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PREFACE

THE present elementary text-book embodies the course in
Solid Coordinate Geometry which, for several years, it has
been part of my duties as Lecturer in Mathematics at the
University of Glasgow to give to two classes of students.

For the student whose interests lie in the direction of
Applied Mathematics, the book aims at providing a fairly
complete exposition of the properties of the plane, the
straight line, and the conicoids. It is also intended to
furnish him with a book of reference which he may consult
when his reading on Applied Mathematics demands a know-
ledge, say, of the properties of curves or of geodesics. At the
same time it is hoped that the student of Pure Mathematics
may find here a suitable introduction to the larger treatises
on the subject and to works on Differential Geometry and
the Theory of Surfaces.

The matter has been arranged so that the first ten
chapters contain a first course which includes the properties
of conicoids as far as confocals. Certain sections of a less
elementary character, and all sections and examples that
involve the angle- or distance-formulae for oblique axes
have been marked with an asterisk, and may be omitted.

Chapter XI. has been devoted to the discussion of the
General Equation of the Second Degree. This order of
arrangement entails some repetition, but it has compensat-
ing advantages. The student who has studied the special
forms of the equation finds less difficulty and vagueness in
dealing with the general.

I have omitted all account of Homogeneous Coordinates,
Tangential Equations, and the method of Reciprocal Polars,
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and have included sections on Ruled Surfaces, Curvilinear
Coordinates, Asymptotic Lines and Geodesics. It seemed
to be more advantageous to make the student acquainted
with the new ideas which these sections involve than to
exercise him in the application of principles with which his
reading in the geometry of two dimensions must have made
him to some extent familiar.

In teaching the subject constant recourse has been had to
the treatises of Smith, Frost and Salmon, and the works of
Carnoy, de Longchamps and Niewenglowski have been
occasionally consulted. My obligations to these authors,
which are probably much greater than I am aware of, are
gratefully acknowledged. I am specially indebted to Resal,
whose methods, given in his Théorie des Surfaces, I have
found very suitable for an elementary course, and have
followed in the work of the last two chapters.

The examples are very numerous. Those attached to the
sections are for the most part easy applications of the theory
or results of the section. Many of these have been con-
structed to illustrate particular theorems and others have
been selected from university examination papers. Some
have been taken from the collections of de Longchamps,
Koehler, and Mosnat, to whom the author desires to acknow-
ledge his indebtedness.

I have to thank Profs. Jack and Gibson for their kindly
interest and encouragement. Prof. Gibson has read part of
the work in manuscript and all the proofs, and it owes much
to his shrewd criticisms and valuable suggestions. My
colleague, Mr. Neil M‘Arthur, has read all the proofs and
verified nearly all the examples; part of that tedious task
was performed by Mr. Thomas M. MacRobert. I tender my
cordial thanks to these two gentlemen for their most efficient
help. I desire also to thank Messrs. MacLehose for the

excellence of their printing work.
ROBT. J. 1. BELL.

Grasaow, September, 1910.



PREFACE TO THE SECOND EDITION

IN this edition a few alterations have been made, chiefly in
the earlier part of the book. One or two sections have been
rewritten and additional figures and illustrative examples
have been inserted.

RJ T B

June. 1912

PREFACE TO THIRD EDITION

In this edition some corrections have been made and a second
set of Miscellaneous Examples and an Appendix have been
added. The Appendix contains notes on several paragraphs,
which indicate alternative, and generally shorter, methods of
procedure. It also includes a discussion of the reduction of
the general equation of the second degree, which depends only
on the formulae for change of axes, and which can accordingly
be read by the student as a sequel to Chap. VIL

R. J. T. B.
December, 1937.
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CHAPTER 1

SYSTEMS OF COORDINATES. THE EQUATION
TO A SURFACE.

1. Segments. Two segments AB and CD are said te
have the same direction when they are collinear or parallel,
and when B is on the same side of A as D is of C. If AB
and €D have the same direction, BA and CD have opposite
directions. If AB and ©D are of the same length and in
the same direction they are said to be equivalent segments.

2 If A B, C,.. N, P are any points on a straight
line x’0X, and the convention is made that a segment of
the straight line is positive or negative according as its
direction is that of OX or OX’, then we have the following
relations:

AB= —BA; OA+AB=0B, or AB=0B-—O0A,
or OA+AB+BO=0;
OA+AB+BC+H... NP=OP.

If x,, x, are the measures of OA and OB, ¢e. the ratios of
OA and OB to any positive segment of unit length, L, then
OA=z,L, OB=m,L,
and AB=(x,—x,) L,

or the measure of AB is x,— ;.

3. Coordinates. Let X'OX, YOY, Z’OZ be any three
fixed intersecting lines which are not coplanar, and whose
positive directions are chosen to be X'0OX, Y'OY, Z'0Z ; and let
planes through any point in space, P, parallel respectively
to the planes YOZ, ZOX, XOY, cut X'X, XY, Z’Z in A, B, G,

(fig. 1), then the position of P is known when the segments
B.U. a €
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OA, OB, OC arc given in magnitude and sign. A con-
struction for P would be: cut off from OX the segment OA,
draw AN, through A, equivalent to the segment 0B, and
draw NP, through N, equivalent to the segment OC. OA,
0B, OC are known when their measures are known, and
these measures are called the Cartesian coordinates of P
with reference to the coordinate axes X'0X, Y'OY, Z'0Z.
The point O is called the origin and the planes YOZ, ZOX,
XOY, the coordinate planes. The measure of OA. the
segment cut off from OX or OX’ by the plane through P

Fig. 1,

parallel to YOZ, is called the z-coordinate of P; the measures
of OB and OC are the ¥y and z-coordinates, and the symbol
P, (%, , 2) is used to denote, “the point P whose coordinates
are ¢, y, 2” The coordinate planes divide space into eight
parts called octants, and the signs of the coordinates of a
point determine the octant in which it lies. The following
table shews the signs for the eight octants:

Octant | OXYZ |OX'YZ |OX'Y'Z|OXY'Z OXYZ',OX'YZ' oX'Y'Z’'|OXY'Z

z + - - + +|— - +

y + + - —l+ + - -

z + + + + - - - -
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It is generally most convenient to choose mutually
perpendicular lines as coordinate axes. The axes are then
“rectangular,” otherwise they are “ oblique.”

Ex. 1. Sketch in a figure the positions of the points :

(8) 0’ 3)) (—2’ —1) 5): ("'4’ "2’ 0)1 (0) 0’ "‘6)'

Bx, 2. What is the locus of the point, (i) whose z-coordinate is 3,
(ii) whose z-coordinate is 2 and whose y-coordinate is —4?

Ex. 3. What is the locus of a point whose coordinates satisfy
(i) xr=0and y=0; (ij)r=aand y=0; (ili)w=aand y=b; (iv) z=c
and y=>b1?

Bx. 4. If OA=a,0B=5,0C=c, (%%. 1), what are the equations to
the planes PNBM, PMCL, PNAL ? hat equations are satisfied by
the coordinates of any point on the line PN ?

4. 8ign of direction of rotation. By assigning positive
directions to a system of rectangular axes X'X, Y'Y, Z'Z, we
have fixed the positive directions of the normals to the
coordinate planes YOZ, ZOX, XOY. Retaining the usual
convention made in plane geometry, the positive direction
of rotation for a ray revolving about O in the plane XOY
is that given by XYX'Y’, that is, is counter-clockwise, if the
clock dial be supposed to coincide with the plane and front
in the positive direction of the normal. Hence to fix the
positive direction of rotation for a ray in uny plane, we
have the rule: i a clock dial ¢s considered to coincide
with the plane and fromt in the positive direction of the
normal to the plane, the positive direction of rotation
for a ray revolving wn the plane is counter-clockwise.
Applyinlg this rule to the other coordinate planes the
positive | directions of rotation for the planes YOZ, ZoX
are seenito be YZY'Z', ZXZ'X'.

The pogitive direction of rotation for a ?‘lane can also be found by
considering that it is the direction in which a right-handed gimlet or
corkscrew has to be turned so that it may move forward in the positive
direction of the normal to the plane.

Bx. plane ABC meets the axes OX, OY, OZ in A, B, C, and
ON is the normal from O. If ON is chosen as the positive direction
of the normal, and a point P moves round the perimeter of the
triangle ABC in the direction ABC, what is the sign of the direction
of rotation of NP when OA, OB, OC are (i) all positive, (ii) one
negative, (iii) two negative, (iv) all negative ?
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B. Cylindrical coordinates. If X'OX, Y'OY, 2’0z, are
rectangular axes, and PN is the perpendicular from any
point P to the plane XOY, the position of P is determined
if ON, the angle XON, and NP are known. The measures
of these quantities, u, ¢, 2z, are the cylindrical coordinates
of P. 'The positive direction of rotation for the plane xoY
has been defined, and the direction of a ray originally
coincident with OX, and then turned through the given
angle ¢, is the positive direction of ON. In the figure,
u, ¢, z are all positive.

If the Cartesian coordinates of P are «, ¥, 2, those of N
are z, ¥, 0. If we consider only points in the plane XOY,
the Cartesian coordinates of N are , y, and the polar, u, ¢
Therefore

x=ucos¢, y=using; u’=a’+y? tangp=y/x

AZ
P
7 /x
g |
"'. ‘3’/)'M
Oz —>
Y’ L Y
¢ %
N
X
z"
Fie. 2.

6. Polar coordinates. Suppose that the position of the
plane OZPN, (fig. 2), has been determined by a given value
of ¢, then we may define the positive direction of the
normal through O to the plane to be that which makes an
angle ¢+ /2 with X’0X. Our convention, (§ 4), then fixes
the positive direction of rotation for a ray revolving in the
plane 0ZPN. The position of P is evidently determined
when, in addition to ¢, we are given » and 6, the measures
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of OP and .ZOP. The quantities r, 6, ¢ are the polar
coordinates of P. The positive direction of OP is that of a
ray originally coincident with OZ and then turned in the
plane OZPN through the given angle 6. In the figure, OM
is the positive direction of the normal to the plane OZPN,
and 7, 0, ¢ are all positive.

If we consider P as belonging to the plane OZPN and 0z
and ON as rectangular oxes in that plane, P has Cartesian
coordinates z, w, and polar coordinates r, 6. Therefore

. u
z2=7rco80, u=rsinf; r=22+u? tanG:;.

But if P is (z, y, 2), z=ucos ¢, y=usin ¢.
Whence z=7sinfcos ¢, y=rsinfsin ¢, 2=1c0s6;
NI y
EVPEY g !
Cor. If the axes are rectangular the distance of (z, y, 2)
from the origin is given by ~a?+ y*+ 2%

r2=g24y?4-2% tan 0=

Ex. 1. Draw figures shewing the positions of the points

27 5 3
(2-57) 3%-7) (--5-) (2% ).

What are the Cartesian coordinates of the points ?

Ex. 2. Find the polar coordinates of the points(3, 4, 5), (-2, 1, —2),
so that » may be positive.

5 T 4 T NGRS
Ans. (5J2, Z’ tan“§>, (3, §+tan“—? é +ta.n"2),
where tan-lg, tan*?#, tan=12 are acute angles.

BEx. 3. Shew that the distancss of the point (1, 2, 3) from the
coordinate axes are V13, ~/10, V5.

Ex. 4 Find (i) the Cartesian, (ii) the cylindrical, (iii) the polar
equation of the sphere whose centre is the origin and radius 4.

Ans. (i) 22 +y2+22=16, (ii) u2+22=16, (iii) r=4.

Ex. 5. Find (i) the polar, (ii) the cylindrical, (iii) the Cartesian
equation of the right circular cone whose vertex is O, axis OZ, and
semivertical angle a.

Ans. (i) O=a, (ii) u=ztana, (iii) 22+y%=22tan%a.

Ex. 6. Find (i) the cylindrical. (ii) the Cartesian, (iii) the polar
equation of the right circular cylinder whose axis is OZ and radius a.

Ans. (i) u=a, (ii) 22+y?=a? (iii) rsin f=a.
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" Bx. 7. Find (i) the polar, (ii) the Cartesian equation to the plane
through OZ which makes an angle o, with the plane ZOX.

Amns. (i) ¢=a, (ii) y=rtana.

7. Change of origin. Let X'OX, Y OY,Z0Z; we, B'wf,
v'wy, (tig. 3), be two sets of parallel axes, and let any point P
be (z, y, z) referred to the first and (&, 5, {) referred to the
second set. Let o have coordinates a, b, ¢, referred to
OX, OY, OZ. NM is the line of intersection of the planes
Buwy, XOY, and the plane through P parallel to Bwy cuts
owf in GH and XOY in KL.

Fi6. 8,
Then OL=0OM + ML =0M+wH,
therefore w=a+¢ Similarly, y=b+s, z2=c+¢;
whence f=x—a, n=y-b, {=2z—c

Ex. 1. The coordinates of (3, 4, 5), (—1—5, 0), referred to parallel
axes through (-2, —3, —7), are (5, 7, 12), (1, -2, 7).
Ex. 2. Find the distance between P, (2, %;, 7,) and Q, (23, ¥, %),
the axes being rectangular,
Change the origin to P, and the coordinates of Q become 2y— 2z,
Ya—Y1, %2—7%; and the distance is given by
=2+ -3 + -2
Ex. 3. The axes are rectangular and A, B are the points (3, 4, b),
(-1, 3, -7). A variable point P has coordinates 2, y, z. Find the
equations satisfied by z, y, 2 if (i) PA=PB, (ii) PA*+PB?=2/3,
(iri) PA? - PB2=242,
Ans. (i) 8r+2y+242+9=0,
(i) 222+ 2y2+ 222 — 42— 14y + 42+ 109 =248,
(iii) 8z +2y+ 24249+ 242=0.
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Ex. 4. Find the centre of the sphere through the four points

(0, 0, 0), (0, 2, 0), (1,0, 0), (0,0, 4). Ans. (3 1, 2).
Ex. 5. Find the equation to the sphere whose centre is (0, 1, —1)
and radius 2. Ans, '+y*+2% -2y +2:=2.

Ex. 6. Prove that x?—y2+422—4x+2y+624+12=0 represents a
right circular cone whose vertex is the point (2, 1, —3), whose axis
is parallel to OY and whose semivertical angle is 45°.

Ex. 7. Prove that a?+y%+22—-2r+4y—62—2=0 represents a
sphere whose centre is at (1, —2, 3) and radius 4.

8. To find the coordinates of the point which divides the
join of P, (z,, ¥, 2,) and Q, (%,, Ys 2,) in @ given ratio,
A:L

Let R, (2, ¥, 2), (fig. 4), be the point, and let planes through
P, Q, R, parallel to the plane YOZ, meet OX in P, Q’, R’

R

X
Fia. 4.

Then, since three parallel planes divide any two straight
lines proportionally, P'R’: P’'Q’=PR: PQ=X:A+1. Therefore
x—x, A _ A+
-’172—30,_7\_—+ 7 and = NPl
AYe+y z____):zz+z,

A+1 A+1°

These give the coordinates of R for all real values of A
positive or negative. If X is positive, R lies between P and
Q; if negative, R is on the same side of both P and Q.

(‘”1"""’2 Y1 +Y, z,+22).
2’ 2’ 2

Similarly, Y=

Cor. The mid-point of PQ is
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Ex. 1. Find the coordinates of the points that divide the join of

(2, -3, 1), (3, 4, —5) in the ratios 1:3, —1:3,3:-2.
9 5 1 3 13

Ans. ('4, -‘i’ ~§>, (é\ “-2" 4)’ (5’ 18, “17).

Ex. 2. Given that P, (3,2, —4); Q. (5, 4, —6): R, (9, 8, —10) are
cuilinear, find the ratio in which Q divides PR. Why can the ratio be
found by considering the z-coordinates only { Ans. 1:2.

Ex. 3. A, (r, ¥, 41) 5 By (@, 25 22) 5 C (%3, 73, 23) 5 Dy (24, Y4y 24)
are the vertices of a tetrahedron. Prove that A, the centrma of the
triangle BCD, has coordinates

dotds 2y Yotz tYs ntuts

S S M e
If B’, C’, D’ are the centroids of the triangles CDA, DAB, ABC, prove
that AA’, BB, CC’, DD’ divide one another in the ratio 3: 1.

Ex. 4. Shew that the lines joining the mid-points of opposite
cdges of a tetrahedron bisect one another, and that if they be taken
for coordinate axes, the coordinates of the vertices can be written
(a, b, c), (0, = b, —¢), (=, b, - ¢} (—a, =b, ¢).

Ex. 5. Shew that the coorlinates of any three points can be put
in the form (a, b, 0), (a, 0, ¢), (0, b, c), a fourth given point being taker
as origin.

Ex. 6. The centres of gravity of the tetrahedra ABCD, A'B'C'D’,
(Ex. 3), coincide.

Ex. 7. Find the ratios in which the coordinate planes divide the
line joining the points (-2, 4, 7), (3, — 5, 8). Ans. 2:3, 4:5, —7:8,

Ex. 8. [Find the ratios in which the sphere #2+32+22="504 divides
the line joining the points (12, - 4, 8), (27, -9, 18). Ans. 2:3, —2:3.

Ex. 9. The sphere 2%+ y2+22~22+6y+142+3=0 meets the line
joining A, (2, -1, —4); B, (5, 5, 5) in the points P and Q. Prove
that AP:PB=-AQ:QB=1:2.

Ex. 10. A is the point (-2, 2, 3) and B the point (13, —3, 13).
A point P moves so that 3PA=2PB. DProve that the locus of P is
the sphere given by

2%+ y? 422 4+ 282 — 12y 4 10z — 247 =0,
and verify that this sphere divides AB internally and externally in
the ratio 2: 3.

Ex. 11. From the point (1, —2, 3) lines are drawn to meet the
s])here 2%+ y?+22=4, and they are divided in the ratio 2:3. Prove
that the points of section lie on the sphere

bt +hy?+ 522 - 62+ 12y — 18:+22=0.

9. The equation to a surface. Any equation involving
one or more of the current coordinates of a wvariable
point represents a swrface or system of swrfaces which
18 the locus of the variable point.
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The locus of all points whose z-coordinates are equal
to a constant a, is a plane parallel to the plane YOZ, and
the equation =0 represents that plane. If the equation
f(z)=0 has rootg w,, oy, g, ... 0y, it is equivalent to the
equations ¥ =0, z=0,, ... =0, and therefore represents
a system of planes, real or imaginary, parallel to the plane
YOZ.

Similarly, f(y)=0, f(2)=0 represent systems of planes
parallel to ZOX, XOY. In the same way, if polar coordinates
be taken, f(r)=0 represents a system of spheres with a
common centre at the origin, f(8)=0, a system of coaxal
right circular cones whose axis is 0Z, f(¢)=0, a system of
planes passing through 0Zz.

Consider now the equation f(, y)=0. This equation is
satisfied by the coordinates of all points of the curve in the
plane XOY whose two-dimensional equation is f(z, y)=0

Fia. 5.

Let P, (fig. 5), any point of the curve, have coordinates
%y, Yo, 0. Draw through P a parallel to 0z, and let Q be
any point on it. Then the coordinates of Q are x,, ¥,, 2,
and since P is on the curve, f(z,, ¥,) =0, thus the coordinates
of Q patisfy the equation f(z, y)=0. Therefore the co-
ordinates of every point on PQ satisfy the equation and
every point on PQ lies on the locus of the equation. But
P is any point of the curve, therefore the locus of the
equation is the cylinder generated by straight lines drawn
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parallel to Oz through points of the curve. Similarly,
f(y, 2)=0, f(z, )=0 represent cylinders generated by
parallels to OX and OY respectively.

Ex., What surfaces are represented by (i) 22+y%=a3, (ii) y*=4axz,
the axes being rectangular ?

Two equations are necessary to determine the curve in
the plane XOY. The curve is on the cylinder whose equa-
tion is f(z, #)=0 and on the plane whose equation is 2=0,
and hence “ the equations to the curve ” are f(z, y)=0,2=0.

Ex. What curves are represented by
(i) 22+y2=a? z=0; (ii) 22 +y?=a? z=b; (iii) 22=4az, y=c?

! f(x.y,k)=0

Y

(The surface shewn is represented by the equation
ac?+byt=24.)

Consider now the equation f(z, ¥, 2)=0. The equation
2=k represents a plane parallel to XOY, and the equation
f(, y, k)=0 represents, as we have just proved, a cylinder
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generated by lines parallel to 0Z. The equation f(x, y, k) =0
is satisfied at all points where f(z, ¥, z)=0 and z=Fk are
simultaneously satisfied, 7.e. at all points common to the
plane and the locus of the equation f(z, ¥, 2)=0, and hence
f(x, y, k)=0 represents the cylinder generated by lines
parallel to OZ which pass through the common points, (fig. 6).
The two equations f(z, y, k)=0, 2=k represent the curve
of section of the cylinder by the plane z=£k, which is the
curve of section of the locus by the plane z=%k. If, now,
all real values from —oo to 4+ be given to k, the curve
f(z, y, k)=0, 2=k, varies continuously and generates a
surface. The coordinates of every point on this surface
satisfy the equation f(x, y, z)=0, for they satisfy, for some
value of k, f(x, y, k)=0, z=k; and any point (z,, v,, 2,)
whose coordinates satisfy f(x, y, 2)=0 lies on the surface,
for the coordinates satisfy f(z, y, 2,)=0, z2=2,, and there-
fore the point is on one of the curves which generate the
surface. Hence the equation f(z, y, 2)=0 represents a
surface, and the surface is the locus of a variable point
whose coordinates satisfy the equation.

Ex. 1. Discuss the form of the surface represented by
22la?+ 262+ 2[c?=1.
The section by the plane z=% has equations
2=k, 2[a?+y3[6%=1—k?/c
The section is therefore a real ellipse if 42 < c? is imaginary if £2> c?
and reduces to a point if £2=c% The surface is therefore generated
by a variable ellipse whose plane is parallel to XOY and whose centre
is on OZ. The ellipse increases from a point in the plane z=—¢ to
the ellipse in the plane XOY which is given by »*/a%+3%/b?=1, and
then decreases to a point in the plane z=c¢. The surface is the
ellipsoid, (fig. 29).
Ex. 2. What surfaces are represented by the equations, referred
to rectangular axes,
(i) 22+ y2+22=a?, (ii) 22+y®=2az?
Bx. 3. Discuss the forms of the surfaces
o 22 y? gR i
O gtp—a=h 0 H-F-g=1

(i) The hyperboloid of one sheet (fig. 30).
(ii) The hyperboloid of two sheets (fig. 31).
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Ex. 4. What loci are represented by
(@) f(w)=0, (ii) /(2)=0, (iii) f(r, 6)=0,
(iv) £(6, $)=0,  (v) S(r, $)=0, (Vi) f(u, $)=01

Ans. (i) A system of coaxial right cylinders ; (ii) a system of planes
parallel to XQY ; (iii) the surface of revolution generated by rotating
the curve in the plane ZOX whose polar equation is f(r, )=0 about
the z-axis; (iv) a cone whose vertex is at O ; (\? a surface generated
by circles whose planes pass through OZ and whose dimensions vary
as the planes rotate about OZ ; (vi) a cylinder whose generators are
parallel to OZ, and whose section by the plane z=0 is the curve

(u, $)=0.

10. The equations to a curve. The two equations
fik@, y, 2)=0, fy(x, y, 2)=0 represent the curve of inter-
section of the two surfaces given by f(z, y,2)=0 and
fo(®, y,2)=0. If we eliminate one of the variables, z,

F1o. 7.

Fig. 7 shews part of the curve of intersection of the sphere
«?+y3+23=a? and the right circular cylinder x?+3y?*=ax. The
eylinder which projects the curve on the plane x=0 is also shewn.

Its equation is a?(y®-2%)+2'=0. The projection of the ocurve

on the plane ZOX is the parabola whose equations are y=0,

2=a(a-z)
say, between the two equations, we obtain an equation,
¢(z, y)=0, which represents a cylinder whose generators are
parallel to 0z. If any values of z, y, z satisfy f,(x, y, 2)=0
and f,(z, y, 2)=0, they satisfy ¢(z, y)=0, and hence the
cylinder passes through the curve of intersection of the
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surfaces. If the axes are rectangular ¢(x, y)=90 represents
the cylinder which projects orthogonally the curve of
intersection on the plane XOY, and the equations to the
projection are ¢(, y)=0, z2=0.

Ex. 1. If the axes are rectangular, what loci are represented by

(i) #2+y2=a? 2=b%; (i) 2?+yi+2t=0a? yP=daz; (i) 22+y’=a?
ri=02 (a?>0%)1?

Ex. 2. Find the equations to the cylinders with generators parallel
to OX, OY, OZ, which pass through the curve of intersection of the
surfaces represented by 2%+ y2+2:4=12, r—y+z=1.

Ans. 2y2-2yz2+32+2y—2:—11=0, 212+ 2rz+322—2x—2:—-11=0,
32— 4xy +3y?— 4r+ 4y —-10=0.

11. Surfaces of revolution. Let P, (0, y,, 2,), (fig. 8),
be any point on the curve in the plane YOZ whose Cartesian
equation is f(y, 2)=0. Then

W 2)=0 i, 1)

Fia. 8.

The rotation of the curve about 0z produces a surface
of revolution. As P moves round the surface, z,, the
z-coordinate of P remains unaltered, and u, the distance
of P from the z-axis, is always equal to y,. Therefore,
by (1), the cylindrical coordinates of P satisfy the equation
f(w, 2)=0. But P is any point on the curve, or surface,
and therefore the cylindrical equation to the surface is
f(w, 2)=0. Hence the Cartesian equation to the surface
is f(Va*+y’, 2)=0.
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CHAPTER 1V.
CHANGE OF AXES.

B2. OX, OY, OZ; Of, Oy, Of are two sets of rectangular
axes through a common origin O, and the direction-cosines
of Of, 0y, O, referred to OX, OY, OZ, are I, m,, n,;; Iy, my, ny;
lg, My, mg. P, any point, has coordinates z, y, z referred to
OX, OY, OZ and ¢, », { referred to Of, Oy, 0. We have to

express &, y, 2 in terms of £ 5, { and the direction-cosines,
and vice-versa.

In the accompanying figure, ON, NM, MP represent £, #, {,
and OK, KL, LP represent 2, y, 2. Projecting OP and ON,
NM, MP on OX, OY, OZ in turn, we obtain

w= L&+ g+ L,
y=mlf+m27+m3§'» PPN ¢ )
2= n,£+ g+ ny.
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And projecting OP and OK, KL, LP on O, Oy, O in turn,

we cbtain E=la+my+ng,
N=LZ+ MY+ N2} cevrreriniinnnennnss 2)
{=lgz+mgy +nge.
x Y 2
£ b my n
U] ly my Ny
¢ ly m, Mg

The equations (1) and (2) can be derived from the
above scheme, which may be constructed as follows: Affix
to the columns and rows the numbers 2, 4, z; £ », {; and
in the square common to the column headed # and the
row headed £ place the cosine of the angle between OX
and O, t.e. I,,and so on. To obtain the value of =, multiply
the numbers in the z-column by the numbers at the left
of their respective rows and add the products; to obtain
the value of & multiply the numbers in the £-row by the
numbers at the heads of their respective columns, and add
the products. Similarly, any other of the equations (1)
and (2) may be derived.

Cor. Since z, y, z are linear functions of £ #, { the
degree of an equation is unaltered by transformation from
any one set of rectangular axes to any other. For it is
evident that the degree cannot be raised. Neither can it
be lowered, since in changing again to the original axes,
it would require to be raised.

53. Relations between the direction-cosines of three
mutually perpendicular lines. We have

l24m24ni=1, Ll +memg+ngng =0,
L4+ ml+n2=1, ...... @) Ll 4+mgm +ngm, =0, ...... ()
L2+ m@+n2=1, Ll,+mmy+nn,=0.]
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From the second and third equations of (B), we derive
L U n, ;
MgNg— Mgy  Nolg—Ngly ™ lymg—Llym,
and each= Li+ml+nt = imw =
VE(mgng—mgn,)?
(§ 28, Cor. 1.)

1 My M
Ly Mg, My
ly, mg, mg
Therefore, if D-'=|l, m;, =,
ly, my, My
ls, mg mg
by =D(Mmyny—mgn,), m; = D(ngls~ngly), N, =D(lyms~lym,).
Similarly, ()
1y =D(mgn,~myng), my=D(ngly~n\l), ny=D(lym,~yms);
ly=D(Mmmy—myn,), Mmy=D(n,lo-1,l,), Nng=D(lMmy=lym)).
Multiplying the first column of equations (E) by ¢, {,, {;
respectively, and adding, we obtain
L2 +12+12=D|l, m;, m
ly, my m,
ly, my, Ty

=+l

and similarly,
meE+ml+mi=1, n24+nl4nl=1....... (9]
Multiplying the second column by n;, n,, n;, we obtain
in the same way,
mmy +myng+mgng =0,
and similarly, ndy+ nGly+ mgly=0,
Lmy+ lyme+ Iymg=0. ..oovvnrnninnnnnn. (D)

AN

The equations (¢) and () can be derived at once from the
consideration that I, I, I;; m,, my, mg; my, m, my are
the direction-cosines of OX, OY, 0z referred to Of, Oy, O¢.
The method adopted shews that the four sets (), (8), (c), (D)
are not independent, and it can be shewn as above, that if
either of the two dissimilar sets (a), (8); (), (D) be given,
the other two can be deduced.

Suppose that a plane LMN (fig. 27) cuts off three positive
segments of unit length from the axes Of, Oy, Of. Then if
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the direction of rotation given by LMN is the positive
direction of rotation for the plane LMN, the system of axes
0§, On, O can be brought by rotation about O into coin-
cidence with the system OX, OY, 0z. If the direction of
rotation is negative, and Of, Oy are brought to coincide
with OX, OY respectively, then O coincides with 0Z'

Now 6.Vol. OLMN=!l,, m, =,|=D"1

byy My, My
ls Mg, My

The volume, and therefore D, is positive or negative
according as the direction of rotation determined by LMN
is positive or negative for the plane LMN. Hence if LMN
gives the positive direction of rotation, from equations (k)

l,= +(myn,—myn,), ete.,
the positive sign being taken throughout. If LMN gives
the negative direction of rotation,

l,= —(mgng—mgn,), ete.,
the negative sign being taken throughout.

Conversely, if I, m,, n,; L, m,, ny; lg, my, ny are the
direction-cosines of three mutually perpendicular directed
lines Of, Oy, O, and

ly= +(myng—mgn,),
then Of, Oy, O can be brought by rotation about O to
coincide with OX, OY, OZ.

Ex. Verify the above results by considering Og, Oy, O( to coincide,
say, with OX’, OY’, OZ.

Here ;= —1 my=m=0; l=ny=0, my=--1; ly=my=0, ng=1.
ly=mgny—mqng, and if Of be rotated to coincide with OX, Oy
comcldes with QY.
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54.1 Section of a surface by a given plane. The follow-
ing method of transformation can be applied with advantage
when the section of a given surface by a given plane
passing through the origin is to be considered.

Let the equation to the plane be lx+my+nz=0, where
B4+m?4n’=1, and n is positive.

Take as O¢, the new axis of 2, the ncrmal to the plane
which passes through O and makes an acute angle with
0Z. Then the equations to O¢, referred to OX, OY, OZ, are
w/l=y/m=z/n. Take as Oy, the new y-axis, the line in
the plane ZO¢ which is at right angles to Of and makes an
acute angle with 0Z. Then choose O, the new z-axis, at
right angles to Oy and O, and so that the system Of, Oy, O¢
can be brought to coincidence with 0X, Oy, 0z. The given

Fi0. 28,

plane is £0y, and since Of is at right angles to O and Oy,
it is at right angles to OZ which lies in the plane {On.
Hence Of lies in the plane XOY, and therefore is the line
of intersection of the given plane and the plane XOY. The
equation to the plane {On is z/l=y/m; therefore if A, u, »
are the direction-cosines of O»,

D.4+mp+nv=0,

mA—lu=0,
A w_ v _ F1
whence T_E—Fm—\/l2+m2
-—nN n

18ee Appendix, p. ii.
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But 0y makes an acute angle with 0z, and therefore v is
positive, and therefore the negative sign must be taken in
the ambiguity.

—In —-mn 3
v i e S
And since O is at right angles to 05 and O, by § 53 €.
the direction-cosines of Of are
nu—my, lv—nX, mAa—lu;
o =M l ,
VR mE JEm?
Hence we have the scheme:

x Y z
—-m l
€| T | JEgae | °
—In —mn —
— . 2 2
" JIE+m? I+ m? B+
¢ l m n

Ex. 1. Shew that the projection of a conic is a conic of the same
species.

The equation f(#, ¥) = ax?+ 2hzy + by? + 29+ 2fy + c=0 represents a
cylinder whose generators are parallel to OZ and pass through the
conic z=0, f(r, y)=0. The equations lz+my+nz=0, f(z, y)=0
re?resent, the curve in which the plane lz+my+nz=0 cuts the
cylinder, and the projection of this curve on the plane z=0 is the conic.
Change the axes as above, and the equations to the curve become

2 Iy (1§ —mn 1€ —mny\?

0 a(m€_+l"2) _2h('f$’r_v> ! ____n) ,,(_ﬁ“_v)

(=0, AN m? N+ m? (N/[3+m2 + N4 m?
+...=0,

and therefore the curve is the conic given by
(=0, a'E+2Wn+bn+...=0,
am? — 2hlm 4- bl2 W= tmn(a—b) - hn(12—m?)
p + me ’ - l2 + me 4
b= n%(al?4-2him + bm?)
= Z4m? )
Whence k2 —a'b =n?(h? - ab)
" = >
and K -ab=0 ask?-ab=0.

where a=
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Ex. 2. All plane sections of a surface represented by an equation
of the second degree are conics.

Take coordinate axes so that a plane section is z=0 ; the equation to
the surface is, after transformation, of the form

ax?+by? + c22 4 2fyz 4 29200 + 2hxy + 2ux + 20y + 2wz 4-d=O0.
The section by the plane XOY is the conic whose equations are
2=0, ax?+2hzy+by?+2ur+2vy+d=0.
The surfaces represented by equations of the second degree are the
conicoids,

Ex. 3. All parallel plane sections of a conicoid are similar and
similarly situated conics.

Take the coordinate plane z=0 parallel to a system of parallel
plane sections. The equations to the sections by the planes z=£,
z=F are then,

2=k, ax?+2hxy+by+ 2x(gk+u)+ 2y (fk+v)+ ck? 42wk +d=0,
2=k, ax?+2hxy+by?+22(gk +u)+2y(f¥ +v)+ ck?+ 2wk’ +d=0.
Hence the sections are similar and similarly situated conics.

Ex. 4. Find the conditions that the section of the surface
ax?+by*+c=1 by the plane lx+my+nz=p should be (i) a parabola,
(ii) an ellipse, (iii) a hyperbola.

(It is sufficient to examine the section by the plane lz+my+nz=0,
which, by Ex. 3, is a similar conic. The equation to the projection of
this section on the plane z=0 is obtained by eliminating z between
the equations lz+my+ nz=0, ax?+by?+cz2=1, and the projection is a
conic of the same species.)

Ans. For a varabola (?/a+m?/b+n?/c=0, ete.

Ex. 5. Find the condition that the section of aa?+by?=2z by
lz+my+nz=p should be a rectangular hyperbola.

(Since rectangular hyperbolas do not, in general, project into
rectangular hyperbolas, 1t will, in this case, be necessary to examine
the actual section of the surface by the plane lz+my+nz=0 by the
method of § 54.) Ans. (a+b6)nt+ami+blt=0.

Ex. 6. Find the conditions that the section of az®+ by?+cz?=1 by
Iz +my+nz=p should be a circle.

Ans, 1=0, m¥(c—a)=n%(a—b); or m=0, n*(a-b)=03({b-c); or
n=0, (b-c)=m?*(c— a).

Bx. 7. If lz+my=0 is a circular section of

Ar?+By?+C2242Dxy=1,
prove that (B-C)?-2DIm+(A - C)m?=0.

Ex. 8. Prove that the eccentricity of the section of zy=z by
lz+my +nz=0, (I2+m2+n2=1), is given by

2 Im
=1 e
¢ J+ P) (i + md)

Explain the result when 2=0.
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Ex. 9. Shew that if
ax?+ by + e + 2fyz+ 2922 + 2hay + 2ux + 20y + 2wz +d

be transformed by change of coordinates from one set of rectangular
axes to another with the same origin, the expressions a+b+c,
u?+ 92+ w? remain unaltered in value.

Ex. 10. Two sets of rectangular axes through a common origin O
meet a sphere whose centre is O in P, Q, R; P, Q, R. Prove that
Vol. OPQR’'= + Vol. OP'Q'R.

Ex. 11, The equations, referred to rectangular axes, of three
mutually perpendicular planes, are p,—lx—m,y—nz=0, r=1, 2, 3.
Prove that if (&, 9, {) is at a distance d from each of them,

£- Gpt+lp, i‘_ﬂsﬁs_)= 7 = (my Py +mypy +mgps)
L+l,+, my +my+mg
- upk gy tugpy)_
ny +ny+ng )

Fx. 12. If the axes of 2, 7, z are rectangular, prove that the

substitutions
§,.n. ¢ § % § _m, ¢
= = — =, Y=—= =z, 2= =

TmBTETIR YTV BTV VR
give a transformation to another set of rectangular axes in which the
plane a2+y+2=0 becomes the plane £=0, and hence prove that
the section of the surface yz+zr+xy+a?=0 by the plane z+y+2=0
is a circle of radius /2. a.

*56. If OX, OY, OZ are rectangular axes, and Of, Oy, Of
are oblique axes whose direction-cosines, referred to
OX, OY, 0z, are I, m,, n,; l,, my,, ny, Iy, My, mg, then pro-
jecting on OX, OY, OZ; Of, Oz, O¢, as in § 52, we obtain

= LE+ lo+ L
Y=mE+Men+Mgl, + eoviriiennnninninn(A)
7= &+ g+ Nyl
E4ncosv+{eos u =lz+my+mne,
£cosy+n+Ecosh =lx+may+nz, 1 ..., eenn(B)
£cos u+ncos A+ =1z +myy +ngz,
where the angles 50¢, {Of, £on are A, u, ». The equations
(B) can also be deduced from (A) by multiplying in turn by
l,, my, n,, ete., and adding. Again, from (a),
E=l= y, 2z |+|{, my, m | ete,ete. ...(C)
l,, my, m, ly, my, My

tlg, My, My la My My
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By means of () and (¢) we can transform from rect-
angular to oblique axes and vice versa.

Cor. Since @, y, z are linear functions of ¢ 5 ¢ and
vice versa, the degree of any equation is unaltered by
transformation from rectangular to oblique axes or from
sblique to rectangular axes. The transformation from one
set of oblique axes to another can be performed, by in-
troducing a set of rectangular axes, in the above two steps,
and hence in this most general case the degree of the
equation is unaltered by the transformation.

Ex. 1. The equation x?+4(y?+2%)=2 is transformed by change

from rectangular axes, the new axes being oblique, and having
direction-cosines proportional to

2,1,1; 4,~3-1, -A3-1; 4, -4/3-1,J3-1.
Shew that the new equation is 22+ y%+22=1.

Bx. 2. If P,Q,R are (§, 3, {), r=1, 2, 3, referred to a set of
otlique axes through an origin O, prove that

6.Vol. OPQR=| &, m, & |.i 1, cosv, cosp I}
ey Mgs o cos v, 1, cosA |.
£ M (s cos p, cos A, 1
(Use § 55 (B) ; cf. § 51, Ex. 9.)
*Examples L

1. The Enomon of a sundial is in the meridian at an elevation A
{equal to the latitude), and the sun is due east at an elevation a.

ind the angle 6 that the shadow makes with the N. and S. line of
the dial.

2. Find the equations to the line through (1, 1, 1) which meets

both the lines ‘f';‘}:y—-:;l=z‘; ‘2, 2=2y =3z, and shew that its inter-
. . . . /16 16 b
section with the second line is ( 3% 59 %)

3. If OA, OB, OC have direction-ratios /,, m,, n,, r=1, 2, 3;
and OA’, OB’, OC’ bisect the angles BOC, COA, AOB, the planes
AOA’, BOB'’, COC' pass through the line

x v _ z
L+l myt+mg+mg nytng+ng

4. P is a given point and PM, PN are the perpendiculars from P
to the planes ZOX, XOY. OP makes angles 6, o, B, y with the
planes OMN and the (rectangular) coordinate planes. Prove that

cosec? @ = cosec?a. + cosec?3 + cosec?v.
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5. Shew that the locus of lines which meet the lines
z+a_ y z

0 sine

at the same angle is
(xy cos a.—azsin a.)(zz8in o — ay cos o) =0,

_ 6. Find the locus of a straight line which meets OX and the
circle #2+y*=c? z=h, so that the distance between the points of
section is ¢+ A2

7. If three rectangular axes be rotated about the line —'—7=—

into new positions, and the direction-cosines of the new axes referred
to the old are {;, m,, n,, etc.; then if

L=+ (mgny—mgny), A(mg+ng)=p(ny+8)=v(ly+m);
also if § is the angle through which the system is rotated,
c 00 10 AP+ P4
V_1-6 AT} v
sin’z=-— T

. 8. If the shortest distances between lines 1, 2, 3 are parallel to
lines 4, 5, 6, then the shortest distances between the lines 4, 5, 6 are
parallel to the lines 1, 2, 3.

9. Any three non-intersecting lines can he made the edges of a

parallelepiped, and if the lines are x;a,.=g/—ﬁ,=z— Yr p=1, 9, 3,
the lengths of the edges are r My "

oag—ogy Ba—PBs Y2—ys || by myy 7y |, ete
lh My, Ny 12) My, Ny
l.’h Mg, n3 lss my, Ng

Consider the case where the denominator is zero.

10. OA, OB, OC are edges of a parallelepiped and R is the corner
opposite to O. OP and RQ are perpendiculars to the plane ABC.
Compare the lengths of OP and RQ. If the figure is rectangular and
O is taken as origin, and the plane ABC is given by lx+my+nz=p,
PQ has direction-cosines proportional to {-1-3{, m™!—3m, n~!-3n,
and PQ?=OR?-9.0P2

11. OS is the diagonal of the cube of which OP, OQ, OR are edges.
OU is the diagonal of the parallelepiped of which OQ, OR, OS are
edges, and OV and OW are formed similarly. Find the coordinates
of U, V, W, and if OT is the diagonal of the parallelepiped of which
OU, OV, OW are edges, shew that OT coincides with OS and that
Or=5.08.

12, Find the equations to the straight line through the origin
which meets at right angles the line whose equations are

(b+c)z+(c+a)y+(a+d)z=k=(b—c)e+(c~a)y+(a—b)z
and find the coordinates of the point of section.

13. Find the locus of a point which moves so that the ratio of its
distances from two given lines is constant.
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14. A line is parallel to the plane y+2=0 and intersects the circles
22+ yt=a? z=0; 2*+2?=a? y=0; find the surface it generates.

15. Find the equation to the surface generated by a straight line
which is parallel to the line y=mx, z=nx, and intersects the eﬁipse

2o+ 32 bt=1, z=0.

16. A plane triangle, sides @, b, ¢, is placed so that the mid-points
of the sides are on the axes (rectangular). Shew that the lengthe
intercepted on the axes are given by

Be(B+c-abfs, mi=(+at-B8, ni=(a’+B- ),
and that the coordinates of the vertices are (—1{, m, n), (I, —m, n),
¢, m, —n).

17. Lines are drawn to meet two given lines and touch the right
circular cylinder whose axis is the s.n. (length 2¢), and radius e
Find the surface generated.

18. The section of ax?+by?+cz?=1 by the plane lr+my+nz=p is
a parabola of latus rectum 2L. Prove that

L (/a2 +m?/82 +n2/c?)t =p (12 + m2 + n?) abe.
19. A line moves so as to intersect the line 2=0, x=y; and the
circles =0, y2+2*=1r*; y=0, 2*+2°=r% Prove that the equation to
the locus is (T +9)H 2+ (2 -y} =r2(z - y)P.

b

20. Prove that ——+-——+
Y—2 22— X—Y

whose line of intersection is equally inclined to the axes.

=0 represents a pair of planes

21. Find the surface generated by a straight line which revolves
about a given straight line at a constant distance from it and makes
a given angle with it.

22. Shew that 22+ y2+ 22— 3xy —3zr — 3yz=1 represents a surface of
revolution about the line w=y=z and find the equations to the
generating curve.

23. L,, L,, L; are three given straight lines and the directions of
L, and L, are at right angles. Find the locus of the line joining the
feet of the perpendiculars from any point on L; to L, and L,.

24, The ends of diameters of the ellipse z=c, 2%a?+y?/b3=1 are
joined to the corresponding ends of the conjugates of parallel
diameters of the ellipse x2/a%+ 3?/b?=1, z=—c. Find the equation to
the surface generated by the joining lines.

25. A and B are two points on a given plane and AP, BQ are
two lines in given directions at right angles to AB. Shew that for all
lines PQ, parallel to the plane, AP : BQ is constant, and that all such
lines lie on a conicoid.

26. The vertex A of a triangle ABC lies on a given line; AB and
AC pass through given points; B and C lie on given planes ; shew
that the locus of BC is a conicoid.
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27. Prove that the equation to the two planes inclined at an angle o.
to the zy-plane and containing the line y=0, zcos B=xsin G, is

(#* + y¥) tan?B + 22 — 222 tan 3 =72 tan%a.

28, A line moves s0 as to meet the lines % _—_ ¥ _?%¢ i, A
cosa. +8ina O
and B and pass through the curve yz=42% x=0. Prove that the locus
of the mid-point of AB is a curve of the third degree, two of whose
asymptotes are parallel to the given lines.

29. Given two non-intersecting lines whose directions are at right
angles and whose 8.p. is AB, and a circle whose centre C is on AB
and plane parallel to the lines. Shew that the locus of a variable line
which intersects the given lines and circle is a surface whose sections
by planes parallel to the lines are ellipses whose centres lie on AB,
and that the section by the plane through C’, another point of AB, is
a circle, if C, C’ are harmonic conjugates with respect to A and B.

30. If the axes are rectangular the locus of the centre of a circle of
radius ¢ which always intersects them is

aNE P E gy = - P B P -y =al
31. A line is drawn to meet y=xtana, z=¢; y=—rtana, 2= —¢,
8o that the length intercepted on it is constant. Shew that its equa-
tions may be written in the form

z—ksinfcoto._y—kcosftana_ 2

Sty —_——,

kcos @ Lsin @ c
where £ is a constant and 6 a parameter. Deduce the equation to the
locus of the line.

32, Find the equation to the surface generated by a straight line
which is parallel to the plane z=0 and intersects the line r=y=z, and
the curve x4 2y =4z, 2*+y=0a’

33. Through a fixed line L, which lies in the zy-plane but does not
pass through the origin, is drawn a plane which intersects the planes
2=0and y=0 in lines M and N respectively. Through M and a fixed
%oint A, and through N and another fixed point B, planes are drawn.

ind the locus of their line of intersection.

34. The axes are rectangular and a point P moves on the fixed
plane z/a+y/b+2z/c=1. The plane throu%h P perpendicular to OP
meets the axes in A, B, C. The planes through A, B, C parallel to
YOZ, ZOX, XOY intersect in Q. Shew that the locus of Q is
1.1 1 1 1 1
Ztpte=utyta

35. AB and CD are given non-intersecting lines. Any plane
through AB cuts CD in P,and PQ is normal to it at P. Find the
locus of PQ.

86. Find the equation to a plane which touches each of the circles
=0, y2+22=a?; y=0, 22+22=0%; 2=0, 2®+y*=c%. How many such
planes are there?

37. Find the locus of the position of the eye at which two given
non-intersecting lines appear to cut at right angles.
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38. Four given points of a variable line lie on the faces of a
quadrilateral prism. Shew that any other point of the line describes
a line which is parallel to the edges of the prism.

39. The locus of the harmonic conjugates of P with respect to the
two points in which any secant through P cuts a pair of planes is
the polar of P with respect to the planes. Prove that the equaticn

to the polar of (z,, ¥,, ;) with respect to v =0,»=0, is 3:— + '; =0, where
1 U
%, is the result of substituting 2y, #,, 7, for z, %,z in u, etc. Shew

also that the polars of P with respect to the pairs of planes that form
a trihedral angle cut those planes in three coplanar lines.

40. Any line meets the faces BCD, CDA, DAB, ABC of a tetra-
hedron ABCD in A, B, C, D. Prove that the mid-points of
AA’, BB', CC/, DD’ are coplanar.

41, If the axes are rectangular, and A. p, v are the angles between
the lines of intersection of the planes az+by+c2=0, r=1, 2, 3,
prove that
a, by o
ay by o
asg, by ¢
_(Za. 2al. Eas"‘)b(l —cos?A — cos®u — cos?v + 2 cos A cos p cos v)
- sin A sin psin v ‘

42. The equations x=2Az+pu, y=(A3—2Ap)z+p(A2—p), where A
and p are parameters, determine a system of lines. Find the locus of
those which intersect the z-axis. Prove that two lines of the system
pass through any given point unless the given point lies on a certain
curve, when an infinite number of lines pass through it, and find the
equations to the curve.
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CHAPTER V.
THE SPHERE.

66. Equation to a sphere. If the axes are rectangular
the square of the distance between the points P, (z,, ¥,, 2,)

and Q, (%, Y5, 2,) is given by (z,—2))* +(y,— ¥, P+ (2, — 2, )%,
and therefore the equation to the sphere whose centre is
P and whose radius is of length », is

(z—2)+(y—y, ) +(z2—2) =12
Any equation of the form
ax? +ay®+ a2+ 2ux + 2vy + 2wz +d =0
can be written
L 2 v\ w 2_u2+'vz+w2—ad
(or2) ol v s

and therefore represents a sphere whose centre is

[ w v @) and l'adiusJu2+vz+w2—ad
\Te T T a

’ )

Ex. 1. Find the equation to the sphere whose centre is (2, —3, 4)
and radius 5. Ans. 224y 422 —4r+6y—8244=0
Ex. 2. Find the centre and radius of the sphere given by
22492422~ 22+ 4y —62=11. Ans. (1, -2, 3), 5.
Bx. 8. Shew that the equation
(z—z) (@~ 2)+ (¥~ 1)y ~y2) +(z—2)(2 —2;)=0
represents the sphere on the join of (2}, 3, ), (%3, ¥, 2,) as diameter.
Ex. 4. Find the equation to the sphere through the points
(01 0’ 0)! (0’ 11 - l)v (— 1, 2, 0)» (1’ 2’ 3)°
Ans. T(22+y2+2%) - 162 - 26y - 112=0
D.G. s



82 COORDINATE GEOMETRY lca v

Ex. 5. Find the equation to the sphere which passes throug . tna
point (a, B, ) and the circle =0, 43+ y*=a?

Ans. y(@2+y2 422 —ad)=2(c+ B+ yi-a?).

Ex. 6. Find the equations to the spheres through the circle

22452 +7%=9, 2r+3y+4:=5;
and (i) the origin, (ii) the point (1, 2, 3).
Ans. (i) 5(2%+y2+2%)—18x—27y—36z=0;
(ii) 3(r?+y2+2%)— 22 -3y —42—-22=0.

Ex. 7. The plane ABC, whose equation is z/a+y/b+z/c=1, meets
the axes in A, B, C. Find equations to determine the circumcircle of
the triangle ABC, and obtain the coordinates of its centre.

Ans, zfa+y/b+zje=1, 22+y+22-axr—by—cz=0;

a(b~?+c?) b(c24+a?) c(a~2+b7?)
2@ I+ b4 c 2y 2at+b i+t 2at+b 4y

*Bx, 8. If the axes are oblique, find the equation to the sphere
whose centre is (2, ¥y, #,), and radius 7.
Ans. Z(x—2,)2+22(y—y,)(z—2)cos A=72
*Ex. 9. Prove that the necessary and sufficient conditions thag
the equation
ax®+ by + c2? + 2fyz + 2922 + 2hxy + 2ur + 20y + 2wz + A=,
referred to oblique axes, should represent a sphere, are

f g k

coSA cosp cosv

a=b=c=

.. 1/-8\}
Prove that the radius is —( —~ ) , where
a*\ A

S=| a, acosv, acosp, u | and A= 1, cosy, cosp |.
acosv, a, acos, v cos v, 1, cos A
acosp, acosA, a, w Co8 p1, COSA, 1

u, v, w, d

67. Tangents and tangent planes. If P, (2,9, 2,) and
Q, (@, ¥y, 2,) are points on the sphere a2+ y2+422=a? then
ity +et=at=al2+ Y2+ 2%

and therefore
(@)~ 2, )(@, +2) + (Y1~ Y) (U1 + o) + (2, — 2)(2,+25) = 0.
Now the direction-cosines of PQ are proportional to
Xy =%y, Y1~ Yy 2,—2,; and if M is the mid-point of PQ and
O is the origin, the direction-cosines of OM are proportional
to x4+, Y, +Y, 2,+2, Therefore PQ is at right angles



§§ 57, 58] THE RADICAL PLANE 83

to OM. Suppose that OM meets the sphere in A and that
PQ moves parallel to itself with its mid-point, M, on OA.
Then when M is at A, PQ is a tangent to the sphere at A,
and hence a tangent at A is at right angles to OA, and the
locus of the tangents at A is the plane through A at right
angles to OA. This plane is the tangent plane at A. The
equation to the tangent plane at A, (a, B, v), is

(@—a)o+(y—PB)B+(z—y)y=0,
or zo.+yB+zy=0+B*+y =0

Ex. 1. Find the equation to the tangent plane at
(acos @sin ¢, asin Gsin P, acosd)
t0 the sphere 2%+ y%+22=a?
Ans. zcos @sin p+ysin fsin p+zcos p=a.

Ex. 2. Find the equation to the tangent plane at («/, ¥, 2) to the
sphere 22+ y2+ 224 Qur+ 20y + 2wz + d=0.

Ans. 22 +yy +22' +u(z+ay+v(y+y)+w(z+2)+d=0.

Ex. 3. Find the condition that the plane lz+my+nz=p should
touch the sphere &2+ y?+ 22+ 2ur + 20y + 2wz +d=0.

dns.  (ul+vm+wn+p)=(2+m?+n?)(u?+ v+ w?-d).
Ex. 4. Find the equations to the spheres which pass through the
circle 22+ y%+22=>5, x+2y+32=3, and touch the plane 4x+3y=16.
dAns. 224y3+224+22+4y+62—11=0,
5% 4 5y% + 522 — 4 — 8y — 122 - 13=0.
Ex. 5. Prove that the tangent planes to the spheres
22+ Y%+ 24 2uxr + 20y + 2wz + d =0,
224y + 22+ 2uz + 20,y + 2wz + d; =0
at any common point are at right angles if
2uuy + 200, + 2uww, =d + d,.

*58. Radical plane of two spheres. If any secant
through a given point O meets a given sphere in P and Q,
OP. 0Q 18 constant.

The equations to the line through O, (&, B, y), whose
direction-cosines are I, m, n, are

x-o_Y-B_2-v _
= m o =7
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The point on this line, whose distance from O is r, has
coordinates o+ Ir, B+mr, y+nr, and lies on the sphere

F(xyz) = u(@®+ Y%+ 2%+ 2ux + 2vy + 2wz +d =0
. oF oOF
if ar2+r(la—a_-+m B+n >+F(a.,B v)=0.

This equation gives the lengths of OP and 0Q, and hence
OP.0Q is given by F(a, B, y)/a, which is the same for all
secants through O.

Definition. The measure of OP.0OQ is the power of O
with respect to the sphere.

If s =22+y*+2242ux+20y+2wz+d, =0,
S, = 22+ 2+ 22+ 2u,w+ 20,y + 2w,z +- d, =0

are the equations to two spheres, the locus of points whose
powers with respect to the spheres are equal is the plane
given by
8, =S,, or 2(u, —y)x+ 2(v, — V)Y + 2(w, — w,)2+d, — d,=0.

This plane is called the radical plane of the two spheres.
It is cvidently at right angles to the line joining the
centres.

The radical planes of three spheres taken two by two
pass through one line.

(The equations to the line are S,=S8,=S,.)

The radical plames of four spheres taken two by two
pass through one point.

(The point is given by §,=8,=8,=8,.)

The equations to any two spheres can be put in the form

2+ y?+22+ 2z +d=0, al+y*+22+22x+d=0.

(Take the line joining the centres as z-axis and the
radical plane as z=0.)

The equation #*+y%+ 2%+ 2Ax+d =0, where A is a para-
meter, represents a system of spheres any two of which
have the same radical plane. The spheres are said to be
coazal.
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Ex. 1. Prove that the members of the coaxal system intersect one
another, touch one another, or do no# intersect one another, according

as d§0.

Ex. 2. Shew that the centres of the two spheres of the system
which have zero-radius are at the points (+/d, 0,0). (These are the
limiting-points of the system.)

Ex. 3. Shew that the equation a2+ y%+2%+2uy+2vz— d=0, where
@ and v are parameters, represents a system of spﬁeres passing through
the limit.ini points of the system 2%+ 3%+ 2:+2Ax+d =0, and cutting
every member of that system at right angles.

Ex. 4. The locus of points whose powers with respect to two
given spheres are in a constant ratio is a sphere coaxal with the
two given spheres.

Ex. 5. Shew that the sEheres which cut two given spheres along
great circles all pass through two fixed points.

* Examples II.

1. A sphere of constant radius » passes through the origin, O, and
cuts the axes (rectangular) in A, B, C. Prove that the locus of the
foot of the perpendicular from O to the plane ABC is given by

(224 2+ 222 (2 24y 2+ 27 2) =412,

2. P is a variable point on a given line and A, B, C are its
projections on the axes. Shew that the sphere OABC passes through
a fixed circle.

3. A plane passes through a fixed point (a, b, ¢) and cuts the axes
in A, B, C. Shew that the Jocus of the centre of the sphere OABC is

4, If the three diagonals of an octahedron intersect at right
angles, the feet of the perpendiculars from the point of intersection
to the faces of the octahedron lie on a sphere. If a, o b, B; ¢,
are the measures of the segments of the diagonals, the centre (£, 3, g
of the sphere is given by

2 _ o __ 20 _ 1
aTtal b+ B ey (aw)  +(BB) +(c'y)“’
the diagonals being taken as coordinate axes. Prove that the points
where the perpendiculars meet the opposite faces also lie on the sphcre.

5. Prove that the locus of the centres of spheres which pass
through a given point and touch a given plane is a conicoid.

6. Find the locus of the centres of spheres that pass through a
given point and intercept a fixed length on a given straight line.

7. Find the locus of the centres of spheres of constant radius
which pass through a given point and touch a given line.
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8. Provc that the centres of spheres which touch the lines y=mu,
2=¢; Y= —mr, 2= —C, lie upon the conicoid mzy + cz(1 +m?)=0.

9. If the opposite edges of a tetrahedron are at right angles the centre
of gravity is the mid-point of the line joining the point of concurrence of
the perpendiculars and the centre of the circumscribing sphere.

10. If the opposite edges of a tetrahedron are at right angles the
mid-points of the edges and the feet of the perpendiculars from the
vertices to the edges lie upon a sphere whose centre is the centre of
gravity of the tetrahedron.

11. The sum of the squares of the intercepts made by a given
sphere on any three mutually perpendicular lines through a fixed
point is constant.

12, With any point P of a given plane as centre a sphere is
described whose radius is equal o the tangent tiom P to a given
sphere. Prove that all such spheres pass through two fixed points.

13. If A=p=v=mn/3, the plane and surface given by

r4+y+2=0, yz+zr+ry+a?=0,
intersect in a circle of radius a.

14. If r is the radius of the circle
22+ Y2+ 224 2ur+ 20y + 2wz + d=0, lz+my+nz=0,
prove that
(2 + ) (B + m2 +n?) = (mw — nv)? + (nu — lw)2+ (v — mu)?

15. Prove that the equations to the spheres that pass through the
points (4, 1, 0), (2, - 3, 4), (1, 0, 0), and touch the plane 2z+2y—-2z=11,
are 433+ 22— 6x+ 2y — 42+5=0,

16224 162+ 1622 —~ 1022 + 50y — 492+ 86 =0.

16. Prove that the equation to a sphere, which lies in the octant
OXYZ and touches the coordinate planes, is of the form

22+ Y2+ 2= 2N (z+y +2)+2A2=0.

Prove that in general two spheres can be drawn through a given
point to touch the coordinate Flan_es, and find for what positions of
the point the spheres are (i) real ; (ii) coincident.

17. A is a point on OX and B on OY so that the angle OAB is
constant (=c). On AB as diameter a circle is described whose plane is
parallel to OZ. Prove that as AB varies the circle generates the cone

22y — 22 8in 20.=0.

18. POP’ is a variable diameter of the ellipse z=0, z%a?+3?/b%=1,
and a circle is described in the plane PP'ZZ’ on PP’ as diameter.
Prove that as PP’ varies, the circle generates the surface

(22 4924 22)(2%a® + y2/b%) == 2%+ 2



oH. V.1 EXAMPLES IIL 87

19. Prove that the equation to the sphere circumscribing the
tetrahedron whose sides are

Y2 2T LY R

6T:=% ota % 2¥3=9% PR L

is Byttt vy 2

aZ+bi+et a b ¢

20. A variable plane is parallel to the given plane 2/a+y/b+z/c=0,

and meets the axes in A, B, C. Prove that the circle ABC lies on the

cone b ¢ c . a a. b
’/~(a+5)+‘”(a+z)+”ﬂ(z+a>=°-

21. Find the locus of the centre of a variable sphere which passes
chrough the origin O and meets the axes in A, B, C, so that the
volume of the tetrahedron OABC is constant.

=0.

22. A sphere of constant radius A passes through the origin and
meets the axes in A, B, C. Prove that the centroid of the triangle
ABC lies on the sphere 9(2*+ 7%+ 2%)=44%

23. The ta.ngents drawn from a point P to a sphere are all equal to
the distance of P from a fixed tangent plane to the sphere. Prove
that the locus of P is a paraboloid of revolution.

24. Prove that the circles
224y 4+ 22— 224 3y+4:-5=0, by+6:+1=0;
2242+ -3v—4y+5:-6=0, x+2y—-72=0;
de on the same sphere, and find its equation.
25. Find the conditions that the circles
224yt 422+ 2ua + 20y + 2wz +d=0, lr+my+nz=p;
2242224 2w+ 20’y + 2w+ d =0, Uz+m'y+nz=p';
should lie on the same sphere.

26. OA, OB, OC are mutually perpendicular lines through the

origin, and their direction-cosines are I;, my, %, ; Iy, mq, ny; ls, my, n3.

f OA=a, OB=bh, OC=c, prove that the equation to the sphere
OABC is

23432422~ zlaly + bly+ cls) - y(amy + bimg + cimy) — z (an, + bng + ¢ng) =0.
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CHAPTER VI
THE CONE.

69. Equation to a cone. A cone is a surface generated
by a straight line which passes through a fixed point and
intersects a given curve. If the given point O, say, be
chosen as origin, the equation to the cone is homogeneous.
For if P, (', ¥, #) is any point on the cone, &, 3, 2’ satisfy
the equation. And since any point on OP is on the
cone, and has coordinates (kx’, ky’, k'), the equation is also
satisfied by k', ky’, k2’ for all values of k, and therefore
must be homogeneous.

Cor. If x/l=y/m=z/n is a generator of the cone re-
presented by the homogeneous equation f(z, y, z)=0, then
f(l, m, n)=0. Conversely, if the direction-ratios of a
straight line which always passes through a fixed point
satisfy a homogeneous equation, the line is a generator of
a cone whose vertex is at the point.

Ex. 1. The line xz/l=y/m=z/n, where 20243m?—-5n2=0, is a
generator of the cone 222+ 3y2 — 522=0,

Ex. 2. Lines drawn through the point («, 8, y) whose direction-
ratios satisfy ul?+bm?+cn?=0 generate the cone

a(— ) +b(y— B +o(z - yYi=0.
Ex. 3. Shew that the equation to the right circular cone whose
vertex is O, axis OZ, and semi-vertical angle o, is 2°+3%=2% tan%.

Bx. 4. The general equation to the cone of the second degree
which passes through the axes is fyz+gzz+ hzy=0.
The general equation to vhe cone of the second degree is
ax?+ byt + c2® + 2fyz + 2922 + 2hay =0,

and this is to be satisfied by the direction-ratios of the axes, #.e. by
1,0,0;0,1,0; 0,0, 1.
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Ex. 5. A cone of the second degree can be found to pass through
any five concurrent lines.

Ex. 6. A cone of the second degree can be found to pass through
any two sets of rectangular axes through the same origin.

Take one set as coordinate axes, and let the direction-cosines of the
others bLe {;, my, ny; , my, ny; U3, mg, n3. The equation to a cone
containing the coordinate axes is fyz+gzr+hzy=0. If this cone also
contains the first two axes of the second set,

Smmy+gngly +hiymy =0,
fmgng+gngly+ hlgmy=0.

Therefore, since myn, + myng+mgny=0, etc.,
Jmang+gngly+hlymg=0;

so that the cone contains the remaining axis.

Ex. 7. The equation to the cone whose vertex is the origin
and which passes through the curve of intersection of the plane
lz+my+nz=p and the surface ar?+by*+ct=1is

l.):+my+nz)2
P

Ex. 8. Find the equations to the cones with vertex at the origin
which pass through the curves given by

(i) 22 +y2+22+2ax+b0=0, lv+my+nz=p;
(il) ax?+by?=2z Ilr+my+nz=p;
(iii) 22/a®+y2/b2+2(ct=1, a?[el+y?/(3%=2e.
Ans. (i) (B +y2+22)p?+ 2apz(lz+my +ne)+ b(lx+my + n2)=0;
(ii) (ax?+by?)p=2:(lx+my+nz2);
(i) 432+ 2/B7-+ %) = 2%/ + 97/ B

Ex. 9. The plane z/a+y/b+z/c=1 meets the coordinate axes in
A, B, C. Prove that the equation to the cone generated by lines
drawn from O to meet the circle ABC is

(b (o) (542 0

BEx. 10. Find the equation to the cone whose vertex is the origin
and base the circle, z=a, y2+2?=0% and shew that the section of the
cone by a plane parallel to the plane XOY is a hyperbola.

Ans. aP(yP+2%)="b%32
Ex. 11, Shew that the equation to the cone whose vertex is the
origin and base the curve z=£, f(z, ¥)=01is f (‘”7", %I-‘ =0.

a.r2+b,?/2+czz=(
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60. Angle between lines in which a plane cuts a cone.
We find it convenient to introduce here the following
notation, to which we shall adhere throughout the book.

=la, b, g|.
h, b, f
9 f el
9D _,4._ __ _9D_ 1 _1a.
_aa_.bc 12 B_ab-ca 9% C—ac—ab A2
12D 19D

B _ _1lop _ B _
F=§—a—f—gh—aﬁ G=§é‘(j—’lf—bg, H=§'§-’:—-—fg'—0h.

The student can easily verify that
BC—F’=uD, CA—GZ=bD, AB—HZ=cD.
GH—AF=fD, HF—BG=gD, FG—CH=AhAD
In what follows we use P? to denote

a, h, g, |,
h, b, f, v

S e w
u, v, w, 0

or —(Au?+ Bv? 4 Cw?+ 2Fuvw + 2Gwu + 2Huv)

The axes being rectangular to find the angle between the
lines in which the plane ux+vy+wz=0 cuts the cone

f(@, y, 2) = ax®+ by® + c22+ 2fyz + 2922+ 2hay = 0.
If the line x/l=y/m=z/n lies in the plane,
wWH+vm+wn=0; ...cccvvurrnee.

..... (1)
if it lies on the cone,
S m, n)=0. ..cceevvrerirnrnnnnnn. (2)

Eliminate » between (1) and (2), and we obtain
P(cu? 4+ aw? — 2gwu) 4 2lm (hw? 4 cuv — fuw — guw)
+mA(cv? 4+ bw?—2fow)=0. ............ 3)

Now the direction-cosines of the two lines of section
satisfy the equations (1) and (2), and therefore they satisfy

.
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equation (3). Therefore if they are I, my, ny; &, my, ny;

bl - My
bu+cvi—=2fvw  cu®+aw?—2gwu

- Limy+Um,
T =2(hw? 4 cuw — fuw — gvw)

- Lmy —lymy )
+ 2 {(hw? + cwv... )t —(bwt...)(cur...)}¥

lymy—1lm,
+2wpP

From the symmetry, each of the expressions in ¢4) is
seen to be equal to
nm, MMy — Mgy Nyly—mol,
avi+bu—=2huv-  +2uP =~ +20P

But if 6 is the angle between the lines,

cos O _ sin 0
Ll;+mmy+nm, {Z(mmy—myn,)? 1

. cos 6 _ sin 0 .
*(atbto) (vt tut)—f(u, v, w)  +2(ud+vP+ud)p

Ex. 1. Find the equations to the lines in which the plane
2x+y—2=0 cuts the cone 4x%~—y2+322=0.

x ¥ 2, r_¥Y _2
Ans. ==1=3) =23 %

Ex, 2. Find the angles between the lines of section of the follow-
ing planes and cones:

(i) 6r—~10y—-7z=0, 10822—20y%2—T7:2=0;
(ii) 3z+y+52=0, 6yz—2x+bry=0;
(iii) 20-3y+2=0, B82%—by?— 722+ 36yz — 208z — Ay =0,
‘1(-1;, (iii) cos“‘%é.
Bx. 3. Prove that the plane ax+by+cz=0 cuts the cone
¥ +22+2y=0 in perpendicular lines if

1,11
atzts=0

Ans. (i) coerl;—6

T (ii) cos
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61. Condition of tangency of plane and cone. If P=0,
or Au?+ Bv? 4 Cuwl+ 2Fvw + 2Gwu + 2Huv =0, ...... 1)

then sin =0, and therefore the lines of section coincide, or
the plane touches the cone. Equation (1) shews that the

line %=%=1—%, i.e. the normal through O to the plane, is a

generator of the cone
Ax?+4By?+ C2°+ 2Fyz+ 2Gex + 2Hay = 0. .........(2)
Similarly, since we have BC—F?=uD, and the corre-
sponding equations at the head of paragraph 60, it follows
that a normal through the origin to a tangent plane to the
cone (2) is a generator of the cone
ax? +by?+ c2®+ 2fyz + 292 + 2hay =0,
%6 of the given cone. The two cones are therefore such
that each is the locus of the normals drawn through the
origin to the tangent planes to the other, and they are on
that account said to be reciprocal.
22

2,2
Ex. 1. Prove that the cones ax?+by?+¢22=0 and t'l+‘%+%=0

are reciprocal.

Ex. 2. Prove that tangent planes to the cone lyz+mex+nry=0
are at right angles to generators of the cone

222+ m2%y? + n%? — 2mnyz — 2nlex — 2mxy =O0.

Ex. 3. Prove that perpendiculars drawn from the origin to tangent
planes to the cone
322+ 4y2 4522+ 2yz + 42x + 62y =0

lie on the cone 1922+ 11y2+ 322+ 6y2z — 1022 — 262y =0.

Ex. 4. Shew that the zgeneral equation to a cone which touches
the coordinate planes is a%z¥+ b%?+ c%2 - 2bcyz — 2cazx — 2abxry =0.

62. Condition that the cone has three mutually per-
pendicular generators. The condition that the plane should
cut the cone in perpendicular generators is

(a+b+c)(ut+v2 4+ w?)=f(u, v, W). .c.uun.nn. (€))
If also the normal to the plane lies on the cone, we have
S, v, w)=0,

and therefore a+b+ec=0.
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In this case the cone has three mutually perpendicular
generators, viz, the normal to the plane and the two per-
pendicular lines in which the plane cuts the cone.

If a+b+c=0, the cone has an infinite number of sets of
mutually perpendicular generators. For if ux+vy+wz=0
be any plane whose normal lies on the cone, then

f(u, v, w)=0,
and therefore (a+ b+ c)(u?+ v+ uw?) =f(u, v, w),
since a+b+c=0.

Hence, by (1), the plane cuts the cone in perpendicular
generators. Thus any plane through the origin which is
normal to a genecrator of the cone cuts the cone in perpen-
dicular lines, or there are two generators of the cone at
right angles to one another, and at right angles to any
given generator.

Ex. 1. If a right circular cone has three mutually perpendicular
generators, the semi-vertical angle is tan-'V2. (Cf. Ex. 3, § 59.)

Ex. 2. Shew that the cone whose vertex is at the origin and
which passes through the curve of intersection of the sphere
22+ y?+2%=3a% and any plane at a distance a from the origin, has
three mutually perpendicular generators.

Ex. 3. Prove that the cone ax?+by®+ cz?+2fyz+29zx+2hay=0
has three mutually perpendicular tangent planes i

be+catab=f2+g2+ A2
4 IFTY_2
Br. & I 1 2 3
pendicular generators of the cone 5yz— 822 — 32y =0, find the equations
to the other two.
Ans. x=y= -2, 4dr=—by=20z

represent one of a set of three mutually per.

Ex. 5. Prove that the plane lx+my+nz=0 cuts the cone
(b —c)x*+(c—a)y?+(a — b)z*+ 2fyz + 2g2x + 2hzy =0
perpendicular lines if
(b= c) B+ (c— a)ym?+(a— b)n?+ 2fmn+ 2gnl + 2klm =O0.

63.! Equation to cone with given conic for base. 7o
find the equation to the come whose vertex s the point
(o, B, y) and base the conic

Sz, y) = ax®+ 2hay + by*+ 292 + 2fy +¢=0, £=0.
1 See Appendix, p. ii.
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The equations to any line through (a, 3, y) are

z—o_y—B_ _
l m 2T

]

and the line meets the plane z=0 in the point
(o—ly, B—my, 0).
This point is on the given conic if flo—ly, B—my)=0,

ve if  flo, ﬂ)—y(l-%+m%)+y2¢(l, m)=0, ......... 1)

where ¢(z, y)=ax®+2hxy+6y®. If we eliminate I and m
between the equations to the line and (1), we obtain the
equation to the locus of lines which pass through (e, 38, y)
and intersect the conic, .e. the equation to the cone. The

result is
of y=BA\, ,
fon B=y(Eo2 LD U)oy (222 1=B)
ie. (o= 9o O=yG—y) (F=o L +7=BZ)
+7'p@—a,y—B)=0

This equation may be transformed as follows:
The coefficient of y? is

1o B+ @=L +y-pL + pa-a, y=B)

=flatz—a, B+y—B8)=f(zy);
and the coefficient of —zy is

(=0 L+ (y =B+ (et B

If f(x, y) be made homogeneous by means of an auxiliary
variable ¢ which is equated to unity after differentiation,
we have, by Euler’s theorem,

of L O,
oL +pL+tL=2f(0. 6,1)

Therefore the coefficient of —2y becomes

¥, af+t’af

/v__
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Hence the equation to the cone is

(o )=y (o2 y 2+ Z) + ¥ 1)=0.

It is to be noted that by equating to zero the coeflicient
of zy, we obtain the equation to the polar of (e, 8, 0) with
respect to the given conic.

(The above method is given by de Longchamps,
Problémes de Géométrie Analytique, vol. iii.)

Ex. 1. Find the equation to the cone whose vertex is (
and base (i) az?+by?=1, 2=0; (ii) y*=4az, 2=0. = &
Ans. (i) 2¥aol+bB2~1)- 2y (acr+bBy —1)+y*(ar?+by*~1)=0;
(i) (B2 —dao) — 22y { By — 2a(z+ o) }+yXy? ~ 4ax)=0.

Ex. 2. Find the locus of points from which three mutually perpen:
dicular lines can be drawn to intersect the conic 2=0, az®+by*=1.

(If (e, B, 7)is on the locus, the cone, Ex. 1 (i), has three mutually
perpendicular generators.)

Ans. ar®+by?+24a+b)=1.

Ex. 3. Shew that the locus of points from which three mutually
perpendicular lines can be drawn to intersect a given circle is a
surface of revolution.

Ex. 4. A coune has as base the circle z=0, 22+ 32+ 2az+2by=0,
and passes through the fixed point (0, 0, ¢) on the z-axis. If the
gection of the cone by the plane ZOX is a rectangular hyperbola,
prove that the vertex lies on a fixed circle.

Ex. 5. Prove that the locus of points from which three mutually
perpendicular planes can be drawn to touch the ellipse 2?%/a?+32/b%?=1,
2=0, is the sphere #? + y2+22=a?+ b2

*Examples III,

1. Shew that the bisectors of the angles between the lines in which
the plane uz+vy+wz=0 cuts the cone ax?+ by +cz2=0 lie on the cone
u(b—c)+v(c—a)+w(a—b)=o.

x Y z
[Five concurrent lines are necessary to determine a cone of the second
degree, and the form of the given result shews that the required cone
is to pass through the coordinate axes and the two bisectors. Assume,
therefore, that the required equation is
fyz+gzx+ hoy=0. ...... cesesenennresessennenes (1)
The given cone is a2+ by2+¢22=0. ccviiiiiiiiniinninniiiinans (2)

The necessary and sufficient conditions that the cone (1) should
contain the bisectors may be stated, (i) the plane wz+vy+wz=0
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must cut the cone (1) in perpendicular lines ; (ii) the lines of section
of the plane and the cones (1) and (2) must be harmonically conjugate.

From (1), Sow+gwu+huv=0. ......... R, ceeene(3)
Again, four lines are harmonically conjugate if their projections on
any plane are harmonically conjugate, and the equations to the pro-
jections on z=0 are obtained by eliminating z between the equatione
to the plane and cones, and hence they are
a¥(aw?+ cu?)+ 2cuvzy +yX(bw? + cv?)=0, 2=0;
guzt +xy(fut+gv—wh)+fvy?=0, z=0.
Therefore the condition (ii) gives
Jv(aw? + cu?) + gu(bw? + cv¥) =cuv(fu+gv —wh) ;
(cf. Smith, Conic Sections, p. 65.)
te. afow+bgwu+chuv=0. ...... ereranenene een(4)

From (3) and (4), we obtain

e
u(b—c) v(c-a) w(a-0D)
2. Shew that the bisectors in Ex. 1 also lie on the cone
Sue{ —(b-c)u?+(c - a)v®+(a — b)w?}=0,
3. Two cones pass through the curves y=0, 2=4ax; 2=0,
22=4by, and they have a common vertex ; the plane z=0 meets them

in two conics that intersect in four concyclic foints. Shew that the
vertex lies on the surface 22(x/a +y/b)=4(2%+ y?).

