UNIVERSAL
LIBRARY

OU_174093

AdVvddl T
1VSHIAINN


















BY THE SAME AUTHOR.

COORDINATE GEOMETRY. Crown 8vo. Fif-
teenth Impression. 6s. The Straight Line and Circle
only, 3s. 6d. Solutions of the Examples (with A. S.
Gosser-TANNER, M.A.). 7s. 6d.

AN ARITHMETIC FOR SCHOOLS. Twelfth
Edition. Globe 8vo. With or without Answers,
4s. 6d. Or in two Parts, with Answers, 2s. 6d. each.
The Examples alone, 3s. The Answers alone, 6d.

A NEW EDITION OF DR TODHUNTER’S
ALGEBRA FOR BEGINNERS. Globe 8vo. Tenth

Impression. 3s. 6d. without Answers. 4s. 6d. with
Answers. KEY, 8s. 6d. net.

A NEW EDITION OF DR TODHUNTER’'S
EUCLID. Globe 8vo. Fourth Impressicn. 4s. 6d.
Also Book I., 1s. Books L and II., 1s. 6d. Books
I.—1V,, 3s.

With L. W. GrexviLLe, M. A.

A SHILLING ARITHMETIC. Tenth Edition. Globe
8vo. 1ls. With Answers, 1s. 6d.

flondon: MACMILLAN AND CO., LIMITED,



BY THE SAME AUTHOR.

A TREATISE ON ELEMENTARY DYNAMICS.
Crown 8vo. Eighth Edition. 7s. 6d.
SOLUTIONS OF THE EXAMPLES IN THE
ELEMENTARY DYNAMICS. Crown 8vo. 7s. 6d.
THEELEMENTS OF STATICS AND DYNAMICS.
Ex. Fcp. 8vo.
PartT. ErLemesTts or Starics. Fourteenth Edition.
4s. Gd.
Parr II. ErnemenNts oF DywNamics. Fourteenth
Edition. 3s. 6d.
The two Parts bound in one volume, 7s. 6d.
SOLUTIONS OF THE EXAMPLES IN THE
ELEMENTS OF STATICS AND DYNAMICS.
Ex. Fcp. 8vo. 7s. 6d.

MECHANICS AND HYDROSTATICS FOR
BEGINNERS. Ex. Fcp. 8vo. Thirteenth Edition.
4s. 6d.

PLANE TRIGONOMETRY. Crown 8vo. Eleventh
Edition. 7s. 6d. Or in two Parts.
Part I. Up To AND INCLUDING THE SOLUTION OF
TRIANGLES. bs.
Part II. Dg Moivke’'s THEOREM AND THE HIGHER
PorTioNs. 3s. 6d.

SOLUTIONS OF THE EXAMPLES IN THE
PLANE 'l‘RIGONOMETR}’. Crown 8vo. Second
Edition, Part I, 6s., Part 1I, 6s.

THE ELEMENTS OF TRIGONOMETRY WITH
FOUR-FIGURE LOGARITHM TABLES. Ex.
Fcp. 8vo. Third Edition. 3s. 6d.

THE ELEMENTS OF HYDROSTATICS, being a
Companion Volume to the Elements of Statics and
Dynamies. Ex. Fcp. 8vo. Fifth Edition. 4s. 6d.

SOLUTIONS OF THE EXAMPLES IN THE
ELEMENTS OF HYDROSTATICS. Ex. Fcp. 8vo,
Bs.

DYNAMICS OF A PARTICLE AND OF RIGID
BODIES. Demy 8vo. Second Edition. 12s.

STATICS. Demy 8vo. 12s.

CAMBRIDGE UNIVERSITY PRESS.
: C. F. CLAY, MANAGER.
gondon: FETTER LANE, E.O.
Evinburgh: 100, PRINCES STREET.




PLANE

TRIGONOMETRY.



CAMBRIDGE UNIVERSITY PRESS
C. F. CLAY, MANAGER
Fonvon: FETTER LANE, E.C.
FEvinburgh: 100 PRINCES STREET

o Pork: G. P. PUTNAM'S SONS
Bombay, Calcutta anv Manmag: MACMILILAN AND Co., Lrp,
Toronto: J. M. DENT AND SONS, I ro.
Tohkpo: THE MARUZEN-KABUSHIKI-KAISHA

All yights veserved



PLANI
TRIGONOMETRY

BY

S. L. LONEY, MA.

PROFESSOR OF MATIHEMATICS AT THE ROYAL HOLLOWAY COLLEGE
(UNIVERSITY OF LONDON),
SOMETIME FLLLOW OF SIDNEY BUSSEX COLLEGE, CAMBRIDGE.

PART L

AN ELEMENTARY COURSE, EXCLUDING THE USE OF
IMAGINARY QUANTITIES.

CAMBRIDGE:
AT TIIE UNIVERSITY PRESS
1915



First Edition, 1893.
Second Edition, 1895.
Third Edition, 1896.
Reprinted 1898, 1901, 1903, 1906, 1908, 1910, 1912.
New Edition with a set of Miscellaneous Examples
and Five-figure Tables, 1915.



PREFACE.

THE following work will, I hope, be found to be a

fairly complete elementary text-book on Plane Trigo-
nometry, suitable for Schools and the Pass and Junior
Honour classes of Universities. In the higher portion of
the book I have endeavoured to present to the student,
as simply as possible, the modern treatment of complex
quantities, and I hope it will be found that he will have
little to unlearn when he commences to rcad treatises of
a more difficult character.

As Trigonometry consists largely of formule and the
applications thereof, I have prefixed a list of the principal
formule which the student should commit to memory.
These more important formul® are distinguished in the
text by the use of thick type. Other formule are sub-
sidiary and of less importance.

The number of examples is very large. A selection
only should be solved by the student on a first reading.



vi PREFACE.

On a first reading also the articles marked with an
asterisk should be omitted.

Considerable attention has been paid to the printing
of the book and I am under great obligation to the
Syndics of the Press for their liberality in this matter,
and to the officers and workmen of the Press for the
trouble they have taken.

I am indebted to Mr W. J. Dobbs, B.A., late Scholar
of St John’s College, for his kindness in reading and
correcting the proof-sheets and for many valuable sug-
gestions.

For any corrections and suggestions for improvement

I shall be thankful.
S. L. LONEY.

Royar, Horroway CoLLEGE,
Eanam, Surrey.
September 12, 1893,

PREFACE TO THE SECOND EDITION.

The Second Edition has been carefully revised, and it
is hoped that few serious mistakes remain either in the
text or the answers.

Some changes have been made in the chapters on
logarithms and logarithmic tables, and an additional
chapter has been added on Projections.

April 25, 1895,
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THE PRINCIPAL FORMULA IN

TRIGONOMETRY.

PART L

I. Circumference of a circle = 2.
355

22
w=3-14159.. [Appromma.tlons are - and = 113

A Radian =57° 17" 44-8” nearly.
Two right angles =180° = 2008 = 7 radians.
arc

Angle = radius x Radian.
IL sin?d + cos?f=1;
sec’f =1+ tan0;
cosec? =1 + cot? 4.
II1. sin0°—-0 ‘cos 0°=1.
sin 30° —9, cos 30° —“/3
1
&in 45° =cos 45° =7§.
sin 60° = "/3,00360‘ ;
§in90°=1; cos 90° =0.
s ,_.,/3—1, o_af3+1
ﬂlnlb— 2 N 00815 -»27—2‘

J5+l

(Art.
. (Art.

(Art.
(Art.

(Art.

(Art.
(Art.
(Art.

12.)
13.)

16.)
19.)

21.)

27.)
36.)
34.)

(Art. 33.)

(Art.

35.)

(Art. 37.)

(Art. 106.)

sin 18° = '~/5 1. cos36° = Ol (arts 120, 121)



Iv.

8in (— 0) = -sin 6 ; cos (- 6)=cosé.

sin (90° —6)=cos 0 ; cos (90° — 0) =sin 6.
sin (90° + 6) =cos 6 ; cos (90° + 6) = — sin 6.
sin (180° —6) =sin 6 ; cos (180° — 6) =—cos 6.

V. Ifsinf=sina, then 6=nmr+(—1)"a

VI

If cos O =cosa, then 6=2nr=a.

