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PREFACE TO THE FOURTH EDITION

SIN CE the publication of the first edition of this book there has

been published a number of interesting and valuable papers
describing researchesof animportant character which add materially
to our knowledge of experimental hydraulics. Some of these have
been incorporated in the text, while others have been dealt with
in the Appendix.

In the first edition the author gave a good deal of attention
to the logarithmic plotting of the experimental data dealing with
the flow of water in pipes and channels. The examination of that
data showed conclusively that in all cases the loss of head in a pipe
was proportional to v™ but » was not constant, and the author
pointed out that it was almost as difficult to assess values to n as
to choose suitable coefficients from tables. The work referred to
in the Appendix, page 565, confirms for clean pipes the results
demanded by the Principle of Dynamical Similarity, and it is very
much to be hoped that all workers in the future will, as far as
possible, record not only the flow along pipes and channels and
the hydraulic slopes but also the density and viscosity of the fluid,
so that in the analysis of the experiments R/pv* and vd/v may be
logarithmically plotted.

The growing importance of water power stations and the de-
velopment of large power units have made desirable the extension
of the original chapter on turbines. The principles of similarity
have been applied to turbines and their models, and the problem
of the surge tank has been dealt with in a brief fundamental
manner.

The original chapter on pumps has been divided into two
chapters, the one on centrifugal pumps and the other dealing with
reciprocating pumps.

The original intention of the book has been preserved through-
out. It might have been shortened very considerably if the author
had simply been content to give particular results which can be
used to solve practical problems with a considerable degree of
confidence. Such a procedure would have defeated the author’s
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purpose of making the book not only immediately valuable to
practising engineers but also of being a real help to the serious
student and to enable readers to appreciate the nature of the
evidence upon which results are based, and in some measure also
to trace the development of-an interesting subject through a
century of real progress.

The author would also take this opportunity of expressing his
appreciation of the kindness of those who have from time to time
materially assisted by pointing out arithmetical errors and making
other suggestions.

As proved to be the case when the original book was written,
so in the present volume the difficulty of selection, without going
far beyond the original purpose of the book and kceping the volume
within reasonable dimensions, has not been casy.

F. C. LEA.

BIRMINGHAM,
April 1923,
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HYDRAULICS.

CHAPTER L
FLUIDS AT REST.

1. Introduction.

The science of Hydraulics, in its limited sense and as originally
understood, had for its object the consideration of the laws
regulating the flow of water in channels, but it has come to have
a wider significance, and it now embraces the study of the principles
involved in the pumping of water and other fluids and their appli-
cation to the working of different kinds of machines.

The practice of conveying water along artificially constructed
channels for irrigation and domestic purposes dates back into
great antiquity. The Egyptians constructed transit canals for
warlike purposes, as early as 3000 B.C., and works for the better
utilisation of the waters of the Nile were carried out at an even
earlier date. According to Josephus, the gardens of Solomon
were made beautiful by fountains and other water works. The
aqueducts of Rome*, some of which were constructed more than
2000 years ago, were among the “wonders of the world,” and
to-day the city of Athens is partially supplied with water by
means of an aqueduct constructed probably some centuries before
the Christian era.

The science of Hydraulics, however, may be said to have only
come into existence at the end of the seventeenth century when
the attention of philosophers was drawn to the problems involved
in the design of the fountains, which came into considerable use
in Italian landscape gardens, and which, according to Bacon,
were of “great beauty and refreshment.” The founders were
principally Torricelli and Mariotte from the experimental, and
Bernoulli from the theoretical, side. The experiments of Torri-
celli and of Mariotte to determine the discharge of water through
orifices in the sides of tanks and through short pipes, probably

* The Aqueducts of Rome. Frontinus, translated by Herschel.

L. U, 1



2 HYDRAULICS

mark the first attempts to determine the laws regulating the
flow of water, and Torricelli’s famous theorem may be said to
be the foundation of modern Hydraulics. But, as shown at the
end of the chapter on flow in channels, it was not until a century
later that any serious attempt was made to give expression to the
laws regulating the flow in long pipes and channels, and practi-
cally the whole of the knowledge we now possess has been
acquired during the last century. Simple machines for the
utilisation of the power of natural streams have been made for
many centuries, examples of which are to be found in an interest-
ing work Hydrostatiks and Hydrauliks written in English by
Stephen Swetzer in 1729, but it has been reserved to the workers
of the nineteenth century to develope all kinds of hydraulic
machinery, and to discover the principles involved in their correct
design. Poncelet’s enunciation of the correct principles which
should regulate the design of the “floats” or buckets of water
wheels, and Fourneyron’s application of the triangle of velocities
to the design of turbines, marked a distinct advance, but it must
be admitted that the enormous development of this class of
machinery, and the very high standard of efficiency obtained, is
the outcome, not of theoretical deductions, but of experience,
and the careful, scientific interpretation of the results of
experiments.

2. Fluids and their properties.

The name fluid is given, in general, to a body which offers
very small resistance to deformation, and which takes the shape
of the body with which it is in contact.

If a solid body rests upon a horizontal plane, a force is required
to move the body over the plane, or to overcome the friction
between the body and the plane. If tho plane is very smooth
the force may be very small, and if we conceive the plane to be
perfectly smooth the smallest imaginable force would move the
body.

If in a fluid, a horizontal plane be imagined separating the
fluid into two parts, the force necessary to cause the upper
part to slide over the lower will be very small indeed, and
any force, however small, applied to the fluid above the plane
and parallel to it, will cause motion, or in other words will cause
a deformation of the fluid.

Similarly, if a very thin plate be immersed in the fluid in any
direction, the plate can be made to separate the fluid into two
parts by the application to the plate of an infinitesimal force,
and in the imaginary perfcct fluid this force would be zero.
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Viscosity. Fluids found in mnature are not perfect and are
said to have viscosity; but when they are at rest the conditions
of equilibrium can be obtained, with sufficient accuracy, on
the assumption that they are perfect fluids, and that therefore
no tangential stresses can exist along any plane in a fluid.
This branch of the study of fluids is called Hydrostatics; when
the laws of movement of fluids are considered, as in Hydraulics,
these tangential, or frictional forces have to be taken into
consideration.

3. Compressible and incompressible fluids,

There are two kinds of fluids, gases and liquids, or those which
are easily compressed, and those which are compressed with
difficulty. The amount by which the volumes of the latter are
altered for a very large variation in the pressure is so small that
in practical problems this variation is entirely neglected, and
they are therefore considered as incompressible fluids.

In this volume only incompressible fluids are considered, and
attention is confined, almost entirely, to the one fluid, water.

4. Density and specific gravity.

The density of any substance is the weight of unit volume at
the standard temperature and pressure.

The specific gravity of any substance at any temperature and
pressure is the ratio of the weight of unit volume to the weight
of unit volume of pure water at the standard temperature and
pressure.

The variation of the volume of liquid fluids, with the pressure,
as stated above, is negligible, and the variation due to changes of
temperature, such as are ordinarily met with, is so small, that in
practical problems it is unnecessary to take it into account.

In the case of water, the presence of salts in solution is of
greater importance in determining the density than variations
of temperature, as will be seen by comparing the dcnsities of sea
water and pure water given in the following table.

TABLE 1.
Useful data.
One cubic foot of water at 89:1° F. weighs 62:425 1bs.
” 60° F. » 6236 ,,

" ”
One cubic foot of average sea water at 60° F. weighs 64 Ibs,
One gallon of pure water at 60° F. weighs 10 lbs.
One gallon of pure water has a volume of 277'25 cubic inches.
One ton of pure water at 60° F. has a volume of 85'9 cubic fect.

1-2
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Table of denstties of pure water.

Temperature
Degrees Fahrenheit Density
82 99987
891 1-:000000
50 099973
60 099905
80 099664
104 099233

From the above it will be secn that in practical problems it
will be sufficiently near to take the weight of one cubic foot of
fresh water as 62'4 1bs., one gallon as 10 pounds, 6'24 gallons in a
cubic foot, and one cubic foot of sea water as 64 pounds.

5. Hydrostatics.

A knowledge of the principles of hydrostatics is very helpful
in approaching the subject of hydraulics, and in the wider sense
in which the latter word is now used it may be said to include the
former. It is, therefore, advisable to consider the laws of fluids
at rest.

There are two cases to consider. First, fluids at rest under the
action of gravity, and second, those cases in which the fluids are
at rest, or are moving very slowly, and are contained in closed
vessels in which pressures of any magnitude act upon the fluid,
as, for instance, in hydraulic lifts and presses.

6. Intensity of pressure.

The intensity of pressure at any point in a fluid is the pressure
exerted upon unit area, if the pressure on the unit area is uniform
and is exerted at the same rate as at the point.

Consider any little element of area a, about a point in the fluid,
and upon which the pressure is uniform.

If Pistho total pressure on a, the Intensity of Pressure p,is then

P
b= a’
or when P and a are indefinitely diminished,
_oP
P=3z°

7. The pressure at any point in a fluid is the same in all

directions.

It has been stated above that when a fluid is at rest its resist-
ance to lateral deformation is practically zero and that on any
plane in the fluid tangential stresses cannot exist. From this
experimental fact it follows that the pressure at any point in the
fluid is the same in all directions.
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Consider a small wedge ABC, Fig. 1, floating immersed in a
fluid at rest.
Since there cannot be a tangential

stress on any of the planes AB, BC,or AC, A B

the pressurcs on them must be normal. e
Let p, 1 and p, be the intensitics of P,

pressures on these planes respectively. C
The weight of the wedge will be very Fig. 1.

small compared with the pressures on its
faces and may be neglected.

As the wedge is in equilibrium under the forces acting on
its three faces, the resolved components of the force acting on
AC in the directions of p and p, must balance the forces acting
on AB and BC respectively.

Therefore p:.ACcosb=p.AB,
and pACsin 6 =, BC.

But AB=AC cos6, and BC=ACsin 6,

Therefore D=, =Ps.

8. The pressure on any horizontal plane in a fluid must
be constant.

Consider a small cylinder of a fluid joining any two points A
and B on the same horizontal plane in the fluid.

Since there can be no tangential forces acting on the cylinder
parallel to the axis, the cylinder must be in equilibrium under the
pressures on the ends A and B of the cylinder, and since these
are of equal area, the pressurc must be the same at each end of
the cylinder.

9. Fluids at rest, with the free surface horizontal.

The pressure per unit area at any depth h below the free
surface of a fluid due to the weight of the fluid is equal to the
weight of a column of fluid of height % and of unit sectional area.

Let the pressure per unit area acting on the surface of the
fluid be p Ibs. If the fluid isin a closed vessel, the pressure p may
have any assigned value, but if the free surface is exposed to the
atmosphere, p will be the atmospheric pressure.

If a small open tube AB, of length A, and cross sectional area a,
be placed in the fluid, the weight per ‘unit volume of which is
w lbs., with its axis vertical, and its upper end A coincident with
the surface of the fluid, the weight of fluid in the cylinder must be
w.a.hlbs., The pressure acting on the end A of the column
is pa lbs,



6 HYDRAULICS

Since there cannot be any force acting on the column parallel
to the sides of the tube, the force of wah lbs. + pa lbs. must be
kept in equilibrium by the pressure of the external fluid acting on
the fluid in the cylinder at the end B.

The pressure per unit area at B, therefore,

= Eﬁ’%ﬂ = (wh + p) lbs.

The pressure per unit area, therefore, due to the weight of the
fluid only is wh lbs.

In the case of water, w may be taken as 62'40 1bs. per cubic
foot and the pressure per sq. foot at a depth of h feet is, therefore,
62'40h 1bs., and per sq. inch *433h 1bs.

It should be noted that the pressure is independent of the form
of the vessel, and simply depends upon the vertical depth of the
point considered below the surface of the fluid. This can be
illustrated by the different vessels shown in Fig. 2. If these
were all connected together by means of a pipe, the fluid when
at rest would stand at the same level in all of them, and on any
horizontal plane AB the pressure would be the same.

C !

——

H

Pressure on the Plane AB=w-h lbs per sq Foot.
Fig. 2.

If now the various vessels were sealed from each other
by closing suitable valves, and the pipe taken away without
disturbing the level CD in any case, the intcnsity of pressure on
AB would remain unaltered, and would be, in all cases, equal
to wh.

Ezample. In a condenser containing air and water, the pressure of the air is
2 1bs. per 8q. inch absolute. Find the pressure per sq. foot at a point 3 feet below
the free surface of the water.

P=2x14443x62:4
=475'2 lbs. per 8q. foot.
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10. Pressures measured in feet of water. Pressure head.

It is convenient in hydrostatics and hydraulics to express the
pressure at any point in a fluid in feet of the fluid instead of pounds
per sq. foot or sq. inch. It follows from the previous section that
if the pressure per sq. foot is p lbs. the equivalent pressure in feet

of water, or the pressure head, is A =£ ft. and for any other fluid
having a specific gravity p, the pressure per sq. foot for a head
h of the fluid is p=w.p.h, or h=£’~p.

11. Piezometer tubes.

The pressure in a pipe or other vessel can conveniently be
measured by fixing a tube in the pipe and noting the height to
which the water rises in the tube.

Such a tube is called a pressure, or piczometer, tube.

The tube need not be made straight but may be bent into any
form and carried, within reasonable limits, any distance horizon-
tally.

The vertical rise h of the water will be always

w
where p is the pressure per sq. foot in the pipe.

If instead of water, a liquid of specific gravity p is used the
height h to which the liquid will rise in the tube is

h=-P_
w.p’

Ezample. A tube having one end open to the atmosphere is fitted into a pipe
containing water at a pressure of 10 lbs. per sq. inch above the atmosphere. Find
the height to which the water will rise in the tube.

The water will rise to such a height that the pressure at the end of the tube in
the pipe due to the column of water will be 10 1bs. per sq. inch.

10 ’;}144 =9308 feet.

h=P

b

Therefore h=

12. The barometer.

The method of determining the atmospheric
pressure by means of the barometer can now be
understood.

If a tube about 3 feet long closed at one end be
completely filled with mercury, Fig- 8, and then
turned into a vertical position with its open end
in a vessel containing mercury, the liquid in the E=x
tube falls until the length % of the column is about [==—LF=—==]
30 inches above the surface of the mercury in the =
vessel, Fig. 8.

HRHRATN D)
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Since the pressure p on the top of the mercury is now zero, the
pressure per unit area acting on the section of the tube, level with
the surface of the mercury in the vessel, must be equal to the
weight of a column of mercury of height h.

The specific gravity of the mercury is 13596 at the standard
temperature and pressure, and therefore the atmospheric pressure
per sq. inch, p,, is,

30" x 13596 x 62'4

Pa= 19 x 144 =147 1bs. per sq. inch.
Expressed in feet of water,
14T x 144 .
h —~~—W =3392 fect.

This is so near to 34 feet that for the standard atmospheric
pressure this value will be taken throughout this book.

A similar tube can be conveniently used for measuring low
pressures, lighter liquids being used when a more sensitive gauge
is required.

13. The differential gauge.

A more convenient arrangement for measuring pressures, and
one of considerable utility in many hydraulic experiments, is
known as the differential gauge.

Let ABCD, Fig. 4, be a simple U tube
containing in the lower part some fluid of
known density.

If the two limbs of the tube are open to
the atmosphere the two surfaces of the fluid
will be in the same horizontal plane.

If, however, into the limbs of the tube a
lighter fluid, which does not mix with the
lower fluid, be poured until it rises to C in
one tube and to D in the other, the two
surfaces of the lower fluid will now be ab
different levels.

Let B and E be the common surfaces of
the two fluids, A being their difference of
level, and h; and h, the heights of the free
surfaces of the lighter fluid above E and B respectively.

Let p be the pressure of the atmosphere per unit area, and d
and d, the densities of the lower and upper fluids respectively.
Then, since upon the horizontal plane AB the fluid pressure must
be constant,

p+d1hg=p + dxhl'i‘dh,
or dy (ha— ) =dh.
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If now, instead of the two limbs of the U tube being open to
the atmosphere, they are connected by tubes to closed vessels in
which the pressures are p, and p, pounds per sq. foot respectively,
and h; and Ak, are the vertical lengths of the columns of luid above
I and B respectively, then

mt+di ha=p+d . h+d. b,
or pe- mi=d.h—d, (ha—hy).

* An application of such a tube to determine the difference of
pressure at two points in a pipe containing flowing water is shown
in Fig. 88, page 116.

Fluids generally used in such U tubes. Inhydraulic experiments
the upper part of the tube is filled with water, and therefore the
fluid in the lower part must have a greater density than water.
‘When the difference of pressure is fairly large, mercury is generally
used, the specific gravity of which is 13'596. When the difference
of pressure is small, the height A is difficult to mecasure with
precision, so that, if this form of gange is to be used, it is desirable
to replace the mercury by a lighter liquid. Carbon bisulphide
has been used but its action is sluggish and the meniscus between
it and the water is not always well defined.

Nitro-benzine gives good results, its prin-

cipal fault being that the falling meniscus 5 | H

does not very quickly assume a definite =] o s,

shapo. E i <
The tnverted air gange. A more sen- K N G o F

sitive gauge, than the mercury gauge, TN r'lé.

can be made by inverting a U tube and A '1' B"f cl, iD

enclosing in the upper part a certain '

quantity of air asin the tube BHC, I'ig. 5.

Let the pressure at D in the limb DF
be p, pounds per square foot, equivalent
to a head h, of the fluid in the lower part
of the gauge, and at A in the limb AE let
the pressure be p,, equivalent to a head hs. Fig. 5
Lot & be the difference of level of G- and C. -

Then if CHG contains air, and the weight of the air be
neglected, being very small, the pressure at C must equal the
pressure at G; and since in a fluid the pressure on any horizontal
plane is constant the pressure at C is equal to the pressure at D,
and the pressure at A equal to the pressure at B. Again the
pressure at G is equal to the pressure at K.

Therefore ha—h =hy,
or pi—pi=pw.h.
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If the fluid is water p may then be taken as unity ; for a given
difference of pressure the value of h will clearly be much greater
than for the mercury gauge, and it has the further advantage that
h gives directly the difference of pressure in feet of water. The
temperature of the air in the tube does not affect the readings, as
any rise in temperature will simply depress the two columns
without affecting the value of h.

The wnverted oil gauge. A still more sensitive gauge can
however be obtained by using, in the
upper part of the tube, an oil lighter
than water instead of air, as shown
in Fig. 6.

Let p, and p, be the pressures in
the two limbs of the tube on a given
horizontal plane AD, h, and h, being
the equivalent heads of water. The
oil in the bent tube will then take up
some such position as shown, the
plane AD being supposed to coincide
with the lower surface C.

Then, since upon any horizontal
plane in a homogeneous fluid the
pressure must be constant, the pres-
sures at & and H are equal and also
those at D and C.

Let p, be the specific gravity of
the water, and p of the oil.

Then P hl - Ph =p (h‘l - h)'
Therefore h (py—p) =py (ha— hy)
_p (=)
and h= or =) TSP ¢ ) 3

Substituting for k, and &, the values
b= and h,=-P2
w

P1 wpl’
h=-DP1"P
w'(Pl"’P) ..................-..(2)’
or De=P1=w.(Pr=P) hcveviiiinnnnnnnn. . (3).

From (2) it is evident that, if the density of the oil is not very
different from that of the water, & may be large for very small
differences of pressure. Williams, Hubbell and Fenkell* found
that either kerosene, gasoline, or sperm oil gave excellent results,
but sperm oil was too sluggish in its action for rapid work.

* Proceedings Am.S.C.E., Vol. xxvir. p. 384,
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Kerosene gave the best results. The author has used mineral oils
lighter than water of specific gravities varying from 078 to 096
and heavier than water of specific gravities from 1'1 to 12,

Temperature cocflicient of the inverted oil gauge. Unlike the
inverted air gauge the oil gauge has a considerable temperature
coefficient, as will be seen from the table of specific gravities at
various temperatures of water and the kerosene and gasoline used
by Williams, Hubbell and Fenkell.

In this table the specific gravity of water is taken as unity
at 60’ I,

Water Keroscne Gasoline

Temperature °F.| 40 60 100 | 40 60 100 | 40 60 80
Specific gravity| 1:00092 | 1:0000-'9941 | ‘7955 7879 7725 | *72147 71587 70547

The calibration of the inverted o0il gauge. An arrangement
gimilar to that shown in Fig. 6 can convenienily be used for
calibrating these gauges.

The difference of level of E and T clearly gives the difference
of head acting on the plane AD in feet of water, and this from

equation (1) equals —— L (ﬂ' p)

Water is put into AE and ID so that the surfaces E and F
are on the same level, the common surfaces of the oil and the
water also being on the same level, this level being zero for the
oil. Water is then run out of FD until the surface I is
exactly 1 inch below E and a reading for h taken. The surface I'
is again lowered 1 inch and a reading of & taken. This process
is continued until I' is lowered as far as convenient, and then
the water in EA is drawn out in a similar manner. When E
and F are again level the oil in the gauge should read zero.

14, Transmission of fluid pressure.

If an oxternal pressure be applied at any, point in a fluid, it is
transmitted equally in all direc-
tions through the whole mass.
This is proved experimentally
by means of a simple apparatus
such as shown in Fig. 7.

If a pressure P is exerted upon
a small piston Q of & sq. inches
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area, the pressure per unit area p= g, and the piston at R on the
same level as Q, which has an arca A, can be made to lift a load W
equal to A% ; or the pressure per sq. inch at R is equal to the

pressure at Q. The piston at R is assumed to be on the same level
as Q so as to eliminate the consideration of the small differences of
pressure due to the weight of the fluid.

If a pressure gauge is fitted on the connecting pipe abt any
point, and p is so large that the pressure due to the weight of the
fluid may be neglected, it will be found that the intensity of
pressure is p. This result could have been anticipated from that
of section 8.

Upon this simple principle depends the fact that enormous
forces can be exerted by mecans of hydraulic pressure.

If the piston at Q is of small arca, while that at R is large,
then, since the pressure per sq. inch is constant throughout the
fluid,

W_A

P a’
or a very large force W can be overcome by the application of
a small force P. A very large mechanical advantage is thus
obtained.

It should be clearly understood that the rate of doing work
at W, neglecting any losses, is equal to that at P, the distance
moved through by W being to that moved through by P in
the ratio of P to W, or in the ratio of a to A.

Ezample. A pump ram has a stroke of 3 inches and a diameter of 1 inch. The
pump supplies water to a lift which has a ram of 5§ inches diameter. The force
driving the pump ram is 1500 lbs. Neglecting all losses due to friction ete.,
determine the weight lifted, the work done in raising it § feet, and the number
of strokes made by the pump while raising the weight.

Area of the pump ram="7854 sq. inch.
Area of the lift ram =196 sq. inches.

_19:6x 1500

Therefore W= =237,500 lbs.
*7804
Work done =387,500 x 5 =187,500 ft. lbs.
Let N equal the number of strokes of the pump ram,
Then N x o x 1500 1bs. = 187,500 ft. lbs,
and N =500 strokes.

15. Total or whole pressure.

The whole pressure acting on a surfacc is the sum of all the
normal pressures acting on the surface. If the surface is plane all
the forces are parallel, and the wholo pressure is the sum of thcse
parallel forces.
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Let any surface, which need not be a plane, be immersed
in a fluid. Let A be the area of the wetted surface, and & the
pressure head at the centre of gravity of the area. If the area
is immersed in a fluid the pressure on the surface of which is zero,
the free surface of the fluid will be at a height h above the centre
of gravity of the area. In the case of the area being immersed in
a fluid, the surface of which is exposed to a pressure p, and below
which the depth of the centre of gravity of the area is h,, then

h=ho+2,
w

If the area exposed to the fluid pressure is one face of a body,
the opposite face of which is exposed to the atmospheric pressure,
as in the case of the side of a tank containing water, or the
masonry dam of Fig. 14, or a valve closing the cnd of a pipe as
in Fig. 8, the pressure due to the
atmosphere is the same on the two
faces and therefore may be neglected. »‘-‘ﬁ i

Let w be the weight of a cubic i
foot of the fluid. Then, the whole
pressure on the area is "'e

i
!
!

P=w.A.h.

If the surface is in a horizontal
plane the theorem is obviously true,
since the intensity of pressure is con-
stant and equals w . h.

In general, imagine the surface,
Fig. 9, divided into a large number of small areas a, a,, a: ... .

Let « be the depth below the free surface I'S, of any element
of area a; the pressure on this clement=w.z.a.

The whole pressure P=3w.x.a.

But w is constant, and the sum of the moments of the elements
of the area about any axis equals the moment of the whole area*
about the same axis, therefore

Fig. 8.

Sz.a=A.h,
and P=w.A.h
16. Centre of pressure. F S

The centre of pressure of any plane
surface acted upon by a fluid is the

T
x
point of action of the resultant pressure B o J) D
acting upon the surface.
Depth of the centre of pressure. Leb ——

DBC, Fig. 9, be any plane surface C
exposed to fluid pressure. Fig. 9,
* See text-books on Mechanics.
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Let A be the area, and h the pressure head at the centre of
gravity of the surface, or if F'S is the free surface of the fluid, & is
the depth below F'S of the centre of gravity,

Then, the whole pressure

P=w.A.h

Let X be the depth of the centre of pressure.

Imagine the surface, as before, divided into a number of small
areas @, @, Ga, ... €tc.

The prossure on any element a

=w.a.,
and P=3Swax.
Taking moments about 'S,
P.X = (waa® + wa,x +...)
= 3wax?,
_ Swaz?
T wAh
_ Saa?
TAL

When tho area is in a vertical plane, which intersects the
surface of the water in F'S, Zaa® is the “second moment” of the
area about the axis F'S, or what is sometimes called the moment
of inertia of the area about this axis.

Therefore, the depth of the centre of pressure of a vertical
area below the free surface of the fluid
moment of inertia of the area about an axis in its own plane

and in the free surface
arca x the depth of tho centre of gravity

or, if I is the moment of inertia,
X =

or X

AR’

Moment of Inertia about any awzis. Calling I, the Moment
of Inertia about an axis through the centre of gravity, and I the
Moment of Inertia about any axis parallel to the axis through the
centre of gravity and at a distance h from it,

I=T,+ Ahn’
Ezamples. (1) Area is a rectangle breadth b and depth 4,
P=w.b.d.n,

_ba? 2
I= 18 + bdh3,
bas
o a
12 + bdly

X=—

2

—£~+h
T1eat T
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If the free surface of the water is level with the upper edge of the rectangle,
d 2 \~
h“é' and X=§.d.

(2) Area is a circle of radius R.
P=wrR%. b,
4
I=’% +7R3, 13,

4
ﬂ_ + ‘n-Rﬁhi
=
T xRk

R2
=E+h.

X
If the top of the circle is just in the free surface or h=R,
X=4R.

TABLE II
Table of Moments of Inertia of areas. -

Moment of inertia about
Form of area an axis AB through the
C. of G. of the section

Rectangl 7l LR
ectangle '(A’,—; B ﬁ
'

. 1
1 da/ \B = bdd
Trianglo i 3% bd

-——
Circle d e . wdt
S 64

About the axis AB

—
L (For
Semicircle ; nrt
8
e d b
Parabola i@ =hd
£ 2
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17. Diagram of pressure on a plane area.

If a diagram be drawn showing the intensity of pressure on
a plane area at any depth, the whole pressure is equal to the volume
of the solid thus formed, and the centre of pressure of the area is
found by drawing a line through the centre
of gravity of this solid perpendicular to the
area.

For a rectangular area ABCD, having the
side AB in the surface of the water, the
diagram of pressure is AEFCB, Fig. 10. The
volume of AEFCB is the whole pressure and
equals 4bd*we b being the width and d the
depth of the area.

Since the rectangle is of constant width,
the diagram of pressure may bo represented Fig. 10.
by the triangle BCF, Fig. 11, the resultant pressure acting
through its centre of gravity, and therefore at d from the surface.

B
»i
\
I
3
N | P ¥
e e
g
C F a b-Intensuty of presswre
Fwed) g o ad.
Fig. 11. Fig. 12.

For a vertical circle the diagram of pressure is as shown in
Figs. 12 and 13. The intensity of pressure ab on any strip at a
depth h, is wh,. The whole pressure is the volume of the truncated
cylinder efkh and the centre of pressure is found by drawing a
line perpendicular to the circie, through the centre of gravity
of this truncated cylinder.
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Another, and frequently a very convenient method of deter-
mining the depth of the centre of pressure, when the whole of the
area is at some distance below the surface of the water, is to
consider the pressure on the area as made up of a uniform pressure
over the whole surface, and a pressure of variablo intensity.

Take again, as an example, the vertical circle the diagrams of
pressure for which are shown in Figs. 12 and 13,

At any depth /i, the intensity of pressure on the strip ad is

why=whys + wh,.

The pressure on any strip ad is, therefore, made up of a
constant pressure per unit arca whys and a variable pressure wh, ;
and the whole pressure is equal to the volume of the cylinder efgh,
Fig. 12, together with the circular wedge fkg.

The wedge fkg is equal to the whole pressure on a vertical
circle, the tangent to which is in the free surface of the water and

equals w.A. g , and the cenire of gravity of this wedge will be at

the same vertical distance from the centre of the circle as the
centre of pressure when the circle touches the surface. The whole
pressure P may be supposed therefore to be the resultant of two
parallel forces P, and P, acting through the centres of gravity of
the cylinder efgh, and of the circular wedge fkg respectively, the
magnitudes of P, and P; being the volumos of the cylinder and
the wedge respectively.

To find the centre of pressure on the circlo AB it is only
necessary to find the resultant of two parallel forces

P.=A.why and Pi=w.A @,

of which P, acts at the centre ¢, and P, at a point ¢; which is at
a distance from A of {».

Ezxample. A masonry dam, Fig. 14,
has a height of 80 feet from the founda-
tions and the water face is inclined at
10 degrees to the vertical; find the whole
pressure on the face due to the water per
foot width of the dam, and the centre of
pressure, when the water surface is level
with the top of the dam. The atmo-
spheric pressure may be neglected.

The whole pressure will be the force
tending to overturn the dam, since the
horizontal component of the pressure !
on AB due to the atmosphere will be D u’LJ

counterbalanced by the horizontal com- p Wﬁ‘;;‘c&ult ant th .

ponents of the atmospheric pressure on
the back of the dam. Since the pressure onthe base DB and acts

on the face is normal, and the intensity az the pout K.
of pressure is proportional to the depth, Fig. 14,

L. T, 2
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the diagram of pressure on the face AB will be the triangle ABC, BC being equal
to wd and perpendicular to AB.
The centre of pressure is at the centre of gravity of the pressure diagram and is,
therefore, at } the height of the dam from the base.
The whole pressure acts perpendicular to AB, and is equal to the area ABC
=3wd?x sec 10° per foot width
=}%.62'4 x 6400 x 10154 =202750 1bs.

Combining P with W, the weight of the dam, the resultant thrust R on the base
and its point of intersection E with the base is determined.

Ezample. A vertical flap valve closes the end of a pipe 2 fect diameter; the
pressure at the centre of the pipe is equal to & head of 8 feet of water. To determine
the whole pressure on the valve and the centre of pressure, The atmospheric
pressure may be ncglected.

The whole pressure P=wnrR?. 8

=62'4.7w.8=1570 lbs.

Depth of the centre of pressure.

The moment of inertia about the free surface, which is 8 feet above the centre
of the valve, is

4
SRl T
=122 7,
130

T g0
Therefore X i 8 0%".