4. Planes through OX and OY include an angle 0. Shew that
their line of intersection lies on the cone 22(2%+ % +z2) =a%y2tan’e.
5. Any plane whose normal lies on the cone
(b+c)a? +(c+a)y?+(a+b)22=0
cuts the surface @22+ by?+c22=1 in a rectangular hyperbola
6. Find the angle between the lines given by
Yz | x| xy
bostimatas5"
7. Shew that the angle between the lines given by
z4+y+2=0, ayz+bur+cxy=0
18 7/2 if a+b+c¢=0, but 7/3 if 1/a+1/b+1/e=0.
8. Shew that the plane ax+ by +cz=0 cuts the cone
yz+ 20+ 2y=0
in two lines inclined at an angle
{ (a4 b2+ c?)(a?+ %+ c? — 2bc — 2:a — 2ab) }J"]
be+ca+ab ’

and by considering the value of this expression when a+b+c=v,
shew that the cone is of revolution, and that its axis is z=y=2 and

vertical angle tan-12v/2.

z+y+2=0,

tan~!
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9. The axes being rectangular, prove that the cone
2=2(y*+2)

contains an infinite number of sets of three generators mutually
inclined at an angle #/3.

10. Through a fixed point O a line is drawn to meet three fixed
intersecting planes in P, Q, R. If PQ : PR is constant, prove that the
locus of the line is a cone whose vertex is O.

11. The vertex of a cone is (a, b, ¢) and the yz-plane cuts it in the

curve F(y,2)=0, z=0. Shew that the zz-plane cuts it in the curvs
br cr-az

y=0, F| —» ——)=0.
r—a x—-a

12. OP and OQ are two straight lines that remain at right angles
and move so that the plane OPQ always passes through the z-axis,
If OP describes the cone F(y/x, s/2)=0, prove that OQ describes the

eone F{L (-2-2)) =0
x z )
13. Prove that ax®+by?+ce?+2ur+20y+2w:+d =0 represents a
cone if u?/a+ v¥/b+w?c=d.

14. Prove that if
F(zy2) = ax®+by? + c2® + 2fyz + 2920+ 2hzy + 2uxr + 20y + 2wz + d=0

represents a cone, the coordinates of the vertex satisfy the equations
F.=0, F,=0, F,=0, F,=0, where ¢ is used to make F(z, 3, z) homo-
geneous and is equated to unity after ditferentiation.

15. Prove that the equations
2y% — 8yz — 4o — 8ry +6xr -4y — 224 5=0,
2224 2y + 72% - 10yz — 1022 + 20 + 2y + 26: — 17=0,
represent cones whose vertices are (- 7/6, 1/3, 5/6), (2, 2, 1).

16. Find the conditions that the lines of section of the plane
lr+my+nz=0 and the cones fy:+gar+hay=0, ar®+by?+c?=0,
should be coincident.

(bﬂ@?_cﬂ+a1ﬂ__qnﬂ+bﬂ
fmn gl Mm

17. Find the equations to the planes through the z-axis and the
lines of section of the plane wx+wvy+wz=0 and cone f(z, ¥, z)=0, and
prove that the plane touches the cone if P=0. (The axes may be
oblique.)

18. Prove that the equation to the cone through the coordinate
axes and the lines of section of the cone 1122~ 5y%+22=0 and the
plane 7zx—5y+2=0 is 14yz—30zr+3zy=0, and that the other
common generators of the two cones lie in the plane 11z+7y+7z=0.

80, e
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19. Prove that the common generators of the cones
(%2 — a*) 22+ (c?a® — b¥) g% +(a?b? — ¢t) =0,
be—a?  ca-b? ab-c?
—+ T‘l‘ ——---=0,

ax cz
lie in the planes
(be + a?)x+(ca + by +(ab + c?)2=0.

20. Prove that the equation to the cone through the coordinate
axes and the lines in which the plane lz+my+nz=0 cuts the cone
ax? 4 by? + c2? + 2fyz+ 2922 + 2hay =0 is

L(dn3+ em? - 2fmn)yz+ m(c®+ an? — 2gnl)zz + n(am2 4 bl2 — 2hlm)zy =0.
21. Prove that the equation ‘\/f_-z' + ‘\/"7_9 + ‘\/E =0 represent,s a cone

that touches the coordinate planes, and that the equation to the
reciprocal cone is fyz+gzz+hzy=0.

22. Prove that the equation to the planes through the origin
perpendicular to the lines of section of the plane lxr+my+nz=0 and
the cone az?+by?+cz:2=0 is
22(bn? -+ em?) + y*(cl? + an?) + 2% (am? + bi2) — 2amnyz — 2bnlew — 2clmazy =Q

23. If a line OP, drawn through the vertex O of the cone

ax?+by? +cz? =0,
is such that the two planes through OP, each of which cuts the cone in

a pair of perpendicular lines, are at right angles, prove that the locus
of OP is the cone

(2a+b+0) 22+ (20 +c+a) y*+(2c+a+b) =0,



§64]

CHAPTER VIL
THE CENTRAL CONICOIDS.
64. The locus of the equation
1) ﬁ+%+ =1,

at 1?2
@ S+4-I=1

Fia. 20

We have shewn in §9 that the equation (1) represents
the surface generated by the variable ellipse

mz k2
aa %i—l_—il z:k
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whose centre moves along Z'0Z, and passes in turn through

every point between (0, 0, —c) and (0, 0, +¢). The surface

is the ellipsoid, and is represented in fig. 20. The section

by any plane parallel to a coordinate plane is an ellipse.
Similarly, we might shew that the surface represented

by equation (2) is generated by a variable ellipse

k2

=5 z=k
P )

@y

atp=1t
whose centre moves on Z'0z, passing in turn through
every point on it. The surface is the hyperboloid of one
sheet, and is represented in fig. 30. The section by any
planc parallel to one of the coordinate planes YOZ or Zzox

is a hyperbola.

’

2

Fia. 80.

The surface given by equation (8) is also generated by a
variable ellipse whose centre moves on z’0z. The ellipse
is given by at R

a-? B—é:?—], Z=k.
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and is imaginary if —¢ <k < c; hence no part of the
surface lies between the planes z= tec.

The surface is the hyperboloid of two sheets, and is
represented in fig. 31. The section by any plane parallel
to one of the coordinate planes YOZ, ZOX is a hyperbola.

If («, ¥, 2) is any point on one of these surfaces,
(=2, =y, —2) is also on it; hence the origin bisects all
chords of the surface which pass through it. The origin is
the only point which possesses this property, and is called
the centre. The surfaces are called the central conicoids.

66. Diametral planes and conjugate diameters. An
equation of the form
ax®+by*+ct=1
represents a central conicoid. The equations to any line
parallel to OX are y=A\, z=p, and it meets the surface in

the pointq TN 2
(i\/l—bz\a * > A ’“)’

and hence the plane YOZ bisects all chords parallel to OX.
Any chord of the conicoid which passes through the centre
is a diameter, and the plane which bisects a system of
parallel chords is a diametral plane. Thus YOZ is the
diametral plane which bisects chords parallel to OX, or
shortly, is the diametral plane of OX. Similarly, the
diametral planes ZOX, XOY bisect chords parallel to Oy
and OZ respectively. The three diametral planes YOZ,
ZQX, XOY are such that each bisects chords parallel to the
line of intersection of the other two. They are calleu
conjugate diametral planes. The diameters X'0X, Y'OY, Z’0z
are such that the plane through any two bisects chords
parallel to the third. They are called conjugate diameters.
If the axes are rectangular, the diametral planes YOZ,
ZOX, XOY are at right angles to the chords which they
bisect. Diametral planes which are at right angles to the
chords which they bisect are principal planes. The lines of
intersection of principal planes are principal axes. Hence
if the axes are rectangular the equation axz®+by®+cz®=1
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represents a central conicoid referred to its principal axes
as coordinate axes.

66. A line through a given point A, (o, B, y) meets a
central conicoid ax®+by*4ce?=1 in P and Q; to find the
lengths of AP and AQ.

If I, m, n are the direction-ratios of a line through A, the
coordinates of the point on it whose distance from A is »
are o.+Ur, B+mr, y+nr. If this point is on the conicoid,
r¥(al?+bm2+en?)+ 2r(acl + bBm+cyn)

+ac?4+-bB%+cy?—=1=0......... (1)

This equation gives two values of = which are the

measures of AP and AQ.

Ex. 1. If OD is the diameter parallel to APQ, AP.AQ:0D?is
constant.
Ex. 2. If DOD’ is any diameter of the conicoid and OR and OR’

. i , AD? ADZ.
are the diameters parallel to AD and AD’, orttor? ® constant,
Ex. 3. If AD, AD' meet the conicoid again in E and E/, %’ +%-EQ,

is constant.
87. Tangents and tangent planes. If aa?+b8%+cy?=1,
the point A, (., B, ) is on the conicoid ; one of the values
of » given by the equation (1) of §66 is zero, and A coin-
cides with one of the points P or Q, say P.
If, also, aol+bBm+cyn=0,
the two values of r given by the equation are zero, i.e. P
and Q coincide at the point (o, B, y) on the surface, and
the line APQ is a tangent to the conicoid at A. Hence, if
A, (o, B, y) is a point on the surface, the condition that the

line Px—0L y_ﬁ 2~y

—"l— = ——,I—n—- = —n— ...................... (2)
should be a targent at A, is

aol +bBm+cyn=0. .c.ccoeveriniinnnnn. 3)

If we eliminate I, m, » between (2) and (8), we obtain
the equation to the locus of all the tangent lines through
(o, B, ), V1z,

(@—a)aa+(y—B)bB+(E—yoy=0,
or aox+bBy+cyz=1.
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Hence the tangent lines at (o.. 8, y) lie in the plane
aox+bBy +cyz=1,
which is the tangent plane at (o, 3, ).

68. To find the condition that the plane lx+my+nz=p
should touch the conicoid ax?+by®+c2?=1.

If the point of contact is (a, B, y), the given plane is
represented by the two equations

aox+bBy+cyz=1,
la+my+nz=p.
l

Th f =— =m , =7_L‘
erefore ap B op v ot
and, since (o, B3, y) is on the conicoid,
B om? m?
at 5T
Cor. The two tangent planes which are parallel to

le+my+nz=0 are given by
L \/lz m?  n?
tmy+nz=t4/ o+ +
Ex. 1. Find the locus of the point of intersection of three mutually

perpendicular tangent planes to a central conicoid.
If the axes are rectangular and

7T i hd
Lo+my+nz= \/%’-+"2’— +1—'c'—, r=1,9, 3,

represent three mutually perpendicular tangent planes, squaring and
adding, we obtain 111
2,82 1,1
At T

Hence the common point of the planes lies on a sphere concentric

with the conicoid. (It is called the director sphere.)

Ex. 2. Prove that the equation to the two tangent planes to the
conicoid ax?+ by?+cz2=1 which pass through the line

u=lrtmy+nz—p=0, o' =lz+my+nz—p'=0, is
u,(l'_’+m"+n"_ 'i)_guu'(z.*.m@,.i,m’_ ’)
at 5 TP a5 T PP
2 m? n?
(C LML)
+u (a+b +c p) 0.
(Use the condition that %+ Au'=0 should be a tangent plane.)
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Ex. 3. Find the equations to the tangent planes to
222 - 6y + 32 =5
which pass through the line +9y —32=0=3z -3y +62-5.
Ans. 22 -12y+92=5, 4x+6y+3z=>b.

Ex. 4. If the line of intersection of two perpendicular tangent planes
to the ellipsoid whose equation, referred to rectangular axes, is

a?ja? + y?[b% +23/c? =1,
passes through the fixed point (0, 0, k), shew that it lies on the cone
2}(b? Fc? — k%) + y2(c? +a? — k?) + (2 - k)}(a? + %) =0.

Ex. 5. Tangent planes are drawn to the conicoid ax?+by?+c2=1
through the point (o, B, y). Prove that the perpepdicu]ars to them
from the origin generate the cone (az+ By + yz)'-’:‘f{-{-:'{.*.zc_z.

Prove that the reciprocal of this cone is the cone

(a4 byt + ) (ao2+bB2+cy? ~ 1) = (aor 4 bBy +cyz)? =0,
and hence shew that the tangent planes envelope the cone
(a2 + by +c2? - 1)(ao2+ b2+ cy? — 1) ~ (anr+ 5By +cyz — 1)=0.

69. The polar plane. We now proceed to define the
polar of a point with respect to a conicoid, and to find its
equation.

Definition. If any secant, APQ, through a given point A
meets a conicoid in P and Q, then the locus of R, the har-
monic conjugate of A with respect to P and Q, is the polar
of A with respect to the conicoid.

Fic, 82

Let A, R (fig. 82) be the points (&, B, ), (£ », {), and let
APQ have direction-ratios [, m, n. Then the equations to

APQ are z—a_ y—B 2—7v
I " m 2’
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and, as in § 66, r,, 7, the measures of AP and AQ, are the
roots of
r(al? 4+ bm?+en®)+ 2r(aal + bBm+cyn)
+ (o2 +bB%+cy*—1)=0.
Let p be the measure of AR. Then, since AP, AR, AQ are
in harmonic progression,
_2rry __aci4-bB4cy’—1
P, " aal¥bBmtoyn’
And from the equations to the line

§—a=lp, n—B=mp, {—y=np,

therefore

(£- wao+(n—- BB+ ({—v)ey= - (ax?+bB*+cy? - 1).
Hence the locus of (&, 7, {) is the plane given by
axx+bBy+cyz=1,
which is called the polar plane of («, B, v).

Cor. 1If A is on the surface, the polar plane of A 1s the
tangent plane at A

The student cannot bave failed to notice the similarity between the
equations o corresponding loci in the plane and in space. There is a
close analogy between the equations to the line and the plane, the
circle and the sphere, the ellipse and the ellipsoid, the tangent or
polar and the tangent plane or polar plane. Examples of this
analogy will constantly recur, and it is well to note these and make
use of the analogy as an aid to remember useful results.

70. Polar lines. Tt is evident that if the polar plane of
(o, B, y) passes through (& 5 {), then the polar plane
of (¢ » §) passes through (o, B, y). Hence if the polar
plane of any point on a line AB passes through a line PQ,
then the polar plane of any point on PQ passes through
that point on AB, and therefore passes through AB. The
lines AB and PQ are then said to be polar lines with respect
to the conicoid.

The polar plane of (e.+Ur, B+ mr, y+nr), any point on

the line
r—o_y—B_z—y
= =ZTY e, 1)

is ao+bBy + cyz—1+r(alx+bmy +cn2)=0,
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and, evidently, for all values of r, passes through the line
aoz+bBy+cyz—1=0=alr+bmy+cnz.
This is therefore the polar of the line (1).

Ex. 1. If P, (2, ¥, 21), Q (%3, Y5, 2;) are any points, the polar of
PQ with respect to ax*+by?+cet=1 is given by
axzy+byy, +czey =1, axrw,+byy,+cezy=1.
(Hence if P and Q are on the conicoid the polar of PQ is the line of
intersection of the tangent planes at P and Q.)

Ex. 2. Prove that the polar of a given line is the chord of contact
of the two tangent planes through the line.

Ex. 3. Find the equations to the polar of the line
—2r=25y-1=2z
with respect to the conicoid 22%—25y%+2:4=1. Prove that it meets

the conicoid in two real points P and Q, and verify that the tangent
planes at P and Q pass through the given line.

Ans. ‘f—ﬂl:ﬂ.

1 0 1

Bx. 4. Find the locus of straight lines drawn through a fixed
point (a, 3, y) at right angles to their polars with respect to
az?+by?+cz?=1; (rectangular axes).

ans. 3% (1-1)<0

r—a\b ¢
Ex. 6. Prove that lines through («, 3, y) at right angles to their
polars with respect to &%*‘%‘24‘5,:1 generate the cone
@~ B) (02— y2) + (5= 7)(ay - B) =0,
What is the peculiarity of the case when a=51?
Bx. 6. Find the conditions that the lines
zow yoB iy, oW yof ooy,

TTm { m n

should be polar with respect to the conicoid ax?+ by?+cs2=1.
Ans. Zaoo! =1, Zan'l =0, Taoel' =0, Tall’'=0.

Ex. 7. Find the condition that the line f”:l_"&:gﬁ 2= should

intersect the polar of the line x'f’"=3l_1§.’=ﬂ,l with respect to the
conicoid az?+by? +c?=1. L mw
Ans. (aold’ +bBm’ +cyn')(ao'l+bB'm+cy'n)
=(all' + bmm’ + cnn’) (a0’ + BB +eyy —1).
Ex. 8. Prove that if AB intersects the polar of PQ, then PQ inter-

sects the polar of AB. (AB and PQ are then said to be conjugate with
respect to the conicoid.)
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71. Section with a given centre. If (a, B, y) is the
mid-point of the chord whose equations are

g-o_y-—B_z=y
T = S e 1)
the equation (1) of § 66 is of the form r*=£% and therefore
acl+bBm—+ecyn=0. .....ccocviriiniinnnn (2)

Hence all chords which are bisected at («, B, ) lie in

the Plane - (;— o+ (y — BDB+ (2= y)ey =0.
This plane meets the surface in a conic of which (a, 8, y)
is the centre.

Fia. 88.

Compare the equation to the chord of the conic a2?+by*=1 whose
mid-point is (&, 3).

Ex. 1. Find the equation to the plane which cuts 22+ 4y?—5:2=1
in a conic whose centre is at the point (2, 3, 4).
Ans. x+86y—10z4+20=0.

Ex. 2. The locus of the centres of parallel plane sections of a
conicoid is a diameter.

Ex. 3. The line joining a point P to the centre of a conicoid passes
t};rough the centre of the section of the conicoid by the polar plane
of P,

Ex. 4. The centres of sections of a central conicoid that are
parallel to a given line lie on a fixed plane.

Ex. 5. The centres of sections that pass through a given line lie
on a conic.

Ex. 6. The centres of sections that pass through a given point lie
on a conicoid.
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Ex. 7. Find the locus of centres of sections of ax?+ by?+ce?=1
which touch er?+ By +y28=1.
2,2 b2yt 22
Ans, (az?+ byt +eatp=25 4 2L 0%,
ns. (a y*+ c2%) t Tty
72. Locus of mid-points of a system of parallel chords.
It follows from equations (1) and (2) of § 71 that the mid-

points of chords which are parallel to a fixed line

T Y_?
L™ m n
lie in the plane alx+bmy+cnz=0.

This is therefore the diametral plane which bisects the
parallel chords (fig. 34).

Fia, 34,

Compare the equation to the locus of the mid-points of parallel
chords of the ellipse ax?+by*=1.

Ex. 1. Find the locus of the mid-roints of chords of the conicoid
axt+by?+cz2=1 which pass through the point (f, g, ).
Ans. axr(e—f)+by(y—g9)+cz(z—Ah)=0.

Ex. 2. Prove that the mid-points of chords of ax?+by?+cs2=1
which are parallel to =0 and touch 2%+ 3%+2:%=12 lie on the surface

byH (b + by?+ c2? — br?) + cz¥(ca® + by? + ez — cr?) =0,

73. The locus of the tangents drawn from a given
point. When the secant APQ, (fig. 32), becomes a tangent,
P, Q, R coincide at the point of contact, and hence the points
of contact of all the tangents from A lie on the polar plane
of A, and therefore on the conic in which that plane cuts the
surface. The locus of the tangents from A is therefore the
cone generated by lines which pass through A and intersect
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the conic in which the polar plane of A cuts the conicoid.
This cone is the enveloping cone whose vertex is A. We
may find its equation as follows: If A is («, 8, y), and the
line APQ, whose equations are

r—o._y—B _z-y
— = n 'y

m
meets the surface in coincident points, the equation (1) of
§ 36 has equal roots, and therefore
(al?+bm2+cen?) (a0 + b2+ cy?—1)
=(ual +bBm—+cyn)? .........(1)
The locus of APQ is therefore the cone whose equation is
[o(@— P +b(y — B+ o(z— y P[0’ + 0B +0y* —1]
= [ao(@ —0)+bB(y — B) +cy(— Y
If S=ar’+by*+cs®—1, S =an?+bB+cyr-1,
and P=aax+bBy+cyz—1,
this equation may be written
(8—2P+s8,)S,=(P—S,) e SS,=P? or
(ax?+by*+c2?—1) (a0 +bB% +cy?:—1)=(aox + bBy + cyz—1)*
to(éggl%{;sgh:;(ﬁlg;‘l‘?l?o the pair of tangents from the point (a, )

Ex. 1. Find the locus of points from which three mutually per-
pendicular tangent lines can be drawn to the surface ax?+ by?+c2?=1.

Ans. a(b+c)xt+b(c+a)y*+c(a+b)=a+b+c.

Ex. 2. Lines drawn from the centre of a central conicoid parallel
to the generators of the enveloping cone whose vertex is A generate a
cone which intersects the conicoid in two conics whose planes are
parallel to the polar plane of A.

Ex. 3. Through a fixed point (%, O, 0) bpairs of perpendicular
sangent lines are drawn to the surface ar?+by?+cs®=1. Shew that
the plane through any pair touches the cone

(x—ky 9 2 _
@R-D 6T @ -T)=a b@@-T)=a >

Ex. 4, The plane z=a mests any enveloping cone of the sphere

224 y2+22=a? in a conic which has a focus at the point (0, 0, a).

5. Find the locus of a luminous point if the ellipsoid
1%3/a®+y% b2+ 2%/c*=1 casts a circular shadow on the plane z=0.

2 2 22 2
dns. 2=0, g+ 5=1; y=0, FTp4+5=1.
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Ex, 6, If S=0, =0, v=0 are the equations to a conicoid and two
planes, prove that S+ Au»=0 represents a conicoid which passes
through the conics in which the given planes cut the given conicoid,
and interpret the equation S+ Au*=0.

Ex. 7. Prove that if a straight line has three points on a conicoid,
it lies wholly on the conicoid.

(The equation (1), § 66, is an identity.)

Ex. 8. A conicoid passes through a given point A and touches a
given conicoid S at all points of the conic in which it is met by the

lar plane of A. Prove that all the tangents from Ato S lie on it.
E)ence find the equation to the enveloping cone of S whose vertex is A.

Ex. 9. The section of the enveloping cone of the ellipsoid
2?at+y3/b?+ 22/c*=1 whose vertex is P by the plane 2=0 is (i) a
parabola, (ii) a rectangular hyperbola. Find the locus of P.

. oy T2 Y2 22
Ans. (i) 2= ¢, (ii) (;5-_—{_—';;/5+—:7=1.

74. The locus of the tangents which are parallel to
a given line, Suppose that PQ is any chord and that M is
its mid-point. Then if the line PQ moves parallel to itself
till it meets the surface in coincident points, it becomes a
tangent and M coincides with the point of contact. There-
fore the point of contact of a tangent which is parallel

Fia. 85.

to a given line lies on the diametral plane which bisects all
chords parallel to the line. This plane cuts the surface in
a conic, and the locus of the tangents parallel to the given
line is therefore the cylinder generated by the parallels to
the given line which pass through the conic.
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Let (a, B, y) (fig. 35) be any point on a tangent paralle}
to a given line x/l=y/m=2z/n.
Then since, by § 73 (1), the line

e—o_y—B_z-y
I " m — n

touches the surface if
(al? 4+ bm? 4 en?)(ac®+bB2+cy? — 1) =(aol + bBm+cyn)®.
the locus of (., B, ) is given by
(al? 4+ bm?+ en?)(ax? + by? + c2? — 1) = (alx + bmy +enz)?
This equation therefore represents the enveloping cylinder:
which is the locus of the tangents.
The enveloping cylinder may be considered to be a limiting case of
the enveloping cone whose vertex is the point P, ({r, mr, nr) on the

line x/l=y/m=2z/n, as r tends to infinity. By §73, the equation to
the cone is

]
(a2 +by2+c2? - 1)(al2+ bm24-cn?— —:7) = (alx+ bmy + cnz —;) s
whence tne equation to the cylinder can be at once deduced.
Bx. 1. Prove that the enveloping cylinders of the ellipsoid
2ja?+y2/b%+ 22[c?=1, whose generators are parallel to the lines
¥ z

T ‘?

z_
0 Nai- b2

meet the plane z=0 in circles.

Ex, 2. Prove that the polar of a line AB is the line of inter-
section of the planes of contact of the enveloping cone whose vertex is
A and the enveloping cylinder whose generators are parallel to AB,

75. Normals. Indiscussing the properties of the normals
we shall confine our attention to the normals to the ellipsoid,
the most familiar of the central conicoids.

Consider the ellipsoid whose equation, referred to rect-
angular axes, is 2%/a®+y?/b®+2%c®*=1. If the plane

p=wxcos+ycosB+zcosy, (p>0),

is a tangent plane whose point of contact is (z, ¥/, 2), we
have, as in § 68,
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that is, the direction-cosines of the outward-drawn normal
at (¢, ¥, 7) are %, %%-, %i—, where p is the perpendicular

from the centre to the tangent plane at the point. The
equations to the normal at (¢, ¥/, 2") are therefore

’

x—'_y—y _2=2

W oy 2
at b &
Ex. 1. If the normal at P meets the principal planes in G, G,, Cs,
shew that . . —a?: 5%
PG, : PG,: PGy=aZ: 52: c%

Putting O for x in the equations to the normal, we obtain
2
r=PG =~ %, ete.
n

Ex. 2. If PG2+PG,2+PG;?=#2 tind the locus of P.
dns. The curve, of mtfrsecnon of the given ellipsoid and the
2.
‘+b‘I P N Sy
Ex. 3. Find the length of the normal chord through P, and vrove
that if 1t is equal to 4PGj;, P lies on the cone

V. 2
'2;(%2 - a?) (20— 1) Z=0.

Ans. 2/(1:32“3:2)‘
Ex. 4. The normal at a variable point P meets the plane XOY in

A, and AQ is drawn parallel to OZ and equal to AP. Prove that the
locus of Q is given by

allipsoid

cz+ b" "‘n+ 3 =1L
Find the locus of R 1f OR is drawn from the centre equal and
parallel to AP. Ans. a?2?+ b2yt 4 22 =t
Ex. 5. If the normals at P and Q, points on the ellipsoid, intersect.
PQ is at right angles to its polar with respect to the elesoxd
76. The normals from a given point. If the normal
at (2, ', 7’) passes through a given point (o, B3, y), then

a—w'_ﬂ—-y'_‘y_-z'
= =i 1)
- R
and if each of these fractions is equal to A,
o . b8 ,_ Cy
« =ziv Y=mEex CTaEw 2)
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Therefore, since (¢, ¥’, ) is on the ellipsoid,
a2a2 b2 2 242
((L2+>\)2+(b2-il-3A)2+(02+}\)2=1' ....... eseasssd (3)
This equation gives six values of A, to each of which
corresponds a point (2, ¥y, 2’), and therefore there are
six points on the ellipsoid the normals at which pass
through (., 8, ).

Ex. 1. Prove that equation (3) gives at least two real values of A,

It FA)=(A+a?? ()\+b‘)‘(k+c‘)‘ 2atal(A+ 02+, F(A) is
negative when A= —a? —0b% —c? and is positive when A=+ .

Ex. 2. Prove that four normals to the ellipsoid pass t;hmugh any
point of the curve of intersection of the ellipsoid and the conicoid

22(0% + c2) + y¥(c? + a?) + 22 (a? + b?) = b2 + c?a? + aldl.

It follows from equations (1) that the feet of the normals
from (., B. y) to the ellipsoid lie on the three cylinders

Ve(B-y)=cy(y—2), Ex(y—2)=a*(x—2z),
a?y(o—a) = be(B—1).
Compare the equation to the rectangular hyperbola through the
feet of the normals from the point (a, B) to the ellipse '2: +%;=1.

These cylinders have a common curve of intersection,
and equations (2) express the coordinates of any point on
it in terms of a parameter A. The points where the curve
meets a given plane

ux+vy+wz+d=0
ualo. | VO3B | wely | 5
mEey et el
and as this determines three values of A, the plane meets
the curve in three points, and the curve is therefore a
cubic curve. The feet of the normals from ‘., 3, y) to the
ellipsoid are therefore the six points of intersection of
the ellipsoid and a certain cubic curve.

If the normal at (', ¥, 2’) passes through (., 3, y) and
has direction-cosines I, m, »,

(P L PB
a?  at4 b2+

are given by
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and therefore
%o o Bra o Vgt 11—
T (B =)+— (F—a’)+ ] (a*~b9)=0.
This shews that the normal whose equations are

z—o_y—B z—y
I m n

is a generator of the cone
ad®—c?)  B(t—a?)  y(a?=b?)
s T y—B T iy =0
Hence the six normals from (a, 8, y) lie on a cone of the
second degree.

Ex, 3. If P is the point (a, 3, ), prove that the line PO, the
parallels through P to the axes, and the perpendicular from P to its
polar plane, lie on the cone.

Bx. 4, Shew that the cubic curve lies on the cone.

Bx. 5. Prove that the feet of the six normals from (a, B, ¥) lie on
the curve of intersection of the ellipsoid and the cone
a?(B*— o + b (c*-a®) +c2(“2 -y _ 0.
z Yy z
Ex. 6. The generators of the cone which contains the normals
from a given point to an ellipsoid are at right angles to their polars
with respect to the ellipsoid.

Ex. 7. A is a fixed point and P a variable point such that its
polar plane is at right angles to AP. Shew that the locus of P is the
cubic curve through the feet of the normals from A.

Ex. 8. IfP,Q,R; P, Q, R are the feet of the six normals from
® point to the ellipsoid, and the plane PQR is given by lz+my +nz=p,
then the plane P'Q'R’ is given by

v, ¥y 2.1
a1+ i =0

(If PQ'R’ is given by l'z+m'y+nz=p, equation (3) of §76 is the
same as

alol  BPm  Pyn ) (a”al' bpm’ | Pyn’ ,)__
(J¢X+w+A+@¥X PGExtprat a7 )=

Bx. 9. If A, A’ are the poles of the planes PQR, P'Q'R,
AA" - OA?~ OA’2=2(a? + b2+ c2).

77. Conjugate diameters and conjugate diametral
planes of the ellipsoid. If the equation to the ellipsoid
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is a?/a?+y?/b®+22/c®=1, the axes are conjugate diameters
and the coordinate planes are conjugate diametral planes,
(§65). If P, (®,, ¥,, 7,) is any point on the ellipsoid, the
diametral plane of OP has for its equation, (§ 72),

@z, +g,2£1 +z.,1

Let Q, (#,, ¥, 2,) be any point on this plane and on the
ellipsoid, then

a_’l“z’:z + %Yz +zlz2
bz

Hence, if Q is on the diametral plane of OP, P is on the
diametral plane of 0Q.

If the diametral planes of OP and 0Q
intersect in the diameter OR, (fig. 36),
R is on the diametral planes of OP and
0Q, and therefore P and Q are on the
diametral plane of OR; that is, the dia-
metral plane of OR is the plane OPQ.
Thus the planes QOR, ROP, POQ are the
diametral planes of OP, OQ, OR respec-
tively. and they are therefore conjugate
diamectral planes, and OP, OQ, OR are conjugate diameters.

If R is (wg, Y4 2,), We have

+%12 oy, +3’l’)22 +2 = +?{)‘; 151, @)
) +yz?2/s + _z_s =0, Q(.;i:; +'.'/z?2/1 +zszx 0,
%”§Z+ 3/1?/2+‘”’1Z’2 Or verrereerereeeeenen, (¥)

These correspond exactly to equations (A) and (B) of § 53,
and shew that

%, %, T, Y, Ty T s,
a (4 c a

-a
< le

a’ b b

are the direction-cosines of three mutually perpendicular
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lines referred to rectangular axes. Therefore, as in §53,
we deduce,

wl2 + mzz + ms = a‘l’ ylzl + yzzz + y323 = 0’
Y2+ Y+ Yyt =02 } ------ () 2y, +22, + 257, =0, } """ (0)
o2+ 2+ 2= c%; @Yy +LYs+ 25y =0;

@ _ L @os—2s) Y1 (=) 2 (B — i)
P o be ' p + e T ub ’

cu
gﬂ?’———'/ ) ,ete, ete; voeviiiiinns o (x)
®,, Y 2, |=tabe
Zo> Yor %
T3 Ys» 25
If the axes to which the ellipsoid is referred ars
rectangular, equations (') give, on adding,
OP2+4-0Q2%+4+OR%?=a?+b? 4 ¢
Hence the sum of the squares on any three conjugate
semi-diameters is constant. From the last equaticn we
deduce that the volume of the parallelepiped which has
OP, 0Q, OR for coterminous edges is constant and equal
to abe. Again, if A, A;, A; are the areas QOR, ROP, PCQ
and l,, m,, n,, (r=1, 2, 3), are the direction-cosines of the
normals to the planes QOR, ROP, POQ, projecting A, on the
plane =0, we obtain

LA = 1/M LB :i:b—;g:l, by (£):
similarly, mA, =+ cmll =+ (lg:
A= :tl-)'cf- s MyA,= ic;b2’ nyAy= iagczz’
rim £, e 405, 05

Therefore, squaring and adding, we have, by (¢')
A12+ A22 + Aaz = i (bzcz +c2a? + a2b2).



3$77] CONJUGATE DIAMETERS—EXAMPLES 17

Ex. 1. Find the equation to the plane PQR.
If the equation is lz+my+nz=p, then Iz, +my,+nz;=p,
lzg+myy+nzg=p, lrz+mys+nz=p.
Multiply by ,, z,, #; respectively, and add ; then by (c’) and (p’),
la?=p(v,+ 2+ z3), ete.
The required equation is therefore

¢(-”1+~”2+1'3)+.7/(.% +.Z/2+y3)+z(21+zz+zs)___l
pr] B P .

2_1
¢ 3

2
Ex. 2. Shew that the plane PQR touches the ellipsoid ‘?;+:I%+
at the centroid of the triangle PQR. @

Bx. 3. Prove that the pole of the plane PQR lies on the ellipsoid

22[ut+ 4262+ 222 =3.

Ex. 4. The locus of the foot of the perpendicular from the centre
to the plane through the extremities of three conjugate semi-diameters
is az‘z.z_*_ b2y2+0212=3(.2‘2 +y2+22)2-

Ex. 5. Prove that the sum of the squares of the projections of OP,
0Q, OR, (i) on a given line, (ii) on a given plane, is constant.

Ex. 6. Shew that any two sets of conjugate diameters lie on a
cone of the second degree. (Cf. § 59, Ex. 6.)

Ex. 7. Shew that any two sets of conjugate diametral planes
touch a cone of the second degree. (Apply § 61, Ex. 4.)

Ex. 8. If the axes are rect,angular, find the locus of the equal
conjugate diameters of the elligsoi a4 y2[b%+ 2% c?=1.

If r is the length of one of the equal conjugate diameters,

3r?=a?+ b+

Bimi24n 2 m? n?
A et Et e
where /, m, n are the direction-cosines. Therefore the diameter is a
generator of the cone

and

i 22_3(x*+y2+27)
AT AT aly byl

22 e 22
or 73(20 = b — ) +75(26% — ¢ — @) + (20 — 0 ~ %) =0

Ex. 9. Shew that the plane thrt;ugh a pair of equal conjugate
. X
diameters touches the cone ¥ m-m)=0.
Ex. 10. If A, u, v are the angles betwcen a set of equal conjugate
diameters, " . (L
CO8“A + cos®p +-cos V=2W63m.

Ex. 11. If OP, OQ, OR are equal conjugate diameters, and S is
the pole of the plane PQR, the tetrahedron SPQR has any pair of
opposite edges at right angles.
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Ex. 12. If OP, OQ, OR are conjugate diameters and p;, p;, ps;
'y, 7y, 7y are their projections on any two given lines, p,m, +pymy+ pyrg
is constant.

Ex. 13. If, through a given point, chords are drawn parallel to
OP, OQ, OR, the sum of the squarcs of the ratios of the respective
chords to OP, OQ, OR is constant.

Ex. 14. The locus of the point of intersection of three tangent
2,2
planes to 2—2+‘7—/—+Z—2=1, which are parallel to conjugate diametral

b2
2 g2 g2 2 2 42 g b2 o2
planes of 'Z}+'3/-§+%=1, is 2—2+%+_§3=%+%+}%. What does this

theorem become when ==y ?

Ex. 15. Shew that conjugate diameters satisfy the condition of
Ex. 8, § 70, for conjugate lines.

Since the plane POQ, (fig. 36), bisects all chords of the
conicoid which are parallel to OR, the line 0Q bisects all
chords of the conic ROQ which are parallel to OR.  Similarly
OR bisects all chords of the conic which are parallel to 0Q;
and therefore OR and OQ are conjugate diameters of the
ellipse ROQ. But Q is any point on the ellipse; therefore
OP and any pair of conjugate diameters of the ellipse in
which the diametral plane of OP cuts the ellipsoid are
conjugate diameters of the ellipsoid.

2 2 .2
Ex. 16. Pisany point on the ellipsoid 2—2+'Z—2+b=1 and 2o and 28

are the principal axes of the section of the ellipsoid by the diametral
planeof OP. Prove that OP?=a?+ b2+ ¢? — o2 — 3% and that o.Bp = abe,
where p is the perpendicular from O to the tangent plane at P,

Ex. 17. 1If 20 and 23 are the principal axes of the section of the
ellipsoid by the plane iz +my+nz=0, prove that
2 =a"’(b2+c2)12+ b2(? + a?)m? + ¢2(a2 + b n?
ol + a2+ b+ c*n?
o32=

a?b?%2(12 4 m? + n?)
a?li 4+ b2m2 4t
Ex. 18. If P, (%, y,,2) is a point on the ellipsoid and (£,, n,, {,)
(6,‘, My (% are e;&trél"nitl;{esl of the tPx-incipal axes of the sectiolli olf tl'le’
ellipsoid by the diametral plane of OP, prove that

152 M2 _ G
az(b%—ct) b2(c® - a®)  ci(at- bz)’

=Y (2o (g2 — 1 —
(2 c)$‘+(c a)m+(a b)(‘ 0.
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Conjugate diameters of the hyperboloids. The equation of a

hyperboloid of one sheet referred to three conjugate diameters as
2 2 2

coordinate axes is ’:T.‘+=1/—§--z—._,=l. Hence it appears that the z- and

y-axes meet the surface in real points (+a., 0, 0), (0, + [, 0), and that
the z-axis does not intersect the surface. The z-axis, howevgr, u;ter-
sects the hyperboloid of two sheets whose equation is — s %§+ %.;=1

at the points (0, 0, +7), and these points are taken as the extremities
of the third of the three conjugate diameters.

Hence, if P, (21, 71, 1), Q, (4, U3, 22), R, (23, #3, 23) are the extremities
of a set of conjugate semi-diameters of the hyperboloid of one sheet,

2 2 g2
it follows, as for the ellipsoid, that
rltat-zl=a’, yl+yl-yd=0, zl+2’-zt=-c%ete;
and therefore, that if the axes are rectangular,
OP2+0Q?— OR?=n2+4 b2 — ¢?
and A2 +A2— Al=}(bE+c%a? - a®?).

Similarly, if one of a set of three conjugate diameters of the hyper-
boloid of two sheets, '2:—%;-—2—::1, intersects the surface, the othet
two do not, but they intersect the hyperboloid of one sheet,

2 g2 2

atpta=h

and the points of intersection are taken as their extremities. Hence
if P, Q, R are the extremities, and the axes are rectangular, we have

OP%-0Q?-OR?=a?-b?—¢?
and Al - A2 - Al=}(b% - cla? - aZb?).

THE CONE.

78. A homogeneous equation of the form
ax?+by?+c22=0

represents a cone. If (2,9, 2") is any point on the cone,
(—«, =y, —2’) lies also on the cone, and therefore we
may consider the cone as a central surface, the vertex being
the centre. The coordinate planes are conjugate diametral
planes and the coordinate axes are conjugate diameters.

We easily find, as in the case of the other central
conicoids, the following results:
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The tangent plane at (2, ¥/, 2’) has for its equation

axx’+byy +c22'=0.

The plane lx+my+nz=0 touches the cone if

Bla+m*b+n2lc=0.
The polar plane of P, (o, B, ) is given by
aox+bBy +cyz=0.
The section whose centre is at (., B, y) has the equation
(w—o)ao+(y —B)bB+(z—y)cy=0.

The diametral plane of the line z/l=y/m=2/n is

alz+bmy+cnz=0.

The locus of the tangents drawn from P, (o, B, ) is the
pair of tangent planes whose line of intersection is OP.
They are given by

(aa? +by?+c2?) (a0 + b2+ cy?) = (wox + bBY +cy2)

The diametral plane of OP is also the polar plane of P.

R

Fia. 37.

Conjugate diameters. Let OP, OQ, OR, (fig. 37), any three
conjugate diameters of the cone, meet any plane in P, Q, R.
The plane meets the cone in a conic, and QR is the locus
of the harmonic conjugates of P with respect to the points
in which any secant through P cuts the conic; i.e. QR is the
polar of P with respect to the conic. Similarly, RP and PQ
are the polars of Q and R, and therefore the triangle PQR
is self-polar with respect to the conic. Converselv, if PQR
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is any triangle self-polar with respect to the conic in which
the plane PQR cuts the cone, OP, OQ, OR are conjugate
diameters of the cone. For the polar plane of P passes
through the line QR and through the vertex, and therefore
OQR is the polar plane of P, or the diametral plane of OP;
and similarly, ORP, OPQ are the diametral planes of 0Q
and OR.

Ex. 1. The locus of the asymptotic lines drawn from O to the
conicoid ax?+by?+cz?=1 is the asymptotic cone ar?+ by?+ c2?=0.

Ex. 2. The hyperboloids

23a?+ 202 - 22[c? =1, —a?la?— y?/b242%/c?=1

have the same asymptotic cone. Draw a figure shewing the cone and
the two hyperboloids.

Ex. 3. The section of a hyperboloid by a plane which is parallel
to a tangent plane of the asymptotic cone is a parabola.

Ex. 4. if a plane through the origin cuts the cones
ax?+ by 4t =0, ox?+ Ly2+y2t=0
in lines which form a harmonic pencil, it touches the cone
22 y? 22
b'y+c,3+ca.'+ay+a8+ba.=0'
For the following examples the axes are rectangular.

Ex, 5. Planes which cut ax?+0y2+c2=0 in perpendicular

generators touch 22 o? 2
bretoratars="

Bx. 6. The lines of intersection of pairs of tangent planes to
axr?+by*+cz*=0 which touch along perpendicular generators lie on
the cone a?(b+c)x?+ b*(c+a)y?+ c*(a+b)2*=0.

Ex. 7. Perpendicular tangent planes to ax?+by2+cz2=C intersect
in generators of the cone

a(b+c)z*+b(c+a)y*+c(a+b)zt=0.

Ex. 8. If the cone Ax?+ By*+Cz?+2Fyz+2Gazr+2Hry =0 passes
through a set of conjugate diameters of the ellipsoid

23/a?+y2(b3+22[c?=1, then Ada?+Bbi4Cc?=0.

Ex. 9. If three conjugate diameters of an ellipsoid meet the
director sphere in P, Q, R, the plane PQR touches the ellipsoid.

Ex. 10. Find the equation to the normal plane (.e. at right angles
g the tangent plane) of the cone ax3+ by?+ cz2=0 which passes through
e generator z/l=y/m=z/n. Ans. Z(b -z oz _ o
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Ex. 11. Lines drawn through the origin at right angles to normal
planes of the cone ar?+by?+c2#=0 generate the core
—o)? - pAY
a(p=cf  Bo=al ola=bP_,

x? ¥ 7
Ex. 12. If the two cones a2?+by?+c2?=0, ar?+ By?+y22=0 have

each sets of three mutually perpendicular generators, any two planes
which pass through their four common generators are at right angles.

THE PARABOLOIDS.
79. The locus of the equation

oyt 22 2? Yt 22
A e C U i
The equation (1) represents the surface generated by the
2 g2
variable ellipse z=F, f—té+ 'Z§ = 2?"; This ellipse is imaginary

unless % and ¢ have the same sign, hence the centre of the

Fio. 88,

ellipse lies on OZ if ¢>0 and on 02’ if ¢<0. The sections
of the surface by planes parallel to the coordinate planes
YOZ. ZOX are parabolas. Fig. 38 shews the form and
position of the surface for a positive value of ¢. The
surface is the elliptic paraboloid.
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The equation (2) represents the surface generated by the

2 2
variable hyperbola %—%:-2010, z=k. The hyperbola is

real for all real values of %, and its centre passes in turn
through every point on z'Zz. When k=0 the hyperbola

2 42
degenerates into the two lines :_1:_2 - ’% =0,2=0. The sections
a® b

of the surface by the planes z=%, z=—Fk project on the

Fio. 39.
plane XOY into conjugate hyperbolas whose asymptotes are
2 2
2=0, 2——?1_—— The sections by planes parallel to YOz,

ZOX are parabolas. The surface is the hyperbolic paraboloid,
and fig. 39 shews the form and position of the surface for
a negative value of c.

80. Conjugate diametral planes. An equation of the
form aa?+by* =2z
represents a paraboloid. Any line in the plane XOY which
passes through the origin meets the surface in two co-
incident points, and hence the plane XOY is the tangent
plane at the origin. The planes YOZ, ZOX bisect chords
parallel to ox and OY respectively. Each is therefore
parallel to the chords bisected by the other. Such pairs of
planes are called conjugate diametral planes of the paraboloid.
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81. Diameters. If A is the point (o, B, ), and the
equations to a line through A are

z—a_y—B_z=y _
T = m w7

the distances from A to the points of intersection of the
line and the paraboloid are given by

r2(ul24bm?) + 2r(aold +bBm —n)+ a0l +bB2—2y=0....(1)
If I=m=0, one value of r is infinite, and therefore a
line parallel to the z-axis meets the paraboloid in one
point at an infinite distance, and in a point P whose
distance from A is given by
a4+ b3 -2y wo4032—2y
"= 3l F bBm—mn)— 2n

Such a line is called a diameter, and P is the extremity of
the diameter.

Hence ax?+by%=2z represents a paraboloid, referred to
a tangent plane, and two conjugate diametral planes
through the point of contact, as coordinate planes. One
of the coordinate axes is the diameter through the point
of contact. If the axes are rectangular, so that the tangent
plane at O is at right angles to the diameter through o,
O is the vertex of the paraboloid, and the diameter through 0
is the axis. The coordinate planes YOZ, ZOX are then
principal planes.

Ex. What surface is represented by the equation zy=2¢z?

82. Tangent planes. We find, as in § 67, the equation
to the tangent plane at the point (., 8,y) on the paraboloid,
aox+bBy=z+1y.

If lx+my+mnz=p is a tangent plane and (e, B, y) is the

point of contact,
=l g_=m __-P
“an BT Y=o
2

m2
and therefore -+ +2nwp=0.
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2 2

Hence 2n(lm+my+nz)+%+zn5-=0 is the equation to
the tangent plane to the paraboloid which is parallel to the
plane lz+my+nz=0.

If the axes are rectangular and

2 P
Lm0, (r=1,2,3),

2n, (L +my +n,2) + -

represent three mutually perpendicular tangent planes,
we have, by addition,

1.1
2z+&l+5=0,

and therefore the locus of the point of intersection of three
mutually perpendicular tangent planes is a plane at right
angles to the axis of the paraboloid.

Ex. 1. Shew that the plane 8r—6y -z=>5 touches the paraboloid
‘%-z=z, and find the coordinates of the point of contact.

dns. (8,9, 5).

Ex; 2. Two perpendicular tangent planes to the paraboloid

a
z

%+%—=2z intersect in a straight line lying in the plane z=0. Shew
that the line touches the parabola
=0, »*=(a+0b)(2:+a).

Ex. 3. Shew that the locus of the tangents from a point (a, 8, y)
to the paraboloid ax?+by?=2: is given by

(ax?+ by? — 22) (a2 + bB3? - 2y) =(aoxr + DBy — 2~ )%

Ex. 4. Find the locus of points from which three mutually per-
pendicular tangents can be drawn to the paraboloid.

Ans. ab(2?+y*) - 2(a+b)2—1=0.

83. Diametral planes. If a line OP has equations
z/l=y/m=2z[n, the diametral plane of OP, i.e. the locus
of the mid-points of chords parallel to OP, is given by
alz+bmy—n=0. Hence all diametral planes are parallel
to the axis of the paraboloid, and conversely any plane
parallel to the axis is a diametral plane. If 0Q, whose
equations are z/l'=y/m’=z/n’, is parallel to the diametral

plane of OP, all’ +bmm’ =0, ............ ¢ §)
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Hence OP is parallel to the diametral plane of 0Q, and the
diametral planes of OP and 0Q are conjugate.

Equation (1) is the condition that the lines alz+bmy =0,
alz+bm'y=0, in the plane z=k, should be conjugate
diameters of the conic ax?+by?=2k. Hence any plane
mects a pair of conjugate diametral planes of a paraboloid
in lines which are parallel to conjugate diameters of the
conic in which the plane meets the surface.

Ex. 1. The locus of the centres of a system of parallel plane
sections of a paraboloid is a diameter.

Ex. 2. The plane 32+4y=1 is a diametral plane of the paraboloid
6%+ 6y2=2z. Find the equations to the chord through (3, 4, 5) which

it bisects. — 3 - -
1t bisects Ans. = 3=_1/ 4_z 5-

Ex. 3. Any diametral plane cuts the paraboloid in a parabola, and
parallel diametral planes cut it in equal parabolas.

2 o2
84. The normais. If 2—2 %§=2z represents an elliptic

paraboloid, referred to rectangular axes, the normal at
(o, v, 2’) has for equations
e—a' _y-—y _o=%
= vy =1
a? 02
If this normal passes through a given point (o, 8, y),

a—a' B-y _y=7_,

w; yl — 1 =A, Sa;y.
a? b?
,_ aPo . B .
Therefore =« “@ZIN y =Ern Z=y+4,
a’ol b?B?

and

@t e 2+

This equation gives five values of A, and hence there are
five points on the paraboloid the normals at which pass
through a given point.

Ex. 1. Prove that the feet of the normals from any point to the
paraboloid lie on a cubic curve.
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Ex. 2. Prove that the normals from (a, 8, y) to the paraboloid lie
on the cone 2 _ 72
_* _._'[.3_ + a?—b =
z-—o y-B7 z—y
Ex. 3. Prove that the cubic curve lies on this cone.

Ex. 4. Prove that the perpendicular from (e, 8, ¥) to its polar
plane lies on the cone.

Ex. 5. In general three normals can be drawn from a given point
to the paraboloid of revolution 2%+ 3%=2az but if the point lies on
the surface 27a(z?+y?)+8(a—2)*=0, two of the three normals
coincide.

Ex, 6. Shew that the feet of the normals from the point (e, 8, ¥)
to the paraboloid #2+ »%=2az lie on the sphere

x2+]/3+z'-’—z(a+y)—2'—11—3(&9+Bz)=0.

Ex. 7. Shew that the centre of the circle through the feet of the
three normals from the point (e, 5, ) to the paraboloid 22+ y%=2az is

(a B ~/+a>_

Y P 2

* Examples IV.

1. Two asymptotic lines can be drawn from a point P to a conicoid
ax?+by?+czt=1, and they are at right angles if P lies on the cone
u?(b+c)a?+b%(c+a)y?+ c2(u+b)22=0.

2. The lines in which the plane lr+my+nz=0 cuts the cone
or?+ By +yz2=0 are conjugate diameters of the ellipse in which it
2

cuts the ellipsoid —--+‘z—+z—2=1. Prove that the line 5=2 =2 lies on
2TRTa L m n

the cone a2(Bb2 + ye?)a? + b (yc? + oad) y? + cH(oa? + 352) 22 =0.

3. P and Q are points on an ellipsoid. The normal at P meets the
tangent plane at Q in R ; the normal at Q meets the tangent plane at
P in S. If the perpendiculars from the centre to the tangent planes
at P and Q are p;, p., prove that PR: QS=p, : p,.

4. The line of intersection of the tangent planes at P and Q, points
on ax?+by?+cz?=1, passes through a fixed point A, (e, B3, y), and is
parallel to the plane XOY. Shew that the locus of the mid-point
of PQ is the conic in which the polar plane of A cuts the surface

ax?+ byt +c=zly.

5. Shew that the greatest value of the shortest distance between
the axis of #and a normal to the ellipsoid 2?/a?+3%/b*+2%/c?=1 is
b-e.

8. Plane sections of an ellipsoid which have their centres on a
given straight line are parallel to a fixed straight line and touch
a parabolic cylinder.
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7. OP, OQ, OR are conjugate diameters of an ellipsoid
22
@B

At Q and R tangent lines are drawn parallel to OP, and p,, p, are
their distances from O. The perpendicular from O to the tangent
plane at right angles to OP is p. Prove that

PApE+pE=at+ b4
8. Conjugate diameters of
ax?+by?+cf=1 meet ar®+byy?+cpt=1
in P, Q, R. Shew that the plane PQR touches the conicoid
as2?+ by y? 2 =1,

where a3 _by_c5_ay by, &
a; b ¢ 4 b g

22
+c~.‘=1.

9. The ellipsoid which has as conjugate diameters the three straight
liiles that bisect pairs of opposite edges of a tetrahedron touches the
edges,

10. Shew that the projections of the normals to an ellipsoid at
P, Q, R, the extremities of conjugate diameters on the plane PQR,
are concurrent.

11. If through any given point (a, /3, ¥) perpendiculars are drawn
to any three conjugate diameters of the ellipsoid x?/a®+ y?/b® +2%/c?=1,
the plane through the feet of the perpendiculars passes through the
fixed point ( At BR ey )

ECr+ed @+rre’ adrbited)’

12. 1f perpendiculars be drawn from any point P on the ellipsoid
a?/a®+y%/b%+22/c*=1 to any three conjugate diametral planes, the
plane through the feet of the perpendiculars meets the normal at P at
a fixed point whose distance from P is

a2b?c?
POET T
where p is the perpendicular from the centre to the tangent plane
at P,

13. Find the locus of centres of sections of a conicoid that are at a
constant distance from the centre.

14. Shew that the equations to the right circular cones that pass
through the axes (which are rectangular) ave yz+ 2z + 2y =0.

Deduce that the lines through a given point P, which are per-
pendicular to their polars with respect to z2/a?+y2/b%+2%/c?=1, lie
upon a right circular cone if P lies on one of the lines

(B2 = 2222 = (2 — a?)2y? = (a? - B2)%22.
15. Chords of a conicoid which are parallel to a given diameter and

are such that the normals at their extremities intersect, lie in a fixed
plane through the given diameter.
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16. The perpendiculars from the origin to the faces of the tetra-
hedron whose vertices are the feet of the four normals from a point to
the cone ax?+by?+cz?=0, lie on the cone

a(b—cYa?+b(c— a)’y*+c(a— b)%%=0.

17. P, Q, R; P, Q) R’ are the feet of the six normals from a point

to the ellipsoid x?/a?+ y?/b*+2%/c*=1. Prove Eh}at the poles of the
2,2 4 o2

planes PQR, P'Q'R’ lie on the surface {é-z:_;y (xz—aﬁ)} =0.

18. The normals at P and P, points of the ellipsoid

22fat+y*b? + 2%t =1,

meet the plane XOY in A and A’ and make angles 6, & with PP
Prove that PA cos 6+ P'A’cos §'=0.

19. The normals to z%a?+y?/b2+22/c?=1 at all points of its inter-
section with lyz+mar+nry =0 intersect the line

aly _ b2y L c%
1(a2-b%)(ct—a?) m(b®—c?)a2—b?) n(ct—a?)(B2-c?)

20. Shew that the points on an ellipsoid the normals at which
intersect a given straight line lie on the curve of intersection of the
ellipsoid and a conicoid.

21. The normals to x%/a?+y?/b?+ 2%/c®=1 at points of its intersection
with z/a+y/b+2z/c=1 lie on the surface

v(_}lk:g/‘+bcg/z~jjcaz.r )_1
“\b(at - )y +c(a?-b%z)

22. Prove that two normals to az?+by2+c:2=1 lie in the plane
lz+my+nz=p, and that they are at right angles if

abep?= {a(b+c)2} =2 {a?(b— c)?minl},

23. The locus of a point, the sum of the squares of whose normal
distances from the ellipsoid #2/a?+ y2/b2+2%/c?=1 is constant, (=£2), is

246,293 a232(b% + c? — 2a?)) 2 2 —
6%+ 6y2-+6 2Z{mj+2a 20423 = I3,
24, If the feet of the six normals from («, B, y) are
(‘”ﬂ Yr 'r), \7'=1, 2y eee 6),
2, _1_ 2 _1_) 2 _1_ =
prove that a’e2 (x,) +b BE(.% +c%yZ (zr) 0.
25. If the feet of three f the normals from P to the ellipsoid

202 1 e TeY i
;"+E‘+c’_l lie in the plane a+5+c_l’ the feet of the other three
lie in the plane '2+%/+§+1=0. and P lies on the line

a(b?-ct)r=>0(c?-a?)y=c(a?-b¥z.
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st tho poimts whoe AB MY el S A
given by §,P,®— 2P,P;Py,+§,P,?=0,
and the pair of tangent planes that intersect in AB, by
S(S,;8, - P%3) - S;P,?+2P,P,P;; — §,P*=0,
where S =an 2+ b0, +cy, -1, etc.;
Py=aox+bBy+ecyz—1, ete. ;

Pi=aooy+ 0818, +cyryy— 1.

27. If P, (xy, 1, 1) Q, (%25 Y2 22)y R, (73, U3, 25) aTe the extremities
of three conjugate semi-diameters of the ellipsoid ';i:+‘%2 +—z;= 1, and
OP=r,, OQ=r,, OR=r;, prove that the equation to the sphere
OPQR can be written

b2 c? c?
of T2 22
() =0,

and prove that the locus »f the centres of spheres through the origin
and the extremities of three equal conjugate semi-diameters is

12(a2s?+ b2y? + c%%) = (a? + b2+ c2)
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CHAPTER VIIL
THE AXES OF A PLANE SECTION OF A CONICOID.

85. We have proved, (§ 54, Exs. 2, 3), that every plane
section of a conicoid is a conic, and that parallel plane
sections are similar and similarly situated conics. We now
proceed to find equations to determine the magnitudes and
directions of the axes of a given plane section of a given
conicoid.

General method for determining the axes. If the lengths of
the axes of a conic are 2o and 23, and > » > B, the conic
has two diameters of length 2», and they are equally
inclined to the axes. If »=a or B, the two diameters of
length 2r coincide with an axis. Hence to find the axes
of the conic in which a given plane cuts a conicoid, we first
form the equation to a cone whose vertex is the centre, C,
of the conic and which has as generators the lines of
length » which can be drawn in the plane from C
to the conicoid. The lines of section of this cone and the
given plane are the semi-diameters of length r of the conic.
If 2r is the length of an axis, these are coincident, or the
plane touches the cone, the generator of contact being the
axis. The condition of tangency gives an equation which
determines »; the comparison of the equations of the given
plane and a tangent plane to the cone leads to the direction-
cosines of the generator of contact.

86. Axes of the section of a central conicoid by a
plane through the centre. Let the equations, referred to
rectangular axes, of the conicoid and plane be

ax?+byt+c2t=1, le+my+nz=0.
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The centre of the conicoid is also the centre of the
section. If X, u, v are the direction-cosines of a semi-
diameter of the conicoid of length 7, the point (A7, ur, vr)
is on the conicoid. Therefore

1_Nu+s?
ah2+bp2+cv2=7—3=—7—.

Hence the semi-diameters of the conicoid of length 7 are
generators of the cone

e a—1/rt)+yA(b—1/r¥)+2%(c—1/%)=0.......... (1)

The lines of section of the cone and plane are the semi-
diameters of the conic of length ». Hence, if » is the
length of either semi-axis of the conic in which the plane
lz+my+mz=0 cuts the conicoid, the plane touches the
cone, and therefore

2 m? n?
iy o i I ot NSRRI (2)
or 74(bcl?+ cam?+abn?)—r2{(b+c) 2+ (c+a)m?+(a+b)n?}
+(24m24n?)=0.

The roots of this quadratic in 72 give the squares of the
semi-axes of the section. .

If 2r is the length of an axis and A, u, v are the direction-
cosines, the given plane touches the cone (1) along the
line ®/A=y/u=2[v, and therefore is represented by the
equation

Az(a—1/r¥)+ uy(b—1/r*)+vz(c—1/1%)=0.
A(ar?=1) _ u(br®=1)_v(er?—1)
i = = e 3)
m n

These determine the direction-cosines of the axis of

length 2r.

Since the extremities of the semi-diameters of length » of the
conicoid lie upon the sphere 2%+ y%+22=7% the equation of the cone
through them may be obtained by making the equation to the conicoid
homogeneous by means of the equation to the sphere. Thus the cone is

o o
T

Therefore

ax’+by?+ct=

which is another form of equation (1).
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Ex. 1. Prove that the axes of the section of the conicoid
ax3+by?+c2?=1 by the plane lr+my+nz=0 lie on the cone

l m n
- c);+(c-— a):y—+(a— b);=0.
(From equations (3) we deduce that
] m n
©® —c)x+(c- a);‘i'(a - b);=0)

Ex. 2. Prove that the cone of Ex. 1 passes through the normal to
the plane of section and the diameter to which the plane of section is
diawetral plane. Prove also that the cone passes through two sets of
conjugate diameters of the conicoid. (Cf. Ex. 6, §77.)

Ex. 3, Find the lengths of the semi-axes of the conics given by

(i) 322427+ 622=1, z+y+2=0;
(i) 22+43%-22=1, 3r+4y+5:=0.
Ans. (i) ‘64, *45; (ii) 308, 76.
Ex. 4. Prove that the equation of the conic
22422 -22=1, 3r-2-2z=0,
referred to its principal axes, is approximately
17022 - 1-77y2=1.

Ex. 5. Prove that the lenaths of the semi-axes of the section of the

3
ﬂ:;‘?/ +§§=1, by the plane lx+my+nz=0, are

ellipsoid of revolution

a, ac(lP+m?+ nz)l {a?(I2 +m?) +c2n“}"},

and that the equations to the axes are

Tyt 2 Yy s

m =1 0’ 2l ma —(B+md)

Ex. 6. Prove that the area of the section of the ellipsoid
23a? + 5302+ 22/c? =1

by the plane lz+my +nz=0 is ﬂc, where p is the perpendicular from
the ceutre to the tangent plane which is parallel to the given plane.

& Ex. 7. The section of the conicoid as?+by?+c2=1 by a tangent
plane to the cone

@ p B
bretoratars=0

18 a rectangular hyperbola.

Ex. 8. The section of a hyperboloid of one sheet by a tangent
plane to the asymptotic cone is two parallel straight lines. What is
the corresponding section of the hyperboloid of two sheets which has
the same asymptotic cone ?

Ex. 9. Central sections of an ellipsoid whose area is constant
envelope a cone of the second degree.
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Ex. 10. If A, A,, A, are the areas of three mutually perpendicular

central sections of an eﬁipsoid, A2+ A2+ Ag? is constant.

iyt 2
a“y te= 1

Bx. 11. One of the axes of each section of the ellipsoid
by a tangent plane to the cone y%+2*=2? lies on the cone
(kgD =t =g,
What is the nature of the section of this cone by a plane parallel to
the plane XOY ? Sketch the form of the cone.

Bx. 12. Prove that the axes of sections of the conicoid
ax?+by?+ct=1

which pass through the line §=’% =;L lie on the cone

b—c
x

87. Axes of any section of a central conicoid. Let the

equations, referred to rectangular axes, of the conicoid and
plane be  ga?byt4ce?=1, lz4+my+nz=p.

Then if C, («, B, y) is the centre of the section, the

plane is also represented by the equation

(z—o)ao+(y—PB)bB+(2—y)oy=0.

Therefore  2%=bB_c¢y_ael+bB+ey? (1)
L m = P

2 2
Hence ao?+b82+cy?= Fat wg/b FZle =1%90—2, say.
The equation to the conicoid referred to parallel axes
through C is
ax®+by? + c2* 4+ 2(aox + bBy + cyz) + a0+ bB + ¢yt —1=0,
or ax?+by?+ c2*+ 2(aox+ bBy +cyz)— k=0,

(mz—ny)+”—;_“(m-zz)+ﬁ—;l’(zy—m)=o.

2
where k=1- ﬂz
Do

The equation to the plane is now lx+my+nz=0.
If A\, w, v are the direction-cosines of a line of length =
drawn from C to the conicoid,
12(aN?+ bu2+ c®) + 2r(aok + bBu+cyv) —k2=0.
If the line lies in the given plane
IN+mu+nv=0,
and therefore, by (1). aocA+bBu+cyv=0.



§87] AXES OF NON-CENTRAL SECTIONS 135

Hence  r*(aX+bu’+ ") — (N + p? +1%) =0,
and therefore the semi-diameters of the section of length »
lie on the cone

o [(UT? b2 cr?
(1) +v (G -1)+=(F-1)=0
If ris the length of either semi-axis of the section, the

plane touches the cone. Therefore

[ m? n?
TR
'l -l -l
And, as in §86, the direction-cosines of the axis of

length 27 are given by

M%-1) #(-1) (F-1) &)

—=— — e

Comparing these equations with equations (2) and (3) of
§ 86, we see that if oo and B are the lengths of the semi-
axes of the section by the plane lr+my+mnz=0, the
semi-axes of the section by the plane lz+my+nz=p are

lca and ]{:‘8, or a'«' 1 _’7?:27,; B 1 ——T);y .................. (4‘)
Po D,y

and that the corresponding axes are parallel. We thus
have another proof for central surfaces of the proposi-
tion that parallel plane sections are similar and similarly

situated conics.
From equations (4) it follows that if A, Aj are the areas
of the sections of a conicoid by a given plane and the

2
parallel plane through the centre, A=Ao(1 —Z%) where
0

p, p, are the perpendiculars from the centre to the given
plane and the parallel tangent plane. Thus the area of the

. NN LI he bl
section of the ellipsoid atieta= 1 by the plane
le+my+nz=p

wabe(l2+m? 4 n2)t 1— P2 ]
(@2 +bm2 + c’nz)* a?l? 4 b*m?2 4 c*n?

Y S 0)
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The student should note that the equation to the cone through all
the lines of length » drawn from C to the conicoid would be obtained
by making the equation

ax?+ byt +c2?+2(aox + bBy +cyz)— k=0
homogeneous by means of the equation x%+4y%422=72% It would be
of the fourth degree, while for our purpose we require a cone of the

second degree. ‘The cone chosen passes through the lines of length »
which lie in the given plane, and these lines alone need be considered.

Ex.1. OP is a given semi-diameter of a conicoid and OA(=a),
OB(=[3), are the principal semi-axes of the section of the diametral
plane of OP. A plane Karallel to AOB meets OP in C. Prove that
the principal axes of the section of the conicoid by this plane are
V1 -0C?/OP, BJ/T-0OC?OP? and deduce equations (4), § 87.

(Take OP, OA, OB, as coordinate axes.)

Ex. 2. Find the coordinates of the centre and the lengths of the
semi-axes of the scction of the ellipsoid 322+ 3y® +622=10 by the plane
z+y+z=1

221\, ,[4 Va4
am (555)5 Vip 5
BEx. 3. If OP_OQ, OR are conjugate semi-diameters of an ellipsoid
prove that the area of the section of the ellipsoid by the plane PQR is
two-thirds the area of the parallel central section.

2 2 2
Ex. 4. Find the area of the section of the ellipsoid '—r'—,+ 'Z~2+—2—,=1
by the plane a/a+y/b+z/c=1. @ ¢
2
Ans. ZT_(b%+ ctat+a?b?)},
35 )
sz!.g 5. Find the locus of the centres of sections of the ellipsoid
Z Y
- +'£_-i

7
2? oy 2P x? g2 22\? x? y? 2
Ans. a2b2c2(a—4+§+3 (1—&7_#_3) =M (—lfz+ﬁ+?).

2
+ z—, =1 whose area is constant, (=7#k?).
¢

x? oy 2 .
Ex, 6. Prove that tangent planes to AtE-gtl=0 which
2 40
cut %+‘£¢, ——5—1=0 in ellipses of constant area w42 have their points

c? p
face Bt BB
of contact on th surface &7+F+?= A

Ex. 7. Prove that the axes of the section whose centre is P are
the straight lines in which the plane of section cuts the cone con-
taining the normals from P.

Ex. 8. Find the lengths of the semi-axes of the sections of the
surface 4yz + 6zx — 6xy =8 by the planes (i) z +y - z=0, (ii) 2z +y —2=0.
Ans. (i) 2, /3. (ii) 2, 2.
Ex. 9. Prove that the axes of the section of
f(, y, z)=ax®+ by? + c2® + 2fyz + 2922 + 2hay =)
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by the plane lx+my+nz=0 are given by
A(AR... 4+ 2Fmn.. )+ 72/, m, )~ (a+ b+ )P+ m?+n?)}
+(B+m2+n3)=0,
where A=bc—f3, etc.
Prove also that the axes are the lines in which the plane cuts the cone

(mz—ny)%+(nx—lz) =—+(ly - mx)é—-—o

Ex. 10. Prove that the axes of the section of the cone
ax?+ by’ +c22=0
by the plane lz+my +nz=p are given by
2 m2 n?
i b
2 m? a?

where p,? s—t+pto

88. Axes of a given section of a paraboloid. If the
equations to the plane and the paraboloid are

le+my+nz=p, ax®+by?=2z,

the centre of the section, (&, B, v), is given by
ax _bR_ —1_ao?+bB'—y
I m =n P ’

2
Whence ao®+b3%2—2y _Ylatm {:2+ 2np_ p . say.

Changing the origin to («, 8, y) and proceedmg as in
§ 87, we find that X, g, v, the direction-cosines of a semi-
diameter of length r of the section, satisfy the equation

n2r}(ar?+bu?) — p (A4 w2412 =0.

The semi-diameters are therefore the lines in which the
plane cuts the cone

a#(amird—pg)-+ Y (butr —pgt) — 2p =0,
Hence the lengths of the axes are given by
I? m? n?

a,nz,,.z __p b’n2r2 p ]TOE = 0)

or
abn®rt—n?r?p2{(a + b)n?+ am?+ bl*} + pA(l2+mP+n?)=0
and the direction cosines by

Aan®r2—p2)  u(bnPrP—p?)  vp.?
l - m T —-n
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Ex. 1. Find the lengths of the semi-axes of the section of the para-
boloid 222 + y*=2 by the plane z + 2y +2=4. Ans. 5-28, 1-68.

Ex. 2. A plane section through the vertex of the paraboloid of
revolution x?+y?=2az makes an angle @ with the axis of the surface.
Prove that its principal semi-axes are a cot 6 cosec 6, a cot 6.

Ex. 3. Prove that the semi-axes of the section of the paraboloid
xy=az by the plane Iz +my +nz=0 are given by

noré — da?riimn? — 4a**m?(1® + m? + n?) =0.
Ex. 4. Find the locus of the centres of sections of the paraboloid

z? oyl .
AtE =2z which are of constant arca k2.
] t ] 23 2 Py
Ans. albi(:_‘ + g—‘ +1 )(2% +g’> - 2z> =k,

Ex. 5. Given that the radius of curvature at a point P of a conic
whose centre is C is equal to CD?/a3, where o and /3 are the semi-axes
and CD is the semi-diameter conjugate to CP, find the radius of curva-
ture at the origin of the conic axz? + by? =2z, lx + my +nz=0.

Ans. (124 mz)i(am"’ +002) (2 4-m? + 712)—'}.

Ex. 6. Planes are drawn through a fixed point (e, 0, ) so that

their sections of the paraboloid ax?+by*>=2: are rectangular hyper-
bolas. Prove that they touch the cone

(-, (g-BY, =7
N St L9
CIRCULAR SECTIONS.

89. If F=0, the equation to a conicoid, can be thrown
into the form $+Auv=0, where S=0 is the equation to a
sphere and u =0, v=0 represent planes, the common points
of the conicoid and planes lie on the sphere, and therefore
the sections of the conicoid by the planes are circles.

90. The circular sections of an ellipsoid. The equa-

tion, referred to rectangular axes, of the ellipsoid,

o gt 2
a7+l~)'2+?_ 1,

can be written in the forms
x4y 422 1 1 1 1
TS () + (5 —)=0,

cc a

x?+y2 42 1 1N, o1 1\_
TTop2 ---—1+z2(02 b*)"'” (&7 b2 =0,

S
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Hence the planes
0 (-3 ro(b-b)eo
@ -l

@ (D)4

cut the ellipsoid in circles of radii «, b, ¢ respectively. If
a>b>v¢, only the second of these equations gives real
planes, and therefore the only real central circular sections
of the ellipsoid pass through the mean axis, and are given
by the equations

«\/u b+ JI)?—(}

Since parallel plane sections are similar and similarly
situated conies, the equations

gJa“ —B 4P, 2~/a2'_"b§ _ng—zZ'CE: “
give circular sections for all values of A and u.

91. Any two circular sections of an ellipsoid which are
not parallel lie on a sphere.

2 2 2
The equation k((% + 1/3 + -zc_z - 1) +

T ? 2 (SR = —y ) =
(CvaE=P+ AF—d A ) SV E =T~ 2 =~ ) =0
represents a conicoid which passes through the sections,
and if k£ =0b% the equation becomes

a2 — b2 - 2 ot
A +u)Wa2=b w+(7\ ,u.);/b c

()

224yt 22— Z2HAu—=02=0,

which represents a sphere.

92. Oircular sections of the hyperboloids. By the
method of §90, we deduce that the real central circular
sections of the hyperbo]oids

2 2
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are given by

@ o= sz;zda2+cz= 0, Gi) SVait bzingz-—cz=o,

The radius of the central circular sections of the hyper-
boloid of one sheet is a. The planes given by

Z Ny
ax/ag-’rb":tzﬁ)‘-—c =0

do not meet the hyperboloid of two sheets in any real
points. They are the planes through the centre parallel
to systems of planes which cut the surface in real circles.

' 2 2
Ex. 1. Prove that the section of the hyperboloid 22—';)/—2— a=1by

the plane 2 a2+b2+£~/b3—c2=)t is real if A2> a?+-¢2

Ex. 2. Find the real central circular sections of the ellipsoid
2%+ 22+ 622 =8. Ans. 22—422=0.

Ex. 3. Prove that the planes 22+3z-5=0, 22—3z47=0 meet
the hyperboloid — 22+ 3y%+12:2=75 in circles which lie on the sphere

322+ 3y2+ 322+ 4x+ 362~ 110=0.
Ex. 4. Prove that the radius of the circle in which the plane

gJaz—b’«i—g«/b”—c”:/\
s o.ooad gyt 2 . A?
cuts the ellipsoid (—17,+‘§,+?=1 is b\/l —aa
Ex, 5. Find the locus of the c;antres of spheres of constant radius
2z
k which cut the ellipsoid :—i+';%,+:;-z=l in a pair of circles. (Use §91.)
22 2 &

Ans, y=0, -‘;L—bZ—‘b—i'_—c‘-: ""b—.‘-

Ex. 6. Chords of the ellipse 2%/a?+3?/b?=1, 2=0, are drawn so as
to make equal angles with its axes, and on them as diameters circles
are described whose planes are parallel to OZ. Prove that these
circles generate the ellipsoid 2b%2+ 2a%%+ (a?+ b%)2% = 2a%b%

93. Circular sections of any central comicoid. An
equation of the form

f(@, y, 2) = aa®-+ by +c2* + 2fyz + 292+ 2hay =1
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represents a central conicoid. It may be written
f, y, Z)-7\(902+y2+z2)+*(“2+y2+z’-§)=o.
Hencoif  f(z, 3 2)~A(@+y*+2%)=0

represents a pair of planes, these planes cut the conicoid in
circles. For a pair of planes

a—X, h, g |=0.
h, b=, f
9 [, c—2

This equation gives three values of A. It can be shown
that these are always real, and that only the mean value
gives real planes.!

Ex. 1. Find the real central circular sections of the conicoid
323 4 52 4 322+ 2x2=4.
The equation may be written
312+ 5y? + 33+ 2rz2 — M(#2+ 52+ 2%) + A2+ 5% +2%) - 4=0.

If 3234 5y24 3224+ 2z — N(22+y2+2%)=0 represents a pair of planes,
A3—11A2438\~-40=0, or A=2, 4, or 5. For these values of A the
equation to the planes becomes

(x+22+3y2=0, (r-2)2—y?=0, 22—xzz+422=0.
The real circular sections correspond therefore to A=4 and have
equations Z—24y=0, z—2-y=0.
Ex. 2. Find the equations to the real central circular sections
of the conicoids,
(i) 5y%-8z2+18yz— 142z — 10zy +27=0,
(ii) 222+ 5y2+ 222~ yz — 4ex — 2y +4=0,
(iii) 622+ 13y2+622— 10yz+ 422 — 102y =1.
Ans. (i) (v~ 2y-52)(3r -4y +2)=0,
(i) (+y+2)(2 -y +2)=0,
(iii) 2(z+2)2-10y(x+2)+9y2=0.

Ex. 3. Find the equations to the circular sections of the conicoid
(24 (542 (522 1o

Ans. §+%+§=)‘° ar+by+cz=p.
1See the author’s Coordinate Geomelry of Three Dimensions, §§ 144, 145.
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Ex. 4. Find the conditions that the equations
Sz, 9, 2)=1, lz+my+nz=0
should determine a circle.
The equation f(2, ¥, 2) - A(a?+3%+2%)=0 is to represent two planes,
one of which is the given plane. Therefore

flz, 3 9~ Mo+t + ) = (b my+ )| (a= NG +G= DL +- 2}

Whence, comparing coefficients of yz zz, £y, we obtain
A= bn?+em* —2fmn _cl*+an® - 2gnl _am? -{--_bl2 - 2hlm
- mi4nd  pEHl {2+ m?

(We assume here that [, m, n are all different from zero. If (=0,
the conditions become (A=a), g=~=0, (¢c— a)m?—2fmn +(b—a)n?=0.)

94. Circular sections of the paraboloids. The equation
ax®+by*=2z may be written in the forms,

a<m2+y2+zz—?§>—y2(a —b)—a22=0,

2 0
(et 4yt 2= ) ~ab— @) =bet=0,

ax?+by? —(0-224+0-y2+0-224+22)=0. -
Hence if @ > b > 0, 2%(a —b)=>b2? represents real planes
which meet the paraboloid in circles, and the systems of
circular sections are given by

e fa=b+2/b=\, aJa—=b—2/b=p.
If, however, @ or b is negative, the only real planes are
those given by az?+by2=0. The equation
0-2240-4%24+0-22+22=0
is the limiting form of
17c9c2+lcy2+k(z+1)2=1
k/ "k
as k tends to zero, and therefore the sphere containing
the circular sections is in this case of infinite radius, and the
circular sections are circles of infinite radius, .. straight
lines. They are the straight lines in which the plane z=0
cuts the surface, (§ 79).
Ex. 1. Find the circular sections of the paraboloid 22+ 1022=2y.
Ans. y+3z=A.