If tan 0 = tan a, then § =nr + a.

sin (4 + B) = sin 4 cos B + cos 4 sin B.

cos (4 + B) = cos 4 cos B —sin 4 sin B.
sin (4 - B) = sin 4 cos B — cos A sin B.
cos (4 — B) = cos 4 cos B + sin 4 sin B.
sin C + 8in D =2sin ; cos»~»—2—l—).
sinC——sinD=2coso';DsinC;D.
cosC+cosD=2cosg—-:£cosC_2D.
cosD-cosC=2sinC;Ds C—'—;—Q

2sin 4 cos B=8in (4 + B) + sin (4 — B)
2 cos 4 sin B=sin (4 + B) - sin (4 — D).

2cos 4 cos B =cos (4 + B) + cos (4 - D).
2sin 4 sin B=cos (4 — B) —cos (4 + B).

THE PRINCIPAL FORMULAE IN TRIGONOMETRY.

(Art. 68.)
(Art. 69.)
(Art. 70.)
(Art. 72.)

sin (180° + 6) =—sin 6 ; cos (180° + 6) = —cos 6. (Art. 73.)

(Art. 82.)
(Art. 83.)
(Art. 84.)

(Art. 88.)

(Art. 90.)

(Art. 94.)

(Art. 97.)



THE PRINCIPAL FORMULA IN TRIGONOMETRY.

gqu +tan B
1—tan 4 tan B°
tan A4 —tan B
m(A_B)=1_+tanAtanB'

tan (4 + B) =

sin 24 = 2sin 4 cos 4.

cos 24 =cos?’ 4 —sin?A4=1-2sin?4=2cos’4—-1. (Art.
sin 24 = 2104 cos2A=;::‘._;;‘:7‘:. (Art.
tan 24 = li_t%ta—r;%. (Art.
sin 34 = 3 sin 4 — 4 sin® 4.
cos 34 == 4 cos® 4 — 3 cos 4.
tan 34 = 3 tfll‘;_a%lj{i . (Art.

. A 1-cos4d 4 1+cosd
sm—2-=*‘\/ 5 ~;cos§:i\/T-. (Art.

2sin-‘;==4=~/1+sinA*\/l—sinA.

2cosg=e=~/1+sinAq-~/l—-sinA. (Art.

8 —8,+85—...

tan (4, + 43+ ... + 4,) = e r—
0y 4 " see

. (Art.

VIL log, mn =log, m + log, n.
log, 17': =log, m - log, n

log, m® = n log, m. (Art.
log, m = log, m x log, b. (Art.

xi

(Art. 98.)

105).

109.)

105.)

107.)

110.

136.)
147.)



Xil THE PRINCIPAL FORMULZE IN TRIGONOMETRY,

VIIL “i’;A = “’;B = Si‘; . (Art. 163.)
cos 4 =§.”i2";_cii°,... (Art. 164.)

sin % - (“’—'l’—);@ - (Art. 165.)

cossj—2‘1 = i(_s—b:;?i_),...... (Art. 166.)

tand =, /4 ([8)_% 9. (Art. 167.)

sin 4 = I—)—c\/3 (s—a)(s—b)(8—c¢),... (Art. 169.)

a=bcos C+ccos B,...... (Art. 170.)
B-C b-c 4
tan ——2—2 mcot g,-.-.oc (Art- 171-)

S=.Js(s-a)(s-b)(s—c)= %bcsinA:%ca sinB:-;—absinC.
- (Art. 198.)

b ¢ =% (Arts. 200, 201)

IX. B= 2smA “9em B 9sinC 48"

v

r =§-= (8—a)tan ‘g =..=.. (Arts 202, 203.)

S A
== tan ok (Arts. 205, 206.)

Area of a quadrilateral inscribable in a circle
=J({E=a)(s—b)(s—c) (s -d). (Art. 219.)

6_115_0 =1, when 6 is very small, (Art. 228.)

Area of a circle =77, (Art. 233.)
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sin a + sin (a + B) +sin (a + 28) + ... to n terms
L

sin a+n_l sinn—’B
)

2 2
3 . (Art. 241)
sin 3
cos a +cos (a + fB) + cos (a + 2B) + ... to n terms
cos {a+7%——1 B} sin %B
= 5 (Art. 242)
sin g

2






CHAPTER L

MEASUREMENT OF ANGLES, SEXAGESIMAL, CENTESIMAL,
AND CIRCULAR MEASURE.

1. IN geometry angles are measured in terms of a
right angle. This, however, is an inconvenient unit of
measurement on account of its size.

2. In the Sexagesimal system of measurement a
right angle is divided into 90 cyqual parts called Degrees.
Each degree is divided into 60 equal parts called
Minutes, and each minute into 60 equal parts called
Seconds.

The symbols 1°,1/, and 1” are used to denote a degree,
a minute, and a second respectively.

Thus 60 Seconds (60”) make One Minute (1'),

60 Minutes (60) ,, » Degree (1°),
and 90 Degrees (90°) »,, » Right Angle.

This system is well established and is always used in
the practical applications of Trigonometry. It is not
however very convenient on account of the multipliers 60
and 90.

L. T. 1
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3. On this account another system of measurement
called the Centesimal, or French, system has Dbeen
proposed. In this system the right angle is divided into
100 equal parts, called Grades; each grade is subdivided
into 100 Minutes, and each minute into 100 Seconds.

The symbols 18, 1%, and 1" are used to denote a Grade,
a Minute, and a Second respcctively.

Thus 100 Seconds (100") make One Minute (1%),

100 Minutes (100') » Grade, (18),
100 Grades (100¢) ” » Right angle.

4. This system would be much more convenient to
use than the ordinary Sexagesimal System.

As a preliminary, however, to its practical adoption, a
large number of tables would have to be recalculated.
For this reason the system has in practice never been used.

6. To convert Sexagesimal into Centesimal Measure,
and vice versa.

Since a right angle is equal%) 90° and also to 1008, we
have !

90° =100
. _ 108 i
LK) 1 .9 d 1‘—1_()'

Hence, to change degrees into grades, add on one-
ninth ; to change grades into degrees, subtract one-tenth,

Bx. 86°= (36 rix 36)': 40s,
and Bds= (64—— x 64) = (64~ 6-4)°=57-6°

If the anmgle do not contain an integral number nj‘
degrees, we may reduce it to a fraction of a degree an
then change to grades.
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In practice it is generally found more convenient to
reduce any angle to a fraction of a right angle. The
method will be scen in the following examples;

Bx. 1. Reduce 63°14' 51" to Centesimal Measure.

oy 17 .
We have 81 = ‘2‘6 =-85',
.50
and 14’ 517 =14-85'= 3%%—5—= -2475°,
& 63°14/517=63-2475°= 93—9237—5 rt. angle

=-70275 rt. angle

=T0°2758=70827-5' =708 27' 50",
Bx. 8. Reduce 947 23' 87" to Sexagesimal Measure.

945 23' 87" =-942387 right angle

90
84:81483 degrees

60
488898 minutes

60
533880 seconds.

~ 94823 87" =84° 48’ 53-388".

6. Angles of any size.

Suppose A0A’ and BOB' to be two fixed lines meeting
at right angles in O, and suppose. °
a revolving line OP (turning about
a fixed point at 0) to start from
OA and revolve in a direction P
opposite to that of the hands of a A’ A
watch.

For any position of the re- P3 Pe
volving line between OA and OB,
such as OP,, it will have turned:
through an angle 40P, which is less than a right angle,

1-2

B
Pa Py

g
B
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For any position between OB and 04’ such as OP,,
the angle AOP, through which it has turned is greater
than a right angle.

For any position OP;, between 04’ and OB, the
angle traced out is AOP;, t.e. AOB + BOA’'+ A'OP,, ve.
2 right angles + A’OP,, so that the angle described 1is
greater than two right angles.

For any position OP,, between OB’ and OA, the angle
turned through is similarly greater than three right angles.

When the revolving line has made a complete revo-
lution, so that it coincides once more with OA, the angle
through which it has turned is 4 right angles.

If the line OP still continue to revolve, the angle
through which it has turned, when it is for the second
time in the position OP;, is not AOP, but 4 right angles
+ AOP,.

Similarly, when the revolving line, having made two
complete revolutions, is once more in the position OF,
the angle it has traced out is 8 right angles + AOP,.

7. If the revolving line OP be between 04 and OB,
it is said to be in the first quadrant; if it be between OB
and 04’, it is in the second quadrant; if between 04’ and
OF, it is in the third quadrant; if it is betwecn OB’ and
04, it is in the fourth quadrant.