That ig, 2 inch below the centre of the valve,

The diagram of pressure is a truncated cylinder efkh, Figs. 12 and 13, ¢f and hk
being the intensities of pressure at the top and bottom of the valve respectively.

Example. The end of a pontoon which floats in sea water is as shown in Fig. 15.
The level WL of the water is also shown. Find the whole pressure on the end of
the pontoon and the centre of pressurc.

\VAEIS

ho—>

The whole pressure on BE
=641bs. x 10’ x 4'6’ x 2:25' = 6480 lba,
The depth of the centre of pressure of BE is &
$4.45=3".
The whole pressure on each of the rectangles above the quadrants
=w. 5=520 lbs.,

and the depth of the centre of pressure is 4 feet.

The two quadrants, since they are symmetrically placed about the vertical
centre line, may be taken together to form & semicircle, Let d be the distance
below the centre of the semicircle of any element of area, the distance of the

element below the surface being hye
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Then the intensity of pressure at depth 7,

=w.2+w.d.
.2
2
on the semicircle when the diameter is in the surface of the water,
The distance of the centre of gravity of a semicircle from the gentre of the
circle is

And the whole pressure on the sgemicircle is P=w. .2’ +the whole pressure

R
5-—1 06‘

_ 9 wrR2 é_fj
Therefore, P=wrR?+ 5 3

=201R?4 4266 R3=1256 4 666 1bs,

The depth of the centre of pressure of the semicircle when the surface of the
water is at the centre of the circle, is

patsy

8 3.r.R ’
x“_}'—'n_: %}f-*—lﬁ =147

2 3T

And, therefore, the whole pressure on the semicircle is the sum of two forces,
one of which, 1256 lbs., acts at the centre of gravity, or at a distance of 3:06’ from
AD, and the other of 666 lbs. acts at a distance of 3:47’ from AD.

Then taking moments about AD the product of the pressure on the whole area
into the depth of the centre of piessure is equal to the moments of all the forces
acting on the area, about AD. The depth of the centre of pressure is, therefore,

_ 6480 1bs. x 8"+ 320 1bs. x 2 x '+ 1256 1bs. x 3-06 + 666 lbs. x 3-47"

X 6450 + 640 + 1256 + 666

=293 feet.

EXAMPLES,

(1) A rectangular tank 12 feet long, 5 fect wide, and 5 feet deep is
filled with water.
Find the total pressure on an end and side of the tank.

(2) Find the total pressure and the centre of pressure, on a vertical
sluice, circular in form, 2 feet in diameter, the centre of which is 4 feet
below tho surface of the water. [M. S. T. Cambridge, 1901.]

(8) A masonry dam vertical on the water side supports water of
120 fcet depth. Find the pressure per square foot at depths of 20 feet and
70 feet from the surface; also the total pressure on 1 foot length of the dam.

(4) A dock gate is hinged horizontally at the bottom and supported in
& vertical position by horizontal chains at the top.

Height of gate 45 feet, width 80 ft. Depth of water at one side of the
gate 82 fcet and 20 feet on the other side. Find the tension in the chains.
Seca-water weighs 64 pounds per cubic foot.

(5) If morcury is 13} times as heavy as water, find the height of a
column corresponding to a pressure of 100 lbs. per square inch.

(6) A straight pipe 6 inches diameter has a right-angled bend connected
to it by bolts, the end of the bend being closed by a flange.

The pipe contains water at a pressure of 700 lbs. per sq. inch. Determine
the total pull in the bolts at both ends of the elbow.

2-2
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(7) 'The end of a dock caisson is as shown in Fig. 16 and the water
level is AB.
Determine the whole pressure and the centre of pressure,

........... E R e |

e 0= 40
A 40 -4 B

20'0-

k== 400 *~-+
Fig. 16.

(8) An U tube contains oil having a specific gravity of 1'1 in the lower
part of the tube. Above the oil in one limb is one foot of water, and above
the other 2 feet, Find the difference of level of the oil in the two limbs,

(9) A pressure gauge, for use in a stokehold, is made of a glass U tube
with enlarged ends, one of which is exposcd to the pressure in the stokchold
and the other connected to the outside air. The gauge is filled with water
on one side, and oil having a specific gravity of 095 on the other—the
surface of scparation being in the tube below the cnlarged ends. If the
area of the enlarged end is fifty times that of the tube, how many inches of
water pressure in the stokehold correspond to a displacement of one inch
in the surface of separation? [Lond. Un. 1906.]

(10) An inverted oil gauge has its upper U filled with oil having a
specific gravity of 07955 and the lower part of the gauge is filled with
water. The two limbs are then connected to two different points on a pipe
in which there is flowing water.

Find the difference of the pressure at the two points in the pipe when
the difference of level of the oil surfaces in the limbs of the U is
15 inches.

(11) An opening in a reservoir dam is closed by a plate 8 feet square,
which is hinged at the upper horizontal edge; the plate is inclined at an
angle of 60° to the horizontal, and its top edge is 12 feet below the surface
of the water. If this plate is opened by means of a chain attached to the
centre of the lower edge, find the necessary pull in the chain if its line of
action makes an angle of 45° with the plate, The weight of the plate is
400 pounds. [Lond. Un. 1905.]

(12) The width of a lock is 20 feet and it is closed by two gates at each
end, each gate being 12’ long.

If the gates are closed and the water stands 16’ above the bottom on one
side and 4' on the other side, find the magnitude and position of the resultant
pressure on each gate, and the pressure between the gates. Show also that
the reaction at the hinges is equal to the pressure between the gates. One
cubic foot of water=62-561bs. [Lond. Un. 1905.]



CHAPTER IL

FLOATING BODIES.

18. Conditions of equilibrium.

When a body floats in a fluid the surface of the body in
contact with the fluid is subjecct to hydrostatic pressures, the
intensity of pressure on any clement of the surface depend-
ing upon its depth below the surface. The resultant of the
vertical components of these hydrostatic forces is called the
buoyancy, and its magnitude must be exactly equal to the weight
of the body, for if not the body will either rise or sink. Again
the horizontal components of these hydrostatic forces must
be in equilibrium amongst themselves, otherwise the body will
have a lateral movement.

Tho position of ethbnum for a ﬂowtmg body is obtained
when (a) the buoyancy is exactly equal to the weight of the
body, and (b) the vertical forces—the weight and the buoyancy—
act in the same vertical line, or in other words, in such a way as
to produce no couple tending to make the body rotate.

Let G, Fig. 17, be the centre of gravity of a floating ship and
BK, which does not pass through @, the line of action of the
resultant of the vertical buoyancy forces. Since the buoyancy

Fig. 17. Fig. 18.

must equal the weight of the ship, thero are two parallel forces
each equal to W acting through G and along BK respectively,
and these form a couple of magnitude Wz, which tends to bring
the ship into the position shown in Tig. 18, that is, so that BK
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passes throngh G. The above condition () can therefore only be
realised, when the resultant of the buoyancy forces passes through
the centre of gravity of the body. If, however, the body is
displaced from this position of equilibrium, as for example a ship
at sea would be when made to roll by wave motions, there will
generally be a couple, as in Fig. 17, acting upon the body, which
should in all cases tend to restore the body to its position of
equilibrium. Consequently the floating body will oscillate about
its equilibrium position and it is then said to be in stable equi-
librium. On the other hand, if when the body is given a small
displacement from the position of equilibrium, the vertical forces
act in such a way as to cause a couple tending to increase the
displacement, the equilibrium is said to be unstable.

The problems connected with floating bodies acted upon by
forces due to gravity and the hydrostatic pressures only,
resolve themselves therefore into two,

(a) To find the position of equilibrium of the body.

() To find whether the equilibrium is stable.

19. Principle of Archimedes.

When a body floats freely in a fluid the weight of the body is
equal to the weight of the fluid displaced.

Since the weight of the body is equal to the resultant of the
vertical hydrostatic pressures, or to the bnoyancy, this principle
will be proved, if the weight of the water displaced is shown to be
equal to the buoyancy.

Let ABC, Fig. 19, be a body floating in equilibrium, AC being
in the surface of the fluid.

Al C

Fig. 19.

Consider any small element ab of the surface, of area a and
depth h, the plane of the element being inclined at any angle 6 to
the horizontal. Then, if w is the weight of unit volume of the
fluid, the whole pressure on the area a is wha, and the vertical
component of this pressure is seen to be wha cos 0,
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Imagine now a vertical cylinder standing on this area, the top
of which is in the surface AC.

The horizontal sectional area of this cylinder is a cos®, the
volume is ha cos 6 and the weight of the water filling this volume
is whacosf, and is, therefore, equal to the buoyancy on the
area ab.

If similar cylinders be imagined on all the little elements
of area which make up the whole immersed surface, the total
volume of these cylinders is the volume of the water displaced,
and the total buoyancy is, therefore, the weight of this displaced
water.

If the body is wholly immersed as in Fig. 20 and the
body is supposed to be made up of small
vertical cylinders intersecting the surface of
the body in the elements of area ab and a't’,
which are inclined to the horizontal at angles
6 and ¢ and having areas a and a, respectively,
the vertical component of the pressure on ab
will be wha cos 6 and on a'd’ will be whia, cos ¢.
But acosf must equal a,cos¢, each being Fig. 20.
equal to the horizontal section of the small cylinder. The whole
buoyancy is therefore

Swha cos 6 — Swh,a, cos ¢,

and is again equal to the weight of the water displaced.

In this case if the fluid be assumed to be of constant density
and the weight of the body as equal to the weight of the fluid
of the same volume, the body will tloat at any depth. The modern
submarine, when below the water, is an cxawmple of such a body.
Tanks can be flooded to sink the boat and emptied by pumps to
allow the boat to come to the surface. The vertical motion can
also be assisted, as the boat moves forward, by hydroplanes fixed
to the boat and the inclination of which to tho horizontal is under
control. If W is the weight of the water displaced and W, the
weight of the boat at any instant, then assuming the velocities are
small the vertical acceleration due to the difference in weight is

f= (—W—;VW‘)g ft. per sec. per sec.
1

20. Centre of buoyancy.

Since the buoyancy on any element of area is the weight of
the vertical cylinder of the fluid above this arca, and that the
whole buoyancy is the sum of the weights of all these cylinders, it
at once follows, that the resultant of the buoyancy forces must
pass through the centre of gravity of the water displaced, and this
point is, therefore, called the Centre of Buoyancy.
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21. Condition of stability of equilibrium.

Let AND, Fig. 21, be the section made by a vertical plane
containing G the centre of gravity and B the centre of buoyancy
of a floating vessel, AD being the surface of the fluid when the
centre of gravity and centre of buoyancy are in the same vertical
line,

Fig. 21. Fig. 22.

Let the vessel be heeled over about a horizonal axis, FE being
now the fluid surface, and let B, be the new centre of buoyancy,
the above vertical sectional plane being taken to contain G, B,
and B,. Draw B,M, the vertical through B,, intersccting the line
GB in M. Then, if M is above G the couple W .z will tend to
restore the ship to its original position of equilibrium, but if M is
below G, as in TFig. 22, the couple will tend to cause a further
displacement, and the ship will either topple over, or will heel over
into a new position of equilibrium.

In designing ships it is necessary that, for even large displace-
ments such as may be caused by the rolling of the vessel, the
point M shall be above G. To determine M, it is necessary to
determine G- and the centres of buoyancy for the two positions
of the floating body. This in many cases is a long and somewhat
tedious operation.

22. Small displacements. Metacentre.

‘When the angular displacement is small the point M ig called
the Metacentre, and the distance of M from G can be calculated.

Assume the angular displacement in Fig. 21 to be small and
equal to 6.

Then, since the volume displacement is constant the volume of
the wedge CDE must equal CAT, or in Fig. 23, C,C;DE must equal
C,C,AT.
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Let G, and G, be the centres of gravity of the wodges C,C;AF
and C,C,DE respectively.

The heeling of the ship has the effect of moving a mass of
water cqual to either of these wedges from G, to G,, and this
movement causes the centre of gravity of the whole water
displaced to move from B to B,.

Let Z be the horizontal distance between ; and G,, when FE
is horizontal, and S the perpendicular distance from B to B,M.

Let V be the total volume displacement, v the volume of the
wedge and w the weight of unit volume of the fluid.

Then w.v.%=w.V.S
=w.V.BM.sin6.
Or, since 6 is small, =w.V.BM.0 ..................(1).

The restoring couple is
w.V.IIG=w.V.GM.6
=w.V.(BM-BG)8
=w.v.Z2-w.V.BG.0 ...... ).

But w.v.Z=+twice the sum of the moments about the axis
C.C,, of all the elements such as acdb which make up the wedge
C.C,DE.

Taking ab as @, bf is @, and if ac is 0l, the volume of the
element is %0 .0l.

The centre of gravity of the element is at 42 from C,Cs.

3
Thorefore .0, Z=2u0 [ 54 ...
3
But, ~w3il is the Second Moment or Moment of Inertia of the

3
clement of area aceb about C.C,, and 2 [o 3dl is, therefore, the

Moment of Inertia I of the water-plane area AC,DC,; about C,C,.
Therefore IROTNY/ETT I I (:) B
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The restoring couple is then
wlf—w.V.BG.0.
If this is positive, the equilibrium is stable, but if negative it is
unstable.
Again since from (1)
wy.Z=w.V.BM.6,
therefore w.V.BM.80=wl6,

and BM=%—, T )

If BM is greater than BG the equilibrium is stable, if less than
BG it is unstable, and the body will heel over until a new position
of equilibrium is reached. If BG is equal to BM the equilibrium

is said to be neutral.
The distance GM is called the Metacentric Height, and varies

in various classes of ships from a small negative value to a positive

value of 4 or 5 feet.
‘When the metacentric height is negative the ship heels until

it finds a position of stable equilibrium. This heeling can be
corrected by ballasting.

Ezxample. A ship has a displacement of 15,400 tons, and a draught of 275 fect.
The height of the centre of buoyancy from the bottom of the keel is 15 feet.
The moment of inertia of the horizontal section of the ship at the water line
is 9,400,000 feet* units.
Determine the position of the centre of gravity that the metacentric height shall
not be less than 4 feet in sea water.
9,400,000 x 64

BM = 35100 x 9240

=171 feet.

Height of metacentre from the bottom of the keel is, thercfore, 321 feet.
As long as the centre of gravity is not higher than 06 feet above the surface of
the water, the metacentric height is more than 4 feet.

23. Stability of a rectangular pontoon.

Let RFJS, Fig. 24, be the section of the pontoon and G its
centre of gravity.

Let VE be the surface of the water when the sides of the
pontoon are vertical, and AL the surface of the water when the
pontoon is given an angle of heel 6.

Then, since the weight of water displaced equals the weight of
the pontoon, the area AFJL is equal to the area VIJE.

Let B be the centre of buoyancy for the vertical position,
B being the centre of area of VFJIE, and B, the centre of buoyancy
for the new position, B,* being the centre of area of AFJL. Then
the line joining BG- must be perpendicular to the surface VI and

* In the Fie., B, is not the centre of area of AFJL, as, for the sake of clearness,
it is further removed from B than it actually should be,
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is the direction in which the buoyancy force acts when the sides
of the pontoon are vertical, and ;M perpendicular to AL is the
direction in which the buoyancy force acts when the pontoon is
heeled over through the angle 6. M is the metacentre.

S
-e—«———-b——————-)
M
1C— ‘K I
I~ EE M K F
O g g
A
f B ______ \
T

F J
Vig. 24.

The forces acting on the pontoon in its new position are, W the
weight of the pontoon acting vertically through G and an equal and
parallel buoyancy force W through B,.

There is, therefore, a couple, W.HG, tending to restore the
pontoon to its vertical position.

If the line B,H were to the right of the vertical through G, or
in other words the point M was below G, the pontoon would be in
unstable equilibrium.

The new centre of buoyancy B, can be found in several ways.
Tho following is probably the simplest.

The figure AFJL is formed by moving the triangle, or really
the wedge-shaped piece CEL to CVA, and thercfore it may be
imagined that a volume of water equal to the volume of this wedge
is moved from G, to G;. This will cause the centre of buoyancy
to move parallel to G, to a new position B,, such that

BB, x weight of pontoon = GG, x weight of water in CEL.

Lot b be half the breadth of the pontoon,

{ the length,
D the depth of displacement for the upright position,
d the length LE, or AV,
and  w the weight of a cubic foot of water.
Then, the weight of the pontoon
W=2b.D.l.w

and the weight of the wedge CLE = bg x [, .
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Therefore BB,.2b.D= _(_}_lﬂgb_o_l ,
and BB, = % GG,

Resolving BB, and GG, which are parallel to each other, along
and perpendicular to BM respectively,

_d _a (2 bd _b*tan 6
BIQ‘ZEGIKWD(:;Q) 3D= 8D *
Q G _dd_& Vit

GK=3D2% 6D~ 6D

To find the distance of the point M from G and the value of the
restoring couple. Since B,M is perpendicular to AL and BM to
VE, the anglo BMB, equals 6

and B,P=B,

Therefore QM =B,Q cot 0= bd cot 0 = b
3D 3D’
Let z be the distance of the centre of gravity G from C.
Then QG=QC-2=BC-BQ -2
_D_?0tan’6 _
2 6D
Therefore 2D 1 tantd
GM=QM-QG=35-5+— 6D T *
And sinco HG =GM sin 6,
the righting couple,

2
W.HG= W81n0<3bD 12) bag}; +z).

The distance of the metacentre from the point B, is

b? 0
QM +QB =B,Q cot 6 + ‘g}’;
B b tan 6

=3D* 6D °
When 6 is small, the term containing tan?#é is negligible, and
b2
BM = 555-

This result can be obtained from formula (4) given in
scction 22.
I for the rectangle is ;I (2b)° = $1b?, and V =2bDL.

b?
Therefore BM = 30"

If BG is known, the metacentric height can now be found.
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Ezample. A pontoon has a displacement of 200 tons. Its length is 50 feet.
The centre of gravity 1s 1 foot above the centre of area of the cross section. Find
the breadth and depth of the pontoon so that for an angular displacement of 10 degrees
the metacentre shall not be less than 3 feet from the centre of giavity, and the free-
board shall not be less than 2 feet.

Referring to Fig. 24, G is the centre of gravity of the pontoon and O is the
centre of the cross section RJ. .

Then, GO =1 foot,

Fy=2 feet,

GM =3 feet,

Let D be the depth of displacement, Then
D x 20 x 62°4 x 50 1bs. =200 tons x 2240 Ibs,

Therefore B B P 1.
The height of the centre of buoyancy B above the bottow of pontoon is
B1=4D.
Since the frce-board is to be 2 fect,
OT=%(D+2).
Then BO=!’ and BG=2.
Therefore BM=5"
But BM=QM+BQ
2 2 2
Multiplying numerator and denominator by b, and substituting fiom equation (1)
¥ 3tan?
s+ =5
from which b3 (24 (°176)%) =5 x 429,
therefore =101 it.,
and D=171ft.,
The breadth B=20-2 ft.} 4
,» depth = T1ft. *

24. Stability of a floating vessel containing water.

If a vessel contains water with a free surface, as for instance
the compartments of a floating dock, such as is described on page
81, the surface of the water in these compartments will remain
horizontal as the vessel heels over, and the centre of gravity of
the water in any compartment will change its position in such
a way as to increase the angular displacement of the vessel.

In considering the stability
of such vessels, therefore, the
turning moments due to the
water in the vessel must bo
taken into account.

As a simple case consider
the rectangular vessel, Fig. 25,

. O __. —v\
which, when its axis is vertical,

floats with the plane AB in the Fig. 25.

e\ b
};w\
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surface of the fluid, DE being the surface of the fluid in the
vessel.

When the vessel is heeled through an angle 6, the surface of
fluid in the vessel is KH.

The effect has been, therefore, to move the wedge of fluid OTIL
to ODK, and the turning couple due to this movement is w.v.Z,
v being the volume of either wedge and Z the distance between
the centre of gravity of the wedges.

If 25 is the width of the vesscl and I its length, v s  tan 6.

If 6 is small wrZ is equal to w16, I being the moment of inecrtia
of the water surface KH about an axis through O, as shown in
section 22,

For the same width and length of water surface in the
compartment, the turning couple is the same wherever the
compartment is situated, for the centre of gravity of the wedge
OHE, Fig. 26, is moved by the same amount in all cases.

If, therefore, there are free {luid surfaces in the floating vessel,
for any small angle of heel 6, the tippling-moment due to these
surfaces is 2wld, I being in all cases the moment of inertia of the
fluid surface about its own axis of oscillation, or the axis through
the centre of gravity of the surface.

___Q,z_f/,K
o |

Fig. 26. Fig. 27.

j=efi )

25. Stability of a floating body wholly immersed.

It has already been shown that a floating body wholly im-
mersed in a fluid, as far as vertical motions are concerned, can
only with great difficulty be maintained in equilibrium.

If further the body is made to roll through a small angle, the
equilibrium will be unstable unless the centre of gravity of the
body is below the centre of buoyancy. This will be seen at once
on reference to Fig. 27. Since the body is wholly immersed the
centre of buoyancy cannot change its position on the body itself,
as however it rolls the centre of buoyancy must be the centre of
gravity of the displaced water, and this is not altered in form by
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any movement of the body. If, therefore, G is above B and the
body be given a small angular displacement to the right say, G-
will move to the right relative to B and the couple will not restore
the body to its position of equilibrium.

On the other hand, if G is below B, the couple will act so as to
bring the body to its position of equilibrium,

26. Floating docks.

Figs. 28 and 29 show a diagrammatic outline of the pontoons
forming a floating dock, and in the section is shown the outline of
a ship on the dock.

e rasimma. g8 A'..-...yig

Wi

L it B ]

Fig. 29.

To dock a ship, the dock is sunk to a sufficient depth by
admitting water into compartments formed in the pontoons, and the
ship is brought into position over the centre of the dock.

Water is then pumped from the pontoon chambers, and the
dock in consequence rises until the ship just rests on the keel
blocks of the dock. As more water is pumped from the pontoons
the dock rises with the ship, which may thus be lifted clear of
the water.

Let G, be the centre of gravity of the ship, G of the dock and its
water ballast and G the centre of gravity of the dock and the
ship.

I')I‘he position of the centre of gravity of the dock will vary
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relative to the bottom of the dock, as water is pumped from the
pontoons.

As the dock is raised care must be taken that the metacentre
is above G or the dock will “list.”

Suppose the ship and dock are rising and that WL is the
water line.

Let B; be the centre of buoyancy of the dock and B, of the
portion of the ship still below the water line.

Then if V, and V, are the volume displacements below
the water line of the ship and dock respectively, the centre of
buoyancy B of the whole water displaced divides B,B,, so that

BB, _7V,
BB, V;'

The centre of gravity G of the dock and the ship divides G,G,
in the inverse ratios of their weights.

As the dock rises the centre of gravity G of the dock and the
ship must be on the vertical through B, and water must be
pumped {rom the pontoons so as to fulfil this condition and as
nearly as possible to keep the deck of the dock horizontal.

The centre of gravity G, of the ship is fixed, while the centre of
buoyancy of the ship B, changes its position as the ship is raised.

The centre of buoyancy B, of the dock will also be changing,
but as the submerged part of the dock is symmetrical about its
centre lines, B, wil only move vertically. As stated above, B
must always lie on the line joining B, and By, and as G is to be
vertically above B, the centre of gravity Gy and the weight of
the pontoon must be altered by taking water from the various
compartments in such a way as to fulfil this condition.

Quantity of water to be pumped from the pontoons in raising the
dock. Lot V be the volume displacement of the dock in its lowest
position, V, the volume displacement in its highest position. To
raise the dock without a ship in it the volume of the water to be
pumped from the pontoons is V-V,.

If, when the dock is in its highest position, a weight W is put
on to the dock, the dock will sink, and a further volume of water

%{ cubic fect will be required to be taken from the pontoons to

raise the dock again to its highest position.
To raise the dock, therefore, and the ship, a total quantity of

water
!V"‘ + V - Vq
w

cubic feet will have to be taken from the pontoons.
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Example. A floating dock as shown dimensioned in Fig. 28 is made up of a
bottom pontoon 540 feet long x 96 feet wide x 14:75 feet deep, two side pontoons
380 feet long x 13 feet wide x 48 feet deep, the bottom of these pontoons being
2 feet above the bottom of the dock, and two side chambers on the top of the
bottom pontoon 447 feet long by 8 feet deep and 2 feet wide at the top and 8 feet at
the bottom. The keel blocks may be taken as 4 feet deep.

The dock is to lift a ship of 15,400 tons displacement and 27’ 6” draught,
Determine the amount of water that must be pumped from the dock, to raise
the ship so that the deck of the lowest pontoon is in the water surface.
When the ship just takes to the keel blocks on the dock, the bottom of the
dock i8 27-5'+14:75' 4+ 4'=4625 feet below the water line.
The volume displacement of the dock is then
14-75 x 540 x 96 4 2 x 44:25 x 13 x 380 + 447 x 8 x 5'=1,219,700 cubio feet,
The volume of dock displacement when the deck is just awash is
540 x 96 x 14:75 + 2 x 880 x 13’ x (1475 — 2)=890,600 cubio feet.
The volume displacement of the ship is
15,400 x 2240
64
and this equals the weight of the ship in cubic feet of water.
Of the 890,600 cubic feet displacement when the ship is clear of the water,
351,600 cubic feet is therefore required to support the dock alone.
Simply to raise the dock through 315 feet the amount of water to be pumped is
the difference of the displacements, and is, therefore, 329,100 cubic feet.
To raise the ship with the dock an additional 539,000 cubic feet must be
extracted from the pontoons.
The total quantity, therefore, to be taken from the pontoons from the time the
ship takes to the keel blocks to when the pontoon deck is in the surface of the

water is
868,100 cubic feet =24,824 tons.
27. Stability of the floating dock.

As some of the compartments of the dock are partially filled
with water, it is necessary, in considering the stability, to take
account of the tippling-moments caused by the movement of the
free surface of the water in these compartments.

If G is the centre of gravity of the dock and ship on the
dock, B the centre of buoyancy, I the moment of inertia of the
section of the ship and dock by the water-plane about the axis of
oscillation, and I,, I, etc. the moments of inertia of the water
surfaces in the compartments about their axes of oscillation, the

righting moment when the dock receives a small angle of
heel 6, is

=539,000 cubic feet,

wlf—-w (V,+Vy) BGO-wd (I, +1, +...).

The moment of inertia of the water-plane section varies
considerably as the dock is raised, and the stability varies
accordingly.

When the ship is immersed in the water, I is equal to the
moment of inertia of the horizontal section of the ship at the
water surface, together with the moment of inertia of the
horizontal section of the side pontoons, about the axis of
oscillation O.

L. H. 3
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When the tops of the keel blocks are just above the surface
of the water, the water-plane is only that of the side pontoons,
and I has its minimum value. If the dock is L-shaped as in
Fig. 80, which is a very convenient form
for some purposes, the stability when
the tops of the keel blocks come to the
surface simply depends upon the moment
of inertia of the area AB about an axis Al _[B\
through the centre of AB. This critical
point can, howcver, be eliminated by
fitting an air box, shown dotted, on the
outer end of the bottom pontoon, the
top of which is slightly higher than the top of the keel blocks.

Ezample. To find the height of the metacentre above the eentre of buoyancy of
the dock of I'ig. 28 when

(a) the ship just takes to the keel blocks,

b) the keel i8 just clear of the water,
¢) the pontoon deck is just above the water.

Take the moment of inertia of the horizontal section of the ship at the
water line as 9,400,000 ft.* units, and assume that the ship is symmetrically
placed on the dock, and that the dock deck is horizontal. The horizontal distance
between the centres of the side tanks is 111 ft.

(a) Total moment of inertia of the horizontal section is

9,400,000 + 2 (380 x 18’ x 5557 + v x 380 x 13%)=9,400,000 + 30,430,000 + 139,000.
The volume of displacement
= 539,000 + 1,219,700 cubic fect.
The height of the molacentre above the centre of buoyancy is therefore
39,969,000 _ .
BM= 1758,700 = 22°7 feet.

(b) When the keel is just clear of the water the moment of inertia is
30,569,000,
The volume displacement is

540 x 96 x 14-75+ 380 x 2 x 13 x (14:75+4 - 2)
=930,000 cubic feet.
Therefore BM =232-8 fect.
(¢) When the pontoon deck is just above the surface of the water,
1=230,569,000 + ¢ x 540’ x 963

L...-.-._-r‘

Fig. 30.

=170,269,000.
The volume displacement is 890,600 cubioc fect.
Therefore BM =798 feet.

The height of the centre of buoyancy above the bottom of the dock can be
determined by finding the centre of buoyancy of each of the parts of the dock, and
of the ship if it is in the water, and then taking moments about any axis,

For example. To find the height % of the centre of buoyancy of the dock and
the ship, when the ship just comes on the keel blocks,

The centre of buoyancy for the ship is at 15 feet above the bottom of the keel.

The centre of buoyancy of the bottom pontoon is at 7875’ from the bottom.

’ ’ v »»  side pontoons ,, 24:125

” ” ” ” s» Chambers 5 1794 ”
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Taking moments about the bottom of the dock
h (540,000 + 437,000 + 765,000 + 35,760)
= 540,000 x 33:75+ 765,000 x 7-375
+ 437,000 x 24:125 + 35,760 x 1795,
therefore h=19-7 feet.

For case (a) the metacentre is, thercfore, 40-3’ above the bottom of the giock.' If
now the centre of gravity of the dock and ship is known the metacentric height
can be found.

EXAMPLES.

(1) A ship when fully loaded has a total burden of 10,000 tons. Find
tho volume displacement in sea water.

(2) Tho sides of a ship are vertical near the water linc and the area of
the horizontal scction at the water line is 22,000 sq. feet. The total weight
of the ship is 10,000 tons when it leaves the river dock.

Find the difference in draught in the dock and at sea after the weight
of the ship has been reduced by consumption of coal, cte., by 1500 tons.

Let 0 be the difference in draught.

Then 0 x 22,000=the difference in volume displacement

10,000 x 2240 8500 % 2240
TTe24as 0 64
=61300 cubic fect.

Therefore  0=2-78 feet.

(8) The moment of inertia of the section at the water line of a boat
is 1200 foot* units; the weight of the boat is 11'5 tons.
Determine the height of the metacentre above the centre of buoyancy.

(4) A ship has a total displacement of 15,000 tons and a draught of
27 feet.

When the ship is lifted by a floating dock so that the depth of the bottom
of the keel is 16°5 feet, the centre of buoyancy is 10 feet from the bottom of
the keel and the displacement is 9000 tons.

The moment of inertia of the water-plane is 7,600,000 foot* units.

The horizontal section of the dock, at the plane 16'5 feet above the
bottom of the keel, consists of two rectangles 880 feet x 11 feet, the distance
apart of the centre lines of the rcctangles being 114 feet.

The volume displacement of the dock at this level is 1,244,000 cubic feet.

The centre of buoyancy for the dock alone is 24:75 feet below the surface
of the water.

Determine (a) Tho centre of buoyancy for the whole ship and the dock.

(b) The height of the metacentre above the centre of buoyancy.

(6) A rectangular pontoon 60 feet long is to have a displacement of
220 tons, a free-board of not less than 3 feet, and the metacentre is not to
bo less than 8 feet above the centre of gravity when the angle of heel
is 15 degrecs. The centre of gravity coincides with tho centre of figure.

