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PREFACE

This book is the outgrowth.of a set of notes used for the.past
five or six years in a semester course in projcctive geometry of-
fered to juniors and seniors at Hamilton College. A primary
motivation in writing the book was my feeling that, for a first
course in the subject, it would be desirable to have a more complete
discussion than is .givgn i existing elementary textbooks. For
then the need of supplementing the text would not arise so fre-
quently; and the instructor would have at his disposal in the class-
room more time for the analysis, solution, and discussion of prob-
lems, and for actual drawing board constructions. Thus, the
underlying principle has been to present as complete a discussion
of the subject matter as seemed consistent with an introductory
course.

The method adopted is the method of synthetic geometry. The
development of this method is intuitional and is based on the stu-
dent’s earlicr acquaintance with the clementary geometry of the
schools. It seems, indeed, to be a matter of general agreement
that a postulational approach to the first study of projective geom-
etry is not desirable. But, with due regard to rigor in its proper
setting, an attempt has been made to be as rigorous as the circum-
stances would permit and, at all times, to be reasonable, for reason-
ableness appeals to the beginner when rigor does not.

The mathematical prerequisites to a study of this book are few.
Elementary geometry is necessary; trigonometry and analytic
geometry are helpful in that they broaden the student’s back-
ground, but, in fact, only occasional reference is made to them. It
is very probable that a general maturity in the student’s mental
processes is more important than a large mathematical technique.

Unquestionably, the content of projective geometry is valuable
to the student who intends to continue his mathematical study in
graduate work; and to the student who plans to teach mathematics
in the schools, it offers an opportunity to broaden and to strengthen
his mathematical foundation. But the value of the subject is
not confined to the future specialist or teacher only; its cultural
and practical aspeets for the student of the humanities or the en-
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v PREFACE

gineering sciences or the fine arts are not to be minimized. To
these latter it offers, without requiring too much previous math-
ematical training, an insight into one of the great developments of
the human mind and an appreciation of the elegance of geometric
reasoning. Indeed, as a part of the undergraduate mathematics
curriculum the so-called synthetic projective geometry occupies a
rather unique position.

Among the points of departure in this text from the usual elemen-
tary treatment, the following deserve explicit mention:

14

(1) A careful distinction is made between projective and non-
projective ideas,

(2) The principle of duality is developed in some_detail and is
emphasized throughout the book.

(3) The proofs of some of the earlier theorems are separated
into steps, a procedure familiar to the student from his study of
elementary geometry.

(4) The proof of the fundamental theorem is built on the con-
cept of a net of rationality oi*a line.

(5) The theory of the imaginary elements is introduced in some
detail and is applied to various construction problems.

(6) A ‘“focus” is introduced by the Pliicker definition, i.e., as
an ordinary point of intersection of tangents from the circular
points.

(7) In the final chapter there is a brief discussion of the general
projective group of transformations on a plane and of some of its
subgroups, of which the most notable is, of course, the metric
group. Thus we are able to exhibit the familiar geometry of Euclid
as a special case of projective geometry.

Inasmuch as most instructors will have their own preferences as
to conducting the course, the text has been arranged to permit a
considerable degree of flexibility in its use. This degree of flex-
ibility increases as the theory progresses. Chapters I to IV and
Chapter VI constitute a basis upon which the rest of the theory
stands; but even in these chapters certain items may be either
touched upon briefly or omitted entircly. For example, in Art.
3.2, the ten examples of perspective primitive forms are not all im-
portant for the beginner. But, whether he studies them all in de-
tail or not, to see them written out, and to read them, and to think
about them, enlarges his grasp of the concept of perspectivity and,
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also, of duality in a way which makes their inclusion very much
worth while.

In later chapters this flexibility is even more in evidence. The

involution, for example, is mentioned in Arts. 9.5, 10.2, and 12.11;
but the theory of the involution is deferred until Chapter XIII,
and in that chapter considerable detail may be omitted. Finally,
the metric specializations of projective concepts are placed in sepa-
rate chapters and articles, which will be easily identified by their
titles. These metric specializations are in no way necessary to the
development of the projective theory.
-~ How much of such material the teacher may wish to consider,
and the emphasis which he may wish to place upon that which he
does consider, remain, for the most part, at his pleasure. In par-
ticular, he will find, after taking up Desargues’ Theorem (Art. 3.3),
that the portions of the text concerned with the geometry in the
plane constitute an uninterrupted sequence, and may be separated
from the remainder without difficulty.

In my own use of the text I have covered each semester (45 les-
sons) Chapters I, II, III, IV, VI, VII, and VIII rather completely;
selected portions of Chapters V, IX, and X, varying the material
chosen from year to year; and the general theory of Chapters XII,
XIII, and XIV. It will be found, of course, that, to attain this
end, quite liberal omissions in the last-mentioned chapters will be
necessary. However, the interest which the student displays in
the theory of the imaginary elements (Chapter XIV) amply repays
the instructor for what he might feel has been lost by omission.

As a natural sequel to the chapter on the imaginary elements I
have added a chapter on the focal properties of conics, a subject
which is of interest to the undergraduate who has studicd analytic
geometry because it presents old, familiar results in a new light.

The justification for Chapter XVI; which is of necessity rather
brief, lies in the fact that it affords an opportunity to introduce
some fundamental ideas and concepts of higher geometry. It also
leads naturally to the introduction of analytic methods in projec-
tive geometry.

The exercises have been grouped together at the ends of the
chapters. It will be seen that the number of exercises is much
larger in those chapters where omissions of the text are likely to
be made. This will provide the instructor with sufficient drill ma-
terial for whatever articles he may decide to use.
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The book contains enough material for a full year’s course in the
subject. In case a full year is allotted to the course, an alternative
plan would be to use the text for a semester and a half, and then,
on the basis of the material in Chapter XVI, to introduce and de-
velop analytic methods for the remainder of the second semester.
It was only after much consideration that I finally decided not to
include a chapter on analytic methods. For, because of limited
space, it could have been an introduction only; and it seemed in-
advisable to have as a closing note an introduction to a subject dif-
ferent in both method and aim from that of the whole.

Another question which proved quite bothersome was the ques-
tion of how much, or how little, reference should be made in a text
of this character to the history of the subject. I resolved the dif-
ficulty by deciding not to include any historical material, notwith-
standing my own predilection for things historical. It is very
probable that no field of intellectual endeavor has a history more
venerable than that of projective geometry. Better, however,
than any series of disconnected historical footnotes, which might
have been scattered through "the text, are the articles on geometry
in the Encyklopadie der mathematischen Wissenschaften, to_which I
refer the instructor who may wish to follow such inquiry. He will
find, also, in the introduction to Cremona’s Elements of Projective
Geometry (Oxford University Press, 3rd edition, 1913) and in
Smith’s Source Book in Mathematics (McGraw-Hill Book Co.,
1929) some very useful historical information.

The few references to Euclid in the text are to the recent edition
of Todhunter’s Elements of Euclid, with an introduction by
Sir Thomas L. Heath, published as No. 891 of Everyman’s Library
(E. P. Dutton & Co.). To the student who has only a recollection,
perhaps rather faint, of his school geometry text, this little volume
will be of more than passing4nterest, historically and mathemati-
cally, for he will find in it much that has new meaning in the light
of his study of projective geometry.

~ Our debt to a long list of predecessors who-have paved the way
of geometry is without measure. We have but to consider the con-
tributions of Kuclid, Pappus, Desargues, Poncelet, Steiner, von
Staudt, Chasles, Reye, and Cremona, to mention only a few from
ancient to more recent times, to realize that what we study today
has deep roots and enduring qualities. To these and to some
others of the present century, notably Mathews, Veblen, Young,



PREFACE vii

and Baker, I would acknowledge a lasting obligation. I have,
also, a particular sense of gratitude to Professor Frank Morley,
who initiated, some time back, that which developed into a sus-
taining and ever-increasing interest in geometry.

In preparing this book, I have the privilege of making due ac-
knowledgments to my colleague, Professor W. M. Carruth, and
to my neighbor, Professor A. D. Campbell of Syracuse University,
with both of whom I discussed the text while in manuscript form.
Professors C. S. Atchison and H. L. Dorwart, of Washington and
Jetferson College, were extremely diligent and helpful in reading
and criticizing the cntire text in proof; I wish to express my thanks
to these gentlemen and to add, also, that mueh more is due them.

The figures illustrating a text on projective geometry are, to my
mind, of great importance. For preparing the illustrations for the
engraver, [ wish to thank Mrs. S. W. Nile and Mr. H. R. Jones,
who carried out my wishes in that respect in such a satisfactory
way that I consider myself fortunate to have had their services.

B.C.P.
HamiuroN COLLEGE
CurinToN, NEW YORK
March, 1937
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PROJECTIVE GEOMETRY

CHAPTER 1
INTRODUCTORY CONCEPTS

1.1 Introduction. A logical structure reared on a foundation
of certain undefined terms and undemonstrated theorems or
assumptions, which we call axioms, describes what is ordinarily
called a geometry. It must be kept in mind that the nature of a
geometry depends entirely upon the undefined terms and axioms;
and that the axioms are assumptions and are not demonstrable.
Hence there'must be a geometry for every set of axioms obeying
certain logical requirements as to. consistency, independence, etc.
One example of a geometry is already familiar to us, viz., the so-
called Euclidean geometry. Our purpose in the following pages is
to become familiar with a much more general geometry than that
of Euclid. We say that it is a more general geometry because it
is based on concepts which are less restrictive. For example,
this geometry may be developed without the use of the concept of
“ measure ”’—a concept which is fundamental in Euclidean geom-
etry. As a matter of fact, we shall see, as we go into our subject
more deeply, that this geometry includes Euclidean geometry as
a special case.