8. Bx. What is the position of the revolving line when it has turned
through (1) 225°, (2) 480°, and (3) 1050°2

(1) Bince 225°=180°+45° the revolving line has turned through
45° more than two right angles, and it is therefore in the third quadrant
and halfway between 04’ and OB’

(2) Since 480°=3860°+120° the revolving line has turned through
120° more than one complete revolution, and is therefore in the second
quadrant, i.e. between OB and 04’, and makes an angle of 30° with OB,
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(3) S8ince 1050°=11 x 90° +60°, the revolving line has turned through
60° more than eleven right angles, and is therefore in the fourth
quadrant, i.e. between OB’ and 04, and makes 60° with OB’,

EXAMPLES. I

Express in terms of a right angle the angles
1. 60° 2. 715°1%'. 3. 63°17’ 25",
4. 130°30. 5. 210°30’30”. 6. 370°20/ 48",

Express in grades, minutes, and seconds the angles

7. 80°. 8. 81°. 9. 138°30. 10. 35°47°15”.
11. 235°12'36”. 12, 475°13748".

Express in terms of right angles, and also in degrees, minutes, and

seconds the angles
13. 120s. 14. 45835 24", 15. 39845 36",
16. 25588'9". 17. 75980'5".

Mark the position of the revolving line when it has traced out the
following angles:

18. g right angle, 19. 38} right angles. 20, 13} right angles.
21, 120° 23, 315°% 23, 745°% 24, 1185° 25, 150s.
26, 4208, 97, 8758,

28. How many degrees, minutes and seconds are respectively passed
over in 11} minutes by the hour and minute hands of a watch ?

29, The number of degrees in one acute angle of a right-angled
triangle is equal to the number of grades in the other; express both the
angles in degrees.

30. Prove that the number of Sexagesimal minutes in any angle is
to the number of Centesimal minutes in the same angle as 27 : 50.

31. Divide 44°8' into two parts such that the number of Sexagesimal
seconds in one part may be equal to the number of Centesimal seconds in
the other part.

Circular Measure.

9. A third 'system of measurement of angles has
been devised, and it is this system which is used in all
the higher branches of Mathematics.
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The unit used is obtained thus;

Take any circle APBB’, whose centre is 0, and from
any point 4 measure off an arc
AP whose length is equal to ghe
radius of the circle. Join OA4 and
OP.

The angle AOP is the angle
which is taken as the unit of cir-
cular measurement, 7.e. it is the
angle in terms of which in this
system we measure all others. -

This angle is called A Radian and is often denoted
by 1°

10. It is clearly essential to the proper choice of a
unit that it should be a constant quantity ; hence we must
shew that the Radian is a constant angle. This we shall
do in the following articles.

11. Theorem. The length of the circumference of a
circle always bears a constant ratio to its diameter.

Take any two circles whose common centre is 0. In
the large circle inscribe a regular
polygon of n sides, ABCD....

Let 04, OB, 0C,... meet the
smaller circle in the points a, b,
¢, d... and join ab, be, cd,....

Then, by Euec. V1. 2, abed... i8
a regular polygon of n sides in-
scribed in the smaller circle.

Since Oa = 0b, and 04 = 0B,
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the lines ab and 4 B must be parallel, and hence
-47)1—? = %i;- . (Euc. vI. 4).
Also the polygon ABCJ... being regular, its perimeter,
t.e. the sum of its sides, is equal to n. AB. Similarly for
the inner polygon.
Hence we have
Perimeter of the outer polygon _=. AB _ AB 04
Perimeter of the inner polygon ~ n.ab " Oa

This relation exists whatever be the number of sides
in the polygons.

Let then the number of sides be indefinitely increased
(.e. let n become inconceivably great) so that finally the
perimeter of the outer polygon will be the same as the
circumference of the outer circle, and the perimeter of the
inner polygon the same as the circumference of the inner
circle.

The relation (1) will then become

Circumference of outer circle 04
Circumference of inner circle  Oa

_ Radius of outer circle

" Radius of inner circle”

Hen Circumference of outer circle
Radius of outer circle
__ Circumfcrence of inner circle
Radius of inner circle
Since there was no restriction whatever as to the sizes
of the two circles, it follows that the quantity
Circumference of a circle
Radius of the circle
is the same for all circles.
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Hence the ratio of the circumference of a circle to its
radius, and therefore also to its diamecter, is a constant
quantity.

12. In the previous article we have shewn that the

Circumference . .
i is the same for all circles. The value
Diameter

of this constant ratio is always denoted by the Greek
letter 7 (pronounced Pi), so that 7 is a number.

ratio

Circumference
" Diameter
We have therefore the following theorem; The cir-
cumference of a circle is always equal to 7 times
its diameter or 27 times its radius.

Hence =the constant number o,

13. Unfortunately the value of # is not a whole
number, nor can it be expressed in the form of a vulgar
fraction, and hence not in the form of a decimal fraction,
terminating or recurring. Jptlae oy

The number 7 is an incommensurable magnitude, s.e. a
magnitude whose value cannot be exactly expressed as the
ratio of two whole numbers,

Its value, correct to 8 places of decimals, is

3:14159265....
The fraction ¥ gives the value of 7 correctly for the
22
7
. 8565, .
The fraction {13 '8 @ more accurate value of m, being
355

correct to 6 places of decimals; for 113 = 3'14159203....

first two decimal places; for - = 3:14285...,
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5

[N.B. The fraction ?—%
first three odd numbers repeating each twice, thus 113355; divide the
number thus obtained intotwo partsand let the first part be divided into
the second, thus 113) 355(.

The quotient is the value of = to 6 places of decimals.]

may be remembered thus; write down the

To sum up. An approximate value of 7, correct
2
to 2 places of decimals, is the fraction -2;-7- 3 & more
accurate value is 3°-14159...,

By division, we can shew that
1

w

='3183098862....

14. Ex. 1. The diameter of a tricycle wheel is 28 inches; through
what distance does its centre move during one revolution of the wheel?

The radius r is here 14 inches.
The circumference therefore =2.m .14 =28 inches.

If we take T= 2—72-, the circumference =28 x —2,72- inchesél ft. 4 inches

approximately.
If we give r the more accurate value 3:14159265..., the circumference

=28 x 3-14159265... inches =7 ft. 3-96459... inches.
Bx. 2. What must be the radius of a circular running path, round
which an athlete must run 5 times in order to describe one mile?
The circumference must be 1x 1760, i.e. 352, yards.

5
Hence, if r be the radius of the path in yards, we have 3xr=352,

f.e. r= 176 yards.
3

176 x 7
22

Taking = 2—7% , we have r= =50 yards nearly.

Taking the more accurate value -5 =+31831, we have

r=176 x *31831 =56-02256 yards,
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EXAMPLES. II.

1. If the radius of the earth be 4000 miles, what is the length of its
circumference?

2. The wheel of a railway carriage is 3 feet in diameter and makes
8 revolutions in a second ; how fast is the train going?

3. A mill sail whose length is 18 feet makes 10 revolutions per
minute. What distance does its end travel in an hour?

4. The diameter of a halfpenny is an inch; what is the length of a
piece of string which would just surround its curved edge?

5. Assuming that the earth describes in one year a circle, of
92500000 miles radius, whose centre is the sun, how many miles does the
earth travel in a year?

6. The radius of a carriage wheel is 1 ft. 9 ins., and in %th of a

second it turns through 80° about its centre, which is fixed; how many
miles does a point on the rim of the wheel travel in one hour?

15. Theorem. The radian 1s a constant angle.
Take the figure of Art. 9. Let the arc 4B be a

quadrant of the circle, .. one quarter of the circum-
ference.

By Art. 12, the length of AB is therefore '—”2—7‘ , where r

is the radius of the circle.
By Euc. vI 33, we know that angles at the centre of
any circle are to one another as the arcs on which they

stand. 'Rl
Hence AAOP_arcAP__ r 2
LAOB arcAB 7 =’
§T
t.6. AAOP-— ZAOB.

But we deﬁned the angle AOP to be a Radian,
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Hence a Radian=2 . 2 AOB

aT
=2 of a right angle. -
== of a right angle.

Since a right angle is a constant angle, and since we
have shewn (Art. 12) that = is a constant quantity, it
follows that a Radian is a constant angle, and is therefore
the same whatever be the circle from which it is derived.

