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PREFACE
TO THE SECOND VOLUME.

THE subject-matter of this second volume differing very
greatly from that of the first, a few words with regard to the
manner in which I have treated it seem to be necessary.

The reader will observe that in the Chapter dealing with
Virtual Work, I have ventured to reject the term ¢ Generalised
Component of Force, and to replace it by the term ¢ Work
Coefficient,” the former term being, to my mind, open to the
objection of conveying an erroneous idea with regard to the
nature of the thing defined.

In the Chapter on Attractions the great object which I
have constantly kept in view has been the fixing of a definite-
ness of idea in the mind of the student with regard to the
various physical magnitudes which are represented by
symbols in our equations. To this end, I have explicitly
adopted the C.G.S. system, and I have introduced a suffi-
cient number of numerical illustrations in which Forces and
Potentials are definitely presented as so many Dynes and
so many Ergs per gramme. The C.G.S. system stands
pre-eminent for its extreme simplicity; and when once the
student of Mathematical Physics learns how to make a real
working use of its units—to recognise, without mental effort
and as a mere matter of course, that his symbol, p, for
volume-density always means so many grammes per cubic
centimetre ; that his symbol, X, for force-intensity means so
many dynes per gramme; and so on—he will never
experience any difficulty in altering the values of funda-
mental numerical constants to suit the units of mass, time,
and length which are adopted in any other system. In the
calculation of Attractions—and especially in the domains of
Electricity and Magnetism—the ever present notion of a
concrete reality corresponding to every algebraic symbol is of
immense importance. Indeed, without this definiteness of
idea, no knowledge of the slightest value can exist.

The result of perpetually fixing the mind on mere symbols
and repelling the natural realities for which they stand is to
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produce in the mind a erystallisation of ignorance; and it is
to prevent this that I have so persistently kept before the
student the gramme, the dyne, the erg, &e.

Hence in this Chapter Poisson’s equation always appears
in the form V%V = —4myp, in which y is the C.G.S. constant
1 dyne
1543 x 10*
with its value gives the student a useful idea with regard to

the nature of gravitation.

In this Chapter I have also ventured to introduce the
term ‘Laplacian’ with reference to those remarkable coeffi-
cients which occur in the development of the reciprocal of the
distance between two points. The general term ‘Spherical
Harmonic’ is, of course, retained ; but it seems to me that the
name of Laplace ought to be explicitly connected with the
branch of Mathematical Physics which he did so much to
develop, and which has now become of such great import-
ance. The pure mathematicians having their ‘Jacobians,’
‘ Hessians,” ‘Cayleyans,” &c., the term ‘Laplacian’ is surely
Jjustified.

of gravitation —viz. about —and a familiarity

GEORGE M. MINCHIN.

R.I. E. CoLLEGE, CooPER’S HILL,
February, 1886.

A new edition of the Second Volume was called for in the
summer of 1888. It is to a very great extent a reprint of the
previous edition; but it treats much more fully of Conical
Angles, contains new Articles on Line- and Surface-Integrals
and Magnetic Shells; and, finally, an improvement in the
method of treating some questions of Strain and Stress, for
which I am indebted to Professor Williamson, F.T.C.D. It is
satisfactory to know that the introduction of the gravitation
constant has met with high approval, and has found explicit
recognition in some recent papers by able writers.

G. M. M.

CooreR’s HiLL, October, 1888,
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ERRATA.

——

IN VOL. I. (3rd Ed.)
P. 30, line 6, for m read n.
P. 59, ex. 19, for @ tan a rcad Q cot a.
P. 67, line 18, for (—A) read (6—A).
P. g1, line 6, for 74 read 75.

In the example in p. 115 the value of G should be 356 hilogramme-decimdtres.
Alter the result accordingly.

P. 130, line 12, for B3Y read B3X.
P. 135, line 12, for B, read Bi.
P. 160, line 12, for matter read manner.

P. 170, line 20, for o —w rend w—o'

IN VOL. II.

. a®—a? S —a'?
P. 299, line 9, for - read T

The following corrections in Vol. IT. were kindly communicated by Professor
Hoover, Ohjo University, after the sheets had gone to press:

P. 271, in Ex. 12, omif the term 1 within the brackets { }.
. 281, line 19, for sin 6 read cos 6.

. 298, line 3, for sec P’PO read sec P'QO.

299, line 25, for C read C'.

326, eq. (9), for du read udp.

357, eq. (B), for du read dy'.

366, line 19, for —blz read bla~

370, lines 3 and 5, for ¥, read a¥,.

WY W YR PRI

. 374, line 18, interchange K and E.



STATICS.

CHAPTER XIIL
NON-COPLANAR FORCES.

ArticLE 198.] Resultant of any Number of Forces
applied to a Material Particlo. Let a force P, represented
in magnitude and direction by OO0’ (Fig. 228), act on a particle
at O; let Oz, Oy, and Oz, be any three

rectangular axes drawn through O; and z

let the angles, 0’Oz, O’Oy, and’ OOz, c P
which the direction of P makes with

the axes of reference be denoted by a, 83, H o

and y, respectively. From O let fall 0 B v

perpendiculars, O'F, O'H, O’D, on the
planes, g2, 2z, and 2y, respectively, and
let the parallelopiped be completed as in
the figure. Then the force OO may
be replaced by the forces OD and OC, by the parallelogram of
forces; and OD can again be replaced by O4 and OB. Hence
the force P is equivalent to the three forces

Fig. 228.

P cos a along Oz,
PecospB , Oy,
and Pcosy , Oo

The converse proposition is also evidently true—namely, that
any three forces, 04, OB, OC, along Ow, Oy, Oz (whether these
are mutually rectangular directions or not), give a resultant
represented in magnitude and direction by the diagonal, 00, of
the parallelopiped determined by the forces.

If several forces, P, P,, ... P,, act at O and make angles
(215 B1s 71) (935 Bas ¥2)s +ee (Gns B ¥s) With the axes, let each
of them be replaced by its three components along Oz, Oy Oz ;

VOL. 1I. B
R



2 NON-COPLANAR FORCES. [199.

and if £X, 2Y, =7 denote the sums of the components along
the axes, we shall have

2X = P,cosa,+P,cosay+...+ P,cosa,,

SY = P,cosB; + PycosBy+ .vo + P, cOS B, } (1)

27 = Picosy,+Pycos y, + ... + P, cosy,,
and the whole system of forces will be replaced by the three
forces, =X, 37, and 2Z along the axes of z, y, and 2. But
the resultant of three forces in these directions is the diagonal
of the parallelopiped determined by them. Hence, R being the
magnitude of this resultant,

R = V(2X} + (ZY)+ (220 (2)
and if 6, ¢, , be the direction-angles of R,
X Y =Z
cose=—R—, csp=—5—s COBY=—p (3)

199.] Graphic Representations of the Resultant. Since
the resultant of any two forces, O4 and OB, acting at O is
obtained by drawing from 4 a line, 46, parallel and equal to
OB, and joining O to J, it follows that if a particle is acted on
by # forces, O4,, 04,, O4,, ... O4,, the resultant is obtained in
magnitude and direction by drawing 4, a, parallel and equal to
04,, a, a, parallel and equal to 04, ... a,_, a, parallel and equal
to O4,, and joining O to a,; or, in other words, the side Oa,
which closes the polygon 04, a,a, ... a, represents the resultant
in magnitude and direction. When the sides of the polygon
are not all coplanar, the figure is called a gaucte polygon. Thus
the second graphic representation of the resultant of a system of
coplanar forces, which has been given in p. 19, vol. i, is equally
applicable to non-coplanar forces. Hence, of course, it follows
that a particle acted on by any set of forces which are parallel
and proportional to the sides of a gauche polygon taken in order
is at rest.

Again, since by the parallelogram of forces, the resultant of
04, and 04, is 2.0g,, where ¢, is the middle point of 4, 4, ;
and since the resultant of 2 Og, and 04; is 3 Og,, where g, is
determined exactly as in Art. 23, it follows that Leibnitz’s graphic
representation of the resultant is applicable to non-coplanar forces.

This result follows also analytically; for if (2, #;, 2),
(%25 ¥2s %)y« (%5 Jus 7)) be the co-ordinates of the extremities
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4y, 4,, ... 4, of the forces acting on the particle, it is clear that
X=z+2+..+2,=30=1n.3, -
¥ =p+p+ . +tsa=32y=1n.j,
37 = zn+2,4..+2, Zz=mn.3;
where Z, 7, Z are the co-ordinates of @, the centre of mass of
equal masses placed at the extremities of the forces. Hence by
equations (1) of Art, 198,

R =n.0G,
_ 7 _ 7 _E
and cosf = 06 cos ¢ = 0C cos 0a

which show that the resultant is represented in magnitude and
direction by = . OG.

200.] Transformation of Couples. To what has been given
in Chapter V on the transformation of couples it is necessary
to add a few propositions relating to couples in different planes.

(a) A couple acting on a rigid body may be transferred to any
plane parallel to its own.

Let 4B (Fig. 229) be the arm of a couple (2, P) and let 4’ B’
be any line parallel and equal to 4B. At 4’ introduce two equal
and opposite forces, P and P,
parallel to 4P, and at B introduce
the same forces. The introduction
of these forces will not disturb the
state of the body. Draw 45
and 4'B, which will bisect each
other at O. Then the force P Fig. 23
at 4 and the force P’ at B’ will & 229-
give a resultant equal to 2P at O; and P at B and P’ at 4’
will give a resultant equal and opposite to this at the same point.
Hence there remain the forces P at 4" and P at B’; that is, the
couple (P, P) with arm 4B has been moved to any plane parallel
to its own.

From Chapter V it is now clear that the only essential
properties of a couple are (1) the constancy of its moment and
(2) the direction of its plane; or, in other words, e constancy
of the magnitude and direction of its awis; the actual position of
the axis in space is of no consequence, but only its direction; two
couples whose axes are of equal length and in the same direction
are absolutely identical.

’

TP
B’

B 2



4 NON-COPLANAR FORCES. [200.

Hence the axis of a couple is what is called a vector, or directed
line of constant magnitude—but not localised—and we shall
always, as in the representation of forces, suppose the axis to be
marked by an arrow-head.

(B) Convention with regard to the sense of the axis of a couple.
The following convention for representing the magnitude and
sense of the moment of a couple by means of an axis is adopted
by common consent for the purpose of enabling us to compound
and resolve couples in any planes:—Hold a watch with its
plane parallel to the plane of the couple. Then, according
as the motion of the hands is contrary to, or along with, the
sense in which the couple tends to produce rotation, draw the
axis of the couple through the face or through the dack of the
watch.

(y) Two couples result in a single couple whose axis is found
from the axes of the component couples by the parallelogram
law.

Let the planes of the couples intersect in the line 4B (Fig. 230)
and the arm of each be made 4B, by moving each couple in its
own plane, and then suitably
altering the forces of each
couple (Art. 79, Chap. V).
Let P, P be forces of one
couple, and @, @ those of the
other. At B draw* Bp per-
pendicular to the plane P4 BP
and proportional to the mo-
ment of the couple (P, P). We
may evidently take Bp = P,
since the couples have a common arm. Draw By perpendicular
to the plane Q4 BQ and equal to Q.

Now evidently the forces P and @ at B compound a resultant,
R, equal and parallel to the resultant of P and @ at 4. Hence
the two couples compound a single couple.

Again, draw Br perpendicular to the plane R4BR and equal
to R. Bp, By, and Br are then the axes of the couples (P, P),
(@, @), and (R, R). But it is manifest that the figure Bprq is

Fig. 230.

* According to the convention (B8) the couples in this figure are both negative,
and the axes Bp and By should be drawn downwards, This inaccuracy in the
figure was detected too late for correction,
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merely the figure BPR@ turned round in its own plane through
a right angle. Hence Br is the diagonal of the parallelogram
determined by the axes of the component couples.

Conversely, any ¢ couple ‘may | be resolved 1nto two couples whose.

point, any couple may be resolved into three couples whose axes
are determined from the axis of the given couple by the parallelo-
piped law. All this follows as in Art. 198.

It is well to remark that the axis of a couple represents the
moment of the forces of the couple round any line in space parallel
to the axis.

(3) To find the resultant of any number of couples acting in
any planes on a rigid body.

Let the axes of the couples be all drawn, each in its proper
sense according to the rule (3), at the same point, O (Fig. 228),
and let each axis be resolved into three components along
rectangular axes Oz, Oy, Oz, drawn through 0. Let L = the
sum of the axes in the direction Oz; then Z is the axis of the
component of the resultant couple in the plane yz. Let M and
N Dbe the sums of the axes in the directions Oy and Oc, re-
spectively. Then, if @ is the resultant axis,

G = VI12+M2+N? (1)
and if A, p, v are the direction angles of G,

cos)\:—g—, COSM=%{’ CosY = = (2)
equations which are exactly analogous to (2) and (3) of Art. 198,

The axes of couples are, therefore, compounded and resolved in
the same manner as forces. There is this difference between
forces and couples, that, while any number of couples in any
planes whatever always result in a single couple, any number of
forces cannot, in general, be replaced by a single force, and this-
difference results from the wecforial nature of the axis of a
couple. S—

() A force and a couple acting on a rigid body cannot
produce equilibrium.

For, let the couple be so transferred that one of its forces, P,
acts at a point on the line of action of the force, Z. Then R
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and P at this point compound a single force which, in general,
does not intersect the other force of the couple. Therefore, &e.

A force and a couple acting in the same plane are, of course,
equivalent to a single force.

201.] Virtual Work of a Couple. Let a couple act on a
rigid body which receives, or is imagined to receive, any small
displacement whatever. It is required to find the work dome
by the couple in the displacement.

It will be shown subsequently that any displacement of the
body may be produced by a motion of translation which is
the same for all its points, accompanied by a motion of rotation
round an axis through an angle which is the same for all its
points.

Now since the forces of the couple are equal and in opposite
senses, it is obvious that the sum of their works in any motion
of translation is zero.

Again, resolve the motion of rotation into one round an axis
perpendicular to the plane of the given couple, and one round
an axis in the plane of the couple. It is obvious that the latter
displacement will not be productive of work done by the couple,
since the forces constituting it may be supposed to act at the
points in which they intersect the axis of this component
rotation.

There remains only the rotation round an axis perpendicular
to the plane of the couple. Suppose O (Fig. 88, Art. 79) to
be the point in which this axis intersects the plane of the
couple, and let 56 be the angular rotation round the axis,
measured in the sense of the rotation of the couple. Then the
displacements of 7 and # are Om x 30 and On x 30, respectively,
so that the work done by the forces is P (Om .89+ On .36), i.e.,

P.%.36, or G.36,

there G ( = P.%) = the moment of the couple.

702.) Theorem. A force acting on a rigid body in a given right
linecan always be replaced by an equal force acting at any chosen
point together with a couple.

Let a force P (Fig. 231) act at a point 4, and let O be the
chosen point. At O introduce two forces, P and P’, opposite
to each other and each equal and parallel to 2. Then P at
A4 and P’ at O may be taken to constitute a couple whose
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moment is Pp, p being the perpendicular from O on the line
of action of P at 4. There remains, then, the force P at O;
and this force together with the couple
may replace P at 4.

Let the axis of this couple be drawn
at O; let , y, z be the co-ordinates of
A with respect to a rectangular system
of axes drawn through O; and let @, 8, y
be the angles which the direction of P
makes with the axes of #, 7, 2, respectively. Fig. z31.

o . » z
The direction-cosines of O4 are -7 fg, —> where 04 = 7, and
r

it is easy to prove that the direction-cosines of the axis of the
couple (which is at once at right angles to 04 and to P) are

ycosy—zcosB zcosa—zceosy xcos B—ycosa
b b . L]

p p ¥y
Hence, the axis of the couple being equal to Pp, the projections
of the axis on the axes of #, 7, and z are
P (ycosy—zcosB), P(zcosa—zcosy), P (zcos B—ycosa);

but it is clear from (y), Art. 200, that these are the axes of the
component couples in the planes yz, 2z, and ay, into which the
couple Pp can be resolved. Putting P cosa = X, Pcos B=1,
Pcosy = Z, we see that the three couples are

© dy—Yz, Xe—Zz, Yo—ZXy. (1)
The force P at O may also be replaced by its three components,
X 7 Z (2)

There is another way in which the
reduction is sometimes effected.

Let P at A be resolved into its three
components, X, ¥, Z, let the line of
Z meet the plane (xy) in N, and let
Z at A be transferred to V. Let fall
Nn perpendicular to Ox; at n introduce
two opposite forces Z” and Z’”, each
equal and parallel to Z; and at O in- N
troduce two opposite forces, Z and Z’, /
each equal and parallel to Z. Now the 'Fig. 232.
senses of positive rotation in the planes
2y, y#, zx being those indicated by the arrows, the forces Z at ¥
and Z’” at n form a couple whose moment is

Zy purallel to plane yz;

"N\
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and the forces Z’ at O and Z” at » form a couple whose moment is
— Zux parallel to the plane zx;
and in addition to these there is the force Z at O.

Similarly, the force X at 4 can be replaced by X at O together with
two couples, Xz and — Xy, parallel to the planes zo and «y, respect-
ively; and the force ¥ at 4 can be replaced by ¥ at O together
with the couples Y and — Yz parallel to the planes xy and yz.

Hence P at 4 is replaced by the forces X, ¥, Z at O and the
couples Zy— Yz, Xz—Zx, and Yu— Xy, parallel to the planes yz,
2, and =y, respectively.

208.] Parallel Forces. Suppose a rigid body to be acted on
by any number of parallel forces applied at given points in the
body. Take any origin, O, of co-ordinates, and through it draw
three rectangular axes, that of z being’ parallel to the common
direction of the forces. Then the force P, acting at (z,, 7,, 2;)
may be replaced, as in last Art., by

P, at O along Oz,
and the couples Py, and — P, 2,
parallel to the planes yz and zz.

Replacing each force in this manner, the whole system will be
equivalent to a force

P +P,+...+P, or ZPat O,
together with the couple
Py +Py 9+ ..ot Py yn or ZPy,
parallel to the plane gz, and the couple
—P z,—P,2,—...— P,z,, or —ZPu,
parallel to the plane zz.

These two couples compound a single
couple whose axis is found by drawing
OL = = Py, on any scale, and OM (in

R the negative sense of the axis of
y)=Z2Pr, on the same scale, and
M completing the parallelogram OLGM

o 7 (Fig. 233). If OG, the diagonal, is
G L denoted by G,
G = V(2 Pz)*+ (T Py)?

Fig. 233. and R=3P,
R being the resultant force.
204.] Centre of Parallel Forces. Since the resultant of two
parallel forces, P, and P,, acting at the points 4, and 4, divides
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the line 4,4, in a point ¢ such that % = ﬁ, and since, by

29 P -

elementary geometry (see Art. 84), the distance of g from any
P

plane = IM’ where z, and , are the distances of 4,
P+ P,

and 4, from this plane, it follows, by repeating this construction,
that the distances, Z, 7, 7, of the centre of parallel forces from the
planes yz, 22, and zy are given by the equations
SPr _ 3Py 3Pz
TP’ VT3P SP

205.] Conditions of Equilibrium of a System of Parallel
Forces. A system of parallel forces has been reduced (Art. 203)
to a single force, B, and a single couple, . Now since these
cannot in combination produce equilibrium (e, Art. 200), we must
have R = 0, and G = 0, separately.
Since G cannot be = 0 unless EPz = 0 and =Py = 0, the con-
ditions of equilibrium are

y 2=

r=

R=0, ( l)

2Pz =0,32Py=0. (2)

Der. The moment of a force with respect to a plane to

which it is parallel is the product of the force and its perpen-

dicular distance from the plane.

Hence for the equilibrium of parallel forces—7%e sum of the

forces must vanish, and the sum of their moments with respect to
every plane parallel to them must also vanish.

ExAMPLES.

1. A heavy triangular table, A BC, is supported horizontally on
three vertical props at the vertices; prove that the pressures on the
props are equal.

Let P, @, B be the pressures at 4, B, C, and let a vertical plane
through 4 and the centre of gravity of the table cut the side BC in a,
its middle point. For equilibrium the sum of the moments of the
forces P, @, R, and W (the weight of the table) with respect to this
plane must = 0. But the moments of P and W are each = 0, since
these forces lie in the plane. Hence the moments of @ and R are
equal and opposite. Now the distance of @ from the plane =Ba.
sin AaB, and the distance of B = Ca.sin 4aC; and since Ba = Ca,
these distances are equal. Therefore @ = R; and similarly it can be
shown that B = P; therefore, &c.
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2. A heavy triangular plate hangs in a horizontal plane by means
of three vertical strings attached to its vertices ; at what point in its
area must & given weight be placed so that the system of strings may
be least likely to break ?

Ans. At the centre of gravity of the board. For if W = the
weight of the board and P the sustained weight, we have

P+Q+R=W+P,

or the sum of the tensions is constant, wherever P is placed. Hence
if any one is less than 1 (W+ P), some other must be greater than
this value. It is evident, therefore, that the best arrangement makes
each tension =% (W+P); but this happens (as proved in last
example) when P is placed at the centre of gravity.

3. A heavy elliptic cylinder is sustained in a vertical position by
three props applied at three points on the circumference of its base ;
how should the props he placed in order that the cylinder may be
least likely to be upset ?

Let the base of the cylinder have any form, 4 BC (Fig. 234), and let
G be the projection of its centre of gravity on the plane of the base.

Then, if the props are applied at 4, B, and C,
c the perpendiculars from @ on the sides of the
triangle ABC' must be all equal when the
equilibrium is most stable. For, suppose that
the cylinder is about to be upset round the
line AB; then the moment of the force re-
quired to upset it is W.p, where W is the
weight of the cylinder and p the perpendicular
Fig. 234. from G' on AB. Again, suppose that the
cylinder is about to be upset about AC;
then the moment of the force required to upset it is W. 9, where
q is the perpendicular from @ on AC. Hence if p and g are unequal,
advantage will be gained by increasing the smaller of them, even
though the greater must be consequently diminished ; and it follows
that the maximum advantage is gained when p and g are equal.
In the same way it can be shown that the perpendicular from & on
BC must, in the most advantageous case, be equal to that from &
on AB; and therefore the perpendiculars from ¢ on the sides 4 BC
must be all equal,

Hence the problem amounts to inscribing in a given curve a
triangle on the sides of which the perpendiculars from a given point
shall be equal. In the particular case in which the base is an ellipse,
we have to find a circle concentric with the ellipse, such that a
triangle circumscribed to the circle shall be inscribed in the ellipse,
Now (Salmon’s Conic Sections, p. 330, 5th edition), let the ellipse

2
have for equation ‘%+%}—1 =0, and the circle 2’+y'—*=0;
2 2
then the discriminant of %(a?+ 3/’—1~’)+:’i2 +L—1=01is
a® ' b?

D B
A
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2 2 2 2 v
il VPR S S

a’b? a?b®’

and the required condition being @ = 4 A .®’, we have two values

b
for 7, namely, », = &_‘f—b; and 7, = aa

Bt (1492

i The first value alone is

b . o .
admissible, because ai—l—)>b, and the circle in this case either cuts
the ellipse or entirely encloses it.

Since an infinite number of triangles can be inseribed in the ellipse

ab Salmon, ¢bid.), the
a+b

problem is capable of an infinite number of solutions. It is easy to
see that in the cases in which it is possible to have a real system of
in- and circum- scribed triangles for the ellipse and the circle of radius

and circumscribed to the circle of radius

;(i-lb’ the centre of the ellipse is outside the area of the triangle.

This circle is, therefore, irrelevant to our question.

4. A heavy square board, ABCD, of uniform thickness, is hung by
three vertical strings, one of which is attached to a corner, 4, of the
board, The plane of the board being horizontal, find the points,
E and F, in the area to which the other two strings should be
attached in order that it may be most difficult to overturn the board
by placing a weight anywhere on it.

It is evident that advantage is gained by taking the points £ and
F on the edges of the board.

Assume AE to be the direction of the line joining the points of
application of two of the strings, and suppose that a weight, P, placed
somewhere in the area 4 BE is on the point of overturning the board
about the line 4Z. Then the tension of the string at # = 0; and if
W is the weight of the board, acting at @, the weight P required to
upset it 1s distance of @ from AE

X Jistance of P from A&
Hence the greater the distance of P from AE, the less the requisite
value of P, or, in other words, the more easily will the board be upset.
It is evident, therefore, that the applied weight should be placed at B;
and in the same way, if the board is to be upset round the lines AF
and FE, the applied weights should be placed at the corners D and C,
respectively.

Again, in the arrangement of greatest advantage, the board is
upset with equal ease round each of the lines AE, AF,and FE. For,
if it be more easily upset round one of these lines than round another,
advantage will be gained by making it a little more stable with
regard to the first. Hence, since the weights placed at B, D, and ¢
are all equal, we have
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distance of G from 4 £ _ distance of G from A7 __ distance of @ from ZF
distance of B from AE ~ distance of D from AF ~ distance of C from ZF
The angles £AB and FAD are, therefore, equal, and each
= tan™? (/-2-— 1).
5. A heavy elliptic table is supported on three vertical props; how

must they be placed so that it may be most difficult to upset the table
by placing a weight on it ?

Ans. The props must be placed at three points, 4, B, C, on the
circumference of the ellipse ; and if y is the eccentric angle of C, that
of B is $ m+7y, and that of 4 is $7+7y. The weight which, most
advantageously applied, will then just upset the table is half its own
weight.

This may be seen as follows. Assuming any line in the area as the
line joining two props, the least weight that will be required to upset
the table must be placed at the point of contact of a tangent parallel
to the assumed line, since the weight will have maximum leverage at
this point. Also, it must be equally easy to upset the table round
the three lines AB, BC, C4 ; that is, the requisite weights placed at
C’, 4’, B, the points of contact of the tangents, must be all equal.
If, then, x, y, 2 be the perpendiculars from the centre on the lines
BC, CA, AB, and P, @, R the perpendiculars on the parallel tangents,
we must have ® y 2

P—x™ Q—y~ R-7’
or if a, 3, y be the eccentric angles of 4, B, C,
a—p B—y a—y
o cos —; B —cos—
a—B" B=y a—y
1—cos —— —
co8 2 3 14-cos 3

a negative sign being used in the last, since (y, 3, a being in ascend-

cos

b
1—cos

ing order of magnitude)‘l—;——y is evidently >72—r- Hence g = §ﬂ+y,

a= ; m+7y; and the weight required to upset the table = W I_D_w_a.c s

or 3. W. Any one position of (' is, therefore, as good as any other;
and if €' is made the extremity of either axis, the line AB is parallel
to the other at a distance equal to } of the first axis from it.

6. A rectangular board is held with its plane horizontal by three
vertical strings attached to three of its corners ; find the point in its
area at which a weight must be placed so that the tensions of the
strings shall be given multiples of the weight of the board.

Ans. Let W be the weight of the board; let the strings be
a.ppl.ied at the corners 4, B, C'; let AC = 2a, AB = 2b; and let the
tensions of the strings at 4, B, C be IW, mW, nW, respectively.
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Then the weight must be pldced at a point whose distances from 4B
and 4C are 2n—1 29m—1

7————a@ and ———.b.

l+m4n—1 l+m+n—1
The magnitude of the weight is, of course, (I+m+n—1) W.
~ 7. A uniform circular lamina is placed with its centre upon a
prop ; find at what points on its circumference three weights, w,, w,,

wg, must be placed that it may remain at rest in a horizontal position
(Walton’s Mechanical Problems, p. 73).

Ans. The angles which the weights subtend in pairs at the centre
of the lamina are the supplements of the angles of a triangle whose
sides are proportional to the weights.

/R06.] \ Reduction of a System of Forces acting in any
mannér on a Rigid Body. Let any origin, O (Fig. 232), be
assumed arbitrarily, and let any system of rectangular axes, Oz,
Oy, and Oz, be drawn through it. If| then, forces P,, P,, P,,...
act on the body at points whose co-ordinates are (z,, 7, 7),
(#y5 755 22), (235 ¥35 25),... each force can be replaced by three
components acting at O along the axes, together with three
couples whose axes coincide with the co-ordinate axes. The
force P,, for example, is equivalent to X;, ¥}, Z, at O and three
couples, Z, 4, — Y 2, X,2—Z @), and ¥V, 2,—X,y,. Adding the
components of the forces, and also the axes of the couples, in the
directions Oz, Oy, and Oz, the whole system of forces is equiva-

lent to the force X along O,
» 23X, Oy
and » 2z , Oz

and the system of couples is equivalent to

the couple = (Zy— Yz), or L, in the plane yz,

» 3 (Xz—2Zx), or M, " 2z,
and ” 3 (Yz—Xy), or N, ’ xy.
(Of course the axes of L, M, N are drawn along the axes of
z, 9, and 2, respectively.)
Hence if R be the magnitude of the resultant of translation,
R= VEXP+(ZY ) +(22)%;

and if @ be the magnitude of the resultant couple,

G= VTR
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The direction-cosines of R are HY, 2& ; and those
R R R

G L M a2 N

of Gare 77> 7 and <5+

Thus, any system of forces acting on a rigid body can be replaced
by a single resultant force acting at an arbitrary origin, the magni-
tude and direction of this force being the same for all origins, and a
single resultant couple the magnitude and direction of whose axis
are both dependent on the origin chosen.

It has been already remarked (Art. 200) that G is not only
the axis of the resultant couple (corresponding to a resultant
force acting at 0), but also the sum of the moments of the
forces about a line at O drawn in the direction of G ; and since
the axes of couples have been proved to follow the parallelopiped
and parallelogram laws, it follows that the sum of the moments
of the forces about this line is greater than the sum of their
moments about any other line at O; and also that the sum of
the moments of the forces about any other line through O is the
resolved part of G in the direction of this line.

Remark. The magnitude and direction of G are constant at
all points along the same right line parallel to 2. For R may
be supposed to act at any point in this line, and the vector G
may be moved parallel to itself to the point at which R is
supposed to act. The axis G is called the awis of principal
moment at O.

207.] Moment of a Force round any Line. Let a force of
given magnitude act in a given direction at a given point 4,
and let its moment be required about a given right line passing
through a given point P. With reference to any three rect-
angular axes, let (2, y, z) be the co-ordirates of 4; let (&, 7, {)
be those of £ ; and let (X, ¥, Z) be the components of the force.

Then the moment of the force round a line through 4 parallel

to the axis of # is Z(y—n)—Y(2=0),

while its moments round the lines through 4 parallel to the
axes of y and 7 are, respectively,

X(z—{)—~Z (z—¢) and ¥ (z—§)—X (y—n).

Denote these component moments by Z, M, N, respectively.
Then, if the line through 4 about which the total moment is
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required makes angles whose direction-cosines with the axes of
reference are /, m, n, the required moment is

\ IL+mM+nN.

208.] Poinsot’s Central Axis. Any system of forces acting
: . - . .

on a rigid body has béen proved to be equivalent to a single
resultant force, 2, acting at an arbitrary origin, O, and a single
resultant couple, G. Let ¢ be the angle between R and @, and
resolve G into two componenj@. OK and Ox (Fig. 235) along and
perpendicular to R, respectively. On is the axis of a couple in
the plane ROz, ndicular to On.
Now let each force”of this couple be
made equal to R, and the arm, OP ¥,

is consequently equal to %; that is,

G sin
R ¢' (1)

One of these forces may be applied Fig. 235.
at O to destroy the resultant, Z, at
this point, and theré finally remains a resultant force, B, at P
along PI' (parallel to OR), together with a couple whose axis
is OK, or G cos ¢. Denoting, 0K by K, we have then

' 'K = G cos ¢. (2)
The axis OK may, of course, be drawn at P along PT [(a),
Arxt. 200].

Hence the whole system of forces is equivalent to a resultant force
equal to R acting along the line PT und a couple in a plane per-
pendicular to this line.

The line P7 thus determined is called Poinsot’s Central Awzis.

To construct Poinsot’s Central Axis for any system of forces—
Reduce the forces to a resultant force, OR, acting at any origin, O,
and a couple whose axis is OG; then on a line perpendicular to
the plane of OR and OG measure off a length, OPt, equal to

¢ ‘2” ¢, where ¢ is the angle between OR and OG. A line through

the point P parallel to OR s the required Central Awmis.

OP =

* The point P should be represented on the production of the line 20 through
0, according to the convention of Art. 200. The inaccuracy in the figure was
detected too late for correction.

*+ The sense of OP is determined by the convention of Art. 200.
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209.] Theorem. A given system of forces has but one Central
Axis.

This important proposition may be proved ez absurdo thus:—

Whatever origin be chosen, the resultant force acting at it is
constant both in magnitude and in direction. Now, if it be
possible, let the system of forces be equivalent to a resultant B
acting at O and a couple whose axis is OK, and also to a re-
sultant force B acting at O’ and a couple whose axis is O'K’, the
lines OK and O’K’ being, of course, in the direction of R. Then
it is evident that the force R at O and the couple OK should
equilibrate the reversed force R and reversed couple O'K’, at 0.
But the couples give a single couple, OK~0O'K’, and the forces
give also a couple which, being in a plane perpendicular to the
first couple, cannot with it produce equilibrium. Therefore, &e.

Since this axis is unique, equation (2) of the last Article shows
that for all origins the quantity G cos ¢, or the projection of the
awis of the resultant couple along the direction of the resultant force
i8 constant, and equal to Poinsot’s moment.

210.] Theorem. The sum of the moments of the forces
round Poinsot’s Axis is less than the sum of their moments
round any other axis of principal moment. This is, of course,
evident from what has just been said. The deduction of the
axis of principal moment at any point from Poinsot’s may,
however, for clearness, be specially exhibited.

Let Oz (Fig. 236) be Poinsot’s Axis and OK (= K) the
moment of the forces round it. Let O be any point in the
body, and let it be proposed to find the
principal moment at this point; 0’O1is
a line drawn through O’ perpendicular
to Poinsot’s Axis. At O introduce two
equal and opposite forces, 'R and O'F’,
each = R. Then OR and O'R’form a
couple, whose axis, O'n, is perpendicular
to the plane ROO'R and equal to
= R.00'. Transfer the axis OK to OK’

(Art. 200), and draw the diagonal, 0'G,
Fig. 236. of the rectangle determined by O’z and

OK’. Then O'G(= @) is the axis of
principal moment at O, and it is evidently >O'K’. Hence
Poinsot’s is the least principal moment,
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211.] Definition of a Wrench It has just been shown that
any given system of forces acting on a rigid body can be reduced
to a single force, 2, and a single couple, X, such that the axis of
the couple is coincident with the line of action of the force, and
that this reduction, for the given force system, is unique.

A force acting along a line and a couple whose axis coincides
with this line constitute together what is called a wrench.

The ratio of the moment of the couple, X, to the magnitude
of the force, R, is evidently a linear magnitude, and is called
pitch.

The right line about which the wrench takes place, when
contemplated in conjunction with the pitch, is called a screw.

Thus, then, a screw is a definite right line in space associated
with a definite pitch.

The right line itself about which the wrench takes place—the
axis of the wrench—may be denoted by the symbol a, and the
piteh associated with it may be denoted by the symbol p,. It is
evident that the complete determination of a screw (pitch in-
cluded) requires five constants, since the axis may be determined
by two equations of the forms

x=az+m, y="bz+n,
which involve the four constants a, m, 6, n; while the pitch is
specified by another constant.

When the force and the axis of the couple—this latter drawn
according to the convention of Art. 200—are in the same sense
along the axis of the wrench, the pitch is positive ; when they
are in opposite senses, it is negative.

The force which acts in a wrench is called by Sir R. Ball
the intensity of the wrench.

A force alone may be regarded as a wrench of zero pitch.

A couple alone may be regarded as a wrench of infinite pitch.

?12.] Wrench of Two Forces. Let it be required to find
the wrench of which two forces, P and @, represented in magni-
tudes and lines of action by the two non-intersecting lines 4P
and BQ (Fig. 237), are equivalent.

Let 4B be the shortest distance between the lines of action of
the two given forces, and denote the length 4B by 4.

Then, following the rule of Art. 208, reduce the forces to a
resultant acting at 4 together with a couple, by introducing two
forces, 4¢ and Ag/, equal, opposite, and parallel to Q. Com-

VOL, 1I, C
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pounding AP and 4g, we get Ar = R = resultant force; and
drawing, in the sense determined by the convention of Art, 200,
An to represent Q x 4, the moment of the couple (BQ, 4¢"),
the force and couple for the
origin 4 are Ar and 4n. If
O (on 4B) is any point on
AB, the couple correspond-
ing to it is got by combining
with 4z the axis 4m which
represents R x 40, this line
Am being perpendicular to
Ar and in the plane of the
lines An, AP, Aq; and if O is
Poinsot’s origin, the result-
ant, Ae, of An and Am coin-
cides in direction with 4r.

Fig. 237.

Now since 4en is a right angle,

cos dnc = = RXAO-
Qx4
But LAnc = Lgdr; .~ @ xcos dnc = Ay,
where g is the foot of the perpendicular from ¢ on 4. Hence
40 4y '
B Ar’

40 Ay projection of @ along &
OB ~ gr ~ projection of P along R
so that Poinsot’s origin divides the shortest distance between P and
Q inversely as the orthogonal projections of these forces along the
direction of their resultant of transtation. Or, again, O may be
determined by drawing from g the line ¢O parallel to the line 7.5.

The wrench to which £ and @ are equlvalent is represented in
the figure by (OR, OK).

213.] Two Intersecting Rectangular Screws. Suppose 0X
(Fig. 238) to be the axis of a wrench the force in which is
represented by the length OX (=X), and the moment of the
couple by OM. If p, is the pitch of this screw, the moment of
the couple is 2. X.

or

Also, let OY and OL represent the force and couple in another
wrench intersecting OX at right angles, and let p, be the pitch
of this second screw.



214.] THE CYLINDROID. 19

It is required to find the resultant wrench to which these two
wrenches are equivalent.

Replace the forces X and ¥ by their resultant, OD; and
also resolve the moments, )

OM and OL, into compo- "
nents along and perpendicu-
lar to OD.

If 0 denotes the angle D0X,
we shall have along 0D a
moment, Oa+ Oc, equal to
Pe-Xcos0+p,. Ysin6; or if
0D = P, we have along 0D

P (p,.cos?0 + p,. sin?0).

Perpendicular to 0D, the resultant moment is 0b— Od, or

P (p,—p.) sin 6 cos 6.

Now a force OD (= P) and a couple whose axis, 06— 04, is
perpendicular to it are equivalent to a force equal and parallel
to OD at a distance, 04, from OD, along the perpendicular to
the plane of OD and the axis of the couple, such that

Px 04 =06—0d =P (p,—p,) sin6 cos 6 ;
A = (p,—p.) sin @ cos 6. . (1)
Hence the two given wrenches are equivalent to the wrench
consisting of the force P at 4 and the couple whose axis
AV="P (p,.cos?0+p,.sin?6); so that if p, denotes the pitch
of the resultant screw,
Do =pg.c0820+p,.sin? 6. (2)

The whole process may, of course, be reversed; i.e. starting
with the single wrench about the screw 4P, we may resolve it
in an infinite number of ways into a pair of wrenches about two
intersecting rectangular screws. The positions of these screws may
be assigned by the distance O4 and the angle 8; and when this is
done, the component pitches, p, and p,, are given by (1) and (2).

%14.] The Cylindroid. Given two intersecting rectangular
screws, it is required to find the locus of all screws whick result
Jrom wrenches of amy variable intensities about these two given
screws. That is, given two right lines, OX and OY, and two
linear constants, p, and p,, associated with them, if a wrench in
which the force is X and the couple p,.X act about OX, the
magnitude X being anything whatever; and if a wrench in

C2

>Y

Fig. 238.
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which the force is Y and the couple p,. ¥ act about OY, the
magnitude ¥ being also anything whatever; find what surface
is traced out by the axis of the resultant wrench, as X and ¥ are
separately or simultaneously varied in any manner.

Taking OX and OY (Fig. 238) as axes of « and y, and 04,
their common perpendicular, as axis of z, the equations of 4P
are obviously

z = (p,~p,)sin 6 cos 6, (1)
y = wtan 6, (2)
the angle 0 depending on the magnitudes X and 7.
Hence, whatever 6 may be, we have
2(@*+5%) ~ (py—p2) @y = 0, (a)
which is the equation of the surface traced out by the line 4P
as X and Y are varied. This surface is called the Cylindroid.

R15.] To construct the Cylindroid. Easy methods of con-
structing the cylindroid at once present themselves. It is
sufficient to give one. Taking
two rectangular axes, Oz and
Oy, and a perpendicular, Oz,
to them, we are to imagine a
right line which begins by
lying along Oz to travel up
along Oz, while it always
remains parallel to the plane
zy and rotates round Oz, the
angle, 6, through which it has
rotated, and the corresponding
distance, 2, through which it
has risen being connected by
equation (1) of last Article.

Let PM (Fig. 239) be any
position of the moving line,
its projection on the plane of zy bLeing Om, and ZmOz = .
Then, putting p, —p, = 2%, we have

OP =/%sin26.

Draw Oa bisecting the angle 0y, and equal to 24, and
describe a circle on Oz as diameter, ¢ being its centre, and Om
meeting it in . From m draw the chord mpn perpendicular to
Oa. Then sin 20 = cos 2mep ; .. OP = ¢p.

Fig. 239.
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‘When 6 = g = x0a, OP is greatest and equal to %, and the

moving line, 24, is then parallel to Oa, the distance Oz being
equal to 2. Hence Pz = ap.

Thus we get a simple method of constructing the surface :—
Divide up the whole diameter 20 into any number of parts, ap,
&ec. (equal for simplicity). On the axis, Oz, take the length
Oz = ca = radius of circle ; beginning with the point z, measure
off parts, 2P, &e., successively equal to the parts ap, &ec. ; then
through any point, 2, on Oz draw two parallels, P/ and PN, to
the lines Om and On, joining O to the extremities of the corre-
sponding chord of the circle.

The ruled surface traced out thus by all the pairs of lines, such
as PM and PN, is the cylindroid.

It is obvious, of course from the equation z = £ sin 26, that
through each point 7 on the axis Oz there are two generators,
which coincide at the point z with a parallel to Oz. When P

moves upwards from O along Oz, 6 runs from 0 to Z, until z is
reached ; when 6 increases beyond ;, the moving point P de-
scends from z towards O, and in its descent gives the second

generator PN at P, which is parallel to Oz, When 6 = g, Pis

at O and the generator is Oy. As 0 increases beyond g, the

moving point P travels downwards, along 02, until = §m=,
when 2 is reached, 02" being equal to Z, and the generator being
Z B’, which is parallel to the tangent at O to the circle. As 6
increases beyond £ 7, the moving point moves up again towards
O, which it reaches when 6 = =, the generator then coinciding
with Oz, its original position. Thus all through the motion the
generator has continuously revolved in the same sense—counter
clockwise.

Another way of looking at the matter is this—imagine a pair
of scissors placed with the rivet at 2z and the blades closed
and coinciding with 4’24 ; then let the rivet be gradually
brought down along 20 while the blades gradually open in such
a way that when they are parallel to a pair of chords Om and
On, the rivet has descended through a distance equal to ap.



22 NON-COPLANAR FORCES. [216.

(A vivid figure of the cylindroid will be found in Ball’s Z%eory
of Screws.) .

216.] Angle between two Screws. In order to make our
equations in the sequel universally applicable without ambiguity,
it becomes necessary to give a definite meaning to the angle
between two screws, since & prior: the expression is not definite.

The following definition of the angle between two screws will
be found to be of universal application whether the pitches are
both positive, or both negative, or one positive and the other
negative :—

Let the axis of each screw be marked with an arrow-head
pointing in the sense in which the force acts along the screw.
The two screws being denoted by a and B, place a watch with
its back towards a and its face towards 3, the shortest distance
between them passing perpendicularly through its face. Then
the angle through which the arrow on a must be rotated, in a
sense opposite to that of the watch-hand rotation, so that this
arrow shall be parallel to and in the sense of the arrow on 3, is
the angle between the screws.

217.] Theorem. Any two given screws determine a cylindroid.
Let 4P (Fig. 238) and B@Q* be the axes of any two given
screws whose pitches are, respectively, o and pg4, the line 4B
being the shortest distance between them. Let 48 = 4. Then
what we have to show is that it is possible to find a single
pair of rectangular lines, OX and OY, such that if the wrench
of piteh pq about 4P is resolved into two wrenches about these
lines, and if the wrench of pitch pg4, about B@ is also resolved
into two wrenches about OX and OY, we shall get the same
value in each case for the pitch about OX and also the same
value for the pitch about OY.

Let w be the angle between 4P and BQ ; let 4P and BQ
make angles 6 and ¢ with the sought line OX, the point O
being on AB at a distance 2z from B ; and assume that each
resolution gives a pitch p, about OX, and a pitch p, about OY.
Then we have

Po=p,.cos20+p,.8in%0, py = p,.cos’¢ +p,.sin’¢p; (1)
z+h = (p,—p,)sin 0 cos 6, 2z = (p,—p,)sin ¢ cos ¢, (2)

* BQ is not represented in the figure; but, for definiteness, B is supposed to
lie on OA4 between O and A4, while the projection of BQ on the plane OXY lies
between OX and OD.
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where § = w+¢. Hence

Po+Pp = Py+Pe—(Py—p2) €08  cos (0 + 2¢) ; (3)
Po—Pg = (py—2,) sin o sin (o + 2¢) ; (4)
k= (py—2.)sinw cos(w+2¢) ; (5)
so that we have
tan (w +2¢) =&.;—7Lb-; (6)
Py+p: = ﬁ0+ﬁ¢+ﬁ cot w ; (7)
Py—Dx= VI +(ps—p,)*cosec w; (8)

which give definite values for p,, p,, and ¢. Hence the lines
OX and OY can be determined, and therefore also a single cylin-
droid containing the two given screws.

218.] Composition of Wrenches. ke resultant of any two
wrenches 18 a wrench about a screw on the cylindroid determined
by the two given wrenches.

For, let , and P, be the pitch and intensity of one, and p,
and P, the pitch and intensity of the other. Also let p, and
2y be the pitches of the two principal (or rectangular) screws,
Oz and Oy, of the cylindroid. Then (Art. 213) replacing the
first wrench by its components round Oz and Oy, we get a moment
2 s+ X; round Oz, and a moment p, . ¥; round Oy, the components
of P, parallel to Ox and Oy being X, and ¥;. Similarly, re-
placing the second wrench by its components, we have finally
the moments P2:(X;+X,) and p, (Y, + 1,)
round Oz and Oy, respectively. But if we take the resultant
of the forces P, and P,, as if they acted at a point, and if its
components parallel to Oz and Oy are X and ¥, we know that
X=X +X,,and ¥ = ¥;+7,. Therefore round Oz and Oy we
have simply wrenches of intensities X and ¥, which (Art. 213)
give a single wrench about that screw on the cylindroid which
is parallel to the direction of the resultant of translation of the
given forces P; and P,.

Hence the proposition of the parallelogram of forces for forces
acting at a point becomes simply a proposition of the parallelogram
of screws for the composition of wrenches.

Hence also three wrenches will be in equilibrium if they take
place about three screws on the same cylindroid, whose directions
are so related that the intensity of the wrench on any one screw
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is proportional to the sine of the angle between the directions
of the other two screws—the well-known Jaw of Sines.

And, generally, the resultant of any number of wrenches
about screws situated on the same cylindroid may be found
by transferring all the forces in the wrenches to a single point,
finding the resultant of these forces, and taking the screw on
the cylindroid which is parallel to the direction of this resultant.
A wrench about this serew with intensity equal to the resultant
force is the resultant wrench sought.

Cor. A wrench about any given screw on a cylindroid can
be resolved into wrenches about any two assigned screws on
the same cylindroid. For, a force acting along any given line
can be resolved into two components along any two lines which
meet it if they all lie in the same plane. In this way the in-
tensities of the two component wrenches along the two assigned
screws are determined.

219.] Distribution of Pitch. The pitches belonging to the
various screws on a cylindroid may be graphically represented
thus.

Taking the two principal screws of the cylindroid as axes,
construct the conic whose equation is

@ pat+y.p, = A (1)
where £ is any constant length. If 7 is the radius of this conic
making an angle § with the axis of # (i. e., the screw of pitch p,),
we have

43
Py-c0820 + p,.sin%0 = ok (2)
But by (2) of Art. 213 the left-hand side is the pitch of the
screw whose axis is parallel to ». Hence
P
Po = 735 (3)
which graphically represents p, in precisely the same way as
the moment of inertia of the lamina is represented.

The conic (1) is called the pitch conic of the cylindroid. It
is an ellipse if the principal pitches have the same sign, and
a hyperbola if they have opposite signs.

In the latter case there will be two screws of zero pitch, viz.,
those parallel to the asymptotes of the pitch hyberbola. In
every case there will be fwo screws having a given pitch, and
they are parallel to two equal diameters of the pitch conic,
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This conic possesses the following noteworthy property. If
the wrench on any screw of the cylindroid is replaced by a force
and a couple at the centre of the pitch conic (centre of the cylin-
droid), the awis of this couple will lie along the perpendicular to
the diameter of the pitck conic whick is conjugate to the direction
of the force—or, in other words, the plane of the couple will
be that of the axis of the cylindroid and this conjugate
diameter.

For, let the axis of the given wrench make an angle § with
the axis of # at the centre, O, of the cylindroid, and let P
be the intensity of the wrench. Then the component wrenches
at O to which the given one is equivalent are (P cos 8, Pp, cos 6)
and (P sin 0, Pp, sin 6). The two couples, Pp, cos § and Pp, sin 6,
at O compound into a couple, G, making with Oz an angle y

such that cot ¢ = %’cot 6. Hence

v
Ll —_ P
tan0tan(§+ \I/) = _1’—11’
which is the well-known equation connecting the directions
of two conjugate diameters of the conic, the square of whose
3 3
axes are & and B » 8o that the line perpendicular to @ is the
z v
diameter conjugate to the direction of the given screw (6).

220.] Screw Motion of a Rigid Body. It will be shown
in a subsequent chapter that if a rigid body occupying a position
which we may denote by (4), be displaced in any manner so
as to occvpy another position (B), the change from (4) to (B)
could have been effected by rotating the body round a certain
axis, and thon giving it a motion of translation along this axis;
in other words, Poinsot’s result for a system of forces holds
for the displacoments of the individual points of a rigid body—
viz., the displacement can be produced by giving the body a twist*
about a screw.

The ratio of the motion of translation along the axis of the

* Sir R. Ball uses this term Zwist to denote a rigid-body motion which consists
of a translation along, accompanied by a rotation about, a line. The term twist
is, however, #o generally used to signify a sfrain of a natural solid—which is
wholly distinet from a rigid-body motion—that it is advisable to call the atten-
tion of the student to its technical signification in Sir R. Ball's theory. Except
in connection with the theory of Screws, we shall use this word subsequently
(in discussing bent and twisted wires, &c.) to denote strain.
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screw to the circular measure of the angle of rotation about
it is called the pitck of the screw; so that, as in the case of
forces and couples, ¢/e pitch is still a linear magnitude.

A motion of translation alone may be regarded as a twist
of infinite pitch.

A motion of rotation alone may be regarded as a twist of
zero piteh.

221.] Reciprocal Screws. If a rigid body is acted upon
by a wrench about a screw a, what is the work done by giving
the body a small twist about another screw 87

Let AP and Oz (Fig. 238) represent the screws a and B,
respectively, their pitches being p, and pg. et the force in
the wrench be P, and the angle of rotation about 8 be w, while
6 is the angle (Art. 216) between the screws.

Replace the force P and the couple P.p, by their components
at the point 4 parallel and perpendicular to Oz. The com-
ponents of the couple are P.p, cosd and P.p,sin 6; and these
we may suppose transferred to the point O. The components
of the force are P cos 6 and Psin 6. Transfer these to O, intro-
ducing (Art. 202) the couples whose axes along Oy and Oz
are Phcos® and — Plsin0, where 4 = 04 = shortest distance
between the screws. Hence the given wrench is replaced by
a force P cos 6 acting along Oz, a force Psin6 acting along
0Oy, a couple P.p,cos 0 —Plksin 6 whose axis is along Oz, and
a couple P. p,sin 6 + Pl cos 0 whose axis is along Oy. For the
displacement of translation w.ps along Oz the only work done
is Pcosfx w.pg, which is due to the first component force;
and for the rotation ® round Oz the only work done (Art. 201)
is (P.pocos 0— Pl sin 0) o, which is due to the first component
couple. . Hence the whole work done is

P.w[(pa+pp)cos0—rsin 6] (@)
The expression in brackets is called the virtual coefficient of the
two given screws

This virtual coefficient will in the sequel be denoted by w,g.

It is obvious from symmetry that if the body were acted
upon by a wrench with force P about 3, and it were displaced
by a screw motion about e, with spin o, the same amount of
work would be done as before. If the virtual coefficient vanishes,
the two screws are said to be reciprocal—i.e., two screws are
reciprocal when, if a body receive a twist of any amplitude
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(with, of course, a given constant pitch) about one of them,
no work will be done against a wrench acting on the body
along the other screw ; or, again, if it were acted on by a wrench
on one, it would not move at all if only free to twist about the
other.

The following results follow at once from the relation of
reciprocity of two screws.

Two intersecting serews (4= 0) will be reciprocal either if
they are at right angles, or if the sum of their pitches = 0.

Two screws at right angles will be reciprocal if they intersect.
If they do not intersect, the condition of reciprocity will be
fulfilled if either pitch = o. Put into ordinary language this
is as follows—if two rectangular lines intersect, a body free
only to twist round one of them would not move if acted
upon by any wrench on the other. If they do not intersect,
a body free only to twist about one of them will not move if
acted upon solely by a couple about the other—which is evident
from first principles. A body free only to twist about a line
will not move if acted upon solely by a force along the line—
the equivalent of which, in the language of screws, is that a
screw is its own reciprocal if its piteh is zero, or infinite.

Again, if a screw is reciprocal to two given screws, it i reci-
procal to every screw on the cylindroid determined by these two
screws. Let 60 and ¢ be any two screws of pitches pg, 4, and
let n be a screw of pitch p,, which is reciprocal to the first
two. Then if a body is acted on by a wrench (P, Ppq) of any
intensity, 2, on the screw 6, no work is done by giving the
body a twist (w, ®p,) of any amplitude, w, about 7. The same
holds for the screws ¢ and . But a wrench of any intensity
on any other serew, , on the cylindroid (6, ¢) can be replaced
by ecomponent wrenches of certain intensities (Art. 218) on 6
and ¢; and since no work is done against these component
wrenches by a twist on #, no work will be done against the
wrench on v ; therefore y and 5 are reciprocal. We may there-
fore speak of the serew n as being reciprocal to the cylindroid
0, ¢).

R22.] Reciprocal Screws on a Cylindroid. Two screws
on a cylindroid are reciprocal if they are parallel to a pair of
conjugate diameters of the Pitch Conic.

Let a, B8 be any two screws on a cylindroid making angles
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0 and ¢ with the axis of z. Suppose 6’:>0. Then the shortest
distance, %, between them is (Art. 217)
¥ (#,—p.) (sin 26'—sin 26), or (p,—p.) cos (8 + ) sin (6’ —).
Hence their virtual coefficient is
(2242, 4+ (pe—p,) cos (¢ +6) cos (¢ —6)] cos (¢’ — 6)

+(ps—py) cos (¢ + 6) sin? (¢’ —0),
or (.pz +pv) cos (0/'_ 6) + (]’z *pﬂ) cos (6’+ 0)’
or 2 (p.cosfcost’ +p,sinfsin ¢),
and the vanishing of this is the condition that the directions
0 and ¢’ should be conjugate in the conic 2%p,+y%p, = A°.
For another proof see Ball's Tkeory of Serews, p. 37.

R23.] Theorem. A cylindroid can be constructed so as to be
reciprocal to any four given screws. This theorem is thus proved
by Sir Robert Ball (Theory of Screws, Art. 26).

The determination of a screw requires five conditions (Art.
211); therefore if a screw is reciprocal to five given screws,
it will be completely determined, since we shall have five
equations of the form

(2a+p,)cos0—rsind = 0, (@)
7 being the required screw. But if a screw is reciprocal to
Jour given screws, it will not be completely determinate: it
must describe a certain surface-locus. This locus is a eylindroid.
For, let a, B, y, 8 be the four given screws, and, if possible,
let there be #4ree screws, A, p, », reciprocal to these four and
not lying on one cylindroid. Then, by last Art., every screw,
6, on the cylindroid (A, w) is reciprocal to the four given screws;
80 is every screw, ¢, on the cylindroid (i, v) 5 and so is every
screw on the cylindroid (0, ¢). Thus the sought screw does
not describe a surface-locus, but a family of surfaces, which is
impossible. Hence A, u, » must be co-cylindroidal, and their
cylindroid is reciprocal to the four given screws.

To show how this cylindroid may be constructed, we proceed
thus.

Arrange the four given screws in the descending order of
their pitches ; let this order be p., pg, 2, ps. Let % be a mag-
nitude intermediate to p3 and p,. Then on the cylindroid (a,y)
find the two screws (A, \") whose pitches are each %; also on
the cylindroid (8, 8) find the two (u, u') whose pitches are
each £ Draw the /wo lines (Art. 241) which intersect the four
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screws A, A, u, p’; let these lines (o, ¢”) be made screws each
with pitch —£. '

Then the screw o is reciprocal to the screw A, because
Po+pr = 0 and the two screws intersect.

Similarly o is reciprocal to A”; therefore (Art. 221) o is reci-
procal to the cylindroid (A, A’), i.e., to the cylindroid (a, y). In
the same way o is reciprocal to the cylindroid (8, 8); and
similarly ¢’ is reciprocal to both cylindroids. Hence the cylin-
droid (o, ¢”) is the required cylindroid, since every screw on it
is thus proved to be reciprocal to all the screws a, 3, y, 8.

224.] Problem. To construct the screw whick is reciprocal to
any five given screws. Let the five given screws be a, 83, y, 3, €
construct the cylindroid reciprocal to the first four and also
that reciprocal to the last four; these two cylindroids must
intersect in the screw reciprocal to all five. Moreover there
can be only oze solution; for, since there are five equations
given to determine the (five) unknown quantities which define
the required screw, there must be a definife number of solu-
tions (proceeding, possibly, from some algebraical equation
obtained by eliminating four of the unknowns from the five
equations of reciprocity) ; and if fwo screws could be found reci-
procal to the given set of five, an infinite number could be
found—viz., all those on the cylindroid of these two. There
can be, therefore, only one screw reciprocal to five given screws.

225.] Theorem. On amy cylindroid can be found ome, and
only one, screw reciprocal to any given screw.

Let ¢ be the given screw. Find any four screws reci-
procal to the cylindroid. Find (last Art.) the single screw
reciprocal to € and these four. This last screw must lie on
the cylindroid, since every screw reciprocal to the four lies on
the cylindroid.

226.] Theorem. Given scven screws placed in any manner in
space; then there is one determinate system of equilibrating wrenches
on this system of screws.

Since the pitches are all supposed given, we have to show
that the several forces (or intensities) of the wrenches are fully
determinate—at least their mutual ratios are so, Jjust as it is
the mutual ratios of three equilibrating forces acting along
three given coplanar concurrent lines which are determinate.

Let the given screws be a, B, ¥, 9, ¢ ¢ . Construct the
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single screw, ¥, which is reciprocal to the last five. The five
wrenches on these give a resultant wrench reciprocal to y; and
since the resultant of the wrenches on o and B is equal and
opposite to the resultant of the five, the resultant of the
wrenches on a and 3 is reciprocal to . But the resultant of
these two is a wrench on some screw on the cylindroid (a,8);
this screw (¢) must therefore be reciprocal to v, and is there-
fore known (last Art.). The law of sines, or parallelogram of
wrenches (Art. 218) for the three given screws a, B, §, deter-
mines the ratio of the forces (or intensities) of the wrenches
on a and B. Similarly for every other pair of the given seven.

The problem of this Article may, of course, be put in this
way—Given completely a wrench on a screw w, to resolve it into
siz wrenches on siz given screws, i.e., to find the intensities of
these six component wrenches.

Sir R..Ball points out that this is the generalisation of the
ordinary statical process of reducing a given force to three
component forees and three couples.

The actual determination of the six component intensities of
the wrenches on six given screws, p;, py, pg, ... , pg €quivalent to
a given wrench on a given screw, p, can be effected as follows.

Let (R, Rp,) be the wrench on p; let the component wrench
on p, be (R,, B, p,) where R, is the intensity (to be determined)
and p, the (given) pitch of p,. Similarly let (R,, B,p,), &e.,
be the other component wrenches,

Now the work done by the wrench (R, Rp,) in twisting a
body about any screw through any angle is equal to the sum
of the works done by the component wrenches in the same
twist.

Let the body be twisted about the screw p itself through
an angle . Then the work done by the wrench (R, Ep,) is
2 Rp,.w (Art. 221). The work done by the component wrench
(R, R,p,)is R, w,, .o ; and so on for the others. Hence

2 Bp, = Rywpp, + By wpp, + oo + Ry, (1)
Now consider a twist of any amplitude, w, about the screw p,,

and equate the work done in it by the wrench (R, Ep,) to the
sum of the works of the component wrenches. Thus we get

R"am = 2R1p1+‘R2wPlP:+ e +Rﬂwﬂlpo' (2)
Similarly, considering twists round the other serews, pg, ..., pg,
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in succession, we obtain five more equations like (2); so that
we have a system of linear equations with known coefficients,
P1sPaeevs Wopy e for the required forces R, R,,... in terms
of the given force R.

Substituting the values of @,,,, @y, ... , @, given by (2) and

the similar equations in (1), we have
R2p, = R*py+ Rlpy+ ... + B, R, Tppst oo
=2 R?p+32 Ry Rywy,, (3)
which is analogous to the expression for the resultant of any
number of forces.

The six screws of reference can be chosen with such relations
among themselves as will greatly simplify the values of the
component wrenches—just as a choice of rectangular axes sim-
plifies the components of a force.

Let p; be any screw ; p, any serew reciprocal to p, ; ps any
screw reciprocal to p, and p, ; p, any screw reciprocal to P15 Pos P3 3
ps any screw reciprocal to p;, p;, pg, py; and pg the single screw
(Art. 224) reciprocal to the remaining five. Thus (2) becomes

Rw,, = 2R p,

since @, = 0,...,@,, =0. This determines R,; and similarly
Bw,, = 2 R, p,, &e. ; moreover (3) becomes

R2p,= S R:2p,.
Such a system of screws, viz., one in which every pair of screws
is reciprocal, is called a system of co-reciprocal screws.

227.] Degrees of Freedom of a Rigid Body. The position
of a rigid body in space is completely defined by siz independent
variables, viz., the three co-ordinates of some point in it with
reference to assumed rectangular axes, and the three angles
(see Routh’s Rigid Dynamics, Chap. IX) which in the well-
known theory of the motion of a rigid body about a fixed point
determine the positions of all points in the body relatively to
this fixed point. The body may, however, be so hampered in
any case that these six variables are not all independent. If
each of them may be anything whatever independently of any
of the others, the body is perfectly free or has Jreedom of the
siwth order, or siw degrees of freedom. If the variables are con-
nected by one equation, so that virtually only five are inde-
pendent (the sixth being known as soon as any five are assumed),
the body has freedom of the fifih order, or five degrees of freedom.
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If they are connected by two equations, or, in other words, if
the position of the body depends on only #iree independent
variables, the body has freedom of the third order, or three degrees
of freedom ; and so on.

A rigid body occupying any position can be brought into
an indefinitely near position by giving it a small motion of
translation whose components parallel to fixed rectangular axes
are (da, 86, d¢), which are the components of the translation
of any point, 4, in the body, and rotating it round axes of
reference at 4 parallel to the fixed axes through angles (36,,
30,,806,). See Chap. XV, or Routh, ¢bid.

The component absolute motions of any point in the body
are expressed by the equations

dx = da+(z—c)d0,—(y—10) 86, &e.,
(a, &, ¢) being the co-ordinates of 4 with reference to the axes
through the fixed origin.

If the only motion possible for the body is a twist (of any ampli-
tude) about a given screw, the body has ome degree of freedom.
For, the only variable on which its motion depends is the
amplitude, o, of the twist about the given line, a, the transla-
tion being w.p,, which (since p, is given) is known when
is assumed. The value of 8z is [lp.+m(z—c)—n(y—10)] . w,
where (Z, m, n) are the direction-cosines of the axis of the screw.
Since, then, the adjacent position of the body depends on only
one variable, the body has one degree of freedom.

If the constraints of a rigid body are such that every position
adjacent to the one whick it occupies can be obtained by some com-
bination of twists (of variable amplitudes) about two given screws,
it has two degrees of freedom, and it can likewise twist about every
screw on the cylindroid determined by these two.

. For, an adjacent position now depends on two independent
variables, viz., two twists of amplitudes @ and " about the
two given screws a, B; and the value of 82 will be the sum
of the previous expression and one exactly similar referring to
B. Moreover, since two twists on a and B always compound
a twist on some screw of their cylindroid, the last part of the
proposition is evident,.

In the same way, three degrees of freedom are equivalent
to the possibility of attaining all consecutive positions by twist-
ing about three given screws, and, mutatis mutandis, the above
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enunciation holds for this case, except that the other screws
about which twisting may take place do not lie on any cylin-
droid.

And so on for the remaining degrees of freedom.

That besides three given (non-cocylindroidal) screws there
will be an infinite number of screws about which the body can
twist is evident, because the resultant of any three twists is
a twist about some screw whose position depends on the ampli-
tudes of the three ; and since these may be varied in any manner,
their resultants will give an infinite number of twists about
an infinite number of screws.

Just as the screws of possible twist coming from fwo given
screws are infinite in number, but yet very specially related—
forming a cylindroid—so those of possible twist coming from
three given screws, although infinite, are related, and their
assemblage in space is called a screw complex of the third order.
A screw complex of the second order is a cylindroid.

Similarly for screw complexes of the fourth and fifth orders.
‘What is a screw complex of the sixth order? It is the assem-
blage of screws about which a body could twist if every conse-
cutive position of the body can be attained Ly twisting about six
given screws. But such a body is perfectly free; therefore it
could twist about every line in space. Hence the assemblage
of all lines in space is the screw complex of the sixth order.

We may formally define a screw complex of any order, ,
thus—d screw complex gf the m™ order is an assemblage of screws
in space such that any one screw of the assemblage can be determined
from any m of them and cannot be determined- by any smaller
number; that is, a twist of any assumed amplitude, or a wrench
of any assumed intensity on the one screw in question, can
always be exhibited as compounded of twists of proper ampli-
tudes, or wrenches of proper intensifies, on the = screws
selected.

Thus, in the complex of the second order (cylindroid) a wrench
of any intensity on any one screw of the complex can, by the
law of sines (Art. 218), be resolved into two wrenches, of appro-
priate intensities, about any fwo selected screws of the complex,

228.] Examples of Degrees of Freedom. The following‘ are
some very simple instances of the various degrees of freedom of
a rigid body.

YOL, 11, D
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One degree of freedom. (Every position, consecutive to a given
one, that can be attained by the body is producible by a twist of
variable amplitude about one fixed screw.) A nut moving on a
fixed axis with a thread cut on it. A body sliding along a fixed
axis, but guided so as to prevent rotation (screw of infinite
pitch). A body capable of rotating on a fixed axis, but pre-
vented from moving along it (screw of zero pitch; e.g. a
compound pendulum).

Two degrees of freedom. (Every position, consecutive to a
given one, that can be attained by the body is preducible by
some combination of twists of variable amplitudes about twd
fixed screws.) A nut moving on an axis having a thread cut on
it, and this axis itself rigidly attached to another nut which can
move on a fixed axis with a thread cut on it. A body with a
fixed axis (spindle) stuck through it, so that the body can move
along and rotate about the axis, the rotation and translation
being quite independent. A rigid body with one fixed point, O
(ball and socket joint), a string of given length being attached
to another point, P, in the body and to a point fixed in space ;
or, instead of being thus held by the string, the point P may be
constrained to any fixed curve on a sphere.

To find the cylindroid corresponding to any given case of
freedom of the second order, all we have to do is to find any two
screws about which twists may be given, and these two determine
the whole cylindroid.

Three degrees of freedom. (Every position consecutive to a
given one attainable by some combination of twists of variable
amplitudes about three fixed screws.) A body moveable on a
spindle which has a nut rigidly attached to it, this nut being
capable of moving on an axis fixed in space with a thread cut on
it. A body moveable round a fixed point (ball and socket joint)
—the well-known example in the theory of Precession and
Nutation.

To find the complex corresponding to any given case of
freedom of the third order, find any three screws about which
twisting may take place, and these determine the whole complex.

Four degrees of freedom. Body on spindle which is capable
itself of spindle motion on an axis fixed in space.

Five degrees of freedom. Body on spindle which has a ball and
socket motion round a fixed point.
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229.] Determination of Screws on a Complex. Consider
two serews, a, 8, which determine a cylindroid. All the other
screws of the complex are simply axes of wrenches which are
the resultants of all possible wrenches on a and 8. Now (Art.
218), if wrenches of any intensities, P, @, act on a and B, the
position of the resultant screw (and therefore its pitch) depends
only on the ratio of P to Q.

Hence the position of any screw on the cylindroid which is
determined by the given screws, a, 8, depends on only one
variable. _

Similarly the position of any screw on the complex of the
third order determined by three given screws, a, 8, y, depends on
only fwo variables, viz. the rafios of the three (variable) inten-
sities of wrenches on these screws. And, generally, the position
of a screw on a complex of the m* order determined by m
given screws depends on 7 —1 variables—ratios of intensities of
wrenches on the given screws.

230.] Screws Reciprocal to a given Complex. Al screws
whick are reciprocal to a given complex of the order m Jorm them-
selves a complex of the order 6 —m.

Firstly, they form a complex, i.e. an assemblage specially
related. For, consider all the serews reciprocal to a given cylin-
droid. A rigid body which is free to twist about any of these
screws would not do so if it were acted upon by wrenches on
any of the screws on the cylindroid ; hence twisting solely about
the screws in this reciprocal assemblage must be equivalent to
a certain limitation in the freedom of the body, so that the
assemblage is a complex. ‘

Secondly, the order of the complex is 6 —m. For, any screw
of this reciprocal complex, being reciprocal to 7 screws (viz. any
m determining the given complex), satisfies by its determining
constants 7 equations with known coefficients, such as (@), Art.
223. This screw would therefore require 5— further con-
ditions for its complete determination. But (last Art.) the
number of these conditions is one less than the degree of the
complex to which it belongs ; therefore the degree of this re-
ciprocal complex is 6 —m. \ .

It is, of course, obvious that if a rigid body has m degrees of
freedom, so that it is capable of twisting about any screw on a
certain complex of order m, any system of forces acting on it and

D 2
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reducing to a wrench on any screw of the reciprocal complex will
be in equilibrium with the constraints of the body; and con-
versely, when a rigid body acted on by any system of forces has a
certain specified degree of freedom, the condition of ils equilibrium
18 that the given force system must reduce to a wrench on some screw
of the complex which is reciprocal to the complen of screws about
which the body can twist. 'This, as Sir R. Ball observes (ZT%eory of
Screws, p. 41), is the most general equilibrium theorem for a
rigid body.

231.] Number of Conditions determining a Complex of
given Order. In order to determine completely a quadric surface
we know that nine conditions are necessary; and to determine,
in the same sense, a cylindroid we shall show that eight con-
ditions are neccssary ; and, generally, to determine a complex
of any order, m, we shall show that = (6 —m) conditions are
necessary.

For simplicity begin with a cylindroid. If its centre and axes
are unknown, taking any origin and rectangular axes, we must
in equation (a) of Art. 214 assume an expression of the form

zcosa+ycosB+4zcosy+p
for #, with similar expressions for y and 2, and also an unknown
quantity for p,—p,. This gives us fen independent constants ;
but the conditions of rectangularity of the new planes of reference
reduces this to eight—which is the proper number of unknown
coefficients in the general equation of a cylindroid.

Generally, a complex of order = is determined if 7 screws are
given ; and since each screw requires 5 constants for its complete
determination, we have thus 5m constants given. Now these
will give us more information -than we want—we want merely
the complex, and, in addition, we know completely m special
screws in it. We must therefore diminish the number &7 by
the number of conditions required to specialize the m screws.
Now (Art. 229) each screw is specialized by m—1 data, there-
fore the data which specialize 7z of them are 7 (72— 1) in number.
Hence the conditions required to determine the complex, without
informing us of particular screws in it, are 6m—m (m—1), or
m (6 —m) in number.

Cor, The number of conditions which determine any complex
and the number which determine its reciprocal complex are the
game. Consequently the most general complex of the fifth order
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is the reciprocal of a single screw, and the most general complex
of the fourth order is the reciprocal of a cylindroid. -

232.] Reciprocal of a Single Screw. Let any line be the
axis of a screw of pitch p,. Then every line in space can be the
axis of a screw reciprocal to the given one ; for if w is the angle
between the given line and any other line OZ, and if 4 is the
shortest distance between the lines, we have merely to give the
pitch, pa, to the screw on OLZ, such that

Patp. =k tan o.

Consider the screws reciprocal to a given screw that can be
drawn through a given point, O.

Through O (Fig. 240) draw a line O4 parallel to the axis of
the given screw, a; let OFf be the perpendicular from O on
a. Then the shortest
distance, 4, between
OL and a is the per-
pendicular from P on
the plane of OZ and
04. Let OP = p,
and with O as centre
and OP (or any other
length) as radius de-
scribe a sphere. (The
axis of the screw a is
the line through 2P i*‘ig. 240.
parallel to 04.)

At O draw OZ at right angles to O4 and OP ; produce the
great circle 4L to meet the great circle PZ in a. Then the
shortest distance between o and OL is psin Pz and w = L4.

Hence Pa+p. = p.sin Pa cot al.
But by Napier’s Analogies applied to the triangle Pal,
sin Pa = cot e PL . tan a L,
therefore Pat+p. = p.tan LPA, (a)

which determines the pitch of the screw on OL.

All screws of the same pitch at O lie in a plane. For if p, is
constant, the angle LP4 is constant, i.e. the line OL moves in
the plane POL which makes a constant angle with the plane
PO4. (For a different proof see Ball's Theory of Screws, p. 85.)
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233.] Reciprocal of a Cylindroid. Every right line, in
general, meets a cylindroid in three points, through each of
which passes a screw on the surface. If the right line is the axis
of a screw reciprocal to the cylindroid, this screw (A) is reciprocal
to the three screws which it thus meets. But when two reci-
procal screws intersect, we must have (Art. 221) either the sum
of their pitches equal to zero, or the angle between them a right
angle. Now it is impossible that the pitches of all three screws
on the cylindroid should be equal, because from Art. 219 we see
that there are only fwo screws on the surface which have the
same pitch. Hence the screw A must be perpendicular to one of
the screws which it meets.

Now consider all the screws that can be drawn from a given
point, O, reciprocal to the eylindroid. It will (Art. 221) be
sufficient to make these screws from O reciprocal to any fwo
screws on the surface. Through O draw a plane perpendicular
to the axis of the cylindroid, and let the two screws at the
point where it cuts the axis be a and 3. Through O (Fig. 240)
draw O4 and OB parallel to a and 8, and OZ parallel to the axis
of the cylindroid, OP and OQ being the directions of perpen-
diculars from O on a and B, respectively.

Then if OZ is the axis of a screw reciprocal to a and to 3, we
have by last Art.
Prt+p. =ptan LPA, :
Prtpp = g tan LQA,
where p and ¢ are the lengths of the perpendiculars from O on
a and 8.

Hence we have

ptan LPA—qgtan LQA = p,—p, ()
so that the line OL moves subject to this condition.

The problem of the locus of OL is therefore this—given two
intersecting lines, O and 0Q, if two planes are drawn through
these lines making angles 0 and ¢ with the plane of OP and 0Q,
such that ptan 0—gtan¢ = £, (B)
where 2, ¢, & are constants, what is the surface-locus of the line
of intersection of the planes ?

It is at once obvious that it is a cone of the second degree.
Hence all the screws reciprocal to a given cylindroid that can be
drawn through a given point lie on a cone of the second degree.
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(A simple geometrical proof of this theorem is given by
Sir R. Ball, T%eory of Screws,p.23. We have thought it advisable
to present the matter in a different light, as there is an advantage
in looking at the subject from different points of view.)

We may remark that if the two planes are drawn through
the two lines so as to satisfy the equation

peot 6—geot ¢ =4,
the surface-locus of their line of intersection will be a plane, and
we have thus the extension of the useful ‘cotangent formula’ of
Art. 35, vol. 1.

By what precedes, it is evident that this cone is the locus of
the feet of perpendiculars from O on the generators of the cylin-
droid, because every screw reciprocal to the cylindroid intersects
the surface in two screws of pitch equal and opposite to its own,
and one screw at right angles.

Hence the parallel to the nodal line (axis of z) of the cylin-
droid drawn through any point O, sinee it is perpendicular to
a generator, must belong to the reciprocal cone drawn from O.
Moreover the pitch of the screw whose axis is this line is %3
for it is at right angles to every screw of the cylindroid, and

when o = er while 7 is not zero (Art. 221) the condition of reci-

procity requires the sum of the pitches = oo ; hence the pitch of
the screw through O parallel to the nodal line = oo,

It follows that on the reciprocal cone can be found screws of
all pitches from —oo to +9o (while, of course, the pitches on
the cylindroid itself range from p, to p,, the principal pitches,
Art. 219). For, every two screws of the same pitch on the
cylindroid are intersected by some generator of the cone, the
pitch of which is equal and opposite to the common pitch of
these two screws. Hence the two screws of zero pitch (when
they exist, Art. 219) are intersected by a generator of zero pitch
on the cone; and we have just seen that this cone has also a
generator of infinite pitch.

234.] Reciprocal to Complex of Third Order. We shall
notice, finally, the screws reciprocal to a complex of the third
order which can be drawn through any point, 0. This number
is three, as is thus shown. It is sufficient to take amy three
screws, a, 8, y, of the given complex, and to find the reciprocals
to these. Draw the cylindroid (a, B); then all the screws
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through O reciprocal to a and B form a cone of the second
degree ; and observe that one generator of- this eone is the per-
pendicular from O on 8. Again, draw the cylindroid (B, ¥);
then all the screws through O reciprocal to 3 and y ferm another
cone of the second degree, and one generator of it also is the
perpendicular from O on B. These cones, having the same
vertex, intersect in four right lines, one of which we know—
viz. the perpendieular from O on B. The screws reciprocal to
a, B, and y must lie on these common lines of intersection.
But it is easy to see that the common generator, which is the
perpendicular from O on B, is not relevant. For, whatever screw
y may be, the pitch of the serew on this perpendicular is fixed,
viz. (see Art. 233) a pitch equal and opposite to the pitches of
the two screws on the cylindroid (a, 8), other than 8, which it
intersects. Since, then, y may be any screw whatever, it cannot
be restricted to being reciprocal to the screw on the perpendicular
from O on G,

For a different proof that only three screws reciprocal to a
eomplex of the third order can be drawn from a given point see
Ball's Theory of Screws, p. 122.

ExXAMPLES,

1. The sum of the pitches of the two screws which pass through
any point on the axis of a cylindroid is constant.

2. A cubical block (represented by Fig. 228) is free to twist about
its diagonal OQ’; determine a wrench—

(@) about 4B,
(b) about 4D,
80 that the block may be in equilibrium.

Ans. In (a)the wrench is one of infinite pitch, i.e. a couple about
AB. Tn (b) the pitch of the screw on Q0 being p, that of the screw on
AD is a—p, where a is the length of an edge of the block, so that
the wrench is [P, (a—p) P], where P is a force of any magnitude.

3. A right cone is capable of twisting about a screw coincident
with one of its generating lines; find the wrench about a given
diameter of its base which will keep it in equilibrium.

Ans. If the axis of the given screw of twist (pitch p) is B4,
where B is the vertex and 4 a point on the circumference of the base,
O the centre of the base, OP the radius of the base about which the
wrench is to take place, P being on the circumference of the base,
4P0A4 =0, ¢ = height of cone, the required wrench is

(#,—(p+ctan 6) P).
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4. A body which has freedom of the second order is acted upon—
(a) by a single force,
(b) by a single couple ;
what is the condition of equilibrium
Ans. In case (a) the line of action of the force must intersect
both the screws of zero pitch on the cylindroid which defines the

possible motions of the body; and in (b) the axis of the couple must
be parallel to the nodal line of the cylindroid.

5. At a given point, O, are compounded three wrenches of fixed
pitches, a, b, ¢, along three fixed rectangular lines, O, Oy, Oz ; the
intensities of these wrenches being all varied in any manner, find the
surface-locus traced out by the Poinsot centre.

Ans. Its equation is

b—cz+c—a a—b a—b.b—c.c—a _ 0
a? ¥ ta Tt XYz -

The section of this surface by any plane through any axis of co-
ordinates is an ellipse (and the axis itself). The force and the
principal couple at O are always related thus—the force being a
central radins vector of a fixed ellipsoid, the axis of the principal
couple coincides in direction with the central perpendicular on the
tangent plane to this ellipsoid at the extremity of the radius vector,
and varies inversely as this perpendicular.

6. The axes of three coplanar screws of pitches p,, pg; py form a
triangle whose sides are a, b, ¢, respectively ; prove that the pitches
of the two screws (other than that perpendicular to their plane)
which can be drawn through any point, O, in their plane and reci-
procal to them are the roots of the equation )

ap_, %9
T+p, ®tpg CEpy
where p, g, r are the perpendiculars from O on the sides a, b, ¢ (all
reckoned positive when O is inside the triangle).

(Itz is, of course, evident that any screw of infinite pitch per-
pendicular to their plane is reciprocal to all three.)

0,

7. Find the directions of the two reciprocal screws at O in the
last problem.

8. In a screw complex of the fourth order show that all screws of
given pitch must intersect two fixed right lines.

(Consider the reciprocal cylindroid; take the two screws on it
whose pitches have the given value with contrary sign.)

9. Show that in a screw complex of the fourth order the locus of
those screws which are parallel to a given line is a plane. (Ball,
Theory of Screws, p. 146.)

(Take the one screw on the reciprocal cylindroid which is per-



42 NON-COPLANAR FOROCES. [235.

pendicular to the given direction; then the plane through this screw
parallel to the given direction is the locus.)

10. Construct the cylindroid reciprocal to four screws of zero
pitch.

[Draw the two lines which, as we shall see a little farther on, can
be drawn to intersect all the four given screws; attribute zero pitch
to these two, and construct their cylindroid.]

11. A perfectly free body is acted upon by five given forces, show
how it can be moved in a particular manner in such a way that no
work is done by or against the forces. (Ball, Theory of Screws,

. 152,
P [Dra)w the cylindroid, as in last example, for any four; on this
cylindroid find the screw reciprocal to the fifth; this is the single
screw (Art. 224) which is reciprocal to all five; and any twist on
this will be unaccompanied by work.]

12. A perfectly free rigid body is acted upon by three screws;
what are the conditions of equilibrium ?

Ans. As to the situations of the screws, they must be co-cylin-
droidal; and as to the intensities of the wrenches on them, they
must satisfy the law of sines (Art. 218).

13. For the same case what are the conditions of equilibrium of
six screws and of seven screws, respectively !

4ns. For six, the screw reciprocal to five must be reciprocal to
the sixth, and the intensities must be related. For seven, there is
no condition as to the positions of the screws—the only condition is
a relation between the intensities of their wrenches (see Art. 226).

235.] Theorem. A system of forces can be reduced to two
forces in an infinite number of ways. For they can be reduced
to a resultant force, R, acting at any rpoint, together with a
couple. Now the forces of the couple can be made of any mag-
nitude by varying its arm ; and one of them can be combined
with B. There will then remain the resultant of R and this
force together with the remaining force of the couple. There-
fore, &ec.

Of course the wrench to which all pairs of forces equivalent
to a given force system reduce is unique; and since we have
shown (Art. 221) that the wrench of two forces takes place
about a screw which intersects the shortest distance between
the lines of action of the two forces, we see that—Poinsot’s axis
intersects the shortest distance between the lines of action of every
pair of forces to whick the given force system can be reduced.

Suppose that 4P and BQ (Fig. 237, p. 18) are a pair of forces
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to which a given force system can be reduced, and let p = :Ké-

= the pitch of the Poinsot screw to which they are equivalent.
Then the distance (O4) of either line (4P) from the Poinsot
axis is the product of the pitch and the cotangent of the in-
clination of the other line (BQ) to the Poinsot axis.

For if 6 = Pdr, ¢ = qdr, since Ac represents K and An
represents @4, we have K = p. R = Q/sin ¢. But

40_Quso . 40_ Qeosy.
OB~ Pcosé’ '~ &~ R ’
A0 x R = Qkcos ¢ ;
A0 = pcot ¢.
Similarly BO = pcot 6.

The two lines of action, 4P, BQ, of any pair of forces equi-
valent to a given wrench are sometimes called reciprocal lines.

They possess the following property—if any point, S, be
taken on either line (42), the axis of principal moment at
this point is the perpendicular to the plane containing § and
the other line (BQ).

This property is at once obvious, since to get G, the axis of
principal moment at § (supposed on AP), we introduce at S
two forces equal and opposite to @; then the couple Q at B
and — @ at § is in the plane of § and BQ, and its axis, G, is,
of course, perpendicular to this plane.

The relation between the two lines is thus reciprocal, so that
either line is the envelope of the planes of principal couples at
all points on the other line.

The two forces P and  along AP and 4Q may, of course,
be regarded as two wrenches each of zero pitch, and therefore as
determining a cylindroid. Ifin Article217 we put py = py = 0,

we find p, = 4 cot %’, Po=—h tan%) ; also the origin of the

cylindroid bisects the distance 4, and its axes are parallel to
the internal and external bisectors of the angle between AP
BQ. The equation of the cylindroid is
2(#®+y*)— hay cosec w = 0.
The two principal pitches have opposite signs, and the given
forces act along the two screws of zero pitch of this cylindroid.
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236.] Theorem. When a system of forces is reduced to
8 pair of forces represented in magnitudes and lines of action
by two right lines, the volume of the tetrahedron formed by
these lines is constant, however the re-
duction is made.

Let the system of forces be reduced
to P and @, and let these be supposed
to act at the extremities, 4 and B, of
the shortest distance between them.
Now to get the force and couple cor-
responding to the origin 4, introduce
at this point two opposite forces, 4Q)
and 4Q’, each equal and parallel to Q.

Compounding P and § we get the resultant force, 22; and
taking the forces @ at B and @ at 4 we get a couple whose axis,
AG, is at right angles to the plane QB4 Q" and equal to Q. 4B.
Since 4B is perpendicular to both P and @, it is clear that 4G
is in the plane QAP and at right angles to 4Q.

Now since (Art. 208) G cos ¢ = K, we have

Q.A4B.sin QAR = K.

But sin Q4R = % .sin P4¢Q. Hence

P.Q.A4AB.sinPAQ = K. R.

Now the volume of the tetrahedron formed by the lines AP
and BQ

= } area 4BQ x perpendicular from 2 on the plane 45Q;

=} BQ.ABx AP .sin PAQ ;

=%}P.Q.4B.sin PAQ.

Hence if A denotes the volume of the tetrahedron,
A=3}K.R.

This theorem has been proved in various ways. For an
elegant demonstration by Mgébius, see Crelle’s Journal, vol. iv,
P. 179, or Jullien’s Problémes de Mécanique Rationnelle, vol. i,
p. 71.

237.] Symmetrical Reduction of a System of Forces. ‘A
system of forces can be reduced to two forces equal in magni-
tude, equally inclined at opposite sides to Poinsot’s Axis, and
equally distant from this axis.
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Suppose the forces replaced by R acting along Poinsot’s Axis,
0Oz, and a couple, K. Take any point, ¢ (Fig. 236); draw 0’0
perpendicular to Oz and produce it to 0” so that 0'0 = 00",
Let R acting at O be replaced by } R acting at O’ and } B acting
at 0”. Also let the forces of the couple act at 0’ and 0”; for
this purpose these forces must each be made = % » @ being 00,
Now the resultant of 3 £ and % at 0 is a force

K
=‘&/\/R2+w—21

acting towards the right, and the resultant of } R and 25:;: at 0”7

is a force of the same magnitude acting towards the left of the
figure.
If » is the angle made with Poinsot’s Axis by these new

forces at 0" and 0",
tanw =
Rz

If we choose # so that —§ = +/3R, each of the two symmetrical

forces is equal to R, and they are inclined at an angle of 60° to
Poinsot’s Axis.

238.] Analytical Condition for a Single Resultant. We
have just seen that a system of forces acting on a rigid body is,
in general, equivalent to fwo forces. Let the forces be replaced
by a single resultant force, R, acting at an arbitrary origin, O,
and a couple @. Now the direction-cosines of R referred to axes
Oz, Oy, and Oz, are (Art. 206),

- 32X =Y 2z
T ) —E-’ and —R- 5
and those of G are

L M
@ @ and e
Hence, if ¢ is the angle between G and R,
LEX+MSY+N2Z
cos p = 714 . (1)

+
Now if the resultant couple is in a plane containing R; one
of its forces can be made to destroy R, and there will remain
a single force; but if G and R are not at right angles to each
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other, the system of forces cannot be equivalent to a single force.
The required condition is, therefore, cos ¢ = 0, or

LSX+MSY+N3Z =0, (2)

provided that SX, S Y, and 27 do not all vanish ; for if they do,
R will also vanish, and ¢ will be illusory. In fact, in this case,
since L, M, and N alone exist, the system of forces is equivalent
to a couple.

239.] Theorem. The quantity ZEX+ MZ Y+ NZZ has the
same value for all systems of rectangular axes assumed anywhere
in space.

From (1) of the last Art., it = B.Gcos¢, or R.K, where K
is Poinsot’s moment (Art. 208).

Hence, if this quantity vanishes for any one set of axes, the
force and the axis of the accompanying couple corresponding to
any origin are at right angles.

The value of this quantity can be exhibited in another form,
which also shows that it is independent of any particular set of
axes.

Substituting for L, M, and N the values (Art. 206),
3(Zy— Yz), &c., the expression becomes

(Zy— oy + Zoy— Yoz +.0) (K + X+ .00)
+(& 5=+ Xz, —Zpmy +.0) (D4 T+ 000)
+(oy— X+ Yoz~ Xy + . ) D+ 25+ .00)5

or, substituting for X,, ¥;, Z;,...in terms of the forces P, ...
and their direction-cosines,

[P, (7, c08 v, —2; cos B;) + Py (5 €08 yp—2, €08 B5) +...]
x (Pycosa;+ Pycos ay+...) + &e. ...

It is clear at once that the terms P,%, P)% ... disappear, and the
products P, P,, P, P,, ... alone remain.
Collecting the coefficient of P, P, as a typical term, we have

P, P,[ (2, —,) (cos B, cos y, —cos y; cos ;)
+ (71—, (cos y; cos a,—cos a, cos y,)
+ (2, —2;) (cos a; cos B,—cos B, cos a5} .

Now (see Salmon’s Geometry of Three Dimensions, p. 81, third
edition, or Frost’s Solid Geometry, p. 89) if (Py, P,) denotes the
sngle between the directions of the forces P, and P,, the
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quantity in brackets = d;,.sin (P,, P,), d;, being the shortest
distance between the lines of action of the forces.
Hence
LEX+M2Y+N2Z=Z2P P,.dy,. sin (P, P,) (1)
Again (Art. 236), the term involving P, P, on the right side
of (1) denotes six times the tetrahedron formed by P, and P,;
therefore the quantity on the left side is equal to siz times the

(n—1)
2

sum (with their proper signs) of the " tetrahedra whick can be

Jormed out of the pairs of lines representing the n forces
P, P,...,P,

This sum has, of course, no reference to any set of axes, and
hence the necessarily invariant nature of LEX+ MEY+NZZ,

With regard to the sign to be given to any tetrahedron of the
gystem, we define that—

The moment of a force with regard fto a line is the component of
the force perpendicular to the line multiplied by the shortest distance
between the force and the line.

Hence P, .d,,.sin (P, P,) is the moment of P, about the line
of action of P,, Now to determine the sign which must be
given to any tetrahedron, let a watch be placed so that the
direction in which either force acts passes perpendicularly from
the back up through the face of the watch. If then the other
force tends to produce rotation in the sense in which the
hands rotate, the tetrahedron is to receive a negative sign, and
if the rotation is the other way, a positive sign.

240.] Conditions of Equilibrium of a Rigid Body acted on
by any Forces, The forces having been reduced to a resultant
of translation, R, acting at any point, together with a corre-
sponding couple, @, since a force and a couple cannot conjointly
produce equilibrium ((¢), Art. 200) it is necessary that

R=0and G=0.
Substituting the values of £ and G given in Art. 206, we see
that these two are equivalent to the following s conditions:
3X=0, XY=0, 2Z=0,
L=0, M=0, N=0, o
which are the analytical expressions of the fact that ke forces

must have no component along any line and no moment about any
awis,
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241.] Particular Cases of Equilibrium. (a) Equilibrium of
three forces. When three forces keep a body in equilibrium, their
lines of action must be coplanar and concurrent (or parallel).

For, let the forces be P, @, R. Then the sum of their
moments about every right line = 0. Take any point, p, on P,
and from it draw a line meeting Q—in ¢, suppose.

Since the sum of moments about the line p¢ must be zero, and
since the moments of P and @ about it are separately zero, this
line must intersect B—in 7, suppose.

Draw another line through p meeting @ in ¢’; then, as before,
this line must meet B—in 7/, suppose. Now, since two points
on each of the lines @ and R lie in the plane determined by the
lines pgr and pg’7’, the lines @ and R must each lie wholly in
this plane. Again, drawing any two lines whatever across @
and R, these must both be intersected by P; that is, P must lie
in the plane of @ and R ; hence all the forces are coplanar.

Finally, taking moments about the point (Art. 77) of inter-
section of Q and R, we see that P must pass through this point,
and be equal and opposite to their resultant. If @ and I are
parallel, 2 must be parallel to them, and equal and opposite to
their resultant,

The case of Art. 19 is therefore the only case of equilibrium
of three forces,

(8) Equilibrium of four forces. If four forces keep a body in
equilibrium, they must all lie on the same kyperboloid of one sheet.

Any three non-intersecting right lines determine a hyperbo-
loid of one sheet, because a surface of the second degree requires,
in general, zine conditions for its determination, and the con-
ditions that any one given right line (v = az+m, y = bz+n)
should lie wholly on the surface are #4re¢ in number; hence
among the nine unknown coefficients in the equation of the sur-
face there will be established nine (linear) equations if Z4ree given
non-intersecting lines all lie on it. The surface is therefore
determined.

Describe the hyperboloid determined by three of the forces, P,
@, B ; then an infinite number of right lines can be drawn to
intersect these three, and all such lines lie on the hyperboloid and
constitute one system of its generators, while P, @, R belong
to the other system of generators (see Salmon’s Geometry of
Tkree Dimensions, Chap. VI). Every line intersecting P, Q, &
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must, since the sum of the moments of the four forces about it
= 0, also intersect the fourth force §; hence § passes through
an infinite number of points lying on the hyperboloid, which is
impossible unless § lies wholly on the surface.

The given forces, therefore, act along lines which are all
generators of the same system of the same hyperboloid.

(¢) Equilibrium of five forces. If five forces keep a body in
equilibrium, their lines of action must intersect two right lines. If
a right line could be drawn so as to intersect four of the forces,
it would have to intersect the fifth, on account of the vanishing
of the sum of the moments about it.

Now two right lines can, in general, be drawn to intersect
any four non-intersecting right lines. For, let the four lines
be denoted by P, @, R, 8. Construct the hyperboloid deter-
mined by (P, @, R), and also the hyperboloid determined by
(P, @, 8). These hyperboloids having two right lines for a part
of their curve of intersection will have two other right lines for
the remainder of the curve. For, let the equations of the line
P be (# =0, y=0), and those of @ be (=0, w = 0); then
the equation of any hyperboloid containing these lines is

@ (mz+pw) +y(lz+qw) = 0;
another hyperboloid containing the same lines is
w(m'z+p' w)+y (Fz+qw)=0.
Now at all points of intersection of these two hyperboloids, for
which #z and 7 do not both vanish, and for which z and » do not
both vanish—i.e. at all points of their curve of intersection,
excluding the points on the two common generators—we have
mz + pw bz +quw
Werpw  lz+qw

This equation, being homogeneous in z and w, denotes two
planes passing through the line Q; but any plane through a
generator must intersect the surface again in a right line;
therefore these two planes cut the surface in two right lines,
which are the remaining part of the curve of intersection of the
two hyperboloids; and each of them intersects the generators
(P, @, B) and the generators (P, @, §); i.e. each interseets the
four lines P, @, R, §. Each must, therefore, intersect the fifth
force. Q.E.D.

VOL. II, E
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ExAMPLES.

1. A rigid body is acted on by forces represented in magnitudes
and lines of action by the sides of a gauche polygon taken in order;
prove that the forces are equivalent to a couple, and that the sum of
their moments about any line is represented by double the area of the
projection of the polygon on a plane perpendicular to the line.

Lt the forces be represented by the lines 4B, BC, CD,...(Fig. 242),
and let 0@ be any axis.

On the axis take any point, O, and reduce the forces to a resultant, &,
of translation at this point, together with a couple, G (Art. 206).
This is done by introducing at O two forces
parallel and equal to AB in opposed direc-
tions, two equal and opposite to BC, &c.
Now (Art. 199) the resultant of translation
vanishes, and the component couples are
represented by double the areas of the tri-
angles 04 B, OBC, &c. If the axes of these
couples are drawn at O, the sum of the
moments of the forces about 0@ will be
represented by the sum of the components of

TFig. 242. the axes along O@; but this is the same as

double the sum of the projections of the

areas of the triangles on a plane perpendicular to O@Q; that is, the

moment about 0@ is represented by double the area of the projection
of the polygon on a plane perpendicular to 0Q.

Again, since @ is the greatest moment round any axis through O
(Art. 206), it follows that the axis of the resultant couple is the line
perpendicular to the plane on which the projected area of the polygon
18 & maximum.

2. When the resultant of translation vanishes, the forces will be
in complete equilibrium if the sums of their moments round any three
non-coplanar axes are separately equal to nothing.

For if L be the moment round the axis of x, the moment L’, round
a parallel axis through the point (a, 8, y)is L+y2 Y—83Z. Hence
L'=L M=M N=N; and since the moment round an axis
through (a, B, ) making angles A, u, v with the axis of co-ordinates is
L’ cos A+ M’ cos 4 N’ cos v, it follows that the moments round all
parallel axes are equal. For the three axes of moments we may take,
therefore, three lines through the origin making angles (A;, i, v,),
(Ags By, ), and (Ag, pg, v,) with the axes of co-ordinates. Suppose
then that

LcosA,+ Mcosp,+Neosy, =0,
L cos A\;+ M cos p, + N cos v,= 0,
and L cos Ay + M cos pg+ N cos vy = 0.
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These require either that L =M = N = 0, or
COSA;, COSM,, CO8Y,
CosSA,, cosp,, cosy, [=0.
cosAy, COSHg, COSYy

The latter condition requires that the three axes of moments be in one
plane. If they are not coplanar, we must have L = M =N = 0, i.e.
the forces are in equilibrium,

3. A tetrahedron is acted on by forces applied perpendicularly to
the faces at their respective centroids. If the force applied to
each face is proportional to the area of that face, prove that the
tetrahedron is in equilibrium, the forces being supposed to act all
inwards or all outwards.

Let 4, B, O, D be the vertices of the tetrahedron, and denote the
areas of the faces opposite these vertices by 4,, B,, C,, D, respectively.

N

Denote also the angle between the faces 4, and B, by 4,B,, Then

evidently -~ ~ ~
4, =B, cos 4,B,+C,cos 4,0, +D,cos 4, D, ;
or, if the forces perpendicular to the faces are denoted by P, @, R, S,

N ) N\
P—@Q.cos PQ—R.cos PR—S.cos PS = 0,

which shows that there is no resultant force in a direction perpen-
dicular to the face 4,; similarly there is no resultant force in direc-
tions perpendicular to the other faces; therefore the resultant of
translation vanishes.

To show that there is no resultant couple, let each force be replaced by
three equal forces acting at the angles of the corresponding face. Thus
the force P is to be replaced by three forces each equal to 3P acting
at the points B, C, D perpendicularly to the face BCD. Let us
calculate the sum of the moments of the forces about the edge BC.
For this purpose, let the forces 3 @ and 1 R at D be each resolved in
the direction of the force 1P at this point, i.e. perpendicularly to the
face BC'D. Supposing the forces to act outwards, the components of

N )
3 Q@and ¥ Rare —} Q.cos PQand —3R. cos PR; therefore the sum
of the moments of the forces at D about BC is proportional to

AN\ P
(4,—B, . cos AIBI-—CI/.SOS 4,0)p’,

or D,.p .cosd,D,,
N
or, again, D, .p.cot4,D,,

2’ being the perpendicular from D on BC, and p the perpendicular
from D on the base 4BC. But this last expression is three times the

N
volume of the tetrahedron multiplied by cot 4,D,. In the sate way,
the sum of the moments of the forces at 4 is represented by three

. ”~N
times the volume of the tetrahedron multiplied by cot 4,D;; and as
these moments are in opposite senses, the forces have no moment round

E2
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the edge BC, and similarly no moment round.any of the edges. Hence
by the last example they are in equilibrium.
For another simple method of proof see Collignon’s Statique, p. 354.

4. Prove that a solid body of any shape is in equilibrium if it is
acted on throughout its surface by normal forces, each force being
proportional to the superficial element on which it acts,

One very simple method of proof consists in imagining a surface
precisely equal and similar to that of the given body to be traced out
in a weightless fluid which is subject to any pressure.

5. If a curved surface whose edge is a plane curve is acted on all
over its surface by normal forces, each proportional to the element of
surface on which it acts, prove that these forces have a single resultant
if they all act towards the same side of the surface.

6. Forces perpendicular and proportional to the areas of the faces
act at the centres of the circles circumseribing the faces of a tetrahe-
dron ; prove that they are in equilibrium, if they all act inwards or
outwards.

They meet in the centre of the circumscribed sphere. The proposi-
tion is evidently true also for any polyhedron bounded by triangular
faces.

Taking the results of this example and example 3 together, we see
that forces proportional to the areas and perpendicular to them are in
equilibrium if they act at the orthocentres of the triangular faces of
any polyhedron.

7. Find the force necessary to keep a heavy door in a given position,
the hinge line being inclined to the vertical and the hinges smooth.

Let ¢ be the inclination of the hinge line to the vertical, and a the
given inclination of the plane of the door to the vertical plane con-
taining the hinge line. Then if W is the weight of the door, a the
distance of its centre of gravity from the hinge line, and 6 the angle
between the normal to the plane of the door and the vertical, the
moment of the weight about the hinge line is

Wa cos 0.

This is the moment of the required force. To
find 6, let lines parallel to the hinge line and the
vertical be drawn through any point, O, and
through this point let a plane be drawn parallel
g to the plane of the door, Round Q let any sphere
be described; let ¥ and L (Fig. 243) be the
points where these lines meet the sphere; DL

the circle in which the plane of the door inter-

Fig.243. °  sects the sphere, and & the point in which the
normal, OX, to the door intersects it. Then

VL=+t, DLV =a, and NV =6, and we have from the spherical

triangle VDL, sin VD = sin¢sin a,
or cos @ =sinising,
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since &V is the pole of DL. Hence the moment of the required force is
Wasin ¢ sin a,

and when its point of application and direction are known, its magni-

tude is therefore known.

8. A beam can turn in every direction about onme end which is
fixed; the other end rests on a rough inclined plane. Find the
limiting position of equilibrium. (See Walton's Mechanical Problems,
p. 191, third edition.)

Let AB (Fig. 244) be the beam, 4 the fixed end, DPH the rough
inclined plane, PH the intersection of this plane with a horizontal
plane through 4, APD the vertical plane
through 4 perpendicular to the inclined
plane, BD a line parallel to PH, 40 a
perpendicular from A oun the inclined
plane, DQ a perpendicular on the hori-
zontal plane, ¢ the inclination of the
plane, a the angle, 480, between the
beam and this plane, and g the coefficient
of friction. Fig. 244.

Now suppose first that the beam is
perfectly inelastic. 'Then the end B describes on the inclined plane a
circle whose centre is O, and if it is about to slip, the force of friction
assumes a direction perpendicular to OB in the inclined plane. The
extreme position of the beam will be denoted by the angle, 6 or
DOB, between the plane, 40B, through the beam normal to the
inclined plane and the vertical plane, 40D. -

The forces acting on the beam are its weight, the reaction of the
smooth joint at 4, and the total resistance of the inclined plane at B.
This last force we shall consider as composed of a normal reaction, £,
and a force of friction, uR, acting perpendicularly to BO. For the
equilibrium of the beam take moments about a vertical axis through
A. The moment of the normal reaction at B is RsinzxBD, or
Rgini,BOsin 0, or again, Rsini. ABcosasin 8. To find the
moment of mR, resolve it into wR cos@ along BD and pRsin
parallel to OD; and resolve this latter again into a horizontal
component, (R sin fcoss, and a vertical component, wR sin 6 sin 1.
The moment of R is then equal to the sum of the moments of
1R cos @ and R sin @ coss; that is, it is equal to

pRcos 0 x AQ+ pR sin 0 cos ¢ x BD.
Hence the equation of moments is
R (sini—p cosisin §) BD = uRcos 0. AQ.
But 4Q = AP+ PQ= E“iiTOi +(0D—OP) cosz
__ 4B sina
Y
= AB (sinisina +cosicosa cosf);

+A4Bcosicosacos— ABsinacots cos?
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therefore
(sini—pcos isinf)cosasin @ = p cosd (sinsin a+ cos £ cos a cos 6),

or sinzcos asin@ = p coss cos a+ p siné sin a cos 6,
or sin §—p tan a cos @ = pcot .
Putting ptana = tan B8, we have 6 from the equation
sin(0— 3) = pcoticos3. (1)

If there is no horizontal plane through 4 obstructing the beam, it
will be possible for the end B to describe a complete circle round O.
Let us inquire the condition that the beam should rest in all possible
positions. For this there must be no limiting position of equilibrium,
or, in other words, the value of 6 in (1) must be imaginary.

The required condition is, then, pcotzcosB>1,

p> tanz
+/1—tan%itan?a

Let us next suppose that the beam s elastic, or that, in virtue of a
compression of the beam, B is not constrained to move in the circle
whose centre is 0. Supposing, then, that the beam has been jammed
against the plane, if the coefficient of friction is gradually diminished,
B will begin to move in some other direction than that perpendicular
to OB, and this direction will be exactly opposite to that in which the
force of friction acts. Now the reaction at 4, the total resistance at
B, and the weight of the beam lie in one plane which must, therefore,
be the vertical plane through the beam. The total resistance at B
must, moreover, lie inside or on the cone of friction described round
B. Hence if the position of the beam is such that the vertical plane
through it fouches this cone, equilibrium will be at its limit, since the
line of action of the total resistance is the line of contact of the
vertical plane with the cone.

Let the lines and planes of the figure be projected on a sphere
described about B as centre with arbitrary radius. Then the cone of

friction will appear as a small circle of an-

v  gular radius, NC (Fig. 245), equal to A, the

angle of friction. Let N be the point in

which the normal to the inclined plane at B

meets the sphere; A4, the point representing

c the beam, and A C'V the vertical plane through

the beam touching the cone of friction. Now

the vertical line at B lies in the vertical

A plane, ACV, through the beam, and it makes
Fig. 245. an angle equal to ¢ with the normal to the
inclined plane. Hence, take a point ¥V in

ACYV so that NV =14, and we have NV, the circle answering to
the vertical plane through I normal to the inclined plane (a plane

that is,
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which is parallel to the ‘plane APD, Fig. 244). In the spherical
triangle VVC we have, then, -
sin NV .sin NVC = sin NC,

or ginisin @ = sin A ;
. sin A

sin 0 =
sin?

This second solution supposes that the only condition to which the
total resistance i3 subject is that of making with the mormal an angle
not greater than the angle of friction. The supposition of perfect
rigidity, on the contrary, restricts the direction of the force of friction
in the inclined plane, making it perpendicular to the line OB.

9. A heavy elastic beam rests on two rough inclined planes whose
intersection is a horizontal line. Show that every position of the
beam may be one of equilibrium if the inclination

of each plane is less than the angle of friction for
that plane and the beam.
Let A (Fig. 246) be one end of the beam, AV
the normal to the plane on which A4 rests, and ’

AV the vertical at A. Then if the beam is suf-

ficiently elastic, it may be jammed against the

planes, and the only condition to which the total A

resistances at its ends are subject are the conditions Fig. 246.

of making with the normals angles not greater than

the corresponding angles of friction. Hence in the extreme position
in which the end 4 is about to slip, the vertical plane through the
beam must touch the cone of friction

described round the normal, AN. But /]
this is manifestly impossible, since the
angle A is > VAN ; for the vertical line

is included within the cone, and through
this line no plane can be drawn to touch
the cone. There can, therefore, be no
limiting equilibrium at either end in
any position of the beam.

10. A ladder, ABCD (Fig. 247),
whose centre of gravity divides it into
two given segments, rests with one end,
4B, on the ground, the upper end, CD,
resting symmetrically against twoequal y
rough vertical planes which include a
given angle; find its limiting inclination
to the ground.

On account of the equal roughness of * )
the vertical walls and the symmetrical Fig. 247.
position of the ladder, the total resist-
ances at C' and D are equal ; moreover they have a single resultant
passing through the middle point of CD, since the two normal
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pressures and the two forces of friction' have resultants passing
through this point. )

At each of the points 4 and B the total resistance makes the angle
of friction with the normal, and the resultant of these forces acts at
the middle point of 4B, making the angle of friction with the vertical.
The resultant resistance above and that below must meet in the
vertical through the centre of gravity of the ladder.

Let A be the angle of friction at the ground ; A= that for each
wall; a = lower and b= upper segment of ladder made by its
centre of gravity; 0= limiting inclination of ladder; ¢ = angle
made with vertical by the resultant of the total resistances at C' and
D. Then, by the ¢ cotangent formula’ of Art. 35, we have

(a+b)tan 6 = E——6cot¢a, (1)
where p =tanA. * )

The angle ¢ may, of course, be found by the ordinary method of
determining the magnitude and direction of the resultant of forces
from their several components; but we prefer to employ for the
purpose the method of spherical projection, which is more simple, and
which will be frequently employed in the sequel. Th.e method con-
sists in constructing a sphere of any radius, and drawing through its
centre lines and planes parallel to the lines and planes in our figure ;
these will intersect the surface of the sphere in points and circles,
respectively,—as illustrated in examples 7, 8, 9 already.

Let O (Fig. 248) be the centre of the sphere; OZ a parallel to the
vertical ; O and ON parallels to the normals to the planes zy and
zx, respectively; ZC and ZD
planes parallel to these planes
respectively; OR and OR’
lines in the planes ZN and
ZN’, each inclined at the
angle, X/, of friction to the
corresponding normal; then
OR and OR’ represent the
lines of action of the total
resistances at ' and D. If §
is the middle point of the are
RE’, the resultant of the resistances acts in OS, and the arc ZS = o.
If a is the angle between the walls, DC' = q, and NN’ =n—aqa; there-

fore the angle RZS = g—g; and applying Napier’s Analogies to the

triangle RZS, we have

Hence (1) gives cot $ = cosco 3.
(a+b)tan6=§—b;.«.’cosecg, , (2)

which determines the limiting inclination.



241.) EXAMPLES, 57

11. If the vertical walls are unequally rough, show that the initial
motion of the ladder cannot be one in which the line C.D moves down
parallel to its original position.

12. If the walls are unequally rough, show that the initial motion
cannot be one in which one corner (D) is for the moment at rest,
while slipping takes place at two other corners (C and B).

13. A solid rectangular block is placed with one of its faces on
an inclined plane so rough as to prevent slipping, while tumbling
is possible ; to investigate the positions of equilibrium,

Let ABC (Fig.249)
be the face on the in-
clined plane. All the
different positions may
be obtained by turn-
ing the block round
the edge, 41, through
any corner of the base,
whichisperpendicular
to the inclined plane.
Draw the horizontal
line Az in the inclined
plane. Let G be the
centre of gravity of
the block; O that of
the face ABC; GP the
vertical line through
G meeting the face Fig. 249.

ABCin P. Since GO

is perpendicular to the

inclined plane, Z PGO = ¢ = inclination of plane, so that the sides
of the triangle OG'P are all constant whatever be the position of the
block ; therefore if the successive positions of 2 are marked on the
face ABC, they trace outin it a circle with centre O.

Again, since 4 is the line of intersection of the inclined plane and
a horizontal plane, it is at right angles to the plane of two intersecting
normals to these planes; it is therefore at
right angles to the plane of GO and GQP,
and hence to OP in all positions of the
block.

Therefore if Fig. 250 represents the base
of the block and the circle traced out in
it by the motion of P, the points in which
the circle intersects the sides of the face
being p,, p,, p,, p,, We see that if we turn
the block round 47 so that any one of the
lines Op,, Op,, Op,, Op, is at right angles
to A, we obtain a position in which the block is about to tumble ;
in other words, make a perpendicular to any of the lines Op,, Op,, ...
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(drawn in the plane of the base) horizontal, and we obtain a limiting
position.

If 2a and 25 are the lengths of the edges 4B and AC, and ¢ is the
distance of @ from the base, the conditions that the circle should
intersect all the edges of the base are ¢ tanz >a and ¢ tant >, where
¢ is the inclination of the plane.

Obviously if the block be any solid body having a base of any
form, the solution is the same. If O is the projection of G on the
base, and O@ = ¢, describe a circle round O with radius ¢ tan ¢ ; let
p be any point of intersection of this circle with the contour of the
base; then make a perpendicular to Op horizontal, and we obtain
a limiting position.

14. A heavy uniform bar rests with its extremities on two rough
inclined planes whose line of intersection is horizontal; supposing
that the bar is slightly elastic and can be jammed between the planes,
investigate its positions of limiting equilibrium.

We may evidently consider the centre of the bar to be restricted
to a fixed vertical plane which is perpendicular to both of the in-
clined planes. Take this plane as that of 2, the axis of # being the
line of intersection of the inclined planes, and the axis of z a vertical
live. Let (y, 2) be the co-ordinates of the centre of gravity of the bar;
2a = length of the bar; 6 = angle between the bar and a vertical
line; ¢ = angle between vertical plane through the bar and the plane
yz; © and ¢/ the inclinations of the given planes; A and A’ the angles
of friction between them, respectively, and the bar.

Then the co-ordinates of the extremities of the bar are

asinfsing; y+asinfcos p; z+acosf for one extremity, 4,
—asinfsing; y—asind cos ¢ ; z—acosd for the other, B.
Since these lie on the inclined planes, we have

z+acosd = (y+a sin 0 cos P) tan 1, (1)
z—a cos 0 = (y—asin 8 cos @) tan 7’ )

Now, as in Example 9, if the first end is going to slip,
sin 7 gin ¢ = sin A, (3)

since the vertical plane through the beam touches the cone of
friction at this end. If the other end were about to slip, we should

bave siné’sin¢ = sin \’; (4)
so that both ends cannot slip at once unless
ginA _ sin A’
§ini  mind
Let ¢ and ¢ stand for tan ¢ and tan i/; then, eliminating 8 from
(1) and (2), we have
[22—(t—0) y]* sec®  + [(t—1) 24 28'y]* = a® (¢ +1)".
Hence the positions in which either end is about to slip are such
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that the centre of gravity lies on a eertain ellipse—any position of
this point on the ellipse being admissible—the corresponding value .of
¢ being given by (3) or (4), and that of 6 by (1) or (2).

We have now to determine, however, whether both ellipses are
admissible or not—i.e. whether there are positions in which the
end A is about to slip, while B remains at rest, and also positions
in which B is about to slip while 4 remains at rest.

Assuming that 4 is about to slip, the vertical plane through the
bar touches the cone of friction described around the normal at 4
to the inclined plane (z); but at the same time this vertical plane
must not lie wholly outside the cone of friction at B, i.e. it must
intersect this latter in two real right lines. Now if, for simplicity,
we transfer the origin to B, the axes remaining unchanged in direction,
the equation of the vertical plane through the bar is .

x—ytang =0,
and the cone of friction at B is
(y sin ¢’ 4z cos /)’ —cos? M (* + y° +2%) = 0;
and these will intersect in a pair of real lines if
sin ¢ sin ¢ <sin X,
sinA _sin X
sin¢  sin?

If this inequality is satisfied, it is only the end 4 that can slip ; if
the reverse holds, it is the end B that can slip. Thus both values
of ¢ are not admissible.

15. If at any point, P, a plane, =, be drawn perpendicular to the
axis of principal moment at the point, find the envelope of = as P
moves along a given curve.

Simplicity will be gained by taking Poinsot’s Axis, Oz (Fig. 236,
p.- 16), as axis of 2. Let (a, B, y) be the co-ordinates of P with refer-
ence to Oz and any two axes of # and y. Then, introducing two forces
equal and opposite to R at P, we shall have the whole force system
equivalent to B at P, Poinsot’s couple K, and a couple Ep, where p
is the perpendicular from P on Oz. We may replace the couple Rp
by two components parallel to Ox and Oy, and these will be —RB S
and Ra; so that the component axes of the principal couple &
at P are (—RpB, Ra, K). Hence the equation of the plane = is

—RB(x—a)+Ra(y—B)+K(z—y)=0,
or ﬁw-—ay-—%(z—y):O. (1)

If the equations of the curve along which P moves are

o= ¢(7): B= ‘I’(}')’
substitute these values of a and B in (1), and eliminate y from the
resulting equation and its derived with respect to y.
. Verify, in particular, the result of Art. 235, that if P moves a
right line, =, will turn round another right line ; that Poinsot’s Axis

or by (3),
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intersects the shortest distance between these two lines, dividing it in
. cot 0
the ratio (‘:_O—t—;i) (Art. 212).

16. Find the surface traced out by the axes of principal moment
at points taken along a right line intersecting Poinsot’s Axis per-
pendicularly.

Let Ox (Fig. 236) be the assumed line, and let it be taken as axis
of x, Poinsot’s Axis, OK, being that of z. Let 00"= =, and let (¥, 2)
be the co-ordinates of any point on 0’G. Then, if ¢ = LGO'K’,

we have 2 en K
g: 00t¢ = 0—,7-7'= mr
or wz:Ey,

an equation which denotes a hyperbolic paraboloid. As the point
0’ moves out from O along Owx, the axes (such as O’G) of principal
moment revolve towards the right; as O’ moves in towards O, they
revolve towards the left, and, after coincidence with Poinsot’s Axis at
O, they still revolve towards the left. At an infinite distance from O
they are at right angles to Poinsot’s Axis.