The early writers on the subject called it by various names—
Geometry ofPosition, Higher Geometry, Modern Geometry, etc.
But, for various reasons, these names are no longer satisfactory,
so today we give it the name Projective Geometry and thus indi-
cate that we are interested primarily in those properties of figures
which are preserved under all projections (a term which will be
defined later more explicitly).

1.2 Elements. The undefined elements of projective geom-
etry are three in number, namely, the plane, the line, and the point.
We may, for the time being, think of them in much the same way

as we did in our study of elementary Euclidean geometry. But
1



2 INTRODUCTORY CONCEPTS 1.3

this, let us remind the reader, is only as a temporary convenience,
for strictly speaking the elements are undefined and as such have
no properties as yet. In Art. 1.4, however, we shall make some
assumptions about these elements, and it will be seen then that
in assuming certain things concerning the elements we are, to all
intents and purposes, endowing them with certain properties.

We consider each kind of element as existing independently of
the others; and the plane and line we consider to be unlimited,
ie., of indefinite extent. For convenience and uniformity we
shall adopt the customary notation in regard to the elements.
Points will be indicated by capital letters 4, B, C, . . . ; lines by
small letters a, b, ¢,...; and planes by small Greek letters
a, B) RIS

1.3 Ideal Elements. In FEuclidean geometry the following
propositions are familiar:

(1) Two lines in a plane intersect in one point or they are
parallel.

(2) Three lines in a plane (@) intersect in one point, or (b) are
all parallel to one another, or (¢) intersect in three points, or (d)
are such that two of the three lines are parallel and each is cut by
the third.

(3) Two planes intersect in one line or they are parallel.

Compare the first of these propositions with the Euclidean
proposition that two points determine one line. From considera-
tions of symmetry alone it would be convenient to be able to say,
also, that two lines in a planc determine one point, their point of
intersection. But parallel lines have no point of intersection;
hence we must take account of this exception and state the propo-
sition in the form of (1) above.

Exceptional cases of the kind just noted abound®h the state-
ments of Euclidean geometry, and the reader will remember
many of them. They are, indeed, characteristic of Euclidean
geometry and are responsible for a great lack of symmetry in the
subject.

Projective geometry, on the other hand, possesses a remarkable
symmetry of expression; and this is obtained merely by the
introduction of a device by which the exceptional cases of the type
mentioned above are changed into special cases. What is this
simple device? It is the invention of a new kind of element which
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we adjoin to the elements of Euclidean geometry. The elements
of Euclidean geometry, which we shall call ordinary, together
with these new elements, which we are about to introduce, are the
elements of projective geometry.

Consider (Fig. 1) a line l and a point S not on 7, and the plane =
determined by the line I and the point S. Of the lines which
pass through S and lie in the plane = each intersects the line  in one
point with the exception of that one line through S which is paral-
lel tol. In projective geometry we assume that the line through S
and parallel to I intersects ! in one point. This point of intersec-
tion is not a point according to the Euclidean meaning of the
term; it is a point whose existence we postulate for the purpose of
attaining a greater symmetry of expression in the statcments of

Fia. 1

projective geometry. To distinguish such a point from the or-
dinary points of a line we call it the ideal point of the line. We
state this fundamental assumption of projective geometry more
carefully:

On each line we assume the eristence of one and only one ideal
point, which is the point of intersection of that line with all lines
parallel to 1t. .

The term * line '’ now has a new significance. It is no longer
the ordinary line of Euclidean geometry, for it contains one addi-
tional point. We shall call it an augmented Euclidean line when
it is necessary to make a distinction; otherwise, we shall continue
to call it an ordinary line. It is important to note, also, that we
are assuming only one ideal point on each line. For if we should
assume two ideal points on each line, we would then be confronted
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with a situation in which two parallel lines intersect in two points,
whereas two nonparallel lines intersect in only one point. This
would be inconvenient.

If we consider parallelism in terms of direction, it is evident
that two augmented lines which have the same direction have in
common one ideal point; and two lines with different directions
have in common one ordinary point, and their ideal points are dis-
tinct. Thus, we may continue to represent the ordinary (Euclid-
ean) points on paper by dots; the newly invented ideal points we
may represent by directions. It is important, however, to ob-
serve that either of two opposite directions represents the same
ideal point.

We have now reached the stage where we can say that an aug-
mented line is determined by two ordinary points or by one ordi-
nary point and one ideal point {i.e., one direction). Can we say
also that such a line is determined by two ideal points (i.e., two
directions)? At the present time we cannot, obviously. For the
assumption is that there is one and only one ideal point on each
augmented Euclidean line ™

Let us examine now the set of all ideal points in a plane. - That
set of points constitutes the ideal region of the planc. The choice
of what we shall say about that region is ours to make. Our de-
cision, however, should be consistent with all that has been agreed
upon in the earlier paragraphs of this article. For example, an
augmented line, we have assumed, has in coinmon with that
region one and only one point, the ideal point of the line. When
this is taken into account the ideal region cannot be a curve, for
then each line would intersect it in more than one ideal point.
Such considerations lead us to assume the existence, in each plane,
of one and only one ideal line. It is the locus of all the ideal
points of the plane, and it is also the line of intersection of the
plane with all parallel planes. This new kind of line is now to be
adjoined to the augmented Euclidean lines of the plane. The
plane then becomes an augmented Euclidean plane, and we have
an answer to the question of the preceding paragraph: Two given
ideal points determine one line, an ideal line, which is the locus of
all the ideal points of each plane containing the two given ideal
points. All planes having a common ideal line are parallel to one
another; thus a system of parallel planes is determined by two
ideal points (i.e., two directions). -
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A similar discussion leads us to the consideration of the ideal
region of space. It is such that each augmented line intersects it
in one ideal point and each augmented plane intersects it in one
ideal line. We assume, therefore, the existence of an ideal plane
of space, the locus of all ideal points and ideal lines of space.

We are now prepared to point out a fundamental difference
between Euclidean geometry and projective geometry: In pro-
jective geometry we have, adjoined to the ordinary elements of
Euclidean geometry, the ideal elements of this article. There
are no ideal elements in Euclidean gcometry, and, on the other
hand, in projective geometry no distinction is made betwcen the
ordinary and ideal elements. Thus, a projective line may consist
of all the points of an Euclidean line with the addition of one ideal
point, or it may consist entirely of ideal points —and no dis-
tinction need be made between these two kinds of lines.

The assumption of the existence of ideal elements enables us to
introduce in the statements of projective geometry a brevity and
conciseness which are quite impossible in the corresponding state-
ments of Euclidean geometry. The principle of duality, whieh
we shall take up in the next chapter, is a case in point. For the
present we shall merely illustrate the foregoing discussion by re-
stating the three propositions at the beginning of this article, this
time, however, in terms of projective points, lines, and planes:

~ (") Two lines in a plane intersect in one point.

(2') Three lines in a plane intersect either in one point or in
three points.

(3") Two planes intersect in one line.

The student will readily see that the content of these proposi-
tions has been greatly enlarged while the wording has been re-
duced to a minimum. In the sequel we shall, of course, always
use the terms point, line, and plane in the projective sense unless
explicitly stated otherwise.

14 Axioms. Without attempting to be logically rigorous, let
us state certain propositions or assumptions about the undefined
elements. The use of the so-called ““ on language "’ and of the
terms “incident "’ and “ nonincident *’ enables us to state these
propositions in a concise and symmetrical form. The terminol-
ogy of the “ on language " will become apparent with use; how-
ever, we may explain it here by an example. The ideas involved
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in the two statements ‘“ a point lies on a line "’ and “ a line passes
through a point *’ are, to some extent, much the same. Because
of this, therefore, we shall frequently word the ladt statement in
the form “ a line lies on a point.”” As to the meaning of the term
“incident,” another example will suffice. If a point lies on a
line, the line lies on the point, and we say that the point and line
are ‘“‘incident.” It is evident that two elements not of the same
kind are either incident or nonmincident. On the other hand, if
two elements of the same kind, say two points A and B, are such
that one lies on the other, then these elements are said to be
“ coincident.”” -

The following propositions, which are sometimes referred to as
incidence relations, are assumed to be valid with regard to the three
elements, plane, line, and point, in space of three dimensions.
They are not all independent, but they serve our purpose in sev-
eral ways and provide us with a suitable beginning for our study
of projective geometry.!

(1) A plane is incident with an unlimited number of lines and
points.

(2) A line is incident with an unlimited number of planes and
points.

(3) A point is incident with an unlimited number of lines and
planes. *

(4) Two distinct planes «, 8 have one and only one line incident
with both planes. This line is denoted by a8.

(5) Two distinet points A, B have one and only one line inci-
dent with both points. This line is denoted by A B.

(6) Either a plane « and a line a aré incident or else there is a
single point ag incident with both.

(7) Either a point A and a line a are incident or else there is a
single plane Aa incident with both.

(8) Two distinct lines a, b in general have ho plane incident
with both; but if they do, there is only one such plane, and the
lines are then both incident with a single point ab.

(9) Two distinct lines a, b in general have no point incident
with both; but if they do, there is only one such point, and the
lines are then both incident with a single plane ab.

1 For a logical development of the subject from a set of axioms possessing

the proper logical characteristics see Veblen and Young, Projective Geometry,
Ginn & Co., 1910.
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1.6 Primitive Forms. From the first three of the propositions
stated above it is evident that a point, a line, or a plane may be
taken as the base or support of an unlimited number of elements
of a different kind. The various sets of elements which thus
arise we shall call primitive forms. In the sequel we shall con-
gider the following ten primitive forms:

(1) The totality of points on a line is a point-row or a range of
points. The elements of a point-row are points, and the base is a
line.