16. Magnitude of a Radian.
By the previous article, a Radian
180°

2 .
=_xa right angle =

= 180° x ‘3183098862... = 57-2957795°
= 57°17' 448" nearly.

17. Since a Radian = % of a right angle,

therefore a right angle = 7—; .radians,

8o that 180° = 2 right angles = 7 radians,
and  360° =4 right angles = 27 radians.

Hence, when the revolving line (Art. 6) has made &
complete revolution, it has described an angle equal to
27 radians; when it has made three complete revolutions,
it has described an angle of 67 radians; when it has made
n revolutions, it has described an angle of 2n7 radians.

18. In practice the symbol “¢” is generally omitted,
and instead of “an angle #*” we find written “an
angle =.”



12 TRIGONOMETRY.

The student must notice this point carefully. If the
unit, in terms of which the angle is measured, be non
mentioned, he must mentally supply the word “radians.”
Otherwise he will casily fall into the mistake of supposing
that 7 stands for 180°. It is true that = radians (#°)is
the same as 180°, but 7 itself is a number, and\x number
only.

19. To comvert circular® measure into sewxagesimal
measure or centestmal measure and vice versa.
The student should remember the relations
Two right angles = 180° =200 # = 7 radians,
The conversion is then merely Arithmetic,
Ex. (1) -457°=-45x 180°=81°=90s.
2 3°=§_Xr°=1—r3 ><180°=§x200'.
©®) 40°15’ 36" =40° 15§’ =40-26°

e .
=40" T .99 ians.
=40°26 x 150 22367 radians,
V36" =40-153608=40"15 T radi
(4) 40815' 36" =40'15365=40"1536 x 300 radians
=200768x radians.

20. Bx.1. The angles of a triangle are in A. p. and the number of
grades in the least is to the number of radians in the greatest as 40 : ;
Jfind the angles in degrees.

Let the angles be (z-y)°, 2°, and (z +y)°.

Since the sum of the three angles of a triangle is 180°, we have

180=z~-y+z+x+y=23x,
80 that x=60.
The required angles are therefore
(60 ~y)°, 60° and (60+y)°,

Now (60-9)°="x (60-y)s,

L4 .
and (60+y)°= 180 X (60+ y) radians,
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Hence %) (60~y) : %6(60+y) 1 40:m,
20060-y _ 40
T 60+y =’
i.e. 5(60~y)=60+y,
i.e. y =10.

The angles are thercfore 20°, 60°, and 100°.

Bx. 3. Eaxpress in the 3 systems of angular measurement the magni-
‘tude of the angle of a regular decagon.

The-eorollary to Euc. I. 32 states that all the interior angles of any
rectilinear figure together with four right angles are equal to twice as
many right angles as the figure has sides.

Let the angle of a regular decagon contain z right angles, so that
all the angles are together equal to 10z right angles.
The corollary therefore states that

10z + 4 =20,
8o that z=§ right angles.
But one right angle
=90°=1008= 1_r2_ radiana,
Hence the required angle
=144°=1608 = 4;-' radians.

EXAMPLES. IIL
Express in degrees, minutes, and seconds the angles,
° e

1. 35 2. 5 3. 10»°. 4, 1o, 5. 8
Express in grades, minutes, and seconds the angles,
4x0 <
A A T
Express in radians the following angles:
9. 60°. 10. 110°30’. 11. 175°45". 12. 47°25'86".
13. 896°. 14, 60s. 15, 110s30'. 16, 845825' 36",

17. The difference between the two acute angles of a right-angled

. . 2 .
triangle is " radians; express the angles in degrees,
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18. One angle of a triangle is g.'c grades and another is gz degrees,

whilst the third s ’;—-’; radians ; express them all in degrees.

19. The circular measure of two angles of & triangle are respectively

% and %; what is the number of degrees in the third angle?

20. The angles of a triangle are in A. p. and the number of degrees
in the least is to the number of radians in the greatest as 60 to »; find
the angles in degrees.

21. The angles of a triangle are in A. p. and the number of radians
in the least angle is to the number of degrees in the mean angle as 1:120.
Find the angles in radians.

22. Find the magnitude, in radians and degrees, of the interior
angle of (1) a regular pentagon, (2) a regular heptagon, (3) a regular
octagon, (4) a regular duodecagon, and (5) a regular polygon of 17 sides.

23. The angle in one regular polygon is to that in another as 8 : 3;
also the number of sides in the first is twice that in the second; how
many sides have the polygons?

24. The number of sides in two regular polygons are as 5 : 4, and
the difference between their angles is 9°; find the number of sides in
the polygons.

25. Find two regular polygons such that the number of their sides
may be as 3 to 4 and the number of degrees in an angle of the first to the
number of grades in an angle of the second as 4 to 5.

26. The angles of a quadrilateral are in A. p. and the greatest is
double the least; express the least angle in radians.

27. Find in radians, degrees, and grades the angle between the
hour-hand and the minute-hand of & clock at (1) half-past three,
(2) twenty minutes to six, (3) a quarter past eleven.

28. Find the times (1) between four and five o’clock when the angle
between the minute-hand and the hour-hand is 78°, (2) between seven and
eight o’clock when this angle is 54°.

21. ‘Theorem. The number of radians tn any angle
whatever 18 equal to a fraction, whose numerator 1s the arc
which the angle subtends at the centre of any circle, and
whose denominator 18 the radius of that circle.
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Let AOP be the angle which has been described by a
line starting/from OA and revoly-
ing into the position OP.

With centre O and any radius
describe a circle cutting 04 and
OP in the points 4 and P.

Let the engle AOB be a radian,
so that ghe arc AB is equal to the
radius 0A4.

By Euc. vI. 33, we have

~ £AOP £AOP arc AP _arc AP
A Radian ~ ZAOB ™ arc AB_ Radius’
go that ZAOP= ﬂ‘.ﬂ) of a Radian.
Radius
Hence the theorem is proved.

23. Bx.1. Find the angle subtended at the centre of a circle of
radius 3 feet by an arc of length 1 foot.

The number of radians in the angle = Bro_
radius

=1
=3e
Hence the angle

) 12, 2 60°
=3 radian = 37 right angle= 57 X 90° = - =190,

taking » cqual to ?73

Ex. 3. Inacircle of 5 feet radius what is the length of the arc which
subtends an angle of 38°15’ at the centre ?
It 3 feet be the required length, we have

%-nﬁmber of radians in 33° 15’

331
=% (Art. 19).
188
720"
183 183 22
o os=iow foet = — 5 X T feet nearly

=244 feot nearly.
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Bx. 8. Assuming the average distance of the earth from the sun to be
92500000 miles, and the angle subtended by the sun at the eye of a person
on the earth to be 32', find the sun’s diameter.

Let D be the diameter of the sun in miles.

The angle subtended by the sun being very small, its diameter is very
approximately equal to a small arc of a circle whose centre is the eye of
the observer. Also the sun subtends an angle of 32’ at the centre of this
circle.

Hence, by Art. 21, we have

- D
Pl i i
32500000 the number of radians in 32’
7 g°
=the number of radians in i3
-8, xr _2r
=15 X180~ 675°
185000000 .
& D= & " miles
—-18_5@9(—)—0 X 22 miles approximatel.
T 7 PP v

=about 862000 miler.

Bx. 4. Assuming that a person of normal sight can read print at such
a distance that the letters subtend an angle of 5 at his eye, find what is
the height of the letters that he can read at a distance (1) of 12 feet, and
(2) of a quarter of a mile.

Let z be the required height in feet.

In the first case, z is very nearly equal to the arc of a circle, of radius
12 feet, which subtends an angle of 5" at its centre.

Hence %: number of radians in 5’
== —]i- x l—
12 7 180°

r 1 22
T feet =180 % T feet nearly

1 22, 1,
=X mches-a.bonta inch,
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In the second case, the height y is given by

-Egﬁ.znumber of radians in &
_1 <X
=12 " 180°
11 11 22
go that y=i§w=ﬁx7feetneﬂly

=about 23 inches.
EXAMPLES. IV.

[Auume x=314159... and 11’ =~31931.]

1. Find the number of degrees subtended at the centre of a circle by
an aroc whose length is -857 times the radius.

2. Express in radians and degrees the angle subtended at the centre
of a circle by an arc whose length is 15 feet, the radius of the circle
being 25 feet.

