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PREFACE.

THE object of this work is to supply the wants of
those students who, for reasons connected with ex-
aminations or otherwise, wish to have n‘knovﬂedge
of “the elements of Elliptic Functions, not im'jﬁﬂ-
ing the Theory of Transformations and the Theta

Functions.” It is right that WZI acknowledge
f

my obligati:)ﬁs to the trea,tise\ of Professor Cayley
and to the lectures of Dr. Glaisher, as well as to
the authorities referred to from time to time, I
am also greatly indebted to my brother, Mr. A. L.
Dixon, Fellow of Merton College, Oxford, for his
kind help in reading all the proofs and working

through the examples, as also for his valuable

8 stions.
nege A. C. DIXON.

DusLin, October, 1894,
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ELLIPTIC FUNCTIONS.

CHAPTER I

INTRODUCTION. DEFINITION OF ELLIPTIC
FUNCTIONS.

§1. In the earlier branches of mathematics func-
tions are defined in various ways. Some are the
results of the fundamental operations of algebra.
xz+1, 2z, 2% are such functions of #. Others are in-
troduced by the inversion of those operations; such
are x—1, 1/x, \/x; and others by conventional ex-
tensions of them, as o™ %, ¢%. Tt is not easy to draw
the line of distinction between the two last-named
classes. Sometimes, again, geometrical constructions
are used in the definition, as in the case of the
trigonometrical functions.

§ 2. The elliptic functions cannot readily be defined
in any of the foregoing ways; their fundamental
property is that their differential coefficients can be
expressed in a certain form, and as this is a somewhat
new way of defining a function, we shall take one or

D.BF A



2 ELLIPTIC FUNCTIONS.

two examples to show that it is as effective as any of
those above mentioned.

§3. Let us define the cxponential function by the
equation

d
T, XD U=expu.

This equation tells us what addition is to be made
to the valuc of expw when a small change is made in
that of u, and would therefore enable us gradually to
find the value of the function for every value of the
argument w, provided we knew one particular value
to start with. Suppose then that when « has the
value 0, exp w has the value 1, that is, exp0=1.

This equation combined with the former supplies a
definition of the function exp u.*

§ 4 From the foregoing definition we can deduce
the properties of the ?unction expu. First of all we
can find an expression for exp(u+v).

Let w+v=w, and suppose w to be kept constant
while w and v vary.

d d
Then T &XP ¥ = — 7, OXp VU= —CXp Y.

Thus expu.(—;%exp v+expv.zl% expu=0,

d
or (—m(exp u exp v)=0.

Hence expuexpv is a constant as long as w is a
constant, and has the same value whatever we may
put for u and v so long as u+4v=w.

* Compare tho congtruction of trigonometrical tables, as explained
in works on Tri%onometry. The sine, tangent, etc., of cvery angle
are found by adding the proper increments to those of an angle
slightly less, '



INTRODUCTION. 3

Put then v=0, u=w, and we have
exp w exp v =exp w exp 0 =exp(u+v), since exp0=1.

§ 6. We can also deduce the expansion of exp u in
powers of w.

For d
'or 7o <P u=cxp,
so that @ exp u= o exXp U =exp U
d2 &P du =P P,
r
and i CXPu=expu,

which =1, when w=0.
Thus Maclaurin’s Theorein gives

2 r
expu=1+u+%+...+%+...,

the convergency of which may be established in the
usual way.

§6. As another example, define the sine and cosine
by the equation

T BINU=CO8 U, evrverererrurenrnes «(1)
where cos?u+8in2u =1, .....cccceeerreeeeao(2)
and #in0=0, cos 0=1.

§ 7. Differentiating (2), we have

d .
€o8 U CO8 u+sinu cosu =0,

d .
whenece S EOSU= —SIN U, ceerererernenernna 3)
duw w '

a8 cos » is not zero in general.



4 ELLTPTIC FUNCTIONS.

§8. To find sin(u+v) and cos(u+v) put w+v=w,

a constant, as before.

Conx-udel a symmetrical function of w and v, such

as sin u+-sin v.
d, . .
@(sm %+ 8in v) = cos % —Cos v.
In the same way
d
du (cos w+cos v) = —sin w4 sin v.

But cos?u, 4 sin2u = cos?r 4 sin?v,
8o that (cos u— cos v)(cos u+cosv)
=(—sin u +sin v)(sin « +sin v).

Hence (cos u+cos 'u)(;z’(sin % +8in v)

. . d
=(sin w+sin v)du(cos %+ cos v),

sin w+-sin v sin(u+v
so that cosu4-cosv Y mnSt';-&)E(uf F 5)%1’
putting w for » and 0 for .
Then from (4) and (5)
TR UFSINY_ o oonst. also,

COS % — COS ¥

sin(u‘ + 1_;)_

—cos(u+v)

And we find by solving

2 2
. _sin®y —sin’y
sin(w+v)= -
§in % cos v—sin v cos u

....... (4)

....... (5)

=sin u cos v+sin v cos u by help of (2).
Here agam the functions may be expanded by

Maclaurin’s Theorem.
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§ 9. The equations of definition are satisfied also if

we change the signs of « and of sinw. Thus
sin(—w)= —sin u,
cos(—u)= cosu.

The equations (1) and (2) arc also satisfied if cosu
is put for sinw and —sinw for cosu. The initial
values however are now different and a constant must
be added to w. Call this constant @.

Then sin(u+0)= cosu,

cos(u+ @)= —sin u,
if @ is such that sin =1, cos @=0. Hence

sin(u+2m)= cos(u+ @)= —ginw,
cos(u+2m)= —sin(u+ @)= —cos u,
sin(u +4@)= —sinfu+20)= sinw,
cos(u44m)= —cos(u+2W)= cosu.

Hence the functions are unchanged when the argu-

ment w is increased by 4@, that is to say, they are
pertodic.

§10. Again, writing « for &/ —1,

ada(cos w4 sin w)=(cos w+ sinu),

d . .
or am(cos W+ ¢ 8in w)=cos w+¢ 8in u,
and cos 04 sin0=1,
50 that CO8 U+ 8in w=CXp (U,

This equation includes De Moivre’s Theorem, and
shows that exp w is also periodic, the period~being 4t

These examples may be enough to show that func-
tions which we know already can be defined in the
way that was mentioned in § 2. _



6 ELLIPTIC FUNCTIONS.

§11. Now the thrce elliptic functions snu, cnw,
dnu * are defined by the cquations

d
T 5 u=cnu dnw,

en?u+sn2u=1,}
dn2u+ k*sn?u =1,
sn0=0, ecn0=dn0=1.
From these it follows at once that

d
~enu=—snudnu,
du

d
-dnu=—k¥%nucenu"
du

The quantity k is a constant, called the modulus;
u i8 called the aurgument.

§ 12. For different values of the modulus % (or, per-
haps, rather of A2, as the first power of % docs not
u.gpear in the definition) there will be different values
of the elliptic functions of any particular argument,
in fact, snu, cnwu, dnu are really functions of two
independent va,riai)]es, and when it is desirable to
call this fact to mind we shall write them

sn(u, k), cn(u, k), dn(u, k).
We shall also use the following convenient and
suggestive notation, invented by Dr. Glaisher :—
enu/dnu=cdw, snu/ecnwu=scu,
dnu/ecnu=dcwu, 1/snu=ns w,
1/enw=ncw, ete.
- It is usual to write &’ for (1 —102)"‘, and &' iy called
the complementary modulus.

* Read &, n, v—c, n, u—d, n, u.
+Here and ¢lsewhere snu, etc., stand for (snw)?, etc., as in
_ Trigonometry.
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The reader will not fail to notice the analogy
between the two functions sn« and sin u, as also that

between cosu and cither enu or dnu. (Compare
§§ 74-75 below.)

EXAMPLES ON CHAPTER L

1. Find the value of tan(u+v) in terms of tan w
and tan v from the equations

d
aa tanu=1+tan?u, tan0=0.

2. Prove also that tan w is a periodic function of u,
the period being twice that value of « for which tan u

iy infinite.
3. Find the value of sech(u+v), given that
(—Z—L soch o = —sech w tanh w,
where sech?u+tanh?u =1,
and that sech0=1, tanh0=0.
4. Find the differential coefficients with respect to
wu of nsw, ncw, ndu, scu, sd u, csw, cdu, dsu, dew.
Ans. —csudsu, scwdeu, ksduedw, neudewu,
ndwedu, —nsudsw, —k?sdwndu, —csuwnsu,
k%scwunecw.
5. Differentiate with respect to u
(1) snu/(1+cnw). Ans. dnw/(1+4cnw).
(2) snu/(1+dnw). Ans. cnu/(14+dnu).
(3) enw/(L+snw). Ans. —dnw/(14snw).
(4) dnw/Q+ksnu).  Ams. —kenu/(1+ksnu).
(5) arcsin sn w. Ans. dnw.
(6) snu/(dnu—cnu). Anes 1/(cnu—dnwu)



CHAPTER 1IIL

FIRST DEDUCTIONS FROM THE DEFINITIONS.
THE PERIODS. THE RELATED MODULIL

§13. It follows from the foregoing definitions that
if a function 8 or S(v) of a variable v satisfies the
equation is

dv™
where C and D are other functions of v connected
with § by the equations

C2482=1, covvrrrererrirresrenens 2)
DPABSE=1;ueiriiiieinecnn, (3)
then S=80(V4a, A), cervereerineninnnnn, (4)
C=cn(W4a, A), cererinrinerninnnnns (5)
D=dn(@+a, ), ccovrvrrminirnrinnn (6)

where ¢ is such a constant that
sn(a, A)=8(0), evevevvininrnnann 7
en(a, A)=0C(0), ccocoverrinrnnnnn (8)
dn(a, A)=D(0), .eoeveuvrrirnennnnnn (9)

these last equations being clearly consistent.



NEGATIVE ARGUMENTS. 9

§14. Now, in the first place, the foregoing con-
ditions hold if we put

S=—snu, C=cnu, D=dnu, A=k, v=—u, a=0;

and thus sn(—u)=—snwu,
en(—u)= cnuwu, } ..................... (10)
dn(—u)= dnuwu,

or cn and dn are even functions, and sn is an odd
function.

§15. We have also
dutev= (cn?w dn w+snu dn w)/en’u
=dn u/en’*u=dcuncw,
and in the same way
ncu= scudecw,
du
d
du
d
du

de u=Fk"2¢c u ncu,
csu=—dsunsu,

su=—csudsu,

du
d

E-dsu= —CSUNS U,

éfl sdu= cdundu,

Zl(—fl.« cdu.—# —k'?sd w nd 'ib,
(gz ndu=ksducdu. ......c..vvnnen. (11).

By integrating these equations we shall deduce
several iinportant theorems.



10 ELLIPTIC FUNCTIONS.
§ 16. Take for instance

E‘%cdu: ~k?%d wnd u.

We have cn?u+snfu =1,
dn?u 4 E%sn2u =1,
and dividing by dn?u,
cd?u 4+ sd?u =ndu,
1+ &%d%u = nd%u.
Hence kZd*w+cd?uw=1, by climination of nd?u,
and knd*u+A%ed?uw=1, by climination of sd?u.

In the equations (1) ... (6) of this chapter we may
therefore put

S=edu, O=—ksdw, D=knduw, A=k,
The value of « is such that

sna=1, ena=0, dne=FK.
Let us write K for this value of «; then we have

sn(u+K)=cdu, }

v="1u.

en(+K)= —Fksdw,
dn(u+ K)=Fknd .

§ 17. From these it further follows that
sn(u+2K)=  cd(u+K)=-Fsdu-+kndu=-snwu,
en(u+2K)= — k'sd(u+ K)=-kKed u+kndu=-cnwu,
dn(u+2K)=I+dn(u+K)=dn u.

Also sn(u+3K)=—sn(u+K)=—cdu,

en(u+38K)=kusd u,
dn(u+3K)=k'nd v,

sn(u+4K)= —sn(u+2K)=snu,
cen(uw+4K)=cnu,
dn(uw+4K)=dnu.



Again,

THE PERIODS.

11

sn(K —u)=cd(—u)=cd u,
en(K —w)=Fksdu,
dn(K —u)=Fknd u.

Thus the function dnw is unaltered when its
argument, is increased by 2K; snu
unaltered when the argument is increased by 4K, that
is to say the functions are periodic.

§18. Take now the equation

where

d
—~-n8 U= —csw ds u,

du
—csu+nstu=1,
—ds2u+nsu=k2

Hcrc we may write

= -nﬂu C=

“k

and cnu are

7dx-m, D=icsu, A=k, v=u,

but sna, enu, dna are all infinite. 'We have, however,

csu=: dsa=1tk.

Lot this value of @ be called L for the time being.

Then

sn(u+ L) =}c ns w,

en(u+ L)= Ii dsu,

dun(u+ L)=icsu,
sn(u+2L)= snu,

en(u+2L)= —cnu, p.........

dn(u+2L)= —dnwu,
en(u+8L)= ~— Iicds W,
dn(u+38L)= —icsu,

en(u+4L)= cnu,
dn(u+4L)= dnw.

...(18)
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§19. Also \
sn(u+K+L)=llc ns(u+K)=7% deu,

en(u+K+L)= ds(u,+K)=lk—nc u,
k k

dn(u+K+L)= 1es(u+K)= —k'se u, - (14)
sn(u+2K+2L)= —snwu,
en(u+2K+2L)= cnu,
dn(u+2K+2L)= —dnu. J
§ 20. Hence

sn u hay a period 2L as well as 4K,

cn % has a period 2K 4+ 2L as well as 4K,

dn » has a period 41 as well as 2K.

We may also notice that

n(K+1)= L

L en(K+L)=", an(K+1)=0.

THE COMPLEMENTARY MODULUS.

§ 21. Now consider the first equation of the systemn
(11).

d
,5e u=dcuncu,

dr
where ne2u —sclu=1,
de?u —I%sc?u=1.
Hence we may plit
=i8cu, C=ncu, D=dcu, v=twu, A=k,
in the equations (4), (5), (6); and as
8(0)=0, C(0)=D(0)=1,

we have u=0.
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Thus sn(tu, k)= cse(u, k),
en(tw, k)= ne(u, k),} ............... (15)
dn(tu, k)= de(u, k).

These equations are of great importance. They
embody what is called Jacobi’s Imaginary Trans-
Jormation and enable us to express elliptic functions
of purely imaginary arguments by means of those of
real arguments with a different modulus.

§ 22. Tn the cquations (15) put L for u.
Then sn(tL, Ey=use(L, k)=1,
en(cL, k)=0,
dn(iL, )=

Thus (L stands to &’ in the same relation as K to k,
and we are naturally led to write

tL=K', L=—K"
Thus if m and » are any two whole numbers
sn(u+2mK +2mK)=(—1)"snu,
v l(16)

en(w+2mKE +2n K )y=(—1)"+"cn u,
dn(u+2mK 4+ 2uK)=(—1)«nw.

We have then the following scheme for the values of
sn, en, dn, of w+mA +nK’', m and n being integers :

m=0, m=1l,  m=2, m=3.

sn u, ced w, —snu, —cdu.
n=0 cnu, —ksd u, —cn u, Ksd w.

dn u, knd u, dn w, ¥'nd w.

(nsw)k, (dew)/k, —(nsu)lk, ~(dew)/k.
n=1l —(dsu)lk, —k(new)/k, «(dsu)/k, (ncu)/k.
—1c8 U, k'se w, — 1 C8 W, ok'se u.
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m=0, m=1, m=2, m=3.
snau, cdw, —snu, —cd w.
n=2 —cnw, ksd w, cn u, —Mad u.
—dnu, —knd w, —dn w, —Ind w.

(msw)/k, (dew)k, —(nsw)/k, —(lcw)/k.
n=38 (dsw)k, H(meu)k, —(dsw)/k, = (ncu)/k.

tesu, —k'se w, tesu,  —dseu.
the modulus in the congruences being 4.

§ 23. These equations show that a knowledge of the
values of snu, ¢n w, dnw does not enable us to fix the
value of u, and that accordingly the value of X is not
perfectly defined since we have only assigned the
conditions

snK=1, enK=0, dnA =%
Writing « for snw we have

enu=(1—2%} dnu=(1-k%u?2)},

Ao _ oy i
d—w_(l —a2)%(1 —K2e2)*.
Hence U= .r(l - £ i(] —k2£%) éulf,
0

the lower limit being O because w and a vanish
together.

Thus K= r(l _ ey ha—regy tag
0

This is a function of & only. The variable £ will be
supposed in the integration to pass continuously
from 0 to 1 through all intermediate real values and
those only, and the initial value of the subject of
integration will be supposed to be unity and positive.
There is now no ambiguity in the value of K so long
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a8 k% is less than 1. Also with the same provision I
is a purely real positive quantity as cvery clement in
the integration is so.

Further, & is to be the positive value of (1 —Lz)!‘,
for dnu does not change sign within the limits of
integration and &’ =dn K.

§24. Again, so long as £? iy less than 1, K7 is also
a purely real positive quantity.

Thus for values of the modulus between 0 and 1
the periods 4/ and 4K’ are the onc real, the other
purely imaginary.

We shall now show how to reduce elliptic funetions
in which the square of the modulus is real, but not a
positive proper fraction, to others in which the modulus
lies between 0 and 1.

§25. We have j snw=cnwdnu,
w

en?u4snu=1,
dn?u +A2sn?u =1,

and we may put
C=dnu, D=cnu,
provided we have
S=ksnw, A=1/k, v=ku.

Furthermore a=0.

Thus sn(buw, 1/k) =k sn(w, k),
en(ku, 1/k)= dn(u, k), }............. )
dn(ku, 1/k)=en(u, k).

The cquations (17) enable us to reduce the case of -
a modulus numerically greater than unity to that of
one less than unity.
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§ 26. From the equations (15) and (17) we deduce
sn(ck'u, 1/k)=Isn(cu, k)= 'se(u, k),
en(ck'u, 1/k)= dn(u, ¥)= de(w, k), }.....(18)
dn(cku, 1/K)= cn(iw, )= ne(u, k),
and also, since (A’/k iy the modulus complementary
to 1/k,
sn(ckw, &' [k) =1 se(hw, 1/R) = e sd(u, k),
en(ckw, K [k)= ne(ku,1/k)= nd(w,k),}..... (19)
dn(cku, &/k)= de(kw,1/k)=cd(u,k),
and from (19) by help of (15)
sn(k'w, k/k')y= —sd(eu, &) =sd(w, k),
en(k'u, kfk)= nd(oe, &)= ed(u, k), ...(20)
do(k'w, k/F)= cd(cu, &)= nd(u, k),J
§27. The quantitics corresponding to K, (K’, the

quarter-periods, are given in the following table for
the group of six related moduli :—

First Second

Modulus. Quarter-period. Quarter-period.

k, K, K,

K, K, K,

1/k, WE—.K’), LK,

1/k, (K — K), KK,

[k, kK, KK +.K),

k[, KK, K(K+.K),

the distinction being that sn=1 and dn=the com-
plementary modulus for the first quarter-period,
and that for the second sn, ¢n, dn are infinite and
proportional to ¢, 1 and the modulus.

§28. We can prove that if the modulus is a real
proper fraction the elliptic functions of a real argument
are real.
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For as snwu increases from 0. to 1, while enu de-
creases from 1 to 0, and dn w from 1 to ¥/, the argument
w increases continuously from 0 to A, so that for any
value of # between 0 and K, snw, cnu have real
values between 0 and 1, dn « has a real value between
I and 1.

Also we see from §§ 14, 17 that

(2K —u)= snu,
en(2 —u)= —cn u,
An(2K —u)= dnw,
s0o that when u lics between I and 2K
snw 18 real and between 0 and 1,

cn " ” 0and —1,

dnw " » 1and K.
Again, M —w)= —snwu,
cu(—w)= cnu,

dy—u)= dnw,
g0 that snu, enwu, dnw are also real for values of u
between 0 and — 21¢
Also sn(u+4K)=snu, ete,
so that, as any real quantity can be made up by adding
a positive or negative multiple of 4K to a quantity
between + 2K, snu, en w, dnw are all real if w is real.
They are also real if w is a complex quantity whose
imaginary part is a multiple of 2¢/”, for
sn(u+2tK’)= snu,
en(w+2tK’)= —cuwu,
dn(u+ 2K’ )= —du u.