Find the width and depth of the pontoon.

3—2
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(6) A rectangular pontoon 24 feet wide, 50 feet long and 14 feet deep,
has a displacement of 180 tons.

A vertical diaphragm divides the pontoon longitudinally into two
compartments each 12 feet wide and 50 feet long. In the lower part
of each of these compartments there is water ballast, the surface of the
water being free to move.

Determine the position of the centre of gravity of the pontoon that it
may be stable for small displacements.

(7) Define “metacentric height” and shiow how to obtain it graphically
or otherwise. A ship of 16,000 tons displacement is 600 feet long, 60 feet
beam, and 26 feet draught. A cocfficient of 5% may be taken in the moment
of inertia term instcad of ¢, to allow for the water-line section not being
a rectangle. The depth of the centre of buoyancy from the water line is
10 feet. Find the height of the mctacentre above the water line and
determinc the position of the centre of gravity to give a metacentric height
of 18 inches. [Lond. Un. 1906.]

(8) The total weight of a fully loaded ship is 5000 tons, the water line
encloses an area of 9000 square feet, and the sides of the ship are vertical
at the water line. The ship was loaded in frcsh water. Find tho change
in the depth of immersion aftor the ship has been sufficiently long at sca to
burn 500 tons of coal.

Weight of 1 cubic foot of fresh water 62} 1bs.

Weight of 1 cubic foot of salt water 64 lbs.
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FLUIDS IN MOTION.

28. Steady motion.

The motion of a fluid is said to be steady or permanent, when
the particles which succeed each other at any point whatever
have the same density and velocity, and are subjected to the same
pressure. )

In practice it is probably very seldom that such a condition of
flow is absolutely realised, as even in the case of the water flowing
steadily along a pipe or channel, except at very low velocities, the
velocities of succeeding particles of water which arrive at any
point in the channel, are, as will be shown later, not the same
either in magnitude or direction.

For practical purposes, however, it is convenient to assume
that if the rate at which a fluid is passing through any finite area
i8 constant, then at all points in the area the motion is steady.

For example, if a section of a strcam be taken at right angles
to the direction of flow of the stream, and the mean rate at which
water flows through this section is constant, it is convenient
to assume that at any point in the section, the velocity always
remains constant both in magnitude and direction, although the
velocity at different points may not be the same.

Mean velocity. 'The mean velocity through tho section, or the
mean velocity of the stream, is equal to the quantity of flow per
unit time divided by the area of the section,

29. Stream line motion.

The particles of a fluid in motion are frequently regarded as
flowing along definite paths, or in thread-like filaments, and when
the motion is steady these filaments are supposed to be fixed in
position. In a pipe or channel of constant section, the filaments
are generally supposed to be parallel to the sides of the channel.
It will be seen later that such an ideal condition of flow is only
realised in very special cases, but an assumption of such flow if
not abused is helpful in connection with hydraulic problems.
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30. Definitions relating to flow of water.

Pressure head. The pressure head at a point in a fluid at rest
has been defined as the vertical distance of the point from the free

surface of the fluid, and is equal to £, where p is the pressure per
w

sq. foot and w is weight per cubic foot of
the fluid. Similarly, the pressure head at
any point in a moving fluid at which the

pressure is p lbs. per sq. foot, is 5 feet,

and if a vertical tube, called a piezometer
tube, Fig. 81, be inserted in the fluid, it
will rise in the tube to a height A, which
equals the pressure hcad above the atmo-
spheric pressure. If p is the pressure per
sq. foot, above the atmospheric pressure,

Datum ! Level
Fig. 31.

h= g, but if p is the absolute pressure per —

8q. foot, and p, the atmospheric pressure,

D_Pa,p,
wow
Velocity head. If through a small area around the point B,
the velocity of the fluid is v feet per second, the velocity head is
2
127_9 , ¢ being the acceleration due to gravity in fcet per second per
second.
Position head. If the point B is at a height z feet above any
convenient datum level, the position head of the fluid at B above
the given datum is said to be z feet.

3l. Energy per pound of water passing any section in
a stream line.

The total amount of work that can be obtained from every
pound of water passing the point B, Fig. 81, assuming it can fall to
the datum level and that no energy is lost, is

2
DY gt 1bs.
w29
Proof. Work available due to pressure head. That the work
which can be done by the pressure head per pound is Z—Z foot

pounds can be shown as follows.
Imagine a piston fitting into the end of a small tube of cross
sectional area a, in which the pressure i8 h feet of water as in
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Fig. 32, and let a small quantity 0Q cubic feet of water enter the
tube and move the piston through a small dis-
tance dz.

Then 0Q=a.0z.

The work done on the piston as it enters
will be

w.h.a.0z=w.hiQ.

But the weight of 0Q) cubic feet is w.0Q pounds, Fig. 32.
and the work done per pound is, therefors, &, or —5—) foot pounds.

A pressure head h is therefore equivalent to & foot pounds of
energy per pound of water.

Work available due to velocity. When a body falls through
a height h feet, the work done on the body by gravity is h foot
pounds per pound. It is shown in books on mechanics that if the
body is allowed to fall freely, that is without resistance, the
velocity the body acquires in feet per second is

v=/2gh,
0
or %—h.

And since no resistance is offered to the motion, the whole of
the work done on the body has been utilised in giving kinetic

,U‘.!
2g‘ ft.1bs.
In the case of the fluid moving with velocity v, an amount of
2
energy equal to ;-)5 foot pounds per pound is therefore available

energy to it, and therefore the kinetic energy per pound is

before the velocity is destroyed.

Work available due to position. If a weight of one pound
falls through the height 2z the work done on it by gravity will be
z foot pounds, and, therefore, if the fluid is at a height 2 feet above
any datum, as for example, water at a given height above the
sea level, the available energy on allowing the fluid to fall to
the datum level is z foot pounds per pound.

32. Bernoulli’'s theorem.

In a steady moving stream of an incompressible fluid in which
the particles of fluid are moving in stream lines, and there is no
loss by friction or other causes

p, v

o 5 +z
is constant for all scctions of the stream. This is a most important
theorem and should be carefully studied by the reader.



40 HYDRAULICS

It has been shown in the last paragraph that this expression
represents the total amount of encrgy per pound of water flowing
through any section of a stream, and since, between any two
points in the stream no energy is lost, by the principle of the
conservation of energy it can at once be inferred that this
expression must be constant for all sections of a steady flowing
stream. A more general proof is as follows.

Let DL, Fig. 33, be the path of a particle of the fluid.

T
-i- ¥
% 4
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] @ + I
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e

Fig. 33.

Imagine a small tube to be surrounding DE, and let the flow
in this be steady, and let the sectional area of the tube be so small
that the velocity through any section normal to DE is uniform.

Then the amount of fluid that flows in at D through the area
AB equals the amount that flows out at E through the area CF.

Let pp and vp, and pg and vg be the pressures and velocities at
D and E respectively, and A and a the corresponding areas of the
tube.

Let z be the height of D above some datum and 2, the height
of K.

Then, if a quantity of fluid ABA;B, equal to 0Q enters at D,
and a similar quantity CFC,F, leaves at LI, in a time 0¢, the
velocity at D is

0
=T
. . 0Q
and the velocity at E is V= g

The kinetic energy of the quantity of fluid 0Q entering at D
- vy’
w.0Q. 99 ?
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and that of the liquid leaving at B
. 5t
=w.0Q. 2'; .
Since the flow in the tube is steady, the kinetic energy of the
portion ABCF does not alter, and therefore the increase of the
kinetic energy of the quantity 0Q

= ﬂé_;@ . ('an - ’Upa).

The work done by gravity is the same as if ABB;A, fell to
CFF,C, and therefore equals
w.0Q (z - 2).
The total pressure on the area AB is p, . A, and the work done

at D in time 0¢
= pp Avp 0t =pp 0Q,
and the work done by the pressure at Ii in time 8¢
=—pgavg 't =— pgoQ.
But the gain of kinetic energy must equal the work done, and
therefore

MY (st - 0 = wdQ (2 %) + pu Q- p20Q.

From which

vy Up_ Pn _ Pe
S m =g —g il — 2
29 29 w W
2 2
v : v
or Ve Pe ., U PO, constant.
29 w 29w

From this theorem it is seen that, if at points in a steady
moving stream, a vertical ordinate equal to the velocity head plus
the pressure head is erected, the upper extremities of these
ordinates will be in the same horizontal plane, at a height H

2
equal to %+ ;’7} +z above the datum level.

Mr Froude* has given some very beautiful experimental illus-
trations of this theorem.

In Fig. 34 water is taken from a tank or rcservoir in which
the water is maintained at a constant level by an inflowing
stream, through a pipe of variable diameter fitted with tubes
at various points. Since the pipe is short it may be supposed to
be frictionless. If the end of the pipe is closed the water will rise
in all the tubes to the same level as the water in the reservoir, but
if the end C is opened, water will flow through the pipe and the
water surfaces in tho tubes will be found to be at different levels,

* Dritish Assoc. Report 1875,
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The quantity of water flowing per second through the pipe can be
measured, and the velocities at A, B, and C can be found by
dividing this quantity by the cross-sectional areas of the pipe at
these points,

If to the head of water in the tubes at A and B the ordinates
2 2
12% and 32% be added respectively, the upper extremities of these
ordinates will be practically on the same level and nearly level
with the surface of the water in the reservoir, the small difference
being due to frictional and other losses of energy.

At C the pressure is equal to the atmospheric pressure, and
neglecting friction in the pipe, the whole of the work done by
gravity on any water leaving the pipe while it falls from the
surface of the water in the reservoir through the height H, which
is H ft. Ibs. per pound, is utilised in giving velocity of motion to
the water, and, as will be seen later, in setting up internal motions.

Neglecting these resistances,

Due to the neglected losses, the actual velocity measured will be
less than vg as calculated from this equation.

If at any point D in the pipe, the sectional area is less than the
area at C, the velocity will be greater than v, and the pressure
will be less than the atmospheric pressure. .

If v is the velocity at any section of the pipe, which is supposed
to be horizontal, the absolute pressure head at that section is

P_Pa, g ¥ _pa, v o

wow BTy Yoy gy
Pa being the atmospheric pressure at the surface of the water in
the reservoir.

At D the velocity vp is greater than vo and therefore Pp 18 less
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than p,. If coloured water be put into the vessel E, it will rise in
the tube DE to a height

by =P _ Py _ oo’ _ V¢’
w w29 2¢°

If the area at the section is so small, that p becomes negative, the
fluid will be in tension, and discontinuity of flow will take place.

If the fluid is water which has been exposed to the atmosphere
and which consequently contains gases in solution, these gases
will escape from the water if the pressure becomes less than the
tension of the dissolved gases, and there will be discontinuity even
before the pressure becomes zero.

Figs. 35 and 36 show two of Kroude’s illustrations of the

theorem.

Fig. 35. Fig. 36.

At the section B, Fig. 86, the pressure head is kg and the
velocity head is

U g
5 h-lhy=H.

If a is the section of the pipe at A, and a; at B, since there

is continuity of flow,
VA.A=Vg. 0,

vA* o _
and 2g+hA—2g+hn—h-
If now a is made so that
oA’ _ h
29 7

the pressure head ks becomes equal to the atmospheric pressure,
and the pipe can be divided at A, as shown in the figure.
Professor Osborne Reynolds devised an interesting experiment,
to show that when the velocity is high, the pressure is small.
He allowed water to flow through a tube § inch diameter
under a high pressure, the tube being diminished at one section to
0'05 inch diameter.
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At this diminished scction, the velocity was very high and the
pressure fell so low thut the water boiled and made a hissing
noise.

33. Venturi meter.

An application of Bernoulli’s theorem is found in the Venturi
meter, as invented by Mr Clemens Herschel*. The meter takes
its name from an Italian philosopher who in the last decade of the
1Eth century made experiments upon the flow of water through
conical pipes. In its usual form the Venturi meter consists of two
truncated conical pipes connected together by a short cylindrical
pipe called the throat, as shown in Figs. 87 and 38. The meter is
inserted horizontally in a line of piping, the diameter of the large
ends of the frustra being equal to that of the pipe.

Piczometer tubes or other pressure gauges are connected to
the throat and to one or both of the large ends of the cones.

Let a be the area of the throat.

Let a, be the area of tho pipe or the large end of the cone
at A.

Let a; be the area of the pipe or the large end of the cone
at C.

Let p be the pressure head at the throat.

Let p, be the pressure head at the up-stream gauge A.

Let p, be the pressure head at the down-stream gauge C.

Let H and H, be the differences of pressure head at the throat
and large ends A and C of the cone respectively, or

H=2_-2,

w  w’

and H=2-2,
w w'

Let Q be the flow through the meter in cubic feet per sec.

Let v be the velocity through the throat.

Let v, be the velocity at the up-stream large end of cone A.
Let v, be the velocity at the down-stream large end of cone C.
Then, assuming Bernouilli’s theorem, and neglecting friction,

P Y T Sy & )

2g w 29 w Zg
and m=Y-Y,
29
If v, is equal to vy, p, is theoretically equal to p,, but there is
always in practice a slight loss of head in thie meter, the difference

p_';Q? being equal to this loss of head.

* T'ransactions Am.S.C.E., 1887.
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Due to friction, and eddy motions that may be set up in the
meter, the discharge is slightly less than this theoretical value, or

Q =. %%;Jgg—ﬁ,......m............(1)

*% being a coefficient which has to be determined by experiment.
For meters having a throat diameter not less than 2 inches and for
pipe line velocities not less than 1 foot per second a value of 0°985
for & will probably give discharges within an error of from 2 to 25
per cent. For smaller meters and lower velocities the error may
be considerable and special calibrations are desirable.

For a meter having a diametcr of 255 inches at the throat and
54 inches at the large end of the cone, Herschel found the
following values for k, given in Table III, so that the coefficient
varies but little for a large variation of H.

TABLE IIL
Herschel Coker
Discharge
H feet k n cu. ft. k
1 995 ‘0418 9494
2 992 ‘0319 ‘9587
6 985 ‘0254 9572
12 9785 ‘0185 *9920
18 977 ‘0096 1-2021
23 970 0084 1-3583

Professor Coker*, from carcful experiments on an exceedingly
well designed small Venturi meter, Fig. 38, the area of the throat
of which was ‘014411 sq. feet, found that for small flows the
coefficient was very variable as shown in Table IIL

Theso results show, as pointed out by Professor Coker from an
analysis of his own and Herschel’s experiments on meters of
various sizes, that in large Venturi meters, the discharge is very
approximately proportional to the square root of the head, but for
small meters it only follows this law for high heads.

Exampt‘.' A Venturi meter having a diameter at the throat of 36 inches is
ingerted in a 9 foot diameter pipe.

The pressure head at the throat gauge is 20 feet of water and at the pipe gauge
is 26 feet,

* See paper by Gibson, Proc. Inst. C.E. Vol. oxcix.
t Canadian Society of Civil Engineers, 1902,
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Find the discharge, and the velocity of flow through the throat.
The area of the pipe is 635 sq. feet.

' throat 7°05 '
The difference in pressure head at the two gauges is 6 feet.

Therefore Q= @__j:(___l_:o__é_
NB351- 7052
=44 /386
=137 o. ft. per second.
The velocity of flow in the pipe is 215 ft. per scc.
» . through the throat is 19-4 ft. per sec.

34. Steering of canal boats.

An interesting application of Bernoulli’s theorem is to show
the effect of speed and position on the steering of a canal boat.

When a boat is moved at a high velocity along a narrow
and shallow canal, the boat tends to leave behind it a hollow
which is filled by the water rushing past the boat as shown
in Figs. 39 and 40, while immediately in front of the boat the
impact of the bow on the still water causes an increase in the
pressure and the water is “piled up” or is at a higher level than
the still water, and what is called a bow wave is formed.

Fig. 39. Fig. 41.

'

N2%x322%6

Fig. 40.

Let it be assumed that the water moves past the boat in
stream lines.
If vertical sections are taken at K and F, and the points E and
F are on the same horizontal line, by Bcrnoulli’s theorem
PE _ DPr .
o 29 w + 5y Zg
At E the water is practlcally at rest, and therefore vy is
zero, and
Pe _ PF
w 29
The surface at B will therefore be higher than at F.
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When the boat is at the centre of the canal the stream lines on
both gides of the boat will have the same velocity, but if the boat
is nearer to one bank than the other, as shown in the figures, the
velocity vy of the stream lines between the boat and the nearer
bank, Fig. 41, will be higher than the velocity vz on the other
side. But for each side of the boat

Pe_pr, V¢ _Pr ve?
woow 2g w 29"

And since vy is greater than vp, the pressure head pp is
greater than pp, or in other words the surface of the water at
the right side D of the boat will be higher than on the left side B.

The greater pressure on the right side D tends to push the
boat towards the left bank A, and at high speeds considerably
increases the difficulty of steering.

This difficulty is diminished if the canal is made sufficiently
deep, so that flow can readily take place underneath the boat.

35. Extension of Bernoulli’s theorem.

In deducing this theorem it has been assumed that the fluid
is a perfect fluid moving with steady motion and that there are no
losses of energy, by friction of the surfaces with which the fluid
may be in contact, or by the relative motion of consecutive ele-
ments of the fluid, or due to internal motions of the fluid.

In actual cases the value of

P
w' 2g

2
+2

diminishes as the motion procceds.

If hy is the loss of head, or loss of energy per pound of fluid,
between any two given points A and B in the stream, then more
generally

Pa =Dn Vs
" +2g+z“ +2g +28+ Py veerivnnennnnn (1)
EXAMPLES.

(1) The diameter of the throat of a Venturi meter is § inch, and of
the pipe to which it is connected 1§ inches. The discharge through the
meter in 20 minutes was found to be 314 gallons.

The difference in pressure head at the two gauges was 49 feet.
Determine the coefficient of discharge.

(2) A Venturi meter has a diameter of 4 ft. in the large part and
1-25 ft. in the throat. With water flowing through it, the pressure head is
100 ft. in the large part and 97 ft. at the throat. Find the velocity in the
small part and the discharge through the meter, Cocfficient of meter
taken as unity.
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(8) A pipe AB, 100 ft. long, has an inclination of 1 in 5. The head due
to tho pressure at A is 45 ft., tho velocity is 8 ft. por second, and the section
of the pipe is 8 sq. ft. Find the head due to the pressurc at B, where the
section is 1} sq. ft. Talko A as the lower end of the pipe.

(4) The suction pipe of a pump is laid at an inclination of 1 in 5, and
water is pumped through it at 6 ft. per second. Suppose the air in the
water is disengaged if the pressure falls to more than 10 lbs. below
atmospheric pressure. Then deduce the grcatest practicable length of
suction pipe. Friction neglected.

(6) Water is delivered to an inward-flow turbine under a head of 100 feet
(see Chapter IX). The pressure just outside the whcel is 25 lbs. per
sq. inch by gauge.

Find the velocity with which the water approaches the wheel. Friction
neglected.

(6) A short conical pipe varying in diameter from 4’ 6” at the large end
to 2 feet at the small end forms part of a horizontal water main. The
pressure head at the large end is found to be 100 feet, and at the small end
965 feeti.

Find the discharge through the pipe. Coefficient of discharge unity.

(7) Three cubic feet of water per second flow along a pipe which as it
falls varies in diameter from 6 inches to 12 inches. In 50 feet the pipe
falls 12 feet. Due to various causes there is a loss of head of 4 feet.

Find (a) the loss of energy in foot pounds per minute, and in horse-
power, and the difference in pressure head at the two points 50 feet apart.

(Use equation 1, section 85.)

(8) A horizontal pipe in which the sections vary gradually has sections
of 10 square feet, 1 square foot, and 10 square feet at sections A, B, and C.
The pressure head at A is 100 fect, and the velocity 8 feet per second.
Find the pressure head and velocity at B.

Given that in another case the difference of the pressure heads at A
and B is 2 feet. Find the velocity at A.

(9) A Venturi meter in a water main consists of a pipe converging to
the throat and enlarging again gradually. The section of main is 9 sq. £t.
and the area of throat 1 sq. ft. The difference of pressure in the main and
at the throat is 12 feet of water. Find the discharge of the main per hour.

(10) If the inlet area of a Venturi meter is n times the throat area, and
v and p are the velocity and pressure at the throat, and the inlet pressure

is mp, show that—
nP_(1-1\ ¥
(m—1) w (1 ng) 2g
and show that if p and mp are observed, v can be found,

(11) Two sections of a pipe have an area of 2 sq. ft. and 1 sq. ft.
respectively. The centre of the first section is 10 feet higher than that of
the second. The pressure head at each of the sections is 20 feet. Find
the energy lost per pound of flow between the two sections, when 10 . ft.
of water per sec. flow from the higher to the lower section.

L. H, 4



CITAPTER T1V.

FLOW OF WATER THROUGH ORIFICES AND
OVER WEIRS.

36. Flow of fluids through orifices.

The general theory of the discharge of fluids through orifices,
as for example the flow of steam and air, presents considerable
difficulties, and 1s somewhat outside the scope of this treatise.
Attention is, therefore, confined to the problem of determining the
quantity of water which flows through a given orifice in a given
time, and some of the phenomena connected therewith.

In what follows, it is assumed that the density of the fluid is
constant, the effect of small changes of temperature and pressure
in altering the density being thus neglected.

Consider a vessel, Fig. 42, filled with water, the free surface of
which is maintained at a constant level; in the lower part of the
vessel there 1s an orifice AB.

Let it be assumed that althongh water flows into the vessel so
as to maintain a constant head, the vessel is so large that at some
surface CD, the velocity of flow is zero.

Imagine the water in the vessel to be divided into a number of
stream lines, and consider any stream line EF.

Let the velocities at E and F be vg and v, the pressure heads
hg and kg, and the position heads above some datum, zy and zg,
respectively.
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Then, applying Bernoulli’s theorem to tho stream line K,

9

111.}2 Vp
hE‘f‘;Zg“ +ZE=hp +2—g- + Zpe
If vy is zero, then
’032

2—g=hl‘v—hE+ZF~Zm.
But from the figure it is seen that
hy— hg+2p—23
is equal to h, and therefore

vi
29 hy
or Vg= '\/2?7:.

Since hg is the pressure head at 1, the water would rise in
a tube having its end open at E, a height hg, and A may thus
be called—following Thomson—the fall of “free level for the
point I5.”

At some section GK near to the orifice the stream lines are all
practically normal to the section, and the pressure head will be
equal to the atmospheric pressure ; and if the orifice is small the fall
of free level for all the stream lines is H, the distance of the centre
of the section GK below the free surface of the water. If the
orifice i8 circular and sharp-edged, as in Figs. 44 and 45, the section
GK is at a distance, from the plane of the orifice, about equal to
its radius. For small vertical orifices, and horizontal orifices,
H may be taken as equal to the distance of the centre of the
orifice below the free surface.

The theoretical velocity of flow through the small section GK
is, therefore, the same for all the stream lines, and equal to the
velocity which a body will acquire, in falling, in a vacuum,
through a height, equal to the depth of the centre of the orifice
below the free surface of the water in the vessel.

The above is Thomson’s proof of Torricclli’s theorem, which
was discovered experimentally, by him, about
the middle of the 17th century.

The theorem is proved experimentally as
follows.

If the aperture is turned upwards, as in
Fig. 43, it is found that the water rises
nearly to the level of the water in the vessel,
and it is inferred, that if the resistance of the
air and of the orifice could be eliminated, the }.-:
jet would rise exactly to the level of the
surface of the water in tho vessel.
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Other experiments desceribed on pages 54—56, also show that,
with carefully constructed orifices, the mean velocity through the

orifice differs from ~29H by a very small quantity.

37. Coefficient of centraction for sharp-edged orifice.

If an orifice is cut in the flat side, or in the bottom of a vessel,
and has a sharp edge, as shown in Figs. 44 and 45, the stream lines
set up in the water approach the orifice in all directions, as shown
in the figure, and the directions of flow of the particles of water,
except very near the centre, are not normal to the plane of the
orifice, but they converge, producing a contraction of the jet.

L L 2z iz

Z
7
Z
%

Fig. 44. Fig. 45.

At a small distance from the orifice the stream lines become
practically parallel, but the cross sectional area of the jet is
considerably less than the area of the orifice.

If v is the area of the jet at this section and a the area of the

orifice the ratio 2 is called the coefficient of contraction and may

be denoted by ¢. Weisbach states, that for a circular orifice, the
jet has a minimum area at a distance from the orifice slightly less
than the radius of the orifice, and defines the coefficient of
contraction as this arca divided by the area of the orifice. For a
circular orifice he gives to ¢ the value 0'64. Recent careful
measurements of the sections of jets from horizontal and vertical
sharp-edged circular and rectangular orifices, by Bazin, the
results of some of which are shown in Table IV, show, however,
that the section of the jet diminishes continuously and in fact has
no minimum value. Whether a minimum occurs for square orifices
is doubtful.

The diminution in scction for a greater distance than that
given by Weisbach is to be expected, for, as the jet moves away
from the orifice the centre of the jet falls, and tho theoretical
velocity becomes ~/'2g (H + 7/), 4 being the vertical distance between
the centre of the orifice and the centre of tho jet,
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At a small distance away from the orifice, however, the stream
lines are practically parallel, and very little error is introduced in
the coefficient of contraction by measuring the stream near the
orifice. .

Poncelet and Lesbros in 1828 found, for an orifice ‘20 m. square,
a minimum section of the jet at a distance of ‘3 m. from the orifice
and abt this section ¢ was '563. M. Bazin, in discussing these
results, remarks that at distances greater than 0'3 m. the section
becomes very difficult to measure, and although the vein appears
to expand, the sides become hollow, and it is uncertain whether
the area is really diminished.

Complete contraction. The maximum contraction of the jet
takes place when the orifice is sharp edged and is well removed
from the sides and bottom of the vessel. In this case the contrac-
tion 18 said to be complete. Iixperiments show, that for complete
contraction the distance from the orifice to the sides or bottom of
the vessel should not be less than one and a half to twice the least
diameter of the orifice.

Incomplete or suppressed contraction. An example of incom-
plete contraction is shown in Fig. 46, the lower edge of the
rectangular orifice being made level with the bottom of the vessel.
The same effect is produced by placing a horizontal plate in
the vessel level with the bottom of the orifice. The stream
lines at the lower part of the orifice are normal to its plane
and the contraction at the lower edge is consequently suppressed.

! 7
e
7

Tig. 46.

Similarly, if the width of a rectangular orifice is made equal
to that of the vessel, or the orifice abed is provided with side-walls
as in Fig. 47, the sido or lateral contraction is suppressed. In any
case of suppressed contraction the discharge is increased, but, as
will be seen later, the discharge coefficient wmay vary more than
when the contraction is complete. To suppress the contraction
completely, the orifice must be made of such a form that the
stream lines become parallel at the orifice and normal to its plane.
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Experimental determination of e. The section of the stream
from a circular orifice can be obtained with considerable accu-
racy by the apparatus shown in Fig. 49, which consists of a
ring having four radial set
screws of fine pitch, The
screws are adjusted until the
points thereof touch the jet.
M. Bazin has recently used an
octagonal frame with twenty-
four set screws, all radiating
to a common centro, to deter-
mine the form of the section
of jets from various kinds of _
orifices. ig. 48. Fig, 49,

The screws were adjusted
until they just touched the jet. The frame was then placed upon
a sheet of paper and the positions of the ends of the screws
marked upon the paper. The forms of the sections could then
be obtained, and the areas mcasured with considerable accuracy.
Some of the results obtained are shown in Table IV and also in
the section on the form of the liquid vein.

38. Coefficient of veloeity for sharp-edged orifice.
The theoretical velocity through the contracted section 1s, as

shown in section 36, equal to ~/2gH, but the actual velocity
v, is slightly less than this due to friction at the orifice. The

ratio %= k is called the coeflicient of velocity.

Experimental determination of k. "There are two methods
adopted for determining %k experimentally.

Flirst method. The velocity is determined by measuring the
discharge in a given time under a given head, and the cross
sectional area o of the jet, as explained in the last paragraph, is
also obtained. Then, if v, is the actual velocity, and Q the
discharge per second,

v = 9
w
: h=—2 .
and ’ w2gH

Second method. An orifice, I'ig. 50, is formed in the side of a
vessel and water allowed to flow from it. The water after leaving
the orifice flows in a parabolic curve. Above the orifice is fixed
a horizontal scale on which is a slider carrying a vertical scale,
to the bottom of which is clamped a bent picce of wire, with a sharp
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point. The vertical scale can be adjusted so that the point touches
the upper or lower surface of the jet, and the horizontal and vertical
distances of any point in the axis of tho jet from the centre of the
orifice can thus be obtained.

_____________________

Fig. 50.

Assume the orifice is vertical, and let v, be the horizontal
velocity of flow. At a time ¢ seconds after a particle has passed
the orifice, the distance it has moved horizontally is

ESX N SUUURRRTRRNRTRRRN ¢ § B
The vertical distance is

T U RONPUURIRRORNY () %

2

Thercfore y=1g gl‘z

_ ]9
and v = w\/ ‘E—y- .

The theoretical velocity of flow is
v=n2glL
=2t =%

V2gH 2MyH'

It is better to take two valucs of @ and ¥ so as to make
allowance for the plane of tho orifice not being exactly perpen-
dicular,

If the orifico has its plane inclined at an angle 0 to the
vertical, the horizontal component of the velocity is v; cos 6 and
the vertical component v; sin 6.

At a time ¢ seconds after a particle has passed the orifice, the
horizontal movement from the orifice is,

T=01008 08 0viiiiiiiinininneinnnnn (),

and the vertical movement is,
y=vsin 0t +1gt® .oiiiiiiiiinninnnn (2).
After a time ¢ seconds @ =0, €080 1.0u.iiiviiiiiienninninne. (3),
Y=o 8in0b + b2 i seee (4.

Therefore
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Substituting the value of ¢ from (1) in (2) and £ from (8)
in (4),

Lt
y=wta,n9+-—5—lgcma—é ..................... (5),
L2t
and, 11 =a, tan o+_v§;’cW0 TR (i) B
2 2 2
From (5), il alsec’d D)

g y-ztan® "
Substituting for »,? in (6),
2 2
0= YT =Y,
tan 2ty (@ - o) RN (<) B
Having calculated tan 6,sec 6 can be found from mathematical
tables, and from (7) v, can be calculated. Then
k=—2,
NogH
39. Bazin’s experiments on a sharp-edged orifice.

In Table IV are given values of % as obtained by Bazin from
experiments on vertical and horizontal sharp-edged orifices, for
various values of the head.

The section of the jet at various distances from the orifice was
carefully measured by the apparatus described above, and the
actual discharge per second was determined by noting the time
taken to fill a vessel of known capacity.

The mean velocity through any section was then

-9,
Q being the discharge per second and A the area of the section.

The fall of free level for the various sections was different, and
allowance is made for this in calculating the coefficient % in the
fourth column.

Let y be the vertical distance of the centre of any section
below the centre of the orifice; then the fall of free level for that
section is H + y and the theoretical velocity is

N2g (H + ).

The cocfficients given in column 8 were determined by dividing
the actual mean velocity through different sections of the jet by
~2gH, the theoretical velocity at the centre of the orifice.

Those in column 4 were found by dividing the actual mean
velocity through the scction by ~2g (H +y), the theoretical
velocity at any section of the jet.

