remains finite

The Green’s function Gpq which 18 a function that 1s fimte and continuous throughout
the whole of ordinary (the first) space, everywhere satisfies Laplace’s equation, and 18
equal to 1/PQ over both surfaces of the disc, 18 given by Gpg= PQ” U, hence the

1equired value of Gpg 18

Gpo= I}Q [% - %sm—l {cos % (8 - 6,) sech % a}] + P_}Q [; +;’1r sin ! {— cos % (0 + 6,) sech ; a}]
= PIQ }rcos-l {coséw —6,)sech %a} + P_l’—Q . }—rcos“ {cos %(6 +6,) sech%a} ..... ...(3),

the numerically smallest values, as before, of the inverse circular functions bemng taken
It will be observed that in inteipreting these formulae (2) and (3), the second copy of
space, having served 1ts purpose, may be supposed to be removed

THE DISTRIBUTION OF ELECIRICITY ON A CONDUCTING DISC UNDER THE INFLUENCE
oF A CHARGED Point

6. If we suppose a thin conducting disc to be placed n the position of the funda-
mental circle of the coordinate system, to be connected to earth, and influenced by a
charge ¢ at the pont P (p,, 6, ¢,) on the positive side, the potential of the system at
any pomt @ 18 qU where U 18 given by (2), and the potential of the charge on the
disc 18 —q.Gpy We shall now throw these potentials mto & more geometrical form

We have

1 1 cos%(ﬂ-é‘“)
sin~t {003—2(9— oo)sechia} = tan™! — —
«/cosh’ 5 -cos’é [CEXA)

{ «/Qcos%(e—&)
= tan™ Veosh a —cos (6 — 6,)) ’

now take an auxiliary pomnt L, of which the coordinates are p,, 8 ¥, ¢, the upper

or lower sign being taken according as 6 1s positive or negative (—m<f<w) Thus L

and Q are always on opposite sides of the disc, using the formulae of Art. 1, we find
— 2a’cos 8

_ —2dcosd n_
CLr == ko, == cosh p— o8 0’

PL { 1 + cos (6 — 6,) }i{coshp—coso}i

~ cosh p,+cos 8’ @
PQ~ lcosha—cos (8 — 6,)f cosh p,+cos 8
36—2
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hence por
ol 1 L(PL [F=C@
s~ {cos 5 (6—0,)sech Q“} ttan™ (PQ CL - a') ’
P
Y
A B

IP

Fie 2

in order to determine the sign on the right-hand side, we observe that the inverse
sine 18 positive unless 6 hies between — (7 —@,) and —ar, that 13 unless @ les within the
sphere passing through P and the rim of the disc, and 1s on the negative side of the
disc, thus the sign on the nght-hand side 1s to be taken positive unless @ hes within
this spherical segment

Similaily we find
~ 1 11 _ . _(PL Jo—Cy
sin™! {- cos 5 (0 + 6,) sech 2«} =¥ tan™! (P’Q UZF—WJ*)

where the negative sign 18 to be taken unless @ 18 on the positive side of the disc and
within the spherie which contamns the rm and the pomt P, We have thus as the
expression for the potential of the system at any pomnt Q (p, 6, ¢)

_.9q 2. [ —CQN] __q L (PL o - og
V= 2pQ [l+ —tan ‘(PQ CL‘-—M)} 2PQ [1 ¥ —tan I(PQ O‘EZE’)] (4)
when the ambiguous signs are assigned 1n accordance with the above rules,

The auxihary pomnt L may be found from the following construction

Draw a spherical bowl through the rim of the disc on the opposite side to that on which
Q lies, and equal to a sumlar bowl which passes through @, draw a plane PA'B’ through
P and the axis, cutting the mm i A’, B, this plane mtersects the bowl in a circle, on
this eircle L hes, and 18 found by taking 1t so as to satisfy the relation

LA’ - LB =PA’ - PB.
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In the case m which the influencing pont 18 on the axis of the disc, we have p,=0,
hence a=p, and the auxihary pomt L 13 on the axis of the disc at the point where this
axis 18 cut by the sphere through the rim and the pomnt @, on the opposite side of the
disc to @, the formulae for the potential then become

v=A_ b [l 1 sin~! {cos% (6—6,) sech% p}] -~ P_qQ B + }r sin~? {— cos % (6 + 6,) sech ; p}]

- g 2 an- (!’ﬁ @ = 0Q* 2 (2L \/

=9PQ [l 247 (Bg 0L’—a’> 2PQ 1% “‘“ 77 CL’-a’ e (8)
the sign 1 the first bracket 1s positive unless @ lies m the segment ApB, and the sign m
the second bracket 1s negative unless @ les in the segment Ap'B.

7 To find, mn the general case, the induced charge on the disc, 1t 18 sufficient to
exammne the hmiting value of the potential at a pomt @, as @ moves off to an infinite
distance from the disc m the direction of the axis, In the expression for —g Gpq given
by (3), let =0, p=0, then a=p,, and PQ, P'Q become mfimte mn a ratio of equality,
the expression for the potential of the induced electrification on the dise has therefore
the hmiting value

2g . 1 1
o };Qcos 1 (cos —2005ech §p‘,) )
therefore the whole charge on the disc 13
2 1 1
-q cos™ (cos 5 6, sech §Po) ,
which 18 equivalent to
—q.2 tan—t (“/113 N 91‘,1)
iz rL )

when L 15 a pomnt n the plane of the dise which hes on the bisector of the angle APB.
This expression may be interpreted thus —

M
Fio 8

Let PL be the bisector of the angle APB, draw the chod NLM perpendicular to
AB, the total induced charge 1s
—q <NPM . (6)

k.
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When the pomt P 1s on the axis of the disc, the induced charge 1s -q.%‘, where 6,
is the angle subtended at P by a diameter of the disc.
When P 1s 1 the plane of the dise, the angle NPM becomes the angle between the

tangents from P to the circular bonndary of the dise.
8. The surface density at any pont of the disc 1s given by the formula
- L
Pt
when dv 18 an element of normal and 1s given by
- Fodd
“coshp—cos”

We thus find for the density p, at the pomnt (p, 7, ¢) on the positive side of the dise,

po=— PQ’ {1 + 2 sin~! (sm 10,, sech 3 )}

csle
g locoshp+l 09 3%

4? PQ a - 1 1
,\/ cosh? g%~ sin? §9°

this expression can be put nto a more geometrical form by introducing the auxihary
point L (p,, 68—, ¢,) of Art 6 The pont L 1s now m the plane of the disc, and external
to the disc, denoting this position of L by L, its coordinates are p,, 0, ¢, We have

1 (0?
sin—! (sm ;0., sech %a) = tan™! (PL" @ - (¢ )

PQV CLp-w)’
. T P OL: =a
which is equal to 3 tan—! (FiQ,o w :‘UQ’)

on reducing the second term in the expression for p, remembering that
= __asmb_
"~ cosh p, —cos 6,
we find that 1t becomes o
_g 1 JOL -
2m PQ* PL, @ — 0@’
and thus the expression for the density at any pomnt @ on the positive side of the
disc 18 given by
__49 PN_q PN(PQ CL’-u’ — tan= (PQ OL’—a’
Po="%m PQ 3m ' PQ|PL, o~ PL CQ')
where PN 18 the perpendicular from P to the plane of the disc, and L, 1s a pomnt on 4B
produced, such that AL, - BL,= AP BP

AT
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The value p, of the density at the pomnt (p, —, ¢) on the negative side of the disc 18
found 1n a similar manner to be

__q PN (PQ CLi—a PQ CL’—a’}
PL=" 5 PP {PLo proyyed — tan™ (PL CQ’) ....... (8).
Thus the densities at corresponding points on opposite faces of the disc satisfy the relation

g PN
Po—p1=— %r ' PQI

When P 1s on the axis of the disc, L, 18 at infinity, and the formulae (7), (8) become

VAQ BQ VAQ.BQ
o= - 2—:{-’ f)g. { \/AZQBQ tan™? ( V;IZZ gB Q)} ......... 9)

The expressions (7), (8), (9) agree with those obtained by another method by Lord
Kelvin*.

When P 1s in the plane of the disc 1t comncides with L;, 1 this case we find
that the density on either side of the disc 18 given by

_ g 1 (o) Zpur]
Y e S U (1))

9 If the influencing pomnt P 1s on the axis at 6,, we find from (5) the following
expressions for the potential at points on the axis —On the positive side of the disc

(CES 0.,) - (0+6,), when 8 >6,,

9 _ 4 q
LQ 2 PQ 27 PQ
A q
PQ+ 2 PQ(o 6) - P/Q(9+9a), when 0<0n
On the negative side of the axis

rng + —21rqP—Q (0-6)+ o qP’Q (0 +86,), when 6 + 6, 18 posttive,

PQ Q(G 6,) — qP’Q (6+6,), when 6+ 6, 1s negative

If we denote by g, the distance of P from the disc, and by z the absolute value of
the distance from the disc of a pont @ on the negative side of the disc, the potential
at @ 18 given by the expression

4q q

)
17 1 [ l_,_ 1 S
242, 7r(z+zq) (cot. ~ 4+ cot a) cot p cot %)

w(2—2)

* See his papers on “El tics and M. tism,” p 190
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if 2, be given as a multiple of a, say z,=na, the expression

7 q /cot“‘z + cot“n)

e -— cot=1Z — cot1 n)
z4+na  w(z+na)\ a

-1 (
a (na — 2)
might be used to tabulate the values of the potential at pomnts on the negative side
of the axis When 2=0, z=0cc this expression 18 zero, and 1t will have a stationary
negative value z for some value of z which may be approximately determimed by plotting
out the value of the function  Corresponding to this valuc of z there 1s a pomt of
equihbrium which 18 completely screencd from the effect of the influencing pomnt P by
means of the disc, the lines ot induction from P which pass through this pont, separate

those hines of induetion which end on the disc, fiom those which go to nfimty

THE ELECTRIFICATION INDUCED ON A DISC PLACED IN ANY FIELD OF FORCE

10 The potential of the electricity induced on the dise, which 1s connected to
earth and placed m a field of constant potential, may be deduced from the expression
(5) by taking the pomnt P on the axis, and letting 1t move off to an infimte distance,

the strength g of the chaige ncreasing so that the ratio 9 - remans fintte, say equal

PQ
to —A. We can easily shew that

AR! 1\ 7 /2
sin ‘(co~x§05ech§p)— g —sm (7;,+7,>'
where 7, r, are the greatest and least distances of the pomnt (6, ¢, p) from the cucular
rm of the dise. We thus find for the potential of the electricity on the disc, the
well-known expression %‘}sm“;—%, which 13 the potential of an 1nsulated disc elec-
1 2

trfied freely to potential A.

11 To find the potential due to the chaige on the disc when placed in a field
of force of potential wr, when z 13 a coordinate measured from the centre of the
dise 1n a fixed direction m the planc of the disc, suppose charges of strengths ¢ and
—~q to be placed at the two pomnts P(p,, 0, 0), P'(—=p, 0, 0) on the axis of z, the
potential of the charge induced by these on the disc 1s at any pomt (p, 6, ¢)

1 1
2 ) cos 3 [’} 2 1 . cos; 0
- PQcos' +-7?P,Qcos — |
T cosh 5 @ cosh - o
2 2
where cosh a = cosh p cosh p, ~ sinh p sinh p, cos ¢,

cosh a’ = cosh p cosh p, + sinh psinh p,cos ¢,
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now let p, become very small, as P, P’ move away from the orig, the expression
for the potential becomes, when higher powers of p, than the first are omutted,

1 1 1 1 1
2 ( ) . cosg [/ , cosh 5P 5C085 @ sinh 5 poos ¢

T )71 T

CP CP: cosh 5P «/ cosh“ 5P cos? ; 9 cosh? )
00510 coshlp 1cosl0smhlpcosq’>
" 2q ( 1 w ) cog=! +p 2 22 2

—\op~op T 0 1 B
T \CP CP cosh 5P )\/coshs %P - cosa% 9 cosh? 3P

asinhp, _ 2 definitely great so that we
now CP_coshp.,—l—p., hence 1f ¢ be made indefinitely great so thal 'P’ =u,

find for the required potential

1
08 g @ sinh p

——2—# wcos—‘(cos Gsech2p>—acos¢>

)

V2 cosh? % p Veosh p —cos 6

24 Wcosh p- E— ~cos 0 cos ¢ asmhp
now AT, » &= cosh p— cos 8’
V2 cosh 1 5P

hence we find that the potential due to the induced electricity, n a field of force of
potential uz, 15

2 e 2020V E TP )

11
7+, (1,41 an

12 In order to find an expression for the potential of the induced electricity on
the disc, when 1t 15 placed 1 a given field of force, we apply the well-known theorem
that 1if o 1y the surfacc denwaty at the element dS of the surface of a conductor when
acted on by a umt charge placed at an external pomt €, the potential function at Q
which has values V' given at every pomt of the conductor 1s [VodS, the integration
bemng taken over the whole surface of the conductor Suppose V(p, ¢) to be the given
potential function at the elcment p, ¢ whose arca we denote by dS, on either side of
the disc, the potential function at the pownt (p,, 6,, ¢o) external to the disc which
on the disc takes the values V(p, ¢) 1s then, using the expressions found 1 Art. 8,

1 (1 + cosh p) cos% 6,

z VT = cos 8,
T ee——————— - ton~l DT 0 V (p, dS,
27*Ra 1 1 B Joosh a +cos 6, e #
cosh? 3% sin? 3 A

Vor. XVIII. 37
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the value of the required function, R denoting the distance PQ We now 1ntroduce
new coordinates r, 7, ¢ mstead of p, 6, ¢, these being given by

x=JF+a’schos¢, y=Jr’+a’s1nnsxn¢, z=rcosy,

to express 7 1n terms of p, 6, we have

B+ p=(r+a)un’y= (0—357* + a’) sn? 9,

— 2
hence cos‘y +QQ;{a cos"”=§} , where CQ*=2"+ y*+ 2*, hence we have
@;;a' V(O@ = @’y + 4o’z a2’
2a

ip = -
cos’y R

2a?

2a?cos 0 e .
Now CQ—-a*= - d 1t 13 easily found that V(CQ: — a?) + 40?7’ = cosh p—cos

an
cosh p —cos 8’

hence we have
cosmm \/ ~T—cosf
K coshp—cos 8’

and therefore cosmo=, /. L=cos6h
cosh p, — cos 6,

Also as P 1s on the plane of the disc (r=0), we have CP =asm 7, hence e = 11 t :z:’, s
from which we find 1+ coshp=2sec’s. Remembering that
1_1 V1 +coshp~/coshpa—-cos 90
R™ 42 vcosh a + cos 6,
_1=cosf, _ acosncos,
we have \/cosh o+cosf, R !
and also
1+ cosh p) cos = 6, «/1+ h p cos =8 <
(1 + cor p)cosz b 2 cosh p cos 56 g 12‘ 2 ~ 2%
,\/cosh’%a—sm’%ﬁo R Wecoshp,—cosf, B cosn’ gw2cosy, eRcosncosy,’

then since dS=a'sinncosndndp, we have for the potential function at an external
pont 7o, m, ¢o, which has the value V(s ¢) at the pomt 5, ¢ of the disc, the
expression

a 00‘3 n COS 110 a COoS 7 COS N,
1l” C()S ff R‘;Slﬂf] V(']: ¢) {1 + — R tan (—*—-R— )} d’r]d¢.... .(12),

here the coordinates of the external pomt at which the potential 1s found are the
elliptic coordmates given by

z=ryco8m,, a=vVrita‘smnacosg,, ¥=+rd+a?sin e ¢,

the coordinate 7, alone appearing explicitly i the expression. This formula agrees with
one obtained by Heme by a different and somewhat complicated procedure*.

* See his Kugelfunctionen, Vol 1r. p. 182
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THE DISTRIBUTION OF ELECTRICITY ON A CONDUCTING BOWL UNDER THE INFLUENCE
OF AN EXTERNAL ELECTRIFIED POINT

13. In order to adapt the method of this paper to obtamn corresponding results
for the case of a spherical bowl, we must suppose the surface across which the passage
from the first space to the second takes place, to be a sphercal bowl with the funda-
mental circle for 1ts rim. If the angle of the bowl 1s B, we must suppose that in
the first space @ has values from B— 2w, on the negative side of the bowl, up to 8
on the postive side, and that as we then pass through the bowl mto the second
space,  1ncreases from @ up to B+2w, when the positive side of the bowl has agan
been reached If the convexity of the bowl 1s upwards, 8 1s less than =, if down-
wards, B 18 grcater than =

The mmage of a pomnt P (p,, 6, ¢,) 1n the first space and above the bowl 1s the
pont P’ (p,, 28 —6,, ¢,) m the second space, and below the bowl

The expression

U= PLQ B + vlr sin™! {cos%(ﬁ— 6,) sech % a}]

"~ coshp,—cosf, 1 [1 1 1 1 P
_\/m—; cos (28— 6,) P'Q L2+"sln 0052(0+00 2/3) sech gor| e (13)
corresponds to the expression in (2), 1t 18 a potential function which vanishes over

the dise, and of which the only infinity i the first space 1s at P, where 1t becomes
mfinite as 1/PQ

The Green’s function Gy, 13 therefore given by the formula

Gpo = I%Q :—Tcos" {co‘; %(0 -6, sech—; a}

cosh p, — cos 6, 1 1 1 1 1
+ \/cosh po— co5 (28— 6,) P |:§ + .5 1 {cos 3 (8 + 6,— 28) sech 3 a}] (14)

By mtroducing an auxibary pomnt L whose coordinates are p,, 6 F B, ¢, this
expression may be thrown into a geometiical form corresponding to (4), and the
expressions obtamned by Loid Kelvin for the density on either side of the disc may be
deduced ; 1t 1s however hardly worth while to give the details of the process, as 1t
18 precisely similar to that which has been carried out in the case of the circular
disc.
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XI1I. Demonstration of Green's Formula for Electric Density near the Vertex
of a Right Cone. By H. M. MacpoNaLp, M.A., Fellow of Clare College.

[Received 13 October 1899 )

IN a footnote i his Essay on Electricity Green makes the following statement®
“Smce this was wnitten, I have obtamed formulm serving to express, generally, the law
of the distnbution of the electric fluid near the apex O of a cone, which forms pat
of a conducting surface of 1evolution having the same axis  From these formule 1t
results that, when the apex of the cone 15 directed imwards, the density of the electiie
flud at any pomnt p, near to 1t, 1s proportional to "', r being the distance Op, and
the exponent n very nearly such as would satisfy the simple equation (4n+2)8 =37,
where 28 13 the angle at the summit of the cone If 28 exceeds m, this summit 1s
directed outwards, and when the excess 13 not very considerable, n will be given as
above but 28 still increasing, until 1t becomes 2w —2y, the angle 2y at the summit
of the cone which 1s now directed outwards, being very small, n will be given by

2n log%=1" The method by which he obtamned these results was never published and

the problem was not agan attemptedt till 1870 when Mchler] gave a solution for the
electrical distribution on a right cone under the influence of a pomnt chage, but the
expression given by him for Green’s function 18 so complicated as to make 1t difficult
to obtain results fiom 1t, and the form of the cxpression does not exhibit the fact that 1t
18 discontinuous In the following analy<s a solution for the distribution near the vertex
of a nght cone formmng part of a surface of 1evolution frecly chaiged (Green’s case) 1s
obtamned, also solutions for the distributions on a right cone, and on a surface whose form
18 the spindle formed by the revolution of a segment of a cucle about 1ts chord, under the
influence of pomnt charges on the axis  Solutions for both these latter problems have also
been given by Mehler§ The cases when the pownt charge 1s not on the axis can easily be
deduced, but present no special interest

The solutions here given are examples of a general method, which depends for its
apphication on the fact that the writer has recently been able to detcimime the values of
n 1 terms of u for which the harmonic P¥(u) vanishes

* Green, Essay on Electricity and Magnetism, 1828; 1 I have been unable to obtan Mehler's paper con-
Mathematical Papers, p 67 taining the results for the cone and have had to rely on
+ Green’s statement 15 quoted and apphied by Max- Heine's account of 1t, Theorie der Kugelfunctionen, Vol 11
well, Cavendish Papers, 1879, p 885, with the remark pp 217—250
that no proof had ever been given § Cavendish Papers, loc cit
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§ 1. Green's case.

With the usual notation, the expression V,— Ar™P,(u) 18 a solution of Laplace’s
equation 1 the neighbourhood of the vertex of the cone which 13 equal to V, on the
surface of the cone for which P, (cosa) vamshes, where « 18 the semivertical angle of
the cone. That 1t may be the required solution P,(x) must not vamsh for any value of
between a and ar, for 1f 1t vamshed for a value o/, where a’>a, the expression would then
be the solution for the space between the two coaxal conducting cones whose semivertical
angles are a and o, or for some other space not entunely bounded by the cone whose semi-
vertical angle 18 a. Hence n must be such that P, (u) does not vamsh for a value of
which 1s greater than a, now the kth zcro of P,(u) considered as a function of n
diminishes as 6 1ncreases®, therefore n must be the least zero of P,(cosa) Therefore
the potential 1n the neighbourhood of the vertex of a right cone of semvertical angle «,
forming part of a conducting surface which 1s chaiged to potential Vi, 15 V,— Ar"Py (u),
where n 18 the least zero of Pp(cuosa) and A 18 a constant depending on the form and size
of the surface. Hence?t the density of the distribution 1n the neighbourhood of the vertex
of the cone varies as 7%, where r 13 the distance from the vertex and n 1 given by
n=x,/a where x, 13 the least zero of J,(2), when « 1s small, by (4n+2)a=3mw, when « 18

nearly m/2, and by 2n log’%:l, when « 15 neaily 7 and 7 — a=v. Thus Green’s results

are verified

§ 2. Mehler's cases.

(1) The distributwon of electricity on a 11ght cone under the wnfluence of a charge
on s axs.

Let the space to be considered be the space bounded by the two concentric spheres
r=>0, r=a and the cone 8=a, where », 8, ¢ arc polar coardinates, and let there be
a charge ¢ at the pomt r=7', §=0. The conditions to be satisfied by the potential are

V=0, when »r=a and a > 6 >0,
V=0, when =10 and a> 8 >0,
V=0, when § =a and a>r > b,

*V 20V 129

2 v =
and 5’]" ;37:4-;,@{(1—/4)6)‘*}4-47"[?—0

throughout the space Put r=ae™, then the equation to be satisfied by V' becomes
eV oV 0 oV
W'Bx+87{(1_"2)$}+4”“’0"*p=0,

* Maodonald, *“On the zeros of the h P, (u) dered as a function of w,” Proc. Lond Math Soc 1899
+ Loc. cit
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A
h

and, wniting V= Ue?, U has to satisfy the equation

5

with the same boundary conditions as ¥V Assume

mmA

@
U=2W, =,
2 W sim 5
where 7&,,=log§, this satisfies the first two boundary conditions and will be the solution
required 1f Wy, can be determined to satisfy the conditions

Win=0, when f=a and a>r>2b,

and also
Zra oW, mirt | 1 marh -2
T A N S
that 1s
9 . BW!!,} _ (w1 87@?]“ B mah L
aﬁ{(l-p)—i;P (M‘ +4‘>W,,.+ A 0pe 2 sin M dr=0.
Assuming

Wm = SAmnP'n (/"),

all the conditions are satisfied 1f this summation extends to all the values of n which
make P,(cosa) vamsh and A4,, 15 determincd so that

S Anm {<n+ %)’ + n;:r"} P,(p)= f pe z sin TN d)»

that 1s, 1if

A”m{(n-ﬁ-;) +m); ’}f (P ()} dp,—sw—a ff pe” aP (,u.)sm—d)tdu,

where p,=cosa Now

1 1—p (0P, (w) op,
fh {Pn(w)du= To+1 { o o }p-#o ’

therefore

1\ miar? 1—_&,@1_’_3P VS_wa'fflf"o -] @d)\d
Anm{(”"‘é) + }_27;—+1 on o ™ Judo pe ’Pn(.“)s‘n o oo

Making p vanish except at the pont r=1', § =0, where
q=—2mpa’ e-u’dl'dp.’,
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the expression for ¥ becomes

mar\’ mmh

AN (2n+ l)sm sin -—P ()
y=4C 3%y

ah 1 (1= pe 81" 31 N 1) +m'7r‘

) on o {( t3 w}

effecting the summation with respect to m, this becomes

2 AN cosh (n + ) (Ao =X +2\') —cosh (n + 5 ) Ao=X=N\)
y=_29¢"* % P,
a 0P, 0P, n (1),
sinh (n + ) Ao (1= p?) =— I

when A >N\, and

A zcosh (n + ) (ho =N +1) — cosh (n + ) (o=A—2)

_ 2e:
V=-=3 3P, P, Pa(w
)M(l #) on ap.

sinh (

when A< A Making M=o the space becomes that bounded by the cone §=a and
the sphere »=a, and the potential inside an uninsulated hollow conductor of this form
under the influence of a charge ¢ at the pomnt 7 =ae™ on the axis 18 given by

AN

e 2 . e (nHHA-N) _ g=(nth) (A+N,

qa 2 0P, 0P, Pou)
A —u) on ou

Ve-

when A >N, and by

AN
2qe 2 o e (A-X) _ g=(n+]) (A FX)

oMty - )aP,,aP Po(p)
o op
when A<M\, that 1s by
7‘"7"" P )
V=_2q2(7‘ i a""“) . 5(5,,3]
(L= u) o o
when >7, and by
php P (ﬂ')
V=- 2q2 (1‘”“ - d2h+l) na N
(1—pu?) on

when r>7. To obtamn the potential in Mehler's case when the cone extends to infinity

put a=o and then
™ Py (
Veu3gm
on op
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when 7' >r, and

kel Pn (u)
V=—2q2rn+l _7.6 n,

Q-pd) on o

when 2 >+, where the summations extend to all the positive values of n which make
P, (cosa) vamsh When a=m/2

Py 2P, _ _
on op
;r”
and V=2¢% poes P, (),

when 7' >r, where the summation extends to all the positive odd ntegers, that 1s

|/ . SE—
NP+ "2 cos 0 Vrd+ '+ 2 cos 8

which agrees as 1t ought to with the expression for the potential due to a charge ¢
at a pomnt distant +' from an infinite conducting plane at potential zero

(2) To find the potential at any point due to the spindle formed by the revolution
of « segment of a curcle about its chord, when s surfuce 13 freely charged.

This 18 1nmediately obtained by inversion from the above case Let & be the angle
m the scgment of the circle whose revolution descnibes the spindle, £ the angle

7
any other segment of a circle on the same choid, n=log;‘, where 7, 7, (r,>m,) are
2

the distances of a pownt on a segment from the extremities of the chord, then putting

=— V' and observing that the cone of angle & 1in the dielectiic mverts into the
spindle the generating segment of which contuns an angle £, the potential at any
pomnt due to the spindle when charged to potential V, 13 given by

e~ +hn P, (cos §)
oP, 0P, ’

) | oo
a #a)[a” Op lmuo
where p,=cox £ and the summation extends to all the positive values of n which make
P,(cos§&) vamsh  The case of the sphere 1s that when &=m/2 It may be venfied
that the density of the distribution on the spindle near one of the comcal points agrees
with that found §1  For the density at any pownt on 1t 18 given by

V=V,+2V,¥2(coshn —cos &)=

—~(n+d)
(2 (cosh 7 — cos E)PS S

s &, -an”

0_
2mr’
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and near one of the couical points this becomes

Y, 1
2r oP,’
8in &, n

where 7' 18 the length of the axis of the spindle, » the distance of the pomnt on the
surface from the conical pomnt and n 18 the least zero of P,(cos§). Now when £, equal

to o —ry, 18 nearly i 18 ——"- and the values of n which occur are k+n,, where
on sin nar

k 18 any positive nteger and 2n, logg=l", on substitution and summation, the ex-

Vonyr'

pression for the density at any point becomes — P

where r,>r,

* Loc, cit, Proc. Lond, Math, Soc 1899,

Vor. XVIII. 38



XIV. On the Effects of Duution, Temperature, and other circumstances,
on the Absorption Spectra of Solutions of Dudymwum and Erbwum Salts.
By G. D Liveine, M.A., Professor of Chemistry.

[Recewved 15 October 1899 ]

IN November 1898 I made a preliminary commumcation to the Society giving
results of observations on the absorption spectra of aqueous solutions of salts of didy-
mium and erbium 1 various degrees of dilution Since then most of the observations
have been repeated with improved apparatus, whereby several anomalies m the photo-
graphs bave been removed, and a great many additional observations made, so that 1t
will probably be best to make this commumcation quite independent of the prelummary
one, and, at the risk of a little repetition, complete 1n 1tself so far as 1t goes

APPARATUS

The obseivations werec made i part directly by the eye with an ordmary spectio-
scope, and partly by photography On the former I rely only for the pait of the
spectrum below the idigo, on the latter for the more refrangible part The spectro-
scope chiefly used for the former had two whole prisms of 60° and two half-prisms,
all of white flint glass, telescopes with achromatic object glasses of 12 inches focal
length, and eye-piece of very low magmfymg power. It was useless to employ highe
dispersion  or magmfication, because the absorption bands, even the shaipest of them
which 18 that of didymium at about A 427, are all diffuse, and higher dispersion or
magnification renders some details invisible In comparing by eye the spectia produced
by two solutions, one was thrown m by reflexion m the usual way, and, after making
the comparison, the positions of the solutions were interchanged and the observation
repeated, 1 order to correct any error ansing from a difference of intensity between
the hight entering directly and that coming mn by reflexion.

For photography the spectium was formed by one prism of 60° and two half-
prisms, all of calcite, the object glasses of the telescopes were quartz lenses of 1835
inches focal length for the sodmum yellow light. The photographic plate was of course
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mchned to the axis of the telescope so that, as far as the doubly refracting character
of the calcite prisms allows, the 1mage might be 1n tolerably good focus across the whole
width of the plate, two and a half inches,

To concentrate the hight, and make 1t, for the parts of the spectrum not subject to
absorption, neaily umform whatever the thickness of the absorbent stratum of hqud,
a quartz lens of three inches focal length was fixed at that distance i front of
the sht, and a similar lens fifteen inches further off, and three inches beyond the
second lens was fixed a screen with a circular hole 1n 1t about one-eighth of an inch
i dameter, and beyond that was of course the source of light. The centres of the
hole in the screen and of the two lenses were ahgned with the axis of the collimator
The distance between the lenses was fixed so as to allow of the nterposition of the
longest trough, used as a water bath for mamtaning the temperature of the tubes
containing the solutions These troughs were of brass fitted with a plate of quaitz at
each end, and each had 1n 1t two V-shaped septa on which the tube with solution
rested, and thereby took up at once its right position i the course of the pencil of
hght between the lenses. The tubes holding the solutions were of glass, fitted at the
ends with quaitz plates These plates were held 1n position by outer brass plates with
central cirenlar perforations, connected by thiee wues passing along the outside of the
tube and furmshed with screw nuts by which the plates could be firmly pressed against
the ends of the tube The joint between the quartz plate and the end of the tube
was made water-tight by a washer of thin rubber The washers all had the same
sized arcular opening which determined the cross section of the pencil of rays falling
on the sht This seemingly complicated arrangement was adopted because 1t was
necessaty to have jomts which would not be affected by a temperature of 100°, or by

dilute acids, or by alcohiol, and could be easily taken to pieces for cleamng the tube
or plates

Each tube had a bianch on 1ts upper side which was left open for the purpose of
fillng the tube, and to allow of expansion of the liquid when 1t was heated Tubes
of four lengths 1n geometiical progiession, namely of 38 mm, 76 mm, 1525 mm, and
305mm, and a cell with quartz faces having an interval of 67 mm between them,
were used to hold the solutions, and for a few observations a cell of only 5mm thickness
was used

For observations on the effects of tempeiature, the trough containing the tube with
solution was filled with water and a photograph of the spectrum taken at the tem-
perature of the room, the trough was then heated by one or more gas lamps until
the water boiled, the gas lamps were then loweied so as to maintamn the bath 3 or 4
degrees below the boiling pomt, bubbles adhering to the quartz plates swept off with
a feather, and when the whole appeared to be in a steady condition another photograph
was taken, Unless the solution in the tube were a very dilute one there was not much
trouble with bubbles m the solution, but bubbles 1n the bath were very troublesome,
and had to be removed because they impeded the passage of the light, and thereby

38—2
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affected the photograph. A smilar effect 18 produced by convection currents of unequal
density. These were pretty well avoided within the absorbent liquid, but could not be
completely avorded m the water of the bath., The difference of temperature, and con-
sequent difference of density, of the curents i the water was, however, small, and
the thickness of water between the end of the tube and the quartz window of the
trough also small, so that the currents were not of much consequence Attempts to
use temperatures below that of the room were abandoned because of the dew which
settled on the quartz windows Wetting the quartz with glycerol was no remedy, because
the glycerol gravitated, destroyed the plane figure of the window, and dispersed some
of the hght Vey fan observations by eye of the cffect of heat on a solution, not
too dilute, were made by fixing two similar test tubes contaming the solution, one m
front of the sht and the other i front of the reflecting prism, and after adjusting
their positions until the two spectra, scen simultancously, were 1dentical, heating up one
of the test tubes by placing a lamp under 1t For dilute solutions, requuing a greater
thickness to give absorption bands of sufficient intensity, two of the tubes used for the
photographs were employed, one of them bemng heated up 1n 1ts water bath

As a source of hght a Welsbach incandescent gas lamp without chimney was chiefly
used This was placed 5 or 6 inches fiom the screen so that the network of the
mantle was quite out of focus at the sht It gave a good hght up to a wave-length
of A 370, but beyond this pomt 1t would not produce a good photograph without an
exposure too prolonged for the less 1efrangible part of the specttum For the 1egion
above A 360 a hme-hght was used

Inasmuch as the bands obseived are all more or less diffuse, and fade away gradually
on either hand, any vanations ot the ntensity of the sowice of hght, of the sensi-
tiveness of the photogiaphic plates, or of the development of the image, tend to mask
the effects of varymng the composition, or the tempeiature, of the solutions, so that
two photographs can be fanly compared, for the sake of determiming these effects, only
when they have been taken with the same hght, on the same plate, with equal tunes
of exposure, and have been developed together This has been attended to throughout
The photographs to be compaed with each other have always been taken 1 succession
on the same plate, with no other change than the nccessary shift of the plate and the
substitution of one tube of liquid and 1ts bath for another The photographs taken
thus i succession do very well for comparison of the nteusities and other characters
of the absorption bands, but cannot be depended on for the detection of a very small
shuft m the position of a band That could be done 1f the two spectra to be com-
pared were n the field at the same time, one of them reflected i, but I have not
attempted to photograph two spectra 1 this way, and have been content to detect
alterations of wave-length, mn the bands most easily visible, by the eye without
photography.
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THE SOLUTIONS EXPERIMENTED ON.

These have been chiefly those of salts of didymium and erbium Most coloured salts
have only very wide absorption bands which fade on either hand very gradually, so that 1t
1s extremely difficult, or even mmpossible, to recognise small changes in them On the
other hand, didymium and erbium salts have a great many absorption bands, of various
degrees of sharpness and of mtensity, and distuibuted through a wide range of the
spectrum  No other salts seem so well adapted for my puipose However, T made a
number of observations on uranous chloride, but found 1t so prone to chemical change
when 1n solution that I could not with ceirtainty distinguish the effects of dilution, or of
elevation of temperature, from those due to chemcal change The absorption spectra of
salts of cobalt have already been nvestigated by Dr Russell, though not exactly from my
present pont of view, and they are not as good for my purpose as the salts of the two
metals to which I now confine myself

Both series of salts had been punfied as far as possible, by my asastant Mr Puivis,
by a long series of fractional precipitations The didymium was spectroscopically free fiom
lanthanumn, but 1t had not been found possible to get 1t, o1 the erbum, so fiee from
yttrium*  No attempt was made to scparate the neodymium from the praseodymium, and
there 1s no method at present known for separating the various metals of which ordinary
erbum 15 supposed to be a miture Indeed for my puipose there would be no
advantage m downg so, though for a quantitative cstunation of the concentiation of
absorbent material 1 the solutions 1t was mmportant to get rid of an admixture of
unabsorbent salt  In order to obtain solutions of the salts of different acids m equivalent
concentration the metal was precipitated as oxalate, washed, diied, and 1gmted m air
until 1t was 1educed to oxide Weighed quantities of this oxide were dissolved 1 the
several acids, and, mn the case of mtie and hydiochlonie acids, the solutions evaporated and
excess of acid dniven off The residual salts were then dissolved 1n measured quantities of
water  The most concentrated solutions of didymium employed contained, respectively, of
the nitrate, 6111 grams to the htre, and of the chloride the equivalent quantity, namely

4629 grams of anhydious chloridet These each contamn 1862 gram-molecules of the <alt

* Lanthanum and yttrium cannot be recognised by
any absorption bands, but when induction spaiks are taken
from solutions of their salts, each gives a very character
18t1c channelled spectrum, by which 1t 18 easily recogmised
m a solution containing one per cent, or even less, of the
salt The yttrium channelhngs are in the orange, the
brightest of those of lanthanum 1n the citron and gieen,
and both fade towards the red Thalén 1n his paper (1874)
on the Speoctra of Yttrium and Erbium, and of Didymium
and Lanth gives the lengths of the sharp,
more refrangible edges of the yttrium channellings, one
set beginning at A6131 and the other at A5970 5 He does
not give those due to lanthanum, These I find to consist

of thiee sets 1n the green and citron of which the brightest
begin at 23599 and A5380 respectively, and the third at
\5173  There 18 another weaker set 1n the orange beginning
at A5863, and two sets in the indigo beginning at A4419 and
N 4370 respectively My measures were not made with any
large ispersion and the last figme of the measured wave-
length may not be quite corect, but near enough for recog-
nition of the channellings which are easily seen with a
small spectroscope, especially the two first mentioned

+ The (crystalline) didymium chlonide in this solution
was dissolved 1n just about twice 1ts weight of water, the
equivalent solution of mitrate had still less water
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per ltre, and as the specific gravity of the solution of chloride 18 8295, it appears to
contain oue molecule of the chloride to between 27 and 28 molecules of water

Didymium sulphate 18 rather sparingly soluble in water, so that the most concen-
trated solution of 1t employed contaned only 5811 grams of 1t per htre, For comparison
with 1t, the strongest nitrate, or chloride, had to be diluted to 916 times 1its bulk.

Of erbium the most concentrated solutions used contained, respectively, of the nitrate
9352 grams to the litre, of the chlonde 7266 grams These each contan 267 gram-
molecules of the salt per litre. The solution of the mtrate was a saturated one at a
temperature of about 15°

Less concentrated solutions were also prepared and used, contaming, respectively,
566 grams of mtrate of erbium, and 440 grams of the chlonde to the htre, or about
161 molecules 1 grams to the litre

The more dilute solutions were obtained from these by taking measured quantities of
them and diluting up to the requred volume In fact the most concentrated of these
solutions were the stock solutions, and may convemently be described as of strength
No 1 Half strength will mean such a solution diluted until the bulk was doubled,
one-quarter strength will mean No 1 diluted until 1ts bulk was quadiupled, and
80 on

Other salts and solvents were employed, and will be described when the experiments
upon them are described The solutions of mitrate and chloride above mentioned were, as
a rule, the standards of concentration.

THE ABSORPTION BANDS OBSERVED

The didymium absorption bands of which I have taken notice 1n this investigation, are
as follows

A band i the red at about A679.
A weak band at about A 623.
A rather weak band at about \ 596.

The strong group extending from about A 590 to A 570, consisting of a number of
bands overlapping one another

A rather weak band at about A 531

A strong group of about four, more or less overlapping, bands, extending from about
A 528 to A 520.

A less strong group of two diffuse bands with the centre about A 510.
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A well marked triplet at about A 483, 476 and 469, of which that n the muddle 1s
decidedly weaker than the other two

A broad weak band, with 1ts centre at about A 462, and extending nearly down to the
most refiangible band of the triplet above mentioned

A very broad band with 1ts centre about A\ 444

A very weak band » ” »  A433.

A strong, narrow, sharply-defined band at about X\ 427
A very weak diffuse band with 1ts centre about A 418
A still weaker one with 1ts centre about A 415
Another weak diffuse band at about A 406

A very broad strong band with 1ts centre about A 403
A very weak diffuse band at about A 391

A diffuse band at about A 380

Another, wider, at about A 375

A weaker band at about A 364.

Four, nearly equally distributed between X\ 358 and A 350, which n all but the
weakest solutions run into one bioad band extending beyond the above-mentioned lmts.

A weak diffuse band at about A 338
And a broad diffuse band with 1ts centre about A 329.

These bands appear all to belong to didymium, or to the metals associated under
that name, for though they may be modified n character, and even 1 position, by the
solvent and other circumstances, they all disappear m the absence of didymium, and
they retan so much the same general character under all crcumstances, that 1t 1s
reasonable to infer that they have the same primary cause. A reference to plate No 19
(at the end of the volume) on which are reproduced photographs of the spectra of
didymium chloride 1n solution 1n water, m alcohol, and i alcohol charged with hydro-
chloric acid, will make my meaning evident

The erbium absorption bands of which I have taken notice m this investigation
are as follows.

A group of four bands mn the red, of which the most refrangible but one 1s much
the strongest and has a wave-length about A 653

A group of four, of which the more refrangible two are much stronger than the
others, lying between A 536 and A 549
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A weak band at about A 527.
A very strong one at about \ 523.
A weaker one at about A 520.

A rather broad band, strongest on its more refrangible side and fading towards
the less refrangible, with 1its strongest part at about \ 491.

A strong band at about A 488

A weaker one at about A\ 486

A broad but weak band with 1ts centre about A 472,
A sharp but weak band at about A 467.