§ 29. Further, when the imaginary part of w is (A7,
or an odd multiple of it,
sn w is real,
enu and dn w are purely imaginary,
D. E. ¥, B
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for sn(u+tK)= 1/ksnu,.
en(u+cK)= —idnu/ksnu,
do(u+tK’)= —icnu/snw.
Again, since sn(wu, k)= tse(u, k'),
en(tu, k)= ne(u, k),
dn(cu, k)= de(u, k),
it follows that for a purely imaginary argument or a
complex argument whose real partis a multiple of 2K
sn is purely imaginary,
cn and dn are real.
Also, for a complex argument whose real part is an
odd multiple of K
sn and dn are real,
cn is purely imaginary,
for sn(K+ww, k)= cd(w, k)= nd(u, k'),
en(K +u, k) = —Ksd(cw, k)= —k'sd(w, ¥),
dn(K+wu, k)= Kknd(w, k)= Ked(u, k).

§ 30. It is to be noticed that one of the periods at
least is always imaginary or complex, and it may be
proved that their ratio cannot be purecly real.

For let w, and w, be two periods of a function ¢(w)
so that

P(u)=p(u+ w) = ¢(w+w,) = ¢(u +Mmw, +Nwy),
m and » being any integers. Also let w,/w, be real.
Two cases arise. If w, and o, have a common
measure o let
W, =pw, wy=qo,
p and g being two integers prime to each other.
Then integral values of m and » can be found such

so that (U +w)=g(u),
and the two periods w,, w, reduce to one, w.
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§31. But if, on the other hand, , and w, arc incom-
mensurable we can prove that mw, +nw, may be made
smaller than any assignable finite quantity.

For let Aw, be the nearest multip&e of w, to w,; then

w; ~ Aoy =wg, saY) is less than }w,.
Let uw, be the nearest multiple of wg to w,; then
W, ~ pwy, OF o,, 18 less than Jw,,

and so on. Then

w24y 18 less than ’2'1r“’2:
which can be made smaller than any assignable finite
quantity by taking 1 great enough. Also cach of the
quantitics wg, w,, ..., i8 of the form me,+nw,, so that
the statement is proved.

In this case then if ¢(u+me,+nw,)=¢(u), the
value of the function is repeated at indefinitely short
intervals, and the function must be either a constant
or have an infinite number of values for cach value of

its argument.

§ 32. It may be proved that the same kind of con-
sequences will follow if a function is supposed to have
three periods whose ratios are complex.

We shall represent the argument of the function on
Argand’s diagram, in which the point P whose coor-
dinates are (x, y) referred to rectangular axes OX,
0Y, represents the complex quantity @x+w@. The
statement that a straight line 4B is a period will be
understood to mean that if from any point F a line is
drawn parallel to 4B and equal to any wmultiple of it
the value of the function is the same at the two ends
of the line.

Now let 04, OB be two periods. Join AB. Through
0, 4, B draw lines parallel to AB, BO, OA respectively.
Through their intersections draw other lines in the
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same directions and continue the process till the whole
plane is covered with a metwork of tria.ngles, each
equal in all respects to the triangle OAB. Then any
line joining two vertices of triangles of the system is
a period, since each side of any triangle is one.

The triangles can be combined in pairs into paral-
lelograms, &l% exactly alike, and similarly situated, and
the values of the function at points similarly situated
in different parallelograms will be the same. Such a
parallelogram is called the °parallelogram of the
periods.’

Suppose, however, that there is a third period OC;
then 8') must fall within or on the boundary of one
triangle of the network. If it fall at an angular point
then OC is not a new period, but is only a combination
of 04 and OB. If it fall on a side of a triangle, say
DE, then DC and CE must be periods, and their ratio
is real, since they are in the same direction ; thus this
case reduces to the one already discussed.

If C fall within & triangle, say DEF, then CD, CE,
COF are all periods. Let G be the point similarly
situated within the triangle OAB, then OQ®, AG, BG
are all periods being respectively equal to CD, CE, CF
in some order. Any of the triangles OBG, BAG, AOG
may now be taken as the foundation of another net-
work covering the whole plane, and since there is
still a third period, we can again find a point within
the fundamental triangle with which to carry on the
same process. We can prove that ultimately either
the point will fall on the boundary of one of the
triangles, which case has been discussed above, or
a period can be found shorter than any assigned
finite straight line.

We shall form each triangle from the one before
it as follows. Let Oab be a triangle of the series, and
g the point found within it. Let Oa>0b. Then we
take Obg as the next triangle of the series.
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Let ¢ be any finite length, then we shall prove
that a period can be found shorter than e. Suppose
that none such can be found among the sides of such
triangles as ABG, ..., abg, ..., which have not O for
a8 vertex.

The angle Oab is always acute, and can never be
%eater than 37— 3 where (3 is some finite acute angle.

or if there is no such limit, and Oab can be made to
approach /2 without limit, then since Oba>Oubd,
aO% can be diminished without limit, and therefore
ab can be made less than e.

If Ok is drawn perpendicular to ab and g falls
within the triangle ghb then Og < Ob.

Fig. 1.

If not, we have

Oa — Og = ag sin $(0ga — Oag)+cos $a0g>esin 48,
for ag>e, Oga>Oha>}w, Oag<ijn—p.

Thus Oy is less than Oa by a finite quantity, and if
Og > 00 it will be reduced by a finite quantity at the
next step and so on, until after a finite number of
steps we have a triangl in which Ob is the greater
side. We can then replace Ob by a line which is less
by at least esin 33, and carry on the process, reducing
this line again in the same way.

Let u be the greatest integer in Ob+esin §3. Then
after u stages at most the shorter side Ob of the
triangle Oab will be replaced by a line less than
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esin 48, and thereforc less than e. Each of these u
stages will consist of a finite number of steps by which
the originally greater side of the triangle is gradually
diminished till it becomes the less, followed by another
step in which that which was the less originally is
itself diminished.

It is proved then that if there are three periods
w,, ®,, wg, either they are not independent but satisfy
an identity of the form lw,+mw,+2n0;=0 with in-
tegral coefficients, or clse a period can be found whose
modulus is smaller than any assignable finite quantity,
so that the function has an infinite number of values
for any single value of its argument. It might of
course be a constant.

EXAMPLES ON CHAPTER II.

1. Prove that each of the tweclve functions snu,
enu, ns 4, ..., can be expressed as a multiple of the sn
of an integral linear function of  with one of the six
related moduli, in two ways, c.g.

dn(u, k)=ksn(K’— (K —wu, k).
=sn(V K'— KK — k'w, 1/K).
2. What are the periods of the functions sc u, deu,

dsw, % MY snucdu, snfu, v
> 14ene’ l4snu’ ’ > 1+4ksn?u’
/3. Putting 8 for sn usn(u+ K), verify that
dsS 1
du = e —dn*(u+ K}, oo 1)
{dnu+dn(u+K)2+i4S2= (14K, ........ (2)

{dnu—do(u+ K)P+E=(1-K) ........(8)
Deduce that

(1 +%)S= sn{u(l +k), } ;z},
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and find the values of

cn{u(l +H), %g} and dn{u(l +h), 12 ;f,}
4. Putting S for sn wdc u, prove that
(g§)2 = 1420k —k?)S2 4 5%
w
5. Verify that
sn{(l +k)u, %_kik} (11:_411‘]:?28,

21t od
cn{(l +k)u, T-}-k} =

oUF ) 1—ks?

where s, ¢, d are sn(v, k), en(u, k), dn(u, k), respectively.
6. If k=a/2-1, prove that
snu(—-2)1‘=(—2)iscu nd u,
cnu(-—2)*=ncund u+kscusdu,

dnu(—2) =ncundu—Fkscusdu.
Hence prove that for this value of %,

K'[K=,/2.
7. If k=sin 75°, verify that
sn u( — 8)} = sc w(4n/3 — 6 — sn?u)/(4 — 24/3 — sn?u),
en u( — 8)F = (2 ~a/3)(2 -o/3sn%)/cn u(4 — 24/3 - snu),
dn w( —8)} =(2— o/3)dc u(2 —snu)/(4— 24/3 — sn?u).
Prove also that for this value of %,
K|K' = /3.
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8. Find the expansions of snu, enu, dnu in ascending
powers of u as far as uS.

Ans. snu=u—}1+ )ud+ 135(1 4+ 14524-F4)ub. ..,
cnu=1—2ul+ 2 (14 4k)ut...,
dnw=1-—32u?+ (424 EH)ut....
9. Trace the changes in sign and magnitude of

sn, cn, dn for real and purely imaginary arguments
for all real or purely imaginary values of k.



CHAPTER IIIL

ADDITION OF ARGUMENTS.

§ 33. We shall now show how to express the sn,
cn, and dn of the sum of two arguments in terms of
the elliptic functions of those arguments themselves.

Let w, and u, be the two arguments and let us
write 8,, ¢;, d, for snw,, cnu,, dnwu,, and 8, ¢, 'd, for
8N %, ¢0 U, dnu, This notation will often be found
convenient.

Suppose u, and u, to vary in such a way that their
sum is constant, say a.

du

Then w, +u,=a, 7&7:= -1,

Consider now some symmetric functions of v, and
U, 8S BN U, + 8N Uy, SN UyCN Uy + 8N UCH Uy, ete.

We have

d
('Eb‘l(sl +8)  =cydy— cydy,

d%l(sﬁz +8,01) =10y — 81dfz + 8,8,y — cydyey

'd =(d;, —dgX¢,03—8:85).

Ed;(dl +dy) = —k(8c,—8,0,)
= —kPsic,(cs2+8,") + KPa,05(c," +8,7)
= — %0105 — 8,8, (8,0, — 851).
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Now —Fk*(8;%,? —8%c,2) = —k*(8,> — 8.?) =d,2~ 2,
and thus we have

(st ) g (s 84 = (e 8o+ ).

From this it follows at once that f%—l%—a const.

so long as u, +u,=a.
The value of this constant may be found by putting

sna
=0 and u,=a. It181+dn
Thus sn(u,+uy) 806+ 8201

T+dn(u;+uy)~ dy+dy

§ 34 Again, ﬁj—f—}f%:—‘= _1, _dit+dy

k2 scy+8,00
=a constant also

_ sna
“dna-1
Th n(u;+uy) 80— -8501
dn(u,+u)—1" d,—d,
Inverting these two relations and subtracting, we
have
2 KA + d, d,—d,
B0 (U g 80850, 80— 850
2(8163 - 82"1 'L)
a,’c,,2 —s8;%;}
8.2
2

so that sn(u1 -+ ’U,g) = m.
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By inverting and adding, we have
sy ) =2~ S

8162d1 —80ydy

81Cytly— 800y

§ 35. In the same way we could prove the following
relations

and dn(u, + uy) =

gdytaydy _ sn(u,+u,)

e,+c,  en(u;+uy)+l
8dy—8,d,  sn(u,+u,)

,—C  cn(uy+uy)—1’
¢ydy+eydy _ en(u, +u,)+dn(u, +u '"‘2)

8,+8, sn(u, 4 uy)
glcl —cydy _en(u, +u,) — dn(u, + u,)
- 32 sn(; + tp)

which we shall leave to the reader to verify.

§ 36. Any one of them is enough to give the value
of en(u,+u,). Adding the last two we have

8,6, dy — 85,0,
e8(ty + ) =——— 82=g?
8,0, — 8,040,
 8,Cq0y— 8,0,d,

by help of the value given in § 34 for sn(u, + u,).

and hence  en(u,+uy)=

§ 37. The formulae just found can be expressed in

other ways.
We know that

Sn(%+lK’)=};ns u, cn(u+tK')= —;Edsu,
dn(u+tK')= —(csu.
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Put then u,+4 (K’ for u, in the above formulac. We
have
ad,

BD(%1+£K,+'U/2) —2"3—82 )/ 62 2+ 2]682
1
st + )= Esn(u, + K +uy)
_ 810y + 8,00,
T1—ks%,T
es(uy+ (K +u,)= (-—l’g (1122 '826201 / 2™
dn(u, +uy)=1 cs(u1+¢K'+u2)

2
_ Ay dy—Fs,8,00,

- 1 - 102812822

pg)=( =L wd; / L e
ds(uy + K +ug) = ( fohev s, ksl) (k2312 52).
The expression on the left is — % en(u, +1,), 8o that

€,Co— 8,8y,
en(ty +Us) =" S

These three forms, in which the denominator is
1—7?%,%,2, are those generally quoted. It may be
verified by multiplication that they are the same as
the former set. Thus, in the case of dn(u,+ u,),

(dydy — K%8,850,0,)(8,050 — 8,0, L)
= 8,050 (d,? + P8,%, %) — 850, dy(d, 2 + kP8, %c,?)
=(8,04d; — 850, d)(1 — K%, %8,%),
for do2+ k8,20, 2 =1 — k%, 2,2 =d 2+ k?,%c,’
The other verifications are left to the reader.

Futtmg u‘+K for u, we may form

a,nother set rom each of the two we have. The
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four sets of formulae are embodied in the following
scheme :—

Numerator of sn(u,+ %) :

8icytly + o000y, 8-85% 810305+ 8utqcly, 8130l + 8,0,y
Numerator of en(u, +u,) :

eie-siydidy,  meidsyely, 18’81+ ke eycydydy-k"sy,,
Numerator of dn(w, + ) :

Ay B-E28,850100,  By0u01=80010y,  CrCoydy+ 28185, 1-KP8)2-K¥ag? + kP8 %y
Denominator of each :

1-k%%,?, seply-8,000y,  ¢1Cp+ 81850y, dydy + Bay550,00

§39. The above formulae give the sn, en, dn of
u, —u, by simply changing the sign of s,

8,Coly— 8,0,
Thus  sn(w, —wu,)=-L22 211 otc,
(g =) 1—J%s %2 °

By combining different formulae we easily find the
following, writing A for 1—A%,%,*:—

A sn(u,+u,)sn(u, — uy) =82 — 8,2,

A en(u, +ug)en(u; —vy) =1—82—8, 2+ k2, %2,

A dn(w, +ug)dn(u, —uy) =1 — ks, — k28,2 + k?s %,

A sn(u, +w,)en(u, — Uy) = 8,¢,dg +8,C,(1,,

A sn(uy + uy)dn(u, — g) = 810,08 +8ytydly,

A en(uy+ ug)dn(uy —g) =6yl dy— K8,

A{lx sn(u,+u)H{lt sn(u,—uy)} =(c,t8,d,),

A{1£ksn(u, +u) {12k en(uy —uy)} = (dy tksyc,)?,

A{dn(u,+u,)E  en(u,+ug) Hdn(u,—up) ten(uy-u,)}
=(c,dyteyd,)?,

A{dn(u, +u,) £ en(u, + ug) Hdn(uy-ug) £k en(uy-1u,)}
=(ddy2keyc),

A{1 ten(u, +u)H1 = en(u, —u,)} = (¢ £c,)?,

A{1 £dn(u, +uy) {1 dn(u, —uy)} =(d, xd,)?,

A{1 £ en(u, +u) {1 F en(uy—uy)} =(sd, 75,4,
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A{1 £dn(uy +ug) {1 Fdn(uy —uy)} =k*(8,6,F8,,)%
A{¥ £dn(w, +ug) HE tdn(u, —wy)} = (K £ d,d,)?
A{K £dn(uy +ug) HE Fdn(u, — uy)} = — kX010, K'a,8,)%,
A{dn(u, + uy) /s (w, + wy) Hdn(u,~u,) £ ksn(u,—uy)}
=(cydy 2 K's,)7,
ete., ete.
The verification of the above results will give the

reader useful practice in the algebraical handling of
the elliptic functions.

§ 40. Since u=v+a is the integral of the equation
du=dv, « being the constant of integration, the
different addition-formulae may be considered as
forms of the integral of the same differential equation.
Also if we write « for snu, ¥ for snwv, the differential
equation becomes

(1= (1 — ) S = (1 — 2 51 = k2y?) Ay,
which therefore hay an integral that is algebraical in
« and y, although neither side can be integrated by
means of algebraical functions, This fact was known
for a long time before clliptic functions were invented.
Euler succeeded in integrating the equation

X e+ Y idy =0,
where X is a quartic function of  and Y is the same
function of y.
Let X =axt+ b+ cx+ex+f,
Y=ay*+by*+cy*+ey+f.
Then the integration is as follows :—
Write X', Y’ for dX/dx and dY/dy.
We have
X-Y 2 2 2
é;—:?-/-=a(w”+w Y+ay+y®) +b(a? + 2y +§P) +o(x+y) +e.

X'+ Y = 4a(a®+ %)+ 3b(@? + y*) + 2c(2+7)+ 2¢.
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Thus
X-7 ’ + 5
2=y ~H& +Y)=—dle+y)a—yy-lh@—yy
= —(@—yP{uz+y)+ b}
d ,i_ _& , (l _ % ,
Also X=X dé}Y‘*-—ﬁY‘ Y.
Hence dm= dy =d(m+f‘/)=d(w":'/)___d(x_&,—!;)
Xyt xioyd xtyevd o x'+v)
_(X =T de—y)—(z—y)d X} - 1}
X=Y—-§X'+Y)z—y)
N (x%—yi)
T(@—y)la@+y)+i0} \ —y /
Therefore ' vl
xi_yd xi_pt
la(z+y)+3btd(z+y) = w_”_*?;d z—y
X5 yhe
and (‘;&*) =a@+y)*+bl+y)+yg,

¢ being the constant of integration.

This is the integral sought.

Further information, with references, will be found
in Forsyth’s Differential Equations, pp. 237-247.

§l41. Suppose in the addition-formulae that w, is
real, and %, purely imaginary. Then s, ¢, d,, ¢, d,
are all real, and s, is purely imaginary. Thus the
imaginary part of sn(u,+w,) is
_ &0
1 — ks 28
This cannot vanish unless 8,=0 or «, or ¢;=0 or
d,=0.
"But d, cannot vanish as u, is real, and if ¢,=0 we
have u,=an odd multiple of X..
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* Also since u, is purely imaginary, if 8,=0 or «
we have u,=a multiple of (X".

If then a complex argument have a real sn, its real
part must be an odd multiple of K, or its imaginary
part a wmultiple of (K",

In the same way if the sn be purely imaginary,
8,=0 or o, or ¢,=0 or d,=0. These are all im-
possible but the first, so that the real part must be a
multiple of 2K.

§42. From this it follows that sn has no other
period than 4K and 2K'. For if A were such a
period it must be complex, say 4,+4¢4, Then
sn(u+4,+t4,) is real or imaginary according as u is
real or imaginary.

If w is real we have

A,=a multiple of X7,

for w+ 4, is not generally an odd multiple of K.
If v is imaginary we have

A, =a multiple of 2K.

Hence there can be no periods other than those
already found. The same holds for en and dn.

§48. Suppose now that there are two arguments
u, and u, for which sn, cn, and dn are all the same.
Then it follows from the addition-formulae that

sn(w, +ug) = sn(u,; + u,), ete.,

whatever u, may be.
Hence u,—u, is a period for sn, cn, dn, and must be
a quantity of the form 4mK +4ni K.
us all arguments having the same sn as w are
included in the formula

(=1)mu+2mK + 2K,
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all having the same cn in the formula
tut4mK+20(K+1K');
and all having the same dn in the formula
ru+2mK+4ukK'.

§44. An important property of the elliptic
functions, which has been assumed onee or twice in
the foregoing pages (as in §41) is that they arve
wniform, that is to say that cach of them has one
single definite valuc for each value of its argument.
Many examples might be given of functions for which

this is not the case ; ¥ is one.
The property may be proved as follows :—
Suppose snu=a, and let us examine the behaviour
of w and x when « i in the neighbourhood of a value a.
Put x=a+§, and let a be the value of v when x=a.

Then i;" {1-(a+&? 1 = (ha+ ke

The right hand side of this equation can be ex-
panded in a serics of powers of £ which will always
converge absolutely so long as | £| (the modulus of £)
does not exceed the least of the quantities

[
, |1+a

l 1—a

1 1
’ , 75_“ ‘1 ’ 70‘+a .

(See Chrystal, Alyebra, ch. xxvii., §11).

By integrating every term on the right we get
another absolutely convergent series since the term
in £7 is multiplied by £/(r+1), a constant (complex)
multiple of a quantity that decrcases as » increases.

Hence the value of « is given as the sum of an
absolutely convergent series.

Therefore (see Chrystal, ch. xxx., §18) £ can be
expanded in a convergent series of powers of uw—a

D.E. F. c
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within limits which are not infinitely narrow, and
within those limits £ is defined as a continuous uniform
function of w (Chrystal, ch. xxvi, §§18, 19). This
applies to every finite value of a but +1, +1/.

If o has any of these values we may put z=a+£%
and deduce the same conclusion.

Lastly, in order to consider very great values of
we put x=1/£, and find that 1/z is in that region a
continuous uniform function of w.

Hence in all the plane there is no point where any
branching-off of two or more values of = takes place,
and therefore # is a uniform function of .

The uniformity of ecnu and dnw can be proved in
the same way.