(2) The totality of lines on one point and on one plane is a flat
pencil or a pencil of lines. Some writers call it a sheaf of lines
or a sheaf of rays, the term ray here being synonymous with line.
In the plane the elements of a flat pencil are lines, and the sup-
port is a point called the center or vertex of the pencil.

(3) The totality of planes on a line is an axial pencil or a pen-
cil of planes or a sheaf of planes. The elements of an axial pencil
are planes, and the support is a line called the axis of the pencil.

(4) The totality of points lying on one plane is a field of points.

(5) The totality of lines lying on one plane is a field of lines.

(6) The totality of lines in space lying on one point is a bundle
of lines.

(7) The totality of planes in space lying on one point is a
bundle of planes.

(8) The totality of points in space is a space of points.

(9) The totality of planes in space is a space of planes.

(10) The totality of lines in space is a space of lines.

1.6 Central Projection. Consider a part of a field of points and
liries, i.e., a figure consisting of points A, B, C, ..., and lines
AB, BC,CA,...,q, b, ¢, ..., which lies on a plane =. Now
from a point S not on = draw the lines SA, SB, SC, . . . and the
planes SAB, 8SBC, SCA, ..., Sa, Sb, Sc, ... . These lines and
planes, indefinitely extended of course, are called the projectors
of the points and lines, respectively, which constitute the original
figure. The projectors, we note, are part of a bundle of lines and
planes. If these projectors are cut by a second plane 7’ in any
position in space but not coincident with = nor incident with .S, we
obtain a section of the projectors consisting of points A’, B, C’,
...,where SA, 8B, SC, . .. cut =/, and of lines A’B’, B’'C’,C'A’,
...,0a,b,¢, ..., where SAB, SBC, SC4, .. ., Sa, 8b, Sc, . ..
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intersect #’. The figure on =’ thus obtained is the central projec-
tion from S, or simply the projection, of the original figure on ;
it is part of a new field of points and lines. The process of passing
from the figure on = to that one on =’ is a central projection. It
consists, as we have seen, of two parts: first, a projection from a
point or center S, and second, a plane section of the projectors so
formed.

We have at hand two examples of a central projection: When
we view a plcture the lens of the eye acts as a center of projection
and sends light rays to the retina on which we then have a projection
of the picture; and the camera makes a projection of a landscape
on the film, the lens of the camera in this case being the center of
projection. When we examine a photograph we recognize at once
that each point, line, and curve of the landscape has its image
point, line, and curve in the photograph. Furthermore, two inter-
secting lines in the former have images in the latter which are
intersecting lines, their point of intersection being the image of the
point of intersection of the original lines in the landscape, and so on.
We recognize, then, that there are certain properties of the original
figure which appear again, after the central projection, as proper-
ties of the projection of the original. And also, we observe that
there are other properties which are changed by the central projec-
tion; for instance, some lines which are parallel or perpendicular in
the original may have images which are not parallel or perpendicu-
lar; and again, some circles may reappear as ellipses after the pro-
jection; and finally, the atea photographed is not the same in size
as the area shown in the photograph.

We can now amplify the statement made at the end of Art. 1.1.
Projective geometry studies those properties of figures which are
never changed by any central projection. We say that such proper-
ties are invariant under projections. This excludes, of course, the
study of properties such as angle and distance, which have te do
with the idea of measure, for we have seen that by a central pro-
jection the measure of an angle or an area may be changed.

1.7 Dimensions of the Primitive Forms. The assumption of
ideal elements leads us to a classification of the primitive forms on
the basis of a correspondence principle. Each line of a flat pencil,
to illustrate, cuts any given line in the same plane which does not
pass through the center of the pencil in one point. By associating
with each line of the flat pencil that point of the point-row incident
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with it, and conversely, we have a one-to-one correspondence
between the elements of the two forms. Upon attempting to set
up one-to-one correspondences between various pairs of the primi-
tive forms, we find that the ten primitive forms fall into four
groups:

(1) The point-row, flat pencil, and axial pencil may be put in
one-to-one correspondence, each with either one of the others, and
are said to be one-dimensional forms. For example, a section of
an axial pencil by a line not intersecting its axis is a point-row, and
we may set up a one-to-one correspondence between them such
that to each point of the point-row there corresponds that plane
of the axial pencil incident with it; and conversely, to each plane
of the axial pencil there corresponds that point of the point-row
incident with it.

(2) The field of points, field of lines, bundle of lines, and bundle
of planes may be put in one-to-one correspondence, each with
either of the others, and are said to be two-dimensional forms.
For instance, we may set up such a correspondence between a
bundle of lines and a field of points whose plane is not incident
with the center of the bundle by pairing each line of the bundle
with that point of the field incident with it, and conversely.

(3) The space of points and the space of planes are three-
dimensional forms.

(4) The space of lines is a four-dimensional form.

In our study of projective geometry we shall be interested pri-
marily in the one-dimensional forms. In this connection the reader
should notice that the projectors of a point-row or a flat pencil,
from a point not on the line of the point-row or on the plane of the
pencil, form respectively a flat pencil or an axial peneil; and that
the projectors of a point-row from a line? not in the same plane
with the point-row form an axial pencil. On the other hand, a
section of a flat pencil by a line in its plane but not passing through
its center is a point-row; also a section of an axial pencil by a line
not intersecting its axis is a point-row; and a section of an axial
pencil by a plane not incident with its axis is a flat pencil.

2 That is, the line or axis of projection determines with each point of the
point-row a plane, the projector of that point from the given axis. A section
of these projectors results in an axial projection of the original point-row (cf.
Art. 1.8).
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In concluding, we should also point out that the term * dimen-
sion ”’ as used in this article refers to the above classification of the
primitive forms by means of the correspondence principle. The
term should not be confused with the dimensions of space in which
the forms exist. Indeed, in this latter sense the point-row, flat
pencil, and axial pencil occupy respectively one, two, and three
spatial dimensions.

1.8 Separated Pairs of Elements. A flat pencil with center S
is divided in two parts by two of its lines a, b. Each of these parts
is called a complete angle and, when S is an ordinary point, consists
of what are usually called two vertical angles. We shall indicate
one of the complete angles by the symbol ab, and the other by b.a.
A third line ¢, if it lies on S, must lie in one or the other of the two

Fig. 2

complete angles ab, b.a. Suppose it lies in the complete angle ab
(Fig. 2). Two orders or senses of turning about the point S are
now determined, namely the senses ach and bca, which are opposite
to each other. The sense acb may also be represented by cba or
bac, while bca represents the same sense as cab or abe: We note
that the line ¢ cannot be said to separate the lines @ and b. For
while it is true that we cannot turn from line a to line b, or from b to
@, in the complete angle ab without passing over line ¢, we can,
nevertheless, turn from a to b, or from b to a, in the complete
angle b.a w1thout passmg over ¢. 'To separate a pair of lines a, b,
therefore, a second pair of lmes ¢, disneeded. Hence the
DEFINI’I‘ION The pair of lines a, b on a point S is separated by
the pair of lines ¢, d on the same point 8 if ¢ lies in the complete
angle ab (or b.a) and d lies in the complete angle b.a (or ab).
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It follows that if the pair ¢, d separates the pair a, b, then the
pair a, b separates the pair ¢, d.

Similarly, a point-row u is divided into two segments by a pair
of points A, B. We shall indicate one of the segments by the
symbol A B, and the other by B.A. A third point C, if it lies on u,
must lie in one or the other of the two segments AB, B.A. Suppose
it lies in the segment A B (Fig. 3). Two orders or senses are now
determined on the line u; we represent them by ACB, or CBA or
BAC, and by BCA, or CAB or ABC. As in the case of two lines,

—0 4 O O
A C B D
Fia. 3

we note that the point C cannotf be said to separate the points
A and B. For while it is true that we cannot pass from A to B,
or from B to A, on the segment 4 B without passing over C, we can,
nevertheless, pass from A to B, or from B to 4, on the segment B.A
without passing over C. To separate a pair of points A, B,
therefore, a second pair of points C, D is necessary. Hence the

DeriniTiON. The pair of points A, B on a line u is separated
by the pair of points C, D on the same line u if C lies in the segment
AB (or B.A) and D lies in the segment B.A (or AB).

It follows that if the pair C, D separates the pair A, B, then the
pair A, B separates the pair C, D.

EXERCISES

1. Two coplanar lines @, b with an ordinary point of intersection P are pro-
jected from a point S, which is not on their common plane, into two lines
a’, b’ on a plane #’. Describe this central projection. Describe a central
projection which sends a, b into two parallel lines.

2. Describe a central projection which will send a quadrangle 4 BCD into
a parallelogram.

8. Project the two lines g, b of Ex. 1 into two perpendicular lines. Describe
the central projection used.

4. Project a quadrangle ABCD into a rectangle, and describe the central
projection used. Can a rectangle be projected into a square?

6. The triangle ABC in plane = is projected from S into the triangle
A’B'C’ in plane x'. Prove that BC, B’C’ and CA, C'A’ and AB, A’B’
intersect respectively in three points P, @, R which are collinear. What is
their line of collinearity?

6. Project a circle into (a) an ellipse; (b) an hyperbola; (c) a parabola.

7. A tetrahedron ABCD is cut by a plane = not on any vertex. Describe
the section. ITow must = be chosen so that the section will be a parallelogram?

»
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8. Given a bundle of lines and a bundle of planes on distinet points; set
up a correspondence such that each line of the first corresponds to that plane
of the second which is perpendicular to it, and reciprocally. Is this a one-to-
one correspondence?

9. Set up a one-to-one correspondence between a field of lines and a bundle
of lines, and thus justify the statement that they are of like dimensions.

10. Given two skew (nonintersecting) lines a, b and a point P not on either
line. Construect a line through P which intersects both a and b. How many
such lines are there?

