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PRrREFACE

The present book represents a definitive statement of the results obtained by
ihe late Mr. R. E. A. C. Paley and myself during Mr. Paley’s year as Rockefeller
Fellow at the Massachusetts Institute of Technology (1932-1933). Mr. Paley
was killed on April 7 in a skiing accident in the Canadian Rockies, during a short
vacation which he had taken from our joint work. I have written elsewhere of
the great loss to mathematies by his death; here let me only state the condition
in which our joint work was left. Our method of collaboration had been most
informal. We had worked together with a blackboard before us, and when we
had covered it with our joint comments, one or the other would copy down what
was relevant, and reduce it to a preliminary written form. Most of our work
went through several versions, in writing which both authors took part. Even
in that part of the research committed to writing since Mr. Paley’s death, it is
completely impossible to determine how much is new and how much is a reminis-
cence of our many conversations.

A part of our work was published in the form of a series of notes in the Trans-
actions of the American Mathematical Society. This work covered a great
variety of topics, but was unified by the central idea of the application of the
Fourier transform in the complex domain. I had long been convinced of the
importance of the Fourier-Mellin transforms as a tool in analysis. Their intro-
duction is of course no novelty, but I know of no systematic development, of their
methodical use. Perhaps the nearest approach to such a development is to be
found in the researches of H. Bohr, Jessen and Besicovitch on almost periodic
functions in the complex domain. However, nobody seems to have realized
anything like the scope of the method. With its aid, we were able to attack such
diverse analytic questions as those of quasi-analytic functions, of Mercer’s
theorem on summability, of Milne’s integral equation of radiative equilibrium,
of the theorems of Miinz and Szdsz concerning the closure of sets of powers of
an argument, of Titchmarsh’s theory of entire functions of semi-exponential type
with real negative zeros, of trigonometric interpolation and developments in
polynomials of the form
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of lacunary series, of generalized harmonic analysis in the complex domain, of the
zeros of random functions, und many others. We came to believe that an ana-
lytic method of such scope is entitled to an independent treatise.

The American Mathematical Society has done me the honor of requesting me
to deliver the Williamstown Colloquium Lectures for 1934. While such lectures
have not previously been an account of collaborative work, my best available
work has been collaborative, and I have offered it for the lectures in question.

v
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I wish to thank the American Mathematical Society for its invitation, and for its
acceptance of our plans. I wish to thank my students, Messrs S. S. Saslaw,
H. Malin, and N. Levinson, for most valuable and painstaking work of revision,
compilation, and criticism. Mr. Levinson, in particular, has added much to the
content of Chapter I. I wish to thank my colleague, Professor Eberhard Hopf,
for permission to incorporate into this book the material of §17, which was our
joint work. Furthermore, in my own name and in the name of my dead
co-author, I wish to thank Professor J. D. Tamarkin of Brown University for his
untiring encouragement, advice, and criticism, without which this book would
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INTRODUCTION

1. Plancherel’s Theorem. In a book such as the present, unified rather
by the repeated use of a number of methods than by a great homogeneity of
content, it is quite necessary to start with a brief account of the background of
scientific knowledge presupposed and a tabulation of the principal methods.
The background of knowledge presupposed in the greater part of this treatise is
roughly that covered in Titchmarsh’s very useful Theory of Functions. The
tools most used are the following:

(1) Integration by parts, and other similar inversions of the order of an abso-
lutely convergent double integral;

(2) The “mutilation” of the function: that is, the replacement of a function
by a function identical with the first over a finite range, and vanishing outside
that range;

(3) The Schwarz inequality

aon [ [ @] s (1w re [Mo@ P,

and similar inequalities for sums, series, etc.;
(4) The Weyl form of the Riesz-Fischer theorem, to the effect that if a
sequence of functions {f.(z)} of L: converges in the mean in the sense

b
(1.02) lim | fm(@) = falz) Pdz = 0,

then there exists a function f(z) of L, to which the sequence converges in the
mean in the sense

b
(1.03) lim | fm(z) — f(z) |2dz = 0.

(5) The theorem that if a sequence of functions converges in the mean to one
limit, and converges in the ordinary sense to another, then these two limits
differ at most over a null set;

(6) Methods of summability and averaging, in particular theorems of Abelian
and Tauberian types:*

(7) Methods depending on the Plancherel and the Parseval theorems con-
cerning Fourier transforms.t

* Cf. Wiener, The Fourier Integral and Certain of its Applications, Cambridge, 1933.

The Tauberian theorems of this book are not to be found in the book of Titchmarsh.

t A good elementary study of such questions is to be found in S. Bochner’s Vorlesungen
uber Fouriersche Integrale, Leipzig, 1932. The treatment in Wiener’s book (see above) is
slightly more advanced.
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2 INTRODUCTION

Throughout this book we shall assume on the part of the reader familiarity
with the theory and use of the Lebesgue integral and with the appropriate
notations. In particular, we shall make repeated use of the notation L to
represent the class of measurable, absolutely integrable functions, and of the
notation L, for the class of those measurable functions, the pth power of whose
modulus is integrable. However, we shall have little to do with other classes
than L and L.,.

In the theory of the Fourier integral, the fundamental theorem for the class
L, is that of Plancherel. It reads as follows:

PLANCHEREL’s THEOREM. Lel f(z) belong to Ly over (— o, ). Then there
exists a function g(u) belonging to L, over (— =, =), and such that

(1.04) lim o - @nn / f(z) e da| du = 0.
Furthermore

(109 [Crer = ["1s@ ks

and

(1.06) }1‘12 : flx) — (21r)—”2/:g(u) e=ivz dy 2d:v: = 0.

The function g(u) is called the Fourier Transform of f(x). It is determined excepl
over a set of points of zero measure.

In case
(1.07) h(u) = (27r)“”2/w f(x) e dx

exists, we have g(u) = h(u) almost everywhere.

An important corollary of Plancherel’s theorem is

ParsEvaL’s THEOREM. Let fi(x) and fo(x) both belong to L., and let them have
the Fourier transforms gi(u) and gz(u), respectively. Then

(1.08) [w g1(u) go(u) du = [w f1(@) fo(—2x) dx.
In particular,

(1.09) /f g1(u) go(u) e= dy = /j N1i() fo(x — ) dy.

00

Thus, if gi(u) g2(u) belongs to Ly as well as both its factors, it is the Fourier trans-
Jorm of

(110) @ne [~ ) s - ) dy.

This will also be true whenever fi(z), f2(x), and (1.10) all belong to L.
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2. The Fourier transform of a function vanishing exponentially. Let us
suppose that f(z) is measurable, and of summable square over any finite
interval. Let

O(e»= — ®];
@1) f(a:)={ ) o= =)

O(eM) [x — — »].

In case — N < o < y, the Fourier transform of f(z) e°= will then be
(22) F((I, t) = (27r)_1/2/ f(iE) elotidz g

However, this converges absolutely and uniformly over every range — XA + ¢ <
¢ < p — e. Thus by a well known theorem from the theory of functions of a
complex variable,

(2.3) Flo + 1t) = F(o,?)

will be an analytic funetion of ¢ 4 7t over the interior of the strip — A < ¢ < p.
Furthermore, over any strip — A + ¢ < ¢ < u — e we shall have

/wlF(a,t) 2dt = /"u(x) 2 e2or g
24 -

© 0
< const. / e %= dx + const. / e* dx = const.
0 i

o0

We have thus proved

TaeorREM 1. If f(x) ©s measurable, of summable Square over every finite interval,
and a function satisfying (2.1), for — X < u, then (2.2) defines a function F (o 4+ 1t)
analylic over the interior of the strip — X < ¢ < u; and over any interior strip
— AN+ e 0= pu—¢ [2|Flo+1t) |2dt is bounded.

3. The Fourier transform of a function in a strip. Let F(¢ + 4t) be a
function of the complex variable s = o 4 ¢, which is analytic in and on the
boundary of the strip — A < o < u, and let
(3.01) | F(o + it) |* dt < const. [-AS o =4
Then by Cauchy’s theorem, if 4 is large enough and — A < ¢ < g,

—A—Ai u—Ar ntAi —At4,
(3029 FG) = - [ / + f x / / ] 9 4
™ -\t —A\—41 H—Ay +44

By a further integration, if B is large enough

B+1 —N—A4{ +As —A+A4q
(3.03) F(3) = -L/ dA [/ + + /“ / ] F@) .
27rl B —~ A+ Ag —A—dy —Ai utAi z2— 8
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Now,
'_l_ /B-HdA /—X+Aa F(Z) _ _}_ B+1 F(z + A'L) d ’
271 ) ut A z—s dinbr -x z+ Ai— s
1 B+1 , / dA 1z

» B+1 1/2
< const. / do {/ | Flo + 1t) |2 dt}
-\ B

By (3.01) it follows that
B+1 1/2
{/ |F(o + at) |2 dt} < const.,
B

(3.05) . y
lim { / | F(o + it) |2dz} = 0.
B— B

It is a familiar theorem in the theory of the Lebesgue integral, that if a sequence
of integrable functions converges boundedly to a limit, and the integral of that
limit exists, then the limit of the integral of a function of the sequence is the

integral of the limit. Thus

—N+Aq
(3.06) llm—— / dA / F (2) ~dz = 0.
B—® 7”' utAd
Similarly,
p—AL "’
(3.07) hm—— / dA / F@ 4~ o,
B—w® 7rZ —A—43 % — 8
Thus

F(s) = hm__/ /A{F<#7Liy> F(=d+ )|

b+1y—s —N4iy— s

B—0 1r

F(u + 1y) / F(=)\+ )
-ggg{%/_,u-}-zy—s ¥- 2r _,,—-)\—}-zy—sdy

B+1- y)
21 i F(u + iy) dy

(3.08)

>\+ty)

_ /"“(B+1—y)F(
. 2r

—A4 1y —38

L1 /"’ B+1+ 9 Flu+i), a
27 J_p— [J.+‘ly—8

SR RERESVE
27

—B—1 —A41y—8

A + 1y) }
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/s+l(3+1—y)F(u+zy) y’ i{/‘aﬂ
2 w41y — s 27 {Js

B+1 1/2
(3.00) x / | Flu+ i9) P dy}
B

Now,

B+1-y¢

. d
B4y —s v

B+1 1/2
< const. { / | F(u + 1) |2 dy}
B

1t follows at once from (3.01) that
/”‘(B+1—y)F(u+zy) —o
(v + 1y — 8) ’

A similar argument will enable us to eliminate three more terms from (3.08),
and we get

(3.10) lim —

B—w 27r

“Ft) _}_/” F(=) 4 i)
21 Joo =N 1y — 8

This is a sufficiently important result to be numbered as a theorem. We have

(3.11) F(s) = = dy.

21r —ao}l“}—l?[—s

TuroreM II.  Let F(s) be analytic over — X\ £ o < u, and let (3.01) hold over
this region. Then if s is interior to this region, (3.11) is valid.

The use of the Schwarz inequality gives us

1 w_F_(“"'i;’/_). d

1 ® . < dy 112
s — F 2 —_
/ —Zw{/;ml b + )| y[—ml#—{-iy—sl’} ’

Tueorem I1I.  Under the hypothesis of Theorem 11, F(s) is bounded over any
region — N+ €S 0 S u — €

21 Jw (w4 y =)

(3.12)

or

Let us put
A
(3.13) flo, 2) = (2m)~ 12 LA, m./ Flo + 1t) ei*= dli.
—-A
Let us also put
(3.14) ¢(z) = 0 [z < 0]; o(z) = ¢== [z > 0]; a>0.
We shall have
(3.15) ¢(z) e dr = / gimrar dy = 1 —.
—o0 0 o — 1y

Plancherel’s theorem yields

1 [4 e 0 [x<0]
(3.16) Lim. — d {“"[x>0]lf > 0.

A—0 27 —4 O —’Ly
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Similarly, f e < 0,

. 1 [* e —e= [z < 0]
3.17) Lim. —/ dy = { 0 [z> o

A—® 27 —a4 O — 'ly

Thus by the Parseval theorem, since — A 4 ¢ <o <p — ¢

0 , 1 *  F(=Xx+41y)
_ (e+N)z gitz =
(3.18) _wf( \T)e e dx (2r)1lz /_:.,[-—X —0— (t —y)1 dy.
In exactly the same way,
© ~ 1 *  Flu+y
(o—n)z pitz —_—
(3.19) /; fu, x) ez e= dx = (2m)ire /_w p—0o—(t—1y1] 4y

Thus by (3.11)

0 ©
(3.20) F(s) = (—2%)172/ f(=\, ) etz etz dy 4 (2;15—@/ f(u, ) ee—w= ¢it= dz,
—00 ]

Another use of Plancherel’s theorem gives us

f(u, ) el 0<2< w;
and consequently if for a particular o
(3:22) f@) = fla, z)e [— A <a <y
we get
(3.23) f(o, x) = f(z)e*> [— A <o <yl

An immediate result is that

(3.24) im [ 1o, 2) — flor, 2) [2 dz = O,

g,01=u—0 /A

Moreover, if B is positive and A negative,

(3.25) f "\ fo, @) Pz S f "1 Sy ) P d,
and
(3.26) /_ “\ fo, 2 Pz < /_ | f(=n, 2)  da.

As a consequence,

(3.27) lim | | f(o, %) — f(oy ) dz = 0.

g, 01—u~0 J—oo
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Thus by Weyl’s lemma to the Riesz-Fischer theorem, there exists in L, a func-
tion fi(z) such that

(3.28) lim | |f(o,2) — fiz) P dz = 0.

o—ou—0 J-w

By a Fourier transformation and the use of Plancherel’s theorem, there exists a
function Fy(t) such that

(3.29) lim | |Flo4it) — Fy(t) [2dt = 0.

o—u—0 J—o©

However, we already know that

(3.30) lim F(o + it) = F(u + 1t),
e—u—10
and hence,
(3.31) lim |F(lo + 1t) — F(u + 3t) |2dt = 0.
o—pu—0 J—x

By a further Fourier transformation,

(3.32) lim | flo,2) — f(u, x) |2dx = 0.
o—=u—0 J—oo
Similarly,
(3.33) lim | flo, ) — f(=\,2) |2dx = 0.
e—=—\+0 J-o
However,
(3.34) lim f(o, ) = f(—N\, 1) ewtdz= [0 <2<0),
and
(3.35) lim f(o, 2) = f(p, x) e~ (+tM= [0 <z< o]
o=\

Thus with the possible exception of a null set,
(3.36) f(o, 2) = f(u, 2)eC™* = f(= N\, z)e+V= [ » <z < ]
This yields us

Tureorem IV. Under the hypotheses of Theorem 11, there exists a measurable
Sunction f(x), such that

(3.37) | f(z) |2 2= dx < o, | f(z) e+ dr < o,
and that over the closed interval — X\ < ¢ < yu,

A
(3.38) F(o 4 i) = Lim, 2r)7'2 | f(z)e=te+id dx,

A—00 —A
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It follows from Theorems I and IV that the extreme boundaries of the interval
over which F(o 4 1t) belongs uniformly to L as a function of ¢ are given by the
boundaries of convergence of the integral

/ "1 @) e d.

4. The Fourier transform of a function in a half-plane. In particular,
F(s + it) will belong to L, in every ordinate of a right half-plane when and
only when

(4.01) /w | f(z) 12 e dx <

for all sufficiently large o, and will belong to L. uniformly in such a half-plane
when and only when

(4.02) lim | f(x) etz dz < oo.

This latter contingency can only occur when f(z) vanishes almost everywhere for
positive values of its argument. Otherwise there will be some interval (a, b)
[6 > a > 0] over which

b
(4.03) / | f(@) 2dz =1 > 0.
We shall then have
(4.04) / | f(x) |* et= dz Z > 1,

which is contrary to our assumption.
Conversely, if f(x) vanishes for positive values of its argument, and if, for
some A,

]
(4.05) / [ fz) PePsdr < oo,
the function F(o + 1t) defined by (3.38) will belong uniformly to L. as a function
of tfor¢ = — A. In particular, we have

TrEOREM V. The two following classes of analytic functions are identical:
(1) the class of all functions F(o + it) analytic for ¢ > 0, and such that

(4.06) / | F(o + 4t) 2dt < const. < o< x];
(2) the class of all functions defined by
0
(4.07) F(o 4 it) = Lim. 2x)~12 | f(z) ezt dz,
A0 —A

where f(z) belongs to Ly over (— o, 0).
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We shall have

0
(4.08) Lim. F(e 4 ¢t) = Lim. 2m)7'2 | f(z) e*= dz.

o0 A—o0

5. Theorems of the Phragmén-Lindeldf type. Let us again consider functions
F(c + 1it), analytic over — X\ < ¢ = u. Let us assume that

(5.01) f | F(—\ 4 1t) |2dt < oo, / [ F(u 4 at) Pdt < =,
and that
(5.02) |F(e +it)| < M [=AZ 0=l

In place of (3.04) we shall have for sufficiently large B

1 B+1 —\+4Ag F(Z) /’ / MdA
ﬁ—m[, dA/,.H.- z—-sd =2r -\ [z + 4; — 5|

<Me+N 1
= " 2r B-t¢

so that (3.08) is established as before. Thus (3.11) is validy, and the whole
argument up to (3.21) is repeated unchanged. The sole difference is that the
argument this time is so turned as to prove that F(o¢ + 1t) is the Fourier trans-
form of a function f(c, z) belonging to L, instead of initially assuming it, or the
equivalent fact that F(s + ) belongs uniformly to L.

It results immedjately from (3.21) that f(s, t) belongs uniformly to L, over
(= M, u), and hence that F(o + it) belongs uniformly to L, over this interval.
We have thus proved

TureoreMm VI. If (5.01) and (5.02) are satisfied, the hypotheses and hence the
conclusions of Theorems 11, I11, and IV are valid.

(5.03)

We now appeal to the classical theorem of Phragmén and Lindelof.* This
asserts that if F(¢ 4 1) is analytic for — A < ¢ < u, if

(5.04) F(o + ) = O(e**) [p < w4+,

and if F(— X + ) and F(u + st) are bounded, then F(o + 4t) is bounded for all
tand for — A £ ¢ £ p. Without any assumption further than that F(s) be-
longs to L. for the ordinates at — A and g, it will then follow that if F(s) is
analytic up to and including these ordinates and in the strip between them, and
if (5.04) is fulfilled, the analytic function

. 1 t+e . 1 o+it+re
(5.05) F (o + 1) = ;/; F(o + i7) dr = % F(s) ds

o+it

* E. C. Titchmarsh, Theory of Functions, p. 178 fi.
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will be bounded and will satisfy (5.04), and hence by the argument with which
we have proved Theorem VI,

508 | |Flotwlas [ |F(-N+i)Pdot | |Fuluit) Pde

[-AS o=l

However, it is a well known theorem that if ¢(z) belongs to Lo,

z+e
(5.07) Lim. L o1) di = ¢(2).

e—s0 € z

Moreover, we have

] o
/ | F(o + 1t) |?dt = lim | Fe(o + it) |2dt
¢e—0 J—xo

(5.08) . 3

< [Cireaporas [C1rarora
and hence
(5.09) / | F(o + 1t) |2dt < const. [=A=Z 0 Z .

This yields us

TueoreM VII. If F(s) is analytic over — X\ < ¢ £ u, if (5.01) s satisfied, and
if (5.04) s satisfied, the conclusions of Theorems 11, 111 and 1V are valid.

We now turn our attention from the strip to the half-plane. Let F(s) be
analytic for ¢ = 0, let

(5.10) | F(it) |2dt < oo,
and let
(5.11) | F(o + 1t) | < const. 0=¢< o]

As before, we have

(5.12) Fs) = ],m_ / / 4 {F(#ji—z'y) F(zy)} "

Boso 270 w+1y—s wy—s

provided p is large enough. This may be written

(513) () = lim L f f Fluti) " Fly)

Bosao 2T +zy—s 21r .ozy—s

by the argument of (3.10) and (3.11). Now if u is large enough, and
R(s) >0
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l_l_/” /{F(n+zy) F(u+iy)}dyl
2r Jn awtiy—s wtw—s

dy
< t. - = =0(l as - 00,
= oo /:-l.u+2y—-SHu+ly—-81f ) 83

we have

(5.14)

This is only possible if

(5.15) F(s) = const. — — / F(zy)
© 'Iol/ -— S
If we put
A
(5.16) FGit) = Lim. 2n)~12 | f(z)e*= dx,
A—0 —A
we obtain
F(zy) f (o+it)z
(5.17) ~ 5 /w o S o )”2 f(z)e dzx

as in (3.18). Therefore
" F(y) ,

21r 1Y — s

(5.18)

belongs uniformly to L, for ¢ > 0, and converges in the mean to a function of L,
as ¢ — 4+ 0. Thus the constant in (5.15) belongs to L; and vanishes, and we
have

*F (zy)

21r _mzy——s

(5.19) F(s) =

This yields us

TueoreM VIII. If F(s) is bounded and analytic over 0 £ o < « and 1f (5.10)
1s satisfied, (4.06) is satisfied, and we may write F(s) in the form (4.07).

If we now introduce the form of the Phragmén-Lindelof theorem which asserts
that if F(zt) is bounded and if uniformly for all 6 in (—n/2, 7/2)

(5.20) 11m = [ log F(te®) | = 0,

t—ow

then F(s) is bounded in the half-plane 0 < ¢ < «, an argument quite similar to
that by means of which we have proved Theorem VII will establish

TueoreM IX. Let F(s) be analytic over 0 < ¢ <  and let (5.10) be satisfied.
Let (5.20) be satisfied. Then (4.06) is satisfied, and we may write F(s) in the
form (4.07).
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6. Entire functions of exponential type. We now come to the consideration
of a class of entire functions which we shall know as £. The class E consists of

all entire functions F(z) for which, along the real axis,
(6.01) / | F(z) |2 dz <
while there exists a constant A such that

(6.02) F(2) = o(e').

Now, the function

e—A z

(6.03) f " Pw) dw = G

€

is bounded over the imaginary axis and the positive real axis, and is at most of
exponential growth. Thus by one form of the Phragmén-Lindeldf theorem, it
is bounded in the right half-plane, and satisfies the conditions laid down in the
hypothesis to Theorem IX. Thus we may write

0
(6.04) G(z) = fe(x) e= dz
where f.(x) belongs to L, or

(6.05) } f " P(w) dw = 1G(iz) et = / L ifz — A)e= da.

Similarly

(6.06) : f " Fw) dw = ] " 0. — A) e d.

A

That is, almost everywhere

(6.07) Lim. /B[: fmp(y) dy:le—‘“d:c=0 u] > Al

s (2m)V2 ) g

Now, the Fourier transform of F(z) is the limit in the mean of the Fourier

transform of
1 z+e
" / F (y) dy

as ¢ — 0, and hence must also vanish when |u| > 4. That is,
A
(6.08) F(z) = f(u) e du
—A

where f(u) belongs to L, over (— A4, 4).
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On the other hand, let f(u) belong to L; over (—A4, A), and let F(z) be defined
by (6.08). Then (6.01) and (6.02) will be satisfied for

6.9 [ir@pas=L [ 1 ra,
and
]F(Z) | < {/A 'f(u) |2 du}llz {[A ] eliue I du}‘/2 = 0{/Ae2u|3(z)| du}lm
(6.10) -4 —4 4
= o(evS®),
We thus obtain

THeoREM X.  The two following classes of enlire functions are identical

(1) the class of all entire functions F(z) satisfying (6.02) and belonging to L.
along the real axis;

(2) the class of all entire functions of the form (6.08), where f(z) belongs to L,
over (—4, A).

An immediate corollary is
TueoreM XI. If F(2) is an entire function such that
(6.11) lim%log* | F(re®) | = 0,
and does not vanish identically, it cannot belong to Le along any line.

If it does, we may take this line to be the real axis. By Theorem X, if F(z)
belongs to L, the Fourier transform of F(z) will vanish almost everywhere out-
side (—A, A) for every A > 0, and will hence be equivalent to zero. Thus
F(z) vanishes identically, and we have a contradiction.



CHAPTER [
QUASI-ANALYTIC FUNCTIONS*

7. The problem of quasi-analytic functions. One of the chief properties
of analytic functions is that they are determined over their entire range of
definition by the values of all their derivatives, from the zeroth order up, at any
one point. The class of analytic functions f(z) of a real variable over the inter-
val (—1, 1) may be characterized by the fact that f(z) is infinitely often diffen-
entiable and that, over this interval,

(701) If(v)(x) |1/y < M (V = 1; 2) M )

Denjoyt showed that there are less restrictive conditions on the derivatives
which likewise determine a function uniquely in terms of its value and that of
its derivatives at any one point. The leading theorem in this field is that of
Carleman.} He defines a class of functions C4 over the interval (—1, 1) as
follows: Let Ao = 1, Ay, -+, A,, - - - be aset of positive numbers. Then Cy is
to denote the set of functions defined in the interval (—1, 1), infinitely many
times differentiable over that range, and satisfying the inequalities

(7.02) max |f*(z)| < B’ 4, (=012 ),

~152z51

where B is a constant which may depend on f(z). We say that the class C, is
quasi-analytic if a function of Cy is defined completely over (— 1, 1) by the values

of its derivatives f®(z) (» = 0,1, 2, --- ) at a single point z,, or, what is the
same thing, if the equations
(7.03) FO(z) =0 (=012 -..),

together with the condition that f(z) belongs to C4, imply that f(z) vanishes
identically. The theorem is the following:

CARLEMAN’s THEOREM. A necessary and sufficient condition that C.. should be
quasi-analytic 1s that the integral

@ N T dz
7.04 E i
(7.04) A log < A f> 14 a2

v=0

* Cf. Paley and Wiener, Notes on the theory and application of Fourier iransforms, Note
1, On quasi-analytic functions, Transactions of the American Mathematical Society, vol. 35,
pp. 348-353.

t M. Denjoy, Comptes Rendus, vol. 173 (1921), p. 1329.

t T. Carleman, Les Fonctions Quasi-Analytiques, Paris, 1926.

14
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should diverge, or what is the same thing, that the least non-increasing magjorant of
the series

(7.05) RIRUOBLE

y=0
should diverge.

The equivalence of the two conditions has been established by Carleman in
his book.* Here we shall make no use of the second condition. In this chapter
we shall give a proof of Carleman’s Theorem for the class C, and also of a
similar theorem for other closely related classes.

We wish to define quasi-analyticity in the first instance for another class of
functions. This definition involves the integrals of the squares of the moduli of
the derivatives rather than the maxima of these moduli. Defining

Ao=1,4y, -+, Ap +--

as before as a set of positive numbers, we shall take C, to be the set of those
functions defined in the interval (—1, 1), infinitely many times differentiable
over that range, and satisfying the inequalities

1
(706) ]f(")(x) I2 dr BvAf (V =0, 1; 2; v ))
-1
where B is a constant which may depend on f(z). Clearly C4 will be contained
in C,.
On the other hand, let
1
(7.07) | f®(x) |2dx < B'F? »=0,1,2 ---),
-1
and for some ¢ in (—1, 1), let
(7.071) JO@E) =0 (»=01,2,...).
Then, by the Schwarz inequality, if z lies in (—1, 1),

(7.072) | f0(@) ]2 =

; 2 !
[ o+ (y) dyl =< 2/ [ fOtD(y) P dy < 2Bv+1F3+1 X
Jz -1

It follows that there exists a C such that

(7.08) | f¥(z) | < C"F, 4.

Now let us put

(7.081) A, =F,, v=0,1,2...)

* Carleman, loc. cit., pp. 50 ff.
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It will then follow that C, will be contained in C. as far as functions are con-
cerned which vanish with all their derivatives at some point. We have

© hod x2r dz x2(v+l)
[‘°g@’ﬁ)l+ﬁ=£‘°g<”§ )1+w’
® 1 — 2z * log 2?
(7.09) =f, 1°g<xz+2A3>1+xz / i+z%

y=0
w o\ I dz
</ 10g<ZJ:A3>1+ - + const

Also,

© hd zz(v'f‘l) IZV
(7.10) [log<1+2 A? >1+:r:2 /: Og;( )
Therefore

0 it 1}2’ d.’t ® S 1:2' dz

/ ’°g<..EoA3>1+x2</l <l°g§”>m

(7.11)

© ® a-?v dx
< lo const.
e (2 5)
Thus the integrals (7.04) determined by 4, and F, converge or diverge together,
since the part of the integrals from O to 1 determines neither convergence

nor divergence.
The class, C,, may of course be transferred to an infinite range by the substi-

tution

J(tan™'y)

1T+ )

which transforms a function f(z) belonging to L, over the range (—1, 1) into a
function fi(y) belonging to L, over (— =, «). Besides this direct and rather
brutal transference of the theorem, it is possible to form an analogous theorem
in which the interval (—1, 1) used to define the class (., is replaced bodily by the
infinite interval (— , =), and the inequality (7.06) becomes

(7.12) Hily) =

(7.13) [ | f@)(z) |2dz < B' A} »=0,1,2---).

This theorem over an infinite range is true, and may be deduced from the follow-
ing fundamental

TuroreM XII. Let ¢(z) be a real non-negative function not equivalent to zero,
defined for — © < z < o, and of integrable square in this range. A necessary and
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sufficient condition that there should exist a real- or complex-valued function F(z)
defined in the same range, vanishing for z Z x, for some number x,, and such that
the Fourier transform G(z) of F(z) should satisfy | G(z) | = ¢(x), is that

. * | log ¢(x)|
(7.14) [w 11z dzx < oo.

The relevance of this theorem to the theory of quasi-analytic functions depends
on the following facts: (1) a condition of boundedness on the Fourier transform
of a function is closely related to a condition of boundedness on its derivatives;
(2) a function F(z) vanishing over a half-line but not identically vanishing
cannot be determined by all its derivatives at any point, and is typical of the
class of non-quasi-analytic functions. Theorem XII, while similar to one of de
la Vallée-Poussin,* is much more definite in that, while he concerns himself with
the order of magnitude of the coefficients of a Fourier series of a function vanish-
ing with all its derivatives at some fixed point, we undertake actually to fix the
modulus of the transform of a function of the type, subject of course to the
convergence of (7.14).

8. Proof of the fundamental theorem on quasi-analytic functions. We turn
to the proof of Theorem XII. Let us suppose first that the integral (7.14)
converges. Wewriteforz = z 4 7y,y > 0,

_1 [ logo(zy .,

(8.01) Az) = - /:m G2yt dx’,

which is harmonic in the half-plane y > 0. Let u(2) be its conjugate, and write
(8.02) h(z) = exp (A(z) + iu(2)).

It is well known, by an argument of the Fatouf type, that for almost all values
of z,

(8.03) lim Az + 7y) = log ¢(x),

y—0
or, what is the same thing,

(8.04) lim | h(z + 7y) | = ¢(2).
y—0
The geometric mean of two positive quantities cannot exceed the arithmetic
mean. By this property, extended to integrals, or in other words, by the con-
vexity property of the logarithm,

= oMz 1 ”M—— !
(8.05) bz + @) | = &0 = | o

* Carleman, loc. cit., pp. 76 and 91.
t E. Landau, Darstellung und Begrundung einiger neuerer Ergebnisse der Funklionen-
theorie, 1929, p. 40.
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Hence, by the Schwarz inequality,

® : 1 (" ©  [e@@)Py o7 ydz”
[oin vzt [ ar [ GGG e [t
° le@)ry
[- e (m— 2) @ d

N2 J/ ydx
-3 [werar [t

— [ w@rar

(8.06)

That is, the function h(is) satisfies condition (1) of Theorem V, and we may
apply that theorem. This gives us

A
(8.07) h(x + 7y) = L.im. (2#)“/2/ F(§) emitt=w) df,

where F(z) vanishes for z = 0, and belongs to Ls.  On the other hand, it follows
from (8.07) that

A
(8.08) Lim. h(x + 3y) = Lim. (21)“‘/2/ F(§) eit= dE.
y—t0 A—0 —A
Let us put
(8.09) Li.m. h(x + 7y) = G(a).
y—0

By (8.04), we have almost everywhere
(8.10) |G(z) | = o(x),

and one part of Theorem XI1I is proved.

We still have to prove that if G(z) is given as in Theorem XII, (7.14) follows.
We suppose that F(z’) vanishes for z’ > o, and we may suppose without loss of
generality that 2o = 0. Let us write

N
G(IL‘) = L.i.m. (27;-)—1/2/ F(x/) P d:C';
—N

N —00

(8.11) .

¥(2) = (2r)12 / F(@)e="dz’,  J(2) > 0;
where the second integral is taken along a horizontal line in the z-plane. The
function ¥(z) is readily seen to be an analytic function in the half-plane
3(2) > 0. Suppose that we map the half-plane J(z) > 0 into the circle
[¢] <1 = re?), by means of z = ¢(f + 1)/(¢ — 1), and that G(x) becomes
I'(e®) and ¢(z) becomes v(¢). Then it is easily seen that

(8.12) [’ | T(e) Pdo = /w |G(x) |2 dz,

1+ 22
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so that T certainly is of class L,. Also a simple computation shows that if
re* is the image of =’ 4 7y’, then

- . 1-r _ __y'dz
(@)™ ,/- re 0) — 2rcos (0 — ¢) 41 d = G(x) (x—2')2 4y

L]

=r! mﬂ—:—t—-——l i.m. (ZW)““/ F(§) et dt
—N

—o0 (x - x,)2 +vy 2 N—®

0

0
= lim 7! vdr gnn f F() et dg

Neveo o (z — 2')2 4y
[ F) d / ety dz
lim = / @ o @— D) F 4"

lim (2r)-17 / P e+ vt df = y(@' + iy) = 7(re®),

N—00

so that v is in fact the Poisson integral of I'(e¥). Then

(2m)1 j " log* | 4(re®) | o < (2n) / "y (re) 1 d
(8.14) o i} ]
< (20 / | T(e®) |2 ds.

We now invoke one of the most important theorems in analysis: Jensen’s
theorem.* This states

TreoreM XIII. Let f(z) be analytic for |z| < R. Suppose that f(0) is not

zero, and let 11,73, - - - , Tny - - - be the moduli of the zeros of f(2) in the circle | 2| < R,
arranged in a non-decreasing sequence. Then if rn £ 1 £ Ty,
m|fo)] 1 / i
8.1 — W
(8.15) g O — [ g tre) | a,

where every zero is counted the number of times of its multiplicity.

It follows that if v(0) = 0,
(8.16) 2 | log |(re®) | do 2 log | +(0) .
Furthermore,
o= [ Ttog | y(re®) | do = .- | logt | v(re®) | o

o ). .
(8.17) i 2

+ 1 / log= | y(re®) | de,
27 )«

* E. C. Titchmarsh, Theory of Functions, p. 125.



20 QUASI-ANALYTIC FUNCTIONS (1]

and

1 r ") — 1 4 -+ 10 _l/t a 10
L[ oglaenian = & [ ogt 136 1d0 = o [ hog|+tren L
(8.18) 1 (" 1 [~
='—/ log* | v(re¥) | do — ——/ log | y(re®) | dé.
T J—= 27 -

That is, by (8.14) and (8.16), we have uniformly in 7
(8.19) 2%[ | log | v(re®) | | db = ;lr[ | T(e¥) P do — log | v(0) |.

In any case, if m is the multiplicity of 0 as a root of v,

1 T 0 <_1—/-'
L [ oglatentlaos o |

§.—1-f | T(e?) [2d6 — log
T J-x !

v(re¥)
rmemta

log do — mlogr

(8.191)

1@‘ — mlogr.
™ ly=o0

Since finally log | v(re¥) | tends almost everywhere to log |T(e?) | asr— 1, we

have

(8.20) 17 log | T(e®) || d8 < =,
27 J—x

and inverting again to the half-plane, this implies that

“|log | 6@ |1, -
(821) /;m ———*“1—-"’7— d:t < .

9. Proof of Carleman’s theorem. Let integral (7.04) converge, and let

0 v _1
(9.01) @ = 107 (1 + ) [Z ff;]
Clearly
(9.02) “llog @) | ;0 « o ) [6(2)]? dz < o
' o 1+ 27 ' - '

Thus by Theorem XII there exists a function F(z) belonging to L,, vanishing
for z > 0 but not equivalent to zero, and with a Fourier transform G(z) satisfy-
ing | G(z) | = ¢(z). Furthermore,

/ " PO ) Pz = / * | 6a) 2 avdx = / " (6o do
(9.03) - - x:’_l
=< i [10(1 4 2?)]* <1T’> dr S AL

Thus the divergence of the first integral (9.02) ig certainly necessary for the
quasi-analyticity of the class C . over the infinite line, and a fortiori over (—1,
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1). However, given a sequence A, for which integral (7.04) converges, then
from (7.081) we determine a sequence F, which also has the integral corre-
sponding to (7.04) convergent. By (9.03), a function exists belonging to C,
and vanishing with all its derivatives at the origin. By (7.08), this function
will also be contained in C,. Thus the divergence of the integral (7.04) is
necessary for the quasi-analyticity of C,.