EXAMPLES ON CHAPTER IIL

1. Verify from the formulaec of this chapter that
d(fbl sn(w, +up) = en(u; +uy)dn(u, +u,),

on¥(uy+u)+  snX(u;+ug)=1,
dn?(u, +ug)+ kPsn*(u, +u,)=1.
2. Find the sn, cn, dn of w,+4u,+u, in terms of

those of u,, u, U, and show that the results are
symmetrical.

3. If w,+u,+uy=0, show that
d, Aoty — ke co0y =12,
dy+ IPey8yy = dycl,
a0y — y gy =K' ?8,85,
850y + 83, + 8,0, =0,
€+ dyRg8 = CyC.
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4. If u,+u,+us+u,=0, show that
dydydd, — ke coe,0, + k2 %8,8,8,8, = k2,
8 ¢ d; 1 |=0,
8 ¢ dy 1
8 ¢ dy 1
8 ¢ dy 1

(8,65 — 856 (g — )+ (8,6, — 8,6, )(d; — d,) =0,

(e, ly—cad (85— 8) + (e, — e elg) (8, — 85) =0,

(8,0 — 8, )¢5 — ;) + (8500, — 8,00, )(¢; — ¢,) =O.
(These relations may be put in many more forms by
such substitutions as w,+ I, w,, u;— K, u, for u,, u,,
g, Uy.)

5. If w,4+u,+u,=0, then
& ody 8
8% cydy, 8,
83 cydy 8y

6. If S(u) be written for snu dew and S'(w) for its
differential cocfficient then

' ’ 2_ g2

7. Verify the formulae of §39.

8. Prove the following :—
en(u—a)— en(u+a)
dn(u —a)+dn(we+«)
1 dn(n—a)—dn(u+a)
=1 en(u—a)+ en(u+a)
cd(v —a)+cd(u+a)
nd(#—a)+nd(u+a)

k? nd(w—a)—nd(u+a)

TR ed(u—a)—cd(uta)

|=0.

snusng =

cnucna =
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_de(w—a)+de(u+a)
dnu dn a= —E(ZL-—-—;L 5—~+;1 G (u +-(;)
s Ne(u—a)—nec(u+a)

“de(w—a)—de(u+a)
sn(u+a)+sn(u—a)
dn(u+ a)+dn(u—a)
1 dn(u—a)—dn(u+a)
=1 sn(uta)— sn(u—a)
sn(w+ a)+ sn(w—a)

Fett dng = en(w + a)+ en(u —a)

_en(u—a)—en(u+a)

~ sn(u+a)— sn(u—a)

sd(u+a)+ sd(u—a)

nd(v+a)+nd(u —a)

_ 1 nd(x+a)—nd(u—a)
Tk sd(u+a)— sd(uw—a)
__se(u+a)+ se(u—a)

% doa = ne(u+ ) +ne(w—a)

_ne(u+ a)—nc(u—a)

= se(u+a)— se(u—a)’
ds(u+a)+ds(u—a)
ns(w+a)+ns(u—a)

_ ns(u+4a)—ns(u—a)

= ds(u+a)— ds(u—a)’

ds(u—a)+ds(u+a)

cs(u—a)— cs(u+a)
_os(u— a)+ es(u+a)
~ds(u—a)— ds(u+ay

sducna =

snuweda =

dnunda=

snunsa@ =
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_sd(u+a)+sd(n—a)
sewnd o = Fod(u—a)
1 cd(u+a)—cd(rn—a)

TR sd(uta)—sd(u—a)

_de(u+a)+de(u—a)
enwdsa = se(w+ a)— se(u—a)
= se(u+«)+ se(uw—a)
“de(u+a)—de(u—a)
_n«(u—a)—ns(w+a)
cnunea = cs(u—a)— cs(u+a)
_ es(u—a)+es(u+a)
T ns(u—u)+ns(u+a)

37



CHAPTER 1IV.

MULTIPLICATION AND DIVISION OF THE
ARGUMENT.

§ 45. By putting u,=w, in the addition-formulae
we easily find the values of sn2u, en2u, dn2u in
terms of snw, enu, dnw. Writing S C, D 8, ¢, d for
these quantities respectively, we have

S=2scd/(1 —k?*),
C'=(c?—8%?)/(1 —F%st) = (1 — 282+ F?%s*)/(1 — K2%sY),
D= (d?—I?*s2c?)/(1 — kPs*) = (1 — 2k2s®+ k2s*)[(1 — K?s?)

§ 46. Moreover, these equations can be solved for
8, ¢, d if S, 0, D are supposed known.
We have D~ 0=2k"%/(1—k%"),
D —12C=k*1 4 F4)/(1 — k3s?),
D—I20+ k%= 2k2/(1 —I%s*),
D —J3C — k% =214 /(1 — [2s*).
D120 I* D-C
Thus =50y = p_leCF k>
_1=-C
REE
=D by subtracti i
=®iyoy Y acting again.

by subtraction,
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Hence we find the following formulae for ju :—
1—cnw\! 1/1—dnuy
m bu=(13dmw) =K1 Fere)
_(1—enu)fa- dnu)*
ksnw

L 728 I 3
a2 )

( 1—dn 'u,)*(dn w+cn fu,)*

ksnu
dn (Ut () )

_(dnu+cn u)*(l —cn 'u,)’}
- snuw )

§ 47. In particular
sn 3K =@1+k)1
en 3K =131 +x) 4,
dn 3K =k?,
sn 3 K =k~ b
bemg purely imaginary and of the same sign as its
argument ;
en 3 K =k} 1+ k)Y,
being a positive quantity ;
dn J K =(1+k)},

being also positive.
These three may also be deduced from the others

by using the complementary modulus.
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Also
b 1 b
e S
1=t (14RNE
en J(K+K)= 2"'(‘1:/;' A+ =1 -k))
\E
=a-i(g,) -

dn J(K -+ =" HHA+ B+ —R)).

These threc are most conveniently found from the
former six by the addition-formulac.

MULTIPLICATION OF THE ARGUMENT BY ANY
INTEGER.

} 48. By repeated use of the addition-formulae we
can find the elliptic functions of 3u, 4u, ..., in terms
of those of w.

We may prove the following facts about the form-
ulae for sn nu, en nu, dn nu —
Firstly, when n iy odd,

sn nu = sn % X a rational fractional function of sn?u,

¢n nu = cn % X a rational fractional function of sn2u,

dnnu=dnw X a rational fractional function of sn2u.
In each case the denominator is the same function,
and is of the degree m®—1 in snu; the numerators

are different, but are of the same degree, n*—1.
Secondly, when = is even,
sn nu=snucn % dnu X a rational fractional function
of sn?u,
cn nu = a rational fractional function of sn?u,
dn nw =8 rational fractional function of sn?u.
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In each case the denominator is the same, and its
degree is m? in snw; this is also the degree of the
numerators of ennu and dnnwu; the numerator of
snnu--snwenu dn w iy of the degree n?—4.

Clearly we may say a rational function of en’x or
dn?u instead of sn’u without altering the meaning
or the degree to be assigned.

§ 49. These statements are evidently true when
n=1 or 2. Suppose them to be true for the values
m and m+1 of n; one of these values will be even,
and the other odd.

Write 8y, Cp, Dp, Np for the three numerators and
denominators of snpu, enpu, dnpu respectively, and
s, ¢, d for snu,enw, dnw. Then

Szm = 2SmOmDmlvm

=scd X a rational iategral cven function of s of
degrec 4m?—4,

02m =072n'N72n—Snzn'D;2n
=a rational integral even fumnction of & of
degree 4m?,
D 2mn =D ;anozn_kZS?ann
=a rational integral even function of s of
degree 4m?,
JV‘Zm =N, 3._5’2531
=a rational integral even function of s of
degree 4m2
Also

S2'm+1 = SmMqu+l-Dm +1 + Sm+1Nm +10m D'm

=4 rational integral odd function of & of degree
2m24-2(m +1)2—1, that is, (2m +1);

02m+1 = CmNmOm+1Nm+ 1= SmDmSm+1Dm +1

=a similar function of ¢;
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D2m+1 = DMN;an+1N m+1" kzsmowgm+10m+ 1
=g gimilar function of d;
N2m+1=N:t‘N3t+1_kzsisgz+1
=a rational integral even function of.s of
degree (2m+1)2—1.

Hence, if the theorems hold for the values m, m+41,
they hold also for 2m and 2m+1. Now they hold
for 1 and 2, and therefore for 2 and 8, 4 and 5, and
universally.

§ 50. Also these expressions will be in their lowest
terms. Consider for instance (), a rational integral
function of ¢ of degrec m? This must vanish when-
ever cnmu =0, that is, whenever

mu=K+2pK +2q K’,
p and g being any integers.
Hence the roots of C,,=0 as an equation for ¢ are
K+2pK 42K’
m '

the values of en This expression has

m? different values found by making
p=0, 1l...m-1,

and ¢g=0,+1... +4(m—=1) or =*im,
in turn. Thus the degree of the numerator of enmu
cannot possibly be lower than m? and the cxpression
we have found for cnmu is in its lowest terms.

Also as C:+ 8,=N2,

D+ =,

and C,, N,, have no commmon factor, S,, and D,, can
have no factor in common with either.

§ 61. We may notice that when N,, is expressed in
terms of s, the coeficient of s2 in it vanishes.
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For N,, =Ni—isgt,
Nyppr=N2NE I8

m- m+1 m - m+-1"

Now s is a factor in 8,, and 8,1, so that if the term
in ¢* is wanting in N,, and Ny, it will be wanting in
Ngm &nd N2m+1.

Now N, =1, Ny=1-/?%", from which by induction
the theorem follows.

By changing % into w+(K’ we find that the co-
cfficient of s™*-2 vanishes in S,, when m is odd and in
XN,, when m is even.

DIVISION OF THE ARGUMENT BY ANY INTEGER.

§ 62. If we know the value of snu, the multiplica-
tion-formula gives us an equation to find sn w/n.

When 7 is odd,
sn = is the root of an equation of the degree n?
whose coefficients are rational in sn u.
When = is even,

sngﬁ is the root of a similar equation.

We may show that the solution of these equations
depends only on that of equations of the nth degree.

§ 63. Take the case when % is odd.
Since snu=sn(u+ dpK+2qK’), it follows that

sn q—l,—b(u+4pK +2qtK’) is also a root, and as this ex-

ression has n? values it includes all the roots. Call
it \(p, 9)- . .

Then clearly any symmetrical function of A(p, 0),
A, 1), ..., A(p, n—1) will be unchanged by addi
any multiple of 2.K" to w. Such a function then wi
have only = values, given by putting p=0,1,...,n—1
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in turn. It will therefore be a root of an cquation of
the mth degree only.

Thus A(p, ¢) is the root of an equation of the ath
degree whose coeflicients are also given by equations
of the nth degree, rational in sn u.

The same form of argument holds in the case when
7 is even, and also in the case when enw or dnu is
the function given and we have to find the sn, en, or
dn of a/n.

EXAMPLES ON (HAPTER IV.

1. Find the values of the sn, en, and dn of
mA 4+nd’) for all integral values of m and .

2. Prove that sn LK is a root of the equation

1— 2042023 — 24 =0,

What are the other roots, and which is the real one?

Amns. sn(ANx25K’), sn(BRN 4 2(H’).  The last is real.

3. With the notation of this chapter, show that
Nomt1 % Copyq, expressed in terms of ¢, has 1+¢ for a
factor, the other factor being a perfect square.

4. Show that Ng,—Cy, has 1—¢? for a factor, and
that the other factor of it is a perfect square, as is
also Nz Cae

5. Prove that when expressed in terms of d,
Nowy1% Dopyy has 1 +d for a factor, the other factor
being a perfect square, that N, — Dy, has 1 —d? for a
factor, and that the other factor, as also Ny, + Dy, is
a perfect square.

6. Show that N, + 8., can be expressed as a perfect
square, as can also the quotient of Ny, 41£8,, 1 by
T4+(=1)yns.

7. Prove similar facts with regard to N, kS,
KNyt Dy, Dy £ Copy Dy £ kO
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8. Prove that
((’-Nm - Gm)2+(Nm 41— C~m+1)(]vm -1—Vn - 1):
(de - -Dm)z -“+( Nm 41— Dm-l l)(]\rm -1 —-Dm - 1)
are independent of the argument u.
9. If u, v are any two nith roots of unity, show that

the ath power of
w-1 n 1

> ,u.l‘u'lsn - (11 +4pK 42 K')

=Ny o

is a rational function of snw and enw dn w.
Hence show that the value of snwu/n may be
found by the extraction of nth roots, if sn 2K/xn and

sn 2K’ [n are supposed known,

10. Use the last example to find expressions for

sn lu, snlw.

11. When 7 is odd, prove that
n=-1n-1

n sn nu = E E sn ('u,+
=0 U=0
1

n- |
and that n%n?iu= E Eﬂnz(u+ ’uK+ ”]‘ )
=0

i}
12. When 7 is even, prove that

-1 n-~1 9 K+2 Y &
nenu = SY N ng? SpAd T AV
ninsPnu =7 _}Jns (u+ " .

V=0 -0

duK+2u K ')
n



CHAPTER V.
INTEGRATION.

§ 54 We must now examine how far it is possible
to integrate, with respect to w. any rational algebraic
function of snu, enw, dnw, or, as we shall write
them, s, ¢, d.
f;)(s,c,d)

VYr(s,e,dy

¢ and y being rational integral algebraic funetions.
We may make the denominator rational in s by
multiplying it and the numerator by

(8, — ¢, dnis, ¢, —d (s, —¢, =d),
and by means of the relations
=1-¢, dt=1-1%"

by means of the same relations we may reduce the
numerator to the form

X1(8) F exu(#) + dxg(8) +cdx(s),

the denominator being x(s) and x, xp, Xu» X Xeo 811
rational integral algebraic functions.

§ 55. Now j-C([Xa(”)(l,(=IX ‘(N):Iu
: x(%) xt#) '

In the first place, suppose the funetion to be
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which can be integrated by the ordinary rules for
rational fractions:

. xd) an() 23 g
J. (%) = — &%) "8,

and this ean he reduced to the integral of a rational
function by the substitution

2:

NS P

which gives (11— )é = l~_—-f—-,.
Also j"X-:(“"),]“ _J XA ) — ey,

x(%)

which ean be reduced hy putt-mg

frg= 22 ”

1+42*

The problem is thus reduced to the integration
of x,(%)/x(%).

§ 56. The first step will naturally be the expression
of x,(%)x(%) as a series of partial fractions.

When this has been done the expressions to be
integrated will fall under one of the two forms

s (,\‘__ “)—m’
« being any constant, real or hwaginary. We will
consider these in turn.

Let |s"du=r,. Now
d
(8™ =3%ed)

du
-— (m —_— 3)8'” - 402(12 —n- li.’ — ]..28111 -202
=(m— 1 )A;zsm —_ (m — 2)(1 + I2)sm-24 (,m — ) -4,
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and therefore, integrating, we have

C+ s -s(.‘l
=(m =D —m=2) 1+ %), o+ (n=3)u_y

where € is a constant.

Thus when m >3, v, can he expressed by means of
Vg and v,_s: and in the case when ne=3, vy can he
expressed by means of ¢

Thus when me is odd the integration of », depends
only on that of 2. and when a is even on that of
and

snudu

It

§ 67. Now o,

[
o

sn 20 do, putting 2r=u,

(4 snrena dnw
1 —/snte

~

=2 putting c=sn?r,

dz

1’; 22
=1. log 1442

A 1—-kz
1 loir 1+ sn?lu
L=y
kBTN sn®lu
Thus the integral of an odd power of snw can always
be expressed by means of the functions sn, en, dn, log.
§58. Again, v,=|du=u,
Vp= J.anu duw.

It is not possible to express v, by means of known
functions, and a new symbol has to be introduced.
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The letter £ is generally used, and the definition of
ity meaning is

uw

Eu=| dn%udu,

0

50 that ry=(u—Eu)/k
The valuc of Ew when w=K is generally denoted

by E simply, so that

K
E =j dn2u daw.
i)

The Greek letter 7 was used by Jacobi for a slightly
diftferent funetion, detined as follows :—
Zu=Eu—uE[K.
Thus ZK=0.
One advantage in the use of this notation is that

there is not the same risk of confusing the product
Fu with the function Lu.

§59. We now twm to j(s—u)"”du, which we shall

call w,,, Put e—u=1.
d
— -m+1 y
. [—u(.s @) ed

=(—-m+ INs—au)” medd (8— I 13((t2+k-"'(3"))
=t-"(—m+1)—=(=m+1)(} + )t +a)

(= me+ DR+ a)f =t + a){ 1+ A2 = 20Xt + « )} ]
= —(m— 1)1 —a®)(1=L2®)-"

+ (20— 3){1+ 42 =242} at - !

+(m = 2){ 1 +h2 = Gh22 } - m+2

= (2m="5). 28%a (- "B~ (m—3) k2. E-mH,
Integrating, we find that w,, can be expressed by

means of known functions, and w,-1, Wy-2, Wn-s,
D.E ¥ D
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W,y g, provided always that (m—=1)1—)1—=/A%?)
does not vanish.

If «*=1 or 1/k% then v, _; can be expressed in
terms of w,, s, 20, -3, 10, ¢ for 2m —3 does not vanish.

Hence for these special values of a the integral can
be reduced to 2w, 2w_;, 1, that is to 7. ¢, 1, and no
new function need be introduced.

But in general the reduction can only he earried on
as far as ey, since when ae=1 the coctlicient of #,, in
the formula of reduetion vanishes,  We must introduce
a new function to express o and wy,, ey Locan he
expressed by means of this and known funetions.

§60 Now tlmugh (-\“—u)‘l(lu and I(~+u)—1¢lgb

cannot he found In terms of known functions, their

sum ean.
For by the addition-theorem

2snwen o dn

sn( 4« (U —u)= " oy "o
(vta)+ ) 1 — /#sna snu,

Now each of the terms on the left can be integrated

since we have found |snwde.  Henee if « he so chosen

that & sn ¢ =1/u, we have an expression for

e’}

I 2 ydu or j(s—a)"c1u+j(.s+u)“((,u.

The new [function that is introduced is therclore
only nceded to express

j(s —a)~Ylu —j(s+ )~ Ydu,

and the one actually chosen is

“Je2yn ¢ ena dna snu
1 — M%sn2u sn’y
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This is denoted by II(u, «), and w is called the wrgu-
ment, o the purameter.

It has been shown then that any rational function
of snw, enw, dnw can be integrated by help of the
new funections £ and I1.  The properties of these will
be considered in the next chapter.

EXAMPLES ON (HAPTER V.

K K
1. Prove that I.'2j sn¥w (l'«=j ns2u du— L.
K %
) T
du cn e dn

2. Prove that 12| — = S 10— B,
l—snu l—snuw

.i l“ill(l I “(llf__ j‘__ (]}6_- (lN j (!ll:
o 14+ksnw JV+dne’ J14+enw’ J1—dnw
Lns 1 1"’tl,+-/.‘ cn w _<lu»u 1 ,u_/."u,_ snuenu
B ey (Ol W O £ T TR +dnw)
s «h}_ U
I4+enw
4. Show that

J‘" snacnd dnd de
s —sn*a

snaeenn

.1, -
+u—FEu, /l_z(u,—Lu)—- I dnw

s+ u)

=1l(u, 0)=1Llog ) .
U, @)=3 © sn{e—u)

5. Prove that

jns w dw=log sn ju—log en fu—Ilog dn ju,
J-cs udu=logsn ju+log cn fu—log dn bu,

J-(IB u du=log sn ju—log en Lu+log dn Ju.



52 ELLIPTIC FUNCTIONS.

i. Verify the formulae

u
snena due dnZu llll/ en(it—q
j g = (w, a)+ 4 log - (e ),
! enu —sn¥e dn?e # en(u+a)
4 o en e dna enfedu dn(v —«
I , e 9 =1, )+ log ( ),
i — Asnce enu = dn(e+a)
0

7. Prove that
ke, ba, 1 hy= 1100, «, k),
(e, co, Ky =1I(u, w)+ 3} log—

en(ir—a) s dnu,
=oen( +u) cna
the modulus on the right heing A throughout.



(HAPTER VL

ADDITION OF ARGUMENTS FOR THE
FUNCTIONS £, T

y 61. E\p)(qmom can be found for E(u,+u,) and
H(u +'u, «) in terms of functions of 4, and w,.
ASi in the former case, suppose o +fu_.=b a constant.
Tuke the function Eu FFEu,.
d ., , Y
== (L, + Lu,)=d *=d,}
du,
- —/.""(s]‘"'—sg"')
= =3, + w800, — 8eyd,)

=k*nb. [d (%,85)-

Thux~. FEu,+ En,—ksssn b is constant, and putting
ty=h, u,= 0 we find its value to he Kb.
Hence
Eu,+ Ew,— E(u,+10,) = Fsn wgsn wsn(ug + ).
Tt follows that
Zawy+ Ly — Z(uy + uy) = I2sn e sn asn(ag +11,)..