11. Construct a plane through P which is parallel to both the lines a, b of
Ex. 10. How many guch planes dre there?

12. Draw figures illustrating the one-dimensional primitive forms.

13, Construct with cardboard and string a figure illustrating Ex. 5.

14, Draw a figure illustrating Ex. 7.

15. Construct a triangle having (a) one ideal vertex; (b) two ideal
vertices.



CHAPTER II

THE PRINCIPLE OF DUALITY — SIMPLE AND
COMPLETE FIGURES :

2.1 A Reciprocal Relation Existing among the Axioms. The
nine axioms which we listed in Art. 1.4 are space propositions in
the sense that they are valid for all planes, lines, and points of three-
dimensional space. The reader has probably noticed*that if the
words “point”’ and “plane’’ are interchanged in these nine axioms
no new propositions result; but instead (1) becomes (3) and,
vice versa, (3) becomes (1); and the same is true of the pairs. (4)
and (5), (6) and (7), and (8) and (9). Axiom (2), on the
other hand, is not altered by this interchange of “point” and
“ plane.”

The phenomenon here observed to exist among those nine
axioms will be in evidence throughout our study of projective
geometry. We call it the principle of duality. Two statements
such as (1) and (3) of Art. 1.4 are space duals of each other, while
a statement such as (2) is self-dual, for it, as we have remarked,
is unaltered by this interchange of words.

2.2 Duality in Space. Suppose that we were erecting a system
of projective geometry in a logical and most rigorous manner from
a set of undefined terms and axioms. Is it not evident that a
principle of duality which exists in the axioms must necessarily
be present in the theorems deduced from those axioms? This, in
fact, is precisely the situation. And because of it, having proved
a theorem we can state its dual without proof; for the proof of the
dual theorem will be the dual of the proof of the original and, in
the last analysis, will be based on the duals of the axioms from
which the original theorem was deduced.

With this intuitive justification of space duality we notice first
that the point and plane are dual or reciprocal elements in space.
In the second place, we note that an incidence relation between
elements gives rise to an incidence relation between their duals;
consequently, there is a duality among the primitive forms. For

13
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example, the point-row and axial pencil are dual forms, and the
flat pencil is self-dual. The reader should satisfy himself that the
dual of each primitive form is a primitive form by dualizing the
contents of Art. 1.5.

As examples of dual theorems we state the following, in each

case writing the theorem and its dual side by side:

1. Three points not on a line
determine a plane. The three
points and the three lines deter-
mined by them form a triangle
on that plane.

2. If A, B, C, D are four
points and the lines A B, CD are
on one point, then the four
points 4, B, C, D are on one
plane, and the lines AC and
BD, and also the lines AD and
BC, have a point in common:*

S1. Three planes not on
a line determine a point. The
three planes and the three lines
determined by them form a
trihedron on that point.

S2. If a, B8, v, & are four
planes and the lines B, v6 are
on one plane; then the four
planes «, 8, v, § are on one
point, and the lines ay and B3,
and also the lines aé and By,
have a plane in common.

2.3 Duality in the Plane. Consider the projectors from a
center S of a figure consisting of points and lines lying in one
plane ¢. This set of projectors will consist of lines and planes
passing tlirough 8. The space dual of the projectors will consist
of lines and points lying in ¢’, a plane which is the space dual
of the point S. - We are thus led, by means of the space dual of
the projector of the figure of points and lines in ¢, to a figure of
lines and points in o’; and similarly, from any theorem concerning
the points and lines in o, we are led to a theorem concerning the
lines and points in ¢’

‘We might have made this passage from the theorem concerning
the figure in ¢ to that in ¢’ more directly by interchanging the
words ““ point "’ and ‘“ line.” When the theorem is stated strictly
in the “ on language ”’ no other interchange than that of ¢ point ”
and “ line ” is necessary; when it is not so stated, however, certain
obvious changes in phrasing are required.

The principle of plane duality is based on 'he fact that any prop-
osition concerning points and lines on a plane remains valid when
the words “‘ point ”’ and “ line ” are interchanged.

That is, in the plane the point and line are dual or reciprocal
elements. )
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As examples of this type of duality we have:

1. Any two points of a plane
determine a line.

2. If two coplanar triangles
(3-points), ABC and A’B'C’,
have AA’, BB’, CC’ meeting
at a point 8, then the lines BC,
B'C" and CA, C'A’ and AB,
A’B’ intersect respectively in
three collinear points.

2.4 Duality in the Bundle.

P1. Any two’lines of a plane
determine a point.

P2. If two coplanar trilater-
als (3-lines), abc and a’d’c’,
have aa’, bb’, cc’ lying on' a line
s, then the points be, b’c’ and
ca, c’a’ and ab, a’b’ are joined
respectively by three concur-
rent lines.

Just as we have figures in space

and in the-plane, so we have figures in the bundle, i.e., figures
consisting of lines and planes on one point. The space dual of
the italicized statement of Art. 2.3 tells us that the principle of
bundle (i.e., point) duality is based on the fact that any proposition
concerning planes and lines on a point remains valid when the words
“plane” and “ line” are interchanged. That is, in the bundle
the plane and line are dual or reciprocal elements.
As an example of bundle duality:

1. The totality of lines (in a
bundle) lying on one plane is a
flat pencil.

Bl. The totality of planes
(in a bundle) lying on one line
is an axial pencil.

2.6 Summary. In summarizing the principle of duality we
note that it consists of three parts:

(1) Space duality, in which point and plane are dual elements
and the line is self-dual;

(2) Plane duality (a consequence of the principle of space
duality), in which point and line are dual elements; and

(3) Bundle duality (the space dual of the principle of plane
duality), in which plane and line are dual elements.

Furthermore, we note that the space dual of a space, plane,
or bundle proposition is respectively a space, bundle, or plane
proposition; while the plane dual of a plane proposition is another
plane proposition and the bundle dual of a bundle proposition is
another bundle proposition. Obviously, a plane proposition has
no bundle dual, nor has a bundle proposition a plane dual.
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2.6 Simple Figures in the Plane.

DErINITION. A simple plane
n-point is a set of n points
(vertices) of a plane taken in a
definite order in which no three
consequtive points are collinear,

DErFINITION. A simple plane
n-line is a set of n lines (sides)
of a plane taken in a definite
order in which no three consecu-
tive lines are concurrent, togeth-

together with the 7 lines (sides)
joining successive points.

er with the » points (vertices) of
intersection of successive lines.

These two definitions include the polygons of elementary geo-
metry, but from a slightly different point of view. For here we
consider the figure as a sequence of points and lines+n a definite
order, whereas in elementary geometry a polygon is a set of vertices
and sides, and the sides are segments in the Eucligean -sense.

Fia. 4
In each such figure there are 2n elements which fall into » pairs

Fia. 5

of opposite elements. If n is even the opposite elements are of
the same kind, i.e., both points or both lines; if # is odd they are
not of the same kind. For example, in the simple 5-point of Fig. 4
we number the elements consecutively from 1 to 10 and find
that vertex 3 and side 8 are opposite elements, as are side 6 and
vertex 1, etc. And in the simple 6-point of Fig. 5 opposite pairs
are vertices 1 and 7, sides 10 and 4, etc. In general, he elements
k and k + n are opposite if k¥ < n, while if ¥ > n the opposite
elementsare kand k — n. ’

Derinition. The diagonal DeriniTioN. The diagonal
lines of a simple n-point are the | points of a simple n-line are the
intn — 1)—n, = n(n — 3) | n(n — 1)—n = n(n — 3)

lines which join pairs of non-
consecutive vertices.

points of intersection of pairs of
nonconsecutive sides.
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2.7 Complete Figures in the Plane.

DerFINITION. A complete
plane n-point is a set of n points
(vertices) of a plane, no three
of which are collinear, and the
n(n — 1)/2 lines (sides) which
join every pair of these points.

¥F16. 6

DeFINITION. A complete
plane n-line is a set of n lines
(sides) of a plane, no three of
which are concurrent, and the
n(n — 1)/2 points (vertices) of
intersection of every pair of
these lines, .

Fra. 7

The most important of the complete figures with which we shall
be concerned are the quadrangle (4-point) and the quadrilateral

(4-line). In particular,

A A _complete quadrangle con-
sists of four vertices, 4, B, C, D,
and the six lines joining them
by pairs. The six sides fall
into three pairs of opposite
sides, the line joining two
vertices and the line joining the
other two forming such a pair
(Fig. 6).

The three pairs of opposite
sides intersect in three addi-
tional points, X,Y, Z, which are
called diagonal points and which
form the diagonal triangle (3-
point) XYZ of the quadrangle.l

A complete quadrilateral con-
sists of four sides, a, b, ¢, d,
and their six points of intersec-
tion by pairs. The six vertices
fall into three pairs of opposite
vertices, the point of intersec-
tion of two sides and the point
of intersection of the other
two forming such a pair (Fig. 7).

The three pairs of opposite
vertices are joined by three
additional lines, z, y, 2, which
are called diagonal lines and
which form the diagonal triangle
(3-line) zyz of the quadrilateral.

! For symmetry we shall ordinarily letter the figure so that the diagonal
points X, Y, Z lie respectively on sides AB, AC, AD, and dually.
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A triangle is self-dual and may be considered as a 3-point or a
3-line. Moreover, it is a simple as well as a complete figure.
On the other hand, a complete quadrangle A BCD contains the
three simple quadrangles ABCD, ACDB, and ACBD; and in
general a complete n-point (n-line) consists of (n — 1)!/2 simple
n-points (n-lines).