We now come to the question of the sufficiency of Carleman’s condition for
quasi-analyticity, and we shall first consider the case of C over the infinite
interval. Let f(z) be a function which is not identically zero, but which
vanishes with all its derivatives at = 0, and is everywhere infinitely often
differentiable. We wish to show that integral (7.04) converges for every class
C, to which f(z) belongs. Let F(z) be identical with f(z) for negative x, and
let it vanish for all positive z. Let G(z) be the Fourier transform of F(z). In
formula (7.13) let B = 1. This is no real restriction. We obtain

(9.04) A2 = /w | f@(2) Pdr = /w | FO'(2) |2 dr = /m | G(x) |2 2% dx.

0

(S0 o)

v=0

It follows that

* r2v
log <2 ;1_2>
v=10 v

(905 = <i [/2 Ve (iﬁ) dx]_l
log (2[ / " e dx]“)

2r+1
<2 / | log (27V2 | G(x) |) | dx.

A

IA

HA

2r
Hence
© ® 7_2,, dT o dT 2r+1
[ log(E ZE>;2~§2]; ;_—2/;’ |log (22| G(z) | ) | dx
v=0 v
© z/2
(9.06) <2 / |log (272 | G(x) | ) | dz / ar
2 z/2—1/2 T2

< 20/ [log (2712 | G(x) | ) | 22 dzx < .
2

Thus the divergence of (7.04) is sufficient for quasi-analyticity over the infi-
nite interval. This proves the analogue of Carleman’s theorem for the class
C, over the infinite interval.

We now turn to the case of the interval (—1,1). Here we require the follow-
ing lemma of Mr. N. Levinson:
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Let f(z) be of class C, over (—1, 1) and vanish over (—1, §) where £ = 0
Then if F(t) = e f(1 — ) fort = 0, and F(t) = 0 fort < 0, F(t) is of class
C., over (—w, ).

For, fort = 0;
Fit) = etf(1 —e);

d —2t (] — et) — ¢! —e7Y);
G FO =1 — e — el —e);

gt;F(t) =e¥f'(1—e") —3e2f/(1 —e?) +etf(1 —e);

_g_tn,F(t) = e (n+l)tf(n)(1 — 6—*1) +a'l e—nlf(n—l)(l — e—-t)
+ o Fa et f(1 — e);
dtn+1 F(t) = et D (1 — g=t) 4 by e~ (Dt (] — gt)

+ oo b et f(1 = €);

Here f¥(1 — ¢*) = f®(x) wherez = 1 — ¢*. We have above
b1=—(n+l)+a1, b2=——na1+a2,-~-,
(9.062)
n = - 2 Q-1 + Qn, bn+1 = — Qn.
From this we get
(9063) Ibalé(n+l)|aa—1|+|aal (a=1)2""’n+1);

where ay = 1 and a,41 = 0. We shall use the principle of induction to obtain
inequalities involving a,. Let us assume that

2a
(9.064) |a,|§%2n (@=12 -, n).

Then
Ibalé[(n+1)( 1)'+ ] <(ﬁ.%_!1£2n+l

(a=1;2;"':n+1)-

But the assumed inequality holds for n = 1 and we have just shown that if it
holds for n it holds for n 4 1, and (9.064) is proved for all values of n. Thus for
t 20,

(9.065)
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|F 0|52 [ Joo(1 - e

F™(1 — ef) l I et

(9.066) ,
nﬂ
+o —t| f(1 -—e“)l].

Now since f(z) vanishes with all its derivatives at z = 0,

(9.07) o) = 2 [ e pmewe @>o.
Therefore

(9.08) | fr=e(2) | = w

Since f(z) belongs to C, it follows from (7.02) that

(9.081) o) | s

Using this and the fact that e* < 1 fort = 0, we have

m—nF(t) <e (2B)"A,.[1 + n? + + 2'3'
.n2n
(9.09) + -+ m]

<e'(ZB)Anﬂ':1+"2 (21)2+(3_!)2+“.+(7—':T)—2]‘

If we select a certain set of terms of

2 3 2
e’ﬂ=[1+n+%+£—!+---]

we see that

(9.10)

dt" F(t) I < et (2B)*"A,ne* < et B A, &

If C = 2Be® then

(9.11) F(t) l <et'Cr4, fort = 0.

E

Hence
| dF(t) |2
9.12) /: R

Thus F(t) belongs to C, over (— , ). This proves the lemma.
Now let f(z) be of class C, over (—1, 1) and let the sequence, 4., be such

dt < CmAl / etdt < Cn42.
0
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that (7.04) diverges. We shall show that if f(z) and all its derivatives vanish
at some point in the interval, then it must vanish identically, which will
prove the sufficiency of the divergence of (7.04) for the quasi-analyticity of C..
For, let us assume that f(z) does not vanish identically. Then, by translation,
or by translation and the substitution y = —uz, it is always possible to get a
function fi(z) such that the function and all its derivatives vanish for z = §
(where 0 = ¢ < 1), such that fi(z) still belongs to C4, and such that fi(z) is not
equivalent to zero over 1 > z > ¢

We now define fo(z) = 0 for —1 < z < ¢ and fo(x) = fi(z) for 1 > z > &
But fa(r) satisfies the conditions of the preceding lemma. From this lemma
and from the sufficiency of the divergence of (7.04) for quasi-analyticity of
C, over the infinite interval, which has already been shown, it follows that
F(t) of the lemma and therefore f2(z) must vanish identically, which leads to a
contradiction. Thus the divergence of (7.04) is also sufficient for the quasi-
analyticity of C. over (—1, 1). This completes the proof of Carleman’s
theorem for the class Ci.

The divergence of (7.04) is also sufficient for the class Cy over the interval
(=1, 1). For, assume that this is not true; then a function exists vanishing
with all its derivatives at some point in the closed interval (—1, 1), but not
vanishing identically, belonging to C,, and such that (7.04) diverges. From
(7.08) this function also belongs to a class C, for which (7.04) diverges, and
from Carleman’s Theorem which we have just proved for the classes Cy4, it fol-
lows that the function vanishes identically. This completes the sufficiency
proof. The necessity of the condition has already been shown for the class C.
Thus we have proved the analogue of the Carleman Theorem for the classes C,
over (—1, 1).

10. The modulus of the Fourier transform of a function vanishing for large
arguments. Let f(z) be a function belonging to L over (—A4, A), and vanish-
ing outside (—A4, A). This statement is equivalent to the assertion that it is
the product of two functions of Ls, one of which vanishes to the left of —A4,
while the other vanishes to the right of A. Let these functions be f1(z) and f2(z),
and let their Fourier transforms be g¢i(u) and g2(u). Then by the Parseval
theorem, the Fourier transform of f(z) is

—a0

(10.01) g(u) = (2m)12 /w q1(v) g2(u — v) dv.

Furthermore, by Theorem XII, the real functions | g;(u) | and | g2(u) | are sub-
ject to the sole condition that

“ | log | ga(w) || * | log | ga(w) ||
10.02 l————————— S 1y U
(10.02) f_” 11 du < «, B prarr du < o,

This condition is manifestly independent of A. Moreover, without changing
| g1(u) | and | g2(u) |, it is possible so to choose f; and f» that fi(z) and f(z) have

a product which is not equivalent to zero, without any further assumption
than (10.02).
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To see this, let hi(z) and hs(z) be functions which are equal respectively 1o
| fiz) | and | fz(x) | over (—A, A) and zero elsewhere. We may certainly so
choose f; and f, that h, and ke are not null. Then if

©

(10'03) hj(x) ~ 2 an emr:/(ZA)’ hz(_ .’E) ~ z bn einn:/('b{)

we have

24 hed
(1004) / hl(y) hz(—z + y) dy =4 A E an b'l einrz/(ZA)’

24

and since ao and by are clearly not equal to zero, we may find an z,, which must
lie within (— A4, 4), such that

(10.05) [ " () ha(— 70 + 1) dy = 0.

24

It will immediately result that
(10.06) f1(2) fo(= 10 4+ 2) # 0,

and if we replace f2(z) by f:(x — zo), we obtain values of f; and f. corresponding
to the given values of | g1 | and | g2 | for which fyf; is not equivalent to zero.
Now, by (10.01),

L)

Lo | S (2m)1e / “10i | L osu — ) | do
u/2
< (2n)1n / @) | gl — v) | do

(10.07) + (2m)"12 / ;  g1(v) | | go(u — v) | dv

IIA

(21r)“"2/ | g1(v) | dv lin; s/up | g2(w) |
—c0 w2u/2

+ (2x)—12 /_ | g2(v) | dv linl s;xzp | g1(w) |.

If there exists some function ¢(u) = 0 which is monotonely decreasing for
| u| — « and which satisfies

(10.08) Algw) | £ ¢ =Blgw)] (=12,Bz4>0),
then

| dog | g(w) ||
(10.09) 4[_,, *————1—+*1;§—— du < «

implies (10.02).



CuarTeER II
Sz4s2’s THEOREM

11. Certain theorems of closure. In the present chapter, we wish to inves-
tigate the closure over (a, b) of certain assemblages of functions {f.(z)},
Ja(x) € L. The set of functions {f.(z)} is said to be closed over (a, b) if

(11.01) / " 1) fua(z) dz = 0 n=1,2 ..)

implies that f(x) vanishes except over a set of zero measure if f(z) C L,. The
set of functions {f.(z)} is said to be complete if to any function f(z) belonging
to L. and any positive e there is a polynomial

n

(11.02) P.(x) = D) afulz)
such that
(11.021) /b | Pa@) — f(z) [2dz < e.

We shall now prove a theorem that shows the significance of the closure of a
sequence of functions. This theorem states that a set of functions is closed when,
and only when, it is complete.

First we shall prove the classical theorem for a set {¢.(z)} which is normal and
orthogonal: that is, for which

b
(11.03) / 6n(Z) ¢m(z) dz = 0 (m # n);

(11.031) /b éa(2) ¢po(z) dz = 1 n=12-..).

Now let f(z) be any function belonging to L,. Then

‘[ zdr = /ab <f(x) - 2 ax ¢k(x)>

(11.04) X <f'(?) - D@ m) dz

=flﬁ|dz—j [ mia] + >
26

n

f@) = D a dula)

1

2

b —
ak—-/ for dx
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This expression is positive for all choices of a;. Therefore it is a minimum for

b
ak=/ f&‘k dz,

which causes the last term to vanish. If we also let n — «, we have

(11.041) /bldex—z /bﬁhdz

This is known as the Bessel inequality.
If the set {¢.(x)} is known to be complete, then from the definition of com-
pleteness and the minimum property of

b
ay = ‘/ f&k d.t,

we see that the Bessel inequality becomes an equality, and we have

(11.042) /blflzdx=2 /bf@dx

Thus no function not equivalent to zero can exist which is orthogonal to every
éx(z). In other words, a complete set of normal and orthogonal functions is

closed.
We will now prove that a closed set is complete. If it is not, there exists a

funetion f(z) belonging to L, such that

2
= 0.

2

2

n b
fz) — Z ¢u(x) / Jédt| dx >0,

b
(11.043) lim /

n-—

for if equality held the set would be complete. From this and (11.04) we have

00

(11.044) /b [f(z) |2 dx — E /bfék dr : > 0.
a = | Ja
Let us set
(11.05) , ga(z) = Zn; or(x) /bﬁk dz.
- a
Then by the Riesz-Fischer theorem,
(11.051) g(x) = l:rg gna(x)

exists, and

0

(11.052) /b_] g(z) 2dr = lim /bJ gn(z) |2dz = E

1

b -
/ f¢k dx




28 SZASZ’S THEOREM [1I']

1f we now consider f(z) — g(z) we have

b
| 1@ - 4@ o)
(11.053) ) ,
= lim [f(x) — gn(x)] (I),,(it) dr =0 (n = 1, 2, L )
Since the set {¢.(z)} is closed it follows that f(z) — g(x) is equivalent to zero.
But from (11.052) and (11.044),

b b
(11.054) /[f]zdx-/ lg|2dz > 0,

and therefore f(x) is not equivalent to g(zx). Thus a closed set is also complete.
We have therefore proved that a normal and orthogonal set of functions is closed
when, and only when, it is complete.

We now proceed to the general case where {f,(z)} is a denumerable set of func-
tions all of which belong to L.. We shall now construct a normal and orthogonal
set from the given one. In the process of this construction we discard any term
of {fa(x)} which is equivalent to zero or to a linear combination of terms pre-
ceding it. We now construct the sequence {¢:(x)} where

w@ =1 /[ [ 15w 12"

() = [fz(:r) @) / 2O 6® ds]

b b 27]1/2
(11.06) /[/ [ f2(8) [* dE — / S di ] ;

b b
és(z) = I:fs(l‘) — ¢u(x) / fo(8) ¢u(E) dE — () / f2(8) $2(8) df]

/[/ s |2 d — /fsélds /fa&aeds 2]”2;

2

Since we discard all terms equivalent to zero or to a linear combination of pre-
ceding terms, none of the denominators will be zero. The set {¢.(x)} is normal
and orthogonal as can readily be verified. It is of the form

$1(x) = by fi(x);
(11.061) ¢2(z) = by f1(x) + bn fo(2);
¢3(z) = bai f1(x) + ba folx) + bas f3(x);

where no b.. vanishes. From this representation it can be seen that the closure
properties of the sets {¢x(x)} and {fi(z)} are entirely equivalent. Further, since
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a polynomial in one set is a polynomial in the other set (for we can solve for
fx(z) in terms of ¢(z), since bn. ¥ 0) the completeness properties of the two sets
are entirely equivalent. This allows us to extend the theorem proved for normal
and orthogonal systems so that we now see that an enumerable sequence of
functions is closed when, and only when, it is complete. This property of invari-
ance of closure holds under very general transformations. We shall now show
that closure is invariant under any linear transformation of the whole of L, into
itself, which conserves the integral of the square of the modulus of each function.
That is, given a linear transformation such that to every function f(z), of class
L, over a = z £.b,* corresponds g(y), ¢ £ y £ d of class Lq, such that if

fl(x) - (J;(y),
cf,(:c) - cgl(y)l
(11.07) Si(@) + folz) = g1(y) + (),

b d
/If,<x>|2dz=f la@tdy  G=12...).

Then the closure properties of a sequence {fa(z)} are the same as those of {g.(¥)}.
For, by addition of

avory 1 [" 15 + 5@ 1ra =} 100 + 0 11 ay

and similar formulas concerning fi(z) — f2(z), fi(z) + if:(x), and fi(z) — if:(z),
with the respective factors 1, —1, ¢, and —¢, we obtain

b d
(11.072) f fi(a) Fil®) de = [ &) 757 .

‘Thus for a sequence {f.(z)} and a function f(z) of L., with the corresponding ¢’s
as transforms, we have

(11.073) [ $(2) T3 dr = f i dy (=12 ...).

Thus the respective closure properties of the f. and g. sequences are equivalent.
Certain special cases of this theorem are of great importance. For example,
if {fa(£)} is closed over the interval (— o, «), so is the set of Fourier transforms

1 A
= Lim, —— ,. wE dy.
(11.08) g(8) = Lim. oy /_Af (y) et dy
For by the Plancherel and Parseval theorems this transformation falls under the

class discussed above.
Again, let {f.(z)} be closed over (a, b). Let ¢(t) be a function with a deriva-

* The sign — here means ‘‘corresponds to,’”’ not ‘“‘tends to.”
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tive ¢’(f) which is defined for every ¢ and lies between positive finite limits for
any range (¢ — ¢,d + ¢€). Let

(11.09) olc) = a; ¢(d) = b.

Then if f(z) is any function belonging to L,, and y is a real measurable function,
d

(11.10) / | f(z) |2 dz = / | F(6(0) ¢/ (2 640 |2 de.

Thus the transformation which turns f(z) into f(¢(t)) [¢'(t)]1/? e¥® is reversible
since ¢’(f) > 0, and leaves the class L. invariant, as well as the integral of the
modulus of the square of every function. Like the Fourier transformation, it
falls into the class discussed above and leaves the property of closure invariant.

An even simpler transformation leaving closure invariant changes f(r) into
f(z)g(z), where g(z) is a bounded measurable function independent of f(z), and

11.11) L seso.
g(x)
For if
(11.12) /bf(x)h(x) dz = 0,
then
b h(z)
(11.13) / J(x)g(x) - 2(5) dr = 0,

and vice versa. Clearly if f(z) belongs to L, so do f(z)g(zx) and f(z)/g(z). It
follows at once that our transformation leaves closure invariant.

As a particular case, let us consider the set of functions {z*»} over the range
(0, 1). The well known Weierstrass approximation theorem tells us that if we
take A\, = n = 0 then the system is closed. Here we shall study the more
general case where we have given only that R(X\.) > — }. This set is trans-
formed into the set

(11.14) {g=Ont1/DE) (0<¢< =)
by the transformation

(11.15) f(x) — f(et) eb,

This again becomes

(11.16) {e=Ont1/Des guiz} (= o <u< o)

under the transformation
(11.17) J(&) — flev) evr2.

Note that these transformations satisfy conditions of (11.07).
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A Fourier transformation changes this set of functions into

]. ® 1 @
(———————2”)112 e—(ntl/Dev gu/2tw) dyy — W‘A’ =Pt/ y=UzHw gy
— 0

(11.18) = Gr ),,2 (An + P12 (G 4 dw)

= G )1,, M+ D | TG +aw e (= 0 <w < @),
where ¢(w) is a real function of w. By a well known theorem concerning the
gamma tunction,

[T} + 2w) | = {T(} + 2w) T} — )}
= {r sech 7w}1/2

(11.19) ~ (2m)1/2 g=riwl2

r\/2 w
~ <§> sech 5

Thus using the various equivalence theorems developed above, the closure
propertiesof {2} over (0, 1) are identical with those of {w(sech mw/2) (\n + )~}
and {2 (\, + 3})~w} over (—, ), for sech (rw/2) = g(w) e~*v'
where 1 < | g(w) | £ 2, and therefore obeys the condition of (11.11).

By a qecond Fourier transformation, = (sech mw/2) (A, + %)™ becomes

1/2 ©
(g) [ sech Zr:—;i) A\ + 3) evr dw

=@ﬂW/mﬁ~l——XM+ihwwww

erwi? + e~ Twl2

0
T B R A

— (2#)1/2/; (e-—rwlz — e drwl/2 + ebrw/z ) (An + i)—sw e~z dw

0

+ (27,.)1/2 (etw/?. — e3rw/2 + ez L., ) ()‘” + %)—-iw e~z dy

~—00

(11.20)

2(2r)v2 E / (= 1)k e~ @+0mwi2 oo (wx + w log A\ + 3)) dw
0 0

2% + 1

o0 ——— T

2
== 2(21!’)”2 (— l)k 2
Z (2_12;'—1> 7 + (z 4 log (\. + 3))?
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(27)12 sech (z + log (\. + 3))

22w\ _ 202m)V2 (N, + 1) e=
- R
M+ e+ WD e

It

We use the bounded convergence theorem above to invert summation and inte-
gration. The transformation

(11.21) J(e*) ez — f(z)
transforms this into

2@2m)12 (. + 3)

[ EES Q<=

(11.22)

Thus the closure properties of

1
M+ 32z 41

over (0, «) are the same as those of z*» over (0, 1).

12. Széisz’s theorem. Let us now investigate the closure of the set of func-
tions (11.14). The quantities A, 4 % all lie in the right half-plane. Thus the
closure question is the same as that of the distribution of the zeros of the
function

(12.01) ¢(u) = f i F(¢) e df,
0

where F(¢) belongs to L, over (0, ). For if ¢(u) has an infinite number of
Zeros u, in the right half-plane, ¢(x,.) = 0, then e~#n¢ cannot be a closed set. The
function ¢(u) will clearly be analytic in the right half-plane. Let u = s + 1t
where s and ¢ are both real. Let us put

y(2) = (1—2>- d)('t)—l'm/AF()—nfd'
z—¢1—1‘2’ 1"“':-_.1’-0 EG Er

1 610
1) —
\I/(e)—d><1 e"’)'

Then y(z) is analytic in the unit circle. By exactly the same argument as in
(8.13) ¥(z) is the Poisson integral of ¥(e). Let the zeros of y(2) in the circle
| 2| < 1, with those at the origin omitted and arranged so that their moduli will
form a non-decreasing sequence, be z, z5, - -- . By (8.191), in view of Jensen’s
theorem, if | 2z, | £ 7. £ | 2,41 | and m is the smallest number such that

(12.02)

¥ (0) = 0, we obtain

rn ¥ (0)

1 L4
= 5 U |-
2123 - 2Zn 2W11108|¢(Ta6)|d0+l()gm. m log ra

log
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(12.03) -2; / log* | ¢y(rne?) | d6 + const.
< iﬂ/ | w(e®) | df + const.;

and a fortiori, if £ < n,

)

2129 2k

< = / | W(e?) | d9 4+ const.

(12.04) log
2w

As a direct consequence of letting r, — 1 in (12.04) we get

(12.05) log < const.,

2129 " Zk

and therefore

00

(12.051) > —loglal < =.

1

If we now invert the cirele | z | = 1 back into J(w) = 0 and the zeros z; of ¥(2)
into the zeros w: of ¢(w), this gives us

l—zk_ l—wk'

T+z “T1tw

(1206) W =

and (12.05) becomes

(12.07) ® > > log ijwk =%21°g[1+ 20w + @) ]
1 1

1 — we — W + | ws |2

which is equivalent to

(12.071) © > 2 : +(|“’L’;i B

On the other hand, let {zi} be a set of numbers satisfying

o

(12.08) D) —loglal<

1

and lying within the unit circle. From (12.08) we have

(12.09) 21‘|2k|< ®.

| 2 |

Within any circle | z| < r < 1 the product

0

(12.10) H 2 — 2
1

Zk—ZlZ/"z
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will converge uniformly to a function A(z), which is analytic since

2l =zl o2 1-]z]
Tlalll—z& ] T 1—|z] |z]

2y — 2

1 —
z— 2|z |?

)

(12.11)

and the majorant series converges by (12.09). Thus for any point inside the
unit circle we have

(1212) k(@) | = f[ (3;) I =2l 11
1 2 2 1

1

2
< const.,

2k

Z
by (12.08). Thus k(z) is an analytic function inside of the unit circle and is
uniformly bounded in the entire circle. Let us put

(12.13) ¥(2) = h(z) 1 + 2)%

Then ¥(2) is defined in and on the unit circle and

(12.131) ¥(z) =0 =12 ---).
Also y(2) is uniformly bounded in the unit circle. Let us invert |z | = 1 into
S(w) = 0 as before. We shall have

(12.14) o(w) = ¢<%:_:z>

From (12.12) and (12.13) we see that ¢(s + ) is uniformly of class L, in ¢ for
any s such that 0 < s < «. Accordingly, from Theorem V, we have

(12.15) ¢(w) =/ F(§) e vt dt
0
where F(¢) is of class L,. Thus if
v L= 2F
KT IR 2R

the set {e ¢!} will not be closed over (0, «) since F(¢) is of class L, and ortho-
gonal to all of these by (12.15).
We have thus proved

TueoreM XIV. (SzAsz’s THEOREM.)* Let N\, be a set of numbers with real
part exceeding —1/2. Then the set of functions {z*+} unll be closed L over (0, 1)
when, and only when,

(12.16) Z 11++2|9:(*|;) _

n=1
As a corollary we have:

* 0. Szész, Uber die Approrimation stetiger Funktionen durch lincare Aggregate von
Potenzen, Mathematische Annalen, vol. 77 (1916), pp. 482-496.
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THEOREM XIV'.* Let o, be a set of numbers in the strip | $(on) | < /2. Then
the set of functions {e¥ 1w /2=oniw} 3]l be closed over (— o, «) when, and only when,

3\ cos J(on) _
(12.17) 21 R =
This follows at once from (11.19).
Again, by (11.22), we have

TeeEorEM XIV”.t Let {u.] be a set of numbers with positive real part. Then
the set of functions.1/(u2 z + 1) will be closed over (0, =) when, and only when

(12.18) E : :’f({‘u) =

n=1

Let us now turn from theorems of closure L. to theorems of the Weierstrass
type, concerning the possibility of approximating uniformly to an arbitrary
continuous function by polynomials in a given set of functions. Let

(12.19) /l

Then by the Schwarz inequality,

z 2 ay DEH—a
(12:20 U fade = 25—

It is clearly always possible to approximate uniformly to an arbitrary con-
tinuous funetion vanishing at the origin by functions of the form

(12.21) / ’ o(x) dz
0

where ¢(z) belongs to L.
On the other hand, let

n

f@)z= — 2 QM

1

2 .
dr < e.

< an 1 1/2
[ TR

(12.22) max | f(z) — 2 a; o™ | < e
z 1
Then
1 n 2 2
(12.23) ﬁ z? | f(z) — Z ap o™ | dr < 2a6+ i (a> - %).

We have thus proved

*R. E. A. C. Paley and N. Wiener, Notes on the theory and application of Fourier trans-
Jorms; Note 1V, a theorem on closure, Transactions of the American Mathematical Society,
vol. 35, pp. 766-768.

t This theorem has been proved by Professor Szdsz by different methods (unpublished
paper). Cf. also Szdsz, Uber die Approzimation stetiger Funktionen durch gegebene Funk-
tionenfolgen, Mathematische Annalen, vol. 104 (1931), pp. 155-160.
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TeEOREM XV. (Szisz’s rorM oF MUNTZ's THEOREM.)* Let N, be a set of
numbers with positive real part. Then it will be possible to approximate uniformly
over (0, 1) to an arbitrary continuous function by a polynomial C 4 = a,z* when

S RO
12.24 _ I\
nzzy 2 T+
and 1t uzll be tmpossible so to approximate for every continuous function when

S 14+ RO

< o

* Cf. Szész, loc. cit.; C. H. Muntz, Uber den Approrimationssalz von Weierstrass,
Schwarz’s Festschrift, Berlin, 1914, pp. 303-312.
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CERTAIN INTEGRAL EXPANSIONS

13. The integral equations of Laplace and of Planck. The integral equation
known by the name of Laplace is

(13.01) glu) = /mf(x) €™ dx,

where all arguments are real, g(u) is given (¢ < u < «) and f(z) is sought. We
shall assume the infinite integral to be taken in the sense lim,_, [4 where [4
is a Lebesgue proper integral. Let us suppose that g(a) exists and is finite,
according to (13.01). Let us put

(13.02) ﬁ zf(f) et dt = fi(z).

We shall have for u > q,

«©

(13.03) gl = / eCvtz df (x) = (u — a).'c/ e—vta)z f (1) dx.
0 0

Thus in case u > a, (13.01) will converge, and we shall have
gatetw) [ iu

(1304) —’:**—T = A € [6 f](x)] d.T,

which we may write
(13.05) go(u) = / folx) ev= dx.
0

The function fy(u) is by (13.02) bounded and is O(e~*) at infinity. Thus there
is no essential restriction upon (13.01) if we assume that f(z) belongs to L, or
that it is bounded and continuous as well.

An exceedingly simple method of solving (13.01) is due to Widder.* By a
direct differentiation, which we may readily justify,

(13.06) (= 1" g™(u) = / " 2 f(z) e di.

0

*D. V. Widder, The inversion of the Laplace integral and the related moment problem,
Transactions of the American Mathematical Society, vol. 36, pp. 107-201.

37
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Thus

(__ l)n g(n) ( ) ( ) / Enf(f) e—nklz ds
(13.07) |

n! / JEP—G——

Now let us consider
(13.08) Yn(f) = Enentiz,
This yields
(13.00) Ko -wo[l-" wozo  0<i<w.

Thus ¢»(£) has one maximum, and one only, when z = £ It is easy to show,

moreover, that .
z+e 1+e/z
/ %(E) d¢ / gn et df
= lim 2= =1

(13.10) lim
" / \lfﬂ(f) d§ " /E" et di

That is, the expression of (13.07) represents an average of f({) with positive
weighting, and as n becomes infinite, the total weight of the values of f(¢) for
arguments outside (z — ¢ 7 + ¢) tends to zero. Thus if f(z) is bounded and
continuous, a Fejér argument shows that

()
(13.11) f(z) = lim LZAA\.7A

n—00 n !

Widder has shown how the restrictions of boundedness and continuity are not
essential.

Another method of solving (13.01) is the following: if f(z) belongs to Lz, so
does f(et)et’®.  Let us write

L

(13.12) glen) e'? = f(et) et ge+miz g=ettn ge.

Let us put
F(u)

]

A
Lim. L)”;/ f(ef) ettiut1in de

A

(13.13)

= l.i.n; @ )1/2/ f(z) zv12 dx.

By the Parseval theorem for Fourier transforms,

(13.14) (—2%)”—2 / glen) en? eivr dy = f et gt/ gt F(— v).
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As we have already seen (cf. (11.18)),

(13’15) / e—ef et(1/24w) dg = I‘(iv + %) =0 (e—r lvl /2).
Thus I'(4 + 4v) F(—v) belongs to L,, and so do both its factors. By (1.7), we
shall now have

A
(13.16) G +w) F(—v) = llm 0 1)”2 / g(ev) e eon dn.

Let it be noted that by Plancherel’s theorem, F(v) is a perfectly arbitrary
function belonging to Lo, if f(z) is itself an arbitrary function belonging to L.
Thus if g(u) is a function subject to the sole restriction that (13.01) can be
solved by a funetion f(z) belonging to L., we may replace this restriction by the
equivalent restriction that

A
(13.17) er™7 ] im. / glen) en? ein dy
A—0 —A
both belong to L,. A further appeal to Plancherel’s theorem will formally turn
this inte the condition that

(13.18) g(ertritzy gnizEmia

both belong to L., or indeed that g(Z7y) both belong to L,. This of course
involves an extension of the definition of g(u) to the complex domain. It will
be seen that this formal result corresponds to the known result of Plancherel’s
theorem, that

A
(13.19) Lim. f(z) erivzdz
0

A0

belongs to L3 over (0, «).
By Plancherel’s theorem, we may convert (13.16) into the form

1 4 1
fler) e = Lim. (21r)”2f T D

B
(1320) X l;m @ )1/2/ (ew) eikwtw/2 dy

0

. 1 eif(w+v) dE
= Lim. — w) gw/2 ——
m. o | 9(e) et du /_, TGEF D)

We may write this in the form

oz, oG) 5 [ v

This yields us another solution of the Laplace equation.
We now turn to a physical problem involving an integral equation not unlike

(13.21) f(z) = li.
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that of Laplace, which differs from it in that it leads us to the Riemann zeta
function. By Planck’s law the radiation per unit volume in a black cavity at
temperature T in a state of equilibrium, and of frequency between » and » + dv,
is given by

81 hv?

(13.22) Iy

dv,

where h is Planck’s constant, ¢ is the velocity of light, and & is the “gas con-
stant,’”’ reckoned for one molecule. This suggests that the radiation from a
source in approximate local equilibrium but consisting of a mixture of black
bodies at different temperatures, will have a distribution given by

® ¢(T)dT
(13-23) v® dv const. ;"_‘"m—)——-—i’

where ¢(T) represents in some sense the “amount’ of radiation coming from
black bodies at temperature T. If, then, we have an observable radiation with
frequency distribution given by y(v)dv, the problem of resolving this into its
constituent black-body radiations is equivalent to the solution of the equation

(13.24) W) = » f” ¢(T) T
0

eI _ 1"

Let us now put

(1325)  h=w e dT = ds Y2 — w0,
kT 2

Then (13.24) assumes the form
(13.26) V() = / () - du.

0 e — 1
This we may write
(13.27) ¥(e) et = / " ety et Mk

20 6‘E+,' -1
Let us put (as in (13.13))

1/

(13.28) F(u) = Lim. @7}1—)7/—2 / ®(z) g1 do,

assuming that ®(z) belongs to L,. By the Parseval theorem for Fourier trans-
forms,

1
(21!’)"2

® gt@/2+iv) g

(13.29) / V(en) e evn dy = F(— )

—o0 ecg_l.

/ ™ ek@/r+in) g © pli2tiv Jo
R | - o €€ —1

Now,
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(13.30) (3N (3,
= I‘(—z— + w) g‘(é— + w)

= O(v P Izl IZ).

3 . 3 .
I‘(§ + zv) §<§ + w>

and F(— v) belong to L, as does their product. By (1.06) we shall have

(13.31) I‘(g + iv> i’( + w) F(—v) = 11 ., ) 1)”2 /A ¥(en) ev'? e dy,

Thus

Thus we may determine F(—v) and consequently ®(z) and ¢(T) in terms of
¥(x) and y(»). This involves a division by the zeta function. In (13.31)
3/2 + v is outside the critical strip, but it is easy to set up other formal solu-
tions in which the division takes place within the critical strip, and in which the
Riemann hypothesis on the zeros of the zeta function is consequently of
moment.

14. The integral equation of Stieltjes. Let g(u) be defined as in (13.01).

Then formally
h(y) = / eu du/ f(x) e = dx
0 0

(14.01) = /wf(x) dx /m e~u=ty dy

f(x)dx
o T4+ Y

This will now be proved using the theory of Fourier transforms. We have,
fory = e,

(14.02) h(en) en? = enf2 “fz) dz _ /‘” F(ef) etz dt

0o T + Yy o elt—m/2 + e(n—g)/z‘
Now,
1 ® ewtdt  (2\V2 [® cos yg dE
(2m)2 |_getl2 4 etz \x o etz et
2 1/2 d
— (.) '[ cos yE (e—f/2 — e3¢2 + est2 _ ... ) d£
U 0
(14.03) = 2 (= 1 <g>”2 /w cos yE e-n Ut gt
n=0 4 0

|
3
i
-3
—~
|
Pk
N
/N
18
~
=
N
N
S
+
D
~——
-~
+
(=3
~»
I
N
(8]
~~—~
3
el
-
E
<
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Here we use the bounded convergence theorem to invert summation and inte-
gration. Thus by Parseval’s theorem, if f(z) belongs to Ly, if F(y) is defined as
in (13.13), and if we use (13.16),

® f(ef) ebi? dt r\'2 [” .
[ Leeagerer = \z) . F(y) sech wy e dy

1
= @ f Fiy) TG + y) T — dy) e~ dy
1 .
- o LT+ ey
1 A
X lAl-—oIOTOI (2 )1/2 / g(eu) eul‘z o du

(14.04)
© 1 ° .
_ [—w —iyn dy (2 )”2/ e*—ee etl2 givk dE

1 4 .
X lLim. @) / glev) ev'2 e=iw dy
A—vo0

©
= / ot pbtn) /2 g (ef) et!? dt
—0

= o2 / g(x) e=" dx.
Combining this with (14.02), we see that

(14.01) hly) = om g%%/d

Let us notice that the Maclaurin series for cosh y converges in such a way

that its partial sums are all less in modulus than cosh y. Let the 2mth partial
sum be

(14.05) 8ale) = D) TV

(2n)!
m (— 1)” <1r (%)"‘ Ve o
(14.06) Zo) @1 (ke e?) = (g) /_ _F() sech 7y ¢n(y) e dy.

Then

If F(x) belongs to L, over (— «, =),

(14.07) flef) eti? = 11m @ 1)”2 / F(y) e dy.
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Under the same circumstances,

1 1/2 A
im ()" [ F@) emay
A—00 2r —A

1 ‘
= Lim. @2r ) f F(y) sech my ¢a(y) e~ dy,

(14.08)

since by bounded convergence

(14.09) F(y) = lLim. F(y) sech 1y ¢m(y) = lim F(y) sech 7y ¢n(y).

m—0 m —+e0

Combining (14.07) and (14.08), we get
1z [
(14.10) wf(ef) €t? = Lim. (g) / F(y) sech my ¢.(y) e dy,

Mm—+0

or by (14.06),

(14.11) f(ef) et = Lim. = z (= 1n (7r %) " [R(et) et2].

d 2n
ket

(14.12) f(x) = llm 11/2 2 (= Dr Sy T~ (212 h(x)).

This we may write

This gives us a simple solution of the Stieltjes integral equation. By reversing
our steps, it is easy to show that the existence of the limit in the mean indicated
in (14.11) is a necessary and sufficient condition for the existence of a solution
to the Stieltjes equation. By (14.01) the Laplace equation will then have the
solution

2 \en
JIVCIES J . YRy P
= lim [) " gw) Knuz) du,
where
P
(14.14) En(w) = — Z (= ) gy @ e™).

