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PREFACE

For the past nine years I have been lecturing in this subject to
students taking courses in Mechanical and Electrical Engineering
at the Woolwich Polytechnic, and this book is based on the work
done by the senior students there. So as not to make the book
too cumbersome for a text-book, a preliminary knowledge of the
fundamental principles of Algebra, Trigonometry, and Mensuration,
and the use of Logarithms and squared paper, has been assumed,
this being well within the scope of the elementary student. The
book is meant to cover a two- or three-years’ course, and it is
roughly divided into three sections :

(1) Algebra and Trigonometry.

(2) The Differential and Integral Calculus.

(8) The application of the subject-matter of the two previous
sections to concrcte examples.

The work in Section I has been carefully selected in such a
way as to help the student with the later work in the Calculus.
There is no doubt that after the idca of the Calculus has been
thoroughly grasped, a great many of the so-called difficulties
which arisc out of the work are entirely due to a wecakness in the
knowledge of the fundamental principles of Algebra and Trigono-
metry. For instance, many students fail in the intcgration of
sin? @, not because they do not know how to integrate, but because
they fail to see or fail to remember that

. 1
sin® @ = 3 (1 —cos 2z)

Again, many fail to integrate algebraic functions because they
have such weak notions of partial fractions and simple substitu-
tions. Section I has been written with the idca of rcmovmg this
weakness.

The Calculus has been treated as thoroughly as the size of the
book allows. It might be said that this part of the work has
been elaborated too much for the practical side of Mathematics ;
but it must be remembered that the Calculus cannot be success-
fully applied to the problems which occur in actual practice
until the student has become thoroughly familiar with its under-

v



vi PRACTICAL MATHEMATICS

lying principles and methods, and this familiarity can only be
obtained by steady practice. It is unfair to a student to give
him as a standard form

and then expect him to use it as a formula to integrate any func-
tion which might resemble it, or by some means reduce to it.
This might be working along the line of least resistance, but it
is not educational : neither is it to the best interests of the student.
to whom sound work in Differentiation and Integration is an
absolute necessity.

Tne work in Section III consists of the Mathematics involved
in those problems more or less familiar to the technical student,
and before this work should be attempted it is essential that the
work in the two previous sections should be fully grasped.

I have devoted a chapter to the study of Interpolation and the
best way of dealing with tabular values, and I have endeavoured
to put this part of the subject in a reasonable form. The method
of Harmonic Analysis given in Chapter XXII is the one I have
found from experience to be best adapted to class work.

The examples are numerous, and have been chosen in accor-
dance with the text. The answers are given, and these have been
carefully checked ; but it is possible, as may be cxpected when
dealing with such a number, that errors might occur, and I should
be gratcful to any teacher or student drawing my attention to
them if such is the case.

H. LESLIE MANN.

June 1915,
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PRACTICAL MATHEMATICS

CHAPTER 1

1. The resolution of a quadratic expression into factors.
Taking the most general form for an expression of the second
degree
2. P - 2 I_’a; + ‘:.)
ar= -+ w-i-e—a(w + 7 a
( N éw + b ¢ b‘-";
=\ TP T i e
and the expression can be written as

a{( x + 2%>2 — (\/bz -;:ac)z}

in terms of the difference of two squares.
Hence the factors will be

b VI tac b VBE— 4“ac>
a(w+g; + —z'r)(”’ YT T

The nature of the factors depends upon the form taken by the
cxpression b — 4ac.

If b2 — 4ac is a perfect square, the factors are exact.

If b — 4ac is positive and not a perfect square, the expression
can be split up into factors, but thc numerical parts of each
factor can only be given correct to as many significant figures as
desired.

If b — 4ac is negative, then the factors can only b given in
terms of complex quantities.

If b* — 4ac = 0, then the actual expression is itself a perfect
square.

To find the factors of 822 + 13z — 22

822 + 182 — 22 = 8(2% + 1.6252 — 2.75)

= 8{2? + 1-625z + (-8125)2 — 2.75 — (-8125)2}
= 8{(z + 0-8125)% — 3.410}

= 8{(z + 0-8125)2 — (1.847)2}

= 8(z + 2-659)(z — 1-085)
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2. The previous method can be replaced by the solution of
a quadratic equation; for if # = &, makes the expression

2% + gm +-2 disappear, then # — a, is a factor. Also if =,

makes the expression disappear, then @ — «, is a factor. Con-
sequently a(z — o,)(®z — «,) will be the factors of az?* + bz + ¢
where o, and «, are the roots of the quadratic equation

22 +éw -I-E = 0,
a a

To find the factors of 52* — 7a — 22
522 — T — 22 = 5(x% — 142 — 4-4)
Solving the equation 2% — 142 — 44 =0
z? — 142 + (0-7)2 = 4-89
z —07= -+ 2211
z = 3911 or — 1.-511

The factors are 5(x — 2-911)(x + 1;511"‘

8. Partial Fractions. Tor the integration of algebraic fractions
it is necessary that the fraction must be expressed in its simplest
and most convenient form for integration. For such purposes a
fraction is much better dealt with when it is expressed as the
sum or difference of simpler fractions. These simpler fractions
are spoken of as ‘ Partial Fractions,” and the number of partial
fractions which can represent a given fraction depends upon the
number of factors, linear or otherwise, in the denominator of
that fraction.

If, for example, the denominator contains three factors,
then there will be three partial fractions, the respective de-
nominators of which are the three factors taken in order. Thus,

3z + 2 . . A B C
T 9@ T 9@z —p) SR bewittenase— 5 do— o3
providing the necessary values of A, B, and C are found. Also
x? x?
@rDh@ D @+ D@ -)@E +z + 1)
A B Cz +D
w+1+m——1+w‘3+w+1
Care must be taken that the numerator of any partial fraction
shall always be of one degree less than that of its denominator.
4. Our work in partial fractions can be divided up into four
different cases.

can be written as

Case I. When the denominator of the fraction is the product
of a certain number of different linear factors.

8z + 2 A + B n C
(x —2)(x +8j(2x —5) -2 x+8 2 -5
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(@ + 8)(2x — 5) + B(z — 2)(2z — 5) + C(z — 2)(v + 3)
=8x + 2 for all values of a,

2 —BA -8 A= 3
5
_3 + 55B -7 Ba=_Z
- T 755

11 19 38

7 © =5 C-=q
8 7 38 ¢

The partial fractions are

ow —2) 55w +3) | Tige =35)
In this type o example, and in the other types when possible,
it is much better to choose the values ot « so that they make the
factors disappear in turn.

Case II. When the denominator of the fraction consists of
one factor ggised 4o an integral powecr.

b SO

) — 22 + 8
Takingy ——l’—i;—— as an example,
\5‘17 — 2)
1
put a =3z —2, thenw = g(a -+ 2)

4 2
Then 4:52-—2m+3 =§(a+2)2—§(a+2) + 3

4, 10 31
B AR )
4a* + 10a¢ + 31 9
9a?
10 31
9a T 92 " a8
Replacing a by 3z — 2, we get as the partial fractions
4 10 31
96z —2) 9@z — 2 T 0@z — 2)°
This result shows us how the partial fractions should be
arranged when a certain factor in the denominator of a fraction
is raised to a power.

The fraction becomes

This may be written as

3
For @FFD g:c —E must be written as
A B C D

z +1 tar—2 +(3w — 2)2 +(3w — 2)3
Case I1I1I. When the denominator of the fraction is the pro-
duct of a certain number of linear factors, but one of these factors
is raised to a power.
4z + 8 A + B + C
@ —2%2 +1) 2-2  (@-2Y 2z+1
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Then A(z —2)(2z+1) + B(22 + 1) + C(z — 2)? = 42 +3 for
values of 2,

when o= 2 5B =11 B=15—1
1 25 4
whenw=—§ -Z-C—— 1 C=§§
. 2
when 2z = 0 —2A + B 4 4C = 3 A= — o=
4
2 11 4

The partial fractions are — 3 =) +3 @ — o) + 5% T 1)

Case 1V. When tlLe denominator of the fraction contains a
quadratic factor which cannot be resolved into linear factors.

x: z* A Bz +C
B -1 @—-1D@2+z+1) &-—-1 a°>+a 1
Then A(z? -} # 4- 1) + (Bz + C)(@ — 1) = a2 for all values of @,

when z =1 8A =1 A-.-:%

when ¢ =0 A-C =0 C:%

when 2 = 2 7A + 2B + C = 4 B=E;2'
22 -- 1

The partial fractions arc 5@ — 1) +3 CETES)

5. If the numcrator is of higher degree than the denominator,
then the denominator must be divided into the numecrator, and
the fraction whose numerator is the remainder must be split up
into partial fractions.

o at
Thus by division F—g =%t

z® — 8
8z 8z A Bz + C
Then 3 —8 (@ —2)@+22 +4) z-—2 +w2+2w + 4
A@?® + 2z + 4) + (Bz + C)(z — 2) = 8z for all valuesof z,

o100 ool >

when 2 = 2 12A =16

when 2 =0 4A - 2C = 0

@ a >
I

when 2 =1 7A — B - C = 8

a4 -4 4 + 8 — 4z
B —8 8z —2) 8%+ 2z + 4)

I
|
ool
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In general the best method of dealing with the work on partial
fractions is to begin by selecting values of 2 which will make
particular factors disappear; this can be done for all linear
factors: then, if necessary, make ax zero and use the results
already found. After this, if the solution to the question is still
incomplete, a further stcp must be taken, and this is best done
by 'equating coefficients of like powers of .

Sometimes we have to deal with an example which can only be
done by equating coefficients of like powers of 2 and solving the
resulting simultaneous equations for the quantities A, B, C, &c.

2

. Taking m%z?'i as an example of this type,

a2 _ a?
2+t +1 (2 e+ 1)@ —x 4 1)
Az + B Cx +D
Ttz +1 2 —z +1
Then (Az + B)(2? — 2 + 1) + (Cz + D)(2* + @ 4 1) =a? for all
values of .

Equating coefficients of #® A+C=0 . . . (1)
Equating coefficientsof 22 —A+B+C+D=1 . . . (2)
Equating coefficients of A-B+C+D=0 . . . (3)
When 2 =0 B+D=0 . . . (4)
Adding (1) and (4) A+B+C+D=0 . . . (5)
1
Subtracting (2) from (5) 2A=-1 A= -3
from (1) C= —A=%
Subtracting (8) from (5) 2B =0 B=0
from (4) D=-B=0
The partial fractions are =~ — ST o T + T

6. The Binomial Theorem.
If (x + a)* =am + Aax®~1 + Ba%z"-2 + Cal2"-3 + . . .

wherc A, B, C . . . are independent of # and a,
Then (z + @)*+! = 2t + aaz™ + Ba?r™! + ya®z"—2 + . ..
where «, B, vy . . . are independent of #z and a. -

For (z+ d)*tl = (z+ a)(z+ a)”
= (x + a)(@® + Aaz"1 + Ba’x"-2 + Calz" 3+ .. .)
= 2"+ + Aaz® + Ba?xr-1 4 Calzn—2 . . .
+ ax™ + Aa?xn—1 4 Badzn2+ . ..
=zt 4 (A + 1)az” + (B + A)a%z"-!
+ (C+ B)adzm—2+ . ..
= " + aazx® + Patrnl+ yalzri 4+ ...
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and since «, B, y . . . are derived only from A, B, C . . . they
must be independent of # and a.

Thus (¢ + a)® can be written as a series of terms containing
descending powers of # and ascending powers of a, such that in
any one term the sum of the powers of # and a is always n.

If we can find how the coefficients A, B, C . . . depend upon
n, then we can establish a general way of expanding (z + a)™.

By multiplication

A B C D E
@+a! =2 + a
(z +a)? = a*®+ 2 + a®
(z + a)® = a® + 3ax® + 3a%x + ad
(z + a)t = 2t 4ax® + Ga%? + 4ad’r + at
(@ + a)® = a5 + Saz* + 10a%® + 10a%2* + Sa'r + ab
(@ + a)® = a® + 6axb + 15a%x* + 20a%2® + 15a%? + 6aSz + a®

The coefficients in the sccond vertical column give the different
values of A for corresponding values of n, and obviously A = n.
As A depends upon the first power of n, let B depend upon the
second power of 7, and thec most general form that B can take
is b + en + dn?® where b, ¢, and d arc constants.

Let B=b+ en+ dn?

when n=2 B=1 b+2+ 4d=1 . . . (1)
when n=3 DB =38 b+38c+ 9d=3 . . . (2)
when n=4 B=6 b+4c+16d=6 . . . (8)
Subtracting (1) from (2) ct+ 5d=2 . . . (4)
Subtracting (2) from (3) e+ 7d=3 . . . (5
Subtracting (4) from (5) 2d =1 d= %
from (4) c=2-—5d c= ——%
from (1) b=1-2¢c—4d b=0
n* n nn-1)
Thus B-= R i
n n n-—1
If A= i and B = -i X )
Then B=Ax 2o

That is, to obtain B from A, multiply A by the fraction whose
numerator is ‘ one less ”’ and whose denominator is ‘ one more ”’
than that of A.

If this rule for obtaining a coefficient from the preceding
coefficient is general, then to get C from B, C would be

B x n—2 (n—1)(n—2) or n(n —1)(n —2)

g orAx 2.3 1.2.3
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As B is of the second degree in n, C will be of the third degree
in n, and its most general form will be b + ¢n + dn? + hn3, where
b, ¢, d, and I are constants.

LetC = b + cn + dn? + hn

when n =3 C=1b6+8+ 94+ 27 = 1 . . (1)
when n =4 C= 4 b+ 4¢c+16d + G4 = 4 . . (2)
when n =5 C =10 b + 5¢ + 25d + 125 -~ 10 . . (3)
when n =6 C =20 b+ 6c + 36d + 21Gh - 20 . . ()
subtracting (1) from (2) c-- 7d 4 37h - 3 . . (5)
subtracting (2) from (3) c+ 9d + 6l = 6 . . (6)
. subtracting (8) from (4) ¢ +11d + 91k =10 . . (7)
subtracting (5) from (6) 2d + 24h = 3 . . (8)
subtracting (6) from (7) 2d + 30h = 4 . . (9)
1
subtracting (8) from (9) 6h = 1 h = G
from (8) 2d = 3 — 24h d— =
from (5) ¢c =3 —~"7d — 87h c m%
from 1)b =1 — 3¢ — 9d — 27h b=0
. n® ot on
Thus C = < " 5+t3

— 22 — 3n + 2)

_nn ~1)(n - 2)
B 6
This result agrees with the anticipated result for C. Hence

(@ + a)® = am + Aaz"' + Ba?xn—? + Ca%en-3 4 Datan—4+ . . .

where A=§-l
R e
e -
D - 0 B M

The expansion can also be written as

(@ +a)"=a" +naz"~! + 7&‘}_;_1)“%,,_2 Lun-Din—2 Il,;(n =2 gagn-s . .
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PRACTICAL MATHEMATICS

1\7
Expand (2w _2_ar?> . Heren =17.

v
A-7
' 6
B—‘-‘=AX§= 7X3=21
5 5
C=Bx§——=2lx§=—35
D=Cx% = 85
E=Dx§-=35xg=2l
2 1
1“=EX-6==2]X5'=7
1 1
‘7'——‘ 7X7"-"1

|..|
<

+{(-z))

- (- 1)« men- 1)
+ 35(2w)4<~ §15>3 4 35(2w)3( —

+ 21(2m)‘-'(

+(-z)

= 12827 — 2242 + 16823 — 702 + —

" 7 1
325 12827
5 terms. Heren = — 3.

35
2

1\4
=)

5) (- 5)
oz +7(¢11) 2—m-

21
T 828
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Then (1 — 22)73 = {1+4+(—22)}73
=1+ (—3) (—22) + 6(—22)% + (—10) (—2x)3
+15(—2x)4+ . . .
=14 6x + 2422 4 803 +2400% + . . .

) 3
Expand (1 — @)75 to five terms. Here n = -3

R
A- - _g
B=Ax;23'= _gx _4_ _E% ‘
—13 ~
C =B «x 3"' = ;_%; _:il_g_z _i%
.
Then (1 — m)':":' — {1 4-(—2) }”

oot (=) (- g ) (e

I?%i —a)t ...

o F’}@Jrl‘zw2 I T
- 550t T ettt -

7. Approximations.

(@ +a)* ~a" +naw"*1+——( 2 Jaram—2 -—————————n(n_é)(n_ma%”‘“-}- Ces
n—1 — -
becomes (1 +a)" =1 +na + nn )a‘~’ +ng_1£__l)_(_n__21a3 4+ ...

12 3
when # = 1. —'

If @ is small compared with 1 and the value of n is kept rcason-
ably small, between the limits + 2 and — 2, the terms of the
expansion for (1 + a)® rapidly become smaller and smaller.
By taking the first two terms of this expansion, we obtain a first
approximation for (1 + a)™.

The first approximations are :

1+a" =1+ na
l—-a" =1-—na
1 +a)™=1-—mna
1—-a™=1-+na

If a better result is required, the first three terms of the
expansion must be taken, and this gives rise to the second
approximations.
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The second approximations are :
1 +a) =1+na+ %n(n — 1)a?
1l-a* =1 —na-i-%n(n—])a‘*
1
1 +a)™=1-mna+ -2-n(n + 1)a®
: 1
1—-a"=1-+4na + én(n + 1)a?®

To find the first and second approximations of ¥/130.

/130 = (125 + 5)% = 5<1 + 2—}3)§

1 1
Since n—g A=.l.—_-§
S | 1 1
— —-'1:— — DI e wae
B=Axg=3x—3 9
—_— 11 1/1¥%
Then 130 — { —.—.__—.(—) .. .]
v/130 51+325 5-\55 )i

The first approximation is 5(1 + -,71-5) = 50667 given to four

places of decimals. .
The term to be subtracted from the first approximation to give

. . . J
the second approximation is -

5 1 .
5 % 953~ 00009 given to four

places of decimals.
The second approximation is 5'0658.
Also 5'066 is the result correct to four significant figures.

To find the first and second approximations of /1000.

6 p 1 1
2/T000 = (1024 — 24)5 — 4(1 - %)5

: 1 11
Since n---5- A= ol

1
-4 2 1 2
5 I ow ITT s s
B=—5 xA =—zxg 25
517600 — 4/ _1.52__1<_3_)2
Then 3/1000 41 - 255~ 55 (7 }

The first approximation is 4(1 - E%)) = 8'98125 given to five
places of decimals,
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The term to be subtracted from the first approximation to give
8 \2
the second approximation is 585 x (Ig-s-) = 0:00018 given to five
places of decimals.
The second approximation is 8-98107.

Also 3:981 is the result correct to four significant figures.

8. Applications of the approximate use of Binomial Theorem.

(1) To find the position of the crosshead corresponding to a
given angular position of the crank.

Let OA, Fig. 1, represent the crank, of length 7, rotating about
the fixed centre O, and let AB represent the connecting rod, of
length 1.

In the extreme position C of the crosshead, the crank and

Fic. 1.

connecting rod are in the same straight linc and the distance
OC =1 +r.

Let 0 rcpresent the angular position of the crank and « the
distance of the crosshead from C.

Then @ + lcos B + rcos 0 = I + r where  is the angle the
connecting rod makes with the line of centres.

Also Isinp =rsin0
but cos B = 4/1 — sin® §

2 1
= (1 - %sinz 0)2
= 1 —g-l; sin? O approximately,
2
since;—2 sin2 0 is small compared with 1.
Then 2 =7 —rcos0 +1—1cosf

0 "2-29
= 7(1 — cos )+§-lsm

=r(l — cos 0) + 5(1 — cos 20)
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If the crank is making n revolutions per second, the angle
turned through per second is 27n radians, and if 6 is the angle
turned through in ¢ seconds

Then 0 = 2mnt radians

2
and 2 =r(l — cos 2mnt) + %(1 — cos 4grnt)
(2) The effect of heat on the pendulum. _
The time of swing of a pendulum is given by 'n-,\/g where

l is the length of the pendulum in feet.
Let I, be the length of a pendulum making n, beats per second
at a temperature of T,° C.

Then ¢ =7r\/él,:11 and ngt, =1

Let 1, be the length of the same pendulum at a temperature of
T,° C. and at this temperature it makes n, beats per second.

Then ly = W\/;—z and ngt, =1

but I, =1,{1 + «(Ty — T;)} where a is the coefficient of ex-
pansion of the pendulum rod.

Now h_ 1
s V1 + oa(Ty—T,)
~1
and -—={1 + a(Ty — Ty} 2
Then Z—— 1 - oé(T — T;) to the first approximation and
1

2
?-2— =1 — -(T - T, + %(Tz — T,)® to the second approxi-
1
mation, since «(T, — T,) is small compared with 1.
Working to the first approximation

_Ty—1_ "2 _T— N
2(T T) -1 n1 n,

Then n;, — n, = %nloc(T2 — T,) giving the loss of the pendulum

per second due to the temperature increasing from T,° to T,°.
If the range of temperature is great, it might be necessary to
take the second approximation.
3o ng, M —n
— - 2 =] — 21 2
Then (T T, - 5 (Tyg — T, 1 . =
a2

and n, nz-'nl{ (T, T)...__ _Tl)z}

- gma(T,-Ty {1 -2, -1}
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If the pendulum actually beats seconds at the lower tempera-
ture, then we can put n; = 1 in the relation which gives the loss
per second.

9. The Euxponential and Logarithinic Series.
Putting a 27}1: in the expansion

n(n _])a‘3 n(n —1)(n—2)

‘ (1 +a)" =1+na + B B a®

we get

<1+ ) < >+1z(n 1( )2 +n(n |123()@ 2)(71) N
=141 +(1 —’%) <1_515)<1*12'£)+

[z * B

Making = infinitely great, all of the fractions having n for their
denominators become infinitely small and can therefore be
ncglected. Thus in the limit the right hand side becomes

Loty Lol 1
|2 + |3 + IE— + « o e
a quantity having a definite value, calling this quantity e
1 1
then e =1+1 4 + ...
12 NEY

By evaluating the series the value of e can be found correct to
as many significant figures as required.

To find e correct to six significant figures.

1-000000
2/1-000000
3| -500000
4{ -166667
5| -041667
6 -008333
7
8
9

-001389
-000198
-000025
-000003

|2-718282

—

¢ = 2.71828 correct to six significant figures.

| @
Now (l + 1-1;') " {(1 +q-1;>n} =¢* when 7 is made infinitely
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great, but (1 + 7-1?:)"“ can be expanded by means of the Binomial

Theorem.

(l +;L)M=1+’nw(7l‘;'> nm(m:-1 <1> rw(nw-'l?z(nw——m ’;1;>3:{_

ey )
|2

. Making n infinitely great, we get
=1+t st+tzt+t ...
I2 &}

=14+ x

By giving « different values we can use this series to calculate
the corresponding values of ¢*. Thus when @ = -21-

ot 1+1+ LA S
- 22[2 " B3 T
2/1-000000
4/ -500000
6| 125000
8| 020833
10| -002604
12| -000260
14{ -000022
-000002

[1.648721

1
Then e? = 1.64872 correct to six significant figures.

If e% = 1.64872, then log, 1-64872 = %, and therefore we can

use the series for ¢* as a means of calculating numbers if we are
given their logarithms to the base e. We can thus consider “ e ”’
to be the base of a system of logarithms, and such a logarithm is

called the Napierian or hyperbolic logarithm.
To change the base of a system of logarithms we may put z = cy

Then e =ev=a
where e = a or ¢ = log.a
2y2 3
eV =1+cy + —= |2 |3

and a’ =1 + yloga + W (log,a)? + % (loga)3+ . . .
Replacing a by 1 + 2 - -
2
(L+2)?=1+y log,(1+2) + -3{—2—{Iog,(1 +2¥+ ... (@)
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But (1 +2)? can be expanded by means of the Binomial
Theorem.

Yy -1 Y =DH =2 5, (g

AV 22
(1 ++%) 14y + —E—'— + '3
Equating coefficients of y in (1) and (2)
log.(14+23)=3—=+—=—— ... (8)

This series can be conveniently used for values of z less than 1,
and it can therefore be employed as a means of calculating the

logarithms of numbers betwcen 1 and 2. .
Replacing 2z by — 2 we have
10g6(1—2)=—3—'—2—-§——i‘-~... (4)

a series which can be used for the calculation of the logarithms
of numbers 0 and 1.
Subtracting (4) from (3) gives

log,(1 + %) — log,(1— )orlog,,——-L2'z+-+_+, ..
1— (S

1+~ n+41

putting T~ o =i the series becomes
n+1 ‘){ 1 1 1 }
loge— = =N it @i T sEm I T

a series in which the terms rapidly become smaller and smaller
as » is made larger, and it can be used for the calculation of the
logarithms of numbers greater than 2.

For log,(n + 1) — log.n = 2\211.:- 7+ 3(2n1+ g + .. }
when n =1 log,2 = 2{1—{- ! A+ == 1 + . }
¢ 3" 3.3%" 5.58
= 0.6931
when n=2 log3 —log2 = 2{; + 3153+ 5.155 .. }
= 0-4055
Then log,3 = 1.0986
Now log,4 = 2 log,2 = 1-3862
1 1
when n=4 logb —log4 = 2{9 395505 * - }
= 0.2231

Then log.,5 = 1.6093
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10. In working with logarithms to the base 10, and logarithms
to the base e, many students find difficulty in changing from one
system to the other.

Let y be the common logarithm and « the Napierian logarithm
of a certain number N.

Then logyN =y and N = 10¥
Also log N =2 andN =¢*
Hence 10v = ¢

Taking common logarithms of both sides
y = xlog,e = 04343z

Nap. log

Thus common log = 0-4343 Nap. log or 33026

common log

and Nap.log = 52515

or 2:3026 common log.

ExampPLEs 1

(1) Working correct to four significant figures, find the
factors of
(@) a® - 394w — 562
() a®— 5722+ 477
() a%*— 8'92x — 4-86

Find the partial fractions of

3z + 5 a3 — 2
® e=9er ® w—
r— 8 b — 6
(4) (2z + 8)(3z — 2) (5)1 Gz — 3)(8 — @)
6 a2 — 8r+ 1 " 522+ T4 1
(6) (= 1)(z+ 2)(x — 3) ( le—l— 1)(8z — 2)(Bz + 1)
»w—-z+1 ' x%— 2
® Foetry ©) 78— 2a)(@ + 8)(6— 82)
52% + 8z — 12 Sx3 — 17
10 S Ta O G
722 + 9z + 1 J 55— 8z +1

2 g “3’/W
9 (15) ﬁ”cj—s
/ 2+ 1 x?

(16 =13 ) FraETD
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322 - 22+ 1 8+ 3

18

(18) (z — 8)%(x + 1) (19) (x—2)%(x+ 1)%
a2 Sr+1

2 Al ———————

(20) i+ a2+ 1 (21) 22 + 3-94x — 562
2x — 572 1

22 23

(22) % — 572 + 477 (23) (@ +8)(x* —3-52 +4-94)

(24) Using the Bmomlal Theorcm, ﬁnd the first five ferms 1n

the xpanslons for (a / (b)‘/(l_ 2)=5, (c)(1+ ¢ a,)z‘
(@ <1+w r/ow ()

(25) /Give to five place thc ﬁrst and secon approxlg ions
of (a)VV'138, (bY V627, (c)IV/ 734, (d) \/500 (e//V/ 4000, (f) ¥/ 630.
(26) Using the Binomial Theorem, find the first five terms in
the expansion for (1 — )= Use your result to calculate the

value of correct to four places of decimals.

V095
(27) If 1 is the length of connecting rod, r the length of
crank, and @ is the distance of the crosshcad from the extreme

dead point ; then approximately & = r(1 — cos 0) + ﬂ ( 1— cos 20)

where 0 is the angular position of the crank. Tdkmg r= 1 and
l = 5, calculate the approximate value of # when 0 = What
is the true value, and what is the percentage error ?

Taking r=1, 1 =3, and 0 = 45°, calculate the approximate
and true values of # and find the percentage error.

(28) If a pendulum beats seconds at 15° C. and the rod is
brass, find the number of seconds lost per day when the tem-
perature increases to 85° C., and find the number of seconds
gained per day when the temperaturc falls to 0° C. Linear
co?ﬁﬂcxent of expansion of brass = 1'9 x 1073,

x> a;“

(29) Using the series log,(1 + ) = @ -5 t5 calculate

log,1-2 correct to four places of decimals.
22

(30) Using the series ¢* =1+ @+ 4 |2 +-—E—+ .. ., find the

values of Ve, e%, and —!—: corréct to five significant figures.
e
(81) Using the series
log,(n+1) — lo n—-l-{ 1 1 }
Bl 8= N\em+1  BEnsIp T

calculate correct to five places of decimals log,2, log,3, log,4, and
log,5.

rn
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(32) Find the Napierian logarithms of 1-492, 0-01964, and

826-1.
(83) Find the numbers whose Napierian logarithms are 0-1624,

2:9214, and —2-0732.

(34) If ¢= logcé% where T = 278 + ¢, find ¢ when ¢ has the
values 50, 100, 150, 200, 250, and 300.

(35) If 1=311 x 10~ log,:&l-and w = 800, [ = 0-04. Find 7,
when 7, has the values 0-0115, 0-0120, 0-0125, and 0-0130.



CHAPTER 1I

11. The Solution of Triangles. It is possible to perform the
solution of triangles without the aid of formule, and the work
can casily be donc from first principles; a knowledge of the
definitions of the trigonometrical ratios and of the properties
of the right-angled triangle is all that is nccessary. The method
affords an excellent example of the application of the trigono-
metrical ratios to practical work.

We have three cases to consider, viz. :

Case I. 'When the three sides arc given.

Case II. When two sides and one angle are given.

Case III. When one side and two angles arc given.

Case I. Here it is best to take the longest side as the base
and find the angles at the base, for since the base is the longest
side the angles at the basec must be acute. Let the three sides
be 18, 14, and 9.

Let h be the length of the perpendicular drawn from the vertex
to the base, and let # and (18 — #) bc the segments into which
the foot of the perpendicular divides the basc.

v C
'// .. \\

d AN
A T B
e e e [ 5 Sy
S '8 [N o
116G, 2.
‘Then h? = 142 — g2
and h? = 9% — (18 — a)?
196 — 22 = 81 — 824 -} 36w — a2
36 = 439
x=12-19
xr 12-19
ot e 2 e— = () w’_ o] ’
Then cos A i 3 0-8709 A <29° 27
—ax 5 g
Also cos B = 18—9—1‘ =”—58—1-A= 0:6456 B = 49° 48’

C=180— (A + B) C = 100° 45’
19
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Case I1. ‘This case gives rise to three distinct examples accord-
ing to the position the given angle occupies with respect to the
two given sides. This angle may be :

(a) Contained by the two sides.
(b) Opposite the smaller side.
. (¢) Opposite the larger side.

(a) Let the two sides be 81 and 22 and the included angle 62°.
Take the longest side as the base.

/

A ; ‘B
i - TR Al
;..‘.__,..____-b,__. ......... -o—:

Fia. 3.

h . °

— = = 0'8829

79 sin 62

h = 0-8829 x 22 = 19-42

2% ~ cos 62° = 0-4695
x = 04695 x 22 = 10-33

CB = Vh? 4 (31 — a)?

= 1/19°42% + 20-672 = 28-36

h 19-42 o <er
Also tan B = 51— 5067 — 0-9393 B =43°12
C=180——(A+B) C = 74° 48’

(b) Let the two sides be 9 and 8, and the angle opposite to.the
smaller side be 56°.
To draw the triangle, let AD be a line of indefinite length,

make AB=9 nd B{A\D——- 56°. With B as centre and radius
equal to 8 drav. an arc of a circle cutting AD in the points C,
and C. The triangles ABC and ABC,; satisfy the given
conditions.

Since the triangle BCC, is isosceles, the perpendicular BE
bisects the base.
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Let C,E = CE = y, and AE = 2.
g = sin 56° = 0-8290
h = 0-8290 x 9 = 7-461

= cos 56° = 0-5592

© 8

z = 05592 x 9 = 5033

Y= V8 2 — V8 7-1612
= V1546 x 0-539 = 2-887

: h 7461 .
51n0—§—— 3 = 09326
0 = 68° 51’

For the triangle ABC AC=z+ y="7920
C=0-68°51
B=180°—- (A+ C) =55°9
For the triangle ABC, AC, =2 —y = 2146
C, = 180°— 0 =111°9
B = 180° — (A + C,) =~ 12° 51’
It must be noticed that the nature of the triangle drawn to
fulfil these conditions depends upon the relation which the smaller
side bears to the height of the triangle. For if BC > h the arc
of the circle cuts the line AD in two points, thus giving rise to
two triangles.

If BC.= h the arc touches the line AD, and a right-angled
triangle results.
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If BC< & the arc does not cut the line at all, and it is im-
possible to draw the triangle.

Working the question in the above manner enables us to decide
upon the particular form the question takes, for as we begin by
finding the value of A, it is a simple matter to compare that value
with the length of the smaller side.

(c) Let the two sides be 17 and 20 and the angle opposite to
the larger side be 38°. ~

Make AB = 17 and BAD = 38°. With B as centre and radius
equal to 20 draw an arc of a circle cutting AD in the points C,

Fia. 5.

The triangle BAC, does not satisfy the given conditions, since
the angle BAC, is the supplement of 38°.

h . o

— == O'Gln 7

7 sin 38 53
h=06157 x 17 = 10:47
&

— == c0s 88° = 0-7880

7 cos 38 78

x = 07880 x 17 = 13-40
y = V202 - I* = V202 — 10:47*
= 43047 x 953 = 17-04
h  10-47
-2'—(-) == ——2—0— = 0‘5235
C = 31° 34’
B = 180° — (A 4 C) = 110° 26’
AC = @+ y = 30-44

Case III. Let the base be 17 and the angles at the base 84°
and 61°.

sin C =

Then :—: = tan 84° = 0-6745
h = 0:6745x
h o
= = '8
= tan 61 1-804,
h = 30:67 — 1-:804x
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Then 0-67452 = 80-67 — 1:804x
2:4792 = 30-67

z = 12-37
7&% — cos 34° = 0-8290
AB - 61%—'239% - 1492
}-7]% = c0s 61° = 0-4848
- oﬁ,gis = 9550
B

/

| ! )
34 L er
Af ale
E._q. . e e x e ——— - —— - ;.—-—.(‘7_1:—-.§
bt — — e — . — |7 —————— e
Fic. 6.

12. Angles greater than 90°. In order to find the trigono-
metrical ratios of a given acute angle, we make that angle the
base angle of a right-angled triangle ; but when we have to deal
with an angle greater than 90°, we cannot treat it in the same
way, since the base angle of a right-angled triangle must be acute.

If we look upon an angle as being measured by the amount of
rotation of a line with reference to a fixed line, then we can con-
sider one arm of an angle to occupy a fixed position, while the
other arm can be taken as a movable arm rotating with reference
to the fixed arm. If we take a point on the movable arm and
from that point draw a perpendicular to the fixed arm, we shall
obtain a right-angled triangle which in some way will enable us
to determine the trigonometrical ratios of the angle between the
two arms. ’

For angles between 0° and 860° there are four cases to be
considered, depending upon the position of the moving arm.

Case I. When the angle lies between 0° and 90°.

Case II. When the angle lies between 90° and 180°.
Case ITI. When the angle lies between 180° and 270°.
Case IV. When the angle lies between 270° and 360°.
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Let P (Fig. 7) be a point taken on the moving arm such that
OP is the same length in each case. From P draw a perpendicular
to the fixed arm. In Cases II and III this perpendicular meets
the fixed arm produced. The triangle OPR will give us the
trigonometrical ratios of the angle in each case.

If in each case the angle POR is made equal to «, then the

!
|
| P
L. .
A | ;
L l/;( L
R

R ‘bi' O
i i
| i
: |
! i
|
i %
CASE.2. CASE |,
CASE.3 CASE 4.
i
|
I
— .—| ~
Y N o ( N
\ / \
_Jo 1\ _ _..,ﬁ_ o
\

|
LA —

v
Vs
/
-—t.- — a—— —
\
Qs
QAR |

7

!
|
!
|
-
|
!
|
|
!
!
I
{

——— o —

Fic. 7.

right-angled triangle OPR is equal in all respects, for four distinct
positions of the moving arm OP. Thus the angles «, 180° — q«,
180° + «, and 860° — « have the common property that their
trigonometrical ratios are all derived from the same right-angled
triangle, and therefore the sines of these angles will all be numeri-
cally equal. This also holds for the other trigonometrical ratios.
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If we take oo = 50°, then sin o = 07660 ; but the sines of the
angles 130°, 280°, and 310° will all have this same numecrical value.

It must be noticed, however, that in each case the position
of the right-angled triangle is different, and therefore we have
to make allowance for that difference in position.

If we takc a reference circle and draw two diameters inclined
at an angle a to the horizontal diameter, then we can show the
triangle POR .placed in its different positions with reference to
the circle; obviously there is one triangle in each quadrant.
Let the radius of the circle always be positive. Taking the

270'
Fic. 8.

centre of the circle as origin and using the rule for positive and
negative quantities, as is usual in ordinary cases of plotting, then :

Horizontal lines drawn to right of perpendicular diameter are +.
Horizontal lines drawn to left of perpendicular diameter are —.
Perpendiculars drawn above the horizontal diameter are +.
Perpendiculars drawn below the horizontal diameter are —.

We can now assign to the perpendicular and base of the right-
angled triangle POR the algebraic sign according to the position
with respect to the horizontal and vertical diameters.

Tabulating the results : :
180°— o 180°+ o 3860° — «

o
Hypotenuse OP + + + +
Perpendicular PR+ + - -
Base OR + - - +
Sine + + - -
Cosine + - - +
Tangent + - + —_
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If an angleis such that the movable arm takes up a position in
a certain quadrant, then the trigonometrical ratios of that angle
must be given the algebraical signs peculiar to that quadrant.

To find sin 128° 827, cos 209° 19/, and tan 3824° 48’.