2.8 Simple and Complete Figures in Space and in the Bundle.
The definitions of the space figures analogous to those of Arts. 2.6

and 2.7 are as follows:

DEriniTION. A simple space
n-point is a set of n points
(vertices) taken in a definite
order in which no four consecu-
tive points are coplanar, to-
gether with the n lines (edges)
joining pairs of successive points
and the n planes (faces) deter-
mined by pairs of successive
lines.

For example, the simple space
4-point consists of four points
4, B, C, D together with the
four lines AB, BC,CD, DA and
the four planes ABC, BCD,
CDA,DAB.

DerFINITION. A complete
space n-point is a set of » points
(vertices), no four of which are
coplanar, together . with the
n(n — 1)/2 lines (edges) join-
ing them in pairs and the
n(n — 1) (n— 2)/6 planes (faces)
joining them in threes.

DEFINITION. A simple space
n-plane is a set of n planes
(faces) taken in a definite order
in which no four consecutive
planes are coftcurrent, together
with the n lines (edges) of inter-
section of pairs of successive
planes and -the n points (ver-
tices) determined by pairs of
successive lines.

For example, the simple space
4-plane consists of four planes
a, B, v, 6 together with the four
lines B, By, v, da and the four
points afy, Bvé, véa, dafB.

DeriNITION. A complete
space n-plane is a set of n planes
(faces), no four of which are
concurrent, together with the
n(n — 1)/2 lines (edges) of
intersection in pairs and the
n(n — 1)(n — 2)/6 points (ver-
tices) of intersection in threes.

To a certain extent the tetrahedron in space plays the rdle of

the triangle in the plane.

For the tetrahedron is self-dual and

may be considered equally well as a complete 4-point or a complete

4-plane.

It is not, however, a simple space figure, for it has six

edges, whereas a simple space 4-point or 4-plane can have only

four.
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The definitions of the simple and complete figures in the bundle
are obtained directly as the space duals of the definitions of Arts.

2.6 and 2.7.

DerFiNiTION. A simple n-
plane in the bundle is a set of
n planes (faces) on a point
taken in a definite order in
which no three consecutive
planes are coaxal, together with
the n lines (edges) determined
by pairs of successive planes.

DeriNiTION. A simple n-
line in the bundle is a set of n
lines (edges) on a point taken
in a definite order in which no
three consecutive lines are co-
planar, together with the =
planes (faces) determined by
pairs of successive lines.

We note that the space dual of a simple plane n-point and the
projector of a simple plane n-line from a point outside its plane
are both simple n-planes in the bundle. Also, that the space
dual of a simple plane n-line and the projector of a simple plane
n-point from a point outside its plane are both simple n-lines in
the bundle. A like state of affairs obtains for the complete figures.

DEerFINITION. A complete n-
plane in the bundle is a set of
n planes (faces) on a point, no
three of which are coaxal, and
the n(n — 1)/2 lines (edges) of
intersection by pairs.

DeriNiTION. A complete n-
line in the bundle is a set. of n
lines (edges) on a point, no
three of which are coplanar,
and the n(n — 1)/2 planes
(faces) determined by them by

pairs.

The réle of the triangle in the plane is taken here by the tri-
hedron (3-plane or 3-line) which, considered as either a simple or
complete figure, is self-dual.

We have purposely given this complete statement of the defini-
tions of simple and complete figures, not that we shall use all of
them in the sequel, but because they are valuable in exhibiting
the three aspects of duality (space, plane, and bundle) and in
showing the connections between those three aspects. It is sug-
gested that Art. 2.5 be reread at this point.

It should be noticed that such a phrase as ““ the » lines of inter-
section of successive planes” becomes when dualized for the
bundle “the = planes determined by successive lines.”” This
and other differences of terminology disappear if the so-called  on
language ”’ is used; and the reader should satisfy himself that
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this is so by restating each of the above definitions using the “ on
language ”’ consistently throughout.

Fic. 8

2.9 The Desargues Configuration. A most important con-
figuration for our work is obtained by taking a plane section of
the complete space 5-point. The complete 5-point in space con-
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tains the ten lines and the ten planes determined by the five points;
furthermore, there are certain incidence relations among its points,
lines, and planes. They are indicated frequently by the symbol

points lines planes

points 5 4 6
lines 2 10 3 ,
. planes 3 3 10

which is read by rows as follows:

Row 1. There are 5 points, 4 lines on each point, and 6 planes
on each point.

Row 2. There are 2 points on each line, 10 lines, and 3 planes
on each line.

Row 3. There are 3 points on each plane, 3 lines on each plane,
and 10 planes.

i A plane section not passing through a vertex cuts each line in
one point and each plane in one line. It is called the configura-
tion of Desargues and has the symbol

points lines
points 10 3
lines 3 0 |’

which indicates that it is a figure consisting of 10 points with 3
lines on each point and 10 lines with 3 points on each line. Fig. 8
shows the complete 5-point S,8:4 BC and its plane section made
up of 10 points collinear in sets of 3 on 10 lines, which are con-
current in sets of 3 on the 10 points.

EXERCISES
1. On a plane = there is given a triangle consisting of the three points A4,
B, C and the three lines BC, CA, AB determined by them. Describe the

(a) space dual of triangle A BC;
(b) projectors of ABC from a point 8 not on ;
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(c) space dual of (b);

(d) plane dual of ABC;

(e) space dual of (d);

(f) bundle dual of (e);

(g) section of (f) by a plane o.

2. I, on one plane, the points 4, B, C lie on a line u and the "points 4’,
B’, C' lie on a second line ', then the lines BC’ and B’C, CA’ and C'A, AB’
and A’B intersect respectively at the three points X, ¥, Z which lie on a third
line p.

Assuming the validity of this theorem, write its plane dual and also its
space dual,

3. If, in one plane, a triangle varies in such a way that two of its vertices
lie on two fixed lines and its three sides pass through three fixed collinear
points, then the third vertex will lie on a line concurrent with the two fixed
lines.

Assuming the validity of this theorem, state its planedual.

4. State the space dual of each of the ten primitive forms. Which of the
primitive forms have plane duals; which have bundle duals?

b. State and prove the space dual of Ex. 5, Chapter 1. Compare your
proof with the proof of that exercise.

6. Dualize the statement of Ef. 10, Chapter I, and solve,

7. Describe the simple 5-point in the plane; the complete 5-point in the
plane. What are the plane and space duals?

8. Describe the simple 5-point in space; the complete 5-point in space.
What are the space duals?

9. What is the configuration symbol for (a) the complete n-point in space;
(b) a section of the complete n-point in space by a plane not on a vertex;
(c) the complete n-point in the plane?

10. Describe the plane dual of Desargues’ configuration.

11. Construct a complete quadrangle which has (a) two ideal vertices;
(b) two ideal diagonal points.

12. Construct a simple 5-point in the plane which has two ideal vertices.
Indicate those elements which are opposite to the ideal elements; indicate,
also, the diagonal lines.

Note that the ideal vertices may or may not be consecutive; hence, two
figures should be drawn.

13. Draw a figure illustrating the theorem of Ex. 2; and also a figure
illustrating the plane dual of that theorem.

14. Construct a Desargues configuration as a plane section of a complete
5-point in space.

16. Describe the section of a complete 5-plane in space by a plane not on
any vertex of the 5-plane. Illustrate with a drawing.



CHAPTER III
PERSPECTIVITY — DESARGUES’ THEOREM

3.1 One-to-one Correspondence. A one-to-one correspond-
ence is said to exist between the elements of two primitive forms,
or between the elements of two simple or complete figures, if
there is associated with cach element of one form a unique element
of the other form, and reciprocally, with each element of the last a
unique element of the first. Elements so paired are called homol-
ogous and either one is said to correspond to the other.

We remind the reader that the classification of the primitive
forms as given in Art. 1.7 was based upon this concept of a (1,1)
correspondence.

Moreover, we note:

(1) That two primitive forms cannot be put in a (1,1) cor-
respondence unless they are forms of the same dimension.

(2) That two simple or complete figures cannot be put in a (1,1)
correspondence unless they are figures having the same number of
elements.

(3) That if two elements E, F of one form correspond respec-
tively to the clements E’, F’ of a second, we shall, in what follows,
agree that the element EF of the first shall correspond to the
clement E’F’ of the second.

If two forms are each in (1,1) correspondence with a third, they
are in (1,1) correspondence with each other. Hence, in Fig. 9, if a
(1,1) correspondence is set up between the flat pencil S(abcd —),
with center S and lines a, b, ¢, d, . . . , and the point-row
u(A BCD —), with base u and points 4, B, C, D, . . ., by pair-
ing each line of S with that point in which it cuts u, and if
u(ABCD——) is in (1,1) correspondence with S’(a’b’c’d’—),
and S'(a’b’c'd’ —) with 4’(A’B’C'D'’ ——) in the same way
(i.e., by pairing incident elements), then the primitive forms
S(abcd —) and u'(A’B’C’'D’' ——) are in (1,1) correspondence
and any line d of S is homologous to one point D’ of u’, and
conversely.

To mention another possible (1,1) correspondence between a
flat pencil S(abed —) and a point-row (4 BCD ) we refer

23
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to Fig. 10, in which each line a of S is homologous to that point A
in which % is cut by the line of S perpendicular to a, etc. In par-

ticular, the line 7 of S perpendicular to w is homologous to I, the
ideal point of u. This correspondence, however, based as it is on
the idea of perpendicularity involves metric considerations.

P TS"\
Fra. 10

3.2 Perspectivity. Two primitive forms consisting of the same
kind of elements are like primitive forms; otherwise, they are un-
likce.
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DermvitioN. Two unlike primitive forms are in perspective
position (A), or are perspective, if they are in (1,1) correspondence
and if homologous elements are incident.