The coefficient of column 8 increases as the section is taken
further from the jet, and in nearly all cases is greater than unity.
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TABLE IV.
Sharp-edged Orifices Contraction Complete.

Table showing the ratio of the area of the jet to the area of
the orifice at definite distances from the orifice, and the ratio of
the mean velocity in the section to ~2¢gH and to ~2g.(H +7),
H being the head at the centre of the orifice and y the vertical
distance of the centre of the section of the jet from the centre of
the orifice.

Vertical circular orifice 0°20 m. (‘656 feet) diameter, H = 990 m.
(3248 feet).

Coefficient of discharge m, by actual measurement of the flow is

m="5977*%.
Distance of the section Area of Jet Mean Velocity Mean Velocity
from the plane of the Area of Orifice 2911 29 (H
orifice in metres =c N/:% ~/ g; )
008 6079 0983
013 *5971 1-:001 ‘998
017 +5951 1-004 999
0235 *5904 1-012 1:003
0335 *5830 1025 1:007
0515 +5690 1-050 1-010

Horizontal circular orifice 020 m. (656 feet) diameter,
H="975m. (37198 feet).

m = 0'6035.
0076 06003 1-005 0968
0098 05939 1-016 0971
0110 05824 1-036 0982
0128 05734 1-053 0990
0145 05658 1:067 0996
0163 05597 1078 0998

Vertical orifice '20 m. (656 feet) square, H = ‘053 m. (3'126 feet).

m = 0'6066.
0151 06052 1:002 997
0175 06029 1:006 1:000
0210 05970 1-016 1-007
0248 05930 1-023 1-010
0302 05798 1-046 1-027
0350 0-5783 1049 1-024

The real value of the coefficient for the various sections is’
however that given in column 4.

For the horizontal orifice, for every section, it is less than
unity, but for the vertical orifice it is greater than unity.

Bazin’s results contirm those of Lesbros and Poncelet, who in

* See section 42 and Appendix 1.
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1828 found that the actual velocity through the contracted section
of the jet, even when account was taken of the centre of the
section of the jet being below the centre of the orifice, was
o% greater than the theoretical value.

This result appears at first to contradict the principle of the
conservation of encrgy, and Bernoulli’s theorem.

It should however be noted that the vertical dimensions of the
orifice are not small compared with the head, and the explanation
of the apparent anomaly is no doubt principally to be found in the
fact that the initial velocitics in the different horizontal filaments
of the jet are different.

Theoretically the velocity in the lower part of the jet is greater
than ~/29 (H + 9), and in the upper part less than ~/2g (H + ).

Suppose for instance a section of a jet, the contre of which is
1 metre below the free surface, and assume that all the filaments
have a velocity corresponding to the depth below the free surface,
and normal to the section. This is equivalent to assuming that
the pressure in the scction of the jet is constant, which is probably
not true.

Let the jet be issuing from a square orifice of ‘2 m. (656 feet)
side, and assume the coefficient of contraction is ‘6, and for
simplicity that the section of the jet is square.

Then the side of the jet is "1549 metres.

The theoretical velocity at the centre is +/2g, and the discharge
assuming this velocity for the whole section is

6 x 04 x ‘\/‘Zé =024 ./ QE cubic metres.

The actual discharge, on the above assumption, through any
horizontal filament of thickness dh, and depth &, is

0Q = 01519 x dh x v2¢h,

and the total discharge is
10775

Q=01549 V2 f 1}an

9225
="0241 v2g.

The theoretical discharge, taking account of the varying heads
is, therefore, 1°004 times the discharge calculated on the assumption
that the head is constant.

As the head is increased this difference diminishes, and when
the head is greater than b times the depth of the orifice, is very
small indecd.

The assumed data agrees very approximately with that given
in Table 1V for a square orifice, where the value of % is given as
1-006.
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This partly then, explains the anomalous values of k, but it
cannot be looked upon as a complete explanation.

The conditions in the actual jet are not exactly those assumed,
and the variation of velocity normal to the plane of the scction is
probably much more complicated than here assumed.

As Bazin further points out, it is probable that, in jets like
those from the square orifice, which, as will be scen later when the
form of the jot is considered, are subject to considerable deformation,
the divergence of some of the filaments gives rise to pressures less
than that of the atmosphere.

Bazin has attempted to demonstrate this experimentally, and
his instrument, Iig. 150, registered pressures less than that of the
atmosphere; but he doubts the reliability of the results, and
points out the extreme difficulty of satisfactorily determining the
pressure in the jet.

That the inequality of the velocity of the filaments is the
primary cause, reccives support from the fact that for the
horizontal orifice, discharging downwards, the coefficient k is
always slightly less than unity. In this case, in any horizontal
section below the orifice, the head is the same for all the stream
lines, and the velocity of the filaments is practically constant.
The coefficient of velocity is never less than ‘96, so that the loss
due to the internal friction of the liquid is very small.

40. Distribution of velocity in the plane of the orifice.

Bazin has examined the distribution of the velocity in the
various scctions of the jet by means of a fine Pitot tube (see
page 245). In the plane of the orifice a minimum velocity
occurs, which for vertical orifices is just above the centre, but at a
little distance from the orifice the minimum velocity is at the top
of the jet.

For orifices having complete contraction Bazin found the
minimum velocity to be ‘62 to ‘64 ~2gH, and for the rectangular
orifice, with lateral contraction suppressed, 069 ~2gI1.

As the distance from the plane of the orifice increases, the
velocities in the transverse section of the jets from horizontal
orifices, rapidly become uniform throughout the transverse section.

For vertical orifices, the velocitics below the centre of the jet
are greater than those in the upper part.

41. Pressure in the plane of the orifice.

M. Lagerjelm stated in 1826 that if a vertical tube open at
both ends was placed with its lower end near the centre, and not
perceptibly Lelow the plano of the inner edge of a horizontal
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orifice made in the bottom of a large reservoir, the water rose in
the tube to a height equal to that of the water in the reservoir,
that is the pressure at the centre of the orifice is equal to the head
over the orifice even when flow is taking place.

M. Bazin has recently repeated this experiment and found,
that the water in the tube did not rise to the level of the water in
the reservoir.

If Lagerjelm’s statoment were correct it would follow that the
velocity at the centre of the orifice must be zero, which again does
not agree with the results of Bazin’s experiments quoted above.

42, 'Coefficient of discharge.

The discharge per second from an orifice, is clearly the area
of the jet at the contracted section GK multiplied by the mean
velocity through this section, and is therefore,

Q=c.k.a~2gH.
Or, calling m the coefficient of discharge,
Q=m.a2gH.
This coefficient m is equal to tho product ¢.k. It is the only

coefficient required in practical problems and fortunately it can
be more easily determined than the other two coefficients ¢ and k.

Experimental determination of the coefficient of discharge.
The most satisfactory method of determining the coefficient of
discharge of orifices is to measure the volume, or the weight of
water, discharged under a given head in a known time.

The coefficients quoted in the Tables from M. Bazin¥*, were
determined by finding accurately the time required to fill a vessel
of known capacity.

The coefficient of discharge m, has been determined with
a great degree of accuracy for sharp-edged orifices, by Poncelet
and Lesbrost, Weisbach}, Bazin and others§. In Table 1V
Bazin’s values for m are given.

The values as given in Tables V and VI may be taken as
representative of the best experiments.

For vertical, circular and square orifices, and for a head of
about 3 feet above the centre of the orifice, Mr Hamilton Smith,
junr. ||, deduces the values of m given in Table VI.

! See also Appendix 1, page 555.

* Annales des Ponts et Chaussées, October, 1888.

t Flow through Vertical Orifices.

+ Mechanics of Engineering.

§ Experiments upon the Contraction of the Iiquid Vein. Bazin translated by
Trautwine. Also see Appendix and the Bulletins of the University of Wisconsin.

|| The Flow of Water through Orifices and over Weirs and through open Conduits
and Pipes, Hamilton Smith, junr,, 1886.
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TABLE V.

61

Experimenter

Particulars of orifice

Coeflicient of
discharge m

Bazin Vertical square orifice side of square 06562 ft. 0606
Poncelet and 0605
Lesbros » » " ”
: Vertical Rectangular orifice *656 ft. high x 2624 .
Bazin tt. wide with side contraction suppressed 0627
» Voertical circular orifice 0:6562 ft. diameter 0598
” Horizontal ,, ” " 06035
" » » 03281 » 06063
TABLE VI,

Circular orifices.

Diameter of | . .
orifice in ft. 00197 00205

m

0627 | 0617

0-039
0611

00492 | 00984 | 0-164

0606 | 0603

0-328 | 06562
0600 | 0599 | 0-598

09843
0597

Square orifices.

in feet
m

Side of square

00197 | 00492 | 0:0984 | 0197

0631 0612 0607 0605 | 0604

05906

09843
0:603

TABLE VIL

Table showing coeflicients of discharge for square and rect-
angular orifices as determined by Poncelet and Lesbros.

Width of orifice *6562 fect Wlil gjegf&::}f ce
Head of water
above the top
of the orifice Depth of orifice in feet
in feet
*0328 | 0656 | 0984 | *1640 | 3287 | ‘6562 | ‘0656 | 6562
0328 ‘701 | 660 | *630 | ‘607
*0656 ‘694 | 659 | ‘684 | 615 | 596 | 572 | ‘648
*1312 683 | *658 | 640 | '623 | ‘603 | ‘582 | 642 | ‘505
*2624 ‘670 | 656 | ‘638 | 629 | 610 | ‘589 | ‘640 | -601
*3937 ‘663 | 658 | *636 | *630 | 612 | ‘593 | ‘638 | 608
6562 6556 | 648 | *633 | *630 | 615 | 598 | ‘635 | ‘605
1-640 ‘642 | -638 | *630 | '627 | 617 | ‘604 | ‘680 | 607
8281 ‘632 | *633 | 628 | 626 | 615 | 605 | 626 | ‘605
4921 ‘615 | 619 | 620 | -620 | -611 | ‘602 | 623 | ‘602
6562 611 | -612 | +612 | -613 | 607 | 601 | 620 | ‘602
9843 609 | 610 | 608 | 606 | 603 | ‘601 | -616 | ‘601
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The heads for which Dazin determined the coeflicients in
Tables IV and V varicd only from 2'6 to 3'3 feet, but, as will be
seen from Table VII, deduced from results given by Poncelet and
Lesbros* in their classical work, when the variation of head is not
small, the coefficients for rectangular and square orifices vary
considerably with the head.

43. Effect of suppressed contraction on the coefficient
of discharge.

Sharp-edged orifice. 'When some part of the contraction of a
transverse section of a jet issuing from an orifice is suppressed,
the cross sectional area of the jet can only be obtained with
difficulty.

The coeflicient of discharge can, however, be easily obtained,
as before, by determining the discharge in a given time. The
most complete and accurate experiments on the effect of contrac-
tion are those of Lesbros, some of the results of which are quoted
in Table VIII. The coefficient is most constant for square or
rectangular orifices when the lateral contraction is suppressed. The
reason being, that whatever the head, the variation in the section
of the jet is confined to the top and bottom of the orifice, the
width of the stream remaining constant, and therefore in a greater
part of the transverse section the stream lines are normal to the
plane of the orifice.

According to Bidone, if #z is the fraction of the periphery of a
sharp-edged orifice upon which the contraction is suppressed, and
m the coefficient of discharge when the contraction is complete,
then the coeflicient for incomplete contraction is,

my=m (1 +°'15z),
for rectangular orifices, and

my,=m (1+°13z)
for circular orifices.

Bidone’s formulae give results agrecing fairly well with
Lesbros’ experiments.

His formulae are, however, unsatisfactory when @ approaches
unity, as in that case m, should be nearly unity.

If the form of the formula is preserved, and m taken as ‘606,
for m, to be unity it would require to have the value,

my=m (1 +65z).

For accurate measurements, either orifices with perfect con-
traction or, if possible, rectangular or square orifices with the
lateral contraction completely suppressed, should be used. It will

* Expériences hydrauliques sur les lois de Uécoulement de Veau & travers les
orifices, etc., 1832. Poncelet and Lesbros,
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generally be necessary to calibrate the orifice for various heads,
but as shown above the coeflicient for tho lattor kind is more
likely to be constant.

TABLE VIII

Table showing the effect of suppressing the contraction on the
coefficient of discharge. Lesbros®.

Square vertical orifice 0'¢56 feet square.

Head of water Sidoe con- Coutraction Sgon::}:zzg";t
above the upper | Sharp-edged traction suppressed at thgrl)ower and
edge of the orifice suppressed |the lower edge side edges
0 06562 0572 0599
| 01640 0585 0-631 0608
03281 0592 0631 0615
0°6562 0598 0632 0621 0708
1:640 0603 0631 0623 0680
3281 0605 0628 0624 0676
4921 0602 0627 0624 0672
6562 0601 0626 0619 0668
9843 0601 0624 0614 0665

44. The form of the jet from sharp-edged orifices.

From a circular orifice tho jet emerges like a cylindrical rod
and retains a form nearly cylindrical for some distance from the
orifice.

Fig. 51 shows three sections of a jet from a vertical circular
orifice at varying distances from the  Fig. 51. Section of jet from

orifice, as given by M. Bazin. cilculm orifice.
The flow from square orifices is , , ( —_—

accompanied by an intercsting and /! .'

curious phenomenon called the in- % 2%

version of the jet.

At a very small distance from
the orifice the section becomes as B O
shown in Yig. 52. The sides of the
jet are concave and the corners are  §figm gfvm.  Kavm
cut off by concave scctions. The Figs. 52—54. Section of jet from
section then becomes octagonal as in square onifice,
Fig. 53 and afterwards takes the form of a square with concave
sides and rounded corners, the diagonals of the square being
perpendicular to the sides of the orifice, Fig. 54.

* Lxpériences hydrauliques sur les lois de Uécoulement de VVeau,
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45, Large orifices.

Table VII shows very clearly thatif the depth of a vertical orifice
is not small compared with the head, the coefficient of discharge
varies very considerably with the head, and in the discussion of
the coefficient of velocity k, it has already been shown that the
distribution of velocity in jets issuing from such orifices is not
uniform. As the jet moves through a large orifice the stream
lines are not normal to its plane, but at some section of the stream
very near to the orifice they are practically normal.

If now it is assumed that the pressure is constant and equal to
the atmospheric pressure and that the shape of this section is
known, the discharge through it can be calculated.

Rectangular orifice. Let efgh, Fig. 55, be the section by a
vertical plane EF of the stream issuing from a vertical rectangular
orifice. Let the crest I of the stream be at a depth &, below
the free surface of the water in the vessel and the under edge
F at a depth A, :

Te h
PR, S N
f g
,@.".--.B ~--.'>§
TFig. 55.

At any depth h, since the pressure is assumed constant in the
section, the fall of free level is A, and the velocity of flow through
the strip of width dh is therefore, k~2gh, and the discharge is
kbN/2gh dh.

If & be assumed constant for all the filaments the total discharge
in cubic feet per second is

h —
Q=kv3yg [ho bhAdh =2 N3gkb (ht—heb).

Here at once a difficulty is met with. The dimensions A, h,
and b cannot easily be determined, and experiment shows that
they vary with the head of water over the orifice, and that they
cannot therefore be written as fractions of H,, H;, and B,
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By replacing hy, by and b by H,, H, and B an empirical
formula of the same form is obtained which, by introducing a
coefficient ¢, can be made to agree with experiments. Then

Q=3cv2g.B (IL} - HH),
or replacing 3¢ by n,
Q=n~2g.BILI-HH ..o, 0.

The coefficient n varies with the head H,, and for any orifice
the simpler formula

Q=m.a.~N2gll...cccoeviiiiiniiiiiennnn (2),

a being the area of the orifice and H the head at the centre,
can be used with equal confidence, for if n is known for the
particular orifice for various values of Hy, m will also be known.

From Table VII probable values of m for any large sharp-
edged rectangular orifices can be interpolated.

Rectangular sluices. If the lower edge of a sluice opening is
gome distance above the bottom of the channel the discharge
through it will be practically the same as through a sharp-edged
orifice, but if it is flush with the bottom of the chanmnel, the
contraction at this edge is suppressed and the coefficient of
discharge will be slightly greater as shown in Table VIIIL.

46. Drowned orifices.

‘When an orifice is submerged as in Fig. 56 and the water in
the up-stream tank or reservoir is moving so slowly that its velocity
may be neglected, the head causing velocity of flow through any
filament is equal to the difference of the up- and down-streamn
levels. Let H be the difference of level of the water on the two
sides of the orifice.

Fig, bu.
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Consider any stream line I'E which passes through the orifice
at E. The pressure head at E is equal to h., the depth of E below
the down-stream level. If then at I the velocity is zero,

12’——’5 +hy=h,
or vi=~2g (h - hg)
=~2g.H,
or taking a cocfficient of velocity %
ve=k2g . H,

which, since H is constant, is the same for all filaments of the
orifice.
If the coefficients of discharge and contraction are m and ¢
respectively the whole discharge through the orifice is then
chkax/‘Zgﬁzm.a. V2gH.
*The coefficient m may be taken as 06.

47. Partially drowned orifice.
If the orifice is partially drowned, as in
Fig. 57, the discharge may be considered in =5
two parts. Through the upper part AC the ‘:!i T
discharge, using (2) section 45, is : A
C

Ql =ma ,\/Q—é (L_Il.zig‘?)&’
and through the lower part BC
Qa=m1 Lay. \/QQ.HD

48. Velocity of approach.

It is of interest to consider the effect of the
water approaching an orifice having what is
called a velocity of approach, which will be equal to the velocity

of the water in the stream above the orifice.
In Fig. 56 let the water at I approaching the drowned orifice

have a velocity vs.
Bornoulli’s equation for the stream line drawn is then

vg' vg'
5> +ha=h+;-

Fig. 57.

29 29°
S~ vp'\3
and vg =29 (H +2—;—> ,
which is again constant for all filaments of the orifice.
r _ 5 vp'\#
Then Q-—m.a.«/?g.(H+2g>.

* Bulletins of University of Wisconsin, Nos. 216 and 270,
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49. Effect of velocity of approach on the discharge
through a large rectangular orifice.

If the water approaching the large orifice, Fig. 55, has
a velocity of approach v;, Bernoulli’s equation for the stream line
passing through the strip at depth &, will be

p. being the atmospheric pressure, or putting in a coefficient of

velocity,
2
o=k\/2g(h +;’—;)

The discharge through the orifice is now,
. h,+?—'—g 2
Q=k~/2gf ”‘;b(h + 12’—‘>*dh

=3 k2gb {(m+30) - (e 32)'}

60. Coeflicient of resistance.

In connection with the flow through orifices, and hydraulic
plant generally, the term “coeflicient of resistance” is frequently
used. Two meanings have been attached to the term. Some-
times it is defined as the ratio of the head lost in a hydraulic
system to the effective head, and sometimes as the ratio of the
head lost to the total head available. According to the latter
method, if H is the total head available and h, the head lost,
the coefficient of resistance is

=7
Cr-H.

61. Sudden enlargement of a current of water.

It seems reasonable to proceed from the consideration of flow
through orifices to that of the flow through mouthpieces, but
before doing so it is desirable that the effect of a sudden
enlargement of a stream should be considered.

Suppose for simplicity that a pipe as
in Fig. 58 is suddenly enlarged, and that
there is a continuous sinuous flow along
the pipe. (See section 284.)

At the enlargement of the pipe, the
stream suddenly enlarges, and, as shown
in the figure, in the corners of the large
pipe it may be assumed that eddy motions
are set up which cause a loss of energy.
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Consider two sections aa and dd at such a distance from bb
that the flow is steady.

Then, the total head at dd equals the total head at aa minus
the loss of head between aa and dd, or if h is the loss of head due
to shock, then

Let A, and Ay be the area at aa and dd respectively.
Since the flow past aa equals that past dd,

VahAa=vaAq.
Then, assuming that each filament of fluid at aa has the
velocity v,, and vg at dd, the momentum of the quantity of water

which passes aa in unit time is equal to;—v Agv,’ and the momentum

of the water that passes dd is
WA VUaVs
9
the momentum of a mass of M pounds moving with a velocity
v feet per second being Mwv pounds feet.
The change of momentum is therefore,

-';9 Avs (Vo — vg).

The forces acting on the water between aa and dd to produce

this change of momentum, are

PaAq acting on aa, psA4 acting on dd,
and, if p is the mean pressure per unit area on the annular ring
bb, an additional force p(As— As).

There is considerable doubt as to what is the magnitude of the
pressure p, but it is generally assumed that it is equal to ps, for
the following reason.

The water in the enlarged portion of the pipe may be looked
upon as divided into two parts, the one part having a motion of
translation, while the other part, which is in contact with the
annular ring, is practically at rest. (See section 284.)

If this assumption is correct, then it is to be expected that the
pressure throughout this still water will be practically equal at all
points and in all directions, and must be equal to the pressuro in
the stream at the section bb, or the pressure p is equal to pg.

Therefore

VoA

Paha = Pa (Aa— As) = PuAa=w = (va—va),
from which  (pa- pa) Ag=w e

g '(’va—'vd).;

b
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and since Awa= A,

Pa_ Pa_ VaVa Vi
w o w g g

2
Adding %‘; to both sides of the equation and separating

therefore

’Ua’ .
— 1nto two parts,

Pa V' _Pa v  (va—v2)?
w+2g w+2g’l~ o9 !

or h the loss of head due to shock is equal to

(Va = v4)?
29

According to St Venant this quantity should be increased by

2
an amount equal to %12’—‘;, but this correction is so small that as

a rule it can be neglected.

52. Sudden contraction of a current of water.

Suppose a pipe partially closed by means of a diaphragm as in
Fig. 59.

As the stream approaches the diaphragm
—which is supposed to be sharp-edged—
it contracts in a similar way to the stream
passing through an orifice on the side of
a vessel, so that the minimum cross sec-
tional arca of the flow will be less than the Fig. 69.
area of the orifice*.

The loss of head due to this contraction, or due to passing
through the orifice is small, as seen in section 39, but due to
the sudden enlargement of the stream to fill the pipe again, there
is a considerable loss of head.

Let A be the arca of the pipe and a of the orifice, and let ¢ be
the coefficient of contraction at the orifice.

Then the area of the stream at the contracted section is ca, and,
thercfore, the loss of head duc to shock

v,’ A_ 1)’

* The pressure at the section cc will be less than in the pipe to the left of the
diaphragm. Y¥rom Bernoulli’s equation an expression similar to eq. 1 p. 46 can be
obtained for the discharge through the pipe, and such a diaphragm can be used as
a meter. Proc. Inst. C.kd. Vol. cxevilL
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If the pipe simply diminishes in diameter as in Fig. 58, the
section of the stream enlarges from the contracted area ca to fill
the pipe of area a, therefore the loss of head in this case is

h=12’a-gf (G R ¢+

Or making St Venant correction

h=’2’—§{(%—1)°+%} SO ¢ }

*Value of the coefficient c. The mean value of ¢ for a sharp-cdged
circular orifice is, as seen in Table IV, about 06, and this may be
taken as the coeflicient of contraction in this formula.

Substituting this value in equation (1) the loss of head is

“44e? . . *55v3 . .
found to be 7R and in equation (2), 2 v being the velocity in

. 2
the small pipe. It may be taken therefore as 92—592 Further

experiments are required before a correct value can be assigned.

63. Loss of head due to sharp-edged entrance into a pipe
or mouthpiece.

‘When water enters a pipe or mouthpiece from a vessel through
a sharp-edged entrance, asin Fig. 61, there is first a contraction, and
then an enlargement, as in the second case considered in section 52.

. 2
The loss of head may be, therefore, taken as approximately 025;
. K),2

and this agrees with the experimental value of 0—5—2%')—”— given by
Weisbach.

This value is probably too high for small pipes and too low for
large pipest.

54. Mouthpieces. Drowned Mouthpieces,

If an orifice is provided with a short pipe or mouthpiece, through
which the liquid can flow, the discharge may be very different
from that of a sharp-edged orifice, the difference depending upon
the length and form of the mouthpiece. If the orifice is cylindrical
as shown in Fig. 60, being sharp at the inner edge, and so short
that the stream after converging at the inner edge clears the
outer edge, it behaves as a sharp-edged orifice.

1 Short external cylindrical mouthpieces. 1f the mouthpiece is
cylindrical as ABFE, Fig. 61, having a sharp edge at AB and
a §length of from one and a half to twice its diameter, the jet

* Proc. Inst. C.E. Vol. cxcvir.

+ See M. Bazin, Ezpériences nouvelles sur la distribution des vitesses dans
les tuyauz. 1 See Bulletins Nos. 216 and 270 University of Wisconsin.

§ Shorter mouthpieces are unreliable.
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contracts to CD, and then expands to fill the pipe, so that at EF
it discharges full bore, and the coefficient of contraction is then
unity. Experiment shows, that the coefficient of discharge is

Fig. 61.

from 0'80 to 085, the coefficient diminishing with the diameter
of the tube. The coefficient of contraction being unity, the
coefficients of velocity and discharge are equal. Good mean
values, according to Weisbach, are 0'815 for cylindrical tubes,
and 0'819 for tubes of prismatic form.

These coeflicients agreo with those determined on the assump-
tion that the only head lost in the mouthpiece is that due to
sudden enlargement, and is

050?
29
v being the velocity of discharge at EF.
Applying Bernoulli’s theorem to the sections CD and EF, and

2

taking into account the loss of head of —gg— , and p, as the atmo-

spheric pressure,
‘2
Vg 5v
pCD + 20D (‘D pa .[I +pa

29w * Eg}
150°
or % =H.
Therefore v?="66 x 2¢I1
and v ="812~29H.

The area of the jet at EF is a, and thercfore, the discharge
per second i8
a.v="812a2¢1I.

Or m, the coeflicient of discharge, is 0'812.
The pressure head at the section CD. Taking the area at CD
as 0606 the area at BF,
vep = 165w,
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Pop_ Pa  150° 27720 p,_ 12207
w 29 2g w 29 ?
or the pressure at C is less than the atmospheric pressure.

If a pipe be attached to the mouthpiece, as in Fig. 61, and the
lower end dipped in water, the water should rise to a height of about
1-22¢*

29

55. Borda’s mouthpiece.

A short cylindrical mouthpiece projecting into the vessel, as in
Fig. 62, is called a Borda’s mouthpiece, and is of interest, as the
coefficient of discharge upon certain assumptions can be readily
calculated. Let the mouthpiece be so short
that the jet issuing at EI falls clear of GH.
The orifice projecting into the liquid has |
the effect of kecping the liquid in contact I
with the face AD practically at rest, and
at all points on it except the area EF the Ki
hydrostatic pressure will, thercfore, simply
depend upon the depth below the free
surface AB. Imagine the mouthpiece produced to meet the
face BC in the area IK. Then the hydrostatic pressure on AD,
neglecting EF, will be equal to the hydrostatic pressure on BC,
neglecting IK.

Again, BC is far enough away from EF to assume that the
pressure upon it follows the hydrostatic law.

The hydrostatic pressure on IK, therefore, is the force which
gives momentum to the water escaping through the orifice, over-
comes the pressure on EF, and the resistance of the mouthpiece.

Let H be the depth of the centre of the orifice below the free
surface and p the atmospheric pressure. Neglecting frictional
resistances, the velocity of flow v, through the orifice, is V2gH.

Let a be the area of the orifice and o the area of the transverse
section of the jet. The discharge per sccond will be w.w ~2gH 1bs.

The hydrostatic pressure on IK is

pa +waH lbs.

The hydrostatic pressure on EF is pa 1bs.
The momentum given to the issuing water per second, is

M= 0.2¢,
g <

Therefore

feet above the water in the vessel.

Fig. 62.

Therefore pa + % 02gH =pa + wall,
and w=4a.
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The coefficient of contraction is then, in this case, equal to
one half.

Experiments by Borda and others, show that this result is
justified, the experimental coeficient being slightly greater
than 3.

656. Conical mouthpieces and nozzles.

These are either convergent as in Fig. 63, or divergent as in
Fig. 64.

]

Fig. 63. Fig. 64.

Calling the diameter of the mouthpiece the diameter at the
outlet, a divergent tube gives a less, and a convergent
tube a greater discharge than a cylindrical tube of the
same diameter.

Experiments show that the maximum discharge for a
convergent tube is obtained when the angle of the cone
is from 12 to 13} degrees, and it is then 0'94.a.~/2gh.
If, instead of making the convergent mouthpiece conical,
its sides are curved as in Fig. 65, so that it follows as
near as possible the natural form of the stream lines, the
coeflicient of discharge may, with high heads, approxi-
mate very ncarly to unity.

Weisbach*, using the method described on page 55
to dotermine the velocity of flow, obtained, for this
mouthpicce, the following values of k. Since the mouth- ;. g5
piece discharges full the coefficients of velocity k¥ and
discharge m are practically equal.

Head in feet 066 164 1148 568 338
k and m 959 967 976 994 094

According to Freemant, the fire-hose nozzle shown in ¥ig. 66
has a cocflicient of velocity of "977.

* Mechanics of Engineering.
+ Lransactions Am. Soc. C.E., Vol. xx1,
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If the mouthpiece is first made convergent, and then divergent,

:,; i /é §\

VA//////////
41'///////////»//////////////////////////////////////;/
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Fig. 66.

as in Fig. 67, the divergence being sufficiently gradual for the
stream lines to remain in contact with the tube, the coefficient of
contraction is unity and there is but a
small loss of head. The velocity of efflux
from EF is then nearly equal to ~/2gH
and the discharge is m.a . v2gI1, a being
the area of EF, and the coefficient m
approximates to unity.

It would appear, that the discharge
could be increased indefinitely by length-
ening the divergent part of the tube and
thus increasing a, but as the length increases, the velocity
decreases due to the friction of the sides of the tube, and further,
as the discharge increases, the velocity through the contracted
section CD increases, and tho pressure head at CD consequently
falls.

Calling p, the atmospheric pressure, p, the pressure at CD,
and v, the velocity at CD, then

E!+1£=H+I’E

Fig. 67.

w 2¢9 w

2

and D_pgyBe_ T,
w w29

.3
If ;—‘g is greater than H + %, p, becomes negative,

As pointed out, however, in conncction with Froude’s apparatus,
page 43, if continuity is to be maintained, the pressure cannot be
negative, and in reality, if water is the fluid, it cannot be less
than } the atmospheric pressure, due to the separation of the air
from the water. The velocity v; cannot, thercfore, be increased
indefinitely.



FLOW THROUGH MOUTHPIECES 75

Assuming the pressure can just become zero, and taking the
atmospheric pressure as equivalent to a head of 34 ft. of water, the
maximum possible velocity, is

v,=~N2g (H + 34 ft.)
and the maximum ratio of the area of EF to CD is

\/1 + 3———41;&.

Practically, the maximum value of v, may be taken as
v = ~2g (H + 24) 1t.
and the maximum ratio of EI' to CD as

24 ft,
Visit.

The maximum diSChfﬂ‘gO is
a 2q H + 24
Q =M, —— ( - L) .

Vh+%

The ratio given of EF to CD may be taken as the maximum
ratio between the area of a pipe and the throat of a Venturi meter
to be used in the pipe.

67. Flow through orifices and mouthpieccs under constant
pressure.

The head of water causing flow through an orifice may be
produced by a pump or other mechanical means, and the discharge
may take place into a vessel, such as the condenser of a steam
engine, in which the pressure is less than that of the atmosphere.