(@) 123° 32’ is an angle in the second quadrant.
Then sin 128° 32" is +
But 123° 82" = 180° — «
o= 56° 28
Hence sin 123° 32" = + sin 5G° 28" = + 0-8335
(b) 209° 19’ is an angle in the third quadrant.
Then cos 209° 19’ is —
But 209° 19’ = 180° + «
o= 29°19
Hence cos 209° 19" = — cos 29° 19" = — 0-8720
(¢) 324° 43" is an angle in the fourth quadrant.
Then tan 824° 48" is —
But 324° 43’ = 360° — «
o= 35°17
Hence tan 824° 43’ = — tan 85° 17" = — 0-7072

13. Angles greater than 860°. The rotation of the moving arm
with reference to the fixed arm is not limited to one complete
revolution : each revolution increases the magnitude of the angle
by 360°: but for a certain angle the moving arm is sure to take
up a position in one of the four quadrants. Thus an angle greater
than 360° can be taken to bec made up of two parts: an exact
multiple of 360°, and an angle between 0° and 360°; and it is
the second part which must be used in order to determine the
trigonometrical ratios.

To find cos 829°.

829° = 2 x 360° + 109°
Then cos 829° = cos 109°
But 109° is in the second quadrant
Then cos 109° is —
But 109° = 180° —
o="T1°
Then cos 829° = cos 109° = — cos 71° = — 0-3256-

14. Negative Angles. Up to now we have taken the moving
arm as rotating in anti-clockwise direction, but that arm can
also rotate in the opposite direction—that is, in clockwise direc-
tion. In order to distinguish between these two directions we
take an angle measured in clockwise direction as negative. Now
an angle of (— «) represents an angle « measured in clockwise
direction, and the moving arm takes up a certain position in one
of the four quadrants; but that same position could be obtained



EXAMPLES 1.

(10) Write down the values of sin 101° 2¢
278° 43’, sin 386° 22’,-.cos 557° 53, tan 785° 39’, .
cos (— 86° 19%), and tan ( — 394° 49').

2
(11) If z = (1 — cos 6)+%(1—- cos 20) and r=1, I = ..

culate the values of # when 0 has the values 0, 30°, 60°, 9.
120°, 150°, and 180°.
(12) If y = ¢2*"% and a = 2, calculate the values of y when 0

has the values 2> =» 2, 0, — =» — = — '_7_21— Plot y and 0 on squared

T

2 36 6 3

paper, and use your graph to solve the equation e? ®i"¢ = 2,
Verify your result by calculation.

(13) Put 9 sin 0-+ 13 cos 0 in the form A sin (0 + «), giving
the values of A and «. TFrom the result find the value of 0 which
causes the expression to vanish.

(14) Put 21 cos 0 — 16 sin 0 in the form A cos (0 -+ &), giving
the values of A and «. From the result find the greatest and least
values of the expression and the values of 0 producing them.

Solve the equations :

(15) 83sin 0+ 7 cos O = 17-5.

(16) 8 sin 0 4- 12 cos 0 = — 14-1.
(17) 13 cos 0 — 8 sin 0 = 15.
(18) 11 cos 0 — 15 sin O = — 18.

(19) 85 cos 0 — 12 sin () = — 37.
(20) 5 sin 0+ 12 cos 0 = 13.
(21) 8 sin 0+ 11 cos 0 = 0.

(22) If tan A = -21-, without using the tables find the trigono-
metrical ratios of the angles %; 2A, and 8A.

(23) If = tan -(22: show that a sin 0+ b cos 0 = ¢ can be put

in the form 2ax + b(1 — %) = ¢(1 + 2?), and hence solve the equa-
tion 9 sin 0 + 13 cos 0 = 15.

(24) From a circular disc of metal 8” radius, a sector whose
angle is 54° is cut away, and the remainder is formed into a conical
vessel. Find the volume of that vessel.

Solve the equations, keeping r always positive :

(25) r cos 0 =6, rsin 0 =11,

(26) r cos 0 = — 5, r sin 0 = 18.

(27) r cos O = — 10, rsin 0 = — 15,

(28) rcos 0=12,rsin 6= —17,
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22. The Complex Quantity. The quantity 4/ =9 can be taken
as v/9 x — 1, which reduces to 8¢/ — 1. Treating v — 8 in the
same way, it becomes 2-828V — 1, the number being correct to
four significant figures. Thus the square root of any negative
quantity can be reduced to the form bV — 1 or bi where b is a
real number which can be exact, or given correct to as many
significant figures as desired. The result of multiplying a real
quantity by ¢ or v/ — 1 is to make the product imaginary.

Many quadratic equations are spoken of as having imaginary
roots, but it is only in a few special cases for which the roots
are wholly imaginary.

Taking the quadratic equation 2% — 162 + 100 = 0

Then a® — 162+ 64 = — 100+ 64 = — 36
r—8= 1 6%
and 2=8-+4 6ior 8— 6¢

We can thus have quantltles consisting of two distinct parts,
a real part and an imaginary part. Such quantities are spoken
of as being complex.

A complex quantity can be expressed generally in the form
a + bi, where a and b are numbers which can be exact or given
correct to so many significant figures.

23. Two complex quantitigs can only be equal providing the
real parts are ecqual and the imaginary parts are equal.

Thusifa+ bi = ¢+ di, then @ =¢ and b = d.

For, if not, suppose a>¢, then a = ¢ + «, where @ is the differ-
ence between two real quantities and must therefore be real.

Thenc+ a2+ bi=c+ di
z=di—bi

This makes # imaginary, because it is equal to the difference
of two imaginary quantities, but  must be real, therefore @ cannot
be greater -than ¢. In the same way it can be shown that a
cannot be less than ¢. Hence @ must be equal to .

If a = ¢, then b must be equal to d.

24. The Powers of i. Positive Powers :

% = 1| P=1 xt=1 = 1|1 =4 x¥=19 = {
i = —1|B=Pxi=3= —1|0=2xB== —1
=i x2= — 3|7 =Bxt=P8= — | M=@ExB=gP= —1
=(@®)? = 1|#f=#x@=9= 1|=@#xP=3= 1

LYs)
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Thus the first four powers of 7 give 4, — 4,
next four powers give the same quantities in th.
also will the next four powers. It follows, then, tha.
integral power of ¢ will give + 1 when the power is evew
when the power is odd.

Negative Powers :

‘i-1=%.=—:?.—--:z—i=—i Bl Al g
z—2=;12=:]:-1=_1 2w idog2o _1
i-3=;},,=-:1—z.=—:%2-=z' 1= 48 x i~ — 43 _ §
i—4=z%=-:-=-—.1 I T = P

Thus the negative integral powers of ¢ will give 4 1 when the
power is even and - ¢ when the power is odd. The complex
quantity can be treated algebraically, provided the treatment is
combined with a knowledge of the values of the different powers
of .

25. Multiplication of Complex Quantities. They can be multi-
plied algebraically and the value of ¢® put, where it occurs, in the
result.

Thus (5 — 8¢)(2 + 5¢) = 10 + 97 — 40¢?
=50+ 92 since 42 = — 1
Also (5 — 8:)(2 -+ 57)(2 — 3¢) = (50 + 91)(2 — 31)
= 100 — 132¢ — 2742
= 127 — 132¢

When two complex quantities are multiplied together, care
should be taken to reduce the product to the form a + b before
multiplying by a third complex quantity.

26. Division of Complex Quantities. If we consider the com-
plex quantities @+ b¢ and a — bi, we notice that the product is
«® — b%?, which reduces to a2+ b% and this provides us with a
means of removing the imaginary term from a complex quantity.

Hence if we wish to divide 50 + 9¢ by 5 — 87 we can represent
550_+ 832 and simplify the fraction.
By multiplying numerator and denominator of the fraction by
5 4 8i, we can make the denominator entirely real without altering
the value of the fraction.

the process by the fraction

50+ 92 54 8 250+ 4452 + 7222 b
Then - X . = . —
5—-8 54 8¢ 25 — 6442 a
178 + 4454
- 89

=2+ 51
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: 18 + 18¢
Py S G = &)
18 + 13i 18 + 13¢
2+ 3i)(5— 6i) 10+ 3i— 18
18 + 134
T 28+ 31

_ 184 13; y 28 — 8{
28+ 81 28— 3
504 + 310i — 392
B 784 — 92
543 ++ 3107
T T 793
= 0-6847 + 0-3909;

27. Extraction of the Square Root of Complex Quantities.

can be done by a purely algebraic process.
For if Va & bi = @ - yi
Then a b = a® 4 22yl + y%® = a® — y? -k 220y8
Equating the real and imaginary parts, we get
22—y:=a
23'3 = b
a pair of simultaneous equations to be solved for # and .
To find the square root of 21 — 16:.

Then V21 —16i =2 — yi
and 21 — 16¢ = a? — y?® — 2zyl
Hence x? —y* = 21\
: 2zy = 16
at — 2%y -yt — 441
4x?y® = 256

at + 22%2 + y* = 697
a2+ y? - 26-40
a® — y? =21 }
2% = 2370 x = 4-868
y:= 270 y=1-645

Then V21 — 167 = 4-868 — 1-645%

This

If, in the complex quantity of which we wish to extract the
ware root, the real part is negative, it is better to make it

sitive in the following manner :

V-—atbi=VvV —1(aF bi)=1iVa F bi

ve can extract the square root of a F b and afterwaius

'y the result by 4.
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Thus vV —21 +16i =+ — 1(21 — 167

i4/21 — 16¢

1{4-868 —1-645:} from the previo.
=4-868i — 1-6453°

=1-645 + 4-868¢

28. The Trigonometrical Form of a Complexr Quantity. Whe
we wish to raise a complex quantity to an integral or fractional
power, the work is simpler and more definite if we transform it
into its equivalent trigonometrical form.

Thus if @ + bi = r(cos 0 + 4 sin 0)

. Equating the real and imaginary parts
rcos 0=a
rsin =0
Squaring and adding  7%(cos? 0 + sin? 0) = 2 = a2 ++ b2

Dividing tan 0 = %

_— b
Hence a + b = #(cos 04 4 sin 0) if r = V> + §* and tan 6 = _-

It must be remembered that this transformation is to be done
with the direct object of raising a complex quantity to a power
or extracting the root of a complex quantity. Hence if we wished
to find the nth root of a + b7, we should have to find the nth root

1 1
of 7(cos 0 + % sin 0), or the value of 7%(cos 0+ ¢ sin 0)». Now if r
1

is negative and m is even, we cannot find the value of rm without
introducing a further imaginary quantity, but when #n is odd we

1
could extract the nth root. If r is positive, the value of 7 is real
whether n is odd or even. It is therefore advisable to perform
the above transformation with the condition that » must always
be positive, and so the value of the angle O depends not only
upon the values of @ and b, but also upon the signs of @ and b.
We will next consider the different cases depending upon the

signs of @ and b. Let A be the acute angle whose tangent is p

Case I. When a and b are positive.
ThenrsinO=>bandrcos 0 =a

The angle 6 must be such that its sine and cosine are both
positive : an angle between 0° and 90°. Thus 0 = A.
b

Therefore a + b = Va® + b2 (cos A + £ sin A) where tan A = P

Case II. When a is negative and b is positive.
Then — a+ bi = r(cos 0+ ¢ sin 0)
and rcos 0= —aand rsin =25
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. be such that its sine is positive and its cosine
1€ between 90° and 180°. Thus 0 = 180° — A.

— a+ bi = Va® + b*{cos(180° — A) + isin (180° — A)}
b

.ase III, When a and b are both negative.
Then — a — bi = r(cos 0+ ¢ sin 0)
andrcos 0= —aandrsin® = —b
The angle 0 must be such that its sine and cosine are both
negative : an angle between 180° and 270°. Thus 0 = 180° + A.
‘Therefore — a — bi = Va® + b%{cos (180° + A) + ¢sin (180° + A)}

where tan A = g.

Case IV. When a is positive and b is negative.
Then a — bi = r(cos 0 + ¢ sin 0)
and rcos 0 =aand rsin 6 = —b.
The angle 0 must be such that its sine is negative and its cosine
positive : an angle between 270° and 360°. Thus 0 == 360° —A.
Therefore a — bi = Va? + b%{cos (360° — A) + ¢ sin (860° — A)}

where tan A = %

Example 1. Express — 7 + 5¢ in the form r(cos 0 + 4 sin 0).
Then — 7+ 5¢ = r(cos 0+ ¢ sin 0)
andrcosO= —7,rsin0 =5
r =449 + 25 = V74 — 8602
Since sin 0 is + and cos 0 is —

Then 0 = 180° — A, where tan A =

= 180° — 85° 32’
= 144° 28’
and — 7 4 5¢ = 8-602(cos 144° 28’ + ¢ sin 144° 28’)
Ezxample 2. Express — 8 — 114 in the form 7(cos 0 + 7 sin 0).
Then — 8 — 11¢ = 7(cos 0+ ¢ sin 0)
andrcos 6= — 8, rsin = —11
r= 164+ 121 = V185 = 13:60

Since sin 0 is — and cos Ois —

= 0-7143

3| &

Then 0 = 180° + A, where tan A = 181 = 1-875
= 180° + 52° 59’
= 232° 59’

and — 8 — 11¢ = 13-60(cos 282° 59’ + 4 sin 232° 59")

29. Multiplication of Trigonometrical Complex Quantities. In
multiplication and division we are more concerned with the



DE MOIVRE’S THEOREM 43

behaviour of the portion (cos 0+ ¢ sin 0), for r, being a positive
number, is quite easily dealt with.
(cos A +¢ sin A)(cos B +¢ sin B) =cos A - cos B +42 sin A - sin B
+4(sinA - cosB +cos A - sin B)
= (cos A - cos B —sin A - sin B)
+4(sinA - cos B +cosA - sin B)
=cos (A + B) + ¢ sin (A + B)
Thus the product of two trigonometrical complex quantities
gives a trigonometrical complex quantity, the angle of which is
1e sum of the two angles in the factors. This can be extended
to the product of any number of factors.
For (cos A + i sin A)(cos B + 7 sin B)(cos C + % sin C)
= {cos (A + B) + i sin (A + B)}(cos C + ¢ sin C)
=cos (A+ B+ C)+¢sin (A+ B + C)
and in general (cos A + ¢ sin A)(cos B+- ¢sin B) . . . n factors
=cos (A+ B+ . .. nangles) + isin (A + B+ ... angles).
Division can be performed by representing the process by a
fraction and then simplifying that fraction.
To divide (cos A - ¢ sin A) by (cos B + 4 sin B) we must simplify

. _cos A+ {dsin A . o
the fraction s Brisn B and this can be done by multiplying

numerator and denominator by cos B — 7 sin B.
ThchOSA ésinA cosA isinA y cos B—isin B
cosB4-¢sinB cosB+é¢sinB " cos B—¢sin B

cos A+ cos B—4%sin A -sin B+ ¢{sin A - cos B — cos A - sin B}
- cos®* B —#?sin* B

(cos A - cos B + sin A - sin B) + 4(sin A - cos B — cos A - sin B)
- cos? B + sin* B
= cos (A — B) + ¢ sin (A — B)

Thus division or the simplification of a fraction gives a trigono-
metrical complex quantity whose angle is the angle in the numerator
diminished by the angle in the denominator. Thus, in general,
if we have a fraction whose numerator is the product of factors
of the form (cos A+ ¢ sin A), and whose denominator is the
product of factors of the form (cos a + ¢ sin &), the fraction reduces
down to (cos 0+ ¢ sin 0), where 0 is the sum of the angles in the
numerator diminished by the sum of the angles in the denominator.
(cos A + % sin A)(cos B+ ¢sin B) . . . n factors
(cos a+ ¢sin a)(cos B+ ¢ sin B) . . . m factors

cos(A+ B+ ... nangles)+¢sin (A+ B+ ... nangles)
cos (¢ +f + .. .mangles)+ésin (¢ + B+ . . .m angles)
=cos{(A+ B ... nangles)— (a+ B ... m angles)}
+isin{(A+ B ... nangles)— («+ 3 ... mangles)}
=cos 0+ ¢sin 0
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(cos 20° + % sin 20°)(cos 110° + 4 sin 110°)
(cos 80° + ¢ sin 80°)(cos 50° -+ ¢ sin 50°)
cos 180° + ¢ sin 180°
cos 80° + ¢ sin 80°

Ezample. Simplify

This becomes

and finally cos 50° + ¢ sin 50°
80. The Powers of (cos 0 +1 sin 0). It has already been shown that
(cos A + ¢ sin A)(cos B+ ¢sin B) . . . n factors
=cos (A+ B+ . .. nangles) + ¢ sin (A + B+ ...nangles)
If A=B= ... 0, making all of the angles equal

Then (cos 0 + 7 sin 0)" = cos n0 + 7 sin 2.0
“To raise a trigonometrical complex quantity to a power, multiply
the angle by the power, and the product will give the angle of

the resulting complex quantity.
So far this rule only applies when the power is a positive integer.
(a) If nis negative and this rule holds
Then (cos 0 4 % sin 0)=* = cos (— n0) + ¢ sin (— n0) -
= cos 1 — 1 sin n0 '
and this can be proved
for (cos 0 + 4 sin )" !

~ (cos 0+ i sin O)*
1

~ cos 10 + ¢ sin nO
_ 1 cos n0 — ¢ sin nO
= Cos 10 + i sin 170 . cos 10 — ¢ sin 10
_cos nf — i sin n0
" cos? n0 + sin? n0
= cos nf — % sin n0
Hence the rule can be applied when the power is a negative
integer. :
(b) If the power is a fraction and this rule holds

% P P
Then  (cos 0 + ¢ sin 0)¢ =—-coszl()+isin-q-9

and this can be proved
; ( 0 . . 6)" 0 .. 0
or cos -+ 1% sin=) =cosqg-~+ising-~
q q q q
= cos 0 + ¢ sin 0
1
Hence (cos 0+ % sin 0)¢ =cosg+z'sin9

3
q

. . 0 ~ 0\
and cos 0+ ¢ sin 0)¢ = (cos = + ¢ sin -
( ) ( . zsmq)
=cos£-0+isin£’6
q q

Also (cosB+isin9)“%=cos(—%*0>+z’sin(-— -0) can

Qe
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be proved in the same way as (cos 0+ ¢ sin 0)~" = cos ( — n0)
+ ¢ sin (— n0) has been proved.

Thusin general (cos 0 + 2 sin 0)" = cos 70 + ¢ sin 20, whatever form
n may take: n may be positive or negative, integral or fractional

1 2
— 4VE(35 — 93
(65— 4)"(3 ,,2) to the form a + bi.

Ezxamplel. Reduce

(-8-3)°
Now 5— 44 = 41% (cos 0 + ¢ sin 0)
where 6 = 860° — A and tan A = g =08
A = 38° 40’
0 = 821° 20’

Then  (5— 4i)% — 41%(cos 321° 20’ + i sin 821° 20)}
= 41i(cos 160° 40" + ¢ sin 160° 40')
Next ; 2 3—"315 = 13%(005 0 + ¢ sin 0)
where 0 = 180° — A and tan A =
A = 56° 19"
0 = 1238° 41’
. 2 1 . . 2
Then (3i— 2)° — 13%(cos 123° 41’ + ¢ sin 128° 41')3
= 13%(cos 82° 27’ + ¢ sin 82° 27”)

=15

NI O

1
Next  — 8 — 3{ = 73%(cos 0 + ¢ sin 0)
where 0 = 180° 4- A and tan A = g = 0-375
A = 20° 32’
0 — 200° 32’

2 1 2
Then (— 8 — 38i)® = 73%(cos 200° 32’ +- ¢ sin 200° 32')%
1
= 78%(cos 80° 13’ + ¢ sin 80° 13)
(5 — 40)¥(3i — 2)F

Hence =
(— 8- 3i)8

41‘]1' X 13% ((cos 160° 40" -+ ¢sin 160° 40”)(cos 82° 27’ 44 sin 82°27)
= 7ab (cos 80° 18 + ¢ sin 80° 13) }
[} ’ > o1 o ’
_ 2'523{cos 2403 7' + z s.ln 24? 7,}
cos 80° 13" 4 2 sin 80° 13
= 2:523(cos 162° 54’ + ¢ sin 162° 54')
= 2-528( — cos 17° 6’ + ¢ sin 17° 6')
= 2:528( — 0-9558 + 0-20407)
= — 2411 + 0-7415¢




46 PRACTICAL MATHEMATICS
Ezample 2. Reduce (8 — 7¢)~3 to the form a + bi.

Now 3— 7= 58%(cos 0 + ¢ sin 0)
where 0 = 360 — A and tan A = g = 2-3333
A = 66° 48’
0 =298°12

3
Then (3 — 78)~3 = 58 *(cos 208° 12’ + ¢ sin 293° 12/)-3
= 0-002264 {cos ( —879° 36') -1 sin ( — 879° 36") }
= 0-002264(cos 200° 24’ + % sin 200° 24/)
= 0-002264( — cos 20° 24’ — ¢ sin 20° 24")
= 0:002264( — 09373 — 0-34867)
= — 10-%21-21 + 7-8943)

ExampLEs III
Simplify the following expressions, giving cach in the form
a + bi, the values of ¢ and b given correct to four significant
figures.
(1) G+4)B+7)E2—30) (2 (7— 25— 3)(8+ 30)
(2 — 39)(3 + 29) 5— 6

®) (4 — 39) ) (2 + 30)(3 — 51)
5 (73 — 5)(5 — 2i) 6 (2¢ — 7)(3 + 100)
O ErmE—7 © Boarm
Extract the square roots of :

(7 15+ 7 (8) 9+ 13i

(9) 12 - 194 (10) 15— 8§
(1) —8+13¢ (12) —18+ 114
(13) — 14— 19¢ (14) —21—16¢
(15) 1 (16) %

)
Express the following complex quantities in the form 7(cos 0
+ ¢ sin 0), always keeping » positive :

(17 8+ 3i (18) 18+ 115
(19) 11— 15¢ (20) 9 — 8i
(21) —17+ 5 (22) - 104 17
(28) — 14— 9i (24) — 12— 17
(25) Express \—}5 + _\;—5 in the form r(cos 0 + ¢ sin 0), giving the
g .
values of 7 and 0, and hence simplify (% + —*\_}E) , <_\}_§ + l,.é)

(8 = (Z5+va)
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(-va)
" \W2 vz

(27) Simplify (1 + V/30)5 + (1 — V/8i)5

(28) Simplify (V3 + 9)* — (V3 — i)t

Simplify the following expressions, giving each result in the
form a 4 bi :

(29) (51— 7)§ (30) (7 + 102')%
(81) (8 — 5i)t (32) (—6- isi)%
33 A [3 T 60 3y G4
> JS_ 8 2+ 50
- 79" @+ 50— 309

(85) (36)

@+ 708 — 4 i)t



CHAPTER IV

81. The Graplical Representation of a Complez Quantity.
Now % = r(cos 0 + % sin 0) where 0 = 90° and r = 1
= cos 90° -+ ¢ sin 90°
. Thus ¢ can be represented as the radius, drawn vertically up-
wards, of a unit circle.
1% = (cos 90° + ¢ sin 90°)2
= cos 180° + ¢ sin 180°

Then 2 or — 1 can be represented as the radius, drawn hori-
zontally to the left, of a unit circle.

% = (cos 90° 4 ¢ sin 90°)3
= cos 270° + ¢ sin 270°

Then ¢ or — % can be represented as the radius, drawn vertically
downwards, of a unit circle.

#* = (cos 90° + ¢ sin 90°)*
= cos 360° - ¢ sin 360°

Then 7% or + 1 can be represented as the radius, drawn hori-
zontally to the right, of a unit circle.

We therefore sce that cach time we multiply by ¢ we are turning
the radius of a unit circle, in anti-clockwise direction, through a
right angle. Also the odd powers of ¢ always involve the angle
90° and odd multiples of 90°, while the even powers of ¢ always
involve the angle 180° and multiples of 180°. Now the odd
powers of ¢ give =+ ¢, and the even powers give =+ 1. Thus,
taking the horizontal direction as the direction of mecasurcment
for real quantities, we can take the vertical direction as the
direction of measurement for imaginary quantities. The complex
quantity a + bi can be represented graphically as the sum of twa
magnitudes, @ measured horizontally and b measured vertically,
but in this representation we have also to take into consideration
the algebraic signs of a and b.

Case I. Representation of a + bi.

OC = a measured to the right
BC = b measured vertically upwards

OB=+Va+b=r

AN
BOX = A = 0 in the relation
a+ bi = r(cos 0 + ¢ sin 0)
48
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Case 11, Representation of — a + bi.
OC = g measured to the left
BC = b measured vertically upwards
OB=+Va+b=r

A
BOX = 0 = 180° — A in the relation
— a+ bt = r(cos 0 + % sin 0)

)
|
|

B O

|
[
[
c c|>
I
[
l
|

i |
CASEZ. CASE i.

CASE 5.
|

l
i
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N
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l
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!
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i p) i
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|
i
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l
l

Fic. 14.

Case III. Representation of — a — bi.
OC = @ measured to the left
BC = b measured vertically downwards
OB - V@7 F—r

N\
BOX = 0 = 180° 4+ A in the relation
— a— bi = r(cos 0+ 7sin 0)
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Case IV. Representation of a — bi.
OC = a measured to the right
BC = b measured vertically downwards

OB=+Va+8=r

B/O\X = f = 860° — A in the relation
a — bi = r(cos 0 + ¢ sin 0)

It is evident from the above that a complex quantity can also
be represented by the radial line OB, which makes an angle 0
with the initial line OX. The real part is the projection of OB
on the horizontal axis, and the imaginary part is the projection
of OB on the vertical axis.

32. The Use of i as an Operator. It has already been shown
that i = cos 90° + ¢ sin 90°
4% = cos 180° + ¢ sin 180°
#® = cos 270° 4+ ¢ sin 270°
4 = cos 360° 4- 7 sin 360°
Hence if we work with a circle of unit radius and commence
with the perpendicular radius as the initial line, the effect of
raising ¢ to a power is equivalent to turning this initial radius
through a certain number of right angles. This number is fixed
by the power.
Also, if we commence with a horizontal radius in this circle,
the process of multiplying by ¢ is represented by turning that

—— e m——

~~

horizontal radius anti-clockwise to the vertical position; while
multiplying by — ¢ would be represented by turning it clockwise
to the vertical position. If we operate in the same way on a
quantity a, then the result is expressed by turning a horizontal
radius of length a, anti-clockwise or clockwise, to the wvertical
position.

The quantity b sin pt measured horizontally can be represented
as the horizontal projection of a radial line of length b, inclined
at an angle pt to the initial vertical line. Then operating on this
by ¢ would have the effect of turning this radial line througl
right angle. The horizontal projection of the radial line in
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new position is & cos pt, and this is the real result of the
operation.

If a complex quantity a+ bi operates on sin pt, we have to
consider two radial lines OA and OB each inclined at an angle pt
to the initial vertical line.

OA=a OD = a sin pt

OB =1b OE = b sin pt
OD and OE being the horizontal projections of OA and OB
respectively. The effect of the operation is to turn the radius

Fi1G. 16.

OB through a right angle, while the position of the radius OA
remains unchanged.

C,D is the horizontal projection of the radial lines after the
operation has been performed.

But C,D = a sin pt + b cos pt, and this is the real result of the
operation.

If @ — bi operates on sin pt, the radius OB is turned through
a right angle in clockwise direction, and C,D is the horizontal
projection of the radial lines after the operation has been per-
formed.

Thus the result of operating with @ — s on sin pt is

a sin pt — b cos pt

1 a—-bi a-bi
T F-PR AT E N oy
sin pt, will give a result which can be obtained by dividing the
result of operating with a — b¢ on sin pt by a2 + b2
a sin pt — b cos pt

a® + b

1  at+br a+be

a—bi a®—b a¥+ b2

Now operating on

i operating on sin pt gives

Also, since
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operating on sin pt gives asin I:;i chos pt

Then

1

- be
Classifying these results we get :

(1) a+ bt operating on sin pt gives a sin pt + b cos pt

or Va? 4 b% - sin (pt + o)
(2) @ — bt operating on sin pt gives a sin pt — b cos pt
or Va®+ b? - sin (pt — a)

(3). - _: 5 operating on sin p¢ glvcs 1 7 {a sin pt — b cos pt}

1 .
or Vo st (pt — )

1 . . .
(4) - b operating on sin pf gives — e {~ = {a sin pt + b cos pt}

or - sin (pt + o)

V'a® -+ b2
' b
In each case tan o = a

Ezample. The voltage applied at the sending end of a lor
telephone line being v, sin ¢¢, the current entering the line is

s+ tkq
v\/ + ilg sin gt

where per unit length of cable, » is resistance, ! is inductanc
s is leakance, and k& is permittance or capacity.

If r=6 ohms, I=28 x 103 henries, k=5 x 10-% farad
§ =3 x 1078 mho, and is ¢ = 6 x 103, find the current.

s+ kg = Vs* + k¢ {cos &+ @ sin «} where tan a« = %‘l

r+ ilg = V7% + I%¢*{cos B + 4 sin B} where tan § = iq

—_— o ¥ 3
s+ ikq s+ kg cos a + % sin o)
Then ”o\/;'ﬁi"_‘;"l‘q~ = 00{12 + B2g? } {cos B+ ¢ sin ﬂj
2 2
= Av,{cos (x — B) + % sin (¢ — P) }% where A = {S —:_I;zq }

= Avo{cos(“; B + ¢ sin (oc

=5}
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Current = v, '\/r—_:: ;cq operating on sin ¢t
= Avo{cos< ; B) + ¢ sin <—;—;—E>} operating on sin qt
= Avo{cos<oc __2 B) - sin ¢f + sin (a; B) . cos qt}
- A, sin{% (a— B)+ qt)

9 x 107124 25 x 10-18. 36 x 103J£

A= 36 + 9 x 10° - 36 x 10°
[9 x 10712 (1 + 100)]i
.36(1+ 9)
= 10-3 (14(:)1> ~ 10-3 . (2-525)i = 1-261 x 10-3

5x107%-6 x 10° o 1R’
tan o = 3% 10=° =10 o= 84° 18

3 x 1073 - 03
tan g = 21 66’(1 =3 B = 71° 34’

1 .
a— B =12° 44’ g (2 — P) = 6° 22" = 0-1111 radians
Then current = 1:261 x 10”3 v, sin (6000¢ + 0-1111)

the angle being expresscd in radians.

33. The Exponential form of (cos 0 + i sin 0)
(cos 0 + ¢ sin 0)® = cos nO + 7 sin nd

Taking 0 to be 1 radian
Then (cos 1 + ¢sin 1)» = cos n+ 4 sin n
Putting k = cos 1 + ¢ sin 1
Then k™ = cos n + ¢ sin n, or k* = cos a + ¢ sin a, where n or «
represents any angle faken in radians.
It must be remembered that k is a complex quantity of the form a
+bi, for cos 1 =0-5408, and sin 1 = 08415, and k = 0-5408 4- 0-84154.

If k" = cos 0.+ ¢ sin

k" = 1.. = COS ot — % Sin o
cos o + ¢ sin o

and 2¢ sin « = k* — k~% by subtraction

2
=1+ « logk + %2- (log,k)2+
( — « logghk + |2 (logk)® 4= . )

=2 (a, log,k + -Tsi (log k)3 + . . )
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.sina o? 3
Then i— = logk + E(logek) + ...

=1, and the terms in-

volving the powers of « become negligibly small
and ¢ = log,k, or k = ¢
Hence cos a+ ¢ sin o = k% == (¢)* = ¢f®
and cos a— % sin a = k=% = ¢~
It should be notcd that since k=e

k"—l"i z+ l3 +-T—+--0

1
+ .

m<l_-|—;_+—é———i% . >+z<l )

= 05403 + 0-8415¢, which agrees with the value glven above.

1+z—I

84. The Series for sin o and cos .

€“ = cos o+ % sin a e = cos « — 4 sin «
Subtracting 2¢ sin o = e — g—0
1, . ]
d si = — (6% — e~
an noa= g (¢ )
Adding 2 cos o == ¢4+ e—14
and Cos o = %(e"" + e~

Fromtheserelationswecan readilyﬁndtheseries for sin « and cosa.
12 2 73 3 >4
a?  Bad o

For —1+za+|2+T— -l~+..

202 Pod ot

—3u — — — —— —
e l'toc+|2 l3+|4+...
23y 3 15y B
Subtracting €t — e = 2 (m + 22 2Ii + . >
_a (ioc zoc3 , gab -+ )
andsinoc——l—(e““—e““)— _® —“
T2 T TS
. ; ) 26 itat
Adding e‘“+e"‘“‘=2< +-]— -l—-f )

o ot
_2<1*T§+TZ...)
1 ey pie o at
and cos « —2-(e +e )_1_._'?_:,..'.2_
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The method of finding the relation which gives the approximate
length of a circular arc is a good application of the use of the
sine series.

Let ABC (Fig. 17) be the circular arc and AB the chord of the
whole arc, BC the chord of the semi-arc.

A

F1ac. 17.
Let arc ABC = I, chord AB = ¢, chord BC = k, angle AOB — ;’
radians. ,
AD .
Then K_O- = SINn é;
¢ == SN
or &~ 2r
Al CE~si1-£- or—’i—sin-l-
O oMy YTy
c ) l 3 3
Then o = sin 5= =é7_8|_:§r3+32_r5 ...
S S
and oF % T& e 1024 . . .
B 5
C=tTaE T IeEn . ..
] B3 —l5
8h = 4l — BE e ..
3[5

. By subtraction 8h—c¢=3l— e

8h—c¢c I
and ———3———=l(1—76~8-0—r4'...)
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If the fraction l;is less than 1, all terms on the right-hand side,

except the first, may be neglected, and approximately

8h—¢
I-—=3
35. If we put &= cos a + ¢ sin «
1 . .
then ~=cosa—¢sina
1
and w+5=2cosoc. S ¢ )
21 _oisina 2
== I ¢4
Also " = (cos o+ ¢ sin &)® = cos ne + ¢ sin no
1 1 . .
— = — = oS na — ¢ sin n«
a™  cos no -+ ¢ Sin e
1
and w"+—ﬁ=2cos'noc e )]

1 -
w"~-w7=2z31nnm S ()

These results are very useful for expressing powers of sines and
cosines, and also products of powers of sines and cosines, in terms

of sines and cosines of multiple angles.
(@) Working with sin® «
.. 1)5
5 I
(27 sin a) < o
I 1 1 1
325 sin® o = 2% — 52% + 102 — 10~ + 5— — —
@ x® b
32¢ sin® o = <w5 - -—1-5> -5 (m"—— -'%) + 10(:1:—- 1)
@ & x
= 2¢ sin 5o — 10¢ sin 8« 4 207 sin «
1 . 5 . 5 .
. 5 5
and sin® o = & sin 5a T 3<x+85ma
(b) Working with cos? «
7 1 4
4. =
(2 cos &) (:c + w)

16 cos? o = 2% + 42® +- 6+4,12+.1_4
a? ' x

1 1
=<w4+5:-4>+4(w2+5§)+6
= 2 cos 4o+ 8 cos 20+ 6

1 1 3
4., = ot =
and cost o 5 cos 4o + 5 cos 2o + 5



CHAPTER V

40. In order to determine the position of a point in space, it is
necessary to refer the point to three fixed planes. These three
planes intersect at a point which is taken as the origin ; while any
pair of these planes intersect in a straight line which passes
through the origin. Thus for the three planes of reference thére
will be three different pairs of planes, and thereforc there will
be three different lines of intersection, each one passing through
the origin. These three lines of intersection are called “ the axes
of reference ~’ or “ the co-ordinate axes.”

Generally the three planes of reference are rectangular—that
is, one plane is at right angles to each of the other two. The

p4
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o /"
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! z
S B
/ | Y
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A N
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three co-ordinate axes will therefore be mutually perpendicular—
that is, one axis will be perpendicular to each of the other two.
This can be well illustrated by means of a cube, with its base
horizontal. One corner of the cube can be taken as the origin ;
the three edges which radiate from this corner will be the three
axes of reference, while these three edges are the lines of inter-
section of the three adjacent plane faces of the cube, two of these
being vertical and the other horizontal.

The position of a point with reference to the threc rectangular
planes of reference is completely defined by the perpendicular
distances of the point from these three planes.

If the co-ordinates of a point P are (z, y, 2), then z is the per-

61
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pendicular distance of the point from the plane YOZ, and the
point must therefore lie on a plane parallel to YOZ, the distance
between these planes being @. y is the perpendicular distance
of the point from the plane ZOX, and the point must therefore
lie on a plane parallel to ZOX, the distance between these planes
being y. =z is the perpendicular distance of the point from the
plane XOY, and the point must therefore lie on a plane parallel
to XOY, the distance between these planes being 2.

The intersection of these three necw planes will give the position
of the point P, and these three planes combined with the three
planes of reference produce a right rectangular prism one corner
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of which is the origin and the opposite corner the point P, while
OP is a solid diagonal of the prism. The lengths of the three
edges, PL, PM, and PN, meeting .he point P, are the co-ordi-
nates of that point; while the .ngths of the three edges OA,
OB, and OC, meeting at the origin, are also the co-ordinates of
the point P. Hence, to find the position of the point whose
co-ordinates are (z, , 2), we have to measure OA = z,along OX,
OB = g, along OY, and OC = «, along OZ. Take OA, OB, and
OC to be the three adjacent edges of a right rectangular prism,
and complete the prism. The required point will be the corner
opposite to the origin.

41. The plane ZOY (Fig. 19) is taken as a front vertical plane,
and any line drawn parallel to the axis OX will be perpendicular
to that plane. The # co-ordinate of a point P may be positive
or negative, It is positive when P lies in front of the plane ZOY,
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and is therefore .ieasured along OX; it is negative when P lies
behind the plane ZOY, and is therefore measured along 0X,.

The plane ZOX is taken as a side vertical plane, and any line
drawn parallel to the axis OY will be perpendicular to that plane.
The y co-ordinate of a point P is positive when P lies to the right
of the plane ZOX, and is therefore measured along OY. It is
negative when P lies to the left of the plane ZOX, and is therefore
measured along OY,;. The planc XOY is taken as a horizontal
plane, and any line drawn parallel to the axis OZ will be per-
pendicular to that plane. The : co-ordinate of a point P is
positive if P lies above the planc XOY, and is thercfore measured
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along OZ. It is negative when P lies below the plane XOY, and
is therefore measured along OZ,.