§ 62. Putting u,=K we have
B+ K)—Euw=FE—I%mnwsn(u+K)
=F~FPmuedw.
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Eww+42K)—E(+K)=FE—I*n(u+ K)sn(u+2K)
=FE+i*n wedw.
Eu+2RK)—-Fu=2F.
Henee Fau+2mK)—Fu=2mkL.
Zu42mN)="Zu.

§63. Let us apply Jacohi's Imaginary Transforma-
tion ($21) to Ku.
We have
E(u, l"):zj An2(eu, Iyldu =4j de2(, Mdu.

[ 1}

. o snudnu sn2u dne
Now L =dn?u —~1*snu 4 .
de c¢enuw entu

=dec2u — Isncu.

s U dn "

Henee Lo, Iy=1 +uw—Fu,
cnw
the modulus when not expressed being £: no constant

is added for both sides vanish with .

Thus as en A=0, LK, I) and therefore also
EGK’, k) are infinite. Lot us find the value of
EK+(K' k).

EK+uwy=Eu+FE—snusn(u+K)
=Lu+E—2%mawed .

Thus
(E(K +w)+ E(w, )= u+ E)+csma(dew —A%ed w)
— (ut )+ _J. 24n u

enudna
Put now K&’ for u, and write

E for E(K" ).
Then HK+ K)-E=FE-K,
EK+ K)=K+(K —FE).
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§ 64. Since
E(K+uw)=FEu+E-l%nuwsn(u+K)
we have
EK4+mK)=E(unK)+ E=EmK~-K)+2E=....
Thus E(m)=mnk if w is any whole number.  Also
Fou+2mK)y-Eu=E2mK)=2mE.
In the same way
En(K+ K)=mE(K+ K)Y=mE+ (K —E).
E+ 20K 420N Yy—=Eu=2mE+2m(kh' = FE).
Thus
Eu+2mK+20 K'Y= Eu+2mE 420 (K - E').
This equation shows that the effeet on the function
Eu of adding any multiple of 2K or 20K to its argu-

ment is to add the sae multiple of 28 or 2(( X' —£")
to the function.

§ 65. The guantities K. XK', K, K" are connected by
an important equation which we shall now prove.
Clearly

oK , rK4(K'
N{EK+ K)=E}= (j dn?y du)dz‘,

. rK K+(K'
K K= (I dnzfudu)dr,

) K
Thus
oK PR +(K'

K. IEKN+ KN)y—(K+K)E= (dn2y — dn2v)dudr.

o

K
The right-band side may be transformed by putting

snusnv=z, dnudnv=y.
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We have

Axr,y)_ - enudnwsnr, —lFnuenwdne |

Au,v) envdoesnw, —Ak%n e enednw |
= —kZen v en r(sn?e dn2u —sn2u dn?e)
=en o en r(dnr—dnw).

The subject of integration is then T en v

Now IMen®u en®r — =50t =12,

so that the transformed integral is

Jj (h/rlr__-
(y? +]Z/' /.")5

As to the limits, snv takes all real values from
0 to 1, and sn « all real values from 1 to 1/k

Thus, if » has an assigned value >1, sna and sn v
are nearest when

snu =0, sne=1,
and furthest apart when
snu=1/k, sn7r=lhc
The value of y will therefore range from
k(1 —h2eyt to 0
For Y2=14 M2 —20%: — I(sn w—sn v)?,

which is least when snu and snv are furthest apart,
and greatest when they are nearest.

Also, if # has an assigned value <1, sn2 and sn»
arc ncarest when

snu=1, o=z,
and furthest apart when
snw=1/k, snv=rar.
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The value of y will therefore range from
M=k to 0 still.
The integral is therefore

Lua-eed L dyde
I‘J -I" ”«'b ., that is. —-l;—r.
(”2_*_]'.‘.! ./2'1.2__/I.’2)_' P4

(11}

Any doubt there may he as to the sign of this result
is removed by the consideration that in the original
double integral

dn > >dnu,

8o that the subjeet of integration is always negative,
while du is positive and dr has the sign +.
Henee K. KK+ K )—(K+K")E=— L.
Substituting the value that was found above for
E(K 4+ (K", we have
EFN'4+EK—-KK =}
§ 66. The following result will be useful after-
wards i —
K \d v ’
". Eudu=YKE-logl).
0
We may prove it thus

y's K K
j Ku du=I E(]\'-—'u)dm.:{.-“ {Eu+ E(K —u)}du

0 0

K
= },j { £+ Msn wsn K sn(K —w)}due

0
K] 2w en u

—IKE+ gj TN gy,
0

=} KE—}logdn K =YK E—logk).
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ADDITION OF ARGUMENTS FOR THE FUNCTION I1.
§ 67 Again if w,+u,=b,
(le {II(2y, )+ TI(uw,y, @)}

_Msnaenadnas® IPsneenadn as)?
1= 2 1 —M3s,%m%
A2sn aen adn a,(a;1 —38,%)
= (1= k2 ¢ 2z (1 =13, 2m2ay
Now we have seen that

b e d
82—g2=—snb 88,).
12 (lul( %)

What we have to do is thercfore to express 245,
in terms of 8,8, and b, Now
(1=12e282%en b dn b
= (65— 8,85 L, )Wl — F2,8,0,0,)
=, d (1 4 A%, 2,%) — s.8,(h% 2, + d2d D),
(1 —22¢%,%)%m%)
= 28,8,¢,05,dy + 8,26, %12 + 8,%¢ 2 2
So that
(1 — A2,28,2)2{(1 + k28, %s,2)sn%h — 28,s,en b dn b}
= (L+k2,28,2)(8, %, % 2 45,7, 2 2) + 28 %8, % (K2, e ™+ 2 2)
which reduces to (1 — A2 %s,2)%(s,2+ ,%).
chce 8,24 8,2 = (14 k%%, 2)sn% — 28, 8,en b dn b, and

l {II( w,, )+ 11(u,, @)}
PBsnaenadnasnd
T 1=Bsn®a {(1+4%s,%,2)sn?0 - 28,8,cn b dn b }+Fts, %, 2sn%a

d
d ", —(8,8,)-
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The denominator
=(1—k*n’asn®)+ 2k%,s, . sn2aen b dn b
+ I48,%s,%sn2(sn¢ — sn?%b)
=(1=Ak%m%esn?h){1 +12s;8,5n a sn(a+b)}
{14A%8,8n asn(n—D)}.
The numnerator
= (1 —F%m2a sn?)h%sn a{sn(a +b) —sn(«—D)}.
Hence

d
= i Tt )+ Ty, o))

1 /.-su «sn(a+ b) ( )
T2 142 23 5,50 @ sn(c + b) du 1%

1 Msnasn(a=b) d (5:8,)
2 14A%pssnasn(a—0b) du, '

_1d loir 1+ A2 8,5m @ sn(e+0)
T 2dun, €1 + k23 8,8n @ sn(a. — b)Y

Integrating then, we have

TI(w, 41y, @) —II(u,, @) —II(u,, a)
14-k%sn 2,5 wysn @ sn(ty + 4, +a)
1 —k2n w,sn w,sn o sn(u, +ug—a)

=}log

§ 68. There is another interesting property of the
function II which we shall now prove. It connects
II(w, «) with II(a, w), the same function with argu-
ment and parameter interchanged.  We have

d Ii(u, a)= 2k?mn ¢ en ¢ dn o snu
du 7777 1—k*snPa sn’u

=k%n a sn u{sn(u+a)+sn(u—a)}.

2
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T hus

’%uﬂ ’JII( u, @)

=ksnu{sn(+a)ena dna+sna en(a + o )dn(ie +«)!
+72Zsmw lsn( i —w)en a dne—sno en(u - a)dn(w- «)!.
But hy the addition-theorem

= sn3u +u)—~.n-u
' sn(n+a Yen « dn o« +sna (n(u +u)«h|( " +n)

_ SN —a)—snza
sn(u—cen « dn o —sn o« en(u —apln(u —a)
for u=@U+a)—a=(u—a)+au.
Hence

o2

& — 12um 2 2an? - __-)‘.‘.Z‘. 2

Zauawl'[(u, @)= k=i 4 0 ) 2sn( 0 — o) — 223
=2 dn2g—dn*(u—a)—=dn*u+«).

In the same way

aszxzn(" w)=2 dn*u —dn*(« —u) —dnHa +u),

so that —— Suta a (TI(u, «0)—11(c, 1)} =dn?e— dnu,

Z;(L{H(u’ a)—II(w, 1)} =u dn%c— Eu,

for 11(0, ) =TII(w, 0)=0.
Finally then II(w, a)—1l(a, v)=u.FE0—a. Eu.

Thiy may also be written wZo —aZu.
EXAMPLES ON CHAPTER VI.

1. Prove that E(u+K)—Eu=E+ ;;fl log dn w.
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2. Prove that

Euw+ K+ KY—Eu=EK+ K)+ (;‘i log en w.
3. Prove that

Eu+ K)—Eu=KEK+ K)-E+ (;Z; log su w.
4. Prove that kE(Lu, 1/k)=E(u, k)—=E>u.

5. Prove that

EGhw, JRy=1w = Eu, Y+ d3n(a, Ped(u, k).
6. Find the values of ELVK, FL K, EY K +(K).

Ans. XE+1=k) YK —-FE+1+k),
WE+ K — B +k+ ).
7. Show that
1K, «)=KZu,
K+ K, a)y=(K+ K'Y+ tmu/2K.
8. Prove the formula .
Al u, @)=2uku —j"TaEt' dv.

9. Verify that o

2U(u, JK)=u(l—=F)+logdu(u+ LK)~} log k.
10. Prove that the lmit when « is indefinitely

diminished of H(w, @) +u is w— K.

11. Show that Enu—nkue is cqual to a rational
fractional function of suw multiplicd by en w du w.
By partial fractions or otherwise show that

d
nkEnw—-ntLu=-, logN,,
du OE

where N, denotes the common denominator in the
expressions for sn nw, en nw, dn nw.
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12. In the same way prove the formula (n being odd)

nE'n/u,—“E1 nz_:l E(u+ 2uK + 2WKI)
=0 V=0 n

=—mn—=1)E+ K - E).

13. Prove the formula for addition of parameters in
the function II, namely,

I(u, «+b)—TK(u, a)=1I(u, b)
-1 10gl +Ic2sq @sn b sn wsn(u 4o+ _b)
2P 14+ k%snasnbsn wsn(u—u—0b)
—Llusnasn bsn(a+Db).

14. Find the value of biﬂ('l', «) and prove that

2u
II(w, w)=uku— 5_‘. Evdv.
0

15. Prove, by putting w4v=2r, u—v=21, and
integrating, that

1(w, a)+1I(v, @) =TI(w+v, a)
{1 =k2m¥(r — a)m?}{1 — Lsn®(r 4 a)sn?r}
{1 —=E#sn¥(r 4 aysnt ) {1 — APsn*(r —w)snr}

=1 log



(HAPTER VIL
WEIERSTRASS NOTATION.

§ 69. For some purposes it is convenient to use the
notation of Weierstrass, which we shall now explain
shortly.

We write pu for o®ns’cu+ B, where o is any con-
stant and B is a constant which we shall determine.

Differentiating, we have

U= —2a*ns au e an ds au.
Also es?art =nsPau -1,
ds?au =ns?aw — k%
Thus  (pu)?=Hpu—LB)pu—LB—d®}pu—LB— o).

Now choose 8 so that the cocflicient of g% on the
right may vanish. Then

B=—}a%1 +k2),
and (p'u)=4pPu—g.pu—g,,
where

ga= —4B(B+a>) —4B(B+ ) — 4B+ ) B+ o),

gs= 4B(B+*)B+a"’).

The equation

(p"wl =4 —gpth — gy
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with the particular equation
Lin, o #*pu) =1
coustitutes the detinition of Weicrstrass’ function pu.

§ 70. Conversely, if pu=r,
n= .[1(413 o Y ARLA

The periods of the function pu are 2K/, 20K/«
They are denoted by 2w, 2" respectively, and their
sum by 20". We then have

po =B+ au? =e,, suy,
33(0”=,3 + (12]-?2=('2, say,
po' =/3 =e¢, say:
and ¢, ¢, e, are the roots of the equation
42—y — gy =0
in descending order of magnitude.

Thus p’w = so'w' = S.‘)'m” =().

§71. We may write @(u, g,, ¢5) for gu when we
wish to specify the quantities g, ¢

Thus if we put ua for « in the original definitions
pw is changed into u’puw, and g,, ¢, arc changed into
iy, and u'gy.

Hence p(u, gy, y3)= p?p(ut, w9y p=;).

In particular

P, o Y3)= = 9(%, I, — ).
Also by a second differentiation we have
2¢'up"u = 12p%*up'u — g,0"u,
P u=6p"u—1g,
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§ 72. The addition-formula for gu is easily found
from the formula
2 —g,2

sn(e, 4 0,)= .
P s e, —syeydy
)
for 2 4o (iely—sed, )
For N+ 0= (528
|
—, = ) us¥ (e, 4 0,
(.s'l-’ R;’) ()
_((24/,_, (](/1)
880 s,
2 202 0202
=((_._,412_4 14_7_1)-+< 11 )(c, d, _ ey )
PR AN 8t

&
feal,  ed N\ 1 1\2/ 1 1
202 1 2
=K~3"‘ (3 ) T\k2 .2 ._-.e+.‘z_l—" :
p) B! D B S W
This, translated into Welerstrass' notation, as ex-
plained in §69, gives, if we take ¢, =au, vy=«v, and
remember that 14742= - 38/a?,

) i 1w —p'r\?
(4 )+ puspr —4‘< ) R ’

P — g1
the formula sought.

Again,
O pu—gr_ ptu—pupv  Opu—lg,
du pu—pr  (pu—pn)? P —pr
1 <p’u - 3.7’r)‘~’ _1pPu—g®e  6pPu-tg,
T2\ pu—pe 2(pu—pu)R ' Pu—pv
Now p2u— e =4(pdu —p*r) —y(pu —pr),
O pu—gv_ )= y(FLm ey
8o that 50 pu—ps 2(2pu + 1) Npu—gpv/’
and (p(u+v)=gm—1 o pu—gv

20u pu—gpv’
D.E.F. E
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§ 78. Instead of the function K or Z, Weierstrass
uses {u, defined by the equation

§¢¢=-—+I (ul pu dv

Differentiating, we find
u=—gpu.
The term 110, is put outside the sign of integration
because pu is infinite at the lower limit, but PU—

is finite.

The value of {u+ ) is found as follows:—

fut)=fus —guto)ou
- 0 pu—p" v
7 u pu —gv

1 pu—gp'v
1ce ; ===
Hence {u+4v)—fu—C 2 pu —pv’
where C is a quantity independent of w.

Also {‘u—%{:O, when w=10; and for the same value
, 2 1. ..
of u, g u+—-3=(), and pu— 8 finite.

Thus 1 pu—g’ v+_ is zero when u=0 and
%3 pU —pv
O={v.
 F 1pu— pv
Hence {(utv)—fu—fv= 3 pu —pu
The definition of { shows that since g is an even
function, ¢ is an odd function. Thus

{(—u)=—{u;
and if w+v+w=0,
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. 1pu—gv
we have {u+ §v+fw= —§ ol —gv
1g'n—p w _low—pu

T2pv—pw 2 pw —pu
= —(pu+pu +pw)‘}.
The theory of these funetions will be found de-
veloped in Halphen's T'raité des Foncetions Elliptiques
el de lewrs Applications (Gauthier-Villars).

EXAMPLES ON CHAPTER VIL
1. Prove that
{p(u+w)—poj (Pt —po) =(Po —po)(Po—po").
2. If u+424w=0, show that quantitics ¢ and b
may be found such that
U =apu+0,
@ =ape +Db,
@w=apw-+D.
3. In the last question prove that
a==2({u+ v+ Gw).
4. If the equation 4u—g,x—¢,=0 has only one

real root, prove that one corresponding value of % is
a complex quantity whose modulus is unity, and that

in this case ksn wk? is real if w is real.
5. Show that

4p2u=pu+p(u+ o) + (U + o) + p(u+o’).
6. Prove the formulae
1) {pu+pu+eo)}{p@u+o)+pr+o’)}
= —dpop2u —4pw'po’.
(2) phu=pu+(pu—e)pu—e)t
+(pu— e d(pu—e)+ (pu—e)i(pu—eyt,
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7. Writing #,’,y" for {w, {’, {o", prove the formulac
M) nt+v'=4"
(2) {(w+2mw+2m'e) =i+ 2my+2m'y,
if m and m’ are integers :
() n' —rw=4or;
4) r+2rd0= (w—w’):/+“. §‘L dr+} log

«°

s.m

3

= (u+ o)+ log(pu—e¢,)
—1log(e; —e))(e, —¢y),
(3) 2¢2u=_{u+{(u+o)+{uto)+{(u—o).
8. Show that
e

-“ﬁu-(lx 2ufv= “--;—_s dx—2v fu.
0

9. If « and b have the same meaning as in Ex. 2,
show that
d ] pr—apr—b 'w gon + @'w

dz C gntapr+b” pr—pu™ pr—pv ga.:;—saw+“'



CHAPTER VIIIL

DEGENERATION OF THE ELLIPTIC FUNCTIONS.

§ 74 For certain values of the modulus the elliptic
functions degenerate into trigonometrical or expo-
nential functions.

Thus let £=0, then dn w=1 always, and

d
—— 8N %=cnu.

du
where enfu4-snfu=1,
and sn0=0, cn0=1.

Therefore sn w is sin % and cn % is cos » (§6),
Euv=u, K=E=}r, Zu=0.
§ 75. The six related moduli in this case are equal

in pairs, the three values being 0, 1, .
f k=1, then dnu=cn u, and we have

d% snw=cn?u=1-sn?, sn0=0.
Put sn w=tanh 6 and we have

a0
207 =1 = 20 — 2
sech?0 = 1 —tanh?0 =sech?0.

Thus 0 =wu, as they vanish together.
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Henee  sn(w, 1)=tanh u,
en(u, 1)=dn(u, 1)=sech u,

Eu, 1)= rdn‘z(u, 1)duw=sn(u, 1)=tanhu.
0

K is the least positive value of « for which sech =0,
that is =00,
FE=snK=1.

Z(w, 1)=tanh u.*
§ 76. For the case when k== we have

sn(u, k)= ; sn(l'u, ;) = } sin ku,
en(u, Ky=dn (la, }) =1,

dn(w, kF)=cn (l.' u, }) =cos ku.

These formulac show the behaviour of snwu, enu,
dn u when « is & quantity comparable with 1/%.

The table of periods for the related moduli (§27)
shows that in this case both the periods are infinite,
their ratio being —1.

§ 77. When /=0, the real quarter-period is finite,
its value being 37 ; the imaginary period is infinite.

When k=1, the imaginary quarter-period is finite
and equal to $r¢; the real period i infinite.

It may be shown that in this case the limit of
K-logk' is finite, and in fact = —1.

* The notation sgu, cgu for sn(«, 1), cn(x, 1) is sometimes used,
in honour of Gudermann. As however the functions have names
already, being the hyperbolic tangent and secant, we have not used

the others.
The function arcsin tanh u is generally called the (Gudermannian

of u and written gdu. (See Chrystal's Alyebra, chap. xxix.,
§ 31, note.)
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For we proved that
K
WEK —log k)= j Eu du.
[}

K
Thus  y(EK—2K—log k) =j (Eu—1)du.

Also . Eltu,1)—1= :anh u—1
= —20-2/(1 4¢-2),
80 that J-{E(u., 1)=1]du=log(l1+¢-2)= —log2,
between the limits 0 and oo,  Hence
Limp (K log 1) = Lim 08— log ¥

__I-, =+lo "']v = "'1,
as =1 in the limit.

EXAMPLES ON CHAPTER VIIL
1. When 4 vanishes, prove that
II(n, «+K'y=ucot a+}log -
2. Show that

(u. @, 1)=} log cosh(w —«)sech(t + )+ tanh a.
3. Prove that the degeneration of pu takes place
when ¢,3=27¢2
4. Show that gd(: gd u)=(u.
5. By the substitution
beot @ —a tan @ =(a+ bd)cot ¢,
prove that

sin(a — 'u)
sin(a 4wy

j (asin®0+ bzcosze)'*do_j (a25in%0+ b 0s20) 446,

where 2, =a+b, bl_a.*b*, and a, b, a,, b, are all
positive,
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6. If in the last question a,,b, are formed from a,, b,
as these from a, b, and if this process is carried on,
show that in the limit, when n is inereased indetinitely,

dp=b,= g ’,-l J. («?eos?0+1%in20)” bap.
0

(This quantity is Gauss’ Arithmetico-Geometric Mean
between ¢ and b.)

wy



CHAPTER IX.