This will also yield another necessary and sufficient condition on g(z) for the
solvability of the Laplace equation in the case in which f(z) belongs to L, to
which we have shown all cases are reducible.
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15. An asymptotic series. Formally* we have
/ 1@ g1 / 1@ 4
o T+ Y YJo 1+f
)
(15.01) _ %/ 1) dx — 12/ 2f(z) dz + - -
0

oo [ 1)

Now if z = €, y = e, f(ef)et”? = ¢(§),
(15.02) / S@). <y>n+, o 8—2,/2 /_ 0) sech £ = Tota o0

and if ¢(£) e(r+DE belongs to Lo,

© f(x) <{>n+l dx, < e~ (n+3/2
o T4+ Y\l =

h(y)

= 2
(15.03) X {/w | ¢() emtvE |2 dg /m sech? E—%—" df}m

= O(y—(r+3/2),

Thus under this assumption, (15.01) yields the well known asymptotic series
for h(y). Let it be noted that the terms

(15.04) % / ) (;I/)k f(z) dz = e~ - (f) ele—w G-1/2) g
0 —00

have kernels e~ ¢=12 whose formal Fourier transforms have singularities at
the points (k — 3)7 which are also singularities of the Fourier transform (r/2)'/%
.sech mu of sech ((¢ + %)/2). This is not accidental, and in more general cases
we shall find terms of an asymptotic series associated with the singularities of a
kernel in the complex domain.

16. Watson transforms.t Let ¢(z) be a function defined over (—«, »),
measurable, and with modulus everywhere 1. Let

* Cf. K. Knopp, Theory and Application of Infinite Series, London, 1928, last chapter.

t The theory of Watson transforms (G. N. Watson, General transforms, Proceedings of
the London Mathematical Society, (2), vol. 35 (1932), pp. 156-199, has been recently sub-
sumed under a more general theory of unitary transforms in Hilbert space by Bochner
(Inversion formulae and unitary transformations, Annals of Mathematics, (2), vol. 34 (1934),
pp. 111-115. The methods of this section are more akin to those of Hardy and Titchmarsh
(A class of Fourier kernels, Proceedings of the London Mathematical Society, (2), vol. 35
(1932), pp. 116-155, and unlike those of Bochner, are specifically applicable to kernels of the
form K(zy), rather than to the more general kernels of the form K(z, y). Cf. also Titch-
marsh, Journal of the London Mathematical Society, vol. 8 (1933), pp. 217-220, Plancherel,
ibid., vol. 8 (1933), pp. 220-226, and Ida W. Busbridge, ibid., vol. 9 (1934), pp. 179-186.
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2 sin? EE
(16.01) $ala) = — [ ¢(x -8 - ds.
belong to L, for every a. Let
A
(16.02) &, (u) = IAI_.T pE )1/2f ¢o(x) = dx.

Then if a < b < ¢,

/ ’ [1 _ ‘%‘]2 | @) — () |? du
w ! .
= /_m dx @ /_a [1 — l—a~—l:| &y(u) e+ du
1 e [ u | v
_(_2_;)75/_“[1 a]tbc(u)e du

- 0 . sin? a(x 2“ E)
=/ dx ———/ —_ = dt
—00 A J-oo (x - 5)2
(16.03) o [ sinzlg sin? &7 °”
X*/ —B‘T— ¢'(£"“'l)d77
T Joo " cn?
w 4 w sin’b—; sin? Czn
et )
e 7208 | \ bn? cn?

* sin?a(z — n — &) ’
x [ ool =1=0 g

2

@()LEL(E:C) du.

-I.

It immediately results that

(16.04) lim / [1 'Z'] | &y(u) — ®.(u) [2du = 0,

b,c—o J—a
and hence there exists over every finite range a function

(16.05) ®(u) = Lim. &y(w).

b—o

Let us now start with a function f(z) such that

(16.06) f@ =0 [|=z]|> A4],
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and let us put

(16.07) g(y) = / f(x) ®(y — z) dx = llm / i f(x) (y — 2) dz;

(2r)12 o (27112 )1/2

(16.08) oY) = / f(x) &y — ) dx.

(2 )1/2
We shall have

et [ (89

. (2 )1/2
= 2 [ sy e,

and hence

(16.10) /_: | gu(y) |* dy = LJ | du(u) |2 l@;l-)-m /_,,f(”) emivs d

By (16.01) and Fejér’s theorem, we have almost everywhere

2
du.

(16.11) [ [ =1;  lim | g(u) | =
so that by (16.10)
o) /_:Igb(y) rays [ —wl—),,—zf_:f(x) e dz | du
16.12
= [t 2,
and by bounded convergence,
(16.13) h_r.ll /:: | gs(y) |2dy = /_: | f(x) |2 dz.

Returning to (16.09), we have

lim | ] gow) — ou(u) |2

b,c—®0 J—o

lim /_ : | go(y) — gc(y) |2 dy

b, c—o

(16.14)

/ f(z) e dx du

(2 )1/2
= 0.

From this, (16.07), and the often used principle that where a limit and a limit
in the mean both exist, they are equivalent,

(16.15) l},i;'f' 9:(y) = g(y).
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Thus by (16.13) we get
(16.16) [1owiray = [ 156 12

Let us now take up the case in which f(z) is a perfectly general function

belonging to L,. We have by (16.16), applied to the function which is f over
(4, B) and (— B, — A) and zero elsewhere,

/_:‘(2,:)1/2 ‘/_Zf(x) &y — x) dr — (?Em/ijf(x) &(y — z) dr :
= /_:If(z)|2dz-[:|f(x)|zdz.

Thus by the Riesz-Fischer theorem, there exists a function

f 1) 8ty - ) da

dy

(16.17)

(16.18) o) = Lim. o )1,2

belonging to L., and we have

(16.19) /_: lg(y) |2dy = f_: | f(z) |* dz.
Now by (16.08), (16.15), and (16.09), if f(z) vanishes for sufficiently large
arguments,
I:E (7:)72 /_: e dy (7:)—”2 /_:f(x) &(y — z) dr
—‘é@— /:f(:c) e dx.

= ()12

By (16.18), if we approximate to f(z) by functions differing from 0 only over a
finite region, and then proceed to the limit, we may extend (16.20) to the general
case where f(z) belongs to L,. This gives us

(16.20)

(16.21) l}if.:' (—2—1)—”—2-/ gly) e dy = llm L. i )”2 /Bf(x) e dx ¢(u).

Let us now remember that ¢(u) = 1/¢(u). We obtain

A0

(16.22) 11m & )”2/ f(x) e dz = ¢(u) Lim. ©r )1/2/ g(y) e dy,

or by a further Fourier transformation, as in (16.20),

(16.23) fz) = llm / g(y) d(y — ) dy.

(2 )1/2
If we now put
(16.24) J(— 2) = h(2),



48 CERTAIN INTEGRAL EXPANSIONS [III]
then if h(z) belongs to Lj, we obtain the dual pair of formulas

o) = Lim f h@) 8 + 3) da;

(o)1
(16.25) (@ ) 2

M) = Lim. L ] o) 3z + 1) dy.

(2 )1/2
Let us now make the transformations
=logn; 1z =logk; =72G(m); k) =2 HE);
(16.26) Yy g g 9(y) = 7' Gy ¢ £
o(z) = £ K(§).

Then (16.25) becomes

6 = Lim. 1 )1,2 [ mo K a
(16.27) »
1O = tim Ao [ o) K@ an.
By (16.19),
(16.28) [T1ewizan = [ 1m0 1
We append a table of values of ¢(z) and corresponding values of K(£).
o(x) K(¢)
2\ . T .
(;) r} — iz) cos 3 3 — iz). 2 sin £ (sine transform).
L[ 2\12 U .
—1 (;) I'(} — iz) sin 5 (3 — ix). 2 cos £ (cosine transform).
ewz E(I—l)/2 ‘L I‘(l log E)
. 2m ’
etz2/2. 1 1/2—&&/2‘
- r(m —|2~ iz n %>
- . (2r)2 J,.(¢) £/ (Hankel transform).
m—1x
("3 + 1)




CHAPTER 1V
A CLASS OF SINGULAR INTEGRAL EQUATIONS
17. The theory of Hopf and Wiener.tf We shall devote this section to the
solution of the homogeneous linear integral equation

(17.01) f(a) = ﬂ “K (x — ) [(y) dy,

where we assume that the kernel K vanishes exponentially for large values of
| z|. The simplest particular case is the equation of Lalesco,

(17.02) K(z) = ¢'*;

Milne’s equation is

(17.03) K@) =3 / ‘%‘ dt.
|zl

This equation yields as its solution the distribution of temperatyre in a stellar
atmosphere in radiative equilibrium.f We shall apply the method of Fourier
transforms together with certain elementary considerations from the theory of
functions of a complex variable to obtain the ‘“fundamental solutions’ of (17.01):
that is, all solutions f(z) which become infinite for great values of x more slowly
than an exponential function with a smaller exponent than the reciprocal of one
dominating the kernel K(z). We shall represent the solutions in explicit integral
form.
The analogous equation

(17.04) f(z) = mK(x — y) f(y) dy

00

has a much simpler theory. Its solutions are essentially exponential functions.
If u = u*is an n-fold zero of the function

(17.05) 1- | K@ endt,
if Q is an arbitrary polynomial of degree not exceeding n — 1, and if all the
necessary integrals have a sense,

(17.06) Qz) ev* .

t+ N. Wiener and E. Hopf, Uber eine Klasse singuldrer Integralgleichungen, Sitzungs-
berichte der Preussischen Akademie, Mathematisch-Physikalische Klasse, 1931, p. 696.

t E. Hopf, Mathematisches sur Strahlungsgleichgewichtstheorie der Fizsternatmosphdren,
Mathematische Zeitschrift, vol. 33 (1931), p. 109.

49
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is a solution of (17.04). We may express the relation of (17.01) to (17.04) as
follows: the solution of (17.01) behaves asymptotically for large x in the same
way as certain solutions of (17.04). This fact is already to be seen in the two
examples mentioned above.

We now proceed to the solution of (17.01). Let the kernel K be real and
continuous except for a finite number of finite jumps. Let K(z) e*'=' belong
to L, for at least one positive s. There is no real restriction in assuming that
the

(17.07) / (K(z) er1=)? dzx
converge for all s < 1. Then, by the Schwarz inequality,
(17.08) f | K(x) | e'=! dx

converges for s < 1, as we may see by writing the integrand in the form
K(x) etV 1212 g=0=n)1zi/2,
In what follows, we consider those solutions of (17.01) for which
(17.09) f@) = O(e=),

where « is an arbitrary fixed constant less than 1.
In order to solve (17.01) under these assumptions, we first write it in the form

(17.10) 0@ = 1@ — | K - v) ) dy,
where
(17.11) flz) =0 (x<0); g)=0 (z > 0).

Here g(z) is defined for z < 0 by the right side of (17.10). We now introduce
the Laplace transforms

00

g(x)esdr, «(u) = K(x) e*= dx

—0

(17.12) ¢w) = | 1) edn, () = /

where u = s + it is a complex variable. Then

é(s + 3t) v(s + it) k(s + it)
(2m)12 ’ 2wz’ (2m)z?

considered as functions of ¢, are the Fourier transforms of f(x) e*#, g(x) e**, K(x) e*=.
By (17.11),

(17.13) o(u) = / °of(ac) e* dx,

(17.14) v(u) = /bo g(x) ev* dx.

00
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By Theorems V and III, ¢(u) is regular in the half-plane s < — «, and is bounded
in every properly included half-plane. The same reference shows that vy(u) is
regular in the half-plane s > —1 and is bounded in every properly included
half-plane since g(z) = O(e='*!).

Now, the half-planes of regularity of ¢ and of v together exhaust the entire
u-plane and have a strip (—1 < s < — a) in common. Under our assumptions
concerning K (z), the Laplace integral of K(z) converges absolutely for | s | < 1,
and K (u) is regular in this strip. If we now apply the Laplace transformation
to (17.10), we get

v(u) = ¢(u) — /_w e dr /_w K(x — y) f(y) dy

(17.15)

d(u) — _mf(y) dy /:; K(x — y) e=dx

I

o) — | 1@ evdy [ K@ ena
or in other words,
(17.16) y(u) = ¢(u) (1 — «(w)).

Since the integrals converge absolutely, in case —1 < s = R(u) < — a, the
indicated inversion of the order of integration is legitimate.
In order to apply (17.16), we need the following:

LemMmA. The function 1 — x(u) possesses at most a finite set of zeros in every
strip |o| < B (B <1). If we represent these by wuy, us, - - - , Um, then we may
represent 1 — «k(u) in the strip | o | < B in the form

‘7+( ) .
17.17) 1 — k(u) = .L(Z) H (w — u,).

Here o, (u) 1s reqular and free from zeros in the half-plane s = — B8, while o_(u) is

regular and free from zeros in the half-plane s < + 8. The moduli
(17.18) | oy (u) uktmz |, | o—(w) uk—m2 |,

lie for sufficiently large u between positive bounds in their respective half-planes.
Here k i3 a definite integer, determined by K(z). For an even kernel, K = K(| z|),
we have x(u) = «(—u), m is an even number 2n, and k = 0.

If weput z = ¢ + =/t we see that
(17.19) «(u) = K(z) e etz dz = — / K<£ + ;) et (E+r/n) gitt gt

If we now replace £ in the second integral by z, and add-the second integral to
the first, we get

(17.20) 2(u) = /_ i {K(:c) e — K(x + ’?r) e"’“/"} e dr.

00
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By splitting this into two parts, we may see that the modulus of the integrand

does not exceed
K (z + %) — K(z)

for |s| < 1. Henceif | s| £ s < 1, it follows that

<
2| xk(u) | = e"/l”/ ( ) — K(z)

If we now make use of our assumptions concerning K, it readily follows that

(17.23) k(s 41t)—0 for |t]|—>

(17.21) el 1t e+ et — 1| | K(x) | e=

e'ol" dz + Ienr/t -1 |

(17.22) ©
X/ | K(z) | e®!*! dx.

uniformly in the strip | s| < s,. From this our assertion concerning the zeros
of 1 — x(u) follows at once. Moreover,

k(s + 1t)

taken as a function of ¢, is the Fourier transform of K(x) e**, which we have
already assumed to belong to Ls. Thus by Plancherel’s theorem, | k(s + 1t) |
also belongs to Ly for — o <t < 4 o,

Let us now put
C (1 — k() =D <u + l)"
(17.25) r(u) = (1 (w)) Moo w\w=1)"

where % is still to be determined, and where we understand by (u* — 1)™? that
single-valued branch in | s | < 1 which behaves like u™ for large values of | u |.
Let 8 < B’ < 1, where however we so choose 8’ that the somewhat larger strip
|s] £ B’ contains no new zeros of 1 — x(u). Then 7(u) is regular and free from
zeros in | s | < 8’, and we have

(17.26) 7(w) > 1 for |[t|— o,

uniformly over | s | < B’

Now let us consider the increase of log r(s + ), as ¢ runs from — © to + .
By (17.26), it is an integral multiple of 277, and can be made to vanish by a
suitable choice of k in (17.25). After we have so determined k, let us consider
that branch of log r(u) which is single-valued over the strip | s | £ 8, for which
log 7(u) tends to 0 as t — — «. We shall also have log r(u) > 0ast— + «,or

(17.27) log 7(u) >0 for [t|—
throughout the strip |'s| < 8’. Moreover, r(u) is of the form

(17.28) (1 — x(w)) (1 +0 (l—zlu))
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for large | ¢ | so that | log 7(u) | also belongs to Lz in t. We may then apply the
Cauchy integral formula and we get log 7 = log 7, — log 7_ where

1 [~#*i=log r(v)
T2 )paie ¥V —u
1 [F*i=log 7(v) i

lOg -r_(u) = — 9—7?1: s m v,

log 74 (u) =

)

(17.29)

for -8’ < s = R@) < B’
Now, by the Schwarz inequality,
1 B'+ i
(17.30) |log 7—(u) |2 = — | log 7(v) |2 | dv | [

= 42 B'—iw

Bt i ldv]
B'—ixn !u_v|2'

so that log 7_(u) is regular and bounded for s £ 8 < g’. Similarly, log 7..(u) is
regular and bounded fors = —8 > —8 . If we now put

(17.31) oy (u) = 7o(u) (w + DF2 o (u) = 7-(u) (w — )7,

then (17.17) and all the properties we have claimed for o, and o_ follow from
(17.25) and (17.29).

If K is even, clearly x(u) = x(—u) and the number of roots of 1 — «(u) in
the strip | s | < B is even, m = 2n. Since K(x) is real, «(u) = «(). If now u
is imaginary, @ = — w and «(u) = x(—u) = «(u). That is, x(u) is real. If we
put k = 0in (17.25), 7(u) is also real for imaginary u. Since 7(u) # 0, the
increment of log 7(u) along the imaginary u-axis is zero. It should be empha-
sized that the functions o, and o_ are determined by the kernel K(r) through
explicit integral formulas.

It is now easy to solve (17.16). Let ui, us, ---, un be all the zeros of
1 — x(u) lying in the strip | s | £ a, a being taken asin (17.09). Let us deter-
mine 8 so that @« < 8 < 1, while no new zeros lie in the strip | s| < 8. Using
this 8, we apply our lemma. Then (17.16) and (17.17) yield

(17.32) 2w _ $lu) H( — ).

or(w) | o—(u)

By our lemma and another remark we have already made, the left side of this
equation is regular for s = —g, and is of the form O(| u |[*+™?) for large | u |.
Similarly, the right side is regular for s £ —p and is of the form O( | u |*+™/?)
for large | u|. Thus (17.32) defines an entire function which is O( | u | **™/?) for
large | u |, and can only be a polynomial of degree not exceeding & + m/2.

In what follows, we confine ourselves to the case of an even real kernel
K@) = K(|z]|). Thenm = 2n, k = 0, and (17.32) defines a polynomial of
at most the nth degree. However, the nth degree itself is excluded, for otherwise,
by our lemma, | ¢(u) | will lie above a positive bound for large | u |, which con-
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tradicts the fact that by Plancherel’s theorem, | ¢(s + 4t) | helongs to L. as a
function of £. Thus

U—(u) Pn—l(u)
(1733) ¢(u) = II?" (u _ u,)’ 7(“) - ‘7+(u) Pu—l(u)y
where P,_, is an arbitrary polynomial of degree not higher than n — 1.

We now wish to show conversely that the functions ¢(u) and y(u) given in
(17.33) correspond to actual solutions of (17.10) and (17.11). The function
#(u) is regular over s < S except for poles at u = uy, - - -, Uzn, andis O(1/ | u|)
for large | w|. Similarly, v(u) is regular over s = —8 and is O(1/ | u|) for
large | u|. Thus by Plancherel’s theorem, the integrals in the Mellin inversion
formulas

—B+14
f(z) = Lim, () e du,
(17.34) s SRR RS
: —Bt+14
g(z) = lLim. 1 v(u) e du,

A—®© 2w —B—iA
have a sense, and determine functions f(z) and g(z) belonging to L,. By (3.38),
we may write

(17.35) f(z) e = 51; T o=\ 4 it) eix dt = B),

-0

and by Theorem V we may conclude that f(z) is equivalent to zero for negative
values of z, while g(z) is equivalent to zero for positive values of z. That is,

(17.11) holds good.
As to (17.10), we must show that

w3 i@ = (s - i@ + [ K- )
vanishes, and in the first instance that it vanishes almost everywhere. Now, by
(17.34), e~ 8= g(z) and e~#* f(z) are the Fourier transforms of

1
l@?r E ¢
Thus the integral

. 1 .
(’Lt - B) and W ‘)’(lt - B).

o [ K(z — y) f(y) dy

~—00

in (17.36) may be transformed by Parseval’s theorem into

gz [—B+ia
(17.37) Lim. &= o(w) x(w) e du.

A—®© 27”‘ —f—1A
That is, the Fourier transform of the integral in (17.36) is

o(it — B) «(it — B)

(17.38) e e
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and the Fourier transform of §(z) is

1
and 8(x) vanishes almost everywhere. Thus the function f(z) defined by
(17.33) and (17.34) satisfies the integral equation (17.01) almost everywhere.
It is finally easy to prove from (17.01) and the fact that f(z) e~#* belongs to
L, that f(x) ¢=# is continuous and bounded.

We now wish to discuss the asymptotic behavior of f(z). We restrict our-
selves to the case where K(x) is even. In (17.34), if we displace the abscissa of
integration from —g to 48, we change the value of the integral by the negative

sum of the residues of ¢(u) e in | R(u) | = a. By (17.33), such a residue
is of the form

(17.40) — Q(z) e,

(17.39) (—d(=B+1t) +v(=B+1t) + ¢(— B+1it) k(=B +11)) =0,

where u* denotes a zero of 1 — «(u) within the strip | ®R(u) | £ a,and Q(z) is a
polynomial of degree less than the multiplicity of the zero. Thus

f(x) = folx) + r(2);

(17-41) o 1 B+ 100
Solx) =2 Q(x) e %, r(x) = 5 /, ¢(u) ™" du ;

-1

where the sum for fo(z) is taken over all roots u* in | R(u) | £ a. The func-
tion fo(x) is a solution of the integral equation (17.04), and thus satisfies the
equation

w2 i@ = [ Ke-piwa+ [ Ke-piw .

Clearly fo(z) = O(ef#), so that by use of our assumptions concerning K, we get

(17.43) / " K — 9) fuy) dy = O(e) |

By (17.41), r(x) e?+ is the Fourier transform of

(E})‘_“ ¢(ﬂ - it)

and belongs to L.. By (17.41-3),
(17.49) @ = " K~ ) )y + 0.
0
The integrand is (K(z — y) e=#) (r(y) e®), so that, by the Schwarz inequality,

r(z) = O(e~%). Thus under the assumptions we have made in this section
concerning K, we have established
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TureoreM XVI. Let 2n be the (always finite) number of zeros of

(17.45) 1-— K(z) e= dx [K(z) = K(|z )],
counted with their proper multiplicity, in the strip R(w) £ o < 1. Then the
mazimum number of linearly independent soluttons of (17.01) for which f(x) =
O(etetd 2) § being an arbitrary positive number, is exactly n. The solutions are of
the form

(17.46) f(x) = ZQ(x) e**= 4 O(e7#%) ,}

where u* is one of the above zeros and Q(x) is a polynomial of degree less than
the multiplicity of u*; and B vs a number interior to (a, 1) such that the strips a <
Ru) £ B8, —a > R(u) = — B contain no zeros.

Let us mention as a further property of the even kernel that among the terms
in the principal part of the solution, there is always one with R(u*) £ 0. That
is, there is no solution of (17.01) for which f(z) — 0, z — «, for by (17.33) and
o_(u) # 0, ¢(u) has at least one pole which does not lie in the right half-plane.

Let us now apply our general theory to some special examples. In the
Lalesco equation,

2\

K(x) = Ne~ 17! and k(u) = .
1 —u?

The roots of 1 — x = O are u = =+ (1 — 2\)/?and we haven = 1. The repre-
sentation (17.17) yields directly
1
17. = —
(17.47) o4 (u) |
For A = 0 there are no solutions with property (17.09) and any « < 1. For
A > 0, there is essentially only one solution. By (17.33), we have

u— 1
Furthermore, by (17.41),
z(1—-20)1/2 —z(1—2\)1/2 z(1-2012 _ —z(1-20)1/2
@) = ¢ e +2
2 2(1 — 2))12

(17.49)
1 brie —uz
+ 5 /ﬂ o(u) e = du.

— 1%

The integral here must vanish, as the abscissa of integration may be displaced
arbitrarily far to the right.

1 (17.09) need not be satisfied, since a multiple zero may lie on the border of the strip
|R(4)| S « and hence a term of the order of magnitude z* ea*, I < 0, may occur.
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A second, more complicated, example is that of the Milne equation. Here

1 [®e

| 2]

k(u) = = / / (c"I + e™v=) dt dr
/ / - (p" + e7vr) dx di
z=0 t
(=wt _ = +u)
_ ] e— (-t 1 tdt

1tu 14u
= dtf e -wt du, —_ / dll) _1 l g lj__.l’_l/
w o 2u 1—u’

where we take that branch of the logarithm which is regular in (| R(u) | < 1)
and vanishes for « = 0. The equation 1 — x = 0 has u = 0 as a double root.
A little reflection will show that there are no other roots in the strip | R(w) | < 1.
Thus there is only one solution with the property (17.09). If:x is large, this
behaves like a linear function:

(17.52) f(z) =2+ a+ O(e0-97),

where § is an arbitrary positive number. We have not been able in this case
to reduce the integral representation of f(z) to elementary form. It is pre-
sumably a new transcendent.

In the general case, the assumption (17.09) concerning the solutions of (17.01)
is quite natural, since 1 — « may have an infinity of zeros in the strip | R(u) | < 1.
In case 1 — « has only a finite number of zeros, as for instance in the two cases
just discussed, we may prove the uniqueness of our solutions under even weaker
assumptions than (17.09), but we shall not pursue the matter further.

We now come to the special case where the kernel is positive.f Let
K = K(|z|) > 0 except for a finite number of places, and let K(0) < 1,
K(1) > 1. Then there will be at least one positive solution of (17.01). For
under these assumptions,

so that

(17.51)

k(u) = / ) K(z)(e*® + ev=) dr
0

increases monotonely as u increases from 0 through real values to 1, and the
equation 1 — x = 0 has just two real roots u*(u* 2 0) in the strip | R(w) | < L.
Thus there is a solution of (17.01) for which f(z) = O(e*™) if u* > 0 and
f(x) = O(z) if w* = 0, which means that «(0) = 1. In both cases, the solu-

+ Cf. also E. Hopf, Uber lincare Integralgleichungen mit positivem Kern, Berliner Sit-
zungsberichte, 1928, XVIII.
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tion is positive from some point on. If it is anywhere zero or negative, it must
somewhere assume its lower bound, say at z = z,. Since K > 0,

(17.59 fmwifxm—wﬂw@zﬂm[fm%—w@,
or
(17.54) f(zo) {1 - /w Kz — v) dy} =0,

where we can only have equality in case f = f(zo). Thus f(zo)) = 0 is impos-
sible. f(x0) < 0 is likewise impossible, since the integral in parentheses is less
than

“KQ dt = x(0) < 1.

—00

Thus f(z) > 0 for z = 0. For example, solution (17.52) of Milne’s equation
is positive.

18. A note on the Volterra equation. A theorem of Mercer* asserts that
if0 < a <1,and if

(18.01) as, + (1 — a) % >s, —s,
1

then

(18.02) Sp — 8.

This theorem possesses generalizations of a non-trivial nature. The continuous
analogue asserts that if 0 < a < 1 and if

(18.03) as(z) + 1—-~—;a /z s(y) dy — s as T — o,
1

then

(18.04) s(z) — s.

By a change of independent variable, this asserts that if
¢

(1805 aS®+U-a) [ ets@in—s  w  fow,
0

* J. Mercer, On the limits of real variants, Proceedings of the London Mathematical
Society, (2), vol. 5 (1907), pp. 206-224.

Paley and Wiener, loc. cit., Note VII, On the Volterra equation, Transactions of the
American Mathematical Society, vol. 35, pp. 785-791.

L. L. Silverman, On the consistency and equivalence of certain generalized definitions of the
limit of a function of a continuous variable, Annals of Mathematics, vol. 21 (1920), pp. 128-
140.
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then
(18.06) S(t) — s.
This statement is a particular case of the following theorem:

THEOREM XVII. Let F(z) be measurable and bounded over every finite range
(0, A). Let K(x) belong to L over (0, ): that s,

(18.07) f TIK@ | dt < .

Let

(18.08) F(x) + / "K( — ) F() dE — s as - .
Then if 0 .
(18.09) / C K@t = —1, R(w) = 0,

we shall have

(18.10) Flz) = —— 0.
1+ / K(¢) dt
0
Conversely, let K(zx) belong to L, let

/wK(E) dg #= —1,
0

and let (18.08) imply (18.10) for every F(z) salisfying our conditions. Then
(18.09) must be true.

The second part of this theorem may be proved by reductio ad absurdum by
putting

(18.11) F(z) = €%,

where

(1812) / K(E)e_on df = -—-1, m(UJo) é 0, Wy # 0.
[]

Then

‘F(I)+L2K(I~E)F(E) dz‘=

evo® /‘oK(E) e_wof df l
(18.13) :

§/ |K()|dt—0.
As (18.10) is obviously false, the second part of the theorem is proved.

The first part of Theorem XVII will appear as a corollary to a theorem con-
cerning the Volterra integral equation of the closed cycle.
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We shall use the symbol
(18.14) A * B(z)
to indicate the ‘“Faltung’’ of the two functions 4(z), B(z);
(18.15) A * B(z) = / A(8) B(x — §) dt =/ A(x — §) B(f) dt = B % A(x).
0 0

It is well known* that the (bounded and measurable) solution of the Volterra
integral equation

(18.16) G(x) = F(x) + K *x F(x)

is uniquely determined and given by

(18.17) F(z) = G(z) 4+ Q@ * G(z),

where the resolvent kernel @(z) itself is determined from

(18.18) Qz) + K(z) = K *Q(z) = Q% K(x),

or else, by .

s 0" 2 (~1)"K~(), K~(z) = K x K1(z),
K'(z) = K(z).

We observe that the solution of (18.18) is easily obtained by using Laplace
transforms.t Let us designate by

(18.20) k(w) = / K () et dt,
0

(18.21) q(w) = ﬁ Q(¢) et di,

the Laplace transforms of K(z), Q(z). Equation (18.19) reduces then to
_ —k(w)

and Q(z) will be found by the inversion of a Laplace integral.
The theorem in question may now be stated as follows:

TaeoreM XVIII. A necessary and sufficient condition that Q(x) belong to L
over (0, =) (that is that

(18.23) / " 1@ | de < ),

* Volterra, Legons sur les Equations Intégrales et les Equations Intégro-Differéntielles,
Paris, 1913.

t See, e.g., S. Bochner, Vorlesungen iber Fouriersche Integrale, Leipzig, 1932, Chapter
VII. Other references are also found there.
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ts that

(18.24) k) = / K(E)est de = —1 R(w) 2 0).
0

If this theorem holds true, the first part of Theorem XVII is immediately
derived. Indeed, under the assumptions made we have

(18.25) F@) = 6@) + f "6 — B Q) d.

Here G(£) is bounded over every finite range and — s as § — . Hence G(£) is
bounded over the whole range (0, «). Since Q(¢) is integrable over (0, «)
we may pass to the limit under the integral sign as x — «, with the result

(1826)  F(@)—s+s / ") de = s[1 + g(0)] = sl1 + KO

which is precisely the desired formula (18.10).

To prove the necessity of (18.24) we observe that if (18.23) holds then ¢(w) as
well as k(w) is analytic in the half-plane f(w) > 0 and continuous up to and
including the boundary R(w) = 0. This implies that the denommator in the
right-hand member of (18.22) does not vanish for R(w) = 0so that (18 24) holds.

The proof that (18.24) is sufficient is more difficult. We introduce the auxil-
iary functions

1 [Ju]| < A4];
(18.27) tat) =12 = (4 5 ju = 24,
0 [lul>24];
and put
. —k(w)
(18.28) g*(w) = T )
(18.29) g*(iu) = q(w) + qu(u);
(18.30) qi(u) = ¢a(u) ¢*(tu); g(u) = [1 — ¢a(w)]g*(7u).

We wish to prove that if A is sufficiently large ¢:(u) and ¢»(u) are both Fourier
transforms of functions of L.
To begin with,
— ¢4 (u) k(iu)
(18.31) @) = { $24() + b2a(u) k(7u)

0 when |u]| = 24.

Thus ¢:(u) is the quotient of two functions, each the Fourier transform of a
function of L, each vanishing outside a finite range, and such that the denomi-

when |u| < 24;
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nator function only vanishes in points interior to the region of vanishing of the
numerator function. We may then appeal to a theory due to Wienert to show
that gi(u) is the Fourier transform of a function of L.

We have

(18.32) q2(u) — [1 — ¢A(u)] —'k(iu)ll - ¢'Alz(u)]

1+ k@)1 — ¢ap@)]

It is easy to show that this is the Fourier transform of a function of L when the
same is true of

—kGu)l — dap(){1 + kGu)[1 — ¢ap(u)]}™

(18.33) -

= z (= D"{E@u)[1 — da(w)]}™.
Now "
(18:34) (k@1 — ¢ap(u)]}®

is the Fourier transform of a function k,(z) for which

[Cim@ras] [ inea]

(18.35) A
© L (= cos 5 (¢ —m) — cos A(¢ — n)
= /_ _dt — / K (n)

dn

TA (§ —n)? ] |

An argument of the familiar Fejér type will show that we may choose 4 so
large that the integral in brackets is less than any given numberX in0 <\ < L.
It will follow at once that gs(u) is the Fourier transform of a function Fi(x)
for which

K@) -

(18.36) [Cim@ias 2
Combining this with the similar result for ¢:(u), we see that we may write
) k(iu) ® ©
* o e e = —tuf
(18.37) ¢*(iw) T ke /_w E(¢) e dE, where /:w | E(£) |dE < .
We may rewrite (18.37) as
0 ©
ass9) [ B@Qewdr= — [TB@ e a + ot
o 0

Now, it is readily seen that k(w) — 0 as | w| — o, uniformly in the half-
plane R(w) = 0. Sinte by hypothesis 1 + k(w) # 0 for R(w) = 0, there
exists a positive constant ¢ such that

(18.39) |1 +kw)|=c>0.

t N. Wiener, The Fourier Integral and Certain of its Applications, Cambridge, 1933;
Lemmas 6, 610, 61s.
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Thus
(18.40) - ﬁ E(§) evt dt + q*(w)

is a func: .on of w analytic and bounded in the right half-plane, and continuous
up to and including the imaginary axis. Similarly,

(18.41) f "B et g

is a function of w analytic and bounded in the left half-plane, and continuous up
to and including thie imaginary axis. Furthermore, the two functions are identi-
cal on the imaginary axis. By the classical argument of Riemann-Painlevé it
readily results that they are parts of the same analytic function, which is thus
entire and bounded. It hence reduces to a constant, and since

0
(18.42) / E@)evtdt—0asw— o,
this constant can only be 0. Thus

—k(w) 7 o

On the other hand, it follows readily from (18.19) that there exists a wy > 0 such
that

(18.43) g*(w)

— k(w) ® o .
(18.44) T ) = ﬁ Qf) evt dt (Rw) > wo);
and
(18.45) /om 1 Q) | ot dt < w.

By the uniqueness theorem for Laplace transforms we conclude that E(zx) e—v=
and Q(z)e ~* coincide almost everywhere, whence @Q(x) belongs to L.

In this proof, we have used the theorem of Wienert that if a function has an
absolutely convergent Fourier series and does not vanish, its reciprocal has an
absolutely convergent Fourier series. P. Lévy} has pointed out that the same
methods suffice for the following theorem: if a function f(z) has an absolutely
convergent Fourier series, and ® is analytic over the range of values of f(z),
then ®[f(z)] has an absolutely convergent Fourier series. By methods not
essentially different from those of this paper, we may extend this theorem as
follows: if f(x) is the Fourier transform of a function of L. and ®(u) is analytic
over the range of values of f(z), including 0, then

[ f(2)]
is the Fourier transform of a function of L.

t Loe. cit., Lemma 6.
t P. Lévy, Sur le convergence absolue des séries de Fourier, Comptes Rendus de I’Acadé-
mie des Sciences, vol. 196 (1933), p. 463.
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19. A theorem of Hardy. Hardy* has proved the following theorem:
ThneoreM XIX. Let f(x) be measurable and let

(19.01) f@) = 0(|z|me*2) as T— + o,
and let
1 ® Uz
(19.02) g(u) = W [mf(f) € dzx.
If
(19.03) gu) = O(lu | e**2) asu — =+ o,

then f(x) is of the form P(x) e~**/> where P(x) stands for a polynomial of degree not
exceeding n.

We shall prove this theorem by methods analogous to those which we have
already used in this chapter. We may clearly separate f(z) into even and odd
parts, and treat these separately. The proofs in the two cases run quite par-
allel, and we shall therefore confine ourselves to the even case. In this case,

2 1/2 @
(19.04) gu) = <;r> [ f(z) cos uz dz.
[]
Furthermore, if R(z) > — 31,

0 L
l / glu) w2 du| = A / uR@=1/24n —u2i2 g,
0 0

(19.05) = A / (2v) (R~3/24n)12 g—v gy
(]

= A .2(R@+n)12—3/4 F(W + l)
2 4/’

where 4 represents various constants. Similarly,

/ flx) z=V2 dx
0

< const. 2(R@+n)/2-3/4

xr(M;l‘+ ) 92(z)>—-%.

(19.06)
Making use of the hypothesis, we have

e—0 JO

/ g(u) w2 du = lim e~ g(u) u12 du
0

(19.07) = lim ey 12 gy ( ) / f(z) cos ux dx
0

«—0

12
= lim f(T) dz < )1 / COS UL U2 g=ew gy .
o 0

e—0

* G. H. Hardy, A theorem concerning Fourier transforms, Journal of the London Mathe-
matical Society, vol. 8 (1933), pp. 227-231.
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However, we have

/ cos ur ur V2 gmu dy = g1/ / cos y V2 g~wl= dy
0
(19.08) 7’ ”
—_ x—r—lIZ f } [e—y(—l+¢lz) + e"y(ﬂ-c/z)] ys—llﬂ dy.
0

By using the fact that the integral around a closed contour is zero, we have

© o w(i+e/z)
/; e v(—ite/z) yz—llz dy _ ﬂ e v(—vtez) yz—l/2 dy
—z—1/2 o
(19.081) = (— 17 + 2) / ev wz—-ll2 dw
0

= (—i+§>—g—ml‘ (z+3).