A broad, diffuse band with centre about A 454, reaching almost up to a stronger, and
narrower, band at about A449 These two are merged into one with concentrated
solutions

A weak band at about A 441
A narrow one at about A 422
A weak one at about A 418

A bioad band, fading on 1ts less refrangible side, and extending from about A\ 415
nearly down to the band at A 418

A pan of nearly equal bands, rather strong, at about A 404 and A 407.
A very fant but broad band extending from about A 396 to A 402.
A well-marked, rather narrow band at about A 379,

And a weaker one almost touching 1t on the more refrangible sde, which
becomes merged with 1t, and with a still weaker diffuse band at about A 377, in solu-
tions a httle stronger

A weak diffuse band with centre about A 367,
A strong band at about A\ 363, accompanied by

One rather less strong at about A 363, which become merged together when the
solution 13 rather stronger

A band rather weaker than the last at about A 357, and

A broad weaker band with centre at about A 353, which soon merges mn the former
when the solution 1s a little mcreased i strength

All these bands more refrangible than A 404, cxpand rapidly and become very
diffuse at the edges as the solution 1s more concentrated, so that they may easily be
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confounded with a diffuse continuous absorption which extends from the ultra-violet
down the spectrum as the solution becomes more concentrated, but they are common
to the nitrate and chloride, and may be seen with a solution of the former when with
an equvalent solution of chloride the advancing continuous absorption has oblhiterated
them The superposition of this continuous absorption, even when 1t 18 very weak and
scarcely otherwise perceptible, strengthens and widens the bands

EFFECTS OF DILUTION

For observing the effects of dilution equal volumes of the stock solutions were
diluted to 2, 4, 8, 455, 61 or 91 times their origmal volumes, and the absorptions

produced by thicknesses of these solutions proportional to theiwr dilutions observed and
photographed

In the spectra of either didymwum or erbium chlonde, starting with solutions half
the strongest, or less strong, m thickness of 38 mm, I can find no change with dilution,
when accompamed by proportional ncrease of thickness, below A 390 see plate 3, at
the end of the volume With the strongest solution in a thickness of 38 mm a
diffuse absorption creeps down from the most refrangible end of the spectrum, as
may be seen 1n the uppermost spectrum in each of the plates 10 and 11 Above
A 375, or thereabouts, 1t seems to cut off all the hght, but the diffuse edge extends
with the strongest didymium chlonde as low as \415, making the absorption bands
look wider and stronger by 1ts superposition On comparmng with the eye the spectrum
of a thickness of 5 mm of the strongest solution of didymmum chloride, with that of
305 mm of the same solution diluted to 61 times 1ts volume, both spectra being 1n
the field of view at the same time, I could detect no difference between them

Agamn, photographing the spectium of a thickness of 67 mm of the strongest
didymium chlonde, and that of 305 mm of the same solution diluted to 455 times 1ts
ongmal bulk, I can find no difference between the photographs, which take m a range
from about A 850 to A600 Plate 7 1s a reproduction of these photographs This identity
of the spectra extends to the intensities, even of the weakest bands that I can see,
as well as to the positions of the bands, and even to the apparent extinction of the

diffuse absorption which 1s produced by a greater thickness of the strongest solution at
the ultra-violet end

Also erbium chloride of half the strongest concentiation, m a thickness of 5 mm.,
gives a spectrum which cannot be distingmshed by my eye from that given by 305 mm of
a solution 61 times as dilute And photographs of the spectrum of the same solution, half
the strongest, i a thickness of 67 mm, are identical with those of 305 mm of the same
solution diluted to 455 times 1ts bulk, below a wave-length of about A 380. Plate 9 15 a
reproduction of these photographs. The triple band at about A 378 comes out more strongly
with the stronger solution, but I am not sure whether this 15 not an effect due to the
superposition of the diffuse absorption creeping down from the more refrangible end In
the region above A 855, a thickness of 152 mm. of a very dilute solution of didymium
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chloride transmits a sensible amount of hght as high as A 315 (the bighest part of the
spectrum 1ncluded 1n my photographs) but with a gradually fading tensity from about
A 348 upwards And this diffuse absorption creeps further down as the solution 18 stronger
until with a solution half the strongest, in the same thickness, 1t reaches A 360 Didy-
mium bromide produces a similar diffuse absorption which extends lower than n the case
of the chlonde, and didymwum sulphate shews something of the same kind

This diffuse absorption, which creeps far down the spectrum of the most con-
centrated solutions of the chlorides of both didymiam and erbium, seems to belong
to a different category from that to which the other bands belong  For not only
18 1t dimmished by dilution when the thickness of the stratum 1s proportioned to
the dilution, but it 1s dimmshed by dimmshing the thickness of the stiong solution,
without diluting 1t, at a greater rate than the other bands are dimimshed, for some
of the ultra-violet bands which are quite obscured by 1t when the hquid 18 38 mm. thick
are vistble 1n the photographs when the same liquid 18 only 67 mm thick The obvious
suggestion is that 1t 18 due in some way to the common eclement, the chlorine Most
chlorides, however, produce no such absorption I have tried solutions of calcium, znc,
and alumimum chloride, respectively, and found them, m a thickness of 305 mm, very
nearly as transparent as water for the range of the spectrum included i my photographs,
namely below A 355. One chloride I have found, when i a concentrated solution, to
behave hke the didymium and erbium chlorides, and that 18 hydiochloric acid, whether
1t be dissolved m water or mn alcohol Plate 12 15 a repioduction of a photograph of
the spectra of solutions in alcohol, and m water, of hydrochloric acid, in several thick-
nesses, and i proportional degrees of dilution, along with oue of distilled water for
comparison

The 1ncreasing extent of the absorption with increasing concentration of the solu-
tion 1s manifest, and the most probable cause 1s some action between the molecules of
acid during their encounters, for 1t seems to depend on the number of molecules of
acid (or salt) and on their concentiation, jomntly We cannot ascribe the absorption to
the chlorine 10n, because the number of chlorine 1ons increases with dilution, but the
close correspondence of the effects stiongly suggests a common cause m all the solutions
which give those effects It should be observed that the percentage of chloime m the
concentrated solution of the acid used in these experiments bore to that in the most
concentrated solution of didymium chlonide the 1atio of about 39 to 145 The extent,
down the spectrum, of the absorption now 1in question, 13 1ncreased, as mght be ex-
pected, by adding hydrochloric acid to the didymium solution, and also by rasimg the
temperature as described below. In connexion with this 1t may be 1emarked that con-
centrated neutral solutions of didymium, and erbium, chloride lose the clean pmnk tint,
by transmitted light, of their dilute solutions, and take up more of an orange hue,
due of course to the diminution of the rays at the bluc end of the spectrum.

As above stated I have been unable to obtamn a solution of didymium sulphate so
concentrated as my strongest solution of chloride, but using the solution contamning
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5811 grams to the htre, and diluting 1t to twice, four times, and eight times 1ts bulk,
I could find no change 1n the absorption spectrum produced by 1t when the thickness
of the absorbent liqud was proportioned to the dilution, either when directly viewed
or when photographed. See plate 4, which however does not include any part of the
spectrum below the green. Nor could I detect any difference between the spectium of
the sulphate and that of an equivalent solution of the chlonde

Didymium mtrate 1n four dilutions, beginning with the strongest in thickness of
38 mm, and ending with one-eighth strength in thickness of 305 mm, gave spectra
which could not be distinguished from each other, mn the range photographed See plate
11, where the spectra are those of equivalent solutions of the chlomde and mtrate alter-
nately, begmning with 38 mm of the strongest solution of chloride, next the equivalent
mtrate, then 76 mm of the solutions of half strength, 152 mm. of one-quarter strength,
and ending with 805 mm of the two solutions of one-eighth strength This appearance
of 1dentity 1s biought about, however, by the diffuseness and strength of the absorptions
by which the dctails of the groups of bands are obliterated When the spectra of the
same solutions 1n much less thickness are examined, 1t 1s seen that the bands of the
stronger solutions of mtrate are more diffuse, or wider, than the bands produced by
equivalent solutions of the chloride The weak bands look washed out, the strong are
wider than the conresponding bands of the chloride, and in the strong groups the
component bands are merged together By increasing dilution the several bands contract
themselves and become better defined, until, with solutions of 4 strength, I am unable
to see any diffeience between the bands of the mnitrate, chloride, and sulphate n
equivalent solutions  In the stronger solutions the weak bands look weaker as well
as broader with mtrate than with chloride, the strong bands are broader but look no
weaker, but I think that when an absorption 1s very strong the eye does not perceive,
nor a photographic plate always rccord, a small difference of mtensity There 18 no
indication of an 1ncrease of intensity of the bands of the mitrate by dilution with cor-
responding increase of thickness  There are, on the other hand, indications of a shift
of the positions of greatest absorption in the bands i the yellow and green, which
remind me of the much greater shift of these bands by the use of alcohol and other
solvents mstead of water

Comparing small thicknesses (5 mm) of solutions, the big band 1 the yellow expands
with the mitrate beyond that produced by the equivalent solution of chloride, especially
on the less refrangible side  Of the four strong components of this band the least
refrangible seems, with the mitrate, to be displaced a little towards the red, and a less
strong diffuse band extends still further beyond the corresponding band of the chloride
on the red side The less refrangible of the two strong groups in the green, which
for the chloride consists of two nearly equal strong bands separated by a narrow chink
of hght, and of a fanter very diffuse absorption extending some way down towards
the red, has for the mitiate the less refiangible strong band widened out by diffusion,
some way beyond 1ts limit for the chloride on the red side, and the more refrangible
18 weaker with the mitrate. The more refrangible group in the green appears with the

39—2



308 Pror. LIVEING, EFFECIS OF DILUTION, TEMPERATURE, ETC ON THE

mtrate as a single band narrower than the two given by the chloride, and the middle
band of the triplet in the blue 19 more diffuse with the mitrate.

The apparent shift above mentioned may be an effect of the overlapping of the
diffuse bands, and though a real shift does not seem to me improbable, 1t 18 not m
this case sufficiently decided to found an argument upon.

Plate 6 reproduces the spectra of 67 mm. of the strongest solution of didymium
mtrate and of 305 mm. of the same solution diluted to 455 times 1ts bulk The bands
of the strong solution are more diffuse and look somewhat washed out, notably the
narrow band about 1427, and the muddle band of the triplet mn the blue, and the
strong group in the yellow extends further towards the red and has the appearance of
being stronger with the strong solution than with the dilute.

Erbium mtrate behaves quite in the same way as didymium mitrate n regard to
the greater diffuseness of 1its bands with strong solutions, and their gradual contraction
and growing sharpness as the solution 18 diluted, until they come to be identical with
those of the chloride This 15 better seen 1n the photographs of the erbium spectra
than m those of the didymmum see plate No 5

In plate 8 the spectrum of 67 mm of solution contamming 467 grams of erbium
mtrate to the litre 1s contiasted with that of 305 mm of the same solution diluted
to 455 tumes 1ts bulk  The greater diffuseness of the bands of the upper spectrum,
which 1s that of the strong solution, and apparently greater intensity of the ultra-violet
band on the left will be noticed. It may be compared with the corresponding plate No. 9
for the chloride, m which however the lower spectrum 1s that of the stronger solution
Plate 10 contrasts the spectra of equivalent solutions of erbium chloride and mtiate, in
four degrees of dilution, the uppermost spectium being that of the strongest chloride
The greater diffusencss of the bands of the nitrate can be seen, and the gradual
approximation to dentity n the spectra of the two solutions as they become more
dilute It 18 the counterpart for ertbwum of plate 11

The mtrates, as well as the chlorndes of both metals, shew a gencral absorption
creeping down from the most refrangible end of the spectrum with 1ncreased concentration
of the solutions, but though simlar in the two salts, that given by the mitrates 15 not
identical with that of the chlorides Its edge 1s not so diffuse, but cuts off the spectrum
more sharply than that of the chloride, and in the strongest solutions 1t does not extend
so far down the spectrum as that of the chloiide. On the other hand with the weak
solutions of didymwum 1t extends lower than that ot the chlonde With a solution
of didymium mitrate of ¢ strength in thickness of 152 mm. all light above 333
seems to be absorbed, while with the chloride lght gets through beyond X 315,
and the strongest solution of the mitrate i a thickness of 38 mm does not entirely

cut off the hght below A 3860, while the equivalent solution of chloride cuts 1t off much
lower.
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There are here four facts to deal with-

1. The 1identity of the spectra of the different salts of the same metal i the
dilute condition.

2. The constancy of this spectrum m the case of chlomde and sulphate in different
dilutions so long as the thickness of absorbent 13 propoitional to the dilution, a constancy
holding good 1n the chlorides for a great range of concentration.

3. The modification, for I take 1t to be only a modification, of this spectrum n
the case of the mitrate, by some cause which has increasing effect with increasing con-
centration.

4 The absorptions at the most refiangible end of the spectrum, which are somewhat
different for different salts of the same metal, and dimimsh with increased dilution

The first of these facts 1s certamnly strongly suggestive of the interpretation put on
1t by Ostwald, that the spectrum common to all the salts of the same metal 18 due to
the metallic 10ns  Agamnst this the second fact militates, for the ionization 18 supposed to
increase with dilution, and the absorptions by the 1ons should imcrease in intensity by
dilution when the total quantity of salt, dissociated and undissociated, through which the
hight passes remams the same The third fact points to some cause, affecting the diffuse-
ness of the bands, which 1s moic effective in concentiated solutions This cause may be
encounters between the molecules of the salt, or of its products in solution, which would
be more frequent 1n more concentrated solutions,

Tomzation should be mcreased by heating the solutions, and dinnished by the addition
of acid. I proceed to describe what I have obseived of the effects of heating and of
acidification on the absorption spectra.

EFFECTS OF TEMPERATURE ON THE SPECTRA

The 11se of temperature which could be employed was, as deseribed above, only from
the temperature of the room, about 20° to a few degrees below the boiling-pomnt of the
water bath, or to about 97° This rise of temperature produced the same kind of effect
on all those absorption bands which are common to all the salts of the same metal, whether
1t be didymum or erbwum, and that effect was to render them more diffuse, to spread
them out, make their limts less definite, and n the case of weak bands make them appear
weaker The effect of heat was also the same i kind on dilute as on concentrated
solutions, Heat also caused the broad diffuse absorption at the most 1efrangible end to
extend 1tself downwards mn a marked degrce Plates 13, 14 and 15 are reproductions of
photographs of the spectra of three salts, i vaiious degrees of dilution, cold and hot
It will be noticed that the absorption bands are not increased in intensity by heat, but
from the greater diffusion they seem weaker, except the very strong bands which are so
mtense that they bear diffusion without letting enough light through to affect the plate
The creeping down with the higher temperature of a diffuse absorption from the most
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refrangible end 15 seen 1 all, and with the mtrate and sulphate seems to be independent
of the concentration, while with the chlorde 1t 1s barely noticeable with any but the most
concentrated solution In the last exposure with the sulphate the hight 15 a httle weaker
throughout ~ The solution was the weakest and 1 the longest tube, and therefore most
likely to be troubled with bubbles on the mner faces of the terminal quartz plates which
could not be removed. I have no doubt this general weakemng of the hght was due to
this cause A general weankening of the light has the effect of making the absorption
bands appear stronger. This appearance 1s deceptive, for the examination of a great many
photographs, as well as direct observations of the spectra by eye, have led me to the
conclusion that the effect of heat 1s to diffuse and not to strengthen the absorption bands
which are ascribed to the metals. On the other hand 1t looks as if the diffuse absorption
at the most refrangible end, which certainly creeps down lower with hot solutions, were
strengthened as well as diffused, for m the region above that mcluded n the plates, the
limit of complete extinction of photographic effect 1s considerably lower with the hot than
with the cold solutions

On the whole the effects of heat on the spectrum afford no confiimation to the sup-
posttion that the absorptions are due to an imcrease of the number of 10ns, but rathe:
suggest that they may be due to the increased encrgy of the motions of tianslation of the
molccules, causing more frequent encounters

EFFECTS OF ACIDIFYING THE SOLUTIONS

The ‘solutions compared with a view to ascertain these effects had m every case equal
quantities of the metallic component per ltre, but while one was neutral the other had
twice as much of its acid component as the first, and they were usually compared
various degrees of dilution and mn thicknesses proportional thereto  With didymium salts,
chloride and mitrate, the acid made very little diffeience in the bands, as will be seen
by exammation of plate 18, which gives the spectia of four solutions of the chloride,
two neutral and two acid The creeping down of the absorption at the most refrangible
end 18, however, very evident m the most concentiated solution of acidified chlonde,
and some diffusion of some of the bands of the mtrate by the addition of the
acid 18 just traccable m photographs of some of the weaker bands of the more con-
centrated solution. The 1increased diffusion of the bands of the mitiate by the addition
of mtric acid can be easily seen directly by eye, using weak solutions mn mno great
thickness  The addition of acid also produces a shight shift of the places of greatest
absorption 1n the strong groups m the yellow and green Whether this 1s due only to
the expansion, and consequent overlapping, of the several bands in these groups, or
whether there 15 a real shift, I have not been able to satisfy myself; but the general
appearance resembles the changes produced in those bands by the use of different solvents
which are described below, and 1t 18 very likely that similar causes are at work n the
two cases. Nothing of this kind can be seen on the addition of hydrochloric acid to
the chloride.
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With erbium mitrate the addition of acid produces more marked effcets see plate 17
All the bands which are more diffuse with the neutral mtrate than with the equivalent
chloride solution, are still more diffuse with the acid mtrate, and the _effect regularly
dimimshes as the solution 18 made more dilute. There 15 however no indication that
there 18 any weakeming of the ntensity of the bands by the presence of acid, but rather
a strengthening of them.

With the chloride, on the other hand, therc seems to be no more difference
between the absorptions of the neutral and acid solutions than there 13 between the
corresponding solutions of didymium chloride Comparing the spectra by eye, I can see
no appreciable difference between the acid and neutral solutions of equal thickness and
cqual erbium concentration. Plate 16 gives a reproduction of photographs of the
absorptions of two paws of equivalent neutial and acid solutions of erbium chloride, the
upper pair being those of the stiongest solution The creepmng down of the continuous
absorption with the acid solution 1s visible 1n both pairs of spectra, but more evident
with the stronger solution, where 1t scnsibly affects the apparent intensity and breadth
of the broad band at about A 451 The second pair of spectra on this plate were
taken with solutions made by diluting those used for the first pair of spectra until their
volumes were thiee times as great as before, and they were put mto tubes four times as
long as those used for the first pair There 18 no mdication of any weakemmng of the
absorptions by the addition of acid

The absence of any diminution of intensity either of the didymium or erbium bands
by the addition of acid, taken i conjunction with the fact that rise of temperature
does not ncrease then intensity, go a long way to negative the supposition that these
bands arc produced by the metallic 1ons, and the facts recorded in the preceding pages
rather suggest that the metallic bands are the outcome of chemmcal interactions between
molecules of the salt with each other and with those of the solvent, while the general
absorption at the most refrangible end, which 1s cvidently of a different class and
1esembles the absorptions of glass and many other substances which absorb the more
1apid vibrations but are transparent to waves of less oscillation-frequency, may perhaps
be due to encounters of molecules without chemical change The effects on the spectium
when different solvents arc used may throw some hght on this question  Accordingly
I made some experiments with didymium salts m various solvents

EFFECTS OF DIFFERENT SOLVENTS

Didymium chloride solution evaporated at 100° retans some water, and seems to have
the composition of the crystaline salt Dried at a higher temperature 1t may be had
anhydrous, but in that state appears to be quite msoluble mn alcohol Dried at 100°
1t dissolves with tolerable facility i absolute ethyl-alcohol, and 1 glycerol, but will not
dissolve 1n benzene The alcoholic solution deposits beautiful pink crystals on evaporation
The absorption spectrum of this solution shews the same bands as an aqueous solution,
but they are somewhat modified. They are more diffuse so that the weaker bands look
as 1f they were washed out, and the positions of maximum absorption are all moved
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towards the less refrangible side, and the diffuse absorption at the most refrangible end
extends lower down the spectrum than with an aqueous solution of equal concentration
The general relation between the spectra of the two solutions will be seen on com-
paring photographs (1) and (2) of plate 19, of which the former 1s given by the aqueous,
the latter by the alcohohic solution. The shift of the bands towairds the red 13 wisible
i the photographs, but as the plate had to be shifted between the exposures, no rehance
can be placed on the appearance of a shift in such photographs, when the amount of
displacement of the bands 1s small. This defect 15, however, met by direct eye-observations,
with the two spectra n the field of view at the same time. In this way 1t 18 seen
that all the bands that are visible are shifted towards the red, but are by no means
all equally shifted. At the same time the strong groups of bands i the yellow and
green have, by the action of the alcohol, undergone a modification of their general
appearance which simulates the addition of some new bands, but by examinming solutions
of different concentrations I have satisfied myself that no new bands make their
appearance, but the simulation of them 1s due to the wideming and unequal shift of
the bands, whereby their overlapping, and the consequent relative positions of the maxima
of absorption, are modified The modifications are such as we may reasonably ascuibe
to the mnfluence of the bulky colloid molecules of the alcohol, amongst which the vibrating
absorbent molecules move and from which they can hardly ever get free, loading them
but loading them unequally, and on the whole degrading the rates of thewr wibratory
motions

A very remarkable, and by far the most excessive, modification of the bands that I
have observed, 18 produced by passing dry hydrochloric acid into the alcohohie solution.
The third photograph ot plate 19 shews the effect The colour of the solution 1s changed
by the acid from pink to bluish green, and the reason of this 1s obvious from the
photograph  The molecules seem so loaded as to be nearly incapable of taking up the
more rapid vibrations coiresponding to the bands in the indigo and blue, while they
seem to absorb wmore strongly those of slower iate in the yellow and citron. At the
same time thesc are more degraded than by alcohol alone, and the group in the yellow
so spread out that some of the components are distinctly separated Of course the acd
makes the solvent a complicated mixture, mcluding ethyl-chloride and water as well as
the unaltered components

The modifications of the spectrum by glycerol are of the same character as those
produced by alcohol The bands are generally shifted towards the red, and arec moic
diffuse, but otherwise not much modified Plate 20 shews the spectrum of the glycerol
solution above and below that of an aqueous solution of didymium mitrate of nearly,
but not exactly, equal concentration Obscrved directly by eye 1t 1s seen that the
band 1 the red at A 679 18 not sensibly affected, the group in the yellow and the
less refrangible of the two groups in the green, are distinctly shifted towards the red,
but otherwise not affected in character; while the more refrangible group in the green
18 not sensibly shifted, but appears weakened by diffusion The still more refrangible
bands are all rendered more diffuse by glycerol, and aie also degraded with the exception
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of the middle band of the triplet 1n the blue, which does not appear shifted, but of
this I am not sure for the photographs shew a trace of a washed-out band about mid-
way between the two extreme bands of the triplet i addition to the stronger band which
18 more refrangible 'With glycerol the continuous diffuse absorption also creeps down the
spectrum as with alcohol

In order to observe the effect of a crystalhzable solvent other than water, some
didymium acetate was prepared and dissolved mn glacial acetic acid, and for comparson
with 1t an aqueous solution of didymium mtrate was made of equal concentration
Plate 20 shews the photographs of their spectra Comparing the absorptions directly by
eye, the band in the red appearcd stronger in the acetate and sensibly shifted to the
less refrangible side, the fecble band in the orange also was shifted m the same direc-
tion, the strong group mn the yellow considerably extended towards the red but its more
refrangible edge not apparently shifted, doubtless because the wideming of the bands
compensated the shift which was visible m all the other bands of the acetate though
they otherwise had the same general appearance as those of the mtrate The shift
and change of character produced by acetic acid was less than was produced by alcohol.

Didymium tartrate 13 very msoluble 1n water, but the compound produced by
potassium hydrogen tartrate acting on didymium hydroxide dissolves 1 a solution of
ammonia  The spectium given by this solution 1s contrasted with that of an aqueous
solution (not exactly of the <ame concentration), of didymum chlornide mm plate 23
With the exception of the group in the yellow, the less refrangible of the groups m
the green, and the nairow band in the mdigo, the bands seem all a good deal washed
out All the bands are shifted towards the red, and the apparent smft increases as the
bands become more refrangible, but probably this appearance s the effect of the greater
dispersion of the more refrangible rays

I had no crystals of didymium salts sufficiently large to ecnable me to see how
the dimimshed freedom of the molecules 1 the solid would modify the spectrum, but
had a rod of fused borax colouted with didymium This was made by mixing weighed
quantities of didymium oxide and dried borax, fusng the mixture, and sucking the
fused mass mto a hot platinum tube After cooling the rough ends were cut off and
pohished, and I was thus able to compare the spectrum given by a thickness of 25 mm
of this glass with that of an equivalent solution of didymium chloride Photographs
of these spectra are shewn i plate 21 They are somewhat marred by dust on
the slit of the spectroscope, but this does not prevent a fair comparison. It will be
seen that the modifications produced by the glass are on the whole similar m character
to those produced by some of the liqud solvents The strong group in the yellow
1s much expanded and the components of the group unequally shifted towards the red,
the less refrangible of the groups in the green 1s shifted and 1ts appearance modified
for the same reason The more refrangible bands are much washed out and their shifts
appear very unequal. Nevertheless they appear to be still essentially the same bands
modified as to thewr rates of wibration by the dimimshed freedom of the molecules
producing them.
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On a review of the whole series of observations I conclude that the characteristic
absorptions of didymum compounds, namely those which are common to dilute aqueous
solutions, and are only modified by concentration, by heat, and by varations of the
solvent, are due to molecules which are identical n all cases, though thewr vibrations
are modified by their relations to other molecules surrounding them The like conclusion
holds for erbium compounds It appears to me quite 1ncredible that the atoms of
didymium should retain in chemical combination so much individuahty and freedom as
to take up thewr own peculiar vibrations unaffected by the rest of the matter combined
with them, as must be the case 1f we supposed the combmned didymium wn the molecules
to give the common spectrum of all the salts in dilute solution. When I speak of
atoms of didymwum 1n the salts, I mean of course masses equal to the atoms of
didymium metal, but having different encrgy, which means different internal motions,
probably different structure, and different capabilities of wibration. No chemical com-
pounds shew the absorptions which their separate elements exhibit Sodium vapour,
though monatomic, has a very strong absorbent power which 1s quite lost when 1t has
parted with energy in combining with chlorine Nevertheless the molecule of a chlonde
breaks up, 1 general, mnto masses equal to those of the atoms of 1its elements more
casily than 1 any other way, and there 18 pretty good evidence that in encountering
a molecule of water this also 13 sometimes broken up, and ultimately, if not 1mmediately,
new molecules of hydroxide and acid are formed, as well as, by a similar process, new
molecules of the salt In the interval between the 1upture of a molecule and the
recombination of 1ts parts with cach other, or with parts of other molecules, the parts
have a certain freedom, and capability of vibrating, which they do not possess i com-
bination Now 1if we supposc the number of such parts as have the capability of taking
up vibrations of frequency corresponding to the characteristic absorptions of didymium
to be directly proportional to the concentration of the didymium salt and to the time
of thewr freedom, the observed facts will be all in agreement with the hypothesis
Increased concentration, and increased temperature, will mean more frequent encounters
amongst the molecules, and more frequent ruptures, but at the same time more frequent
encounters of the parts and consequent shortenming of their tunes of freedom These
effects will exactly compensate each other and leave the average number of absorbent
parts of molecules constant under changes either of concentration or of temperature
The continuous absorption of the more rapid vibrations increasing with concentration
and mse of temperature ponts to an action depending only on the number of encounters
of the molecules of the salt with one another It 1s not every encounter which 1s
attended with disruption, and the continuous absorption may be due to molecules in
encounter without rupture, but at all events 1t scems due to the condition of the
molecules during encounter, but not to occur at the encounters of a molecule of salt
with the very much less massive molecules of water Encounters of a molecule of salt
with a molecule of acid will m all probability cause effects very similar to those of
encounters between two molecules of salt, and this supposition 1s quite 1n agreement
with the observed facts

The time of complete freedom of a vibrating part of a molecule must be very
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short, but probably shorter when the complementary part 13 more massive, as 1n the
case of a mitrate, than 1t 1s 1 the case of a chloride But between complete freedom
and complete incorporation 1n a chemical compound there 18 a considerable gradation,
and the capacity of the part to vibrate at particular rates will have a corresponding
gradation, and the part may moreover be frequently under the influence of molecules,
or parts of molecules, with which 1t does not combine This influence will probably be
greater as the molecule exerting the influence 13 greater whether more massive, or, as
in the case of such colloids as alcohol, more voluminous These considerations reconcile
all the facts as to the spectra I have observed with the hypothesis I have made

There are, however, other facts to be reconciled with that hypothesis. I mean
the facts of 1omzation, of osmotic pressure and the correlative facts of the rise of boiling
pomnt, and fall of crystalizing pomnt, ot solutions In regard to all these effects the
freedom of the parts 1s the primary postulate, far more defimtely so than in the case
of vibrations such as my observations relate to The laws I have tried to 1investigate
appear to hold good up to the point of saturation of the solutions, which 18 not the case
with the laws of osmotic pressure and of change of boiing and freezmg pomnts, which
have been established for dilute solutions Further, 1omization imphes a certamn distn-
bution of energy in the field, the 1ns are charged with electricity That 1s not neces-
sary for the absorption of light, which will depend, primarly at least, on the form of
the internal energy of the vibiating mass, that 13 on 1ts structure That a redistribu-
tion of energy occurs at every rupture of a molecule seems certain, solution 18 attended
with thermal effects and so 1s dilution, and 1t 18 only when equilibrium 1s reached,
and as much change takes place in one direction as in the opposite, that the mam-
festation of such redistribution ceases How much of the intrinsic energy of the
molecules takes the form of heat and how much 15 retammed 1n the field at the rupture
of the molecules we do not know It 1s however quite conceivable that the circum-
stances under which the rupturc takes place may determme whether any, or how much,
energy 18 retained by the field, that 1s whether any, or how many, of the ruptured
parts become 1ons

The plates, which are all 1eproductions of photogiaphs, will be found at the end of the
volume
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XV. The Echelon Spectroscope. By Professor A. A. MicHELsoON, Sc D,
[Recewed 19 October 1899 ]

THE important discovery of Zeeman of the influence of a magnetic field upon the
radiations of an approximately homogeneous source shows more clearly than any other
fact the great advantage of the highest attanable dispersion and resolving power mn the
spectroscopes employed 1 such observations

If we consider that in the great majority of cases the separation of the component
hines produced by the magnetic ficld 1s of the order of a twentieth to a fiftieth of the
distance between the sodium lnes, 1t will be readily admitted that if the structure of the
components themsclves 13 more or less complex, such structure would not be revealed by
the most powerful spectioscopes of the ordinary type

In the case of the grating spectroscope, besides the difficulty of obtaming sufficient
1esolving power, the intensity 1s so feeble that only the biighter spectral lines can be
observed, and cven these must be augmented by using powerful discharges—which usually
have the effect of masking the structure to be investigated

Some years ago I published a paper describing a method of analysis of approximately
homogeneous radiations which depends upon the observation of the clearness of mterference
fringes produced by these radiations A curve was drawn showing the change 1 clearness
with ncrease in the difference of path of the two interfering pencils of hght,—and 1t was
shown that there 1s a fixed relation between such a “vistbility cuive” and the distribution
ot hight i the corresponding spectrum—at least 1n the case of symmectrical lines®.

It 13 precisely mn the exammation of such minute vanations as are observed mn the
Zeeman effect, that the advantages of this method appear,—for the observations are entuely
fiee from instrumental errors, there 13 piactically no limit to the resolving power, and
there 18 plenty of hght

There 18 however the 1ather serious inconvenience that the examination of a single line
requires a considerable time, often several minutes, and during this time the character of
the radiations themselves may be changing.

Besides this, nothing can be determined regarding the nature of these radiations until

* In the case of asymmetrical lines another relation 18 necessary, and such 1s furnished by what may be called
the * phase curve "
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the “wvisibility curve” 1s complete, and analyzed either by calculation or by an equivalent
mechanical operation

Notwithstanding these difficulties, 1t was possible to obtain a number of rather interest-
g results, such as the doubling or the tripling of the central line of Zeeman’s triplet, and
the resolution of the lateral lmes into multiple hines, also the resolution of the majority
of the spectral lmes examined, mnto more or less complex groups, the observation of the
effects of temperature and pressure on the width of the lincs, cte

It 18 none the less evident that the inconveniences of this process are so serious
that a return to the spectroscopic methods would be desirable 1f 1t were possible
(1) to icrease the resolving power of our gratings (2) to concentrate all the hight n
one spectrum

It 1s well known that the resolving power of a giating 15 measured by the product
nm of the number of hnes by the oirder of the spectrum  Attention has hitherto been
confined almost exclusively to the first of these factors, and m the large six-inch grating
of Prof. Rowland there are about one hundred thousand lmes It 1s possible that the
Iimit in this direction has alicady been reached, tor 1t appears that gratings ruled on
the same engme, with but half as many lnes, have almost the same resolving power
as the larger ones This must be due to the errors i spacing of the lines, and if
this error could be overcome the resolving power could be augmented indefimtely

In the hope of accomplishing something in this direction, together with Mr 8. W.
Stratton, I constructed a ruling engine mn which I make use of the principle of the
mterferometer 1 order to correct the screw by means of hght-waves from a homogeneous
source  This mstrument (only a small model of a lager one now under construction)
has already furmshed 1ather good gratings of two inches ruled surface, and 1t seems
not umeasonable to hope for a twelve-inch grating with almost theoretically accurate
rulings

As regards the second factor—the order of the spectium observed, but httle use
1s made of orders higher than the fourth, chiefly on account of the famntness of the
light It 1s tiue that occasionally a grating 1s 1uled which gives exceptionally bright
spectra of the second or third order, and such gratings are as valuable as they are
rate, for 1t appears that this quality of throwing an excess of lght mn a paiticular
spectrum 18 due to the character of the ruling diamond which cannot be determmed
except by the unsatisfactory process of tral and error

If 1t were desirable to proceed otherwise—to attempt to produce rulings which

s ’ . . ’
4 ’ ’ 4 4 I/
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should throw the greater part of the incident hight m a given spectrum, we should try
to give the rulings the form shown mn section i Fig. 1.
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I am aware of the difficulties to be encountered m the attempt to put this 1dea
to practical shape, and 1t may well be that they are mn fact insurmountable—but n
any case 1t seems to be well worth the attempt.

Meanwhile the idea suggested itself of avoiding the difficulty in the following way

Fio 2

Plates of glass (Fig. 2), accurately plane-paralleled and of the same thickness, were
placed n contact, as shown m Fig 2 If the thicknesses were exactly the same,
and were 1t not for vanations 1 the thickness of the air-films between the plates, the
retardations of the penals reflected by the successive surfaces would be exactly the
same, and the reflected waves would be 1n the same conditions as in the case of a
reflecting grating—except that the retardation 13 enormously greater

The first condition 1s not very difficult to fulfil, but in consequence of dust particles
which 1nvanably deposit on the glass surfaces, n spite of the greatest possible pre-
cautions, 1t 18 practically 1mpossible to insure a perfect contact, or cven constancy m
the distances between suifaces*

If now instead of the retardation by reflection we make use of the retardation by
transmission through the glass, the difficulty disappears almost completely In particular
the air-films are compensated by equivalent thicknesses of air outside, so that 1t 18 no
longer necessary that their thickness should be constant Besides, the accuracy of
parallelsm and of thickness of the glass plates necessary—to insure good results 1s now
only one-fourth of that required n the reflection arrangement

In Fig. 3 let ab=s, the breadth of each pencil of rays, bd =¢, the thickness of each
element of the echelon, 6, the angle of diffraction, a, the angle adb, m, the number of
waves of length A corresponding to the common difference of path of the successive
elements The difference of path 18 m\ = put—ac

t
Now ac= - o8 (a+96),

* Nevertheless I have succeeded with ten such plates, phenomena such as the Z effect, the broad of
silvered on ther front surfaces, in obtaining spectra which, lines by pressure, etc —but evidently the limit has been
though somewhat confused, were still pure enough to show  nearly reached




Pror MICHELSON, THE ECHELON SPECTROSCOPE 319

or, smce @ 18 always very small,

ac = o (cosa—Osina)=t(l —0 tan a),
cos a

and hence mh=(p—-1)t+s0... . ... R0 §)
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To find the angle corresponding to a given value dA, ditferentiate for A and we find

EEH Y

Putting 1n this expression the approximate value of

w1y,

[l

df _ dult ,t
we have F [(,u—l)—)»ﬁ:l h b; (11).
For the majonty of optical glasses b varies between 05 and 10

The expression (II) measures the dispersion of the echelon To obtamn the resolving
power, put e=dr/A for the hmit For this limiting value the angle § will be \/ns,
where n 18 the number of elements, whence ns=the effective diameter of the observing
telescope. Substituting these values we find

€= . e .. (IID)
To obtamn the angular distance between the spectra, differentiate (I) for m, we find

@ _»
dm s’
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or putting dm = umty,
d0=§ ) S 4 4)

The quantity dA\/A =& corresponding to this 1s found by substituting this value of
d@ i (II), whence

o X
E=j . e (V)

Hence the limt of resolution 18 the nth part of the distance between the spectra.

This fact 1s evidently a rather serious objection to this form of spectroscope Thus mn
observing the effect of increasing density on the breadth of the sodum lines, if the
broadening be of the order of A/bt the two contiguous spectra (of the same line) will

overlap As a particular case, let us take ¢=7 mm, E= It will be 1mpossible

1
17000°
to cxammne hnes whose breadth 1s greater than the fourtecenth pait of the distance
between the D lmes. It 1s evidently advantageous to make ¢ as small as possible

Now the resolving power, which may be defined by %, 18 proportional to the product

nt  Consequently, in order to increase 1t as much as possible 1t 1s necessary to usc
thick plates, or to mncrease their number But n consequence of the losses by the
successive reflections, experience shows that this number 1s hmited to fiom 20 to 35 plates,
any excess not contributing in any important degree to the efficiency

I have constructed threc echelons, the thickness of the plates bemg 7 mm, 18 mm and
30 mm. respectively, each contaimng the maximum number of elements—that 1s, 20 to 35,
and whose theoretical resolving powers are thereforc of the order of 210,000, 540,000 and
900,000 respectively In other words, they can resolve hnes whose distances apart are the
two-hundredth, the five-hundredth and the nine-hundredth of the distance between the
D hnes

Consequently the smallest of these echelons surpasses the resolving power of the best
gratings, and what 1s even moie important, 1t concentrates all the hght m a single
spectrum

The law of the distribution of intensities i the successive spectra 1s readily deduced
from the integral

8/2
A= f cos prd,
-82
2
where p= T" [
sin® T -8); [}
Hence I=A4*=
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This expression vanishes for @ = t\/s which 18 also the value of d6,, the distance
between the spectra.

Hence 1n general there are two spectra visible as indicated in Fig 4

em T 0 7 em
Fio 4

By shghtly mnchning the echelon one of the spectra 19 readily brought to the centre
of the field, while the adjacent ones arc at the mimma, and disappear

The remamning
spectia are practically invisible, except for very bright lines,

As has just been ndicated, the proxmmty of the successive spectia of one and the
same line 18 a scrious objection, and as this proximity depends on the thickness of the plates
—vwhich for mechanical reasons cannot well be reduced below 5 or 6 mm —1t 18 desirable

to look to other means for obviating the difficulty, among which may be mentioned the use
of a lquud 1nstead of ar.

In this case formula (II) becomes

a ¢l 0 C=w) _ t
DR s [,L.("‘*" AN
and formula (IV) becomes
@ _
dmn s

Repeating the same operations as i the former case, we find

o M

~ nct’

and E=§.
ct

The hmit of resolution 1s still the nth part of the distance between the spectra,
but both are increased in the ratio b/c.

Suppose for nstance the hquid 1s water. Neglecting dispersion the factor would
be 355. Hence the distance between the spectra will be increased in this proportion,
but the humit of resolution will also be multiphed by this factor But as there 18 now
a surface water-glass which reflects the light, the loss due to this reflection will be

Vor. XVIIIL 41
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very much less, so that 1t will be possible to employ a greater number of elements,
thus restorng the resolving power. At the same tume the degree of accuracy necessary
in working the plates 13 335 times less than before

For many radiations the absorption due to thicknesses of the order of 50 em. of
glass would be a very serious objection to the employment of the transmission echelon
I have attempted therefore to carry out the omgnal idea of a reflecting echelon, and

it may be of interest to indicate i a general way how 1t 18 hoped the problem may
be solved

Among the various processes which have suggested themselves for realising a re-
flecting cchelon, the following appear the most promising

In the first & number of plates, 20 to 80, of equal thickness, are fastened together
as m Fig. 5, and the surfaces 4 and B are ground and polished plane and parallel
They are then separated and placed on an inclined plane surface, as indicated m Fig 6

Fie 5

Fie 6

If there are differences 1 thickness of the air-films the resulting differences in the
height of the plates will be less 1 the 1atio tana An error of A/n may be admitted
for each plate—even 1n the most unfavorable case in which the errors all add, and
consequently the admussible errors i the thickness of the air-films may be of the order
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A/na.  For mstance, for 20 plates the average error may be a whole wave-length if the
mchnation @ 15 ;. As there 18 always a more or less perfect compensation of the
eriors, the number of plates, or the inclination, may be correspondingly greater. Accord-
ingly 1t may be possible to make use of 50 elements and the plane may be ichned
at an angle of 20° to 30°. It would be necessary n this case however to use a rather
large objective. Possibly this may be avoided by cutting the surface A to a spherical
curvature, thus forming a sort of concave echelon.

The second process differs from the first only in that cach plate 1s cut 1ndepen-
dently to the necessary height to give the required retardation The first approximation

bemng made, the plates are placed on a plane surface as m Fig 7 (side view) and Fig 8
(front view).