Fig. 19 is drawn to illustrate this, the co-ordinates of P, being
(1, 8, 2), while the co-ordinates of P, are (— 1, — 3, — 2).

42. Let P (Fig. 20) be a point whose co-ordinates are (z, ¥, 2).

Then OA = 2, OB = gy, and OC = z.

Since OC is perpendicular to the plane containing PC, the
angle PCO is a right angle,

and OP?= 0C?+ PC?

But CP=0Q
and 0Q2=0DB24 BQ2
= OB2 + OA?
Hence OP2 = OC2 4+- OB2 4- OA2
= o2 4- y2 + a2

or OP= Va4 y2+ 32
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This gives the distance of a point P from the origin in terms
of the co-ordinates of that point.

Let «, B, v be the angles which OP makes with the axes OX,
0Y, and OZ respectively.

(1) The triangle POA is such that the base angle POA = «,

AN
and PAO = 90° since OA is perpendicular to AP.

(0)
Hence CcoS o = oP

@
VRt
(2) The triangle POB is such that the base angle POB = §,
A
and PBO = 90° since OB is perpendicular to BP.

Hence cos B = ==

(8) The triangle POC is such that the base angle POC = vy, and
AN
PCO = 90° since OC is perpendicular to CP.

Hence cos y = -g-%

2
Va?+ 2+ 22

The cosines of the angles «, 8, and vy, which the line joining a
point to the origin makes with the axes OX, OY, and OZ respec-
tively, arc spoken of as the * direction cosines” of that line,
and are usually denoted by [/, m, and n.

The sum of the squares of the three direction cosines is 1; for
22 o2 o2

2 2
Bt m?stm ar:“r3/2+zz'{-azz-%yz%-zﬁa:2+g/2+z2

=1

43. Let P, and P, be two points whose co-ordinates arc
(®1, Y1, %) and (zy, ¥s, 35). If the axes of reference are so chosen
that P, is taken as the origin, then the co-ordinates of P, with
reference to these axes will be (2, — @,), (¥ — ¥1), and (z, — 2,).

Then PP, = V(2 — #1)* + (y2 — ¥1)* + (3, — 21)% thus giving
the length of a line joining two points in terms of the co-ordimates
of those points.

If «, B, and vy are the angles which the line P,P, makes with
the true axes of reference OX, OY, and OZ, they will also be the
angles which the line makes with the parallel axes P,X, P,Y,
and P,Z.
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Then l=cos o= w,P—Pwl
12

m = cos B = -y—’i)—;—_l-)—?:—‘

n=cosy= z;)—l-Pz:

thus giving the direction cosines of any line in terms of the co-
ordinates of any two points taken on the line. It follows that if P
is any point on a line, the co-ordinates of P being (v, y, 3), and Q
is a given point on the same line, the co-ordinates of Q being
(a, b, c).

If r is the length of line between P and Q,

xr—a
then [l=cos a=
or r—a r
— =
y—D>b
m=cosﬁ.—-‘/
r
—b
or Y =7
m
cos i-¢
n = T eee—
Y r
z—c
or =7

r—a y—b z—c

I m  n

This is known as the symmetrical equation to a straight line.

44. Let P,, P,, and P3 be threc points whose co-ordinates are
(1, Y1, %1), (T3, Y3, 55), and (ng» Ya) ). )

If P, be taken as the origin, the co-ordinates of P, will be
(g — 1), (Y2 —¥,), and (2, — 2;), while the co-ordinates of P,
will be (z3 — #1), (3 — Y1), (33 — %)

Hence (P\Py)?=p_ = (Za— @))%+ (yo— ¥1)*+ (32— 2))°

and (P,P;)® = Pz = (@3 — @)%+ (Y5 — Y2)* + (35— 2)°

If P, be taken as the origin, the co-ordinates of P, will be
(23 — 3), (Y3 — Y2), and (23 — 2p).

Hence (P,P;)? = P; = (B3 — )2+ (Y3 — Y2)* + (25 — 25)°

Thus the three sides of the triangle P,P,P; can be deter
if the co-ordinates of the three angular points are knowp

Hence
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If A is the area of the triangle,
A= ;/3('5' — P1)($ — P2)(s — P3)
where s=3 (P1+ Ps+ Ps)

If h,, hy, and hy; are the lengths of the perpendiculars drawn
from the points P;, P,, and Py to the opposite sides respectively,

1 2A

then A==-ph, or hy=—
21011 1 p&

1 2

A=_=poh, or h,=—

2p22 2 pﬁ

1 2

A=Zph, or h,=—

21933 3 Pa

If 0,, 0,, and 0; are the angles of the triangle,

1 . 2A

then A=_—p,pzsinf; or sin 0, = —
i 3 1 1 pzzs

. . 2
A=_—psp,sin0, or sin0,=

“12 ! : Y PP
A= - g P12 sin 03 or sin 0; = 24
Pip2

and from these relatxons the angle between two given lines can
be determined.
Also the angles 0,, 0,, 65 can be found by means of the following
relations : Piip 2
cos 6= ______th
2 2p212)3 2
P, —P, tP,
2psp,
2 2 2
p,tP,— P,
2p1Ps

cos 0,=

cos O3=
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Now cos 6,
1 ] 2 a9
= m{(xs — )%+ (Y5 — y1)* + (z.,, = 3)* (va.,— ay)* “
T W2 — Y + (3 — 51)° — (X3 — @22)* — (Y3 — y)*
. — (33— 2)°}

+ 2(3:' — 2% — 3981 + %%,) }
3{(‘”2 — 1) (@3 — @1) + Y2 — Y1) (Y5 — Y1) + (22 — 21) (35 — 21)}
_ (22 ""7’1> Z3 -—m1> n Y _?/1><ys ~ I <zz "'~'1> 33 —%
<P3<P2 (Ps P2> P3<P2>
If a3, B3, and y; are the angles which P,P, makes with the axes

0X, 0Y, and OZ respectively, and I, m,, and n; are the corre- |
sponding direction cosines,

Ty — T
then I, = cos ag = 2p 1
3
Yy — 1
mg = COS By = Y2 — %
Ps
Ny = COS vy =
D3

Also, if a,, B,, and vy, are the angles which P,P; makes with
the axes OX, OY, and OZ respectively, and l,, mn,, and n, are the
corresponding direction cosines,

Xy — @
P2
Ys— 1
Mgy = COS By = Ys — Y1
P2
B3 — 2
37 %
Ny = COS Yy =
2 2
P2
Hence cos 0 = Lyl, + mgmy + ngn,

Similarly it can be proved that
cos 0, = L1, + mgm, + nyn,
and cos 0; = lyl, + mymy + nyn,
thereby giving the cosine of an angle between two lines in terms
of the direction cosines of those lines.

In general, if 0 is the angle between two lines whose direction
cosines are l,, m,, n, and I, m,, n, respectively,

then cos O = Ljl, + mymgy + nyn,
If the two lines are at right angles,
then l]lg + m|m2 + n1n9 = O
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Example 1. The co-ordinates of two points P and Q are (8, 7, 5)
and (5, 2, 8) respectively. Find the length of PQ, its direction
cosines, and the angles it makes with the axes of reference.

Taking P as the origin, the co-ordinates of Q are (2, — 5, 3),

and PQ = V22 + (— 5)% + 82

= 6164
l=cos a= 2
6-164
== 0-3244
o= 71°4

-5
m=COS{3—‘-“-m

= — 08112
B = 144° 12’
n = COS Y= __6’164
= 0-4866
Y = 60° 53’

Ezample 2. The co-ordinates of three points P, Q, and R are
(8, 6,2), (59, 7), and (8, 8, 9) respectively. Find the lengths of
the lines joining these points, the angles between the lines, and
the lengths of the perpendiculars drawn from each point to the
opposite line.

Q

hu7« T 6164

q =910

FiG. 22.

Taking P as the origin, the co-ordinates of Q are (2, 8, 5), and
the co-ordinates of R are (5, — 3, 7).

Then PQ = V2% + 38+ 52
= 6164
PR=V5+ (- 3?2+ 172
= 9110

Taking Q as the origin, the co-ordinates of R are (8, — 6, 2).
QR = V8 + (— 6)% 4 22
== 7
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Working with the triangle PQR and calling the sides p, ¢, and 7,
then p = 7, ¢ = 9:110, and r = 6-164.

1
s=§@+q+ﬂ

= 11-137
Area = A = V/11-187 x 4-137 x 2:027 x 4978
— 2155
sin P = -———-—-—-——-43.10
9110 x 6-164
- 07676
P-=50°8
i 43-10
Sin Q= 7761
~ 0:9989
Q=87°18
. 43-10
sin R = 77110
= 06759
R - 42° 32

These are the angles between the lines.
If h,, h, and h, are the perpendiculars drawn from the points
P, Q, and R respectively,
then 1= 2710 _ g7
43-10
k0= 5110
43-10
2, = m = 6-988
The angles between the lines can also be found in the following
manner :

= 4732

g% - 1% — p?
2qr
= 06410
P=50°8
Q _ p2 + 7'2 . q‘.!
2pr
= 0-0463
Q= 87° 20/
cosR- P+ ="

2pq
= 0-7370

R = 42° 31

cos P =

Cos
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7/
45. The Plane. The plane is represented by the general equa-
tion of the first degree in @, y, and 2. Then the equation
Az+By+ C+ D=0

represents a plane, and the values of the constants A, B, C, and
D can be given in terms of the intercepts the plane makes on
the axes of reference. For if the intercepts are a, b, and ¢ on
the axes OX, OY, and OZ respectively

Then whenz =a,y=0,and =0  hence Aa+D =10
wheny =10, =0,and 3= 0 hence Bb+D =0
when s —¢, ¢ =0,and y =0 hence Ce-D =0

. D D . ~ D
Therefore a = - b= -3 and ¢ = - C
A B C
But ﬁm+ﬁy+j—)—~= -1
r+YyY+R
or P_ i P_
A B C
Then _r_Y_R_ g4
a b ¢
' x Yy 2
or _—*-'._.—'——r-:
a b ¢

This gives the equation of a plane in terms of the inter-
cepts.

Let OP (Fig. 23) be the perpendicular drawn from the origin

b

Let #,, y;, 2, be the co-ordinates of P; and if «, B, and y are
the angles made by OP with the axes OX, OY, and OZ respec-
tively, and /, m, n are the direction cosines of OP

to the plane whose equation is §+ Y +§ = 1.

Y
Then = COS o = —&
P
1
m=c03{3=‘-/—1—
P
<y
n = CoS y = —

where p is the length of OP.

Since OP is perpendicular to the plane, it is perpendicular to
the lines OA, OB, and OC in that plane, and therefore the tri-
angles POA, POB, and POC are right angled.
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Hence l=cos a =£
- _P
m = cos {3 5
- _p
n = coS Y -
but B+rm2i+nt=1
1 1, 1)
2—-— — — e T
p a2+b2+02} 1
1
2
and P11 1
ETETE
Z

FiG. 23.

thus giving the length of the perpendicular drawn from the
origin to the plane.

Next cosgc:%:f;_)_l
cos{%:%.-:_%l
COS’Y=£—)=.§_)1.

Hence m1=p72

thus giving the co-ordinates of the point P.
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Now g-i- ‘y—l-f: = 1 is the equation to the plane.

b
Py Py P
Then @ a+y b+z =P
or Zcosa+ycosB+acosy=p

lx+my+nz=p

thus expressing the equation to a planc in terms of the direction
cosines and the length of the perpendicular drawn from the origin
to the plane.

Also «, B, and y are the angles made by the line OP with the
axes OX, OY, and OZ respectively, but OP is perpendicular to
the plane. Hence the angles the plane makes with these axes
will be the complements of these angles, and therefore the plane
makes angles (90° — &), (90°— B), and (90° — y) with the axes
0X, 0Y, and OZ respectively.

Example. For the plane 21z + 85y + 153 — 105 = 0. Find :

(1) The intercepts on the axes of reference.

(2) The length of OP, the perpendicular drawn from the origin
to the plane.

(8) The angles which OP makes with the axes of reference.

(4) The angles which the plane makes with the axes of reference.

(5) The co-ordinates of P.

21z + 35y + 152 = 105
®z Yy =
Then 5+§+7_-1

Hence the plane makes intercepts of 5, 8, and 7 on the axes OX,
0Y, and OZ respectively.

If p is the length of OP and o, B, and vy are the angles OP
makes with the axes OX, OY, and OZ,

then l=cosoc=1§

- _P

m—cos(3-3

n=cosy=§
But B+m24n2=1
- p: P pt .
ence ég-i—-g-—l—;-g—_

and p2=9x25x49

1891
P = 2414
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2-414

CoSs o = = 0-4828
o=2061°8

cos f3 = E—-?;ﬂ = 0-8047
B - 36° 25

Cos y = —2-—4‘71—% = 03449
vy = 69° 50

The plane makes angles 29° 527, 53° 85’, and 20° 10’ with the
axes OX, OY, and OZ respectively.
If 2, y,, 2, are the co-ordinates of P

2
Then Z; = P’ _ 1168

5
2
Yy = %;— ~ 1943
2
2 EJ; ~ 0-8328
46. To find the perpendicular distance of a given point from a
given plane.
Let §+%-1--§= 1 be the equation to the plane. Then if p

is the perpendicular distance from the origin to the plane, and
I, m, and m are the direction cosines of that perpendicular

Then l= Z—D, P and 72 = P
a c

b,
Hence lz + my + nz = p will be the equation to the plane, and
po— L
1 1 1
Z2TETE

Let 24, ¥4, 3, be the co-ordinates of the given point, and through
this point let a plane be drawn parallel to the given plane.
Since the two planes are parallel, the perpendiculars drawn to
these planes will be parallel, and will therefore have the same
direction cosines.

Hence Iz + my + nz = p; will be the equation to the parallel
plane, where p, is the perpendicular distance from the origin to
the plane.

Also lz, + my, + nz, = p,, since the plane passes through the
point whose co-ordinates are (z;, ¥4, 2;). Now p, — p is the dis-



4 PRACTICAL MATHEMATICS

tance between these two parallel planes, and this will also be the
perpendicular distance of the given point from the given plane.

Then Pr—p=le +my, 4 nzy —p

%1, Y1, %
__'la_{ bt e 1}

1 1 1
ETRETE

Example. Find the perpendicular distance from the poini
whose co-ordinates are (8, 8, 7) to the plane whose equation is
15x — 9y + 5z—45

Then g — -g +5-1 will be the equation to the plane where
3, —5, and 9 arc the intercepts.
8 8 7
3 5t 1
The perpendicular distance = =3
Ji*ﬁ*
83
V331
= 4-562
47. To find the angle between two planes
Let =+ &L —|———~ 1 and-——+ Y +-—--— 1 be the equations
a; b ¢ a; ' by ¢

to the planes.
Then for the first plane l;2 + m,y 4- n,2 = p,, where

1, =21 =P dn, =21
T my by and n, .
. 2 1
Also P71 1 1
ST T
a b c

These relations give the direction cosines of the perpendiculas
to the plane.
For the second plane L,z + myy + ng2 = p,, where

iy _ P _Pa
ly = . My By and n, o
Also pe _ 1
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These relations give the direction cosines of the perpendicular
to this plane.

If 0 is the angle between the two planes, then this will also be
the angle between the two perpendiculars,

and cos 0 = ll, + mymy + nyn,
_PiPsy | P1Pz , P1D2
aa, b by clcz

_ (1 1 1
PPz la&la2 bib, 61621
Ezxample. Find the angle between the planes 212+ 35y + 152
=105 and 152 — 9y + 5z = 45.

IS

-1
1
T 1 1

+9 l"49

Py = 2-414

x Yy =
For the second plane 3 575" 1

Then for the first planc ;g + 2t
J

and pf =

1
1 1
+ =i ==

6 25 ' 81
Py = 2474

and p° =

1
s 0 = 2. 2.4 4.1_.________
Then cos O 414 x 7 \13 15 | o
= 0:0948 )

0 = 84° 3¢V
48. The Polar Co-ordinates of a Point.
The polar co-ordinates of a point P are :
r, the distance the point is from the origin.

0, the angle between the plane containing OP and the
plane ZOX.

¢, the angle OP makes with the axis OZ.
Then CPO is a triangle, right angled at C

Hence OC = r cos ¢, and PC = r sin ¢
But 0Q =PC = rsin ¢

Also AOQ is a triangle, right angled at A
Then 0q " cos 0

and AO =r7rcos 0 - sin ¢
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AQ .
Also bﬁ-—smﬂ
and AQ=rsin 0 . sin ¢

If @, y, = are the rectangular co-ordinates of the point P, they
can be expressed in terms of the polar co-ordinates.

2=A0=rcos 0 :sin ¢
y=AQ=rsin 6 - sin ¢

g=0C=rcos ¢
Z
C <
-\.\'\\.
\,\“‘P
-7
./'/./
¢\§,./'/
0)(_{ ________
7/ \\\ Y
/&.?—-/l o~ ~
',/ \\'\\
A Q
X
Fia, 24.

Conversely, the polar co-ordinates can be expressed in terms of
the rectangular co-ordinates.

r=vVat+ Pt + 2

tan6=g
z

VErgTa
If &, B, and y are the angles OP makes with the axes OX, OY,

and OZ respectively, and I, m, and n are the corresponding
direction cosines

cos ¢ =

x
l=cosa=-
r
=cos 0 . sin ¢
Y
m=cos f§ =2
=5
=sin 0 - sin ¢
n=cosy=>
T=7

= cos ¢
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ExaMPLES V

Y1) The co-ordinates of a point P are (-8,5 —-17). If O
is the origin, find the length of OP and the angles OP makes
with the axes of reference.

(2) The co-ordinates of a point P are (2'1, 84, 4'7). If O is
the origin, find the length of OP and the angles OP makes with
the axes of reference.

(8) The co-ordinates of a point P are (— 32, 51, 3'9). If O
is the origin, find the length of OP and the angles OP makes with
the axes of rceference.

(4) The co-ordinates of a point P are (2, 4, — 6), and of a point
Q (8, — 7, 5). Find the length of PQ and the angles PQ makes
with the axes of reference.

(5) The co-ordinates of a point P are (1'8, 53, 2:9), and of a
point Q (87, 2-9, 5-4). Find the length of PQ and the angles
PQ makes with the axes of reference.

(6) P and Q are two points whose co-ordinates are (38, 7, 2) and
(5, 8, 7) respectively. Find the length of the perpendicular
drawn to the line PQ from the origin.

(7) The co-ordinates of three points P, Q, and R are (3, 2, 4),
(5, 4, 7), and (4, 7, 2) respectively. Find the lengths of the sides,
the area, and the angles of the triangle PQR.

(8) The co-ordinates of three points P, Q, R are (5, 2, 4),
(7, 5, 2), and (9, 8, 7) respectively. Find the angle between the
lines PQ and QR, and also the perpendicular distance from the
point R to the line PQ.

(9) For each of the three planes

e—2y+3—-2=0
12z + 15y — 10z — 60 = 0
and 6+ 4y -+ 33—12=10

Find (@) the intercepts on the axes of reference; (b) the length
of OP, the perpendicular drawn from the origin to the plane;
(¢) the angles which OP makes with the axes of reference; (d)
the angles which the planc makes with the axes of reference ;
(€) the co-ordinates of P.

(10) Find the angle between the two planes

3r+2y+62—6=0
and 4z + 5y + 102 —20=0

(11) Find the direction cosines of the perpendiculars drawn from
the origin to each of the planes

3z—2y+62—6=0
62+ 3y—23—6=0

Do these two planes intersect at right angles ?
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(12) Find the length of the perpendicular drawn from the point
whose co-ordinates are (8, 3, 5) to the plane whose equation is
212 — 85y + 152 — 105 =

(18) The rectangular co- ordmatcs of a point are (19, 87, 2:4) :
find the polar co-ordinates.

(14) The polar co-ordinates of a point are (r=7-2, 0 -- 62°,
¢ = 48°) : find the rectangular co-ordinates.

(15) The polar co-ordinates of a point P are (r = 8-2, 0 = 51°,
¢ = 78°), and of a point Q (r= 6-5, 0 = 69°, ¢ = 388°). If O is
the origin, find the angle POQ.



CHAPTER VI

49. The Slope of a Line. The slope of a linc could be mcasured
directly by means of the angle it makes with the axis of @, but
gunerally, in cases of plotting, the quantities plotted horizontally
and vertically are not taken to the same scale, and therefore we
do not get a true representation of the angle of slope. Now this
angle can be given in terms of any of its trigonometrical ratios,
and we have to consider which of these ratios can be most con-
veniently adapted to squared paper work. The tangent is given
in terms of the quantities plotted vertically and horizontally,
and therefore, if we take the line to form the hypotenusc of a
right-angled triangle, then the perpendicular of this triangle can

v X

O X
Fi1G. 25.

be measured by means of the vertical scale, and the base by
means of the horizontal scale.. Hence the angle of slope of a
line can be obtained definitely by means of its tangent.

To find the slope of a line, take two points A and B (Fig. 25)
on the line, as far removed as the limits of the question allow.
Make AB the hypotenuse of the right-angled triangle ABC.

Then the slope of the line = tan 0

AC
~BC
where AC must be measured on the vertical scale and BC on the
horizontal scale.

50. The Slope of a Curve. The slope of a curve at a given point
may be approximately taken as the slope of a very small chord
of the curve drawn from that point, and the smaller the chord is

79
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made the more nearly correct does the approximation
Thus, if we can find the slope of an infinitely small ch
extremity of which is at the point, then we have found tk
slope of the curve at that point.

Let P be a point on a curve (Fig. 26), PQ a chord, anc
tangent to the curve at the point P. Let PT make an 3
with the axis of # and the chord PQ make an angle o with ]

Then the slope of the chord PQ = tan (0 + o).

As the point Q approaches P, the chord PQ becomes smal]l
and smaller, and so does the angle &, and when the chord P(,
made infinitely small the angle « becomes negligible in co
parison with 0.

Thus the slope of the infinitely small chord = tan 0.

It follows, therefore, that the slope of the infinitely small ck

Y

(o} X
Fic. 26.

PQ, which gives the actual slope of the curve at the point P,
is the same as that of the tangent to the curve at the point P.

We can now take the slope of a curve at a certain point to be
given by tan 0, where 0 is the angle which the tangent to the
curve, at that point, makes with the axis of .

This provides us with a graphical way of finding the slope of
a curve. We can draw the tangent to the curve at the required
point, take two points on this line as far removed as the paper
permits, make that part of the line between these two points the
hypotenuse of a right-angled triangle, measure the perpendicular
of this triangle to the vertical scale and the base to the hori-
zontal scale, and

the slope of the curve = tan 6 = perpendicular
base

We cannot obtain the true value of the slope of a curve in this
way, because we have no definite construction for drawing the
true tangent to the curve; we can only draw what appears to
be the true tangent. If the supposed tangent is inclined to the
axis of # at an angle slightly smaller than that of the true tangent,



cur
infin

Th

As
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Then a.
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Subtracting

Slope of the chord PQ,
making &z infinitely ¢

Slope of the curve at the pc

Referring again to Fig. 26,

follows that g‘;} = cot (0 + «).

In the limit when &z becorn.

tan 6 and 3—; becomes cot 0. Bec:

. dy dz
ally reciprocal, e Y and 22 &y are mutuai
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, all of the terms on the right-
of dz can be neglected

m”—'l
a and n, the constants of the
ypes. ais a constant multiplier,
3 differentiation ; n is a constant
.nishes it by unity, while the result

to differentiate any function of 2
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(1) If y = 8Vz
3 1
then y=8z thena=8andn=§
dJ 1%—1
dr = 3% %"
-1 4
'———4".'—':—-—_-
YT VE
12
2) If Y = —
(2) V==
2 -3 ‘
then y=13=12w“ a=12andn=—g
w@' &
dy ( 3\ -&-1
=1 -3)
-5
- 18 = —

w2-5

58. If y = a. This represents a line drawn parallel to the axis
of z, at a distance @ from it. Since it is parallel to the axis of @,
the angle 0 = 0, and tan 0 = 0,

& =tan0 =0

and so the slope, or d-é
dy
dx

Thusif y=a =0

54. y = ¢ where a is a constant and e is the base of Napierian
logarithms.

If Y= e
then Y+ Sy = HEToR) . 0% ¢ 0 8%
8y= e eaaz__ e
_ eaw(ea o __ 1)

=e“<1+a8w+ﬁ(8w)2+ cee —-l)

2

—e‘”"(a 0 + = |2 (6x)2 + )

eam(a -+ | Py ox + . )
Making 8z infinitely small,

then % = ae™

&y
&
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We can use this result to establish other standard forms.
(1) If y = ¢® where ¢ is a constant,

where e’ =cora=logc
Then % = ae™®
= ¢® log,c
(2) If y = logx
then x = ¢
and dz =€ =@
dy
dgy 1 1
but d—fli' = @ = 5
dy
(8) If y = log,x where a is a constant,
then z=a¥
dx
= —av -
and dy a¥ log,a = 2 log.a
dy 1 1
but dz  dz  =zloga
dy

55. The Trigonometrical Functions.
(1) If y = sin (ax + b) where a and b are constants,
then y + 8y = sin{a(x + 6z) + b}
Oy = sin (az + b + a dz) — sin (az + b)
ad a dx

——2cos(aw+b+ 5 sm-?-

sin &
adz\ S 5

T2 a dx

——

2

3y
Sy acos(aaz-}- b+ —

a dx
sin -—-2-—'
Making &z infinitely small, — 5 =1

2

d
and z%=acos(am+b)
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56. The Inverse Trigonometrical Functions.
(1) fy=sin—1 2

Then Z=siny
and do _ cosy=+v1—2* (Fig.27)
dy
y_1___1
de  dz V1i-a
dy
/ x /
Al y
= z
Fia. 27. Fic. 28.
1+X X
A
l
Fia. 29.
(2) If y = cos™! @
then Z = Cos Yy
and & o e siny= —VIZF (Fig. 28)
dy Y g.
dy_1_ 1
de dz /1= 22
dy
8 If y=tan' 2
then z=tany

and dv_ sec?y =1+ 2% (Fig.29)

dy
ay _._1__.
dz 1+ a®

g8~
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57. The Hyperbolic Functions.
(1) If y=sinh 2

then Y = %(e”—-e"”)
dy 1 _
Sl = (— e
=%(a”+e‘”)=cosha:
(2) If y=cosh z
then Y= ;;—(e""+e’”)
dy 1
o= E—e
= sinh 2.

58. The Rules for Differentiation.

(@) Now & _ 8y 0z since %, is a fraction, and the value of a
Sz~ oz~ 8= o

fraction remains the same when numerator and denominator arc
multiplied by the same quantity. ILet &z represent the increase
in some function 2, which itself depends upon «, then when &z
is made infinitely small 2 becomes infinitely small.

Sy _ SJ 8z
Then Sz 8%

Now gg is the slope of a chord of the curve obtained by plotting z

horizontally and y vertically, and this becomes é— the actual slope

b4

of the curve when &z, and therefore 82, become infinitely small.
Similarly, when 8z is made infinitely small gm becomes ﬁ, the

actual slope of the curve obtained by plotting x horizontally
and z vertically.
Thus, in the limit, when dz is made infinitely small,

dy _dy dy dz
dz " dz " dz
The following examples will illustrate the use of this rule :
(1) To differentiate sin® .
Then y = 3" where 2 = sin 2

R dz _
dz—nz" and%—cosw
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dy dy dz
But d{L' EE dw

= ng"-1 cos @
= n sin®1 2 cos @

(2) To differentiate &in 1w

Then Yy = ¢ where 2 = sin-! 2
dy dz 1
dz = ¢and 7 dz Vi a2
dy dy dz

7
V11— a2
eqin"lm
CVI— 2
(8) To differentiate tan—! a2

Then y = tan~1 2 where z = 22
% == 1—_—%_25 and iid; = 22
dy dy dz

But E = ZZZ_ X %

22
14 2
2z
Sl at

(4) To differentiate log,(a + bx + cz?)

Then y = log,2 where 2 = a + bz + ca?
dy 1 dz
p il and %=b+2cw
dy _ dy dz
But il il
b+ 2
Tz
b+ 2cx

=a+bw+ cx®
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When we differentiate the logarithm of any function of z, we
get a fraction the denominator of which is that function of 2 and
the numerator is the differential coefficient of the denominator.

For if y = log, f (),

then y = log,z where z = f ()
dy 1 dz d
=z and 7= = = {f@)}
dy dy dy dz
But E-x d~ dw

(b) To differentiatec the sum of a certain number of functions
of a.

Forify=w+v+w+ .. .wherew, v, w ... arefunctions of z,
then y+ 8y = (u+ &u) + (v+ &v) + (w+ &w) +
and Sy =du+ v+ dw+ . .
Sy 8u v dw

S S TRt
Making 3z infinitely small,

dy _ du dv dw

dr da} dx " dx

Hence the differential coefficient of the sum of a certain number
of functions of z is the sum of the differcntial coefficients of each
function.

+ .

Thus if y = @+ bVZ + —= + da®
Ve

Then J—a+bw% J'+d-’63‘

i y %_1 1 _%_1 3-1
T =0+ §b.23 - §cv + 3dz
1, -4 1 -% N

b
—— + 3dx®
T2z 2\/.1:3 oV
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(¢) To differentiate a product.
If y = uv where u and v are functions of z,
then y+ Sy = (u+ du)(v + &v)
=uv+ u v+ v du+ dudv
and Oy =udv+ v du+ dudv
Sy Sv du dv
S UtV %+8u-8;
Making 32 infinitely small,
dy dv du
R SR ™
Since 8w becomes infinitely small along with 3z, the term

du % becomes negligibly small when 8z is made infinitely small.

To differentiate a® %,
y=a"n*=uv

Then u =a" and du = nan-1
dx
v = n® and 3—;) = n* log,n
dy dv du
but p il M

= a" n® log,n + n* na"-!
= n® 2"z log,n + n)
dy dv du B e
If il e when y = uv, dividing throughout by y we get
ldy 1du, 1dv
yder uwdz' vdx
Sometimes this sccond form is more easily worked with than
the first form. Also each term on the right-hand side is built
up from one term of the product only. For example, the first
term only contains u, the second term only contains v, and there-
fore we can extend the result to suit the case when the product
contains any number of factors.

Thus if y =u v w,

then ldy ldu 1dv 1do
yde udz v d " wdz
(d) To differentiate a fraction.
Let y=—
v
u+ du

then y+ dy = o 5o
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_u+du w
T v+ v v
_uv+ v du—uv—u v
B v(v + dv)
_vdu—udv
~ v(v+ )
du dv
81/_0-87&—“@
3z w(w+ ov)

Making 3z infinitely small,

and

du udv
dy dn” “da
de v?

To differentiate

du _

Then u = log,z and T

v=w2and%=2m

vilg' dv
dy___ dz ~ Y

dz V2
x> 1 2z log,x
X (2

w4
2(1— 2 logx)
T a2t
1—2logx
- T
59. Logarithmic Differentiation. A method which can be used

to great advantage is that of taking logarithms of both sides
and then differentiating throughout.

u P
For example, lcty = or
Then log,y = a log.u + b log,v — ¢ logw

As u, v, and w are functions of 2, the right-hand side can be
eadily differentiated, as we have a simple means of differentiating
the logarithm of a function of z (see § 58 (a) ) ; but we must also
be able to differentiate log,y with respect to .
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Then if 3 = log,y, il is required,

dz

dz dz dy
but i il

dz 1
and —_——

T,

2 1lay
Hence dw—-g;d—zv

. .1 . . g .
That is, 7 % is the result of differentiating log,y with respect
to .
To differentiate 2™ ™ sin” a.
Yy = " e™ sin® 2
Ioge J n log,z + nx + n log, sin 2

Differentiating - -— = n{ L 1+ E(E.iv\
sin aJ

=5{1+w+wcotw}

Multiplying throughout by y or 2" ¢ sin® 2
dy = nz"~! e" sin® x{l + « + @ cot x}

We can use logarithmic differentiation to establish the dif-
ferential coefficients of cot (ax 4 b), sec (az + b), and cosec (az + b),
and these results can be used as standard forms.
cos (az + D)
sin (az + b)

Then log,y = log, cos (az + b) — log, sin (ax + b)

. e 1dy —asin(ax+D) acos(ax+Db
Differentiating y %y ~ T cos (azi 1 D) - sin (cgw + b))
_ {sm“" (az + b) + cos? (ax + b)}

sin (az + b) cos (ax + b)

(1) y =cot (ax + b) =

i

a
~ 7 Sin (az + D) cos (az + b)
dy a . cos (az + b)
Then dz~  Sin (a@ + b) cos (az + 8)  sin (az + D)

_ a
sin? (az + )
= — a cosec? (ax + b)
(2) Y= sec (aw + b) m
Then logy = — log, cos (az + )
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. L ldy — a sin (az + b)
Differentiating i —{ s (@1 ) }
= atan (ar+ )
and 3—Z = a tan (ax + b) sec (az + b)
' 1
(8) y=  cosec (ax + b) = Sn@@Th)
Then logy = —log, sin (ax + b)
. . l1dy  acos(az+ D)
Differentiating 7 dz” " Sn(azt )
= —a cot (az + D)
and % = —a cot (ax + b) cosec (az + b)
TABLE OF STANDARD FORMS
dy
y 2
a 0
ax® angpm-1
ew ae™
liad ¢ loge -
]. f.‘
log,2 p
1
logz x log.a X
sin (ax + b) a cos (ax + b'
cos (ax - b) — a sin (ax + ¥
tan (ax + b) a scc? (aw -
cot (ax + b) — a cosec?® (¢
sec (ax + b) a sec (a"y
cosec (az + b) —a cosec
in—1 —m
sin—1 z \/1 =
cos—lyg - -‘—/;5(
tan-l
sinh @
cosh @
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Rules for Dyfferentiation.
dy dy 1 de 1
(1) Zx o= %—@ r @_@
dy dx
dy dydz
Sl o v
dy du dv dw
B Hy=ut+v+w+ S ntmt ot
dy dv du
4) Ify=uv il il
or Ly _Lldu 1dv
yder udr v de
vdu udv
_u dy “dz " da
6 Hy=-3 &~ —%

(6) Differcntiating log,y with respect to x gives 5 %

60. The following examples will illustrate how the rules for
differentiation can be applied and how the table of standard
forms can be used :

Ezample 1. Differentiate (1 — 2)V1 + a?

(a) Treating it as a product and working with the rule

c_igﬁugl_q_'_vdu
dz~ " dz " dz

1 u=1—wand£l-l-4=—l
dx

1
v=(1—}-&:2)‘“’=z%whercz=l+m2
do_1-t 1 de_
&2 2V'1 + a2 dx
v dvds x

(]
I
=
o

|
N
8

(1"'70)"‘7‘1':%}'2‘—\/1+w3

1
7-1———:—-—--‘5-2_{(0(1 —a)— (1+ 2%}
2024+ 2~ 1

T —
/T + a?
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(b) Treating it as a product and working with the rule
ldy 1du 1dv

— —

ydo uwde v dw

Then u=1—x
du 1 du 1
AT i w
Also v=(1+az2)%'
dv T andIdv @
o I LTI R
de (14 a2) vde 1+
1dy 1 x
Then .;]ﬂ_a:w—l-—wul—}-w‘-’
oo+ @) -+ a(l — )
T+ 21— a)
— 22 2—1

T 1+ A1 —a)
Multiplying across by y

dy --2x*+ax -1 P
bt A - z
de (14 2*)(1 — ) x(L-2)V1+a
-2 -1
V1+ a?

(c) Working logarithmically
logy = logy(1 — ) + % log,(1 + ?)

1dy -1 .1 %
yder 1—x 21+ a®
‘ 1 &
=—1——w+1+w2
—222+2—1

(1—a)(1+ a?)
Multiplying across by y
dy —2r*+ax-—1
do~ T—a)1+ a9
— 222+ 2 — 1
V1 + a2

(1—2)V1Fa?
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Example 2. Differentiate ¢ sin bx.

&y _ o
dz dz " dz

u=e““and§gmae"”

(@) Using the rule

v = sin be and -Z‘—Z=bcosbw

Then Z—z = De**cos br + ae™ sin b

= ¢*® (b cos bz + a sin ba)
= ¢* sin ba(b cot bx + a)
ldy ldu 1dv

() Using the rule;a-w_-dtl.v+vda
du 1du
U = e*, %=ae“”andaﬁ:a
dv 1dv bcosbr
‘v-smbw,z-x-:bcosb.z andvd‘vmm———bcotbw
1dy
Then ga—a-l—bcotba,
dy .
and EJ—}=e"‘° sin ba(a + b cot bx)

() Working logarithmically
log,y = ax + log, sin bz
1 dy N b cos bz

y dx " Sn ba
dy

=a-+ b cot b

and d—; = €™ sin bz (a +- b cot bx)
. . 1+ 22
Ezample 8. Differentiate Vi

(@) Working logarithmically
logy = log (1 + 2?) — -12- log, (1 — a?)

ldy 2x 1 —22
fyd_m"1+m2"'2'{1—w2}
2z
T I+at 1Tt

_ 22(1 — 2%) + 2(1 + 2?)
S (IT+aA(1-a?)
(3 — a?)
R
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dy (38— a? 1+ a2
and o~ I+a)(1-2) vVi-a

_®(3—a?)
(1 —a?)?

vdu udv

. dy de~ dz

(b) Using the rule p S
U= 1+m2andi—§f=2w

U=(1—w2)%and£l£=l_i.__ r

dy 1 .

p i z{2w\/1—w +\/1——w3(1+m2)}
= = {22(1 — %) + 2(1 4+ %) }
(1-ay?
L Be—ay
(1—ay?
az(3—m2
Ca-ayt

In general the most straightforward mecthod to use for dif-
ferentiation is to work logarithmically, and this should be used
in all cases where it is possible.

ExampLEs VI

lefelynﬁate with respect to .