For example,

1. A point-row (A BCD—)
and a flat pencil S(abcd —)
are perspective if they are co-
planar with nonincident sup-
ports and if they are in a (1,1)
correspondence such that ho-
mologous elements, point and
line, are incident (Fig. 11).

S1. An axial pencil
u(afyd ——) and a flat pencil
o(abcd ——) are perspective if
they are copunctal with noninci-
dent supports and if they are in a
(1,1) correspondence such that
homologous elements, plane and
line, are incident (Fig. 12).



26

These examples are space duals.

perspectivity:

PERSPECTIVITY — DESARGUES’ THEOREM

We have also the self-dual

2. A point-row u(4 BCD ——) and an axial pencil v(a8yé —)
are perspective if their axes are skew and if they are in a (1,1)
correspondence such that homologous elements, point and plane,

are incident.

DerintTiON. Two like primitive forms are in perspective po-
sition (A), or are perspective, if they are in (1,1) correspondence
and if homologous elements are both incident with the same element
of a third primitive form unlike each of the two given forms.

That is, to continue with our examples,

3. Two point-rows with co-
planar bases are perspective if
they are in a (1,1) correspond-
ence such that each pair of
homologous el2ments, point and
point, is incident with one lne
of a flat pencil. We say that
they are perspectivefrom a point,
the center of the flat pencil.

4. Two flat pencils on the
same plane are perspective if
they are in a (1,1) correspond-
ence such that each pair of
homologous elements, line and
line, is incident with one point
of a point-row. We say that
they are perspective from a
line, the base of the point-row.

S3. Two axial pencils with
intersecting axes are perspective
if they are in a (1,1) corre-
spondence such that each pair
of homologous elements, plane
and plane, is incident with one
line of a flat pencil. We say
that they are perspective from a
plane, the plane of the flat pencil.

S4. Two flat pencils on the
same point are perspective if
they are in a (1,1) correspond-
ence such that each pair of
homologous elements, line and
line, is incident with one plane
of an axial pencil. We say that
they are perspective from a line,
the axis of the axial pencil.

We note that Examples 3 and 4 are plane duals, and that S3 and

S4 are bundle duals.

5. Two point-rows with skew
bases are perspective if they
are in a (1,1) correspondence
such that each pair of homolo-
gous elements, point and point,
is incident with one plane of an
axial pencil.

S5. Two axial pencils with
skew bases are perspective if
they are in a (1,1) correspond-
ence such that each pair of
homologous elements, plane and
plane, is incident with one point
of a point-row.

In each case the two forms are perspective from a line.
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6. Two flat pencils which are neither coplanar nor concentric are
perspective if they arein a (1,1) correspondence such that each pair
of homologous elements, line and line, is incident with one point of a
point-row or, what is the same thing, with one plane of an axial pencil.
For a thorough understanding of perspective primitive forms we
should note the following facts:

(1) There are two types of perspectivity, referring to unlike
and like primitive forms respectively.

(2) A perspectivity of either type requires (a) a (1,1) corre-
spondence between the forms and (b) an incidence relation be-
tween homologous elements. The incidence relation varies with
the type of perspectivity involved.

(3) If two formsare perspective, their duals are also perspective.
This is an important observation, for it assures us that the principle
of duality may be applied to all statements concerning perspectiv-
ities.

For the simple and complete figures we have the follo'wing:

DerFiniTiON. Two plane n- DeriNiTION. Two n-planes

points are in perspective posi-
tion if they are in a (1,1) cor-
respondence such that pairs of
homologous vertices are joined
by lines concurrent at one point
P, called the center of perspec-
tivity.

We say that they are per-
spective from, or with, the
center P.

each in a bundle are in perspec-
tive position if they are in a
(1,1) correspondence such that
pairs of homologous faces inter-
sect in lines coplanar on one
plane =, called the plane of
perspectivity.

We say that they are per-
spective from, or with, the
plane .

The reader should notice that we give on the right the space dual
of the definition on the left; for we consider the two plane n-points
on the left in their most general position, i.e., noncoplanar. If, on
the other hand, the n-points are coplanar, the definition on the left
admits a plane as well as a space dual. We shall give an explicit
statement of the former but leave the latter for the student to write
out and examine carefully.

DeriNiTION. Two plane n-lines are in perspective position if
they arein a (1,1) correspondence such that homologous sides inter-
sect in points collinear on one line p, called the axis of perspectivity.

We say that they are perspective from, or with, the axis p.
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There is one other definition which we should mention, namely,
that of perspective plane n-lines which are not coplanar. We
shall not, however, write it out here since its statement is identical
with that of the definition last given. '

3.3 Desargues’ Theorem. Theorem I. If two triangles are
perspective from & point, they are perspective from a line,

Fia. 13

Case 1. When the triangles are noncoplanar. Let the two tri-
angles be ABC and A;B,C, with pairs of homologous vertices
joined by lines AA,, BB,, CC, meeting at S (Fig. 13). To prove
that BC, B,C, and CA, C,14, and AB, A,B, intersect respectively
at three collinear points X, Y, and Z.
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Proof. (1) BC and B;C; are coplanar and intersect at a point
X. For the four points B, By, C, C, lie on one plane, since BB,
and CC; intersect at S, by hypothesis. d

(1’) Similarly CA, CiA, intersect at a point Y, and 4 B, A,B, in-
tersect at a point Z.

I (2) The point X lies on s, the line of intersection of the planes of
the two triangles. For X lies on BC and hence on the plane of
ABC, and it likewise lies on B,C, and hence on the plane of A,B,C;.

(2’) Similarly ¥ and Z lie on this same line s.

(3) Therefore, by definition, the triangles are perspective from a
line (the line s).

Case 2. When the triangles are coplanar. Let{the two tri-
angles lying on the plane = be A4,B,C; and 4,B,C. with, pairs of
homologous vertices joined by lines 4,4,, B1B;, CiC2 meeting at S
(Fig. 8). TO prove th&t BlC'l, BzCz !ﬂld C1A1, CzAz and A1Bl,
A.B; intersect at three collinear points X, ¥, and Z.

Proof. (1) The lines B,C,, B:C, intersect at a point X. For
the two triangles, of which these lines are homologous sides, are
coplanar.

(1’) Similarly the other two pairs of homologous sides C:4;,
CyAzand A,B;, A, B; intersect at Y and Z.

(2) Project A1B:C; from S; and A.B.C, from S., S; and 8, being
any two points collinear with S but not on the plane of the two
triangles.

(3) Si4;and S;A; are coplanar and intersect at a point A. For
the four points A, 4s, Si, S: lie on one plane, the line S.S; having
been constructed to meet A;4. at S.

(38’) Similarly S;B; and S,B: intersect at a point B, and S,C; and
8.C; intersect at a point C.

(4) The noncoplanar triangles A1B,C: and A BC are perspective
from the center S;. Hence, by Case 1, they are perspective from
the line s which is common to their two planes. That is, B,C;
meets BC where the latter cuts the plane =, ete.

(4') Similarly the triangles A:B,C. and ABC are perspective
from the center S, and, by Case 1, from the line s. That is, B:C»
meets BC where the latter cuts the plane =, ete.

(5) Therefore the intersection X of B;C: and B,C: is the point
where BC cuts =; and furthermore, X lieson s. For BC cuts r in
only one point, which point is on line s.

(5’) Similarly Y and Z lie on line s.
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(6) Therefore the two triangles A;B;C; and A3B,C; are perspec-
tive from the line s.

The proof just given is intimately connected with the configura-
tion of Desargues (Art. 2.9). In fact, the figure formed by the co-
planar triangles, their center, and their axis of perspectivity is a
plane section of the complete space 5-point 8,8;4 BC and is, there-
fore, such a configuration. Any one of the ten points of that con-
figuration is the center of perspectivity of two triangles whose ver-
tices are also points of the configuration. This accounts for seven
of the ten points and nine of the ten lines. The three remaining
points lie on the tenth line, which is the axis of perspectivity of the
same two triangles. The pair of perspective triangles, A,B,C; and
A:B;Cy, of the above proof of Case 2 is evidently only one of ten
such pairs in the configuration of Desargues.  *

34 Converse of Desargues’ Theorem. If {wo triangles are
perspective from a line, they are perspective from a point.

Case 1. When the triangles are noncoplanar. Let the two tri-
angles be ABC and A;B,Ci*with pairs of homologous sides BC,
BiC1and CA, CiA: and A B, A,B; meeting respectively at X, Y, Z,
three collinear points. To prove that AA,, BB, CC; are concur-
rent lines. )

Proof. (1) BC, ByC), since they intersect at X, determine a
plane a.

(1) Similarly CA, C.1A;, intersecting at ¥, and AB, A,B,, in-
tersecting at Z, determine planes 8 and v.

(2) The three planes a, 8, v intersect at a point S = afy.

(3) Now A A, = By, for the points A and 4, lie on both 8and v;
AA, consequently passes through S.

(3’) Similarly BBy = ya and CC; = of pass through S.

(4) Therefore the triangles ABC and A,B.C; are perspective
from the point S.

Case 2. When the triangles are coplanar. We have here the plane
dual of Theorem I, Case 2. Theorem I, Case 2, having been dem-
onstrated in Art. 3.3, the validity of its converse is assured by the
principle of duality.

The simplicity of the last statement will be a challenge to the
careful reader. Let him attempt to dualize, in the plane, the proof
of Case 2, Art. 3.3; he will observe immediately that this is im-
possible, for the proof as given is a space demonstration although
the theorem which it proves is a plane proposition. Space dualiz-
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ing, though possible, does not solve the difficulty, for the space dual
of the proof of Theorem I, Case 2, will be the proof of the space
dual of Theorem I, Case 2, and not of its converse. These remarks
together with a rereading of Art. 2.3 will enable the reader to meet
the challenge of the preceding paragraph.