Fie 7

The projections ¢ and b are then ground and polished until the upper surfaces are
all parallel, and the successive retardations equal. The parallehem as well as the height
15 verified by means of the interferometer

« b
L J

Fic 8

These processes are, 1t 1s freely conceded, rather delicate, but prelimmary experiments
have shown that with patience they may be successful
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XVL  On Muumal Surfaces. By H. W. Ricamonp, M.A., King's College,
Cambridge

[Recerved 10 November 1899 ]

1IN a short paper 1ead before the London Mathematical Society on Feb 9 last,
and smce punted m the Proceedings of the Society, Vol xxx. p 276, Mr T J. TA.
Bromwich has noted an interesting form of the tangential equation of a mimimal surface,
by which the determmation of such surfaces 1s made to depend upon a particular type
of solution of Laplace’s equation. The 1dea of thus ecstabhishing a connexion between
certain of Laplace’s functions and mmmmal surfaces 1s one that presented itself to me
several years ago, and led me then (in 1891-92) to consider at some length to what
extent the study of these surfaces given by Darboux m Part I, Book III, of his
Théorve générale des Surfuces mght be modified by this connexion Although the
famihiar treatment of Laplace’s equation led me, (1n many nstances by simpler paths
than Darboux), to a number of the chief known theorems concerning mimimal surfaces,
yet I never succeeded m reaching untrodden ground, and for this reason lad aside
my work, but the appearance of Mr Bromwich’s paper has caused me to look through
my notes, and to consider with some fulness a special family of algebraic minimal
surfaces to which the method 1s peculiarly applicable

So thorough a discussion of the history and properties of mimmal surfaces 13 given
by Darboux, mn Book III of s Théore générale des Surfaces, that 1t will seldom be
necessary to refer to other souices of information: references to Darboux will be made
simply by the letter D followed by the number of the paragraph in question ,—thus
(D § 175) In all that follows 1t 15 supposed that a system of real rectangular
Cartesian axes 1 employed

2 The tangential equation of a surface,

¢ (p, I, m, n)=0,

(where ¢ 15 a homogeneous function of p, I, m, m, but not nccessarly algebraic), ex-
presses the condition that the plane

le+my+nz=p ... . . ... ce e (1),

should be tangent to the surface Should ¢ be rational, integral and homogeneous of
the kth degree, the surface 1s algebraic and of the kth class
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The equation ¢ (p, I, m, n)=0 will always be regarded as defimng a dependent
variable p as a function of three independent vanables {, m, n,—

p=v({ m, n) . .. e e e (2),

but the function ¥ 15 of necessity homogeneous and of the first degree The coordi-
nates of the pomnt of contact of the plane (1) with the surface enveloped by 1t are

B )

w"al) y"‘a;l‘y z—a—n .- . . .(3),
80 that x, y, z are expressed as homogeneous functions of I, m, n, of degree zero, 1e
us functions of the ratios ! m n It 18 therefore possible to ehmumnate I, m, n from
equations (3) and so to obtain a relation mn «, y, 2, alone, the equation of the surface
m pomt coordinates. The condition that the surface should be minimal 18 established
without difficulty, viz.

op Pp @p_

wrabash=o L Y

Heuce —When p 1 o function of I, m, n, homogeneous and of the fist degree,

whach satusfies Laplace’s equation, the envelop of the planes (1), or the locus of the pownt
(3), 18 « mammal surfuce When the condition (4) 1s satisfied, I shall say that p has
a mumal value, or 18 & mimumal function of I, m, n

It 1s of importance to observe that, in what precedes, the condition
Pemi+nr=1,

13 not imposed provided only that p 1s of the first degree m I, m, n (which 1s
always to be understood n future), 1t 18 absolutely immatenal whether the sum of the
squares of these quantities be equal to umty or mo When (4) 18 satisfied 1t 13 easy
to establish the theorem of M. Ossian Bonnet (D §§ 202, 203), that the horograph of
a mmimal surface 13 a conformable map of the surface

3 I now consider very briefly to what 1esults the common mampulation of Laplace’s
equation leads Since p satisfies the equation, so also do its three partial differential
coefficients, which, as we have secn, are the coordinates of pomnts of the swiface, expressed
m terms of the ratios I m n Now the solutions of Laplace’s equation which are of
degree zero mn the varables are of the form,

F (u) + F, (w),
where =l+i7§=1'+)l; l=l—'l,m='r+nY
r—n  (—um r—n l+4+wm

and r=("+m?+ 0}

These quantities u and u, are thus the same as those of Darboux (cf D § 193,
195) The tormulae of Weierstrass (D. § 188, equation 17) are readily deduced, while
if we take new vanables v and v, the former a function of w and the latter of w,
we reach the solution of Monge (D §§ 179 and 218)
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Although the integration of Laplace’s equation presents no difficulty, 1t 18 not easy
to say what 1s the best form of solution of the first degree n the vamables which
we should take as the value of p The formulae due to Weierstrass (D, § 188, equations
18), may be obtaned from the value

p=rLf @+f (w)] = (= im) f (1) = (L +vm) fi ()

but a value which 13 preferable for the present purpose, i that 1t 18 more naturally
attamned by ntegration and leads to simpler results, 1s

p=rlux (0 +wx' (W)= nx @ +x@)]... . - - (9),
and this 18 the value which will be used m the following applications. From 1t I denve,

by differentiation with respect to I, m, n, the expressions

1 P , 1 "
o=y (u)+ P (L =u?) " () + x () + 3t 1= u?) 3" (),

, 1 " , 1 0o
y=1y (u)+§zu(1 +u?) x” () — vy () — 31 T4+ u®) 5" (4),

==X W)+ ux’ () + wx” (1) = x () + s’ (1) + %" ()
It will be seen that the two forms are in agreement 1f
S@=ux (W), fi(w)=uy(w)

4 As an llustration of the use of these results I consider two methods of solving
the problem of determining a minimal surface which has a given plane as a plane ot
symmetry, and cuts that plane at nght angles along a given cuive, or, as Darboux
(§ 251) expresses 1t, has a given plane curve as a geodesic It 13 clear that if y=1y,,
(which 1 the case of a real surface implies that yx 13 a rcal function), the suiface
has z0z as a plane ot symmetry and cuts it orthogonally: moreover, if we fix directions
by Euler’s two angles, 8 the colatitude and ¢ the longitude, (so that

I m n.r smfcos¢ smfsing:cosfd 1,
1 1
and w=e?, cot 3 0, wy=e" cot 5 ),
the functions x and y, are determined by the equation

X (cotéo) =% (cot%ﬂ) =-—% cosece.fpd(?,

the quantity p being the length of the perpendicular from the origm on any tangent

of the given plane curve, laxd m the plane 20z, and 6 the inchnation of that per-
pendicular to Oz.

5. But the followmng solution 13 of greater interest, in that 1t 18 adapted to cases
when the given plane curve 1s wregular, bemng composed of portions of known curves
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or straight lmnes, united so as to form a closed contour Let this contour be enveloped
by a straight line which moves round 1it, turning always in the same direction, let
the plane of the contour be x0Oy, let p, denote the perpendicular from O on the
envelopmg lime, and ¢, the mchnation of that perpendicular to Ow

In a complete circurt of che contour, the cnveloping hine will turn through some
multiple of two right angles, and return to 1ts original position, p, 13 therefore a
pertodic function of ¢,,—the period beng a multiple of m—and may be expanded m
a Founer’s series even when p, or 1ts differential coefficients have discontinuities: thus

Po=2 (az o1 ko + by cos ko)

In the case of an oval curve or a closed convex polygon the period of p, 18 2w, k

will then receive only integer values, In a cardiond the period 18 3w, and 3k will
always be an even integer, etc, etc

The minimal surface sought will be represented by the tangential equation
p=3 {(k — cos 8) cot® % 8 + (k + cos 0) tan"% 9% (agsin ke + by cos k) — 24.

For this typical term may be obtamned from the general formulae (5) by making
X (")= K(nk - “_k): X1 () = K, (uxk“ ul—k) )

K and K, being constants suitably chosen, and we may deduce
z= % S(h—k) (cot"v; 6 — tank —; 0> (ax 10 ke + by, cos k),
so that, ;vhen 6= % a, z vamshes and p has the correct value.

Interesting special cases arise when the given plane cuive 1s an epicycloid or hypo-
cycloid, for the series for p, then reduces to a single term

po=A cos ke,
and the required surface 1 obtamned by makmg m (5)
x(u’) = B<uk - _k): X1 ("1) = B(“lk - u,-k)'
1t 18 clear however that special surfaces such as this fall under the cases to which
the methods of Darboux are apphcable, I therefore pass on to a 1esult which I do
not remember to have seen explicitly stated, (although 1t follows almost 1mmediately
from several theorems of Darboux), and to some considerations suggested by 1t Enough

has been said to shew that integration of Laplace’s equation leads rapdly to many of
the chief known results concerning minimal surfaces.

6. Smce Laplace’s differential equation 1s lmear, the sum of any two of 1its solutions
18 tself a solution 1f then p, and p, be two minmmal functions of I, m, n, p,+p, 18 also

a mmmal function, Stating this theorem in geometrical language, we enunciate the note-
worthy property —
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If any two mummal surfaces be taken, the locus of the middle points of lines which
Jown the pownis of contact of parallel tangent planes 18 also « munimal surface

But, conversely, the possibility that a given mimmal value of p may be resolved into
the sum of two or more simpler values 13 suggested by the theorem. I propose to carry
through this 1dea 1 the case of rational algebraic mimmal functions;—to prove that every
rational algebraic mimmal function may be expressed as the sum of a fimte number of
such functions each belonging to certamn standard types, much in the way that every
rational fraction may be broken into partial fractions In other words, I hope to establish
that by taking a finite number of minimal surfaces of certain normal types, disposed 1n
space with various orientations, and constructing the locus of the centre of mean position
of the ponts of contact of parallel tangent planes, we may arrive at any mmmal surface
whatever, for which p 13 a rational algebraic homogeneous function of I, m, n, of the
first degree

When p 13 such a function, the surface, whether minnnal or not, will have one and
only one tangent plane parallel to any given planc 1if the surface be of class & +1 1t wll
have the plane mfimty as a k-fold tangent plane, and must therefore be reciprocal to
what Cayley called a Monod surtace (Comptes Rendus, t. 54, 1862, pp 53, 396, 672) A
paraboloid 1s the simplest mstance of the surfaces we are considerng  Now the analogous
curves 1n plane geometiy presented themselves to Chfford’s notice m the course of that
wonderful chamn of reasoming, the Synthetic Proof of Miquel's Theorem, (Collected Works,
p.- 38), and were named by him double, trple, ... k-fold, parabolas. Following his example,
1 call a surface of class k+1, which has the plane mfinty as a A-fold plane, a k-fold para-
bolowd, and the famly of such surfaces, (the value of & mnot being specified), Multiple
Parabolonds.

7 The tangential equation of a k-fold paraboloid will be written as
p=V-U,

U and V' being rational integral homogeneous functions of I, m, n, of degree &k and k+1
1espectively, If for the moment partial differentiations with regard to !, m, n, be indicated
by suffixes 1, 2, 8, respectively, the condition (4) that the surface should be mimmal gives
us the 1dentity

V(Ui +Un+U)=U(Vy + Vi + Vi) + 2(UV, + UV, + U V) =2V (U2 + U+ UD - U,
and so proves that U2+ Uz +Up) U

18 & rational integral function of [, m, n —a result possible only 1f U be the product of
factors which are powers either of

0+ m? + n?,
o1 of linear functions such as al + bm + cn,

m which a4+ b +c2=0
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Bat 1t will appear further that *+m’+n* cannot be a factor of U, for if in the
above 1dentity we substitute
U= ({*+m* + 0?1 =127,

and take account of the fact that V' and I are homogeneous functions of degiee A +1
and A —2s respectively, we find that

(28* +38) VI =12

18 1dentically equal to an integral function of I, m, n but this 1s an absurdity and we are
compelled to mfer that s=0

8. The denominator U of a rational mimmal value of p 1y thus wholly composed
of factors, each an integral power of a linear function of I, m, n,

al+bm +cn,

whose coefficients «, b, ¢, are such that the sum of thewr squaies vamshes Any one
such factor vanishes for one and only one 1eal system of values of the ratios I m n,
and, 1f the corresponding 1eal direction be taken as the z-axis m a new cooidinate-
system, 18 reduced to the form

C(l £ wm),

the quantity C' bemng a complex constant. Proceeding now to the consideration of minimal
values of p i which the denommator U 1s a power of a single linear function of
I, m, n, we may without loss of generality suppose the linear function thus reduced, and
confine our attention to values ot the form

p=V-({+unp
That such values actually exist 18 shewn by the formulae (5), m which 1f we make
x(W=A =, x@u) =4k,
we obtamn a value of p of the kind sought, viz
p=—d{(n=k)(n+rk+ b)) (=1 =+
The numerator of this fraction, when the special value
1—2G—1)
has been assigned to A, will be denoted by i (n), thus
2R =D+ =kr)(n+2)+(n+ ki) (n=r)=0

The function pg(n) 19 real and may be expanded m powers of n and 72, or, by
rearrangement of the terms, i powers of n and (I*+m)® moreover on account of the
value given to A the coefficient of the highest power of n n the latter form 1s umty
we might mn fact wnite

g () = 0 4 =1 (12 m?) + man3 (B + mP) +

Vor. XVIII. 42
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M, My, ... bemg real numerical constants The corresponding mimimal value of p 18 of
the form
p=p(n)—(@+wmP=nt* —(+wm)f+ W—(+um),

W denoting some rational imtegral homogeneous function of ¢, m, n (with complex numerical
coefficients), of degiree A

It will be seen that of integer values of L the value A =1 alone fals to give a
function pg(n) It may be easily proved, and will be assumed i what 1s to come,
that no mimmal value of p exists whose denomimator 18 {+wun and whose numerator
15 o 1ational integral function of the second degree

9 In order next to determme the most general rational ntegral function V of
degree k+1 such that the smface

p=V-(+wm)
18 minimal, 1t wall be convement to wiite for a time
f=l4+wm, g=l-wm,

and to use f, g, n, as mdependent vanables 1w place of I, m, n  The differential equation
of a mmmal surface 1s now

*p *p
et 4‘5_/ o9 0.
and 18 to be satisfied by
p=V-rt
Substituting and multiplymng by f*, we find that

%:—-f+ an mtegral tunction =0,

and deduce that the part of V' that does not contain f must consist of a smgle term,
C ”kn'

(! bemg a constant It follows that by subtiacting a numencal multiple of the fore-
gong particular solution we obtam a new mimmal function p,, viz

p=1V = Cu)} =f*%

m which a factor 15 common to numetator and denominator, and may be removed
By repetition ot the argument and process we continually dummish the class of the
surface, and finally establish the thecorem —

The most general ratwonal munumal value of p whuh has (L+wm)* for s denominator 18
p=al+Bm+ayn+ECp, n)—(L+em), (s=2,3,4,. k),

the quantities a, 3, 4, C,, C;, . . C; being complex constants.
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10 The samc method 1s applicable to the case when the denominator U contains
other factors besides f for 1f we substitute

p=V—(fr.9)

m the differential equation we find on multiplymmg by f* that, if S do not contamn f
as a factor,

Vv a8

Sy

g Vi’y
must be divisible by f, and mfer that the terms i V that are independent of f must be
equal to those i § multiplied by a*+! and a constant  If / be equal to unity we must
therefore have

V=4 »* S+terms divistble by f.

but substitution 1 the differential equation proves that A must vamsh if on the other
hand A be greater than umty, we may, by subtracting a propeily chosen multiple of

pa ()= [,

obtamn a new mimmal function whose denominator does not contamn so high a power of f
as f* Tt follows that the most general 1ational minmal function with denominator

d+wm) S
may be obtained by adding to a value with denommator S the terms
20 p ()= +uny (s=2,3,4, b

C,, C;, . Cy, being complex constants

The factors of S may now be subjected to the same treatment, that 1s to say,
first reduced to the torm {-+wm by a 1eal transformation of axes, and then made to
yield a series of fractions of the types already discovered The most general minimal
value of p which 15 a rational function of I, m, n, may therefore be resolved mto the
sum of a number of terms each separately capable of being reduced by a real trans-
formation of axes to one of the types already quoted

11. The simplest valne of p of the kind we are considering 1s obtamned when
k=2, viz
2p (T +am) =2n% + 3n (I* + n*),
and leads to a suiface,
2(a@+y) =18 (2 +2y)z + 27 (1 — 1Y),

of class and order thiee but, as mmaginary suifaces such as this are of muinor interest,
we may pass on to the discussion of the case when the surface 13 real

In order that the suiface should be 1eal, each of the typical complex terms mto
which p was broken up must be accompanied by the conjugate complex term, the
numernical constants multiplying each also being conjugate imaginailes a rotation of the

42—2
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coordinate planes about the z-axis will bring both these numerical coefficients to the
same real value A  For real values of p the typical real component fractions are
therefore

A () {(E+um)f + (L= am)) — (I + m2)r k=2, 3 4, )

Every 1eal mammal value of p which 13 « 1atwnal functron of I, m, n, may be expessed
as the sum of « fimte number of rel fractions, each separately 1educible by real trans-
Jormatwn of axes to one of the forms just quoted Terms such as

al + Bm + yn
may also be present, but are ignored since a change of origin will remove them.

[f we agamn troduce Euler's angles 6 and ¢, as m § 4, the surface corresponding
to the above value 13

p=A4 m () {(d+umf+ (1 —um)} — (P + m2, k=2, 3, 4, )
=B coshe {(k —cos 8) (cot ‘1_) 0)k ~(k +cos 8) (— tan % BY}

and may be deseribed as the standurd mununal multiple parabolod of the kth type the
ongm of coordinates 15 called 1ts centre and the z-axis 1ts axis  The class of cvery real
multiple parabolmd that 15 a minmal suiface 15 necessanly odd, thus the above standard
surface 18 o 2A-fold paraboloid and 1s of class 24 +1 The theorem established now admits
of the following statement —

By placing « fimte number of standwrd swifaces (defined above) with thewr centres co-
wmading but with varous orwentutions, and tahing the locus of the centre of mean position
of the pownts of contact of pwiallel tangent planes, we can obtain every mammal sw face
which 18« multiple parabolowd

Corresponding to any selected real direction, a multiple parabolowd has, as was pomted
out, one and only one tangent plane, there 15 thetefore no ambiguity in the foregoing
construction certain of the planes may however be at an infimte distance If the surface
be mimmal, the number of infinitely distant tangent planes must be fimte, then duections
being normal to the axes of the standard surfaces trom which the given suitace may be
denived  Given a mmmmal multiple paraboloid, the dunections of the aves of the component
surfaces are thus plain geometrically
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§ 1 INTRODUCTION

THE theory of the Abehan mtegials associated with an  algebraic plane curve can
be gencralised m two distinct ways when we pass fiom a plane curve to a surface m
thice dimensions, that 15 when we are dealing with an algebraie*function of two ndepen-
dent vanables  Given an algebraie equation, f(r, y, z)=0, between three non-homogencous

vatlables, we may study eitha doeuble mtegials of the type ”R(L, Y, 2) dady, where

R 15 ratonal, or sangle mtegrals of total differentials of the type {(sz-l-ng/), where

P, Q ace 1ational tunctions of «, y, z, which satisfy 1 vitue of f=0 the condition ot
mtegrability
or _oQ
dy  oa
Such 1ntegials of total differentials were mtioduced mto mathematical science by
Picard about fiftcen years ago*, and have been the subject of several memoiwrs by
him+. They have also been studied to some extent by Pomcaié}, Nocther§, Cayley|| and
others  The most 1mportant results hitheito obtamed are given 1n the “Théorie des

* Comptes Rendus, t 99 (1 Dec 1884) diucke,” Math, Ann t 29 (1887)

1 The most important appeared in Leioutille, ser 1v II Note sur le mémoire de M Picard “ Sur les intégrales
t 1(1885), and ser 1v t 5(1889) Therc have also been  de différentielles totales algcbriques de premiire espice,”
a series of notes in the Comptes Rendus Bull des Scences Math ser 1t t x (1886) Coll Math

4 Comptes Rendus, t 99 (29 Dec 1884) Papers, t x11 no 852

§ “Ueber dio totalen algebraischen Differentialaus-
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Fonctions Algébiiques de deux variables imdépendantes” recently (1897) published by
Picard and Simart, a book to which 1t will 1 general be convenient to refer.

Integrals of total differentials, hike ordinary Abchan 1tegrals, fall into three classes,
of which the first consists of integrals which are always fimte But whereas the
number of hneaily mdependent mtegials of the first kind associated with a plane curve
15 at once expressible by a wmmple fomula 1in terms of the singulanties of the curve,
and such integrals always exist 1if the cuive has less than its maximum number of
singulanties, the corresponding problem for mtegials of total differentials 1s far less
sunple and has only been solved for special classes of surfaces On a cone, an mtegial
of a total differential 13 equivalent to an Abehan integral on a plane section of the
cone, so that no new problem arises  Moreover, according to Cayley*, any ruled swface
may be birationally transformed 1nto a cone, the genus (deficiency) of a section of which
1s equal to that of a geneial plane section of the original surface, hence the number of
mtegrals of the fiist kind on a 1uled surface can at once be determined, but I am not
aware that there 15 any known piocess whereby the transformation can m geuneral be
effected o1 the integrals actually constiucted For other classes of surfaces the most
important 1esults so far obtamed are negative m chaacter, thus 1t 1s evident that no
mntegrals of the fist kind can exist on a 1atinal (unicursal) surface, and the same
proposition has been established+ for suifaces without any singular pomts or singular lines

The determination of suifaces o1 classes of surfaces which admit integrals of the
first kind of total differentials appeais therefore to be a problem of some interest

Smee quadiies and cubie surfaces (other than non-singular cones) are rational, they
can possess no mtegrals of the first kind Two non-comcal quaitics possessing such
mtegrals were discovered by Powncaréj, and stated to be the only posuible ones
Pomearé's results have been adopted by Picard, who has given a proof m outlme§

The object of this paper 15 to establish the evistence of certamn other quartic
surfaces which have the pioperty m question, but have apparently been oveirlooked by
the two emment mathematicians just named The method which I have adopted appears
to shew also that the hist given 13 complete

§ 2 ANALYSIS OF THE FUNDAMENTAL DIFFERENTIAL EQUATION,

It has been shewn by Picard| that 1f a smiface of order n, of which the equation
in homogeneous powt coordinates 13 f(a, y, 2z, w)=0, admits of an integral of the first
kind, then f satisfies the partial differential equation

+(),af+03 +0‘ af=0 TR PRI § O 8

* «On the deficiency of certuin surfaces,” Math. Ann. + Comptes Rendus, t 99 (29 Dec 1884)
t 1. (1871) Coll Math Papers, t vir no 524 § Picard et Simart, pp. 135, 136.
+ Picard et Sunait, pp 113, 119, 120 I Ib, Chapter V
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where 6,, 6,, 6,, 6, are quantics of order n — 3, which satisfy the equation
a6, 10, a6, a6,

$+ay+fﬁ+8w=0' PR . . (2)
These cquations being satisfied, the differential

| de, dy, dz _ of
dw

e, Yy, 2

! 91 ’ 02 ) H.{

satistics  the condition of integrability, and 1t~ iutegral 15 fimte everywhere with the
possible exception of certamn smgular pomts and hnes

When n=4 the quantics 8 are lmear and the equation (1) becomes a familar
pautial differential equation

If we wite
O =aw+by+cs+dw, (=12 34),

then, 1 accordance with the usual clementay theory, the integiation of the equation
(1) depends upon the roots of the algebraic equation

Az -y, b, ¢y, d, |= 0 (3)
«,, b,—s, ¢, dy |
«,, by, ¢-—s, d, |
y, by, ¢, di—s

If the 100ts of this cquation are all distinet we can at once obtamn three inde-
pendent mtegials of the auxihary system

de _dy _dz _dw
%°0,°6"70 : @

and deduce the general mtegial of the patial differential cquation  But 1if two o1
more 100ts of A=0 are equal the mtegration of the system (4) 15 less simple, and one
or more of the mtegials 15 m general loganthmie, though these tegrals may agan
become algebraie 1t the coefficients of the s satisfy certamn further conditions  Although
the complete discussion of these cases by quite elementary methods presents no serious
difficulty 1t 18 1ather long and tedius, and the work can be considerably abbreviated
by 1cducing the equations (+) to a standard form by means of the method which was
given by Weierstiass as an appheation of his theory of bilmear forms*  This method,
stated m a form appheable to our paticulm problem, depends on the resolution of the
determmant A 1mto “elementary factors” (Elementartheiler) If s—a occurs p-tuply as
a factor ot A, pi-tuply as a factor of each first mmor ot A, p-tuply as a factor of each

* « Bemerkungen zur Integration eimes Systems lmearer Diftcrentialgleich mit en Coeffi "
Mathematische Werke, m pp 75—06
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’

second munor, and so on, and 1if p—p,=a, p,—p,=a, ..., and B, B .. ¥, & are the
numbeis corresponding similatly to the other factors, s —b, s —¢, ... of A, then

(s—aw), (s—a). ,(s=b) (s=bpF . ,
are defined as the elementary factors of A

These factors are shewn by Weierstrass to be invanant for linear transformation of
the vanables, and the system of differential equations

de _, dy _, dz_, dw_
Ez_eh ;lt—e‘zy dt “Hh d"'eh

18 shewn to be 1educible by lmear transformation of the dependent vanables to a
standard form, m which therc are as many distinet sets of equations as there ae
elementary divisors of A, the set corresponding to an elementary divisor (#— a)? being of
the form

di, dr.

du
dt =@ d_;="x’+ G,y 2=+ apn e e 0 (B)

dt

Applying this theory to our equation we see that the possible ways i which A
can be resolved into elementary factors are as follows

(I) All the roots of A=0 equal: (1) (s—a),
W) (—ap, (s-a),
() (s—a), (8$—a),
W) (s—a), (s—a), (s—a)
V) (8-0a) (s—a) (s-a) (s—a)
(II) Three roots of A =0 equal 1) (s—a), (s=0),
) (s—a), (s—a), (s—0),
(m) (s—a), (s—a), (s—a), (s—0b)
(III) Two pars of roots of A=0 equal (1) (s—a), (s—0),
@) (s—ap, (s=b), (s=b),
() (s—a), (s—a), (s=b), (s=D)
(IV) One pair of rovts of A =0 equal (1) (s=a), (s=0), (s—c),
(1) (s—a), (8—a), (s=0), (s—¢)
(V) All the roots of A =0 distinet (s —a), (s—10), (s—¢), (s—d).

Also the equation (2) shews that the sum of the roots of A=0 vanshes, so that
we must have in

Case I  a=0,

Case I b=-3u¢+#0, and we may evidently take a=1, b=-3,
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Casg III. b=—a#0, and we may take a=1, b=-1,
CasE IV b+c=—2a,
Case V. a+b+c+d=0.

It follows at once that the Case I. (v) 1s 1mpossible.

For the purposes of our problem we do not want the general integral of the
equation (1), but only such integrals as are homogeneous quartics, we may also leave
cones out of account, and we must reject solutions giving degenerate (reducible) quartic

suirfaces, we find also that in one or two other cases we arrive at suifaces which are
obviously rational and must therefore be rejected.

§ 3. INTEGRATION OF THE DIFFERENTIAL EQUATION, LEADING TO FIVE POSSIBLE SURFACES

We have m all (after rejecting I (v)) thirteen cases to consider, which will now
be dealt with seriatim  In each case the transformed variables will still be denoted
by #, y, 2z, w, and the auxihary equations will be expressed in the usual Lagrangean
form, the vanable ¢ used by Weierstrass being omitted

I (1) The auxihary equations are.

de_dy_dz_dw

0 « y =z
three integrals of which are
z=const, y'—2zx=const, y*+ 32’w— 3xyz=const,
so that the general itegral of the equation (1) 18
f=¢(x, -2z, y+ 3z°w— 3ayz),

where ¢ 13 an arbitrary function,

The only quartic of this form 13 a sum of terms

at, @ (y*— 2za), (Y —222), x(y*+ 3a’w — 3zyz),

so that w occurs lineaily or not at all, and the surface 1s theiefore a cone or rational

I. (u) The auxihary equations are.

_dy_dz_dw

I

0" 0 y =z’
thiee imtegrals of which are
z =const, y=const, z!—2yw=const,
so that

f=dw&, y, 22— 2yw)
Vou. XVIII 43
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The general quartic of ths type is
(2= 2yw)* + 2(2* - 2yw) (=, ¥)+(z, F=0 . oo toiiren s, (6),
where (2, y)" denotes an arbitrary quantic of order n

I (m) The auxiliary equations are

leading to = const, z = const., yz — zw = const., and
F=9(, 2 yz—au)
The general quartic of this type 13
(yz — zw) + 2 (yz — 2w) (&, 2+ (z, 2)'=0 [OTPR (M.

L (). The auxihary equations are

leading to the cone
f=¢(z 2z, w)=0.
II. (1). The auxihary equations are.
de  dy dz dw

P =w+y y+z —3w’

of which one ntegral only, viz. #*w =const, 18 algebrate, the other two being logarithmie.
Thus the only possible form of f 15 ¢ (a*w), leading to a set of planes

IL. (n). The auxihary equations aie

three tegrals of which aie
Y[z —log x = const, z/x=const, 2’w= const,

so that the only algebraic form of f 1s ¢ (2/z, 2*w), and the quartic 1s the degenerate
surface

(z, 2 w=0.

II. (m). The auxibary equations are

three integrals of which are:

Y]z =const, z/z=const, a*w = const.

which lead as before to a degenerate surface

(@ y, 2Fw=0
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IIL. (1) The auxiliary equations are*

do_ dy _ds _ dw

x w+y -2 z-—w’
three ntegrals of which are
y/o —log x = const., w/z +log z =const, zz=const.,
so that the only possible quartic is the degenerate surface
2zt =0
III. (u). The auxiliary equations are

de_ dy _dz_dw

z a+y -z -w’
three integrals of which aie
y/x —log & = const., z&=const, z/w=const,

leading to f=¢ (zx, z/w), which gives a cone

III (m) The auxihary equations are

da _dy dz _ dw

a Yy -z —-w
leading to
y/x = const, xz=const, zw=-const,

whence f=¢ (w2, 2w, y/z), so that the quartic 18 quadiatic m a, y and m 2, w, vz
of the form

2 2
(2, yQz, w) =0 . e e 8)
IV. 1) The auxilary equations are

dz dy dz _dw

where 20 4+b+c¢c=0
If a+#0, three wmtegrals are
ay/« — log « = const,, 2%/z® = const., w®/a® = const.,

of which the fitst 1s essentially logamthmic, so that we have f=¢(2%/2%, w®/«?), leading
to a cone

If @a=0, so that ¢c=-b#0, thiee integrals aie
a=const, zlogz—by=const, 2w =-const,

so that f=¢ (2w, z), leading agamn to a cone,
43—2
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IV (i), The auxihary equations are

where 2a+b+c=0.
We may distinguish at once three sub-cases which may arise, viz.
(@ a=0, b=—c #0
B) b=0, c=—2a+0,
(v) a#0, b#0, c+#0
In suB-cAsE (a), three integrals are
& = const, y=const, zw = const,
so that f=¢(a, y, 2w), and the quartic 18
2w+ 2w (w, YR+ (@, y)=0... ... o . (9)
In sUB-CASE (B), three integrals are
z=const, y/x=const, 2w =const,
so that f=¢ (2w, y/x, 2).
The only possible quartic terms are.
2wz, Yy, 2
so that the surface degenerates

In sUB-CASE (y) 1t 15 a little simpler to work dircctly with the corresponding
partial differential equation

0 [ 0 0
(awa—w+ay@ + bz a—z+cwa;&)f= 0,
and to conader the possible terms m f.

Since the differential operator only alters the coefficient of any term, each term of
Jf must separately satisfy the differential equation

We verify at once that the terms 24 w*, (z, y)* cannot exist.

It a term of the type (z, y)'z exists, then 3a+0b=0, whence a=c, contrary to
hypothesis, similarly no term of the type (z, y)*w can exist  Similarly no terms of the
types (=, ¥ 2%, (@, yPw® can exist, as therr existence would involve b=c.

Any term of the type (z, y)*zw satisties the equation.

If a term of the type (=, y)2z* exists, then a+3b=0, whence c=5b, so that the
equation 18

=3 (&fe+yfy) +2f + Sufu=0,
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of which the general integral is

f=¢ (22, 22w, y/z),
leading to
2(x, y) + 2w (z, yP=0,

a degenerate surface.
Similar reasoning shews that no term of the type (z, y)w® can exist

If a term (=, y) 2w, or (2, y) 2w exists, then a=b or a=c, contrary to hypothess,
and 1f a term 22w or zu® exists, then also a=b or a=c¢

Thus the only possible terms are of the type (#, y)* 2w and the surface consequently
degenerates

V  Since no two of «, b, ¢, d arc equal, one of them at most can vansh. We may
therefore distinguish two sub-cases
(@) d=0, a+b+c¢=0,
(B) a#0, b#0, ¢c#0, d+#0.

SUB-CASE (¢) Proceeding as m IV (u) (y) we see that the terms a4, ¥, 2* cannot
exist 1n f, but a term w' may exist.

If a term 2%y exists, then b=-—3a, ¢=2a, so that the differential equation
reduces to

zf, — 3y fy + 22f,=0,
whence = (2%, 2/a* w),

so that the only possble terms are 2y, ayew, w'. The quartic 1s therefore rational,
since y only occurs linearly, if at all

If a term 2% exists, then « + b=0, and therefore ¢ =0, contrary to hypo-
thesis

For the same reasons no terms of the types (y, 2)4, (2, «), («, y)* can exist.

If a term a*yz exists, then 2a 4+ b+ c¢c=0, whence a =0, contrary to hypo-
thess.

Thus no term of the type (2, y, 2)* can exist, so that f contans w as a factor

and 1s degenerate

SuB-casE (8) Under the conditions assumed 1t 18 evident that no terms such
as a% or a%yz can exist, and there cannot be more than one term belonging to a
group of the type (z, y)*

Let the term a*y exist, then b=—38a, c+d=2a, and no other term involving
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#* can exist. If 2% exists also, then a+c¢=0, d=38a. The differential equation
18 now

xfy — Byfy — 2f. + 3wf, = 0,
whence f=¢(a%y, 2w, x2),
80 that the most general form of the surface 1s
(@®y, 2w, 2% Yy, zyzw)=0 . ... oo o oeael (10)

Let the terms 2%, 2’ co-exist, then b=—38a, a=~8¢, d=-Tc, and the
differential equation 1s

= 3afe + 9Yfy +2f. -~ Twfu =0,
whence f=¢ (2y, x28, a’w?),
and the only possible quaitic terms are a’y, x2%, ayzw, so that the surface degenerates

If the terms 2%, ayzw co-exist, then we get the surface (10) agamm The cases
thus considered and those obtained by a meie interchange of vanables exhaust all
possibilities, 1f a term such as 2%y cxists

If no term cubic in any one variable cxists, then the possible terms to be
considered are of the two types a%? ayzw If only onc or no term of the former
type exists the surface degenerates, 1if terms such as 2%?, a2 co-exist, then b=c¢,
if a%y?, 2w co-exist we revert to the case of (10)

We have thus considered all posauble cases

§ 4 TABULAR STATEMENT OF REsuLTs

The preceding analysis shews that 1t we cxclude conical and degenerate suifaces,
there are five and only fve types of quartic suitaces, given by cquations (6), (7), (8),
(9) and (10), which satisfy Picard’s differential cquation, and are not pruma facie r1ational
surfaces  Surfaces which can be obtamned fiom one another by lincar transformation of
the cootdinates are of course not counted as distinet

After making some shght changes ot notation with a view to greater uniformuty,
wrrangmg the surfaces 1 the order (9), (8), (7), (6), (10), and adding for convenience the
corresponding values ot 6,, 8;, 85, 0,, we get the followmng table
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Surface A 0y 0, 9, Reference letter
2y + 2ay (2, w) + (2, w)=0 z -y 0 0 A
2 (@, )+ 2w (2, YL+ w (z, y)P =0 x ¥ -z —w B
(2w — yz) + 2 (aw — y2) (2, w)* + (2, w)= 0 z w 0 0 C
e e
(2zw — y*P+ 2 (2w — ) (2, W)+ (2, w)*=0 y w 0, 0 D
az®y? + ba'w® + cayzw + drw? + ey2* = 0 3z “ -3y 1 z | —w E
| ) | i

Of these surfaces (A), (B) are the two which Powmcaré discovered*, the existence
of integrals of the first kind on the other three suifaces was pownted out by the author
m a note published i the Comptes Rendus for 2 Sept 1899

§ 5 BIRATIONAL TRANSFORMATIONS OF THE SURFACES INTO CONES

Joriesponding to cach of these surfaces we can at once constiuct a total difterential
by the formula already given (§ 1), and smce the s are unique, there cannot be on
each surface more than one such differential, the integral of which remams fimte But
1t has not been proved that such an integral does actually remain fimte everywhere
This could be done by examining 1ts behaviour at each singulanty of the surface. Bus
1t 18 of interest to shew that cach surface can be birationally transformed mnto a non-
singular cubic cone, and as such a cone admits necessarnly of an integral of the first
kind, we are thus cidentally assured of the fimiteness of our integials The trans-
formations which effect this object are as tollows

(A) We wute the equation m the form
{2y + (2, wyf*={(z, W)} = (2, w),

and choose as a new variable w onc of the factors of the nght-hand side, so that the
latter becomes w(z, w)

The quadne transformation

2.y z w=dw-(, WP ¥y y7 y’w'l

y 7 w=ay +(s wy yw w w |

* Loc cat.
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then leads to
o =, w)y. .. e e . (&)

(B) Choosing as a new varable y one of the factors of (z, y)¢?, we can write the
equation
2@, yht+ 2w (2, Y+ 0y (@, y) =0

The quadnc transformation

z y .z w=a72 yi yuw v
s s !

g y .7 w=2z yz yw 2w
then leads to
¥ @, Y+ 2@, YR+, Yy =00 . (B)

(C) The coordmates can cvidently be chosen so that the pont 2=y=2z=0 les on
the surface, z is then a factor of (z, w)', which may accordingly be witten z(z, w)

The quadric transformation
ziy.z.w=2(@+y):yw .dw w?
&y J we=aw—ys yz * 2w '

then leads to
a2 + 22/ (2, w4+, wP=0 . .o )

(D) Changing the variables as m (C) and employing the quadric tiansformation

z Yy z w= ; @7 +y?) yw 2w w”)
& y 2 w=2zw-y yz 2 2w
we get 't + 2 (7, w4+ (2, w)P=0 . D)

(E) The cubo-quartic transformation
2y z w=ylzt dwt aydw w’y'w”}

’ 7 ’

)
Z Yy 2 w=2w aw xyz zyw

converts the surface nto
ay'Z? 4+ ba"y + c'y2 + dy + ed =0 (E)
The five surtaces (A)—(E’) are cubic cones, which aic n general non-singulai, so that

each possesses an 1ntegral of the first kind  The bunational transformation of such an
mtegral converts 1t 1nto an mtegial of the first kind on the correspouding quaitic surface

Moreover, 1f the coefficients which occur 1n the equations are left aibitiary, the
five cones arc perfectly geneial cubic cones, though they occupy special positions 1ela-
tively to the coordinate planes Hence we see that a quaitic of any of the five types
can be birationally transformed—if necessary ma a cubic cone—mto a quartic belonging
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to any one of the other types. But in order that two such quartics with given co-
efficients should be transformable into one another 1t would of course be necessary that
there should be a relation between theiwr coefficients equivalent to the condition that
the corresponding cubics should have their absolute invanants equal

It should be noted moreover that we have supposed our quartic surfaces to be
the most general of their respective types For special relations between the coefficients
one of the quartics might become a cone—a case that we have excluded—or the cor-
responding cubic cone might become rational or degenerate, in which cases no integrals
of the first kind could exist

§ 6 NUMERICAL GENUS OF SURFACES WHICH ADMI1 OF INTEGRALS OF THE FIRST KIND

It appears fiom the picceding analysis that the only quartic surfaces which admit
of 1ntegrals of the first kind are conmes or birational transformations of cones, conse-
quently the (numerical) genus* 1s 1 each case negative, the numbers bemng -3 for
a non-singular quartic cone, —2 for a quartic cone with one double hine, and otherwise — 1.

In the couse of an mvestigation dealing with quintic suifaces I have met with
several surfaces which admt of integrals of the first kind, and these surfaces hikewise
have negative genus  On the other hand Humbert in hs well-known memoir on hyper-
clhptic suifacest has given some octavie surtaces which admit of integrals of the first
kind but are of positive genus, Whether such integrals can exist on any surface of
onder 5, 0, o 7 with positive genus appears to be at present unknown

§7 GEOMETRICAL CHARACTERISTICS OF THE FIVE SURFACES.

The suiface (A) occurs m Kummer’s well-known paper on quartic surfaces which
contain families of conmies] The surface touches itself at each of the pomts, y=z=w=0,
a=z=w=0, any plane section through these pomts consists therefore of a plane quartic
cuive touchmg 1tself twice, that 1s of a pair of comes having double contact. The
two pownts belong to a class ot singular pomts of surfaces which scem to have been
little studied, such a pomnt may be defined as a umplanar double pomnt, which 1s further
a quadruple pomt on the scction by the tangent plane, and 15 consequently a tacnode
on a genecral section thiough the pont  Kummer speaks of a “Selbstberuhrungspunct”,
tacnode or tacnodal pomt seems a convenient Enghsh name§ It can easily be seen
that a tacnode diminishes the order of the reciprocal suiface by 12, so that for this
pwpose 1t 18 equivalent to six ordmary double pomts As Picard and Sunart pomnt out,

* Genre numérnique, deficency Ct Cayley’s paper 1 Liwuville, sér 1v t 9 (1893)
«“On the deficiency of certain suifaces,” quoted before, 3 Crelle, t G4 (1804)
Prard et Stmart, ch vin § v, Castelnuovo & Ennques § According to Picard and Simart this 18 the name
“ Sur quelques récents résultats dans la théorie des surfaces  given by ‘les géométres anglais,’ but I have not been able
algébriques,” Math dnn t xuvnr (1897) to find any such authonty for 1t

Vor. XVIII 44
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the surface can be transformed by linear substitution (¢'=z+1y, y'=2—1y) mto the
general quartic surface of revolution.

The birational transformation employed m §35 establishes a one-one correspondence
between pomts on the conics and pomnts on the generators of the cubic cone.

The surface (B) 18 the well-known quartic scroll with two non-intersecting double
lines, which 18 Cayley's first* and Cremona’s eleventht species of quartic scroll

The surface (C) 18 Cayley’s fourth and Cremona’s twelfth species of quartic scroll,
and 18 the limiting form assumed by the preceding surface, when the two double lnes
comcide without cutting one another, thus giving 1ise to the higher singularity some-
times called a tacnodal linef

The generators of the surfaces (B) and (C) correspond to the generators of the
cones mnto which the surfaces can be transformed

The surface (D) has a double pomnt at y=z=w=0, which 1s for some purposes
at least equivalent to two tacnodes, as defined above, and the surface can be regarded
as a hmting form of the surface (A) when the two tacnodes comcide A section by
a plane through z=w=0 breaks up mnto two conics which have contact of the third
order at the singular pomnt This smgulanty can be defined—in a form apphicable to
a surface of any order—as a uniplanar double point such that a section by an aibitrary
plane through some fixed tangent hune at the pomnt has two branches meeting one
another 1 fom pomts at the singular pomt This property mmplies that n the case of a
quartic the section breaks up mto two comes As fa as [ am aware neither thns
singularity nor the surface has hitherto received any attention

As before the conics correspond to the geneiators of the cubie cone

It may be observed that though the suifaces (C) and (D) can be regarded, from
a geometrical pomt of view, as limting cases of Pomncard’s surfaces (A) and (B), they are
not analytically special cases of them, that 1, the equations (C) and (D) cannot be
denved from (A) and (B) by giving special values to the coefficients.

The remaimng surface (E) does not appear to have been studied hitherto It has two
precisely similar uniplanar pomts of a rather complicated character, which can be stated
m a form appheable to a surface of any order somewhat as follows The section by
the plane tangent at the pomnt has a triple pont, there, as always happens with a
uniplanar or biplanar pomt, but m addition the three branches at the triple pownt
comcide 1 direction, and 1f we call their common tangent the singular tangent line,
this hne meets the surface not merely in 4 but i 5 comcident pomnts thus m the
quartic case this tangent line lies wholly on the surface. At an ordinary umplanar point
a section by a plane through a singular tangent line has a tacnode (equivalent to two

* «A Second Memoir on Skew Surfaces, otherwise t *“8ulle superficie gobbe di quarto grado,” Mem di
Serolls,” Phu Trans, t 154 (1860) Coll Math, Papers, Bologna, ser 11 t v (1868)

t v, no. 340 1 Salmon's Geometry of T'hree Dumensions, § 556



OF THE FIRST KIND OF TOTAL DIFFERENTIALS 347

ordinary double pomnts), but mn this case the singularity of the section 18 of a higher order,
one of the branches having an inflexion, so that the singularity 1s equivalent to three
ordinary double ponts. In the quartic case the section 1s a cubic and a tangent to 1t at
an 1nflexion

When the surface 1s birationally transformed into the cone (E') the generators of
the cone correspond to a family of twisted cubics on the quartic For to the generator
&' =Ny, y =pz (where A, p are connected by a cubic equation), corresponds 1n the
@, y, 2, w space the variable part of the curve of intersection of the quadrics 2*=Axw,
w?=pyz, but these have in common the fixed straight hne z=w=0, so that therr
1esidual curve of imntersection 18 a twisted cubic

44—2



XVIIL An Electromagnetic Illustration of the Theory of Selectwe Absorption
of Light by a Gas. By Professor Horace Lams, M.A., F.R.S.