()7 em (2) eV
3) - }og, sin (4)" zsinz
sin v &
(5)~ (6)" =—
. &z sm &
("> '}w3 sin (8" e
(9) 7 a log, (10)\ .z" log,
(11). z'tana (12): § ‘x” log, sin @
(18)" an . (14)‘ sin nx
/ / P
v sin nz
(15) i (16) sin nx
(17) ‘/e"” cos nx (18);"/’:»’ e sin na
(19) €™ tan ne (20)” e™ sec m.
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(21!

(23)
'i

-}

(25"

(27)"
d
(29)
(31)
(33)
(35)
(37)
(39)

(1) ,
(43)

(45)
(47)

(49)

PRACTICAL MATHEMATICS

e™® tan na scc ne

ax® - bx + ¢
cr? - b + a
14 @
11—
24 w41

log,
log,

¢® log, (¥ + a)
log, (& -+ €%)
Piad
log, a
COS @& COS 2@ cos 3x

e sin @
—
14 a®
log, @ tan—1 @
tan @ sin—! @

cos—!

e sin—1 @
Jl — &
14-@
\/1 — a3
1+

\/ 1—x
1424 a2

(22)

(24)

(26)”

(28)

(30)
(32)"

(34)

(36)
(38)°
(40)

(42)
- (44)

(46)
(48)

(50)

(52)

(54)

w3
& osin @

(@ - a)™(x + b)™
log Lt a2
. Be T 27

log Vl - ___-I_ &
VI at—a

a” log, (v + a)
¢ + log, @

log, (v€e")

sin @ sin 2@
sin 3

e»:ln""lm

2 tan—l @

@ log, (tan—1 @)
tan—1 @ scc @

1 |-

1 —a

\/l — 2
1+ a2

1--a2
24w+ 1
1

Sin™! —————

V1 a?




CHAPTER VII

61. Successive Differentiation. When we are given g as a func-

. .o d Y . .
tion of # and we find 'J'Z’ then % is also expressed as a function

of @, and thercfore it is possible to differentiate again with respect

d (ly> or d*y
In fact, with a few exceptions the process of differentiation can
be performed as many times as we please, and the result is repre-

to @. This process is represented symbolically by

sented symbolically by % where n gives the number of times
the differentiation has been performed.
Thus if Yy =an
Z—g = nen-l
2,
% - n(n— 1)er—2
% = n(n — 1)(n — 2)an3
d'y ‘
and a-d:';=n(n-— Nn—-2) ... (m—r4 arr

while taking » as a positive integer and putting » = n
n.

d‘-—b—nzn(n—l)(n~—2) R |

-
If n is a positive integer, 2" can only be differentiated n times ;
but if » is a ncgative integer or a fraction, positive or negative,

there is no limit to the number of times a” can be differentiated.
For successive differentiation it is convenient, if possible, to find

the general result of differcntiating » times, 4.e. Z‘—-—ﬂ, and then
any differential coefficient can be found by giving n the required

valuc in that general result. There are some functions for which
99
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the nth differential coefficient can be readily obtained, such as
ar, logx, €<, a%, sin (ax + b), cos (ax + b), € sin br, ¥ cos ba.
To find the nth differential coefficient of e* sin ba.

Yy = ¥ sin bz
d‘/ = ae™ sin bu + be™® cos b

drv
= ¢™(a sin bz + b cos bx)

—_— . I
= V@ + b ¢® sin (be 4+ o), where tan « ——~:;

It appears in this example that differentiation is equivalent to

multiplication by Va* - b2, and at the same time increasing the
angle by a. If this is so, then

iz = (a® + b?) e sin (bx 4 2a)
d? &Py N
T = (a®+ b%)* ¢ sin (bx + 3a)
vy . 1.
and T — (a*>+ b? ) ¢ sin (bx - na)
If this result is true for all integral valucs of n, it must be truc

n+ ntl
for (n -+ 1), and i}/—m = (@ + %)% e sin {br-|- (n+4 1)a}, and
dry

this result can be established by differentiating T

+
and Z‘L"‘H = (a® + ? ) {ae™ sin (bx + na) + be™ cos (bx + na) }

n
= (a® + b%)* e*{a sin (bx + na) + b cos (bx + na)}

= (a* + b" ¢ Va2 + b sin (b + na + )
nt+1l
(@4 % 2 ¢@sin b+ (n+ 1o}
which agreces with the anticipated result, and therefore

dry
d.,l,"
for all integral values of n.

62. Other functions arc of such a form that it is impossible to
obtain the nth differential coefficient, but the work of successive
differcntiation can be made as simplc as possible by working
to some general rule. Functions such as tan z, cot @, sec z,
cosec @, €° sec @, €* cosec &, can be treated in this way.

= (a? -+ b")' ¢® sin (bx + no) where tan « -
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63. Development of Functions. If ©= f(z+ y) where 2 and y
are indcpendent variables,

ds ds

e (&) (&
cn d]j)x const dx ¥ const

for let 2 — f(w) where w —= a4y

dz _ dz dw
dy dwdy

dz . dw
= —, since | — =1
(l‘(t‘) (ly & const

dz dz dw
de  dw de

dz ) dro
— —, simce |\ — =1
(lw d(l? ¥ const

. ds dz
Thus <—-— = | —
dy x const da Y const

The function = — f(@ + ) can be expressed as a sceries of terms
of descending powers of @, or ascending powers of y.

Then z = f(x - y) = A+ By + Cy>+ Dy + .

where the coefficients A, B, C . . . are functions of @ but are
independent of y.

Keeping @ constant

Keeping y constant

Then (513 = B+ 2Cy + 3Dy* + 4Ly + . . .
dy x const
q ((h) dA v ﬂ? - dC . dD .
an dr/y const  d Y'Y

Since these two expansions are equal, we can equate coefficients
of like powers of y.

And Bﬁ%
4]?‘:(317]3‘%% Lz_ﬁ_%

dA ¥ A P dPA
Therefore = = fle+y) = A+y i T2 @F + 5 & + ...,
in which A can be easily expressed as a function of @ by putting

y = 0, for then A — f(x). This expansion is known as Taylor’s
Expansion.
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(a) To expand (r+ y)"
Then & = (2 + %)*; and when y = 0, = = 2*, and this gives A as
a function of a.

If A=gn
D
A
T gl L= Dn—-2) ... (p—r+ TanT
l -
when r—=1 A _ nar—1
d&p Pianinl
r=2 A _ n(ny 1)2"-2, and so on
dr? ¥ ’ ’

But z = (@ -+ y)"
dA y* Ay BPA
—;’}-!-'I -(———- |~ (Ll“+]-—3m+"
‘) - J3
|3

=a" 4y 7w"“1+-l7; n(n—1)e" 2= 1z(n 1)(n—2)a"3+. .

(n—1 nn—1)(n—2

(b) To cxpand log,(x + 7)
Then % = log,(¢ + ) ; and when y = 0, ~ = log,», and this gives
A as a function of a.
If A = loga

But 2 = log,(z + y)
~A dA o d?A d2A ¥ d3A
TV o ]— et

1\ 2 1 2\ 3
s (e (B -2

2 3 4
ctogaid LBV
B+ @ 21,2+3m3 4t " "
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Putting @ = 1, we get
1 1 1
log(L+y) =y—gy*+ g — '+ . ..

64. Application of Taylor's Expansion to the solution of cquations.
dA oy Ay tl’A
Now fle 4 9) = Al y =+ BN 1 15 d '

But if y is taken as a small quantity
then fle +y) = A+ y (lIA -+ ;l; y> (ltjﬁ approximately.
Thus if we are solving an equation and we find by trial that
a root of the equation lies between two definite limits, say @ = @,
and a -- a,.
Then calling the equation f(x) == 0
and when v=a, fle,)=a
also when - @y fl2y)
Then, if a is nearer to 0 than b, the actual root of the equation
can be #; + & and & will be small.

But S, 4-h) =0
and hence A+ ‘Cl[’: %h" ‘flf ~0
dA d?
where A =f(2) and A, 5 L and —; P have the values when 2 =a,.

This gives a quadratic equation for &.

Next, if b is ncarer to 0 than «, the actual root of the equation
can be @, — &, and & will be small.

But g —Lk) =0
and hence A—Isl-é—l— /» d‘f:o
dz du?
where A =f(2) and A, %%, nd Z A, have the values when x =2,.

This gives a quadratic equation for .
Example 1. To find the root of the cquation a® — 1022 + 402
— 35 — 0, knowing that it lies between 1 and 2.
Then A or f(») = a3 — 1022 + 40z — 35
when 2 = 1, f(z) = — 4, and when 2 = 2, f(2) = 13.
Hence the root is nearer to 1 than it is to 2

and A=2a2—10224 402 — 35 = — 4 when z =1
%23m2—20w+40 23 when @ = 1
2
-‘-l-—é—Gm 20 = — 14 when 2 =1

da?
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dA 1. d2A
But A-f-ld + = ]L“L,=

— 4+ 23h — 7h? =
h® — 3-286h |- 0-571 =~ 0O
h— 1643 == d: 1-459
h = 0-184

The root lies between 1-18 and 1-19.
To get a better approximation for the root

A= 23— 1002+ 400 — 35 = — 008097 when « = 1-18
% = 322 — 202 + 40 = 20:5772 when @ — 1-18
j‘} =62 —20= — 1292 when @ — 1-18
(L\ d2A
— 2 — 0
But A+ h— T I IS

— 0°08097 + 20-5772h — G161 = 0
h? — 318536 - 0-01253 — 0
h — 1-59268 - -- 1-58874
It = 0-00394
The root will be 1-1839.
Lizample 2.  Solve the equation !-Sil; v g

The root is evidently between 1 and 2.

The equation is sin @ — %= 0

and _A =sine— 0752 = 00915 whena =1
d
%A = CcoS & — 075 = — 02097 when @ =1
c_l_z_} = —sina == — 0-8415 when @ =
dx?
dA 1 d2A
But f(x+h) =A+h 3 B2 T
and 0:0915 —0-2097h —0-4207h2 = O

h? + 0-4985I — 0-2175 = 0
h + 0-2493 == + 0°5287
h = 02794
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The root is between 1-27 and 1-28 and is nearer to 1-28.
To get a nearer approximation take the root as (1-28 — k).

Then A = sin 2 — 0752 = — 00020 when o = 1-28

dA

Iy~ cosa—075 = — 04633 when » ~ 1-28

((L;é ~ —sine = — 09580 when o = 1-28
dA 1., do A

— 0-0020 4 0-4633k — 0-4790k2 = 0
k? — 0967224 k + 0-0041754 = 0
Ik — 0-483612 — 4= 0-479276
L = 0-004336
The root is  1:28 — 0-:004336 - 1-275664.
Working to five significant figures the root is 1-2757.

65. Maclaurin’s Theorem. 1If we start with Taylor’s Expansion
and put @ — 0.

2 (2 3 ]2
Then f(a 4 4) = A + g dA P A A

el T2 d? BNERCE
dA 2 doA 13 (ZSA
and f(?/) =A o= 0+?/(d‘ > + |/_< da? ) +—T/-§<-(lm7;>m—0

1/ 4 12A . .
where A, <=, & . . have their respective values when @ = 0,

Y de’ dat

and these will be constant coefficients, since they are independent
of # and y. The expansion may thercfore be expressed as

B ‘dA J a? <(l2A> a® ((l"*A)
Jtr) = Apep 1 (cl&) '-E da? a-=o+ T_E A3/,

where A — f(2).
An alternative proof can be obtained in the following manner :

Let y=f@) = Ag4 A A+ A3+ . . . Ajam +
where Ay, A, A,, etc., are constant cocflicients.
Then when =0, Ay= Y.
ZZ = Ay + 2A 4 BA% + . .. nAm 4
and when x=0, A, (d’/>
de/,
d~1/ = | 2A,+3x2A 2+ . .. nn—1A" 2+ L L.

da?
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1 ,d?
and when z =0, |2A <d ll) and A, ~ T—( y)
z=0 1< =0

d‘l:"
Py 3A; + n(n — 1)(n — 2)A,2"3 +
i [BAs+ . . . o Ce
ar (D 1 (d’*y)
and when @ =0, |8A;= (WIL oand A= \@)

Differentiating n times and putting # = 0 we get

dy 1 /dny
<d7)w;o_ |#A, and A, - In <dm”>x=o
dy x? 3 (dPy
Then y=f(x - +a‘( ) ( > ( > +...
Yy f( =Yc-0 -': drd oo

an d"y)
(@, *

We have therefore a mecans by which we can expand a function
of  in a series of terms of ascending powers of . The success
in the working with this expansion depends upon the casc with
which we can obtain the successive differential cocfficients of
f(@). Thus any function whose general differential cocfficient is
readily obtained can be as readily expanded.

To expand e* sin be.

It has been already shown that the n'®t differential coefficient

n
of ¢ sin bx is (a® + 1?2 €* sin (bx + na), where tan o =—

d™y no
Then ( > =(a?+ b2)2 sin no
| d‘rn 2=0 ( )
dy> .
<ﬁx=0—(a + 5?2 sin

d?y ol ey
(dar) = (a®+ %) sin 2a

2 d2
but y = f(®) —Jw-0+w< J>w0-|—w < 1/) + .

i @)
|n (dw" =0

2
and y = €* sin bz = x(a®+ bz)% sin o + %(a2+b‘~’) sin 20 + .

n

x 2.
I—n—(a2 + b)2sinna+ . . . where tan a =

SIS ]
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66. We can also apply Maclaurin’s Theorem to the case in
which the process of finding the successive differential coefficients
is rendered simple by working to a general rule. Functions
such as tan 2, cot «, sec z, cosec #, can be expanded in this manner.

Thus, to find the expansion for scc @, we have to find the suc-
cessive differential coefficients of sec @, and to do this we shall
require the differential coefficients of sec x tan™ a.

Yy = sec @ tan™ @

dr
c_i% =mnsec @ tan™-1 ¢ sec? x + tan” @ sec x tan @

= scc 2{n tan"~1 2(1 + tan® ) + tan"*1 x}
= sec #{n tan®1 x + (n + 1) tan™+! 2}

dy

Thus when n = 0, y = sec @ and il sec ¢ tan @
dy 9
when =1, y = sec @ tan @ and%——-sccw{1+2tan x}

d
when n = 2, y=sec @ tan? ¢ and d—Z=secw{2 tan 2+ 3 tand @}

when n = 3, y =sec  tan®  and %=5ecw{3 tan?x+4 4 tanta}

Using these results we can now successively differentiate sec .

Yy =secx
d_y = sec @ tan @
T =
2
Z—f{- — sec {1 + 2 tan? 2}
&y t 2(2 t 3 tan?
75 = SCC x{tan @ 4 2(2 tan @ + 3 tan® x)}
= secw{5 tan @ + 6 tand 2}
%{ = sec #{5(1 + 2 tan® ) + 6(3 tan® z + 4 tan* 2)}
= sec ¢ {5 + 28 tan® x + 24 tan* x}
5.
%}g = secz {5 tana + 28(2 tanx + 3 tan3x) + 24(4 tan32 4 5 tan®z) }

= sec #{61 tan z + 180 tan® z + 120 tan’ z}
6
%+ secz{61(1 + 2 tan?z) +180(3 tan? z + 4 tan*z) + 120(5 tan’ x
+ 6 tan® ) }
= scc 2 {61 4+ 662 tan? z + 1820 tan* x + 720 tan® 2}
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When « = 0, sec @ and its successive differential coefficients
become 1, 0, 1, 0, 5, 0, 61, and therefore there are no odd powers
of z in the expansion.

a? o‘v‘l 61la®
Y = sec & = 1-1—| |4‘ F|6

2

1o 52 61’
Tttt e T

67. There are some functions which can be expanded without
the aid of Maclaurin’s Theorem, and this remark appliecs more to
the inverse trigonometrical functions.

To find an expansion for sin—! a.

y=sin"te= A, + A+ A4 Age? + Aet+ Agads - ...

and when & = 0, y = 0, and thercfore A, = 0

(l'/ . 1 _ ) . 22 3 K 1
& Vi Ay F 2050 -+ BA 22+ 4A @3 + SAt + L L.

1 —_
m or (1 ad d}.‘z)

Binomial Theorem and

[

But can be expanded with the aid of the

r, — 3 5 35
] ¢ o= “L - s Tt 8 _— 8 -
( ) 1+ @2 SL+]6LI—28 1
Equating coefficients of like powers of @, it should bhe noticed
that there arc no terms in the sccond expansion involving odd
powers of z, and thcerefore the cocfficients of these terms in the
first cxpansion must all be zero.

Then Ay = A, =A, = Ag =...0

1 3 5 33
Also A/\I == ]., 31&3 = :2- 5A5 = gx 7A7 = E; 9A9 — ]T:?é-
; 1 3 5 35
Then A]_ == ], A3 - 6) A5 —= E’ “\7 — m, Ag — m-‘z-

and sin—la = &+ ? I- 35 | 507 359
Y= 6 ' 10 112 ' 1152
12 1325 18527 1:357a°
. —l— ‘—— 3 + I + 9
23 "2415 2167 24689

68. If we have a simple relation between the first and second
differential coefficients, and this is combined with a knowledge
of somc of the initial conditions, we arc ¢cnabled to express y as
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a series of terms of ascending powers of . In other words, we

can solve a differential equation and give the result as a
series.

@y dy

Example. 1f T da,+0 y =0, and when 2 =0, y -~ 0, and

dy . .
pri 1, cxpress y as a series of terms of ascending powers of a.

Then y=A, rAx+ A+ Ag®+ At Aad+ . ..

1
:LI: A+ 2A5m + BAge% + 4A 8+ SARt + L L
d‘{l/,_ 2A 6A.2 - 12A.22 - 20A 2"
Tp 21 0T 1A 4 20827+
dy
When & =0, y=0, then A;=0; and when =0, 3:1: -1,
then A, = 1.
d?y ) i
Also d-—i',’—?: - 2A2 - 6A3w+ 12A4.2,"" + 20A5:.L" + 30A6{l'4—|- L
dy . ‘
— % = — 2A1 -_ 4A2m — 6A3¢IL"’ —_ 8A4(L’J . "01&5‘2)4 .
2y = 2A,+ 202 2A,07 - 2A0% + 2A 204
< d”’l[ (IJ
- — H 2 O
Since T3 d@ Yy -

Then 2A,-—2A;+ 2A,=0 A, =

1
12A, - 6A;+2A,=0 12A, -0 A=0
20A, — 8A, + 2A,=0 20A, - 2 A_.__l.
5 4 iz = 5 —:3 5 30
1 1
o wa $5 (Uﬁ
Henccy =2+ +-§-~§6~—6-60tc.

69. Sometimes, when it is necessary to expand a certain function
of z, it is convenient to form a simple relation between the first
and second differential coefficicnts and usc this relation in the
above way.
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. -1
Thusif y = &v*
log, y = sin~'a

ldy 1
yde Vi1-a?
(lJ esin"lx
and =3
de \/ 1—a?
log, 3 = sin~1 @ — 2- log, (1 — &?)
1dz 1 + @
sdv \/] — 1— a2
dz &y e { 2
and -— or —== -J- }
dx de* 1 —a2lW1 - 1-a?
d*y aem
— Y _ in ke xe
Then (1 —? Pl + Vi
dy
= y -l- waz
We can therefore use the relation (1 — x2) j-y) — & % —y -0,

combined with the condition that when @ = 0, y = 1, to cxpress y
as a scries of terms of ascending powers of a.

ExamprLEs VII

(1) If & == 3e~* sin 3¢, prove that —- i —l—., (—i- -+ 10@ = 0.

dir T dt
(2) If =10t e, prove that — P + ~de’—l 4o = 0.
’ dr di

(8) If 2 = 4 (e — e~*), prove that gtv - 6%—2 -+ 8x=0.

. l’v daz
(4) If @ =5 (1 + ) e ™, prove that — T Et_ + 4o = 0.
(5) If & = 4 (3% — 2¢~*), prove that Z + ()Zf + 8x = 0.
6) If y = ¢®, prove that (-z—-;—-ilicosaa, 4y sinx = 0.

y=ewop QT d

(7) If y = e** sin bz, prove that iz - 2a dy i (@®+ by -- 0.
(8) If y = ™ cos ba, prove that — &y _ 2a ‘—ig + (a%+ b%);

p Y=

d2
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(9) If y = ¢* tan z, prove that —= &y — (1+ 2 tan a) Zw+ y (tan z

dd/,
— cot x) = 0.

(10) If y = 2 &, find &y,

dy dy &’

I I and hence find Py

(11) Using Maclaurin’s Expansion, find the first five terms in
1e expansions for sin nx and cos na.

(12) If y — tan (z + y), show that d_dzy_ - 1—:‘—23‘!-“ and :ZZ{
o 2(1 - y'3> !
7 AT

(13) Find the first five terms in the expansion for tan-1 2.
(14) If y - ¢* tan™ 2, find % and use the result to find the first

five differential cocfficients of ¢® tan 2. Hence find the first five
terms in the expansion for ¢® tan a.

(15) If a - yj 1, prove that y = (1 — )(iy, 2 (t— )ﬁz,
3 Zzz = (1—a) (fﬁ, and hence show that illm?'{ = I‘_’—_l-_ Zz)"'

(16) If y=7)i , prove that % 1} Z ZZ = = -1—-?—1— Z——‘g.
% = - —?-—- :ll:{, and hence show that i ‘1{ (— "™ l’_(_"l(}r ';)1:)

§ 2 ) 3
an i x= Z_': 1 prove that dy_y-1 &y dy,

duv 1-'v’ dv: 1 —x dv did

3 dy |ny-1)
=T o and hence show th'{t d = _(1___._._7__
(18) If 2 = a(0 —sin 6) and y = a (1 — cos 0), find dy and —5 l‘/

de da®
giving cach result in terms of 0.

(19) Using Taylor’s Expansion, find the approximate root of
the equation tan @ = @, knowing that the root lies between 4
and 4-5 radians.

(20) Using ’l‘aylor s Expansion, find the approximate root of

2
the cquation 3 sin + —=3 7, knowing that the root lies between

0-5 and 1-0 mdlans.

(21) Using Taylor’'s Expansion, find the approximate root of
the equation a2 + 523 — 722 + 10z — 12 = 0, knowing that the root
lics between 1 and 2.
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(22) Using Taylor’s Expansion, find the approximatc root o
the equation 2® — 843 + 122 — 185 = 0, knowing that the root lies
between 3 and 4.

‘_il/,.._ dy ~{ 5y = 0, express y as a serics of ascending
dx? dx
dy

powers of @, knowing that when @ - 0, y = 0 and == = 2.

de
(24) If (1 + @) Z—:‘-%— 2 % =0, express y as a scries of ascend-
ing powers of @, knowing that when @ = 0, y = 0 and d—% = 1.

+y =0, express y as a scries of ascending

(23) I

o , Py dy
(25) If « R
powers of x, knowing that when z=0,y~=1



CHAPTER VIII

. e divided into two classes according to the
the slope.

«ses as @ increases, then a tangent drawn to such
inclined to the axis of & at an acute angle, and

Y]
/-
7 B
6 - e
A3 \
o X O X
FiG. 3o.
tan 6 will be positive and therefore % will be positive. Hence
when %—f, or the slope of a curve, is positive y increases as x
increases.
Y| Y]
=)
- < . T ~.
oy 8y
o X O X
Fic. 31.

(2) If y decreases as @ increascs, then a tangent drawn to such

a curve will be inclined to the axis of # at an obtuse angle, and
115
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tan 0 will be negative and thereforc dy will b

dx
dy . .
when o O the slope of a curve, is negativ
increases.

When we wish to find the highest or lowe
we do so by drawing the horizontal tangent t  u
point of contact is the required point.  As the tange

it is parallcl to the axis of # and therefore its slope

Thus the condition -:% = 0 gives a point on the ¢

the tangent is horizontal, and such a point may be
mum point, a minimum point, or a point of inflexion,

Y
C =2 JAN 1964

Fic. 32.

71. Case 1. The maximum , oint. Let C be the highest point
(h/
de

Moving along the curve from A to C, the angle 0 is acute and

of a curve, and at C - 0 (Tig. 32).

- dy . .
decreases to 0°. Then ZJJ is positive and decreases to 0.

£

Moving along the curve from C to B, the angle 0 is obtuse and

dy . . '
dccreases from 180°.  Then -—L/ is negative and decreascs from 0.

Therefore in the neighbourhood of a maximum point i]’% is
always decreasing, and also Ella{ changes in sign from positive,

through zero, to negative.
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1gent is horizontal when% = 0.

5, when 1223 — 2422 — 48x + 96 = 0

r 2 — 222 — 4+ 8=0
(@*—4)(xz—2)=0
z=2and a2 - —2
«2 two points at which the tangent is horizontal
d
w 2Y 3602 — 48y — 48
da?
Py . . .
hen @ = 2, ZIIE = 0, and a point of inflexion occurs when @ = 2,
d*y .. . .
When @ = — 2, e 192, a positive value, and y is a minimum
when @ —= — 2.
Then the expression 3zt — 843 — 2422 4- 962 — 30 has 2 minimum
value — 206 when @ = — 2, and there is a point of inflexion when
& — 2.

e

75. Ervample 3. Find the dimensions of the cone of greatest
volume which can be cut from a sphere of given radius.

- '/:» - -
X
. I
T
|
|
!
!
FiaG. 33.

Let « be the perpendicular distance of the ’
from the centre of the sphere and let R be the ra

Height of cone =R+«
Radius of base of cone = VR2— 2
Volume of cone = g([{ + 2)(R2 —

v = Z-;(R3 1+ R2p-

do 7,
— - 2 x
dx 3(R Ra

. . dv
Now » is a maximum when i 0
v
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tan» When g (k2 — 2Rz — 32?%) = 0

R? — 2R — 822 = 0
(R—82)(R+a)=0

2
Height of cone =R+ 2= ‘%{-
Radius of base = VR? — a2
. R 2v2

TR 58

Volume of cone T éI_{. ?_I_{
3 9
_ 327R3
81

76. Example 4. Tind the dimensions of a cylindrical vesscl
of greatest capacity which can be made from a given amount of
sheet metal—(1) When the vessel has no lid; (2) When the
vessel has a lid.
Let S be the area of sheet metal used—(1) Without lid.

S = surface arca of vessel = 2rxy + ma?, where « = radius of

base and y = height.
Volume of vessel = na?y

. 2{S - TE(TQ\
V= T . J
1
= ;Z(Sm — 1ta?)
dv 1. Y
Then v §(S — 3na?)

71. Ca

) dv
aximum when — = 0
of a curve, dx

1.
Moving al. §(5 — 8ma?) = 0

—

decreasces to ()L"‘"hen z = _S_,
. ) 3
Moving along S . ma?
decreases from 18 ~ ¢ 7 T 2q
28 [3m
Therefore in the = e V'S
always decreasing, ¢ - S
3n

through zero, to negat,
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'Volume of vessel - ma?y
S [S
" "3 Vix
S /S
T 3V3n
ith lid.

irface area of vessel = 2nry + 2na®, where z = radius of
nd y - height.

Volume of vessel = LY
S /S — 21m:2}
B " 2n2
1
- = {S(L’ -- QTC(L’?}
2
dv 1,
Then ﬁ.l_} = § (»S — 675(2]2)

. . do
Now v is a maximum when o 0

. 1 . 2
That is, when 5 (S - 6ma*) =0

1..Cn v g
- “ 7 Vo
: S — 2ma?
Height of vessel Y=
28 [on
S 6m Y S
~on] 2
6t
Volume of vessel = maly
S . [S
= — 2 —
T 6n 6w
NS
3 Yo6rm

77. Ezample 5. A sector is removed from a circular disc of
sheet mctal of given radius, and the remainder is formed into a
conical vessel. Find the angle of the sector, so that the volume
of the conical vessel shall be greatest.

Let 0 be the angle of the sector ACB. Then 2r— 0 is the
angle of the sector which has to be removed.

Length of arc ACB = R0, where R is the radius of the circular

disc.
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Now the circumference of the base of the conical vesse
be the same as the length of the arc ACB.

Circumference of base = R0
Radius of base = 1}-9
27

Length of slant side =R

[ R26?
: - 2 __ v
Height = A/R =
202 262
« R20 \/Rz B R 0

Volume of conic sel = = ——
ical ves 3 =

Fia. 36.

N
Now v will be greatest when \/ 04 - 119{2 is greatest : that is, when

0s

0t — e is a maximum.
6 5
04 — -g-, is a maximum when 403 — 9—9— =0
42 47?
. . 2
That is, when 02 = 3 4e2
2
or 0 = 2my/3
The angle of the sector = 2 — 0
2
- 2n(1-v3)

= 1:153 radians or 66° 6’.
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The dimensions of the conical vessel can now be given.

Radius = B—Q = 2R
27

Height - AR 2R \/ !
2
Volume - T 2R \/’ R

_ 2R3
93

78. Example 6. The cost of a ship per hour is fc where
c¢=-a+ bs" and a, b, and »n are constants and s is the speed in
knots. Find the spced of the ship so that it will travel a passage
of m nautical miles at a minimum total cost.

Time of passage = ? hours
Total cost of passage -- %"(a + bs™) pounds = y

y = m(g + bS’“)

y will be a minimum when % =

dy . -
7s = m{— as™%+ b(n — 1)s*—2}
and dy _ 0 when b(n — 1)s"-2 = -‘i‘;
ds s?
=
~b(n—1)

1
5= {17(77(5‘5}

giving the speed in terms of the known constants a, b, and =.
79. The function y = ae~* sin(pt —c) affords a striking cxample
of alternating maximum and minimum values.

a, k, p, and c are constants.
Since e~* is never zero, y = 0 when sin (pt—¢) = 0. That is,

when (pt — ¢) has the values 0, &, 2, 8% . . . nmw . . . or when
thasthevaluesg, _0_+Z_c’ £+2_7_7 L e
pp prp p p p
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Now %—:— a{ —ke™ sin (pt — ¢) + pe™ cos (pt —c)}
and % = 0 when — ke sin (pt —¢) + pe~™ cos (pt — ¢) = 0
k sin (pt — ¢) = p cos (pt — ¢)
tan (pt —c¢) = !l;)
If

o= tan—t L

& then tan (pt — ¢) = tan «

and pt—c=oa, t+ & 2T+ o, .

..nT4 o
a'—-i — 0 when ¢ has the values
ate atec m ate 2w
P P P P

Hence
¥

.
«+c nm
) . . . b el . - .
P P P

Some of these values of ¢ will give maximum values of y, while
the other values of ¢ will give minimum values of y.

Taking the gencral valueof ¢, ¢ (et e, nm

»r p
Then pt—c=nmw+ o
sin (pt — ¢) — sin (i1 + )

When » is an even integer, sin (pf — ¢) is positive, and hence
maximum values of y occur when ¢ has the valucs

and

atec otc

’

- —y  —} —, ctc.
r r r p

When n is an odd integer, sin (pt — ¢) is negative, and hence
minimum values of y occur when ¢ has the values

at+¢c T oa+c¢
+5, 8

3t o2 5w
- —y — — e —, ctc.
p P VY P r
€.

g%l
+

Putting

p
Then when ¢ = b y=ae % sin =M
2 .
when £ = b+ — Y — ae’"k(b+p) sin o

. 2k
== Me »

4r

4 -
whent=b+—;—t y = ae Ho+3

sin o

_ak
= Me »
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67 k(457 .
when £ = b+ — y = ae (+3) sin «
p
ok
=Me »
Thus the successive maximum values of y are in geometrical
Oxk

progression, the common ratio of which is e™ 2

Also when £ = b + 1—73 Y= — ae‘k(b+z'7) sin o = N

3 3y
when ¢ = b+ —;-t Y= — ae"‘(”*p') sin e
- 2rk
= Ne¢ P
5 —k(b+5N .
when ¢ = b - T:c Y= —uae "(’”‘p') sin «
Ak
=Ne »

Thus the successive minimum values of # are in geometrical
Cuk

progression, the common ratio of which is e 7

ExamrrLEs VIII

Find the maximum and minimum values of y and the values
of q,}?)roducing them in cach of the following examples:

{1) y = 22* — 9% + 122 4 30.

2) y = a®— 75z |- 24.

(3) y = 3at4- 4a® — 24 — 482 4 64.

D

. . . 3
(4) Find the minimum value of — 523, and the value of

which produces it.
In each of the following examples find the maximum value of
z, and the value of £ which produces it.
(5) @ = 3¢~ sin 3t
(6) & = V10 et sin (3¢-- 1-249).
(7) @ = 5e~t sin (3t + 0-G428).
(8) @ = 10t e~*.
(9) =51 2) e
(10) = 5 (1 4+ 4f)e~2.
(11) =4 (e — e~ %),
(12) = 4 (2672 — %),
(13) @ = 4 (Be=% — 2¢%).
(14) If y = 2% ~*, find the maximum value of y, and the value
if @ producing it.
(15) Find the dimensions of the cylinder of greatest volume
which can be inscribed in a sphere of 10 inches radius.
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(16) Find the dimensions of the cylinder of greatest curved
surface which can be inscribed in a sphere of 10 inches radius.

(17) Find the dimensions of the cylinder of greatest total sur-
facg which can be inscribed in a sphere of 10 inches radius.

18) Find the dimensions of a conical tent of gpeatest capacity,
the area of canvas used being 500 square yards.

(19) If y = a?*» — 21+" where n = 0-885, for what value of 2 is

¥ a maximum, and what is the maximum valu~ ?
3

(20) The cost of a ship per hour is f¢ where ¢=8-21 + T%(T(-) s

being the speed in knots. Express the total cost of a passage
of 3400 nautical miles in terms of s. What value of s will make
this total cost a minimum ? Show that at spceds 10 per cent.
greater or less than this, the total cost is not very much greater
than what it is at the best speed. (B.Y 7 1911))

3

(21) The cost of a ship per hour is fe¢ where ¢ = 4+ -1—(-;%0-, s

being the speed in knots rclatively to the water. Going up a
river whose current is 5 knots, what is the speed which causes
least total cost of passage ? (B. of E., 1905.)

(22) In Q. 21, if the ship is going down the river, what is the
speed which causes least total cost of passage ?

(23) From a rectangular sheet of tin 12”x 10” cqual squarcs
are cut from cach corner, and the remainder is formed into a
rectangular vesscl. Find the length of the side of the squarc
so that the volume of the vessel shall be greatest.

(24) ABCD is a shect of tin 10” square. From the corners A
and B squares of #” sidc arc cut away, and from the corners C
and D rectangles of breadth #” arc cut away. The remainder is
formed into a rectangular vessel with a lid. Find the dimension
@ so that the volume of this vessel shall be greatest.

(25) The stiffness of a beam of rectangular cross-section varies
as bI® where b is the breadth and % is ' 2 depth of a cross-section.
Iind the dimensions of the stiffest beam which can be cut from
a cylindrical log of 24 inches diameter.

(26) If y=ae™sin (pt—c), and e= 0:135, a=4, k= 300,
P = 500, find the first maximum and the first minimum valuc
of ¥, and the values of ¢ which produce them.

(27) Find the dimensions of the cylinder of greatest volume
which can be inscribed in a cone 5” high, radius of base 2”.

(28) Find the dimensions of the cylinder of greatest curved
surface which can be inscribed in a cone 5” high, radius of
base 2”.

(29) Find the dimensions of the cylinder of greatest total
surface which can be inscribed in a conc 5” high, radius of
base 2”.
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(30) The annual cost of giving a certain amount of electric
light to a certain town, the voltage being V and the candle-power
of each lamp C, is found to be

A=a-+ 2 for electric energy

\
Vi
and B=r%tn — for lamp renewals.

C ot
, The given values are known when
v 100 200 | C=10. Find a, b, m, and n. If
A 1500 1200 C = 20, what value of V will give
B 300 500 minimum total cost? (B. of E.,

1907.)

(81) If a cranl: is at the angle O from a dcad point, and 0 = ¢¢
where ¢ is the angular velocity ; if @ feet is the distance of the
piston from the end of its stroke, r fect is the length of the crank,
and ! feet the length of the connecting rod ; then

w=r(1—cos@)+£:l(1——cos20)

Taking r = 1 and I=5, what is the angular position of the crank
when the piston is moving with greatest velocity, and what is
the distance of the piston from the end of its stroke at that
instant ?



CHAPTER IX

80. The Equation of the Tangent to a Given ('urve. The equation’
of a line is y == mx + ¢ where m is the tangent of the angle of
slope, or if the line is inclined to the axis of 2 at an angle 0, then
m = tan 0.

The tangent to a curve is a straight line which passes through
a given point on the curve and also has the same slope as the
curve at that point. ~

Let the co-ordinates of a point on a curve be k, k. Then the
slope of the curve at that point is the value of % when @ — h,
and this must be the slope of the tangent.

The equation of the tangent is y - @ <ZJ> +c¢
w—h

d:
But this line also passes through the point,
and k= Iz<d—y> +c
(lm r--h
dy
c=Fk— h< d@)x .
Therefore Y =a<j—g—:> + k- I(d‘/)
g x—h dx x—h

The normal to a curve is the I ¢ drawn perpendicular to the
tangent through the point of contact.

If the tangent to a curve is inclined to the axis of # at an angle
0, then the corresponding normal is inclined to the axis of z at
an angle (90° -i- 0).

Slope of the normal = tan (90° + 0)

= —cot0
1
= — — where m = tan 0
m
Then the slope of the normal to the curve at the given point is

(dy) <(dl—;>x=h

x=h
130
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The equation to the normal is y = — <g§) + ¢,
r=h

But this line passes through the given point,

de
and e )t
cr= k+h (?lf) -b
dr dx
Therefore y=-—-a (@)zh ke h(?l—y)mJi

—(@—h) (%’)w:h

Exzample 1. To find the equations of the tangent and normal
to the curve y? = 4 at the point where 2 = 4.

Then z,l dndd L
y=2 A~V

dy 1

when =4,y = 4andd——§

Equation of the tangent is y = };r +c

but 4 - -%x4+c
and c=2
1

Then y=ga+ 2, 0r 2y =&+ 4
Equation of the normalisy = — 22+ ¢,

but = —2x4+¢

and ¢, =12
Then y= —2x+ 12, or 22+ y = 12.