DIFFERENTIATION WITH RESPECT TO THE
MODULUS.

§ 78. The elliptic functions depend on two variables,
the argument and the modulus. We must now show
how to differentiate them with respect to the modulus.
Write s, ¢, d for snu, enwu, dnu, and let o, y, & denote

0 0

S50 w, zren u, —aaz_dn .

Sinee then

du= ed,
do
we have du= yd+cé.
Since 4=+ k%=1,
we have

cy+so=0, dé+ks®+k*sa=0.
Eliminating v and d,

d32 (@24 13et) + ket =0.

A g o(d2t ket
Now (mcd— s(d2+kc?),
dia\, ks®_
s that )+ E="
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. dsc_ ks2c? 17282/ 12
Again did= =84 = 2 — 282/ d2,
d/o ks ez M2—(2
Thus }770(071 - I?”«l) STIET M
a Ise u Eu
and ed =T kT e

each side vanishing when «=0. Hence

osnuw_ k FEu
58N 1 en® u.+ cn w dn i — ) I‘,zcn wdn u,

ok Tk
denu & 1 Fu
-=— snfuwen u—,snwdn ,,sl (
S =8 wen i —, s 1 w-}-“ 12 dn u,
odnu I I
—ah = —k,-,snm dnw—FRusn wenu +l LEwsnuenw.
v

§79. From the last we may further find lLu as
follows :—

g-fali = DD/.: dn?i = — l' A= 20w, sed + [ ,Eu, sed.

Now (;Zsc<l = 22 — %12 — [24%c2

=282 4 2l — 25%12,

ju(E'w .8 =2Kw . sed + 6%d?,
E‘%n.ﬁ: 2u . scd + 8%
REu  J [ks? kescd
Hence o ZZZ{ li:"‘E —~ls?, u+4 s }
k k

= = A+ ks®— L,z(k'282+62d2) = -l
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Integrating,
° Eu= _F en®u v — ku snu 4+ k snuen % dn w
ok IAE Ve ’
since again both sides vanish with w.

§ 80. These c¢quations enable us also to find
ik’ dk
We have en({, k) =0, and therefore

1 sn X du K+ lf

by ditferentiating. Thus J/?‘- =E—7_,—’f;'é-

—sn KN dn K. K

di- — k SN K dn K =0

Again, when u=K, :]‘Eu = —:A.
dE . SAK
Thus —(I/‘.—=—-’u1\.+ 1 1\ U.
L—l.”]\ _E— Ix
Also dK' _E'—I*K' dJdk _E —K’,
di T ke d T Tk
s that dK' BK'—-E dE k(K -F)

db =" HE T dkE T T KT
§ 81. Again

AL @K\ Ay e

..(W )= g E-¥E)

dk dk
= E _I_{_]v'z E~-kK
k kk®

=LK,

+2kK
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Putting ¥*=c, ¥?=¢’ in this we have it in the form
d ,d
dc( =K,

which is unchanged if ¢ and ¢ are interchanged. It
must therefore also hold when K”is put for K, as can
easily be verified.

The most general solution of the equation

Ho-rit)-

is accordingly y=AK+ BK,
where 4 and B arc any constants.

§ 82. In the same way

d(4B)_E_IK_E-K_E-IK__IE
dikN"dk/)” dk~ dE k& ez T T EE

This equation is not satisfied by £’ also, but we saw
(§ 63) that
EK+ K)y=E+(K' —FE)
so that K'— £’ is suggested as a second solution.

4 A4 E’
Now lk(K k)= — T

adf,d, ., _ar_ k.,
Thus dk{koTic(K —E’)}— -k =" /c’2(K —-FE

Hence the most general solution of the equation
d(,dz
= k2)—{ fo=s =
A=) 2 (oF) +he=0
is 2=CE+ DK - E),
C and D being any constants.
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§ 83. The differential equations just found for K
and & may be solved in series, and thus the expansions
of K, K’, E, E' in powers of k& may be found.

d dy}_ 5
Tako -(-Ik{(k—ks)mﬂ_ —hy,
and put y=31 ot 2,
P Y g;u

for the exponents of L in successive terms must clearly
differ by 2. Then

d dy "
GG k=

+3Z{(s4+20)2u,~(8+ 2r-2)(8+ 20y -1~ o1 HeSHEL,
The cocficients are therefore given successively by
s—t—_%g;l)“m—l, and the values of s
by the equation s2=0. This equation hay cqual roots,
80 that we find the second solution by differentiating
the first, namely

k4 S (§_+_1. ).’_Z(gj- _'?L)z_' N .ﬁB_-L2_T — 1)2k4+2r
~ (8 +2)(s+4) ... (8+2r) ’
with respect to s before putting in the value of s.
Hence, if

the relation ,u.,.=(

e (e (i (5 .

2 1.8...(@2r—1)\?
and  y=glogk+22,1" 9747 o7 }

1,11 1\,
X(1—2+g—z+...—2—,’; ]G s

the complete primitive is
y=Ay,+ By,
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§84. We may therefore choose 4 and B so that
this expression shall be the value of K or K'.

Now we have seen that when k=0, K=}=. But
y;=1, y,=oo for this value of 2. Thus

T 1\2,, . (1.3\2
K= g.,,-%:i{] +(2) l2+(2'—4) K+ }
Suppose that K'=Ay,+ By,

§ 85. In the same way, from the equation for E we
may find series for £ and K'— ', or we may use the

formulae
E=I*K+ki*dK|dE,
K — K =I*K'+ kK[ dk.
Putting z=(1-— Lﬂ)(y1 + Ic(‘lﬂ:‘),

z,=(1— /"2)(?/2*‘"“%%2)’
we find E=}rz,
K — K = Az + Bz,
where

1 12.3 12.32%,..(2r-3)%(2r-1
zl=1—;2§k2—22.‘12k‘—...‘- ( )( )

——22‘?:'.—.‘(2"‘_)2‘_ lCzr—...,

=% )2 — 2
z=zlogk+1+, ::!'?'—l{l y 2"'(2".__1)}

2Hn1" 54,9
1 1 1\7.
x[2r_1-2(1—§+...—%):|
Hence E = A(y,— %)+ B(ys—2,);

and as when k=0,
E=1, y,—2=0, and y,—z,=—1,
we have =1,
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§86. 4, as well as B, may be found as follows :—

We found (§66) that the limit of HEK-2K-logk),
when k=1, was —log 2.

Thus in the limit, when k=0,

{A(y,—2) + By, — ) HAY, + By,)
~2(Ay,+ By, —logk+2log 2=0.
The coefficient of logk on the left is —B*—2B—1.
This must vanish, so that, as we found before,
B=—-1.

The absolute term is —AB—2A4+2log2. This must
vanish, so that
A=2log?2.
Hence K’ =2y log 2—1y,,
E =2y, —z)log 2 — (y,—2,).

It is noticeable that the scries y,, z; are hyper-
geometric. Thus, in the notation of hypergeometric
series,

K=3F3, 4,1, ),

=’§’F(— 1,31, 12

EXAMPLES ON CHAPTER IX.

1. Prove that K increases with L so long as the
latter is a positive proper fraction, while & decreases
as k increases.

2. Show that
1 u k sn2u
a/uj Bvdv= - gpi(Bup+ [ Bu— g+ gt

and hence find H(u, a).
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3. Prove that if NN, is the common denominator of
sn ww, cn nw, dn nu, and is equal to unity when =0,

then
oN, . N,

N,
21,772 M "
2n2kk o + i~

ou
+n2(n2—1)N, 2n2u=0.
4. Writing @« for snw, transform this differential

equation into the following, in which « and % arc the
independent variables :—

N,

0. 2N,

2L /27" —m2 — 22 )

2n2kk 5 +(1-a®)(1-1%x?) St
oN

+@ 2 P {(2nA- 1)1 -a?)- 14Kk )+t (= 1)l =0,

+ 202 < "(Bw — k*u)

(For Examples 8 and 4 use the result of Ex. 11,
Chap. V1)

5. Show that
o)
3 —27¢g.2).. -pu
(92 93 )892?
= p'u(} g — §g5§w) — 9gup*u + 395" pu + 2959y
?
8 —279,%)--pu
(95° — 279, )agf
= p'u(3glu — §g5u) + 6y, u — 9gpu — g,’.
6. Prove also that
0
g3 —279.0)— u
(Jz 93 )aggf

= — pu(3g,2u — $95C) + $950" U + 192w — 39,95%,
and that

2
(9:°— 279:?)37s $u
= — pu(3g,$u — §95%) — §9.0"w — $yslu+ 1g,7u.
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7. Show, by differentiating the equation

e(u+ 20)=pu,
or otherwise, that

O
(95— 27932)53;‘ = — jwgs? +§ngs,

O
(9:°— 27932)3_10 = fogs —3ng,
s
8. Prove also that
]
(9= 209t =  nga’—$ogul

2
(9:°— 27932)3_9’1:‘,’ = —$n9; +iwg,
9. Verify by differentiating that ZK'+ E'K— KK’
and 5w’ — y'w are constants.

10. Interpret the following differential equation,
satisfied by pu :—

(o) o)
20, — @ + 8 g —pt = Jup'u + pu.
Irzg PVt 3955, # Jupu+p

11. Verify the values of %IE{ and %ﬁ when one of
the related moduli ¥, 1/k, 1/k, &/k', J&'[k is sub-
stituted for k.

12. Deduce the expansions of K and £ in powers of
k by means of the equations

K=F(1 —itsin®0) Mo, E= ra — ksin®6)tdo.
0 0

18. From the equations of Ex. 12 find the values

aE 3 45

of FiA T

D.E. F. F



CHAPTER X.

APPLICATIONS.

§ 87. The usefulness of the Elliptic Functions con-
sists chicefly in this, that by means of them two surds

of the formn (m-}-2,[:\’.1/;«'—-y.::‘l)i can be rationalized at
once. One such surd could be made rational by
an algebraical substitution: thus (1—a%?} becomes
(1—93/(1+y% if 2y/(1+ »?) is put for o, and (1 +a)}
becomes (14 y%/(1—*) if 2y/(1—y? is put for w«;
but generally speaking no rational algebraical or
trigonometrieal substitution will rationalize two such
surds,

§ 88. Let the two surds be st and o where
s=u+ 202 4 ca?, a=u+2Bx+ yat,
We shall suppose the coefficients in 8 and o to be real.
Also let S=A42Bx+ Cx? .
where A4, B, € are found from the equations
Ac—2Bb+Cu=0, Ay—2BB+Cu=0),
so that in fact S=| 1 —x 2? |
¢c b « i

v B «
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Let £, n be the two roots of the equation §=0.

Then it is known that s and o can both be expressed
as sums of multiples of squares of x— ¢, z—3, and in
fact it is easily veritied, since

a+b(E+n)+ c&y=0,
a+B(E+n)+vén=0,
that  s(g—n=(cf+ D)(@—n)—(en+ b)(@—£)%,
and  a(§—n)=(y{+B)r—n?—(yn+P)(z—§£)
Also by tracing the rectangular hyperbolas
a+b(E+n)+ c&n=0,
a+B(E+n+vén=0,

each of which has the line £=5 for an axis, it is at
once seen that the values of £ and » which they furnish
are real except when the line £=7 is the transverse
axis in each, and cach hyperbola has one vertex lying
between those of the other. This is the case in which
s=0 and o=0 have both real roots, arranged so that
one root of each falls between those of the other.
We see also that in the identity

8(£—n)=(c+b)@—n)—(en+b)z—£)?,
the product of the coefficients of the squares on the
right is — {c*&n+be(£+ 7)+ 02}, that is ac—b2
Hence s 1s expressed as the sum of two squares if
8=0 has imaginary roots, as their difference if s=0
has real roots. The same holds for o.
If then £ and 7 are real we may by the real rational

substitution y=(r—»)/(x—£), express ' and o} in
terms of y and two surds (+1+ x2y2)*, (1 u2y2)t

§89. Such a surd as (—1 —x2y?)! will be imagina
for all real values of 3. ‘The other cases we shall
take in turn,
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L To rationalize (1-x%y%)3, (1- ;u.‘y”)i. (Take xk>pu.)
= g
Put Ky = sn(u,, K),
then (1- :c"y’)L =cnu, (1— ,;.27./2)% =dnu.
IL (1—r2y2)}, (1+p2e2)t.
Put kY= cn{u, _ -},
Y (242
then (1— :c”y?)ir =snu, (14 ,u.‘~’y2)5 = ’1((;42 + x2)idu W,
IL 1+, 1 +uy?)?.  (Take k> p.)
IS
Put Ky =sc{u, (o k’“ )~}

)

then 1+ x”y”)* =ncu, (1+ ,ﬁy")iE =dcu.

IV. (szz_l)i’ (1- ,;.2312)!'. Here « must > u, or
both surds cannot be real.

Put wy = dn{'w, (—Kz——;ﬁ },
then  (1—uydt= (= plenv,
(e*y?—1 )’} = i(xz - ,u2)icn u.
V. (-1}, (14 pt)h
Put kY= nc{u, (——xﬁfﬁg} )

then («*y%—1 )’} =scu, (1+ ;u”y”)& = ’—1‘(Ic2+ ,u’)idc u,
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VL (2—1)}, (u2=1)% (Take &> pu.)
oy = ©
Put M/—ns(u, K),
202 ﬁ_ K 2,2 3 —
then (c*y2—-1) —l-‘dsu, (n?y:—1)"=csu.

In each case the value of « is given in terms of u
by substituting for ¥ in
x=(yE—n)/(y—1.
It hardly need be said that if £ were infinite, we

should put y=x—34, and then we could go on as
before.

§ 90. If £=y, the process fails. But in that case
¢ and o have a common factor z—§&.

Let s=(zx—&)cxr+d), =(x— &) yr+9).
ce+d_ __6;1/_2—(l
Put y.l'+3_!/, —c_yyz.

Thus  s(c—yy?)?i=(Sy*—d— e+ Eyy?Xed —dy)y?,
o= =0y = Gy Hob—dy)
so that ¢! and o} can be expressed by means of a

single surd of the form (4+By* )%, This surd can
again be rationalized by putting

, B 2m
’ A AT TEme

Hence if £=4y, the surds can be rationalized by an
algebraical substitution.

§ 91. The above does not apply to the case when
8= c(x—d)x—e), o=y(x—0)z—e),
d, &, ¢, e being real quantitics in order of magnitude.
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In this case put
e=d_ , Sy’—d

iy it AR |
Then 8= ¢(d—d)y*{(S—)y*—(d—e)} +-(y>—1),
o=y(é—d) {—ey*—(d—)}+@*—1)%

Thus s* and ¢* are expressed by means of two surds

only, and those of the form (4 42+ B)}, which we have
already shown how to rationalize.

§ 92. It is easy to verify, and important to notice,
that in each case (— is a constant multiple of stg?.

du

§ 93. An expression of the form
axt+ Bad+ yx2+ de+e (=X, say)

can always be expressed as the product of two rcal
quadratic factors by the solution of a cubic equation.

Hence any expression which is rational in = and Xt
can be rationalized by a substitution such as we have
Jjust discussed.

The exceptional case of § 91 need not arise. It will
not be possible unless the roots of X =0 are all real.
In that case there will be three ways of resolving X
into real quadratic factors, and only one of the three
will lead to the cxceptional case.

If a=0, X becomes a cubic instcad of a quartic;
but by a linear substitution for a of the form

— kYA
= pyy
the expression is made rational in y and ¥* where
Y=X(uy+v),

so that Y is a quartic in y having uy+v for one of



GEOMETRICAL APPLICATIONS. 87

its linear factors. Thus there is no real distinction
between the cases of the cubic and the quartic.

§ 94 It must not he supposed that the rationaliz-
ing of these surds can only be accomplished by the
particular substitutions which we have used. The
number of substitutions that might be used is un-
limited. We have tried to choose the simplest. The
comparison of the different substitutions that would
rationalize the same surd or pair of surds belongs to
the theory of Transformations, which is beyond our
limits.

APPLICATION IN THE INTEGRAL CALCULUS.

§ 956. When an expression has to be integrated which
contains two surds, each the square root of a quadratie,
or one surd which is the square root of a quartic,
linear functions being counted as quadratic and cubic
functions as quartic, then it follows from what we
have proved that the integral can be expressed by
meaus of the functions sn, en, dn, £, II.

For the subject of integration can be made a rational
function of snw, enw, dn u by a properly chosen sub-
stitution, and such a function can be integrated as
explained in Chapter IV.

GEOMETRICAL APPLICATIONS.

§ 96. The eclliptic functions have an important use
in the theory of curves, plane and twisted. This
depends on the following theorem :—

The coordinates of any point on a curve whose
deficiency is 1 can be expressed rationally by means
of elliptic functions of a single parameter. (Compare
Salmon, Higher Plune Curves, §§ 44, 366.)

Suppose the equation to the curve to be U=0, and
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that it has multiple points of orders, &, &, ..., its
degree being m. Then the deficiency is

(m—1)(m—2)— 3 §h(k—1),
and we have X ik(k—1)=im(m—3).

Take a system of curves of the degree mi—2, each
having a point of order £—1, where U=0 has one of
order k, and passing also through m —2 other fixed

ints on the curve.

The number of arbitrary coefficients in the equation
to such a curve is §(m+1)m—2), and the number of
conditions assigned is X }i(k—1)+m—2, that is
$(m+1)(m—2)—1. Hence there will be one arbitrary
coefficient left, and as all the equations to be satisfied
by the coefficients were linear the equation to any
curve of the system is S+AT'=0, A being the arbitrary
coefficient and S, 7' determinate functions of the co-
ordinates of the degree m —2, such that S=0, T'=0
are two curves of the system.

Of the m(m—2) intersections of the curves U=0,
S+AT=0, Zk(k—1)+m—2, that is m®*—2m—2, are
ﬁxed.Q Thus only two depend on A. Call these P
and Q.

Let A be one of the m—2 fixed intersections of
S+AT=0 with U=0. Replace A by any other point
A, taken at random on the curve. Then we have
another system of curves S;+\,T,=0, whose inter-
sections with U=0 are all fixed but two. Choose A,
so that P may be one of these and let @, be the other.

@, will not be the same as Q. For a curve of the
degree m—2, satisfying all the conditions above
prescribed for S+ A1'= 0 except that of passing through
4, and also passing through both P and ), will be
altogether fixed, and all its intersections with U=0
have been already specified but one. This one is 4,
and therefore it cannot be 4,. Hence @, and @ are
different.
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The three cquations U=0, S4+A7=0, 8,4+, 7;=0
will therefore enable us to express the two coordinates
of P rationally in terms of A, A, and also to eliminate
th(()lse coordinates and find the relation between A
and A,.

When A i given, there arc two possible values for
A, found by substituting in —8,/T the coordinates of
P and @ respectively. In the same way when A is
given there arc two possible values for A. The
equation connecting them must then be of the second
degree in each, and may be written

A AN+ BA+ C) 42 (DA2 4 B+ F)+ G2 + HA + 1=0.

Thiy equation may be solved for A,, the only irrational
clement being the square root of a quarticin A. Hence
this is the only irrational clement in the expression of
the coordinates of P in terms of A, and it may be
removed by a substitution for A in terms of elliptic
functions.

Thus the theorem is proved.

§ 97. If the curve is not plane, but twisted, we may
suppose S+AT'=0, 8,4+, 7} =0 to represent not curves
but cones, of a degrec lower by 2 than that of the
curve. Take U=0 to be a cone with any vertex
standing upon the curve and S+4+AT=0 a cone with
the same vertex, and having as a (k—1)P° edge any
multiple edge of order £ on U=0 and also having
m — 2 fixed edges in common with U=0.

S+ A,7;=0 may then be a cone drawn in the same
way with another vertex and we may ensure that @,
is not the same as @ as follows :—

Let the positions of P and () when A=0be F and G.
Through ¥ and another point H draw a cone with the
vertex that is proposed for 8, +\,7, =0 and satisfying
those of the conditions that S,+\,7;=0 must satisfy
which are not at our disposal. Take the other m —2
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simple intersections of this cone with the curve as
defining the fixed edges of the system S,+A,7,=0.
Then as G is not the same as H, @, cannot in generhl
be the same as .

The rest of the argument goes on as before, the two
equations to the curve taking the place of the single
equation U=0.

The deficiency of a twisted curve is thus understood
to mean that of its projection fromn an arbitrary point
upon an arbitrary plane. In general the double points
of the projection will not all he the projections of
double points of the curve, but some at least will be
the intersections with the plane of chords of the curve
drawn from the vertex of projection.