3. The value of the divisions on the outer rim of a graduated circle
is 5’ and the distance between successive graduations is 1 inch, Find
the radius of the circle.

4., The diameter of a graduated circle is 6 feet and the graduations
on its rim are 5§’ apart; find the distance from one graduation to
another,

5. Find the radius of a globe which is such that the distance between
two places on the same meridian whose latitude differs by 1° 10’ may be
half-an-inch.

. 6. Taking the radius of the earth as 4000 miles, find the difference
;lﬁn latitude of two places, one of which is 100 miles north of the other.

7. Assuming the earth to be a sphere and the distance between
two parallels of latitude, which subtends an angle of 1° at the earth’s
centre, to be 69} miles, find the radius of the earth.

8. The radius of a certain circle is 8 feet; find approximately the
length of an arc of this circle, if the length of the chord of the arc be
8 feet also, j? y

9. What is the ratio of the radii of two ciroles at the centre of which
two arcs of the same length subtend angles of 60° and 75°?

10. If an arc, of length 10 feet, on a circle of 8 feet diameter
subtend at the centre an angle of 143°14’'23”; find the value of w
to 4 places of decimals.

L. T 2

0
?
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11. If the circumference of a circle be divided into 6 parts which are
in a.p., and if the greatest part be 6 times the least, find in radians
the magnitudes of the angles that the parts subtend at the centre of the
circle. )’, " o

12. The perimeter of a certain sector of a circle is equal to the length
of the arc of a semicircle having the same radius; express the angle of
the sector in degrees, minutes, and seconds.

13. At what distance does a man, whose height is 6 feet, subtend an
angle of 10'?

14, Find the length which at a distance of one mile will subtend
an angle of 1’ at the eye.

15. Tind approximately the distance at which a globe, 63 inches in
diameter, will subtend an angle of ¢'.

16. Find approximately the distance of a tower whose height is
51 feet and which subtends at the eye an angle of 58&'.

17. A church splre, whose height is known to be 100 feet, subtends
an angle of 9’ at the eye; find approximately its distance.

18. Find approximately in minutes the inclination to the horizon of
v an incline which rises 8% feet in 210 yards.

19. The radius of the earth being taken to be 3960 miles, and the
distance of the moon from the earth being 60 times the radius of the
earth, find approximately the radius of the moon which subtends at the
earth an angle of 16,

. 20. When the moon is setting at any given place, the angle that is
subtended at its centre by the radius of the earth passing through the given
place is 57, If the earth’s radius be 3960 miles, find approximately the
distance of the moon.

21, Prove t distance of the sun is about 81 million geo-
graphical mi ing that the angle which the earth’s radius
subtends &Y the distance of the sun is 8:76", and that a geographical
mile subtends 1’ at the earth’s centre. Find also the oircumference and
diameter of the earth in geographical miles.

292, The radius of the carth’s orbit, which is about 92700000 miles,

subtends at the star Birius an angle of about +4”; find roughly the
distance of Siiius,




CHAPTER IL

TRIGONOMETRICAL RATIOS FOR ANGLES LESS THAN
A RIGHT ANGLE.

23. IN the present chapter we shall only consider
angles which are less than a right angle.
Let a revolving line OP start from OA and revolve
into the position OP, thus tracing out ® .
the angle AOP. “p
In the revolving line take any
point P and draw PM perpendicular o
to the initial line.OA. o oA
In the triangle MOP, OP is the - |
hypothenuse, PM is the perpendicular, and O is the base.
The trigonometrical ratigs, or functions, of the angle
AOP are defined as follows:

MP . . . :
opP “e gj&r—g, is called the Sine of the angle AOP;

ZII);, t.e. Eyp » ”» » CoBsine - » ”»
e

oM’ .6 *Balnga . ”» » ‘Tangent L e”

OM . Base

Ygﬁ , %€ I—P;E;p s » Cotdngent »

wp: ve P—;%. » » Cosecant ° »

OP ., H

o’ v Bis 5 » » .Seoa.nt " »
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The quantity by which the cosillgzgllls short of unity,
“t.e. 1—cos AOP, is called the Versed 8ine of AOP; also
' the quantity 1 —sin 40P, by which the sine falls short of
unity, is called the Coversed 8ine of AOP. .

24. It will be noted that the trigonometrical ratios
are all numbers.

The names of these eight ratios are written, for
brevity,
sin AOP, cos AOP, tan AOP, cot AOP, cosec AOP,
sec AOP, vers AOP, and covérs AOP respectively.

The two latter ratios are seldom used.

25 Tt will be noticed, from the definitions, that the
cosecant is the reciprocal of the sine, so that

1
N cosec AOP=S—————-—in 0P
So the secant is the reciprocal of the cosine, 1.6.
- 1
n S e———
sce AQP = cos A OP’
and the cotangent is the reciprocal of the tangent, t.e
1
cot AOP = m.

26. To shew that the trigonometrical ratios are always
the same for the sume angle.

We have to shew that, if in
the revolving line OP any other
point P’ be taken and P’M be
drawn perpendicular to OA, the
ratios derived from the triangle
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OP’M’ are the same as those derived from the triangle
OPM.

In the two triangles, the angle at O is common, and
the angles at M and M’ are both right angles and there-
fore equal.

Hence the two triangles are equiangular and therefore,
by Euc. VL 4, we have£= e t.e. the sine of the angle
y Sae TS orF = op"* &
AOQP is the same whatever point we take on the revolying

" line.
Since, by the same proposition, we have

oM _oi . MP_MP
or  oFP oM oM’
it follows that the cosine and tangent are the same
whatever point be taken on the revolving line. Similarly
for the other ratios.

If 04 be considered as the revolving line, and in it be taken any
point P and P’M” be drawn perpendicular to OP, the functions as
derived from the triangle O2’"M"” will have the same values as before.

For, since in the two triangles OPAM and OP”M”, the two angles
P’OM” and OM”P” are respectively equal to POM and OMP, these
two triangles are equiangular and therefore similar, and we have

M'P_MP g OM'_OM
op" ~oP’ =op"

27. Fundamental relations between the trigonometrical
ratids of an angle.

We shall find that if one of the trigonometrical ratios
of an angle be known, the numerical magnitude of each of
the others is known also.

Let the angle AOP (Fig., Art. 23) be denoted by @
[pronounced “ Theta "].

In the triangle MOP we have, by Euc. L. 47,

MP+ 0M‘=OP...Q.QOC.."..‘..I(I}
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Hence, dividing by OP?, we have

(ov) +(G8) -
e (sin 6)* + (cos 6)*=1.

The quantity (sin 8)? is always written sin’ 6, and so for
the other ratios.
Hence this relation is

sin®@+costf=1............ ceeeed(2)
Again, dividing both sides of equation (1) by OM?, we

have y p
Py OP\
() +1=(om) -
t.e. (tan 6)* + 1 =(sec 0)?,
so that sectf0=1+tan?0 ....cccoeeeeeenn (3).

Again, dividing equations (1) by MP? we have

1+ (50p) = (i)

e 1 + (cot 8)* = (cosec G,
go that cosec?f = 1 +cot?f............ 4).

Also, since sin 8 =%—£ and cos 6 = %1‘1{,

sin .MP OM _MP

wehave 2o2=Tp+gp= o Pl
sin 0
t e RN 3
Hence an 6 ;-o-.—a (5)
cos 0

Similarly cot0=m SRR ()}
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28. Bx. 1. Prove that , / i;ig: j=cvsec A-cot A,

We have '\/l—cosA _ . J(L=cos A)z,
l+cosd 1-cos?d

_ l-cosd _1-cos4
-Jl—cos”A— sind °

by relation (2) of the last article,

1 cos 4

= - m:coseod ~cot 4.

Bx. 2. Prove that
JW: tan 4 +cot 4.
We have seen that sec? 4=1+tan’4,
and cosec* A =1+cot? 4,

& Bee? 4 +cosec? d=tan? A + 2+ cot? 4
=tan'4 +2tan 4 cot 4 + cot? 4.

=(tan 4 +cot 4)3,

g0 that Jseo’ A +cosec? 4 =tan 4 4 cot 4.,

Bx. 8. Prove that
(cosec A —sin A) (sec 4 = cos 4) (tan 4 +cot 4)=1,

The given expression

1 R 1 sind oosd
= (sinA*sm A) (cosA_eos A) (cosA STV
1-8in?4 1l-cos?4 sin?d+o0o0s%4
sind ' ocosd ° sindcosd
o_oi’_A sin? 4 1
®8ind "cosd "sindcoad

ml,

23
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EXAMPLES. V.,

Prove the following statements,

1.
2.