Ex. 2. Find the radius of the circle in which the plane 7x+22=5
cuts the paraboloid 532+ 4y?=8z. Ans, ri=304,
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95. Umbilics. The centres of a series of parallel plane
sections of a conicoid lie upon a diameter of the conicoid
and the tangent plane at an extremity of the diameter is
parallel to the plane sections. If, therefore, P and P’ (fig. 40)
are the extremities of the diameter which passes through
the centres of a system of circular sections of an ellipsoid,
the tangent planes at P and P’ are the limiting positions
of the cutting planes, and P and P’ may be regarded as
circular sections of zero radius. A circular section of zero

Fia. 40,

radius is called an umbilic. It is evident from the form
of the hyperboloid of one sheet that the smallest closed
section is the principal elliptic section and that the surface
has therefore no real umbilics.

To find the umbilics of the ellipsoid z+ 3 + 3=1

If P, (£ n ¢{) is an umbilic, the diametral plane of OP
is a central circular section. Therefore the equations

“5+§f§’+zf 0, SE=p1I/F-d=0

represent the same plane. Hence

_§la ;;/ b {'/c

Ju2~ 0 ine_cz
————, since %+b—2+§§=1,

i‘ Jaz 2
and therefore
£= +av/o?—B? bz, =0 _te/bi—¢
J=¢ = 170 ST JgCa

These give the coordmates of the four umbilics.
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The umbilics of the hyperboloid of two sheets

@ !
are real and given by
= +aa?+ b2 ~0, ¢= :j:m/b?—c2
Jate = TT0 Jaite?

Ex. 1. Prove that the umbilics of the ellipsoid lie on the sphere
224yt t=a? - b2 4%
Ex. 2. Prove that the perpendicular distance from the centre to
the tangent plane at an umbilic of the ellipsoid is ac/b.

Bx. 3. Prove that the central circular sections of the conicoid
(a - b)x*+ay?+(a+b)z2=1 are at right angles and that the umbilics

X by o a+b 0, z= _a-b
are given by x= + \/Z(I(a by y=52= \/‘)a(a+b)

Ex. 4. Prove thab the umbilics of the comcond b+'a+a—_z=1

ji 2

Ex. 5. Prove that the umbilics of the paraboloid +—§-—2z,
a —b2
a>b, are (0, + bV = b7, )

Ex. 6. Deduce the coordmates of the umbilics of the ellipsoid
from the result of Ex. 4, § 92.

*Examples V.

1. Provethat if A, py, v, ; Ay, Mg, vgare the duechon -cosines of the

axes of any plane section of the ellipsoid ‘+%§+ =1
Ay [ad Vit Vive |
B =) BHcE— a¥)~ ciat— bY)

2. If 4y, &y, Af’ 8y 28,, 823 are the areas of the sections of the
ellipsoids ;i+‘z—;+z,,=1, £—2+%—;+§—2=1, by three conjugate diametrai
planes of the former,

A2 AR A2 a%%? ﬂﬂ Z’)
3 5+ 82 +§; W‘ '7 bz
3. If A,, A,, A; are the areas of the sections of the ellipsoid

22yt g
atpta-l
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by the diametral planes of three mutually perpendicular semi-
diameters of lengths r, y, 75,

ﬁt; ﬁz)‘?_‘,Aa" ,rz(bz"a +°’“2 ‘_”_bz)
Ty

5=

@B e

4. Through a given point (c, 3, y) planes are dr;awr; parallel to
three conjugate diametral planes of the ellipsoid ‘—1—2+'%2+E-2=]. Shew
that the sum of the ratios of the areas of the sections by thgse planes

2
to the areas of the parallel diametral planes is 3 - % i r.

6. Prove that the areas of the sections of greatest and least area

2 2 42
of the ellipsoid '22+'1—£—2+Z—2=1 which pass through the fixed line
Z_Y_Zare wabe wabe
i m n ™ Ty

lx my nz
he pl pladi Ml A R
the plane a+ 3 +c 0.

, where r,, r, are the axes of the section by

6. Prove that the systems of circular sections of the cone
az?+by?+¢2=0, a>b>c,

are given by znva—b+zvb—c=A\, and that these also give circular
sections of the cone (a+ p)z?+(b+ )y +(c+ pm)z2=0.

7. Any tangent plane to a cone cuts the cyclic planes in iines
cqually inclined to the generator of contact.

8. Any pair of tangent planes to the cone ax?+by?+cz#=0 cuts the

eyclic planes zva—b+z/b—¢=0 in lines which lie upon a right
circular cone whose axis is at right angles to the plane of contact.

9. The plane ‘Z+%+Z=l cuts a series of central conicoids whose

grincipal planes are the coordinate planes in rectangular hyperbolas.
hew that the pole of the plane with respect to the conicoids lies on a
cone whose section by the given plane is a circle.

10. OP, OQ, OR are conjugate diameters of an ellipsoid, axes
a, b, ¢,and S is the foot of the perpendicular from O to the plane PQR.
Shew that the cone whose vertex is S and base is the section of the
ellipsoid by the diametral plane parallel to the plane PQR has
constant volume wabe/3~/3.

11, If two cones with the same vertex have the same systems of
circular sections, their common tangent planes touch them along per-

pendicular generators.
12, The normals to the ellipsoid ::+"b/:+z-;=l at all points of a

central circular section are parallel to a plane that makes an angle

cos™ 5 with the section.

%
bVat —bit¢
B.G, E
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13, If r,, r, are the axes of a central section of an ellipsoid, and
0y, 0, the angles between the section and the circular sections,

. . a’c¢? (1 1
sin 6, . sin 02=m(7—_lg~;;2),
where a and ¢ are the greatest and least axes of the ellipsoid.
14, Through a fixed point which is the pole of a circular section of
2 g2 2
the hyperboloid Z—2+'1yl—2—z~2=1 are drawn planes cutting the surface

in recta.ngular hyperbolas. Shew that the centres of these hyperbolas
lie on a fixed circle whose plane is parallel to one system of circular
sections,

15. The locus of the centres of sections of the cone ax?+by?+ ¢2?2=0,
such that the sum of the squares of their axes is constant, (=#2), is
the conicoid

112(11)2’112-2__
a(5+c>x +b eta)¥ +c(a+b)z +42=0.

2 2 2
16. The area of a central section of the ellipsoid 22+%2+§2=1 is
constant. Shew that the axes of the section lie on the cone
Eaz_Pz (cz_az z_at-I? z)2=0
at ¢y b 2z ’

where p is the distance from the centre of a tangent plane parallel to
any of the planes of section.

17. Prove that the tangents at the vertices to the parabolic sections
of the conicoid ax?+ by?+cs®=1 are parallel to generators of the cone

a(b—c)?* blc—a)® c(a—b)
2t y? t=—— =0

18. Prove that the normals to central sections of the ellipsoid
PR
& + 3] + = 1,
which are of given eccentricity e, lie on the cone
a?bcd(e? - 22(2 + 2+ 2%)(a%2® + b%? 4 %)
=(1-6%){a?(b?+c?) 2 + b%(c2 + a?)y? + c?(a® + b?)22}2
Find the locus of the centres of sections of eccentricity e.
19. Prove that the normal at any point P of an ellipsoid is an axis
of some plane section of the ellipsoid. If the ellipsoid is §+'z—i+§=l
and P is the point («/, ¥/, 7’), shew that the length of the axis is

wh;re p is the perpendicular from the centre to the tangent plane
at P.
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20. The normal section of an enveloping cylinder of the ellipsoid
28/u?+3%/bt4-2t/cE=1 has a given area mi% Prove that the plane of
contact of the cylinder and ellipsoid touches the cone

e 2 _
aEE= I T ot Sy T Sy

21. Prove that the locus of the foci of parabolic sections of the
paraboloid ax?+by?=2z is

ab(2z — ax? - by?)(az?+ by?) = a%e® + b%>

0.

22. Prove that the equation to a conicoid referred to the tangent
plane and normal at an umbilic as 2y-plane and z-axis is

a(x?+y?) 4 c2? 4+ 2fyz + 2920+ 2wz =0.

If a variable sphere be described to touch a given conicoid at an
umbilic, it meets the conicoid in a circle whose plane moves parallel
to itself as the radius of the sphere varies.

2 42 2
23. If through the centre of the ellipsoid ::-2"'%2'*'5-2:1 a per-

pendicular is drawn to any central section and lengths equal to the
axes of the section are marked off along the perpendicular, the locus
of their extremities is given by

alz? b2y c2?
AoatEs pta—a=%
where r?=a?+y2+2% (The locus is the Wave Surface.)

24. Prove that the asymptotes of sections of the conicoid
ax?+ byt +et=1
which pass through the line #=#4, y=0 lie on the surface
{ax(x—k)+by2}2+ c?{a(x - k)*+ by?} =0.
25. If the section of the cone whose vertex is P, (a, 3, ¥) and base

2=0, ax®+by?=1, by the J)lane x=0 is a circle, then P lies on the
conic =0, az?—bz2=1, and the section of the cone by the plane

(a-b)yx—2a0z=0
is also a circle.
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CHAPTER IX.
GENERATING LINES.

96.! Ruled surfaces. In cones and cylinders we have
examples of surfaces which are generated by a moving
straight line. Such surfaces are called ruled surfaces. We
shall now prove that the hyperboloid of one sheet and the
hyperbolic paraboloid are ruled surfaces.

. x? oyt 2P .
The equation (?+BE—E§=1’ which represents a hyper-
boloid of one sheet, may be written,
G+ -5)=(+8) (-5)
Whence it appears that the hyperboloid is the locus of the
straight lines whose equations are

O T
g_§=,‘(1+%), 24’%:3(1—%); ......... 2)

where A and u are variable parameters. It is obviously
impossible to assign values to A and u« so that the equations
(1) become identical with the equations (2). Hence the
equations give two distinct systems of lines, no member of
one coinciding with any member of the other. As A
assumes in turn all real values the line given by the
equations (1) moves so as to completely generate the hyper-
boloid. Similarly, the line given by the equations (2)
moves, as u varies, so as to generate the hyperboloid. The

hyperboloid of one sheet is therefore a ruled surface and
1 See Appendix. p. iv.
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can be generated in two ways by the motion of & straight
line. (See fig. 41.)

In like manner the equation
2 2
r_ %5 =2z,

which represents a hyperbolic paraboloid, may be written

G E-D-=

A/

Fra. 41.

Whence it is evident that the paraboloid is the locus of
either of the variable lines given by

atb™XN a b
z_ Yy 2 2, Y_
a b= ath=2m

The hyperbolic paraboloid is therefore a ruled surface
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and can be generated in two ways by the motion of a
straight line. (See fig. 42.) The generating lines are

parallel to one of the fixed planes gj;%=0.

F16. 42

Ex. 1. CP, CQ are any conjugate diameters of the ellipse
2+ yi =1, z=c.
C'P, C'Q' are the conjugate diameters of the ellipse z%/a?+3%b%=1,
v= —¢, drawn in the same directions as CP and CQ. Prove that the

boloid 22" 4 2 _ 2 _y d by either PQ’ or P!
hyperboloi a2 +~52——§=1 is generated by either PQ’ or P'Q.

Ex. 2. A point, “m,” on the Fa.ra.bola y=0, ca?=2a%, is (2am, 0, 2cm?),
and a point, “=«,” on the parabola =0, cy?= — 2%, is (0, 2bn, — 2cn?).
Find the locus of the lines joining the points for which, (i) m=n,
(ii) m= —n.

22 P 2

Ans. ;f—%?=?.

97. Section of a ruled surface by the tangent plane at
a point. Since a hyperboloid of one sheet or a hyperbolic
paraboloid is generated completely by each of two systems
of straight lines, there pass through any point P, (fig. 43),
of the surface, two generating lines, one from each system.
Each of these meets the surface at P in, at least, two
coincident points, and therefore the lines lie in the tangent
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plane at P. The tangent plane at P is therefore the plane
through the generators which pass through P. But any
plane section of the surface is a conic, and therefore the
section of the surface by the tangent plane at P is the
conic composed of the two generating lines through P.

It follows that if a straight line AB lies wholly on the
conicoid it must belong to one of the systems of generating
lines. For AB meets any generating line PQ in some point
P, and AB and PQ both lie in the tangent plane at P. But

Fio. 48.

the section of the surface by the tangent plane at P con-
sists of the two generators through P, and therefore AB
must be one of the generators.

Again any plane through a generating line is the tangent
plane at some point of the generating line. For the locus
of points common to the surface and plane is a conic, and
the generating line is obviously part of the locus. The
locus must therefore consist of two straight lines, or the
plane must pass through the given generating line and a
second generating line which meets it. It is therefore the
tangent plune at the point of intersection.

The intersection of a cone or cylinder with a tangent
plane consists of two coincident generators. The ruled
conicoids can therefore be divided into two classes according
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as the generators mn which any tangent plane meets them
are distinct or coincident. If the generators are distinct
the tangent planes at different points of a given generator
are different, (see fig. 43). If the generators are coincident,
the same plane touches tba surface at all points of a given
generator.

98. If three points of a straight line lie on a conicoid
the straight line lies wholly on the conicoid.

The coordinates of any point on the line through (o, 8, v),
whose direction-ratios are {, m, n, are o.+lr, B+mr, y+nr.
The condition that this point should lie on the conicoid
F(xz, y, 2)=0 may be written, since F(z, y, z) is of the
second degree, in the form

Ar®42Br+C=0.

If three points of the line lie on the conicoid, this
equation is satisfied by three values of 7, and therefore
A=B=C=0. The equation is therefore satisfied by all
values of 7, and every point of the line lies on the
conicoid.

99. To find the conditions that a given straight line
should be a generator of a given conicoid.

Let the equations to the conicoid and line be

ax®+ by +c2?=1,
2—a_y=B_s=y
l m n

The point on the line, (+Ur, B+mr, y+mnr), lies on
the conicoid if

r2(al 4+ bm?+cn?) + 2r(aol + bBm+cyn)

+ a0+ bBi+cyt—1=0.

If this equation is an identity, the line lies wholly on
the conicoid, and is a generator of the conicoid. The
required conditions are therefore

aol4+b82 eyt =1, i, (1)
aol+bBm+tcyn=0, ...c...cciviinnnnnn. (2)
al? +bm? 4en? =0. cocovveeniiinnnnnnns 3)
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Equation (1) is the condition that (a, 8, v) should lie
on the surface; equation (2) shews that a generating line
must lie in the tangent plane at any point (a, B, ¥) on
it ; and from (3) it follows that the parallels through the
centre to the generating lines generate the asymptotic cone

ax?+ by +c2?=0.

The three equations (1), (2), (3) shew that through any
point (o, B, y) of a central conicoid two straight lines can
be drawn to lie wholly on the conicoid, the direction-ratios
of these lines being given by equations (2) and (3). By
Lagrange’s identity, we have

(al24+bm?) (a4 bB%) — (acl + bBm)? = ab(am — BL)2;
whence, by (1), (2), (3),
—cent=ablam—PBI2 .....ccvveinnien(4)

The values of L : m : n are therefore real only if «b and ¢
have opposite signs, which can only be the case if two of
the quantities a, b, ¢ are positive and one is negative. The
only ruled central conicoid is therefore the hyperboloid of
one sheet. From equations (2) and (4) we deduce the
direction-ratios of the generators through (o, 8, y),

l _ m _ n )
—¢ - —¢ T —(ac?+-bB»
Similarly, the conditions that the line

z—o_y—B_z—v
I~ m  n

should be a generator of the paraboloid ax?+ by?=22 are,
a02+bB2=2y, ..cccvvvervrreeenn (1)
aol+bBm—n=0, .......vvvrunienenn. (2
alP+bm?=0. ........ccoeuniinninn. 3)

Equation (3) is satisfied by real values of l:m only if
a and b have opposite signs. The only ruled paraboloid
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is therefore the hyperbo1ic)pa,ra,'béloid\."L The direction-ratios
of the generating lines through (a, 8, y) are given by

l m

The following examples should be solved in two ways, (i) by
factorising the equation to the surface as in § 96, (ii) by means of the
conditions in § 99.

2Ex.”l. 2Find the equations to the generating lines of the hyperboloid
Z+¥ _Z —1 which pass through the points (2, 3, —4), (2, -1, §).

Ans r=2 y-3 2+4, x-2 y—-3 244,
1 0 -2’ 0 38 ¢’

0 T3 4’ 3 6 10
Ex. 2. Find the equations to the generating lines of the hyperboloid
y2+ 222+ 3xy+6=0 which pass through the point (-1, 0, 3).
[yz+ 2204 3xy+6=(y+2)(2+3)+(22+3y) (x - 1).]
z+1_y _2- 3_

L x=—-1,2=3; —=<_="_1"
Ans. x ,2=3; 1 ~3==3

Ex. 3. Find the equations to the generators of the hyperboloid

Z &2 _1 which pass through the poi baino, O
471+b‘1—b§=1w ich pass through the point (a cos a, bsin , 0).

r—acoso. y-bsine 2
Ans. a = =,
asin —bcosa. ¢

Ex. 4. TFind the equations to the generating lines of the paraboloid
(z+y +2)(2x+y — 2)=6z which pass through the point (1, 1, 1).

z-1_y-1 z2-1, 2-1 _y-1 z-1
Ans. ==Sma =1 ==

THE SYSTEMS OF GENERATING LINES.

100. We shall call the systems of generating lines of the
hyperboloid of one sheet which are given by the equations

212 a(14Y), ﬁ’_f=%(1-%); e )

a ¢
©_2_u(1+Y), 2.,_5:%(1_%/), evvererenen(2)

the A-system and u-system, respectively.
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101. No two generators of the same system intersect.
For the equations (1) and

i1+, 33300
=0, 1+¥=0, 1-¥=0,

which are obviously inconsistent.

Otherwise, if P and Q are any points on any generator of the
p-system and the generators of the A-system through P and Q
intersect at R, then the plane PQR meets the hyperboloid in the sides
of a triangle. This is impossible, since no plane section of a conicoid
i of higher degree than tge second.

102. Any generator of the A-system imtersects any gene-
rator of the u-system.
From the equations (1) and (2),
x 2z T 2
ats s 1mh 14
TR VTR
Whence, adding and subtracting numerators and de-
nominators,

e At 1-Au 2_A—p
a 14 1+ ¢ 14+ap
These determine the point of intersection.

The equations

Y-
b

€. 2 Nyrplz_2_ 1 ).

Z,2 7\(1+b)+k{a 2 A(1 b)}_o, ...... 3)
x 2z Y e oz 1 N _
a—a‘/‘(”zs)““{a+a‘,:(1—z)}—° ...... 4)

both reduce to
x Y z
E(?\+;4)+5(1—)\,u)—5(7\—p)=1+7\,a, ......... (5)

if k=1/k'=\/n. But equation (5) represents the tangent
plane at the point of intersection of the generators. Hence
the plane through two intersecting generators is the tangent
plane at their common point. (Cf. § 97.)

If, in equation (3), k is given, the equation represents
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a given plane through the generator. But the equation
reduces to equation (5) if u=A/k. Hence any plane
through a generating line is a tangent plane.

Ex. Discuss the intersection of the A-generator through P with
the u-generator through P’ when P and P’ are the extremities of a
diameter of the principal elliptic section.

103. Perpendicular generators. 7o find the locus of
the points of intersection of perpendicular generators.

The direction-cosines of the A- and u-generators are
given by, (§42),

Ya _mb_njc  la _m/b_ mfe
N—1" 22 AN+1"  w2—=1 2u  —(ui41)

The condition that the generators should be at right

angles is
a*(A2=1)(u2 = 1)+ 4bapu— A(A2+1)(u2+1)=0,
which may be written

@A+ VA =M+ BN = p) = (@@ + D= ) (1+ap)?,
and shews that their point of intersection

{t_l_(]_\_—_h_/{) b(1 =) 0(7\—/1_)}
14ap”  14Ap 7 14Ap
lies on the director sphere
a2 41242t = a4 b2 — 2

The locus is therefore the curve of intersection of the

hyperboloid and the director sphere.

Or if PQ, PR are perpendicular generators and PN is normal at P,
by §102 the planes PQR, PNQ, PNR are mutually perpendicular
tangent planes, and therefore P lies on the director sphere.

104. The projections of the gemerators of a hyperboloid
on a principal plane are tangents to the section of the
hyperboloid by the principal plane.

The projections of the A- and u-generators on the plane

XOY are given by
w0 2o (1) 10-1)

2=0, 2;”=ﬂ(1+g)+ll—l<l—%).
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which may be written

=0, 2(1+¢ 27‘“"+( z)=o, ete.

Whence the envelope of the projections is the ellipse

l
b

Similarly, the projections on the planes YOZ, ZOX touch
the corresponding principal sections.

The above equations to the projections are identical if
A=u. Hence equal values of the parameters give two
generators which project into the same tangent to the
ellipse 2=0, x?/a’4+y?/b?=1. 'The point of intersection, P,
of the generators given by A=pu =t is, by § 102,

2t 1-¢
am’ bl—_*_—ﬁ- 0))

z=0, f-l
a?

t.e. is (« cos a, bsin o, V), where ¢ = tan ( i §) P is there-

fore the point on the principal elliptic section whose
eccentric angle is o, and the generators project into the
tangent @ y .
z=0, - co8 (x.+5 sina=1, (fig. 44).
From § 103, the direction-cosines of the A-generator are
proportional to A\2—1 20
(U rwrey) b‘—“‘ c,
A24+1 TAZ+1
or, since A =tan (E—g asina, —bcosot, —e.
Therefore the equations ! to the A-generator through P are
w—acosa_y—bsina_ 2
asin.  —bcosew —c
Similarly, the equations to the u-generator are
z—acosa_y—bsina_z

a sin oL —bcosa ¢

Ex, Prove that the generators given by A=¢, u=—1/¢ are paralrer
and that they meet the principal elliptic section in the extremities of

a diameter.
1See Appendix, p. iv.
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105. Let P and Q, (fig. 44), be the points on the principal
elliptic section whose eccentric angles are o and 8. Then
the A-generator through P intersects the u-generator
through Q at the point, R,

( A4u bl —As 7\— >
1+ap’ "14A4 1+>\[L

where A=tan (I_ §> and u=tan ( i g)
Whence the coordinates of R are

osﬂ-ga‘ sinB+m

2

Fia. 4.
Now the coordinates of any point on the hyperboloid
can be expressed in the form
acosf@sec¢, bsinfsecep, ctang;
therefore if R is the point “ 6, ¢,”

_B+a _B-o
0—*—2—‘ and ¢—--—-—2—-—,

or 0+¢=B 0O—¢=o.
Similarly, it may be shewn that the u-generator through
P intersects the A-generator through Q at the point “6,—¢.”
Suppose now that P remains fixed while Q varies, so that
« is constant and B variable. R then moves along a fixed
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generator of the A-system, and in any position 6 —¢=c.
Hence for points on a generator of the A-system 0—g¢ is
constant. Similarly, by supposing Q to remain fixed and
P to vary, we can prove that for points on a given generator
of the u-system 6+ ¢ is constant.

Ex. 1. If R is “ 6, ¢,” (fig. 44), shew that the equations to PQ are
z=0, 'gcos 0+% sin @=cos ¢, and deduce that - p=0o., O+ P=L.

Ex. 2. The equations to the generating lines through “ 6, ¢” are

z—acosfsec y—bsinfsech z-ctang
asin(f+¢) - beos(f+p)  *c

Ex. 3. If (acos@secp, bsin fsecd, ctang) is a point on the
generating line v 2 N 2z 1 y
2ei=a(14d), 2-2=30-%)

0-9¢_1-1
2 1+A
generator of the A-system @ — ¢ is constant.

prove that tan , and hence shew that for points of a given

Ex. 4. Prove that the equations
x_cos(0—¢p) y_cosfsing 2 _sinfcosed

a cos(0+¢) b cos(0+¢) ¢ cos(B+¢)

deterine a hyperboloid of one sheet, that ¢ is constant for points on
a given generator of one system, and that ¢ is constant for points
on a given generator of the other system.

2
The equation to the surface is ?7;2 - 4T:/(‘_f=l.)

Ex. 5. Find the locus of R if P and Q are the extremities of
conjugate diameters of the principal elliptic section.
-

@ and R lies in one

We have §—-dp=a., 0+¢=a.i7—2r, whence ¢= +
of the planes z= +c.

Ex. 6. Prove also that RP24- RQ?=a?+ b2+ 2¢2,

Bx. 7. If A and A’ are the extremities of the major axis of the
principal elliptic section, and any generator meets two generators of
the same system through A and A’ respectively in P and P’, prove
that AP, A'P'=07+¢2

Bx. 8. Prove also that the planes APP’, A'PP’ cut either of the
real central circular sections in perpendicular lines.

Ex. 9. If four generators of the hyperboloid form a skew quadri-
lateral whose vertices are “ @,, ¢,,” r=1, 2, 3, 4, prove that

O+ 0i=0,+0s P1+Ps=03+ ¢y
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Ex. 10. Interpret the equation

x2 oy 2 fax 22 \?
-3 (-2,

P
where P, (2/, ¥, #) is a point on the hyperboloid.
[The equation represents the pair of planes through the origin and
the generators that intersect at (., ¥/, 7).}

Ex. 11. Prove that the generators through any point P on a
hyperboloid are parallel to the asymi)wtes of the section of the hyper-
boloid by any plane which is parallel to the tangent plane at P.

Ex. 12. Prove that the angle between the generators through P

is given by cot I )
- 2abe ’

where p is the perpendicular from the centre to the tangent plane
at P and r is the distance of P from the centre.

Ex. 13. All parallelepipeds which have six of their edges along
generators of a given hyperboloid have the same volume.

If PQRS is one face of the parallelepiped and P, P'; Q, Q’; R, R';
S, S’ are opposite corners, we may have the edges PS, RP’, S'R’ along
generators of one system and the edges SR, P'S’, R'P along generators
of the other system. The tangent planes at S and 8’ are therefore
PSR, P'S'R’, and are parallel, and therefore SS' is a diameter.
Similarly, PP’ and RR’ are diameters. Let P, S, R be (z,, v,, 7),
(%3 Yoy 22) (%3, ¥3, 23). Then the volume of the parallelepiped is
twelve times the volume of the tetrahedron OPSR, (O is the centre).
Denoting it by V, we have

V=22 gy, 7 |=2abes/-1 %a g, A

[N
Zay Yo % z.
23y, Y3y z:.ll “29 _:V_g, 12—
a’ b =g
L3 Ys =
a’ b J-2
—2abVTT | 3%, zmm zam |t
a?’ at’ a?
d ) 2, Lo ¥y
2o g T
N Ty o Lol 2,2
173 ©Tl3 52
258 I 225
2 2
Bus s @t y? ot s@_, <%_,.
BT @y YT e =ls

and, since R’ and S are on the tangent plane at P, and S on the tangent
plane at R,

X2 X )
sA%_y, shhoy shf_
a? ’ a? ’ a?

Therefore V=2abeN -=1(~- 4)‘} =4abe.
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Ex. 14, Find the locus of the corners Q and Q' which are not on
the given hyperboloid.

Since QS and PR bisect one another, Q is the point

(@1~ 2o+ 23y Y1—Y2tYs 2-Zti)
and hence lies on the hyperboloid
2t y? 2

a2+"§-2—572+3=0.

106. The systems of generators of the hyperbolic
paraboloid. We shall now state the results for the

2 g2
hyperbolic paraboloid %—%@=2z corresponding to those

which we have proved for the hyperboloid. Their proof
is left as an exercise for the student.
The point of intersection of the generators

z_Y_ T, Y_=%.
a b—2>\, +!—; 3 seesecteessesenece (1)
z Yy w_» Yy z
-+—b=2,u, ~P=a -(2)

is given by " y
S=AHA G=p=A 2=2Ap

The direction-cosines of the generators are given by

Lmn, t_m_n

bW a b 24’
and hence the locus of the points of intersection of perpen-
dicular generators is the curve of intersection of the surface
and the plane 2z+a?—b2=0.

The plane .
2y ikl Z+-T} =0

passes through the generator (i) and is tangent plane at
the point of intersection of that generator and the generator
of the u-system given by u=2A/k.
The projections of the generators on the planes YOZ, ZOX
envelope the principal sections whose equations are
x=0, Y= —2b%; y=0, a®=2a%.

B8.Q. 1 A
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Any point on the second parabola is (2am, 0, 2m?), and if
A=pu=m, the generators of the A- and u-systems corre-
sponding to these values project into the tangent to the
parabola at **m.”

Any point on the surface is given by

x=arcosf, y=>brsinf, 2z=r%cos26,

and the equations to the generators through “», 0" are

72 9
z—arcosf y—brsinf o =g c0s20
a ~ 4b " r(cosOFsin6)

Ex. 1. Shew that the angle between the generating lines through
{z, g, %) is given by i 0 o
tan 9=ab(l +“3+'7bL,> (z+“ “b-) ;

at 2

Ex. 2. Prove that the equations
4r=a(l+cos26), y=bcoshe¢cosh, z=ecsinhpcosh

determine a hyperbolic paraboloid, and that the angle between the
generators through “@, ¢ ” is given by
sec Y= {(h2+ c?)? + atcost O + 2a2(h? + c?)cos?f cosh 2¢}*
- b2 — i+ atcos?f )

Ex. 3. Prove that the equations
2r=ae®®, y=be?coshf, z=cebsinh @

determine a hyperbolic paraboloid, and that 6+¢ is constant for
points of a given generator of one system, and @ — ¢ is constant for a
given generator of the other.

Ex. 4. Planes are drawn through the origin, O, and the generators
through any point P of the paraboloid given by 22—y?=az. Prove

that the angle between them is tan™! %’:, where r is the length ot OP.

Ex. 5. Find the 2]ocus of the perpendiculars from the vertex of
the paraboloid :—:—-%—,=2z to the generators of one system.

2 2
Ans. xz+yﬂ+2z2a:a;;)b zy =0,

Ex. 6. The points of intersection of generators of zy=az which are
inclined at a constant angle « lie on the curve of intersection of the
paraboloid and the hyperboloid #*+y*— 22 tan*w. + «?=0.
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107. Conicoids through three given lines. The general
equation to & conicoid,
az?+ byt +c2®+ 2fyz + 2920+ 2hxy + 2ux + 2vy + 2wz +d =0,
contains nine constants, viz., the ratios of any nine of the
ten coefficients a, b, ¢, ... to the tenth. Hence, since these
are determined by nine equations involving them, a coni-
coid can be found to pass through nine given points. But
we have proved that if three points of a straight line lie
on a given conicoid, the line is a generator of the conicoid.
Therefore a conicoid can be found to pass through any
three given non-intersecting lines.

108. The gencral equation to a conicoid through the two
given lines u=0=7. «'=0="v/, is

Auw + puv’ 4 vou’ + pvv’ =0,

since this equation is satisfied when w=0 and v=0, or
when #'=0 and v'=0, and contains three disposable
constants, viz. the ratios of A, u, v to p.

109. To find the equation to the conicoid through three
given non-intersecting lines.

If the three lines are not parallel to the same plane,
planes drawn through each line parallel to the other two
form a parallelepiped, (fig. 45). If the centre of the
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parallelepiped is taken as origin, and the axes are parallel
to the edges, the equations to the given lines are of the
form,

MW y=bz=—c; () 2z=cz=-c; B)z=a, y=-b,
where 2a, 2b, 2¢ are the edges. The general equation to a
conicoid through the lines (1) and (2) is

(y—0)(z—c)+A(y —b)(z+a)
+u(z+e)(z—c)+v(z+c)(z+a)=0.

Where z=a, y= —b meets the surface we have

2%+ 2z(av —b) — uc®+ 2¢(av + b) — 4ab =0,
and if z=a, y= —b is a generator, this equation must be
satisfied for all values of z. Therefore
) c(av+b) ¢

n=0, V= A=T 2ab o

and the equation to the surface is
ayz+ bzx+ cxy + abc=0.

B,

Fra. 46.

The origin evidently bisects all chords of the surface
which pass through it, and therefore the surface is a
central surface, and is therefore a hyperboloid of one sheet.
(Ct. §47, Ex. 1)

If the three lines are parallel to the same plane, let any
line which meets them be taken as z-axis. If the lines are
AB;, AB,, AB;, (fig. 46), and the z-axis meets them in
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C,, C,; C,;, take AB, as a-axis and the parallel to A,B,
through C, as y-axis. Then the equations may be written
1) y=0, 2=0; (2) 2=0, z=w; (3) lx+my=0, z=0.
The equation to a conicoid through the lines (2) and (3) is
Az(le+any)+ px(z— B)
+rv(z—a)(lx+my)+ p(z—o)(z—B)=0.
If y=0, z=0 is a generator, the equation
N —x(uB+vi)+ paB=0
must be satisfied for all values of «, and therefore
A=p=0, puB+rlo=0;
and hence the equation to the surface is
z{lz(a—B)—Bmy} +oBmy =0.
Since the terms of second degree are the product of linear
factors, the equation represents a hypernoiic paraboloid.

110. The straight lines which meet four given lines
If A, B, C are three given non-intersecting lines, an infinite
number of straight lines can be drawn to meet A, B, and C.
For a conicoid can be drawn through A, B, C, and A, B, C
are generators of one system, say the A-system, and hence
all the generators of the u-system will intersect A, B, and C.

A fourth line, D, which does not meet A, B, and C, meets
the conicoid in general in two points P and Q, and the
generators of the u-system through P and Q are the only
lines which intersect the four given lines A, B, ¢, D. If,
however, D is a generator of the conicoid through A, B,
and C, it belongs to the A-system, and therefore all the
generators of the u-system meet all the four lines.

111, If three straight lines can be drawn to meet four
given mon-intersecting lines A, B, C, D, then A, B, C, D are
generators of a conicoid.

If the threce lines are P, Q, R, each meets the conicoid
through A, B, C in three points, and is therefore a generator.
Hence D meets the conicoid in three points, viz. the points
of intersection of D and P, Q, R; and therefore D is a
generator.
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Ex. 1. A A’; B, B'; C, C' are points on X'OX, Y'OY, Z'OZ.
Prove that BC’, CA’, AB’ are generators of one system, and that
B'C, C'A, A'B are generators of the other system, of a hyperboloid.

Ex. 2. A, A’; B, B’; C, C' are pairs of opposite vertices of a skew
hexagon drawn on a hyperboloid. Prove that AA’, BB’, CC’ are

concurrent.

Ex. 3. The altitudes of a tetrahedron are generators of a hyper-
boloid of one sheet.

Let A, B, C, D be the vertices. Then the planes through DA,
perpendicular to the plane DBC, through DB, perpendicular to tha
plane DCA, and through DC, perpendicular to the plane DAB, pass
through one line, (§ 45, Ex. 6, or §44, Ex. 22). That line is therefore
coplanar with the altitudes from A, B, C, and it meets the altitude
from D in D, and therefore it meets all the four altitudes. The corre-
sponding lines through A, B, C also meet all the four altitudes,
which are therefore generators of a hyperboloid.

Ex. 4. Prove that the perpendiculars to the faces of the tetrahedron
through their orthocentres are generators of the opposite system.

Ex. 5. Prove that the lines joining A, B, C, D to the centres of
the circles inscribed in the triangles BCD, CDA, DAB, ABC are
generators of a hyperboloid.

112. The equation to a hyperboloid when two inter-
tecting generators are coordinate axes. If two inter-
secting generators are taken as xz-axis and y-axis, the
equation to the surface must be satisfied by all values of
when y=2=0, and by all values of y when z=2=0.

Suppose that it is

ax?+by?+ c2® + 2fyz + 2922 + 2hay + 2ux + 2vy + 2wz =0.
Then we must have
a=u=0, and b=v=0,
and therefore the equation takes the form
2 +2fyz + 2g2x + 2hay + 2wz =0.

Suppose now that the line joining the point of intersection
of the generators to the centre is taken as z-axis. Then,
since the generators through opposite ends of a diameter
are parallel, the lines y=0, z2=2y; 2=0, 2=2y are
generators, the centre being (0,0, v). Whence

f=9=0, y= —wje,
and the equation reduces to
c2*+ 2hay + 2wz =0.
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Ex. 1. Prove that (y+mz)(z+4nr)+4kz=0 represents a paraboloid
which passes through OX and OY.

Ex. 2. The generators through a variable point P of a hyperholoid
meet the generators through . fixed point O in Q and R. If OQ:OR
is constant, find the locus of P.

Take OQ and OR as z- and y-axes, and the line joining O to the
centre as z-axis. The equation to the hyperboloid is

7>+ 2hxy + 2wz=0.

It may be written  z(cz+2w)+2hry =0,
and hence the systems of generating lines are given by

2=2hAz, A(cz+2w)+y=0:
z=2hpy, p(cz+2w)+x=0.

OX belongs to the A-system and corresponds to A=0; OY belongs to
the u-system and corresponds to u=0. If P is(§. n, ), the generators
through P correspond to

A=(j2n€,  p={J2hn.

Where a generator of the p-system meets OX,
y=0, z=0, x=-2uwp,

therefore 0Q= —2uu= —wl/hy.

Similarly, OR = — 2w\ = —u(/h,
and P therefore lies on the plane z=4£y.

[OQ and OR may be found more easily by considering that the
i)lane PQR is the tangent plane at P whose equation (see §134) is

ne+h&y+(c(+w)z+w =0.]
Ex. 3. Find the locus of P if (i) OQ - OR=#? (ii) OQ*+OR?=1}2
Ex. 4. If OQ*+OR-2 is constant, P lies on a cone whose vertex

is O and whose section by a plane parallel to OXY is an ellipse whose
equal conjugate diameters are parallel to OX and OY.

Bx. 5. Shew that the projections of the generators of one system
of a hyperboloid on the tangent plane at any point envelope a conic.

Take the generators in the given tangent {ane as OX and OY, and
the normal at O as OZ. The plane z=Ay is a tangent plane, (§97),
and the projection on OXY of the second generator in which it meets
the surface has equations

2=0, cAy+2A(92+)fy+w)+2hz=0.
Whence the envelope of the projections is the conic
2=0, (gr+fy+w)=2chzy.

*113. Properties of a given generating line. If we
have a system of rectangular axes in which the z-axis is
a generator and the z-axis is the normal at the origin,
the equation to the hyperboloid is of the form,

by?+ c2?+ 2fyz + 292z + 2hay + 2wz =0,
or y(by +2hx)+2(cz+ 292+ 2fy + 2w) =0.
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The systems of generating lines are given by
Ay=2z, (by+2hx)+A\(cz+29x+2fy+2w)=0;
o= pu(cz+29x+2fy +2w), z+ u(by+2hx)=0.

The z-axis belongs to the u-system and corresponds to
p=0. The generator of the A-system through the point
(o, 0, 0) is given by —ho

A= go+w

The tangent plane at (a, 0, 0) is the plane through this
generator and OX. Its equation is therefore Ay =z,
or hoy +z(goe +w)=0.

Let P, (o, 0, 0), P, (o, 0, 0) be points on the z-axis.
Then the tangent planes at P and P’ are at right angles if

(B4 g*) o +wg (o + o) +w?=0,

o W9 \(qry W9\ —wh
t.e. if <a+k2+92)<a. +h2+g‘-’)_(h2+g2)2' ceeend(1)

Therefore if C is the point ( - }Z:UT”(]‘?’ 0, 0), CP.CP’ is

constant for all pairs of perpendicular tangent planes
through OX. C is called the central point of the generator
oX. If the origin is taken at the central point, the equa-
tion (1) must take the form ao’=constant, and therefore
g=0, and ao’= —w?h®. The equation to the conicoid
when OX is a generator and O is the central point, OZ is
the normal at O, and the axes are rectangular, is therefore

by?+c2®+ 2fyz + 2hay + 2wz =0.

Ex. 1. Find the locus of the normals to a conicoid at points of a
given generator.

Taking axes as above, the equations to the normal at (e, 0, 0) are
’%:% =§}. The locus of the normals is therefore the hyperbolic

paraboloid whose equation is Azz=wy. IthasOXand OZ as generators,
and its vertex at the origin.
Ex. 2. The anharmonic ratio of four tangent planes through the
same generator is the anharmonic ratio of their points of contact.
The tangent plane at (e, 0, 0) is o,y +wz=0, whence, by § 38, Ex. 4,
the anharmonic ratio of the planes is
(o — o) (o5 — ‘14)'
(00— ag)(oy — a2y)
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Ex, 3. Four fixed generators of the same system meet any generator
of the opposite system in a range of constant anharmonic ratio.

Ex. 4. Find the locus of the perpendiculars from a point on a
hyperboloid to the generators of one system.

'Fake O, the point, as origin, and a generator through O as OX
Take the normal at O as OZ, then XOY is the tangent plane at O.
The equation to the hyperboloid is

by + 22+ 2fyz + 292 + 2hay + 2wz =0.
The systems of generators are given by
Ay=z, (by+2hz)+ A(cz+292+2fy+2w)=0;
y=plcz+29x+2fy+2w), 2+ p(by+2hz)=0.

The locus of the perpendiculars to the generators of the A-system is

the cubic cone
z(c2+2fyz+by?) - 2(y* + ) (hy +92)=0.

*114. The central point and parameter of distribution.
Taking the axes indicated in §113 the equation to the
conicoid is by?4-c22+2fyz+ 2hay + 2wz =0.

The equations to the system of generators to which
OX belongs are

y=A2fy+cz+2w), z+A(2hx+by)=0,
OX being given by A=0. The direction-cosines of a
generator of this system are proportional to
bea2—2fA+41, —2ch\% 2RA(2fA—1),
and therefore the shortest distance between this generator
and OX has direction-cosines proportional to
0, 2fA-1, oA

Hence the limiting position of the shortest distance, as A
tends to zero, is parallel to OY. Again, any plane through
the generator is given by

Y(2fA=1)+cAz+ 2w~k {2k x + DAy + 2} =0.
This plane meets OX where z=w/hk. It contains the
sD.E (A~ 1)(2FA = 1—bkN)+eA(cA —k) =0,

.. _1—4fx
v.e if k—m,

squares and higher powers of X being rejected.
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Therefore the s.0. meets OX where
N G 1Y
TR(I=4)

Since z tends to zero with A, the limiting position of the
s.D. is OY. Hence the central point of a given generator is
the point of intersection of the generator and the shortest
distance between it and a consecutive generator of the
same system.

The equation y=A(2fy+cz+2w) represents the plane
through the \-generator parallel to OX. Therefore the
shortest distance, J, is given by

§= 2wA _
NA=2IA)P+ AT
rejecting A%, ete.

Again, if 0 is the angle between the generator and OX,

bea?—2fA+1
N (BNE=2 N+ LR+ 4PN+ 4IEN2(2A— 1)
whence, if A? and higher powers be rejected,
0=2hM.

The limit of the ratio §/6, as A tends to zero, is called
the parameter of distribution of the generator OX. Denoting
it by p, we have Qwh  w

P=Lto =%

Cor.  If O is the central point and the tangent planes at

A and A’ are at right angles, OA . OA’= —p?.

2w,

cos O=

Ex. 1. If the generator “¢” of the hyperboloid
B g 2
atpE—a=l
z—acosd_y-bsing
asing  —bcosp —¢
and @ is the angle between the generators “¢” and “¢,;,” prove that
sin?f= a’bzsinf(q.S — ) +a%*(sin p— sin. )%+ b%¥cos ¢ — cos ¢ )?
(a?sin?¢h - b2 cos? + c2)(u?sin?p, + b2cosip, +c?) ?
d _(a®?+ b%*?sin’p + c’a? cosng)}

and deduce that 7 S F W e

is given by
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——h—-\__’_/—’_-_\\
Ex. 2. Prove that the shortest distance, §, between the generators
&” and “ ¢, ” is given by
2abesin ﬁzli’

&=
i —o\}
(b“c2 sin? ¢‘: ¢ + c?atcos? & ;' ¢ +a?bicos? flz_‘f’)

s _ abe
dp (a2b?+ bre?sin?ep + c2u?cos?)} )
Ex. 3. Prove that the parameter of distribution for the generator
“eris abe(atsin’ +bcos'h + ¢!
a?b? + b¥c?sinp + clatcosi’
Ex. 4. If D is the distance of any generator of the hyperboloid

22yt 2R
atE—a~!

and deduce that

from the centre, and p is its parameter of distribution, D?p=abe.
Ex. 5. Find the coordinates of the central point of the generator

[ »
The equation to the plane through the generator “¢” parallel to
the generator “ ¢,” is

z. ¢+d y btz P . b
SN —peos g +ccos 3 +sin 3 0.

Whence the direction-cosines of the s.. between the generator “¢*
and a consecutive generator of the same system are proportional to

1. 1 1
Zsin ¢ - 3008 é, 5
The coordinates of any point, O, on the generator are

a(cos p—ksin ), b(sinp+kcos), ck.

If O is the central point the normal at O is perpendicular to the
8.0, between the generator and a consecutive generator of the sameo

system. Hence we find
b 3(b* - a*)sin p cos ¢
= a%b? + b¥c? sin’ + c%a? cosip’
and the coordinates of the central point are given by
z

x _ y _ i
a6+ cP)cosp b3(cF+ad)sing (bi—af)sinpcos
1

= %% + bt sinip + ca? cos’p’

Ex. 6. TFind the locus of the central points of the generators of
the hyperboloid.

The equation to a surface containing the central points is obtained
by eliminating ¢ between the equations for the coordinates. It is

(] 6
%(b2+c*)2+;—;—,(cz+a“‘)2—:;:(b2-a’)“=0.
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oty .
Ex. 7. For the generator of the paraboloid A~ =2 given by

z Y z z ca L
&—'é=2)k, ;+%= 5 Pprove that the parameter of distribution is

ab(a2+b2+4/\")’ and that the central point is

( 2a°N  -265A 2(a*- bz))\z)
W+ @f+b T aftbr /)
Prove also that the central points of the systems of generatois lie on

Pyt

the planes % + ;;(3=0.

Ex. 8. If G isa given generator of a hyperboloid, prove that the
tangent plane at the central point of G is perpendicular to the tangent
plane to the asymptotic cone whose generator of contact is parallel
to G.

Ex. 9. A pair of planes through a given generator of a hyper-
boloid touch the surface at points A and B, and contain the normals
at points A’ and B’ of the generator. If @ is the angle between them,

AB.A'B’
20— B
prove that tan2f= AB'. AB°

Ex. 10. If the tangent plane at a point P of a generator, central
point O, makes an angle A with the tangent plane at O, p tan §=OP,
where p is the parameter of distribution

*Examples VI.

1. Prove that the line lz+my+nz+p=0, l'z+m'y+n'z+p'=0is a
generator of the hyperboloid 2%/a+y2/b+2%/c=1 if ul2+bm2+cn?=p?,
al’?+bm'+en*=p'%, and all + bmm’ +cun’ =pp’'.

2. Shew that the equations
Y-Ae+A+1=0, (A+1)z+y+A=0

represent for different values of A generatox‘s of one system of the
hg'perboloid y2+zx+xy+1=0, and find the equations to generators
of the other system.

2 2 2
3. Tangent planes to ‘:—2+%2—%=1, which are parallel to tangent

planes to ¢
b*c%r? | oyt | a?b%?
EoRETE g T g2 2T

cut the surface in perpendicular generators.

4. The shortest distances between generators of the same system
drawn at the ends of diameters of the principal elliptic section of the

2 42
hyperboloid §:+%§—Z—2=1 lie on the surfaces whose equations are

oxy _ o abz
x2+y§— at -2
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5. Shew that the shortest distance of any two perpendicular
members of that system of generators of the paraboloid y(ax+by)=z,
which is perpendicular to the y-axis, lies in the plane a%=b.

6. Prove that any point on the lines
z+l=py=—(n+1)z
lies on the surface y2tar+ay+y+2=0,
and find equations to determine the other system of lines which lies
on the surface.

7. The four conicoids, each of which passes through three of four
given non-intersecting lines, have two common generators.
8. Prove that the equation to the conicoid through the lines
u=0=vp, w'=0=7,
A+ po+ A+ pv'=0=lu+mv+ v +m'
Au+pn  Tutmo
A'/u;+”l/vl“llul+mlvl
9. Show that, in general, two generators of the hyperbomgg
22la?+ 322 — 22t =1
can be drawn to cut a given generator at right angles, and that if they
meet the plane z=0 in P and Q, PQ touches the ellipse
228+ Y28 = A bh,

10. If from a fixed goint on a hyperboloid lines are drawn to
intersect the diagonals of the quadrilaterals formed by two fixed and
two variable generators, these lines are coplanar.

11. Through a variable generator x—y=A, x+y=2z/A of the
paraboloid #%-y%=2z a plane is drawn making a constant angle a

with the plane #=y. Find the locus of the point at which it touches
the paraboloid.

is

12. Prove that the locus of the line of intersection of two perpen-
dicular planes which pass through two fixed non-intersecting lines is
a hyperboloid whose central circular sections are perpendicular to the
lines and have their diameters equal to their shortest distance.

2 g2
13. Prove that if the generators of 2—:+'7L z—,=1 be drawn through

b ¢
the points where it is met by a tangent to
z? 7 1
2=0, a¥a?+c?) + b2+ al+ b7

they form a skew quadrilateral with two opposite angles right angles,
and the other diagonal of which is a generator of the cylinder

2 2( 2 2
D PO p

2
Z§=1 at points of a generator meet
the plane z=0 at points lying on a straight line, and for different
generators of the same system this line touches a fixed conic.

3 2
14. The normals to J—%+"/—.—
a?’ b?
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15. Prove that the Fenemtors of az?+by*+cz?=1 through (,, 1. 2,),
{22, y3, 2;) lie in the planes
(azy73+ by, y3+ 22y — 1) (@a® + by? + c22 - 1)
=2(awx, + byy, + cz5y ~ 1)(awwy + byy, + czz, — 1).
t‘@ The generators through points on the principal elliptic section
a?
accentric angle of the other, intersect on the curves given by
x=a(1 -3  b(3-1Y)

2 <
of +‘%—,—§2= 1, such that the eccentric angle of the one is double the

i¥e * '"Tixe

17. The planes of triangies which have a fixed centre of gravity
and have their vertices on three given straight lines which are parallel
to the same plane, touch a cone of the second degree, and their sides
are generators of three paraboloids.

18. The cubic curve
1 1

1
=xmw VTSR Ay
meets the conicoid ax?+by®+c¢:2=1 in six points, and the normals at
these points are generators of the hyperboloid
ayz(B—y)+bzz(y - o) +exy(o.— B)+2(b-c)+y(c - @) +2(a-b)=0.

19. Prove that the locus of a point whose distances from two given
lines are in a constant ratio is a hyperboloid of one sheet, and that
the projections of the lines on the tangent plane at the point where
it meets the shortest distance form a harmonic pencil with the
generators through the point.

z?

20. The generators through P on the hyperboloid =

meet the plane z=0 in A and B. If PA:PB is constant, find the
locus of P.

21. If the median of the triangle PAB in the last example is
parallel to the fixed plane ax+ By+7yz=0, shew that P lies on the
surface z(ox + By) +y(c*+2%)=0.

22. If A and B are the extremities of conjugate diameters of the
principal elliptic section, prove that the median through P of
the triangle PAB lies on the cone

212 _2}/_’_( z )’
@ t=\e*l)

23. A and B are the extremities of the axes of the principal elliptic

z=+%ct.

y: 22
tha—a=1

3 42
section of the hyperboloid 2—:+%—2 —f?,= 1,and T is any line in the plane

of the section. G,, G, are generators of the same system, G, passing
through A and G, through B. Two hyperboloids are drawn, one
chrough T, G, OZ, the other through T, G;, OZ. Shew that the
other common generators of these hyperboloids lie on the surface

22 P z(x z) z y_

&t pto\aTs) "=
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24, Prove that the shortest distances between the generator

z.?2 —si ¥ Zsi

c‘._ccosxm. sin o, 3 csma.+cosw
and the other generators of the same system, meet the generators in
points lying in the plane

f_caﬁ_‘i‘ (a2—b-24ct)4L20% ’b" X (—a2+bt+cB)+ f (a~i+b-3+c9)=0.

25, If the generators through P, a point on che hyperboloid
2% g 22
atp—a=h

whose centre is O, meet the plane z=0 in A and B, and the volume of

the tetrahedron OAPB is constant and equal to abe/6, P lies on one
of the planes z= +c.
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CHAPTER X
CONFOCAL CONICOIDS.

116. Confocal conicoids are conicoids whose principal
sections have the same foci. Thus the equation
o2

¥4

22 2y? B
ZoatEata_y!

represents, for any value of A, a conicoid confocal with
a? P 22
atpta=t

since the sections of the conicoids by the planes YOZ, ZOX,
xoY are confocal conics. Again, if arbitrary values are
assigned to « in the equation
2
o
b and ¢ being constants, we obtain the equations to a
system of confocal conicoids. 1f this form of equation be
chosen to represent a confocal « is called the primary semi-
axis.
The sections of the paraboloids
@ Y
FXTEX

y2 zz
te pta—e b

a? o
=2Z—x, ?+I§=2Z,

by the planes YOZ, ZOX, consist of confocal parabolas, and
hence the paraboloids are confocal.

116. The three confocals through a point. 7Through
any point there pass three conicoids confocal with a given
ellipsoid,—an ellipsoid, a hyperboloid of one sheet, and a
hyperboloid of two sheets.
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2 2

. y? 22
The equation ZatEotes 7\—1 represenbs any

conicoid confocal with the ellipsoid a2+1ll>2+ ;=1. If the
confocal passes through (o, B, y),

2 2
aﬁ +b267\+021)\=1’
or  fA)=(«*=N)(B*—A)(¢* = N)— (B2 —A)(—])
— B2 —=A)(a® =) =y (a* =) (b*—=N)=0.
This cubic equation in A gives the parameters of three
ronfocals which pass through (o, B, y). Suppose that
a>b>c. When

A= o, a®, b, ¢ -—o,
f()\) is - - 4+, -, +.
Hence the equation f(A)=0 has three real roots A, \,,Aq
such that a2> A > >N >E >,

Therefore the confocal is a hyperboloid of two sheets, a
hyperboloid of one sheet, or an ellipsoid, according as
A=A, Ag, OF A5,

As X\ tends to ¢ the confocal ellipsoid tends to coincide
with that part of the plane XCY enclosed within the ellipse
2=0, ‘ﬁg:f—(?+ Bz—"l_/_%=l; and the confocal hyperboloid of
one sheet tends to coincide with that part of the plane
which lies without the ellipse. As A tends to b% the con-
focal hyperboloid of one sheet tends to coincide with that
part of the plane ZOX which lies between the two branches

of the hyperbola y = 0, - b2+ bz-l and the confocal

hyperboloid of two sheets tends to coincide with the two
portions of the plane which are enclosed by the two branches
of the hyperbola. If A =a? the confocal is imaginary. The
above ellipse and hyperbola are called the focal conies.
BEx. 1. Three paraboloids confocal with a given paraboloid pass
through a given point,—two elliptic and one hyperbolic.
b0, N
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Ex. 2. Prove that the eqration to the confocal through the point
of the focal ellipse whose eccentric angle is o is

22 R Y 2 + 2 =1
(@?=8%)cos?e.  {a®—b?)sin’a " ¢*—a?sin’e —bicos?oL

Ex. 3. Prove that the equation to the confocal which has a system
of circular sections parallel to the plane =y is
I + y‘.! . ,__?L- o 1
(F=d?)(u=0%) " (b - B)(a?-b?) 2(b*—c?)(ct—a?) 2c2-a’-b¥

117. Elliptic coordinates. Since A, A,, A; are the roots
of the equation f(A)=0,

JA) = =A=ADA=2A)A=2y).
Therefore
@ B f
at—=\ b2—A A=A (@=N)B2=N)(E-N)
= ZA=AA=N)A =)
(@ =X)(B*=N)(c* =) *
Hence, by the rule for partial fractions,
_@A@ @D g (PGB
G=ah)(ct—a?) T T (@@= a=t)
2 (C=AM)(E ANy
@=&B=
These express the coordinates ., B, v of a point P, in
terms of the parameters of the confocals of a given conicoid
that pass through P; and if the parameters are given, and
the octant in which P lies is known, the rosition of P is
uniquely determined. Hence A, A,, \; are called the
elliptic coordinates of P with reference to the fundamental
conicoid x?/a?+y?/b%+22/c?=1.

az

Ex. 1. If a, ay, a, are the primary semi-axes of the confocals to
#°/a’ +v*/b*+2%/c?=1 which pass through a point (a, f3, y),
o Oaa?

)@ -

@ ma+a) (- atta (B -alta)
(=B (al- b3) ’

y*=(°' —a3+a,2)(c*— a®+ a,?)(c? — a?+ agd)
(= - oY) ‘
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Ex. 2. What loci are represented by the equations in ellintic
coordinates,
(i) A;+ A+ A;=constant,
(i1) AgAg+ AgA;+ A A;=constant,
(iii) A;AgA;=constant ?
EBx. 3. 2If Ay, Ay, A; are the parameters of the paraboloids con-
focal to —+% 2z which pass through the point (e, 8, y), prove that
as=(@=M)@=A)(a-Ay) Br= (b= -A)(b-Ay)

b-a a-b

M+M+A—a—b
~fdthmad

/ 118. Confocals cut at right angles. The tangent planes
to two confocals at any common point are at right angles.
Let (ml, Y1, 2,) be a point common to the confocals to

a2+g;+ —=1, whose p.nametcr% are \; and A,.

Y 2’
Then Py + - + Fon, 1
d 2 12 2? 1
an iy W W T ety

Therefore, subtracting,
@2 Y2 + 2 o
( )\1)((1.2—)\2) (bz ADBE=N,) T (BE=A)(E=N,)
and this is the condition that the tangent planes at
(@,, ¥y, 2,) to the confocals should be at right angles.

Cor. The tangent planes at a point to the three con-
focals which pass through it are mutually perpendicular.

119. Confocal touching given plane. One conicoid con-
focal with a given conicoid touches a given plane.

For the condition that the plane lz+my+nz=p should
touch the conicoid

a2 y? 2
Foatpataa—t
viz, p*=(a?—A)P4(b*=N)mi+(cE—=A)n?,

determines one value of A.
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Ex. 1. A given plane and the parallel tangent plane to a conicoid
are at distances p and p, from the centre. Prove that the parameter
of the confocal conicoid which touches the plane is p 2 — p2

Ex. 2. Prove that the perpendiculars from the origin to the tangent
planes to the ellipsoid which touch it along its curve of intersection
with the confocal whose parameter is A lie on the cone

a’x’ b2y3 c%? =0.
atpxtexT
120. Confocals touchmg given line. Two conicoids
confocal with a given conicoid touch a given line and the
tangent planes at the points of contact ure at right angles.

The condition that the line x-;OL:y;‘B =z;;7 should
touch the conicoid

2 22
+b2y atEs =1
. 2 m? 'n,2 o’ B2 y?
vit, (ot o) (s +b2—)\+c2-7\—1)

- yn_
((1,2 At )\+02 A
o (Bn—ym)? I m? n?
or, 2o 7\)(02 - (L"—X+b2—7\+c“—7\’
gives two values of .
Let the equations to the two confocals be

a:2 y? 22
A‘+b + — A! 1, ............... (1)
-'132 'y zz
a2—7\2+b )\ + 7\2 1, ............... (2)

and let the line touch the first at P, (z,, ¥,, 2,) and the
second at Q, (%,, ¥,, 2,). Then, since PQ lies in the tangent
planes to the confocals at P and Q,

xle + ;’/172 + -'1"’2 =1 and fl“g Y1Ye + ffz =1
2=, "= at—x, T - =Ny CE=),

Therefore, subtractmg,

Z, %y %Y. + %2y
(“2"7\1)(“2—7\2) ((GEWICEW) (02-7\1)(32—7\2)
which is the condition that the tangent planes should be at
right angles.
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121. Parameters of confocals through a point on a
conicoid. If P is a point on a central conicoid, the
parameters of the two confocals of the conicoid which
pass through P are equal to the squares of the semi-axes
of the central section of the comicord which is parallel to
the tangent plame at P, and the normals to the confocals
at P are parallel to the axes.

22 a2 o2
Let P, (,, y,, 2,) lie on the conicoid 2—2+%+2~2= 1. Then

the parameters of the confocals through P are given by the
equation

@t oyt 2t _
Py S I S S +m
mz 2 z2
or; P M+W@2A)J@~A)Q

But the squares of the semi-axes of the section of the
conicoid by the plane %€1+y£/§1+%i—‘=0 are given by, (§ 86),
> y® 2z
a2(a2-—'r2)+b2(b2—7‘2)+c 2(ct—1?) =0
Therefore the values of \ are the values of % Again,
the direction-cosines of the semi-axis of length = are

given by l m n
_n YA
at—r? bi—nt gi—g?

and therefore the axis is parallel to the normal at (z,, y,, 2,)

to the confocal whose parameter is equal to 72

122. Locus of poles of plane with respect to confocals.
The locus of the poles of a given plane with respect to the
conicotds confocal with a given conicoid is the mormal
to the plane at the point of contact with that confocul
which touches it.

Let a confocal be represented by

22
&—A=L
and the given plane by Ilz+my+nz=1.

o

y2
EatEaT




182 COORDINATE GEOMETRY [cH %

Then, if (¢, 5, {) is the pole of the plane with respect to
the confocal,

Whence S_gl="—]=2_¢2

Therefore the locus of (& 5, {) is a straight line at right
angles to the given plane. Again, the pole of the plane
with respect to that confocal which touches it is the point
of contact. Hence the point of contact is on the locus,
which is therefore the normal to the plane at the point of
contact.

123. Normals to the three confocals through a point.
Three conicoids confocal 'with a given conicoid
zl

o+b2+ =1,

Fra. 47

pass through a given point P, and PQ, PR, PS, the normals
at P to the confocals, meet the polar plane of P with respect
to the given conicoid in Q, R, S. To prove that

PQ=\/p PR=N\y/pp PS=N\y/ps,
where p,, py, Py are the perpendiculars from the centre to
the tangent planes at P to the confocals, and A;, Ay, Ag are
the parameters of the confocals.
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If the coordinates of P, (fig. 47), are (a, B. y), the equations
to PQ are -
“¥=B_22v ()

pxa plﬁ Py
-‘Xl - 1 02"‘>\1

Hence, if PQ=r, the coordinates of Q are
(), o), o(14:25)
But Q is on the polar plane of P, and therefore
o+ S ) AN TS ) % (125 1)=1

e B 22
_wz—)\l+b2—7{1+c‘2—)\1'

Rearranging, this becomes
2

\ { ol ¥
(pir—2D) (iz(EE:K;) + BG—1,) + *(P— M)} =0.
Therefore »=A,/p,. Similarly, PR=2\,/p, and PS=2,/p,.

124. The tetrahedron PQRS 1s self-polar with respect to
the given conicotd.

Substituting A, for p,r, the coordinates of Q become

afo. OB Py

-, BE=X] =X
respect to the conicoid

mz/al,2 + Y262+ 2%cP=1
B 2z

e +b y>\ +aly =L
and therefore is the tangent plane at P to the confocal
whose parameter is A, or is the plane PRS. Similarly, the
polar planes of R and S are the planes PQS, PQR, and, by
hypothesis, the polar plane of P is the plane QRS.

Whence the polar plane of Q with

is given by

1256. Axes of enveloping cone. The normals to the
three confocals through P are the axes of the enveloping
cone whose vertex 18 P.

Since the tetrahedron PQRS is self-polar with respect to
the conicoid, the triangle QRS is self-polar with respect
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to the common section of the conicoid and enveloping cone
by the plane QRS. Therefore, (§78), PQ, PR, PS are
conjugate diameters of the cone, and being mutually per-
pendicular, are the principal axes.

126. Equation to enveloping cone. 7o find the equa-
tion to the enveloping cone whose vertex is P referred to
its principal axes.

The equation will be of the form Aa?+4 By?+C2*=0.
Since the tangent planes at P to the confocals are the
coordinate planes, C, the centre of the given conicoid, is
(—py» —Ps» —ps), and the equations to PC are

@py=y/p,=2/ps
But the centre of the section of the cone or conicoid by the plane
QRS lies on PC, and therefore its coordinates are of the form
kp,, kp, kp, and the equation to the plane QRS is, (§ 71),

(z—kp,)Ap,+(y — kpy) Bp,+(2 — kpy) Cp, =
By §123, the plane QRS makes intercepts \,/p;, Ay/ps
\g/P; on the axes, and therefore its equation is also

PZ, Dol | Ps%_
A T, T
A B c
T B e e J—.
herefore N "IN I
and the equation to the cone is
y
+ + =0.
M Ay

127. Equation to conlcmd. To find the equation to the
given comicoid referred to the mormals to the confocals
through P as coordinate axes.

The equation will be of the form

Y L2 (P Py PE Y
>\1+ +7\3_k( + >\2+?\3 1). ........... (1)

The centre C (—p;, =Py — ps) bisects all chords through

it. The equations to the chord parallel to OX are
2+p_Y+Pe_2+p;
i -6 ~ 0 =
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and hence the equation obtained by substituting »—p,,
— Py —p; for 2, 9, 2, in (1), viz,

w+£+ﬁ=k{m_ﬁ_&*_l}i
A A A A s Ag
takes the form L*+M=0. Therefore
1_p? p’, pd
bW + A, + b +1,
and the equation to the conicoid is
L z’)(pf P’ DS ) ( z, Py, P2\
Y L BN (P P Py ) (P® DY _1_4),
<>\1+>\2+A3 NI T TN TN TN,
Ex. 1. If A and p are the parameters of the confocal hyperboloids
through a point P on the ellipsoid
2% a? 4y b2 4 22t =1,
prove that the perpendicular from the centre to the tangent plane
at P to the ellipsoid is Ua%fz' Prove also that the perpendiculars to

IU.
the tangent planes to the hyperboloids are
\/(aﬂ‘ - A)(B%2— A)(ct- /\)’ x/(a‘f:ﬁ)?b2 —p)(ct—p)
AA-p) p(p—=A)
Bx. 2. If A, A;, A; are the parameters of the three confocals to
2%a?+y2[b%+ 2%c?=1

that pass through P, prove that the perpendiculars from the centre te
the tangent plane at P are

NERTINER)
ereynovs Rt
Ex. 3. If a, b, ¢;; ay by, ¢3; ay, by, c; are the axes of the
confocals to 2 g R

‘1—‘2+Fi+—7_§=1
which pass through a point (z, y, z), and p,, p,, p; are the perpen-

diculars from the centre to the tangent planes to the confocals at the
point, prove that :

2 52 53
At pmaltbied, Phlhila=y,
2 + Py + ps’ 1= o232y .
al-a? a-al al-ol (2% ~0*)(ay* - o) (a5 ~ of)

Ex. 4. If a, by, ¢;; ay by, ¢y; @y b;, c; are the axes of the
confocals to a given conicoid through P, show that the equations,
referred to the normals at P to the confocals, of the cones with P
as vertex and the focal conics as bases, are

22 g g
b12+’b_22+b_32_ 'y

Aoyt A
E—lz'i'g,'i‘a,—o.
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Ex. 5. Prove that the direction-cosines of the four common
generators of the cones satisfy the equations

B _ m
plla?  plfla? psllag
(The intercepts on these generators by the ellipsoid are called the
bifocal chords of the ellipsoid through the point P.)

Ex. 8. Prove that the bifocal chords of the ellipsoid

22 oy 2
Sthta=l
through a point P on the surface lie on a right circular cone whose

axis is the normal at P and who sesemi-vertical angle is cos~! _b.f__,
where A, A, are the parameters of the confocals through P. VA

Ex. 7. If the plane through the centre parallel to the tangent
plane at P meets one of the bifocal chords through P in F, then
PF =a.

Ex. 8. Pis any point on the curve of intersection of an ellipsoid
and a given confocal and r is the length of the central radius of the
ellipsoid which is parallel to the tangent to the curve at P. If p is
the perpendicular from the centre to the tangent plane to the ellipsoid
at P, prove that pr is constant.

CORRESPONDING POINTS.

128. Two points, P, (z, y, 2) and Q, (£ #, {), situated
respectively on the conicoids
a? P 2P a2 2
@tEta=h
are said to correspond when
v € ¥_n 2y

o« o b B ¢
If P and Q are any points on an ellipsoid and P" and
Q' are the corresponding points on a confocal ellipsoid,
PQ'=PQ.
Let P and Q, (z, ¥, 2), (& n, {) lie on the ellipsoid
w? 2 z2
iyt et
and let P’ and Q, (&', ¥, 2'), (£, %, {’) be the corresponding
points on the confocal
Y 22

a2 1
datpatea-t
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Then =g == :i_____, ete.

Therefore e, i \
om -t 01= Y (g

and hence

e 22 oy 22 2
v (e

¢t a?
which proves the proposition.
Bx. 1. If Pisa point on an ellipsoid and P’ is the corresponding

point on a confocal whose parameter is A, OP?—OP?2= ), where O is
the centre.

Ex. 2. OP, OQ, OR are conjugate diameters of an ellipsoid, and
P, Q, R’ are the points of a concentric sphere corresponding to
P, Q, R. Prove that OP’, OQ’, OR’ are mutually perpendicular.

Ex. 3. If P, Q", R” are the corresponding points on a coaxal
ellipsoid, OP”, OQ", OR" are conjugate diameters.

Ex. 4. An umbilic on an ellipsoid corresponds to an umbilic on
any confocal ellipsoid.

Ex. 5. P and Q are any points on a generator of a hyperboloid
and P’ and Q' are the corresponding points on a second hyperboloid.
Prove that P’ and Q' lie on a generator, and that PQ=P'Q’,

THE FOCI OF CONICOIDS.

*129. 1(I) The locus of a point such that the square on
its distance from a given point is in a constant ratio
to the rectangle contained by its distances from two fixed
planes 18 a conicoid.

The equation to the locus is of the form

(z—0)+(y—B)+(z—y)
=2(le+my +nz+p)lz+m'y+n'z2+p’),
which represents a conicoid.

Y(II) The locus of a point whose distance from a fixed
point i8 in a constant ratio to its distance, measured
parallel to a given plane, from a given line, is a conicord.

1That a conicoid could be gencrated by the method (I) was first
pointed out by Salmon. The method (II) is due to MacCullagh.
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Choose rectangular axes so that the given plane is the
xy-plane and the point of intersection of the given line
and given plane is the origin. Let the fixed point be

(o, B, v) and the fixed line have equations {-Dl——q-r—b—- -. The

plane through (¢, #, {) parallel to the xy-plane meets the
. .. . i§ mf

given line in the point (ﬁ, o {'), and therefore the

distance of (¢ », {) from the line measured parallel to
the given plane is given by

K\ mé\1*
{3 +6-3)
Hence the equation to the locus is

(@=af+ =B +e—yr=i{(e-2) +(y- ")},
which represents a conicoid.

In (I) the equation to the locus is of the form A¢ —uv=0
and in (IT) of the form A¢ —(u?+v?)=0, where

=(@—o)f+(y—B)+(=—y)
and w=0, v=0 represent planes. In either case, if S=0
is the equation to the locus, the equation S—A¢$=0 re-
presents a pair of planes In (I) the planes are real in
(II) they are imaginary, but the line of intersection, »=0,
v=0, is real in both cases. These suggest the following
definition of the foci and directrices of a conicoid :

If s=0 18 the equation to a conicoid and A, &, B, y can
be found so that the equation S—A¢p=0 represents two
planes, real or imaginary, (o, B, y) 8 a focus, and the
line of intersection of the planes is the corresponding
directrix.

If the planes are real we shall call (o, 3, y) a focus of
the first species, if they are imaginary, a focus of the
second species.

Lemma. If the equation F(z, F‘y 2)=0 represents a pair of planes,
the equations :aE—O, 5—-—0 —5—-—0 represent three planes pussing
through their line of 'mtersectwn,
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If F(, 3, 2)=wv, where u =ar+by+cz+d and v=adz+by+cz+d,
oF , OF , OF
then T = +an, 55=bv+bu, 5=t
whence the proposition is evident.

*130. Foci of ellipsoid and paraboloids. 7o find the
Joci of the ellipsoid

»2
a2+z2+§=1, (@>b>c).
The equation
z+3,§2+ —1-A@— 0P —AF = BP—A(z~y)i=0 ..(1)

is to represent a pair of planes, and hence, by our lemma,
the equations

1 z
= Ne=0)=0, F-Ay=-B)=0, Z-Ae—y)=0

represent three planes through the line of intersection.
The three planes pass through one line if

() A=y 0=0; or (i) A=p5, B=0; or (i) A=, y=0.

The line is,
- b? c? . —c? o
(1)y—- §2’ z=3-:_2&—2; or (n)z=b2 z;, C= g
—d’o b?B

or (iil) # = Y=
(i) g Y= B_

But the line is the line of intersection of the planes given
by equation (1), and therefore the coordinates of any point
on the line satisfy equation (1). Therefore, substituting
from the equations to the line in equation (1), we obtain

2
i) -2—'8?)—2—-—7—=1, and in this case, x =0;

(ll) bz 2 + b2 » » B =0 >

2
(111) cz tr—z bzﬂ z=L » Y= 0

i ¥ sad
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Hence, (i) there is an infinite number of imaginary foci
in the y2-plane lying on the imaginary ellipse

and the corresponding directrices are imaginary.

(ii) There is an infinite number of real foci in the zz-plane
lying on the hyperbola

=0 = 2 =1, (the focal hyperbola)
Y=Y FopTE—a="b ,

and the corresponding directrices are real.

(iii) There is an infinite number of real foci in the zy-plane
lying on the ellipse
2 2
2=0, ——+pP—=1, (the focal ellipse),

and the corresponding directrices are real

The directrix corresponding to a point (a, 0, y) on the
focal hyperbola has equations

g S0 Z__—czy
YERED TR

2 2
. . o
and therefore, since AR o=l

the directrices corresponding to points on the focal hyper-
bola lie on the hyperbolic cylinder

2¥(a?—b?) 22A(b%—c?)
1 - — =L
o ¢

Similarly, the directrices corresponding to foci which lie
on the focal ellipse lie on the elliptic cylinder

22— c? 2(}2 — o2
( a“ )+y( b‘ )=1.
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1f (e, 0, y) is & point on the focal hyperbola,

1
s—Ap= Gt ht hm 1 p{@ =Py 4 =),
a®—b? alo. b2—c? >y
=~ 2 (""az-bz) TR (Z+b )
(X'Z 72
ta—r e b

a?—b?
= =R —r (@ —€F + bcz (z P
where the equations to the directrix corresponding to
(v, 0, ) are z=¢, z={ But the equations to the planes
through the line x=¢, z=¢, parallel to the real circular
sections, are

\/a —b f):f:\/b (2= ¢)=0.

Therefore any point on the focal hyperbola is a focus of
the first species, and the ellipsoid is the locus of a point the
square on whose distance from a focus of the first species
is proportional to the rectangle under its distances from
the two planes through the corresponding directrix parallel
to the real circular sections.

If (o, ﬁ 0)is a point on the focal ellipse,

s—Ap=Tt Lot 1S @—ap+ (- By +2),

= ca;;c;t2 (w - c;iig) 2 + becf) : (y bzb-g-ﬂcz)
B

+ et s

cZ—a? 2 b2
=92 “ac® (x £)2+cb202 (3/"'1)2,

where the equations to the directrix corresponding to
(@, B, 0) are z=¢, y=5 Now the equation to a plane
through P, («, y' 2’) parallel to a real circular section is

b

V-—“—(w—m)j: (z-—z) 0,
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and hence this plane meets the directrix z=¢, y=y in the
point P, whose coordinates are

, ¢ [a3=02
& z:ta b2 cz(f-
The distance PP’ is the distance of P from the directrix,
measured parallel to the plane. It is given by

{ -¢ )222(((52 cz)+(?/ '7)2}{

—c?)}
or :/‘Ez—“b_-‘c_——;i{( £)2a a2cE +(y ) bzc..c} .

Hence any point on the focal ellipse is a focus of the
second species, and the ellipsoid is the locus of a point
whose distance from a focus of the second species is pro-
portional to its distance, measured parallel to a real circular
section, from the corresponding directrix.

By the same methods, we find that the points on the
parabolas

2 2
() z=0, Zi3_/:7)=—2z+a; (i) =0, F§&=—2z+b

2 g2
are foci of the paraboloid %+%=2z. These parabolas are

called the focal parabolas. The corresponding directrices
generate the cylinders

@) b,;;ay2=2z+a, (i) L5 a2 =20+ b.

If (0, B, y) is any point on the focal parabola in the
yz-plane,

s-ag=4¥ 2oLt r y—prae—y1)
e = R PR

If (o, 0, ¥) is any point on the focal parabola in the
zz-plane.
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_2 Ly 1 2 1 02 2
S=Ap=—+% 22— p{(@—0f+y’+(z—7)"}

b— 21
o) ey

Whence the species of the foci can be determined if the
signs and relative magnitudes of « and b are given.
Cor. All confocal conicoids have the same focal conics.

Ex. 1. Prove that the product of the eccentricities of the focal
conics is unity.

Ex. 2. Find the equations to the focal conics of the hyperboloid
2*+yz—-2=0. Ans. x=0, y*+4yz+22=6; y—2=0, 22*+3y*=12.

Ex. 3. If Pis a point on a focal conic, the correspouding directrix
intersects the normal at P to the conic.

Ex. 4. If Pisa point on a focal conic the section of the conicoid
by the plane through P at right angles to the tangent at P to the
conic has a focus at P.

Ex. 5. If P is any point on the directrix of a conicoid which
corresponds to a focus S, the polar plane of P passes through S and
is at right angles to SP.

Ex. 6. The polar plane of any point A cuts the directrix corre-
sponding to a focus S at the point P. Prove that AS is at right
angles to SP.

Ex. 7. If the normal and tangent plane at any point P of a
conicoid meet a principal plane in the point N and the line QR, QR is
t,!lle polar of N with respect to the focal conic that lies in the principal
plane.

Ex. 8. Prove that the real foci of a cone lie upon two straight
lines through the vertex (the focal lines).

Ex. 9. Prove that the focal lines of a cone are normal to the cyclic
planes of the reciprocal cone.