For example, suppose water to bo discharged from a cylinder
A, into a vesscl B, Fig. 68, through
an orifice or mouthpiece by means
of a piston loaded with P lbs., and
let the pressure per sq. foot in B
be po lbs.

Let the area of the piston be
A square feet. Let h be the height
of the water in the cylinder above
tho centre of the orifice and h, of
tho water in the vessel B. The
theoretical effective head forcing water through the orifice may
be written

1o L ~ B _
H Aw + h w Ilo.
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If P is large h, and h will generally be negligible.
At the orifice the pressure head is ho+%, and therefore for

any stream line through the oriﬁce, if there is no friction,

2—9 +ho w + h
v P
or 2g Aw +h ho

The actual velocity will be less than v, due to friction, and if k
is a coefficient of velocity, the velocity is then

v=1F .N2gH,
and the discharge is Q=m.aN2gH.

In practical examples the cylinder and the vessel will generally
be connected by a short pipe, for which the coefficient of velocity
will depend upon the length.

If it is only a few feet long the principal loss of head will be
at the entrance to the pipe, and the coeflicient of discharge will
probably vary between 065 and 0°85.

The effect of lengthening the pipe will be understood after the
chapter on flow through pipes has been read.

Example. Water is discharged from a pump into a condenser in which the
pressure 18 3 lbs. per sq. inch throngh a short pipe 3 inches diameter.

The pressure in the pump is 20 lbs. per sq. inch.

Find the discharge into the condenser, taking the coeflicient of discharge 0-75.
The effective head is

_20x144 3x144
Y T
=359 2 feet,
Therefore, Q=-75x *7854 x 1{; x A/04-% x 80-2 cubic feet per sco,
=184 cubic ft. per sec.

58. Time of emptying a tank or reservoir.

Suppose a rescrvoir to have a sharp-edged horizontal orifice
as in Fig. 44. It is required to find the time taken to empty
the reservoir.

Let the area of the horizontal section of the reservoir at any
height h above the orifice be A sq. feet, and the area of the

orifice @ sq. fect, and let the ratio é be sufficiently large that the

velocity of the water in the reservoir may be ncglected.
When the surface of the water is at any height h above the
orifice, the volume which flows through the orifice in any time vé

will be ma ~/2gh .0t.
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The amount ok by which the surface of water in the reservoir
falls in the time 0t is

ma N2gh 0t
oh =R,
or t=——éah—
ma N2gh "

The time for the water to fall from a height H to H, is
fe / Adh 1 / " Adh
1,ma N2k a2y

H, 'mh’k

If A is constant, and m is assumed constant, the time required
for the surface to fall from a height H to H, above the orifice is

o1 fu Adh

ma «/25 H, ﬂ—
- (VE-VI),
" ma ~/ 2¢
and the time to empty the vessel is
2A VI
=
ma ~2g 29’

or is equal to twice the time required for the same volume of
water to leave the vessel under a constant head H.

Time of emptying a lock with vertical drowned sluice. Let tho
water in the lock when the sluice is closed be at a height H,
Fig. 56, above the down-stream level.

Then the time required is that necessary to reduce the level in
the lock by an amount H.

‘When the flow is taking place, let # be the height of the water
in the lock at any instant above the down-stream water.

Let A be the sectional area of the lock, at the level of the
water in the lock, a the area of the sluice, and m its coelficient of
discharge.

The discharge through the sluice in time 0t is

0Q=m.a ~2g=.0t.
If 0z is the distance the surface falls in the lock in time 0f, then
Adz=ma N2gzot,

or ot= o \/—5_3;; .
To reduce the level by an amount H,
¢ [F_Adz

o ma ~2gad’
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If m and A are constant, _
2A VH
l=——=.

ma ~2g

Example. A reservoir, 200 yards long and 150 yards wide at the bottom, and
having side slopes of 1 to 1, has a depth of water in it of 25 feet. A short pipe
8 feet diameter is used to draw off water from the reservoir.

Find the time taken for the water in the reservoir to fall 10 feet, The
coefficient of discharge for the pipe is 0-7.

When the water has a depth k the area of the water surface is

A =(600 + 21) (450 + 2h).

The area of the pipe is a="7068 sq. feet.
Therefore t= L / 2 (000+2) (450 + 21) dh
0:70 /29 .7:068 J 15 nd

1 EZ 2 x 270000%3 + § x 210043 4 gh%]

=300
1
=505 (610200 + 93800 + 3606)
=17,850 secs.
=4-95 hours.
Ezample. A horizontal boiler 6 feet diameter and 30 feet long is half full of
water.

Find the time of emptying the boiler through a short vertical pipe 8 inches

diameter attached to the bottom of the boiler.
The pipe may be taken as a mouthpiece discharging full, the coefficient of

velocity for which is 0°8.
Let r be the radius of the boiler.
‘When the water has any depth h above the bottom of the boiler the area A is

=30x2.\/rt—(r-hp
=80 x 2a/2% — A%,
The area of the pipeis 0-049 sq. feet.

Orh — 12,
Therefore - 2x30 r M
8x0049325 )0 A/h

J oot
=191 | (2r-%)%dn
]

=3.191 23 -4
=1274x9'5
=1210 seos.

EXAMPLES,

(1) Find the velocity due to a head of 100 ft.
(2) Find the head due to a velocity of 500 ft. per seo.

(8) Water issues vertically from an orifice under a head of 40 £t. To
what height will the jet rise, if the coefficient of velocity is 0:97 ?

(4) What must be the size of a conoidal orifice to discharge 10 c. ft.
per second under a head of 100 £6.? m=-925.
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(5) A jet 8 in. diameter at the orifice rises vertically 50 ft. Find its
diameter at 25 ft. above the orifice.

(6) An orifice 1 sq. ft. in area discharges 18 c. ft. per second under a
head of 9 ft. Assuming coefficient of velocity=098, find coefficient of
contraction.

(7) The pressure in the pump cylinder of a fire-engine is 14,400 lbs.
per 8q. ft.; assuming the resistance of the valves, hose, and nozzle is such
that the coefficient of resistance is 0'5, find the velocity of discharge, and
the height to which the jet will rise.

(8) The pressure in the hose of a fire-engine is 100 lbs. per sq. inch;
the jet rises to a height of 150 ft. Find the coefficient of velocity.

(9) A horizontal jet issucs under a head of 9 ft. At 6 ft. from the
orifice it has fallen vertically 15 ins. Find the coefficient of velocity.

(10) Required the coefficicnt of resistance corresponding to a coefficient
of velocity =097.

(11) A fluid of one quarter the density of water is discharged from a
vessel in which thoe pressure is 50 lbs. per sq. in. (absolute) into the
atmosphere where the pressure is 15 lbs. per sq. in. Find the velocity of
discharge.

(12) Find the diameter of a circular orifice to discharge 2000 c. ft. per
hour, under a head of 6 ft. Cocflicicnt of discharge 0-60.

(13) A cylindrical cistern contains water 16 ft. deep, and is 1 sq. ft. in
cross section. On opening an orifice of 1 sq. in. in the bottom, the water
level fell 7 ft. in one minute. Find the coefficient of discharge.

(14) A miner’s inch is defined to be the discharge through an orifice in
a vertical plane of 1 sq. in. area, under an average head of 6} ins. Find
the supply of water per hour in gallons. Coefficient of discharge 0-62.

(15) A vesscl fitted with a piston of 12 sq. ft. area discharges water
under a head of 10 ft. What weight placed on the piston would double the
rate of discharge?

(16) An orifice 2 inches square discharges under a head of 100 feet
1:338 cubic feet per second. Taking the coefficient of velocity at 097, find
the coeflicient of contraction.

(17) Find the discharge per minute from a circular orifice 1 inch
diamcter, under a constant pressure of 84 lbs. per sq. inch, taking 0'60 as
the coeflicient of discharge.

(18) The plunger of a fire-engine pump of one quarter of a sq. ft. in
area is driven by a force of 9542 lbs. and the jet is observed to rise to a
hoight of 150 feet. Find the coefficient of resistance of the apparatus.

(19) An orifice 8 feet wide and 2 feet deep has 12 feet head of water
above its centre on the up-stream side, and the backwater on the other
side is at the level of the centre of the orifice. Find the discharge if
m=my =062,
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(20) Ten c. ft. of water per second flow through a pipe of 1 sq. ft. area,
which suddenly enlarges to 4 sq. ft. area. Taking the pressure at 100 lbs.
per sq. ft. in the smaller part of the pipe, find (1) the head lost in shock,
(2) the pressure in the larger part, (3) the work expended in forcing the
water through the enlargement.

(21) A pipe of 8” diameter is suddenly enlarged to 5” diameter. A U
tube containing mercury is connected to two points, one on each side of the
enlargement, at points where the flow is steady. Find the diffcrence in
level in the two limbs of the U when water flows at the rate of 2 c. ft. per
second from the small to the large section and vice versd. The specific
gravity of mercury is 13'6. Lond. Un.

(22) A pipe is suddenly enlarged from 2} inches in diameter to 8%
inches in diameter. Water flows through these two pipes from the smaller
to the larger, and the discharge from the end of the bigger pipe is two
gallons per second. Find:—

(@) The loss of head, and gain of pressure head, at the enlarge-
ment,.
(b) The ratio of head lost to velocity head in small pipe.

(23) The head and tail water of a vertical-sided lock differ in level
12 ft. The area of the lock basin is 700 sq. ft. Find the time of emptying
the lock, through a sluice of 5 sq. ft. arca, with a coeflicient 0'5. The
sluice discharges below tail water level.

(24) A tank 1200 sq. ft. in area discharges through an orifice 1 sq. ft.
in area. Calculate the time required to lower the level in the tank from
50 ft. to 25 ft. above the orifice. Coeflicient of discharge 06.

(25) A vertical-sided lock is 65 ft. long and 18 ft. wide. Lift 15 ft.
Find the area of a sluice below tail water to cipty the lock in 5 minutes.
Coefficient 06.

(26) A reservoir has a bottom width of 100 feet and a length of 125
feet.

The sides of the reservoir are vertical.

The reservoir is connected to a second reservoir of the same dimensions
by means of a pipe 2 feet diameter. The surface of the water in the first
reservoir is 17 feet above that in the other. The pipe is below the surface
of the water in both reservoirs. Find the time taken for the water in the
two reservoirs to become level. Coefficient of discharge 0'8.

69. Notches and Weirs.

When the sides of an orifice are
produced, so that they extend be- |
yond the free surface of the water, !
as in Figs. 69 and 70, it is called a !
notch. !
Notches are generally made tri- }h \|/

angular or rectangular as shown \,\\\\\\\ i /// 7
in the figures and are largely used m@\\\\ \ i // ////&mw

for gauging the flow of water. Fig. 69, Lriangular Notoh,
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For example, if the flow of a small stream is required, a dam is
constructed across the stream and the water allowed to pass
through a notch cut in a board or metal plate.

————

Fig. 70. Rectangular Notch.

They can conveniently be used for measuring the compensation
water to be supplied from collecting reservoirs, and also to gauge
the supply of water to water wheels and turbines.

The term weir is a name given to a structure used to dam up
a stream and over which the water flows.

The conditions of flow are practically the same as through
a rectangular notch, and hence such notches are generally called
weirs, and in what follows the latter term only is used. The top
of the weir corresponds to the horizontal edge of the notch and is
called the sill of the weir.

The sheet of water flowing over a weir or through a notch is
gencrally called the vein, sheect, or nappe.

The shape of the nappe depends upon the form of the sill and
sides of the weir, the height of the sill above the bottom of the
up-stream channel, the width of the up-stream channel, and the
construction of the channel into which the nappe falls.

The effect of the form of the sill and of the down-stream
channel will be considered later, but, for the present, attention
will be confined to weirs with sharp edges, and to those in which
the air has free access under the nappe so that it detaches itself
entirely from the weir as shown in Fig. 70.

60. *Rectangular sharp-edged weir.

If the crest and sides of the weir are made sharp-edged, as
shown in Fig. 70, and the weir is narrower than the approaching
channel, and the sill some distance above the bed of the stream,
there is at the sill and at the sides, contraction similar to that at
a sharp-edged orifice.

The surface of the water as it approaches the weir falls, taking
a curved form, so that the thickness &,, Fig. 70, of the vein over
the weir, is less than H, the height, above the sill, of the water at

* Tor circular weirs see page 561,
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some distance from the weir. The height H, which is called the
head over the weir, should be carefully measured at such a distance
from it, that the water surface has not commenced to curve.
Tteley and Stcarns state, that this distance should be equal to
2% times the height of the weir above the bed of the stream.

For the present, let it be assumed that at the point where II is
measured the water is at rest. In actual cases the water will
always have some velocity, and the effect of this velocity will have
to be considcred later. H may be called the still water head over
the weir, and in all the formulae following it has this meaning.

Side contraction. According to Fteley and Stearns the amount
by which the stream is contracted when the weir is sharp-edged
is from 006 to 0'12H at each side, and Francis obtained a mean of
0'1H. A wide weir may be d1v1ded into several bays by parti-
tions, and there may then be more than two contractions, at each
of which the effective width of the weir will be d1mm1shed if
Francis’ value be taken, by 0'1H.

If LL is the total width of a rectangular weir and N the number
of contractions, the effective width I, Fig. 70, is then,

(L-01NH).

When L is very long the lateral contraction may be neglected.

Suppression of the contraction. The side contraction can be
completely suppressed by making the approaching channel with
vertical sides and of the same width as the weir, as was done for
the orifice shown in Fig. 47. The width of the stream is then
equal to the width of the sill.

6l. Derivation of the weir formula from that of a large
orifice.

If in the formula for large orifices, p. 64, h, is made equal to
zero and for the effective width of the stream the length 1 is
substituted for b, and k% is unity, the formula becomes

Q=2+2g.1.0Y ... (D).

If instead of h, the head H, Fig. 70, is substxt;uted and

a coefficient C introduced,
Q=2C~2g.1H%

The actual width ] is retained instead of I, to make allowance
for the end contraction which as explained above is equal to 0'1H
for each contraction. If the width of the approaching channel is
made equal to the width of the weir [ is equal to L.

With N contractions I=(L~-01NH),
and Q=3C~2g.(L-0INH) H!

If C is given a mean value of 0'625, and L and H are in feet,
the discharge in cubic feet per second is

Q=883(L-0INH)H!.........c.o........ ).
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This is the well-known formula deduced by Francis* from
a careful series of experiments on sharp-edged weirs.

The formula, as an empirical one, is approximately correct and
gives reliable values for the discharge.

The method of obtaining it from that for large orifices is,
however, open to very serious objection, as the vclocity at F on
the section EF, Fig. 70, is clearly not equal to zero, neither is the
direction of flow at the surface perpendicular to the section EF,
and the pressure on EF, as will be understood later (scction 83)
18 not likely to be constant.

That the directions and the velocities of the stream lines are
different from those through a section taken near a sharp-edged
orifice is scen by comparing the thickness of the jet in the two
cases with the cocflicient of discharge.

For the sharp-cdged orifice with side contractions suppressed,
the ratio of the thickness of the jet to the depth of the orifice is not
very different from the coefficient of discharge, being about 0:625,
but the thickness EIF of the nappe of tho weir is very nearly 0°78H,
whereas the coefficient of discharge is practically 0'625, and the
thickness is thercfore 1°24 times the coefficient of discharge.

It appears thercfore, that although the assumptions made in
calculating the flow through an orifice may be justifiable, providing
the head above the top of the orifice is not very small, yet when
it approaches zero, the assumptions are not approximately true.

The angles which the stream lines make with the plane of EF
cannot be very different from 90 degrees, so that it would appear,
that the error principally arises from the assumption that the
pressure throughout the section is uniform.

Bazin for special cases has carefully measured the fall of the
point F and the thickness EF, and if the assumptions of constant
pressure and stream lines perpendicular to EF are made, the
discharge through EI can be calculated. -

For example, the height of the point E above the sill of the
weir for one of Bazin’s experiments was 0'112H and the thickness
EF was 0'78H. The fall of the point F is, therefore, 0'108H.
Assuming constant pressure in the section, the discharge per foot
width of the weir is, then,

0 888H

g= N2ghdh

0108H
=229 HE{('888)} - ('108)%}
=532 J/2g . H1.

* Lowell, Hydraulic Ezperiments, New York, 1858,

T
(3]
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The actual discharge per foot width, by experiment, was
g=0433 ~/2g . H},
so that the calculation gives the discharge 1228 greater than the
actual, which is approximately the ratio of the thickness EF to
the thickness of the stream from a sharp-edged orifice having

a depth H. The assumption of constant pressure is, therefore,
quite erroneous.

62. Thomson’s principle of similarity.

“When a frictionless liquid flows out of similar and similarly
placed orifices in similar vessels in which the same kind of liquid
is at similar heights, the stream lines in the different flows are
similar in form, the velocities at similar points are proportional to
the square roots of the linear dimensions, and since the areas of
the stream lines are proportional to the squares of the linear
dimensions, the discharges are proportional to the linear dimensions
raised to the power of §*.”

Let A and B, Figs. 71 and 72, be exactly similar vessels with
similar orifices, and let all the dimensions of A be # times those
of B. Let ¢ and ¢, be similarly situated areas on similar stream
lines.

Fig. 71 Fig. 72.

Then, since the dimensions of A are n times those of B, the
fall of free level at ¢ is m times that at ¢;. Let » be the velocity
at ¢ and v, at ¢;.

Then, since it has been shown (page 51) that the velocity in
any stream line is proportional to the square root of the fall of
free level,

R ATV N
Again the area at ¢ is #* times the arca at ¢, and, therefore,

the discharge through ¢
the discharge through ¢,

which proves the principle.
* British Association Reports 1858, 1876 and 1885,

= Vn=nl,
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63. Discharge through a triangular notech by the
principle of similarity.
Let ADC, T'igs. 73 and 74, bo a triangular notch.

U ARSI ¥ AU S

D

TFig. 7.

Let the depth of the flow through the notch at one time be H
and at another n.H.

Suppose the area of the stream in the two cases to be divided
into the same number of horizontal elements, such as ab and a,b;.

Then clearly the thickness of ab will be n times the thickness
of a,lbl.

Let ab, be at a distance # from the apex B, and ab at a
distance nz; then the width of ab is clearly n times the width of
a;b,, and the area of ab will therefore be n? times the area of a,b.

Again, the head above ab is n times the head above a;b, and
thercfore the velocity through ab will be ~/n times the velocity
through a0, and the discharge through ab will be n} times
that through a,b,.

More generally Thomson expresses this as follows:

“If two triangular notches, similar in form, have water flowing
through them at different depths, but with similar passages of
approach, the cross sections of the jets at the notches may be
similarly divided into the same number of elements of area, and
the areas of corresponding elements will be proportional to the
squares of the lincal dimensions of the cross sections, or pro-
portional to the squares of the heads.”

As tho depth h of each element can be expressed as a fraction
of the head H, the velocities through these elements are propor-
tional to the square root of the head, and, therefore, the discharge
is proportional to H%,

Therefore Q o HE,
or Q= C. Hg‘)

C being a coefficient which has to be determined by experiment.

From experiments with a sharp-edged notch having an angle
at the vertex of 90 degrees, he found C to be practically constant
for all heads and equal to 2:535. Then, I being measured in feet,
the discharge in cubic feet per second is

Q=2535.HY ..o (B).
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64. Flow through a trlangular notch.
The flow through a triangular notch is frequently given ag

Q=14n/27. BHS,

in which B is the top width of the notch and n an experimental coefficient.
It is deduced as follows:
Let ADC, Fig. 74, be the triangular notch, H being the still water head over
the apex, and B the widtg ti:lI; a height H above the apex. At any depth & the
. B(H=-h)

width & of the strip a,b, is g

If the velocity through this strip is assumed to be v=kJé}ﬁZ, the width of the

H

stream through a;b,, E——]-S—(H—-k) , and the thickness 0h, the discharge through it is

ank.c.lii(H-h) JEToh.

The section of the jet just outside the orifice is really less than the area EFD.
The width of the stream through any strip a,b, is less than a,b,, the surface is lower
than EF, and the apex of the jet is some distance above D,

The diminution of the width of a,b, has been allowed for by the coefficient ¢, and
the diminution of depth might approximately be allowed for by integrating between

h=0 and A=H, and introducing a third coeflicient ¢,.

H - —
Then Q=kcc1f B—(}Ill—l) N2gh dh
0

=gce,kn/2g.B.HE,
Replacing e,k by »

Q=r%.2n/27 . BHT revreeveveenn, e vererennenn(4).
Calling the angle ADC, 6,
0
B=2H tanﬁ,
d - 5. tan 2. 114
an Q_,&,nJ2g.tan§.11 .

When 6 is 90 degrees, B is equal to 2H, and
Q=rsn4/27. HE,
Taking a mean value for n of 0:5926

Q=2135. HY fora right-angled notch,
and Q =1-464F for a 60 degrees notch,

which agrees with Thomson’s formula for a right-angled notch.

The result is the same as obtained by the method of similarity, but the method
of reasoning is open to very serious objection, as at no section of the jet are all the
stream lines normal to the section, and k cannot therefore be constant. The

assumption that the velocity through any strip is proportional to JTz is also open
to objection, as the pressure throughout the section can hardly be uniform.

65. Discharge through a rectangular weir by the
principle of similarity.

The discharge through a rectangular weir can also be obtained
by the principle of similarity.
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Consider two rectangular weirs each of length L, Figs. 75
and 76, and let the head over the sill be H in the one case and
H,, or nH, in the other. Assume the approaching channel to be
of such a form that it does not materially alter the flow in either

case.
L L
i:-:—ij‘—;;_:;—j—_;—i s;‘—}.—_—_-_—, éflﬂ 2*_:"
n T— H T
| B Ic
Fig. 75. Fig. 76.

To simplify the problem let the weirs be fitted with sides
projecting up stream so that there is no side contraction.

Then, if each of the weirs be divided into any number of equal
parts the flow through each of these parts in any one of the weirs
will be the same.

Suppose the first weir to be divided into N equal parts. If

then, the second weir is divided into N—HI—{ equal parts, the parts
1

in the second weir will be exactly similar to those of the first.
By the principle of similarity, the discharge through each of
the parts in the first weir will be to the discharge in the second

E
as H* and the total discharge through the first weir is to the

HY’

1

discharge through the second as
Nut _HF 1
N.H.Hi H}
4

Instead of two separate weirs tho two cases may refer to the
same weir, and the discharge for any head H is, therefore, pro-
portional to* H¥; and since the flow is proportional to L

Q=C.L.H}
in which C is a coefficient which should be constant.

66. Rectangular weir with end contractions.

If the width of the channel as it approaches the weir is greater
than the width of the weir, contraction takes place at each side,
and the effectual width of the stream or nappe is diminished ; the
amount by which the stream is contracted at each side is practi-
cally independent of the width and is a constant fraction of H, as
explained above, or is equal to k¥H, % being about 0°1.

* See Example 3, page 260,
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Let the total width of each weir be now divided into three
parts, the width of each end part being equal to n.%k.H. The
width of the end parts of the transverse section of the stream will
each be (n—1) k. H, and the width of central part L — 2nkH.

The flow through the central part of the weir will be equal to

Q.=C (L-2nkH) Hi.

Now, whatever the head on the weir, the end pieces of the
stream, since the width is (n—1) kH and % is a constant, will be
similar figures, and, therefore, the flow through them can be
expressed as

Q.=2C, (n—1) KHIHE,

The total flow is, therefore,

Q=C@L-2nkH) H} +2C, (n-1) kKHH%

If now C, is assumed equal to C

Q=0 (L-2kH) HE,

If instead of two there are N contractions, due to the weir
being divided into several bays by posts or partitions, the formula
becomes

Q=C((L-NO01.H)H%

This is Francis’ formula, and by Thomson’s theory it is thus

shown to be rational.

87. Bazin’s* formula for the discharge of a weir.

The discharge through a weir with no side contraction may be
written

Q=m2g.LH},
or Q=mL~2¢gH .H,

the coefficient m being equal to —9_1 .
Nog

Taking Francis’ value for C as 3'33, m i8 then 0°415.
From experiments on sharp-crested weirs with no side con-
traction Bazin deduced for mt the value
*00984

m=O‘4O5+—H——.

In Table IX, and Fig. 77, are shown Bazin’s values for m for
different heads, and also those obtained by Rafter at Cornell upon
a weir similar to that used by Bazin, the maximum head in the
Cornell experiments being much greater than that in Bazin’s
experiments. In Fig. 77 are also shown several values of m, as
calculated by the author, from Francis’ experimental data.

* Annales des Ponts et Chaussées, 1888 —1898.
1 * Experiments on flow over Weirs,” 4m.8.C.E. Vol. xxvyy,
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TABLE IX.

Values of the coefficient m in the formula Q =mI, ~/2g H1.

‘Weir, sharp-crested, 6'56 feet wide with free overfall and lateral
contraction suppressed, H being the still water head over the weir,
or the measured head A* corrected for velocity of approach.

Bazin.
Head infeet 0164 0828 0656 0984 1812 164 1968
m 0448 0432 0421 0417 0414 0412 0409
or m=0405+ 200984
H
Rafter.
Head in feet m C
01 0:4286 3437
05 04230 3:892
10 04174 3348
15 04136 38:317
20 04106 3293
25 04094 3:283
30 0°4094 3283
35 04099 3288
4 04112 8:298
45 04125 3308
50 04133 3315
55 04135 3:316
60 04136 3317

68. Bazin's and the Cornell experiments on weirs.

Bazin’s experiments were made on a weirt 656 feet long
having the approaching channel the same width as the weir, so
that the lateral contractions were suppressed, and the discharge
was measured by noting the time taken to fill a concrete trench of
known capacity.

The head over the weir was measured by means of the hook
gauge, page 249. Side chambers were constructed and connected
to the channel by means of circular pipes 01 m. diameter.

The water in the chambers was very steady, and its level
could therefore be accurately gauged. The gauges were placed
5 metres from the weir. The maximum head over the weir in
Bazin’s experiments was however only 2 feet.

The experiments for higher heads at Cornell University were
made on a weir of practically the same width as Bazin’s, 6'53 feet,
the other conditions being made as nearly the same as possible;
the maximum head on the weir was 6 feet.

* See page 90.
T Annales des Ponts et Chaussées, p. 445, Vol. 11. 1891,
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The results of these experiments, Fig. 77, show that the
coefficient m diminishes and then incrcases, having a minimum
value when H is between 25 feet and 3 fect.

45¢

Wi

8

&

Coefficent m in the formula Q=m+2gLH¥

Head u Feet

Mean. coetliaat wirves for Sharp-edged Weus
+ Baguw Eaperunents
o (urnell "

A Franas® »  (Deduced by the awthor)
Fig. 77.

It is doubtful, however, although the experiments were made
with great care and skill, whether at high heads the deduced
coefficients are absolutely reliable.

To measure the head over the weir a 1 inch galvanised pipe
with holes }inch diameter and opening downwards, 6 inches
apart, was laid across the channel. "o this pipe were connected
£ inch pipes passing through the weir to a convenient point below
the weir where they could be connected to the gauges by rubber
tubing. The gauges were glass tubes § inch diameter mounted
on a frame, the height of the water being read on a scale
graduated to 2mm. spaces.

69. Velocity of approach.

It should be clearly understood that in the formula given, it
has been assumed in giving values to the coefficient m, that H is
the height above the sill of the weir of the still water surface.
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In actual cases the water where the head is measured will have
some velocity, and due to this, the discharge over the weir will be
increased.

If Q is the actual discharge over a weir, and A is the area of
the up-stream channel approaching the weir, the mean velocity in

the channel isv = A

There have been a number of methods suggested to take into
account this velocity of approach, the best perhaps being that
adopted by Hamilton Smith, and Bazin,

This consists in considering the equivalent still water head H,
over the weir, as equal to

h+ a.v
29
@ being a coefficicnt determined by experiment, and % the
measured head.
The discharge is then

_ 23
Q=m 25 L (h+ ‘%) SO ()}

or Q=m.L(h+a§g>V/Qg<h+g§).
2

Expanding (5), and remembering that g;h is generally a small

quantity,
55 3 av®
Q-= mth/,Zgh( 143 25&) )
The velocity v depends upon the discharge Q to be determined

and is equal to A*

- 2
Therefore Q =mLhJ/2gh < 1+ g 2%%2) eerraineenennn. (6).

From five sets of experiments, the height of the weir above the
bottom of the channel being different for each set, Bazin found
the mean value of a to be 1'66.

This form of the formula, however, is not convenient for use,
since the unknown Q appears upon both sides of the equation.

If, howover, the discharge Q is expressed as

Q=nLV2h . b,
the coefficient n for any weir can be found by measuring Q and .

It will clearly be different from the coefficient n, since for m
to be used A has to be corrected.

From his experimental results Bazin calculated # for various
heads, some of which are shown in Table X,
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Substituting this value of Q in the above formula,
= 3 a.n'LW°
Q=mLhV2gh(1 5 T )
Let 3an® be called k.
Then Q=mLh«/§§E(1+

e (D

),

Or, when the width of channel of approach is equal to the
width of the weir, and the height of the sill, Fig. 78,is p feet above
the bed of the channel, and & the measured head,

A=(h+ p) L,
A— kh’
and Q=mLh ~/2gh<1+Umﬂ)u................(8).

The mean value given to the coefficient & by Bazin is 055,
so that

s 055 h?
Q=mLh 25 (1+ (TFE’) cevererennnenn(9).
This may be written .
Q = m,Lh V2gh,
. . "55h?
in which m1=m(1+m).
Substituting for m the value given on page 88,
(s, (00984 "55h2 .
= (405 + 2 )(1+(;;+p),) ......... (10);

m, may be called the absolute coefficient of discharge.

The coefficient given in the Tables.

It should be clearly understood that in determining the values
of m as given in the Tables and in Fig. 77 the measured head h
was corrected for velocity of approach, and in using this
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coefficient to dctermine Q, b must first be corrected, or Q
calculated from formula 9.
Rafter in determining the values of m from the Cornell ox-

3
periments, increased the observed head h by g—é only, instead of
oy 166 2
by 1:66 5g°
Fteley and Stearns®, from their researches on the flow over

weirs, found the correction necessary for velocity of approach to
be from

o
1'45t0 1'5 50
g

Hamilton Smitht adopts for weirs with end contractions
suppressed the values

188 to 140 -
20 10 §§ y
and for a weir with two end contractions,

11 to 125 %C
)

TABLE X,
Coeflicients n and m as calculated by Bazin from the formulae
Q= nL ~2g ht
and Q =mL v2g HE,

h being the head actually measured and H the head corrected for
velocity of approach.
Head Height of sill  Coefficient Coefficient

h in feet p in feet n m
0164 0656 0458 0448
6-560 0448
0984 0656 0500 0417
6560 0421
1-640 0656 0500 04118
6660 0421

An example is now taken illustrating the method of deducing
the coefficients #n and m from the result of an experiment, and the
difference between them for a special case.

Example. In one of Bazin’s experiments the width of the weir and the
approaching channel were both 656 feet. The depth of the channel approaching
the weir measured at a point 2 metres up stream from the weir was 7-544 feet and
the head measured over the weir, which may be denoted by &, was 0:984 feet. The
measured dischaxge was 21'8 cubioc ft. per second.