17. Find the surface traced out by the axes of principal moment
at points taken all along any arbitrary curve.

From Example 15, the equations of the principal axis at the point
(a, B, ¥) with reference to Poinsot’s Axis as axis of 2, and any two
rectangular axes of « and y are

r—a Yy -8B _z—y

-8~ e " p’
where p is the pitch of the wrench to which the given forces are
equivalent. From these we have

a=p 2HYE=Y) pry—=(—y),
(=7} +p*’ =7y +p*’
and if the point (a, 8, ) moves along the curve whose equations are
¢(a’ B, 7) =0, ‘l’(aﬁ B, 7) =0,
substitute the above values of @ and 3 in these equations and then
eliminate y. The resulting equation in =, y, 2 is that of the surface
traced out.

18. A plank, 4B, laid on a rough inclined plane, has attached to
its upper extremity, 4, a cord which lies along the plane in the
direction of the plank and is pulled with a constant force, P; find
the limiting position of equilibrium of the plank.

Ans. Let W = weight of plank, 7= inclination of the plane,
A = angle of friction, and 8 = inclination of the plank to a horizontal
line drawn in the inclined plane ; then
P4 W*(1—cos’isec’A)
2P Wsint

B:]).

sind =
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19. Show that the initial motion of the plank will be one of trans-
lation simply, in a direction making with a horizontal line in the
inclined plane an angle ¢ determined by the equation

Psinf— Wsint
Pcosd
where 0 has the value found in last example.
20. If P = 0, explain the values of 6 in the cases
1>N, I<A, i=A,
21. Find the value of P so that the direction of slipping shall be
at right angles to the direction of the plank, and find 6.

Ans. P = W+'1—cos’isec’A, and cosf = :ﬁl)‘

an ¢

tan ¢p =

[This case is the same as that in which the cord is replaced by a
smooth pivot at the extremity 4.]

22. A triangular prism is placed with its triangular face on a
rough inclined plane, which is rough enough to prevent slipping ;
find the greatest height of the prism so that there may be at least
one position of equilibrium.

Ans. If ¢ = inclination of plane, and if the sides of the tri-
angular face are @, b, ¢, in descending order of magnitude, the

greatest height is
$v2a*+2b°—ct.cot <.

23. A heavy plate of -any form rests on two rough fixed pegs 4
and B, the line joining which is not horizontal ; the plate can turn
round a pivot, without friction, at a point C'; if C is raised so that
the plate turns gradually about the fixed line 4B, find the inclination
of the plane ABC to the horizon when the plate begins to slip on
the pegs.

24. A particle is acted on by any number of given forces, P,,
P,,...; prove that if R is their resultant,

AN\
R*'=3(P)+22(P,. P,cos P P)),
N\
where P,P, denotes the angle between the directions of P, and P,
25. Prove that a system of forces acting on a rigid body may be
replaced by two equal forces whose lines of action are perpendicular

to each other, and each inclined at an angle of 45° to Poinsot’s Axis :
the forces act at the ends of a line bisected by this axis; the length

of this line is ?le’ and each force is :/]%,R being the resultant of
translation, and A Poinsot’s moment.

26. Prove that the distance between the lines of action of the two
rectangular forces which equivalently replace a given system of forces
is & minimum when the forces are equal.
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27. ABCD is a tetrahedron; forces P, @, R act along the edges
BC, C4, AB in order, and forces P/, ', R’ act along 4D, BD, CD ;
prove that the condition for a single resultant is

PP’ QY RR
BC.ADTC4.BDTAB.CD ™

28. A rough heavy body, bounded by a curved surface, rests upon
two others which themselves rest on a rough horizontal plane; show
that the three centres of gravity and the four points of contact lie in
one plane.

29. A heavy beam rests on two smooth inclined planes; show that
their line of intersection must be perpendicular to the beam and
parallel to the horizon.

30. Prove that the moment of a force represented by the right line
PQ, about a right line 4B is six times the volume of the tetrahedron
ABPQ divided by 4B.

31. Three equal heavy spheres hang in contact from a fixed point
by strings of equal length ; find the weight of a sphere of given radius
which when placed upon the other three will just cause them to
separate.

Ans. Tf W and a be the weight and radius of each of the three
spheres, W’ and r the weight and radius of the superincumbent
sphere, and 7 the length of each string,

/\/ 3rt46ar— a’

32. Three spheres are placed in contact on a rou0h horizontal plane,
and a fourth sphere is placed upon them, there being no friction
between the spheres themselves. Show that equilibrium is impossible.

33. Three equal spheres are placed in contact on a rough horizontal
plane, and a fourth sphere is placed upon them, there being friction
between the spheres themselves. Find the least coefficient of friction
between the spheres which will allow of equilibrium.

Ans. If a is the radius of each of the equal spheres and » that of
the superincumbent sphere, the least value of A, the angle of friction,
is given by the equation o 4

8in 2A = ——— -
V3atr
(The total resistance between the upper sphere and any one of the
lower spheres must be capable of acting through the point of contact
of the latter and the ground.)

34. Three forces whose lines of action are given, but not their
magnitudes, have a single resultant. Prove that the surface traced
out by the line of action of the resultant is a hyperboloid f one sheet.

(Draw any three lines across the given lines of action. Then the
line of action of the resultant must always intersect these three.)

35. A heavy triangular plate of uniform thickness is suspended

= 0.
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from a fixed point by means of three strings attached to the point
and to the vertices of the plate; prove that the tension in each string
is proportional to the length of the string.

(Let O be the fixed point, 4, B, C the vertices of the plate, and &
its centre of gravity.

Then @ must lie vertically under O. Take 3 OG to represent the
weight of the plate. Then, by Leibnitz’s graphic representation
[Art. 199], the force 3 0@ may be resolved into the forces 04, OB, OC.
But a given force can have only one set of components along three
given concurrent lines. Therefore, &c.)

86. At points on any right line the axes of principal moment of a
given system of forces are drawn ; prove that their extremities trace out
another right line. (Wolstenholme’s Problems, p. 387, 2nd edition.)

(At any point O on the given line draw R and @. Take as axes of
2, y, and z the given line, the line O@, and a line at O perpendicular
to R and the given line. Then at any point P on the given line at a
distance x from O if the axis of principal moment be drawn, the
co-ordinates of its extremity will be x, @, and Rz sin a, where a is the
angle which R makes with the given line. Hence the extremities lie
on the line y = @, 2 = Rxsina.)

37. Prove that the axes of principal moment at points along any
right line whatever trace out a hyperbolic paraboloid.

(With the same axes as in last example, the surface has for

G
REsina

38. Find the condition that a given right line should intersect
Poinsot’s Axis,

Ans. If the equations of the line are = = mz+p, y =nz+g, the
required condition is

R[mL+nM+N+q(X—mZ)—p(Y—nZ)] = K(mX+aY+2),
where X is used for 2X, &c.

(It will be found that the equations of Poinsot’s Axis can be put
into the forms

equation xy =

X KY-MRE Y KX—LR
©=z*t "Rz ' YTZ°T T RZ
the origin being anywhere.)
39. A given system of forces is to be reduced to two inclined at the
angle a; prove that the shortest distance between their lines of action

cannot be less than %cotg- (Wolstenholme’s Book of Math. Prob.,

p- 387, second ed.)

40. Given any system of forces, find the point on a given right line
at which the axis of principal moment is least inclined to j:he l,lne. i
Ans. The foot of the shortest distance between Poinsot's Axis
and the given line,
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[Most easily seen by spherical projection. Let O be any point on
the given right line ; round O as centre describe a sphere of any
radius; let the given right line, OL, cut the sphere in L; let the
resultant of translation at O and the axis, @, of principal moment at
O cut the sphere in B and @, respectively. Draw the great circle
ares LR, LG. Then at any distance, x, along OL from O, the axis
of principal moment is the resultant of an axis equal and parallel to
G, and an axis Rx perpendicular to the plane LOR. Let a line, 0Q,
drawn through O parallel to this latter meet the sphere in . Draw
the great circle arc, Q@, meeting LE in H, suppose. Then the re-
sultant of @ and Rz is an axis somewhere in the plane QG'; but, @
being the pole of LR, the arc LH is perpendicular to @G, and there-
fore is the least arc that can be drawn from L to QG. Hence when
Rx and @ give a resultant along O, the axis of principal moment is
least inclined to OL. Poinsot’s centre being always sought on a line
perpendicular to R and to the axis of prmclpal moment at any point,
the rest follows.]

41. The first case considered in example 8 is, equally with the
second, a geometrico-statical problem. Solve it without any mention
of force.

(Express the condition that the vertical through the extremity
A of 4B is intersected by a line inclined at the angle A to the normal
at B, this line lying in the plane of the normal and a perpendicular
to OB.)

42. AQB is any unclosed curve in space, 4 and B its extremities,
and @ any variable point on the curve ; P is any fixed point in space,
PQ=r, ds=element of length at @, 0= angle between P@ and ds.

If each element ds is acted upon by a force B perpendlcular

to the plane of PQ and ds, % being a constant, find t,he resultant force
and couple of this force system.

Ans. Let (a, B, ¥), (@, Yy» 2,) (%, s, 2,) be the co-ordinates of
P,A4,B; let PA=r,, PB=r,, L, M, N the component moments
round axes through P; and let

£ on 2o [ton

Then
X=k (g—q - (jlil)’ with similar values of ¥, Z;

a—-:v, _e—x

L=k( ), with similar values of M, V.
1
The axis of resultant moment is the external bisector of BP4, and
= ksin } BPA. .
Hence if the curve is closed, the force system has a single resultant,

which passes through P,



CHAPTER XIV.

ASTATIC EQUILIBRIUM.

242.] Definition. When a body is in equilibrium under
the action of forces applied at given points in the body, with
fixed magnitudes, and directions fixed in space, it will, under
certain conditions to be satisfied by the forces, continue in
equilibrium when it is displaced in any manner. Each force,
then, while continuing to act at the same point in the body and
retaining its direction in space, alters, of course, its actual line
of action.

Equilibrium which thus subsists in all positions of the body
is called Adstatic Equilibrium. Some results connected with the
astatic equilibrium of coplanar forces for displacements in their
plane have been given in Chap. V, Vol. L.

The astatic conditions of a rigid body acted on by any forces
have been investigated at great length in Moigno’s Statique
(Dixiéme Legon), and also in a memoir by M. Darboux (Bordeaux,
1877). Treated by the ordinary Cartesian method, the theory of
Astatic Equilibrium is somewhat cumbrous. For this reason the
method here adopted is of a different nature, viz. one which
involves the elementary processes of Quaternions, with which
the student is assumed to be familiar. This method is one
which possesses great advantages in every respect over the
Cartesian method, and, in particular, has a power of suggesting
results which the older method would fail to suggest, and
could demonstrate only by long and painful analysis.

The equilibrium of a rigid body is preserved by two condi-
tions—namely, the vanishing of the Resultant of Translation of
the acting forces, and the vanishing of the Principal Moment
calculated for any origin.

The general displacement of a rigid body can always be } pro-
duced by a motion of translation, together with a motion of
rotation about some axis, and such is the displacement which

VOL. II. ¥
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must be contemplated in discussing the Astatic Conditions. It
is obvious, however, that a motion of translation can alter
nothing in the equilibrium of the forces, so that we may confine
our attention to a displacement produced by the rotation of the
body about an axis.

243.] Alteration of a Vector by rotation. Suppose that a
body is rotated about an axis drawn through an origin O in the
direction of a unit vector o, what does any veetor, a, drawn
from O to a fixed point in the body, become ?

Let a sphere, described with O as centre, meet the directions
of o, a, and Pac in points represented in the figure by these
letters, Suppose that after rotation the vector a takes the
direction denoted by o’ ; let the
angle between Oa and Og, be 6,
and let the body rotate through an
angle y. Assume

o =za+yoc+zVao;
Sad = wa2+ySao,
Soa’ = wSac+y d?

S8a’Vaoc = z(Vac)? = —za?sin? 4.
Now Saa’ =-—T7"%a(cos?0 +sin?d cosy), since Ta'= Ta;
also Soca’ =—Ta.cos6, Sa’Vaoc = T?%a.sin%dsiny.

Hence we have
2 =cosy; y=(1—cosy)Ta.cos = — (1 —cosy) Sar; ¢= —siny;
o/= acosy~ (1— cosy)oSac— siny Vao, (4)

which determines the vector into which a is transformed by
rotation.

244.| General Astatic Conditions. Let a,, a,, a5, ... be
the vectors from a fixed origin to the points in the body at
which forces represented in magnitudes and directions by the
vectors @, w,, w3, ... are applied. Then the resultant of trans-
lation is @, + @, + @3+ ..., or S=; and if G is the vector axis
of the resultant couple for the assumed origin,

G =7 (aym +a,m,+...). €3)
The conditions of equilibrium are, then,
' S=w =0, (B)

2Vaw = 0. (n)
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Now by the rotation of the body about any axis through O, each
vector, a,, ay, ... becomes altered according to (4); and sub-
stituting the altered value for each in (£), the couple, @, is
given by the equation

@ = cosy 2 Vaw +26in? ¥ 3 (FwoSac)+einy 3 (Pw Vac). ()

S @, of course, remains unchanged. This expression must vanish
independently of ¢ and o ; hence we must have
2 (FwolSac) =0, (1)
S(V.wVac)= 0. (2)
Equation (2) at full length is
o(Sayw+8aymy+...) = a;8w,0 + a,8w,0+ ...,
or ho = ¢a, (3)
wherte ¢ o is the linear vector function SaSwa at the right side,
and % is the scalar multiplier of o at the left.

Now ¢/o, the conjugate function (Tait's Quaternions, Chap. V.),
is w; 8o, 0+ w,8a,0 + ..., or SwSac; and we can now show that
¢ and ¢’ are identical—i.e. ¢ is self-conjugate—in virtue of (n).
Yor, operating on (1) with 7. p, we have

@ 8ap + @y 80,0+ . = 08w p+ 0 8myp+ ...,
ie. ®'p = ¢p,
where p is any vector. Hence when = Vaw = 0, the function ¢ p,
or ZaS8wp, is self-conjugate.
Equation (1) is merely
Voo.c=0. (4)

Now, by supposition, (3) and (4) must be satisfied by all values
of o. This requires 2 = 0, and ¢o = 0. The quantity % is the
Virial of the given forces.

We can show that both the conditions 4 = 0 and =7aw =0
are included in the identical vanishing of ¢o. For, let
o = @i+yj+ 24k, where (4, j, £) are a rectangular system of unit

vectors ; then ¢ o = 0 must be satisfied by all values of #, 7, 2.
Hence we have

Safiw = 0,2afjw =0, SaSkw = O 9)
Multiplying these by i, 7, &, respectively, and adding, we have
Saw =0,

which, of course, gives Sfaw = 0 and = Vaw = &
F 2
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Hence the two equations
Sz =0, )
Salwo = 0, or o =0, (»)
include all the necessary astatic conditions.

The vanishing of the linear vector function ¢o for all values
of o is guaranteed by its vanishing when the unit vectors s, j, £
are substituted for o ; so that we may take (A) and the three
equations (8) as completely expressing the astatic conditions.

Cor. If a body in equilibrium under the action of any forces
is displaced round any axis, o, the moment of the forces in the
new position is given by the equation

¢=—2sin*¥ Topo+siny (ho—po). (€)

245.] Equation of Poinsot’s Axis. For any assumed origin,
O’ (Fig. 236, p. 16), let G (=0'G) be the vector axis of the
principal couple, and let IT (or Sw) be the Resultant of Trans-
lation.

Then the distance 0’0 is ?—G— sin ¢, where ¢ is the angle ROG;

n
N AC ... VG
therefore the vector 0’0 is Vdoi sing UVI1 @, which is T
hence the equation of the line OK (Poinsot’s Axis) is
_ oIl rnG
p=allt 7

246.] Vector to Centre of Parallel Forces. If at the ex-
tremities of two vectors, a,, a,, two parallel forces of magnitudes
P, and P, act, the vector to their centre is

Pyay + Pya,,
P+P, ’
.and for any number of parallel forces of magnitudes, 7w, T'w,,...
the vector to their centre is :
Salw
Tw

247.] One Force. 7o find the conditions that a system of
Jorces should be astatically equivalent to a single force.

Suppose that a force IT,, acting at the extremity of a vector
4, drawn to a point fixed in the body, astatically equilibrates the
given system.
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Denote == by II, and 2aSiw, 2alkw, 2alkw by I, J K
respectively. Then we have, by (6) and (A),
4,80 =1 A4,81=J, 4 8k =K,
which give the conditions
I J K

Sill — §jI - Skl o
These conditions are always satisfied when the given forces form

obviously becomes Zalw » which is

I
a parallel system, since -— i 7

J K
also the common value of @_ﬁ and SE’ and the vector to the

I J K
Sill’ ST’ Sk
from the origin to the points of application, B, F;, E,, of three
systems of parallel forces which are obtained by resolving each
force into three rectangular components in the directions ¢, 7, £.
Denote these vectors, respectively, by o, a;, a,.

In the present case, then, tke points P P , B,, must coincide.

248.] The Centres of three component parallel systems.
It is essential to have a clear idea of the points whose vectors
from any origin we have just denoted by ;, a;, a,. Resolve,
in any position of the body, the force =, at the point a, into
three components parallel to any three rectangular fixed-space
directions, 4, j, £ ; and similarly resolve all the other forces. In
all positions of the body these components of =, are each abso-
lutely constant in magnitude and in direction, since we assume
each force of the system to retain the same direction in fixed
space. And since these forces act each at one and the same
point (or particle) of the body in all positions of the body, it
follows that the set of components parallel to 7, for example,
constitute a system exaetly the same as the weights of a number
of particles forming a rigid body, or rigidly connected together
even if they do not form a continuous solid. It is quite clear,
then, that Zkeir centre (the point B) must be an invariable point
in the body (or in rigid connection with it) however the body
may be displaced, whether by translation, or by rotation, or both.

Similarly the other centres (of components parallel to j, and
of those parallel to %), F;, B, are both fixed points in the body.

centre of parallel forces.

are those drawn

In general, the vectors
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So long, then, as the chosen fixed-space directions are the same,
the points B, P;, F, are the same; but when all the forces,
w,, Wy, are resolved into a parallel set in any other direction,
the centre of this parallel system will be a different point in the
body.

We shall now prove that, whatever this new direction may be,
the centre of components parallel to it lies in the plane of the points
B, P, F,, corresponding to any three chosen directions.

Let the new direction be that of the unit vector @i+ + 2£,
where 2, g, z are its direction-cosines. Let p be the vector to
the new centre. Then

_ o, S(xityj+2k)m + ...

T S(wityiteh)m +...

_#2afiw+yZaSw+22aStw

T aX8iw+y38w+238ka
denote =8¢a,or 8iIl, by —a; 8= and S8%= by —& and —c,
respectively, so that a, J, ¢ are the components of the resultant
of translation in the directions of 4, j, £ Then

I

%= = &e. ;

_ avo;+bya;+cza,
az+by+cz

which proves that the extremity of p lies in the plane of the

points B, B, B, since (Tait’s Quaternions, § 30) the extremities

of four vectors p,, p,, ps, py drawn from the origin will be

coplanar if P1p1+Dapy+ D3P+ Paps = 0,

and Pr+Dat+P3+p = 0.

This plane, which is therefore absolutely fixed in the body,
we shall call the plane of centres. It depends simply on the
magnitudes and directions of the forces and the points at which
they are applied.

A special centre of parallel forces deserves to be noticed. It
is that obtained by resolving all the forces parallel to their
resultant of translation, IT. The vector to this point, which we
shall call the principal centre of the plane of centres, is
a®a;+0%a;+c%a,

hence ,
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249.] Two Forces. 10 find the conditions that a system of forces
should be astatically equivalent to two forces. i
Let the two forces be IT, and IT, at points whose vectors are

4, and 4,.

Hence 0,+IL,+11 =0, (1)
4,811, + 4,811, = —1, (2)
4,80, + 4,810, =—J, (3)
4,811, + 4,841, = —K. (4)

The last three equations show that 7, J, X must be coplanar

with 4, and 4,. Hence SIJK = 0. (a)

But there is another condition to be satisfied ; for if 24 mJ
+2K = 0, when /, m, n are given scalars, by multiplying (2),
(8), and (4) by Z, m, », adding, and equating to zero the coeffi-
cients of 4, and 4, (for no such equation as pd4,+94, = 0 is
possible, p and ¢ being scalars) we have

(8i0,+mSj, + 28k, = 0, (5)
(8illy+m Sy, + a8 £, = 0, (6)

which, from (1), give by addition this second condition,
{8iT1+m8jTI+2 8%l = 0. (8)

Now it is easy to see that (a) and (B) signify that ke three
centres, B, B, B, of parallel forces are in one right line. For
we have assumed /8:I1.a;+m8j1l.a;4+28%[1.a, = 0; and we
know that the extremities of three vectors will be collinear
(Tait’s Quaternions, § 30) if the sum of their multipliers in
this equation is zero—which is asserted in (8). We shall call
this the Line of Centres. Moreover, the points of application of
I, and 1, must also lie on this line. For (2)can be written

4,800, + 4,81, + 8¢l .a; = 0
and since, by (1), §¢[1,+8¢I1,+ S¢II = 0, this equation shows
that the points at which I1, and IT, act lie on a right line
through Z; similarly, they lie on a right line through P;
therefore, &e.

Again, the forces IT; and IT, are obviously known in magni-
tudes and directions from equations (1) ...(4) as soon as their
points of application are assumed; and in all cases they are bolk
parallel to a given plane ; for (5) gives

S(i+mj+nk)II, =0,
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and a similar equation in IT,, which show that IT, and IT, are
both perpendicular to the vector li+mj+nk, as is also the
Resultant of Translation of the given system, by (8).

NOWI=—aa“ J=—baj, K=—cak.
Assume the vectors 4, and 4,. Let

Al =ai+w(a‘— J); A2= a5+y(a"_aj).
Then equations (2), (3), (4) give

sitty =L, Sjn1=_b-ff_—‘yl), Sk, =+ om

n(@—yg)’
o am vy b(z—1) _ cnw+bm
Szl'I2 = 5‘;;’ Ssz = -—w—_7-, Sl:l'fz— 7&(7—?)—’

which, of course, determine I1, and IT,,.

If we take IT, and IT, at right angles to each other, we have

Sill, Sill, + §j 11,85 1,4+ SATI, S£T1, = 0,
which gives
n* (% + 8% 4 ¢%) wy + bn (em — bn) (2 +2) + 82 (m2+7%) = 0.

Now it is obvious that the distance of the extremity of 4,
from F is . B F;, and the distance of the extremity of 4, from
Eis y.BF; and this last equation shows that these distances
(¢, and ¢,) are connected by an equation of the form

E&tp b+ &) +g=0,
and that, therefore, the points at which I, and I, are applied
are conjugate points of an involution system on the line of
centres B P, F,.
The distance of the centre of this involution system from P is

b (bn— em)

so that the vector, Q, to this centre is
b(bn—cm

“Wﬁ—z} (a~a),

a®a;+b%a;+c%a
or Q= — T )
which is (Art. 248) the vector to the centre of a system of
paralle]l forces whose common direction is that of the Resultant
of Translation of the given system—q.e. the principal centre,

Hence, wken a system of forces can be astatically equilibrated by
tuo rectangular forces, the points of application of these latter must

a;
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lie on the line of centres, and be conjugate points of an involution
system whose centre is the centre of a system parallel to the Result-
ant of Translation.

It remains to be proved that the line of centres is unique.
For this purpose we shall show that, if the given forces are each
resolved in the direction of any vector, the centre of this system
will lie on the line B 7, B,

If ' is the assumed vector, let ¢’ = ¢ 47 + z%; then the vector
to the centre of forces parallel to ¢ is

0, 87w + 0, 83wy + ... wI+yJ+zK
8w + 8wy ...’ or T am+ by+cz

If I’ is this vector, we have

(02 +8y +c2) I'—am. a;—by.a;—cz.0,=0;
and since the sum of the multipliers of I, a,, a;, a, is zero, and
the extremities of the latter three are colhnear the extremlty of
I’ must lie on the line of centres.

The relations between the vectors 4, and 4, and the forces
I, and IT, will, perhaps, be better seen if we use 6 for the unit
vector in the direction of the line of centres.

Clearly, then, we may put, when II; and IT, are rectangular,

4, = Q +z6,
} (8)

2
4, =Q— ﬁ— 0,

I=—aQ—s0, J=-—b Q-—s 0, K=—cQ-5"9,
where 4% s, &, ¢’ are all given constants, and # any variable
scalar.

Equations (2), (3), (4) then determine IT, and IT,, and give

MR +20 22 [1—20O
iRt ek e )
where ® = si4 47 + 5"k, so that @ is a given vector parallel to
the plane to which IT, I1,, and IT, are all parallel.

It is easy to prove in different ways that the vectors IT and @
are perpendicular to each other. One simple method consists in
the fact that SIT,IT, must be zero independently of the value of .
It may be seen otherwise thus:

al+8J 4 cK = —(a?+8+c?) Q — (as+ b8 +¢5”) 0 ;.
and this gives, by (7), s+ 88+ cs” = 0, which is the condition
that © and IT should be perpendicular.

I

]
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The condition STI,TI, = 0 further gives
RII2—-02 =0,
or, if B be T'11, 70 = kR.

Corresponding to different values of # we can represent the
magnitudes and directions of ITy and IT,. Since they equilibrate
I1, they must, of eourse, be represented by the two sides of a
right-angled triangle deseribed, in a plane fixed in space, on IT
as hypotenuse.

Draw from any origin, O, two right hnes, 04 and OB, in the
directions of IT and @ respectively. Then, if the components of
I1, along 04 and OB are X, and Y;, we have

PR iRo
Xl:éz_}_wz’ 1= Rt
therefore, if I1, = OP;, we have
z
tan P, 04 = %

which determines the direction of IT,.

Again, we ean prove the following theorem:—

As their points of application along the line of centres vary, the
two rectangular forces whick astatically equilibrate the system trace
out a Ayperbolic paraboloid.

For if p is the vector to any point on the surface traced out

by I3, Rl+20

where z and y are any variable scalars; or, if the centre of the
line of centres is taken as origin of vectors,

H

Ay ay
it e ®

The Cartesian equation of this surface, referred to the line of
centres as axis of z, and those of [T and ® as axes of 7 and 2z,
respectively, is @y = k.

Since the two forces 1, and II, are equivalent to the given
system, the discussion of these forces may replace the discussion
of the system. For example, to find Poinsot’s Axis, we have,
from (8) and (9),
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Hence, from Art. 245, Poinsot’s Axis is

p=all+Q— Tlcﬁ 790I;
or, if the centre of the line of centres is taken as origin of vectors,
p=all— —jlp 7o0TII,

so that Poinsot’s Axis will coincide with the Resultant of Trans-
lation at the centre of the line of centres if 76 ®II = 0, or, in
other words, if the line of centres is perpendicular to the plane
(of ©® and IT) to which the forces Il,, IT,, and I1 are parallel.
The body may, of course, be turned round so that this perpen-
dicularity occurs.

A system of forces can be astatically equilibrated by two forces
when all the forces of the system are parallel to one plane.

For, let the unit vector perpendicular to this plane be taken
as £. Then Stw, =0, Skw, =0, ...... ; therefore K = 0, and
the equations reduce to

0, +T,+1 = o, (10)
A, 8iTL + 4, 8ill, + 8iTl.e; = o, (11)
4,81, + 4, 811, + 8 .a; = 0. (12)

The second shows that the extremities of the vectors 4,, 4,,
and o, are collinear, since by (10) the sum of their multipliers is
zero. Similarly (12) shows that the extremities of 4;, 4,, and
a; are collinear ; therefore the points of application of II, and IT,
lie on the line of centres.

A system of forces may be astatic for displacements about a par-
ticular axis without being astatic for displacements about other azes.

If o is the unit vector in the direction of the axis of displace-
ment, the conditions of continuous equilibrium are

Sw =0, .
cos Y3 Vaa'-l-2sin2‘—p2~2(7wa8aa)+sin\[/2 V.wVac = 0;
the latter, holding for all values of y, gives

2Vaw=0, 2(Vwolac)=0, EV.wVac=0.

Consider the case in which all the forces lie in one plane, and
let the axis of displacement be any axis perpendicular to this
plane. Also take the origin of vectors in the plane.
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Then these conditions, since
S8a,0 = 80,0 = oo, = 0, w0 = Jwyo = iivers = 0,
become Sw=0, 2Vaw=0, ZSaw=0.

It has been shown (Vol. I, pp. 130, 131) how these conditions
are otherwise deduced, it being observed that =Saw is obviously
the Virial of the forces.

Such a system of forces as this can always be equilibrated (for
the displacements considered) by a single force. For, let the
force be IT, at the extremity of a vector 4;,, Then the conditions
are I,+0=0, A4, +2aw=0;

Saw

H1=—H, A1=——l.[—.v

the expression for 4, being evidently a vector, since a;, @, ...
and IT are all coplanar.

We thus arrive at the ¢ Centre’ of the system, and it is very
easy to prove that (see Vol. I, p. 130) this point is characterised
by the vanishing of the sum of the moments and of the Virial
of the forces about it.

250.] Three Forces. To investigate the astatical equivalence of
a system of forces to three forces.

Let the forces be II,, IT,, and IT, at the extremities of vectors
4y, 4,, 4.

Then O, + I, +10, = —1I, 1)
A, SiTL, + A, 86T, + 4,800, = —I, 2)
4,811, + 4,55y + 4S5y = —J, (3)
A, SETLy + A, SETT, + 4, SkTT; = —K. (4)

Now, §8¢IT being still denoted by —a, &c., (2) can be written
4,811, 4+ 4,8iT,4+ 4;8iTl;—aa, = 0,
while (1) gives STl + 8iI1, + 8iIl;—a = 0.

Hence (Art. 248) the extremities of 4,, 4,, and 4; lie in a
plane containing the point £, which has been shown to be the
centre of a system of parallel forces obtained by resolving each
force parallel to 7.

The remaining equations show in the same way that these
extremities lie in a plane containing 7 and F,.

Hence the points of application of the three forces which astati-
cally equilibrate the system lie in the plane of the three centres
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E, P, B,; that is, the plane containing the extremities of the

vectors a;, a;, @,. This plane we have called the Planc of Centres.
The astatic reduction to three forces is therefore always possible.
The equation of the plane of centres is, of course,

8(Va 0,4 Va0, + Vo)) p = —8a;a;a,. (5)
Operating on (2), (3), (4) with §. 74, 4;, we have
STl .84y, 4,4, = —8IV A, 4,
SjI1,.84,4, 4y = — 8TV Ay A,

Sk, .84, 4,4, =—8SKVAy Ay
which give

1 . .

and in the same way we obtain IT, and IT;, so that, when their
points of application are assumed, the forces IT;, IT,, IT;, are thus
completely known.

It may be observed that the origin of vectors can always be
so chosen that the vectors a;, a;, a; shall be a rectangular system,
the vectors 7, 7, #, remaining the same. For the points B, B, B,
depend only on the vectors 4, j, %, and not on the origin of
vectors; and, given three points P, F;, B, two other points,
Q@ and @', can be found such that the lines Q7, @F;, and QF, are
a rectangular system,‘as are also the lines @'P, @ P, and Q'R

The points @ and @’ are the points common to three spheres
described on the sides of the triangle Z F; P, as diameters ;
they are equidistant from this plane on opposite sides, and lie on
the perpendicular to it drawn through the orthocentre of the
triangle.

‘We may suppose either of these points taken as origin of vectors,
and treat 7, J, K as a rectangular system.

For simplicity, denoting the vectors V4, 4;, VA, 4,, VA4, 4, by
€, €5, €3, We have

1

Hl = — (iSI€1+jSJ€1+kSK€1), (6)
v =8¢ ez¢q

I, = —————— (i8Ieg+j 8T e+ kS Ke,), ()
‘\/—Sslezea

mm (i8Ie+78T g+ hSKey). (8)

8= V—Sclezss
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1t may be noticed that, for different systems of rectangular
vectors 7', j, &, the vectors to the centres of the corresponding
systems of parallel forces are in the directions of conjugate
diameters of a certain ellipsoid. For if
Y=wityj+2k, j=oi+ys+7k K =a"i+yj+k,
it is obvious that I, J/, K are
wl+y] +2K, o' I+yJ+2ZK, o"I+y'J+2"K
respectively. And since 22’ +yy + 22 = 0, &ec., it follows that
SIr8Ly  SJI'SJJ  SKI'SKJ’
ot Tt
showing that the vectors to the new centres are in the directions
of conjugate diameters of the ellipsoid
82l 82Jp S Kp
JE R €
The origin of vectors is now a fixed point in the body, and the
points E, P, B, are, of course, fixed points in the body; and,
by the nature of astatic equilibrium, we may consider the body
as being placed in any position whatever. Suppose, then, that
it is so turned round the origin of vectors that 7, J, and K
coincide in directions with i, /, £ respectively. This may be
regarded as a sort of initial position of the body. Let the tensors
of 1, J, and K be ¢, ?,, and #; respectively. Then
i8¢, +787 ¢+ 28Ke
becomes ¢,i8i€ 41,787 +1,kSke;, that is, a self-conjugate
linear vector function of ¢,. Denote it by ¢e;. Then (6), (7),
and (8) give

= 0, &e.,

=1,

be Pey deg
H - I, = T —r——— L e —
! 4/—8616263’ 2 '\/—8616263’ ’ —Se 66 )

But in the ellipsoid Sp¢p = 1, the normal at the extremity of
a vector a is parallel to ¢a (Tait’s Quaternions, Chap. VIII).

Hence we have the following theorem :—

The body being placed in the initial position, the forces applied at
the emtremities of any three vectors, Ay, A,, A,, drawn from the
origin to points in the plane of centres, are in the directions of
normals to the ellipsoid Spp = 1 at the points where its surface is
intersected by the vectors VA, A,, VA, 4y, VA, 4,.

If we wish the forces IT,, I1,, IT; to be a mutually rectangular
set, we must take S¢e;pe, = 0, &ec., from which it is evident
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that the directions of ¢, €, and e; must be conjugate diameters
of the ellipsoid Spp2p = 1.

Of course the centres 7, P;, 7, may be taken as those at
which the forces are applied. The forces will then be in the
directions ¢, 7, % respectively, and in the initial position they will
meet in a point. Their magnitudes are obviously a, 6, c—by the
very nature of a resolution of the given system of forces into
three component parallel sets (Art. 248).

What we have just called the initéal position of the body
requires a few words te render its nature more clear. Any three
directions ¢, 7, £, fixed in space, being chosen, and the centres
B, B, P, corresponding to them being taken, join these centres
to one of the two points, @, at which they subtend right angles in
pairs. When the body has a position given to it at random the
lines QR, QF, QF, are not parallel to the corresponding
directions 4, 7, £ ; but (@ being obviously a point in rigid con-
nection with the body) if the body is moved so that these lines
OR, &c., are parallel to ¢, j, %, the system of forces will have in
this position a single resultant.

For it is obvious from elementary principles (see Art. 248)
that the given force system eould always be replaced by a foree
at P, parallel to ¢ and equal to the sum of the components of
all forces parallel to 7, together with forces at F; and P, equal te
the sums of components parallel to j and £ Hence these forces
would act in the lines QP, QF;, QF, if these lines were placed
parallel to ¢, 7, #, and there would, therefore, be a single
resultant.

Since any directions may be chesen for 4, 7, £, there will be
an infinite number of triads of centres 7., P, F,—all lying in &
plane fixed in the body-—and of lines @B, &ec., and therefore of
initial positions. Hence an initial position is simply any one in
which the forces have a single resultant.

If the vectors a,, ay,, ... are measured from a Q-point (i.e. a
point at which P, P, P, subtend right angles in pairs), the
function Za8wp will be self-conjugate in the initial position in
which the single resultant passes through this point (Art. 244),
Generally, in all questions relating to the equilibrium of a given
force system, we may substitute for the system #Zree forces, viz.
~-those which are astatically equivalent to the system at any
triad of centres, B, B}, B,
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251] Grouping of the Centres round the Principal
Centre. Simplicity will be gained by taking the principal
centre as origin of vectors, and supposing that all positions of
the body are obtained by rotation round this point as a fixed
point in space. Further, of the three fixed-space vectors i, 7, Z,
we shall take 7 in the (invariable) direction of the Resultant of
Translation of the forces. This latter assumption will make
b =0,c =0, since the sums of the components of the forces
perpendicular to the direetion of their Resultant of Translation
are necessarily zero. The constant @ becomes then the magnitude
of this resultant. Moreover, since Q, the vector from the origin
to the principal centre, is zero, we must have (Art. 249) I = 0.

The vectors J and K, of course, remain. Let C be the
principal centre ; then J and K are vectors at Cin the plane of
centres, and we can easily see that the fixed-space directions
J and £ can be so chosen as to make J and X at right angles to
each other. For, let ;7 and # be any two rectangular unit
vectors in the plane of j# let 6 be the angle between
J andj. Then

J=7cos0+ksin; =~/ sin0+7%cos;
and if J” and K~ are the vectors corresponding to ;* and #,
J'=3a8/w, K'=Z2a8F= ; therefore
J'=dJcosO+Ksinf; K'=—~Jsinf+K cos 03
so that J” and K’ will be rectangular if
tan 20 = %;—Sg—ﬁ-

We shall suppose, then, that j and % have been chosen so
that J and X are rectangular ; and these latter we shall call the
principal vectors in the plane of centres; the axes of ¢, 7, # thus
chosen may be called the principal fixed space axes.

Now let /i +mj+nk be a unit vector, p, in any direction at C,
its direction-cosines being /, m, n. The vector to the centre, 7,
which corresponds to this vector is

md +nK
la (1)

If the vectors J and K are taken as axes of 7 and 2, respec-
tively, and if their tensors are ¢ and #, the co-ordinates of P
being (7, 2), we have

: mt nt’

= . (2)

I=u’ z=Za

la
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a being, as before said, the magnitude of the Resultant of Trans-
lation of the given forces.

If p is any vector in a given plane, pz+ ¢y +72 = 0, we have
pl4gqm+rn = 0, so that the locus of P is the right line

,
Ty+72+E=0. (3)

If p is any vector making a constant angle, 6, with the
direction of the Resultant of Translation, we have
m?+n? = sin?4d;
therefore the locus of P is the ellipse
2 22 tan%0
FrE= (4)
And if we wish to astatically equilibrate the given system by
three forces at the three centres, P, P’, P”, corresponding to
any three rectangular directions,
lL+mj+nk, Uitmlj+a'k, U'i+m’]+n"F,
the magnitudes of these forces will be, respectively, a, f'a, !”a,
and they will be parallel to the assumed directions /i + mj + uf,
&e. (p. 79).
It is to be noted that, with the origin of vectors as now chosen, -
the general values (6) &e., of Art. 250 for IT,, IT,, II; all

. . 0 .
assume the indeterminate form o’ since the vectors 4,, 4,, 4,

are coplanar, the operations §. 74, 4;, &e., by which they were
obtained from (2), (3), (4) being illusory. But the student
will have no difficulty in obtaining the result just given (which
is obvious from first principles) from the general equations
referred to.

A given system of forces can always be replaced, with complete
astatical equivalence, by three equal and mutually rectangular
forces. For we have only to choose the directions %+ my + n#,
&ec., parallel to which all the forces are resolved, so that

l=r=V=—,

that is, the three equivalent forces are all inclined to the direction

of the Resultant of Translation at cos‘l——l—.-: and each force

_a Y3
V3’
VOL, 1I. G
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The corresponding centres (all lying, of course, on the ellipse
(4)) form a triangle of which the centre of the ellipse is the
centroid (‘ centre of gravity’).

252.] Principal Moment at the Principal Centre. Replace
the system by three mutually rectangular forces at any three
centres, P, P’, P”, whose vectors are

mJ+2K m'J+n’K m'J+n"K

la’ 7a ' i"a
the principal fixed space axes being those of reference. The
corresponding forces are la (/i +mj + nk), &e. Then G, the axis
of principal moment at C (the principal centre), being =Vaw,
we have G = V (Jj + Kk). (1)

Also, ¢ being the direction of IT, the Resultant of Translation,

the condition for a single resultant is §Gi = 0, or

SJk = SKj, (2)
that is, the body must be turned round C until the body-vectors
J and K satisfy this condition.

The position of the body being any whatever, Poinsot’s
moment is 8(Jk— Kj), (3)
since it is STI G.

253.] Wrench of Maximum Pitch. Poinsot’s moment is
evidently a numerical maximum in some position or positions of
the body, since when there is a single resultant it is zero. When
it is a maximum its differential must vanish for any small change
of position of the body—i.e. for a rotation through any small
angle Ay round any axis. Equating to zero the differential of (3),

S(kdJ—jdK)=o. (1)

Now, if o is a unit vector in the direction of any axis by small
rotation round which the new position of the body is attained, it
is obvious either from first principles, or from (4) of Art. 243,

)

that dd = —Ay.VJe, and dK = — Ay. VKo. (2)
Hence substituting in (1) we have

S(kJ—jK)o = 0, (3)
which must hold for every value of o. But this is impossible
unless V (A —jK) = o, (4)

which obviously requires j, £, J and K to be coplanar.
Hence the principal body-vectors must be placed in the plane
of the principal fixed-space vectors j, £.
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If, then, 6 is the angle between J and 7, Poinsot’s moment
= 8Jk—8Kj = ({+1') sin 6, which is a maximum when 8 = g;

i.e. the body must be turned round the principal centre so as to
make J coincide with Z and K with —j, and the maximum
piteh is i+t

When J coincides with —Z% and K with j, the piteh is —(¢+7'),
an algebraic minimum.

254.] Minding’s Theorem. Whencver the body is so placed
that the forces have a single resultant, its line of action intersects
two conics fiwed in the body. The equation of Poinsot’s axis is
rneG
71
of G from Art. 252, this becomes

p= azi+ = (j8iJ + ESIK). (1)

We shall now by means of (2) of Art. 252 express j and /4 in
terms of 4, J, and K. Putting 7ij for £, this condition gives
SK;—8.JVij = 0,
or 8Kj—8Jij =0, or SKj—8.VJi.j=0,
or, finally, S(K+7Vid)j=o,
i.e.  is perpendicular to K+ 74J; and it is also perpendicular
to ¢, so that it must be proportional to 74 (K+ ViJ). Assume,

=21+

(Art. 245). Substituting as for I, and the value

then, 97 =V(EK+iVid), .
where 7 is a scalar. This is the same as
9] = ViK—J —i81d, (2)

since (Tait's Quaternions, Art. 90) V.a VBy = ySaB—B8ay.

Now by squaring (2), denoting the tensors of J and K, as
before, by ¢ and #, and the unit vector perpendicular toJ and K
(ie. to the plane of centres), by », we have

Y2 =1t%gin% 0+ ¢%sin% ¢’ — 244 Siv, (3)

where 0 and 6 are the angles between ¢ and J, and between
¢ and K, respectively.

In exactly the same way, if in (2) of Art. 252 we put 7%: for

J, we find Yk = V(—iJ+iViK);
and treating this as above, we find the same value for  as for g,
so that yk= —ViJ—K—iSiK. (4)

G 2
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Substituting the values of 7 and % from (2) and (4) in (1), we
have  4yp = pi—J8iJ— KSi K + SiJViK—GSiKVid, (5)
where p is a scalar. The last two terms of this are easily proved
to be of the form &i+4cv; for they are 8JiViK+ 8iKVJi; and
if ¢ and r are any quaternions, SqVr+8rVq=Vqr—V.VqVlr;
hence these two terms are equal to —VJK—V.VJiViK. But
the vectors 7Ji and 7iK are each perpendieular to 4, therefore
the vector of their product is parallel to ¢, while for 7JK we can
use #/v. Hence (5) becomes

ayp = 2i—J8iJ —KSiK—tt. v,
where 2z is simply a scalar. We may denote the linear vector
function —J8Jo— KSKo by xo, so that

ayp = zi+xi—tt'. v,

= (x+2)i—tt'. v
To find the point in which this line intersects the body-plane
Ky, put §Jp = 0. Now 8Ixi = —J28Ji = t28Ji;
therefore (t*+2)8Ji =0,
which gives z= —¢2. Hence for the point of intersection
ayp = (x—tz)i—tt'v; (6)
therefore ay (x—?2)~%p = i—tt' (x —7%)" . (7)

Now if for simplicity we use A and u for unit vectors in the
directions J and K, so that J = ¢\, K = 'u,

X0 = —2ASAo—1 2uSpuo;
also % = — 12 (ASAo +puSpo+vSveo),
(x—=2) o = (2=t uSpo + 2w Svo, (8)

and from this we find at once
_ pSpue  vSve

=) lo=F—n + —— (9)
if SAo=0, i.e. if o is coplanar with u and », as p in (6) is sup-
posed to be. [To invert the function x —7% assume

(x—2#2)"to = 4Ap+ By,

where 4 and B are unknown scalars ; then operate on both sides
with x—¢?, and we get 4 and B at once.]

From (9) we have (x —#%) v = — tl; » 80 that (7) becomes

ay(x—t)yp=1i+ %’”' A (10)
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From (6) and (10), by taklng the scalar of the product,
2428 (x— 31 p = 8.+ S 0) [(x—#2)i— ']

=8.(:+ t—v) [(22—t"H)pSiu+(£28iv—1t')v]

= ¢2sin? 0+ ¢'2sin2 ¢’ — 244" Si v,
(remembering that, since A, u, v are rectangular unit vectors,
(8302 +(Sip)?+(Siv)E =1, or (8iv)2=1-—cos20—cos?®).
Hence we have 1
Sp(x—tz)—1p=p (11)

for the point in which the line of the single resultant intersects
the body-plane K». But if the lines A, u, » are taken, respectively,
as axes of #, g, and 2, and the quadrie

wZ yZ 22
ptmtoge=1
is constructed, equation (11) denotes the focal conic
yz 22

it =1

in the plane yz, so that this conic is the locus of points in which
the single resultant intersects the plane. Similarly the points
in which it intersects the plane 2z lie on the focal conic
22 22
Aot E=t
Thus the Theorem of Minding is proved.

[The proof here given proceeds on the basis of a proof given
by Professor Tait in a more condensed form.]

R55.] Theorem. At every point there can be found two axes
round either of whick if the body is displaced by rotation through
any angle, the sum of the moments of the forces about the awmis is
zero.

Let O be any point (taken as origin of vectors), and let the
body be rotated round an axis through O in the direction of the
unit vector 0. Then taking as before po =aSwo,

¢c=3wSac, 4 = 38aw, and G = SVaw,
the new principal moment at O is, from (), Art. 244, given by
the equation

| .
G@’'= Gcosy—2 sin“% Voo +siny (ho—¢o); ()
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and if the sum of the moments about the axis of rotation is
zero, we must have 8G'a = 0,

independently of the value of .

Now 8G@’¢ = cosy SGo—siny (£ +Sopa),

so that we must have
8Gr =0, Sopo = —4, (%)
while, of course, 7o = 1.

The first of these shows that o must be perpendicular to G,
the axis of principal moment at O before rotation, while the
second and third show that it must be a vector drawn to some
point on the curve of intersection of a unit sphere with the
quadric Sc¢ ¢ = —4. Now this curve is intersected by the plane
8Go = 0 in four points which lie in pairs (by symmetry) on
two right lines drawn through O.

If, then, translation along the axis of rotation is prevented by
suitable means, the body will be in equilibrium in every position
produced by rotation round either of these lines.

256.] Reduction to a Force and Two Couples. A par-
ticular case of the reduction to three forces deserves to be
noticed. Suppose the direction of the vector ¢ to be chosen so as
to coincide with that of the Resultant of Translation. Then j and
£ are perpendicular to this direction, and therefore 4 and ¢, the
sums of the resolved parts of the forces in directions perpendicular
to the Resultant of Translation, are each zero. Hence F; and F,
are at infinity, while B is, of course, the centre of the plane of
centres. The vectors Jand K of course remain, and the directions
of / and £ may be so chosen that J and K are perpendicular to
each other, as has been already shown (Art. 251). Let C be the
principal centre of the plane of centres, and suppose that O, the
origin of vectors, is chosen on the perpendicular through C to
this plane, so that the points P; (that is, C), B, and F, subtend
right angles in pairs at O, the two latter points being at infinity
on the lines OJ and OK.

Let the force IT; be applied at C, i.e. 4, = OC = -—f- Then,

the body being placed in an initial position, the axes of the
quadrics Spppp = 1 and Sp¢p?p = 1 are in the directions OC, O/,
OK. Hence the vectors ¢; and ¢, are in the plane JOK, and (the
applied forces being taken as a rectangular system) e, coincides
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in direction with 4, ; therefore the vectors 4, and 4, are in the
plane JOK, and their extremities are at infinity. The forces IT,
and II; are then applied at infinity, and we can see that the
magnitude of each is zero. For, denoting (as in the previous
cases in which the origin of vectors is not taken at the principal
centre) the tensors of I, J, K by ¢, ,, ¢;, since

—8e e 65 = 824, 4,4,
it is very easy to show in equations (6), &ec., of Art. 250 that
1
r, = T4,.sin p,
where p, is the angle between the direction of 4, and the plane

of 4,4,, and 6,, ¢,, ¥, are the angles between e, and the
directions of 7, J, K. Similar values are obtained for

711, and 7T1M0,.

Now, in the present case, T4, = T4, = oc; therefore II,
and IT; are zero forces applied at infinity.

This result, of course, indicates a new mode of reduction—
namely, to a force and two couples; and this is the mode of re-
duction adopted in all cases by Moigno.

Let the principal centre be taken as origin of vectors, and
suppose a force [1, applied at the extremity of a vector y, while
a force —IT, is applied at the extremity of y. Then in equa-
tion (2) of Art. 250 we shall have the term y8iIl,—y'SiII,,
or (y—y)8ill,, Denote y—y by u; then u is the vector
joining the points at which the forces (I1,,—II,) constituting
the couple act. Similarly, let u” be the vector joining the points
at which the forces (IT;,—1II;) act. We may, for shortness, call
u and u’ the vector arms of the couples. Then our equations are
(£ and 4, being zero)

v/8% cos? 0, + 2%, cos? ¢, + 1% cos? v,

I, +II =0,
;.LSZ'U2+M’S£H3 =0,
pS T, + W8Ty = —d,
wSEIT, + W/ SEIT; = — K.
The second requires §¢II, = 0, 8T, = 0; i.e. the forces of the
couples are in a plane perpendicular to the Resultant of Transla-

tion. Let the tensors of J and K be now £ and ¢, as in Art. 251.
Suppose the body placed in the initial position ; then J = #j,
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K = t’k, and ¢ is the unit vector perpendicular to the plane of
centres. Hence we have

w8 Ty + WS Ty = —1j,
pSEIL, + W' SEy = —2¢'k.
Operate on these with §. 77y, and observe that
SuVip = —Sippl=—=8iVup =TVuu ;

also SjViw=—8ku ;
. ¢Sk e
then we have  S§jII, = T SEIT, = — TV‘L’;"
Hence I, = TI} (=2 Sk +t' kS ) )
II; = T / ( t] Skli-l't%lgjy) (2)

Let IT, and IT, be perpendicular to each other. Then
SjuSjw | SkuSky
7Ty
which shows that the directions of u and p’ are those of a pair of
conjugate diameters of the ellipse

Sppp=1 (3)
where ¢p = f? (?7—2 Sjp+ t,—k-z Sk p), and f (denoting any constant

force magnitude) is introduced for homogeneity.
Assume the arms to be represented, not only in directions, but

also in magnitudes, by a pair of semi-conjugate diameters. Then
’

TV is constant and equal to %, the product of the semiaxes.

Hence, from (1) and (2), ‘
=P (= Sku
=7 (~i5" oy + £5H) _ po (ﬂ;‘ ).

Now the ellipse (3) can be written 7y p = 1, where
vo=r(i 224250y,

=0,

SJ"’) fz( SJ”’ +k5%“)
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and Yp obviously denotes the vector to the corresponding point
on the circumscribed circle. Hence we have simply

I, =f.yp M =Ff ¢y (4)
and we arrive at the following result :—

The body having been placed so that the plane of centres is per-
pendicular to the Resultant of Translation,and the principal vectors
J and K, fized in the body, coincide with the corresponding vectors
J and k fized in space, the system may be astatically equilibrated by
a single force acting at the centre of the plane of centres, equal and
opposite to the Resultant of Translation, together with two couples
in this plane, the forces of these couples acting in two rectangular
directions at the extremities of any pair of semi-conjugate diameters
of a certain ellipse, their forces being all equal and of constant
magnitude whatever pair of diameters be chosen, and the forces at
the emtremities of each semi-diameter of the ellipse being parallel
to the corresponding semi-diameter of its circumscribed circle.

257.] Larmor’s Proof of Minding’s Theorem. Professor
Larmor has treated questions relating to astatic equilibrium in
the following manner (see Ze Messenger of Mathematics, No. 160,
August, 1884). The position of any line in space may be de-
fined by six constants, or co-ordinates, which are connected
by two equations. These co-ordinates are the direction-cosines,
I, m, n, of the line, and the moments round the axes of refer-
ence of a unit force acting along the line. If ¢ 7, {are the co-
ordinates of any point on the line, these moments are m{—nn,
né—1I¢, In—mé. Denote these by A, p, v, respectively. Then
the two equations connecting the six co-ordinates (7, 7, 2, A, p, v)
are m?4n? =1,

IN+mp+ne = 0.

A single homogeneous equation of the #® degree between
these co-ordinates represents a complex of lines of the #* order.
By substituting in such an equation the values of A, u, v in
terms of /..., &,... we obtain the relation between the direction-
cosines of all the lines of the system that can be drawn through
a given point (& n, ). The lines of the complex which lie in
any plane envelope a curve ; the lines common to two complexes
form a comgruency; those common to three complexes form a
ruled surface.

Now replace the given force system by a single force, R, equal
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and parallel to the Resultant of Translation, at the principal
centre, and two couples, each in the plane of centres, each
having its forces equal to R, one force of each couple acting
at C, and the others at points on the two principal body-vectors
J and K at distances ¢ and ¢ from C (f in the last Article being
taken as unity).

Taking, as previously, J, K, v, as axes of @, g, 2, respectively,
let the direction-cosines of the resultant force and those of the
couples be (Z, m, n), (ly my, n,), and (I, ms n3), respectively.
Then the whole system is equivalent to the three component
forces Ri, Rm, Run,
together with the three component couples

R (tn,—t'mg), R.Vl;, —R.tl,,
along the axes. Now this system can be reduced to a wrench
(B, pR), where p is the pitch of the wrench on an axis whose
co-ordinates are, suppose, /, m, n, A, p, v.

Then expressing that the wrench has the same moments about
the axes as the given forces, we have

A+pl = tny—t'mg, (1)
B+ pm = i’ls, (2)

v+pn =—tlz- (3)

Multiplying these by /, =, » and adding, we have

p=—tmg+1tny, (4)

while by squaring and adding, we have, after substituting for p,
AZ 42 0% = 2m2 4 202, (5)

Also from (2) and (3),
2 2
(m ':,I;m) + (v "};270”) =12 4+12
= m? +n2. (6)

The axes of all the wrenches form a complex which is given
by (5), while (6) denotes the complex formed by all those which
have a given pitch.

Now if p = 0, the wrench reduces to a force. Then (6) gives

2 2
;:,—2 +v_2 = m?+n% Dividing (5) by #%, and subtracting from

17
(6), we have A? u?
’ m + 7—2 = nz. (7)
A2 2

A].SO m + F = m?2. (8)
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Equations (7) and (8) denote a congruency of lines, and if we
wish to find the points in which it intersects the plane 2y, we
put ¢ = 0 in the values of A, g, ». Then (7) gives

72 £
pmptyp=h
which shows that the points lie on a focal conic of the quadric
before discussed. Similarly for the points in which the lines of
single force intersect the plane yz.

258.] Stability and Instability of Equilibrium. 4 rigid
body acted upon by any system of equilibrating forces, each of whick
i constant in magnitude, direction, and point of application, is in
stable or unstable equilibrium, according as the Virial of the forces
8 @ minimum or & mavimum.

Consider a small angular rotation, Ay, round an axis coin-
ciding with any unit vector o. Then according as the couple,
@G, called into existence by this displacement tends to diminish
or to increase the angular displacement, the equilibrium is stable
or unstable.

Observe that in Art. 243, in which our fundamental equation
for the alteration of vectors is obtained, the angular rotation,
¥, is taken as positive when it is in the sense of the versor
of o, and negative when in the contrary sense. Now if y is
positive, for stability G must project along o in the sense of
—o ; in other words, §Go is positive.

But, rejecting infinitesimals of the second order, we have

G = (ho—¢o).AY;
o 8Go=—(h+8cpo).Ay.
Hence for stability &+ 8o ¢ o must be negative.

Now consider the alteration produced in the Virial, 28aw,
by rotation. We have

da=—AY7Vao,
g—\%: —387ac.w
= —38wao,
2
and j—\-;z: ES.wVaO'.cr

= Z28w(ac—8ac)o= 2(—Swa—8walac)
=—(k+80¢0);
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so that by the previous result %, the Virial, is & minimum for
stability.

It is, of course, obvious that for such a force system as we are
discussing it is sufficient to calculate stability for rotation round
axes through anmy origin, and that the Virial is the same with
respect to all origins ; for, changing the origin of vectors amounts
only to writing a + € for a, and

28(at+e)m=A+8ell=4, ' II=0.

ExAMPLES.

1. A system of forces, each of which is constant in magnitude,
direction, and point of application in a rigid body, keeps the body in
equilibrium in a certain position. If they keep it in equilibrium in
another position differing infinitely little from the previous one, the
same line of points in the body being common to both positions, prove
that, any angular displacement whatever being given to the body
round this line, equilibrium will continue to subsist.

Let o be a unit vector along the line common to two positions.
Then the second position is obtained by an infinitesimal rotation,
Ay, round this line, so that in the value of G’ given by (§) of

Art. 244 we may neglect the term in sin’% in comparison with the
last ; and since @ = 0, by hypothesis,
¢o =ho.
But, this equation holding, we shall always have the coefficient of
sin? g equal to zero, whatever  may be. Hence ¢'= 0 for all dis-

placements round the line.

This result is also very easily proved by the ordinary Cartesian
method. For, taking the common line as axis of x, the co-ordinates
of a point (2, ¥, 2) become by rotation round this axis

(%5 yeosy—=zsinyr; zcos Y+ ysin ).
If X, ¥, Z are the components of the force at this point, the

moments round the axes vanishing in the first position (that in
whichy = 0), we have

. 3Zy—-3Yz=0; 3X2-3222=0; EYx—2Xy=0. (a)
Hence the new moments, L/, M’, N/, are
L = —3Zx+4cosy 2 Xz+sin § 2 Xy,
M = ZYx—cosy ZXy+siny 2 Xz,
N = sinyZ(Yy+22).
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Now we are given that these vanish when Ay is put for ¥; i.e.
we are given

2Xy=0; 2X2=0; 2 (Yy+Zz)=0.

These and (a) give £Zx =0, ZYx = 0; so that L/, M/, and N’
all vanish whatever { may be.

2. If a system of forces acting on a rigid body is astatic for all
displacements of rotation round each of two intersecting lines, it is
astatic for all displacements of rotation round all lines in the plane
of these two.

Let o and o’ denote the two given lines. Then we have by (§),
Art. 244, o = ho, and o’ = ko’ ; and it is at once obvious that,

with these conditions satisfied, the coefficients of sin? %and sin ¢ will

each vanish if o +yo’ is written for o, whatever x and y may be.

3. If a rigid body acted upon by any forces is placed so that the
forces reduce to a single resultant at the principal centre, C, show
that if it is turned through any angle round any axis at €' lying on
a certain cone, the sum of the moments of the forces round the axis
is zero.

Taking in the initial position the vectors J and X (which coincide
in directions with j and k) as axes of = and g, respectively, the axis of
displacement may be any one joining C to the curve of intersection of
the unit sphere x?+ 42+ 2% = 1 with the cylinder ta?4¢/y? = —h.

For this case ¢po = SaSwo = tjSjo+kSka, as we see by re-
placing the given force system by three forces as in Art. 252, and
observing that in the position of the body before displacement J = ¢,
K =tk Also the value of & is easily seen to be —(t+¢).

If the body is not in the initial position, ¢o (the vectors being
measured from C) will be JSjo + K Sko.

The result holds, of course, with respeet to any point on the line
of action of the single resultant when this has any position.

4. If a rigid body acted on by any forces is turned so as to have
a maximum Virial with respect to the principal centre, show that
J and K coincide with j and % at the principal centre, and the
maximum value is ¢+ ¢.

5. Prove that there are two positions of the body for which the
forces reduce to identically the same wrench. (Prof. Larmor.)

(EConsider in (6) of Art. 257 the co-ordinates /, m, n, A, p, v given,
and make the values of » equal. The axis of this wrench is a line
of the congruency determined by the complex of axes (5) and by the
complex denoted by

2 2 me nd mu n
(Gt =) (Gt ) = G + 5%

Hence eight such axes pass through every point.]
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6. Determine the locus of axes of wrench in which the two pitches
are equal and opposite. (Prof. Larmor.)

Ans. The congruency determined by the complex (5) and the

complex %n# +%¥ = 0.

7. Show that a heavy magnetic solid can be astatically equilibrated
by two forces, or by a force and a couple, and discuss its equilibrium.

Whatever may be the directions of magnetisation inside the body—
ie. the directions of the indefinitely small magnets of which we may
imagine the solid to consist—the magnetic forces produced by the
Earth are all parallel to a certain vertical plane, the plane of the
magnetic meridian ; hence all the applied forces are parallel to one
plane, and therefore (Art. 249) they can be astatically equilibrated
by two forces, or by a force and a couple.

Take the centre of gravity, G, of the body as origin of vectors, the
axis of % vertically up, and that of j in the plane of the magnetic
meridian. Let P and @ be the north and south poles of any one of
the elementary magnets, let @ be the Earth’s magnetic force exerted
on P, and let y be the vector @P. Let IT be the single force, applied
at the extremity of the vector a, and let IT” be the force in the couple
whose vector arm is 3, which are to astatically equilibrate the weight
and the magnetic forces. The weight being — Wk, the equations of
astatic equilibrium are

N-wk=o, (1)
B8 = —ZpuSjw = J, suppose, (2)
—Wa+BSEIl =—ZuSkw = K.... 3)

The vectors J and K are vectors fixed in the body, and depend
on the direction and intensity of magnetisation at each point.

Equation (2) shows that 3, the vector arm of the equilibrating
couple, is fixed in direction in the body, being parallel to J. Also
(3) shows that the point of application of the force IT is any ome
whatever on a right line parallel to J, since

a=— % +xdJ,
where @ is a variable scalar. The direction of this line depends,
therefore, only on the magnetism and not on the weight of the body,
go that it would not be altered by adding a non-magnetic portion to
the body.

The length of the arm 3, and also its actual position, are arbitrary.
We may assume o and (3 at will, and then the direction (in fixed
space) and magnitude of I’ are known. If 6 is the angle which the
direction of the force I1’ makes with j, equation (3) can be written

—Wa+Jtan 0 = K,
so that if a is assumed, the direction of I1’ is known.
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We may take two points, D and E, on the vectors J and KX, re-

spectively, such that GD = —;11, ,GE = —%; then, 4 being any point

on the line drawn through Z parallel to J, the last equation is
GD .tan 0 = GA—GE
= EA,
E4
so that tanf = oD

The principal couple at G in any position is WVak+VAII’; and
there will be a single resultant if .
SERIT = 0,

that is (since I1” is, like all the other forees, parallel to the plane jk),
if the body is turned so that the two body-vectors J and X lie in the
magnetic meridian. For all displacements in this plane there is an
astatic centre (Art. 249, and p. 129, vol. I.), at which a single force
will keep the body in astatic equilibrium. Such displacements may
be produced by fixing an axis in the body perpendicular to the plane
of the magnetic meridian,

If the direction of magnetisation is constant throughout the body,
& is of constant direction, so that ZuSja = u38jw, and the vectors
J and K are coincident in direction with u, while the locus of the
point 4 is a line parallel to p through the centre of gravity of the
body.

Let I denote the intensity of magnetisation at any point (both as
regards magnitude and direction) and let y denote similarly the
intensity of the Earth’s magnetic force (i.e. its force per unit pole).
Then if dm denotes the strength of the element pole at the extremity
of p, we have by definition

pdm = Idxdydz,
where da dydz is the volume of the element of the body at the point
considered. If fis the tensor of vy, or the Earth's resultant magnetic
force per unit pole, the expression ZuSjw is obviously ZuSjydm,
or —fcosdZudm, (where 8 is the dip) or —f cos d /Idzdydz, or
SIS cosd, where § = fdx dydz = the volume of the magnetic portion
of the body, 7 being assumed constant throughout the body. Hence

J=fIScosd; K = fISsind,
and a =% (cosdtan 6—sind). 1.

Again, the position of the astatic centre is easily found,
For (Art. 249) if € is the vector to it, we have

But if ¢ is a unit vector perpendicular to the magnetic meridian,
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drawn towards the east,% = f(sind+1 cos J), since the angle between
jand & is g-+6. Hence

e = — L% (Zsind+ cosd),

if we denote by I’ the vector VI: perpendicular to I in the plane
of the magnetic meridian. The tensors of 7 and I’ are equal.
Hence a very simple construction for the astatic centre, or point at
which a single force will keep the body in astatic equilibrium for
displacements in the plane of the magnetic meridian. The product
of S and the tensor of 7 is the magnetic moment of the whole body,
which may be denoted by M ; and M is the maximum moment ex-
erted on the body by the Earth’s magnetic attraction. If [m] denotes
the strength of the unit pole, M may be represented by the product

[m] x4,
where I may be regarded as the length of the simple equivalent magnet.

Again, fis of the form _%c_e’ 80 that our value of ¢ is a linear magni-
tude, as it ought to be. As f is known to be about .47 dynes, if W
denotes the number of dynes in the weight of the body, the astatic

. . 47 .
centre is at a distance of W x ! from the centre of gravity, and on a

line making an angle equal to the dip with the direction of mag-
netisation of the body.

8. Prove from first principles that if a body is astatic for displace-
ments round any axis, it is astatic for displacements round all axes
parallel to the given one.

9. Prove that the moment of a force = acting at the end of a vector
a about an axis through the origin in the direction of a unit
vector ¢ is —Scaw.

10. If a system of forces is astatic, prove that if each force is
resolved into two components, one parallel to any given axis and the
other perpendicular thereto, the set of components parallel to the axis
and the set of components perpendicular to it are separately astatic.

The direction of the axis parallel to which all the forces are resolved
may be taken as that of 7, and the two components of any force, =,
are then —¢Siw and w+:Siw, It will be found that each set
satisfies the necessary conditions of making the vector sum of the
forces vanish and the linear vector function ZaS=p vanish when
i, j, and & are written for p, denoting by @/, w,,... the forces at
the extremities of a,, a,,... in either resolved system.

11. A rigid body is in equilibrium under a system of forces ; find
the condition that there should exist some axis for all displacements
round which the body is astatic.
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If ¢ is a unit vector in the direction of the required axis, the
veotor couple produced by rotation being

cosy 2 Vaw—2sin’ % Vopo+siny (ho—do),

it is necessary and sufficient that this should vanish identically.
Hence we must have
¢o = ho.

But there are three directions of p for which ¢p = gp, and three
corresponding values of g. (Tait's Quaternions, Chap. V.) Hence
the necessary condition is that A, or £Saw, must be one of the
three prinecipal parameters of the function ¢p or ZaSwp; in other

words, i must be one of the semiaxes of the quadric Sppp = 1.

12. Supposing that an axis exists for all displacements round which
the equilibrium is astatic, prove that if each force is resolved into
two components, one parallel and the other perpendicular to the
axis, each of these component sets is astatic for displacements round
the axis.

13. In a non-equilibrating system of forces, if each force is resolved
into two components, one parallel to an axis and the other perpen-
dicular to it, find the conditions that the second set should be astatic
for displacements round the axis.

Ans. In the first place the axis must be parallel to the resultant
of translation of the given system; and if IT is this resultant and
R its magnitude, we must have in addition

VII¢pIl = R*ZVaw,
SI¢Il = —R*ZESaw,
the origin of vectors being anywhere.

The first of these equations shows that the axis of the principal
couple at the origin must be at right angles to the resultant of
translation of the given forces, i.e. there must be a single resultant.
vi e may suppose that the origin is chosen on the line of action of this
single resultant, so that we have VII¢IT = 0, i.e. ¢pIT = AII, where
h = ZSaw, by the second equation. Hence - must be one of the
three principal parameters of the function ¢, and the resultant must
coincide in direction with one of the axes of the quadric Sp¢p = 1.

14. For a system of forces each of which retains its magnitude,
direction, and point of application in a rigid body, prove that there
are four positions of the body for which the forces reduce to a single
resultant passing through a given point.

(See Schell, Theorie der Bewegung und der Krifte, vol. IL, p. 247.)

15. When the force system is equivalent to a cougle, prove that
there are four positions of equilibrium of the body. (Schell, #6id.)

YOL, 11, H



CHAPTER XV.

THE PRINCIPLE OF VIRTUAL WORK APPLIED TO ANY SYSTEM
OF BODIES.

259.] Forces apphed to a Particle. It has been shown
in Art. 199, p. 2, that the resultant of any number of forces
applied to a particle may be represented by the side required
to close the polygon of the forces. And whether the polygon
OP, P, ...P, be plane or gauche, it is clear (as in Art. 55) that
the sum of the projections of the sides, taken in order, along any
line 04, is equal to zero.

Let the projections of the sides be denoted by Qs @y v Qn.
Then @+ @,+...+Q,= 0. Multiplying this by 04, an
arbitrary length along the line 04, we have

Q,.04+Q,.04+...+Q,.04 =o.
But if p, is the projection of 04 along OP, , we have (see Art. 56)
Ql .04 = Opl.pl.

If, then, the sides OP,, P,P,,...be denoted by P, P,,...
wehave ‘Pl'p1+P2'p2+'"+Pn'pn=0;

and if the sides represent forces, each term in this equation is
the virtual work of the corresponding force for the displacement
0OA. Since the resultant, B, of #—1 of the forces is —P,, we
have R.r=P .py+Py.pyens

and if the displacement is small, this equation is written (as in
Art. 64) Rdr = Pdp, +Pdp+ ... (1)
In particular, if X, ¥, Z denote the rectangular components of
£, we have Rdr= Xba+Vdy+ 20z, (2)

260.] Extension to any number of Connected Particles.
If two particles, 7, and m,, are connected by a rigid inextensible
rod, and are in equilibrium under the action of forces, Py, Q...
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applied to m, and P, Q,, ... applied to m,, it is evident (as in
Art. 105) that the force arising from the connexion acts in the line
joining m, to m,. If, then, this force be denoted by 7, and the
distance between the particles by 7, we have for the equilibrium
of m, Pip+@Qdg,+...+ 187 = 0, '
3,7 denoting the change in r arising from an arbitrary small
displacement of ;. The equation of equilibrium of 7, is
Podpy+ @pdgs+ ...+ T8r = 0;
and if in the new positions of 7, and m, the distance between
them remains unaltered, &7+8,7 = 0. Hence, by addition,
from these equations we obtain the equation
Piopr+Qdqi+ ...+ Pdp,+ Q34,+ ... =0, (1)
which is free from the internal force 7.

This is exactly the same as the investigation already given for
coplanar forces in Chap. VI. The extension to any number of
particles, that is, to any extended body, proceeds just as in that
chapter, and the enunciation of the principle of virtual work
there given applies in general without the limitation that the
forces are coplanar.

If in the case of the two particles 7, and m,, considered
above, their new positions are such that the distance between
them is altered by 87, the equation of virtual work will be

Pdp +Q,8q; ..+ Pydpy+ Qd g+ ...+ Tor =0;  (2)
and, generally, if the virtual displacement is such that the
internal forces do virtual work, these forces will enter into the
equation of virtual work in exactly the same manuer as the
applied forces. The theorem of virtual work may, therefore, be
thus enunciated :—

Whken a material system is in equilibrium under the action of any
external and internal forces, the sum of the virtual works of the
external and internal forces is equal to zero for any small virtual
displacement whatsoever.

Instead of saying that the total virtual work is zero, we
should in strictness say that it is an indefinitely small quantity
of the second order, the greatest of the displacements being
considered as a small quantity of the first order. This has been
already explained in Vol. I. '

The proof of the converse proposition—namely, that when the
virbual work vanishes for all imagined displacements, the system

H2
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is in equilibrium—has been already given in Art. 108 for coplanar
forces ; and as the proof obviously holds for non-coplanar forces,
it is unnecessary to reproduce it here.

261.] Displacements along Smooth Surfaces. If any body
or system of connected bodies be in contact with smooth curves
or surfaces, and the system be imagined to receive any small
displacement along these curves or surfaces, it is clear that, since
the point of application of each of the geometrical forces (reactions
of the curves or surfaces) moves in a plane at right angles to the
corresponding force, these forces will contribute nothing to the
equation of virtual work for such a displacement.

If any of the bodies of the system are connected by strings
or rods whose lengths are unaltered in the virtual displacement
chosen, the tensions of these strings or rods will not enter into
the equation of virtual work. But, as already explained in
Arts. 73 and 107, we may choose virtual displacements of the
system which violate the imposed conditions at the expense of
bringing into our equation the corresponding forces.

262.] Kinematical Theorem I. When all the points of a
rigid body move parallel to a plane, the motion may be produced
by a pure rotation round an axis perpendicular to this plane.

DEer. A motion of a body round an axis whereby each point
in the body describes an arc of a circle having its centre on the
axis and its plane perpendicular to it is called pure rofation.

The position of the body will evidently be known if the
positions of any two points in a plane parallel to the plane of
motion are known.

Let 4 and B be any two points in such a plane, and suppose
that after the displacement of the body they occupy the positions
4’ and B (Fig. 252). At the middle points of 44" and B
erect two perpendiculars, which meetin 7. Then in the triangles
AIB and 4’IB’, Al = A'I, BI = B'I, and AB = A’B’ ; therefore
the triangle 4’/B’ is nothing more than AIB turned round the
point 7 through an angle 474" or BIB'. Hence the line 4B
can be brought into its new position by a pure rotation about 7,
and the same is true of every point rigidly connected with 4
and B in the plane 4/B.

If through I an axis be drawn perpendicular to the plane of
motion, it is evident that the body can be brought into its new
position by a pure rotation about this axis through an angle
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= AIA’, however complicated the paths along which 4 and B
have travelled to 4" and B'.

‘When the motion of the body is small, this axis is called the
Instantancous Awis; and it is obviously constructed by drawing
two planes normal to the lines of motion .
of any two points in the body. The in- B“‘\\,A
tersection of these planes is the instan- N T

taneous axis. 1B
‘When the body is a plane figure, the

point I is called the Instantancous Centre ; RS

and the consideration of this point is of ) :

very extensive use in Kinematics, Statics, ; N

and Geometry. .

To construct the instantaneous centre,
at any two points erect perpendiculars to the lines of motion of these
points, and their intersection is the required point.

263.] Kinematical Theorem II. The motion of a rigid body
round a fixed point is at every instant a pure rotation round an
axis.

One point, O, in the body being fixed, the position of the body
will be known if the positions of any two points, 4 and B, not in
directum with O are known.

Round O let a sphere, forming part of the body or rigidly
connected with it, be described with arbitrary radius, and let A
and B (Fig. 252) be any two points on the sphere. After the
motion of the body let 4" and B’ be the positions of 4 and B.
Imagine the lines 4B, 4B, 44’, and BB in this figure to be
ares of great circles on the sphere instead of right lines. Then,
at the middle points of 44’ and BB’ draw two great circles
perpendicular to 44’ and BB’ respectively, and let them meet
in I. In exactly the same way as in the last theorem, we have
the spherical triangles 47B and 4'IB’ equal ; that is, the latter
triangle is the former turned round the axis OI through an
angle AI4’ or BIB. Hence the whole body is brought by
rotation through this angle round the axis O from the old to
the new position.

264.] Kinematical Theorem III. If a body has a motion
of translation represented in magnitude and direction by a right
line 04, and at the same time a motion of translation repre-
sented in magnitude and direction by a right line OB, the

Fig 232,
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resulting motion of translation is represented in magnitude and
direction by the diagonal, OC, of the parallelogram determined
by 04 and OB.

This proposition has been already illustrated in Art.11. It
follows immediately that any meotion of translation can be
resolved by the parallelopiped law into three motions along the
axes of z, 7, and z, after the manner of forces.

265.] Kinematical Theorem IV. If a body receives a
motion of rotation round an axis 04, the rotation being repre-
sented in magnitude by Od,—i.e. so many units of circular
measure being represented by so many centimetres, the scale
being, of course, quite arbitrary—and at the same time a motion
of rotation (of the same sign as the first) round an axis OB, the
rotation being represented in magnitude by OB, the resulting
motion is one of rotation round the diagonal, OC, of the paral-
lelogram determined by O4 and OB, and is represented in
magnitude by this diagonal.

[The signs of rotations are determined by the rule given in
Art. 200. We shall, for definiteness, suppose that when a watch
is held with its face perpendicular to 40, so that O4 passes
up through the glass, the rotation about O. takes place in a
sense opposite to that of the hands ; and similarly for 0B.]

Let P be any point on OC, p the perpendicular from 2P on
04, q the perpendicular from 2Z on OB, and £.04 and £.0B
the angular motions round O4 and OB, respectively. Then in
virtue of the rotation round O4, P moves upwards from the
plane of the paper through a distance equal to Zp. O4 ; and in
virtue of the rotation round OB, P moves downwards from the
plane of the paper through a distance equal to #g.OB. Therefore
the whole motion of P upwards is equal to

k(p.0A—q.O0B).

But this is obviously zero ; therefore P is at rest, and so is every
point on OC. The motion is, then, a rotation round OC. Let
Q be the angular rotation of the body round OC. Then the
point 4 moves upwards from the plane of the paper through
a distance equal to Q . 04 sin 40C, since 04 sin 40C = the per-
pendicular from 4 on OC. But 4 in turning round OB moves
through a distance equal to #. OB. 04 xsin 40B. Hence

Q.04sin 40C =%.0B.04sin 40B,
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or ﬂ:k.OB.——————:;:jgg
= £.O0C.

Therefore the resulting angular velocity is represented by OC,

if the component rotations are represented by 04 and OB.

This proposition is known as the ‘parallelogram of angular
velocities.” It follows at once that an angular motion about any
axis, OL, may be decomposed into three angular motions about
three axes, Oz, Oy, and Oz. If these latter are rectangular, an
angular motion  about OL is equivalent to angular motions,
w cos a, w cos 3, and w cos y, of the same sign, round the axes of
@, y, and z, the direction angles of OL being a, 8, y.

266.] General Displacement of a Rigid Body. The position
of every point in a rigid body is known when the positions of
any three points in it are known, provided that these points are
not in one right line. The general displacement of a rigid body
is, therefore, the same as that of a system of three points forming
a triangle.

Let 4, B, C be the positions of three points in the body
before the displacement, and 4, B, C’ the positions occupied
by these points after the displacement. Then the triangle 4BC
may be brought into the position 4’B’C’ by moving 4 directly
to 4’ while B and C move parallel to 44’ through distances equal
to AA’, and then turning the triangle about 4’ until 5 and C
coincide with B’ and C’. But (Art. 263) this latter motion is
one of rotation round some axis through 4. Hence ¢e general
displacement of a rigid body consists of a motion of translation
which 13 the same for all its points, and a motion of rotation round
an axis through an angle wkick is the same for all its points.

To find the changes produced in the

co-ordinates, #, g, z of any point in the

body by a general displacement, we may 9

consider the motions of translation and £\

of rotation separately. P>y
Although we shall be concerned only o

with small displacements, it is well to Fig. 253.

investigate the changes produced in the
co-ordinates of a point by a rotation through any angle, 8, round
an axis whose position is given.

Let the direction angles of the axis, OL (Fig. 253), be a, B, v;
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let P be the point (z, g, z) which, after the body has rotated
through an angle 6 round OL, occupies the position Q; let
PL (= p) be the perpendicular from P on OL, and Qr a per-
pendicular from @ on ZP. Now the # of @ is the projection of
0Q on the axis of #; therefore the change in # is the projection
of PQ along Oz, or the sum of the projections of Pr and Q.
But Pr = p (1 —cos ), and Qr = psiné.

Again, if the direction angles of PL are A, p, v, since Qr is at
right angles to OL and PL, the direction cosines of Qr are
cos B cosv—cosy cosp, &e. Hence, if the z of Q is 2/,

o’ — & = psin 0 (cos B cos v—cos y cos p)— 2 p cos A sinzg - (1)
But pcosA is the projection of PZL along the axis of #, or
the projection of OP — the projection of OL, and since OL =
zcosa+ycosB+zco8y,
pcosA = xz—(zcosa+ycosB+zcosy)cosa.
Similarly
peosp = y—(xcosa+ycosB+zcosy)cos b,
pcosy = z—(zcosa+ycos B+zcosy)cosy.
Substituting these values in (1), we have

. . o0
o —x =¢in6 (zcos B—ycosy)+ 2 sm2§[(mcos a+ycosfB+

zcosy)cosa—2z], (2)
and similar values for the changes in y and z,—a result which
follows at once from the equation (4), p. 66, by taking 8.7 of
Loth sides, ¢ being a unit vector in the direction of the axis
of 2.

If the angular rotation 6 is very small, we have
32 = (¢cos B—y cosy) 9,
3y = (wcosy—zcosa)db,
%z = (y cosa—azcos B) 30,
and if the components of the rotation 36 along the axes be
denoted by 36,, 86,, 36,, these equations give

0o =2030,—y30,
3y = @d6,—230_ ;. (3)
3z = y30,—ad0,
Of course these equations can be obtained very simply by con-
sidering the separate changes in the co-ordinates produced by
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successive rotations 86;, 86,, 80, round the axes of @, 7, 2, re-
spectively. (See Routh’s Rigid Dynamics.)

If the components of the motion of translation common to
all points in the body be 34, 86, 3¢, the complete changes in the
co-ordinates for a small displacement will be

0z = da+200,—y30,
3y =86+ x50,—236, ;. (4)
0z =208c+yd0,—2d0,

267.] Deduction of the Six Equations of Equilibrium.
Replacing the virtual work of each force in equation (1) of
Art. 260 Dy the virtual work of its three components, the
general equation of virtual work becomes

S (Xow+ Yoy+2Zéz) = 0, (1)
and substituting in this equation the values of dz, dy, and 3z
given by (4), we have

3a.3X+086.2Y+0dc.2Z+80,.2 (Zy—1z)
+860,.2(Xz—Zx)+080;. Z(Yz—Xy) = 0. (2)

Now, the displacement being quite arbitrary, its components
da, 86, ¢, 806,, 86,, 30, are completely independent. Hence
in (2) we may consider all of them zero except one, and the
equation then gives the coefficient of this one equal to zero.
Thus (2) involves the six equations

2X=0, Y=0, 2Z7=0,

S(Zy—-Y2)=0, E(Xe—Zz)=0, Z(Yz—Xy)=0,
which are the equations of equilibrium before obtained (see
p- 47).

268.] Method of Lagrange. Lagrange based the whole of
Dynamics—alike its applications to the equilibrium and motion
of rigid bodies, of inextensible and extensible strings, of elastic
rods and membranes, of fluids, and of elastic media propagating
disturbances by undulatory motions—on the single Principle
of Virtual Work. So far as the equilibrium problem is con-
cerned, in its reference to any of the material systems just
named, the idea of the method is shortly this—

Imagine the system to have taken its position or configuration of
equilibrium ; then imagine any small derangement whatever of the
points, or infinitesimal elements, of the system ; calculate the total
quantity of work, both of the external forces applied to the system
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and of its internal forces (forces mutually emerted by neighbouring
parts of the system), and equate to zero this sum total of work.

Now the system whose equilibrium is proposed for investiga-
tion in any case may be one in which certain specified geo-
metrical conditions have to be satisfied—as, for instance, a system
of particles connected by inextensible flexible strings or inex-
tensible and inflexible rods—and, as has been abundantly illus-
trated in the earlier parts of this work, we may either respect
the imposed geometrical conditions (as it is often convenient to
do when we merely seek for positions of equilibrium), or we may
imagine a derangement of the parts of the system in which no
regard is paid to these imposed conditions. But if we do the
latter, it is at the expense of introducing into our equation of
Virtual Work the work which would be done by an internal
force whose existence is a mnecessary consequence of the par-
ticular geometrical condition under consideration. The im-
position of every geometrical condition in a system establishes
the existence of an internal force in the system ; and the
examples hitherto treated have related to the simpler cases in
which such forces are due to the invariability of distances
between particles or the restriction of the positions of particles
to smooth surfaces.

We now proceed to consider, after the manner of Lagrange,
the theory of all imposed geometrical conditions for a system
of particles in a general manner.

269.] Equations of Condition may be replaced by Forces.
Suppose a system of % particles whose co-ordinates are connected
by # equations of condition,

Li=0, L,=0,..1L,=0, (1)
each of these equations being of the form
f(zl 1 Y15 %1 @25 Y2y B2 oo By Yns zn) =0,

that is, involving the co-ordinates of all the points in general.
Then the equation of virtual work for the position of equilibrium
of the system is

3 (Xdz+ Yoy +282) = o,
which, when written at full length, is
X ¥y + Y13+ 2821+ oo + X032, + Y89+ Zp02, = 0. (2)
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Now if the virtual displacements of the particles were all in-
dependent, this equation would involve the vanishing of the
coefficient of each displacement (see Art. 267); but the displace-
ments of the particles must be such as still to satisfy the equa-
tions (1). Hence the quantities 3, &c., are connected by the %
equations

ar ar ar

dz, dy, dz
yiby, ALy, dT,

d . =0, +d“62,,_0,
aL,,  dL,. . dL,..
%;Bw1+2§;8y1+—a?6zl+

ey L, sz }
d oz, +o G ——= 0%, t 6

oz, + 18y, + ‘6z1+ \

lb"+

(3)

ar, dL,‘ dr
dm, 0¥ g 0t g,
ar, de de

Solving these # equatlons for any % of the displacements—-
suppose 8, 84y, ... dz;—and substituting their values in (2),
we obtain an equation connecting the remaining 32 — 4 displace-
ments of the form

"le

-+

Ay d2, 4.+ 4,02,

+ B3y, + ...+ B3y,
+Cd2,+...+C3z, = 0. (4)
Now, the remaining quantities, 3x,,,, &c., are completely
independent, and therefore (see Art. 267) every coefficient in
this equation must = 0. Thus, we obtain 3#z—% equations
involving the forces, that is, statical equations of condition.
Combining these statical equations with the equations of con-
nexion (1), we have finally 32 equations for the 3# co-ordinates
of the particles. The elimination of the displacements from the
equations, can, however, be exhibited in a more symmetrical and

useful form.

Multiply the left sides of the equations (3) by A,, Agy oA in
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order, these multipliers being undetermined quantities ; then add
all the results together, and finally equate to zero the coefficient
of every displacement in the resulting equation. Thus we shall
have the following 37 equations :—

THE PRINCIPLE OF VIRTUAL WORK.

ar, olL2 dL, \

Xl"')‘ljw—'*' d +.. 'H"d =0,

Y, +A dL1+A2ZL+ +A,“-Z!ﬁ‘=0,
1dy, dy, dy, >. (5)
(ZLI dL2 drL,

Zy+ Ay 12z, +2, 2 2z, +. A, Iz, =0,

If from these equations we eliminate the # undetermined
multipliers, we shall have 32 —#% statical equations of condition,
as before; and we see, as an essential characteristic of the
Lagrangian method, that t4e variations of the co-ordinates of all
the particles of the system may be treated as independent quantities
after we have taken the variations of the left-hand sides of all the
equations of condition, multiplied each of these by an arbitrary
multiplier, and included the products in one equation of Virtual
Wortk.

Now, this method of elimination has the advantage of dis-
covering the geometrical forces, or forces arising from the con-
nexions, of the system. For, suppose that we suppress the
condition L, = 0 ; then the system will begin to move; but it
may be kept at rest by applying a special force to each
particle.

Let the components of the force applied to =, be X/, ¥/, %/,
those of the force applied to 7,, X', ¥/, Z,/, and so on for all
the others. The equations of equilibrium of 7, will then be

ar ar,

X, + X+, 2, —24 L+, ¥ o, =0,
11;2 dL

Ni+4+2 2 g, +A,,d =0,

Z +Z’+A2‘;I’2+ e dL =0,

* dz,

similar equations holding for the other partlcles.
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Subtracting the left side each of these from that of the cor-
responding equation in (5), we have

x(en B,
"
z/ AI‘Z’

Hence X/ : Y/ :Z/= (Zlﬁl cflfl Zfl

and VX 4 Y2472 =) /\/(EZI}) + 1) ( )

If, now, all the co-ordinates involved in the equatlon ]}l =0
are considered constant except ,, ;, and 2,, this equation will
denote a surface on which the particle m; is constrained to lie,
and dr, arL, dI,

each divided by /\/ ((M ( dy (d 2 )

will be the dlrectlon-cosmes of the normal to this surface at
the point (2, 7;, ). It is evident, therefore, that the force
required to keep the particle m; at rest, when the condition
L, = 0 is suppressed, is a force acting normally to this surface,
its magnitude being

wa/ G2+ Gy OBy

In the same way the force required to keep m, at rest acts
normally to the surface denoted by L, = 0 when #,, ¥,, 2, are
considered as the only variable co-ordinates in the equation, and
the magnitude of this force is

dL ad L2
Al/\/( 1) +(dy;) + (dz:

If the condition Z, = 0 were suppressed, it follows in like
manner that forces

wn/ o)+ G0+ (G b
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should be applied to the particles m,, &c., in directions normal
to the surfaces represented by the equation Z, = 0 when the
sole variables in it are the co-ordinates of 7,, &c., in succession.
It is easy to see that

)\1( <! awl d? St 2 azl)
is equal to F(cos a. 6wl+cos B. 8y1+cos y.82),
where F, is the force of connexion acting on 7, in virtue of the
condition Z, = 0, and a, 8, y the direction angles of the normal
to the surface denoted by L, = 0 when the co-ordinates of 1,
are regarded as the only variables in it.

Now, the multiplier of F; in this expression is evidently the
projection of the displacement of 7, along the normal to this
surface. If this projection be denoted by d#, 2 being the
length of the normal at the position of 7, measured from some
fixed point on the normal, we have

A\3L = F3n,
in which the variation of Z, has reference solely to the par-
ticle 7,

The right-hand side of this equation at once identifies the
term A;5Z, with the virtual work of an internal force, since
F,dn is explicitly such; and this force acts along the direction
in which the function I, varies most rapidly (i.e. the normal
to the surface denoted by the equation Z; = 0).

Hence Lagrange habitually speaks of such a term as A3 Z in
the equation of virtual work as ¢ the virtual moment of a force
tending to vary the function Z.

ExamrrESs,

1. A number of heavy particles are attached at given intervals to a
weightless string the extremities of which are fixed ; investigate the
circumstances of equilibrium (Funicular Polygon).

Let (a, b) be the co-ordinates of one of the fixed extrem1t1es, (AR
(2,5 ¥5),... the co-ordinates of the particles taken in order from this
extremlty, 4515 lygy ... the lengths of the portions of the string between
these points, and W W,,... the weights of the particles.

Then the equations of ‘connexion of the system are

(“_a’l)"i'(b"'?/x) =1
(2 "'“’z)""(yl—%) =1, &



269.] EXAMPLES, 111

Hence the Lagrangian equation of virtual work is
Wlayl + W23y2 +... —Al {(a—w1)8m1+ (b_?/l) 6:’/1}
+ Ay { (2, —2,) (82, — 0,) + (1, — ) By, — 8) } + ... = 0.
Equating to zero the coefficients of the several displacements,
A (@—2y) =Xy (2 —2y) = 0,
Ay (o0, — @) — Ay (2, —25) = 0,

Wi— N0—y) + A (y,—3,) =0,
W= (%, —¥2) + A5 (¥, — ¥5) = O.

The first set of these equations evidently gives
A(a—=) = A\ (2, —2,) = Ay (2, —2,) = ... = T, suppose,
and by substituting in the remaining set,
b= _vn—9 W
a—wx, x—x, T’
=Y, =y2—ya+Kz.
x,—x, wx,—xg T

b—y, . o .
But -— 21 ig the tangent of the inclination of the portion 7, of the
1

string to the horizon. Hence we have -
tan 6, = tan 6,4+ 1?_177,,
tan 6, = tan 6,,+ %,

as in Art. 35. Also the tension of the string joining (@, ) to (x,, #,) is

A .
l—’acting from the first point towards the second, and so on for the

other tensions.

2. Deduce by the method of Lagrange the conditions of equilibrium
of a system of three particles forming a rigid triangle, each particle
being acted on by given forces.

Let (x,, ,, 2,) be the co-ordinates of one particle, and (X,, ¥,, Z,)
the components of the force acting on it, with similar notation for the
other two particles. Then, if Z,, I, 4, denote the sides of the
triangle, the equations of connexion are

(=) + (4 —9) + (5 —2)" = by
(@ —2)* 4+ (1, —¥s)* + (2 —2)" = L’y
(=2, + (s — %) + (B—2) = Iy’
Hence the Lagrangian equation of equilibrium is
X3z, + Y3y, + 2,32 + ..+ A {(y— ) 3, —322,) )
-+ (yl—y,)(6y1—5y5)+(z‘—z,)(ﬁzl—bz,)} +...=0,
the undetermined multipliers being Ay, Agy, and Ay, |

-
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Equating to zero the coefficients of the displacements, we have

X+ Ay (2, —23) = Agy (w5 —2,) = 0, (1)
Y, +)‘19(3/1—y2)_)‘31(3/s"?/1) =0, (2)
Zy+ Ay, (3—2)— Ay (7—2) =0, (3)

with similar equations for the other particles.
By addition, we have at once
X, +X,+X;,=0,0r 3X =0,
Y,+Y,+Y,=0,0or 2Y =0,
Z.+Z,+2Z,=0,0r TZ=0,
which are the ordinary equations of translation,
Agpin, multiplying (1) by ¥, and (2) by %,, and subtracting,
Yy, — Xy — Mg (2% — 91%0) — Ay (%95 — 3h%5) = 0,
and by taking the similar equations for the other particles, and

adding, we get Z(Yz—Xy) = 0.
Similarly, 2(Xz—Zz) = 0,
and 3(Zy—Yz) = 0.

These last three are the equations of moments, and they constitute,
with the first three, six equations of equilibrium. Now these are all
the conditions that can be obtained among the forces and co-ordinates.
For if n particles be connected by % equations of condition, there are
(Art. 269), 3n—F final equations. But here n = 3, & = 3, therefore
3n—%k= 6. Itis to be observed that the equations of equilibrium of
any rigid body must be the same in number as those for three
particles forming a rigid triangle, because if three points of a rigid
body are determined in position, the position of the body is deter-
mined

3. Show that the equations of equilibrium of a system subject to
given conditions may be expressed as the vanishing of the differential
coefficients of a single function of the co-ordinates of the system.

Suppose that

(X do, + Y, dy, + Z,dz) + (X, de, + Y, dy, +Z,dz) + ...,
or =(Xdx+ Ydy+Zdz), =—dII where II is a function of the co-
ordinates @,, ¥;, 2, %s Yo, %,--- Lhen taking
U=—-MIO+NL+NLi+ ...,
where Z, = 0, L, = 0,... are the equations of condition, we shall have

av _ dL, . dL, . . d\ . . dA,
ZZ=X‘+AIEZ+A2E+"'+L‘E+L’E
But since the co-ordinates make L, = L, = ... = 0,
au aL drz,
EEX1+'\‘T¢:1+A’553+""
and comparing with equations (5), we see that the equations of equi-
librium are dU_o ar_, au 0 alv _
=V, oo —= 2V —"'—0,&(3.

do,~ dm, g At
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270.] Distinctive Feature of the Lagrangian Method. If
the first method of eliminating the displacements described in
the last article is adopted, we arrive at an equation such as (4)
of that Article, from which the conditions of equilibrium are
obtained by equating to zero the coefficients of the displace-
ments. But in proceeding thus, we fail to obtain the values of
the internal and geometrical forces of the system. Now these
forces are, as we have seen, intimately related to the undeter-
mined multipliers; and as these latter are found from the
Lagrangian equations, it follows that—

T%he method of Lagramge gives not only the conditions of equi-
librium, but also the internal forces of the system.

A single very elementary example will suffice to render this clear.

Two heavy particles of weights W, and W, are connected by a rigid
rod, and each particle rests on a smooth inclined plane. The incli-
nations of the planes are ¢, and 7, and their intersection is horizontal;
find the position of equilibrium and the internal and geometrical
forces.

Let the line of intersection of the planes be taken as axis of z, let
the axis of y be vertical and that of » horizontal. Also let (, ¥, 2,)
(%, ¥, #,) be the co-ordinates of the particles, and I the length of the
rod connecting them. Then the equations of connexion are

Y, —, tan i, = 0,
Yy +x,tan i, = 0,
(@ =2, + (51— .)*+ (5, —2,)* = 1%
Hence the Lagrangian equation of equilibrium is
—W,0y,— W,0y,+ A, (dy,—tan 3, dx,) + A, (dy, + tan 4, . dix,)

+ {0y — 2,) (3, — 3 2,) + (3, — ,) (39, — 39,) + (71— 2,)(82,—02,)} =0,
Ay Ay, and 7 being the undetermired multipliers.
Equating to zero the coefficients of the separate displacements, _

— Wi+ A+7(y—y) = 0,
— Wt A —1(n—3) =0,
A tand, —7(z,—2,) = 0,
A, tan ¢, — 7 (o, — ;) = 0,
T(%—=z,) = 0.

From the last equation we have 2,—z, = 0, which shows that both
particles must lie in a vertical plane perpendicular to the line of inter-
section of the inclined planes.

VOL. IL, I
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If 6 be the inclination of the line joining the particles to the
horizon, the other equations give
(W,+ W,)tan 0 = W, cotz,— W, cot ¢,,
_ W sing,
™= o8 (5,—6)

__ W, cos0 cosi,

1T Teos(5,—0)
_ W,cos0cosi,

2™ cos(i+6)

The reader will easily perceive that 71 is the tension of the rod,
and A, sec?, and A, sec?, the reactions of the smooth planes. Thus we
have the same values of the inclination of the rod and of the internal
forces as we should have obtained by the ordinary statical methods.

Now suppose that the equation of virtual work is employed ac-
cording to the first method ; that is, let us write

W, oy, + W26y2 =0,
Oy, —tani, .0z, = 0,
dy,+tani,.dz, = 0,

(a2, —2,) (3, —d,) + (9, —¥,) 0y, —0y,) +(2,—2,) (3% —82) =0,
and eliminate the displacements without employing undetermined
multipliers, Then we obtain simply the equations

23—z, =0,
(W, + W,)tan 0 = W, coti,— W, cot 7,

which define the position of equilibrium, without giving the values of
the unknown forces of the system.

271.] Work. If a force, R, acts at a point (2, 7, ) which,
from any cause, receives a small displacement whose projections
on the axes of co-ordinates are da, dy, dz, and if the components
of R are X, Y, Z, the work actually done by the force is

Xda+ Ydy+ Zdz. (1)

If a force P which is constant both in magnitude and line of
action acts at a point, 4, which from any cause is displaced
through any distance, 4B, along the line of action and in the
sense of P, the whole amount of work done by the foree is

PxAdB;
and if the displacement takes place in the sense opposite to that
of P, the work done by P is —P x AB.

If the force P is constant in magnitude and direction (but not
line of action) while its point, 4, of application is displaced along
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any curve, 4B (Fig. 254), the work done by the force (which is
the integral of all the elements of work done during the
passage) is

P x projection of 4B along the direction of 2.

As an instance, take the case of a heavy body of weight #~
whose centre of gravity occupies the point A4 initially. If the
body is displaced along any curve or surface whatever, so that its
centre of gravity finally occupies the position B, the work done
by W is Wxh,
where / is the excess of the height of 4 over that of B ; so that
W does positive work if B is below 4, negative work if B is
above 4, and no work if 4 and B are at the same horizontal
level. Similarly in Fig. 254, the working force being constant
in magnitude and direction, if 4D is perpendicular to P, no
work is done on the whole in the passage from 4 to D.

If the working force, 2, is constant in magnitude and variable
in direction, while its point of applica-
tion is at each instant moving along the
line of action of 2, the work done by P
from one point 4 to another B is the pro-
duct P.s, where ¢ is the whole length of B
the path of the point of application be-
tween 4 and B. For instance, a constant
pressure, P, exerted on the arm of a
capstan.,

If the working force varies both in magnitude and in direction
while its point of application deseribes any path between a point
4 and a point B, the total work must be obtained by taking the
elementary work done by the force for a very small displacement
of its point of application, and integrating this. We may at
each point resolve the force into three components, so that the
element of work is expressed by (1), and the total work done
between 4 and B is

fB * (Xdw + Yy + 2iz), 2)

the suffixes indicating the points between which the work is
done.
The work done by & force whose point of application is dis-
placed from any one position, 4, to any other B, is often very
' 12

A P
Fig. a54.
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usefully represented graphically by means of a Work Diagram.
If in any position P is the magnitude of the force, and dp the
projection of the displacement of its point of application along
the direction of P, the element of work is

P.dp,

and the whole work is the integral of this. Hence if we take
two rectangular axes, Oz and Op, and lay off, successively, along
Oz the values of dp as they occur in the working of the force
between 4 and B; and if perpendicularly to each of these
elements we draw the corresponding value of P (as an ordinate),
the extremities of
these ordinates will
trace out a curve
whose area will repre-
sent the work done.
Thus, in Fig. 255,if R
is the magnitude of
the working force at
4, P, its magnitude
M, MN M, at B, while P is its

Fig. 255. magnitude at any in-
termediate point, @, we may take any point, J,, on Oz at which
to draw the ordinate P, and the distance M, M will be the sum
of the values of the projections, such as Qg, of the elements, QR,
of arc along the corresponding directions of Z between 4 and .
We may, of course, choose the small arcs QR, ... of such lengths
that the elements, MV, ... are all equal, i.e. dp may be taken as
a constant element.

A
The expression f Pdp for the work done between 4 and B
JB

becomes then the area M, 8,8, M,,

properly translated from square centimdtres (suppose) into
kilogramme-métres, according to the scale of length on which
force magnitude is represented in drawing the ordinates M, and
(generally) the diminished scale on which the projections Qg are
represented by the elements J/V.

If C.G.8. units are adopted, the unit of work is that done by
a dyne in displacing its point of application through one cen-
timatre in its own direction. This unit of work is called an erg.
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ExXAMPLES.

1. If one end of an elastic string is fixed while the other is drawn
out through a given distance, find the work done by its tension, and
the work diagram.

If 7, is the natural length of the string, A its modulus of elasticity,
and [ any stretched length which is productive of a tension 7', we have
i1,

I,
work equal to —7'dl; therefore disregarding the sign of the work,
we may represent it by drawing the values of 1—7, along Ox, so that
OM is proportional to I—1 ; then at M we are to draw an ordinate,
M8, proportional to 7', and therefore proportional to OM. The locus
of S 1s obviously a right line passing through O, and the work done
by the tension for any amount of extension is represented by the area
of a trapezium, affected with a negative sign.

The amount of work done by the tension in an extension from a
length 7, to a length /, is

T =\ For a small increment of length, dI, the tension does

A
T2l

2. Another simple example of a work diagram is furnished by a
gas enclosed in a cylinder fitted with a gas-tight piston, the gas
expanding or contracting at a constant temperature.

In this case let us calculate the work done by the total pressure
on the piston in the expansion of the gas by a given amount.

If P is the force exerted on the piston, and x, the distance of the
piston, in any position, from the closed end of the cylinder, the law
of Boyle and Mariotte gives

Px = constant = P,x,,

where P, is the pressure in the first position and x, the distance of
this position from the closed end.

The values of x being laid off along Ox, the extremities of the
ordinates will trace out a rectangular hyperbola, and the area in-
cluded between any portion of this curve, the ordinates at its
extremities, and the axis of », represents the work done by the
pressure. The work done by the pressure from «, to « is

2 _._2)‘
(lz_lo —11‘lo

@
P x, log%—.
1

3. In general, if a gas expands from a volume v, to a volume v,,
and if p is its intensity of pressure (or pressure per unit area), the
work done by the gas against external resistance is

ﬁ; " pdv. (@)

For, if at any time the gas is enclosed within a surface .S, whose
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element of area at any point is d.§, the amount of pressure on this
element is pdS; and if in a small expansion the element d.§ is driven
out along the normal through a distance dnm, the work done by the
pressure on d.S is pdS.dn; therefore for the small .expansion of the
whole volume enclosed by § the sum of the works done by the
pressures on all its elements dS is (since p is constant throughout
the gas), p/dSdn; but fdSdn is the increase of volume of the
whole gas for the small expansion considered, that is, dv; hence
the work for this expansion is pdw, and therefore in the change from
volume v, to volume v,—the intensity of pressure, p, of course con-
tinuously varying—the work done is given by (a).

For example, if the gas changes adiabatically—i. e. so that no keat
is conducted either into or out of it, while its temperature and
intensity of pressure both vary—the relation between p and v is

pv* = constant, %)
where % is about 1°408. In this case the curve whose abscissae and
ordinates are the varying values of » and p is asymptotic to both
axes—like the rectangular hyperbola

pv = constant, (¢)
which represents the relation between p and v when the expansion
is unaccompanied by change of temperature—but it approaches the
axis of volumes more rap:dly than the hyperbola.

The curves obtained by varying

, the constant in (b) are called adia-
B batics, while those given by (c) are
called <sothermals. Thus, let A4 be
a point whose co-ordinates Oa and
ad are v, and p,, respectively ; then
the curve whose equation is

pF=pof
is AB, while the curve (rectangular
hyperbola) whose equation is

o =p7
Fig. 256 is AD. The co-ordinates of the points
1g. 250. on 4B between 4 and B represent the
states of the gas as to volume and intensity of pressure in the adia-
batic transformation from state 4 to state B.

A gas contained in a cylinder with a gas-tight piston can be
f.ransformed adiabatically and isothermally, successively, to any extent
in the following manner. Suppose the base of the cylinder to be
made of thin polished copper or silver. (Theoretically this base is
to have perfect thermal conductivity, i.e. any heat applied to the
outside is instantly transmitted to the inside, any difference of tem-
perature between the outer and the inner surfaces of the base being at
once annulled. Thin polished silver or copper will be an approxi-
mation. With such a base we are to imagine heat as flowing with no
resistance into or out of the cylinder.)

Q
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Let the piston and all the rest of the cylinder be made of an
infinitely bad thermal conductor, so that no heat can enter or leave
the cylinder anywhere except through the base.

To produce adiabatic tramsformation. Place the cylinder with
its base on a slab which is an infinitely bad thermal conductor, and
do work on the gas by pressing down the piston. No heat can get
into the cylinder by conduction from without, and none can leave it.
Moreover, of the work thus done by the piston on the gas a portion
goes to increase the energy of motion of its molecules, and the re-
mainder is used in doing work against the (repulsive) forces existing
between these molecules. From an experiment of Joule’s, however, it
appears that these molecular forces are non-existent ; and subsequent
experiments by Joule and Thomson show that, though this is not
perfectly true for all gases, it is so nearly true, that the work
absorbed in overcoming these molecular forces may be quite neg-
lected.

The result, then, is that the work done on the gas goes wholly to
increase its heat, and therefore its temperature. [Observe, this is
not a contradiction of our supposition that no heat is communicated
to it by conduction from any external source.)

If, instead of compression by means of the piston, the gas is allowed
to expand and drive the piston before it, its temperature falls in
an adiabatic transformation.

To produce isothermal transformation. Place the cylinder with
its base on a very large reservoir of heat—so large that the volume
of the gas is negligible in comparison—and let the temperature of
the heat in the reservoir be the same as that of the heat of the gas.
Allow the piston to be driven by the gas. The effect of even the
smallest expansion would be a lowering of the temperature inside
the cylinder, but as the base is an infinitely good conductor, the
inequality of temperature inside and outside is instantly annulled
by a flow inwards of heat from the reservoir, the temperature of
which (on account of its capacity) suffers no sensible diminution.
Thus the temperature inside the cylinder remains constant all
through the expansion.

The piston might also be pressed down so as to compress the gas,
the instantaneous effect being a rise of temperature, which is instantly
annulled by the flow of heat from the gas into the reservoir.

The theoretical processes here described are those which are
postulated in the working of Carnot’s Engine, the theory of which
is fundamental in Thermodynamics (see Clerk Maxwell's Zheory of
Heat, or almost any work on Physics).

Starting with the state represented in Fig. 256 by the point 4, let
the following cycle of operations occur :—adiabatic compression re-
presented by the adiabatic 4B, until state B is reached ; isothermal
expansion represented by BC, the gas receiving heat at constant
temperature, and doing external work by driving the piston before
it, until state C is reached; adiabatic expansion represented by CD,
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the gas driving out the piston and doing external work, while its
temperature falls and it receives no heat, until the temperature
which it had originally (at 4) is reached; finally, isothermal com-
pression. represented by DA, the piston being forcibly driven down
until the original state (4) is reached.

It is required to calculate the whole amount of positive work done
by the gas. This work is obviously the areal sum

— AabB + BCcb + CDdc— DdaA,
where a, b, ¢, d are the feet of the ordinates of 4, B, C, D. Let the
equation of -
AD be py=m; BCbepv=m';
AB be pv* =n; CD be pv* =2/,
n

Then the area 4dabB = lc——_-l(va"‘l— ’F)’ where v, and v, are the

abscissae of 4 and B. But ¢/"1 = :,:-—,, and v* 1= ?%; therefore this
4

area = @k—?, which value is also that of CDdc. Hence the ex-

ternal work done by the gas is

n’

n ?

and this is also, of course, the area of the figure ABCD included

between the two isothermals and the two adiabatics.

—m
k'—'l loge

272.] Static Energy, or Potential Work of a Force System.
If the point of application of a force whose components are
X, ¥, Z occupies at any instant a position which we may denote
by (2), and if (p,) denotes any other position which it might
occupy, the amount, IT, of work which the force can do in
the displacement from () to (z,) is given by the equation

(po)
n_-:/)" (Xdo+ Ydy + 7dz). 1)
.

The amount of work whick the force can do from the present
position (p) to the supposed position (p,) is called the Potential
Work of the force.

In the same way, if any number of forces act on any system of
particles, m,, m,, ..., and if the present system of positions of
these particles, or their present configuration, is denoted by (),
while another configuration, or system of positions which they
might occupy, is denoted by (z,), the whole amount of work
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which the forces can do in the motion from the present to the
contemplated position is given by the equation

(pv)
m= zf( * (Xdo+ Yy + 2dz), ()
p)

where = denotes a summation of the works done on all the
particles. The configuration denoted by (p,) may be taken
arbitrarily. We shall speak of it as tke configuration of reference.
Here, as before, I1 is the potential work of the forces of the
syslem,

Defining the term Energy to mean capacity for doing work, we
may speak of the Potential Work of a force system as its Static
Energy®.

If the particles do not form a rigid body, but can alter their
relative distances; and if, moreover, they exert on each other
forces, either of attraction or of repulsion, the work done by the
internal forces in the change of configuration must, of course,
be included in the Static Energy of the system; so that if IT;
and IT, are the potential works of its internal and external forces,
respectively, the total Static Energy of the system is

IT, + 11,

Any material system—whether it consists of particles at finite
distances from each other, each acted upon by some external
force and also by attractions from neighbouring particles, or
particles at infinitesimal distances (as in the case of a bent spring,
a membrane, or an elastic string)—may occupy several different
configurations successively and finally return to its original
configuration (p). If when it does return to its original con-
figuration, the Static Energy of its force-system (internal and
external forces included) returns also to its original value, the
system is said to be Conservative. The consideration of such a
system is of the greatest importance.

Any material system will be conservative when for any small
derangement of the particles the work done by the external forces is
the differential of a single-valued function of the co-ordinates of the
particles, and the internal forces are functions only of the mutual
distances of the particles, and are directed in the lines joining them.

* It is usually spoken of as ¢ Potential Energy '—an illogical term which, as
has been pointed out by an able writer, expresses ‘a double remotion from
actuality.’
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For if the co-ordinates of the particles are (2, 7,, 2,), &c., and
the external forces (X;, 1], Z;), &c., the work of the external
forces for any small derangement is

Xy de,+ Y, dy,+ 7, dzy + X, dwg+ Yy dy, + Z,d2, + ...,
and if this = d¢ (2, 7,, 21, %2, V3 23,-..), the Static Energy of
these forces is ¢y—¢, where ¢, is the value of ¢ when the
co-ordinates of the configuration (p,) are substituted; and if
—it is

¢ is not a multiple-valued function—such as tan‘l";i—1

1
obvious that the Static Energy of the external forces must
always be the same whenever the system has the same con-
figuration.

Again, if the internal force between =, and m, is expressed as
S (r13), where r,, is the distance between them, and if it is
directed in the line joining them, the element of work of this
force is + f(ry,) . dry,, according as the force is repulsive or
attractive. Hence if f(r,).dr, = dy(r;,), the Static Energy
of the internal forces in any configuration is, by summation for

all the particles, +[Zy()o—2v ()],

which is manifestly the same whencver the configuration is the
same.

For example, an elastic rod bent and twisted in any way, but
not to such an extent as to alter sensibly its constants of
elasticity, will be an example of a conservative system, if, more-
over, the bending and twisting are not accompanied by heating.
The effect of such heating might be to alter its various elastic
constants, in such a manner that if it returns to its original
configuration, the amount of work required to produce a given
deformation either by bending or by twisting, would not be the
same as it was originally to produce exactly the same de-
formation.

If the deformation is produced slowly, the heating effect is
avoided, and the system is conservative.

By definition, if work, 7, is done by external agency on a
conservative system to change its configuration from ( z) to (7’),
the system will give back exactly the same amount, #, of work
against external resistance in returning from (7’) to ().

A simple example of a non-conservative system is furnished
by a heavy particle on a rough inclined plane of inclination s.
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To raise the particle through a given vertical height, %, by
an up-plane force an amount of work equal to w4 (14 ucot i)
must be expended; while if the particle is allowed to slide
down to its original position, it will give out enly the amount
wh (1 —p cots), and would give eut none if yu = or > tan i.

In all such cases—i.e. cases in which friction comes into
play—a part of the work expended on the system in changing
its configuration is transformed into heat, which is speedily lost
to the system ; and, in general, if any machine, or combination
of machines, transforms a portion of the work done on it into
heat, it cannot restore even so much of the work as has not
been thus transformed, i.e. it is non-conservative.

273.] Stability and Instability of Equilibrium. When a
rigid body, or any material non-rigid system, in equilibrium
under the action of given forces is slightly disturbed from its
position, it will not, in general, be in equilibrium in the new
position. Now the effect of all the forces in play in the new
position may be either to drive it back to the original position,
or to deviate it still further. In the former case the equilibrium
is stable, and in the latter wnstable.

As an example for the case of a rigid bedy, suppose a heavy
bar, 4B, moveable round a smooth horizontal axis fixed through
the end 4. If the red is placed in a vertical position, it will be
in equilibrium; but if the end B is vertically above 4, a slight
displacement will cause the rod to fall from this position ; while
if the end B is below 4, and the rod is slightly displaced, it will
return to its position of equilibrium.

As an example for a non-rigid system, take the case of an
indiarubber ring on an umbrella handle. If the substanee of the
ring is rotated round the circle formed by the centres of all its
normal sections through an angle which is constant all through
the ring, one configuration of equilibrium is obtained when this
angle of rotation is 7, i.e. when the ring is turned inside-out.
But this configuration is, of course, unstable, the slightest dis-
turbance causing the ring to return to its natural state. On the
other hand, the natural state of the ring on the handle is a
stable configuration of equilibrium.

274.] Universal Criterion of Stability and Instability. The
determination of the nature of the equilibrium of any system—
i.e. its stability or instability—is a question belonging to
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Kinetics. The conditions as regards constraints and connections
of parts of the system with each other will enable us to express.
any possible configuration of the system in terms of a certain
number of independent variables, ¢;, ¢, g5, ..., Which may be
described as ¢ co-ordinates’ of the system, by an extension of the
usual employment of this term. For example, suppose the system
to consist of two particles, B and C, which are connected by an
inextensible string, while another inextensible string, B4, is
attached to B, and the system is suspended vertically by fixing
the end 4 of the second string. In this case, supposing the
displacements to be confined to a given vertical plane, if we
imagine any configuration satisfying the conditions of the system,
i.e. one in which the distances 4B and BC are each constant,
such a configuration is obtained by deviating 4B from the
vertical through any angle, 6, and then deviating BC from the
vertical through any angle, ¢, these two angles being entirely
independent of each other. The configuration of the system,
then, depends on the two independent variables 6 and ¢, which
are its ‘co-ordinates.’

If the displacements of the particles are not confined to any
vertical plane, 4B can be deviated through an angle 6 {from the
vertical, and rotated (after the manner of a conical pendulum)
round the vertical through an angle ¢; and BC can be simi-
larly displaced through angles ¢ and ¢’; so that there are
Jour generalised co-ordinates (6, ¢, ¢, ¢') of this system in the
most general case of its displacement.

Such variables are usually called the generalised co-ordinates of
the system, and they determine the number of degrees of freedom
of the system—this being equal to the number of the generalised
co-ordinates.

The kinetical process which determines whether the equilibrium
of the system is stable or unstable consists in supposing each
of the generalised co-ordinates, ¢, to receive any small increment,
Ag, and then, from the equations of motion of the system,
expressing each A g as a function of the time. If the value of
Ag i8 a periodic function of the time, the magnitude of Ag will
oscillate between infinitely narrow limits, and the equilibrium of
the system will be stable; while if any of the displacements Ag
involves the time in a non-periodic form of the type ¢, this dis-
placement increases indefinitely, and the equilibrium is unstable.
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The result is this—If' for any possible small displacement of the
system from its configuration of equilibroum there would be positive
work done by the acting forces, both external and internal, the con-
figuration is unstable ; while if for every possilie small displacement
the sum total of the works of these forces is megative, the configura-
tion is stable ; in other words, the system will le in stable equi-
librium, if tie Static Energy of the system, i.e., the Potential
Work of s forces (internal and external) /s a minimum, and
wn unstable equilibrium if this potential work is a maximum.

This fundamental result we shall assume, referring the reader
for the proof to Lagrange’s Mécanique Analytique, 6th section
of the Dynamique, p. 320 ; to Thomson and Tait’'s Natural Phi-
losophy, Arts. 291, &c.; and to Laurent’s Traitd de Mécanique
Rationnelle, vol. ii. p. 222, where an extremely concise proof by
Dirichlet is given.

We shall revert to the proof of this principle in the next
Article.