Ex. 10. The enveloping cones with vertex P of a system of con-
focal conicoids have the same focal lines, and the focal lines are the
generators of the confocal hyperboloid of one sheet that passes
through P.

* Examples VII.

1. If the enveloping cone of an ellipsoid has three mutually
perpendicular generators the plane of contact envelopes a confocal.

2. The locus of the polars of a given line with respect to a system
of confocals is a hyperbolic paraboloid.

3. Through a straight line in one of the principal planes, tangent
planes are drawn to a system of confocals. Prove that the points of
contact lie in a plane and that the normals at these points pass
through a fixed point in the principal plane.
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4. Shew that the locus of the centres of the sections of a system of
confocals by a given plane is a straight line.

5. If PQ is perpendicular to its polar with respect to an ellipsoid,
it is perpendicular to its polars with respect to all confocal ellipsoids.

6. Any tangent plane to a cone makes equal angles with the planes
through the generator of contact and the focal lines.

7. Through any tangent to a conicoid two planes are drawn to
touch a confocal. Prove that they are equally inclined to the tangent
plane to the conicoid that contains the tangent.

8. The locus of the intersection of three mutually perpendicular
planes each of which touches a confocal is a sphere.

9. The sum of the angles that any generator of a cone makes with
the focal lines is constant.

10. The four planes through two generators OP and OQ of a cone
and the focal lines touch a right circular cone whose axis is the line
of intersection of the tangent planes which touch the cone along OP
and OQ.

11. The planes which bisect the angles between two tangent planes
to a cone also bisect the angles hetween the planes containing their
line of intersection and the focal lines.

12, A conicoid of revolution is formed by the revolution of an
ellipse whose foci are S and S'. Prove that the focal lines of the
enveloping cone whose vertex is P are PS and PS'.

13. The feet of the normals to a system of confocals which are
parallel to a fixed line lie on a rectangular hyperbola one of whose
asymptotes is parallel to the line.

14. A tangent plane to the ellipsvid 2%/a?+ y?/b%+22/c?=1 intersects
the two confocals whose parameters are A and p. Prove that the
enveloping cones to the confocals along the curves of section have a
common section which lies on the conicoid

alx? b2y? 22

@= D=0 E=NEe = e nEmn =
15. The three principal glanes intercept on any normal to a confocal
of the ellipsoid 2%a?+y?/b*+7%/c?=1, two segments whose ratio is
constant. Also the normals to the confocals which lie in a given
plane lz+my+nz=0 are parallel to the line

lx _my  nmz
-t F-a? a?-0%

16. The cone that contains the normals from P to a conicoid
contains the normals from P to all the confocals, and its equation
referred to the normals to the confocals through P as coordinate

Axen s A )\3)_{_7’2()‘3 - A1)+P3(X1 - A2)=0_
x v z
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17. Normals are drawn from a point in one of the principal planes
to a system of confocals. Prove that they lie in the principal plane or
in a plane at right angles to it, that the tangent planes at the feet of
those in the principal plane touch a parabolic cylinder, and that the
tangent planes at the feet of the others pass through a straight line
lying in the principal plane.

18. If tangent planes are drawn through a fixed line to a system of
confocals the normals at the points of contact generate a hyperbolic
paraboloid. Shew that the paraboloid degenerates into a plane when
the given line is a normal to one of the surfaces of the system.

19. From any two fixed points on the same normal to an ellipsoid
perpendiculars are drawn to their respective polar planes with regard
to any confocal ellipsoid. Prove that the perpendiculars intersect and
that the locus of their intersection as the confocal varies is a cubic
curve whose projection on any principal plane is a rectangular
hyperbola.

20. Find the parabola which is the envelope of the normals to the

2 + i + 2 =1which lie in the plane lz +my +nz=
amtEma e ich lie in the plane Y P,
and prove that its directrix lies in the plane

(82— ) x/l +(c? — a?)y/m + (a? - b¥)z/n=0.
21. If A, g, v are the direction-cosines of the normal to a system of

parallel tangent planes to a system of confocal conicoids, express the
coordinates of any point of the locus of their points of contact in

theform — ,_X(e+a2ft), y=p(e+B)), z=v(i+es),

where a, b, ¢ are the principal axes of a particular confocal of the
system. Deduce that the locus is a rectangular hyperbola.

confocals

22. If A, p, vare the parameters of the confocals of an ellipsoid,
axes a, b, ¢, through a point P, the perpendicular from P to its polar
plane is of length

Apv{bctuv(a? — N)+ cPatvA (b2 — ) + a?b2Ap(c* — v)} .

23. Through a given line tangent planes are drawn to two confocals
and touch them in A, A’; B, B’ respect,ivel{. Shew that the lines
AB,h AB’ are equally inclined to the normal at A and are coplanar
with it.

24, If P and Q are points on two confocals such that the tangent
planes at P and Q are at right angles, the plane through the centre
and the line of intersection of the tangent planes bisects PQ. Hence
shew that if a conicoid touches each of three given confocals at two
points it has a fixed director sphere.
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CHAPTER XL
THE GENERAL EQUATION OF THE SECOND DEGREE.

131. In Chapter VII. we have found the equations to
certain loci, (tangent planes, polar planes, etc.) connected
with the conicoid, when the conicoid is represented by
an equation referred to conjugate diametral planes as
coordinate planes. We shall in this chapter first find the
equations to these loci when the conicoid is represented
by the general equation of the second degree, and then
discuss the determination of the centre and principal
planes, and the transformation of the equation when the
principal planes are taken as coordinate planes.

132, Constants in equation of second degree. The
general equation of the second degree may be written

F(z, ¥, 2) = ax®+by®+ c2®+ 2fyz + 292x + 2hay
+ 2ux+ 20y + 2wz +d =0,

or S, y, 2)+ 2ux+ 20y + 2wz+d=0.

It contains nine disposable constants, and therefore a
conicoid can be found to satisfy nine conditions which each
involve one relation between the constants; e.g. a conicoid
can be found to pass through nine given points no four
of which are coplanar, or to pass through six given points
and touch the plane XOY at the origin, or to pass through
three given non-intersecting lines.

Ex. 1. A conicoid is to pass through a given conic. How many

disposable constants will its equation contain? Is the number the
same when the conicoid is to pass through a given circle ?
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Ex. 2. The equation to a conicoid through the conic =0, ¢ =0, is
¢+2(ax+by+cz+d)=0,
where a, b, ¢, d are disposable constants.

Ex. 3. The equation to a conicoid that touches the plane z=0 at
an umbilic at the origin and touches the plane {z+my+nz=p is

z2(lz+my+nz—p)+ (Az + p2)? +(\y + vz =0,
where A, p, v are disposable constants.

Ex. 4, Find the equation to the conicoid which passes through
the circle 2%+3%=2ax, z=0, and the points (b, 0, c), (0, b, c), and
has the z-axis as a genera.tor

Ans. c(2*+y%—2ax) - byz+(2a - b)zx=0.

133. Points of intersection of line and conicoid. The
equations to the straight line through A, (o, B, ), whose
direction-ratios are !, m, n, are

e—o_y—B_z—y
Loy SR (1)

and the point on this line whose distance from A is » has
coordinates ou+Ur, B+mr, y+mnr. It lies on the conicoid

F(z, y, 2)=0,
if F(ou+1lr, B+mr, y+nr)=0;
that is, if
Flo B, ) +r(1I2e+ms 6+naF)+r2f(l m, 1) =0, ver (D

Hence the straight line meets the conicoid in two points
P and Q, and the measures of AP and AQ are the roots of
 the equation (2).
mF 4 ar-

If @) F(a, B, y)=0, (ii) l ,8 =0,
(iii) f(l, m, 'n)=0,

equation (2) is satisfied by all values of », or every point
on the line lies on the conicoid. The conditions (ii) and (iii)
give two sets of values for l:m :n, and therefore through
any point on a conicoid two straight lines can be drawn to
lie wholly on the conicoid. They are parallel to the lines

in which the plane

oF oF , OF
w§&+y§'—é+za—)—’—0
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cuts the cone f(x, ¥, 2)=0, (cf. § 60). They may be real,
imaginary, or coincident, as in the cases of the hyperboloid
of one sheet, the ellipsoid, and the.cone, respectively.

134. The tangent plane. If F(x, B, ¥)=0, A is on the
conicoid, and one root of equation (2) is zero. A coincides
with P or with Q. If also

OF BF BF
e AR T L 3)

both roots of equation (2) are zero, and P and Q coincide
at A, which lies on the conicoid. The line is therefore a
tangent line to the surface at A. If we eliminate {, m, n
between the equations to the line and equation (3), we
obtain the equation to the locus of the tangent lines drawn
through A in all possible directions. The equation is

oF oF oF
(‘”—“)5&+(?/—13)?8+(z—7)a—"/=0»
and hence the locus is a plane, the tangent plane at A. The

above equation may be written

oF aF aF oF oOF oOF
=- Y= ceeeenens 4
“5a T3t “am""eaﬁ"'”ay 4)
If, now, F(z, v, 2) be made homogeneous by the introduc-
tion of an auxiliary variable ¢, which is equated to unity
after differentiation, equation (4) is equivalent to

'aF oF . OF ar-' oF
s t¥apt ay+ A +f935 +tat’
=2F(e, 8, v, t), (Euler’s Theorem),
=0.

Ex. 1. Find the equations to the tangent planes at (¢, ¥, 7) on
(i) zy=cz, (i) 2?2+42yz=0a’
A’m (i) o/’ +yly —2[2=1, (ii) x2’+y7 +2y/=a

Ex. 2. The bisectors of the angles between the lines in which any
tangent plane to z“—4.ry meets the planes =0, y=0, lie in the planes
24+y+2=0, x4+y—z=
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Bx. 3. Find the equation to the tangent plane at (1, 2, 3) on the
hyperboloid

2248yt + 22— Qyz+ 1422 — 162y — 62—y + 42~ 2=0,
and the equations to the two generators through the point.
Ans. (i) z—2y+2=0; (ii) the equation (i) and 4r-3y+2=0,
3r—2y+1=0.

Ex. 4. Find the condition that the plane lz+my+nz+p=0 should
touch the conicoid F(z. g, z)=0

If the point of contact is (., 8, ¥), then

x%+y%§+z%§+t%§=0, and lr+my+nz+p=0
represent the same plane. Therefore
OF OF OF OF
Ou_0B oy _0¢
t m n p
Hence ao.+hB+gy +u+ IA=0,
ko+0B+ fy+ v+mA=0,
go+fB+ cy+w+ nA=0,
ue+vB+wy+d+ pl=0.

And lo+mB+ny+p=0,

since the point of contact must lie in the given plane. Therefore
eliminating o, B, ¥, A, we obtain the required condition, viz. :

= —2), say.

a, Ila g, t|=0.
ky b, f, v, m
g 1, 6w n
u, v, w, d, p
l, my n, p, 0

Ex. 5. Prove that lx+my-+nz=p touches zy=cz if clm+np=0.

Ex. 6. Prove that lz+my+nz=p touches f(z, g, 2)=1 if
A2+ Bm?+ Cn?+ 2Fmn + 2Gnl + 2Hlm = p*D,

a b g |, and A=%5, B=3p, ete

ky b f
g9 fhe

Ex. 7. If the axes are rectangular, prove that the locus of
the feet of the perpendiculars from the origin to tangent planes to

[z, 9,2)=1is
A2+ By +C2?+ 2Fyz+ 2Gzx + 2Hzy =D (22 + 32+ 22)3,
Ex. 8. Prove that the locus of the point of intersection of three
mutually perpendicular tangent planes to f(x, ¥, 2)=1 is the sphere
D(s?+y?+8)=A+B+C. (Cf. §68, Ex. 1)

where D=
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Ex. 9. Prove that the plane 2y—22=1 is a tangent plane to the
surface 224 Ty? + 222 — Qyz 4 b2z — 62y + 5 — 14y + 102+ 6=0.

Prove also that the lines of intersection of the given plane and the
planes 22+3=0, 22 —2z+1=0 lie on the surface.

Ex. 10. If two conicoids have a common generator, they touch
at two points of the generator.
If the generator is taken as z-axis, the equations to the conicoids are

by2+ 2+ 2fyz+2gzx +2hxy +2vy + 2wz =0,
Vy?+ 2+ 2f yz+29'22 + 20 xy + 20’y + 2wz =0.
The tangent planes at (a, 0, 0) are
y(ho+v)+2(ge+w)=0, y(Ko+v')+2(g'o+w)=0.

They are coincident if
ho+v _ gotw

Kotv gatw'
This equation gives two values of a.

BEx. 11. If two conicoids touch at three points of a common
generator, they touch at all points of the generator, and the generator
has the same central point and parameter of distribution for both
surfaces.

Ex. 12, Tangent planes parallel to the given plane
ax+ By+yz=0

are drawn to conicoids that pass through the lines =0, y=0; z=0,
z=c. Shew that the points of contact lie on the paraboloid

a(ae+ By + yz)=c(or + By).

Ex. 13. If a conicoid passes through the origin, and the tangent
plane at the origin is taken as 2=0, the equation to the surface is

ax?+ by + c2? + 2fyz+ 2gzx + 2hay + 2wz =0.

Ex. 14. If a set of rectangular axes through a fixed point O of a
conicoid meet the conicoid in P, Q, R, the plane PQR meets the
normal at O in a fixed point.

Ex. 15. If w.=ax+dytcetd, r=1,2,3,
prove that the tangent planes at (2, 7/, 2) to the conicoids
(1) Ay Agu?+ Agus?=1,
(i1) Aqug+ Agug?=2A5u,

are given by (1) Ay + Aguguey + Aguzuy =1,
(1) Ajugey’ + Mgy = Ag(uz +3),
where ' =a,&' + by +c2 +dy.

Ex. 16. Prove that
Uyt + A0 2+ 2A g0 05+ Agny?=0

represents a conicoid touching the planes u;=0, #;=0 at their points
of intersection with the line v;=0=v,.
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136. The polar plane. If any secant through A meets
the conicoid in P and Q and if R is the harmonic conjugate
of A with respect to P and Q, the locus of R is the

polar of A,
If A is (@, B, ) and the equations to the secant are

z—o_Yy—=B_z—vy
I " m  n

then 7, r,, the measures of AP and AQ, are the roots of
the equation
OF oF

oOF
r*f(l, m, n)+r(laz+m5‘8+n§;,)+|:(a-; B, v)=0.
Hence if R is (£, 5, {) and the measure of AR is p,
—_ ?rl"'z — - 2F(a'y ﬁ, y)

Ty OF | WOF  OF
laa"'maﬁ'*'"ay
and g¢—a=lp, n—B=mp, {(—y=mnp

Therefore
OF oF oF
- = —P)5% —¥)=—=—2F &, O, ¥)
(E-a) g +(=Bg+(E= )5 = 2 (@, B,Y)
and the equation to the locus of (¢, #, ), the polar plane,
becomes
oF oF oF  ,oF
OF oOF oF oF
=aa_a+'38_ﬁ+7§§+t'oi_2'=(a’ B, v ),
=2F(at, B, v, t)—2F(c, B, v, 1),
=0.

Ex. 1. Find the equations to the polar of -t—a.=g_;_3=z_-_-1

[/ n
with respect to the conicoid F(z, g, z2)=0. (Cf. §70.)
OF  OF ©OF ,OF OF OF ©OF
Anas. £$+ya‘p+25;+l ’a—t-=0, la—i-i-‘m @-{-n gz-=0.
Ex. 2. Prove that the lines
z-o_y-B_z-y z-o&'_y-f _:-y
ml - 7

m n' U n



202 COORDINATE GEOMETRY [ch. x1

are polar with respect to the conicoid F(z, y, 2)=0 if
,OF  ,OF ,OF OF ,OF JOF ,OF
G-az-f'B’B—B'i'Y 774-?‘-—0, la-;+m53+n 3—7-—0,
oF OF , OF _ o, L Of L L Oof
la—o?+m53-,+n37—0, and 52+m 87;?’-*-7& 5);—0.

Ex. 3. Any set of rectangular axes through a fixed point O meets
a given conicoid in six points. Prove that the sum of the squares of
the ratios of the distances of the points from the polar plane of O to
their distances from O is constant.

(Take O as origin, and use § 54, Ex. 9.)
Ex. 4. Prove that
A.lulg + A.zuzz + 1\.31132 + A.4'l42 =0

represents a conicoid with respect to which the tetrahedron whose
faces are u, =0, u,=0, u3=0, u,=0 is self-conjugate.

Ex. 5. Find the equation to the conicoid with respect to which
the tetrahedron formed by the coordinate planes and the plane
Y
b
is self-conjugate, and which passes through the points (—a, 0, 0),
(0) - b) 0), (09 0, _c)'

22 9P 22) (_,, v,? )2_
Ans. 4(a“+b2+c—§ - c_z+b+c 1) =0.

T4¥ i
a [4

Ex. 6. All conicoids which touch a given cone at its points of
section by a given plane have a common self-conjugate tetrahedron.

136. The enveloping cone. The equations
v—o_y—B_z—-y
)
represent a tangent if equation (2) of § 133 has equal roots.
The condition for equal roots is

oF | OF  oF\?
4F (e, B, v)f (L, m, n)=(l,5&‘+m57—3+nafy> .

Therefore the equation to the locus of the tangents
drawn from a given point (e, B, y) is

4F (e, B, V)f(w—o, y =B, 2—7v)
~{e-0g+a-n+e-1E]"
But Fla+z~o, B+y—B, y+2—1y)
=fl@—o, y—B,2-7)
=)+ Y= B+ )5+F(@ B, 7)




§§136-138] ENVELOPING CONE AND CYLINDER 203

Therefore the equation to the locus becomes
4F (o, B, y)F(, ¥, 2)

~{e-wE+u-BZ+e-NT+2% (@ B )]

oOF , OF , OF '@r—‘)2
(a satYaptia o
Ex. 1. If a cone envelope a sphere, the section of the cone by any

tangent plane to the sphere is a conic which has a focus at the point
of contact.

Ex. 2. The tangent plane to a conicoid at an umbilic meets any
enveloping cone in a conic of which the umbilic is a focus.

Ex. 3. Find the locus of a luminous point which moves so that

2
>

the sphere 224y 422 —2a2=0
casts a parabolic shadow on the plane z=0.
Ans. z=2a.

137. The enveloping cylinder. From the condition for
equal roots used in the last paragraph we see that (a, 3, y),
any point on a tangent drawn parallel to the fixed line

r_Y_ 2%

I m 2
lies on the cylinder given by
oF aF>2

4F (z, y, 2)f(l, m, n)=(l%—;+m5@+n§£

Ex. A cylinder whose generators make an angle a with the z-axis
envelopes the sphere 22+y2+2z2=2az. Prove that the eccentricity of
its section by the plane z=0 issin .

138. The locus of the chords which are bisected at
a given point. If (o, B, y), the given point, is the mid-
point of the chord whose equations are

n—a_y—B_z—y
I " m  a’

the equation
oF oF oF
F(a, B, y)+r(la~&+m873-+n5;,)+r2f(l, m, n)=0
takes the form »2=%2 and therefore

oF oF oF
laj.—.+ma'-—8-+n5;-—o. eeesvevecscssecae ..(1)‘
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Hence all chords which are bisected at (e, B, y) lie in
the plane given by

(w—a)%ﬂy—ﬂ)%ﬂz—v)%ﬂ-

The section of the conicoid by this plane is a conic of
which (e, B, y) is the centre.

Ex. Find the locus of centres of sections of

ayz+bzx+ cxy +abe=0

which touch 22o2+y% B2+ 2% yt=1.
Ans. aXbz+cy) + B¥cx + az)? + yXay + bx)? =4(ayz + bzx + cxy ).

139. The diametral plane. Equation (1) of § 138 shews
that the mid-points of all chords drawn parallel to a fixed

line
r_Y¥Y_2
Il m n
lie on the diametral plane whose equation is

oF oF oF

Ex. 1. Find the central circular sections and umbilics of the
following surfaces :
(i) 2?2 +yz+2=0,

(ii) 4yz+52r—52y+8=0,
(iii) y%—yz— 22w —xy—4=0.
Ans. (i) 2+y—-2=0, x—y+2=0;

z_y _2_ A2 7z y_z_ 2
1--2-2 V3 172° 2~ *V3
(ii) 22+y—-2=0, #4+2y—22=0;
zy 2z _ W3z y z N2
16 -5 ~ 1516 5 -5 ~15

(iii) £+2=0, x+y+2=0; the umbilics are imaginary.
.Bx, 2. Prove that the umbilics of conicoids that pass through the
circles £=0, 2*4+y?=a?; r=0, y?+s2=a?
lie on two equal hyperbolas in the z2-plane.

140. The principal planes. A diametral plane which is
at right angles to the chords which it bisects is a principal
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plane. If the axes are rectangular, the diametral plane

whose equation is
oF oF oF
la—m+m 5@"*""’ %= o,
or z(al+hkm+gn)+y(hl+bm+fr)+2z(gl+fm+cn)
+ul+vm+wn=0,

is at right angles to the line

it al+hm+gn _hl+bm+fn_gl+fm+en
l m n
If each of these ratios is equal to A, then
(a=A)l+~hm+gn=0,
hl+(b—=A)ym+fn=0,
gl+fm+(c=A)n= O.}
Therefore A is a root of the equation

a'—x) h; g =0)
hob-r  f
g9, f’ c—A

or A=A a+b+c)+A(bc+catab—fi—g?—h?)—D=0,

where D=|a, k, g| Orif AEa——D, etc.,, the equation may
oa
h, b f
9 foe
be written

AN =AYa+b+c)+A(A+B+C)—D=0. )
This equation is called the Discriminating Cubic. It gives
three values of A, to each of which corresponds a set of
values for l:m:m, and by substituting these sets in the

equation oF, OF , OF
l =™ 59 +ns = 0,
which, by means of the relations (1), reduces to
A(lz+my+n2)+ul+vm4+wn=0, ............ (2)

we obtain the equations to the three principal planes of
the conicoid.
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Ex. Find the principal planes of the conicoids :
(i) 1422+ 14y%+8:2—4yz— 422 - 8xy +18x— 18y +5=0,
(ii) 322+ 5y%+ 3%~ 2yz+ 222 — 22y + 22+ 12y + 102+ 20=0.
dns. (i) A=6,12,18; 2+y+2:=0, 2+y~2=0, z-y+1=0;
(ii) A=2,3,6; r-2-2=0, r+y+2+4=0, z—2y+2-1=0.

141. Condition for two zero-roots. If D=0, then
BC—F!=aD=0, CA—-G:=0lD=0, AB—HZ=¢D=0,

and therefore A, B, C have the same sign. Therefore if
D=0and A+B+C=0, A=B=C=0, and therefore we have
also F=G=H=0. Hence if the discriminating cubic has
two zero-roots, all the six quantities A, B, C, F, G, H, are
zero and f(z, ¥y, 2) is a perfect square.

142. Case of one zero-root. If the discriminating cubic
has one zero-root, the corresponding principal plane either is
at an infinite distance or may be any plane at right angles
to a fixed line. For if A =0, the equations (1), § 140, give

_l__’r_n n

G F C

l m

- =, 141).
or AT M

These determine a fixed direction, since A, B, C are not
sl zero. The corresponding principal plane has, by § 140,
(2), the equation

JE&+J§y+J5z+JAu+JEv+ch=0,

and is at an infinite distance if v/Au-++/Bv++/Cw=0, or
may be any plane at right angles to the fixed line

Ji—ié"%’ if JAu+/Br+/Cw=0.

In the first case the conicoid is a paraboloid whose axis
is in the fixed direction, in the second, an elliptic or hyper-
bolic cylinder or pair of intersecting planes whose axis or
line of intersection is in the fixed direction.
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Ex. 1. Find the principal planes of the surfaces
(1) 222+ 20y%+182* — 122+ 122y + 222+ 6y — 2 - 2=0,
(ii) 522+ 26y%+ 1072+ 4yz+ 1422+ 62y — 82— 18y — 102+ 4=0.
Ans. (i) A=14, 26,0; x+2y+32+1=0, 2+ 4y —3z+1=0, the plane
at infinity :
(ii)) A=14, 27, 0; 22-y+32=1, 2+5y+2z=2, any plane at
z z
1T
Ex 2. Verify that the principal planes in Exs. §§ 140, 142 are
mutually at right angles.

right angles to

143. Case of two zero-roots. If the discriminating
cubic has two zero-roots the equations (1), § 140, when
A=0, all reduce to

Jal+/bm+en=0,

and therefore the directions of the normals to two of the
principal planes are indeterminate. These planes, however,
must be at right angles to the plane Vaxz+4vby++cz=0,
and they may be at an infinite distance, (if ul+vm +wn=0),
or at any distance from the origin, (if ul+vm+4wn=0).
In the first case the surface is a parabolic cylinder and the
axes of normal sections are parallel to the plane

Jaw 4By +/ez=0:
in the second the surface is a pair of planes parallel to
Jc_za:+~/l7y+~/5z=0.

Ex. 1. For the surfaces
(i) 2% +y2+ 22— 2yz+ 222 — 22y — 2 — 4y — 22+ 3=0,
(ii) 2%+ y? + 22— 2z + 2o — 2wy — 2+ 2y — 22 — 3=0,
A=3,0,0. The determinate principal plane is x —y+2z=0., If
r—-y+2=0, r+2+2=0, x-2z=0
are taken as coordinate planes the equations transform into
3§21=2V6y -3, 3£1-2V/3£-3=0.
Ex. 2. If one of the principal planes of the cone whose vertex is P
and base the parabola y?=4ax, z=0 is parallel to the fixed plane
lz+my+nz=0,
the locus of P is the straight line

2 ¥y 2 20,y z(n l)___o

nom L m i m\l a
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THE DISCRIMINATING CUBIC.

144. AUl the roots of the discriminating cubic are real.
The equation may be written,

M) =A-a){(A-b)A—0)—f*}
—{(A=b)g*+(A—c)h2+2fgh}=0.
We may assume a>>b>c. Consider
y=vA)=A-b)A-c)—f%
Corresponding values of A and y are
-0, ¢ b, +o,
+o, =f5 —f4 +ow.

Y .
.
[}
Xy
>R
.
\
2
1)
[}
‘\
\ ,'
s ’
\ \ ’
[y ,' 3
(0] A,p\\ :{.‘ )‘7 G
s\ ',
N Ve
¢~ pid
“- ----
~
<
ta
N
/y'
Fia. 48,

Hence from the graph, (fig. 48), it appears that the
equation y,(\)=0 has real roots o. and 3, such that

B<Le<b<la
Consider now y=¢(A). When A=+4w, y=1wo;
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when
A=a, y=—{(a—b)g*+(e—c)h?+2/(a—b)(a—c)gh}
= —(gWa=bth/a=cy,

where v/o.—b, J/o.—¢ are real ;

when

A=B, y=(b—PB)g*+(c—BL*F2/(b—B)(c—B)gh

=(gVb—BFMc—B),
where /b= B, v/c— are real.

Hence from the graph we see that the equation ¢(A\)=0
has three real roots, A, A;, A;, such that
A<B<A <A,
The above proof fails if o and B, the roots of the
equation Y(A\)=0, are equal. In that case, however, we
have b=¢, and f=0; and therefore the cubic becomes

A=) {A-a)(A-b)—g*—h?} =0,
the roots of which are easily seen to be all real.
146. The factors of f(z, y, 2)=A(2®+y?+2?). If Nisa
root of the discriminating cubic,
az®+by?+c2®+ 2fyz + 29z + 2hay — \ (2% + Y2+ 2%)
is the produet of two factors of the form o+ By ++yz. Only
one of the three roots leads to real values of o, 8,y. For

(@=N)22+(b=N)y®+(c — )2+ 2fyz + 2922 + 2hxy
Ty =Ny el + s o )~ = (b=Ngle

and therefore is of the form
1 [,, 1
(b—x)[“ +¢(x)”2]'

where u and v are linear functions of z, ¥, z, with real

* ax?+ by? + c2® + 2fyz + 29z + 2hxy
Eil;[(hx+by+fz)’+(Cx’-?Gz:c+Az’)],

E%[(hx+by+fz)’+%(Az - cw],
if A=0 and therefore G*=AC.
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coefficients. Reference to the graphs shews that the signs
of b—A and y¥(A) for A=A, A,, A, are as follows:

b=, v (A),
A=xp ) +,
)\"—‘Az, '_t, g}
=X+ +.

Hence f(z, y, z) — A (2*+y%+2?%) takes the forms
—LuP—M%2, Lu?—M%2  LPul4 M2
according as A=\,, A,, or A;. The factors with real
coefficients correspond therefore to the mean root, A,.

(Cf. §93.)
146. Conditions for equal roots. 7o find the cond:i-
tions that the discriminating cubic should huve, (i) two

roots equal, (ii) three roots equal.
The cubic is

oA)=|a—=Ax, h, g |=0.
h, b=AX, f
9, f; c—A

Therefore, as in § 141, if A is a root of the cubic,

G=Me=N)=f% (c=AN)(e—N)—g% (a—A)(b—A)—h?
have the same sign.

{i) If A is a repeated root, ¢(A\)=0 and

—%—.—:(b——k)(c—?\)—fz
+(e=A)a—=A)—g*+(a—A)(b—A)=h2=0,
and therefore
G=Ne=N=f1 CNa=D=g") ..
(a=N)(b=r)=1
and hence, (corresponding to F=G=H=0), we have also
(@a=N)f=gh, (b=N)g=kf, (c=N)h=fg. ...... ()
Any one of the three sets of conditions,
(c=N@=N)=g% (@=Nb=-N)=1, (@=Nf=gh, ()
@=Nb=-N=k (b=Ne=N)=F, G-Ng=1f, (&)
G=N)(c=r) =% (c=A)(a—=A)=ga% (c=Nh=fg, (C)
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is both necessary and sufficient. For if (A’) is given, substi-
tuting for a—A from the third equation in the first two,
weobtain (b \)g=kf, (c=N)h=fg,

whence b=N)(c=A)=f2

Therefore, if none of the three quantities f, g, & is zero,
A, the repeated root, is not equal to a, b or ¢, and we have

_gh_y W _ _J9
f g9

=F G _H
or —)\—f—g—h @

If f, one of the three quantities f, g, h, is zero, then,
from (A), A\=borc. If A=D, then =0, and

(c=b)(a—b)=g%
If A=c, then g=0, and
(a—c)(b—c)=h2

Therefore if one of the three quantities is zero, another
must be zero, and we have

A=a, g=h=0, (b—a)(c—a)=f?;
or A=b, h=f=0, (c—b)(a—b)=g? ;} ......... (2)
or A=c¢, f=9=0, (a—c)(b—c)=h%

The equations (1) and (2) give the conditions for a pair
of equal roots and the value of the roots in each case.

(ii) If the three roots are equal to A, A also satisfies the
equation
P
W——'O’ or (a=A)+(b=2A)+(c=A)=0.
But, by (a),
{(@=2)+ @ -N)+(-1)}?
=(a—AP+(b=AY+(c=r)*+2/2+ 292+ 2h2
Therefore A\=a=b=c, and f=g=h=0. The conicoid in
this case must be a sphere.
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147. The principal directions. We shall call the direc-
tions determined by the equations

al+hm+gn_hl+bm+fn=gl+fm+cn

l - m n =A,
af af of
o a__m on_ A
or A"%m om v
the principal directions.

If X\ is a root of the discriminating cubic giving values
l, m, n of the direction-cosines of a principal direction,
A=f(l, m, n).

f o F T
For _al om _om _ ’()l om T anf(lm'n,)
© ATIm " In 2B+ mEi+nr) PR

148. The principal directions corresponding to two
distinct roots of the discriminating cubic are at right
angles.

If A, A, are the roots, and I;, m, n; 1, m,, n, are the
corresponding direction-cosines, then

16} (o)
2l = _lf:’ ete.; 2l2x2=a—lf, ete.
9 ) o) o) 9
But lla{"' f+n1 f—l2a{-{-7n2,(31£1+*n2 f
and therefore
A=) (Ul +mmy+n.my) =0,
which proves the proposition.

149. Cases of equal roots. (i) If A;, \;, A; are the roots
of the discriminating cubic, and A,=2),, there is a definite
principal direction corresponding to A, ; but the equations

o of o

ol, om, on

§Z:=En-:=§7{:=)\2 ..................... (¢))
reduce to a single equation which is satisfied by the
direction-cosines of any direction at right angles to the
principal direction corresponding to A,.
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Suppose that we have
=N+0, and A,= a_g!_z b— K c—'—f2
) 2 f g
Then the equations
(e—=A)ly+hmy+gn,=0, hly4(b—=N)my+frny=0,

glo+fmy+(c—Ny) Ny =
all become ghly+hfmy+ fgn,=0
And since the sum of the roots of the cubic is a+b+c,
a—\=— i _Jg fq
g

and hence the equation
(a=A)L+hm +gn, =0
may be written

G (3 47).

f
The three equations corresponding to A, therefore give
L_m_m
gh™ k" fg’

which determine a definite principal direction. The single
equation corresponding to A, is the condition that the
directions given by gh: kf: fg, L, : m, : n, should be at right
angles.
If we have
A=7g=a, g=0, h=0, and (b—a)(c—a)=f%
the equations corresponding to A, and A, are
(b—a)ymy+ fn,=0,

0 b—a f
If Ag=A3=0, then D=0,
be=f* ca=g% ab=h?;
and the equations corresponding to A, and A, are
Naly+bmg+eny,=0,
bhom_m
Ja Vb Ve
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(ii) If the discriminating cubic has three equal roots,
any direction is a principal direction. For A=a=b=c,
and f=g=h=0, and the equations for principal directions
reduce to I m n

The reason is obvious. The surface is a sphere, and any
plane through the centre bisects chords at right angles
to it.

To sum up, if the discriminating cubic has distinet
roots, there are three mutually perpendicular principal
directions. If it has two or three repeated roots, three
mutually perpendicular directions can be chosen whose
direction-cosines satisfy the equations of § 147, which
determine the principal directions. Therefore in all cases
we can transform the equation, taking as new rectangular
axes three lines through the origin whose direction-cosines
satisfy the equations

of of o
al__aLn_an_A
A" om 20 v

where X is a root of the discriminating cubic.

150. Transformation of f(z, v, 2).

f(x, y, 2) transforms into N £2+ Agn? + 2,2

Let O, On, O have direction-cosines I,, m,, n,; 1,, my, ny;
ls, Mg, M4, corresponding to the roots A;, A,, A; of the cubie.

Then z=1L£¢+1ln+LE ete. £=lxz+my+n,z, ete

We have also

nLimZinZesder L s,

laav ay 22 %3,
= 2>‘1(l1w + mly + "12),
=24
And similarly,
f+m2 f+'n f-— 2\gn
oy ' oz TV

f
ly f+m33‘§ + 755 =2\$
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Hence, multiplying by &, », { respectively and adding,
a
Lryd L 20,8040,

or f(w, Y, 2)=NE1H A + A2

Ex. 1. (i) In Ex. (i), § 140,
1422+ 14y? + 822 — 4yz — 42x - 8xy transforms into 6§24 1292+ 18(3,
(ii) In Ex. 1, (i), § 142,
22 4202 + 1822 — 12yz + 12y transforms into 14£2+4 2673
(iii) In Ex. (i), § 143,
Z24-y? 422 - 2yz+ 2ax — 2y transforms into 32
Ex. 2. Prove that the conicoids
2ayz4-2bax +2cxy=1, 20yz+2Pzr+2yry=1
can be placed so as to be confocal if
abe afy a2b%? 23y 1

driretar iy M Grmrapt @y

THE CENTRE.

1561. If there is a point O, such that when P is any point
on a conicoid and PO is produced its own length to P,
P’ is also on the conicoid, O is a centre of the conicoid.

If the origin s at a centre, the coefficients of w, y, z in
the equation to the conicoid are zero.

Let the equation be

f(z, y, 2)+ 2ux+2vy 4+ 2wz+d=0.

Then if P is (2, ¥, ), P’ is (—2/, —v’, —2), and

&, o, 2)+ 2ux’+ 20y’ + 2wz’ +d =0,
J&, v, 2)— 2ux’ — 20y’ — 2wz’ + d=0.

Therefore ux’ +vy + w2’ =0. .ooviviiniiininnnnn. (¢))

Hence, since equation (1) is satisfied by an infinite
number of values of &/, 9’, 2’ other than the coordinates
of points lying in the plane

ux+ vy +wz=0,
we must have u=v=w=0.
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152, To determine the centres of the conicoid
F(z, y, 2)=0.
Let (o, B, y) be a centre. Change the origin to (a, 8, y)
and the equation becomes
Fiz+a, y+B, 2+v)=0,

OF OF , ©OF
or f(w» Y z)+ma+y53+zé;+|=(a‘» B, 'Y)=0'

Therefore, since the coefficients of z, v, z are zero,
oF_oF_oF_,
30.—3;6—3)/— :

Cor. The equation to any diametral plane is of the form

oF oF
and therefore any diametral plane passes through the
centre or centres.

oF
+'n-52———0,

153. The central planes. The equations

1°oF

5 55=am+hy+gz+u=0, .................. 1)

10F _ _

§é.:,;-:h,a;-{-by-}-fz—{-v—(), ................... (2)
oF _ -

§az=gm+fy+cz+w--0 ................... 3)

represent planes which we may call the central planes.
Any point common to the central planes is a centre.
Multiply equations (1), (2), (3) by A, H, G respectively
and add ; then, since
aA+hH+gG=D and hA+bH+fG=0, etc,

_Au +Hv4+Gw
=——5 —
Similarly, y="wtEUkEC,, _GutFuiow,

We have to consider the following cases, (cf. § 45):
I o0, single centre at a (ellipsoid, hyper-
finite distance, boloid, or cone).
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II. p=0, single centre at an (paraboloid).
Au+Hv+Gw=0, infinite distance,

iIl. D=0, line of centres at a (elliptic or hy-
Au+Hv+Gw=0, finite distance, perbolic cy-
A0, (central planes linder, pair

. pass through one  of intersect-
line and are not  ing planes).

parallel,)
IV. A,B,C,F,G,H, lineof centres at an (parabolic cy-
all zero, infinite distance, linder).
JuFgv, (central planes
parallel but not
coincident,)
V.A B C,F,GH, ©plane of centres, (pairofparallel
all zero, (central planes  planes).
Ju=gv=wh, coincident,)

154. Equation when the origin is at a centre. If
the conicoid has a centre (o, B, y) at a finite distance, and
the origin is changed to it, the equation becomes

f(z, y, 2)+F(, B, y)=0,
oF

oy~
[z, y, 2)+uo+vB+wy+d=0.

This becomes, on substituting the coordinates of the
centre found in § 153,

Au?+Bv? 4+ Cu? + 2Fvw + 2Gwu + 2HuY —dD

. oF  OF
or, since @ + ’3’5,“8 +y

f@.9.9)= .
=:D§’ where s=|a, h, g, ul

h, b f, v

g9 5 6 w

w, v, w, d

Cor. 1If F(x, y, ©)=0 represents a cone, S=0 and D=£0.
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Ex. 1. Find the centres of the conicoids,
(i) 142 +14y?+ 822 — 4yz — 422 — By + 182 — 18y + 5=0,
(i) 342+ 5y%+ 322 — 2yz+ 220 — 2xy + 22+ 12y + 102+ 20=0,
(iii) 2224 20y%+ 1822 —12yz+ 122y + 222+ 6y — 22— 2=0,
(iv) 522+ 26y2+10:2+4yz+ 1422+ 62y — 8x — 18y —10z+4=0,
(v) 22+ y%+22 - 2yz+ 222 — 2xy — 2 — 4y — 2:+3=0,
(vi) 22+y2+22 - 2y2+ 200 - 2xy — 22+ 2y — 22— 3=0.

. 1 . 1 b5 13
Ans. (i) ( -%, 3 0), (ii) ( -5 -3 .._6_), (iii) the central planes
. T _Y_2z2 nx=b_y 243, .
are parallel to the line —5=3=7 (iv) — =711 ® the line of

centres, (v) the central planes are parallel, (vi) z—y+2=1 is the
plane of centres.

_EBx. 2. If the origin is changed to the centre, the equations (i) and
(i) become 1422+ 14y% 4 822 — 4yz — 4ax — Bry =4,
322+ 5y2+ 322 - 2yz+ 22 — 2xy =1.

Ex. 3. If the origin is changed to (5,0, —3), or to any point on
the line of centres, the equation (iv) becomes

5224 26y%+ 1022 4 4y2+ 1420+ 62y =1.

Ex. 4. Prove that the centres of conicoids that pass through the
ellipses 2%/a?+3?/b%=1, 2=0; 2%a?+7%/c?=1, y=0 lie on the lines

Ex. 5. The locus of the centres of conicoids that pass through two
given straight lines and two given points is a straight line.

Ex. 6. If F(x, y, 2, £)=0 represents a cone, the coordinates of the
vertex satisfy the equations
BF_BE‘_BF_@_O
TR i~k

Ex. 7. Through the sections of a system of confocals by one of the
princiFal planes and by a given plane, cones are described. Prove
that their vertices lie on a conic.

Ex. 8. Prove that the centres of conicoids that pass through the
circle 72+ y2=2ax, 2=0, and have OZ as a generator, lie on the cylinder
2+yl=ax.

Ex. 9. A conicoid touches the axes (rectangular) at the fixed
points (a, 0, 0), (0, b, 0), (0, 0, ¢), and its section by the plane through
these points is a circle. Shew that its centre lies on the line

xr

——— ~~—-',/ oy = d .
a6 +ch) bYc*+a?) (a4 b?)

Ex. 10. Shew that the locus of the centres of conicoids which
touch the plane z=0 at an umbilic at the origin, touch the plane z=a
and pass through a fixed point on the z-axis, is a conicoid which
touches the plane 2=0 at an umbilic.
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Bx. 11. Variable conicoids pass through the given conics
2=0, ax?+by?+2fxr+d=0; x=0, c2+by®+292+d=0;
shew that the locus of their centres is a conic in the plane y=0.

Ex. 12. Find the locus of the centres of conicoids that pass through
two conics which have two common points.

REDUCTION OF THE GENERAL EQUATION.2

156. Case A: D=-0.
There is a single centre at a finite distance, (§ 153, L).

Change the origin to it, and the equation becomes

f(x, vy, z)+§= 0.

The discriminating cubic has three non-zero roots,
A Ags Ag, and there are three determinate principal direc-
tions, (A\;5A;5A,), or three directions that can be taken
as principal directions, (A\,=2X;, or A;=A,=2A;). The lines
through the centre in these directions are the principal
axes of the surface. They are the lines of intersection
of the principal planes. Take these lines as coordinate
axes, and the equation transforms into

A2 A2+ N22+ g =0.

The surface is thus an ellipsoid, a hyperboloid of one
sheet, a hyperboloid of two sheets, or a sphere, if S0
If s=0), the surface is a cone.

Bx 1. 22+y2+2% - 6yz - 20— 22y — 62— 2y — 22+ 2=0.

The discriminating cubic is
A3-3A%2-8A+16=0.

-14+V17 -1-4/17,

Whence A=4, 4, o? - B4 say

2 2 ’
For the centre r-y—-z-3=0,
-2+y—-3:-1=0,
-2-3y+z-1=0.
These give z=1, y=-1, z=-1.
-§=ux+vy+wz+d=l.

The reduced equation is therefore —4x?—ol2y?+ (%2=1, and re-
presents a hyperboloid of two sheets.
1 Cf, Appendix, p. iv.
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Note. 1If the roots of the discriminating cubic cannot be found by
inspection, their signs may be determined by a corollary of Descartes’
Rule of Signs: “If the roots of f(A)=0 are all real, the number of
positive roots is equal to the number of changes of sign in f(A).” In
the above case, f (‘}\)E A3+3A2—8A+16, and there are two changes of
sign, and therefore two positive roots.

Ex 2. Reduce:

(i) 22+3y2+322—2yz—2r -2y +624+3=0,
(i) 322—y2—22+6yz—62+6y—2:—-2=0,
(iii) 2y2+4224 22— 4y +624+5=0.

Ans. (i) 22422 +42=1, (i) 322+2y%—42=4, (iii) 22 +92—22=0.

156. Case B: D=0, Au+Hv+Gw=-0.

There is a single centre at infinity, (§ 153, IL). If
A Ag, Ag are the roots of the discriminating cubic, A0,
A, F0, A;=0, (§ 141). If [, my, n, are the direction-cosines
of the principal direction corresponding to A,,

gls+fmy+eng=0
and hlg+bmg+fny=0,
and therefore =" _Ts_ st vmstwn,
A H G uA+vH+wG

Hence ul,+vmy+wng+0. Denote it by .

The principal plane corresponding to A, is at infinity,
(§ 142).

Where the line ?——9‘?:2——'B=z—y=r
ly g ng

meets the surface, we have

r3(ls, My, 'ns)+r<l3§—£+m3%+nsg;>+F(a, B, y)=0,
which, by means of the equations of § 147, may be written

Agr2 4 2r {Ag(lso +mgB+ ngy) + uly + vmg + wnyg)
+F(a, B, v)=0,

or 0.724+2kr+F(e, B, y)=0.

Therefore any line in the principal direction corre-
sponding to A, meets the surface in one point at a finite
and one point at an infinite distance.

If the line r_Y¥Y_2
ly mgy my
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is normal to the tangent plane at («', %', 2’), a point of
the surface,

oF oF oF ,oF. o oF
'y _2d_Sox " oy "s3z
T;_ms_'ns— P+ mg’+ny’

=2(ulg+ vmy+wny) = 2k.
Hence such points as (2, ¥, 2) lie on the three planes

pi=ar+hy+gz+u—kly=0, ............... 1)
Pe=hx+by+fr+v—kmg=0, ............... (2)
py=gr+fy+ez+w—kng=0. ............... 3)
But by py+msp,+n3py =0,
therefore the three planes pass through a line which is
x z
parallel to I, = 7%3 =
Therefore there is only one point on the surface at which
the normal is parallel to the line Zm— =Y =2 That point
3 Mg TNy

is the vertex of the surface. Its coordinates are given by
the equations (1), (2), (3), (which are equivalent to two
independent equations,) and the equation F(z, y, z)=0.

oF oF | OF
But F(z,y,2)=4o-+1y 53}'*'%2 =5 Fuwetvy+we+d,

= k(L +my +n2)+ur+ vy +wz+d.
Hence any two of the equations (1), (2), (3) and the
equation
k(lx+myy+nge2)+ur+vy+wz+d=0
determine the vertex.
To reduce the given equation, change the origin to the
vertex, (&', ¥, 7). The equation becomes

OF . OF, OF, ., , .
f(w,3/’2)4'905;4'?/5?4'2@4‘"(33,%2)—0

or f(, y, 2)+ 2k(lz+myy +ng2)=0.

Take the three lines through the vertex in the principal
directions as coordinate axes, so that O{ has direction-
cosines Uy, m,, 1y, and the equation transforms into

A€+ At + 2k =0.
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The surface is therefore a paraboloid.
Since, from (1), (2), (3),

AT x
the principal planes corresponding to A, and A, pass through
the vertex. The new coordinate planes are therefore the
two principal planes at a finite distance and the tangent
plane at the vertex.

oF

oF oF
+n1§;,=0, l +m25:7+'n,é—z-,=0,

Ex. 1. 242422+ 22+ 2yz — 2oz — day +2+y=O0.
The discriminating cubic is

A3—-5A242\1=0.
Whence )t=§-—+2ﬂ, 5—;/17’ 0; aof (% 0, say.

For the principal direction corresponding to Ag
21y — 2m3 — ng=0,

—l3+mg+ny=0.
ls_ma_ns__l
Therefore T=T-0-7
1

and k=ulg+vmy+wng=
3+ vmg =75

The reduced equation is therefore o?z?+ 322+ —% z=0.
A

The equations for the vertex give x=y=z=0, and the axis is
x=y, 2=0.

Ex. 2. The following equations represent paraboloids. Find the
reduced equations, the coordinates of the vertex, and the equations
to the axis. ;) 4y? + 422+ 4yz — 27 — 14y — 222+ 33=0,

(ii) 42%—y? - 22+ 2yz —8xr — 4y +82—-2=0.

Ans. (i) P+33=2; (1, 1/2, 5/2); ﬁ;—1=2io‘—‘=2‘0—'§ ;

4y+9_4:-3
1

(ii) 203~ y3+n22=0; (1, —9/4, 3/4); ’5_5_‘=_1_=

167. Case C: D=0, Au+Hv+Gw=0, As=0.
There is a line of centres at a finite distance, (§ 158, I1L.).
The discriminating cubic has one zero-root, A, giving,

i 1
(as in § 156), ﬁ="ﬁ=@§,
ATH @
or, since GH=AF, %= _ "

1‘/87-"1/(;"1_/#‘
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In this case ul,+vm,;+wn,=0, and the principal plane
corresponding to Ag is indeterminate, (§ 142). It may be
any plane at right angles to Fr=Gy=Hz.

The line of centres has equations

ax+hy+gz+u=0,
hx+by+fz+v=0,
which may be written
iF  1/a  1/H
Hence [;, m,, ng are the direction-cosines of the line of

centres.
Any point on the line of centres has coordinates

uf+r wvg+r wh+r
F’ &’ H '
If we change the origin to it, F(z, ¥, z)=0 becomes

F@,y, z)+u(uf+fr) 'v(vgc;i-'r) 'w('wh+fr)+d 0,

or, since ulg+vmg+wny=0,

wl) g wh, .
S, y, z)+?+—é— +T+d-—0-

x—

Transform now to axes through the centre chosen whose
directions are the principal directions, and the equation
further reduces to A@+ A2+ d =0,

2 2 2
h , WS Vg wh
where d F+G+H+d'

If d’#+0, the surface is an elliptic or hyperbolic cylinder;
if d'=0, it is a pair of intersecting planes.

Ex. 1 x2+63/’-—z3—yz+5xy+2x+5y—
The discriminating cubic is

_ear-18a 0.
- 2
‘Whence A=3+ §2§, 0; o —f3 0, say.

Corresponding to A;=0, we have
2lg+b5ms=0, blg+12mg—ng=0,
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L_ms_m
and therefore ==
and uly+vmg+ wny=0.

Hence there is a line of centres, given by 22+ 5y+2=0, y+22:=0.
A point on this line is (-1, 0, 0). Change the origin to it, and the
given equation becomes

2246yt -2t —yz+bxy =1,
which reduces to a%z?— 3%?=1.

Ex. 2. What surfaces are represented by

(i) 2y%—2yz+ 222 - 22y - 2— 2y +32—-2=0,

(ii) 26224 20y%+ 1022 — 4yz — 1622 ~ 36xy + 522 — 36y — 162+ 25=07

Ans. (i) 62%2— 2y%2=1, axis 20+3=2y=2z-1;

(i) 1422+42y%=1, axis r=y—1=z-1
Ex. 3. Prove that the equation
527 — 4y?+ 522+ 4yz — 1422+ 4xy + 162+ 16y — 322+ 8=0
represents a pair of planes which pass through the line #+3=y=2+1
and are inclined at an angle 2 tan-!/2.

158. Case D: A=B=C=F=G=H=0, uf#g.
There is a line of centres at infinity, (§ 153, IV.). If
A Ags Ag are the roots of the discriminating cubic,
A=a+b+e, A=A;=0.
If I, m, m, are the direction-cosines of the principal
direction corresponding to A,, since fi=0be, g®=ca, and
h?=ab, we have

aly+vabm, +/acn, _~/abl,+bm, +/ben,

A my
_eal, +bom, +en,
n, !

L _m_m
Na b e

And since uf—vg+0, uv/b—v/a0, or wm, —vl,50.

Let Of, 0y, 0¢ be a set of rectangular axes whose direction-
cosines are I, m,, n,; ly, My, Ny; Uy, Mg, ng. Then I, my, ny;
l;, mg, my satisfy the equations for principal directions,
(§149). The equation to the surface referred to Of, Oy, O
is therefore
N+ 2x(ul, + vm, +wn,) + 2y (ul, + vmy+wn,)

+ 22(uls+vmy+wng)+d=0.

whence
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Now Ll +mymy+nm,=0,
and we can choose l,, m,, n, to satisfy also
uly+vmy+wn,=0.
Then ny(uls+vmy+wng) =u(ngls— ngly) — v(Myng —mgny),
=um, — vl 0.
Therefore, if uly+vmg+wng is denoted by w,,
=Z(uwm, —vl,)?
_(/e—w b +(wVa—uo) +(uvb—vay
a+b+c
Writing w, for wl,4+wvm,+wn,, the equation to the

surface becomes
A&+ 2u 2+ 2wz +d =0,

2w, d u,?
or (a+ X o)+ _“(z 9w, 2w1>\,> =0,
which may be reduced, by change of origin, to
x?+ 2w, 2=0

The surface is therefore a parabolic cylinder.
The latus rectum of a normal section

_ 2w, _ 2{(w/o—wVby+(w/a—uop+(u/b—vJay)t
% (a+b+c)¥
169, Case E: A=B=C=F=G=H=0, uf=vg=wh.

There is a plane of centres, (§ 153, V.).
Asin Case D, A\\=a+b+c, A\;=A;=0, and

and therefore
uly+vmy+wn, = uly+vmg+wng =0,
The equation to the surface therefore reduces to
At 4 2ux+d=0,
and the surface is a pair of parallel planes.
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160. Reduction when terms of second degree are a
perfect square, The following method of reduction is
applicable to Cases D and E, and is the most suitable
method when the coefficients in the given equation are

numerical.
Since A=B=C=0, f(x, ¥, 2) is a perfect square.
Hence
F(x, ¥, 2)= (\/tza:+~/l_)y +~/Ez)2+2uw+ 20y + 2wz +d.

If, (Case E), ==—=—= =k, the equation becomes

> J’ ~/b J‘
(Vaz+ by +ezp + 2k(Nax+/by ++/cz)+d =0,
and represents a pair of parallel planes.

But if, (Case D), M+, the equation may be written
Ja  Jb q y

(Waz+by +ez + 1)
=28(AVa —u)+ 2y AWb —v)+ 2s(A\e — w) + A2 =
Now choose A so that the planes
U =vaz+/by++ez+A1=0,
V= 22(AJu—u)+ 2y(Ab— v) + 22(A\We —w) + A2 —d =0
are at right angles. This requires that

uJa+va+ch
a+bte

Then take rectangular axes with U=0, V=0 as new
coordinate planes f: 0, n=0, so that

f=———— and g= v
Ja+b+c o lsWa—uy
and the equation reduces to
Ea+b+c)=2/(A\Va—u)y.
But, by Lagrange’s identity,
(a+Dd+){EMWa—u)?} — {EVa(\Wa—u)}?
= X (vafe—wy/b)?;

A=




§§160,161] REDUCTION OF GENERAL EQUATION 227

therefore the reduced equation may be written

2{2(vf—wa)2}
(a+b+c)t

&=

Ex. Reduce the equations

(i) 22+ 4y?+ 22— 4yz+ 220 — 4wy — 224+ 4y — 22 - 3=0,

(ii) 923+ 432+ 422+ 8yz+ 1222+ 122y + 4z +y + 1024-1=0.
Ans. (i) 622 -24/B82x—-3=0, (ii) 22=14y.

161. Summary of the various cases. In the reduction
of the general equation of the second degree with numerical
coefficients the following order of procedure is generally
the most convenient :

If the terms of second degree form a perfect square,

proceed as in § 160.
If the terms of second degree do not form a perfect

square, solve the discriminating cubic.
If the three roots are different from zero, find the centre

oF _OF _°F =0, and the

(o B, y) from the equations =3 ;3 5y

reduced equation is
A2 ALY A 22+ uo+vB+wy+d=0.
If one root, A, is 7ero find [, m,, mg, from two of the
equations f f =0. Evaluate ul;+vmy+wn,=k.
ol omy ’@'n3
If k0, the reduced equation is
A2+ A2+ 2kz=0.
If k=0, there is a line of centres, given by any two of
OF OF ©OF

the equations oy 5;-0. Choose (a, B, v) any point

on it as centre, and the reduced equation is

A2+ Ayt uc+vB+wy+d=0.
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Ex. Reduce the following equations :
(i) 322+5y%+ 322+ 2yz+ 222+ 2y — 4 — 82+5=0,
(ii) 222+ 20y +1822 — 1292+ 122y + 222+ 6y — 22— 2=0,
(iii) 322 —24y3+8224-16y2z — 1022 — 14xy + 22y 4 22 — 4=0,
(iv) 3622+ 4y?+ 22— 4yz — 1222+ 24y + 42+ 16y — 262 3=0,
(v) 3234+ Ty*+ 322+ 10yz — 222+ 102y + 42— 12y — 42+ 1 =0,
(vi) 6y%—18yz—62r+2ry — 9z 45y —5z4+2=0,
(vii) 5224 26y2+ 1022+ 4yz+ 1422+ 62y — 82— 18y — 102+ 4=0,
(viii) 4%+ 9y?+ 3622 - 36yz+ 2422 — 122y — 102+ 15y — 302+ 6=0,
(ix) 11y2+14yz+8zx + 14xy — 62— 16y +2: —2=0,
(x) 242 —"Ty%+ 222 - 10yz — 822 — 10zy + 62+ 12y — 62+ 5=0.

Ans. (i) 322 +2y2+622=1, (i) 14224 26y2=24/017,
(iii) 1422—27y2=1, (iv) 4122=28y,
(v) 8174y -122=1, (vi) 1422 —26y2=24/91z,
(vii) 1422427y2=1, (viii) 4922 35x+6=0,
(ix) 322+4y%-1822=1, (x) #242y%—4:2=0.

162. Conicoids of revolution. If two of the roots of the
discriminating cubic are equal and not zero, the equation
F(x, ¥, 2)=0 reduces to

M@+ FAL A D=0, @)
or M@+ YD+ 2k2=0,....cocevvnnrnnnn. (ii)
or M@y +Ad =0, i (iii)

The surface is therefore, (i), an ellipsoid, hyperboloid, or
cone of revolution, (ii), a paraboloid of revolution, or {iii), a
right circular cylinder. These are, if we exclude the sphere,
the only conicoids of revolution, and therefore the con-
ditions that F(z, 9, 2)=0 should represent a surface of
revolution are the conditions that the cubic should have a
repeated root different from zero, viz., (§ 146),

h
A,=a-9—=b-%f=c-f-,§; N
or A=a, (b—a)c—a)=f% g=0, h=0; ......... (2)
or A=b, (c=b)a=b)=g% k=0, f=0; ......... 3)

or A =¢, (a—c)(b—c)=h? f=0, g=0. ......... 4)
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If equations (1) are satisfied,
F(z, ¥, 2) = A\ (2 + 32 +2%) 4+ 2ux+ 20y + 2wz +d

+ioh(G+L+7)

2

And therefore any plane parallel to the plane ;+%+%= 0
cuts the surface in a circle. The axis of the surface is the
line through the centres of the circular sections, that is,
the perpendicular from the centre of the sphere

M@+ Y2+ 28+ 2ux + 20y + 2wz +d =0
to the planes of the sections. Its equations are therefore

u v w
Het3)=o(u+5)=h(=+3):
Similarly, if equations (2) are satisfied, the equations to

the axis are et+ufa_y+vja_z+wla
0 Vob—a Je—a’®
Ex. 1. Find the right circular cylinders that circumscribe the
ellipsoid 2021 2 b2 4222 =
z%a?+ y?| b2+ 22/t =1.

The enveloping cylinder whose generators are parallel to the line
z[l=y/m=z/n has equation

22 R 2R )(l2 m? 'n’) (lx my nz)z__
(G a-1) Gor i+ ) - (G +5) =0
Conditions (1) give

1/ m? n?\_1/B m? n’)_ 1 (l2 m? n’)
@(@’fﬁ*?)—ﬁ(m*ﬁﬂf =a\etEta)
which can only be satisfied if a=b=c¢, or I=m=n=0. (If a=b=c¢,
the ellipsoid becomes a sphere, and any enveloping cylinder is a right
cylinder.) Using conditions (2), (3), (4), we obtain
1=0, {m?(a?-c?)+n?(a®—b%)}{m%?+2n%?}=0,
or m=0, {n3(b6®-a?)+03(b%— ct)H{n%a?+lc?}=0,
or n=0, {B(c®-b%)+m?(c?—a?)}{l2b?+m?%a2}=0.
If a>b>c, the second only of these equations gives real values for
the direction-cosines of a generator, viz.,
I _m__ =
Nat-b? 0 1AB2-c?
If A is the repeated root of the discriminating cubic,

r-4(5)
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'The reduced equation to the cylinder is

2
A(ﬁ+yﬁ)=f—+%,

2
or 224+ yt=b%
Bx. 2. Find the right circular cylinders that can be inscribed in
the hyperboloid P 42yr-3a=1,

Ans. 4(2%+2y% - 322 — 1)+ (2 £/152)2=0.
Ex. 3. Prove that
B4yt —yz—zx—xy—3x—6y~92+21=0
represents a paraboloid of revolution, and find the coordinates of the
focus. duns. (1,2, 3).

Ex. 4. Find the locus of the vertices of the cones of revolution
that pass through the ellipse
22lat+y2fb=1, 2z=0.
2 22 2 2
Ans. x=0, zl%—bﬁ'}‘;:z: -1; 3/=0, E:j::g‘.‘——b—.z=1.
Ex. 5. The locus of the vertices of the right circular cones that
circumscribe an ellipsoid consists of the focal conics.

Ex. 6. If f(x,y, 2)=0 represents a right cone of semi-vertical
angle o,
‘(Z;-—a LU ((Lh—' hf+il':") cos?o.

=t =t - = + pari
h S
Ex. 7. If f(», y, z)=1 represents an ellipsoid formed by the
revolution of an ellipse about its major axis, the eccentricity of the
generating ellipse is given by
atbte_ gh
3-¢2  ~  f°
Ex. 8 If the axes are oblique, F(z, 7, 2)=0 represents a conicoid
of revolution if
S, y, 2) — k(22 +y2+ 23+ 2y2 cos A + 2z cos p+ 2y cos v)
is a perfect square.
Hence shew that the four cones of revolution that pass through the
coordinate axes are given by ayz+bzr+ cry=0, where

a b c -
= = or “=b S

3 ) =
Booing? g A Yl 2V
g sin’g sin?3  cost cos’s

a -b —-C
or — —c,or“—b )

A o LY A =

PAd 2k a¥ 2/t 2l 2V

cos’3 sin’y cos’s cos’s cos?s sin®g
Ex. 9. Find the equations to the right circular cones that touch

the (rectangular) coovdinate planes.

dAns. 274 yE 422+ Qys 4 22 + 2wy =0, (one or three of the negative

signs being taken).

. oA .
sm’§ sin?
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INVARIANTS.

163. If the equation to a conicoid F(z, y, z)=0 1is trans-
Jormed by any change of rectangular axes, the expressions

a+b+ec, A+B+C, D, S
remain unaltered in value.

If the origin only is changed, f(z, ¥, #) is unaffected, and
therefore a+b+c, A+B4C, and D are unaltered.

If now the coordinate axes be turned about the origin
so that f(z, y, 2) is transformed into

fi®, ¥, 2) = a@®+byy* + 2+ 2f yz + 29,00+ 2hyzy,

then flx, ¥, 2)=A(2®+y%+2?) becomes
fl(m’ Y, Z) - )\(w2 + y2 + 22)'
If S, y, 2) =A@+ y2+2%)=0

represents two planes,
L@, Y, 2)—=N@P+y*+2%) =0

will also represent the planes. And X is the same quantity
in both equations, therefore the equations

a—\, h, g |=0, | a;=A, hy, g, |=0
h, b=2, f hy, b=A, N
9, fi =X [ Sir e=A

have the same roots. In each the coefficient of A® is unity,
and therefore a+b+c=a,+b+a,
A+B+C=A,+B,+C,,
D=D,.

Again if the origin is changed to (o, B, ), F(z, ¥, 2)=0
becomes

oF , OF , ©°F
f(w’ Y z)+méa+y 'a'B+za7+ F(a-) B’ ‘Y)=0.
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Hence the new value of S,

§'= a 3 1oF
’ ’ 9 33

1 oF

h, b, f., §5I—B

1 oF

’ > ¢, 5=

9 ) 2 3y

1oF 1°F 10F
250 308 20y @BV

Multiply the numbers in the first three columns by
o, B,  respectively, and subtract the sum from the numbers
in the fourth column; then apply the same process to the
rows, and

s'= a, h, g u
h, b, i v
9 f c, w
19F 19F 1°0F
35x’ 35 —,3 25y’ wo+vB+wy+d
=|la, h, g ul|=S
h, b, f, v
9 f ¢ w
w v, w d

Therefore S is unaltered by change of origin.
If the axes be now turned about the origin so that
F(z, ¥, 2)=f(2, ¥, 2)+ 2ux+ 20y + 2wz +d
becomes
Fi(z, y, 2) =fi(, y, 2)+ 2uz+ 20,y + 2w,z +d,
then F(z, 9, 2)—A(2?+y2+22+1)
transforms into
Fi(x, ¥, 2)— A (@ +y2+22+1).
If F(z, y, 2)—A(x*+y%+2%+1)=0 represents a cone
Fi(@, ¥, 2)—=A(2*+3y*+2°+1)=0
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will also represent the cone. And A being the same quantity
in both equations, the equations

a=\, kg w|=0, la,=A, Rk, g, u|=0

h,b—AX, L v ky, b=, S U
g fie=\ w 1> foa=X  w
u, v, w, d—>\ Uy, vy, w]: d—k

have the same roots. In each equation the coefficient of
A* is unity, and therefore the constant terms are equal, 7.e.
S=8. Hence S is invariant for any change of rectangular
axes.

Ex. 1. If f(», g, 2) transforms into oz?+ Bu?++v2?% prove that
o, 3, vy are the roots of the discriminating cubic.

Ex. 2. If the origin is unaltered,

Au? 4 Bo?4 Cw? 4 2Fvw + 2Gwu 4+ 2Huw
is invariant.

Bx. 3. If  ax?+by?+c®+2fyz+ 2920+ 2hxy,
a2+ b,y 4 )22 + 2f 2 + 29,20 + 2y
are simultaneously transformed,
a,A +b,B +¢,C +2f,F +2¢9,G +2A4;H
remains unaltered.

Ex. 4. If any set of rectangular axes through a fixed origin O
meets a given conicoid in P, P'; Q, Q'; R, R, prove that

. pp? a2 RR'2
) opr; 0P’2+OQ?.Q 002 OR?. OR?
1 1 1

() 6p.0r*5g.0Q ToR.OR
are constant.

Ex. 5. Shew by means of invariant expressions that the squares
of the principal axes of a normal section of the cylinder which envelores
the ellipsoid 2?%/a%+%b%+2%c?=1, and whose generators are parallel
to the line x/l=y/m=2z/n, are given by

2 m? n?
a-atpatap=0

Examples VIII.
1. Prove that
52+ 5y?+ 822 + 8yz + 822 — 22y + 122 - 12y + 6 =0
represents a cylinder whose cross-section is an ellipse of eccentricity
1/M2, and find the equations to the axis.
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2. Find the eccentricity of a section of the surface
Pyt +22 - p(yz+ e+ ay)=1
by a plane through the line r=y=-2.
3. What is the nature of the surface given by
Sz, y,2)=1if a-2 f =b- —-—c fy—O?
4, Prove that the cylinder and real cone through the curve of

intersection of the conicoids

22+ at=2¢y, y*+bt=2cr
are given by

b(z%~-2cy)— a(y? - 2cx)=0, 22-y2+(a—"Db)2%+2c(x—y)=0.

5. Prove that three cones can be drawn through the curve of
intersection of the conicoids

2242 4-2by+a2=0, y2+d2+2ax+b2=
and that their vertices form a right-angled triangle.
6. Prove that
2 'm2
(axd+4by?+c2? ~ 1) =(lz+my+nz—-1)2

represents a paraboloid touchmg the surface az?+by?+c2=1 at its
points of section by the plane l{r+my+nz=1. Prove also that its

axis is parallel to the line azr by ':

7. Shew that the conicoids
(24 b,y +012) +(ag2+ byy + 62f + (a7 + byy +e52) =1,
(nz+ a5y +as2)*+ (byr+byy + b2l + (erx+ ¢y +c2)=1
are equal in all respects.
8. Prove that if a3+ +c3=3abc and u+v+w+0,
ax?+by?+ c2®+ 2ayz 4+ 2bzx + 2cxy + 2ux + 20y + 2wr+ d=0
represents either a parabolic cylinder or a hyperbolic paraboloid.
9. If F(x, y,2)=0 represents a cylinder, prove that

7S 08 0OS
Qa 06 Oc
oD 0D oD
% b T 35 s 08
. etV
and that the area of a normal section is "__ﬁ'
( oD BD)
oat %t Q¢
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10. Prove that if F(z, y, z)=0 represents a paraboloid of revolution,
WO BRYO  aghot g+ K)=bhf+gUR+S) = fy-+ (S +g)=0,
and that if it represents a right circular cylinder we have also
;+3+%=Q
11. The principal planes of f(x, ¥, z)=1 are given by
2z ¥y z|=0

of of of
W O o
OF OF OF
= oy %

where F(z, y, z)=0 is the cone reciprocal to f(z, , z)=0.

12. Prove that the centres of conicoids that touch yz=mz at its
vertex and at all points of its generator y=4x, kz=m, lie on the line
y=0, kz=m.

13. Prove that z(ax+by+cz)+ox+ By=0 represents a paraboloid
and that the equations to the axis are

ax+by+2c2=0, (a®+0%z+ao+bB=0.

14. A hyperbolic paraboloid passes through the lines -:'Ea =%=2£c ;
§=E—Z=% ; and has one system of generators parallel to the plane

¥ 2 z(z_ ) 2(5 )_
Z44==0, #(Z-1)+a(Z+1)=0.
16. Paraboloids are drawn through the lines y=0, z=4, 2=0,
z=—h; and touching the line x=aqa, y=>b. Shew that their diameters
through the point of contact lie on the conoid
a(y —b)(z— k)2 - b(z — a)(z+A)*=0.
16. Given the ellipsoid of revolution
23 242
a-2+~/—6?—= 1, (a2>8%).
Shew that the cone whose vertex is one of the foci of the ellipse z=0,
#%{a®+y3b*=1, and whose base is any plane section of the ellipsoid is
of revolution.

17. The axes of the conicoids of revolution that pass through the
six points (a4, 0, 0), (0, +b, 0), (0, 0, +¢) lie in the coordinate planes
or on the cone P e

a? ot =0

18, Prove that the equation to the right circular cylinder on the

circle through the three points (a, 0, 0), (0, b, 0), (0, 0, c) is

(x’+y’+z’—az—by—cz)(£—,+% +5)=(Z+4+2- 1) (2+%+:—,—2).
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19 Find the equation to the paraboloid which has
y=2—-k=0, w=z+k=0
as generators and the other system parallel to the plane 24y +2=0.
Find also the coordinates of the vertex and the equations to the axis.

20. The axes of cylinders that circumscribe an ellipsoid and have a
cross-section of constant area lie on a cone concyclic with the ellipsoid.

21. A conicoid touches the plane z=0 and is cut by the planes =0,

=0 in two circles of variable centres but constant radii ¢ and 5.
Shew that the locus of the centre is

22(2? = y¥) + a®y? — b2 =0,

22. A, B, C are the points (2a, 0, 0), (0, 2b, 0), (0, 0, 2¢), and the
axes are rectangular. A circle is circumscribed about the triangle
OAB. A conicoid passes through this circle and is such that its
sections by the planes =0, y=0 are rectangular hyperbolas which
pass through O, B and C; O, C and A respectively. Prove that
the equation to the conicoid is

2%+ y2— 224+ 2 \yz+ 2pzx — 2ax — 2by + 2c2=0,
where A and g are parameters, and that the locus of the centres of
such conicoids is the sphere
22+ 32+ 2% — ax— by — cz=0.

23. Shew that the equation to the conicoid that passes through the

vertices of the tetrahedron whose faces are

=0, y=0, 2=0, z/a+y/b+z/c=1,
and is such that the tangent plane at each vertex is parallel to the
opposite face, is

22—axr yi-by 2
T +

-cz, 1
= e (ayz + bzx + cxy)=O0.

24. Shew that the equation to the ellipsoid inscribed in the
tetrahedron whose faces are #=0, ¥=0, =0, z/a+y/b+2/c=1, so as
to touch each face at its centre of gravity, is

B2 3yt 34 Byz Bex 3oy 3w 3y 3o
at " bt T T be T ca ab a b ¢

Shew that its centre is at the centre of gravity of the tetrahedron
and that its equation referred to parallel axes through the centre is

22 2 P oy o oy 1
ateEtatiptauta=
25, If the feet of the six normals from P to the ellipsoid
x? oyt 2
atEta=l

lie upon a concentric conicoid of revolution, the locus of P is the cone
2,2 2222 22y

2

KA X
T T By Ty

0,
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and the axes of symmetry of the conicoids lie on the cone
a?(b? — c?)x? + b%(c? — a?)y? + c?(a? — b3)2*=0.

26. If ax?+by?+c?+2fyz+ 292+ 2hxy=0 represents a pair ot
planes, prove that the planes bisecting the angles between them are

given by 2 9 2 =0,
ar+hy+gz, hx+by+fz, gx+fytcz
F-1, G-, H-1

27. Prove that
@ +a2)(B+7)+ @+ By + )+ + y)) (o + B)
—20yz— 22z — 2yxy +22(2By — o3 —ay)
+2y(2ye. — By — Ba) +22(20.3 — yo. — y3)=0
represents a cylinder whose axis is
z—o=y—-fB=z-7.
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CHAPTER XIIL
THE INTERSECTION OF TWO CONICOIDS.

164. Any plane meets a conicoid in a conic, and therefore
any plane meets the curve of intersection of two conicoids
in the four points common to two conics. The curve of
intersection is therefore of the fourth degree, or is a quartic
curve.

If the conicoids have a common generator, any plane
which does not pass through it meets it in one point and
meets the locus of the other common points of the conicoids
in three points, and therefore the locus is a cubic curve.
Thus the quartic curve of intersection of two conicoids
may consist of a straight line and a cubic curve.

Ex. The conicoids zz=y? zy=2z have OX as a common generator.

Their other common points lie on a cubic curve whose equations may
be written x=¢, y =122 z=¢, where ¢ is a parameter.

Again, an asymptote of one of the two conics, in which
a given plane cuts two conicoids, may be parallel to an
asymptote of the other. In that case the conics will inter-
sect in three points at a finite distance, and the locus of
the common points of the two conicoids which are at a
finite distance will be a cubic curve.
Ex. We have seen that three cylinders pass through the feet of
the normals from a point (e, 3, y) to the conicoid
ar?+by?+ct=1.

Their equations are roa_y-B_z-y
az by ce

or y2(b—c)—byy+cefz=0, zx(c—a)-coz+ayr=0,
zy(a—b)—-afz+ boy=0.
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Their curve of intersection is a cubic curve whose equations may be
written

- -_B -
T=1=ar Y"1 *"i-a
One asymptote of any plane section of the first lies in the plane
by
Ll s 0,

and one asymptote of any plane section of the second lies in the plane
z+ 2 —o.
c—a

Hence any plane meets the two cylinders in two conics such that
an asymptote of one is parallel to an asymptote of the other, and
the conics therefore intersect in three points at a finite distance.

166. The cubic curve common to two conicoids. Suppose
that the locus of the common points of two conicoids S, and
S, consists of a common generator AB and a cubic curve.
Any generator, PQ, of S,, of the opposite system to AB,
meets S, in two points, one of which lies upon AB and the

A

\l

Fra. 49.

other upon the curve. Let P, fig. 49, be the first of these
points and Q the second. The plane containing AB and PQ
meets the curve in three points, one of which is Q. But
all points of the curve lie upon S, and the plane intersects
S, in the lines AB and PQ, therefore the other two points
must lie upon AB or PQ, or one upon AB and one upon PQ.
Neither can lie upon PQ, for then PQ would meet the
surface S, in three points, and would therefore be a generator
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of S,. Therefore the cubic curve intersects the common
generator AB at two points.

Let AB meet the curve in R and S, and let P move
along AB. As P tends to R, Q tends to P, so that in the
limit PQ is a tangent at R to the surface S,, and the plane
of AB and PQ is then the tangent plane at R to the
surface S,. But the plane of AB and PQ is tangent plane
at P to the surface S, for any position of P. And therefore
the surfaces S, and S, have the same tangent plane at R.
Similarly, the surfaces also touch at S. But we have
proved, (§ 134, Ex. 10), that if two conicoids have a common
generator, they touch at two points of the generator.
Hence the locus of the common points of two conicoids
which have a common generator consists of the generator
and a cubic curve, which passes through the two points
of the generator at which the surfaces touch.

Ex. 1. The conicoids 52— yz—2z2+ 22y 42242y =0, .«.cceuveeeens (1)
2t -z +2x+y=0, ...... Crresreniasnaeaenaiaad (2)

have OZ as a common generator. Any plane through the generator
is given by y=tx. To find where this plane meets the cubic curve
common to the conicoids, substitute in equations (1) and (2). We

obtain 2=0, z(5+2t)-2(t+2)+2(+1)=0, .rvvrrrrerrnne. @)
x=0, 2 -z + 41 =0, iviriniieinnnnes (4)

The points corresponding to x=0 lie upon the common generator.
The remaining point of intersection of the plane and cubic has,
from (3) and (4), coordinates

z=t(t+1), z=(2t+1)(¢t+1); and y=tz=2(>+1). ........ (5)
But ¢ is a variable parameter, so that we may take the equations (5)
to represent the curve. The points where the curve meets the
common generator OZ are given by ¢=0, t=-1. They are the
points (0, 0, 1), (0, 0, 0). It is easy to verify that the common tangent
planes at these points are y=0, #+y=0.
Ex. 2. Prove that the conicoids
22—yt -yt 2x+x—2y+2=0,
22+ 2y%+ 322 - Byz+ 2z — 4wy +x — 2y +2=0
have x=y=z as a common generator. Prove that the plane
r—-y=t(y-2z)
meets the cubic curve which contains the other common points in the
point AP+ 43)(A-0)  3(1-0) _ (4+1)(e-1),
T asybe . YT awsyse T adybr
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shew that the cubic meets the common generator at the origin and the
point x=y=2z= — %, and verify that the surfaces have the same tangent
planes at these points.

166. Conicoids with common generators. The cubic
curve may degenerate into a straight line and a conic or
into three straight lines.