Ezample 2. To find the equations of the tangent and normal
to the curve y = ¢® sin .

When x=1,y=esin 1= 08415¢
—= = ¢ sin z + € cos &
= € (sin & + cos z)

When x=1, gw?!' = €(0-8415 + 0-5403) =
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132
Equation of the tangent is y — ma |- ¢, or y = « 1-3818¢ + ¢
but 0-8415¢ =1-3818e + ¢
and ¢ = — 0-5403¢
and y = 1:3818ex — 0-:5403¢
— 3758¢ — 1-469
. . 1 »
Equation of the normal is y == — Srleony = — e ey
1
but 0:8415¢ = — m eq
¢, = 2554
and Y= T __ | 2554
I 38186

= —0. "666JJ + 2-554.,

81. The Angle between a Line and a Curve at their Point o)
Intersection. In this case the required angle is the angle between
the line and the tangent to the curve at the point of mterscctmn

Y

F1G. 37.

Let ABC (Fig. 37) be the curve ard KL the line.  C is the point
of intersection, and PC is the tangcnt to the curve at the point C.

Then the required angle is PCL
If y = f(x) be the equation to the curve, and y — ma - ¢ the

equation of the line, the co-ordinates of the point C are the values
of @ and y which satisfy these two equations simultaneously.

Let these values be @ = h and y = k.

Then the slope of the tangent = (%)
x=h

and hence %) =tan 0,
R x=h

~s‘the inclination of the tangent PC
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The slope of the line = m, and hence m = tan 0,. This gives
the inclination of the line KL.

N

Example. Find the angle between the curve ay = 1 and the
straight line ¥ = 2¢ + 1 at the point of interscction.

F1aG. 38,
ry =1
z(2e+1)=1

2+ —1=0
2e—1)(@-+1) =0

orw=%andw: -1
There arc two points of intersection: A, whose co-ordinates
arc %, 2; B, whose co-ordinates are — 1, — 1. The slope of the
line is 2, and hence the inclination of the line is tan—! 2 = 63° 26",
Tor the curve y =1
and g-% = —272= — 515

Inclination of the tangent to the curve is tan—!{ — ;;)
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At the point A. Inclination of the tangent — tan-1 ( — 4)
= 104° 2’
Required angle = 104° 2’ — 63° 26" = 40° 36
At the point B. Inclination of the tangent - tan=! (— 1)
= 185°
Required angle = 135° — 63° 26" = 71° 34’

82. The Change in Direction along a Curve between two Given
Points. This is the angle between the tangents to the curve at
the given points. Let P and Q (Fig. 39) be the two points whose
co-ordinates are a;, ¥, and &x,, y, respectively.

o)

F1G. 39.

Let 0, be the inclination of the tangent at P and 0, the inclina-
tion of the tangent at Q.

But tan 0, = g-il- when @ = a,, thus giving the value of 0,

and tan 0, = 5—5% then @ = z,, thus giving the value of 0,

The change in direction = 0, — 6

83. Curvature. Curvature is the rate at which the direction
changes with the arc. Let PQ (Fig. 40) represent the small arc
of a curve, and let 6 and 0 + 30 be the inclinations of the tangents
to the curve at P and Q respectively. Then the change in direc-
tion is 80, and this occurs over a length of arc 3s.

The average curvature of the arc PQ = -giz and, making 3s in-

finitely small, this becomes the actual curvature at the point P.
do

Actual curvature at P = =
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If 3s be taken as a very small arc, it can be approximately
taken as the small arc of a circle, the radius of which is R and the
angle at the centre is 80, since the radii must be at right angles
to the tangents at P and Q respectively.

s
P Q
R
Fic. 41.
Then 56 = fTS
o 0 _1
ds R

The smaller the length of arc taken, the more nearly correct
docs this approximation become, and, making ds infinitely small,

@_1
ds R
The circle whose radius is R, the value of which is given by
%, is spoken of as the Circle of Curvature, and R is the Radius
of Curvature.

In order to find d—O we want a relation giving us 0 in terms of s,

ds

but if we are given the law of the curve as y = f(2) (or y in terms
of z), it is a very difficult matter to obtain such a relation, and
therefore it is better to find the expression which is equivalent to

do .
;0 terms of # and y.

If 8s is a very small arc, it may be taken as the hypotenuse
of a right-angled triangle whose base angle is 0, and whose per-
pendicular and base are 8y and 3z respectively.
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When 3s is made infinitely small,

dy

- = . . . . . . . 1

75— tan 6 (1)
and dv _ cos . . . . . . . (2

ds

Taking the first relation and differentiating both sides with
respect to s,

Py de 0 d0
‘-l‘—,v? Zl; = S¢C 0 d—S
Ay 2
75 COS 0 =sec® 0 —
d*y
O &Es
ds ™ secd O
d?y
= 3
(1 -+ tan* 0)*
Py
da*
=T =
dy)2 *
e @)
. o 1
and since priaT
dpe 2
()
R dr
da?
For a very flat curve % is very small compared with 1
dd 1 d¥y .
and vl rll e approximately

a result which is used in the consideration of the deflection of
beams.

84. The Co-ordinates of the Centre of Curvature. Let P be a
point on a curve, and let R be the radius of curvature at that
point (Fig. 42). The co-ordinates of P are z;, ¥y,. Let O; be
the centre of curvature and 2, y its co-ordinates.



Then

and
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x=a, — CP
=z, — Rsin 0
y=y,+0,C
=17,+ R cos 0
where 0 is the angle whose tangent is Z——% when 2 = 2,.
Y
Op
BN
16"
LoP\P
N
! ’\.
0 y
o X

Example.

Then

and

Then

To find

and

F1G. 42.

Find the radius of curvature of the cycloid
@ — a(o — sin a), ¥ = a(l — cos «)

;—z‘z — a1l — cos a)
% = @ sin o
dy dy da  sina

==

de dodz 1= cos «
de® dr do” dx

j—; log,x =log, sin a—1log, (1 —cos a)
1dz cosa sin o
sde sina 1— cos«

coS o — c0s? o — sin2 &
sin a(1 — cos o)

I

_ cos o —~ 1 _ 1
T sina(l —cos«)  sin«
dz 1 sin «
dx  sin a1— cos a
1

1—cosa
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d’y 1
Then dw“ 7 a(l — cos a)?

R
2

1 dpN\E sin®u :
aso {1+ (G2 > St T cos a)‘z}

. 3
B {1 — 2 cos a + cos? a + sin? a}z‘
B (1 — cos a)?

B {2(1 — €oS oc)}g

(L — cos a)?

242

(1 — cos oc)

{1 n (dy\ }

/)

Then
y
dz®

_ 2V/2 a(1 — cos «)?
(1 — cos oc)%‘
= — 2av/2(1 — cos «)

When « = 180°, that is, at the highest point of the curve,
R = — 4a, or twice the diameter of the rolling circle.

Ezxample. TFind the radius of curvature and the co-ordinates
of the centre of curvature of the curve y? = 8z at the points where
2x=0,2r=2 and x = 8.

- 1
y = 2V2 x?

dy = -1 \/5
%*'\/ZCU == 3:

dm~ 2 223
3
)
I de/ )
- Ay
dz?
REVEIE

I

— \/:2-(;1:—{— 2)%
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— 3
When z;=0, R,= —V2x 2= —4
— 3 —
2,=2, Ry= —V2x 4*= — $§vV2= —1113
- i3 —
3=8, Ry= —V2x10*= —20V5= — 4472
When @y =0, 9y, =0, %‘% = o, tan 0, = «, and 0, = 90°

®~=a;—R;sin 0, =0+ 4 sin 90° = 4
y=1;+ R;cos 0, =0 — 4 cos 90° =0

When 2z, = 2, 1y, -4, dy 1, tan 0,= 1, and 0, = 45°

dr
8V'2
x—=ay— Rysin0y =2 |- —= =10
2 2 2 \/2 1
Y =1y + R, cos 0y — 11.‘-—?—\\/—{52: ——4«J
dy 1
When a5 — 8, y, — &jl/.:_,é
Then tan 0, — &, sin 0, - —=, cos 0, = —=
ien tan 0, = 5, sin 0, Vit cos 0, = 73
x = 23— Ry sin 0, —-8+20\/0 28
43
0V'5
yry3-l-R3c0503~8~—4 \{.0= — 32
V5
When z —~ 0, R = —4. Co-ordinates of centre of curvature 4,0
z—~2,R-—11113 N ” 10, — 4
-8 R=—4472 » . 28,—32

85. The Point of Inflexion. In the previous chapter we con-
sidered the case of a point of inflexion on a curve at which the
tangent is horizontal, but a point of inflexion can occur when
the tangent is not horizontal.

Let C (Fig. 43) be such a point, and let the tangent to the
curve at this point be inclined to the axis of @ at an angle a.

Case 1. 1When the angle is acufe. Let tan o =m. Moving
along the curve from A to C, the angle 0 is acute, and decreases to a.

dy . .
Then %y is positive, and decreases to m.

Moving along the curve from C to B, the angle 0 is acute, and
increasces from a.

dy . - .
Then d-_a/, 1s positive, and increases from m.
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Thus % is evidently a minimum at the point C, and if Z—%
. . . d?y
1S a minimum, then e 0.

Case II. When the angle o is obtuse. Let tan o= —m.

Moving along the curve from A to C, the angle 0 is obtuse, and
increases to «.

Then % is negative and increases to — m.

Moving along the curve from C to B, the angle 0 is obtuse, and
decreases from «.

\4 / Y
© CASE | X o CASE Z. %
Fia. 43.
Then d‘TZ is negative and decreases from —m.
dy . . . . .. dy
Thus 1, 1 evidently a maximum at the point C, and if I
is a maximum, then @ = 0.

da?
In general a point of inflexion may be defined as a point on a
curve at which the slope is greatest or least, while its position is

given by the relation % = 0.

Example. Find the points of inflexion of the curve
y = 2t + 223 — 8622 + 48z — 52

3—%=4w3+ 6z% — 722 + 48

%‘é= 1222 4 122 — 72
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A point of inflexion occurs when f—;‘% =0
That is, when 1222 + 122 — 72 =0
or 22+r—6=0
(x+8)(z—2)=0

at points where 2= —3andaz=2

ExamMpLEs IX

(1) Find the values of the slope off the curve y = 2 — 8z + 5
at the points where # =1-5 and 2 ~2:0. Find the equations
of the tangents to the curve at these points. What is the angle
between these tangents ?

(2) Find the value of the slope of the curve y = 842 — 42 + 8
at the point where # = 2. Find the equations of the tangent and
normal to the curve at that point.

(8) The curve y = 2% — 1 is cut by the line y = # + 5. Find the
co-ordinates of the points of intersection. Find the angles be-
tween the line and the curve at these points.

(4) Find the equations of the tangent and normal to the curve
y = 43 at the point where 2 = 2.

(5) Find the equations of the tangent and normal to the curve
y® = 8% at the point where 2 =2.

(6) Find the co-ordinates of the point of intersection of the
curves @* + y? = 5 and #* — y% = 2, and find the angle between the
curves at that point.

(7) The two curves #y = 1 and ? — y2 = 4 intersect at a point P.
Find the co-ordinates of P and the angle between the two curves
at that point.

(8) The curve 2y = 4 is cut by the line 10y = 72 + 4. Find the
co-ordinates of the points of intersection and the angles between
the linc and the curve at these points.

(9) The curve y — aax™ passes through the points (3, 10) and
(6, 17). Find @ and n. Find the valuc of the slope of the curve
at a point P where @ —= 2. A second point Q is taken on the
curve, and this point can be on either side of P. TFind the
co-ordinates of the two positions of Q, so that the angle turned
through in moving along the curve from P to Q is 7°.

(10) The two curves y? = 82 and 22 = 8y intersect at a point P,
other than the origin. Find the co-ordinates of P and the angle
between the curves at that point.

(11) The curve y = ae®® passes through the points (1, 8:5) and
(10, 12-6). Find @ and b. Find the value of the slope of the
curve at the point where # = 5. Find the equations of the tangent
and normal to the curve at that point.
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(12) Find the values of the radius of curvature of the curve
y = 32 + 17825 at the points wherc z =1, z = 2, and @ = 3.

(18) The curve y = a + ba'® passes through the points (1, 1-82)
and (4, 532). Find a and b. Tind the value of the radius of
curvature at the point where # = 2 ; find also the co-ordinates of
the centre of curvature for that point.

(14) The curve y = a + bc® passes through the points (0, 28-62),
(1, 85-70), and (2, 49-81). Find a, b, an ¢. TFind the value of
the radius of curvature at the point where @ = 1.

(15) The curve y = 10z}t is cut by the line y = 2¢ — 10. Find
the co-ordinates of that point of intersection for which y is posi-
tive. Find the angle betwecen the curve and the line at that
point. (B. of E.; 1913.)

(16) Find the values of the radius of curvature of the ellipse

2 2
%%+ %/-5 = 1 at the points where # = 0 and z = 4.
4 (17) Find the value of the radius of curvaturc of the curve
2y = 4 at the point where # = 2. Find also the co-ordinates of
the corresponding centre of curvature.

(18) Find the co-ordinates of the point of inflexion on the
curve 4y = 622 — a®.

(19) Find the co-ordinates of the point of inflexion on the

2
curve y = e~%,



CHAPTER X

86. Integration. Integration is the converse of differentiation.
If we differentiate a certain function with respect to @, the effect
of integrating the result with respect to @ will be to produce the

original function. For example, if y = az”, then % = naz™!,
and integrating naz"—! with respect to @ will produce az®.
The process of integration is denoted by the symbol j, and

if @ is the variable, the expression to be integrated is terminated
by dz. This at once distinguishes the variable from the con-
stants in the expression to be integrated.

Thus |y dz means that ¥ must be integrated with respect to z,
and this can be done provided we know the rclation which gives
y in terms of . Also jw dy means that 2 must be integrated

with respect to y, .nd to do this we must know the relation which
gives @ in terms of y.

To integrate ax™, or to find “‘aw” dz.

If y-= ax™, then L/

dx

Since integration is the converse of differentiation,

mlax™ ! doe = ax™

or Imm—l dw = 2~
m
Replacing m — 1 by n,
n 1. az™tt
Then jam dx = g

When the constant @ =1, then jw" dx = ar T

holds for all values of the power n, except the case whenn = — 1.

This result

To integrate z~* or to find d—f
143
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dy 1
If y=log, thena‘%—ai

and conversely j‘i—f = log, @

This result can be used in a more general sense, for if we con-

(2ax + b) de

e A cxample on the use of it,

sider the integralj

by putting y=ax*+ br + c
then %2 = 2ax + b
x

and dy can replace (2az + b) dx in the integral.

The integral then becomes j% = log, y

= log, (ax® + bz + c)

2ax + b
ax? + bz + ¢

particular type in which the numerator is the differential co-
efficient of the denominator, and the above method of treatment
will do for all fractions belonging to this class. In general, if
we integrate a fraction whose numerator is the differential co-
efficient of ‘the denominator, the vesult --ll be the Napicrian
logarithm of the denomirator.

We can now uyse as standard integrals

It should be noticed that the fraction belongs to a

wn+1
for do= 2 M
j‘d_w =log,x. . . . . . . . (2
diff. coeff. of denominator .
and j Jonomimator — log, (denominator) . . . (3)

and employ them to integrate expressions which resemble them,
or expressions which can ultimately be reduced down to resemble
them.

87. The fraction whose numerator is the differential coefficient
of the denominator or of some part of the denominator, can be
readily integrated. The following examples will illustrate this

(a) . jcot 0db = ICOS b 48

sin 0
= log, sin 0
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cos 0 df .
(b) J.—gl-l-]?‘—e— Let = sin 0
and % =cos 0
or dx = cos 0db

The integral becomes J'ﬁ’if = Im“‘ dx
x

w"‘a
- T F
_ 1
3sin3 0
(102 — 7) dx s
(e) jV5w2—7w+12' Let y =522 — 7Tz + 12

and Z—g=10m—7

or dy= (102 —7) dz

The intcgral becomes J.dll_ = J‘y_% dy
Vy

1
_y
1
2
= 2V52% — T + 12
sec? x de
(d) Im. Let y =tan 2

and d(TZ = sec

or dy-=sec’zdr

The integral becomes .le-/% = jy'z dy

= _y“l

1
tan a

88. The Integration of Algebraic Fractions whose Denominators
split up into Linear Factors. In this case the fraction can be
split up into its partial fractions, and then each partial fraction
can be integrated separately.
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When the denominator is the product of unlike linear

“ategrate ___S_az_ﬁ___
’ (z — 2)(z + 5)
52 + 4 A B
Now G—2@+b) 7—2 &+5
and A+ 5)+ B (@ — 2) = 5z + 4
When =2 7A = 14 A=2
When z -=-5 - 7B = —21 B=38
(5 + 4) do I dx “’ de
Then J-(w—2)(m+5)~2 -—2+3‘_—_z'+5
= 2 log,(x — 2) + 3 log.(z + 5)
. x4+ 8
(0) To integrate e 3 — 3
x-+ 8 A B
Now e —Ba—5s 5r—8  1-8
and A(4—32) + B(bx—3) ~a+ 8
3 11 44 43
When a2 = " E —5-A’ == Az;.ﬁ
4 11 28 28
When w=-_§ _5.]3_—..‘_ 1};_1_1.

(z + 8) dx 43j da: 2;;]‘ dr

Then I(5t r— 3)(4—3r) 11)5z—3 *_1 4 — 3a
3 5 dx sz'_—.s dx

”55 50— 3 33)4— 3z

43 28
=FE log, (52 — 3) — 33 log,(4 — 3x)

It should be noticed in th.s example that when integrating
the partial fractions, the numerators are not the differential
coefficients of the denominators, but by multiplying and dividing
the first fraction by 5 and the second fraction by — 3 this relation
is at once made to hold.

Case II. When the denominator of the fraction consists of one
linear factor raised to a power.

To integrate

52> — 8x + 2
(22 — 3)3

Putting y =2z — 3, then ¢ — %(y + 3)

5 7 5
2 __ e 2 o
and 50, 8z 4 2= —y*+ éy +M ‘
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Also g—g=2andd7o=-1—dy
5,
Thn G829 4, .;.jﬁ L)
P

T
RISl
;

i

Tyl 5y
log&/+ — + 13|

v _ 5
(22— 3) 16(2x— 3)?
mn+1

n+ 1

I

1
2
1
2
5
3 log, (22 — 8) —

Knowing the standard form Im" dz = , we arc in a posi-

tion to evaluate Iy—z dy and j.y“‘ dy.

Case III. When the denominator of the fraction contams
unlike linear factors, some of which are raised to powers.

. %+ 4
To integrate T T
%+ 4 B %+ 4 A B C

Now

@ D@2 @i2%e—2 212 @r2® z-2
and A+ 2)(x—2)+Bx—2)+ Clz+ 2)2=a%+ 4

When z = — 2 — 4B -8 B- —2

When # = 2 16C = 8 C=%

Whenz=0  —4A — 2B+ 4C — 4 A=%
(2% + 4) de __1 dx _ j' dz dr

Then I(w2—4)(W+2)—2 z+2 “J@+ 2P + x—2

1 2
-3 log,(z + 2) + o + = 3 loge(.r 2)

2
x 1 2

- 3 log(@t~ 9+

The first and third integrals are such that the numerator is the
differential coefficient of the denominator, while the second, on
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putting y = « + 2, becomes Iz-g, since % =1 and ﬁ—‘;/ =j y~2 dy
A Y
-1 y“ x4 2

Case IV. When the numerator is of higher degrce than the
denominator.

. ad
T t t - -
o integrate T-0ET
b 2 Fa— 2
By division — —a-+ 2+
y @ D@+ 1) @D+ 1)
o — D2
but 24 x— 2 A + B " C

(@*—=1)(@+1) Ta+1 (412 x—1
and A+ 1)(z— 1)+ Be—- 1)+ C@z+ 1)? = 2 +  — 222

when ¢ = 1 4C=1 C=%
whenz = — 1 — 2B = —1 B:%
when 2 = 0 —A-B+C = 2 A = ._%
a® dx
Hence j(Lvﬂ—l)(wﬁ— )
2 ) ,,_? de
.=ja, da:——jmd&—! ZJM 1 j(LL l NE j —

1 1 9
e 3 — =2 v — —log, (¥ -
5395 + 2w 4]0&(1, 1) —

— lo . (@ —
3 (L Ty T glos. (@ = 1)
P 2w 12) - —— —Lo10g (24 1) = log, (z— 1)}
6 2@+ 1) 4 ¢ ¢
89. We next have to consider the integration of algcbraic
fractions the denominators of which are of the second degree but

cannot be resolved into linear factors. In this case the method
of integration depends upon the nature of the denominator.

For ax®+ b+ ¢c= a<m2+éu:+ 9—)

{<m2+ wr ”2> T (f;—%)}
ol (o
( * _> <b2 ;a?w)}

according as 4ac is greater or less than b2.
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Hence ax? - be 4 ¢ = a(X? 4 A?) or a(X%—A?)
dac — b* . b* — 4ac
i O Tia

where X =a+ -2- and A? =
2a

Thus a quadratic expression which will not factor may be
expressed as the difference or the sum of two squares.

Case I. When the denominator of the fraction reduces to the
form a(X2? — A2).

(@) To integrate

1
2%+ 102 + 13

Then a4 102 + 13 = a* + 102 + 25 — 12
= (24 5)— 12
= X2 __ A2

where X =2+ 5, A2= 12, and also dX = de.

de dX
Then L:z T 100+ 13 _[X — Az

1 o B
But XA X ATX-A
and (X —-A)+ BX+A) =1
. . _ _ 1
when X = A 2AB =1 B__‘ZA
when X = — A — 2A«x =1 o = ”;;I-K

TI jdX _1_[ dX dX
s XAz A\UXNTA IXFA

-—K{loge(X A) —log,(X+ A)}

=K %8 XA
dx 1 2+ 5—2V3
and = —-= log, =
22 10z 4+ 18 43 z4 5+ 2V3
. 5(” - 4‘
(b) TO 1ntegrate m
52 — 4 5  2r4-12 34

Then = = —
o S T oz 15 221 12z 1 15 22+ 127 + 15

The first fraction is one obtained by making the numerator
the differential coefficient of the denominator ; the multiplierg

is so chosen that full account is taken of the part 5z in the
numerator of the original fraction. This has the effect of re-
placing the fraction to be in.egrated by two fractions, the first
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of which can be integrated at once, while the second can be inte-
grated by the method of the previous example.

de de
L;z-;- 122+ 15 Lj(w+ 6)* —
szde, where X = 2 + 6 and A2 =
1 log, X—-A
T2A X T A
1 x+6— 21
= — log, ——————— =
2v/21 @+ 6+ v21
5r — 4) dr 2z + 12)dx dx
Then j (3+12w)+15 2 a,(=+ 12z : 15 34L‘z+ 122 + 15
17_10g m—!—G—@
V2l a4+ 6+v/21

=3 loge (@ + 122 + 15) —

x3 — 15
4* + 282 — 7
In this example the numerator is of higher degree than the

denominator, and the first step then is to divide the numerator
by the denominator.

(¢) To integrate

813 — 15 406x — 113
Then e oge—7 = 22~ Ut o =7
= 2r — 14 + l{___4'06‘” _ 11,3]‘
2 —_——
x? 4+ Te 4j
PV [203(2“ 7) 1534
£2+7iv—z w~+7w—z
l 4 4
dx dx
— 2
Also az"+7az——z (m-l—%)—lzic
dX
L 2 .
T AR where X w+2andA 14
1 low X-—-A
oA 5 XTA
v
1 1 w+-2-+\/14
= T 108, 7
2V14 Z+ 5 — /T
1 2+ 17— 2V14

= ___1 —
2114 5 22+ 7+ 2v/14
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(82 — 15) dz
Then I 47° + 287 — 7

(22 + 7)dz dz
208 ———— 767} ————
N dex——l4jdm+ jm%ﬂm-%"”z_ w2+7w—£

203 — 14
= 2% — 142 + — log, <w2+ 7w—-7->——-’—727= og, 2w+ 7 2\/E
4 4V14 7 2w+7 + 2V 14

4

(d) Care should be taken when the term involving 22 in the de-

nominator is negative, for then the denominator reduces to the
form a(A? — X?).

. 1

To mtegr ate m

Now 8—12z — 2% = 44 — (22 + 122 + 36)

= 44 — (2 + 6)?
dx dx
Then js— 12z — 22 ZLA—— @+ 6)2
dX .
j-Az szhereA 44and X=2+6
1 o« )
Now A-XETATXTACX
and x(A—-2)+ BA4 X) =1
when X=A 2AB=1 (3:.2_%
1
when X=—A 2Aaa =1 % =5x
dX ax
Then jAZ—X"”_LHX A-X

jA+X jA X}

- EK{1oge(A + X) — log,(A — X)}

1 o A+ X
“oA %A "X
1 211 + 2+ 6

= VI %2V 26
In dealing with j‘-&@(—x we notice that the numerator is not

the differential coefficient of the denominator, but making the
integral negative and the numerator negative such is the case.

dX —dX
Thus _‘.A——Xz_.“A—-X= — log,(A — X)
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90. Case II. When the denominator can be expressed as the
sum of two squares—that is, it reduces to the form (X2 4 A?)

1
2% + 142 + 60
Then a2+ 142 + 60 = a2 4 142 + 49 4+ 11

(@) To integrate

=@+ 73+ 11
dz dz
Then J.w2+ T4+ 60 J@+ 7R+ 11
= ,[Xz e where X = 24+ 7 and A? =
put X?=A%tan? orX=Atan6
Then X2+ A? = A%tan? 0+ 1) = A% sec? 0
also X _ A sec? 0 or dX = A sec? 0 db

do

H J‘dX - [Asec20db
ence X2 4 Az ‘”j A2 sec? §

() When the numerator of the fraction is of the first degree in 2,
the fraction should be expressed as the sum or difference of two
fractions, the first being formed so that its numerator is the
differential coefficient of the denominator.

. Tx e 3
To lntegrate m
Now Te—8 _ z 2z -+ 12 45
22+ 122+ 52 2224 120+ 52 a4 1224 52
dz
Alsojw%r 12z + 52 J@s O+ 16

Ixde 1 where X = # +6 and A? =
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Then (7w —8)dw _ 7( (2x+ 12)de j dx
22+ 122 + 52 2)2% + 122 + 52 2% + 122 +52
7 45 x+ 6
—_ - 2 I 1 —— -1
3 log,(2? + 12z + 52) 4 tan )

() When the numerator of the fraction is of the same, or higher,
degree than the denominator, before proceeding to integration the
denominator should be divided into the numerator.

. 203 — 1
Tomtegrate m
223 — 1 Te — 34
Then ot~ % 3 ey 11
1 Te — 34
—x+8+z | ———
2 132~3av—|~ll
‘ 2
Mo
— 24 84 117 2 — 3 2
TETe gl T T 11
l ‘v—3m+§- a,—3w+?
dx * dx
But - ( 3\ 13
@ dm—l—z ] & — +4
= %’whereX:w——g and A2=-1-4‘§
1 X
e pr— "1-—-
Atan x
w-—3
2
= — tan—! ——=—
V13 V13
2
2 2 — 3
= —— tan—! - nd
V18 V13
(2z- )d
(2w3—l)dm_I J-d:v 7\ —, -
222 —6x+11 zdr+3 Ti 2%
¥
1 7 oy
—_ 2 - 2 N
=5 +3w+4loge(w a

91. When the fracti
is the product of lin
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integration must be a combination of the methods used in Case I.
and Case II.

Toi A
o Integrate pog-
at 82
By division TS5t 53
8¢ A Ba+ C
But P8 x-2 aErZerd
and A2+ 2r+ 4) + (Be+ C)(z — 2) = 8
when X =2 12A = 16 A——g
8
when x=0 4A — 2C =0 C"‘;‘;
4
when £ 1 7A—-B -C =8 B=__.3_
4 4 4 — 8
Th = ({0 - — -
N FE_8T T Em—2 B r2el D
- 4 Ay x-—-2
ST T 8@—-2) 3\t 2r+ 4
eyt 41 iz 03 }
8w—2) 38\2a*+220+4 a2t 24 4
4 2 20+ 2 4

= @ —_——
+3(w——2) 3m2+2m+4+w2+ 22z -+ 4

The fraction is now split up so that each part can be integrated
separately.

dx B dr
2+ 2+ 4 J(@+ 1)2+ 3
dX
=jmwhereX=w+lalldA2=3
1 X
T -1 —
Atan A
1 x4+ 1
=—-—.'_ta.n_1—-—.—.—
V3 V3
4 de 2 ((2z+ 2)dx de
+3 r—2 3 a:3+2w+4:+4’ 2%+ 22 - 4
2 4 a+1
- = log, (2% -+ 22 + 4 — tan=1! ——
1 741

%3



CHAPTER XI

92. The standard forms for jsin (az +b) dz and Icos (az +b) dx.

If y = cos (az + b), then %: — a sin (ax + b)
Hence — |a sin (az + b) dz = cos (az + b)
and sin (az + b) de = — cos (az + b) (1)
J a
Also if y = sin (ax + b), then %’j— = a cos (azx + b)
Hence @ cos (ax + b) de = sin (az + b)
and cos (ar + b) dv = sin (az + b) (2)
93. The Hyperbolic Functions.
If  y--cosh (ax -+ b), then % = @ sinh (ax + b)
Hence Ia sinh (ax + b) dx = cosh (ax + b)
and sinh (e + b) do — SO @@+ D) @)
a
Also if y = sinh (ax + 0), then :ll—% = @ cosh (az + b)
Hence ja cosh (az + b) dx = sinh (ax -+ b)
and jcosh (ax 4 b) dx = ﬁl}—(?-iﬁ)- . (4)

94, These results may be applied to the integration of algebraic
fractions, the denominators of which consist of the square root
of a quadratic expression.

"t has be:n shown in the previous chapter that an expression

he for az?+ bz + ¢ reduces down to one of the three forms
a(A -¥ X%+ A?), or a(X? — A?), where X is a linear function
of a ‘e consideration of these integrals depends upon the

par. -rm the denominator takes.
167
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Case I. (a) When the denominator reduces to the form
v/A* Z"X® This is obviously the case when the term involving
#? in the quadratic expression is negative.

(a) To integrate

V8 — 12z — a?
Then 8 — 122 — a* = 44 — (2% + 12z + 36)
= 44 — (z + 6)®

Hence J. dv = J. iz
V8—12r —a® JV44— (x+ 6)2

J X wherc X=ax+6 and A2=

VAR
put X% = A?sin? 0
Then +4/A2_-XZ2=A4v1_sin?0 = A cos 0
and X = Asm(),-‘-i——d;{—Acose and dX = A cos 0 dO
aX A cos 0 df
Thercfore j VA X j A cos
- jde
. X
— -1
= sin~! =
. -6
d finally, I 1z
and finally 7 ~1"a:—w2 = sin Vsl

() When the fraction has for a numerator a linear function of
z, before procceding to integration the fraction must be split
up into two fractions, the first of which must have for its numerator
the differential coefficient of the quadratic expression under the
square root.

. 8r—9
b) To integrate
®) 8 V15— Tz — 2?
8 —9 — 22 -7 37
Then = — 4 —
V15— Tz — a2 V15 —Te — 22 V15— Tx — 2%
— 22— 17) de dy
Nowj( —[-— h =15-17 2.6
V15— Tz — 2° \/yW ey P
~ »%), ¢
= 2Vy nd th

= 2V15 — Tz — 2* 1lar fo
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0
= where X =z + = and A2 = l__?
\/A2 - X2 4
=sin~! —
+1 * | ~.
z+ = .
i 2 ( Cen
= Sln_l — ——
/109 X acn L. )
2
~ sin—1 2217
V109
Then (82 — 9) da - 4 (—22— 7) _ J'

2 + 7
V109

() When the square root of the quadratic expression appears
in the numerator, the same substitution can be used for X but a
different integral is the result.

(¢) To integrate V32 + 18z — z2.
=J-\/32+ 18w—w2dw=jV113~ (x — 9)% do

= —8V15— 7z — a4 — 37 sin—!

j\/Az X*dehereX x—9

and A2 =113
put X?=A?sin? 0
Then VATZX2=AV1-sin? 0= A cos 0
also X=Asin0 K-Acosﬂ,anddX=AcosOd0

) dK-
Then jx/Az —XE X = A? Icosz 0 do

2
= A?“‘(l + cos 20) d0
2
= %—{9 + % sin 26}
Az .
= _{9 + sin 0 cos 9}

e

f sin—1 —
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Finally,

— 113 (. a9 (z—9)V382+ 18w-—w2}

— 22 dp =— e——
jV32 + 18z — 2* dv =~ {sm WiV + 113
(d) When the numerator of the fraction is of the second degree ;
before proceeding to integration the fraction must be split up
into three fractions, the first of which can be obtained by division.

. 22— 8+ 9
To integrate
(@ St 7 — 1z - &
22> — 82+ 9
Then /w s :
V17 — 14 — 22
—2(17—14x—a®)  86x—43
VIT = 14z — 22 V17 — ldz — o
[ —18(— 20— 14) 205
- _ _ —_pl—-—
2V1T- 1z - { VIT-lda —a? V17 — lda — wz}
18( — 22 — 14) 295

= - - 4" — x? i
— 2VI7 — Mz — a¥ + Smemmeei s

and each of these expressions can be integrated

j\/w — 14z — 2% dz = j‘\/66 — (@ +7)?dx

= jVAz —X2 dx whereX =2 +7 and A? =66
- Azj‘cos2 0 d0 where X2 = A2sin2 0
2
= %— (1 -+ cos 20) db
Az 1 .
= -é—{f) + 5 sin 20}

=1_x_§{ X X\/AT___X?}

sin—! —
B +

A A2
x+7 1 —_—
'\/6€+-2- (w+ 7)\/17—14‘”-—'222

= 83 sin—1

(— 22— 14) de =j‘j_y_
VIT - laz — ¢ JVy

= 2Vy

= 2017 — 14z — 22

where y = 17 — 142 — 22
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j«/w— liz—2¢ jx/ee— e

where X =247 and A2 =66

I dX
VA X2

sin—1 =

b

x+ 7
V66
8z -+ 9

Finally _f\/l'? gy r— de = — 2j-V17 — l4a — 22 dz

= sin~!

(— 22— 14) dv 4. 95-[
\/17—- 14e — 22 \/17-—14.1:—.22-*

+ 18

= — 66 sin-1 —\73- — (@ + 7)V17 — 1o — a® + 36V/17 — 1da — 2*

x-+7
/66
x+7

= (29 — 2)V17 — 142 — 2° + 229 sin— 5

+ 295 sin—! ——

It is evident that integrals of this typc depend upon two
standard forms.

.

dX .
SEE, 5 B
Az X XvVAE-X®

(2) J\/Az X2 dX = —{Sm’l AT —r—*}

95. Case II. (a) When the denominator of the fraction reduces
to the form VX2 + AZ, for this type we have to use hyperbolic

functions.
1

Va? + 12z -+ 48

Now 224 122 + 48 = 224 122 + 36 + 12
= (2 + 6)2+ 12

f dz ) dz

Vair 12z + 48 JV(z + 6)% + 12

(a) To integrate

Then

= Iﬁ% where X = 2z + 6 and A2 =12
put X2 — A sinh? 0

oAw
K
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then  VA?+ X2= AV1+ sinh? 6= A cosh 0
and X = A sinh 6,-‘%5=Acosh 0, or dX = A cosh 0 d0

dX A cosh 6 df
.“\/X2+A2“_“ A cosh 0

- jd()

=smh-1%(-
de . x+ 6
i = sinh~! —=
Finally, j VA i sin 5
We also know that sinh 0 = iﬁ
1 X
- — p—8) .
or 2(e" e~9) a
829—-21}53"=1
2X X2 X2 X2 A2
20 __ S 9 X 27
€ Ae+A2 1+A‘~’ S
o X VXA
AT A
o X+ VXEL AR

A

X2 1. A2

and 0 =log,,{XJr \/f + A }
d (x+ 6) + Va? { 12z + 48

Thus I Var+ 12z + 48 lOge{ 2v3 }

dX
The integral jv}-(-——z——_r-]——; where X is a linear function of #, will

give (1) an angle expressed in terms of its hyperbolic sine, or (2) a
logarithmic function, and the results can be used as standard

forms.

axX . X
el
X+ /X2 4+ A2
{ \/A L } N O]

dX
or JVxerar- e
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(b) When the fraction has for a numerator a linear function
of z, before proceeding to integration, the fraction must be split
up into two fractions, the first of which must have for its
numerator the differential coefficient of the quadratic expression
under the square root.

. 4 — 5
(b) To integrate Y T
4z — 5 2(2z — 18) 31
Then Vat — 18z + 106  4/2® — 18z + 106 t V= 18z 1 106
(2¢ — 18) dz dy

- == — & — 18z + 106
Vil —Tsz 1 106 Jv/y Vherey = #t - 18w

= 2Vy
=2V a2 — 182 + 106

Also

"‘ dx __J‘ dx
Va:— 18z + 106 JvV(z— 92+ 25

dX
=J.-\7R;-—ﬁwherexr——w—9 and A? = 25

— cinht X op 1or X \/X‘=~|-A2}
= sinh™ — or log, A
. =9 [(®—9)+ Va?— 18z 4 106
= sinh-1! —5— of log,\ = }
Then
(4z — 5) dx (22 — 18) dw J‘ de
=2 31
_‘.\/wz — 182 + 106 Va? — 18z + 106 Va? — 18z + 106
x—9

= 4V a? — 182 + 106 4- 31 sinh-! —

(@ —9) + Va® — 18z + 106
or 4V % — 18z + 106 + 31 log, 5

() When the square root of the quadratic expression appears
in the numerator, the same substitution can be used for X, but

a different integral is the result.
(¢) To integrate Va2 + 24 + 244

ij2+ 24z + 244dx=“.\/(m+ 12)% + 100 dx

=IVX2+A2dX where X = z + 12

and A2 = 100
put X2 = A2 sinh? 0
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Then VX2 1 A? = AV/1 + sinh? = A cosh 0
also X = Asth,—Jg—AcoshO or dX = A cosh 0 df

Then I\/Xz TAdX

= A2Ic05h2 0 do

A? .
= ?I(l + cosh 20) d, since cosh 20 = 2 cosh? 6 — 1
s 1—;-?{6 + % sinh 20 }

= éz-{() + sinh 0 c;)sh 0}

A {smh -1 i— : l}/——%fﬁ} (1)
o A 11 (}\+ VXE4 A2 Az) X\/§2+A2} @)

j.Vw2 + 24z 4 244 dx

z+ 12 n (@ + 12)Va? + 242 + 244,}

—_ 4 -1
= 50{smh 15 100

(1)

24 12 + Va? + 24x + 244
501 log,

or 10

+ (x + 12)Va? + 24x + 244}
100

(2)

The integral j\/ X2 4+ A% dX, where X is a linear function of z,

can be solved by means of two standard forms.