3.

10.

11

12.

13.

14,

15.

l 6‘
17.

cost 4 —sind 4 +1=2cos3 4.
(sin 4 +cos 4) (1-sin 4 cos 4) =sind 4 +cos? 4

gin A 1+cos 4
Trcosd T sma —2eosee4,

cos® 4 +5in8 A =1-3sin? 4 cos® 4.

/1-sin 4
—_— 4 -tan 4.
1+4s8in 4 see t

cosec 4 cosec 4
A L s —9gec?
cosecA—1+cosecA+l sec® 4.

cosec 4
cot A+tan 4

(sec 4 +cos 4) (sec 4 — cos A)=tan? 4 +sin? 4.

1
cot A+tan 4

1
sec A —tan 4
1-tand cotd-1
1+tand cotd+1°

=cos 4.,

=s8in 4 cos 4,

=scc 4 +tan 4.

l1+tan?4 _sin?4

Itcot?d ~ cos’4d’
secd -tan 4
sec 4 +tan 4

tan 4 + cot 4
1-cotd " I-tand

=1-2ge0dtan 4 +2tan? 4,

=s8cc 4 cosco 44 1.

cos A gin 4

T-tand T T-cota= 04 +eosd.

(sin 4 +cos 4) (cot 4 + tan 4) =se0 4 + coseo A.
sef' 4 - sect A =tan' 4 + tand 4,



[Exs.
18.
19.
20.
21.
22.

23.
24,
25.

26.
ar.
28.
29,

30.
31
82.
33.

84
85.
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coté 4 + cot? 4 =cosect 4 ~ cosec? 4,
nfcoseo? 4 - 1=cos 4 cosec 4.

sec? 4 cosec? A =tand 4 +cot? 4 +2.

tan? 4 - sin? 4 =sin% 4 sec? 4.

(1+cot 4 —cosec 4) (1 +tan 4 +sec 4)=2.

1 11 1
cosecA—cotd sind snd cosecd+cotd’

cotdcos 4 cotd-cosd
cot A+cosd  cotdcosd °

cot A +tan B
cot B+tan 4

1 + 1 costa siu,a__1-—(:os’¢uzin’a.
sec?a—cos?a ' cosec’a-sin’a ~ 24costasinia’

=cot 4 tan D.

8in® 4 — cos® 4 = (sin% 4 — cos? 4) (1 -2 sin? 4 cos? 4).

co8 A cosec 4 —8in 4 sec 4
cos A +8in 4

=cosec 4 —8ec 4,

tand +sec4~-1_ 1+sind
tand -secA+1" cosd

(tan a + cosec B)? ~ (cot 8 - sec a)?=2 tan a cot 8 (cosec a + 8eo 8).
2 8e0?a - sec a — 2 cosec? a + cosect a=cotta — tanta.
(sin a + cosec a)? + (cos a +sec a)?=tan* a +cot*a+ 7.

(coseo 4 + cot 4) covers 4 — (sec 4 +tan 4) vers 4
= (cosec 4 — sec 4) (2~ vers 4 covers 4).

. sec A cosec 4
(1+cot 4+ tan 4) (sin 4 - cos d) =g — 70

2 versin A + 008 4 =1 + versin? 4,

29. Limits to the values of the trigonometrical ratios.
From equation (2) of Art. 27, we have

8in%d + cos*d = 1.
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Now sin'@ and cos*d, being both squares, are both
necessarily positive. Hence, since their sum is unity,
neither of them can be greater than unity.

[For if one of them, say sin? 6, were greater than unity, the other,
cos? 6, would have to be negative, which is impossible.]

Hence neither the sine nor the cosine can be numeri-
cally greater than unity.
Since sin 6 cannot be greater than unity, therefore

cosec 6, which equa.ls cannot be numerically less

0 )
than unity.

So sec 6, which equals —1—, cannot be numerically
cos

less than unity.

30. The foregoing results follow easily from the figure
of Art. 23.

For, whatever be the value of the angle AOP,
neither the side OM nor the side MP is ever greater
than OP.

Since MP is never greater than OP, the ratio OII;
pever gueater than unity, so that the sine of an angle is
never greater than unity.

Also, since OM is never greater than OP, the ratio %i,l
is never greater than unity, i.e. the cosine is never greater
than unity.

81. We can express the trigonometrical ratios of an
angle in terms of any one of them,
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The simplest method of procedure is best shewn by
examples. .
C
Ex. 1. To express all the trigono- 7
metrical ratios tn terms of the sine. y
Let AOP be any angle 6. 9om-— ! .
Let the length OP be unity and let e ' '
the corresponding length of MP be s.

By Euc. L. 47, OM =VOP* — MP* = V1 - &,
MP

. )

Hence s1n0=UP——1--s,
cosﬂ=%-—¥=«/l—s’=~/l—sin’9,
t'ime=1l[13' 8 sin 6

6H=Vl—5’=41—sin’0’
OM WN1-s W1—sin?d

00t0=1—[ = 9 —_ Sino ’
P 1
cosecO—ﬂP=;=ém,
and se30=0_li_ 1 1

O~ Vi—s Vi—smd'
The last five equations give what is required. .
Ex. 2. To express all the trigonometrical ratvos sn
terms of the cutangent.

Taking the usual figure, let the
length MP be unity, and let the corre-
sponding value of OM be «.

By Euc. 1. 47,

OP=vVOM + MP'=V1+t2"
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oM =
Hence COt0=W=I=”’
sine—}[P 1 1
0P~ ita* VI+cowf’
cos0=QM____;"Lf__. cot 6
OP " Vita Witootd’
MP 1 1
tanazb_[”:E:cot;()'
sec = OP Wi+a* ~1+cot*d
OJI z  cot@ °’
OP WVi+a —
and cosecﬁ:z.ﬁ):- ; = ViToovd.

The last five equations give what is required.
It will be noticed that, in each case, the denominator
of the fraction which defines the trigonometrical ratio was

OII: , and
hence in Ex. 1 the denominator OP is taken equal to
unity.

taken equal to unity. For example, the sine is

3}1[, , and hence in Ex. 2 the side MP

is taken equal to unity.

Similarly suppose we had to express the other ratios
in terms of the cosine, we should, since the cosine is equal
to —(O)f,l, put OP equal to unity and OM equal to o. The
working would then be similar to that of Exs. 1 and 2.

In the following examples the sides have numerical
values,

The cotangent is



TRIGONOMETRICAL RATIOS. 29

Bx. 8. If cos 0 equal %' Jfind the values of the other ratios.

Along the initial line 04 take OM equal to 3, and erect a perpen-

dicular MP.
Let a line OP, of length 5, revolve round O until its other end meets

this perpendicular in the point P. Then AOP is the angle 6,

By Euc.1. 47, MP=,/0P-0iB=,/61-31=4.
Hence clearly

lmn?—-é

4 3 5 3
5 tnn0=§. cotﬂ:z. cosecozz, and sec0=§.

Bx. 4. Supposing 0 to be an angle whose sine u 3 to find the numeri-
cal magnitude of the other trigonometrical ratios.

Hero sin 0=, s0 that the relation (2) of Art. 37 gives

1\3
(-5) +cos?i=1,
1 8
3 ——=a
{.e cos? 0=1 3 39
f.e. oosa9_2"/2
sin@ N2
Henoe tan 0= 008 0= 3_-1-,

1
oot 0=4 5= W3

1
00860 0=§ilﬁ-8'
1 3 8/2
b0 0= os o = 5ya= 4"

m0=1—m30=1-’;§/—g,

and overst-l-llx_wal_%:g,
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EXAMPLES. VL

Express all the other trigonometrical ratios in terms of the cosine.
Express all the ratios in terms of the tangent.
Express all the ratios in terms of the cosecant.

Expross all the ratios in terms of the secant.

The sine of a certain angle is 4 ; find the numerical values of the

otler trigonometrical ratios of this angle.

6.
7.
8.
9.
10.
11.
12.

18.

14.
15.
16.
17.
18.
19.
20.
21

22,

If sin o_ﬁ. find tan @ and versin 6,

If sin 4 =‘1-;% , find tan 4, cos 4, and seo 4.