275.] Work Coefficients. When the rectangular co-ordinates
(21, 915 #1), &e., of the points of application of the forees of the
system are all independent, since

—dll = X, de, + Y, dy, + Z,dz, + X, dw, + ..., (1)

we see that the differential coefficient of the Potential Work

(with sign changed) with respect to any co-ordinate is the corre-

sponding component of force. Thus — g—g =X,, &. But if the
1

co-ordinates are not all independent, but expressible in terms of

a number, %, of independent variables, ¢,, ¢,, ... ¢;,» this is no

longer true. Expressing the co-ordinates @;, 7;, #, ... in terms

of the ¢'s, equation (1) for the element of Potential Work assumes
the form
—all = Q,dgy + Qudgy + ... + Q,dg,, (2)

in which the coefficients @,, @,,... may be of the dimensions
either of force or of couple, according to the nature of the
generalised co-ordinates ¢;, ¢,,.... In all cases each term,
Q,4g,, in (2) is an elementary work, so that if ¢, is a lnear
co-ordinate, like #;, the coefficient @, will be of the dimension of
Jorce; but if ¢, is an angle, @, will be of the dimension of couple.

Take, for example, the case of two coplanar forces, P, and P,,
acting at the ends, 4 and B, of a line of constant length, a, and
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consider only displacements in the plane of the forces. The
generalised co-ordinates of the system may be taken as the
rectangular co-ordinates (2,y) of 4, and the angle, 6, which 4B
makes with the axis of . If (#/, ) are the co-ordinates of B,
we have &’ =@ +acos 0; ¥ = y+a sin 6, and, the components
of P, and P, being, respectively, (X,, ¥;) and (X,, ¥;), we have

—dll = (X, + X;) do+ (¥, + ¥,) dy +a (¥, cos 6 — X, sin 6) d,
in which the coefficients of dz and dy are of the dimensions of
force, while that of 26 is of the dimensions of couple.

The coefficients Q,, Q,, ... in (2) are sometimes spoken of as
¢ generalised components of force” This expression is very
objectionable on more grounds than one; but we fall into no
error if we describe them as Work Coefficients. Thus @, is the
¢,- rate at which the system does work if the other independent
variables, ¢,, ... ¢, are all kept constant and ¢, alone allowed to
vary ; and it does mot appear to be possible to specialise the
meanings of the @‘s any further—i.e. to give a rule applicable
to all cases for localising Q,, @,,... as forces or couples at
particular points or round particular axes in the system.

Since in a position of equilibrium I is zero for all possible
displacements, in such a position we must have

Q=0 @=0,..0 =0 (8)

Now the fundamental principle of last Article, that the Potential
Work of the system of forces, both internal and external, is
a minimum in a configuration of stable, and a maximum in a
configuration of unstable, equilibrium cannot be inferred from
the vanishing of all the first differential coefficients @,, @, ...
For, since IT is a fanction of several independent variables, £ in
number, there are #—1 additional independent conditions that
I1 should be either a maximum or a minimum.* In a particular
case, however, the truth of the principle can be seen without the
general kinetical investigation. This case is that in which the
material system has one degree of freedom, i.e. when its position

depends on a single variable, g. Here, since ‘gzl—; =0 in the

position of equilibrium, it follows that IT is, in general, either a
maximum or aminimum ; and it is easy to see that the maximum
belongs to instability. For, if the equilibrium is unstable, the

* Williamson's Diff. Cal., Note 2,
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system will require positive work to be done on it by an external
agent to resist the growth of the displacement dg; that is, the
forces (internal and external) of the system must during the
displacement be doing positive work—resisting the positive
work which the external agent is applying ; in other words, in
leaving the position of equilibrium, the Static Energy of the
given system is diminished. Clearly, then, the maximum value
of IT corresponds to instability.

276.] Maximum or Minimum height of the Centre of
Gravity. When gravity is the only external force, besides the
reactions of smooth fixed surfaces, acting on a material system,
and when for any change of its configuration its internal forces
(such as mutual reactions at the contacts of smooth parts) do no
work, the Potential Work of the forces is simply

W.z,
where # is the total weight of the system and z is the height of
its centre of gravity above any horizontal plane which is assumed
as the reference position (Art. 272) of the centre of gravity.

For, let w,, w,,... be the weights and #,, 2,, ... the heights of
the centres of gravity of the various separate bodies, or particles,
of the system. Then the virtual work of the system for any
small displacements is —w,dz; — wydzy,—wy dz, ... ; hence*

ATl = wydz, +wydz, + ... = W.d3,
o MM =Wz
the reference level being taken as that from which Z is measured.

Now the maximum value of IT will occur when z is greatest ;
hence when the centre of gravity of any system of bodies is in the
lowest position that it can occupy consistently with the geometrical
conditions of the system, that system s in a position of stable equili-
brium ; and when its centre of gravity is in the highest position, the
system 18 in a position of unstable equilibrium.

Unless the position of the system depends on asingle variable,
we cannot assert conversely that a position of equilibrium is one
in which the height of the centre of gravity is either a maximum
or a minimum.

If any bodies of the system rest on rougk curves or surfaces,

* This assumes that none of the geometrical forces required for a position of
equilibrium are infinite; for the term A3 L cannot be assumed to vanish, even
though 8L = 0, if A is infinite,
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the equation of virtual work will involve the reactions of these
curves or surfaces for displacements along them. Hence we
have no longer the equation #.82 = 0, and the principle of maxi-
mum or minimum height of the centre of gravity does not hold.

Even when the position depends on one variable, it may
happen that in a position of equilibrium the height of the centre
of gravity is neither a maximum nor a minimum. Take, for
example, the case of a heavy particle placed at a point of in-
flexion on a smooth curve in a vertical plane, the tangent at the
point being horizontal. The particle is evidently in equilibrium,
since for a small displacement P §z is zero, P being the weight
and z the height of the particle. But z is neither a maximum
nor a minimum, and the equilibrium, accordingly, is stable for
a small displacement along the upper part of the curve, and
unstable for a displacement along the lower part.

When the system has only one degree of freedom, the centre
of gravity describes, in all positions of the system compatibie
with the given conditions, a eurve which is sometimes very
easily found. In the position of equilibrium the centre of
gravity will be the point of contact of a horizontal tangent to
this curve, and in this manner we can most readily perceive the
nature of the equilibrium of the body.

When the system has more than one degree of freedom, it may
happen that its centre of gravity is constrained, in all displace-
ments compatible with the connexions, to describe a fixed
surface. In this case the position of equilibrium will be one
in whieh the tangent plane to this surface at the centre of
gravity is horizontal ; and if the surface lies entirely below the
tangent plane in the neighbourhood of the point of contact, the
equilibrium will be unstable, as in the case of a curve; if the
surface lies above the tangent plane, the equilibrium will be
stable ; and if the tangent plane intersects the surface in a real
curve in the neighbourhood of contact, the equilibrium will be
stable for some displacements and unstable for others.

277.] Continuous Equilibrium. If in all positions of the
system, compatible with the geometrical conditions, the statical

equation dll=0

is satisfied, every position is one of equilibrium. Writing down
this equation in all positions and adding, the left sides of the
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equations thus obtained is evidently the same thing as integrating
it. Hence if all positions of the system are positions of equili-
brium, the applied forces must satisfy the equation

IT = constant.

In the particular case of a heavy system under the action of
gravity alone, IT is /.7 ; therefore if a system be continuously
in equilibrium under the action of gravity, the centre of gravity
of the system for all displacements compatible with the condi-
tions moves in a fixed horizontal plane, or, in other words,
maintains a constant height.

ExXAMPLES.

1. A heavy beam, 4B (Fig. 121, Art. 104), rests on two smooth in-
clined planes; find the nature of its equilibrium.

Tt is very easy to prove that if the right line 4B moves between
two fixed right lines, 04 and OB, the given point @ on 4B describes
an ellipse whose equation with reference to 04 and OB as axes of x
and y is o w2y s
7 +2:1-5 cos(a+B)+ ok 1.

The centre of this ellipse is the point 0. In the position of equi-
librium @ is the point of contact of a horizontal tangent to this
ellipse. Now two such tangents can be drawn, one above the inter-
section of the inclined planes and the other below it. There are,
therefore, two positions of equilibrium; that with which we were
concerned in the example of Art. 104 is obviously the position in
which @ is at a maximum height, and it is, therefore, unstable; the
other requires the planes to be prolonged below their line of inter-
section, and as it also requires the reactions of the planes to assume
impossible directions, it is physically impossible. It would, however,
be possible if the planes were replaced by smooth fixed rods to which
the extremities of the beam are attuched by rings. The second
position of equilibrium would then be stable.

The impossibility in a certain case of any position of equilibrium,
except one of continuous contact with either plane, which has been
signalized in Art. 104, is now easily explained. It occurs when the
point of contact of the horizontal tangent to the ellipse locus of & falls
underneath the plane (a) or the plane (3), so that it is not a possible
position of G.

The problem may be solved by a purely analytical methed. If 2 is
the height of the centre of gravity of the beam, it will be easily found
that in the position of equilibrium

&'z gin a sin B cos 0 . .
T =-—(a-l_b)si————n—@+—m{(a+b) +(acota—bf:otﬁ) }

YOL. II, K
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2. Two given points of a body rest in contact with two smooth
inclined planes; show that the equilibrium of the body is unstable.

We know that if two vertices of a given triangle move along two
fixed right lines, the locus of the third vertex is an ellipse whose
centre is the intersection of the given lines.

Hence, if we consider a given triangle in the body to be formed by
the centre of gravity and the two points which are in contact with the
planes, we see that the locus of the centre of gravity is an ellipse
whose centre is at the intersection of the inclined planes. Now in the
position of equilibrium the centre of gravity is the point of contact
of a horizontal tangent to this ellipse. Hence the only possible
position of equilibrium is one in which the height of the centre of
gravity is a maximum ; therefore the equilibrium is unstable ; and if,
as explained in the last Example, the point of contact of the tangent
falls underneath either plane, the only position of equilibrium of the
body is one of continuous contact with one of the planes. The student
will find several particular examples of this problem in Walton’s
Mechanical Problems (pp. 164, &c.), where the solutions are analytical.

3. A heavy body has two plane surfaces, CP and CQ (Fig. 257),

which rest against two smooth fixed pegs, P and @, the line PQ

making an angle with the horizon;

show that the positions of equilibrium

are determined by drawing horizoutal
tangents to a Limagon.

The centre of gravity and the pegs

must lie in one vertical plane, which

P is that of the figure. Since P and @

are fixed points and the angle at C

between the plane faces is constant,

the circle described round the triangle

PCQ is fixed in space. Again, let G

¢ be the centre of gravity of the body.

Fig. 257. Then since CG and CP are lines fixed
in the body, the angle GCP is given;
and if CG meet the circle in O, the point O is fixed in space; also
the distance CG is given.

Hence in all positions of the body—i.e. in all positions of C' on the
circle—the centre of gravity is found by drawing the line OC from
O to the circumference of the circle, and taking a constant length, C@Q,
on this line. The curve deduced in this way from a circle is a
Limagon, which is, therefore, the locus of the centre of gravity.

A particular example has been already discussed in p. 149, Vol. L.

4. A heavy plane body of any shape is suspended from a smooth
peg, fixed in a vertical wall, by means of a string of given length, the
extremities of which are attached to two fixed points in the body.
Determine the nature of the equilibrium.

This problem, so far as the positions of equilibrium are concerned,
has been already discussed (Ex. 11, p. 152, Vol. I). We propose here
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to show that there are two positions of stable and one position of
unstable equilibrium. In the figure of the Example referred to, the
point of contact of GP; with the evolute is between G and Pg; the
point of contact of GP, is between G and P, ; and the point of contact
of GP, is on P,@ produced. Now it is easy to see that GP, is a line
of maximum length drawn from @ to the ellipse. For, let @ be a
point on the ellipse close to Py, and let QC' be the normalat @. Then
C is the centre of curvature, and therefore the point of contact of GP,
and the evolute. Hence CP, = CQ,
therefore GP; = GC+ CQ, which is

>GQ), therefore GP; > GQ, and GP, Fs

is, therefore, a maximum, C b
In the same way GP, is a maxi-

mum and GP, a minimum distance G

of G from the ellipse.

Hence, in the positions of equi-
librium, G P, and GP; are maximum distances of the centre of gravity
from the peg. The positions in which these lines are vertical are,
therefore, positions of stable equilibrium. And since @P, is a mini-
mum depth of @, the position in which @P, is vertical is oue of
unstable equilibrium.

5. To find the nature of the equilibrium of the beam in Example 7,
p. 176, Vol. L.

Take any position of the beam (in which, of course, the lines G'I¥,
AR, and PS (p. 148, Vol. I) do not meet in a point). Then, if y is the
ordinate of P, the point of contact of the beam and the curve, referred
to a fixed horizontal axis, the ordinate of @ will be

Yy +(GA—PA)cos,

Fig. 258.

or y+acosf—xcotd.
Denoting this by 7, we have
dg __dy . @ dx
o-lT9 = Jé -—asm0+ -s—.lgg—o—cotﬂ.(—i—e-
dy . . dy dx _
Now a—a—;— LOto, ../ (—i—a-—coteﬂ_o.
. dy .
Hence sin?0 J6=— asin®0 4 x,

Differentiating this, and remembering that in the position of equi-

o . dy
librium 76= 0, we have

.
sin*@g—l—y é-m-—3a:sin”f)cose. (1)

de: — o
o dy
Again, since cot § = —~ , we have

dx
do _diy
— 2 —_——
gosec edw dx?

K 2
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But if p is the radius of curvature of the curve at P,

diy
e 2
- do =sin30iyf
PPNy a
1+ G
a6 1 .
Therefore Zo= peind’ and (1) gives

.
sin ed_By’ = p—3asinfcosd
= p—3 PO.

o=
Hence, since sin 6 is necessarily positive,d—i, will be positive, and 7
therefore a minimum, if p>3P0 de?

The equilibrium will therefore be stable or unstable according as
p> or <3P0,

To arrive at this result, it would have been sufficient to demonstrate
it for a circle, which is very easily done. The curve in the neighbour-
hood of P may be replaced by the circle of curvature at this point.

6. Prove geometrically that the equilibrium of the beam in
Example 2, p. 145, Vol. I, is stable.

7. Two uniform heavy rods freely jointed together at a common
extremity rest on a smooth parabola whose axis is vertical and vertex
upwards ; find the position of equilibrium.

Ans. Let the weights of the rods be P and @, their lengths 2a
and 2b, and let them make angles @ and ¢, respectively, with the
vertical in the position of equilibrium; then these angles are deter-
mined from the equations

Pasin®0+(P+ Q)mcot p= 0,

Qb sin*p+ (P+ Q) meot 6 =0,
4m being the latus rectum of the parabola.
[Taking the tangent at the vertex as axis of y, the abscissa of the

point of intersection of two tangents, y = tw — L? and y = t'x— —"-,"-,
. m ¢
is — 7. Hence

(P+ Q) = Pa cos 8+ Qb cosp+ (P + Q) m cot 6 cos .
Then % is to be a maximum or minimum.]

8. A heavy uniform rod, 4 B, moveable about a fixed horizontal axis
at 4, hag its end B connected with a string which, passing over a
smooth pulley at a point ' vertically above 4, sustains a given
weight which rests on a smooth inclined plane passing through C.
Find the positions of equilibrium, and the nature of each.

Ans. Let W and 2a be the weight and length of the rod ; P the

w'eight on the plane whose inclination to the horizon is ¢; 2¢ the
distance 4C, and 0 the inclination of the rod to the vertical. Then,
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if (¢—a) W<2Pcsin1, there will be three positions of equilibrium
defined by the equations
W?(a?+ ¢*)— 4 P2c? sine
2acW*

The first and last positions are stable and the intermediate one is
unstable,

If (¢c—a) W> 2 Pcsin<, there is no intermediate position, and the
first and last positions are unstable and stable respectively.

9. One end of a beam rests against a smooth vertical plane, and the
other on a smooth curve in a vertical plane; find the nature of the
curve go that the beam may rest in all positions.

Ans. An ellipse whose axis major is the horizontal line described
by the centre of gravity of the beam, the axis minor lying in the
vertical plane.

10. A uniform heavy rod rests inside a smooth fixed sphere whose
diameter is equal to the length of the rod. In all positions of the
rod its centre of gravity is fixed; hence the rod should rest in all
positions; but, except in the vertical position, it is impossible that
the acting forces can give equilibrium. Explain this.

(See note, p. 127.)

11. A uniform rod rests in all positions with its extremities on two
smooth curves in a vertical plane; given the equation of one, find
that of the other.

Ans. Let the axis of y be vertical, 2a the length of the rod, 2
the constant height of the centre of the rod, and x = ¢ (y) the
equation of one curve; then the equation of the other will be

w=¢(2h—y)—2va"—(h—y)"

12. Find the general equation of a smooth curve (in a vertical
plane) on which if the ends of a uniform rod are placed, the rod will
rest in all positions.

Ans. If the line described by the centre of gravity is axis of z,
the equation is the form [¢(y?)+=]*+y® =a’, where 2a = length
of rod, and ¢(3?) is a function which does not change sign with y.

13. Investigate the equilibrium of the sphere and cone each resting
on a smooth inclined plane, they being also in contact with each other,
as in Example 5, p. 206, Vol. T. ¥

Their positions being varied in any way, subject to the condition
of contact, it is easy to prove that the locus of their common centre
of gravity isaright line. If this line is not horizontal, it is impossible
tohave dj = 0, and therefore, ¢n general, there is no position of equi-
librium in which each body is in contact with only one plane, If
the line is horizontal, all positions are positions of equilibrium.

Taking horizontal and vertical lines through O as axes of x and y,
respectively, and taking 04 ( = £) as the single variable which de-
termines the configuration of the system, we find that ( W+ W’)7 is the
sum of a constant and the term

0=0,cosl = ,and 0 = .
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[Wsina— W’%l—(%% cos(a+a’ —y)] x &;
so that 7 will be constant if equation (3), in the example referred to,
is satisfied.

14. Of all curves that can be drawn through two given points,
4 and B, and having the same length, determine that one whose
revolution round the line 4 B generates a surface of maximum area.

Ans. A Common Catenary. For, imagine 4B to be placed in a
horizontal position, and let heavy uniform inextensible strings, all
of the same length, coincide with various curves that can be drawn
through 4 and B. These strings will one and all abandon their given
configurations and become Catenaries. And since the equilibrium of
the Catenary is stable, negative work would be done by all the forces
acting on its particles for any imagined displacement of these particles
which is consistent with the geometrical conditions of the figure.
These conditions are simply that the two ends of the curve are fixed,
and that there is perfect flexibility but no extensibility. Hence any
change of figure consistent with these would raise the centre of gravity
of the string; and therefore the centre of gravity of the Catenary is
lower than the centre of gravity of any of the given curves; and since,
by the Theorems of Pappus (Vol. I, p. 301), the surface generated by
revolution is equal to the length of the revolving curve multiplied
by the circumference of the circle described by its centre of gravity,
the surface generated by the Catenary is greatest.

278.] Expansion of the Abscissa and Ordinate of a Curve

in Powers of the Are. Let 4 and

B (Fig. 259) be any points on a

curve, and let 4m and 4z be the

tangent and normal at 4. Also let

Y be the angle between the nor-

Fig. 259. mals at 4 and B, and let 4m (= 2)

and Bm(=y) be the co-ordinates

of B with reference to the tangent and normal at 4 as axes.

Then, by Maclaurin’s Theorem, we have
dy & L d?

v = \I/o+8(W)O + 12 Z;—;l,)o-'- vee

& denoting the arc 4B, and v,, (%lf) » +++, the values of  and
0

its differential coefficients at 4.

d . .
Now y, = 0, and —% = % , where p is the radius of curvature.

1 1
\p—ﬁ _iz.lf_(:p_)+__._’3 42(;)
=oti2m 123 ZE e (1)

Hence
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the suffix being omitted, it being understood that p is the radius
of curvature at .
Again, we have

d.z' §2
w—w°+8(tls tiz (132)+ s
s A’z 1 dy Py 1 dz
o a2 T T pds ds? ~pds’
But
dz 1
((18) =1, and ( ) = 0; therefore (ZZ) = (d32 o

and the successive differential coefficients are calculated with
ease.
‘We thus obtain

88 st dp
Bn_w—8—6p2+8p as T (2)
§2 $ dp st (1 1d2p
An = —57,—5,2%—51{;;5 5@ + A ()

279.] Equilibrium of a Heavy Body resting on a Fixed
Rough Surface. Let 40 (Fig. 260) be a fixed rough surface on
which a heavy body, 4C, rests, under
the action of gravity, at a single
given point 4; and let this body
receive a slight displacement of roll-
ing on the fixed surface.

We propose to investigate the
nature of the equilibrium. The figure
represents a section of the bodies
made by the vertical plane through
their common normal, 40, in which
the rolling takes place. We suppose
the normal 40 to be vertical.

Then, since, in the position of Fig. 160.
equilibrium the body 4C is acted
on by only two forces—namely, its own weight and the total
resistance of the fixed surface—its centre of gravity, @, must be
vertically over the point of contact.

Let the point 4 of the rolling body come to 4’, and G to @,
the new point of contact being B, and the new common normal
00'. Draw the vertical line B, meeting 4’0’ in 7.
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Then, if 4’7 is > 4’@, the weight of the body acting through
G’ will produce a rotation round B which will send the body
back to its original position ; while, if 4’7 is < 4’@, the rota-
tion produced by the weight will be in the opposite direction,
and the body will deviate still further from its original position.
For stability, therefore, ATV>AE. (1)

Let p and p’ be the radii of curvature of the curves 40 and
AC at 4, and let y and y’ be the angles 40B and 4£/0’B. Then
drawing Bz perpendicular to 4’0’, we have

AV =Adn+nV = A'n+ Bncot A'VB;
but ZA’VB = ¢+ ; therefore the condition for stability is
A'n+ Bn cot (Y +y)> 4@,
or, denoting 4'G’ (or 4G) by 4,
Bn>(h—A'n) tan ( + ). (2)

Now, carrying approximations as far as s3, it will be found

from equation (1) of last Article that

el— d—
tan(¢+w)—(—+ )+ ( )

& d25 2
+lm gl ) i
8 being the common length of the arcs 4B and 4'B.
Substituting this, and the values of Bz and 4’z from last
Article, in (2), the condition for stability is

(. 4)

8= rz>(ﬁ 6p,w,&)[( +ﬁ)af+2 =t
dz— dz-—

83§ P }

+E ds® d8’2+2( + )

d— 2
& 1 ’)
T 5 >A( +p)+52 da+ g
1 dzl
1

+2Z ’deﬁ da“+2(p+ )} ( ?)....(3)
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Neglecting all powers of ¢; the first condition for stability is
1> 4% (l + l)
p P ’

/
k< L. 4
.- 22, ©
IfZ > p + p' , the equilibrium will be unstable.

/
A special case occurs when £ = pp_:_)p,, and this is commonly

called the “neutral’ case, or the equilibrium is said to be neutral.
‘We shall, however, call this the crétical case.

To find the real nature of the equilibrium in this case, we
revert to the general condition (3), and neglect all powers of s
beyond the first. The condition for stability now is

dlp s
> uta
4
Hence when 2 = p—fﬁ?’ the equilibrium will be stable or un-

stable according as dl dl

P . o
—+4 —— i3 negative or positive. 5
y g P (%)

The bodies are, however, frequently in contact at werfices, or
points of maximum or minimum curvature, and then

FLEN L3

-—P- and dP,
are both zero. Hence the condition (5) fails to determine the
nature of equilibrium. Reverting to the condition (3), the
terms as far as s? destroying each other on both sides, we see

that equilibrium will be stable if
dzl dzl ;

1 >7‘%——p+—&+2 L
T 627 6 da2 ds’? (p '

1 ,1 1
76y

or, substltutmg for &, if
1 1
d'l _ d2 -
(P+p’) (p+2p)
73 fr — 2725 pre (8)

and in the contrary case the equilibrium will be unstable.
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If the lower surface is concave, instead of convex, to the
upper, the conditions are obtained by changing the sign of p.

Thus, the equilibrium will be stable or unstable, according as
’
k<or > ﬂ—,,
p—p
and in the critical case, the equilibrium will be stable or un-

stable, according as

d-, (ll
Voo
s ds

is negative or positive; and in case of contact at vertices, the
condition (6) is to be similarly modified.
If the body rest on a plane surface, p = oo, and the differential

coefficients of 71) are all zero. Hence the limiting value of 4 for
stability is p’; but if 2 = p’, the equilibrium will be stable or
unstable according as %57 is positive or negative; and if the
point of contact is a vertex, equilibrium will be stable or un-
stable, according as
o 1
{12 7

ds’?
is negative or positive*.

* Different methods of arriving at the conditions for stability have been
gublished in the Quarterly Journal of Pure and Applied Mathematics by

rofessor Curtis (vol. ix., p. 41), and Mr. Routh (vol. xi,, p. 102). The kinetical
method of treatment adopted by the latter is very exhaustive. The method in the
text was employed independently by Professor Wolstenholme and the author.

It may be well to caution the student against the error of replacing the sections,
AD and AC, of the surfaces in contact by their osculating circles at 4. TFor, if
we do this, the condition (5) necessarily disappears, and the application of (6) is
not allowable, since, to the third power of the arc, the value of 4'n is not the
same for the circle of curvature as for the curve 4 C, as at once appears from the
expression for A'n given by equation (3) of last Article. The nature of the
equilibrium, therefore, as determined from the osculating circles is erroneous.
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ExaAmrLEs.

1. If a cone of the same substance and of equal base with a hemi-
sphere be fixed to the latter, so that their bases coincide, find the
greatest height of the cone in order that the equilibrium may be
stable, when the hemisphere rests symmetrically on a horizontal plane.
(Walton’s Mechanical Problems, p. 185.)

Ans. The height of the cone must be < 7+4/3, » being the radius
of the hemisphere.

2. Prove that any body with a plane base, resting on a fixed rough
spherical surface, will, when the height of its centre of gravity has
the critical value, be in unstable equilibrium.

3. A heavy body whose section in the plane of displacement is a
catenary, resting on a rough horizontal plane, has its centre of gravity
at the critical height ; prove that the equilibrium is really stable.

1
di-,

(The condition (6) reduces in this case to CF,P; <0 for stability.)

4. A heavy body in the shape of a paraboloid of revolution, placed
on a rough horizontal plane, has its centre of gravity at the critical
height ; determine this height, and find the real nature of the equi-
librium.

Ans. The critical height = the radius of curvature of the gene-
rating parabola at the vertex, and the equilibrium is really stable.

5. In the critical case, if both of the conditions (5) and (6) fail,
prove that the equilibrium will be stable or unstable, according as
1 1 1
3 S___ —
Y Ty a1
Tt GG
is negative or positive, the surfaces being convex towards each other.

6. A uniform heavy bar, 4B, moveable in a vertical plane round
a fixed smooth axis passing through 4 has a string attached to the
end B; this string passes over a fixed pulley C vertically over 4.
Find the positions of equilibrium, and determine whether they are
stable or unstable.
Ans, Let W = weight of bar, 2a its length, P = suspended
weight, AC = h, 6 = LCAB. Then the positions of equilibrium are
given by the equations

a ,1 PR
6=0, cosf = 7;+(Z—W)E’ and 0=,
. e 2R w .
The first will be stable if "—oa > B and then the second (when it

exists) will necessarily be unstable and the third stable. If the second
does not exist, the third will be opposite in nature to the first.
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[To find the condition for stability in this problem, we may either
take any position of the bar and calculate the moment of force tending
to turn it round 4, or find the positions of the system for which the
common centre of gravity of the bar and weight is highest or
lowest. Employing the first method, if M = the restoring moment,
and ¢ = LACB,

M = Phsin¢p— Wasiné. (1)
Also khsin ¢ = 2asin (0 + ¢). (2)
Now M = 0 in a position of equilibrium ; and if 0 is positive, a

slight increase of @ will call into play a moment tending to restore
equilibrium.
Inthe position § = 0, we have from (2)

(ij_)__ 2a
d9 ~ h—2a’
and from (1) %}!= P},Z_(g_

Therefore, &c.]

7. If the equilibrium in the first position is critical, find its real
nature.

Ans. Tt 18 really unstable.

2
[In the position § = 0, it will be found from (2) that ?17?: 0,
$__2ah(h+2¢)  dU_ LH_
a¢~  (h—2ay ’ dF " " 4o =—]

8. Determine whether the equilibrium of the beam in example 12,
p- 138, Vol. I, is stable or unstable.

Ans, Unstable. [Either by taking the restoring moment about
0, or by the maximum or minimum value of the static energy.
If we imagine the position in which the beam lies horizontal as the
reference position, the acting forces, W and P, could do an amount
of work equal to

Wa sin0— P {a+b—(a+b) cosb}

in reaching this position by a slipping of the ends of the beam along
the planes, This is therefore the value of IT, the static energy—in
which, if we please, we may discard the constant term P (a+b).
Therefore, &c.] :

9. Four bars, 4B, BC, CD, DA (p. 177, Vol. I), forming a plane
quadrilateral, and freely jointed at the vertices, are kept in equi-
librium by an elastic string stretched between the middle points of
B(C and D4, and an elastic strut compressed between the middle
points of 4B and C'D, the string and the strut both following Hooke’s
Law. Show that there are always two, and there may be four, con-
figurations of equilibrium,
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280.] General Properties of Static Energy [Potential Work].
If the generalised co-ordinates which determine the configuration
of the system are ¢;, ¢,..., ¢;, we shall have

0 =/(q1, 925 -+ 0)-
If the configuration is one of equilibrium, and if we imagine
any small displacements of the system for which ¢, becomes
¢, +4%,, &c., the value of IT in the new configuration will be

1 (d*P d i d*P
Py { N IELY e } (1)
where 7 is the value of I'I in the equilibrium position. This
follows by Taylor’s Theorem, observing that @,, @,,..., or
dP dP
dg,’ dgy’""
one of equilibrium.

It will be convenient to denote the coefficients of %2, 4.2, ...
inside the bracket above by the notation (1,1), (2,2),..., and
those of 4,4y, Ayks, ... by 2(1,2), 2(2,3),..., while denoting
the whole function inside the brackets by 2H; so that in the
new configuration we have

=P+4H, (2)

all vanish since the configuration (g, ¢;,...¢;) is

where
2H = (1,1)h2+(2,2) A2 +(3,3) A2 +
+2(1,2) Ak hy+2(1,8) by kg + ... +2(2,8) by A3+ ..., (3)
a homogeneous quadratic function of the increments of the
generahsed co-ordinates.

Since in a conﬁguratxon of stable equilibrium the Static
Energy of the system is a minimum, it follows that in ke
neighbourkood of suck a configuration H is positive, whatever may
be the values of the displacements hy, k,.

In any other possible displacement of the system let 2/, Z5',...
be the small increments of g;, g,,...; then, if @, is the work
coefficient corresponding to %, in the first displacement, and @,
the work coefficient corresponding to %, in the second, it is
obvious that

d aQ,
7%= d? ’ (4)
. and =Q,'==Q/4,. (5)

Again, if we take a displacement in which the increments of
41y Qas ... are A +h/, hy+4; ... the work coefficients in this
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displacement—which is a superposition of the two former dis-
placements—are the sums, @, + @/, @,+ Q... of those be-
longing to the two constituent displacements.

This is obvious since

Q= (1,1)Ay +(1,2) Ayt + (1, £) iy,

Q= (L1)A +(1,2)4) + ... + (1, &) 1,
the work coefficients being (for small displacements from a
position of equilibrium) Zirear functions of the displacements,
with constant coefficients.

Similarly 4,—%/, &e., will give rise to Q,— @/, &e.

Also H,,y=H,+H,+2Q,%/, (8)
where H, ., denotes the increment of the Static Energy of the
system when the two displacements (4,, 4,,...) and (2/, 4,,...)
are superposed by addition or by subtraction, /, and H, being
the increments of Static Energy corresponding to them separately.
This is at once obvious since to get H, +,» we write 4, +4/, ...
for %,, .. in (3); and (6) is merely the expression of the result by
Taylor’s Theorem.

The properties just given are mere analytical properties of
a homogeneous quadratic function. We now proceed to prove
a general physical property which belongs to any configuration
of stable equilibrium.

281.] General Property of Stable Configurations. If any
material system is, under the influence of emternal forces and its
own internal forces, in a configuration of stable equilibrium, and
if a new set of external forces be applied, eack acting with a given
magnitude and line of action, so that the system assumes a new
configuration of equilibrium slightly differing from the former one,
the newly applied forces will, when the new configuration is reached,
kave done more work if, when they were about to be applied, no
degree of freedom was taken away from the system than they would
have done if its freedom was in any way reduced ; and, moreover,
the Potential Work of the original forces of the system is greater
in the former than in the latter case.

Let the system have originally Z degrees of freedom, so that
its configuration is determined by the generalised co-ordinates
Q15 925++» q;- Let the newly applied external forces have for
components (X,, ¥,, Z,), &e., acting at given points (z,, 7,, 2,),
&c. in the system ; and let 4, %,,...%, be the increments of the
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co-ordinates produced by the new forces at any instant during
the passage of the system from its original (stable) to its new
configuration of equilibrium.

Then in all cases—i.e. whether the ¢s remain perfectly in-
dependent or not during the application of the new forces—if
(#1, 71, %) are the co-ordinates of the point of application of the
force (X,, Y;, Z,) at any instant during the passage to the new
configuration of equilibrium, we have

@y = ¢y (Ay, Ayyenn)y 91 = Vo (Bay hgye )y 2 = Xq (B, fyyenl)s
where the forms of the functions ¢,, ¥,, x; are given.

Any interference with the freedom of the system does not
alter the forms of these functions; it merely causes the 4 to be
no longer all independent.

Moreover, since the 4‘s are all very small quantities, ¢, ...
are linear functions, so that

o= + ok +ady+ ...,
in which the coeflicients are all given constants depending on
the geometry of the given system in its original (stable) con-
figaration.

Now in any configuration intermediate to the original and
the new one of equilibrium the work done by the newly applied
forces in a further small displacement is

X do, + Y, dy, + Z,de) + ...
or A,dky+ A,dhy+ ... + A, dhk,, (1)
where 4,, 4,,... are all given constants.

At the same time, the element of work done by the forces
of the given system is —dII, i.e.

—[(1,1) &, +(1,2) £y +...] 44,

—[(1,2) A, +(2,2) &y +...]d4,—...; (2)
and since the configuration of equilibrium is defined by the
vanishing of the total work done in any elementary displace-
ment (Art. 268), the new configuration is defined by equating
to zero the sum of (1) and (2).

Forming this sum, we should, if the 4% were all independent,
equate to zero separately the coefficients of d4,, d4,,...; but
if new hampering conditions are introduced, we cannot do this.

Suppose that, just as the newly applied external forces are
about to act, a single hampering condition is introduced. This
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(since the £‘s are all very small) will be expressed by an equation
of the form Ay Mgy ov Ay = O, 3)
where A, A,, ... are all assigned.

Following then the method of Lagrange (Art. 269), we take
the differential of (3), multiply the result by an undetermined
multipler, 6, add it to the sum of (1) and (2), and then, treating
dk,, dh,,... as independent, equate to zero their separate coeffi-
cients. Thus-we have

(4L, 1)y +(1,2) A+ ... +(1, k) b, = A, + 6, (2,)
(1, 2)/1 +(2 2)& +.. +(2 k)ﬁ =4, +0)\2, (a3)
(1, Ic)ﬁ +(2 k)lz +.. +(Ic /%)ﬁ,, _A +0A ()

MA A+ Nk + o A4, = 0. 0]

From these #+1 equations we eliminate the % quantities
Ay, ... %, and obtain the value of 6.
Now let A denote the determinant
(1, 1), (1,2),...(1, %)
(1,2), (2.2) 0 (2.8)|
(L&), (2,), ... (4£)
let its minors be denoted by [1,1], [1,2],...[2, 2], ..., and let
2¢4 = [1,1] 42+ [2,2] 4,7 +...[£ k] 42
+2[1,2]4,4,+2[1,3] 4, 43+ ..., (4)
while 2¢, denotes the function at the right-hand side when

Ays Ay, .. are substituted for 4;, 4,, ....
Then, solving the first £ equations for 4,, 4,, ... 4,, we have

do d¢

Ak = M‘+o“*, ()
b4 da

Ay =77 O (%)

and substituting these values in (%), we have

zAdd";*
(5)
2¢a

Now the increase, H, of the Static Energy of the system

0 =~
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being given by the expression (3) of last Article, this quantity
is obtained by multiplying (a,), (4;), ... by %4,, 4,, ... and adding ;
so that in virtue of (/), we have
2H = dyby+ dyboy+ .. + A1y, (6)
which shows that in reaching the new configuration of equi-
librium, the work done by the newly applied forces is double
the gain of Potential Work of the forces of the system.
[Nore—This is not a contradiction of the Principle of Work and
Energy in Kinetics; for in this statical problem we suppose the
system to be, by any proper means, gradually guided to its new
configuration, during the action of the newly applied forces. If

this is not done, the system would rush through the new con-
figuration. |

Substituting in (6) the values just found for 6, 4,, 4,, ..., we

have Ay
ax’
gvA(Zd)t\}
or, by (5), AH= ¢A———44]))‘ . ()
A

It is to be noted that if the A‘s are all zero, i.e. if no
hampering condition is introduced, the second term on the

right-hand side of this equation assumes the form»g- But re-

verting to equations (a,),..., we are no longer in this case to
make use of (/), and the values of Z,, %,, ... are those given by
(%), ... when the terms in 6 are rejected.

And in this case we have simply

m=%. (d)

Now (Williamson’s Differential Calculus, Note 2) the de-
terminant A is positive, since in the configuration of stable
equilibrium IT is an absolute minimum. Also, by last Article,
for any displacements whatever, Z is positive; therefore ¢4 is
positive ; and this is true whatever be the values of 4,, 4,,...;
so that ¢, is also positive; therefore the right-hand side of (c)

déa _

is a maximum when 3 n = 0, i.e. when
Ay (Zd),, _
Mg g e =0 (¢)

VOL. 1I. L
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But if the A's satisfy this equation, the value of 6 is zero, and
the values of the displacements, Z;, ... obtained from the equa-
tions (4,), ... are what they would be if no restriction were im-
posed ; so that an equation of the form (3) in which the A‘s are
any system satisfying (¢) is not a restricting equation at all, but
one which is satisfied by the unrestricted displacements of the
system.

Consequently the imposition of any relation of the form (3)
in which the multipliers A, ... are not consistent with the un-
restricted displacements of the system involves a diminution of
the Potential Work of its forces in the new configuration of
equilibrium.

ExAMPLE,

As a simple illustration of this theorem, take the case of a rod,
AB, lying in a smooth horizontal plane, its extremities, 4 and B,
being each attached to an elastic string in a state of tension, these
strings, 04 and (/ B, being attached to two fixed points, O and 0/,
in the horizontal plane, and their lengths being equal.

The position of stable equilibrium is that in which the points
0, 4, B, (/ are (in this order of succession) in one right line. The
rod being in this position, suppose that at a given point, M, on it
a small force P is applied perpendicularly to 4B, so that the rod is
displaced.

Now any position of the rod may be defined by three co-ordinates,
viz. those determining the position of the end 4 and the angle 6,
through which the rod has turned. Taking 4 as origin, and 4B as
axis of », and supposing A’ B’ to be any displaced position of the rod,
let the co-ordinates of 4” be (%, ). Thus the generalised co-ordinates
are , ¥, 0.

Let 04 = (/B=c; AB = 2a; b = natural length of each string.

Then we easily find 04" = c+= + g'—c, and
y*+2a(2a+c)0%+4aly
2¢ ‘

Again, the tension of an elastic string, given by Hooke’s Law, being
w(l—=0), if it is stretched from a length ¢ to a length ! the potential
work of its tension is 3 u(l—c)(!4+¢c—2b). Hence the sum of the
potential works of the tensions of 04’ and /B’ is

OB =c—x+

;Lt-é—é{c%zw”+y’+a(2a +c)0’+2a0y}- (7)
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This, then, is H, the gain of potential work of the forces of the system
due to dlsplacement Hence (1, 1) = 2p, &e.
We have now to determine Al, 4,, and A4, from the expression

A, de+A,dy+4,d6 (8)
for the elementary work of the disturbing force.

If AM = p, the ordinate of the point M in the displaced position
is y + p6, and the elementary work of P is

P (dy+pd9),
showing that 4,=0, 4,=P, 4;,= Pp. 9)
Agsuming any restricting condition,

Ao+ Ay + A0 =0, (10)

the equations (a,)..., which are

dH dH dH
give for the displacements
2pz = A6 @12)
—b

2p=" (y+ab) = P+ )N, (13)
2pcc—:b(ay+a.2a+ c0) = Pp+A¢, (14)

in which we have used £ as the undetermined multiplier instead of
the 0 of equations (a,)...
If no hampering condxtlon is introduced, we have
) P ¢ (P _a)
( a+c * " T 2na(ato)(e—0)’
which obviously verify in the simple case in which p = @, or the rod
ig pulled at its middle point.

Of course these values can be at once obtained by the elements
of Statics.

_The potential work of the tensions in the new position of equi-
librium is % P(y +P0), ie.
Po ), (p—a)
15
4p(c— b)[ a(a+c)]’ (15)
which, of course, is also given by (d), since
2, 0, O
A=|0, 2ur, 2ura ’
0, 2ura, 2pra(2a+c)

x=0; y= 2;4.0

. . c—b
in which, for shortness, we have used r for -

L2
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‘With the restriction (10), the potential work of the tensions in the
new positions of equilibrium will be less than (15) by the term

i {a(Zatec—p)A\+(p—a)A}?
dpra(a-tc) ra(a+e)A’+a(2a+e)A+A7—2al,A,

In particular, if the rod be prevented from rotating, while the
# and y displacements remain and are independent, we have

P’e

ap(e—d)
Such displacement may be produced by fixing two pins at the ends
4 and B, and constraining these pins to travel along a smooth groove
which can itself move freely perpendicular to 4B.

A, = A, = 0, and the potential work of the tensions is

If instead of one restricting condition (3) among the dis-
placements we have two or more of the same form, the calcu-
lation proceeds as before. Thus, in addition to (3), let there
be another equation,

paly+ iy liyt o+ h = 0. (16)
Then we must multiply the differential of this by an undeter-
mined multiplier, ¢, and add it to the sum of (1) and (2), exactly
as before. Equations (a,)... will then be replaced by
(L DAy + (1, 2)hy+ oo+ (L, ) by = A+ 00 + 0y, (17)
and, exactly as before, solving the first £ of these for 4, Z,, ...
we have ey

_ dpr | yddy
A.ﬂl—[ﬁll'l'e'(i)\—l'l'e,d—#l: (18)

Substituting these values of %, ... in (3) and (16), we have

20 ddy

4 il P N P

20. P+ 0 ZA = SA i’ (19)
d d

0. 2u R 420 4 =3 G (20)

The coefficient of 6" in the first is obviously the same as that
of 0 in the second. Denoting it by (A, p), and similarly denoting
the right hand sides by —(A, 4) and —(u, 4), respectively, we

B e gy DA O AP O A @A)
4o pu— (A p)*

which gives the amount by which the Potential Work of the

forces of the system is diminished by two restrictions.
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There is no difficulty in obtaining the diminution due to any
number of restrictions. In every case we solve the first # equa-
tions of the type (17) for %4, Z,,...; then substituting these
values in the restricting equations (3), (16), ..., we obtain the
values of the undetermined multipliers from equations of the
type (19), (20); and finally the value of 7 by multiplying
(18),... by 4,, 4,, ... and adding.

It is obvious that when the number of restrictions is equal
to the number (%) of degrees of freedom of the given system,
the value of 7/ must vanish.

Thus if the system has two degrees of freedom, and there
are two restrictions imposed, the right hand side of () must
vanish identically.

Reverting to the example just discussed, we can easily find
by direct elementary calculation that if the end 4 is fixed, so
that the rod can only revolve round it, the potential work of
the tension is

P?pe

dpa(c—0)(2a+ec)’
and this value can be obtained from the general expression (f)
by taking Ay = ug = 0; for then the restricting equations are
MZ+A,7=0; ma+p,y = 0; which require # =y = 0, i.e.
the end A4 fixed.

The Potential Work lost by restricting conditions may he
exhibited in another form.

Let 4y, %,,... be the displacements produced by the given
disturbing forces when no restrictions are introduced. Then,
with the previous notation, the displacements are determined
from equations (a,)... with the terms in 6 absent; i.e. from
the equations ;77 A

an, =" a,

When restrictions are introduced, the disturbing forces all
remaining the same, and therefore the work-coefficients 4, 4y, «v.
remaining the same, the displacements are determined from the
equations dH

t—Z—/L—,1= A1+0A]+6’M1+0n (22)

aH
dh;}

= AZ; &e. (21)

= A, + 00+ py+ . (23)
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Multiplying these by 4, 4,,... and adding, the terms in
0,¢,... disappear in virtue of the restricting equations (3), (16),

&c. Hence putting Z—ﬁ}zfor 4,, &c., we have
1

dH , dfH ,,
. . . 7/
But by last Article the right-hand side = = (W +%); hence
an ,
3.=5 (h=F) =o0. (25)
Now (24) can be written
’__ dH ’
2H = 2(%-/&)
N] d‘H 7
, aH ,
2(H-H =2-%(k—fz)
dH dH’ ,
=20, y, (26)

by last Article; that is, the Potential Work lost by restriction
is that obtained by substituting~the differences 4, — 4/, 4, —4,’...
of the displacements in the general value of H given in (3)
of last Article.

This result may also be obtained by showing that the term
82%* in equation (c), p. 145, which is the loss of work, results
from substituting the differences, -g g—?—\
in the general value of H. We thus éet a number of algebraic
identities. !

A particular case of the application of this result is (see
Watson and Burbury’s Generalised Co-ordinates, p. 52) that if
the stiffness in any part or parts of a material system is dimin-
ished, the geometrical connections remaining unchanged, the
Potential Work of its forces, internal and external, due to a

change of configuration produced by given disturbing forces
will be increased.

, .+ of the displacements
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282.] Equations of Condition of Continuous Systems. If
the system of particles whose equilibrium is under consideration
is continuous—as, for instance, an inextensible string, an inex-
tensible membrane, or a rigid solid—the equations of condition
will express the invariability of an infinitesimal element, such
as the distance between two indefinitely close points.

Take, for example, the case of an inextensible string of which
PQ (Fig. 261) is an elementary length, equal to ds. The equa-
tions I, = 0, L, = 0, ... which ex-
press the invariable connections of
the particles of the system, will be
ds, = constant, ds, = constant, ...,
where ds;, ds,, ... are the distances
between successive points on the
curve ; and the typical term ASL
which enters into the equation of
Virtual Work will be the typical term Adds.

Let us enquire more particularly into the meaning of the ex-
pression dds. If we contemplate any small displacement what-
ever of the string, such that the element PQ comes into the
position P’Q’, the new length P’Q’ being either greater or less
than PQ, the meaning of the expression 8ds is P’Q’—PQ ; and
the condition that no change of length of the element takes
place in the displacement is

dds = 0.

Now (2, g, 2) being the co-ordinates of P, we imagine these to
receive, respectively, increments 3z, 3y, d2; i.e. the co-ordinates
of P’ are (m+8w, Y43y, 2+32); while those of @ are

(z+dw, y+dy, 2 +dz).

The co-ordinates, therefore, of @  (to which @ is imagined to

be displaced) are represented by
w+do+d(x+dx); y+dy+d(y+dy); 2+dz+8(2+d2).
The excesses of the co-ordinates of @  over those of P’ are

therefore gy 45 (du); dy+0(dy); dz+5(de);
and the length of P’Q’ being PQ + &(ds), or ds+dds, we have
(ds +5ds)2 = (da + ddw)? + (dy + ddy)® + (dz + 8dz)*;
dz Bdw dy bdy a ddz
oF 3ds = (ds ds T dsds Vs ds ) s, (a)

neglecting infinitesimals of the fourth order, such as (3ds)?, &e.
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But the increments ¢ and & being completely independent
and essentially distinguished as above explained, it is easy to
gsee that the order in which the double operation @3 is performed
on any function is indifferent ; i.e. @(87") is precisely the same
as 3(dV), where V is any funetion. In fact an inspection of
the figure (Fig. 261) at once shows that &(dz) = d(dz), the line
Oz being the axis of #. For, let the abscisse of P and @ be
Or and On, those of P and Q" being O and On’, measured
along Ow.

Then if # is the co-ordinate of P, dx = r», and dx = r7.

Also 3(dr) = value of dz in the new position—value of dz in
old position = »’#’—rn; and d(32) = value of dz for  — value
of dz for P = nn’—rr’. But obviously

7w —rn = ' —r’;
therefore 8(dz) = d (3x).

In virtue, then, of this commutative property of ¢ and §, (a)
may be written

. de ddw  dy db dz ddz
L A R A DL

283.] Variation of any Function. Particular Cases. Since
a variation of any function of the co-ordinates of a point consists
in making infinitesimal increments to the several co-ordinates,
it is clear that all the resulting changes are subject to the
ordinary rules of the Differential Calculus. To fix ideas by
means of an elementary example, suppose that we have a series
of points lying on a circle whose equation is

2?2 +y2—a? = 0.
If now we imagine each point (2, 7) on the circle displaced to
an infinitely near position which is defined by adding to the

abscissa a quantity equal to e.ysin %, and to the ordinate a
% » where € is an infinitely small quantity, we
shall obtain a new curve differing infinitely little in position

and shape from the original. In this particular case the in-
crements which we have denoted by 3« and 8y are given by

quantity e. 2 sin

the equations dx = €. ysin EZ—, 3y =e.xsin %; and so in general,

whatever be the laws according to which the variations are
made.
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It is obvious, then, that if # and » are any two fanctions of
the co-ordinates of a point,

6“ _ vOU—udv
v v?

So, again, if 7 is any function of , we have

3 = d—Ifﬁw,
dz

any arbitrary change, &#, being made in #; and in passing to
an adjacent point on a given curve or surface,

azv ar
a@r)= s Bm(Zw+%d(6m).
Also in an integration along a curve or surface, since this
integration consists merely in a summation with respect to all

the points on the curve or surface, we have
3/Vdw = /3 (Viz).
If, in particular, an integration, /7ds, is performed along a
curve, and all the points of the curve receive displacements

such that the distance, ds, between two consecutive points
remains unaltered, we shall have

3/Vds = S (8F).ds;
and the same equation holds, in like case, if the integration is
performed over a surface or throughout a solid if for ds we put
the element of superficial area or the element of volume.
In this case also

dz _ ddz A’z _d%d= d”m_d”&z

ds  ds’> “ds¢ dst’ “ds* ~ ds"

ExXAMPLE.

Every element of mass of a solid is multiplied by the product of
two of its co-ordinates, y, and the sum of all such products (* pro-
duct of inertia”) taken. If the body receives a small displacement
of rotation round the axis of 2z, find the variation of this sum.

Let dm be the element of mass at the point x, , z; then the
sum = Swydm. Now 8 /xydm = fd(xy).dm = [(xdy+ydx)dm.
But if the angle of rotation is 86, we have dx = —yd0, dy =wd0.
Hence the variation of the sum is

30 x [ (#*—y*) dm.
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To determine the variation of the angle between two consecutive
tangents to any curve.

Let the tangents be at points, P, @, separated by an arc of
length ds, and let 46 be the angle between them. Then

ds
= (1)
where p is the radius of absolute curvature of the curve. Now
3d 0 is what we have to find ; and we shall suppose for generality
that in the displacements of P and @ the length ds is altered.
We have then

a9

1 1
8d0 = —dds— = dsdp. 2
P p* P ( )
1 _ (@%@ + (@294 ()
But i P H (3)
. 1 8 _ d*2d2dx+d%yd%dy+d?2d?dz
T P = dst -
(Laf @+ (@52
dsb
1 Alzd®dz  d%y d%sy d%zd%5z, 2dds

pP=P G e Y e e ar) o W)
Hence
d*xd®bx  d2yd?y d2zd%dz 1
@@ aw Y g de T aE aE) P 0)
—[-ldmddba _1dyddy 1dzdbs
T L pdsds T pdsds ~ pds ds

A*wd®dw  dlyd®dy d%zd%bz

P aE TP gE g P gl (9

320 = p (

To find the variation of the angle between two consecutive oscu-
lating planes of any tortuous curve.

[A ftortuous curve, called also a ‘curve of double curvature,’
is one whose osculating plane varies from point to point.]

If 7, m, n are the direction-cosines of the binormal, i.e. the

perpendicular to the osculating plane, at any point of the curve,
we have

b=t (G —mae)s m= i n =

and if 4 ¢ is the angle between two consecutive osculating planes,
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since the tangent line to the curve is perpendicular to two con-

de  mdn—ndm
secutive binormals, we have s de Hence

d¢

d¢_p(ld3+md83 )d
and we shall find that
ddx rlay +e, ddz AR Y a2dy

8d¢ =[4—~+B, 1yt g + By
r] oz d3dx as3d dsdz
+ gty + B, 40, s, (©)

where 4,, &e., are certain functions of the differential coefficients
d'—s-’ &c

For any arbitrary displacement of a surface, z = ¢ (w, y), to find

dz
The arbitrary changes in #, y, z which we have hitherto denoted
by oz, dy, 8z we shall now find it convenient to denote by
, v, w, respectively.

Let P be any point (z, 7, z) on a given surface—which sur-
face we may, to fix ideas, imagine to be a thin sheet of india-
rubber—whose points may receive, or be imagined to receive,
any small displacements whatever. If these displacements are
completely unhampered, any small element of area described
round P on the undisplaced surface will be found on the dis-
placed surface in a distorted form, and with its area altered
in magnitude.

Suppose that @ is any point on the undisplaced surface in-
definitely close to P, the co-ordinates of @ being (z+§& 7+,
z+4+(). Then since z is determined when z and y are given
(which would not be the case if instead of a suzface we had a
solid to deal with), the displacements %, », % will each be some
assigned function of  and y, i.e.

“=fi(#9); v=Li(®3); v=r(Y) ()
Let P’ and @’ be the displaced positions of P and Q; and

observe that Z—z means the inerement of z divided by that of =,
2

as we pass from a point P to a close point, R, such that P

the wariations of the partial differential coefficients dz and %
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and B have the same p. Imagine, then, @ to be so chosen
that @' and P’ have the same 7, so that the new

dz zon—-zofP’

do " zof Q—wof P’

Now the z of @ is z+u+¢+f(2+¢ y+n), according to
the law expressed by equations (1) ; and this is

d u du

s+uté+é ly-

Similarly the z of @’ is
et CHET 1y T,
dz ;Z]/_ ’
and since the 7 of @ = the y of 7', we have
I (lv
'1( +(/y =0 (9)
Denoting, as is usnal by p and (]— by ¢, and the values of

these at P' by p+Ap and g-l-Aq, we have

§;,5+ndy+f ‘ o

dw  dw

}7+A]9=

Now since on the undisplaced surface dz = pdz +qdy, we
have { = pé+qn. Substitute this value in (:), and then for
&:n put the value given by (6), and we have, by neglecting such

infinitesimals of the second order as the products j—z d—; , &e.,

(h;) dv
( d.z' t_l':v
p+hop= a’u dv i
1+ iz + ‘Ty
dw du dv
A= P (x)
. dw du dv
Similarly, Ag = T —p @-—q@- (A)
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ExaAMPLES.

1. Find the conditions to be satisfied by the displacements of all
points on a perfectly inextensible surface.

The length of the line P must be unaltered whatever point @
may be. Now from the precedinfr we have

P’Q’2=[(1+ )£+ ]2+[dw£+(1+ )n]2

[P+ gD+ @+ I

Hence the conditions for perfect inextensibility are

du dw dv dw

dx +Pd =0, @+‘1;1y‘=0,
du dv dw dw_
dJ+dw +P dy+ aw=

2. From these conditions find equations for the separate components

of displacement.
Ans. The value of e is to be obtained from the partial differential

equation d 2 4w 4w

Vi T2 Gndy T ap
P S
= da’ dy’ dy  dx
In the case of a plane surface, 2 = ax+ by +¢, we find

utaw=my+n; v+dbw=—mr+n,

_0’

where

where m, n, #’ are arbitrary constants.

284.] Equilibrium of an Inextensible String. We now
apply the method of Lagrange to determine the equations of
equilibrium of an inextensible string acted on by any system
of forces. Let, as previously, 7 denote the mass per unit length
at any point of the string, and X, 7, Z the components of the
external force, per unit mass, at the point.

Now the equations, Z, = 0, L, =0, ... of condition are in
this case ds, = const., ds, = const., ... and the general equation
of equilibrium of Art. 260 becomes
my (Xy 0@, + Yy 0, + 2, d2y) dsy +m, (X, 02,4 Y39, + 2,0 2,)dsy +

+ A, dds; + N, 0ds, + =0, (1)
the string being supposed to have assumed its pos1t10n of equi-
librium ; for it is when the equilibrium position is assumed that
the forces satisfy the above equation of Virtual Work.
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Now the particles being infinitely numerous, we may write
the above equation simply
Sm(Xdz+ Yoy +2Zd2)ds+ [N\dds = 0. (2)
Reducing all the variations to variations of z, g, 2, or, in other
words, substituting here the value of dds given in equation (B)
of Art. 282, we have

/[m(Xéw+Y6y+ZBz d3+)\( ddx +Zyd8y+ dbz)]—o (3)

Now A?d&m:()\dﬁﬁw) dx?)w) f& d()\

by integration by parts, the term ()\ —Bm) being the value of
A g; 3z at one of the hmlts of integration, i. e at one extremity

of the string; and ()\—— Bm) being its value at the other
extremity.

Performing similar integrations for the other terms, (3)
becomes

1 1 Iy, de
( b +{/6 +5 8z) (;st +75y+l 3z )0

+f[{mX—(-k ()\-(—'l; }6m+{m1’—% ()\J‘g)}ﬁy
+{mz_%(xg)}az] =0, (4)

Now, as in the equation of Art. 269 we equated to zero the
coefficients of oz,, 87, 82;, ..., so here we have to put the
coefficients of d2, 84, and 52 equal to zero for each particle of the
string ; that is, we put the coefficients of these quantities under
the sign of integration equal to zero. Hence we have at all
points

mX — ﬁ ()\(]m) =

mY—-——()\dy)_O (A)

which equations are precisely the same as those of Art. 184;
and it appears either by comparison of both sets of equations,
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or by the end of Art. 269, that A in these equations is minus
the tension of the string.

The conditions of equilibrium, then, as expressed in (4),
consist of two parts—namely, terms which relate to the ex-
tremities of the string (which are the terms outside the sign
of integration), and terms which relate to every intermediate
point in the string (which give the general equations of equi-
librium above).

Equating to zero the terms outside the integral sign, we have

dy
ds
Now, if the extremities of the string are fixed, they will be

fixed in the displaced string, and every term of (5) vanishes
since

A (d Sz + -~ 8y+ B )—Ao(—B +dy6y+§§62)0=0. (5)

S, =0y, = 02y = 0@, = 8y, = 02, = 0.
But if each end is perfectly free, since d#,, 87,,... are quite
arbitrary and independent, we must have
A, =0 and A\, =0,

i.e. each terminal tension must be zero.

If the extremity (#; 7, #,) is constrained to lie on a fixed
surface, whose equation is # = 0, we have the displacements of
this extremity connected by the equations

d_”) bt (2) o33+ () 35, = 0,

) by 1+( ) 3y + ( )1621= 0,
which give by the method of undetermined multipliers

GO, _ G, _@),

{lu du
(075) ( dz/,

the geometrical meaning of whlch is that the direction of the
string at this extremity is normal to the surface of constraint.

If the extremity is constrained to a curve whose equations are
=0, v=0, we find in the same way that at this extremity
the direction of the string must be at right angles to the curve.

The method which we have just employed is the second
method of Art. 182, and expresses that ke variation of the whole
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potential work of the ewternal forces is zero, consistently with the
geometrical condition that the distance between every two indefinitely
close points in the string remains absolutely unchanged in the dis-
placed position.

285.] Equilibrium of an Extensible String. In this case
there are no geometrical conditions to be satisfied in the dis-
placement (or deformation) of the string. Then the equation
of equilibrium will simply express the condition that in the
position of equilibrium the variation of the whole potential work
of applied and internal forces is zero.

Now if we consider any elementary mass, mds, whose length
is ds, and whose internal force (the tension) is 7, the work done
by this force for a variation dds of the elementary length is
(see Art. 70) _Tods,

Adding together the similar terms for all the elementary
masses, the variation of the potential work of the applied and
internal forces is

Sm(Xdu+ Yoy +Zb2)ds— fTdds,

which differs from (2) only in having —7 instead of A. Hence
the whole discussion is exactly the same as before, and the
results are those arrived at in Chap. XII.

There is, however, this distinction between the case of the
elastic and that of the inelastic string—that in the second case
the value of m, the density, is known at each point, since it
can alter only in virtue of extension, and it is therefore the
same after the position of equilibrium is assumed as it was
before ; while in the first case the value of m at each point is
not at once known, since in taking the position of equilibrium
(to which our equation of Virtual Work always refers) extension
has taken place at each point. In this case m at each point
depends on 7' according to some law which can be known only
by experiment—e.g. Hooke’s Law,

o
17
1+
as in Art. 196. A

The equations of the extensible and of the inextensible system
are therefore the same only iz furm, since the above constitutes
a vital distinction between them.

m =
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286.] Property of Minimum. If a uniform inextensible
string, in equilibrium wnder the action of a given conservative
system of forces, joins two fiwed points, A and B, the variation of

the integral J Tds

will be zero when we pass from the curve of the string to any in-
definitely close curve whick passes through A and B.
Let us calculate the variation of this integral.

3/ Tds = f(3T.ds+ Tdds)
dz dy dz
=f{az'.(zs+ 7 (G ava+ Lavy + T avs)].
Now, from (6) of Art. 184, taking %o, or =, as umty,
3 = — 8V =—(Xda+ Ydy+2Z52).
Hence by integration by parts (as in Art. 284), we have

_ dz dy dz dz dy dz

_f{[x+ %(T%}]6m+[1’+ (T )]a
+[Z+%(T2—§‘)]Bz}d&

Now the right-hand side of this equation is zero, since, the
extreme points of the curve being fixed, the coefficients of 7
and 7, both vanish, and the coefficients of 8, 3y, 2 under the
sign of integration vanish by the general equations of Art. 284,
the mass of a unit length of the string being here taken as
unity. Hence the proposition.

This theorem leads to a remarkable property of the common
catenary. Of all curves of the same length joining two given points
in a vertical plane, the common catenary is that whose centre of
gravity is lowest. For if 7 be the depth of the centre of gravity
of this curve, whose length is Z, we have

ds
=122,
But (Art. 186) T = mgy; therefore 7 =‘/%%8; therefore, by

the theorem of this Article, we have
87 = 0.
That 7 is in this case a minimum in the true sense of the
word does not, of course, appear from this; the proof that it is
VOL, II, M
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go depends on the criterion for maxima and minima furnished by
the Calculus of Variations, for which see Jellett’s Calculus of
Variations, p. 80. It is there proved, that when the variation of

any integral of the form f ™ Udw vanishes (the limits being
%o

fixed) the value will be, in general, an algebraic maximum or
2

minimum according as is continually — or continually +

dpa? n
between the limits of integration, ((ll—w{ being denoted by p,, and
U being any function of @, g, p;, #3, «+. Ps. In the present case
U=yds =g~1+p?dn, a change of the independent variable
from s to # being necessary since it is the limits of « that are
assigned. The application of the criterion is then obvious.

287.] Observations on the Method of Lagrange. The appli-
cation of the method of Lagrange is attended by a risk of error,
which must be guarded against. In applying the equation of
Virtual Work to any continuous material system—e. g. a string,
a membrane, a fluid--we imagine every point to receive a small
displacement from the position which it occupies in the equi-
librium configuration of the system. These displacements we
have expressed by increments (32, 8y, 8z), or (#, v, w) of the
co-ordinates of the point; and, according to the nature of the
system, there will be various relations between the #, v, w belong-
ing to each point. Thus in the case of an absolutely inextensible
string, these quantities have to satisfy at each point the equation

dodu dydv dzdw
M) =0 g e T Bl
In an absolutely free and unconnected system of particles, they
have to satisfy no condition whatever.

Suppose that in any case they have to satisfy the condition of
rendering a certain element—e. g. a length, an area, a volume—
invariable. Suppose that this element is a function

¢ (de, dy, dz, d%, ...),
which we may briefly denote by ¢. Then Zagrange's method
consists in reducing the problem to a case in whick we may treat
u, v, w at each point in the system as absolutely independent, so that
(as in Art. 284, for example) we may equate their cogfficients
separately to zero. This is done by taking the variation, 8¢, of
the function which is to remain unaltered in the imagined dis-

0.
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placement, multiplying it by an undetermined multiplier, A, and
then adding it under the sign of integration to the variation of
the Potential Work of the system ; so that our equation, in which
u, v, w (or dz, 8y, d2) are all independent, is
—/S81l.dm+/A\d¢p.dm = 0. (A)
Now let the case be different. Suppose that the condition
¢ = constant has not to be satisfied in the displaced configuration,
but that the alteration of ¢ is accompanied by internal forces (or
stresses) in the system. In this case Lagrange makes no change
in his mode of procedure. True, we have no longer the equation
3¢ = 0, but Lagrange, recognising the fact that we have in-
ternal work, or work done by the stresses, due to the displacement
which alters ¢, assumes that the amount of this internal work is
JSully represented by a term of the form

A,

so that our equation of virtual work is still of the form (A).

It is this last assumption which is so liable to mislead, and
which is, in more instances than one, a cause of error in La-
grange’s own investigations. As a marked instance in which
Lagrange has fallen into an error of this kind, we may cite his
discussion of the equilibrium of a perfectly flexible surface, which
may be (1) perfectly inextensible, or (2) extensible, like a sheet
of indiarubber (see the Mécanique Analytique, p. 140).

Taking case (1), if 48 is the area of the superficial element at
any point P of the surface, Liagrange assumes that the only
equation which w, v, w have to satisfy is 34§ = 0; in other
words, that perfect inextensibility is fully provided for if every
element of area remains unaltered in the (imagined) displaced
configuration, But it is clear that perfect inextensibility requires
that there shall be no alteration in the length of any line on the
surface connecting P with a neighbouring point; and this
characteristic is, therefore, expressed by ¢ree equations between
%, v, w instead of one—as in Example 1, p. 157.

Again, when the condition of inextensibility is removed, and
the surface is extensible, Lagrange assumes that the internal
work of deformation of the element d§ is fully represented by
AddS, i.e. that the work of deformation is simply proportional
to the change in the area deformed—an assumption which is
true for membranes of few known materials.

M2
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On the other hand, the similar treatment of a string, whether
inextensible or extensible, is perfectly valid, because 3ds = 0 is
a perfect expression of inextensibility ; and when the string is
elastic, the internal work of deformation is perfectly expressed
by a term of the form Adds.

288.] Elastic Wire. As #nother example of the method of
Lagrange, let us take the case of a thin wire, or rod, in the form
of any tortuous curve, acted upon continuously throughout its
length by a distribution of force (but not of couple), and also by
special forces at its two extremities, the wire when unstrained
forming any given curve.

Supposing the configuration of equilibrium assumed, write
down the equation of Virtual Work for any imagined small
derangement of the various points of the wire. It is to be
observed that, as we are not treating the case of a rigid wire,
we have not the conditions 8ds = 0, 48 = 0, which, of course,
would hold for the rigid wire, and partially express the condition
of rigidity.

Now if T is the longitudinal tension at any point, the incre-
ment 3ds of the length of the element ds is resisted by an amount
of work equal to 7'dds.

Again, the alteration of curvature produced by the derangement
of parts and depending on the term 326 will be resisted by an
internal couple Z, and the alteration will be made against an
amount of work equal to Z344.

Finally, the distortion of the curve denoted by 3d¢ will be
resisted by an internal couple M, and will require an amount of
work equal to M3d ¢.

This last distortion (3d¢) is overlooked by Lagrange, whose
investigation of the problem is in consequence erroneous—as
pointed out by Bertrand (Bertrand’s edition of the Mécanique
Analytique, pp. 143, 148, 401).

Let the special force applied at one extremity, 4, have com-
ponents (X,, ¥;, Z), and that applied at the other, O,
(X,, Y,, Z,), the co-ordinates of these extremities being (2,,%),
(290 20)- ‘

The equation of Virtual Work, then, is

Xday + Y189, + 2,32+ Xpda, + Y390+ 2o 2, _
+./Tm(Xda+ Ydy+25z)ds—Tdds—Ldd0—M3i¢p] = 0. (1)
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To obtain the three general differential equations which
determine the curve—and which answer to equations (A) of Art.
284—it would be necessary to substitute in this equation the
values of 8ds, 546, 8d¢ given in (B), Art. 282, and in (¢) and (¢).
d&m d%dx d%dw

ds ' de’ Tde
&c., as in Art. 284 ; finally, equating to zero the separate co-
efficients of 82, 8y, 82 under the integral sign.

The equations thus obtained are of great complexity, and
would not repay any labour bestowed upon them. Moreover, as
we shall see, the general problem can be more simply treated
otherwise by a method which is free from false assumptions.

We shall here confine our illustration of the method of La-
grange to the simple case* in which the wire forms a plane curve,
in whose plane are the forces and the displacements ; so that we
may neglect the terms in M/ — while not assuming that 3 is zero.
If we simply put M = 0, while assuming the curve to be
tortuous, as Lagrange does, its constitution would be like that
of a continuous chain of smooth beads strung freely on a string.

Under this condition, equation (1) becomes simply
X, 02, + X189, + Xoda,+ Y509,

+/ [m(Xox+ Ydy)ds—Tdds—Ldd6] = 0. (2)
Substituting the values of dds and 346, the integral term becomes

dwdd d2 a2y
f[mXaw-— (T )d: dsw_ dsf dazw-'- Jas, ®)

writing down, for simplicity, only the terms relating to .
Integrating the second term once by parts, and the third twice,

this becomes

Xlaw1+Xoawo—[{(T—£)@-d8( Al 82)}aw]

dlxddx
ds® ds

+f [{mX+ i (T S )} 3

+similar term in y]ds =0, (4)

Art. 283, and to integrate the terms in

+ similar term in y— [pL ] + similar term in y

* The following discussion, be it observed, is given merely as an exercise in the
Principle of Virtual Work, The equations obtained can be arrived at with much
greater rapidity by direct elementary methods.
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the suffixes in the terms outside the integral sign having refer-
ence to the extremities of the wire.

As the variations 3 and 3y may now be considered indepen-
dent at all points of the curve, we have at all points

2 (1= - (1) +mX =0 (5)
%.(T——f—% 82(L ) m¥ =0, (6)

which determine the form of the curve.

Assuming, for definiteness, the figure of the curve to be concave
towards the axis of z, if 6 is the acute angle made with this axis
by the tangent at any point, we have

de _ 1 dz _ dy _ . d*z _sind
d_s.——;’ Z;—cosa, 7 = siné, I = - ——> and so on.
Hence (5) and (6) become
d
A (T——)cos0~ (Lsm0)+mX— 0; (7)
d .
7 (T—;—) sm0+d?(LcosG)+m1’ =0. (8)

Performing the differentiations, multiplying the first by cos 6,
the second by sin6, adding, and putting § = 7 (X cos 6+ Y'sin 6)
= tangential component of applied force, we have

ar 1dlL
ds *e p ds

Again, multiplying the second by cosd, the first by sin 6,
subtracting, and putting N = » (¥ cos  — X sin6) = normal com-
ponent of applied force, we have

@@L T
d T

These two equations can be amved at much more rapidly by

the direct elementary process. Integrating (7) and (8), we have

ii8=o. 9)

S+ =o. (10)

(T—%;)"“"‘Z% (Lsind) = a—/mXis = P; (11)
(T—%)sin0+ d—dé(ﬂcose) =b—/mYds = Q; (12)

a and 5 being constants which we shall presently determine.
Equations (11) and (12) dre easily integrable once more, For,
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multiplying the first by sind, the second by cosf, and sub-

tracting,
‘il_l_;=—Psin6+Qcos0; (13)

ds
o =—/Pdy+ /Qdx + £, (14)
where £ is a constant.
1t is usual to assume that the value of L at any point is pro-
portional to the change of curvature at the point ; so that if 7 is
the radius of curvature at the point before strain, we have

L=4(;-3) (15)

where 4 is a constant depending on the rigidity of the wire.
Hence we have for the determination of the form of the curve

the equation 11

A(;—; = — /' Pdy + /Qdx + . (16)

Equating to zero, in (4), the terms outside the integral sign,
we have, so far as one extremity, 4, of the rod is concerned,

L a . . ad
[Xl—(T—-‘—,)cosf)-l-I-Z:?(Lmnf))]&a:—f/sun0-—%f
+[Y~—(T—£) sin6 + E(Lcose)]b +Ic0s0.%%< o (17)
1 p ds y ‘ds T

omitting the suffix 1 (for convenience) which may be understood
to be attached to every letter. The terms relating to the other
extremity, O, equated to zero, give a precisely similar equation,
with —X,, — ¥, written instead of X;, 17.
Now we may have any of the following circumstances relating

to the end—

(@) the end may be perfectly free ;

(6) the end may be fixed, but not the tangent at it ;

(¢) the end may be tangentially fixed.

If (a) happens, the variations dz, 6%, ... are all perfectly

arbitrary, so that their coefficients must be severally zero.

If (3) happens, 3z = 0 and 3y = 0, therefore the first and
third terms in (17) disappear without furnishing any equations;
but B“% and 6%‘%
tangent may be varied at pleasure. Hence the coefficients of
these terms must be equated to zero. '

are quite arbitrary, since the direction of the
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If (c) happens, there is mo arbitrary displacement, and each
term in (17) disappears without furnishing any equation.

In addition to these cases, we might, of course, have that in
which the end (by means of a small ring) is constrained to move
along a given line, ¥ = p# + ¢, so that we should have 3y = pda,
with the result that the coefficient of 8y is to be equated to
» times that of 82 in (17).

The following results are at once obvious.

If the end is perfectly free, the change of curvature at it is
zero, and the tension is equal to the component of the applied
force along the tangent; for we have pL =0, or, by (15),

1 — £ = 0; and then equating to zero the coefficients of 3z and

(]
3y in (17), multiplying the first by cos § and the second by sin 6
and adding, we get 7' = X cosf0+ ¥ sin 6.

If the end is fixed, but not tangentially, the change of curva-
ture is zero. These results are, of course, at once perfectly
obvious from elementary considerations.

The constants of integration in (11), (12), (14), are to be
determined by the circumstances of the extremities. Thus, if
both ends are free, and we suppose the integrations to commence
at the extremity, O, we have, by substituting the co-ordinates of
this extremity in (11) and (12),

._X0= a; — YO= b.
Also substituting those of the other extremity,

1 1
X=X, _/'des]o ; Y,=— YO—[/'mYds]o,

results which are at once obvious from the most elementary
principles.

Substituting these in (14), and observing that L =0 at the
end, we have £ = 0.

Again, if the end O is tangentially fixed, substituting the
co-ordinates of the other end in (11) and (12), we have, with the
aid of (17),a = X, +/mXds; b = Y, + /mXds, the co-ordinates
of 4 being understood to be those in the general integrals in
these expressions. Also since L = 0 at 4, we have from (14)

k= S Pdy— [ Qda,
in which the co-ordinates are those of 4. .
If b0tk ends are tangentially fixed, we derive no assistance
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from the terms outside the integral sign, and the course to be
pursued for the determination of the constants will be at once
rendered clear to the student if he considers the simpler problem
of an inextensible string acted upon by gravity, its two ex-
tremities being fixed at any two given points. The process of
the determination of constants is this—the forms of X and Y as
functions of the co-ordinates being assumed as given, imagine
the equation (16) to be completely integrated, taking x as the
independent variable.

It is a differential equation of the second order, since p involves
a2y
da?’
m and % ; so that we should finally have an integral of the form

¢ (2,9,0,6,k,m,n) = 0.

If, for simplicity, we take the end O for origin and the
tangent at it for axis of #, while the tangent at 4 makes a given
angle a with this axis, we have the following equations—

¢(0,0,a,8,% m,n) = 0,
¢ (2,9,0,0,k m,n) = 0,

(dw) =0

tana- (’—) + (dx)

and, in addition, the length of the curve is given, so that

[(d;b) ( )]

dy
Hence we have five equations to determine the five constants.

289.] Flexible Inextensible Surface. As another illustra-
tion of the method of Lagrange, we shall now consider the
equilibrium of a perfectly flexible and perfectly inextensible
surface.

The equations which have to be satisfied by the component
displacements, %, v, w, at every point, when there is perfect
inextensibility and no other condition, are given in p. 157.

Let the components of externally applied force per unit area

and its integration will introduce fwo more constants,

= !/ = length of curve.
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at any point of the surface be X, ¥, Z. Then if e denotes

V14 2% +¢° the elementary area dS at any point of the surface
is edzdy, and we shall have

JSSe(Xu+ Yo+ Zw)dzdy = 0, (1)
subject to the relations referred to between , v, w—viz.
du dw dv dw
gz TP 7z=0; @+9@=0;
du dv dw  dw (@)
(737 + an + PB; +9¢ Tz =

Multiplying the left-hand sides of these equations by the
undetermined multipliers A, u, p, respectively, and adding the
results under the signs of integration in (1), we have

du  dw v dw
f/[eX.u+eY.v+eZ.w+)\(%—+p%) +“(@.+q@_)

du dv dw dw
+p(@ +%+p@+g%)]dwdy=o, (2)
in which, after the method of Lagrange, we may now treat
#, v, w as completely independent.
Now take the term f f )\g-—z dw dy, and first perform the inte-
gration with respect to @, considering y constant.
du — N\ P 2
Thus A%dx = N'd"—\1 —/u%dw, (3)
in which the term A”#” relates to the point which has one
extreme value of z as abscissa (with the supposed constant
value of y), and N’ to the point which has the other extreme
value of # as abscissa. These points, occurring at the end and
the beginning, respectively, of the integration with respect to @
(v being constant) are points on the bounding edge of the
wurface—points in which it is cut by the plane y = constant.

du , daa
Hence f A(Edz dy =f()\”u/’—)\ W) dy—ffu %dwdy, (4)

in which the single integration is one relating only to the edge,
and the double is one carried over the whole surface.

Now, instead of the single integral we may evidently write
JA\udy ; for this last, when carried continuously round the edge,
will include both the terms A”%”dy and —\’%'dy, which belong
to points having the same y and different extreme values of a.
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Treating the other double integrals in the same way, we have
as the equivalent of (1)

[teda-+1dg) e -20)+ (wio+ pdy) (v+ o))
+ [l x-G - )+ (T=2 =)

d(pr+gp) _d(pp+qu)
+(EZ— 70 - 7 )w]dwdg = 0. (5)

Equating to zero the coefficients of %, v, w under the double
integral, the general equations of equilibrium are

ax dp_

Tr +@‘— X, (6)

d;.L dp

a + = €Y, (7)
Ar4pt+28p = e(Z—pX—qT), (8)

in which, as usual,

dp dq dp dg
—> = 8 = =
dz

Now it will be observed that these three equations serve
merely to determine A, p, p, and furnish us with no equation for
the determination of the form of the surface.

If the bounding edge is fixed at all points, #, v, and » under
the sign of single integration in (5) are severally zero at all
points ; so that the terms relating to the edge furnish us with
no equations. In this case, therefore, we must conclude that
the form of the surface is geometrically determinate, quite ir-
respective of the forces acting on it; in other words—gf every
point on the bounding edge of a perfectly inemtensible surface s
fiwed, the surface can take only ome figure, no displacement being
possible at any point on it.

If the bounding edge is completely free, we must equate to
zero the coefficients of the displacements under the sign of single
integration, so that the differential equations of the edge are

r=

dz dy
’zl'" + A= d ’ (9)
dw  dy _

K3 +e Pas™ =0, i (10)

(where ds is an element of length of the edge) the values of A, y, p
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in these equations being obtained from the general equations

(6), (7), (8).

As a very simple example, take the case of a uniform rectangular
sheet ABCD, two of whose sides, AB and CD, are fixed horizontally
and parallel to each other, gravity being the only external force. We
know from elementary considerations that the sections of this surface
by vertical planes perpendicular to the lines 4B and CD are catenaries ;
and this result follows from the above equations. For, taking the axis
of 2 vertically upwards, and the axis of  horizontal and perpendicular
to the direction of AB and CD, all differential coefficients with re-
spect to y vanish, while X = Y=10,Z= —g; so that the general

equations give da dp
=" &0
d .
E= g1y, (11)

while the terms relating to the two free sides give p = 0. Now the
integral of (11) gives at once the Catenary equation between z and .

If the bounding edge, instead of being fixed at all points, has
external force applied along it, and if X, ¥, Z, be the com-
ponents of this force at any point of the edge, per unit length,
the left-hand side of (5) will require the addition of the virtual
work of this boundary force; that is, we must add to it the
term /(X% + Y,v+ Z,w)ds ; so that the boundary equations (9)
and (10) must be replaced by

dz a
P AT +X, =0, (12)
de d
b +pd-‘Z+YO=0, (13)
Xy +q¥,— 2%, =0, (14)

the last of which shows that the boundary force must at every
point lie in the tangent plane to the surface at the point. The
general equations (6), (7), (8) serve merely to determine A, p, p;
and in all cases the form of the surface is known from the equa-
tions of the boundary.

290.] Jellett’'s Results. The dynamical treatment of the
equilibrium of an inextensible surface has conducted us to a
conclusion with respect to the effect of fixing its bounding edge
which, although holding good in general, admits of exceptions
when the bounding edge is selected in a particular manner.

The properties of inextensible surfaces, with regard to dis-
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placement, have been very fully treated by Jellett in a paper to
which the attention of the student is directed— On the Properties
of Inextensible Surfaces, in the Transactions of the Royal Irish
Academy, vol. xxii.

We cannot do more than summarize the results arrived at in
this paper. If, for brevity, we put £ =wu+pw, n=v+4gw in
equations () of last Axticle, the equations of inextensibility

become a¢
——wr =0, (1)
dn
& —wt =0, (2)
a§ , dn _
7 + %-—2203 =0; (3)

and it is clear that the immobility of a point is fully expressed
by the conditions £ = 0, n = 0, w = 0.

If now we consider the effect of fixing any curve on the
surface, the determination of the displacement (if any) of a
point on the surface is identical with the solution of the follow-
ing problem :—To find three functions, ¢, 7, », which satisfy
equations (1), (2), (3), and which vanish at all points on the
given curve.

Let the differential equation of the projection of the given
bounding edge on the plane of 2,7 be

dy = mda.

It is then shown that the vanishing of ¢, n, w at all points on
this hounding edge will necessitate their vanishing at all points
on the surface, unless 7 is such as to satisfy the equation

r+2sm+tm* = 0. (a)

Now for a whole class of surfaces it is impossible to satisfy

this equation with any real value of m—viz. the class of surfaces
for which rt—s® is + at all points,
i.e. for surfaces whose two principal curvatures are of the same
sign at all points; so that if a bounding edge of any form is
fixed on any such surface, no displacement of any point on it is
possible.

If the surface is such that at all points

rt—s% = 0,
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i.e.if it is a developable, motion will be possible if the fixed edge
is any one of its rectilinear sections, or its edge of regression. If
on such a surface a portion of a curve, 4B, not coinciding with
either of these is fixed, the whole portion of the surface included
between the rectilinear sections drawn through 4 and B, un-
limited in one direction and bounded by the intercepted portion
of the edge of regression in the other, is immoveable.

If the surface is such that at all points
rt— &% is negative,

i.e. if its principal curvatures are of opposite signs, at each
point there are two directions satisfying (a), and if the bounding
edge coincides with a curve satisfying this equation at all points,
displacement is possible.

291.] Particular Case of Flexible Surface. The only case to
which the investigation given by Lagrange in the Mccanigue
Analylique applies without error is that of a flexible extensible
surface of such a nature that the work done at any point by the
internal forces exerted over the contour of any element of area,
dS, when this area receives a small change, is proportional solely
to the amount of increase 84S, of the area, and not dependent in
any way on its change of stape.

Let P be any point on the surface, and at P draw any line
PQ, of infinitesimal length, in the surface. Then, in general,
the force exerted over the length PQ by the portion of the
surface at one side on the portion of the surface on the other
side, of PQ, will be oblique to P@; but whatever be the nature
of the surface, there are fwo directions, PQ, and PQ,, of PQ such
that this force is perpendicular to PQ (as will be shown in the
chapter on Strain and Stress); the magnitude of this normal
force divided by the length PQ over which it is exerted is called
surface-tension. 1f the surface-tensions on P@, and PQ), are equal,
it follows (as will be subsequently proved) that the stress exerted
on every elementary length PQ drawn on the surface near P is
a normal force, and the surface-tension is constant all round 2.
If we denote this constant value at P by N, it will be easily seen,
by taking for d8 any small closed surface, that for a small
increase of its area the work done by the (normal) stress all round

it is N x3ds.
(Apply exactly the reasoning in Example 3, p. 117, by which
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it is shown that the element of work done by the pressure of
a gas is pdv.)

If the surface has attained its equilibrium configuration, and
if we imagine displacements (%, v, w) at each point as before, the
equation of Virtual Work will be

JSSe(Xu+ Yv+ Zw)dzndy + /N3d8 = 0. (1)

Now, if the element of superficial area, 48, is that cut off by
two very close planes perpendicular to the axis of # and two very
close planes perpendicular to the axis of y, we have d§ = edzdy ;
and the changes in the co-ordinates will cause dzdy to become

da dy ( 14 Z—: + %) , a8 18 at once found. Henee
3dS = (g; + g——;) edzdy +dzdy . Se

du d Op+gd

Substituting in this expression the values of 3p and 8¢ given
in Art. 283, and then integrating (1) in the usual way, and
equating to zero the coefficients of #, v, » under the sign of
double integration, we have the equations

d.eN d p2N+ d pg N

eX— iz Vs e @—e—_o’
d.eN dpgN dgN_
EY'—W t @ e +@_e =0
dpN dgN _
= i =0
which hold at all points on the surface
Denotmga— Tl + ‘;.i? qbe U, these equations may be written
aN
eX—e-d7+pU=—j 0, (2)
dN
eY—-e@ +4qU =0, (3)
eZ-U = 0. (4)

Substituting in (2) and (3) the value of U given by (4), we

have
W x1p2; ‘if-g = Y+47; )
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and if Xdz + Ydy + Zdz = —d T, the differential of single function,
I1, these last equations give

N+ =a, ( 6)
where a is a constant.

Now N may be regarded indifferently as the surface-tension or as
the potential work of the stress (static emergy) per unit area on the
surface, because the potential work of the stress for an increment
of area equal to 348 is Nx3dS. Hence (6) asserts that in the
equilibrium configuration the sum of the potential works of stress
and of external forces per unit area is the same at all points on
the surface.

The values of ‘fl—iv and %]—; given in (5) when substituted in U
give

.

g XVt (P4 ¢ 7 (1+¢7)r—2pge+ (1477t
€ €

Now if R, and R, are the principal radii of curvature of the
surface at any point, we have (Salmon’s Geometry of Three
Dimensions, Chap. X1.),

i_l___1__(l+q2)r—2pg8+(l+p2)t’
R "R, e

so that eU:pX+qY+(e2_l)Z+N(T;_ + 1%),
1 Ay
and therefore (4) becomes
1 1 1
;(Z—pX—qY) = N(}T1 + E) .

But the left-hand side of this equation is the component, Z,,
of the external forces along the normal to the surface; hence we
have 1 1 F, F,

RYE=NT i+ (@
as the equation of the surface.

This equation can be at once obtained by a direct elementary
process, as will be shown in a subsequent chapter.

If the surface is one acfed upon by gravity only, and if it lies
very nearly in a horizontal plane, from which z is measured, we
may neglect such products as pg, pz, pr, &c., and equation (4)

gives . w—N(r+¢)= 0,
where = is the weight per unit area of the surface ; or
d% d%

=
%-5+d—’/-,—z-—const.
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292.] Surface-Tension of a Liquid. At each point, P, of the
surface of contact of a liquid with a gas, another liquid, or a solid,
there exists a tension, the magnitude of which across a given
elementary length PQ in the tangent plane at P is the same for
all directions of PQ; and the amount of this tension divided by
PQ is, as just stated, the surface-tension at P.

The main laws to which this surface-tension is subject are the
following :—

1. For a given liquid in contact with any given substance it
is the same at all points on the surface of contact.

2. It varies with the temperature, becoming less as the
temperature becomes greater.

3. It varies if the substance with which the liquid is in con-

tact is varied. Thus, it is not the same on the surface of water
in contact with air as on the surface of water in contact with
mercury.
. 4. It is independent of the curvature of the surface of contact.
Thus, if a soap bubble is blown out through the end of a tube,
the surface-tension of the film (in contact with air) is the same
when the diameter of the bubble is 6 inches as it was when the
diameter was 1 inch.

This curious fact at once distinguishes the nature of the dis-
tention of a liquid film from that of the distention of an elastic
string, because for the latter the magnitude of the tension
increases with the extension, while the tension of the liquid film
is independent of the extension of its surface.

A probable explanation of this result for a liquid (suggested to
the Author by Mr. W. G. Gregory) may be found in the fact
that the molecules of a liquid are moveable on each other with
very great ease, so that when, by a distention of the extreme
surface layer of molecules, the molecules which surrounded any
molecule P have their distances from P increased, their vacant
places on the surface are taken by others which come up to the
surface by the thinning of the film, thus leaving the molecular
arrangement round P practically unaltered—unless the surface is
reduced below a thickness less than the diameter of the ‘sphere
of molecular activity > (Art. 293), in which case the constancy
of surface-tension ceases.

The existence of surface-tension may be demonstrated experi-
mentally in several ways. One of the simplest methods consists

VOL. 1I. N
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in taking a rectangle formed of brass strips or wires, AB,.B.C
CD, and EF (Fig. 262), of which the first three are in one rigid
piece, while the last, £F, is capable of sliding up and down on
the bars 4B and DC. .
The space, abed, enclosed by the four bars being vacant, dip
the system into a soap solution, thus forming a film (represented
by the shading)in this space; thisfilm
attaches itself to all the bars; and if
the moveable bar EF is not restrained
by the fingers, it will be drawn along
5 the others by the film until it reaches
BC. If EF is not too heavy, and the
plane of the bars is held vertical, BC
being above EF, this latter will be
Fig. 26a. lifted by the tension of the film.
Another very striking illustration of the existence of surface-
tension is obtained thus:—Take a circular brass wire, A (Fig.
263): dip it into the soap
solution, thus covering
its area on withdrawal
with a thin film (repre-
sented by the shading);
now form a loop of a
piece of thread and place
it gently on the surface
Fig. 263. of the film. This loop
is represented by ¢4 in the figure. Now perforate the film inside
the loop by a pin or fine wire, and instantly the loop of thread is
drawn out into a circle, ¢, by the contracting film.
This experiment illustrates not only the existence of surface-
tension, but also another property to which we shall presently refer.*
At the temperature 20°C. the surface-tension of water in con-
tact with air is 81 dynes per centimétre; for mercury in contact
with air it is 540 dynes per centim@tre ; and for mercury in con-
tact with water 418 dynes per centimétre (see Everett’s Units and
Plysical Constants, p. 42).
For the best method of measuring surface-tension, and verify-
ing its independence of the curvature of the surface, the reader
may consult Plateau’s Statique Empérimentale et Théorique des

* Namely, the property of minimum area, Art. 295.
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Ligquides soumis aux seules Forces Moléculaires, vol. i., pp. 272, &e.
This work abounds in beautiful illustrations of the forms assumed
by liquid films, and contains precise information on all the details
necessary for experiments.

293.] Forms of Liquid Surfaces. The molecules of a liquid
which lie on its bounding surface—that is, its surface of contact
with a solid or with a fluid—experience attraction from other
molecules of the liquid which are at infinitely small distances
from them. Thus, a molecule at any point, 2, on the bounding
surface will experience attraction from all the liquid molecules
which lie in a hemisphere having P as centre and an extremely
small radius, Q. 'The distance 2@ is called the radius of mole-
cular activity, the attraction of two molecules separated by a
distance greater than P@ being insensible.* If at each point P
on the surface we measure off the distance P along the normal,
the @ points form a layer parallel to the bounding surface such that
the surface molecules are unacted upon by the layers below this one.
- If also we produce the normal at P into the surrounding
medium—i. e. the solid body, or air, or any superincumbent
fluid—the liquid molecule at P will be acted upon by a mole-
cule of this medium at a certain distance PQ’ along this normal,
and by all molecules whose distances from P are less than P’
We shall thus have another layer of molecules in the medium
defining the limits within which the surface molecules of the
liquid are acted upon by those of the medium.

Now, without any & priori knowledge of the magnitude of the
radius of molecular activity either for the liquid or for the body
in contact with it, it can be shown (as was first shown by Laplace,
Mée. CéL., supplement to Book X.) that at any point, 2, on the
liquid surface the force per unit area due to the effective molecular
attractions of the liquid itself and of the medium with which the
liquid is in contact is of the form

1 1
A+ N (R-l- + -—R_z ) ’ ( 1)
where 4 and XV are constants for the same liquid and same sur-

rounding medium, provided the temperature is constant, and
R,, B, are the principal radii of curvature of the liquid surface at

* The fact that a liquid rises to the same height in a capillary tube, whatever
its Zhickness, provided its internal diameter is constant, is supposed to justify this
assumption.
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P, both principal sections being supposed to be conver towards the
mediumat P. If both are concave towards the medium, the molecular

force per unit area is 11
A—N (1_31 + R—a) ; (2)

and if one is concave, the corresponding radius of curvature is to
be taken negatively in (1).

The quantity N is the surface-tension of the liquid when in
contact with the given medium. With regard to the constant
A nothing appears to have been determined (Clerk Maxwell’s
Article on Capillary Action in the Fncyclopedia Britannica), except
that it is much greater than the term depending on curvature.

From the expression (1) it appears that even when the liguid
surface is plane, there is normal pressure at each point due to
molecular action. This is due to the fact that about any point on
the surface only one-half of the sphere of influencing molecules
can be described. A molecule at a finite distance from the surface
would be subject, on the contrary, to molecular attractions in all
directions round it.

Suppose, then, a liquid mass not acted upon by any external
forces. For such a mass the expression (1) must be constant all
over its surface, i.e. 1 1 1

T A )

1 2

at all points on the surface.* A drop of olive oil in a mixture of
water and alcohol, which is made to have the same specific gravity
as the oil, will be an approximation to such a liquid mass; and
by seizing this drop between two wires in the shapes of any closed
curves, or by allowing the drop to form round a solid of any shape
held in the suspending liquid mixture by a very fine wire, we can
obtain as many figures of liquid surfaces as we please, each satis-
fying equation (3). A full deseription of beautiful experiments
of this kind will be found in M. Plateau’s work just quoted.

If in (a) of last Article we have F, constant and also & con-
stant, we have a surface satisfying equation (3), i.e. its form
will be one of those assumed by a liquid surface under the
conditions just described.

Instead of obtaining such surfaces by means of drops of oil,
we may very easily obtain beautiful illustrations of them by
means of soap bubbles. A soap bubble is a thin liquid film

* This result will be deduced in a note at the end of the Volume.
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which is in contact with air at both sides of the surface. When
it is blown out through the end of a tube, its surface is spherical,
and the normal intensity of external force, F,, is the excess of
the air pressure per unit area inside over that outside—assuming
that the film is so thin that its weight per unit area is wholly
negligible. For this case, if R is the radius of the sphere, the
intensity of pressure on the outer (convex) surface due to

molecular attraction is oN
A+ '’
while on the inner surface the intensity of pressure due to
the same cause is o N ’
A4-522.
R
Hence the resultant intensity of pressure due to this cause is
4N
? H

and if p is the excess of internal air pressure over external air
pressure per unit area, we have
4N
7 = p. (4)
Hence for all sizes of the bubble we have p . R constant.
For any shape of the film, the resultant of the molecular pres-
sure intensities exerted at any point on both sides is

1 1
2N (7f_1 + :R_z) , (5)
and if the excess of air pressure is, as before, p, we have
1 1 . p
BTRTIN (©)

If p = 0, i.e. if the inner and outer surfaces are both in contact

with the atmosphere, we must have

1 1
that is, the two principal curvatures are equal and opposite at all
points on the surface.

Several possible forms of equilibrium of films are at once
obvious. Thus, a closed surface consisting of a cylinder ter-
minated by two spherical caps is obviously possible; and if r is
the radius of the cylinder and # that of the sphere, the left-hand

side of (6) is % all over the cylindrical portion, and ;27 over the

spherical ends ; therefore 7/ = 2.
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This figure is very easily produced thus. Take two wires,
each formed into a circle (two or three inches in diameter);
support one circle horizontally on three legs (each about two
inches high); by means of a thread fastened at three points on
the circumference suspend the other circle with its plane parallel
to that of the first circle, vertically over this circle, the distance
between the planes of the circles being about three inches; then
dip the end of a glass tube in the soap solution, and through
this end blow a bubble between the two wires, enlarging the
bubble until it attains complete contact with each circle. The
surface of the bubble will then form a film between the two
circles, and each wire will be covered with a spherical cap.

By raising the upper circle, or lowering it, the radii of the
spheres can be diminished or increased, and the cylindrical form
obtained.

The persistence of these films is greatly increased by adding
glycerine to the soap and water, and by this means M. Plateaun
has obtained films which lasted for 18 hours.

Again, having obtained the cylinder with two spherical ends,
rupture the spherical caps by driving a wire or a glass rod down
through them in a direction parallel to the axis of the cylinder.
The portion of surface connecting the circular wires will remain,
but its shape instantly alters from that of a cylinder, becoming
a surface generated by the revolution of a catenary round its axis.
For in this case, as p = 0, the surface satisfies equation (7); and
as the surface is one of revolution, its two principal radii
of curvature at any point are the radius of curvature of the
meridian, or revolving curve, and the normal terminated by
the axis of revolution. Now it is well known that the catenary
is the curve in which these are equal and opposite.

The figure of the film thus formed is called a Catenoid.

Of films whose surfaces are surfaces of revolution there are
three classes which have been experimentally investigated by
Plateau. We proceed to deduce their forms'analytically.

Let p be the radius of curvature at any point, P, of the
meridian, and # the length of the normal between P and the
axis of revolution. Then (6) becomes

1 1 Y4
Aty 4 (8)
Let 4 (Fig. 264) be a plane circular iron wire, two or three
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inches in diameter, lying horizontally over a table; suspended
vertically over it let there be another circular wire, B, of the same
or different diameter, both having been previously moistened
with the liquid, and blow through one end of a tube a soap bubble
until its surface comes
into contact with both
wires. Then the film
will assume a figure of
revolution between the
wires terminating in
spherical caps (not re-
presented in the figure)
covering the wires.
The air inside it will have no communication with the outside
air. By causing B to approach or to recede from A, the figure
of the film will be altered.

Let 4B be the axis of revolution, ¢ the tangent to the
meridian at P, and Pm and P the ordinate and normal. Let
s be the length of the arc of the meridian measured from some
fixed point at the left of 2 up to P; let LPim = 6, and Pm = y.

Then (8) becomes A0 cos® 1 )

9

ds ~ y

'a' H
where a is put for z—jj—v Again, %: sin 6, so that (9) becomes
—ysin0d0 + cos 0dy =‘Z(ly.

Integrating this (since it holds at all points), we have
=7
yeosl = ozt A,

where / is a constant ; or, finally, if Pz = ,
1 1
2(Z_ Y = 4.
P —5) ="t (10)
Now if p is the perpendicular from the focus of an ellipse
on the tangent at any point, and » the distance of this point
from the focus, we have

where a and & are the semiaxes. Comparing (10) and (11), we
see that P is the focus of an ellipse touching the line 4B
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at n, the semiaxes of this ellipse being a (or ——) and +/'2ak, or
,\/ ——> and this ellipse is therefore invariable whatever be

the posltlon of P on the meridian.

Hence* the meridian curve of the film is the locus of the focus
of a given ellipse which rolls along the line 4B. The conic
being an ellipse, the locus is called an Urduloid, and is the
curve actually represented in the figure.

If the rolling conic is a parabola, the locus of its focus is
a catenary, and the surface of the film is the catenoid, already
discussed.

If the rolling conic is a hyperbola, the locus of the focus
is a curve having a series of loops, and the corresponding shape
of the film is called a Nodoid.

The Nodoid is produced in the same way as the Unduloid,
the greater or less distance between the parallel rings between
which the bubble is blown determining the character of the
surface ; but it is obvious that only the portion between two
nodes can be actually obtained. This curve resembles that of
the third class of elastic curves (see Fig. 269, next chapter).
The names of these curves have been given them by M. Plateau.

294.] Connection with Elliptic Integrals. The abscissa and
ordinate in the Unduloid and Nodoid are readily expressible
in terms of Elliptic Functions. If in (10) of last Article for =

we put y ‘—Z- > we obtain

(y2+2alt)% = 2ay,

(92 + 2ah)? (da? + dy?) = 4a%y*da?,
(9" +2ak)dy =
=yt 4a(a—h) f—ad 2
¥’ +aB =
or T =) dy = tda, (1)
by putting a®+ 8% = 402—44ak, and o = + 2a4; so that a and
B are the greatest and least values of the ordinate. Make the
usual substitution, 22 = a®cos?p + Bsin? p. (2)

* This Theorem is due to Delaunay.
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Then, putting 42 = az_;ﬁz » we have
y=aa(4), (3)
de = (abdp + 5%) de. (4)

When ¢ =0, ¥ = a, and when ¢ = g, y = pB. Hence in
Fig. 262 if D and Z are the points of maximum and minimum
ordinate, all values of ¢ between 0 and g correspond to points on

the curve between D and F; and as 2 increases with ¢, we take
a positive sign outside the brackets in (4).
The abscissa is given by the equation

&= aB($)+F(9) (5)
Since in the Unduloid the tangent can never be parallel to

the axis of 7, we can never have g'-;: 0, therefore the + sign

in the numerator of the left-hand side of (1) belongs to the
Unduloid and the — sign to the Nodoid. Hence also in (5)
the + and — signs correspond to these curves.

Again, we have in the Unduloid

dz _  a+B o
—a @‘— W—a/c tangb,

d?x . .
so that s will vanish when

tan¢=/\/%: ory = 4/(—1_,‘;,

and there is a point of inflexion at the corresponding point.
If s is the length of the arc between D and any point, P,
on the curve, we find s=(at+B).¢;

and the area of the surface generated by the revolution of DP
about the axis of #is (a+8). E(¢).

If o = B, the surface becomes a cylinder.

When a is slightly different from B (i.e. when #% is small),
the form of the meridian curve is that of a curve of simes, as is
easily proved.



186 THE PRINCIPLE OF VIRTUAL WORK. [295.

295.] Minimum Property of Films. If we seek to determine
the general equation of a surface which, subject to enclosing
a given volume, has a minimum area, we obtain the equation

8‘/‘«/1 +p2+92.dm(1y+%6fzdmdy =0

(@ being a constant), which gives us the general property

1 1 1

]—{1 + ]—{2 = po ’ (a)
at every point on the surface. Now this is, by (3), Art. 293,
precisely the general property of the surfaces of films and of
liquids unacted upon by external bodily force.

The connection between the two problems might have been
foreseen by the principle of minimum or maximum Static Energy,
combined with the fact that the surface-tension is a constant for
all forms of the film. For if NV and § are the surface-tension
and area of the film, since (Art. 291) NV can be regarded as the
Static Energy per unit area, the product

Nx8

is the total potential work of the forces of the system, and this
is simply proportional to the area of the surface. (See p. 178.)

Hence the question of the stability or instability of any of
the forms of liquid surfaces can be exhibited in the following
form: Subject to its bounding conditions, is the area of the
surface greater or less than that of any surface differing infinitely
little from it and satisfying the same differential equation,

1 1 1
Bt

The determination of the nature of the equilibrium in this
way will often, however, be very troublesome, inasmuch as the
comparison of the areas will involve the retention of small quan-
tities to at least the second order; for the deduction of the general
equation (a) satisfied by all the surfaces under comparison has
been made by the retention of small quantities of the first
order.

In this way M. Mathieu (Z%éori¢ de la Capillarité, pp. 73, &e.)
has discussed the stability of a eylinder of oil formed between
two equal circular plates in Plateau’s glycerine mixture, and he
arrives at the result that the figure is stable only for distances
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between the plates greater than the semicircumference and less
than the circumference of either plate.

296.] Stability of the Catenoid. Clerk Maxwell (Article on
Capillary Action, Eneyclop. Brit.) has applied a simple and in-
genious method to the determination of the Stability of the
Catenoid, without the direct consideration of minimum area.

Thus, let B and C (Fig. 222, Art. 186) be two fixed points,
and Oz a fixed right line parallel to BC.

Then there are fwo catenaries which pass through B and C
and have Oz for their common axis. For, if BC = 24, and the
distances of B and C from Oz are each equal to », we have

A h
27 =c(ct+e€ °),

and it is very easy to prove that only two (if any) real values
of ¢ can be found to satisfy this equation; i.e. there can be
drawn only two catenaries. Let these catenaries be BA4C and
BA’C (the latter not represented in the figure), the vertex, 4,
of the second being, suppose, between O and 4. Every catenary
lying above BAC and every catenary lying below BA'C has its
horizontal axis lying delow Oz ; and every catenary lying between
BAC and BA'C has its axis above Oz.

Now, supposing Oz to be the line joining the centres of the
two parallel circular wires between which is formed a soap film,
these wires passing through B and C, the catenoids generated
by the revolution of BAC and of BA'C are possible figures of
equilibrium.

Draw a catenary BaC slightly above BAC; let it revolve
round Oz, and consider whether positive or negative work should
be done on a film coinciding with the catenoid BAC in order to
make it coincide with the quasi-catenoid BaC.

Let P be any point on BaC; draw the normal at P meeting
Oz in 7 and the horizontal axis of BaCin ». Then the radius
of curvature of this curve at P is equal and opposite to P, and
therefore the principal radii of the surface generated by the
revolution of the curve round Oz are Pn and — Pm, so that
the sum of its curvatures measured towards the interior of this
quasi-catenoid is 1 1

P P’ (a)

which is positive. Now if p is the intensity of the pressure
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excess which must be applied to the surface at P to keep the
film in equilibrium in the figure of the quasi-catenoid, we have

1 1 p

rriab ik (%)
(Art. 293),and p must therefore be applied as an oufward pressure,
i.e. in the sense zP. This holds at all points on the quasi-
catenoid 4« C, since () is everywhere positive. Hence to change
the film from the catenoid BAC to the quasi-catenoid BaC,
requires positive work, and there is therefore no tendency to
such a displacement (Art. 274).

Again, draw a catenary BBC very slightly below BAC.
Since its axis is higher than Oz, Pm is now <Pz, and the sum
of its principal curvatures at every point is positive towards the
exterior of the film, so that this involves a pressure excess, p,
directed towards the interior; i.e. positive work would be
required to change the catenoid BAC into the quasi-catenoid
BRC. The catenoid BAC is, therefore, stable.

In precisely the same way, if we consider the work which
would be required to change the catenoid B4’C into a very close
quasi-catenoid above it, we see that this work is negative, so
that there is a tendency to this displacement ; and if the slight-
est motion in this direction is given to the film, it will move
continually up to coincidence with the stable catenoid BAC.
To change the film BA'C into a quasi-catenoid below it requires,
in the same way, negative work. Hence a displacement in this
direction would increase indefinitely, and the catenoid BA'C is,
therefore, unstable.

It is easily seen that the tangents at B and C to the upper
(stable)® eatenoid intersect above the axis Oz of the catenary,
while those drawn to the unstable catenoid intersect below it.
This form of the eriterion of the stability or instability is given
by Clerk Maxwell in the Article referred to.

Tt is understood, of course, that the ends of the catenoid are
open to the external air and not closed by plates. If they are
closed, the equilibrium will in all cases be necessarily stable—
the film being presumed strong enough to resist rupture from
slight motions.



CHAPTER XVI.

EQUILIBRIUM OF STRINGS AND SPRINGS.

297.] Tangential and Normal Resolutions. We now pro-
pose to complete the discussion of the equilibrium of flexible
strings by considering the case in which the external forces are
not coplanar.

Reverting to Fig. 221 of Chapter XII, consider the equilibrium
of the element PQ apart from the rest of the string. Then the
external force per unit mass at P will be, as before, of the form
¢ (2, y, 2), where (z, 7, 2) are the co-ordinates of 7 ; and the
external force exerted on PQ will be

¢ (v, 9, 2) x kads, or ko Fds,

where % and o are the density and area of normal section at P.

Now, the element PQ is kept in equilibrium by three forces
—namely, the tension (7') at P, the tension (7+d7') at @, and
the external force (£ Fds), which acts at the middle point of PQ.

These three forces must be coplanar and meet in a point.
Now, the two tensions act along two consecutive tangents to
the string, and as the plane of two consecutive tangents to any
curve in space is the osculating plane, we see that—

The resultant applied force at any point of a flexibie string acts
in the osculating plane of the string at the point.

If the string is stretched over any smooth surface by means
of two forces applied at its extremities, the only applied force
which is continuously distributed throughout the string is the
reaction of the surface; and as this reaction is everywhere
normal to the surface, we see that—

A string which is stretched along any smooth surface, and acted
on by no external forces, except the reaction of the surface and two
terminal tensions, has its osculating plane at every point normal to
the surface.
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The string in this case assumes the form of a shortest line, or
geodesic, on the surface.

Let Pt be the tangent and Pn the normal at P; let 4 be
the angle between the tangents at P and @ ; and let ¢ be the
angle between Fdm and Pt.

Then, resolving along PZ the forces acting on the element, we

have (T+dT)cosd6+ ko Feospds—T = 0;
but cosd8 = 1, neglecting (76)?; therefore this equation gives
%’+ko‘Fcos¢ =0, (1)

which asserts that the rate of variation of the tension per unit
of length along the string is numerically equal to the tangential
component of the applied force per unit of length.

Again, resolving the forces along Pz, the normal, we have

(T+dT)sind0—%ko Fsin ¢pds = 0,

. . . it
or since p, the radius of curvature at P, is equal to :l—'; )

g—kanincp —o, (2)

which asserts that the curvature of the string at any point is
equal to the normal force per unit of length divided by the
tension.

From (1) we have 71— ¢— fkq Feos ds,

where C is an arbitrary constant. Now, cos¢ds is the pro-
jection of ds on the direction of #. Denoting this projection
by df, T = C—fko Fdf. (3)
But /% Fdf is evidently the potential of the applied forces if
they are a conservative syste. Hence, if 7 and /), denote
the potentials at two points in the string at which the tension
are T and 7, we have 7 _— T,—(7="7,), (4)

or the difference of the tensions at any two points is equal to the
difference of the potentials—a result which we shall find to be
true also in the case in which the string rests on a smooth
surface.

298.] Equations of Equilibrium. Let the force F acting on
the unit mass at any point P whose co-ordinates are =, g, z be
resolved into three components, X, ¥, Z parallel to three fixed
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rectangular axes. Then the components acting on the element
PQ are koXds, koYds, koZds. Also the components of the
tension acting on the extremity P are )

de dy dz
-—Tz;, —T%, _TE;’

the components of this tension are affected with negative signs,
since, when the element PQ is considered apart, the tension at
P will be directed towards the left-hand side of Fig. 221, where

the origin of co-ordinates is supposed to be.
These components of the tension will at any point be functions
of the length of the arc measured from some origin point, 4, of

the string up to the point considered. Thus, if 4P = s, we
shall have dz
T s =s(s),

and the component of the tension at @ is therefore £ (s+ ds), or

dz lo\ ds?
L (1%). 04 (%) 2,

Hence, for the equilibrium of P@, resolving forces parallel to
the axis of z, we have

de d ,, dz a2 ,, dz, ds?
Tt a(Tg) e+ m(Tg) 1o+
+kaXd3—Td—z= 0,
ds

or, rejecting the terms which cancel, dividing out by ds, and
diminishing ds indefinitely, and denoting Zo by m, the mass per

(Zs

unit length, (% (T%) +mX=o. (1)
Similarly, %(T%) +m¥ =0, (2)
% (ng) +mZ = 0. (3)

Performing the differentiations, we obtain
T’%+§Té‘q’+ mX = 0, (4)
T’Z_Z_Z + ZTgy_'_ Y=o, (5)
T‘f:f + “Z’Z+ mZ = 0. (8)
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For the future we shall systematically use (a, B, y) for the
direction-angles of the tangent at any point P of a curve, the
positive sense of this tangent being that in which the arc, s,
measured up to P from some origin point on the curve, receives
a positive increase.

Also by (&, n, {) we shall denote the direction-angles of the
radius of absolute curvature at P, faken in positive sense from P
towards the centre of curvature.

‘We may suppose these angles to be measured from lines drawn
at P parallel to the positive directions of the axes of co-ordinates.

Equations (4), (5), (6) may then be written

%cosf + %?cos a+mX = 0, )
%lcos n+ %%’0053 +mY =0, (8)
Zp'cos C+ ggcos y+mZ = 0. (9)
Multiplying these by cos a, cos 3, cos y and adding, we have
T ims=o, (10)

where § = the component of the forces along the positive sense
of the tangent. This equation gives

T=C—/8ds = C—/m(Xdo+ Ydy + Zdez),
which is obviously the same as (3) of last Article.

Again, eliminating 7'and & from (7), (8), (3), we have

cosf, cosa, X
cosn, cosB, Y|=0,
cos( cosy, Z
or Xcos0+ Yeosp+Zcosy =0, (11)
where (6, ¢, ) are the direction-angles of the normal to the
osculating plane. This equation asserts—what is evident from
first principles—that the resultant external force at any point
lies in the osculating plane.
Another form of the value of 7' is obtained by integrating (1),
(2), (3) separately, and squaring and adding. Thus
1? = (4~ /mXds)*+(B—/mYds)* +(C—/mZds)?, (12)
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4, B, C being constants which must be determined after each

integration by knowing the values of 7' —ZE, ... at the point from
which ¢ is measured. d
Again, by multiplying (7), (8), (9) by cos & cosn, cos § and

adding,
& ;)Tm{—mP =0, (13)

where P is the component force along the radius of curvature in
the positive sense (i.e. towards the centre of curvature).

The equations of the curve formed by the string are obtained
from (1), (2), (3) thus, by elimination of 7,

A—/mXds B—/mYds C—fmZds
— = Zy = o . (14)
ds ds ds

From (10) it follows that if at no point of the stringis there any
component force along the tangent, the temsion will be constant
throughout.

299.] String on a Smooth Surface. Now suppose that the
string, while acted upon continuously by any forces, is placed on
a smooth surface, which produces at each point a normal reaction,
equal to Rds on the element of length ds at the point, P.

We shall denote by (7, m, z) the direction-angles of the normal
to the surface in the sense in which R acts along the normal.
Then we have simply to add the components R cos/, R cosn,
Rcosn to X, Y, and Z, respectively in equations (1), (2), (3), or
(7)) (8), (9) of last Axticle, so that our equations are now

%cosf+(—g’cos a+mX+ R cosl = 0, (1)
?Tcosn+%1cosﬁ+mY+Rcosm= 0, (2)
%coa{+%§cosy+mZ+R cosn = O. (3)

If o is the angle between the radius of curvature and the
inward drawn normal to the surface at P (i.e. the normal drawn
in the sense opposite to that of R), we have by multiplying these
by cos?, cosm, cosn, and adding,

R+mN-%,—cosw= 0, (4)

N being the normal force per unit mass in the sense of &.
VOL. II. o]
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By multiplying by cosa, cosB, cosy and adding, we have
ar

just as in the case of a free string.
When the applied forces have a potential, 7, the integral of
this equation, as in Art. 192, is
T=T,—(7-7,) (6)
In the particular case in which the string rests on any smooth
surface under the influence of gravity, this equation gives

T = To—mg(y—%o) ™
the axis of y being a vertical line. From this it follows that all
points at which the tension is the same lie in the same horizontal
plane.

The curve of equilibrium of the string is found by eliminating
T and R from the equations (1), (2), (3). Thus, if we eliminate

first @ and R, we have

ds
T%;ﬁ+mX, g;: Z—:
T%‘Z+m1’, %—Z: Z—; =0, (8)
fl’lg-:+mz, g—:-, %1-:

in which % = 0 is the equation of the given surface, so that
% : % :%Z— - The value of 7' derived by in-
tegrating (5) must be substituted in (8), and we then get a
differential equation which, with » = 0, determines the curve.

800.] String on a Rough Surface. If a string, acted on
by no forces, is stretched over a rough surface it need not, as
in the case of a smooth surface, assume the form of a geodesic or
shortest line. One simple case in which it will be a geodesic is
that in which it is about to slip on the surface at every point in
the direction of the tangent to the string at this point.

Geodesic. Consider the equilibrinm of an element, P, of the
string, whose length is ds, and suppose that it is about to slip in
the direction QP. The element is acted upon by three forces—
namely, a tension 7|, at P, a tension 7447, at @, and the total

cosl:cosm:cosn =
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resistance of the rough surface, which must pass through the
intersection of the tangents at P and Q.

It is evident that we may consider this total resistance as
acting at P, ultimately, since it is of the form R,ds, B, being
a finite quantity, and if it
be assumed to act at any
point between P and Q, its
components in any direc-
tions will differ from those
of the total resistance sup-
posed to act at P by in-
finitesimals of the order of
(ds)®.  Resolve the total re- Fig. 265.
sistance at P into a normal
force, Rds, and a force in the tangent plane, u Rds, ubeing the
coefficient of friction between the string and the surface.

Now the component uRds must act along the tangent at P,
since, by hypothesis, slipping is about to take place along this
tangent. Hence the three forces 7, 7+ dT, and pRds being all
in the osculating plane of the curve at P, the remaining force,
Rds, must also lie in this plane ; that is, the osculating plane at
every point of the curve contains the normal to the surface.
Hence the string assumes the form of a geodesic.

Denoting the angle between the tangents at P and @ by 46,
we have, by resolving along the tangent at P,

AT+ pRds = 0. (1)
Again, resolving along the normal at P,
Td0—Rds = 0. (2)
From (1) and (2) we have
(—ZZ—I,,+;Ad0 = 0, s T=Cew,

C being the constant of integration, and 6 the sum of the angles
of contingence, or angles between successive tangents to the
string from any chosen point, 4, to the point, 2. Let 7| be the
tension at 4. Then 7 = T, when 6 = 0; therefore
T=T,ere, (3)
General Case. Suppose now that the string is acted upon by
any forces, and that #is the force of friction per unit length at
any point P, the direction of this force being in the tangent
02
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plane, but otherwise unknown. Let its direction-angles be
(o, 8,7'). Then with the same notation as before,

%cos£+lfl—{cos a+mX+ Rcos! + Fcosa’= 0, (4)
%cosn+%'cos/3+m1’+ Rcosm + Feosf = 0, (5)
%cos§+%’cosy +mZ+ R cosn + Feosy’= 0. (6)

Intrinsic equations, completely equivalent to the above, can
be obtained by taking the axes of z, g, and @, respectively,
parallel to the normal (direction of R), the tangent (direction
of T), and a line drawn perpendicular to both, so that

a=y=g, B=0; l=m=g> n=0;

w ™
f=§—w, n=3 (=7r—o.