Let 0 and P, (fig. 50), be the points of the common
generator at which the surfaces touch and let the measure
of OP be y. Take OP as z-axis and O as origin. Let OX
and PG be the other generators of the conicoid S; which
pass through O and P. Take OX as z-axis, and the parallel
through O to PG as y-axis. Then, since

2=0,y=0; y=0,2=0; 2=y, 2=0
are generators of S,, its equation may be written

2yz+ 2922+ 2hay — 29y =0. ...cocvvennen @
Z/
P G
: o v
X
Fia. 50.

And since the tangent planes at the origin and (0, 0, y)
to S, are y =0, =0 respectively, the equation to S, is
a2+ b2+ 2yz+ 29,20 + 2h iy — 2yy =0. ...... )
The tangent planes at (0, 0, 2’) to S, and S, are given by
gZe—y(y—2)=0, ge—y(y—2)=0,
and hence if g=g, the surfaces touch at all points of the
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common generator OZ. We shall consider meantime the
case where g=g,. From (1) and (2), by subtracting, we
obtain a2+ b,y%+ 22(g, — 9)+ 22y (hy — k) =0, ......... 3)
which clearly represents a surface through the common
points of S, and S,. It is in general a cone, having OZ as
a generator, and in general, the locus of the common points
of s, and S, is a cubic curve which lies upon the cone.
But if equation (3) represents two intersecting planes, the
cubic will degenerate. The condition for a pair of planes is

b9, —9)*=0, and hence b,=0.

If b, =0, PG, whose equations are =0, z=1, is a generator
of s,, and equation (3) then becomes equivalent to

=0, a,x+22(9,—9)+2y(h,—1)=0.

Hence the common points of S, and S, lie upon a conic
in the plane

a,x+22(9,—9)+2y(h,—h)=0,
and the two common generators, 0Z and PG, in the plane
x=0.

If, also, @,=0, OX is generator of S,. The plane of the
conic then passes through OX, and is therefore a tangent
plane to both conicoids. The conic therefore becomes two
straight lines, one of which is OX, and the other a generator
of the opposite system. But OX and PG are of the same
system, and the conic consists therefore of OX and a
generator which intersects OX and PG. The complete
locus of the common points of S, and S, is then a skew
quadrilateral formed by four common generators.

If the conicoids touch at all points of the common
generator OZ, g=g,, and equation (3) becomes

a2 +2(h, - h)zy +b,y2=0,
which represents a pair of planes through oz.

If these planes are distinct, they meet the conicoids in
two other common generators of the opposite system to 0z.
If they are coincident the conicoids touch at all points of a
second common generator.
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Ex. 1. The conicoids
22* -y +42° 4 Byz+ 6ar + 4xy — 2r + y — 42=0,
2% — y? - 52%— 6yz — Bew+ dxy — 2x+ y +52=0

have two common generators and a common conic section,
(The generators are =0, y+2=1; y=0, z4+2=1.)

Ex. 2. The conicoids
3y2+ 422+ 6yz - bzx — xy + y+2=0,
4%+ 622+ 9yz — 3ax + 2y + 32 =0
have OX for a common generator. Find the locus of their other
common points.
Ans. 3r+1= -2 =4z and r+y+2+1=0, (2y+32)*+2y+62=0.
Bx. 3. The conicoids
222 - 3yz — bax — 6xy +2=0,
422 —6yz — 1022+ Ty +22=0
have four common generators.
{7=0,2=0; z=0,2=0; =0, 3y—22=1; y=0, 52-2=1.)
Ex. 4. The conicoids
224 2yz 4 621 — 3wy — 122=0,
422 - 2yz — 42w+ 22y +82=0
have two common generators and touch at all points of these generators,
Ex. 5. Prove that the intersection of the conicoids
2+2:-y+2=0, »*-2y—2-1=0
is a quartic curve whose equations may be written
r=AM-2 y=A*+1, z=A-1.
Ex. 6. Find the points of intersection of the plane »—9y-4:=0
and the quartic curve which is common to the parabolic cylinders
224+102—-y+26=0, 3*'—-2y—-2+2=0.
Ans. Two coincident at (17, 5, —7); (2, 2, —4); (82, 10, —2).
Ex. 7. Prove that the conicoids
3x?+42% - 4yz — 22 — 2y — 22+ 22=0,
22— y2— 8224 Tyz+ 1222 — 112y — 22+ 22=0

touch one another at all points of the common generator z=y=z, and
that their other common generators lie in the planes

2(z -y +13(z - y)(y - 2) +12(y - 2)’=0.
Bx. 8. If two cones have a common generator, their other common
points lie on a cubic curve which passes through both vertices.

Ex. 9. If two paraboloids have each a system of generators parallel
to a given plane and touch at two points of a common generator of the
system, they touch at all points of the generator.
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Ex. 10. Prove that the three cylinders
y(a-2)=a? z(a—x)=a? z(a-y)=a?
pass through a cubic curve which lies on the surface zyz+a3=0.
Ex. 11. Prove that if the cubic curve
=2 g2 2
TZe YTy e
meets a conicoid in seven points, it lies wholly on the conicoid.

Shew that the curve lies upon the cylinders
C,=y2(b-c)—2y+22=0,
C;=2x(¢c—a)—-2z+2x=0,
Cy;=xy(a-b)—2r+2y=0,

and hence that the general equation to a conicoid through it is
AC; +puC;+vC;y=0.
Prove that the locus of the centres of conicoids that pass through
the curve is
(b-c)c—a)(a-b)ryz+Z(b—c)(b+c-2a)yz—22(b—c)x=0,
and that this surface is also the locus of the mid-points of chords of
the curve.
Shew that the lines
2 2 2 2 2
Y=aTp *=a-c’ *Tb=¢ *b-a’ *“o=a V=eib
are asymptotic to the curve, and that the locus of the centres passes
through them and through the curve.
Ex. 12. Prove that the general equation to a conicoid through the

cubic curve given by r=t, y=t, z=13

is Ary = 2)+p(zr - yB) +v(a? - y)=0,
and that the locus of the centres of such conicoids is the surface
223 —-3xy+2=0.

Verify that this surface is also the locus of the mid-points of chords
of the curve.

Ex. 13. The equations to a cubic curve are

r=a8+b2+cit, y=aytP+b%+cyt, z=ay3+byt2+cyt.

Prove that the cone generated by chords through the origin is

given by wu=13 where
u=Ax+Ay+Azz v=Bwr+By+Byg, w=Cwx+Cy+Cy;
A= oA etc.; A=

== ay by ¢ |
aal) y Yy O

ay by o
a3, bs, c3
Shew that the curve lies on each of the conicoids, (two of which
have a common generator),
wu=12% vw=A0Au, w?=Avy,
and that the locus of the centres of conicoids that pass through it is
2w (w? - Av) - A(vw - Au)=0.
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Bx, 14, Prove that the equations
_at+d _ag+b, _ ast+b,

=t Y= 2=t 3
RN A AW N oyt + By

determine a cubic curve, which lies upon three cylinders whose

generators are parallel to the coordinate axes.

Ex. 15. Prove that the cubic curve given by
__a|33+b132+c‘l+d1 _a2t3+b2t2+cgt+d2 _.a333+b312+03t+d3

= e B b rogtd, YT alrbfrettd, 1T altbitoitd,

lies upon the conicoids

Uglly =Ug?,  UUg=Us?) Uy = Uy,
where u,=Az+Ay+Agz+A,, wu=Bxr+B,y+Byz+B,,
ug=Cr+Coy+Cy2+C,, =D+ Dyy+Dyz+D,;

A ete.; A=|a, b, ¢, d,|.
Ay by, €y dy
ag, b39 C3y ds

ayy by ¢ d,

_oa
l_aal’

If A, B, C, D are the points

(‘Llf‘_-z"_s) (’j’lz’ia) (ﬁﬁfﬁ) é@ia)
a‘) a4! a‘ y b" b" b4 ’ 04, c*’ 04 ) d(’ d4’ d‘ ’
each of the conicoids passes through two of the lines BA, AD, DC.
The equations wugu, =u,?, wuu,=us® represent cones whose vertices
are D and A respectively.
The curve passes through A and D and touches BA at A and
DC at D.
The centres of conicoids through it lie on the cubic surface

2(@gug + cg16y) (ugtey — Ug?) — 2(byuy + dyuz) (uguty — ug?)
(gt — bytg+cqus — dyug ) (ugus — uyu,) =0.

167. The cones through the intersection of two coni-
coids. Four cones, in general, pass through the curve of
intersection of two given conicoids, and their vertices are
the summats of a tetrahedron which is self-polar with
respect to any conicoid through the curve of intersection.

If the equations to the conicoids are

S = ax?+ by?+ c2? + 2fyz + 2922+ 2hay
+ 2ux+ 2vy + 2wz + d =0,
8§ =22+ by + 22+ 2f yz+29"2x+ 20wy
+2u'z+ 20"y + 2wz +d' =0,



246 COORDINATE GEOMETRY [cH. x11,

the equation S+AS8’=0 represents a conicoid through the
curve of intersection. This conicoid is a cone if

a+Aa, h+AK, g+Ag, w4’ |=0,

L+AR, b+,  fHA, v+

g+AY, [N e+, wHAw

WA, VAV, w+A, d+NT
and this equation gives four values of A. If these are
A Az Ag, A, then (o, B, 7), the vertex of the cone corre-
sponding to A, is given by
S.+A,8.=0, Sg+A,85=0, S,+\;S,=0, §;+)\,;8.=0, (1)
where S.Egg, etc. Again, the polar plane of (., B, y)

oo
with respect to S+ uS’=0 has for equation

®(Sa+ uS.)+y(Ss+ /‘S’ﬂ) +2(S,+ /‘sly) +(S:+ /‘S,t) =0,

which by means of the relations (1) reduces to
(=) (@S +ySs+28,+S)=0.

The polar plane of (., 8, y) with respect to any conicoid
through the curve of intersection is therefore the polar
plane with respect to the conicoid S". Hence this plane is
the polar plane of (o, B, y) with respect to the three cones
corresponding to A,, Ag, A, and therefore passes through
the vertices of these cones. Thus the plane through the
vertices of any three of the cones is the polar plane of the
fourth vertex with respect to any conicoid of the system.
or the four vertices form a self-polar tetrahedron.

168. Conicoids with double contact. If two conicoids
have common tangent planes at two points they are said
to have double contact.

If two conicoids have double contact and the line
joining the points of contact is not a common generator,
their curve of intersection consists of two conics.

If the points of contact are A and B, any plane through
AB meets the conicoids in two conics which touch at A
and B. Take AB as y-axis and any two lines through
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a point on AB as x- and z-axes. Let the conics in which
the xy-plane cuts the conicoids be

f=ax?+ 2hxy + by + 292 + 2fy + ¢ =0,

and SHAx2=0.
Then the equations to the two conicoids are
f+z(lz+my+nz+p)=0, ............ 6))
fEr2+z(lz+m'y+n'z+p)=0. ...... )

But the sections of the conicoids by the yz-plane also
touch at A and B, and therefore their equations are of the

forms $(y, 2)=0, $(y, 2)+N22=0.
The sections of the conicoids by the plane z=0 are given
by by +2fy + c+2z(my+nz+p)=0,
by*+2fy+c+z(m'y+n'z+p’)=0,
and therefore m=m" and p=p’
From (1) and (2), by subtraction, we have
A2+ 2{(l' =Dz +(n —n)z} =0;
therefore the common points of the two conicoids lie in two
planes which pass through AB, or the curve of intersection
consists of two conics which cross at A and B.

If AB is a common generator of the two conicoids, the
other common points lie on a cubic curve, which may, as
we have seen in § 166, consist of a straight line and a
conic, or three straight lines. In either case the common
points lie in two planes. In the first case, if the common
generators AB and AC meet the conic in B and C, the coni-
coids touch at the three points A, B, C. For the tangent
plane to either conicoid at B is the plane containing AB
and the tangent to the conic at B, and the tangent plane
to either conicoid at C is the plane containing AC and
the tangent to the conic at C; also the plane BAC is the
common tangent plane at A. In the second case, the
common points of the conicoid lie on the sides of a skew
quadrilateral and the conicoids touch at the four vertices.
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169. If two conicoids have two common plame sections
they touch at two points, at least.

The line of intersection of the planes of the sections will
meet the conicoids in two common points A and B. The
tangents to the sections at A are tangents to both conicoids
at A, and therefore, since two tangents determine the tangent
plane at any point, the conicoids have the same tangent
plane at A. Similarly they touch at B. If one plane
section consists of two generators CA and CB, the conicoids
also touch at C. If the other also consists of two generators
the conicoids touch at their point of intersection, and thus
touch at four points.

The analytical proof is equally simple. If $=0 is the
equation to one conicoid, and

w=ar+by+cz+d=0, v=ax+by+cz+d =0
represent the planes of the common sections, the equation
to the other conicoid is of the form
S+Auv=0.

If A is the point (a, B, ), then
w=an+bB+cy+d=0, and vV=a'a+0B+cy+d'=0.(1)

The equation to the tangent plane at A to the second
conicoid is

xS, +ySp+2S,+ S+ A (uv' +vu) =0,
or, by (1), S, +ySsg+2S,+5,=0,
which represents the tangent plane at A to the first conicoid.
Hence the conicoids touch at A, and similarly they touch
at B.

170. The general equation to a conicoid having double
contact with $=0, the chord of contact being w=0, v=0, is
S+ A+ 2puv +vv?:=0.

For the tangent plane at A is
xS, +YSp+2S,+ S+ 2Auw’ + 2u(ur +vu')+ 2w’ =0,
or, since w=1v"=0, 28,4 ySg+2S,+85,=0.
Thus the conicoids touch at A, and similarly, at B.
Again, three conditions must be satisfied if a conicoid is to
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touch a given plane at a given point, and therefore the
general equation should contain three disposable constants,
which it does.

Cor. A focus of a conicoid is a sphere of zero radius
which has double contact with the conicoid, and the corre-
sponding directrix is the chord of contact.

171. Circumscribing conicoids. If two conicoids touch
at three points A, B, C and none of the lines BC, CA, AB is a
common generator, then the conicoids touch at all points of
their sections by the plane ABC.

Since the conicoids touch at B and C, their common points
lie in two planes which pass through BC, (§168). Since
these planes pass through A, they must coincide in the
plane ABC. The curve of intersection of the surfaces con-
sists thercfore of two coincident conics in the plane ABC,
and the surfaces touch at points of their section by the
plane.

When two conicoids touch at all points of a plane section
one is said to be circumscribed to the other.

Ex. 1. If two conicoids have a common plane section, their other
points of intersection lie in one plane.

Ex. 2. If three conicoids have a common plane section, the planes
of their other common sections pass through one line.

Ex. 3. The locus of a point such that the square on the tangent
from it to a given sphere is proportional to the rectangle contained by
its distances from two given planes is a conicoid which has double
contact with the sphere.

Ex. 4. Two conicoids which are circumscribed to a third intersect
in plane curves.

Ex. 5. When three conicoids are circumscribed to a fourth, they
intersect in plane curves, and certain sets of three of the six planes of
intersection, one from each pair of conicoids, pass through one line.

Ex. 6. Prove that the ellipsoid and sphere given by

224 5y?+1422=200, 5(?+y%+22)—64r+362+20=0
have double contact, and that the chord of contact is =8, z=2.
Bx. 7. If a system of conicoids has a common conic section, the

polar planes with respect to them of any point in the plane of the
section pass through one line.
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Ex. 8. 1f two conicoids have two common generators of the same
system, they have two other common generators.

Ex. 9. The centres of conicoids which have double contact with
the surface ar+ byt + =1

at its points of intersection with the chord r=c, y=, and intersect
the plane z=0 in a circle, lie on the line
o, Z_y_11
=0, o B a b
Ex, 10. A sphere of constant radius » has doable contact with the
ellipsoid 2 2
4 Y z
;2+ 5 + 2= 1.

Prove that its centre must lie on one of the conics

o 22 "
z=0, o ata—H=

y=0 apta_p=l-g
22 P 2
=0 gatpTaTlTa
Examine when the contact is real and when the sphere lies wholly
within the ellipsoid. Cf. §130.

Ex. 11. If a conicoid is circumscribed to a sphere, every tangent
plwne to the sphere cuts the conicoid in a conic which has a focus at
the point of contact.

Ex, 12. If a conicoid is circumscribed to another conicoid, the
tangent plane to either at an umbilic cuts the other in a conic of
which the umbilic is a focus.

Ex. 13. Any two enveloping cones of the conicoid
ar?+ byt +ct=1
whose vertices lie on the concentric and aomothetic conicoid

ax?+ by?+c?=k?
have double contact.

Ex. 14. The centres of conicoids which have double contact with
a given conicoid so that the chord of contact is parallel to a given line
lie in a given plane.

Ex. 15. If two cones have a common circular section, they have
double contact, and if the line joining their vertices meet the plane of
the circle in P, the chord of contact is the polar of P with respect
to the circle.

Ex, 16. If a sphere has double contact with an ellipsoid, the chord
of contact is parallel to one of the principal axes. and the angle
between the p]l)anes of the common sections of the sphere and the
ellipsoid is the same for all chords parallel to a given axis.
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172. Conicoids through eight given points. An infinite
number of conicoids can be found to pass through eight
given points.

Take A and B any other two fixed points. Then one
conicoid can be found to pass through A and the eight
given points, and one to pass through B and the eight given
points. Let the equations to these conicoids be =0, 8 =0.
The equation S+AS'=0 represents a conicoid which passes
through all the points common to the conicoids given by
§=0, 8'=0, and therefore through the eight given points.
And any value can be assigned to the parameter A ; there-
fore an infinite number of conicoids can be found to pass
through the eight given points.

The locus of the common points of §=0, 8'=0 is a
quartic curve. Hence all conicoids through eight given
points pass through a quartic curve.

Cor. One conicoid, in general, passes through nine given
points, but if the ninth point lies on the quartic curve
through the other eight, an infinite number of conicoids
passes through the nine.

178. The polar planes of a given point with respect to
the conicords through eight given points pass through a

fixced line.
Any conicoid through the eight points is given by

S+AS'=0, where =0 and S'=0 represent fixed conicoids
through the points. The equation to the polar plane of
(o, B, y) with respect to the conicoid S+A8'=0 is

xS, +ySp+2S,+ S+ A (28", +yS's+28",+8")=0.
Hence, whatever the value of A, the polar plane passes
through the fixed line
@S, +ySs+28,+8,=0, 28,4+ySp+28,+8,=0.

Ex. 1. If four conicoids pass through eight given points, the polar
planes of any point with respect to them have the same anharmonic
ratio.

Ex. 2. The diametral planes of a given line with respect to the
conicoids through eight given points pass through a fixed line.



252 COORDINATE GEOMETRY [cr. xI1.

Ex. 3. The polars of a given line with respect to the conicoids
through eight given points lie on a hyperboloid of one sheet.

If A, (a1, B1s 71) and Ay, (ay B, y5) are points of the given line,
and we denote 2Sa, +9Sp, +25y, +St, by Pa,
and 2Say +ySp, +2Sy; +St, by Pay,
then the equations to the polar of A;A; with respect to the conicoid
S+ AS'=0 are Pay+ AP'a; =0, Pay+APay=0.

The locus of the polars is therefore given by

Pa,P’'a; — Pa,P’a, =0.

Bx. 4. The pole of a given plane with respect to the conicoids

through eight given points lies on a cubic curve, the intersection of

two hyperboloids which have a common generator.

Let A, (015 B1s Y1) Asy (0g5 Bsy ¥2), Asy (g, 3, 3) be three points
of the fixed plane.” Then the pole of the fixed plane with respect to
the conicoid S+ AS'=0 is the point of intersection of the polar planes
of A, A,, A;, and therefore is given by

Puy+AP'a,=0, Poy+AP'y=0, Poy+AP'ag=0.
The locus of the pole is therefore the curve of intersection of the
hyperboloid , , , ,
yperbololds  p pr —PoyP'a;=0, PayP'a, —Pa;P'ag=0.

Bx. 5. The centres of conicoids that pass through eight given
points lie on a cubic curve.

174. Conicoids through seven given points. If s=0,
s’ =0, 8”=0, are the equations to fixed conicoids through
the seven given points, the general equation to a conicoid
through the points is

SHAS +uS"=0. .eeiiiiiiiniiann 1)

The fixed conicoids intersect in eight points whose co-
ordinates are given by §=0, 8'=0, $"=0, and therefore
evidently satisfy the equation (1). Therefore all conicoids
which pass through seven given points pass through an
eighth fixed point.

Ex. 1. The polar planes of a given point with respect to the
conicoids which pass through seven given points pass through a fixed
point.

Bx. 2. The diametral planes of a fixed line with respect to the
coincoids which pass through seven given points pass through a fixed
point.

Bx. 3. The poles of a given plane with respect to the conicoids
(vivhich pass through seven given points lie on a surface of the third

egree.
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Ex. 4. The centres of the conicoids which pass through seven given
points lie on a surface of the third degree.

Ex. 5. The vertices of the cones that pass through seven given
points lie on a curve of the sixth degres.

Exampztes IX.

1. Tangent planes parallel to a given plane are drawn to a system
of conicoids which have double contact at fixed points with a given
conicoid. Prove that the locus of their points of contact is a hyper-
bolic paraboloid which has one system of generators parallel to the
given plane.

2. Tangent planes are drawn through a given line to a system of
conicoids which have contact with a given conicoid at fixed points A
and B. Prove that the locus of the points of contact is a hyperboloid
which passes through A and B.

3. The feet of the normals to a conicoid from points on a given
straight line lie on a quartic curve.

4. The edges OA, OB, OC of a parallelepiped are fixed in position,
and the diagonal plane ABC passcs through a fixed line. Prove that
the vertex opposite to O lies on a cubic curve which lies on a cone
that has OA, OB, OC as generators.

5. A variable plane ABC passes through a fixed line and cuts the
axes, which are rectangular, in A, B, C. Prove that the locus of the
centre of the sphere OABC is a cubic curve.

6. The feet of the perpendiculars from a point (a, 3, ¥) to the
generators of the paraboloid x#y=cz lie on two cubic curves whose
equations may be written

_yttoll g’ Loytod,
142 YT T 14’
_c _yt+ B _y+pBe
=p ¥=97& 1+

7. The shortest distance between the fixed line x=a, 2=, and the
generator y=A, Ar=2z, of the paraboloid zy=2z, meets the generator
in P. Shew that the locus of P is a cubic curve which lies on the

cylinder 22422 —ax—bz=0.

8. Find the locus of the centres of conicoids that pass through a
given conic and a straight line which intersects the conic.

9. Two cones have their vertices at an umbilic of an ellipsoid and
meet the tangent plane at the opposite umbilic in two circles which
cut at right angles. Shew that their curves of intersection with the
ellipsoid%ie in two planes, each of which contains the pole of the other.

10. If a cone with a given vertex P has double contact with a given
conicoid, the chord of contact lies in the polar plane of P with respect
to the conicoid.
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11. A variable plane ABC meets the axes in A, B, C, and is at a
constant distance p from the origin. A cone passes through the
curves of intersection of the ellipsoid whose semiaxes are OA, OB, OC,
and the planes OBC, ABC. Prove that its vertex lies on the surface

(1 £V2Rzr24y- 242 2=p2

12. When two conicoids touch at all points of a common generator
AB, the line joining the poles of any given plane with respect to them
intersects AB.

13. AB is a given chord of a cubic curve. Prove that an infinite
number of conicoids can be found to pass through the curve and
through AB, and that one of these will touch a given plane which
passes through AB at a given point of AB.

The z-axis is a chord of the curve

=02+t y=0+, z=20+4+3t+1

Prove that the equation to the conicoid which passes through the
curve and the z-axis and which touches the plane 2z=3y at the point

(0,0,2)is Ta% 4 yz — 4z — 2xy + 4r+ 4y =0.
14. Prove that the conicoids
222 — 2 — 22 4 Qyz — 2y + 22 — 2y =0,
2% — y? - yz 4 3ex — 2y — 2y + 22=0
have a common generator #=y=2, and pass through the cubic curve
e —-2(28+¢2+1) __2#--1) - 2(84+262-1)
Tt YT wrE-m+2 CTwree-si+?
which touches the generator at (-1, -1, —1).

15. If two conicoids, C, and C,, have double contact, and the pole
with respect to C, of one of the planes of the common sections lies on
C,, then the pole of the other also lies on C,.

16. Find the locus of the centres of conicoids of revolution that
circumscribe a given ellipsoid and pass through its centre.

17. P is any point on the curve of intersection of two right cones
whose axes are parallel and whose semivertical angles are « and o',
If d and d’ are the distances of P from the vertices, prove that
dcosatd cosa is constant.

18. If a variable conicoid has double contact with each of three
confocals it has a fixed director sphere.

19, Prove that two paraboloids can be drawn to pass through a
given small circle on a given sphere and to touch the sphere at a given
point, and prove that their axes are coplanar.

20. OP and OQ are the generators of a hyperboloid through a
point O on the director sphere. Prove that the two paraboloids which
contain the normals to the hyperboloid at points on OP and OQ
intersect in a cubic curve whose projection on the tangent plane at O
is a plane cubic with three real asymptotes.
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21. The sides of a skew quadrilateral are the z-axis, the »-axis,
and the lines

y=0, lr+mz+1=0; =2=0, ly+mz+1=0.
_Prove that the general equation to a conicoid which touches the
sides is z2(le+oy +me+1)+ kxy+(Az+ py + vz +p)2=0,
where a.=0"or ' -~ 4(pn—'p)(v — mp).

22. Give a geometrical interpretation of the equation of the conicoid
in Ex. 21 in the case when a=/.

23. Prove that if the joins of the mid-points of AB, CD ; AC,DB;
AD, BC are taken as coordinate axes, the equation to any conicoid
through the four sides of the skew quadrilateral ABCD is of the form

2 oY _(2o1)'= {(f_-l)z_(f )”}

(a+b) (c 1) =A a b PRy NE

where A is a parameter. What surfaces correspond to (i) A=1,
(i) A=—17?

24. Tind the locus of the centres of hyperboloids of one sheet that
pass through the sides of a given skew quadrilateral.

25. If a conicoid passes through the edges AB, BC, CD of a tetra-
hedron, the pole of the plane bisecting the edges AB, CD, AC, BD
will lie on the plane bisecting the edges AB, CD, AD, BC.

26. If the intersection of two conicoids consists of a conic and two
straight lines through a point P of the conic, the sections of the coni-
coids by any plane through P have contact of the second order unless
the plane passes through the tangent to the conic at P, when the
contact is of the third order.

27. A cone, vertex P, and a conicoid S have two plane sections
common. The conicoids S, and S, each touch S along one of the
curves of section. Prove that if S, and S, pass through P, they touch
at P and have a common conic section lying in the polar plane of P
with respect to S.

28, If three cones C;, C,;, C; have their vertices collinear and
C,, C;; Cy, C; intersect in plane curves, then C,, C, intersect also
}p plane curves and the six planes of interscction pass through one
ine,

29. If conicoids pass through the curve of intersection of a given
conicoid and a given sphere whose centre is O, the normals to them
from O lie on a cone of the second degree, and the feet of the normals
lie on a curve of the third degree which is the locus of the centres
of the conicoids.

30. Two conicoids are inscribed in the same cone and any secant
through the vertex meets them in P, P’; Q, Q. Prove that the lines
of intersection of the tangent planesat P, Q; P, Q"; P, Q; P, Q' lie
in one of two fixed planes.
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31, The sides of a skew (uadrilateral ABCD are along generators
of a hyperboloid, and any transversal meets the hyperboloid in P, P,
and the planes ABC, BCD, CDA, DAB in A, A,, B;, B,. Prove that

P,A,.P,B, P,A,.P,B,
P,A. P,B, P,A,.P,B,’

32. A curve is drawn on the sphere 22+ y%*+22=a* so that at any
point the latitude is equal to the longitude. Prove that it also lies on
the cylinder 22+ y®=ax. Shew that the curve is a quartic curve, that
its equations may be written

ptizey 2a(1-2) 2at
Sa+ey YTTa+ey Tire
and that if ¢,, ¢;, ¢, ¢, are the values of ¢ for the four points in which
the curve meets any given plane, ¢;¢,t5t,=1.

33. The general equation to a conicoid through the feet of the
normals from a point to an ellipsoid, S=0, is
S+ AC,+uC,y+vC;=0,

where C;=0 C,=0, C;=0 represent cylinders through the feet of the
normals.

Prove that the axes of paraboloids of revolution that pass through
the feet of six concurrent normals to the conicoid ax?+ by2+cz2=1 are
parallel to one of the lines

22 ¥ 22

Ta+bte a—btc atb—c
34. Prove that the cone whose vertex is (a, 0, 0) and base

2,2
%2 + p =1, x=0,
intersects the cone whose vertex is (0, b, 0) and base
2t a?
ata=l 9=0

2

. 2
in a parabola of latus rectum \Tfff%——y

(A figure shows that the cones also touch along the line

=0, Z+¥=1).
z 0'a+b 1)
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CHAPTER XIIL
THE CONOIDS.

175. A cone is the surface generated by a straight line
which passes through a fixed point and intersects a given
curve, and a cylinder is the surface generated by the
parallels to a given straight line which intersect a given
curve. These are the most familiar of the ruled surfaces.
Another important class of ruled surfaces, the conoids, may
be defined as follows: a conoid is the locus of a line which
always intersects a fixed line and a given curve and is
parallel to a given plane. If the given line is at right
angles to the given plane, the locus is a right conoid.

Ex. The hyperbolic paraboloid is a conoid, since it is the locus of
a line which intersects two given lines and is parallel to a given plane,
(§ 50, Ex. 3).

176. The equation to a conoid. If the coordinate axes
be chosen so that the given line is the z-axis and the given
plane the xy-plane, the generators of the conoid will project
the given curve on the plane z=1 in a curve whose
equation, let us suppose, is z=f(y). Let P, (1, ¥,, 2,), be
any point of this curve; then 2z, =f(y,). The generator of
the conoid through P is the line joining P to the point
(0, 0, 2,), and therefore has equations

Eliminating y, and 2z, between these equations and the
equation z;,=f(y,), we obtain the equation to the conoid,
viz., z2=f(y/z).

Ex, 1. Find the equation to the right conoid generated by lines

which meet OZ, are parallel to the plane XOY, and intersect the
circle z=a, y*+2¥=1r2 Ans. 2322 -1+ a%?=0.
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Ex. 2. The graph of ¢sin6, from 6=0 to @=2rr, is wrapped
round the cylinﬁer 224 y?==r? go that the extremities of the graph
coincide on OX. Lines parallel to the plane XOY are drawn to meet
OZ and the curve so formed. Prove that the equation to the conoid
they generate is .

rtan~! %: sin“z-

Ex. 3. Drove that if =2, the equation to the locus becomes
2(2%+y%)=2cxy.
(The locus is the cylindroid.)

2

Fia. 51 Fra. 52.

Ex. 4. The curve drawn on the right cylinder #*+3?=a?s0 as te
cut all the generators at the same angle is called the right circular
helix. The coordinates of any point on it are easily seen, (fig. 51),
tobe given by ,_; ooe 6, y=asinf, z=aftanc.

The conoid generated by lines parallel to the plane XOY which
intersect the z-axis and the helix is the helicoid, (fig. 52). Shew that
ite equation ia z=ctan~ly/», where c=atano.

Ex, 6. Lines parallel to the plane XOY are drawn to intersect OZ
and the curves P

, 2 4

@ 2 +yl=rt, Grp=g

" , a2 R 2R
(i) 24924 2=b, S+pts=1
Find the equation to the conoids generated.

2 2
Ans. (l) 07'2(22-%%):2;(134_?/2 X

@ @-(5+3)=(1- 5)wt4e
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Ex. 6. Discuss the form of the conoids represented by
(i) y%=4acz, (ii) yP=ass.

Bx. 7. Conoids are constructed as in Ex. 2 with the graphs of
ccosecf, ctan . Find their equations, considering specially the
cases in which r=1 and r=2.

-1%,
c
r=1, (22 +y?)=y%? wi=cy;
r=2, c(2®+y2)=2xyz 2cxy=z(z*-3?).

Ex. 8. A curveis drawn on a right cone, semi-vertical angle o, 80

as to cut all the generators at the same angle, 3, and a right conoid is

generated by lines which meet the curve and cut OZ at right angles.
Prove that the coordinates of any point on it are given by

z
Ans. rtan "‘% =cosec™! P tan"% =tan

z=ucosf, y=usinf, z=aem™,
where m=sin o cot G.

SURFACES IN GENERAL.

177. We shall now obtain some general properties of
surfaces which are represented by an equation in cartesian
coordinates. In the following paragraphs it will some-
times be convenient to use ¢ #, ¢ to denote current co-
ordinates.

The general equation of the nt* degree may be written

Wo+ Uy + Up+ ... + U =0,
where u, stands for the general homogeneous expression in
z, 9, z of degree . The number of terms in u, is
(r+1)(r+2)
1.2

H

and therefore the number of terms in the general equation is
'i”('r+1)('r+2) or (n+1Dn+2)(n+3)
S 1.2 1.2.3
Hence the equation contains N disposable constants, and
a surface represented by an equation of the n't degree can
be found to satisfy N conditions which each involve one
relation between the constants.

=N+1, say.

Ex. 1. In the general cubic e(ﬂlation there are 19 disposable con-
stants, and a surface represented by a cubic equation can be found to
pass through 19 given points.
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Ex. 2. A cubic surface contains 27 straight lines, real or imaginary.

If v=0, v=0, w=0, u;=0, v;=0, w,=0 represent arbitrary planes,
the equation wow+ Aty =0
contains 19 disposable constants, and therefore can be identified with
any cubic equation. Suppose then that the equation to the given
surface has been thrown into this form. Clearly the lines

=0, %;=0; u=0, »=0; u=0, w,=0;

v=0, u,=0; v=0, #,=0; v=0, w=0;

w=0, %;=0; w=0, »=0; w=0, w=0
lie upon the surface, so that the surface contains at least nine straight
lines, real or ima,%linary

Consider now the equation

uY= KUV,

It represents a hyperboloid of one sheet which intersects the surface
at points which lie in the plane kw+Aw;=0. Now « can be chosen
so that this plane is a tangent plane to the hyperboloid, and then the
common points lie upon the two generators of the hyperboloid which
are in the plane. Thus the surface contains two other straight lines.
But since each of the sets of quantities u, », w; u,, v, w; can be
divided into groups of two in three ways, there are nine hyperboloids,
each of which has two generators lying upon the surface.

The surface therefore contains twenty-seven straight lines, real or
imaginary.

178. The degree of a surface. If an arbitrary straight
line meets a surface in m points the surface is of the nth

degree.
Consider the surface represented by the equation of the
nth degree, F(&, 7, {)=0. The straight line whose equations

are f—_nq—y =2 ,_
A ="m "'fn (—P)

meets the surface at points whose distances from (z, ¥, 2)
are given by F@+1p, y+mp, 24mp)=0,

. ] 0 2
e F(z, y, z)+p<la—5+mé§+né—é>F
P12 4 m2 1 nlY
+|E(lax+m3y+naz> F+...
(12 m 2 i YE=
+ (law+may+naz> F=0. roererenn ()

|7

This equation gives » values of p, and therefore the line
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meets the surface in » points. Hence the locus of an
equation of the n** degree is a surface of the n'* degree.

Cor. Any plane section of a surface of the n'* degree is
a curve of the n'® degree.

179. Tangents and tangent planes. If in equation (1)
of the last paragraph, F(z, ¥, 2)=0, the point (z, ¥, z) is on
the surface. If also

lg—;+mg—;+ng—:=o, .................... @)
the equation gives two zero values of p, and the line meets
the surface at (x, y, ) in two coincident points. If therefore
OF OF ©OF
% oy %
are not all zero, the system of lines whose direction-ratios
satisfy equation (2) touches the surface at (z, y, z), and
the locus of the system is the tangent plane at (z, v, 2),
which is given by
(E-D L+ a5 +E-25 =0

If the equation to the surface is made homogeneous by

the introduction of an auxiliary variable ¢ which is equated

to unity after differentiation, the equation to the tangent
plane may be reduced, as in § 134, to the form
OF OF (OoF ,oF
f—+’7§g+ §a—z+t§_0'

Ex. 1. Find the equation to the tangent plane at a point (z, y, z)
of the surface £n{=a3. Ans. Elx+nly+{z=3

Ex. 2. The feet of the normals from a given point to the cylmdrmd

2(22+y?)=2cxy

lie upon a conicoid.

180. The inflexional tangents. Two values of the
ratios L:m, l:n can be found to satisfy the equations

’aF ’aF BF
oFF

oxoy

JOF
lzaxﬁ“" it 2az2"'2"m'¢5yaz+2 lazaw"' 2m ey =%
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formed by equating to zero the coefficients of p and p? in
equation (1) of §178. The lines through (z, y, z) whose
directions are determined by these values meet the surface
in three coincident points. That is, in the system of
tangent lines through (z, y, 2) there are two which have
contact of higher order than the others. They are called
the inflexional tangents at (z, ¥, 2z). They may be real
and distinet, as in the hyperboloid of one sheet, real and
coincident, as in a cone or cylinder, or imaginary, as in
the ellipsoid.

The section of the surface by the tangent plane at a
point P on it is a curve of the n'® degree, and any line
through P which lies in the tangent plane mects the curve
in two coincident points. P is therefore a double point of
the curve. The inflexional tangents at P meet the curve in
three coincident points, and are therefore the tangents to
the curve at the double point. Hence, if the inflexional
tangents through P are real and distinct, P is a node on the
curve; if they are real and coincident, P is a cusp; if they
are imaginary, P is a conjugate point.

181. The equation {=f(& ). If the equation to the
surface is given in the form {=f(§ #), the values of p
corresponding to the points of intersection of the surface

and the line f—z
—z_n1=y_{=2 (_
= = (=P
are given by

etmp=fx+lp, y+mp),
=f(x, y)+p(pl+qm)+&('rl2+ 2slm +tm?)+ ...,
where =2, 4= ,’.:’Q"_z s=—§21 t=?—2E
P=32 155y "Ta%? *Samoy o
Hence the tangent plane at (z, ¥, 2) has for its equation

p(E—2)+9(n=y)—({-2)=0,
and the inflexional tangents are the lines of intersection of
the tangent piane and the pair of planes given by

(€ —a)*+28(£—x)(n—y)+t(n—y)=0.
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Ex. 1, The inflexional tangents through any point of a conoid
are real.

One inflexional tangent is the generator through the point, and is
therefore real. Hence the other must also be real.

Or thus : The inflexional tangents are real, coincident, or imaginary

. =
according as r¢—s? = 0.
For the conoid z=£(y/x),

1 "’
p——- . :I/.sz', q:—- f )
2 v 72 " 1 ’ 3 ” 1 "
T_—‘Zf'{“'i‘f, 8~_~f_.'l.f, t=._2f,
and hence 7f—s’=— x‘lflz'

Ex. 2. Find the equations to the inflexional tangents through a
point (z, g, z) of the surface (i) n’(=4c§, (ii) (3n=a&3

y e n-y_(-2 f-x_n-y (-2,
Ans. (i) Sy Te s g0 &

f-z_n-y (-2
2

e
() n=yy abe-ymimo, ESTTY L

Bx. 3. Any point on the cylindroid
2(22+y?)=2cxy
is given by z=ucosf, y=usinf, z=csin26.
Prove that the inflexional tangents through “wu, 6” have for

equations z—ucos@ y—wusinf z—csin20

“usin30 wcos30  2ecos?26 ’
& _ Y _z-esin2f
cos@ sinf 0
Ex. 4. Find the locus of points on the cylindroid at which the
inflexional tangents are at right angles.

182. Singular points. If at a point P, (z, ¥, 2), of the
surface OF _OF _OF _
@ oy oz
every line through P meets the surface in two coincident
points. P is then a singular point of the first order. The
lines through P whose direction-ratios satisfy the equation
e) 6]

meet the surface in three coincident points at P, and are

+ 'n-a%)zF =0



264 COORDINATE GEOMETRY [cr. x111,

the tangents at the singular point. The locus of the system
of tangents through P is the surface

2 2,
(E=ar St 20—y~ +... =0

Singular points are classified according to the nature of
the locus of the tangent lines. When the locus is a proper
cone, P is a conical point or conic node, when it is a pair of
distinct planes, P is a biplanar node or binode, when the
biplanes coincide, P is a uniplanar node or unode.

The six tangents through a singular point P, (z, ¥, 2),
whose direction-ratios satisfy the equations

6] G 2\? [e) 0 2\?
have four-point contact with the surface at P. They corre-
spond to the inflexional tangents at an ordinary point of

the surface.

Ex. 1. For the surface
a4yt A+ 6ryz 4+ 222 — 2+ 22+ dyz + 322 =0,
the origin is a conic node. The locus of the tangents at the origin is
the cone 222 —y2 42+ 4yz+ 3ex=0.
The six tangents which have four-point contact are
2=0, y=(2+~5)z; y=0, 2r+2=0;
y=0, r+2=0; 2=0, N2r=zy.
Ex. 2. For the surface
a4yt 2 3ayz+ o — 2y — 3% - Byz 4+ 2w + 2y =0,
the origin is a binode. The six tangents with four-point contact are
=0, 2y+3:=0; x=0, y+2=0; y=0, 324+2=0;
y=0, 2—2=0; 2=0, z4+2y=0; 2=0, r-y=0.

The sections of the surface by the planes x+2y +32=0, -y —2=0,
have a triple point at the origin.

Ex. 3. The equation to a surface is of the form
2+ ugtug+ ... +u,=0.

Prove that there is a unode at the origin, that the section of the
surface by the plane z=0 has a triple point at the origin, and that the
three tangents there, counted twice, are the tangents to the surface
with four-point contact.
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Ex. 4. The equation to a surface is of the form
24+ y2+ugtuy+ ... +u,=0.
Shew that the section of the surface by any plane through OZ has
a cusp at the origin.
Ex. 5. For the surface
zy +z2(ax? + 2hxy + by?) + 2Xcx + dy) =0,
prove that the origin is a binode and that the line of intersection of
the biplanes lies on the surface. Shew that the plane cx+dy=0isa
tangent plane at any point of OZ.
Ex, 6. Find and classify the singular points of the surfaces
(i) a2® - blyt=2Yc~2),
(ii) zyz=ax?+by?+c2?,
(iii) x(2?+3y%+32%)=3a(s? - y?-22),
(iv) xyz—ax+y+2)+2a°=0.

Ans. (i) (0, G, 0) is binode ; (ii) (0, 0, 0) is conic node ; (iii) (0, 0, 0)
is conic node, (the surface is formed by revolution of the curve
(22 +3y?) =3a(x?—»%), 2=0, about OX); (iv) (a, a, ) is a conic node.

Ex. 7. Find the equation to the surface generated by a variable
circle passing through the points (0, 0, +¢) and intersecting the circle
2=0, 22+y%=2ax, and shew that the tangent cones at the conical
points intersect the plane z=0 in the conic

(c? - 4a?)2® + cty?=4ac?z.

Ex. 8 If every point of a line drawn on a surface is a singular
point, the line is a nodal line. Find the nodal lines of the surfaces

(i) 2(2*+y?)=2azy,

(ii) (v +y%)=a%¥a? - %),

(iil) (2+22){(2v —y)?*+ 22} =4a2%2
Ans. (i) x=y=0; (ii) x=y=0; (iii) y=2=0, y— 2r=2=0.
Ex. 9. Prove that the z-axis is a nodal line on the surface

2y + ax® + 3bx%y + 3cxy? + dyP + 2 pa*+ 2qxy +ry?) =0,
any point (0, 0, y) being a binode at which the tangent planes are
2y + y( p2?+ 2qxy +ry?)=0.

Prove also that if » and p have the same sign there are two real
unodes lying on the nodal line.

Bx. 10. For the surface
2zy +° - 3%y - Buy’ +y* +2(a? - 2y +37) =0,
prove that the z-axis is a nodal line with unodes at the points (0, 0, — 2),
0, )
183. Singular tangent planes. We have seen that the
tangent plane at a point P of a surface meets the surface
in a curve which has a double point at P. The curve may
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have other double points. If Q is another double point,
the plane contains the inflexional tangents to the surface
at Q and is therefore the tangent plane at Q. A plane
which is a tangent plane at two points of a surface is a
double tangent plane. We may likewise have planes touching
at threc points of the surface or triple tangent planes, and
tangent planes touching at four or more points of the
surface.

Or we may have a tangent plane which touches the
surface at all points of a curve, as the tangent plane to a
cone or cylinder. Such a plane is a singular tangent plane or
trope.*

Ex. 1. For the cubic surface wvw+www, =0, the planes w=0,
v=0, w=0, #,;=0, v, =0, w, =0 are triple tangent planes.

The intersection of the plane #=0 and the surface is the cubic curve
consisting of the three straight lines u=1%,=0, u=v,=0, u=w,=0.
These lines form a triangle and the three vertices are double points,
so that the plane #=0 is tangent plane at three points.

Ex. 2. Find the singular point on the surface

(@ +5*+ ) =422’ +97),
and shew that the planes z= + a are singular tangent planes.
Ex. 3. Sketch the form of the cone
H@+ P = a2 - ),
and shew that the planes 2v/2¢y=+az each touch it along two

generators.
The sections by planes parallel to XOY are lemniscates.

Ex. 4. Prove that the planes 2= +¢ are singular tangent planes to
the cylindroid z(a?+y%)=2czy.

THE ANCHOR-RING.

Bx. 6. The surface generated by the revolution of a circle about
a line in its plane which it does not intersect is called the anchor-ring
or tore.

If the straight line is the z-axis and the circle is y=0, (x — a)? 4 22=b?,
(a> b), shew that the equation to the surface is

(22 + g2+ 2+ a2 — B2 =4a¥(a2 + 7).

Prove that the planes z= + b are singular tangent planes.

. *For an adequate discussion of the singularities of surfaces the student
is referred to Basset’s Geometry of Swrfaces. An interesting account of
the properties of cubic surfaces with methods for the construction of models
is given in Cubic Surfaces, by W. H. Blythe. Kummer's Quartic Surface
(Hl}dson) contains an exposition of the properties of various quartio
surfaces.
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Ex. 6. Prove that the polar equation of the curve of intersection
of the surface and the tangent plane x=a—b, referred to a line
parallel to OY as initial line, is 7?=4a*sin (o. - 6)sin (o + ), where
sin e.=+/b/a.

Ex. 7. Prove that the inflexional tangents at (a—b, 0, 0) are
z=a-b, yNb=+za-b.

Ex. 8. The tangent plane which passes through OY is z=z tana,
where sin cu=>b/a and it touches the surface at the two points

(acos?a, 0, acosasina), (—acos’e, 0, —acosoesina).

‘Where it meets the surface we have

rsina=zcose, (22+y%+2%+a?—2P=40X(22+3%);
therefore
(22472 + 22 - a? cos?a)? =4a¥(2? + y?) — 4a*(2? + y* + 2%) cos?er,
=4a?(2?+ y?) sin’a — 4a%2 cos?a,
=4a?%?sin%..

Hence 224+ (y+asino)+2t=qa?

Therefore the curve of intersection of the surface and the tangent
plane consists of two circles which intersect at the points of contact

(acos?e, 0, acosesine), (—acos’o, 0, —acososina).

THE WAVE SURFACE.

If N'ON is normal to any central section of the ellipsoid
2y 2
atEta=l
and lengths OA, OA’; OB, OB’ equal to the axes of the section are
measured along ON and ON’, the points A, A’, B, B’ lie upon a surface
of the fourth (fegree, which is called the wave surface. Since the axes
of the section by the plane lx+1y+n2=0 are given by
a?l? | bm? |
at—r2" bt —r? cz—r2=0'
the equation to the wave surface is
a?? | b | %P
P R R N

where 72=22+y2+2% The equation, on simplification, becomes
(a® + 72+ 22) (@22% + b2y2 + ¢%22) — a2(B2 + cB) a? — B2(2+ a?)y? — c2(a? + b%) 22
+ a?b?c?=0,
If the plane of section of the ellipsoid passes through one of the
principal axes, that axis is an axis of the conic in which the plane cuts
the ellipsoid. Thus one of the axes of any section through Y'OY is
equal to b, The remaining axes of such sections coincide in turn with
the semi-diameters of the ellipse y=0, 2%/a2+2z%/c2=1. Hence the
points A, A’, B, B’, corresponding to sections through Y'OY, describe
a circle of radius & and an ellipse which is simply the above ellipse
turned through a right angle, and whose equations are therefore y=0,
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2%/c*+2%a?=1. The circle and this ellipse clearly form the inter-
section of the wave surface and the plane y=0.
The result can be immediately verified by putting y equal to zero
in the equation to the surface, when we obtain
(242t — %) (%2 + a%2? — c?a?) = 0.
Similarly, the sections of the surface by the planes #=0, z=0 are
the circles and ellipses given by
=0, (y2+2%-a?)(b%2+c%2—b%2)=0;
2=0, (27+32— c®)(a%?+b%?2 - a2b?)=0.
Fig. 53 shews an octant of the wave surface.

If > &> c, the only two of these circles and ellipses which have
common points lie in the plane =0, and the points are given by

ar

Fia. 53.

The wave surface consists of two sheets, one described by points
such as A and A/, the other by points such as B and B’. The sheets
will cross only where the axes of the central sections are equal.
Hence since there are only two real central circular sections, and the
radius of each is b, the only four points common to the two sheets lie
on the normals to the central circular sections, and are at a distance b
from the centre. They are given by

af n el _ b +ac

-—__—::—:-‘-———;:—j: B ———— 1]
Nai—p 0 Wbi-¢? ,\/az—b" bi—ct Jat—¢t
P R

and are thus the points of intersection of the circle and ellipse in the
plane y=0, as clearly should be the case.

If P is one of these four points, the section of the surface by the
plane =0 has a double point at P, and the plane y=0 is not a
tangent plane at P. This suggests that P is a singular point on the
wave surface. Change the origin to P, (¢, #, {), noting that

£+0=0 1=0, a?+(*=a?
The equation becomes
4(a?2f + %) (@€ +2{) - y2(a? - b2)(b? - ¢H)+...=O0,
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and hence P is a conical point. Thus the wave surface has four
conical points, and they are the points of intersection of the circle and
ellipse which form the section of the surface by the plane y=0.

Since any plane section of the surface is a curve of the fourth
degree, if the surface has a singular tangent plane, the intersection
of the tangent plane with the surface will consist of two coincident
conics, or the plane will touch the surface at all points of a conic.
Any plane will meet the conic in two points Q and R, the singular
tangent plane in the line QR, and the surface in a curve of the fourth
degree which QR touches at Q and R. Considering, then, the sections
of the surface by the coordinate plapes, we see that any real singular
tangent plane must pass through a common tangent to the circle and
ellipse in the plane y=0. Their equations are

y=0, 2+2%=b%; y=0, c%?+a’r?=c’a?
and the common tangents are easily found to be given by
9=0, 4N b s = b,
or by arf+cz{=abe, y=0,
where (&, 7, {) is one of the singular points.
If the equation to the surface is f(z, 7, 2)=0, gl; =0 when y=0,

and hence the tangent plane at any point of the zz-plane is parallel
to OY, and therefore the plane

axé+c:{=abe

is at least a double tangent plane. Now the equation to the surface
can be written in the form

b2(r2 — a2) (12 — %) + (a2 — b2)(r2 — ) 22 — (b2 — ¢2)(r2 — a?) 2 =0,

or {b(rz-a2)+’ic§(a2—c2)}{b(r2—c2)—%(az—cz)}

TR S T

Therefore the plane axf+cz{=abc meets the surface at points lying
on one of the spheres

br2-a)+ % (a1-)=0, B(-)-Z (@t~ H=o.
But, subtracting, we see that the common points of these spheres
lie in the plane o
Eil-

or axf +cz{=abe.

Thus the plane meets both spheres in the same circle, or the section
of the surface by the plane consists of two coincident circles, and
therefore the plane is a singular tangent plane. The wave surface
has therefore four singular tangent planes.
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184. The indicatrix. If the tangent plane and normal
at a given point of a surface be taken as the plane z=0
and the z-axis, and the equation to the surface is then
z2=f(x, y), this equation may be written

s=pr+qy+i@rat+ 2y +ty®)+...,
where p, g, 7, 8, t are the values of
%2 0z % %2 %
% 3y ¥ oy oy
ab the origin; or, since p=g=0,
2z =rx?+ 282y +ty?+....

Hence, if we consider « and % in the neighbourhood of
the origin to be small quantities of the first order, z is
of the second order, and therefore, if we reject terms of the
third and higher orders, we have as an approximation to
the shape of the surface at the origin the conicoid given by

2z =rx’+ 28y +tys

This conicoid is a paraboloid if r¢=£s% and a parabolic
cylinder if rt=s% In the neighbourhood of the origin the
sections of the surface and conicoid by a plane parallel to
the tangent planc, and at an infinitesimal distance 2 from
it, coincide ; the scction of the conicoid is the conic given by

z=h, 2h=rx?+2sxy+ty?
which is called the indicatrix. The inflexional tangents are
given by 2=0, rx*+2sxy+ty*=0,
and are clearly parallel to the asymptotes of the indicatrix.
Hence if the inflexional tangents are imaginary, the indi-
catrix is an ellipse, and the origin is an elliptic point on the
surface; if they are real and distinct, the indicatrix is a
hyperbola, and the origin is a hyperbolic point; and if they
are coincident, the indicatrix is two parallel straight lines,
and the origin is a parabolic point.

At an elliptic point the shape of the surface is approxi-
mately that of an elliptic paraboloid, and therefore the
surface lies on one side of the tangent plane at the point.
It is said to be synclastic in this case. At a hyperbolic
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point the shape is approximately that of a hyperbolic
paraboloid, and the surface lies on both sides of the tangent
plane. At such a point it is said to be anticlastic.

Ex. 1. Every point on a cone or cylinder is a parabolic point.
Ex. 2. Find the locus of the parabolic points on the surface
F(x, , 2,£)=0.
The direction of the inflexional tangents through (=, g, z) are given
by IF .+ mF,+nF,=0,
UF o+ m?F ,y + 0%F 4+ 2mnF ), + 200F  + 20mF ,, =O0.
Hence the inflexional tangents coincide if
Feey Fryy Fay Fo |=0. ()
FV" F.Vy’ F.V” Fy
Fn, Ftyy FR b FE
F.,, F, F, O
But F, is a homogeneous function of z, g, 2, ¢, of degree (n—1), and
therefore ZF s+ YFzy+ tF g+ tFn=(n - 1)F,, etc.,
by means of which equation (1) can be reduced to
Fers Fayy Fuy Fa |=O.
F!I-"' F!ll’ Fyn FW
Fzzy Fzy’ an th
Fu:; Fty, Ftn Ftt
This equation determines a surface whose curve of intersection with
the given surface is the required locus.
Ex. 3. Prove that the points of intersection of the surface
2+t A =at
and the coordinate planes are parabolic points.
Ex. 4. Prove that the parabolic points of the eylindroid
2(22+ y*)=2czy
lie upon the lines r—y=0, z=c; #+y=0,2=—c.
Ex. 5. Prove that the indicatrix at a point of the surface z=/(z,y)
is a rectangular hyperbola if (1+p%)¢+(1+¢%)r—2pgs=0.
BEx. 6. Prove that the indicatrix at every point of the helicoid
1Y

o is a rectangular hyperbola.

Ex. 7. The points of the surface xyz—a(yz+22+2y)=0, at which
the indicatrix is a rectangular hyperbola, lie on the cone
2y +2)+*(z+2)+ 2 (2 +y)=0.

z
—=tan
c

185. Representation by parameters. If z, y, z are
functions of two parameters « and v and are given by the
equations

w=f1(u: ), ) =f2(’u’s v), z'—"f:,(’lb, v),
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the locus of the point (z, y, 2) is a surface. For w and v
can be eliminated between the three equations, and the
elimination leads to an equation of the form F(z, y, 2)=0.
The tangent plane. To find the equation to the tangent
plane we may proceed thus. The equation is
(E—2)Fo+(n—y)Fy+({—2)F.=0.
But since z, y, z are functions of » and v,
Foty+ FyYu+Fr2u=0
and F 2y +FyY,+F.2,= 0.
Fz _ Fy _ F.
YuZo—=2uY  Zulo—TuZy  Tulfv—Yulv
These give the direction-cosines of the normal.
The equation to the tangent plane is

E—x, n—y, {—z|=0.

Therefore

mw ylh Zv
Ex. 1. Find the tangent plane at the point “u, 6” on the helicoid,
for which ;
z=ucos§, y=usinf, z=ch.
Ex. 2. Find the tangent plane at the point “», 6 ” on the cylindroid,
for which . .
z=wucos §, y=usinf, z=csin20,

and prove that its intersection with the surface consists of a straight
line and an ellipse whose projection on the plane z=0 is the circle

(x2+?) cos 20 — u(x cos § —y sin §)=0.

Ex. 3. Prove that the normals at points on the cylindroid for
which 6 is constant lie on a hyperbolic paraboloid.

Ex. 4. Prove that the equations
r=a A +bp+edp, y=ad+bptclp, z=azd+byptcAp

determine a hyperbolic paraboloid if A#0, and a plane if A=0,
where
A=

a, by ]
@y, by 0
a3, bs’ C3
Ex. 6. If A+0, prove that the equations

2=, 2+ b Ap+eopd, y=a 2 4+bAp +epp? z=a; A2+ b Ap+egu?

determine a cone whose vertex is the origin and which has as
generators the lines

rjay=ylag=z|as, x[cy=y|c;=z/cs.
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Examples X.
1. Prove that the surfaces
2xyz—at—y?-224+1=0,
2(2?+y% - 22+ 1)=2zy
have each four conic nodes whose coordinates are
1,541, 1,-1, -1), (-L 1, -1), (-1, -1, 1)‘
2. Prove that the surface
(r+y+z-ay=xy:

has binodes at the points (a, 0, 0), (0, a, 0), (0, 0, ).

3. Prove that the line 2r=a, z=0 is a nodal line on the surface

4c(z — a)+ by(22 — a)?=0,

and that there is a unode at the point where it meets the glane y=0.
Prove also that the section of the surface by any plane through the
nodal line consists of three straight lines, two of which coincide with
the nodal line.

4, Prove that the surface

(#2+yH)(3y - 2)f =422

contains an infinite number of straight lines. Examine the nature of
the sections by planes through the line =3y —2z=0.

5. Prove that the equation

a(y—b)(z—-c)?—b(x—a)(z+¢)?=0

represents a conoid which is generated by lines parallel to the plane
XOY which meet the line z=a, y=>0. Shew also that the normals to
the surface at points of the generator z/a=y/b, 2=0, lie on the hyper-
bolic paraboloid

4ab(bx — ay)(ax+by — a? — b%) =cz(a?+ b?)2
6. Shew that the equation
By +22-3xyz=ad

represents a surface of revolution, and find the equations to the
generating curve.

7. Prove that the Xerpendiculars from the point (e, B, ¥) to the
generators of the cylindroid

x=ucos @, y=wusinf, z=csin26
lie on the conicoid
Y@ -l +y@ - Bl +2(z— o)y - B) - (a - y)(or+ By - a®— %)=0.
8. Prove that the only real lines lying on the surface 3+ 33+ 28 =a®
r=a, y+2=0; y=a, 2+2=0; z=a, z+y=0.

Shew also that the section of the surface by a plane through one of
these lines consists of a straight line and a conic. Determine the
position of the plane through the line #=q, y+2z=0 which meets the
surface in a conic whose projection on the yz-plane is a circle.

B.G. §

are
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9. Shew that an infinite number of spheres with centres on the
zy-plane cuts the surface (2% +7?)(r+a)+2%(¢—a)=0 at right angles,
and find the locus of their centres.

10. Discuss the form of the surface
Y22+ 2kryz+ k%e® — 2akPy =O0.

Shew that it is a ruled surface, and give a geometrical construction
for the genervator through a given point of the parabola in which it
meets the .ry-gla.ne. Prove also that any point ou its curve of inter-
section with the cylinder 2% +y%=2ay is given by

z=2asin fcos f, y=2acos?d, z=Fk(sec@-tan 6).

11. P, P are (a4, b, ¢), (—a, =D, —¢); A, A’ are (a, b, —c),
—a, b, —¢); B, B  are (—a, b, ¢), (—a, —b, ¢); and C, C' are
a, —b, ¢), (@, —b, —¢). Prove that the equation to the surface
generated by a conic which passes through P and P’ and intersects
the lines AA’, BB’, CC’ is

SR AT CPR VA Y E /A W Eo 2(2_”_ )=
(&+1) b 1)(0 a)(b c) (a b) & 1)=0
Shew that this surface contains the lines, AA, BB, CC, PA, PB,
PC, P'A', P'B’, P'C, PP. Examine the shape of the surface at the
origin. Shew that any point on PP’ is a singular point, and that
P and P’ are singular points of the second order, (that is, that the
locus of the tangents at P and P’ is a cone of the third degree).

12. Tf A, p are the parameters of the confocals through a point P of
an ellipsoid x%/a?+y?/b%+2%/c2=1, centre O, prove that the points on
the wave surface which correspond to the section of the ellipsoid by
the diametral plane of OP are given by

_BE@-Nam) BN o aE= (),

D V(I o YO ) SR A V¢ e )1 ¢ S S Sl Y ) T )
and the corresponding expressions obtained by interchanging A and .
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CHAPTER XIV.
CURVES IN SPACE.

186. The equations to a curve., The equations

fl(w’ Y, 2)=0, fz(x’ ¥,2)=0
together represent the curve of intersection of the surfaces
given by f,(x, ¥, 2)=0 and fy(x, y, 2)=0. If we eliminate
first 2, and then ¥, between the two equations, we obtain
equations of the form

Y=F5(2), B=F(2) ceirriririnieaaannn (1)

If, now, z be made to depend upon a variable ¢, z and ¢
being connected by the equation z=¢,(¢), the equations (1)

take the form y=¢,(t), w=4¢,(t).
Hence the coordinates of any point on the curve of
intersection of two surfaces can be expressed as functions

of a single parameter.
Conversely, the locus of a point whose coordinates are

givenby =g, (t), y=g¢u(t) 2=gy(t),
where ¢ is a parameter, is the curve of intersection of two
surfaces. For the elimination of ¢ leads to two equations

of the form filx, 9)=0, f,(y,2)=0,

which represent two cylinders whose curve of intersection
is the locus of the point. (Compare §§ 40, 41, 76, 165.)

187. The tangent. 7o find the equations to the tangent
at a given point to a given curve.

Suppose that wx, 7, z are given as functions of a para-
meter £. We shall throughout use the symbols z, z”, .,
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dx d%z
ete. to denote —— ar

is expressly assigned to them. Let the given point, P, be
(x, ¥, 2), and let Q, (w+dx, ¢+ 3y, 24 J2) be a point on the
curve adjacent tc P. Then, if x=/f(t),
x+ Sz =f(t+4t),
"“f(t)+6tf (t)+l 2 f”(t)”f'

7’ 6t

l_‘+....

Similarly, y+dy= y+y’6t+y"lai+...,

o2
2+02=2+4+20t+2"—5+....
2

The equations to PQ are
-z __ =y (-2

» uat ’ 1/6t ,,6t
x4+ §+... y+y —2—+... 2+ 2+

Now, as Q tends to P, ét tends to zero, and the limiting
position of PQ, that is, the tangent at P, is given by
- _n—y_{—2
x Yy’ 2"
If the equations to the curve are
Fi(@, ¥, 2)=0, Fyz,y, 2)=0,

etc., unless where another meaning

=x+4z'dt+4x

we have aF‘ y’aF1+ aF‘ =0,
3F2 %y ar;z o aF,,, _o;
therefore
x’ yl z'

OF, OF, _OF, OF, oF, OF, OF, OF, oF, OF; OF, OFy
ay %z 0z 0y 0z ox ox oz ow 2y oy ox
whence the direction-ratios of the tangent are found.

Cor. The tangent at a point P to the curve of inter-
section of two surfaces is the line of intersection of their
tangent planes at P.
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Ex. 1. Find the equations to the tangent at the point “ §” on the
helix r=acos ), y=asinf, z=£k6.

Ex. 2. Shew that the tangent at a point of the curve of inter-
section of the ellipsoid 2?%/a®+y?%/b%+2%/c=1 and the confocal whose
parameter is A is given by

zé-2) _  y-y) (-2
a¥b?—cH)(a? - ) bYE—a?)(bP - )  c¥a®—b2)(c2—A)

Ex. 3. Shew that the tangent at any point of the curve whose
equations, referred to rectangular axes, are

=3t y=3t, 2z=2

makes a constant angle with the line

y=z2—2=0.

188. The direction-cosines of the tangent. If the axes
are rectangular, and P, (x, ¥, 2) and Q, (x+ dx, y+9Jy, 2+2)
are adjacent points of a given curve, ér, the measure of PQ,
is given by 0r?=6z%+4Sy?+ S22

Let the measure of the arc PQ of the curve be ds. Then

Lt%g =1, and therefore

_(dx\? | (dy\?  (d2\?

1=(3) + (@) + (%)

or §i=a'24y 2422

where 2, ¥, 2z are functions of ¢ and m’s?g , ete. Hence

the actual direction-cosines of the tangent at P are
2y 2 de dy dz
Ve T & ds ds
Ex. 1. For the helix z=acos 6, y=asin 6, z=af tan e, prove that
Jsp=a sec o, and that the length of the curve measured from the point
where §=0 is afseco. (Compare fig. 51.)
Ex. 2. Prove that the length of the curve
r=2a(sin~1¢+tN1— %), y=2as% z=dat,

between the points where ¢t=¢, and t=¢,, is 4¥/2a(t,—¢t,). Shew also
that the curve is a helix drawn on a cylinder whose base is a cycloid
and making an angle of 45° with the generators.

189. The normal plane. The locus of the normals to a
curve at a point P is the plane through P at right angles to
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the tangent at P. If the axes are rectangular the equation
to the normal plane is

=)' +(n—y)y +({—2)7 =0.

190. Contact of a curve and surface. If P, P,,P,,... P,
points of a given curve, lie on a given surface and P, Py, ... P,
tend to P, then in the limit, when P,, P,,... P, coincide
with P, the curve and surface have contact of the nt® order
at P.

To find the conditions that a curve and surfuce should
have contuct of a given order.

Let the equations to the curve and surface be

T= ¢l(t)’ Yy =¢2(t)’ Z= ¢3(t); f(:l,, Y, z)=0 >
and let F(&)=f{$:(8) pa(t), 5(D}
Then the roots of the equation F(¢)=0 are the values of
¢ which correspond to the points of intersection of the curve
and surface. If the curve and surface have contact of the

first order at the point for which ¢{=%, the equation
F(¢)=0 has two roots equal to ¢,, and therefore

dF
F(¢,)=0 and d_tl=o’

de_of v of dy of de
dt, dxdt, dydt oz di

If the contact is of the second order, the equation F(t)=0
has three roots equal to ¢,, and therefore
dF d*F
a, =0, dii=
And generally, if the contact is of the n* order,

aF _o . PF_
a0

and clearly

F(t,)=0, 0.

F(t) =0, 0.

Ex. 1. Find the plane that has three-point contact at the origin
with the curve z=8-1, y=H£-1, z=8-1.

Ans. 3r—8y+62=0,
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Ex. 2. Determine a, %, b so that the paraboloid 2z=ax?+2kzy + by

may have closest possible contact at the origin with the curve
r=03-2041, y=£-1, z=2-2+1.

‘What is the order of the contact ?

Ans. a/4b=h|/-3=b/5=1/54. Fourth.

Ex. 3. Find the inflexional tangents at (#,, 7;, %) on the surface

y2=4dcx.
The equations to a line through (z,, 7,, 2,) may be written
r=x+1lt, y=y+mt, z=z+nt.

The inflexional tangents are the lines which have three-point contact

with the surface where t=0. TFor all values of ¢, we have
dr_, dy_,, d_,
dt 7 dt 7 dt
Hence for three-point contact at (zy, 7, #,), we have
() %2y — 4oy =0,
(ii) —4cl+2y2m+y2n=0,
(iii) zym?+2y,mn=0.

_é_=_”f=_7i or I m  n .
#nt 0 4e 3z, 24y -4

(Compare § 181, Ex. 2.)

Ex. 4. Find the lines that have four-point contact at (0, 0, 1) with
the surface

Therefore

2 3ayz+at—y? — 224+ Qyz - 3ry — 2y + 22=1.
Ans. The direction-ratios satisfy Imn=0, {¥—m?—-n?+2mn=0.

Ex. 5. Prove that if the circle lx+my+nz=0, #*+y*+22=2cz
has three-point contact at the origin with the paraboloid
art+byt=2, c= Etm?
“ b+ am?’

Deduce the result of § 88, Ex. 5.

191. The osculating plane. If P, Q, R are points of a
curve, and Q and R tend to P, the limiting position of the
plane PQR is the osculating plane at the point P.

To find, the equation to the osculating plane.

Let the coordinates be functions of a parameter ¢ and P
be (%, 9, 2). The equation to any plane is of the form

af+bn+cl+d=0.

If this plane and the curve have contact of the second
order at (z, ¥, 2), we have

ax+by+cz+d=0,
ax'+by’ +cz =0,
ax”+by" +cz’ =0.
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Therefore, eliminating a, b, ¢, d, we obtain the equation
to the osculating plane,

f"x» n—Y, f_z =0.
x, Y, 2
xll, yll, z

Ex. 1. Find the osculating plane at the point “6” on the helix
z=acos 6, y=asin 6, z=k0.

Ans. k(zsin 8-y cos § - af)+az=0.

Ex. 2. For the curve x=3t, y=3t% 2=28, shew that any plane
meets it in three points and deduce the equation to the osculating
plane at t=t¢,. Ans. 2% -2ty +2=2¢t3

Ex. 3. Prove that there are three points on the cubic z=at3+b,
y=3ct*+3dt, 2=3et+f, such that the osculating planes pass through
the origin, and that the points lie in the plane 3cex +afy=0.

Ex. 4. P and Q are points of a curve and PT is the tangent at P.
Prove that the limiting position of the plane PQT as Q tends to P is
the osculating plane at P.

Ex. 5. Normals are drawn from the point (e, 3, ¥) to the ellipsoid
x%a?+y?/b2+22/c*=1. Find the equation to the osculating plane at
(o, B, y) of the cubic curve through the feet of the normals.

atr by ¢tz _

An Gt @ ey

Ex. 6. Shew that the condition that four consecutive points of a
curve should be coplanar is

’ ’

z, ¥, Z|=0.
" " "

Ty Y, 2

‘vflf, 2 II’ zll)

Ex. 7. Prove that the equations
=02 +2bit+c;, Yy=a,0%+2byt+cy, z=ayt+2bgt+cy
;l.etermine a parabola, and find the equation to the plane in which it
ies,

Ex. 8. Shew that the curve for which
eax_b_'.'._t g°v=_c_:f o 2”1t

prpry a-t 7ot
is a plane curve which lies in the plane ax+ by +cz=0.

192. To find the osculating plane at a point of the curve
of intersection of the surfaces f(£, 3, {)=0, ¢(¢, 1, )=0.
The equations to the tangent at (x, ¥, 2) are
(=) fot(n=y)fy+({—2)f=0,
(=)ot (n—y)py+({—2)$.=0,
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and therefore the equation to the osculating plane is of
the form

ME=)fat—9)fy+(§—2)f2}
= p{(E—2) pat+(n—y)py+({—2)¢:}.
That this plane should have contact of the second order
with the curve, we must have

Mo fatyfyt2f =pi@’daty'ey+2'¢} ..o ()]
and Moty fut 2 =p{2 ¢ty dy+2"¢:}. ..(2)
But 2fo+vyf,+72f,=0 and &'¢p,+y ¢, +2¢.=0, ...(3)
and therefore equation (1) is an identity. This is to be
expected, since any plane through the tangent to a curve
has contact of the first order with the curve. Differenti-
ating the equations (3), we obtain
&% font+ Y *fyy+ 2t 2y 2 e+ 200 frn+ 20y [y
=—@"fa+y fy+71)
& %Puzt+ Y 2Py + 2 Pea+ 2Y 7 pyr+ 280 Prz+ 28y Gy
= =@ty Py +2"$2),
whence vy (2) the equation to the osculating plane is
(=)t (—y)fy+(— Z)fz (E=2)ps+(n—y)py+ (§-z)¢z
&g oo+ 2y ’Z,fyz +.. X Paz oo +2Y 7 Pyt .. )

Ex. 1. Prove that the oscu]atm% plane at (7, ¥y, z) on the curve
of intersection of the cylinders a2+ z¢=a? y?+22=0% is given by
vz’ -2~ ot _yyS—z23- b‘
e 2

Ex. 2. Find the osculating plane at a point of the curve of inter-
section of the conicoids

f=art+byi+c2-1=0, $=ox?+Ly+y2-1=0.

We have axx' +byy' +cz2' =0,
oxx +Byy +yz =0,

7

whence 'if Y 20,

where 4 =by-cf, B=ca—ay, C=af-bo.
Again, f..=2a, Jw=2b, fu=20; fp=Ffa=fy=0; ¢.=2a, etc.
Therefore the required equation is

S z')aﬂr+m—§)ba£+!‘—zpz (£-—x2a.z‘+532‘ %Zéz “—z)zz
aA

which reduces to 2(£ x).z-‘ BC(B# - Cy?)= 0
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The equation may be further transformed
We have of—ap= B2 - Cy—(.—a)=0, etc
Hence the equation may be written
&P BC(o.— a) = BO (B2 — Cy?),
= — (B2~ Cy?)(Ca? — Az?)(Ay® — Ba?
=—(—a)(B-b)(y—c),
BC»3¢ Cdy’n A4 B¢ +1=0

B-57-9 G-oNew—a) (@=-a)XB-b) )
Ex. 3. Shew that at («, ¥, #), a point of intersection of the three
22 1,

or
7/2 22 z2 1,2
’ a2+,‘+b2+ﬂ+cz+#

confocals,
22 7/1 22 -1
+b‘ ’ a3+/\+b‘+)t RS
the osculating plane of the curve of intersection of the first two
2’ (@4 p) | yy ([)2+[L)+ZZ (*+p) -1
A+ )

is given by
PLCES VR E(GEDY)
Ex. 4 Prove that the points of the curve of intersection of the

sphex:e and conicoid

ral+ryt4r2=1, ar?+by?+clt=
at which the osculatmg planes pass t;hrough the origin, lie on the cone

b—r
r 4 !
b cx4+ 2 + b T A=0.
193. The principal normal and binormal. There is an

infinite number of normals to a curve at a given point, A

Ap

'
' \‘"r,o
\ .
Q! &,
K &
o %,
§! %
8§t S
St N
—_ A
> >
1 o
k A g - T
‘ ~ ==cuing P
_ A Rect'-fyl ']

B
Fra. 54,
on it, and their locus is the normal plane at A. Two of the
normals are of special importance, that which lies in the
osculating plane at A and is called the principal normal, and
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that which is perpendicular to the osculating plane ana is
called the binormal. In fig. 54 AT is the tangent, AP the
principal normal, AB the binormal; the plane ATP is the
osculating plane, and the plane ABP is the normal plane.
The plane ABT is called the rectifying plane.

We shall choose as the positive direction of the tangent
at A the direction in which the are increases, and as the
positive direction of the principal normal, that towards
which the concavity of the curve is turned. We shall then
choose the positive direction of the binormal so that the
positive directions of the tangent, principal normal and
binormal can be brought by rotation into coincidence with
the positive directions of the -, -, and z-axes respectively.

Let us throughout denote the direction-cosines of the

tangent by L, my;, n;

principal normal by 1,, m,, n,;

binormal by ly, m,, mg.
Then, (§188),

L=+%, m=4 W, n =P

T Y Tds” YT Tds
Again, (§ 191),

by __ my n_
ylzll — z/?/ll zlwl/ — a:lz x y

dx
, < where 2’ = s ete,,

T+1
_.\/(w,2+ y,2+z/2)(wug+ y//2+z//2) _ (xlmll+ y/yu_*_zlzu)‘
(by Lagrange’s identity).
But, (§188), x?+y?42%=57,

w4

and therefore  a'a”+yy”+22"=4s".

by, __ my  _ my
ylzll —_— z/y/l zlwll — w/zl/ w/yll — ylw”
+1
_B/Jw1/2+y//2+z1'2_sllg'
We have also ly=mgn, —mm,.
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Therefore

L=+

2 (zr ’”__ / n) y (m/y// y’w”)
/ZJxI/2+yl/z+z//z I’Z ’
xl/(m)2+y12+zl2)_xl(wlwl/_*_ylyn +Z’z”)
ngw112+y//2+z//z 112 ’
wn 8’ xl 7 .
and similarly,

=%

=1

y's —y's” 2’8’ —2's”

m iS\/.ﬂ”l""y”z‘*‘z”A n2= is/le/2+y1/2+z//2_s//2'

Ex. 1. Prove that the parallels through the origin to the binormals
of the helix r=acosf, y=asinb, z=£k0
lie upon the right cone a?(z%+y?) =A%

Ex. 2. Prove that the principal normal to the helix is the normal
to the cylinder.

194. Curvature. If A, and A, are points of a given
curve so that the arc AA, is positive and of length ds and
the angle between the tangents at A, and A, is &y, the

Sy

ratio 5 gives the average rate of change in the direction
of the tangent over the arc A/A,. The rate of change at A,
is measured by the Lt %‘—ﬁf, that is by %L:, and is called the

curvature of the curve at A. It is denoted by 1/p, and p
is called the radius of curvature.

195. Torsion. The direction of the osculating plane at
a point of any curve which is not plane changes as the
point describes the curve. If &+ is the angle between

the binormals at A, and A,, the ratio ot glves the average
rate of change of direction of the oscula,tmg plane over the
arc AjA,. The rate of change at A, is measured by the Lt 87
that is by %—g, and is called the torsion at A;. It is denoted

by 1/s, and o is called the radius of torsion.
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196. The spherical indicatrices. The formulae for
curvature and torsion are readily deduced by means of
spherical indicatrices, which are constructed as follows.
From the origin, O, draw in the positive directions of the
tangents to the curve, radii of the sphere of unit radius
whose centre is O. 'The extremities of these radii form a
curve on the sphere which is the spherical indicatrix of the
tangents. Similarly, by drawing radii in the positive
directions of the binormals, we construct the spherical
indicatrix of the binormals.

197, Frenet's formulae. In figs. 55, 56, let A, A,, A, ...
be adjacent points of a given curve, and let O¢,, Of,, Of,, ...
be drawn in the same directions as the tangents

AT, AT, AT, ...,
and Ob,, Ob,, Ob,, ..., in the same directions as the binormals
AB,, AB,, AB,, ....
Then ¢,, ¢, t5, ..., by, by, s, ... are adjacent points on the
indicatrices of the tangents and binormals.