Similarly,

® —2z—1/2
(19082) / g—v(rh/z) yz—llz dy =T (Z + é)(": + E_)

0 z
Thus

(-]
/ cos ux u= 12 e~ du
0

(19.083) =t r(z + §> ; [(“ T+ fz)mm + (z‘ + :;)_Hﬂ]
= =12 r(z + %) exp {_ (2 ;— 3) log (1 + ;—Z)} cos {(z + %) tan-! ’f}

For purely imaginary z and £ > 0 we have therefore

(19.09) / cosuru= 2 e udy | S xW2erlel?2| T (24 %) .
0

Thus by dominated convergence we have

[ 2\12 [
lim | f(z)dz (— f cos ux u? ¢~ du
0

e—0 JO m

= ﬁ f(x) z712 dx <%)m r (z + %) cos = <z + %) :
Using (19.07) we have

(19.11) /;ng(u) w2 dy = j:f(x) V2 dy <—21-r>1/2 r (z + %) cosg (z + %) .

In particular,

(19.12) j; et 12 dy = /; e~ g—1i2 dy (—21—)1 cos 1—2r <z + %) r (z + %) .

(19.10)

N
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However,
(19.13) / v =12 gy — QU T (i’ + 3).

0 2 4
Thus

2-3/2 f g(u) u:—ll2 du 2!/2 / f(x) x—z—*llz dz
(19.14) : = :
z 1 z 1
r(5+3) r(-5+3)

Let us call this function F(z). It is clear by (19.05) and (19.06) hat it is
entire, and in the right half-plane,

(19.15) | F(z) | < conmst. |z [*2exp (x| 3(2) | /4).

In the same way we may prove that (19.15) holds in the left half-plane, and
hence in the whole plane.
Let us now consider F(z) on the positive imaginary axis. Here

/ g(w) w12 du
0
w1
r(§+5)
o exp (—xi/d+€1) r
/ g(u) exp <i (:1 - e)) w2 dy
0
| g(ue®) | = ’;ﬂ / J(x) exp (izue?) dx
< e 2
<4 |z|"exp | —% + izue? ) dx
®© 2 o8
<A I/ |z |* exp (—,l) (x — iue"’)’) dxexp( u2€ )

s [A f |z + tue? | e dxr 4 A / |z — jue? " e d:c]
0 0

2
X exp I:—% cos (g - 2e>]

< AQ + |u|»)exp(_0(1)%2> [—Z+e§0§£—-e:‘.

Thus by (19.16) and (19.17),
/ g(u exp <i<7—r - e>>> uv=1/2 dy
0 4

~ A y—lll eTv/4

| F(iy) | =
(19.16)

/ g(u) uv=1/2 du
0

~ Ayl

eV,

Now,

(19.17)

(19.18) |F(iy) l ~ const. y~1/4

ev,
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where the integration is taken along the real axis. Hence

(19.19) lF(iy)‘ = 0(e%); IF’(-—'iy)I = 0(ew)
for all ¢ Thus by the Phragmén-Lindelof theorem and (19.15),
(19.20) F(2) = O(e*)

if & > e. It follows that either F(z) must be a polynomial, or it must have an
infinite set of zeros, for otherwise it would be of the form e, which contradicts
(19.18). Thus if F(z) is not a polynomial we may remove more than n/2 + 1
of these zeros and.obtain an entire function G(z) which belongs to L; along the
real axis, and satisfies

(19.21) G(z) = O(e*'*)

for all e. This is, however, impossible, by Theorem XI. Thus F(2) is a poly-
nomial, and as such it cannot, by (19.15), be of degree higher than n/2. Hence

(19.22) fm f(z) x~=12 dx = F(2) I‘(% — i) 22

and over every finite range,

f(x) = lLi.m. (—2%)”——2 /A F(iu) P(%" — i_) Qul2 piv day

A-—00
(n/2]
‘ — d k ~z2/2
(19.23) = 20) dk(x E;) p
[n/2]

— E : ci 2% e=72I2
0

Here we make use of a mathematical induction from the fact that

(1924) xdi’v (xn e—22/2) = (m:" _ xn+2) o202



CHAPTER V

ENTIRE FUNCTIONS OF THE EXPONENTIAL TYPE

20. Classical theorems concerning entire functions. Let f(z) be an entire
function: that is to say, a function without singularities in the entire plane.
It is said to be of finite order if there is a positive number A such that, as
z = re?® tends to infinity,

(20.01) f@) = 0(e).

The lower bound p of numbers A for which this is true is called the order of the
function. In this book we shall devote most of our attention to functions f(z)
of order 1; that is, to functions for which if ¢ > 0,

(20.02) f@) = 0(et),

and in partieular, to the narrower class of functions of exponential type, for
which there exists an A such that

(20.03) f(z) = Ofe).
In these cases we may write

— am pCZ — _z_ z/An
(20.04) 7(z) = zme BH (1 M>e ,

by a well known theorem of Hadamard.* In particular, if f(z) is even, we may
multiply the factors of (20.04) by pairs, and obtain

0 z2 -
(20.05) f(z) = 22 B H (1 — i?.) ;
and if f(z) is odd,
(20.06) f(z) = 21 B H (1 - ;-i) :

If f(2) is even, we have

(20.07) log“f(zl)zlllz|~2m} - log IBI n 2 ] log (1 4 II;ITZ) -

Let us put A(r) for the number of \,’s not exceedmg rin modulus. Then

log {1 f(®) |z} — IOE|B| /lg(1+l_zl_>d)\(u)

| 2]

(20.08) Mu ) |2 |

. 1 |22
= lim ——log( ))\(A) + / du
A—00 IZ, IZI 1+IZ|

* E. C. Titchmarsh, loc. cit., p. 250.
68
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It follows that

(20.09) Tim (g /@] o AW

£—00 I I u—0 u

On the other hand, by Jensen’s theorem, if
(20.10) lim f(z)z™ = B> 0,
20
we have
TaN@) o\ ro r
. de = 2 Z logl—i—k_l = 210gi_>\ml

(20.11)

2x
= —1-/ log | f(re) rme2m | dglog | B,
21r 0
where n = A(r). Thus

@12 @t ["28 g = i L[ g e 0 5 i g )|

r —00 r—00

and
(20.13) fim 2 f 2M@) g < i 108 1SR |

rool Jr/2 T z—0 ‘ '
Since A\(u) is increasing, this gives us
. 2r
2014 > fm- f A) 2 = Tm M) o 1 ol [S@) ]

logz sl 7 uow U ‘lg - | 2]

Combining this with (20.09) we see that

TuroreM XX. If f(x) is an even entire function of order 1, A(u)/u s bounded
at infinity when and only when log | (2) | /2 is bounded at infinity, N(u) being
defined as tn the lines just following (20.07).

A chief purpose of this chapter is to prove the following much deeper theorem
of the same character:

TueoreM XXI. Let f(z) be an even entire function and equal to 1 at the origin.
Let

(20.15) [° log* | (=) |dz
[]

x2
the integral being taken along the azis of reals, and let
(20.16) lim —1_! log | f(2) | < w.
8§00

Let the zeros of f(x) be = z. and let

L]

o = 1] (1 - I_zi’,_)
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Then
(20.17) lim l%_“) — 4
exists, and
_ 1 [*log fi(z) d=z
(20.18) A= — 7—r—2/‘; = .

This will 17 particular be the case if

(20.19) /owlf(x)|2dx< o,

the integral being taken along the real axvs. We shall have

(20.20* f&) = /o " cos w2 6(w) du L > 0),

where ¢(u) s not equivalent to zero over the whole of any interval (L — ¢, wL).

(20.04) may be replaced by
(20.21) / log* m,(r) dr < o,
0 r?

where m,(r) is

min | f(re®) |.
0s6s2r

21. A Tauberian theorem concerning entire functions. In the proof of
Theorem XXI, the following theorem occupies an important place:

TreoreEM XXII. Let {\.} be a monotone sequence of positive numbers such
that the series 33 \,* converges. We set

(21.01) o(2) = f] (1 _ f;) :

y=1 4

Then the statements

(21.02) log ¢(1y) ~ 74 l yl as y— =+ «
and
(21.03) / log ] o(x) ‘ 22dr = — n%24

are completely equivalent.

* Cf. (20.11) and Theorem X.
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To prove this, let us note that if A() is the number of \,’s not exceeding ¢, and

y>0,

(ry) ™" log ¢(iy) = (my)™ 2 log (1 + )
(21.04) !

= (ry)“/(l log (l + )d)\(t)

v 0
— 272 / 2dx / log
[ 0
© v
= — 2772 / d\(t) / log
0 0

= — 2x2y-l / @) Y
0 t

Similarly,
v
— 72 / .logl o(x) I-x‘” dx
-V

(21.05)

r2dr

v/t
X[ log|1 — & s 2ds.
[]

Expressions (21.04) and (21.05) are both of the form

(21.06) 1 / ) N(5> ),
Y Jo Y

where \(t) is & monotone increasing function. In (21.04) we have

(21.07) NO) = M) = 2 log (1 + l),
m A2
while in (21.05)
2 1/
NQ) = No(A) = — - log| 1 — 2| 22 dx
(21.08) , ’ 1 1
14\ >\
The function N;(\) is positive and monotone decreasing. This is also true of
N2(M\), since
’ 14X
(21.09) N,(\) = — 2)\21 ' i < 0.
The following properties are easily established, where N()\) stands for either of
Ni(A), Na2:(0):
O (log 1/2) as A — 0;
(21.10) 0\ = {
0 (1/7\?) as X\ — o
(21.11) >, max AN <w®, N0 >0

o 2kSag2kt]



72 ENTIRE FUNCTIONS OF EXPONENTIAL TYPE [V]

Furthermore,
/ee N.O) M dh = j‘ (zt—-l)lz 1
21.12 )N D)o 1
(21.12) ‘ m(al + ) + ” (zt + 1) cosh—
and
) 2 — 2 ” wt—1 1 + A ‘
ﬁ No(A) Nt dh = AT D fo AL log — d\
(21.13) - o tan ™
_ 2 1 _ 2 ]
w2(it 4+ 1) & (é)z + (k + %)2 mit(it + 1)
Thus it follows that if ¢t is real,
(21.14) f N(N) Nitdh =0,
0
and that
(21.15) / N\ d\=1.
0

Finally, as y — 0,

(21.16) lim le.[ N;( ) d\(t) = lim (zy)! log ¢(iy) = 0,
0

and

(21.17) lim :; /om N. (5) d\(t) = lim (—- m? /:: log | ¢(z) | 2 dx> =0.

Thus either of the statements
(21.18) ;f N. (f,) D) —A  as  y— (=12
0

implies the boundedness of the corresponding integral

(21.19) 1 / N <i> an()
YJo Y

over the range (0, ). A direct application of a Tauberian theorem of Wiener*
then shows that statements (21.18) are completely equivalent, which is precisely
the result of Theorem XXII.

* N. Wiener, Tauberian theorems, Annals of Mathematics, (2), vol. 33 (1932), pp. 1-100;
Theorem XI, p. 30.
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We now proceed to the proof of Theorem XXI. By Theorem XX, if we
replace each pair of zeros of f(z), which are the negatives of each other, by
another pair of the same absolute value but real, changing in effect
(21.20) f@) = H (1 - z‘;)

1 14
into

(21.21) 1 =11 <1 - 1~>

1 14

we certainly do not affect the truth of (20.14), as for real z,

2
2
’

2'2
[z ]
nor do we affect the truth of (20.19). If we put A(w) for the number of z,’s
not exceeding w in modulus, it follows that A(u) is not affected by this trans-
formation, so that by Theorem XX, (20.131) remains true. Thus it is legiti-

mate to replace f(z) by fi(2) in the demonstration of the theorem, and to assume
that the z, are all real and positive. We shall suppose that

1- <log|l-—

(21.22) log

’

(21.23) 0<z1 S22 .-,
where obviously
(21.24) Dol <.
1
We have
(21.25) Muw) _ lf () = l/ K. ('i> d\),
u u Jo U Jo u

and

1 . o 2

— log fi(7y) = 1 Zlog 14 _y2

Ty Ty “ | 22|
(21.26)

]
S~
'h

8

S

o
/N

(S

+
SIS

I

>

=
)

I
R
\8

=
N
@ |
N~—

J

>

~~
I

where (cf. (21.12))

Ki(u) Z 0; K,(u) Z 0; / K@ vedo = 1 = 0;
0 w+ 1
L] 0 1
1. == . 1w —_ .
(21.27) j; Ki(v) dv = 1; /; Ks(v) v dv G 1) cosh (r/2) # 0;

/:K;(v)dv= 1.
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Thus by another theorem of Wiener,*

(21.28) —:; log fx(‘iy) ~ Am
and
(21.29) Mu) ~ Au

are completely equivalent. This is also a result of Titchmarsh.t Thus all that
we have to establish is (21.28), or by Theorem XXII,

(21.30) / log | fiz) | z2dz = — m?A.
We already know that

(21.31) log* | fitw) | = O(| w|)

and

(21.32) / log* | fi(u) | w2 du < o,

as follows by a direct computation. It follows from (21.31) that the ratio
A(t)/t is bounded. Hence by (21.05) and (21.09),

/_Vloglfl(u)lu’du= ————-/ N,( )d)\(t)

(21.33) =’5[ )\(t)dth(>=—2/ £-4)(t) log y+t|dt
0
_ "g 1+t/y [di 1+y/t}_
‘O{ tog t/y‘+ ’ ——y/t‘ = 0(D).

Combining this with (21.32), we obtam
(21.34) fﬂ log— | fiw) | w2 du = O(1),

the integral being taken al(,),ng the real axis. Thus we have
(21.35) /: log~ Ifl(u) | w?du < o .

This and (21.32) together yield (21.30). We shall clearly have
(21.36) lim X

u— U

from which (20.16) follows at once.

=4,

* N. Wiener, A new method in Tauberian theorems, Journal of Mathematics and Physics,
Massachusetts Institute of Technology, vol. 7 (1928), pp. 161-184. The theorem is not
there stated in the form applicable to Stieltjes integrals, but the proof is substantially
independent of that form.

t E. C. Titchmarsh, On integral functions with real negative seros, Proceedings of the
London Mathematical Society, (2), vol. 26 (1927), pp. 185-200.
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Let us return to f(z), in the general case discussed in the hypothesis of Theorem
XXI, where not all the roots are real. By (20.13)

(21.37) Mu) = O(u).
On the other hand,

P G
el

0

(21.38)

x? d
- = T
z, >| _/”10g+|fu(z)ldx
=
It follows that
(21.39) A = lim M) < _1_2/ ll(’gl‘_@.l_flf
u—o U s 0 x2
exists.
22. A condition that the roots of an entire function be real. We wish to

prove

TaeorEM XXIII. Let f(z) be an even entire function of order not exceeding 1,
and let the number of its roots =4z, within a circle of radius r abou't the origin be
2\(r). Let

(22.01) \r) ~ Br (r— «).
Then all the roots of f(z) will be real, when and only when
(22.02) B = __l/ M.

T J_ 2

By Theorem XXII and (21.28-9), all that we have to prove is that

ﬁ(l —%) ]u"du:O

1
when and only when every 2, is real. However, if any z, is not real, we shall

have
>' Zlog u’l >0

u’l

0

[1(-%)

1

— log

(22.03) l:log

©

[1¢-2)

1 14

0

¢~

1

(22.04) log — log

for real u, which is incompatible with (22.03).
23. A theorem on the Riemann zeta function. We proceed to prove

TaeorEM XXIV. If the N\.'s are real and positive, if the series T 1/\? con-
verges, and if

(23.001) é(w) = ﬁ (1 _ ;.‘ﬁ> ,

y=1 4
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then the statements

(23.01) log ¢(iy) ~ A |y|log |y| asy— «
and
v
(23.02) / log | #(z)| x2dx ~ —n2A log | y|
i

are completely equivalent.

Let y > 0, and let us use the kernels N;(A), N2(\) of a previous paragraph.
Then (23.01) and (23.02) may be replaced respectively by

(23.03) (ylog y) / N<y£> d\(t) = A N = N:(\), N.(\).
0

We now observe that either of the statements (23.03) implies

(23.04) My) = O(y log v) .

Indeed if (23.03) is satisfied then
v
0(1) 2 (ylog y)”‘f N(:;) d\(t)
0

(23.05) = N(1)(y log )" A\(y) — (y log y)™* ﬁ o N<5>

> N(1) My) (y log )™,
since N(A\) is positive and decreasing. Next we prove that under condition
(23.04), (23.03) is equivalent to

(23.06) 1_1/ / N(é) AN () — A ; NO) = M), NV
0
where as a Cauchy principal value,
(23.07) A*(y) = / " (log )1 dn(1) .
0

We can assume without essential restriction that A(¢) is continuous at 1. It is
readily seen from (23.04) and (23.07) that A*(y) vanishes for sufficiently small
y, while

(23.08) A*(y) =O0(y)asy — o .
Now the difference between the left-hand members of (23.06) and (23.03) is equal

0l () g
= (y log y)~* A ) N(é) log ¥ an*()
= —(y log y)-! A " A d,[N(é) log ¥ :l
- 0{(log Yt /0 " d% [N(t) log 21] dt} - o(ﬁi—y) ,

]

(23.09)
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which tends to zero asy — «© or y — 0. The same theorem of Wiener which
was applied in the proof of Theorem XXII shows immediately the equivalence of
the two statements (23.06): hence the two statements (23.03) are equivalent,
as are (23.01) and (23.02).

In order to apply Theorem XXIV to the theory of the Riemann zeta function,
we introduce

20) = o3 + %)

(23.10) .
= %(% + iz)(% — iz) i I‘(i + g) {(é + iz) .

It is known that E(z) is an entire function, is even, and has all its zeros in the
strip | 3() | < 3.* Moreover

(23.11) 16g E(iy) = O(y) + log T'(y/2) ~ } y log y;
0 2 o0
(23.12) E(2) =c¢ H (1 - Z;), E 2,2 < o, = £(0).
y=1 ’ 1
We set
(23.13)  z, =z, 4+ 1iz0; z.>0; <y o=\
Let us put
i 2
(23.14) H(z) = ¢ (1 - f—).
) H o
Along the imaginary axis we have
H(y) | = 2?4 g2 c 22 —\?
(23.15) lo [,_. = — log| 22— | = — log |1 d z
S EGy) | ; g)\f+y2 zog +)\f+y’
= 0(1).
Thus if y > 0, by (23.11)
(23.16) log H(sy) ~ % y log v,
and by Theorem XXIV,
v
(23.17) (log y)! / log l ¢! H(x) | x2dr — — ga.s y— o,
-y
Again, on the real axis,
z? z?
(23.18) l1_;? gll"{z.’

* Cf. A; E. Ingham, The Distribution of Primes, Cambridge Tract in Mathematics and
Mathematical Physics, No. 30, chapter 111, §7.
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whence
1 — 22/22
23.19 log | ———~
( ) S e
Furthermore
© o a2/,2
0§I.=/ log 1—2/—2’— 2 dx
—0 1— Tz/kf
(23.20) 1 (= 1 2 ,i0(1/An) 1
— (2 e0{t/An
< - —_— —2 = — ]
= xn/_w l"gl —e |7 O<xz)

If we integrate term-wise, we obtain

= E@| L. N
(23.21) 0</_mlog 7@ T dx_;I,< .
Then by (23.17)
v
(23.22) (log y) j log| ¢! E(z) |z 2dx — — %
-V

If we now apply (23.10), and express everything in terms of the zeta function,
we obtain

TueoreM XXV .*
v 1 ;
(23.23) / log i—((l:—zl—x)—' dz = o(log v).
1

24. Some theorems of Titchmarsh. Titchmarshf has discussed asymptotic
properties of entire functions with real negative zeros. In this paragraph we
indicate some results which overlap those of Titchmarsh. The method
used in deriving these results is closely analogous to that used in proving
Theorem XXII; therefore we shall give here only a brief outline of the proof,
leaving the details to the reader.

Let

(24.01) @ =11 (1 + f-)

be an entire function all of whose zeros { —a,} are negative. It will be assumed
that

o0

(24.02) O<mSms -, D0t < =

r=1

* This result is lese powerful than one obtained by Titchmarsh in his Cambridge tract on
the zeta function. He establishes that

fo' log | £(3 + it) |dt = O(T log log T).

t Loc. cit.
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We shall use the symbol n(r) for the number of a,’s not exceeding 7. The letter
z will designate a real positive variable which tends to infinity.

TaEOREM XXVI. Let ), p, 0 be fized numbers such that

(24.03) A>0, 0<p<1, |8|<m
Then the statements
@) n(z) ~ \ z°;
(ii) log f(x) ~ = \ cosec wp x*;
(iii) log l f(ze®) [ ~ 7 \ cosec mp cos fp z* ( I 0] < %);
/: 1@ 101 Jog | f(red) | dr ~ m\ cosec wp €os Op —T
1] g
(iv) P 2Te]

(gp < | 0| < 7r>;
are all equivalent. In the last statement (iv) the right-hand member tn the case
p = 7/(26) should be replaced by its limiting value as p — = /(26).

We first observe that the convergence of the series implies
(24.04) n(z) = o(x).
Next, let us put
(24.05) w(x) = 277 n(x).

In view of the fact that n(z) is monotone increasing, it is readily seen that the
statements (i), which can be written as

(24.06) w(x) — N,
and
(24.07) f " o() dr ~ 2z,

are equivalent.*
Our next step is to transform the left-hand members of (ii-iv) in such a way as
to allow an immediate application of Wiener’s Tauberian theorems. We have

zrlog f(x) = xz~* /w log (1 + %) dn(t)

1y
z* / nll) % dt =1 / w(t) Q“__ dt,
0 Z Jo t

(it + x) 14
z

* This is readily proved directly or derived from a theorem of Wiener (loc. cit., Theorem
XIII, pp. 34-35); it also follows from a well known theorem of Landau, Beitrige aur analy-
tischen Zahlentheorie, Rendiconti del Circolo Matematico di Palermo, vol. 26 (1908), pp.
169-302 (p. 218).

I
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* dn(t)

e tog | fleet) | = 3 o-v [ log| 14T es

11
® 1 + - cos 6
1
= 1 / w(t) (z)p- z dt,
x Jo s t 2

1+25cos0+:c—2

(24.08)
27/ @181)—p /z pl=x/(2101) logl f(re®) ] dr
0

1+£cos0

—_ x"/(2|0 I )—p / T"l*‘r/(?’ 8l) dr el / w(t) <£)"'—1 _.___._7‘—_ dt
0 0 r 2t R

14+ —cosf + —
r r?
1
w —otr w 14 >cosf
= — .l.f w(t) dt (.’f)l o /(2|o|)/ r =@l gy
¥ Jo ‘ /‘1—1-?0050 1
r +r2

For the last transformation use (24.12) with ¥ = 0 and p6 = n/2. Thus all the
statements (ii-iv) are expressible in the form

(24.09) ;1—/ o) N (£> dt —\ as rT— o,
0
where N(y) stands, respectively, for
1 ylr“l
N. = 5
3v) wecosecmp 1l —y’
1 _ 1 4 ycosb

N = =l ;

(24.10) J @) T cosec wp cos fp y 1+ 2ycosf + y2’
T 1
p — 21—0‘, © 1 + ~cos 0
Ni(y) = yptowl@lon) / r po1=xl@I8D gy |
T cosec wp cos Op /vy n ?cos& n :2

A direct computation yields

© utp—1
(24.11) /0 % +,,y dy = = cosec w(1u + p);
® yiwte1 (1 4 y cos 6) . 1[ /‘ y‘lu+p—l / ym+p-1
fo 1 + 2y cos 8 + y2 dy_i o 14ye? dy + 1+ye® dy
(24.12) - / yl"':'—ﬂ" ; (e|0) Giu+tp) + (e—u’) (w+p)] dy

7 cosec w(1u + p) cos 8(iu + p) ;
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o w 1+ ! cos 0
/ yiutei=ri@10]) dy / e T gy
0 1

/v 2 1
1+;coso+;é

(24.13) /w weielony _ 1 Tcosd /w —1~
_ — 1+ d wtp—1—x/(2]6]) d
o T 14 27rcosb + r? r r v v

— 7 cosec w(1u + p) cos O(iu + p)

. ™

7 —_

U+ p 20

It is an easy matter to verify that the kernels N3(y), Ni(y) when l 0| < n/2,
and Ng(y) are possessed of all the properties of the kernel N(y) stated in the
proof of Lemma 2.1. We set

AQ) = f w(l) dt.

Since w(t) = 0, A(t) is monotone increasing. Hence Wiener’s theorem used in
§21 may be applied here with the result that the statements (ii), (iii) when
|0| < w/2 and (iv) are equivalent, while either of (ii) or (iv) implies (iii)
when 7/2 < |6 l < w. It should be observed that the kernel N,(y) is not
positive when I 0 [ > /2 while Ns(y) is positive over the whole range ] 0| <.
The introduction of this kernel was necessitated by the lack of positiveness of
N(y) when | 8] > #/2. Another theorem of Wiener* will show that either of
the statements (i), (iii) when | 8| < =/2 and (iv) implies (24.07), hence (24.06)
which is the same as (i). On the other hand, it may be proved directlyt that
(i) implies (ii), hence also (iii) and (iv). This completes the proof of Theorem
XXVI

25. A theorem of Pdlya. Polya} has set the problem to establish the
following theorem, which we shall number

TaeoreM XXVII. Let f(z) be an entire function bounded for the integral
argumentsz =0, =1, £2,..., £+ mn,.... Let

(25.01) max log l f(re®) | = o(r) .
0s6<?2

w

Then f(z) reduces to a constant.

It is clearly sufficient to prove the theorem for an even f(2), for if f(z) is odd,
we need only consider f(2)/z, which will be even, and will hence reduce to a con-

* N. Wiener, loc. cit., Theorem XI’/, pp. 31-32.

t Titchmarsh, loc. cit., Theorem I.

1 Jahresbericht der Deutschen Mathematiker Vereinigung, vol. 40 (1931); 2te Abtei-
lung, p. 80, Problem 105. Solutions have been given by Tschakaloff and Szegs, and the
solution has been commented on by Pélya (ibid., vol. 43, 2te Abteilung, pp. 10, 11, 67).
Pélya refers to an earlier paper of J. M. Whittaker.
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stant which can only be zero. The general function may then be treated by
reducing it to the sum of an odd and even part.
If f(z) is even,

(25.02) g(z) = [f(2) — f(0)] 22
will be entire. Thus
(25.03) Dl | < w.
Let us form "
_ - g(n) sin #(n — 2)
(25.04) G() = .Z«. LT
Clearly
(25.05) Gz + 1y) = O(yterlvl),
Let us now form the entire function
(25.06) H(z) = [g(z) — G(2)] cosec 7z.
For all values of z and all integral values of n we shall have
Hir 4 B + i) = O foxpel(n + 37 + 3] +0(( L)

(25.07)

1
= eIl Oele—m1vl) 4 0(_)
‘ € ) [yl

uniformly in n. We have here employed (25.01) and (25.05). Hence

(25.08) / |H(n + 3 + ) |2 dy = O(ex )
for all e.
Let us put
o =lz 44, o=z - 4.

Then by Cauchy’s theorem

. ns [T H@+ 3+ 7p)
— 1
H(x + 1y) = (2m) / n+i+ip—z—dy dy,

— (2mi) / Hi — 3+ i)
=Ty — b+ — 2z — 1y
Hence
H(z + 1y) ™ dy
(25.10) = @)™ L Hle o+ §+ ) e dp, /_., e 7y

— (2m)™ | H(z: — } + iy1) e™1dy, f e dy

—o eti—k—z—y’
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and, by the Plancherel theorem and the Schwarz and Minkowski inequalities,
|H(:c + 1y) l2 dy

< const. {/ |H(x: + 3 + i) P dy +/_ |H@xs — 3 + iy)lzdy}.
Thus, by (25.08),
(25.11) / | H(z + dy) |2 dy = O(er1=) .

By an application of Cauchy’s theorem,

(25.12) / H(x + 1) ewdy = e*"‘/ H(@y) e dy = ez ¢(u) .

Q0

Thus by the Plancherel Theorem,
(25.13) / l¢(u) ,2 etz du = Ofe2el=l)

This is however only possible if ¢(u) vanishes almost everywhere for | u| > e.
Since e is arbitrarily small, ¢(u) must be equivalent to zero. Thus H(z) van-
1shes, and g(z) = G(z). On the other hand, G(z) belongs to L, along the real
axis since

(25.14) |G| < _24 | ng(n) |2 2 :;‘21‘;2_”(%‘5%)2 ,
(25.145) / “la@ Pdr < .

Therefore g(z) belongs to L, along the real axis. By Theorem XI it must
vanish identically. Thus

(25.15) G(z) =g(2) =0, f(2) = 1(0),

which is the desired result.
26. Another theorem of Pdlya. Poélya* has put the following theorem as a
problem, and it has been answered by Szdsz:}

Let the real numbers my, my, - - - have the properties 0 < m; < me < ... and
(26.01) lim ™ >%=%50.
S Ma 2r

Furthermore, let f(z) be continuous in the closed interval (a, b). Then it will follow
Sfrom

b b
(26.02) / f(x) cos m, x dxr = / f(x) sinmozdr =0

that f(z) vanishes identically.

* Ibid., vol. 40 (1931), Problem 108 (p. 81).
t Ibid., 43 (1933), p. 20 (part 2).
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There is no restriction in supposing b = — a = =. We shall prove the fol-
lowing more general theorem:

THEOREM XXVIIL* Let0 < my < me < --- and let
(26.03) lim =~ > 1.

n—o0 My

Then if f(z) belongs to Ly and
(26.04) / f(z) etmnzdr = 0 (n=123,-.-.),

f(x) vanishes except over a set of measure zero.
It,is very important that we have replaced lim by lim. This yields us a

much deeper theorem.

Since (26.04) is satisfied with f(z) replaced by f(z) + f(—=z), it suffices to
consider the cases of f(z) even or odd. We shall give the discussion of the case
f(z) even, under the additional assumption that

Tiwydt = 0.

The case where this assumption is not satisfied as well as the case of f(z) odd will
require but slight modifications which may be left to the reader. We set

(26.05) ¢(u) = _' ft) e dt,

where the entire function ¢(u) is even, and where we may assume without loss
of generality that ¢(0) = 1. We observe that, on setting u = ¢ 4 7 7, we have

(26.06) |o(u)| = |o(c + i) | S {f: 1) |2 dt}me"” = 0(er'™).

On the other hand, we know by the theory of Fourier transforms that ¢(o) be-
longs to L; over (— ®, =), and by (26.05) that the Fourier transform of ¢(o)
vanishes outside (—, r). Hence by Theorem XII

* |log| ¢(a) |
(26.07) ‘/;n "-'1—"_-‘&—2‘— dO' < oo,
Thus ¢(u) satisfies the conditions of Theorem XXI. It follows at once that the
limit

(26.08) lim %™ _ 4

r—0 T

* This theorem may also be deduced from a theorem of Titchmarsh: The zeros of certain
integral functions, Proceedings of the London Mathematical Society, (2), vol. 25 (1925), pp.
283-302, Theorem iv.
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exists, where ny(r) is the number of zeros of ¢(u) with modulus not exceeding r.
Let {w,} be the sequence of the zeros of ¢(u). It is clear that {£ m,} is a
sub-sequence of {u,}. Hence by (26.03) we obtain

(26.09) 9 < Tm2® <1im™™ _ 4.

n—wo My r—0 T

However, by Jensen’s theorem, in view of (26.06),

1 "n¢(t) B 1 /21 "
;fo Bt = o | log|ere)| a8

(26.10)
< 1" 7 |sin 6| d6 O1 =21+0 1
= 2rr 0 T + r - ‘+ 7T ’
Hence
(26.11) A= 1imr1/ Tf"—t(t—)dt <2.
r 0 0

The resulting contradiction shows that f(z) must vanish except for a set of
measure zero.



CuarTER VI
THE CLOSURE OF SETS OF COMPLEX EXPONENTIAL FUNCTIONS

27. Methods from the theory of entire functions. The chief object of this
chapter is to discuss the closure of the set of functions {et**=, 1} over a finite
interval, which we may take without restriction to be (—, 7). This is a sub-
ject with a surprisingly small literature. The entire literature seems to center
around a paper of Birkhoff* in which he uses a method of continuous variation
to handle the problem of the closure of sets of Sturm-Liouville functions. The
ideas of Birkhoff’s theorem have been applied to trigonometric sets of functions
by Walsh.t As far as we know, the only discussion of a case where the sole
restriction on A, (besides reality and evenness) is of the form

(27.01) I)\n——n|<L<w

is due to Wiener.] The present chapter, and part of the next one, will be
devoted to results similar to Wiener’s, but of greater scope.
In §26, we have shown that if

(27.02) lim 2 < 1,

the set of functions {e**~*} is closed L. over(—=, ). In this section, we shall
confine ourselves to the case where

(27.03) lim ™ = 1.

n—o

In this case, the entire function

@

(27.04) Fi) =[] (1 - ﬁiﬁ)

1

will exist. If A(f) is the number of \,’s less than ¢,
1 . 1 (" y?
37108 F(iy) = 1;/0 log (1 + m) dA(t)

_[TAM 2y
_/; Tvr‘*t’—f-y’dt'

(27.045)

* G. D. Birkhoff, A theorem on series of orthogonal functions with an application to Sturm-
Liouville series, Proceedings of the National Academy of Sciences, vol. 3 (1917), p. 656.

t J. L. Walsh, A generalization of the Fourier cosine series, Transactions of the American
Mathematical Society, vol. 22 (1921), pp. 230-239.

1 N. Wiener, On the closure of certain assemblages of trigonometrical junctions, Proceed-
ings of the National Academy of Sciences, vol. 13 (1927), p. 27.

86
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If we now use (27.03), we have

(27.05) lim 1 log F(iy) =

y—®o
Throughout this chapter, we shall define F(z) as in (27.04). Assuming (27.03)
to be true, we shall prove a series of theorems connecting the closure properties
of {ex™nz} or of {1, e¥™=} with the properties of the numbers A, or of the func-
tion F(z). Of these the first is

TurorEM XXIX. Let (27.03) be true and let F(z) belong to Ly over the real
azis. Then the set of functions {e*™=} cannot be closed L, over (—=, 7). Again,
let zF(z) belong to Ly over the real axis. Then the set of functions {1, e**n<}
cannot be closed Ly over (—=, 7). In either case, a finite number of the functions
of the set may be replaced by other functions of the form e to the same number.

If F(z) belongs to L, let it have the Fourier transform

1 4 A
(27.06) ) = llm @ )”2/ F(z) e dx,
and let us put
(2707) H(Z) — / Qfﬁ_'v)l 1w (1+¢€) dw € > 0.
0

Then H(z) will be an entire function of order 1, which will be bounded both
along the real axis and the positive imaginary axis. Thus by the Phragmén-
Lindelsf theorem, it will be bounded in the whole upper half-plane J(z) > 0.
By Cauchy’s theorem,

F(z) e=0to 1 H(w)

241 = om lw—s | =8 (W — 2)*

dw.

(27.08)

Thus F(z) ¢#0+9/(z + ) is bounded in any half-plane above J(2) = & > 0.
It may similarly be proved that F(z) e*“+9/(z — 4) is bounded in any half-
plane below 3(z) = — 6 < 0. Thus by the Phragmén-Lindelof theorem,
F(z)/(z + %) is bounded on every horizontal strip above the line J(2) = —
Thus F(z) €#9+9/(z 4 7) is bounded in every upper half-plane J(z) > a > — 1.
It follows that for arbitrary e,

F(2) e=ato

lim l.u.b. .
Y 2)w —0<R(2)<o z2+41
(27.09) ’
12(1+¢/2)
= lim e 3@ lu.b. F_'(_i)_e_;_ < K lim e 3@z — (.
J( )0 —w<R(z)<w z 41 J(5)—e0

Now let us apply Cauchy’s theorem. If A and B are sufficiently large, we have

F(Z) en(1+o / /A+tB —4+41 B
e 2m[ 4 + A+iB

(27.10) ) P awiro
W ewal €
+ /.M,] @rorw—o %
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Since F is bounded, if we let A tend to infinity, we get

F(Z) eu(l+¢) _ [/ ]”+‘B] F(w) etw(H-:)
(27.11) G+ 2mil)-w wtin] W+ 2) (W —~ 2) dw.
Now let B tend to infinity. By (27.09) we have

F(Z) erz(1+e) _ 1 ad F(w) ezw(l+e)
(27.12) (z+1)? 210 ) (W + 0)2 (w — 2)
By the Parseval theorem, we have
Aty iw(l+e)
= l 1.m. 1 / M ewr dw

oo (202 iy (w 1)

A
(27.13) evs ]im F(w) e""(H") e dw [I < 0],
= A—00 -4
0 lx > 0].