§ 98. The simplest examples of curves of the kind
in question are non-singular plane cubics, and among
twisted curves the quartics which are the intersections
of pairs of conicoids, and in particular sphero-conics.

If A is the parameter of §96, and u the elliptic
argument, then it follows from § 92 that the coordinates

are expresscd rationally in terms of A and 32 , which
we may call \’, and A\ is a rational quartic in A. To
cach value of A there correspond two values of  and

two Il))oints on the curve the two corresponding values
of A’ being equal with opposite signs.

§99. It may be proved that if a variable curve of
any assigned degree meet the curve in points whose
arguments are w;, Uy, ..., Uy, then

Uy + %y + ... +Un =a constant.

For let ¢, =0, $,=0 be any two curves of the
degree assigned. Then we can prove that for the
interscctions of the given curve with ¢, +ug;=0,
Zu is independent of pu.
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In ¢, and ¢, substitute the values of the coordinates
in terms of w, and let f, f, be the results of sub-
stitution.

Then w is given by the equation

fl + ﬁ"f »=0,
du_ (A, dfy
and = —fe+(P+u2).

Now f, and f, are rational functions of A and X,
so that f,=(fi+uf,) is also a rational function of
them, say (A, \)+x(A, A"). Its denominator may
be rationalized by writing it

YA, AN, —A)=x(A, N)x(A, =X).
Thus since A2 is rational in A we may write

fy  _A4A+DBX
Sitwl, O
A, B, C being rational functions of A.

Let A, A, -0, Ay be the roots of the equation C'=0),
corresponding to the values u,, Uy, ..., Uy,

Then 4/C and B/C may be resolved into partial
fractions, therc being an absolute term in the first
case becausc 4 and (' are of the same degree.

Hence we have an identity of the form

Joo o L NaPeEgN
R, T ERN

Now of the two points for which A=2X,, only one is
gencrally to be taken, suppose that for which A"=2,".
The left-hand side is therefore finite at the point for
which A=\, and \'= —}A,.

Making this substitution after multiplication by
A=A, we find p,—gq\, =0.

Th L g VA
S T DI e
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If, however, the point (\,, —)\,’) is one of the inter-
sections we must have A,=\,, A,’= —\,” corresponding
to w,, another of the series w,, uy, ..., 4, Then the
equation (=0 has only one root corresponding to
the two arguments, and there is only oue fraction
(pr+g:X)/(X—N,) for both.

But in this case the equation p,—q,\,"=0 does not
hold, and we write

PrrgN g P NN g e NN

+A..__ A

A=A A, A=, 2N A=A’
80 that the final form is the same.
The identity
S NV AA)
R =Pt 2N,

being thus proved to exist, we may find the value
of ¢, in the usual way, by multiplying by A -2, and
putting w=wu,.

Thus Gr. 2\, =Limy., ;f {Z\;_i‘;.;)
df,

s [df;
=value of f,\ +<d'{;+ '"'(—l:u )

when u, is put for u,
= —X,.'du,/d,u.
That is, q,= —idu,/dpu.

Now give w such a value that A becomes infinite.
Then )\’ is infinite of a higher order; but as f; and f,
are of the same degree, f,+( f,+uf;) is finite. Thus

2q,=0,
and Zdu,/du=0,
so that 2u, is independent of u.
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Giving u the two values 0 and oo, we find that
2u, is the same for the two curves ¢, =0 and ¢,=0.
But these werc taken to be any curves of the assigned
degree. Hence the theorem is proved.

It will clearly hold also if the given curve is not
plane and ¢, =0, ¢,=0 arc any surfaces of the same
degree.

§ 100. The facts proved in §§ 96-8 may be applied
to integration. If ¥ is a function of z, and the
relation connecting them is the equation to a curve
of deficiency 1, then any rational function of « and y
may be expressed rationally by means of the functions
8n, cn, dn of a single variable, and may be integrated
with respect to «# or y by means of these functions
together with £ and IL

§ 101. Take, for instance, I(l —ac"’)_arlw.

o that >+y3=1.

This is a cubic without singularity, so that the de-
ficiency is 1.

Put z+y=2z*
Then 2 —3uwyz=1,
22 1
TY=373,

4 22
pm Y= e =
(z ?/) 3278

The radical is therefore (4z—24)%.
The real quadratic factors of 2*— 4z are
%z — 2*) and 22+ 2%+ 2%,
* Hore z takes the place of the X of §96, and the curves §=0, 7=0

are rea‘gectively the straight line 2 +y=0 and the line at infinity, the
point of intersection of these two being clearly a point on the curve.
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The roots of the equation
27— 23, -t |=0
2: 42, 2iz4 ol

are 2'}( —1+,/3).

Hence we put
t=2Y%— 3+1)/(2 c+a/8+1),

that is, 2= — {t(/3+1)+(/3—1)} + 2}t —1).
Then

(t—12(z—2h =2} /3(2+ /3) (12— (2— A/3)?),
(t=1)%22+ 282 4+ 28) = 2% 3(1241).
We therefore take
3-1
t=(2- J3)cn<1b, é;/z ),

using the substitution IT of § 89, since the radical
is (42— 24}, not (A —42)}.
Then .
z2=2"(/3=1)1+4+cn u)+{1—(2—4/3)cn u}
=2/ 1+ enu)+{(/3+1)—(/3~1)cnu},
(t—1)2%(z—28) = — ¥, /3(2— . /3)snlu,
(t—1)X22+ 2%+ 2t =25 3(2— . /3)dn%u.
Thus (t—1)%2?%(xz—y)2= 233‘}(2 — &/3)%sn’u dn?u,
r—y= 2*3'}(2 —a/3)snudnu
+27¥ /8=1)(1+enu){1—(2—/3)enu).
=238knudnu
+(1+enu){(y/3+1)—(/3—1)cnu}.
Also z+y =241 +enw) +{({/3+1)— (/3= 1)cnu}.
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From these equations @ and y can be found at once.

Now if » be written for j(l —ws)-édw, we have, since

B +y*=1,
de dy d@x+1

But (—Zl(m+y) =—9%nu dnu{(s/3+1)+(/3-1)}
+{(J/3+1) - (J/3—1)cn u}?
= -84 a—y) (@ +y),
so that v=2"% 3t w + const.,
that is to say,
3, 3
j- ———d'v—ﬁ = 2_§3§cn‘1(*/3 +D{et (=) _--2~§+c0nst.
(1—a?) W3=1){z+(1—a?} +2
the modulus being (4/3—1)/24/2.

§102. It should be noticed that when a is a con-
stant, the cquation connecting sn w and sn(uw+«) is of
the same doubly quadratic form as the one found
between A, A, in §96.

For the two values of sn(w+a) when snw is given
are sn(u+a) and sn(2K —w+a). Their sum is

2sn 4 cn @ dn -+ (1 —k2%sn?u sn2a),
and their product is
(sn%u —sn2a) < (1 — k%sn2u sn2a).
Hence sn?(u+a){1 —k%n2u sn’u}
—2sn(u+a)sn wcen a dn @ +snu—sn2a =0,
that is, ¥%sn%a sn?u sn?(u + a) — sn*(u + «) —sn2u
+2sn(u+a)sn wen adn a+sne=0,
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The same holds for any other of the elliptic functions
sn, cn, dn, sc, ete.

This suggests another way of integrating Euler’s
equation (§40) which was given by Cauchy.

Let ¢(z, ) =0 be an equation of the second degree
both in z and y, and let

o, ) =X +2X y+ X,
=Yt 4+2Yz+7,

2
Then P2V + 7)),

%¢
?a_y =2(Xoy +X,).
But since ¢(x, ¥)=0 we have
(Ye+ Y )2=Y2-Y,Y,=17, say,
and (Xy+X,)t=X2-X X,=X, say.

Hence ¢(x, ¥)=0 is an integral of the equation
X Yda+ Y‘*dy:O, and X and Y are quartics in 2
and y respectively.

Also if in ¢(x, y) the coefficients of x% and ay® are
equal, as also those of 2* and %2 and those of = and y,
then ¢(z,y) will be symmetrical in « and y, and X
will be the same function of  that Y is of y. Also
the number of coefficients in ¢ is still one more than
the number in X or ¥ so that if the coefficients of X
and Y are known, ¢ =0 will contain one and only one
arbitrary constant, and will be the complete primitive.

§103. If in a doubly quadratic equation connecting
« and y we transform z or y or both by substitutions
of the form @ =(e£+f)/(9€+h), the transformed equa-
tion is still of the same form in the new variables,
though with different coefficients.

Now there are three arbitrary constants in such
a transformation, and they may be so chosen as
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to make the transformed equation symmetrical, since
symmetry is ensured if six coefficients are equal in
pairs, namely those of x?y, 22, @ to those of zy?, %% y
respectively.*

When the expression has been made symmetrical, «
and y can he rationalized hy a substitution for either
in terms of elliptic functions, the two substitutions
being of the same form and having the same modulus
but ditferent arguments. It follows however from the
differential form of the equation that if » and v are
the two arguments,

du= *d», wxwv=a constant,

' . _et+f , _an+b
Hence transformations m—g &+ k Y= otd can be

found such that £ and 5 are the same function (sn, cn,
dn, se, ete.), with the samne modulus, of arguments

differing by a constant.

*With the notation of § 102, it may be proved that the anhar-
monic ratio of the roots of X = 0 is always the same as that of the
roots of ¥ =0.

For, by putting xy = 7, ¢(, y) may be made a quadratic function
of z, y and z, so that the two equations 2y —2z =0, ¢ =0 represent a
twisted quartic curve., The cone standing on this curve whose
vertex is any point of it will be a cubic cone and the anharmonic
ratio of the four tangent planes to it drawn through any one of its
edges is a constant. (Salmon, Higher Plane Curves, §167.) Thus
if 4, B, C, D are any four points on the curve the four tungent
planes through A B have the same anharmonic ratio as those throngh
BC, and these have the same as those through CD.

Now let A B, CD be the lines at infinity in the planes 2 =0, y =0
respectiveli, these being chords of the curve zy =2, ¢=0. The
equations X = 0, ¥ =0 represent the two systems of tangent planes
and the theorem follows. ~Another proof is given by Salmon (Higher
Plane Curves, §270).

It follows that by a linear transformation of 2 the roots of X = 0
can be made the same as those of Y= 0. This is the transformation
wanted, for it may be verified that ¢ is symmetrical if the coefficients
in X are proportional to those in ¥. In carrying out this verification
it is advisable to suppose X and ¥ reduced to their canonical form,
in which the second and fourth terms are wanting. (See Salmon,

Higher Algebra, §203.)
D.E.F (<]
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§104. This applies to any case in which two para-
meters are connected by an algebraical relation, such
that to each value of either there correspond two
values of the other. There are two or three important
cases of this which we shall now discuss.

In the first place, let I’, @ be two points on a conic,
such that the line joining thewm touches another fixed
conic. If /2 is given there are two possible positions
of @, one on each of the tangents from P to the other
conic. The relation between P and @ is reciprocal, and
the coordinates of cach may be expressed rationally
in terms of a single parameter. Hence the parameters
of the two points are counccted by a doubly quadratic
equation of the form we have been considering.

The same may be proved if the tangents at P and
@ are to meet on another fixed conic, or if I’ and @ are
to be conjugate points with respect to another fixed
conic. It is in fact known that these three conditions
are only the same stated in different ways.

§ 105. Jacobi has given a full discussion of the case
when the two conics are circles, into which they can
always be projected.

Take any four points 4, a, B, B (Fig. 2),in order on
a straight line, and on AB, «f3 as diamcters describe
circles. Let the centres be €, O, the radii R, », and
let 0Q=04.

Let P, Q be two points on the outer circle, such that
PQ touches the inner circle at 7. Let P’T'Q be a
consecutive position of I°7'Q, meeting it in U.

Also write

0=BAP, ¢=BAQ, 0+d0=BAP, ¢+dp=BAQ.

Then BQP =26,
PQP =2d8,
PP =2Rd0,

Q@' =2Rdg.



JACOBI'S CONSTRUCTION.

The angle PUP=QUQ,
and the angle P PQ=QQP.
PP Q@
Thus PUTUQ
. . . o _ de
and in the limit PI= T
But Pr:=0r2-07?

= R?+§*+ 2R cos 20 — 12,
TQ*= R4+ 2R cos 2¢) — 2

Fig. 2.

If then we write
k2=4R5/{(R+ 82 —1?},
sin @=sn(u, k),
sin ¢ =sn(v, k),
we have cos f=cnu,
cos ¢ =cn v,
PT={(R+68¢—1*}idnu,
TQ={(R+3)*—r2}¥dn v.

99
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Also cos 0 df=cn u dn u du,
df=dnu du.
Thus du=dwv,

v—u=uq, a constant.

§106. If now we put £=tanf, y=tan ¢, the co-
ordinates of P and Q can be expressed rationally in
terms of £and 5 re'4pect.1u,]y, and we can find the
algebraical relation between £ and 5 that follows from
the equation v—u=aq.

Take QB as axis of «, and a perpendicular to it
from Q as axis of y. Then the equation to PQ is

2 cos(6+ ¢)+ y sin(0+ ¢) = R cos(6— ¢).
The perpendicular drawn to it from O is ». Hence
R cos(6—¢)+36 cos(0+¢)=r,
that is, R+ 8+ (R—68)fn=rsec 0 sec ¢,
(R+ 8P+ 2R~ 8)gn-+ (R— gt =1+ (1 + 1P
Putting r/(R+68)=cn(a, k),
the value of cos ¢ when 0 is 0, we find
(R—0)/(B+6)=dn(a, k).
Thus 1+ 2£ndna+ £%2%dn%e=(1+ £2)(1 +5*)en’a.
Solving the quadratic for y, we find
o fdnaxsnacna(l +£2)!‘(1 +l~'2§‘2)4"
£%%sn’y — cn’a
As was to be expected, this is rationalized by the
substitution £=sc(u, k), and becomes
snucnvdnaFsnacnadnw
7= T en®u en’a— i %sn’a sn®u
snuenvdna+snacenadnu
cn?y, en®a — k"%sn’a sn’u

so that sc(u+a)=

L
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the lower sign being taken in order that the two sides
may agree when w=0. This is justifiable because «
was found from its ¢n and dn, and therefore the sign
of sn « is as yct undetermined.

The equation just found is one of the addition-
formulae. Others may be written down at once from
the figure. For instance,

PT+TQ=2R sin(¢— 0),

that is, (R+ 68)sn «{dn %+ du v}
=(R+3d)(1+dna)(snven w—snucenw),

su(u+a)en u—snuen(u+a)_ sna
do(u+a)+dnw 14dna

§ 107. When the outer circle and 4B, the axis of
symmetry of the tigure, are kept tixed, the quantities
« and /& depend on the position and size of the inner
circle. It is of some importance to know under what
circumstances the modulus % will be constant.

Now k2=4RS/{(R+8)2—12}.
But if s iy the distance from Q of the radical axis of
the two circles
8= R:=(8—3)>—1%
and 288 = R2 482 —12,
so that s=2R/l*~R.

Hence if the inner circle vary so as always to have
the same radical axis with the outer, the elliptic
functions will have the same modulus. The quantity
a is then the argument belonging to the other end

of a chord of the outer circle drawn from B to touch
the inner circle.

§ 108. An interesting case is that in which the inner
circle has its radius zero, so that all the tangents to it

or
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pass through the inner limiting point of the coaxial
system.

In that case en =0, so that « is an odd multiple
of K,if real. Let L be the limiting point. Then if
PL produced meet the outer circle again in P, the
argument «+ K belongs to the point P,.

Thus u+4 2K belongs to P. 1t should, however, be
noticed that when the argument w« is increased by 2K
in this way, 6 is increased by = only, so that snu
and en u have signs opposite to those they had before.
The signs of BP and AP are in fact changed, be-
cause the positive dircction of measurcment has been
changed in cach case by a rotation through two right
angles.

We have then snu=BP/BA,

enu=AP/BA,
dnu=LP/LEB;
and, travelling along the arc PAP,,
sn(u+ K)=BP,/BA,
en(u+K)=-—AP,/BA,
dn(u+K)=LDI,/LB.
Now BP,=BAsin BPL= BA sin PBLx BL/PL

=PA.BL/PL.
Thus sn(u+ K)=cd u.
Also AP, =PB.AL/PL.
Now AL/BL=dn K=¥.
Thus en(u+K)=—ksdu;
and since PL.LP,=BL.LA,

dn(u+ K)=1Ind w.

§ 109. The coaxial system of cireles have a common
self-polar triangle of which L is one angular point,
the other two being L’ the other limiting point and
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the point at infinity in a direction perpendicular to
A B, which we may call M.

The figure shows that if L'P and MP meet the
circle again in P, and P,, the arguments belonging to
P, and P, are K—u and —u respectively, for P,P,
passes through L.

But since se(2K’'—u)=scu, every point on the
circle has two distinet (that is, not congruent) argu-
ments belonging to it, and the second arguments
belonging to £,, P, are respectively congruent to

UK’ +K+v and 20K +n (mod. 2K, 4 K).

It is now clear that if the inner circle in Jacobi’s
construetion is replaced by a cirele of the same coaxial
sytem, but containing the other limiting point, then
the quantity « is not purely real but has its imaginary
part equal to an odd multiple of 2:K". If on the
other hand « is purcly imaginary, its en and dn are
real, so that the inner cirele is to be replaced by a
real circle of the system, but one which contains the
original outer circle.

§ 110. By help of the foregoing we can answer the
following question: Can a polygon of an assigned
number of sides be inscribed in one given conic and
circumseribed to another ?

Projeet the two conies into cireles as before. Lot w
be the argument of one angular point, u+« that of
the next, then w4 2« will be that of the third, and so
on, and if the polygon has n sides and is closed the
argument w+na must belong to the first angular
point.

Hence w+na=u or 2K —u (mod. 2K, 4 K’).
Suppose first that
w4na=2K —u,
then u+ a=2K —u—(n—1),

w420 = 2K —u—(n—2)a, cte,
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so that the second angular point coincides with the
nth, the third with the (n—1)th, and so on. Thus
there is no proper polygon in this case.

If on the other hand we take w+4na=u we find

a=0 (mod. 2K/n, 4K'[n).

This condition does not assign any of the angular
points, but only shows that unless the two conics are
related in a particular way the problem has no solu-
tion. If the conics are so related, that is, if @ has one
of the values included in the formula (20K +49K')/n,
then the value of « does not matter, and any point on
the circumsecribing conic may be taken as an angular
point of the polygon.

ARCS OF CENTRAL CONICS.

§111. It is most likely known to the reader that
the length of any elliptic arc can be expressed in
terms of the coordinates of its ends by means of the
elliptic functions sn, en, dn, %, and that it is from this
fact that the name “elliptic ” arises.

The ellipse a?/a?42/b?=1 is the locus of the point
(asnu, ben w) for different values of the argument w.

If S is the length of the arc measured from one end
of the minor axis (0, b) then S vanishes with u and

(dS/dw)? = (a%en’u + b%n%u)dn’u
= (1 — e?sn?u )dnu.

So far we have not assigned the value of k. If we
take e for its value we have

dS/du=a dn’u
&nd S= aE(u, e)s
if x=asn(u, ¢),

y=ben(u, e).
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*This expression holds equally well for the hyperbola,
but it is not so useful, ay the modulus of the elliptic
functions is then greater than 1 and the point from
which the arcs are measured is imaginary, b being

imaginary.
§112. In the hyperbola #?/u*—y?%/b*=1 we may
however put
y=bes(K —u)=bk'scu,
r=ans(K —u)=adcu.
s0 that w vanishes for the point («, 0).

If 8 is the length of the arc wcasured from this
point we have

(dS/du)? = (e *sctu+ b2 dciu)ncu,
= b mctu,
it «®A2=10%2, that is k=1/e.
Thus  dS/du=>0bknc?u if k=1/e,
and S=ae{scwdn u+k*uw— Eu}.

§ 113. The equation
Eu+ Ev— E(uw+v)=~Fsnu sn v sn(w+v)

may be expected to furnish a geometrical theorem
concerning arcs of a central conic.

We must first find what geometrical condition is
expressed by such an equation as w—v=¢, connecting
the arguments % and v of two points on the ellipse.
It will be more convenient to put

u=a+B, v=a—0.
The tangents at «, v are then

St f)+en(at =1,
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and at their intersection we have
% snacnBdn /3+:g cna cu 8= 1—Fkxsnlq sn?B,

gsnﬂcnadna=%snasu,8dnadn,8,

whence x=0usn adef,
y=benancpf.
Eliminating a, we have
x%/a?de?B+ y*/b°nc?B=1.
Eliminating B, we have, since ¢ is the modulus,
2?ule?sna — y?/u?Pen®a = 1.
Each of these conies is confocal with the original

one. Thus if w+v is constant, the intersection of
tangents at the points ., v traces a confocal conic.