Fia. 55.

Since O¢, and Ot, are parallel to adjacent tangents to the
curve, the limiting position of the plane ¢,0¢, is parallel to
the osculating plane of the curve at A;. Hence the tangent
at ¢, to the indicatrix ¢,¢, ..., being the limiting position
of t,t,, is at right angles to the binormal at A|. And since
it is a tangent to the sphere, it is at right angles to the
radius Of,, and is therefore at right angles to the tan-
gent A;T,. Therefore the tangent at ¢, to the indicatrix
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t,tsts ... is parallel to AP, the principal normal at A. Let
us take as the positive direction of the tangent to the in-
dicatrix, the positive direction of the principal normal.

F1a. 56.

Since the sphere is of unit radius, the measures of the
arc t,t, of the great circle in which the plane #0t¢, cuts
the sphere, and of the angle ¢,0¢, are equal, and hence the
measure of the arc is 8\0 Let dow measure the arc ¢t, of

the indicatrix. Then Lt‘s—\;— +1. If we take the ares
of the indicatrix and great circle through ¢,, £, in the same
sense, the limit is +1, and since we have fixed the positive
direction of the tangent to the indicatrix at ¢,, we thus fix
the sign of éy». Hence we have, in magnitude and sign,

p=Lt % = L‘S*:iii. ................... 1)

o do
Again, ¢, is the point (I, m,, fnl), and therefore, by § 188,
the direction-cosines of the positive tangent at ¢, to the

indicatrix are dl, dm, dn,
do’ do’ do
dl _dm, dn,

Whence l2=dz1, my="7 " my=_-1,

ly_dl, my_dm; m,_dny
or, by (1), 2= ds’ —= dsl Ta e (a)
Further, if we consider Otl, Ot,, Ot3 to be generators of a
cone of the second degree, the planes ¢,0¢,, 1,0¢; are ulti-
mately tangent planes, and therefore their normals 0b,, 0b,
are generators of the reciprocal cone. Hence the limiting
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position of the plane b,0D,, i.e. the tangent plane to the
reciprocal cone, is at right angles to Ot;, and the limiting
position of b;b,, i.e. the tangent at b, to the indicatrix
bbobs ... is at right angles to Of,. Besides, the tangent at
b, is a tangent to the sphere, and is therefore at right angles
to 0b,. Therefore the tangent at b, to the indicatrix b b,b, .
is parallel to A,P;, the principal normal at A;. Suppose
that its positive direction is that of the principal normal.
If the measure, with the proper sign, of the arc bb, of
the indicatrix is 63, then the measure of the arc b,b, of the

great circle in the plane b,0b, is ér, and Lt ’3 =41 If

we take the arcs in the same sense so that the hmlt is +1,

since we have assigned a positive direction to the tangent

at b, to the indicatrix, we fix the sign of d=. Hence we
have, in wagnitude and sign,

08 ds ds

O'—Lt(s;=Lt6‘——B=d—B'- ................... (2)

Again, the coordinates of b, are l;, my, n,, and hence the

direction-cosines of the positive tangent at b, to the in-

dicatrix are dly, dm, dn,
g’ dB’ dp’
Therefore  1,= 2 dm, g

dﬁ m2=—(_l~;3>’ ’n«2=-d?-
l, dl3 my_dmg m,_dng

Or, by (2), ﬁ=;E’ = :2=%' ............... (B}
We have also, 12+1,2412=
Hence 12,2y ls(fz’s
Therefore, by (A) and (B),
d, 1l
ds ™ ;-;'
Similarly @—2= L YL gl—"ﬁ?= P (©)
’ ds p o ds F o

The results (), (B), (¢) are exceedingly important. They
are known as Frenet’s Formulae.



288 COORDINATE GEOMETRY [cn. x1v.

198. The signs of the curvature and torsion. We
have agreed that the positive direction of the tangent at ¢,
to the indicatrix %, ... is that of the principal normal
But if the positive direction of the principal normal is that
towards which the concavity of the curve is turned, the
direction at ¢, of the arc ¢,¢, is that of the positive direction
of the principal normal, (see figs. 55, 56). Therefore, dc,
oy and p are always positive.

We also agreed that the positive direction of the tangent
at b, to the indicatrix bbb, ... was the positive direction of
the principal normal. The direction at b, of the arc b,b, is
the positive direction of the principal normal for a curve
such as that in fig. 55, but is the opposite direction for a
curve such as that in fig. 56. For the curve in fig. 55, the
apparent rotation of the principal normal and binormal as
the arc increases is that of a left-handed screw, and such
curves are therefore called sinistrorsum. For such a curve
88, 6+ and o are positive. For the curve in fig. 56, the
apparent rotation is that of a right-handed screw, and such
curves are said to be dextrorsum. For this class of curve
88, éT and o are negative.

199. To find the radius of curvature.
From (A), § 197, by squaring and adding we obtain

1 /dl, dm\?  rdn)\?
5= (dq) +(—ds—) +(W)' ............... %))
But l1=£,, therefore %l;=—m—i§3—8—m.
1 'z o
Hence = (~ s’“ )

- _:!,-B {8'2 zmug flzwl //+ 8”22(1)'2}.
8

Therefore, since Iz2=¢?, and Za'z”" =5's",

1 —.w/’2+y”2+z”2_s’2
e
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Cor. If the coordinates are functions of s, the length of
the arc measured from a fixed point, so that ¢=s, then
=1, 8"=0, and

1 _ (dPx\? | (dPy\? , (d%2\?
o =) (73 +(G)-

The student should note the analogy between these formulae and

those for the radius of curvature of a pf;.ne curve.

Ex. Deduce equation (1) from the result of Ex. 10, § 23.

200. To find the direction-cosines of the principal
normal and binormal.

From equations (a), § 197,

l,= (dl ) x’s —8"x’
ds FE
’”_7 ’”,_’ "’ ’”_ v
. . s —8 2'd—8"z
Slmxlarly, my= p:g'—?s~y—; Nyg= —‘——ST*--
yl zl
Again, since  m, =3 7, =2 and l;=mm,—mym,,
w4 a4
Lo Y7 =7y
3= PE
w4 ’ " ’
. 2’ —ax'2 2y —y'x
Similarly, my=p-=—7F— mn3=p 75

Compare §193.

Cor. If t=s, we have.
d2x d*y d%z
ly= =Py M= Pdsz’ Ne=pP g’
l= dy d*z dz d¥y )
(ds ds? ™ ds ds?
201. To find the radius of torsion. From Frenet’s

ete.

formulae, (B), we have %:l—g, and from § 200,

’fl / 4

=57 =2y"), or lg=p(y?'—2y").
Differentiating with respect to ¢, we obtain
B 8l = ply's =2y )+ (Y~ 7Y,
=p(yz’”—z’y”’)+—3’:78—. SSRRURRURION ¢ §

B.G. ®
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’m3p 'g'3

Similarly, '28”._p(z' "__ I //;)+ “.(2)
/8
and 'n,2s +3ng8'%" = p(x'y"” — ¥’ '")_l_'nsP 'S

. (3)

Multiply (1), (2), (3) by 1y, my, my respectlvely, and add,
and we have

/,

i_zp{lz(y/ 1" z/y'")-l-’mz(z' m / m)+n2( n_ / III)}’

which, on substituting p w for 1,, ete., becomes

1__ P, ¥, 72 |
o st a”, vy, 2’
a:”’, Yy ”I, 2"
BEx. 1. Find the radii of curvature and torsion of the helix

r=acosf, y=asinfh, z=altano.

‘We have =-—asin@, y'=acosf, z=atano.
Therefore §2=02+ Y24 2= u? sec?o.
Hence 2'=-acosf, y'=-asinf, '=s"=0,
and Z"=asinf, y"=-acosf, 2"=0.
Therefore 1_a%+y+d7 - 1
p? & = afsec'a’
d 1 1]|-asinf, acosf, atane|_—tane
an plo~ " 8%| —acosf, —asinb, 0| a¥secta.’
asin @, —acos6, 0
whence o= —afsin xcos o

Ex. 2. For the curve »=3¢, y=3t2, z=2¢ prove that
p=—o=§(1+202)
BEx. 3. For the curve x=2a(sin~!A+AN1—AE), y=2a)? z=4a],
prove that p= —g:=8ar/1— A%
Ex. 4. For a point of the curve of intersection of the surfaces
2
2?-y?=c?, y=xtanh Z, = —¢r=2’—:~-
(z=ccosh?, y=csinht, z=ct.)
BEx. 5. For the curve x=n6a)3%, y=a(l+3A?), z=~Bal, prove
that o =y%/a.
Ex. 6. Find the radii of curvature and torsion at a point of the
curve z+y?=a? 2?-yt=aqu
_ (ba?®— 422 _ba?+127
Ans. p2_a”(5a2+ 122 “Tgdai_at
(r=acos 0, y=asin §, z=acos 20.)
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202. If the tangent to a curve makes a constant angle o
with o fixed line o= 1 p tan o
Take the fixed line as z-axis. Then

n,=cos o, and ?=—d?=0’ §197, (a)).

Therefore n,=0, and m;= Fsino.

i My 9
Again, p -+ - T 0, (§197, (¢)).
Therefore o=tptanc.

Ex. 1. For the curves in Exs. 2, 3, 4, § 201, shew that the tangent
makes an angle of 45° with a fixed line, and hence that p= +¢.

Ex. 2. If a curve is drawn on any cylinder and makes a constant
angle . with the generators, p=p,cosec?, where 1/p and 1/p, are the
curvatures at any point P of the curve and the normal section of the
cylinder through P.

Take the z-axis parallel to the generators of the cylinder. Then
if 83, 8s; are infinitesimal arcs of the curve and normal section,

—=sine, a;:=cosa. and Z—i—::O. If P is (, y, 2),

ds
=) +(Z) ma o= (G0) + (20"

Whence the result immediately follows.
Ex. 3. Apply Ex. 2 to shew that the curvature of the helix
z=acosf, y=asinf, z=aftana,

2 .
is (592 *, then deduce that the torsion is iﬂqg.ﬂ___;os <,
Ex. 4. If p/o is constant the curve is a helix.
. 1, di Iy dls _
Since o= ds and I= dl,=kdl,.

Therefore I, =kl;+k,, where £, is an arbitrary constant.

Similarly, my=kmy+ky, ny=kng+Fks.

Multiplying by 7,, m,, »,, and adding, we obtain k!, +km; +kn,=1.
Hence, since 42+ k2 +42=1+%2% and therefore %, kz, ks, cannot all
be zero, the tangent to the curve makes a constant angle with the
fixed line z_y_ 2

Ry ky ks

Parallels drawn through points of the curve to this line generate a
cylinder on which the curve lies, hence the curve is a helix.

Ex. 5. If p and o are constant, the curve is a right circular helix.

Ex. 6. A curve is drawn on a Parabolic cylinder so as to cut all

the generators at the same angle. ¥ind expressions for the curvature
and torsion.

Ans. If the cylinder is »=at?, y=2at, and the angle is .,
p=2a(1 +t’)3/sin’c. and o=2a(l +t“‘)§/sin oL COS o,
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203. The circle of curvature. If P, Q R are points of
a curve, the limiting position of the circle PQR as Q and R
tend to P is the osculating circle at P.

From the definitions of the osculating plane and the
curvature at P, it follows immediately that the osculating
circle lies in the osculating plane at P, and that its radius
is the radius of curvature at P. It also follows that the
centre of the circle, or the centre of curvature, lies on the
principal normal, and therefore its coordinates are

a+lyp, Y+map, z2+mp.

We can easily deduce the radius and the coordinates of
the centre by means of Frenet's formulae. If (o, 8, y)
18 the centre and » the radius of the circle of curvature,
the equations

L(E—x)+my(n—y)+n1y(E—2)=0, .cuvnennn. 1)

(E—al2+(—=B2+(—y)=rcceeeeenne. 2)

may be taken to represent it. Since the sphere (2) has

three-point contact with the curve at (w, ¥y, 2), differenti-

ating twice with respect to s and applying Frenet’s
formulae, we have

@@=+ (y—BP+(E—p)?=r% cerrennen 3)
L(z—o)+m(y—B)+n,(z2—y)=0, ............ 4)
Lx—o)+my(y—B)+ny(z—y)=—p. evvenen. 5)

And since the centre (o, B, y) lies in the osculating
plane, (1), (2 —o)+mg(y—B)+ng(2—)=0. reeune. (6)

Square and add (4), (5), (6), and
(@—o)+(y—BP+(—y)=p
Therefore, by (3), r=p.
Multiply (4), (5), (6) by I,, L,, I, respectively, and add, and
T—0L= —lzp.

Similarly, y—B=-—m,p, 2—y=—nm.

Therefore aa=a+1l,p, B=y+myp, y=2+n,p.

204. The osculating sphere. If P, Q R, S are points
of a curve, the limiting position of the sphere PQRS as Q, R
and S tend to P is the osculating sphere at P.
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To find the centre and radius of the osculating sphere.
Assume that the equation is
(§— o)+ (n—BY+({—v)'=E"
Then, for four-point contact at (z, y, 2), we have on differ-
entiating three times with respect to s,

(z—a+@y—Bl+(z—yP=R2,............ 1)
Lx—o)+my(y—B)+n(z—v)=0, ............ 2)
ly@—0)+ Moy = B+ 1y —y) = = p, +eeerven ®

e+ +(Z+ D)y - B+ (B+2) ==,
or, by (2), ly(z—a)+my(y—RB)+ng(z—y)=0p, cereeee.. 4)
where p= Zg

Whence, as in § 203, we deduce

P=p4 %2,
dp\2(ds d

or =o+(3) (d7> o +(Z2)
and

a=x+lp—lop, B=y+myp—mywp, y=2+mp—ngp.

These shew that the centre of the osculating sphere, or
centre of spherical curvature, lies on a line drawn through the
centre of circular curvature parallel to the binormal, and is
distant —op’ from the centre of circular curvature.

Cor. If a curve is drawn on a sphere of radius @, R=a,

2_. 2 .
and therefore o%="" £ Hence, if p is known, o can be

2
deduced. Further, if we differentiate a?= p2+<:li ), we

eliminate the constant a and obtain a differential equation
satisfied by all spherical curves

d?p
ar=al

Ex. 1. A curve is drawn on a sphere of radius a so as to make a
constant angle o with the plane of the equator. Shew that at the

point whose north-polar distance is 6, p=a(1 ~ sec?o cos?6)}.
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We have, by § 202, a=pcoto.
2_ 2
Also ¢’=€EE§!, and g—:=sin o
ds
But 2=a cos 0, therefore gg= —asin 0%-
_pdp _ —asin§df
Whence N7 = esa

Integrating, we obtain
Na¥=p?= —acos Oseco.+b,

where b is an arbitrary constant.
If p=a when f=x/2, =0, and then

p=a(1 - cos?6 secto)?.
Ex. 2. Find the equation to the osculating sphere at the point
(1, 2, 3) on the curve
x=2+1, y=302+2, 2=415+3.
Ans. 3224 3y%+322— 62— 16y — 182+ 50=0.

Ex. 3. Find equations to represent the osculating circle at (1, 2, 3)
of the curve in the last exampie.

Ans. The equation to the sphere and z=3.
Ex. 4. Prove that at the origin the osculating sphere of the curve
x=a,3+ 30,12+ 3¢)t, y=ay®+3byt2+3c,t, z=ast®+3Dst?+ 3cqt,
is given by 22432422 2z, 2y, 2|=0.

9(byer+buey+bscs), @, ay g

(et +el+cl), 2by, 2by,, 2b

0, ¢, & ¢
Ex. 5. Find the curvature and torsion of the spherical indicatrix

of the tangents.
The direction-cosines of the tangent are ly, my, ny, (§197), and if

Oo. is an infinitesimal arc, Lt 0‘7

Hence, if the curvature is ’%,

~=3(2)> G199,

poa
(B) = ()’
- (148 =2

-0 .
If the torsion is l, a-g:%ﬂ,, as in Ex. 1,

)
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34 o2
Whence we easily find o,= p—,'wr— ’
p(pa’~p'o)

where P’Egg and o' =%,

Ex. 6. Prove that the radii of curvature and torsion of the spherical
24 2
indicatrix of the binormals are ——f— and —£ :HT .
Npi+a? a(op —o'p)

Ex. 7. A curve is drawn on a right circular cone, semivertical
angle «, so as to cut all the generators at the same angle 3. Shew
that its projection on a plane at right angles to the axis is an equi-
angular spiral, and find expressions for its curvature and torsion.

\
{

<
o)
|

Fia. 57.

Take the vertex of the cone as origin and the axis as z-axis. Let C,
fig. 57, be the projection of P, the point considered, on the axis, and
CP and OP have measures # and R respectively. Then if CP makes
an angle 6 with OX, r, 6 are the polar coordinates of the projection of

P on any plane at right angles to the axis.
From fig. 58 we obtain

dr=dRsin a=dztan e, (1)
dR = ds cos B=rdf cot, §.
‘Whence %’-.=cot Bsin . db,
which is the differential equation to the projection and has as integral
r=Ae",
where £=cot 3sina and 4 is arbitrary.
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Again, from (1), g-‘:=cos o.cos 3, and therefore the tangent to the
curve makes a constant angle y with the z-axis such that
cos y =cos & cos 3.

‘We have therefore z;i=o, o=ptany.
: d? 1 (d%\?  (d%\?
Since 3;2:0’ ;7‘=(d_82) +(H?>

Fio. 58.

Now z=rcos f, y=rsinb,
and, using dashes to denote differentiation with respect to s, by (1),

r’=sinocos 3, and 7@ =sinS.
Therefore

&' =1'cos §—sin Bsin 6, 4 =7"sin @+sin Becos b ;
&= —(r'sin @ +sin Bcos §)#, y"=(r'cos @—sinBsinG)¢ ;
1 , . in2 1- 32 2
F2=0”(r2+sm23)=sm B( ‘:gq o cosB)
r
Hence P=gin Beiny 7 and o=ptany=

—r
sin Bcosy’
Ex. 8. Deduce equations (1), Ex. 7, by differentiating the equations
Pyl=2tan’x, 22+y?+22=R2 aP4pP=92
and applying 22 +yy +27 =R cos 3.

Ex. 9. The principal normals to a given curve are also principal
normals to another curve. Prove that the distance between corre-
sponding points of the curves is constant, that the tangents at
corresgondmg points are inclined at a constant angle, and that there
must be a linear relation between the curvature and torsion of the
given curve.

If O, («, , 2) is a point on the given curve, O', the corresponding
point on the second curve has coordinates given by

E=a+ly, n=y+my, (=ztny,
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where OO’ is of length r. If we take O for origin and OT, OP, OB
the tangent, principal normal, and binormal as coordinate axes,

L=1, m=n=0; l=ny=0, my=1; l3=my=0, ng=1;
and O’ is (0, 7, 0). The tangent to the second curve is at right angles

’ DM_0. se mim ('_n_n "La) ar_
to OP or OO, and therefore ds-O, e Mmy—1r 3 +<r +m2d8-0.

Hence, since m, =m3=0, %:0, and 7 is constant.
Again, if 5’5%, etc., we have

dr o, 0
et gor(eg) s
therefore, at the origin,
§=01-rlp) 7'=0, {'=-1o,
and the tangent to the second curve makes an angle  with OT such

that tan = rfo .
1-7/p
o Lrp 1 » ¢\ lypo .
gty (1= - 5)+ T etes
therefore, at the origin,

O A S

P’ "7—P P poc
But the binormal to the second curve is at right angles to OP, and

therefore , .
(¢ -{"¢=0,
rp' ro’
Lt S
or -
1-2 z
ag

Integrating, we obtain
log 4 (1 ——%) =log z

where 4 is an arbitrary constant,

or 4(1-7)-I=o,
n ag
and thus there is a linear relation between the curvature and torsion.

Again, tan §= i i/(:/p= A, and therefore 6 is constant.

This problem was first investigated by Bertrand, and curves which
satisfy the conditions are on that account called Bertrand curves.

Ex. 10. A curve is projected on a plane the normal to which
makes angles o. and 3 with the tangent and binormal. If p, is the

radius of curvature of the projection, prove that p='%i—(;%_g
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Let P be a point of the curve and Q and R the points of the curve
distant 8s from P. Then, if the area of the triangle PQR’ is denoted

by A, %=Lt (%3% . Similarly for the projection —1=Lt ?, where A,

P ° "
8+’ are the projections of A and 8s. But A’=A cos B, and 8¢'=8ssin o,
whence the result.

205. Geometrical investigation of curvature and tor-
gion. The following geometrical investigation of the
curvature and torsion of a curve is instructive.

Let A}, A,, A,, ..., (fig. 59), be consecutive vertices of an
equilateral polygon inscribed in a given curve, and let

M;, M,, M;, ... be the mid-points of the sides. Planes
M,C;S,, M,C,S,, ... are drawn through M,, M,, ... normal to
the sides. M,C,, M,C, are the lines of intersection of the
planes M,C,S,, M;C,S, and the plane A A,A,;; similarly, M,C,
and M,C, lie in the plane A,A;A,, and so on.

Then C, is the centre of the circle through the points
A, A, A, and its limiting position when A, and A; tend
to A, is the centre of curvature at A;. Let p denote the
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radius of the circle of curvature at A,. From the cyclic
quadrilateral C,M,A,M,,
A1A2
2sin § M,C,M,
But since the limiting positions of AA, and A,A; are
tangents, AA, ds
251;1-%”‘2 oy
Therefore, since the limiting value of CA, is p,

_ds
P=ay

=C/A,.

and the curvature:g%:l, where p is the radius of the
circle of curvature. P

Since the planes M,C;S,;, M,C;S, are at right angles to
the plane A A,A;, their line of intersection C;S; is normal
to the plane AjAA;.  Therefore, in the limit, C;S, is parallel
to the binormal at A,. But since C,;S, is the locus of points
equidistant from the points A, A,, A;, and C,S, is the locus
of points equidistant from A,, A;, A,, S, is the centre of the
sphere through A, A,, A;, A,, and the limiting position of
S, is the centre of spherical curvature at A;. Therefore,
the centre of spherical curvature lies on the line drawn
through the centre of circular curvature parallel to the
binormal.

Since the limiting positions of C;S, and C,S, are parallel
to consecutive binormals, we may denote the angle C;S,C,
by ér. If c,M, and C,S, intersect at K, then C,K=C,S,dr.
But c K differs from C,M,;,—C,M, by an infinitesimal of
higher order, and therefore

C,M,—C,M, dp
=Lt ot “dr
Hence, if R is the rs,dlus of spherical curvature at A,,

2=Lt(M,C,2+C,;S %) =p +(§P)

By our convention of §193, the positive direction of the
binormal is that of S§,C;. In our figure the curve is

Ltc,s,= =LtS —
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dextrorsum, and &t is therefore negative. Also Jp is
negative, so that dp/ér is positive. Hence, if the co-
ordinates of A, are z, y, 2, and those of the limiting
position of s, are ), y,, 2,

x,— = projection of M,C, +projection of C,S, on OX,

d
=Pl2_al'£la:
d
or w0=m+pl2—d—f_l3.

Similarly,
dp dp
Yo=Y +pme— T-Mg, 2y=2+pNy—7- N

The points S, S,, S, ... are consecutive points of a curve
which is the locus of the centres of spherical curvature,
and S;S,, S,S,, ... are ultimately tangents to that locus.
The plane S;S,S;, or M;C,S, is ultimately an osculating
plane to the locus, and hence the osculating planes of the
locus are the normal planes of the curve. Therefore, if
8y, 0 are the angles between adjacent tangents and bi-
normals to the curve, and &y, ér, are the angles between
adjacent tangents and binormals to the locus,

N _ oty _
Lt 3T =1, and Lt(?\b—
Hence, if infinitesimal ares of the curve and locus are
denoted by és and és;, and the curvature and torsion of
the locus by 1/p, and 1/o,

ds s, ds 8,
Ltw 6_\,;1 Lt g—l =0g0;.

The limiting positions of CS,, C,S,, ... are the generators
of a ruled surface which is called the polar developable.
Since C,;8, and C;S, are ultimately coincident, the plane
C,S,C, touches this surface at all points of the generator
C,S,, and hence the normal planes to the curve are the
tangent planes to the polar developable.
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Ex. 1. Shew that if ds, is the differential of the arc of the locus of
the centres of spherical curvature,

daymBIE_

Ny
If (& 1, ) is a point on the locus, and &= —§ 5 ete.,
S z+ Plg —NRZ— l
Therefore, by Frenet’s formulae, and since V& = pi=0ay,

gy EE
3V1t‘ p
__1_ (s gz}lr RR
N
Ex. 2. Obtain the result from fig. 59.
R Rp dR

Ex. 3. Prove that p,_.Rw- =
and verify that pp,=00;.

206. Coordinates in terms of s. If the tangent, prin-
cipal normal and binormal at a given point O of a curve are
taken as coordinate axes, and s measures the arc OP, we
may express the coordinates of P in terms of s. We have

=1(s) =f<0>+sf'<0>+§f"<o>+gf'"m) s

’ 2 ” 83 4
=8, +§2~w0 +§wo +...,
where z,, ®,”, 2,”, ... are the values of «/, 2", ", ... at the
origin. Similarly,
— I+§f Il+.§f "
Y=38Y, 2y0 6?/0 +.s
’ 82 ” 83 n
z=82+52% +g2% +.
We have therefore to evaluate z;, ¥, 2,, ete.
Since the tangent is the z-axis,
2y =1, 7,=0, 2/=0.
Since the principal normal is the y-axis,
p%y'=0, py,"=1, pz, " =0.
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Again, by Frenet’s formulae,

My Mgy ey T Ty oo
P (py"+pY") - (p2” +p2")
1 p’ , 1
Therefore =,”"=—=, vy, =-5, 2/=——.
0 pz JO Pl 0

Therefore, as far as the terms in s®, we have

T=8—x 4
8 6o?

s &8,
V=255
83

2= ————

6po

Ex. 1. Shew that the curve crosses its osculating plane at each

point. . .
Unless 1/o is zero, z changes sign with s. If, at any point, 1/o=0,

the osculating plane 1s said to be stationary.

Ex. 2. Prove that the projection of the curve on the normal plane
at O has a cusp at O. What is the shape at O of the projections on
the osculating plane and rectifying plane ?

Ex. 3. If s and higher powers of s can be rejected, shew that the
direction-cosines of the tangent, principal normal, and binormal at P
are given by

hom m b my e b mg mg
178)p 0 -slp 1-3sp’lp —8lo, 0 sjo 1-3sp’lp

In the following examples O and P are adjacent points of a curve,

and the arc OP is of length s.

Ex. 4. The angle between the principal normals at O and P is
s(p 4ok,
Ex. 5. The shortest distance between the principal normals at O
and P is of length 7;.'-;%?, and it divides the radius of the circle of
curvature at O in the ratio p?: o2

Ex. 6. The angle that the shortest distance between the tangents
at O and P makes with the binormal at O is s/20.

Ex, 7. Prove that the shortest distance between the tangents at
O and P is $3/12p0.
Ex. 8. The osculating spheres at O and P cut at an angle 7:7%%.
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Examples XI.

1. Shew that the feet of the eperpendiculars from the origin to the
tangents to the helix x=acos §, y=asin §, z=c0, lie on the hyper-
boloid 2?%/c?+y?%c? — 2la?=d?[c?,

2. A curve is drawn on the helicoid z=ctan™'y/z so as always to
cut the generators at a constant angle . Shew that by Eroperly
choosing the starting Xoint it may be made to coincide with the inter-
section of the helicoid with the cylinder 2r=c(efcota—g-6cota) 5 @
being ordinary polar coordinates, Find the equations to the prin-
cipal normal at any point.

3. Find f(0) so that r=acos §, y=asin§, 2=f(f) determine a
plane curve.

4, If the osculating plane at every point of a curve pass through
a fixed point, the curve must be plane. Hence prove that the curves
of intersection of the surfaces 2%+y?+22=a? 2(zt+y*+7*)=at are
circles of radius a.

6. A right helix of radius @ and slope o. has four-point contact
with a given curve at the point where its curvature and torsion are
1/p and 1/o. Prove that

=Pt =L,
a'—p2+o-3 and tano p

6. For the curve z=atan 6, y=acot , 2=~2a log tan 6,
- /20
P= == 5int20’
7. Shew that the osculating plane at (2, ¥, z) on the curve

2?4 2ax =y%+ 2by =22+ 2¢z
has equation

(- (- 2)(z+aP +( - aD)(n—y)(y + )’ +(a? - B)({ - 2)(z +¢)*=0.
8. Shew that there are three points on the cubic
r=0,0+3b,02+3ct+d; y=a®+3byt2+ eyt +dy,s
2=q,3+3b,t2 + et + d,

the osculating planes at which pass through the origin, and that they
lie in the plane

3l > ¥ z2|l=|=x v z|.
by, by by ayy Qgy Gg
Cy Cy C3 dyy dy, dy

9. If p, py gy ps are the radii of curvature of a curve and its
projections on the coordinate planes, and o, B, y are the angles that
the tangent makes with the coordinate axes, prove that

sinfe  sin'f3  siny _ 1
p? pe* pst ¥
- . g -
sin’a cosax _sin BcosB+5m YCOSY o,
P P3 Ps
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10. Prove that at the point of intersection of the surfaces 27+ y%=2%
z=atan~'y/z, where y=a tan @, the radius of curvature of the inter-

_a@+y}t
(8+562+ 64)%

11. A catenary, constant ¢, is wrapped round a right circular
c‘);linder, radius a, so that its axis lies along a generator. Shew that
t

e osculating plane at a point of the curve so formed cuts the tangent
plane to the cylinder at the point at a constant angle tan-lc/a.

section is

(x=acos 0, y=asin 6, z=ccosh ECQ)

az? —az?
s, o= —.
eNaite? N

12. If a curve is drawn on a right circular cylinder so that its

osculating plane at any point makes a constant angle with the tangent

lane at the point to the cylinder, then when the cylinder is developed
nto a plane, the curve develops into a catenary.

Prove also that p=

13. For the circular helix prove the following properties : the normal
at P to the cylinder is the principal normal at P to the helix; the bi-
normal at P makes a constant angle with the axis of the cylinder ; the
locus of the centre of circular and spherical curvature is a helix ; if P’
is the centre of circular curvature at P, P is the centre of circular
curvature at P’ for the locus.

14. A curve is drawn on a sphere of radius @, and the principal
normal at a point P makes an angle 6 with the radius of the sphere

to P. Prove that p=acos 6, -};_= i%-

15. If O, P are adjacent points of a curve and the arc OP =3, shew
that the difference between the chord OP and the arc OP is 3/24p%
powers of s higher than the third being neglected.

16. Prove that
" 11/ { 1 l l 12
x '2+y 2+3l’2=’?‘—2+_,,‘i,

where dashes denote differentiation with respect to s.

17. If from any point of a curve equal infinitesimal arcs of length s
are measured along the curve and the circle of curvature, the distance
between their extremities is s32/6p%.

18. The shortest distance between consecutive radii of spherical
curvature divides the radius in the ratio o*: p? (%E
P

19. A curve is drawn on the émra.boloid 2+ y?=2pz making a con-
stant angle o with the z-axis. Shew that its projection on the plane

z=0 is given by Ny a
0= = -cos“;a

where a=pcot «, and find expressions for its curvature and torsion.
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20. A curve is drawn on a sphere, radius @, so as to cut all the
meridians at the same angle «. Shew that if 6 is the latitude of
any point of the curve,

acos a?tan o

P —sintfoose’ °  (aF—ptcosia)

21. A point Q is taken on the binormal at a variable point P of a
curve of constant torsion 1/o so that PQ is of constant length ec.
Shew that the binormal of the curve traced by Q makes an angle
tan-lcp/ov/c+o? with PQ.

22. A point moves on a sphere of radius a so that its latitude is
equal to its longitude. Prove that at (z, 3, 2)

__(202 ~ )} e 8a2 — 322
a(8a%— 332)‘}’ 6(a2 -2}

23. A curve is drawn on a right cone so as to cut all the generators
at the same angle. Shew that the locus of its centres of spherical
curvature satisfies the same conditions.

P

24. A curve is drawn on a paraboloid of revolution, latus rectum ¢,
80 as to make an angle x/4 with the meridians. Investigate the
curvature and torsion at any point in the forms

¢?/p?=tan?¢(1 + 3 sin?p — sin*¢p — sinep),
&/p*o =sin ¢ tan?p(1 + 4 sin’p - 6 sinp + 4 8infp +sintp),
¢ being the angle which the tangent to the meridian through the
point makes with the axis.

25. The normal plane at any point to the locus of the centres of
circular curvature of any curve bisects the radius of spherical curvature
at the corresponding point of the given curve.

26. A curve is drawn on a right circular cone of semivertical
angle a so as to cut all the generating lines at an angle 8. The cone
is then developed into a plane. Shew that

p i po=sin . : A/sin%a cos?B + sin2p,
where p, p, are the radii of curvature at a point of the original curve
and of the developed curve respectively.

27. The coordinates of a point of a curve are functions of a para-
meter Z.  Prove that the line drawn through any point (z, g, 2) of the
Sy . . dir d% d% . .
curve, with direction-cosines proportional to B d aR lies in the
osculating plan;zat the point and makes with the principal normal an
t ds
-1 p 22,20,
angle tan~1 (%35 )

28, A curve is drawn on a cylinder of radius a and the cylinder is
developed into a plane. If p be the radius of curvature of the curve
and p, the radius 9ficurva.ture of the developed curve at corresponding
points, %——1-5=§12§?, where ¢ is the angle that the tangent to the

curve makes with the generator of the cylinder through the point.
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29. A length equal to the radius of torsion, o, being marked off
along the binormals to a curve of constant torsion, prove that p,, the

202
radius of curvature of the locus so formed, is given by flei‘r— =p?+20%

Prove also that the direction-cosines of the binormal to the locus,
referred to the tangent, principal normal and binormal of the original
curve as axcs, are

=240, N2p/aa, ~N2py/2p.

30. A length ¢ is meusured along the principal normals to a curve.
Shew that the radius of curvature, p,, of the locus is given by
1 cpt—0%(p—c) \?, *po?{cop’+p(p—c)o’}

o raop) + Pl oo

31. With any point of a curve as vertex is described the right
circular cone having closest contact at the point. Shew that its axis
lies in the plane containing the binormal and tangent to the curve and
that its semivertical angle is tan=13c/4p.

32. P is a variable point of a given curve and A a fixed point so
that the arc AP=s. A point Q is taken on the tangent at P so that
the tangent at Q to the locus of Q is at right angles to the tangent
at P to the curve. Prove that PQ=a—s, where @ is an arbitrary
constant. Prove also that if A;, p1, vy Agy pay Va5 Agy pa, V3 are the
direction-cosines of the tangent, principal normal and binormal to
the locus,

A =10y, etc., A2=E’/%l£, etc; )(.,=i—’/%'—§2, ete.,

and that its radii of curvature and torsion are
o(a-3) (p+o%(a—s)
Npiro?  plop —po’)
33. Prove that the radius of curvature, p;, of the locus of the
centres of circular curvature is given by

1 _pPo¥(pP £ +p(p+2p - pp")?

it PP +p%)

dp

ar

34. With any point of a curve as vertex is described the paraboloid

of revolution having closest contact at the point. Prove that its latus
rectum is equal to the diameter of the osculating sphere.

where p=
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CHAPTER XV.
ENVELOPES.

207. Envelope of system of surfaces whose equation
contains one parameter. The equation

f(z, y, 2, a)=0,

where « is an arbitrary parameter, can be made to repre-
sent the different members of a system of surfaces by
assigning different values to @. The curve of intersection
of the surfaces corresponding to the values a, o.4da, is
given by

f(®, y,2,0)=0, f(z,y,2 a+dn)=0,

or by
f(@, vy, 2, 2)=0, @92 a+6§2—f(m, Y. % OL)=0,
that is, by

f 95 0)=0, 2 1@, 45, 0+ 083)=0,

where 0 is a proper fraction.
Hence, as da tends to zero, the curve tends to a limiting

position given by
0
f@ y,2,0=0, =f(@ 9,2 0)=0.

This limiting position is called the characteristic corre-
sponding to the value o. The locus of the characteristics
for all values of @ is the envelope of the system of surfaces.
Its equation is obtained by eliminating @ between the two

equations 3
f(@ vy, 2,a)=0, o f(x, y, 2, a)=0.
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Ex. Find the envelope of spheres of constant radius whose centres

lie on OX.
The equation to the spheres of the system is

(r—ay+yi =1,
where a is an arbitrary parameter and r is constant. The characteristic
corresponding to a=c. 18 the great circle of the sphere

(z—a)i+yt+22=r?
which lies in the plane z=a, and the envelope is the cylinder
yrt+2t=ri

208. The envelope touches each surface of the system at
all points of the corresponding characteristic.

Consider the surface given by a=o. The equations to
the characteristic are

S, y, 2, x)=0, f. (29, 2 a)=0.

The equation to the envelope may be obtained by eliminat-
ing a between the equations to the characteristic, and this
may be effected by solving the equation f,(z, ¥, 2z, ®)=0
for o, and substituting in f(z, y, z, a)=0. Thus, we may
regard the equation f(z, ¥, 2, 2)=0, where o is a function
of z, y, z given by f, (2. ¥, 2, a)=0 as the equation to the
envelope. The tangent plane at (z, y, 2) to the envelope is
therefore

e(ttu ) +rlirtgy )+ (415 +H(F455) =0,

where ¢ is introduced to make the equations f=0, f, =0
homogeneous. But at any point of the characteristic
f..=0, and the above equation becomes

gfz""lfy'i‘ffz‘*‘tﬁ:(),
which represents the tangent plane at (x, y, 2) to the
surface f=0. Hence the envelope and surface have the
same tangent plane at any point of the characteristic.

At any point of the characteristic corresponding to a=a, we have
fdz+f,dy+fdz+fodo=0 and fo=0,
and therefore JSAz+fdy+f.dz=0.

But if (7, y,7) is a singular point on the surface f(z,y, 2 o)=0,
fe=fy="/:=0, and hence the characteristic passes through tge singular
point. The locus of the singular points of the surfaces of the system
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therefore lies on the envelope. For any point of the locus the co-
efficients in the equation to the tangent plane to the envelope are all
zero, and the proposition thus fails for such points.

Consider, for example, the envelope of the right cones of given
semivertical angle «, whose vertices lie upon OX and whose axes are
parallel to OZ. The equations to the system and to the envelope are

(z—al+y2=2tanle, yP=2%tan’e.

The locus of the singular (})oints of the system is OX, and the tangent
planes to the envelope and surfaces are indeterminate at any point of
the locus.

209. The edge of regression. The equations to the char-
acteristics corresponding to values « and o+do of a are

(f=0)azs, (gg:())m;
(f=0)a=0+sa, (% = O>a=u+5¢.

The coordinates of any common point of these character-
istics satisfy the four equations, and therefore satisfy the
equations

(f=0)a=a (% = 0)a=a+,ls,,‘ (gf_(ﬁ= 0)a=a+025¢’

where 6, and 6, are proper fractions. Hence, as do tends
to zero, the common points tend to limiting positions

given by .
(f=0)amar (%f; =°>a=..’ @;Qm:o' ......... )

These limiting positions for all values of a lie upon a
curve whose equations are obtained by the elimination of «
between equations (1). This locus is called the edge of
regression or cuspidal edge of the envelope.

210. Each characteristic touches the edge of regres-
sion. We may consider the equations

f =0, f =0,
where @ is a function of z, ¥, 2, given by f..=0, to repre-
sent two surfaces whose curve of intersection is the edge of
regression. The tangent at (z, 9, 2) to the edge of regression
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is the line of intersection of the tangent planes to the
surfaces. Its equations are therefore

SE(fetfa32)=0. Zt(fratfug) =0

At any point of the edge of regression we have f,=0,
J1a=0, and the above equations become

25f,=0, zgfza=0:
which represent the tangent at z, y, 2z, to the curve
=0, f,=0, .. to a characteristic.

Ex. 1. Find the envelope of the plane 3x¢2~3yt+2z=15, and shew
that its edge of regression is the curve of intersection of the surfaces

Yi=az, xy=2z.

Ex. 2. Find the envelope of the sphere

(z—acos 0)*+(y —asin §)2+22=02

Ans. (22492 +22+a? - b8)2=4a¥(a?+32).

Ex. 3. The envelope of the surfaces f(x, v, 2, @, b))=0, where @ and
b are parameters connected by the equation ¢(a, b)=0, is found by
Ja _Jb
¢a ¢b

Ex. 4. The envelope of the surfaces f(z, 7, z, a, b, ¢)=0, where
a, b, ¢ are parameters connected by the equation ¢(q, b, ¢)=0, and
f and ¢ are homogeneous with respect to a, b, ¢, is found by elimi-
b-_—.ﬁ.

eliminating @ and b between the equations f=0, ¢=0,

nating a, b, ¢ between the equations /=0, ¢=0, $"=
(2 b c

Ex. 5. Find the envelope of the plane lr+my+nz=0, where

al?+bm?+cnt=0. Ans. 2*a+y?b+22/c=0.

Ex. 6. The envelope of the osculating plane of a curve is a ruled
surface which is generated by the tangents to the curve, and has the
curve for its edge of regression.

The equation to the osculating plane is 2/,(¢~2)=0, where
U3, mg, ng, %, 3, 2, are functions of 5. A characteristic is given by

2l(E-2)=0, Zly(£—x)=0, (Frenet’s formulae),
or §-z_n-y_(-2

A mo m
which represent a tangent to the curve.
A point on the edge of regression is given by
Sl(E-x)=0, ZL,(£-2)=0, 2 (£-x)=0,

whence £=x, n=y, (=2, and the points of the edge of regression are
the points of the curve.

Ex. 7. Prove that the envelope of the normal planes drawn
through the generators of the cone ax?+by*+cz22=0 is given by

-t +0¥ -yt + A -t =0
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211. Envelope of a system of surfaces whose equation

contains two parameters. The equation
f(x, vy, 2, a, b)=0,
where a and b are parameters, may also be taken to repre-
sent a system of surfaces. The curve of intersection of the
surfaces corresponding to values o, oc+do of a, and B,
B+68 of b, is given by
fle, B)=0, flo+da, B+68)=0,

or by f(OL, B)=O:

bot o fet+0,50, B+38)+08 55 (e B+0,38)=0,

where 6, and 0, are proper fractions. If é8=Ada, the
curve of intersection is given by

G [G]
[ B)=0, 5 fa+050, B+38)+X 5 f(0, B+6,8)=0,
and the limiting position as 6(1 and 3 tend to zero, by
9
fio By=0, & +xaf; 0.

But o and 8B are independent, so that A can assume
any value, and the limiting position of the curve depends
on the value of A and will be different for different values
of A. The limiting positions, however, for all values of A
will pass through the points given by

- Bf of _

These are called characteristic points, and the locus of the
characteristic points is the envelope of the system of
surfaces. The equation to the envelope is found by elimi-
nating @ and b between the three equations

£@, vy, 2 a, b)=0, 17”_@_%__&% M;’_@LO,

Consider for example the system of spheres of constant radius
whose centres are on the zy-plane. The equation to the system is

(z—a)t+(y - by +22=r?,
where @ and b are arbitrary parameters, and r is constant. Let
P(a, 8,0) and P'(e.+8a, 3+80, 0)
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be the centres of two spheres of the system. If the ratio §3/8c.
remains constant the direction of PP’ is fixed. The limiting position
of the curve of intersection of the spheres as P’ tends to P along the
line PP’ is the great circle of the sphere, centre P, which is at right
angles to PP’. But all the limiting positions pass through the ex-
tremities of the diameter through P, whose equations are r=cw, y=4,
and these are the characteristic points. Their locus is the pair of
planes z2=7r%

212. The envelope touches each surface of the system at
the corresponding characteristic points.

Consider the surface f(x, y, 2, &, 8)=0. The character-
istic points are given by

f=0, fu=0, fs=0.

The equation to the envelope may be obtained by elimi-
nating o and 3 between these three equations, and this
may be effected by solving f, =0, fo=0 for o. and B8 and
substituting in f=0. Hence, we may regard

f(x, Y 2 0, :8)=O!
where o and 3 are functions of «, ¥, z, given by f, =0 and
fs=0, as the equation to the envelope. The tangent plane
at (x, y, 2) to the envelope has therefore the equation

S¢(futf 245 8) =o0.

But if (w, y, 2) is a characteristic point, f, =0 and f;=0,
and the equation becomes
Eff 2=0,
which represents the tangent plane at (x, y, 2) to the
surface. Therefore the envelope and surface have the
same tangent plane at a characteristic point.

Ex. 1. Find the envelope of the plane

gcos Osin ¢+‘%sin @sin ¢+-Zcos¢>==l
Ans. 2o+ y?(b%+22/c2=1.
Ex. 2. Find the envelope of the plane

(b=Nz  1+Ap)y  (1-2Aw)z
a b c
where A and p are parameters.
dns. 2%a?+y? b - 22[c?=1

=p+d,
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BEx. 3. Prove that the envelope of the surfaces f(, ¥, , a, b, ¢)=0,
where a, b, ¢ are parameters connected by the equation ¢(a, b, ¢)=0, is
found by eliminating a, b, ¢ between the equations

—0. =0, Je_So_Jo
/=0 $=0 F=3=%

Ex. 4. Prove that the envelope of the surfaces f(z, ¥, 2, @, b, ¢, d)=0,
where a, b, ¢, d are parameters connected by the equation ¢(a, b, ¢, d)=0
and f and ¢ are homogeneous with respect to , b, ¢, d, is found by
eliminating @, b, ¢, d between the equations /=0, ¢=0 and

Ex, 5. Find the envelope of the plane lx+my+nz=p when
(i) pP=a?t+ V?m?+c®n? (i) a2+ b*m2+2np=0.
Ans. (i) 2o +y2b2+22c?=1, (ii) 22/ad+y2/b? =2z,

Ex. 6. Find the envelope of a plane that forms with the (rect-
angular) coordinate planes a tetrahedron of constant volume ¢3/6.

Ans. 2Txyz=c3,
Ex. 7. A plane makes intercepts a, , ¢ on the axes, so that
a24b24c2=f"2

Shew that it envelopes a conicoid which has the axes as equal con-
jugate diameters.

Ex. 8. From a point P on the conicoid a222+b%2+c%2=1,
perpendiculars PL, PM, PN are drawn to the coordinate planes. Find
the envelope of the plane LMN.

Ans. (@)t +(by)¥ +(ca)t =28

Ex. 9. A tangent plane to the ellipsoid #%/a?+y?/b%+2%/c?=1 meets
the axes in A, B, C. Shew that the envelope of the sphere OABC is

(@ + @+ () = (32498,

RULED SURFACES.

213. S8kew surfaces and developable surfaces. If, in
the equations to a straight line
z=az+a, yY=bz+p,
a, b, o, B are functions of a single parameter f, we can
eliminate the parameter between the two equations and
thus obtain an equation which represents a surface generated
by the line as ¢t varies. The locus is a ruled surface.
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The two generators corresponding to values ¢, ¢4 6t, of
the parameter have for equations
g—o_y—B_  z—o—do_y—B-— JB
@ b "% Ta¥éa b+6b
Therefore, if d is the shortest distance between them,
do.8b—éBda

~/6a‘+ 0b%4(adb— b6a)2

But a+da=a+a'dt+u” %— ..., ete., where dashes denote

differentiation with respect to ¢. Therefore, if cubes and
higher powers of 6t are rejected,
de (b — -Ba)bt+ (b + b0 — B — Ba”) 512
~/a,’2+b’5+(ab'—-a'b)2+(a’a”+ .)ét

Hence d is an infinitesimal of the same order as &t if
b’ —=Ba’#0. But if a'l’'—F« =0, then we have also
b+ —a'B —3a”=0, and therefore d is at least of
the order of d¢3. If, therefore, ot is so small that &2 and
ot* are inappreciable, d=0, or the two generatorq are
coplanar. The result may be stated thus: if o'b’'—Ba’=0,
consecutive generators of the surface intersect, while if
o't — B'a’+0, consecutive generators do not intersect.

If consecutive generators intersect the surface is a
developable surface, if they do not intersect, it is a skew
surface. The name developable arises in this way. If A
and B, B and C, consecutive generators of a surface, inter-
sect, the plane of B and C may be turned about B until it
coincides with the plane of A and B, and thus the whole
surface may be developed into a plane without tearing.
Clearly coues and cylinders may be so treated, and are
therefore developable conicoids. On the other hand the
shortest distance between consecutive generators of the
same system of a hyperboloid or paraboloid does not vanish,
(§ 114), so that the hyperboloid of one sheet and the
hyperbolic paraboloid are skew conicoids.

Ex. 1. Shew by means of Exs. 5 and 7, § 206, that the tangents
to a curve generate a developable surface and that the principal
normals generate a skew surface.
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Ex. 2. Shew that the line given by y=tx— &3, z=1% —® generates
a developable surface.

Ex. 3. Shew that the line 2=3¢%+2:(1—3t*), y= — 2tz 4 13(3+ 42)
generates a skew surface.

214. The tangent plane to a ruled surface. We may
regard the coordinates of any point on the surface as
functions of two variables ¢ and z, given by the equations

f=azt+o, p=bz+B, =z

The tangent plane at (¢, z) has for equation

f—az—a, n—bz—B, {(—2z|=0,
az+o, bz+ 8, 0
a, b, 1
or E—al—o, n—b0{—B, {—< |=0,
a'z+0o, bz+p, 0
0, 0, 1

.. (E—al—o)Vz+B)—(n—b-B)az+)=0. ....(1)
This equation clearly represents a plane passing through

the line E=af+oa, n=bf+p,

which is the generator through the point (¢, 2).

If @B —=ba'=0, or %-,:%,:k, say, where & is some

function of ¢, equation (1) becomes
(§—af—a)=k(n—b{—-B)=0,

and is therefore independent of z. The equation then

involves ¢ only, and since when ¢ is given, the generator

is given, the tangent plane is the same at all points of the

generator.

If a’B' —V'o’5£0, the equation (1) contains 2z and ¢, so that
the plane given by (1) changes position if ¢ is fixed and
z varies, or the tangent planes are different at different
points of a generator.

Hence the tangent plane to a developable surface is the
same at all points of a generator; the tangent planes to a
skew surface are different at different points of a generator.

Cor. The equation to the tangent plane to a developable
surface contains only one parameter.
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215. The generators of a developable surface are
tangents to a curve. If the equations
z=az+a, y=>bz+8;
z=(a+a'dt)z+a+o'st, y=(0b+Vdt)z+LB4 L6t
represent consecutive generators of a developable surface,
their point of intersection is given by
These express the coordinates in terms of one parameter
t, and hence the locus of the points of intersection of con-
secutive generators of a developable is a curve.
By differentiation, we obtain

w,=a(a,aa;(x. a)=az', y,=b(,3bb:;,3 b)=bz',

and therefore the tangent to the curve at (z, ¥, z) has for
equations - y—
==t
or f=al—az+z=0al{+a,
n=b¢ —bot+y=bi+p,
which represent the generator through (z, ¥, 2).

216. Envelope of a plane whose equation involves one
parameter. We have seen that the equation to the tangent
plane to a developable involves only one parameter, (§ 214,
Cor.). We shall now prove a converse, viz, that the
envelope of a plane whose equation involves one parameter
is a developable surface. Let

u=af+bp+cl+d=0,
where a, b, ¢, d are functions of a parameter ¢, be the
equation to the plane. A characteristic is given by
u=0, %'=0,
and therefore, since » and u’ are linear functions of ¢, #, ¢,
the characteristics are straight lines and the envelope is a
ruled surface. Two consecutive characteristics are given by

w=0, w'=0; wu+u'dt=0, w'4u"6t=0;
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and these clearly lie in the plane u+w'd=0, and therefore
mtersect. Hence the envelope is a developable surface.
The edge of regression of the envelope is given by

u=0, w'=0, w'=0,
and hence, if (2, y, 2) is any point on the edge of regression,
ax+by+cz+d=0, az+by+cz4+d =0,
a"e+b"y+c"24+d"=0. ..ccovvrrrnnnnnnn. 1)
But the coordinates of any point on the edge of regression
are functions of £. Therefore, from (1),
ax’ + by +cz' = —(dz+by+cz+d)=0,
and ax’+by +c2"=+(a"z+b"y+c"z+d")=0,
whence we see that the plane af+by+c{+d=0 has three-
point contact at (x, 7, 2) with the edge of regression, or is
the osculating plane. Thus a developable surface is the

locus of the tangents to, or the envelope of the osculating
planes of, its edge of regression.

Ex. 1. Find the equations to the edge of regression of the develop-

able in Ex. 2, § 213. . o
The point of intersection of consecutive generators is given by

z=30, y=2F, =0
and these equations may be taken to represent the edge of regression.

Ex. 2. Find the equations to the developable surfaces which have
the following curves for edge of regression :

(i) z=6t, 7 ~:382 2=28%;
(ii) v=acosf, y=asinb, z=ch;
(i) »=¢, y=e, 2=n/2¢.

Ans. (i) (ay—9eP = (2 - 12)(dy* - 3ex)
(ii) x=a(cos —Asinf), y=a(sinG+Acosf), z=c(6+A),
where 6 and A are parameters.
(i) z=ef(1+A), y=e*(1-L), 2=N2(+\).
Ex. 3. Find the edge of regression of the envelope of the normal

planes of a curve.
A normal plane is given by

21 (£ - 2)=0.
And by Frenet’s formulae, we have for the edge of regression,
24 (E-2)=0, Zh(§-x)=p, Zl(%-2)=-op.
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Multiplying by ¢,, ¢, {;, and adding, we deduce
E=x+lp~lop, and similarly,
N=y+mp—mgop, (=z+np—ngp.
Hence, the edge of regression is the locus of the centres of spherical
curvature. The envelope is the polar developable, (§ 205).

217. The condition that {=f({, ») should represent a
developable surface. 1f {=f(¢, ) represents a developable
surface, the equation to the tangent plane

pé+qn—{=pr+qy—>2
involves only one parameter. Let ¢ =px+qy—2 Then,
if ¢ is the parameter,

p=hH1), q=fAt), ¢=fD),
and hence, by the climination of ¢, we can express p and ¢
as functions of g. Now if % and v are functions of = and
y the necessary and sufficient condition that w should be a

. . O(w, v)
function of v is @, y)=0.*

Therefore for a developable surface,
Pz, Py |=0; thatis, | »r, s |=rt—s=0.
9z Qy s, t

A necessary condition is therefore 7t —s*=0.

Again, | ¢z ¢y |=| re+sy, sty |=x{r, 8|

9z Qy 8, t l s, t

Therefore, if 7t —s*=0, ¢ is a function of q. Hence, the
necessary and sufficient condition is 7t —s?=0.

*This may be proved as follows :

If u=£(v), U =v2f"(v),
and uy=v,f"(v),
and therefore UzVy — Uy =0,

Ow »)_ . .

Hence m)_o is a necessary condition.

It is also sufficient. For if u,vy — u,v,=0,
U Uy T tudy du
v vy vdx+ovdy dv

Therefore dv=0 if du=0, and hence the variation of » dcpends unly on
the variation of v, or u is a function of ».
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Ex. 1. By considering the value of ¢ —s? determine if the sarfaces
zyz=a’ xy=(2—c)? are developable.

Ex. 2. Shew that a developable can be found to circumscribe two
given surfaces,

The equation to a plane contains three disposable constants, and the
conditions of tangency of the plane and the two surfaces give two
equations involving the constants. The equation to the plane there-
fore involves one constant, and the envelope of the plane is the
required developable.

Ex. 3. Shew that a developable can be found to pass through two
given curves,

Ex. 4. Shew that the developable which passes through the curves
2=0, y*=4dax ; £=0, y*=4bz is the cylinder y*=4azr+4bz.

Ex. 5. Prove that the edge of regression of the developable that
passes through the parabolas z=0, y*=4az ; £=0, (¥ —a)?=4az is the
curve of intersection of the surfaces

(a+yy=3a(z+y+2), (a+y)=27a%.
Any plane which touches the first parabola is
Az+my=2x+am?,

and if it touches the second, A=m/(1 —m). Therefore the equation to
a plane which touches both is

J(m)=am®—m*(a+y)+mlz+y+2)—2=0.
Eliminate m between " "
q -
=% @n=% Gm=%
and the required result is easily obtained.
Ex. 6. Shew that two cones pass through the curves
22+yt=4a? z=0; x=0, y’=4a(z+a);
and that their vertices are the points (2a, 0, —2a), (—2a, 0, --2a).
Ex. 7. Shew that the equation to the developable surface which
passes through the curves
2=0, 4a’P=0%%2; y=0, 40’ =bc's
is (a2yz — be2x)? =4a*(bax + ay?)(cty + az?),
and that its edge of regression is the curve of intersection of the
conicoids a?+cty=0, a%z—bctr=0,

Ex. 8. Shew that the edge of regression of the developable that
passes through the parabolas #=0, 22=4ay ; r=a, y2=4az is given by

vz 3(a—x)

Ex. 9. Prove that the edge of regression of the developable that
passes through the circles z=0, 22+ y2=a? #=0, 3%+ 22=0% lies on the

cylinder ((%)g_(_%)%=(£_blz)?r'
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Bx. 10. Prove that the section by the zy-plane of the developable
generated by the tangents to the curve
g 2

B ied=r% Stn=4

i

is given by

a?(a®+c®) , b¥ (D2 +c?) (a?— b2y
z2 + 7 =T
Ex. 11. An ellipsoid 2%/a?+y?/b?+2%/c?=1 is surrounded by a
luminous ring =0, y?+2z*=a? Shew that the boundary of the
shadow cast on the plane z=0 is given by
22 2 o
atEea A

2=0,

218. Properties of a generator of a skew surface.
If AB,, AB, A;B, are any three consecutive generators
of a skew surface, a conicoid can be described through
AB,, AB,, AB,. The conicoid will be a paraboloid if the
generators arc parallel to the same plane, as in the case of
any conoid, otherwise it will be a hyperboloid. If P is any
point on A,B,, the two planes through P and AB,, A;B,
respectively, intersect in a straight line which meets A B,
and AB; in Q and R, say. Now PQR meets the conicoid
in three ultimately coincident points, and therefore is a
generator of the conicoid. Hence the plane of A,B, and
PQR is tangent plane at P to the conicoid. But PQR also
meets the surface in three ultimately coincident points,
and therefore is one of the inflexional tangents through
P, the other being the generator A,B,. Therefore the
plane of PQR and A,B, is also the tangent plane to the
surface at P. Thus a conicoid can be found to touch a
given skew surface at all points of a given generator.

We can deduce many properties of the generators of a
skew surface from those of the generators of the hyper-
boloid. For example, it follows from §134, Ex. 10, that
if two skew surfaces have a common generator they touch
at two points of the generator; and from § 113, Ex. 1, the
locus of the normals to a skew surface at points of a given
generator is a hyperbolic paraboloid.

Since the surface and conicoid have three consecutive
generators in common, the shortest distance and angle
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between the given generator and a consecutive generator
are the same for both. Hence the generator has the same
central point and parameter of distribution for the surface
and conicoid. Thus it follows that if the tangent planes
at P and P’, points of a given generator of a skew surface,
are at right angles, and C is the central point,
CP.CP' = —§?,

where ¢ is the parameter of distribution.

The locus of the central points of a system of generators
of a skew surface is a curve on the surface which is called
a line of striction.

Ex. 1. Prove that the paraboloid which touches the helicoid

y/x=tan z/c at all points of the generator xsin =y cos 6, z=cl is
c(zsin @ -y cos0)+(z — cO)(z cos O+ y sin §) = 0.

Prove also that the parameter of distribution of any generator is ¢,
and that the line of striction is the z-axis.

Ex. 2. Prove that the conicoid which touches the surface y2z=4ctx
at all points of the generator x=z, y=2¢ is y(r+32)=2¢(3r+2), and
that the normals to the surface at points of the generator lie on the
paraboloid 22 — 2?=4e(y —2¢).

Ex. 3. For the cylindroid z(22+ y2)=2m.y, Frove that the para-
meter of distribution of the generator in the plane »sin@=ycos@ is
2m cos 26.

Ex. 4. If the line r=az+a, y=bz+fB, where a, b, o, 8 are
functions of ¢, generates a skew surface, the parameter of distribution
for the generator is (W - B)(1 +a?+b?)

a?+ 0%+ (@b —a'b)E '

Ex, 5. If the line %:-%g:i%l’, (where Z2+m?+aZ=1),

generates a skew surface, the parameter of distribution for the

genera,tox- 18 da-, dB, d‘)’ -:~(dl"+dm2+dnz).

dl, dm, dn
L m n

Deduce the condition that the line should generate a developable
surface.

Ex. 6. Aprly the result of Ex. 5 to shew that the binormals of a
given curve of torsion 1/o- generate a skew surface and that the para-
meter of distribution for any generator is the corresponding value
of o

Ex. 7. Prove that the principal normals to any curve generate a
skew surface, the line of striction of which intersects the normal at &

B.G. X
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distance po?/(p?+0?) from the curve, and that if P, Q are any pair of
points on a normal such that the tangent planes at P and Q to the
surface are at right angles, CP.CQ= — p'c?/(p?+0?)?, where C is the
point of intersection of the normal and the line of striction.
(Apply § 206, Exs. 4, b.)
Ex. 8. Shew that a given curve is the line of striction of the skew
surface generated by its binormals.

Ex. 9. Iftheline wa=az+a, y=bz+f
generates a skew surface, the z-coordinate of the point where the line
of striction crosses the generator is
_doa/(14+b)—ab(@’B'+Hw)+ VB (1+a?)
TEF T4 (ab —a by :
Ex. 10. For the skew surface generated by the line
r+yt=3t(1+12), y+2ut=20*3+4s2),
prove that the parameter of distribution of the generator is §(1+ 2627
and that the line of striction is the curve
=3t y=3t% =24
Ex. 11. If the line
z-o_y-B_z-y
7 m T a

generates a skew surface, the point of intersection of the line of
striction and the generator is

(a+lr, B+mr, y+nr),
e Z(mn’ —m'n)(nf3 —my’)

- S(mn’ —m'n)? )
Ex. 12. Deduce the results of Exs. 7 and 8.

Ex. 13. The line of striction on a hyperboloid of revolution is the
principal circular section.

where

Ex. 14. Shew that the distance measured along the generator
z-acosh _y—bsinf_:z
asind ~ —bcosf ¢
of the hyperboloid x?/a?+ y?/b?—2%/c=1, from the principal elliptic
section to the line of striction, is
¢X(a? - %) sin @ cos §(a?sin?f + b2cos?G + c”)‘}
b%csin*6 + c?a?cos?d + a?b?

Examples XII.

1. O is a fixed point on the z-axis and P a variable point on the
xy-gloane. Find the envelope of the plane through P at right angles
to PO.

2. Ois a fixed point on the z-axis, and a variable plane through O
cuts the xy-plane in a line AB. Find the envelope of the plane
through AB at right angles to the plane AOB.
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3. Find the envelope of a plane that cuts an ellipsoid in a conic so
that the cone whose vertex is the centre of the ellipsoid and whose
base is the conic is of revolution.

4, Given three spheres S;, S;, S;, S, and S, being fixed and S;
variable and with its centre on S,. Prove that the radical plane of
S; and S, envelopes a conicoid.

5. The envelope of a plane such that the sum of the squares of its
distances from » given points is constant, is a central conicoid whose
centre is the mean centre of the given points.

6. Prove that the envelope of the polar planes of a given point
with respect to the spheres which touch the axes (rectangular) consists
of four parabolic cylinders.

7. Prove that sections of an ellipsoid which have their centres on a
given line envelope a parabolic cylinder.

8. Any three conjugate diameters of an ellipsoid meet a fixed
sphere concentric with the ellipsoid in P, Q, R.  Find the envelope
of the plane PQR.

9. A plane meets three intersecting straight lines OX, OY, OZ
in A, B, C, so that OA.OB and OB.OC are constant. Find its
envelope.

10. Through a fixed point O sets of three mutually perpendicular
lines are drawn to meet a given sphere in P, Q, R. Prove that the
envelope of the plane PQR is a conicoid of revolution.

11. Find the envelope of a plane that cuts three given spheres in
equal circles.

12. Find the envelope of planes which pass through a given point
and cut an ellipsoid in ellipses of constant area.

13. O s a fixed point and P any point on a given circle. Find the
envelope of the plane through P at right angles to PO.

14. Find the envelope of the normal planes to the curve

22?4202+ 22t =1, 2?4yP4t=r2

15. The tangent planes at the feet of the normals from (e, 8, ¥) to
the confocals 22 ” 2
aatgaataa-!
envelope a developable surface whose equation is

(9C - AB)?=4(3B - A?)(3AC - B?),
where A, B, C are the coefficients in the equation in ¢,
a%*z?zﬁ—i/#%= L
16. The normals from O to one of a system of confocals meet it in

P, Q,R; P, Q, R. If the plane PQR is fixed and O and the confocal
vary, find the envelope of the plane P'Q'R".
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17. Prove that the polar planes of (¢, », {) with respect to the
confocals to x%/a+y?%b+2%c=1 are the osculating planes of a cubic
curve, and that the general surface of the second degree which passes
through the cubic is

A(R2-3Q)+u(RQ-9P) +r(Q%*-3RP)=0,
where P=abc—berf —cayn—abx{, R=a+b+c—af-yn-2
Q=be+ca+ab—(b+c)axf ~(c+a)yn—(a+b)z(.
18. Shew that the coordinates of a point on the edge of regression
of the rectifying developable, Z.c. the envelope of the rectifying plane,

of a curve are given by
4;—1 tan O

=x+JE_.L__, ete., etc.,

a(t:an 6)

where tan@=p/a. Prove also that the direction-cosines of the tangent
and principal normal are proportional to {,p -0, etc.; {;p 41,0, etc.,
and that the radii of curvature and torsion are

: 4 ! and p a 1 .
%(sin ) d\’( % (tan 0)) ds(ﬁ?t;: 0)

19. If the conicoids
22fa?+y2 b2+ 2%t =1, x%/a+y?b2+22)e2=1

are confocal and a developable is circumscribed to the first along its
curve of intersection with the second, the edge of regression lies on

the cone
a3 -t | 4303 (2-a?)? e d(a2-b9)E
+ + : =0.
aa b‘§ cﬁ
20. A developable surface passes through the curves
y=0, 2t=(a-b)(2:-d); x=0, y3=(a-D)(22—a);
prove that its edge of regression lies on the cylinder
P —3/-"+(a - b)§=0.

21. Shew that the edge of regression of the envelope of the plane

d Yy 4+ 2 _
st re et
is the cubic curve given by
(a+A)P (b+ Ay (c+A)?

=Gy b-a)y YT l-b)(a-by ‘“(@-c)b-o)

22. Prove that the developable surface that envelopes the sphere
2 +yt+2t=c? and the hyperboloid z*/a’+y?/b—2%/ci=1 meets the
plane y=0 in the conic

z? 2
PoatireT i
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23. A developable surface is drawn through the curves
Al yt=A% z=c; 22+yi=1, z= -¢;

shew that its section by the plane z=0is given by 2r=sino +sin f3,
2y=coso.+ Acos B, where tan o= A tan 3.

24. If the generator of a skew surface make with the tangent and
principal normal of the line of striction angles whose cosines are A

and p, prove that fl-)-‘=’f, where p is the radius of curvature of the
r

line of striction. @8

25. Prove that the line of striction on the skew surface generated
by the line
z—acos@ _y—asinf_ z
0 0

cos@cosZ sinfcosZ sin 2
2 2 2

is an ellipse in the plane 2y+:=0, whose semiaxes are a, 35—‘1, and

whose centre is ( -—52a’ 0,0).



|CH. XVI.

CHAPTER XVL
CURVATURE OF SURFACES.

219. We now proceed to investigate the curvature at a
point on a given surface of the plane sections of the surface
which pass through the point. In our investigation we
shall make use of the properties of the indicatrix defined
in § 184.

If the point is taken as origin, the tangent plane at the
origin as xy-plane, and the normal as z-axis, the equations
to the surface and indicatrix are

2z =7+ 252y +ty?+ ...,
z=h, 2h=ra?+2szy+ty>

z
X ’
A |Q

\\\ ' C AL
SV 7B
P NA NG
Y 0\ Y
X

Fiae. 60,
220. Curvature of normal sections through an elliptic
point. If 7t—s2>0 the indicatrix is an ellipse, (fig. 60).
Let C be its centre, CA and CB its axes, and let CP be any
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semidiameter. Then, if p is the radius of curvature of the

normal section OCP, p= Lt , and therefore the radii of

20C C
curvature of normal sections are proportional to the squares
of the semidiameters of the indicatrix. The sections OCB,
OCA, which have the greatest and least curvature, are
called the principal sections at O and their radii of curvature
are the principal radii. If p,, p, are the principal radii, and
CA=a, CB=)
» > «? b?
=Ltop pe=Lbgp
If the axes OX and OY are turned in the plane XOY
until they lie in the principal sections OCA, OCB respectively,
the equations to the indicatrix become

z2=h, z_ =1,
or z=h, ot + ?L =2h,
P P2
and the equation to the surface is
2 2
2=" + v +
L1 P2

If cP=r, and the normal section OCP makes an angle 0
with the principal section OCA, the coordinates of P are
rcos O, rsin @, h. Hence, since P is on the indicatrix,

2h  cos?0  sin20,

2 P1 P2
2 2

therefore 1=cos 6  sin 0,
L P2

where p is the radius of curvature of the section OCP.

221, Curvature of normal sections through a hyper-
bolic point. If rt—s2<<0, the indicatrix is a hyperbola,
(fig. 61). The inflexional tangents are real and divide the
surface into two portions such that the concavities of
normal sections of the two are turned in opposite directions.
If we consider the curvature of a section whose concavity
is turned towards the positive direction of the z-axis to be
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positive, then the positive radii of curvature are proportional
to the squares of semidiameters of the indicatrix

z=h, 2h=ra?+2sxy+ty?, (h>0), .......... 1)
and the negative radii of curvature are proportional to the
squares of the semidiamneters of the indicatrix

z=—=h, —2h=rx®42szy+ty?, (h>0). .......(2)

Fia. 61.

The normal section of algebraically greatest curvature
passes through the real axis of the indicatrix (1), and the
normal section of algebraically least curvature through the
real axis of the indicatrix (2). These indicatrices project
on the zy-plane into conjugate hyperbolas whose common
asymptotes are the inflexional tangents. As in § 220, the
sections of greatest and least curvature are the principal
sections. If the axes OX and OY lie in the principal
sections the equations to the indicatrices are

2 P a® ot
(1) z=h, d‘é'—§=l; (2) z='—’l, (;,é—:%é:—l'

If p,, p, measure the principal radii in magnitude and

sign, —b
p=Lbl p=Lt(5p

and therefore the equatlons to the indicatrices are

2
) 2=h, —+ =2h, @) 2=—h, Z+¥=_on,
P1 P2
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and the equation to the surface is

2 2
2= 4% 4 .
P1 P2
The radius of curvature of the normal section that
makes an angle 6 with the zz-plane is given by
1 _cos?@  sin’@
PP P
222. Curvature of normal sections through a para-
bolic point. If rt—s?=0, the indicatrix consists of two

parallel straight lines, (fig. 62). The inflexional tangents

Z
W\
A
\‘~‘>\\C \ B
NN e >
N .
Y’ o)
X
Fi1a. 62.

coincide, and the normal section which contains them has
its curvature zero. The normal section at right angles to
the section of zero curvature has maximum curvature.
These two sections are the principal sections. If O0X and
oY lie in the principal sections, the equations to the

indicatrix are z=h, at=a2
where a=CA. The finite principal radius p, is given by
a?
Pl-—Lt §7L'.

Hence the equations to the indicatrix and surface are

2 2
z=h, 2h=?—; 2z=@-—+....
51 P
If p is the radius of curvature of the section OCP which

makes an angle 6 with the principal section OCA,
1_ cos®6

P P
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223. Umbilics. If r=¢ and s=0, the indicatrix is a
circle and the principal sections are indeterminate, since all
normal sections have the same curvature. Points at which
the indicatrix is circular are umbilics.

224. The curvature of an oblique section. The re-
lation between the curvatures of a normal section and an
oblique section through the same tangent line is stated in
Meunier's Theorem : If p, and p are the radii of curvature
of a mormal section and an oblique section through the
same tangent, p=p,cos 6, where 0 s the angle between the
sections.

If the tangent plane at the point is taken as ay-plane,
the normal as z-axis, and the common tangent to the

sections as z-axis, the equations to the indicatrix are
z=h, 2h=rx*+2scy+ty?
and, (see fig. 60),
cAz 1
po=Lb955=

The equations to QQ’ are
y=htan6, z=h,
and where QQ’ meets the surface,
2h = rx®+ 2sxh tan 0+ th2tan20.

But if « and y are small quantities of the first order, & is
of the second order, and therefore to our degree of approxi-

mation, hx and h? may be rejected. Hence QV2=?;, and

QVZ_ . 2hr _
90V 9N seco” Po

The following proof of Meunier’s theorem is due to Besant.

Let OT be the common tangent to the sections and consider the
sphere which touches OT at O and passes through an adjacent and
ultimately coincident point on each section. The planes of the
scctions cut the sphere in circles which are the circles of curvature
at O of the sections. The circle in the plane containing the normal
is a great circle, and the other is a small circle of the sphere. If C,
is the centre of the great circle and C of the small circle, the triangle
COQC, is right angled at C, and the angle COC, is the angle between
the planes. Hence the theorem immediately follows.

p=Lt cos 0.
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225. Expression for radius of curvature of a given
section through any point of a surface. Let OT, the
tangent to a given section of a surface through a given
point O on it, have direction-cosines I;, m,, n,. Let the
normal to OT which lies in the plane of the section have
direction-cosines l,, m, m, Then, since the direction-
cosines of the normal to the surface are

i/ NN N S
Ji4pi+g Vitpi+g JI+pi+¢
0, the angle between the plane of the section and the

normal section through OT, is given by
—ply — Myt 7y
NI1+pi+g®

But pli+qm,—n,=0;

cosf=

therefore, by Frenct’s formulae, since
g_lp_?;_o.dx_*_ap d/
ds oz ds ds

dq oq dx aq dy
and 'd}——'—.ds‘*_ ‘d‘—hl +tm,,

=rl,+sm,

A2 2= —(rl 2425l m;+tm,?)
cos 6 rl 2+ 2sl,m, + tml
P JI+p+¢

Cor. When 6=0, p becomes p,, and Meunier’s theorem
immediately follows.

or

Ex. 1. Find the principal radii at the origin of the paraboloid
2z=>5x%+4zy+ 22
Find also the radius of curvature of the sectionx=y. A4ns. 1,3}; &.
Ex. 2. TFor the hyperbolic paraboloid
2="Tx2 462y — y?,
prove that the principal radii at the origin are } and -}, and that the
principal sections are z=3y, 3z=-y.

Bx. 3. If p, p’ are the radii of curvature ot any two perpendicular
normal sections at a point of a surface, 1 + -17 is constant.
p P
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Bx. 4. Prove that at the origin the radius of curvature of the
section of the surface .2 9p,y 4 by2=2

by the plane le+my+nz=0,
is 2+ m’z)%'(am2 — 2kl +bi2) 1 (B+ m2+22)” A

Ex. 5. The locus of the centres of curvature of sections of the

surface 2 2
2=" 4L ...
P1 P2
which pass through the origin is the surface given by

9 2 'Z‘z 4 2 2
(22 +y%+2%) (p_«; +'%1> =z(c*+y2).

226. Principal radii at a point of an ellipsoid. Let P
be a point on an ellipsoid, centre 0. Take OP as z-axis
and the diametral plane of OP as ay-plane. Then take the
principal axes of the section of the ellipsoid by the ay-plane
as z- and y-axes. Since the coordinate axes are conjugate
diameters of the ellipsoid, its equation is

0" yz 22

where y=0P, and 2 and 2,3 are the principal axes of the
section of the ellipsoid by the plane through the centre
which is parallel to the tangent plane at P.

The equations to the indicatrix are z=y—£k, where k is
small, and 22 y_z L <,y___ lc‘)2= 2_/c
Y Y

Therefore, if the axes of the indicatrix are ¢ and b,
2%kw? P 2k,82‘

v’ Y
Now let p be the perpendicular from the centre to the
tangent plane at P, and let . be the distance between

the planes of the indicatrix and the tangent plane. Then
k_h

2
Therefore, if the principal radii are p, and p,,
v _pg
or

ol

at=

2 2
[ &
Lt 5=

pr=Lbtgr=— and p,=Lts;
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Ex. 1, Prove that the principal radii at a point (z, , z) on the
ellipsoid .x%/a?+ y?/b*+2¢/c*=1 are given by

2 2 2 2 2 2 25202
Pﬁ_;_:(_l.gb :o L 2—20 4227 :;b >+{1£‘? =0. (Use §86.)

Ex. 2. If PT is tangent to a normal section at P on an ellipsoid,
the radius of curvature of the section is r2/p, where r is the central
radius parallel to PT.

Ex. 3. If A, jare the rammeters of the confocals through a point
P on the ellipsoid #2/a?+y*% b2+ 2%/c?=1, the principal radii at P are

VA N Ap
Tabe’ abe”’

Ex. 4. The normal at a point P of an elli })soid meets the principal
planes through the mean axisin Q and R. If the sum of the principal
radii at P is equal to PQ+PR, prove that P lies on a real central
circular section of the ellipsoid.

Ex. 5. If P is an umbilic of the ellipsoid .z'l.’a2+_1/2{b2+z2/c2=1,
prove that the curvature at P of any normal section through P is
ac/b’.  (See §95, Ex. 2.)

LINES OF CURVATURE.

227. A curve drawn on a surface so that its tangent at
any point touches one of the principal sections of the
surface at the point is called a line of curvature. There
pass, in general, two lines of curvature through every point
of the surface, and the two lines of curvature through any
point cut at right angles.

228. Lines of curvature of an ellipsoid. The tangents
to the principal sections at a point P of an ellipsoid whose
centre is O are parallel to the axes of the central section of
the ellipsoid by the diametral plane of OP, (§226). But
the tangents to the curves of intersection of the ellipsoid
and the confocal hyperboloids through P are also parallel
to the axes of the section, (§121). Therefore the lines of
curvature on the ellipsoid are its curves of intersection
with confocal hyperboloids.