From this it results that

@ F(w+iy) er(wtw) 1+o F(w) ewtto |2

(27.14) lim dw — - -
y—0 J— (w+7’y+1)2 (w + 7’)2

Here we use the fact that, by (27.13), F(w + dy)eitun+a /(yy 4 4y 4 1)% con-

verges in the mean as y — 0, and hence must converge to its ordinary limit.

Thus by the Plancherel theorem,

e~z 4 p(w) ew+e oz
(27.15) 1(‘1’.12 (2r)"2[4 w o evr dw = 0 [x > 0].
Hence by two formal differentiations,
A
(2716) lAl 1'2 (2:')”2/ F(w) ew(1+e) gwz dop = () [I > 0] .

These formal differentiations may be justified by the fact that F(z) belongs to
Lz, and that

tz(1+e¢) przz
/O{I::E (21r)”2/ F(z) e e dz}dx

(27.17)
e ® F(z) eiz+9 e g 1 % F(z) ew0+9
SE e z4i O T I@™ ) 243
If we discard the constant term and integrate once again, we see that we have
(27.15).
Similarly,

(27.18) Lim. / F(2) e+ gizz gz = 0 [x < 0].

A—X (21!')”2
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Thus f(u/7), defined in (27.06), is a function in L, for which

(27.19) flu/x) =0 (|l ul > 7,
and
(27.20) f f(%) Ay = w20 F(£aN) =0 n=1,2 --.].

Hence the set of functions {et*»*} eannot be closed over (—m, ).

The part of Theorem XXIX which refers to {1, e*?} is proved in exactly
the same manner.

The possibility of replacing a finite number of functions by other functions of
similar form results from the fact that the replacement of a finite number of
linea, factors of F(z) by an equal number of other linear factors affects neither
the que.stion as to whether F(z) belongs to Ly along the real axis nor as to the
range of values over which its Fourier transform differs from zero. The second
of these statements results from the fact that

(27.21) lim 1 log F(iy)

y—o

is not affected.
We now proceed to

TueorEM XXX. Let (27.03) be true and let the set of functions {et*=} be closed
Lo over (—m, m) but let it cease to be closed on the removal of some one term. Then 1t
ceases to be closed on the removal of any one term, F(2) does not belong to Ly along
the real axis, but F(2)/z belongs to Ly over (1, ). Again, if the set of functions
{1, ex™z} 4s closed Ly over (—m, ), bul ceases to be closed on the removal of some
one term, this term is arbitrary, zF(z) does not belong to Lq along the real axis but
F(z) belongs to L.

We only need consider the first part of this theorem. It follows at once from
Theorem XXIX that if the hypothesis of this theorem is satisfied, F(z) does not
belong to L,. On the other hand, there is some non-null function of L., say
¢(z), which is orthogonal over (— =, =) to all but one of the functions {e*nz},
Let us put
(27.22) ®(z) = () e= dx .

Since by the Schwarz inequality
(27.23) ®(z) = O(e*!7),

we see that ®(z) is an entire function of at most order 1, with zeros at z = u,.
The numbers {u.} contain all but one, say u, of the set {A\.}. By known proper-
ties of entire functions,

(27.24) 2 LENP

I“nll+e

t
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Thus we have

(27.25) () =A {fl (1 - :;) et/un e"} .

1
Thus there is an entire function, say ¥(z), such that

F(x2)
Z2—u

¥(z).

(27.26) &(z) =

If ¥(2) is not an exponential, it will have at least one root, which we may write v.
Then as | z| — o,

@1.27) #(z) ~ F(xz) z“’f)v .

Thus F(ru) ¥(u)/(u — v) will belong to L. over the entire real axis of u, for
&(2) belongs to Ls, by (27.22) and the Plancherel theorem. Let

(27.28) g(z) = Lim. —11—r /_A F(wu) ¥(u) e du .

A—0 2 A

It will then follow by the argument of Theorem XXVII (cf. (27.19)) that
(27.29) gz) =0 [|z]| > .
Thus by the Plancherel theorem,

r F (ﬂ: 1r)\,,)
Zilnz —_ = =
(27.30) f' g(x) e dzr = . ” ‘I’(:}:)\n) = 0,

while g(z) belongs to L,. This contradicts our assumption of the closure of
{et™z} and hence ¥(z) has no zeros. From (27.25) we have therefore
AF(nz) e

(27.31) &(z) = = -
2 — u

Since on the real axis ®(z) belongs to L,, and since F(wz) is even, we see that
F(wz)/(z — p) must be of class L; on the real axis. Thus our theorem is estab-
lished.

We now come to

TueoreM XXXI. Let (27.03) be true and let

(27.32) | P(z4ie) | 2 _4 S0

1+ |z
for all real z and some n and e. Then the set of functions {e**n=} will be closed L
or not closed Ls over (—w, ), according as F(z) does not or does belong to L, over
the entire real axis. It can always be made closed by the adjunction of a finite
number of functions e*=. The set of functions {1, et**»=} will be closed or not closed
Ly according as 2F (2) does not or does belong to L, over the entire real axis.
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This theorem also depends on the use of a function ¢(z) and its Fourier
transform ®(z). Let {e**=} be closed. Then by Theorem XXIX F(z) does
not belong to L;.  On the other hand, let {e**»} not be closed, and let

(27.33) ) o(z) etz dr = 0 n=1238,-..).

-

Let ®(z) be defined as in (27.22). As in the proof of Theorem XXX,
(27.34) o(z) = F(x2) ¥(2),

where ¥(z) is an entire function. It is clear from our asymptotic estimate of
F(2) along the imaginary axis and from the fact that

[q)(iy) ] _ 1/; o) evdy | < {/_, l o(z) l, dx}llz{-/:' - dx} 12

(27.35)
= O(e"!v"),
that for all ¢ > 0,
(27.36) V(1y) = Ofenlvl),
Again, along the line 3(2) = ¢, ®(z) is bounded, and by (27.32)
(27.37) ¥(z) £ B(1 + |z|").

The function ¥(2) is an entire function of order 1 or less, and a simple application
of the Phragmén-Lindelof theorem will yield us as a corollary of (27.36) and
(27.37),

(27.38) V(z) = O(enizl),
Now let
(27.39) V(z) = (2 — a))(z — az) -+ (2 — ax) ¥i(2),

where ¥,(z) is an entire function. This will always be possible unless ¥(z) is a
polynomial. The entire function ¥,(z) will belong to L, along some parallel to
the real axis, and will satisfy

(27.40) Vi(2) = O(evit).

Thus by an argument essentially the same as that which we have used in proving
Theorem XXIX, the Fourier transform of ¥,(z) along the straight line along
which we have shown it to belong to L, will differ from 0 only outside (— e, ).
Since ¢ is arbitrarily small, this Fourier transform and hence ¥,(z) itself must
be equivalent to zero. Thus ®(z) will also have to vanish identically, which
gives us a contradiction. This shows that ¥(z) must be a polynomial. From
(27.34) this shows that F(rz) belongs to L, along the real axis since ®(z) does. To
show it can be closed by the addition of a finite number of terms e+, we adjoin
enough terms of this form so that only one is lacking for closure. Then we con-
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struct ¢(x) orthogonal to all the terms. Proceeding as in the proof above, it is
readily seen that only a finite number of terms have been added.

The remainder of Theorem XXXT is trivial, or is proved in the same way as
the first part. One step which is of some interest asserts that either both or
neither of the functions F(z)z™ and F(z + ie)z™ belong to L.. This may be
proved by applying the argument of Theorem XXIX to F(zr)z™ instead of to
F(x).

A direct corollary of Theorems XXIX and XXXI is

ToeoreM XXXII.  Let (27.32) hold true for some n and € and let
(27.41) | F(x) ] < const. (1 + |z |™)

for real x. Let us call a set of functions exact over (=w, m) when it is closed,
but ceases to be closed on the removal of any one term. Then the set of functions
{etnz} is either exact as it stands, or becomes exact on the removal of a finite number
of functions, or becomes exact on the adjunction of a finite number of functions e?=.
The number of functions removed or adjoined will be called the excess or deficiency,
respectively, of the set. The particular functions of the form e*= removed or adjoined
are arbitrary; only their number is significant.

An important application of Theorem XXXITI is the proof of

TueoreM XXXIII. If (27.01) holds, {ex*n*} is of at most finite excess or defi-
clency.

The proof of this theorem depends on an estimate of

0 u,z
(27.42) F(rw) = H <1 — F)

1

when (27.01) is fulfilled. If | 3(w) ] = ¢> 0 and if | 5R(w)| = u > 2L, we have

(-2

1 n

| F(rw) | =
(27.43)

[lull+(L1+1 0

¥
A

w2
-5

II

lull={L}-1 l
1

[Jull~[L] [ull+izl+2

For the terms in the first product of the right hand member we have

w? (u % 7€)? w?
1-2 | =1 M=ty W
(27.44) l 2 ¥ ‘ n+ L)E|"
For the terms in the second product we have
2 2 .2 . 2
(27.45) ‘1_1_1)_5 A ui22zeu+e ;%lu[g_e_‘
: A A 2u




[27] METHODS CONCERNING ENTIRE FUNCTIONS

For the terms in the third product we have

2 l 102
27.46) ‘ L S l -
( : (n — L)
Thus
2[L]+
| F(rw)| 2 <f> IwI—zm—z
(27.47) “u!ﬁ]_l w2 -]
x - =0
But 1 (n+ L) Hull+iLl+ 2
u
Hull={Ll-1 o uﬁl o
(27.48) e el = 1 - =1,
: (n+ L) (Lite n?
and
(27.49) 1 — ___'.‘i_,_lo > 1— tﬂz
ul i+ (L2 (v = L)*1 s n
Therefore
2(L)+2 d 2
F(‘nw” = (T;) lwl—2[Ll—-2 H 1 — 122
[L1+2 n
_ ( )2[LH2 | W |-1-5 H ’1 _w
(27.50) 4

2[L)+2
) | w|~4141-5 sin 7w

: (
™
2[(L]+3
> ( > | w|—4te1-s

Under the same circumstances

[L1+1 [lu']

w? w| T
IF(”w)I::H 1_—;1]11 —)?HH A
1 Ll+2 n ull+1
(27'51) llull={L]-1
__<_A|w|2[L]+2 ll___
[lull+L]+2
But
[lull+L+1 N Hull+L]+1 l I
(27.52) 1-212 22 2 | 6wt
n? n?

[lwl}-{L] llull-lz]

~(m—Lyel

93

w?
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Thus
(27.53) |Frw £ A|w[4+ sin 7w < A|w]+3.

Here A is a constant which may be different in each expression. We may now
apply the Phragmén-Lindelof theorem to obtain the fact that if z tends to
infinity through real values,

(27.54) | F(rx)| £ const. | x[stiws.

If we now apply Theorem XXXII, Theorem XXXIII follows at once.
A specialization of Theorem XXXIII is

THEOREM XXXIV. Let (27.01) hold, and let
. n 1
(27.55) L< 4 + rE

Then the deficiency of {1, e¥*»+} cannot exceed n. If

1A
PN

(27.56) L<" 4 ;

then the excess of {1, e} cannot exceed n.

Theorem XXXI1V differs from Theorem XXXIII in that we have to make use
of more refined estimates depending on the gamma function. These all go back
to Stirling’s formula. In particular, if r is real and B is an integer, we have

EERE (I

[\

K, !1‘ I—l—m

and

20

(27.58) H

1

=< Kz I X i—l-—2B .

@2
" (n + By
In our proof we shall use the notation
(27.59) 0<C,£C=C< ™,

where (' may be variable, but C; and C; are fixed. We shall take ¢ fixed, and
shall put

(27.60) v = [Rw)l; | S(w) | = e.

Then if B is an integer and A + B 2 R(w) — v, A and B being taken as con-
stants,
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v+B

-

1

w2
(n+ A)?
ITb+A+B-w+1)T0+A4+B+w+1)|{r(A+1)
T+ A+ B+ 1D TA—-w+1)T(A4 +w+1)|
|t +A+B+w+1)Tw—A4)|
{fo+ A+ B+ 1)} T(A+w+1)|

= ¢ 22w |w,2)?(w)—v—u~n—3/z .

(27.61)

Hence if the imaginary part of w is ¢, and the real part is sufficiently large and
positive

v—-[L}—1

> A ~2[L]-2 v
Fowlza [T - oo T - o205
> a 2:Rw l w]—3L+1L1—1/2+$R(w)—u lw]—-mj—z H 1 — ‘f
(27.62) vis s
o0
> aw[-HE 2R wl—zu1-zlw|~9€(w>+»+5/2H 1— _:
n

1

v

a | wl—e

where a is a positive constant which may be different in each expression. Again,

[L]+1 v
w?
lF(ww)léu 1 - H (n—L)?H‘ ("+L)2
nl(L]+2
(27.63) T i
< o wliate H 1“%“02 H 1 —%:
? v+{L]+1

< a|w]et |sin rw| | w0 < afw |,
Hence as in the proof of Theorem XXXIII when z is real and sufficiently large,
(27.64) | F(rz)| < const. |z |1,

Thus F(z)/(|z|* 4+ 1) beiongs to L, along the real axis, when L < n/4 + 1/8.
Again F(w)w't" fails to belong to L, along a parallel to the real axis when
L = n/4 4+ 1/8. It follows immediately from the discussion of Theorem
XXIX that this will be true when and only when F(z)z!'*+" fails to belong to
L, along the real axis. Thus Theorem XXXIV which restricts the excess and
the deficiency of {1, et®nz} follows at once from Theorem XXXI.

28. The duality between closure and independence. Let the set of functions
{fa(z)} be closed, normal, and orthogonal over (a, b). Let a < ¢ < b, and let
the set {fa(x)} be made up of the two non-overlapping sub-sets {g.(z)} and
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{ha(z)}. Let f(z) vanish over (a, ¢), and let it belong to L, over (¢, b). Then
if f(z) is orthogonal to every function of {g.(z)} over (¢, b), it is also orthog-
onal over (a, b), and has an orthogonal development

(28.01) @) ~ D7 anha(a)
for which
(28.02) Dlafr < .

It follows that if {g.(z)} is not closed over (¢, b), then there is a series (28.01)
satisfying (28.02), and converging in the mean to zero over (a, ¢).

On the other hand, if {g.(z)} is closed over (c, b), there is no function f(x)
vanishing over (a, ¢), belonging to L over (c, b), and there orthogonal to every
function g.(x). It follows that there is no function with an orthogonal develop-
ment (28.01) for which (28.02) holds, vanishing over (a, ¢). We shall express
this result by writing

Tueoreda XXXV. Let {fu(z)} be a set of functions normal and orthogonal and
closed over (a, b). We shall call a sub-set {h.(x)} weakly independent over a sub-
interval (a, c) when the relation

(28 03) 0~ D auha(z)

over (a, c) for which (28.02) s valid implies that a, = 0 for alln. Then {h.(x)} 18
weakly independent over (a, c) when and only when the complementary set {g.(z)},
consisting of ali the members of {fu(z)} mot belonging to {h.(z)}, is closed over
(¢, b). Im particular, a linearly independent set is weakly independent, so that its
complementary set is always closed. If a set i8 both closed and weakly independent,
80 18 its complementary set over the complementary range. If a set and its comple-
mentary are both independent over complementary ranges, they are both closed.

As an application, let the set {1, e*'"#} be made up of the sets {ef*+} and

{1, etwnz}, LetA\; <A< -.- SA < ---andlet
(28.04) lim = _ .

By Theorem XXVIII, it will follow that the set of functions {e*in=} is closed over
any interval (—= + ¢ =) and hence over any interval (4, A + 2r — ¢), or
over any set (— 7, A — ¢) + (4, =) for which — » + ¢ < 4 < 7. By Theorem
XXXV, the complementary set of functions {e**»+} will be weakly independent
over any interval (4 — ¢, A), no matter how small. We thus have established
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THEOREM XXXVI. Let Ay = =AM S A2 S -c- S A S -+, let all the
A.’s be integers, and let

(28.05) th{_‘ =0.
Let 3% | an |t < oo, and let
N
(28.06) Lim. D) a.ed = 0 (A-—e<z5A4),
N—0 —N

where € s any positive quantity. Then the coefficients a, are all identically zero.

A more general result of the same nature is obtained as follows: let A\, be a set
of positive numbers, and let

(28.07) g.Lb. A —N|>L>0.

There exists a number D such that

(28.08) LzDzL1-¢, e>0,
and such that no A\, = (n 4+ 3) D. To see this, we observe that the numbers
L, for which

(28.09) No=(m+ 3L,

for some pair of integers p and m are denumerable, since a denumerable set of
denumerable sets is denumerable.

Now let u, stand for (n 4+ 2)D if there is no A\, nearer to nD than D/2. Let
un stand for A, if

(28.10) nD < Ap £ (n 4 1)D (n=0,1,--.).

Let o2n = pn and o241 = (20 + 1)D — p,. Then there can be no o, = am,
m # n. We shall now show that the set of functions {1, e*'nz} is closed over
(= 2n/D, 27 /D), and ceases to be closed if we remove any one term.

We form

(28.11) f2) =z ﬁ <1 - zi,>,

n

and consider it on the line 3(z) = § > 0. We have

(-2)0-5)
- T e 2 2
Ton Tont+1/ L4 (o5, — 2%) oqpiy — 2%)
- 2 2 2 D2 . »2)2 :
(1 22 >2 O2pn O2n41 (n D Z)

n? D?

(28.12)

Now,
Oon Oontr = pa (207 — pa)? = (nD + a,)* (nD — a,)?

(28.13)
= (n?D? — a;)?
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where | a.| < D/2. Hence
niD?

2 2
Oon T2n+1

(28.14)

converges to a finite value. The remaining factor of

(28.15) fl <1 ~ é“? <;">:§i+,)

1
n?

is of the form

ﬁ [(nD — a.)? — 2 [(nD + a,)? — 2%

(28.16) ey

where | a.| < D/2. This may be written

0

: 24 D — a2 )
(28.17) H ( 2a " (nD + z)? (nD — 2)?

1

We have J(z) = 6 > 0. With no restriction, we may consider R(z) = =z > 0.
It is easy to see that the uniform boundedness of

® dt
(28.18) ,/1 @ D+ &

the fact that only a finite number (independent of z) of the terms

: 22+ n2D* — a2/2
(28.19) 2, o T D | B
and the inequality
1
(28.20) 1—a>m, 1>a>0,
prove that
= ., 224 m2D? — al/2 ) S
(28.21) H ( 20} o D g | Z
Thus
(28.22) —l <e 3@ =9,

nzm
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and since

(28.23) 2 H l 1- 2

it follows at once that log | @) | is bounded. Hence, by Theorem XXXI, the
set of functions {1, efns} is closed over (— 2r/L, 2r/L), but ceases to be
closed if we remove any term. Hence if

1

. wZ
sin — |,

L

s

n—w

(28.24) g(z) = Lim. E ax €M 4 g

vanishes over any interval of length 4x/L, and if, with the exception of a finite
number of \.’s,

(28.25) [ Am — M| > L,

all the coefficients of g(z) will vanish, for otherwise we shall be able to represent
some ef™= as a limit in the mean in terms of the rest. Since we can replace a
finite number of terms of {ef*s*} by the terms {e**sz} which do not obey
(28.25), without affecting the closure properties of the set, we see that the set
{1, et*z} has been made a subset of a closed and linearly independent
sequence. Thus if (28.25) holds for every positive L, when a finite set of A.’s
are dropped, then if (28.24) vanishes over any interval, it vanishes identically.
This is a particular case of a gap theorem which we shall take up more thor-
oughly in the next chapter.



CuarTer VII

NON-HARMONIC FOURIER SERIES AND A GAP THEOREM

29. A theorem concerning closure. We shall devote the present section to
the proof of

TueoreM XXXVII. Let the set of functions {f.(z)} be normal, orthogonal,
and closed over the interval (a, b). Let the functions g.(z) belong to L, over (a, b),
and let

woy [

where 8 < 1 and where 8 is independent of N and a.. The {a.} are any set of
numbers. Then if f(x) belongs to Ly, there exist coefficients b, such that

N

2 an (fa(2) — ga(2)) | dz = € 2 [an|?,

1

N=—200

(29.02) f(z) = Lim. E ba gu(z) |

or in other words, the set {g.(z)} is closed. Moreover, this set is linearly inde-
pendent.
We shall have

L

b
(20.03) [[1s@ 170 s s 02D 0,
a 1
and
i b
(29.04) (1—0)2E|b,.|2§/ | f(2) |2 dz .
1 a
There exists a set h.(x) of functions belonging to L, such that
b JO ifm#=n,
(29.05) / gm(2) ho(z) dz =
a U ’Lf m=n.
If f(x) belongs to Lo, there exist coefficients ¢, such that
N
(29.06 z) = Lim, n () |
) f(z) .Lm 2 Cn ha(2)
and

A

b @
1
lIf(z)l”dxé(——l_o),ZIcnl’-

100

1 L
@907 o Z | ea |
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(L[S o)
< Ub Zanfn(x) zdx}”2+ub
=(1+o){2lanl’}m-

It follows readily that if we consider a particular set {a,} for which

To begin with,

N

E an gn(1)

1

N

2 1/2
dr}

D3 (gax) — fal®))

(29.08)

(29.09) Dllaar< =,
1
then
N
29.10 = Lim. ndn
(29.10) g(x) Am Z @n gn(2)
exists, and
b @
(29.11) [RECIRCECEE TN
@ 1
for we have only to make use of the fact that by (29.08)
N
29.12 Li.m. 2 Qn =0.
( ) ,“.lNl‘T‘}w 2 4 g (I)
Now let f(z) be an arbitrary furiction of L2, and let
(29.13) (@) ~ 2 ax fi(z) .
1
Then
(29.14) 10@) ~ D) alfile) — gu(a))
1

will exist and belong to L. by (29.01). In general, let us define f*Y(z) by
mathematical induction. Let us put

(29.15) fo(@) ~ D) a fila),
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and

(29.16) Jo+0(z) ~ 2 0 (ful2) — gu(2)) .
We shall have

(29.17) S (z) = foH(z) ~ 2 ai gu(z)

and on summation
(20.18)  f(@) — 1o (@) ~ D (x4 0l + - + ai) ula) .
1
By (29.01) and (29.16),

b b b
[ fo+0(z) [2dz < @ 2 [al™ |2 = 02/ | f™(z) |2 dz
(29.19) ‘ ’

< gD /b lf(x) |2 dzx .

Thus

(29.20) Dl se D) al.
1 1

By (29.18) and (29.19),

(20.21) f(z) = Lim. Lim. Z (0 4 a0l + - + af”) gulz) .

7n—00 N-—00 k=1

By the Minkowski inequality and (20.20),

© 1/2
Dlatal + ... ‘”’IJ {Elakll
ko |

Il 12
(29.22) _*_{Ela(kl)lz] + .- +[2|a(kn)|2}
1 1

[VIT]

s(+6+ ---+0">{ilak|2}méré“o{ilak"}m

Thus if we put
(29.23) ap +afV +alP ... = by,
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we have

(29.24) Zlb‘PSQ 2] kl’—— 0)2/ | f(z) |2 dx.
Let us put

(29.25) 0(x) ~ D) bega(a) .

This gives us

(20.26)  g() — f(z) = Lim. hmZ(a‘"*”+a‘"“’+ ) gx(2) .

n—w N =00

As in (29.22),

(29.27) {g [a"*?) 4 alrt?) 4 - I’} N s lofle{ilaklz} m-
Hence

(29.28) [h lg(z) — f(z) |*dz =0,

and .

(29.29) J(z) ~ 2 bi gi(z) .

The representation of a function f(z) belonging to L; in terms of the functions
gi(z) is unique, provided that the sum of the squares of the moduli of the coeffi-
cients converges. Otherwise there will exist a set of b,’s, not all zero, such that

(29.30) 2 bigi(z) ~0
and
(29.31) w >3 |be|2>0.
These will give us
b ®© 2 1/2 b 2 12
{ / D7 bufulz) dx} = [ / (fu(2) ~ gu()) dx}
b 2 /2
+ {/ dx}
(20.32) N ° 2 112
< lim [ (x) — ga(2)) dz}

N—00

. N 1/2
éﬂlim{Zlbkl’} :
1
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On the other hand,

(29.33) ( / b

This gives us a contradiction.

()

2d,n}”2 _ {2 | bklz}m

Let
(29.34) Hy(2) = ga(z) + E axgi(x) + E ag(z) ,
ntl
and let us choose the a’s in such a manner that
(29.35) /b | H7(x) |* dr = minimum .
The classical theory of orthogonal developments (see §11) will show that
(29.36) H.(x) = l.i;x::. H™(x)

exists and belongs to Ls, and is orthogonal to every g.(z) other than g.(z). It
is furthermore orthogonal to g.(x) — H.(z), which is itself developable in the
other gi's. By (29.04) we have

b b
(29.37) / | Ho(z) |? dz = lim |H(z) [2dz = (1 — 6)%,
so that no H,(z) is equivalent to zero. Let us put
H.(x)

(29.38) ha(2) = .
[imera

As we have already seen,
b
(29.39) / m(x) ho(z) dr =0 if m # n,

and on the other hand

/ gn(x) ho(z) dx = / ga(x) __Hia@) dz
* / | Ha(£) |* dt
(29.40)

= [ 06 + 00 - o) BT e
’ | Ha(8) [* d

Thus

(29.41) / " 9u(2) ha(z) dz = 1.

a
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Let
(2942)  ¢n(2) = D, auha(®), ¥u(z) = 2 a,0.(2) .
Clearly
(20.43) [[ o on@ az = Dtk

and by the Schwarz inequality,

(29.44) / ' | on(2) |2 do / [ ¥ulz) |2 dz 2 [E ]a,.[’}

Thus by (29.03),

2

L (Tlapr _ Tilaf
T4 a2 (1402

b
(29.45) / | ¢w(z) * dz
Again, let

(29.46) on(2) ~ D7 bagala) .

By (29.42), and the Schwarz inequality,

N

/b | éw(2) [Fdz = D] anbs

1

L d 1/2
é{ZmnlﬂEme :
1 1

(29.47)

That is, by (29.04),

Fall ]

(29.48) N (1 -6 [ / | ¢ () |2 dx]
= b
/ I d’N(l‘) |2 dx

= (1—9)2/b|¢~(x)|2dx.

The functions h.(z) are closed. Otherwise there exists a non-null function
f(z), belonging to L, and such that

(29.49) /bf(x) ha(z) dz = 0 n=12-..).
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On the other hand, we wish to prove that if (29.49) holds valid,

(29.50) flx) =0.

Let us put i

(20.51) 1(@) ~ D7 bagala),

and l

(29.52) h(z) ~ 5) b ha(3)

Then ] '

(20.53) > ibal= [ s ) ds = 0.

This yields our result, and completes the proof of Theorem XXXVII.
A particularly important case is that in which

(29.54) a = —m, b=m, falz) = o )me"“ (=0 <n< w).

Let us suppose that
(29.55)
Then

1 4+ ¢a(@) ..,
n( ) = We .

b J— R 1 Ld —_—
(29.56) / (fu(1) = gu(2)) (fnlx) — gm(@)) dz =5~ | a(2) én(z) @™z dr .
If we assume that all the ¢,.(z)’s vanish with their first derivatives at + =, and
are the twice repeated integrals of their second derivatives, which belong to Lo,
we get for (29.56)

L [ T (48 + #1(@)0a(@) da

1 T en— —m)z

- 21!’ - (n"‘ )2

vof [Tl pae [ 1600 pae]”
+ [ f "ot @) | dr / " 6u() |2de”’}
< 4r /' " R LA . 12
= mome L, | ¢a(2) |* dz /_' | ¢m(2) | d:c}

(6.(x) $m(2) + 260(x) D) + bo(2) $p(2)) dx

(29.57)



[29] A THEOREM CONCERNING CLOSURE 107

Here we have made use of the estimates

" 61@) 1 de 5 2r max |61

F34 ” P)
/ ¢"(2) dz

<2 [ 6l

(29.58) < 27 max

and

(29.59) | ¢,(x) |2dx = 212/ [¢o(x) 2dx < 41r‘/ [ (z) |2dz.

Thus if
(29.60) Lu.b. f [or(z) |2d = 4,
we have
b | KX 2
/ 2 an(fn(x) - gn(z))
3 2 am an
<24 Z la?| + 474 MZN .
" | & iz
(2961) = A [_' z a, e'™ <1r2 + 22' %) dx

2 2
(él — 27z 4 :c’) dz
3
N

2WA<%;L2> > Jadl.

—N

IIA

It follows that if all the ¢.(z)’s are twice repeated integrals of their second deriva-
tives, which belong to L., if they all vanish with their first derivatives at +,

and if

3
4';'_"3 ’
then (29.01) is fulfilled. There is no reason to suppose that these are by any
means the least stringent conditions of the type (which was suggested to one of
the authors by Professor Birkhoff) which are sufficient. The type itself is inter-
esting, in that in most of the earlier cases where similar methods of variation of
a set of orthogonal functions have been applied, the set corresponding to g, has

(29.62) Lu.b. / | ¢ (z) [2dz <
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actually been asymptotic to the set f.. It is hoped that the methods of this
section may find future applications in the study of special expansion problems.

30. Non-harmonic Fourier series. We again let a, b, and the functions f.(z)
be defined as in (29.54), and we put

1
(30.01) ga(2) = @i ern®,
where
(30.02) Me—n|SL<.
™

We shall have

N

> afl@) — gu(2)) = 2 e e — )

—N

N Qan " iuz
(30.03) =i Z @i K et du
= Gr )1/2/ v(u) e du
where ¢(u) is defined as follows:
if n <\, Y(u) = —a, over (n,\,);
(30.04) if \p < 1, Y(u) = a, over (A, n) ;

outside these intervals ¢(u) = 0.

By Plancherel’s theorem,

N

[:%2 z an(fa(2) — gu(2))

—N

dx:/j]xlz(u)Pdu

(30.05)

N

= 2 ln—)\nllanl2=—<_LZN: Iaﬂ|2~
-~

—N

dx;/ —1-
T2

The inequality

(30.06) /

is obvious. Thus we have

(30.07) /_

a A(fa(z) — ga(2))

2
a(fa(z) — ga(2))

N

D7 alfalz) — ga(2))

—~N

2 N
dz £ TZLE |an|?,
—N
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which establishes (29.01) in this case. Thus we may apply Theorem XXXVII,
and we see that the set of functions {e*»} are closed L, over (—m, 7). This is
a mere confirmation of part of Theorem XXXIV; what is strictly new is that
if f(z) belongs to L; over (— =, ) we may write

N
30.08 = Lim. o €T
( ) J(z) Lim ZN: ane
where
(30.09) / |f(2) |2 dz < const. ) |a,f?
and
(30.10) E | @]t £ const. j;. | f(z) |2 d=x .
Defining f(z) as in (30.08), let us put
N
30.11 = Lim. €Mk ginz
( ) fe(z) im ZN: a, et

It follows from (30.09) and (30.10) that this function will exist and belong to L,,
and by comparing it for different values of £, we see that we may write it in the
form

(30.12) Ji(@) = f(z + 8 [— o <z< w].
By (30.09) we shall have

(30.13) / [ fi(xz + &) [2dz £ const. E | @, e?nt|? = const. E |anl?,
and by (30.10),

(30.14) / /(x4 B [P dz < const. / 1@ | d.

Let f1(x) be the periodic function of period 2= which coincides with f(z) over
(==, 7), and let

(30.15) 9(z) = f,(z) — f(2).

By Minkowski’s theorem, we have

(30.16) /' |g(xz + ¢) |*dz < const.,

and by the definition of g(z), we have (except at most over a null set)
(30.17) glx) =0 (—r<z<7).
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Thus

(30.18) 213 / lg(2) |2 dor

is bounded. It follows that

Jrree [ e ava

2dr [°
—_ - |
(30.19) = Bz _Blg(x) 1 dz +[ o /_ [ g(k) 12 dt

c Becdr
§§+/, = =°

where ¢ represents various constants. Hence g(z)/z belongs to L,. By Plan-
cherel’s theorem, it has a Fourier transform

1 . 4 g(x) e#r dx
(30 20) G(u) = @) lAl rg '/_A >
likewise belonging to L,, and

1 4 .
(30.21) Q(;) PIE l:g 3 G(u) e du .

1t follows that

(30.22) g(x) (lx— en) _ li.m. [(’(u) — Gu — w)] e du.

(2 We U e s

On the other hand, over any infinite range,

(30.23) g9(x) = £.(2) — f,() = Lim. E (an €™ — by eMn7) |

N ~+00

so that over (— «, ),

Wz Ap
(30.24) q(z) (1 — &) = lLim. 2 (zanf er du — ib,./ P du) .
A ptw

N—0

It will be seen at once that since D > | a,|? and D =, | ba | converge, (30.24)
represents g(z) (1 — e*=)/z as the Fourier transform of a function of L, which
must be almost everywhere the same as the transform given by (30.22).

This is only possible if

(30.25) G(u) + Z 16, (2m)V2 — z b, (2m)V2 ~ K = const. (u > 0).

1<n<u 1<, <u
Let us notice that this and a similar result for negative u lead us to

(30.26) G(u) = const (In+3%—u| <%l
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except for a null set in each such interval, which we may take to be empty.
Since G(u) belongs to L,, this gives us

(30.27) lim G(n + %) =0

n—>400
and in view of the fact that a, and b, tend to zero as n — =+ «, we may so
define G(u) that

(30.28) lim G(u) = 0.

u—too

Thus by (30.25) and the analogous result for negative u,

1

(30.20) ) (iaa(@m) — b, (20)'%) = K = — ) (iaa(2n)V2 — ib,(2m)'),

which permits us to write

(30.30) Gu) = E iaa(2m)V2 — D b, (2m)i.

u<n u<i,

In this summation, with the possible exception of the last term, the terms
10.m(27)V2 — 1b,,( 27)"'? are bracketed.
Let x lic within the interval (—7 4 ¢, 7 — €). Let us put

(30.31) Fulz) = “_“‘x_“_z (lz|2e/2); Ful®) =0 (|z]<e2):
(30.32) Ha(w) = Lim. Lo [ pue) eveaa,
We have
(30.33) H,(u) = 212 (¢(u + w) + ¢(u — w)),
where
—e/2 wz
(30.34) o(u) = l:_f: Gy )”2 [/ + / :I(’ z

From this it readily results that

. A i Atw
lim | Ho(w) |2du £ lim / | ¢(u) |2 du
w—o J—4 w—®© J—Atw

(30.35)
4 ﬁ;ﬁf | 6(w) |2 du = 0.

w—o J—A—-w

On the other hand,

(30.36) f | Ho(w) |2 du < 2 / ‘i’;
- e/

RN

2
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Over the interval (— = + ¢, 7 — ¢), we have

/ g@sinw (e —8) 4 | f " pua - 0 ]
T /)w & z—§ T )

m

1{[ 6w 2au [ 1 <u>|2du}2

N TR
s comet { [ 1) 20}
soonst {[ [ [ 1600 1)

In the last line of this formula, we may first take A so large that the second term
does not exceed 7/2, and then take w so large that the first term does not exceed
/2. It follows at once since 7 is arbitrary that we have

! / " 6= u) How) e du

ll/\

(30.37)

(30 38) lim / g sinwz — 8 5 _
w—oo T 0 5 r — S
uniformly over (— = + ¢ 7 — €).
Now since
w i © o 1if |ul < w;
(3039) 1 f enes du — S_IE{ w:r ; 1 / Sin 'Ll,f e dp = I |
2 ) z T ) T 0if |u| > w;

it follows by the Parseval theorem that

.];/ g____) Sllv’w(x — E) dg = ,___!___ fw G(u) eiuz du

T £ z — £ (2m)12
1 e 1 g
1 / v gz dG(u)
(2m)rz J_ 1 '
However,

[w]
R 1 e d("(u) 1 inz \nz
(30.41) — @i /:w — = 5|: E a, e — E :_w ba e J
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Since G(w) tends to zero asw — £ « and b, > 0asn — + o,
[w]

(3042) ? f‘” g_&f_} Sll’l’l:l_)gil' - E) dg = 2 (an et — b, et)\nx) + 0(1),

7r—no£ I—E

—lwl]

and by (30.38) we have uniformly
(30.43) lim ZN: (a, e — b, eMnz) = 0
re
over (— 7 4+ ¢, — ¢). We thus obtain
Tueorem XXXVIII. Let
(30.44) Me—nlL< =012 ;—1,-2 ).
Then the set of functions {e*n*} is closed Ly over (— w, 7), and admits a unique

closed normal biorthogonal set {h.(z)}. If f(x) s any function belonging to L, over
(— m, m), the series

w19 2o [ e o [0 o a

converges uniformly to zero over any interval (— = 4 ¢ £ 2 £ © — ¢), and over any
such interval the convergence and summability properties of the series

(30.46) D) e /_ 1) k) d

are the same as those of the ordinary Fourier series

(30.47) D5 | o e,

We still do not know whether this equivalence holds for functions of L, in
general, or indeed, what any of the properties of such series are. We definitely
do know that the properties of equivalence which we have established do not
hold for absolute convergence, for the alteration of a single one of the functions
e'"* is in general enough to upset these properties.