< — Al . . X XVXEY AR
(1) IX/XH— A% gdX = ?{smh ! X-}v — ——J

A2
é j VTR gx o A {logc (X + x/i'(TJrT%) N x«/?ﬁ}.

(d) When the numerator of the fraction is of the second degree,
the fraction must be split up into three fractions.

22+ 5o — 17

™~ inte rate ——m————
& Va? + 4z +12
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24 S — 7
Then —22
Vad+ 4o+ 12
_ m2»|<4w-i-12_ x— 19
AVt az+ 12 Va?+ 4o+ 12

N FTET I 1 2z 4 4 _ 21
vt Rt Vet dw 12 Vart dwt 12
and each term can be integrated separately.

j\/m2+4m+ 12dszV(m+ 2)2 + 8 dx

;j\/AH- X2dX whereX=2+2
and A2 == 8
A2( . X XvXzo Aﬂ}
- -1 > vVae A
5 {smh A+ e
N (+ 2)Va? + 4x + 1"}
z\/- 8

where y = 22 + 42 4 12

= 4{sinh‘1

(22 -+ 4) dz dy
Vartdz+ 12 JVy
= 2Vy

= 2Va?+ 4+ 12

ij2-p4m+ 12 Vie+ 2)2+ 8
j dX where X =2+ 2 and A2=8

VX2 A2
= sinh~1 f—-i“—
. xr+2
= sinh—1 =
sin 23
2 Ky . v
Then j‘(m + 5 —7) de
Va2 + 4z + 12
—_—— (22 + 4) dx dx
2 - -1- - 21| ————————
J.‘/‘” + Az 12 dz J'\/”c~+ i@+ 12 Vi tart12

. 4,{sinh—1 r+2  (2+2) Vi + e+ 1
2V/2 8

x4+ 2
— 21 sinh-1 ——=
2v/2

}+\/w2+ 4z + 12
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+2 —
= — 17 sinh- 12\/—+\/¢Z’2+4@+12{1+w+2}

2
x+2 1
= — 17 sinh~1 —= zt +-(@+ 4)Vad+ 4+ 12
2v2 2
The result can also be expressed as

(@24 5z —7) dx
Va?+ da+ 12

= — 17 log,,{%+ 2+ \g'\v/g et 12} + % (x+4)Va?+ 4412

96. Case III. (@) When the denominator of the fraction

reduces to the form +/X?— A%, and in this case hyperbolic
functions must be used.

. 1
a) To integrate
(@) & Va? + 16z + 36
Now a2 4+ 162 + 36 == a® + 16z + 64 — 28

= (- 8)% —

Then

14 ?
ij2+ 16 -+ 36_.[V(m+ 8)% — 28

dr
= .“ﬁ where X =2 +8 and A% = 28

put X2 = A2 cosh? 0
then VX2 — A2 = A\/cosh2 0 — 1= Asinh 0
and X = A cosh 0, Ti?)' = A sinh 0, or dX = A sinh 0 d0

j‘ (A sinh 6 d
\/X2 — A2z ) Asinh 6

——j do

=0
X
= f Jp—
cosh X
and dz = cosh-! zt §
Va? + 16z + 36 2v'7

We also know that cosh 0 = -)—i
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1 e 2(_
or ;z-(e"‘l—c )—A
e2"—-2-1—i—xe"= -1
2X X2 X2 X2 . A2
82‘9—-—‘&-80—!-33-:*:&72—1‘:—-}?—
s X VX2 A2
e—-——__
A A
e,_X+\/X2—A2
B A
X X2 A2
and 9==108e{ +\/A }
dz [+ 8) + Va? + 16z + 36)
Th = log, —
us Va2 + 16z + 36 8| 277
The inte ralj dX where X is a linear function of z, will
g Vs Y ar func ,

give (1) an angle expressed in terms of its hyperbolic cosine or
(2) a logarithmic function, and the results can be used as standard
forms.

I—ﬁi—}:{_—ﬁ-—— cosh—1 % e e e s e e e (1)
dX X 2 _ A2
or j—\-]—i—z-_____—__-:A..; = loge{ + \/ji( A } e e . (2)

(b) When the fraction has for a numerator a linear function
of @, before proceeding to integration the fraction must be split
up into two fractions, the first of which must have for its
numerator the differential coefficient of the quadratic expression
under the square root.

S —7
3224 122 — 10

(b) To integrate - v
N 8z —17 4 6z -+ 12 23
OW VBt 122 — 10 3 V322 + 122 — 10 V322 + 122 — 10

(62 + 12)de dy
Viz+ 12z — 10 JVy where y =382% + 122 — 10

=2Vy

=2V322 4+ 122 — 10
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dr 1 [ de
Alsoj - — 10
V8z2+ 122 — 10 V'3 \/¢02+4w——-—3-

&d

B T}E \/(w+ 2)2 — =2

:Vdth’ ye where X =2+ 2
and A2 —:3—2-
= -—\}j cosh-! %—
1 & }— 2
= cosh— ‘)2
V3
1 cosh—! -———\/3@_4: 2)
V3 V22

Or, cxpressing the result as a logarithmic function,

0 1 >,
j\/3w2+ 12z — 10 T/T?I\/m — A2
1 {x + VX2 A2}
0og,

~—=1lo

V'3 A
10
1 :c+2+'\/m+1w——3-
= ——_-10 .
V3 e 22
3
1 V3B(z+ 2) + V322 12z — 10
= —= log, —
V3 V22
Hence “‘ (82— 7) dx
V322 -+ 122 — 10
A (6 +12) de _23]‘ dz
3Jv822 L 122 — 10 V3822 + 122 — 10
23 V3@+ 2
= "\/3.2 + 122 — 10 — —= 3 cosh—? __\(75__“;_._)

8 § _," i —
or -3-\/3w2+ 122 — 10-__1 {\/%’” -2 F\\//iw F 122 10}
22
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(c) When the square root of the quadratic expression appears
in the numerator.

(¢) To integrate V% — 10z 4 20

J\/mz — 102 4 20 da:=jV(zv-— 5)2 — 5 dx

=j‘\/X‘-’ —A2dX where X =2 —5 and A2 =5

put X2 = A2 cosh? 0
Then VX2-—-AZ- Avcosh20- 1= A sinh 0
also X = A cosh 0, d‘(; = A sinh 0, or dX = A sinh 0 d0

Then j\/X"z_"— A dX = A? jsinhﬂ 0 do
- %:I(cosh 20 — 1) dO, sincecosh 20 = 2 sinh2 6+ 1

A2 1 .
I 20 —
5 {2 sinh 20 0}

= ii—g{sinh 0 cosh 0 — 0}

A2 (XVXZ_ A2 X
= —:z- ———-Xz——'— - COSh"" K} . . . . . (1)

Az (XVX2_ Az Jog X+ VXE — A7)
or ?1_“————"‘A2 — 10g, A } .

ij2—10m+20dr

(z—5)Va*—102+20 _ 2—5
_2{ - cosh \/5} )

— 5V 22 —10x 2 — Z—100 1 20
_5_{(m 5)Vx 10r+2o_loge(n 54V —10s+ >o>} @)
V5
The integral j\/ X2 -. A% dX can therefore be solved by means

5

of two standard forms.

A? { X/ m

—— X
IVX2— A dX = — cosh—t 2}

@) I\/Xa T dx - 2{‘”5{ A% log,

(25
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(d) When the numerator of the fraction is of the second degree,
the fraction must be split up into three fractions.

211"'— 7a/+ 10

To integrate ———————
(@) 8 Va—6z+ 6

202 — 7z + 10
Then ——e
2(a? — 6x + 6) b — 2
T Var-6x+6 Vat—6z+ 6

l*é 2r — 6 + 13
=2Va?—6x+6 2422 _6x+6 Vri—6z+6

and each term can be integrated separately.
j\/w2—6‘v+ 6 dr = j\/(w—:i&)z—— 3 dz

j\/ X2 _A?2 JX where X =20—38 and A2=3

_AZ{K\/Xz—A2 o X
-—'72— ——F—~ CObh K} .
_3f(x=3)Vat—-6x4 6 S, r—3
"3l 3 - cosht 2]
(2z — 6) dr dy
V6o 6" \/1 where y = 22 — 6z + 6
- 2VYy
= 2Va* - 6z + 6
J‘ dz J‘ dx
Vat—6r+6 JV(e—3)%-3
dX
jVX2 = where X =2 -8 and A2 =
=cosh—lx

= cosh~! t—j
3

Then J‘(2w2 — 7z 4+ 10) dr
Va®—6r+ 6
—_— 6) dz dx
= 2] 2 6, - d.l' -“—————_.__.ﬁ 1 j—-——-—-————-—-——-—-________
Vet 6246 Va2 — 6z + 6 Vot =6z + 6



CHAPTER XII

97. The work of this chapter is devoted to some of the different
methods involved in the integration of wecll-known trigono-
metrical functions.

(@) Itanwdx _ [sin@de
cos &
_ __j'—sinwdx

COos @

= — log, cos @
- log, sec @

cos & dx

(d) cot z dr = :
sin @

= log, sin @

~ ™ »
(0 cosec z dz = —d-'L—-
Jsin z

~

dz
. @ P
2 sin - -
n2cos2

@
2
scc2dw

e

S

@
tan 5

on dividing numerator and denominator by cos? 3

Put y = tan X Then dy = = sect & da

2 2 2
dy
and cosec & dz = | ==
y
= logo Yy

@
= Jog, tan 3
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dz
dx =
@ Isec z j cos &
dx
B cos? L sin? z
2 2
2 %
B sec 5 dx
@
- 2%
1 — tan >

on dividing numerator and denominator by cos? 5

z e Lsec2 @ g
Put y=tang. Then dy-2sec 2d.L.

Then jsec z dv = 2L iy =
2 A B
but l—yzzl-%-y»kl—y
Al—g)+B@l+y) -
when y-—=1 2B =2 B-=1
when y= —1 = 2 A=1
dy
Hence jsec x de = Il gy j
‘ = log(1 + y) — loge(l -Y)
141
loge j
1 + tan g
= loge { —
k1 — tan E
.
tan r 4- tan ;az
— log, | 4 2 1y u
= 108, - since tan i 1
L1 — tan y tan 5

b1
= log, tan <E + g)

98. To integrate tan” z, where 7 is an e 7en or odd integer.

By putting z = tan , gd.}v_ =sec? =1+ 3%

n

2
n ——————
Itan & dz becomes j T
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By division
jtan" xdr = |22 dz —jz"-“ dz + . :I:Id~ j
14 22

when » is even and

Itan” zdr = |2"2dz — jz”“‘ ds . . j dz =+
1 +z‘

when n is odd.

(a) When n is an even integer.
To integrate tan® a

~ z
6 -
Itan x dx T2

= [34 dz — 5:,»2 dz + jdz - L :l—zzz

1
—§z3+z—tan'lz

U\l'-‘ U'IIH

1
tan5w--§tan3w+ tanz—

(b) When 7 is an odd integer.
To integrate tan” 2

jtan"' © dx = I > where z = tan 2
Iz5 dz — j«ﬂ ds + .[ d - [2E
41
______ 4 — @2 R
6 4 F loge + 1)
1 1
=35 tan® @ — = tan4 &+ § tan? 2 — log, sec
. 1
99. (a) To integrate e AT b oot g
1) dx 3 J‘ sec? @ dx
asinfz+bcosix Jatan?ax+ b

dy
= I@T-F—b where y = tan @

1%
T a 12-{—2
Y a

1 b
o L an |
Vab an hy
- .
—-l—- tan—! {\/g tan @
- a'/"
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dr [ sec?z dzx
(2) ja, sinfz—bcostx Jatan®z—b

dy
= jayz — where y = tan @

dy

[
- il D) sy < D)

1 Lo yVa— Vb

“avab yva i v
_ 1‘__10g \/Etanm—}/g
2vVab “°Vatan x+ Vb
(3) j(a sin + bcosx)? Ja? sin® @ 4 2ab sin @ cos @ + b* cos? @

o

sec? x dx

Ja? tan® z + 2ab tan @ + b?

> dy

- )Errdy TR where y = tan @
d dy

J(ay + b)?

= :};jfl;z_; where 2 =ay + b

" a(a tan z + b)

dr 1 d
100. I asinz-trbcosz Va?+ b2jsin (z + «) where tan o =

SRS

1 1
= '\/TE—-{_——I); IOge tan '§ (w +“)
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THE INTEGRATION OF :
asin £+ b cos @

177

This integral can be taken another way, only the method entails
more work.

d * dz
j a = T x 2 x
asin -+ bcosa in = - 2 Z g 2_)
F ~2asm2cos2—|—b(cos 5 sm2
& 2@
) sec 2dx
zZ . b— 2
d2atan2+b btan2

[ dy B z
=2.mWherey—tan§
of %
I R
of dy
=-[§- a?
1'*""‘ ¥ — by+b3
o dy
=% ai"-}-bg“@_a)z
)3
2 here X =y — % and A2 = T4V
=Z‘A2_szere =y—gan ==
1 b {j X N dX \
b VernpUATX T )JA=XJ
1
\/ 21 {loge (A+ X) loge(A—'X)}

1 Io A+ X

TVar bk »A-X
1 log Vaa+ B+ by—a
VEi bl V@i B—byta

1 \/a2+b2—a+btan;-
“«/"aﬁ_ﬁbgev

e T
a® 4 b‘-’+a——btun§
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101. The integration of sin” 6 when = is an integer
(1) When n is odd,

Isin" 0 d0 = |sin® 6 sin 6 d0

Put = cos 0, thendr = — sin 0 dO

also sinf@=1—cos20=1— 22

Then J-sin7 0do= — J‘(l — 22)8 dg -

- j(l — 822 + 82 — 28) dx

P S

It
3~

(&1

1

Y =

. 3
cos? 6 — 5 cos’® 0+ cos® 0 — cos O

(2) When n is even, this method fails, for by putting sin™ 0
= sin™®~! § sin 0 and making the substitution « = cos 0

jsin” 0 do = jsin""‘ 0 sin 0 d0

= — j(l - m2)n%1 dx

and (1 — #?) is raised to a fractional power, since (n — 1) is odd.
This will not give a definite expansion, but a series of an infinite
number of terms. It is necessary to work in an entirely different
manner and deal with the multiple angles of 0.

To integrate sin® 0.

Now if z=cos 0+ 4sin 0
1_ cos 0 —2sin 0
z

and 2c030=w+;6, 2isin0=w—-%

Also a™ = cos nO + ¢ sin nO

1 .
—. = cos nf — £ sin n0
@

1

1 ., .
and 2 cos 'n9=w”+m—-,;, 24 sin n0 =" — —=
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To integrate sin? 0 cos? 0

Now (2¢ sin 0)2 (2 cos 0)4 — ( - i)g (’c + %)4

. 1\2 1\2
— 64 sin2 0 cost 0 = (m‘-’ - = (fc + —)
x x

sin? 6 cos? O = — EIZ {2 cos60 +4 cos 40 ~ 2 cos 20 —4}

Therefore Jsin2 0 cost 6 dO
=—]Z (44 2 cos 20 — 4 cos 40 — 2 cos 60) db
= %{49 + sin 20 — sin 40 — % sin 66}

= — 92 _
192{126 + 8 sin 20 — 3 sin 40 — sin 60}

ExaMpLEs XII

Solve the following integrals :

(1) jsecz @ dr (2) ‘cosecz x de
sin? 2 dz fcos® z dz

(3) I cost x (4) sin? z

(Y |tan (az + b) do (6)‘/~cot (ax + b) dz

(7)Jljtan5 x dx (8)\/“'tam6 z dz

(9)“/"‘(:0t3 z dr (10) [cott 2 dz

T de (1 2)/ i dx

1) J8sina+ 4 cosa Jasinz— 3 cos

[ dz 7 ( dz
(13/ sin @ 4- cos @ (14) sin @ — cos @

(15)/ [ dz (16)\/ da

J8sin? 2 + 4 cos? x )3 si-
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(17)
(19)

(21)

!

(25)
(27)
(29)

(31)

)

/o)

o
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*  tan? 2 dx
cos? & — sin? @

[ de
3+ 4 sina
* dx

4+ 83 cos @

Qsin“ @ dr
‘cos“ x dz
‘sin‘* x cos® @ dx
.sin" x cos? @ do

sin? @ cos® z dz

(18)

(22) Y
(24) ‘/

/

(26)

(20)

(28)

e
cos® z dr

~

g
e

¥ dz
3+ 4cosax

dx

4+ 8 sin @

sin® @ dx

sin® @ cos® @ dx

sin® @ cos® @ dz

cos? @ sint z dx



CHAPTER XIII

104. Integration by Parts.

If Y =uv
dy dv = du
then Pl U= + V== T
Integrating throughout with respect to ,
dv du
U = Izba—x dz + v dx
or j do U—— dr = uv —-j %" dz
or symbolically Iu dv = uv — Iv du

This rule enables us, in many cascs, to integrate the product
of two different functions of @, for we can represent one of the

functions by w and the other by dv in the integral ju dv. In

order to build up the right-hand side. we want the terms corre-
sponding to du and v. The first of these is obtained by dif-
ferentiating the function dcnoted by w, and the second by
integrating the function denoted by dv. It must not be assumed
that the application of the rule of integration by parts will cnable
us to integrate a product straightway, for a consideration of
the right-hand side shows us that the method takes an integral
and splits it up into two parts, and the second part is an integral.
The success of the rule depends upon whether this second integral
is more easily dealt with than the original integral.

The well-known integrals, to which the rule of integration by parts
can be successfully applied, can be divided into four distinct classes:

(1) |z" log,z dz

(2) |e** 2" dz and |2"(log, z)™ dz

(8) |z sin ax dz and {z" cos ax dx

(4) e‘“ sin bxz dx and je““ cos bz dr while with these can

be included -[e“ sin® @ dx and je‘w cos™ x dzx.
183
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105. (1) To integrate z" log, .
Now j x» log, @ dr = uv — jv du

Here we can put u = 2" or dv = a" dr, but we must differ-
entiate 2" in the first case and integrate 2" in the second case.
As we can easily do both operations, it is perfectly immaterial
which selection we make. We can also put u = log,& or dv
= log,x dz, but we find that although we can casily differentiate
log, x, we shall have great difficulty in integrating-log,#, and in
consequence we are led to make the selection u = log, 2.

Thus u = log,x and du == 1 dr

@
antl
n+1

dv = a" de andv:jmndzz

ant+ wn+l 1
Then Iz: log,  dz = que I o dr

n - n+ 1 n-+1
antl] 1
-2 08 % _ x™ dx
n+1 n—+ 1
 n+1 (n +- 1)‘-’
m?l-l-l
= 7+ 1 { og, &

When n = 0 the integral becomes jlogew dz, and Ilogem dz

= a(log,x — 1).
(2) To integrate z"e®
Now Iw“e“dmmuv—jvdu
If u = a®, then du — na"-1 dx

do— e® dv, then v-—-je““ dx=§w

Therefore Iw” e dr = %m” e — gjw”-l e” dy

In this case the result of applying the rule is to produce on
the right-hand side an integral of the same form as the onglnal
integral, but in which the power of 2 has been diminished by 1
We can, however, use the above result as a standard form in
which 7 and a can be given their assigned values.
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To integrate z%¢%*

1
[(1346% da = 3w4e3“ — - jﬂezm dz

- %w%am - g {%w%% _ I 2263% dzn}

- {1—3w4e3’° _ gmaesx + g {%wzeam _ ;“msm dw}
% a3 _ gw"’e““” i gmze"“’ g {%meax 21 > dw}
% e gl”em + 3w2e3” - %we“ +§83m

3\ 3 C T

To intcgrate a”(log, )™, putlog, =y
Then @ =¢¥and dz — ¢ dy

jw" (logx)™ de =|e™ y™ ¥ dy

The integral thus reducing down to a form similar to Ix”e"“ dz.

Thus, to integrate z%(log, @)%, put log, © — y.
Then z=¢ and dr = e dy

and Iw‘*(loge z)? dx = “.e“" y? e¥ dy

= Iyze‘”’ ay
= ;.yz 50 __ gjyéﬂ dy
— %,112651/ T _Je-)ﬂ —_ _je&l dy}
—_ 1y2e511 —_ -—J(:m’ + _____edll
5 125
eV

“‘{f‘ o)

2 2
(log, )2 gloge w+§5}

ml&%. o
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106. (3) To integrate #” sin ax and 2" cos az. From the previous
example it is obvious that by putting « = 2" the integral on
the right-hand side will contain z”-!, that is, by applying the
rule once we diminish the power of # by unity in the result-

ing integral. Hence to completely evaluate jm” sin ax dz or

jw" cos ax dz, we should have to apply the rule n times. We

can make the work more methodical by applying the rule once
to each of these integrals and using the results as standard forms
for integral values of the power .

Now Im" sin ax dv = uv — Iv du

where U= a”, du = nz"-! dz
. . 1
and dv = sin ax dx, v = |sin az dz = —-Ecosaw
. 1 n 1
Then |2"sinavdz = — = a" cos ax + —jar- cosardr . . . (1)

Also j‘v" cos axr dv = uv — fv du

where u=zx" du=nx"1de
1 .
and dv = cos ax dz, v = cosaa:dw=c—tsmaw
1 . n .
Then |2 cosax dx ~ ~ a" sin ar — - 2 lsinarder . . . (2

As an example, let us apply these results to integrate 5 sin 2.

-l

. 1
Then jzv" sin 22 de = — 5 a™ cos 2z + gjw”-l cos 2z dx

and jm" cos 2z dx = % 2™ sin 22 — gjm"-l sin 2z dz
jw5 sin 22 dz

= — %w*f cos 2z + gj‘w" cos 2z dx

-

b 51 , . .
= — —2-cos 22 + 5{-2-:04 sin 22 — 2|23 sin 22 dw}

~nd

xt . 1 3
— %5 cos 22 + )—4-sm2w—5 --2-wacos2w+§[m2 cos 2mdaz}

i
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@’ Had 524 . 15¢1 , . .
= (_§-+—_j—>cos 2m+-4‘— sin 2x——2-{§m sin Zw—jw sin 2z dx}
- ( x - 5m3> cos 2z + (5w4 — 15w2> sin 2x + 15{ 1 & cos 2x
B 22 4 4 2\ 2
+ %Icos 2z dzv}
_ < b + 523 _ 15w> cos 22 + (5a:4 B 1522 + 15) sin 2
“\T¥" T T 2 T4 Tg)one
107. (4) To integrate ™ sin bz and ¢* cos ba.
Now Ie“” sin bx dx = wv — J‘v du
where u = sin bz, du = b cos bz dr
120
and dv = e* dr, v=je“”dw=f:_

Then Ie"‘” sin b dr = %e"” sin bm-g- je““cosbwdw, and

denoting I e® sin bz dz by X and Ie‘w cos bz dz by Y,

X=£—e‘“”sinbx—l-;-Y B 3]
Also “-e“” cos bz dr = uv — Iv du
where u = cos bz, du = — b sin bz dx
and dv = e* dx, v=Ie“‘”dw=§

Then ]‘e“”‘cosbwdm = Zli e* cos ba + SIW sin bz dz

or Y=-1-e“”cosbw+éX B )]
a a

Thus giving a pair of simultaneous equations to be solved for
Xand Y.
. 1 . b b2
Solving for X, X =-¢* sin bz — — ¢® cos bz — X
a a a
X (a? + b?) = e {a sin bz — b cos bz}

x

= m{a sin bz — b cos b}

sin (bz — «) where tan o =

Q>

. =
or Ie““’ sin bz dz = VoTR
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2
Solving for Y, Y - = r“" cos bx -|--13 e sin b — ;— Y

Y(a? + b%) = e®(a cos bx + D sin bx)

(4 .
Y = m{a COSs I)éL’—l— bsm b{l?}

ISERS

r je‘“ cos bz dx = cos (bx — a) where tan « =

e~
Va4 b2
108. For the intcgration of e sin” x or e* cos” 2, sin” 2 and

cos™ @ must be expressed in terms of the sines or cosines of the
multiple angles of @. Then each of the integrals will split up

into a number of integrals each of the form je’” sin bx dzx or

¢® cos bx dr, and these can bc integrated by the previous
method. In this case though, because it will be neccessary to
work with | €¢® sin br do and |e*® cos br dx for various

numerical values of b, it is best to establish the results working
with a and b, and usc them as standard forms.

(@) To integratec € sin® a
.. 1\% . . .
Now (2¢ sin @) = (y — 5) ,ify=cosa+¢sina
1 1

.. - 1
827 sin® & = y° — 58 + 10y—10?7+ 5y_‘*—175

- 3)-sr- 3o

= 27 sin 5& — 10¢ sin 8z + 207 sin

. 1 . 5 . 5 .
5 - — — P N
and sin T sin 5z 16 sin 3z - 3 sin @
. 1 5 .
Then Ie‘“sm”wda:ﬁ ﬁj ¢ sin 5wdx-—135je2” sin 8z dx

+ gjgﬁ sin # dr and cach of these integrals can be determined

by using as a standard form

. e” . b

e® sin bx de = —==—= sin (bx—a), where tan o0 = —

I Var+ l)2 ( ) a

o J‘ % sind gz do 5e* 3
ence | e* sin® o dv= sin (52—« — sin (32 —

\/ 55 o0 (67 —0) — e Ag Sin (37— )
+ —= 5e% sin (¢ — v), where tan 5 tan §§ = 3 nd tan y = 1
V5 Y =5 ta B= 52 any =gz
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82:):

1 5 5
2 5 _ tan=12\_ 2 i (e
Then Ie sin®  dx = i 6{ 75 51n(5w tan 2) VAT sin (o“

3 10 . 1
— tan-! —_ — tan—!
tan 2) + V3 sin (w tan Z>}
(b) To integrate €3* cos? z
1ys .
Now (2 cos x)* = (y + 3—;)4, ify==cos @+ %sina

1 1
4 ot 2 4 G4 4— - —
16 cost 2z = y* + 4y* 4 G+ 4y2+y4

1 1
ot 4 >+4<~+—.—,>+6
(J TR
=2 cosdx+ 8cos 2L 6
1

1 ) 3
cost @ = = cos 4w + = cos 2 -
8 2

C

. 1f.
Then IM cost @ dw — 3 e* cos 4 & du -+ -1-‘[33”‘ cos 2x dw

3 j‘ P
4+ = |&* de and using j- e® cos br da= cos (br — o
8 \/ a? -+ b* ( )
where tan o = C—I:, as a standard form.
3" e e
e cost & dx = — cos (4 — o) + — C0S (2w — —
j 70 % | ) ¥ v s (B B+ g
where tan o = 4 and tan 3 = 2

3

. e { 1 4
3L 4 s — — S — -1
Then J‘e cost x dr 5 \5 cos (m tan 3)

4 N L2
+ —== CcO0s (Lm— tan— ,-) =+ 1}
V13 3

(¢) To integrate ¢* sin® z cos® z.

2 3
Now (2¢ sin 2)*(2 cos )% = (1 — '-1}> (y + 3—) ,ify=cosax+ ¢sinw

— 32 sin? @ cos® z = (zr—— l) <J+ l>
y* Y
1 1
= 14—2+—><1 +->
(J y* Y ¥
- )= ()2 3)

=2cos S5zt 2cos3x— 4 cosa

. 1 1
sin? 2 cos® ¥ = — cos & — —= c0s 32 — -— cos b5
3 16 16 ’
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Then je“ sin? 2 cos3 @ dz

1 1 1
e ] — — 4‘” ? — cm— 4@:
3 et cos ¢ dx 16_[6 cos 3z dz 16‘[(3 cos 52 dx

e e et
= — c0S (¥ — &) — — cos (8¢ — B) — ———=— cos (5 —
8V17 ( )~ % ( B) 16V41 ( Y)
1 3 5
where  tan a= p tan B= > and tan y = 2

Hence e sin? @ cos?® z de = ff{-—"')—__ cos (@ — tan—! -1->
16 4/17 4

- % cos <3az — tan—? f—:) — 711-1-_1. cos (5a3 — tan—1 Z)}

ExampLis XIII
Solve the following integrals :

(1) (27 log,z dx (2) vz log,z dx
(log,x dz 1 dx
(8 |2 (1 |
(5) :rc“ (loger)? da (6) vz (log,x)® dz
(7) 'msez” dz (8) ‘w2e"2“” dz
(9) (ine cos 2 da (10) (¢sin2 gin 2 dx
) (put sin ¢ = 2 ) (put sin z = =
(11) 'wz sin 22z dz (12) .w3 cos 8z dx
(18) .w“ sin 2z dz (14) 'mz sin? x dz
(15) '.1:3 cos? z dz (16) .wz sin® z dz
(17) 'wz cos? z dx (18) ‘82” sin 8z dx
(19) .‘e” cos 8z dz (20) '6‘3“’ sin 2z dz




(21)
(28)
(25)
(27)

(29)

EXAMPLES XIII

"
e~3 cos 2z dz

o

e cos? z dz

‘33” cost z dx

e~ cos? ¢ dx

L

o

22 tan—! z da

o

(22)
(24)
(26)
428)
A30)

.

A

191

€% sin? z da
e sint z dx
'e-% sin? @ dz
tan—! 2 dz

sin—! z da



CHAPTER XIV
109. The Meaning of an Integral.

Y]

Let P, Q be two points taken on the curve y = f(x), Fig. 44,
and let the co-ordinates of P be z, y, and of Q z -+ dz, y + a{/
When the ordinates are drawn to P and Q, the strip PQTS is
produced, the top part of this strip being bounded by the arc PQ
of the curve. If the breadth &z is small, tk: strip may be
approximately taken as a trapezium.

Area of the strip - ‘1;(231 + dy) oz

= <y +- % 81/) oz

If 3z is taken as being very small, then 3y is also very small
and can be neglected in comparison with y.
Hence the area of the strip or 3A = y 3.

Then Y = %%
In the limit when &z is made infinitely small
- 4
v de
Therefore A, the area under the curve, is a function which,
when differentiated with respect to @, will givey. No tegra-

192
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tion is the converse of differentiation, it follows thercfore, that in
order to obtain A, y must be integrated with respect to .

Then A= J-y dz

Considering the areca KLMN, which is bounded by the axis
of @, the ordinates at # = @ and @ = b, and the portion KN of
the curve. ILet this area be divided up into a number of thin
strips, the breadth of each strip being 3.

b—a

o

The area of cach strip will be approgimately y 3.

Now, when 3z is made very small, the number of strips taken is
considerably increased, the area of each strip is considerably
decreased, but at the same time the quantity y 3¢ represents
more nearly the true area of each strip.

In the limit, when 3w is made infinitely small, the area of each
strip becomes infinitely small, but in order to find the area KLMN
an infinitely grcat number of these strips must be added
together.

Hence A, the area, is the sum of all such terms of the form
y dx when 3z is made infinitely small, or A = Sy 32 when Sz

The number of strips will be

is infinitely small. But it has already been shown that A - jy dx;

therefore | y de = Zy dx when 3 is infinitely small. In other

words, an integral is the limiting value of the sum of an infinitely
great number of infinitely small terms.

110. The Definite Integral. 1t has been shown that the area
under a curve is given by Iy dz, and if the law of the curve

is known—that is, y is given as a function of z—this integral
can be determined and the arca expressed as a function of .

We have now to consider what we really have when the area
is expressed as a function of @, for at present we only know that
it represents the area under some part of the curve. Beforc the
value of this area can be found, we have to fix upon its actual
position with respect to the axes of reference, and this can be
done by fixing upon the initial and final ordinates.

Thus, if we ercct ordinates at = a and z = b (Fig. 44), we
decide upon the actual position of the area and also fix upon the
breadth, or the length of the base line. Therefore the values
#=a and @ = b are values of # which actually decide what the
area under the curve will be. -
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Taking the relation Area = jy dr, and after the integration

has been performed, x is given the value @, the result will give
the value of the area HOLK, the area which is bounded by the
ordinates at # = 0 and z = a.

Also taking the same relation Arca - Iy de, and after the

integration has been performed, @ is given the value b, the result
will give the value of the arca HOMN, the arca which is bounded
by the ordinates at @ = 0 and @ = b.

Now area KLMN = area HOMN — area HHIOLK

= jyda: (when z = b) — Iy dx (when 2 = a)
/

b

or area KLMN = j y dr, where, after the intcgration has been
a

performed, « is given the values b and a respectively and the

difference of the two results is taken.

We notice now that integration can be performed with respect
to x over a definite range, or between two definite values of @t
These two limiting values of @ are spoken of as the superior and
enfertor limits respectively, and the result obtained by replacing
@ by the value of the inferior limit must be subfracted from the
result obtained by replacing « by the value of the superior limit.
It must be clearly understood, however, that before we can sub-
stitute the values of the limits we must have performed the
necessary integration.

111. Areas. Let P and Q be two points on a curve (Fig. 45),
the co-ordinates of P being (@, k) and the co-ordinates of Q being
(b, k). Let A be the area bounded by the curve, the axis of z,
and the ordinates & and k. Let B be the area bounded by the
curve, the axis of , and the abscisse @ and b. Then A can be taken
as the sum of vertical strips of area y 3z taken from @ = a to
@ = b, while B is the sum of horizontal strips of area x 8y taken
fromy =~htoy=kFk,

and A=ryda:

while B - [ “2 dy
h
A study of the figure will show that

ry de + rc:v dy + ah = b
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As an example, let the law of the curve be y = ca", where ¢ and n
are constants.

b
Then area A = j y dz
a
b
- cj " dx
__¢ n+1:]b
n-+1 v @
- c n+l _ gn+l
n+ l{b a* }
Q
v }
B |
e - i - |
g i
a
l |
P_ |
] A |7 !
h ! :
| ! !
1 ! |
O-(--a,-bi b o x
F1G. 45.

Now & = ca” and k = cb®
Then area B =0k -- ah — area A

= chn+l — eqntl — ¢

{bn+1 — an+1}

n+41
— C{ bn+1 (1 —_— ___!‘_) — an+1(1 — 1 )}
n+1 n+1
= ;%{bnﬂ —_ an+1}

The arca B can be determined independently.

For area B = r”v dy
b

1 b 1
=3\ Ydy
ch
ca™

This is an awkward integral to evaluate, more particularly on
account of the nature of the limits, and the work is rendered
more simple by expressing the integral in terms of .
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Since Y = cx"
dy = nex™! dz
and z dy = nca™ dz

Therefore area B = Im dy

= ne rr" de
a

b
— ne m‘n +1
n+1 @

ne
w41
A comparison of the results for the areas A and B shows that

if the law of the curve is of the form y = ca®, then the area B is
n times the area A.

{bn-H — an+l}

112. Example 1. Working between the limits # = 2 and = 3

for the curve y = 3%, Find (1) the area bounded by the ordinates
at =2 and @ =3, and (2) the arca bounded by the abscissz
which correspond to the ordinates at « = 2 and = 8.

3
Then area (1) = I iy dx
2

= ‘wa%‘ dz
2

- o8]

-3t ],

~ 1-2{3% — 2%}
=1-2{9V3 — 4v/2}
= 1192

and area (2) - jaz dy

9 3 .
5 J-:w? dz, since dy = gzv% dx

£,
- 3|t
~ 1-8{3% — 27}

= 1-8{9V3 — 4V/2}
= 17-88
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Example 2. Find the first two points at which the curve
y = e~® sin @ crosses the axis of @, and then find the area bounded
by the curve and the axis of 2 between these points.

Now sin @ = 0 when « has the values 0, &, 2=, etc., and there-
fore y = 0 when @ has these values.

The first two points at which the curve crosses the axis of z
occur when @ = 0 and when = .

Then the area = jry dx
]

= J. €~* sin @ de.

o

To integrate e—* sin # we must integrate by parts.
je'” sin @ dv = uv — jv du

where w = sin , du = cos z dx
and dv = e~ dx, = —e®

Then je—“ sin @ de= — e™® sin - je—m coszdx ... (1)

Also je"” cos & de = uv — jv du

where © = cos @, du = — sin x dx
and dv = e~ du, v——e"®

Then je‘m cosz de — — e~"cosa — je"”” sinzde . .. (2)
Solving (1) and (2) for je‘” sin @ da
"‘e"” sinedr=—e™® sin @ — e™® cos & — Ie"”sinwdz'

. 1 .
and je“" sin @ de = — §{e—”c sin @ + e™* cos a}

1 .
Then area = — ‘z[e"” sin @ + e~* cos a]
o

1
=——§{e *cos w— 1}

—e -1}

l?.u—‘

~He+ 1)

— N.EDTA
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Ezample 3. Find the area enclosed by the curve ay = 1 and
the straight line 4y + 82 = 11.

Fi1G. 46.

The points of intersection P and Q have for their co-ordinates
the values of # and y, which satisfy the equations ay =1 and
4y + 3x = 11.

Then 2(11 —382)=1
112 — 822 = 4
82 —-11le+4=0

and @ = 0408, x = 3259

Area = Iy dx where y is the length of ordinate between the

line and the curve.