* Transactions 4m.S.C.E., Vol. xm.
t Hydraulics.
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The velocity at the section where b was measured, and whiech may be called the

velocity of approach was, therefore,
21-8

754656 T T54Ex 656
=0-44 feet per second.

If now the formula for discharge be written

Q=nL JZ;}IE .y

and n is calculated from this formula by substituting the known values of
Q, L and &

v

n=0-421,
Correcting h for velocity of approach,
. 2
H=h+166 (22
29
=-0888.
Then Q=ml ,\/m CH,
. 21-8
from which m=———-— =0415.
6+564/29 .-9883

It will seem from Table X that when the height p of the sill of the weir above
the stream bed is small compared with the head, the difference may be much

larger than for this example.
When the head is 164 feet and larger than p, the coeflicient n is eighteen

per cent. greater than m. In such cases failuie to correct the coefficient will lead
to considerable inaccuracy.

70. Influence of the height of the weir sill above the bed
of the stream on the contraction.

The nearer the sill is to the bottom of the stream, the less the
contraction at the sill, and if the depth is small compared with H,
the diminution on the contraction may considerably affect the

flow.
‘When the sill was 1'15 feet above the bottom of a channel,

of the same width as the weir, Bazin found the ratio fI— (Fig. 85)
to be 0:097, and when it was 370 feet, to be 0'112. For greater

heights than thesc the mean value of f{ was 0'18.

71. Discharge of a weir when the air is not freely
admitted beneath the nappe. Form of the nappe.

Francis in the Lowell experiments, found that, by making the
width of the channel below the weir equal to the width of the
weir, and thus preventing free access of air to the underside of the
nappe, the discharge was increased. Bazin¥, in the experiments
already referred to, has investigated very fully the effect upon
the discharge and upon the form of the nappe, of restricting the
free passage of the air below the nappe. He finds, that when the
flow is sufficient to prevent the air getting under the nappe, it may
assume one of three distinct forms, and that the discharge for

* Annales des Ponts et Chaussécs, 1891 and 1898,
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one of them may be 28 per cent. greater than when the air is
freely admitted, or the nappe is “free.”” Which of these three
forms the nappe assumes and the amount by which the discharge
is greater than for the “free nappe,” depends largely upon the
head over the weir, and also upon the height of the weir above
the water in the down-stream channel.

The phenomenon is, however, very complex, the form of the
nappe for any head depending to a very large extent upon
whether the head has been decreasing, or increasing, and for a
given head may possibly have any one of the three forms, so that
the discharge is very uncertain. M. Bazin distinguishes the forms
of nappe as follows:

(1) Tree nappe. Air under nappe at atmospheric pressure,
Figs. 70 and 78.

(2) Depressed nappe enclosing a limited volume of air at a
pressure less than that of the atmosphere, Fig. 79.

(8) Adhering nappe. No air enclosed and the nappe adher-
ing to the down-stream face of the weir, Fig. 80. The nappe in this
case may take any ono of several forms,

Fig. 79. Fig. 80.

(4) Drowned or wetted nappe, Fig. 81. No air enclosed but
the nappe encloses a mass of turbulent water which does not move
with the nappe, and which is said to wet tho nappe.
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72. Depressed nappe.

The air below the nappe being at less than the atmospheric
pressure the excess pressure on the top of the nappe causes it to
be depressed. There is also a rise of water in the down-stream
channel under the nappe.

The discharge is slightly greater than for a free nappe. Ona
weir 2'46 feet above the bottom of the up-stream channel, the
nappe was depressed for heads below 077 feet, and at this head
the coefficient of discharge was 1'08 m,, m; being the absolute
coefficient for the free nappe.

73. Adhering nappes.

As the head for this weir approached 077 feet the air was
rapidly expelled, and the nappe became vertical as in Fig. 80, its
surface having a corrugated appearance. The cocflicient of dis-
charge changed from 108 m, to 128 m,. This large change in
the coefficient of discharge caused the head over the weir to fall
to 0'69 feet, but the nappe still adhered to the weir.

74. Drowned or wetted nappes.

As the head was further increased, and approached 097 feet,
the nappe came away from the weir face, assuming the drowned
form, and the coeflicient suddenly fell to 1’19 m,. As the head
was further increased the coefficient diminished, becoming 112
when the head was above 1'3 feet.

The drowned nappes are more stable than the other two, but
whereas for the depressed and adhering nappes the discharge is
not affected by the depth of water in the down-stream channel,
the height of the water may influence the flow of the drowned
nappe. If when the drowned nappe falls into the down stream
the rise of the water takes place at a distance from the foot of the
nappe, Fig. 81, the height of the down-stream water does not affect
the flow. On the other hand if the rise encloses the foot of the
nappe, I'ig. 82, the discharge is affected. Let h, be the difference
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of level of the sill of the weir and the water below the weir. The
coefficient of discharge in the first case is independent of %, but is
dependent upon p the height of the sill above the bed of the up-
stream channel, and is

o= <O'878+0'128 %)(11)

Bazin found that the drowned nappe could not be formed if h
is less than 0'4 p and, therefore, £ cannot be greater than 2'5.

Substituting for m, its value

: 100984 _ 55k
(O 405 + 7 (1 (h ¥ p)2> ’
from (10) page 92
2
My=0'470 + 00075 %5 1vvvvs v (12).
In the second case the coefficient depends upon ks, and is,

my=m, (106 + 0'16) (% ~005)% ...........(13),
for which, with a sufficient degree of approximation, may be
substituted the simpler formula,

mo=m, (105 + 1'15 Ba) e (14),

The limiting value of m, is 1'2m,, for if hy becomes greater
than h the nappe is no longer drowned.

Further, the rise can only enclose the foot of the nappe when
hq is less than (3 p—h). As h, passes this value the rise is pushed
down stream away from the foot of the nappe and the coefficient
changes to that of the preceding case.

76. Instability of the form of the nappe.

The head at which the form of nappe changes depends upon
whether the head is increasing or diminishing, and the depressed
and adhering nappes are very unstable, an accidental admission
of air or other interference causing rapid change in their form.
Further, the adhering nappe is only formed under special circum-
stances, and as the air is expelled the depressed nappe generally
passes directly to the drowned form.

If, therefore, the air is not freely admitted below the nappe
the form for any given head is very uncertain and the discharge
cannot be obtained with any great degree of assurance.

With the weir 2'46 feet above the bed of the channel and 6°56
feet long Bazin obtained for the same head of 0'656 feet, the four
kinds of nappe, the coefficients of discharge being as follows:

L. . 7
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Free nappe, 0433
Depressed nappe, 0460
Drowned nappe, level of water down stream

041 feet below the crest of the weir, 0497
Nappe adhering to down-stream face, 0554

The discharge for this weir while the head was kept constant,
thus varied 26 per cent.

76. Drowned weirs with sharp crests*.

When the surface of the water down stream is higher than the
sill of the weir, as in Fig. 83, the weir is said to be drowned.

Fig. 83.

Bazin gives a formula for deducing the coefficients for such a
weir from those for the sharp-edged weirs with a free nappe, which
in its simplest form 1is,

mo—m,[l 05 1+1hn \/h h’] e (18),

ha being the height of the down-stream water above the sill of
the weir, h the head actually measured above the weir, p the
height of the sill above the up-stream channel, and m, the
coefficient ((10), p. 92) for a sharp-edged weir. This expression
gives the same value within 1 or 2 per cent. as the formulae (13)
and (14).

Ezample. The head over a weir is 1 foot, and the height of the sill above the
up-stream channel is 5 feet. The length is 8 feet and the surface of the water

in the down-stream channel is 6 inches above the sill. Find the discharge.
From formula (10), page 92, the coefticient m, for a sharp-cdged weir with free

nappe is
( 405 + 000"84) 140 55( ) =~ -4915.
h { f

* Attempts have been made to express the discharge over a drowned weir as
equivalent to that through a drowned orifice of an area equal to Lh,, under a head

h - hy, together with a discharge over a weir of length L when the head is & - hy.
The discharge is then

n /2Ly (b b+ m JFL (- 1)},
n and m being coefficients, Du Buat gave the formula

Q=041 (h + ) 29 (k= hy)
and Monsieur Mary Q=0 83 /29 (h - hi + head due to veloeity of stream).
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Therefore my="4215[1-05 (1+021) 0-761]
= '3440.
Then Q="344x84/25.1%

=2208 cubic ft. per second.

77. Vertical weirs of small thickness.

Instead of making the sill of a weir sharp-edged, it may
have a flat sill of thickness ¢. This will frequently be the case in
practice, the weir being constructed of timbers of uniform width
placed one upon the other. The conditions of flow for these weirs
may be very differcnt from those of a sharp-edged weir.

The nappes of such weirs present two distinct forms, according
as the water is in contact with the crest of the weir, or becomes
detached at the up-stream edge and leaps over the crest without
touching the down-stream edge. In the second case the discharge
is the same as if the weir were sharp-edged. When the head A
over the weir is more than 2¢ this condition is realised, and may
obtain when % passes 3c. Between theso two values the nappe is
in a condition of unstable equilibrium; when % is less than ¢ the
nappe adheres to the sill, and the coofficient of discharge is

my=m, (070 + 0'185 %) ,

any external perturbation such as the entrance of air or the
passage of a floating body causing the detachment.

If the nappe adheres between 3¢ and 2¢ the coeflicient m, varies
from ‘98m, to 1'07m,, but if it is free the coeflicient me=m,.
When H=13c, my is ‘79m,. If therefore the coefficients for a
sharp-edged weir are used it is clear the error may be con-
siderable.

The formula for m, gives approximately correct results when
the width of the sill is great, from 8 to 7 feet for example.

If the up-stream edge of the weir is rounded the discharge is
increased. The discharge® for a weir having a crest 6'56 feet
wide, when the up-stream edge was rounded to a radius of 4 inches,
was increased by 14 per cent., and that of a weir 2:624 feet wide
by 12 per cent.

The rounding of the corners, due to wear, of timber weirs of
ordinary dimensions, to a radius of 1 inch or less, will, therefore,
affect the flow considerably.

78. Depressed and wetted nappes for flat-crested weirs.

The nappes of weirs having flat sills may be depressed, and
may become drowned as for sharp-edged weirs.

* Annales des Ponts et Chaussées, Vol. 11. 1896,
7—2
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The coefficient of discharge for the depressed nappes, whether
the nappe leaps over the crest or adhcres to it, is practically the
same as for the free nappes, being slightly less for low heads and
becomes greater as the head increases. In this respect they differ
from the sharp-crested weirs, the coefficients for which are always
greater for the depressed nappes than for the free nappes.

79. Drowned nappes for flat-crested weirs.

As long as the nappe adheres to the sill the coefficicnt m may
be taken the same as when the nappe is free, or
mo =1, (0'70 + O_IS’L}') .
C
When the nappe is free from the sill and becomes drowned,
the same formula

p—— (0'878 +0128 i) ,

as for sharp-crested weirs with drowned nappes, may be used.
For a given limiting value of the head h these two formulae give
the same value of m,. When the head is less than this limiting
value, the former formula should be used. It gives values of m
slightly too small, but the error is never more than 3 to 4 per cent.
When the head is greater than the limiting value, the second
formula should be used. The error in this case may be as
great as 8 per cent.

80. Wide flat-crested weirs,
When the sill is very wide the surface of the water falls
towards the weir, but the stream lines, as they pass over the weir,

are practically parallel to the top of the weir.
Let H be the height of the still water surface, and h the depth

of the water over the weir, Fig. 84.

Fig. 84.

Then, assuming that the pressure on the top of the nappe is
atmospheric, the velocity of any stream line is
v=~2¢g (H-h),
and if L is the length of the weir, the discharge is
Q=~2gLANTH =) crirrreeeieiiinnnns 16).
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For the flow to be permancnt (see page 106) Q must bo a

. . d
maximum for a given value of A, or 4Q must equal zero.
(]

dh
Therefore
dQ_ s~ __ k.
= V2gL {J(u -k =3 N _h)} 0.
From which 2(H-R)-1=0,
and h =3I,

Substituting for & in (16)
2
== 3
Q Wi V2g.LH
=0385L ~/29H .H =308L+/H.H.
The actual discharge will be a little less than this due to
friction on the sill, etc.
Bazin found for a flat-crested weir 6:56 feet wide the coefficient
m was 0373, or C=2'991.
Lesbros’ experiments on weirs sufficiently wide to approximate
to the conditions assumed, gave ‘85 for the value of the co-

efficient m.

311110Table XI the coefficient C for such weirs varies from 2'66
to 3'10.

81. Flow over dams.

Weirs of vartous forms. M. Bazin has experimentally investi-
gated the flow over weirs having (a) sharp crests and (b) flat
crests, the up- and down-stream faces, instead of both being vertical,
being

(1) vertical on the down-stream face and inclined on the
up-stream face,

(2) vertical on the up-stream face and inclined on the down-
stream face,

(8) inclined on both the up- and down-stream faces,
and (c) weirs of special sections.

The coefficients vary very considerably from those for sharp-
crested vertical weirs, and also for the various kinds of weirs.
Coefficients are given in Table XI for a few cases, to show the
necessity of the care to be exercised in choosing the coefficient for
any weir, and the errors that may ensue by careless evaluation of
the coefficient of discharge.

For a full account of these experiments and the coefficients
obtained, the reader is referred to Bazin’s* original papers, or to
Rafter’st paper, in which also will be found the results of experi-

* Annales des Ponts et Chaussées, 1898.
+ Transactions of the Am.S.C.E., Vol. xL1iv., 1900,
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TABLE XL

Values of the coefficient C in the formula Q=CI.. hg, for weirs
of the sections shown, for various values of the observed head &.

Bazin.

Head in feet

Section of

welr
03 | 07 10 ( 13 | 20 [ 30 | 40 | 50 | 60

[

3 266 | 266 | 200 | 810

e = ——

LY
ﬁ 361 | 380 | 401 | 891
-
— (1

S | 402 | 415 | 418 | 415

—
N
I\ 340 | 867 | 886 | 880
® e
o %7 346 | 849 | 859 | 863
.-
& $4; 308 | 808 | 819 | 822
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TABLE XTI (continued).

Bazin.
Head in fecet
Seetion of
weir
03 ] 065 {10 |13 20| 30 40| 50| 60

7 66

20RO\, | 810 | 897 | 578 | 890
e >

= g
,\\o“i 8 L, | 275|805 | 552|373

Rafter.

Head in feet
Section of

weir !
03 | 05| 10 | 18| 20| 30| 40 | 50 | 60
— 3Je
96,1 ? 335 | 868 | 383 | 877 | 868 | 870 | 371 | 371
P .

W N\ B4 | 342 | 352 | 361 | 866 | 306 | 364 | 363

205 | 316 | 827 | 845 | 356 | 861 | 865 | 367
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ments made at Cornell University on the discharge of weirs, similar
to those used by Bazin and for heads higher than he used, and
also weirs of sections approximating more closcly to thoso of
existing masonry dams, used as weirs. From Bazin’s and Rafter’s
experiments, curves of discharge for varying heads for some of
these actual weirs have been drawn up.

82. Form of weir for accurate gauging.

The uncertainty attaching itself to the correction to be applied
to the measured head for velocity of approach, and the difficulty
of making proper allowance for the imperfect contraction at the
sides and at the sill, when the sill is near the bed of the channel
and is not sharp-edged, and the instability of the nappe and
uncertainty of the form for any given head when the admission of
air below the nappe is imperfect, make it desirable that as far as
possible, when accurate gaugings are required, the weir should
comply with the following four conditions, as laid down by
Bazin.

(1) The sill of the weir must be made as high as possible
above the bed of the stream.

(2) TUnless the weir is long compared with the head, the
lateral contraction should be suppressed by making the channel
approaching the weir with vertical sides and of the same width as
the weir.

(3) The sill of the weir must be made sharp-crested.

(4) TFree access of air to the sides and under the nappe of
the weir must be ensured.

83. Boussinesq’s* theory of the discharge over a weir.

As stated above, if air is freely admitted below the nappe of
a weir there is a contraction of the stream at the sharp edge of the
sill, and also due to the falling curved surface.

If the top of the sill is well removed from the bottom of the
channel, the amount by which the arched under side of the nappe
is raised above the sill of the weir is assumed by Boussinesq—and
this assumption has been verified by Bazin’s experiments—to be
some fraction of the head H on the weir.

Let CD, Fig. 85, be the section of the vein at which the
maximum rise of the bottom of the vein occurs above the sill, and
let e be the height of D above S.

Let it be assumed that through the section CD the stream
lines are moving in curved paths normal to the section, and that
they have a common centre of curvature O.

* Comptes Rendus, 1887 and 1889,
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Tt T bo the height of the surface of the water up stream
above the sill. Let R be the radius of the stream line at any
point E in CD at a height « above S, and R, and R, the radii of
curvature at D and C respectively. TLet V, V; and V; be the
velocities at E, D, and C respectively.

o=
a l_L_S_ e
P+dp
E MR
0
Fig. 85.

Consider the equilibrium of any element of fluid at the point
E, the thickness of which is 6R and the horizontal area is a. If w
i8 the weight of unit volume, the weight of the element is w . aSR.

Since the element is moving in a circle of radius R the centri-
2

fugal force acting on the clement is wa Y{—]—%}E lbs.

The force acting on the element due to gravity is wadR lbs.

Let p be the pressure per unit area on the lower face of the
element and p + & on the upper face.

Then, equating the upward and downward forces,

(p+8p) a+waSR =pa 'wa.;fRz'SR )
2
From which igﬁ——l V{ teeennerernnennenenne. (1.

Assuming now that Bernouilli’s theorem is applicable to the
stream line at EF,

Differentiating, and remembermg H is constant,
dos 0, VAV _o
w
14 P_ VdVv

wde g.de*
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. dp _dp
And sinco o Al
v:  VdV
therefore R-"4dR
or R4V + VAR =0.
Integrating, VR = constant.
Therefore VR=V.R,=V.R..

At the upper and lower surfaces of the vein the pressure is
atmospheric, and therefore,
Vi=+2g (H-é¢),
Vo=~2g (H-ho—e).
Since VR = V,R,, and R from the figure is (R, + 2 — ¢), therefore,

V= V3T 0) o e 2.

The total flow over the weir 18

" ()

d
—ng(ﬂ—e)n,j Rﬁ: ;

=25 (=) Rylog 252 (3.

Now if the flow over the weir is permanent, the thickness h, of
the nappe must adjust itself, so that for the given head H the
discharge is the maximum possible.

The maximum flow however can only take place if each
filament at the section GF has the maximum velocity possible to
the conditions, otherwise the filaments will be accelerated ; and
for a given discharge the thickness A, is therefore a minimum, or
for a given value of &, the discharge is a maximum. That is, when
daQ _
dhe =0.

If therefore R, can be written as a function of h,, the value of
ho, which makes Q a maximum, can be determined by differ-

Q is a maximum,

entiating (3) and equating % to zero.

R1 _V,
Let n= v,
Then, since R,= R, + hy,
h
-
and n2 Y_{__II—G—ho

Vl H-e
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Thercfore, ho= (I —¢) (1 -n?,
and Ri=nl+n) (H-e¢).
Substituting this value of R, in the cxpression for Q,

Q=23 (H-)! (n+ 29 log &,
which, since Q i3 a maximum when %%=0, and A is a function
Q =0.
Differentiating and equatlng to zero,

(1+2n)10g%——(1+n)=0,

the solution of which gives
n = 04685,

and therefore, Q=05216 ~/2g (II — )}
05216 725 (1 - ——) e

of n, i3 a maximum when

= 05216 (1 - ~) Jog . T

=m 2¢.Hi,
the coefficient m being equal to

05216 (1 - 1“1>’

M. Bazin has found by actual measurcment, that the mean
value for I—e{, when the height of the weir is at considerable

distance from the bottom of the channel, is 013,
Then, (1 II) =812,

and m = (0423.

It will be seen on reference to Fig. 77, that this value is very
near to the mean value of m as given by Francis and Bazin, and
the Cornell experiments. Giving to g the value 322,

Q=339 H? per foot length of the weir.

If the length of the weir is L feet and there are no end con-
tractions the total discharge is

Q=38391.0},
and if there are N contractions
Q=339 (L-NO1H) IIi,
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The cocfficient 3'39 agrees remarkably well with the mean
value of C obtained from expcriment.

The value of a theory must be measured by the closeness of
the results of experience with those given by the theory, and in
this respect Boussinesq’s theory is the most satisfactory, as it not
only, in common with the other theories, shows that the flow is
proportional to H¥, but also determines the value of the
constant C.

84. Solving for Q, by approximation, when the velocity
of approach is unknown.

A simple method of determining the discharge over a weir
when the velocity of approach is unknown, is, by approximation,
as follows.

Let A be the cross-sectional area of the channel.

First find an approximation to Q, without correcting for
velocity of approach, from the formula

Q = mLh ~/2gh.
The approximate volocity of approach is, then,

and H is approximately
. 16O
2gA%°
A nearer approximation to Q can then be obtained by sub-
stituting H for h, and if necessary a second value for » can be
found and a still nearer approximation to H.
In practical problems this is, however, hardly necessary.

Ezample. A weir without end contractions has a length of 16 feet. The head
as measured on the weir is 2 feet and the depth of the channel of approach below
the sill of the weir is 10 feet. Find the discharge.

m=0405+ —90798} =+4099.
Therefore C=3-28.
Approximately, Q=328 2%.16
=148 cubie feet per second.
. 14856

The velocity = ux16= 77 ft. per sec.,

G2

and LG =+0147 feet,.
29

A gecond approximation to Q is, therefore,
Q=3-28(2:0147)%.18
=150 cubic feet per second.

A third value for Q can be obtained, but the approximation is sufficiently near

for all practical purposes.
In this case the error in neglecting the velocity of approach altogether, is

probably less than the error involved in taking m as 0'4099,
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85. Time required to lower the water in a reservoir a
given distance by means of a weir.

A reservoir has a weir of length L feet made in one of its sudes,
and havmg its sill H feet below the original level of the water in
the reservoir.

It is required to find the time necessary for the water to fall to
a level H, feet above the sill of the weir. It is assumed that the
area of the reservoir is so large that the velocity of the water as
it approaches the weir may be neglected.

When the surface of the water is at any height % above the sill
the flow in a time 0¢ is

= CLAdot.

Let A be the area of the water surface at this level and ok the

distance the surface falls in time 0¢.

Then, CLA2ot=A0h,
and ot= Adh .
CLAE

Tho time required for the surface to fall (H -1,) feet is,
therefore,
_1 / 1 Adh
H, Ch¥
The coefficient C may be supposed constant and equal to 3'34.
If then A is constant
f I dh
CL H, 7,3

1
CL <~/1L, JH>'

To lower the level to the sill of the weir, H, must be made
equal to O and ¢ is then infinite.

That is, on the assumptions made, the surface of the water
never could be reduced to the level of the sill of the weir. The
time taken is not actually infinite as the water in the reservoir is
not really at rest, but has a small velocity in the direction of the
weir, which causes the time of emptying to be less than that
given by the above formula. But although the actual time is
not infinite, it is ncvertheless very great.

When H, is 1H, ¢ = ﬁ%ﬁ‘
. 6A
When Ho 18 'IJ“II, t = C'—,[“T/‘ﬁ—.

So that it takes three times as long for the water to fall from
iH to {sH as from H to {H.
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Ezample 1. A reservoir has an area of 60,000 8q. yards, A weir 10 feet long
has its sill 2 feet below the surface. Find the time required to reduce the level of
the water 1'11”.

H,=7 H=2.

2.510,000 . .
= 5370 (346 — 0+708),
2. 540,000
T 834,10 °
=89,000 secs.
=247 hours.

So that, neglecting velocity of approach, there will be only one inch of water on

the weir after 24 hours.

Therefore t

2-752

Ezxample 2. To find in the last example the discharge from the reservoir in
15 hours.

=22 (,,,L__ L)
T\ JH, Ji/

Therefore 54,()00:—2£ ( - —1:- - -1—> .
C.L \/Ho '\/2
From which H,=0-421,

Hy=0-176 fect.
The discharge is, therefore,
® - 0-176) 540,000 cubio feed
=984,960 cubic feet,

EXAMPLES.

(1) A weir is 100 feet long and the head is 9 inches. Find the discharge
in c. ft. per minute, C=334.

(2) The discharge through a sharp-edged rectangular weir is 500
gallons per minute, and the still water head is 2} inches. Find tho effective
length of the weir. m="43.

(8) A weir is 15 fcet long and the hcad over the crest is 156 inches.
Find the discharge. If the velocity of approach to this weir were 5 feet
per second, what would be the discharge ?

(4) Deduce an expression for the discharge through a right-angled
triangular notch. If the licad over apex of notch is 12 ins., find the
discharge in c. ft. per sec.

(6) A rectangular weir is to discharge 10,000,000 gallons per day
(1 gallon=10 lbs.), with a normal head of 15 ins. Find the length of the
weir. Choose a coefficient, stating for what kind of weir it is applicable,
or take the coefficient C as 883.

(6) What is the advantage in gauging, of using a weir without end
contractions ?

(7) Deduce Francis’ formula by means of the Thomson principle of
similarity.

Apply the formula to calculate the discharge over a weir 10 feet wide
under a head of 12 feet, assuming one end contraction, and neglecting the
effect of the velocity of approach.
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(8) A rainfall of % inch per hour is discharged from a catchment area
of 5 square miles. Find the still water head when this volume flows over
a weir with free overfall 30 feet in length, constructed in six bays, each
5 feet wide, taking 0415 as Bazin's coefficient.

(9) A district of 6500 acres (1 acre=43,560 sq. ft.) drains into a large
storage reservoir. The maximum rate at which rain falls in the district is
2 ing. in 24 hours. When rain falls after the reservoir is full, the water
requires to be discharged over a weir or bye-wash which has its crest at
the ordinary top-water level of the reservoir. Find the length of such a
weir for the above reservoir, under the condition that the water in the
reservoir shall never rise more than 18 ins. above its top-water level.

The top of the weir may be supposed flat and about 18 inches wide
(see Table XI).

(10) Compare rectangular and V notches in regard to accuracy and
convenience when there is considerable variation in the flow.

In a rectangular notch 50” wide the still water surface level is 15” above
the sill.

If the same quantity of water flowed over a right-angled V notch, what
would be the height of the still water surface above the apex ?

If the channels are narrow how would you correct for velocity of
approach in each case? Lon. Un. 1906.

(11) The heaviest daily record of rainfall for a catchment area was
found to be 42'0 million gallons. Assuming two-thirds of the rain to reach
the storage reservoir and to pass over the waste weir, find the length of
the sill of the waste weir, so that the water shall never rise more than two
feet above the sill.

(12) A weir is 300 yards long. What is the discharge when the head

is 4 fect? Take Bazin's coefficient
m=='405+'—@8—4.
h
(18) Suppose the water approaches the weir in the last question in a
channel 8’ 6” deep and 500 yards wide. Find by approximation the dis-

charge, taking into account the velocity of approach.

(14) The area of the water surface of a reservoir is 20,000 square
yards. Find the time required for the surface to fall one foot, when the
water discharges over a sharp-edged weir 5 feet long and the original head
over the weir is 2 feet.

(156) Find, from the following data, the horse-power available in a given
waterfall :—

Available height of fall 120 feot.

A rectangular notch above tho fall, 10 feet long, is used to measure
the quantity of water, and the mean head over the notch is found to be
15 inches, when the velocity of approach at the point where the head
is measured is 100 feet per minute. Lon. Un. 1905,



CHAPTER V.
FLOW THROUGH PIPES.

86. Resistances to the motion of a fluid in a pipe.

‘When a fluid is made to flow through a pipe, certain resistances
are set up which oppose the motion, and energy is consequently
dissipated. Energy is lost, by friction, due to the relative motion
of the water and the pipe, by sudden enlargements or contractions
of the pipe, by sudden changes of direction, as at bends, and by
obstacles, such as valves which interfcre with the free flow of the
fluid.

It will be necessary to consider these causes of the loss of
energy in detail.

Loss of head. Before proceeding to do so, however, the student
should be reminded that instead of loss of energy it is convenient
to speak of the loss of head.

It has been shown on page 39 that the work that can be
obtained from a pound of water, at a height z above datum,
moving with a velocity v feet per second, and at a pressure head

3

If now water flows along a pipe and, due to any cause, k foot

pounds of work are lost per pound, the available head is clearly
diminished by an amount h.

In Fig. 86 water is supposed to be flowing from a tank through

a pipe of uniform diameter and of considerable length, the end B

being open to the atmosphere.

+z foot pounds.

Fig. 86. Loss of head by frlction in a pipe,
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Let %’ be the head due to the atmospheric pressure.

Then if there were no resistances and assuming stream line
flow, Bernoulli’s equation for the point B is

2p + &‘ N Zp + 2
29 w’
from which "3—” Zo—Zp=H,
or vp= ~2gH.

The whole head H above the point B has therefore been
utilised to give the kinetic energy to the water leaving the pipe at
B. Experiment would show, however, that the mean velocity of
the water would have some value v less than wvg, and the kinetic

energy would be ;—5

Tlig 'U’ ,vﬂ
A head h—-"—z—!}-“@—II—Z—!—]
has therefore been lost in the pipe.
By carefully measuring H, the diameter of the pipo d, and the
discharge Q in a given time, the loss of head h can be determined.

7|‘
G )
and therefore L=1I- < dﬁ) 2.

The head h clearly includes all causes of loss of head, which,
in this case, are loss at the entrance of the pipe and loss by
friction.

87. Loss of head by friction.

Suppose tubes 1, 2, 3 are fitted into the pipe AB, Fig. 86, at
equal distance apart, and with their lower ends flush with the inside
of the pipe. If flow is prevented by closing the end B of the pipe,
the water would rise in all the tubes to the level of the water in
the reservoir.

Further, if the flow is regulated at B by a valve so that the
mean velocity through the pipe is v feet per second, a permanent
régime being established, and the pipe is entirely full, the mean
velocity at all points along the pipe will be the same; and there-
fore, if between the tank and the point B there were no resistances
offered to the motion, and it be assumed that all the particles

L. H, 8

For v=
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have a velocity equal to the mean velocity, the water would again

rise in all the tubes to the same height, but now lower than the
2

surface of the water in the tank by an amount equal to %

It is found by experiment, however, that the water does not
rise to the same height in the three tubes, but is lower in 2 than
in 1 and in 3 than in 2 as shown in the figure. As the fluid moves
along the pipe there is, therefore, a loss of head.

The difference of level A; of the water in the tubes 1 and 2 is
called the head lost by friction in the length of pipe 1 2. In any
length I of the pipe the loss of head is A.

This head is not wholly lost simply by the relative movement
of the water and the surfaco of the pipe, as if the water were
a solid body sliding along the pipe, but is really the sum of the
losses of energy, by friction along the surface, and due to relative
motions in the mass of water.

It will be shown later that, as the water flows along the pipe,
there is relative motion between consecutive filaments in the pipe,
and that, when the velocity is above a certain amount, the water
has a sinuous motion along the pipe. Some portion of this head h,
is therefore lost by the relative motion of the filaments of water,
and by the eddy motions which take place in the mass of the
water.

‘When the pipe is uniform the loss of head is proportional
to the length of the pipe, and the line CB, drawn through the tops
of the columns of water in the tubes and called the hydraulic
gradient, is a straight line.

It should be noted that along CB the pressure is equal to that
of the atmosphere.