A proof of the converse of Theorem I, Case 2, without recourse
to the principle of duality can also be developed along the lines sug-
gested by the proof of the direct theorem as given in Art. 3.3.

3.5 Perspective Quadrangles. Theorem II. If two complete
quadrangles are in (1,1) correspondgnce and so situated that five pairs
of homologous sides intersect in points of the same straight line, then
the point of inlersection of the sizth pair of homologous sides is also on
this line and the quadrangles are perspective to one another from a point
and from a line.

Given two complete (coplanar or noncoplanar) quadrangles,
KLMN and K,LiMN;, in (1,1) correspondence, having five
pairs of homologous sides intersecting at points on a line u, viz.,

KL and KL, intersecting at 4,

KM and K,M, intersecting at B,
KN and KN, intersecting at C,

MN and M,N, intersecting at D,
NL and N,L, intersecting at E.

To prove (a) that LM and LM, intersect at a point F also on u,
and (b) that KLMN A K,L:M:N, from a point and from a line
(Fig. 14).

Proof. (1) The triangles KLN and K,L,;N, are perspective
from the axis ECA, by hypothesis.

(2) Therefore K Ki, LL;, NN, are concurrent at a point O, by
the converse of Theorem 1.

(1’) The triangles KMN and K,M,N, are perspective from the
axis DCB, by hypothesis.

(2’) Therefore KK, MM,, NN, are concurrent at the same
point O, for IgKl and NN, intersect at O, by (2).

(8) LMN'A LiM N, by (2) and (2').

(4) LMN A LiM;N, from a line, by (3) and Theorem I.

(6) MN and M,N, meet at D, and NL and N,L, at E, by hy-
pothesis. Therefore LM and L,M; meet at a point F which lies
on DE. But DE is coincident with u; hence F lies on u.
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. 0
(6) By (2) and (2') KLMN R K\L\M\Ny, and by (5) KLMN
U
A KyLMN:.

Fic. 14

To the reader we leave the task of dualizing the theorem of this
article.

EXERCISES

1. If two point-rows u, u’ are coplanar and u ‘A u’, what is the dual figure
in the plane; what is the dual figure in space? If u and u’ are not coplanar
and u A u’, what is the dual figure?

2. Prove the theorem: If two coplanar triangles are perspective from a
line, they are perspective from a point.
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8. State the space dual of Desargues’ Theorem (two cases); and the space
dual of its converse (two cases).

4. Indicate the ten pairs of perspective triangles in the Desargues con-
figuration (Fig. 8), and indicate for each pair the center and axis of per-
spectivity.

6. Two lines a, b are coplanar but their common point S = ab is not on
the drawing paper. Given a point P on the drawing paper, it is required to
construct the line PS.

6. Our straightedge is not long enough to draw the line s joining two
points A, B, Given a line p coplanar with A B, it is required to construct the
point ps.

7. If the points 4, B, C of line u and the points A’, B’, C’ of line u'/are
so situated that AA’, BB’, CC’ are concurrent at a point P, then the inter-
sections of BC' and B’C, CA’ and C'A, and AB’ and A’B are collinear on a
line p which passes through the point uu’. Prove this theorem and state its
plane dual.

The line p is called the polar line of the point P with respect to u and u’;
and P is called the pole of line p.

8. In the plane of a given triangle A BC the lines joining a point P to the
vertices of ABC intersect the opposite sides at A’, B’, C' respectively, and
the triangles ABC and A’B’C’ are perspective from the point P. Construet
p, the axis of perspectivity of these two triangles.

This axis p is called the polar line of point P with respect to triangle ABC;
and P is called the pole of line p. Dualize in the plane.

9. Show that Theorem II remains valid in case the line u passes through
one or two diagonal points of the quadrangles.

10. State Theorem II for the special case when line u is the ideal line of the
plane.

11. There is given coplanar with a line ! and a point P a fixed parallelogram.
Using only a straightedge construct the line through P which is parallel to the
line 1.

12. Prove Theorem II when a vertex (or side) of one of the quadrangles
roincides with a vertex (or side) of the other quadrangle.

13. Assuming the quadrangles of Theorem 1I to be coplanar, state and
prove the plane dual of that theorem.



CHAPTER 1V
HARMONIC SETS

4.1 Definitions.

1. Four collinear points 4, B,
C, D constitute gn harmonic
range of points H(AC, BD) if
it is possible to construct a
complete quadrangle having A
and C as two diagonal points
while B and D lie on the two
sides through the third diagonal
point (Fig. 15).

he's
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P1. Four concurrent lines
a, b, ¢, d constitute an harmonic
pencil of lines H(ac, bd) if it
is possible to construct a com-
plete quadrilateral having a and
¢ as two diagonal lines while b
and d pass through the two
vertices lying on the third
diagonal line (Fig. 16).

Fi1a. 16

In addition to the above two definitions, which are plane duals,
we give a third, the space dual of the definition on the left:
S1. Four coaxal planes a, 8, v, § constitute an harmonic pencil of

planes H (ay, 85) if it is possible to construct a complete 4-plane in
a bundle having « and v as two diagonal planes while 8 and & pass
through the two edges lying on the third diagonal plane.

The reader should notice that the space dual of the definition on
the right above gives a definition of an harmonic pencil of lines in
the bundle. This is to be expected, for we have previously re-
marked (Art. 2.2) that the space dual of a flat pencil in a plane is a
flat pencil in a bundle.

34
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The harmonic range, pencil of lines, and pencil of planes are the
harmonic sets of this chapter. With reference to the harmonic
range H(AC, BD) we note an apparent difference between the
pairs A, C and B, D; for the first pair A, C consists of two diagonal
points of the complete quadrangle, while the second pair B, D
consists of points common to the line AC and the third pair of op-
posite sides. We shall see later that this is not a real difference;
that the two pairs A, C and B, D are, in fact, of equal importance
and have similar properties. On the other hand, the points 4 and
C enjoy like roles in the definition and may be interchanged with-
out disturbing the harmonic relation; and the same can be said of
the points B and D.

Analogous statements are valid for the other two harmonic sets.

4.2 Construction of the Fourth Harmonic. If four points 4,
B, C, D on a line u form an harmonic range H(AC, BD), defined
by a complete quadrangle KLMN, then a second complete
quadrangle K;LiM,N}, in the same plane with KLMN or in any
plane passing through u, which has one pair of opposite sides
K,L,, M\N, intersecting at A and a second pair KN, L,M,
intersecting at C, while the fifth side L,N; passes through B,
will have its sixth side K;M, passing through D. That this is
so is at once evident from Theorem II, Art. 3.5.

In other words, the pair of points A, C together with the point
B determine uniquely a fourth point D, which forms with 4, B, C
an harmonic rahge H(AC, BD). We term D the fourth harmonic
of A, B, C and indicate its relation to these points by the symbol
D = H(AC, B).

To construct D = H(AC, B), given the three points 4, B, C
on line u with A and C paired, we draw arbitrarily, in any plane
through u, three nonconcurrent lines — one through each of the
given points. A triangle KLN is thus formed whose sides
KL, LN, NK meet u at 4, B, C, respectively. Now join the
paired points A and C to N and L, respectively; the lines AN
and CL meet at a point, call it M. The complete quadrangle
KLMN thus constructed has A, C as diagonal points while the
fifth side LN cuts AC at B. The sixth side KM, consequently,
cuts u at the desired point D.

Moreover, Theorem II assures us that any other quadrangle
K,L,M,N, constructed in the same manner will determine on
u the same point D.
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The construction just given involves two important features
which should be noted. The first is that three of the six sides of
the quadrangle are drawn arbitrarily through 4, B, C, and,
when once drawn, they determine uniquely the other three sides.
The second is that the interchange of A and C does not change the
construction in any particular; hence D = H(AC, B) = H(CA, B).

The plane dual of this construction is most important and fre-
quently used; the student should become familiar with it now.

4.3 Conjugate Pairs. The symbol H (AC, BD) expresses the
existence of an harmonic relation between the four points A, B,
C, D on a line u — an harmonic relation, in fact, in which 4, C
arc two diagonal points of a complete quadrangle and B, D are
the points where AC is met by the two sides of the quadrangle
passing through the remaining diagonal point. As we have previ-
ously remarked, the pairs of puints 4, C and B, D have, appar-
ently, different roles in the set H(AC, BD). But this, we have also
noted, is not so. To show that the pairs 4, C and B, D are of
equal importance we prove the

TueoreM. The relation H(AC, BD) implies the relation
H(BD, AC).

Given H(AC, BD) or, what is the same thing, that there is
a complete quadrangle KLMN such that KL, MN = A; KN ,
LM =C; LN, AC=B; and KM, AC =D. To prove
H(BD, AC). ‘ .

Proof. (1) Let KM and LN meet at O (Fig. 17). Draw
BK and DL intersecting at R.

(2) The triangles RLK and OMN are perspective from the
line ABD.

(3) By (2) and the converse of Theorem I, the triangles RLK
and OMN are perspective from a point, and thai point is C,
the intersection of LM and KN. That is, RO, the third join
of homologous vertices of these perspective triangles, passes
through C. .

(4) The complete quadrangle RKOL defines the harmonic
range H(BD, AC) for RK, OL = B; KO, RL = D; KL, BD = 4;
and RO, BD = C.

The pairs A, C and B, D, which are thus shown to be alike in
that either 4, C or B, D may be taken as two diagonal points of
a complete quadrangle, are observed to separate each other ac-
cording to the definition of separated pairs in Art. 1.8. We say
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that the pair 4, C of the harmonic range H(AC, BD) is harmoni-
cally separated by the pair B, D; and this, by the above theorem,
implies that the pair B, D is harmonically separated by the pair
A, C. The two pairs 4, C and B, D are called conjugate pairs,
and either pair is said to be conjugate to the other. The fourth
harmonic D = H(AC, B) is the harmonic conjugate of B with
respect to A and C; C = H(A, BD) is the harmonic conjugate of
A with respect to B and D, etc.