If Q denotes the component force per unit mass at P along
the new axis of #, and @ is the angle which the direction of #
makes with the tangent, these equations become

%sinw+mQ+Fsin0 =0, (7)
a7
= +mS+Feosd =0, (8)
T

- Fcosm+mN+R =0, (9)

the last of which, therefore, holds both for a rough and for a
smooth surface. '

Consider the particular case in which there is no continuously
applied external force, i.e. let N = § = @ = 0, and suppose that
slipping is about to take place at a point. Then at this point
F = pu R, and we have

?i—f:: % V2 cos? w —sinw., (10)

At a point, therefore, at which the osculating plane is in-
clined at the angle of friction to the normal to the surface,
the tension is a maximum or minimum ; and if slipping is
about to take place at all points, the tension will be constant
throughout if the osculating plane of the curve in which the
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string is placed makes throughout the angle of friction with
the normal.

If the osculating plane is everywhere normal to the surface,
o = 0, and therefore sinf = 0, i.e. the force of friction acts
along the tangent—as is evident from the fact that of the four
forces, 7, T+ El—gda, R, and F, which keep an element in equi-
librium, the first three are then coplanar, so that # must lie
in the tangent.

ExAMPLE.

A string whose weight may be neglected is placed along a circular
section of a rough right cone and is pulled at its extremities by two
given forces, P and @; find the relation between these forces when
the whole string is about to slip, and the direction of slipping at each
point.

Ans. If a = semivertical angle of cone, u = coefficient of friction,
! = length of string, » = the radius of the circle, and if P is about

to overcome @, 1
—— J/u2cos?a—Isin?
Q=Pe rJucosa lsin?a

and the direction of slipping makes at each point with the tangent
the angle whose cotangent is +/u?cot’a—1.

801.] Equilibrium of an Extensible String. With the same
notation as that employed in Art. 196, the equations of equi-
librium of a flexible extensible string in the general case will

be mds = myds,, (1)
do = (1+3)dn, 2)

4 (1% 1mx =0, |
% (T"%) +m¥ =0, (3)

‘%(T%)+mZ= 0.

ds = +/da® +dy? + d2?, (4)

my = f (). (5)

In general, then, the two equations of the curve of equilibrium

are found by eliminating m, m,, s, 8,, T from these seven equa-
tions,
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As before, we take only two cases, viz. that in which =, is
constant, and that in which X, ¥, Z are constant.

Firstly, consider m, constant. dw dy de

Then, multiplying the left-hand sides of (3) by — y >
ds’ ds’ ds
and adding,
d
while from (1) and (2) we have z = —9-1,—- ; so that (6) gives
1+
A
(1+3)aT 4 my(Xdo + Yay + 25) = o. )

Integrating this and putting ¥ for the potential of the external
forces, per mass m, at the point (2, 7, 2), viz.

m S (Xdo + Ydy + Zdz),
X 7.2
we have 5(1+~x) =4d-V (8)

where 4 is a constant.

Hence by (2)
/A— ’\/ o ®)

which gives ¢ in terms of s,, and therefore the extension.
If 7 and 7’ are the potentials at two points at which the
tensions are 7' and 77, respectively,

T+T'

(I-P)(1+—F—) =77, (10)

The equations of the curve of equilibrium are obtained by
substituting the value of 7' given by (8) in any two of the

i
equations (1+%)i(1'gf.")+m0X= 0,
(1+A) s (ﬂy)"'”‘oy: 0,

(1+A)de(1' ) +mgZ=0

Secondly, suppose the external forces X, ¥, Z to be constant.
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Then, integrating equations (3), we have
dz
T% = 4—X /myds,,

d;
% = B—Y/myds,, (11)
dz
TT& = C—Z /[ myds,,
4, B, C being constants. Squaring and adding these,
T: = (Ad—X/myds,)? + (B~ Y /myds,) +(C—Z [ myds,)?, (12)
which gives 7' in terms of s,. Suppose

T= ¢(s,). (13)
Hence from (2) . ___f{l +4.3£f9_)} ds
A o

from which the extension is known.
The equations of the curve are obtained from equations
(11) by substituting for ds in terms of da,. Thus,

1 1
do = (A—X/‘modso){x + —so)}deo,

9 (
dy = (B— ¥/ mydsy) {5 + E%D}dso,
dz = (C—meodxo){;— + a—%g)}dso.

Integrating these and eliminating s,, we obtain the two equa-
tions of the curve of equilibrium.

802.] Equilibrium of a Plane Elastic Rod. The equilibrium
of a string has been investigated, in Art. 297, on the supposition
.that if we take a normal
section of it at any point,
P, the action exerted on
the portion PB by the
remaining portion Pd
consists simply of a force A
directed along the tan-
gent. Theroddiffersfrom Fig. 266.
the string in this—that
the internal action exerted on any normal section is much more
complicated, being equivalent to a force, Z, acting at some point

¥ e
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of the section, oblique to the tangent, together with a couple L.
In the case, now before us, of a rod lying wholly in one plane
and acted upon by external forces and couples, also confined to
this plane, the axis of the couple, Z, will at every point be
perpendicular to the plane of the rod. Indeed, the remarks in
Art. 103 on the nature of internal action, or stress, prepare us
for seeing this.

In the above figure (Fig. 266), consider the nature of the action
exerted over the normal section at P on the part PB by the
part P4. Near the upper, or convex, side the bending has the
effect of making the part P4 try to tear away from PB, so that,
on the whole, there will be in this neighbourhood forces on PB
directed towards the Z¢ff ; while near the lower, or concave, side
of the rod at P, the bending causes the portion P4 to push into
PB, and consequently the particles of PB in this neighbourhood
will experience forces directed towards the righ¢ of the figure.

This state of stress is roughly repre-
gented in Fig. 267. If the arrows in
it represent the forces experienced by
the individual molecules of the por-
tion PB, it is clear how such forces

. might reduce to a single force acting
P
Fig. 267. below 7, perhaps a long way off from
the rod; and how this single force,
again, could (Art. 79) be replaced by the force I (Fig. 266)
acting at an arbitrary point of the section, together with the
counter-clockwise couple 7.

A remark, to which we shall return in the Chapter on Strain
and Stress, may now be made with reference to the system of
stress (Fig. 267) on the section of the rod. It is this—that even
though the normal section may be extremely small, as in the
case of a very narrow wire, the forces experienced by the suc-
cessive molecules lying in the section vary in both magnitude
and sense with enormous rapidity. On an infinitely small area
of this normal section—such as the surface of a single atom—the
stress action consists necessarily of a force simply—without any
icouple ; but the normal section of even a very thin wire contains
an infinitely great number of such infinitely small surfaces, and
therefore furnishes abundant possibility for the enormously rapid
change in the magnitude and sense of the separate internal forces,

P
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and hence for that force and couple to which, if the wire be very
stiff, these individual forces must reduce.

The rod, whose equilibrium we are considering, is supposed, for
generality, to be acted upon continuously throughout its length
by applied force, whose amount per unit length at any point is
F, together with applied couple, whose amount per unit length
is G. A magnetized spring acted upon, in addition to any other
forces, by the earth’s magnetic attraction, gives an instance of
continuously distributed external couple.

303.] Conditions of the Extremities. Our figure represents
the rod as kept in equilibrium by continuously distributed force
(Fds) and couple, together with two terminal forces at 4 and B.
These terminal forces may be produced either by direct pulls
or by fixing smooth pins through the extremities, since (Axt. 103)
the pressures all round the surface of a smooth cylindrical axis
are equivalent to a single force acting through the centre of
the axis.

Another, and essentially different, state of affairs at the ends
is produced by fixing not only the end itself but also the tangent
at it. In this case we shall speak of the end as fangentially fized.
It is clear that this mode of fixture could not be produced by
the application of a single force at the end so fixed; it would
require the application of a force and a couple to the end.
In the case of coplanar forces this force and couple are equi-
valent to a single force acting at a distance from the end
(Art. 79).

Pivoting at an extremity is, then, productive of a single force
acting at the extremity; and Zangential fimture is productive of
a force and a couple acting at it.

304.] Equations of Equilibrium. We now proceed to obtain
the equations connecting the stress with the external forces and
couples, exactly as in the case of a string. Consider the separate
equilibrium of the element PQ. The stress which it experiences
at P has been already described ; over the normal section at Q,
the stress will consist of a slightly different force, /+dJ, and a
slightly different couple, L+dL ; while the externally applied
force is Fds, and the externally applied coupleis Gds. (The force
I+4dI and the couple L+ dL are exerted by the portion @B on
Q4, and are therefore in the senses represented in the figure.)

Suppose the arc ¢ to be measured from 4, so that AP = s;
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let 8ds and Nds be the components of Fds along the tangent
{P and the normal Pr drawn towards the convex side of the
curve; let 8 be the angle which the tangent at P makes with
some fixed line (axis of #) which we may, for definiteness, sup-
pose drawn at the lower side of the figure, so that the radius of
curvature, p, at P is — Zld% . Also, let the internal force, Z, be
resolved into components, 7, along the tangent and, U, along the
normal. The second component is called the skearing stress at
P; the first is, of course, the fension of the rod. Let the tension
and shearing stress at Q be 7+dZ7 and U+ dU, respectively.
Then, for the equilibrium of P, resolving along the tangent,

wehave  _ 74 74 g7 (U+dU)d6+8ds = 0,

observing that &6 is negative. Hence, proceeding to the limit,
ar v
% T n +8=0. (1)

Similarly, resolving along the normal,
U+dU—~U+(T+dT)d6+ Nds = 0.
a T
7 ;+N =0, (2)
Finally, taking moments about an axis through P perpen-
dicular to the plane of the figure, and observing that the
moment of the external force would give a term of the order
ds% we have
L—L—-dL+(U+dU)ds+ Gds = 0,
ar

-d—s—U;—G= 0. (3)

From this last we see that when there is no continuously dis-
tributed external couple, t%e¢ skearing stress at any point is equal to
the differential coefficient of the stress couple with respect to the are.

With regard to the sense of the stress couple Z, observe, in
general, that the couple exerted on any portion P4 by the
remaining portion PB is in the sense in which the tangent
at P revolves as we move from P along PB; and in (3) the
shearing stress exerted on P4 by PB is measured along the
normal drawn towards the comvewr side of the curve, If U is
measured towards the centre of curvature we have simply to
change its sign in the equations.
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Sometimes it is of more advantage to obtain equations from
the consideration of the equilibrium of a portion of finite length
of the curve.

Thus, consider the equilibrium of the whole length 4P. Take
any two fixed axes of # and y; let Xds and Yds be the com-
ponents of the external force, Fds, parallel to these axes; let
a and 8 be the components of the force (arising from any such
cause as fixture) at 4, and let A be the special couple (if any)
applied at 4. Then, by resolution, we have

T cos0—Usinb = a— /X ds, (4)
Tsin0+ Ucosd = B+ /Yds, (5)

which give 7 and U at once.

Also, by taking moments about 2, and denoting the co-ordinates
of 4 by a and &4, while, to avoid confusion, we denote the co-
ordinates of any point on the curve between 4 and P by ¢ and
7, we have

L = r+a(y—0)—B(z—a)+/{X(y—n)—Y(2—§)+ G} ds. (6)
Or the value of L may often be better obtained from (3), U
having been determined from (4) and (5).

805.] Particular Case of Plane Spring. Suppose that there
are no forces or couples continuously distributed along the rod, or
spring, but merely a force, H, at one end, B, the other being
either simply or tangentially fixed; and suppose that before
strain the spring had the form of any plane curve, of which the
radius of curvature at any point was . Considering the equi-
librium of any portion PB, we see that stress at P (force and
couple) must reduce to a force equal to the force Z and directly
opposed to it in its line of action.

Hence at all points the internal force I is constant in magni-
tude and direction—equal to H.

Again, by moments about P, if we take the line of action of H
as axis of #, we have L=H.y. (1)

Now the magnitude of L is assumed to be equal to the change
in curvature at P produced by strain, multiplied by a certain
constant, 4, whose magnitude depends on the stiffness of the
material of the spring ; so that

I=4(;-3): 2)
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The constant 4 is called a flezural rigidity, and it is evidently
of the nature of a force multiplied by the square of a line.

We may therefore pu I%T= a® = a constant, and then we have

1 a®
=2 (.? +7) ’ " (3)
which is the equation determining the form of the curve.

If the spring when free from strain was straight, l is zero,
and the equation becomes

L (4)

If the rod was in the form of a circular arc when unstrained,
(3) could be put into the form (4) by takmg the axis of # parallel

to the line of action of / at a distance from it.

The force, H, may be applied either dlrectly to the end, B, of
the rod itself or to a rigid arm attached to B.

The latter case is the same as if H were directly applied to B
and accompanied by a couple whose moment is the moment of
H about B—in fact, a rigid arm at the extremity of which H is
applied may be regarded as a means of applying a force and a
couple at the end, B, of the rod (see Art. 202).

806.] Elastic Curves and Elliptic Functions. Let 4DB
(Fig. 268) represent the rod, with two rigid arms, da, B,

H a

Fig. 268.

attached to its ends, two equal and directly opposed forces, H,
being applied perpendicularly to these arms. We assume that
the rod was straight when unstrained.

Taking the line a4 as axis of , the equation of the bent rod

is py = a®. (1)



306.] ELASIIC CURVES AND ELLIPTIC FUNCTIONS. 205

‘We shall express p in terms of the element of are, ds, and the
angle, 46, between the tangents at its extremities; and for
definiteness we shall assume s to be measured from a point, D,
at which the tangent is parallel to the line, ¢, of action of the
force H, and the angle § made with the tangent at D by the
tangent at any point, P, on the curve to be measured positively
in the sense of clockwise rotation.

The curve of equilibrium may be concave at some points and
convex at others to the line of action of the terminal forces ; and
if at any point it intersects this line, its curvature vanishes at
the point. It may, again, never intersect this line at all.

If P and @ are any two very close points on the curve, the
extremity of the curve, which we should reach by travelling
from P to @ and then continuously along the curve, may be
called tke extremity adjacent to @, while the other extremity may
be called tke ewtremity adjacent to P.

The terminal forces, I/, may act along af either towards each
other, as represented in Fig. 268, or from each other, and the
sense of the bending (or concavity) at any point will depend on
the senses of the terminal forces. In every case, of course, the
senge of the bending at any point P is such that the moment
about P of the terminal force at either extremity is opposed by
the stress couple exerted at P by the remaining portion of the
rod ; or, in other words, for all the figures which the curve can
assume we have the following rule—t/e sense in whick the tangent
revolves in passing from P to a consecutive point @ is the sense of
the moment about P of the force at the end adjacent to Q.

If in (1) we put p = g—: ; and % = —sin6, we have

dazé .
a* 7 =8 6, (2)

a2 (%g)z = C 4 2cosb,

where C is a constant. Let D (Fig. 268) be a vertex, or point
at which the tangent is parallel to a5, and let the ordinate
DC = %; then from the last equation we have

= 752—4a25in2%- (3)
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Now different cases arise according as % is <24, = 2a, or

>2a.
CasE 1; h<2a. Let 2= 2ak, where % is a fraction. Then

.7=2a/\/k2—sin"’%~ (4)

Let sin g = [ sin¢ ; then
¥ = kcoso. (5)
The angle ¢ can be easily exhibited: with C the foot of
the ordinate from D), as centre, describe a circle of radius Z; from
P, which is any point on the curve, draw PR parallel to ad,
meeting the circle in p. Then the angle DCp is obviously ¢.

To find the length of the arc DP, or s, we have ‘—j% = —sind;
but from (5), Z—‘Z =—h sinc,b%?; hence
ds _hsing
d¢~ sind
a
= V)
v/1—#%sin? ¢
¢ do
8 = hy——————— 6
¢ o V1—Esin2¢ (6)
=a.F(k ¢), (7)

according to the notation for an elliptic integral of the first kind.
To express the abscissa, CM, of P. If CM = x, we have
dz 1—242%sin2 ¢

dz .
3;-0050, RS %=ﬁsln¢cot0=a Y

where A¢p = +/1—4%sin? ¢. Hence
dr a
t—i—(—/) = 24.A¢—A—¢) (8)
o= 2a.B(k ¢)—a.F(k ), ()
248 = 2a.E (ko) (10)

where, as usual, Z denotes the elliptic integral of the second
kind.
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ExAMPLES.

1. If the ends 4 and B are fixed by smooth pins at a given dis-
tance apart, and the rod is placed in the form of n bays, or spans,
between the pins, find the pressures exerted by the pins.

The pressures exerted by the pins will be directly opposed in the
line AB. Let AB = ¢, and let I = whole length ef the rod. Then
the length of the arc in one span is obtained from (7) by putting

7
¢ =35 Hence I =2naF(k T)- (11)
Similarly, from (10), we have
c+l=4naE(k, g), (12)
so that % is determined from the equation
T m

which is independent of the number of bays.

Now there is only one value of % which satisfies this equation,
as we can see graphically thus. The values of % range from 0 to 1.
Draw two rectangular axes, Ox and Oy, and let abscissae (along Ox)
represent values of % while ordinates represent the corresponding
values of Z.

When £ =0, F = g, and when k=1, £ =1. Also, we easily
find by differentiation that
===, (14)

SIESIS

1, E
= (7= ) (15)

in which we use E and F, for shortness, instead of E (%, g) and
F(k, g), and also %2 for 1 —42.

Measure off 0V=7§r along Oy, and OT =1 along Ox, and at T

draw an ordinate TR = 1. Then the curve representing the values
of E passes through ¥V and R, touching 7R at R, and touching at

V a line parallel to Oxz. (The value of ‘%at V assumes the form—g-s

but it is easy to find, by the help of (15), that it is equal to zero.)
This curve is continuously concave towards the axis of x.

Again, the curve whose ordinates represent the values of F passes
through V, touching the previous curve at this point, its ordinate
being thenceforth always > OV, until when & = 1, the ordinate = oo.
This curve, therefore, approaches the line 7R asymptotically. An in-
spection of the figure shows that if the ordinates of these curves have
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a given ratio, there is only one value of % which will answer, since
the second curve is continuously convex towards the axis of x, £ being
always >#&?F, except at the point V.

The value of %, then, must be found empirically from (13), and if
the corresponding value of F is p, equation (11) gives

2,,2
H=""F4 (16)

for the pressure exerted by each pin.

Hence the pressure is proportional to the square of the number
of bays.

If a is the angle made with the line 4B by the tangent at either

extremity of the rod, since, in general, sin g = ksin ¢, we have
sing =k, (17)
for any figure which crosses the line of force, since for all such curves

¢ = g for the point of crossing.

In the present case, therefore, whatever be the number of bays,
their terminal tangents are all equally inclined to the line 4B.

The particular case in which the ends 4 and B are brought to-
gether deserves to be noticed. One form of equilibrium is, of course,
that of a single loop starting from 4 and coming round to A again,
there being two distinct tangents to the curve at 4.

For this case put ¢ = 0 in (13), and the value of % is obtained from

the equation
2 E(k, )= F(k3), (18)

and the inclination of each tangent is given by (17).

Another form of equilibrium in this case is that of a figure of 8,
the two tangents at the double point making with the axis of the
curve the same angles as those just found for the case of a single

loop.
2. Show that if a rod is slightly bent between its extremities, its

figure is that of the curve of sines, y =% sing-
Case 2; 4= 2a. In general, the radius of curvature at the
2
vertex D is equal to % , 80 that when %> a, the curve on leaving

D comes inside the circle Dp (Fig. 268). Such happens, then, in
the present case; and we easily find from (7) and (10)

8=alogta,n(;—E + %)—), (19)

2 = 2asin¢p—a log tan (% + -;-)-) . (20)
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Also ¢ = %, and y = 20 cosg- On leaving the vertex, D,

the value of # begins by increasing ; but the logarithmic term
in (20) must soon destroy the term 2asin¢, so that # = 0, or
the curve cuts the axis of y at some such point as J (Fig. 269).
The course of the curve from

D is DPJB; and there is §-"

obviously a similar and D

equal portion represented by
DQJA; and the productions

of the curve beyond the arms,

at the extremities of which === <
the forces I are applied,

are asymptotic to the line

of force.

CasE 3; ~>2a. In this case put 2a = £.4, where £ is, of
course, <1. Hence y =% /\/ 1—42 sinZ%; and if we put
ksing = sin ¢, we have y = Acos ¢, so that we have the same
geometrical representation of ¢ as before. But in this case the

9 cannot be equal

curve can never cross the line of force, since sin 3

to %, and, consequently, y cannot vanish.

&
The following results are easily found :
s=l:a.F(k,%); x—— E(k 2) F(l: 2)

The form of the curve is that represented in Fig. 270, in
which @8 is the line of action of the terminal forces. This figure
represents alsothe curve
of what is called the < $
Hydrostatic Arck (omit- D
ting, of course, the
looped portions).

The idea in the con-
struction of this arch
is as follows: If a per-
fectly flexible string with fixed ends is in equilibrium under the
action of continuously applied external force, which is everywhere

VOL. II. P

Fig. 270.
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normal to the string, the tension, 7, is constant, and at each
point it = Np, where JV is the normal force per unit length and
p the radius of curvature at the point (Art. 183). In such a
system there is no shearing force and no stress couple at any
point. Now, if we imagine the sense of every force to be
reversed, i.e. let the normal force, IV, be converted into pressure
towards the centre of curvature, and the tension, 7, to be con-
verted into thrust, while the string becomes a body capable
of resisting tangential thrust (i.e. a body of the nature of a
wire), #o shear and no bending couple would be called into play in
the new body. But these are the objects to be desired in an arch,
DP, supporting water, since with no shear or bending couple,
there will be no tendency in the joints to separate. The stress
in the arch will then consist of direct tangential thrust between
stone and stone.

Now if P is any point on the arch, and ad the level of the
superincumbent water, the pressure per unit area at 2 is wy,
where  is the weight of the water per unit volume, and y the
depth of P below aé. If, then, the arch is merely a rigidified
string devoid of shear and bending stress, 7 = constant, and

§= wy, therefore py = constant, where 7 is the thrust in the

arch per unit of breadth (i.e. per unit distance perpendicular to
the plane of the figure).

Practically the elastic curve py = @® can be constructed as an
assemblage of small circular arcs thus. Take any axis of abscissae,
ab (Fig. 268), and, starting with a point D, describe a small
circular are, DD’, whose centre is on the ordinate DC. Let this
centre be O, and let  be the ordinate of J’. Then on the line

I’O take a point O such that O'D'= OD. 3%, where y is the

ordinate, DC, of D, and with O’ as centre draw the small circular
arc D’D” ; continue by a small circular are from D” to D", and
so on, and we get an approximate figure of an elastic curve.

A plane flexible string, every element of which is acted upon
by a normal external force only, whose magnitude is proportional
to the distance of the element from a fixed line in the plane of
the string, assumes the form of one of the elastic curves, since by
equation (2) of Art. 183, we have

py = constant.
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This would be the case of a flexible cylindrical sheet filled with
water. A section of the surface perpendicular to the axis of the
cylinder would—at least in places not near the ends of the
cylinder—be a curve satisfying the equation py = constant,
since each element is acted upon by a normal force (the water
pressure) whose magnitude is proportional to the depth, 7, of the
element below the free surface of the water—the lateral tensions
proceeding from the elements of the sheet outside the plane
of the section contributing no component tension in the plane of
the section.

807.] Kinetic Analogue of Plane Elastic Wire. As we
shall subsequently prove, there is an intimate connection between
the statical problem of a bent and twisted wire and the kinetical
problem of the motion of a rigid body round a fixed point. The
kinetical analogue of the problem of the plane elastic rod is a very
simple one, when the rod is acted upon only by terminal forces.
For the equation of the curve assumed by the rod is py = a?;
so that if 0 is the angle made by the tangent at any point with
the axis of @, we have (see p. 205)

4%
ds?

If a point travel along the curve with constant velocity, 3, so

ds
that %
to the curve, or direction of motion of the moving point, at any
time is therefore

= —sin 6. (1)

= B, the equation which gives the position of the tangent

a? d20 .
BaE = sin 6. (2)
Now the equation of motion of a simple pendulum of length ¢
is
a2 .
‘-q— W = —S8Iln 0 . (3)

¢’ being its inclination to the downward-drawn vertical through
its fixed end. Hence the direction of the pendulum and the
direction of the motion of the point which describes the elastic
curve can be made the same at all times; for we have simply
to place the axis of the elastic curve vertical, to make the tangent
at the initial position of the moving point parallel to the initial

position of / (the pendulum string), and to make 8 = « '% .

P2
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808.] Tortuous Curve. When a curve does not lie in one
plane, it is generally called a ‘curve of double curvature’; but
the term Zortuous curve, which is more expressive and appropriate,
has been employed by Thomson and Tait. This is the term
which we shall adopt. The measure of the tortuosity—or de-
parture from planeness—at any point of such a curve is thus
made. If P and P’ are two points on the curve distant by the
infinitesimal arc ds, and if d ¢ is the angle between the osculating
planes at P and P, the rate of change of direction of the osculating
plane per unit length of arc is obviously the limit of the ratio

%? as P’ approaches infinitely near to P.

This limiting ratio is called the forfuosity of the curve at P.

309.] Resolution of Curvature. If through any point, P, of a
tortuous curve any plane be drawn, and the given curve be ortho-
gonally projected on this plane, it is required to find the curvature at
P of the projection.

Take the plane drawn through P, on which the given curve
is projected, as plane of #,y. Let p be the radius of absolute
curvature (i.e. radius of curvature in the osculating plane) of the
given curve at P; let P’ and P” be points consecutive to P on
the curve, the distances PP’, P’P” being each ds. Let the
projections of P/, P” on the plane @y be I, I”. Then if, for
simplicity, P is taken as origin, the co-ordinates of

l'l’areggda; %d&; 0;

dz &P a az
” e VB 2. 9% Y a2 0
I1” are 2d8d8+d82d8 ; 2d8d3+d82ds ; 03
so that double the area of the triangle PIT'TI” is

dz d?y dy dzw) s

ds ds® ~ ds ds®
But the coefficient of ds® is well-known to be 9%:——” , where »

is the angle which the binormal (perpendicular to the oscu-
lating plane) makes with the axis of 2 (perpendicular to plane of
projection). And if 3x is the acute angle between PI1” and
f1'[1”, double the area is also PII' x [I'T1”, 8x. Also

PIY =siny.ds,
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where y is the angle made by the tangent PP’ with the axis of

23 so that we have
cos v

d 3
Now if # is the radius of curvature of the projection PI1'11”...
at P, we have 7dx = PIl" =siny.ds. Hence
1 1 cosv
r~ p sindy (a)
Cor. 1. If the plane of projection contains the tangent to the

sin?y.ds?.0x =

. T
given curve, y = g, and we have

1 1
~= ’h cos v. (8)
Cor. 2. If the plane of projection contains the radius of abso-
lute curvature, y +v = —g , and
1_1
=3 sec?y (y)

(v is, of course, the angle between the plane of projection and the
osculating plane of the given curve).

It is obvious that (8) furnishes for the resolution of curvature
exactly the same rule as that which holds for the resolution of a
force into two components—viz. the curvature of the projection
of a curve on any plane containing the tangent
line at a point is equal to the curvature of the
given curve multiplied by the cosine of the
angle between the osculating plane and the
plane of projection.

Thus (Fig. 271), let PT be the tangent to a
tortuous curve at P ; let Pp be the direction of
the radius of absolute curvature; let PK and
PL be any two lines perpendicular to PZ7 and
to each other; and imagine these lines and their
planes projected on a sphere described with Fig. 271.
centre P.

Then, if » is the angle KPp, the curvatures, — and 2 in the

planes 7K and T'L are lp cos v and ; sin v, 80 that

1,1
At

1
’—2'=
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We may consider the element of the given curve itself at 2
(which, of course, lies in the plane Pp) as ‘resolved ’ into its two
projections on the planes 7K and 7L ; since this is only re-
garding the said element as given by the intersection of two
cylinders.

And just as we can infer the magnitude of a force from one of
its components and the angle between this component and the
force, so we can infer the ¢ resultant’ (or absolute) curvature of an
element of a curve from the curvature of its projection on any
plane containing the tangent, and the angle between this plane
and the osculating plane.

ExAMPLE.

A spiral of inclination a is traced on a cylinder of radius r, what
is the curvature of the spiral ?

The angle a is the complement of that which the spiral makes with
the generating lines of the cylinder. Projecting the spiral on a plane
perpendicular to the axis of the cylinder, the plane of projection
contains the radius of absolute curvature, so that by (y) we have
l=1tsec’a op= T
rop > P costa

810.] Twist of a Wire. Take a straight wire, AB, whose
cross section at any point is a circle. Imagine a right line
passing through the centres of all these circular sections, and call
this the azis of the wire. Now on the surface of the wire mark
a right line parallel to the axis; and imagine that from every
point, P, on the axis a perpendicular, PK, is drawn to the
marked line. The line PK at any point P is called a fransverse
of the wire at the point. At each point of the axis can, of course,
be drawn an infinite number of transverses, all of them lying in
the cross section of the wire at the point.

Suppose now, for definiteness, that the end B is held fixed,
and that the end 4 is connected with a milled head—as in the
case of suspension wires in some Electrometers and in Coulomb’s
Torsion Balance—the wire being kept vertical, and that the
milled head is turned round through any angle. The result is
that while the axis remains a straight line, all the transverses,
PK, are rotated, those near B being least, and those near 4 most,
disturbed. What is called ¢ the angle of torsion’ of the wire in
this case is the angle through which a transverse at the end 4 is
turned from its original position ; and if we divide this angle (in
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circular measure) by the length of the wire 4B, we obtain the
rate of twist which the wire undergoes. If the end B is not
absolutely fixed, but hampered in its movement, while the end 4
is twisted round—as is the case in Coulomb’s Torsion Balance,
in which the end B is attached to a repelled electrified ball—the
angle of torsion will be the difference between the angles through
which the transverses at 4 and B are turned, i.e. it will be the
angle between the terminal
transverses in their strained
positions—or, as we prefer
(for a reason to be presently
given) to put it, the angle
made by the transverse at A4
with the plane containing the
transverse at B and the azis
of the wire. 1t is only when
the axis of the twisted wire
remains a right line that
the twist can be measured
simply by the angle between
transverses.

Let us now consider the
case of a wire which when
unstrained was straight, but
which is bent and twisted
so that its axis has the form
of any tortuous curve—rve-
presented ¥ by eaa ... in
Fig. 272. This curve we
shall call the elastic central
line of the wire.

It is obviously impossible
in this case to estimate twist,
as previously, by the rotation
of transverses at the extremities. What we must do is to speak
of a rate of twist at every point P of the wire, and to estimate
this by treating a portion of the wire between two very close
cross sections near P as straight. ~

Fig. 27a.

* For the drawing of this figure I am indebted to Mr. Alfred Lodge.
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Thus, suppose that LZ'... is a line which was marked on the
surface parallel to the axis when the wire was unstrained. It
has assumed the spiral form represented.

Let P’ be a neighbouring point on the axis, and let PL and
P’L’ be two transverses at P and P’. Now, treating the
portion PP’ as straight, if 8y is tke angle made by P’L’ with the
plane of PL and PP’ (or of PL and of PT, the tangent at P to
the central line), the rate of twist at 2 is the limit of the ratio
ay
PP’

We shall denote the rate of twist at any point of the wire
by .

Every strain, of whatever kind, being a relative displacement
of adjacent parts, we may imagine the cross section, KZ, at P
to be held fixed in a vice, or by a couple, when the wire was un-
strained, and the substance of the wire in its neighbourhood to
be rotated round the tangent line, P7, to the axis.

Observe, then, that the amount of twist in any element, PP’,
of the wire is not the angle between the transverses at P and P’
for if the wire is simply bent in one plane, without any twist,
the transverses at P and P’ will be inclined to each other. It
is the angle between the transverse at 2”and the plane containing
that at P and the tangent at P to the central line.

when P’ is taken infinitely close to 2.

ExAMPLES.

1. Supposing a straight wire with a line marked on its surface
parallel to its axis to be wound round a circular cylinder in such
a way that the marked line is throughout kept in contact with the
cylinder and forms a helix on its surface, what is the rate of twist
at any point of the wire ?

The transverse of any point, being perpendicular to the marked
line and to the surface of the wire, will be normal to the surface of
the cylinder, since the two surfaces touch all along.

Employ the method of spherical projection. Take any point O,
and round it describe a sphere of unit radius. Draw 04 parallel
to the axis of the cylinder and meeting the sphere in 4 ; draw OL
parallel to the normal to the cylinder at a point @ of contact with
the wire; draw OL’ parallel to the normal at @’ which is in-
finitesimally distant from ¢ on the marked line; draw O7 and
OI” parallel to the tangents at @ and @ to the helix of contact.

Then the great-circle arcs 47" and A7” are each g—a, if a is the
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inclination of the spiral. The great circles LT and L’7” are parallel
to the osculuting planes of the helix at @ and ¢, and they intersect,
in the limit, in 7

Then the whole twist of the portion @@’ is the angle, 81, between
0L’ and the plane of L7T. Now the great circle ZL’ is perpendicular
to 04, so that the ,angle TLL = a ; hence 3y = LL .sina; but
LI =/TAT = ifa; s Oy =tana. 77, and the rate of twist

19v

is %—‘g , where 88 = Q@' ; hence the rate of twist = tana. W; but

%g =% = the curvature at @ ; therefore
1
T = —-tana,
p
__sinacosa
= r H

where 7 is the radius of the cylinder.

2. When the wire is laid on, as in last example, show that the rate
of twist at any point is equal to the tortuosity of the spiral.

Produce the arc 74 to N so that TN = g Then ON is the

binormal at @. Similarly, produce 7’4 to N’ so that 7VN’ =7§r.

4

v
Then the tortuosity = v in the limit. But ¥N¥V’=771".tana;

ds

therefore the tortuosity = -:;tan a, which is also the rate of twist.

3. If the marked line of the wire, instead of being wound on a
cylinder, is laid (by bending) in contact with a sphere along any
curve whatever traced on the surface, show that the rate of twist
is zero at every point.

In this case the transverse at @’ lies in the plane containing that
at @ and the element Q@'

In general, if the marked line is kept in contact with any surface
al} along a line of curvature, the twist is zero at each point of the
wire.

4. If the marked line is laid along a right cone so that it cuts
the generators all at the same angle, 4, prove that the rate of twist at
any point is

sinzcoszcos a
r

)

where & = semivertical angle of cone, and r = distance of the point
from the axis of the cone. -
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811.] Stress Couples of Bending and Twisting. In the
strained condition of equilibrium of the wire the equations con-
necting the (given) applied external forces and couples at any
point with the stress forces and couples called into play, may be
obtained by either of two methods—

(2) The ordinary method of considering the equilibrium of a
portion of the wire of length ds, between two cross sections at
P and P’ (Fig. 272), and using equations of resolution and
moments with respect to any three rectangular axes; that is,
equating the component of the external forces in any direction
to the component in the same direction of the forces produced
on the element by the portions of the wire at the other sides of
the sections through P and P’; and similarly for external
couples and couples produced by strain ; or

(6) Employing the principle of virtual work and, imagining
any further (see Art. 268) small deformation of the element,
equating the work done in producing it by external forces and
couples to the work done against the forces and couples of strain
—assuming that none of the applied work passes into heat, or any
other form of energy of motion. i

It is evident that before either method can be employed we
must be able to express the forces and couples produced by
elongations, bendings, and twistings of specified amounts in
terms of the magnitudes of these strains—just as Hooke’s Law
expresses the magnitude of the stress produced (tension) in an
elastic string in terms of the corresponding strain (extension).

Supposing that in the bent and twisted wire (Fig. 272), which
we may take to be straight when unstrained¥®, PZ and PK are
any two transverses at P, and P7 is the tangent to the elastic
central line, and supposing the reswltant curvature of this line to
be resolved, by Art. 309, into two components, £ and A, in the
planes 7PL and TPK, respectively, these curvatures will be the
rates of bending per unit length of arc in these planes—or round
the lines PK and PL, respectively. Moreover, let 7 be the rate
of twist at P; then 7 is a rotation of the substance round P7.,

Now, if we imagine any further deformation from the con-
figuration of equilibrium, so that %, A, ds become £+ 3%, A +8A,

* If it is tortuous when umstrained, # and A will be ckanges of component
curvatures,
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ds + 8ds, the work done against the stresses must be of the form
Téds+ (Kbk+ L3N+ ©87)ds, (1)

where 7' is the longitudinal tension at P, and K, L, © are
obviously stress couples, the directions of whose axes we do not
at present know. Beyond bending, twisting, and elongation, the
element cannot suffer any other deformation, so that the internal
work is fully expressed by (1).

But we may assume that the work, 7'8ds, done against
elongation is small compared with that done against bending and
twisting, so that the internal work per unit length is

Kbk+L3\+©br. (2)

Further, we shall assume the stresses to have a potential.
This is another way of saying that to bend and twist the wire
from its unstrained condition to the condition (%, A, 7) always
requires the same amount of work, no matter what may be the
various intermediate conditions through which, in various experi-
ments, we cause the wire to pass in reaching this condition
(%, A, 7); or, again, that the wire in unbending and untwisting
would, by means of the stresses, give out exactly the same amount
of work as that which was required to bend and twist it.

Hence the work done against strain, per unit length of the
wire, must be of the form f'(Z, A, 7), so that

.Kak+L6)\+®5T = af(l%, Ag T),

A _Y _
o K_Zl_k’ L—ﬂ’ 0= (3)

The form of the function f cannot be determined unless some
further supposition is made. The supposition is this—any
infinitely small portion of the wire is so little deformed by strain
that if the strain (%, A, 7) is replaced by the strain (24, # A, #7),
where % is any finite number, the stress couples will become z X,
nL, n@—that is, the principle of superposition of strains and
stresses holds for each infinitely small portion of the wire.
[Observe that assuming the element between the cross sections
at P and P’ to differ infinitely little in shape from its unstrained
figure, is by no means the same thing as assuming the figure of
the whole wire to differ infinitely little from its unstrained
figure.]
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Hence K, L, and ® must be linear functions of £, A, 7, of the

forms K= Adk+ er+ br,
L= ck+Br+ ar,l (4)
= bk+ ar+Cr, J
the coefficients of A and # in the values of K and Z, respectively,
being equal because, from the relations (3), % = %, &e.

The constants 4, B, C, a, b, ¢ are rigidities—called by Thomson
and Tait ¢ torsion-flexure rigidities'—of the wire at the point P
considered.

Hence the work per unit length absorbed in bending and
twisting the wire to the condition (4, A, ) is

3 (42 + BN+ Cr%+ 2aht+2b7k+2¢k)). (5)

The values (4) enable us to represent the axes of the couples
K, L, ©. For, taking PK, PL, and PT as axes of #, 7, 2, con-
struct the quadrice

Az + By? + C2 + 2ayz+ 2 baw + 2cxy = £, (6)
where % is any constant. Let (4, A, v) be taken as the co-
ordinates of a point; let this point be . Then the polar plane
of @ with respect to the quadric is

Ke+ Ly+@z=h. (7)

Let R be the point whose co-ordinates are (K, Z, ®). Then
R is obviously on the perpendicular from P on the plane (7);
and if p is the length of this perpendicular we have

V3
PR =-; 8
. ®)

thus R is found, and its three co-ordinates give the three axes of
those stress couples at P which are called into play by bendings
round PK and PZL and twisting round PT.

Is there any line at P such that a strain rotation of the substance
round it calls into play a stress couple whose awis coincides with the
line itself? It is evident that there are Z4ree such lines—viz,
the axes of the quadric (5); for if @ lies on any one of these
axes, PQ will be perpendicular to the polar plane of @, so that
PR and PQ are coincident in direction ; and if the axes of the
quadric are taken as those of 2, y, z and the strain rotation is
(% 0, 0)—i.e. simply a rotation round the first axis, the y and 2
co-ordinates of B will both be zero.

These are called the principal torson.flewure awes at P.
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If w;, w,, vy denote any strain rotations round these axes, and
Ly, Ly, Ly the corresponding stress couples called into play, we
have, therefore,

Li=4,0,5 L,=A4,0,; L;= 4304, (9)

where 4,, 4,, 4, are the principal torsion-flexure rigidities at P.
Also the potential work of the stress, per unit length at any
point, is b (4y0,? + dy0p® + 4gof). (10)

There is, of course, no essential difference between the quantities
£, A, 7; each is simply a strain rotation of the substance round an
axis. But when the axes of these rotations are two transverses
and a tangent line to the wire (or rather to its elastic central
line), it is usual to distinguish the last by the name Zwist and
the others by the name bending. The principal axes may have
any positions whatever at P, and it is impossible to use dis-
tinctive names for the rotations round them. That thisis so will
be at once obvious if we imagine a solid body with any fibrous or .
laminated structure, the fibres or laminae running in a definite
direction. Now imagine a wire cut in any way out of this body,
its tangent line at any point being oblique to the fibres or to the
laminae. It is clear that at any point of this wire the tangent
and two transverses have no special relations whatever to its
rigidities, and therefore no special properties with regard to sim-
plicity.

For a wire drawn in the ordinary manner, we may assume
that, whatever may be the form of the cross section (circular,
elliptical, or rectangular) the tangent to the central line is one
principal axis of strain rotation, the other two being necessarily
some two transverses.

If, in this case, we use 4, for the rigidity round the tangent to
the central line, and if the other two rigidities, 4, and 4,, are
equal, there will be equal flexibility round a// transverses ; for
the quadric will become

4,(a*+9") + 432* = 4, (11)
and any two lines whatever in the cross section are principal
axes of the quadric.

In all cases the axis of resulfant bending at P is the binormal

to the central line—the resultant bending taking place in the
osculating plane; but this plane will not, in general, be a
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principal plane of flexure ; i.e. this bending will not, in general,
call into play a stress couple whose axis is the binormal.

It is essential to observe that the values of the principal
rigidities 4; and 4, round the two principal transverses (when
the tangent to the central line is a principal axis)—i.e. the two
principal bending rigidities—depend not merely on the structure
of the material, but also on the skape of the cross section; and
that for wires drawn in the ordinary manner they are evidently
equal if this section is a circle or a square, since in each of
these cases the quadric will be given by (11).

The determination of the rigidities 4,, 4,, 4, in terms of the
shape, area, &c., of the cross section must be postponed until we
consider the subject of strain and stress more particularly.

312.] Wire held in a given Spiral with given Twist. Before
proceeding to the gemeral case in which the wire is acted upon
by any forces and couples, we shall consider the case in which
there are only a force and a couple applied to each end, or to one
end while the other is held fixed.

Assuming the tangent to the central line to be a principal awis of
strain, and also that its rigidities round all transverses are equal, it
18 required to find the force and couple whick must be applied to eack
end in order to keep the wire in the form of a given heliz, and with
a given constant rate of twist.

[This problem is solved in Art. 602 of Thomson and Tait,
vol. ii.]

Let B (Fig. 272) be the force and G the axis of the couple
applied to one end. Then, reducing R and G to a wrench, the
axis of this wrench must be the axis of the cylinder on which the
given spiral lies.

Let (R, K) be the force and couple of the wrench, and consider
the equilibrium of the portion between the cross section at P and
the end B. We shall simply equate to zero the sum of the
moments of the forces acting on this portion about the axis 44,
and about a line through P perpendicular to 44’ and to the
radius of the eylinder drawn to P.

Take 44’ as axis of z; the radius of the cylinder drawn to
P as axis of y; and a perpendicular to both as axis of . Let a
be the inclination of the spiral, » the radius of the cylinder, =
the rate of twist. ]

Then the stress couples at P exerted on the portion PB by the
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portion P4 can be reduced to two, viz. one about the tangent
PT, and one about the binormal to the central line. If 4, = 4,,
and p is the radius of curvature at P, the second couple is

2
‘—4pl, or (Art. 309) 4, 2=

—

Also the magnitude of the couple exerted on PB about PT
(the twisting couple) is 4,7, and its axis is in the sense P7 if
the twist is in the sense LK, since, if the portion P4 were re-
moved, we should have to apply to PB a couple in the sense KZ.
g—a) and those
of the binormal are (g+a, g, a), and the axis of the bending

Again, the direction-angles of PT are (a, g,

couple exerted on PB is to be drawn along the binormal from P
towards the upper portion of the figure as we view it, by
Art. 200.

Hence, by moments about 44,

2
K—A3rsina——AlcO: Yeosa=0; €))
and by moments about a line through P parallel to the axis of «,
2
R.r-—f.la-rcoscL+AlCOS *sina = 0. (2)

7

It is scarcely necessary to observe that these two equations of
moments are only a part of the condition of equilibrium of the
portion of the wire considered ; and that the stress at P does not
consist wholly of the two couples A r (that of twisting) and

% (the ‘resultant’ bending couple, Art. 309); for there is also,

manifestly, at P a stress which must be equal, parallel, and
opposite, to B; but this last stress contributes nothing in the
equations of moments about axes selected as above.

We can now consider particular cases of this problem.

ExamprEs.
1. If the given rate of twist is that which would be produced by
laying the wire along the cylinder in the manner described in
example 1, p. 216, determine the necessary wrench.

Ans. R= 4, ;;A L cos?asina,

K = (4,sin’a+ 4, cos? a) @;—a-



224 EQUILIBRIUM OF STRINGS AND SPRINGS. [312.

2. One end of a wire is held fixed, while a couple, @, is applied
(without any force) to the other end, the axis of the couple making
a given angle, 0, with the tangent at the end; determine the form
of the spiral assumed by the wire, and its rate of twist.

Ans. The axis of the cylinder must be parallel to that of G,

80 that the inclination of the spiral is T_0. Also, since R = 0, we
have 2

Agr—4, 5_1_11_9___&50: 0,
r
sin®6
and ‘4370059+A1—T—=K(=G),
from which _Asind Gi:se;
3

so that we have the radius of the cylinder and the rate of twist of the
wire. Thus everything relating to the spiral is found.

3. Show that, one end of a wire being held fixed, the wire may
be kept by means of a terminal force alone in the form of a given
spiral, and find the accompanying rate of twist.

3
Putting K -Z 0, we get 7= _El'rg-g?h_:z r and a being given).
Then R= — 21°%® %, Ghich shows that the ends must be pressed

r?sina
towards each other.

The negative sign in the value of T means that the twist is in
a sense reverse to that of the winding of the spiral.

4. How can a wire be held in the form of a given helix so0 as to
have no twist at any point ?

Ans. If a = the inclination of the spiral, » = radius of cylinder,
A, the flexural rigidity, apply at the free end a couple in the os-
2

culating plane, whose moment = J—4—’—?&}—(1(: é), and apply also at
this end a compressive force parallel to the axis of the cylinder, equal
to 4, sinacos?a

cylinder, and not to be carried in towards the axis.]

+ [The free end is supposed to terminate on the

If the wire when unstrained has the form of a helix of radius

& and inclination B, and if, in its strained form, it has radius »

and inclination a, one end being fixed while the other is acted

upon a force and a couple which are equivalent to the wrench
cos?a  cos?B

(B, K), the change of curvature at any point is . 7

and it is to this cange that the resultant stress couple of bending
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(that in the osculating plane) is now proportional. Moreover,
if we mark on the wire the spiral line along which in its un-
strained condition it touched the cylinder of radius ¢, and if the
wrench is such as to keep this marked line in contact with the
cylinder of radius 7, the rate of twist will be
sina cosa sin 3 cos B
r - b ’
Hence equations (1) and (2) become

K =4,sina (sm acosa sin [3bcos B )

+4, cosa(

cos? a cos2 B )

(3)

sin a cos a sm,B cos 3 )
17

—4,sina (g)_sz____cos;ﬁ)’ (4)

Thomson and Tait (Naf. Phil. vol. ii. p. 141) take other
variables than a and  to express the new spiral —viz. the axial
distance, z, between the ends of the spiral, and the whole angle
¢ through which the spiral winds round its axis.

If / = the whole length of the spiral, it is obvious that

R.r= 4. cosa(

2 ={sina, and ¢ = écos a. The angle ¢ may be considered as

that included between a plane through the axis and one end, 4,
and a plane through the axis and the other end, B, of the spiral.
Using these new variables, we have

K =454~ /Ly)+A“/ 2 S —y VEZR), (5)

z¢
R = Aals(Z(I) /ly) A[3,\/¢2 zz(d’ ,\/12_2__}/ VE_2 22) (6)

where 4 is the axial distance between the ends and y the value of
¢ in the unstrained position.

We now proceed to a verification.

Since z is measured along the line of action of R, and ¢ is
measured round the axis, it is clear that the work done by the
wrench in a small further deformation is

Pdz+Kdd¢,
and since this is the work done against the stresses, which we
have assumed to have a potential (Art. 311), it follows that this

vor. 11, Q
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expression must be the differential of a single function ; and we
see at once on trial that it is the differential of the function

g—sz(% z¢2—ﬁy¢)+%«/ﬁ—z2 G2 VE—2—y VE_.$),

or of the function
%%(zd;-—/zy)z +1 %l (b VI2—22—y x/lz~ﬁz)2,

which differs by a constant from the previous function.

72
If = is the curvature in the strained state, w = :ﬁ_iiz_z ;

and if = is the curvature in the unstrained state,
Z_j2 —k
= ‘y———~——~/l A Also v = Z(I) 24 .

@y 2 : s 72
Hence the above function is
/
2 [As 244, (w—wo)z],

which is, as anticipated, the potential of the stress, i.e. the Static
Energy, of the whole spring. [See Art. 311, expression (10).]

Equations (5) and (6) give the magnitudes of the couple and
force, constituting a wrench about the axis of the spiral, which
are required to produce given changes, 2—% and ¢ —y, in the
wire ; or, conversely, the changes which are produced in it by
a given wrench.

It remains to notice the case in which the change of form
from the unstrained to the strained state is very small.

We may then put ¢ =y +08¢, and 2= %£+32. Then

K.P= (d3—A4y) vk Sz + 4352+ 4, (12—72)].8 ¢, (7)

A2
R.B3= (43+ 4 72—_72) V2324 (dy—4,) yh.5¢. (8)

Suppose the wire to form a spiral of wery small inclination.
Then, either from the two equations just written, or, more di-
rectly, from the fundamental equations (3) and (4), the values of
the requisite couple and force may be found. In (3) and (4), if
for sin @ we put a, &c., we have

K:Al(;—-—;-); R.r:Aa ;—g):

neglecting in the value of Rr the term a (;_1— - -1]1—) - If for a we

z h4d2
put 7 or , we have R 4y 32, (9)

5
t i
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if we neglect the term %(;-— g—) » which is evidently an in-
finitesimal of the second order. The value of K

(since y+3¢ = Z, y =%)

r
. 4,
can be written = (10)

In this case, then, the couple produces simply rotation and no
lengthening, while the force produces a lengthening and no
rotation.

Prof. J. Thomson has given a simple rule for the elongation,
32, of the axial length of a spiral of small inclination, produced
by a given axial force at one end, the other being held fixed.
The rule is the interpretation of (9) above. Suppose the wire
constituting the spiral to be made straight and coincident with
the axis of the cylinder (of radius 4) on which it was wound.
Let one end, 4, be held fixed ; let the other, B, be rigidly con-
nected with a cap or torsion-head which just fits the cylinder
and can be turned about its axis.

If the given force R is applied tangentially to the circumference
of this torsion-head, its point of application will move through a
certain circular arc until it is stopped by the torsional resistance
of the wire. The length of this arc is the axial motion (32) which
the force R produced when applied to draw out the spiral.

For, considering the equilibrium of the portion of this straight
wire between any point P, and the extremity, B, we have by
moments about its central line

dyjog=Rb; .. w;= % .

But w; is the strain rotation per unit length, therefore Zw, is
the whole angular rotation of the end B, and the circular arc
described by a point on the eircumference of the torsion-head is

2
blwg, which is %6—1, and this is precisely 32 in (9).
3

It is worthy of note, then, that in the case of a wire which
forms a cylindrical spiral of small inclination—such, for instance,
as the spiral wire employed in Siemens’s Ammeter and Wattmeter
—if the spiral is drawn out in the direction of its axis through
a small distance (so that it is still a spiral of small inclination),

Q2
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it i8 the torsional rigility (43) and not the flexural rigidity (4,)
that is called into play. Moreover, if one end of such a spiral is
rotated (instead of being drawn out), as happens in the Ammeter
and Wattmeter, it is the flezural and not the torsional rigidity
that is called into play ; for 8¢ in (10) involves 4, and not 4.

And if the spiral is not one of very small inclination, these
results are not true—i.e. bo#Z rigidities will be called into play
by axial stretching, and both by terminal rotation.

313.] Case of Continuously Distributed Force. Assuming
that the principal torsion-flexure axes at any point of the wire
are the tangent, P7, to the central line and two lines, PK and
PL (Fig. 272) in the normal section, suppose that instead of
mere ferminal force and couple we have external bodily force
(like weight, for example,) acting on all the elements, as well
as external bodily couple. There may, in addition, be terminally
applied forces and couples.

Assume, for the present, that the wire when unstrained was
straight,

Consider the equilibrium of the elementary portion of the
wire between the cross sections at P and P’; then before strain
the principal axes, P’K’, P’L’, P’T’, at P’ were parallel to those
at P. After strain they will occupy positions, relatively to those
at P, which are obtained by holding the normal section at P fixed
and rotating the system of axes at P’ round PK, PL, PT through
angles equal to w,ds, w,ds, wyds, respectively.

Hence we easily find the following table for the direction-
cosines of the strained positions of the axes at P’ with reference
to those at P:—

PK PL PT
PK’ 1 wyds | —wyds
PL | —ow.ds 1 w, ds
PT | wyds | —wds 1

magnitudes of the order ds? being neglected.

Let Ly, L,, Ly be the principal stress couples at 2, and §;,
8,, S, the components along PK, PL, PT of the internal force
exerted on the cross-section at P by the lower portion, P4, of
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the wire in Fig. 272, the same letters with dashes defining the
corresponding things at P’. Also let the components of external
bodily couple applied to the portion between the two cross-sections
be G,ds, G,ds, Gyds; and of bodily force X,ds, X,ds, X;ds.
Equating to zero the total component force parallel to PK,

we have g _ 848/ w,ds—8y.w,ds + Xyds = 0.
a
But 8= 8, + —d‘% ds ; therefore in the limit
as,

s w38, + 0,85 = X, . (1)
. as,
Similarly, zf‘-wl 83+ w38y = X, (2)
ds
Ef—“’zsl"""l‘gz:xa' (8)

Again, by moments round PX we easily find
Ll —'Lll + .Ilz,- w3d8 —L3’. (Ozdr? + Sz’dg? + Glds = O,

aL
or 78*1—@31;2'*'"’2%‘52 = G,. (4)
L. aL,
Similarly, T oLy +osly + 8, = G, (5)
i/
—Jf—“’sz"wle = G,. (6)

[With a view to homogeneity in our equations, it may be well
to observe that S,, S,, S, are forces—not forces per unit area;
X;, X,, X, are forces per unit length ; G, @,, G, are couples per
unit length ; o, w,, g are curvatures, or angular rotations per
unit length.]

Observing now that Zy = 4wy ; Ly= dyw,; Ly= Azwg, the
last three equations become, if 4;, 4,, 4; are constant through-

out the wire a
. 4, ;;1 —(4,—4;3) 0,05= G, +5,, (7)
d
4, —(;;3-—(43—41) wgwy = Gy— 5, (8)
d y
4,2~ (dy—4y) 010, = Gy (9)

which (see Routh’s Rigid Dynamics, chap. v., or Williamson and
Tarleton’s Dynamics, chap. x.) are identical with the equations of
motion of a rigid body with one point fixed, the arc s measured
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along the wire corresponding to the time # in the motion of the
body, and the component curvatures and twist, «,, w,, w;, from
point to point of the wire corresponding to the component
angular velocities, from time to time, of the rotating body—
this body being supposed to be at each instant acted upon by
couples numerically equal to G,+8,, G,—8,, and G, about its
principal axes, while its principal moments of inertia at the fixed
point are numerically equal to 4, 4,, 4,.

If the unstrained wire is not straight, let a, and a, be the com-
ponent curvatures in the planes perpendicular to PK and PL,
respectively, before strain. Then the direction-cosines of PKX’
with respect to PK, PL, PT before strain are (1, 0, a,ds); and
if 6,, 0,, 6, are the bending and twisting rotations per unit
length, the direction-cosines of PK” after strain are easily found
to be [1, 6;ds, —(ay+6,)ds]. Now a,+ 0, is the new component
curvature in the plane perpendicular to PL. If we denote this
by w, and use w; for 6; to preserve the previous notation, we find
that all the equations (1)...(6) hold for this case, w; and o,
being the new component curvatures (and not c#aznges in them).

Equations (7), (8), (9) will not hold in this case ; for we have
L= 4, (0,—a,), and L,= 4, (w,—a,), which must be substi-
tuted in (4), (5), (6) ; so that the equations become

4, (’Z"(’%lh—gl‘)—"iz 3 (w0p—ap) + Ay, (w3—ag) = G, +8,, (10)

. &e., &e.

814.] Kinetic Analogies. In a very simple case (Art. 307)
of a strained wire it has been shown that the curvatures at
different points are numerically equal to the angular velocities,
at different times, of a certain compound pendulum,

‘We propose to notice a less restricted case now.

Suppose that a wire (Fig. 272) is bent and twisted under the
influence solely of ferminal forces and couples, and suppose that
the wire was originallystraight. Then, from last Article, it appears
that the-equations for its component curvatures and its twist are

dw

4, 'd_;"'(Ae“As) w0y = 8y, (1)
d

4, ';‘"2"(‘43“41) wgw; = —8, (2)
do

4 78&—(‘41—‘42) wywy, = 0, (3)
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where §,, §, are the components of the stress (force) exerted on
the normal section at P along the lines PK and PL,

Now, considering the equilibrium of the whole length PB of
the wire between P and the extremity B, we see that the force
and couple of strain at P must be equal and opposite to B and G
at B i.e. 8, §,, 8 are simply equal to the components of B
along PK, PL, PT.

Imagine a rigid body moveable round a fixed point O, at
which point we draw three lines OZ, O/, Ot parallel to the lines
PK, PL, PT in the wire, and let the body have moments of
inertia equal to 4;, 4,, 4; about Ok, O/, Of, which are the
principal axes of the body at O.

Moreover, let this body be acted upon by a force equal and
parallel to & at a point » on the axis Of such that Op is a unit
length (the unit implied in the measurement of curvature in the
wire). Then the components of B parallel to O% and 07 will be
obviously 8, and §,, and the equations for the angular velocities
of the body round Ok, Of, Of will be precisely the same as (1),
(2), (3) for the component curvatures and twist of the wire.
[It is understood, of course, that 4,, 4,, 4, are each constant all
along the wire, which may have a section of any (but constant)
shape.]

If, then, the body is started with angular velocities the same
in magnitudes and senses as the component curvatures at any
point, P, of the wire, its principal axes being at starting made
parallel to the principal axes of strain at P, while it is acted
upon by the constant force R as described, its principal axes of
inertia will at any time be parallel to the principal axes of strain
at the point (), suppose) reached at that instant by a point
travelling originally from P with constant unit velocity along
the wire ; and the component angular velocities and curvatures
will also correspond.

Hence tke Kinetic Analogue of a wire of comstant section bent
and twisted by terminal forces and couples is a rigid body moving
round a fived point while acted on by a force of constant magnitude,
direction, and point of application; e.g. a heavy rigid body
moving round a fixed point.

The case in which the motion of this pendulous body is uni-
planar is that discussed in Art. 307. This analogy is due to
Kirchhoff, and the reader will find it discussed from a different
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point of view in a paper by Professor Larmor (Proceedings of the
London Math. Soc., Nos. 225-228).

The case in which the wire when unstrained formed a helix
does not correspond to the motion of a rigid body about a point,
because its equations are of the type (10) of last Article; but
Professor Larmor (Zoc. cit.) points out that such a case is analo-
gous to that of a rigid body rotating about a fixed point, a
revolving fly-wheel being attached to the body, the axis of the
fly-wheel being fixed in the body.

ExAmrrEs.

1. Deduce the equations of the plane elastic spring (Art. 304)
from the general equations, p. 229.

2. In a plane elastic rod, without external bodily couple, the
shearing stress vanishes at points of maximum or minimum curv-
ature.

3. A heavy uniform inextensible, but imperfectly flexible, string
is suspended from two fixed points; prove that the figure of the
¢ catenary’ is given by the equation

2
A%;‘—e+ mgs cos 0—7sinf = 0,
where 4 is the flexural rigidity, = the tension at the lowest point,
and mg the weight per unit length of the string; 6 being the in-
clination of the tangent to the horizon, and s the length of the arc
measured from the lowest point.

(Consider the equilibrium of the portion of the curve between
the lowest point and any point P. See p. 202; and observe the rule
with regard to signs.)

4. Assuming the flexural rigidity to be small, prove that, ap-

proximately, s 24 8
tanf=— — — ——,
¢ T (P48
in which 7 = mge. Compare with the result for the flexible catenary.
5. If the string in Ex. 3 is replaced by a thin steel ribbon mag-
netised in the direction of its length, find the-differential equation
of the curve formed under the influence of gravity and the earth’s
magnetism.

Ans. If p is its magnetic moment per unit length, F = the
resultant earth~force per unit pole, 2 = the dip, the equation is

2
A%;g+mgscose—-rsin0+pﬁ'sin (0+12)=0,

the arc being, as previously, measured from the lowest point—which
is not now, however, a point of zero shearing stress.
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6. If a uniform elastic rod is freely pivoted at its extremities and
made to assume the figure of n bays (as in example 1, p. 207), prove
that its Statie Energy is equal to

2
4nl11 FE—K*F),
F and E denoting the complete elliptic integrals with modulus %,
where % is (as shown in p. 207) a determinate constant.
If IT is the Potential Work, or Static Energy, we have, by Art. 311,

dll =1 'izds, since w, = 1; and py = a?, therefore dI1= 2—:—‘ yids;
therefore substituting for y and ds their values (Art. 306),
N TR
dI'I._z—(—l—5 h2eos’ P A5
2nd lczfﬁcoswd(p
H — b
a J, A¢
which at once gives the above result, since (p. 207) I = 2na F.
7. If a uniform rod has both extremities fixed by smooth pins and

is continuously acted upon by a constant normal force, show that its
equation is

’

£ = py—tpile=ar )

where B is a constant, » = normal force per unit length, 2¢ = dis-
tance between the pins, 8 = 4/f*—c*p*, and fis the pressure on each
pin; the axes of co-ordinates being the line joining the pins and
a perpendicular to it at its middle point. (The value of 3 must be
found from the fact that the length of the curve is given; and if a is
the angle made by f with the line of pins, fsina = ¢p.)

Nore. Several of the results in Arts. 306, &c., were obtained by Professor
Greenhill and published by him in the Messenger of Mathematics,



CHAPTER XVIIL

THEORY OF ATTRACTION.

SEcrioN 1.—Direct Caleulation of Attraction.

815.] Newtonian Law of Attraction. The motions of the
planets and comets of the solar system can be explained com-
pletely on the hypothesis that each body of this system attracts
every other body of the system with a force which in any
position of the two bodies is directly proportional to the product
of the masses of the bodies, and which in different positions is
inversely proportional to the square of the distance between
them. The fact that the positions which will be occupied by
comets can be predicted with certainty, that the existence of
Neptune was mathematically deduced from the assumption
that certain disturbances in the motion of Uranus were due
to the attraction of an unknown planet according to the above
law, and several other facts of the same kind, all prove that the
law holds with all the accuracy that human observation is
capable of testing, so far as the action upon each other of large
masses separated by distances which are great compared with
their linear dimensions is concerned.

As to the cause, or mechanism, to which this attraction is due,
nothing is known. Newton says in the Scholium at the end
of Book III of The Principia,  To us it is enough that gravity
does really exist and act according to the laws which we have
explained, and abundantly serves to account for all the motions
of the celestial bodies and of our sea.’” A little before this in
the same Scholium he says, ¢ But hitherto I have not been able
to discover the cause of those properties of gravity from phe-
nomena, and I frame no hypothesis (Zypotheses non fingo).’
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Although Newton framed no hypothesis on the mode by
which gravitation is propagated through space, he mentions
certain speculations which were current in his time, and which
have been brought into great prominence in our days. Thus,
at the end of section xi. of book I. he says, ¢ I here use the word
attraction in general for any endeavour, of whatever kind, made
by bodies to approach each other; whether thatendeavour arise
from the action of the bodies themselves, as tending mutually
to or agitating each other by spirits emitted; or whether it
arises from the action of the sther or of the air, or of any
medium whatsoever, whether corpereal or incorporeal, anyhow
impelling bodies placed therein towards each other.’

By far the most promising step that has been taken towards
a solution of this great difficulty is the discovery by Faraday
that the attraction between two electrified bodies is influenced
by the insulating medium in which they are placed, inasmuch
as this discovery renders it highly improbable that any force
produced by one body on another is a direct action at a distance.
This discovery has been worked by Clerk Maxwell into a con-
sistent mathematical theory of the mechanism by which mag-
netic and electromagnetic actions are propagated by a rare
medium filling space.

Newton does not, however, confine the law of attraction
according to the inverse square of distance to large masses
like the planets; for he investigates the attraction of a solid
on a particle, even when the particle is within the matter
forming the body, on the supposition that this particle is at-
tracted by every elementary particle of the body—however close
to the attracted particle—with a foree expressed by this law.

The assumption that every indefinitely small particle of matter
attracts every other particle with a force whick acts in the right
line joining the particles and whose magnitude is directly pro-
portional to the product of the quantities of matter in the particles
and inversely proportional to the square of the distance between
them is the formula of what is called the Law of Universal
Gravitation.

The terms of the enunciation render it clear that tAe linear
dimensions of the particles must be infinitely small compared with
the distance between them—otherwise, indeed, the term ° distance
between them’ would be unmeaning. We shall soon prove,
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however, that if the particles are homogeneous and spherical,
this limitation may be removed, and the °distance between
them’ is the distance between their centres.

But it is just at this point—i.e. when dealing with forces
exerted on each other by indefinitely close molecules—that our
ignorance of the cause or mechanism of this attraction introduces
a most unsatisfactory dualism—or rather multiplicity of laws—
into physical science.* For we are often presented with re-
pulsions instead of attractions, and the phenomena of Elasticity
and Capillarity have hitherto compelled physicists to assume
other laws of force between molecules than the Newtonian law
of the inverse square of distance, or the law of nature, as it is
often called.

Electrical and magnetic attractions and repulsions are proved
by experiment to obey this law, and therefore the theory of
attraction is almost wholly a discussion of its consequences.

The quantitative expression of the Newtonian law is as
follows. Suppose two very small particles whose masses are
m grammes and ' grammes to be placed at a distance of r
centimétres apart—this distance being, as before said, very
great compared with the linear dimensions of either particle;
then each will attract the other with a force equal to

m.m

¥ —z— dynes, (a)

in which expression y is an absolute constant, i.e. one whose
magnitude is independent of the magnitudes of the masses and
‘their distance.

‘We shall subsequently calculate the value of y, which is called
the absolute constant of gravitation. "With the units of mass and
distance chosen as above, y is evidently tke number of dynes in
the force with which a mass of one gramme condensed into an in=
Jinitely small volume attracts an equal mass similarly condensed

* For example, Clerk Maxwell, in his article on Capillary Action (Encyclop.
Brit.) says: ‘The forces which are concerned in these phenomena are those
which act between neighbouring parts of the same substance, and which are
called forces of cohesion, and those which act between portions of matter of
different kinds, which are called forces of adhesion. These forces are quite
insensible between two portions of matter separated by any distance which we
can directly messure. It is only when the distance becomes exceedingly small
that these forces become perceptible.’

Clearly science still needs a vigorous application of Occam’s Razor.
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at a distance of one centimétre ; or, as we shall see, the force of
attraction between two homogeneous spherical grammes with
a distance of one centimétre between their centres.

316.] Conical Angles. Let 4BCDE (Fig. 273) be any closed
curve, plane or tortuous, and O any point. If from O lines 04,
OB, &ec., are drawn to every
point on the curve, we obtain

acone. If round O a sphere 2N

of 1 centimétre radius is de- AE
scribed, the rays 04, OB, &e., d
constituting the cone will B zé)

intersect the spherical surface I ey )
in a curve abede; and the e g
number of square centimétres
in the area of the spherical
surface contained within this
curve is called the solid angle
subtended at O by the given
curve ABCDE. Instead of this term (which is in no way ex-
pressive) we shall use the term Conical Angle. 1f the sphere
described round O has a radius of 1 mile instead of 1 cm., the
number of square miles of the spherical surface enclosed by abede
will be the conical angle, and this number will be the same as that
of square centimétres on a sphere of radius 1 em. Generally,
if a sphere of any radius, 7, be described round O, and the curve
ABCDE conically projected, as above, on its surface, the ratio
of the area of abede to the square of the radius 7 is the measure
of the conical angle subtended at O by the given curve—just as
the plane angle subtended at O by any two points, P, @, is the
ratio of the length of the arc of any circle, with O as centre
in the plane POQ, intercepted by the rays OP and 0@, to the
length of the radius.

A conical angle is thus a mere number, like the circular
measure of a plane angle.

The sum of all the conical angles round any point is 4,
because it is the whole area, in square centimétres, of a sphere
of 1 em, radius deseribed round the point.

The conical angle subtended by any closed plane curve at any
point which is in the plane of the curve and inside its area is
2, since the rays O4, 0B, &c., from O to the different points

Fig. 273.
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on the curve intersect a spherical surface described round O as
centre in a great circle of the sphere.

Let any closed surface be broken up into an indefinitely great
number of small elements of area; then the sum of all the
conical angles subtended by the contours of these elements at
any point, O, inside the given closed surface is obviously 4.

If O is anywhere on the surface itself, the sum of all the conical
angles subtended at O by the elements of area of the surface is
2, since the slender cones revolving round O lie all on one side
of the tangent plane at O, and they will cut off only the area
of half the sphere described round O.

If O is anywhere oufside the given closed surface, the sum of
all the conical angles subtended at O by the elements of area on
the surface is z¢ro. This case requires a little explanation.

Let any line drawn through O meet the given closed surface
in points B, B, B, F, (Fig. 274), of which there must be an
even number; and
let a very slender
cone of rays drawn
through O intersect
the surface in the
small elements of

Fig. 274. area represented at
these points. Then
although numerically

the conical angles subtended at O by these elements of area are
all the same, distinctions of sign must be made between them.
These distinctions can easily be made thus. At P, it is the
outside of the surface that is turned towards O; at F, it is the
inside 5 at P, the outside ; and at P, the inside. Hence if do is
the magnitude of the conical angle subtended at O by these
elements, we may agree to make it plus for the inside aspects,
E, and F,, and minus for the outside aspects, B, and P, ; so that
the sum of the conical angles subtended at O by these four ele-
ments of the given surface is zero.

For the purpose of projecting any element of area—as that at
B—on any plane, we may adopt the convenient and consistent
plan of drawing at the point the normal, Z, #,, outwards from
the surface proportional in length to the element of area,
marking its extremity with an arrowhead, thus treating it as
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a directed magnitude, like a force, and taking its component along
the normal to the plane as representing in magnitude and sign
the projection of the element of area at F along the plane in
question.

Thus, the conical angle subtended at O by the element,
d8,, of area at P, is represented by the projection of Pn, along
the line OQ which is the normal to the surface of the sphere
of projection; this gives the conical angle = d§, x cosn, F, @,
which is negative. Similarly for the other points, 7, B, F,.

If 8 is any element of area of a surface at a point P, and dw
is the conical angle subtended at any point O by this element,
while y is the angle between OP and the outward-drawn normal

at P, we have 2
ds = 606}1 do. (a)

For, if a sphere is described through P having O for centre,
the cone of rays which intercepts the area dw square centimétres
on the sphere of 1 cm. radius will intercept on this sphere an
area of OP2.dw square centimétres (if OP is measured in centi-
métres) ; and since this is the projection of @8 on the surface
of the sphere, we have the result ().

The locus of the point O at which a given closed curve, or ciroutt,
subtends a constant conical angle is a surface which contains the
given curve as an edge—just as in plano the locus of a point O at
which two fixed points, 4, B, subtend a constant angle is a curve
(circle) passing through 4 and B. The constant angle belonging
to any one of a series of circles passing through 4 and B may be
found by joining any point on the circle to 4 and B; but if the
point selected on the circle is either 4 or B itself, an indeterminate-
ness naturally arises, since the line joining B to itself is indeterminate.
However, for any one circle if we take a point on the curve infinitely
close to B, the direction of the line joining it to B is the tangent
to the circle at B; so that the angle pertaining to that circle is
the angle between AB and the tangent to the circle at B.

Similarly when the point O is taken on the given circuit, the
conical angle subtended at it by the curve is naturally indeterminate ;
and to determine the angle pertaining to any one surface of the series
of surfaces of constant conical angle having the given circuit for an
edge, we must take a point, 0, infinitely close to O in the tangent
plane to the particular surface. The rays joining 0’ to the various
points on the neighbouring part of the circuit form a semicircular
fan of rays in the tangent plane, and they will intersect the sphere
of unit radius described round O as centre in a semicircle; thus the
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projection of the given circuit (which projection answers to the curve
abede in Fig. 273) on the unit sphere at O consists of a great semi-
circle and some irregular curve, U (suppose), completing this semi-
circle into a closed curve on the sphere; and the area of the sphere
inside this closed curve is the conical angle belonging to the selected
gurface locus.

Ta find the angle at which two surfaces of constant conical angles,
o, and o,, cut each other at any point, O, on their common edge
of intersection, describe the unit sphere round O as centre. Then
we have just seen that the conical angle belonging to the surface
w, is the area of the sphere included by a closed curve on its surface
consisting of a great semicircle S; and an irregular curve U; and the
conical angle w, belonging to the other surface is the area of the
sphere included between a great semicircle S, (having the same
diameter as S,) and the same irregular curve U. Hence w,~w, is
the area of the lune included between S; and §,; but S, and S, lie
in the tangent planes to the surfaces w, and w,, respectively, so that
the angle, 0, between them is the angle at which the two surfaces
intersect ; and the area of the lune = 20 square centimétres, if the
radius of the unit sphere is 1 cm.

Hence two surface-loci of constant conical angles w,, «, for a
given circuit intersect at a constant angle at all points on this
cireut, the angle between them being

3 (0~ w,y).

316, ¢. Line-Integrals and Surface-Integrals. The discussion
of the Conical Angles subtended at various points in space by a
given circuit depends on certain theorems of integration with
reference to unclosed surfaces and their bounding edges, and as
the whole subject is of much importance, particularly in the
theory of Electromagnetism, it is considered advisable to devote
special consideration to it here.

Let ¢ (, 7, z), which we shall briefly denote by ¢, be any
function of the co-ordinates of a point in space; then if any
surface (closed or unclosed) be broken up into infinitesimal
elements of area and the element, dS, of area at any point be
multiplied by the value of ¢ which belongs to that point, the
sum of all such products, viz.

S 45,

taken all over the surface, is called the Swsface-Integral of ¢ over
the given surface.

In the same way, if any curve (closed or unclosed) be taken in
space, and if it is broken up into infinitesimal elements of length,
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and the element of length, ds, at any point be multiplied by the
value of ¢ which belongs to that point, the sum of all such
products, viz., J bds,

taken all over the curve, is called the Line-Integral of ¢ over the
given curve.

TreoreM 1. If ¢ and \ are any two functions of z, y, and if
any closed plane curve be described in the plane zy, the double

integral //(d\lf dd’)d wdy (2)

taken over the area of the curve, is equal to the integral

S (®de+y dy) (8)
taken along the perimeter of the curve in the sense in whick the
positive azis of & should rotate in order ¢o coincide with the positive
axis of y.

Let 7pg..., Fig. 275, represent the given curve. Take the

term f f (2—-;,: dzdy first. Now 2 2

to find this, we may first in-
tegrate with respect to « con- (
sidering 7 constant.

Let » be any point on the
contour and 77" a line parallel
to the axis of z; let s be a
point on the curve infinitely
near 7, and ss” a line parallel
to the axis of #; and let +»’
and 7z be perpendiculars on s¢’.

Taking 7, then, as constant,

Ay

we are to sum T dwdy over

the farrow strip srr’ ¢’.  This sum is
ay .
rn f—‘% dy, or rn(Y —) (v)

if ¥’ and y are the values of  at 7" and 7, respectively.
Now observe that if we travel over the contour in the sense
of the arrow, taking at each point the value of the product
ydy,
where, of course, dy is the algebraic increment of y in each
VOL. 11, R



242 THEORY OF ATTRACTION. (316, a.

infinitesimal step, we should have in travelling from #* to ¢" the

term v x ¥,
and in travelling from s to » the term
Y x (—1n),

since the value of  at s may obviously be taken the same as at .
These two terms, therefore, give the sum (y), so that the
summation of ydy over the contour will correctly give the result
of the integration of the strip 77'#’s, and over all other similar
strips.

In the same way, the term — f f 7 dzdy is to be found by

integrating first with respect to g, considering # constant. Let,
then, pp” and g¢’ be two indefinitely close parallels to the axis of
¥ enclosing a narrow strip. The summation is to be performed
over this strip from p to p, so that if ¢’ and ¢ are the values of
¢ at p” and p, respectively, we have

d /
dw/g}dy=ﬁm(¢ ~9);

ad
oo =z [ Sy = pm (9= ) ®)

and in travelling over the contour in the sense of the arrow,
while taking at each point the value of the product
¢ du,

we should have at p the term b x pm, and at ¢ the term
¢’ x (—p'm’), the sum of which is pm (¢p—¢’), Whlch is pre-
cisely (3).

Hence, then, the area-integral (a) is equal to the contour-
integral (), which can, of course, be expressed in the form of the

line-integral d
_/(4’ p7 y) ds, (9

where ds is the element of length at any point of the curve.

TrrorEM 2. If ¢ is any function of m, y, 2, the co-ordinates of
a point in space, and I, m, n the dzrectwn-cosmes of the outward
normal at any point of an unclosed surface, the integral

d¢p d¢
taken over the surface, is equal to the integral

S pdz (n)
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taken along the bounding edge of the surface by a motion whose
projection on the plane of my is inthe sense in which the positive awis
of @ should rotate in order to coincide with the positive axis of y.

It must be observed that ‘;——2 and ‘;—; are the partial differential
coefficients of ¢ with respect to # and y, and that they take no
account of any variation of z—belonging, as they are supposed
to do, indifferently to all points in space, and not being restricted
to the (related) points which lie on the given surface.

Suppose that the co-ordinates of points on the given surface

are related by the equation

z=f(9)
or dz = pdz+ qdy, (1)
as is usual, where » and ¢ are functions of # and 7 only.
—P —9 1
Then ! = ———y M = 2N = — %)
V1 +p2+¢? Vit 4 g M1+ pPtgt

and d8 =414+ dudy.
Then the given integral ({) can be expressed in the form

d a
ff(gzl—g - -d%) dzdy, (2)

which is a double integral over the area of the projection, s7pq...,
of the given surface § on the plane zy.

Now, of course, a passage from point to point of the area of
this projection will correspond to a motion from one point to
another on the given surface S, and will necessarily involve a

variation of z in both —— a9 and —— dd)
dw dy’

Denote by ad; the total differential coefficient of ¢ with respect

to # in the passage from one point on § to a neighbouring point
when y remains constant but z is altered with . Then

2‘d‘* dp do.

T dzx M dz
b d
Similarly b; d; +q df

Hence (2) becomes

ff( bm—p by) dz dy. (3)
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Taking the terms of this double integral separately, we have
o¢
dw
i.e., to perform a summation along the strip 7¢’. Denote, as

first to integrate ¢ — with respect to , considering y constant,

usual, dq by s.

2 ’
Now f g b—:;f dv = (9¢) —(9¢)—/sdda,

where (¢¢) is the value of ¢¢ at 7, and (¢ ¢) its value at .
In a motion round the curve s7pg... in the sense of the arrow,
the term [(¢¢) —(g¢)] x 7’2" is the same as the sum of the values

of 9.4y
at 7 and 7, as explained in Theorem 1. Hence
d
ffq a’ﬁi dady = Sobdy—// spdzdy, (4)
in which the single integral is one along the contour s7pq... .
Similarly 26
—ffﬁ 3y 0% = Spdda+t [[sbdudy, (5)

the single integral on the right side being taken round srpg ...
in the sense of the arrow. Hence (3) becomes simply

JS(pda+gdy). (6)
But, if 2, y are the co-ordinates of any point, p, on the curve
87pq..., the point P on the edge of 8, of which p is the projection,
will have the same # and y, and by (1) the increment of z in
passing from P to @ (of which ¢ is the projection) is the multiplier
of ¢ in (6), so that (6) is the value of
Sedz

in a motion round the bounding edge PQR..., in the sense of
the arrow, which was to be proved.

d¢ ,d¢ .
In the same ‘way, of course, f (n Tz ~! Ez—) d8 = the line-

integral /¢ dy taken along the bounding edge.
We shall find it convenient to denote the operations

4,44 d

dz dy’ "ao '@’ l@—md—w’

with regard to any surface the direction-cosines of whose normal
are /, m, n, by the symbols

9y, 9, 9.

m
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TuEOREM 3. If u,v, w are any functions of ®, y, z the co-ordinates
of a point in space, and I, m, n the direction-cosines of the normal at
any point on an 'zmclo.secl surface, the integral

du  dw v  du y
/{Z( ) dz %)-Hl dw dy }(Zb
taken over Me surface, is equal to the integral
S (wdz +vdy + wdz)

taken over the bounding edge of the surface by a motion whick
projects on the co-ordinate planes in the senses of positive rotation
these planes.

This follows at once from the last Theorem. For, taking the

term odw  dw
/ (% "% ) ds,
we have found that it is simply /Swdz taken along the edge.
Similarl
Y f(m@ - n%)dé’ = Suda,
taken along this edge ; &ec.

This is the result that the line-integral of any vector taken along
any circuit is equal to twice the surface-integral of the normal
component of ts ‘ rotation, or ¢ curl, taken over any surface having
the given circuit for a bounding edge, of which a different proof will
be given in the Chapter on Strain and Stress.

Another discussion of this Theorem will be found in Clerk
Maxwell's Electricity and Magnetism, vol. 1., Art. 24.

Put into a quaternion form, this Theorem is thus expressed—

S 8vVp.dS = [8p .ds, (7)
where v is a unit-vector in the direction of the outward-drawn
normal at any point of an unclosed surface, v is a unit-vector
along the tangent at any point of the bounding edge of the
surface, p is any vector, and V is the Hamiltonian operator

.4 .d i a
? e +7 237 + az

The result in this Theorem gives the solution of the following
inverse problem :—Given the components, U, V, W, of a vector,
p, which satisfy at all points in space the equation

au av 4w

w Tt E =Y
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to determine the components of another vector, o, such that the
surface-integral of the normal component of p over any unclosed
surface shall be equal to the line-integral of the tangential
component of o taken along the bounding edge of the given
surface.

For, in order to transform the given surface-integral into a
line-integral along the edge, we must have

LUAmV +aW = d,u+d,v+dw,
thatis g v Ao Ay du o
&=V w="w =" ©

(Stokes’s method of solving these will be found in Lamb’s
Treatise on the Motion of Fluids, Art. 129.)

816, 4.] Calculation of Conical Angles. Let w be the conical
angle subtended by a given circuit, PQR..., at any point 4
whose co-ordinates are a, 3, y. Then by (a), p. 239, if P is any
point on any surface having the circuit for edge, and d§ an
element of area of this surface at P,

da = — cos yds, (1)

where » = AP, dw = conical angle subtended by dS at 4, and
is the angle between 4P and the normal to the surface at P.

Now if #, y, z are the co-ordinates of P, and /, m, n the
direction-cosines of the normal,

con =7 {7 (6~a) +m (y—B) + (:—)}. (2)
Hence 1
© =f;§ {{(@—a)+m (y—B)+n (2—7y)} dS. (3)
But since 72 = (#—a)? + (y—B)2+(2—y)? we have
r—a a
=z G

L 4
73

a ,1 a /1 a ;1
But since a, 8, y are completely independent of all co-ordinates
on the surface S, and therefore have nothing to do with the

with similar values of 'Z:T’B and + Hence (3) can be written
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limits of integration, the symbols of differentiation with respect
to them can be taken outside the integrals, and we have

d d
w:E/;dS+ﬁf%dS+%f§dS. (5)
Differentiate both sides with respect to a, and observe that
d* d%* d%*\1 _
ietagt 2z7 7= 0

so that for 5 We may write — ( 3 [32 + Z 2) Then

(Zw [{la/ ™18 Z f 28— df lS] ()

. 1
pr obv10uslyd—;(;)= a’m( ) dﬁ( )= dy( ); &e.
Hence, first bringing the symbols of differentiation which are

within the square brackets under the integral signs, (6) can be
written

2L
7 dﬁf<z— dx)ds"d [0 -

Now, by Theorem 2 of last Article, the surface-integral on

i
Z-E) ds. (7)

which —— operates is / dz taken along the given circuit, while

dﬂ
that on which 7 operates is f — dy taken along the circuit; so
Y
that (lw_j__ @_i {iz (8)
da dpJ) r. dy) r ’

. dw
similar values holding for ~— 8 and vl

Denoting the line-integrals / @, f n?_._g/, f a along the given

circuit by F, G, H, respectively, as in example 42, p. 64, we have
for the differential coefficients of the conical angle subtended by
the given circnit at any point (a, 8, y) the equations

dw_dH ﬁi_(_?
—&—_dﬁ_d'y,
de dF dH
e — 9
dg "~ dy da’ ®)
do dG dF

dy  da dp
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It is evident that the conical angle subtended by a given
circuit at any point (a, B, y) satisfies the differential equation
d2 a2
(7= +agt iy 2)(0 0, 0r Ve = 0. (10)
Again, the quantities F, G, H which have reference to a given
circuit and any point (a, 8, y) satisfy the equations

ar 4G dH
ViF=0 V2G@=0, VZH=0. (12)
For, the left-hand side of (11) is
d— d-— (l—

_f(d dm+dydy+ d)

which, being taken along a closed curve, is zero. Hence if space
were imagined to be filled with a fluid in motion, or a substance
in a state of sirain, its velocity components, or components of
strain, at each point, 4, being F, G, H, the cubical compression
at every point would be zero, and the axis of resultant vortical
spin at the point would be the direction in which the conical
angle subtended by the circuit increases most rapidly—as will
be understood after a study of the Chapter on Strain and Stress.

Another method of calculating the conical angle subtended at
a point by a circuit is the following. Let ABCDE (Fig. 273)
be the circuit, and O the point at which the conical angle is
subtended. Then if @ is the radius of the sphere described round
O, the conical angle is the area of the spherical curve abede
divided by «2. Through O draw any line, Oz, meeting the
surface of the sphere in z (not represented in the figure). For
definiteness, suppose z to be within the part of the spherical
surface which we regard as the area of abcde. Then the position
of any point, p, within abede may be expressed by its angular
distance, ¢, from 2, and the angle, ¢, which the plane 720 makes
with any fixed plane through Oz. These angles are the co-
latitude and the longitude of p. An element of spherical area
at p is a?sin §' 46’ d ¢, so that the strip of area of abede contained
between two longitude planes including an angle ¢ is

@
a? dcpf sin 6d@,
0
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where 0 is the colatitude of the point in which the arc zp
intersects the contour of adede.
Hence the conical angle is given by the equation

o =ﬁ"(1_c0sa)d¢ (13)

since ¢ runs from 0 to 27 round .

It is, of course, quite indifferent which portion of the spherical
surface (the upper or the lower) we regard as being the area of
any curve traced on the sphere. If Oz is drawn so that z is in
that portion of the surface which is regarded as outside the area,
the longitude, ¢, of a point within the area will not run from 0
to 2, but from its initial value it will, after increasing and
diminishing, return to this initial value, so that /d¢ = 0. With
an axis Oz so chosen, we should have

w=/cosfdd¢, (14)
the upper and lower limits of ¢ being identical.

In the case of any plane circuit we obtain another expression
for the conical angle subtended at any point in space. Taking
the plane of the circuit as that of @, 7, let (a, B8, y) be the co-
ordinates of the point, 4, at which the conical angle is required.
At any point, P, in the area of the curve let the element of area
be d8, and let 4P = 7. Then in (a), p. 239, we have

—Y o de=2 y__4 .,
cosy =7, o do=5dS. But 5= dy(r)
d rds
therefore o=-3] 7 (15)

The method of calculating » from this equation will be under-
stood when we come to the treatment of Potential ; and it will
then be seen that (15) expresses the fact that the conical angle
subtended at any point by a plane curve is the same (to a factor
prés) as the component of the attraction-intensity normal to the
plane of the curve exerted at the point by a uniform plane lamina
bounded by the curve.

Thus for a circular curve of radius a, if R is the distance of 4
from the centre,

a [imre rddr
e=" ‘l)’,/; 0 /Rz—zyrcos¢+r2,
which reduces to Elliptic Integrals.

(16)
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ExAMPLES,
1. Find the conical angle subtended at any point on a sphere by a
given circle lying on the sphere.

Ans. Let » be the angular radius of the given circle, & = angular
distance of the point considered from the pole of the circle,

_ o ,__ Sinasinr __sinasinr
r+a=20, r—a=290, k2= Fcpa and n= vty
2 g cosd
then ow=27— si_no" l—COST.F(k)'{' ml—[(n, k)}’

where F(%) is the complete elliptic integral of the first kind with
modulus £, and IT (n, &) the complete integral of the third kind with
modulus £ and parameter .

The complete integral of the third kind is expressible in terms of
integrals of the first and second kinds (Hymers's Integral Calculus,
P. 290) ; thus

cosd

: II(n, k)
SInocoso - cotar
= SH{s —E® A} F @ - (BR-F@}F F, B),
where szsf—@, and sinﬁ:gos—o.-
no cosd

2. Show that the conical angle subtended at any point, 4, by a
circuit is the line-integral along the circuit of the tangential com-
ponent of a vector whose magnitude at each point, P, of the circuit is

1 cosfcosA

r sinf
the vector being perpendicular to 4P in the plane of 4P and the
tangent at P, » = 4 P, 0 is the angle made by AP with a fixed line,
and A the angle made with this line by the normal to the plane of 4P
and the tangent at P.

3. Find the conical angle subtended at any point, P, in space by
two intersecting right lines 04, OB, their extremities 4 and B being
both at infinity.

Ans. If ¢ and ¢’ are the angles between the plane 40B and the
planes containing 2 and the lines 04, OB, and a = Z 40B
0 =m—¢d—¢’+cos™? (sin ¢ sin ¢’ cos a—cos P cos ¢’). (1)

When a = 0, the plane from which ¢ and ¢’ are reckoned is inde-
terminate, but in this case ¢+ ¢’ is 7, so that w is constant whatever
be the position of P. When a = m, ¢ = ¢, and w = 27— 2 ¢, which
is indeterminate and may be taken as 2¢ simply, where ¢ is the longi-
tude of P with reference to anyfixed plane through the infinite line AOB.

If ¢ = tan $, ¢ = tan ¢, the equation of the surface locus of con-
stant conical angle is

(t+t’)sina)+tt’(cosw—-cosa)+2sin’;)=0. (2)
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To all points on the same right line OP, through O belongs the
same value of w; moreover, this equation shows that the planes deter-
mining any given angle » can be represented in pairs by the points
of an involution system.

The surfaces of constant conical angles are cones of the second degree
whose equations are easily found from (2). For, if 04 is taken as
axis of , and the plane A 0B as that of xy, we find for the locus

2y (xsin a—y cos a) sin'iz) + 2 (2 sin a+ 2 ysin® %)sinw

+2*(cosw—cosa) =0; (3)
or, taking the internal and external bisectors of the angle AOB as
axes of x and v,

gin? 2 («* sin? 2 —y%cos? g) + 2° (sin® 2 sin’—a-)) +xzsin = sinw = 0. (4
2 2 2 2 2 2

The conical angle is a measure of the Magnetic Potential at any point
due to a current in the given circuit ; hence the case a = 0 corresponds
to a current returning on itself, which, of course, produces no effect at
any point; while a =7 corresponds to a straight current of (practically)
infinite length.

4. In the case of any plane triangular circuit whose angles are
4, B, C, prove the following construction for points on the surface-
locus of constant conical angle, w i—

From any point, O, on a sphere draw arcs, OL, OM, ON, of three
great circles including between them angles equal to #—C, n—4,
w—B; then describe any spherieal triangle, L, M, N, whose vertices
lie on these arcs, such that the sum of its sides = 2w — w ; the angles
OL, OM, ON will be the inclinations to the plane of the triangle
ABC of planes drawn through its sides BC, 04, 4 B intersecting in a
point, P, at which the conical angle is w.

Thus, then, to find the point on any given line, 4 P, drawn through
A at which the triangle subtends w, we take two given points M, N
on two of the arcs and find the point, L, on the third such that
LM+ LU is a given quantity. There are two solutions, since, given
base and sum of sides of a spherical triangle, the locus of the vertex is
a sphero-conic.

5. Show that the complete solution of equations (8), p. 246, from
%, v, w will necessarily be indeterminate. P 4P dP

(To any values found for , v, w may be added terms W 3y &

where P is any function of #, y, z which has a single (unambiguous)
value for given values of z, ¥, 2.)

6. For the conical angle subtended by a given plane circle at any
point in space, show that the angles a, 7, o, d in example 1 can be
exhibited by a plane construction.
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817.] Attraction of a Thin Uniform Straight Bar. Let the
line 4B (Fig. 276), represent a straight bar the area of whose
transverse section is 4 square centi-
P metres, this area being very small;
let the mass of the bar be p grammes
per cubic centimétre of substance ; let
. S y Pbe the position of a mass of 1 gramme
i S Ap supposed to be condensed into an in-

M o . . .
Fig. 276, finitely small vol}lme. It is required
to find the magnitude and direction of

the attraction of the bar on the particle at P.

Draw PO perpendicular to 4B; take any point, M, on 4B;
let OM = s, and consider the attraction on 2 of the elementary
length ds at M. The mass at P being 1 gramme, and the mass
of ds being p. £ds, if y is the constant of gravitation (Art. 315),
the attraction of ds on P is, in dynes,

kpds
Y pype (1)

This force acts in the line PM. Resolve it into a component
along PO and a component perpendicular to 20. Let
¢ = LOPM, let PM=r, let PO=p,

and let these components be @1 and dX, respectively.
Then dX = y—l;p sin ¢ . ds,
r

dY:kazpcosgb.da.
But ¢ = ptan¢, ... ds = psec? pd¢, and » = psec ¢. Hence

X = %Sin dde;

dY = }%-)cos bdo.

Then, obviously, if ZOPA = a, and ZOPB = g, and if X and
Y are the total component attractions parallel and perpendicular
to BA produced by all the elements of the bar, we have

X=2’_]‘.”f“ sinpdp = y—kp(cos,e-—eosa), (2)
p Jog P

Y = Z-@/.a cospdp = Z—Ic—p(sinﬁ-}-sin a). (3)
P J-p V.
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If the resultant attraction on P makes the angle  with PO,

a—26 y S Y= 9—_2—'? » which shows

that the resultant, R, bisects the vertical angle APB. Also

we have tan ¢ = 1‘; = tan

R = 2vkp sin AFPB (dynes). (4)
¥4 2

We may also notice the simple fact that tZe attraction of the
bar AB on P is the same in all respects as the attraction of a
cireular arc having P as centre with radius PO, this arc being ter-
minated by the lines PA and PB, the density and area of trans-
verse section of this arc being the same as those of the given
bar. For, if N is the point on 4B distant ds from M, and if
the lines PM and PN meet the circular arc in » and #, the
attractions of MN and mn on P are exactly the same, because if
from M a perpendicular 2/Q is drawn to PN, we have

v_ _ MQ _ MQ.PM_mu.PM* _wn.PM?,
T sinPMO~ - PO T Pm.PO _  Pm? '

MN mn . .
therefore PIE = Byt and the attractions of corresponding

elements of the bar 4B and the circular arc are the same.

The attraction of the particle P on the bar is R exactly
reversed.

For an infinitely long bar, or one so long that the distances of
P from its extremities are each very great compared with the
distance, PO, of P from the bar, the attraction is

2ykp

e, Q
since the angle 4PB is in this case .

" If the law of attraction be not that of the inverse square of
distance, let the attraction of the element Zpds at M on the unit
mags at P be expressed by the law

kpds x Af'(r),
where A is a constant and f/ () any function of the distance PJ.
Then, if PA = r, and PB = r,, we easily find

X =Nep[f(r) =S ()], (6)

rs £ () d
Y = \kp . irg)_—‘; (7)
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The expression (5) brings us back to the observation made at
p. 235 with regard to the application of the law of inverse square
to particles separated by an infinitely small distance ; for it would
appear from this expression that if » = 0, or the attracted par-
ticle is on the surface of the bar, the attraction is oo: a result
which is obviously absurd. The whole of our investigation
depends on the assumption that every point in the elemeut ds of
length at M is at the same distance, 7, from 2. Now if P is in
contact with the surface, the particles of the bar in the normal
section at P are at all distances ranging from zero to the
diameter of the bar from P, so that we cannot expect our result
to hold for this case. In fact, %, the area of the normal section,
ought in this case to be infinitely small, and then the expression
(5) is indeterminate. To find what is really the intensity of
attraction at a point on the surface of the bar, we must consider
this latter as a cylinder of finite radius, ¢, and break it up into
slender filaments in such a way that a filament to which 2 is
infinitely close is one of infinitely small section. Such a mode
of breaking up the bar is obtained by a polar resolution. Thus:
draw the normal section through P; take any point @ in the
area of this section, let P@Q = r, and take the usual polar element,
rdrd6, of area at Q. Consider now the attraction at P due
to the filament of the bar, parallel to its axis, which stands on
this element of area. It is clear that the filaments are now
taken in such a way that when the distance of P from one of
them vanishes, so does the transverse section of the filament.

For greater generality, let P be assumed outside the bar at
a distance ¢ from its centre, O; let the transverse section be
circular and the length of the bar practically infinite, i.e. P is so
close to the surface, that for each filament the angle 4P.B may
be taken as .

The attraction of the filament at @ on a unit mass condensed

2yp.rdfdr
r

at Pis » or 2ypdddr ; and since PO is the direction

of the resultant, we resolve this along PO; thus we have
2yp cos 0 d0dr, where § = £QPO. Integrating this first with
respect to 7 between the points at which the line P@) enters and
leaves the circular section, we have

4ypv/a*—c?sin®dcosddd,
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as the contribution of the wedge of bars corresponding to the

angle 6. The extreme values of 6 are is’in“lgx so that a fur-

their integration gives 27ypal

c

for the attraction of a cylindrical bar at a point near its surface,
the length of the bar being very great compared with its
diameter. Now if the position of the attracted point is on the
surface, ¢ = a, and the attraction is

2nypa.

818.] Uniform Thin Circular Plate. Consider a circular
plate of uniform density (p grammes per cubic centimétre of
substance) and very small uniform thickness (v centimétres);
and let 1 gramme mass be condensed into a point P situated on
the axis of the plate, i.e. a line drawn through O, the centre of
the plate, perpendicular to the plane of the plate. It is required
to find the attraction of the plate on the particle at P. Let a
(centimétres) be the radius of the plate, and let OP = z (centi-
métres). Take any point, @, in the plane of the plate and
describe a circle with centre O and radius 0@ (= 7). Concentric
with this deseribe another circle of radius 7 + dr, so that a narrow
strip of area is included between these circles. We may in this
way break up the plate into an infinitely great number of
circular strips; the mass of the typical strip is 2wprrdr
grammes, and all points in the strip are at the same distance,
PQ, or ¥/2%+7%, from P. Also, if ¢ is the angle OPQ, since
the resultant force exerted on P by the strip is obviously along
PO, this resultant is

2mwprrdr

popre cos¢p, or 2myprsin¢d¢,

since 7 = ztan ¢, y being the constant of gravitation.
If a is the semiangle of the cone whose vertex is P and base
the rim of the plate, ¢ ranges from 0 ta a, so that

R = 27nypr (1—cosa), (1)

z
in dynes. ,This can be written Znyp-r(l - W—W) .

From this expression is deduced a result of great importance
in Electrostatics. Suppose the attracted particle P to be very
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close to the plate, at the same time that the latter is infinitely thin
compared with the distance of P—this supposition being obviously
necessary if we are to assume that all the particles in the body
of the plate and included in a circular strip are equidistant from
P. Then lines drawn from P to the rim of the plate are practi-
cally at right angles to OP, so that a = 7> and

R = 2nypr (dynes), (?)
and the result is independent of the radius of the plate. Thus, if
Pis at a distance of 1 millimétre from the centre of such a plate,
the attraction on P is practically the same whether the radius of
the plate is infinitely great or only 1 decimétre.

Again, the expression (1) shows that any two uniform plates
of the same substance and of the same small thickness will exert
equal forces on P if they are cut from the cone having P for
vertex (their planes being parallel). Hence any two frustums
of equal thickness, 4, however great, cut from this cone will
equally attract the particle P at its vertex, the magnitude of the

force being 2mypk (1—cosa).

The result holds also in the case of an oblique cone standing
on any plane base whatever, the attracted particle P being at its
vertex. To prove this geometrically we have merely to show
that if two plates of the same thickness, each parallel to the base,
be taken anywhere in the cone, they exert equal attractions on a
particle at the vertex. Through the vertex P draw an infinite
number of rays forming a very slender cone which intercepts on
the two plates two small similar areas, 4§ and 4, at the points
M and M7, suppose Then the attraction of @S on P is 7]’;;;5
and that of 4§ is = P S' » these forces being coincident in the

lme PMM’. But since the contours of 4§ and 48 are similar

curves, (%g' ﬁg 77735 therefore these attractions are equal. Simi-

b

larly for all other pairs of corresponding elements of the plates.
This put into the usual form of analysis would be as follows :
Let (r, 6, ¢) be the radius vector from P to M, the colatitude
and longitude (Art. 175) of M. Then the element of volume at
M may be taken as 72sin 6drd6d ¢, and the attraction on P of
the element of mass included is ypsin6drd6d¢, and this
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depends only on dr and not on 7 (so long as 6 and ¢ are con-
stant) ; hence the attractions of the elements at M and M’ above
are equal, since these points have obviously the same 6 and ¢.

319.] Uniform Spherical Shell. Suppose a thin shell of
attracting matter of uniform density, p grammes per cubic centi-
métre, to be contained be-
tween two very close concen-
tric spheres. Then ¢4is shell
ewercises no resultant attraction
on any internal particle. For,
let 7’ be the position of any
internal particle, and through
P’ draw a pencil of rays, i
QP'Q, RP'R, &ec., forming 8. 211
a very slender cone; then if
a ray RRE meet in the inner sphere in » and 7/, the lengths
Rr and R’/ are equal; hence the spherical surfaces at @ cut
off a frustum whose thickness is equal to that of the frustum
cut off at @', and by Art. 318 the attractions of these frustums
on the particle 7 at their common vertex are equal and opposite.
Hence the attractions of these elements of the shell destroy each
other at P, and similarly all the vertically opposite elements of
the shell cut off in the same way annul each others’ effects at .

The resultant force on the particle is therefore zero.

Precisely the same result holds for an ellipsoidal shell bounded
by two very close concentric and similar ellipsoids, since the
intercepts Kr, B’7 made by the shell on any line cutting its
bounding surfaces are equal. This proof is given by Newton,
Cor, 3, Prop. 91, Book I. These results we ghall find useful in
Electrostatics—in which occurs the general problem : Given the
outer bounding surface of a shell, find the law of its thickness
(or, in other words, find its inner bounding surface) so that its
resultant attraction on every internal particle shall be zero. The
simple result in the case of surfaces of the second degree, that the
inner surface is one concentric with and similar to the outer,
is due to the fact that they have diametral planes which bisect
all parallel chords.

If the law of attraction is not that of the inverse square, let it

be expressed by A fT(f) , and consider the narrow belt of the shell

VOL. IL S
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which is generated by the revolution of the element of arc QR
about OF’. Let OF =¢, P’Q = 7, a = radius of shell; then

the area of this strip = 2#% rdr; for in the usual notation it

= 2myds, or 2na®sin 040, where § = £Q04, and
72 = a2—2accos 8+¢2, ... rdr = acsinddé,
so that if dS = area of belt,

ds = 2n‘clrdr, (A)

and the mass of this belt = 2= p-r‘-l-rdr, where v = thickness of
shell. ¢

Every particle of this strip is at the distance » from 7/, and
its resultant attraction on P’ (which is in the direction OP) is

271’)\p‘r par. f( 7) .cos QP'P, which is ﬂ)\;pr 2 _:2 —r S (r)ar.
Hence, if R is the resultant attraction at 7/,
ate 2 __ 2 2
R= ”"‘;’”/ =T 0 dr (1)
¢ a—e 7%

When the law of attraction is that of the inverse square, ()
13 constant, and the value of the integral is zero. :

From this expression can be deduced a result which is funda-
mental in Electrostatics—viz. the law of the inverse square is the
only law of attraction for whick a spherical shell of uniform thick-
ness and density will produce no resultant atiraction on any internal
particle.

For, whatever a+¢ and a—c¢ may be, i.e. wherever P’ is
situated inside, the definite integral must vanish identically.
Denote @¢+c¢ by m and a—c by n. Then for all values of m

and 7,
= S r)ar=o.

Differentiating this with regard to m and #, successively,
n—m mf(r) .
p” f(m)-l-nfn -—rz-—dr =0,

f(n)+m/;mzy—.(zﬁ)—dr= 0.

Hence f(m) = f(n), whatever m and » may be; i.e. f(r)
maust be absolutely constant, so that the law of attraction is that
of the inverse square.
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For a particle placed at any external point, P, the attraction
(for the taw of the inverse square) is the same as if the shell were
condensed into a particle at its centre.

This may be shown in several ways. Thus, take the inverse
of P with respect to the spherical surface; let this point be
P’, that is, OPx OP’ = 0Q? = a2 From this equation it
follows that the triangles POQ and QOP’ are similar, and
therefore QP D

-—QT, = ; ’ (a)
where D = OP and ¢ = 0Q; that is, the ratio of the distances
of all points on the sphere from P and P’ is constant. Again,
from the similarity of these triangles ZQPO = /P'Q0; simi-
larly, LQ'PO = LP'QO; therefore the angle QPQ’ is bisected
by PO.

Denote QP by r and QP by /. Let dw = the conical angle
subtended at P’ by the elements of surface of the sphere cut
off at @ and at Q by a thin cone of rays QP @', RP'R,....
Then (Art. 316) the area of the element of surface at Q is
7?2 sec OQP’.dw, and the attraction of the mass of this element

2
on a unit (gramme) mass at P is ypri— sec OQP dw acting in

72
PQ (y being the constant of gravitation). This, by (a), is
2
y pr%—ésec OQP'.dw. The attraction on P produced by the

2
element at @ is similarly yp'r;—)z sec O0Q' P .dw, and these
two expressions are identical, i.e. P is equally attracted by
the corresponding elements at @ and Q'. The resultant of
these forces acts in PO and is equal to

a2
2ypr_-D—2,dw.

The sum of all such forces is obtained by summing dw from
0 to 27 Hence the resultant attraction
4mprat
R=y. 775;- (8)
mass of shell
= ‘y . ——j)—a—" b
which is exactly the same as if the shell were condensed into
an infinitely small particle at its centre.
52
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To deduce the result analytically, break up the shell, as
before, into strips formed by the revolution of elements of length,
QR,... about OP. The area of such an element = 2w%rd'r,
where » = QP ; and the attraction of the element of mass con-
tained within this ring on the unit (gramme) mass at P is
nypra 12+ D?—a?

I 7%
wypra [P+er% 4 D% —a?
o

47mpra®
=y 77 .

dr ; therefore

a dr .
2”7‘”37 .cos QPO, i.e.

R= dr

If the law is not that of the inverse square, but expressed by
A L)

ok we have

R w)\pra/‘D*‘“ r‘+D2—-a

=/, — s f(r)dr, (2)
the limiting values of 7 in these mtegrals being P4 and PB,
i.e, D—aand D+a.

To determine the laws of attraction for whick the attraction of
a uniform spherical shell on any external particle is the same as
if the shell were condensed into an infinitely small particle at its
centre.  'We know from Art. 23 (vol. i) that this is the case
for any material body if the law of attraction be that of the
direct distance; and we have just proved that for a uniform
spherical shell the result holds for the Newtonian law. We
shall now prove that these two are the only laws.

Denoting D+a by m, and D—a by n, and observing that
if the shell may be condensed into a particle of mass 4mwpra?

at its centre, the value of £ must be 47r)\p1-a2f (z ) » we have
from (2)

f”""z‘;;””f(r)dm2(m..n)f(’”;’”). (3)

Dividing out by m—n and differentiating with respect to
m and 7 successively, we have
m+n

m(m—n)f( ) (m n)zf - +r2f(7')d7'-—f (m+”)
7(”m+”n)f( H(miﬂ)“./; - +rzf( r)dr=f (m+n ;
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therefore by subtraction,
f(m) f(n ™ m? +n? 4 2172
‘ (mz—nz)[————fn )+ —fz_)] =/; —-—T—f(r) dr.

Differentiating again successively, and eliminating f mﬁ’_) dr
from the two equations, we have simply n 1

L) _ 1),

m
which must hold whatever 7 and #» may be. Hence

r )=
where C is a constant, If C = 0,f(r) is constant, and we have
the law of inverse square, as before. If C is not zero,

1op . L)
J(r) =10, ..‘ég——ocr,

and we have the law of the direct distance. These, therefore,
are the only laws for which the result holds.

320.] Solid Homogeneous Sphere. Instead of a spherical
shell, let Fig. 277 represent a solid sphere, and consider its
attraction on a unit mass condensed at P. Imagine the sphere
broken up into an infinite number of infinitely thin concentrie
spherical shells. Then each of these attracts P as if it were
condensed into a particle at O. Hence the whole sphere may
be considered as condensed into a particle of mass $7pad at O,
and if R = the resultant force on the unit mass at P,

47pad
R=y. 5 (a)

If the attracted particle is inside the sphere, at P, all those
shells which lie outside the sphere described with centre O and
radius OP' may be rejected, since none of them produce any
resultant* effect on P’ ; so that the whole force

magss of sphere with radius OP’
= ’y OPZ )
or R=vy.4{moD, (8)
where I/ = OP', i.e. inside a homogeneous solid sphere the atirac-
lion varies as the distance of the attracted particle from the
centre.

* To be carefully distinguished from the pressure effect which is produced at
all internal points, and which is very great at great depths. The whole surface
of a particle may be subject to great intensity of pressure, while the resultant
force on the particle may be zero.
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Also any two solid homogeneous spheres attract each other
as if each were condensed into a single particle at its centre.
If, then, m and #’ are their masses, and if ¢ is the distance
between their centres, the magnitude of their mutual attraction
is -

Yo g (¥)

821.] Value of the Constant of Gravitation. We are now
in a position to find y, the absolute constant of gravitation.
Let the two attracting spheres be the earth (assumed homo-
geneous and spherical) and a small particle whose mass is
1 gramme. The following data® relating to the magnitude
and density of the earth may be assumed as approximately
correct : the radius of the earth is 637 x 10° centimétres ; the
mass of the earth is 614 x 10%5 grammes (its mean density, p,
being 567 grammes per cubic centimétre); the weight of
1 gramme mass at the surface of the earth is 981 dynes.
Hence, putting R = 981, p = 567, I/ = 637 x 105 in (B), or
using the cxpression (y) and making m = 614 x 1025, m’ = 1,

— 8
¢ =637 x 105, we find 1 dyne

Y= 1543 x 10%

Now a dyne being, roughly, the weight of a milligramme,
we see how extremely small a magnitude is the constant of
gravitation, at least, in our region of Space ; for it is conceivable
that in enormously distant portions of the Universe the values of
y may be different.
322.] Sudden Change of Attraction through a Shell. Let
P and @ (Fig. 278) be two points on the normal to any thin
shell at opposite sides of the surface. Sup-
//:__3_\ pose a unit (gramme) mass condensed at P,
Q" and regard the attraction of the shell on
Fig. 78. this particle as produced by a small circular
plate just below P, and the remainder of
the surface. Consider, similarly, the attraction of the shell on
a unit mass at Q. Now the attractions at P and @ produced
by the portion of the shell ohtained by omitting the small
circular plate above-mentioned are sensibly the same in mag-

* See Everett’s Units and Physical Constants, chap. vi.
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nitude and line of action. Each of these attractions may be
represented by f; regarded as a vector.

But it has been shown (Art. 318) that the attraction of the
small plate on the unit mass at P is

27 ypr dynes,
acting in the normal from P to @ ; while the attraction of this
plate on @ is this force exactly reversed in direction.

Denote this force on @ by the vector Z. Then the forces on
P and @ are, vectorially,

f—nand f+ 2,
respectively.

If the shell is such that it exercises no resultant attraction
at @, f+z = 0, and the resultant attraction on P is normal
to the surface and equal to — 27, i.e. to

—dmypr,
considered as acting in the sense of the outward-drawn normal,
QP. Numerically, of course, the force on P is +4mypr, acting
in the sense, P, of the inward-drawn normal.

323.] Force-intensity. To save circumlocution, we shall
define the force-intensity exerted by any attracting mass at any
point P as the force exerted by the given mass on a gramme mass
condensed into a point at P. .

If instead of having 1 gramme mass at P, we have a particle
whose mass is dm grammes, and if the given mass attracts it
with a force of @F dynes, the force-intensity at 2 is

ar :
o

Thus the force-intensity at P of the small circular plate in
last Article is 2 7ypr (inwards), which will be in dynes if p is
the density of the shell at P in grammes per cubic centimétre,
t is the thickness of the shell in ems., and y is the constant
of gravitation as defined in Art. 321.

824.] Surface-integral of Normal Force-intensity. If
round any particle, dm, of matter attracting according to the
law of the inverse square any closed surface whatever be de-
scribed, the surface-integral of the normal force-intensity pro-
duced by the particle (the integration being taken over this
surface) is equal to 4wy.dm; and if the surface is described
so that the particle is outside it, the surface-integral is zero.
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Begin with the latter case. Let O (Fig. 273) be the position
of the attracting particle of mass dm grammes, and let the
surface represented be any one whatever, Then the force-

intensity at P, is y (;—Z;:—z; the component of this along the out-

ward normal is y 51?5 cos OF,n, ; and if 48] is the element of area
of the surface at Pl, we have y ozpz cos OF,n,dS, for the ele-

ment of the surface-integral in question. But this is simply
ydm .dw, where d o is the conical angle subtended at O by d5,.
Hence, if at any point on the given surface V is the magnitude
of the normal component of the force-intensity and d§ is the
element of area, we have

S NIS = ydm fdw
=0, (1)
since, as explamed in Art. 316, the total conical angle sub-
tended at any external point by the elements of any closed
surface is zero.

If O is internal to the surface, the whole of the investigation
remains unaltered, but /dw is now 4=, so that for any internal
particle, dm, S NS = —dnydm. (2)

If instead of a single partlcle we have any number of them, all
external to the given closed surface, and forming a mass which
we may denote by M,, we shall have (1) still holding, NV being
the normal component of the force-intensity due to the attraction
of the whole mass 3/, ; and if inside the surface there is any
mass M; distributed in any way whatever, we have

SNIS = —4nyM,, (3)
y being the constant of gravitation, having in the C. G.S. system
the value given in Art. 321.

If attracting matter can be spread as an infinitely thin layer
on the surface, and the total mass thus spread be 3/, we should
have S NS = —2zyM,, (4)
NN being the normal force-intensity at any point due to the action
of M,. This is obvious by Art. 316, since for any point on the
surface /'dw = 2.

The expression /NdS is sometimes described as the normal
Sluw of force through the surface outwards. 1Tt is to be carefully
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noted that N has been measured at all points on the surface
along the outward-drawn normal. If at any point it really acts
inwards, it is to be considered as zegative at this point.

Many results in Electrostatics depend on the theorems ex-
pressed by (1), (3), (4). These theorems are due to Gauss, and
are given in his famous paper on forces varying inversely as the
square of the distance (Taylor’s Scientific Memoirs, Vol. III,
Part X).

8R5.] General Components of Attraction. Let there be any
attracting body the matter of which attracts according to any
law of the distance—suppose ¢ (r)—and consider its attraction
on a unit particle condensed into an infinitely small volume at
any point, P, which may be either inside the attracting mass or
in void space.

Let the co-ordinates of P referred to any fixed rectangular
axes be (2, 7, 2); let P’ be any point in the attracting mass, its
co-ordinates being (2, 4/, ) ; let p be the density of the matter
at P/, so that in a small parallelopiped cut out in the usual
manner at P’ the mass is pda’dy’dZ ; let r be the distance PP,
(We may, for definiteness, suppose these quantities to be measured
in the units of the C. G.S. system.) Then the attraction of the
element at P’ on the condensed gramme at P is p¢ (r) do'dy/d?,
acting in the sense PP, and the component of this parallel to
the axis of #, in the positive sense of this axis, is

—po (). ’

 dafdyde.
Hence, if X, ¥, Z denote the total components of the ¢ attraction-
intensity * (see Art. 323) at P parallel to the axes, in their

positive senses, oo
X= —/]]p¢(r) °=C W dy @z, (1)

or simply, = —f¢ (r)w-;w dm, (2)

T —

with exactly similar values of ¥ and Z, the integrations being
extended to all points, 7/, of the attracting mass, of which in
the more succinct form (2) dm is the element of mass.

’
When P is within the attracting mass, the term =7

assumes

the form % for all the points 7’ in the immediate vicinity of 2,
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and though the distances of P from some poinis in the mass are
zero, we must not conclude that the attraction is infinite, because,
as we have pointed out at the very beginning (Art. 315), a law
of attraction according to a function of the distunce between
two particles cannot be logically enunciated, or even conceived,
except on the supposition that the dimensions of such particles
are infinitely small compared with the (mean) distance between
them.

As a matter of faict—and it is one of considerable importance
to understand—the law of the inverse square leads to no such
result as an infinite attraction when the position of the attracted
particle is within the attracting mass; but the Cartesian ex-
pressions (1), (2) do not immediately show this. We shall show
it by taking the elements, @, of mass in polar co-ordinates.

Taking the position of the attracted particle P as pole, let
(r, 6, ) be the usual polar co-ordinates of 7. Then the element
of mass at P’ is prlsinfdrdod¢ (Art. 175), so that the

attraction along PP is pr2¢ () sin@dr d0d¢; hence

X=//)/p12¢(r)sin%0 cos¢p drdf d¢, (3)
Y= //f)pr1?¢p(r)sin?0singpdrdo d¢, (4)
Z = [/))pr2¢(r)sinb cosbd drdode. (5)
Now, for the law of Newton, ¢ (r) =.;l—2 » 0 that
X=1v///psin%0cospdrdd d¢, (6)

ith similar values of ¥ and Z; and even when » = 0, X contains
no infinite term.

If, however, the attraction between two particles increased
according to a law more rapid than the inverse square, the
attraction-intensity at any internal point would be infinite.