We have no proof that the constant 1/#* which occurs in (30.44) is a best
possible constant. In (30.06), in replacing

(30.48) [_ :%2 D alfa@) — gu@) | da
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by
l x N 2
(30.49) Ll 2 anlfle) = 0.e) | d
we have gone through the intermediate stage
N 2
1
(30.50) [ 51 et - 00 | aa.

—N

It is perfectly possible to produce examples to show that the transition from
(30.50) to (30.49) is in some sense a best possible one, in that all the large values
of Z’_',, a.(fo(z) — g.(z)) may be concentrated near + =. The transition from
(30.48) to (30.50) may however involve a loss of accuracy harder to take
account of *

Theorem XXXVIII proves both more and less than Theorem XXXIII, which
we have established by quite different methods. The interval of Theorem
XXXVIII is narrower than that of Theorem XXXIII, but on the other hand,
we have given up the conditions that A, = 0 and that A\_, = — X,. We have
also proved far more than simple closure.

The biorthogonal set of functions {h.(z)} deserves a certain amount of atten-
tion. We shall confine ourselves to the case in which Ay = 0, A\_, = — \,, or to
the closely related case differing from this in only a finite number of Ai’s. This
second case is so like the first that we do not need to take up its properties
separately.

Let us then put

- .
(30.51) Gk =z H <1 - F)

1

By Theorem XXX, G(z) will not belong to L. along the real axis, but G(z)/z will
8o belong. Thus the functions

L.im. Glu)

T 270G\ ae Joau— .
will all belong to L;. By (27.20) we shall have, except over a null sat,
(30.53) ha(z) = 0 lz|> ],

and since the functions G(u)/(G'(\.)(x — \,)) are analytic, taking on the
value 1 at \,, and the value 0 at An(m = n),

(30.52) ha(z)

ez dy

- © lifm =n;
(30.54) hm(z) €12 dz = / hm(z) €= dx =
- —o 0ifm =2 n.

* The constant 1/x* has been recently improved by Dr. H. Malin in his dissertation at
the Massachusetts Institute of Technology. The best constant is not yet known.
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Thus the functions h.(x) are the functions represented by the same symbol in

Theorem XXXVIII. They are a closed set over (— =, =), and if f(z) belongs to
L.,

(30.55) 12 ~ D) hala) | D) e d.

[U@wﬂﬁfgﬁ'

as Theorem XXXVII shows.
By a Fourier transformation, we have

1< ) <
(30.57) agmnl =/w

where

In this case,

(30.56) %i

0

du§012|a,.|2

—00

Lim. a,.G(u)
vow = G'(N)(u — )

(3058) an, = /' f(E) chné df’

in the extended sense that if either side of the inequalities exists, the other will
exist and satisfy the inequalities.
The expression

(30.59) lim. E G’(x03 (c;(u—) .

may be regarded as the Lagrange interpolation formula for a function assuming
the values a, for the arguments \,. We may summarize our results, as far as
they concern interpolation, as follows:

THeEOREM XXXIX. Let
(3060) [M—n|SL<1  (a=1,2-); MN=0; A,=—h.
m™

Let (30.59) be called the Lagrange interpolation formula for a function assuming
the values a, at the points N.. Then the class of all functions defined by such
Lagrange interpolation formulas for which
(30.61) Dlaalr<

—®
18 the same as the class of all entire functions ¢(u) belonging to L, along the real azxis,
and satisfying

(30.62) lim — log lop(re?) | = 1;

r—0
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or along the real axis, is the same as the class of all functions of L. with Fourter
transforms vanishing outside (— w, w). Furthermore (30.57) and (30.58) hold
good.

In establishing this theorem, we have used Theorem V.

31. A new class of almost periodic functions. We shall say that f(z), a
(generally complex-valued) function of the real argument z(— « <z < «)
is pseudoperiodic if f(x) belongs to L, over every finite range, and there exist two

positive numbers, 4 and B, such that if (ai, - - - , @,) is any set of complex num-
bers and (b, - - - , b,) any set of real numbers, and r and y are real,
xz+A n 2
/ z a f(& + b)) | dE
(31.01) L — <B.
y+4
/ Eakf(£+bk) dk
v 1

We shall call the greatest lower bound of A4 for all B > 0 the pseudoperiod of f(z).

TureorEM XL. The class of pseudoperiodic functions is equivalent to the class
of all functions not equivalent to zero which belong to the class Stepanoff 2,* whose
characteristic frequencies {\,} are so spaced that

(31.02) glb. [Am — X | > 0.
Here a function f(z) of L. is said to belong to class Stepanoff 2 with character-

istic frequencies {\.}, if given any ¢, we can find an integer N and a polynomial

N

(31.03) PJz) = 2 a4 €02

1

such that for every z
z+1
(31.04) [Tip@ -0 ra <o

Let f(z) be such a function, and let (31.02) be positive and greater than L.
Then the functions
( sin Eﬁ
2
z

ei)‘”z

have Fourier transforms

* W. Stepanoff, Sur quelques généralisations des fonctions presque périodiques, Comptes
Rendus, vol. 181, pp. 90-92.
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1/2
L e sin 2% <’-’> if|x,+u|<I:,
[ Uz HiAnt 2 2 2
er et —x—°dx=

(31.05) W »

0 ifl)\,.+u]>§,

which differ from zero over non-overlapping ranges, and are orthogonal. Thus
using Plancherel’s theorem,

., Lx
= Sy > xL
(31.06) LIPg(ac)l2 pe dz=121a»|27-
Hence
(31.07) / IP(x)de<———2(a,.|2,
and in general
x/L+y , 7!'3 N
) 2
(31.071) /4 | Pa) |2dr < o 2 lan |2,
Nowlet >.% | a,|? be given. By (31.071),if A > «/L,
(31.08) / | P(x)|2de < mA D) | .
» .
Thus
© —A P¢ 2 L z
[+ 202 || [0 Lrmaorel
A — 00 X x- -z
(31.09) =| / IP(E)I2d£+2f [ IP(E)PdEI

<27r2[a 2 5‘?5_?12|a"|2.
1

Hence using (31.06)

, Lz
Sln _—
(31.10) / |P@)|? — 2 dz 2 [%L—%—“]Zlanlﬂ,

andif ¢ > 0,
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. xz
4x2/(xL-2¢c) 4 ax2/)(xL—2¢) Sln27
/ | P(z) |2dz = + / | P(z) |? dzx

4x2/(xL—2¢) L2 4xr2/(xL—2¢) z?

(31.11) 2 2> laal?
1

4x2/(xL—2c)ty
8¢ ’LL_—_QE/ | P (z) |2 dz .

= L2x2 4nm? 4x2/(xL—2c)+y

We have thus established (31.01) for

8m? 2¢
(31.12) A = T B! = pryy (vL — 2¢),
and for P.(z) and its translations and their linear combinations, instead of f(z)
and the functions similarly obtained from it. By the Minkowski inequality
the result may be transferred to f(z) itself. By (31.12) the pseudoperiod of
f(z) is not greater than 8x/L.
On the other hand, let f(z) be pseudoperiodic, with A and B as in (31.01).
Over any finite range, if K(z) belongs to L, and vanishes outside (— D, D),
~. K(z — £)f(¢) dt can be approximated to in the mean by a polynomial
> ¥y anf(z — ba)* and hence if (z, z + A) and (y, ¥y 4+ A) be within this range,

[] [ &~ o500 at]
5 = <B

(31.13) o — <B.
/ /_mK(n—E)f(E)d«El dn

Since the range is arbitrary, this holds for all real z and y. In particular, if

1 zte _
(31.14) fda) = - / 1 - l-ﬁ--—;i[ J(&) dt,
* . © o D+ zx ) -
/ K(z — &) f(§) dt = / Kz — §) f(§) d&;
—® —D+tz

therefore over any finite range of £ we can use fy(z) = f(z), |z| = N; fy(z) =0, | :c] > N.
Let the transform of fy(z) be gy(u) and of K(z) be k(u). Then we want to approximate
in the mean to

© D+z
/ k(u) gy(u)evs du = / K(z — &) /() d¢
—0 —D+z

over any range l:z[ < N — D. If we now use the Plancherel theorem and the Minkowski
inequality and we expand k(u) into a Fourier Series over (—c, c¢) so that

o0

k(u) ~ 2 an eswnulc

-0

over this range, then we have the L, approximation in the desired form Z:,. anf(z + ba).
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then
z+A
/ [ (&) |2 dE
(31.15) i =B;
[ i@ pa
z+A4 ,
[T
(31.16) T £ B;
f FAGIR;
and it results directly from (31.01) that
z+A
/ [fe()|*dE
(31.17) = <B.

]" “1F© R

v

Hence if w < A4,

6118 11w -r@e=| [ e <a [Titorecc.
By (31.16),
(31.19) /m FAGEE N

and it results that for some # between z and z + 4, f.(¢) < C. Hence by
(31.18)

(31.20) Ifi@)] < C.
Similarly, by (31.15),
(31.21) lf(x)| < C.

Thus the functions f.(z 4 o,) are equally bounded and equicontinuous, and
over any finite range, if {¢.} is any sequence of real numbers, it contains a
subsequence {u.} such that

(31.22) lim f(r + pn) = g(2)

n—00

exists uniformly. By (31.01), over — © < z < o,

zt+4
(3123) limw/ lf.(f + #m) "fe(f + ﬂ'n) I2 dE =0,

so that uniformly over any range (z,z + 4),

(31.24) ge(z) = Lim. f(z 4 pn)

n 00
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exists. We shall have uniformly

(31.25) : ] ) e = tim o [ S + ) dt .
That is,

z+e
(31.26) p(z) = 212 f ) fe(®) dt

is normal* in the sense of Bochner, in that every sequence é.(z + b,) contains
a subsequence with a uniform limit over (— «, =), and hence is almost periodic.
As a consequencet

z-+T
(31.27) ay = lim = / ¢ (£) e dt
T e T

will exist uniformly in z for all A, and will differ from 0 for only a denumerable
set {A,} of valuesof A. By (31.13),

(31.28)
1 z+T 1 z+ T 2

an, T / ¢ (§) e dg — [ Bo(p) A d£| dz

z+T

/y—fA
v
z+A 1 z+T . 1 2
/ - / T e R L

z aAmT z (X\"T z

and by (31.27)
yt4a
] lc—h\,,.z _ e—u\,.z lg dI

zt+ A
f ‘(5—1.‘\,,.1 - e—n\nz 12 dl’
z

IIA

B,

B.

IIA

(31.29)

That is,

y+a
f (1 —cos (A, — A7) dx
(31.30) T - £B,
f (1 — cos (A, — A7) dr

whence if A, > A, and A, — A, issmall enough and we let

A. S. Besicovitch, Almost Periodic Functions, Cambridge, 1932, p. 10.
t 1bid, p 15.
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we see that
1+ cos (A, — A,) f;_
(31.31) 5 < B,
- D \4 - 4\ —_
1 — cos (A, W) 5
from which we get
A .
(31.32) (A, — A,) 5 > B2,

It results from another fundamental theorem in the theory of almost periodic
functions* that we may approximate uniformly to ¢.(x) by a polynomial

N
(3133) 2 Ck e—:.‘\;} .
1
Over (—D, D) let
(31.34) 1(z) ~ E d, e
Then within (— D + 2¢, D — 2¢)
— S 4D2 1 2"7“ inwz/D
(31.35) o) = _Z; e
and
(31.36) bu(z) = i g, D% 2 T i T onnst
‘ are ndmie 2D D
Thus
D—2 ¢
lim / | f(x) — ¢(z) |2 dx
€0 J-D+2¢
(31.37) © , D )
< i A e e T
< lim 2D 2 jd,, ,l i sin oh sin 17 0.

7 =00

By an argument exactly like that used to establish (31.13),if 2D > A + 4¢,

(31.38) lim /ZH | f(x) — ¢(x) |?dz = 0

e—0

* ibid., p. 29.
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uniformly in z over (— «, «). It follows from (31.33) that we can find for any
¢ a polynomial 3% Ip e~*Me® such that

(31.39) /ZJM flx) — 2 I e hk®

uniformly over (— «, «), hence,

(31.40) f o i f(z) — E L e

’ 1
dr < e [Z + 1] ,
and Theorem XL is proved.

Let us notice that in a classical theorem of Stepanoff a function almost
periodic in the sense Stepanoff 2 has associated with it a denumerable set {\,}
from which the exponents A, of (31.40) may be selected. Furthermore, if we
are given a pseudoperiodic function f(z) with the exponents {\,} we may write

2
dzr < ¢

0

(31.41) 1@%/:”(1) rdz = )

and

lim 1 Tf(x) e~z dx l :
rw 2T Jop l

2

dr = 0.

1 T
(31.42) lim lim ——/

N—0 T -0 2,1'1 —T1

ud Az T
mem%qmww

It follows from (31.41), (31.08) and the Riesz-Fischer theorem that over any
range of length A, we have a function g(z) such that uniformly in y,

ad A\nz T
g(x) — 12 Tan; %T— /gff(g) e~ df

This function g(z) will clearly be pseudoperiodic, as will f(z) — g(z). By
(31.42-3) and the Minkowski inequality,

2
(31.43) lim dr =0.

ytAa
N—o Jy

(31.44) limé-lq—, ];T | f(z) — g(2) |?dz =0,

T T

from which it will readily result that for all y,

(31.45) /‘v Alf(-’b‘) — g(z) |?dx =0,

v

or that f(z) is equivalent to g(z). Otherwise we should have some i not
equivalent to 0, whence by pseudoperiodicity no [¥** could be equivalent to
0, and (31.44) would be impossible. Thus

2
dz =0

@) - D im o [ (o) et

y+A4
31.46) i f
(31.46)  lim | moo7 ),

uniformly in y.
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In general, let Y7 | a. | 2 converge, and let (31.02) not vanish. It will follow,
as in (31.43), that there exists a function g(x) as in (31.43), which over any
length A4 is the uniform limit in the mean of the functions D} a. e*? as n— .
An easy procedure to the limit from (31.07) and (31.11) will show that if (31.02)
exceeds L,

g,,_s“’ z>/y“'ﬂ 2 >I_m 2
Gl T Xlelrz [T @ ez g D el

and from this it follows that ¢g(x) is pseudoperiodic.

It results at once from (31.47) that the convergence theory of the formal
series ) 7 @, e of pseudoperiodic functions follows closely the lines laid down
in Theorem XXXVIII. Indeed, the methods of proof of this theorem allow us
to conclude directly that

TaeoreM XLI. If f(z) is a pseudoperiodic function with the formal series

@ -]

T
IART . —1Ant — Anz
(31.475) Z e lim oo /1 FO) et dg = D7 aq e,

1

and if over (—m, 7)

(31.48) J@) ~ o S5 e [f(z) ot = D b,

then over (— 7 4 ¢, 1 — ¢€) we have uniformly

(3149) llm( Z , e T Z b, emz> =0.
| Xp | <N

N—+0

In particular, the convergence, Cesdro summability, etc., of the e*= series of f(z)
are the same as those of its Fourier series uniformly over (— = + ¢, # — ¢).

32. Theorems on lacunary series. We proceed to prove
TueoreM XLII. Let no a, vanish, and D_ . |a.|? converge, and let

. <)\..,.<"° <X_1<)\o<)\1<'-- <)\n< cee Let*
(32.01) m (Appp — Ap) = .
n—+400
Let
(32.02) (x = l.i a, e’nz
f(x) Am. 2 e

* With the aid of the Fabry gap theorem (vide infra), we may prove the more general
theorem derived from Theorem XLII by replacing (32.06) by
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over every finite range. Let f(z) be equivalent to zero over any interval, (a, b).
Then f(z) is equivalent to zero over every interval, and all the a,’s vanish.

To begin with, let L be any positive quantity. Let N be so big that if
In| >N,

(32.03) A1 — A > L.

Let € < (b — a)/2. Let ¢(x), which can be constructed by orthogonaliza-
tion, belong to E; over (—¢, ¢), and let £, ¢(x) e*"* dz not vanish for a given
A, but vanish for all A,’s (other than the given one, possibly) for which
|n| = N. Let

o(z) = / WO f@ — £ de

(32.04) = ¥(£) Lim. 2 @y €MD dE

— 0
€ N— N

=2 / () et e .

Then g¢(z) will vanish over (a 4+ ¢, b — ¢) since f(z) vanishes over (a, b), and will
be the uniform limit of series (32.04), which will contain a term in e with a
non-zero coefficient, but which will contain no two A’s closer together than L.
Then by (31.11), g(x) cannot be identically zero over any interval of length
9r/L,and if L > 9n/(b — a — 2¢) this leads to a contradiction.

Let it be noted that Theorem XLII resembles Theorem XXXVTI in being a
gap theorem, but differs in that \, need not equal — X\_, and in that the \,’s
are not multiples of a common unit. On the other hand, Theorem XXXVT is
concerned only with the lower density of the A,’s.

A gap theorem closely related to Theorem XLII is

THeoREM XLII'. Let - <A, < -+ <A <A< M < oo KA < vns
and let (32.01) hold. Let

(32.05) E la2 | 1! < w
for0 <r <1 Let
N
(32.06) (r, ) = Lim. a, 7! Ml gz
10, ) = Lim 2 e

over every finite range. Lel us define

(32.07) f(z) = Lim. f(r, 2)

r—1
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for any interval (a, b) over which the indicated limit in the mean exists. Then if
f(z) exists over any interval, il exists over every interval. If f(z) s over any interval
the n-fold integral of a function of L, 1t is such an integral over every interval,
apart from the arbitrary set of measure zero over which it is indeterminate.  If f(x)
is wnfinitely often differentiable over (a, b), if

b
(32.08) / | f(x) [2dx < D" AZ,

where D is independent of n, and if
(32.09) A, >n!,

thenif d > c, there cxists a positiz;c P, such that
d
(32.10) / [fo(x) |2dxr < P AL

If f(z) is analytic over any interval, 1t is everywhere analytic.

This theorem has been proved by N. Wiener in a paper forthcoming in the
Pisa Annali. It has as an immediate corollary the result that if in the power
series a, z", the gaps between successive exponents of terms with non-null
coefficients tend to infinity, the circle of convergence ot the series is a natural
boundary. Each are, that is, must contain a singularity. Again, Theorem
XLIT is an immediate corollary, for if f(x) vanishes over any interval, 1t is
analytic everywhere, and hence must vanish everywhere.

Wiener has made an attempt to use methods of this type to prove the cele-
brated Fabry gap theorem.* This theorem yields the circle of convergence as a
natural boundary on the lighter hypothesis, not that A,;; — X, —» «, but that
A/n — . So far he has had no success. On the other hand, the methods
indicated are as applicable to Dirichlet as to Taylor series.

We now come to the proof of Theorem XLII’. Let us notice that after (a, b)
is fixed, we may take

(32.11) Lu.b. [Anp1 — Nl

as large as we like, say > L, for to do so, we have only to remove from f(r, z) a
polynomial in e+ tending to a definite analytic limit as r — 1. Such a func-
tion is analytic in x, and if we write it P,(r), there exists a constant K such that

(32.12) | F{M(x) | < K».

Thus there is no restriction in putting
(32.13) Motl — Ap D> o-e n=012 ...;-1-2,...).

Cf. P. Dienes, The Taylor Series, Oxford, 1931, pp. 372 ff.
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Thus by (31.11) and the following discussion, if

(32.14) [‘; - 2] =,

we have for an appropriate constant B,

d b
(32.15) / | f(r,z) |2 dz = Br + 1) / | f(r, ) |* dz,
and similarly

d b
(32.16) / | f0(r, 2) |2 dz < B + 1) / | fo(r, 2) |* dz.

c

A further result of the same type is

d b
(32.17) / | 1, z) — f(s,2) |2 dz = B(v + 1) / [ f(r, z) — f(s, 2) | dzx,
and as the existence of f(z) requires that

(32.18) lim ’ | f(r, 2) — f(s, 2) |2dz = 0,

r,s—1 Ja

it follows that

|
o

(32.19) lim ’ | f(r, 2) — f(s, 2) |2 dz =

r,8—1 c
Thus by the Riesz-Fischer theorem, f(z) exists over (c, d). In exactly the same
way, we may show that if f(x) is the n-fold integral of the function f™(r) be-
longing to Ls over (a, b), we may extend f m(x) to (¢, d), and

@a0) [ rdrs Bo 4D [M15m6 12

This enables us to make a simple transition from (32.08) to (32.10).

If f(z) is analytic over (a, b), then over some interval (@ + ¢ b — ¢),
we have*
(32.21) | f™(z) | < cmn!,

and vice versa. Let (¢, d) be any interval containing (a, b). We have

(32.22) /b | f () |2dx < g™ (n!)2.

* For in such an instance, £f™(x) (¢ — n)"/n! has a positive radius of convergence for
every z, and hence, by the Heine-Borel theorem, this radius of convergence has a lower
bound.
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Hence for some other ¢,

d
(32.23) / | f™(z) |2 dz < ¢2*(n))z.

f "o ds[
canl + {l r—al / e |'—'ds}m

ctn! 4 (co-ci(nh)?)r2

Secin!.

Thus over (¢, d)

’f(n—-l)(x) | < |fm—1>(a) | +

IIA

(32.24)

lIA

It follows that
(32.25) [ f™(2) | < cpn!.

However, this implies the statement that f(z) is analytic over every (¢ + ¢,
d — €.

It is interesting to note the complete picture formed by the results of the
present and the last chapter, particularly in what concerns the closure properties
of {e**] where |\, — n| < L. We have already seen that if \_, = — X\, the
set becomes closed on the adjunction at most of a finite number of terms, and
ceases to be closed if we drop at most a finite number (Theorem XXXIII).
If we consider the same set over any interval of length greater than 4x/L it
results at once from Theorem XL that the set is one in which 0 cannot be
expanded with coeflicients, the sum of the squares of which converges. On
the other hand, over an interval (— 1/(zxL), 1/(xL)), the set (Theorem
XXXVIII) contains a subset with an L, expansion theory substantially the
same as that for expansions in ordinary Fourier series.

In general, the results of the present chapter, although they go much farther
than any previous researches in this direction, are fragmentary at almost every
turn. In scarcely any case do our theorems state necessary and sufficient con-
ditions, and as a matter of fact it is highly improbable that most of our results
are of this nature. Our inequalities are nowhere shown to be the best possible.
It is the opinion of the authors that these limitations are inherent in the methods
employed; that while their power has not been completely exhausted, some
radically new idea is needed if we are to bring this theory into its definitive shape.



Cuarrer VIII
GENERALIZED HAKMONIC ANALYSIS IN THE COMPLEX DOMAIN

33. Relevant theorems of generalized harmonic analysis. Wiener* and
others have developed a theory of generalized harmonic analysis. This is a
theory of developments in series of trigonometric functions which includes as
particular cases the Fourier series and the Fourier integral, but which also
includes theories such as that of white light, which do not come under either of
the above headings. His theory has so far been confined to functions which
may be complex-valued but are of real arguments. Now every theory of the
harmonic analysis of functions of arguments in the real domain has an associated
theory of functions of arguments in the complex domain. In the case of the
Fourier integral, the associated theory is that of the Laplace integral; in the case
of the Fourier series, the associated theory is that of the Taylor and Laurent
series; and in the case of non-harmonic developments in discrete trigonometric
functions such as are found in Bohr’s theory of almost periodic functions, the
associated theory is that of the Dirichlet theory. It is the purpose of this
chapter to extend the Wiener theory in the same sense and to subsume under
this general theory certain theorems concerning almost periodic functions. To
this end we shall have to carry over certain results from Wiener’s book. It does
not come under the purpose of this chapter to prove these theorems or, indeed,
to give any very detailed discussion of their significance. We shall simply
remark that f(z) represents the function subject to harmonic analysis; that s(u)
represents the integral of the Fourier transform (which itself does not exist) up
to the argument u, and that S(u) represents the total energy in the spectrum of f
up to the frequency used. ¢(x), as we shall define it below, is the so-called
Faltung of f with itself, and S(u) may be determined in terms of ¢ alone. S is
the class of functions f(z) determining a “spectrum” S(u), and S’ is the sub-class
of S for which in a certain sense the spectrum contains no energy at infinite
frequency.

The theorems and definitions which we shall quote come from Chapters 111
and IV of Wiener’s book. They read as follows:

ThroreM 20. Let f(zx) be a measurable function for which

1 T .
(33.01) 57f_rlf(:c)| dz
ts bounded in T. Then

7] J(z) |2
(3302) [_w —r:—;; dx < o,

* The Fourier Integral and Certain of its Applications, Cambridge, 1933.
128
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DEFINITION.

sw) = lim. &0 )1'2[/ f. ]f(x—)ew 7

1 eTwNE 1
+ @ﬁ‘m/:lf(x) i dr.
Let it be noted that under the hypothesis of Theorem 20, s(u) will exist for

almost every u.

TueoreM 22.  Under the hypothesis of Theorem 20,

(33.03)

(33.04) lim 1 / | s(u + ¢ — su — € |2du = lim |f(:c) |2 dx
€e—0 4re —00 T 00 ZT
in the sense that of cither side exists, the other exists and has the same value.
DEFINITION.
T
(33.05) o) = im L [ st 40 0 d.
10 2T )71

DeFRINITION. S s the class of measurable functions f(x) for which ¢(x) exists for
every real x. S’ is the class of functions of S for which () s continuous.

THEOREM 36. If f(x) belongs to S, then

1 ” e — 1
(33.06) S(u) = Gy / (@) ———

exists for every u.

On page 162 of Wiener’s book there is a formula which reads
1 u
______ o —_ — 2
(33.07) o(u) = const. + l‘Lron 50 (-~27r)”2/) | s(u + € — s(u — ¢ |2du,

and is numbered (21.257). This formula states more than has actually been
established at the point in question, and should read

(33.08) olu) = l.i.r;l. [t//(e) + 5 (2 57 /u [ s(u + € — s(u — ¢) |2 du].

In Theorem 36, Wiener shows that if f(z) belongs to S, o(u) — S (u) is a constant,
except at most over a null set. Thus except at most over a null set, we have

(33.09) S = li;n [zl/(e) + 5 (2——7;2 /u | stu 4+ ¢) — s(u — ¢) |2 du].

TueEOREM 30. Let f(z) belongto S. Let zK (z) belong to Ly, and (1 + | z|)K(z)
to L,. Let

(33.10) g(z) = K(z — §) f(¢) dt.

— 00
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Let S(u) be defined as in (33.06), and let

1 “(evr —1)dz,. 1 [T
T(u) = I _/;w - lim 3T dw

—_— 1z T—s0 -

(33.11)

X /_” K+ w -8 dE/ K(w — &) f(¢) ds.
Then
(33.12) T(u) = /u i | K() et dE\ dS(u) .

Here we replace the ¢ of Wiener’s formula by S.

LemMMa 29;.  Under the hypothesis of Theorem 30,

lim; ) tu4e —tlu —e — {stu+e — s(u— e}
@313) 0T . 2
)(/ K(g) et dE‘ du =0,
where
g(z) e dx dx
w = tim gl [ [ ]
(33.14) ( )( D d
1 glz)(e s — T
+ (’2”‘)1_/2 j: i

LemMa 29.. Under the hypothesis of Theorem 30, g(z) will belong to S’

34. Cauchy’s theorem. Let

(34.01) f | @) |2 dz = O(4).
Then, as in (33.02),

4] f(z) |*dx
(34.02) [_A —*1—-_*_—2— = 0(1).

Thus if f(z + 45) is analytic overa £ z < band
A
(34.03) [ 15 4 i 12y = o)

uniformly in z over ¢ < z < b, the function

(34.04) j%%‘;’—f)c c>b>a)
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belongs uniformly to Lyovera < z £ b. Thusby (3.38),ifa <z <,

fe4iy) 1 [° J(b + 2n) dy
(3409 T4+iy—c 2r _w(b+in—0)(b;i—in-—x—iy) |
1 fla + in) dn
21 Jw (@410 —c)(a+ 1n— z —1y)’
Now,
T+ —c _ 1 — 1
(34.06) b rm—Obtim—z—4y) btin—z—iy bim—c
so that
o1 : 1 1
~ or _mf(a+“’)d7’<a+in—x——iy*a+in—c)
Let us form
(34.08) ¢”(z)=l_£ﬁj__3___x)_2 (n+1§x<n+2);

$u(z) =1 (n42=7);

and the transforms

(34.09) Ki(z) = _: balt) €8 dt
and

(34.10) K@) = | @ul®) = Dot .
We shall have at infinity for any z < 0,

(34.11) Ki(z + ) = 0(%>,
and for any z > 0,

(34.12) iz + iy) = 0(%) .
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Now let us consider the function

me) = — Ll Kiz4iy—2) (c> R > 2)
z—r—1y z-—¢

(34.13) = /0" ettt g /Hl <1 _ (”5:2 n) )esum—n di
+/n+2(n + 28" i d +/ deo g |
and
ho(2) = ;_—;]~~_7y - i - — Kol 1y = 2) (R(2) < 2)
(34.14) = ﬁ"(&(ﬁ'v—z) dt + /M 1 (1 _ - *‘2”) >eE(r# o

nt?2 2 L)
+ / g"i g,;Q_ et (zt—2) (]s + / et(z—c) dE N
nt1 2 0

We see that h(2) and h(z) represent the same analytic function, which is more-
over O(1/3(2)?) at infinity. Thus by Cauchy’s theorem,

(34.15) 0= 2—11—r Fb + ) la(b + 19) dn — ;l;r/ fla + 1n) hola + 79) dn,
and by (34.07)

Jx41y) = f(b+1'7)1\1(1+1y——b—-2n) dn
(34.16) e
— 5 / fla + i) Ko(z + iy —a—1g)dy.
By (34.02) these integrals are absolutely convergent.

Let us now assume that f(a + ty) and f(b + 7y) both belong to S, and that for
a £ z £ b, (34.03) is uniformly satisfied. Let us put

f(x-Hy)e w dy
) = Lim. oo U /- ] -

1 f (x +1y) (v — 1) dy
(2m)12 ) —~1y

(34.17)
+

Then by (33.13) and (34.16),

(34.18) 32?%[00 ls(x,u4+¢€ — s(z,u—¢) — {sb,u+ € — s(b,u — ¢)}

X ¢nlu) 4 4 {s(a,u +¢) — s(a,u —¢)} (pau) — 1) e |t dy =0,
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where

(34.19) én) vl = fz},? _: Kiz — b+ iy) e dy,
and

(34.20) (n(u) — 1) v = é};r _: (z— a4 dy) e dy.

It will immediately follow by proper choice of n that over any finite range,

B
]im%/ [s(x,u 4 €) —s(x,u —e) — {s(b,u 4 €) — s(b,u — &)} e =¥ |2du
A

e—0
B
(34.21) = lim elf |s(z,u 4+ € — s(z,u — ¢
e—0 4
— {sla,u + ¢ — s(a, u — )} e = |2 du
=0.

Furthermore, if e is smaller than some quantity independent of B and z, using
(33.04),

} / | {s(by w4+ €) — s(b, u — €)} c*=® |2 du
€ /B

(34.22) < QeBG—b) ;',]; / sthyu 4+ € — s(b, u — ¢) |>du
< const. e2BEd)
Similarly,

1 A
(r4.27) - / ts(a, u 4 € — sla,u — )} e"o=2 |2 du £ const, 2469,
€ /-

Thus
17
lim = |s(x, w4 € — s(z,u — € |*du
e—0 € J-w
1 4
(34.24) = lim lim ; |s(b, u + 5) — S(b, U — 6) |2 e2ulz=b) dy
A0 €0 —1
l A
= lim lim - / | s(a,u 4 €) — s(a,u — ¢) |22 dy,
A—® ¢ 0 —A
in case

4
(34.25) lim ! / s(b.u + €) — s(b, u — ¢) |2 e2G0 dy

«—0 A
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and
A
(34.26) lim;l |s(a,u + € — s(a,u —¢) 2= du
«e—0 —A
exist for all A’s of an increasing sequence tending to infinity.
Let us put
1 ® (e~k — 1) dE
80z v) = Gy /_,, =
(34.27) .
X lim f(z + iy + &) Sz + i) dy ;
T —00 -T
(e“"“ — 1) dt T dy
Tl = & )”2 / % imoar 2T _r dx?
(34.28) X [ 106 4 in) Ko iy + i — b — iy
X/ (b + in) Ki(z 4ty — b — on) dn;
(e"'"f —1)dt dy
Tz, ) = (27 )"’/ 3 Lw 2T J-r 4n?
(34.29) X f(G + i) Ka(z + 1y + 1€ — & — vn)dy

X[ fla + in) Ky(z + iy — a — 4n) dn.

By Theorem 36 and Lemma 29, Ti(z, u) and T(z, w) will exist for every u.
By (33.09) and (33.13),

Ti(z, u) = Lim. [\b(e) + 1

€e—0 2¢ (211’)”2

(34.30) .
X / | 8(b, u + € — s(b, u — €) |2 [pna(u)]? €24 du].

Now, if we have a sequence of monotone functions f.(z) converging in the
mean to a limit f(x), we shall show that it converges almost everywhere to f(z).
We have uniformly

z+e

(34.31) 3 / Twd=timt [T £ de
: € oo T e 26 " )

z—e

From this it follows that independently of ¢ > 0,

z+e z+e
@3 Imneroz ) [Tk, Wae-oss[ e

u-*co - n—+0
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Furthermore, by Weyl’s lemma to the Riesz-Fischer theorem, there exists a sub-
sequence {fu(z)} (k = 1,2, ... ) of {fu(z)}, converging almost everywhere to
f(z). Thus f(z) is monotone over a set of points = differing from the whole
line at most by a null set. This set is of course everywhere dense. Let F(z)
stand for the value of f(z) thus defined for values of zin =. If y does not lie
in 2, let us put
(34.321) fly) = (1/2) [ lub. F(z) + glb. F(x)]
zinZ, z<y zinZ, z>y

and otherwise let f(z) = F(z). Then f(z) will be everywhere defined and
monotone.

Again, by (34.32),

z+y
lim f,(z + ¢) = rlf—n2—;l,/ 1) dg,

(34.322) " .
ﬁﬁfn(x—e)éy_ﬂ%%/ 1(®) d,
n—o n— z=n

and by the fundamental theorem of the calculus, we have almost everywhere

(34.323) limf(z 4 ¢ 2 fz) = lim fulz — ¢).

n —00

Thus almost everywhere

(34.324) flz — ¢ < lim f.(2) £ lim fu(z) < f(z + ¢

— n—400
and hence almost everywhere

(34.325)  limf(z — ¢) < lim £,(z) < Tim fu(z) < limf(z + ¢) .

€e—0 n-—+0 n—+%0 «—0

Since a monotone function is almost everywhere continuous, this yields almost
everywhere

(34.326) f(z) = Iim f.(2) < Tim fa(z) < f(2).

n—e0
Thus it results that for almost all z,

(34.33) f(z) = lim fa(z) .

7n~+00

This theorem allows us to use lim in place of L.i.m. in (34.30).
Now let n be taken as an arbitrarily large negative number in (34.30). Then
for almost all 4,

A

(3438) o 53517"2 /—A sy u 40 = alb,u ) |2 e du

= Ti(z, 4) — Ti(z, — A).
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Similarly, for a large positive choice of n, we get

A
lim ‘j@lm / | s(a, u + ¢ — s(a,u —¢) |2 =2 du
e—0 —

(34.35) 2 A

= Ty(z, A) — Tsx, — 4).
Thus by formula (34.24),

0

(34.36) lim % | sz, u +¢€) — s(z,u —e¢) |2du
e—Q —00
exists for a < z < b, and has the value indicated in that formula.
A proof of exactly the same sort, somewhat more fussy in detail, but not
differing at all in principle, will show that if a < z < b, and £ is real,

(34361) llm } ‘ S(I, u + e) —_— s(x, U — 6) |2 e—iuf du
e—0 —00
exists, and equals

A

(34.362) lim lim & | | s(b,u + €) — s(b, u — €) |2 em—omist dy .