[Recerved 13 December 1899 ]

THE calculations of this paper, so far as they aie new, were undertaken with a
view of obtaming a dehnite mathematical illustiation of the theory of selective absorp-
tion of hght by a gas The cuirent theories ot selective absorption apply mamly to
the case of molecules 1n close order, and 1t has not been tound possible to represent
the dissipation of radiant emergy except vaguely by means of a frictional coefficient
It seems therefore worth while to study in detail come case where the dissipation can
be exactly accounted for, and to consider mn the first nstance the impact of a system
of plane waves on an 1solated molecule

If we assume that the molecule has a spherieal boundary, then, whether we adopt
the electric or the elastic theory ot light, the tequisite mathematical machmery 1 all
ready to hand It 1s necessary, however, for our present purpose to devise a molecule
which <hall have a free period ot vibiation, whether mechanical o1 electrical, of the
proper order of magmtude The mechanical analogy was in the first mstance pursued,
the aecther being represented by an wncompiessible eclastic medium  This enables us to
illustiate many special pomts of nterest, but for the purpose of a sustamed comparison
with optical phenomena the elastic-solid theory proved m the end to be unsuited from
the present point of view, as well as on other well-known grounds

As regards the electnic theory, the scattering of waves by an insulating sphere has
been treated by various writers*, with however the tacit assumption that the dielectric
constant (K') of the sphere 13 not very gieat In the present paper attention 18 specially
directed to the case wherte K 1s a very large number  On this supposition free
oscillations (of two types) are possible, whose wave-lengths (in the surrounding mediumn)
are large compared with the periphery of the sphere, and whose rates of decay (owing
to dissipation of energy m the form ot divergent waves) are comparatively slow And
when extrancous waves whose period 1s comcident, or nearly comncident, with that of
a free oscillation encounter the spheie, the scattered waves attain an abnormal intensity,
and the original wave-system 1s correspondingly weakened

* Lord Rayleigh, Phi! Mag, Feb, 1881, and Apnl, 1899, Prof Love, Proc Lond, Math Soc,t xxx, p 808,
G W Walker, Quart Journ Math, June, 1899,
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The conception of a spherical molecule with an enormous specific inductive capacity
18 adopted here for purposes of 1llustration only, and 18 not put forward as a definite
physical hypothesis In oirder to comply with cuirent numerical estimates of molecular
magnitudes, 1t 18 necessary to assume that for the substance of the sphere K has
some such value as 10°. This assumption may be somewhat starthng, but 1t 1s not
necessarily consistent with a very moderate value of the specific inductive capacity
of a dense medium composed of such molecules arranged n fanly close order And
1t may conceivably represent, in a gencral way, the properties of a molecule, regarded
as contamng a cluster of positive and negative ‘electrons’ In any case the author
may pethaps be allowed to state his conviction, that difficulties (such as they are) of
the kind here indicated will prove to be by no means confined to the present theory

The mam result of the investigation may be briefly stated For every fice period
of wibration (with a wave-length sufficiently large mm comparison with the diameter of
a molecule), there 1s a corresponding period (almost exactly, but not quite, comncident
with 1t) of maximum dissipation for the mcident waves When the ncident waves
have precisely this latter period, the 1ate at which eneigy 18 caned outwards by the
scattered waves 15, m terms of the energy-flux n the prmary waves,

2n4+1_,
om N . . (L),

where A 19 the wave-length, and n 15 the order of the spherical-harmonic component
of the meident waves which 1s effective In the particular case of n=1, this 18 equal
to 477\ Hence m the case of cxact synchromsm, each molecule of a gas would, if
it acted independently, divert per umt time neaily half as much cnergy as m the
primary waves crosses a square whose side 18 equal to the wave-length Since under
ordinaly atmosphenic conditions a cube whose side 1s equal to the wave-length of sodmm-
hight would contain  something hke 5 x 10° molecules, 1t 18 evident that a gaseous
medium of the constitution here postulated would be practically mmpenetrable to radia-
tions of the particular wave-length

It 18 found, moreover, on exammation that the 1egion of abnormal absorption m
the spectrum 1s very narrowly defined, and that an exceedingly minute change m the
wave-length enormously reduces the scattering

It may be remarked that the law expiessed by the formula (1) 1 of a very general
character, and 1s independent of the special nature of the conditions to be satisfied
at the surface of the sphere It presents itself i the elastic-solid theory, and agan
m the much simpler acoustical problem where there 18 synchionism between plane waves
of sound and a vibrating sphere on which they impmge

It has unfortunately not secmed possible to 1ender this paper farly mtelligible
without the prehmmary recital of a number of formule which have done duty before,
notably m Prof Love's paper The analysis has however been varied and extended 1n
pomts of detail, with a view to the requirements of the present topic In paiticular,
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the general expression for the dwssipation of energy by secondary waves, which 1s
obtained 1n § 5, 18 found to take a very simple form, and may have other applications.

Some notations which ate of constant use in the sequel may be set down for
reference  We write

amn ¢ 1 ¢ ¢
=) o1y i D1 2 0 TITEH @ } @
cosg 1 3. (20 =1) & IS .
()= ( ;’d;) ¢ g T 11 T31-2m T A y@E %) } @).
These may be taken as the two standard solutions of the differential equation

d&*F 2(n+1)dF
il F=0 ..... . .. . . 4H*,
agt ¢ at @

the solution 4, (¢) bemng that which 18 fimte for {=0. In the representation of waves
dwvergent from the ongin we require the combination

ey
£©={-55) F = ®-n®. )
The functions Yn(8), Wa(§), fa(£) all satisfy formule of reduction of the types
Y () == Enpr () cee e e e (B),
o Q)+ @+ DY (D) =4aa (@) . oo e (D),

from which (4) can be venfied

We have also the formula

Yo' (O Fa Q) =¥ (DT (E)—gm,- N

1 The equations to be satisfied 1n a medum whose electric and magnetic per-
meabihities are K and pu may be written, as in Prof Love's paper,

JgX dy_df Ky _da_dy K, dB_da

dy~ds’ o T &% de P de dy )
_w, dZ_dY _u, dX _dZ _u. dY _dX 10
¢ Tdy T dz’ ToPT de Tde' ToTTde T dy o),

where (X, Y, Z) 1s the electric force, («, B, v) the magnetic force, and ¢ denotes the
wave-velocity in the acther. Assuming a time-factor ¢, we find

V+)X =0, (V*+1)Y=0, (Vi4+m)Z=0 v e (1D),

dX dY dZ
with PR +d—y Fgp=0e o e e el (19),
where k= Kpo*fc*.... . . .(13)

* See Hydiodynamcs, §§ 267, 805, 1 See Lord Rayleigh’s Sound, § 827
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When values of X, ¥, Z satisfying these equations have been found, the corre-
sponding values of «, B, y are given by (10). Or, we may reverse the procedure,
determining the general values of « @, vy by means of equations similar to (11) and
(12) and thence the values of X, ¥, Z by means of (9)

The solutions of (11) and (12) subject to thc condition of finiteness at the orgn
are of two types. In the first place we may have

X = (b () +-(n+ ) gen (b)) & o0 =l () ar=1 T,
Y = {hrn’ (hr) + (0 + 1)y, (h1)} ‘Z/ Ty = nhr ) (hr) yro=2 T, b o oo (14),
Z= (o (hr) + (o + 1) o ()} ;z Ty — nhrp! (hr) 2003 T,
where T, 1s a spherical surface-harmonic of order n* These make
a= =" ) (3 45 =2 30 ) T
B==""Fgom (s LoDl as)
v==""E ) (o -y )

It tollows that

X +yY+zZ=n(n+ 1)y, ()T, . . .. (16),
zo + yB + 2y =0 C e e . (17),
also that
' i @y .m
YZ—2Y = gy (hr) (a4 1)y (o)) [y —zd—y) M, &, & . (18),
yy—2B = w;K Y, (hr) ((ZL 2T, —nar ""T,,) , &, &c (19)

In the solutions of the sccond type we have
a= {hryr’ (hr) + (n + 1) Y (W)} (% 12U, — nhary) (hr) ;™3 Uy,
B = (hrv (k) + (n + 1) ey ()]} (% Uy = nhir! () yro=2Un, b (20),

v = (kv () + (04 1) ¥y, (b)) d——dz U, — nhryey) (hr) 212U,

* These are equivalent to the forms given i Hydro-  formulee 1elating to sph 1 sohid h such as
dynanucs, § 305 (6), divided by 2n+1 The proof of the o= a2 (.i'(ﬁ”_'m 1 & Pa )
equivalence requires the use of (6) and (7), together with ¢"_2n+1 dx dx rinFi )"
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whete U, 15 a suiface-harmonic. From these we deduce
w”' Y (h) (n/ ———2 -—) 1™ U,,
,
y="Ey, (hr)(z*‘“a;)""Un. G e (21

“’" Y (ln)( j) U,

Hence aa+yB+zy=n(n+1)y, (hr)1"U, (22),
X+ yF+22=0 . o o .. . (23),

also yy — 2B = (g’ (hr) + (v + 1)y (hr)} ( (}i— -z )r U, &ec, &c. (24),
y=e¥ ==y, (m)( U, - ;w”"U,.) &, & . (25)

It 1s known that the most general solution of our equations, consistent with
fimteness at the ongin, can be built up from the preceding types, by giving n the values
1, 2, 3,

2 Let us now suppose that a sphere of 1adius ¢, having the ongin as centre, whose
electric and magnetic coefheients are K and g, 18 surrounded by an unlimted medium
(the acther) for which K=1 and p=1 The distmbance m this medium may be 1egarded
as made up of two parts We have, first, the extianeous disturbance due to sources
at a distance, this 15 supposed to be given. Secondly, we have the waves scattered out-
waids by the sphere

The general expression tor the extraneous disturbance 1s conditioned by the fact that
if the medinm weie uninterrupted the clectric and magnetic forces at the origm would
be fimte It 13 therefore made up of solutions of the type alrcady given, provided we put
K=1, pu=1, and replace h by A, whete

k=afc . . . .. (26)
As usual, 2w/h 1s the wave-length of plane waves of the period 2m/o

In the cotresponding expressions for the divergent waves, we must tfurther icplace
Ya(hr) by f, (k1), where f, 15 the function defined by (5) This 18 necessary m order that

the tormule may 1epresent waves propagated outwards, the complete exponential factor
bemg then e*«/-n

It 19 necessary to have some notation to distinguish the surtace-harmonics used to
represent ditferent paits of the disturbance Those harmonics which occur in the expression
for the umposed extianeous disturbance will be denoted by T, Uy, sunply, those relating
to the scattered waves by T, U,', and those relating to the isde of the sphere by
70, Us
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We have next to consider the conditions to be satisfied at the surface r=a It
appears at once from (16) and (22) that the solenoidal conditions of electric and magnetic
wduction require that

Y lba) T+ fo (ka) T = Ky (ha) Tn' eees v+, (27),
Yu (ka) Up + fo (ka) U, = pirn (ha) U, o . .. (28)

Agan, 1t 15 easily seen that the continuity of the tangential components of electric
and magnetic force implies the continuity of the vectors

Yz —2Y, zX —xZ, 2Y —yX)
and (yy—2B, za—ay, af —ya), 1espectively
Hence from (18), (19), and (24), (25), we have, in addition
{kayr’ (ka)+ (n+ 1) ¥, (b)) T+ thafn’ (Ra) + (0 + 1) fo (b)) Ty

= thayry' (ha) + (n+ 1) ¥ (ha)} 10" ) (29),
and (kayr, (ka) + (0 + 1) ¥, (ha)) Uy + {(hafy) (ha) + (0 + 1) £, (ha)} Uy
= {hayry’ (ha) + (n + 1) Yy, (ha)} U, . (30)

Hence

T _ _ Kvra (ha) hayry’ (Ra) + (0 + 1) Y (her)} = thayr’ (Ra) + (n + 1) Yy (hat)] Yra (Rat)

T, Ky, (ha) /.uj,, ha) + (n + 1) fuha)} = {hary (ha) + (0 + 1) Yy (ha)} fr (hat)

(31),
U _ g (ha) (kag (ha) + (n + 1) Y (Re)} — fhars’ (ha) + (2 + 1) ¥ra (ha)} o (ka)

[ 1 (ha) {haty (ha) + (0 + 1) fo (R@)] = (hae) (ha) + (0 + 1) yra (ha)] fo (ha)
.(32)

We shall suppose that the wave-length of the distuibance in the aether 15 laige
compared with the cuncumference of the sphere, so that e 15 a small quantity If we
were further to assume that K and u are not greatly different from umty, <o that Aa
18 also small, we should obtamn at once approximate expressions equivalent to those given
by Prof Love, viz

p_ (D =1) (haym+t e

Iw'= RK+(n4+1) {1 3 @u—-1Dp@n+1) I - (33),
—_ 20+1

U @+ -1 (ha) (34)

nu+(n+1) {1.3 @En-DPFCEn+ l)

It 1s our present object, however, to cxamine the case where K 1s laage Fo
simplierity we shall suppose that w=1, so that K =Ah/k: It will be found that the first
factors on the right hand of (33) and (34) must be 1eplaced by

(n+ 1) (K = 1) Y (ha) - X
(K + n+ 1)y (ha)+ .. (35),
Vor. XVIIL 45
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and

havr, (ha) + ...
T (R e s (36),

respectively, where the terms omitted are of the order k’a’ compared with those retained.
It appears that there will be nothing abnormal i the amplitude of the scattered
waves, except when ha 18 nearly equal either to a root of ¥, (ha)=0, or to a root of
V¥noa (ha)=0, 1n which cases the preceding approximations cease to be vahd.

3 If the extraneous disturbance consists of a system of plane waves, then, assuming
that the direction of propagation 1s that of a-negative, and that the electric vibration
1s parallel to y, we may write, symbolically,

X=0, Y=e¥ Z=0.... .. .(37),
a=0, B=0, y=—e& .. ... . (38)

If this be resolved into a series of disturbances of the types (14) and (20) we
must have, by (13) and (19),

Sn(n4+ DY kr)yrm Ty=yet=... .. ... . (39),
Sn(n+ 1) Y (k) 1 Uy = — 2et*® . . (40).
Now 1f we put
z=rcosd, y=rsmbcosw, z=rsmfsmo . . (41),
we have
kye®® = I (2n + 1) (tkr)* 4y, (k) 510 0 cos w P,/ (cos 6) e o (42)%,

where P, (cos ) 1s the ordinary zonal harmonic We infer, by comparison with (39),
that
” 2n+1

= Wit 1) (1k)*~1sm 6 cos w P, (cos 8) . . (48)

Similarly, we find

2n+1 . ,
N a1 (k)" sin 6 sin w P,/ (cos 6) . (4)
In particular
3 3
T‘=-2smocosw=§g. e (48),
3 3z

Ul=—§sm05mw=—§;‘.. Crrreeeenas c . (46)

* Proved most easily by differentiating with respeot to cos 6 the known identity

ekr 0= (2n41) (1hr)* , (kr) P, (08 0).
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If we substitute the above values of T, and U, m the formule (81) and (32) we
obtain the expressions for the scattered waves

4. We have now to exammne the form which the scattered waves assume at a great
distance from the origmn  When Ar 1s large we have

Fulhry= ,W’;'+ e Ce s (#7)

Hence, in the first type of solution, analogous to (14), we have

e

d
= --1kr ni N —2 1
X = (e € ( 7 T, = nar® T,.),

Y= L —kr d A RSN 48
=y <Ei_:/' ' — Ny 1.),> . coe (48),
,Ln.—l \

d . "
zZ 4 (dz )~ a2 T,

/

= —1h
- (]l,)u €

=1

i (@ d "
A= e @ & (de_zdy) T,

1

—1r/ d .d nre
B= o um ¢ (zd:;-w(—l;)r T . e (49)

R P AR

We notice that X, Y, Z are ultimately of the order 1/1, whilst the radial electric
force (X +yY +2Z)r 18 zer0 to the present order of approximation It 18 really of
the order 1/7* The radial magnetic force (za+yB+ zy)/r is accurately zero. If the
contour-lines of the harmome 7, be tiaced on a sphere of laige radws r, for equal
infimtesimal 1ncrements of T, the (alteinating) magnetic force 13 everywhere in the
duection of these contowrs, and 1its amphtude 1s mversely proportional to the distance
between consecutive contours The electiie force 18 everywhere orthogonal to the contours,
and 1ts amplitude 19 m a constant ratio to that of the magnetic force*

For mstance, m the casc n=1, 1f 7' be of the type (453), the lines of electiic
and magnetic force have the conhgwation of meridians and parallels of latitude, the
polar axis being represented by the axis of y

In the sccond type, analogous to (20), we have

w7 d N AP,
[ et U =2 U )

= (kry d
n—1 d . n— .
B= (';W - e (d—-y1"U,. —ny "t U,.) s .. (50),

= (ot o)

* Cf Pioc TLond Math, Soc, t xmm, p 194
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! d d \
X=- o) (y PP dj) U,
Pl d \
y=—k”r"+1 (z d.‘z—x(TJ U b o ... u(BD),

Pt d d )
Z == (’”@‘%J’”U" }
with a similar mterpretation  The contour-lines of U,' are the lines of electric force,
and the lines of magnetic force are orthogonal to them

5 The calculation of the energy carried outwards by the scattered waves leads to
some very sunple results By Poynting’s theorem*, the rate at which the cnergy in
any given space 18 Increasing 18 equal to the mntegial

< f (L (y¥ = BZ) + m (aZ — yX) + n(8X —a¥)] dS en(52),

taken over the boundary of the space, I, m, n denoting the dircction-cosines of the
normal drawn inwards from the suiface-element @8 The ambigmities which are known
to attend a partial use of this theorem will disappear if the space m question be that
mcluded between a sphere of radws », in the region of the scattered waves, and a
concentric sphere of radius w0 great that we may mmagme 1t not to have been as yet
reached by the waves The 1ate of propagation of energy outwards 1s therefore given
by the ntegral

ﬂa(yi 2Y)+B (X —uZ) +y (¥ — yX)) S (53),

taken over the sphere of radius »

4o

Before applymng this result, the values of a, 3, v and X, Y, Z must of course be
expressed m 1eal form  To take first a solution of the first type, since T, as given
by (31), will in general be complex, let us wrte

) =Py + iy e e e (54)
Restormg the time-factor m (48) and (49), and taking real parts, we find

a= k'771‘"+‘ (_1/ diz_z ;Z/) {®ucos (ot —Ar+€)— ¢, 9n (gt —kr +¢)}, &e, &, ... (33),

and

yZ—z2¥ = k"lr" (y (;—lz -z at.ly) (P, cos (gt —hr + €)=, sin(at —hr + )}, &e, &e, (56),

where ¢ may be 0, or + 4w or m, according to the value of n Hence the mean
value of the expression (33), per umt time, 1s found to be

¢ (( dd, dCP,. dd, dd, // d<P, dd,\?
smtons5 | 1(” 2 d.,> + (s =a ) + o Oy Y )

e AT e o

* Plal Trans, 1884, p 343
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which may also be written

s {0+ (522

d¢ﬂ) ‘:’}i}ﬁ * d¢n :on?
+( *(dﬂ*(d?)‘?n"’"’ a8
The expression under the integral signs i (58) 1s equal to the sum of the squares

of the tangential components of the vectors

(dPo/da, dD,/dy, dD./dz) and (dén/dz, dé,/dy, dddz)

(58).

Now 1f S, be a surface-harmonic of order n, we have

2w [ dsn 2 dsn 2
fo fo {( ) +(;ﬁ({w)}sm d0dw=n(n+1) f St 6d8de . (59)*
Hence (58) may be written
n+ ) gt [[ @4 60948, o0 nr Do ﬁ T 2dw . .. (60),

where |T'] denotes the modulus of 7.', and dw 15 an clementary sohd angle, viz
dS=1dw.

In a simlar manner, a solution of the second type gives the result

4 ‘i
n(n+1) Sofn U U, dw .. (61)

It appears, fuither, on cxammation, that the parts of the expiession (53) which
anse fiom combinations of the two types, or from combmations of the same type with
different values of n, will disappear 1 virtue of the conjugate property of suiface-harmonies
of different orderst

Hence, 1f £ be a sign of saummation with 1espect to n, the general expression for
the 1ate at which energy 1s dissipated by the scattered waves 1s

1
a3 Jatu )ﬁ [T+ U da C e . (62)
In the case of planc mcident waves the harmonies are tesscral, of rank 1 Wnting,
for shortness,
Tn‘ = -BnTm Un‘ = Cu Un . --.(63),

* Proved easily by partial integration, making use of
the differential equation

d s, 1 d%,
sme;lb(smodﬂ>+sm’ﬂd gt (n+1) 8, =0.

1 The integrals which arise from combinations of the
two types are of the form

dg, dy, dx .
[l (- + fos

This 1nvolves products of surface harmonics of orders
m-1 and n, and will therefore vanish unless m=n+1
But wnting 1t m the foom

dx.. ) s
sz Ty 4z '

we see that 1t also vamshes unless n=m+1
vanishes 11 any case

Hence 1t
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where the values of B, and C, are as given by (31), (32), and T, U, have the forms given
m (43), (44), then smce

f f {50 8 cos Py (cosB)* dw = (n +1). 2:1"1’ ST (64)%,

the expression (62) 1educes to
4%,2(2“1){11;,.;=+;0,.|=} SOOI (.1:)

The proper standard of comparison here 1s the energy which 1s propagated per umit time
across umt area n the primary waves represented symbolcally by (37) On the scale
of our formule this 18 ¢/8w Hence, 1if I denote the ratio which the energy scattered per
unt time bears to the energy-flux in the primary waves, we have

27 &

I=TPSE@DUBLHIGY . . (86)

For example, in the case to which the formule (33), (34), 1cfer, the constants KX and
w for the sphere being not gieatly different from umity, we have

2 K- 2p— 5
B‘_31\ +7§I\‘ a?, C—.j 7_;21«:% v e e . (BT,
and thence
8 . K-1 n—1
I=5me {(}H >+<M+2>}(La)‘ L ey

6. We may proceed to exammne more particularly the case where K 1s a large
number, whilst w 1s (for sunpheity) put =1 The types of free vibration which can exist
m the absence of extrancous disturbance are found by makmmg 7,=0, U,=0 m (31)
and (32) In the first type we have

hayry’ (ha) + (n 4 1) Y, (ha) K ke (ka) + (n + 1) £, (ha) N
ﬂlr,. (/I(l) fn key e (69),

where, 1t 13 to be 1emembered, k/h=1/Ki We aie specially concerned to find the
solutions of this cquation fur which A¢ 13 small On this hypothesis we have

/:_a_\lﬁ.i(ha) +(n+ 1)y, (_/:‘(f_) _

¥ (o) =—nK.. ... . . ...70),
neatly. This 15 satisfied approximately by ha =z, where z 13 a root of
Y (2) =0 .o (T,
and more exactly by
1
ha = (1 -nK) I e e e e s (72)

* Ferrers, Spherical Harmomes, 1877, p 86
t This agrees with a result given by Lord Rayleigh, Plul Mag, Apnl, 1899, p 379
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In the case n=1, the equation (71) takes the form tanz=2z, whence
zjm=14303, 24590, 34709, .. ... .. (13)*,

Corresponding to any onc of these roots we have a simple-harmonic electric osaillation of

frequency
T _z ¢

== . (74),
2r w 2K (74)

and wave-length

X=2I(5a-—f;... . v (75)

To calculate the rate of decay of the oscillations, which 1s relatively very slow, we should
have to proceed to a higher degree of approximation.

In the second type, we have, from (32), with p=1,
g (ha) _ hay! (ko)

=R Cee e u(T0),
Y ha) /2 (ha) @
Y (ha) _ fooi (ha)
or b)) = futha) R ()
This 15 satisfied approximately by he =2z, where 2z 18 a root of
Yy (2) =0 e e o (78),
.and more accurately by
1
ha={1—(2’—1_1~)—K}z . e (79).
When n=1, (78) takes the form sinz =0, whence
zjr=1, 2, 3, . . (80)

7 When 1 the problem of §2 the extrancous disturbance has a period comeident,
or nearly comncident, with that of a frec vibration, the approximate formule (33) and
(34) will no longer apply If in the accwmate formula (31) we make the substitution

S (ka) =V, (ha) — 1y (ka) Lo e e o(81),
we find that 1t takes the form
ViN g (ha)

1" 7 G (ha) =1y (ha) ~(82),

where g(ha) stands for the expiession i the numerator + of (31), and G (kha) 15 derived
from g (ha) by the substitution of W, (ka) for ¥, (ka) The modulus of the expression

* The lines of electric force i the sphere are for the 1w Electitcity and Magnetwm, p 317
most part closed curves in planes through the axis of the + Wlich may be regarded as a function of ha since the
harmonie I,  Their forms are given m Phil Trans, Pt 11 1atio of A to /i 18 fixed
1883, p 532, and in J J. Thomson’s Recent Rcsew ches



360 Pror LAMB, AN ELECTROMAGNETIC ILLUSTRATION OF THE THEORY

on the nght hand of (82) never exceeds umty, but it becomes equal to umity, and the
intensity ot the scattered waves 1s therefore a maximum, when

Ghay=0.. ... e e (89),
. e () + (04 1) () _ g R Wi (k) + (0 1) Vo )
or By —X v, (k) - (84

When K 1s large, the lower roots of this, consideied as an equation 1 ha, arc easily
seen to be real and to be very appioximately equal to the real paits of the 10ots of (71).
When the period of the ncident waves 1s such that (83) 1s satistiecd exactly, we have

T)==Thee e B (1))
If the mcident waves be plane, the dissipation-ratio (68) takes the torm

_ 2@n+1)m _2n

d [z 2

;Jv e e ... (36)

If we compare this with (68), we find that mn the case n=1 the effect of synchronsm
18 to increase the dissipation m the ratio

91—
i (Ra)="

The wave-length of maximum scatterng 1s of course very sharply defined If we
put
ha=(1+¢)z .. (8T,

where 2z 1s a root of (84), and € 1s a small fraction, I find

n (ha) n.1 3 (2n-1)
g (]l(b) == n "11,,3 L(Zn _':”1') , @ (h“) == (k(l )m+f - ‘#n—l (]l(l) Ke . (88),
approximately, whence
Yin 2
o= o . 89)
T, R Y (
1+ { ()t } WKe

For example, m the case n=1 the dissipation sinks to onc-half of the maxnnum when
the wave-length deviates fiom the cntical value by the fraction (ka)/K of 1itself

The second type can be treated mn a similu manner  Writing (32), with x =1, n the
form

Uy

U,

g (ha)
TG ha)y—rghay o e e (90),

the equation ((ha)=0 which determmes the wave-lengths of maximum dissipation may
be witten

‘P'g—l (ha) - ‘?n-l (ki{")

W ha) = W, (ka) DN (1)
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The lower roots (in ha) which satisfy this are very nearly the same as in the case
of (78). When (91) 1s satisfied exactly we have

U m = tUes v e e e e e e e {092),

leading to the same formula (86), as before, for the dissipation-ratio when the mcident
waves are plane

Also, 1if we write
ha=1+e)z .. . ..... e e e 0(93),
where z 15 a 100t of (91), I find

Ya (ha) G (ha) = 1.3.@2n-1)

_r/(lla,):1 3 (2u-1)’ (kaynt VY (ha). Ke .. (94),
approximately  Hence
Un\ T =
=— s .. e . 95).
U, 13 n-=-1)} ,, (
140 (Im()’"" Al 1Ke

The definition 18 now less sharp than i the case of (89), in the ratio A%’

8 It remamns to cxamine what sort of magmtudes must be attributed to the
quantities ¢ and K 1 order that owr results may be comparable with ordinary optical
1elations

Smce ha(=2ma/r) must m any case be small, and <nce ke must in the case of
synchiomsm satisfy (71) or (78) approximately, and must therefore be at least comparable
with 7, 1t follows that 1f our molecules are to produce selective absorption within the
range of the visible spectium, the dielectric constant K (=h*A?) must be a very large
numbel

Agamn, 1t appears fiom two distinct hnes of argument* that m a gas composed
of sphencal dielectric molecules the index of 1efraction (w,) for rays which are not
speclally absoibed 15 given by the formula

3 K-1
m—l=3p o - e e (96),
T 4‘ 3
where p=N g7 e .. (9D,

N denoting the number of molecules m umt volume On our present hypothesis this
takes the simpler form

/"1_1=

IRV

P . C e eeaes eees (98)

* Maxwell, Electricity, § 314, Lord Rayleigh, Phil Mag, Dec 1892, and Apnl 1899

Vor. XVIIIL 46
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Hence 1f p, =10003, we have p=2x 10~ This determmes the product Na3, for
a gas such as oxygen or mitrogen under ordinary atmospheric conditions, but not N or «
separately If i accordance with current mechanical estimates we take N =2 x 10,
we find a=13x10*cecm Hence 1f A =6 x 10~ cm,, we find

ha =14 x 103
so that, if ha =, we must have
K=n/k=5x10
In a dense medium composed of the same molecules the formula (98) 13 replaced by

!"’I‘g_l_ / 099)*
#,124_2«}) Lo . . (99)*,

where the accents 1efer to the altered cirenmstances Comparmng, we have

o1 9y
Z,:2+2=§1;(u--1) . . .. (100)

The fact that the refractive indices of various substances m the hquud and m the
gaseous state have been found to accord farly well with this formula shews that the
observed moderate values of K'(=pu"”) for dense media, taken 1n the bulk, are not
mcompatible with an enormous value of K for the individual molecules,

The formula (86) for the dissipation-ratio n the case of exact synchiomsm 13
mdependent of any special numerical estimates It can moreover be arrived at on
widely different hypotheses as to the natwe of a molecule and of the surrounding
medium. Its unqualified application to an assemblege of molecules arranged at ordmary
mtervals may be doubtful <ince with disspation of such magmtude 1t may be necessary
to take account of repeated reflections between the molecules. It 1s clear however that
a gaseous medium of the constitution here 1magined would be absolutely impenetrable
to radiations of the critical wave-length

As regards the falhng off of the absorption in the neighbourhood of the maximum,
the formula (953) mn the case n=1 would (on the numerical data given above) make
the absorption sink to one-half of the maximum when the wave-length varies only
by 00,000,000,028 of 1ts value. The formula (89) would give a still more rapid
declension  The range of absorption mn a gaseous assemblage must however be far wider
than these results would indicate So far as 1t 15 legitimate to assume that the
molecules act independently, the law of enfeeblement of light traversing such a medium 1s

E=E,eV: | Ce v e (10D
* This 18 Lorentz’ result Lord Rayleigh's investigations shew that it will hold approximately even if p’ be

not & very small fraction
+ Lord Rayleigh, ! c.
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We may inquire what value of the dissipation-ratio 7 would make the mtensity diminish
m the ratio 1/e in the distance of a wave-length If we wite

3
Tn= g M (102),
so that J,, denotes the maximum value of the dissipation-ratio for m =1, the requsite
value 1s given by

»II";=§1r—N7\3 S voee . (108)
On our previous numeciical assumptions this 1s about 4 x 10" The corresponding value
of € mn (93) 15 about 4 x 107 This 15 comparable with, although distinctly less than,
the virtual vanation of wave-length which takes place, on Doppler’s punciple, mn a gas
with moving molecules, and which 1s held to be sufficient to explamn the actual breadths
of the Fiaunhofer lines Having regard to the very much sharper defimtion which we
meet with m the vibiations ot the first type, and to the increase of sharpness (in each
type) with the mdex n of the mode conadered, 1t would appear that theie 1s no
prumd facie difficulty n accounting, on ow present hypothesis, for absoiption-lines of such
breadths as occwr 1 the actual spectrum

46—2



XIX The Propagation of Waves of Elastic Displacement alony « Helicul
Wiree. By A E. H. Love, M.A., FRS, Sedleian Professor of Natural
Philosophy in the University of Oxford

[Recerved 4 December 1899 ]

1. It is known that the modes of wibiation of an elastic wne or rod which m
the natural state 1s devoid of twist and has 1ts elastic central hne i the form of a
planc cwive fall mto two classes 1 the fist class the displacement 1s in the plane
of the wne and there 18 no twist, m the sccond class the displacement 1s at nght-
angles to the plane of the wire and 15 accompanied by twist In particular for a
naturally circular wire forming a complete circle when the section of the wire 1s eircular
and the materal 1sotropic there are two modes of wvibration with n wave-lengths to
the circumference, these belong to the first and second of the above classes 1espectively,
and their frequencies (p/27) are given by the cquations

., 1 Ectn?(n~1)

pe= 4 ;.,a‘ I

1 Ec® n*(n*— 1)

and p‘2=1putz‘1§-1;+:1)¢’

where « 18 the radius of the circle formed by the wne, ¢ the 1adius of the scction, p, the
mass per umt of length, £ the Young’s modulus and # the Powson’s ratio of the matenal
These results may be interpreted as giving the velocities with which two types of waves
travel round the circle

So far httle or nothing appeais to be known about the modes of vibration of wires ot
which the central hne mn the natural state forms a curve of double curvature, except that
the vibrations do not obviously fall mto two classes related to the osculating plane in the
same way as the two classes for a plane curve are related to the plane of the curve
The cquation connecting the fiequency with the wave-length when waves of elastic dis-
placement are propagated along the wne has not been obtammed, and although this
equation would obviously be quadratic when rotatory mertia 1s neglected, and so would
gve two velocities of propagation for waves of a given length, 1t 13 by no means obvious
what would be the distinguishing marks of the two kinds of waves with the same wave-
length.
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It seemed to me that 1t would be not without interest to seek to answer the
questions thus proposed in the case of a wire which i the natural state has 1ts elastic
central line 1n the form of a helix As regaids the fiee vibrations of a termmated portion
of such a wire with free ends, or fixed ends, or under the action of given forces at
the terminals, 1t would be possible to form the equation for the frequency, but the
cquation appears to be so complicated as to be quite unmnterpretable, and n fact in
the simpler problem presented by a circular wire with ends, which has been treated
m some detail by Lamb*, 1t appears that to interpret the icsults the total curvature
must be taken to be shight, and the 1esults which can then be obtamed are such as
might be reached by switable approximate methods In the case of a helical wire the
most 1mportant of all the pioblems of vibration 18 that of a spiral spring supporting
a weight which oscillates up and down, and this can be treated adequately by means
of an approxmnate theory i which the wire 18 taken to have at any time the form
of the helix corresponding to 1ts axial length and to the position of the load. The
problem of the propagation of waves along an mfimte helical wire remams, I have
found that in general for a given wave-length two types of waves are propagated with
different velocities, 1 both types all the kinds of displacement (tangential, normal apd
torsional) a1e nvolved, and there 1s no 1ational relation between the different displacements
which serves to distinguish the types of the two waves, but these types are finally
and completely separated by a circumstance of phase n the different components of
the displacement

2 The helix which 1s the natural form of the elastic central lhne of the wne
may be thought of as traced on a circulam cylinder, and then any particle on this hine
undergoes a displacement which may be 1esolved mto components u, v, w along the
prmnapal normal, the bmoimal and the tangent to the helix. The prineipal normal
comeides with the 1adws of the cyhnder, and the displacement u 15 1eckoned positive
when 1t 15 inwards along this normal, the displacement w 15 1eckoned positive when
1t 15 1 the sense i which the arc 1s measmed, and then the positive sense of the
displacement v 1s detetmined by the convention that the
positive directions of wu, », w are a right-handed system
foo a mnght-handed hehx. Fwther theic 18 an angula
displacement by rotation of the sections, of amount S,
about the tangent to the hehx, and B 1s reckoned positive
when B and w form a nght-handed 1otation and trans-
latory displacement Now 1t 13 found that 1 general the
two waves of given length that can be propagated are
distingwished according as the displacements v and w are
1 the same phase o1 1 opposite phases at all pomnts of
the hehx If 1/p and 1/o are the measures of curvature
and tortuosity of the helix, and 2m/m 13 the wave-length, then in the quicker wave v
and w are everywhere m the same phase, and mn the slower wave they are in opposite
phases, provided m?>1/p* — 1/a* but 1f m?<1/p*—1/a* this relation 15 reversed

* Proc Lond Math. Soc, x1x. 1888
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The fact that there are two waves with different velocities suggests an analogy
with the optical theory of rotatory polarzation, and leads to the question whether 1n
any sense the two waves can be regarded as nght-handed and left-handed The most
obvious possibility of this kind would be that 8 and w should be always in the same
phase for ome wave and n opposte phases for the other, 1t is found however that
this 15 not the case, another possibiity would be that the component displacements
parallel to the avis and to the circular scetion of the cylinder on which the helix 1s
traced should be everywhere directed like a right-handed system of axial and arculm
translatory displacements for one wave and lke a corresponding left-handed system fot
the other, this also 1s found not to be the case It appears that up to the degree
of approximation which 14 usually mcluded m the theory of elastic wues there 15 no
rotatory effect 1nvolved

In three particular cases 1t 1s found that the equation for the fiequency of waves of
given length breaks up mto two separate cquations This happens (¢) when mi=1/p*+1/a%,
(b) when m?=1/p‘—1/e? (c) wheu the hehix 15 very flat or 1/c can be neglected In
case (a) one of the modes of deformation 1s equivalent to a ngid body displacement
& the hehx at right angles to 1ts axis, and the corresponding speed ot couse vanishes,
I case (¢) the types correspond to the two already known for a encle, m casc (b) the two
types are distinguished by the vanishing of the flexuwial couples mn and perpendicular
to the osculating plane, this case occurs only if the angle of the hehix 15 less than

3 The wire 15 taken to be of uniform circular scction (1adius ¢), and of homo-
geneous 1sotropic matenial, and 1n the natwial state the lhine of centres of 1ts sections
forms a circular helix of cuivatuie 1/p and tortuosity 1o The displacement of a powmnt
on the central line 15 specified by components u, », w along the pimcipal noimal, the
binormal and the tangent in the senses alieady defined, but 1t 15 necessary to hx the
meaning of the angular displacement B. For this purpose we suppose a fiame of thiee
coorthogonal lines to move along the hehx so that the three lnes always comneade
with the principal normal, the binormal, and the tangent, 1f the ongin of the frame
moves with umt velocity the hnes of the frame will rotate with an angular veloeity
which has components 1/p about the bmormal and 1/¢ about the tangent We can
construct a corresponding frame for the stramed wire by taking as origin the displaced
position of a pomnt on the strained elastic central line, as one line of reference the
tangent to the straned elastic central line through the pownt, and as one plane of
reference the plane through this line which contams the tangent to that line of particles
which 1 the natural state comcided with the principal normal, when the displacement
13 everywhere very small the lines of this fiame very ncaily comncide with those of the
fiame attached to the unstrained wire, and the plane of reference just defined makes
a very small angle with the osculating plane of the hehx at the corresponding pomnt, this
angle 18 8 The “twist” of the wire 18 expressed by

P 3/3+ (E}s :-)’

where ds 1s the element of arc of the helix
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4. The action of the part of the wire for which s 1s greater upon the part for
which s 18 less, across any section, can be reduced to a resultant force at the centie
of the section and a couple. The force may be resolved into components N, along the
prncipal normal, N, along the binormal, and T along the tangent, n the senses i which
u, v, w are reckoned positive The couple may be resolved mto two flexural couples Gy, G,
and a torsional couple H about the same threc lmes The couples are expressible m terms
of the displacements by the equations

_ . [B 9o ou v w
G'-A[};—E§<Oa+a> (55—3+b)J‘

_ a2 v w /80 u

&~A[%(% &+P) H J] e e (D),

[J¢] o u
i= C[vs+ (33+‘;>:|
m which 4,=}Enc' 19 the flexural ngidity, and €, = } Exc'/(1 4+ 9), 1s the torsional
ngudity

Further, the displacements u, w are counected by the iclation of mextensibility of
the wire

w _u
5 = o e . (2)
When 10tatory mertia 15 neglected the strcss-couples are connected with the stiess-
1esultants and with each other by the three equations of moments

aaG —GA+11—N;—0
s g p

oG, G

as +;_-+N|—0»>'
oH G
o p

. (3)
=4
The equations of small motion are the three equations of 1esolution

oN, .N.,+ 1T o

@ o T TP

oy, V, 0%

0s +

or X,

o p

i which p, 13 the density of the matenal
cross-section.

and take as expressions for the displacements

B = Bcos (ms — pt)

w=—mpW s (ms—pt), v=Vecos(ms—pt), w=Wcos(ms— pt),}

Y, .0
o PYa

0w
= Po@ or

ce(4),

of the wire and o, =mc? 1s the atea of the

5 We shall now suppose that simple harmonic waves are propagated along the wire,

),
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in which u and w have been adjusted so as to satisfy the equation (2) of inextensibihity.
Further, we shall take the forms of Gy, G,, H to be
G, = Ag, cos (ms —pt), G,=Ag,smn (ms— pt),}
H = (mp)™ Ag, s1n (ms — pt)
in which G, and H have been adjusted so that the third of the equations of moments (3)
is satisfied 1dentically We then find by (1)

eteloer ) v (-

T po
9= 2mV—+W(m’P+""J P), N ()
“‘”_‘_—c),L(B+K+K')
mp p o
of which the first and third give
1 1
g( Tt \) V(m*-;)—ﬁ- ;)+W P(m‘-—;) P
and the second 1s
9o _y 2 I
mp_VPd+w<mz p’+a'-’> e e 9)

1
If mf——’—);—;ll does not vamsh we can solve for ¥ and W and obtan

1 1\ A , 1 1 1
V(m’—;;—-o_—:) = 9\( 7"'P)(7W_F+ ) 92',;,,(715"-,?),'

. (10
IR | OO S U Y S N
( Pl o Ump? 92 tp mp " p* o )
The first two of the equations of moments (3) now give us
N=-4 (; N+ my,) cos (ms — pt), '
: . . . (11)
Ny=—4 {(m— 1)1;;‘) 9+ ;gg} sin (ms -pt))
We ehminate T from the equations of motion (4) and obtam
PN, N, 10N, R
o g 2w = Pl (L ) (Wjp) cos s = p),
N, N,
5 24 - = — powp*V cos (ms — pt),
or, on substituting for N, and N,
2
4 [ = (m’- },) +mpg, (m’— -lj +~l—>:| = pywp® (1 + m*p?) W,
’ ? .o (12)

, 1.1 2m
TR
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6. We may now substitute for ¢, and g, in terms of V and W and obtain by
ehmination of ¥ and W the equation for p?

(P (1 ) (1 ) P2 (20 b ) (me= B B’
+ ;* {n’lﬁ ("‘" ,%’>’+ m (1 + mlTo’) (1 + C,%i)}] + (m’ -;};- },)‘= Y (13).