For, if ¢ (r) = rL‘:’ we shall have the term g sin20 cosp dr d0 d ¢

in the value of X, and this becomes oo for the particles 7 imme-
diately in contact with 2. This supposes the mass of P fized
and finite—1 gramme, suppose. But if the particle at 2 is itself
of infinitely small mass, the infinite value of the attraction (no
longer attraction-intensity) disappears.

As explained in the chapter on Centres of Mass, it is not
necessary to take in all cases infinitesimal elements of the third
order in breaking up the attracting mass. According to the
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shape and law of density of the attracting body, we may take as
elements, circular plates, thin bars, rings, &ec., as will be illus-
trated in the following examples.

ExampLEs.

1. Whatever may be the law of attraction, the force-intensity
exerted by the smaller of two concentric solid homogeneous spheres
at any point on the surface of the larger is to the furce-intensity
exerted by the larger at any point on the surface of the smaller
in the ratio (radius of smaller)?: (radius of larger)?.

Draw any radius OP meeting the surface of the larger in P and
that of the smaller in », O being the common centre. Draw a chord,
ab, of the smaller parallel to OP; at @ and b tuke equal and similar
very small elements of area, each ds; draw lines from the various
points of ds at @ to the corresponding points of ds atd; we thus
have a uniform bar of the substance of the smaller sphere lying
along ab. Draw lines from O to all the points on the contour of ds
at 4; we thus get a slender cone; produce this cone outwards to
intersect the surface of the outer sphere—at 4, suppose—and let diS
be the element of surface of the outer intercepted by this cone;
draw similarly a cone with vertex O having ds at b for base, and
let this intercept at B on the outer an element of area dS. Joining
the points on the contour of dS at A to the corresponding points
of dS at B, we have a bar, 4B, of the substance of the larger
sphere, also parallel to O 2.

Now, if r and & are the radii of the smaller and larger spheres,
ds_ r?
a8~ R’

Consider the force-intensity at P due to the smaller, and at P
due to the larger, sphere. Each acts in the line PO ; hence to find
the resultant force at P we may consider only the component at-
traction parallel to PO due to the bar ab and to all the other parallel
bars into which the smaller sphere can be broken up. If the law
of attraction is expressed by Af’(r), as in Art. 317, and if dX’is
the intensity of attraction of the bar ab at P, we have by equation

it is obvious that

(6), Art. 317, d X’ =Mkp[ f (Pa)—f(Pb)].
Similarly, if dX is the intensity of attraction at p due to the
bar A, dX = A Kp [ f(p4)—f(pB)),
% and K being the arcas of the normal sections of the bars.
2
Now Pa=pAd; Pb=pB; and T]:T = di; = 1%,; therefore
ax’ 7
dx — R¥
X = - X,
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where X’ and X are the resultant intensities of attraction at P and p
due, respectively, to the smaller and larger spheres.

2. From the last result deduce a proof of the theorem that the only
law of attraction for which a uniform spherical shell will exercise
no resultant force at any internal point is the law of the inverse
square. |[This application is due to Duhamel.]

If a shell produces no attraction inside it, all the portion of the
larger sphere between the two spheres may be neglected in finding
the attraction of the larger at p. Hence, however great R may be,

X is constant at p, so that X" % »> however small the inner sphere
may be.

» 3. Calculate the intensity of attraction of a uniform thin rect-
angular plate at a point on the perpendicular to its plane drawn at
its centre.

Let 2a and 25 be the lengths of its sides; A the height of the
attracted particle, P, above O, the centre of the plate; p and 7 the
density and thickness of the plate. Break up the plate into bars
parallel to the side 2a; let y be the distance of one of these bars
from O. Then the area of the normal section of this bar is rdy,
and if the extremities of the bar are 4 and B and its middle point
@, we have for its attraction-intensity at P the expression (Art. 317)

2287 in APQ.dy.

PQ
Let 0 = ZQPO; then y = htan0, PQ =rhsecl, and this ex-
sec 0d0 .
pression becomes 2ypram; and since the resultant at-

traction is along 2’0, we multiply this expression by cosf. Thus
we have
«  cos8df

R=4ypra i J_——_-h_——2+a’cos’8’

where a is the extreme value of 6, i.e. tan‘l%a Thus

. ab
vV rat) (R +Y
If the plate is of infinite length (¢ = <),
R = 4ypra.
4. Given the whole mass of a solid, find its shape so that its at-
traction, in any direction, on a particle placed at a given point may
be a maximum. (Solid of maximum attraction.)

It is clear that the surface of the solid must pass through the given
point, 0. Let O4 be the given direction, and let P and @ be any
two points on the bounding surface of the solid. Consider an
element of mass, dm at P, and an equal element at Q. Then, what-
ever be the law of attraction, the element dm at P and the element

R=4yprsin~
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dm at @ must give the same component attractions on O along 04 ;
for if that of @ were the greater, advantage would be gained by
transferring the element dm from P to Q.

Hence, if the law of attraction is expressed by ¢ (»), and if
0 = LP0OA, made with O4 by the radius vector from O to any
point on the bounding surface, we must have

¢ (r) . cos § = const. (1)

for all points on this surface. Hence the surface is one of re-
volution obtained by causing the curve (1) to revolve round 04. If

¢ (r)= %2, the revolving curve is

0 1
c_o;r = 3 = const. (2)

Hence, if R is the resultant intensity of attraction along 04,

g r2m r
R= yp/f f sin 0 cos 0 drd pd @
0 Yo [}

§
= 277“7Pf cos? Gsin 640
0

_4
= mayp.
The value of ¢ must be found from the given mass of the solid,
M ; and we easily find M = —45 Tpa®;
4872p* M3
R=[—3L=T .

The attraction~1ntensxty of a sphere of mass M at a point on its

surface would be [.Ef_f_

1°.7; so that the former exceeds the
latter in the ratio (27)% : (25)’.

The curve (2) which generates the solid by revolution round O4
may be thus drawn. Describe a circle with O as centre and 04 as
radius ; describe another circle with 04 as diameter; draw any
line, OM N, meeting the second circle in M and the first in V; then
take OP, a mean proportional between OM and ON, and we have
a point P on the required curve.

s 5. To find the attraction-intensity of an mﬁmte homogeneous
elliptic, cylinder at any external point situated on the major axis
of a transverse section.

Let C be the centre of the ellipse which is the transverse section
of the cylinder through the point O at which the intensity of
attraction is to be found, O lying on the major axis of the ellipse
at a distance £ from C. Let P be any point on the circumference
of the ellipse; with O as centre and OP (= r) as radius describe
a circular arc cutting the ellipse again in P’; take a point @ on
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the ellipse indefinitely close to P, and with O as centre and 0@
(= 7r+dr) as radius describe another circular arc cutting the
ellipse again in @’. From all points on PP’ and @Q" draw lines
of infinite length perpendicular to the plane of the figure, and we
shall bave a thin cylindrical plate of infinite length cut off from
the given cylinder.

It is very easy to prove that the attraction of this plate on a unit
mass at O, in the direction OC, is

4 ypsin fdr,

where § = LPQOC, y = gravitation constant, p = density of cylinder.
(Consider this plate as formed of a number of bars.) Hence the
attraction-intensity at O due to the whole cylinder is

4yp/sinddr.

But /'sin 6dr = — fr cos 0d0, the other portion vanishing at both
limits, since sin @ = 0 hoth at the beginning and end of the in-
tegration. Now if @ and b are the semiaxes of the ellipse,

b*(r cosf—¢)*+ a’r*sin?0 = a’b?;
b b&cosl + a+/b?cos?d — (£ —a?)sin’0
- b%cos? 0 + a?sin?0
If we denote the values of = by 7, and r,, the integration will
obviously contain the terms —, cos0d6 and r, cos 0dJ, since after

the radius vector OP passes the position of the tangent from O, the
element d changes sign. Hence, if —X is the intensity of attraction

towards C, BT (= 0
cos*td —(&*—a®) sin
A=—8ys abf btcos?0 4 a?sin? 6 cos 80,

the limits of 6 being 0 and the value for which » =mr, i.e.

b S
_1 — 4 — 2 M — 3
tan T Putting +/&—¢*sin 6 = b sin ¢, we have

¥ cos’Ppd
X=—8ypabv'¢'—d) 5%%%;
ab
=—41yp S (E=VE=0). (@)

When the cylinder is circular, the value of this expression is easily

aﬁ
found tobe —2 7yp "

6. Draw a diagram representing the weight of a particle, in its
different positions as it is brought from the centre of the earth out
through its surface and to infinity.

7. What should be the masses of two small equal homogeneous
spheres so that when placed with a distance of 1 centimétre between
their centres their mutual attraction shall be 1 dyne ?

Ans. The mass of each must be 1004/1543, or 3928, grammes.
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8. Prove that if there be two homogeneous solids of equal density
bounded by similar surfaces, their attraction-intensities, for the law
of inverse square, at two points similarly situated with respect to
them are in the ratio of the corresponding linear dimensions of the
solids. (Newton, Prop. 72, Cor. 3.)

Hence the attraction at any point on a given diameter inside a
solid homogeneous ellipsoid varies as the distance of the point from
the centre.

9. If the intensity of attraction of any body at a point is vastly
greater when the point is very close to the surface of the body
than when it is distant from this surface by a small interval, the
attraction takes place according to a law more rapid than that of the
inverse square. (Newton, Prop. 72.)

10. Find the intensity of attraction, for the law of inverse square,
of any portion of & thin uniform spherical shell, cut off by a plane, at
any point on its axis,

Ans. Let O be the centre of the sphere; 04 the axis of the
given segment, 4 being on the surface; 4B the circular arc whose
revolution round OA generates the given segment; P the position
of the attracted particle on 40; a = radius of sphere, PO = ¢, and
B the angle PBO. Then the attraction is

2malpyT
—cffi— (1—cos ).

If AB is a semicircle and P internal, 3 = 0; if P is external, 8 = 7.
11. If P coincides with O, find the attraction.
Ans. wpyTtsin?a, where a = ZBO0A.

12. Find the intensity of attraction of a uniform right cone at
the middle point of its base.
™

Ans. 2myphsina[sin a+005a—sinacosa@ylog,cotgcot Z_g)}]’

where % and a are the height and semivertical angle of the cone.

13. A platinum wire of uniform diameter 1 mm. and 1 métre
long attracts a gramme mass condensed into a point distant 1 em.
from the bar on a perpendicular to the bar at its middle point;
find the magnitude of the force of attraction (specific gravity of
platinum = 22.06).

1
Ans. mdynes, near]y.

14. If the law of attraction is expressed by any function, ¢’ (),
of the distance, prove that the intensity of attraction of any homo-
geneous solid, estimated in a given direction, at any point P is
expressed by the surface-integral

S P(r) cosAdS,

where ~ is the distance from P of any point on the surface bounding



272 THEORY OF ATTRACTION. [325.

the solid, d is the element of surface area, and A the angle made
by the normal at this point with the given direction.

Take P as origin and the given direction as axis of = ; at any point
(@, 9, 2) in the mass let the element of volume dwdydz be taken,
and let the attraction of this element be ¢'(r) dedydz. The com-
ponent of this parallel to the axis of % is

' &
¢ (r)(r dedydz, or ¢ (r) dw.dacdydz.

Integrating this, considering y and 2 constant, i.e. along a thin bar
parallel to the axis of «, we have

[ (re)— D ()] dydz,
where r, and r, are the distances from P of the points in which this
bar cuts the hounding surface. Now
dydz = d8S,.cosA, = —dS,.cosA,,

the normal being at each point drawn outward ; therefore, &ec.

15. Calculate the attraction-intensity of a uniform elliptic plate
at any point on the axis through its centre perpendicular to its
plane.

Ans. If a, b are the semi-axes of the plate, ¢ = +a?—b
z = distance of attracted particle from centre, T = thickness of plate,

2 2
P= a’iz” n= a"-z}- pel the attraction-intensity is
4ypth.2
————{l(—n, k)—F(k)}, 1
M/az_l_zg{ (=n B)—F(k)} (1)

where IT(—mn, k) and F(k) are the complete elliptic functions of the
third and first kinds for the modulus % and parameter —zn.

Again, this can be expressed entirely in terms of functions of the
first and second kind, since the complete function of the third kind can
be 5o expressed. Thus in general (Hymers's Integral Calculus, p. 290),

— A%, B) '_7_7 ’
H(—n, k)—F(k) - k’zsinﬂcosﬂ{2 E(k ’ :B)'F(k)
~[E()~F®IFF, B)),
V1-n

where # = +/1—#’, and sin 8 = it Hence (1) becomes

sypriz—E®, B). PR~ [E®)-F@IFF, B)), ()
2.

VAL

This obviously verifies for & circular plate.

where gin 3 =
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SecrioN I1.—TZ%keory of Potential.

826.] Potential due to any Attracting Mass. Consider an
element, dm, of mass occupying any point, M, and let a unit
mass condensed into an infinitely small volume be brought by
any agent along any path whatever, plane or tortuous, from a
position P, to a position P ; it is required to calculate the amount
of work done in this passage of the unit mass by the force exerted
on it by the fixed particle dm. Suppose the law of attraction to
be that of the inverse square, and at any point of the path of P let

Then for any small displacement of P—say from P to P'—

where dr is MP’— MP. Hence the work done by the attraction
from P, to P is —ydm/ e (where MP,= r,), i.e.

)
(;—;;)ydm. (1)

If 7 and 7, are measured in centimétres, dm in grammes, and
if y is the constant of gravitation (Art. 321), this expression for
the work done is in ergs.

Now if the field of attraction is produced by several particles
dm, dm’, dm”, ... at M, M’, M”, ... the sum of the works done
by the attractions of all these on the unit mass in the passage of
the latter from any initial position P, to any final one, P, is

(;'1-_;1_) 7dm+(;l'-'—¢_1/‘)7dm’+(;l,;—rol,,) ydm” + ..., (2)

dm dm’  dm” dm dm’ dm”
or y(H )=y T +.2)s (3)

where 7, 7/, 7/, ... are the distances of the final position 2P from
the several particles, and 7y, 7, 7;’,... the distances of the
initial position from them.

VOL. II T
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If the initial position is infinitely distant from every attracting

particle, ;—— = 7-.1—, = ... = 0, so that the work becomes
0 0
dm dm’ dm”
‘)'(‘;‘H'T'l‘ ?T+... . (4)

The amount of work done in bringing a particle of unit mass and
infinitely small volume from any position in whick the attractions
exerted by the particles of any given system are zero (or insensible)
to any point P in their field of atiraction is called the Potential
of the field at that point.

It will be seen that since the work done involves merely
distances of P from the several particles, ¢¢ s wholly independent
of the shape and length of the path along whick P has been brought ;
in other words, the attractions exerted by the several particles in
the field are a system of conservative forces (Art. 272).

In the above formal definition of the Potential at any point
produced by a given mass system, instead of saying that the unit
particle is brought from énfinity up to the final position P, we
have said that it is to be brought from a position in which the
attractive forces of the mass system are zero, although, in general,
a position at infinity would satisfy this description. It will be
shown soon, however, that there are cases
in which the estimation of the work done
on the unit particle from infinity up to the
finite position P leads to infinite constants
in the integration. If we define the Po-
tential at P as the amount of work done
in bringing the particle from infinity to
this point, we must add the proviso that
when the particle is at infinity it is also infinitely distant from every
attracting particle of the mass system—i.e. that none of the
attracting mass is contemplated as at infinity.

Throughout the sequel we shall speak of the position in which

the forces of the field are insensible as the zero position.
- Suppose now that the attracting particles form a continuous
body of any shape represented in Fig. 279. Then the number
of terms in (4) becomes infinitely great, and if we denote by 7
the Potential at P, we have

F=y al (a)

Fig. ay9.
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where dm is the element of mass at any point, M, and 7 is its
distance from P. The integration is, of course, to be extended
throughout the whole body, the position of P being fixed.

Thus to each position of P belongs a value, 7, of the Potential.
If P’ is any other point at which the Potential is 7, the work
done by the attractions in transferring the unit particle along any
patk whatever from P’ to P is

r—v,
since the particle might be brought from the zero position to £
by passing through P’ on the way.

It is to be remembered, then, that the expression (a) does not
represent the work done in bringing a unit mass from infinity to
P if any of the attracting matter is contemplated as being at
infinity.

‘We might take y = 1 by departing, to some extent, from the
C. G. 8. gystem, i.e. by taking the unit mass to be that which,
condensed into a small sphere, attracts an equal spherical mass
with a force of 1 dyne when the distance between the centres of
the spheres is 1 centimeétre; and this mass would be, by Ex. 7,
p- 270, about 3928 grammes. We prefer, however, to adopt the
C. G. 8. system pure and simple and to retain y, its value being
that given in Art. 321.

It is to be observed that Potential is an wndirected or scalar
magnitude—unlike force, which has direction and is a wvector.
The Potential at P has magnitude but no direction.

Again, Potential is arithmetically additive; i.e. if 7 is the
Potential at P due to any one mass system, and U the Potential
at P due to any other mass system, the Potential at P due to
their combined action is simply 7+ U.

827.] Equipotential Surfaces. The Potential produced at a
point P by the attraction of any fixed masses may evidently be
expressed as a function of the position of P, i.e. as a function of
its co-ordinates, #, y, 2, with reference to any fixed axes. If,
then, V= ¢ (, , ), there must be a surface locus of points at
each of which 7 has a given constant value, C ; for the equation

¢ (w, 7, Z) =C
denotes a surface.

Let APB (Fig. 280) represent the surface at every point of
which the Potential has the same value as that at P. [In the
figure this surface is represented as closed ; but, except for very

T2
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simple. arrangements of attracting matter, the equipotential
surfaces are very complicated, each consisting, perhaps, of several
detached portions closed or unclosed.] Then no work, on the
whole, is done in transferring a particle from any point P on
this surface to any other point, 4, on the same surface ; the
attractive forces of the field do as much positive work through-
out a portion of any path connecting P with 4 as negative
throughout the remainder.

If the particle is transferred from P to 4 along any path lying
on the equipotential surface, then at no
instant during the passage are the forces
P doing any work whatever ; for no work
is done in the passage from any point
to the next consecutive.

Fig. 280. Hence the resultant attraction at any

point on the surface acts along the

normal to the surface at the point ; for, every direction of displace-

ment for which no work is done must be at right angles to

the direction of the resultant force, and no work is done by the

resultant attraction at P for any displacement of a particle at

P in the tangent plane to the equipotential surface at this
point.

An equipotential surface is often called a level surface (surface
de niveau) from its analogy with a horizontal plane which is an
equipotential surface for the case of gravity. (In reality, the
equipotential surfaces for the earth’s attraction are approximately
spheres concentric with the earth, but a limited portion of one of
them at any place may be considered a horizontal plane.) The
horizontal plane is such that the work done by the weight of
a particle in the descent of the particle, along any path, to the
ground is the same {rom whatever point on the plane the par-
ticle falls ; and, moreover, the particle, if placed on a smooth
hard substance coinciding with this plane, would not move along
it. All points on this plane have, therefore, the same Potential
with reference to the earth’s attraction, and are said to be at the
same level. Hence the use of the term level surface in general,
in any field of attraction, gravitational, electrostatic, or magnetic.

828.] Relation between Force and Potential. At any
point, P (Fig. 280), construct the equipotential surface P4B;
let PQ be an infinitesimal length measured on the normal at P ;
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and through @ describe another equipotential surface, QCD. Let
7 be the value of the Potential at P, and 7+ A7 its value at Q.
Now the resultant force at P acts along P@, either inwards or
outwards. Let it be R, and consider the work done in trans-
ferring a unit mass from P to Q. By definition this work = A7,
and if B acts from P to @, it must also be R x PQ, assuming
that we may consider B as constant at all points between P

and . Hence 2o AV AT
= y Or = ——

PQ An
so that if A7 is a positive increase of Potential, the sense of
R is from P to Q. Similarly at B the magnitude of the
force = B_Zz:’ where BD is the normal distance between the two
surfaces at B. Hence at different points on the same level
surface the magnitude of the resultant force is inversely pro-
portional to the normal distance between that surface and
another level surface whose Potential exceeds that of the given
one by an infinitesimal amount. An inspection of the figure
(Fig. 280) shows the points at which the resultant force is most
intense, and also those at which it is least ; it is most intense
where the two surfaces are closest together, and least where they
are farthest apart. The value of R without approximation is to
be found by diminishing PQ, or Az, and therefore A7, in-
definitely ; i.e.
R= - 4 (a)
which asserts that aé any point, P, the resultant force is the rate
of increase of Potential along the normal to the level surface through
the point, and it acts in the sense in whick the Potential increases.
Again, the component of force in any direction at any point,
P, is the rate of variation of the Potential in that direction at P.
For at P draw PP’ in the given direction, meeting in P’ the
indefinitely close equipotential surface on which the Potential is
V+AV. Then if F is the component force along PP’, and R
the resultant force at 2,

F = Rcos QPP’

N4 , AV
= 3.8 QPP = PP
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Hence if PP’= As, and its length is diminished indefinitely,
F=— ®)

8

If ds lies anywhere in the tangent plane, the component force
is zero; and the resultant force acts in the direction in which
the Potential increases most rapidly.

Cor. The components of force at P parallel to three fixed
rectangular axes are Q_V v ar

dw’ dy’ Az’ ()
(2, 7, 2) being the co-ordinates of P, and 7 being expressed in
the form 7= ¢ (2, 9, 2).

If 7 is expressed as a function of the polar co-ordinates (7, 6, ¢)

of P, with reference to any origin, O, and axes, the component
force along the radius vector OP is

av
7 (%)
and the component along the tangent to the parallel of latitude
at Pis 1 ar
reind de¢’ ()

since PP’ for this direction = 7sin §.A ¢ ; while the component
along the tangent to the meridian at P is
1av
i ()
In general, 7 may be expressed in terms of any three inde-
pendent variables which serve as co-ordinates to define the
position of a point.
Starting with the notion of work, we have deduced the force-
component in any direction from the Potential. In particular,

we have proved that X = g—:. But we might have adopted the

reverse process and shown that X is the differential coefficient
with respect to @ of a certain function of #, g, 2.

Thus (Art. 325), if ¢ () = ;75, we have
2—2’

X=—y 3

am,
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in which the integration has reference to a’,7’, #; so that we
can write this in the form

X=yfd(;).dm

dz
d . rdmq AV
=zl[71=%

if we denote y ‘—i;—” by 7.

For any law of attraction, ¢”(r), between elements of mass,
4
the value of X is (Art. 325) equal to —fqb’(r)w'—w

dm, or
r

_fdzér) dm, or % if we denote — /¢ (r)dm by 7.

Now — /¢ (r) dm is precisely the work done by the attraction
on a unit mass from a zero position to the point P considered.
For, the attraction exerted by dm at any distance being
¢’ (r) dm, the element of work done by this for a small displace-
ment of P is —¢’(r)dm.dr, and the whole amount done from the
zero position is —dm/¢’(r)dr, or —¢ (r)dm. Summing the
works done by all the other elements of attracting mass, we

have V= —f¢(r)dm. (n)

The process, however, of deducing the idea and properties of
Potential from the components of force is less in accordance with
the methods of modern Physics than the reverse process, which
we have here adopted.

It will be useful to the student to imagine the whole field of
attraction, due to any arrangement of mass, as mapped out by
a series of equipotential surfaces, the value of the Potential
increasing from one surface to the next by a small constant
amount.

829.] Differential Equations of Potential. At any point
P describe the usual small rectangular parallelopiped whose
edges are parallel to the axes of #,9,2. If in Fig. 228, p. 1
of this volume, we put P in place of O, and take the edges
infinitely small, equal to d», dy, dz, the parallelopiped there
represented is such as we contemplate. Now take the surface-
integral of normal force-intensity over this parallelopiped. The
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outward normal force-intensity on the face PBFC is —X or

- ;—;—5; so that the contribution of this face is —tgdydz; while

the contribution of the opposite face is

ar
dw

2
hence the sum contributed by these two faces is %dwdydz.

dydz+ (d dydz) dx ;

Similarly the sum contributed by the two faces perpendicular
2
to the axis of 7 is Z—;:jdwdy dz, and that contributed by the re-

2
maining faces is %dxdydz. The whole surface-integral for the

elementary volume considered is therefore
sz axv  axv

(7= + 7t aE —— ) dzdyde,

or V2V.dxdydz, using the symbol
a d2
da’ +dy- di’

Now if there is none of the attracting matter within the
element of volume at P, this quantity must be zero, by Art.
324. Hence at every point in space at which none of the
attracting matter exists

axwy axw aw
) ZJ‘;/—Z-FZJ_ZT:O’ or V2V = 0. (a)

If, on the contrary, P is a point inside the attracting matter,
and if p is the density, or mass per unit volume (cubic centi-
métre) at P, the mass contained in the parallelopiped is pdzdydz;
so that by Art. 324,

da*v  a*v  d*V _
izt dy? tES

Equation (a) is known as Laplace's Equation, while (B) is
Poisson’s Equation.

We now proceed to find the equivalent equations in polar
co-ordinates. To do this, we take the surface-integral of normal
force-intensity over the polar element of volume msg¢ (Fig. 219,
p- 299, Vol. I). Let ¢ in this figure represent the point, P, in

V2 for ar

= —4nyp, or V2V= —4myp.... (B)-
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any field of attraction, and let the co-ordinates of s be (7, 6, ¢),
let the normal force-intensity on the face msg, measured in the
sense Os, be R, while the area of this face = &,. Then this face
will contribute the term —Rs, to the surface-integral, while

(R ), dr ; therefore these

%) dr. Let the normal force-intensities

the opposite face will contribute £s, +

d(Bsy)
dr

on the faces mst and 73g be T and §, and the areas of these
faces s, and $¢;; then the first and its opposite face will con-

d(T d(Ts,)

faces give conjointly —-—
jointly give ——% d0; and the second with its opposite will

. 4 (8s)
give 7% d¢. Hence

d (Rs)) d(Tsy) d(8sg) ,
—Jr——dr+ 70 a0+ 7% d¢p = 0, or
= —4myprisinfdrdde,
according as there is not, or is, mass inside the element of volume.
av 14V 1 dr.
Now R—dr’ T=;c75’ rsm@ahp

8,=7r*sin0d0d¢, s,=rsinddrde¢, s;=rdodr,
so that the equations are
1 427
[ (222 =
rz[dﬂ'(r dr) sm@de( mé)d())+:s1n“’0d¢z o,
or —4myp; (y)
and it will be useful to note the identity (putting w for sim6)
1.4 avy d av 1 47
2y =_1]_ - — —u?) — _— .
vr=alz (g +d“{(1 # )dy.}* 1_”2@2] ()

A result of importance may here be noted—namely, if the
equation V27 = 0 is satisfied by the value V'=7+"¥, where ¥
is a function of 6 and ¢ only, it will also be satisfied by the

; for, each of these values when substituted in

Va:lue V = ;-—ﬂ—-l-_i H

(7) gives the equation

d ndY
zﬁ{(l—“ )67“}
Equation for V in Cylmdrzcal Co-ordinates. The position of

1 d*Y
2d¢z+”(”+l) Y=0
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any point, P, in space may be defined in the following manner
by what are called ¢ylindrical co-ordinates. Take any fixed rect-
angular co-ordinate axes, Oz, Oy, Oz; from P draw PM perpen-
dicular to the plane of 2y, meeting this plane in . Then the
cylindrical co-ordinates of P are the lengths PM and OM, and
the angle MO». Denote these, respectively, by (2, ¢, ¢); then
V at P must be expressible as a function of these. The cor-
responding small element of volume at P is obtained by drawing
a cylinder passing through P having Oz for axis, and another
cylinder very close to it (having for radius (+d¢); a plane
through P parallel to the plane zy, and another plane parallel
to this at a distance dz from it ; an ‘azimuth plane,’ PMO, con-
taining £ and Oz, and finally a close azimuth plane through
0z making the angle @ ¢ with the previous azimuth plane, The
volume of this element is (d2d(d¢, and the areas s,,4,, 8, of
its faces through P are s, = {(d (d ¢, 2, = (dzd ¢, s; = dzd {; and
the force-intensity perpendicular to the first and measured out-

wards from the surface of the element of volume is —‘%V, 80

. . 4 . o
that this face gives —s, j— , and its opposite gives

dV d
(*"1

to the surface-integral. The sum of these is
d av.
E’z (81 ?d; « dz.
Similarly the other pairs of opposite faces contribute

a , davr. a av
(1—((82———).(2( and %(‘? d‘P) de,

so that the whole surface-mtegral over this element of volume

i av 4 1 42V-
[( da? {(f ) ¢ d(})z]d aldy.
Hence the equatlons for 7 are
1 @27V
sz cdg(g ) (‘W=O’ or =—47nyp; (¢)

and we have the identity
av d¥v 1dvV 14V
2 o— I -
VV—da‘Fd{z CR+(’d¢2 (9]
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If the attracting matter is symmetrical, as to shape and density,
about an axis (that of 2, suppose), equations () and (y) become

dz2 +g d{(g )= 0, or =—4wyp,

a a av
3—;(7‘2‘-17- +ﬁ{(1 —p.z)t—[ﬁ}=0, or ='—"4Tf'yp7",

and these are necessarily the same, and can be transformed one

into the other by the relations » = V22 + (2% 0= tan! g , which

give d d sin6d
Jf"“"ir"rd—a’

cosd d

E?_sl 0 + 76

330.] Infinite Elliptic Cylinder. In general, fo find ke
Potential at any point due to an infinite homogeneous cylinder whose
transverse section is any plane curve symmetrical with respect to an
azxis, it 18 sufficient to know the value of the Potential at all points
on this awis. (Laplace, Mécanique Céleste, Vol. I, Book III,
Chap. 6.)

For, if the axis of 2z is taken parallel to the axis of the
cylinder, 7 will be a function of # and y only, and the equation
for 7 will be a3V v

@ " A

The solution of this partial differential equation is

V=F(z+yv/ —1)+f(z—yv <1),
where F and f are two arbitrary functions.

Let the axis of # be taken coincident with the axis of sym-
metry of the transverse section ; then the above value of 7 must
be unaltered if for # and y we put # and —y, since 7 is ob-
viously the same at the point (z, —z) as at the point (z, 7).

V=f@+yy —1)+F(a—y+ —1).
Hence 27= (F+f)(z+yv =1)+(F+f)(z—yv/ 1),
= ¢(a+yv =1)+¢ (a—yv/ ~1), (o)
so that at every point on the axis, if U is the Potential,

U=¢(=),

= 0.
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and, by hypothesis, this is known, i.e. the form of the function
¢ is known, Then if in ¢ we put 24+y+/ —1 and z—gv/ =1
for @ successively and add the results, we get 27, by (a).

Similarly for the attraction-intensity. Its value at any point
on the axis of symmetry of the transverse section is ¢ (), while
if X and ¥ are its components at any point,

2X=¢ (0+yv/=1)+¢ (e—yv/=1), )
2Y = v —1[¢ (o +yv/=1)=¢'(e—y¥/=1)], ()

which are both known when ¢’ is known.
To apply this to the case of an infinite elliptic cylinder, the

form of ¢ has been already found (example 5, p. 269). Hence
we have for the attraction-intensity at any point (v, 7),

—2X= 47ryp%2[w+y~/:_1_,\/m]
+myps [ —yVI=S(a—y vV =1p-¢];
2 = tnyp s T[54y =T=nfo gV 17 —¢]
S R e N e ]
Or—X=2#79(;—2[%—\/«”02-?2—0%2@/:1

2t =g —ct—2ay v/ 1],
~¥= 2wyp‘-:—g«/:_1[2y~/:_1—\/w2—y2—c”+2xy~/:—1

+\/w2—y2—02—2wy~/:_1].
These may be put into real forms by observing that if
NA+BY =14, J4-B/ "1 =u,

we have w=Vo[Ad+ VLT B
Hence

-X= 21r'ypa—2[2z- VEN/ I I V(@ -y = +4at?],  (d)

—Y=2nyp— 2[—2y+«/—\/¢ —P—dpt iy —(d—gi—d], (
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If the point (2, 7) is on the surface of the cylinder, » = a cos ¢,
% = bsin ¢, and

5
X=—4ﬂyp;l—aﬁcos ¢, ©)

so that the resultant is constant in magnitude, and it acts in
a line parallel to the radius of the auxiliary circle of the ellipse.

831.] Potential Work, or Static Energy, of a Self-Attract-
ing System. In a system in which forces of attraction are
exerted between particle and particle, these forces will do an
amount of (positive or negative) work if the form of the system
is altered. We propose to find the amount of work thus done in
a material system self-attracting according to the Newtonian law.

Consider a system of particles of masses m,, m,, ms, ... with
distances 71,, 743, ..., 753, ... between them in any given con-
figuration, and with distances 75, 713, ..., 753, ... between them
in any final configuration.

First, let m, alone be brought into the second configuration,
all the others being fixed. Then the amount of work done by
the forces of attraction acting on it is

—— —_— ) mq+..
4 1[ P12 ""u ( ) s ]
where pj5, pi3; ... are the dlstances between my and mg, my, ..

after this change. Now let 7, be brought into the final posn;lon,
mg, My, ... being kept fixed. The amount of work thus done is

ymy|(5— — — ———)m
2[(7‘ 12 Plz ( 7'23) s* ]
Bringing m; now into the ﬁnal position, #,, .,. being fixed,
the work is

ol =)t (=g

Repeating this process for all the rest, and adding the works
done, we have the whole work (multiplied by l) ,
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+m2m3(i——-1~)+m2m4(—,1— LA
Yo3 Tog To4 Tos
+m3m4(‘71"‘_"1— +u--
Tsa Tay

Now rearrange this by taking one-half of the first, second,
third, ... terms in the first row and putting them, respectively,
into the succeeding rows, and similarly treating the terms of
the other rows. We thus find that the expression is the same

as
m 2+'?£3'+l—7£2—?”—3
: 1[7'12 13 2 T ]
m] ma ml m3
+]m -t —F . — “ee +&c.
* 2[’/12 73 T2 Tos ] ’
o A F-RmA (=R mr = Rmt s (o)

all divided by y, where 7" is the value of the potential in the
final position of 7, and 7] its value in the first position of m;,
with similar meanings of 7, 7, &e.

Or we may write the work in the form

3 (SPmy—}(Fm), (8)

where (27m) means the sum obtained by multiplying the mass
of each particle of the system by the value of the potential
at its position in the final configuration, and =7 the cor-
responding quantity in the first configuration.

If the particles are infinitely numerous and form a continuous
mass, the work of the forces of attraction in changing the con-

figuration is } (S VdmY — (S Vdm). (%)
Hence to scatter the particles of a given self-attracting system

to (practically) infinite distances from each other requires an
amount of work equal to 3 1y, ()

in which expression the integral is taken throughout the system
in its given configuration. This expression (3) may, therefore,
be regarded as the Potential Work of the forces of the system,
or its Static Energy, in this configuration.
Again, if 7}, 7,,... are the potentials at the positions of a
number of particles m,’, m,/, ... produced by a given system of
icles m,, m,, ..., and if the system m,/, m,,... (which we
shall denote by M’) either is not self-attractive or is absolutely



332.] MAGNETIC SHELL, 287

rigid, the work of removing the system M’ completely out of
the field of attraction of the other system (which we denote
by M) is obviously

(m/ V[ +m' Wy + /s ¥+ ...), or Sm'V;
or, again, /'Vdn/, if the system M’ forms a continuous mass.

But the work of removing the system M’ out of the field
of influence of M must be exactly the same as the work of
removing M out of the field of influence of M’—since each is
the work of separating the two attracting systems, each of which
is considered as either rigid or not self-attractive.

But if 7/, 7/, ... be the values of the potential produced by
the system /' at the positions of #,, m,, ... the expression for
the work of removing M is

(7 +m,F) +...) or SEmV",
or [V dm.

Hence we have a useful theorem due to Gauss, viz.

SV = S V7dm. (¢)

But this is also evidently true if the elements dm, dw’, are
multiplied by any function of the distance between them, as

. . .1 .
well as when this function is e and, moreover, instead of two

mass systems, M and M’, we may have two volumes of empty
space, so that if dm and dm’ are elements of volume, equation
(¢) still holds. The theorem in this case is of course not
physical but merely analytical.

We shall find useful applications of this theorem of Gauss
hereafter.

332.] Magnetic Shell. In the study of Magnetism we have
to deal with a magnetic skhell, which behaves like a material shell
consisting of two layers indefinitely close together, each element
of one of the layers—the outer, suppose—acting on a given
material particle, placed anywhere, with a repuisive force follow-
ing the Newtonian law, while each element of the other layer
attracts the same particle according to the same law. Let
Fig. 278, p. 262, represent such a shell, and suppose the points P
and @ to be on the outer and inner layers, respectively. The
outer layer we may imagine to be composed of positive matter,
the amount of which per unit area is 7 at any point P ; while at
Q, the point directly opposite to P, on the inner shell we may
imagine a quantity of negative matter, equal to —m per unit ares.
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The inner shell is, then, wholly composed of negative matter, and
the amounts of + and — matter, per unit area, are equal at the
extremities of the (small) normal distance between the shells at
all points. The terms ‘positive’ and ‘negative’ matter are, of
course, only provisional ; they stand merely for causes of repulsion
and attraction. Again, the quantity » may vary from point to
point on either shell. The product of 7 and the normal distance,
An, between the shells at any point is called the strength of the
shell at that point. Denote this product by ¢ ; so that
¢ =mAn.

We shall assume the shell to be of constant strength at all
points ; so that if the surface-density, 7, of matter varies along
either layer, the normal distance between the layers will also
vary—but in such.a way that ¢ remains constant.

For ordinary gravitating matter, whose constant of gravitation
has the numerical value of y previously given, such a combination
of indefinitely close layers of repulsive and attractive matter
would be almost absolutely nugatory—unproductive of anything
but an infinitesimal force effect at any point—since, Az being at
all points infinitesimal, the product m Az would be infinitely
small ; but if a very large quantity of repulsive ¢ matter’ could be
concentrated on a small surface, the product 7 Az might not be
infinitesimal, and the whole action of such a shell on a unit mass
might amount to a very considerable force.

The discussion of the following properties of such a shell as
we now imagine will not only serve to illustrate the subject
of the present Chapter but prove a useful study for the student
of the theory of Magnetism,

(a) The potential produced by a magnetic shell at any point in
space 18 proportional to the conical angle subtended at the point by
the bounding edge of the shell.

Let 4 be the point at which the value of the potential is to be
found ; let @ be any point on the inner surface, and P the
opposite point on the outer surface, of the shell; let 4@ =7,
AP = r+Ar, Also let the constant of gravitation for the kind
of matter now supposed be £—i.e., the number of dynes in the
force of repulsion between two positive unit masses at a distance
of 1 em.—; suppose a unit mass placed at 4 ; take any small
element of area, 43, of the inner layer at @, and on the contour
of this erect a cylinder which will cut ¢ff an equal element of
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area, dS, on the outer at 2. The quantities of matter on these
elements being, respectively, —mdS8 and #dS, the sum of their
potentials at 4 is

mAr

(__r+A ) mds, or & ds. (1)
Now if  is the angle made by 4P w1th the normal to the

shell at P, we have Ar = An.cosy, so that this element of
otential becomes
P %#ds, or k¢.dw, (2)

by Art. 316, where dw is the conical angle subtended at 4 by
the element d§ of the surface of the shell. It is usual to assume
the constant % equal to unity—which amounts to taking the
unit mass as indicated near the end of Art. 326. On this under-
standing, then, if 7 is the potential of the shell at 4, we have

V=1¢.0, (3)
where w is the conical angle subtended by the whole shell at 4,
i.e. the conical angle subtended by its bounding edge.

Hence if the bounding edge disappears—in other words, if the
shell is a closed surface—it produces a zero potential, and there-
fore a null force effect, at all points outside it, and also a uniform
potential, 47, and null force effect, at all points inside it.

Hence also all magnetic shells of the same strength which
have the same bounding edge produce the same effects at all
points in space.

(8) Tke potential produced by a magnetic skell at any point in
space is proportional to the normal fluw of force through the
surface of the shell produced by a unit particle at the point.

This follows at once from Art. 324.

(¢) If a magnetic shell is placed in any field of force whick has
a potential satisfying Laplace's equation, the whole action of the
Jield on the shell can be produced by a distribution of force along
1ts bounding edge only, according to a simple law.

Let X, ¥, Z be the components of the force-intensity of the
field (forces exerted on the magnetic unit) at any point. Then we
assume

au al au
X = -—; ’ Y = E‘; ) Z= —‘-i-; ’
where U is the potential of the field at the point. Hence
g g » &e
dy ~ do

VOL. 11, )
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Calculate now the whole @-component of force exerted on
the shell. On the quantity —mdS8 at any point, @, on the inner
layer, the force is —mXdS. 1If /, m, n are the direction-cosines of
the normal at @, » the thickness of the shell at @, and =, y, z the
co-ordinates of @, the co-ordinates of P are # + v, y+mv, 2 +nv;
so that the value of X at P is

a d
X+v(1%+m +n%)X.
Hence the resultant z-component on the corresponding elements
at P and @ is d d d
¢f(ld7a+m@+n%))(.d;5';

and the whole 2z-force on the shell is

a

dX
¢f(z d X pnyas. (4)
Now since V2U = 0, we have
g+d1’+qg_o
dy " de

Substituting from this the value of ZX, and also putting CZY for
ax dz dX

dy —+ and — 7 for — in (4), we have (4) equal to
¢f{(n%_z@)z— (zﬁ_m%)ygds
or ¢/ (8,Z—3,Y)dS. (5)

But by Theorem 2, Art. 316, a, the first term in this integral
is equal to the integral ¢ f Z (‘%- de taken along the bounding
edge of the shell, while the second term is equal to the integral
—¢ f Y Z——id& taken along this edge. Hence the whole -

component, ¥, of force on the shell is given by the equation
F=¢ f(z Y_v%
Similar] F, = xd’ z2)d
imilarly ,,—¢f( b 17.;) 9, (6)

F=¢ [(rE-1)a,
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where F,, FF,, are the components of force, parallel to the other
axes, exerted by the field on the shell.

Now if I is the resultant force-intensity of the field at any
point, P, of the bounding edge, and 6 the angle between I and
the tangent to the edge at 2, the multipliers of s in equations
(6) are simply the #, ¥ and 2z components of a force

Rsin 6 (7)
acting along the line which is at once perpendicular to R and
to the tangent to the edge at P. This force, R, may be
graphically represented thus: at any point, P, on the edge of
the shell draw a line representing in magnitude and direction
the resultant force-intensity, R, of the field of force; draw also
at P a unit length in the direction of the tangent to the edge
at P, and complete the parallelogram determined by these two
lines; then at P draw a perpendicular to the plane of this
parallelogram proportional to its area; this perpendicular will
represent the magnitude and direction of the force R’ to be
applied to the edge at P, per unit length. As to the sense in
which the perpendicular to the plane is to be drawn, a watch-
hand rule similar to that in Art. 200 may be adopted; or we
may express the result by a quaternion notation thus: let a
unit vector, 7, be drawn along the tangent at P to the edge in
the sense in which a man walking on the positive side of the
shell along the edge must travel so as to keep the shell at his
left hand, and let B be the vector representing the resultant
force-intensity at P ; then

R = VrR. (8)

We have now to show that the system R’ will produce the
same moment about any axis as the force system (X, ¥, Z).

To calculate the moment of the latter about the axis of @, let
@ be a point on the inner layer and P on the outer, as before.
Then the moment of force exerted on the element, —mdS,
at Q is

—(Zy— Yz) mdS,
and therefore the resultant moment given by the masses —mdS§
and 7dS at Q and P is
d a
¢ (léj—v-i-m@-i-njz) (Zy— Yz).ds,
U2
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But this is easily seen to be the same as
¢{(miz—-—ni)(yY+zZ)—(nfl——l—d—) —( LA )zX}dS
dz" " dy PP ldy T d ’
or ¢ (8, (y Y +22) 8, (yX) 33 (2X)} d,
with the notation of Theorem 2, Art. 316,a; and by this
Theorem the result is the line-integral

dw dy dz
<;>f{(311’+22);E—yxd—'g —zXa}}ds,
taken along the edge of the shell. Hence if Z denotes this

moment,
’ o d e ,d
.E=¢/{y(Y£—X%)-z(X£—Z(—Z§)}d& (9)

Now the coefficient of s is exactly the moment of the force
R’ about the axis; therefore the system of edge-forces, R/, is
completely equivalent to the given forces acting on all the
elements of the shell.

(d) To express the Static Energy of two magnetic shells
occupying given positions.

Let their strengths be ¢ and ¢".

Take any point, @', on the inner (supposed negative) surface
of the second shell. The potential at this point due to the first
is g by (3) ; and if P’ is the point on the outer (positive) surface
at the extremity of the no1mal at @’ the potential at P’ is

. i, d
dw+¢v (¢ T ,+m o — 4 dz)

where »/ is the thickness of the shell, 7/, »’, ' are the direction-
cosines of the normal, and (2, 5 /) the co-ordinates of @'
Hence the potential work of the force of the first shell on the
masses —mdS and md§ at @ and P’ is

/ 4 d ’ d ’ d 4
‘Now by Art. 316, 2, this is the same as
,AH  a@ dF dH\ K6 ,.d@ dF
{ ) G- (-7 )}czs'

and the mtegral of this over the surface of the shell is by Theorem
3, . 245, the line-integral

¢¢f(Fd,+G +Hd")d'
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taken along the edge of the shell. Substituting for F its value,
dTw » and similar values of G, H, the potential work of the forces

of the first shell acting on the second is
dw dx’ dy dy’ dzde ,
""”ff (Zaw *asar + man) @ %
this double integral being taken over the edges of the two
shells, (2, g, 2) being the co-ordinates of any point, P, on the
edge of the first, («, 7, 2) those of any point, 7, on the edge of
the second, » being the distance PP, and ds, ds" elements of

length of the edges at 2 and 7. If € is the angle between
the directions of ds and ds, and W stands for the Static Energy,

W= ¢¢7] 2l dsa, (10)

which is known as Neumann’s Formula.

The Static Energy here expressed is merely the work which
must be done against their mutual forces in withdrawing either
shell, considered as a rigid body, to an infinite distance from the
other. The result depends, then, merely on the shapes and
positions of the edges and not at all on those of the suzfaces of
the shells.

(¢) Static Energy of a Magnetic Shell and any Field of Force.
Supposing the field of foree to have at each point a potential, the
static energy, in any pesition of the shell, is equal to the normal
flux of force of the field through the shell, multiplied by the
strength of the shell.

For, taking, as before, any points @ and P, ‘at the extremities
of the small normal thickness, on the negative and positive faces
of the shell, if 7 is the patential of the field at @, the potential
work of the forces on the element —mdS at @ is —m/VdS, while
for the element mdS at P it is

deS+mvdS(Z%+mdj +n Zdz) z,

where v is the thickness of the shell at 2. Hence if # is the
whole potential work

W= ¢f(zd7 d; 27y as, (11)

e
which, since ‘Z’ ar ) ‘-izare the components of the force-inten-
dr” dy dz
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sity of the field at P (or @), is the normal flux of force-intensity
of the field through the shell. ~When V2/ = 0, this can be
expressed as a line-integral of the vector (%, v, w) along the edge
of the shell by determining #, v, w as at the end of Art. 3186, a.

ExAMPLES.
[Throughout these examples it may be assumed that length and mass aré
measured in centimdtres and grammes, so that the constant of gravitation,
ldyne |
= 43« 100

1. If the field of attraction is produced by two particles of masses
m, and m, at two points ¥ and § (Fig. 36, p. 46, vol. I.), and if
r, and r, are the distances of any point P from them,

=M ™
V—‘)’(r1+r2)s

y being the gravitation constant (Art. 321).

Now m, and m, being both essentially positive, very large values
of V will correspond to points P very near either & or S, while
small values will correspond to points very distant from both, and
zero values to points at infinity. The equipotential surfaces are
evidently all surfaces of revolution round the line NS. If V is a
very large constant, the equipotential surface will consist approxi-

and 7 is in ergs per gramme.]

mately of a sphere with centre ¥ and radius = ZZLT‘ together with
a sphere with centre S and radiusz%- As the values of ¥ decrease,

the equipotential surfaces are each formed by two oval shaped sur-
faces surrounding the points & and .§; for a certain value of ¥ these
ovals join each other at a point between N and S, forming a surface
gencrated by a kind of lemniscate revolving round NS§'; and for less
values of ¥ each surface becomes continuous, and is nearly a sphere
for very distant points.

For Newtonian gravitation, however, if the masses m, and m, have
moderate values—say a few grammes each—large values of ¥V exist
only at points infinitesimally distant from &N or S. Thus if m, = 1
gramme and m, = 2 grammes, and if ¥V is only 1 erg, the radius of

: 1
the sphere round &N is y centimdtres, i.e. —————cms., which is
prac:?cally Zero. Y 1543 x 10*

Unless the masses condensed at N and § are comparable with
1543 x 10* grammes, no sensible values of V (i.e. of the work of
bringing 1 gramme mass from infinity into the neighbourhood of
NS) will exist, except at infinitesimal distances from the points
Nand 8.

This inconvenience does not exist in Electrostatics and Magnetism,

because in these domains the analogues of the unit (gramme) mass
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in Newtonian gravitation act upon each other at small distances
with forces incomparably greater than that exerted by two condensed
grammes at a distance of 1 em.

If we suppose m, to exercise a repulsive force at P, while m,
exerts an attractive force, we shall have

=p(=T1 T
V=y( . + ™ )s

and the surface of zero potential, instead of being wholly at infinity,
is a sphere, with regard to which N and S are inverse points
p. 259).

( The field produced by both particles together may be studied by
superposing the fields produced by them separately. Thus the
equipotential surfaces due to each are spheres. Describe round &
the spheres for which the potential due to m, are C, C+k, C+2k...
where % is any small potential magnitude; and round S the spheres
for which Vis ¢, ¢’~k, ¢’ —2k,... ; then the curves of intersection
of these trace out the surface on which the potential is O 4 .

2. To calculate ¥ at any point for a thin uniform bar (see Fig. 276,
p. 252).
With the same notation as before,

ds 4 49 4 B
V= ykp/.?)—[—— —yicp\/:_B = ykplog(coti cot—é-). (a)
This may be put into another form. If P4 =r, PB =1+, AB = 2¢,

_ r+14+2¢
V=vkelog oy
or V=y7cplogZT-H;, (8)

where @ = semi-axis major of the ellipse described through P with
4 and B for foci.

The equipotential surfaces are surfaces for which a is constant ;
they are therefore ellipsoids of revolution having the extremities
4 and B for foci.

If we assign to V a series of values, the corresponding values of
@ may be graphically represented. Equation (8) gives

4 v
2Tk ;‘a’-r_kp‘
4 4

Fykp ~ 3ykp
eﬁvkp —g 2vke

Draw a line Ox and represent a series of values of V by successive
lengths measured along it from Q. Construct a catenary whose
equation is v v

= VRO JrFe 4o Tk
y= 2 (9 te )x
O being the origin and Oz the horizontal axis of this eatenary.

a
[
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Along the other axis draw a line parallel to Oz at a distance
¢(= } length of bar); then the lengths intercepted on the successive
tangents to the catenary between these two parallel lines are the
semi-axes of the corresponding ellipses which generate the equi-
potential surfaces by revolving round 4B,

From the value of V given in (8) we can deduce the value of
the force-intensity at P. For, the resultant acts in the bisector
of the angle APB, and if ds is an element of length of this line

av ¢ da .
at P,E;_Zykpma- Now if LZAPB=2¢, AP = r, we have

j—:: cos¢p. Also 7+ =2a, and since at a point near P on the
bisector of APB (tangent to a hyperbola confocal with the ellipse)
r—1”/ is constant, we have dr = dr’, therefore g—: = cos ¢, and

av  2ykpe
78= mCOS(po

Again, cosp = /\/ a’—,c“’ by elementary trigonometry, and if
rr

p is the perpendicular from P on 4B, we have 2cp = m”/sin 2¢;
therefore dV _ 2ykpsing
s~ p

which is the value already found (Art. 317).
A particular case must now be noted. If the bar is infinitely long,

the expression (a) gives ¥ = o, i.e. the sum d/’Tnis really infinite

in any given position of P. On the other hand, we can see that the
work which would be done by the attraction of the bar in bringing
the condensed unit mass from infinity up to the finite position P
is mot . For if we imagine the bar to be a circle of immense
diameter O/, the point O being near us and 0’ remote, and also
that the unit mass is brought from O’ up to P, it is quite clear
that while P is moving from (” up to the centre of the circle, the
attraction of the circle is doing megative work, the resultant force
being all through this motion directed towards O’ ; and that when P
leaves the centre and moves towards O, the attraction does ;oositive
work ; so that the total amount done in the motion from O’ %o the
final position P is numerically equal to that which would be done
in bringing the unit simply from O to P—which obviously is far
from being .

But observe that, with some of the attracting mass contemplated
88 existing at infinity, we are no longer to regard the integral d—?,

in a given finite position P, extended over the body, as the work
done by the attraction in bringing the unit mass from infinity to P.
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That, in the case of an infinitely long bar, the amount of work
done by the attraction in bringing the uni$ from a perpendicular
distance ¢ to a perpendicular distance p is simply

27kp1°g.%’ »
may be seen by taking the resultant force, R, at any distance, =, viz.
23’%), and taking — fRdz.

We must bear in mind that (y) will not hold for positions of P
very close to the surface of the bar, i.e. for very small values of p;
because for such points the linear dimensions of the transverse section
become comparable with the distances of P from the various points
in the seetion—as has been already pointed out in Art, 317.

3. Without any consideration of force or of work done, show that

the difference, f ) /‘dm
T/ \J ¥

of the summations over an infinite bar with reference to any two
finite positions P and @ is finite and, when multiplied by the gravi-
tation constant, equal to the expression (y).

Instead of finding each integral separately, perform the summation
in a different order. Thus, M being any point on the bar, and
OM = s (Fig. 276), take at once the difference of effects at P and @
produced by the particle at M This gives

1
vel x/ +5 /m)ds
Integrating this from 8 = —1 to s =+, we get
VP +P+1 V@ +P— l)
VEB+l VPt Bt
which assumes an indetermmate form when I = o; but a simple

vkplog, (

binomial development of (14 Z“) shows at once the true value
to be (¥).

4. To find the potential at any point on the axis of a thin uniform
circular plate.
‘With the notation of Art. 318, the potential at P due to the ring

of radius 7 is y. 27rp'rrdr, or y2TPTEENG d¢; therefore the po-

zsec ¢ cos® ¢
tential produced by the whole plate is

2myprz(seca—1),
or 2wypr(V 2 +a'—2),
where a = radius of plate.

- 5. To find ¥ for a uniform spherical shell,
Firstly, at an internal point, P’ (Fig. 277, p. 257). Breaking up
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the shell into elements QR, @ R’ which are thin conical frustums,
as in p. 259, if dw is the conical angle subtended by either at 7,

/,
the volume of the frustum is pr . P’Q? sec P{PP.dw, or%pé—-b,&q——zd o.

The potential due to this at P’ is 2yapr —Q-g,dw. Similarly the

f 4
potential due to the frustum Q'R’is 2yapr£lg,da); and the sum
of these = 2yaprdw. Hence Qe

V=4mnypr.a; )

which shows that ¥ is constant wherever P’ may be inside—a result
for which we are already prepared, since everywhere inside the
resultant attraction = 0, and this requires that ¥ is constant.
Secondly, for an external point, P. This may be deduced from
the value of V at the inverse point, P’. For, the element con-

tributed by the frustum QR is 'y%, where dm = mass of frustum.

. d
But PQ= %-P’ @, therefore the element of potential = ‘%l- F%’
which bears the constant ratio,%, to the potential of the element

at P’. Hence the potential of the whole shell at P is % times the
potential at 7, or

* 4wypral
V= D
which is the same as if the shell were condensed into a particle at
its centre. av
The resultant attraction-intensity at P = — —— (measured towards

0), which gives the same result as before. ab

These results can also be easily deduced analytically by breaking
up the shell into zones, as has been done (p. 258) in calculating the
force-intensity at P and P’. Thus, the mass of a zone being, as

in p. 258, 211p1-;1 rdr where » = P’Q or PQ, the potential produced

by the zone is 2wyp'r%dr; and for the internal point the limits of

r are a+ ¢, while for the external point they are ¢+ a.

The value of ¥ can also be deduced from the differential equation
(y), Art. 329. For V depends solely on the distance, 7, of the in-
ternal point from the centre, and not on 6-or ¢. Hence (y) reduces

to d , ,dv,
e r?—\ =
a7 &r(r dr) 0
therefore 7* = C = constant, But at the centre the force-intensity,
~—» vanishes, .. C=0, .. .14 = 0 everywhere inside,

dr ar

hell
V at any poiut = V at centre = y. mass of shell

a
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It follows that for a homogeneous spherical shell contained between
a sphere of radius o’ and a sphere of radius a, the potential at any

a
point inside the inner sphere (a”) is 4wyp| rdr; ie.
Jar

. V =27yp(a®—a’?),
while at an external point at a distance D from the centre
a®—a’
D
At a point inside the matter of the shell, at a distance ¢ from the

centre 3
V= 27ryp(a’-—c’)+§1rypd~pi .

6. To find V at any point for a solid homogeneous sphere. If the
point is outside the sphere (radius a),

V=gmyp

a3
—_—

D

If it is inside, at a distance ¢ from the centre, add the potential
due to the shell contained between the surface of the given sphere
and that of the sphere of radius OF’, to the potential due to the
solid sphere of radius OP’. Thus

V=2nyp(a*—c)+4& nypc
=2wypat—Emwypc
V can also be obtained from the differential equation (y), Art. 329.
Thus, at any internal point this equation gives, since V is a function
of = only, 14d

v,
ATy =—4mye; .

V=gmyp

av
7 = —faypr*+C.
Now %;—: 0 at the centre, .. C=0,and V= —§WYPT’+C’.
But at the centre ¥ is easily seen to be 27mypa? .-. this = o’

7. To find ¥ for an infinite homogeneous circular cylinder. If P
is outside, A’V'=0. Use cylindrical co-ordinates. Then ¥ issimply
a function of { (p. 282), so that

da*v 14dv

-5 +757=0. 1
aetrac : (1)
Therefore by integration v C
ac= ¢

To determine C, suppose P to be very distant from thedcylinder.
so that the latter may be treated as a thin bar. Then -d—Vis the
force-intensity at P, which ¢

k
= _2ch; s O=—=2ykp=—27ypa’
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if @ = radius of cylinder. Hence

av 27wypa’

gty @
which shows that the intensity of attraction at any point outside the
cylinder varies inversely as the distance from the axis. Integrating,

V=—2=nypalog,(+C;

and to determine C, let the point P be supposed so far from the
cylinder that the latter may be taken as a mere bar, or wire. Now
in this case V is given in example (2), and since 4 and B are both
zero, V = o, therefore ¢ = .

When none of the attracting matter is at infinity, V is, as has
been explained, the work done in bringing a condensed unit mass
from infinity to the position P, but it ceases to have this meaning
when attracting matter is contemplated as existing at infinity. The

summation f -%'-" for an infinitely long bar is, in every position of P,

really infinite. But if we are concerned only with the amount of
work done in bringing the unit mass from ome finite position, @,
to another, P, we can easily show that the difference

(7,5,

is finite, notwithstanding that each integral itself is of infinite mag-
nitude (see example 3).

Moreover, the supposition itself on which the equation for V is
(1) falls to the ground; for it is only for points finitely distant
from the cylinder that ¥ depends simply on .

Hence instead of choosing infinity as the zero position of P we
must choose some other. We may choose a position on the surface
of the cylinder, and define the potential at P as the work done by
the attraction in conveying a gramme mass from P to the surface of
the cylinder. With this definition, we have

(4
V=2ﬂ'ypa’f ¢
a ¢

=2 wypatlog, g:

‘ av
and now ac will be the force-intensity in the negative sense of (.

If P is inside the substance of the cylinder, (1) must, by Art. 329,
be replaced by av
Zd—c‘(fg?)’—‘ —47myp;

av _ 2
ve E—C‘—-_zﬂ'ypc +0,
and since (ﬂg-_— 0 on the axis, C =0, .. % =—2myp(,

d
s V=—mypl+0'= nyp(a®~(?).
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8. To find the potential and attraction-intensity at any point pro-
duced by a spherical shell whose thickness (or density) varies inversely
as the cube of the distance from a given point.

Let the thickness of the shell at any point @ (Fig. 281) vary in-
versely as the cube of the distance of @ from the given external
point O, and let the potential at any internal point, P, be required.

Produce OP to S so that OF .08 = 0Q. OR = square of tangent
from 0. Imagine the spherical surface broken up into elements by
cones described about S, each with
very small conical angle, dw. One
of these cones is represented by
the line RSU, which must be
understood to stand for a slender
double cone of rays with vertex
§. Joining O to all points on the
contours of the small areas at B
and U by lines represented by
OR and OU, we obtain small
elements of area at @ and 7';
joining the contours of these to S, we obtain two small frustums of
cones at @ and 7'

It is the sum of the potentiuls at P produced by these frustums
that we shall take; and it is clear that the assemblage of such
frustums as those at @ and 7" will exhaust the whole shell.

Let a be the radius of the sphere. Then (Art. 316) the cone of

Fig. 281.

2
rays through S cuts off an area R—Z-SRz.dw at R. Also, since the

elements of area at R and Q are equally inclined to the line OQR,
they are to each other in the ratio OR?: 0@*; therefore the element

of area at @ is 0¢? 2a .y
or*' RGP
SR_QP . .
But F0=F0 (from the similar triangles ROS and POQ); therefore
2
this element of area = OQ’.;-%-%dw. Let the thickness at @ be

—k—, where % is a constant Then the potential of this element at

og PQ.dw
P is 2yakpm,; an}lj ;1.xgliarly the potential at P due to

the element at 7’ is 2yakpm; and the sum of these

_ 2yakpdw PQ.0T+PT.0Q_ 2yakpdw QT
= RU.PO*’ 0Q.0T  RU.PO 0Q.0T

(by Ptolemy’s theorem for the quadrilateral OQP 7', which is inscribable
in & circle), But the triangles 0Q7 and OUR are similar,
| ., 9I_ERU,
0@ U0’
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hence the above sum = 2}';’]“’ do
of tangent. *.0P

Now the whole shell is exhausted by summing da.) from 0 to 2,
and as the multiplier of dw is constant, we have

4‘n'yakp 1
V="pi—ai 0P’ @

where D is the distance of O from the centre. Hence the remarkable
result that the potential at any internal point varies inversely as its
distance from O.

For a reason to be given hereafter, we shall call O the inducing point.

The mass of the shell is easily found. For (p. 258) the area of the
belt generated by the revolution of the element of length at @ about

, where = OT OU = square

the line joining O to the centre is 27 %rdr where » = Q0. Hence

the mass of this = 2o %7 ong if M = mass of shell
47kpa®
M= pr—a’ @)
since the limits of » are D +a.
Hence from (1) and (2) QM
a
V=y o5 (3)

which shows that the potential at any internal point is the same as

if a mass greater than that of the shell in the ratio — were concentrated
at the inducing point. a
Of course it follows that the attraction of the shell on a particle at
P acts in the line PO, and is equal to
Dy
a
Yor’
per unit mass at P.
The inducing point being still external, let the attracted particle
be also external to the shell—at P’, suppose.

Take the inverse point P, which will be internal. Then since
4

R
is constant, = = where R is the distance of P’ from the centre,

QP
it follows that V at P’ =V at P multlplled by
7 M
V=7

But instead of OP we can put & D 0’P, where 0’ is the inverse of 0,
on account of similar triangles. Hence at any external point



332.] EXAMPLES, 303

8o that for an external point the mass of the shell may be concentrated
at the internal point which is the inverse of the inducing point, and
the attraction is directed towards this tnverse point.

Finally, consider the case in which the inducing point is inside.
This is at once reducible to the case in which the inducing point
is outside, by taking the inverse point. Let O be the inducing point,
and (’ its inverse, Let the attracted particle, P, be inside, and let

the thickness at any point, @, of the shell be 5—2—5; thus it will also
3

be ’-‘;DT. 53@’ where D is the distance of 0’ from the centre; so that

the values of ¥ and M are given by (1) and (2) in which we replace
kD? .

k by — 5 and we have the result (3), viz.

D u

a
V=ygP ()

which shows that the attraction is directed to O,
Let P be external, while O is internal. Tuke the inverses of both,

8o that P’ is internal and O’ external.
If ¥ is the potential at I, we have by (8),

D

— M i
, a
V =Y 0 P,'
. . . ' vV _R .
But if V is the potential at P, we have = where R is the

distance of P from the centre; also, as we are finally concerned with
P and not with 7/, we shall substitute OF for O’P’ by the equation
oF _or Hence
—— M

D & V= 757;- (6)

Four different cases may therefore arise, viz. inducing and attracted
point both on same side of surface, or on opposite sides; and sum-
marising the results, we may say that the effect on the attracted
particle is always the same as if a certain mass were condensed at
a point on the opposite side of the surface; this mass is always equal
to that of the shell when the attracted particle is outside, and always
greater than that of the shell when the particle is inside. The point
at which the shell may be condensed is always either the given
inducing point or its inverse.

The solution of this question by the ordinary application of the
Integral Calculus would be very much more difficult than the simple
and elegant solution here given, which is due to Sir William Thomson.
(See his Papers on Electrostatics and Magnetism, pp. 60, &c.; or
Thomson and Tait's Nat. Phil,, vol. 1, part II.)
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Newton also made use of the relation between inverse points
in discussing the attraction of a sphere (see Book I of the Principia,
Prop 82).

‘9. To find the attraction of a thin circular plate of uniform thick-
ness and denmty on a particle in its plane, the law of attraction being
that of the inverse cube of the distance.

Let P (Fig. 282) be the position of the attracted particle, whose

mass may be supposed to be one unit.

From P draw two very close radii
B vectores intercepting a narrow strip
QT3 of the plate between them.

5 D Let O be the centre of the plate,
let 6 be the angle OPA made by one
of the radii vectores, and let 64 d0
be the angle made by the other, with

Fig. 28a. OP. Let Q be a point on P4, and

PQ =+. Then the mass of the ele-

ment at @ included between circles of radii  and r+dr described
with P as centre is kprdrd,

% and p being the thickness and density of the plate.
The attraction of this element on 2 resolved along PO is

ykp(i:dg cosd;

hence the resultant attraction is

drd o
[

the integrations in » being performed from = P4 to r = PB, and

cosf,

those in 0 from 8 = —sin—1% to 0 = sin ’:, where a is the radius of

the plate and ¢ = OP, the extreme values of 6 corresponding to the
two tangents that can be drawn from P to the circle.

Now denoting PA by r, and PB by r,, and integrating first with
respect to r, the attraction is

1 1
ykp (71—72) cos 6d 9.
The values of », and 7, are given by the equation
r*~2crcosd+c*—a? =0,
1 1 _2+4a’—c%in’0

r 1,  —a’
Hence the attraction is
2kp'y 3 -n'kmla2
oo L YA o T,

where ¢ is put for ¢ sind,
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In this case we might have found the attraction from the potential.
The latter is easily found by dividing the plate into rings with O as
centre. If » is the radius of one of these rings, we have

V= Z’ff /‘ rd@dr
— 2JJ)r—2crcos O+c*
Integrating first from 6 =0 to 6 =7, and doubling the result, we have

dr
V= wkp‘;t/;:_rz,
in which # runs from 0 to a. Hence
Tk c?
e
But ¥ may also be easily found from the attraction, thus:
av whkpya?
e~ c(d—a)’
14 ='rrkpy log . + const.
2 —a?
. v [dm . . e ps
Now, since V= 3 f a0 it is clear that at infinity V= 0,0t V=0

when ¢ = o. This gives the const. = 0,
__ wkpy J
V= T2 log c’—a?
©10. If V,, and V,,_, denote the potentials of an attracting mass when
the law of attraction is the nth and (n—2)th power of the distance,

respectively, prove that vy,
"7 (n—1) (n+2)’
where V2= il + a + a the co-ordinates of the attracted particle
“dx? | dy* " da?’
being =, v, 2.
A
We have Vo= ~nFl JSrtdm,

where A is a constant. Therefore

av, .
2 = =N/ (x—a)r"~1dm,
and DT = XS+ (n— 1) (oo 1"} din
@Y v

Adding to this the similar values of T and 7 Ve have

ViVe=(n—1)(n+2)V,_,.

This equation enables us, generally, to find the potential for the
(r—2)th power of the distance when that for the nth is known ; but
it fails in two most important cases, namely, when #» = 1 and when
n=-2, '

VOL. 1L X
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If the attracting mass is a plate, 72 = (x—a’)’+(y—v’)%, and the
result is easily proved to be
ViV, = (n*=1)V,_,.

In the last example we find the Potential of a circular plate for the
inverse third power ; hence we have at once the Potentials, and there-
fore the attractions for the inverse fifth, seventh, &ec., powers of the
distance. )

11. Calculate the attraction of a uniform spherical shell of small
thickness on an external particle when the attraction varies as the nth
power of the distance.

Using the expression (A), Art. 320, for the element of surface, and
assuming the law of attraction to be Ar", we have

__ 2mAp7 a D+
- n+l1 DJp_.
2wApTa s
—— “TApTA —(D—g)**s
(n+1)(n+ 3)D [(D+a) ( a) ]’
where D is the distance of the point from the centre.
If we wish to find the attraction of a full sphere of radius r, we

observe that 7 is da, and we integrate this expression from a = 0 to
a=r,

a
™2

. . V

In each case the attraction towards the centre is — g' .

12. From the theorem of Gauss (p. 287) deduce the following
result—the mean Potential over a spherical surfuce due to matter
entirely outside the sphere is equal to the Potential of this matter at the
cenire of the sphere. (Gauss, Papers on Forces varying inversely as
the square of the distance, Taylor’s Scientific Memoirs, vol. iii. part x.)

For, let mass of uniform density p and small uniform thickness, 7,
be supposed to be distributed on the sphere ; let 4§ be an element of
its surface at any point P, ¥ the Potential at P due to the external
attracting mass, and a the radius of the sphere. Then, since the
Potential of a shell at an external point whose distance from the centre
87 __4mypra?

= ——-;—"
it follows that if dm is an element of the attracting matter,

‘ am
pr [ VdS = 4777p7'fz"’/7 = 4mwpra’V,,

if ¥, is the Potential at the centre of the sphere. Hence
NALLS
4mal

which proves the proposition, since /' Vd:S divided by the whole surface
of the sphere is the mean value of the Potential over its surface.
More elementary proof. Let there be a particle of mass m outside

=V01
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a spherical surface of radius a at a distance D from its centre. The

mean value of the Potential over the sphere is 4};:22 f %‘—9, where
r is the distance from m of the element dS of surface. But (p. 258)

ds = Zw%rdr, and the limits of » are D+a. Hence this mean
ym
’77"
i.e. the Potential at the centre; and the result therefore holds for
any assemblage of external particles.

18. Find an approximate value of the Potential of any solid mass
at a very distant point.

Let @ be the centre of mass of the solid body, P the distant point,
P’ any point in the mass at which the element of mass is dm. Take
@ as origin and GP as axis of x; let GP =1, GP’ = ¢/, and let the

2 of P’ be «’.
1 dm 1 o 2 -}
ten J7= [ oz Jo 2 ) i
1 1 3 2
= Ja+Tmgatgm

’,

neglecting all higher powers of 1;-‘- than the second.

value 1s

Now /'a/dm =0, and if we denote by A and A’ the radii of gyration
of the solid about the axes of ¥ and z, and by % its radius of gyration
about GP, we have

2 ,2 2 A2 N2—A2
Q‘/‘,,.'2d/m — M.)_\.i_%iﬁ_, fm’zdm = M_.fT_f_

where M = mass of body.
M A4 A2 — 247

But if %,, 4,, %, are the principal radii of gyration at @, we have

N4 N34 B =k + &2+ k2 ; therefore
_yM k24kl2+k2—3k

V=" 1+ 27 )-
By differentiating this with respect to «, y, and 2 separately, we find
the components of attraction in the directions of the principal axes at
. . . yM .

G on a unit mass at P. For very distant points V= - to a high

degree of accuracy.
14. If V=1 (x, y, 2) be a function satisfying Laplace’s equation,
. @ 0’z a’y a'z .
V¥ = 0, show that the function - I (77: - 7,—) will also satisfy
it (where 1* = a?+ 32+ 2%). )
X2
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If O is the origin, P the point (x, y, 2), @ a point on OP produced
< . th linates of o dy az g
such that 0Q = op the co-ordinates of @ are S

0Q = p, let (& n, {) be the co-ordinates of @, and let

a’z &’y a'z

U=fGE T T =5 @m0

Then aJ satisfies the equation
p

a7 aZ el
sine_d-( : —ﬂ)+—d—(sino—”—)+ 1o,
dp P dp/ T do a0’ " sind d¢?
But p? gﬁ = —a? ;_r ; therefore this equation becomes
. d¥Ur)y a ,. a0 1 U _
rSlno—R;r+c?5(81n0?i—6)+mW— 0.

The first term being the same as sin 0 % (r’%{), this equation is, by
Art. 329, the equivalent of
d*U_,_d"’U ax =0
ar tapt g =0

. 15. A homogeneous fluid, self-attracting according to the law of
nature, completely fills the space between two spherical non-concentric
surfaces one of which entirely surrounds the other; find the resultant
attraction at any point of the fluid, and also the level surfaces.

Let O be the centre of the larger and 0’ the centre of the smaller
sphere; P any point in the fluid; 00’=¢; radius of smaller sphere
=b; OP =7, P = ¢/ ; p = density of fluid.

To calculate the resultant force at P, imagine that the place of the
smaller sphere is occupied with fluid ; then the larger is completely
full, and there is a force §mypr in the line PO towards O. Now let
the effect of the fluid which we have introduced be annulled by com-
bining with the above force the force exercised at P by a repulsive fluid

of same density filling the smaller sphere. This latter force would be
47?::76 5 and this would act in the line 0’P from ¢’.

The resultant of these forces js the resultant force at P. If V
is the Potential at P,

1 4 4mpb®
;dV:— §wprd/r+ “"md/l’ [p. 299];

V_ 2 , 4uwpb®
- 7-——511;71'— 3,7 + const,

This value is otherwise evident, since the Potential at a point due
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to any attracting bodies is the sum of their separate Potentials at the
point. If @ is the radius of the larger sphere (see p. 282),

4 2, 4mpb® 2
’ —; = —-gqrpr — 3,7 +21rpa.
The level surfaces are given by the equation
29

24 ~7 = const.

+16. If two different masses have the same external level surfaces,
the values of their Potentials on any one common surface of level are
directly proportional to the quantities of the two masses.
Let M and M’ be the two masses; let ¥ be the Potential of the
first and 7’ that of the second at any point P outside both. Then

v2¥V=o0, V¥ = 0. (1)
Now since when V is constant, ¥’ is also constant, ¥/ must be some

function of ¥. Let ¥’ = ¢(V). Performing the operation V* on
both sides of this equation, we have

vr=¢. T i +GH +Gh @

which (1) reduces to ¢ (V') =0, since the coefficient of ¢” (¥) cannot
vanish,
Hence ¢p(V)=cV+¢, . ¥V =cV+c'; but since at infinity
V = V" = 0 (if none of the attracting matter is at infinity),
=0; .. V' =cV.

Again, for very distant points (example 13),

. M
V_77 and V' =y o
| 40 4
Hence, finally, W=

17. If X, and .Y,,_, denote the component attractions of a given
solid at a given point along a given line when the law of attraction is
that of the nth power, and that of the (n— 2)th power, of the distance,
respectively, prove that

¥ = VX,
T [CES))

18. Find the attraction of a circular plate of uniform thickness and
density on an external particle of unit mass in its plane, the law of
attraction being that of the inverse distance.

Ans. The mass of the plate divided by the distance of the particle
from its centre, multiplied by a constant.

19. Prove that if a material lamina attract according to the law of
the inverse distance and if JV is its attraction on a unit mass at any
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point of a closed curve, measured outwards along the normal, we shall
have JSNds =0, or =—27mym,,
according as there is no mass or mass m; inside the closed curve, and
hence that V2V = 0, or =—27yp. i

20. Prove that the values of V2V calculated for external points
and for internal points do not agree for points on the surface of a
solid sphere.

21. Prove that neither Laplace’s nor Poisson’s equation holds for
points on the bounding surface of an attracting solid.

22. If a number of uniform bars of the same section and density
form any closed polygon with no re-entrant angle, prove that they
produce the same Potential (for the law of the inverse square) at any
point inside the polygon as a polygon of bars formed by joining the
feet of the perpendiculars from the given point on the sides of the
given polygon.

Extend this proposition to any curve.

(See equation (a), p. 295.)

23. If a self-attracting sphere of uniform density and radius a
changes to one of uniform density and radius ¢, find the amount of
work done by its mutual attractive forces.

3 1 1
Ans, g '}’ﬂ’[?(;--a—',) )

where M is the mass of the sphere, and 7y, as usual, the gravitation
constant.

24. Two equal uniform bars of given sections and densities are
placed parallel to each other and at right angles to the lines joining
their extremities ; find the amount of work done against their mutual
attraction in drawing them a given distance asunder.

Ans. If y is the distance between the bars in any position, ! the
length of each, m and m” are their masses, the work done in changing
the distance from y, to y, will be the difference of the values of the

expression ymm x/l‘—-t—_—y‘ -7 ),

T(y—- Viityt —1llog

when y, and y, are successively put for .

25. The gravitation Potential of an attracting mass cannot have a
maximum or minimum value in empty space.

Let it have a maximum value at 4. Then round 4, and in-

definitely near it, can be described a closed surface, at every point of

which V is less than it is at 4. Therefore if dn is an elementary

length along the normal (measured outwards) to this surface, %
is negative all over the surface; but N = ‘g—:; hence equation (2),
Art. 324, is contradicted.]
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833.] Barnshaw’s Theorem. If a particle is in equilibrium
under the action of forces varying according to the law of inverse
square of distance, its equilibrium is unstable.

If its equilibrium were stable for all displacements, positive
work would have to be done against the attractive forces, i.e.
these forces would for every small displacement do negative
work, or, in other words, 7 must decrease in all directions from
the point. 7 is therefore a maximum at the point—which, by
last example, it cannot be. Therefore, etec.

334.] Method of Inversion. Supposing that for any dis-
tribution of mass forming either a continuous solid body M
(Fig. 283), or a thin shell
of any shape, or a series
of isolated particles, we
know the value of the
Potential at any point, 4,
we may by the aid of an
analytical transformation
deduce another analogous
mass, M’, whose Potential
at any point, 4" may be
deduced from the previous Potential.

Thus, suppose the mass 3’ to he deduced from the mass A in
the following way.

Take any fixed point, O; join it to P, and take the inverse
point 7, so that = (@)

where » = OP, = OP’. Round P let any very small closed
surface be described, and take round P’ all the points cor-
responding to those on this surface. We shall thus get a very
small closed surface at P’. Denote the volumes of these elements
by dQ and dQ’, respectively. Now dQ is filled with a quantity
dm of matter belonging to the mass 3, and it remains with us
to fill dQ" with matter according to any law we please. Fill
dQ’ with a quantity dm’ bearing to dm the relation
dm’ & v

=-—»Ol‘=z", (ﬁ)

dm 7

and let this be done for all the elements, dQ’, of volume in the
derived body M’, related as above to the corresponding elements
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dQ of M. Given the volume-density, p, at each point, P, of M;
we must now find the volume-density, p’, at each derived point P'.

Now dm = pdQ = pr?sinfdrd0d¢ = —pridrdude, in the
usual notation of polar formule. Similarly, 7’ being taken
positively without reference to dr,

dn' = —~p' 1" 2dr'dpd ¢ ;
and from (e), if dr and d»’ are taken connectedly, we have
rdy’ +'dr = 0; hence (3) gives
5
PF=p ;Cﬁ-,’ ()

so that if p is constant, p” will vary inversely as the fifth power
of the distance, OPF’, from O.

Let 4 be any point, at which the Potential of A7 is 7, and
take the inverse point 4. It is required to find 77, the Poten-
tial of M’ at 4’.

If d 7 is the Potential at 4 produced by the element dm at P,

dm
[ZV = ‘y A—-P Py
where y is the gravitation constant. Also if d7”is the Potential
at 4’ due to dw’ at P,

=y
WV=vrp
4
Hence (‘17177 =§ZA’§’ But the triangles P40 and 4’ P'0
AP D av’ D

are similar, .-, if 04 = D, TP =73 hence T = and this
constant relation holds between the Potentials of all correspond-
ing elements, and therefore between the whole Potentials, so that

r=2.7. )

In this transformation the angle at which any two curves in
the original system M intersect is equal to that at which the two
derived curves intersect. For, let @ and z be any two very close
points in the system M, and let Q" and 2’ be their inverses.
Then the quadrilateral @rn’ @’ is inscribable in a circle, so that
@n and @2’ are ultimately tangents to the circle and therefore
equally inclined to 0Q. Similarly, if ¢ and ¢ are two corre-
sponding points very close to @ and @', the arcs Qs and Q's
are equally inclined to OQ ; therefore the angle between the arcs
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Qn and Qs is equal to that between Q7' and @’s’. Hence if
the contour M is the outer surface of a shell whose thickness
varies in any manner, being @z at the point @, the inverse
points will trace out the contour M’ of another shell, and if #” is
the inverse of #, @ n’ will be normal to the new shell, and will,
of course, be its thickness at Q.

o @ _0Q _0Q . . .,

By similar triangles o= o= oq since @ and »
are nearly coincident. Hence if  and 7" are the thicknesses of
the shells at corresponding points,

J

7 7
T=5 ()
and hence by (y)
73
P =pr. 75 (€)

so that if pr is constant all over the shell A, p’v’ will vary in-
versely as the cube of the distance from O at every point on the
derived shell.

If the mass 3/ forms a spherical shell of uniform thickness and
density, its Potential at 4 is at once known. Hence is known
also the potential at 4’ (any point) due to a spherical shell in
which the product o'+’ (which is the mass per unit area of its
surface) varies inversely as the cube of the distance from a fixed
point, O—a case which has been already discussed (p. 301).
Supposing M to be a spherical surface whose centre is P, the
inverse point, 7, is not the centre of the sphere Af’, but is the
inverse of O with respect to the sphere M’. For if J and J” are

JP PV
any corresponding points on the contours, PO=T0’ and since
M is a sphere with centre P, the left-hand side is constant, there-
fore the right side is constant, and the two points O and P’ are
well known to be inverse with respect to the sphencal locus of J'.
dm

Again, (3) gives, since M’ = £ f —= ,{c P

VL4

I/":yW) (q)

which shows that the level surfaces of A" are spheres round P’
as centre ; and the result (n) holds both for the case in which A/
is a uniform spherical shell, and therefore 2’ a spherical shell
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in which the surface-density, p’+’, varies inversely as the cube of
the distance from O, and for the case in which A/ is a solid
uniform sphere, and therefore M” a solid sphere in which the
density varies inversely as the fifth power of the distance from O.

In this method of transformation we may notice that ¢ze mass
of the derived distribution, M, is proportional to the Potential of
the given mass at the origin of inversion. (It is equal to this

Potential multiplied by é)

335.] Continuity of the Potential. The gravitation Potential
of any attracting solid mass varies in a continuous manner from
point to point in space, whether the points chosen be inside any
portion of the mass or outside it.

For, if » be the distance of any element of mass, dn, of the
attracting body from P, the point at which the Potential is
required, 7 = y (]Tm Let P be taken as origin, and let the
position of the element @m be defined by the radius vector, 7, and
two angles, § and ¢, and let p be the density of the element.
Then dm = pr?sin6 drd6d ¢, and

V=y/)/) prsin0drddddg.

This form of 7 shows that even if 7 is zero, i.e. if P is inside
the mass, the value of the Potential is finite, no infinite term
being introduced by the infinitely close proximity of P to some
of the (infinitely small) elements of mass.

Hence the Potential varies continuously throughout space, and
diminishes from the vicinity of the attracting mass towards the
space very remote from it in all directions.

The field of attraction of any matter, according to the
Newtonian law, may therefore be compared with a country con-
sisting of hills and valleys which vary gradually, even though
they may rise or fall rapidly in certain places,—precipices and
chasms being wholly absent ; and in the field of attraction the
Potential at each point is the gravitation level of the point,and is
the analogue of the height above the sea (or other arbitrary) level
in the other.

336.] Continuity of the First Differential Coefficients of
Potential. In a field of attraction in whick every attracting
element is one of finite volume-density, there is likewise a complete
continuity of the first differential coefficients of 7 from points
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within to points without the attracting masses. For these first

differential coefficients, dV d; ‘Z, are simply the components

of force-mtenﬂlty, and if in (3), (4), (5) of Art. 325, we put
¢(r) = 5 the elements under the sign of integration never at

any pomt contain 7 in the denominator, and are therefore never
infinite, even when 7 = 0, i.e. when P is inside the mass.
Evidently the case would be different for a law of attraction
according to a power higher than that of the inverse square.

And the case is different again, even for the Newtonian law,
when the attracting matter forms an énfinitely thin shell with
(necessarily) infinitely great volume-density. In this case the
force components in some directions vary abruptly for a small
change of position of the attracted particle P, although in other
directions they vary continuously. Of this more hereafter ; but
the fact is already sufficiently clear in the case (Art. 322) of the
normal component of a thin shell.

337.] Discontinuity of its Second Differential Coefficients.

1
2(
Si V= (lm h av _ d (r)
ince ¥ we have — =y [—
dinates of the pomt, P, at which the Potential is 7, being z, 7, 2.
Now if (2,7, 2’) are the co-ordinates of dm, and (2, y, z) those
of P, we have g2, (z—a)2

dm, the co-or-

=7
and since }-{H {2 dr 2 Ly dm
y dz? f rs (1.2: TR dwz}
L pe3(e—a) 1
S T f{ - ——} dm. (1)
Similally 1 ¢7_ il (3’ —yF _ Zham, )
y A

L =

If in these expressions we substitute for 2—2, y—3/, 27,
and dm, as in last Article, we have

1d7 - R P .
y dab —f(3sm fcos®p—1) r51n0drd0d¢,



316 THEORY OF ATTRACTION. [338.

hence, when » = 0, i.e. when 7 is inside the attracting mass,
the expression under the integral sign becomes infinite, and the

2V . e .
value of (d—w&,—ceases to be continuous from points inside to points
outside the mass.

. av av
Fig. 284 represents the values of 7, p and T when the attract-
X X

ing solid is that contained between two concentric spherical surfaces

whose radii are Oa’ and Oa, and the

A B point P occupies positions along a

. fixed diameter, Oz, varying from O to

infinity. The distance of P from O is

... D here denoted by «, and the values of

) V are given by the ordinates (dis-

x tances from Ox) of the continuous

curve ABCD, of which the portion

ABis a right line corresponding to

b the constant potential within the
n inner surface.

Fig. 284.

m
‘\
/a )
L1

|4 .
The values of ((l-i; are given by the

ordinates of the continuous curve Oa’bec, of which Oa’ corresponds to
the constant zero value within the inner surface.
axy . . . .
The values of 7o Bre given by the ordinates of the discontinuous
curve Oa’mmpyg.
From Ex. 5, p. 299, when P is completely outside the mass, we
&V _ 87y p(a—a”)

have = 3 and when P is inside the shell between
the two surfaces, asy 4myp 24" ¢
aDi _3_(1+-E’—).

By putting D = a in the first of these values we have the value, ap, of
2
-g—l—;,: when P comes to the outer surface from the outside ; anc} putting

D = a in the second we have the (negative) value, am, of I when
P comes to this surface from the inside.
The above figure is copied from Thomson and Tait’s Nut. Phil.

838.] Lines and Tubes of Force. If at any point, 7, in the
field of attraction an elementary length is drawn in the direction
of the resultant attraction at P, and if this is prolonged at each
point P/, F”,... 0 as to be in the direction of the resultant
attraction at all points, P/, P”, ... along it, we obtain a con-
tinuous curve which is called a Zine of force. A line of force,
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then, is a curve such that it tangent at every point coincides
with the direction of resultant attraction at that point.

If the field is mapped out by a series of equipotential surfaces
(Art. 328), every line of force will cut every equipotential surface
which it meets at right angles, since (Art. 328) at every point
on such a surface the resultant force acts in the normal to the
surface. :

Let P be any point in the field ; at P describe any very small
closed curve whatsoever ; through each point on this curve draw
the line of force and prolong it indefinitely. We thus get what
is called a tube of force.

These terms are due to Faraday.

339.] Surface-integral for & Tube of Force. Let PAQRB
represent any portion of a tube of force, P and @ being elements
of two level surfaces intercepted by the tube. Then
the attraction on a unit mass at P is normal to the
section P, and the attraction on a unit mass at Q is
normal to the section @, while at every point, 4 or B
B, on every portion of the lateral surface of the tube
the attraction is wholly tangential to the surface.

Let Fbe the force at P, F" that at @, and w and o’ _*
the areas of the sections P and Q. Then, supposing Fig. 285.
that the tube contains none of the attracting matter, equation
(2) of Art. 324 gives Fo—Fo =0, (1)

since the only portions of the closed surface P4QB which con-
tribute elements to the surface-integral of normal attraction are
the sections P and Q.

Hence, at all points in empty space on a given line of Jorce the
resultant atiraction-intensities are inversely proportional to the normal
sections of the same tube of force at these points.

This simple theorem gives the law of attraction very readily
in certain cases, For example, let the attracting body be a
sphere whose density is the same at the same distance from its
centre. Then the lines of force are obviously right lines drawn
from its centre ; the tubes are therefore cones whose vertices are
the centre, and since the normal sections of these cones are
directly as the squares of their distances from the cemtre, the
attraction of the sphere at any external point is inversely
proportional to the square of its distances from the centre.
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Again, let the attracting body be an infinite cylinder whose
density is the same at the same distance from its axis. Here
the lines of force are right lines emanating from the axis per-
pendicularly, the tubes become wedges, and the areas of their
normal sections are directly proportional to their distances from
the axis; hence the attraction of an infinite cylinder at an
external point is inversely proportional to its distance from the
axis.

Finally, for an infinite attracting plate, the tubes are cylinders
and the attraction is constant at all points in empty space.

If the tube of force contain within it a quantity of the
attracting matter whose mass is dg, we have by (2) of Art. 324

Fo—-Fo'=4mydy. (2)
This equation can in like manner be employed to find the re-
sultant force inside a sphere, a cylinder, or a plate.

In the case of a sphere of uniform density, let the tube be
contained between the spheres of radii » and r+dr. Then
dg = pwdr, p being the density at the attracted point, and (2)
becomes d(Fw) = 4mypwdr,
or , d(Fr?) = 4mypridr,
since w is proportional to 72. Integrating this last equation,

P = zw'yp7‘3+ C.
Now F'is evidently zero at the centre, therefore C = 0, and
F= % TYypT.

For a point inside an infinite cylinder at a distance » from the
axis we have, since w is ultimately a rectangle of breadth pro-
portional to 7, d(Fr) = dnyprar,

F=2znypr.
In general, if the tube is terminated by two level surfaces

whose distance measured along the lines of force -forming the
tube is ds, we have dg = pwds, and (2) gives for the determina-

tion of F d(Fo) = 4 1y pads.
840.] Unit Tube of Force. If at any point P we draw a
tube of force such that the product of the force-intensity and the

area of the normal section is unity, the tube is called a wnit tube.
Thus, in C. G. 8. measures, if the product of the force-intensity,
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expressed in dynes per gramme mass, and the area of the normal
section, expressed in square centimdtres, is numerically unity, the
tube is a unit tube.

Secrion III.
The Attraction of Ellipsoids. [Method of Chasles.]

341.] Shell bounded by Similar Surfaces. Let v7»  and rqp
be two concentrie, similar, and similarly situated surfaces whose
normal distance from
each other is at all
points very small. Sup-
pose the space between
these surfaces to be filled
by attracting matter of
uniform density, and let
O be an attracted particle
in the interior of the
shell. With O as vertex Fig. 286,
let any slender cone be
described, intercepting on the shell two frustums whose thick-
nesses measured along the generator pr of the cone are pp’ and
r7’. Then, since by the property of similar, similarly situated,
and concentric surfaces of the second degree, the intercepts zp’
and 77/ are equal whatever be the direction of the line pr, we
see by Art. 318 that the attractions of these frustums on O are
equal and opposite. Hence the corresponding frustums of all
such cones exert equal and opposite attractions on O; and the
resultant attraction of the shell on any internal particle is there-
fore zero.

Hence, if the law of attraction is that of nature, every shell of
uniform density and small thickness, bounded by similar, similarly
situated, and concentric ellipsoidal surfaces produces a constant
Potential at all points in its interiot, and exerts, thercfore, at these
points no attraction.

The same is true for a solid of uniform density and any thick-
ness bounded by two similar, similarly situated, and concentric
ellipsoidal surfaces, since the thicknesses of the frustums inter-
cepted between its bounding surfaces will still be equal.
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842.] Corresponding Points on Confocal Ellipsoids. Let
rpg and PQ (Fig. 286) be two confocal ellipsoids, let the axes
of the first be o/, 8/, ¥/, and those of the second a, B, y, let the
co-ordinates of a point p on the first be @/, 7/, 2, and those of
a point P on the second #, 3, 2. Then, if

z vy _ ¥ = _7
=T BTR YTy
the points P and p are called corresponding points on the ellip-
soids, Also, let @ and ¢ be two other corresponding points.
Then it is very easy to prove that the distance Py is equal to the
distance Qp. (Salmon’s Geometry of Three Dimensions, Art. 181.)
343.] External Potential of an Ellipsoidal Shell. Let it be
required to find the Potential at an external point, P, of a shell
bounded by the similar, similarly situated, and concentric ellip-
soids v’ and r¢ p. Through the point P describe an ellipsoid,
PQ, confocal with 7¢ p, and describe also an ellipsoid, msn, con-
focal with ©7/p’ and similar to PQ. This latter surface is
completely determinate, since its axes must be pa, 3, ny, and
since p? (a®?—B2) must be equal to u2(a’2—p%), where p’ o/, ' 4,
(v are the (given) axes of the ellipsoid #7p"; or u = y/, since
02—62 — afz_ﬁrz.

Now at ¢ draw the normal distance, @/, which separates the
surfaces 7¢ p and 27’7/, and about ¢ describe on the ellipsoid r¢p
any small closed curve whose area is 8. Round @, on the
surface QP describe the small closed curve, of area 48, which
consists of points corresponding to those forming 4§’; and let
dn be the normal distance between the surfaces QP and msn.
We shall now prove that the elements of volume dz.dS and
dn’.dS’, which we may denote by dw and du’, respectively, are
connected by the equation

do _ do
aBy ~ dBY’ )
- Let @, y/, 7 be the co-ordinates of ¢ with reference to the
principal axes of the ellipsoids,and let da’dy” be the projection of
a8’ on the plane zy. Then, since the cosine of the angle between
4
the normal at ¢ and the axis of z is ]—;;2:, where 7’ is the perpen-
dicular from C on the tangent plane at ¢, we have

_
ag=2 ady.
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Now since the surfaces 7¢ p and /7’2" are similar, we have
an’

- = 1— )
p # . -
. A8 = (1—p) Z;dw’d/. (2)
2
Similarly dn.d8 = (1—p) L dwdy, (3)

where z, y, z are the co-ordinates of Q. But since
de _do dy _dy
Dl i &
these equations give (1) at once by division. Moreover the
Potential at P due to the element of mass pd w” at ¢ is proportional
pdo’
to
Pq d
proportional to %—; ; and since Pg = Qp,

, while the Potential at » due to the element pdw at @ is

Potential at P due to element of massat ¢ _ do’

Potential at p due to eorresponding element at Q do

_ /B’y _ mass of shell rgp
~ aBy  mass of shell PQ ’

Now the shell 7¢» can be broken up into elements of mass
formed as dwhas been formed, and the corresponding elements,
dw, will completely exhaust the shell PQ ; hence, taking all the
elements of the inner shell, and all the corresponding elements
of the outer, and thus exhausting both shells, we see that

the Potential of the inner shell at P _ mass of inner shell

the Potential of the outer shell at » ~ mass of outer shell
Now since these shells are bounded each by similar surfaces, the
Potential of the outer shell is constant at all internal points, and
(in virtue of the continuity of the Potential) this Potential is the
same as the Potential of the outer shell at P.

Hence the Potential of an ellipsoidal shell bounded by similar
surfaces is constant at all points on the surface of any ellipsoid
confocal with the surface of the shell—that is, the level surfaces
of an ellipsoidal shell are confocal ellipsoids, and its attraction at
any point is therefore normal to the confocal ellipsoid through

the point.
Let 7 and 7’ be the Potentials of the shells PQ and rgp at
P; then B8y
r=22Yy. 4
afy (4)

VOL. 1I. Y
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We chall show in the next seetion (example 4) that these
shells produce at aZ points outside both Potentials which are
proportional simply to the masses of the shells, i.e., related as in
(4); so that at all such points their attraction-intensities also
bear this relation to each other. Hence at any point outside
both shells—even though it is just on the outer surface of PQ—
we have av’  ogy dv

dr = afy da° (5)

For this reason the calculation of the attraction of an ellipsoidal
shell at an external point is reduced to that of a shell at a point
on its surface.

844.] Attraction of an Ellipsoid at an External Point.
Let ABD (Fig 286) be a solid homogeneous ellipsoid, and let it
be required to find its attraction on a unit mass condensed at P.
Break the ellipsoid up into an infinite number of thin shells
bounded by ellipsoids similar to each other and to the surface
ABD; let one of these shells be that between the surfaces v7"p’
and 7gp. Denote this shell by (s); and describe the ellipsoids
PQ and msn, similar to each other and confocal with the surfaces
of (s), as in the preceding Articles. Denote this shell by ().

Let the axes of 4BD be a, b, ¢ ; let those of rg p be &a, &b, kc,
and let those of v7’2” be (£+dk)a, (k+dk)b, (k+dk)e. Also, let
the axes of the ellipsoid PQ be £v/a%+ A2, kv/6*+ 22 kv/c +A%;
then, by Art. 343, those of msn will be (+ dk) +/a%+A3%, (% +dF)
VIEER, (k+dk)v/c*+23. Now (Art. 322), the attraction of
the shell (7) on & unit mass at P is

amyp.Pn*,
where Pz is the normal thickness of the shell at P. This at-
traction acts in the direction of the normal Pz, whose direction
cosines are iy Py Pz :
B(E+N)’ BBE+A)’ B Ay

p being the length of the perpendicular from C, the centre of
the ellipsoid on the tangent plane at P, and @, y, z the co-
ordinates of 2. Hence the attraction of (¢) on P parallel to the
axis of #, in the positive direction, is

_ A4myep2 .
k‘z“(—az +"Az')' Pn. (1)

. % The curious compensation of errors involved in the“isuel proof of this is well
noticed by Collignon ( Dynamique, p. 43%)"
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Draw the line CP meeting the inner surface of (¢) in .

Pn Ps Cs  axis of men
The n % OP’ therefore Pn = p. o But OF = axia of PQ
_ k+{Z/c . Ps  dk pdk
= —z—-—-,therefore@— % an nd P»n __T

Substituting this value in (1), we find: the attraction of (o)
parallel to the axis of z to be

dnyppadk
3(a%+2\?)

Multiplying this by the ratio of the mass of (s) to that of (o),
we have the component of the attraction of (s). Denoting this
latter by dX, we have

dX =

4mypabepzdk ) 2)
&3 (a2 +)\2)¥~/(02 +)\2) (c”+ Az)
Now, by the equation of the surface P@Q,
22 P 22
ot etzie™
a?4+ A% " PP+ c2+ A
Differentiating this, regarding £ and A as variables, we have

;Adh = —dk,

k2,

by the well-known value of the perpendicular from the centre
on the tangent plane of an ellipsoid.
Substituting this value of dZ in (2), we have

4nypabeed\

(@ -+ Nk (B R (4 X

To find the limits of A, we observe that when the shell (s) is
taken at the centre, # = 0; but the axes of (o) must be finite ;
and as they are Z+/a?+ A2, &ec., the value of A corresponding to
a vanishing shell at the centre is oo. Again, if £ = 1, or (s) is
a shell at the surface 4BD, we have a?+\% = a,?, where a, is
the semi-axis of the ellipsoid confocal with 4BD, and passing
through P. Denote this value of A by A;. Then, if 2/ be the
mass of the solid ellipsoid ABD, we have

AdA

/(az + )‘a)a (6’ + )\a) (c’ + )\2)
Y2

X= SyMw (3)
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and in the same way for the other components, ¥ and Z,

Y =3yM f " AdA

=°r&y «/(a3+)\2)(b"+)\“)3(02+)\2),
XdA (4)

=3

Z = y]![z J(az )\2)(62 )\2)(02 Az)a
X AdA

If L = f , we have evidentl
4/(a2 /\2) (&2 +)\z)(02 +)\2) Y

adl alL
.X—-—Gyde( 2) Y=—6yﬂ[ya—(—b—2-) Z=—67Mz2—(-c-2—).

The expressmns for X, ¥, Z may be put into other forms
which are useful in practice, by putting

_ ev1—u?
Then T=— ‘3y]l[:v u2du
4/(1 +e2u?)P(1+ e""uz)
Y 3yMJ/‘ wdu ()
«/(l +e2u 2)(1 +e’2u2)
7= _3_;if_z u*dw 3
4/(1 +c2u2)(l+e”u‘)
a2—c? . bt L
where ¢2 = A and 2 = prll the least semi-axis being c.

If the attracted particle is oz the surface 48D of the attract-
ing ellipsoid, the limits of  are 0 and 1, since ¢, = ¢.

If the attracted point is inside the ellipsoid, let an ellipsoid be
described through it concentric with and similar to the surface
ABD, and the portion between these two surfaces exerts no
attraction at the point (Art. 320).

Equations (5)show that the components along the prineipal
axes of the attraction of a homogeneous ellipsoid on a particle
placed anywhere on its surface or inside its mass are of the
forms Az, By, Cz (6)
where 4, B, C are constant quantities.

845.] Potential of an Ellipsoid. [Potential of a homogeneous
Ellipsoid at its centre. Let ABD (Flg 286) be a homogeneous
Ellipsoid of density p, whose semi-axes are a4, 4, ¢. The polar
element of volume being 72 sinddrd0d ¢, the Potential of this



345.] POTENTIAL OF AN ELLIPSOID. 325

at C is yprsin 0drd0d ¢ ; and integrating this from C to the
bounding surface, we get 3yp R?sindd0d ¢, so that

7, = f f sinfddd¢
=*tre o s8inZd cos2¢ sin? 0 sm2 cos?u’
t =
where 7, is the Potential at C. This, again, is the same as

0dod¢ '
7, =4 f f sin )
s 0 sin?0 cos2 sm2 Osin® ¢  cos* v

b® c?
Integrating with respect to ¢, we have
sinddé

=2
ﬂypf M (311120 cos"'e) (sm2 [/ cos“" 0) (1)

Putting tan 6 = ¢, we have
2/‘“ tdt .
o V(L +8) a2+ 8) (0 + )

or, finally, putting ¢?#2 = A%, we have the symmetrical form

® AdA
V, = 2wypabe fo WSO OIS (2)
Potential of Ellipsoid at any internal point. Let p (Fig. 286)
" be the internal point the Potential at which we desire to find.
Drawing the ellipsoid pgr, which is similar to the bounding
surface DBA, the values of X, ¥, Z at p are due entirely to
the matter within pgr. Hence if the axes of pgr are ka, 6, ke,
we are to put A, = 0 in equations (3), (4), p. 323, and

M = & kB pabe.

V,= 2mypabe

Thus we have
X = 4nyphiabex
Putting A% = £2u?,

AdA )
w V(Ba+ NP (B0 +A%) (B + A%)

0 pip
© V(@4 u2P (0 + 1)@+ 1) )

X = 4nypabe .2

Similarly
Y = 4nypabe. yf pdu , (4)
V(@ + )8 + )N + 1)
0
Z = 4mypabe. 2 pu . (5)

o V(@ + 1) (5 + 1) (@ +w)P
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Denote these values of X, ¥, Z by 4z, By, Cz, the quantities
4, B, C being obviously the same for all internal points. Then
if 7 is the Potential of the whole ellipsoid at p,

V= Axdz+ Bydy + Czdz.

Integrating,
P=Ty+ (4 + By + Cat). (®)
Substituting the values of 7, 4, B, C, just found, we have
® o3 72 22
V= 2nypabc£ (1 A T RrET c’+p.2)
pdp
(7)

@A+ )
The integrals involved in these several coefficients are easily
reduced to the ordinary forms of elliptic integrals. Thus, as-
suming that the axes in order of descending magnitudes are

a, b, ¢, assume u? = {2 tan? p—c?sec? ¢. (8)
Denoting v/(a? + p2) (82 + u2)(c? + p?) by f(1), we have
P a¢ (9)
S (w) va?—c?—(a*—8%)sin®
1 d¢
- \/az—cz.n, (10)

in the ordinary notation of elliptic integrals. Also

© T|F
e

sin~1 bﬁ )
. . 4C
Hence, denoting sin—! 7 by w, we have

2nypabe 87
V= ":f _?,
" Vai—¢, Ad (11)

=41rypabc Feos2pd o
(a2 =c)e A%
_ 4nypade f’cos’q&dd:
(=) Vai—cte A9
4mypabe Foot2gd
z=(bz_02;‘:_fai___czf“ A‘; Pxe.  (14)
The integral in (12) is reduced to elliptic integrals of the first

X @, (12)

X, (13)
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and second kinds by the formula (Hymers's Zutegral Caleulus,
p- 219) d¢ #2sing cos
[ =7 9)- ~“Fap

while that in (14) is reduced thus:
/‘cot%dcb__ _[Geotd [d¢p -M-};’ﬂ d¢

H

a9 a¢ Y X asg’
¥ being the complement of #, i.e. ¥+ ¥2 = 1.
Potential of an Ellipsoidal Skell at any external point. Let it be
required to find the Potential at P (Fig. 286) due to the homo-
geneous shell contained between pgr and p'#». By Art. 343,

this Potential = abe times the Potential

V(@%+22) (62 4 A2) (& + \?)
produced at C by the shell PQms; and since the axes of the
outer surface, PQ, are #va%+ A%, &ec., it is easily seen that this
latter Potential is

¥ i sin0d0d¢
- . . . 5
Bypkd'é./(: fo sin?d cos?¢  sin’dsin¢p  cos2 O (15)
%+ \* E+A2T T A4t

But we have shown that the double integral in this expression
is equal to

o1l K . ()
0 ~/(a2+/\2+#2)‘(b2+A2+“2)(02+/\4+“2)
where f(\) = V(a2+22) ((*+A%) (¢E+A%). Hence if 47 is the
Potential of the shell pgr at P,
V= —aaypale. mf “‘l" (17)

where x (u) is the denominator under the mteo'ml in (16).

—_— — 0

=V

udv

We may put A2+ u? = »% so that B, K and

aV = —4mypabe. kd/cf

2° yz 22
But (p. 323)kdk =—[(a*+)@)’ + Frap + (cz_,_;\z)z]"d)“

Hence integrating from A = oo to A = A, 5o as to include the
whole given ellipsoid, -

V= 41rypabc‘/h {[(a2+)\“ + (”+)\2)§ + (c"+)\” ,]f vdu})\d)\ (18)
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This is easily reduced to a simpler form thus, Let

f( )__¢(u) then
P=4x abcfm[ U R s
Ye e+ 22) (BT 22E 7 (2 +NY)
[o()—p(N)]AdN

Now taking} the term in z only, we have

w“/“" :‘ﬁ,)z[cb(oo) —o(\)] = aaiAIZMoc)-z—«b(Al)

éf” o* Nd\
TN a2+ Af(A)

2
Adding the terms in y and 2, we have, since —2_.‘:_)73 +..=1,

AdA
V=27ryp050 [4)( 4’(1\1) f (a2+)\2 3,2+)\2 + 2+,\2)f()\)
22 2 22
Y Nd A
= Znypabcf (1 ErN T PBial "‘Cz_i_)\z)f()\ (19)
ExamrLEs,

. 1. Find the attraction of a homogeneous ellipsoid of revolution
round the minor axis (oblate spheroid) on a particle placed on its
surface.

Here a = b, and ¢ = ¢ in equations (5), p. 324 ; therefore

X= 3YM71 wrdy
T Jo(+ewy
The mtegml is most easily found by putting ew = tan6. We then

find 3y Mx o
X= 57 (e te— s
SyMy, _ . ¢
T=—%as tTema)
Z =—Mz(e—-tan“e)

These expressions are of importance in the theory of the figure of the
Earth,

T2 A homogeneous fluid mass, self-attracting according to the law
of nature, is acted upon at every element by a force proportional to

u—_l
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the mass of the element and its distance from an axis passing through
the centre of mass of the fluid. Prove that an ellipsoid of revolution
round the axis is a possible figure of equilibrium of the fluid. 3

Let kr be the force emanating from the axis on a unit mass at
distance » from the axis. Take the axis as axis of z, and assume the
surface of the fluid to be an ellipsoid of revolution whose axes are
eV 1+e eV 1+, c.

Then the x-component of force on a unit mass on the surface is
(— A+ k), where 4 has the value in example 1. Hence if ¥V is the
potential at the surface

AV = (—A+k)zde+(—4+k)ydy—Czdz,

which is zero, since if the potential is not constant over the surface of
a fluid, there will be a force in the tangent plane causing a flow from
one point to another. Also by differentiating the equation of the

surface, we have wde+yd
’ yay _
BTV e +2dz=0.
Hence we must have —A+k 1
C T 14é

Substituting the values of 4 and C from last example, and putting
M = §mwc*(1+e?)p, where p is the density of the fluid, this equation
gives hee®
—— +3¢=(3+¢)tan""e.
2wp

Putk=47p.q; then we have
2¢ge®+9e
3(3+¢Y)

which determines e, the eccentricity, in terms of ¢; and ¢, the least

axis, is known from M, the whole mass of the fluid.
There is a major limit to the value of ¢ in order that equilibrium
in the ellipsoidal form may be possible ; but into the discussion of

this, which is somewhat tedious, we do not enter. [See the Mécanique
Céleste, or Besant's Hydromechanics.)

—tan~'e=0,

* 8. If from a solid homogeneous ellipsoid there be removed any
complete ellipsoid, find the attraction at a point—(a) inside the
remaining mass, (b) inside the ellipsoidal cavity.

The attraction is to be found by considering the cavity to be filled
with matter of the same density as that of the rest, and then sub-
tracting the results due to the matter which is imagined to fill the
cavity.

Let the axes of the complete ellipsoid be taken as those of reference,
and let the axes of the cavity make angles (a,, B,+ 74)s (g Bqs o),
(a5, By ¥s) with them. Also let the co-ordinates of the attracted
particle with reference to these axes be (w, y, 2) and (¢, ¢/, ?),
respectively, and let the components of attraction along these 'sets of
axes be (X, ¥, Z) and (X’, Y, Z). .
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Then X=Aw, Y=By, Z=0¢
where 4, B, C are constants; and '
X'=4’, Y=By, Z =07,
where if the attracted particle is outside the cavity, 4/, B, " are

variables, but if inside, constants.
The whole force parallel to the axis of ® on a unit particle is

obviously X — (X’ cosa,+ ¥ cosa,+ 2’ cos ay),

with similar expressions for the components along the axes of y
and 2.

If the attracted particle is inside the cavity, the level surface
passing through it is easily found. For, the virtual work of the
attraction of the whole ellipsoid is Xdew + Ydy + Zdz, or d(42®+ By?
+C2%; and that of the attraction of the small ellipsoid is X’da’
+ Y'dy'+ Z'd, or }d (4’2" + B y"*+ C’/*). Hence the level surfaces
inside the cavity are given by the equation

Ax®+ By* + (22— A'a/*— B'y/*— C"2/* = const.

They are therefore quadrics.

‘We could in the same way find the effect due to an ellipsoidal mass
which contains in its interior another ellipsoidal mass (or nucleus) of
density different from that of the remainder. If p and p’ are the
densities of the two portions (p”>p), imagine the whole to consist of
a homogeneous mass of density p, and add the effect due to the
nucleus, supposed of density p’—p.

4. Prove that an oblate spheroid of uniform density cannot have
its own surface for one of its level surfaces.

[The condition that its own surface should be a level surface is
tan~%e = 3—%, which cannot be satisfied by any value of ¢, except
zero. ]

5. Prove that a prolate spheroid of uniform density cannot have its
own surface for a level surface.

[By putting e = 4/ —1 in the last result, the required condition
becomes log LHE_ 3%

Hoe T 7=3=%
which gives by expansion

B—F)(1+342+3K+..)=8, or —+4—
which is, of course, quite impossible.]

6. Prove that in the spheroid considered in example 2 the re-
sultant attraction at any point on the surface is proportional to the
length of the normal between that point and the axis of revolution.

7. Express gravity on the surface of such a spheroid in terms of
the latitude,
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[The latitude of a point on the surface is the angle made with th
plane of the equator by the normal at the point.
If E denotes the value of gravity at the equator, G the value in
latitude A, and € the eccentricity of the generating ellipse, i

G= L ;
¥/ 1—sinA’
50 that if e is small, the increase of gravity at any point above the
equatorial value is proportional to sin® (latitude).]

8. The components of attraction of a homogeneous ellipsoid at an

internal point (x, y, 2) being A, By, Cz (as in p. 324), prove that
4+B4+C = —47yp,
where p is the density at the point,

9, From a continuous mass, M, a portion M’ is removed and
reduced to a state of infinite diffusion; show that the work thus
done is SV’ —} SVdm’,
the integrals being extended throughout the volume of M’ (while
it forms part of M), V being the Potential at any point of M due to
the complete mass, ¥’ the Potential due to M’ alone, and dm’ an
element of M’

10. A homogeneous ellipsoid of density p and semi-axes g, b, ¢,
contains a concentric spherical cavity of radius »; prove that the
work done in filling the cavity with homogeneous matter of density
p, brought from a state of diffusion, is

8 2.2 3‘ ® )\dA

= Sabe [ S—~—30°

15 Ym e Sabe | 7N §’
where f(A) = +/(a’+A?) (b +A*) (¢*+A?), and verify this result for
the case in which the ellipsoid is a sphere (example 23, p. 310).

(Use the value of ¥ in (6), p. 326, and observe that
A+ B4+ C=—4myp,

and also that /2%dm’ = fy*dm’ = [22dm’ = {gwpr®.)

11. If the external level surfaces of any attracting system are
confocal ellipsoids defined by the parameter A in the equation

xﬂ ?/’ zg
a2+/\+ D+ A +a’+)\— 1,

shew that the potential is given by the equation

M f dA

V=v3) V@ N C+ N @D

where M is the mass of the attracting system. _
(Transform the equation V¥V =0, which holds for all points

outside the mass, into a differential equation in which A is the
independent variable. Thus .

A LLNILANILY av
sy " )22 s —) {4 — VA =0.
vr=G51G +@) + @ ri T =0
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But if p is the central perpendicular on the tangent plane to the
elllpsmd at any point, we easily find by differentiating the equation
connecting A with 2, y, 2, that

dA _ 2p'x dA? ag
d:z: 2+)\, dth&t (d~w)+...-—4p,
1
. o 0.2 )
while V2A=2p (a’+)\+ b“+)\+o’+)\) Therefore, &c.)

SecrioN IV.—Green’s Equation and Spherical Harmonics.

846.] Green’s Equation. Let U and 7 be any finite and
continuous functions of the co-ordinates of a point in space, and
a®  d? (l2
@t apt o

y? " dz

Take any closed surface (Fig. 287, or

\@\/{ Fig. 274, p. 238); let 4Q represent an ele-

] e ment of volume of the space inside this

surface, and let d§ represent any element

of area of the surface. Then we shall have

Fig. 2b7. the following equation, which is due to
Green :

ar avay  aviv  avav
2 —_—
va Vi fU 48— /(Ww Byt a) @

dn in this equation being an element of the normal to the sur-
face drawn outwards, as in Art. 329.
For, d Q = dzdydz, so that the left-hand side is

AL L)
/ff (Zaw + g + ) dady .

Consider the term U —Zseparately Taking f U—dm and

let V2 stand, as usual, for the operation

integrating between the extreme values of 2, conmdermg yandz
both constant—i.e. in the ﬁgure, performing a summation along
the line p, p2 parallel to the axis of z—we get

Jrz =) - %), - [T o

in which the suffixes denote the values of the quantities in
brackets at the extreme points p, and p, of the lntegratlon
Fig. 287 represents the line p, p, as meeting the given closed
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surface in only two points, but our result holds whatever be
the number of these points—observing that it must be an even
number, since the surface is closed. Fig. 274, p. 238, will repre-
sent the more general case if we imagine the line 0Q to be
parallel to the axis of #; and with this figure the terms outside
the sign of integration in (1) would be

rl 4
(%)~ (V%) + (V5) — (v %), @
The integratlon along P1 Py 18 performed in reality along a
very slender parallelopiped whose transverse section is dy dz, and

not along a line. Multiplying the different terms of (1) by
dydz, we have the right-hand side equal to

(U%)zdydz— (U—) dydz—dy zf‘lU‘W (3)

Now if d8, is the element of surface cut off by the parallelo-
piped at p, and if A, is the angle (represented by the dotted
line) made with the axis of # by the outward-drawn normal
at p,, we have dydz = coshy.dS,; (4)
and if 4§, is the element of area cut off at py, while A, is the
direction angle of the outward-drawn normal at p,, measured
in the same sense as at p,, we have

dydz = —cosA,.dS,; (5)
with exactly like results in the general figure, Fig. 274, p. 238,
the cosines being negative at the points P, B, and positive
at B, F,. Hence (3) becomes

(U-—— cos)\dS) + (U cos)\dS) —dydz de dVdm; (8)
and hence

f (l.Q, fUcho AdS f/de v ——dzdydz, (7)

A denotmg the angle made by the normal at any point with the
axis of .

In the same way, if u and » are the angles made by the
normal with the axes of ¥ and 2z, we have

fU 7Y 10 _fU—cOSpdS fff‘w W wdyds,  (8)
f dﬂ —fU—cosvdS fff av ﬂdxdydz (9)
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Adding (7), (8), and (9) together, we obtain the equation (a).
Writing down the value of /7 V2UdQ, and subtracting the
result from (a), we obtain
av au
LUV —FV2T)dQ = f (VS -75)ds. ()

If U is taken identical with 7, we have the result

/szrdﬂ_deVdS f[( ) & )]m. )

Green’s Equation is probably the most rema.rkable and power-
ful analytical result in the whole range of Mathematical Physics.
It is put by Sir W. Thomson into the following somewhat
generalised form

S s e
f dy + dz a9

._fU¢—dS—f¢(U 7,4 U, o4 Uy 7)de, (3)

where ¢ is any function whatever and

U, _éwg, K:—‘z, &e.

This is at once deducible as before.

Green’s equation holds also for the space included between
any closed surface § (Fig. 288)
and any closed surfaces, M,
M,, included by 8 In this
case the boundary of the space
considered is not continuous—
that is, starting from any one
point, P;, on the boundary, it
is not possible to reach every
other point (such as P,) on the
boundary by travelling merely over the boundary itself.