Ao ¢—0 € 4

It is clear that

fim Tim

© —A
I:/ + / ] | s(b, u + € — s(b, u — ¢) |2 e2uiz—b—iuk gy
A—w ¢—0 € A —0

(34.363) . _,
§lim1iml-[/ +/ ]‘S(b,u-‘—e)_s(b,u_e)IZeZu(r—b)du’
A —00

A—w0 ¢—0 €

and we have just proved in (34.34) that this is zero. Hence (34.362) exists, and
we have only to prove its identity with (34.361). This will readily follow if for a
set of values of 4 increasing to infinity,

i 1 4 ~—iU,
(34.364) }E?Z/_A“ ] s(z,u 4+ ¢ — s(z,u—¢ |2

— e2= | g(b,u +¢) — s(b,u —e¢) |2} du =0.
By the use of the Schwarz inequality and the boundedness of
A
%/ | s(z, u + €) — s(x,u — €) [2du and

A

(34.365) 4
_]:/ e | s(b,u 4 €) — sb,u —¢€) |*du,

€ A
(34.364) may be carried back to
A
lun—lf | s(z,u + € — s(z, u —€)
«—0 € J—4

— e (s(b, u + ) — s(b,u — ) |1du = 0,

(34.366)

which goes back to (34.21).
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Now let us define

sz, w) = T )M [/ /_4 ] f(=z t iy — 1) e dy
v 1

(34.37) »
+E‘2w—)—,,2[_1f(1+1'y—1'£)6'_

dy .
This will exist for the same reason as (34.17). As on page 158 of Wiener’s book,
(34.38) | |si(mu+e) — sz, u—e) — e “(s(z,u+¢) — s(z,u —¢)) [2du = O() .

As in that argument, this leads to

lim 213/ | f(z + 5y — i8) +w f(z + 1y) |*dy
3439) 7 .
= lim - l:/ C+west +we ) |s(u+e) —su—e) |2du.
e—0 X —o0

If we take w successively to equal + 1, & 7, and add four such expressiens as
(34.39), with coefficients + 1, + 7, we get

Llfl 28/ f(x 4 iy — 1) flz + 1) dy

(34.40) -
o IR TR RRCHRPILR

e—0 TTE J_oo

as in (21.17) of Wiener’s book. Thus f(z 4 4y) belongs to S overa < z < b.
By (34.40) we see that

lim hm-l—— f(x+zy—1i)f(-’€+ly)dy— lxm /;’;If(x+iy)lzdy

t—0 B 2B ~B

= lim lim — (1 eut) | s(z,u +¢€) — s(z,u —¢)|2du
£E—0 ¢—0 41!'( —00

S |
< lim lim — ]1——e““fl|s(x,u+e)—s(x,u~—e)|2du
£—0 e—0 ITE [y

+ lim lm—[/ +/ ]l—e““f||s(x,u+e)——s(z,u—e)|’du

£E—0 €e—0 47|'

(34.41)
Shmll—e"“lhm—-L |s(x,u+ €) —s(z,u —¢€)|2du
0 0 4me
+hm [/ / ]ls(x,u-}-e)—s(:c,u—e)l’du
¢-0
< lim 1 | 8z, u + €) — s(z,u — ¢) |2du

.—oo 276 -0
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A
_1im__1_e | 8(z, u + € — s(z,u — ¢ |2du.
—A

We now appeal to (34.24), (34.21), and (34.34), and obtain in place of the last
line of (34.41),

B
lim lim -—1——/ I s(b’ u + 6) — s(b, U — 6) I262u(z—-b) du
B—w ¢—0 27r€ —B

(34.42) )
— lim —1- | s(b, u 4+ € — sb,u — € lz e2u=b dy |
€ J—4

which may be made as small as we please by making 4 large enough. Thus
withina < r < b,

N . . .

lim .~ | flx + 1y + 1) f(z + y) dy

B—® ZB —B
is econtinuous in £, and f(z + iy) belongs to S’ as a function of y.

35. Almost periodic functions. Let us return to (34.16). Let f(a + )

and f(b 4 y) be almost periodic in y: that is, let it be possible, whenever ¢ > 0,
to find trigonometrical polynomials

(35.01) Py(y) = E Ape ™

and 1

(35.02) Pyy) = Z B eMkv,

such that 1

(35.03) [fla 4 1Y) — Piy) | < e (- o <y< o)
and

(35.04) [ f(b + iy) — Pa(y) | < e (= <y< ).

If (34.03) holds uniformly over (a, b), and we may apply (34.16), we obtain
5‘;[/ lK,(:z—b—}-z')\)ld)\—}»/ |Kz(x—-a+i)\)|d)\:|

2

f@ 4 dy) — L | Paln) Kuz + 1y — b — ) dn
27 oo

(35.05) + %r /_ Pi(n) Ko(z + 1y — a — n) dn|

fz + iy) —%ZBk/_me'"kal(x + 1y — b~ in)dy

+§l;z Ak/ e Koz + 1y — a — in) dy
1 —o
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St i) = o ) Buows [ Kila b~ in)
1

1 S sA ® A -
+§;ZA;,6 ""/we k" Ko(z — a — 19) dn

(35.05) = Sz + i) = D B M=t ¢, (M)
1
+ D) M) — 1) '
1
2n
= |flz + 1) — 2 Cx eNEGEHY) |
1
where
Nop1 = My, Nk = Ay, Cor—1 = Bre ™ ¢,(My),
(35.06)

Co = — Ape k(¢ (As) — 1.

Thus f(z + 4y) belongs uniformly to the class of almost periodic functions
overa + ¢ = z = b — esince,

'/_w l Kl(x —b + i)\) I d\ = /Am7 d\ ’ '/_w ¢"(y) elz—bty dy l

% n+2 T—n ®©
= / dan f LT elambt oy dy + / e(z=btiNy dyi
- n 2 nt2

® n+t2
(3507) = / d>\ / c(I“lI““l)\)y dy

2]z — b+ an|
I e(n+2)(x—-b+1)\) - en(r-b-ﬂ)) I

_ / R
T J2((x — b2+ W)
const.

= . < const.
z —b !

(35.08) / | Ko(x — a + 9\) | d\ £ const.



CuaPTER IX

RANDOM FUNCTIONS

36. Random functions. By a random function we understand a function
which, in a certain way to be specified in what follows, depends upon a formally
expressed variable and a usually suppressed parameter of distribution. Such
functions oceur throughout statistical mechanics. In statistical mechanics a
certain possible state of the universe is expressed by a function of one or more
variables which give the geometrical coordinates and the time, together with a
parameter which singles out the universe considered as one among all possible
universes and determines its probability. As a more specific example let us
take the path of a particle subject to a Brownian motion and let us consider one
coordinate of the particle (let us say the z-coordinate) as a function of the time ¢.
Then for any particular Brownian motion or motion of a particle impelled by the
collision of neighboring molecules subject to a thermal agitation, z will be a well-
defined function of t. If, however, instead of considering the actual course
traced by a specified particle, we consider all possible courses traced by all
possible particles, in addition to the variable ¢, r will have an argument which
singles out the specifie Brownian motion in question from all possible Brownian
motions. This variable is introduced for purposes of intcgration; that is, a
certain range of this variable measures by its length the probability of the set of
Brownian motions it represents, and an integration with respect to this variable
yields a probability average of the quantity integrated. Naturally this prob-
ability theory is not at all simple and needs to be specified in detail, and a large
part of the remainder of this chapter is devoted to the specification in question.

1t will be seen that the theory of random functions is in essentials a theory of
integration in function space. As such it may be subsumed under the general
theories of integration of Radon, Daniell, and Wiener. A previous attempt at a
theory of integration in function space was duc to Giteaux, but this earlier
theory is not a special ease of the Daniell-Radon integral. The earlier theory
attempted to treat every value F(b) of a function F(¢) as an independent variable.
In such a scheme we find that a succession of regions of positive measure may
include one another successively in such a way that there is no element common
to all of them. "This violates one of the most essential canons of the Daniell
theory. In order to eliminate it, it is necessary that the class of functions over
which we are integrating should be in some sensc or other compact; that is, that
any sequence of functions should contain a subsequence with a limit function.
If this is not strictly true with the original class with which we are dealing, it
must be at any rate possible to make it true by removing or adjoining a set of
functions of arbitrarily small measure. Compactness in the ordinary sense is
equivalent to uniform boundedness and equi-continuity. Now, it is a priori

140
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obvious that GAteaux’s type of integration must yicld us functions which almost
never are continuous, and completely breaks down in this point.

The Brownian motion points us a way out of the difficulty. In this motion it
is not the position of a particle which is independent of the position at another
time, but the travel of a particle between two stated times which is independent
of the position at the first time. In crude language, the differentials of the
function z(t) correspond to the independent coordinates of a point in space of a
finite number of dimensions, and not the values of the function. Physically it is
at least reasonable that the Brownian motion of a particle is continuous, and we
shall in fact show tbat the Einstein theory of the Brownian motion permits us to
say that in fact it is almost always continuous. We shall show even more, that
it is subject to a condition of equi-continuity cxcept for a set of cases whose
measure or what is equivalent, whose probability, we can reduce to as small a
value as we want.

The theory of random functions always makes the impression of a much
greater degree of artificiality than corresponds to the facts. The reason is that
in the theory of Daniell or Lebesgue integration the sum of a denumerable set of
null sets is itself null, while the sum of a set of null sets of the power of the
continuum need not be null. This fact makes it extremely desirable to charac-
terize a random function by a denumerable set of conditions, while the charac-
terization of such a function by its value for all its arguments yields a number of
characterizations of the power of the continuum. If then we attempt to
characterize a random function by a set of its values, it is almost necessary for
the purposes of our technical development that the original set of values which
we take should be denumecrable.  For example, we may define such a funetion by
its values at the rational or the binary points of the line.  On the other hand, we
may give up entirely the characterization of such a function by its values and
define it by its Fourier coefficicnts or its coefficients in some other scheme of
development. In any case it will turn out that the function which we have so
defined will, except in a set of cascs of probability zero (or measure zero, which
is the same thing), either be continuous or in some readily specified sense be
equivalent to a continuous function. Once this is done, we may define the value
of this continuous function uniquely over the whole of its interval of definition.
We thus have generalized our initial function defined by a denumerable set of
parameters to a function apparently defined by a larger number of parameters.
In doing so we have made use of a method which masks the true invariance of the
result we have obtained. It is, however, a perfectly legitimate mathematical
method to obtain our result in a non-invariantive way and to establish its proper
invariance later by specific theorems. This mode of procedure however has
the disadvantage of being most non-heuristic and of demanding from the reader
the patience to take on faith the necessity of a large amount of material whose
justification is only given after the completion of the argument. It will ulti-
mately turn out that the random functions we deal with and the measure that
properly belongs to them determine a function-space distinct from that of
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Hilbert but covariant with it under all unitary transformations which leave
Hilbert space invariant. While such a theory may be built up for real Hilbert
space, and while this is the case in Wiener’s previous writings, the present theory
of differential space applies to one covariant with complex Hilbert space.

It will be scen that although the last two chapters of this book are apparently
devoted to integration in a continuous infinity of dimensions, they really form
chapters in what E. Borel has designated the theory of “denumerable prob-
abilities.””* The first close approach to the specific problems which concern us
here was made by Steinhaus.t He considers the series

(36.01) > = ;ll
1

where the signs & represent independent choices, and shows that this series
converges in almost every case. The methods of Steinhaus were made into a
powerful analytic tool by Paley and Zygmund, more especially in the formation
of Gegenbeispiele, and the final theory has been employed with great affect by
Bohr and Jessen,§ in the study of the Riemann zeta function and of almost
periodic functions in the complex domain.

Wiener|| has developed a theory of random functions in many respects parallel
to those discussed by the authors already mentioned, but not identical with
them. Since the Wiener theory of random functions is derived from considera-
tions in the theory of the Brownian motion and of statistical mechanies, in
which Gaussian distributions play an important role, they also play an important
role in his theory. In this respect, Wiener’s theory resembles the Einstein
theory of the Brownian motion, to which we shall later show it to be equivalent.
Indeed, a sharp distinction may be made between Wiener’s theory and all others
so far mentioned in that, while in both cases a denumerable set of terms are
assigned coefficients with a certain distribution, in all other theories these cocffi-
cients cither have at random the values + 1, or are distributed at random around
the unit circle in the complex plane. In addition to its applicability to statistical
mechanics, Wiener’s theory possesses a larger degree of symmetry than the

* E. Borel, Les probabilités dénombrables et leurs applications arithmétiques, Rendiconti
del Circolo Matematico di Palermo, vol 27 (1909), pp. 247-271.

t Cf. Sur la probabilité de ta convergence de séries, Studia Mathematica, vol. 2 (1930),
pp. 21-39, and earlier papers there referred to.

1 On some serres of functions, Proceedings of the Cambridge Philosophical Society, vol.
26 (1930), pp. 337-357, 458-474; vol. 28, pp. 190-205. Cf. also Notes on random Sunctions,
Paley, Wiener, and Zygmund, Mathematische Zeitschrift, vol. 37 (1933), pp. 647-688, on
which the present chapter is largely based.

§ II. Bohr and B. Jessen, Uber die Werteverteilung der Riemannschen Zetafunktion, Acta
Mathematica, vol 54 (1930), pp. 1-35; vol 58 (1932), pp. 1-55.

| Cf. N. Wicner, Generalized harmonic analysis, Acta Mathematica, vol. 55, pp. 214 ff.,
and the references there given.

9 A. Einstein, Annalen der Physik, vol 17 (1905), pp. 549 ff ; vol. 19 (1906), pp. 371 ff.
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alternative theories, or what is the same thing in other words, it has a more
extensive group of transformations under which it is invariant. The rcason for
this is that if a number of terms have independent Gaussian distributions, any
linear combination of these terms has itself a Gaussian distribution. On the
other hand, if we start with a distribution of the original terms over the values
+1, or around the unit circle, the distribution of a linear combination of the
original terms becomes extremely complex and unmanageable. This property
of Gaussian distributions is thus intimately allicd with the covariance which the
theory of random functions developed here shows with Hilbert space.

By a change of scale, a real Gaussian distribution may be reduced to the
distribution of a real parameter uniformly over the interval (0, 1). In the same
way, a complex Gaussian distribution may be reduced to the simultaneous and
independent uniform distribution of two parameters over an interval of that
sort. By this artifice our integration in function space may be carried back to
the integration of a function of a denumerable infinity of variables over a cube
in its proper space. Such an integration has been discussed by Daniell, Jessen
and others.* Since however it is probably not familiar to the reader of this
chapter, we shall derive it from the ordinary integration of a function of one
variable over an interval of a line by a process of mapping. This process of
mapping is merely an elaboration of the process by which a square may be
mapped on a line in such a way that planar measures are mapped into equal
linear measures.

This mapping of a square on a line with preservation of measure deserves some
consideration. Let the coordinates of a point on the unit square 0 < z < 1,
0 < y < 1 be represented as binary fractions, in the form

T=a/2+a/t+ -+ an/2" 4 -
(an = 0 or 1for all n independently) ;

Y=8/24B/4 + - +Bu/27 + -+
(8. = 0 or 1 for all nindependently) .

(36.02)

The correspondence between z and the sequence {a,] is not one-one, but becomes
one-one if we disregard all rational values of z with denominators that are powers
of two, which have alternative representations terminating in ... 000 - - . and
... 111 ..., respectively. These values of z are a denumerable set, and hence
a set of zero linear measure. The points (x, y) with such values of z constitute a
set of zero plane measure. Similar considerations apply to the correspondence
between y and the sequence {8.}. Thus except for a set of points (z, y) with

*P. J. Daniell, Inicgrals in an infinite number of dimensions, Annals of Mathematics,
(2), vol. 20 (1919), pp. 281-288; B. Jessen, memoir to appear in Acta Mathematica; also,
Bitrag til Integralieorien for Funktioner af unendelig mange Variable, Copenhagen, 1930.
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zero plane measure, the correspondence between the points of the square
0 <z < 1,0 <y < 1and the pair of sequences {a,} and {8,} is one-one.

Now, the pair of sequences {a.} and {8} may be rearranged into a single
sequence in a large number of different one-one methods.  For example, we may
rearrange {a.} and {B.} in the form

(36.03) carPrazPrazPs - anfBa -

and we may assign to it the binary number z with the same representation. The
correspondence between z and the sequence (36.03) is one-one except for the null
set of rational values of z with denominators which are powers of 2. Further-
more, it is clear that if we determine a sub-class of z in which a denumerable
sub-set of digits have fixed values, this set will have zero measure, and the sum
of any denumerable set of such sets will also have zero measure. It thus follows
that the set of values of z corresponding to pairs (z, y) which do not both have
unique binary representations is itself of zero measure. The same is true of the
planar measure of the points (z, y) corresponding to values of z for which the
binary representation is not unique. Thus, if we discard a planar null set of
values of (z, ) and a linear null set of values of z, the mapping of the square
0 <z <1,0<y < 1ontheinterval 0 < z < 1 determined by (36.03), or any
other such rearrangement, is one-one.
The planar set of points determined by

Y2/ /2N < <Y/ 2 /A a2,

(26.031) , , ,
8/2 4 82/4 4 - F /20 <y <8, /2405/44 - +8,/2* (m>n),

where all y4’s, v,’s, 8’s, and 8,’s are 0 or 1, consists of WMy ey — YL Ym)
X (- 8y -+ 8y — -+ 8 --- 8,) squares, each with an area 272", Transformation
(36.03) maps it into the same number of intervals, each of length 2-*, and with
the same total measure. Similarly, any interval of z lying between terminating
binaries is the map of a finite set of squares in the (z, y) plane, with total
area equal to the length of the interval in question. Thus the transformation
(36.02) or any like transformation is measure-preserving, as far as rectangles
in the (z, y) plane with terminating binary coordinates for their vertices and
intervals in the z line with terminating binary end points are conc.orned.

Every interval on a line may be included in an interval of arbitrarily slightly
greater measure, but with terminating binary end points, and includes such an
interval of arbitrarily slightly less measure. In the plane, we have an exactly
similar theorem concerning intervals. It thus follows at once that the mapping
of (36.03) or any similar mapping transforms every rectangle in the plane into a
measurable set on the line with linear measure equal to the area of the rectangle,
and that every interval on the line is the transform of a measurable set in the
plane with a planar measure equal to the linear measure of the interval. By
methods familiar in the theory of the Lebesgue integral, it follows that to every
measurable set in the plane unit rectangle, there corresponds a measurable set on
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the unit interval with linear measure equal to the planar measure of the original
set, and that every measurable set on the unit interval corresponds to a planar
measurable set in the unit rectangle with a plane measure equal to the linear
measure of the original set. The whole theory of Lebesgue integration in two
dimensions may thus be derived by this mapping from the corresponding theory
in one dimension. Given any function over the unit rectangle, our process of
mapping determines an image function over the unit interval, and if this is
integrable, its integral will agree with the integral of the original function of two
variables, and might have been used to define that integral. In an exactly similar
manner, regions in three or more dimensions may be mapped on a segment of a
line with preservation of measure, and this mapping might have been used to
establish the definition of the Lebesgue integral in n dimensions. Thismethod of
definition has the distinet advantage, that all theorems concerning Lebesgue
integration in one dimension may be transferred directly, without any modifica-
tion of their proofs, to Lebesgue integration in n dimensions.

This consideration is even more important when it comes to the establishment
of the Lebesgue integral in a space of a denumerable infinity of dimensions. As
we have seen, Daniell has established a general theory of integration, and he has
subsumed* under this as a special case integration in a denumerable infinity of
dimensions. The advantage of this method is logical straightforwardness and
transparency; the disadvantage, thal we cannot call upon the great body of
existing theorems in the theory of the Lebesgue integral, but must establish
each one de novo by the trivial modification of its original method of proof. In
an ideal course on Lebesgue integration, all theorems would be developed from
the point of view of the Daniell integral; but in the present state of mathematical
education, a method of mapping has distinet advantages.

The mapping of the square on the linear segment has given a sufficient exposi-
tion of the general principles of mapping for us to dispense with a discussion of
the biunivocal character of the mapping we are now developing. This mapping
has as its purpose the representation on the segment 0 < a < 1 the points
(a1, a2y -+, an, --- ) of the region

0<al<l;

0< < 1,
(36.032) L

of space of a denumerable infinity of dimensions. Let the binary representation
of ay be

(36.04) Gk ORy e Qgn oo

* P. J. Daniell, A general form of inlegral, Annals of Mathematics, (2), vol. 19 (1918),
pp. 279-294.
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and let us put

(36.05) a = - a1 Q)2 0] Q13 Qlgg O3] (X14 Qa3 Olg2 041 * * +
Let
(36.06) F(a) == f(al, Qg v v a,)

be an integrable function of a finite number of the ax’s. Then by methods sub-
stantially the same as those we have used in the discussion of the mapping of the
square on the segment, we have

(36.07) /IF(a)da=/lda1---/lda,f(a1,~~-,a,).

This follows at once from the well known fact concerning the Lebesgue integral
of a function of a single variable, that if f(z) is a summable function of z over the
range (0, 1), then if ¢ > 0, there exists a step-function g(z) such that

(36.08) /01 | f(x) — g(2) | dx < €.

There is no difficulty whatever in showing that the function g may be so chosen
that the abscissae of all the jumnps are terminating binaries. If we apply this
result to functions of (ay, @3, - - - ), and if we identify integration over (ay, az, - - -)
with integration of the corresponding function over a, we see that every function
f(ay, as, -+, am ---) for which

1 1 1
0 0 0

exists determines at least one step-function g(ai, as, - - -, a,) of the finite set of
variables a, - - - , @, such that

1 1 1
d d d" ) y Ty Qpy * 0
(36.09) /J al/o az ﬁ « [ f(eu, o2 a )

——g(al,ag, -~-,a,)|<c.

37. The fundamental random function. Up to the present, we have been
discussing an infinity of distinct real variables «,, uniformly and independently
distributed over the interval (0, 1). We wish to transfer this discussion to an
infinity of complex variables, the real and the imaginary parts of which have
independent Gaussian distributions. To this end we consider (—log a,)"/? € * °¥,
where 0 £ o, £ 1,0 £ ax = 1,7 # k. If we put

(37.01) r = (—log a,)!2, 0 = 2r a,

we have

{37.02) | do, do | = l;rc"'zdrdﬂi 0sr<w, 0L60=<2r).
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If now

(37.03) z=rcosd, y=rsind,

we have

(37.04) |da,dax| = - “<=2+"2)[dxdyl (o <7< ™, —0<y< o),

Thus if o, and a; are uniformly distributed over (0, 1) and are independent, the
real and the imaginary parts of (— log a,)"?¢"* ** have independent Gaussian
distributions.

Let us now consider the formal trigonometric series

(37.05) 2 ai e**

where the real and the imaginary parts of each a; all have the same Gaussian
distribution, and are all independent of one another. This series will almost
never converge, even in the mean, but we shall show that its formal integral,

@

(37.06) U, ) ~ za0 + 2 G G
1

—m

will exist as a limit in the mean for almost all choices of {ax}. We shall express
this more precisely by saying that

Y(z,a) ~ r(=log ay)'?e’ 2 4 2 _____ (—1log aun_t)V/2e*" ¥ *4n
(37.061)
+ 2 C~ winz ( 100‘ e +1)1/2 2w 1 agnto

exists as a limit in the mean with respect to z, for almost all «. To this end,
we must show that for almost all «,

1 - 1
(37062) —_ 2 7‘7'% log A4n—1 — 2 ;{2 ]()g Q4ny1 < oo,
1 1
We shall first investigate the distribution of
A1 X1
(37.063) - — 10 aun-s — > — 108 Qunis .
M M
By (36.07)

N N
1 1
< ME poc log atyn—1 — E : ~ log a;,.+1> da

(37.07) )
=22%=0<—A17> (N> M).



148 RANDOM FUNCTIONS [IX ]

Again,

(37.08)

From this it follows that except over a set of values of a of measure not exceeding
some Cy/M,

N N
1
(37.09) — 2 %log Qg1 — 2 o log aunyr < C1/M.
M M

If wenow let M = v, N = (v + 1), we see that for almost all values of «,
there exists a C}, depending in general upon «, such that

o

(3710) — E nl2 1()g Q4n—1 — 2 ;13 l()g Q4nyl § 2 Cl/V2 < o,
1 1

1

Thus ¢(z, «) is determined for almost all z, for almost all «, and belongs to L,
for almost all «a.
We wish, however, to prove the stronger

Tueorem XLIII. A sequence of partial sums of the right-hand side of (37.061)
converges uniformly in z to a limit for almost all «. Thus y(z, a) may so be
defined as to be continuous in x for almost all a:

n

elkz 1/2 271«
(37.11) Yz, @) = Z)l (= log awy)' "2 ¢t osk
We shall prove that
(37.12) E [ Ygn g1 (z, @) |
1

converges uniformly for almost all «, and hence that
(37.13) D b i (z, @)
1

converges uniformly for almost all «. It will follow by the same reasoning that

d Ly —ikz
(37.14) 2 [E e. (—log ag_s)'" ezna4k+z:|

1 2"+1 ik

converges uniformly for almost all @, and Theorem XLIII will be established.
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We have
LI 2\ —ilz
I'l/m.n(x, a) |2 — Z e_k_ (—lOg a4k-l)ll2e2rta4k 2 eT (—lOg a“_‘)lﬂe‘?rladl
m+ 1 m+1
_ c ——logu,_
m+1
n—m—1
+ 2% { E evs 2 (—log aw—1)"'* (—log auge—n-1)""*
(37 15) 1=1 k=m+ 14+
X lexp (2ri(ay — a«(k—;)))]}
1 n n-m—1 n
< > (“logaua) +2 D) | D) (—log aun)™
m+1 1=1 | k=mt1l+,
X (—log 014(};..,')_1)”2 exp (27"7:(adk - al(k—-i))) I .
Thus

/1 Lub. | ¢mns (2, @) | da
0
g%/W—maﬂ
ms Jo

noml 1 1 1
+ 2 E / dgl vt L dgﬂ—‘m-l/; dﬂl tee '/; dﬂn——m—l

n

2 (log & log &-—,)'% exp (2 mi)

k=m+ 143

(37.16) X

n € (]
.S_”T,+n’m exp (— m)

raml o 1 1 1
2 d “./ d”ﬂ_/'d ”./ o
+ E ./:xp(—m‘ ) § exp(—m¢) ¢ ' 0 " 0 " !

1=1

(log £ log &—)'2 exp (271 ns)

X k(k —3)

’

kmm+ 1+

where ¢ is some positive quantity to be fixed later.
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P

Now, by the Schwarz inequality,
2 ar 27w,

1 1
[ [
0 0 1
1 1 2) 172
A [ |
0 0
1/2
= {f dn; - f dn, Z 2 a; G ez"(’""'k’}
0 =1 k=
P 1/2
k=1

Applying this to (37.16) we get

b

E ai leiqk

1

(37.17)

-1

§

1
/ Lub. [¥mom (z, @) |2 da = O + 2
0 z

1 2¢ 12
;n_ km=mt 1+ [k(k — Nl ]

2.2
o )+22 [ ([ s
[

1kl

o

il

(=

(37.18)

3»
»-,..

IIA

o(%) +2 2 0 (/ zzf'dx>]uz
B ( > +0 (mm_.> — 0 (m1)

if ¢ <1. Thus except over a set of values of a of measure not exceeding cm=1/*?
we have

(37.19) l-u-b- l '/’m. 2m (xy a) l é c nL_lIm ,

and in particular, except over a set of values of a of measure not exceeding
¢ 272 we have

(3720) Lu.b. I Yan, antl (J,', oz) I < ¢ 21,

It follows that except over a set of values of a of measure not exceeding
= ] ¢ 2N

(37.21) o D, 2 = S
N

we have, for all z,

(37.22)

sSa 2 g2 o O 2,

on, an+l (x, a) ]_—....-..—_2—;!/—3 N
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and since the expression of (37.21) tends to 0 as N — « we see that except over
a null set of values of «,

N
(37.23) lim ) yan, 21 (3, )
1

N—+00

exists uniformly in z. This establishes Theorem XLIII. Here we use the
familiar fact that if a series converges to one limit and converges in the mean
to another, these limits differ at most over a null set.

In all that follows, we take y(z, a) to be continwous. Now let F(z) belong to
L, and let

n

(37.24) Fz) = E fo e .

-n

We wish to define [7, F(z) dy(z, «) but cannot define it as an ordinary Stieltjes
integral, as we have no reason to believe that ¢(z, «) is almost always of
limited total variation in z; and as a matter of fact it is almost never of limited
total variation. However, let us define the integral by carrying out the indi-
cated integration by parts. We have

/_ " F() d(a, @) = Flx) g(r, @) — F(— 7) (= 7, a)

L3

_ V(z, a) F'(z) dz
(37.25) o

N
= 2r {(-— log a;)V? e*™es fy + 2 (— log agt—_1)"? ermou
1

Y |
+ 2 (__ lOg a4k+l)”2 eiray o f_kj .
1

We now wish to assert and prove

TueoreEM XLIV. Let F(x) be defined as in (37.24). Let ® be any function
for which

(37.26) 2% /j do /w e {e“’ [27ru /' | F(z) | * dx] 1/2} du = 1

exists as an absolutely convergent Lebesgue integral. Then

(37.27) / ‘e { /_ " F(z) dy(z, a)} da = 1.
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Stmilarly, let
(37.28) Gx) = D, grete.

Let
(37.29) |F@)|tdr -4, [ F@6@dz=B, | |6G)|*d=0,
AC‘-IB12=D’

and let ® be any function for which

‘i—;}—‘—l-—) [ dul / d’U2 / dvl ﬁ dv;
— W 4+ o) C + 2 wus + v ) R(B)
X exp

(37.30) — W40 A+ 2w —uv) JB)

27D
X d)(ul -+ 1:01, Uz + i‘l)z) =J

erists as an absolutely convergent Lebesgue integral. Then
1 L4 L
(37.301) / i) {/ F(z) dy(z, o), G(z) dy(x, a)} da = J.
0 -_ -

In particular, if F(z) and G(z) are orthogonal to each other in the complex sense,
B =0and D = AC. Thus

1 o o © ©
J = 4'—"—-"‘AC '/;wdul'/;”dug/;wdvlf_ndvz

2 2 2 2
(37.302) X exp {— ¥ jv‘ _ Y -(E v”}@(u, + vy, ug + 1v2)

= /;l daﬁl dg q’{ ~: F(x) dll/(l‘, a) [} _r G(I) d#’(“) B)} .

To prove the equivalence of (37.26) and (37.27), let us notice thLat

© ) n 1/2
I=%[udxﬁndy¢{21[—2|fk|2] (:l:-}-'),'y)}e—#’—v2
1 % °0 L @0
(37303) = m‘i /‘dx_n e [‘”dxnﬁudy_" v _”dy”

X exp(-— z": Ti ~ Zn: yi)‘b {27" 2.&(% + iyk)} .
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Here we make use of the facts that

(37.304) 1 / dr =1,

and that
exp(— Z L Zy,f)

is invariant under a unitary transformation of the variables zx + 7y« By a
simple change in variables,

1 1
I = / doq s / da4ﬂ+z(b {21!‘ [(-—— lOg a,)”z 62""21‘0
0 0

(37.305) . .
+ 2 (___ log mk__x)l/?. e2na4kfk + 2 (_ log a‘k+1)l/2 eznaqkﬁf_ij ,
1 1
from which (37.27) follows by (37.25).

The proof of (37.301) is quite similar. By the indicated change of variables,
we have

J=;}2/ d:tl/ dyI/ d:r,,/ dysexp (— 2% — y? — 25 —y3)

)2 ) 12 _
%—;;2— B(z: + ) + (271' g) (z2 + ‘lyz)}

1 © © © Py n n
=;2n—+1f dx-»'--f dxn/ dy-n---/ dynexp<—2xi—2y2>

X & {27r 2 Selz 4+ tys) , 2m Z gx(ze + iyk)} )

X @{(21/1)”2 (1 + 1),
(37.306)

from which (37.30) follows as (37.27) follows from (37.303).

Formula (37.302) is merely a special case of (37.30), combined with (37.27)
on F(z) and G(z) simultaneously. It means that if the two functions F(x) and
G(z) are orthogonal, the two expressions

/ F(z) dy(z, a) and G(x) dy(z, )
are completely independent, not merely linearly independent. This result is
readily extended to any finite set {G.(z)} of orthogonal functions with terminat-
ing Fourier developments.
We now wish to eliminate this last restriction that the Fourier developments
of F and G or G, terminate. We do this by the following:
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THeorEM XLV. Let

(37.31) F(z) ~ i Jee*,
and let -

(37.32) Dilfilr< =,
Let

(37.33) F.(z) = 2 fret=,
Then, except for a set of values of a of zero measure,
(37.34) lim [ Fu(z) dbla, o)

exists. We shall define [*, F(z) dy(z, «) to be this latter limal.
In proving this, let us first note that an argument exactly similar to that
which we have used in proving (37.062) shows that for almost all «,

(37.35) —logay|fe|®— Z (— log ag—1) | fi|® — 2 (= log awens) [f=i]* < .

We now appeal to a result of Rademacher,* to the effect that if
(37.36) el < =,
1
then for almost all choices of the sequence of signs,
3
1
To prove this, we introduce the Rademacher functions

(37.38) ¢u(z) = (= 1),

We wish to show that for almost all z, Y7 ¢, ¢.(x) converges. To begin with,
the functions ¢.(z) are normal and orthogonal, and there is a function ¢(z) be-
longing to L, such that

(37.37) < o,

8(z) — D cron(@)

1

2

1
(37.39) lim f dr =0.
0

n 00

* H. Rademacher, Einige Sdlze uber Reihen von allgemeinen Orthogonalfunktionen,
Mathematische Annalen, vol. 87 (1922), pp. 112-138.
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Let as notice that if 2-"[2"z] = zm,

m

(37.40) o / T 0 de = D) cntnla).

Im 1

Thus what we wish to show is that for almost all z,

(37.41) 5(z) = lim 2™ /zm“ (%) dt.

m—s0 m

Let it be noted that this is very close to the fundamental theorem of the cal-
culus, to the effect that for almost all e,

(37.42) #(x) = lim & / 80 de.

€e—0
As a matter of fact, (37.41) is an immediate corollary of (37.42), for
Tmt2™™ 1 T2 9-m
= [T e L [T gt I

2 P
(37.43) +

1
s [Cewais

T — Tm

We now appeal to the fact that the measure of the set of values of z for which
any p Rademacher functions have an assigned sign is exactly 2-7, which is equal
to the probability that p independent choices between equally probable alterna-
tives yield a certain definite set of results. We may accordingly exchange
the measure of a certain set of values of z for which the Rademacher functions
have assigned signs with the probability a priori that the sequence of signsbe
as indicated. This establishes Rademacher’s theorem.
If we apply Rademacher’s theorem to

=+ (— log a1)'2 f, cos 2ras + 2 4+ (— log aur—1)*2 f; cos 2ra
1

(37.44) i
+ 2 =+ (-——- lOg a.k.,.l)‘“f__;, Cco8s 21ra‘k+3
1
and
+ (— log al)ll2f0 8in 27ray + 2 + (— log a4)¢_1)1/2fk sin 2raq
(37.45) '

+ 2 =+ (— log aurs1)V? f_i 8in 27 aurts,
1
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we see that for almost all values of a, the sequences of the partial sums of
(37.44) and (37.45) converge for almost all sequences of signs . However,

(37.451) cos 2r(a, + 3) = — cos 2ra,, sin 2r(a, + 3) = — sin27a, .

Thus a change of signs of the terms of (37.44) or (37.45) may be taken as
the replacement of the set of variables {e,} which are independently distributed
over (0, 1) by another set {8,} of independent variables with the same distribu-
tion. It can accordingly have no effect on the integral or average of any
function of the {a,}. This is not merely true of a particular change in the signs
of the terms: it is equally true of almost all changes of sign of the terms, specified
in such a way as to have a well-defined distribution. Hence if we use the
definition (37.25), Theorem XLV follows at once.

It immediately follows that

TueoreM XLIV'. Al the results of Theorem XLIV may be extended to any
functions F and G lying in L,, whether their Fourier series terminate or not.

Here we make use of the fact we have already proved, that any functional
of infinitely many variables belonging to L, may be approximated L, by a
function of a finite number of these variables.

As a particular application of Theorem XLIV',let —-r Sa<b=<c=<d=s~

and let

(37.46) [f‘(x) = lover (a,b);  fi(z) = O otherwise ;

fo(z) = 1over (c,d);  fo(zx) = 0 otherwise .
Then clearly
(37.47) fi(z) fo(x) dz = 0.
Hence

(37.48) /lcb{ —’fl(x) dy(z, a)}da _ %r /'do /me—ud’{[%ruem(b — Q)l2} du,
and

['#{[ s avtaa), [ 5o dviz,) e

(37.49) _ _L/ d01/ dng el du;/ 2 {[2ru €01 (b — a) ]2,
47|'2 - - 0 0

[27us €2 (d — ¢)]'%} dus .

We obtain similar results for functions of more arguments.

We may state (37.48) and (37.49) as follows: if y = y(z, ) is a curve depend-
ent on « as a parameter of distribution, the distribution of y» — y: is dependent
only on the corresponding z; — 21, and not on the “past” or ‘“future” of z or y.
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If ¢ is the time, Y(f, a) represents one coordinate of a particle subject to a
random but uniformly distributed sequence of impulses, such as we find in the
Brownian motion, according to the famous theory of Einstein* and Smolu-
chowski.t

38. The continuity properties of a random function. The anomalous prop-
erties of the Brownian motion are familiar to the physicist. In the words of
Perrin,} “This mechanism (of the Brownian movement) has been subject to a
detailed analysis by Einstein, in an admirable series of theoretical papers.
The approximate but very suggestive analysis given by Smoluchowski cer-
tainly deserves to be mentioned also.