If m3— %,—}2 does not vamish this equation can be written

1-Q+r)al {1 - +x)a} (L~ — £ =88 (2 + ko — 1)) =0 ..ooerrrns (14),
by putting
ro=A/0m*p* K =1/m?p? «x,=1/m?c*
z=A471(1 - K, — 1) powp*m™* e
Since 4/C=1+m, where 5 1s the Poisson’s ratio of the matenal,
Ko — Ky = 1Ky,

and this 1s always positive, so that, if for 2 in the left-hand member of the above
equation (14) we substitute the values w, 1/(1+4x), 1/(1++x,), 0, the expression has
the signs + — —+, and thus one of the two values of « exceeds 1/(1+#,) and the
other 1s less than 1/(1+x,), both values bemng positive It follows that there are two
possible velocities for waves of given length, the speed of one exceeding

[51 mip*(mi—1/p*— l/a’)’]i

X 1 + m??
and that of the other being less than

A mipt(m? = 1/p*— 1/a?) )
P 1+ 5+ mp? !

these two expressions become the <peeds of the corresponding waves round a circular
1ung by wnting n for mp and omitting 1/o

The left-hand member of the equation (14) for « breaks up to factors rational
m «, Kk, £ 2f

[+ xo+m)(1 ==+ 8k (24 k0, — £) = 4 (L + ) (1 + £) (1 = K, — &)

13 the square of a rational function of w,, #, &, This 15 the case when 2+ x,—,=0,
or when 1~k —«,=0, or when x,=0, or when 1 —x;4+4,=0, for i the last case the
expression becomes

16 (1 — k2)* [(1 = K1) (Ko = K1) = 2 (4o + )]

Of these cases the first cannot happen since «,>«,, and the third 1s the limiting
case m which the helix becomes a circle, the two remaining cases will be discussed
later.

Vor. XVIII. 47
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7. With the view of determmning the character of the motion corresponding to
one value of p* we observe that by the second of (12) combined with the first of (10)

g,{l—w(l+di?)}( :+l)+gg2 {1+w(1 mlgp,)}=o .....

where z is given by (13), and 1t has been assumed that m?—1/p*—1/6? does not vamsh.

Hence we find

and therefore

2m, A 1 1 1\
1=+ m== 2 o (4 -1) L) (-2 1)

1w ) 4m? A 1 1 1y
—il +500 (m P’+¢T’>}’ ey {2 + (U - 1) m,;,}/(m’—;,—{;,)
It follows that in the wave for which (1 +x,)<1 we must have
1 W 1 1
14 ipd‘v (m’—;);+;;)<0 .........
Again, by combining the first of (12) with the second of (10) we find

2p

Hence

22 (- lrnle-

a(l+m)=—
2m 1 1
H 1+ r)— 9 (m’—;,+--,>

and therefore
R S GRS [ )

=—{%(m‘-#+;—x)+2:(m’ ;)}’i{u(‘g 1) }/(1+x,,)(m’—£—-l)

It follows that in the wave for which z(14x;) >1 we must have

Ve, 1 l) 2p( . )
— -4 - =]1>0. vuue [TTTTTTTT
W(m P’+‘7’ + m Pl

!Ix;_-[(l— vl?)+x(l+xo)(l+xl)jl+g, (m’—5+ ){1—z(1+x,)}

-+(20).

.(21).

The two 1nequalities (18) and (21) are not mutually exclusive for all values of
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V/W, but n the present case V and W are not independent. The equation connecting
them 18 obtamed by ehminating « from (17) and (20) m the form

om o= 32 = 45 (2 o L o b - 02

A2 23]

or  2{Vie Wo(l4+miph) (m’ - §+cl,)
8 4/c-1 11y
—WV[p—o_—pa_z-———-m‘pz;———«A/C_l(m’—;,—;—,)]—o ...... 22),

which gives two values for V/W, having a negative product, and thus showing that
i the two waves the values of V/W have opposite signs We now substitute for V/W

the values
P (L l) _2_P( -2 ( -1 l)
+ow, O, ) (m’ P’+", , p m? P’) m? p,+':r2 ,
placing these values in order of decreasing algebraic magnmitude For shortness we write

—&;(m"%’+c17’>=a’ )1 (23)

o3 =23

and then a:,B according as (m’—l/p’-d—l/a");() There are three cases depending on

i

the signs of m?—1/p* and of m*—1/p*+1/a* In any case when we substitute V/W=aq,
the left-hand member of (22) becomes

AW mpt 11y 1.1
p'a*W S+ AIC=1 (m"' > a’> (m2 o + 0_2) ,
and when we substitute V/W =4 the left-hand member of (22) becomes

S mip+ 4]0y (L, 1 /g, 1 l)
—4W 2nipr+ A/C -1 (m" 7 02) /(m p’+¢12 :

Now 1n the slower wave we have

1-a LI‘,’< 0,
which shows that if m?—1/p*+1/a® 18 positive
0>VIW>a,
and 1f m?—1/p*+1/a® 18 negative
a>V/W>0

In the quicker wave we have
v
(m* = 1/p2 + 1/0%) (Tv” ,9) >0
47—2
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Thus when m?—1/p*+1/0* and m? - 1/p* are both positive we have

VIW>8,
when m?—1/p*+1/a* is positive and m?—1/p? 18 negative
VIW >8>0,
when m? —1/p*+1/0* and m?—1/p* are both negative
0>B8>V/W.

When m?—1/p* and m*—1/p*+1/a? are both positive we obtamn after substitution
m the left-hand member of (22) the signs shown 1 the table

VIW = © 0 8 a —»
- -+ 4+

When m?—1/p* 18 negative and m?—1/p*+ 1/0? 1s positive we obtain

VIW = © B 0 a —»
+ - -+ 4+

When m*—1/p* and m?—1/p+ 1/o® are both negative we obtan

VIW = © a 0 B -

By comparison of these results we see that when m?—1/p*+1/0* 18 positive V/W
18 positive mn the quicker wave and negative in the slower one, but when m?—1/p*+ 1/0*
18 negative the reverse 18 the case When V/W 1s posuitive the displacements v and w are
in the same phase at all ponts of the helix, and when V/W 1s negative these displace-
ments are everywhere m opposite phases

8. If the helhix of angle « 13 wound on a cyhnder of radius @ the displacement
parallel to the axis 18 aseca(w/oc +v/p), and the displacement parallel to the circular
section 15 aseca(w/p—v/a), and the wave 18 1 a certain sense right-handed or left-
handed according as

(Wlp=V]e)=(Wia+V/p)
is positive or negative We write £ for this, and then the values of £ 1n the two waves
satisfy the equation

2[(1/p - Ela) = (L+mig?) (Elp + 1/a)] (m* = 1/ +1/a?)

B-HE DS b -3 0

and the two waves will be respectively rght-handed and lett-handed 1t the roots have
opposite signs  To show that this 18 not always the case 1t 1s sufficient to take m
very great and substitute for £ m the left hand member the values

0 —-ple —o,
the signs are - + -

)
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showing that both values of £ are negative, and both waves are left-handed in this
sense when m 1s sufficiently great.

A similar method may be apphed to show that there are values of m for which
both values of B/w have the same sign, and thus the waves are not respectively right-
handed and left-handed in regard to @ and w

9. We have already noted that mn three special cases the equation (13) for p* can be
solved rationally i tetms of m, p, ¢

Taking m?=1/p? + 1/o* =a"% cos*a, 1t 1s convenient to put ms=06, and then 8 1s the
angle turned thiough by the radius of the helix about the axis of the cyhnder m
passing along the curve from the pomnt from which the arc 1s measured to the pomnt
at which the arc 1s s

In this case equations (12) become
2
(gl %_4' %"") “il: = Poz’[) A+ mp) W,

(!h +9,m) 2 _p “Xp ! v,

and equations (8) and (9) become

4 \_2 p
o (1 + Cm’p”) T ( y+W ;> ’
_2m P
g2 = (V+ w ;) ,
2m? Cp*
so that mg, + gfo = g {‘,2 +(A"f|-—(’j‘m?')} (V+ Wg) ,

and thus either V4 Wp/o =0 and p=0, or else

V=W%(1 +mip),

pwp g’ Co* ) / (Bf )
and (A +mip?) = (*+A+Cm,P, E+14mp).
The second kind of motion 18 an example of the quicker wave, and the speed p
18 given by
84 (p'+ ') (4 +C) o* + 20p* 1

p  pet (A+0)o+Cp* 2ot +p)"

p!

In the displacement for which p=0 the equation V+Wp/o=0 shows that there
18 no displacement parallel to the axis of the helix, we also have

Weosa—Vsina=W(cosa+smatan a) =W secq,
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and thus the displacement along the tangent to the circular section of the cylinder is
Wsecacosd,

the displacement along the radius vector outwards 18 —asec’a a=*cosa Wsinms, or
Wsecasné,

and thus the displacement 18 Wseca at right angles to the plane from which 6 is
measured. The hehx 1s displaced bodily, and there 13 no deformation.

10 Agan, taking m?=1/p® —1/a% where o* 18 supposed >p* or a<}w, we find that
equations (16) and (19) show that either

A (m*—=1/p*=1/a% 1 —mip®

pay 3 = M .
9:=0, p Tpo 1+ A/Cmp* 14+ mipY
A 1 —m?p?
= 2 = 2 - ——mp
or n=0, p po> (m? = 1/p* — 1/a2p peal

The wmotion for which g,=0 18 an example of the slower wave, the speed p of this wave
18 given by
gt Gl )
pro @ (G =) (14 A0V o = )

and the flexural couple G; n the osculating plane and the displacement v along the
binormal both vamsh at all ponts of the helix.

The motion for which ;=0 1s an example of the quicker wave, the speed p of
this wave 18 given by
o4 s P
Potw> ot gt — px'
and the flexural couple @, about the principal normal, the torsional couple H, and the
displacements « and w along the pincipal normal and the tangent all vamish at all
ponts of the helx.



XX. On the Construction of u Model showing the 27 hnes on a Cubic
Surfuce. By H. M. Tavror, M.A., F.R.S.

[Recerved 27 January 1900 ]

THE general equation of a cubic surface contains 19 constants 9 conditions are
required to make 1t pass through a given plane section 6 more are required to make
1t pass through a sccond 3 more to make 1t pass through a third It follows that
a cubic surface would be determmned by three plane sections and one pomnt on the
surface

Any data which determme the smiface necessarily determine the straight lmes on
the surface It 1s known that twenty-seven stiaight lines hie on the general suiface of the
third degree, and that these hie by threes in forty-five planes, the triple tangent planes to
the surface There are -+ X222

1x2x3

pass through the same line*

sets of three triple tangent planes, no two of which

There would be no loss of generahty in the form of the cubic surface caused by
choosing arbitrarily one of the 5280 sets of three tuple tangent planes instead of three
ordinary plane sections among these 5280 sets there are 240 sbts such that a second set
passes through the same nine lines

If ABC, A’'BC’, A”B"C” be the tnangles formed by the three planes of such a set,
the letters may be arranged in such a manner that

BOB'C'B"C”, CAC’A’'C"A”, ABA'B'A"B"
are planes

In this paper and in the model, of which a representation 18 given (Plates XXIV,
XXYV.), each of the twenty-seven hnes on the surface 18 denoted by one of the numbers

1,23, ....,27
m agreement with a notation adopted in a former paper* In accordance with this
notation, the lmes 1n these three planes are denoted by Arabic numbeis as follows —

BC, 1 BC, 6 B'C”, 15
o4, 2 oA, 4 747, 12
4B, 3 A'B, 5 a"B’, 1

For convenience of reference a complete hist of all the triple tangent planes of the
surface, showing those 1in which each line appears, 138 given in the following table —

* Philosophical Transactions of the Royal Society, Series A, Vol 185 (1894), p 64
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Table shounng the triple tangent planes which pass through each line on the surface.

1,2 3 1, 6, 15 1, 9 11 1, 16, 19 1, 17, 18
2,1, 3 2, 4 12 2, 8 14 2, 20, 23 2, 21, 22
3,1, 2 3,5 1 3, 10, 13 3, 24, 27 3, 25, 26
4,2 12 4,5 6 4, 9,13 4, 16, 27 4,17, 26
53 7 54, 6 5, 11, 14 5, 18, 21 5, 19, 20
61,15 6,4, b 6 8, 10 6, 22, 25 6, 23, 24
7,8 5 7,8 9 7,13, 15 7, 16, 23 7, 17, 22
8, 2, 14 8, 6, 10 8, 7, 9 8, 18, 27 8, 19, 26
9, 1, 11 9, 4, 13 9, 7, 8 9, 20, 25 9, 21, 24
10, 3, 13 10, 6, 8 10, 11, 12 10, 16, 21 10, 17, 20
1,1, 9 11, 5, 14 11, 10, 12 11, 22, 27 11, 23, 26
12, 2, 4 12, 7, 15 12, 10, 11 12, 18, 25 12, 19, 24
13, 3, 10 13, 4, 9 13, 14, 15 13, 18, 23 13, 19, 22
14,2, 8 14, 5, 11 14, 13, 15 14, 16, 25 14, 17, 24
15,1, 6 15, 7, 12 15, 13, 14 15, 20, 27 15, 21, 26
16, 1, 19 16, 4, 27 16, 7, 23 16, 10, 21 16, 14, 25
17, 1, 18 17, 4, 26 17, 7, 22 17, 10, 20 17, 14, 24
18, 1, 17 18, 5, 21 18, 8, 27 18, 12, 25 18, 13, 23
19, 1, 16 19, 5, 20 19, 8, 26 19, 12, 24 19, 13, 22
20, 2, 23 20, 5, 19 20, 9, 25 20, 10, 17 20, 15, 27
21, 2, 22 a1, 5, 18 21, 9, 24 al, 10, 16 21, 15, 26
29, 9, 21 22, 6, 25 22, 7,17 22, 11, 27 22, 13, 19
23, 2, 20 23, 6, 24 23, 7, 16 23, 11, 26 23, 13, 18
24, 3, 27 24, 6, 23 24, 9, 21 2, 12, 19 24, 14, 17
25, 3, 26 25, 6, 22 25, 9, 20 25, 12, 18 25, 14, 16
26, 3, 25 26, 4, 17 26, 8, 19 26, 11, 23 26, 15, 21
27, 3, 24 27, 4, 16 27, 8,18 27, 11, 22 27, 15, 20
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In the model the six lmes, forming the sides of the trnangles ABC, A'B'C’, are
drawn on the surface of two brass plates which are carefully hmnged together in such
a manner that the straight line XYZ, which passes through the tersections of the
pairs

BC, BC', CA, C'A’, AB, A'B,

18 m the line of the hinges Each of the r1emaimng twenty-one straight lines 1s repre-
sented by a stretched string On each plate the pomnt at which any straight line cuts
the plate 1s marked by the Arabic number which denotes the line In the explanation,
where 1t 18 necessary to distinguish between the pomnts where any line, say 9, cuts the two
plates, the pomnt where 1t cuts a side of the triangle ABC, i the left-hand figure, will
be denoted by 9;, and the pomnt where 1t cuts a side ot the tuangle A’B'C’, m the
right-hand figure, will be denoted by 9,

It will be observed that the lines 7,12;15;, 7,12,15,, mn which the sides of the
trangle formed by the lines 7, 12, 15 cut the sides of the tnangles ABC, A’B'C’, meet
on the lme XYZ

We have now chosen three plane sections of the cubic surface, and we have one more
condition at our disposal This 1s exhausted by the choice of the pomnt 8;, that 1s, the
pomnt where the Ime 8, which cuts the thiee non-ntersecting straight lines 2, 6, 7, cuts
the line 2 This detexmines the line 8, and theiretore the pont 8,

As the hmes 7, 8, 9 are complanar the straight lme 7,8; cuts BC m 9; and cuts
the ine XYZ 1n a pomnt such that the stiaight lme jommng 1t to the pomnt 7, gives the
pomnts 8,, 9,

In a similar way
4, and 9, give 13;

6 , 8 , 10
L, 9 , 11,
2, 8 o, 14
Since 10, 11, 12, and 13, 14, 15 foom tnangles,

10, and 12; give 11, 11, and 12, give 10,
13, ,, 15 , 14 14, , 15,

Lines 1 to 15 are now determined
The remaining hnes 16 to 27 form a double six

Any triple tangent plane which passes through one of these twelve lnes passes
through two of them, and also through one of the lines 1 to 15 We must, therefore, adopt
a different method to find one of the lines 16 to 27

One of them must be found by some quadiatic method, and then all the rest can
be found as before The line 17 was found by a method of trial and eiror from the facts
that 17; lies on BC and 17, on C’4’, and that the paus of hmnes 7,17, 7,17, and 14;17,,

Vor. XVIII 48
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14,17, meet on the hne XYZ All the other pomts were then obtamned by drawing
straight lines m the following order, in which the suffixes are omitted because the
description apphes equally both to the left-hand and to the rght-hand figures

7, 17 give 22
10, 17, 20
9,20 , 25
12,25, 18
13,18 , 23

13,22 , 1Y
12,19, 24

9,24 , 21
15,21 ,, 26
15,20 , 27
10,21 , 16

All the lmes on the surface are now fully determined

The diagrams represent not only the lines used m finding the points, but cach
diagram gives the 32 straight lines which repiesent the intersections with the plane of the
tuangle of each of the 32 triple tangent planes that do not pass through a side of the
triangle  From these 32 straight lnes a sclection of 8 lines can be made to pass
through all the 24 pomnts i the diagram  This selection of 8 lmes can be made m
40 ways The following numbers give such a set of eight stiaight lnes for the left-
hand figure (triangle ABC) —

6, 4,5, 15, 12, 7, 9, 20, 25, 11, 23, 26, 16, 21, 10. 19, 22, 13,
17, 14, 24, 18, 8, 27

It may be noticed that in the left-hand figure the pomts 4 15 he by threes on
eight straight lnes, two of the lines passing through each point

From these eight lines two sets of four can be chosen passing thiough all the twelve
points

We cannot draw a pair of comcs through the twelve pomnts.

Of the remaming twelve pomnts, 16. .27, no thiee lie on a stiaight line, but eight
conics can be drawn, each passing through six pomts, and there aie four pans of conics
passing through all the twelve pomnts.

There are also 48 conics, each of which passes through ¢ pomnts i the diagram, and
12 of which pass thiough each of the 24 pomnts, and from these 48 conics a selection of
4 can be made so as to pass through all the 24 points, such a selection can be made m
168 ways The following numbers give one such set of four comes for the left-hand figure —
17, 4, 5, 18, 12, 7, 6, 20, 25, 15, 23, 26, 9, 21, 10, 11, 22, 13,
16, 14, 24, 19, 8, 27.
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Let us consider the section of the surface made by a plane passing through one of
the lines, for instance, the hne 1 We shall find five pamrs of ponts, 2, 3, 6, 15, 9, 11,
16, 19, 17, 18, on this line and the other sixteen pomnts will he on a come In this
case there are 40 straight lines, each of which passes through three of the points
Through each pont on the comic 5 of the lnes pass, and through each pomnt on the
lme 4 lines pass

Next, let us consider a section of the surface not passing through a line

It will be a cubic curve and the pownts on 1t where the 27 lines cut the plane
lie by threes on 45 stiaight lines, five stiaight lnes passing through each point From
these 45 straight lines a selection of 9 can be made, to pass through all the points Ths
selection can be made 1 200 ways There are, also, 360 conics, each of which passes
through six of the points, 80 conics passing through each pomnt. From these 360 comcs
a selection of four can be made to pass through all the poimnts except three lying on a
stiaight lme  This selection can be made in 168 ways for each particular set of three
pomnts, that 18 1 7560 ways altogethel
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XXI. On the Dynamics of a System of Electrons or Ions. and on the Influence
of a Magnetic Field on Optical Phenomena. By J. Larmor, M.A., F.R.S,,
Fellow of St John’s College.

[Recerved 24 January 1900 ]

THE DYNAMICS OF A SYSTEM OF INTERACTING ELECTRONS OR IONS

1. IN the usual electrodynamic umts the kinetic and potential energies of a region
of aether are given by

T'=(8m) f(a’ + B2+ %) dr,

W= 2#0‘[(]"+ 9>+ 1) dr,

wherem &7 represents an element of volume, (a, 8, ¥) 18 the magnetic force which
specifies the kinetic disturbance, and (f, ¢, h) 15 the aethereal ‘displacement’ which
18 of the nature of elastic straimn  These two vector quantities cannot of course be
mdependent of each other the constitutive rclation between them 1s, with the present
umts,

dy dB da dy dB da d

((T;—d_f’ & dﬁ‘@)””a(ﬁ 9. h),

or say curl (a, B, 7)=41r%(f, g, h),

which restricts (f, g, h) to be a stream vector satisfying the equation of continwity:
1t also confirms the view that (a, B, ) 15 of the nature ot a time-fluxion or velocity
It 1s assumed that (a, B, y) 18 1itself a strcam vector, which must be the case 1if
electric waves are of wholly tiansverse type On substituting in these expressions
(£, m, &), the independent varable or coordinate of powution, of which (a, 8, ) 1s the
velocity, so that (2, B, y)=d/dt(§, 7, ¢), the dynamical equations of the free acther can
be directly deduced from the Action formula

sf(T-W)dc=o.

It 18 well known that they aie 1identical with MacCullagh’s equations for the optical
aether, and represent vibratory disturbance propagated by transverse waves.
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It will now be postulated that the origin of all such aethereal disturbances consists
m the motion of electrons, an electron being defined as a singular pomnt or nucleus
of converging intrnsic strain 1 the aether, such for example as the regions of 1ntrinsie
strain 1n unannealed glass whose existence 13 revealed by polarized hght, but differing
i that the electron will be taken to be freely mobile throughout the medium For
all existing problems 1t suffices to consider the nucleus of the electron as occupying so
small a space that 1t may be taken to be a pomnt, having an electric charge e
associated with 1t whose value 13 the divergence of (f, g, k), that 1s, the aggregate

normal displacement f(lf + mg+nh)dS through any surface S enclosing the electron over

any surface not enclosing electrons this mtegral of course vamshes, by the stream
character of the vector mvolved m 1t Faraday’s laws of electrolysis give a substantial
basis for the view that the value of e 1s numerically the same for all electrons, but may
be positave or negative.

As our mam dynamical problem 1s uot the propagation of disturbances n the
aether, but 18 the mteractions of the electrons which ongimate these disturbances, 1t will
be necessary to express the kinetic and potential energies of the aether as far as
possible m terms of the motions and positions of the electrons The reduction of T
may be effected by ntroducing the auxihary vanable (F, G, H) defined by

curl (F, G, HY=(a, B, v)

Thus T= (37")_’[{((51]; - ((ig) a+ (%g - %) B+ (?g - ((iig) 7} dr

=(8m)" f{(»,G —BH) L+ (aH = yF)ym+ (8F — 2Gyn! dS

AR N

_ , m, ‘ dy dh
_(sw)»['F p db+2/(th+Gdt+Hdt)
fa, B) b

Now 1t follows from the defimtion of (F, G, H) that

(@-2)+

d (dF  dG dH dy dB

ViF - da (dx dy dz) (d;/“dz)
af
==t

with two simlar equations. Solutions of these equations can be at once obtamned by
taking dF/dz+ dG/dy+ dH[dz to be null this makes F, G, H the potentials of volume
distributions throughout the medium of densities f, g, &, together with contributions as
yet undetermimned from the singular pomnts or clections The most general possible
solution adds to this one a part (F,, G,, H,) which 1s the gradient of an arbitrary
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function of position y but this part does not affert the value of (a, 8, y) through
which (F, G, H) has been introduced nto the problem, so that the defimite particular
solution 18 all that 18 required

Now the motions of the electrons nvolve discontinuities, or rather singularities, in
this scheme of functions. One mode of dealng with them would involve cutting each
electron out of the region of our analysis by a surface closely surrounding 1t But a
more practicable method can be adopted. The movement of an electron ¢ from A4 to an
adjacent powmnt B 18 equivalent to the removal of a nucleus of outward radial displace-
ment from 4 and the establishment of an equal one at B: in other words 1t mvolves
a transfer of displacement in the medium by flow out of the pomnt B to the pomnt
A now this transfer can be equally produced, on account of the stream character of
the displacement, by a constramned transfer of an equal amount e of displacement
directly from A to B. Hence as regards the dynamics of the surrounding aether, the
motion of such a singular pomt or electron 1s equivalent to a constramned flow of
aethereal displacement along 1ts path. The advantage of thus replacing 1t will be great
on other grounds 1nstead of an uncompleted flow starting from B and ending at 4,
there will now be a continuous stream from B through the surrounding aether to 4
and back again along the direct line from A4 to B 1in other words the displacement
will be strictly a stream vector, and n passing on later to the theory of a distribution
of electrons considered as a volume density of electricity, the strictly circuital character
of the electric displacement, when thus supplemented by the flow of the electrons, will
be a feature of the analysis

For greater precision, let us avoid for the moment the hmiting 1dea of a pownt-
singulanity at which the functions become infinite. An electron will now appear as an
extremely small volume in the aether possessing a proportionately great density p of
electric charge. Its motion will at each instant be repiesented by an electric flux of
tensity p(a, y, z) distributed throughout this volume, which when added to the aethereal
displacement now produces a continuous circuital aggregate For present purposes for
which the electron 1s treated as a pomnt and the translatory velocities of 1its parts are
very great compared with their rotational velocities, this continuous flow may be condensed
into an aggregate flux of intensity e(&, ¥, z), concentrated at the pomnt (z, y, z)

At each pomnt in the free aether, outside such nucler of electrons, the original
specification of magnetic force, namely that 1ts curl 1s equal to 4wd/dt of the acthereal
displacement, remains strictly valid It has been seen that the effect of the motion
of any specified electron, as regards the surrounding aether, 1s 1dentical with the effect
of an mmpressed change m the stream of aethereal displacement at the place where 1t 18
situated thus the interactions between this electron and the aether will be correctly
determined by treating 1ts motion as such an mmpressed change of displacement. This
transformation however considers the nucleus as an aggregate 1t will not be available
as regards the interactions between different parts of the nucleus: thus n the energy
function constructed by means of 1t, all terms nvolving interaction between the electron
as a whole and the aether which transmits the influence of other electrons will be
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mvolved, but the intrinsic or constitutive energy of the electron 1tself, that 1s the
total mutual energy of the constituent parts of the electron exclusive of the energy mvolved
m 1ts motion as a whole through the aether, will not be included this latter pait 1s 1
fact supposed (on ample grounds) to be unchangeable as regards all the phenomena now
under discussion, the nucler of the electrons bemng taken to occupy a volume extremely
small 1n comparison with that of the surrounding aether*

This principle leads to an expression for the force acting on each ndividual moving
election, which is what 1s wanted for our present purpose But the equations of oidinary
electrodynamic theory belong to a dense distribution of 10ns treated by continuous
analysis, and we have there to employ the averaged equations that will obtamn for an
effective element of volume of the aether containing a number of electrons that practically
18 indefinitely great.

We derive then the equations of the aether considered as contaning electrons from
those of the umform aether 1itself by adding to the changing aethereal displacement
(f, & k) the flux of the electrons of type e(r, y, £) wherever electrons occur In the
transformed expression for I' we can, as already explamned, treat the part of the surface
tegral belonging to the swiface cutting an electron out of the region of 1integration
(as well as any energy wside that surface) as ntinsic energy of the electron, of un-
changing amount, which 18 not concerned in the phenomena because 1t does not 1nvolve
the state of any other electron The contribution fiom the surface integral over the
mfinite sphere we can take to be zero if we assume that all the disturbances of
electrons are m a fimte region the truth of this physical axiom can of course be directly
venfied

We have therefore generally .
T= %f(Fu + Gv + Hw) dr,
wherein

(F, G, H)=f(u, v, w)rtdr

and m these expiessions the total electric current (u, v, w) will consist of a continuous
part (f, g, h) which 1s not electric flow at all, and a discrete electric flux or true current
of amount e(#, y, Z) for any electron ¢ When the electrons are considered as forming
a volume density of electrification, this latter will be considered as continuous true electric
flow constituted as an aggregate of all the different types of conduction current, convection
current, polarization current, etc that can be recognmized mn the phenomena, each beng
connected by an expenmental constitutive relation with the electric force which originates
1t The orbital motions of the electrons 1 the molecule cannot however be thus mcluded
i an electric flux, but must be averaged separately as magnetization Neither the
true current nor the aethereal displacement current taken sepaiately need satisfy the

* For a t;
Unv  Press, 1900

+ It may be formally verified, after the manner of the formula for T in § 2, that this amount tends to a
definite Limit as the surface surrounds the electron more and more closely.

on hat d hines cf. Phil, Trans. 1897 A, or ‘Aether and Matter,’ Ch v1, Camd
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condition of being a stream, but ther sum, the total current of Maxwell, always satisfies
this condition

2 The present problem beng that of the interactions of individual electrons
transmitted through the aether, 1t will be necessary to retamn these electrons as dstinct
entities The value of (F G, H) at any point 1s therefore of type

1df e
F=[ ¥4y 5%
i which r represents the distance of the pomt from the element of volume m the
mtegral and from the electron 1espectively Thus

r= %H(f‘f* + o+ Mhg) 1y dryd,

+ Sei f forgrdr, + Sey f oyt dTy + Zez fh,r,,‘1 dry

+ EZeje, (040 + DY, + £12) 17

m which each pair of electrons occurs only once m the double summation
Also W= 2me? [(f" + g+ ht)dr.

In omitting the trinsic energy of an electron and only taking into account the
energy terms ansmng from the nteraction of its electric flux with the other electric fluxes
m the field, we have however neglected a definite amount of kinetic energy arsing
from the motion of the stiam-configuration constituting the electron and proportional to
the square of 1ts velocity this will be the translational kinetic energy

7 1 s
['h__5 Let (1°+ 32 + %)
or we may write

To=% m (2 + Y2+ 2%),

where m 13 thus the coefficient of meitia or ‘mass’ of the electron, which may either
be wholly of electric origin o1 may contain elements arising from other sources

This transformation has itroduced the positions of the electrons and the acther-
stram (f, g, h) as independent varables It 15 necessary, for the dynamical analysis,
thus to take the aether-strain as the independent vanable, instead of the coordinate
of which (a, B, y) 15 the velocity, which at fust sight appears simpler. For part of
this strain 1s the intrinsic strain around the electrons, and the deformations of the
medium by which 1t may be considered to have been primordially produced must have
mvolved the discontinuous processes required to fix the strain i the medium, as other-
wise 1t could not be permanent or imtrinsic. If the latter coordinates were adopted
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the complete specification of the deformation of the medium must include these processes
of primary creation of the electrons, and the medium would have to be dissected
order to reveal the discontinuities, after the manner of a Riemaun surface in function-
theory*

3  We have now to apply dynamical principles to the specification of the energies
of the medium thus obtamed The question arises as to what @re dynamical principles
It may reasonably be said that an answer for the dynamics of known systems constituted
of ordinary matter 15 superfluous, as the Laws of Motion formulated by Newton practically
cover the case Waiving for the present the question whether the foundations of that
subject are so simple as may appear, the present case 15 one not of ordmary matter
but of a medium unknown to direct observation and 1ts disturbance 1s expressed in
tetms of vectors as to the kinematic nature of which we have heie abstamned from
making any hypothesis

Now the dynamics of material systems was systematized by Lagrange mn 1760 ito
equations which amount to the single vanational formnula

sf(z'- Wyde=0,

m which the vanation 1s to be taken subject to constant time of passage from the
mitial to the final configuration, and <ubject to whatever relations, mnvolved mn the con-
stitution of the system, there may be connecting the vanables when these are not mutually
dependent,—the only 1estiiction being that these latter relations are really constitutive,
and so do not involve the actual velocities of the motion although they may nvolve
the time  This equation 15 known to include the whole of the dynamics of material
systems 1n the most general and condensed manner that 1 possible It will now be
mtroduced as a hypothests that the cognate equation 15 the complete expression of the
dynamies of the wltra-matenal systems here under consideration  Kven m the case of
ordmary dynamnes 1t can be held that there 1s no final resting-place 1 the effort towards
exact formulation of dynamical phenomena, <hort of this Action pimeiple m our present
more general sphere ot operations the very meamng of a dynamical principle must be
that 1t 1s a deduction from the Action principle This attitude will not be uncongemal
to the school ot physicists which 1ecogmzes m dynamical science only the shortest and
most compact specification of the actual course of events

We have then to apply the Prnciple of Action to the piesent case  In the first place
the coordinates i terms of which 7' and W are expiessed are not all independent, for
when the distribution of (f, g, k) 1s given that of the electrons 1s mvolved The connexion
between them 1s completely speaified by the relation

et )i

* More concretely, the relation cu1l (a, 8.9) =47 (f, g, k)  kind whose velocity 18 (a, 8, ¥), that are required to ntro.
mvolves f(If+mg+nh)dS=0 now [(If+mg+nk)dS 18 not  duce the existing int11ng1c strain must imvolve discontinuous
zero but 18 equal to Ze hence the displacements, of the processes Cf *Aether and Matter,” Appendix E

Vor. XVIII 49
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provided this 18 supposed to hold for every domain of integration, great or small, 1t will
follow that the elections are the poles of a circuital or stream vector (f, g, k). If then
we write

Q=f‘l’(g—£+dg+gh)df—20‘1’

the vamational equation will by Lagrange’s method assume the form
8|(T+Ti— W+ Q)dt=0

in which ¥ 13 a function of position, imtially undetermined but finally to be determmed
so as to satisfy the above coundition restricting the mdependence of the coordinates

We have to vary this equation with respect to the displacement (f, g, &) belonging to
each element of the aether, supposed on our theory to be effectively at rest, and with
respect to the position (z, y, 2) of each electron All these vamations bemng now treated
as ndependent, the coefficient of each of them must vanish, at all pomnts of the aether and
for all electrons mvolved 1 1t

We now proceed to the vanation Beanng in mind that so far as regards aethereal
displacement

¥ fFfdr mvolves } f f S fara drdry, that 1s SE£ fi,1 81,87,

because each pair of elements appear together twice i the double integral of a product,
but only once 1 a double summation, we obtamn as the terms mvolving f m the complete
vanation

5 [t [Brir — smwes [ at [ poide +jd¢fwd8fdr,

leading, through the usual integration by parts, to

. d¥
’fFSfdrlt—fdthsfdr—4wc fdszs/df+ fdtff‘llfdydzz-fdtf% 8fdr
The coefficient of 8f must vanish in the volume integral, giving
dF d¥
dref == = e Q)

Similar expressions hold for g and b Agamn, the terms m the varation mvolving the
electron ¢ at (z, y, z) are

Sfdte GF + yG +2H) + 4md [ds (24 7+ )~ sfdw,
yielding as regards variation of the position of this electron
fdte([«'& + G8&y + H8: + adF + ydG + z3H) + mfdt (wdz + y&y + 282) —fdteS\If

m which 8z means the change of the veloaty of the electron, so that we have on ntegration
by parts

|F8w+G8J+H52

fdte{DF&c+dt8(y+ ) (‘ya +——8y+ 8z> }

+m | &8z + y8y +28z -mfdt(w8w+y8y+i81) fdte( 8x+——8y+dq’5)
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where DF/dt must represent the rate of change of F at the electron as 1t moves,
namely

DF dF .dF dF _ dF

dt =%+xa—;+y@+éﬁz.

The vanmshing of the coefficient of 8z for each element of volume gives

e PF, OF 4G dH _ad¥
’"“”(“ @t A Y do "d;u“dw)

. . dF ad¥
=e(mi~8 =G - 5)
Sunilar expressions hold good for my and mz

)

The form of W shows that 4w¢® 1s the coefficient of acthereal elasticity corresponding
to the type of displacement (f, g, h) the night-hand sides of equations (1) are therefore the
expressions for the components of the forcive (P, ¢, R’) inducing aethercal displacement
thus this force, which will be called the aethereal force, 1s given by equations of type

dF dV

2 LA S
Pr= dt  dx

The form of equation (1) shows that the nght-hand side 1s the component ot the
force e(P, @, R) mducing movement of an clection e this force reckoned per umt electric
charge 1s called the electrie force (P, @, R) and 1s given by

. dF d¥
P='yg/—/9z—-?lt—— dz’

or, m terms of physcal quantities only, by
P=qy— Bz+4mwcif

We do not now go imto the case of a magnetically polanzed materal system, for
which wn certamn connexions* (a, b, ¢) replaces (a, 8, v) m this formula

These expressions for the aethereal force and the clectric force, together with a
complete speerfication of the electric current and the experimentally detcrmined constitutive
relations of the medium, form the foundation of the whole of electrical theory

MoTION IN AN IMPRESSED MAGNETIC FIELD

When the electrons or 10ns constituting a molecule desciibe their orbital motions

i a unmform magnetic field (a, By, 7o), its nfluence 13 represented by an addition to the
vector potential (¥, @, H) of the term

(7Y = Bz, @z — o1, Bt — ay)

* Cf loc cit ante

49—2
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Thus T°+T=%Sm(w’+y’+z’)+%2a(i’w+Gy+Hz)+%f(Ff+Gg+Hh)dr

+%2e z y 2 +%j’ f g hdr
z y z z y z
1) Bo Yo Ay ﬂo Yo

As the aether 1s stagnant, so that the position of the element of volume &r 1s
fixed, these new terms will not modify the formula for the aethereal force (P, ¢, R')
unless the impressed magnetic field varies with the time but they will modify the
electric forces acting on the 10ns by the addition of the term

(v = Boz, @i — o, Bo — ay)

THE SYSTEM REFERRED TO A ROTATING FRAME.