If cos 0=?— , find sin 6 and cot 6.

If cosd= "ﬁ , find tan 4 and cosco 4. .
3 - 7
If tan 0-—; , find the sine, cosine, versine and cose(c:mt of 4.
cosec? § — sec? @
If tan 0_7,—7 , find the value of 03063 0 £ 80c3"
n
If cot 0=!é: , find cos 6 and coseo 6,

If sucA__Q, find tan 4 and cosec 4.

If 28in 0=3-0088, find sin f,

If 88in =4 +cos 6, find sin g,

If tan 0 +sec 6=1'6, find sin .

1f cot 0+ cosec 6=5, find cos 6.

If 8 sect 6 + 8 =10 sec? 6, tind the values of tan 8,
If tan? 0 4 sec 8=10, find cos 6.

If tan 8 + cot #=2, find sin 6.

If sec*d=2+2tan g, find tan 6.

If tan 0= 2”’“’.nndmomdooeo
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Values of the trigonometrical ratios in
some useful cases.

33. Angle of 45°
Let the angle AOP traced oub
be 45°.
Then, since the three angles of
a triangle are together equal to
two right angles,
£0PM=180°-2£POM—2PMO
=180°—-45°-90°=45° =2 POM,
. OM = MP.
If OP be called 2a, we then have
4a?=0P'=OM*+ MP*=2.0M,

so that OM =av?2.
s owoarxe MP ay2 1
.* 8in 45 _623 -_2_(1. -—;/»2,
o OM gy2 1
Cco8 45 —UP g_éa—-zv_é.
and tan 45°=1.
84. Angle of 30°. P
Let the angle AOP traced .
out be 30°, 9 a
Produce PM to P’ making S
0« . M
MP equal to PM. RN
The two triangles OMP and T
OMP have their sides OM and "
MP equal to OM and MP and

PI
also the contained angles equal.

Therefore OP' = OP, and 20P'P = 2 OPP = 60° so
that the triangle P'OP is equilateral,
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Hence, if OP be called 2¢, we have
MP=}PP=}0P=a.

Also OM =NOP* =P =Nda* —a® = a4/3.
MP 1

.. sin 30 =0P =3’
OM aw3 i{}
0P 2« 2°?
sin 30° 1

and tan 30 =m=:/—é.

35. Angle of 60°.

Let the angle AOP traced
out be G0°.

Take a point N on OA, so
that

MN = OM = a (say).

The two triangles OM P and
NMP have now the sides OM
and MP cqual to NM and MP
respectively, and the included
angles equal, so that the triangles are equal.

.« PN=0OP,and £ PNM =+ POM = 60",

The triangle OPN is therefore equilateral, and hence
OP =0N =20M = 2a.

o MP=VOP —OM*=via*—a*= V3 .a.
LT 8
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Hence sin 60 =0P =% - 2°
s OM a 1
cos GO =0P=3 9
o sin 60°
and tan 60 -—m—l\/s.

36. Angle of 0°.
Let the revolving line OP have turned through a very

small angle, so that the angle ¢
MOP is very small. P v
. . ]
The magnitude of MP is ?O M( A

then very small, and initially,
before OP had tufned through an angle large enough to
be perceived, the quantity /P was smaller than any quan-
tity we could assign, 4.e. was what we denote by 0.

Also, in this case, the two points M and P very nearly
coincide, and the smaller the angle AOP the more nearly
do they coincide.

Hence, when the angle AOP is actually zero, the two
lengths OM and OP arc equal and MP is zero,

MP 0

Hence sin 0 =5p=6—f)=0’
o _OM OP _
cos 0 = —(TP = UP = 1,
and tan 0°=¢=0,
o oM . .
Also cot 0° = the value of MP when M and P coincide
= the ratio of a finite quantity to something infinitely

' small
= a quantity which is infinitely great.
Such a quantity is usually denoted by the symbol co.
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Hence cot 0°= 0.
. o OP _
Similarly cosec 0° = UP=° also.
. _OP _
And scc 07 = 3, = L
37. Angle of 90°. P

Let the angle AOP be very nearly, but
not quite, a right angle.

When OP has actually described a
right angle, the point M coincides with O,

so that then OM is zero and OP and M. oMm A
are equal. “
. . MP OP
Hence sin 90° = OP=0P= 1,
o OM 0
cos 90°= oP *UP—O’
tan 90° = MP _ a finite quantity

OM " an infinitely small quantity
= a number infinitely large =,

. OM_ 0
cot 90 —II—P-—-W=O,

sec 90° = 8—1&1—)1—= , as in the case of the tangent,

._OP 0P
and cosec 90° = WP = 0P 1.

38. Complementary Angles. Def. Two angles
are said to be complementary when their sum is equal

to a right angle. Thus any angle 6 and the angle
90° — 6 are complementary.

3—2
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89. To find the relations between the trigonometrical
ratios of two complementary angles.

Let the revolving line, starting from OA, trace out
any acute angle AOP, equal to
0. From any point P on it
draw PM perpendiculat to 0A4.

Since the three angles of a
triangle are together equal to
two right angles, and since OM P
is a right angle, the sum of the
two angles MOP and OPM is a
right angle.

They are therefore complementary and

2 OPM =90° - 4.

[When the angle OPM is considered, the line PM is
the “base” and MO is the “ perpendicular.”]
We then have

o Mo
sin (90 —0)—smMPO—--Pb—

cos AOP =cos 6,

co8 (90° — 6) = cos MPO = 5;_,% —sin AOP =sin 6,

tan (90° — 0) = tan MPO = o _ cot AOP =cot 6,

PM
cot (90° — 8) =cot MPO =L _ tan 40P = tan 6,
MO
cosec (90° — 0) = cosec MPO _Mg =gec AOP =sgec 0,
and sec (90° — 0) = sec MPO = 5, = cosec AO.P = cosec 6.

PM
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Hence we obscrve that
the Sine of any angle = the Cosine of its complement,
the Tangent of any angle=the Cotangent of its comple-
ment,
and the Secant of an angle = the Cosecant of its comple-
ment.

From this is apparent what is the derivation of the
names Cosine, Cotangent, and Cosecant.

40. The student is advised before proceeding any
further to make himself quite familiar with the following
table. [For an extension of this table, see Art. 76.]

Angle 00 | 30° | 450 | 60° | 90°
Sine 0 % :/1—2 19 1
Cosine RS
Tangent o \%3 1 M3l @
Cotangent | o | /3 | 1 :/13 0
Cosecant @ 2 ‘ 2 3—3 1
Secant 1 53 vi| 2 | o

If the student commits accurately to memory the
portion of the above table included between the thick
lines, he should be able to easily reproduce the rest.,
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For

(1) the sines of 60° and 90° are respectively the
cosines of 30° and 0°. (Art. 39.)

(2) the cosines of 60° and 90° are respectively the
sines of 30° and 0°. (Art. 39.)

Hence the second and third lines are known.

(8) The tangent of any angle is the result of dividing
the sine by the cosine.

Hence any quantity in the fourth line is obtained by
dividing the corresponding quantity in the second line by
the corresponding quantity in the third line.

(4) The cotangent of any angle is the reciprocal of
the tangent, so that the quantities in the fifth row are the
reciprocals of the quantities in the fourth row.

(5) Since cosec 8 = the sixth row is obtained

sin 6’
by inverting the corresponding quantities in the second
row.

(6) Since sec = -—L, the seventh row is similarly
cos 6

obtained from the third row.

EXAMPLES., VIL
1. If 4=30°, verify that

(1) cos24=cos?4 —sin?4=2cos%4 -1,
(2) 8in24=2sin4 cos 4,

(3) cos34=4cos®4-B8cosd,

(4) sin34=38sind-4sin’4,

snd (5) tan 24 =i—2:-:—:-,42~ .
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2.

and

If 4 =45°, verify that
(1) sin24 =2sin 4 cos 4,
(2) cos24=1-2sin%4,

2tan 4

(8) tan2d=g— o,

Verify that

3.
4,

5
6
7.
8

9.

sin2 30° + sin? 45° + sin? 60°='g- .

tan? 30° + tan? 45° + tan? 60° =41,
8in 30° cos 60° -+ cos 30° sin 60°=1.

cos 45° cos 60° ~ 8in 45° 8in 60°= — "/23 \/-21 .