229. Lines of curvature on a developable surface.
One principal section at any point of a developable is
the normal section through the generator. Hence the
generators form .one system of lines of enrvature. The
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other system consists of curves drawn on the surface to
cut all the generators at right angles. In the case of a
cone, the curve of intersection of the cone and any sphere
which has its centre at the vertex cuts all the generators
at right angles, and therefore the second system of lines of
curvature consists of the curves of intersection of the cone
and concentric spheres whose centres are at the vertex.

230. The normals to a surface at points of a line of
curvature. A fundamental property of lines of curvature
may be stated as follows:

If o and P are udjucent and wltimately coincident
points of a line of curvature, the normals to the surface
at O and P intersect; conversely, if O and P are adjacent
pownts of « curve drawn on a surfuce and the normals to
the surfuce at O and P intersect, the curve is a line of
curvature of the surface.

Let O be the origin and let the equation to the surface be

2z =§?+y~2+
P1 P

P will lie on the indicatrix and will have coordinates
rcos 6, rsin O, h. The equations to the normal at P to the

surface are 2 —1cos 6 y—rsin® _z—h

reosf  rsing - -1
P P2
Therefore, if the normal at P is coplanar with the normal
at O, 7.e. with 0z, 1 1
sin 6cosG(—~————>=0. .................. 1)
Pr P2

If 0 and P arc adjacent points of a line of curvature,
sin §=0, or cos =0, and the condition (1) is satisfied ; there-
fore the normals at adjacent points of a line of curvature
intersect.

If the normals at O and P intersect, cos §=0 or sin §=0,
and therefore O and P are adjacent points of one of the
principal sections, or the curve is a line of curvature.

Ex. The normals to an ellipsoid at its points of intersection with
a confocal generate a developable surface.
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231. Lines of curvature on a surface of revolution.
The normals to a surface of revolution at all points of a
meridian section lie in the plane of the scction, and therefore,
by § 230, the meridian sections are lines of curvature. The
normals at all points of a circular section pass through the
same point on the axis, and therefore any circular section is
a line of curvature.

Let P, (fig. 63), be any point on the surface, and let PT
and PK be the tangents to the meridian and circular sections
through P. Let PN be the normal at P, meeting the axis
in N, and let C be the centre of the circular section. Then

'

-1-‘-—-'--__
SO

Fia. 63.

TPN and KPN are the planes of the principal sections. The
principal radius in the plane TPN is the radius of curvature
at P of the generating curve. The circular section is an
oblique section through the tangent PK, and its radius of
curvature is CP. Therefore, by Meunier’s theorem, if p is
the principal radius in the plane KPN,
CP=pcos ), where 6= LCPN,

or p=PN.

Thus the other principal radius is the intercept on the
normal between P and the axis.

Ex. 1. In the surface formed by the revolution of a parabole
about its directrix one priucipal radius at any point is twice the other.
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Ex. 2. For the surface formed by the revolution of a catenary
about its directrix, (the catenoid), the principal radii at any point are
equal and of opposite sign.

(A surface whose principal radii at each point are equal and of
opposite sign is called a minimal surface.)

Ex. 3. In the conicoid formed by the revolution of a central conic
about an axis one principal radius varies as the cube of the other.

Ex. 4. A developable surface is generated by the tangents to a
given curve. Prove that at the point Q on the tangent at P, where

PQ =/, the principal radius of the developable is {‘I,

Let the plane through Q at right angles to PQ cut the consecutive
generators in N and M, (fig. 64). Then N, Q, M are consecutive points

Fia. 64,

of the principal section. But the angle between consecutive generators
is 8y, and the angle between the planes PQN, PQM is the angle
between consecutive osculating planes, and therefore is 87. Therefore,
if p, is the principal radius,
14 QM [ By i
= LRQM ™ " &r  p’

Ex. 5. Find the radius of curvature at Q of the line of curvature
of the developable.

Draw QL at right angles to the consecutive generator. Then N, Q, L
are consecutive points on the line of curvature. Let QM, NQ, QL
meot the sphere of unit radius whose centre is Q in «, b, ¢ respectively.
Then, if 8y is the angle between consecutive tangents to the line of
curvature, 8Y'=be, 8yr=cu, Sr=ab.

Therefore, since the triangle cab is right-angled at a,

SY2=58y2+87%
If py is the radius of curvature of the line of curvature, we have

po=Tt Q=14 ¥

sy
1 _ .. 1f or\?
Hence Q = Lt lz ll + (’S{l’") }1
lo

ang po =

N1
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Ex. 6. Shew that the radius of torsion of the line of curvature of
the developable is Upi+o?)
plop = pory

de
where p= %', o= 7‘: R

and s is the arc of the edge of regression.
Ex. 7. Shew that the lines of curvature of the developable
generated by tangents to a helix are plane curves,

232. The principal radii and lines of curvature through
a point of the surface z=f(z, y). In §225 we have
found that if {;, m,, », are the direction-cosines of the
tangent to a normal section of the surface through the
point (z, y, 2), the radius of curvature of the section is
given by 17l 2428l m 4 tm?
P NI+pi+g®
We have also pli+qm,—n,=0,
whence L2+me4(pli+qm)=1...ccoenninin. (2
Therefore, if we write k for ~/1+p?+¢? we may combine
(1) and (2) into

ll“’(l +p?— 7—}?) +20m, (pq - ‘?]?) +m,? (1 +q%— %"3) =0..(3)

This equation gives two values of /,: m,, which correspond
to the two sections through the point which have a given
radius of curvature. If p is a principal radius, these
sections coincide, (cf. §85). Therefore the principal radii
are given by

_Te =)= (pg-22Y
(1+92="2) (1442 %) =(pg=2) .rvvoon (4)
or p(rt—8)—kp{(1+pH)t+(149¢*)r—2spq}+Ikt=0.

If equation (4) is satisfied, the coincident values of
l,:m, are

8
L Pq_"]:l
™ oep- p-F

t
2__ P
1+g-

B.G. L 4
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Now if PQ is a straight line whose direction-cosines are
{,, my, ny, and P'Q’ is its projection on the xy-plane, the
projections of PQ and P'Q" on the - and y-axes are identi-
cal, and therefore the gradient of P'Q" with reference to the
axes OX and OY is m,/l,. Hence, from (5), the differential
equation to the projection on the ay-plane of the line of
curvature corresponding to the radius p is

2 8
dy 1 +P2_"? dy P4 —7:-)
(—l; P = 0 or (‘z"v" + —__-tp = 0,
; 2_tp
PI=% 1+q k

which may be written
T 8
do(1472="F) + dy(pa~F) =0

or dw(pq—'§}§>+dy(1+q2—%>=0.

If we eliminate p/k between these equations, we obtain
the differential equation to the projections of the two lines
of curvature, viz.,

da*{s(1+p%)—rpg} +daedy{t(1+p?) —r(1+¢°)}
+dy*{tpg—s(1+9%)} =0.
Ex. 1. Shew that the principal radii at a point of the paraboloid

zt .
=t ?)——2z are given by

p*—kp(a+b+22)+abkt=0.

where b2—1+r +;/)2

Ex 2. Prove that at a pomtlof thc intersection of the paraboloid
-—+‘2 =2z a.nd the confocal i A-2z A, the principal radii
AMa+ b +22)— A2
g

are kA, —-—, where k2=

Ex. 3. Shew that the proyectlons on the zy-plane of the lines of

curvature of the pambolmd + IJ —2z are given by

ar{a(Z) - ”}+5Z{b<a”+xﬂ>—a(bﬂ+.7/*>}=o.
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Ex. 4. Prove that when a=>b this equation reduces to
dr_y o W__2

dr x dz~ " y
whence y= Az or 22+ y2=D, where A and B are arbitrary constants.
Shew that this verifies the results of § 231 for the paraboloid.

Ex. 5. Prove that the integral of the equation in Ex. 3 is
ab(a—b)A
b+al
where A is an arbitrary constant, and shew that this becomes

.___'”_E__.;. ,,J{L_.{.]_o
a@—-p) b(b-p) '
(= VALY
= aX+p”
Hence prove that the lines of curvature of the paraboloid are its
curves of intersection with confocals.

Y= Ax?= s

if

Ex. 6. Prove that the intersection of the surface 3z=ax®+by3
and the plane ax=0by is a line of curvature of the surface.

Ex. 7. Prove that the condition that the normal,
f-z_n-y_(-2
p ¢ -U
to the surface z=f(z, y) at a point of a curve drawn on it should
intersect the consecutive normal is
_dp___dq__
dr+pdz dy+qdz’
and deduce the equation to the lines of curvature obtained in §232.
Apply §48. Also dz=pdr+qdy, dp=rdr+sdy, dg=sdz+idy.

Ex. 8. If [,, my, n; are the direction-cosines of the tangent to a
line of curvature, and I, m, n are the direction-cosines of the normal
to the surface at the point,

Ex. 9. Prove that at a point of a line of curvature of the ellipsoid
x’/a2+_z/2/b"’+z2/c2== 1’
z y z
¢-7Z—I:(b2 —c?) +(T]/(c2 - a’)-}-a—z(a” -b%)=0,
and shew that the coordinates of any L)oint of the curve of intersection

of the ellipsoid and the confocal .~ ¥ 2
equation. P a2+/\+62+)\+c2+)\

=1 verify this

BEx, 10. Prove that for the helicoid z=c tan-1Z,
z

u?
)

pr=—py= cz’ where u?=x%+3
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Any point, P, on the surface is given by
z=ucosf, y=usinf, z=ch.

The tangent plane at P is
.rsinev—_ycos0+’£;-z-—u0=0,

and hence, if p is the perpendicular to the plane from the point Q,
“u 4 8u, 0+86,” cSud0

But if d is the distance PQ, the radius of curvature at P of the
normal section through Q is given by

L @ DO ST R
””Ltzp_Lt T T 2¢8ud6 '

2 dudf
Therefore (w4 c?)dG?—2c T o p+du?=0,

This gives two values of d:du which correspond to the two
sections with radius p. If p is a principal radius, as in § 232, we have
coincident values of d6 : du.

uB4c?

Hence p=t—

The differential equation to the projections ou the zy-plane of the
lines of curvature is du

Nid+ct
where » and 6 are polar coordinates. Hence the lines of curvature
are the intersections of the helicoid and cylinders

Qu=c(de®— 47 e"%),
where 4 is an arbitrary constant.

EX. 11. For the helicoid z=c¢ tan":%, prove that

—cy _cx 20zy  _e(sP-aY)
P

P=p 1= =TS "
and deduce the results of Ex. 10 from the equations of § 232.
Ex. 12. Prove that at a point of the conoid
r=ucost, y=usinf, z=f(0),
the principal radii are given by
23— ukd'p — uMeA(ut+2%) =0,

2
where !Ead—g‘ etc., and k2= 1+Z;.‘-
sin@ 0s0 , 2"sin%@ +2'sin 260
We have p=—'72/, q=—u—2, f=—_~—us————~,
__Z'sinfcosf+7cos 20 2"cos?@ - 2'sin 20
== w2 y &= Py .
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Ex. 13. Prove that at a point of the surface of revolution
r=ucosl, y=usinb, z=j(u),
the principal radii are
—unT¥2? —(1+22)}

=

’” )

z
where 7= 5—2, ete. Deduce the result of § 231.

Ex. 14. For the surface
z=ucos, y=usinf, z=clog(u+u?-c),
prove that p;= —p,.

Ex. 15. Find the principal radii at a point of the cylindroid
2(x*+y?)=2mry. Prove that at any point of the generator z=y,

3 . . . . . . . 2 .
z=m, one principal radius is infinite and the other is =, where u is
the distance of the point from the z-axis. dm

Ex, 16. Find the curvature at the origin of the lines of curvature
of the surface

2 21
9z="—+*- +3(ax®+3bz% +3exy: +dy¥) +....

PP 3
_ If I, m, n are the direction-cosines of the tangent to a curve and «
is the are, l_(ﬂ>2 (@)2+ @)2

p? \do da da/’
But for a line of curvature,

Birpg - s(L+ )+ Imir (1 +¢9) - t(1+p)} +m2{a(1 +¢%) - tpg} =0, ...(1)

and for the line of curvature that touches OX, =1, m=n=0. Also
at the origin p=g=38=0; therefore differentiating (1), and substituting,
we obtain

ds
dm_do 1 (12 4m2)= B2
da=r—t r—t\'Oz” "oy) r-¢t 1 1
P P
Again, pl+gm=n, and therefore at the origin
%=rl2+tm’=r=’-;l-.
1
. dl dm dn dl
And, since la’&*”’ Zi&"‘”?ﬂ“o' aa_.o.

Therefore, if p, is the radius of curvature of the line of curvature
which touches OX, ) "
1

— + .
pd Pt (pi=1/p)
Similarly, the square of the curvature of the line of curvature that
touches OY is 1 2

2t W - 1p
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Ex. 17. Prove that the equation to an ellipsoid can be put in the
P PN 1. . s 30 c) PO
Pr ps P\p PPz PPz RS
where ¢, 7, p are the coordinates of the centre.

Ex. 18. Hence shew that the squares of the curvatures of the lines
of curvature through a point P are
(@-NE=2)(E=A)  a®i? (@ - p) (02— p) (= p) | A
AA—py® A p(p— Ay WA’
where A and p are the parameters of the confocals through P.

Ex. 19. PN, PN, PN, are the normals at a point P to an ellipsoid
and the confocal hyperboloids of one and two sheets through P.
Prove that the curvature at P of the curve of section of the ellipsoid

and hyperboloid of two sheets is (p,‘2+p._,“2)&, where p,7! is the
curvature of the section of the ellipsoid by the plane PNN,, and p,™!
is the curvature of the section of the hyperboloid of two sheets by the
plane PN,N,.

233. Umbilics. At an umbilic the directions of the
principal sections are indeterminate ; therefore, from equa-
tions (5) of § 232, we have

14pf_14+¢'_pq_p
r t s K
where p is the radius of curvature of any normal section
through the umbilic.

Ex. 1. Find the umbilics of the ellipsoid 2?/a?+ y?/b2+422/c?=1.
By differentiation, we obtain

r | pz —ctr
atE=0 or p=7u
¥.9_ C g
B2 +% =0, or =

—1/¢t - —1/¢
Whence r=—z—(—2+p2), _9:__5?11, ;-_-_._l<z_2+qz).

z
At an umbilic s(1+p%)=mrpg or pq(1+p?)+rpg=0.
Hence p=0 or ¢g=0; (12+1+p?#0 unless c2+a?2=0).
We have also at the umbilic
H(1+pY) —r(1+¢9)=0

o a2p?(B? — )+ bg(c? — a?) = ¢*(a? — 1),
If a>b>¢, p=0 gives imaginary values of ¢.
¢, [a*=b?
If q.—_-O’ p= .):(;(/.‘/57.::02
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. —c%r
Therefore, since pP=—m

zin  ylb 2)e 1
Z5 0 s/pa-idae (59

b2 (a?—c?)

At an umbilic B=1+4p?+q¢t=

a?(bt—c?y
Hence, p=]?c, since ¢=0,
_—k%E_ B
T ¢ ac

(CE. §226, Ex. 5.)

Ex. 2. Shew that the points of intersection of the surface
™+ ym 42" =a™

and the line =y =2z are umbilics, and that the radius of curvature at
an umbilic is given by m_s
=2 (3)%m,
= 3)

Ex, 3. Prove that the surface

a3+ 038 + BB =(2? + 52 + 2%)
has an umbilic where it meets the line
Br=by=c%.
Ex. 4. Prove that in general three lines of curvature pass through

an umbilic.
If the umbilic is taken as origin, the equation to the surface is

21 22
2z=z—:l/- +%(az‘3+3bx”y+3cxy2+dy3)+ .

The condition that the normal at (7, y, z) should intersect the
normal at O 8 3,44 120(90 — a)+ 2y*(d - 2) ~ e =O0.

Therefore, if the tangent to a line of curvature makes an angle o
with the z-axis, y
tano.=Lt P

and ctando+(2b — d)tanZo. — (2¢ —a)tan o.— b=0.

This equation gives three values of tana which correspond to the
three lines of curvature through the umbilic.

Ex. 5. If the origin is an umbilic of the surface z=f(z, ), the
directions of the three lines of curvature through the origin are
given by

ot . or ot ot _Or _or_
a;tana.+(2,5!7—;aty-)tan2a.—(2.—a}—§r)tana. a{/——o.

"Ex. 6. Investigate the lines of curvature through an umbilic of an
ellipsoid.

If the umbilic is the origin, the normal at the origin the z-axis, and
the principal plane which contains the umbilics the zz-plane, the
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equation to the ellipsoid is
22432+ c2? + 2922 + 2uz=0.
Whence, at the origin, we have
ot_g Or_ 39 Or_0t
" w? Oz w' Oy oy
Therefore the directions of the lines of curvature through the
origin are given by tane + tan =0,

and the only real line of curvature through the umbilics is the section
of the ellipsoid by the principal plane that contains the umbilics.

Ex. 7. Shew t,hab the points of intersection of the line 5:%.—.2
and surface .z_~'4+_/b —L2 are umbilics on the surface, and that the
4

directions of the three lines of curvature through an umbilic (, 7, 2)
are given by dy d: de_dr dx dz/
BT ¢ o b
If P and Q are adjacent and ultimately coincident points of a curve
drawn on the surface, the normals at P and Q intersect if

2uz2tl.rdj(——z>+$z£d d (di‘_%z) o.
Also, we have »dx ‘llzdl/ zzdz
' a b 6 ’

since the tangent to the curve lies in the tangent plane to the surface.
If ‘Z—-, these equations give three values of dx:dy: dz, and the

ﬁrst equat,wn then reduces to
(cdy —bdz)(adz —cdx)(bdr — ady)=0.

234. Triply-orthogonal systems of surfaces. When
three systems of surfaces are such that through each point
in space there passes one member of each system, and the
three members through any given point cut at right angles,
they are together said to form a triply-orthogonal system of
surfaces. The confocals of a given conicoid form such a
system.

We have seen that the lines of curvature of an ellipsoid
are its curves of intersection with the confocal hyperboloids.
This is a particular case of a general theorem on the lines
of curvature of a triply-orthogonal system, Dupin’s theorem,
which we proceed to enunciate and prove.

If three systems of surfaces cut everywhere at right
angles, the lines of curvatwre of any member of one system
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are its curves of intersection with the members of the other
two systems.

Let O be any point on a given surface, S, of the first
system, and let S, and S, be the surfaces of the second and
third systems that pass through 0. We have to prove that
the curves of intersection of S, with S, and S, are the lines of
curvature on S;. The tangent planes at O to the three
surfaces cut at right angles. Take them for coordinate
planes. The equations to the three surfaces are then,

to s,, 2x+a,y?+2hyz+ 0,2 +... =0,
to s,, 2y + up2? + 2hzx 4+ byat+ ... =0,
to s;, 22+ ax2?+ 2hxy + byy?+ ... =0.

Near the origin, on the curve of intersection of the
surfaces S, and S,, z and y are of the second order of small
quantities, and hence the coordinates of a point of the
curve adjacent to O are 0, 0, . The tangent planes to
S, and S, at (0, 0, y) are, if y? be rejected, given by

x+hyy+byz=0,
Y+ayyz+hyyxr=0,
and they are at right angles;
therefore hy+h,=0.
Similarly, we have
hy+hy;=0, hy,+h, =0,
and therefore hy=hy,=h;=0.

Hence the coordinate planes are the planes of the prin-
cipal sections at O of the three surfaces and the curve of
intersection of S, and S, touches a principal section of S,
at 0. But O is any point of S, and therefore the curve
touches a principal section at any point of its length, and
therefore is a line of curvature. Similarly, the curve of
intersection of S, and S, is a linc of curvature of s,.

Ex. 1. By means of Ex. 8, §232, prove that if two surfaces cut at
a constant angle and their curve of intersection is a line of curvature
of one, then 1t is a line of curvature of the other; also, that if the
curve of intersection of two surfaces is a line of curvature on each,
the two surfaces cut at a constant angle.

Ex. 2. If a line of curvature of a surface lies on a sphere, the
surface and sphere cut at a constant angle at all points of the line.
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Ex. 3. If the normals to a surface at all points of a plane section
make a constant angle with the plane of the section, the section is a
line of curvature.

235. Curvature at points of a generator of a skew
surface. We have shewn that a ruled conicoid can be
found to touch a given skew surface at all points of a
given gencrator, (§218). If P is any point of the generator,
the generators of the conicoid through P are the inflexional
tangents of the skew surface, and therefore the conicoid
and surface have the same indicatrix at P. Hence the
sections of the conicoid and of the surface through P have
the same curvature.

Ex. Investigate the principal radii of a skew surface at points of
a given generator.

Take the generator as .-axis, the central point as origin, and the

tangent plane at the origin as xy-plane. The equation to the conicoid
which has the same principal radii is then of the form

2wz + 2fyz+ 2hry + by? + c2¢=0.
Whence at (., 0, 0) we have

- - - 2,2
p=0, g="2 y=0, =2t (o DOZAhrotcl
The principal radii are therefore given by
Ve

+.v'"' 2 . 2 2
&p? - ——— (b8~ Yfwd + cr®)p - (F + 22 =0,

where § is the parameter of distribution for the generator.

236. The measure of curvature at a point. Gauss
suggested the following method of estimating the curva-
ture of a surface at a given point. Consider a closed
portion, S, of the surface whose area is A. Draw from the
centre of a sphere of unit radius parallels to the normals
to the surface at all points of the boundary of s. These
intercept on the surface of the sphere a portion of area a,
whose boundary is called the horograph of the portion s,
and a is taken to measure the whole curvature of the

portion S. The average curvature over S is 1—(;- If pis
a point within S, then Lt% as S is indefinitely diminished

1s the measure of curvature or specific curvature at P.
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237. Expressions for the measure of curvature. If
py and p, are the principul radii at a point P the measure

of curvature at P is 1,
P1Pe

Let PQ, PR, (tig. 65), be infinitesimal arcs of the lines of
curvature through P, and let QS and RS be arcs of the lines
of curvature through Q and R. Then the normals to the
surface at P and Q intersect at C,, so that

PC,=QC,=p,,
and the normals at P and R intersect at C,, so that
PC,=RC, = pj.

F1e. 65.

If the angles PC,Q, PC,R are 86, and &6,, we have
PG =p;60,, PR=p,d0,,
and the area PQRS is p,p,36,56,.
If pgrs is the horograph corresponding to PQRS,
Pq=60,, pr=436,.
Therefore the measure of curvature at P

—L P9 14 36,00, _ 1 .
PQRS "p,0,00,80;, pyp,

Cor. The measure of curvature at a point of the surface

rt— g2

Z=f(a:, y) 18 (_1~Tp—2+_—§§7é'
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Ex. 1. If a cone of revolution, semivertical angle o, circumscribes
an ellipsoid, the plane of contact divides the surface into two portions
whose total curvatures are 2z (1 +sin o), 27 (1 —sin w).

The horograph is the circle of intersection of the unit sphere and
the right cone whose vertex is the centre and semivertical angle g-a..

Ex. 2. Any diametral plane divides an ellipsoid into two portions
whose total curvatures ave equal.

Ex. 3. The measure of curvature at a point P of the ellipsoid

2 2 4
g‘z '%—2+Z;=l is ?72702, where p is the perpendicular from the centre
to the tangent plane at P.

Ex. 4. Prove that av any point P of the paraboloid y%+:2=4az,

the measure of curvature is «TS}E" where S is the point (a, 0, 0), and

that the whole curvature of the portion of the surface cut off by the
lane x=ux, is 2 (1—-\/ ad )
plane 0 I8 2 rEs

Ex. 5. Ata point of a given generator of a skew surface distant
, where &

— 2
from the central point the measure of curvature is -—z—b—-
is the parameter of distribution. (8% + a2y

Ex. 6. 1f the tangent planes at any two points P and P’ of a given
generator of a skew surface are at right angles, and the measures of
curvature at P and P’ are £ and R, prove that //{4+/£; is constant.

Ex. 7. Find the measure of curvature at the point (z, ¥, 2) on the
surface (y%+2%)(2r —1)+24°=0.

Ex. 8. The binormals to a given curve generate a skew surface.
Prove that its measure of curvature at a point of the curve is —1/o%

Ex. 9. The normals to a skew surface at points of a generator lie
on a hyperbolic paraboloid. Prove that at any point of the generator
the surface and paraboloid have the same measure of curvature.

CURVILINEAR COORDINATES.

238. We have seen, (§185), that the equations
w=H(U, V), y=f(U, V) 2=f(U,7V),
where U and V are parameters, determine a surface. If
we assign a particular value to one of the parameters, say
U, then the locus of the point (z, ¥, z) as V varies is a
curve on the surface, since 2, ¥, z are now functions of one
parameter. If the two curves corresponding to U=u,
V'=v, pass through a point P, the position of P may be
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considered as determined by the values w and v of the
parameters, and these values are then called the curvilinear
coordinates of the point P. Thus a point on an ellipsoid is
determined in position if the parameters of the confocal
hyperboloids which pass through it are known, and these
parameters may be taken as the curvilinear coordinates of
the point. If one of the parameters remains constant while
the other varies, the locus of the point is the curve of
intersection of the ellipsoid and the hyperboloid which
corresponds to the constant parameter.

Ex. 1. The helicoid is given by x=ucosf, y=usinf, z=ch.
What curves correspond to w=-constant, §=-constant?

Ex. 2. The hyperboloid of one sheet is given by
x_Atp oy 1-Ap oz A-p
a I+Ap’ & 14+Ap" ¢ 14+
What curves correspond to A=constant, p=constant? If A and p
are the curvilinear coordinates of a point on the surface, what is the
locus of the point when (i) A=p, (i) An=£?
239. Direction-cosines of the normal to the surface. If
O, (fig. 66), is the point of a given surface whose curvi-

U=zu U= +du

N P —V=v+d?

V=v

o M

FiG. 66.
linear coordinates are wu, v, the direction-cosines of the
tangents at O to the curves U=wu, V'=v, are proportional to
Loy Yor 2v5  Lus Yusr Zu-
Therefore if !, m, n are the direction-cosines of the
normal at O to the surface,
le, +my,+nz,=0,
b, +my,+mnz,=0,
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l m n +1
and —_— == e —,
YuZo—2Yo Zulo—TyZy Tulo— Yuly \/EG —F?
where E=xu2+yu2+zu2ﬁ

F= Ly + Yulo + 2420,
G = xug + 3/.;2 + zvz'

(Cf. §185.)
Cor. 1If 0 denotes the angle NOM,
cos 0= —E—
“JVEG

240. The linear element. An equation between the
curvilinear coordinates of a point on a surface represents a
curve drawn on the surface. We proceed to find the
relation between the differentials of the arc of the curve
and the coordinates.

Let 0 and P, (fig. 66), be adjacent points of the curve
and have cartesian coordinates

(z, y,2), (x4, y+3Sy, 2+62);
and curvilinear coordinates
(u, v), (w+du, v+dv).

Then 4 dx=x+x,du+z,v+...,
Y+0y=y+y.Sutyv+...,
z+0z=2+2,0u+2,0v+...,

and hence oP2= Edul+2F Sudv+ G&v?,
if cubes and higher powers are rejected.

Therefore if ds is the differential of the arc of the curve,
since Lt(OP/ds)=1,

ds? = Edu?+2Fdudv+ Gdv

The value of ds given by this equation is called the
linear element of the surface.

Ex. For the surface of revolution,

w=ucos @, y=wusinf, z=f(u), de?=(1+f"2)du?+u*d6"
Find fif ds?=22du?+u?d@?

241. The principal radii and lines of curvature. We
can find the principal radii at a point of the surface when
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the coordinates are expressed as functions of two para-
meters as follows:

The normal to the surface is the principal normal of
any normal section, and therefore if it has direction-cosines
!, m, n, we have for the normal section whose radius of

curvature is p,
Il d%x m _d¥% = _d%

pT A o de o dE

1 _ld*c+md?y+ndiz
Whence o= i e e 1)
But dx=z,du+x,dv,

and d%=x,du+ 2z, dudv +,,Jdv:+c,dPu +x,d%,
and we have similar expressions for dy, dz, d*y and d?%.
Again,

20— %, 2yl y— T2, LYy —Yu,
l=yuv wv m uly wCv n =28y Yu v

H H H
where H?*=EG-F~
Substituting these in (1), we obtain

H _E'du+2F dudv+ G'dv? 9
o = Bdi o Fdudot Gao (2)

, F=

o
where E= Ly s Yuur Zun
Lyy  Yus 2
Ly,  Yvs 2

G'=

Lyys :'/um zuv
Q:'“ yu: Zu
Ly, yw Z,,
xvm ymn zvv .
Xy, yu: Zy
xm yw zt)
Equation (2) may be written
dw*(EH — E'p)+2dudv(FH — F'p)+dv}(GH - G'p)=0, (3)
and gives two values of du:dv which correspond to the
two normal sections with a given radius of curvature. If

p is a principal radius the values coincide. Therefore the
principal radii are given by

PHE'G = F'Y)— Hp(EG'+GE —2FF) + H =0. ...(4)

)
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If p is a principal radius, by (3) and (4),
Edu+Fdv _ Fdu+Gdv _
Edu+Fdv Fdu+Gdv H'
and therefore for a line of curvature,
du*(EF’ — E'F)—duwdv(GE — Q'E)+ dv*(FG' — F'G)=0.(5)
Cor. 1. The measure of curvature is E_EH_:—F:

.. E F G*
Cor. 2. For an umbilic TG

Equation (2) may also be obtained as follows :

If O, (v, 9, 2) is the point considered, and P, (z+ 8z, y+ 8y, z+82)
is an adjacent point on a normal section through O, p, the radius of
curvature of the section, is given by

P =Lt -Q;,
where p is the perpendicular from 7’ to the tangent plane at O. The
equation to the tangent plane is (& — 2)(yu2,— 2.4»)=0, and
T+ 8r =2+ (2, 8% + 2,00) + (%o Su% + 27y Su S0 + 2, 8%) ; ete.
_20e(yze — 2uy)
P=y S uze— 2uds)?
(7 802 + 220y S 80 + 740 80%) (W20 — 2uY4)
= o )
_E'8u?+2F Sudv+ G dn?
- 2 o
Therefore, since Lt 0/%=Edu?+2Fdudy+ G dv?,
LI =_‘4"(11¢2 +2F dudy + G'dv?
p Edu*+2Fdudv+Gdv?’
Ex. 1. Find the principal radii and lines of curvature of the
surface z=f(z, ).
Take u=., v=y, then

Hence

‘rll:l) 3/u=0y Zu=p; 1',,_—’0, .7/0=11 zv=q;
-Tuu=3/lm=‘tuu=yuv=oy
Cuw="y Z2y=8, Z,,=1.
Hence E=1+p% F=pq, G=1+¢? H:=EG-}?2=1+p*+g?;
E'=r, Fi=s G=t;
a;lcé g:r;osubstituting in equations (4) and (5), we obtain the equations
o 2.

* The student will find the methods of curvilinear coordinates discussed
and applied in a recent treatise on Differential Geometry by L. P. Eisenhart,
(Ginn & Co.). He is also referred to Applications Qéométriques du Calcul
Différentiel, W. de Tannenberg ; Théorie des Surfaces, Darboux ; Geometria
Diferenziale, Bianchi.
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Ex. 2. A ruled surface is generated by the binormals of a given
curve. Find the principal radii at a point distant  from the curve.
The coordinates of the point are given by

E=x+ly, y=y+mgy, (=z+ny,
and are functions of s and . Taking u=s and v=r, and applying
Frenet’s formulae, we obtain

E=1+1, F=0, G=1 11—\/1 .
=145, F=0, @=1, H=A1+]5;

Therefore the principal radii are given by

2 2 2 g’ 2\ 2
B_pal+7 L145) -2} - (145) =0
ot ot \p o o o*

Ex. 3. Find the measure of curvature at the line of striction.
The curve is the line of striction, and when =0, the measure of
curvature is —1/o%

Ex. 4. Apply the method of curvilinear coordinates to prove that
the principal radius of a developable at a distance / along a generator

from the edge of regression is lﬁ
P

Ex. 5. Apply the method of curvilinear coordinates to prove that
u* 4 ¢!

for the helicoid x=ucos §, y=usin @, z=cf, py= — py= et and that
the lines of curvature are givea by d6=—i._du~ .
Nz 4 ¢

Ex. 6. Find the locus of points on the helicoid at which the
measure of curvature has a given value.
Ex. 7. For the surface
r_utv Yy _u-v w
a” 27 b 2’ T2
prove that the principal radii are given by
a*b*p? + kabp (a? — b2+ wv) ~ k=0,

where 4k = 4020+ a?(u — v)?+ b2 (u+v)?,
and that the lines of curvature are given by
du +dy

N7 e N e e
Ex. 8. For the surface
2=3u(l+v?)—u8, y=3v(1+u?)—13, 2z=3u?-3s2
the principal radii at any point are
+§(1+u?+o7),

and the lines of curvature are given by u=a,, v=a,, where a, and ay
are arbitrary constants.
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Bx. 9. The squares of the semi-axes of the confocals through a
point P on the conicoid

are a,=a-A\ b=b-}, ¢=c—A; ay=a-—p, by=b-p, cy=c—p.

Taking A and p as the curvilinear coordinates of the point, prove
that

_AA-p - Tt
4E="=7 o F=0, 4G aby
4E  Jabe(A—p) p_, 4G _ , [abe (A—p)
=N G =0 "“/Xﬁ wbity
Deduce that

3, X 1.3
P = é’_ﬁ and p2=/\/lz\g‘_g’

abe

and that the lines of curvature are \=constant, u=constant.
If I, m, n are the direction-cosines of the normal to the surface,

E!

H =Sl = = Zlru,
since Sz, =0.
We have also 1=P%_ A /f.‘!’f Z ete.
a Ap a

Ex. 10. Prove that if F' and /" are zero, the parametric curves
are lines of curvature.

Examples XIII.

1. Prove that along a given line of curvature of a conicoid, one
principal radius varies as the cube of the other.

2. Prove that the principal radii at a point of the surface zyz=a®
are given by 9 9748
P+ L (@ g4+ =0,

g P
where p is the perpendicular from the origin to the tangent plane at
the point. Shew that this equation can be written in the form
x? .1/2 22 _
3 pp By B
and that if (¢, 5, {) is a centre of principal curvature at (, g, z),

z Y z__
ity ta>

3. Find the principal radii of the surface a?z?=2%(22+y%) at the
points where r=y=z.
4, Prove that the cone
kry=2(Na2+22 + Ny )
passes through a line of curvature of the paraboloid zy=ao.
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5. For the surface
x=ucos§, y=usinf, z=f(0),

prove that the angles that the lines of curvature make with the

generators are given by ,

tan?¢p 4L 2
P T
6. For a rectangular hyperboloid, (in which the asymptotic cone
has three mutually perpendicular generators), the normal chord at
any point is the harmonic mean between the principal radii.

7. PT is tangent at P to a curve on an ellipsoid along which the
measure of curvature is constant. Prove that the normal section of
the ellipsoid through PT is an ellipse which has one of its vertices at P.

8. Prove that at a point of the intersection of the cylindroid
2(x2+y?)=may and the cylinder (2°+ %) =a*(2®— »?%)? the measure of

tan ¢p—1=0.

curvature of the former varies as

zi+y?

9. The principal radii at a point P of a surface are p, and p, and
the radius of curvature of a normal section through P 1s R Shew
that the normal to the surface at a neighbouring point Q on the section
distant s from P, makes with the principal normal to the section at Q

an angle oy = BB~ pi O
10. Prove that the lines of curvature of the paraboloid zy=az lie
on the surfaces »
sinh1Z +ginh-1¥ = 4,
a a
where 4 is an arbitrary constant.

11. Shew that the sum or difference of the distances of any point
on a line of curvature of the paraboloid xy=az from the generators
through the vertex is constant.

12. A curve is drawn on the surface

2z=ra?+ 2sxy +ty?
touching the axis of  at the origin and with its osculating plane
inclined to the z-axis at an angle ¢. Prove that at the origin
2"=0, y'=rtan¢, 2'=r, 2"=-risectp, 2"=3rstan .

13. Prove that the whole curvature of the portion of the paraboloid
xy=az bounded by the generators through the origin and through the
point (=, , z) is 2
- _l r————————————2]

Ny + B 2%y

14, Prove that the differential equation of the projections on the

zy-plane of the lines of curvature of the ellipsoid

x% oy 22
atgta=]
is Bb%xy da® - (Bb%% + eay® + a?bPy)dzrdy + aazrydy? =0,

where a=b-c, -B=c?-a?, y=aP-b
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Deduce that 4
(aatp?— B17) (2 o+ PP —py ) =0,
where ps%'l—/, and hence shew that the integral of the equation is
dx

o Y ya't?

where £ is an arbitrary constant.

Prove that if k=w this reduces to
aa?(at—\)

e Cammt o W et YR
a(a®?=X) " B(E-A)
and deduce that the lines of curvature are the curves of intersection
of the ellipsoid and its confocals.

15. Prove that the measure of curvature at points of a generator
of a skew surface varies as cos‘f, where 6§ is the angle between the
tangent planes at the point and at the central point.

16. Prove that the surface

4a%?=(x? - 2a?)(y? — 2a%)
has a line of umbilics lying on the sphere 2%+ y?+22=4a?
17. A ruled surface is generated by the principal normals to a

given curve ; prove that at the point of a principal normal distant »
from the curve the principal radii are given by

R '\/jz_‘—"rz ra’ 12 (o" p') r)’ L
a+aN(1 ,,) +:;2|:;?‘p7r atp ]‘[(“,; +7] =0
‘What are the principal radii at points of the curve?

18. If I, m, n are the direction-cosines of the normal at a point to
the surface z=#(r, y) the equation for the principal radii can be
written 1.1 (@{ +'a_m) o(l, m) _

Pt p\ox” Oy/ Oxmy)

19. Prove that the osculating plane of the line of curvature of the

surface

2 2
2= 4L +l (ax®+ 3bx%y + 3exy? + dd)...,
PPz 3

which touches OX, makes an angle ¢ with the plane ZOX, such that

tan (l>= Bl-g—’lb—
P2—P1
20. Prove that for the surface formed by the revolution of the
tractrix about its axis

z=a(log tan—§+cos d)), u=asin ¢,
and ghat the surface has at any point a constant measure of curvature
-a2
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21. If the surface of revolution
z=ucosd, y=usinb, z=r1(u)

is a minimal surface, f(1+7"2)+uf"=0.

Hence, shew that the only real minimal surface of revolution is
formed by the revolution of a catenary about its directrix,

22. At a point of the curve of intersection of the paraboloid xy =cz
and the hyperboloid 4%+ y*—22+¢*=0 the principal radii of the para-

2% —

boloid are ?(1 £4/2).

23. The principal radius of a cone at any point of its curve of

intersection with a concentric sphere varies as (sin Asin p.)’:", where
A and p are the angles that the generator through the point makes
with the focal lines.

24. A straight line drawn through the variable point
P, (a cos ¢, asin ¢, 0),

parallel to the zz-plane makes an angle 6, where @ is some function
of ¢, with the z-axis. Prove that the measure of curvature at P of
the surface generated Ly the line is
st (’!'!2)2
a?(1 —sin@ sin?¢p): \d¢/
25. A variable ellipsoid whose axes are the coordinate axes touches
the given plane pr+gy+7r2=1. Prove that the locus of the centres of
principal curvature at the point of contact is

(pr+ gy +r2— 1) (P2 + g*ax +r0y) =ayz(p*+ ¢ +17)
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CHAPTER XVIL
ASYMPTOTIC LINES.

242. A curve drawn on a surface so as to touch at each
point one of the inflexional tangents through the point is
called an asymptotic line on the surface.

243, The differential equation of asymptotic lines. If
l;, my, », are the direction-cosines of the tangent to an
asymptotic line on the surface z=f(x, y), we have, from
§181, rl 242l m;+tm2=0;
whence, as in § 232, the differential equation of the pro-
jections on the zy-plane of the asymptotic lines is

rdax®+2sdxdy +tdy?=0.

It is evident from the definition that the asymptotic
lines of a hyperboloid of one sheet are the generators.
This may be easily verified from the differential equation.
If the equation to the hyperboloid is a?/a®4 y2/b%—2%/c?=1,

e c? —ct 2 —cir
P=p 4=F "'="‘2"_3( —%> = e
a’z b2 a*z b a*b*z

=g (1=3)
Whence the differential equation becomes

@ (=) raady g G (1-5) =0,

or y=yx+~ay?+b% wherey = %’;

This equation is clearly satisfied by the tangents to the
ellipse 2=0, a*/a*+y*/b*=1, or the projections of the
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asymptotic lines are the tangents. We also have proved,
(§104), that the projections of the generators are the
tangents.

244. The osculating plane of an asymptotic line. If [,
m,, n,; are the direction-cosines of the tangent to an
asymptotic line,

pl,+qm;—n,=0.
Therefore, by Frenet’s formulae,

fll_zﬂz%_‘l‘z = — (rl2+ 2sl,m, + tm,?) =0,
Whence p =— . ,
MmNy =My Nyly— Mol Ly —lim,
or p_9q_-=1
ly mg my

Therefore the binormal of the asymptotic line is the
normal to the surface, or the tangent plane to the surface
is the osculating plane of the asymptotic line.

Cor. 1. The two asymptotic lines through any point
have the same osculating plane.

Cor. 2. The normals to a surface at points of an
asymptotic line generate a skew surface whose line of
striction is the asymptotic line.

245. The torsion of an asymptotic line. Consider the

asymptotic lines through the origin on the surface
2

The tangents make angles +o with the z-axis, where

tan o= ,\/ ——;;—92 Hence, for one asymptotic line,
1

l,=cosa, my=sin, n,;=0
and l,=—sin, my=cosa, n,=0.

Also, from § 244, ‘l3=7fj-;1-5}_:‘_i72 .
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Therefore if d is the differential of the arc of the line,
l, —(@l,+sm) d I |
2= =l —p—(1+p*+¢%) .
But at the origin, r=1/p,, 8=0, p=0, ¢=0.
sino. _cos o

Therefore —= ,
d P
1 1 \/ -1
or —=—cot =4/ -—
T M 102

Cor. The two asymptotic lines through a point have
the same torsion.

The asymptotic lines of a developable surface are the generators,
and the osculating plane of an asymptotic line is the same at all
points of the line.” Hence 1/0=0. But one of the principal curva-
tures is also zero, and thus the equation ]—='\/:~l is verified for
developable surfaces. LAY LT

For a hy{;erboloid of onc sheet, the asymptotic lines are also the
generators, but the osculating plane of an asymptotic line is not the
same at all points of the line. The osculating plane at each point of

the line is determinate, however, and 1 has a definite value '\/-"_1

. T . P1P2
at each point. The value is the rate at which the tangent plane is
twisting round the generator. We have thus an instance of a straight
line with a definite osculating plane at each point.

Ex. 1. Prove that the projections of the asymptotic lines of the

. zt oy . .
paraboloid 22= P —%Tz on the zy-plane are given by zi% =A, where A
is an arbitrary constant.

Ex. 2. Find the differential equation to the projections of the
asymptotic lines of the conoid

r=ucosf, y=usinf, z=7(6).
Using the values of p, g, 7, 3, ¢, given in Ex. 12, § 232, we obtain

(i) d9=0, or (i) %Lfé’d&.

From (i) =, where o. is arbitrary, and hence one asymptotic line
through each 2point, is the generator.
From (ii) «¥= A2, where A is arbitrary.

Ex. 3. Prove that the asymptotic lines of the helicoid
r=ucosf, y=usinfh, z=ch

consist of the generators and the curves of intersection with coaxal
right cylinders.



§ 245] EXAMPLES ON ASYMPTOTIC LINES 361

Ex. 4. Prove that the projection on the zy-plane of an asymptotic
line of the cylindroid
r=ucosf, y=usinf, z=msin26
is a lemniscate.

Ex. 5. Prove that the projections on the zy-piane of the asymp-
totic lines of the conoid

z=ucos §, y=wusinf, z=aemb
are equiangular spirals.

Ex. 6. Prove that the differential equation to the projections on
the xy-plane of the asymptotic lines of the surface of revolution

r=ucosf, y=usinf, z=f(u)

is 7' dul+uz' d§?=0, where z’zgi, z":—:-(-lz—z.,.
du du?

Ex. 7. Find the asymptotic lines of the cone z=wu cot o.

Ex. 8. For the hyperboloid of revolution (E; -—g;: 1, prove that
the projections of the asymptotic lines on the zy-plane are given by
u=asec(f - ),
where o is an arbitrary constant.

Ex. 9. The asymptotic lines of the catenoid v=ccoshZ lie on the
cylinders 2u =c(ae® + a~1e~0), where a is arbitrary. ¢

Ex. 10. Find the curvatures of the asymptotic lines through the
origin on the surface

2 g2
90="" 4+ 2 4 ) (a3 4 300y 4 BezpP 4 diP) ...
pop 3
Differentiating r7,2+ 2sl;m, + /m,?=0, we obtain

—_—g{ rlily+ s(Cymy + Lom,) + tmymy }
p

or or Qs D ot ¢
=03 'ax'*'lx’"l (ll = +2l 55T 2m :&/-Hnl a>+m,357 ..(1

%y
For one line, {,=cosa, m;=sina, =0; l,= —sina., my=cose,
n,=0, where tan”a.::’-)—ﬂ—g- And at the origin, r=f-l)—l, =0, l=p—a,

1
g;=a’ %=%= \ %—;=%=c, g;t/-=d. Whence (1) becomes

1 ~P1Py { P — _dp,

L e (g ),
P (o —pt W=p, ! S/

To obtain the curvature of the other line we must change the sign

of V' —p,.

Ex. 11. The normals to a surface at points of an asymptotic line
generate a skew surface, and the two surfaces have the same measure
of curvature at any point of the line.
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Ex. 12. In curvilinear coordinates the differential equation to the
asymptotic lines is

E'du?+2F dudv+ @' dv?=0.
Apply the method of curvilinear coordinates to Exs. 3, 4, 6.
Ex. 13. Prove that the asymptotic lines of the surface
r=v-2u—e% y=e z=e*—v
lie on the cylinders
zy+ay—e*=0, zy+by+et=0,

where @ and b are arbitrary constants.

Ex. 14. For the surface

the asymptotic lines are given by u=A, v=p, where A and p are
arbitrary constants.

Ex. 15. For the surface
r=3u(l+v¥)-u?, y=3v(1+u¥)—-v% 2z=3u’-3s?
the asymptotic lines are  + v=constant.

Ex. 16. Prove that the asymptotic lines on the surface of revolu-

tion x=ucos§, y=usinf, z=f(u),

where z=a(log tan -(2’5+cos 4)) and u=asin¢

are given by df=+ s;f:ﬁ &
GEODESICS.

246. A curve drawn on a surface so that its osculating
plane at any point contains the normal to the surface at
the point is a geodesic. It follows that the principal normal
at any point is the normal to the surface.

An infinitesimal arc PQ of a geodesic coincides with the
section of the surface by the osculating plane at P; that is,
with a normal section through P. Therefore, by Meunier’s
theorem, the geodesic arc PQ is the arc of least curvature
through P and Q, or the shortest distance on the surface
between two adjacent points P and Q is along the geodesic
through the points.
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Ex. 1. The principal normal to a right helix is the normal to the
cylinder, and hence the geodesics on a cylinder are the helices that
can be drawn on it.

Ex. 2. If a geodesic is either a plane curve or a line of curvature,
it is both. (Apply § 230.)

247. Geodesics on developable surfaces. If the surface
is a developable, the infinitesimal arc PQ is unaltered in
length when the surface is developed into a plane. There-
fore if a geodesic passes through two points A and B of a
developable, and the surface is developed into a plane, the
geodesic develops into the straight line joining the points
A and B in the plane.

Ex. 1. The geodesics on any cylinder are helices.

When the cylinder is developed into a plane, any helix develops
into a straight line.

Ex. 2. An infinite number of geodesics can be drawn through two
points A and B of a cylinder.

If any number of sheets is unwrapped from the cylinder and
A, A" A", ..., B, B, B"”, ... are the positions of A, B on the plane so
formed, the line joining any one of the points A’, A”, A”, ... to any
one of the points B’, B”, B", ... becomes a geodesic when the sheets
are wound again on the cylinder.

Ex. 3. If the cylinder is 2*+y%*=a? and A and B are

(a, 0,0), (acoso., asina, b),
the geodesics through A and B are given by 0
b
“rta

248. The differential equations to geodesics. From

the definition of a geodesic, we have
Px dPy d%z
ds®  ds*  ds?

z=acosf, y=asinf, z

T=F-F = TN ¢ §
for geodesics on the surface F(z, y, 2)=0, and

dx d¥y d%2

ds? _ds  ds®

—_————— ... e 2

for geodesics on the surface z=/f(z, y).

If an integral of one of the equations (1) can be found, it
will contain two arbitrary constants, and with the equation
to the surface, F(z, y, 2)=0, will represent the geodesics.
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Similarly, an integral of one of the equations (2) and the
equation z=f(z, y) together represent the geodesics of
the surface z=f(z, y).

Ex. 1. Find the equations to the geodesics on the helicoid
r=ucosf, y=usinf, z=co.
sin @ dz cos @ dz |
w a0 17w a6’

For a geodesic, qr”"—py”"=0, and p=-

therefore 2" cos 0+ y" sin =0
or W —w02=0. .iirrrrieriirininiennaane (1)
But 224yt +2%=1
therefore w2 (ut+e?)02=1. .cccovernnnn creneeennnn(2)
Hence, from (1), u(l —u?)=(u2+cH)u’,
which gives, on integrating, 2
1w =

where £ is an arbitrary constant.
Eliminating ds between this equation and equation (2), we obtain
a first integral +kdu
/(u2+c~)(1¢l-§:¢2 /c)
whence the complete integral can be found in terms of elliptic
functions,

Ex. 2. Find the differential equation to the projections on the
zy-plane of the geodesics on the surface z=/(z, y).
f I,, my, », arve the direction-cosines of the tangent to a geodesic,

and L is its curvature,
2
1_rl? +Z.sl,ml +fml . (§225)
P N1+pP+¢?
But by Ex. 10, § 204, the radius of curvature of the projection on

§
the zy-plane is p( "’12)

And ns—l,‘l)zz—l‘r)z,:—!.’—"-l‘ g_l_‘_ .
Vitpitg?
Therefore the radius of curvature of the projection is
(L+pt+g) (2 +mt)
(g —ql)(rl 2+ 280 mg + tmy?)’
Hence, at any poir * of the projection we have

(@)oo b))

& o) lede ()

or %(l+p2+q’) {r+2.ezl+t<d") }( g)
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249. Geodesics on a surface of revolution. The equa-
tion to any surface of revolution is of the form

e=f(Va*+y?) or z=f(u).

Ty =Y

Hence p~uf and q-uf.
2 2
But for a geodesic, p%—g=q(j§-
Therefore
e diy d( de dy\_
Vs —oua=0 o G(vag—og)=0

Hence y%—x%‘%: —c.

where ¢ is an arbitrary constant.
Change to polar coordinates, where

= cos 0, Yy =1 sin @,
*'=u'cos@—ub'sinf, Yy =u'sinO+ud cosh,
a6
and we get uza—é =c.

Ex. 1. If a geodesic on a surface of revolution cuts the meridian
at any point at an angle ¢, wsin ¢ is constant, where » is the distance
of the point from the axis.

‘We have sinpp=u 0 whence the result is simply another form of

that of § 249. s’
Ex. 2. Deduce that on a right cylinder the geodesics are helices.

Ex. 3. The perpendiculars from the vertex of a right cone to the
tangents to a given geodesic are of constant length.
If O is the vertex, the perpendicular on to the tangent at a point P

=OP sin ¢p=1wu cosec o 8in ¢.

Ex. 4. Investigate the geodesics through two given points on a
right cone.

t the points be A and B, (fig. 67), and take the zz-plane through A.
Let the semivertical angle of the cone be o and the plane BOZ make
an angle 8 with the zr-plane. Suppose that A and B are distant
a and b from the vertex.

If the cone is slit along OA and developed into a plane, the distance
of the vertex from any tangent to the geodesic remains unaltered,
and therefore the geodesic develops into a straight line, (cf. § 247).
Figures 67 and 68 represent the cone and its development into a
plane. The circular sections of the cone through A and B become
arcs of concentric circles of radii @ and b, and

arcA,D, arcAD
LA0D,= —-o;&l—'= OA

=fsin =1, say.
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The geodesic develops into A,B,, and if P, any point on A,B,, has
polar coordinates r, ¥ referred to O,A, as initial line,

since AOAP,+ AOP,B,= AOA,B,,
arsin Y+ brsin(y - ¥)=absiny.
Now the relations between the cylindrical coordinates u, § in space
and the polar coordinates r, V¥ in the plane are
u=rsine, Y=0sinea,
and therefore the coordinates of any point of the geodesic satisfy the

equation
u{asin (@sin a)+bsin (y — §sin o)} =absin o sin Ve eeneeenne(l)

F1a. 67. FI1a, 08,

This equation represents a cylinder which intersects the cone in the
geodesic.

If the ares D,D,, D,D,, ... are each equal to the circumference of
the circle in the plane ADC, the positions of OB, when in addition to
the curved sector OAB of the surface of the cone, one, two, ... com-
Ylete sheets are successively developed into a plane, are O,B,,0,B;....

f A; and B, are joined and the plane sector AO,B, is wrapped
again on the cone, A|B, becomes a second geodesic passing through
A and B and com letefy surrounding the cone. Similarly A,B; be-
comes a third geodesic. A,B,, however, does not lie on the sheets
that have been unrolled from the cone, and hence the only geodesics,
(inBour ﬁéure), through A and B are those which develop into A;B;,
AB;, A B;.

It is clear from the figure, that if (n+1) geodesics pass through two
points A and B, and the angle between the planes through the axis
of the cone and A and B is 3,

sin o.(B+2nm) < .

The equations to surfaces through all the geodesics through A and
B can be obtained from equation (1) by writing (3 + 2nr) sin & for ¥.

If A and B are points on the same generator of the cone, ﬁ=z1r
So that, if we are to have any geodesic through A and B,

sine.. <7 or sino.<4$.
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A geodesic on a cone will therefore not cross a generator at two
points unless the semivertical angle of the cone is lass than "é

Ex. 5. Find the length of the geodesic AB.

Ans. AB?=a?+ b%—2ab cos(f3sin o).

Ex. 6. Find the distance of the vertex from any tangent to the
geodesic AB.

Ans, 2R ABSN )

Ex. 7. If A and B are points on the same generator OAB of a
cone semivertical angle o, and a geodesic through A and B cuts OA
at right angles at A, then sin < 4. Also OB=a sec (27 sin o) and
the length of the geodesic arc AB is a tan (27 sin ).

Ex. 8. Shew that a first integral of the equations of the geodesics

of the cone u=ztana is sinadf=+ —ic_:dL—_, and deduce the equa-
uut—

tion to the projections of the geodesics in the form
u=Fksec(fsin .+ ),
where £ and ¢ are arbitrary constants,

Ex. 9. Determine the values of £ and ¢ if the geodesic pnsses
through A and B, and deduce the equation (1) of Ex. 4.

250. Geodesics on conicoids. The following theorem
is due to Joachimsthal : If P 8 any point on a geodesic on
a central conicoid, r 1s the central radius parallel to the
tangent to the geodesic at P, and p 8 the perpendicular
from the centre to the tangent plune to the surface at P,
pr i8 constant.

Let the equation to the conicoid be ax?+by?+c2?=1.

Then at any point of a geodesic,

A A N e L
ZI&:@ =c—z=N/a————————’2';2+b2'yT;”c2z=2-— :t; = X, SaY, eeueen (1)
where p is the radius of curvature of the geodesie.

We have also  p-2=a®x?+b%y%+c%?,

r-i=ax'?4+ byt +c2'%

Whence —p-3p’ = axx’ +blyy’ 4 %2/,

—r-3 =qx's” +by'y” 422",
=A(a%z’ +biyy +c%z2’), by (1).

Therefore %=7\7—)—. B RPN ¢
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Again, since the tangent to the geodesic is a tangent to
the conicoid, wxx’ +byy +cz2’ =0,
and therefore

a2+ byt 4 c2't = — (uxx” + byy” +c2z”)

— A2+ b2+ ¢222), by (1),
=D @3)

Hence, combining (2) and (3),

*p+pr=0,

and therefore pr is constant.

or r-2

Cor. 1. Since A= :i_-;::, from (3) we deduce p= j:";

(Cf. § 226, Ex. 2.)
Cor. 2. 1f the constant value of pris k,

0 ;
7 rs

p=t p- *y
hence along a given geodesic the radius of curvature varies

as the cube of the central radius which is parallel to the
tangent

Ex. 1. The radius of curvature at any point P of a geodesic
drawn or a conicoid of revolution is in a constant ratio to the radius
of curvature at P of the meridian section through P.

If « and B are the axes of the meridian section and p, is its radius

of curvature, w3

= p

. p?

and we have frowm § 250, p=+—
p

Ex. 2. For all geodesics through an umbilic, pr=ac.

Ex. 3. Shew that the theorem of §250 is also true for the lines of
curvature of the conicoid.

Ex. 4. The constant pr has the same value for all geodesics that
touch the same line of curvature.

Ex, 5. Two geodesics that touch the same line of curvature
intersect at a point P. Prove that they make cqual angles with
the lines of curvature through P.

Bx. 6. PT is the tangent to a geodesic through any point P on the
ellipsoid 2/a?+ y2/b%+2%/ct=1, and A, p are the parameters of the
confocals through P. PT makes an angle § with the tangent to
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she curve of intersection of the ellipsoid and the confocal whose
parameter is A. Prove that

22,2
A cos?0+ psintf =g—f_,i » (where pr==£).

The central section parallel to the tangent plane at P, referred
to its principal axes, has equation
22 _cosf  sin!@_ 1
I+—X=l, whence T+ St
We have also p?=a?b%?/Ap, and the result immediately follows.

Ex. 7. The tangents to a given geodesic on an ellipsoid all touch
the same confocal. )

One confocal touches the tangent. Suppose that its parameter
is v. If the normals to the ellipsoid and confocals through P
are taken as coordinate axes, the equation to the cone, vertex P,
which envelopes the confocal is

22 2 g2
Sy Yo
v—p v—A ¥
The tangent at P to the geodesic is a generator of this cone, and
siuce its equations are
rT _ ¥ _Zz
cosf sing 0O’
v= A cos? §+ psin?@ = constant.

Ex. 8. The osculating planes of the geodesic touch the confocal

251. The curvature and torsion of a geodesic. Consider
a geodesic through the origin on the surface
2z= @ + ¥ +....
P P2
If the tangent makes an angle 6 with OX, then, at
the origin,

ly=cos6, m;= sinh, n,=0;
b= 0, m,= 0, my=1;
hence, tg=s8inf, my=-—cosh, my;=0.
We have, generally,
- - 1
. JEN RN S
VI T +pi+g? P JTHpitg

Whence, ditferentiating I, with respect to «, the arc of the
geodesic, and applying Frenet's formulae,
L U, rl,+sm, d -3
it S it PR S g —(1 2 2 ,
8.G. 2a
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which gives, at the origin,

cos 9+sin 9= cos 9.
P T p
Similarly, differentiating m,, we obtain,
sinf cos@ sinf
P o p
cos? 6 n sin2

Eliminating o, we have, l= , & result obtained
in §§ 220, 221. S
Eliminating p, we have
1=sin O cos 6(—1— -—l>
o P1 P2 .
Cor. 1. 1f the surface is developable, so that ;1= 0,

1
o= —ptan 0, where 0 is the angle at which the geodesic
crosses the generator. For a geodesic on a cylinder, 6 is
constant, and we have the result of § 202.

Cor. 2. If a geodesic touches a line of curvature, its
torsion is zero at the point of contact.

Cor. 8. 1f a geodesic passes through an umbilie, its
torsion at the umbilic is zero.

Ex. 1. Shew that »1—2=(1—l) (—1——1)
o P P/ \p2 P
Ex. 2. A geodesic is drawn on the ellipsoid 2%/a?+y?%/b%+2%/c?=1
from an umbilic to the extremity B of the mean axis. Find its
torsion at B.

a? c?
At B, PL="7 P=7 and therefore
1 . b b
;=cos6sm 6 (?_J’ .
Also pr=ac, and at B, p=b, and
1 _cos?d  sin®f,

™ af 7 o’
1 _baa? btk = ¢
whence P R

2562. Geodesic curvature. Let P, O, C, (fig. 69), be
consecutive points of a curve traced on a surface. Along
the geodesic through P and O measure off an arc OG equal
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to PO, and along PO produced a length OT also equal to PO.
PO is ultimately the tangent at O to the curve or geodesic,
and the geodesic touches the curve at 0. Denote the angle
GOT by &y, the angle TOC by &, the angle GOC by de.
Then, if OP=s,

Lt §—"~b =curvature of curve= 1 H
'38 P

Lt %é-" =curvature of geodesic =;10 ;

and Lt g—: is defined to be the geodesic curvature of the

curve. Let us denote it by l
Po a

<)

P (o] T
Fig. 69,

The points CGT lie on a sphere whose centre is O, and
therefore the arcs CT, TG, GC can be taken to measure the
angles COT, TOG, GOC. And since the plane OCG is
ultimately that of the indicatrix, and OGT a normal section,
the angle CGT is a right angle. Hence,

CT2=CG24GT?

or Y =€t + 82
Therefore -1.2 = i, + —1—2;
PPt po

whence the geodesic curvature is expressed in terms of the
curvatures of the curve and the geodesic.

Again, if the angle CTG is denoted by w, » is ultimately
the angle between the planes OCT and OGT, which become
respectively the osculating planes of the curve and the
geodesic, or the osculating plane of the curve and the normal
section of the surface through the tangent to the curve.
From the right-angled triangle CGT,

SY,=0dYcosw, Je=dYrsinw;
whence (i) p=p,cosw, (ii) p,=pcosecw=o.cote
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We have thus (i) another proof of Meunier’s theorem
and (ii) the relation between the geodesic and ordinary
curvatures of the curve.

Cor. If a curve of curvature p-! is projected on a plane
through the tangent which makes an angle o with the
osculating plane, the radius of curvature of the projection
is psece, (§204, Ex. 10). Hence the geodesic curvature
of a curve on a surface is the curvature of its projection
on the tangent plane to the surface.

Bx. 1. Shew that the geodesic curvatures of the lines of curvature
through the origin on the surface

1
are bpip, CPrp2

Y
PPy PP
Use Ex. 16, § 232. v e

Ex. 2. Prove that at the origin the geodesic curvature of the

section of the surface ax?+by?=2z by the plane lz+my+nrz=0is
n(bl +anv’)
(l2+m“)%

Ex. 3. A curve is drawn on a right cone, semivertical angle «,
8o as to cut all the generators at the same angle 8. Prove that at
a distance £ from the vertex, the curvature of the geodesic which
sin?f3

R and that the geodesic curvature of the
anoe

2 .2
22=%+'1;+%(a.z-’+3bx2y+3c.z‘_y2+dy3)+...
3

touches the curve is

ve is 308
curve is ~ =,

Ex. 4 By means of the results of Ex. 3 and the result of Ex. 7,
§ 204, verify the equation p=2=p,24 p,~* for the curve on the cone.

Ex. 5. If » and v are the curvilinear coordinates of a point on a
surface and the parametric curves cut at right angles, shew that the
geodesic curvatures of the parametric curves are

1 ONG 1 ONE

"VGE ou’ NGE v
Consider the curve U=u. Let o be the angle between the osculat-

ing plane and the normal section through the tangent. Then the

geodesic curvature is given by 1_sino  pe l,, my, n, be the

. ? P
direction-cosines of the principal normal to the curve, then since v is
the complement of the angle between the principal normal to the
curve U=w and the tangent to the curve V=y,

sin o= Ly + My 97, + M2
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Now %:%-_-af).‘%; h=Tes dt=Gdn,
Therefore %.:;7% %( j_)
and Lo ag(3))
e )

But, since the parametric curves are at right angles, 2z,2,=0, and
therefore
19 190G

=2 = e (2,2 = — = =—
E»Z'uxw < ZoZluy 3 'au(-'x') 2u

1 -1 2¢ -1 V@

Therefore —_———— e Y
Py 2UVE du VGE Ou
Similarly for the curve V=v, 1_=;_1: BJ_E_
Py JGIE v

(This solution is taken from Bianchi’s Geometria Diyfferenziale.)

Bx. 6. If the parametric curves are at right angles and G is a
function of v alone and £ a function of u alone, the parametric curves
are geodesics.

Ex. 7. By means of the expressions given in § 241, Ex. 9, shew
that the squares of the geodesic curvatures of the curves of inter-

7
b

2 2
section of the ellipsoid %+ +%=1 and its confocals whose para-

meters are A and p, are
b _abe
AA =) (=)
Shew how this result may be deduced from that of Ex. 18, § 232.

253. Geodesic torsion. If OT, (fig. 70), is the tangent at
O to a curve drawn on a surface, and the osculating plane
of the curve makes an angle w with the normal section
through OT, then  is the angle between the principal
normal to the curve and the normal to the surface, and
therefore COSw= wﬁg .................. (1)

Vit+p*+g

The binormal makes an angle 90°+» with the normal to

the surface. Let us take as the positive direction of the

binormal that which makes an angle 90° —» with the normal
to the surface, and then choose the positive direction of the
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tangent to the curve, so that the tangent, principal normal
and binormal can be brought into coincidence with OX,
OY, OZ respectively. Then
—ply —qms+n3

Vitp'+g

sinw=

ZA

Differentiate with respect to s, the arc of the curve, and
we have, by (1),
cos«:dw cosw _ly(rly +sml)+mg(sl +tm,)
s~ o Ji+pi+g +q

= (ply+ qms—ns)(%(l +pt+g) . )

Now take O as the origin, and let the equation to the
surface be

Then at the origin (2) becomes

coswd—f’———co—s—"—’—u——m"m‘
ds

a P P2
Let OT make an angle § with ox.

Then [, =cos 8, m,;=sin 6, »,=0; and since n,=cosw,

Ceereee—— (3)

ly=m;n,=sin 0 cos w,

mg= —lm,= —cos 0 cos w.
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Therefore (3) becomes
1 deo . 1 1\,
STgs = sin 0 cos 9(;;-;;) ;

and hence, by §251, the value of ‘—,1—_-—%’ is the torsion of

the geodesic that touches the curve at O. It is called the
geodesic torsion of the curve, and is evidently the same for
all curves which touch OT at O.

Cor. 1. If a curve touches a line of curvature at O its
geodesic torsion at O is zero.

Cor. 2. The torsion of a curve drawn on a developable is

sinfcos§ | de

p | ds
where 60 is the angle at which the curve crosses the
generator, p is the principal radius, and « is the angle
that the osculating plane makes with the normal section
of the surface through the tangent.

Ex. 1. The geodesic torsion of a curve drawn on a surface at a
point O is equal to the torsion of any curve which touches it at O and
whose osculating plane at O makes a constant angle with the tangent
plane at O to the surface

Ex. 2. The geodesic torsion of a curve drawn on a cone, semi-
vertical angle e, s0 as to cut all the generators at an angle 3, is
sit Beo3 B3 \tare R is the distance of the point from the vertex.

Rtano

Ex.3. A catenary, constant ¢, is wrapped round a circular cylinder,
radius @, so that its axis is along a generator. Shew that its torsion
at any point is equal to its geodesic torsion, and deduce that

1 _cn—c?

o az—2
where z is the distance of the point from the directrix of the catenary.

Examples XIV.
1. A geodesic is drawn on the surface
22=ax?+ 2hzy + by?
touching the z-axis. Prove that at the origin its torsion is A.
2. For the conoid 2= f(-%), prove that the asymptotic lines consist

of the generators and the curves whose projections on the zy-plane
are given by z?=cf’ (g), where c is an arbitrary constant.
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3. Prove that any curve is a geodesic on its rectifying developable
or on the locus of its binormals, and an asymptotic line on the locus
of its principal normals.

4. A geodesic is drawn on a right cone, semivertical angle o.
Prove that at a distance R from the vertex its curvature and torsion

are p2 Bﬁ/]{f; Pz
Rtano’ R3tano '
where p is the perpendicular from the vertex to the tangent.

5. Prove that the p-r equation of the projection on the zy-plane of
a geodesic on the surface 2%+ %=2uz is
, ka0
P=iya 2
where £ is-an arbitrary constant.
6. Prove that the projections on the xy-plane of the geodesics on

the catenoid u=ccoshg are given by
_ kdu
(= )= k)
where £ is an arbitrary constant.

7. Geodesics are drawn on a catenoid so as to cross the meridians
at an angle whose sine is 1-':, where u is the distance of the point of
crossing from the axis. Prove that the polar equation to their pro-
jections on the zy-plane is

U=C_ 20+a)
n+c )

where o is an arbitrary constant.

8. A geodesic on the ellipsoid of revolution

xiqyt 22

a? +L3’= 1

crosses a meridian at an angle @ at a distance « from the axis. Prove

that at the point of crossing it makes an angle

cucos 0

Nat=u¥(af = ¢?)

cos™?

with the axis.

9. Prove that the equation to the projections on the wy-plane of
the geodesics on the surface of revolution

z=ucosf, y=usinb, z=7(w)
T 7d:\2
V(%)
du/ du
uNut - a
where @ and o are arbitrary constants.

10. If a geodesic on a surface of revolution cuts the meridians at »
constant angle, the surface must be a right cylinder

-o=a
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11. If the principal normals of a curve intersect a fixed line, the
curve is a geodesic on a surface of revolution, and the fixed line is
the axis of the surface.

12. A curve for which 5 is constant is a geodesic on a cylinder,

and a curve for which g (’3> is constant is a geodesic on a cone.
s \o
13. The curvature of each of the branches of the curve of inter-
section of a surface and its tangent plane is two-thirds the curvature
of the asymptotic line which touches the branch.

14. S, S, S; are the surfaces of a triply orthogonal system that
pass thl‘ougfx a point O. Prove that the geodesic curvatures at O of
the curve of intersection of the surfaces S, and S;, regarded first as a
curve on the surface S, and then as a curve on the surface S; are
respectively the principal curvature of S; in its section by the tangent
plane to S; and the principal curvature of S, in its section by the
tangent plane to S,.
erify this proposition for confocal conicoids.

15. Prove that the angles that the osculatileg pln.nezs of the lines of
. 2
survature through a point of the ellipsoid %+%§+¢%=l make with
the corresponding principal sections are

12 V (@ = A2 = A =AY pan-1 H o [A@E = ) (BT = ) (2~ )
L A IL 1 M ’ /

tan 3 __._____( el ﬁ NC_T A tan be ,\/ = I (IL A i |
where A and u are the pa.rameters of the confocals through the point.







APPENDIX

Note to § 37 : Distance from a point to a plane.

When the axes are rectangular, the distance from the point P,
(x’, ¥’, 2’) to the plane ax + by +cz +d =0 can be found as follows.

Let N, (o, B, v) be the foot of the perpendicular from P to the plane.
Then ax +bB +cy +d =0, and the direction of NP is given by

2 —a:y —B:z' ~y,
or, since NP is parallel to the normal, by @ : b : c.
-—a_y -B_z-y_ax’+by +cz’—(ax+bf+oy)
a b ¢ ar+b3+c? ’
_ax’' +by’ +cz’'+d

T @b+

Therefore
=u, say.

X —a=au, Y —B=bU, 2 —y=CU, e (1)
and NP2 =(x'— )+ (y — B)2 + (2" ~y)%,
=(a®+b%+ c?)ul.
ax’ +by’ +cz’ +d
Hence NP=T——Z .,
+Nad + 52 + ¢

From (1), N is given by a=2’~au, B=y’ —bu, y=2’—cu.

Note to § 43 : Constants in the equations of a line.
The constants may be put in a more symmetrical form as follows :

If nb-me=A, lc—na=u, ma—-1lb=vy, so that IA+mu+nv=0, the
z-a y-b z-c

equations ——=>——="— are equivalent to
l m n
ny-mz=A, l-nr=p, ME-ly=v, .ccocoevrrerern (1)
from which Az +py+v2=0, ..nennl [ (2)

The equations (1) represent the planes through the line parallel to
the coordinate axes ; the equation (2) represents the plane through the
line and the origin.

Since I +mu +nv=0, the ratios of any five of the quantities I, m, »,
A, u, v, to the remaining one are equivalent to four independent con-

B.G}.
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stants, and, when they are given, the line is determined. If, for
example, the ratios of m, n, A, u, v to I are given, the equations

lz-nx=p, mr-ly=v,
determine fixed planes ; if the ratios of I, m, », u, » to A are given, the
equations
ny-mz=2A, M+py+ve=0,

determine fixed planes.

The ratios l:m:n:A:p:v have been called the coordinates of the
line, and the line is referred to as ‘ the line (I, m, n, A, u, v).” (See
Miscellaneous Examples I, Ex. 116.)

Note to § 54 : Section of a surface by a given plane.

The scheme on p. 73 can be written down mechanically. Choosing
0¢ and O as stated, we have

z y z
-m l
— — (|
¢ Nit+md | NiE+md
n (1) (2) (3)
e l m n

where the spaces (1), (2), (3) are to be filled. Now in the determinant
lh mb 71'1
L, my mny
I, mg m,

of § 53, provided that the orientations of the new and the original axes
are the same, each element is equal to its cofactor. Hence in the spaces
(1), (2), (3) we may place

ot ol =™ om |
Nitmd' | [ NErmd s | NBrmr Nirm
m, n l, n | l, m
respectively, or
-in ~mn

Viim' NErmd

Note to § 63 : Cone with a given curve as base.

Let V, (a, B, y) be the given vertex, and f(z, y)=0, z=0 represent
the given base. Let P, (2, y’, 2’) be any point on the cone and let
VP cut the base in Q. Then VQ/QP= - y/2’, and hence Q is the point

o2’ —yx’ Bz"‘yy’, 0).
Y

Z-y > z-
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Therefore, since @ lies on the surface f(z, y) =0,
o’ yx B -w’) _
.f ( ’ P y _O’
or the coordinates of P satisfy the equation

f(azz yx Bz -yy -0,

which represents the cone.
This equation can be written

f( 'y(x-a) (y B)) -0,

which, in the case where f(z, y) is of the second degree, can be expanded
in the form

x-adf y-pof Toa Y- y-B\_
fe B =y zTbez__yag) (i

o 2=y (o B)=yle=9) (772 0 + P o) +PbE = y =) =0,

which can then be transformed as in § 63.
A more general case is that of the cone with vertex V, («, 8, y) and
base the curve in which the plane
u=lr+my+nz+p=0

cuts the surface f(z, y, z) =0.
If P, (2, y', 2’) is any point on the cone, if VP meets the plane in Q,
and if VQ/QP =A\/1, Q is the point
M +a Ay'+B Az'+y)
A+1 7 A+1 7 A+l
Since Q lies on the plane and on the surface,

A(le’ +my’ +n2’ + )+ (la+mB+ny + p)=0, .ceeerenanns (1)

M +a MR A +y)
A+17 A4+1 7 A+1/7

Whence, if w'=lz’'+my’ +nz’+p and v=Ila+mB+ny+p, (1) and (2)

give
_"_’\, and f(uu - vz’ ﬂz vy,yu—vz') ~o0,

and Vi

which is the condition that the coordinates of P should satisfy the
equation
U ~ V2 ﬁu vy e\ _o

uU-v

and this equation represents the cone.
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2 3 3
Note to §96: The generators of the hyperboloid ;; +iy,—’ - %:1.

The equation of the hyperboloid can also be written

whence we deduce that the lines whose equations are
Yiik(14%), k(1-9)=1-%
b+c—k l+a , k 5 1 = JERTRT (3)

%—E:k'(l+(§), k’(b C) 1-- ................. (4)

are generators of the hyperboloid. Adding and subtracting the equa-
tions (3), we obtain

a-0(Z+2)=a+n(1-9), a+bn(-)=0-b(14Y). .

If now we put pu for i—;% the equations (5) become identical with

the equations (2) of §96. Similarly from (4), by putting A for
—i—_}%, we obtain the equations (1) of § 96. Thus different methods of
Factorising the equation of the hyperboloid lead to the same two systems
of generating lines.

Note to §104: The generators of 57
(a cos a, b sin a, 0).
The equation of the hyperboloid can be written

2 ] 2
(—a-:cos a+ysina) +(fsina—2008a) ..i=1.
a b a b c?

Hence the tangent plane at (a cos a, b sin «, 0), whose equation is

P =1 through the point

2cosu+%sina=l, or cOSa(g—OOSa)+Bina(%—sina>=0, cuts the

surface where it cuts the planes - sm a—Y cos = i—f , that is, in the
lines b c
x/a — cos a_y/b—sm o +2/c
sine  —cose 8 in? o + cos? a

z-acosa_y- -bsina z
a sin o —boosa +c

or

The reduction of the general equation of the second degree (axes
rectangular).
The nature of the surfaces represented by the equations
A1§’+/\,7)’+A3§’=p, .............................. (l)
MEH+AME=2ul, i, (2)
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is shown in the following tables :
M AP AL =g
A s As u Surface
+ + + + | Ellipsoid (or sphere)
+ + - + | Hyperboloid of one sheet
+ - - + | Hyperboloid of two sheets
+ + - 0 | Cone
+ + 0 + | Elliptic cylinder
+ - 0 + | Hyperbolic cylinder
+ - 0 0 | Pair of intersecting planes
+ 0 0 + | Pair of parallel planes
M+ At =20
A As m Surface
+ + + Elliptic paraboloid
+ - + Hyperbolic paraboloid
+ 0 + Parabolic cylinder

If we change the origin and rotate the axes, the transformed equation
is obtained by substituting for ¢, 5, { expressions of the form

lz+my+nz+p,
and therefore it is of the form
ax® + by? + c2® + 2fyz + 2gzx + 2hxy + 2ux + 20y + 2wz + d =0. ......(3)

We shall now indicate how the values of A, A,, A;, p in equations (1)
and (2) may be found when equation (3) is given.
First we shall prove that if, by a rotation of rectangular axes,

ax® + by? + c2® + 2fyz + 2gzx + 2hay

ME + At + A5
then A, A;, A; are the roots of the equation

transforms into

a-A, A g [=0,
h, b-A f
9s I c-A
or A - A'(a+b+c)+/\(bc+ca+ab ~-fr-g*-h)

— (abc +2fgh — af® - bg® — ch?) =0,
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This equation is called the Discriminating Cubic, and it can also be
written in the form

A-2a+b+c)+A(A+B+C)-D=0,

where D=|a, h g |, and A, B, C are the cofactors of a, b, ¢
h, b, f respectively, in D.
g i c

Suppose that the scheme for change of axes is

z y z |, then ¢=l2z+my+n,.z,
n=Llx +mgy +ngz,
{=lsz +may +ngz,

¢ L m, ny

] Iy mg | 7y

4 Iy my Ng

and
M(GZ + Mgy + nyz)? + Ag(LeZ + Mgy + ngz)? + Ag(lsT + Mgy + ng2)?
=ax®+ by? + c2® + 2fyz + 2g2x + 2hxy.