The figure represents a line A Z,...F, parallel to the axis of

Fig. 288.

@ along which the integration| U dd; da is performed, and the

lines Bn,, P,n,, Pyny, ... are the elements of the normals drawn
outwards from the space considered, i.e. the space included
between the contours of 8, M,, and M,
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The functions U and 7 may be any whatever—subject to the
conditions of being finite, continuous, and (as we shall assume
for the present) single-valued.

Take U = C = any constant, for example, and the equation

(@) becomes v
fvzmsz =f%d8. (10)
If 7 is the Potential due to any attracting matter,
ViV = ~4npy
(p. 280), and we have at once the equation
—4nyM; = [NdS, (11)

as in p. 264 ; and if the surface § has all the attracting matter
outside it, we have in the same way /'NdS = 0 (p. 264); for in
Fig. 288 let the contour of M, represent any closed surface,
let M, represent any attracting matter outside this surface, and
let S be any surface completely surrounding both. Applying
Green’s equation (10) to the space included between the surfaces
8 and M, and the contours of these surfaces, we have
—4nyM, = /Nd§+ [NdF,
where N and dS refer to the surface S, and N’ and d§” to the
surface of J/,. But, ignoring the surface of 2/, altogether,
(11) gives
. —4myM, = SNAS.
Hence /'N'd§ = 0.
The quantity — V27 is called by Clerk Maxwell the concentra-
tion of V. Hence (10) asserts that if a function has no concen-
tration at any point inside a closed surface, the surface-integral
of the normal variation of this function over the surface is zero.
As another example, take U = 7, and let 7 be the Potential
due to any attracting matter. Then the equation becomes

av
4 'n'):f Vim = — f 7o dS+ fRﬂdQ, ()

where R is the tesultant force .intensity at any point inside
the closed surface, dm = pd Q = element of mass at any point
inside, and y, as usual, the gravitation constant. Now (Art. 331)
the left-hand side of (¢) is 87y times the Potential Work of
the attractive forces of the system, or, in other words, 8 ny times
the amount of work done by these forces in bringing the system
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from a state of infinite diffusion to its present configuration.
Hence the right-hand side is another expression for the same
thing. A simpler expression is obtained by taking the closed
surface § of infinite size, i.e. every point of it at infinity. Now
if none of the attracting matter is infinitely distant, 7 = 0 at
every point of this infinitely distant surface; nevertheless the
integral f %Z—dS is finite and = —4wyM, where M is the
. 4 .
quantity of the given matter. Hence [ 7V [-Z[Z;‘- dS§ over this sur-
face must be zero, and we have
dnyfVdm = fR?*AQ, €)
the integral on the right-hand side- being taken all through
the attracting matter and through infinite space outside the
attracting matter, and the work required to reduce the given
self-attracting system to a state of infinite diffusion is
1
By R?aQ, (n)
the integration extending through all space outside the matter,
and through the matter itself.

ExAMPLES.

. 1. Take the case of a homogeneous solid sphere of radius a.
Then at any point inside ¥V = 2myp(a*—3%77), r being the distance
of the point from the centre. We may take dm = 4mpr’dr, and

we find 3 /Vdm=23y - where M = mass of sphere.
M
At any external point R = Z’r,—; therefore

fzmsz = y’M’ff ;lﬂdrdpd¢=4ﬂy’M2.‘1;-
At any internal point B = — §mwypr, .. j‘R“d.Q.:%-n-y’M’.‘—t;
and the sum of these two integrals divided by 8wy gives the same

value of the Potential work as before. (See p. 310.)

2. Supposing that a sphere of water is brought together by mutual
attractions of particles from a state of infinite diffusion, find its radius
if the amount of wark done by these forces is sufficient to raise its
temperature 1°C.

Let a centimétres be its radius. Then the number of ergs done by

the forces is §y M?. 15’ where M = its mass in grammes = §7a’,
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But 1 water-gramme-centigrade degree is equivalent to 42 x 10°
ergs (Joule’s Dynamical Equivalent of heat). Hence the heat, in
ergs, required to raise M grammes through 1° is 42 x10°x 2.

Therefore 1
%yM’.; =42x10°x M ;

and we know that y = dynes (Art. 321);

1
1543 x 10*
Soa=14 /\/ 2“1‘0“&“'“1,1543 x 10° centimétres

=16 x 10° (roughly).

Now the Earth’s radius = 637 x 10° cms.; therefore the diameter

Earth’s diameter
40

.3. If any surface, S, enclosing a given distribution of mass is a
surface of zero potential for this mass, the potential of the system is
constantly zero at all points outside S.

Draw an infinitely distant sphere enclosing the system, and apply
Green’s equation, taking U = V, to the space between this sphere and
the given surface S. The volume-integral /'V V2V .d {2 taken through
this space is zero, since V2V is everywhere zero. Also the two surface-

of the required water sphere = , roughly.

integrals f vV ?lnzds’ one taken over S and the other over the infinitely
distant sphere, both vanish—the former evidently, the latter because
V is of the order %ﬁb while % is of the order o%n, and dS is of the
type r*dpuddg, so that the infinitely great value of r reduces to zero
each term V%d& Hence Green’s equation reduces to /R’dQ=0,

where, as in (¢), Art. 346, R is the resultant force-intc'nsit-y at any
point in the space considered; .. R = 0 at each point, i.e. V is con-
stant, and equal to zero everywhere.

4. If for each of two different material systems, 7 and M’, a cer-
tain surface, S, which encloses both, is a surface of constant potential,
all the external level surfaces of M are also level surfaces of M”.

For, let A be the constant value of the potential of # on S, and let
4’ be the constant value for #” on S. Then, if we increase the

density at every point of M’ in the constant ratio %, we obtain a
mass system occupying the position of M’, whose total quantity is
%M, and whose potential on S is 4. Reverse the sign of every
element of this new mass, and take this reversed system conjointly
with M. We then have a mass system, M — ;—,M’, producing con-

stant zero potential over the surface S, and therefore at every point
VOL. II, “ A
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outside 5, by last example. Hence every level surface of M between
S and infinity is also & level surface of M, and the ratio of the poten-

A
) Z, *

Thus is proved the equivalence of the ellipsoidal shell, ¢p’, Fig. 286,
with the shell Qs so far as attraction at all points outside both, or at the
outer surface of the latter, is concerned.

5. If two different masses of equal amounts have the same external
level surfaces, prove that /'//'p Udxdydz is the same for both, where
U is any function satisfying Laplace’s equation.

By example 16, p. 309, we see that their Potentials must be
identical at all external points. Let ¥V be the Potential on any
common level surface. Then applying Green’s equation (3), p. 334,
to the volume and surface of this level surface, we have for one of

the masses av dU
—4my Ude_/Uan—dS— Vf% s

Now since U has no concentration inside the surface (p. 335) we

174
LA dS = 0; also pdQ = dm = the element of mass; therefore

dn 1 av
~/Udzm.—__mf(fng ds.

av . .
For the_other mass . 18 the same as for the first, since their

tials is, on all

have

Potentials are equal at all points. Hence for it
1 av
/o —_—
fUdm = 4_”ny ; ds,

which gives /Udm = fU dm/, as required.

If the two masses are not equal, these integrals are proportional to
their amounts; or S Udm fUdm’

M =" M * (a)

6. If two different masses have the same external level surfaces,
they have the same centre of mass and the same principal axes at
this point, and their Ellipsoids of gyration are confocal.

For, let U = « in (a), and we have z = #/. Similarlyif U = y, and
U=z, we obtain 7=y, &c. We may take the centre of mass as origin.

Secondly, let U = xy (which satisfies V2U = 0); then

1 1
Efmydrn:JiZ,/xyd/m’;

so that if the products of inertia round the axes of co-ordinates
vanish for the first mass, they also vanish for the second. Take the
principal axes as axes of co-ordinates.

Thirdly, let U = y*+2*~2«% and if 4,...4’,... are the principal

moments of inertia, we have

1 1 ,
77 (B+0—24)= 3(B +0'—2.4).
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Two similar equations also follow. Hence
4 4 B B c_C
]T[_—jl—[’-‘-k’ T +A; ﬂ—ﬁ'-l-}"
7. Prove that the mean value of any continuous function, ¢, taken
over a sphere of radius a exceeds the value which the function has
at the centre of the sphere by

- [(C—2)vi$.a0,

this integral being taken through the volume of the sphere, and »
being the distance of any point from the centre,

Round the centre of the sphere describe a circle of extremely small
radius, b, and apply Green’s equation to the space between the two
spheres. This space has for boundary the surfaces of the two spheres.

1 1
Let e be taken as U. Then from (83), Art. 346, since V2U = 0,

[¢-Dvs.ae=[¢ - Hita S—f(— ‘)d"’ds

f¢ ds+f¢

the integrals with suffix 1 referring to the surface of the outer sphere
(for which dn = dr), and those with suffix 2 to the surface of the
inner (for which dn = —dr). Now the first integral on the right-

hand side is zero, ' 7r=a; the third integral = 1 f ¢dS; the
fourth = — — / ¢dS = — 47 ¢, (where ¢, is the value of ¢ at the

centre) because ¢ at every point on the surface of the small sphere
is very nearly constant, and /dS = 4mb’. Also the second integral
is zero, because = ig very nearly the same at all points on the small

sphere, and » = b at all points, so that this integral

=—G -1 G,

which is infinitely small since b is so. Hence we have

f(_l - 1) VipdQ = 7:-, /:p dS—and,,

which gives the desired result.

If ¢ is the Potential of matter wholly external to the sphere, we
have the result in example 12, p. 306.

If there is matter internal as well as external to the sphere, it can
be shown at once that the mean value of the Potential on the surface
is equal to the Potential at the centre due to the external mass, plus

Z 2
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the Potential which would be produced at the centre by distributing
the internal mass as a shell over the surface ; in other words,

1 M@
R — () —_—
4 wa’f Vas=Fo +y a
8. If ¢ is any function of the co-ordinates of a point, P, and round

P as centre a small sphere, of radius », be described, prove that if ¢
is the mean value of ¢ (i.e., mean volume-value) for all points within

the sphere, ¢—’-= b+ V2.

347.] Remarkable Consequence of Green's Equation. The
first result that we shall deduce from Green’s Equation is the
following, which is of fundamental importance in the theory of
Attraction—

There cannot be two different functions whick both satisfy La-
place's equation at every point of a closed region of space and whick
have both the same value at every point of the surface or surfaces
bounding this region.

If possible, let there be two different functions 7 and U such
that at every point in the region enclosed by the surface in
Fig. 287, p. 332, or at every point in the region included between
the surfaces of 8, M,, and M, in Fig. 288, we have

V2V = 0 and V2ZU =0,
and also such that 7 = U at every point on the bounding surface
in Fig. 287, and at every point on the surface S, every point on the
surface of M, and every point on the surface of A, in Fig. 288,
Then our theorem is that 7 and U must be identical.
For, by Green's equation, if ¢ is any function,

de¢ A\t AP\t dd\?
f¢V2¢dQ =f¢ %'ls‘f[(d_m) +(g) + (@) 1aa
in which dQ is any element of volume of the space considered
and 48 an element of area of the boundary.

Let ¢ = V—U. Then by hypothesis V¢ = 0 at every point
in the volume, and ¢ = 0 at every point on the boundary ; hence

(1) becomes d dp? dp\?

yemes 1)+ (@) + (G e =0,

Now this asserts that a summation of a sum of squares is
zero, which cannot be unless every term in the summation = 0.
Hence at every point in the volume considered we must have

av._4du . dav _adU , aV _aU

. @ A = =z’
and these require 7 = U at every point of the included space.
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The application of this result to the theory of Potential is
obvious. M,, M, may be any distributions of attracting matter
and § an infinitely distant surface. If no portion of the attract-
ing matter is contemplated as at infinity, the Potential has a
zero value at every point on 8. Then the Theorem just proved,
when applied to the region included between the infinitely distant
surface and the contours of M, and M,—i.e. to the whole of the
space external to the masses M, and M,—comes to this: if we
know any function, 7, of the co-ordinates (#, 7, z) which vanishes
for all points at infinity, which at every point on the contours of
M, and M, has the value of the Potential of these masses at the
point, and which at every point outside these masses satisfies
Laplace’s equation V27 = 0; then 7 is the Potential produced
by the masses at any point (, 7, z) of the space external to them.

For, the Potential satisfies all these conditions, and as there is
only one function which can do so, the given function, 7, must
be the Potential. _—

348.] Central Solid of Revolution. Theorem of Legendre.
For the case in which the attracting matter forms any central
solid of revolution we shall now prove the following remarkable
result which was first proved by Legendre: If in the case of any
body whick is symmetrical, both as to shape and to density, about an
axis, we know a Potential function (of @, y, z or any other co-
ordinates whick determine the position of a point) whick for all points
on the axis outside the body is the Polential of the body at these
points, this function is the Potential at every point outside the body.

[The expression ¢ Potential function ’ is here used for brevity
to signify one satisfying Laplace’s equation, V3¢ = 0.]

Legendre’s proof of this theorem (which is that commonly
employed) will be subsequently given. The following seems to
be more simple and elementary. )

The Potential for this case must be simply a fanction of the
two cylindrical co-ordinates z, ¢ (Art. 329). Hence if 7 is the
Potential at any point,

axv axv _1dvV
@ gt eac =" )

Let U be the function which we know, and which satisfies the
conditions above enunciated. Then U also satisfies (1). Let
¢ = V—U; then ¢ also satisfies the equation (1), or

at¢  d%¢p a
((‘7;2- +2?2')+71%=°' (2)
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Now all along the axis of z we have ¢ = 0, and therefore

dp ¢ _ 3¢ _
=% 7m=0 ga=0..

With these conditions, and with the condition that (2) holds for
all values of 2z and {; we wish to show that all the differential

mntn
coefficients of ¢, such as Jﬁ%’ vanish at all points on the
axis of z,
Firstly, at all points on the axis of z (since (= 0) we have
by (2) s _
d¢
Again, differentiating (2) with respect to ¢ and putting (= 0
we have a%¢
@ =

Differentiating (2) » times with respect to ¢, we have by
Leibnitz’s Theorem
dn+2¢ (Zn+ anrtl n+1¢

c(dzzd{” + Z"+2§) n 5 O 1+ (1) ==y o =0,

so that at all points on the axis of z
a2 du-1¢ [ln+1¢
2 iz (,lcn_l)”'(”"‘l)?f{‘ﬁf = 0. (3)

n-1
Hence if at all points on the axis :5 “_¢: = 0, we shall have
du+]¢ ¢ 24) {
It 0. But ac and —— ac have both been proved to vanish

at all points on the axis, and therefore all the differential co-
efficients of ¢ with respect to ¢ vanish on the axis; and hence
also, on account of the independence of the order of differentiation,
all of the form ar = d?’ also vanish on the axis.

Now, by Maclaunn 8 Theorem, if ¢ = f (2, (), we bave

6 =d0+2(70) +(G8) + 11 () +asc (1)
+0 (5 1+

where ¢,, (%)o, ... mean the values of ¢ and its differential

coefficients when (0,0) are put for (z,{). Hence, by what has
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Jjust been proved, ¢ is zero everywhere—that is, 7 is identical
with U.

The same proof shows that if we know a Potential function, U,
which at every point inside the attracting mass satisfies the
equation V2U = —4myp, and if U for all points on the axis of
symmetry is the Potential, it is the Potential for 2/ points in the
mass. For, putting ¢ = 7 —U, we have still the equation (2),
with all its consequences, for ¢ ; and, as before, we prove ¢ = 0
for all points.

349.] Laplacians. Let O be any fizxed origin, P a point
whose polar co-ordinates are (7, 6, ¢) and P’ a point whose
co-ordinates are (r, ¢, ¢'). Then, denoting, as previously,
cos 6 by u and cos & by p, the reciprocal of the distance between
Pand P is

1

Jr2—2rr'{yp’+ V1—p2 V/1—u"2cos(p—¢)} +r’2'

Now since the reciprocal of the distance between P and any

()

other point is the type of a Potential function (?7%—, is, in fact,

the Potential at P due to a mass m condensed at P’), it follows
2

that the2 exp(;;esswnd 2(a.) ;aztlsﬁes the equation V ( b2 P') =0

where VZ= ol P + g5 O its equlvalent operation in

(rym, @), or in (2,{ ¢); and again that V"2 ( PP') = 0, where

V2 signifies the same operations with reference to the co-ordinates

of P.

Again, the expression (a) may be developed in an infinite
series proceeding by powers of the ratio Z;, or of the ratio
;7;, the coefficients of these successive powers being functions of
#y iy &, ¢". Moreover, any one cogfficient—as, for instance, that
of (%)i—is a rational integral function of p, v/'1—u2 cos¢,
V1= 2sing, and is the very same function of y/, V1 —p* cos¢’,
V1—y%sin ¢, It is, agam, obviously the same whether P P’

I

is developed in powers of 7 or of - .
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Let this development be
1 72 g

B [0 A0 A A S

The coefficients of this development possess very remarkable
properties, and we shall call them Zaplacians, after Laplace, to
whom their employment is due.

Thus Z; is the Laplacian of the i*t degree. We may speak of
it as the Laplacian of the :*! degree for the two points P, I,
whose angular co-ordinates are involved in it.

If, regarding », 1/, ¢’ as constant, we perform the operation
V2 on the right-hand side of (B), since the result is zero for all
values of 7 and 7/, the coefficients of the several powers must all
separately vanish. Thus we must have

, L
V=0 ()

Similarly, if, regarding 7, u, ¢ as constant, we perform the
operation V’% we must have V’2(r*L;) = 0, and therefore of

course, by symmetry, V(¥ L) = 0. ©)
2
Substltutmg - for 7 in (3), p. 281, we have the differential

equation d{( flL} ! ‘+iG+1)L; =0, (e

— 2) a*L

dp d T4 dg?
and the substitution of 7, for V gives exactly the same
equation.

The value of I, can, of course, be found by simple binomial
expansion of (a); but such a method is very tedious, and we
shall adopt a different one.

Let A be put for up’+ v'1—p? v'1—w2cos(¢p—¢’), and let

(1—2A2+7%)} = 1—ah. (1)

This gives L. 2—1

from which we can expand # in ascending powers of % by La-
grange’s Theorem (Williamson’s Dif. Cal., chap. VIL.).

Thus
o )‘+M\2-1+ 2 d A2—1.2
- 2 1.24dA 2)
ﬁt dl—l

AZ—1.¢
+T,';'d)\4 1( ) +. (2)
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Now from (1) we have g; = (1—2A%+ 42)~%, which by hypo-

thesis, when expanded in powers of 7 is
Lo+ Lk 4+ Li%+ ... 4+ L +
Differentiating (2) with respect to A, and identifying the

coefficients of %* in the two values of Z—E , we have

1 d@(A2—1¥
L= % av (©)

By actually expanding (A?— 1)’ and differentiating, we have
i(29—1)..( +1)N—&e.],

which shows that Z, is a rational integral function of the ¢*®

degree of p, v'1—pZcosp, +/1—p2sin ¢,

and the very same function of W/,
V1= cos ¢', ¥/ 1—u'2sin ¢’

In the figure (Fig. 289) let the spherical
triangle be that in which a sphere is
intersected by the axis of z (from which 9
and ¢’ are measured), and the lines OP
and O'P’; these lines meeting the surface in o, p,p’, respectively.
"The point o being the pole from which angles are measured, the

Fig. 289.

funetion I—TIP—-, satisfies the differential equation

d ,d d o\ 4 1 1.
[z "%+ ap (1w i 1_,M¢2]PP" :
but if p’ is taken as pole, the expression for PP’ involves only
OP, OF, and cosy (or A), without any term in longitude.
Hence we have

d —0;

[dr dA (1A )dA]PP'

and putting here for —131—),— the development (), and equating to

zero the coefficients of the several powers of 7, we have

(%{(1_>\2)%-LX‘}+1'@+ 1)L = o. (n)
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L, being given by ({), and satisfying (n), we conclude generally
that any function, X, of the form

_ di(a?—1)
X=a—00sr, (3)
where @ does not involve @, will satisfy the equation
d ax) ...
Zw{(l-—wz)%}+z(z+l)X=0. (4)

The value of Z; as given by (¢) is not of much practical use.
To make it useful, it must be exhibited as a series of cosines of
multiples of ¢ —¢" (which we may denote by ) thus:

L= M+ M,coso+M,cos 2w+ ...+ M; cos tw, (5)

the series ending with cosiw, because the highest power of
cos w in Z; is the %, and we know by elementary Trigonometry

that
1 .. ) i(i—1) .
2i-1cos'w = costw+icos (1 —2)w+ — 5 cos (i—4)o+....

Laplace deduces L; in the desired form (5) by elementary
algebraic processes; but as we prefer to present it in a more
succinet form than that given by Laplace, we shall turn in the
next Article to the consideration of functions, generally, which
satisfy the equation V27 = 0.

It is to be observed that if u =y’ and ¢ = ¢’, the points
p and p” (Fig. 289) coincide, and PP’'= r—+/, so that every
Laplacian becomes equal to unity—as is verified by putting
A =1in ({).

In general, any Laplacian for two points, p» and p’, has
reference to a certain fixed point or pole, o, and is a function of
the position-angles (6, ¢, &, ¢’) of these points with regard to
the pole. If either point, as p, is taken as pole, the Laplacian
(being always simply a function of cos ) will reduce to a function
of 1’ alone, and its value is then obtained by taking x = 1 and
¢—¢ "= 0 in its general expression. In this case—i.e. when one
of the two related points in the Laplacian is the pole—the
Laplacian is called a Legendre's coefficient, which therefore ex-
presses exactly the same thing as the Laplacian, but by a
transformation of co-ordinates. In this special form these
functions were employed by Legendre before Laplace used them
in the general form.
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850.] Spherical Harmonies. To defermine o homogeneous
Sunction of @, y, z, of the most general form, whick satisfies the
equation V3V = 0.

Firstly, such a function involves 2i+1 arbitrary constants,
because it contains }(i+1)(¢+2) terms; and V27, being a
rational integral function of degree i—2, will contain 3i(i—1)
separate terms. The condition that V27 should vanish for all
values of 2,7, z is that the coefficient of each of these 1i(i— 1)is
zero ; so that we have }i(i—1) equations between the } (i +1)
(¢+ 2) coefficients. This leaves 24 1 of them independent.

Changing from Cartesian to polar co-ordinates, such a function

will be of the form 7Y, where ¥, is, of course, a rational, in-

tegral, and homogeneous function of u, +'1—p%cos¢, and
V1—p?sing, and ¥; will satisfy the equation (¢), p. 344, or
d§_ pdl, 1 d*y,
Z0- G T

We can now show that a value of ¥, which is the product of
a function of w only and a function of ¢ only can be found to
satisfy this equation*. Let ¥; = M ®, where M is a function of
p only and & a function of ¢ only. Then we have

+i(i+1)F=0. (1)

d am) ... M 14%®
d—“{(l-—ﬂz)—zi;}-l-l(t'*'l)ﬂ[ﬁ-1—:-’15'(5-(74)—2=0. (2)
1d2@ 2
Assume DG = —n5, (3)
where # is a constant. Then
® = A cosndp+ Bsinng. (4)
Equation (2) for M now becomes, putting £ for i (i4 1),
@z M aMm n?
o _ A (uE—1)
Now if ¢ = ————*-, we have shown (last Art.) that
d
a?v dv
) — — —0: 6
(1-p) g — 2k g +h0 =03 (6)

and we proceed to show that x can be determined so that the

value M = x % will satisfy the equation (5).

* This method is found in Ferrers’s Spherical Harmonics, p. 78, a work which
ought to be studied by ¥ student who desires to pursue this subject further.
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) AL dntly d
For brevity denote e by v,, T by V415 (7% by x’, &e.
Then (5) becomes

(1=p*) X Vns g+ 2 {(1 =) X =X} Vot ,
Z
+{(1 _”'2))(”_2/“‘)(,"' ('l_l—_t;;z) X} v, = 0. (7)
Differentiate (6)# times, employing the theorem of Leibnitz.
Then
(1 =p2)Vpy—2(1 4+ 2) pvyyy + {k—n(n+1)} v, = 0.  (8)
Now identifying (7) and (8), if possible, we have
(1=p)X +npx =0, (9)
(I_MZ)XI/_ZMX'+n{n+l—l_p'z}x= 0; (10)
and since (10) is deducible from (9) by differentiation, the iden-
tification of (7) and (8) is possible. From (9) we have

x = a(t—u?)’,
where a is any constant. Hence
7 Jitn/ 2__ 1)
M=a(1 _”2),(2_@(%"_11, (a)

and the function
4 li+n 2__ 1\ .

(1—;42)’ (—71%;”—1)—(‘4 cosz ¢ + Bsinng), (B)
where n# may obviously be any integer from 0 to i, satisfies the
equation (1); and this function when multiplied by #* is the
type of rational integral functions of z, y, z satisfying Laplace’s
equation VZ/ = 0.

All such functions are called Spkerical Harmonics.

The coefficients of the various powers of ;in the expansion

of 7’1?’-’ which we have spoken of as Laplacians, are, of course,

Spherical Harmonies particularised.

The function #'¥; (which is a homogeneous function of z,
9, 2) is called a Solid Spherical Harmonie, or simply a Solid
Harmonic, of the 7*" degree; while the portion ¥;, which is
a function of 4 and ¢, is called a Surface Harmonie.

Again (see Art. 329) corresponding to a Solid Spherical
Harmonic 7Y, of positive degree, i, there is a Solid Spherical

. Y . .
Harmonie, 10 of negative degree, — (¢ +1).
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Any expression of the form (B8) is called a Tesseral Surface
Harmonic of degree i and order 7.

‘When 7z = 0, the Tesseral Harmonic becomes

& (u2 —1Y
—aw
multiplied by a factor independent of u, and this is called a
Zonal Harmonic of the i degree. The Zonal Harmonic of the
" degree becomes identical in form with the Laplacian when p’
is taken as pole (Fig. 28g), and in order that it may assume
the value unity when p = 1, we take
1 4t (u2—-1)
Y, li ""%’;.‘Z ’ ()
(p. 346) where we use'P, to denote the Zonal Harmonicof the
¢B degree.

It is evident that the sum of all such terms as (B8), each mul-
tiplied by an arbitrary constant, » receiving all values from
0 to ¢ both inclusive, will satisfy (1); and that this sum of
terms gives us a function, Y, involving 2i+ 1 arbitrary con-
stants. It is, therefore, the function sought.

It is thus seen that the Zonal Harmonic P, is the base or
source of the general Spherical Harmonic of the 7t degree.
Thus, for example, the Spherical Harmonic of the 3rd degree is
derived from the source g3 (u2—1)3

dps 7’
ie. from 120u3—72p, or, neglecting a numerical factor, from
5u3—3u; and this Harmonic will be the sum of the terms
obtained by giving » the values 0, 1, 2, 3 in the expression

(1—p2)% ;:n (5u—3p). (A cosng + Bsinng).
It is therefore of the general form

Ay (5p8—3p)+ (1 —p?)¥(5p2 —1) (4, cosp + B, sin ¢)

+(1—p?)u(dyco82 ¢ + By sin2 ¢)
+(1—p2)¥ (45 c083¢ + Bysin3),

the coefficients 4, 4,, ... being all arbitrary constants.

The corresponding Solid Harmonic is obtained by multiplying
this by 7%,

The homogeneity of the expression for ¥, as a function of u,
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~T—p2cosd, v/'1—pu?sin$ may not be at once apparent. For

example, the term A (5u%— 3) comes from the fanction
A58 —3z(22 +9%+ 2%}, or 4,(222—32%—3y%)z,

from which the term in ¢ disappears in consequence of the

relation sin%¢ +cos’¢ = 1.

‘We are now in a position to express the Laplacian Z;. Since
it is a spherical surface harmonic of the i*® degree both in the
co-ordmates (4, ¢) and in the co-ordinates (u,¢") and involves
both in identically the same way, its general term must be

% 3d"Pd" P
4,0-f = T cosnp9), )
where 4, is a factor i dependent of u, i/, ¢, ¢”; and L; is the
sum of all such terms obtained by giving » values from 0 to 3,
inclusive.

For the purpose of actual calculation, it will be better to

write the coefficient of cos # (¢ — @) in the form
2 , %dﬂ-n 2_1)igitn ’2__ 1)
Cn(l —"‘2) (1_“2) d(li:-i-n ) dsf;wn ) : }6)

Since the determination of C, is merely the analytical pro-
cess of identifying the expression (¢) with the coefficient of
cos 2 (¢p—¢’) in the value of Z; given in ({), Art. 349, we may
obviously suppose 4 = p’. In this case (¢) becomes

C, (1 —p2)" [w]z; (11)

d[J.H'"
and the highest term in p in this expression is
C.(—1)"(2:.20—1...i—n+1)2u2, (12)

Now using w for ¢—¢’, in this case )
A=p2+(1—p?)cosw;

©A—1= (2 i;in%’)2 (ue—1) (,,,2 Sin2§ + cos? %’)
= (26in3) (¢ sint 2 +£)>
if we put p?—1=§

. 4 1 d
Again, A= dE Hence the value of Z; becomes

_é_:_;‘(fa sin’g-*-f)" (13)



350.] SPHERICAL HARMONICS. 351

We shall derminine C, by equating the coefficient of the
highest power of u (or of £) in the coefficient of cos 7w in (13)
to the expression (12). Now obviously the highest term in ¢

in (13) i .
in (13) is 2i.2i=1.d+1

L 5 e
50 that the highest term in u is
2¢.29—1..04+1 .
———————in’ 2‘2 p?t; (14)

K
and the coefficient of cos zw in this must be identical with (12).
But, by elementary Trigonometry,
(—1).2%gin% 0 = 2 cos 240 +...
p(oappli2imlo2iopt]
2
Hence if p = ¢—n, we have

cos(2i—2p)6+.... (15)

(=1). 22‘sin2‘—;3 = 2cost0+...

+ (-—1)"—"22"2L_l:"';+”+lcosnw+'...;

therefore by (14),
Cn(2¢.20—1...i—n+1)*
1 2¢.2{—1..0+1 2:.2i—1.. z+n+1
= pzim1” |_1_ ’ ‘z—n

2 |i=n
o =ELF e o
As before said, 7 is to receive all values from 0 to ¢, and when
n = i, the expression | i—z is to be taken as unity.
When # = 0, the value of C given by (n) must be halved.
because there is a middle term in (15), which is independent of
, and it is not multiplied by the 2 which affects all the other

terms.
Hence for the Laplacian of the 72 order, we have

2 n=i . , d-f-n _li

(2‘ zEL—,M(‘ (1ot (‘f+.)
i+n —1)¢
(Z__d_(’i‘mrﬂcosn(¢—¢'),-‘~ (9)

in which the first term (corresponding to # = 0) must be halved.
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351.] Fundamental Property of Spherical Harmonics. - If
Y, and Z;, are any two Spherical Harmonics of degrees ¢ and ¢,

1 2w
f f Y, Zydpdd = o, (a)
-1J0

or, in other words, /¥, Z,dS extended over a sphere of unit
radius is zero—that is, ¢he spherical m(/}zce-z’ntegml of the product
of any two Spherical Harmonics of different degrees is zero.

For}'Vz (## ¥;) = 0, which gives (1) Art. 350 ; and (Art. 329)

1 d2%Y,
2y — | & Vg 22 it ) Zi,
Vyi—,.z[d“{(l M)dp}-l-l——p."d(pz] L("*'l),z

o Zy . .
Similarly V2Z; = —' (¢’ + l)—r—} . Now in Green’s Equation,

(8), Art 346, let V' =1Y,, U= Z;, and let the integrations be

extended through the volume and over the surface of a sphere of

radius a. 'Then, the centre of this sphere being the origin of the
dr; 17,

co-ordinates (7, p, ¢), it is clear that =0= (E{n‘ - Hence we

have aQ

[i(i+1)—7 (7 + 1)]fyzl_ —o.

But dQ = r2drdud¢, and Y,Z; does not involve r; there-

fore we have
[+ 1) =4 + V)] &/, Zrdud = o,
which gives the result (a) except when ¢ = 7.

We postpone for a moment the investigation of the value of
the double integral when 7 and ¢’ are the same.

352.] Spherical Harmonic Expansion of a Function of p
and ¢. Let P (Fig. 277, p. 257), be any point outside a spherical
surface of radius a, at a distance R from the centre, and let r
be the distance, P@, between P and any point on the surface.
Then if d§ is an element of surface at @, we have

f ig:(nzwz(; {(R 1)""2-(1£+1a)"‘2§’

as is easily found by usmg for dS the expression (A), p. 258.
Hence wherever P is, we have

(B —aty-s [ = 2o (R oyt~ (=) (@)

If Pis at 4, i.e. on the surface, its distance from one of the
surface elements becomes zero, and B = a; so that the left-hand
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side of (a) assumes an apparently indeterminate form. (See, how-

ever, the remarks, p. 254.) But it is really finite and, as the

n—
2 ‘nan—2_
n—2

right-hand side shows, equal to

Of course, of the whole surface of the sphere it is only an in-
finitely small element of the tangent plane at 4 that contributes

to the integral, each element, (R?—a?) ‘—j—f, of the integral being

zero when 7 is appreciable, £ being equal to a.

Hence a8 gn-1
[(Rz_az)n—z FJR.:‘,: n_;"an-z_ (8)

Again, if U is any function of the co-ordinates of a point,
(%, 3, 2) or (7, u, ¢), the value of (R2—a%)*~2 f lj;(;l._@ when P is at
4 is obviously Uy x [(Rz—az)"' f i—f] , assuming that when

R=a
7 is anything different from zero, U is never = oc; because in
this case it is only an ‘infinitely small element of the tangent
plane at 4 that contributes to the integral. In other words, if
for no point, @, on the sphere U is oc, we have
UdS 21y
2__ 202 | 7 = " an2

(a2 [ZF]  =2"Zaw,, ()
where U, denotes the value of U at 4.

We may assume U to be, definitely, a function of u and ¢,
which does not become infinite at any point. Take the case
n=3. Then denoting by dashes the values of functions at
variable points on the sphere, such as p” (Fig. 289, p. 345), the
functions without dashes belonging to a fixed point, p, on the

sphere, we have ,
[(R’—a’) f Uffs]h,: anal. (3)

Now taking 7% = R?—2aRA +4?, with the same meaning of
“dr _R—aX _RP—alir?

A as in Art. 349, we have ) ey = ; and
dl
r 1 adr R2 —a? 1
R=—@ JE=— 3ES "3k therefore
dl
R2—q? T o1
s =B )

VOL. IL.° Aa
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Now R(L ALY S +L'R‘+ “

'R K2

therefore (l) becomes

Ri—a? 1 a a? . at

—Fs = E[Lo-'- 3L1—R'+ 5L2F+ et (204 I)L‘F-'- .] - (2)
Multlplymo' both sides of this equation by U’dS, that is by

U’a?dy’ d¢’, we have, whatever be the value of R,

’ 2
_as)fUrfS a /]L U’dﬂ.’d(ﬁ +3RfL U’d/.l.’d¢+.

+(2i+1)§‘f Lradag+. i (9

the limits of 1 being 1 and ~1, and those of ¢ being 0 and 27.
Now put R = a in this equation, and we have, by (3),
SSLU dWad’ + 3/ /LU dWd¢ + ...
+(2i+1)ffLUdpd¢ +...=47U. ({)
As a particular case let U = ¥, = any Spherical Harmonic of
the st degree. Then, since Z; is also a Spherical Harmonic of
the same degree, every term except one in ({) vanishes by last
Article, and we have

ff LY/ du 'd¢—2—+—1 g (n)

which expresses a most remarkable property of a Laplacian,
namely—If over a sphere there be taken the surface-integral of the
product of any Spherical Harmonic and the Laplacian of the same
degree, i, with reference to any fized point on the sphere, the result
i8 the value of the given Spherical Harmonic at this fiwed point,

. g 47

multiplied by CY |

This result enables us to express any function of u and ¢
which does not become infinite for any values of . and ¢ in the
form of a series of Spherical Harmonics.

Thus, let U be the given function, which belongs to the fixed
point p, Fig. 289, p. 345, and let

U=Y,+hL+L+..+L+..., (3)

the quantities ¥;, 1], ... to be determined.

To determine ¥, substitute running co-ordinates p’, ¢’ (those
of 2') in both sides of (3), multiply by Z,, where L, is the La-
placian of the ¢ degree for » and 7/, and integrate.
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Then by (1) and last Article, we have
1;_2”1] f LU W ¢ "(4)

and by giving ¢ all values from 0 upwards, we find the series
of Y's.

The above method is due to Ivory (see Todhunter’s History . qf
the Theories of Attraction, &e., Vol. II, p. 261).

It is scarcely necessary to observe that a given function of u
and ¢ can be expanded in only one way in a series of Spherical
Harmonics ; for every Harmonic of the series is perfectly and
uniquely determined by (4).

There is, however, another method by which a function of u
and ¢ can be expanded in a series of surface Harmonics without
integration and the employment of Laplacians. To explain this
method, suppose F(, g, z) to be any rational, integral, and
homogeneous function of z, g, z of the n** degree. Then this
function can be expressed in the form -

F(z,y,2) = Sutr*Su g+ 480y + ..., (5)
where 8, , §,-,,... are solid Harmonics of degrees n,n—2,..., the
last term being 7§, if # is even, and 7"~1§, if # is odd.

Terms involving odd powers of 7 cannot appear in (5); for we
can easily prove that

Vi.r*S, =p(p+29+1)r*25,, (6)
8, being a solid Harmonic of degree g. Now if a term »8,_,
occurred in (5) and we performed the operation V2 on both

sides, this term would give rise to the only term in ;—in the

equation. Hence this term must be absent. Similarly a
term 738,_g could not occur; for, after performing V? twice on
each side of (5), we should have the same result as before.
Successive performances of the operation V2 on (5) will give the
required Harmonies §,, 8,, §,,...if # is even, or 8, 85, S;, ...
if # is odd, in this order.
For example, to express 2y2® in the form (5). Let
ay?® = G5+ 28+ 148y, (7)
s 6ayz = 185 + 28728,
0=24,
by performing V2 twice. Hence 8= ,‘, zyz, and (7) glves
8 = } wyz (222 —a2—y3).
AR 2
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Now this enables us to exhibit sin’ cos® sin ¢ cos ¢ as a series
of surface Harmonics; for when this is multiplied by #%, it
becomes zyz%, and we have

r5sin28 cos30 sin ¢ cos ¢ = % ayz (22— —y%) + 3 r2ayz,
so that the given expression in 6 and ¢ is of the form ¥, + I;,

1 1
where Y; = 3597 (222 —a2?—yp?), and I3 = 37392

Y, = p(1—p*) (v —3)sin ¢ cos ¢,
and Y, = 3 n(1—p?)sin ¢ cos ¢.

1 27
853.] Value of f f Y, Zdud¢. The spherical surface-
-1J0

integral of the product of two Spherical Harmonics of the same
degree is found by Laplace very simply from the results of last
Article. »
Denoting by M, the factor in w in (8), p. 348, we may write
Y, = A, M+ M, (4,cosp+ B, sing)+...
+M,(4d,cosn¢ + B,sinng)+..., (1)
Z; = a,My+ M, (a,cos ¢+, sin p) + ...
+M,(a,cosnd +b,sinnd)+...5 (2)
the two functions differing simply in their constants A4‘s, B's,
a‘s, b's.

Now since in the integration ¢ runs from 0 to 2m, it is
obvious that the integrals of all products will vanish except those
of the type

M,2(4,cosng+ B,sin nd)(a,cosnd +b,sinn ®),
and the integral of this is

7 (Ay8n+ Bybyn) . M2, (@)
but for the first term the integral will be
2w A ag M2 ()

1
We have therefore to find f M,2du, which Laplace finds as
1

follows. With the notation of Art. 350, write
L,= C,M M + C,M, M/ cos (¢—¢') +...
C.M M,/ cosn(p—¢')+.... (3)
Put running co-ordinates into (1), multiply by (3) and take
the surface-integral over a sphere. Then we have simply a sum
of terms of the type

o, [* [*7 33 (4008 4+ Busin g’ Nawde
wa) s W2(4,co8n¢’+ B,sinng’)cosn (p—¢')du'de’.
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Performing the integration in ¢, this becomes

7CuM, (4, cosnd+ B, sinng) . f IIM,,'W (8)

The sum of all terms of the type (8) is therefore the value of

JSLY dp’ d¢’. But (last Article) this =

by identification of coefficients of like terms,

1 4
cC, / M AW =—— -
-1 2141
Putting for C, its value given in (1), p. 351,

1 2 (2i)? Ji+n
2 F— L
/_.IM" =T e ()

47
5Tl Y;; therefore

which holds, without change, for the case # = 0, notwithstanding
that the value of C, (Art. 350) must be halved when 2 =10;
because in the product of (1) and (3) the term independent of ¢
is Cyd,M,M'? which in the integration will give

1
2 nCOAoMO/ My
-1

Hence we have

1 2 92i+1 ) .,,—4.”
[1£ KZ.'(ZMJ(#:2z.+11r(]i)220_—z__.:_~_7;(,4”a"+.3"6”), (3)

the first term (that corresponding to # = 0)being doubled, by (a’).
Putting a, = 4,, b, = B,, we obtain the value of

1 2w
f f Y2dudd.
-1J0

854.] Table of Laplacians. For convenience of reference the
following table of the Laplacians as far as L, is given ; but, to
save space, we give in the coefficients of

cos ($—), cos 2 (— ), ...
only the portion which depends on p. This portion is to be
multiplied by exactly the same function of u’. Thus, for example,
in Z, the coefficient of cos 2 (¢p—¢') is 22 p (1 —p?).p" (1 —p3),
of which only the part 2% u (1—u?) is given in the column under
cos 2 (p—¢); in Z, the term involving cos 3 (p—¢’) is

Lu(—pt (- eos 3(9—9¢'); &e.
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‘::{l:u Term in g only. | Coefficient of cos (¢ - ¢') f;e;ﬂ ::f;?; g:: ?(c:!:t;)f i::?::f;’);
0 1
1 [z A-w)¥
2 | 6w-D Su(1-mt $(1-4) .
3| 36e-sw) [3a-@iGw-n | - | E0-AT
& e(35p0 =304 8) 3 (1— i (74080 #5 (1) (748~ D)2 (1— i H33 1 - ]

The column of terms in w only gives the values of the first
five Legendre’s Coefficients, with the numerical coefficient squared ;

thus, P, =1,
P =y,
P2=’1i< wi=1),
Py =1(5p3—3p),
P, =1 (35ut—30u2 +3).

The Solid Zonal Harmonics play exactly the same part with
regard to the Potential of a body symmetrical about an axis
(see example 2 following) as the variables #, 3, z do with respect
to the equation of a plane surface, the equation of such a sur-
face consisting of the sum of these co-ordinates each multiplied
by a constant, and these constants depending on the position of
the plane. Similarly, the Potential of a symmetrical body at
any point consists of the sum of a number of these Harmonics
each multiplied by a coefficient which depends on the shape and
law of density of the body and not on the position of the attracted
particle. In fact, Zonal Harmonics may be considered as the
running co-ordinates of the Potential of such a body.
Of the Zonal Surface Harmonies Py, P,, P;, ...

form uf(u?), and P,, P, P, ..
in the identity

(1—2pz+2%)" = P+Pm+Pw“+ .+ B+ ...
change pu to —pu, and we get

(1+2po+a?yt =B+ Be+Ba®+.. .+ Pd.., (B)
where B/, B/, ... denote the values of the Harmonies when u is
changed to —p. Again, changing only the sign of 2,

(1+2pe+a?)t = B~Ro+ BoP—Bad + ()

Identifying the results (8) and (y), we see that Pl, Ps, v all
change sign with p ; while P,, P,, ... do not. Therefore, &c.

are alllof the
. are all of the form f(uZ). For,

()
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ExAMPLES.

1 [2n
1. Find f f Lidwdy.
-1J0 .
Let P be any point outside a sphere of radius a, at a distance
R from the centre, and @ any point on the surface; find / %‘S over

the surface, where r = P¢Q.

1 1 a at
NOW ;——- —R(L°+L1F+...+L"}z—g+h.),

1
and —ﬁwill involve such terms as L,, Z; which will vanish (Art. 351)

in the integration. Hence, obviously, since dS = —a’dy’'d¢’, we

have 18 a2it?
f;-; = .R—am-/‘ L‘edﬂld¢’+ cess
But dS= 211'% rdr (see p. 258) ; therefore the left-hand side is
a R+a

2 L log - Develope thisa i)lei?_ series ascending by powers of % s

2
and equate the coefficients of (E on both sides (since the develop-

ment holds for all values of R), and we have

1 2w 47
2 ’ e T,
/;1.£ L d’ud¢_2i+1

The result is therefore quite independent of the pole o (Fig. 289,
p- 345) from which p and M are measured, and is the same as if the
line OP (or Op) is the axis of 6, or p the pole of the Laplacian.

2. Prove the theorem of Legendre (Art. 348) by Spherical Har-
monics.

Taking the centre of the solid as origin, and axis of revolution as
that from which 6 is measured, let (R, p, ¢) be the co-ordinates of
the attracted particle, P, (v, i, ¢’) those of any point, #”, inside the
solid, p the density of the solid at P’, and y the constant of gravitation.
Then ¥, the Potential at P, is given by the equation

_ pridr’ dde’
V= 4 /f PP *
Now, assuming the distance of P from the centre to be greater
1

than that of every point P’ in the solid, P ey be developed in the
convergent series (3), p. 344. Hence
L 7 ¢’ ,
V= yﬂf(“ﬁ”zlﬁ ot Lyt )pr 2 AWAY. (1)

But by hypothesis p is & function of +” and p” only; and if when
# is produced out to meet the surface of the solid its value is R,
this latter will be simply a function of W', and will not involve ¢".
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Take the general term of the series (1), and first perform the integra-
tion in 7/ from 0 to R’, taking the term

\/(: pr/ A = x (),

where the form of x is unknown if the shape of the surface and the
law of density are not given Then we have

~ R f f Lix(#)awa¢’ + (2)
Now perform the integration in ¢’. We shall have simply

2w
f L,
0

which, of course, reduces to the first term of L, and is therefore
27 dW—1) &1y
(Al't 350) (2!‘_—)2 d“i dp."

2n  dip—-1) y [ d(pr—1)
V="(2z\3_)‘2 (’;IJ) ) Fﬁf-l TX(}‘-’)d#’-{-. (3)

Let v be the Potential at a point on the axis distant z from the
centre. Then (3) gives

_ 2 i 1di(p —1) ,
‘U-—...m.z (_ F; . dp. (}L}d[J--l- (4)
But supposing, as we do, that v is known for all points on the axis,
let it be expanded from the given form in a series, so that

Hence

v=2042 4t St (5)

Then identifying (4) and (5), we have
211 /‘ld'(p”—l)‘ i
7 d = ——
50 that the unknown coefficient in (3) is thus known. Hence
M a; di(p—1) 1
V=7'R?‘ +"'2ili aw ‘R T (6)

the first term being easily seen to bey—}—[ , where X/ is the mass of the

solid. If F,, B,... denote, as before, the several Zonal Harmonics, or
Legendre’s coeﬂiclents, for the attracted point with reference to the axis
of the solid, we may write, by (y), p. 349,

1 oB aobP a; F, .
V=§{aofz+—ﬂ—+ ;za’ +.ot T‘e“"* } (7)

The components of attraction at P are of course known from this
value of V.

Thus, then, the Potential of a solid symmetrical about an axis, both
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a8 regards shape and density, is in all cases given by a series of Solid
Zonal Harmonics (of either positive or negative degrees, according as
the point considered is internal or external), in which series the only
things unknown are the coefficients a,, a,, ... and the values of these
depend on the nature of the particular attracting body.

3. Application of this method to the case of a uniform circular
ring.

The Potential at a point distant 2z from the centre on the axis
of the ring (that is, the line through its centre perpendicular to its

plane) is given by the equation v=2mwypka

1
~ where p, k, @
V7 +a? o
are the density, area of transverse section, and radius of the ring.
If M is the mass of the ring, M = 2mpka; and if the point is at a
distance >a from the centre, we have

2 4 y 214
V=£{1 1a® 1.3a 1.3.5...2¢:—1¢ }.

— — — — — — i*“— hvarl e
z 2z”+2.4 2 et (1) 2.4.6..2¢ z2'+

Hence, by last example, if the attracted particle is anywhere off the
axis, at a distance 7 from the centre (r>a),

M a’ ;1.3..26—1 _ %
BER G LT R C v e A }

If 2 is <a, the radical (2*+a?) Y must be expanded in direct
powers of z, and for a point anywhere at a distance <a,

M ” ;1.8..2i—1 o2
V=;-{l—%P2;§‘+..-+(—l) m 2‘?‘——2‘.-'- }-
If the point is at the distance a from the centre, it is easy to prove
yM _[* d¢
t V= = —_—
tha 27may2Jo x/l—sinﬂcos4>

the axis of the ring and the line joining the point to the centre.
This is equivalent to the convergent series

, 0 being the angle between

M 1.3 ., 1.3.5.7 1.3
V= -—-——:{1+—-—. sin®@4 " .- sin*0+...
[ R it 2.4.6.8 2.4
1.3.5..4n—11.3.5..2a—1 _ ,, }
. 0+... L.
Yty d 640 2.4.6.20 0

Of course in this and in all similar examples, the value of V for a
general position of the attracted particle, P, can be written down in
virtue of Legendre’s Theorem solely (Art. 348) by first calculating v,

and in its expression replacing any such term as p by r:_l’ because
this latter satisfies the equation V2U = 0, and it coincides with the
former when P is on the axis, since p=1, F=F=..=F=1
The expression thus obtained (somewhat tenta:twely) can, by Le-
gendre’s Theorem, be none other than the Potential sought.
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4. Application to a uniform circular plate.
" The position of the attracted particle being at a distance z from

the centre on the axis of the plate, v = 2y % (V#+a*~2z). When

2>a, we have

=9 M 1 a® 1 1a
v= ya’{2'z 2"'Ezs
. .1 1.8.5...2{—3 a**
— =1 ___ * .
+( l) 26‘ ‘i zﬂt-—l+"'}
Hence
M(1a® 1 1 Ea*
”—277;2{57‘5?@* ”
- . 11.3..2{—3 B, ,a%
— —1 - e ,_2'—_4.—— .
+( 1) 21 Il Tzi—l + }

When z<a, we easily find
M r?
v=2y%, ga-—fir+1}1’2;+

HE) G B

11.3..2i—3 }
+ g

5. To find the conical angle subtended at any point, P, by a given

circle.
Draw the axis of the circle, i.e. a perpendicular to its plane through
its centre, 0. Let OP = r, a = radius of circle. Now if P were on

the axis at a distance z from O, we should have
2
w,=27(1— —— 1
0 ( ~/z2 T a,) ’ ( )
, being the conical angle subtended at the point; and since conical

angles satisfy all the equations of Potential functions, the theorem of
Legendre applies to them.

. . a = . .
Developing (1) in powers of 2w according as zis > or <a,

we have
a? 1.3 af .1.3...20—1 a?
wo=2ﬂ{%z7—m'z7+...—(—l)'-ﬂ.—2{~ -;ﬂﬁ-...%, (2)
2 2 1,3...27—1 22
(1)0=21l' {1—-;4'%&—3—..'—(—1)’ 2.4...2% prTIny %' (3)

Hence when P is off the axis we have in these two cases, respectively,

_ Fa* 1.3Fa* 1.3.5RKd
o= - e e @
Pr B 1.3 R
=2 —_— 41787 Y T8 .
(0] ‘”{1 a +'¢' as 2 4 a° +-n% (5)



354-] EXAMPLES, 363

6. Find the conical angle subtended at a point 10 feet distant from
the centre of a circle 1 foot in radius, the colatityde of the point with
reference to the axis of the circle being g

Ans. wx-0050328, nearly.

7. If P,is the Zonal Surface Harmonic of the ith degree (Legendre’s

coefficient), show that Y dp, o dE,_, -
ap T T a
‘We have by definition
1 3
T = B Bet e B Bt ()

Denote the radical by 7, and differentiate both sides with regard

tox. Then
. p—2

7 =FR+...+iPa ... 2)
Differentiate (1) with respect to u; then
2 _ g %ha 4B

= g +a ” + e 3)

Multiplying (2) by « and (3) by uw—=, we obtain two series which
must be identical; and equating the coefficients of f in them, we
have at once the result ().

This result enables us to write down the values of the successive
Zonal Harmonics when the first is known. For treating (a) as a
linear differential equation for P;, we have

1 1 dE—l
Py=p ga'*'fﬁ-‘x Tird"}' (4)

Then, as P, = 1, this gives /; = Cp, and each P is to be unity when
1 =1; therefore C = 1. Similarly F, is deduced from P, ; &e.

The expression (), p. 349, gives, however, the values of the Har-
monics directly, and is the most convenient form for actual calcu-
lation.

8. Prove that E+ )Py —(2i+1)uB+iP_, =0.
Divide (1) by (2) and equate coefficients of like powers.

ar, .
9. Prove that  (1—p% ?ﬁ;‘ +ipl,=1P_,. (a)
We have from (a), Example 7,
1 1 gp M o L 1
=f#3ﬂ’d#—t Rd#=#1§-l —(t+1)f11dn;
[P ® ® " ®

1
B =pB+G+) [ Raw ).
M

Pi—l
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But from the fundamental equation for P,
d 2B
;;{(1 — W )7/1% +iGE+1)P =0,
we have by integration
) '+1)f1Pd =(1— 2 35
t‘(t " (OB = P ) d}.L
Substituting in (1), we have the result (a).
10. For an attracting body or system symmetrical about an axis,
in shape and density, prove that if the Potential (external) is arranged

in the series a E P )3
-f+a,;;+a,7§+ ekt

of Zonal Harmonics, the lines of force trace out surfaces given by
the equation

1 1 1
aop—zﬁff;dp—s i}f zgd,‘—...—(z'+1)“—§f.11d,;...=0,
rJu ™ Ju rJu

in which different constant values are assigned to C.

Let O be the origin, and P any point external to the body, OP
being r ; let S be the radial attraction intensity at P (acting in the
direction PO), and T the attraction intensity perpendicular to OP in
the sense in which 0 increases.

Then, the resultant of S and 7 acting along the tangent to the
line of force at P, we have as the differential equation of this line

—dr R
0= T @
av 1 . .
But R=—7&7=r—2(ao+2%1’1+---+(1+1)%ﬂ+-n)’ (2)
_avV 1 a,dF a; dF
and S—m—p(;w-‘l’...-l'ﬁ (w-’--..)- (3)
Observing that ch(-) = —41—p3 (%‘ , we get, by substituting from
(2) and (3) in (1), the equation
B,  1—dP,
aody.+a1{27dp.+ pe @—dr} + ...
. P, 1—p? dP,
+a'-{(2+1)—r—:-d#+—?‘ﬁ—dh#-dr}+...- (4)

Now, by example 9, the coefficient of a; in this equation is
, P, 1 1
G+ l){T,.‘dM+ S dr i 14(1,;} , that is, —(i+1)D{%-/;I;dp.},

where D stands for the total differential of the quantity in brackets
(with respect to p and r). Hence, integrating (4), we have the
equation which was to be proved.
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In particular, if the series for the Potential stops with Z,, the
equation of a line of force is

a, 1 a, [*
aop.—2—r— pd/&—-3F (3 —1)du =0,
" ®
or a, cosd— % gin?0— 39 cos 0 sin%d = C
0 r 29 -

11. If the density at any point of a solid sphere is proportional to
the distance from a given central plane, find the Potential at any
external point, P,

Ans. If,' a = radius of sphere, R = distance of P from centre,
and p= Az’ where 2/ is the perpendicular from any point on the

lane,
L _ .. 4Ama’
BEANT)
.
[Here V= ykfffﬂsp’ (% +L1-;? +..)d dp’d¢’. Integrate

first from 7= 0 to +"= a, and since W is a Harmonic of the first
degree, the only term not vanishing is that in Z, ; therefore

v yAa® [1 [om yAa® 4w
= /f dpdg’ = e K &e.
57, ), Lwdp dd SR 3 13 &c]

12. In the same way exactly prove that if the density at any point
in a solid sphere of radius @ is proportional to any solid Harmonic, S;,
of positive degree in the co-ordinates of the point, the Potential of the
sphere at any external point whose distance from the centre is & is

4 )\71' aa +3 S‘-
(2e4+1)(2¢+3) R’
the co-ordinates (x, ¥, 2) involved in §; being those of the given ex-

ternal point, and A being the constant involved in the density.
Deduce the result also for a spherical shell and any internal point.

13. If the origin of co-ordinates is transferred from O to a point
0’ along the axis of z (from which @ is measured), calculate the solid
Zional Harmonic of degree ¢ with reference to O” as origin in terms
of the solid Zonal Harmonics with reference to O.

Let Z, be the solid Harmonic of degree ¢ with reference to 0, and
Z’,, that with reference to 0’. Then, with the notation of Art. 329,

Z,=f(z(); and if 00’'=h, Z/=fz+h,{);
2 43z,
iz, K (1)

o Z": Z+h 'd“— +-1—.2— -a—;r"F

[Here (z, {) are the cylindrical co-ordinates of a point P with
reference to O, and (z + A, {) are the co-ordinates of the same point,
P, with reference to 0’.] ‘
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Now Z;=r*F,, where F, is the surface Zonal Harmonic, and
d__' —pt d
&= 7 aptar

- Z; _ ia 8oy o Wi }
3 =7 {(1 ) Em +ipk;
=1L F_, (by example 9)

=1z,

. Hence

'z _ i(i—1)Z,_,, &c., and therefore

Hence, again, T

2= G +ihZ_+ ” BZ, ot . K24 B,

Let us find in the same way the value of the Solid Harmonic of
negative degree, —(¢+1). Let this Harmonic, with reference to O

I
3
be U‘,Orm

au
Then -

1 dF .
=;:,—{<1—p2>d—,;—(z+1)nzz}
—iB—(2i+ 1)pB}  (by example 9)

= —(Z+1) :I; (by example (8)
=_(1'+ l)Uo‘+1'
Hence U/ = U;—(i+1)AU;,, + M_lf)—(f;—z)}", Uiy—ad infin.

] a2 2 a2 2
14. Arrange the expression cos’O sin? @ ;:os 4>+sm 0:03 ¢ as
C a b

a series of Spherical Harmonics.

1,1 1 1 1
3t a5 (G g ) (8 -D)

aﬂ
+1A + Ly 1= cos2
5(35 7)) (1 =) cos 2.

15. Express the central radius vector of a nearly spherical ellipsoid
by Spherical Harmonics.
ns. T ==, b—c
r=c{l1+3(k+4)—3(k+F)BpW—1)—3 (K —k) (1—u?) cos 2¢},
which is of the form » = ¢ (¥, + ¥,

= ¥/, we have
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2m+1
16. If the expression (1—2px+a®) 2 be developed in a series
in the form Q@+ Q,#+@Q, @*+ ... + @;*+ ..., prove that, in analogy

with the Legendrian coeflicients,

d do, dQ; . . .

— (1 -y 289 =t =0.

0= =2 T iem i 1)@=
Differentiate the given identity (a) with regard to x, and we obtain

an identity (B); differentiate (a) with regard to p, and we obtain
an iglentity (7); from (B3) and (y) we have, by equating the coefficients

of xf, aQ, dQ
TOA L
iQ=p G- 2 ®
Multiply (a) by (2m+1) (p~=) and (8) by 1—2px+a? and we
have (i+1)Qi+l—(2m+2i+1)""@{“‘(2"”4"’:)06-1 =0. (¢)
Differentiating (€) with regard to p and eliminating @,_, by (3),
aQ; a9 :
Ttk —(Emri 1)@= 0. ©

Replace Z by ¢ +1 in (3), combine with ({), and we have

, d .
D0 === T +EmtitDue. @)
Differentiate () with respect to u, and subtract the result from ({)
multiplied by (¢4 1), and we have the required equation.

17. In this development how far is it true that

1
[ acan=o,

¢ and 7 being different integers ?

It is always true if one of the numbers 7, ¢’ is even and the other
odd, In Green’s equation, applied through the interior and over the
surface of a sphere, let U=¢,, V=@, and observe that

14d aQ, 1 de; . .
Vo, = J’:{(l _m)ﬁ:} =;§{2my~d% —i@mti+ 1)0‘}.

18. Exhibit cos?0 sin*0 sinpcos P as a series of Surface Harmonics.

The simplest method is, of course, that at the end of Art. 352,
which deduces the result by expressing xyz? in the form S,+72S,.
Performing V? we get S, = }xy, and .. S, =ay(2*~3}r%). Now
S,=rY, and §,=+"Y,; whence ¥, and Y, are at once found.
Nevertheless it may be useful to show how to deduce the result by
Laplacians and integration.

The given function is 3u*(l1—p?) sin2¢, and since the term of
highest degree in the quantities p, +/1—p”sin ¢, and +/1—p? cos
is obviously of the fourth degree in these quantities, it follows that
the given function must be of the form Y+ ¥,+ Y;+ Y, the term
in Y, being obviously non-existent.
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Now Y, is obtained by taking 2 pn’(1—p'?)sin 2¢, multiplying it
-1 2=
by L,, and integrating p’| s ¢’| ; but as L,is of the form
-1 0

A + Bcos(¢p—¢’), and aslzwﬁn2¢’cos (p—¢)dd’=0, Wwe see at

once that ¥, = 0.

It is clear that in Z,, L,, L,, it is only the terms involving
cos2(¢p—¢’) that will give any result when multiplied by sin 2 ¢’
and integrated. In Z, occurs the term (see table, p. 358)

2 (1—p*)(1—u?)cos2(p—¢”); hence (Art. 353)
1 2w
23 L= o sin o g cos2(d - ) g = T,

2w
But _/0 sin 2¢’cos 2(p—¢’)d¢’ =wsin2¢; and
1 16
201 — 22 du’ =
f_lﬂ A=y dp'=g——
o Y= 2 (1—p)sin 2¢.
Again, in L, the only possible term is
Lep(1— ) (1—p")cos 2(p—¢) 5
but the integration in u’ destroys this, since it gives
1
[ s,
which obviously vanishes. Hence ¥; = 0.
Finally, in L, the only term to be taken is
To(1—p) (7 —1) . (1 =) (T4 —1).
Hence

A== [ - e -1

xj.z"sin 2¢’cos2(p—¢")d¢d'= égﬂ Y,;
0

Y, = &1 —p*)(742—1)sin2¢;
and therefore

c0s?0 sin?0 sin cosp = (1 —p?) sin 2+ (1 —p?) (7p*—1)sin 2¢,
which is of the form ¥,+ ¥,.
19. Exhibit cosd sin®6 cos’¢ sin ¢ as a series of Harmonics,

Ans. {}po/T—pPsin ¢} + {—s v/ 1—p*(7p°—3p)sin ¢

+1p(1—p)tein3 d},
which is of the form ¥, + ¥,

The given expression is % pu(1—p?)¥ (sin p+sin 3¢); hence the
only terms to attend to in the L‘s are those in cos (¢p—¢’) and
cos 3(¢p—¢’). The term in L, is destroyed by the integration in
p’, which also destroys both the termsin L, ] Deduce the result also
from «*yz.
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20. Why cannot sin 6, sin®0, or any odd power of sin 6 be expanded
in a finite series of Harmonics ?
- 2n+1

Because they are of the form (1—p?) "2, which can be developed
in an infinite series ascending by powers of y, and every term, such
as p™, can be developed in & finite series of Zonals, P, P,, .. .. Also
a function can be expanded in only one way.

855.] Case of Spheroids. Any solid body differing little in
shape from a sphere is called a Spheroid. Supposing the body to
be homogeneous, the radius vector from its centre of mass to any
point on its surface will be nearly of constant length. Thus
(following the notation of Laplace), if a denote a small numerical
quantity, and &’ any radius vector from the centre of mass to
the surface, we shall have

R = a+aaf (v, ), (1)
where a is a constant length and f(u/, ¢’) some function of the
angular co-ordinates depending on the precise shape of the
bounding surface. Laplace uses 7’ for the function f(u/, ¢’), and
he assumes that 3’ is expanded in a series of Spherical Har-
monics ; thus,

R=ataea(T+ Y+ +...+ Y/ +...). (2)
If the series stops with T}/, the bounding surface will be that
of an ellipsoid.

Lzternal Point. To ecalculate the Potential at an external
point, P, produced by a homogeneous spheroid, the distance of
P from the origin O being greater than the greatest radius
vector from O to the surface, let OP = R, p = density of the
body, and (#, p’, ¢’) the co-ordinates of any point 7’ in the body
of the spheroid. Then, y being, as usual, the gravitation constant,

e R Ay

V-Vj; »/:1~/o —pp (3)
_ -y 2w lfR' r’ 7;’-2
=%/, f_l A (L°+L1R+L2R2+“'

/i
+ L) pr 2 dpl Ay (4)

T 1 /4 /i+3
= %’.’f:_/:l(&LOR’%LIf—R+...+L‘(z.—f-m+...)d,{d¢’.
Now from (2), neglecting higher powers than the first of a,
B8 = a4 (14 (i 8)a(Fy + B ook /4 00)),
VOL. II. Bb
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and by substitution in the last value of 7, since it is (Art. 351)
only the term //L, Y/ dy/d¢’ which does not vanish, we have

Vey 41rpa3(1 + 320)

2w
+ay. Rff(RLY RZLY+ +R'L'Y+ )dy,(l(,b

Now the volume of the Spheroid is 4m«®(1+ 3)), and if we
choose a so that 4ma® shall be the volume, ¥, will be zero.
Thus, attending to the result (n), Art. 352, we have

M
7= v +serg Gphit sl TR I)R* Lt.)s (9)

where M i$ the mass of the Spheroid.
It is very easy to see that, with the origin at the centre of
mass of the Spheroid, the term ¥, is zero.
For if, in general, (&, 7, 7) are the co-ordinates of the centre of
mass, we have
Mz =pff)r (1 =2} cos ¢’ dr'dydd’
= }pf R (1—p 2} cos ¢’ dp d ¢, (6)
and since (1—p’2)% cos ¢’ is a Spherical Harmonic of the first
degree, in the expansion of R'*—viz. a*{1+4a(X)+ ;) +...}
—the only term that will not identically vanish in (6) is
apat/S Y (1 —p' )t cos ¢’ dp’ dgy'.
But this is zero because 7 = 0. Hence

J/F (1= 2k cos ¢/ dy'dg = o. (7)
Similarly, since 7 = 0, we must have

S (1= ?tsin ¢'dpde’ = 05 (8)
and since z = 0, JSSYWadyde' = o. (9)

But Y, is (Art. 350) of the form
A +(1 =2k (Bcos ¢’ + Csin ¢),

where 4, B, C are constants, and the results (7), (8), (9) make
4 = B = C =0, as is easily seen either by direct integration, or
by multiplying the left-hand sides of these equations by 4, B, C
and adding. We thus get //'Y,"2dy’d¢’ = 0, which requires
Y/ to vanish identically.

For example, take the case of a nearly spherical ellipsoid of
revolution round the smaller axis, c.
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In this case (see example 15, p. 366) 2 = #/, and we have
=c{1+3k—-3%(32—1)}.
. But the 2 in (5) is determined from the equation
ad=c3(1+42k); s a=c(1+3E),
and since B' = a(1+al}’), we havea = —3 4 Hence (5) gives
7=y 2 i (s
—YR Y R3(3p' —'1),
in which @ or ¢ may be used indifferently in the small term.

If the Spheroid is not homogeneous, but consists of strata of
different densities, each stratum differing but little from a sphere,
the Potential can still be very easily expressed. Thus, let
7 =a/(1+ay’) be the equation of any stratum, o’ being the
radius of a sphere whose volume is equal to that of the stratum,
so that Y=Y +X +..+¥+
where the Y’*s involve @’ as well as u” and ¢’, unless the strata
are all similar.

Now if the Spheroid were homogeneous and of density p as far
as the stratum o', the Potential of this portion would be given
by the equation

14 47

14 5, dam

y 3Rt R {33 B+ s

5R2 oL a’ + ...

1 1.7i+8 }
+(22.+1)R‘.pY,-a + .o

Let &’ +da’ be the constant of the next stratum outside, and
let the value of 7 due to the whole portion of the Spheroid, sup-
posed homogeneous and still of density p, up to and including
this stratum, be written down. Subtract the first result from
the second and we obtain the Potential due to the shell of
density p included between the strata o’ and o’ + da’.

The Potential of the homogeneous solid ' +da’ being 7+ 47,
we have by subtracting that due to the homogeneous solid a’,

av 4= v d4am ,
=R 3)+-—P{3R (@*E)+ .

Y
i +1)R‘d( 1’)+...},
.the independent variable in the differentiations being a’, the
parameter which determines any one stratum of constant density.
Bb2
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Now if the value of 4’ for the bounding surface of the Spheroid
is @, we have by integrating the above

7 4 , dam 1 rayr
= [“pi(a )+ [ {ﬁd(a )+ ...

1 7i ’
+ @ nEte +314)+...},
or $=_ 4“”f,,d(a'41’)+

Ry
4am ’i
(2z+;)R'+1f pd (@ **2X/) + ... (10)

Internal Point. If the point, P, at which the value of the
Potential is desired is inside the Spheroid, we may treat the
spheroid as consisting of a sphere and a superficial layer which is
-everywhere of comparatively small thickness.

The Potential of a solid homogeneous sphere at an internal
point has been already found. We must therefore find the
Potential at P due to the shell at the surface of this sphere—
observing that, according to the shape of the spheroid, the
thickness of this shell measured outwards from the surface of the
sphere may be positive or negative. If the equation of the -
surface is 7 = @ (1 + ay), the thickness of the shell at any point
is (nearly) aay; or the value of 7 ranges from » =a to
7”=a(14+ay). If v is the Potential at P (internal) due to the
shell,

v .R -Ri ’ ’ /
;=fffp (Lot Ii oot Lt ) ¥ dF Al A

Performing the integration in # first, we have

—-apff(La2+LRa+ ALy )y,

which, by Art. 352, is
v _ . R I? yid
y.._4a7'rpa {Yo"' Y+,. 2Y2 m Y+ } (11)

in which the I's belong to the attracted point P. To this
must be added 2mpa®—3wpR% which is due to the sphere of
radius @, so that

= 21:pa2—§7rpR2+4a1rpa2{... +(—27%? Y+ } (12)
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As has been already proved, the terms ¥, and ¥, may be dis-
pensed with.

The case of a heterogeneous spheroid is treated exactly as
before. The point P being internal, let & be the parameter of
the stratum of constant density passing through P, and take for
V7 the sum ‘of the Potentials due to the spheroid as far as this
stratum and to the portion between this stratum and the bound-
ing surface (of parameter ¢). The point P is external to the
first, and the corresponding part of 7 is given by (10) in which
we have simply to change the limit 2 to & in the integrations.
The Potential due to any stratum (a’, p) surrounding P can be
obtained by subtracting the Potential due to a s0/éd homogeneous
spheroid, (4, p) from that due to a so/id homogeneous spheroid
(' +dd’, p). Thus by (12) the Potential due to the stratum
(@,p) is

P J 4 ’ ‘R‘ Y‘i’

2mpd(a z)+4a7‘rp(l{a Y+ ——a 'Y+ .. +22+ iz - &e. }

Integrating this between o’=4 and o’ =a, we have by
addition to the first portion,

V_ 47 ’3 4am fb 2i+3 V7
S 3R pd(a )+"'+(2i+1)R‘+1 0pd(a +...

@ , daom . Y,
+2nfb pd(a2)+...+2i+1R/:pd(m)+.... (13)

For the discussion of the figure and law of density of the
strata of the earth the reader will, of course, consult the Mécanique
Céleste. A valuable epitome of Laplace’s and other results will
be found in Pratt’s Lreatise on Attractions, Laplace’s Functions,
and the Figure of the Earth.

MiscELLANEOUS ExXAMPLES,

1. Find the work required to scatter the particles of a uniform
circular plate to infinite distances from each other (for the law of
nature).

Ans. Let M be the mass of the plate in grammes, & its radius
in centimétres, and y the C. G, S. constant of gravitation ; then the

work is 8y

3ra ergs.
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At any distance, ®, from the centre, inside the plate
V= 4}/p-rfg V@ —o?sin0d 6,
where 7 = thickness of plate. 0Hence
}/Vdm = 41ryp21-2'/;§‘/0‘a«/m .adxd®.

Perform the integration in x first; &c.

2. Considering the attraction-intensity of an infinite plate at a
point near its surface, show that it is greater for the law of inverse

square than for the law ;1“- when % < 2, and less for the law of inverse

square than for the law ri" whenn >2.
The attracted particle having any position on the axis of the plate
: . . 1.
(assumed circular), the attraction-intensity for the law Pl
(1 —cos"a) tan™2%a
n—1 ’
If the particle is near the plate, cos a = », where z is very small,

2wypr

tan a =;16 » and the most important part of this expression becomes
1 .
Ty ] from which the result follows.
3. At a point in the plane of a uniform circular plate outside its
circumference, the Potential is
x*'—a?

4yp-r(K— o ©

where 2 is the distance of the point from the centre, and &K and %
are the complete elliptic integrals of the first and second kinds with

E).m,

a
modulus P

[Let P be the point, O the centre, Q any point on the circum-
ference, ZOPQ = 0; then

V=4ypr| +a®—a?sin’6d0,
0
where a=sin"'%. Let 2sinf = asin ¢, where ¢ is the angle

2
between QP and QO ; &c.)
4. Find a function, ¢, of » only which satisfies the equation
(V'+a*) ¢ =0,
where ¢ is independent of 7.
‘ ear e—ar
dns. =4 +B

r

2
The squation (y), p. 281, becomes @.ré

dar?

+alrp=0.
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5. Fig. 228, p. 1, represents & homogeneous solid rectangular block
whose density is p grammes per cub. cm.; the sides are AD = 24 cm,,
BD =b cm., DO’=hecm.; find the attraction-intensity at a point,
P, which is on the perpendicular to 4.D at its middle point and lies
in the plane of the face 40BD.

Ans. If p is the distance (in centimetres) of P from the side
4D, and if X, Z are the components of the force-intensity in and
perpendicular to the plane AOBD,

p+b ah
X =2 in~! ————————— .
474 /; sin™* 77 @+ o) (B + =) dx; (dyunes per gramme.)
+b VIR N
Z=2yp / v log, Wt (atval+a) .dz. (dynes per gramme.)
»

x (a+ v +a? +a?)

6. Apply the preceding to calculate the deviation of the plumb-
line caused by a large rectangular table-land in the following
instance.

¢A table-land 1610 feet high, commencing at a distance of 20 miles
from Takal K’hera near the great arc of meridian in India, runs
80 miles north, and 60 miles to the east and 60 to the west.” (Pratt’s
Attractions, Laplace's Functions, and the Figure of the Earth, p. 48.)

Observe that % is here very small compared with the other linear
dimensions.

Assume p to be 2. 8, i.e. about half the mean density of the Earth,
or the density of statuary marble ; also assume 160933 centimétres
in 1 mile. Then, since a gramme mass weighs at the surface of the
Earth about 980 dynes, the circular measure of the deviation is %6;
and the deviation is found to be about 4”.8—so considerable a dis-
turbance that (it is stated) the place in question was abandoned as
a principal station of the survey. We have neglected Z in this result,
as is, of course, allowable.

7. When by the method of Inversion (Art. 334) a system of points
(', /> %) is deduced from a given system (z, y, 2), show that if the

ati d+ d+zd orrd and d2+£+d2 T
operations @ g TY dy ' " ds’ ar’ de? T dy? ' di? are,

respectively, denoted by & and V?, we have
¥ = -39,
7t 2

VI’ = -]—cz' V,'—' 70-2'8.



CHAPTER XVIIIL

ANALYSIS OF STRAINS AND STRESSES.

356.] Definitions of Strain and Stress. When a natural
solid (such as iron, wood, &ec.), or any material medium, is not
acted upon by any external forces, its particles assume certain
determinate distances from each other, and the body is then said
to be in its natural state. But when forces act on it either at its
surface or throughout its mass, or when any disturbance is pro-
pagated through its interior, these natural distances between
tts particles suffer alteration, and the body is said to be in a state
of strain. Thus a fluid exerting pressure, a medium propagating
sound, and the luminiferous ether when it is propagating light
are instances of a body in a state of strain.

The change of the natural distances between the particles is
always attended by the production of internal forces, or, as they
are called, internal stresses, or simply stresses; and these stresses
will depend, as we shall see, both on the nature of the body and
on the nature of the strain in any case.

SecTioN 1,

Analysis of Small Strains.

357.] Displacements of a Rigid Body. It has been already
pointed out (Chap. XV) that the general motion of a rigid body
consists of a motion of translation which is the same for all its
particles, together with a rotation round an axis through an
angle which is the same for all its particles. These displace-
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ments do not alter the distance between any two particles of the
body, and they are therefore unaccompanied by the development
of stress in its interior. Stress results only from the alferation
of distances between pairs of particles, and hence in treating of
strains and stresses all displacements, whether of translation or
of rotation, which are impressed, with common magnitude, upon
all particles of the body, may be discarded ; and again any such
common displacement may be freely introduced if it is found
convenient for analysis.

858.] Changes in Relative Co-ordinates. Let a system of
rectangular axes, Oz, Oy, Oz, (Fig. 290) be fixed in space;
through any point, P, in the natural solid under consideration
let Pz, Py, Pz be
drawn parallel to
the fixed axes. Let
the particle at P be
displaced to 7, and
suppose that the co-
ordinates (#, , 2) of
P referred to the
axes through O are

. %) ]
increased by small

quantities, #, v, w, /

respectively. The z

P 7 Fig. 290.

co-ordinates of P’ ’
are therefore #+u, y +v, 24+ w. Now these displacements «, v, w
depend on the position of the point P, i.e. they are functions of
its co-ordinates depending on the law according to which the
strain is produced. We have then, when the kind of strain is
specified, some such equations as

v=f(2,92), v=Ff3(®32), »w=,3(2372)
where f1, f,, /5 are symbols of functionality.

Let @ be a particle very near P, and let its co-ordinates with
reference to the axes drawn through P be (1, (). Then the
displacements of @ parallel to the axes are obviously

fl(w+£, Y+, Z+(),

So@+& g+m, 2+C),

f;}(w'l'fs ¥+, z+§),
that is, by Taylor’s Theorem,
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du du du dv dv dy
u+§%+’7’@+{%! U+§(_l_m;+n@+ CE’
dw dw dw
w+£dm + ndy + cdz'

Suppose Q to come to @ by displacement. Then in consider-
ing the nature of the strain in the neighbourhood of £, we may,
by last Article, impress on every particle of the body a motion of
translation represented in magnitude and sense by PP, so that
P’ will be brought back to P without in any way interfering
with the strain of the solid. By drawing @ Q" equal and
parallel to PP, the particle which was originally at @ may now
be considered to be at Q" ; and a similar process is to be repeated
for all other particles. The part of the strain, therefore, due to
the alteration of the distance between P and @ will depend on
the co-ordinates of Q” with reference to Pz, Py, Pz. These co-
ordinates are, of course, the excesses of those of @ over those of
P’; and therefore the relative co-ordinates of @” are

du du du dv dv dv
f(1+2‘;) +’7@+ {Ez_’ f%‘l’?](l + @)4- C%’
dw dw dw
, §%+n@+§(l+%);
in other words, the changes, A¢, An, A( in & 1,  are

du  du  du o Ao L dv -
A£=fd—_;+ﬂzl;+§%a A’l=f%+’7@+§a‘z‘!

W dw ,dv
A= bg g+ (a)

¢ Cowr. 1. 4 particles near P which in the natural state lie in
one plane will after strain also lie in one plane. For if the co-
ordinates of Q” are denoted by &, 7', {’, we have

,_ du du aw , ’_
§_6(1+%)+q@+{%’n =.., {=..,

which equations, being linear, give §, n, { linearly in terms of
&, v, " Remembering that %, %’ ... are all small, these
equations give { = £’ +small quantities of the order of Z—Z » &e.;
so that in any terms multiplied by %, ... § may be put for &,
’ for n, and ¢’ for {.
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Hence we have, to the order of accuracy adopted,
fme 1ty e e
nj:—f’g%wl’ 1—%)—('%’ (1)
(= —f’%—n’%{)+§’(1—%§ .
Therefore if all the points (§, 9, ¢) lie in the plane

AE+ B+ C{+D =0,

all the points (¢, ', {) will also lie in a plane. That is, every
plane curve is strained into a plane curve in a different plane.

CoR. 2. AUl particles near P whick in the natural state lie in
one right line will after strain also lie in one right line. For if
we have

AE+By+C¢+D =0 and 4 ¢+B1+C{+D =0,

we shall have &, %, {/, also satisfying two linear equations.

Cor. 3. Two parallel right lines in the natural statle are changed
into two parallel right lines (with a different direction) in the
strained state.

Fory one of the two lines being given by the equations

Af+Bn+Cl+D =0, A E+Bn+C¢{+D =0,

the other will be given by two equations in which the terms D
and 7 alone are altered. Substitute for ¢ 5, { their values in
terms of &, v/, ¢/, and jobserve that the values of D and 7 do not
influence the direction cosines of the line into which any one is
converted by strain.

. 859.] Elongation in any Direction. Supposing P and @
to be, as before, two particles in the natural state of the body,
the elongation in the direction PQ is defined as the ratio of the
change produced by strain in the distance between these same
particles to the original distance between them. Hence the

/4
. — AV I
elongation in the direction PQ) is P_lei@ , or 7’) , if p denotes

PQ, and Ap the change in p.
Now =,
o pBp=EAf+nAn+{Ad;
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or if we substitute for A¢, Ay, and A their values from last
Article,

PAp—fﬁd—u+ 2—+(2dz+£ ((ly dw)+ C( )
d
+§£(¢E+7Z)’

Let the cosines of the angles made by PQ with Px, Py, Pz be
Z, m, n, respectively, let

T g Wy
= dw_a’dy—b’ dz =
1Z1~+dv 2 (lv+dw 96 dw+¢_l_zf_28
G AT Ty Ve T de” O

and denote the elongation by €; then the last equation gives
€ = al’ +bm® +cn® + 2lmsg + 2mns, + 2 nis,. (1)

The elongation in any direction may be graphically represented
ag follows :

Construct at P the quadric surface whose equation referred to
the spatially fixed axes Pw, Py, Pz is

al?+bn?+e(?+28&n+28n(+28,(§ = A2 (2)

where £ is any constant linear magnitude. If 7 is the length of
the line PQ) intercepted by this surface, we have

72 (al? + bm? + cn® + 2 Imsy + 2mns, + 2nls,) = k?;
2

G-"-"'-;;z,

(3)

or the elongation in any direction varies inversely as the square of
the radius vector of the Elongation Quadric in this direction, if we
agree to call the above surface the Elongation Quadric.

It is possible, however, that equation (2) may fail to represent
the elongation in al/ directions. For there may be contraction
(negative elongation) in some directions, and then (2) will repre-
sent a hyperbolic surface, the radii of which will give as in (3)
the elongations, while the contractions must be given by con-
structing the surface

ag®+by? +0f2+2'3sf77+231’1§+2"2ff— ~8, (4
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which is the hyperboloid conjugate to that which gives the
elongations.

Unless, then, all
lines are contracted or
all lines elongated,
there will really be
two quadrics required,
one to represent elon-
gations and the other
to represent contrac- Fig. 291.
tions.

For example, consider the simple case in which the strain is
made by drawing out all lines perpendicular to the plane yz in
the same proportion, and contracting all lines perpendicular to
the plane #z in the same proportion ; so that

4D

u=ax, v=—by, w=0.

Then the elongation is given by the equation ¢ = al2—dm?.
Now this expression is negative when &m?>a/?, and if we con-
struct a surface whose equation is a£2—09% = 0, i.e. two planes
through the axis of 2, this surface will form the boundary between
lines which are elongated and lines which are contracted. The
elongations are given by the radii of the surface af?—b7? = 42,
a hyperbolic cylinder, the section of which by the plane zy is
represented in Fig. 291 by the curve (DAC, V4’C’); and the
contractions by the conjugate surface 67*—aé? = 4%, which is
represented by (DBC’, IVB'C); the planes of no elongation or
contraction being the asymptotic planes, DI/, CC’, of these
surfaces.

All lines through P along which the elongation is the same
lie on a cone whose equation is easily found from (1). For,
putting € (#2 +m? 4+ n?) for ¢, we have

(a—€) PP+ (b—e)mP+ (c—€)n®+ 283lm + 28, mn+ 28,0l =0}
and if £ #, ¢ are the co-ordinates of any point on the line
(¢, m, ), we have l:m:n = £:n: (; therefore this equation gives

(a—e) 2+ (b—e) n?+ (c—€) (3 + 28380+ 28,9+ 28,{E = 0,

which, if ¢ is constant, denotes a cone whose vertex is 2. This
is called the cone of equal elongation. If e is taken = 0, we get
a cone of no elongation, and it is evidently (when real) the
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asymptotic cone both of the Elongatlon Quadric and of the
Compression Quadric.

Cor. 1. The elongations in the directions of the axes of @, y, 2
aw dv dw
dx’ dy’ dz’

Cor. 2. The elongation is the same along all parallel lines in
the.neighbourhood of P. TFor if R is any point very near P,
the value of ¢ along a direction (4, m, ) at R is got by using the
values of @, &, ¢, 3, 8,, 35 at R in equation (1). But these values
at R differ from the values at P by infinitesimals of the second
order. Therefore, &e.

Cor. 3. Any small parallelogram or parallelopiped in the natural
state in the neighbourkood of P is changed into another parallelo-
gram or parailelopiped by the strain.

For (Cor. 3, Art. 358) any two parallel lines are strained into
two parallel lines, and (Cor. 2, Art. 359) they are equally elon-
gated. Therefore, &e.

Cor. 4. A4 small circle very near P in any plane i3 strained into
an ellipse in a different plane.

For, let 4Q B (Fig. 292) be a circle in the natural state let
04 and OB be any two rectangular diameters, @ any point on
the circle, and @M and QN perpendiculars on O4 and OB. Let
the lines 04 and OB become oa and 06 (in a different plane) by

the strain, and let @ become

are, respectively, a, b, ¢, or —

B v, 2 The circle will become a
[ i‘ curve in the plane of oz and of
N, ¢ by Cor. 1, Art. 358. Also if

gm and gn are drawn paralle]
to 0 and oa, the lines QM
Fig. 292. and QXN will become g7 and
gn ; for M must become some
point on oa (Cor. 2, Art. 358), and OB and QM must become
parallel lines (Cor. 3, Art. 358).
Again, if € is the elongation along 04,

0a = (14¢€) 04 and om = (1+4¢)ON;

OM__Om
04~ Oa’
ON on

similarly 0B=
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OM? ON?*
But o top=
therefore omi L 1
0a? " of2 T 7’

which shows that the curve on which ¢ lies is an ellipse having
the lines oz and 0b for conjugate semi-diameters.

Hence every pair of rectangular radii of a circle is strained
into a pair of semi-conjugate diameters of an ellipse; and since
among these latter there is one rectangular pair (the axes of the
ellipse), it follows that some two rectangular diameters of the circle
are strained into two rectangular lines. Hence in every plane near
P can always be found two rectangular lines which are strained
into two rectangular lines.

Cor. 5. Any two small coplanar areas in the natural state are
strained into two coplanar areas having the same ratio to each other
as the unstrained areas.

For let CAB and C’4’B’ be any two elementary rectangles in
the same plane near P such that 4B is parallel to 4’B" and 4C
parallel to 4’C’. Then by Cor. 3 these will be strained into two
parallelograms, cab and ¢’a’t’, such that ab is parallel to ¢’¢" and
ac to a’c’.

areacab _  acxab
areacdl dcxd ¥’
Let € be the elongation in the direction 4B and ¢ that in the
direction AC ; then
ab=(1+€) 4B, 'V =(1+¢)4'B;
ac = (1+¢€)4C, o'’ = (1+)4'C;
areacab  ACx AB _ areaCAB
areaca b ACxAB ~ areaCAB’

Now, whatever be the two areas, they can each be broken up
into an infinitely great number of small parallel rectangular
strips, and the ratios of the strained areas of these strips being
the same as those of the unstrained, the whole strained areas
are to each other as the unstrained ones.

CoR. 6. Every small sphere in the natural state is strained info

a small ellipsoid. This is evident from Cor. 4, since the sphere,
being a surface every section of which is a circle, must alter into

Hence

therefore
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a surface every section of which is an ellipse. Nevertheless for
clearness we may repeat the proof of that Cor. Let 04, 08, 0C
be any three rect-
angular  semi - dia-
meters of the sphere,
@ any point on the
sphere, QR a line
parallel to OC ter-
minated by the plane
O4B, and RM, RN
Fig. 293. parallels to OB and
04. Let the lines
04, OB, OC be strained into oa, 0b, oc, and Q to ¢. Then by
Cor. 3, Art. 359, QR, RM, and RN will be strained into ¢r, rm,
and 72 which are parallels to oc, 08, and oa terminated by the
planes oab, oac, and obe. Also by Cor. 2,

oa _ om ; om_OM'_
o4 oM T 04’

. on _ON g¢qr QR
similarly %=0B 0=00"
OM? ON?2 QR?
But s o tom = ! :
2 2
therefore o L qﬂ: 1,

. 0a® T 042" oct
which shows that the surface on which ¢ lies is an ellipsoid
having oa, 04, oc for a system of conjugate semi-diameters.

Hence every rectangular set of radii of a sphere in the natural
state 18 strained into a system of comjugate semi-diameters of the
ellipsoid into which the sphere is changed ; and it follows that
there is one rectangular set which is strained into a rectangular
set and altered in directions, the latter being the axes of the
ellipsoid into which the sphere is strained.

Cor. 7. Any two small volumes in the natural state are strained
into two small volumes whick bear the same ratio to each other as
the unstrained volumes. 'The proof of this proceeds exactly as in
Cor. 5.

860.] Lines of no Rotation. Let us enquire whether, with
the given strain, it is possible to find a particle Q,in the natural
state of the body, such that its displaced position, Q”, shall be
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on the line PQ. If this is so, all particles (near P) on the line
PQ will retain the same direction with respect to P; i.e. the
line PQ will not suffer rotation by the strain.
du du du
E(1+ )+ + (o
PQ” ?aeey
Hence if these are the same,

The direction cosines of PQ"” are

K3
and those of PQ are —= TR

du  du
£(1+%)+n@+§d—2_ ¢
PQ/I _-PQ
with two similar equations. Now PQ” = (1+¢) PQ; hence

(rlu )fl— iu.§=0’

with two similar equations; or 1f 7, m, n be the direction cosines
of PQ, a line of no rotation,

((lu e)+m(]41£+n’ﬁ—0
dy " Tdz T

3

dv dv dv
__ — — = 1
z(lm +m((l/ e)+n(lz o, " M)
Adw (l dw
Liptm g +r(g—9)="0

By eliminating 7, m, « from these equations, we obtain the
cubic equation for e

du 5711, du

&¢Iy &

dv dv dv

L e —_— =0, 2
dz’ dy” © dz @)
do o do

dz’ dy’ dz

which gives necessarily one real value of ¢ and may give three
real values.

Hence in the small general strain of an elastic solid there is at
every point at least one line of no rotation.

861.] Change of inclination of two lines. In the unstrained
state let there be two points, @, and @, very near P, and let ¢
be the angle between the lines PQ, and PQ,. 'We propose to
find the angle between the lines into which these are strained.
Let (é,m ¢;) and (&; 13 {;) be the co-ordinates of @y and Q, with

VOL. 1I. coe
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reference to Pz, Py, Pz (Fig. 290); and supposing that the
strained positions of @, and @, are Q,” and Q,”, whose co-
ordinates are (&7, ¢,’) and (&' n; (;'), we have, by Art. 357,

, du du , dv dv
1 =(1+a)51+’71(7§+(13;s n =f1%+(1+5)’71+§1%'

dw dw
,—— — —
&= £1d.7v+n1 dy”'(l'l'c) (1

’ du du , dv dv
£2 =(l+a)£2+ﬂ2@+{2%, M = fgd—w'l'(l +b)'72+ gzz;’

g, 0
G _£2dw+n2d3/ +(14¢) (e

Hence, neglecting squares and products of 4, §,..., Z—Z, veey WO

have f1lfz,+’71,712’+§1' Cz, = §1£2+ﬂ1’72+ §1 {z
du d
+2(b I teG Q)+ (Em+em) (7 + 7,

+(’71{2+"72{1) (% + %)) + ({1524' §z£1) (Zi; + %
If ¢/ is the angle between PQ,” and PQ,”,
’
cos g’ = & 5-2;)'5:7,}?77;5';51’{2,;
so that if ¢, and ¢, are the elongations in the directions P@, and
PQ,, and (4, myn,), ({,m,n,) the direction cosines of the lines
PQ, and PQ,, the above equation gives
(1+€)(1+ &) cos ¢’ = cos p+ 2 (aly by + bmymy+ cnymy)
+ 285(Lymy + lym,) + 2.8, (mymg + mymy) + 28, (ny g + 251) 5
or dividing out by (1+¢)(1+¢),
cos ¢’ = cos ¢ (1 — &, — &) + 2 (aly 2y + bmymy + cny my)
+ 285 (lmy + Lymy) + 2 8, (myng+mgmy) + 28, (m By +m51y), - (1)
the products of the elongations and the small quantities 4, b,...
8,... being rejected. The change in the cosine of the angle

between any two rectangular lines is got by putting ¢ = ;T‘
Denoting this change by 24, we have

3 = al ly+bmymy+cnyn,
+ 85 (ymy + Lymy) + 8y (mymg + mgmy) + 8(ny Iy + nly). (2)
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Cor. 1. Tke quantitics 285, 28,, 28, are, respectively, the cosines
of the angles between the strained positions of the axes of (z, y),
(%, 2), (= ).

Hence the lines through P which in the unstrained state of
the body were parallel to the axes of reference are changed by
strain into slightly oblique pairs of lines containing, respect-
ively, angles equal to

11' w 1r
5-—233, —2-—231, 5—282.

Cor. 2. The result at the end of Cor. 6, Art. 359, easily follows
from the value of cos ¢’ in (1). For if ¢ = g and also ¢’ = ;—r;
the directions of the lines PQ; and P@, are connected by the
equation

aly 1y + bmymy + cnymy + 85 (Lymy + Lymy) + 8 (my gy + mymy)
+8y (1l +n0) = 0,
or (aly+ symy+8ymy) by + (830y + bmy + 8y my) my +
(801 +8ymy +omy) my = 0,
which shows that PQ, and P@Q, are conjugate diameters of the
WA gyt pog2e 20, En+ 2enC 20,06 = A

% being any constant.

Cor. 3. The quantities b+ec, c+a, a+b are, respectively, the
areal dilatations, that is, the ratios of increase of small areas to
their original values in the planes of yz, 2o, wy.

Tor, since all small areas near P in the plane yz are altered in
the same ratio, to determine this ratio we may take a small
rectangle with lengths = and » along Py and Pz. The sides of
this become (Cor. 1, Art. 359) (1+0) m and (1+4¢) #, and, the
cosine of the angle between them becoming s;, the sine of this
angle is‘_lﬂto the order of accuracy adopted.” Hence the new

ares is (1+8)(1+c)mn, or mn+(b+c)mn;
or if 4 and A’ are the unstrained and strained areas
A —4

— = 6 + ¢ = areal dilatation.

Similarly for dilatations in the other planes.
cC2
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Cor. 4. The quantity a+b+c is the cubical dilatation, that 1is,
the ratio of the increase of any small volume at P to the unstrained
magnitude of this volume.

For, since all small volumes near P are increased in the same
ratio, to determine this ratio we may take a small and rect-
angular parallelopiped with edges 7,7, p along the axes Pa, Py, Pz.
These edges become (1+a) m, (1+8) n, (1+¢) p, respectively,
and the sines of the angles between them are each 1, to the order
adopted. Hence the strained volume is

(1+a)(1+6)(1+c)mnp, or mup+(a+b+c)mnp;
so that if 7 and ¥’ are the unstrained and strained volumes,
V' —
7

Cor. 5. We conclude at once that, wkatever system of rect-
angular lines is drawn through P, the sum, a +b+c, of the elonga-
tions along them is constant.

For, the ratio in which any volume is increased cannot depend
on any particular set of axes of reference. This also follows from
the value of € given in Art. 359.

862.] Transformation of Strain. Given the components of a
strain with reference to one set of rectangular azes, to find the com-
ponents of the same strain with reference to any other set of
rectangular axes.

The components with reference to a set of axes, Pz, Py, Pz,
being @, &, ¢, 285, 28, 28, (or %, ...,Z——;+ %
find them with reference to a set, Pz’, Py, P2/, whose direction

cosines are (7, m, n), (¥, m’, o), (¢”, m”, n”), respectively.
/7 .

du
The value of T

(2, m,n). Hence
& = al? 4+ bm?+cn® +28,0m + 2 8, mn + 2 8,nl,
with exactly similar values of &’ and ¢’.

V: at+b+e.

,...), we wish to

is simply the elongation in the direction

. do A, . . .
Again, P4 + 7 18 simply the cosine of the angle between the

strained positions of the two lines P«/, Py’; hence, by (2)of last Art.,
8/ = alll +bmm’ 4 cnn + 8y (Im’ + U'm) + 8, (mn’ + m'n)

+ 8, (nl + D),
with exactly similar values of 2" and ¢,
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Two strains having reference to two distinct sets of axes
are equivalent when each produces the other; and either may be
substituted for the other.

In particular, given the strain components, ¢,, e,, ;, referred
to the principal axes of the strain, we have for the components
with reference to any system of rectangular axes the values

a = e l*+e,m?+eyn?; 8 =e Ul +e,m' m” +egu'n”,
b=1e 02 +eym+egn'?; 8, = e, U" + e,mm” +egnn”,

7/ V4 7 4 4 ’
c=el"+e,m"?+e,n"?; &= e, '+ e;mm’ 4 eynn’.

863.] The Strain Ellipsoid. It has been already proved
(Cor. 6, Art. 359) that a emall sphere in the unstrained state of
the body is converted by the strain into an ellipsoid. This
latter surface is called the Strain Ellipsoid of the given strain.
We here exhibit its deduction analytically.

Let the point @ (Fig. 290) be any point on a sphere of radius 7
and centre P. Then, Pz, Py, Pz being axes of co-ordinates,

e+ + =12

It is required to find the surface traced out by Q”, the strained
position of @, as the latter varies on the surface of the sphere.
The co-ordinates of Q” being, as in Art. 358, ¢, o, ¢, we have
by squaring and adding
du dv dw
24 024 ¢2 — (1—9%) g —2"% ,» —2% e
S+t =(1-2)2+(1 237 +(1-2)¢

—4835,’7,"48171l§1-4325‘,5’:
or (3—a)é2+(F—0)n2+(3—c) (=288 0 —287'(

_282<’£,—§ =0, (1)

which is a quadrie, and necessarily an ellipsoid since a sphere
must be strained into a closed surface. As we have been using
& n, (to denote running co-ordinates, we may without confusion
write the equation of the strain ellipsoid

3—a)E+E-0)n*+F—c) (P =28 —28n{—28,(¢
-1 =0 (2)
364.] Principal Axes and Principal Elongation of & Strain.
The principal awes of a strain at any point P are those three rect-
angular lines (Cor. 6, Art. 359) which become by the strain the azes
of the strain ellipsoid ; and since in general the direction of a
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line is altered by the strain, the principal axes of the strain are,
in general, rotated by the strain about the point P.

The principal elongations of a Strain at any point P are the
elongations along the principal axes. We shall denote these by
€15 €25 €3~

Cor. If the axes of «co-ordinates at P are taken in the direc-
tions of the axes of the strain ellipsoid, the quantities ¢,, #,, and
" 8, are all zero, as is evident from (2) of last Art., and the equation
of this ellipsoid will be

(F—e) 2+ (F—e)rP+(E—eg)P-3~2=0. (a)

365.] Pure Strain. A strain is said to be pure when the

lines at P which become the axes of the strain ellipsoid are
unaltered in their directions by the strain.

366.] Conditions for a Pure Strain. If ¢is the elongation

in the direction of any radius vector of the strain ellipsoid, we have

. = r(1+9),
where 3 l,s the length of this radius vector and  the radius of the

sphere which becomes by strain the strain ellipsoid.
Hence if the axes of this ellipsoid are a, 3, y, we have

a=r(l+e¢),
B=r(1+e,),
y=r(l+e)

Now if /, m, n are the direction-cosines of any axis, we have
(see Salmon’s Geometry of Three Dimensions, or Frost’s Solid
Geometry) (}—a)l—s3.m—s,.n = Al

—83.l+ (3 —=b)m—s,.n = Am, }
—8l—8 . m+ (3 —c)n = An,

(1)

the three values (A;, A,, A;) of A obtained from these equations
being such that the equation of the ellipsoid referred to its own
axes would be 2
Mﬁ+%f+&ﬁ_a=o.
2
Hence A, = 5%5 =3—e; A =1—6; Ay=1—e,

Therefore if ¢ stands for any one of the principal elongations,
€1, €3, €3, the equations (1) become, for the direction of any awis,
(a—e€)l+8ym+8,m = 0, l
&l+(b—e)m+an =0, (2)

sl+roym+(c—e)n =0,



367.] ROTATION AND STRAIN PROPER. 391

Now if there are three unrotated lines, they are given by
equations (1), Art. 360 ; and if the same lines are determmed by
(2), we must have

du _dv _ = du_dw . dv_dw .

BT d= % T dr % = dy =
and the conditions for pure strain are that the displacements
u, v, w satisfy the equations

du dv dw dw dv dw
These are the well-known conditions that the expression
udz + vdy + wdz,

in which #, v, w are functions of z, 7, z, should be the perfect
differential of a single function, ¢ (@, g, z). When this function
exists, i.e. when the strain is pure, it is called the Displacement
Potential of the strain.
Hence the components, A, An, A(, of the strain (given in
Art. 358) become when the strain is pure
Af"- a£+33’7+32C
Ar;_83§+br;+slg } )
Al=s,€+8m+e(,
1.e. the coefficient of n in A¢ is the same as the coefficient of ¢
in A7, &c.; and this is the distinguishing character of a pure
strain. A pure strain is also called an irrofational strain.
The values of the principal elongations of a strain are the
roots of the cubic equation
a—e, 8, 8
8, b—e, 8
8y, 8, C—E€
or E—(a+b+e)e+(ab+be+ca—s2—s%—s2)e
+as82+ 68,2+ cs2—abe—28,8,8, = 0.
867.] Rotation and Strain proper. Every strain can be resolved
into a pure strain and a rotation. By a rofation here is meant such
a displacement as a 7igid body undergoes in turning round an axis,
and we propose to show that the general small displacement at
any point P of a body, may be produced by two operations, viz.
first holding fixed in directions the principal axes of the strain
and straining the body to a certain extent, and then rotating it
as a rigid body about a certain axis.

= 0,
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It has been shown (p. 104) that if a rigid body receives small
angular displacements, w,, w,, wg, round three fixed rectangular
axes, the displacements of the co-ordinates, &, 5, ¢, of any point
in it are
ma w,(—wgn, ©z3f—0,( o n—a,é (1)
(Such a @isplacement has, of course, no displacement potential ;

for if these displacements are denoted by #, », w, we have
z—: dz. equal to —2w; and not equal to zero.)

Now the component, A¢, of the displacement of @ along the
axis Pg is (Art. 358)
du du
af +7 2— + {_ ’
dw (Iw
)’7 g(dz (Zw)f 7( ){

d
((Zw ”) '1

Hence, with the same values of s, ¢,, 3, as before, we have

(Zu v

and this = a§+§(

d
A§=a£+83’7+8zc+{§(ij: {Z;))C ?‘f((lm (Z;)n}

dv d /
An=83§+6n+81§+{% gg*ﬂ)f—‘}( w)c}

dy dz
dv d Zu
A(=825+817]+c§+{%([—l}—:—z§) (;Zz }

A comparison with (1) shows that the portions in brackets in
these expressions denote rotations, as of a rigid body, about the
axes through the small angles

dw dv dw dv  du
“’1=?(@"ZE)’ =%z —7) ea=t(z—7 ) @
which are equivalent to a rotation through +w.?+ w2+ wy?
about one line (p. 103); while the portions of A, Ay, Al out-
side the brackets denote a pure strain by Art. 366.

If the axes of reference, Pz, Py, Pz, are chosen in the direc-
tions of the principal axes, the strain portion of the displacement
will be expressed by

A£= 6’15; An = e, Al = 33{1

i.e. the strain is produced simply by multiplying the co-ordinates
of every particle by the numbers 1+4¢,, 146, 1 +¢;. A simple
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elongation of a body in a direction perpendicular to any plane
means the drawing out from the plane of every particle through
a distance proportional to the perpendicular from the particle on
the plane, so that those particles farthest from the plane in the
natural state are most drawn away, but all in the same propor-
tion to their original distances from it.

By this Article we see that every small displacement at a point
P can be produced by three successive simple elongations followed by
a rotation, as of a rigid body, about an awis through P.
~ The rotation part of the displacement in the neighbourhood of
a point does not belong to the sfrain proper of the substance at
the point. This rotation will frequently be called in the sequel
tho vortical rotation. —_

368.] Significations of s,, s,,s,. Let the axes Pz and Py
become by strain Pz” and
Py”, Fig. 294. (Of course it is
supposed, as in Art. 358, that Y
P is brought back to its ori- ni
ginal position after the strain.) :
All particles in the plane of
Pz and Py originally are in
the (different) plane of Pa”
and Py” after the strain; and
if 4 is a particle on the axis of ¥ and 4B a line parallel to
Pz, the line of particles 4B will become (Cor. 3, Art. 358) a
line of particles 478" parallel to Pz”. Let fall a perpendicular,
A"p, from 4” on Px”. Then the particle (4”) which was at 4
has advanced in front of P parallel to the line Pz” through the
distance Pp. Now Pp = PA” cos &’Py’=2P4”.s; (Cor. 1,
Art. 361) ; and PA” = (1+48) P4 ; therefore Pp =2 (1+06)s;3. P4}
or, neglecting the product &s;,

Pp
P4

Hence the quantity 2s; is the rate (per unit of distance be-
tween the two lines) at which particles on any line 4B parallel
to Pz have slid beyond the corresponding particles on Pa.
Evidently it is also the rate at which sliding has taken place
between particles on Py and lines parallel to Py. o

Or again, imagine a little parallelopiped at P having its edges
along the lines Pz, Py, Pz. Then 2, is the rate at which the

Fig. 294.

= 2¢8,.
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face parallel to that in the plane 2z has slid in front of the latter ;
or the rate at which the face parallel to the plane gz has slid in
front of the face in the plane yz.

Similarly for the values of s, and s,.

The effects of the separate components of strain in producing
deformation may be usefully studied by finding the displaced
positions of the various corners of the cube represented in Fig.
228, p. 1, as given by the equations (4), p. 391. Thus, if & alone
exists, every point will be simply displaced parallel to Oz. 1If s
alone exists, the edge 04 will not be moved ; the points C and X
will move through equal small distances along CF and HO';
while B and D will be moved along BF and DO'. This cube is
thus changed into an oblique parallelopiped. '

Der. When a plane is held fixed in a body and all planes in
the body parallel to it are slid in the same direction and sense
parallel to the fixed plane, each through a distance proportional
to its distance from the fixed plane, the strain so produced is
called a skearing strain.

The ratio of the distance through which any plane has slid to
its distance from the fixed plane is called the amount of the shear.
Hence the quantities 2s,, 28,, 28, are the small shears of the axes
of (9, 2), (2, ), (=, y) respectively, at the paint P.

From Fig. 294 it is clear that the change in the cosine of the
angle between any two lines at right angles in the natural state
is the shear in their plane of lines parallel to either.

369.] Shearing Strain. The two kinds of strain with which
we are most concerned in the theory of Elasticity are Cubical
Dilatation and Shearing Strain. We propose, therefore, to consider
this latter more particularly here.

Treating it first analytically, and confining our attention to a
shear, 28,, of the two rectangular lines Oz and Oy, the elongation
quadric would be 26, &n = 2,

the axes of co-ordinates being the lines Oz and Oy.

But this equation denotes a hyperbola in the plane zy referred
to its asymptotes ; and if we alter the axes of co-ordinates to the
axes of the curve, the equation referred to them will be

8 (£2—n) = A2
A comparison with the general equation of the elongation
quadric shows that this equation denotes an elongation s; (half
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the shear) of the body along one axis of the curve, accompanied
by an elongation —s; (i.e. an equal compression) of the sub-
stance along the other axis.

Hence the shearing strain of a body can be produced by a simple
elongation (equal to kalf the shear) along ome line and a simple
compression of equal amount along a perpendicular line.

The same result is easily found also by considering the
displaced positions of the various corners of the cube in Fig. 2935,
due to the shearing strain 2s, alone (shear
of the axes g, 2), and given by equations

Al
(4), p. 391. ’,""’/Tf
These equations give for the displacements g / il
of any point B(-E. f»y
Af=0, An =28 A{=38n; / P J
so that the points 7, z will be displaced to ; cy
7, 7, through equal distances; no point on

Pz will be displaced ; the points B, C will Fig. 295.
come to B, C’, such that BB = z¢,

CC = yy'; finally, the points 4, I will be displaced to 4, I”
along’ the diagonals P4 and I, respectively, the lines 2’4" and
¥ 4’ being parallel to Py’ and P2/, so that the squares 2Py 4 and
Bz CI become lozenges by the strain, and the cube is altered
into an oblique parallelopiped.

The angle ¢’Py’ = 3—281; the diagonal zy is shortened into

7'y, while the diagonal P4 is elongated into P4’. If (= the
length of an edge of the cube,

7y =1(1—8)v2, and PA = 1(1+8) V2

The squares zPz, AyC, and all sections parallel to them
remain squares, and are therefore quite undistorted; and the
length of every line in these planes remains unaltered. The
same is true of all planes parallel to #Py. Hence the shearing
strain could be replaced by a strain in which every line near P
parallel to the diagonal zy is compressed, and every line near P
parallel to @7 is elongated, the amount of the compression and of
the elongation being s,.

The axes of the elongation quadric, 28, (32—2%) = 4%, belong-
ing to this strain are the internal and external bisectors of the
angle 2Py, together with Pa.
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We have been considering small displacements; but let us
now consider an elongatlon of any amount along a line Oz, and
an equal compression
along a perpendicular
) Oy (Fig. 296). Sup-
B n 4 7 pose that all lines in
z yd the body parallel to Oz

e & are increased in the
Q) ratio a: 1, and that all
- 0 m ¥ lines parallel to Oy are
diminished in the ratio
1:a; and consider dis-
placements in the plane
zy. There will, of course,
be similar displacements
in all planes parallel to 27. The displacement of the point O
may be impressed in reversed direction on all points, so that
O may be considered as at rest.

Draw 04, of any length, making the angle 402 = tan™la.
From A4 let fall Az perpendicular to Oy. Then A4z becomes
elongated by the strain parallel to Oz into a.dn; but
a.An = n0; therefore by this strain 4 is drawn out to a, 4a
being parallel to Oz, and 2 a point on the bisector, Oa, of the
angle #0y. From a draw am perpendicular to Ox. Then by

Fig. 296.

the strain parallel to Oy, am becomes shortened into —a;—n- Now
if we draw 04" making with Oz an angle equal to 40y, this line
will meet am in a point, 4, such that A'm = (Zz_z « Hence after

the two.strains 4 will come to 4’; and we see that 04’ is equal
in length to OA, and that they are both equally inclined to the
bisector of the angle z0Oy.

In the same way if OB be drawn making ZBOz'= tan™lq,
the length of OB will be unaltered, the point B will come to /5,
and the lines OB and OB’ are equally inclined to the bisector of
the angle #’Oy. Also O4 is perpendicular to OB’. Hence since
parallel lines are all altered in the same ratio, all lines parallel to
04 are unaltered in length, and all lines parallel to OB are
unaltered in length,

Imagine a plane through 04 perpendicular to the plane of the
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paper, and let any curve whatever be traced out in this plane.
The curve will remain perfectly undistorted after the strain.
For, all lines perpendicular to the plane of the paper obviously
remain so and are unaltered in length, and all lines parallel to
the plane of the paper remain parallel to this plane, while of
these latter those which are parallel to 04 remain unaltered in
length. Hence ordinates and abscisse of the above-named curve
parallel to O4 and to a normal to the plane of the paper remain
perpendicular to each other and unaltered in length. The curve,
therefore, as regards magnitude and shape remains exactly as it
was; its plane only is altered (to the plane through 04’ per-
pendicular to the paper).

It follows, of course, tkat all lines, whatever be their directions,
in the plane through OA perpendicular to the paper remain un-
altered in length.

Similarly all lines in the plane through OB and the normal
to the paper remain unaltered in magnitude ; and all figures in
this plane also remain undistorted.

The planes through the normal to the paper and the lines 04
and OB are called ¢4e planes of no distortion.

Suppose that we impress on the body a common motion of
rotation about the normal to the paper at O so as to bring 04’
into coincidence with OA4. This motion will, of course, be un-
accompanied by any strain. Then OB’ will come to OB,
and BB is perpendicular to OB’ and parallel to 04, as is
very easily seen.

Draw BQ parallel to 04. Then since the length of BQ
remains unaltered, @ will come to @”, a point such that
B7Q”= BQ. Hence all particles in the line BQ are slid
parallel to 40 through a space BB”. Now if p is the length of
the perpendicular from B on 04,

BB 1

?— = a_c—l’
as is easily found.

Consequently in this strain if tke undistorted plane OA is held
Sized, every plane, BQ, parallel to it is slid parallel to it through a
distance proportional to the perpendicular distance between BQ and
04 ; and this is the usual way of representing a shearing strain.

. Of course the strain may otherwise be produced (negleeting
the effect of mere rotation common to all points) by holding fast
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the other undistorted plane, OB, and sliding all planes parallel
to it.

The plane (2y) perpendicular to the two planes of no distortion
is called tke plane of the skear ; and the lines (Ox and Oy) which
bisect, in the plane of the shear, the angles between the planes
of no distortion are called the azes of the shear.

Since a sphere described about O as centre becomes an ellip-
soid, and since there are two sections of an ellipsoid which are
circles, the planes of these sections must be 04’ and OB, the
strained positions of the planes of no distortion.

The quantity a———:—t, which is the fractional sliding per unit

of distance between the parallel planes is called the amount of the
shear.
If the strain is small, @ = 14¢, where ¢ is a small quan-

tity ; a.nd-(l; = 1—3, nearly, so that the amount of the shear

=148—(1—¢) = 23, which agrees with the analytical result
as the beginning of this Article.

The expression for the displacement in a shearing strain can
be simplified by taking the fixed plane as that of zy and the axis
of 2 in the direction of the sliding. Then

=28y, v=0 w=0;

so that a shear is a rotational strain.

870.] Biaxal Reduction of Strain. We have shown in Art.
367 that the strain proper (i.e. neglecting the rigid-body-
rotation) at any point is always producible by three simple
elongations, or stretches, ¢;, ¢, ¢, We shall now prove that in
all cases of strain the strain proper at a point can be expressed
with reference to fwo axes *.

The strain at any point can be produced by a simple elongation
parallel to one line accompanied by a contraction round another.

At any point, P, in the body draw the three principal axes,
Pz, Py, Pz, of the strain, and also any line PZ, whose direction-
cosines with reference to the axes are /, m, n. Consider the
effect of a simple elongation, a, parallel to PL.

If £ u, ¢ are the co-ordinates of a point @, near P, with

T‘;This reduction of strain was published by the Author in The E lucational
s,
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reference to P, the perpendicular from @ on the plane through P
at right angles to PLis /{+mn+n{. Hence by the stretch, @
is drawn out from this plane through a distance a (Z§+ mn+#();
and the component of this displacement parallel to Pz is
al(lf+mn+n(), with similar components parallel to the other
axes.

At P draw any other line, PL’, whose direction-cosines are
U, m',n’, and consider the effect of a contraction, B, or squeeze,
of the substance round it. The point @ is to be displaced along
the perpendicular, QM, from @ on PIL’ by an amount equal to
B.QM. Now the projection of QM along Pz = projection of
PQ—projection of PM, and this=§¢-0(FE+m'n+n' ().
Hence, adding the two strains together, we obtain

Af = al(le+mn+nl)—BL (CE+m n+n' () +BE,
which is to be identical with ¢§, if the proposed reduction is
possible.

We have thus the equations

aB—Bl24+B =¢; alm—Bim =0,
am?—pm’?+B=e,; amn—Bm'n’=0,
an?—Bn'2 +B=e;; anl—pa'l =0.

The first column gives a+28 = ¢, +¢,+¢€;. Suppose

e, >e,>¢6,.

To satisfy the second column, assume m = m’ = 0, which
roquires both PL and P’ to lie in the plane, 2, of the greatest
and least elongations. If they make angles ¢ and ¢’ with Pz,
we have 8 = ¢,, a = ¢, +¢;—¢,, and

asin2¢ =psin 2¢’,
acos2¢p—pBcos2¢ = ¢ —e, ‘
which show that 2¢ and 2¢’ are the base angles of a triangle
whose two sides and base are proportional to ¢, +e;—eé;,, ¢,, and
e, ~— e, respectively. ‘

871.] Traction and Torsion. Suppose a cylindrical bar of
an isotropic body to have its base held fixed while the bar is
pulled in the direction of its length. Then each particle of the
bar will be displaced in a direction parallel to the axis through a
distance proportional to the natural distance of the particle from
the fixed base; and in addition, the particle will be displaced
towards the axis through a distance proportional to its natural
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distance from the axis. That is, at each point there will be
uniform elongation and uniform contraction. This will be
proved in the last section of this chapter. Hence if the axis of
the bar is taken as that of 2, and the axes of 2 and 7 are in the
plane of the fixed base,

U=—ay, V=—ay, W=z

will express the displacements of any point, the quantities a and
¢ being constant throughout the bar. This is the case of Traction.
Suppose that, the base being still held fixed, the free extremity
is twisted round through any angle (measured by the angle
through which any diameter of the section revolves) ; then every
other normal section of the bar will turn through an angle pro-
portional to the distance, z, of this section from the fixed base.
If / = length of bar, a = angle through which its free end is
twisted, every point in the section considered will be twisted

through an angle a% +  Hence the displacements of a point z, ¥

in this section are (the twisting taking place from axis of «
towards axis of y)

===y V=——> w=0.

/

This strain is called Zorsion.

372.] Lines of Flow and Vortex Lines. Just asa Line of
Force has been defined (p. 316) as a curve at every point of
which the resultant force of attraction of a system is directed
along the tangent, so a Line of Flow is defined to be a curve at
every point of which the resultant displacement of the particle
existing there is directed along the tangent.

Again, we have seen that the displacement at any point can
be produced by a pure strain together with a rotation round an
axis through the point. A curve such that at every point of it
the rotation corresponding to that point takes place round the
tangent is called a Vorfex Line.