4 cot? 30° + 3 8in? 60° — 2 cosec? 60° — § tan? 30°=38}.

cosec? 45° . sec? 30° . sin3 90°. cos 60°=1}.

4 cot? 45° — sec? 60° + sin330°={.

89



CHAPTER IIL
SIMPLE PROBLEMS IN HEIGHTS AND DISTANCES.

41. ONE of the objects of Trigonometry is to find the
distances between points, or the heights of objects,
without actually measuring these distances or these
heights.

42, Suppose O and P to be two points, P being at a
higher level than O. .

Let OM be a horizontal line “N
drawn through O to meet in M
the vertical line drawn through
P, 9

The angle MOP is called © M~
the Angle of Elewvation of \
the point P as seen from O.

Draw PN parallel to MO, so that PN is the hori-
zontal line passing through P. The angle NPO is the
Angle of Depression of the point O as seen from P.

48. Two of the igs.truments used in practical work are the Theodo-
lite and the Bextant. 4 Sl

The Theodolite is used to measure angles in a vertical plane.

The Theodolite, in its simple form, consists of a telescope attached
to a flat piece of wood. This piece of wood is supported by three legs
and can be arranged so a# to be accurately horizontal,

P;
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This table being at O and horizontal, and the telescope being initially
pointing in the direction OM, the latter can be made to rotate in a
vertical plane until it points accurately towards P. A graduated scale
shews the augle through which it has been turned from the horizontal,
i.e. gives us the angle of elevation MOP,

Similarly, if the instrument were at P, the angle NPO through which
the telescope would have to be turned, downward from the horizontal,
would give us the angle NPO.

The instrument can also be used to measure angles in a horizontal
plane.

44. The Sextant is used to find the angle subtended by any two
points D and E at a third point F. It is an instrument much used on
board ships.

Its construction and application are too complicated to be here
considered.

456. We shall now solve a few simple examples in
heights and distances.

Bx. 1. 4 vertical flagstaff stands on a horizontal plane ; from a point
distant 160 feet from its foot, the angle of elevation of its top is found to
be 80°; find the height of the flagstaff.

Let MP (Fig. Art. 42) represent the flagstaff and O the point from
which the angle of elevation is taken,

Then OM =150 feet, and 2 MOP=30°

Since PO is a right angle, we have

MP 1

— = 0=
ol tan MOP = tan 30 NG (Art. 34),

Now, by extraction of the square root, we have
N3=1-73205....
Hence MP=050x 173206... foet =86-6025... feet.

Bx. 2. 4 man wishes to find the height of a church spire which stands
on a horicontal plane; at a point on this plane he finds the angle of
elevation of the top of the spire to be 45°; on walking 100 feet toward the
tower he finds the corresponding angle of elevation to be 60°; deduce the
height of the tower and also his original distance from the foot of the
spire.
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Let P be the top of the spire and 4 and B the two points at which

the angles of elevation are taken. Draw
PAf perpendicular to 4B produced and
let MP be z.

We are given 4B =100 feet,

LMAP=45°,

P

z
and L MBP=60°,
We then have
ﬂ:cot 45°, M
z
BM _ s 1
and T-cotﬁo —‘\%.
z
Hence AM =z, and BM_:/—:_; .
. 100= —zoZ_pV3-1
o 100=4AM ~BM=z ,J:—j’z J3 .
. _100J3 10043 (J3+1) _
Loaspty =TT =503 +44/9)

=50[3+1:73205...]=236°6... feet.

Also AM==z, so that both of the required distances are equal to

236-6... feet.

Ex. 8. From the top of a cliff, 200 feet high, the angles of depression
of the top and bottom of a tower are observed to be 30° and 60°; find the

height of the tower.

Let 4 be the point of observation and B4 the height of the cliff and

let CD be the tower.
Draw 4 E horizontally, so that £ EAC=380° and E

A
LEAD=60°. T 13805
Let x feet be the height of the tower and produce ‘_ 6
DC to meet AE in E, g0 that CKE=4AB~2=200-z. C *
Since £ ADB= £t DAE=00° (Euc. 1. 29), 200
200
DB=AB cot ADB =200 cot 60"_73 . z
200-z CE S 1
“Also DB- —m—t&n&) —:/T’. D B
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DB 200
oo 200-—2—-;/—?;: 3
s that £=200- 220~ 133} fect,

EX. 4. A man observes that at a point due south of a certain tower its
angle of elevation i 60° ; he then walks 300 feet due west on a horizontal
plane and finds that the angle of elevation is 30°; find the height of the
tower and His original distance from it.

LTI

B /3 M A Y

..

Let P bg the top, and PM the height, of the tower, 4 the point due
south of the tower and B the point duc west of 4.

The angles PMA, PMB, and MAB are therefore all right angles.

For simplicity, since t)‘g triangles PAM, PBM, and ABM are in
different planes, they are reproduced in the second, third, and fourth
figures and drawn to scale.

We are given AB =300 feet, £ PAM=00° and £ PBM=30°

Let the height of the tower be z feet.

From the second figure,

AM o_ 1
—z— = cot 60 _J3.
80 that 4u=§§.
From the third figure,
BM

so that BM=,/8.x.
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From the last figure, we have
BM3=AM?+ ABS,

8x2= % z24 3003,

& 8x2=3x 3009,
. ._3008 N6 _
o = —275-——150. 3——75x~/6
=75 x 2:44949...=183-71,,, feet.
Also his original distance from the tower

x
:/5—75x.\/2

=75 x (1-4142..,)=106-065... feet.

=z cot 60°=

EXAMPLES. VIII.

1. A person, standing on the bank of a river, observes that the angle
subtended by a tree on the opposite bank is 60°; when he retires 40 feet
from the bank he finds the angle to be 30°; find the height of the tree
and the breadth of the river.

2. At a certain point the angle of elevation of & tower is found to be

such that its cotangent is g; on walking 32 feet directly toward the tower

its angle of elevation is an angle whose cotangent is %, Find the height
of the tower.
8. At a point 4, the angle of elevation of a tower is found to be such

that its tangent is 1% ; on walking 240 feet nearer the tower the tangent

of the angle of elevation is found to be g; what is the height of the
tower ? )

4. Find the height of & chimney when it is found that, on walking
towards it 100 feet in a horizontal line through its base, the angular
elevation of its top changes from 30° to 45°,

5. An observer on the top of a cliff, 200 feet above the sea-level,
observes the angles of depression of two ships at anchor to be 45° and 80°
respectively ; find the distances between the ships if the line joining them
points to the base of the oliff,
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8. From the top of a cliff an observer finds that the angles of
depression of two buoys in the sea are 39° and 26° respectively; the
buoys are 300 yards apart and the line joining them points straight
at the foot of the cliff ; find the height of the cliff and the distance of the
nearest buoy from the foot of the eliff, glven that cot 26°=2-0503, and
cot 89°=1-2349,

7. The upper part of a tree broken over by the wind makes an angle
of 30° with the ground, and the distance from the root to the point. where

the top of the tree touches the ground is 50 feet ; what was the height of
the tree?

8. The horizontal distance between two towers is 60 feet and the
angular depression of the top of the first as seen from the top of the
second, which is 150 feet high, is 30°; find the height of the first.

9. The angle of elevation of the top of an unfinished tower at a
point distant 120 feet from its base is 45°; how much higher must the
tower be raised so that its angle of elevation at the same point may be
60°?

10. Two pillars of equal height stand on either side of a roadway
which is 100 feet wide; at a point in the roadway between the pillars the
elevations of the tops of the pillars are 60° and 30°; find their height and
the position of the point.

11. The angle of elevation of the top of a tower is observed to be
60°; at a point 40 feet above the first point of observation the elevation
is found to be 45°; find the height of the tower and its horigontal
distance from the points of observation.

12. At the foot of a mountain the elevation of its summit is found to
be 45°; after ascending one mile towards the mountain up a slope of 30° in-
clination the elevation is found to be 60°. Find the height of the mountain.

18, What is the angle of elevation of the sun when the length of the
shadow of a pole is /3 times the height of the pole?

14. The shadow of a tower standing on a level plane is found to be
60 feet longer when the sun’s altitude is 30° than when it is 45°. Prove
that the beight of the tower is 30 (14 ,/8) feet.

15. On a straight coast there are three objects 4, B, and C such
that AB=BC=2 miles. A v