§114. At a point on the tangent at w whose dis-
tance from the point of contact is z we have

z—asnu_y—benu_ 2
“acenuw  —bsnu adnw
go that x=usnu+zedu=asnu+2zsn(uw+K),
y=bcenu+zcen(u+K).

It is hence easily found that the lengths of the two
tangents at (a + 8) measured to their intersection are

ascBdna dn(a+B).
Call these ¢,, t,, Then
t,+t,= 2ascBdn’adnB/(1—k%n’asn?B),
t, —t,= —2ae®n?B sn a cn a dn a/(1 —+sn’a sn?B).
Now by the addition-formula for the function #
E(a+B)—Ea—EB= —k*n a s Bsn(a+P),
E(a—B)—Ea+EB= Ik*snasnBsn(a—p),
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and by addition and subtraction
E(a+B)+E(a—B)—2Eu
= —2h%n2B sn a en a dn /(1 — A2sn?q su?B)
=(t,—t,)/a,
Eu+B)—E(u—B)—2ER
= —2/%n’a sn B en B dn B/(1 — k?sn?a sn2B)
=(h+)a—2scB dnB.
If then a+ B, a—B are the arguments of the two
points P and ¢} the tangents at which meet in 7', and
if B is the point from which the ares are being

measured, we have, when 7' traces a confocal ellipse,
so that B is a real constant,

are BP —are BQ)— I'P — T'Q = a constant,
or TP+ 1@ —arc PQ)=a constant ;
and when 7' traces a confocal hyperbola, so that a is.a
real constant,
arc BP+arc BQ - TP+ T() =a constant =twice arc BR,
if R is the point of intersection of the hyperbola and
ellipse between I’ and . Thus

TP —arec RP = TQ—arc RQ.

§ 115. This applies also to the hyperbola, but since
in that case b is a pure imaginary the relation

TP+ TQ—arc PQ=au constant
holds when 7' moves along a confocal hyperbola, and
TP —are RP="1TQ—arc RQ
when 7" moves along a confocal cllipse.
For gecometrical proofs of these theorems, which

are duc to Dr. Graves, sce Salmon’s Conic Sections
Chap. XIX.
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It is noticeable that the system of confocal conics is
the reciprocal of a system of coaxial circles with
resIlJect to one of the limiting points, so that this case
is closely connected with that of § 107-110.

A CASE IN SPHERICAL GEOMETRY.

§ 116. Another case of a doubly quadratic relation
between two parameters is afforded when an arc of a
great circle moves on a sphere so as always to have
its two ends on two fixed great circles, its length

being constant.
Let PQ, P'Q be two consecutive positions of the
movable arc, OPP’, 0Q'Q the two fixed arcs (Fig. 3).

(o) Q9
Fig. 3.

Let OP=6, 0P =0+d6, 0Q=¢,
0@=¢+dg, POQ=4, PQ=a.

Then the integral equation connecting 6 and ¢ is
cos 0 cos ¢+ cos 4 sin O 8in ¢ =cos a.

To form the differential equation, since PQ=P'Q’, we
have PP’ cos OPQ=Q'Q cos OQP in the limit, that is,

(1—sin%4 cosec?q sin%p)td6 ,
+ (1 —sin®4 cosec®y sin29)5d¢ =0.
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We may then put
sin @=snwu, cos O=cnu, cos0QP=dnu,
sing=snv, cos¢p=cnv, cosOPQ=dn v,
the modulus being sin 4 cosec a, and we have
du+dv=0, w+v=-constant=mw, say.

Then w is the value of v given by supposing » and
therefore 6 to vanish, so that

snw=8ina, ecnw=cosq, dnw=—cosd,
and we have cnw=cnucnv—dnwsnusnv,
that is, en(u+v)=cn % cnv—sn wsn v dn(u+v).

This 18 one of the addition-formulac.
We have also

cos 6= cos a cos ¢p+8in a sin ¢ cos OQP,
or cn w=cn(u+v)en v+sn(w+v)sn vdn w,
and cnv=cn(uw+v)en u+sn(uw+v)sn udn v.
These three equations may be solved for
sn(uw+v), en(u+v), dn(uw+v).

If the modulus is to be real and less than unity and
w real, we must have 4 obtuse and «u+4 greater
than two right angles. We may then write

sin O=sn u, cos O=cn u,
sin p=sn(w—u), cos¢=cn(w—1u),

w being a constant.

§ 117. In this case we have
df/du=dnu or du/d0=(1- kgsinQO)'*.

The function 6 of w which satisfies this condition an'd
vanishes with w was called by Jacobi the ampli-
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tude of w, it being the upper limit on the right-hand
side of the equation

0 onh
u=j (1 —k2sin20) 6.
0

It was also customary to write A@ for (1 —i2%in20).
Thus snu, enu, dnw were conceived as the sine,
cosine and A of the amplitude of w, and in Jacobi’s
notation were written sinam w, cosam o, A am w, the
amplitude 6 being denoted by am w.  The shorter
notation, sn, en, dn, was saggested by Gudermann.

The function am u is of no importance in the theory
of elliptic functions, but it sometimes presents itself
in the applications of the theory. In the case con-
sidered we may, for instance, write

O=amu, ¢=am(w—u)

APPLICATIONS IN DYNAMICS. THE PENDULUM.

§118. There are certain problems in dynamics
whose solution can be expressed by means of elliptie
functions. The simplest is perhaps that of the motion
of a pendulun.

The equation of motion is

0= —gsin#,

where 0 is the inclination to the vertical of the plane
through the axis of suspension and the centre of inertia
and [ is the length of the simple cquivalent pendulum.

A first integral is found by multiplying by 6, it is
3162 =g(k+cos 0) = g(1 + k — 2 sin2}0),
« being a constant. To integrate this put
0=2 am{u, 28(1+x)}},
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so that sin 10 =sn u,
cos j}0=cnu,
14k —25in2}0=(1+«)dn?u.

Then wt=(14x)g/2l,
and w=t{(14«)g/21}? + const.

§ 119. Let 4, B be the highest and lowest points of
the cirele described by the centre of inertia of the
pendulum, £ its position at any time, 4 its distance
from the fixed horizontal axis, and let

(1 +x)g/2l=n2
Then BP=2hsnnt,
AP =2hcennd,

if the time is measured from the moment when P is
at B.

If PY is the perpendicular drawn from P to a
horizontal plane at a distance «h above the axis, that
is, at the level of zero velocity, we have

PY=(1+«)h dn2nt.

Let BA, produced if necessary, meet this plane in C.
Then let a circle be described having CY as its radical
axis with the circle APB. The tangent from P to

such a circle varies as PY*, that is, as dnnt. Hence
the figure is the same as that in Jacobi’s construction
(§ 105 above).

§ 120. The application of the addition-formula will
then give us the following theorem :—

The envelope of the line which joins the position of
the centre of inertia at any time to its position at a
fixed interval afterwards is a circle of the coaxial
system which has for radical axis the line of zero
velocity, and includes the circle described by the
centre of inertia.
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When the pendulum is performing complete re-
volutions x =1, and the elliptic functions have a
modulus Z1. Thus if the fixed interval is half the
whole time of revolution, the straight line joining the
two positions will always pass through a fixed point,
namely, the inner limiting point of the system of
circles, whose depth below the radical axis is

(k%=1 )"".
Further, the envelope of the line joining two variable
positions of the centre of inertia, which are separated
by equal intervals of time from any fixed position

(one before, one after) is a circle of the same coaxial
system; and if the revolutions are complete, and the

fixed position is at a depth k(x*— 1)’*’ below the line of
no velocity, the line always passes through the outer
limiting point.

The velocity of the centre of inertia varies as the
tangent drawn from it to any fixed circle of the
coaxial system, or in the case of complete revolutions
as the distance from either limiting point.

§ 121. In the case when the pendulum oscillates,
1—« is positive, so that the modulus of the elliptic
functions is greater than unity. The expressions may
be transformed by the usual formulae; putting g =Im?,
we have

BP=2%1+ x)h sn mt,
AP =2hdnnt,

the modulus being now 2'5(1 +x)*. The velocity
varies as cn mé.

The general theorems derived above from the
addition-formula still hold, the system of coaxial
circles having now real intersections, namely, the
extreme points reached in the oscillation. The limit-
ing points are however imaginary, and the line joining
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positions separated by an interval of half the period
18 always horizontal, as is also that which joins two
that are separated by equal intervals from the lowest.
The coaxial circle, which iy the envelope in this case,
consists of the radical axis and the linc at infinity,
and the tangents to it pass through their intersection.

MOTION OF A RIGID BODY UNDER NO FORCES.

§122. Another interesting case is that of a rigid

y in motion under the action of no forces. The
centre of inertia will then move uniformly in a straight
line or be at rest, and the motion of the body about
its centre of inertia will be unaffected by the motion
of the centre of inertian, which we will therefore
suppose to be fixed.

t w,, wy, wg be the angular velocities of the body
at any time ¢ about its three principal axes of inertia,
and let 4, B, C be the three corresponding moments
of inertia, and suppose that they are in descending
order of magnitude.

The equations of motion are then

Ay =(B—C)oyws,
B, =(C — A)og,,
Ciog= (A — B)w,wy
The form of these suggests a substitution
o,=acnqt, w,=-—Bsngt, wy=ydngt,

since the sign of C—4 is negative and opposite to
those of B—C, A —B.
Making the substitution we have
Aga=(B=0)By,
— Bg=(0=Ayya,
Cqyl?=(4 — B)ap.
H
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o 4dd BB Oy aBy
Honee o= d—0"4-B" ¢

The equations are therefore satisfied if

=42, say.

0=/ ( A G)§0" g(t—ty),
wy,= —.7(4; C>isn q(t—t,),

irA — B\}
wy= I.} (—0--—) dn g(t—1t,),

j [(B=C)Y4 —OXA—B)O
where q=%-{( X ABg)( )} ,
and the arbitrary constants of integration are j, the
modulus £, and £,

The following two important equations arc easily
found either from the cquations of motion or the
integrals :—

Aw? +Bw? +Cu? =j(A—-k*B-I2C)/k2=T, say,
A%p 2+ Blw? 4 CPwy? =54 (A B+ K2 A C-BC)/I*=G?, say.

§ 123. Suppose now that ([, m, n) are the direction-
cosines of a straight line fixed in space. We then find
[ =mwg—ne,,
= "New, ~ lw,,
n=1lw, —mw,
and w), W, Wy, ATE NOW known functions of £. If these
equations can be integrated the problem is completely

solved.
The equations give
U+ mm+ni=0,
and therefore 124m?+ n?=constant.
The value of this constant is known to be 1.
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Also Aw,l+ Bwgin+ Cwgn
=1(C— Bwyws+ m(4 — C)wgw, + (B — A)o,w,
= — Al — Bma, — Cnay.
Hence Alw,+ Bmw,+ Cnw,= K, a constant.
This equation expresses that the line (7, m, n) makes
a constant angle with that whose direction-cosines are
(do,/Q, Bw,y/G, Cw,/() and shows therefore that this
latter is fixed in space. It iy easily found that the
equations are actually satisfied if

l=Aw, /8, m=DBuw/G, n=Cu,/G.

§124. We may now simplify the problem by sup-
posing the line (I, m, n) to be perpendicular to this
known fixed line, that is by putting K =0.

Let (A, u, v) be the direction-cosines of another line
perpendicular both to (I, m, ») and to

(Aw,/G, Bw,/@, Cuw,/G),
so that G\ = Omwy;— Biw,, ete.
Then since (A, u, ») is also tixed in space we have

A = [l.wa - sz,

and I\ = = (b — Am)wg — (v —AN)w,
= — (Buy+Co)/G
=—(T-A4w?/G

Also PN+ A%2/GE=1.

Hence i arctan [\ = G(T'— Aw,?)/(G?— A%,?).

Thus {=2Atanv,
. G(T—Aw?
if v= j-ézz—:j{g%zdt.

This integral can be expressed in terms of the
function II, for the subject of integration is a known
function of #.
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Then I, m, n are given by the equations
Alw,+ Bmw,+ Cnw, =0,
Gl cot v—Cmwy+ Brw,=0,
P4+mi4-n2=1,
L m
B2+ w2 CGwygeot v— A Bw,w,
n
= — BGwyeot v— A Cww,
_ 1
" ( eosec v(BPwy?+ (f‘wx“)i"

To find A, u, v we need only change v into 'v+7‘—;

or

in these expressions.

Referred to the three fixed axes, the direetion-
cosines of the principal axis of greatest moment are
(Aey/@G, I, N), those of the mean axis (Bw,/(, m, u),
and those of the third principal axis (Cuy/@, m, v).
Hence the orientation of the body is completely
determined at any time.

The actual value of v is found to be

Vot G(t—1,)/C+d1{g(t—1,), a}
if sna={A(B—C)/C(4 - B)}3,

the values of en«, dna being both positive, as well
as that of —isna. v, is the value of v when t=4,,
and it varies according as different straight lines in
the “ Invariable Planc” are considered. « is a purely
imaginary constant depending on the nature of the
rigid body. & may be any real quantity. If it is
numerically greater than unity the formulac may be
reduced by the nusual transformation to others in which
the modulus is less than unity. .
The values of arctan n./u and arctan n/y might have
been found in terms of II functions instead of that of
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arctan I/A; the formulae thus found must however
reduce to those we have by means of the formula for
addition of parameters in the function II.

A further discussion of the motion, with references,
may be found in Routh’s Advunced Rigid Dynamics
(Chap. IV.).

ATTRACTION OF AN ELLIPSOID.

§125. The potential of a solid homogeneous ellipsoid
at any point may also be conveniently expressed in
terms of elliptic functions.

The expressions

= 20202 [(u? = D)2 —c?),
2= D220 )(0% — ) (D2 —u?),
22 =2 ¢2(c® — )2 —=12),
for the coordinates of any point in terms of the scmi-
axes of the threc conicoids of a confocal system that
pass through it, suggest that we make z, y, z constant
multiples of 8, C, D respectively where
S =80 U, 8N U, 8N Uy =#, &, 8,, SAY,
C=cn u, enu,enug=c,C, Cs,
D=dnu, dnu, dnwu,=d,d,d,.
Since A28 28,2 — ke, 2e 2+ d 2,2 = 2,
we have k2/28%/8,2 —k2C%/c,2+ D¥/d,2 = k2,
where r=1, 2 or 3. This equation is the relation that
connects S, C, D when u, is a constant.
If then we put
x=0.k%S, y=1.k¥C, z=l..D,

! being any constant, the locus of (z, y, z) when w, is
a constant will be a conicoid whose semi-axes are the
square roots of

UPkk%s,2,  —PI%,?, —Uk*%d,>2
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The differences of these quantitics are constants, so
that the different conicoids are all confocal.

§ 126. For an ellipsoid the imaginary part of u,
must be an odd multiple of (X’. It will be more
convenient to have u, real in this case; we thercfore
put u,+ K’ for u, throughout, and we have

e=lk[kS, y=1..D/kS, 2=-1.0/8,
the squares of the semi-axes being now
Pr?s,2,  1k2d,%s,2, 1h7%,2[s% -

When wu, is constant and real, we now have an
ellipsoid, when its real part is an odd multiple of K
a hyperboloid of one sheet, and when its imaginary
part is an odd multiple of (A’ a hyperboloid of two
sheets. In other cases the surface u,=constant is
imaginary.

Since then one surface of each kind passes through
any point, we may suppose U, (u,—K), us—tK’ to
be all real.

The semi-axes of the focal ellipse are found, by
putting w,= K, to be Ik’ and Ik; and, as ! and ¥’ are
arbitrary, these may be made equal to any lengths
whatever, so that any system of confocals whatever
may be represented in this way.

§ 127. We must now transform the equation V2V=0,
that is,
V2V *V
o T ot o=

Now, in the first place, if V is expressed in terms
of §,C, D,

oV oV oV oV
o, = oo~ porudiests— g neddy

0.
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B‘V _ev .
= 55201 2%, st +3()z31 ’d,%, c.sz+ )/"312"1% ’dy?

+ 28%3313)k281201(1102d263d3 - 2a Do, Sk‘é’cfsldlsgdzssd s

4 3V
= 254a 0t 8101800850 — S s d -+ e, ?)

— Lo A= s =S T (o —8),

w1'1i‘l;l symmetrical expressions for 22V/ou,? 22V/ou.t
us

(82*~8,2)0* V[ou,® + (852~8,%)0* V/ou,* -+ (8,2 —8,2)0* V /ou,®
= — (8,2 —8,?)(8,2 ~8,%)(8,2 — 8,%)
X [V /2824 k%2 V [oC2 — IUA2 Vo D2,
all the other terms disappearing.
If then we put o =U2'S, y=Ik2C, z=ULD, we have
— (8% — 8,2)(8,2 — 8,2)(8,2 — 8,)2RA2V2V
= (8,)—8?)*V/ou,?
+ (8,2 —8,2)2V /ou2 + (8,2 — 8,2)2 V/ou,2
If now we change u, into «,+ (K’, this becomes
— (8% — 8;%)(85% — 8,2)(8,2 — 8,)[?k'2V2 V -+ 8, %, %8,2
=8,%(8,% — 8,2)0%V/ou,?
+ 8,%(8,2 — 8,2)2 V/ou,? + 8,%(8,% — 8,2)2 V /ou,2.
The equation V2V =0 is therefore to be replaced by
8,%(8 — 8;2)*V [ou,®
+ 8,%(85> — 8, %)V /ou,? + 8,%(8,2 — 8,1)0* V/ouy? =
§ 128. Now it is known that the equipotential sur-
faces of a thin homogeneous homoeoid (shell bounded
by two similar, similarly situated and concentric

ellipsoids) are the confocal ellipsoids that lie outside
it, that is, the surfaces represented by wu,=-constant
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if our confocal system is that to which the surface of
the shell belongs,

If V is the value of the potential it is a funetion of
u, only, satisfying the equation just written, which
now becomes

02 V/Ol'.l2 =0.
Hence V=Qu,+ R,  and R being constants.

Now V vanishes at infinity and at very distant
points is in a ratio of equality to M/r where M is the
mass of the shell and » the distance of the point from
the centre.

Also at infinity 2, =0, and for small values of u,
the surfaces may be regarded as spheres of radius U1/ /s;.
Henee when w, is small we have

Ms )l =Qu,+ R,

that is, R=0, Q=M[k.
The potential of the homoeoidal shell is therefore
Mu UK.

§ 129. If now we have a homogeneous solid ellipsoid
whose semi-axes in deseending order of magnitude are
@, b, ¢ and whose density is p, it may be divided up
into thin homoeoidal shells, to each of whieh the fore-
going will apply. To get the different shells we need
ouly suppose ¢ to vary in the ahove expression from

« . . .
0 to 7, sn2y, its value for the outside surface, v; being
:

the eonstant value of u, for the outside surface referred
to its own system of confocals.
The sum of the volumes of all the shells up to any
value of 1 iy
47l %en v,dn v, /sndv,,
s0 that we substitute for M the expression
4arpl2dl . I%cn v,dn v, /sndy,,
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which is the differential of this with respeet to [
multiplied by p. The potential of the solid ellipsoid at
an external point is therefore

79 (i'ﬂn'l’l
4 phen vydn vy ¢ wldl
3. 1 )
s,
0
and u, is given as a function of 7 by the cquation
2wy + Y30, + 2cu, = 12172,

(«, 9, 2) being the coordinates of the external point.
We find at once

/2] Al = (124 2 84 .2 3\

K2 Al = (2%, c,d, + y%8,0,/d,3+ 228 d, Je,*)lu,.

Thus if now we write w, for the value of wu, at
(r, 9, 2) in the system of confoeals to which the outside
surface belongs we have for the potential
4 p cn v,dn v,

uy
] w{z®+yndte+ 2nctu}snwenuwdn wdu
sndy,

0
_2mpenvyduy,

22an®: 242 2502
o [’lbl(.E snuy 4 y2sd?u, + 2%c?u,)
1

vy
- I (22n2u 4 s A2u + 22c?u)d u:l.
0

Also by definition of u,,
a®sn’u, + y%sd?u, + 2%cu, = v,
u, 1

Uy

2 N, =

and j sn?u du = 2 Z»zE“'p
) ‘

: 1 snw,enu, w 1 .,
sd2u du= —-— = 12211 B
-r 2 dn Uy 12 + 275 it U

0

" _1snudnu, 1.,
J. sc2u du = Z:”‘ —-6;171 — k,zﬁul.
0
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Hence the potential
_2mpenvdny,
T sndy,

I:ul{azlsn2 v, —(2*—y?)/k?}

+ ic_’fcﬁ %?&h——&—l(yzcnz u, — 2%dn%u,)
+ gz,lg(k'zwg — 24 kzz2)].
Here k2= (a?—-1?%)/(a®—c?),
K2=(tr- (2= ),
dn v, =b/a,
cn v, =cfa,
snv, =(a%— cz)l‘/u,,
and u, is the least real positive argument that satisfies
the equation
a?sn?u, + y?sd?u, + 2%sctu, = a?—c%

If the point (z, 9, 2) lies on the outer surface, we
have u,=v,

§ 130. If the point (z, y, #) lies inside the ellipsoid,
the above formula ceases to hold. We may however
describe through (z, ¥, 2) a similar, similarly situated
and concentric surface, and use the above expression
for the volume contained.