In analogy with a Tube of Force, we have a Twbe of Flow.
If through points constituting the contour of any area we draw
Lines of Flow, these lines form a surface called a Tube of Flow.
Similarly, if through the points constituting the contour of any.
area we draw Vortex Lines, these lines will make a surface which
may be called a Portex Tule.
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When the normal section of the Vortex Tube is everywhere
very small, it is called a Vorfex Filament. Such a filament, 4B,
is represented in Fig. 297.

373.] Equipotential Surfaces. When the
strain at every point is irrotational, the quan-

5

S
tity wdz+vdy +wdz is a perfect differential of & .
a function ¢ (2, 7, 2). Describe in the body a Ay :
geries of surfaces the equation of any ome of g |
which is & (2,9, 2) = C. (1) )

Then by giving C a series of different values
we shall have a series of surfaces, exactly
analogous to the equipotential surfaces of an attracting mass;
and these equipotential surfaces of strain will be related to the
lines of flow exactly as the equipotential surfaces of attraction
are to the lines of force; that is, at every point the line of
flow is perpendicular to the equipotential surface. For, the
direction-cosines of the normal to the surface (1) at any point
do do do.
u,v,w,being the components of the displacement, are of course pro-
portional to the direction-cosines of the line of flow. Therefore, &e.

The potential function of any small strain being ¢, we see

Fig. 297.

(#,, z) are proportional to ie. to u, v, w. But

that ((%2 is the displacement parallel to the axis of z; and since

the axis of # may be in any direction, tke displacement in any
direction is the rate of variation, per unit of length, of potential in
this direction.

It follows that the resultant displacement (which is perpen-

dicular to the surface ¢ = C) is %, where # denotes length

measured along the normal to the surface, and the displacement
is measured in the same scnse as #.

Let two very close equipotential surfaces, ¢ = Cy, ¢ = C,, be
described. Denote these by ¢, and ¢,. Then at all points on
¢, the resultant displacement is inversely proportional to the
normal distance at this point between the surfaces ¢, and ¢,.

For, if at any point on the surface ¢, the normal distance
between it and ¢, is Az, the displacement is %—f—: or di;;?’ .

VOL. 1I. pd
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But for all points considered ¢,— ¢, = C;—C; = a constant ;
therefore the displacement varies inversely as A.

374.] Circulation. Suppose any curve, 4B, to be traced out
in the body, and let the displacement of each particle, £, on the
curve between 4 and B be resolved along the tangent to the
curve at P (the resolution taking place between 4 and B in a
sense opposite to that of watch-hand rotation); then the sum
obtained between 4 and B by multiplying this resolved part of
displacement by the element, ds, of the curve at P and adding
all such products is called the circulation between 4 and B.
Hence, by definition, the circulation from B to 4 is equal and
opposite to the circulation from 4 to B.

The components of the displacement parallel to the axes
being, as before, %, v, w, and the direction-cosines of the tangent

. 7 . .
to the curve at P bemgg;f, %, % , the circulation is

dz  dy dz .
f(u T -l-v-aé +w 35) ds, or / (udz + vdy + wdz),

the integral being taken from 4 to B.

Supposing that there is mo rotation, or, in other words, that
there is a displacement potential which has a value ¢, at 4 and
¢, at B, the circulation from 4 to B is ¢p,—¢,; it therefore
depends merely on the co-ordinates of 4 and B and not at all
on the curve between them along which it is taken.

If the curve is closed, B coincides with 4, and the circulation
is zero, it being still supposed that the strain is irrotational. If
4 and B are any two points on an equipotential surface, the
circulation along any path from one to the other is zero.

We now proceed to consider the case in
which rotation exists, and to prove the
following fundamental theorem :—

/ ’\Q The circulation round any small plane

curve described round any point, P, in the

!L/ ¥ body is equal to twice the product of the

area of the curve and the component of ro-
Fig. 208. tation at P perpendicular to the plane of
the curve.

Let @ (Fig. 298) be any point on the small curve whose plane
is taken as that of zy; denote the components of the displace-
ment of P by u,v,w ; and the co-ordinates of @ with reference

Yy
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to P by & n. Then the displacements of @ paﬁllel to the axes
are dw dv dw

& 7 o’

and the component of these along the tangent at @ is

du d¢ dv. dn
) o "® @

When this is multiplied by ds and integrated, we shall have

du 7 d
wtbotngn, vl Hng, wl+n

du a
(u+£d—m+n +(v+£;1‘—:+

(since #, v, are constant for all points on the curve)

du

'd—m_’ sen

i du dv dv du
wfdé+v/dn+— /£d£+(7y- VALIES /Edn+@ Snd¢,

of which all the integrals except the last two vanish, since the
curve is closed. Now /{dny = area of curve = 4; and /qd§
= — 4, since the two integrations are carried round at the same
time from z to . Hence the circulation = 4 (‘ﬁ _ duy

dz  dy/
=24. w,,

(p- 392) w; being the rotation round axis of z at P, ie.
perpendicular to the plane of the curve.
Suppose that any surface, plane or

curved, bounded by any curve, 4 BCD
(Fig. 299), is traced out in the body
and that at each point on this surface
we take the component of rotation
round the mnormal to the surface,
multiply this component by the ele-
ment of superficial area at the point,
and take the sum of all such products.
This sum is called the surface-integral
of normal rotation. The normal must
be supposed to be drawn away from the same side of the surface
at every point, and the rotation is supposed to take place oppo-
site to that of the hands of a watch held so that the normal
passes up through its face.

It is very easy to prove that this surface-integral of rotation is
equal to one half the circulation round the edge, ABCD, of the
surface. For, let the surface be broken up into an indefinitely
great number of little plane areas. Then the sum of the circu-

pdz2

Fig 299.
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lations round these areas is twice the surface integral of rotation
(by what has just been proved). But the circulations in the
common portions of every two contiguous areas are directly
opposed, and therefore mutually destructive, as is seen by
drawing any two such little areas, ¢ and &, apart; hence the
circulation exists only along lines which do not form common
parts of contiguous areas, i.e. along the edge which bounds the
surface.

If the surface has no bounding edge, i.e. if it is a closed
surface, the surface-integral of rotation over it is zero.

If the surface, without being closed, is such that at every
point of it the rotation takes place about a tangent line to the
surface, the circulation round its bounding edge is zero. Such
a surface is that of a vortex filament (Fig. 297);
or that represented in Fig. 300, which consists of
a vortex tube whose ends are any two irregular
curves whatever. The sum of the circulations
round the terminal sections D and Z of this tube,
D estimated in the cyclical order indicated round the
contour in Fig. 299, is zero, i.e. the circulations round
any two sections whatever of a vortex tube are equal;
or, in other words, the circulation round any section, normal or
oblique, plane or tortuous, of a vortex tube is constant.

Fig. 300.

ExaMpLES.

1. Prove analytically that the shear of any two rectangular lines
intersecting at any point is equal to the difference between the
elongations along the internal and external bisectors of the angle
between them.

Let the axes of co-ordinates be the principal axes of the strain at
the point. Then the value of 8 given in equation (2), Art. 361, becomes

s = el +e;mm’ +e,nn’, (a)
the direction-cosines of the lines being (I, m, n) and (¥, m/, n’), and
the shear 2s. Now the direction-cosines of one bisector are I—7/,
m—m/, n—n/, each divided by the square root of the sum of the
squares of these quantities, i.e. by +/2, since the lines are rectan-
gular; and the direction-cosines of the other bisector are I+7,
m+m’, n+n each divided by 4/2. Let eand ¢ be the elongations
along these bisectors. Then, by Art. 359,

2e=e,(I—V)+ e,(m—m') + ¢(n—n’)9,
2¢=e,(I+ V) +e,(m+m') + eg(n +n')?;
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therefore e —e=2(e, 1 + e;mm’ +e;un’),
or € —e=2s,
.which proves the proposition.

2. Find the pair of rectangular lines in a given plane for which the
shear is greatest.

In any plane the elongation is greatest along one axis of the conic
in which this plane cuts the Elongation Quadric, and least along the
other. Therefore the difference of elongation along two rectangular
lines is greatest for this pair; and therefore, by last example, the
shear of the two rectangular lines of whose angle these axes are the
external and internal bisectors is greatest.

Hence the shear in a given plane is greatest for two lines making

angles of % with the axes of the conic in which the given plane cuts the

Elongation Quadric.

The magnitude of the shear for any two rectangular lines in the
plane is easily found and represented by a curve.

Let the axes of x and y be taken in the given plane and coincident
with the axes of the section of the Elongation Quadric in the plane.
Then s must = 0 for these axes. Also let one of two lines along
which we wish to find the shear make an angle 6 with the axis of 2.
Then in the expression for s (Art. 361) we have {, = cos 0, m, = sin 6,

l,=—sin 0, m, = cos6, n, = n, = 0 ; therefore
s=1(b—a)sin 24,
L
or 28=(b—a)sin 20 = shear,

which of course shows that the shear is a maximum along lines
bisecting the angles between the axes of the section. The curve
whose polar equation is r = (b—a)sin 26 consists of four loops, one
in each quadrant, and its radius-vector gives the shear for any

directions, denoted by @ and :’25 +6.

It follows that the two rectangular lines whose shear is absolutely
the greatest at a point in the body are those in the plane of the
greatest and least axes of the Elongation Quadric (or of the Strain

Ellipsoid) and making angles of E with them, and that their shear is
e,—e,, if we assume ¢,, ¢,, ¢, to be in descending order of magnitude.

3. Represent the shears of all pairs of rectangular lines obtained by

taking a given line and all those at right angles to it at a given
oint.

P Let the point O (Fig. 240, p. 37) be the point in the strained body
through which the pairs of rectangular lines are drawn; OP, 04,
0Z represent the priucipal axes of the strain at O; let OL be the
given invariable line with which any variable line, OM (not drawn in
the figure) at right angles OL is to be associated ; draw the arc ZL,
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and produce it to cut P4 in N ; let LN be produced to R so that
LR= g; at R draw a great circle, R M, perpendicular to LR ; then the

variable line OM is always somewhere in the plane of this great circle.
Let the position of the given line OL be defined by the angles ZL
(= 0) and PN (= ¢), and let the variable angle RM be x. Then
using the value of s given in (a) example 1, and substituting for the
direction-cosines /, I/, &c., of the lines OL and OM their values in
terms of 8, ¢, X, we easily find
28 = (¢, cos’Pp +¢,sin® Pp—e;) sin 20. cos
—(e,—e,) sin 2¢psin 6 . sin ¥,
which can be written in the form
2 8= Kcos(x+a). (1)
If ¢,>e¢,>e¢;, and we put d, = ¢;—e;, d,=¢,—¢,, d; = ¢,—¢,, We
have K = sin0+/d2sin® 2¢ + (d, + d, + d, cos 2¢)* cos?0,
d,sin2 ¢
(d,+d, +d;cos2¢)cos 8
Equation (1) gives at once a graphic method of representing the
shear by means of the lengths of chords of a circle whose diameter = K.

tana =

4. If A, p, v are the direction-cosines of any plane, and 2s the
maximum shear of lines in the plane, show that

48 = (6, ¢, A+ e+ i+, + €,07)2 — 4 (6,6,A° + ¢3¢, 14 + €,6,0%)-

5. Prove that a simple elongation in any direction is equivalent to
a uniform cubical dilatation together with two shears, each having the
given direction for one axis, the other axes being at right angles to it
and to each other.

Consider a cube whose three edges at the point O are Ox, Oy, Oz,
and suppose the given simple elongation, ¢, to take place along Ox.
We may consider this as }e+3 e+ 3} € along Oz, and we may suppose
an elongation } e along Oy together with an elongation —} € (or a
contraction) in the sense of y0; and eimilarly } € and —}e in Oz.
Now } € along Ox, Oy, and Oz (and of course along all lines parallel to
these) constitutes (p. 388) a cubical dilatation €; while } € along Ox
and —3 e along Oy constitute (Art. 369) a shear, whose amount is 3e.
Therefore, &c.

6. Resolve a simple elongation € in a given direction into its
components with reference to three rectangular axes.

dns. If the direction-cosines of the direction of elongation with
reference to the three axes are /, m, n, the elongations and shears to
which e is equivalent are
€l% em? en?, 2 elm, 2emn, 2 enl.

For, if & 0, { be the co-ordinates of any point before strain, the
length of the perpendicular from this point on the plane through the
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origin perpendicular to the direction (/, m, n) is I1+mn+n; and
the point (& 0, ) is drawn out along this perpendicular through a
distance €(I£+mn+n(). The projection of this distance along the
axis of x i8 el (If+mn+n(); hence the strained co-ordinates

(&, 7, (), are

§=E+el(lé+mn+nl), v =n+em({+mn+nl),

=¢+en(l+mn+nl).

Comparing these values of &, 7/, ’ with those given at p. 392,

we see that
el=a, em*=b, en®*=c, elm =3, emn =3, enl=s,,

which are the required components of the elongation with reference
to the axes.

7. Find the condition that, in the general small strain, there should
be two planes of no elongation.
a, 8, &
85, 0, 8,| = 0. Hence one of the principal elongations
8,58, €
must be zero (see p. 391).

8. Given two small strains,

(a, b, ¢, 28, 28,, 23,), (a’, ¥, ¢, 28/, 23/, 23)),

find the resulting elongation quadric and strain ellipsoid.

Ans. In the previous equations of these surfaces put a+a’ for
a, &c., 8,4+ 3, for s,, &c.

Ans.

9. Resolve a shear, 28, of two given rectangular lines into its
components along three given rectangular axes.

Ans. If the direction-cosines of the two given lines with
reference to the given axes are (I, m, n), (I, m’, »’), the com-
ponents are

28, 2 smmv/, 2snr/y 2s(Im’ +Um), 28 (mn’ +m'n), 2s(nl’ +n7).

10. Find the conditions that a strain whose components with
reference to three given rectangular axes are given should be equiva-
lent to a shear.
a, 8, 8
8, b, 8
8, 8, ¢

The first of these expresses that the product of the three principal
elongations is zero, and the second that their sum (the cubical dila-
tation) is zero. Hence the principal elongations are of the forms
e, —e¢, 0.

11. Find the Vortex Lines in the case of Torsion.

Ans. The rotations at any point are

ax ay az

0= — 57 == o7, 0=

Ans. =0and a+b+c= 0.
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Hence the differential equations of the Vortex Lines are

—_— [—

The Vortex Lines are therefore the intersections of g =¢, and

a"2 = ¢,. The vortex line at any point lies in the plane through this
point and the axis about which the torsion takes place.

12. When the small strain (a, b, ¢, 23,, 23,, 28,) is equivalent to a
shear, find the magnitude of the shear.

Ans. If 2sis the shear, s = V87 + 87+ 352+ 1 (a?+b7+¢%). To
get this equate the components in example 9 to a, b, ¢, 2g,, .
Squaring and adding the last three, we have

SA=DV — . f2Umm/ +...) = 82+ 87 +37;
or S[1-2P+ m*m* +n’n"%)] = 8%+, + 8;%;
therefore the rest follows from the first three.

13. Prove that torsion is equivalent to shear at each point, and find
its amount.

Ans. Let P be the point considered, PO the perpendicular
(of length 7) from P on the axis of torsion, and let the strain be

. . ar
expressed as in Art. 371; then the amount of the shear is El— » and

the strain is a shear of the line drawn through P parallel to the axis
of torsion and a line perpendicular to this one and to PO.

14. Find the areal dilatation on a plane the direction-cosines of
whose normal are 7, m, n.

Ans. a+b+c—(al + bm? + cn®+ 2lms, + 2mns, + 2 nls,).

Section II.
Analysis of Stresses.

375.] Intensity of a Stress. If a force whose magnitude is
P acts over an area § in such a way that there is all over the
area the same force on the same amount of area, the force is said
to be wniformly distributed over the area; and the infensity of

force on the area is %, i.e. the rate at which the force 1is

distributed per unit of area. Thus the atmospheric pressure on
any area at the surface of the earth is roughly 15 lbs. weight on
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every square inch, and if the unit of force is a pound weight and
the unit of length an inch, the intensity of atmospheric pressure
is represented by the number 15.

If force acts over an area in such a way that there is not the
same amount exerted on the same area everywhere, the distri-
bution is not uniform ; and in this case we can speak only of the
intensity of force at eack particular point. If about any point we
describe a very small area, dS, on which we may assume the
distribution of force to be constant, and if dF is the amount of
force on it, the intensity of force at the point selected is Z%‘
An instance of this occurs when the area pressed is any non-
horizontal area in a heavy liquid. The intensity of pressure at
points in the upper part of the area is less than the intensity at
points in the lower part.

376.] Stress at a Point. At any point, P, of the body
consider a small plane surface of area d§ and any position. This
may be regarded as separating the part (4) of the body at one
side of it from the part (B) at the other side. Then the
particles in this element plane, when the body is strained in
any manner, are subject to certain forces proceeding from the
particles at the side (4) and resulting from the elongation or
contraction of the natural distances. The resultant of these
forces is called the stress on the side (4) of the element plane.

The particles in the element plane are also subject to forces
proceeding from particles at the side (B) of the plane; and the
resultant of these latter is, of course, a stress equal and opposite
to the first-mentioned stress.

The resultant stress (on either side of the element plane)
divided by the area, dS, is the intensity of stress on the plane;
and the resultant stress may be either normal to the plane,
oblique to it, or in it.

If at the same point P we consider a small plane surface of
the same area as before, but of different position, the resultant
stress on it will, generally speaking, be different both in magni-
tude and in direction from the previous stress. In the case of a
perfect fluid body the magnitude of the stress is constant and its
direction is normal to the element plane, whatever be the
position of the latter at the point P.

Hence in the case-of a strained body the term °stress at a
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point’ has no definite meaning until we specify the element
plane on which the stress acts.

877.] Equilibrium of an .elementary Parallelopiped. At
any point, P (Fig. 295, p. 395), whose co-ordinates with reference
to three fixed rectangular axes are (z,y,2) let a very small
rectangular parallelopiped, Pzyz IC, of the substance be separated
in imagination from the rest of the body by means of element
planes perpendicular to the fixed axes. We may then, if we
actually produce on the faces of this element the stresses which
are produced on them by the neighbouring portions of the body,
consider the equilibrium of the element apart from the re-
mainder¥,

The resultant stress on any face, 2Py, may be considered as
acting at the middle point of the face. Let this stress per unit
area be resolved into three components, p.., 24y, /2. parallel to
the axes, and in the negative senses of these axes. In the
suffixes the first letter indicates the axis to which the face is
perpendicular, and the second the axis parallel to which the com-
ponent acts. Let the intensities of the stress components on the
face 2Pz be Pz, Pyys Pus, of which the second is a mormal
tension, these components being also in the negative senses of
the axes. Let the components of stress intensity for the face
z Py be similarly p,,, p,,, 7., in the negative senses of the axes.

At the middle points of the opposite faces of the parallelopiped
the stress components will, of course, be in the positive senses of
the axes. Thus the normal stresses on the faces are all tractions,
so that if in any case they are really pressures (as in perfect
fluids) they are to be considered negative. The oblique com-
ponents, p,,, &c., are skearing stresses.

Let the lengths of the edges of the parallelopiped be du, dy,
dz. Then these stress components are all functions of the position
of P,i.e. each of them is some function of (z, 7, 2z). And the
co-ordinates of the point # in the figure are (z +dz, 7, 2) ; so that
if pee= f(, 9, 2), the p,, for the face BzCI is f(¢+dz, y, 2), i.e.

* In considering the equilibrium of an element of a fluid body it is customary
to say that we consider it as solidified and acted on by the stresses (pressures)
which the fluid exerts on its surface. This solidification is, however, wholly
unnecessary and misleading—if, indeed, it is not actually wrong. The element
while regarded as forming part of the body is not solidified, but is kept in its
condition by the very forces which, by supposition, are produced on it by other
means. If these forces were by themselves sufficient in the one case, they must
be 80 in the other, without the aid of solidification.
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it is p,.+ df; i

said, directed in the sense Pz. Hence the components of in-
tensity of stress on BzCI are

d
Pzt dp“ da; Pzy+ ‘]"W Ax Pt -

dz, neglecting (dz)? &c. This component is, as

-
P .dz.

Similarly for the components of intensity of stress on the
other faces, To get the whole amount of stress in any direction
on any face, the intensity in this direction must, of course, be
multiplied by the area of the face. Let us calculate the whole
amount of stress parallel to Pz exerted on the parallelopiped.
The face 2Py will contribute p,, x dydz, in the negative direction,
while the opposite face, BxC1, will contribute

( e+ dp". dx) x dydz;

l[)ZZ

and the sum of these is in x dwdydz. The face zPx will give

a stress ]wadzdm parallel to Pz, and the opposite face will

give ( Pyt ‘p vz (ly) dedz; and the sum of these is d/y”” dedydz;
Ip,,

similarly, the faces Py and Bzd will gne .dzdydz. Hence

the whole stress force acting on the element in the direction

Pz is ((]p" dg;" (%]E) dzdydz. Some external force (gravity,
or other) may also act on each element of the body. Such a
force will always be proportional to the quantity of matter in
the element. Suppose p to be density of the body at P; then,
approximately, the quantity of matter in the parallelopiped is
pdzdyde. Let the components of the external force which is
felt at P along the axes of @, g, z be X, ¥, Z, per unit of mass.
Then the component of the external force along Pz exerted on
the clement is pXdzdydz. Equating to zero the sum of the
components along Pz of all forces exerted on the element, we

have
(lp¢z+dl’vl+ pzz+ X— 0

de T dy T dz
Similarly, dg;" + dp;, + (I; 2y pY =0, (1)

Apes | APys | W _
o +'¢Ty"+ 7 trZ=0
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the last two equations being obtained by resolving forces along
the axes of ¥ and 2.

In a perfect fluid the shearing intensities are zero, and, by a
fundamental result for the stress of every strained body, which
will be presently given, the normal intensities are of equal
amount for all planes at P; so that p,, = p,, = p,., each being
a pressure, equal to —p.

For any kind of body we obtain another important set of
equations by expressing the equilibrium of the moments of the
forces acting on the parallelopiped. For example, take moments
about the line joining the middle points of the opposite faces zPy
and BxC. The external force*® acting on the parallelopiped may
be considered to act at its middle point; it will therefore con-
tribute nothing to the moments about the axis chosen. Neither
will the stresses on these faces themselves, since these stresses
act at the middle points of the faces. Of the stresses on the
faces zPx and AyC the components p,, x dzdz and

dp,,
(p”, + ﬁ dy) dzdz,
which are parallel to Pz, will alone contribute moments. The
. 7
moment of the first is p,,xdwdzx{g, or }p,.dxdydz, and the

moment (in the same sense) of the second.is

1, 1
(P + ’é’_;fdy) dwdz x ‘-21
or }p,,dzdydz, neglecting the term da (dy)?dz. The sum of these
moments is p,,dzdy dz.

Again, of the stresses on the faces 2Py and Bz4 the com-
ponents, p,, xdzdy and (p,,+ %’dz) dzdy will alone con-

* It is important for the student to distinguish two species of external force
acting on any body. There may be external forces which act only at particular
points on its surface—as, for example, when a beam rests against the ground and
against a wall, the reactions of the ground and wall—and there may be external
forces which affect every element inside the body—as, in the same case, the
attraction of the earth which produces a force (the weight) on each element of the
beam. The latter are called continuous, or bodily, forces. Thus a strained body
may be affected by both—the above beam, if slightly flexible, will be bent. The
forces (per unit of mass), X, ¥, Z, in equations (1) belong exclusively to the
second kind. Forces of the first kind do not enter into these equations; they
are like the terminal tensions of a string, and are required for determining the
values of constants which occur in the integrals of the differential equations (1)
of equilibrium,
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tribute ; and the sum of their moments is p,,dzdydz, which is
obviously in the sense opposite to that of the previous moment.
Hence equating the sum of these moments to zero,

LPys = Py
Similarly, Py = Pazs (2)
Pzy = Pyzs

which are obtained by taking moments about the lines joining
the middle points of the other pairs of opposite faces.

The stress (per unit of area) on the face 2Py can be resolved
into two, viz. one normal to the face and the other in the face.
The first is p,,, and the second (which is the resultant shearing
force intensity on the face) is +/p%,,+p%,,. Equations (2) ob-
viously assert that if we take any two element planes at right
angles to each other at any point of the body, the component along
the normal to the second of the stress per unit area on the first is
equal to the component along the normal to the first of the stress
per unit area on the second. We shall now see that this very
important result is true for two element planes inclined at any
angle to each other.

To save a multiplicity of symbols, we shall (with Lamé) use
the following notation :—

_pzz=]\71; pw=N2; Paz = Vg
Doy =Dyz = Tl; Doz = Paz = T‘z; Py = Pyz = TS'

Fig. 301 represents these component intensities of stress, in
the senses in which they are assumed to act in all our subse-
quent equations, at points indefinitely
close to P in the three co-ordinate
planes.

378.] Equilibrium of an elementary
Tetrahedron. Consider now the equi-
librium of the indefinitely small tetra-
hedron whose vertex is P (Fig. 301)and
whose base is the triangle formed by o
the points marked #, 7, z—the plane of Fig. 301
these points being any plane whatever
in the neighbourhood of P. Let /, m, n be the dircction-cosines
of the perpendicular from P on this plane. Let P, @, B be
the components, along the axes Pz, Py, Pz, of the intensity of
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stress exerted on this plane. It is required to express these
components in terms of Ny, NV,, Ny, 1y, T, 1.
Let 4 be the area of the triangular face zyz; then the areas
of the triangular faces 2Py, 2Pz, 2Py are I4, mA, nA, respectively.
Now for the equilibrium of the tetrahedron resolve the forces
acting on it along Pz. The face 2Py will contribute the term
—N,x14; the face 2Pz will contribute — 7 x md; the face
xPy the term —7T), xnd; the face ayz the term P x 4; while
the component of the external force is pX x the volume of the
tetrahedron, or 3 pX x 24, where % is the length of the perpen-
dicular from P on the plane zyz.
Hence the equation of equilibrium is
P—IN,—mly—nT .+ 3phX = 0,
or, in the limit,
P =IN+mnls+aT,
Similarly, Q =T+ mN,+aT,, (3)
R=IT,+mT +nNj,

the terms depending on the external bodily force disappearing
because they are infinitesimals of the third order (being pro-
portional to the zolume of the tetrahedron) while the stresses are
of the second order being proportional to the areas of the faces
of the tetrahedron. These equations give the intensity of stress
in magnitude and direction on any assigned element plane when
the stresses on Zree rectangular element planes are known ; they
are, in fact, the composition and resolution of stress.

Any one of these equations (3) suffices for the proof of the
important general theorem of projection already referred to.
For P is the projection, along the normal to the element plane
2Py, of the intensity of stress on the element plane zyz, and

IN,+mTy+ 2T,
is the projection, along the normal to the latter plane, of the
intensity of stress on the former. This theorem is true therefore
for any two element planes at a point.

Remark. The components of stress on an element plune at
the bounding surface of the body are to be equated to the com-
ponents of the external force applied to the surface at the
element.

Cor. 1. It follows immediately from this theorem of the pro-
jections of two stresses that if there is at a point in the body
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any plane on which the stress is zero, the lines of action of the
stresses on all other planes at this point lie in this plane of zero
stress.

Cor. 2. If the stress on every element plane at a point in a body
8 normal to the plane, the intensity of the stress is constant for all
element planes at the point.

For, let p and ¢ be the intensities of stress on two planes, each
stress being normal to the corresponding plane; and let ¢ be
the angle between the two normals. Then by the theorem of
projection peosd = ¢ cos ¢,

r=49
i.e. the intensity of the stress is constant on all planes at the
given point.

Thus in a perfect fluid the stress on every element plane at a
point is a normal pressure ; hence its intensity is constant in all
directions round the point—a result which is one of the elementary
principles of Hydrostatics.

A perfect fluid may, therefore, be completely defined as a éody
such that, however it may be strained, the stress on every element-
plane at every point is a normal pressure—the equality following
from the normality.

When the stress on an element plane, =, exerted by the part,
4, of the body on one side of it consists of a force whose com-
ponent normal to w is directed from this plane towards the part
A, the stress on = is called Zension ; and when the normal com-
ponent is directed from 4 to =, it is called pressure. All perfect
fluid stress is, as just said, pressure. In general at every point
inside a strained body there will be some planes on which the
stress is pressure, and others on which the stress is tension.

It may assist the student to understand the nature of the
action of stress on an element plane if we draw a figure repre-
senting the equilibrium of these stresses on an element of the
body. Thus, if we take the elementary parallelopiped PI (Fig.
295, p. 395) to be a cube, and also take (as we may) the stress on
any face as acting at its middle point, the forces in the plane of
xy may be represented as in Fig. 302, which is that of a section
of the cube through its centre and parallel to the plane of zy.
If there were no stresses on planes parallel to 2y, this figure
would completely represent the equilibrium of the cubical ele-
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ment. (Since the faces have been all taken as equal in area, the
intensities of stresses are proportional to the stresses acling on

them).
It is evident, of course, that when

AN, the stresses on any three planes at
r . a point (rectangular or not) are
p = known, the stress on every plane
at this point can be found both
‘\H H, in magnitude and in line of action.
N T, For we may consider the equili-
T brium of the tetrahedral element
Y, contained by the assumed plane
) and the three given ones, and the
Fig. 302.

required force will be equal and
opposite to the resultant of three given forces.

Let it, for example, be given that the stress at any point P is
a shearing stress in each of two rectangular planes, there being
no stress on planes perpendicular to both
of them. Suppose that all planes in the

J
\L‘\D AN C/:?" neighbourhood of P which are perpen-
dicular to the plane of the paper and
K< 1\, I \";; 1 parallel to CD (Fig. 303) are subject to a
RN shearing stress, and that all planes paral-
AR lel to 4D and perpendicular to the paper
#~ # ® are also subject to shearing stress, and

that planes parallel to the paper are not
subject to stress. The intensities of these
shearing stresses are obviously equal (either by what precedes,
or by considering the equilibrium of a small prism whose base
is the square ABCD and whose edges are perpendicular to the
paper. The equality of moments round an axis through P per-
pendicular to the figure gives the equality of the intensities of
these shears); let their common intensity be S, and suppose
them represented by the arrows.

Draw the plane 4C, and consider the equilibrium of the
portion 4DC of the body (or rather of a little right prism whose
base is 4DC). It is kept in equilibrium by the forces § acting
in the lines DC and D4 and by the stress on the face 4C. This
last must (since it may be supposed to act at the middle point of
AC) act in the line PD from P to D. If % is the height of the

Fig. 303.
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prism, the areas of its faces are 4 x 4C, 2x CD, & x DA ; so that
the forces acting in DC and D4 are Sx % x DC and x4 x D4 ;
and their resultant, F, which is equal and opposite to the stress
on AC, is given by the equation

F=+82xh2x D0+ 82x h2x DA% = SX‘ﬂXAC;

F
hxAC ™ 5

i.e. the intensity of stress on the face AC is equal to the intensity
of the shearing stress on each of the other two faces; moreover
the stress on 4C is normal to 4C. This stress is the action of
the portion of the body at the right hand side of 4C on the
particles in the plane 4C, and since it acts in the sense PD, it
is a pressure. Hence if the portion of the body at the right hand
side of 4C, or of any plane parallel to it and near it be removed,
a pressure of intensity § must be applied to the plane in the
gense PD. The action of the part of the body at the left hand
side of AC, or of any parallel to and nesr it, consists, of course, of
a pressure in the opposite sense; so that if we draw two element
planes HI and JK parallel to 4C and consider the portions of the
body at the right of the first and at the left of the second as
removed, two pressures (indicated by the arrows pointing to B
and D) must be applied to the portion of the body contained be-
tween these planes, '

Similarly, by drawing BD and considering the equilibrium of
the prism standing on the base BCD, we see that the action of
the portion of the body at the lower side of BD on the particles in
this face consists of a normal stress of intensity § directed in the
gense CP, i.e. fowards the parts considered as removed ; in other
words, this stress is a femsion. Consequently if we isolate in
imagination a small prism of the body standing on the square
HIJK, we regard it as acted on by two pressures on its faces HI
and JK, and by two Zensions on its faces IJ and KH.

The state of stress of the body at P may just as well be
produced by applying normal stress (pressure), of the same
.intensity as the shearing stress, to all planes parallel to 4C and
near it, and normal stress (temsion), of same intensity, to all
planes parallel to BD and near it; in other words, we may sub-
stitute this state of stress for the shearing stress.

Hence a shearing stress on two rectangular planes at any point

VOL. II. Ee
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produces equal normal stresses of opposite signs (pressure and
tension) and of intensities equal to* that of the shearing stress on
the two planes which bisect the angles between them.

This result follows, of course, from equations (3) by taking
the lines from P perpendicular to CD and BC as axes of z and
9, and putting N, =0, N, =0, Ng=0,1,=0,T, =0, [, = §,
l=m= 715, n = 0. From these equations also we deduce the
magnitude and line of action of the stress on any plane near 7.

The student will do well, however, to deduce from the figure
the stress on any plane through (or near) P perpendicular to the
figure.

879.] Transformation of Stress. Given the conditions of
stress of a body at any point in it with reference to one set of
rectangular planes, to find the condition of stress at the same point
with reference to any other set of rectangular planes.

Let the given stresses at a point P, on three rectangular
planes of 2y, yz, 2z, be Ny, N, Ny, Ty, T,, T, as in last Article.
Then the components along the axes of z, 7, z of the stress per
unit area on an element plane at the point the direction-cosines
of whose normal are /, 72, n are given by equations (3) of last
Article. The resolved part, 7, of this stress along any line
whose direction-cosines are A, u, vis AP+u@Q+vR; i.e.

T = INN, +mpN,+ avNy+ (Lp+ mA) Ty + (mv +np) Ty
+(rA+0)T,. (1)
If the line along which the stress is resolved is the normal
to the element plane itself, the component, N, is (P +mQ +nR;
ie. N = 02N, + m®? N, +n?N; + 2imTy + 2mnT, + 20IT,.  (2)
Let it be required to find the intensities of stress on three
other rectangular element planes at P whose normals are Pz,
Py, P7; and let the direction-cosines of these normals with
respect to Pz, Py, Pz be (4, m, n), (¢, w/, ), (¢, m", n”), re-
spectively. Denote the components of the intensity of stress on
the plane ' # by N’; along P2/, T’, along Py, and 7", along P2’
the components of the intensity of stress on the plane #a’ by 7",
along P/, N, along Py, and 7" along PZ; and those of the

* Compare with the corresponding result in the case of shearing strain. The
shearing strain may be replaced by two simple elongations, the magnitude of
each being Zalf that of the shear. See (p. 395.)
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intensity of stress on the plane 2y’ by 1%, along P«/, T"; along
Py, and N’; along P7.

Then N’ is given by (2); N, is obtained by using (7, m’ n")
for (¢, m, n) in (2); N’; by using (2", m”, #”) for (¢, m, n) in (2);
T3 by using (7, m/, ") for (A, u,») in (1); 7", by using (", m”, n”)
for (A, u, v) in (1); and 7%, by using (/' »’, #’) for (¢, m, n), and
(¢, m”, n”) for (A, m, v) in (1).

It will be seen from this that in transforming from one set of
rectangular axes to another, the quantities Ny, N,, N, Ty, Ty, T,
transform like 2, 92, 2%, 2y, y2, zo.

The system of stress, thus calculated, on the new planes may
be substituted for the original system of stress—the two systems
are, in other words, perfectly equivalent, and either will produce
the other.

In particular, if 4, B, C are the principal intensities of stress
at a point, the components of stress intensity on any system of
rectangular planes at the point are—

N, =4 +Bm* +Cu?; T,= AUl +Bm'm” +Cn’n”,
N, =AlI'> + Bn'? + Cn’%; T, = All” + Bmm” + Cnn”,
Ny= Al"?4+ Bm"?+ Cn"%; Ty = All' + Bmm' + Cni'.

380.] Cone of Shearing Stress. The expression (2) for the
normal component of intensity of stress on a plane may for all
values of /, m,n (i.e. for all element planes at the point con-
sidered) retain a positive value. In this case the normal com-
ponent of stress is a fension on all planes. Or the expression may
be negative for all planes, and then the normal stress will be
pressure all round. Or, finally, it may be positive for some
directions and negative for others. It will then be zero for
some directions; i.e. there will be planes on which the stress is
entirely tangential. The directions of the normals to these
planes are given by the equation

N 2+ Nym?+ Nyn? + 2 Tylm + 2 Tymn + 2 Tynl = 0,
and therefore the normals trace out the cone

Na?+ Nyy2+ Ny2®+ 2 Tgzy+ 2Ty yz 4+ 2 T2 = 0, (1)
the planes themselves tracing out the cone whose generators are
perpendicular to the generators of this cone. This latter cone,
when it exists, is called the Cone of Skearing Stress.

381.] Principal Planes of a Stress. The angle between the
direction of stress and the plane on which it acts depends on the

Ee2
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plane chosen. Let us try whether, with any given stress, it is
possible to find a plane on which the stress is normal.

If F is the resultant stress on a plane the direction-cosines of
whose normal are (/, m, #), and if F acts in the normal, P =1F,
Q = mF, R = nF, and equations (3) of Art. 378 become

IN,+ mTy+nT, = IF,
iTy+mN,+ T, = mF, }
{Ty+ mTy4+nNy = nF;

and these give, by elimination of the direction-cosines, the cubic

for 7 N.—F, T, T,
Taa ]\72—F, Tl
T2) Tl’ ZV3—F

or  F3—(Ny+ Nyt Ng) F2 +(Ny Ny + Ny Ny + Ny N, — 1P — T,
—Tp2) F—(N, N, Ny — N, T — N, T} — Ny T2 + 2 1, T, Ts) = O.

This equation, as is well known, gives three real values of 7,
and equations (1) will give the direction-cosines of the planes
subject to these normal stresses. The coefficients of this equation
have, as is also well known, the same values no matter what
three rectangular planes are taken as those of reference.

All theorems, therefore, concerning stress may be simplified
by supposing that we have selected as planes of reference the
three on which the stresses are normal. These are called the
principal planes of the stress at the point considered. Let the
stresses on them (per unit area, of course) be denoted by 4, B, C.

The equations (1) which determine the planes and magnitudes
of the principal stresses show that these planes are the principal
planes of the quadric

Na?+ N, 2+ Ny +2Tywy + 2 T yz + 2 T2 = f, (?)
f being any constant force magnitude.
The equation of the tangent plane to this quadric at the point
o, 9,7 is
(N + Ty + T,d) o+ (T, + Noy' + Ty 2) y
(T, + Ty + Nyd) 2 = 5.
Let a normal be drawn to any element plane at the point, P,

considered, and let 7 be the length of this normal from P to the
surface of this quadric. Then by putting /7, mr, nr for o/, ¥/, 7,

(1)

=0,
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the tangent plane at the extremity of this normal is (by the
values of P, @, R in p. 414)

Po+Qy+Re=". ()
The direction-cosines of the perpendicular from 2P on this

R ] .
plane are Vi where F is the resultant stress (per unit

9,
ﬁ 7’
area) on the element plane; and these show that the resultant
stress acts in this perpendicular. Again, if p is the length of
the perpendicular from P on the plane (3), we have
S
=0’ (4)
the value of the resultant stress.

If the axes of the quadric (2) are taken as those of co-
ordinates, we have

Ny=4, N,=B, N,=C, I)1=T,=T;=0;
and the quadric has for equation
Aa2? + By*+ C2* = f.

The cone traced out by the normals to the planes of shearing
stress is obviously the asymptotic cone of the quadric (2); and if
this cone is real, its reciprocal cone (the cone of shearing stress)
will separate the planes on which the stress is pressure from
those on which it is tension. When the cone is imaginary, all
planes at the point £ will be subject “» stress of one kind—either
pressure or tension.

When the cone is real, the quadric (2) must be accompanied
by another whose equation is obtained by merely changing f
to —/; as has been explained in the analogous case of strain
(p. 381).

Another graphic mode of connecting the stress on a plane
with the position of the plane is this. Let the principal planes
be taken as the co-ordinate planes ; then the components of the
intensity of stress on any plane (/, m, ) are by equations (3),

p. 414, P =14, ‘
Q = mB, (5)
.R = nC.
Q2
Hence X 4+ — =1, Of course P, @, R are the co-

23132(,
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ordinates of the extremity of the line representing the intensity
of stress on the plane (/, m, n). Hence the extremities of lines
representing in magnitude and direction the intensities of stresses
on all planes at O lie on the ellipsoid

3 2 2
whose semi-axes are in magnitudes and directions the principal
intensities of stress at P. )

If a tangent plane be drawn to this ellipsoid parallel to the
plane whose stress is considered, the length of the perpendicular
from the centre on the tangent plane represents the magnitude
of the intensity of stress, as is obvious by squaring and adding
the sides of equations (5).

The ellipsoid (6) may for shortness be called the Stress
EBllipsoid. ( 1 cx) -

In proving general properties of stress simplicity is, of course,
gained by taking the principal axes of the stresses as those of
reference. Thus, with these axes, the cone of shearing stress is
PLI

2tBte
and that traced out by the normals to planes of shearing stress
is 42% + By® + C2% = 0 ; so that for the reality of these cones (i.e.
Jor the existence of planes subject wholly lo shkearing stress) the
principal stresses must consist either of one tension and two
pressures, or two tensions and one pressure. With any system
of axes the equation of the cone of shearing stress is

=0,

N T, T, =
Ty N, T, g =0
T, T, Ny, z|~
z y z O

382.] Work done in Strain. We propose to investigate the
work done in the strain of any small volume of the body.
-About the point P (Fig. 290, p. 377) let any small closed surface
be drawn in the natural state of the body. Let @8 be any
element of this surface, and let the direction-cosines of the
normal to this element, measured outwards, be /, m, #. Then
the components of infensity of stress (resulting from strain) on
the element plane 48 being P, Q, R, and the final displacements
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of the mean point of the element being A¢, An, A¢, the work
done in the displacement of the element will be (see p. 339, vol. i)

1 (PAE+QAn+RAL)dS.

Hence the work done in the strain of the volume contained in
the whole surface is

3/ (PAE+QAn+RA()dS.

Substituting for P its value (p.414), the term PdS becomes
(!N + mTy+ T, ) d8.

But if do,, do,, dag are the projections of @8 on the planes of
¥2, 2z, and zy, respectively, /8 = do,, mdS = do,, ndS = day;
g0 that the work done becomes
3/ (N A6+ T an+ T,A()doy+ 3 S (T54¢+ Ny An + Ty A() do,

+3 /(1,06 + T An+ N, &) d oy,
The intensities of stress N, N,,... may be considered as con-

stant over the surface and taken outside the integral signs. Also
substituting for A&, An, A their values (Art. 358), we have

du du du
fAfd“1=f(£%+ﬂ_+ f—)dal
d
fdal “ ndo, + df("tilcr1

Now, the surface being closed, Sdo, = dﬂ = volume enclosed
by surface; and /ydo, = f{do, = 0, since, the normal being
always drawn outwards, the elementary projections do, on one
side of the plane y2 must be given a sign opposite to the sign of
those on the other side.

In this way we have also

Sndey= f{doy=dQ; [fEde, = fédog= ... = 0.
Hence the work of straining the element of volume considered
18 (Va4 Nyb+ Nyc+ 2T, 8, +2Tp8,4 2 Tys5) d Q, (a)

where 4, §, ¢, 28, 28,, 28, are, as usual, the simple elongations
and shears of the strain. If we use the principal elongations
and stresses, the work is

§ (dey + Bey + Ceg) 2 Q. (8)
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ExAMPLES.

1. To resolve a shearing stress of intensity S, which is exerted on
two given rectangular planes at any point into its components with
yeference to any three rectangular planes at the point.

Let P (Fig. 295, p- 395) be the point, and suppose that the stress on
all planes parallel to 2Py is a shearing stress of intensity S, and that
the stress on all planes parallel to 2P is also a shearing stress of
(necessarily) the same intensity (see p. 413), while there is no stress
on planes parallel to zPy.

Let the direction-cosines of the normals, Px, Py, Pz to these planes
with reference to any three rectangular axes P§, Py, P, be (I, m, n),
¥, m’, v, (’, m”, n”). Then for the system of planes on which the
stresses are given we have N’ = N, =/ = 0,and also 7, =7,' =0,
since there is no stress on Py (see Fig, 3o1). Therefore if P/, ¢, R’
are the components along P, Py, Pz of the intensity of stress on a plane
whose direction-cosines with respect to these lines are A, y, », we have

P=uS, @=AS, R'=0.

Hence the components along Pz, Py, Pz of the intensity of stress
on the plane n{ are pr_yg =18, R'=0;
and &, is the sum of the components of these along the axis of ¢}
therefore N, =1F +VQ +UV'R =2US.

Also Ty=mP +m'Q +m” R = (Im’ +'m) S,
T,=nP +7'Q +n"R = (In’+1Un)S;
and hence the components of the given shearing stress are
2W 8, 2mm’S, 2na’S, (Im” +Vm) S, (In’ +¥n) S, (mn/ +m’n)S.
(Compare with the resolution of a shearing strain, p. 407.)

2. Two normal stresses on two rectangular planes are combined
with two shearing stresses on the same planes; find the principal
planes and intensities of the resultant stress.

Let Fig. 301, p. 413, represent the normal stresses &, and &, acting
on planes at right angles to each other. Since there is no stress on
any plane parallel to the plane of the paper, ¥, = 7T, = 7, = 0, and
the stress on every plane lies in the plane of the paper (p. 414). Also
T, =8, and the principal planes are obviously perpendicular to the
plane Py. Let the normal to any plane passing through the line
Pz make an angle 8 with the direction of ;. Then the components
of stress on this plane are

P = N, cos 0+ Ssin 6,
@ = Scos @+ N,sin 6.
For a principal plane P = F.cos6, Q = F.sin6, where F is a
principal stress. Hence
(¥,—F).cos0+8.5inf =0,
S.cos0+4+(N,—F).sin0=0.
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From these equations we find the two principal intensities of stress

to be 3V 4+ N, + =Ny +4 57,
and the directions of the principal planes are given by the equation
28
tan 20 = _%,

2. If there is no normal stress on a certain plane, and no normal
stress on any plane perpendicular to this plane, prove that the system
of stress can be defined with reference to two planes (i.e. the state
of stress on two planes will serve to determine the stress on every
plane at the point considered).

Let the plane 2Py (Fig. 301) be that on which there is no normal
stress, there being also no normal stress on any plane through P=.
Draw any plane through Pz, and let the normal to it make an angle
¢ with Py. Then if P, @, R are the components of stress intensity
on this plane, since ¥, = N, = N, =0, we have

P=1Ticos¢d; @=Tysin¢; R = T,sin¢p+T,cos ¢.

Also the component of this stress along the normal to the plane
is Qcos ¢+ Psin¢ ; therefore 7, = 0, and the system contains only
the two intensities 7, 7,. The stress on every plane through Pz is
a shearing stress parallel to Pz, and its amount varies from+/ 7?4 T3

to zero. Iftang = ZT-,—“‘ we get a plane on which the stress has the

first of these values, axid for the plane at right angles to this through
Pz the stress = 0. Let a cube of the substance be determined by
these planes and the plane xPy. Then this cube experiences equal
shearing stresses, each = 4/7'*+ 7,2 on two pairs of opposite faces,
and no stress whatever on the remaining pair of opposite faces (the
resultant stress intensity on the face Py being 4/ 72+ T,?%).
3. Find the element-plane at any point on which the shearing
stress is greatest.
Let 4, B, C be the principal stress intensities at the point, and let
I, m, n be the direction-cosines of the normal to any plane. Then,
since P =14, @ =mB, R = nC, if S is the component of the stress
in the plane, we have
S =PA+m* B +n*C*— (P A +m*B+n*C)
Let 7, m, n be expressed in terms of the colatitude and longitude
determining the normal ; that is,
l=sinfcos¢p, m =sinfsin¢p, n = cosb.
Then we find

2
= B2cos? P + a’sin? P — (B cos’ P + asin?P)?sin? 6, (1)

where 3 =4—C, a=B—-C.
Supposing the principal stresses to be all of the same sign, and
4 >B>0C, we see that S will be a maximum with respect to ¢ when
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¢ = 0, i.e. the normal to the required plane must be in the plane of
A4, €. The value of 6 which will then make S a maximum is g;'

that is, the normal bisects the angle between the axes of greatest and
least stress, and then
S=34-0).

If the principal stresses are not all of the same sign, it is easily
found that § is a maximum when the normal lies in the plane of the
axes of algebraically greatest and algebraically least stress, and bisects
the angle between them, its value being half the algebraic difference of
these stress intensities.

4. If the stress on any plane is wholly a shearing stress, prove
that its line of action is the line of contact of the plane with the
cone of shearing stress, and find its magnitude.

5. If at a point the principal stresses consist of two tensions, 4 and
B(4>B) and a pressure C, find the plane whose stress is wholly
shearing and of maximum intensity.

C 1 4 3
Ans. l—(m) ; m=0; ﬂ—(m) ’

and the intensity = +/4C.

6. Find the conditions that the stress (¥,, N,, N,, T,, T,, T,)
gshall produce shearing stress on two planes only, and these
rectangular.

ATI’ TS’ Ti

Ans. ,Ta, N, T)| =0,and N, +N,+ N, =0.

1

29 L1y 4V

Hence the product of the three principal intensities = 0, and

sum = 0 ; therefore one of them = 0, and the other two are a tension
and an equal pressure.

7. From the equations of equilibrium of an elementary parallelo-
piped, p. 411, deduce the six equations which are sufficient for the
equilibrium of a rigid body.

Multiply the first by dxdydz, and integrate by parts exactly as
in Art. 346. Thus we get

[/ [p Xdwdydz+ [N, +mT,+nT)dS =0,

where d is an element of the bounding surface of the body.

But IN,+mT,+«T, is the xz-component of the stress at a point
on the surface, ie. the x-component of the external force (if any)
applied at the point. If this is denoted by X,, we have (denoting
the element of volume by d{2)

SpXdQ+X,=0,

with two similar equations, which are exactly the equations of
translation in Art. 240,
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Similerly, multiplying the second by xdxdydz, and the first by
ydrxdydz, subtracting the first from the second, and integrating
throughout the body, we have

Jo(Yz—Xy)dQ+ f(Y,2—X,y)dS=0,

with two similar equations, which are the equations of moments
of Art. 240.

8. From the equations of equilibrium of an elementary parallelo-
piped deduce the equations of equilibrium of a perfectly flexible
string.

383.] Virtual Work of Strain. The body under strain
having assumed its state of equilibrium, let any further very
small increments be imagined to be produced in the strain com-
ponents, so that the displacements #, v, w of a point P become
further increased by d#, v, dw; and let us consider the amount
of work done in this further displacement by the stresses exerted
on the faces of a small para.llelopiped dzdydz, at P. The total
@-stress on the parallelopiped is ( dz Q + d—T—z) drdydz, and
the work done by this component in the Vlrtual displacement is
the product of the component and 3. Hence the virtual work
of the stress on all elements of volume is

JJ WG+ G+ Goyom+ (G + g + Ty
af, dT (ZN
-+ dy 3)810] dzdydz.  (a)
By integration by parts, we obtain another form of this
expression. Thus, by exactly the same process as that employed
in Art. 346, we have

SN+ mT+nTy) du+ ((Ts+ mNy+ nT)) dv
+ (1T, + mT, +nNy) 3] dS
dbu dav ddw
SO

+T(‘“” TE) 4 Jdadyds,(9)

where d§8 is an element of the bounding surface of the body.
The first integral is simply the virtual work of the surface stress
on the body, and this surface stress consists merely of external
force applied to the body. The triple integral in () is therefore
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properly the virtual work of the stress throughout the body,
which is therefore

—/(N,8a+ N,88+ Ngde+ 2T, 08, +2 1508, + 2 T388,) 40, ()
where 4 Q is an element of volume of the body.

It is easy to see directly that this is the expression for the
virtual work of the stresses. For, let PI (Fig. 295) represent a
small parallelopiped in a state of stress. Whether we suppose
its edges to be (1 +a)dz, (1+5)dy, (1+¢)dz, or simply dw, dy,
dz is indifferent. Let them be the former, and let N, +e¢
represent the mean intensity of tension on the planes between
2Pyd and BxCIL Then ¢ is evidently a small quantity of the
order of magnitude of dz, and we have a tension

(MVy+e)(1+b+c)dydz
in the substance, parallel to Pz. If the length (1+a)dz is
slightly increased, or imagined to be increased, so as to become
(1 +a +3a) dz, the work of this tension is
—(Ny+€)(1+b+c¢)dydz.da.dz,
or —N,da.dxdydz,
rejecting infinitesimals of the second order.

Similarly for the other normal stresses, N;, Ny. To find the
virtual work of 7, observe that it is not produced by any of the
elongations a, 4, ¢; it is due to the sliding of the face BzAI, the
face z Py C being imagined as fixed, and also to the sliding of the
face 4y C, the face Bz Bz being imagined fixed.

The first of these shears gives

- =T, (1+a+0b)dudy.ds,.dz,

since the relative displacement of the faces by shear is $,.dz in
the strain, and the further displacement imagined is 3s,.dz.
This virtual work is — 7} 88, . dwdydz, neglecting infinitesimals of
higher order. Similarly the other sliding contributes

— 7,08, .dadydz;
and 7, therefore does work of the amount

—27,88,.dudydz.
Hence (y) follows.

884.] Stress Potential. It is necessary that the expression
~(Vyda+Npdb+ Nydeo+ 2Ty 08 + 2Tydsy+ 2 T3ds;) (1)

which when multiplied by 2%, the element of volume, is the
virtual work of the stress of this element, should bhe an exact
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differential of some function of the strain components, and there-
fore of the form
—8¢(a,0,¢c,8,,85,85). (2)
For, if the imagined further displacement is actually made, and
the element 4Q is made to pass through a series of states of
strain—say from the state in which the strain components are
(@, ¥, ¢, 8, 8,8 ) to that in which they are (2”, ”,...), the
work actually done by the stress is
—dQ f(Nyda+ N,db+ Nyde + 2 Tyds, + 2 Tyds, + 3 Ty ds),

the integration extending from the first state to the second.

Now, unless the quantity under the integral sign is an exact
differential, ¢, the work done in passing from the first to the
last state will depend on the intermediate states—or on what we
may call the ‘path of the strain’—so that on the return from
the second to the first state by a different ¢ strain path’ the work
given back by the stresses would not be the same as that
required to produce the original change of state. There is thus
either a loss or gain of work done on the element, and the excess
or defect of work must shew itself by a gain or loss of kinetic
energy in the element. Such energy might be the molecular
energy called Heat. But if we assume that the states of strain
are produced very slowly, so that no appreciable velocity,
molecular or other, is ever generated, no energy of any ap-
preciable amount is ever generated or destroyed in the element.
Hence the work done by the stress in the passage from any one
state of strain along any ‘strain path’ to another state of strain
must be independent of the path, and this can be so only if the
expression (1) is of the form (2).

Consider, for example, what would happen if the element of work
were equal to d Q(bda— adb).

Representing values of a and b by abscisse and ordinates with
reference to two fixed rectangular axes through an origin O, the
work of the stress from the state represented by the point 4, whose
co-ordinates are (a’, b’), to the point B, whose co-ordinates are
(a”, b”), would be represented by double the area included between
the lines O4 and OB, and any arbitrary curve whatever drawn
between 4 and B, so that by perpetually making the element reach
B by a strain path represented ‘by a curve ., and return to 4 by a
strain path represented by a curve ', there would be in each cycle
of changes a gain (or loss) of work represented by double the area
enclosed by these curves,
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The work done by the stresses, therefore, in the strain of the
body from its natural state to the state in which (a, 4,... 25;,...)
are the strain components at any point is

-f ¢d-Q:
where ¢ is the Potential of the strain and is used, for simplicity,
instead of ¢ (a, &, ¢, 3, 8, &).
The work done by the stresses is equal and opposite to that
done by the forces externally applied to the body, if the strain is
produced without appreciable velocity.

Secrion III.
Stress in Terms of Strain.

385.] Isotropic Body. A body is said to be isofropic, if its
structure in the neighbourhood of any point is the same in all
directions round the point. More definitely, let P be any point
in the body, and @ a point distant / from P, in any direction ;
let a little ceylinder having PQ for its axis and having a very
small transverse section, o, be imagined to be cut out of the body ;
then if to stretch this cylinder—one end being fixed and the other
pulled—by a constant amount, 3/, requires the same force no
matter what the direction of PQ is, the substance is isotropic.
In other words, if Young’s modulus is the same for slender
cylinders cut out in all directions, the substance is isotropic.
As examples of approximately isotropic solids, we may cite
glass and steel.

If this modulus is not constant for all such cylinders, the body
is anisotropic, or as M. de Saint-Venant calls it, Zeferofropic.
The term isotropic is due to Cauchy.

Heterotropy may exist in all degrees; that is, a heterotropic
solid may have certain planes with respect to which its structure
is symmetrical—as, for instance, forged metallic pieces, woods,
and slates—without possessing structural symmetry with regard
to any other planes.

A crystalline body is, of course, an example of heterotropy.

886.] Extension and Lateral Contraction. Confining our
attention for the present to the case of an isotropic solid, suppose
that we take a cube of the substance, 2Payl (Fig. 295), and
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apply tension to the two opposite faces BI4Z and 2CyP, these
tensions being uniformly distributed over the faces, with in-
tensity p; then, in virtue of the isotropy of the substance, the
other pairs of parallel faces will be drawn towards each othef,
through the same distance—in other words, there will be uni-
form lateral contraction of the prism.

As before, let ¢ be the elongation of the edges parallel to Pz,
and let n be the ratio of the contractions (parallel to Pz and Py)
to the elongation, so that

a=-—n¢ b=—nec.
Then, @ being the cubical dilatation,
- 0= ( 1—2 11) .

Also, E being Young’s modulus for the substance,

p=2FE.c

A vigorous controversy exists with regard to the coefficient
1, M. de Saint-Venant maintaining, on the one side, both as a
mathematical and as an experimental result that for all hard
fine-grained isotropic solids n is constant and equal to 1, while
M. Lamé (and with him English writers generally) denies this
constancy and leaves its value indeterminate.

Subsequently we shall give Saint-Venant’s argument ; but no
inconvenience will arise from leaving indeterminate the value of 1.
Those cases in which experiment finds for  values different from
1 are disposed of by Saint-Venant by saying that either the
bodies to which they refer are not solid isotropic bodies, or
the displacements produced in them are not small. In this
way he disposes of cork and indiarubber (which is really a
cellular substance the pores of which are filled with a liquid),
and also of jellies, in which the displacements are far greater
than are contemplated in the theory of small strains. (See
Saint-Venant’s annotated translation of Clebsch’'s Z%eorie der
Elasticitit Fester Korper, p. 67.)

Solids for which n = } are sometimes called perfect solids.’
According to Saint-Venant, all hard fine-grained solids are
perfect solids.

887.] Moduli of Extension and Shear. Young’s modulus is
the modulus of extension, which we may formally define as
follows: If the ends of a cylinder are pulled by two equal and
opposite forces, acting along tls axis, and distributed uniformly over
the ends, no lateral or other forces being applied, the ratio of the
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Jorce-intensity on the ends to the (fractional) elongation of the
cylinder is the modulus of extension of the substance.

If P is the magnitude of each force, o = area of section, / =
length of unstrained cylinder, A/ = increase of length,

P Al
c T

In such case there is, as just said, always lateral contraction ;
and it is to be carefully noted that it is only when forces act on
the ends and no forces act on the sides that the intensity of the
tension = Z x the elongation. Thus we must not expect to find
that NV, = E.a, for example, where &V, and @ are, respectively, the
normal intensity of tension and the elongation along the axis of
# at any point of a strained solid. For, the faces of the cube
(Fig. 295) are all acted upon by forces, and not merely the
faces 2Py and BzC.

Modulus of Skear, or Sliding. If one face of a cube, or amy
prism, of a substance is held fixed, while to the opposite face is
applied uniformly distributed force in the plane of this face, the
ratio of the force-intensity on the face to the shear produced is the
modulus of shear.

Let P be the whole force applied to the face, o = area of the
face, { = length of prism, Ar the sliding displacement of any
point in the face, and w the modulus of shear ; then

P _ . Ar,
T = hT
At
T .
the shear. (See Art. 369.)

Saint-Venant uses G for this modulus of shear or sliding
(glissement), while Lamé uses p.

The elastic quality of every isotropic solid is completely ex~
pressed by these two moduli, Z and p. For perfect fluids (liquids
or gases) u = 0.

The modulus of shear is also the modulus of forsion. For
(example 13, p. 408) torsion is equivalent to shear at every point ;
and if, as in Art. 371, the axis of torsion is taken as that of 2,
the stress intensities, 7, and 7),, on the transverse section of the
cylinder at P are given by the equations

The expression —- is what we have previously denoted by 2s,

@
T, = 2us =pag; Tz=—ya%,
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so that if 7' is the resultant stress, 7' = pa ;, which shows that u

is also the resistance to torsion.

To express the modulus of shear in terms of Young’s modulus and
the coefficient of lateral comtraction. In Fig. 295, suppose the
faces BIA4z and #CyP to have tension uniformly distributed over
them, with intensity p, there being no other forces applied to
the cube. Let /= the length of each edge of the cube, and
separate it, in imagination, into two wedges by the diagonal
plane 2J4P. Considering the equilibrium of the upper wedge,
we see that the stress produced on its face 2Z4P by the lower
wedge must be a tension at its middle point equal and opposite
to' pl%; and as the area of this face = /24/2, the intensity of this
stress = . Resolving this into a normal and tangential stress

V2

intensity, the latter = g Hence if 23 is the fractional sliding,

or shear, of planes parallel to 274 P, we have

g = 2us. (a)

Now this shear is the change in the cosine of the angle be-
tween the diagonals 7 and BC; and by the applied traction the
edge CI and all parallel to it are lengthened by A/, while by
lateral contraction the edge BI and all parallel to it become
{—nAl. Hence the square #CIB becomes a rectangle whose
sides are /+ A/ and /—nAZ. Also (Art. 361) the angle between

the diagonals of this rectangle is 2—28.

w {—nAl  1—s,
Hence tan (Z—s) = TTAI =TT
therefore 8= (1+ n)g_j .

Since, then, p = E%—l , we have from (a)
E

= dwm) (8)
For ¢ perfect solids’ we have
2 v
p=;E. )

VOL. II. rf
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The modulus of compressibility, or resistance to compression,
can be easily expressed in terms of u and Z.

Generally a modulus of rigidity, or resistance to a strain, of
any kind is the force intensity (per unit area) producing the
strain divided by the fractional measure of the strain; so that
every rigidity is a force per unit area. Supposing that the
whole surface of a cube is subject to uniform intensity of pressure,
or tension, p, if 6 is the cubical compression or dilatation, the
resistance, £, to compression is given by the equation

E=2.

Now let the cube in question be that in Fig. 295; and ob-
serve that the elongation e will be produced by three distinet
and superposed causes :—1°, the elongation which would be pro-
duced if only the faces 2Py4 and BzCI were pulled, the amount

of this being F]?; 2°, the lateral contraction which would be pro-
duced if only the faces zPzB and 4yCI were pulled, the amount
of this being » ‘—E,I-’ ; and 3°, the lateral contraction which would be
produced if only the faces PzCy and zBIA were pulled, the

amount of which is also 7 5 .

Hence a=(1—2n)§,
e=30_2w§,
. E
. k:m' (5)

For Young’s modulus in terms of the moduli of compression

(#) and distortion (u), we have
_ 9%p
T 3k4pu’

We have here used a principle which is largely employed in
the theory of small strains, viz. tke principle of the independence
and superposition of strains due severally to given superposed systems
of stress,

888.] Stress Components in terms of Strain Components.
It is required to express the stress compoments (N, Ny, N,
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1), T,, T;) in terms of the strain components (g, 5, ¢, 24,, 24,, 24;)
in the case of a strained isotropic body.

Take the cube in Fig. 295. Then, as just explained, the
elongation a is due to the separate actions of the normal tensions

Ny, N,, N, the first producing a stretch equal to %, and the

latter two producing lateral contractions equal to 7 % and n%g .

Hence Ea = Ny—n (N, + Ny). (1)
Similarly Eb = Ny—n (N + N,), (2)
Be = Ny—n (N, +IV) (3)

By definition we have also
T, =2pe, T2 = 2u8,y, T3 = 2us;. (4)

We have also by solving for &,
_ nE ) E

M=mrya=m) tis (8)

with similar values of N,, N;. Let
A= F
- (1+4n)(1—2n)
Then we have )

N, =MN0+2pa; T, = 2us,
Ny =N0+2ub; T, = 2ps,, (7)
Ny=N0+2uc; Ty =2pus,, ]

in the simple notation of Lamé.

It will be observed that for perfect solids A = u.

This remarkably simple method of expressing the stress com-
ponents in terms of those of strain is due to Clebsch. (Saint-
Venant’s edition of Clebsch, p. 14.)

889.] Method of Cauchy. This method consists in assuming
that at every point in a strained isotropic body the principal
axes of the strain coincide with the principal axes of the stress.
Here then we have

8 =8 =8 =0, T1=T2=T8=0.

(6)

Also we can agsume
Ad=(A+2p)ey+Are+Ae,
where A and p are constants; for e, and ¢; must evidently have
the same coefficient in the value of 4, since the body is elastically
symmetric with regard to the axes of y and 2z (and, of course,
rfa2
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with regard to a// axes) and the plane on which ¥, acts is also
symmetrically placed with respect to them. Thus

A= \0+2pe,
B =AN0+2pe,, (1)
C = A0+ 2pue,,

where 0 = ¢, +¢,+¢; = the cubical dilatation, and e, ¢,, ¢, are
the principal elongations.

It is required to express the components, V,, N,, N;, 1y, 1, T,
of the stress at the point considered in the body with reference
to three rectangular axes at the point and the corresponding
components of the strain. Let (Z, m, n), &c., be the direction-
cosines of the new axes with reference to the principal axes of
strain and stress. Then by multiplying both sides of equations
(1) by 22, m?, n?, respectively, and a.dding, we have, by Art. 379,
precisely the value of IV, obtained in last Article.

Similarly, by multlplymg the sides of equations (1) by ¢ 2”,
m’ m”, W #”, and adding, we have the value of 7} before obtained.

390] Method of Thomson. Denote, as before the resist-
ances to compression and distortion (or shear) by £ and g,
respectively.

Then, to find the stresses called into play by a simple elonga-
tion, a, along the axis of #, resolve this elongation exactly as in
example 5, p. 406, into a cubical dilatation, , together with two
shears. Now, by our above definition, the dilatation will cause
a normal intensity of stress equal to Za on each face of a cubical
element whose edges coincide with Oz, Oy, and Oz at the
point, O.

Consider the elongation %2 along O» and the accompanying
contraction 4 a along Oz. These give shears each equal to 3¢

on the planes OCHD inclined at angles

2 of 45° to Oz and Oz; and these shears

H will, by the above definition, give rise

/ { to shearing stresses each of intensity
D Y, ¢ %pa on these planes. Again, by p. 416,
N~ S— these shearing stresses will give rise to

) normal stresses each of intensity ¢ua on

Fig. 304. planes parallel to OH and CD; and it

is obvious that the normal stress on the plane OH (or rather the
plane through OH perpendicular to the paper) produced by the
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portion of the body to the right of OH will be fension, i.e., it
will be in the sense Oz; while on the plane CD or (Ow) the
normal stress produced by the portion of the body at the upper
side of the figure will be pressure, i.e. it will be in the sense 20.
Similarly, by considering the other shear (that which consists
of elongation %« along Oz and contraction %a along Oy), we
have a further normal tension equal to 4 ua on the plane perpen-
dicular to Oz; and normal pressure 4 ua on the plane perpen-
dicular to Oy. Hence the elongation a gives normal stresses
(,‘+'Ql")a’ (k_‘g“)as (/c—gl")%
on the planes perpendicular to Oz, Oy, Oz, respectively.
Similarly the elongation & (which is along Oy) gives normal

stresses (k—=3u)b, (E+4u)b, (E—3p)b
in the same directions ; and the remaining elongation, ¢, gives
(k'—gf“') ¢ (k—&u)o, (/"l"&“) C.
Hence we have
Ny=(k+gu)a+(k—3u)b+(k—3p)c;
or N1=(k"'§'i-")6+2i"a)
as before. The values of 7}, 7,, 7,, are obvious from the
definition of a modulus of shear.

291.] Case of a Liquid. A perfect fluid has a zero modulus
of shear, i.e. p = 0. If it is a liquid, it is voluminally incom-
pressible, therefore A = oo, Also 6 = 0, but A0 is I,, N,, or N,
which are all equal to —p, the pressure intensity at any point.

392.] Strain Potential. For an isotropic body the Strain
Potential is easily found from the values of the stress components
just given. If ¢ is the Strain Potential (Art. 384), we have

N,da + N,db+ Nydec+27T,ds, + 2 Tyds, + 2 Tsds; = d¢.

Hence we easily find

2p =A(@+b+c)+2p(a®+82+c2+ 282 + 282+ 287).... (a)
Of course N, = (—;—2, w2l = gg::

If in (a) we substitute the values of the strain components in
terms of those of stress, we have

2¢ = Atp o @
Tu(Eatzp) o’
where ¢ = N, + N, + N, and
o’ = N}N,+ N,Ny+ Ny N, — T2 T2 — T
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But by (6), Art. 388, we have E=E—(—§X>‘-f—’;—2m = Young’s
modulus ; hence o o

893.] Clapeyron’s Theorem. Since (Art. 384) —/¢dQ is
the work done by the stress in the passage of the body from the
unstrained state to that in which ¢ is the Potential of strain of
the element @ Q, we have this work equal to

0'2 (T’

i / ( 7 ”)dﬂ’ ()
which, with altered sign, is also the work of the external forces
if the strain is very slowly produced. This expression for the
work constitutes Clapeyron’s Theorem. Observe, then, that in
this expression (y) the stresses involved in o, o’ are those
belonging to the final state of strain.

The work done in the passage to a certain final state of strain
may, therefore, be expressed as an integral, through the body,
either of a Potential of the stress or of a Potential of the strain,
belonging to the final state—that is, either of the function ¢
given by (a) or of that given by (8).

To take the simplest illustration, consider the work done in
the extension of a cylindrical bar of uniform section o. The

work diagram is a triangle, and if /, = natural length of bar,
Al = whole amount of extension, the final tension T'=Es A-?g;

0
and the work of the tension = —3}7".A/; so that the work is

5 T? 2
—m or —}loEa.a,
Al .
where g = = the elongation.
0

ExAMPLES.

1. Find the work done in a gradual uniform compression of a
body.
If V, is the unstrained volume, ¥ the compressed volume, p the
final intensity of pressure on the surface, the work is
(V- 7). (a)
In a uniform compression we have at each point
U= —ax, v=—ay, w=—a2;
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therefore  =—38a; N, =N, =N, = —(3A+2p)a = —3ka, where

k is the modulus of compression; %= g, therefore N, = —p, so

that the intensity of stress is constant throughout the body.
The work may also be expressed as
p’V,
2%

Observe that the element of work done by the pressure of a gas
in changing its volume by dv is pdv, while our expression (a) gives
the work of changing the volume of an elastic solid as equal to 4 pdv.
There is an apparent contradiction ; but observe that in all cases of
equilibrium of strain, we assume the externally applied forces to be
applied with wery gradually increasing magnitudes, so that neither
they nor the stresses reach at once their final values; the stresses
grow from zero to certain final values, and our expressions for work
done all involve the final values of the stresses and not intermediate
values which they have in intermediate states of strain. Now as
the components of stress are linear functions of those of strain, we
obtain the elementary result which we know to hold for the expansion
of a bar according to Hooke’s Law, viz. that the work is one half
the product of the whole extention and the final tension of the bar.

2. Find the work done in the distortion of a body (without com-
pression or dilatation at any point).

Ans. pf (@@ +0*+P+287+ 2382 +257) d Q.
For example, take the case of the torsion of a circular cylinder

(Art. 371). Then 2¢ = 2z, 28, = — 2. so that the work

4 [4
= f 0,
20 ’
where » is the distance of the element d{) from the axis of the
cylinder. This work is arRta?

41
where R = radius of cylinder.

If the torsion is produced by opposite couples applied at the ends,
or by holding one end fixed and applying a couple of moment & to
the other, this work is 1aRG

’

as will presently be shown.

3. Two uniform bars, CB, B4 (Fig. 184, p, 224, vol. I) are freely
jointed to each other at B, and have their ends C' and 4 fixed by
smooth pins; if a weight, W, so great that, in comparison, the weights
of the bars may be neglected, is suspended from the joint B, find the
vertical distance through which B will descend. -

The weight W is supposed to have been put on gradually, so that
at no moment is there any vibration produced. Also if Az is the
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vertical descent of B, the work done by this gradually accumulated
weight is 3 WAz If T and 7” are the tension and pressure in the
bars BC and BA, respectively, and Al, Al" the amounts by which
they are elongated and shortened, we have the work done by the
stresses = — 3 T.Al—-3T"AV; or if BC=a, BA =c, and the
areas of their sections are o, ¢/, this work is
al® cI*
—Hg tE)
Hence, since no appreciable kinetic energy is generated,
al®  cI"?
W.Az= —E + ———E P *
But if BC and BA make a and y with the vertical,
__gBiny __ qpBina
r= Wainﬂ 3 T'= Wsinﬁ ’
whefe 3 is the angle between the bars at B. Hence
W  ,asin’y csin’a
Az= Esin*B ( s T ).
If the points C and 4 are in the same vertical line, and 4AC =2,

Wac ¢ a
Ae= T G+ o)

4. Three uniform bars 4B, BC, C4, forming a triangle and freely
jointed to each other rest in a vertical plane, the bar 4C being hori-
zontal and the ends 4, C being supported on two fixed vertical
pillars; a weight W is suspended from the joint B (by gradual accu-
mulation) ; find the vertical descent of B.

Ans. If the normal sections of the bars opposite 4, B, C are
o, o/, o”’, their lengths a, b, ¢, and the angles a, 3, ,

W b ¢
Az= mn,—y(;cosza+;;cos”ﬁ+ ?cos’acos“,@).

5. One end of a bar of isotropic material is held fixed, and the
bar hangs vertically ; find its elongation caused by its weight.

Let AB be the bar in its natural state, P a point in AB at a
distance z from 4 ; let 4" B’ represent the elongated bar, and let P’
be the displaced position of P. duo

-3
2

Then the intensity of stress on a normal section at P = K 7
where Z is Young’s modulus. But if o is the area of the section at
I, the intensity of stress = weight of ;ength PB = —Z: l—:l-—z, where
W and [ are the weight and length of the bar.

Hence E = _".
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where C is a constant. Now the value of w for the fixed end is zero,
therefore ¢ = 0; and the value of w for the free end, B, is the
amount of elongation. Hence, putting 2 =1,

. wi
t of el tion = —— .
amount o1 e Onga on Y

Tt is immaterial whether o means the section of the bar 4”B’ or the
section of 4B, since these areas differ by a small quantity of the first
order.

6. To find the stresses produced at any point in a circular cylinder
which undergoes torsion round its axis,
With the notation of p. 400, we have by Art. 388.

Ny=0, ¥,=0, N,=0,
a a
T1=&l—:v, T2=—}—;—y, Ty=0.

The torsion may be produced either by fixing one end of the
cylinder and applying a couple to the other end, or by applying two
equal and opposite couples to the ends,
each of which -is free. By considering
the equilibrium of a portionyof the cylin- FKOK/JF
der between one end and a section made
at any point O (Fig. 305), on the axis per-
pendicularly to the axis, we see that the é__,_____
stress system exerted over this section by - y
the remaining portion of the cylinder
must be a couple equal in amount to the
applied couple (F, F).

Let the fixed axes of « and y at O be Oz
and Oy, and let P be a point in the section Fie. 10
whose co-ordinates are  and y. Then the §- 305
above values of the intensities of stress show that on the element
area dS at P the two components of stress on the lower side of dS

are ’-%c—lde in the direction O, and ;_;_a. «dS in the direction y0. The

3

Q-‘\ ﬁ
L

sum of their moments about Oz its’%z (2?+%)d8S in a sense opposite

to that of the applied couple. Hence if the amount of this couple is
denoted by G, a
%ywm=a

where » = OP, and the integration is extended over the whole area of
the section at 0. Now /+?dS is the moment of inertia, I, of the
section about Oz. Theretore

Ka
HI=a.
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Let % » which is the rate of twist per unit length of the cylinder, be
denoted by 7, and we have
prl=@Q. (o)

Defining the torsional rigidity as the moment of the applied twisting
couple divided by the rate of twist produced, we see that, for a solid
circular cylinder,

torsional rigidity = § u. 7w R4,

where R is the radius of the cylinder (since 7 = {7 R*).

The result in equation (a) is known as Coulomb’s Law.

7. To show that Coulomb’s Law cannot apply to a non-circular
cylinder when it is acted on only by twisting couples at its ex-
tremities. )

In order that the law of torsion strain expressed by the equations

U=—TY2, v=r122, w=0
may hold, we shall show that force must be applied over the bounding
surface of the cylinder parallel to its axis.

Let Fig. 306 represent a section of the
cylinder perpendicular to its axis, the axis
passing through O ; let P be a point on the
bounding surface, PT the tangent to the
section, and 0@ a perpendicular to PT.
Let OQ be taken as axis of », the axis of
. z being the axis of the cylinder; and let

Fig. 306. us calculate the stress on an element plane
which touches the bounding surface at P. "We have for this plane
l=1,m=0,n=0; and equations (3), p. 414, give (by last examyple)

P=0, @Q=0, R=—pry=—pur.PQ;
i.e., the stress on this plane is proportional to P@Q, and there must be

an applied force to balance this stress, since there is none of the
material of the cylinder at the right-hand side of the plane,

8. Let there be a straight fibrous body or beam subject to a slight
bending strain such that the fibres (mean fibres) which lie in a certain
plane, although bent, are not elongated, and that the elongation (posi-
tive or negative) along every other fibre is proportional to its (posi-
tive or negative) distance from this plane, the bending of all fibres
taking place parallel to a single plane which cuts the normal section
of the bar perpendicularly. It is required to find for any normal
section the sum of the moments, round the line in which it inter-
sects the plane of the mean fibres, of the stresses which are exerted
at the section by the strained fibres.

Suppose that after the bending any one section, AHB (Fig. 307), is
brought by a motion as of a rigid body back to its old position,
and let a neighbouring section then occupy the position 4’H’B’.
Let HH’, cc’ be two of the mean fibres which reach across from
one of the sections to the other. Then the original distance between
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the sections is HH’ or e¢¢/. Let this be denoted by ds. If PP/
is any other fibre reaching across, Pn and P’ the perpendiculars
from P and P’ on the right lines ¢

and ¢’H’, the elongation along PP’ 4

(. PP’ —ds
ie —-
Let the planes of the sections 4 HB
and A’H’B’ intersect in a line OL,
let p denote the length of the radius
of curvature (¢0) of the bent mean
fibres (c¢’ or nn’), and Prn = y. Then

) is proportional to Pn.

evidently
PP p+y
w'~ p
. PP=m_y
" w’ p’
which is the elongation along PP’ Fig. 307.

For fibres at the lower side of cH,
there is contraction, or negative elongation, and for these y is
reckoned as negative.

Now, by Hooke's Law, if we consider a small prism who sides are
the fibres emanating from points on a very small area, do, at the
point P, the stress of this prism (assumed wholly longitudinal) is

@da’.
P Ft
The moment of this force about ¢ is —2- do ; therefore the sum of

these moments all over the section 4 ZB is % JSy'do, or

EP—I ) (a)
where I is the Moment of Inertia of the section A HB about the
line ¢H. [See the second paragraph of p. 432.]

Remark. If the end of a beam merely rest against a fixed surface,
there will be no Bending Moment at this end, and p = o at it.
But if the end is tangentially fixed, there will be a Bending Moment
at it, and its curvature will not be zero.

9. A uniform slightly elastic beam rests, in non-limiting equi-
librium, with one end on the ground and the other against a vertical
wall, the vertical plane through the beam being at right angles to
the wall ; find the form of the mean fibre of the beam. Let 4B
(Fig. 308) be the beam ; GV the vertical through its centre of gravity,
G ; R and S the reactions of the ground and wall; ¢ the angle made
by R with the vertical; a the angle which the tangent to the beam
at A makes with the horizon; 4 and % the distances, Az and Bz,
of the extremities from the line of intersection of the ground and wall.
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Let P be any point in the beam, at which we shall calculate the

Bending Moment, i.e. the sum of the moments of all the forces acting

on the beam between P and 4 ;

AR let the horizontal and vertical

S (/ lines through 4 be taken as

y axes of « and y; let @ be any

point between P and A4; let

the co-ordinates of 2 and @ be

(2, y) and (2, ¥), respectively ;

let the original length of the
beam be /, and its weight W.

{ yars Then the weight of an ele-
i S Q . ment of length, d¢, at @ is
L 4 w

A J, x 7 d¢, and the moment of this

force tending to produce curva-
ture at P round a line (such as
¢H in Fig. 307) perpendicular to the plane of the figure is

- —I;Z(w-m’)de’.

Fig. 308.

Also the moment of R about this axis is

R (2 cos p—y sin ¢).
Hence if p is the radius of curvature of the mean fibre at P, we
have EI

= = R(zcosp—ysin ¢)— Y f@-dt)as, (1)

the integration being performed from 4 to P.

If P is taken very close to 4, the Bending Moment on the right
side of (1) is zero, therefore p at 4 = o, i.e. 4 is a point of
inflexion ; and B is also a point of inflexion for a similar reason.

Assume y =z tana+ a2’ +a, 2t +a,2°..., (2)
where a,, a,, a;, .. ore all very small quantities; there being no

term in o? since =% = 0 (p = ) at 4.

da?
From (2), we find
d . )
7‘% = sec a+sin a(3a3w’+4a‘ao3+5a,m‘+ )
3,
idm—z =6ax+12a,2’+20a,2° + ....
d%

N owl = — ; and if we neglect products of a,, a,, ..,
P ay \n#
(1+(5)]

we shall have -1’—) = cos’a(6 a,x+12 a,2*+ 20 a,2* + ...).
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Also )
A‘x(w—#)g;:,od# = }aseca+ttasina. v+ a,sina.a®+....

Making these substitutions in (1), and equating to zero the- co-
efficient of every power of x, we have

= R sin ¢ (cot p—tan a)

3 6 K1 cos*a
o= w
= 7 241EIcosta’

. 1
while ay, ag,... are of tl?e order @ and may be neglected.

Also at the extremity B, % must be zero ; therefore

a;+2ha, = 0;
and the equation of the mean fibre is

y = wtana+ 2-4%[[’.}[(2 ha® —a*) sect a.

By putting % and 4 for y and =, this equation gives
k Wh

ne = — o hiET

secta.
]cﬂ_'_ 2

Putting seca= 7

in the small term, we get

wr+

tona = — SamET’
where 7 is used for +/Z7 472,

Substituting this value of a in the equation of the mean fibre, we
have k Wi

y= Zm— m(ksw—2hws+w*),

which is the equation of the mean fibre, to the first power of E%_I

It will be easily found that AN, the abscissa of the centre of gravity
of the beam, is h W3
2+ gormp”

10. A rigid bar is supported nearly horizontally on three given
vertical props which are slightly
elastic ; to determine the pressares g é <
on these props.

Suppose that the props are fixed
in the ground at D, £, and F (Fig.

309), and their extremities were | —E
originally @, b, ¢, which are in & — D
horizontal line; but that when the

shrinking has taken place, their Fig. 309. *
oxtremities, 4, B, C, lie in a line slightly inclined to the horizon.
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Let their original lengths be p, g, 7, so that da = 8p, Bb=0dq,
Cc = dr; let the pressures on them at 4, B, and C' be P, @, and B
let @ be the centre of gravity of the bar and W its weight.

Then we have

P4+Q+R=W, and P.GA+Q.GB—R.GC =0, (1)
the second being obtained by moments about G.

Now if the areas of the normal sections of the props are a, 3, ¥,
we have (Art. 387)

P__dp @_ ,d¢ R_,or
a—Ep, B—Eq’ y—Er» @)
supposing that Young’s modulus is the same for all.
Aguin, we must express the fact that 4BC is a right line. Drawing
through C a parallel to abe, we have

dp—dr AC
3¢—dr BC’
BC .3 —AC .8q+ 4B .8 =0, (3)
.B A .AB .
o by (2, 2 Cp_1 ﬂCQ+’ 2r=0. (4)

The three equations (1) and (4) determine 7, @, E.

11. A heavy rigid slab is supported nearly horizontally on four
given vertical props ; to determine the pressures on these props.

Let 4, B, C, D be the upper ends of the props when the shrinking
has taken place; let the original lengths of the props be p, ¢, 7, 8;
let the perpendiculars from 4 and C on the diagonal BD be p’ and
/3 let those from B and D on AC be ¢’ and & ; let the perpen-
diculars from G, the centre of gravity of the slab, on AC and BD be
@ and y; let P, @, R, S be the pressures on the props, whose
sections are a, 3, v, 9, respectively; and let W = weight of slab.
Then we have obviously the statical equations

P+Q+R+8=W, PY—Ri'—Wa =0, Qf —S¢+ Wy =0, (1)

[@ is supposed to lie within the area AOD] the two latter being
equations of moments round BD and AC.
We must now express the fact that 4, B, C, D lie in one plane.
To do this we shall calculate the vertical descent, 8§, of the point
O from the descents of 4 and C and also from those of B and D.
Just as in last example, we have

8p—6r=:4_§’__p’+r' . af_'r’ﬁp+p’6r
3f—or _0C_ ¢ T T T p+r

Similarly 3= ‘-’fq%lif;
/
therefore ’M—w . (2)

Pl+ri - ql+sl
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Also, as before, § =K %’, &c., therefore (2) becomes

il 7¢ rp’ o
a(p,+r,)P—ﬁ(q,+,,)Q+ y(P,_H_,)R 6(q,w,)s_.o. ~(3)

The four equations (1) and (3) determine the pressures.

12. A beam rests horizontally on any number of fixed right vertical
props, and is loaded uniformly between each successive pair of props.
Prove that if 4,, 4,, 4, are any three successive props the bending
stress couples of the beam at which are M, M,, M, we shall have

8(a+d) M, +4aM,+4bM, = wa’+ wb®, (a)
where o =4, 4,, b= 4,4,, w = load per unit length over 4, 4,,
w’ = load per unit length over 4, 4,.

(This is known as the Equation of Three Moments.)

Lot S/ and 8, be the shearing forces in normal sections just in
front of 4, (that is, towards 4;) and just behind it; S, S, the shearing
forces in normal sections just in front of 4, (i.e. towards 4,) and just
behind it ; Sy, S, the shearing forces just in front and just behind 4.

Take 4, as origin, 4,4, as axis of «, and the downward vertical
line at 4, as axis of y. Then taking any point, P, on the beam be-

d2
tween 4, and 4,, the bending stress couple at this point is — 7 (—i;:',/ H

and equating to this the sum of the moments of the forces between
P and 4,, we have

2,
El% = M,—S8,%+Lwx?;
Ely=EItana.x+ 4 M, 0*—}5;.2° + 55 wa', (1)

where a is the inclination of the tangent at 4, to 4,4,
Similarly, taking a point, P’, on the beam between 4, and 4,, its
co-ordinate with reference to 4,4, as axis of  being o/,
d¥y’
Sz
Ely = —Eltana.o + 3 M, .o’ 18 o* +Acw/'at (2)
Now in (1) =0 when 2 =a; and in (2) ¥’ =0 when &’ =2b.
Hence we have by addition of (1) and (2) with these substitutions

= M,— 8/ + /2,

Fa+ ) M,— H(@5,+ B8 +Alaw +Bw) =0 (3)

Again, for the equilibrium of the span 4,4,, taking moments

about 4,, we have 45 — M, — M, + } wa?; (4)
and by moments about 4, for the equilibrium of 4, 4,,

bS8 = M,— M+ }w'b (5)

Eliminating S, and S’ from (3), (4), (5) we have (a).
13. If the beam rests on three props only, two of which are at its

extremities, find the pressures.
Put M, = 0, M, = 0 ; then (a) gives M,, and (4), (5) give S;, ;.
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The pressure on A4, is wa—S;; that on 4, is §;+5;; and that on
4, is wb—8,.

14. A weight is placed on an ordinary rectangular table which rests
on the ground; calculate the pressures on the four legs, supposing
that the legs may be treated as rigid in comparison with the ground.

Ans. If the adjacent sides at any corner 4 are b and a, and if
and y are the distances from these sides, respectively, of the point of
application of the resultant of the sustained weight and the weight of
the table, the pressure on the leg through 4 is

7 G a3l

where W = sum of sustained weight and weight of table.

15. Prove that a circular cylinder can be subject to the strain

U=—TYz, V=T, W= Ty,

(its axis being axis of z) provided that surface stress parallel to the
axis is supplied. .

16. Determine the components of strain as quadratic functions of
the co-ordinates so that at all points we shall have

N=N,=T,=T;=0;

and show that such strain will require the application of external
force on the surface.

[Assume u=pz+qy+r2+4(ac®+by* + 02"+ 2 fyz + 2 g2 + 2 hay),
with similar values of v and w; then let the equations be satisfied at
all points, i.e. equate to zero the coefficient of each variable.]

[The five following examples were communicated to the Author by
the late Rev. Professor Townsend.]

17. A horizontal beam, supported at both ends, being loaded with
any number of isolated weights, if the bending moments be equal at
any pair of contiguous weights, P and @, they are equal throughout
the entire interval PQ.

18. A uniform load, P@Q, is moved along a horizontal beam sup-
ported at both ends, 4 and B; prove that at a given point, O, in the
beam the bending mo(t)l;mt will be greatest when P@Q occupies such a

P
0Q — OB

19. A uniform beam is tangentially fixed at both extremities 4
and B, D is its point of greatest deflection, C' is the foot of the
perpendicular from D on AB; X is any point in the line 4B; a
perpendicular to 4B at X meets the bent beam in Y gnd the circular
arc through 4, D, B in Z.

Prove that XZ»

Xr=2p"

20. A uniform beam is supported by four equidistant props, two of
which are terminal; prove that the two points of inflection of its
middle segment lic on the horizontal line of the props.

position that
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21. A uniform beam, 4B, is supported horizontally at two points, ¢'
and D, in its length, C being adjacent to 4 and D to B. Prove that
if two circles be described with C and D for centres and C4 and DB
for radii, respectively, the two points of inflexion of the beam are the
two limiting points of the coaxal system determined by the circles.

894.] Determinateness of Strain. If the external bodily and
surface forces applied to a given elastic solid are given, the state .of
strain is completely determinate—that is, there cannot be two
different states of strain corresponding to these data.

For, if possible, let there be two different states of strain,
(a, 8, ¢, 23, 28, 285) and (d, ¥, ¢, 23/, 28, 23) expressing
the strain components at the same point P in these two different
states. Reverse all the external forces and all the components
of strain in the second state, and superpose this reversed state on
the first. Thus we have the body acted upon by no external
forces whatever, and yet strained, the typical components of the
strain being 2 —&/, ..., 2 (¢,—4,"),.... Now the Potential Work of
the stresses is equal to that of the external forces, which is zero ;
hence we have J$dQ =0,

where 2¢ has the value obtained by putting o —a’,..., s, —s/, for
@, .00y 8y, ... in (a), Art. 392. But ¢ cannot possibly vanish except
by the vanishing of all the components of strain individually,
since it consists of the sum of a number of squares. We must
therefore have ¢’ = a, &c.; that is, the second state is identical
with the first.

In any case, therefore, in which a given body is acted upon by
given external forces and couples, if we find, by trial or otherwise,
any one system of values of the displacements, , v, , satisfying
the equations of equilibrium, we are assured that these constitute
the only solution of the problem.

395.] Differential Equations for Displacements. If in the
equations of equilibrium of an element (p. 411) we substitute the
values of N, &V,, &c., given in equations (7), p. 435, we have

a9

(#0284 uvtu = —px, 0
i .

('\"‘l‘)@'*‘l*v v=—pl, (2)
a9

()\+p.)2; +uViw = —pZ, (3)

VoL, 1I. é¢g
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which are the differential equations from which the values of
%, v, w must be found. Their integrals will involve arbitrary
constants which must be found from the components of external
force applied on the bounding surface of the body. Thus, if
i, m, n are the direction-cosines of the normal to the surface at a
point where the components of external force are F, @,, &,
we must have
I(A9+2pa)+ 2p(msg+ns,) = R,

with two similar equations.

Whenever the strain is pure, the general equations (1), (2), (3)

can be expressed in a single equation. For in this case V4= -,

du
so that (1) becomes a6
A+ 2/,1.)% = —pX, (4

and the three equations of equilibrium are precisely the same in
forms as those of a perfect fluid. They are, of course, all contained

in the single equation
(A +24) 40 = — p (Xdw + Ydy + Zdz), (5)
the direction in which the differentials are taken being any

whatever.
When, in addition, the external forces have a Potential, 7, the

equation becomes simply

(A+2p)d0 = —pd?, (6)
so that if the body is homogeneous,
(A+2p) 0+ p¥7 = constant. (7)

Also in this case 6 =V%¢ where ¢ is the strain potential, so
that ¢ is obtained from the equation
x +P o V = const. (8)
If cylindrical co-ordinates are used, let the displacements of
the co-ordinates z, £, ¢ (p. 282) be denoted by w, p, ¢, respectively.
Then we have

Vie+

d d sm¢ d
dw—"“"’dc < 3¢’
d . cos¢p d
Y

d2 @ 14 1 d?
Vi= d{‘ Za—‘.-i-z-g-ws (seep.282)
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and since % = pcos ¢p—e€ sin ¢, v = psin ¢+ e cos ¢, we have

_dw dp de p
0= 7o + d_f + % + ? s ‘
and by substituting these new operators in (1), (2), (3) we obtain
the differential equations in cylindrical co-ordinates. The cases
to which cylindrical and spherical co-ordinates apply with
special simplicity, are, however, much better treated by first
using the Cartesian equations instead of the general equations
for cylindrical and spherical co-ordinates (the latter being very
complicated and unwieldy) and then using the cylindrical or
spherical operations which are equivalent to V%, &e.—a procedure
which is illustrated in the solution of some of the following
problems.

ExamprLES.

1. To deduce the traction and torsion displacements of an elliptic
cylinder.

For a cylinder or prism having any curve whatever for base, take
the axis of the cylinder or prism as axis of 2, and any two rectangular
axes at the centre of the fixed base as axes of  and . At any point
on the lateral surface let the normal make an angle { with the axis
of @. Then, since there is no stress whatever on the tangent plane
at any point on the lateral surface, we have

N/cosy+ Tysiny = 0, (1)
T, cosy+ N,sin§ = 0, (2)
T,cos Y+ T, siny = 0. (3)

These hold equally for torsion and traction. For both cases also
we have internal differential equations obtained by putting
X=Y=Z=0 )
in (1), (2), (3), p. 449.
Now, whatever be the shape of the base, the values
U= —ax, v=-—ay, w=cz (4)

satisfy all these equations if the constants @ and ¢ are properly
related. For these values given at once 7', = T, = T, = 0, and to
satisfy (1), (2), (3) completely we have only to make N, = ¥, =0,

i.e., to take o _ )‘+I*‘ )
a ®

Also the values (4) satisfy the internal differential equations.
Finally, if a force F is applied to the second end of the cylinder

6g2
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or prism, and if S is the area of this base, F is the intensity of stress

N
on this end, which must be equal to &V, that is,
Mo—2a)+2po =% (6)

From (5), (6) we have

—_ Ap  F P

EXroapt2lE S’ TN oAn+2

For a ¢ perfect solid’ A = u = £ £, and these become
F _F

T 4E8’

x
c 2S.

c=

zs °
as they ought by Art. 386.
Consider now the torsion of the prism. Assume
U= —TYz, V=TX, (A4)
where 7 is a constant (evidently the rate of twist), the value of w
being undetermined. These give

dw dw dw
0= =’ T,= f"(@+7w)= T,= M(%_Ty)’ T,=0.
Hence (1) and (2) require NV, = &V, = 0, and therefore
dw
o= 0. (7)
‘We have then from (3)
dw dw .
~ (=) cos\p+(@ +7x)siny = 0, (8)
while the equations of internal equilibrium reduce to V:w = 0, or
dw  dw
o + i 0. 9)

The equation of the base (or transverse section) being f(x, ¥) = 0,
we may write (8) in the form

&) & (%’ +m)‘:l_f; =o. (10)

The equations (9) and (10) hold for the torsion of any prism or
cylinder whatever be the nature of its transverse section ; and the
problem simply reduces to determining w as a function of z and y
so as to satisfy these two equations.

Take, in particular, the case of an elliptic cylinder, so that
2

wﬁ
f(w;y)EF +%"‘11
and (10) becomes
. dw dw
2 (__— 8 (7 =
b (dac Ty) 2+ a (dy+rw)y 0,

v
which is dbviously satisfied by w= — a,—’:—b-;-xy, which also satisfies (9).
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Now let @ be the moment of the twisting couple applied at the
free end, the base being supposed fixed, or free and also acted upon
by a couple —@. Consider the equilibrium of the portion of the
cylinder included between the free end and any transverse section
of the cylinder. Then the sum of the moments of the stresses on
this section about the axis of the cylinder must be equal to @. Let
@, y be the co-ordinates of any point on the section and dS the
element of area at the point. Then the moment of the stress is

(xT,—yT,)ds,
(@ + 0 2?)dS = -(’:: s

_a+b @
BRI
Therefore the strain components in a twisted elliptic cylinder are
aﬂ bﬂ 2 ] cB
w—a-[*’:l? %-yz; v= aq—r——;; -g Xy W= — ma%-wy. (11)

Hence in a twisted circular cylinder the transverse sections remain
plane; but they do not remain so in an elliptic cylinder.

It will be easily found that the resultant shearing stress, 4/ 7%+ T2
in the transverse section, at any point on the surface is

2G 1
wab p’

where p is the central perpendicular on the tangent line to the
ellipse, so that this stress is greatest at the extremity of the minor
axis of the section, .

The torsional rigidity of a solid elliptic cylinder is

Ta*bh?
vt

2. Determine the strains in a twisted rectangular prism.

Let the sides of the rectangle be 2a, 2b. Then the equations to
be satisfied are

27

o that P

or

U= —

d? d?
% + —d—;’ =0, everywhere; (1)
dw
" TY=0 when ¢ = +a; (2)
%1—;+rm=0, when y = +b; 3
the second and third being the equivalent of (10) of last example.

, a*w’ arw’
For simplicity, assume w = ray+w’. Then T + -‘-1-37 =0,
d 4
___«(i;:’ = 0 when # = +a, and Tw = —272 when y = +b.

To satisfy the first, assume
w'= 4 (e™—e~™7)sin ma.
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Then the second equation requires ma = (274 1) 125, so that

y ry
n+l);> —(n+D=
wI=A.{‘( n )2a_e ( » ﬁﬂ}sin(zn.l.l);r—:, (4)

and the complete value of w” will be found by giving n all values
from 0 to o, and adding all the terms together.

The last equation of condition for w” gives the following equation,
which is to be an identity (as a Fourier development),

=TS wb . e
2‘r:v-a (2n+1) 4, cosh(2n4-1) 5g "0 (2n+1)2a, (5)
in which the hyperbolic cosine is used for shortness, as in the formule
}(e?+e %) =coshp; }(ef—e¢) =sinh .
To determine 4,, multiply both sides of (5) by sin (2n+1) ;ji:dx,

and integrate between 2 = 0 and x = a, exactly as in the develop-
ment of a Fourier series. Then we have all the terms on the right
vanishing except 4,; and hence

16 a?(—1)7+1
4, = b
(27+1) 7 cosh (2n+1) 35
Substituting this in (4), we have
: L T
sinh (2n+1) 3, 5o en+1) 5a

(6)

32a?
“3

S=ay+ o 37 (- s (1

(274 1)*cosh (2 + l)g—i
the suffixes indicating that n is to receive all values from 0 to co.

The value of 7 is to be obtained from the magnitude of the ex-
ternally applied couple, @, producing the torsion. Thus

S @l —yT)dS= @, (8)
in which the integral expresses the sum of the moments of the stresses
on any transverse section about the axis of the prism.

d d
Now 7', = y(i-v+ %) and Ty=p (d—z—ry); and if for brevity we
write the value of w in (7) in the form

v_ 2y + 2 B, sinh my . sin ma,
we have 4

@
prae 2/%*dS—ZmB, [,/ (y sinh my cos ma —xsin mex cosh my) dady,
the limits of & being +a, and those of y being +.

The double integral is easily found to be

4(=1)"By (% cosh mb— 2 sinh m)
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while /#*dS = $a°b. Hence substituting for m and B,, we have

=b
G | oqpy 256ahge 1 sptat gotenh(@n+1)gD
pr 3 7 “o(@n+l) @ <o —Cariy
But it is a known trigonometrical result that

w 1 7
> (@n+1) " 96

Hence finally, b
1_16asbp.{l 64a Qtanh(2n+1)§‘—l 9
T @ 37 W< @n+1y ®

and we have, therefore, the components of strain, (A), p. 452, at
every point of the prism.

The right-hand side of (9) multiplied by @ is the torsional rigidity
of a solid rectangular cylinder.

These results are, of course, due to Saint-Venant (see his edition
of Clebsch, pp. 214, &c.) who notices, in particular, the case in which

the transverse section is a very elongated rectangle (‘i very small),
and that in which it is a square. b

For the first case, we get ¢ = 16a*bp (3 —-21 x Z—), and for the
square T -

g= 843462 x I,

where I = §wa* = the moment of inertia of the transverse section
about the axis of the prism. Contrast these with the result (p. 442)
for a circular cylinder.

3. To determine the strain and stress at any point of a spherical
shell of any thickness, the outer and inner surfaces of which are each
subject to uniformly distributed pressure.

The displacement at every point in the shell is necessarily radial,
by symmetry ; so that, if = is the central radius drawn to any point
of its substance,

w=2af(r), v=yf(r), w=zf(r), (a)
where f(r) is some unknown function of r. Hence the strain is pure,
and if ¢ is its potential, 6 = V3¢. But by (6), p. 450,

0 = A = a constant,
there being no external bodily forces. Also
d¢ = udw+vdy +wdz = r f(r) dr,

so that ¢ is a function of » only, Hence V3¢ = ;13 g;— (r’agi), by
. 281; and we have d, .d
P an o (r Z?) = A¢?,
d B
7‘1’7’ =34+ 5 . (8)

where B is another constant.
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Now the normal stress, P, on a plane perpendicular to the radius
vector r is given by the equation

_ ¢
B
=4 QA+gm)—- 5 )

and if p, p’ are the intensities of pressure at the outer and inner
surfaces of the shell, whose radii are a, a’, respectively, the value
of P in (y) is —p when » = q, and its value is —p” when r = a’.
From these 4 and B are then determined, and thence the stress on
any assigned element plane.

We have f(r) = 34 + 7—5, from (), and thence the values of u, v, w
in (a).
For a plane occupying any position

2uB 3a?
¥= 0+ d+ 2o -20),
6Bz
1.'s = ——P—g’

with similar values of the other components.
To get the tearing stress at any point, take any point in the section
made by the plane xy. The only stress on this plane is N, which is

2uB
—

In this expression, substituting the values of 4 and B as before
determined, and denoting the intensity of the tearing stress by Q,
we have 1 1 ' p ! —p

QA— =£—‘—+Pg—,x’

a® a’ 3

A+Em)d+

which shows that if "> p, the tendency to tear is a maximum at the
inner surface. -
This expression, being quite independent of the moduli A and u, is
the same whatever be the isotropic substance of which the shell is
made. The displacements and strains, however, do depend upon A
and p. It is not difficult to give a common sense reason for this,

4. To calculate the strain and stress at any point of a sphere
which when free of strain is homogeneous, the strain being produced
by its self-attraction alone *, '

Let p be the density of the sphere when homogeneous, and —6 the
cubical compression at any point, P, of the heterogeneous sphere.
The latter sphere will consist of spherical shells each of constant
density p(1—6). Let 2 be the radius of any one of these shells

* For the sake of the exemplification of some points of general theory, I
retain the solution of this question which I gave in the third edition. Professor
Williamson has kindly sent me the simpler solution which follows the present one.
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and @’ the value of @ on the shell. Then if X is the force per unit
mass produced by the whole sphere at P, we have :

47ypx [T _ 2
5 0(1 &) v%dr, -(1)

with similar values of ¥ and Z, where » is the distance of P from
the centre, O, of the sphere, "We may put this into the form

X= —%ﬂypm(l—;,-frﬂ'r"d//). (2)
0

X=-

In the differential equations for the components of strain (Art. 395)
we have pX, where p is the density at P, i.e. in this case p(1—9).
Hence (1) of Art. 395 becomes

A+ 2 4 uviu = gy g (1—0— > f ‘vrar), ()
& =gA

in which we have neglected the product of 6 and the integral term,
since 0 is everywhere supposed small.
Differentiating (3) with respect to x, denoting, for simplicity, the

. . . X
definite integral by I, and observing that =73 e have

@0 d_,
0""’”%%*“25"“ o0 do 9% 3

. 3 o @
=%ﬁ7P’{1—(1+ 7)0'-‘;3;'*-(7—;)[}' (4)

Adding to this the similar results in v, w, and observing that

d 2 d 3 __d_ 20y — V20
EEV“EIZV“’ - Viw = V%, (5)

: a9
we have ()\+2;/.)V’9 = 4,,,7,,2(1_20._§r2;)- (8

Expressing the operator V2 in terms of » (p. 281), and observing
that 0 is a function of = only, this equation becomes

d*(r6) =~ d(rd)

2 —3r= 7

Ot T +5r0—3r=0, (7)
A+2n @ . . . .

where — —" =—, the constant ¢ being a linear magnitude, since
4myp® 3

f . .
A and p are each of the form (l_e:}g%t%” and yp*® is obviously of the

same nature.

By assuming r0 = ¢ + %; equation (7) becomes
d’¢ _ do
2 — — — °
¢ '+fdr +5¢=0 (8)

Now for any solid body ¢ is an enormously great magnitude, so
that if we can determine ¢ from (8) as a series proceeding by inverse
powers of ¢, it will be sufficient to take the first two terms.
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. o d¢ .
At the centre of the sphere the value of ¢ is zero, while 7 at this
point is unknown, Let (‘—t?) = A, and determine ¢ by the series

d= ¢o+"'( ) + —(d'r') + .

Then ¢, = 0; q")—A( )_o( ).__i—‘f;_&c.

Hence, neglectmg and higher powers of 1 , we have

¢p=A(r— y) ’
supposing, as we do, that no values of r within the limits of inte-

gration make % other than a small fraction. Thus

2
o=3+4(1—-5) 9)
Substitute this value of 6 in (3), and we have, by putting

_A+2p
v = ——

in the right-hand side and neglecting small quantities beyond -cl?

Vig=— gc—,éw, (10)

which shows, by (8), p. 280, that » may be calculated by regarding
it as the Potential at P produced by matter filling the sphere, the
density of this matter at each point, 7/, being given by the equation

, Ao
= Gaya (11)
To find the Potential of this at P, consider separately the part, «,,
due to the sphere of radius OP, and the part, ,, due to the shell
contained between this and the surface of the whole sphere, whose

radius = R, suppose.
We have then in the ordinary notation,

2 of /2 mG’(h’dG’d
uy = mgf f f - ¢, (12)

in which we develop PP’ in a series of Laplacians ascending by

v
powers of . since 7/ <7 Putting o/=1"cos¢=+p’, and re-
membering that, by Art. 851, since u’ is a surface harmonic of
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the first degree, the only term in the series that will not vanish
in the double integration in u’ and ¢, is that in L,, we have

_ A 1 21rLl PR

Ar® 1 2w ,
= 10#02/:1A WL dwdd’

24
= -l-mr’ac, by (), p. 354. (13)
To get %, we must develop P—;;, in (12) in ascending po%vers of -; .

As before, the only term of the Laplacian series that will not vanish
is that in Z,; also the limits of +/ are » and R. Hence we find

4

u =g (R*—r) . (14)
Adding (13) and (14), we have
4
=55 (B—gr), (15)

with similar values of v and w.

Now with regard to the physical and analytical conditions to be
satisfied by w, v, w, it is obvious, & priori, that their values at the
centre of the sphere must vanish; that they must make the dis-
placement at every point, P, radial (i.e. along P0); that they must
give zero value to the stress at every point on the bounding surface,
since we have supposed the sphere to be uninfluenced from without ;
and that they must satisfy the identity

du dv dw
dm+dy+ & =0 (4)

Observe particularly that we have not in our investigation made
use of (A) but merely of a more general relation (5), which will
be equally well satisfied if any three functioms, X,, X3, Xs» €ach
satisfying the equation V*¢ = 0, are added to u, v, w.

Now it will be found that (15) and the two analogous values of
v and w satisfy (A), and all the other conditions just enunciated
except that of making the components !N, +m T, +nT,, &c., vanish
at the surface.

Let us add an arbitrary term Bw to (15), and try whether all the
required conditions are satisfied by the values

w=3% g+ s, (16)
v= 5L @3+ By, (17)

w=EXB 4+ Ba (18)
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Satisfying (A), we have from (9)
3
(1—%)A—3B+}=0. (19)

Again, N, =\ {1}+A (1-.’;)} + 2,;{B+ ;c—,(le’—grﬂ_w)},

and T,=—%':—facy; T,=—%—c;—zx,
with similar values of the other stress components; and since the
stress on any tangent plane is zero, we must have

N+ T,y+T,2=0 (20)

when r = R, two similar equations also holding.
Now we find that » disappears from (20), which reduces to

2
{’\(1"?' —1—5?}44+2I~’-B+§)\=0, (21)
the other two equations giving also this result.

Hence all the conditions of the problem can be satisfied by the
values (16), &c., the constants 4 and B being determined from (19)

and (21).
‘We easily find, to the order of approximation adopted,
A=—}{1+%-§;\—-ﬁﬁ-§}’ (22)
e T #)
0=é%{r’—%.::IgZ~R’}. (24)

As a verification, suppose that the sphere was a mass of incom-
pressible fluid. Then A = o, 6 = 0, but A = —p, where p is the
intensity of pressure at any point (Art. 391); and (24) gives

p=3§myp (B'—r?),
which can be deduced at once from the fundamental equations of
Hydrostatics.
Professor Williamson solves this problem by the obvious principle
that the strain at every point is pure, and by applying at once
equation (6), p. 460. Thus we have

do av

av _ 41rypf’ "~ 3
But 2;—— ~ 0(1—0)1/&"’,
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since — %; is the attraction intensity. Hence
L (1—6)7"—3(1—6)/:r0’7”d/l’, -
dr 0

c’%(f’%g.)=3r’(l—20)—r’%g, (25)

neglecting a term of the second order in 6.
To integrate this, let » = ¢£ where £ is very small, since ¢ is very
great compared with ». Hence

d 40, s 399,
Fegp=30-200-£3
Now this equation is unaltered if we change the sign of §; there-

. . . r?
fore 9 is a function of £2, i.e. of —;» and we may, therefore, assume
C
2
’
0=m+ n -5

where m and » are undetermined constants Substituting this in (25),
we get m+n = }, or n = }, since m is necessarily very small.
Hence, since V2¢ = 0, where ¢ is the strain potential,

E;(rzd—(f)=mr2+§§,

d 7
oo -d—i-) = ,};mr+1-‘g?,
the constant of integration being rejected since, if it existed, the
radial displacement %? would be co at the centre.
Now the principal stresses, P, @, @, at any point are given by the
equations d*
P=A0+2p a’
1d ()
Q=A0+2p— dd) ;

and expressing the fact that the stress vamshes at the surface of the

sphere, we have _ sA+6s R2
m=—o- 3A+2m p. s
which gives 6 as in (24), and also gives
3 rt R 5A+6p
P=do G g axyew
from which, of course, the strain displacements follow by differ-
entiation.

5. Determine the strain and stress at any point in a Planetary
Crust of uniform thickness and density, surrounding a uniform
spherical nucleus.
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Let p be the density of the crust, a its outer and b its inner radius,
and (n+ 1) p the density of the nucleus.

In this case also the displacement at every point is radial and the
strain pure.

Hence, if ¥ is the attraction potential at any point,

do av
('\+2F)3,; =—pa=-

But — arv is the attraction intensity, and is therefore

dr
nbﬂ
$myp(r+<3)
Hence .40 b
4 E/; =7r + 73',

with the same meaning of ¢* a8 in the last example. If ¢ is the strain
potential, v72¢ = 0; hence .

1d,,dp,_, nb*

AH ) =t e
203 r nb? B
ar = ios "z ¥

'
a’
and if the outer and inner surfaces of the shell are subject to pressure
intensities p, p’, we have

4 a? b
—p=(A+4) 4 — -5 B+ 5 (A=2nh =5 + $p),

where 4 and B are constants. Now the radial stress is A0+ 2u

=0+ d—2P B B 2nr g
P—( +3"") b +2c’( n +‘”")’

from which 4 and B are known.

6. In the case of a spherical envelope of small thickness subject
to uniform intensities of pressure inside and outside, if 7' is the .
tearing stress per unit length perpendicular to a meridian, show from
elementary principles that

T'=%P.»
where r is the radius and P the excess of outward intensity of
pressure.

Deduce this result from (14), example 3.

7. A spherical shell of copper, whose internal radius is 1 decimétre
and thickness 4 centimétre, is filled with a gas at an intensity of
pressure of 20 atmospheres, the outside being subject to atmospheric
pressure ; find the radial displacement of a point on the inner surface,
being given the following data :—

Modulus of compression for copper = 16.84 x 10" dynes per
8q. cm.; modulus of shear = 4.47 x 10; 1 atmosphere = 1.014 x 10°
dynes per sq. cm.

Ans. The displacement is -010146 millimétres.
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896.] Constants of Elasticity. Abandoning now the special
case of an isotropic body, let us consider the values of the stress’
components N,, N,, ... produced in any body by a strain whose
components are a, b, ¢, 28,, 28,, 28;. Assuming the stress com-
ponents to be each a linear function of the components of strain,
it is clear that if any two states of strain were superposed, their
corresponding components of stress would be superposed, and
there would, therefore, be a superposition and independence of
stress and strain effects in such a body; so that, for example,
two separate causes of equal states of stress would, if superposed,
produce both double the stress and double the strain. M. de
Saint-Venant justifies the assumption of this linear relation in
general (see p. 40 of his edition of Clebsch). If the linear
relation did not hold, there would be no superposition of effects
due to two or more identical causes, of such a nature that, while
they all act, each produces the same effect as if the other causes
were non-existent. As we have in view the luminiferous ether
and the possible propagation of gravitation by means of stress in
an ethereal medium, we shall assume this linearity, as perfectly
justified by the observed independence and superposition of
luminous and gravitative effects.

Thus we shall have the stress components expressed by
equations of the form

N, =ma+pb+pe+tie +t/s,+1" s, (1)
where #,, py,... are constant quantities, each of the nature of
force per unit area, depending on the nature of the strained
medium. Thus %, involves 6 constants of elasticity, and each
of the other five components of stress involves also 6 constants,
so that, apparently, the stress components at any point depend
on 36 constants of elasticity.

But the stress components have been proved (Art. 384) to be
related in every medium without exception in such a manner that

Nyda+ N,db+ Nyde+ 2 Ty ds, + 2 Tpds, + 2 Tydsy =d ¢, (2)
where ¢ is a function—evidently a homogeneous quadratic
function—of the strain components. Hence

_d¢ d¢ _9¢
y=22 N_db,... 2, = 72 (3)
Hence N, - é&n e == d(le) . (4)

ab ~ da dal “da
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i.e. the coefficient of 4 in N, is the same as that of ¢ in N,, &e.;
so that we have 15 identities among the 36 coefficients.

Hence, for any medium whatever, the principle of the conservation
of energy shows that the greatest number of independent coefficients
of elasticity is 21.

We have, therefore, the following table :

Ny=1n atpsb+pye+t8+8/8+8"s, (5)
Ny =py a+nb+pie +1,8+18,)/5,+1,s, (6)
Ny =p, a+pb+nge +458,+2/3,+1"s;, (7)
Ty =1 a+tb 410 +v,8+ 938+ %, (8)
Ty=4 a+t,/b+tfc +g38, +v,8,+ ¢85, (9)
Ty=t"a+8b+t"c+q,8 +¢,8,+ v38;5. (10)

* In the view of English physicists, no further reduction below
these 21 can be effected in the coefficients, unless the medium
possesses some one or more kinds of structural symmetry. M.
de Saint-Venant, however, strongly maintains that, without any
such structural symmetry, a further reduction to 15 coefficients
is always possible ; and he bases this reduction on the fact (denied
by Green) that the action between any two molecules is a
function solely of the distance between these two molecules,
depending in no way on the presence of neighbouring molecules.*
The consideration of this further reduction we postpone for a
moment, and we proceed to find the simplifications introduced
by the supposition of various kinds of symmetry of structure in
the body. B

Symmetry with respect to a plane. Suppose that all along a line
perpendicular to a plane 2y the structure of the body is
constant ; then the constants in (5),.., will be each a function
of # and y only (not involving 2).

Now, in general, if we produce the axis of z backwards through
the origin, and take this production as the axis of z, retaining
the axes of # and g, the new co-ordinates and displacements at a
given point P will be expressed in terms of their old values by
the equations

=, Y=y, Z=—2 W=u, V=9 w=—w,
8o that ¢ remains unaltered, and ¢, and ¢, hoth change sign.

* See Saint-Venant’s Clebsch, p. 65. M. de Saint-Venant is strong in his
ridicule of the attempted gemerality which makes the action between & given
pair of molecules dependent on the proximity of other molecules,
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Also, from the general formul®s of transformation (Art. 379)
or otherwise, we know that N; remains unaltered, while 7' and’
T, change sign.

Introducmg these changes into (5), since N, remains unaltered,
while s, and s, change sign, it follows that # a.nd ¢,/ must change
sign when —z is put for z. But, by the structural symmetry
supposed, neither #, nor #,” is a function of 2. Hence they must
both vanish.

In this way, considering all the other equations, we have the
following conditions for structural symmetry with respect to the

plane 2y :

h=t=t=t/=h=t/=q=0=0, (11)
so that the values for this case are
N, = nja+psb+pye+t,ss, (12)
N, = psa+nb+pc+t,s, (13)
Ny = pya+p,b+nge+t)"s,, (14)
Ty = 8+ 38, (15)
T, = 438, +1,8,, (18)
Ty=1t"a+t/b+t"c+ry8,. (17)

Two planes of Symmetry. Let the structure be also constant
along every line perpendicular to the plane zz, while varying
from one such line to another. In this case the constants are
all functions of # and 2 only, and therefore (from combination
with the previous symmetry) of # only. Producing the axis of
y backwards, we have a4, &, ¢, 8, unaltered, and s,, s; altered.
Hence

tlﬂ = tzll= ts”___qs =0, (18)
and the equations now become
N, =na+pb+ppe; T)=uvs,
N, =pga+nb+pc; Ty=r,8, (19)
Ny, = pia+pb+nge; Tg=vgs,.