I VT RP S )
Hence area jl 4‘(11 3x) w} dx

11 3259

Y L ]
4 8 B 0408
3:259

11 3
= ——(id — Q- - =={e)* 2.0 2
(3259 — 0-408) — =(3:259% — 0-408?) — log, T—rc

= 7-840 — 3-291 — 2-078
= 1-841
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118. Suzfaces of Revolution. When an area rotates about an
axis in its plane, it describes a surface of revolution, and the
property of such a surface is that any section taken perpendicular
to the axis of revolution is circular.

0
° }
B .
S O By
Lt
E = '
— 1! Y
no || |
I f |
o a M X
= - —

If the area under a curve (Fig. 47), bounded on the left and
right by the ordinates at @ -- @ and @ = b respectively, be made
to rotate about the axis of z, it describes a surface of revolution,
and any secction of this surface taken perpendicular to the axis
of  will be circular.

Hence if this arca is divided into a very large number of thin
strips, each of breadth 8», cach strip will describe a thin cir-
cular disc.

The volume of an clementary disc = 7y? .

The total volume will be obtained by taking the sum of all
these elementary discs between the limits # = a and @ = b.

x=b
Total volume = = y? de,
T=a

and, when 8z is made infinitely small,
b
for the arca A, Vox = nj y? dz

If the area B, that bounded by the abscissee which correspond
to the ordinates at @ = a and @ = b, be made to rotate about the
axis of y, another surface of revolution is described, and the
section of this surface taken perpendicular to the axis of y will
be circular.

Hence if this arca is divided into a very large number of thin
strips, cach of breadth 8y, cach strip will describe a thin circular
disc.

The volume of an elementary disc = ma? 8.
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The total volume will be obtained by taking the sum of all
these elementary discs between the limits y = A and y = k.

v=k
Total volume =7t E @2 8y
v-h
and, when Jy is made infinitely small,
%
for the area B, Vovy = n'[ 2% dy
h

When the arca A rotates about the axis of g, the surfaces of
revolution described by the rectangle DQHO, the rectangle
EPGO and the area EPQD must be considered.

The rectangle DQHO describes a cylinder of volume mb2k, the
rectangle EPGO describes a cylinder of volume ma*h, and the

e
area EPQD describes a surface of revolution of volume nj a? dy.
h

J:
Hence for the area .\, Vyy = wb?k — wa®h — nj a* dy
3

k
- n{bzk —ah — J 2 dy}
n

When the area B rotates about the axis of x, the surfaces of
revolution described by the rectangle DQHO, the rectangle
EPGO and the area PQHG must be considered.

The rectangle DQHO describes a cylinder of volume mk2b, the
rectangle EPGO describes a cylinder of volume wh?e, and the

b
arca PQHG describes a surface of revolution of volume nI y? de.
a
b
Hence for the area B, Vo = ©k%b — wh?a — = j Yy de
a

- Tt{k2b — h?a — F y? (la:}

As an example, let the law of the curve be y = c2™ where ¢ and n
are constants.

b
Then for thearea A, Vo = 7 ." y* dr
a

b
= e j r2r dr
a

2 - b
e [ pin+l
2n ‘! - 1 a

_ e?
T on+1
Now h = ca® and k = cb®

{b2n+1 — a2n+1}
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%
For thearea B, Vyy =7 j 2 dy
h
=T fnca:"“ dx, since dy = ncx™! dg

b
_ TNC | ne
n+2 “

e (hnt2 (l""2}
nat

k
For the area A, Vyy -~ = {b% —a*h —j x> dy}
b

o {cbn+2 —ca™t? — ne (bn+2 — an+?) }
n+2
n
= ¢ | hn+2 (1 — .._.__> e (1 __n )]
‘n 'i‘ 2 n _{,_ 2
Zem hnt2 n+42
TS 2{ —anty

b
For thearea B, Vo = = {k*’b — ha - j y* clw}
a

LY

=1 { c2hen+l _ g2gentl (b1 — a2n+l)}

2n+1
[ (1= 55) - e (1 )
= 2 2n+1 — . g2n41 1 [,
e [b (1 2n +1 ¢ 2n +1
2nme
= 2n+1 __ 42041
2n+4 1 {b a }

Fig. 48 shows these four different surfaces of revolution.

114. Ezample 1. In the curve y = 522, taking A as the area
bounded by the ordinates at = 1 and 2 = 2, and B as the area
bounded by the abscisse corresponding to the ordinates at z = 1
and = 2, find the volumes of the surfaces of revolution :

(1) when the area A rotates about the axes of # and y respec-
tively ;

(2) when the areca B rotates about the axes of 2 and y respec-
tively.

For the area A, Vox =7 J}F dx
1

2
= 257:[ 2t dx
1

2
= 51 ,:r’;]
1

— 5m{2s— 1}
= 1557 = 486-8
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20
For the area B, Yoy = nj 22 dy
5

= 3757 = 117-8

20|

o ! 2
F1G. 49,

20
For the area A, Voy =7 {20(2)2 — 5(1)2 — j x? dy}
5

{80 — 5 — 37-5}
3757 = 117-8

i
N

It

2
For the area B, Vox =T {2(20)2 - 1(5)2 — j y? dm}
1

— {800 — 25 — 155}
- 6207 — 1947

i

203

Ezample 2. Inthe curve y = e~%, taking A as the atca bounded
by the ordinates at # = 1 and @ = 2, and B as the arca bounded
by the absciss@ corresponding to the ordinates at # = 1 and 2 = 2,

find the volumes of the surfaces of revolution :

(1) when the area A rotates about the axes of # and y respec-

tively ;

(2) when the area B rotates about the axes of # and y respec-

tively.
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For the area A, Vgx = n-“dyz dx
1

For the area B,

Vov

= T J-Me'” dx

1
- 2
= = m|e]
1
= —m{e 2 —e1}

= 0-7307

= 1 (a2 dy

1
= — nI 2%~ dz, since dy =
2

To integrate z%e—=.

J“v‘ze'm dr = —e %22+ 2 _“(ce""" dz

Hence for area B, Vo = = [e“m(wz + 22 + 2)]

For the area A,

— e %2 2{ — xe™ + je'” dm}

— e % 32— 2pe~% — 2e~"
— e (2% + 2uw -+ 2)

VOY

1

2
~ {5e~1 — 10e-2}
= 1-528

= n{e‘2(2)2 + |x% dy — e—1(1)2}

= 7t{4e~2 4 5e~! — 10e~2 — e~1}
= t{de~1 — 6e—2}
= 2:072
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For the area B,  Vgy = w{(e"l)z +jy2 du — 2(3-2)2}

ExampLEs XIV

=7n{e?+ el -2 2¢4}
= m(e™1 — 2e79)

Find the values of the following definite integrals :

h
(1) L(a b bw + cx?) do

‘ue‘” de
0

~aedm
(5) Ja ;
(7) |2cos®xde
JO
(*r
(9) |¢"cosade
JO
(11) | 22 sin @ dzx
JO

*2

(13) (a + bc*) dz

J0
‘4
(15) V16 — 22 dz
o 0
‘3 ————————
(17 Va+ 9 de
JO
10
(19) Vit — 25 dx
Jb
a3 dm
0 ), #1

(2)
(4)
(6)
(8)
(10)
(12)
(‘14>
(16)
(18)
(20)

(22)

$ C o3 o

b

(@ + bx + ca?) dz
B

r2

e~® dx

sin? @ da

et sin @ da

=]

n
2rsin @ dz

w o

(@ - ba®)2 dx
0

4 do

oV16 — a2

= da

et s

J 0'\/@2 - 9
(10 dr

5\/3}2 — 25

" dev

g2 —1
2

v

xVad+ 2 dx
0

(23) The curve y = a + bal'> passes through the points (1, 1-82)
and (4, 5-82). Find @ and b. Find the area under the curve

between @ = 2 and z = 4.

(24) The curve y = ae®® passes through the points (2, 4-2) and
(8, 10-4). Find @ and b. Find the area under the curve between

2=4and 2 = 8.

(25) Find the area enclosed by the line 22+ y = 8 and the

curve xy = 4.
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(26) The curve y = a 1 bc” passes through the points (0, 26-62),
(1, 35-70), and (2, 49-81). Find the values of a, b, and ¢. What
is the value of the area under the curve between @ = 0 and @ = 1 ?

(27) The curve y = 2* — 1 is cut by the line y =@ + 5. Find
the co-ordinates of the points of intersection and the arca between
the line and the curve.

(28) Find the area enclosed by the axes of reference and the
curve y = 32— 82+ 4. Find also the area enclosed by the
curve and the axis of 2.

(29) Find the area enclosed by the two curves y? = 42 and
2% = 4y.

(30) Find the first two points at which the curve y = € sin @
crosses the axis of @, and then find the area bounded by the.curve
and the axis of @ between these points.

(81) Find the area of the loop of the curve 2 = a*(x +1).

(32) Find the area encloscd by the axes of reference and the
curve «=y?— 9y + 18. Tind also the area enclosed by the
curve and the axis of .

(33) Find the areca of the loop of the curve y2? = 2*(x + 4).

(34) Find the area enclosed by the curve y — 102? — 41z + 21
and the axes of reference. Find also the arca enclosed by the
curve and the axis of a.

(835) The curve y = 100z rotates about the axis of , generating
a surface of revolution. Find the volume between the sections
atz=1anda=9. (B.of E., 1908.)

(33) The curve y = 1+ 0-222% rotates round the axis of @, gencr-
ating a surface of revolution. What is the volume betwcen the
sections at =0 and @ == 10 (B. of E,, 1912))

(37) If the same part of the curve in Question 36 rotates about
the axis of y, what is the volume of the surface of revolution
generated ?

(838) The curve gy = az™ passes through the points (2, 746),
(4,2272). Tind @andn. Let A be the area bounded by the curve,
the axis of ¥ and the ordinates at = 1 and « = 3, and lct B be
the area bounded by the curve, the axis of  and the abscisse cor-
responding to the ordinatesat # =1 and« - 3. Find the volumes of
the surfaces of revolution gencrated by the area A rotating about
the axes of # and y respectively, and by the area B rotating
about the axes of x and y respectively.

(39) The curve y = a + ba'® passes through the points (1, 1-82)
and (4, 5-82). Find @ and b. T.et the curve rotate about the
axis of @ describing a surface of revolution. Find the volume
between the sections at # = 1 and @ = 4.

(40) The curve y = ae®® passes through the points (1, 3-5) and
(10, 12-6). Find @ and b. The curve rotates about the axis of z,
describing a surface of revolution. Find the volume between the
sections at # = 1 and # = 10. (B. of E., 1913.)



EXAMPLES XIV 207

(41) Find the volume of the surface of revolution formed by
that part of the curve y = sin & between # = 0 and & = m, rotating
about the axis of x.

(42) That part of the line y + 22 = 3 intcrcepted between the
axes of reference rotates about the axes of @ and y respectively.
Find the volumes of the two cones thus formed.

(43) That part of the circle #* 4+ y? = 25 betweenz — landa = 5
rotates about the axis of . Find the volume of the zone of the
sphere thus produced.

2 42

(44) That part of the ellipse % + %— = 1lbetweecn z =0 andz =5
rotates about the axis of 2. Find the volume of the surface of
revolution generated. What would be the volume of the surface
of revolution generated if the samec part of the curve rotates
about the axis of y ?

(45) That part of the curve y = 2% — 82+ 15 intercepted be-
tween the axes of reference, rotates about the axes of # and y
respectively. Find the volume of the surface of revolution
generated in cach case.



CHAPTER XV

115. The Centre of Gravity or Centroid.
Y

o

Fi1G, 51,

Let an irregular area (Fig. 51) be so placed with reference to
the axes of # and y, that the co-ordinates of its centroid P are
Z, . Let this area be divided up into a very large number of
small areas, a,;, a,, a3 . . ., situated at the points A, B, C . . .
respectively, the co-ordinates of these points being (2, y,),
(3, y3), (@3, Y3) -

The centroid of ‘the two small areas a, and a, can be taken
to be a point M on the line AB, such that

a, AM = a, BM
Let the co-ordinates of this point be #,, 7;.
Since the triangles AKM and BLM are similar

AM KM
BM ML
AM a,

But m—-z;

Then %_____u

a, &y3— Ty
Qo(2y — Ty) = ay(T; — @)
Zi(a, + ay) = a2y + ayz,

= _ Q1% t Qs

1 a,+ a,
208
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The two areas a, and a, can now be replaced by a single arca
(a; + a,) situated at the point M, and this can now be combined
with the third area a,, the centroid of this system can be taken
to be a point N on the line MC, and if the co-ordinates of N arc

‘52’ :’72'
Then 5. o (@ F @) T 4 aywy
2 (ay; + ay) + ag

a4y + Ay, + gy
a; I ay+ ag

This fraction is such that the numerator is the sum of the
moments of the arcas about the axis OY and the denominator is
the sum of the areas. The effect of introducing to the system
another area a,, situated at a point whose co-ordinates arc @, y,,
is to increase the numecrator by the moment of that area, and at
the same time to increase the denominator by that area.

This process must be continued until all the small areas which
make up the total area are taken into account

_ (ZIQZl + (lza,’z + (13&'3 —l“ DY
a1+(12+da+ « e .

and ;

or AZ = Sax.

Working with the ordinates y,, ¥,, ¥3, etc., it can be shown in
a similar manner that
Y QgYat-Qglys L
T aytagtazt ...

g

or Ay = Zay
The rclations AZ = Sax, and Aj = Zay cnable us to dcter-
mine the position of the centroid I” of the whole arca.
116. Let P be the position of the centroid of the irregular arca

(Fig. 52) the co-ordinates of P being &, J.
Let this area rotate about the axis of @, describing a surface of

revolution.

Taking the whole area to be built up from a system of small
areas a,, a, a; a, etc, situated at points A, B, C, D, the
co-ordinates of these points being (2yy,), (2.¥s), (3ys), (@Yy,),
then each of these small areas will describe an elementary
ring, the area a, describing a ring of volume 2ra,y,, the area a,
one of volume 2masy, and so on. The volume of the whole
surface of revolution will be the sum of the volumes of all of

thesc elementary rings.
Then Vox = 2na,y; + 2namy, -+ 2ray; + . . .
= 2rc{ay; -+ agYs + agys+ . . .}
= 27Ajy
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If the area rotates about the axis of g, another surface of
revolution is described, which can be taken as the sum of a large
number of eleraentary rings whose volumes will be 2ra,z;, 2ra,z,,
2nasr,, and so on.

Thel’l VOY = 27‘:‘(11.271 + 27‘!&2«232 + gﬂa3w3 + ¢« o »
= 271:{(11681 + 02W2 ']‘ aaws + . e .}
= 2nAZ

These results can be expressed in this way: “ That if an area
rotates about an axis in its plane, the volume of the surface of re-
volution generated will be given by the area multiplied by the cir-
cumferential distance travelled by the centroid in one revolution.”

Y|

bt —

A
|
|
Nl

(@) X
F1c. 52,

Also if # and § are the co-ordinates of the centroid of a given
area,

- VoY
Y= onA
- Vox
and ?j = m

These relations enable us to find the position of the centroid,
providing we know the area and the volumes of the surfaces of
revolution described as that arca rotates about the two axes of
reference.

117. Ezample. The curve y = ax® passes through the points
(2, 5) and (4, 11). Find the values of the constants ¢ and n.
Taking A as the area bounded by the ordinates at = 2 and
xz =4, and B as the area bounded by the absciss® corresponding
to the ordinates at # = 2 and 2 = 4, find the positions of the
centroids of the areas A and B.

Now 5= a2
11 = a4
22=2" andn= 1137
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5 .
AISO a= 2‘—2 = 2:273
Then Y = 2:278g137
o}
B
sl <~ l~565-—--—>—l
!
|
el
8535
i A
":"'—'_""_"“‘ -1 5‘126->—l
| i
2r i 4||59
1 Al
© ) 2 3 4
F1G. 53.
4
Area A = j y de
~4
=al " do
2
n+4 1 2
2:273
. 2.137 __ 92137
2'137{ 4 }
= 1592
Area B = 44 — 10 — 15-92
== 18-08

1
For the area A, Vox = -r:j y? de
2
4
= 7a? j z*" de
2

2 2
na [w2n+lJ
2n + 1 2

_ m(2:273)2
T 82T
= 4159

{43-274 — 23-274}
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For the area B, Vgy = njw‘z dy

4
= ﬂnaj‘ "+l dz, since dy = nax"*! dx
2

1
_mma | . +2:|
n+ 2 3

_mx 1-137 x 2:273 {43197 _ 93.137}

3-137

= 177-5

Forthearea A, Vg =t x 11 x 42—t x 5 x 22——-1'cj‘a:2 dy
= 176 — 207 — 177-5
= 312-6

For the area B, Vox = 7 x 4 x 112 — 7 x 2 x 52—njy2 dr
= 4847 — 50T — 4159
= 047-1

3 - VOY
Finally for the area A, z = A

3126
27 x 15-92
- 3126

= 4-159
Voy
2tA

177-5
2t x 18:08
= 1-568
_ Vox

2tA

9471
" 21t x 1808

= 8:335

and for the area B, 7 =

Q)
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Tabulating these results:
Vox | Voy I & | ]
A 15-92 4159 312:6 3126 4-159
B 18:08 947-1 177-5 1-563 8:335

| Area

118. The position of the centroid of a given area may be found
by direct integration. It has already been shown that if & and §
are the co-ordinates of the centroid, then

_  Zax

T=x
Say
A

and

-,QI

or, in other words,

AZ =sum of the moments of all the elementary areas taken
with respect to the axis of y,

and Aj = sum of the moments of all the elementary areas taken
with respect to the axis of a.

Considering the area PMNQ (Fig. 54) bounded by the arc PQ
of a curve, the axis of #, and the ordinates at # = @ and « = b.
Let this area be divided into a large number of thin strips each
of brcadth Jdz.

Then area of one strip = y 3z

Moment of the strip = ay 3z, since 2 is the perpendicular
distance of the strip from the axis OY.

Then for the whole arca,
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and in the limit when 3z is made infinitely small,

b
Total moment = J. xy dx

b
Hence Az = jwy dz, where A = ry dz
a a

If the whole area is divided into a very large number of thin
strips each of breadth 8y

Then area of onc strip = (b — 2) 3y
Moment of the strip = (b — a)y Sy

since y is the perpendicular distance of the strip from the axis OX.
Then for the area PQR,

-
Total moment == b — )y 3y
v—h

and in the limit when 8y is made infinitely small,
%
Total moment =j (b~ a)y dy
h

This only gives the moment of the area PQR, and to this must
be added the moment of the rectangle PRNM, in order to obtain
the moment of the whole area PMNQ.

Area of rectangle = h(b — a)

Moment of rectangle = ; 3 — a)

k b
Hence Aj= j (b— @)y dy -+ %Iﬁ(b —a), wherc A -= j y dx
h a

The expression for i could also be obtained by taking the area
as being divided up into thin vertical strips, each of breadth 3a.

Area of one strip = y 3z

Moment of strip = %yg dx

since %y is the perpendicular distance of the centroid of this

strip from the axis of «.
Then for the whole area PMNQ,

=b
Total moment =;- E y? dz
r=a

and in the limit when 3z is made infinitely small,

Total moment = %ryz dz

a

b b
Hence Aj = %J y? dz, where A = j y dz
a a
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119. Considering the area PLKQ (Fig. 55) bounded by the
arc PQ of the curve, the axis of y, and the abscisse which corre-
spond to the ordinates at # = @ and @ = b ; let this area be divided
into a large number of thin strips each of breadth Jy.

Then area of one strip = « 3y
Moment of the strip = ay dy

since y is the perpendicular distance of the strip from the axis OX.
Then for the whole area,

~k
Total moment = E I xy dy
v=h

Y
K s Q7
by A
- / I
[ - e - == JO ] — I
L P~ I K
} y
N Iy |
o — @ ], | I
g — — — — — _.bT..——.._ _l.._.. ot
o] X
F1a. 55,

and in the limit when 3y is made infinitely small,

*
Total moment — jmg/ dy
h

k tok
Hence Bj = j &y dy, where B = j z dy
A 3
If the whole area is divided into a very large number of thin
strips cach of breadth dx,
Then area of one strip = (k — y) Sz
Moment of the strip = (k — y)z da

since # is the perpendicular distance of the strip from the
axis OY.
Then for the area PQS,

v—b
Total moment = E (k -y dz

X=q

and in the limit when 3z is made infinitely small,

b
Total moment = j (k— y)x dx
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This only gives the moment of the area PQS, and to this must
be added the moment of the rectangle PLKS, in order to obtain
the moment of the whole area PLKQ.

Area of rectangle  =a(k—h)
Moment of rectangle -- %a‘-’(k — k)

b 3
Hence Bz# = J‘ (k- y)x de + %az(k — k), where B = | @ dy
a h

The expression for & could also be obtained by taking the area
as being divided into thin horizontal strips each of breadth Jy.

Area of one strip = @ dy
Moment of strip = ;lz-w‘ﬂ’ 3y

since ;,a is the perpendicular distance of the centroid of this strip

from the axis of y.
Then for the whole arca PLKQ,

IvE
Total moment = 3 E ¥ 3y

2 v—h
and in the limit when dy is made infinitely small,
%
Total moment - %j z* dy
1 ¢* » k
Hence Bz - 3 j' a® dy, where B =j z dy
h I

As an illustration of the application of this method of finding
the position of the centroid of an area, let us take the curve of
the previous example, y = 2-27321'1%7 and work, as before, with
2 =2 and & = 4 as the limits for @, and y = 5 and y — 11 for the
corresponding limits of ¢.

It has alrcady been shown that arca A = 15-92 and area
B = 18-08.

(1) For the area A, and taking vertical strips each of breadth &z.

Moment of strip = 2y 3z
4
Total moment = j xy dx
2

4
= aj an+l do
2

—_ a [m'n+2:,4
n-+ 2 2
2-278 {43137 _ 93137}

T 3137 -
= 49-72

B PN
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4972
15-92
= 3123
Taking horizontal strips each of breadth 3y,

Then T =

Moment of strip = (4 — 2)y Sy
11
Total moment of area PQR = j (4 — 2)y dy

11
= 4«j ydy — nazrwzndaz
5 2

11 na? 1
= 92 2 — 2n+1

Y
L S Q
[}
of i
ll-y
foetl: s e O s e Ly~ - =t
8t f i
sr |
K P i R
ar y
2| 1
!
. N J M
o i 2 3 A X
F1G. 50.
1-137 x 2:2732
=9 2 __ E2Y 3.274 __ 93.274
{112 - 52} — S (43T g3}
= 192 — 150-7

= 41-3
Moment of rectangle PRMN = 25
For the whole area,
Total moment = 41-8 + 25 = 66-3.

66-3
Then 27 = m-é
= 4-164

Or by taking vertical strips,

Moment of strip = % y? dw
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Total moment = %‘ y? dr
1 4
= _q2 | pn
2aj.r dx

2

a2
- l‘w2n+1
2(2n+ 1) J

_ 2273 {48-274 _ g3.274}

2 x 3274
= 66-24

_ 6624
Then Yy = 1—5—.-9—2

= 4-160

(2) For the area B, and taking horizontal strips each of
breadth Jy.

Moment of strip = ay 8y

11
Total moment = J. xy dy

H

4

2

4
= nazj a2® dx
2

2 4
= na [w2ﬂ+l
2n 41 2

1137 x 2-2782

{43274 _ 25 274}

3274
= 150-7
150-7
Then ?7 = m
= 8-335

Taking vertical strips each of breadth 3z,
Moment of strip = (11 — y)z 3z

1
Total moment of area PQS =j (11 — y)z dz
2

4 4
=11_"wdx—-a ar+l dy
2 2

el
'2— u 2 n-4+2 w 2
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11 2-273
- ?{42 —22} __3.137{ 43137 _ 23137}
= 66 — 49-72
= 16-28

Moment of rectangle PQLK = 12
For the whole area,
Total moment = 16-28 4 12 = 28-28

28-28
18:08

= 1-564
Or by taking horizontal strips,

Then F =

Moment of strip = % x? 3y
1 11
Total moment = Ej x? dy
1]

4
- ’_’f_‘j 4 de
2

2

- 4
= ___Zzﬁ— Lwﬂ"'?}
2(n + 2) 2

1-137 x 2-278
= . - = {80137 _ 93.137
SFE D E A 2

= 2826
2826
"~ 1808
= 1-563

Example. TFind the height of the centroid of the area bounded
by the curve y = sin @ and the axis of z, between the limits @ = 0
and z = =.

Then T

Area = ‘ry dx
0
= I'sin z dx

0
k3
= — I:COS az]
0

= — {cos Tt —1}
=2



220 PRACTICAL MATHEMATICS
Taking a vertical strip of breadth 3z,

Moment of strip = ; y? Sz

f*r

y? dr
0

("

Total moment =

sin? 2 da

(.

'(1 — cos 2z) dz
0

[m — 1 sin 2‘23]r
2 0

{x— (sin 27 — sin 0)}

Il
N AL S e Ty

I

total moment

Height of centroid =
area

ol d

ExamprLEs XV

(1) ABCD is a square, 5 inches side; K is a point taken in
AD such that AE — 3 inches; F is a point taken in CD such
that CF = 1 inch. Find the co-ordinates, with refercnce to the
sides AB and BC as axes, of the centroid of the figure ABCFE.

(2) Prove that the centroid of the trapezium, whose parallel
sides are @ and b respectively and whose height is &, is situated
. . h 2a-+0
above the side b at a height of iy

(3) Find the height above the base, of a semicircular area of
radius a.

(4) Show that the centroid of a hemisphere of radius a is situ-
ated on its axis at a distance :%a from the base.

(5) Show that the centroid of a cone is situated on its axis at

a distance i—t from the base, where k is the height of the cone.

(6) A body is composed of a cylinder with a hemispherical
base, the radii of the cylinder and hemisphere each being 5 inches.
Find the height of the cylinder so that the centroid of the body shall
lie in the surface common to the cylinder and hemisphere.



EXAMPLES XV 221

(7) A body is composed of a cone with a hemispherical base,
the radii of the base of the conc and the hemisphere each being
5 inches. Find the height of the cone so that the centroid of
the body shall lic in the surfacc common to the cone and hemi-
sphere.

(8) Find the co-ordinates of the centroid of the section (Fig. 73,
No. 1) with reference to the axes OX and OY.

(9) Find thc height of the centroid of the section (Fig. 73,
No. 2) above the base AB.

(10) Find the perpendicular distance of the centroid of the
section (Fig. 73, No. 4) from the side AB.

(11) Find the co-ordinates of the centroid of the section (Fig. 73,
No. 6) with refcerence to the axes OX and OY. (The full depth is 6”.)

(12) Find the perpendicular distance of the centroid of the
section (Fig. 78, No. 7) from the side ADB.

(13) Tind the distance from the centre, of the centroid of a
quadrant of a circle of radius 4 inches.

(14) ABCD is a square, 8 inches side. From the corner D a
quadrant of a circle, 4 inches radius, is cut away. Find the
co-ordinates of the centroid of the remainder, with reference to
the sides AB and BC as axes.

(15) Find the co-ordinates of the centroid of the arca bounded
by the curve y = 82, the axis of #, and the ordinates at z = 0
and z = 3.

(16) Find the co-ordinates of the centroid of the arca bounded
by the curve y — a? — 92 + 18 and the axes of reference.

" (17) Find the co-ordinates of the centroid of the area bounded
by the curve y = 22 — 92 4 18 and the axis of a.

(18) Find the co-ordinates of the centroid of the area enclosed
by the two curves y? = 8x and a? — 8y.

(19) Find the co-ordinates of the centroid of the area bounded

by the curve y = 5v @, the axis of 2, and the ordinates at = 2
and @ = 4.
(20) Iind the co-ordinates of the centroid of the quadrant of

2 2
_{-

an ellipse, the cquation of the ellipse being %’B %3 =1,

(21) The curve y = az™ passcs through the points (2, 5:87) and
(5, 28:62). Find a and n. Tind the co-ordinates of the centroid
of the area bounded by the curve, the axis of @, and the ordinates
at z = 2 and 2 = 5.

(22) Find the first two points at which the curve y = ¢* sin @
crosses the axis of . Find the hecight above the axis of @, of the
centroid of the area bounded by the curve and the axis of
between these points.

(23) The curve y = a2+ 5 is cut by the linc y = 4z + 5. Find
the co-ordinates of the centroid of the area enclosed by the curve
and the line.



CHAPTER XVI

120. The moment of inertia of a body about an axis is the sum
of the products of the elementary masses which make up the whole
body, and the squares of the perpendicular distances of these
elementary masses from the given axis.

The moment of inertia of a lamina could be found in the same
way by considering the eclementary arcas which make up the
whole area and the squares of the perpendicular distances of these
elementary arcas from the given axis.

Thus, if there is a system of elementary masses m,, my, ms, . .
whose perpendicular distances from a given axis are @,, @y, @3 . . .
respectively, the moment of inertia of that system about the
given axis is m@,2 + myx,% + mgzs2 + . . . or 2 ma®  Or if there
is an area which is made up of a number of elementary areas a,,
ay, az . . . whose perpendicular distances from a given axis are
&4, Tgy 3 . . . Tespectively, the moment of inertia of that arca
about the given axis is a;@,% + a2,® -+ azr,® 4+ . . . or Zaxt

The two following examples will illustrate how the expression
for the moment of inertia is introduced in actual problems :

(1) A body is rotating about a fixed axis with a uniform angular
velocity of w radians per second. Taking a small elementary
mass m, situated at a perpendicular distance z; feet from the
axis; in 1 second this mass turns through an angle of w radians,
and therefore describes a circumferential distance of wa, fect.

The circumf{erential velocity of the mass m, = wz, {t. per sec.

Kinetic energy of rotation = %ml(wavl)2 ft. pdls.

The kinetic encrgy of rotation of the body will be the sum of
the kinetic energies of all the elementary masses m,, my, my . . .
situated at distances @;, 2,, 3 . . . respectively from the axis.

Hence the total kinetic energy

1 20 2 1 2 1 2
== §m1w wl + §m2wm'2 + -2-m3wa}3 + .

wz{m]_wlz + 7’124%22 "*' nb3w32 + . . -}

222
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waere I 1s the moment of inertia of the body about the axis of
rotation.

If the whole mass of the body was considered to be concen-
trated at a point situated at a distance k from the axis, the
circumferential velocity of this point == kw ft. per sccond.

Hence the total kinetic energy = %Mkzuﬂ ft. pdls.

Then I-= Mk

and £ is defined as the ‘“ radius of gyration ” of the body.

(2) Considering the case of a lamina immersed in a liquid to
a certain depth. Then the pressure at any depth is pz, where z
is the depth and p is the weight of unit volume of the liquid.

Let the whole arca be made up of a large number of small
elementary areas, a;, a,, a3 . . . situated at depths &y, @,, @5 . . .
respectively.

Pressure at the depth @, = pa,;

Thrust on the area a; = pa,z,
The resultant thrust on the whole area will be the sum of all
of the thrusts on the elementary areas.
Resultant thrust = p{a,2; + a2y + @z, + . . .}
= pAi
where Z is the depth of the centroid of the area below the surface.
Moment of the thrust on the area a, - paz,2

The moment of the rcsultant thrust on the whole area will be
the sum of the moments of all the thrusts on the elementary
areas

Total moment = p{a,2,® + azws® + azxs® + . . .}
where I is the moment of inertia of the area about the free surface.

If zis the depth of the “‘ centre of pressure,” that is the point

at which the resultant thrust acts

Total moment
Resultant thrust

I

Then Z=

B

it

R}
>
]

It

8
l.ogjl..1

where k is the radius of gyration of the area about the free surface.
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121. Let P be a point on a lamina about which the);e‘ﬂm g%all
dlementary area a. (Fig. 57.)

Let G be the centroid of the lamina, and GX, GY, be two axes
at right angles to one another, drawn in the plane of the figure.
The co-ordinates of P with reference to the axes GX and GY

are 2 and y.
Let O be any point in the lamina, and the axes OX.and OY be
drawn parallel to the axes GX and GY respcctively.%
The moment of inertia of the elementary arca @ abeut the

axis GY is ax? then the moment of inertia of the whole area
about that axis is Xax?,

or IGY = zawz

F1c. 57.

Also the moment of inertia of the elementary arca a about the
axis OY is a(z+ )2 where 1 is the distance between the two
parallel axes GY and OY.

Hence Iy = Za(z + 0)?
= Sax? + 2Xalxe + Zal?
= Xax? + 23ax + 123a
= Igy + 2l AZ + IPA
=Igy+ A2 . . . . R ¢ 3]

Since AZ = 0 as the axis GY passes through the ccntrmd
Similarly if m is the distance between the axes OX and GX,

then Iox = Igx+Am® . . . . . . . (2

Let GZ and OZ be axes drawn perpendicular to the plane of
the lamina through the points G and O respectively.



THE MOMENT OF INERTIA 225

Then I,z = Za OP?
= Xa(OK? + ON?)
But Ya OK? = Tax? + Al
and 2a ON2 = Zay® + Am?
Hence Iyz = Za(2? + y*) + A2+ m?)
= Ya GP? + An?
=Tgp+An? . . . . . . . . (3

where 7 is the distance between the axes GZ and OZ.

It is evident from relations 1, 2, and 3, that if the moment of
inertia of an area about an axis passing through the centroid
is known, the moment of inertia about any parallel axis can be
found by adding tlic term Ad? where A is the area and d is the
perpendicular distance between the two parallel axes.

Referring again to Fig. 57, we see that

Iyy = Za GP?
= Xa(a? + y?)
= 2ax? + Tay?
= Igy + Iox

Hence, if two axes are drawn at right angles to each other
through the centroid and in the plane of the lamina, the sum of
the moments of inertia about these axes will give the moment
of inertia of the lamina about an axis drawn perpendicular to the
plane of the figure and passing through the centroid.

Now, any number of pairs of rectangular axes can be drawn
passing through the centroid, in the plane of the figure, but for
any one pair the sum of the moments of inertia is constant.
Thus, if the moment of inertia about one of these axes is a maxi-
mum, then the moment of inertia about the axis at right angles
to it must be a minimum.

In dealing with questions on moments of inertia, we can there-
fore work with three well-defined axes. These axes are mutually
perpendicular and pass through the centroid. Two of these axes
must be drawn in the plane of the lamina and are such that the
moments of inertia about them are greatest and least respectively.
These axes are spoken of as the ¢ Principal Axes of Inertia.”

A principal axis can also be an axis of symmetry, and if an area
has one axis of symmetry, this will give one principal axis, and
the other principal axis can be determined by drawing it through
the centroid and perpendicular to the axis of symmetry.

122. Let OX and OY be two rectangular axes drawn through
the centroid in the plane of a given lamina (Fig. 58), and let

P
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OP and OQ be another pair of rectangular axes inclined to the
first pair at an angle a.

If G represents the position of an elementary area a, and the
co-ordinates of G are # and y with reference to the axes OX and OY,
then the moment of inertia of the lamina about OX = Say? = X,
and also Igy = Zaz? =Y

Fic. 58,

With reference to the axes OP and OQ,
IOP = Za GL2 = P
and Iy, =3a GH2=Q
Now GL -- GM - ML
=GM - KN
= ¢ COS o0 — & Sin «
and GH = OK + KL
-~ 0K+ NM
=& cos o+ Y sin «
Then GL2? = (y cos « — @ sin a)?
= y? cos® a + a? sin? o — 2 2y sin « cos &
= y? cos? a + 2% sin? & — zy sin 2a
Also  GH2 = (z cos a + y sin a)2
= 2 cos? a0 + y? sin? o + ay sin 2«
Hence P = ZaGL2? = cos? aZay? + sin? aZaa? — sin 2aTazy
= X cos? oo+ Y sin? ¢ — Z sin 2«
where Z = Zaxy
Also Q = Xa GH? = sin? aXay? + cos? aXaa? + sin 2aZaxy
= X sin? « + Y cos? a + Z sin 2«
Then P — Q = X(cos? & — sin? a) — Y(cos? a — sin? &) — 2Z sin 2«
= (X -Y) cos 2a — 2Z sin 2«
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If the axes OP and OQ are so chosen that they are the prin-
cipal axes of inertia, then, if P is a maximum, Q must be a minimum,
and P — Q will be a maximum.

For P — Q to be a maximum ‘ZG%EQ———O
That is, — 2(X ~Y) sin 2o — 4Z cos 20 = 0
or Z=—%(X—Y)tan2a

Thus, if P and Q are the principal moments of inertia,
P-Q=(X-Y) cos 2« + (X —Y) sin 2« tan 2a
(P — Q) cos 2« = (X — Y)(cos? 2a + sin? 2«)
=(X-Y)
Then X-Y=(P-Q) cos2a

Also X+Y=P+Q
_ 1+ cos 2a) f1 — cos 2«}
x- (L) o (I
=P cos® a+ Q sin? a
1 — cos 2a) {1 + cos 2a)
_p/ §Q oS
Also Y=1 \ ) FQ 5 )
= P sin? « |- Q cos? «

Therefore if P and Q are the greatest and least moments of
inertia respectively, taken about a pair of rectangular axes which
pass through the centroid, the moment of inertia I about any
other axis passing through the centroid is given by the relation
I= P cos® a+ Q sin? a, where a is the angle between that axis
and the axis of greatest moment of inertia.

128. The Momental Ellipse. let OX and OY be the principal
axes of a plane figure and P and Q be the principal moments of
inertia, P being greater than Q. Let OR be any axis making an
angle 6 with OX. IfIisthe moment of inertia of the figure about
OR,

Then I=Pcos?0+ Qsin20

Let the lengths OP, OR, and OQ be measured, to the same
scale, along the axes OX, OR, and OY respectively, such that

OP=p=\/—§
OR=r-—=\/Z&I—-
and OQ=q=\/g—j

A being the area of the figure.
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Since r=\/AT
1 I
7 A
P e Qe
= 7 cos O—}-KSIH 0
cos2 O sinz 0
= = + 5
p* q
2 2 c1n2
Then r2c025 0+r s1£1 0___1
p T
Y
feet—- L — R
|
y
AR
0 =) X
F1a. 59.

Let the co-ordinates of the point R, with reference to the axes
OX and OY, be  and .