If Aa, AD, \c¢ are the semi-axes of this one, its
potential is

Zmp e da " (gt~ et )
P ey gt
+ e o vl('y“cn v, — 2%dn%v,)

+ 7'6%’:%(75 2?2 — y”'—i—'kﬁzz)].
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We have then to deal with the outer shell. This
may be divided into thin howocoids as before. The
potential of cach is the same at all points inside it,
and equal to

drpldl. kv, cn vydn v, /sndy,.
This is to be integrated with respect to [ between the
limits Aasnv,/k’ and asnv/k, and added to the
potential of the inner part.
The integral is
27pa®(1 =A%) . v,en v dn v, /snv,,

and the potential of the whole ellipsoid at an internal
point (x, ¥, 2) is found to be

;
2mp 9@:‘141121 ["’1 {uZsn?v, — (22— 92)/k?}
sndv,

sn ’Ul PY 2 9
+ ien o, dn oY e — Fdnte)

The expression is the same as for an external point,

but that the constant v, takes the place of the
variable u,.

EXAMPLES ON CHAPTER X.

1. Prove that (1 —2x%cos 2a +a1‘)?' can be rationalized
by putting

ac+a%= 2 ns(2u, cos a),

and that then m—£= -2 c8(2u, cos a),
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1\?
(a:z—- 2 cos 2a+d;2> =2 ds(2u, cos a),

U= j‘r( 1—2i%cos 2a+ m“)';"da:.

2. Discuss the spherical tigure of §116 in the casc
when sin 4 > gin « and show that in that case we may
put

sin OPQ=sn(u, sin a cosec 4),

sin OQP =sn(w—u, sin a cosec A),
where T—A=amw.

sina

3. If cosf=cosBdnu, tan ¢_éﬁf/3

where cos a=1" cos B prove that the point whose polar

coordinates are (X, 6, ¢), 1 being a constant, traces a

sphero-conic whose semi-axes are a, 8 and that the
arca of a central sector of this sphero-conic is

R?%sin a sin ’BJ.I

scu,

dnudu

+cos Bdnw

4. Prove that the chord joining the points 4%« on
this sphero-conie touches the sphero-conic whose equa-
tion is

cot? en’a = cot?8 dn’a cos’¢ + cot’a sine,

and that this has the same cyclic arcs as the former
one.

5. Show that the sector bounded by the semi-
diameters to the points « + o differs from

dn u(sn%a + cn?e cos?8)+dn a cos B

sn @ en ¢ sin « 8in 3

2R%arctan

by a quantity independent of w.
Prove also that the area of the spherical tnang]e
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formod by these two semi-diameters and the chord
joining the points w £« is
; sinasinBsnacnaednw
2R? - )
arctan 1 —snq sina+dnu dna cos 8
and that the arca of the segment cut off by this chord
is independent of w.

6. In the same sphero-conic
(cot®0 = cot?u sinp + cot®B cos’p)
prove that by the substitution
tan ¢ =tan a cot 3 sin a cosce B es(u, k),
where A =sin B cosec a,
the expression for the are is reduced to
du

R tan a tan 8 sin I ——
Bsin B tan*8 sn?u + tana en’u

7. Prove that at the intersection of tangents to this
sphero-conic at the points w*a (as in Ex. 6, not Ex. 3)
_cot@ _cotasing cotBcosg¢
ecnadnw dnaenu ~  Ksnw
and that as u varies this point traces the confocal
sphero-conic
cot®0 ne?u = cot?a sin®g nd?a + cot?3 cos’e.
8. The length of the tangent at w+« in the last
example is

R arctan

tan ¢ tan 8 sn a sin B )
tan®q enuen(u + v )dne +tan*B snu sn(u +a)

Find the differential coefficient of this expression with
respect to w in the form

. 1
R tan a tan Bsin 3 [ﬁ'z;, cen®(w+a)+ tan®8 sn¥(u +a)
1
" tan®a en®u +tan’B sn’u I’
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and prove that the sum of the two tangents exceeds
the intercepted arc by a quantity independent of w.

(Compare Salmon, Geometry of Three Dimensions,
§252.)

9. Verify that when

sn?u tan?B + enu tan?a =0,
then

1 t . .
snu,=-_t~kco:~|ﬂ, cnu=z,sinBcota, dnwu= +sinf,

k

and the above expression for the length of the tangent
becomes R arctan +..

10. Prove that the following cquations give the
motion of a heavy particle constrained to move on a
fixed smooth spherical surface :—

cos 0 = cos a sn’wt + cos B cnwt,

_ ¢ du
¢= i’n{r sin?}a sn2u +sin?} B3 cn®u

0

wi du
+_‘- cos?ia sn®u+ cos?}f cnzu}’
0

where 0 iy the angular distance of the particle from
the lowest point, a, B are the greatest and least
values taken by 0 during the motion, ¢ is the angle
made by the vertical plane through the centre and
the particle at time ¢ with its initial position, ¢ being
measured from a time when 0=, is the radius of
the sphere, and

k? = (cos?B — cos?a)/(1 + cos?B+ 2 cos a cos 3),
1{g(cos B—cos a)\?
et

n? = 4 sin%a 8in?B/(1 4 cos?B+2 cos a cos B).
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11. Reduce the above value of ¢ to the form

n{wt cosec’B+ 1sc « cosce La cosee §BI1(wt, «)
+1sc b sec Lasec §811(wt, b)},
where dn ¢=sin } a/sin }8,
dn b=cos La/cos 1.
What is the general character of the motion ?

12. On a curve of deficiency 1 and degree m, the
sum of the arguments of its intersections with a curve
of degree m is o. Show that if n > 3 the fact of the
sum of the arguments of mn points on the curve
being o does not ensure that the points lie on an m',
but that if n=3 this condition is enough.

13. If the curve of intersection of two conicoids is
projected from any point of itsclf on any plane, the
projections will all be projections of the same planc
cubie.

[The anharmonic ratio of the four tangents drawn
to any of the cubics from a point on itself is the same
for all. It may be expressed as a function of the
clliptic modulus.]

14. Verify that the expressions found (§§129, 130)
for the potential of an ellipsoid satisfy Laplace’s and
Poisson’s equations, and find the components of the
attraction at any point.

15. In Jacobi’s coaxial circle figure (Fig. 2, §105),
prove that when a=(K’, O is at B, and when
«=K+.h', at A. In general when O lies between
L and L, so that the variable circle is imaginary, the
real part of « is an odd multiple of K.

16. The arguments of the circular points at infinity
are +.K’, and of the other common points of the
coaxial system K + K.

17. If 1, m, n are in descending order of magnitude
show that the two ends of a chord of the circle
a?4y?=m? which touches the ellipse #*/*4y%/n?=1
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have for their coordinates km sn(u*a), mdn(u +a),

where
8l
k2=li717'-—ﬂ-), cn a=£’, dna="2,
m¥lt—n?) ¢ m
and wu is a variable parameter.

18. If z+y=sn(u+w), the points on the curves
= const., v=const. at which the tangents arc parallel
to the axes of coordinates, lic either on one of those
axes or on a rectangular hyperbola whose axes they
are. (See Appendix A.)

19. If

x4+ 1y =sn*(u+v)
or en¥(w+v) or dnX(u+4w) or p(w41v),
the curves 1= const., v=const. are confocal Cartesian
ovals, and for one value of cach the oval becomes a
circle. Distinguish between the outer and inner ovals.
(Greenhill.)

20. Examine the curves w= const., v=const. when
o+ vy =sn(w+w)de(w+ ).
[The distances of the point (x, y) from the points
(xk, /) are found to satisfy two lincar relations.
Hence the curves are bicircular quartics having these

points for foci. In the particular cases when u= + } X,
or v= % LK’ they become arcs of the cirele 22+ y2=1.]



APPENDIX A.

THE GRAPHICAL REPRESENTATION OF
ELLIPTIC FUNCTIONS.

§ 131. The nature of the elliptic functions unfits
them for representation by a linear graph as in the
case of functions of a real variable. ngmay however
;i_:;at some idea of their variations by means of Argand’s

1a.gmm

z+ 1y =sn(w+w),
x, ¥y, 4, v being real, and let us examine the curves
% =constant, v = constant ; we need not consider values
of w outside the limits +2K or of v outside + K"
Call the point (z, ¥)P and the points (1, 0), (-1, 0),
(1/%, 0), (—1/k, 0), A, B, C, D respectively. Then
AP?={1—sn(w+w)}{1—sn(u— )}
=(cn (v —dn v sn w)%/(1 — Fsn?u sn%v),
BP2=(cn 1w+ dn v sn w)?/(1 — k%n?u sn?v),
I20P2= {1 —lksn(u+w)}{l—Lsn (w—)}
=(dn tw—k en v sn w)?/(1 — k%n?u sn?w),
k:DP2?=(dn v+ k en v sn w)?/(1 — k%sn’u sn?w).
BP— 4P BP+AP DP—CP k(DP+ CP)

dnwsnu cnw cnwsnu | dnw
D, E. F, 1

Hence
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Thus the locus when v is a constant is given by
BP—AP=(DP—CP)dcw,

or the equivalent
BP+AP=i(DP+CP)cd w.

The locus when « is a constant is given by
BP—-AP=Il(DP+ CP)snu,

or BP4+AP= (DP—C(CP)nsu.

The curves in each case are bicircular quartics having
A, B, C, D for foci. They are symmetrical about both
axes.

The curves v=const. are found to be a series of
ovals enclosing the points (%1, 0) but not the points

(i,lr 0).

The ends of the axes of these ovals are the points
(xedw,0) and (0, £esn o).

When v is indefinitely diminished the oval shrinks up
into the straight line {etween A and B. Aswvincreases
in magnitude irrespective of sign the oval swells out.
The points on the axis of x are points of undulation
when 2 ed%v=1+1/k% and for greater values the oval
swells out above and below the axis of #, and is
narrowest at the axis. In the limit when v=+ K, it
becomes the part of the axis of  beyond (*1/k, 0),
together with the line at infinity.
he curves u=const. consist each of a pair of ovals,
one enclosing the points (1, 0)(1/k, 0) the other the
points (—1, 0)(—1/k, 0). Each of these cuts each of
the curves v=const. orthogonally.
Of the two ovals, the one on the positive side of the
axis of y belongs to the values v and 2K —u (% being
positive) and the other to the values —u and — 2K+ u.
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When u= + K the corresponding oval shrinks into
the straight line between (%1, 0) and (£1/k, 0), the
upper or lower sign being taken throughout. When
u=0 the oval swells out until it becomes the axis of
y with the line at infinity.

The curve v=3K’ is the circle whose centre is the

origin and radius k%,

§132. Since
dn(u+w, k)=ksn(v—u+K' — K, ),
the figures for the function dn will be of the same
general nature as thosc for sn.  The foci
(21, 0)(£1/k, 0)
are replaced by (%, 0)(£1,0)
respectively, and the single central ovals are now the
curves w=-const., the pairs of ovals belonging to the
system v=const. The curve u=4K is a circle of
radius &%,
In the case of the function cn the figures are
different.
Putting 2+ .y =cn(u+v), we have
z=cnw cn (w/(1 —k? sn?u sn?v),
Yy =:snw%sn v dnw dn z/(1 — k2 sn?u snv).

The curves w=const., v=const. are still bicircular
quartics but the four real foci are not collinear. They
are the points (*1, 0)(0, £%/k), each of these pairs
being collinear with the antipoints of the other.*

Each of the curves consists of a single oval. The
curves w=const. enclosc the foci (0, +%/k) and not
(%1,0). The curve u=0 consists of the parts of the
axis of & beyond the points (+ 1, 0), the curve u= K

* This may be compared with § 131 by means of the formula
en(u, k)=s(¥ K ~ k'u, Jj¥'),
which follows from equations (20) of § 26,
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of the line between the points (0, £#/k). As u de-
creases numerically from * K to 0, or increases from
* K to +£2K, the oval swells out. It has points of
undulation on the axis of « when

2cntu=1—k2/k2 if K>k

When cn?u is greater than the value thus given the
oval is shaped rather like a dumb-bell, and the two
ends of it expand to infinity as % diminishes to 0 or
increases numerically to +2K.
Since
ken(u+w, k)= —k'en(v—u+ K — 1K, k),

the general form of the curves w=const., v=const. is
the same if one set is turned through a right angle.
There will be points of undulation on one of the
curves v=const. if k2> k? that is if there are not on
any of the curves w=const.

§ 133. These bicircular quartics are shown in figures
4a, 5a, 6a, for sn, cn, dn respectively. They have been
drawn to scale with some care for the value /2 —1 of k,
and for values of w and v which aré¢'successive multiples
of 1K and }K’ respectively.

In each case the curves w=const. are drawn thick,
and the curves v=const. thin. The figures 49, 5b, 6b
show on the same scale the corresponding variations
in the argument, corresponding lines in the two figures
being numbered alike. Only one period-parallelogram
has been drawn for each function. In each case the
centre is at the origin.

The figures 4b, 5b, 6b are reproduced on a smaller
scale as 4¢, 5c, 6¢ the parallelograms bein% divided
into the regions that correspond respectively to the
four quadrants in 4a, 5a, 6a.

In figure 6a the curves v=0, v=*1K’, v= 1K,
v= 12K’ are too small to be shown.
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APPENDIX B.

HISTORY OF THE NOTATION OF THE SUBJECT.

§ 134. The notation used by Legendre was as
follows :—*
6
F(k, 6)= j (1 —*%sin%) ¥de,

0

A
Ek, e)=j (1—K2sin®9)2de,
0

F(k’ ir)= Fl(k), Kk, 3r)= El(k);
II(k, m, )= r(l — k*in%0) &dO/ (14 n 8in%0),

[}
AQ=(1—I2sin®0)},

Jacobi and Abel proposed to take F(k, 6) as the
independent variable. Putting w for this, Jacobi
called @ the amplitude of u, or shortly am«. Then
gin O, cos O, A@ were the sine, cosine, and A of the
amplitude of u, or as he wrote them,

sinamw®, cosamu, Aamu.

*The exgremonl F(k, 6), Bk, 6), I(k, n, 6), were called the First,
Second, Third Elliptic Integra.ll respectively.



HISTORY. 137

He used the symbol coam w for am(K —w), and also
tan am u, sin coam u, ete.

He changed the meaning of the symbols E, IT to
those we have given (Chap. V.), and also brought in
the function Z.

It was proposed by Gudermann to write sn, cn, dn
for sin am, cos am, A am, and the notation se, cd, ete.,
was introduced by Dr. Glaisher. Sometimes tn is
written for sc, ctn for es. The function gd (see §75,
note) is the amplitude, the modulus being unity. For
the notation of Weierstrass see Chap. \?ﬁ

In the further development of the subject other
symbols are wanted. Jacobi used the Greek capitals
O and H; the functions Ou, Hu may be defined as

follows :—
Ou = exp(er dv),

Hu=\/k.Ouw.snu.

The arbitrary constant in the value of © is not
determined until a later stage.

Some of the properties of the function Ou have been
suggested in the examples to Chapter VI.



MISCELLANEOUS EXAMPLES
(FROM EXAMINATION PAPERS)

1. Prove that

sd(z+y)sd(z - y) = sd? - ady

1+ k%sd2z sd%’

sdzcnz-sdycny

on(w+9) = sdzeny—sdycena
2. Show that
cnoacnf8—cn(a+B) dnadnf- dn(a+,8)
snasnf="—= dn(a+B) = T Ben(a+pB)

3. Two sets of orthogonal curves (Cartesian ovals) being
defined by the equation

2+ 1y =sn?{}(u+w), k},
show that the polar coordinates of any point (u, v) are
given by
cos O - en(x, k) +dn(y, k)dn(y, ¥) k’
dn(y, k) - en(u, k)dn(y, &)
k'%sn(u, k)sn(v, ¥')
dn(w, &) - en(w, £)dn(v, &)

1 — cn(u, k)en(v, ')
dn(v, ¥) + dn(u, k)en(, &y

gin 6 =
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4. Prove that the functions

(esucd u enu — &'2sc wsd usn u)2
and (ds u de » dn u + &%'2sc w sd u sn u)?

have periods K and X'

- 3
=1 - ¢=c )
B I {<a+A)(b+A><c+A>} ™

€

where a, b, ¢ are positive quantities in descending order of
magnitude, then
esn2u=acnu -,
the modulus being  {(a—b)/(a - c)}*.
6. Show that

k%0 F(uy + vy + ug +u,)8n F(u, +w, — vy — 1)
x 80 (1 — g+ Uy — )80 §(U; — Uy — Ug + Uy)
_ Ayyfled, — ke Cocae, + KK 28, 5y558, — K%
T oy — kP Cy0,0, — KPS, 8,8,8, + K

7. Show that the form assumed by a uniform chain of
given length whose ends are at two fixed points is re-
presented by the equation

K%y =9kben *b”

when its moment of inertia about the axis of x has a
stationary value.

8. Prove that
en(B - C)sn(C — 4)+dn(B - C)sn(4 - B)
+8n(B - C)en(C - 4)dn(4 - B)=0.
9. Verify that
{1 — #%n*(c +d)sn*(a — b) }{1 — k%n*(a + b)en’(c - d)}
{1 - ¥*sn%(a + b)sn*(a — b)} {1 — ¥?sn?(c + d)sn(c ~ d) }
is a symmetric function of g, §, ¢, d.
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10. Prove that
n od—(l+k)s 14 ks?
- Whn(u+ pK) = 1 -f-lcs2 Sl {1 +k)s
d—ksc c—sd
T etuwd  d+ st
where s, ¢, d denote sn u, cnu, dn » respectively.
11. Prove that

—ksn2(u+ 3 K') =

kS C-.8
m D+ S
_C-kD-&*8  D-kC
T D-kC T (C-kDF AT
where S=sn2u, C=cn2u D=dn2u.
12. If 2y, denote sc(uy — uy)cs(uy +u,) then
4% 955955 + T1og + T4y + Tygia =0.
13. If k2= - o (where w?+ w+1=0) then
1-sn(o—-wu 1- snu(l —wsnu)“
1+sn(w—-ow?u 1+snu\l+osnu/’
14. If Qu = pu + P(v + v) - P,
then (Q'u)?=4Q% + 4(g,— 150%)Qu ~ 14g,pw — 22¢,.

15. Evaluate I(pu—pv)%u, and express j(pu—gw)‘?du

in terms of j(pu - gov)~Ydu.
16. Find jndudu.
Prove that
3“‘dn"u, du=2(1+ k%) Eu+k*snucnwdnu—- k2,

k2 isnTu!i_u =Eu+K+.K')+deu,

2kj snudu= logl+k
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17. Show that
'Elog snudu= - }rK - 1 Klogk,

‘Klog cnudu= - }rK +3K logl%,

.xlog dnudu=4Klogk'.

(In the first put am = 6 and expand in powers of %.)
18. Prove the formulae

j' “log(1 - Bentu)du = — =K' + Klog?;f’

0

j “log(1 + dnw)du = 3= K + 3K log k.
[

19. Prove that
II(u, @)+ II(v, @) - IL(u + v, a)

=1lo {1 - k2%n%(u + a)sn®(v + a)}{1 — K%n’a sn(u +v —a)}
g {T=%%n2(u - a)sn¥(v — a) }{1 — K%sn%a sn?(u+v+0a)}

20. Expand rsn"udu in ascending powers of %?; and

thence, or otherwise, prove that

d Egn"+2y
WJ rudu=F{ S0,
0 0

(Compare Ex. 12, Chap. IX.)

21, In Weierstrass’ notation, if J is the absolute invariant
as given by the equations

T e—n S s
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then the periods satisfy the differential equation
T~ ) S50 4 34 - 1)1 (g = g,

22, Verify that the expression of Ex. 19 agrees with
that of Ex. 15, Chap. VI., and with that of §67.

23. Find expressions for the arcs of the curves,
k'%y = 2kb sn “iz'—‘-’,
2m+c

y=>bk'ne 5
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