It 18 pait of the Action principle, of which the vahdity 1s at the foundation of
this analysis, that 1ts formal expression 18 not affected by constitutive iclations mvolving
the time expheitly, provided they do not wvolve the velocities of the actual motion
Let then the system be ieferred to axes of coordates rotating with angular velocity
(wz, wy, @;) measured with refercuce to their instantaneous positions, these quantities being
either constant or assigned functions of the time For the velocity, instead of (z, y, 2)
there must now be substituted, in the formula for 7— W,

(- yo, + 20y, Y — 20, + 20,, 7 — Tw,+ Yo,),
and for (f, ¢, h) there must be substituted
(= go:+hoy, g = hay+ for, h=fo,+ goo),
while (z, y, 2z) remamn unchanged Referred to these moving axes the kinetic energy,

which was, so far as 1t volves the 1on € (s, ¥, ), given by

To+T=gm@*+72+ 4 +e (Fu, + G:le +Hz)+

1
2
where (F,, G, H,) 1s the value of the vector potential at the pomnt (z, y, z), has
now additional terms which on neglecting the square of the angular velocity are

-y & % L |teal®m oz ‘ +e (-szlFx +,1]13'G1 + 2,8 H)),

!“1 N oa F G Hl;
i
Wy Wy @, wy w,!
, e Fdr
whelen SF, =¥ (E—TT’ + [ ’)
T ™a

=292(myzz_“’zﬁ’/})+f’f’yhz‘wﬂa dr
T at) )

The exact dynamical equations referred to moving axes may now be directly
obtained by application of the Action principle
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As regards the electron e, the first of these terms 1s the same as that due to
an 1mpressed magnetic field given by

2m
(@0 Boy o)== (2, @y, ;).
1
The others give rse to terms in the electric forces which are small compared with
the 1nternal electrodynamic forces of the system 1tself when the angular velocity 1s

small and mn our applications these latter will be themselves negligible compared
with the electrostatic forces

MuTuAL Forces oF ELECTRONS

When a system of electrons or 1ons 18 moving m any manner, with velocities of
an order lower than that of radation, the surrounding aecther-strain may be taken as
at each nstant 1 an equlibrium conformation thus the positional forces between the
electrons are simply their mutual electrostatic attiactions, As 1egards kimetic effects, the
disturbance 1 the aether can be considered as determined by the motion of the electrons
at the time considered, so that the kimetic energy can be expressed entirely m terms of
the motions of the electrons, and the motional forces between two of them are derived n
the Lagrangian manuer trom the term m this total kinetic energy

ee 7 (0 k: + Yy, + 202,) + Hewve v, dir/ds,ds,,
where ds,, ds, ate elements of thewr paths desembed with velocities vy, v, The Weberian
theory of moving electric particles mvolves on the other hand a kinetic energy term
Yeer, 7 (dry/dt)  m the field of the electrodynamics of ordinary cuirents 1t however
yields equivalent results as regaids mechanical force, and the electromotive force induced
round a circutt, though not as regards the electnc force at a pomt

THE ZEEMAN EFFECT

4 On the hypothesis that a molecule 15 constituted of a system of revolving 1ons,
a magnetic field H impressed m a direction (I, m, n) adds to the force acting on an
on of effective mass m and charge e, situated at the pomnt (z, y, z), the term

el (ny — mz, lz —nx, mi —ly),
so that 1ts dynamical equations are modified by change of z, y, 7 nto
z—k(ny —mz), y—«(lz—na), z—x(mz—ly),

where k& =eH/m, e being 1 electiomagnetic units

If the ratio e/me 18 the same for all the 1ous concerned n the motion, so0 18 «,
and this alteration of the dynamical equations of the molecule will be, to the first
order of «, the same as would arive fiom a rotation of the axes of coordinates to
which the system 1s refeired, with angular velocity 3« around the axis of the impressed
maguetic field Hence the alteration produced i the orbital motions 13 simply equi-
valent to a rotation, equal and opposite to this, mmposed on the whole system Each
line m the spectrum would thus spht up nto two lLines consisting of radiations cireularly
polarized around the direction of the magnetic field, and with difference of frequencies
constant all along the spectrum, namely /2w, together with a thud line polarzed so that
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18 electric vibration 1s along the same axis while the frequency 18 unaltered In fact
each Fourier vibration of an 10n, which previously consisted of a component disturbance
of the type of an elliptic harmonic motion, 18 no longer of harmome type when the
precessional rotation 4« 18 imposed on 1t—this precession bemng 1mposed additively on
the different constituents of the total motion: but 1t can be resolved nto a rectilmear
vibiation parallel to the axis, and two circular ones around 1t, each of which maintans
1t8 harmonic type after the rotation 1s mmpressed and thus corresponds to a spectral line,
and which are differently modihed as stated Thesc thiee spectral lines would be expected
to be of about equal mtensities *

It 19 however essential to this simple state of affans that the charges belonging
to all the 1ons that are 1n orbital motion under their mutual influences should be of
the same sign, as otherwise e/m could not be the same for all It 15 also essential
that the 1ons of opposite sign, or the other centies of attraction under which the orbits
are described, should be carried round as well as the orbits with this small angular
velocity 4« 1n so far as they are not symmetiical with regard to 1ts axis

If we admit the hypothesis that the effective masses of these positive 1ons, or other
bodies to which the negative 1ons are attracted, are luge compared with those of the
negative 1ons themselves, this state of superposed umiform rotation of the whole system
may still be expected to practically ensue fiom the mmposition of the magnetic field
For under the action of the mutual constitutive forces in the molecule, the orbital
motions of the larger masses will take place with omaller velocities  As the additional
forces introduced by the magnetic field are proportional to the velocities, they will thus
also be smaller for the positive 1ons Let us then suppose these larger masses to be
constramned to the above exact uniform rotation, with angular veloeity ', along with
the negative 1ons, and find the oider of magnitude of the forces that must be impressed
on them m oider to mamtain this constiamt  The motion of the negative 10ns will,
as has been seen, be entirely free, the foices duc to the magnetic field exactly suffieng
to induce the ddditional rotational motion As regards a positive 1on of effective mass
m, the radial and transversal forces, m the plane perpendicular to the axis of the
magnetic field, that are required to mamtain the motion will be altered from

. d
m (¥ — re®) and ?dt(rw)

to m {# =7 (0 + o)} and %%{r‘(w+w')}
Thus, ' being small compared with w, the new forces required will be

m d
- 2mrwe’ and g (re'),

dt

whereas the force arwsing from the magnetic field acting on an 1on moving with velocity
v 18 2mve’ at right angles to its path, These two systems of forces are for each 1ion
of the same order of magmtude thus the forces required to mamntamn the imposed

* For more detailed statement, cf. P May , Dec 1897
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umform rotation 1n the case of the massive positive 1ons are small compared with the
magnetic part of the forces acting on the negative ions If these maintaining forces
are absent, the system can still be regarded as a molecule m 1ts undisturbed motional
configuration rotating with umform angular velocity, but subject to disturbing forces equal
and opposite to those required to thus mamntamn 1t Now this undisturbed motional con-
figuration 18 a stable one thus the effect of these «light disturbing forces 1s to modify 1,
but to an extent much smaller than the unmiform rotation induced by the magnetic field

Our proposition 13 thus extended to a molecule consisting of an nteracting system,
constituted of equal negative 10ns together with much more massive positive 1ons, and also
if so demanded of other massive sources of attiaction It would however be wrong to
consider each negative election as desenibing an imdependent elliptic orbit of 1ts own,
unaffected by the mutual attiactions exerted between 1t and the other moving negative
electrons  for the attractions between 1ons constitute the mamn pait, if not the whole, of
the forces of chemucal athmty  But without 1equiring any knowledge of the constitution of
the molecular orbatal <ystem, the Zeeman tnpheation of the lines, with equal intervals
of frequencies for cach line, will hold good wherever the conditions here stated obtamn

It appears from the obscivations that the difference of frequencies of the components
magnetically separated 18 not constant for all lines of the spectrum so that this simple
state of affairs does not hold in the molecule The difference of frequencies seems however
to be sensibly constant for those lines of any element which belong to the same series, as
well as for those Iines of homologous elements which belong to corresponding series*, a result
which cannot fail to be fundamental as regaids the dynamical structure of molecules, and
which supports the suggestion that in a general way the lines of the same series arise
from the motions of the same 1om or 1omec group m the molecule, executed under similar
conditions The directions of the creular polanzations of the constituent lines were shown
by Zceeman to be 1n general such as would cortespond m this kind of way to the motions
of a system of negative 10ns 1 a steady field of force

It remams to be considered whether we are 11ight i thus taking the stresses
transmitted between the elections, through the aether, as those ansing from the con-
figuration of the electrons alone, and mn neglecting altogether the motional forces between
them The former assumption 15 equivalent to taking the stramm in the surrounding
acther to be at each mstant 1 an equilibrium state this will be legitimate, because
an aethercal distuibance will travel over about 10*° diameters of the molecule mn one
of the pertods coucerned,--the enor 15 1n fact of order 10=%. The motional forces between
two electrons are of type, as 1egaids one of them,

$ d d &8, + § Y + 212, diry
( ) lel (— I) ’

&t dz,~ da) © T i g

To obtain a notion of orders of magmtude, let us consider the special case of two electrons
+ ¢, —e describing cucular oibits round each other with radius »  Then mv?/3r=c2e?/r?,

* Preston, Phil Mag , Feb. 1899
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while Zeeman’s measurements give e/m=10": thus v*=jc*¢}/mr, so that, taking r to be
10-%, e=10"%, we obtamn v=10 *c, thus the orbital period comes out just of the order
of the periods of ordinary hght, which 13 an independent indication that the general
trend of this way of representing the phenomena 1s legitimate ~ With these orders of
magmtude, the terms in the motional forces between two electrons are of orders ee,z/r,
e,exc’/r* as compared with their statical attraction of order c¢ee/r* and the forces ansing
from the impressed magnetic field H of oider ezH, the ratios are thus of the order
of 10™* to 1 to 3 10°H  Thus when H exceeds 10° the forces ot the impressed magnetic
field are more mportant than the motional forces between the 10ns, and in all cases
the effects ariing from these two causes are so swmall that they can be taken as
independent and simply additive

Tue ZeeMAN Errect oF GYRosTATIC TYPE

5 Sensible dampmg of the vibrations of the molecule owing to radiation cannot
actually come into account, because the sharpness and fixity of position of the spectral lines
show that the vibrations subsist for a large number of periods without sensible change of
type In fact 1t has been seen above that the motion of the system of electrons, on the
most general hypothesis, 18 determmed by the prlncx};le of Action 1 the form

SJ(T— Wydt=0

where T'=4Sm(P+y'+2)+33«| e § 2
Ty z
Ilom n!

thus 1t comes under the same class as the motion of a dynamical system mvolving latent
constant cyclic momenta, the Lagrangian function for such a system, as modified through
the elimnation of the velocities corresponding to these momenta by Routh, Kelvm, and
von Helmholtz, bemg of this type  The influence of the impiessed magnetic field 1s thus
of the same character as that of gyrostatic qualty mmposed on a free system- and the
problem comes under the geneial dynamical theory of the vibiations of cyche systems*  In
the special case above considered of massive positive 1ons, we can thus assert that the
motion 1elative to the moving axes 1s the same as the actual motion of the system with
its period altered through shght gyrostatic attachments to these positive 1ons It 15 more-
over known from the general theory of cychic systems that each free period 18 either wholly
real or else a pure mmaginary, whenever the unmodihed system 1s stable so that 1ts
potential energy 1s essentially positive thus on no view can a magnetic field do anything
towards extingmishing or shortening the duration of the frce vibrations of the molecule,
1t only modihes their periods and introduces differences of phase between the various
coordinates nto the principal modes of vibration of the system.

In the general case when « 18 not the same for each 10on 1n an independently vibrating
group 1 the molecule, the simple solution in terms of a bodily rotation fails, and 1t might

* Cf Thomson and Tait, Nat Phil, Ed 2, Part I pp. 370—416
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be anticipated that the equation of the free periods would involve the onentation
of the molecule with regard to the magnetic field. But 1if that were so, these
periods would not be defimte, and mstead of a sharp magnetic resolution of each
optical line there would be only broadening with the same general features of polar-
1zation To that extent the phenomenon was in fact anticipated from theory, except as
regards 1ts magnitude The definite resolution of the lines 1s however an addition to
what would have been predicted on an adequate theory, and thus furmshes a clue
towards molecular structure

A PossiBLE ORIGIN OF SERIEs OF DoUBLE LINEs

The definiteness and constancy 1 the mode of decomposition of a molecule into
atoms shows that these atoms remain scparate structures when combined under their
mutual mfluence 1 the molecule, mstead of being fused together Each of them will
therefore preserve periods of wvibrations, shghtly modified however by the
proximty of the other one. For the case of a molecule containing two 1dentical atoms
revolving at a distance large compared with their own dimensions, each of these
wdentical periods would be doubled* thus the series of hnes belonging to the atom
would become double lines 1 the spectium of the molecule Tt has been remarked
that the series n the spectra of mactive elements like argon and hehum consist of
single hnes, those of umvalent clements such as the sodium group where the molecule
consists of two atoms, of double lines, while those of elements of higher valency appear
usually as tnple lines

its  free

In other words, a diad molecule consists of the two atoms rotating round each
other with but shght disturbance of the imternal constitution of each of them Their
vibrations telative to a system of axes of reference rotating along with them will thus
be but shghtly modified 1elative to axes fixed i space there must be compounded
with each vibiation the effect of the rotation, which may be either right-handed or
left-handed with respect to the atom thus on the same principles as above each line
will be doubled It the lmes of a spectial series are assumed to belong to a definite
atom 1n the molecule, those of a molecule consisting of two such atoms would thus
be a system of double lmes with mtervals equdistant all along the series, but in this
case without defimite polarizations

But 1f the constituents of the double lmes of a series were thus two modifi-
cations of the same modes of the simpler atomic system, 1t would follow that they
should be simlaily affected by a magnetic field This 15 not always the case, so that

* In illustration of the way this can come about,
consider two parallel eylindrical vortex columns of finite
section 1n steady rotation round each other Each by
1tself has a system of free periods for crispations running
round 1ts section when one of them 18 rotating round the
other, the veloaity of the crispations which travel n the
direction of rotation 18 different from the velocity of those
that travel i the opposite dnection thus the period of

Vor. XVIIIL

revolution 18 different, and cach single undisturbed period
becomes two adjacent disturbed periods Analogous con-
siderations apply to the interaction of the two atoms of the
molecule, rotating round each other

According however to Smthells, Dawson, and Wilson,
Pinl Trans 1899 A, 1t1s the molecule of sodium that gives
out the yellow light, that of sodium chloride not being
effective

50
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this kind of explanation cannot be of umversal application 1t would be 1uteresting to
ascertain whether the Zeeman effect 1s the same for the two sets of constituents of a
double series such that the difference of frequencies 1s the same all along it. At any
rate, uniformity 1 the Zeeman effect along a series of les 1s evidence that they
are all connected with the same vibrating group 1dentity of the effect on the two
constituents of a doublet 13 evidence, as Preston pownted out, that these belong to
modifications of the same type of vibration

NATURE OF MAGNETIZATION

6 The proposition above given determimes the changes n the periods of the
vibrations of the molecule 1 the circumstances there defined But 1t 13 not to be inferred
from 1t that the imposition of the magnetic field meiely superposes a shght uniform
precessional motion on the previously existing orbital system That orbital system will be
itself shightly modified m the transition For instance, i the 1deal case of the magnetic
field bemng 1mposed 1nstantancously, the velocities of all the electrons in the system will
be continuous through that instant hence the new orbital system on which the precession
15 umposed will be the one corresponding to velocities i that configuration which are
equal to the actual velocities dimimshed by those connected with the precessional motion

On the usual explanation of paramagnetic induction, the steady orbital motion of each
electron 13 replaced by the umform electiic current circulating round the orbit which
represents the averaged effect the ciremit of this current 1s supposed to be ngid <o
that the averaged forcive acting on 1t 1s a steady torque tending to turn 1t across the
mposed magnetic field This mode of representation must however ¢ priwory be 1ncom-
plete for example 1t would make the coefficient of magnetization per molecule 1n a gas
mncrease markedly with length of free molecular path and thereforc with fall of density,
because this torque would have the longer time to orientate the molecule before the
next encounter took place It appears from the above that the tiue effect of the imposed
magnetic field 13 not a continued orientation of the orbits but only a shght change m
the orbital system, which 1s proportional to the field, and 1 the simple circumstances
above discussed 15 made up of a precessional effect of paramagnetic type, accompanied
by a modification of the orbital system which 1s generally of diamagnetic type, both
presumably of the same order of magmtude and thus very small

The recogmition of this mode of action of the magnetic field also avoids another
discrepancy  If the field acted by oncntating the molecules 1t must induce dielectric
polarization as well as magnetic- for each molecule has its own averaged electric moment,
as revealed by piezvelectric phenomena, and regular omentation would accumulate the
effects of these moments which would otherwise be mutuallyjdestructive But there is
nothing either in the disturbance of the free orbital system nto a shghtly different
free system, or i the precession imposed on that new system—nor in a more general
kind of action of the same type,—which can introduce electric polarization
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The polanzation of a dielectric medium by an 1mposed electric field 1s effected n a
cognate manner. The electric force shghtly modifies the orbital system by exerting
opposite forces on the positive and negative 1ons In this case these forces are inde-
pendent of the velocities or masses of the 1ons The fact that the polanzation 18
proportional to the inducing field shows that the influence produced by the field on the
orbital system 1s always a shght one Yet the numerical value of the coefficient of
electric polarization 18 always considerable, 1n contrast with the very small value of
the magnetic coefficient, which arises from the very great mtrinsic electiic polanty
of the molecule, due to the magmtude of the eclectiic charge e of an 10on. Taking the
effective molecular diameter as of the order 10~ cm, there will be 10* molecules per
unit volume 1 a sohd or hqud, and the aggregate of then mtrmsic electiic polarities may
be as high as 10* 10~*ec electrostatic units, where ec 19 3 1072, Now the moment
of polarization per unit volume for an mducing field F 18 (K — 1) F/8w, thus even for very
strong fields this nvolves very slhight change in the orbital configuration A similar
remark apphies to the polanzation induced by mechanical pressure in dielectiic crystals It
would be unrcasonable to expect any aggiegate rotational effect around an axis, such
as constitutes magnetization, from the polanzing action ot an electiic field, mn fact 1f 1t
were present, reversal of the direction of the field could not affect 1ts total amount
considered as arising fiom molecules orentated 1n all directions

The possibilities as regards the aggregate trinsic magnetic polarities of all the
molecules ate of the same high order, viz edAn/r, wherte A 15 the area and 7 the period
of a molecular orbit, which 1s elnv or 107% per cubic centumetre, where » 13 the velocity
i a molecular orbit whose linear dimension ! 1s 10~* Thus the superior hnt of the
magnetization 1f the molecules were all completely orientated would be of the order
10%, which 1s large cnough to include even the case of iron if » were as much as one
per cent of the veloeity of radiation

In the case of iron a marked discrepancy exists between the enormous Faraday
optical effect of a very thmm sheet 1n a magnetic tield on the one hand, and the shght
Zeeman  cffect of the radiating molecule, as also the absence of peculianty n optical
reflexion from uon, and the absence of special mfluence on Hertzian waves, on the other:
which must be mn relation with the cucumnstance that at a moderately high temperature
the ron loses 1ts intense magnetic quality and comes into hne with other kinds of matter.
This suggests the explanation that the magnetization of iron at ordinary tempeiatures
depends essentially on retentiveness, owing to facility possessed by groups of molecules for
hanging together when once they arc put into a new configuration This 15 the well-known
explanation of the phenomena of hysteresis, which can be cffectively dimimshed by
mechanical disturbance of the mass In soft iron the magnetic cohesion would be less
strong and more plastic, and thus readily shaken down Dby shght disturbance in the
presence of a demagnetizing field, so that retentiveness would not be promnent It 1s
concewvable that the primary effect of an inducing field 13 to shghtly magnetize the
different molecules that then the molecules thus altered change their condition of
aggregation, and so are retammed mutually i new positions independently of the field,

50—2
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the effect persisting 1f the field 18 gently removed. that the field can then act afresh on
the molecules thus newly aggregated and so on by a sort of regenerative process,
the indueing field and the 1etentiveness mutually 1emnforcing each other, until large
polanzations arc reached before 1t comes to a himt. For hard iron these accommodations
take place more rapidly than for soft iron, when the field 18 weak, and thus are of sensibly
elastic character over a wider 1ange cf Ewing, Magnetic Induction, 1892, ch vr.

ON THE ORIGIN OF MAGNET0-0PTIC ROTATION.

7 The Faraday magneto-optic rotation 1s obviously connccted, through the theory
of dispersion, with the different alterations of the free periods of right-handed and
left-handed vibrational modes of the molecules, that are produced by the impressed
magnetic field The ascertained law (wnfra) that the mean of the velocities of the
two kinds of wave-trams 1s cqual to that of the unaltered radiation, shows that the
phenomenon 1 fact arises wholly from this difference, and 13 not accompamed by
temporary structural change 1 the molecule such as would nvolve alteration of the
physical constants of the medium

The general relation connecting the refractive index p of a tiansparent medium
with the frequencies (p,, p;,  pa)/2m of the prmcipal free vibrations of 1ts molecules,
which are so gieat that radiation travels over 10° molecular diameters n one period,

o
18 of type pol . 4
#‘+2 "pz_pra'

m which 4, 1s a constant which 18 a measure of the mmportance, as regards dispersion,
of the free pimcipal period 27/p, The quantity on the right-hand side of this equation,
of form f(p?, 1s a function of the averaged configuration of the molecule 1elative to the
aethereal wave-tiain that 13 passing over 1t Now consider a circular wave-train, say
a nght-handed one, passing along the dnection of the magnetic field on the hypothesis
that the spectrum consists of a single series of hnes for all of which « 15 the same,
the mfluence of this tramm on the corresponding right-handed vibrations that 1t excites
m the molecule will be to superadd a 1rotation of the molecule as a whole with angular
velocity 4«  This will modify the counfiguration of the vibrating system relative to the
circular wave-tramn passing over 1t mn the same way as 1if an equal and opposite angular
velocity were nstead mmpaited to the wave-train  Thus the actual effect of the magnetic
field on the hight will be the same as would be that of a change i the frequency
of the hght from p/2w to p/2w + «/4ar, the latter term arsing fiom this 1mposed angular
velocity the value of the magneto-optic effect may thetefore mn such a case be derived
from 1nspection of a table of the ordinary dispersion of the medium

The velocity of propagation of the tiain of circular waves will, on this hypothess,
be derived by writing p—4« or p+ 4« for p according as the tramn 18 right-handed
or left-handed, thus giving when «* 1s neglected,

w=1l_g _Ar
w2 TP Eap -t
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For the case when there 18 only a single free period this result comncides with FitzGerald's
formula (Roy Soc Proc. 1898), which has been shown by him to give the actual order
of magmtude for a Faraday effect as thus deduced from the Zeeman effect

If we were to consider that cach system of lines in the spectrum anses from an
independently vibrating group of 1ons 1n the molecule, as (supra) there may be some
temptation to do, then the value of (u*—1)/(u*+2) 1n this formula would be obtained
by addition of the effects of these independent groups thus if the value of the Zeeman
effect were known for cach lne of the spectrumn of any substance, and the law of
dispersion of the substance were known, the Faraday effect could be deduced by cal-
culation. To our order of approximation we should have

(p. - 1) s +x,.A P
w2 (p* = pr¥
the circumstance that the mean of the velocities of propagation 1s unaltered pomts to the

A coefhcients being unaffected by the magnetism, thus suggesting absence of change n
the mean conformation, as already remarked

For the case mn which the fice periods that effectively control the dispersion all
belong to the same series of spectral lines, so that « 18 the same for all of them, the
formula for the dispersion need not come into the argument The influence of the
impressed magnetic ficld on the dex of refiaction of circularly polanzed light 1s then the
same as the change of p to p+ 4k according as the polanzation 18 left-handed or right-
handed. Because that mfluence 15 equivalent to rotation of the optically vibrating molecule
with angular velocity 4, the molecule will now be related m the same way to a wave-
tram with angular velocity p +3x as 1t was previously to one with angular veloaity p

Thus hght corresponding to angular velocity p 1s now propagated with veloaity V + 4« X

mstead of ¥V Now if A be the wave-length m a vacuum and u the 1efractive index,
we have V=0/u, p=2mc¢/A and the rotation of a plane of polarization tor a length
U of the medmm, bemng 4p multiphed by the difference of times of tiansi, 15

V= Vy) 2me/n, which 1s wle §V/V2,

where §V= de/dp:;';dy."/d)»‘“, so that the result 18 —lx g’)—t
This expression, 1} 7» , for the coeffictent of magnetic rotation as a function of the

wave-length, has been given by H Becquerel* and shown by hun to be in good
agreement with actual values as 1cgards order of magmitude, and also with Verdet’s
detailed observations along the spectrum 1 the cases of carbon disulphide and creosote
The restriction on which it 18 here based, namely that the dispersion 13 controlled by free
pertods for all of which the Zeeman constant 1s the same, can be neglected for the case
of the anomalous dispersion close to an absorption band, because there the dispeision

* Comptes Rendus, Nov 1897 1t was based on the assumption that the magnetic ficld involves rotation of the
aether with veloaity 4«
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18 controlled by that band alone®: thus the Faraday effect 18 there very large and of
anomalous character, 1 correspondence with the experimental discovery of Macaluso and
Cotbino, From another aspect of the same effect, we can conclude that light of any given
period, very near a natuial free period of the medium, will travel in 1t with sensibly
different velocities according as 1ts mode of vibration corresponds to one or other of

two principal types, elliptically (or mm a special case circularly) polarized in opposite
directions, and thus will exhibit phenomena of double refraction

THE INFLUENCE OF ROTATIONAL TERMS ON OPTICAL PROPAGATION

8 The putely formal, 1¢ non-molecular, theory of the magnetic influence on optical
propagation may be developed m a simple and direct manner, by use of the device of
a revolving coordinate-system as above employed In a non-magnetizable medium the

exact relations connecting the magnetic force (a, 8, ), the electric force (P, @, R), and the
electric current (u, v, w), are of types

dy d8_ dR dQ_ da

d_y—_dz—‘hm’ dy " d: " " dt’

y d (dP dQ  dR\ _, du

Thus VP‘a;(*dw‘“a‘y*dz‘)“"’}ﬁ’

which will lead to the differential equations of the propagation when m 1t (, v, w) 1s
expressed 1 terms of (P, ¢, R) by means of the constitutive relation connecting them
Now for the aethereal elastic displacement we have (f, g, k)= (4mc?) (P, @, R).
To determme the nature of the most general formal connexion between the materal
polanization (f’, ¢, k') and the electric force, that we are at hberty to assume without

mplying perpetual motions, we must make use of the method of energy The encrgy
of this electric polanzation in any region 1s

W=y f(Pf' + Qg + R)dr,

where &7 15 an element of volume thus 1its intensity per umt volume 15 a quadratic function
of (P, Q, R), and possibly also of d/dt(P, Q, R) and of the spacial gradient of (P, Q, R),
and 1t may be of gradients of higher orders as well 1f the first time-gradients alone are
included we thus have the expression

F\(P, Q R)+ay PAP/dt+ +a,PdQ/dt +ayQdPldt + . .,

F, denoting a quadratic function The variation of this cnergy must from the defimtion
of (P, @, R) as the forcc moving the electrons, be

SW= f(P&f’ +Q8g + Rok) dr

=38 f (Pf' + Qg + RK)dr— f( F'8P + ¢'5Q + K'3R) dr,

* Cf Proc Camb Phil. Soc, Mar 1899 for sumlar who, by introducing dispersional terms of a certain simple
explanat; but restricted to 1 diry , of  type including a frictional part into the equations of optical
Macaluso and Corbino, Rend Lince:, Feb 1899 P mar 1 d finds that each ab-

¥
Reference should also be made to the converse pro-  sorption line 18 tripled, but with an asymmetry mtroduced
cedure of Voigt (ef Annalen der Physik 1 1900, p. 890), by the frictional term.
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so that, transposing,
W= f( F'8P +¢'5Q + K'SR)dr,
m which the independent varable 1s now (P, @, R)

On conducting the vamation in the usual manner, and reducing from d3P/dt to 8P
by partial integiation with respect to tune (such as necessarily enters in the reduction
of the fundamental dynamical equa.tmn of Action) this leads to a relation of type

a dQ a, dR
f= dP S wo dt " b dt
where (‘11 . Ay, a’)/47r('2 = (Ao — Aga, Ay — sy Wy — Agy)

When the system 1s referred to 1ts prmeipal dielectric axes,

“lpy Kl X

F, .—_-
* 8 ¢! 8ror

870’

This analysis shows that rotational qualhty in the relation connecting (f', ¢/, V)
and (P, @, R) can come n through terms n the cnergy function that involve the
time-gradients or, a3 may be shown m a similar manuner, 1t may enter through terms
mvolving the space-gradients but not otherwise The latter terms introduce rotational
quality of the structural type, with which we are not now concerned The former terms
lead to the magnetic type of rotation, here related to the vector (a,, @, a;), which
must be determined by the impressed magnetic field or other exciting cause of vector
character the existence of such mixed terms, nvolving (P, @ R) aund d/dt(P, Q, R),
mn fact adds to the polarzation a part at right angles to d/dt (P, Q R) and to this
vector (a;, a,, @), and equal to their vector product divided by 4mc?, which 1s 1n all cases
entirely of rotational character Terms of the form of a quadratic function of the
gradients of (P, @, R) by themselves would merely modify the form of the function
F, so that 1its coefficients depend 1n part on the period of the vibration, that 1s, they
would be merged 1n optical dispersion of the ordinary type -The question also arises
whether the ordinary dielectric constants, namely the coefficients of the function F,(P, @, R),
are sensibly altered by an impressed magnetic field This point can be settled by aid of
the principle of 1eversal When the electric force and the impiessed magnetic field and
the time are all reversed, the effect on the imduced electric polarity must be simple
reversal hence a reversal of the magnetic ficld cannot affect the coefficients m F,(P, Q, R)
hence these coefficients must depend on the square or other even power of the impressed
magnetic field but the rotational terms depending on its first power are actually very
small, thercfore any terms depending on 1ts second power are wholly neghgible This 15 1
accord with Mascart’s experimental result

The nght-hand sides of the cquations of propagation 1n the material medium, as
above indicated, can thus, for light of period 27/p, be ecxpiessed n the form

po (K g - g+ oG

LdQ_ dR, P LR dP . dQ
Kap? g =gt ay Kp”gp—a dt'“"dt)
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In the case of an isotropic medwm for which K,, K,, K, are each equal to K, these
equations of vibration can be restored to their normal form, when the square of the
magnetic effect 18 neglected, by employing a coordinate system rotating with angular
veloaity $K ~'p*(a;, ay, @) Thus the effect of the impressed magnetic field 18 that the
vibrations of the electric force, propagated as if that field were absent, are at the same
time carried on by a motion of unmiform rotation around 1ts axis so also, 1n vutue of
the second of the above circuital relations, are the vibrations of the magnetic force The
electric force 19 not exactly on the wave-front because under the magnetic conditions 1t
18 not exactly arcuital the magnetic force 18 exactly on the wave-front Thus we have
the direct result that a plane-polarized train of electric vibrations, of wave-length A,
travelling along the direction of the impressed magnetic field H, 1s rotated around its
direction of propagation through an angle proportional to eH/KA* per umit time, so that
the rotational coefficient per umt distance 18 proportional to eH/K 132 where € 15 1tself
affected by dispersion and 18 thus to a shight extent a function of the wave-length When
the wave-train 18 not travelng m the direction of the magnetic field, 1t 1s the com-
ponent of H along the normal to the wave-front that 1s effective the other component
of the rotation, around an axis 1 the plane of the wave-front, then gradually deflects
the front so as to produce curvature of the rays, but so cxcessively shght aus to be of no
account  The magnetic effect 15 thus a purely rotational one whatever be the direction of
the wave-train with respect to the field and the phenomena in an 1sotropic medinm may
be completely described kinematically on that basis

When the medium 18 crystalline, 1ts rotational quality 1s mixed up with 1ts double
refraction  yet m ordinary crystals the differences between K, K,, K, are shght, so that
the phenomena are still approximately represented by each permanent wave-train, polarized
mn the manuer corresponding to 1ts direction of propagation, rotated around that duection
with veloeity proportional to the cosine of the angle 1t makes with an axis which need not
now be the axis ot the impressed magnetic field

This direct method of exhibiting the nature of the effects may also be applied to the
case of structural rotation, n which by an argument similar to the above, but dealing with
energy-terms 1volving space-gradients of the electric force, we obtain for the material
medium a constitutive relation of type

P d dR
A (f', ¢, h)=(K,P+a,d8—a, dy
dR dP dP d
K,Q+ P U KR +a, dy -, ~[Q—),

when the puncipal axes of the rotational quality concide with those of the ordinary
dielectric quahty For a plane wave-tramn travelling in the direction (I, m, n), for which

(P, Q R) xexp: 2):,' (lz+my + nz-Vt),
p=2rVN, V=cK™,
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this may be expressed in the form
smr ' == (Ram Gt G )

so that, when K,, K, K, are each equal to K, the equations of propagation are reducible
to the normal form for a non -rotational medium by imparting to the coordinate axes a
veloaity of rotation 2micK )»"(lu,, ma,, nag), which mmplies a coefficient of rotation of a
plane-polarized wave equal per umt distance to 2w2K—'A~2(la,, ma, nas) where X\ 1s the
wave-length 1n vacuum, This 18 the law of rotation for wave-trains travelling m various
directions 1n a simply refracting medium with aeolotropic rotational quahty This law
also applies approximately to crystals such as quartz, masmuch as the difference between
the principal refractive indices 19 not considerable 1n quartz the vector (a,, @, @;) must
by symmetry commcide with the axis of symmetry of the ecrystal thus the coefficient of
the cffective component, that normal to the wave-front, of the imposed rotation for a
wave-train that travels mn a direction making an angle 6 with that axis 13 proportional
to cos? , not to cos  as in the magnetic case In this case the rotational effect 1s
superposcd on the double refraction, so that a plane-polanzed wave instead of being
simply rotated will acquire varying elliptic polarization 1t 15 however a simple problem
m kinematies* to determine the types and the velocities of the two elhptically polarnzed
wave-tiains that will be propagated without change of form under the two mfluences,
cach supposed shght

It appears from this discussion that magneto-optic rotation 15 a phenomenon of
kmetic origm, related to the free periods of the molecules and not at all to thewr
mean polatization under the action of steady electiie force 1t 13 theretore cntunely of
dispersional  character

Again the mtrinsic optical 10tation of 1sotropic chiral media 1s 1epresented by a con-

stitutive relation of type
P S (A
4 U’ dz dy
showing that the rotational term 13 proportional to the time-gradient of the magnetic field :
this effeet would thercfore be entirely absent in statical encumstances, and only appears
sensibly 1 vibratory motion of very high frequency In this case no physical account of the
origin of the term has been forthcoming we have to be content with the knowledge that
the form here <tated 15 the only one that 19 admisable mn accordance with the principles
of dynamics
As the 10otatory power, of both types, 1s thus connected with the dispersion as well as
the density of the material, 1t 15 not strange that attempts, expenimental and theoretical,
to obtain a sumple connealon with the denwity alone, have not led to satisfactory results
The existence of a definite rotational constant for each active substance has formed the
main experimental 1esource 1n the advance of stercochemical theory but the present
considerations prepare us for the fact that no definite relations connecting rotational power
with constitution have been found to exist,—that the quahty, though defimte, 15 so to
speak a shight and accidental one, or rather one not directly expressible mn terms either of
crystalline stiucture o1 of the main constitutive rclations with which chemistry can deal
* Cf Gouy, Jowrn de Phys, 1885, Lefebvre, loc cit, 1892, O Wiener, Wied .inn, 1888
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GENERAL VIBRATING SYSTEM IN WHICH THE PRINCIPAL MODES ARE CIRCULAR

9. Woe are entitled to assert, on the basis of Fourier's theorem, that any orbital
motion which exactly repeats itself with a definite period can be resolved into constituent
simple clliptic oscillations whose periods are equal to its own and submultiples thereof
Such a motion would therefore correspond to a fundamental spectral line and 1ts system
of harmonies The ascertained absence of harmonics in actual spectra shows either that the
period corresponding to the steady orbit 18 outside the optical range, or else that the steady
motion emits very little radiation as i fact 1ts steadiness demands The radiation woulc
then amse from the varous indepeudent modes of disturbance, each of elliptic type o1
account of the absence of harmonics, that are superposed on the steady orbital motion

To ascertain the nature of the polarnzation of the vibrations when in a magnetic field
we have first to decompose each orbital motion into 1ts harmonic constituents, which are
elliptic oscillations each of the latter can be resolved mnto a linear oscillation parallel tc
the axis of the magnetic field, another at right angles to 1t, and a circular oscillatior
around 1t, and of these the second linear oscillation can be resolved into two equal circula
oscillations 1n different senses around 1t Now when the umform 1otation around the axi
18 superposed on the components they all continue to be of the requisite simple harmon
type, but the periods of the two circular species,—which as has been seen are of amphtude:
different as regards the various molecules but equal in the aggregate,—become different
they are the three Zeeman components

Nothing short of complete circular polarization of the constituent vibrations of permanen
type m each molecule will account for the complete circular polanzation of each of the
flanking Zeeman hues  If these vibrations were only elliptical, but propagated with differen
velocities according to the sense i which the orbit 1s described, each would be equivalen
to a circular vibration together with a linear one and as the total 1llumination 1s the sun
of the contributions from the independent molecules, the circularly polamzed light woulc
then be accompanied by unpolanized hght of the same order of mtensity This restrictior
of type of vibration suggests the employment in the analysis of variables each of whicl
corresponds to a circular vibiation, as do the £ % variables 1 what follows

For simpheity let us take the axis of z parallel to the mmpressed magnetic field, anc
let (X, Y, Z) represent the statical forces transmitted by aether-stiamn from the other 1om:
mn the molecule to a specified one The equations of motion of that 1on are

m(@—«y)=X, m@G+ei)=Y, mi=2

We now make no assumption with regard to the magmtude of the electric charges anc
effective masses of the various ions, which may differ 1 any manuer. In this 1on let w
change the vanables to

E=a+wy, n=z—uy,
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so that 2=F+17, 2zy=E—7,,
d_d d d_d d
and therefore 2d—5=3,_v—‘@' 2%=Tw+‘@’
the equations become .
m(E+uf)=X +.7,
m(n—uei)=X = .,
mz =Z

If therefore X +.Y 1s a function only of the § coordinates of the electrons, and X —.¥
a function only of the % coordinates, and Z only of the z coordinates, these groups of
coordinates will be determined from three independent systems of equations

On our hypothesis of 10ns moving with velocities of an order below that of radiation,
the mutual forces acting on them are demved from a potential energy function: thus

d d d

where &k may be supposed to vary from one 10on to another, being equal to the electne
charge when the mutual forces are considered to be wholly of electe orign. Then

1 . 2kdW 1 2k dW

w Xt == m &) ==

The solution of the complete system of equations, thiee for each 10n, will 1n any case

mvolve the expression of £ 9, z for each 10n as a sum of harmonic terms of the form et
each with a complex numerical coefficient, but when the coefficients of one of them are
assigned those ot the others are determined The vibration for each 1on 19 thus compounded
of a system ot elliptic haimonic motions of defimte forms and ph{mes Their components 1n
the plane & % will be circular vibiations only when the £ and 7 coordinates vary inde-
pendently of each other. that 1s when dW/dy 1s a function of the £ coordinates of the 1ons
alone and d W/dE a function of the n coordinates alone This condition can only be satisfied,
W being real, when 1t 1s a hmear function of 2? and of products of the form g9, or &7,-
1t may thus be any quadratic function of the coordinates whieh 1s nvariant i form as
regards rotation of the axes of «, y around the axis of z. Under these circumstances the
free periods for £ coordinates, n coordinates, and z coordinates will all be independent, and
either real or pure imaginary* 1n an actual molecule they will be real. For example a
permanent vibration of £ type will be represented by

£ = Sd,ertre,
a, being chosen so that A, 1s real thus
z,=3A,cos(pt+a,), y=2IA,.sm(pt+a)
representing a series of nght-handed circular vibrations, each series having defimite phases
and also amphtudes in definte ratios for the various 1ons. Agamn for the 5 type we have

Nr = zBre‘q"‘*"“'a
* Routh, Essay on Stability, 1887, p 78; Dynamics, vol u, §319
51—2
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so that @y =3B,cos (gt +B,), Yr=—2B,sin(gt+8,),

which represents sunilarly a series of left-handed circular vibrations The vibrations of 2z
type will of course be lhinear in form

Thus supposing the effective masses and charges of the various 1ons to be entirely
arbitiary, the effect of an impressed magnetic field will be to tniple the periods and
polarize the constituents 1n the Zeeman manner, provided the potential energy of the
mutual forces of the 1ons 18 any quadratic function of the coordinates of the vibrations
which satisfies the condition of being invariant i form with respect to 10tation of the
axes of courdinates around the axis of the magnetic field.

The essential difference between the type of this system and that of the one
previously considered will appear when the latter 1s derived on the les of the present
procedure The equations are

24 AW

f"'“‘f=-z dn’

2% dW
m dE°’
Law

m dz

n— ikh =—

On wnting R Y R

24 dW
m dy’’

2 aw
m dg’

they become £+ =—

7+ = -

The form W will be unaltered when 1t 18 cxpressed n terms of &, #/, provided
it depends only on the mutual configuration of the 1ons, and « 15 the sume fur all of
them, hence when #* 15 neghgible compated with umty, (£, #’, 2) are determined by
the same equations as would give (§ =5, 2) on the absence of a magnetic field and
from this the pievious results follow

10 We have thus reached the following position Let the coordinates (a, y, z)
of an 10n be resolved mto two parts, namely (7, y, z) which are known functions of
the time and represent 1ts mean or steady motion, and («/, ¥, 2’) which aie the small
disturbance of the steady motion constituting the optical vibrations When this substi-
tution 18 made 1 the dynamcal equations the quantities relating to the steady motion
should cancel cach other, as usual, and there will reman equations, of the original
form, mvolving (a/, ', 2’) from which the accents may now be removed The forces
relating to these new coordinates will still be dervable from a potential energy function
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and as by hypothesis the vibrations are all ‘cycloidal’ or simple harmonie, this function
must be homogeneous and quadratic in these coordmates The total potential energy
must be determmed by the mstantaneous configuration of the system, and will therefore
remamn of the same form when referred to new axes of coordinates This confines the
quadratic part representing the eneigy of the disturbance to the form given above.
the vibration of each 1on will then in general consist of a system of elliptic oscillations
of all the various free periods, equal 1n number to the 1ons and the effect of an
impressed magnetic field will be to triple each vibration-period and to polarize the
constituents 1 the Zeeman manner The steady or constitutive motion of the system
must be so adjusted that 1t does mnot sensibly radiate otherwise 1t would gradually
alter by loss of 1ts energy

As the axis of the magnetic field may be any axis in the molecule, the function
which represents the potential encrgy must thus be such that the vibrations resolved
parallel to any axis form an independent system hence 1t 15 confined to the form

W=~ ’}S’A re [("'r’ - ""n/), + (.’/r’ - y.')’ + (zr’ - le)’} + 2Br: (f’r/"'f‘:l + Z/r'yu, + Zr’za‘),
== %L‘An {(Er’ - Es/) (7 — 7]:’) + (zrl - Z,’)"} + %SB,., (Er"’lal + E:lll,l + 22,/2/)

Thus 1 the absence of a magnetic field the vibrations of the @ coordinates, of the
y coordinates, and of the z coordnates of the 1ons will form independent systems of
precisely similar character It 1s 1n fact only under this condition that 1t 1s possible
for the components, paallel to any pline, of the elliptic harmonic vibrational types of
the various 10ms, to foom a system of cirenlar vibrations with common sense of 10tation

If m/k =\ and ms/h =X\, the equations of motion are of type

K.E.+¢X'E+2(gﬂ!=0, Xr/—t?»'v,+2ddw=0, )»z+dW—

£ =0

The pentods of the right-handed circular vibrations, of type £ e, period 27r/p, will be
given by the equation

=P MIP - 324, C, Cis, Cl, Cn =0,
' Cm - >‘2P2 - 7\1'1) - EAery O.m Ou, Con l‘
1 C, Caz- —-Ap? - M'p -4 3r) Uuy . Cyn |

m which C,=4,,+ B, those of the left-handed circular vibrations by changing the
sign of cach A’ in this equation those of the plane-polarized vibrations, which are the
natural periods of the molecule, by making A’ null  On account of the great number
of the constants, compared with the number of fice periods, simple relations among the
periods can only arise fiom hnutations of the geneiality of the system

The duplication or triphication observed in the constituent Zeeman lhines would on
this theory ainse from the presence of two or three equal roots mn the peitod equation
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for natural vibrations of the system, which would be differently affected and therefore
separated by the impiessed magnetic field.

This analysis 18 wide enough to apply to a system consisting of a continuous
electrical distribution, whose parts are held together in their relative positions either
by statical constraint or by kinetic stability for then the potential energy still depends
on the relative configurations of the elements of mass of the system.

We have however not arrived at any definite representation of the dynamical
system constituting a molecule, except that 1t consists of moving electric points either
lIimted m number or so numeious as to form a practically continuous distribution
but reasoming from the definiteness and sharpness of the periods in the spectium, and
the facts of polanzation of hght, 1t has been inferred that the vibrations of the
molecule form a ‘cycloidal’ system and therefore arise from a quadratic potential energy
function* the total potential energy function must therefore consist of two independent
parts, that belonging to the steady motion, 1 which the coordinates of the vibrations
do not occur, and this pat belonging to the disturbance which 1s quadratic i 1ts
coordinates as a whole 1t must depend on the configuration of the system and not
on the axes of coordinates, hence this quadratic part 15 nvariant with regard to change
of axes this confines 1t to the form given above,—which had been found to be
demanded by the existence of the Zeeman phenomena

It has thus been seen that the fact that the vibrations belonging to the Zceman
constituent lines are exactly circular, and not merely elliptic with a definite sense of
rotation, requires that the mght-handed and left-handed groups of vibrations shall form
two independent systems as the magnetic field may be mn any direction as regards
the molecule, this requires that 1ts vibrations, when the magnetic field 15 absent, can
be resolved 1nto three independent systems of parallel hnear vibrations directed along
any three mutually rectangular axes This agamn 1volves that an electric force acting
on the molecule will wnduce a polanzation exactly in the direction of the force, and
proportional to 16* that in fact notwithstanding 1ts numerous degrees of freedom the
molecule 1s 1sotropic  Thus the source of double refraction 1 ciystals or strained
1sotropic substances would reside 1n the aeolotropic arrangement of the molecules and
not m their orientation but there can also be an independent ntrinsic electric polanity
i the molecule depending on 1ts orientation and not on the electric field, such as 1s
ndicated by piezoelectric effects i crystals.

If the molecules were not thus wsotropic as 1egards induced electric polanty, the
electric vibration induced m the molecules, when a train of radiation passes across a
medium such as air, would not be wholly in the wave-front In the theory of optical
dispersion the coefficientst would then be averages taken for a large number of mole-

* Cf Kerr’s striking result, Phil May, 1895, that mn  velocity of propagation affected.
the double refraction produced in a liquid dielectric by an teg K,y ¢, ¢, ¢/, 1nPlil Trans 1897 A,
electric field, 1t 18 only the vibration polarized so that its  p. 238.
electrio vector 18 parallel to the electric field that has its
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cules orientated 1 all directions, such as may be considered to exist in an effective
element of volume of the medium and this averaging would constitute the source of
its 1sotropy But there would remain a question as to whether, when a plane-polarized
wave-train 18 passing, those fortuitous components of the polamzation of the molecules
that are not in the direction of the electric vibration of the wave-tramn would not
send out radiation as idependent sources and thus lead to extinction of the light
The definite features of polarization of the light scattered from a plane-polarized train
by very minute particles or molecular aggregations seems also to suggest in a sumlar
manner that the individual molecule 1s 1sotropic.