88. Head lost at the entrance to the pipe.
For a point E just inside the pipe, Bernoulli’s equation is

Pe
w90 2g + head lost at entrance to the pipe=h, +

%‘ being the absolute pressure head at E.
The head lost at entrance has been shown on page 70 to be
2
about 0259 and therefore,

Pe_Pa_p 150!
w w A2

That is, the point C on the hydraulic gradient vertically above
E, is }—— below the surface FD.



FLOW THROUGH PIPES 115

If the pipe is bell-mouthed, there will be no head lost at entrance,

2
and the point C is a distance equal to -'20—9 below the surface.

89. Hydraulic gradient and virtual slope.

The line CB joining the tops of the columns of water in the
tube, is called the hydraulic gradient, and the angle ¢ which it
makes with the horizontal is called the slope of the hydraulic
gradient, or the virtual slope. The angle ¢ is generally small, and

sin ¢ may be taken therefore equal to 7, so that %=i.

In what follows the virtual slope % is denoted by 4.

More generally the hydraulic gradient may be defined as the
line, the vertical distance between which and the centre of the
pipe gives the pressure head at that point in the pipe. This line
will only be a straight line between any two points of the pipe,
when the head is lost uniformly along the pipe.

If the pressure head is measured above the atmospheric
pressure, the hydraulic gradient in Fig. 87 is AD, but if above
zero, A;D, is the hydraulic gradient, the vertical distance between

AD and A,D, being equal to p“qlv

4

, Pa being the atmospheric

pressure per sq. inch.

Fig. 87. Pipe rising above the Hydraulic Gradient.

If the pipe rises above the hydraulic gradient AD, as in Fig. 87,
the pressure in the pipe at C will be less than that of the atmosphere
by a head equal to CE. If the pipe is perfectly air-tight it will
act as a siphon and the discharge for a given length of pipe will
not be altered. But if a tube open to the atmosphere be fitted at

8—2
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the highest point, tho pressure at C is cqual to the atmospheric
pressure, and the hydraulic gradient will be now AC, and the flow
will be diminished, as the available head to overcome the resist-
ances between B and C, and to give velocity to the water, will only
be CF, and the part of the pipe CD will not be kept full.

In practice, although the pipe is closed to the atmosphere, yeot
air will tend to accumulate and spoil the siphon action.

As long as the point C is below the level of the water in the
reservoir, water will flow along the pipe, but any accumulation of
air at C tends to diminish the flow. In an ordinary pipe line it is
deswable, therefore, that no point in the pipe should be allowed to
rise above the hydraulic gradient.

90. Determination of the loss of head due to friction.
Reynolds’ apparatus.

Tig. 88 shows the apparatus as used by Professor Reynolds* for
determining the loss of head by friction in a pipe.

\./

Fig. 88. Reynolds’ apparatus for determining loss of head by friction in a pipe.

A horizontal pipe AB, 16 feet long, was conuected to the water
main, a suitable regulating device being inserted between the
main and the pipe.

At two points 5 feet apart near the end B, and thus at a distance
sufficiently removed from the point at which the water entered
the pipe, that any initial eddy motions might be destroyed and a
steady régime established, two holes of about 1 mm. diameter were
pierced into the pipe for the purpose of gauging the pressure, at
these points of the pipe.

Skort tubes were soldered to the pipe, so that the holes
communicated with these tubes, and these were connected by

* Phil. Trans. 1883, or Vol. 1. Scientific Papers, Reynolds.
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indiarubber pipes to the limbs of a siphon gauge G, made of glass,
and which contained mercury or bisulphide of carbon. Scales
were fixed behind the tubes so that the height of the columns
in each limb of the gauge could be read.

For very small differences of level a cathetometer was used *.
When water was made to {low through the pipe, the difference in
the heights of the columns in the two limbs of the siphon measured
the difference of pressure at the two points A and B of the pipe,
and thus measured the loss of head due to friction.

If s is the specific gravity of the liquid, and H the difference
in height of the columns, the loss of head due to friction in feet of
water is h=H (s-1).

The quantity of water flowing in a time ¢ was obtained by
actual measurement in a graduated flask.

Calling v the mean velocity in the pipe in feet per second, Q
the discharge in cubic feet per second, and d the diameter of the
pipe in fect,

v= T_(?_ .
3
) d

The loss of head at different velocities was carefully measured,
and the law connecting hcad lost in a given length of pipe, with
the velocity, determined.

The results obtained by Reynolds, and others, using this
method of experimenting, will be referred to later.

91. Equation of flow in a pipe of uniform diameter
and determination of the head lost due to friction.

Let 07 be the length of a small element of pipe of uniform
diameter, Fig. 89.

Fig. 89,

Let the area of the transverse section be w, P the length of
the line of contact of the water and the surface on this section, or
the wetted perimeter, a the inclination of the pipe, p the pressure
per unit area on AB, and p—0p the pressure on CD.

* p. 258, Vol, 1. Scientific Papers, Reynolds.
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Let v be the mean velocity of the fluid, Q the flow in cubic
feet per second, and w the weight of one cubic foot of the fluid.
The work done by gravity as the fluid flows from AB to CD
=Qw.0z=0.v.w.02

The work done on ABCD by the pressure acting upon the area

AB
=p.o,v ft. 1bs. per scc.

The work done by the pressure acting upon CD against the

flow
= (p—0p) .w.v ft. 1bs. per sec.

The frictional force opposing the motion is proportional to the
area of the wetted surface and is equal to F'. P .0, where F is some
coefficient which must be determined by experiment and is the
frictional force per unit area. The work done by friction per sec.
i8, therefore, F . P.0l. v,

The velocity being constant, the velocity head is the same at
both scctions, and therefore, applying the principle of the con-
servation of energy,

p.o.v+o.v.w.0z=(p-0p)o.v+F . P.ol, v

Therefore o,w.0z=—0p.o+F . P.ol,

dp . F.P.dl

or dz =—
w w,w

Integrating this equation between the limits of z and z,, p and
P, being the corresponding pressures, and I the length of the pipe,

.
z—zlzﬂ_ﬂ +]_{_'.E.£_

w w w o

Therefore, %+ z=%+ 2 + pr—f) .

The quantity FEI::Z is equal to h, of equation (1), page 48, and is

the loss of head due to friction. The head lost by friction is
therefore proportional to the area of the wetted surface of the pipe
Pl, and inversely proportional to the cross sectional area of the
pipe and to the density of the fluid.

92. Hydraulic mean depth.
The quantity% is called the hydraulic radius, or the hydraulic

mean depth.
If then this quantity is denoted by m, the head A lost by
friction, is .
h=-tL
w.m
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The* quantity ¥, which has been called above the friction per
unit area, is found by experiments to vary with the density,
viscosity, and velocity of the fluid, and with the diameter and
roughness of the internal surface of the pipe.

In Hydraulics, the fluid considered is water, and any variations
in density or viscosity, due to changes of temperature, are generally
negligible. F, therefore, may be taken as proportional to the
density, or to the weight w per cubic foot, to the roughness of the
pipe, and as some function, f(v) of the mean velocity, and f(d) of
the diameter of the pipe.

Then OO
) m ’

in which expression x may be called the coefficient of friction.

It will be seen later, that the mean velocity v is different from
the relative velocity w of the water and the surface of the pipe,
and it probably would be better to express F as a function of w,
but as w itsclf probably varies with the roughness of the pipe and
with other circumstances, and cannot directly be determined, it
simplifies matters to express F, and thus h, as a function of v.

93. Empirical formulae for loss of head due to friction.

The difficulty of correctly determining the exact value of
f(v) f(d), has led to the use of empirical formulae, which have
proved of great practical service, to express the head A in terms of
the velocity and the dimensions of the pipe.

The simplest * formula assumes that the friction simply varies as
the square of the velocity, and is independent of the diameter of

the pipe, or nf@) f(d) =av’.
2
Then, h=“—7%5 cererverreneneressssnsenenn (1),
P |
or writing e for a,
v

= STUNRRRRRRONN ¢.))

from which is deduced the well-known ¥ Chezy formula,

'v=C ,\/m.%,

or v=C vVmz.

Another form in which formula (1) is often found is

Lol
h= 39 m?

* See Appendix, pages 563 and 565. 1 See also pages 231-233.
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or since m = % for a circular pipe full of water,

4f
h=% T )]

in which for a of (1) is substituted ZJ;

The quantity 2¢ was introduced by Weisbach so that kb is
expressed in terms of the velocity head.

Adopting either of these forms, the values of the coefficients C
and f are determined from experiments on various classes of pipes.

It should be noticed that C = \/ ?fg .
Values of these constants are shown in Tables X1T to XIV for
different kinds and diameters of pipes and different velocities.
TABLE XII.

Values of C in the formula v = C ~mt for new and old cast-iron
pipes.

New cast-iron pipes Old cast-iron pipes
Velocities in ft. per second 1 3 6 10 1 3 6 10
Diameter of pipe
8" 95| 98 100|102 63| 68| 71| 73
6" 96 | 101 | 104 [ 106 | 69 | 74| 77| 79
9" 98 | 105|109 | 112 | 73| 78| 80| 84
12" 1001108 | 112 | 117 ) 77| 82| 8 | 88
15" 102 | 110 {117 | 122 81| 86| 89| 91
18" 105 | 112 ({119 [ 125 | 86| 91 94| 97
24" 111 | 120 | 126 | 131 | 92| 98 | 101 | 104
30" 118 | 126 | 181 | 136 | 98| 103 | 106 | 109
36" 124 | 181 | 186 | 140 | 103 | 108 | 111 | 114
42" 130 | 186 | 140 | 144 | 105 | 111 | 114 | 117
48" 135 | 141 | 145 | 148 | 106 | 112 | 115 | 118
60" 142 | 147 | 150 | 152

For method of determining the values of C given in the tables,

see page 132.

On reference to these tables, it will be seen, that C and f are
by no means constant, but vary very considerably for different
kinds of pipes, and for different values of the velocity in any

given pipe.
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The fact that C varies with the velocity, and the diameter of
the pipe, suggests that the coeflicient C is itself some function of
the velocity of flow, and of the diameter of the pipe, and that
#f () £(d) does not, therefore, equal av®.

TABLE XIIIL
Values of fin the formula

he AL
2gd
New cast-iron pipes Old cast-iron pipes
Velocities in 1 3 6 10 1 3 6 10
ft. per second
Diam. of pipe
8" ‘0071 | ‘0067 | -0064 | ‘0062 | 0152 | -0139 | ‘0128 | ‘0122
6" ‘007 | -0063 | ‘006 | -0057 | *0185 | ‘0117 | -0108 | ‘0103
9" 0067 | *0058 | ‘0055 | <0051 | -0122 | *0105 | 010 | ‘0092
12" 0064 | ‘0056 | *0051 | ‘0048 | -0108 | 0096 | ‘0089 | ‘0084
15" ‘0062 | ‘0053 | "0048 | ‘0043 | -0099 | 0087 | ‘0081 | ‘0078
18" ‘0058 | ‘0051 | -0045 | ‘0041 | -0087 | *0078 | ‘0073 | -0069
24" ‘0053 | ‘0045 | -0040 | <0037 | *0076 | *0067 | ‘0063 | 0060
30" ‘0046 | -0040 | -0037 | *0035 | ‘0067 | *0061 | ‘0057 | *0055
36" 0042 | ‘0037 | -0035 | -0033 | ‘0061 | ‘0056 | *00562 | -0050
42" 0038 | ‘0035 | *0033 | ‘0081 | ‘0058 | 0052 | 005 | -0048
48” ‘0036 | 0032 | <0031 | ‘0029 | 0057 | -0051 | ‘0049 | ‘0046
60” *0032 | ‘0030 { -0029 | 0028
TABLE XIV,
Values of C in the formula v = C ~/mz for steel riveted pipes.
Velocities in ft. per second 1 3 5 10
Diumeter of pipe
3 81 86 89 92
11" 92 102 107 115
113" 93 99 102 105
15’ 109 112 114 117
38” 113 113 118 118
42" 102 106 108 111
48" 105 105 105 105
72" % 110 110 111 111
72" 93 101 105 110
103" 114 109 106 104

* See pages 124 and 137,
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94. Formula of Darcy.

In 1857 Darcy* published an account of a series of experiments
on flow of water in pipes, previous to the publication of which, it
had been assumed by most writers that the friction and consequently
the constant C was independent of the nature of the wetted surface
of the pipe (see page 232). He, however, showed by experiments
upon pipes of various diameters and of different materials,
including wrought iron, sheet iron covered with bitumen, lead,
glass, and new and old cast-iron, that the condition of the internal
surface was of considerable importance and that the resistance was
by no means independent of it.

He also investigated the influence of the diameter of the pipe
upon the resistance. The results of his experiments he expressed
by assuming the coefficient a in the formula

h:ﬁé v?
pnd
was of the form a=a+ é,

r being the radius of the pipc.
For new cast-iron, and wrought-iron pipes of the same
roughness, Darcy’s values of @ and 8 when transferred to English

units are,

a = 0000077,
B = 01000003235.
For old cast-iron pipes Darcy proposed to double these values.
Substituting the diameter d for the radius », and doubling B, for

now pipes, 0'00000647\ ©*
h= (0000077 + T gl
m
, 124 + 1\ v
= 0°00000647 ( e,
d —
or v=394\/m1~/mz.....................(4)
d
=197 IQETIJCZ’L .....................(5).
Substituting for m its value %, and multiplying and dividing
by 2g,
. 1\ 04l
h=0005(1 '1‘271) Bgd e (6.

For old cast-iron pipes, \
h=000001294 (124 23)

e 1\4® 1
=001 (1 + ]ﬂ) Z; . '&........................(7).

* Recherches Expérimentales.
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d -
Or, v=278\/12d;—1- ‘\/M/b ........................(8)

d
=139 \/m—;1 Nad e (9).

As the student cannot possibly retain, without unnecessary
labour, values of f and C for different diameters it is convenient
to remember the simple forms,

f= 000(1+12d)

. 1
F=o1(1+ 37)
for old pipes.

According to Darcy, therefore, the coefficient C in the Chezy
formula varies only with the diameter and roughness of the pipe.

The values of C as calculated from his cxperimental results, for
some of the pipes, were practically constant for all velocities, and
notably for those pipes which had a comparatively rough internal
surface, but for smooth pipes, the value of C varied from 10 to
20 per cent. for the same pipe as the velocity changed. The
experiments of other workers show the same results.

The assumption that puf(v) f(d) =av® in which a is made to
vary only with the diameter and roughness, or in other words, the
assumption that % is proportional to v* is therefore not in general
justified by experiments.

95. As stated above, the formulae given must be taken as
purely empirical, and though by the introduction of suitable
constants they can be made to agree with any particular experi-
ment, or even set of experiments, yet none of them probably
expresses truly the laws of fluid friction.

The formula of Chezy by its simplicity has found favour, and
it is likely, that for some time to come, it will continue to be used,
either in the form v = C v/m3, or in its modxﬁcd form

4fv*.1
h= 29d *

In making calculations, values of C or f, which most nearly suit

any given case, can be taken from the tables.

96. Variation of C in the formula v = C &/mi with service.

It should be clearly borne in mind, however, that the dis-
charging capacity of a pipe may be considerably diminished after
a few years’ service.

Darcy’s results show that the loss of head in an old pipe may
be double that in a now one, or since the velocity v is taken as

for new pipes, and
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proportional to the square root of h, the discharge of the old pipe
for the same head will be :% times that of the new pipe, or about

30 per cent. less.

An experiment by Sherman*on a 86-inch cast-iron main showed
that after one year’s service the discharge was diminished by
23 per cent., but a second year’s servico did not make any further
alteration.

Experiments by Kuichlingt on a 36-inch cast-iron main showed
that the discharge during four years diminished 36 per cent., while
experiments by Fitzgeraldf on a cast-iron main, coated with tar,
which had been in uso for 16 years, showed that cleaning increased
the discharge by necarly 40 per cent. Fitzgerald also found that
the discharge of the Sudbury aqueduct diminished 10 per cent. in
one year due to accumulation of slime.

The experiments of Marx, Wing, and IToskins§ on a 72-inch steel
main, when new, and after two years’ service, showed that there
had been a change in the condition of the internal surface of the
pipe, and that the discharge had diminished by 10 per cent. at low
velocities and about 5 per cent. at the higher velocities.

If, therefore, in calculations for pipes, values of C or f are used
for new pipes, it will in most cases be advisable to make the pipe
of such a size that it will discharge under the given head at least
from 10 to 30 per cent. more than the calculated value.

97. Ganguillet and Kutter's formula. Bazin formula.
Ganguillet and Kutter endcavoured to determine a form for
the coefficient C in the Chezy formula v=C«/mi, applicable
to all forms of channels, and in which C is made a function of the
virtual slope 4, and also of the diameter of the pipe.
They gave C the value,
41°6 + B:-Ll—l + 0—0328—1
C= - veeererennnnnen (10).
o 0000281\
L+ (416 + =572) I
This formula is very cumbersome to use, and the value of the
cocflicient of roughness » for differont cases is uncertain; tables
and diagrams have however been prepared which considerably
facilitate its use. A simpler form has been suggested for channels
by Bazin (see page 185) which, by changing the constants, can be
used for pipes

* Trans. Am.S.C.E. Vol. xrav. p. 85. t Trans, Am.S.C.E. Vol. xnrv. p. 56.
+ Trans. A4m.S.C.E. Vol. xuiv. p. 87. § See Table No. XIV. | Proc. Inst. C.E. 1919.
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Values of n in Gangwillet and Kutter’s formula.

Wood pipes =01, may be as high as ‘015,
Cast-iron and steel pipes =011, » » 02,
Glazed earthenware ="013.

98. *Reynolds’ experiments and the logarithmie formula.

The formulae for loss of head due to friction previously given
have all been founded upon a probable law of variation of A
with v, but no rational basis for the assumptions has been adduced.

It has been stated in section 93, that on the assumption that h
varies with v% the coeflicient C in the formula

v=C\/m%,

is itself a function of the velocity.

The experiments and deductions of Reynolds, and of later
workers, throw considerable light upon this subject, and show that
h is proportional to v", where = is an index which for very small
velocities T—as previously shown by Puiscuille by experiments on
capillary tubes—is equal to unity, and for higher velocities may
have a variable value, which in many cases approximates to 2.

As Darcy’s experiments marked a decided advance, in showing
experimentally that the roughness of the wetted surface has an
effect upon the loss due to friction, so Reynolds’ work marked
a further step in showing that the index % depends upon the state
of the internal surface, being generally greater the rougher the
surface.

The student will be better able to follow Reynolds, by a brief
consideration of one of his experiments.

In Table XV are shown the results of an experiment made
by Reymnolds with apparatus as illustrated in Fig. 88.

In columns 1 and 5 are shown the experimental values of

13=llf, and v respectively.

The curves, Fig. 90, were obtained by plotting v as abscissae
and < as ordinates.
For velocities up to 1'347 feet per second, the points lie very close
to a straight line and < is simply proportional to the velocity, or
1=E0 e (1),
k, being a coefficient for this particular pipe.
Above 2 feet per second, the points lie very near to a continuous
curve, the equation to which is
i=kvn Qﬂoutl.llIO'l..ll'l’!'...""l(12)'

* See also Appendix 2. t Phil. T'rans. 1883,
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Taking logarithms,
logi=logk + nlogv.

Curve N°2 is the part AB of
Carve N2l drawn to larger
Soale

.3
1 Stope

Scale for Curve N°2.
1 \ PR T O T T T S < I T T )
A Velocify.
Fig. 90.

The cnrve, Fig. 90 @, was determined by plotting logt as
ordinate and logv as abscissae. Reynolds calls the lines of this
figure the logarithmic homologucs.

Calling log 7, ¥, and log v, 2, the equation has the form

y=k+nz,

which is an equation to a straight line, the inclination of which to
the axis of @ is

0=tan'n,
or n=tan6.

Further, when 2 =0, y = , so that the value of % can readily be
found as the ordinate of the line when @ or logw =0, that is,
when v=1,

Up to a velocity of 1'87 feet per second, the points lie near to
a line inclined at 45 degrees to the axis of v, and therefore, n is
unity, or as stated above, 1 = kv.

The ordinate when v is equal to unity is 0°038, so that for the
first part of the curve k= "038, and ¢ ="038v.
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Above the velocity of 2 feet per second the points lie about
a second straight line, the inclination of which to the axis of v is
6 =tan='170.
Therefore logt=1"70logv+logk.
The ordinate when v equals 1 is 07042, so that
k=0042,
and 1 =0042u'™.

40 g/

30

Logz,-{-"

10
I-09
l-08
.07
.06
I-05

0F

042
V038 e

Critical velocity

.03

)
S

--02

Log v
0 567890 2

01 .L ‘l" 5L .? ?q?’

Tig. 90a. Logarithmic plottings of ¢ and v to determine the index n in
the formula for pipes, i=ko".
In the table are given values of 7 as determined experimentally
and as calculated from the equation ¢ =k.v",
The quantities in the two columns agree within 8 per cent,
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TABLE XV.
Experiment on Resistance in Pipes.
Lead Pipe. Diameter 0:242”., Water from Manchester Main.

. h Velocity ft. per
Slope i= 1 k n secyond P
Experimental value Culc;‘.]_alt;‘i srom
0086 0092 ‘038 1 239
‘0172 ‘0172 ‘038 1 451
0258 ‘0261 - ‘038 1 690
0345 ‘0347 038 1 ‘014
0430 0421 ‘038 1 1109
‘0516 0512 ‘038 1 1-:349
0602 . . 1-482
0682 1-573
0861 e 1671
1083 1775
1206 1-857
*1378 1352 012 170 1-987
1714 1610 042 170 2203
3014 2944 042 170 8141
4306 *4207 ‘042 170 393
8185 8017 ‘042 170 566
1:021 1083 ‘042 1-70 657
1:433 1-476 ‘042 170 811
2455 2-404 ‘042 170 1079
3274 3206 ‘042 170 1279
8873 8:899 ‘042 170 14-29

Nore. To make the colnmns shorter, only part of Reynolds’ results are given.

99. *Critical velocity.

It appears, from Reynolds’ experiment, that up to a certain
velocity, which is called the Critical Velocity, the loss of head is
proportional to v, but above this velocity there is a definite change
in the law connecting ¢ and 2.

By experiments upon pipes of different diameters and the
water at variable temperatures, Reynolds found that the critical
velocity, which was taken as the point of intersection of the two

straight lines, was
‘0388P
R I

1
P = [ 00336T + 000221 T
T being the temperature in degrees centigrade and D the diameter
of the pipe.

the value of P being

¢ &)

* See also Appendix 2,
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100. Critical velocity by the method of colour bands.

The existence of the critical velocity has been beautifully
shown by Reynolds, by the method of colour bands, and his
experiments also explain why there is a sudden change in the law
connecting 7 and v.

“Water was drawn through tubes (Figs. 91 and 92), out of
a large glass tank in which the tubes were immersed, and in
which the water had been allowed to come to rest, arrangements
being made as shown in the figure so that a streak or streaks of
highly coloured water cntered the tubes with the clear water.”

Fig. 92.

The results were as follows :—

“(1) When the velocitics were sufficiently low, the streak
of colour extended in a beautiful straight line through the tube”
(Fig. 91).

“(2) As the velocity was increased by small stages, at
some point in the tube, always at a considerable distance from the
trumpet-shaped intake, the colour band would all at once mix up
with the surrounding water, and fill the rest of the tube with
a mass of coloured water” (Iig. 92).

This sudden change takes place at the critical velocity.

That such a change takes place is also shown by the apparatus
illustrated in Fig. 88; when the critical velocity is reached there is
a violent disturbance of the mercury in the U tube.

There is, therefore, a definite and sudden change in the con-
dition of flow. For velocities below the critical velocity, the flow
is parallel to the tubes, or is “ Stream Line” flow, but after the
critical velocity has been passed, the motion parallel to the tube is
accompanied by eddy motions, which cause a definite change to
take place in the law of resistance.

Barnes and Coker* have determined the critical velocity by
noting the sudden change of temperature of the water when its
motion changes. They have also found that the critical velocity,
as determined by noting the velocity at which stream-line flow

* Proceedings of the Royal Society, Vol. nxxiv, 1904; Phil. Transactions,
Royal Society, Vol. xx. pp. 45—01.

L. If, 9
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breaks up into eddies, is a much more variable quantity than
that determined from the points of intersection of the two lines
as in Fig. 90. In the former case the critical velocity depends
upon the condition of the water in the tank, and when it is
perfectly at rest the stream lines may be maintained at much
higher velocities than those given by the formula of Reynolds.
If the water is not perfectly at rest, the results obtained by both
methods agree with the formula.

Barnes and Coker have called the critical velocity obtained by
the method of colour bands the upper limit, and that obtained by
the intersection of the logarithmic homologues the lower critical
velocity. The first gives the velocity at which water flowing from
rest in stream-line motion breaks up into eddy motion, while the
second gives the velocity at which water that is initially disturbed
persists in flowing with eddy motions throughout a long pipe, or
in other words the velocity is too high to allow stream lines to be
formed.

That the motion of the water in large conduits is in a similar
condition of motion is shown by the experiment of Mr G, H.
Benzenberg* on the discharge through a sewer 12 feet in diameter,
2534 ft. long.

In order to measure the velocity of water in the sewer, red
eosine dissolved in water was suddenly injected into the sewer,
and the time for the coloured water to reach the outlet half a
mile away was noted. The colour was readily perceived and it
was found that it was never distributed over a length of more than
9 feet. As will be seen by reference to section 130, the velocitics
of translation of the particles on any cross section at any instant
are very different, and if the motion were stream line the colour
must have been spread out over a much greater length.

101. Law of frictional resistance for velocities above the
critical velocity.

As seen from Reynolds’ formula, the critical velocity except
for very small pipes is so very low that it is only necessary in
practical hydraulics to consider the law of frictional resistance for
velocities above the critical velocity.

For any particular pipe, ¢ = kv", and it remains to determine %
and 7.

Applying the Principle of Dynamical Similarityt and from
the plottings of the results of his own and Darcy’s experiments,

* Transactions Am.S.C.L., 1893; and also Proceedings 4m.S,C.E., Vol. xxvii.
p. 1173.
+ See page 563,
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Reynolds found that the law of resistance “for all pipes and all
velocities” could be expressed as
AD*. /BD \»
Sri=(5 v) SRRSO ¢ V) )
. ., B*D".o".T*
Transposing, =T ceeerierireane el (18),
Bn Pﬂ—"
k=x v
D is diameter of pipe, A and B are constants, and P is obtained
from formula (13).

Taking the temperature in degrees centigrade and the metre
as unit length,

and

A = 67,700,000,
B = 396,
P

~1+°0036T +-0002211°
__ Bt D" _y.v"
67,700,000 D*-» ~ D*-®
Bnpz—n
Y= 67,700,000 °
Values of y when the temperature vs 10° C.

or T

¢ ()}

in which

n ¥
175 | 0000265
185 | 0000388
195 0-000587
200 | 0000704

The values for A and B, as given by Reynolds, are, however,
only applicable to clean pipes, and later experimeuts show that
although

n

i= 1'){,’— R
for clean pipes (see p. 566), it is doubtful whether
p= 3- n,

as given by Reynolds, is correct for dirty pipes.

Value of m. For smooth pipes n appears to be nearly 1'75.
Reynolds found the mean value of » for lead pipes was 1'723.

Saph and Schoder®, in an elaborate series of experiments
carried out at Cornell University, have determined for smooth

* Transactions of the American Society of Civil Lngineers, May, 1903, See
exercise 81, page 172,

9—2
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brass pipes a mean value for n of 1'75. Coker and Clements
found that n for a brass pipe ‘3779 inches diameter was 1'731. In
column 5 of Table XVI are given values of #, some taken from
Saph and Schoder’s paper, and others as determined by the
author by logarithmic plotting of a large number of experiments.

It will be secen that m varics very considerably for pipes of
different materials, and depends upon the condition of the surface
of a given material, as is seen very clearly from Nos. 8 and 4.
The value for » in No. 3 is 1'72, while for No. 4, which is tho
same pipe after two years’ scrvice, the value of = is 1'93. The
internal surface had no doubt become coated with a deposit of
some kind.

Even very small differences in the condition of the surface,
such as cannot be scen by the unaided eye, make a considerable
difference in the value of n, as is scen by reference to the values
for galvanised pipes, as given by Saph and Schoder. For large
pipes of riveted steel, riveted wrought iron, and cast iron, the
value of % approximates to 2.

The method, of plotting the logarithms of 7 and v determined
by experiment, allows of experimental errors being corrected
without difficulty and with considerable assurance.

102. The determination of the values of C given in
Table XII.

The method of logarithmic plotting has been employed for
determining the values of C given in Table XII.

If values of C are calculated by the substitution of the
experimental values of v and ¢ in the formula

=2
" Nmi’
many of the results are apparently inconsistent with each other
due to experimental errors.
The values of O in the table were, therefore, determined as

follows.
Since v = ko"
and in the Chezy formula -
v=C~mi,
2
or [ =W’
therefore 2 ="
\ere e
and 2log C=2log v~ (logm+logk+nlogv) .....(17).

The index 7 and the coeflicient % were determined for a
number of cast-iron pipes.
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Values of C for velocities from 1 to 10 were calculated. Curves
were then plotted, for different velocities, having C as ordinates
and diameters as abscissae, and the values given in the table were
deduced from the curves.

The values of C so interpolated differ very considerably, in
some cases, from the experimental values. The difficulties
attending the accurate determination of ¢ and v are very great,
and tho values of C, for any given pipe, as calculated by substi-
tuting in the Chezy formula the losses of head in friction and the
velocities as determined in the experiments, were frequently
inconsistent with each other.

Ag, for example, in the pipe of 322 ins. diameter given in
Table XVI which was one of Darcy’s pipes, the variation of C as
calculated from A and v given by Darcy is from 788 to 100.

On plotting log h and logwv and correcting the readings so
that they all lie on one line and recalculating C the variation was
found to be only from 959 to 101.

Similar corrections have been made in other cases.

The author thinks this procedure is justified by the fact that
many of the best experiments do not show any such inconsistencies.

An attempt to draw up an interpolated table for riveted pipes
was not satisfactory. The author has therefore in Table XIV
given the values of C as calculated by formula (17), for various
velocities, and the diamcters of the pipes actually experimented
upon. If curves are plotted from the values of C given in
Table XIV, it will be seen that, except for low velocities, the
curves are not continuous, and, until further experimental evidence
is forthcoming for riveted pipes, the engineer must be content
with choosing values of C which most nearly coincide, as far as
he can judge, with the case he is considering.

103. Variation of k, in the formula i=kv", with the
diameter.

It has been shown in section 98 how the value of %, for a
given pipe, can be obtained by the logarithmic plotting of ¢ and v,

In Table XVI, are given values of %, as determined by the
author, by plotting the results of different experiments. Saph
and Schoder found that for smooth hard-drawn brass pipes
of various sizes n varied between 1'73 and 177, the mean value
being 1'75.

By plotting log d as abscissae and log & as ordinates, as in
Fig. 93, for these brass pipes the points lie nearly in a straight line
which has an inclination 6 with the axis of d, such that

tan 6 =-125
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and the equation to the line is, therefore,
logk=logy—plogd,

where . p=125,
and logy=1logk
when d=1.

From the figure
7 =0000296 per foot length of pipe.

Log k(per 10f¢).

Equation to line
Log.l=Log v -125Log d
SomJres  tan 0--125

Tig. 93. Logarithmie plottings of k and d to determine the index p in the formula
y.o"
ar

On the same figure are plotted logd and logk, as deduced
from experiments on lead and glass pipes by various workers. It
will be seen that all the points lie very close to the same line.