Now these equations show evidently that there must be
structural symmetry with respect to the third co-ordinate plane,
y2. Hence if a medium is structurally symmetrical with regard
to two rectangular planes, it is also structurally symmetrical with
respect to a third, and its constants of elasticity are 9 in number.

Structural Symmetry round an awis. Suppose the constants to
be the same at all pomts of a cylinder having the axis of z for
its axis, while varymg from one such cylinder to another. They

VOL. IL Hh



466 ANALYSIS OF STBAINS AND STRESSES. [396.

are then merely functions of { and not of z (Art. 329), and if the
planes z» and zy are rotated through any angle, ¢, the values of
the constants at a given point P remain unaltered, while the
stress and strain components Ny, ... @/, ... with reference to the
new axes are easily expressed in terms of Ny,...q,... with
reference to the old axes.

Let ¢ be a very small angle, so that the new co-ordinates,
o, ¥, of P are given by the equations #'= 2+ ¢y, ¥=y— oo,
and the direction-cosines of the axes of #/, /, z with reference to
the old axes are

(1’ b, O)’ (_d” 1 0)’ (Os 0, 1)'
Hence we have
d=a +2¢ps;; V=056 —2¢s; d=c;
o =8— ¢8; =8+ ¢8; & =(0—a)¢p+s;
N/ =M+2¢Ty; Ny=N,—2¢T;; N/=N,;
H=0— o1y Ty=D+ ¢T); Iy=(N—M)é+7Ts.

Expressing that these hold for all values of ¢, we find that all
the #s must vanish, as likewise all the ¢‘s, and the remaining
equations are :

V)=V PL=Pg5 Vs =m—Py, V3 =1uy—p3; (20)
which give 7, = n,.
Hence for symmetry of structure round the axis of z,
N =nat(n—v)b+pe; T =uvs,
Ny,= (n—vNatnb+pe; T,= v82,§
Ny = pa+pb+a'c s Ty= Vs,
which show that 5 distinct constants exist in this case.

Structural Symmetry round two lines. 1If, in addition, there is
symmetry of structure round the axis of , the group of equations
(21) show, without fresh calculation, that we must have v'=»;
p = n—"; so that we have

Nl = (ﬂ—v)a +va; Tl = 8,

N, = (n—v)0+vb; T,=vs, g (22)

Ny=(n—v)04ve; Ty=ve,
which show that there is structural symmetry round all lines—
i.e, there is complete isotropy ; and these are identical with the
values (p. 435) hitherto so often used for an isotropic medium,
n—v being A and v = 2,

M. de Saint-Venant's further reduction. The 21 coeflicients
which result from the sole assumption of the principle of con-

(21)
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servation of energy, or existence of a Potential function, are, for
all media, reduced by Saint-Venant to 15 by the following
reasoning. Consider any molecule, 2, and a neighbouring mole-
cule, @. The force exerted between them depends solely on the
change in the distance between them effected by strain and acts
in the line joining them. Hence the z-component of the foree
between them caused by a stretch, 4, parallel to the axis of y is
equal to the y-component of the force between them caused by a
shear g, if 28, = &.

For if in the first strain A# is the change in the length £Q,
and if the force between the molecules = 4.Ar, where 4 is a con-

stant, we have the force = éq"b, since (p. 379) we have An = &1,
and Ar = Z—An. The z-component of this is i:—zb- En.

In the second strain A¢ = 839, An = 8¢, therefore if 28, = 8,
Ar= ,b_.f 1, and the y-component of their force = fg &n?, as before.

Considering all the molecules now in any element plane at P,
since this relation holds between each of them and all their
surrounding molecules, we see that the #-component of stress on
this plane produced by a stretch, b, parallel to y is equal to the
y-component of the stress on the plane produced by the shear
28, ; in other words—if' P, Q, R are the components of the stress
on any element plane whatever, the coefficient of & in P is equal to
the coefficient of 285 in Q. Similarly, the coefficient of 2 in
@ = coefficient of 28, in P ; coefficient of ¢ in P = coefficient of
28, in R; coefficient of a in B = coefficient of 28, in P; coeffi-
cient of & in R = coefficient of 22, in @ ; and coefficient of ¢ in
Q = coefficient of 23, in R.

Expressing that these equalities hold whatever be the direction-
cosines of the element plane, we have only 15 distinet coefficients
in the general equations (5)...(10).

Applying these principles to the case of an isotropic medium,
as expressed by (22), we have simply

) n—v = %,
or, if 2u is used for », ip accordance with Lamé’s notation,
A=p,
the result which M. de Saint-Venant maintains for all hard
fine-grained isotropic bodies.
Bh2
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897.] Propagation of Gravitation. Clerk Maxwell, in Chap.
V, Vol. i, of his Electricity and Magnetism, has given a remark-
able theorem, the object of which is to show that all actions
exerted between two material systems, M, M,, according to the
law of inverse square of distance, can be produced by a distri-
bution of stress over closed surfaces in the medium, and he has
assigned the components of this stress at every point.

We proceed to explain and to examine this theory.

Let the two influencing systems be M/, and M, in Fig. 288,
p- 334, and let any closed surface whatever, § (not that repre-
sented in the figure), be drawn having I, inside it and M,
outgide it.

Now consider the z-component of attraction produced on 3/,
by M,. Let P be any point in M, ; let p be the density at P,
and 7, the Potential produced at P by M,. Then the z-com-

ponent of force on the element, pd Q, of mass at P is p %?Vz as,
Hence if X be the total #-component on 2/,

ar
X= f p 2 aa. (1)
Let 7, be the Potential produced at P by M,; then obviously
p%d.ﬂ = 0, because this integral is the resultant a-com-

ponent of force, produced on M, by its own attraction. Hence
we can write
X=p 154 E) g, (2)

- 1 . . .
Again, p = — iy V27, ; and since P is outside the mass M,

we have V27, = 0; therefore we can write
] .
p=—gr V(T )
Let ¢ = 7+ 7,, and we have

=—zf;-y ffff;_g Vi¢.dedyds, (3)

with two exactly similar values of ¥ and Z, the other components
of force exerted by M, on M, .
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i$ d¢ dé Then

Let ¢1’s bys P3 stand fOr-d—w ’ Z; , -.d—z-.
Ay — (22— ¢sY) (D) | (D) -
de“b:i 1 d; s) o d'lyz + ), (1)
with similar values of ﬂ)vhp and d;fvzd, Hence if
dy dz )
! 1
M =——8-;;(¢12—¢32'—¢32); T = _m‘ﬁz‘f’s,
1 1
Nz=-—-m(¢32—¢82_¢12); T2=_Z1r_y¢3¢1’ (5)

1

1
Ns._:_gﬂ_y(%z_%z_%z); T, =*'4_,;;¢1¢2’

we shall have

AN,  dT, . dr,

X—f(‘z,v‘ +Ey+"%)dﬂa (6)
_rdT, 4N,  dT,

Y=[(G+ g+ @
_pdl,  dT, ANy o

i=[(G+ 5 + &) (8)

the integrations being extended through the whole volume of
the closed surface § (which completely surrounds #/, and excludes
M,), and not being limited merely to the volume of M;, because
at every point of space devoid of matter V2 ¢ = 0, and (4) shows
that at all such points the three multipliers of dQ under the
integral signs vanish.

Hence at all points of the medium (ether) outside the attract-
ing matter we have

" dN, d ar,
d—{;+d—§‘+7;=o,&c., 9)
which are the well-known equations of equilibrium of a strained
medium whose components of stress are Ny, &c. At all points
inside M, or M, the right-hand sides of equations (9) are not
zero, but ¢ _,, d ,. d¢,
%’v ®, '@A ¢, ?l?v ¢.

Thus the components of attraction could be produced by means
of a strain in the intervening medium, this strain extending, of
course, to all parts—even infinitely distant—of the medium, the
stress being defined in (5); and, of course, the same result could
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be produced by merely applying the proper stress to all portions
of the arbitrary closed surface §, for this surface stress would
transmit the proper stress to each point of the enclosed medium.

Moreover such a distribution of stress over § would produce
the same moment round any axis as that produced by the
attraction of M, on M;. For, let L be the total moment of force
round the axis of #. Then

_/ o (y2_s 2’5 ~em [( % _y 2 vigan
4,,yfff{ dT dN dTl) (dT d—Tl+d—M’)}¢hdydz

= 4—_”—}/[{2(lT3+mNz+nTl)—y(lT2+mTl+nNs)} as; (10

J,m, n being the direction-cosines of the normal at any point of
§,and the triple integrals being replaced by the surface integrals,
the values of IV}, 7}, ... being assumed to be continuous.

Now the right-hand side of (10) is the z-moment of the
surface stress on the arbitrary surface §. Therefore, &e.

Let us now seek the principal axes of this stress. If the axes
of », 9,2 are in the directions of these axes, we shall have
I'=Ty,=1T,=0; ie we must have some two of the three
quantities ¢, ¢,, p3 = 0. Suppose that ¢, = ¢; = 0; that is,
¢, is the resultant attraction-intensity at P, the point considered
either in ] or in the medium between the bodies ; or, in other
words, the axis of 2 is at once the direction of the resultant force
at P and the direction of one principal axis of the stress of the
medium at P. If, now, 4, B, C are the principal stress in-
tensities at P, we have by (5)

R? &2 R?

R being the resultant force-intensity at P. These show that the
three principal stresses are equal—that along the line of force
being a pressure, and the other two being tensions. The stress
of the medium at every point consists, therefore, of pressure along
the line of resultant force, accompanied by equal tension in all
directions at right angles to if.

In the case of electrical action between two systems, we shall
see that the stress at each point of the intervening medium will
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be the exact reverse of this—viz., tension along the line of force
accompanied by pressure of equal intensity in all directions roundit.

This is the celebrated Maxwellian stress, which Faraday had
qualitatively described (Faraday’s Eazperémental Researches, §§
1297, &e.) by merely saying that the intervening medium seemed
to experience at every point tension along the line of electric
force accompanied by pressure in all directionsround it. Observe
that Faraday did not enunciate any definite ratio between these
intensities of stress.

Now the method by which Clerk Maxwell arrives at the com-
ponents of the stress shows that his stress components (5) are
not the only ones that will produce the gravitative effects of the
one system on the other. For, if

By Mgy Mgy byy loy ts
are any six functions of the co-ordinates of a point, which for all
positions of the point satisfy the equations
dn, dty  dit,

%+@+%=m&q (12)

it is clear that the values of %Vz ¢, &c. in (4), and therefore

of X, ¥, Z, will be the same as before, if we take the components
of stress at every point of the medium to be

1
- 8—n;(¢12_¢22— o) +n,, &e.,

1
iy a3+ 1y, &e,

and the principal components of this stress will not be related to
each other and to the line of force as they are in the Maxwellian
stress.

Again, if for any given medium we are given the components
of stress at every point weare also given the components of strain,
on the supposition that they are conmected with eack other by
6 linear equations, as in p. 464. The components of stress cannot
be assumed as any random functions of the co-ordinates; for
they must be such as to satisfy the differential equations (1),
p- 411. Nor, again, can we assume any six functions of co-
ordinates for the components (a,8,¢c, 28;, 28,, 285) of strain;

du dv dsg _d®u b
because 2*’s=g;+25, ,-,2@%=@_§+%;

(13)
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d?a d%b __ _ dls
dy_i + T2 = 2 M' (14)
. 3 d%a d?s
Similarly, %—g + A= m%,, (15)
a2 dic _ _ d?%,
v + 2‘;2 =2 W. ( 16)

These identities must be satisfied by any functions which can
possibly represent the strain components of any medium what-
ever.

Now, if we suppose the equations connecting the stress and
strain components of the ether to be linear, and to involve only.
21 distinct coefficients (as required by the principle of conser-
vation of energy), we may express them in the forms (5)...(10),
p. 464, by simply interchanging ¢ and N, & and N,, s, and T},
&c., in these equations, thus:

a=mN+mN,+m,Ng+ 7 T+ 1) T+ 7T, (17)
with five others, the same equality of coefficients holding here as
in the inverse equations.

Hence for all values of #, y, z, and all forms of Potential
function ¢, the Maxwellian components (5) of stress when sub-
stituted in (17) and the five similar equations, must satisfy the
equations (14), (15), (16), if gravitation is propagated by the
Maxwellian stress, and the stress and strain of the ether are
connected, as they are, for any known body.

Now we find very easily on trial that these conditions are not
fulfilled ; and therefore the conclusion is that—either gravitation
is not propagated by the Maxwellian stress, or the ether is not
of the nature of a solid body*.

But, instead of assuming the components of stress at any
point of the medium, without reference to the nature of this
medium, let us assume that the medium is homogeneous and
isotropic, with only the two constants of elasticity, A and u, and
determine the stress at each point from the general equations of
equilibrium of such a medium.

therefore

* Clerk Maxwell, in his Article on Gravitation in the Encyclopedia Britan-
nica, Beems to regard the ether as a homogeneous izotropic body (probably incom-
pressible) ; for he gives a table of its constants (rigidity, i.e. modulus of shear,
den:i:g, &o.) exactly such as is usually given for a homogeneous isotropic body.
Indeed, at the end of the Article, he explicitly calls it a vast homogeneous
expanse of isotropic matter.’
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Let P be any point inside the solid body which is subject to
any gravitative action, whether its own or that due to the
attractions of other bodies ; let p be the density of the body at
P, and X the z-component of force at P per unit mass. Then
we have to determine N,, N,, ... 80 as to satisfy the equation

dN, 4Ty  aT, _

7;"‘3374'%2—}’& (18)
and two similar. Substituting the strains, we have to find
u, v, w, 50 as to satisfy

a0
(A1) o+ = pX, (19)

and two similar, the right-hand sides of (18) and (19) being
zero at each point in the medium outside the body.
Equation (19) can always be easily satisfied ; for if X is due to
any number of bodies, M, M, ... producing Potentlals v, v,
at P, let dm be an element of mass of M, and r its distance from
P ; let dm’ be an element of M, and #* its distance from P ; and
so on. Then take the function
=frdm+ 7 dm +..., (20)
the integrations extending, respectively, through M, M’ ...;
and it is easily found that
P ay
T2(A+2p) do’ (21)
with exactly similar values of v and w, will satisfy (19) and the
two similar equations. Thus we have found the components of
displacement at P inside the body ; and to these values may, of
course, be added any values satisfying

ae
(’\’Hﬁ)% +uV3u =0, (22)

and the two similar equations, provided that these added terms do
not violate any necessary physical condition—they must not, for
instance, be such as to make the displacement infinite at any
point. The components of displacement in the external ether
must be found from (22) and its two analogues, regard being
had to the necessary physical conditions—as, for instance, that
they must vanish at infinity.

. Let us, as a very simple example, take the case of a single
homogeneous sphere subject to its own gravitation. P being
any point inside, at distance » from the centre, we have

X=—4%mypa,
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where y is, as ususal, the constant of gravitation. Then either
by (20), or by inspection, we see that u = Arfw will satisfy (19),

so that 27yp?

u= ~1%0 = — Kr*a, (28)

T15(A+2u)
with similar values of » and w. Of course in these equations the
A and p are supposed to belong to the ether; if they belong to
the body, thé values of w, v, w express the displacements of a
particle of the body.

There is, of course, a strain potential, whose value can be
deduced as in p. 455 ; and we have for points inside the sphere

d¢
. (24)

To the value in (23) might be added any term of the form
Bz, where B is a constant, since this satisfies (22).

Such terms, however, do not assist in contributing to the
gravitative action on any element of the body, since they con-
tribute nothing to the expression

N, | dT, | I,

dw dy dz
which is the resultant #-stress on the element of volume, and it
is this which is to be equal to pXdzdydz, the gravitative action
on the element.

In the ether outside the sphere the resultant displacement is,
of course, radial, or in the line joining the point to the centre of
the sphere ; so that, as in p. 450, (22) gives 0 = 0; and since
in this case § = V3¢, where ¢ is the strain potential of the
. s = g, where Cis a constant.

ar — r?

Now assuming the radial displacement to be the same for a point
just inside as just outside the sphere, we have from (24)

+ ) dzdydz, (25)

a,.d¢
external ether, m (r2 37) =0, .

O —_Ka, - C=—Ka

a
Hence at every external point the resultant displacement is °
given by d¢ ab .

5
from which w=-K2, &.
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Also, by (a), p. 461, if 4 and B are the principal stresses at an
inside point, )
. 4 =— (574 6p) K72, (27)
B =— (5A+2u)Kr?, (28)
the principal stress obviously having the radius vector, OP, for
one principal axis. It therefore consists of pressure all over a
conical frustum, as represented in
Fig. 310, the intensity over the
ends being greater than that over
the lateral surface.
At an external point, @, we have

5
4= 4;;K:—3, (29)

ad
= —2}.(.K;§, (30)

which show that the stress consists Fig. 310.
of tension on the ends and uniform
pressure all over the lateral surface of a small conical frustum.
Hence it appears that the stress of the ether is discontinuous at
the surface of the body, the radial component changing from
pressure to tension.
Let us pass to the case of a uniform spherical shell whose

3
outer radius is & and inner a. Here X =—4wyp (w—(f;g), and
the equations for the strain components are
A+ )'ﬁ+ Viu=—4m 2(w—9i‘f) (31)
® ax K =3 TYP e ’
and two similar.

The displacements being all radial, these equations are all
included in the equation

3
()\+2y)d0=—-§-1ryp2.d[§r’+‘—:7]; (32)

3
0=—10K(§72+a7)+A, (33)

where 4 is a constant. This is the value of 6 at points in the
substance of the shell.

For points within the cavity and for points in the ether
outside the shell, the right-hand side of (32) must be put equal
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to zero, so that 6 is constant for such points. Since 6 = V3¢,
where ¢ is the strain potential, (33) gives

do : B

_ = — 4

7 K(r3+5a)+§.4r+f2, (34)
where B is a constant. If K were put equal to zero, we should

get the values of %?— belonging to the cavity and to the ether
outgside the shell ; and these are, respectively,
Cr and g—;» (35)

where C and C’ are constants. )

Now if we assume continuity of displacement from the cavity
to the substance of the shell, we put » = a4 in (34) and in the
first expression in (35); and equating these, we obtain C.

4

Similarly putting » = & in (34) and equating the result to 6%’ we

obtain C’.

But it is obvious that the terms in 4 and B in (34) may be
rejected, because, as they give displacements satisfying the
equation 40 \
(’\'*'M);i—m'*'“'v U = Os
and two similar, they contribute nothing to the gravitative action.
Hence, then, the values of (fl—f are

— 6 Ka?r inside the cavity,
~K(r®+ 54°) in the substance of the shell,

2
—-K(&+ 5a*")§.—2 in the external ether.
Inside the substance of the shell, if 4 and B are the principal
stress components, we have
3
4=—(50+6u) KP—100K ., (36)

. 3
=—(5A+2u)Kr2—1o(A+p)K“7. (87)

Inside the cavity there is uniform hydrostatic pressure equal
to —6 (3A + 2p) Ka? whilein the external ether we have tension
and pressure of the types (29), (30), merely replacing a® in those
equations by (54®+0°)é% There is therefore discontinuity of
stress at both bounding surfaces, as before.
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Take, as a final example, the case of two homogeneous spheres
the radius and density of one being a and p, those of the other &
and ¢, and the co-ordinates of the centre, B, of the second with
reference to the centre, 4, of the first being (a, 8, y). Taking P
inside the first, we have

a0 r—a
("+I‘)%+FV2“= —47yp (pw+a&3 73 ), (38)
where 7= PB. From this we have easily
- > L Sinda
% K(r z—5 pb 7 ) (39)

gimilar values holding for v and w.

The expression (39) indicates that the displacement of the
ether at P consists of two components, viz. a motion along P4
towards 4, and a motien BP from B. This latter motion is

equal to 5 K %b?’, which is the same for all points inside the

sphere 4 and the same whatever. be the distance between the
spheres 4 and B—a result which seems absurd. But to get rid
of this absurdity, we observe that any constant may be added to
the value (39), so that we might take, if 4B =,

u=—K{r2w—55Pba("”—7,—“ + 3)}, (40)
the added term indicating a motion of translation of the ether
ingide the sphere 4 parallel to the line 4B. Thus when 4B is
very great, the term in # depending on the sphere B is in-
finitesimal.

It may, however, be remarked that as it is with differential
coefficients of u, v, w we have to deal in calculating stress, we
need not take the trouble of thus correcting their values,

In all these cases in which the stress is discontinuous, the
gravitative effect is due solely to the stress of the ether surface
which is immediately inside that of the body, as is easily seen
thus. Multiply both sides of (18) by dzdydz and integrate
through the volume of any surface § surrounding the body con-
gsidered. Then we shall have, if P, Q, R are the components of
stress on the element d§ of this surface,

S (IP+mQ+nR)d8 = [ff pXdndydz, (41)
(¢, m,n being the direction-cosines of the normal to the surface,)
provided that &,, 7,, T, experience no abrupt changes of value
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in any part of the space enclosed by 8. But if at a certain
surface, U, within § the components experience abrupt changes
from points within U to points without it, the triple integration
of the left-hand side of (18) must be taken first through the
volume of a surface immediately within U, and then through the
volume enclosed between a surface immediately outside U and
the given surface S. Denoting by (U;) the surface-integral taken
over the surface just inside U, and by (U,) its value taken over
the surface just outside U, we have
S ((P+mQ+nR)dS—(U,)+(U,) = /pX2Q, (42)
where d Q is the volume element, dzdydz, of the body considered.
But it is obvious that /' (/P +mQ +2R)dS—(U,) = 0, because
of the equilibrium of the ether outside the body ; therefore the
whole 2-force of gravitation on the body is equal to the surface-
integral (U)).

MiscELLANEOUS EXAMPLES.

1. In an irrotatioual strain which is unaccompanied by cubical
Ax’+ B(y*+2%)
*

compression if the strain Potential is , where » is a

radius vector measured from a fixed origin, prove that the lines of
flow are plane curves of the form
7* = +c*sin? @ cos 6.
(Mr. Cockshott, Tripos, 1875.) du dv dw
Since the ¢ubical dilatation is zero, d—:c+d_y+ = 0; and since
the strain is irrotational, ¥ = —, &c. Hence

da

Vi =0,
or ¢ is a solid spherical harmonic. The given form makes ¢ a har-
monic of degree —3. Now if U is a solid harmonic "of degree
—(i+1), we know that #**'U is a solid harmonic of degree f,
Hence 42®+ B (y*+2%) is a harmonic of degree 2. Expressing that
V? of this expression = 0, we have 4 42 B = 0.

Hence, expressing ¢ in polar co-ordinates with the axis of « as

polar axis, we have
b=501-3)

Now the component displacements along and perpendicular to the

radius vector being %? and }j—g’, the differential equation of a line
of flow is dr »do
dp~1d¢
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Substituting in this the value of ¢ above and integrating, we have
the equation of the line of flow as given. (Greenhill's Solutions of
the Senate-House Problems, 1875.) .

2. A spherical shell whose inner radius is a and outer b is subject
to internal and external pressures of intensities  and @, respectively ;
show that the total amount of work done in the small strain is

27 ((pal—=md%)? adb g
b’—-a’{ 3% +T{,‘; p—w)},
where % and p are the moduli of compression and shear.

3. Find the intensity of pressure at any point inside a globe of
homogeneous incompressible fluid held together by the gravitation of
its parts alone ; and thence deduce the attraction between two hemi-
spheres of a uniform solid globe. (Part of a problem by Prof. Tait,
Tripos, 1875.)

The intensity of pressure at any distance, 7, from the centre is given
by the equation p = § 7wy p? (a’—r?), where @ = radius of globe. In-
tegrating the pressure over any diametral plane seetion, we obtain
a result which must be equal to the attraction between the two
hemispheres. This is § #®ypa’.

4. If the density at any point of a solid sphere (centre 4, radius a)
varies inversely as its distance from a given external point, B, find
the Potential at any given external point, P.

4kma*(1 L, a®* L, a* L. a%

Ans. {3 N P AR o w o e }’
where »r = AP, ¢ = 4B, L,, L,,... are the Laplacians for the points
P and B (functions merely of cos ZPAB), 4 being origin, and % a
constant.

[Let @ be any point in the sphere, AQ = R, QP = D, QB =",

2 v 4
Then the Potential = & f M

Expand L and :T,in La-~

placians thus: Dr D
1 1 R R R
= ;‘{l'l‘l]‘;' +Z2F +.--+l.' 3 +-..})
1 1 B R Rt
;;= ;{l+)\‘?+)\2—c-,—+...+k‘-c-‘-+...}-

Multiply the two together, and observe that in the double inte-
gration in u’ and ¢’ all terms except those of the type I A; vanish,
while f f Ladpde = 5;_{—1 L;. Observe also that the function is
reciprocal for the points B and P—as is & prior: evident. If P
coincides with B, put L, = L, = ... = 1.]

5. Find the strains-and stresses in a cylindrical pipe of uniform’
thickness, which is subject to given internal and external pressure,

Proceed exactly as in Ex. 3, p. 455.



CHAPTER XIX.
ELECTROSTATICS.

398.] Quantity of Electricity. The reader is supposed to
be familiar with the elementary facts of Electricity as described
in any of the current works on Physics.

Our theory of Attraction has hitherto been concerned with
distributions of attracting matfer, and those cases in which this
matter was supposed to form a thin shell are intimately related
to the branch of the subject which we are now about to discuss.
Hitherto, however, except when discussing Magnetic Shells, we
have not been obliged to postulate distinctions of sign between
matter and matter, or to deal with repulsion instead of attraction.
This distinction must be made here also—i. e. we shall assume
that there is positive, and that there is also negative, electricity—
the distinction indicating nothing more than a difference of
behaviour among electrified bodies, some of them attracting,
while others repel, one and the same given electrified body.

For the quantitative (mathematical) treatment of the phe-
nomena of Electricity it is not necessary that we should know
the precise nature of Electricity itself ; it suffices that we know
the laws which regulate its fundamental manifestations. We
may rest satisfied with regarding electrification as merely a stafe
of a body—as, for example, some re-arrangement of its molecules
involving some kind of strain within the body and impressed
by the body on the medinm (air or other) surrounding it. But
it is at the outset necessary to obtain some measure of this state
a8 to quantity.

The first thing to be noted with regard to electrification is
that it justifies a distinction as to plus and minus, this dis-
tinction being a wholly conventional mode of representing such
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a phenomenon as the following. Let a piece of glass be rubbed
against a piece of resin, and another piece of glass rubbed against
another piece of resin. Then it is found that the electricities of
the two pieces of glass repel each other, as do also those of the
two pieces of resin; but the electricity of either piece of glass
attracts that of either piece of resin.

The electricity developed on the glass is called positive, and is
denoted by the sign -+, while that on the resinis called negative,
and denoted by the sign —.

Now if we imagine two very small equal flat pieces of glass
(each about the size of a pin-head, suppose) to be rubbed in
exactly the same way by a piece of resin, so that we can assume
them to have equal electrifications, and to be then placed with a
distance of 1 centimdtre between them ; they will repel each
other with a force which can be measured (conceivably) in dynes.
If the medium between the pieces of glass is air, and their force
of repulsion is exactly 1 dyne, each piece of glass is said to have
a wnit charge of electricity. The total quantity on the two
together is two units, and thus we get an idea of a charge con-
sisting of any number of units of electricity.

If we imagine a body of very small dimensions to be charged
with ¢ units of positive electricity, and to be placed at a distance
of 7 centimétres from another very small body which has a charge
of ¢ units, the medium between them being air, the force of
repulsion exerted by either on the other is

e.d

7'2
as Coulomb proved by well-known experiments with his Torsion
Balance.

In the attraction of matter we should obtain exactly the same
expression for the attraction of two condensed spherical particles
with a distance of 7 centimdtres between their centres by making
y equal to unity in the expression (a), p. 236, i.e. by choosing
the unit quantity of matter as indicated in p. 275.

Formally, then, ¢ke electrostatic unit of quantity is that charge
which, supposed to be condensed at a point, acts on an equal charge
condensed at another point distant 1 centimétre from the first, with
a force of 1 dyne, the intervening medium being air.

Hitherto, unfortunately, no simple name has been devised for
this electrostatic unit of charge. We shall often use the ab-

VOL. IL Ii

dynes, (a)
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breviation ‘e.s. unit’ to signify the C.G.S. electrostatic unit of
quantity.

“899.] Influence of the Medium. From the experiments of
Faraday results the fundamental fact that the force of repulsion
between two given charges is not the same when the intervening
medinm is sulphur, or any other insulator, as when this medium
is air. Thus, if the two given charges are e and ¢’ units (defined
as before with reference to air), the force of repulsion between
them is given by the expression

ed

o ®)
when instead of air the separating medium is any other insulator,
K being a constant depending on the medium, and called its
specific inductive capacity.

Our definition of the electrostatic unit of quantity implies, of
course, that K is unity for air. It has the same value for all
gases as for air, and a greater value for most known solid and
liquid insulators.

If a charge of ¢ absolute units is condensed at a point in a
medium of uniform specific inductive capacity, K, which is of
practically infinite extent, the amount of work, in ergs, done by
the repulsive force of this charge in removing a charge of one
unit from a distance 7 centimetres to infinity is

“ e
-[ k‘;zd"
If 7 stands for this amount of work,

V=1 ()
And, generally, in such a medium if there is any distribution
of electricity whose amount at any point, 4, is de electrostatic
units, and if P is any point in the field, the amount of work done
by the forces of the field in removing a unit charge from P to

any position in which the forces are insensible is —11?2 P—Z ; or de-

noting P4 by r, and the amount of work by 7 (the Potential
at P), 1 [de
=zJ7 ®)

the integration being extended all over the attracting system.
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In the case of atéractive forces (i.e. when two elements of the
same sign attract each other) 7 at any point is the work done
by the forces of the field in bringing a + unit to the point froin
infinity, whereas in Electrostatics 7 at any point is the work
done against the forces of the field in this motion.

Again, if X, Y, Z are the components of the repulsive force per
unit charge at P in the positive senses of the axes of co-ordinates,

av arv av
X_—%, Y=—-@, Z=—£, (¢€)
(#,, ) being the co-ordinates of the point P.

Instead of the term ‘force per unit charge’ we shall for the
future use the term electromotive intensity, which is adopted by
Clerk Maxwell.

The nature of the medium will modify the value of the surface-
integral of mormal electromotive intensity (Art. 324) over any
closed surface described in the medium. Describe any closed
surface surrounding a point 4 at which a charge of de units is
condensed ; let P be any point on the surface, and let P4 = 7.
Then, with the notation of Art. 316, the surface-integral of the
electromotive intensity due to the charge de is

%e_ c%%\—l-’dS, or 41rKde;
and if ¢; is the total charge inside the surface, we have
K/ NdS = 4me, (9]
Just as in Art. 324, the surface-integral of normal electro-
motive intensity due to any exfernal charge is zero; and if a
charge ¢, is distributed oz the surface, as an infinitely thin layer,
KfndS = 2me,, (m)
where 2 is the normal electromotive intensity at a point strictly
on the surface. Inasmuch as, in this case, the small electrified
element of surface at the point does not contribute to 7 (see
Art. 322) # = JV—-27’;1
density at the point, so that (1) could be deduced from (¢).
400.] Volume-density, surface-density. If at any point P,
a very small element, 4, of volume is taken—this being
measured in cubic centim@tres—and if within this volume there

, where o is (next Article) the surface-

is included a charge of de electrostatic units, the ratio %is

1i2
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called the volume-density, p, of the charge at P. The volume-
density at P is thus the charge per unit volume at 2.

The ratio 2(% may be infinite, as in the following case. Suppose
the charge to be distributed as an infinitely thin layer on a
surface on which Pis any point. Then if on a very small element,
d8, of area of the surface at P there are ocdS units of charge
where o is a finite quantity, the volume-density at 2 is infinite,
because if dn is a small elementary length at P along the
normal to the surface, Q2 = d§. dn, so that

de _«
aQ = dn’
which = c when dz is infinitely diminished.

When the charge is thus distributed as an infinitely thin layer
on a surface, the swrface-density at P is the limiting value of the
ratio of the charge on any small element of area of the surface
at P to this element of area ; that is, it is the charge per unit
area—so many electrostatic units per square centimétre.

401.] Conductors and Insulators. A perfect conductor is a
body in which electricity cannot be in equilibrium while there
exists electromotive intensity at any point within the substance
of the body. If electrification consists in some kind of strain, a
conductor is thus a body which is incapable of supporting the
electrical strain. In such a body this strain instantly disappears,
and can be renewed only by a fresh application of the process of
electrification.

A perfect insulator (called also a dielectric) is a body which
can support electrical strain, or continue to experience electrical
force, at any point indefinitely.

Faraday pictured a dielectric medium as consisting of an
immense number of small perfectly conducting bodies separated
from each other by a substance through which electricity eannot
flow—as, for instance, an immense number of small shot imbedded
in a cake of sulphur or shellac; and on the view that electricity
is a double fluid, ¢ positive’ and ¢ negative,” when electric force is
exerted at any point of a dielectric its effect is assumed to be a
separation of this double fluid in all the little shot particles at
the point, whereby the positive fluid is pushed to one end of each
shot and the negative drawn to the opposite end, the line joining
the two poles thus formed in each shot being that along which
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the electrical force acts at the point considered, and the amount
of “neutral fluid ’ separated into + and — being proportional to
the electromotive intensity at this point.

A conductor may be either a solid metallic body or a metallic
sheet of any thickness, forming either a closed or an unclosed*
surface. In any case there is no volume-density at any point in
the substance of the conductor, no matter how, or to what extent,
the conductor is electrified. For, since there is no electrical
force at any point in its substance, 7 is constant throughout its
substance, so that at each point V2/'= 0, therefore p = 0.

Hence the electrification exists only at the points of contact
of the metal with the air, or other dielectric medium, surround-
ing it; or, as it is usually expressed, the electricity resides
wholly on the surface of the conductor. If the conductor is in
the form of a sheet, the bounding surface consists, of course, of
both faces and the edges; if the sheet forms a closed shell, the
electricity may reside, generally, on the outer and the inmer
surfaces, but never in the substance between these.

Since no force can be exerted inside a conducting substance,
it follows from (), Art. 399, that K = oo for such a substance;
that is, the specific inductive capacity of a perfectly conducting
substance is .

4:02.] Poisson’s Equation. Take the case of a uniform
medium of specific inductive capacity, K, and apply the equation
(¢) which expresses that the surface-integral of normal force is
equal to 47 x included charge, to the elementary parallelopiped
dwdyds. If p is the volume-density at the position of this
element, we have obviously

axv  axwv a¥v

(G t ozt iz

If K varies from point to point in the medium, the result will
be different.

On the first face dydz (that nearest to the origin) the outward

)+4amp = 0. (1)

normal force is K gdydz; and on the opposite face the force is

av 4, dv
[_K% - (E%) dw]dydz.

* This expression is not strictly correct, because a metallic sheet is in reality
a closed surface, formed by both faces and the edges.
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Hence Poisson’s equation becomes
d ,,dv a,..advy a , dV;

In special cases this equation may be more usefully expressed
in polar co-ordinates. Thus, supposing the medium to be sym-
metrical round a centre, 7 and K will be functions of » alone.
Then we may either transform (2), or make use of the fact which
it expresses. Describe a cone of small conical angle w, and cut off
a frustum by spheres of radii » and »+dr, each having the

vertex of the cone for centre. Then take the surface-integral of
normal force over this frustum. Its lateral surface contributes

nothing. The end near the origin contributes X %; wr?, and

the opposite end gives
av ., d,arv .,
—K-‘-ﬁ-wr —E(K-%-wr ) dar,
while the included charge is p.w72dr.
Hence Poisson’s equation is

a AV
J;(Kr —117)4-47””2 = 0. (3)

If the dielectric is symmetrical round an awis, Poisson’s equation
may be used in the following form. Let { be the perpendicular
drawn from any point to the axis; then, taking the normal flux
of electromotive intensity over the cylindrical element of volume,
since X and 7 are functions of ¢ only, we have

%[K{%]+4np{= 0. (4)

403.] Equation for 7 at an Electrified Surface. In addition
to the volume equation (2) for 7, which holds at any point of a
dielectric, it is necessary to see what happens to the differential
coefficients of 7 at the surface of separation of two dielectric
media. We shall, for generality, suppose that this surface is
electrified, by friction or otherwise, and that o is the surface-
density of the charge at any point.

Consider a very small element, d8, of the surface, and let P
and Q (Fig. 278, p. 262) be two points on the normal to it, P
being in the one medium (K,) and Q being in the other (K3).
Regard the force-intensity at P as due to the electrified element
d8 and the remainder of the field. Let this latter produce at P
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an electromotive intensity having components » and ¢, re-
spectively, along the normal and in the tangent plane. The
small plate dS contributes no tangential component, while it
gives a normal component equal to 2mo. Hence the components
of force at P are #+2ns and ¢. Evidently at @ the components
are n—27o and . Also the normal force measured from the’

surface towards P is -—Kl‘j——:—, where dn, is an element of nor-
1
mal drawn into the medium in which 2 is; and that of @ is
~—K2d—Z Therefore
iy v
-k, i, = n+2mu0,
av
—Kza;z = ~(n—2m0),
av av
Kld—nl-"Kzz—nz'F4ﬁ'0'=O, (u)

which is the equation connecting the normal variations of 7 in
the two media at their surface of separation.

From this it is obvious that if a line of force meets obliquely a
non-conducting surface which is electrified, tke line will be re-
fracted in passing through the suiface. For, the tangential com-
ponent of force suffers no change, while the normal component
does, in the passage through the surface. At the surface of
separation of a conductor and a dielectrie, if ¢ is the surface-
density at any point of the conductor, the surface equation is
simply av

K%+41r0'=0, B)

since no force exists in the substance of the conductor.

404.] Principle of Superposition. The additive property of
the Potential, which has been already noted (Art. 326), is one
which must always be kept in view in Electrostatics. In virtue
of this principle, if in any electrical field we have a system of
charged bodies, which we may denote by 4, and another system
of charged bodies, which we denote by B, and if we wish to deter-
mine the total Potential, or the resultant force, at any point due
to the combined actions of 4 and B—or their resultant inductive
(Art. 406) effect on any conductor in the field—we may consider
the effect of 4 alone and the effect of B alone,and combine these
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—by- addition if it is the total Potential that we seek ; by vector
composition if it is the resultant force.
405.] Potential of the Earth, Defining the Potential at any

point, P, in space as j‘i; » where 7 ig the distance between P and

any point in_the Universe at which there is a charge de, it is
clear that the integration would take in all the electrified bodies
in the Universe. This integration would give us the Absolute
Potential at P (on the supposition that the electrified portion of
the Universe does not extend to infinity). What the value of
this integration is for points on the Earth it is impossible to say,
and we are not practically concerned with it. The Potential of
the Earth is taken as zero—since we are never concerned with
anything but differences of Potential—and any body which is put
in metallic connection with the Earth has the zero potential of
the Earth. It is necessary to explain this statement.

Every electrified body is, of course, connected with the Earth
by some means; and even if it were connected by a wire with a
glab of marble or of ebonite it would not be ¢ connected with the
Earth’ in the sense in which this vague expression is intended
to be used—i.e. it is not at zero Potential. When a body is
connected with the Earth, as a matter of fact it is always metal-
lically connected with a gas or water-pipe—that is, with a con-
ductor of vastly greater size than the charged body itself, this
conductor consisting of a whole system of connected gas and
water-pipes, moist earth, streams, etc. Thus the charged body
shares its charge with this huge conductor, and (as will appear
more clearly when we treat of the capacity of a conductor) its
Potential becomes sensibly equal to that of the Earth at the
place.

406.] Induction. A conductor can be electrified in either of
two ways—viz. either by touching it with an electrified body, or
by bringing it near such a body without touching it. In the
latter case it is said to be electrified by izduction, and this process
may be exemplified as follows. Take a mass of metal of any
shape, either completely solid or forming a shell ; suspend it from
a fixed point by a silk thread or any other insulator. Take also
a small glass ball suspended by a silk thread, and electrified by
friction, so that it has a certain positive charge. If the suspended
glass ball is brought tolerably close to the conductor, it will be



406.] INDUOTION. 489

found that the surface of the latter is no longer in its neutral
state, the portion of this surface in the neighbourhood of the
glass ball being negatively, while the more remote portion of the
surface is positively, electrified. The fofaZ amount of electrifica-
tion on the condnctor is zero, the positive and negative amounts
being equal in quantity, but neither of them equal in quantity to
the charge on the ball if the conductor is solid or if it is hollow
and the ball is suspended outside it. If the conductor is hollow,
and if the glass ball is suspended witkin it (a small aperture
being made in the conductor to allow of this suspension), it will
be found that the outer surface of the conductor is at every point
positively electrified, while the inner is everywhere negatively
electrified, the amounts of these charges being equal and eack
equal to the charge on the surrounded ball.

Thus, whenever electrification is produced by induction, the
amount of positive electricity produced is equal to that of nega-
tive; and this remains true whatever be the mode in which
electrification is produced. If, for example, electrification is pro-
duced by the friction of ebonite and catskin, the ebonite and the
catskin have charges of opposite signs and equal amounts; and
if by the friction of a piece of glass, and a piece of resin, the
+ charge on the glass and the — charge on the resin are equal
in amounts. All passes exactly as if electrification really con-
sisted in the decomposition of a perfectly neutral fluid—but then
this hypothesis is only one among many that might be devised
for explaining the fact.

In the case in which the glass ball is suspended inside the
hollow conductor, we may enquire whether the quantity of the
charge on the inner, or on the outer, surface depends on the
position of the ball inside. Now both by experiment and by
theory we can prove that the quantity of neither charge depends
on this position. Experimentally it is shown thus. Suppose
that the glass ball was electrified by friction with a piece of
resin. Suspend &ot% the glass and the resin inside in any
positions whatever, and we find no trace of electrification at any
point on the outer surface. The glass and the resin contained
equal charges, and since their effects on the outer surface destroy
each other completely, the amount and the law of distribution of
the charge on the oufer surface of the conductor are both inde-
pendent of the position of the surrounded charge. The surface-
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density of the charge induced on the énaer surface at any point
will depend on the position of the included charge; and when
both the glass and the resin are inside the conductor, the inner
surface will be electrified, its total charge being zero, so that
the surface-density is + in one part and — in the other part of
this inner surface.

We shall presently deduce these results from theory.

If instead of an electrified glass ball we had used an electrified
brass (or other metallic) ball, the results would have been quite
the same; but in this case if we allow the brass ball to touch
the inner surface, the results will be that—

1. The brass ball and the izner surface of the conductor will
both lose their charges completely.

2. The outer surface of the conductor will be charged with an
amount exactly equal to that which the brass ball had, and of
the same sign—in other words, the charge of the brass ball is
simply transferred to the outer surface of the conductor.

This complete transference of the charge from the brass ball
to the conductor could not have been effected by suspending the
latter outside the conductor and then allowing the two to touch.
If this is done, the charge is divided between the ball and the
conductor in a certain ratio depending on their sizes and shapes;
but if the surface of the conduetor is very large in comparison
with that of the ball, very little of the charge will remain on the
latter.

We have here substituted a metallic for a-glass ball, because
when the metallic ball touches the inside of the conductor, the
flow of its charge takes place instantly, whereas if the ball were
of glass and this were a perfect insulator, its charge could never
wholly combine with that on the inner surface of the conductor.

It is important, then, to observe that if any system of charged
bodies is completely surrounded by a conductor, the charge
induced on the outer surface of the latter is always the same in
amount and sign as the sum of the charges on the surrounded
bodies, and this charge is accompanied by an equal and opposite
charge on the inner surface ; whereas if the charged bodies are
not completely surrounded by the conductor, the amounts
separated on it are nof each equal in quantity to the sum of the
inducing charges. Moreover, neither the amount nor the law of
distribution of the charge induced on the outer surface depends
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on the positions of the included charges; nor the amownt of the
charge induced on the inner surface, but the law of distribution
of this charge does. We may therefore move the internal
charges about in any manner without producing any effect on
the outer charge on the conductor; we thus simply produce
changes in the distribution, or law of surface-density, of the
charge on the inner surface.

407.] Fundamental Properties of a Conductor. Suppose a
conductor placed in any electrical field. Before it was brought
into the field let it have received any charge; then when it is
brought into the field, its charge will modify the distribution of
electricity on every other conductor, and its own distribution
will also be modified by the induction of these bodies.

Now ¢ke surface of this conductor is an equipotential surface for
the whole electrical system in the field, its own electricity included.
For, since there is no force at any point in the substance of the
conductor, the Potential due to all the existing charges must be
constant throughout its mass. The same is true for every other
conductor in the field. Hence at every point on a conductor
the line of force is perpendicular to the surface.

Again, ¢f the conductor does not include within itself any charged
body, the Potential is the same at all points inside, and equal to
that on the surface—just as if the conductor were a solid mass of
metal, instead of a shell.

For, let 4 be the Potential of the conductor, and P any point
inside, at which the Potential = B, and suppose B< 4. Draw-
ing an infinite number of rays from P, in all directions, to meet
the conductor, it must be possible to find on each ray a point at
which the Potential has the value C which is intermediate to
B and 4. These points form a closed surface round P. The
result follows then by Art. 324, since at every point of this
closed surface &, which is %, is a positive quantity, and the
surface-integral cannot vanish. Hence the supposition that the
Potential varies inside is untenable. Therefore when there is no
included charge, whatever there may be outside, the whole space
inside the conductor is at the same electrical level ; and in this
case there is no charge at any point on the inner surface of the con-
ductor, as will be proved in the next Article.

The inability of any external electrified bodies to produce the
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slightest force in the interior of a closed conductor is shown
experimentally in a most striking manner by Faraday's kouse.
(See Faraday’s Experimental Researches, § 1174.)

If a conductor surrounds any charged bodies and has also any
charged bodies outside it, the amount of the charge induced on
the inner surface is equal (with opposite sign) to the algebraic
sum of the charges surrounded by the conductor.

Let 4 and B (Fig. 311) be the outer and inner surfaces of a
conductor ; let § be any closed surface drawn in the body of the
conductor ; and let the finely dotted lines at the outside of the
outer and the inside of the inner surface represent the induced
charges on these surfaces.

Take the surface-integral of normal electromotive intensity

’ over S. This is zero,

° because the force is

zero at each point on

S. Hence ¢, = 0 (Art.

399); but ¢ is the

sum of the surround-

ed charges and the

©  charge on B; there-
fore, &e.

In this case we may
usefully consider the
effects of the external

charges, ,, and the internal charges, F;, separately. By Art.
407 it appears that E, produces a certain + and — distribution
wholly on the external surface, 4, and no effect whatever in the
substance of the conductor, so that no part of the charge on B
is due to the external charges.

The charge on the inner surface, B, is due wholly to the sur-
rounded charges, #;, and the charge on the outer surface, 4, is partly
due to Z, this part being equal to Z,. Thus the total charge on
4 s due partly to the external and partly to the internal charges,
while the charge on B is due wholly to the internal charges.

Again, lines of force do not exist in the substance of a conductor ;
they cease at its surface of contact with the surrounding, or
included, dielectric medium. Defining the positive sense along

Fig. 311.

a line of force as that in which the force acts, since ¢ = %’V ’
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at a point either on the outer or on the inner surface at which
the surface-density is +, the line of force starts from theé
surface of the conductor into the medium; and at a point at
which ¢ is —, the line of force comes into the surface from the
medium. But lines of force in the space surrounded by the
conductor (when they exist—as they do when there are charges
inside) are in no sense to be regarded as continuations of the
lines of force starting from, or entering, the exterior surface.
We may express this characteristic of a conducting substance
otherwise, thus—uo electrostatic action can be propagated through a
conducting substance (solid or liquid); such actions are pro-
pagated only through insulating media; whence they were
called dielectrics by Faraday.

The charge on either surface of contact of a hollow conductor
with the dielectric—whether this charge be due to the induction
of the other charged bodies in the field, or to contact originally
with a charged body, or to both—is sometimes measured with
reference to wunit tubes of force (see Art. 340).

It is manifest that if we fill the whole dielectric space in the
field (honey-comb fashion) with unit tubes, the number of such
tubes (fractions included) which start from the surface is equal
to 47 times the total algebraic charge on the surface. This is
nothing more than a re-statement of the fundamental result

N 1 .
o= or odS_EdeS )

408.] Inner and Outer Surface-Densities at any point on
a Conductor. Let 4B and CD
(Fig. 312) be portions of the
outer and inner surfaces of a closed a

conductor; over the contour of any 4 P s B
small element of area, d8, at P c /VF"T\D
draw normals, thus forming a tube

of force (represented in the figure Fig. 312,

by the normals at P and @) ; pro-
duce these normals to meet the inner surface, and through the

* The way most in vogue with electricians for expressing the charge on one
surface of a conductor is the following. Imagine all the field filled with lines of
force ; then the number of these that intersect the surface in the positive direction
is a measure of the charge on it. A very inconvenient measure, truly. Not only
is this mode of speaking unjustifiable, but it is mathematically impossible to
attach the slightest logical meaning to it.
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inner surface towards the interior. The normals drawn outwards
at P, @, ... are lines of force; the portions Pp, Qg, ... of them
inside the substance of the conductor cannot be regarded as
lines of force, because no force exists within this substance ; the
normals drawn inwards at p, ¢, ... are lines of force if the Poten-
tial is not constant inside, i. e. if there are charged bodies inside
the conductor—as we now suppose to be the case.

Draw any normal section, @, of the external tube indefinitely
close to PQ; any normal section, ¢, of the internal tube indefi-
nitely close to pg; and any normal section, &, within the
substance.

Let o be the surface-density at P, and let IV be the electro-
motive intensity at any point on the section @ ; then take the
surface-integral of normal force over the closed tubular surface
terminated by the sections @ and 4. Normal force exists only
on the section @, and if @8 is the area of this section, we have

by Art. 399, K.N.dS = 4nc.dS,

K.N =470, (1)
(K being the specific inductive capacity of the external medium,)
. .. as
since in the limit 75 = 1.

If 7 is the Potential of the conductor, and dz is an element of
the outward-drawn normal at P, we have

hence c=—-———- (2)

Let o’ be the surface-density at p, K’ the specific inductive
capacity of the internal medium, d»’ an element of inward-
drawn normal; then integrating over the tube terminated by
the sections & and ¢, we have

- K av
, —— — — —
a7 dn’ (3)

From (3) we have at once the result mentioned (see p. 491) in
the last Article; for if 7 does not vary towards the interior,

Z—-}; = 0, therefore ¢’ = 0 at every point.

409.] Fundamental Theorem. On a conductor removed from
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the mﬂumce of all electrified bodies a charge of given amount can be
distributed in only one way.

Suppose a charge of amount e g1ven to the conductor by
contact with a charged body which is then removed, and let o
be the surface-density at any point, P. If possible, let the
charge e be spread over the surface in another manner so that o’
is the surface-density at P. Let the first distribution produce
a Potential 4 on the conductor, and the second a Potential 4’.
Reverse the second distribution in sign and superpose it on the
first ; this superposition gives a new state of equilibrium with
surface-density ¢ —o¢” at P and a Potential 4— 4’ on the con-
ductor, with a total charge equal to zero. This is impossible.
For, let C be any magnitude between 4—4" and zero. Then
since at all points at infinity the Potential due to the charge is
zero, it is possible to surround the conductor with a closed
surface, 8, at every point of which the Potential is C. Taking
U = 7 in Green’s equation, apply this equation to the surface S
and the included space. Thus we have

vazzf.m—_-c —ds_fdea (1)

where R is the resultant force at any internal point.

Now V27V .dQ is zero at all points inside §, except points
on the surface of the given conductor, and it is easy to see that
at P, if d§ is an element of area of the surface of the conductor,
V2V .dQ= —4m(c—0’)dS. Hence (1) becomes

—dm(d— A’)f(a—a)dS of‘WdS_ R3Q. (2

But the left-hand integral is zero, since the total charge on
the conductor is zero. Again, by Art. 399, the first integral on
the right-hand side is zero ; hence the remaining integral = 0,
ie. R = 0,
at every point inside S, and therefore at every point, P, on the

conductor. But (Art. 408) 0 —o¢’ = f;” » therefore ¢ = o’ at every

point, and the two distributions are identical.

This very important result may be thus stated—if we Znow
any one possible mode of distributing a given charge on a given con-
ductor which is removed from the influence of all electrified bodies,
we know the only one possible.
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Thus, for instance, if a sphere of radius a centimétres re-
ceives a charge of e units, one (and therefore the only) mode of
distribution consists in spreading the charge uniformly over the
surface, so that at each point

e
=

In the same way it can be proved that in a system of insulated
conductors placed in given positions, if the total charge on each
of them is zero, the only possible distribution is one in which
each conductor is in its natural state.

For, if possible, let there be a distribution in which the poten-
tials on the conductors are, in order of descending magnitudes,
Vis V3 Vsyeeoo Then it is evidently possible to describe round
the conductor whose potential is 7] a closed surface which will
not meet any of the other conductors and on which the potential
has a constant value, @, < 77, and >7,. Applying equation (1)
to this surface and its enclosed volume, we have

fﬁzm = afZ—ZdS+ ax7, [ pdQ.

Now /pd Q2 = 0, by hypothesis; therefore, as before, B = 0,
and the first conductor is in its natural state. Proceed to the
second, &e.

If each conductor, instead of having zero charge, has a
charge of given amount, tkere is only one law of distribution on
eack conductor, the relative positions of all the conductors being
supposed fixed. For, if there be a second possible distribution,
reverse it and superpose it on the first ; then each conductor has
zero charge, and is, by what has just been proved, in its natural
state at every point.

This result will be useful when we deal with Capacities.

410.] Free Charge on a Conductor. If an insulated
conductor is touched by an electrified body which is then
removed so far as to produce no influence on the conductor, the
portion of the charge which has been taken up by the conductor
spreads over its outer surface after the manner of a thin layer of
gravitating matter with thickness varying from point to
point—or with variable surface-density. This layer is, of course,
in equilibrium under its own repulsive forces; it produces con-
stant potential all over the conductor and all through its interior.
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It is called a free ckarge. Since it is self-equilibrating, i would
be more expressively called an idiostatic charge.

Let its amount be e electrostatic units. Then, from what has
been proved, it cannot, while self-equilibrating, be spread over
the surfage in any other way. Let v be the Potential which it
produces on and through the conductor, and o its surface-density
at any point P. Let another charge also equal to ¢ be given to
the conductor, so that the total charge on it = 2¢; then the
Potential = 2v, and the surface-density at P = 2¢. Hence if
the charge on the conductor is made #e, the Potential = nv, and
the surface-density at P = na,

Thus, then, if the total charge on an insulated conductor
removed from the influence of all charged bodies is Z, and the
Potential on it is 7, the ratio Eyis constant for all values of Z.
This ratio is, for example, equal to the number of e.s. units
(Art. 398) which must be given to the conductor in order to
raise its Potential from zero to one erg per e. s. unit, or it is the
reciprocal of the Potential which will be produced by imparting
to the conductor a charge of one e. s. unit.

A free, or idiostatic, charge is contrasted with an induced, or
‘bound’, charge. If an electrified body is brought near the
outside of a conductor, a charge will be induced on the outer
surface of the conductor, with + and — surfuce-densities in
different portions. But this induced charge is not self-equili-
brating ; it disappears the moment the inducing charged body
is withdrawn, and it was kept in equilibrium partly by its own
attractive and repulsive forces and partly by those of the
inducing body.

A ‘bound’ and an idiostatic charge may both simultaneously
exist on the same conductor, by superposition. Thus, if the
conductor had received an idiostatic charge previously to the
approach of the inducing body, we might in imagination com-
pletely separate the two charges and regard the idiostatic charge
as existing all the time, with the other simply superposed.

From what has been said (Art. 406) about the effect of
charges surrounded by a hollow conductor, it may readily be
conjectured that the charge which they induce on the outer
surface (4, Fig. 311) of the conductor is idiostatic ; and that this
is so we shall presently prove.

VOL. IL kk
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- The law of surface-density, according to which an idiostatic
charge distributes itself over a conductor, is the same as the law
of thickness of a uniform shell of attracting matter spread over
the surface so as to produce no attraction at any internal point
(p. 257); and therefore for an ellipsoidal conductor the surface-
density at any point is directly proportional to the central per-
pendicular on the tangent plane at the point.

411.] Capacity of a Conductor. The constant ratio which,
as has heen proved, any idiostatic charge on a conductor removed
from the influence of all charged bodies and from the presence of
other conductors, bears to the potential produced on the con-
ductor by the charge, is called the capacity of the conductor.
Thus, if C is the capacity of a conductor whose charge is & and
Potential 7, E=CV. (1)

The value of C depends on two things—the figure of the
conductor, and the medium in which it is placed.

If C is the capacity of the conductor when it includes and is
surrounded by air, and if the air is replaced by a uniform
medium of specific inductive capacity K, the new capacity will
be KC.

For, if P is any point on the conductor, and @ any other
point on it at which the surface-density is o, and PQ =7, we
have, when air is the medium (Art. 399),

7 = ods

and when the other medium replaees air,
adS
P = K

the Potentials of the conductor in air and in the medium being
denoted by 7, and 7. Hence
Vo=K.,V,.
But E = C7,, therefore £ = KC.7,, and E is the same in
both cases. Hence generally
E=KC.7. (2)
The electrical capacity of a conductor is analogous to the
capacity of a vessel for water. Thus, suppose a number of
cylindrical vessels placed side by side on the table and let a
mark be made on each of them, the marks being all at the
same height. Let each be filled with water up to this height.
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Then the volume of water which must be poured into any
cylinder is greater the greater the area of its base ; a very broad
cylinder may require several litres of water, while one of very
small capacity (a narrow tube) will be filled to the required
height by a few drops. The height or level of the water is the
analogue of 7, the electrical level of the conductor, and the
volume of the water is analogous to Z, the electrical charge.

Again, if a conductor of capacity C, at Potential 7, is con-
nected by a wire with one of capacity C, at Potential ¥;, both will
assume a common Potential equal to

O+ 6,7
Ci+C
For, the total charge to be redistributed is C,7 + C,%, and the
capacity of the compound conduetor is C, + C,.

Hence if C, is vastly greater than C,, the new Potential of
both conductors is simply 7. This is the theory of the con-
nection of any conductor with the Earth (Art. 405). Analogy
with water level: if a glass tube, filled to any height, is con-
nected with a lake, the level of the lake is unaltered, and the
level of the water in the tube becomes equal to that of the lake.

The capacity of a sphere for an idiostatic charge is obviously
equal to its radius; for, if # is the charge, the Potential at the

centre is —f— » <« B = aV, therefore capacity in absolute electro-

static measure = number of centimdtres in the radius.

Into the discussion of the relations between the Potentials and
charges of a system of conductors occupying given positions and
influencing each other, we do not enter. [See Clerk Maxwell,
vol. 1, pp. 100, &e.]

ExaMrLES,

1. A conductor placed in air is subject to the action of any electri-
fied bodies ; if o is the surface-density at any point on the conductor,
prove that the force exerted on the electricity of the conductor per
unit area at the point is .

27od,

The electromotive intensity at the point, P, considered is normal
to the conductor. This force may be considered as due to the action of
& very small element, dS, of area at P (forming a small uniform plate)
and the remainder of the field ; the first part is (Art. 318) 27o; and
since the force just inside P in the substance of the conductor is zero,

xka
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the electromotive intensity due to the remainder of the field is 27o;
just as in Art. 322. Hence the force produced on the quantity
odS by the remainder is 270 x0dS, or 27m0® dynes per square
centimétre if o is measured in e.s. units per square centimétre,

This quantity, 2mo% is what Sir W. Thomson calls the elestric
diminution of air pressure on the surface (Papers on Electrostatics
and Magnetism, p. 254), for the following reason :—each element
of surface of an electrified soap-bubble being repelled by the force
2mo? per unit of surface, the bubble expands, just as it would do if
the air pressure diminished, and when discharged it contracts. Hence
the electric diminution of air pressure at any point of a conductor is

b 2

Ny
2mo? or i (a)
N being the electromotive intensity produced by the whole field in
the air just outside the conductor at the point.
2

. . N
Moreover, this force per unit area, PPt acts from the conductor

towards the dielectric whether the surface-density at the point is
positive or negative.

2. If a tube of force starts from the surface of one electrified
conductor and meets the surface of another conductor, the charges
on the portions of surface intercepted on the two
conductors by the tube are equal and opposite.

Let 4 and B (Fig. 313) be portions of the two
conductors, and let a tube of force, of any cross
section, great or small, start from any portion of
4 and terminate in B. Produce the tube into
the substance of each conductor, and close its

Fig. 313. ends. Now since there is no force at any point

on either end, the theorem of Art. 324 gives the

result that the total charge inside it is zero—which proves the
proposition,

If the surfaces 4 and B are very close to each other at P and @,
the surface-densities at P and @ are equal and opposite, since if we
make the tube very narrow, the two elements of area which it inter-
cepts are equal. .

_[Observe that though a tube of force may be produced into the
substance of any conducting body, it there loses its function as a tube
of force—no lines of force existing in the substance.]

3. Two parallel metallic plates, whose areas are very great compared
with the distance between them, are kept at given Potentials, ¥ and
¥’; find the charges on their adjacent surfaces.

The Potentials being measured in ergs per e.s. unit, let A centi-
métres be the distance between the plates, and K the specifio
inductive capacity of the insulator between them. Then, except
near their edges, the surface-density on each will be constant; there
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will be a uniform field of force between them; the value of g

at any point on the’ first, measured outwards towards the second,

will be practically s> and therefore the surface-density “on the

h
face of the first opposite to the second will be
K v-v
i B (1)
so that the bound charge, E, on this plate is given by the equation
ES(V-V"

where S is its area in square centimétres, an equal and opposite charge
existing on the opposite face of the other, if their areas are equal.

This case is approximately that of a Leyden Jar, the two plates
being cylinders of tinfoil, having glass as a dielectric between them.

It is also the case of an Absolute Electrometer, consisting of two
large plates very close to each other, with air between them.

In this case, if a portion of one plate consists of a moveable area, or
trapdoor, of area 8 square centimétres, since the force per unit area
experienced by the surface of either plate (Ex. 1) is 2wo?, the total
force experienced by the trapdoor is 270”8 dynes, or

s(V—7")2
= (3

The quantity E given by (2) is only the charge on that face of the
plate which is adjacent to the other plate; in addition, there is a
charge on the other face of each, the quantity of which is very small
compared with Z.

Thus the capacity of a system of two parallel plates is

KS

axh’
s0 that if we wish to obtain a very large capacity, it will be advisable
to use plates with a very large surface, separated by a very small
distance, and to fill the space between them with a dielectric of very
high specific inductive capacity.

The quantity of electricity at a given Potential, ¥, which can in
this way be accumulated on a plate is vastly greater than the quantity,
at the same Potential, which could be accumulated on it if it were
merely connected with the source at Potential V'—such as one pole of
a given battery—without having the second plate close to it, because
(see Example 6) the capacity of the system of two plates is vastly
greater than that of one of them for an idiostatic charge. Thus, if
the separating medium is air and each plate is a circle of radius
1 decimétre, the distance between them being 1 mm., the capacity
of the system is 250 in electrostatic measure ; while the capacity of

either plate for an idiostatic charge is onl 2;_(1 .
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An electric ‘vessel’ of this kind is called an Accumulator. The
Accumulators (called also Condensers) actually in use consist of
hundreds or thousands of sheets of tinfoil, @, a,, @, a,,..., each a
few square decimétres in area, placed parallel to each other and
each separated from the previous and following one by sheets of
thin paraffined paper, the whole being pressed into a compact mass.
The plates (a,, @y, @, ...) are then all metallically connected together
at a point, or pole, 4, and the intermediate plates (a,, a,, a,,...) are
also metallically connected together at a point, or pole, B, and the
Accumulator is filled by connecting the poles 4 and B with the poles
of a battery or other source,

4. Find the work done in the discharge of a Leyden Jar, or of the
system of parallel plates in last example.

If in any electrified system ¥ is the Potential at any point, and
de the element of charge at this point, the work of the forces of the
system in completely destroying all electrification is (Art. 331)
} / Vde, the integration extending all through the system; and the
work done in transforming it from one state to another is 4 /'Vde in
the first state —3% /" Vde in the second state.

In the presentK case } /° che in the first state is 3 VE—3% V’E, or
y(V—V')E, or _S(:ﬁ_hV’)_.

The value of the integral in the second state is zero, because when
the plates are connected, the contrary charges combine so that each
plate is in its natural state. Hence the work is

KES(V—-7')?
87h
This work of dissipating the electrification would be equal to the
work done by the operator in charging the Jar or the system of plates
(by friction of glass plates against rubbers, for example) if none of

the work of charging succeeded in passing into heat (of axles against
bearings, &c.)—by the Principle of the Conservation of Energy.

5. A condenser is formed of two concentric spherical conductors of
radii @ and ¢, separated by two dielectrics bounded by a concentric

sphere of radi}xs b. Prove that if in one dielectric £ = % and in the

other K’ = :—,, » the capacity of the system’ is
pu )
=D +rE—h
(Mathematical Tripos, 1885.)
Employing Poisson’s equation (3), p. 486, since p = 0 at each point
in the dielectrics, we have
av

& =4

where 4 is a constant which may be different for the two media.
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Let 7] be the Potential of the inner conductor, a, and o it;s surface-
density. Then by (8), p. 487, we have at this surface

pdV _ . 4 4mdc Q
?7"__—411'0-, cod=— " =—;’ - @
if @ is the whole charge on the sphere. Integrating, we have
V="V-— g (r—a). (2)
Similarly, if ¢’ is the surface-density on the conductor e,
._.E: Si_V =—47n0
¢ dr 7 ®)
V= K—g,-’ (e—7), (4)

where @ is the whole charge on this sphere.
At the surface of contact of the two dielectrics we have from (a),

p. 487, pdv p 4V
~Far T () =0 (5)
’ .
where Z—r is given by (1), and (:g) by (3). This gives
Q+Q’=0. (6)

Since ¥ is always continuous through space, the values (2) and (4)
are equal when r = b, that is, at the surface of separation of the
dielectrics.

Hence F—T= Q(c—,b + b—a
W "

)5

which gives for the capacity, _VQV’ the value in the problem.
The solution is equally simplle if 'we assume K and X’ to be any
functions of r.
6. To find the capacity of a circular plate for an idiostatic charge,
Considering first an ellipsoidal conductor, ¢ = kp =

it
the charge on the conductor. 4mabe’
When this conductor becomes a plate, ¢ = 0, and we must find

E being

the limiting value of % for each point on the surface.

1 wz ya zﬂ wﬂ y! 1 w’ yi .
Now }7=F+F+F=F+F+?(l—?_b_’)’ therefore

i—/\/l_‘fi._:"_’_z.
i P

If a = b the plate is circular, and if » is the distance of any point
on it from the centre,
P a E

Catv- =

o | e—
4mav al—r?
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. The Potential of the plate is the same at all points, therefore it
will suffice to find its value of the centre. This is obviously

a
41rf odr,
[

including both surfaces of the plate, for both are identically charged.
Hence 7= ©E 0= 2a,

2a¢’ " ™
The result could have been deduced from the Potential of an
Ellipsoidal Shell. If the semi-axes, in descending order of mag-
nitude, are a, b, ¢, the Potential, 7, at the centre (and therefore on
the surface) is given by the equation
V=F f do ,
o v aP—c*—(a?—0%) sin’0

Vat—c?

where w = sin™!

a

The capacity of the ellipsoid is the reciprocal of the coefficient
of E.

lm'For an elliptical plate, put ¢ = 0, and if C is its capacity, we
ve

11 f& a0
C alo V1—ésin’0’
¢ being the excentricity of the ellipse.

‘We may observe that if the ellipsoid is of revolution round the
?.xis a, and if I = 4/a’—¢® = distance of centre from focus of generat-
ing ellipse, E. a4l
=7log o
which is precisely the Potential due to a uniform bar stretching
between the foci (see p. 295, and next Article).

7. A sphere receives a charge X, and it is surrounded by a
spherical shell to which a charge £’ is given; find the Potentials
on the two surfaces. .

Let a and b be the radii of the sphere and shell. Inside the sphere
(whether it is hollow or solid) the Potential is constant (Art. 407),
and therefore equal to its value at the centre. The electrified inner
sphere will act inductively on the shell, generating a charge = —E
on the inmer, and a charge = Z on the outer, surface of the shell.
Hence if the surfaces are separated by air, the Potential, ¥, of the
whole field at the centre is given by

E F

V=;'+ '3-' ] (l)
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Now take any point on the shell. The Potential of the sphere
at this point is (p. 298) ’%, and the Potential due to the shell itself
4
is -+ Hence if V” is the Potential of the shell,

b
E+F
b * (2)

Of course if it is the Potentials that are given—the inner sphere
being connected with one pole, and the outer with the other pole
of a battery—and the charges to be determined, these charges satisfy
(1) and (2), and are deduced from these equations,

‘We have ab
E = b_a(V--V’)

P/ =

for the charge on the inner, so that this charge can be made very
large by diminishing b—a. Thus, the condenser might be made
by coating the inside and outside of & very thin indiarubber ball
with some conducting substance, and then blowing the ball out to
a great size ; or the inside might be filled with acidulated water and
the outside coated with a conducting layer; and the capacity would

be KX l—)—i——b‘;, where K is the specific inductive capacity of the india-

rubber.

The tubes of force between the two surfaces exist in the separating
dielectric and cease on the outer surface of the inner sphere and the
inner surface of the outer; and, in accordance with Example 2, the
quantities at the ends of these tubes are equal and opposite. From
the outer surface of the outer sphere new tubes of force proceed out-
wards into the external air; and from the inner surface of the inner
no tubes of force proceed in any direction—illustrating the principle
that no lines of force exist in the substance of any conducting body.

8. Find the capacily of a very long cylindrical conductor for an
idiostatic charge.

Except near the ends, the surface-density of the charge will be
gensibly constant. Let it be 0. Also the Potential is constant every-
where inside (whether the cylinder is solid or hollow) and therefore
equal to its value at the middle point, O, of the axis.

Take this point as origin, and consider the electrified ring cut off
from the cylinder by a plane at a distance « and one at a distance
a+dx from the centre, both being perpendicular to the axis. If ris

the radius of the cylinder the Potential of this ring at O is 2mpods

Vrya

therefore if I is the length of the cylinder,
V= 41rd'rlog,l-rl-,

1 being assumed to be very much greater than 7.
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The total charge, Z, on the cylinder is 27 /o ; hence

2E 4 l
V=—l—-log,;, s C=

2 10g¢ ;

Hence if r is exceedingly small in comparison with 7, C is practically
zero. The cylinder in this case is simply a wire; so that when
a wire is used to connect two electrified conductors, we may neglect
the portion of the charge which is taken by the wire.

Consider the case in which a very long cylindrical conductor (as,
for instance, a wire or strand of wires) is surrounded by a dielectric
(as gutta-percha) which also forms a cylinder, this dielectric, again,
being surrounded by another conductor (the ocean). This is obviously
the case of an electric cable, in which the outer conductor is always
at zero Potential.

It is required to find the capacity of this system for a statical
charge, the inner conductor being kept at Potential ¥; and the outer
at V.

We may find ¥ at any point in the dielectric by the equation in
cylindrical co-ordinates (Art. 329) which is simply
1 (-i—z =m —-consta.nt ;
¢d( ’

V=mlogl{+m';

and since V=7, when (=7, and V=¥, when { = R = radius of
outer cylinder, m and m’ are found. Hence

— R
Pt 5B 2.
log, —
o
At the surface of the inner ¢ = — 4%3_2,’ when {=1r; therefore
o= EF=P)
47rlog £
‘r

The charge on a length 7 of this cylinder is, then,

K1
(h=Vo)-
2log,7'

9. Calculate the surface-tension of an electrified soap-bubble.

When a membrane is acted on by forces of any kind, there will
be along every line traced on the membrane a tendency of the two
portions separated by this line to tear away from each other; in
other words, one of these portions exercises on the other a set of
internal forces along the line of separation.
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In the neighbourhood of any point P of the membrane (Fig. 314)

consider a very small rectangular portion, 4 BCD, of the membrane
isolated from the remainder. Then

there will be forces exerted on its

D w
sides at their middle points, m, m/, n ,f
n, n/, by the removed portion. These Am
forces will, if the rectangle 4BCD
is chosen at random, be oblique to Fig. 314

its sides ; but it is always possible to
choose the rectangle at P so that these forces ave at right angles to
the sides on which they act. Suppose this done. The amount of
force exerted on AB is, of course, proportional to-the length 4B ;
so that if ¢ is the amount exerted on A.B per unit of length, the
force at m in the sense m'm is ¢, x 4B. Similarly, if ¢, is the force
per unit of length on 4 D, the force on 4D is t,x AD. The quantities
¢, and ¢, are the surfuce-tensions at P perpendicular to 4B and 4D.

For the equilibrium of the rectangle resolve forces along the normal
to its plane at P. Then, if #, and =, are the radii of curvature of
the curves mm’ and nn/, and N the amount of external normal force
exerted at P per unit area, we have

’ ’
N.ABxAD=t, AB™™ +¢,. 4D,
7y ) Ty

or N= t_l + 31 .
T
In a soap-bubble ¢, and ¢, are evidently equal, and this equation
becomes 2¢
N="—,
"

where ¢ is its surface-tension and r its radius.

Now in an electrified bubble &V consists of two parts—one an excess
of air pressure inside over the air pressure outside, and the other the
repulsion of the electricity on itself (Ex.1). Denote by p the intensity
of the excess of air pressure and by o the electrical density at P, and
we have 2¢
p + 2ot = 7 .

10. A spherical soap-bubble is electrified in such a manner that the
internal pressure remains constant; find the relation between the
densities of electrification when its volume has become n and m times
its original value.

(Mr. Orchard, in the Educational Times.)

The external pressure presumably remaining constant, there will be
a constant excess of pressure, p. Equate the work done by this
pressure in enlarging the volume to the potential work of the electri-
fication. Now if v is the volume of the bubble at any instant, the
work done by the pressure in altering the volume by du is pdv. .Hence
if Q = original volume, the work done in the first electrification must
be

p{n—1)Q,
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But if V is the potential of this electrification and @ the charge,
the energy of the electrification is (p. 286) } V@Q; and evidently
= %, if 7 is the radius of the bubble. Also if o is the density,

Q =47nrc;
s p(n—1)Q=8n"rc’

But 41rP=nQ;
s p(n—1)=6nmwo
Similarly, »(m—1)=6mmd?,
if ¢’ is the density of the second electrification,
.9 m(n—1)

11. A spherical soap-bubble is electrified in such a manner that it
is just in equilibrium when the pressures of the external and internal
air are equal. Calculate the surface-tension in terms of the potential.
(Mr. Orchard, Educational Times.)

2
167r

12. Two spherical soap-bubbles are caused to unite into a single
spherical one. Show that a diminution of surface takes place, and
calculate the charge of electricity which must be given to the single
bubble in order to draw out the film to its former superficial extent.
(Mr. Greenhill, T'ripos, 1875.)

Let 7' be the surface-tension, in dynes per cm., of the water-air
surface at the temperature existing during the process (see p. 177);
let = be the intensity of atmospheric pressure in dynes per square
cm.; let @ and b be the radii of the bubbles in c¢m.; p and p’ the
intensities of pressure of the air inside them ; P the intensity of air
pressure ingide the compound bubble, and  its radius.

Then we have ’

Ans. t=

8
Also, assuming no change of temperature, p changes to p;-;-s and
3
P top é—,, in the compound bubble; and P = the sum of these.
® .

Hence Px®=pa®+p’b*; so that we have
= (@ —a*— 0%+ 2 T (2 —a®— %) = 0, ' (@)
to determine the radius of the compound bubble.
Now = is vastly greater than 7'; for, an intensity of pressure
denoted by a barometer of the normal height, 760 mm., is 1.014 x 10°

dynes per sq. cm., while 7' for the temperature 20°C. is about 81
dynes per linear cm. Hence the value of & whieh annuls the coefficient
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of o in (a) must be very nearly the value which satifies the equa-
tion. Assume, therefore,
o= (a*+ B+ m,

where m is a small quantity. From (a) we get the approximate
value 2T ( a®+45

m= 5;{ — 1} B

(@+ b

which is obviously a positive quantity. Hence x*>a’+8% that is,
the volume of the compound bubble is greater than the sum of the
volumes of the constituents. Also we find easily that a*<a®4 5%
which shows that the reverse is the case for the surfaces.

_Now let a charge with surface-density o e. s. units per sq. cm. be
given to the compound surface so as to make x® = a®+8?; then, if

P’ ig the enclosed air pressure intensity, P/ +27¢’—w = 2——, and
we have (w—270%)2" = = (a*+bY), ®
which gives o, since  is given to be 4/a%+ b

13. When conductors 4,, 4,,... of given shapes occupy given
relative positions, and their Potentials V], 7;,... are given, their
charges @, @,,... are determined from a system of linear equations,

Q=mN+auVit+asbet -
Q2=%171+922Vz+92sVs+'“-
Apply the theorem of Gauss (p. 287) to prove that ¢, =g,,, or,
generally, ¢un = gum.

Since the coefficients gq,,, ¢;,,... depend merely on the shapes and
relative positions, we may consider the case in which 4, is connected
with a source at a given Potential, P, all the others being connected
with earth, i.e. at zero Potential. Then the charges will be given
by the equations

Q=a9.P; Qa=921;P; &=qal....
Denote this distribution by (a).

Now reduce them all to the natural state, and produce another
state, (a’), by raising 4, to the Potential P, and connecting all the
others to earth. The charges now are

=0, P; @)=l @' =qul....

Now apply Gauss’s equation ZmV’ =Zm'V to these two states
or systems, (a) and (a’). The left-hand side of this equation is the
product of each charge in (a) and the Potential at its position pro-
duced by (a”). It is, then, simply @,.P, or

9q - P2
The right-hand side is simply @,. P, or
O

Hence g,, = ¢,,. Similarly for the other’¢‘s with two distinct suf-
fixes, which are called the coefficients of induction of the given system.
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This simple proof is due to M. Bertrand (see Mascart and Joubert’s
Legons sur U Electricité et le Magnétisme, p. 56).

14. If a given charge, ¢, is held at a point P outside a given con-
ductor which has no free charge, and which may be insulated or not,
and if 7’ is any other point outside the conductor, prove that the
Potential at P’ produced by the induced charge on the conductor
is the same as that which would be produced at P by the conductor
if the charge ¢ were placed at P’.

This is also, as shown by M. Bertrand, a simple result of the equa-
tion of Gauss. )

Suppose the conductor connected with Earth, ¢ being at P. Let
@ be the charge induced on the conductor, ¥ the Potential at P, and
Gy that at ’.  Denote this system by (a). Remove e to 7, let @’
be the new induced charge on the conductor, ¥’ the Potential at 77,
and Gy, that at P. Denote this state by (a’).

Now apply the equation SmV’=2Zm’V to the two states («) and
(') The left-hand side is simply e X @,,, while the right is ¢ x @

Hence r=
Gpp = Gy
The function @, is known as Green’s Function.

Exactly the same proof applies if the conductor is insulated. In
this case its total charge is zero.

15. Show that an idiostatic charge on a conductor must be of the
same sign at all points.

16. Several Accumulators (‘ Condensers’), 4,, 4,,... 4, of capaci-
ties ¢,, ¢,, ... ¢, are placed in series; a pole of 4, and a pole of 4,
are connected with the poles of a battery which are at Potentials
V and 7”; find the charge in any given Accumulator of the series.

Let (¥, ,) be the Potentials of the poles of 4, ; (,, ®,) those of
the poles of 4,; and so on. Then

-———!V_w .’=w—|——_w’= S V"
1 1 1 i
A c, Cn

each of which is, therefore, equal to
V-V

—or k, suppose.
%

Then the difference of Potential of the poles of 4, is Zc—, and the
charge is the same in all, viz. %. r

412.] Case of Green’s Equation. Let X and M’ (Fig. 315)
be any system of masses gravitating according to the law of the
inverse square of distance (the case in which they are electrical
distributions is, of course, included); let 7 be their Potential at
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any point, P ; and in Green’s Equation choose for U the function
—:;, where r is the distance of P from any fixed point, 0. Now

draw any closed surface, §, surrounding M”, and apply equation
(B), p. 334, to the volume enclosed
by this surface, the point O being any
point outside this surface. The points
P included in the integration being

all internal to 8, or on its surface, QM'

Oe

. 1
7 is never zero, therefore Vz; =0.

Also V2V = — 4mp, where p is the
volume-density at P, which will be zero except for points inside
the mass M’. Thus the equation becomes

1
a=
0dQ 147V r
-—477f _f——-dS_dendS. (1)
Now f ir{z-ls the Potential at O due to the mass A", and this
we shall denote by 7,®. Also

‘l‘ 6
a8 =—23 a8,

where 6 is the angle made with the normal to the surface at any
point by the line joining this point to O ; and this expression is
therefore equal to dw (Art. 316) where dw is the conical angle
subtended at O by d8.

If the matter is self-repulsive, instead of attractive—i.e. if
the force between two elements of the same sign is repulsive—
the normal force-intensity at the position of d§ due to the whole

Fig. 315.

, . 4y
system M, M, is —

1 Veosd\ dS
o=k [r-TEhE

Now the right-hand side of (2) is the Potential at O due to a
layer of attracting matter spread over § with surface-density

equal to ( N Vecos 0) (a)

* Hence the Potential at any point, 0, due to M’ may be produced

, 80 that (1) gives
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by a layer spread over ANY surface surrounding M’ and kaving O
outside it ; so that if a layer is spread over the surface equal, but
with opposite sign, to (a), the attraction of this layer would
annul that of M’ at all points outside the surface.

A case of special simplicity and importance occurs when § is
an equipotential, or level, surface of the system M, M’. In this
case ¥ comes outside the integral, and (2) becomes

1
= — —
zo_4ﬂdes Vfdw

1

= f Nds, (3)

so that the density of the layer at any point is

N
el (4)
Denote the Potential produced by this layer at any external
point, O, by ¢, ; then 7o = 4, (5)
arv

If the matter is self-attractive, instead of repulsive, N= + I’

and the layer in question has surface-density equal to —ZJY-Tr .

If M’ is any system of electrical charges, we see that, so far as
effect outside any closed surface whatever, §, surrounding M’ is
concerned, M’ may be spread as a surface-charge over the given
surface, with the law of surface-density given by (a). But if
this layer were actually produced and all the other electricity of
the field removed, it would not, in general, be self-equilibrating,
unless the surface § is a non-conducting surface.

Secondly, suppose O to be internal to the surface 8. Then, if

P actually coincided with O, Vz-:; would not vanish ; but we shall

in this case exclude the point O Ly applying Green’s equation to

the region included between § and an indefinitely small sphere of

radius, ¢, surrounding O and having O for centre (see p. 334).
Thus we have il

pd.Q. 147
—dn _f & a8~ frz.ds

— 2 as s +[7 5 por * s, ()



412.] OASE OF GREEN'S EQUATION. 513

in which the last two integrals refer to the surface of the small
sphere round O. Now the third integral in this equation
vanishes because 8" = c*dud¢, u and ¢ being the polar angular
co-ordiigates of any point on the surface of the sphere; so that

this intégral is —¢ f ‘% dpud¢, which obviously is infinitesimal.

In the last integral 7 may be taken outside, since it is practically
constant at all points on the infinitely small sphere and equal to
its value at O—which we shall denote by #—this Potential
being due to both M and M’. Also

f —_ dS' =—4m
Hence (6) becomes (for self-repulsive matter)
—~4nf0= (95 f7°°s"ds_4ﬁ 7 (7)

in which 7® denotes the Potentml at the internal point O due to
the internal mass, M’. But if 7;©) denotes the Potential at O due
to the external mass, M, we have 7, = 7@+ 7,); therefore

1 Veosf 8
Z(”:Gf( =-N)= (8)

Let 8 be a level surface of the systems M, M’, and 4 the
Potential on it ; then

po—a_ L (Hi5.

(9)
which shows that if a layer with surface-density equal to i—:— at

each point is spread over the surface, and ¢, is the Potential pro-
duced by it at any internal point, O,
70 =4—¢,. (10)

Equation (5) gives the result that, so far as all points external
to the given level surface are concerned, the internal mass, M’,
may be replaced by the layer on the surface ; and, of course, if
the surface-density of this layer were reversed at every point, we
should obtain a layer whose action at all external points would
exactly annul that of the internal mass.

Equation (10) shows that this layer destroys the effect of the
external mass, M, at all points inside the level surface, since

VOL. I Ll
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;EK Q= —(Z_Zi%)’ in whatever direction # is measured; and,

moreover, if there are no external masses, this layer produces a
constant Potential inside, and therefore no force at any internal
point ; for in case 7,©) = 0, therefore ¢, = 4.

The quantity of this superficial layer is equal to that of the
internal mass, since (Art. 324) /NdS = 4nM’, for repulsive
forces, and /" Nd8 = —4 w M’ for attractive forces.

Thus, for example, consider the case of a thin uniform bar
(p. 296). The level surfaces are a system of confocal ellipsoids

of revolution, and N = —%ﬂ sin¥, where ¢ = APB,and g

2
the perpendicular from P on 4B ; and the bar may be spread
over any one of them with surface-density = g—f—; sin —\g-, with

the result that at all points outside this surface the attraction of
the layer is the same as that of the bar, while it produces con-
stant Potential throughout the interior. When, as in this
instance, there is no external mass, the layer on the surface
follows exactly the law of an idiostatic distribution of electricity
on the surface. Hence, as the equipotential surface of the bar is
an ellipsoid, and as we know (Art. 410) that in an idiostatic
layer the surface-density at any point is directly proportional to
the central perpendicular on the tangent plane at the point, it
follows from the uniqueness of the law of idiostatic distribution

Art. 409) that %‘% sin‘-g— must be proportional to this perpen-
_ dicular. The truth of this is easily verified, and we find this

expression equal to yekp

2mabt &
where p is the central perpendicular, ¢ and & are the semi-axes of
the ellipse, and ¢ = +/a? —¢2

418.] Application to Conductors. The results in the last
Article have a direct and important application to the case of
conductors. We shall now speak of charges of electricity instead
of ‘masses.’” Take the case of a single hollow conductor, and let
Fig. 311, p. 492, represent the inner and outer surface charges
on the conductor, and also the external and included charges.
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Then the surface § in the substance of the conductor is a level
surface for these four electrical distributions. At every point on
8§ we have N = 0, so that no layer is to be spread over-S, and
(5) of last Article shows that at every point outside 8, the included
charges together with the inner surface charge produce a con-
stant zero Potential; or, in other words, this system produces
no force anywhere outside the conductor.

Also from (10) we see that the Potential everywhere inside
due to the external charges together with the outer surface
charge is constant and equal to that on the conductor; con-
sequently this system produces no force anywhere inside.

In other words, the internal charges together with the inner
surface charge on the conductor form a self-equilibrating system
producing no external effect whatever; and the external charges
together with the outer surface charge form a self-equilibrating
system producing no internal jforce, the only internal effect
which they produce being to establish a uniform Potential
throughout the whole interior, equal to that of the conductor—
so that if the conductor were kept constantly at zero Potential
(by an earth connection) this electrical system, however it were
varied, would produce no internal effect whatever (either of force
or of Potential). Thus we have proved the results referred to
in Art, 410.

A conductor is thus shown to act as an electrical screen for
everything inside it from the action of external charges; and
this is why delicate instruments, such as electrometers, are, in
accurate experiments, surrounded by cages of wire-gauze, which
are practically closed surfaces. These cages are usually connected
with earth in order to prevent external electrifications, whether
permanent or transitory (such as are due to accidental rubbings
of insulators or other bodies), from even uniformly altering the
Potential of the protected instruments¥*.

414]. Theory of Electric Images. Given an insulated con-
ductor and an external electrified system, to determine the surface-
density of the induced charge at any point of the conductor.

* From the preceding theory it will be seen that for the complete protection of
such instruments from external influence it is necessary that a corducting surface
should immediately separate them from the external bodies which are, or may be
accidentally, electrified. Hence it is & mistake to surround them, as is often done,
by glass, which is a non-conductor.

Ll2
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Let M (Fig. 315), represent the given electrified system,
and then let the closed surface represented be that of the in-
gulated conductor. Denote it by 8. Now if the charge on M is
E, the total charge on M and Sis Z; and, with the positions of
M and 8 fixed, there is only one way in which this charge can be
distributed (Art. 409) ; so that it will suffice to find any manner
in which the charge F can be distributed so as to be in equi-
librium.,

But one method is the following: determine any internal
electrified system, M’, which with M would make § a level
surface, with any constant Potential, 4, suppose ; then spread the
charge, E’, of the system, ", over the surface according to the

law ¢ = 4%’ where NV is the electromotive intensity due to £

and E at any point of 8. This surface charge together with £
will produce the constant Potential 4 on § and throughout its
interior, since their joint Potential inside is 7+ ¢;, and, as
before proved,

E @ + (b; = A:
and the amount of this surface charge is E’.

Hence this surface charge together with £ would not produce
force causing any further charge given to § to move along &, so
that if this further charge was idiostatic, it would still be in
equilibrium. Let, then, this forther charge be equal to —Z’, so
that the total charge on § = 0, and we shall have succeeded in
distributing the total amount Z as required.

This solution of the problem requires, therefore, two distinct
things— «

1. The determination of the auxiliary system E’;
2. The determination of the manner of distributing an
idiostatic charge on the conductor.

Each of these subsidiary problems is, in general, one of great
difficulty, and they have been solved in only some simple cases.

The system 3 is called the electrical image of M in the given
surface 8, and this method of images is due to Sir W. Thomson.
Usually M’ is determined so that § shall be a surface of zero
potential.

If C is the capacity of § for an idiostatic charge, the Potential

of the conductor will be finally —g:, or A+E, nceordmg as the
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image system, 3/, is determined so that 8 is a surface of Poten-
tial zero or of Potential 4. ’

The image of a given electrical system external to a conductor
may be briefly defined as an internal system, such that for the two
systems together the conductor is a surface of constant Potential.

For clearness, we give formally a statement of the method of
images, showing the precise mode and order of thought in the
process.

Given a closed conductor in presence of any electrical system,
M, either inside or outside it; to determine the law of distri-
bution of the induced charge. Regard, at first, the surface, 8, of
the conductor as a mere geometrical surface——not a metallic one;
find any electrical system, M’, at the side opposite to that at
which M is placed, in such a way that § would be an equi-
.potential surface for M and M’ together; calculate N, the
normal electromotive intensity at any point on the surface (due
to M and M’); finally, dispense with the system M’, make § a
metal surface, and cover it with a charge having at each point

the surface-density 4£1r .

An idiostatic charge may have to be superposed on this to
satisfy any condition as to the total charge or the Potential
which the conductor may have had assigned to it originally.

415.] Combination with Inversion. If in any case we have
deduced a law of distribution of charge on any surface or surfaces
by the method of images, we can- immediately deduce from this
another possible distribution by the method of inversion (see
Art. 334).

Assuming the thin shells treated of in Art. 334 to become
surface electrifications, the products pr and p’7” become the given
and the derived surface-densities, ¢ and o’ ; and therefore

3
o= ’k?—s(r.

It is necessary to point out, however, that in applying the
method of inversion to an electrified conductor there is introduced,
by the peculiar nature of a conductor, a condition of which the
general theory of inversion for fixed masses takes no cognisance—
the condition, namely, that not only is the given surface M
(Fig. 283), p. 311) one of constant Potential (being a conductor),
but the derived surface, M, if it is to be the surface of a conductor,
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must also be one of constant Potential. Now-in the general
theory the inverse of a surface of constant Potential in the old
distribution will not be a surface of constant Potential in the
new distribution ; for if the point 4 (p. 311) is any point on M,
the value of D will vary (unless M is a sphere and O its centre),
so that if 7 is constant, 7 will not be constant. However, if
the old distribution is such as to make M a surface of zero
Potential, the inverse surface will be equipotential, also with zero
Potential. Hence a conductor at zero Potential, under the in-
fluence of any distribution, will always invert into a conductor
at zero Potential, under the influence of the inverse distribution.
If M is a conductor at any Potential, ¢, the inverse, M’, will
ke
oy’
which is the Potential at @ due to a charge %c placed at O, the
origin of inversion. Hence, if we place a charge —/4¢ at O, in
addition to the inverse of the whole original field, the inverse of
the given conductor becomes a conductor at Potential zero.
Sometimes it is desirable to choose the origin of inversion at
the position of an electrified point, at which there is a finite
charge ¢. The inverse point, at which there is a new charge in
the new system, is then at infinity, and the new charge, ¢, is of

be a surface, the Potential at any point, @', of which is

infinite amount, because ¢ = f e where 7 = 0. But it is easy to

show that this infinite and infinitely distant charge produces a
finite Potential of constant value at all points in the new dis-
tribution. For in Fig. 283, p. 311, let there be in the old
distribution a charge ¢ at a point B indefinitely close to O;

then ¢ = f)/iB ¢, and the Potential of ¢’ at O is

'4 e

o’ “oB.oF'% T ¥

which is finite, and is the Potential produced by ¢’ at all points
(not infinitely distant) in the new distribution, since it evidently
produces the same Potential at all such points as at 0. Hence,
if the original conductor, M, was at zero Potential, and we invert
from any point at which there is a finite charge, the Potential of
the new conductor due to everything in the new distribution,

omitting the infinitely distant charge, is —>-

k



415.) EXAMPLES. 519 .

‘EXAMPLES OF ImacEs AND INVERSION,

1. A given charge is condensed at a point outside an imsulated
uncharged spherical conductor; find the surface-density at any point
of the conductor and its Potential.

Let P (Fig. 277, p- 257) be the position of the given charge e;
then the sphere can be made a surface of zero Potential for e and
for a charge —¢ placed at the inverse point, P, if the distances,
7, 7/, of auy point on the sphere from P and P’ are connected by the
equation

~

e

e
=0
which gives &= % .e.
To find W, or _g,l:’ at @, we may either take the value of ¥V at
any point, due to (¢, —¢’), viz. P
e
V=r—7

and differentiate it; or imagine a + unit at @ and find the resultant

of a force ;% acting on it from P to Q and a force ;,e; from Q to P’
D2t
Thus ¥ = —(a—;—)f (measured outwards); therefore the surface-
density of the first charge (that which would be induced on the
conductor if, in presence of e, it were connected with earth) is
(D*—a?)e
4mart
amount ¢ ; and this is, of course, a uniformly distributed layer, with

On this we have to superpose an idiostatic charge of

surface-density 4—:—“-)- Hence, finally,

_ e 1 D-—gt

R Rk
e

=5

where ¥ is the Potential of the conductor.

The Potential at any point in space outside the conductor is
that due to a charge ¢ at P, a charge —¢’ at P’, ?nd the idiostatic

charge on the conductor. It is therefore ;——7 +:,—,-, where 7, v/, ¢/

are the distances of the point considered from P, P’,and 0.

The case of the spherical shell discussed in example 8, p. 301 is
therefore that eof a spherical conductor connected with earth and
influenced by a charge fixed at an external point 2.
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If the influencing charge is internal, at P’, the problem is solved
in exactly the same way ; the image is a charge %e’ , or %; e at P.

2. Find the distribution induced on an infinite plane conducting
surface by a charge condensed at a given point.

The plane may be regarded as a closed surface—closed by a portion
of surface at infinity.

Let P be the inducing point. Then for zero Potential on the
plane the image of P is a point equidistant from the plane on the
op};osite side, and on the perpendicular from P ; also the charge at
P’ must = —e, if ¢ is that at P.

Since the capacity of an infinite plane is infinitely great, the surface-
density of the idiostatic charge is infinitely small at each point, so
that the distribution is simply that of a negative charge (if ¢ is +)
on the face next P with surface-density

p-e
27’

where p is the perpendicular from P on the plane.
It is easy to verify that the total amount of this charge is —e.
This problem can be at once deduced from Example 1 by inversion.
The inverse of a sphere from any point on it is a plane. Take then

the sphere in last example at zero Potential; in other words, take a
2

o=

4mwar’
sphere, and invert the whole from the extremity 4 of the diameter

through P. The charge to be placed at the inverse of P is Ak—P.e
k

(from the equation %=;, Art. 334), and the surface-density at

sny point on the plane is inversely as the cube of its distance from
this inverse point.

.e on the

charge ¢ at P, and a layer with surface-density = —

3. Two infinite plane conducting surfaces terminate in a common
edge and intersect at right angles; an electrified point is placed any-
where between them; find the induced surface-density at any point
on either plane.

Regard the planes as mere geometrical surfaces.

Through the inducing point, P, draw a plane at right angles to
both planes cutting them in two lines Oz, Oy, the point O being on
the edge of intersection of the two given planes. To determine the
image-system draw a perpendicular from P on Ox and take the point
4 on this perpendicular at the opposite side of the plane O» st a
distance equal to that of P from Ox.

Then if ¢ is the charge at P, a charge —e at 4 combined with e
at P would make the plane Oz a surface of zero Potential ; but these
charges would not make Oy a surface of zero Potential. Take the
image, B, of P in Oy, and also the image, O, of B in O2. The point
C is also the image of 4 in Oy.
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Then, if at 4, B, C we place charges —~e, ~e¢, ¢, these together
with ¢ at P will make both planes surfaces of zero Potential, since the
Potential at any point whatever, @, due to this system would be

e e ¢ e
P A (1)
where 7, +/, 1/, 7/”/ are the distances of @ from P, 4, B, C.

The two given planes may be regarded as a surface closed bya
surface at infinity; P is inside this surface, and the image-system
outside it.

Then if a and 3 are the perpendiculars from P on Ox and Oy,
respectively, we have for any point, Q, on O

11 '
N= 2ae(QTs—Q—0,); (@)
and for any point, @, on Oy
1 1

Now regard the planes as metallic, dispense with the image-charges
at 4, B, C, and we shall have an induced charge with surface-density

— 8t each point.

From this we can derive & new distribution by inversion from any
point. Suppose that we invert the whole system from P. Then the
inverse of the plane Ox is a sphere whose centre, a, is on P4, this
centre being the inverse of 4 ; the inverse of the plane Oy is a sphere
whose centre, b, is the inverse of B; the inverse of C is the point, ¢,
in which the line ab cuts PC, these lines being perpendicular to each
other ; the two spheres intersect at right angles, and PC' passes
through their intersection. If their radii are a and b,

— kz o— kn .
a=5o B=53
and if ¢,, ¢,, ¢; are the charges to be placed at a, b, ¢, respectively,
a b ab

G=—73€; 6= —5€;, € =-————2E8¢,
1 k 2 3 b 'S kJa’-i-b’

k
Agsin, if Q is any point on Oz, and ¢ the corresponding point on
the sphere (@), the surface-density, ¢/, at g is, from (1), equal to
ae 1 1,8
27w PQ  CQY Pg*’
which, when expressed entirely in terms of the new distribution, is
—ﬁa—;(l - c—;) But b, ¢ are obviously inverse points with re-
spect to the sphere (a), and a, ¢ are inverse with respect to (b), so

a
that cq = -—N/_T_.:l; . bg, and we have

= - F
7= 41!«6(1 r,')’
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" for the density at any point, ¢, on the sphere (a), where 7, denotes
the distance of this point from b, the centre of the other sphere.

A similar expression gives the density at any point on the other
sphere.

We may, of course, reverse all signs in the new distribution, and
take e, and ¢, plus while ¢ is minus.

It is merely for the purpose of exemplifying the process of inversion
that we have thus solved this case of two orthogonal spheres. Ob-
viously the problem could have been solved much more simply as
a case of Example 1. For, since b and c are inverse points with
respect to the sphere (a), proper charges placed at them, together with
any charge whatever at a, the centre of this sphere, will make the
surface equipotential. Similarly, proper charges at a and ¢, with any
charge at b, will make the ‘other surface equipotential. Thus, let
these unknown charges be @, y, z at a, b, ¢, respectively; let ¢ denote

the distance ab. Then (Ex. 1) z = —2— 2, and also 2 = — % ¥y, therefore
z:y:z=a:b: —aT'b; and the Potential of both spheres is 2, as we

see by calculating it for the point P.
Dispensing with the image-system, at @, b, ¢, make the surfaces

metallic, all at the Potential % (due to the infinitely distant charge);

then the charge, with its law of distribution, which must be applied
in order to produce this Potential, is that which we have just
determined.

. ab e
The total of the internal echarges = —(a+b—m2) % and
they produce a Potential — zon the compound surface, so that the
ab
capacity of such a conductor i b ——-
pacity of suc conductor 18 a + ‘/a2+b’

For an exhaustive treatment of this problem see Clerk Maxwell’s
Electricity and Magnetism, Art, 168. '

4. In the space between two uncharged insulated and concentric
spheres, 4 and B, is placed a charge ¢ at a point P; determine the
surface-density at every point.

Let d be the distance between P and the common centre, O;
let @ and b be the radii of the spheres; draw the line OP and
produce it indefinitely. The spheres may be regarded as forming
a closed surface in the space enclosed by which the charge e is
placed; and this double surface, 4, B, can be made one of zero
Potential by placing proper charges at a succession of inverse points
derived from P. Thus, take the inverse, a,, of P with respect to 4.
Then the charge e at P together with a numerically greater charge,

a
-3 at a, would make 4 a surface of zero Potential, but not B.
However, if we take the inverse, a,, of a, with respect to B, and place at
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a, a charge equal to — O—I;- x charge at a,, this, together with the charge

at a,, would make B a surface of zero Potential. Take, again, the
inverse, a,, of a, with respect to 4; and so on.

&3

Fig. 316.

Again, start with 8,, the inverse of P with respect to B, and take
f;, the inverse of 3, with respect to 4; and so on, ad infin.

For clearncss of figure we have drawn the a images slightly
above the line OP, and the 3 images slightly below it.

We shall form a table of the distances of the images and the
charges to be placed at them; thus:

Points | Distances | Charges ’ Points | Distances | Charges
P d e ’
a? a b? b
o“ | g |"a* | A | T | "a°
b? b a? a
a, Zﬁ d Z e ﬁ? -35 d 3 [
at a bt b?
% | wa |Tw® | P | @2 | Ta’
bt b2 at a8
a, 7 d it B. I d 7

The law of continuation ad infin. is obvious.

To get the surface-density at any point, @, on 4, group the points
in pairs thus:

(5 ay)s (a5 a), (@, @) (agns Ggusr)seees (Bus B)s (Bss B, +--

If » is the distance QP, the first pair give a surface-density
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2_ 73
equal to a__Fgl_ . 4—-:; : therefore if r,, is the distance of @ from a,,,

¢,a = charge at a,,, and d,, = distance of a,, from O, we have the
surface-density at @ due to the general pair of a points equal to

G, b,
™ 47a

an L
But d,, = (2) .d, and ¢, = (g) .¢; therefore the surface-density

arising from the whole set of a points is

b 40
a’ —(—a') .ar "
e Eu rs“‘ .(g) ’

4m1a <o

n receiving all integer values from 0 to .
Similarly, the surface-density at @ arising from the 3 points is
b an al
$__ (L «—
_e "7 F
dmd =0T o a)

The total charge on the sphere B isequal to the sum of the charges
at a,, a,,..., B,, By;..., which is

and of course —e = charge on 4 + charge on B.
If O is at infinity, the spheres become two infinite parallel planes
with a charge between them at P; and if p and ¢ are the perpen-

diculars from P on 4 and B, the charge on the plate B is — %e, and

that on 4 is — %e, where % is the distance between the plates.
5. Find the law of distribution of an idiostatic charge on a con-
ductor generated by the revolution of the limagon
r=m+ncosd

about its axis, n being <m.
Invert the distribution on a prolate ellipsoid of revolution (p. 514)
from one of its foci.



NOTES.

A.

THE EQUATION OF CAPILLARITY.

M. Resal (Physique Mathématique, p. 22) gives a very simple proof
of the fundamental equation (p. 180) for the surface of separation of
two fluids, on the supposition that the density of each is constant in
all layers adjacent to this surface—a supposition which is rejected
by M. Mathieu.

Let AB (Fig. 259, p. 134) be the surface of separation of two
fluids F, F, the former being at the upper and the latter at the lower
side of 4B in the figure. Draw the tangent plane, Am, at the position
of any particle, 4, of the surface, and consider separately the action
of the meniscus of fluid contained between 4B and this plane.

Imagine the upper fluid, F, to be prolonged down to the tangent
plane, and then subtract the effect of the meniscus, regarded as con-
sisting of fluid #. Denote the meniscus of fluid # by (). Similarly,
the action of #” on the particle at 4 may be considered to be due
conjointly to that portion of #” which lies below the tangent plane
and to the meniscus (i) of fluid #”. Now, obviously, the forces exerted
at 4 by the fluids # and #”, supposed terminated by the tangent plane,
are normal to the plane. Also the resultant force exerted at 4 by
the external forces (if any) and the fluids F, F'/ as they actually exist
is normal. Hence the resultant force due to the external forces, the
positive meniscus (i), and the negative meniscus (¢) must be normal ;
i.e. the Potential due to these must be constant at all points 4 on the
surface.

It is assumed that the capillary forces are exerted only between
molecules whose distance is less than an extremely small length, e,
called the ¢ radius of spherical activity.” In the figure let Am be <e,
and let a small element, dS, of area at m on the tangent plane be
drawn by taking two planes through the normal A including an
indefinitely small angle, 40, then, describing a cylinder round 4n with
radius Am = r, and a concentric cylinder with radius #+dr. Thus
the element dS =rdrd0, and the little prism standing on &S and
included between the surface 4B and the tangent plane, has for
volume Bm x rdrd0. ‘

If R is the radius of curvature of the section of the surface 4B
made by the normal plane drawn through 4=, we have

2R .Bm = Am’,
”

A Bm=§7e-
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Now all the particles in the prism Bm may be considered as distant
by » from A. Let ¢(r) express the Potential at 4 due to unit mass
at m, the form of ¢ being quite unknown., Then the Potential pro-
duced at 4 by the prism Bm is

g—%.o"tb(r)dr. (1)

Integrating this from r =0 to r =, and keeping 0 constant, we
obtain the Potential due to all those particles of the meniscus which
are included between the two close normal planes defined by the

azimuth 6. Now f o ¢(r)dr is a constant depending solely on the

nature of the fluid }f’, and not on the position of 4.
Denote this constant by C. Then the Potential at 4 due to the
whole meniscus (u) is
C [(?7do
2Jo B @)

But if B, and R, are the principal radii of curvature of the surface
at 4, and 0 is measured from one principal section,
1  cos®0 &in’d

E="® TR’ @)

and the Potential (2) is obviously 370( 5 + )-
2

The meniscus (1) gives a similar term, 50 that if ¥ is the Potential
of the external forces at 4, the equation of equilibrium is

1 1
37 (0’=0) (E +E) + V = constant. (4)

This equation is deduced without assuming unchanged density near
the surface by M. Mathieu (Zhéorie dela Capillarité, Chap. I) by
means of the Principle of Virtual Work. . ]

See also M. Mathieu’s treatise (p. 65) for the proof of the funda-
mental theorem that the three surface-tensions at any point of meet-
ing of the surfaces of three contiguous fluids satisfy the conditions of
equilibrium of three forces—a very simple result, almost invariably
assumed as obvious, or based on some such ‘proof’ as this: since
there is equilibrium, the three tensions must be proportional each to
the sine of the angle between the other two.

Now, inasmuch as there is no one particle which is acted upon by
these three tensions, this ‘ proof’ has no relevancy whatever ; and the
theorem ig, as M. Mathieu justly says, ‘admis sans raisons suffisantes
dans les Ouvrages de Physique His own demonstration proceeds
by the Principle of Virtual Work.
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B.

PoTENTIAL OF A HoMO0GENEOUs ELLIPSOID.

The following investigation of the Potential produced at an external
point, P, by a homogeneous solid ellipsoid has been given by Colonel
A. R. Clarke (see the Phil. Mag., December, 1877).

Take the principal axes of the ellipsoid as axes of co-ordinates;
let 2, ¥, z be the co-ordinates of P; let @ be any point inside the
mass at which an element dm is taken let o/, o/, # be the co-or-
dinates of @; O the centre of the elhpsmd 0P = R, 0Q =17, and
¥ = cos POQ. Then, p being the mass per unit volume of the body,

)

dm

V=YPAR’—2RT \[1+r2)§
f(1+ P" 1;R3+...)dm, (@)

where B, F,,... are the Legendrian coefficients, as in (y), p. 349, or
at p. 358, with {r written instead of u.

But since B, F,, E,... are each of the form  f(y?), the terms in
them vanish because of the complete symmetry of the figure, so that

2 s
V= (1+P B +Pe% +...)dm. (3)
Now \[/-m,-i-f% +zz’ taf +":_y +nz’ A =, suppose, I, m, n

being the direction-cosines of OP. Hence from the values of the
Legendrians, p. 358, we have

EPr*=}(3A'—1%); Pt = 1(35A*—301°A2430%);
Pr' = (231 A= 31572 A+ 105 A~ 5¢%).
The results of performing the integrations in (3) as far as /F r’dm
are very remarkable.
Thus, it will be found that if a, b, ¢ are the semi-axes and Q the
whole volume of the ellipsoid, and if we put
B—er=d?; ’—a’=d}; a0 =dJ,
and also denote by L, the value of the Legendrian F, when 7 is put
for p; by M, the value of F, when m is put for s and by N, the

value of £ when n is put for p; with similar meanings of Z,, M‘, N,
with reference to F,, &c., we shall have
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fI; rdm= — Tg {L:(da’_da’) + M,(d,’—d,’) + N,(d,’—-d,’) } ’
fﬂ”dm: - %&51 {Ld}d+ M, dy*d*+ N, d*dy! ! ’
f Frtdm= f_2 {L,d,dy (d,"— s)+ Mydgld)} (dg*—d,?)
+ N, dd}(d*—dp?) + Kd\'d.dy’},
where in the last K= 2o (I'—m)(m* —n) (1)

In these expressions for the terms in (3) the sequence is, as Colonel
Clarke observes, remarkable, ‘and suggests the idea that possibly an
expression might be obtained for the general term.’
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Abscissa and ordinate of curve in terms
of arc, 134.

Accumulator (Condenser), 502, 510.

Adiabatic transformation of a gas, 118.

Angle, Conical, 237, 246, 250, 288.

Astatic equilibrium, 65.

Attraction, Newtonian law of, 235.
abrupt change of through shell, 262.
general components of, 265.

Axis of a Couple, 4.

Bar, uniform, attraction of, 252.
potential of, 295, 504.
elongation of by its weight, 440.

Bending moment of a beam, 443.

Capacity of a Conductor, 498.
an ellipsoidal conductor, 504.
a cylindrical, 505.
Capillarity, equation of, 180, 525.
Carnot’s Engine, principle of, 119.
Catenary, property of, 134.
Catenoid, equilibrium of, 182, 187.
Centre of gravity at maximum or mini-
mum height, 127.
Centres, plane of, in Astatic equilibrium,
0.
Circulation, 402.
Clapeyron’s theorem, 438.
examples of, 440.
Clarke, Colonel, on Potential of Ellip-
soid, 527.
Clebsch on Stress in terms of Strain,
435
Complex, Screw, determination of, 36.
Concentration of Potential, 335.
Conservative System, 131.
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Continuous system, equations of condi-
tion of, 151.
Contraction, lateral in strain of bar,
430.
Co-ordinates, spherical and cylindrical,
281.
Coulomb’s law of torsion for cylinder,
442.
Couples, transformation of, 3.
virtual work of, 6.
stress, of bent and twisted wire, 218.
Crust, planetary, stresses in, 461.
Curvature, resolution of, 212.
Cylinder, circular, potential and attrac-
tion of, 299.
elliptic, attraction of, 269, 283. -
torsion of, 451.
strain and stress in, 479.
Cylindroid, definition of, comstruction
of, 19, 20, 23.
reciprocal of, 38.

Displacement of a rigid body, 103.
Dilatation, areal, cubical, 387.

Earnshaw’s theorem for a particle, 31T1.
Earth-connection, 488.
Elastic wire, 164, 199.

curves, 204.

central line of wire, 215.

symmetry, cases of, 464, &c.
Elasticity, constants of, 463.
Electrified surface, equation for V at,

486,

Electrometer, Absolute, 501.
Electromotive intensity, 483.
Ellipsoids, attraction of, 319, 537.

Mm
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Elongation, quadric of, 380.

resolution of, 406.

of bar caused by its weight, 440.
Equilibrium of a rigid body, conditions

of, 47.
deduced from equations of stress,

426.

particular cases of, 48.

stability of, 91, 133, 135.

continuous, 128.

of heavy body on rough surface, 135.
Equipotential surfaces, 275.

of two attracting particles, 294.

when confocal ellipsoids, 331.

of two different distributions, 337.
Erg. def. of, 116.
E. 8. Unit, 482.

Films, minimum property of, 186.
Flexible inextensible surface, 169.
Flow, lines of, example of, 478.

Flux of normal force through a surface,

264.
Force, :eplwed by a force and a couple,
6.
in terms of Potential, 276.
moment of about a line, 14.
lines and tubes of, 316.
abrupt change of at electrified sur-
face, 487.
intensity, definition of, 263.
Forces, parallel, 8.
centre of, 9.
general reduction of, 13.

Gas, isothermal and adiabatic trans-
formations of, 117.

Gauss, theorems of, 264, 287, 306.

Generalised co-ordinates, 124.

Gravitation, constant of, 236, 262.
propagation of, 468.

Green's equation, 332, 510.

remarkable consequence of, 349, 495.

function, 510,
Greenhill, Prof., on elastic curves, 233.
solutions of Cambridge problems, 479,
508.

Hooke’s law, 160. Y
Hydrostatic arch, 209.

INDEX.

Idiostatic charge on a conductor, 497.

Images, method of, 515.

Induction, 488.

coefficients of, 509.

Initial position, in Astatic equilibrium,
8.

Instantaneous centre and axis, 101.

Internal forces of a system, 113.

Inverse square, law of, for spherical
shell, 260, 267.

Inversion, method of, 311, 375, 517

Isothermal transformation, 117.

Isotropic body, 430.

Jellett on inextensible surfaces, 172.
Kinetic analogue of bent wire, 211.

Lagrange’s method of Virtual Work,
105.
ohservations on, 163.
Laplace’s equation, 280.
gecondary solution of, 307.
Laplacians, def. of, table of, 343, 358.
Larmor, proof of Minding’s theorem,
8g.
on kinetic analogue of strained wire,
232.
Legendre, theorem of, 341, 350.
coefficients of, 349, 358.
Level, or equipotential, surfaces, 275,
309, 337-
Leyden Jar, work of discharge of, 502.
Lines of force, 316.

flow, 400, 478.

Magnetic solid, astatic equilibrium of,
94
shell, 287.
Minding’s theorem, 83.
Minimum property of a string, 161.
Modulus, Young’s, and of shear, 43I.
Moments, Three, equation of, 447.

Neumann's Formula, 293.
Newton’s law of attraction, 234.

Principia, examples from, 271.
Nodoid, 184.

Osculating plane of tortuous curve, 154.
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Parallelopiped, equilibrium of in strain,
410, 427.
Pitch of a screw, 17.
Planetary crust, stress in, 461.
Plate, circular, attraction of, 255.
potential of, 362, 374.
elliptic, attraction of, 272.
rectangular, 268.
Plateaun’s films, 178.
Plates, two parallel electrified, 501.
Plumb-line, deviation of by table-land,
375-
Poinsot’s central axis, 15.
property of, 432.
vector equation of, 68.
Poisson’s equation, 280.
in dielectric medium, 485.
Polygon, of forces, equivalent to couple,
50.
Potential, definition of, 273.
differential equations of, 279.
of magnetic shell, 288.
approximate value of at distant point,
307.
cannot be maximum or minimum in
empty space, 310.
continuity of, 314.
completely known if known all over
closed surface, 341.
of Strain and Stress, 401, 428, 438.
Potential Work, 120.
general properties of, 141.
of strained wire, 221, 226.
of gelf-attracting system, 285, 335.
Prism, rectangular, torsion of, 453.

Reciprocal screws, 26.
lines, 43.
Rectangular block, uniform, attraction
of, 375.
Resultant, graphic representation of, 2.
condition for single, 45.
Revolution, central solid of, theorom
on, 347, 359.
Rigidities, torsion-flexure, of wire, 220.
Rod, elastic, 190.
Rotation, components of, in strain, 393.
surface-integral of normal, 403.
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Screen, elestrical, theory of, 515.
Screws, composition of, 18.
Shear, resolution of, 407, 424.
Shell, spherical, uniform, attraction of,
257, 397.
magnetic, 287.
potential of, 297.
of variable thickness, 301.
strain and stress of, 455, 462, 479.
ellipsoidal, 319.
Solid of max, attraction, 268.
Specific inductive capacity, 482, 502.
Sphere, homogeneous, attraction of, 261.
potential of, 299.
stress in, 456.
Spherical Harmonics, 335.
deduction of from Zonals, 349.
fundamental property of, 352.
expansion of function in, 353, 355.
Spherical projection, method of, 54,56,64-
Spheroids, potential of, 369.
Spiral wire with given twist, 222.
Spring, plane, 203.
Stable configurations, general property
of, 143.
Stability of equilibrium, 91, 123, 135.
Static energy, 285.
Strain ellipsoid, 389.
shearing, 394.
biaxal reduction of, 398.
work done in, 422, 438, 479.
determinateness of, 449.
Stress intensity, 409.
shearing, plane of greatest, 425.
String, inextensible, 157, 191.
extensible, 160, 197.
Surface, fiexible inextensible, 169.
tension of a liquid, 177.
electrified bubble, 508.
density, 483, 495.
integral of normal force, 264.

Table-land, deviation of plumb-line by,
375-
Tait, Prof., proof of Minding’s theorem,
8s.
Tetrahedron, of forces, 44, 47.
equilibrium of in strain, 413.
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Thomson, Sir W., on attraction of Vortex lines, 400.
spherical shell, 303. ’
on stress in terms of strain, 436.
Torsion, of a circular cylinder, 442
an elliptic, 451.
rectangular prism, 453.
Tortuous curve, 154.
Tortuosity, measure of, 212.
Traction and Torsion, 400.
Transformation of strain, 388.
stress, 418.
Transverse of strained wire, 214.
Tubes of force, 316, 493.
T'wist, in theory of screws, 25.
of a wire, 214.

Wire, elastic, 164.
twist of, 214.
general equations of equilibrium of,
229.
Work, definition of, 114.
diagram, 116.
Potential, 120.
coefficients, 125.
of removing portion of self-attracting
matter, 331.
potential of self-attracting system,
285, 335
of magnetic shells, 292.
done in strain, 422.
Wrench, 17.
resolution of, along six screws, 30.
of max. pitch, 82.

Unduloid, equilibrium of, 184.

Variation of a function, 152.

Vector, alteration of by rotation, 66. »

4 Y Modul .

Virtual coefficient of screws, 26. oung's Moculus, 431
work, 98. Zonal Harmonics, 349, 358-
in strain, 427. exercises on, 363.
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