XXII. On the Theory of Functions of several Complex Variables.
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[Recerved 9 February 1900 ]

THE present paper 1s primarily a reconsideration of the paper of M Poincaré in
the Acta Mathematica, t xx1 (1898), p 89, and depends for 1ts interest on the remark-
able discovery of the expression of an integial function by mecans of the potential of
the (n—2)-fold over which the function vanishes, which 1s wvirtually contained 1n
M Pomncaré’s paper m t 11 of the Acta Mathematice (1883), pp 105, 106 The
following pomnts of novelty may however justify 1ts publication (1) By means of a
generalisation of the theorems of Green and Stokes, for the transformation of multiple
mtegrals, the imaginary part of the function of the complex variables 18 mtroduced con-
cuirently with the real part, (un) and thercby, as would appear, the cocfficients in the
quadratic function used by M Powncaré (Acta Math, t XXII p. 174) are shewn to be
zero. (m) The theory 1s put in connection with Kronecker's formulae (Werke, Bd I
p 200), whereby 1t follows that the imaginaiy pait of the logarithm of the integral
function 1s a gencrahsed solud-angle, just as M Pomncaré has shewn the real part to
be a generalised potential In general Kionecker's integral, unlike Cauchy’s, does not
represent a function of complex variables unless the (n—1)-fold of integration 1s closed,
m the present paper there anses a Kronecker mtegral which 1s an exception to this
rule (the mtegral &, § 12, 17) (1v) The definste formula here given for the integral
function 1s not hmted to the case of periodic tunctions, though on the other hand 1t has
not that general application which belongs to the theory of M Poincaré’s earlier paper,
m the Acta Math t 11 In that paper there remamns m the iesulting formula an integral
function of which the existence 1s proved, tor which however no detmite cxpression 18
given, in the present paper, in order to have a definitc expiession, I have hasarded a
hmitation which may be regaided as a gencialisation of the notion of the gemre of
functions of one varable This lumtation arises by regarding the (n—2)-fold ntegral
which euters here as a generahsation of the sum which 1s obtainable by taking the
logarithm 1n Weierstrass's general factor formula for an integral function of one varable.

The paper 1s divided into two parts, of which the former contains a formal proof of a
theorem constantly employed 1n the theory developed i Part II
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ParRT I. PRELIMINARY.

Formul proof of the general Green-Stokes theorem

1. In Euchdian space of n dimensions we can take near to any pomnt P whose
coordinates are (z,, ., ) the n points

P, with coordinates (w, +d,a:,, N w,.+d,z,.),

P, with coordinates (z, + d,,.'c., 5 T+ d,.a:,.),

1t bemng supposed that the determinant, M, of n rows and columns, whose (r, 8)th element
18 d,a,, 18 not zero. At each of the pomnts Py, .., P, we can similarly take n independent
consecutive pomts, those at P, bemg P,, P,, .., P,, at each of these points of two
suffixcs we can take n others of three suffixes, and so on Making the convention that
the sth satellite pomnt of P,, namely P, 1s the same as the rth satelite pomt of P,, or
P,,, or m other words that the suffixes shall be commutative, we can associate the deter-
minant M with the ‘cell’ which 15 defined by the 27 ponts

P, P, Py Py, .. Pu Py

whose suffixes consist of all the combinations of not more than n different numbers from
1,2 ..,n We may suppose space of n dimensions to be divided nto such cells, and
call the absolute value of the determinant M the element of extent of the space, denoting
1t by dS,

Similarly if we have in n dimensions a space of (n—1) dimenstons, defined suppose by
7 equations

Sila, o) =0, film, ., 2)=0,

with a certain number of equalities, we can associate with every pomt P of this space

(n—r) satelite pomts, P,, , P, also lying m this space, the coordinates of these
pomts being denoted by

&, + dgwy, ., an+ dray, k=1,2, ,(n-7),

and with each of these (n—7) others, and so on, and so we can suppose the space of
(n—r) dimensions divided 1nto cells, each defined by 27~ points, with each of these cells
we can as before associate an element of extent for this space, which we denote by
dS,_,, this 1s defined as the positive square root of the sum of the squares of all the
determmants of (n—r) rows and columns which can be formed from the matrnix of
n columns and (n—7) rows

ldg(l!l, dg‘z‘,, o (l};(b”, k=l, 2, ey (n—r),

or, what 18 the same thing, as the positive square root of the determinant of (n—r) rows
and columns which 18 formed by multiplying this matrix into 1tself, row into row, m
the ordinary way.

Vou. XVIIL 52
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2 In what follows we call the aggregate of all the pomts of a space of (n-—r)
dimensions, limited or not, an (n—7)-fold. We also use (;‘) quantities, called the direction

cosnes of the normal to the (n —r)-fold, let the (n— 1)-folds

£i=0,.., f,=0
be always supposed taken in the same order, given by the suffixes, let b, d, ¢, ..., b, k
be any r of the numbers 1, 2, . , n, no two of them equal, then the ratio of the

Jacobian

de a(ﬂ’ fl‘

A TENS :-Tk)
to the positive square root of the sum of the squares of all the possible (’:) such

Jacobians 18 denoted by w4 ,a% and 1s one of the direction cosines i question, we
suppose 1n geneial the suffixes taken in their natural ascending order, from each of the

(:) direction cosines |r — 1 others can be formed by permutation of the suffixes, every
mterchange of two suffixes causing a change 1n sign 1 the direction cosine
We have then the following theorem
Suppose that a fimte portion of the (non-singular) (n — r+1)-fold given by
Si=0, ., fra=0,
18 completely bounded by a closed (non-singular) (n —r)-fold given by
fi=0, .., fra=0, f,=0,

and that throughout the himited portion of the (n—r+ 1)-fold we have f,<0, let P be
any function of #, ., @, for which 1t 13 supposed that itself and 1its first differential
coefficients are fimte and continuous (and single-valued) throughout the space considered,
then

1 opP
f/[(_ l)r. Kde hb +( 1)", Kbe  hk g_ + otk on s ] d’gn—rﬂ

=f"bd P dSn,

wherein the second 1ntegral 1s taken over the complete closed (n—r)-fold, and the first
ntegral over the enclosed portion of the (n—r+1)-fold, in the first integrand there are
r terms, the suffix 1 any one of them consisting of (r—1) numbers in their natural
ascending order

If we 1introduce (:) functions such as P, and make the rule that an interchange

of two numbers of a suffix shall entall a change 1n the sign of the function, we can put
the result 1n a clearer form

[[7ea n3 ¥y pem

Mmdsn—rﬂ" J’ ke nePra mdSu—r,
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where on the left under the integral sign the first summation extends to every combination
of (r—1) different numbers d, e, .., b, k from 1, 2, ..., n, and the second summation
extends to the (n—r+1) different values from 1, 2, , n which m can have so as not
to be equal to any one of d,e ., h k, on the right under the ntegral sign the
summation extends to every combination of r different numbers b, d, e, .., h, k from
1,2, ..., n

3. Of ths result 1t will be sufficient to give a proof for the case r =3, the general
case bemng similar

We suppose then a finite (non-singular) portion H,_, of an (n— 2)-fold, which is given
by the equations

fi(@, ..., )=0, fi(zm, ..., 2,) =0,
to be bounded by a closed (non-singular) (n — 3)-fold H,_, given by
,f)(-’n L x,.)=0, ﬂ(ml; » zn)=0’ fa(xh o xn)=0

We can 1magine H,_, divided into cells in a manner before indicated, the satellite pomts
of P, whose coordinates aie (s, ., x,), beng denoted by P, whose coordinates are

(o + dymy, .+, @, + dixy), k=12, , (n—=2).

In general the differentials dix, are arbitiary, save that the determinants of (n—2) rows
and columns forimed from their matnix must not all be zero, but we shall ultimately
find 1t convenient for our purpose to suppose that of the differentials

dns@y, dnya,, , Augdn

all but three, say all but d,_,ap, dns®, duozs, are zero, the ratios of these three will
then be determined from

gfh dysp+ % dnae + aa£ dpst =0, )
a a 2 a 2
a{: dy_a@p + 53; dn_se + a_i; du-,2y =0,

1t 18 clear, mn fact, that we can draw on H,_, through cvery pomnt P a one-fold (or
curve) along which all the coordinates except ap, @, » are constant, taking then any
pomt P and taking (n—3) of 1its satelite ponts P,, , P, arbitranly, we can draw
such a curve through P and cach of P,, , Pn_s, and take for the satellite pownt P,_,
a pomnt near to P along the curve through P, we thus arrange the cells mnto ‘strips;
each strip having (n—2) curves, such as those through P, P,, , P, as edges

4 A set of (n—3) neighbouring pomnts @), .. , @us m which the curves drawn on
H,_, through P, ..., P,, mtersect the (n—3)-fold H, ; may then be taken as the
satelite pomnts on H, ; of the neighbouring pomnt @ m which the curve thiough P
ntersects H,_,, we have thus a possible basis for the division of H,_, mto cells, which
1t will later be convenmient to adopt We assume that the curve on H,_, which 1s drawn

52—2
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through P 1ntersects the closed Hns 1n an even number of pownts; and to shorten the
proof we shall speak only of two, say @® and QW Then 1if the differentials dy_,z,
dpo®y, duyzy be always taken i the same direction along this curve Q@PQW, the
expression

dosfs= g‘i“:‘ n—a%b + g‘:“‘ dn_atte +
e

o
Bwh
will have different signs at Q©® and QW, and m fact, since £, <0 over H,_,, the expression

will be positive at the pomnt, say @™, where the curve through P leaves H,_,, and negative
at the pomnt Q©, where the curve enters H,_,

dyatp

5 Considering now any pomt P of H,_,;, and 1ts satellite pownts
(z + drzy, y Tn+ dl:-’l?n), L=1,2 . N (n - 2),

in regard to which we do not until special mention 1s made of the fact intioduce the con-
vention that all but three of the differentials

((’n_gl‘p 7 dn—awu)
are zero, we have
I Phoga =
oz, dk:v, + o+ aT" dkwn =0,
h=1,2 ,(n-2),

9édw.+. .+af’ iz, =0,

Oz, Zn
and hence easily find
oo _Iw_ o _
Pkl Sl say,
wherein
T %
7 0n,” Omy |’
of, of.
ox,” Oy

and M,, denotes a determimant of (n—2) rows and columns, obtamed by taking the deter-
mmant which remams when 1 the matnx of n columns and (n —2) rows

| dk“f‘): ey dkznl » k=1,2, .., (n"2)’

the rth and sth columns are omitted, and prefixing to this determinant the sign (— 1)+
or (— 1)+ according as r<s or r>s

We require now to make 1t clear that we can suppose the sign of the ratios ¢, , to
be the same for all points of the lumted H,_,, for this purpose suppose

Py, with coordinates (2, + dpy@), ..., T+ dyey ),

and P, , with coordmnates (#,+ du;, ..., @+ dun ),
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to be satellite pomnts of P of which P,_, 18 on f,=0 but not on f,=0, and P, 1s not on
either of the two fi=0, f;=0, then we have

Jon

1
€= J = e =
" M M.’

- Jrldn—la"l + + Jrndn—l'z‘n
Madpoyz+ oo + Mdz,’

9 9
_ a*‘é; dn—lfe“ éﬁ dnﬂfl

r

where M, denotes the valuec obtamed by taking the determinant left when in the matrix

of n columns and (n—1) rows

I deay, ., dkxnl s b=1,2, ., (11—1),
the 7th column 1s omitted and prefixing the sign (—1)"*+" to this determinant, hence as
dp fi=0 we have

oh
_V‘Gn-a __a-l' r
dn—lfz - ]Tr
% Y
_or __0m,
TnT T
o o
B a;‘ dya, + + a';n dnwn
T Midpa,+  + Madua,
_duf
R
where M 18 as before the determinant
l dlczh B dkxn] ) k= 1, 2, y N

Thus on the whole we have

Ji Jn —

e,,_,=M“= . =M,,

dufi dui fo

M
We now make the ussumptions (1) that for all pownts P of H,_, the sutellite point P, 1s taken
in space on that sude of the (n—1)-fold f,=0 for which f,>0, so that d, f; 1s constantly
positive, (1) that the satellste pownt P,_, 1s taken on f,=0 on that side of fo=0 for which

Fo> 0,50 that dn_, f; 15 positwe, (1) that the satellite pownts Py, . ., Py, are constantly tuken
on f,=0, f;=0 in such a relatwon to P,_, and P, that M is constantly positrve over H,_,.

Under these assumptions each of the ratios J,/M,, mamtains a positive sign over
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H,, and the direction cosine , of the (n—2)-fold £ =0, f;=0, which by defimtion is
given by

Krg = T | ’\/ZJ‘;, L
and 18 therefore equal to
8gn €y—y. My, — | VEMT,),

where sgne,_, means +1 or —1 according as e,, 18 positive or negative, has through-
out H,_, the sign of M,, Thus

kg @Sn= M, sgn (1%:':) = M,,sgn (— ‘%@,};&1 /;) =M,
6 Next we consider any pomnt @ of H,_,, and 1its satelhte ponts
(2, + dizy, .., @ +dgay), k=12, .., (n=3).
From the equations
Sfidiw + .o+ fidpan =0,
Sudkt 4 o+ fodgxa =0,

Sodkx, + ..+ fydpwa =0, k=12, .. (n-3),
we find as before
Jm — _ J rat _
Mle;— .= M;'—- oy =€p—y, SAY,
where
Ja=| %% 0%
™= %’ Or,, or, |’
¥ O
ox,’ O, Oz,
o U U
oz,’ o’ oy

and M,, 18 the value obtamned by omutting the rth, sth and kth columns in the
matnx of n columns and (n— 3) rows

|dk(L‘,, veey d,,z,,l, k=1,2, .., (n-3),
and prefixing a certan sign to the resulting determinant. This sign 1s supposed to
be given, as for the two previous cases and as i general, by the following rule,
consider the determmant of n rows and columns whose first (n—3) rows are formed
by the matrix just described, whose (n—2)th row 1s 4,, .., 4,, whose (n—1)th row
18 By, ..., B,, whose nth row 1s C,, .., C,, then the expansion of this determinant 1s

1t0 7
222 ArB:CtA{rat H

raft

thus when , s, ¢ are in ascending order the sign to be prefixed to the determinant



OF SEVERAL COMPLEX VARIABLES. 415

by which M., is formed 1s (—1)*++-1 Hence, taking the satellite pomt Q,_,, of Q,
upon f; =0 and f,=0, but not upon f,;=0, we have

Joa _ Jrm Jrm

= s = = .—

€pnes = pp
Mn My M’

- Jon fl_n—axn + .+ Jr_m_fln:_qﬁ

Mopdo oo+ o+ Modn oz’

here the numerator is

% % 4

a’;; ) a-l" ) ’
9 0,

Lo W ag
o

azr ) ad‘ ’ d”—)fﬂ

and therefore, since du_,f,=0, d,...f,=0, 15 equal to
Jrulns fs,

the denominator can be seen to be exactly equal to M,,, thus we have

Jr
€p—3 = H:‘. dn-wfx.
and so obtan
Kyt = Jrut - l ‘\/-\-"J‘;;‘

— Mnt Jn
= i 5 (3 o)

the element of extent dS,_, being by definition equal to |VEMiy]

7 At this pont 1t 18 convenient to recall the connection which has been estabhished
above (§ 4) between the division of II,_, and H,, into cells With that arrangement
the J,, and M, now ansing n the consideration of k., may be regarded as 1identical
with those that arose just previously m considering «, We proceed to utihse ths
Consider the determinant of n — 2 1ows and columns

\ d, Py, dz,, , diza |,
’dn—a-l)nh Aoy, , dnglty

wherem (z+d,z, . ,z+d,_,x) are satellite pomts of (z), upon H,_,, the columns con-
tamning «,, @, « are omitted, and P,, 18 a function which 1s single-valued, continuous
and fimte upon H,_, and H,_,, and possessed of single-valued fimte differential coefficients
The suffix of P, 18 not necessary for our present purpose, but 1t 1s convenient, as
enabling us to define functions derived from this one by interchange of two elements
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of the suffix, with corresponding change of sign of the function, The determinant, if
r, s, t are 1 ascending order, is equal to

(= 1)+t [a: M, a£'£ M, + bP it M"] .

On the other hand, supposing as 1 § 8 that all the differentials dn_.2,, ..., dusza
except® dn_,,, dnyy, dyg®; are zero, the determinant 1s equal to
(= 1y*++td, Py M.

Hence finally we can evaluate the mtegml

e ) 5,

taken over H,_, Suppose H, , divided mto strips as mn § 3, and find the contribution
of one of these strips The integral 1s

P oP,, oP, P,
ffsan ' [ o, Y b My m+M,.aaw:t:|,

which by the identity just found, and because we can suppose sgn (J,./M,) to be the
same over the whole of H,_,, 18 equal to

sgn d{’f’) f f My Py,

as we pass along the strip under consideration the determinant M,, 1s constant, thus
the integration along the strip gives

J,
i) [P P,

where the single integral sign indicates an integration extending to all the strips, and
P!, PP, are the values of P,, at the pomnts @V, @© where the curve of integration
through the pomnt P, along which only the three coordinates a,, #;, 2, vary, respectively
leaves and enters H,_,., We have seen that

Kt @Sy = M, 5gn ({{L:, [, ,) s
and moreover that d,_,f; 18 positive at @™ and negative at Q@ , hence the element
an (32) . M [P21- PR)
18 the sum of the two elements of the integral over H,_; which 18 expressed by
[t Prcasic,

which aise corresponding to the cells at @V and Q©. Thus we have proved that the

* In § 8 the differentials not zero were denoted by dy_y Ty, dy_y Ty, dpogZye
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latter 1ntegral, over H, ,, 18 equal to the integral from which we started which 18 taken
over H,_,, and this 1s what was desired

We can then by a summation infer that

p Krst Pnt dSn—s ="f b Kr,s b 31')!“ . dSn—zy
¢

e re g Om
which 18 a convenient way in which to state the result There are (g) terms 1n the left-

hand 1ntegral, and (n—2) (g) =3 (g) terms 1n the right-hand ntegral
A sumlar argument will be found to lead to the general result stated in § 2.

8. If we put, 1n the case for which the proof has been carred out,
Py
¢ Oz,

we have % 0 _

. 02,

Xro——‘

as n necessary conditions that the integral

ffzn trg X A8,

taken over a fimte portion of an (n—2)-fold may be capable of bemng represented as an
ntegral over the closed (n —3)-fold bounding this portion If these conditions are satisfied,
functions P,,, satisfying the equations

o ~aPrat
A"—% 0y

must be found, m order that the expression may be possible, but 1t 13 necessary that
the functions P, so found should be fimte on the (n—3)-fold (cf § 28)

The equations

have been given by Powncaré (Acte Mati 1x (1887), p. 337) fiom a somewhat different

pownt of view We can as an application generalise Cauchy's theorem to the p-fold
mntegral

[ feE o ede . at,
where £, . ., £, arc complex vanables For example, for n =4, the ntegral

[[7@ & g,
Vor. XVIIT. 53
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taken over a closed (n— 2)-fold, which (see § 9 below) may be interpreted as

f S, B s+ v + Wy — Koa) ASns,

18 equal to the integral

0 [ 0 .0
fl:(x, + 1K3) (az, +1 85‘) S (s +1x) (55: +1 87,) f] dSn
taken over the (n—1)-fold bounded by the (n—2)-fold, and this vanishes identically on

account of 5 "
(5 * v 720 (o +r ) =0

It 18 supposed that the oryginal (n — 2)-fold of wntegration s not one gwen by the vamshing
of a smgle equation wnvolving the two complex varables, since otherunse (cf § 9 below)
Ky = Ky, Koy =— Ky, and therefore

Kag + Uy Uiy — Ky = 0

Parr II

The expression of an wntegral function whose zeros are given.

9 In what follows we consider a space of n dimensions, n bemng even and equal
to 2p  The pomnts of this space being as before given by the n coordinates z, ..., @y,
we define from these p complex varables by means of the equations

£ =2y 12y, (r=1,2 .,p)

As 1t 1s desnable to take the various pomts separately we begin by supposing that
we have defined 1in this space an (n — 2)-fold, given n sufficiently near neighbourhood
of any pomnt (7@, , 2,@) of 1tself by the vamishing of an ordinary power senes n the
quantities £ —§£Y, , £ —§E,@, where £V =all +wl. We proceed to shew that the
(n—2)-fold can be given throughout 1ts cxtent by the vanishing of a single-valued
mtegral function of &, , & (§ 15)

Such an (n —2)-fold, given by relations involving only complex variables, may be
called a complez (n— 2)-fold, 1ts direction cosines satisfy particular 1elations, as we now
prove. It 18 determmed 1n sufficiently near neighbourhood of any pomnt of itself by the
two equations arising, say, from

¢ (&, o, E)=ut+w=0,

where u, v are real functions of the n real vanables ,, .., @,, which satisfy the

equations
ou ov ou o

a;lr——-l = 3‘“; T 0z 0zgy’
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thus 1f we denote Ju/dz, and Ov/dz, respectively by u, and v, the direction cosmes of
the (n—2)-fold, defined in § 2 ante, are given by

Kr, o = (U0, — ugv,)/h,
where h 18 the positive square root of
r%(u,v,-— UV = (U + s F U = (00 F . .+ 0,2,
now we have
Ugpmy Vonmy — Uggm1 Vpy 1 = — Vpr Ugg + VogUpr = — Upp— Usg + UgpUnsy,

Ugr—1Vpg = UggVpr—y = VprUsemy = Vgu1 Uor = U1 Ugg—y + UppUgy,

so that
- _ UorUngy — Upry Uy
Kor—,0—1= Kor, 8= u? _F" B +7u 2
n’
_ _ UgpyUggy + Uy Uy
Kor—1,28 = = Kor,—1 = wi+ ud
1 n
and

Kyt Kyt oKk a=1

These relations are of mmportance to us They of course require modification at any
singular pomnts of the (n—2)-fold, the present paper 18 so far incomplete that the con-
sideration of the effect of the singular ponts 1s omutted, the final results obtained are
expressed m a form which 1s believed to be unaffected by the existence of such singular
points

10 Consuider now a limited portion of an (n —2)-fold, bounded by a closed (n — 3)-fold.

Denote by z,, , @, the coordinates of a pont on the (n— 2)-fold or on the (n— 8)-fold,
and by (4, . , t.) the coordinates of a fimite pont of space not on erther of these, the
corresponding complex variables bemng as before given by

Ty = by + Uy, r=1,2, ., p.
Let L, , L, and R,, ., R, be single-valued functions of a,, ., z, and of ¢, ., ¢,
which are continuous and finite, with their differential coefficients, so long as (z;, ..., z,)
1s upon the (n—2)-fold or (n—3)-fold under consideration, and the pomnt (¢, . ., t,) 18

m fimte space and not upon the (n—2)-fold or (n—3)-fold, further suppose that these
functions are such that

oL,  oR,
3t.=—8w.’ s=1,2 .., n)
and
OR, oR, oR, _
Bw, + aw’ B ’37”; =0.
Consider the n 1integrals
Cr=f("r1L1+ oot pn Ln) dSps, (r=1,2, ..., n),

53—2
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taken over the limited portion of the (n—2)-fold, we have

o5 0%, oR, R, ?_R} _
o, "ot f( “n gz, T TR o, TN g, “'"a )dSn-,,

and therefore, adding to the right hand the vamshing quantity

Jo G+ i

we have
oL, 9L,
o, ot ".E.

oR, )
("tr a7, + Ky a + Ko aR‘> S,

where + does not take the values », s Thus by the formula proved mn Part I. we
have
ot _ 3?.

at, r E "mR dsﬂ—ay

where the integral 1s taken over the (n—3)-fold bounding the hmited (n—2)-fold over
which the integrals &, ., {. are taken.
11. It follows that if the (n— 3)-fold integral vamshes, the expression
Gdti+ .+ Gudty

is a perfect differential, on grounds further considered below (§§ 12, 22) we suppose that
this (n—38)-fold 1integral does vanish, we suppose also that Ly, =1L,_, and that the
(n—2)-fold 1s a complex (n—2)-fold, then from the equations

Kar—1,08—1 = Korosy  Kor—y,08 = — Ko, m—1
1t follows that

b= f[("rr,) +r ) Lo+ (o) Loy + o+ (Kar,nmr + 13r, ) an} S,

=1 f{("w—-x,) + 'lkzr—l.n) Ll + e+ ("f’f':r—l,m') Lw—l + .+ (Kﬁr—l,ﬂ-! + '“‘)r—l,n) Ln-l} dSn-ar

so that
Gor =181,
and therefore
3{,-, UCﬁn = Joun aga-—! ater—x
T TR 3ta-x

(a:l:l +1 a—z:) =0

Thus, under the hypotheses introduced, all the functions &, &, ..., & are Sunctions of
the complex varwables 7, ..., 7,, and there 1s a function

which gives

o= f(t‘.dt. +Ldt+ ... + Gdty) = f(;‘.dr, + Gdra+ o+ Laadry)
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for which

od
37 = Lo

12 We now give a more special value to the functions L,, ..., L, Let

@(wlt)=—;{ gll@m—ty+ . + @t
and

Ho=p Gl -p@0)+ (¢ 2)p o)~ . +E07 (1 2) oo,

m bemg a finite positive integer or zero, and

? 0 ?
(ta;)—t.a;l+ g
When 72, =t2+4. +t, 1s sufficently small in regard to R’ =a*+ +a,° we have

_(_ l)m-H Fl ( 1) m+2
Hm_(#m“),(tﬁ) p(]O)+(m+2)l(t ) p(l0)+ . to o,

7 m+1
A1 Ko () + 3, ntm Ky (#) + to o,
R R

where p denotes (z,t, +  + @nty)/Rr and 15 numenically less than umty, and K, (k) denotes,
save for a factor idependent of p but depending on = and s,

w13 =T

As we can find a recal angle @=cos™'u, we have

1 1 r e\ LA
peln==i 2y (1) (1)

by expanding the biomials and considenng the explicit expression for the coefticient
of rk¥1/R™E-1 1t 13 1mmediately obvious that this coefficient 1s not greater than 1f
were zero Thus when r < R the absolute value of H,, 1s of the form

=2 (=1) (m=2) 1
Reime m+1 —e

where, supposing n, m, r fixed, e 18 only umty when R=r, but for R>r has zero for
hhmting value as R increases indefimtely. 1t follows that a value R, can be chosen
such that for fixed n, m, r and all values of R >R, we may have

| Hn| <

B
Rn+m-| ’

with B a finite constant independent of R.
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It 13 easily seen that
aH ?,H"!?‘
att awl ’

an equation which holds also for negative m provided H,, be then understood to
mean @ (z't), and thus

(a‘z’ a:=+ *'aE:’)H""_'(i*’ -t +aa ) Hns =0

oz,? * O i,

Hence if we put
H,, H,,
L,,=7,L,,_, = "'(a - a )

0oy, Ba',,
)
By =B = (amw—l 0y )’
where m 1s to be kept the same throughout the investigation, we have
oL __oR,
ot, = ox,’

rz-l (BR,,_, + BR,,) = & (8’11,,._, + a’H,,,_,) -0,

0y | Oy 0af,5, T ok,

so that the conditions of § 10 are satisfied.

We suppose also the further condition, of § 11, namely that the wntegrals

OH oy agI m—l)

f b ("r,:,at—)"‘ “‘r,t,ﬂk) ( dSn—ny

a Lok—1
taken over the closed (n - 8)-fold, bounding the (n — 2)-fold under -consideration,
are all zero, to be satisfied This hypothesis anses as follows We suppose the
(n—2)-fold, over a limited portion of which our (n—2)-fold mntegral 1s taken, to extend
to mfimty, when (¢, .,t.) 18 1 fimte space and (#,, ,a,) 18 very distant, the function
H,, 15 a small quantity of the order of (a2+ .+a2)~t®+m=2 = we may therefore
suppose that 1f the (n—3)-fold be taken entirely at suthciently great distance fiom the
fimte parts of space and m be sufficiently great, the (n—3)-fold integral can be made
less 1 absolute value than any assigned quantity A particular examination 18 given
below (§ 20—24), 1t can be defimtely shewn that the hypothesis 15 venfied, even
fo m=1, for a large class of cases, which includes the case which arses in the
consideration of periodic functions The application of the present paper 18 limited to
the cases where some fimite value of m 1s sufficient, as will be seen this 18 a lmit-
ation which we may regard as analogous to that, for functions of one complex varnable,
to functions of finite genre.

Connected with this hypothesis 18 a further one, supposing the (n —2)-fold integrals
t, ,&n to extend over the whole infinite extent of the (n—2)-fold, we suppose that
they and their differential coefficients n regard to ¢, ..., t, are convergent.
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Then we have the result ; the p functions

S =1 f':il (Kar—a, 21 + Wea_y, ) (_af!m - o, ) dSn—s,

Oy Bx

extended over the wfinite complex (n—2)-fold, are functions of the complew variables
Ty, .+, Tp, and are the partial dufferentral coefficrents of a function

®=[(tdn + fdrt +budry)

13 We proceed now to put this result nto a new form, from which 1t will
appear that the real part of the function & 13 equvalent with a result given by
Poincaré, bemng a generahised potential tunction, and that the imaginary part 15 a
generalised sohd angle function

Putting Gormr =83 + 080,

we have, clearly,

oH,, oH,, oI,
8:r—1=f('¢~r—1 1 o + Korea,2 a + Ky o, )dbn—e»

0H, oH 0H,,
&y = f(‘— Kar—1, 2 a’;m + Ku-a 73.’0,"! = t&pg,aa oz ) S,

of these the latter, 1n virtue of the equations

Kor—1, -1 = Kop, 29y Kor—1, 08 = = Kor, 951

can be written
H,,
S?r = f(’fzr, 1 aa + Kor, 2 aaI{ + K aDI{ ) dSn-—z

We proceed now to shew that n fact

Mugg, , 5,=—[Hn gg,

Sy =
=t Ers 81,,_1

these 1ntegrals, hike the others, bemng extended over the whole finite complex (n—2)-
fold, and supposed convergent. Take the first of the two forms given for §,,, namely

aIim 4 a}Im aHm J
Sy =“["ur—1, ”5.1,,_, dSn-z"”E\ f('f:k, 2-1 ‘a"l* + Kor, k1 o ) a8,

where k does not assume the value 7, over a fimte portion of the (n— 2)-fold, bounded
by a closed (n—38)-told, the integial

H. H,, H,
f("& 2r—1 aa.’l: + Kor, k-1 %x + Kok, ok ai ) dSn—n
18 by the results of Part I. equal to

f Kak—1, ok, 2r—1 H mdsn—u
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taken over the closed (n— 3)-fold, assuming now, what is a similar assumption to those
already made, that this integral dimimshes without limit when the (n - 3)-fold passes
to infinity, we have

oH,, H,
8,,- = —fkw—l, o 5;‘”:‘ dSn-a - k%lf"%—x, ok g@‘ﬂ_; dsn—a;

which, since
Kt kgt oee + Koy, n = 1,
18 the result stated, namely that

2Hn 4, .

8=
Lap—1

The corresponding form for &,_, can be proved in a similar way, starting from

Spn = f (/t.,,' M Ot + o= Ky, aH,,,) ds,_,

0w, Kar,1 o Ll ™
N oo - - a,I{_'!' - a_Iiﬂ |
Thus also o= Lo = f (i)w,.,_, 1 8.@;,) dS,_,,

and, if we put (Powncaré, Acta Math t. XxX11 p. 168)
V= H,,,_HdS,,_,,,

oV ov

8y = ﬁ;_‘l B Sy =~ at_” >

so that ¥, which may be regarded as a generalised potential, of the (n — 2)-fold of

mtegration at the pomt (4, ., t,), 18 the real part of ®, or differs therefrom by a
constant
14 Supposing that the integral 1s taken from the pomt t,=0=¢,= .=t,, which

18 supposed not to be on the (n — 2)-fold of integration, we may wiite
O=[ Gdn + L+ + Gpuadry),
- f (810t = ity + .. + Syplltips — Spposdltyy)
0

+1 [ (Budty + 8ty + .. + S typey + yilty),
'

of this, m virtue of the results of § 13, bearng in mind that Hay, and therefore
also V, vamishes for ¢,=0, ..., t,=0, the real part 1s exactly V', the 1maginary part 1s
1) where
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n=f<s,dt,+ et 8adty)
0

2 oH,, oH,
=fofdsn—zr§l {dtar—l ("m‘-l, 1 _3;01 F oot Ky, n o m)

+dt,, (/c,,. o, (RN +x,,,,.§;::')},

= [ [a8ues % e (d a;r » I =),
the summation extendmg to all pairs of different numbers », s from 1,2, ., n, now
we have seen (§ 5) that if M, denote, for r< s, the product of (- 1)+~ and the deter-
minant obtamned by erasing the sth and sth columns in the matrix

| dezy, diwy, , drn], k=1,2, , (-2),

then &,5d8,_,/M,, 18 mdependent of » and s, and equal to +1 or —1, denote 1t here by
e, thus Q can be put mto the form

—ff d,  dty, , dt

oM, oH, oH.,

ory o, ’ o,
dyry, dizy,, ., da,

. dyaty, dpsay, s Ao

This shews that Q may be regarded as a generalised solid angle, namely that subtended
at the pomnt (¢, ,t,) by the (n—2)-fold of mtegration. (Compare Gauss’s well-known
form given for imstance in Maxwell's Klectricrity and Magnetism (1881), Vol 11 p 39, or
Gauss, Werke, Bd v p 605) The same will appear anew from a transformation of
mto an (n— 1)-fold mtegral (§ 17) The result 1s not merely cuious, the function Q 1s
m fact a single-valued function of ¢, .., t, save for integral additive multiples of the
quantity

n
-t 2mr
" (p-1"
(&)
which 1s the complete sohd angle in » dimensions, namely the total extent of the

(n — 1)-fold
Bt +ti=1

As the function V 1s clearly single-valued 1t follows that the function

2 2
8-5’,'0 _ eu’;(“"‘)
1s & single-valued function of (m, .., 7,)
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15 The terest of the results just obtained arises from the following fact.
Suppose that, i the neighbourhood of any pomt (@, .., §®) of itself, the equation
of the (n—2)-fold of integration 18 expressed by ¢ (& —£©, . ., §,— E), the expression
¢ being an ordinary power series of presumably only limited range of convergence, then,
with a proper sigmfication for the logarithm, the difference

2
:‘D(Tn o Tp) —log d(mi— &9, ..., =)

remawns fimte and continuous as (v, ., T,) approaches wndefimtely near to the (n— 2)-fold.
This capital 1esult 13 taken fiom the paper of Poincaré, already referred to, Acta Math XXII
(1898), p 169  Other proofs, themselves important to us for another purpose, which shew
how the result follows from Kronecker’s theory, are given below (§ 16), the most natural
method of venfication 1s however by direct cvaluation of @ i the neighbourhood of
the (n — 2)-fold of ntegration (§ 25) The result itself 15 a direct generahsation of well-
known facts for p=1

If for the present 1t be assumed, 1t follows, putting

o N
.
O(r, , Tp)=¢€" T

O (7, . ., ) _ o -lone)

IO ’
wheremn ¢ (7) 18 wntten for ¢ (- £@, .., 7 —§£"), 15 not mfimte or zero i the
neighbourhood of the (n—2)-fold ¢(r)=0 It can be scen however fiom the form of
the integrals by which ®(r,, . , 7,) 18 defined that, for fimte values of ¢, , ¢,, this
function can become 1infinite only when (t,, . ., t,) approaches the (n — 2)-fold of integration.
Thus we have the mamn result of the enquiry.

that the ratio

The equation of the arbitrarldy gwen (n—2)-fold of wntegration s obtawmed by the

vanishing of the wntegral function
O(ry, ..., Tp)=0,

.

whach 18 equal to

o - e ).

023y a@—-tr
2 /aHm+1 aHm+l
or exp {—w . r§=l d-r,.f . -1 ‘Bt,;—) dS,—p .

16 Denoting as before by ¢ any one of the series by the vamshing of which the
(n—2)-fold of 1ntegration 1s defined, we have, as alieady quoted from Pomcaré, the theorem
that the difference

27 .
o (V+1i0)~log ¢

remamns finite and continuous even indefinitely near to the (n —2)-fold on which ¢ vanishes.
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To the proof given by Pomncaré we may add the two following, both of which make use of
some results in Poincaré’s paper.

(@) Denote the (n—2)-fold of 1ntegration by I, let (z,, .., «,) be the coordinates of
a varying pomnt on I, so that (z,, ., @) are functions of (n — 2) paramecters, then
if (2, .., /) be current coordmates, and e a fixed small quantity, the envelope of
the spheres
(xl"‘wl)’“‘" . +((L‘,,'—a:,,)’=€2

18 an (n—1)-fold ¥, surrounding I, of which, when (z,, . , #,) 1s not a singular pont of I,
the points are given by

&) =a, + %(u,0030+v. sin ), (=12, ..,n),

where 6 18 a vaunable quantity, so that (z,,. ,«,’) arc functions of (n—1) parameters,
here u, denotes Ow/oa,, v, denotes dv/dr, and h 15 the positive square root of w?+ — +uy
The pomnt (2, .., a,) hes on one of the single infinty of normals which can be diawn
to the (n—2)-fold I at (x,, ,a,), and 15 at a distance e from I The direction cosines
of the normal to ¥ at (s, ., 2,) are the quantities (u,cos @ +v,in@)/h, the element
of extent of ¥ at (@, , r') 18 dS,.;=edfdS,_,, ultinately, squares ot e being neglected,
where dS,_, 18 a corresponding element of extent tor I If & =5 + 12y, E,=0"py +12',,
we have

El,_fl _ fpl_fg_iew 4’

€Y PR S S Y Tk
where (¢,) 19 the conjugate complex of 9¢/0f,, and therefore equal to wy_, —2v,-,, and,
what 18 permissible to the fust order of small quantities, ¢ 15 writen for

4’1 (Exl" El) + .+ ¢p (Ep’ - Ep)

With these results we combine now the following, which 14 a particular case of
a theorem of Kronecker’s Let f(r, ,7,) be a swgle-valued function fimte and con-
tinuous upon a certamn closed (n— 1)-fold, whereof x,, , x, are the direction cosincs,
consider the integral

S ol () el raarw (-1 e lo}as,,

where (2, .., m,) denotes a varymng pomt upon the (n—1)-fold By Green’s theorem
1t 18 1mmediately clear that this integral 1s unaltered by any deformation of the
(n—1)-fold of integration which does not mvolve a crossing of the pomt (4, ., ¢,) or

of any pomt where f(r,, , 7,) ceases to be hnmite, continuous and single-valued For
the condition for this 15 simply (Part I of this paper)
9 9 ? 0
(ai, ‘H;,;)f(fn - &) (3;; -1 3;) p|t+..=0,
o o
namely (ax—l,+a?a,+...)p(z|t)=0.

54—2
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Hence, if f(m, ..., 7p) be single-valued, finte and continuous for the whole interior of
the (n—1)-fold of integration, the integral 18 zero when (t,...,¢,) 1s outside, and,
when (t, ...,t,) 15 mside the (n—1)-fold, 1t 15 equal to f(m, ..., 7p), as we see by
supposing the (n —1)-fold of integration to be deformed to

@ =ty + oo+ (Tn— ) =1

and then taking r to dimimsh without limat.

Now consider, mn the region of convergence of the series ¢, a (mnultiply-connected)
closed region, bounded by (1) pait of the (n—1)-fold ¥ surmounding the (n— 2)-fold
¢=0 which has already been described, (n) part of a closed (n—1)-fold § described

m the region of conveigence of ¢, the part being hmted by the (closed) (n— 2)-folds
which § 1s intersected by Z; and take

Fy=2log 4,

whete 7 18 one of 1,2, . ,p Then when (4, ..., t,) 13 nterior to the (multiply-con-
nected) region above described, we shall have

f(7>=;};ff($> {("l +ueg) (az, - %%) P (et + } Sy,

where the integial 1s taken over the two partial (n—1)-folds denoted by (1) and (u).
The part (u) of this integral 1s fimte for all the powtions of (¢, ,t,) under con-
sideration, consider the lmiting value of the part (1) as the (n—=1)-fold % 18 taken
nearer and nearer to the (n— 2)-fold 7, namely by the decrease of the quantity denoted
above by e By what has been stated above we may ultimately put

"u—l+7f/‘u—_(¢t) ¢ l; f(E)= ds, n— 1—€d0d31—2,

¢
e
then, 1f (4, ., t,) have some fixed position at finite, not infintely small, distance from
the (n— 2)-fold I, we obtamn, for this part of the integral,

s S o B i) vero)

- 211' o {.2 (¢a) (3::,,4 - T )@(rr{t)} dS,_,,

now the direction cosines of the (n—2)-fold I are (§ 9) such that

Wor—1 Vag—y — U1 Vor—y + (Uar—y Vag = Uoa Uiy 1)
Kor—a, 28-1 + Wy, 9 = ~ = 5

?
= n (ary + War—r) (Ungy — W),

? q
= n ¢r (4") )



OF SEVERAL COMPLEX VARIABLES. 429

thus this integral becomes

21” fz ("?r—l 201 + Warey, ) ( -1 32_,,) ?(‘” l ) dSy.

025,

Therefore 1t follows that f(r) differs from this integral by a function which 1s
finite and continuous for all positions of (¢, ., t,) in the region of convergence of ¢,
except actually upon ¢=0

Recalling a previous notation (§ 12) this 13 equivalent to the fact that
0 2
Z;; ]Og ¢ (7) - {!f—l
remains fimte and contnuous as (v, ..., 7,) approaches the (n—2)-fold I, so that also

g $ (=27 [(Gdrt +Euadey)

remains fimte and continuous as (r, . , 7,) approaches the (n-—2)-fold, as was to be
shewn,

(b) By usmng Kronecker’s integral mn a different way we can obtamn the same
result otherwise Consider the region of convergence of one of the series ¢ by which
the (n—2)-fold I 1s defined, descibe 1n this region as before a closed (n—1)-fold S,
contamning 1n 1ts imnterior a portion of the (n—2)-fold I, about I suppose as before
an (n—1)-fold ¥ satisfymng the condition that every pomnt of 1t 18 at a small distance
e from some pomt of I Then the portion of a-fold space mmside S and outside = 18
multiply-connected, but 1t can be 1endered smmply-connected by supposing an (n—1)-
fold diaphragm P to be drawn, bounded partly by the (n—1)-fold £ and partly by
the (n — 1)-fold 8, each of which 1t tersects 1 an (n — 2)-fold

Within the n-fold simply-connected space so constructed the function log ¢ 15 single-
valued Hence, if (1, ,7,) be a pont within this <pace, we have, as explammed above,

log ¢ (1) = =- j log ¢ (§) l:(/cl + 1K;) (—— -1 ) @ty + ] ds,_,,
where the integral consists of three parts —

(1) that over the part of S lying outside the closed (n—2)-folds m which § 18
intersected by 2, and excluding the (n — 2)-fold 1n which the diaphragm intersccts §,

(u) that over the pait of X lymg within S, excluding the (n—2)-fold 1 which P
mtersects 3,

(m) that over the two sides of the (limited) diapbragm P

The part (1) remams fimte and continuous for all positions of (7, .., ) within
the n-fold space under consideration The part (1) ultimately vanmishes when the quantity
e dimmshes indefimtely, for we have seen that dS,.,=ed8dS,_,, and 1t can be shewn,
ag by Powncaré (Acta Math xxir), that as the pomt (&, , &) on a normal of I, at
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a distance e from I, approaches indefinitely near to 7, the hmit of elog ¢ (£), when ¢
and therefore ¢ (&) vanishes, 18 zero The part (1) of the ntegral 1s equal to

2m .\ [0 0

- I:(x, + 1K;) (5;‘1 —ta;) o (z|t)+ ] dSu_1,

taken over only one side of the (imited) diaphragm P, for the values of log ¢ at two
near pownts on opposite sudes of P duffer by 2m.