Then rcos0 =2z andrsin0=y
2 2
Therefore ;% + gqé = 1.

This is the equation to an cllipse whose semi-axes are p and g,
and the point R must lie on this ellipse. It follows, therefore,
that if P and Q, the principal moments of incrtia, are known,

then p = \/ % and ¢ = \/ %, the semi-axes of the momental ellipse

can be calculated. This ellipse can then be drawn, and if any
radius be drawn and its length measured to the same scale as

P and g, the moment of inertia about that radius = %
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If the principal moments of inertia are equal, then P = Q, and
consequently p = q. The momental ellipse becomes a circle of
radius p, and therefore the moment of inertia about any axis
drawn through the centroid in the plane of the figure is constant.

124. The Rectangle. Let OX and OY be two axes drawn
parallel to the sides and passing through the centroid. These
are axes of symmetry, and are consequently principal axes of
inertia.

Consider an elementary strip of breadth 8y drawn parallel to
the axis OX and at a distance y from it.

Y]
Mo c
%
! A CE—— *
l——-:— x, > y
l H
| I
| (@] kX
] |
| |
} Yy
) .
S S
K 1 L
F1G. 60

The moment of inertia of this strip about OX ~ ay* 8y where
a is the breadth of the rectangle.
b
=2

Moment of inertia of rectangle about OX = E " ay? dy.
v

[ E-

By dividing the rectangle into strips of breadth 3z, drawn parallel

ba®

to the axis OY, it can be shown in a similar manner that I,y = 1z
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Let KL be another axis drawn parallel to OX and at a distance
y; from it.

ab?® 2
2 o,
= ab {1—2- + yl}
Putting y, = g this becomes the moment of inertia about the

) b2 b2

side AB, and Iiy=ab {.1_2 F—
_ab?
)

Let KM be an axis drawn parallel to OY and at a distance 2,

from it.

3 2

a? 0
= ab {-1—2- + wl}

Putting z, = 2 this becomes the moment of inertia about the

2
. a*  a?
side AD, and I,p=ab {ﬁ + Zf}
_ ba®
3
S 4 R: QN
!
< ——— 4 Z,—

Fic. 61,

The figure shows the rectangle placed in isometric projection,
OZ being the axis drawn through the centroid perpendicular to
the plane of the figure.



MOMENT OF INERTIA OF A RECTANGLE 2381

_ab®  ba®
EETINT

ab
=2 22
13 {a® + b?}
Let PN be an axis drawn parallel to OZ at a distance 2, from it.

Then Ion = oy + ab zz

= ab{
2

. b? .
Putting z; = \/ % T this becomes the moment of inertia about

‘)

an axis BQ which is perpendicular to the plane of the figure and
passes through a corner.
a? b" a* b

ab[ &

=%W+m}

If E and F are the mid points of the sides AB and AD respec-
tively, and ER and FS are axes drawn perpendicular to the plane
of the figure through these points :

Putting 2, = ab{
= —1—- {a2 + 4b%}

2 2 2
Puttingz, =5, g ab{“+b +‘;}

= a2 2
12{4a + b2}

125. Example 1. Draw the momental ellipse for a rectangle

x 5” and use it to find the moments of inertia about axes
which pass through the centroid and make angles of 30°, 45°,
and 60° respectively, with the smaller side of the rectangle.

1
= o 3
Th.en P IOX 12 X 2 X 5
= 20-83
and Q=Toy =55 x5 x2°

12
= 3-333
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Also p= \/ % = 0-6928

and q= \/% = 1732

These are the semi-minor and semi-major axes of the momental
ellipse.

-

A
!
l
!
!
|
!
.i..‘_..... z
!
!
!
|
Fic, 62,
10
(1) 75 = 0-78 Iy = 1078)E = 16-44
10
(2) 7'450 = 091 1450 = W = 12-08
10

(3) 7gp = 114 7-69

' = e
These results may be verified by calculation for
I, =Pcos?a + Qsin? «
I, — 20-88 cos? 80° 4 3-833 sin2 30°
= 1645

1,0 = 20-83 cos? 45° + 8-838 sin? 45°
= 12-09
Ico° = 2088 cos? 60° + 8-833 sin2 60°

= 7718
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Example 2. For the given section find the greatest and least
moments of inertia. Draw the momental ellipse for the section
and use it to find the moment of incrtia about the axis OR. ‘

|

[

l

i

l

t O

RS-
X

]
{ A\
-4-—-4')3_/_..__._.._,;
Fic. 63
1 1 (1)3
- 3.
Ioy 2x12x2x4+12x7x i
= 5342 = Q
1 1 (1 <1>3 (15)2
-t 3 il - _
Iox 12x4x7+2112x4x 3 + 2 x ) }
= 6348 =P

The area of the section = 5:75

575
and = — ()
p 6348 0-301

_ [575

3340 = 1-038

Also T = 0445, T o= %}:_2 = 2903
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126. The Parallelogram and the Triangle.

(1) Let a be the base and % the height of a parallelogram, and
let OX be an axis drawn parallel to the base through the centroid.

/ VA

7

7 Ak
/ // y th /
o/ Y X

Consider an elementary strip of breadth 8y drawn parallel to
the axis OX and at a distance y from it.

The moment of inertia of this strip about OX = ay® 8y.

The moment of inertia of the parallelogram about OX

=
= » ay® dy.
V-3

P

Ix=a| ydy
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Consider an elementary strip of breadth 8y drawn parallel to
the base at a distance y from it.
If 1 is the length of this strip,

and l=
Area of strip =1 8y = %(h —y) dy

Moment of inertia of the strip about AB = % (h—y)y? dy

h
For the whole triangle I, = %J(h — y)y? dy
0

all 17
-ilge - ),
__ah“
~hi12

ah3

1z

Let OX be an axis drawn parallel to the base and passing
through the centroid of the triangle.

h 2
L _aw
2118
_ah? -
T

Example. Find the principal moments of inertia of the section
of an angle iron 83" x 8}” x 4”, and draw the momental ellipse
for the section.

13_. 7 1 8 7
Now TI=3x3t3*2= 35
_ 55 4 55 ”

The centroid O is evidently situated on the axis OX, and its
perpendicular distances from the sides AB and BC are each
1-058”.
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1 1\ 3 1\2 1 1 ™S 7 7\2
NOWIAB:ﬁ X3X('2—> "“;ZX(Z) "I—EX§X<§) +ZX<Z>

= 7271
I, = 7-271 — 8:25 x (1-058)2
= 3-632
Evidently Iok = Io, = 3:632

The axis OX, being an axis of symmetry, is a principal axis,
and by means of lines drawn parallel to OX the section can be
divided into triangles and parallelograms.

P

For the triangle ADE,

1 1
Base = —, height = —~
V2 & 2

Distance of centroid from axis OX =

Vit eviova
Iy = < (== ) ! _9=)2
36 \/2 2vz) 87 \eva
1 361
~ 1152 " 576
= 0-628
For the parallelogram EDFB
Base = _\-}5 height = \/“ area = g
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(12) Find the greatest and least radii of gyration of the section,
Fig. 73, No. 8.

(13) Find the principal moments of inertia of the section,
Fig. 78, No. 9, and find the lengths of the major and minor axes
of the momental ellipse.

(14) Find the moment of inertia of the section, I'ig. 78, No. 1,
about an axis passing through the centroid and making an angle
of 45° with OX.

(15) A circular lamina of mass 5 lbs. and radius 5 ft. rotates
uniformly about an axis perpendicular to its plane and just
touching its circumference. Find the kinetic energy of rotation
if the lamina makes 50 revolutions per minute.

(16) If the lamina in Question 15 rotates uniformly about a
tangent and makes 50 revolutions per minute, what will be the
kinetic energy of rotation ?

(17) Find the radius of gyration, about an axis passing through
the centre and perpendicular to its plane, of a circular lamina
of radius @, when the density d is such that d = kx where & is
a constant and & is the distance from the centre.

(18) In Question 17, if d = k(a — @) where 2 is the distance from
the centre, what will be the radius of gyration about the same
axis ?

(19) Find the moment of inertia of the ‘rustum of a cone about
its axis, the height being 8 inches, radius of the top 3 inches,
and the radius of the bottom 5inches. A cubicinch of the material
weighs 0-26 1b.

(20) ABCDE is a figure made up of a square ABCD, 5 inches
side, and an equilateral triangle ADE, 5 inches side, the vertex,
E, of the triangle lying outside the square. Find the greatest
and least moments of inertia of the figure, and hence find the
moment of inertia about BD, the diagonal of the square.

(21) If I, is the moment of inertia of an arca about a straight
line in the same plane passing through its centre, and I is its
moment of inertia about a parallel line in the plane, there ic,
rule which enables us to calculate I if we know I,. Proy, the

rule: If for a circle I, is %74, what is I about a tan{:fgnt to the
circle? (B. of E., 1913))



CHAPTER XVII

132. The work of this chapter will be devoted to the considera-
tion of areas, centroids, and moments of inertia of irregular figures.

The Trapezoidal Rule. Iet the base linc be divided into a
certain number of equal parts and ordinates erected to the curve
from the points of division. The area is thus divided into a
number of strips of equal breadth, and for » strips there will be
n + 1 ordinates (Fig. 74).

f_

|
l 4

|

| |
o |
| | I
1], yz yls Ili I'Jn 1111"
| | :
P Py

-..<_.I___(>C
>
—<—Y——$\C

o
I
{1

FiG. 74.

Let thesc ordinates be denoted by ¥y, ¥s, ¥s - + + Yns1

Let  be the breadth of a strip. _

Considering the first strip, an enlarged view of the upper portion
of which is shown in Fig. 75; by drawing the chord AB the strip
may be approximately taken as a trapezium, the area of which

. h
18 Ij(yl + ¥a)-

If the other strips are taken in the same way, the whole area
will be approximatcly cqual to the sum of all these trapeziums.

h h h h
Arca = 5(91 4 Ya) + §(?/2 + y3) + §(y3 +y) ... §(.7/n + Y1)
h
= :j{(?ll + Yprr) T 2+ Y Y . Y}

h
=g{A+2By L L ()

where A = sum of the first and last ordinates

and B = sum of the remaining ordinates.
247
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133. The Mid-ordinate Rule. If the mid-ordinate is drawn
meeting the curve at C (see Fig. 75), and the tangent ECF is drawn
to the curve at that point, the strip may then be taken approxi-
mately as a trapezium, the top side of which is the tangent KCF.
In this case the lengths of the parallel sides of the trapezium are
not known, but it is evident that the mid-ordinate is half the sum
of the parallel sides, and therefore the area of the strip is Agy]
where yj is the mid-ordinate. It should be noticed that this is
equivalent to taking the strip as being approximately a rectangle
the height of which is the mid-ordinate.

B
A F+
..... |
‘E ,C |
I | l
| ' i
l | |
y y Yy,
L
| !
| | |

Fia. 75.

If the otherstrips are treated in the same way, the whole area will
be approximately equal to the sum of all these equivalent rectangles.

Area = h(yi+ ¥+ Y5+ . . . Yo
= breadth of strip x sum of the mid-ordinates . . . (2)

For good work it is not safe to usc these rules separately, but
it is better to take the mean of the results obtained by working
with each. The reason for this may be seen from a study of
Fig. 75. Using the trapczoidal rule for that strip will give a
value for the area in excess of the true value by an amount equal
to the area ACB. Using the mid-ordinate rule for the same
strip will give a value for the area which is less than the true
value by an amount equal to the sum of the areas AEC and BFC.
The errors thus involved are opposite in nature, and by taking
the mean of the two results there is the tendency for these errors
to neutralise each other.

184. Simpson’s Rule for an Odd Number of Ordinates.

Let the base line be divided into an even number of parts and
the ordinates drawn to the curve from the points of division
(Fig. 76). The figure is thus divided into an even number of
strips of equal breadth,
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Let & be the breadth of a strip, 2n the number of strips, and
M1, Yoo Ys « « « Yons Yousq the ordinates.

Considering the first two strips, the ordinates for which are
Y1, Yg and yg. Let OX and OY, the axes of reference, be so
chosen that the ordinate y, coincides with the axis OY. There-
fore, with reference to :hese axes the co-ordinates of the points
A, B, and C will be (— &, y,), (0, y,), and (h, y,;) respectively.
Let that part of the curve which passes through the points A,
B, and C be represented by the equation y = a + bz + ca® where
a, b, and ¢ are constants.

These constants can be expressed in terms of the ordinates.

For whenz= —h, y=1v, andy,=a— bh+ ch?

when z = 0, Y=Y, andy,=a
when2z=h, y=y, andy;=a-+ bh+ ch?

v —

N
‘%

-

|
|
I
| !
| l
llJb lI‘L % 1{271« 2N+
S f
(@) X
Fic. 70.

| —

i

1
Then b= g5 Ys— 91}

1
and c¢= 2—,:2'{?/1 — 2y + Y3}
Denoting the area of the first two strips by A,,
h
Then A, _j y da
-k

h
=j (a+ bz + cx?) dx
-h
1 1 h
= H — 2 -_—
l:am+ wa + 3cw3]_h
2
= 2ah + §ch3

h
= 2hy, + 5{1‘/1 — 2yy+ Y3}

el =

{1+ 4y2+ y3}

L
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This gives the area of the first two strips in terms of the ordi-
nates yy, ¥y, and y;. Taking the other strips in pairs and treating
each pair in a similar manner,

A, = g{yl + 4ys + Y3}
h
A, = 5{?/3 + 4y, + ¥y}

I
A3=§{?/5 + 4y, + Y}

. . .
§{y2n—-1 + 4'y n + J Zn-l-l}
Hence total area
= Al + Az + A . e + A

= "{ Y1+ Yourr) + AW+ Y+ Yo) + 20U+ Y+ - You—1)}

-»h (A + 4B + 2C})

where A = sum of the first and last ordinates
B = sum of the even ordinates
C = sum of the remaining odd ordinates.

It should be noticed that as this rule has been obtained by
adding the strips in pairs, it can only be used when the figure is
divided into an even number of strips and then there must be
an odd number of ordinates.

1385. Simpson’s Second Rule. There is no such general rule
that can be applied when the figure is divided into an odd number

Fic. 77.

of strips, for the nature of the rule must depend upon the number
of strips taken at a time.
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Let three strips be taken together, and let the axes of reference
be so chosen that the axis of y comes midway between the ordi-
nates y, and y, (Fig. 77).

The curve must pass through the four points A, B, C, and D,
and will be of the form y = a + bz + cz? + da® where @, b, ¢, and d
are constants.

When 2 = — %}-L Y=Y, Y=a-— gbh + gch2 — %Zdh“ Y
2= —.'23 —_— y2=a—%bh+ichz-t—1;dh3 L@
x = -’23 Yy=19Ys Ys=a+ %bh + ich2 + %dh*” N G)]
T = %’l y=1y, Y, = a- gbh + gch‘* + ?gdh-“’ R )

and these equations can be solved for the constants.
Sh

()
-

Area of the three strips = y dz
3

o

l

NS N

= (a+ bz + ca® + dz®) dx

2

3

vis

il

| 1 1 1 '
~ba? - -
ax + 2[).23 -+ 3(,‘683 + drt

—3h
0 )
A, = 3ah + Zch3

Thus to express A, in terms of the ordinates, it is only necessary
to find the constants @ and c.

Adding (1) and (4) g, + g, = 2+ goh®

Adding (2) and (8) y,+ y;=2a+ %ch2

Then Y1+ Y, — Ya — Y3 = 4ch?®
1 .
or 0=m{3]1"312‘“?!3+y4}
Also Yy + ys) — (Y1 + y,) = 16a

1
or =~ 76 — Y1+ Y2+ 9y — Y}
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8 9
Hence A= h{fg (=Y1+ 992+ 93— y) + 7601~ Y2~ Ys + y4)}
]
= 1“2;{691 + 18y, + 18y; + 6y,}

3h
=g W1+ 3y + 3y + 9.}
If A, be the area of the next three strips,

8h

A, = ’g'{% + 3y, + 3y, + 97}
3h

A, = "8*{?/7"' 3Ys+ 3Yy+ Yy}

3h
and An = 'g{ysn—z + 3y3n—1 + 3y3n + y3n+1}

‘where 3 is the number of strips into which the figure has been
divided.

Hence Total area = A; + A, + Ag+ . . . A,

3h
= '8"{(?/1 + Ygur1) F 20+ Y+ - o Yaerr) F 3W2+ Ys Yy,

+ Y+ o - Ysum1+ Yan)}

=%m+w+m}

where A = sum of the first and last ordinates
B=y,+ys+ Ys+ Y+ « - - Yspo1+ Yss
C=y+¥+Yot+ - - - Ysuu1

This rule cannot be used in the same general manner as the first
rule, since from the nature of its formation, in taking three strips
at a time, the number of strips into which the figure is divided
must be a multiple of three.

In actual practice the result is too approximate if the figure is
divided into a number of strips less than 10, and for a number
greater than 10 Simpson’s second rule only provides for the few
cases when the number of strips is 15, 21, 27, etc.

186. The Prismoidal Rule. Simpson’s first rule can be applied
to find the volume of the frustum of a pyramid or a cone, a wedge,
or to any solid in which the area of a section taken parallel to
the base is proportional to the square of the perpendicular dis-
tance of that section from the base.

Taking the case of the frustum of a rectangular pyramid of
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height %, the sides of the base being @ and b. Let H be the height
of the imaginary vertex, and let -k and ! be the sides of the
rectangular section at a distance « from the base.

femtmecas Jemen

:.4..—.—.—.—.- I —.-—.—»—-ﬁ

Then

also

If the curve connecting @ and A is drawn between the limits
2 =0 and x = h (Fig. 79), the area under this curve will give the
volume of the frustum, but the curve is a parabola, and as
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Simpson’s rule is derived from such a curve, the rule can be
applied by dividing the area into two strips of equal breadth.

The breadth of each strip is g
Let the ordinates be y;, ¥,, and y,.

Then The volume = g(% + 4y, + Y3)

where y, = area of the base
y; = area of the top
Y, = area of the mid-section.

187. The Centroid. In dealing with a closed, irregular figure,
the figure can be enclosed in a rectangle and two adjacent sides
of this rectangle can be taken as the axes of reference. The
position of the centroid of the figure can then be determined with
respect to these axes.

Y
C TT\ B
dik h
1 i
AR ol
il 1)/
N/ [1]] b
kil
O A X

F1G. 8o.

Let an irregular figure (Fig. 80) be enclosed in a rectangle OABC,
and let the base OA be divided into n equal parts, and the figure
divided into n strips of equal breadth by lines drawn through the
points of division, perpendicular to OA. Iet b be the brecadth
of each strip, and y,,y,, ¥3 . . . ¥, the mid-ordinates of the strips.

Taking the first strip and treating it as a rectangle,

Area of the strip

I

~al
K
[

i

Distance of centroid of the strip from OY

I

Nl = NS

Moment of the strip about OY

v
&
L
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Taking the second strip and treating it as a rectangle,

Area of the strip = by,
Distance of the centroid of the strip from OY = %b
Moment of the strip about OY = gbzyz.

The whole area will be obtained by taking the sum of all these
strips.
A=bly,+ya+ys+ ... ¥y)
The moment of the whole area will be obtained by taking the
sum of thc moments of all these strips.

-1

1 3 5 2
MOY = §b2y1 + §b2y2+ ‘2‘1)2!/3‘*‘ LA z b2yn
b2
= ':2{3/1+ Y, + 5ys+ . .. (2n— 1)y, }

If # is the perpendicular distance of the centroid from the
axis OY,

';__MOY
YT
__:Z_) ‘!/1+33/2{ 5y3+ R (2"“‘1)%
2 Y1+ Y2+ yst+ ...y,

If the area is made to rotate about the axis OY describing a
surface of revolution,

Voy = 2nAZ
= 21 M,y
= w¥{y, + By, + Syz + . . . (2n— 1)y, }
Let the side OC be divided into n equal parts and the figure

divided into m strips of equal breadth by lines drawn through
the points of division, parallel to the axis OX. Let a be the

breadth of each strip, and @,, @,, #; . . . #, the mid-ordinates
of the strips.
Then A=a(@y+ a3+ a3+ . .. )
al
M = -2—{{81 + 3z, + 5w+ . . . (2n—1a,} |

If 47 is the perpendicular distance of the centroid from the
axis OX,

=

0X
A
Zy+ 8wy + 5eg+ . . . (2n— 1)z,

a
§ w1+w2‘l“w3+...w”

N}
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If the area is made to rotate about the axis OX describing a
surface of revolution,

Vox = 2nAj
= 2WMOX
= ma*{r, + 8z, + S5zg+ . . . 2n—1)2,}
138. T'he Moment of Inertia. Considering the figure (Fig. 80)
to be divided into vertical strips, each of breadth b, and y,, y,,
Ys - - - Y, being the mid-ordinates of the strips.

Taking each strip as a rectangle,
Moment of inertia of the first strip about the axis OY = I,

and L=, Byt byrx (3)
1= 10U+ 0y x 5
1 1
1 by, + Zbayl
. 1 3b\2
For the sccond strip I, = iz b3y, + by, x (—2—)

1 9
“ 1z Dy, + i by,

. (2n — 1)b) 2
For the last strip I = —72- by, + by, x {—2——}
1 .. (2n—1)2 .
= 35 Y+ —5— V%,

The moment of inertia of the whole figure about the axis OY
will be obtained by taking the sum of the moments of inertia
of all these strips.

B3
Ioy= iz Yo+ Y+ ys+ . Z/n}+ {J1+9y2+ 25y

: (211— 1)2yn}
b? b
=G A+ 7 W 9t 2Byt L 2n—1)y,)

If the figure is divided into horizontal strips each of breadth
a, and z,, x5, 3 . . . x, are the mid-ordinates of the strips,
Then
a? a®
+ . (2’)’& - 1)260"}

12 A + & {ml + Ox, + 25254+ . . . (2n—1)22,}
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139. In dealing with irregular figures, the work is rendered much
simpler by adopting a tabular method of working, and this will
be seen by a consideration of the following example. The given
irregular figure (Fig. 81) is contained in a rectangle whose base
is 9 inches and height 6 inches. The figure is divided into 10
vertical strips each of breadth 0-9 inches, and 10 horizontal
strips each of breadth 0-6 inches. The mid-ordinates of these
strips have been measured, and are given in the tables below.

(1) Working with the vertical strips :

Yn @2rn—1)y, | (2n—1)%,
2-46 ‘ 2-46 2-5
3:96 11-88 356
452 22:60 113-0
510 35-70 2499
573 51-57 464-1
594 6534 7187
553 71-89 934-6
4-38 6570 9855
3:02 51-34 8728
1-79 34-01 646-2
42-43 412-49 50229

The breadth of the strip b= 09
Then Area = 42:43 x 0-9
— 88-19 sq. in.

0-9 41249
2 " 4243

= 4-874 in.

Voy = 7 x (0:9)2 x 412-49
= 1059 cub. in.

(09)3

T =

.g)3
x 42:43 + Q?—- x 5022-9

IOY =

= 917-8 inch units
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(2) Working with horizontal strips:

z, (2n — 1), (2n — 1)%2,
2:00 2-00 2:0
522 15-66 47-0
6-62 33-10 165-5
8-44 59-08 413-6
8-95 80-55 7249
8-88 97-68 1074-5
8-29 107-77 1401-0
712 106-80 1602-0
502 85-34 1450-8
2-98 56-62 1075-8

63-52 64460 7957-1

The breadth of the strip a =06
Then Area = 63-52 x 0-6
= 3812 sq. in.

_ 06 y 644-6
2 7 6352

= 3:045 in.
VOX = 70 X (0'6)2 X 644'6
= 729-1 cub. in.

.6)3 .Q\3
Lox = (Olg) x 63:52 + “’—P— x 79571

~
]

= 480-8 inch units

140. The Derived Figures. Let an irregular figure be enclosed
in a rectangle, and two adjacent sides OM and OL be taken as
the axes of reference (Fig. 82).

Let P be the point where the axis OX touches the boundary
of the figure.

Let the irregular area be divided into a large number of hori-
zontal strips each of breadth 3y.
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PRACTICAL MATHEMATICS
.t the length of one of these strips be AB, the perpendicular
.stance of this strip from the axis OX being y.
The area of the strip = AB 3y
The moment of the strip about OX = ABy &y

Let QT be the projection of AB on LN and the lines PQ and
PT drawn cutting AB in A; and B, respectively.

Y
LQ R S + TN
Ay
A
K
(o) P X
FiG. 82,
Then if & is the height of the rectangle,
. . QT A,B,
By similar triangles Ty
or y QT = h A B,
yAB =h AB,, since AB=QT
and y AB 8y = h A,B, 3y

Hence the moment of the strip about OX = kA B, dy.
The moment of the irregular arca about OX would be obtained
by taking the sum of the moments of all these strips,

and M,x = ZAB y 3y
= hZA]_Bl Sy

Now XA,B, 3y is the area of the figure obtained by joining
all the points derived in the same manner as A; and B, for
different positions of the horizontal line AB between the limits
y=0 and y=~h. This figure is spoken of as the “first derived
figure.”

Then My = & x area of the first derived figure
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If 7 is the perpendicular distance of the centroid from the
axis OX,
Mox

Then ?7 = é}'&

_h x area of the first derived figure
B area of the figure

Let RS be the projection of A;B; on LN and the lines PR and
PS drawn cutting A;B, in A, and B, respectively.

By similar triangles 1%; = A2yB2
Then h A,B, =y RS

= y A‘lBl’ Sil’lce RS = AlBl

-~ Y AB, since y AB ~ % A,B
i Y 121

and h?A,B, = y* AB
Hence 7?2 A,B, 3y = AB y* 3y

But AB ¢? 3y is thc moment of inertia of the strip about
the axis OX. The moment of inertia of the irrcgular arca about
OX would be obtained by taking the sum of the moments of
inertia of all these strips,

and I = ZAB 2 3y
= I?XA,B, 3y

Now XA,B, 3y is the area of the figurc obtained by joining
all the points derived in the same manner as A, and B, for
different positions of the horizontal line AB between the limits
y =0 and y = h. This figure is spoken of as the “ second de-
rived figure.”

Then I,x = k2 x area of the second derived figure

If K is the point where the axis OY touches the boundary of
the irregular figure and vertical lines arc drawn across the
figure, then by working with the projections of these lines on NM,
the other pair of derived figures can be obtained,

I x area of the first derived figure
area of the figure

and T =

I,y = k? x area of the second derived figure
when k = OM, the length of the rectangle.
141. Working with the irregular figure given in the previous .

example, and let this figure be divided into 10 horizontal strips
of equal breadth and the mid-ordinate of each strip drawn.
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Find for each mid-ordinate the corresponding points on the de-
rived figures (Fig. 83), and in this way the corresponding mid-
ordinates of the derived figures can be found.

wﬂ wn/ wﬂ/l
2:00 011 0-01
5:22 0-78 0-12
6-62 1-58 0-42
8-44 2-98 1-06
8-95 4-01 1-79
8-88 4-82 2:66
8:29 5-35 3:46
7-12 5:30 3-95
5-42 424 3-59
2:98 2:84 2:70
63-52 32-01 19-76

Breadth of strip = 0-6”

Area of figure = 63.52 x 0-6 = 38.12 sq. in.

Area of first derived figure = 82-:01 x 0-6 = 19-21 sq. in.
Area of second derived figure = 19-76 x 0-6 = 11-86 sq. in.

oy Jozl
=" 3812
= 3-024 in.
T,y = G® x 11-86
= 427-2 inch units
Dividing the irregular figure into 10 vertical strips (Fig. 84),
and working in the same way with the mid-ordinates of these strips :

Y. v. "
2-46 0-14 0-01
3-06 0-58 0-09
1-52 115 0-28
510 1-78 0-64
573 2-59 1-16
5-94 3-30 1-82
553 3-61 2.6
4-38 3-28 2-48
3.02 2-60 2:21
179 1-72 1-64

4243 20-75 12-C9
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Breadth of strip = 0-9”
Area of figure = 42-43 x 0-9 = 88-19 sq. in.
Area of first derived figure = 20-75 x 0-9 = 18-67 sq. in.
Area of second derived figure = 12:69 x 0-9 = 11-42 sq. in.
18-67
3819
= 4-399 in.
Iy = 92 x 11:42
= 925-1 inch units

4E=9X

ExamprrLes XVII

(1) The following values of y and a being given, tabulate 3y/dx
and y 3z in each interval. If y d2 be called 3A, tabulate the
values of A if A is 0 where 2= 0. (B. of E., 1905.)

@ 0 01 02 03 04 05 06 07 08 09

v 1428 | 1561 { 1°691 | 1°820 § 1-947 | 2071 | 2°193 | 2314 | 2:431 | 2547

(2) By tabulation give approximately a table of values of
nd |y de if the following values of # and y are given.

%Y
de
(B. of E., 1908.)

x 0 00L | 002 | 003 | 004 | 005 | 006 | 007 | 008 | 009

y 12679 ] 1-3640 | 14663 [ 1°5774 ] 1-7002 | 1-8391 | 2°0000 | 2-1918 | 2-4281 | 2-7321

(8) The following values of # and y being given, tabulate 8y/dz
in each interval, also 3A = y 3z and A = Jy dv. (B.of E., 1910.)

x 0 01 02 03 0-4 05 06 07 08

Y 6428 | 7071 | 7660 | 8:192 | 8:660 | 9063 | 9:397 | 9:659 | 9-848

(4) The diameter of a circle of 5 inches radius is divided into
20 equal parts, and ordinates are drawn to the circle from each
point of division. Calculate the lengths of these ordinates. Find
the area of the circle—(1) using the Trapezoidal Rule, (2) using
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(5) The following values of # and y give the co-ordinates of a
number of points on a curve. Plot the points and draw the curve.

a inches 0 08 19 31 43 b5 6°6 79 90

y inches 200 | 210 [-2:32 | 269 | 311 | 369 | 430 | 517 | 600

1

Take the area bounded by the curve, the ordinates at =10
and @ = 9, and the axis of z. By dividing this area into 18 vertical
strips of equal breadth, find (1) the area, (2) the distance of the
centroid from the axis of g, (3) the volume of the surface of re-
volution generated as the area rotates about the axis of y, (4)
the moment of inertia of the area about the axis of y.

(6) Divide the area in Question 5 into 12 horizontal strips of
equal breadth, and find (1) the area, (2) the height of the centroid
above the axis of @, (8) the volume of he surface of revolution
generated as the area rotates about the axis of «, (4) the moment
of inertia of the area about the axis of .

(7) In the figure of Question 5 take P, a point on the axis of ,
so that #.=45. Use this point to draw the first and second derived
figures. Find the arcas of these figures and use your results to
find (1) the height of the centroid above the axis of z, (2) the
moment of inertia of the area about the axis of .

(8) In the figure of Question 5 take Q, a point on the axis of y,
so that y =2. Use this point to draw the first and second derived
figures. Find the areas of these figures, and use your results to
find (1) the distance of the centroid from the axis of y, (2) the
moment of inertia of the area about the axis of y.

(9) The following values of # and y give the co-ordinates of a
number of points on a closed curve. Plot the points and draw
the figure.

z inches | 0 20

05 |1'O 15

25 3:0{35 |40 |45 |50 | 55]60 |65 [70 IT‘.") 80

471 1 360

y inches | 20 |3-32 5:00f 0 ]553(009}683]10:30] 601059 }5°70 105

0351435 I 009

By dividing the figure into 16 vertical strips of equal breadth,
find (1) the area, (2) the distance of the centroid from the axis of
¥, (3) the volume of the surface of revolution generated as the figure
rotates about the axis of ¥, (4) the moment of inertia about the axis
of y.

(10) By dividing the figure of Question 9 into 12 horizontal strips
of equal breadth, find (1) the area, (2) the height of the centroid
above the axis of z, (8) the volume of the surface of revolution
generated as the figure rotates about the axis of z, (4) the moment
of inertia about the axis of .
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(11) In the figure of Question 9, take P as the point of contact of
the bounding line of the figure and the axis of z. Use this point to
draw the first and second derived figures. Find the areas of these
figures, and use your results to find (1) the height of the centroid
above the axis of 2, (2) the moment of inertia about the axis of .

(12) In the figure of Question 9, take Q as the point of contact of
the bounding line of the figure and the axis of y. Use this point to
draw the first and second derived figures. Find the areas of these
figures, and use your results to find (1) the distance of the centroid
from the axis of y, (2) the moment of inertia about the axis of .

(18) Draw a circle of 8 inches radius, and let PT be a tangent
to the circle, P being the point of contact. Using this point P,
draw the first and second derived figures. Find the areas of these
figures, and use your results to find the height of the centroid
above the tangent PT, and the moment of inertia about that tan-
gent. Verify your results.

(14) The co-ordinates of five points A, B, C, D, and E are (1-5, 0),
(35, 0), (6, 3-5), (2, 6), and (0, 2-5) respectively, and these are the
five angular points of a polygon ABCDE. Plot the points and
draw the polygon. Let P be the mid-point of the side AB. Using
this point, draw the first and second derived figures, and find
their arcas. Use your results to find the height of the centroid
of the polygon above the side AB and the moment of incrtia about
the side AB.

(15) The top of a reservoir is a rectangle of sides 2a and 2b,
the depth is k, and the sides arc inclined to the horizontal at 45°.
Prove that the volume contained by the reservoir is

2h .
5 [6ab— 3ha+ b) + 207] (Int. Sci., 1913

(16) A wedge has a rectangular base 24 inches by 16 inches and
the height is 6 inches. The faces corresponding to the larger
sides of the base are inclined to the horizontal at 45°, while those
corresponding to the smaller sides are inclined to the horizontal
at 60°. Find the volume of the wedge.

(17) In Question 16, what would be the height of the wedge so
that the top surface becomes a straight line ? What is the length
of this edge and what is the volume of the resulting wedge ?

(18) The basis of Simpson’s Rule is that if three successive
equidistant ordinates (distant % apart), y,, s, ys;, are drawn to
any curve, the three points may be taken as lying on the curve
y = a+ bz + ca®. Imagine y, to be the axis of y, so that (— 4, y,),
(0, y,), and (h, y,) are the three points. Substitute these values
in the equation, and find @ and ¢. Integrate a 4 bz + cz? between
the limits A and — & and divide by 2h. This gives the average
value of y. Express it in terms of y,, y¥,, and y;. (B. of E., 1907.)



CHAPTER XVIII

142. Lengths of Curves. If P and Q are two points taken very
close together on a curve, the length of that part of the curve
between P and Q being 3s. Then 3s can be taken approximately
as the hypotenuse of a right-angled triangle, the base of which
is 3z and the perpendicular 8y. The smaller 8z is made the more
.nearly true does this approximation become, and it becomes
actually true when 3z is made infinitely small.

Then 5s% = Sa2 + 3y?
- @
and also <§_‘_;>2~ 1 (g—; 2

In the limit when 8z is made infinitely small,

4@

Thus, to get s, the length of a certain portion of the curve,
the first of these expressions must be integrated with respect
to # between assigned limits, or the second expression must be
integrated with respect to y between assigned limits.

an
Then $ = \/ 1+ %y dz
LY, ml
r'”z
T a2
or s = '\/ 1+ (%) dy
J Y

1

Ezample 1. Find the length of the arc of curve of y? = 82°
between the limits # = 1 and = 3.

I §
y = 2V2x®

dy .. ./5 %
5= 31V 22
268
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dy\2 S
Then 1+<E—Z) - VIfisz
and S=Fv1+18azdz
1
Let s=1+4+ 182
dz = 18dz
d LY
a.n S=T§jlgz r—
1 [ 3755
=—2T7 3 ]19

- 2l7{551-5 — 1915}

= 12-05

Example 2. Find the length of the arc of the curve y2? = 8z
between the limits # = 2 and z = 4.

The limits for y are y = 4 and y = 4V'2.

¥
Now @ =2
dz _y
dy 4
dz\? y?
1+ -—l-J> —1+i-
= 1 16 2
= 7516 + ¥°)
1
Then 8=Zj4 V16 + 2 dy
Put y? = 16 sinh? ()

and V16 + g% = 4 cosh 0
dy = 4 cosh 0 dO

Then s =4 jcoshz 0 do

) J'(l + cosh 26) df

2 [O + % sinh 20:]

PN P y\/ﬁﬂ-yz]
2 | sinh 4+--——————-16
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T y+ VI6+ 2 | yVIe + yrve
2 [loge 3 + 16 )jL

=2[loge4\/2+4\/3 Iog4-+4a\/2+16\/6 16\/2]

4 - 4 16 16
_ollne VZ+ \/3
2lo8 —m -+ V6 - V)
= 2{0-2648 + 1.0353}
= 2:6002

148. The Sag in a Telegraph Wire. Let 1 be the half span,
d the sag, and s the whole length of the wire, and suppose that
the resulting curve is a parabola whose equation is 2% = 4ay.

Y]

‘ i :
O X
Fic. 83,

Now when z =1, y = d.
Hence 2= 4ad

2

and a = I—L—(Z-
22

Also y-= ”
dy x

2a
) N
«/l_l-(dm 1+4a2
l 2
Then length of wire = s = 2_[ \/ 1+ iédz
0 4a
ff -
=ZJOV4a2+w2dx

Put @2 = 4a2 sinh2 0

Then V442 + 22 = 2a cosh 0
and dx = 2a cosh 0 db
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Hence s=

=

where

Now
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4ajcosh2 0 do
2a|(1 + cosh 20)d0

2a| 0 + -12- sinh 26]
z? + 4a?
4a?
z+ Va?+ da?
2a

I + VB + 4a?
2a

2a

]

zVa? + 4a2:|’
0

4q2

Wie+ 4a2:l

4a?

_sinh‘lf2 + z
| 2a

2a| log,

-
2a loge

 log, 2a+\/ 2a 1}+

2a < ) 1]
2a log(,{oc+ Vo +1}+ aVo® + 1]
B 1
OC“-Q-&-
l4ad 2d
T2 T

and since d is very small compared with I, « is very small com-

pared with 1, and (1 + a?)? = 1 + 1012 approximately.

[ 2
Hence s = 2a loge< 1+ o+ 2>+ oc<1 + c;)]
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