For smooth pipes, therefore, and for velocities above the
critical velocity, the loss of head due to friction is given by

i=

. _yo"
1= ﬁ )
the mean value for y being 0000296, for n, 1'75, and for p 1'25.
From which, v =1042""d ™,

or log v=2017+05721og 4+ 0715 log d.
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The value of p in this formula agrees with that given by
Reynolds in his formula
oyt
B
Professor Unwin* in 1886, by an examination of experiments
on cast-iron pipes, deduced the formula, for smooth cast-iron
pipes,
‘00040 &
i
*00072*
M. Flamantt in 1892 examincd carefully the experiments

available on flow in pipes and proposed the formula,
175

1=

and for rough pipes, 1=

1= ldvlT )
for all classes of pipes, and suggested for y the following values:
Lead pipes
Glass ,, } *000236 to *00028,
‘Wrought-iron (smooth)
Cast-iron new *000336,
, 1n service *000417.
If the Sztudent plots from Table XVI, log d as ordinates, and
log  as abscissae, it will be found, that the points all lie between
two straight lines the equations to which are

log & =1log *00069 —125 logd,
and log k=1log '00028 - 125 log d.
TFurther, the points for any class of pipes not only lie between
these two lines, but also lio about some line nearly parallel to
these lines. So that p is not very different from 125,

From the table, n is scen to vary from 170 to 2:08.
A general formula is thus obtained,

B *00028 to "00069v" 70“"‘“‘“l
- dl 26
The variations in v, », and p are, however, too great to admit
of the formula being useful for practical purposes.
For new cast-iron pipes,
'000296 to '000418v'%t “”l
h zl 28
If the pipes are lined with bitumen the smaller values of y and
n may be taken.

* Industries, 1886.
1 Annales des Ponts et Chuussées, 1892, Vol. 11,
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For new, steel, riveted pipes,
B *0004 to ‘000541 te 2% ]
- 4 .

Fig. 94 shows the result of plotting logk and log d for all
the pipesinTable X VI having a value of # between 1°92 and 1'94.
They are scen to lie very close to a line having a slope of 125,
and the ordinate of which, when d is 1 foot, is “000364.

. ’ 193 .

Thercfore  h= _QQO_?%U or v=>5%"8d%
very approximately expresses the law of resistance for particular
pipes of wood, new cast iron, clcaned cast iron, and galvanised
rom.

4 e A - c e — cv e

Logd

1
i
1
|
|
!
1
|
'
)
]
!
'
|
i

loqantl{nuc lottings of logk

and lo rom Table 16,

{0 determine 1he index p inthe
Logk. formuld, U - 1[%— when o Us abouti 93

Fig. 94.

Taking a pipe 1 foot diameter and the velocity as 8 feet per
second, the value of ¢ obtained by this formula agrees with that
from Darcy’s formula for clear cast-iron pipes within 1 per cent.

Use of the logarithmic formula for practical calculations. A
very serious difficulty arises in the use of the logarithmic
formula, as to what value to give to » for any given case, and
consequently it has for practical purposes very little advantage
over the older and simpler formula of Chezy,



TABLE XVL

_‘}alue of k

. i . | Diameter Velocity F Value of n \
Lxperimenter Kind of pipe (in ins.) ft. per sec. in formula | in formula
)| from to i=ko® =k
Noble Wood 44 346 — 4:415 1173 *0001254
” " 54 2:28 — 468 175 *000083
Marx, Wing % " 725 1 —4 172 *000061
and Hoskins » 725 1 —5b 193 000048
Galtner Kitcham Riveted 3 188 *00245
H. Smith Wrought | 11 1-81- 000515
" iron or steel | 113 1-90 *000470
" ” 15 194 *000270
Kinchling " 38 *505— 1:254 2:0 *000099
Herschel » 42 210 — 499 193 00011
" " 48 2 —5(® 2:0 *000090
Marx, Wing } " 72 1 —4 199 *000055
and Hoskins » 72 1 —55 1-85 *000077
ITerschel " 103 1 —45 2:08 *000036
Darcy Cast iron 822 2891071 197 *00156
» new 589 48 —153 197 *00079
» » 744 *678—16:17 1956 *00062
” " 12 1779 *000323
Williams ” 16:25 1858 *000214
Lampe " 16'5 248 — 309 1-80 +000267
” » 19-68 138 — 87 184 *00022
Sherman » 36 4 -1 2% *000062
Stearns " 48 1-243— 823 192 *0000567
Hubbell & Fenkell ” 30 2 *00003
Darcy Cast iron 14136 | *167— 2:077 1-99 *0098
» old and 81296 | 403— 8747 194 0035
" tuberculated | 9575 | 1:007—12:58 198 *0009
Sherman " 20 271 — 511
" " 36 11 — 45 2 *000105
Fitzgerald " 48 1'176— 3'533 2:04 *000083
" " 48 1:135— 3412 2:00 *000085
Darcy Cast-iron 14328 | -871— 869 185 *0041
” old pipes 31536 | '633— 50 197 *00185
» cleaned 11:68 ‘8 —10'368 20 *000375
Fitzgerald " 48 367 — 56 2:02 *000082
» " 48 *895— 7245 1-94 *000059
Darcy Sheet-iron | 1055 *098— 8225 178 *0074
" » 821 *328—12:78 181 00154
» » 772 591—19-72 178 *00059
» " 112 1:296—1052 181 *00039
" Gasg 48 *118— 892 183 0278
" ” 155 *205— 8521 186 ‘00418
" ” 191 *0072
Saph and Schoder | Galvanised 364 196 0852
» » *494 191 0181
” ” 623 1-86 0132
” » 824 1-80 *0095
” ” 1:048 1:93 0082
Hard-drawn | 15 pipes 175 *00025 to
" brass uptol-84 *00036
Reynolds Lead 1-782
Darcy " 56 1761 0126
» ” 161 1783 *00426
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TABLE XVII.

Showing reasonable values of y, and =, for pipes of various
kinds, in the formula,

- vl
- dr% .
Reasonable
values for
v n L% n

Clean cast-iron pipes | ‘00029 to ‘000418 | 1-80 to 1'97 | -00036 | 193

Old cast-iron pipes ‘00047 to -00069 | 194 to 2:04 | 00060 | 2
Riveted pipes ‘00040 to 00054 | 1'93 to 2:08 | -00050 | 2
Galvanised pipes ‘00035 to *00045 | 180 to 1-96 | ‘00040 | 1-88

Sheet-iron pipes cover- | , 0005 . . . .
ed with bitumen 00030 to *00038 | 176 to 181 | ‘00034 | 178

Clean wood pipes *00056 to *00063 | 1'72 to 1'75 | -00060 | 175
Brass and lead pipes ‘00030 | 175

When further experiments have been performed on pipes, of
which the state of the internal surfaces is accurately known, and
special care taken to ensure that all the loss of head in a given
length of pipe is due to friction only, more definiteness may be
given to the values of y, n, and p.

Until such evidence is forthcoming the simple Chezy formula
may be used with almost as much confidence as the more
complicated logarithmic formula, the values of C or f being taken
from Tables XII—XIV. Or the formula ¢ =kv" may be uscd,
values of k and # being taken from Table XVI, which most nearly
fits the case for which the calculations are to be made.

104. Criticism of experiments.

The difficulty of differentiating the loss of head due to friction
from other sources of loss, such as loss due to changes in direction,
change in the diameter of the pipe and other causes,as well as the
possibilities of error in experiments on long pipes of large diameter,
makes many experiments that have been performed of very little
value, and considerably increases the difficulty of arriving at
correct formulae.

The author has found in many cases, when log 7 and log d were
plotted, from the records of experiments, that, although the results
seemed consistent amongst themselves, yet compared with other
experiments, they seemed of little value.
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The value of n for one of Couplet’s* experiments on a lead and
earthenware pipe being as low as 1'56, while the results of an
experiment by Simpsont on a cast-iron pipe gave n as 2'5. In the
latter case there were a number of bends in the pipe.

In making experiments for loss of head due to friction, it is
desirable that the pipe should be of uniform diameter and as
straight as possible between the points at which the pressure head
is measured. Further, special care should be taken to ensure the
removal of all air, and it is most essential that a perfectly steady
flow is established at the point where the pressure is taken.

105. Piezometer fittings.

It is of supreme importance that the
piezometer connections shall be made
so that the difference in the pressures
registered at any two points shall be
that lost by friction, and friction only,
between the points.

This necessitates that there shall
be no obstructions to interfere with the
free flow of the water, and it is, there-
fore, very essential that all burrs shall
be removed from the inside of the pipe.

In experiments on small pipes in
the laboratory the best results are no
doubt obtained by cutting the pipe
completely through at the connection
as shown in Fig. 95, which illustrates
the form of connection used by Dr
Coker in the experiments cited on
page 129. The two ends of the pipe are not more than z3zth
of an inch apart.

Tig.96 shows the method adopted by Marx, Wing and Hoskins
in their experiments on a 72-inch wooden pipe to ensure a correct
reading of the pressure.

The gauge X was connected to the top of the pipe only while
Y was connected at four points as shown.

Small differences were observed in the readings of the two
gauges, which they thought were due to some accidental circum-
stance affecting the gauge X only, as no change was observed
in the reading of Y when the points of communication to Y were
changed by means of the cocks.

W“\\\\“\““

\}

>

.

* Iydraulics, Hamilton Smith, Junr.
+ Proceedings of the Institute of Civil Engineers, 1855,
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106. Effect of temperature on the velocity of flow.

Poisenille found that by raising the tomperature of the water
from 50°C. to 100° C. the discharge of capillary tubes was
doubled.

Fig. 96. Piezometer conuections to a wooden pipe.

Reynolds* showed that for pipes of larger diameter, the effect
of changes of the tempcrature was very marked for velocities
below the critical velocity, but for velocities above the critical
velocity the effect is comparatively small.

The reason for this is seen, at once, from an examination of
Reynolds’™* formula.  Above the critical velocity n does not differ
very much from 2, so that P*™ is a small quantity compared with
its value when n 1s 1.

Saph and Schodert, for velocities above the critical velocity,
found that, as the temperature rises, the loss of head due to
friction decreases, but only in a small degree. For brass pipes of
small diameter, the correction at 60° F. was about 4 per cent. per

* Scientific Papers, Vol. 11,

+ See also Barnes and Coker, Proceedings of the Royal Society, Vol. 1xx. 1904 ;

Coker and Clements, T'ransactions of the Royal Society, Vol. ccr. Proceedings
Am.S.C.E. Vol. xx1x.
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10 degrees F. With galvanised pipes the correction appears to
be from 1 per cent. to 5 per cent. per 10 degrees k.

Since the head lost increasecs, as the temperature falls, the
discharge for any given head diminishes with the temperature,
but for practical purposcs the correction is generally negligible.

107. *Loss of head due to bends and elbows.

The loss of hcad due to bends and elbows in a long pipe is
generally so small compared with the loss of head due to friction
in the straight part of the pipe, that it can be neglected, and
conscquently the experimental determnination of this quantity has
not received much attention.

Weisbacht, from experiments on a pipe 1} inches diamecter,
with bends of various radii, expressed the loss of head as

o = ( 065 + 9%?) 22 »

r being the radius of the pipe, R the radius of the bend on the
centre line of the pipe and v the velocity of the water in fecot per
second. If the formula be written in the form

av?
hB = 2—9 ’
the table shows the values of a for different values of %

r
i‘i a

1 157

2 *250

5 526

St Venant | has givcn as the loss of head hn at a bend,

hp =00152 - R \/Rfu =0 12 R R nearly,

I being the length of the bend measurcd on the centre line of the
bend and d the diameter of the pipe.
When the bend is a right angle

L\/@J\/E.
RV BRIV R

When % =1, *5, 2,
. \/ dovsr, 11, 702
T R e |
and hn- 157%, 11155, 07 29.
* Sce page 525. 1 Mechanics of Engineering,

1 Comptes Rendus, 1862,



142 HYDRAULICS

Recent experiments by Williams, Hubbell and Fenkell* on cast-
iron pipes asphalted, by Saph and Schoder on brass pipes, and
others by Alexandert on wooden pipes, show that the loss of head
in bends, as in a straight pipe, can be expressed as

hB = kv",
n being a variable for different kinds of pipes, while
m
(%)
k= T
y being a constant coeflicient for any pipe.

For the cast-iron pipes of Hubbell and Fenkell, y, n, m, and p
have approximately the following values.

Diameter of pipe v m n P
12" ‘0040 083 1-78 109
16:: ” ” 1 .86 ”
30 ”» » 20 ”»

When v is 3 feet per second and % 1s 4, the bend being a right

angle, the loss of head as calculated by this formula for the
B ] . 2
12-inch pipe is %28—”, and for the 80-inch pipe 2251; .

For the brass pipes of Saph and Schoder, 2 inches diameter,

Alexander found,

85
hs = 00858 (11{) o™,
and for varnished wood pipes when % is less than 02,

hy = 008268 (%)m o 1,

and when é is between 0'2 and 0°5,

hp = 124 (ﬁ) o™,

He further found for varnished wood pipes that, a bend of
radius equal to 5 times the radius of the pipe gives the minimum
loss of head, and that its resistance is equal to a straight pipe 3'38
times the length of the bend.

Messrs Williams, Hubbell and Fenkell also state at the end of
their elaborate paper, that a bend having a radius equal to 2%

* Proc. Amer. Soc. Civil Engineers, Vol. xxvir.  + Proe. Inst. Civil Engineers,
Vol. cLix. See also Bulletin No. 576 University of Wiscousin,
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diameters, offers less resistance to the flow of water than those of
longer radius. It should not be overlooked, however, that although
the loss of head in a bend of radius equal to* 24 diameters of the
pipe is less than for any other, it does not follow that the loss of
head per unit length of the pipe measured along its centre line
has its minimum value for bends of this radius.

108. Variations of the velocity at the cross section of a
cylindrical pipe.

Experiments show that when water flows through conduits of
any form, the velocities are not the same at all points of any
transverse section, but decrease from the centre towards the
circumference.

The first experiments to determine the law of the variation of
the velocity in cylindrical pipes were those of Darcy, the pipes
varying in diameter from 7'8 inches to 19 inches. A complete
account of the experiments is to be found in his Recherches
Expérimentales dans les tuyauz.

The velocity was measured by means of a Pitot tube at five
points on a vertical diameter, and
the results plotted as shown in
Fig. 97.

Calling V the velocity at the
centre of a pipe of radius R, u the
velocity at the circumference, vm
the mean velocity, v the velocity
at any distance » from the centre,
and ¢ the loss of head per unit
length of the pipe, Darcy deduced the formulae

Vou=E Ay

and vng—Y—%:L-lﬁ:V—%kJm.

‘When the unit is the metre the value of % is 11'3, and 204 when
the unit is the English foot.

Later experiments commenced by Darcy and continued by
Bazin, on the distribution of velocity in a semicircular channel,
the surface of the water being maintained at the horizontal
diameter, and in which it was assumed the conditions were similar
to those in a cylindrical pipe, showed that the velocity near the
surface of the pipe diminished much more rapidly than indicated
by the formula of Darcy.

* See Appendix 3.
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Bazin substituted therefore a new formula,

= [T 3
V—v=38\/R@(E> ...... cvereennennnennn (D),
or since vm=0~/77i=702-~/m
V-v_ 538/7\*

It was open to question, however, whether the conditions of flow
in a semicircular pipe are similar to those in a pipe discharging
full bore, and Bazin consequently carried out at Dijon* experi-
ments on the distribution of velocity in a cement pipe, 273 feet
diameter, the discharge through which was measured by means
of a weir, and the velocities at different points in the transverse
section by means of a Pitot tubet.

From these experiments Bazin concluded that both formulae (1)
and (2) were incorrect and deduced the three formulae

V- =38/ {(ﬁ)’- (ﬁ)’ . <~”R)‘} ereerenreens(3),
V-o=VRi{38(5) + 49 (5) (1-117) .,

V—v=~/ITi53'5{1"\/:;}’@2}"“""“"“'(5)’

the constants in these formulae being obtained from Bazin’s by
changing the unit from 1 metre to the English foot.

Equation (5) is the equation to an ellipse to which the sides of
the pipes are not tangents but are nearly so, and this formula
gives values of v near to the surface of the pipe, which agree much
more nearly with the experimental valucs, than those given by
any of the other formulae.

Ezperiments of Williams, Hubbell and Fenkellf. An elaborate
series of experiments by these three workers have been carried out
to determine the distribution of velocity in pipes of various
diameters, Pitot tubes being used to determine the velocities.

The pipes at Detroit were of cast iron and had diameters of 12,
16, 30 and 42 inches respectively.

The Pitot tubes§ were calibrated by preliminary experiments
on the flow through brass tubes 2 inches diameter, the total

* «“Memoire de ’Académie des Sciences de Paris, Recueil des Savants Etrangéres,”
Vol. xxxu1. 1897. Proc. 4m.S.C.E. Vol. xxvI1, p. 1042.

+ See page 241.

+ ¢ Experuments at Detroit, Mich., on the effect of curvature on the tlow of

water in pipes,” Proc. Am.S.C.L. Vol. xxvi1. p. 313,
§ See page 240.
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discharge being determined by weighing, and the mcan velocity
thus determined. TFrom the results of their experiments they
came to the conclusion that the curve of velocities should be an
ellipse to which the sides of the pipe are tangents, and that the
velocity at the centre of the pipe V is 1'19vu, v, being the mean
velocity.

These results are consistent with those of Bazin. His experi-
mental value for }T- for the cement pipe was 1'1675, and if the

constant '95, in formula (5), be made equal to 1, the velocity curve
becomes an ellipse to which the walls of the pipe are tangents.

.V . .
The ratio 5 can be determined from any of Bazin’s formulae.
m

Nf?}’um for ¥Ri in (1), (3), (4) or (5), tho value of

v at radius r can be expressed by any one of them as

vV -1 (7).

Then, since the flow past any scction in unit time is v,71R? and
that the flow is also equal to

R
f 2xrdr.v,
0

Substituting

therefore VTR =27 j f{V - [%—v—"‘f (ﬁ)} AL verrenen. (6).

3
Substituting for f (ﬁ), its value ?31%% from equation (1), and

integrating,
Vv 215

;J; =1+ -a— ...........................(7),
and by substitution of f (TE\) from equation (4),

v 23 '

;’; =1+ "C— ..............................(8),

so that the ratio ;}Y is not very different when deduced from the

simple formula (2) or the more complicated formula (4).
‘When C has the values
C=80, 100, 120,
from (8) ;V- = 1287, 123, 1'19.

The value of C, in the 30-inch pipe referred to above, varied
between 109'6 and 128'4 for different lengths of the pipe, and

L. H, 10
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the mean value was 116, so that there is a remarkable agreement
between the results of Bazin, and Williams, Hubbell and Fenkell.

The wvelocity at the surface of a pipe. Assuming that the
velocity curve is an ellipse to which
the sides of the pipe are tangents, as
in Fig. 98, and that V=1'19v,, the e
velocity at the surface of the pipe V- r
can readily be determined.

Let w = the velocity at the surface J
of the pipe and v the velocity at any
radius 7.

Let the equation to the ellipse be

2=1

Fig. 98.
r @
e
in which r=0—u,
and b=V —u.
Then, if the semi-ellipse be revolved about its horizontal axis,

the volume swept out by it will be #=R’), and the volume of
discharge per second will be

So vp=u+E(V—u)=%u+ 2 x 1190,
and w="621vp.
Using Bazin’s elliptical formula, the values of ’%' for
C=80, 100, 120,
are o= =552, "642, 102,

The wvelocities, as above determined, give the wvelocity of
translation in a direction parallel to the pipe, but as shown by
Reynolds’ experiments the particles of water may have a much
more complicated motion than here assumed.

109. Head necessary to give the mean velocity v, to
the water in the pipe.
It is generally assumed that the head necesqary to give a mean

velocity vm to the water flowing in a pipe is 2 , which would be

correct if all the particles of water had a common velocity vm.

If, however, the form of the velocity curve is known, and on the
assumption that the water is moving in stream lines with definite
velocities parallel to the axis of the pipe, the actual head can
be determined by calculating the mean kinetic energy per ’lb. of

water flowing in the pipe, and this is slightly greater than %
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As before, let v be the velocity at radius r.
The kinetic energy of the quantity of water which flows past
any section per second

R v
=/0 w.21r'rdr.v.—2?}-,

2

w being the weight of 1 c. ft. of water.
The kinetic energy per lb., therefore,

R . 2mr dro®

=__1_L__0 2
2

] w . 2wrdrv

V2vn
=§2ﬁ :{V“ vi;f <R>}“lr USRI ()}

The simplest value for f (ﬁ) is that of Bazin’s formula (1)

above, from which o1
5
V= Um ( 1+ —(“—)

and f(R> 38 .
Substituting these values and integrating, the kinetic energy

an,.’
24"'5 and when

per 1b. is
C is 80, 100,
a is 1'12, 1'076.

On the assumption that the velocity curve is an ellipse to which
the walls of the pipe are tangents the integration is easy, and the
value of a is 1'047.

Using the other formulae of Bazin the calculations are tedious
and the values obtained differ but slightly from those given.

The head necessary to give a mean velocity v, to the water in

2
the pipe may thercfore be taken to be a;;;‘—, the value of a being
about 1'12. This value* agrees with the value of 112 for a,
obtained by M. Boussinesq, and with that of M. J. Delemer who
finds for a the value 1'1346.

110. Practical problems.

Before proceeding to show how the formulae relating to the
loss of head in pipes may be used for the solution of various
problems, it will be convenient to tabulate them.

* Flamant’s Hydraulique,

10

[
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NOTATION.
h=loss of head due to friction in a length ! of a straight pipe.
. . h
1=the virtual slope = 7

v=the mean velocity of flow in the pipe.
d =the diameter.
m =the hydraulic mean depth

= Wet teflgzi‘ime el % = % when the pipe is cylindrical and full
_ vl 4
Formula 1. h= Cm=Cd°

’U’

. . h
This may be written 1= T
or v=Cma.
The values of C for cast-iron and steel pipes are shown in
Tables XII and XIV,

Formula 2. h= 41

=5gd’
-21: in this formula being equal to 61-, of formula (1).

Values of f are shown in Table XIII.

Either of these formulae can conveniently be wused for
calculating h, v, or d when f, and !, and any two of three
quantities h, v, and d, are known.

Formula 8. As values of C and f cannot be remembered for
variable velocities and diameters, the formulae of Darcy are
convenient as giving results, in many cases, with sufficient
accuracy. For smooth clean cast-iron pipes

. 1\ 4
h= 005(1 +1—2d'> Qm,
or v=197\/1§§+—1m

d —
<04/ gy Y
For rough and dirty pipes

h=001(1+ 1 ) do'l

12d/ 2g.d°

d —
or v=139~/1—25;—i Ndi

d
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If d is the unknown, Darcy’s formulae can only be used to solve
for d by approximation. The coefficient (1 + 1—;3) is first neglected

and an approximate value of d determined. The coeflicient can
then be obtained from this approximate value of d with a greater
degree of accuracy, and a new value of d can then be found, and
soon. (See examples.)
Formula 4. Known as the logarithmic formula.
v.0"

or

given on page 138,

O o~

Values of y, 7, and p ar
By taking logarithms
logh =logy+nlogv+logl—plogd,
from which %A can be found if I/, v, and d are known.
If h, I, and d are known, by writing the formula as
nlogv=Ilogh—logl—logy+plogd,
v can be found.
If h, I, and v are known, d can be obtained from
plogd=1logy +nlogv+logl-logh.
This formula is a little more cumbersome to use than either (1) or
(2) but it has the advantage that y is constant for all velocities.

Formula 5. The head necessary to give a mean velocity v to
1242

the water flowing along the pipe is about lfg— , but it is generally

convenient and sufficiently accurate to take this head as

,vﬂ
29
was done in Iig. 87. Unless the pipe is short this quantity is
negligible compared with the friction head.

Formula 6. 'The loss sf head at the sharp-edged entrance to a

.

, a8

2
pipe is about % and is generally negligible.

Formula 7. The loss of head due to a sudden enlargement in
(—v)?

29
Formula 8. The loss of head at bends and elbows’ i8 a very

variable quantity. It can be expressed as equal to %% in which

a pipe where the velocity changes from v, to v, is

a varies from a very small quantity to unity.

_ Problem 1. The difference in level of the water in two reservoirs is A feet,
Fig. 99, and they are connected by means of a straight pipe of length ! and
diameter d; to find the discharge through the pipe.
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Let Q be the number of cubic feet discharged per second. The head & is utilised
in giving velocity to the water and in overcoming resistance at the entrance to the

pipe and the frictional resistances.

i _z%zvb
i
i
-+ &
Ry L
uile

Fig. 99. Pipe connecting two reservoirs.

Let v be the mean velocity of the water. The hLead necessary to give the water
. 2
this mean velocity may be taken as 1-;«;—5—, and to overcome the resistance at the
‘5%
entrance —— .
29
_ L1207 5l 41 1?

Or using in the expression for friction, the coefficient O,
4l?
h="01T4v*+ 0078+ o
41?
= 02607 + (s

1, S
If g greater than 300 the head lost due to friction is generally great compared
with the other quantities, and these may be neglected.

4flw® _ 4lv?
Then =9ga ~0r.a’
C dh
and v=5 T

As the velocity is not known, the coefficient O cannot be obtained from the
table, but an approximate value can be assumed, or Darcy’s value

d .
C=23894 \/ Pas1 for clean pipes,

d . s e .
and C=278 \/ a1 if the pipe is dirty,

can be taken.
An approximation to v—which in many cases will be sufficiently near or will be

as near probably as the coefficient can be known—is thus obtained. From the
table a value of O for this velocity can be taken and a nearer approximation to
v determined.

=T
Then —4d K2

The velocity can be deduced directly from the logarithmic formula h':-z—':i’

provided v and n are known for the pipe.
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The hydraulic gradient is EF.
At any point C distant = from A the pressure head f—; is equal to the distance

between the centre of the pipe and the hydraulic gradient. The pressure head
6203

2

must be equal to hgp. The head lost due to friction is k, which, neglecting the

just inside the end A of the pipe is hy !

, and at the end B the pressure head

(22
small quantity l-gflf— , i8 equal to the difference of level of the water in the two
tanks,

Ezxample 1. A pipe 3 inches diameter 200 ft. long connects two tanks, the
difference of level of the water in which is 10 feet, and the pressure is atmospheric,
Find the discharge assuming the pipe dirty.

Using Darcy’s coefficient

v=278 \/iih—i—i Jn’non-ft=695~/!§;
=388 ft. per sec.

For a pipe 3 inches diameter, and this velocity, C from the table is about 69, so
that the approximation is sufliciently near.

. 194

Taking h:ﬂ)-g 1!1:5‘”‘ ! ,
v=388 ft. per secc.,
I __"0006v%

= E
gives v=3"85 ft. per sce.

Example 2, A pipe 18 inches diameter brings water from a reservoir 100 feet
above datum. The total length of the pipe is 15,000 feet and the last 5000 feet
are at the datum level. For this 5000 feet the water is drawn off by service pipes at
the uniform rate of 20 cubic feet per minute, per 500 feet length. Find the pressure
at the end of the pipe.

The total quantity of flow per minute is

Q=000 x20

Th00

Area of the pipe is 1:767 sq. feet.

The velocity in the first 10,000 feet is, therefore,

200
T 60 x 1767

The head lost due to friction in this length, is
h—-4 . f. 10,000 . 18882

=200 cubic feot per minu'e,

=1-888 ft. per sco.

29.15 °
In the last 5000 feet of the pipe the velocity varies uniformly. At & distance
1-888x

z feet from the end of the pipe the velocity is 5000 °

In a length dz the head lost due to friction is
gpohS 1888 2z
T 29.15.5000% '
and the total loss by friction is
8883 [5000 .838)2
hym 4 1888 wtdg Y- (UBS8)? 5000
2¢.1'6.5000% [, 29 .15 3
The total head lost due to friction in the whole pipe is, therefore,

H= Y 18882 (10,000 + 2899),
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Taking f as *0082, H=14'3 feet.
Neglecting the velocity head and the loss of head at entrance, the pressure head
at the end of the pipe is (100 — H) feet =857 feet.

Problem 2. Diameter of pipe to give a given discharge.

Required the diameter of a pipe of length I feet which will discharge Q cubic feet
per second between the two reservoirs of the last problem.

Let v be the mean velocity and d the diameter of the pipe.

Q

Then V=== iirererrrrnriniressesssisssnssersennesncees +(1),
T3
4
412
and h="025v+ ok
Therefors, 1-r—Q—= J h T
T2 025 4 ——
4d 020+Czd'

Squaring and transposing,
as
If 1 is long compared with d,

Q_\/@
7 =0 a’

&

4
§_255Q \/1
and at==¢ S (3).

Since » and d are unknown C is unknown, and a value for C must be pro-
visionally assumecd.

Assume C is 100 for a new pipe and 80 for an old pipe, and solve equation (3)
for d.

From (1) find v, and from the tables find the value of C corresponding to the
values of d and v thus determined.

If C differs much from the assumed value, recalculate d and v using this second
value of C, and from the tables find a third value for G, This will generally be
found to be sufficiently near to the second value to make it unnecessary to calculate
d and v a third time.

The approximation, assuming the values of C in the tables are correct, can be
taken to any degree of accuracy, but as the values of C are uncertain it will not as
a rule be necessary to calculate more than two values of d.

n
Logarithmic formula. If the formula h=’yj)7l be used, d can be found direot,

0-0406. Q% _ 6-51Q*
- h _— —6'2"_ ---------------- LYY XYY sessver (2).

from
plogd=nlogv+logy+logl-logh.

Ezample 8. Find the diameter of a steel riveted pipe, which will discharge
14 cubic feet per second, the loss of head by friction being 2 feet per mile, It is
assumed that the pipe has become dirty and that provisionally C=110,

From equation (3)

RN

=75 2
or $logd=1og16°63,
therefore d =308 feet.

For a thirty-eight inch pipe Kuichling found C to be 113,
The agsumption that C is 110 is nearly correct and the diameter may be taken
a8 37 inches.
Using the logarithmic formula
h= *00045v!9]

_dir ’
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and substituting for v the value -;Q—
i
_+00015Q195

h= 15
™ 515
from which

5-151og d=1og "00045 — 195 log 0-7854 + 1-95 log 14 + log 2640,
and d=307 feet.

Short pipe. If the pipe is short so that the velocity head and the head lost at
entrance are not negligible compared with the loss due to friction, the equation

_10406Q% _ 6-51Q?

5 =%
r-— o
when a value is given to 0, can be solved graphically by plotting two curves
y=d’,

+0406Q2 6-51Q3
== At g

The point of intersection of the two curves will give the
diameter d.

It is however easier to solve by approximation in the
following manner.

Neglect the term in d and solve as for a long pipe.

Choose & new value for C corresponding to this ap-
proximate diameter, and the velocity corresponding to it,
and then plot three points on the curve y=d? choosing
values of d which are nearly equal to the calculated value P
of d, and two points of the straight line

0406Q%d | 651Q3
o tTom

The curve y=d® between the three points can easily % 5 6
be drawn, a8 in Fig. 100, and where the straight line cuts Fig. 100.
the curve, gives the required diameter.

Ezample 4. One hundred and twenty cubic feet 