Consider now the real part of this integral, namely
27 op op
- (x, 2, —x,a?;l +. )dS,,_, s
by the theorem of Part I of this paper we can replace this by an (n - 2)-fold integral

taken over the (n— 2)-fold which forms the boundary of the diapmagm, this (n-— 2)-
fold hes partly on = and partly on 8, the (n—2)-fold 18

2
;w f(/‘]g +hut . FKun)@ (@|t)dS,,,

as 13 mmmediately obvious on applymmg the theoiem If we now suppose that the
diaphragm 1s so chosen that the bounding (n—2)-fold 1s a complex (n—2)-fold (§ 9),
we can infer that, when (7, ..., 7) 18 within the region considered, log ¢ (7) differs
only by a finite and continuous function from a function whose rcal part 1s equal to

2 .
= f? (z|t) dSn_s,

wheie the integral may be supposed to be taken only over the part of I which les
within S, for we have seen (§ 9) that for a complex (n — 2)-fold

Kptaayt+. ‘K= 1

The theorem to be proved can then be immediately deduced

17. Incidentally we have remarked m § 16 that 1if a finte portion of an (n—1)-
fold be bounded by a closed complex (n—2)-fold, then, under certain conditions of
continmity and single-valuedness for the function U, we have

[vas, =[x or_ o, ) S

—Kin—
or,  ow

the first integral being taken over the closed (n— 2)-fold, and the second over the
bounded portion of the (n —1)-fold

We now extend this idea to the (n—2)-fold I, given by the aggregate of the
series ¢. We 1magme this (n— 2)-fold, which 18 defined only for finite space, to be
completed mto a closed (n—2)-fold by means of a complex (n—2)-fold at mfinity;
and, as before, we assume tentatively, that the part of the ntegrals under consuderation
which 15 contributed by the portwn of the (n—2)-fold of wntegraton lying at wnfinity
vanishes (see § 22)
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Then, firstly, we may put

V= f Ho 080 = f (= 5 s 0Hms ) dSucs

0z,

where the right-hand integral 1s taken over the mfimtely extended (n—1)-fold diaphragm
bounded by the complex (n — 2)-fold

And, simlarly, we have (§ 14)

20 ( aHm + + K aaI{ ) dsn—a

5!: = 71 at
_ oH,, o*H,, *H,, °H.,,
'ff ["' ar,ax,) Hot (- 3w,.aac_r>+"’(8wx’ Tt e >] @Buesy
_i aHmH aI[m-H aHmH J
= ﬁ( E A TR R vt )d‘s""’
wheie we have put
’)Hm a'i-{m_ ail{m
T P R P

thus, taking Q to vamsh when (t,, ., #)=(0, .,0), we have
Q ff aHmi\ +. + "aHnH-\) dS,._l

Thus, as has been imndicated 1 connexion with the defimtion of Q as an (n—2)-fold
integral, ) 15 a gencralised solid angle. It 13 not a single-valued function of (t,. ., t,),
1ts values at two near pomnts on opposite sides of the (n—1)-fold of mtegration differ
by ntegral multiples of =, this follows, mn a well-known way, from the fact that the
value of the mtegral taken over the closed (n —1)-fold

(o =tV 4. o+ (@ =t =17
1s ultunately @ when 7 diminishes indefimtely

Thus 1t 18 obvious that
27 (V4an))

O(n, Tp) =7

18 a single-valued function.

18. We come now to the consideration of the question of the convergence and
vanishing of the infimtely extended integials used m this paper.

Some guidance may be sought in the comparison of the general case, when p>1,
with the case of fuuctions of one vainable, for which p=1 For ths latter case there
18 no continuous (n—2)-fold of antegratwon, the coriesponding thing 13 a serwes of discrete
points, . general of wfimte number. We have n this paper found a formula,

O(r, .., )=0,
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to represent the equation of a given complex (n—2)-fold extending to infimty; let us
apply this to find the equation of the (n-—2)-fold constituted when n=2 by any
enumerable system of discrete pownts &, &, .., having infimty as a pomnt of condensa-
tion, 1n regard to which 1t 13 assumed that for some positive integer, m, the series

T T

18 absolutely convergent, this condition corresponds to the general one that the integral

meH d8y_, 18 convergent, for instance the points may be those given by a formula
a + 2kw + 2K o',

where k, &' are imntegers and o'/w 18 not real, in which case, as 1s well known, 1t 18
sufficient to take m=1. Taking

9 (z[t) = 108 [(# =) + (2, - 1)),
and, as 1 the general case (§ 13, 14),

V= me«H dSn—z = EHmH

=2 [peeln- g0+ -+ S0 () o),

where the summation extends to all the pomnts &=, + 1, and

0 flanTr - an ) asee

_zf (dt, . m_ gs,? = )

1 1 g
+ '+17-z+1§'—"'—’:‘}’

we find easily

T,
V+u.0= 2[log<l—~) 8 3B
hence as w = 2n for n=2 we have

T m+1
(=TI [(1 - 9 & +<'""+”‘f“7‘] ,
¢

namely the theorem gwes the general wntegral functwon of fimte genre®, whereas 1
Weierstrass's factor formula for a general integral function the number of terms 1t 1s
necessary to take m the exponential may increase beyond all limit as we take a more
and more advanced factor of the product, our theorem hmits itself to the case where
the same fimte value of m will suffice for every factor

19 In the case of functions of one varable a simple case of functions of finite
genre arises for periodic fanctions, the value of m for the sigma functions bemg m=1
And 1 the general case the fundamental (n —2)-fold of integration may be periodic,

* The usual exponential outside the nfinte product being absent
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in the sense that 1t 1s possble to divide n-fold space into period parallelograms, the
interior of any one of these bewng given by the p equations

Te= A+ 20,0 + .« 4 20050y, (=1,. ,p)

where X\ 18 a constant and A,, ,\, are rcal varnables each between 0 and 1, and to
regard the portions of the (n-—2)-fold lying within these vaiious parallelograms as
repetitions of one of these portions Then 1t can be proved. under a certain hypothes:s,
that the value m=1 1s sufficient for the convergence of the integrals The hvpothess
18 that the extent of the (n—2)-fold contamned m any one such parallelogram 1s fimte;
and the truth of this hypothesis 13 deducible from the mode 1in which the (n—2)-fold
of integration has been supposed to be defined.

Of this result, which 1s given by Pomncaré, the proof 1s included i1n the investigation
below (§ 22), i1t may be remarked at once however that the formula obtained here 18
not limited to the case of periodic functions, as we may see by taking a simple example.
We apply the formula when n=4, to form the equation of the complex (n— 2)-fold

b=y
putting y=a+1b this 13 then the two-fold given by @,=a, 2,=0 The matrix
da, diz, dy, diz, |,
dyr, dx, dyzs, dya,

with the help of which the direction cosines may be defined, may be taken to be

{0 0 dzy, O |,
00 0 dx '

so that x,=0 except x.=1, and dS, ;=dz,dz, As the integral

ff dasdr, f”'doj R rdr

@+ +ai+ad) Jy r(D+7?)

vanishes when R, R, are mfimte we infer that 1t 1s sufficent to take m=0, and
therefore

Hy=p (@)= 9(@(0), Hnn=p (el —p@l0)+ (¢ ) p(al0),
then (§ 12) we obtam, for

oH, o, H,, H,
L= zf{m., ( o, -1 o, ") + (Krg + 10yy) <a—-——at — 0 )} dSp_s,
T3

Ba,‘
, oI, BH,,, oH,,
CJ=7IJ{(":1+W32)( z, ax ) +“°u(axa aa}i )}dsn—e,
the respective values
ts =0
- x,—t,—z(w,-t,) _ &y — 1Ty
& ffdwa { (‘Tl —t)+ ... + (2 — t)P [@2+. + xa’]’} ’
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wherein, 1 the latter, 2,=a and x,=b, and the integration in regard to z,, , is to be
taken for each of them over the whole range — to + . Hence we obtan

g\"""(,%—'y_l,rl),

which, as the general theory requires, is a function of the complex variables (in fact only
of =t +1t) Thence

©= [ (an+ tary = [+ 10g (1],

and therefore, as w = 27? for n =4,

2n L

' n
8("'), Tu)—‘-ew =(1-—$>er
which 18 precisely right

20 Transcendental functions of one variable which have no essential singulanty in
the finte part of the plane of the variable may be distinguished into two classes according
as, to speak first of all somewhat roughly, their zeros become indefinitely dense or not, as
we pass to the infimte part of the plane If circles be described 1 all possible ways, each
to contamn a certain defimte number, say N, of the zeros of the function, N bemng at least
two, the areas of these circles may have zero as lower outside value as we pass to the
infimte part of the plane, or may have some quantity greater than zero as lower outside
value More precisely, 1 the former case, however small A may be, and however great R
may be, among the circles deseribed to contain N zcros whose centres are at distance at
least R from some defimte fimte point of the plane taken as origin, one or more can be
found whose area 1s less than 4, 1n the latter case 1t 15 possible to assign a quantity 4
fimtely greater than zero, and a finte R, such that among the cucles desenibed to contain
N zeros whose centres are at greater distance than R from the origin, no circle can be
found whose area 18 less than 4 The most obvious example of the latter possibility 1s
the case of a perodic function, here a period parallelogram necessaily contams only a
finte number of zeros, and this parallelogram 1s indefimtely 1epeated to however great
fimte distance we pass As example of the former possibility we may take the case of an
mtegral function whose zeros arc the real quantities log 2, log3, log 4, .... The length of
the streak which contans the N zeros beginning with log R 1s at most

log (R + N)—log B = log (1 +%),
which diminishes without limit as R increases.

21. Consider now an integral function of one vanable of the former of the two kinds,
for which circles contamning a specified number N of the zeros of the function are formed
of as small area as we desire, however great be the distance R of thewr centres from a
fimte pomnt of the plane It 1s still conceivable that for proper choice of the constant m,
independent of R, and not less than umty, the product

Rm—t 0,
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where C is the area of such a circle, may be fimtely greater than zero for all values of R
greater than a certamn assignable R,.

We proceed to shew that under this hypothesis the infinite series formed by the
sum of the negative (2+ m)th powers of the zeros of the function 1s an absolutely
convergent series The case m =1 18 that of the latter of the two kinds of functions
considered in § 20

Let concentric circles be described with centre at a fimte pomt of the plane, con-
sider the greatest number of zeros of such a function which can lie in the annulus
between two such circles of radu » and 7’ (+'>r), the circles being supposed to be drawn
so that no zeros lie actually upon them By the hypothesis, if » be taken great enough
(and fimte), the annulus may be divided nto regions each contamming a finite number,
say M, of zeros, such that if C' be the area of every such region

™10 Z B,

where B 15 some quantity gieater than zero Let k& be the number of these regions,
which 18 finte so long as +' 18 fimte Then

T (r*=1%) '™ Z kB,

as there are kM zeros in the annulus, the sum of the moduli of the inverse (24 m)th
powers of these zeros 18 less than
kM
ra¥m?
which 1n turn 15 less than
M (17 — r?) p'm

B retm 4

which, if ' =r(1+e¢), 18 equal to

M 1 1
1 m (9 e
B (L +¢€) (2+6)(1‘ r,),
we can suppose the successive crcles drawn so that e remains constant, then the sum of

the moduli of the inverse (2+m)th powers of all the zeros of the function which le
beyond the circle of radius 7, 18 less than

M 1
fee A+er@+e,

and can be made as small as we please by taking 7, large enough This proves the
convergence of the series

22, Pass now to consider an imtegral function of p complex varables, and consider
the (n—2)-fold over which the function vanishes, this being supposed to extend to
wfimty Imagine closed (n—1)-folds to be described everywhere convex, and as far as
possible, for the sake of definiteness, of spherical form, with the condition that the
extent of the zero (n— 2)-fold contamned in any one of them shall be some definite

556—2
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quantity, say A. In regard to the shape of these closed (n—1)-folds the important
pomnt is that the linear dimensions shall be always of the same order of magmtude in
all directions. In regard then to the n-fold extent, V, of these closed (n —1)-folds two
things are possible as we pass to the infimte parts of space Either V' may have a
lower outside value B finitely greater than zero, which case arses 1 considering functions
having 2p sets of simultaneous periods. Or, the zero (n—2)-fold may become so bent
and crumpled upon 1tself that at sufficient (not infinite) distance from the finite parts
of space 1t may be possible to find an n-fold extent V less than any assigned quantity,
which shall still contain an extent A4 of the zero (n—2)-fold, or in other words, that
the volumes V' may have zero for lower outside value as we pass off to infimty When
this latter 18 the case 1t 13 conceivable, denoting by R the average distance of the
pomts of a closed (n—1)-fold fiom some finite pownt, that 1ts n-fold extent V may not
dimimish faster than some positive power of R increases, namely that there may bo a
quantity m, not less than umty, such that

R"\W z B,
where B 18 a fimte constant, for all values of R which are not too small
Under this hypothesis 1t can be shewn that the wntegral
[ dSn—s

Rn+m?

extended over the whole wnfimite (n—2)-fold, 13 convergent, R denoting the distance of a pomnt
of the (n—2)-fold from some fimte pomnt

For suppose concentric spherical (n—1)-folds to be deseribed, with centre at the
fimte pont from which R 13 measured, and consider the extent of the (n—2)-fold
lymg m an annulus bounded by two of these spheres, of radu » and = (1,>7) In
accordance with the hypothesis we can suppose the n-fold content of the annulus divided
into regions each containing a fimte extent, say M, of the (n—2)-fold, such that if V be
the n-fold extent of any such region

r™V Zz B,

where B is some constant greater than zero. Let k& be the number of these regions,
which will be fimte when », 1s fimte Then

Tt -z kB,

as the total extent of the (n—2)-fold lymg in the annulus 1s kM, the contribution to
the integral

S,
Rn+m
which arises from the annulus 18 less than

kM

potm?
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and therefore less than
oM (rln - 1n) ,,.lm~|
n ﬁ ptm ’

which, if 7, =r(1+e¢), 13 equal to
oM 2(l+er—1/1 1
ﬁbB(l+e) e ——v-<———),

r 7
we can suppose the spheres chosen so that e does not become infinite, 1t 1s therefore
obvious that the integral 1s convergent.

It 18 tacitly assumed in this arrangement that the extent of the (n—2)-fold lymg
any finite n-fold extent taken entirely in the fimte part of space 1s fimte This follows
from the method by which the (n—2)-fold 1s supposed to be defined, for 1t can be
shewn that if ¢(m, ..., 7,) be a power series, the extent of the (n— 2)-fold ¢ =0 which
lies within a closed (n —1)-fold lymng within the region of convergence 13 necessarly
fimte* This generalises the well-known theorem for tunctions of one vanable, that a
power series cannot have an infimte number of zeros lying withim a region which 1s
actually within 1ts circle of convergence, that s, cannot have an infimte number of zeros
with pownt of condensation actually within the circle of convergence

23 The investigation of § 22 apples to the integral (§ 13)
V= [Hundis,

denote by (z,, , @) as before a powt of the (n—2)-fold, and by (4, ,t,) a finite

pomnt not upon the (n—2)-fold of integration, when R:=a’+ 4+, 18 large, that 1s,

for the very distant elements of the ntegral, and +=¢2+ .. +1{2 18 fimte, we have
pmt2

Hm-H = Rntn Km+1 (I‘) + .,

and 1t will (§ 12) be sufficient for the convergence of the integral that for any assigned
small quantity e 1t be possible to find a finite R, such that the integral

dS,_,
Rwtm?

taken over the part of the (n— 2)-fold of itegration, extending to mfimty, for which
R >R, shall be less than ¢ We have mn § 22 proved that this 1s so under the
hypothesis advanced

24 The method just appled to the integal
[Hunidsies

avails to justify the assumptions which have been made in regard to the other (n—2)-
fold integrals considered 1n this paper.

* A sketch of a proof 18 added below, § 27
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There remain certain assumptions in regard to (n—3)-fold integrals, and 1n regard
to (n — 1)-fold integrals.

We have assumed that 1if a fimite portion of the (n—2)-fold of integration be
bounded by closed (n — 3)-folds, the corresponding (n — 3)-fold 1ntegrals

3H,,...,) S,

f 2 (Itr 8,2k—1 +"‘m, ,k) ( m—1_

8@,,, 1 0z

ultimately vanish as these (n — 3)-folds pass to infimty

This really follows from what has been demonstrated The (n— 3)-fold integral arose
as equal to an (n—2)-fold mtegral. In the course of the proof above 1t has been
shewn that this (n —2)-fold integral 13 such that if taken over infinitely distant portions
of the (n— 2)-fold the corresponding contributions ultimately vamsh. Thus 1t 18 legitimate
to regard the (n—2)-fold as closed at infimty, namely by an (n —2)-fold for which our
hypothesis (§ 22) remamns vahd In which case the (n—3)-fold integrals that arse
are mutually destructible

We have considered also the (n — 1)-fold integrals

e ff( a}_{'”_t’._ a’g .)ds,,_,,

aHm-H aHmﬂ
0= [l 0T )t

taken over the infimite (n—1)-fold bounded by the hypothetically closed (n — 2)-fold
just considered. It 18 necessary to see that these are convergent This follows because
the portion of either of these (n—1)-fold integrals taken over the portion of the
(n—1)-fold which les at infinity can be replaced by an (n — 2)-fold integral taken over
a closed (n-—2)-fold lymng entirely at infimmty—and by the proof given above this
(n — 2)-fold ntegral ultimately vamshes

25 Note to § 15 In the course of this demonstration we have utilised the fact
that as (4, ..., t,) approaches indefinitely near to the (n — 2)-fold of integration the integral

2
2 [o @ity s,

becomes infimte like log mod ¢, where ¢ =0 18 the equation of the (n—2)-fold 1n the
neighbourhood  The following direct venfication of this fact is of interest

To a first approximation the pomnts of the element dS,, satisfy the following
equations, the origi of reckoning being taken at the pont of the (n — 2)-fold,
wa + Uty + A+ Uz =0,

UE, + VT + oo + UnZa =0,
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these give
(¥ = usty) @3 + ... (Uvs — ugt) @3 + ...
e = Uy) 4 T Ty=— Sullis

& = )
Ur¥s = Uy Uy — U

) By=dy, Te=Tyy oo

whereby all the coordinates are expressed m terms of the (n—2) quantities a, ...

Thence, using the equation #,,dS,_,= M, we have

..+ ug?
dSpy = —Lu—l;_i_ ? day . day.
We can further suppose the axes so chosen that

Ug=., =Uy=0y=..=0=0,

439

» Tne

so that, for dS,,, ;=0 and 2,=0, and dS,.,=dzdz,. dz, Also, the orgin bemng
at the pomnt of dS,_, which 1s to be considered, z,, ,=, are, for dS,—,, subject to a

condition of the form
x4+ +xtZ

where « 1s small and fixed, these coordinates are otherwise unrestricted, we can there-

fore put
dSp_y = r"3sm" 40, sin*0, . . sin 6,_,drdl, db,.,,

where the himits are
r=0toa 6=0¢t m 8,=0t m.., 6py=0tom 6,,=0 to 2nm
The pomt (¢, . ,t,), as 1t approaches the (n — 2)-fold, can be taken subject to
b+ A+ xalyn =0, tP+..+t1=¢,
where @, =0, z,=0 and (0, 0, &, ,ay) 1s any pomnt of dS,_,
Then to the mtegral
2 f o (@lt) dS,_,

the contribution arising from dS,_; 1s

1 2Zwpe mdr
n—2wJ,(r+ e

f s ¢, siné,_,db,. .db,,,

which 18 easily scen to be
e rdr
IR

putting n=2p, =6z z+1=t, this 13

1 8 —1)e p
—ifl o dt,

=_;{log(1+‘:—:)+(p—2)(-lﬁ—l)+ . +(;)41_)f; [(1+1a_'>!'-=_ l”
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of which the infimte part, for dimnishing e and fixed a, 15 exactly loge But as we
approach the (n— 2)-fold in the way here taken we can put ¢ = hee*, (see § 16); so that
the infinite part of log ¢ 1s also loge Thus n the hmit the difference

2:t"’j{p(a:lt) a8y, log ¢

remains finite, as stated.

26. In this paper we have hitherto supposed the (n—2)-fold of integration to be
given d priori, by means of a succession of power series Some remarks must be made in
regard to the problem 1n which this conception has arisen

Suppose that a single-valued function F(7, ..., 7,) 18 known to exist for all fimte

values of 7, .., 7p, and to have no essential singularities for any finite values of
Ty, .. , Tp, namely can be represented 1n the neighbourhood of any fimte pomt (1, ..., 7,)
1 the form

F=dyy(n—n .. , =N =¢(n -7 ., 1,—1,9),

where +,, ¢, are ordmary power series (of positive powers) with a presumably hmited
common region of convergence It the series v, ¢, have a common vanishing factor

at (1@, .., 7,9), that 18, are both divisible by another convergent series which vamshes
at (1,@, .., "), this factor may be supposed divided out (Weierstrass, Werke, 11 (1895),
p 151). There 1s then a region about (v,©, .., 7,0), within the common region of

convergence of v, and ¢,, but not necessarily coextensive with 1t, such that, if
@+nY ., 1)

be any pomnt mn this region, and the series , ¢, be written as power series with this

pont as centre, by putting 7 —74® = ¢ +u, the resulting series 1 u, , 4p have no
common factor vamshing at u,=0, ., 4,=0 (Weleistrass, loc cit, p 154) This region
we may temporanly call the proper region of (7,, , 7,@) for the function F There

may be pomnts within this region at which ¥, ¢, both vamsh without having a common
factor vamishing there, such points lying upon an (n —4)-fold at every pomnt of which
F has no determmate value If the series +,, ¢, as orgnally given have no common

factor vamshing at (n,®, .., 7,@) there will sumlarly be a region about this point at
no pomnt of which have they a common vanishing factor. This region also we call the
proper region of (r,®, . , 7,) for the function F

By hypothesis there 18 then a proper region belonging to every fimte pomt We
assume further, what 1s not quite obviously a deduction from the former hypothesis,
that the whole of fimte space can be dwnded wnto regions, each of finte emtent, each having
the property of bewng entirely contained wn the proper region of every pownt of itself.

The function F will then be represented in one of these regions K, by an expression,
belonging to an interior pomnt 7,

)
=%
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wherein +, ¢, have no common factor vamshing at any pomnt of K,; as we pass to
a contiguous region K, we need a representation belonging to a pomnt (r,%, ...) nterior
to K, of the form

F=¥
By considening the equality '
Yo_ ¥
b b
in the region common to the proper regions of (r,@, .., 7,9) and (n,", , 7,%) we

are then able to deduce that all the pomts for which 4,=0 are also ponts for which
¥, =0, and conversely

We thus build up the 1dea ot a zero (n—2)-fold for the function F, and an nfimty
(n—2)-fold If the former be represented by ® =0, and the latter by ® =0, the function

F can be represented in the form
®

F= &) e*,
whete A 18 an integral function, and ®, ® have no common zero other than poimnts
belonging to an (n— 4)-fold at every pont of which F 1s indeterminate

27. Note to § 22 If an n-told space bounded by a closed (n—1)-fold be taken
actually within the region of conveigence of a power series 1 the complex variables
£, . 5 & osay (&, , &) where n=2p, the extent of the portion of the (n— 2)-fold
given by ¢ =0 which lies within the (n—1)-fold 1s hnite For consider the pomnts of this
portion for which &=v,, , £, =4,, where y, .., 4, are certain defimte values, these
pomnts aic given by the equation i &, ¢ (&, 4.0, 9p) =0, wherem £ 1s capable only of a
limited range of values determined by the (n—1)-fold, as this range 15 included within
the region of convergence of the £-power scries ¢ (&, v - , 7p), there cannot be an

infimte number of values of £ within this 1ange for which ¢ (&, v;, , 9)=0 Thus on
the portion of the (n —2)-fold ¢ (&, &, .., &) =0 lying within the (n — 1)-fold there exists
only a fimte number of values of & cortesponding to given defimte values of &, , &,.

Let dS,_, be an element of the (n—2)-fold ¢ =0, we have
J81m0 = fradSos 4 e ndSacs
the 1integrals being taken over the portion of the (n—2)-fold which hes within the
(n - 1)-fold, to prove that fdb‘,,__. 15 fimte 1t will be sufficient to piove that every one

of the integrals on the right 1s fimte, we prove that the first of them 1s fimte. Take
upon the (n —2)-fold. ¢=0, (n— 2) independent sets of differentials given by the rows
dyzy, dyxy, dy, 0, 0, O,
dyx,, dyz;, 0, dz,, 0, O,
d,z,, dszy, 0, 0, dx, O,
da, dz,, 0, 0, 0, dag,

VoL XVIIIL 56
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where, for instance, dy_%, dy_,@, are determined mn terms of da,., by the equation
1 (dorr ) + 18y 1Z0) + P dTyia = 0,
and dya,, dyo, are determined m terms of dw,, by the equation
¢y (dopty + 2y 2) + 1, 41 dT sy 1= 0,
Then «,,dS,-; may (§ 5) be replaced by
daydz, . . de, dz,,

since then the range of values for each of &y, @,, ..., x,, for points under consideration, 1s
fimte, and, as proved, there 18 only a finite number of poimnts of the (n — 2)-fold for which
@y, . ., &, have a given value, 1t follows that the mtegral

taken over the whole extent of the (n—2)-fold within the region considered can only
be finte.

28. Note to § 8. The following example, relating to the transformation of integrals
considered 1n Part I of this paper, seems worth preserving

For n=4 we have for the transformation from a closed (n—2)-fold to an (n—1)-fold
bounded thereby, the equation

f("«npaa + k0 P+ 6Py + i Pri+ ";«Pu + k5 Ly) dSp_,

; 0P, o8P, P,
=.fdb,._, {x, (&—; + 2, + —97‘)

0Py 0Py 0P | (0Pa 2Py 0P,

te <8w,+6.1., 8:04) ‘(Bz,-'-ax, 3.’0,,)
9Py 0Py 0P

+x‘(8 on, T oz, )}

=/dsn-—l (@ + 1,Q, + Qs + #,Q.), say,

thus Ay 0Py _0Pa_

o, 2, om, ¢
0P, 0Py 9P, _ Q
om,  Oa, O, »
oPu_0P_tPu_,
om,  Ow  Am,  *
oP, 8P,u oP,

om T on, toow, ~ %
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o6 aQ, 406, 00

therefore Bw, 3-’0, oz,

which 15 a necessary condition for the consistence of the four equations just wntten. It 18
satisfied for mstance by

wmms (). amteni(Z i)

f bemng any function of @, «,, %, #,, corresponding to these values the four equations just
written are satisfied by

P|2=Pu=0: Pu=fy Pu—7f Pz{'—'ff Py=- f
But 1t does not thence follow that
f(/‘n + 1y + ey — Kay) f dSn—2
9 9 9 9
=J.{("x + 1K) (af' f ) (%5 + 1) ( f 3{2)} dSn,

for the frst integral vanishes for a complex (n —2)-fold, and the second integral does not
necessarily vanish, as we see by taking for instaunce

— 1 B ("LIA_j t}y"‘-’("":"tz)g
/= 2E =T (E=T) (=P + (=) + (2= 0) + (1 — 1)

when we get

of _ o o __(8_.D
&L. + o, (6.1 ) # (=) oz, g oz, <ax, -t B.r,.) @ (lt),

whereby the second integral becomes

_ fds,._. {(/c, +ue)) (a%, ) 0 @)+ (ks +m.)(- —i —) e :)}
which 15 not always zero

In explanation 1t may be noticed that on the (n—2)-fold there are ponts where
£ =7, and for these f 1s nfinite

26 July 1899
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Coambirdge Philisoplucal Transactions, Vol XVIIT, Plate 3.

Prates 3—23 [(LLUSTRATING PROFEssor LiveING's Paper (pp. 298—313), On the

effects of Dilution, Temperatwre, and other circumstances, on the Absorptivn Spectia of
solutions of Dudymaum and Erbmn salts,

These plates are all reproductions, enlaiged to double the size, of photographs of some
of the <pectra from which the conclustons m the text have been deduced In the
processes of enlmgement and reproduction <ome of the famter details visible m the
original negatives have (perhaps unavodubly) been lost: but they present the <alient
features of the changes m the spectia poduced by the variations of cwrcumstance

The references to these plates m the text applied to the original negatives and
wera printed before the reproductions were ready  The latter, bemg positives, are
reversed, and mn order that the 1cferences may be eamly mtelligible 1t has been
necessary to place the red cnds of the spectra on the left hand

The figures at the top of cach plate are the approximate wave lengths of the

bands i the spectia beneath them, and sufhciently ndicate the 1ange of the spectium
photogiaphed.

PLATE 3

Absorptions of solutions of didymmum chlonde m fow degrees of dilution m kancsm myersely

as the dilutions  The most coneentrated solution contumed 1407 gams per htre,” and the absorbent
thickness of this solution was 38 mm

596

)
@
-+

469
444
427
403

solution 1/8 strength
305 mm thick

strongest solution
38 mm thick

olugion 1,1 stiength
W
1525 mm thick

" solution 1/2 strength
76 mm thick

It will be noticed how very nearly identical these fomr spectia wre  The ongmal photograph
shews a number of faumt bands which have not come out m the reproduction  They are however as
nearly 1dentical m all four spectra as are the stronger bands hete reproduced
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PLATE 4

Absorptions of solution of didgmmu sulphate - fow degrees of dilution

-«
e
3

28

®

The diffuse bands at about X380, 375 and 364, ue qutc visible m the
have neuly disappeared n the 1eproduction
¥
PLATE 5
Absorptions by solution of e mtiate m- fow degrees  of  dilution,
560 gaums of the salt to the htie
3 % 53 3% ig R

raturated solution
38 mm thick

Talf stiength
76 mm thick

quattor-stiength
152 Smm thiek

one eighth stiength
305 mm thick

ongmal  photograph, but

the strongest contumng

.

one eighth strength
305 mm - thick

(narter-strength
132 5mm thick

halt strength
70 mm thek

strongest xolution
38 mm thich

The mercasing diftuseness ot the hands with inaeased concentration of the solution 14 seen m this
series, the weak band about X441 seeming to be washed out when the solution 13 concentrited wlile

that about 2449 13 much broader and the details within 1t obhterated.

Vol XVIII, Plates 4, 5,






Canebridye Plidosoplacad Transactions, Vol  XVIIL, Plates 6, 7.

PLATE 6
Absorptions by solutions of didymiun

ntrate, concentrated, and extremely dilute The most concen-
trated had 6111 grams of the salt per htre, the other was part of the same solution diluted to
455 tines 1ty bulk
2 28 22 I 5 3 F g
B =R - = 3 E E R

.
stronger solution
67mm thick

1/43 5 strength
305 mm  thick

There 1~ very little difference hetween these two spectia except that the band m the yellow iy
Lroader with the stronger solution, and those at A476 and 427 more washed out,

PLATE 7
Absorptions by solutions of didvnnum chlonde of - concentritions equinalent to those of the mtiate
used for plate 6 the stronger contmmng 46249 @ams of the chlonde per htie

- - o = =
2 28 28 5 2 %
B 23 %% R E %

stronger solution
6 7mm thich

1/45 5 stiength
305 mm thick

There s no detite dificrence hetween these two spectia
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. PLATE 8

o

Absorptions of a wolition of erbium mitrate containing 467 6 giwms of the <alt per htie, and of a

golution made by diluting the former to 435 times 1ts bulk.

=
=
=

3387

ki
oo

2 Ed s 32

= = =

© -
@
B

strionger solution
6 7mm thick

1/45 5 strength
305mm thick

The bands arc more diffuse with the stronger solution, that at about A377 beng deudedly hroader
The band at about 449 15 more distinctly seen m the ongmal and 15 more diffuse with the stionger

solution than with the weaher

PLATE 9

Absorptions by solutions of erhium chloride of concentrations equnvalent to those of the mtiate used
for plate 8, the stionger solution contaming 3633 grams of the salt per htre

ex 2 s w2 s s
83 & 3 z & E

1 45 5 strength
305 mm thick

stronger solution
67 mm thick

There 13 hardly any difference between these two spectra cacept that the band about A377 14 1ather
stronger with the wmore concentrated than with the dilute solution, owing probably to the overlapping
of the general diffuse absorption of the concentrated chlorde at the more refrangible end The famter
bands which are visible m the ongmal photogiaph can haidly be traced m the reproduction
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PLATE 10

Alworptions by solutions of erbnun ¢hlonde and equivalent solutions of erbium mtiate, alternately
four degrees of concentiation, the strongest having 726 6 grams of the anhydrous chloride to the htre,
and the equivalent mtrate 9352 grams to the htie

strongest solution of E1 CIY

1 38 mm thick
strongest solution of
2 [Er (NOY)*
88 mm thick
half strength chlonde
8 Tomm thich
halt stiength mtrate
4 76 mm  thick
quarter-stiength chlonde
5 152 5 mm thack
quaiter strength nitrate
[0 152 5 mm thiek
. one eighth <trength chlonde
305 mm thick
8 one eighth <tiength mtrate

305 mm  thick

The greater diffuseness of the bands with the more concentrated solutions of the mtrate 18 evident,
and so 13 the extension of the gencral absoiption at the more reftangible end of the spectrum with the
most concentrated solution of the chlorde,

The difterence between the absorptions by the chlonde wnd mtrate dimimshes with dilution and has
almost, or quite, disappeared m the cise of the weakest solutions






PLATE 11,

Absorptions by didymium chlorde and mtrate, alternately, m equivalent solutions of fomr degrees of
concentration, begmming with the strongest solution contaiming 4629 waoms of the mbvdions chlonde to
the litre, followed next with the equivalent solution contuming 6111 grans of mtiate to the htie
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strongest solution of CI
Romm thick

. strongest solution of
M(NO')S 38 mm thuck
3 half strcngth chlorde
70 mm  thick
. halt strength mtrate
76 mm  thick
. quarter strength chloude
g 1525 mwn thick
. quurtar strength nitiate
1525 mm thick
one aghth strength chlonde
7 303 mm  thich
s one-eighth-strength mtrate

305 mm thick

The etension of the genetal absorption at the most aefiangible end of the spectrum with the
concentrated solution of chlornde 14 evident 1 the uppermost figure  With such strong solutions v ware
used for these photographs other differences between the absorptions by chlonide and mtiate can be wcon
only m the weaker bands such as those from 433 to A406  These are weakened hy diffusion m the
case of the mitiate, but there 19 vary lttle diffrence between the alworptions by chlonde and mtiate
m the most dilute solutions
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PLATE 12

Absorptions by solutions of hydiochlonc aad m alcohol, and m water, compared with the ibsorption
by pure water.

strongest solution of HClm

! wleohol, 3% mm thick
R half-strength, do
7h mm thick
yuaiter strength, do
8 1525 mm thick
N pute water
305 mm  thick
5 ~tiongest solution of HC('ln
water, 38 mm  thick
o half-strength, do
76 mw thick
7 quarter-strength, do
152 5 mn thick
« one eighth strength, do

305 mm thick

The eftect of the hydiochlorc acid at the more refiangible end 13 visible, and the dinmution of
the absxotption with dimmmshed concentration of the acid 13 seen m the aqueous solutions Nos 5, 6, 7,
wlile dimmished concentration has little or no effect m the case of the alcoholic solutions Nos 1, 2, 3,
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PLATE 13.

Absorptions by solution of ctbium hlonde, cold and hot alternately, mn two degrees of concentiation

half sticngth solution
76 mm thick at 23 C

half strength solution
Th mm thick at 977 C

stronger solution
38 mmn thick at 253°C
-~

stronger solution
38 mm thick at 99°C

The extension of the general absorption at the more refiangible end of the spectium by a nse of
tomperature 15 mantest 1 these photographs, and <o 15 the greater diftuseness ot the bands at about X449
and A488,
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PLATE 14

Absorptions by solutions of etbiun mtrate, cold and hot altcrmtcly, m fom degtecs ot dilution, m
thicknesses mversely as the dilutions, The strongest solution hiad 366 grams of cthium mtiate per htie

stiongest solution

1 38 mm thick a4 22°C
R do
< do at 98°C
3 <olution 1/ strength
1925 mm thch at 23°C
do
4 do at 94 C.
solution 1/8 stiength
5 05 mm thick at 23°C
de
[
do at 94°C
7 solution 1/2 <tiength
76 mm thick at 28° C.
“ do

do, at 97 C,

Tt will be noticed that the effect of heatmyg the solution 15 m general to 1ender the absorption
bands more diffuse, and that 1t 15 the bands that mercase m diftuseness with meicasing concentration
of the solution which we most affected by the rise of temperature

The ongmal photographs shew several fumnter bands which have not come out m the reproduction,
and also shew the lighter mterspaces between the absorptions m the ultia violet much more distmetly
than the roproduction Kven m the reproduction these hghter mterspaces m the ultra violet aie more
distinct m the spectra of the cold solutions than m those of the hot solutions
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PLATE 15

Absorptions by solation of didymum sulphate, cold and hot, m two degiees of concentiation  The
stronger solution was a saturated solution at 20°C

- ® = - = b
2 =1 » T * ) = §
iy E - - -

trongersolution of Mi%(804)}
38 mm thich, at 23°C

ame solution and same
thichness, at 90’ C

half-strength solution
T6mm thick, at 244°C

half strength solution
7o mm thick, at 92 C

I he extension of the general absorption at the more 1efiangible end of the spectrum, and the mncreased
diftuseness of the bands m the blue, by the rise of temperature 18 plamly seen m these photographs

PLATE 16
Absorptions by <olution ot ethimm (hlonde, neutral and aad, m two degiees of concentration, the
stronger neutral solution having 7266 grams of the chlonde to the htie, and the aad solution having
Lesides an amount of hydrochlonc nad equin dent to the amount of nential st

=

%

336

» %
2 X
" -

449
404

=

tronger neutral <olution
38 mm thick

tionger acid wolution
38 mm thickh

ne thud strength neutral
solution, 152 5 ww thick

ne thind strength acid
solution, 152 5 mm thick

The thickness of the absorbent solutions 15 not proportional to the dilutions, so that the absorptiony
of figures 3 and 4 are produced by a quantity of walt one-third greater than thit whih Live bumes
1 and 2, wlich makes the bands of 3 and 4 stionger

The eftect of the aad 1y chiefly to extend the geneial alsorption at the more refiangible cnd of the
spectrum






Cambidge DPlidosophocdd Trapsections, Vol. XVILL, Plates 17, 18

PLATE 17,

Absorptions by solutions of erhium mitrate, neutral and acid, m two degrees of concentration Tho
stronger neutral solution had 9352 grams of the salt per hitie, and the acid solution had i 1t besides
as much mtue aad as was equinalent to the wmount of neutral salt.

305

- £ = noow ==
5 =Y - 2 z o
- = X oW

o

stronger solution, neutial
S8 mm thick

stronger solution, acid
38 mm thick

half strength, neutial
76 mm  thick

half-stiength solution, acid
76 mm thick

The eftect ot the aad morendamg the bands more diffuse 15 seen - these photogiaphs, and m the
extenwon of the general alsorption at the more rchrangible end ot the second hgure,

PLATE 18

.

Absorptions by solutions of didvinum chlonde, neatral wd aad, 1 two degrees of concentration  the
aad solutions contammg the sane unount of didymium per htie as the neutral solutions but with
hyvdrochlone aad m ddition

483
400
444
2
380

~
=)
4

stronger solution «f I1CI3,

1
noutial, 38 mm thick

9 stionger solution, nerd
38 mm thick

4 half-strength, neutial
76 mm thick

4 halt stiength, sad

To mm thiek

‘The cluef eftect of the aad 18 to extend the general absorption ab the more 1efiangible end of the
Npectium,
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PLATE 19

Absorptions by nearly equivalent soluttons of didymmm chlonde 1 water, m alcohol, and m eoliol
charged with hydrochlone aad. The acd solution was prepared from the neutral alcoholic ~olution by
passmg hydrochloric acid gas mto 1t and was found to be about mne-tenths of the stiength m didvunum
of the neutral solution,

e - o 88 - ®
] 2 A
iy R % 3 =3

nentral aqueous solution

2 She ncutial aleoholic solution

acud aleoholic solution

The genetal absorption at the more sefrangible end 15 extended a httle by the aleohol, and still
more by the addition of aad

The bands are generally 1endered more (iffuse v alcohol and a httle shifted towards the 1ed end of
the spectrum, the shift increasng as the refrangihity deacases

The acd seems to diffuse away the bands m the Dlue, the stiong pan at about X320 ate just
wisible 1n tho spectrum of the aud solution considerably shifted towards the 1ed  And the strong group
m the yellow 13 still more shifted, and so spread out that several of the component bands ate separated

PLATE 20

Absorptions by equwalent solutiony of didymuun mtite m water and m glycerol

@ - o n o2 o ~ 2
< ® = x 2 o >
= B E -+ = X

1queous solution

ilyeerol solution

No dchmte shift of the bands by the glycerol appears m the photogiaph, but there 14 an extension
of the general absorption at the more 1efiangible end of the spectram, and the bands are 1endered more
diftuse by the glycerol,
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PLATE 21

Absorptions by glass of borax coloured with didymaum oude and by 1 <olution 1 water of didymim
nitrate contaning a quantity of didymmum equal to that m the glws

©
3
by

- o n 2 - N 2
o] » @ - @ %
00 - T - * =

sorax glass coloured with
didymum

1queous solution of
didymium mtrate

These photographs are disfigured with honzontal lnes due to dust on the sht of the spectroscope.
It will be seen that the bands are for the most part shifted by the Lorax but very unequally so, also
that the bands ae 1endered more diffuse by the borax and some almost diffused away

PLATE 22

Alworptions by equivalent solutions of didvimmn acetate - acetic aad and of didymum mtrate m
water,

2 - < -3 - I - =l
@ 3 = 2 z z
by ~oQ - - - = =

didymum acetate
dissolved m acetic acid

equivalent aqueous
solutron of mtrate

The hands we generally slnfted towards the 1ed by the acetic aeid, and mn the photograph the
shuft dimnnghes as the band 18 less 1efrangible, but the dispersion of the spectroscope also dunimshes
as the light 18 less 1efrangible, so the apparent diwmmution of the shift 19 not altogether 1eal

The acetic aud also increases the diffuseness of the bands, as 19 very manifest 1 the wase of the
band at about AM76, and may be traced m others
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PLATE 23.

Absorptions by solutions of didymium chlonde in water, and of didymiun tumtiate mn water chmged
with ammonia.

596

531

510
483
469
444

§ g 2

queous solution of
didymium chloride

smmomacal solution of
tartiate

The tartiate has all its bands more diffuse than the chlonde, some of them almost diffused away,
and they are shufted towards the red
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