If the pair 4, C remains fixed while the point B moves from A4
to C on the segment AC, the harmonic conjugate of B with respect
to 4 and C moves from 4 to C on the segment C.A. That is

in Fig. 17, as B moves to the right and approaches C, point
D = H(AC, B) moves to the left and also approaches C. Forif A
and C are fixed while B varies, the verticgs K and L and the sides
AL, CK, and CL of the complete quadrangle KLMN will also
remain fixed. And as B moves to the right on AC, the side LB
of the quadrangle rotates about the fixed point L in a counter-
clockwise sense; and N moves on the line KC from K to C.
Hence AN rotates about A in a clockwise sense while M moves
from L to C. The side KM, therefore, will rotate about K in
a clockwise sense while D, the intersection of KM and AC, moves
on C.A to the left toward C. Needless to say that if B describes
AC moving from C to A, then by the same kind of argument D
describes C.4A moving from C to A.
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In general, if B describes AC in a certain sense, then point
D = H(AC, B) describes C.4 in the opposite sense.

The contents of this article and of the one immediately preced-
ing will be dualized for the harmonic pencil of lines and the har-
monic pencil of planes by the careful reader before he continues
further.

4.4 Projection and Section of an Harmonic Set.

1. The projector of the har- S1. The section of the har-
monic range H(AC, BD) from | monic pencil of planes H (ay, 85)
a point S not on the support of | by a plane ¢ not on the axis
the range is the harmonic pencil | of the pencil is the harmonic
of lines H(ac, bd), where a | pencil of lines H (ac, bd), where
= SA, b = 8B, etc. a = oa, b = vB, etc.

As to the proposition on the left, if we draw (Fig. 18) through A
any line [ cutting b at N and ¢ at M, and then draw CN = n to cut

a at K, we see that the complete quadrangle KSMN has A and C
as diagonal points and a fifth side passing through B; therefore, the
sixth side KM = m passes through D, since D = H(AC, B). If
AC =k, then the complete quadrilateral klmn has a and c as diag-
onal lines while b and d join ac = S to the fifth and sixth vertices,
In = N and km = D. Hence, klmn defines H (ac, bd).
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The plane dual of the proposition on the left leads to:

2. The section of the har-
monic pencil of lines H (ac, bd)
by a line s on the plane of the
pencil but not on the center of
the pencil is the harmonic range
H(AC, BD), where A = sa,
ete.

S2. The projector of the har-
monic pencil of lines H(ac, bd)
from a line s on the center of
the pencil but not on the plane
of the pencil is the harmonic
pencil of planes H(ay, B8),
where a = sa, etec.

We remark that S2 is the bundle dual of S1. Finally,

3. The section of the har-
monic pencil of planes H (ay, 85)
by a line s which is skew to the
axis of the pencil is the harmonic
range H(AC, BD), where A

= sa, etc.

S3. The projector of the
harmonic range H(AC, BD)
from a line s which is skew to
the support of the range is the
harmonic pencil of planes
H (o, 85), where a = sA, etc.

The proof of 3 follows from S1 and 2, while the proof of S3 is a
consequence of the principle of duality.
The combined results of the above six propositions give immedi-

ately:
Theorem III.
harmonic set..

If we have n forms, F,, F, Fs,

elements, and if moreover

The projection or section of an harmonic set is an

. . ., Fy each consisting of Jour

FFAFRAFA...AF,

we conclude from Theorem III that if one of the forms F; is an
harmonic set then each of the others is also an harmonic set. This
most important result follows from the fact that if two forms are
perspective either the one is a section or projection of the other or
they are both sections or projections of a third form; and hence, an
harmonic relation in the one implies, by Theroem III, an harmonic
relation in the other.

4.6 The Order of Elements in an Harmonic Set. In the symbol
for the harmonic set H (AC, BD), as defined in Art. 4.1, certain per-
mutations of the letters are possible. In fact, as we have noted,
the relation H(AC, BD) implies H(CA, BD), H(AC, DB), and
H(CA, DB); by the theorem of Art. 4.3, H(AC, BD) also implies
H(BD, AC) and hence H(DB, AC), H(BD,CA),and H(DB,CA).



40 HARMONIC SETS [4.6
Of the twenty-four possible permutations of the four letters A, B,
C, D in the symbol H(AC, BD), eight represent harmonic sets.
We observe that these eight permutations are those in which A is
paired with C and B is paired with D, while in the remaining sixteen
permutations A is paired with B(or D) and C is paired with D (orB).

To exhibit the equality of points A and C geometrically we pro-
ject the harmonic range H(AC, BD), for example, from S (Fig. 18)
by the harmonic pencil H(ac,bd). The harmonic pencil H (ac, bd)
is cut by m in the-harmonic range H( KM, OD) which, in turn, is
projected on k through N in the harmonic range H(CA, BD).
Hence H(AC, BD) implies H(CA, BD), etc.

The dual statements should be considered by the reader.

4.6 Harmonically Separated Unlike Pairs.

>

DEriniTION. Two lines b, d DeriNiTION. Two points B,

are said to separate harmoni-
cally the two points 4, C if the
line AC cuts b and d, respec-
tively, at two points B and D
such that H (AC, BD). We
may then write H(AC, bd).

D are said to separate harmoni-
cally the two lines a, ¢ if the
point ac is joined to B and D,
respectively, by two lines b and
d such that H (ac, bd). We may
then write H (ac, BD).

With these definitions of harmonically separated pairs which con-
sist of unlike elements the fol owing propositions are evident:

Two diagonal points of a com-
plete quadrangle are harmoni-
cally separated by the two sides
on the third diagonal point.

Two diagonal lines of a com-
plete quadrilateral are harmoni-
cally separated by the two vertices
on the third diagonal line.

4.7 Problem. Two given lines a and b are coplanar but their
common point O is not on the paper. We wish to draw the line PO,
where P 18 any given point in the plane of a and b.

Through P draw two lines AB and A,B, cutting a at 4 and 4,,
and bat Band B.. Let ABiand A:B meet at R. Then the com-
plete quadrangle A A;BB, shows that P, R are harmonically sep-
arated by a and b, by the proposition of Art. 4.6. Through R now
draw a third line cutting a at A; and b at B; and let 4,B, and A.B
meet at S. The complete quadrangle A;A4:B.B exhibits R and S
as harmonically separated by a and b. Hence P and S both lie on
the harmonic conjugate of OR with respect to a and b. Therefore
PSS goes through O and is the required line.
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EXERCISES

1. Given three points 4, B, C of a point-row, it is required to construct
the harmonic conjugate of A with respect to B and C, i.e., construct A’
= H(A, BC); construct also B’ = H(B,CA)and C' = H(C, AB).

2. Write the plane dual of Ex. 1, and solve.

3. A complete quadrangle ABCD has a diagonal triangle XYZ. Show
that the six additional points common to the sides of the diagonal triangle and
the complete quadrangle are the vertices of a complete quadrilateral. Dualize.

4. Prove that an harmonic pencil of lines is cut by any line on its plane
but not on its center in an harmonic range of points.

6. Dualize in the plane the statement and the construction of the problem
of Art. 4.7. (Cf. Exs. 5 and 6, Chapter III.)

6. A line turns about a fixed point P and intersects two fixed lines a and
b, which are coplanar with it, at the variable points A and B respectively.
What is the locus of the point X = H(P, AB)?

7. Show that the locus of the point X of Ex. 6 is the polar line of P with
respect to the lines a, b. (Cf. Ex. 7, Chapter 111.)

8. Discuss the plane duals of Exs. 6 and 7.

9. If line p is the polar of point P and line ¢ is the polar of point Q with
respect to two coplanar lines a and b, show that when P lies on ¢ then @ lies
on p.

10. A straight line intersects the sides of a triangle ABC at the points
A,, By, Cy, and the harmonic conjugate, with respect to the two vertices on
the same side, of each of these points is constructed; for example, A,
= H(A,, BC), etc. Show that A,, B;, C; are collinear points, as are A, By, C;
and A, B,, Ci. Show also that A A,, BB, CC; are concurrent lines, as are
AA;, BB;, CC; and AA], BBz, C’Cl and AA;, BB[, CC:



CHAPTER V
METRIC PROPERTIES — THE DOUBLE RATIO

6.1 Projective and Metric Properties. In Art. 1.6 we charac-
terized projective geometry as the geometry which studies those
properties of space which are invariant (i.e., unchanged) under all
projections. Let us be more explicit.

DEriNITION. A projective property of a figure is a property
which is preserved by all projections.

From our study of the more familiar geometry of Eueclid,
we are acquainted with many properties of figures which are
not projective. For example, the distance between two points
and the size of an angle are not invariant undér projections. On
the other hand, the reader will recognize that these properties are
properties which are preserved when the figure is subjected to any
rigid motion, i.e., when the figure is subjected to a change in
position only. They are Bised upon the concept of measure and
are called metric properties.

Metric properties are not invariant under projections. Projec-
tive properties, however, are invariant under rigid motions. For
example, such projective properties as concurrence of lines and col-
linearity of points are evidently preserved by all rigid motions.
What then is the distinction between projective and metric prop-
erties?

DEFINITION. A metric property is a property which is preserved
by all rigid motions but is not preserved by all projections.

Thus, a theorem is a projective theorem if it is concerned with
projective properties only; it is a metric theorem if it is concerned
with metric properties alone or with metric properties and projec-
tive properties together.

Euclidean geometry, excluding that part devo