Whence
a =12+ Agls? + Aglg?, S=Amny + Agmang + Asman,,
b=Am® +A;md +Agmg?, g=Am by +Angl; + Agngls,
C=A1y? + Aghg? + Agngt, h=Xlym, + Aglymg + Aslgms.

. a+b+c=A+A;+2; since XU2=1, ete.
Again, be - f3=2A3(myns — m3ny)? + Agd, (Many — my7y)°
+AAg (Mg — man,y ),
=AAsh® + AR + ALY, by §563 (E) ;
similarly ca — g* =AAym,? + A\ M2 + M A mgl,
ab — k3 =d A gn,? + AA N2 + A0,

S betca+ab~f2—g? - B2 =AgAg + AA; +AjAg

Alﬂo ll’ ll’ la Allli Ailil /\ala
my, Mmy Mg Ay,  Agma,  Agmg
Ny, Mg Mg Ay Ay, Agng
=| ZAL3,  ZAhmy, 2Amyd, |,
Zhhm,, ZAam?d,  Zamm,
Zangly,  ZAmgmy, ZAm3
i.e. Ads=|a, B, g |, by§b3.
h, b f
g [ c

Therefore the roots of the discriminating cubic are A;, Ag, Ase  (CF.
§93.)
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The direction-cosines of the new axes can be found as follows:
From the above equations we obtain

aly + hmy + gny =M1 (L2 +mg® +1,2) + Agly (L + mymg -+ nyny)
+Als (Isly + msmy +ngm,),
=\l
s (@ =)l +hmy +gn, =0,
and similarly, Rl +(b - \))m, +fn, =0,
gl my+(c=A)ig =0, cevviiiiiinniniieiiennne, (4)
Whence [;, m,, n, and, similarly, the other direction-cosines, satisfy
the equations
al+hm+gn _hl+bm+fn_gl+fmten
l - m - n -

D W e (5)

where A is the corresponding root of the discriminating cubic. (If we
eliminate I, : m, : n, from the equations (4), we obtain

a- Au h, g =0!
h, b-2, f
' f > C—A;

and so ancther proof that ), is a root of the discriminating cubic.)

Ex. 1. a%+3y®+ 522 — 8yz — 8xy gives, for cubic,
A2 -0)X2 -9\ +81 =0, whence A\=-3,3,9;
l

corresponding to A; = — 8, we have ! =m;=2n,, or —é:%:%’;
..................... A= 3 eerereeenn =ly=2my=n,, or 1'2—,—';;’ 1;’,
ls my n
..................... A= 9 .eveeee. 2lg=—my=n,4 or T'=—_-32=-23.
i ines *-¥_%* % _Y * *_ Y %2
Thus if the lines 3577’ "9-1°8’ 1-_3—3 % taken as

O¢, Oy, O, respectively, x*+ 3y + 52* - 8yz — 8xy transforms into
-382+3n*+9%

Ex. 2. Verify the following transformations :
(i) 628+ 1159 + 1022 — 129z + 8zx — 4oy ;  3¢3+672+180;

rT_Y _ 2. x_Y_z2, zT_Y _?
06 5="7==g% O 3=5=1} % 1= 3"
(i) 49+ 2 + 38 + dyz — daw; 3P+ 60;
rT_Y _*, z_ Yy 2%, x_Y_*
of’ 1.—_2_.2’ 01” 2_2—1' oz' _2_1—2’

B.G. 2B
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(iii) 322% +y* +22 + 6yz — 1620 — 16y ; 369 - 20*;

z_Yy_z, T_Yy _ % T_Y_ 2
06 1=3=3 Om3=—i==1’ %% 57171
(iv) 52% — 164+ 52* + 8yz — 142z + 8zy ; 1281857 ;
z_Y_%, r_Yy _Z2, z_Y_ %
06 —3=o=1° O 17571 %% 37172
Ex. 3. Reduce to the given forms:
3
(i) 72+ 3342 +722 + 124z - 102z — 122y = 36, w%#"l +—?= ;
2
(i) 2%-31y2+ 22-20yz — 622 +202y= 36,to£—317§—¥=1;
172 lt

(iii) 2%+ 33y® + 222 + 12yz — 2022 — 12xy= 72, to % ++

&
8

(iv) 1322 + 20y + 52° — 12z + 1422 — 4ary =336, t-o§4 l—~1
'

(v) Da®—12y% - 322 +20yz — 222+ 282y =336, to =1

Ex. 4. Show that
(i) 22® +5y® + 1022 + 12yz + 62w +- 4oy =1
and (ii) 4a® +y® —42® - 12yz ~ 622 —dry =1
represent an ellipsoid and hyperboloid of revolution, respectively.

(i) transforms into £ +7?+15{2=1 and (ii) into 5¢*+57 -9 =1.
In (i) Of is given by A,=15, whence ll—*’z ’—;‘i‘z’-;i' 5 A=XA=1 give
li+2m, +3n,=0; ie. Of and On can be any two perpendicular lines
in the plane z + 2y + 32 =0, as is evident from the nature of the surface.
Derive the same results for the axes in the case of (ii).

Ex. 5. Show that 13x®+45y®+ 4022 + 12yz + 3622 — 24xy =49 repre-
sents a right circular cylinder whose axisis /6 =y/2 =z/( — 3)and radius 1.
Consider now the case of
ax? -+ by? +c2® + 2fgz + 2922 + 2hxy + 2ux + 2vy + 2wz + d =0.

By the above methods we can determine new axes O¢, Oy, O, with
direction-cosines I, m,, n,, r=1, 2, 3, so that this equation transforms
into

21 14

A& A+ X8 + 28wy +vmy 4 wny) + 2 (uly + vmy +wny)
+2{(uly + vmg + wn,) +d =0,
or AfP+Am? + A2+ 2U€ + 2V + 2WE +d =0,
If A;, Az A are all different from zero, this can be written

A:(£+ )+/\,(n+ )Hs(“w u: Va*%"d’

and if the origin is changed to

(A. N ,\,
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this becomes A& + Ay + A2 =p, where
u: ve w2 d
P VLD WL W

If the new origin is (¢, %/, {’) referred to Of, Oy, Of and («, B, y)
referred to OX, OY, OZ, we have the scheme

« B 4
¢ L my ny
7 L, m, Ny
4 1y Mg Ny
U uly +vmy+wn,  ~1(ul,+om, +wn,)
c, /= e e - = b
S A ol +hmy+gn, ' 27 )
(el +hmy +gny) € = — 1 (uly + vmy +wn,).
Similarly (aly +hmg + gng)y’ = ~ Uy (uly +vm, +wng),
and (als +hmy +gng) L’ = ~ by (uly + vmy +wng).
*. adding, we have  aax+hS+gy=—u, .ceerririireinnnne TN ()]
and, in the same way, ha+bB+fy=—0, woeerririinnniiiiiiinnen (7)
gatfBHey=—wW. .ccviiiiiiiiiiiiiiiinien (8)
Again,

p=—-Ug' ~ Vo' ~ W' -
= — (uly +vmy +wn,) ¢ — (uly + vmy +wny)y’ — (uls + vmg +wny) L’ -
= —(ua+vB+wy+d).
Thus the values of o. 8, y, u can be found from the given equation
directly. The determinant

a, h, g u
h, b, f, v
g f, ¢ w
w, v, w, d

forms a useful mnemonic for writing down the equations (6), (7), (8)
for a, B, y and the value of .

The given equation in this case represents a central conicoid (or
cone, if 4 =0), and («, B, y) is the centre (or vertex).

The above transformation can still be carried out if one of the
quantities Ay, Ay A i8 zero, provided that the corresponding U or V
or W is also zero. Thus if A; =W =0, the transformed equation is

ME+Am? +2U¢ +2Vn +d =0,
which, by a change of origin, can be reduced to
A€+ AP =p,

which represents an elhptlc or hyperbolic cylinder, or, if p=0, a pair
of planes.
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In this case {’ is indeterminate. If we multiply the equations (6),
(7), (8) by 15, ms, n,, respectively, and add, the sum is identically zero,
by (5). Hence (a, B, y) can be any point on the line of intersection of
the planes corresponding to (6) and (7),

ax+hy+9z+u=0, hx+by+fz+v=0.

This is what is to be expected, since any point on the axis of an elliptio
or hyperbolic cylinder can be considered a centre.

Similarly if A,=21;=0 and V=W =0, the transformed equation is
A& +2U¢+d=0, which represents a pair of parallel planes; and if
A3=2A3=0, V#0, W =0, the transformed equation is

ME+2UE+2Vn+d=0,

which can be reduced to A,£2+2Vx=0, and represents a parabolic
cylinder. These cases are casily recognisable, as the terms of second
degree in the given equation must form a perfect square, and they are
easily discussed by a direct method which is indicated in Ex. 6 below.

Lastly, we have the case in which one of the quantities A;, Ag, A i8
zero and the corresponding quantity U or V or W is not zero. Suppose
As =0, W=0.

The transformed equation is

AME+Am? +2UE +2Vq +2W(+d=0,

!)" ( _ ) ( - _d_) -
or A (§+)ﬁ +A; 1’+A +2W (¢~ 2WA1 2W/\,+2W =0,
which, by a change of origin, can be reduced to

Aé+ A +2W =0,

and represents an elliptic or hyperbolic paraboloid.
If the final origin is (&, ', {’) referred to O, Oy, Of and («, B, 7)
referred to OX, OY, OZ, then

uly +vm, +wn, =1, (ul, +vm; +wn,)
= - = , by (6),
¢ A al, +hm, +gn, y (5)
and - 1),=_ul,+vm,+wn,_ —lz(ulz+vm,+wn,).

Az T aly+hmgy+gn,
s (aly+hmy 4 gny) € = — 1 (uly + vmy +wn,),
(aly +hmg +gng)n’ = ~ Ly (uly + vmy +wn,),
and (alg+ kmg+gny)L’ =0, by (5), since A3 =0.
*. adding, we have

ax+hB+gy=u(ly® - 1)+ vlgms +wlgn,,

Y (6"
and similarly  ha+b8+fy =MW =0, coeviriniiiiiiiiiiiiiiinieniiniennn, (7)
and ga+fBHCey=naW =W, coevvrreiiiiriniiiiiininennennann. (8

These equations correspond to (6), (7), (8), but are not independent,
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since, if we multiply them by I,, ms, 1, respectively and add, the result
is identically zero. But we have also
US AV

2WC —_—'X; +—X; —d,

or 2(uly +vmy+wny) L’ = — (uly +vm, +wn,) ¢ — (uly + vmg +wng)y’ - d,
W= -ua-vB-wy-d,
or W (s +maB+ngy) = — U — B =Wy —d.  evvrirrrininnns (9)

Any two of the equations (6’), (7’), (8’), with equation (9), determine
the values of «, B, y, which are the coordinates of the vertex of the
paraboloid. If we multiply the equations(6’), (7°), (8') by «, £, ,
respectively, and add to (9), we obtain

ao® + b2+ cy® + 2By + 2gya + 2haf + 2ua + 2v8 + 2wy + d=0,

thus verifying that the point («, B, y) lies on the surface. Note that in
this case the three equations (6), (7), (8), ie. aa+AB+gy+u=0,
ha+b8 +fy +v=0, ga+fB+cy+w=0, give, when multiplied by 5, m,,
ng, respectively, and added, ul;+wvmg+wn;=W:=0, since, by (5),
aly+hmy+gns =21, =0, etc. But, by hypothesis, W0, so that the
equations (6), (7), (8) give a point at infinity. (Cf. § 45.)

We may sum up the methods of reduction in the various cases as
follows :

(1) If the terms of second degree form a perfect square proceed as in
Ex. 6 below.

In any other case, first solve the discriminating cubic.

(2) If the roots A;, Az, A; are all different from zero, find («, B, y) from
the equations (6), (7), (8), i.e. ax+hB+gy+u=0, ha+ b8+ fy+v=0,
gau+fB+cy+w=0. Then p= - (ux+vB+wy+d) and the reduced
equation i8 A,£% + Agn? + AL =p.

(3) If one root, A, say, is zero; attempt to solve the equations (6),
(7), (8). If they reduce to two independent equations, assign an
arbitrary value to one of the quantities «, B, y, and solve for the other
two; e.g put y=0. Then p= —(ux+v8+wy+d) and the reduced
equation is A& +Agn? =p.

If the equations lead to a paradoxical result (as in § 45, p. 47), find
l3, my, M, from any two of the equations

als+hmy+gny =0, hly+bmy+fn;=0, gly+fms+cny=0.
Then W =ul, + vmg + wny, and the reduced equation is
A&+ Ay +2WE =0.

Ex. 6. Reduce the equations :
(i) (3x—-4y+2)2+92-12y+32-10=0,
(ii) 3z -4y +2)8=26(z+y+2),
(iii) (3z-4y+2z)*+16x—-27y+18=0.
Equation (i) can be written
(8z — 4y +2)+3(8z — 4y +2) - 10=0,
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or (3x -4y +2+5)(3x -4y +2-2)=0,
and therefore represents a pair of parallel planes.
In (ii) we note that 3x-4y+2=0, x+y+2=0 represent perpen-
dicular planes. Taking the first as {O¢ and the second as Of, we have
_3x —__43/_1-5 g—?_iyj'_z h: s d 9 \/_‘
Ui N N that (ii) reduces to»? =3¢, and represents

a parabolic cylinder.
Write (iii) in the form

Bz -4y +2z+X)2=2(6X - 16) —y(8A - 27) + 22+ A2 - 18,

and choose A so that the planes
3z-4y+z+2=0, 2(6A-16)-y(8A-27)+2)z+A*-18=0
are at right angles. This gives A=3, and the equation becomes
B3z -4y +2+3)*=2x+3y+62-9,

which, as in (ii), reduces to 26x®="7¢.

Ex. 7. Verify the following reductions :
(i) (22 ~ 2y — 32)* + 19z — 34y — 442+ 50=0; 172 =11
(ii) 623+ Ty + 62 —4yz —4zx ~ 62 - 10y - 42+ 7=0;
£+292+ 302 =1, centre (1, 1, 1).
(iii) 72? + 92 +22 + 16y2 + 82z —8xy + 20+ 4y — 402~ 14=0;
£+n* - {3=1, centre (1, 2, 0).
(iv) 223 — y® — 1022 + 20yz — 8zx - 28xy + 162 + 26y + 162 — 34 =0 ;
242 —q? —202=1, centre (*3, §, 7).
(v) 112® + 592 + 222 + 20yz + 42 — 162y — 10z — 14y — 282+ 26 =0 ;
263 492 - =0, vertex (1, 1, 1).
(vi) 423 +3y? + 222 +4yz — 4wy —4x -6y —82+6=0; £ +29*=1,
. z-1 y-1 z-1
1 2 -2
(vii) 2® — 32 +4yz + 422 - 6 - 2y - 82+ 5=0; £ -n2=1,

(viii) 3242 + 4 +23 + 6yz ~ 1622 — 16y —~ 62 — 12y — 122+ 18 =0 ;
1882 —-2=9¢, vertex (4, %, %).
(ix) 52® — 1632 + 522 + 8yz — 1422+ 8y + 4w + 20y + 42 - 24 =0 ;
268 - 3 +2{ =0, vertex (1,1, 1).

Ex. 8. Reduce the equation :

2% + 2% + 322 — 6yz + 422 — 22y — 102+ 12y - 102 4+ 7 =0.

The discriminating cubic is A*—6)? ~ 31 +2=0, of which the roots
cannot be found by inspection. There are two changes in the sequence
of signs in the equation, and hence, by Descartes’ Rule, two of the
roots are positive and one is negative. (The values to three places are
—-0-806, 0-387, 6:419.) We find in the usual way that «a=1, 8=2,
y=3, u=1. The reduced equation is — 0-806£* +0-3877% +6-419,*=1,
and represents a hvperboloid of one sheet.
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52, Show that the cone
23 y? 22
b-cto-ata-b"
has sets of three mutually perpendicular tangent planes. If one plane
of a set is 2 +y+2=0, show that the other two are given by
(b - c)(2? + 2yz) + (¢ — a)(y® + 222z) + (@ ~ b) (22 + 22y} =0,
and that the line of intersection of these planes is z=y=2. Show also
that the lines along which these planes touch the cone lie in the plane

z .Y L *
b-ctc_atazb 0.
53. Show that, for all values of ¢, the plane
at*(x -y —z) - 2t(bz +ay) - b(x -y +2z)=0
cuts the cone a2®+by?=(a+b)z? in perpendicular lines, and deduce
that all such planes touch the cone
xl y! z2
PR

54. Show that any cone whose vertex is on the paraboloid 22 + y*=2cz
and which passes through a meridian section has sets of three mutually
perpendicular generators.

55. A cone has vertex (0, 0, ¢) and base z=0, y*=4az. Show that
its equation is cy? +4az(z —¢) =0 and that the equation of the reciprocal
cone is ay®+cx(z - c)=0.

56. The cone whose vertex is (0, 0, 2a) and base z=0, y*=4az is its
own reciprocal. The plane z=2 cuts it in a circle. By changing the
origin to the vertex, and turning the z- and z-axes through 45°, show
that the cone is right circular and has a semi-vertical angle of 45°.
Draw a diagram showing the cone and the section by the plane z=2.

57. The cone whose vertex is (0, 0, ¢) and base z=0, 23 + 2 — 222 =0
has a reciprocal cone given by a?y?=c(z ~c)(cz — c? — 2ax). Hence show
that if the section of a cone by a plane at right angles to a generator is
a circle, the section of the reciprocal cone by the same plane is a para-
bola.

58, Show that the cone whose vertex is (3, 4, 5) and which passes
through the curve of intersection of the plane z+y+2=0 and the
surface yz + 2% +xy +1=0 is given by

528 + 4y + 32® ~ byz — 42z - B2y + 22 + 2y + 22 - 12=0
and that it meets the surface again at points in the plane
bz +4y+32+2=0.
59. Lines drawn through points on the circle
z+y+z=1, 2¥+y?+23=4,
parallel to the line z/2 =y/ — 1 =2/2 generate a cylinder whose equation is
228 + 8y? + 228 + 4yz ~ 22 + 4wy - 20 - 8y — 22~ 9=0.
The cylinder meets the sphere in a second circle in the plane
z-by+z+3=0

0
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and the two circles lie on the cone
2522 + y3 + 2522 — 16yz + 822 — 162y + 8 + 32y + 82 - 96 =0
whose vertex is at the point (4/3, 16/3, 4/3).
60. Show that the equations of the two planes which pass through

the line 22= - y=2z and cut the cone 1522 — 14y2 + 52*=0 in perpendi-
cular generators are 3r+2y +2=0, 2x -y -42=0.

61. If two planes, each of which cuts the cone ax®+by?+cz?=0 in
perpendicular lines, are at right angles, their line of intersection lies on
the cone (2a+b+c)z?+(2b+c+a)y?+(2c +a+b)z*=0.

62. Find the tangent planes to the hyperboloid 32 — 7Ty2 + 4222=126
which pass through the lines

(;)"_,f—"’—;i‘ "—l—l and (i) 3z+7y+42=0=2+4y+32+3,

giving the points of contact in each case.
63. Show that the pair of tangent planes to ax?+by?+cz*=1 whose

line of intersection is ——2=2—2-2"" is given by
A m g
y-9 z-r|* |z-n, z—lp ! xl—p, Y- 14 g 2
m, n n, - Lt m L m onl|,
a c D g r

and deduce that, if (p, g, ) is a fixed point and the planes are at right
angles, the line of intersection lies on the cone
a(d+e)(z-p)2+blc+a)y-q)P+cla+d)(z—-1r)?
=abe[(ry - gz)* + (pz - r2)* + (92 - py)').

64. Show that the two tangent planes to ax?+by?+cz?=1 which

pass through the line given by
ny-mz=p, lk-nx=q, mx-ly=r, lp+mg+nr=0;
are represented by the equation
(ny-mz-p)* (k-nz—-gq)' (mx-ly—ry
+ +
a b c

=(px+qy +r2)*

65. The tangent plane at a point P, not in a principal plane, and the
normal at P to the ellipsoid 22/a?+ y?/b? +23/c*=1 meet the plane XOY
ina lineQR and a point G. Show that QR is the polar of G with respect
to the ellipse

23 ya
———:;’ b’ P =1 sy R =0.
66. If the normals at points P and P’ on the ellipsoid
tfat+y?[b% +2%/c? =1
meet a principal plane in G and G/, show that the plane which bisects
PP’ at right angles also bisects GG’

67. If the normals at P, (z,, ¥;, 2,) and Q, (%5, ¥;, 2,) on the ellipsoid
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x3/a? +y3/b® + 2%/c* =1 meet at the point (a, B, y), show that PQ is given
by the equations
ar (& —1)=b’ —g—!i—d):c’ —y—z—-—l)-
1Ty Y1Y2 2123
68. If the feet of three of the normals from («, B, y) to the ellipsoid

x3a® +y2[b% + 2%[c* =1 are (z,, ¥,, 2,), r=1, 2, 3, the equation of the
plane through them can be written

ato’x + b*Bty
)@ B | @) Ay,
cly’z
+ +1=0.

(6% — c?)(c® - a*) 242974

69. Normals are drawn to the ellipsoid 2?/a?+y?/b®+2%/c*=1 at
points on its section by the given plane z=y. Show that the normals
meet the plane XOY at points on the conic

_att | by
(a,’ — cz)z (ba — cz)z" c?’

and meet the planes YOZ, ZOX at points on the lines
=0, z=y(l-a?/c?); y=0, z=y(1-0b%c?).

2=0;

70. If the polar plane of P with respect to the conicoid
ax?+by? +czt=1
touches each of the conicoids
bat+cy?+az?=1, cax®+ay®+b2=1,
show that P lies on the curve of intersection of the cone
(b -c)a’x®+(c —a)by? +(a — b)c*22 =0
and the surface
(b+c)a%a? + (¢ +a) by + (a +b) 22 = 2abe.

71. The normal at a point P on the ellipsoid z?/a2+y2/b3+28/c?=1
meets the planes YOZ, ZOX in G and G, and OQ is drawn from the
origin O equal to and parallel to GG’. Show that the locus of Q is the
ellipsoid a2x? +b%? + c%2 =(a? - b?)2,

72. The normal to the ellipsoid x*/a?+y?/b? +23/c3=1 at a point P
on its curve of intersection with the plane lx+my +nz=0 is produced
outwards to a point Q such that PQ . p =3, where p is the perpendicular

from the centre to the tangent plane at P, and k is a constant. Show
that Q lies on the conic

atlx + b*my + cnz a®x? + b2y? + c%? =1
@A+k DR etk (af+k)R T (BRHR)R (AR
73. P is a point on the hyperboloid x?/a?+ y?/b® - z3/c*=1 such that

the planes through the centre and the generators through P are at right
angles. Show that the normal at P intersects the conic

zﬁ y’ _ cl ci
Fiatiia @b

z2=0,
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T74. If P(f, 9, k), is a point on the cone az?+by? +cz*=0, three
normals, other than the normal at P, pass through P. Show that the
equation of the plane through the feet of these normals is

(a-b)(a—-c)fx+(b~c)(b-a)gy+(c-a)lc—b)hz=becf *+ cag®+abh®.

75. P is a point on the ellipsoid #?/a?+y2/b?+2%/c*=1 and ON is the
perpendicular from the centre O to the tangent plane at P. If PN is
of constant length K, show that ON lies on the cone

y‘zl(bl —-— ci)! + z2zﬂ(cl _ u2)2 +zﬂy3(aﬂ - bl)’
=K3(23 + 33 +2%) (a%2® + b%? + c%2).

76. The feet of the normals to x2+ 2y*+ 322=984 which lie in the
plane z +y+2z=2 are the points (12, 18, 8), (-6, 18, —10), and the
normals intersect at the point ( —12, 54, —40).

77. The plane x —2=4 cuts the ellipsoid 2? +2y? + 322 =50 in a circle
and the radii of the circle through the points (6, + 1, 2) are the normals
to the ellipsoid at these points.

78. If P, (z,, 1, 2,), is & point on the curve of intersection of the
conicoid aa? + by?+ cz* =1 and its director sphere, show that the normal
at P meets the conicoid again at the point Q given by

T-%_ Y-Y_2-%_ =2
Tax, by, ¢z a+b+c’
and that the locus of Q is the curve of intersection of the conicoid and
the cone
(b+c)atx? (c+a)by?® (a+Db)c%? _
B+c-a)® (c+a-b)3 (a+b-c)2
79. The normals at (z,, ¥1, 2;), (X2 ¥s» 22), ON the ellipsoid
z%ad+y3/b% + 2%t =1

0.

will intersect if
(b2 - ¥z, + (¢* ~a*)y, + (a2 - b%)z, -0,
T, Ys—U 22
and if («, B, y) is the point of intersection,
1 1 1 1 1 1
x| ———)=b? (——— =c (;—-— .
axxxa ﬁ.’/li’lz ayxz:

80. The six normals from (4/3, 2/3, 0) to the ellipsoid z* +2y%+ 32%
=24 consist of the normals at (2, 2, 2), (2, 2, ~2), the normal at
(4, —2, 0) counted twice, and the normals to the ellipse x?+2y?=24,
2=0, at the points where the line & — 2y +4 =0, 2=0 cuts it.

81. If the line Z_;I_):_g'_;g =_z_;'r is perpendicular to its polar

with respect to the surface a2?+by?+c2?=1, and meets the surface in
P and Q, show that the normals at P and Q lie in the plane
be(gn — rm)(x — p) +ca(rl — pn)(y — q) + ab(pm — ql)(z - r) =0,
and that PQ is a principal axis of the section of the surface by the plane
z-p, y-q, z-r
I, m, n =0.
bc(qn —m)r ca('l "pn)v ab(z"” - ql)
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82. Show that the points (1, -2, 2), (-5, 4, 8) are the extremities
of & normal chord of the hyperboloid 222 +y* — 22=2 and that the chord
is a principal axis of the section of the surface by the plane

4z -y +52=16.

83. P, (21, 1y 21)» Qs (%3 Ys» 22)s R, (%3, ¥s» 25) are the extremities of
three conjugate diameters of the ellipsoid x%/a®+y?/b®+22/c®=1. Show
that (€ - 2,)(%; — %) +(% — ¥1)(¥a — ¥s) + (2 —21)(23 — 23) =0 represents the
plane drawn through the normal at P at right angles to the plane
PQR and deduce that the projections on the plane PQR of the normals
at P, Q, R are concurrent at the orthocentre of the triangle PQR.

84. OP, 0Q, OR are three conjugate semi-diameters of the ellipsoid
3/a® +y3/b% +28/c*=1. OP, OQ are produced to P’ and @’ so that
OP’/OP =0Q’/0OQ =k, where k is a constant. Show that the enveloping
cones whose vertices are P’ and Q’ intersect in two planes, of which one
is the plane through OR and the mid-point of PQ, and the other touches
the ellipsoid » oy B 2

StatS=ne
a? b 2 k2

85. OP, 0Q, OR are conjugate semi-diameters of the ellipsoid
z?ad +y2(b? +2%/c?=1. OP’, OQ’, OR’ are drawn at right angles to the
planes QOR, ROP, POQ, and of lengths such that XOP’, kOQ’, kOR’ are
equal to the areas of the triangles QOR, ROP, POQ, respectively, k being
a certain fixed length. Show that OP’, OQ’, OR’ are conjugate semi-
diameters of the ellipsoid

@2 v, 2 1
bici T o T i 4

86. OP, 0Q, OR are conjugate semi-diameters of the ellipsoid
23/a? +y3b% +-23/c*=1. Show that the sides of the triangle PQR touch
the ellipsoid 22/a? 4 y3/b? +2%/c? =} at their mid-points. Show also that
the necessary and sufficient condition that the line

T-ax_y-f_z-vy
1 " m  a
should cut the ellipsoid in the ends of two conjugate diameters is
2a%(my —nB)? + 2b%(na ~ ly)? + 2¢2(IB — ma)® =b?c2 + c?a®m3 + ab*n’

87. The equations of the axes of the conic 3a*+y®-22=3,
22 +y+22=0 are 2/l =y/2=2/~ 2, x/2=y[-2=2/ -1, and the lengths
of the axes are 6 and 6/,/6. The axes are the lines in which the given
plane cuts the cone 1/z-1/y+1/z=0. The axes of all sections parallel
to the given plane lie in the planes

6z -2y +2=0, 3z+2y+22=0.
88. The lengths of the axes of the conic
~284+20y®+622=8, 3x+6y+2:=0,
are4, 2; the equations of the axes are z/2=y/ - 3=2/6,2/ -6 =y/2=2/3;
the equations of the equi-conjugate diameters of the conic are
z2=y/-1=2/0, z/-10=y/l=2/12.
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88. The foci of the conic 2%/9 +y*/4 +22[1=21, 2z + 3y - 62=0, are
9 -4,1),(-9,4, —-1).

90. The centre of the conic 14a? + 5y* — 422="172, 2z — y — 22+ 36 =0,
is (10, —~ 14, 35); the lengths of the semi-axes are 18, 36 ; the extre-
mities of the axes are (22, -2, 41), (-2, -26,29); (22, -38, 59),
(-2, 10, 11).

91, The centre of the conic 22%4y2:2122, 6x-3y-62=T7 is
(3, -3, 10/3) ; the lengths of the semi-axes arc (39/z)i (39/4)}, and the
directions of the axes are given by 2:2:1,1:

92, The centre of the conic 5x2+ 17y —T22=0, z-2y+22=8l, is
(~119, 70, 170) ; the lengths of the semi-axes are 3(595)?-’, 9(595)%;
their directions arc given by 2: —1: -2,2:2:1.

93. The axes of the conic zy =az, lx +my +nz=0, are given by

nx+am  ny+al n% —2alm .
(mi+nt)t  Lmri)}  —im )i Fmnz 4}

94, If the plane le+my+nz=0 cuts the paraboloid zy=az in a
hyperbola of eccentricity 2, the line x/l=y/m=z[n lies on the cone
22(2° + y? +2%) =3y

95 Show that the dircctor circles of sections of the ellipsoid

2
— %-Fi- 1, whose planes are parallel to the fixed plane
lx+ my +nz=0, lie on the conicoid

(lx +my +nz)[(b? + c? — a?) lx + (c* + a® - b2) my + (a® + b® — ¢?) nz]

= = (a2 + b*m?* + c*n?)
a?l?(b? + c?) + b*m?(c? + a?) + c*n?(a? + b?)
2 2 zﬂ _ .
X (z o a*lt +b*m? + c*n? )

96. Show that if a?+b%=2¢?, the generators through any one of the
ends of an equi-conjugate diameter of the principal elliptic section of
the hyperboloid x%/a®+ y?/b% —23/c*=1 arc at right angles.

97. Show that x=l+/\y=g§—l represents a generator of the

hyperboloid * - 2yz=1, and that any point on the surface is given by
ptA 2 nA

PED UL A L
w- m= "=

Show also that if the generators through P are at right angles, P lies
on the circle in which the plane y +2z=0 cuts the surface.

98. Show that the scction of the hyperboloid 4x?+y?—2z2=12
whose centre is ( —3, 0, 6) is circular and that its area is twice that of
the parallel central section. Show that the sphere which has the given
circular section as a great circle is

(x=-1)(z+7)+(y - 4)(y +4) +(z-2)(2 - 10)=0.

=
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99. The radius of a real circular cylinder which circumscribes the
ellipsoid 23/a?®+y%/b%+22/c*=1 is b and the area of its curve of contact
with the ellipsoid is 7 (b%c? — c?a? +azb’)‘}, (e>b>c).

100. If each of two tangent cones to a conicoid has sets of three

mutually perpendicular generators, their common points lie in two
perpendicular planes.

101. Two circular sections of the ellipsoid 2%/a?+y2/b?+22/c?=1 of
opposite systems have the same radius . Show that the square of the
radius of the sphere through them is

a?—c? a®-c?
b2 - i (b2-7?), or b+ — (b2-7?), (a>b>c).

102. P, Q, R, S are vertices of a skew quadrilateral whose sides lie
along generators of the hyperboloid z?/a2 + y%/b% — 22/c?=1. Show that
(2p +2R)(2q2s — ¢*) = (29 +25)(2p2R — €*).

103. P, (2, y', #’), is a point on the ellipsoid ?/a?+ y2/b? +22/c?=:1
and ON is the perpendicular from the centre to the tangent plane at P.
If OP =7 and ON =p, show that the bisector of the angle PON is given by

atx by %
x'(pr+a?)” y'(pr+b2)  z'(pr+r2)’
and that, if a point Q is taken on the bisector such that OQ2=ON . OP,
Q lies on the surface
22 N y? N 22 _ 1 .
at+ x4y +2 bP+at+yt42? cR4at+yiiat 2
104. If the plane lx +nz=p cuts the hyperboloid
22+ y2[b? - 22[c2=1
in a parabola, show that a*?=c*n* and that the vertex of the parabola
is the point P2+ a2l —en?
< 2l 0, 2pn ) ’

105. If a+b+c=0, the section of the cone ax?+by®+c22=0 by
the plane ax +by+cz=18abc is a parabola whose latus rectum is of

length 4~/§(a’+b‘+c’); the axis is parallel to the line z=y=z; the
vertex is (a?+6bc, b%+56ca, c*+5ab); and the focus is

[3(a? +bc), 3(b%+ca), 3(c?+ab)].
106. If the plane Iz +my +nz +p=0 cuts the cone
x%a +y3[b +22)c=0
in a parabola, the directrix lies in the plane
(b+c-a)lx+(c+a-b)my+(a+b-c)nz=0,
and the focus is given by
z _ y _ z _ P .
a(b+c—a)l blc+a-b)m cla+b-c)n  2(a®l?+b*m3+c*n?)
107. The hyperbolic paraboloid which has the lines
ax+by=1, z=c, r=1,2,3,
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a8 generators is given by

a,z+by—1

‘_z_'—"_cl s @y, by

extby-1 bl 0
z—c, ’ 2 a2 |V

azx+by~1

‘—z'jza—"‘, as by

108. The equation of the hyperboloid which has the coordinate axes
for principal axes and the line z—a=y - b=z - c as a generator is

22 y? 2
T+ YV 4T 1=
©=a)a=b) @-0)6-0 B-ojc-a)

and the equations of the other generator through the point (a, b, c) are

z-a  y-b = z-c
~bec+ca+ab” bc-ca+ab” bc+ca—ab
109. The vertices of a tetrahedron are (a, b, c), (a, —b, —c),

(-a, b, —c), (—a, —b, c). Show that the altitudes are generators of
the hyperboloid
a3z2<bi - 6’) + biyi(cl —_ aﬂ) + czzs(an - bl) + (bi — 02)(03 —- aﬁ) (a! _ bﬂ) =0-
110. Show that thc equations of the generators of the hyperboloid
823 + 8y* — 422 — 8yz — 8zx + 42y =3
which are at right angles to the planes of the circular sections are
20=2y+2=22+1, 102=10y+10= -2z+5.

111. The condition that az? + by? + c2? + 2fyz + 2gzx + 2hxy =1 should

have generators at right angles to the planes of its circular sections is
a-b-c, 2h, 2g
2h, b-c-a, 2f =0.
29, 2f, c-a-b

112. A variable circle with its centre on OZ and its plane at right
angles to the line z =a, y =2, intersects that line. Show that it generates
the hyperboloid 2x2 +3y? - 22 —2yz=2a% Show that the same surface
is generated by a variable circle with its centre on the line =0, 2y=z2,
which has its plane at right angles to the line z=a, 3y +2=0, and
intersects that line.

113. PP’ is a diameter of the principal elliptic section of the hyper-
boloid 23/a3 +y?/b® —23/c2=1. A variable generator intersects a gene-
rator through P and the generator of the same system through P’ in the
points Q and Q’. Show that zgzg'= —¢2

114, Show that the two generators through the point (, 8, ¥) on
the hyperboloid x3/a? + y3/b2 — 23/c3=1 are the lines in which the tangent
plane at the point meets the planes

(Bz—ay)® (2-y)*
a
Show that the same result holds for the paraboloid 2*/a* — y3/b* =2z/c.
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115, Show that the equations of the generators of yz +2z + 2y +a3=0
are

y-a=Xz+a), A(z-a)+y+2=0; z—a=p(z+a), ply-a)+y+2=0;
and that any point on the surface is given by
x _ y _ z _ -a
2+A+ptAp A-p-Ap —Atp-Ap Atpt+ap
Show that
y=a, z=-a; z2=a, T=-a; z=a Yy=-a; T-a=-2y=z+a,
are generators of the same system and that, if they meet any gen-

erator of the opposite system in P, Q, R, S, respectively, (PR, QS) is
a harmonic range.

116, Establish the following results involving the coordinates of a
line (see Appendix, Note to § 43).

(1) If the line (I, m, n, A, p, v) lies in the plane ax+by+cz+d=0,
bv—cp cr-av_ap-bA_

i m n

(2) If the lines (I, m, n, A, u,v), (', m’, n', X, p’, v’) intersect,

N +mp' +m' +UA+m p+n'v=0,
and the plane through the lines is given by
U(ny —mz - A)+m’(lz —nx — p) +n'(mx - ly —v)=0,

orby lny-mz-X)+m(lz-nz - p')+n(mz-ly-v)=0.

(3) The line (I, m, n, A, p, v) touches the surface

ax? + byt +c22=1

if beA? + capu? +abv? =al? +bm? + cnd.

(4) The tangent planes to z%/a?+ y?/b®+23/c*=1 whose line of inter-
section has coordinates I, m, n, A, p, v, are given by

a?(ny —mz —A)? +b%(lz — nx — p)? + 3 (mx - ly —v)d=(Ax + py +12)},
and, if the axes are rectangular and the planes are perpendicular,

B(b* + c?) + m2(c* + a?) + n3(a® + b2) = A3 + pl +03

(6) The tangent planes to z%/a +y*/b=2z whose line of intersection

has coordinates I, m, n, A, p, v, are given by
a(ny —-mz = A+ b(lz - nx - p)3=2(mz - ly —v)(Ax + py +v2).

(6) The normals at the points where the line (I, m, n, A, p, v) meets
the ellipsoid z*/a®+y®/b%+2%/c*=1 intersect if a%A+b*mu +c*ny=0,
and the equation of the plane containing them is

a*(b? - c*ymnx + b2 (c? — a®)nly + c*(a? — b%)lmz = b2c*IA + c*a*mpu + a*b*nw.
(7) The line (I, m, n, A, u, v) is a diameter of the section of the surface
axz®+by’ + c2* =1 by the plane

al+bm+cn=0 and d.

Any —mz = 2) + (I - nz - p) + ¥ (mz Iy —v) =
a(ny mz A)+b(lz nx p)+c(m.z ly —v) =0,
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(8) The polar line of (I, m, n, A, pu,v) with respect to the surface
aa?+by? +cz2=1 is (bc), cap, abv, —al, —bm, —cn), and if the line
is a generator of the surface,

al_bm_on_ _lmn_ o

(9) If the line (I, m, n, A, p, v) is a generator of the surface
x23a? — y?[b® =2z/c,
lla=4+m[b, al=4byu, cv=tabn;
if it is a generator of ayz + bzx + cxy +abec =0,
A2 um?  vnm?
—=Ts—=—--=4lmn.
a b c
(10) The conicoid which has the coordinate axes as conjugate dia-
meters and the line (I, m, n, A, p, v) as a generator is given by
Amna? + unly? +vimz? + Apy =0,
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1. Prove that the lines
AL YLD oy 48— 14=0=80+ 4y +5:-26
are coplanar, and find the coordinates of their point of intersection.
Ans. (1, 2, 3).

2. Show that the planes
r—y+2z—4=0, 2r-y—2+4=0, xr+y-52+14=0
form a triangular prism, and calculate the breadth of each face of the
prism.
Ans. NFT, NE, VIR
3. Find the angle between the lines
=7 _y+3_2—-4
I
show that the lines intersect, and find the equation of the plane
containing them.
Ans. wf3, x4y —2=0.

4. Find the equations of the line drawn through the point (3, —4, 1)
parallel to the plane 2x+y —z=5, so as to intersect the line

6r+4y—5z=4, x—-5y+2:=12;

Find also the coordinates of the point of intersection, and the equation
of the plane through the given line and the required line.

e i wi 1,2, 3), y—324+7=0.

5. Prove that the equations of the perpendicular from the origin to
the line ax+ by +cz+d=0=a'z+by+cz+d are
z(bc —b'e)+y(ca’ — ca)+z(ab’ —a'b)=0,
z(ad' — a'd)+y(bd' — V'd)+z(cd —c'd)=0.
6. Prove that the planes
6x+y+52+5=0, 2x+Ty+3z+3=0

intersect the line joining the points (1, 2, 3), (3, —6,1) in points
which form a harmonic range with the given points.
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7. Obtain, in the symmetrical form, the equations of the projection

of the line 82—Ty—2+6=0=2+y+:-3
on the plane 65z —y—4z=3.
z-1_y-2_z
Ans. —="3=3

8, Prove that 4x?+8y%+ 22— 6yz+ 5222 — 122y =0 represents a pair of
planes, and find the angle between them. Find also the angle between
the lines in which the plane 11z —13y+2z=0 cuts them.

13 o

-1

Ans. cos Wiy
9. Find the length of the shortest distance between the lines
-2 y+1 =z

2 32
Ans. 97/13W8.
10, Find the equations of the straight line perpendicular to both of

22+3y~bz-6=0=3x—-2y—-2+3.

thelines '”_1__5'_1__5’:_*___2 $+2_5"“5_H‘_3
1 2 3’ 2 -1 2°
and passing through their intersection.
z-2_y-3 _z-1
Ana. === Tw

11. For the lines
r-2_y-1 z 2-3 y-b_z+1

0 1 " 2 2 1

find the length and equations of the shortest distance and the co
ordinates of the points where it meets the given lines.

r-2 y-1 z
=L =2 (1,0, (1,3 -2

Ans. 3,

12. A square ABCD, of diagonal 2a, is folded along the diagonal
AC;, so that the planes DAC, BAC are at right angles. Show that the
shortest distance between DC and AB is then 2a/~/3.

13. Find the equation of the plane which passes through the line
3245y +72—-5=0=x+y+2-3, and is parallel to the line

4r+y+2=0=22r-3y-ba.

dns. x+2y+3z=1.

14, Find the equation of the right circular cylinder whose axis is

2=2y= —z and radius 4, and prove that the area of the section of the
cylinder by the plane XOY is 247

Ans. b+ 8y3+ 522 +4yz+ 82z — day =144

15. Find the equation of the right circular cone whigh passes
through the line 2z=3y= — bz, and has the line =y =2 as axia

Ans. yz+22+2y=0.
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16. Obtain the formulae for the transformation from a set of rect-
angular axes OX, OY, OZ, to a second rectangular set, 0¢, O, O,
where Of lies in the plane XOY and makes an angle § with OX an
O¢ makes an angle ¢ with OZ, viz.

z=_§ cos @ —nsin @ cos ¢+ {sin Gsin ¢,
y=£sin §+ncos O cos ¢~ cos fsin ¢,
z=7sin ¢+ (cos ¢.
Apply these to show that the section of the surface
322~y 2t yrtar=4
by the plane 22— 2y+2=0 is a circle of radius 2.

17. 1If I, m,, n, (r=1,2, 3) are the direction-cosines of three

mutually perpendicular lines, prove that
Mgy (mg? — ng?) — mgng(my? — ng®)=lilsly
and that

lymyny (mgng+mgng) + Lmgng (mgny + myng) + Lymgng (myng +mgny) =4y lyly.

18. If Of, Oy, Of are a second set of rectangular axes whose
direction-cosines referred to OX, OY, OZ are /,, m,, n, (r=1, 2, 3)
and the projections of Of and Oy on the plane XOY make angles ¢,
and ¢, with OX, prove that

,
tan (¢, — ¢g)= iﬁ-

19. Find the surface generated by a variable line which intersects
the Para.bolas x=2am, y=0, z=am?; £=0, y=2an, z= —an? and is
parallel to the plane #+y=0.

Ans. 22 —y?=4daz.

20. A line PQ moves with its extremities on the lines

y=mx, 2=c; y=-—mz 2=—¢,
80 as to subtend a right angle at the origin. Prove that the foot of
the perpendicular from the origin to PQ lies on the curve of inter-
section of the surfaces

(2 —m22)(1 —m?)=(22~ c®)m? and mz(x?+3%+2% - ®)=cay(l +m?).

21. Lines are drawn parallel to the plane £=0 to intersect the
parabola y?=4az, 2=0; and the line y=0, z=c. Prove that they
generate the surface c?y?=4ax(z—c)%

22. Find the surface generated by a straight line which intersects
the lines ¥=0, z=¢c; x=0,2=-c¢
and the hyperbola 2=0, xzy+ct=0.

Ans. 2-xy=cl

23. Prove that lines drawn from the origin so as to touch the sphere

224 Y2+ 22+ 2uzr + vy 4 2wz +d=0
lieon the cone d(23+y2+22) = (ux + vy +wz)

24. Find the equations of the spheres which pass through the circle

2+yt+22=1, 2x+4y+bz=6
and touch the plane z=0.

Ans. 224 y2+22 -2~ 4y —Hz+65=0,

523+ by + b2 — 9 — 4y — b2+ 1=0.
b.G. :



XXXiv COORDINATE GEOMETRY

25. Prove that the locus of the centres of spheres wbich touch the
two lines y=+mz, z=xc
is the surface 2ym+ cz(1 +m?)=0.

26. P and Q are points on the lines
Yy=mw, z=c; Yy=-—mr, 2=—¢
such that PQ is always parallel to the plane ZOX. Prove that the
circle on PQ as diameter whose plane is parallel to the plane ZOX
generates the surface 222 — 2 b m22 = m2,

27. Prove that the plane
(r=-o)(uta)+(y - B)(v+B)+(z-y)(w+y)=0
cuts the sphere #2424 22 4 2ua+ 20y + 2wz +d =0

in a circle whose centre is (o, 3, ), and that the equation of the sphere
which has this circle for a central section is

22+ 423~ 20(x ~u) - 2B(y — v) - 2y (2 — w) + 202+ 232+ 2y +d =0.
28. If three mutually perpendicular lines whose direction-cosines
are l,, m,. n, (r=1, 2, 3) are drawn from the origin O to meet the
sphere 2?4y%428=a® in P, Q, R, prove that the equation of the
plane PQR is
U+ L+ )z + (my+my+my)y + (0, 4+ ny+15) 2 =a,
and that the radius of the circle PQR is ,/(2/3)a.
29. If A, B, C are the points (a, 0, 0), (0, b, 0) and (0, 0, c), and the
axes are rectangular, prove that the diameter of the circle ABC is
v (6% +c?) (2 + a?)(a?+ b?)
B2+ cPa?+a??
30. Find the radius of the circle
25 —-y—2:+13=0, 22+y*+22=2r+4y+4s+1,
and the equation of the right circular cylinder which has the circle for
a normal section.
Ans, 1, 522+ 8y?+ b2% — 4yz+ 82z + 4wy — 34z —~ 28y — 202 4- 56 =0.

31. Show that the plane 7.x+4y+2=0 cuts the cones
3627 - 8y?—342=0, Tyz+8zx—~3zy=0
in the same pair of perpendicular lines, and that the equation of the
plane through the other two common generators of the cones is
bz -2y - 32=0.

32. An ellipse whose axes are of lengths 22 and 2b (a>b) moves
with its major axis parallel to OX and its minor axis parallel to OY,
so that three mutually perpendicular lines can be drawn from O to
intersect it. Prove that its centre lies on the ellipsoid

2 1.1
(';5'*' 5 + 22(@+z§>= 1.
33. Two right circular cones have a common vertex and axis, and
their semivertical angles are 7/4 and x/3 respectively. Show that any
tangent plane to the first cuts the second in perpendicular generators,
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34. OP, OQ, OR, whose direction-cosines are [, m,, n, (r=1, 2, 3),
are three mutually perpendicular generators of the cone
axt+by?+c2=0, (a+b+c=0).
Prove that the three planes through OP, OQ, OR, at right angles
respectively to the tangent planes which touch along OP, OQ, OR,
pass through the line
(b—c)z_(c—a)y (a—0b):
Ulls — mmam,  nmgng”

35. If P is any point on the curve of intersection of the ellipsoid

2 2 3 2
':2:+'~1/--2+%2= 1, and the cone %"_'Z* + z”(c—t—%) =0, the tangent plane

2 g2
at P to the ellipsoid cuts the cylinder ’3‘,+-'1§=1 in an ellipse of
coustant area. at " b

36. If the axes are rectangular, find the length of the chord of the
conicoid #*+ 4y?— 42= 28, which is parallel to the plane 37— 2y +2:=0,
and is bisected at the point (2, 1, —2).

Ans, N154.

37. Find the equation of the tangent plane to the surface
32+ 2y% — 6.2 =6,
which passes through the point (3, 4, —3), and is parallel to the line
=YY= —a
Ans. x+y+2:=1.

38. Prove that for all values of A the plane
is a tangent plane to the conicoid
ztat + y2[b% - 2%[c?=1,
and that its point of contact lies on the line
4z-5a_y 4z+3c

3a b~ =bc’

39. Prove that the straight lines joining the origin to the points of
contact of a common tangent plane to the conicoids

a? +byt+cf=1, (a—A)*+(b—-A)yi+(c—A)t=1,
are at right angles.
40. Find the equations of the two planes that can be drawn through
the line =4, 3y +42=0 to touch the conicoid 2%+ 3y%—6:2=4.
Ans. z+9y+12:=4, x—-9y-12:=4.
41. Find the points of contact of the tangent planes to the conicoid

222 —25y24-2:%=1, which intersect in the line joining the points
(-12,1,12), (13, -1 —13).

Ans. (3, -1,2), (-2, -1, —3).
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42, Find the equations of the two plane sections of the surface
23324 2:2=1, which have their centres on the line
-4 _y-3_2-T
3 1 47
and pass through the point ( -1, -5, 1).
Ans. x—-2y+6:—-15=0, 2r+y+2:+5=0.
43. M, the mid-point of the normal chord at P, a point on the
ellipsoid 2% 2 g2
—5 +-7L +5=1,
a?’ B ¢
lies on the plane ZOX. Prove that P must lie on one of the planes
N b_gx :t"/ﬁ? ¢

a3 e T
and M on one of the lines
T _ Y,
aNa?=bt 0 TeJBE-¢
44. P is any point on the curve of intersection of the ellipsoid

2,2

:;:+‘}/)—2+g§=l, and the plane §+%+g=l, and the normal at P meets
the plane XOY in G. From O (the origin) OQ is drawn equal and
parallel to GP. Prove that Q lies on the conic

az+by+oz=c a2+ b4 +clt=ct

45. A cone is described whose vertex is A, and whose base is the
section of the conicoid az®+by%+czf=1 by the plane z=0. It meets
the given conicoid at points in the plane XOY, and at points in a
plane Q. Prove that if A lies in a fixed plane P, the pole of Q, with
respect to the given conicoid, lies on a conicoid which touches the given
conicoid at all points of its intersection with the plane P.

46. If the polar planes of P and Q with respect to a central coni-
coid meet in a line AB, and the plane through Q parallel to the polar
plane of P meets the plane through P parallel to the polar plane of Q
1n a line CD, show that the plane through AB and CD passes through
the centre of the conicoid.

47, Prove that the equation of the cone whose vertex is (o, 3, 72
and base the conic az?+by*+cz?=1, P=lr+my-+nz~p=0 is obtaine
by eliminating A from the equations
a(Az+a)+b(Ay+B)F+c(Ae+y)=(A+1)
and AP+P'=0, where P'=la+mB+ny—p, and then obtain the
equation of the cone in the form
P2 (o3 + b2+ cy?—1)— 2PP'(aor +bBy+cyz—1)
+P%(ax?+by?+cz2 - 1)=0.
Deduce (i) the equation of the cone whose vertex is (a, 8, y) and

ax?+byt=1, 2=0, and (ii) the equation of the other plane section
of the conicoid and the cone.
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48, Prove that the locus of centres of sections of az?+by?+ct=1

which pass through the line Z ~ _.3-’-';—@ -—l is a conic whose centre
- 21:—«.__2_1/—6_2:— ___a,ul+me+czn
is given by T T m wn al+bmPtcen?

49, If the axes are rectangular and P, (2, 71, %), Q, (%3 ¥ z,),
R, (x5, ¥s» z,) are the extremities of three con;ugate diameters o

ellipsoid at b‘+ 2--1 prove that the planes through the centre and
the normuls at P, Q, R pass through the line
at(BP -z b(tE—at)y ci(a-1Y)2
@rws YYs atafs
50. If OP, OQ, OR are conjugate semldxameters of the ellipsoid
whose equation referred to rectangular axes is xi_*_ it c“_l and the

areas of the triangles QOR, ROP, POQ are equal, the planes QOR,
ROP, POQ touch the cone
22 P 2
a?(u?b?+ alc® - Zb’c‘) 52D ¥ b*a? — 2c%at) c’(c_‘:t~+02b‘ 2a’b3)—0

6l. If P(z,, ¥, 2;), Q(23, Y2y 23), R(23, 3, 25) a.re the extremxtles of

three conjugate semidiameters of the elhpsoxd b2+ c”—l’ prove
that the cone through the coordinate axes and OP 0Q, OR is given
by xi;§3+y ’l‘:/ 21/3+z,zgz_., =0, and the cone which touches the coordinate
planes and the planes QOR ROP, POQ by

N LTy +_J_~.’l/7 1Y2Y3 + ﬁz_vl___:—ﬁz;=o

a? b2 ¢

. . S .
62. If one axis of a central section of the ellipsoid = +%3+—=1 lies
at’ b et

in the plane ux+vy+wz=0, the other lies on the cone
2032 _ o2 2(c2 — o 2(q2 — B2
a®(b c)u_{_b(c2 a)v+c(a b)w=0
z Y z

53. If the radius of the director circle of the conic lz+my+nz=0,
a%ai+y?b2+2/c?=1 is of constant length r, prove that the plane of
the conic touches the cone

ol L S
FE+I—r) B(@+ar—r) KPP

64. Prove that the equal conjugate diameters of the conic in which
the plane x+y+2=0 cuts the conicoid 222+ 3y?+42z*=1 are the lines in
which the plane cuts the cone 822 — 32 —1022=0.

b3. If a plane section of ax?+by?+cz2=1 has one of its axes along
the line §="'l-=»=i its equation must be
KoV

(A2+ p2+ v3) (o + bpy + cvz) = (a2 + bpd + cv?)(Ax + py + vz).
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56. Prove that the lengths of the semi-axes of the section of the
surface 2yz+ 222+ 24y +a?=0 by the plane lx+my+nz=0 are
a and a(P+mi+ n“)’}(2mn +2nl+2lm -3 —m2—n2y ¥,

By considering the cases (i) +m+n=0, (ii) /=m=n, show that the
surface is a hyperboloid of revolution whose axis is x=y=z and whose
equation referred to its principal axes is #2+y?—2z'=a%

57. Prove that the axes of the conic in which the plane

lz+my+nz=0
cuts the paraboloid az?+by?=2z are the lines in which the plane cuts
the cone l m (@ -b)n? o
ans+1 bny+m " abnz—bli—am?~
m?

n?
5 +~c-=0, cuts the
cone ax?+by?+c?=0 in a parabola. Prove that the axes of all
parallel parabolic sections lie in the plane

3(h— 2(o— 2(q —
a (bz c)x+b (c a)‘z_*_c (a b)z=0’
m n

58. The fixed plane lr+my+nz=p, where §+

and the vertices on the line
Iz ny nz

15 P g 3 @ 15
~(c-ap+ (@b S(a—by+(b-cp Fb-cf+ s (c-aP

69. If the axes are rectangular and a line moves so as to intersect
the lines z=a, y=0; x= —a, y=mz and the circle 22+ y?=a? =0,
prove that its locusisa hyperboloid of one sheet whose circular sections
are perpendicular to the given lines.

60. Prove that the centre of any sphere which sasses through the
origin and through a circular section of the ellipsoi
| b
a~'—2+"b-§+z.2—- , (@>b>c),
lies on the hyperbola
=0 aly? R o)
¥=U G- pE—a="

61. Prove that the cylinders
4127~ 24ry+ 3492 =25, 2527+ 40zz+3422=9
have a common circular section, finding its equation and radius.
Ans. 4xr—3y+562=0, 1.
62. Prove that any enveloping cone of the conicoid 22+ 4yz — 2:2=a?,

wfholse vertex lies on the z-axis, touches the conicoid at all points of a
circle.

63. O is an umbilic of an ellipsoid and OP is the normal chord
through O. The tangent planes at O and P intersect in a line AB.
Prove that any cone whose vertex is O and whose base is the section
of the ellipsoid by a plane through AB is right circular.
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64. If the generators through a point P on the hyperboloid
22ad+y?b% —2Bfc?=1
meet the principal elliptic section in A and B, and if the eccentric
angle of A is three times the eccentric angle of B, prove that P lies on
the curve of intersection of the hyperboloid and the cylinder
YA+ ct)=4b%2%

65. If P is an extremity of an eqzuiconjugate diameter of the ellipse
2[a?+3?/b?=1, 2=0 and 2¢?=a?4-b% the two generators through P of
the hyperboloid #%/a?+ y%/b%— 2%/c*=1 are at right angles.

66. P and D are the extremities of conjugaste giameters of the

2
principal elliptic section of the hyperboloid E—z+'%2 —£-2=1 and the
generators through P and D form a skew quadrilateral PQDR. If
the angles QPR, QDR are 26 and 24, prove that
cot?§ + cot? p=(a? + b%)/c?

67. A generator of %+ y2—2:2=0a? through the point (acosa,
asin «, 0) intersects a generator through the point (@ cos 8, asin G, 0)
at an angle §. Prove that 3 cos?6/2=2 cos*(ax — 3)/2, and show that if
A, Ay, Ag, Ay, A, Ag are the vertices of a regular hexagon inscribed
in the principal circular section, the generators of the one system
through A, A;, A; and the generators of the other system through
A,, A, A, are the edges of a cube whose volume is 24/245.

68. If a?>bc show that the points of intersection of perpendicular

2
generators of the hyperboloid %—%1/—?':1 lie on the real central

A . be
circular sections.

69. The generators through S, any point on the hyperboloid
2
atp—a=h
meet the plane /z+my+nz=1 in the points P and Q. The other
generators through P and Q intersect in R. TFind the equation of the
plane PQR, and prove that if R always lies on the plane z=0, S lies
on the plane
2(a?l2+ b*m2+ 2 - 1)+ 2nc?(lx + my — 1)=0.

70. If a hyperboloid passes through six edges of a cube it must be
formed by the revolution of a hyperbola of eccentricity a/3/2 about a
diagonal of the cube.

71. Prove that any hyperboloid which passes through the z-axis
and the circle 2?+3y?=az, z=0 is given by 2(x+gz—a)+y(y+72)=0.
If the two planes that pass through the origin and cut the hyperboloid
in circles are inclined at a constant angle a, show that the generator
which passes through (a, 0, 0) and does not intersect OZ lies on the
cone (z—a)*+yi=2*tan®c.

72. The centres of conicoids that pass through the circle

22422=a?, y=0,
and the parabola #2=4ay+a? 2z=0 lie on the parabola
2=0, 22+2ay=0.
B.G. ’ 2p
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73. Prove that the equation of the conicoid which passes through the
lines y=0, z==c; =0, z= —c, and has a centre at (a, B, y) is, if y+0,
zy x(z—c) ylz+o) z*—c’=0
afaly=c) BGy+o) y-¢
State what this equation represents, and discuss the case in which y=0.

74. Hyperboloids are drawn through the lines =0, 2= —¢; y=0,
z=¢, Wit{l their centres at the origin. Prove that the lines of inter-
section of the polar planes with respect to them of two fixed points
(z, B, ), (o, éa, ') lie on the paraboloid

y(yo' - y'a)-22(By - By)+[2(B- B) +y(x—a)]=0.
75. A variable line is drawn through the origin to meet the fixed
lanes x=a, y=>b, z=c in P, Q, R, and through P, Q, R parallels are

rawn to OX, OY, OZ respectively. Prove that the centre of the
hyperboloid which passes through these parallels lies on the surface

abe a b ¢

76. If a cone intersects a conicoid iu plane curves, their planes and
the plane of contact of the enveloping cone which has the same
vertex pass through one line.

77. A variable cone is drawn through the conic z=0, az?+by?=1,
and one of its principal axes passes through the fixed point (p, ¢, 0).
Prove that the vertex must lie on the circle

bg(z—p)=ap(y—q), ap+(apz+bgy—1)(xz—p)=0.

78. Prove that the coordinate axes and the three lines of intersection
of the three pairs of planes that pass through the four common gene-
rators of the cones ax?+by?+cz?=0, fyz+gzz+ hzy =0 lie on the cone

Y2 b2 — ch?y 42X (op2 Y (0l 2 — bo?) =
gh(by ch?)+ 7F R = af’) + fg(af bg*)=0.
79. If!,, m,, n, (r=1,2,3)are the direction-cosines of the principal
axes of the conicoid ax?+ by*+ ez +2fyz+ 292z + 2hxy =1, prove that
() flilols +gmymgms + hnnyny =0 ;
(ii) Flylyls+Gmmomg+Hn ngny,=0.

Hence or otherwise show that the cone through the coordinate axes
and the principal axes is given by

y2(gH - kG)+ 22 (hF — fH) + 2y (fG - gF)=0,
and the cone which touches the coordinate planes and the principal

planes by
Nz (gH = 7G)+vy(hF — fH) + /z(fG ~ gF)=0.

80, Show that if ax?+-by?+es?+2fyz+2ger+2hay=1 transforms

into A,£%+ Agn?+ As(?=1, the equations of Of are
z(F+fM)=y(G+gA)=2(H+kAy),

with similar equations for Oy and O(,




MISCELLANEOUS EXAMPLES. II xli

81. Show that the necessary and sufficient condition that a conicoid
should be of revolution is that its two systems of real circular sections
should coincide, and hence prove that (ubcfghxyz)®=1 represents a
conicoid of revolution if

(a—=A)23+(b— A)y*+(c— N)22 + 2fyz + 2920 + 2hxy
is a perfect square.
82. Prove that, for all values of 6, the equation
(xsin @ —y cos 0)2+2z(x cos @+ y sin G)=a?
represents a hyperboloid of revolution, and that the axis lies in one of
the coordinate planes, or on the cone #?+y%=22

83. Prove that the general equation of conicoids of revolution that

pass through the tixed point (0, 0, ¢), and the parabola y%=4az, =0, is
y¥—4dar+2 ez +(1 - A3)z(z—¢)=0,

and show that their axes envelope the parabola

y=0, (z—2a)=c(2z-c).

84. Prove that, for all values of A, the equation
(A2=1)(22-c®)+2A[y(z+c)+x (2 —¢)]+2xy=0

represents a hyperboloid of revolution which passes through the given
lines y=0, z=c¢; =0, z=—-c; and show that the axes of all such
hyperboloids lie on the paraboloid y?—z?=4cz.

85. The only conicoid of revolution which has its centre at the
origin, and passes through the parabola z=b, y?=4ar+4a®-b* is a
right cone whose semivertical angle is tan—! 2a/b.

86. For the curve

r=a(3t-), y=3at% z=a(3t+),
prove that p=0o=3a(l+)>

87. Show that the tangent at any point to the curve of intersection
of the cylinders y?=4ar, y=2ae/s makes a constant angle with the

2
line 2=z, y=0, and prove that p=a-=(2—x;—q—)—-
88. For the curve x=2abt, y=a?logt, z=0%?,
_ (ar+ 26
prove that p=o=—g—

Prove also that the centre of circular curvature at (z,y, 2) is given by
_f-z _m-y _(-:_a'+3pf
a?—2b%% —2abt 2abt  2abt

89. Prove that the locus of the feet of the perpendiculars from the

origin to the tangents to the helix x=acos §, y=asin 0, z=al is the
curve 2z=a(2cos 0+ 6sinf), 2y=a(2sinf- é/cosﬂ), 2:=uaf, Show
that this curve lies on the hyperboloid x2+y%—z8=a? and that it
crosses the generator

z-acoso_y-—asine._z
sinaa. ~  —cosa. 1
st right angles at the point where §=a. Prove also that
_a@+et al+8)
26(1 + ¥ 2
B A, 8v2

and that o=
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90. A semicircle A’'BA is drawn with A’'OA as diameter and O as
centre, and a second semicircle OCA is described on OA as diameter,
80 as to lie within the first. The semicircle A'BA is then cut out of
the paper and folded so as to form a right cone with OA and OA’
coinciding along a generator. Show that the curve on the cone which
the semicircle OCA assumes can be represented by the equations

2z=a(cos 30+cos §), 2y=a(sin3f+sinf), z=v3acosb,
and obtain for it the results: (i) the length of the arc measured from
the point (a, 0, ~/3a) is 2a6, (ii) 4a?=p?(4 + 3 cos?8), and (iii)
2a(4 + 3 cos?0)
o= .
3V3sin 6(2+ cos26)
91. A curve is drawn on a sphere of centre O, so that the tangent at
a variable goint P makes a constant angle with a fixed line. A is a
goint on the curve where the osculating plane passes through O.

how that the length of the arc AP of the curve is proportional to the
perpendicular from O to the osculating plane at P.

92. P is a variable point on a curve C,, and the arc AP, measured
from a fixed point A, is of length s. A distance PT equal to s is
measured backwards along the tangent at P, and the locus of T is a
curve C,. If the radii o? curvature and torsion of C, at P are p and
o, and the radius of curvature of C, at T is p,, prove that

2
=1t &

93. Prove that the tangent to the locus of the centres of circular
curvature of a curve makes an angle 6 with the corresponding principal
normal to the curve such that sin 8 =p/R.

94, If 30 is the angle between the radii of spherical curvature at
the ends of an infinitesimal arc 8s, prove that

w(5) =1+ (3)

95. P isa variable point on a given curve and PQ a line through
P which makes fixed angles, whose cosines are a, b, ¢, with the tangent,
rrincipal normal, and binormal at P respectively. Show that if the
ocus of PQ,as P moves along the curve, is a developable surface,
(8*+¢?)p+aco=0, where p~* and o~! are the curvature and torsion
at P.

96, Show that the edge of regression of the developable surface
which passes through the two curves,
x=2al’, y=2at, 2=0; z=0, y=-3at, z=4a8
lies on the conicoids 3%+ 6ax =0, 64zy =922
97. OA, OB, OC are the principal semiaxes of an ellipsoid, and are

of lengths a, b, ¢ respectively. Prove that the curvature at A of the
section of the ellipsoid by the plane ABC is

2(b%? + a2+ a?b2)d (b2 + 2)- 1.
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98. For the surface 22(22+y?)=c! show that the principal radii are

@+ (B +y+ D (@224
¢t i 2c?

99. A surface is generated by a variable straight line which meets
the circle 22+ y2=a? z=0 in P, and OZ in Q, so that the angle POX
is equal to the angle OQP. Prove that at any point of the surface,
z=ucos 0, y=usin §, 2=(a—u)cot 6, and that the measure of curva-
ture of the surface at P is —a~2

100. The curve in the plane XOY, for which x=ae 9, is rotated
about OY. Show that the measure of curvature of the surface of
revolution so formed is —a~2, and that the whole curvature of the
part of the surface intercepted between the plane ZOX and the
parallel plane through (z, ¥, 2) is 2w (z/a - 1).
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Anﬁarmonic ratio of four planes, 38.
Anticlastic surface, 271.
Area of plane section, 135.
Asymptotic lines, 358.
Axes of plane sections, 131.
of central conicoid, 131, 134
of paraboloid, 137.
Axes, principal, 101.
of enveloping cone, 183.
Axis of paraboloid, 124.
of surface of revolution, 229.

Basset, Geometry of Surfaces, 266.

Bertrand curves, 297.

Besant, Meunier’s theorem, 330.

Bianchi, Geometria Differenziale,
352, 373.

Bifocal chords, 186.

Binode, 264.

Binormal, 282, 289.

Bisectors of angles between two
lines, 29

between two planes, 37.
Blythe, Cubio Surfaces, 266.

Catenoid, 336.

Central planes, 216.

Central point, 168.

Centre of conicoid, 215.

Centre of curvature, 292, 298.
Centre of spherical curvature, 293,

Charact.eristio, 307.
Charaoteristio points, 311.
Circle of curvature, 292,
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Circular sections, 138.
of ellipsoid, 138.
of hyperboloid, 139.
of general central conicoid, 140
of paraboloid, 142.
Circumscribing cone, 109, 202.
conicoids, 249.
cylinder, 110, 203.
Concgbion for developable surface,
18.
ta.ggency of plane and conicoid,
, 103, 120, 124, 199.
Conditions for umbilic, 342, 352.
singular point, 263.
zero-roots of diseriminating oubio,

equal roots of discriminating
cubic, 210.
Conditions satisfied by plane, 34.
conicoid, 196.
surface of degree n, 259.
Cone, defined, 88.
equation homogeneous, 88.
equation when base given, 93.
with three mutually perpendicu-
lar generators, 92
reciproocal, 92.
thr(iugh six normals to ellipsoid,
114,
condition for, 219.
enveloping conicoid, 109, 202.
conjugate diameters of, 120.
lines of curvature on, 334.
geodesics on, 365.
Counes through intersection of two
conicoids, 245.
Confocal conicoids, 176.
Conic node or conical point, 264,
Coniizg;d through three given lines,

touching skew surface, 320.
Conicoids of revolution, 228.
with double contact, 246.
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Conicoids through eight points,
251.

through seven points, 252,
Conjugate lines, see polar lines.
diameters, 101, 114, 120.
diametral planes, 101, 114, 123.
Conoid, definition and equation of,
257.
Constants in equations to the plane,

34.

the straight line, 42,

the conicoid, 196.

the surface of degree n, 259.
Contact of conicoids, 246.

of curve and surface, 278.
Coordinates, cartesian, 1.

oylindrical, 4.

polar, 4.

elliptic, 178.

curvilinear, 348.

of a point of a curve in terms of s,

Cross-ratio of four planes, 38.
Curvature, of curve, 284.
of surfaces, 326.
of normal sections, 326.
of oblique sections, 330
specific, 346.
spherical, 293, 299.
geodesic, 371.
of line of curvature, 336, 341.
of geodesio, 369.
sign of, 288.
lines of, 333, 352.
on conicoid, 333.
on developable, 333.
on surface of revolution, 335.
Curve, equations to, 12, 275.
Curves, cubic, 113, 239, 245.
quartic, 238.
Curvilinear coordinates, 348.
Cuspidal edge, 309.
Cylinder, enveloping, 110, 203, 229.
Cylindroid, 258.

Degree of a surface, 259.
De Longchamps, 95.
Developable, polar, of curve, 300.
Developable surfaces, 313, 316.
condition for, 318.
lines of curvature on, 333.
torsion of curve on, 370.
Diameters, of paraboloid, 124.

Diametral planes, of central coni-

coids, 101, 114.
of cone, 120.
of paraboloid, 123, 125.
of general conicoid, 204.

Differential equations, of asymptotic
lines,
of geodesics, 363.
of ﬁnes of curvature, 338, 352.
of spherical curves, 293.
Direction-cosines, 19, 25.
of three }l)erpendicular lines, 69.
of normal to ellipsoid, 111.
of tangent to curve, 277,
of principal normal and binormal,
283, 289.
of normal to surface, 272, 349.
Direction-ratios, 28, 40.
relation between direction-cosines
and, 30.
Discriminating cubic, 205.
reality of roots, 208.
conditions for zero-roots, 206.
conditions for equal roots, 210.
Distance between two points, 6, 20,
26.
of a point from a Flane, 35.
of a point from a line, 24.
Double contact, of conicoids, 248,
Double tangent planes, 266.
Dupin’s theorem, 344.

Edge of regression, 309.
Element, linear, 350.
Ellipsoid, equation to, 99.
Frinoipal radii of, 332.
ines of curvature on, 333.
Elliptic point on surface,
326.
Envelope of plane—one parameter,
316.
Envelopes—one parameter, 307.
two parameters, 311.
Enveloping cone, 109, 183, 184, 202.
cylinder, 110, 203.
Equation, to surface, 8.
to oylinder, 9.
to surface of revolution, 13.
to plane, 32, 33.
to cone with given base, 93.
to conicoid when origin is at a
centre, 217.
to conoid, 257.
Equations, to curve, 12.
parametric, 271.

270,

Facbm}s 2f . a4 g0, 200
(abefgh) (zy2)? - Nx?+y? +2%), .
Focal cllipse, hyperbola, 177, 190.
rabolas, 192
ires, of cone, 193.
Foci of conicoids, 187.
Frenet’s formulae, 286.
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Gauss, meacure of curvature, 346.
Generating lines of hyperboloid, 148.
of paraboloid, 149.
systems of, 154, 161.
Generator, properties of a, 167, 320.
Generators of cone, 88.
condition that cone has three
mutually perpendicular, 92.
of conicoid, equations to, 153. 197.
conicoids with common, 239, 241.
of developable, 316.
Geodesics, definition, 362.
differential equations, 363.
on developable, 363.
on surface of revolution, 365.
on cone, 365.
on conicoid, 367.
Geodesic curvature, 371.
Geodesic torsion, 373.

Helicoid, 258, 339.

Helix, 258, 290.

Horograph, 346.

Hudson, Kummer’s Quartic Sur-
face, 2066.

Hyperbolic point on surface, 270,
327

Hyperboloid of one sheet, equation
to, 100, 166.
generators of, 148, 153.
asymptotic lines of, 358.
H yperbol((;id of two sheets, equation
to, 101

Indicatrix, 270, 326.
spherical, of curve, 285,
Inﬂgxional tangents, 261.
Integral curvature, 346.
Interseotion of three planes, 47.
of conicoids, 238.
Invariants, 231.

Joachimsthal, geodesic on conicoid,
36

Lagrange’s identity, 22.

Linear element, 350.

Line, equations to straight, 38, 40.
parallel to plane, 43.
normal to plane, 43.
of striction, 321.

Lines, coplanar, 56.
intersecting two given lines, 53.
intersecting three given lines,

54

inbexzseeting four given lines, 165.
asymptotic, 358.
of ourvature, 333.

Locus of mid-points of parallel

chords, 108, 125, 204.

of tangents from a point, 108.

of parallel tangents, 108, 203.

of intersection of mutually per.
pendicular  tangent  planes,
103, 125, 199.

of poles of plane with respect to
confocals, 181.

of centres of osculating spheres,
300.

MacCullagh, generation of conicoids,
187.

Measure of curvature, 346.

Meunier’s theorem, 330, 331, 371.

Mid-point of given line, 7.

Mid-points of system of parallel
chords, 108, 125, 204.

Minimal surfaces, 336.

Nodal line, 265.
Node, conic, 264.
Normal plane, 277.
Normal, principal, to curve, 282.
Normal sections, curvature of, 326.
Normals, to ellipsoid, equations, 111.
six from a given point, 113.
to paraboloid, 126.
to confocals, 182,
to surface along a line of curva-
ture, 334.

Origin, change of, 6.
Orthogonal systems of surfaces, 344,
Osculating circle, 292.
Osculating plane of curve, 279,

of agymptotic line, 359.
Osculating sphere, 202.

Parabolic point on surface, 270, 329.

Paraboloid, equation to, 122.

Parameter of distribution, 169, 321.

Parameters of confocals through a
point on a conicoid, 181.

Parametric equations, 271.

Perpendicular, condition that lines
should be, 22, 30.

Plane, equation to, 32, 33.

through three points, 34.

Point dividing line in given ratio,

7

Points of intersection of line and
conicoid, 102, 197.

Polar developable, 300.

Polar lines, 105, 202.

Power of point with respect to
sphere, 84.
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Principal axes, 101.

planes, 101, 124, 204.

directions, 212.

normal, 282,

radii, 327, 332, 337, 350.
Problems on two straight lines, 61.
Prog'eotion of segment, 15.

of figure, 17.

of curve, 19.
Properties of a generator, 167, 320.

Quartic curve of intersection of
conicoids, 238.

Radical plane of two spheres, 83.
Radii, principal, 327, 337, 350.
Radius of ourvature, 284, 288.
of torsion, 284, 289.
of spherical curvature, 293, 299.
Reciprocal cone, 92.
Reoctifying plane, 282.
Reduction of general equation of
second degree, 219, 227.
Regression, edge of, 309.
Revolution, surface of, equation, 13.
conditions that conicoid is, 228.
lines of curvature on, 335.
geodesics on, 365.
Ruled surfaces, 148, 313.

Salmon, generation of conicoid, 187.
Section of surface by given plane,

72,
of conicoid, with given centre, 107,
204.

of conicoid, axes of, 131, 134, 137.
Sections, circular, 138.
Segments, 1.
Shortest distance of two lines, 57.
Signs of coordinates, 2.

of directions of rotation, 3.

of curvature and torsion, 288,

of volume of tetrahedron, 65.

Singular points, 263.
tangent planes, 265.
Skew surfaces, 314.
Specitic curvature, 346.
Sphere, equation to, 81.
Spherical curvature, 293.
Striction, line of, 321.
Surfaces, in general, 259.
of revolution, 13, 228,
developable and skew, 314,
Synclastic surface, 270.

Tangency of given plane and coni-
coid, 92, 103, 120, 124, 199,

Tangent plane to sphere, 82.

to conicoid, 102, 124, 198,

to surface, 261, 262, 272.

to ruled surface, 315.

singular, 265.
Tangent, to curve, 275.
Tangents, inflexional, 261.
Tetrahedron, volume of, 64.
Torsion, radius of, 284.

sign of, 288.

of asymptotic lines, 359.

of geodesics, 369.

of curve on developable, 375.

geodesic, 373.
Transformation of coordinates, 68,

75.
of (abcfgh)(zyz)?, 214.
Triply-orthogonal systems, 344.
Trope, 266.

Umbilies, of ellipsoid, 143.
conditions for, 342, 352.
Unode, 264.

Vertex of paraboloid, 124, 221.
Volume of tetrahedron, 64.

Wave surface, 267.
‘Whole curvature, 346.
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