“Einstein and Smoluchowski have defined the activity of the Brownian move-
ment in the same way. Previously we had been obliged to determine the
‘mean velocity of agitation’ by following as nearly as possible the path of a
grain. Values so obtained were always a few microns per second for grains
of the order of a micron.

“But such evaluations of the activity are absolutely wrong. The trajectories
are confused and complicated so often and so rapidly that it is impossible to
follow them: the trajectory actually measured is very much simpler and shorter
than the real one. Similarly, the apparent mean speed of a grain during a
given time varies in the wildest way in magnitude and direction, and does not
tend to a limit as the time taken for observation decreases, as may easily be
shown by noting, in the camera lucida, the positions occupied by a grain from
minute to minute, and then every five seconds, or, better still, by photographing
them every twentieth of a second, as has been done by Victor Henri, Comand-.u,
and de Broglie when kinematographing the movement. It is impossible to
fix a tangent, even approximately, and we are thus reminded of the continuous
underived functions of the mathematicians. It would be incorrect to regard
such functions as mere mathematical curiosities, since indications are to be
found in nature of ‘underived’ as well as ‘derived’ processes . . . .

“In accordance with the conclusions arrived at from qualitative observation,
we shall regard the Brownian movement as completely irregular in all directions
at right angles to the vertical . . . .

“It must be borne in mind, however, that this result ceases to be exact when
the times become so short that the movement is not absolutely irregular. This
must necessarily be so, otherwise the true velocity would be infinite. The
mintmum time within which irregularity may be expected is probably of the
same order as the time . ... (which) elapses between successive molecular
impacts . ... ”

It is most interesting that Perrin finds the Brownian movement reminiscent
of non-differentiable continuous functions. In the first instance, he is speaking

* A. Einstein, loc. cit.

t M. von Smoluchowski, Die Naturwissenschaften, vol. 6 (1918), pp. 253-263.

} J. Perrin, Atoms. Translated by D. Ll. Hammick. Second English edition, London,
1923, pp. 109 ff.
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of this movement as a geometrical movement, in which z is plotted against y,
but the same question arises when we regard z as well as y, or the complex
variable £ 4 7y, as a function of the time f. It is a comparatively simple
matter to prove that the probability that such a function shall have a derivative
for any special fixed argument is zero. We shall prove the much more difficult
and general theorem, to the effect that almost all such functions fail to have a
derivative for any argument whatever. This is a corollary of the even more
general*

TueorEM XLVI. The values of a for which there exists a t such that

(38.01) lim [yt + ¢ a) — ¥(t, a) | e < o x> 4]

e—0
form a set of zero measure.

We shall prove this theorem by a reductio ad absurdum. Let there exist
such a ¢, and let its binary expansion be

(38.02) f‘l+%+...+f’_ﬂ+... (@, Gp, --- =0or1).
2 4 2"
Then if (38.01) holds good, we must have for every n

<A< o,

|¢(t,a) - w(‘—’z—‘+“f+ +g—:,a)
(38.03)

An
o M <A,

which gives us

ay QAn ay Ay — 1
'//(’2-+ +2—';,a>— '/'(—2'-1- +‘—§,,—‘,a>
If we can prove that the probability of such a contingency as (38.04) is zero,
we shall have established our,theorem.

To this end, we wish to discuss the distribution of ¥(t + ¢, «) when ¥(¢, )
and (¢t + 2¢ «) are given. The measure of the set of values of a for which
RW(E + ¢ a) — ¢¥(t, ) lies between u and u + du, while

R + 2¢ a) — ¥(t, a))
lies between v and v 4 dv, is asymptotically

(38.05) 1 exp (———12 - M)

272e 27e 27e

(38.04) N < 24 .

* Notes on random functions, R. E. A. C. Paley, N. Wiener, and A. Zygmund, Mathe-
matische Zeitschrift, vol. 37 (1933), pp. 647-668. Cf. especially Theorem VII, p. 666.
This theorem differs from Theorem XLVI of this book in that it concerns itself with
x(a, z) which corresponds to the real part of y(z, ).
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as du and dv — 0. This can be seen by introducing appropriate fi, f2, and @ in
(37.30). Thus the ratio of the measure of the set of values of a for which
|| < uo, and v lies between vo and vy + dv, to the measure of all values of a for
which v lies between vy and v, + dv, u being taken to be R(¥(t + ¢, a) — ¥(t, )
and v to be R + 2¢, a) — ¥(¢, @), is

* —u? (v — u)’) / o (-—2u2 + 2uvo)
[-uo exP<21re T T 2me du _ Jewe €xp 2me du
*© —u? (v — u)2> - / * —2u? 4 2uvo>
/;w exp (’ﬁ; T 2me du o P o2re du
“up—vo/2 _ )
(3806) / exp (*‘—2—1‘-—) du
_ —uo—1vo/2 27|'E
- ® —2u?
/_m exp < Sre ) du

< 2rugel/?.

An exactly similar result holds for the imaginary part of y. Thus if y(¢, a)
and ¢¥(t + 2¢, a) are subject to any restrictions whatever, which hold good for
a set of values of a of measure M, and if we further demand that

(38.061) [t + ¢, a) — Yt a)| £ u,
it will follow that independently
(38.062) |RW(t+e¢a) — ¢t )| < u, [3WE+ e, a) — ¢t @) | = o,

and the measure of the set of values of « for which ¢ is subject to the original
restrictions together with (38.061) will not exceed 2ui eM. The same result
will apply if we replace (38.061) by

(38.063) [t + 26, a) — ¢t +e,0) | S uo.

In each case we shall describe the situation by saying that whatever y(t, )
and ¥(t + 2¢, a) may be, the probability of (38.062) or (38.063) does not exceed
const. uZe. Thus the probability that of the 2¢*1 quantities

[$((e + D277 @) — $(u277Y ) |,

at least N, do not exceed 2—*?a, whatever the distribution of the 2¢ analogous
quantities of the previous series, does not exceed

24+1

+1 |
@807 > ﬁ‘(ﬁng")“‘m (1 — const. 2+-2%) (const. 272
yupN - :

This quantity has the asymptotic representation

(38.071) 1 f et dy,
A

1/2
™ q
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for large ¢, where

N, — const. 22¢+1=2
consgt. 2¢(1—%

(38.072) 4, =

This results from familiar theorems concerning the relation between the Gauss-
ian distribution and the binomial distribution.* Thus if

(38.08) N, = const, 29¢-2»+1 [0=u<)],
the expression (38.072) becomes greater than
(38.09) const. 290-2+) __ const, 2000

which is greater than const. 2¢0-2+) and in turn greater than 2¢0—» for suffi-
ciently large values of ¢. Now, if u < 1,

«©

(38.10) 2 7;1172 ?du < w.
1

const.29U=N)

Thus it. is infinitely improbable that more than a finite number of ¢’s can be
found for which at least N, of the 2¢+! quantities

(38.11) [W((u + D27 a) — Y(u270, o) |

do not exceed const. 27*¢.  On the other hand, the probability that the S,’s con-
sisting of all points in the N, intervals of the ¢th stage have any point in com-
mon for all values of ¢ from @, 4 1 to Q,, does not exceed

Q2

(2—2u)
(38.12) 202+1 H const. 200720 < C,0%20-ma

¢=Qit+1 21
where C, and C; are constants. If u > % this tends to 0 as Q; — . Thus it
is infinitely improbable that there exists any point common to all the S;’s from
some stage on, and (38.04) cannot hold true for any ¢ and all »’s. This estab-
lishes Theorem XLVI.
A counterpart to Theorem XLVI is

TaeoreEM XLVIIL.t If N < }, then except for a set of values of a of zero meas-
ure,

(38.13) lim (y(t + ¢, a) — Y(t, a))/et = 0

e—0

uniformly for all values of t.

* C. Jordan, Statistique Mathématique, Paris, 1927, pp. 105 ff.
t A particular case of this theorem has been proved by N. Wiener, in Generalized harmonic
analysis, Acta Mathematica, vol. 55, pp. 219, 220.
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Since the function y(¢, @) is continuous in ¢, there is no essential limitation to
(38.13) if we restrict it to terminating binary values of ¢, and let ¢ tend to zero
through terminating binary values. Now let

(38.14) 2 | Y((k + 1)27, a) — (k2 a) | < A

for all n from some value on, and for all £ in (0, 2" — 1).
Then if in the binary scale
(n — 1) times (n — 1) times

(38.15) (= 000 -~ Gnanys--- and t+e= 000 - bubuy -,

we can put
.000"'aﬂcn Cn "';
(38.16) s = o
000 e bn dn+1 dn+2 ct (a" = C"; bn = d") .
Let us put
Sn=.000---a,aQnyy -+ A,
(38.161)
(T = 000 - - by busy -+ - by
Then
[t + €6 a) — ¢t a) | < 2 [ | ¥(se41y @) — ¢(sx, a) |
k=n
+ [ ¥(Trp, @) — (T, a) | | + | ¥(Sa, @) — ¢(s, a) |
(38.17) + [ ¥(Tw, @) — (s, @) |
<24 D)2
242

- T < const. | €|,

and (38.13) is established.
The probalility that
(38.18) 2 |9k +1) 27 a) — (k2 a) | 2 4

for a particular \, a particular n, and a particular k, is by (37.48)

(38.19) / v du = e(—A2/(r2) 2020
(

AY(4x)h2(1-2X)n

If we sum this for 0 < k¥ < 2" we get a result not exceeding

r?

(38.20) exp <n log 2 — f_f 2(1—2m> :
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and if we now sum for all n > N, we get a result not exceeding

@

A l—2X)n> .
(38.21) Z)\; exp (n log 2 — ypet 2( ;
and this tends to zero as N — «. Thus except for a set of values of a of zero
measure, there exist an A > 0 and an N such thatif » > Nand 0 £ k < 27,
(38.16) is satisfied. We have seen this to lead to (38.15), uniformly for all
values of ¢.

Theorems XLVI and XLVII lead, as it were, in opposite directions. The
first holds when N > 4, the second when N < 4. In the critical case A = 3,
more powerful tools are necessary for more than the simplest results. A simple
result, proved in the same manner as Theorem XLVII, is that we may there

substitute
an( log e) 140
log 2

for ¢, if § > 0. In this case, important results have been obtained by
Kolmogoroff.*

* A. Kolmogoroff, Grundbegriffe der Warscheinlichkeitsrechnung, Berlin, 1933.



CHAPTER X
THE HARMONIC ANALYSIS OF RANDOM FUNCTIONS

39. The ergodic theorem. In the discussion of random functions, one of
the most important theorems is due to Birkhoff.* This theorem, which is in
reality a general theorem from the theory of Lebesgue measure, lies at the
basis of the study of ergodic dynamical systems. The simplest proof is that
of Khintchine,} and depends on a method outlined by Hopf.}

Let V be a portion of space of finite volume, which is subject to a stationary
flow into itself. In what follows, z always denotes a point of V, and integra-
tion with respect to z is a space integration over V. If a moving particle is at
time zero in the point z, then Thz denotes the point where it is to be found at
time \. If M is an arbitrary sub-set of V, then T M will have the analogous sig-
nificance. If the set M is Lebesgue measurable with measure IM(M) we
assume that

(39.01) M(TAM) = M(M)

for all A.
If f(z) is real and belongs to L over V, we put

(39.02) 6z, 1) = / " {(Tha) dn.

Clearly, this line integral has a sense for almost all z. Birkhoff’s theorem now
states that as ¢t becomes infinite,

(39.03) lim tl 6(z, 1)
t —00
exists as a function of x for almost all z.

40. The theory of transformations. This chapter concerns the study of
certain means associated with the Brownian motion, more especially where
these means involve a harmonic analysis in the complex domain. Our theory
is thus an exact counterpart to the theory of almost periodic functions in the
complex domain, as developed by Bohr and Jessen.§ As a necessary tool, we

* G. D. Birkhoff, Proceedings of the National Academy of Sciences, vol. 17 (1931), pp.
650-660.

t A. Khintchine, Zu Birkhoff’s Lésung des Ergodenproblems, Mathematische Annalen,
vol. 107, pp. 485-488.

1 E. Hopf, Complete transitivity and the ergodic principle, Proceedings of the National
Academy of Sciences, vol. 18 (1932), pp. 204-209.

§ H. Bohr und B. Jessen, Uber die Werteverteilung der Riemannschen Zetafunktion, Erste
Mitteilung, Acta Mathematica, vol. 54 (1930), pp. 31-35, Zweite Mitteilung, vol. 58 (1932),
pp. 51-55.
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employ the theory of unitary transformations in Hilbert space. There is a
strong resemblance between the order of ideas here introduced and the theory
of mixture of Eberhard Hopf,* and indeed we might make our entire theory a
special case of his. After careful consideration, we have decided against this
mode of presentation, which involves the substitution for the form of Hilbert
space most directly associated with our problem, of another somewhat factitious
one. We wish to thank Professors Hopf and Jessen more particularly for
having pointed out the great simplification in our argument which may be
made by an introduction of Birkhoff’s fundamental theorem.
We have already seen that y(z, «) has the formal trigonometric series

elﬂz .
~ (-1 1/2 g2ma 1 /2 g2wia4n
v(z, a) z(— log ay)'/? e*"2 4 E : in ( og un—1)2 €

1

(37.061) !
+ 2 e—"; (— 10g aunsr)V/2 grmicante
1
That is,
_1_ d\//(lﬁ, a) = (_ l()g al)l/2 e2ma2 ;
21 )y
(4001) 2%]_ ez d\&(x, a) = (— log a‘w_l)lﬂ 2T, (n =12 - ) ,
2'l1r einz d%(l‘, a) = (_. log a4n+l)]/2 02"“4n+2 (n = 1, 2’ . ) i

Since the determination of the sequence {ax} is equivalent to the determina-
tion of a, there is a one-one correspondence between « and the sequence

(40.015) 2l1r e dp(z,a) Im=-,—2 —1,0012 --].

Now let T be a unitary transformation of Hilbert space into itself. Then
if {¢a(x)} is & normal and orthogonal closed sequence, so is {T¢.(zr)} and
{T'¢.(z)}. Let ¢n.(z) = e=/(2r)V?; then the sequences Tes/(2r)V? and
T-1¢n=/(27)2 are normal, orthogonal, and closed. It follows from Theorem
XLIV that if « is given, then (except at the most in a null set of cases) the
sequences

/ ) Ten= dy(r, a) and ) T e dy(z, a)

-

are determined. Let us define 8 by

(40.02) ]: ) e dy(z, B) = / ’ Teir= dy(z, a) .

L4

* E. Hopf, Complete transitivity and the ergodic principle. Proceedings of the National
Academy of Sciences, vol. 18 (1932), pp. 204-209.
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This determines 8 as a unique function of « for almost all values of a. We
have already seen that any measurable function of an infinite set of variables
may be approximated L, as closely as we wish by a function of a finite number
of these variables. Any measurable function of « is a function of the variables

JZ, Ters dy(z, a); and if we put

(40.03) L [ Tem ag(a, o) = (— log gy e,

T )
where if n = 1,j = 1,k = 2;ifn > 0,7 = 4n 4+ 1, k = 4n 4 2;if
n=—m<O0,j=4m — 1,k = 4m, the 8’s will be independent of one

another and will be distributed uniformly over the interval (0, 1) (cf. (37.27)).
It will readily follow that the integral of any function of 8 depending only on a
finite number of B,’s will be the same as the integral of that function with
respect to @, and hence, by the approximation theorem just mentioned, the
integral of any measurable function of 8 with respect to 8 will be the same as
its integral with respect to a.
Again, it follows from (40.02) that

Lg N kg N
(40.04) / > anem dy(z, B) = / T<2 an em> dy(z, ),

- - Y
from which an argument such as that of Theorem XLIV’ will prove that if
F(z) belongs to L.,

(40.05) / " F(2) dy(z, B) = / " TG dyz, a) .

t g k3

In particular,

(40.06) / T-! en= dy(z, B) = / e dy(z, a) .

This enables us to determine a as a unique function of 8 for almost all values
of 8. Thus T determines a transformation of « into 8 which is measure-pre-
serving and which is one-one for almost all values of « and for almost all values
of 8. We shall write

(40.07) Y(z,a) = Ty(z, B).

Such a transformation allows us to apply the Birkhoff theorem. The null sets
of values of a and of B for which the mapping ceases to be one-one may be
replaced by other null sets which map in a one-one manner, and which have
no influence over Birkhoff’s theorem.

We now introduce the group of unitary transformations 7* determined by the
property T'T* = T***. Applying Birkhoff’s theorem, if

cp{ / " TR(z) dy(z, a)}
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is Lebesgue integrable in «, then for almost all «,

(40.08) P_I.?o ] / { f T F(z) dy(z, a)}dt

exists. This will be the case whenever (37.26) converges absolutely.
Now let us consider

L3 ["o{ [ rr@aeata- [ of [ o awn)
- ;‘1. / ‘ { / T‘F(x)d¢(x,a)}dt ﬁ 14»{ /_ :F(y)dw(y,ﬁ)}
f d / { T F(s) dya, a)} { [ 7RG dw(y,a)}da

| [(o{ [ rwavo)as]

(40.091) ’ | F(z) |*dz = U, f " Fiz) T"'F(z)dz = V,

2
da

1

da —

(40.09)

Let us apply Theorem XLIV’. If we put

then the right side of (40.09) becomes

A A © @ © ©
:‘:—’ﬁ ds]o dt/; duI/_ dm/_ dugf_ dv, ®(u; + 1v;) B(ug + 1vs)

— (@} +ui 4]+ 03) U+ 2w ue + viv2) R(V)
exp + 2(urv2 — uamy) (V)
(40.092) 5 - V]2

[0 = |V |7

exp [— (ul 4 uz + v} + vi)]
U
4rt U2

Let us suppose that & is subject to conditions which make

/_ du, ]: dy, /_ dus ) dvy &(u; + 10,) B(us + 1vs)

— (ui 4+ u3 4+ 0] 4 03) U + 2(u1us + v100) R(V) ]

exp [ + 2(us1 3 — v us) S(V)
(40.093) U:—|V]?
X U (V]
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U
47t U2

exp[_ (ui +u3 + 01 +v§)]

bounded if U < P, | V| < Q < P. Then if

(40.094) lim F(z) T*F(z)dz = 0,

u—w J—

l/‘ ¢{/' T F(z) d¢(x,a)}dt
A /o —x
— 217 /: de/w e"‘d){e" [21ru /' | F(z) |2d:t]m}du

= lim du,/ du2/ dv,/ dvy $(uy + ;) Blug + 1vy)

B—0

(40.095) — (u} 4 uy + 07 + v3) + 2(w us + v1vs) R(B)
exp
X

we shall have
1
Jim

Ao 0

2

da

+ 2(urv2 —u2v1) J(B)
Ul — |B|?)
4 U1 —|B|?)

— (u} + us + v} 4 0v3)
exp[ U -0
47t U2

Thus by (40.08) and the fact that a limit and a limit in the mean of the same
function differ at most over a null set of arguments, we have for almost all a,

A L4
lim L [ q»{ / T F(z) d¢(x,a)}dt
A0 A (1] -
1 * © * 1/2
= dG/ e"‘fb{e“’[%u/ | F(z) I’dx] }du.
27" —x 0 -

For example, if (40.05) holds, we have for almost all a,

. 1 4

(40.096)

w

dt

/ " T F(2) dy(z, @)

w x w/2
=F(§+l>{2ﬂ' |F(x)|2d:c} .

This result is a special case of the following one, which may be proved by
the same method:
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TaeoreM XLVIIL. Let Fi(z), --- , Fx(x) be a set of functions of L., and let
T* be a linear group of unitary transformations with the vroperty that for all m

and n,

(40.098) lim | Fu@) T Fa(z)dz = 0.

t—o 4

Then iof

(40.10) ¢{[nwwm@r~jfmww@m}

x x

18 Lebesgue integrable with respect to a,

lu’n%/“q,{/;' T‘F’l(x)d#z(x,a),.., "/—' T‘FN(I)dyﬁ(.’c,a)}dt

A= L4 L

= ﬁ«b{[ Fi(z) dy(z, B), ---,/_'FN(z) dy(z, B)}dﬁ

A particularly important transformation group T* is the group of ail trans-
lations on the infinite line. A group of transformations on (—, x) isomorphic
with this under the transformation y = tan (z/2) is defined as follows: let us put

(4012) F(z) = 2712 f(tan(z/2)) sec (z/2); G(zx) = 272g(tan(z/2)) sec (z/2) ;

(40.11)

for almost all a.

and
(40.13) T F(z) = 272 f(tan(z/2) + t) sec(z/2) .

The group in question is manifestly unitary. If now F(r) and G(x) are any
two functions belonging to Lj, we shall have

(40.14) lim | F(z) T'G(z)dz = lim | fE) g+t dt =0.
t—x /—nx t—+0 —00
Let us here introduce the notation

(40.15) [memw=[;mwmw

L g

We shall formally have

j' F(z)dy(z,a) = /' 27112 f(tan(z/2)) sec (z/2) dy(z, @)
(4016) " -
= 2712 f(8) (1 4 )2 dy(2tan™ ¢, ) .

—~
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If we put

¢
¥ @) = / 242 (1 4 1) dg(2 tan~" n, o)
(40.17) °‘ "
=/ 2-2gec (z/2) dy(z, a)
0

in accordance with this notation, we shall be consistent. We shall have

/ " () g, a) = / T (e 4+ 0) (14 B)Rdp( tan £, a)

(40.18) o
=] S+ d¥(E, o),

which we may reasonably write
(40.19) J(B) d¥(E—t, a) .

By Theorem XLVIII, if
d){/ T e™* dy(z, a), - - - ,/ T' e dy(x, a)} dt

L g L g

is any functional of ¥ (z, «) which depends only on a finite number of Fourier
coefficients of ¥ (x, @) and is integrable with regard to «, we shall have for
almost all «

Ata L x
Alim %/ &{/_ T e™ dy(z, a), -- -, /: T! ™ dy(x, a)} dt

(4020) A+a x *
= lim%/ d>{/ e dT ' Y(z, a), - -- ,/ ™ dT™" Y(x, a)},
T —s a - kg

which is equal to a fixed value independent of «, for almost all . Now, we
have seen that every functional of ¥(z, a) which is a continuous function of « is
the uniform limit of a sequence of integrable functionals depending only on a
finite set of Fourier coefficients of y(z, a), and any integrable function of « is
except for a set of values of « of arbitrarily small measure the uniform limit of
a sequence of continuous functions. From this we obtain at once

THEOREM XLIX. Let T* be defined as in (40.12) and (40.13). Let F(¥(z, o))
be any functional of ¥(x, ) which is integrable with respect to «. Then for almost
all a,

N+a
(40.21) 2 [ S+ b o)) dt

tends as N — o to the limit ¢ F(Y(z, a)) da.
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41. The harmonic analysis of random functions. Let f(z 4 y) be an analytic
function such that (1 4 z?)f(z + dy) and (1 + | z|)f’(z + ¢y) belong uniformly

to L, over a < y < b. For any enumerable set of ¥’s and almost all o’s, we
shall have as a consequence of Theorem XLIX,

lim — d:c
N —400 N

1
=/da
0

1
=/da

[}

1/ © ]

(41.01) =~—/ d()/ ev e’

27r—t 0

X [21ru /’ | 27172 f(tan(w/2) + = + ty) sec(w/2) |? dw:|m|z du

/ fetatiy) dvig e

[ Setari) dvtt, )|

/ " D2 f(an(u/2) + = + iy) seo(u/2)] dp(u, @) |

=/m27ru w]f(f—kiy)l”dfe’“du
0 —00

= Zr/_:lf(z+iy)|2df.

In exactly the same way, if a < yo < 1 < b, we shall have

lim L dx/ | [Tttt dv e

Nesco 2N
(41.02)
o [May [+ e,
Furthermore,
B fE+ 2+ ) d¥(¢ a)
= / 2 f(E + 2+ iy) (1 + ) dy(2 tan1 £, )
(41.03) .

]

/j 2712 f(tan (u/2) + = + 1y) sec (u/2) dy(u, a)

I

[ b & o stn /) + 2 ) e (ur2)

converges absolutely and uniformly for almost all « since ¢ is bounded and
continuous, and thus (41.03) is analytic overa < y < b.
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By Cauchy’s theorem and the Schwarz inequality

_ | . /: [+ z +1y) d¥(t, a)
3 J(& + 20 + 1y0) d¥(E, @) o /c z — 2o+ 1(y — o) o

2x 2 2 1/2
<il[ sertn) aJ
2rl Jo |z —zoP 4|y —yof?

where 7 is the radius of the circle C, and 6 is the angle subtended at the center
of this circle. A comparison with (41.01) will show that uniformly in z over
a+e<y<b-—eg

(41.04)

/_ &4z i) 0,

N

.1
(41.05) ‘\1,1_1'2 5% | dz

2
< const.

" 4 k4 i) due, o)

Furthermore, along any finite or denumerable set of abscissae, for almost all «,
by Theorem XLVIII,

limélT / d:c[ *:f(f 4+ 74y +t) d¥ (¢ a) _wf(f + T + 1y) d¥ (¢, a)]

T -7

(41.06) .
=2r | fE+w+0) J(& + 1y) dt.

Thus by the results of chapter VIII,

_: [z + 1y) d¥(z, a)

belongs to 8’ over @ < y < b for almost all « and is bounded over any interval
Yo S ¥y = . Thus it follows that (41.01) holds for every y in (yo, y1) for
almost every a.

Let us suppose that

(41.07) f(z) = Lim. —21— ! o (u) e du

A~ LT [y

along each abscissa for a < y < b. It will then follow from (34.40) of chapter
VIII that for almost all «, all ¢, and all y in (yo, y1),

lim —

o dx[/ f(s+x+iy+z>dw<s,a)f”f<e+x+iy>dw<e,a>]
(41.08) " B -

= 51; [_“ | p(u) |2erw—w du.
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42. The zeros of a random function. Let f(z 4 iy) have the properties
attributed to it in the last section. Then we shall have by Theorem XLIX

log

4 7 ©
lim 1 d:c/ dy S + = +1y) d¥(¢, a)

A0 2
« V1
= / e du [ dy
0 Vo
Accordingly, for any C

(42.01)
1 —A A+C V1
a0 g [ [+ Joe [

1t also follows from the properties of a harmonic function that

log [21ru °°]j'(:l: + y) de]m” .

log /_wf(i- +2z+41y) d¥(§,a)| =0

lim 1 dx/ dy log / f&€ + x4 wy) d¥ (g, @)

A

(y1—yo)/2 rdr
li dx 2
(42.03) ,4112 24 /~A * _/ |:<y1 - yo> r’]m

Xé—l—/ fl()g / f<£+z_+_ 1,(1/"_1#._?_/_’2 +7’ew)d‘lj(£,a) do
T Jo - 2

On the other hand, let ¢(z) be bounded over | 3(z) | £ a and measurable in
RN(z) and J(z). By the transformation of polar into Cartesian coordinates,

—L/ dz2/ la? — ri~Y2r dr —--/ oz + re?) db

[a2—q2]hi2
— dx~ / dn / d(z + £ + 1) [a® — £ — 2|12 dE,
2A —a la2—p2i2

(42.04)

The change of variables w = = 4 ¢ will reduce this to
1 a 1 la2—n2/2 A+E
24 / dn — / dg / o(w + in) [a® — & — 7?12 dw
2A —a T Jat=pi5 -

[a2—p2i /2
1— / dn {/ o(w + ) dw 1 f (a2 — g2 — po-12 dt
2A —A —~lat~q?t 2

lat—y2in Atg
(42.041) +1 dt / ¢(w + on) [a*— & —7?]V2 dw
A

T J-lat—qi 12

[al_"i)lﬁ
+ - f / B ¢(w + i) [a? — 8 — p212 dw}

—lat—y2p/t

1

ﬂ/ dn 4>(w+in)dw+R,
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where
[at—qi)i /e

|R| =< const. 5 dn/ di | & la® — & — 7712

(42.042) —a lat—q21 72
< const. A7,
Thus
l A a 1 2%

A / d:c2/ la? — r2]—”2rdr—~ / o(z + re?) do

(42.043) - ’

Il /_ dw /_ ¢(w + ) dn + O(47).

If we combine this with (42.02), we get
d (v1i—wo)/2 rdr
— 2
him 74 /_A * / [(yx - yo> B rgJ vz

X [51; A log /_mf(z top Wty + W re“’> d¥(t, o) | d

— log /_wf(é' +Z+i—(g°—~—2't~@d\l’(é,a)”

(42.05) © vi
= / e du dy < log
0 Vo

— log

[21ru | f(x + wy) ]2dx:|m‘

[2_”“/“ f( 1(T/o+?/1)>l dx] vz
. "\ e+ i) | 2dz

IR e
v [m f<x+zyo-2{—y1>

On the other hand, by Jensen’s theorem, if £, -+ 47, are the zeros of
JZu f(& + 2) d¥(, o) in the strip yo = J(2) < w1,

2% )
/ f(£ + g 4 2T Y (Yo + 1) + y) +r e“’) dV(t, «) | do

o )o % )
(42.06) — log / f(£+x+’(y°i—y—‘-)> dv(s, a)\

= D) log {r[(f,. Dty (,, o+t y,) 2}—1/2},

J(r)

}

dz

where J(r) is the region characterized by

(42.061) (kn —2)2 + (n, - yﬂ%’i’)) ’ <r?,
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Thus

L[ { | flz + 1y) |2 dx
- dy 1 —— ;
zﬁ“ yogi[ fx+’—————(y";y‘)) iz

(42.07) 1
= lim — /

dz

o0
/’(h~ﬂu)/2 rdr
0

(1 — yo)/2)2 — 12]12

~1/
e (52T
Let us put

2
(42.071) [(zn _at 4 (nn _ ?Li;l) ]‘” .y

Then the left side of (42.07) becomes

‘ 1 4 (y1—v0)/2 l:<y] _ y2>2 2]——1/2 r
, 1 Y — Y2} log = dr.
(42.072) lim v j_ ) dzx E / T 5 r og . r

A= J(v1—vg)/2) YPn

A
A

Now let us make use of the formula

Coorordr T T
/; logb(a2_r2)l/2~ﬁ (@ ) r

2 1/2 b2 1/2
S R

If we substitute this in (42.07-42.072), we get

(42.08)

[C1ie w1

1/"1(1 1 _
- y ()g v - -
2 Ju / f(z+’(y°;?’l)>l2dz

00

(42.09)
o 1 4 2 ; Yo — Y1 [yn — Yo ((y; — yo)2 >ll2]

Ame L TETTE))
4% "
-]
Y1 — Yo)

Let us now invert the order of summation and integration. The boundaries
of our combined integration and summation mean that z lies between —A
and 4, and that (£., n,) lies within a circle of radius } (y: — yo) about (z,3(yo + w0)).
This implies that £, lies between limits depending on 7., but intermediate
between (— A + 3(3: — %), 4 — 3@ — w)) and (— 4 — $( — W),
A + 3y — wo)). Furthermore, the integrand of (42.09) is always positive.
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Since the limit in (42.09) exists, we shall get the same limit if we replace A
by A £ ¥(31 — ¥, which bears a ratio to A tending to 1 as A — . Accord-
ingly, if we take the range of ¢, to be from — A to A, we shall not modify the
limit in (42.09). The point (z, (3 + ¥1)) then lies within a circle X of radius
4(y1 — yo) about (£, n.). The left side of (42.09) becomes accordingly

1 Yo — U1 [yx — ¥ ((y; - ) )"’:I
P—I-EA ,Z fx 2 {log 2pn 4p; !

4p; ]"2}
S — dz .
+ [1 (11 — yo)? ’

Let us now put 4 = ¢, — z, and carry out an integration by parts. The right
side of (42.09) becomes

E uz[(yl y_°) 2 u ("7 “ yl)zilm
1 / 2 " 2

L Y — Yo Yo+ U1\
lEn1<4 —5 (u’+(m.-— T))

where L is the interior of the circle
(yn - yo>2
—5 ) -
If we now put

w4 (,,n - q_+_£>
(42.093) w= [u” + (n,. — w)z]m ;

(42.091)

(42.092)  lim

lim 2 du,

lIA

2
2
this gives us for the right side of (42.09)

lim‘—i- E /(ul—vo)/z {[w2——(n,.—y°+y')2:|
(42.004) A7 T 1kal<a Jing—(ygtv/2l 2

We now make use of the formula

«2.10) [t - o - s =T g,

]z
= = lim —% Z smaller of (n. — ¥0)?, (na — y:)".
A= [Epl<4

Then the right side of (42.09) becomes

™ yl—yo_

lim — [ y0+yl
A= 2A !E“|<A 2

Nn — 2

(42.11)
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which always exists if yo and y: are interior to the interval @ < y < b over any
interior interval of which f(x + ) uniformly belongs to L. and satisfies the
eonditions following (41.06) in the last section. Overa + ¢ <y < b — e we
have uniformly

— 1
(42.12) ,{‘E}u 34 |EZ|<:4 1 < const. (y1 — yo) ,

in accordance with (42.09) and (42.11), since (9. — %0)2 > €, (9. — )2 > €.
A further result of these formulas is

1 V1 vote /|f(a:+zy)[2d:z
Lo+ L Yol
et he B e )

00

2
dzr

42.13 .1 i ii
42.13) =m§1~1{— D) @4+ D) @l 42—
lex]<a [eii|<a
1 i 1 iv
1S el S -l
[ein]|<a lety|<a

Here {£, + in',} are the zeros of [Z, f(t + 2) d¥(£, @) in
IR 3@ Sy

(£ + in} are the zeros in (o + € 3o + ¥1)); {EY + in'"} are the zeros in
(yo, Yo + €, and {&Y + 19"} are the zeros in (y, — €, y1).

Let us remember that
27

(42.14) f [f@ + ) | dz = le | b(u) |? e du

which is continuous in y, and that

4215 & / |fx + i) [z = — / u|$uw) e du
Y - us ©

It follows then from (42.13), if we let ¢ — 0 and take (42.12) into consideration,
that

[ 15 i e [ 15+ ) e
i log = ==

1 - _ )
w21e) U-‘f (= + z(y-zﬂ“)ﬂ dx]z
=Ah_21°§15{-— Z (' — y1) + E (ni.i.-yo)}-

|ehl<a lenl<a
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Now let us replace yo by yo + e¢and 1 by 1 — . We have

[+t arpa [~ G+ i - ora

1

-— log = -

4 i + yl).> 2 ]2
(42.161) [ /_., / (x T { dz

2132512{_ D Gh—mto+ (n’:—yo-e)},

Jenl<a eni|<a

where {£, + i1\, represents the zeros of [Zs f(§ + 2) d¥(¢, a) in $(yo + ¥1) <
J(2) = y1» — eand {§, + iy} represents the zeros in (yo + ¢, $(yo + y1)). If
we interpret{£) + 195} and {{, + 77, ] as above, we see that

[ 15+ i e [ 156+ il

[o 156+ it 4 s [ 156+ it — ]

(42.162) = lim{ziA‘{ PDEEIDY 1}

wLlo
47 &

]s”<A If‘""<A
+2LA{ 2 (M — i+ — 2 (Y — 9o — e)}}-
|E;‘“I<A ls;“']<,4
As before, by the use of (42.12),
1
lim — 1
A0 24 IE;A
[o 15t + ) e [ 15t 4 ity - ) e
= lim -— log == —a

(42.163) e—o dme /,, | f(z + dyo) |2 dx /., [ f(x + 4y) |2dx

d * .
- [@log /Ln [z + 1y) |2 dz v_m}-
Thus by (42.15) and (42.14),

1 / — 2u | ¢p(u) |2 e du / — 2u | ¢(u) |2 e 2% du

4r = =
(42.17) " / | (u) |2 €72 du / | p(u) |2 &2 du

1
24

lEnl <4

1.

= lim
A—e
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We may then state our result as

Turorem L. Let

(42.18) ; 1+ )| fz+14) |?dz < const.  (a<y<b),
and let

(42.19) Catm e ri<onst.  @<y<h).
Let

(42.20) J@) = Lim. zl—ﬂ /_ 4 $(u) e du

along each abscissa tna < y < b. Then the number of zeros of

(42.21) /_ mf(s + 2) d¥ (¢, o)

in the strip yo < 3(@) < yi (@ < yo < y1 < b) between the abscissas — 4 and A
18 asymptotically

A /w 2u | ¢(u) |2 e~ du [., 2u | ¢(u) |2 e du

(42.22) 5 - - )
i f | () |2 e 2 du [ | ¢(w) |? &2 du

This theorem forms the exact counterpart for random functions of certain
recent theorems of Bohr and Jessen for almost periodic functions.* The two
classes of theorems depend on a use of Jensen's formula. Jessen uses a special
Jensen formula for the zeros on an infinite strip, which involves means, and
may be proved by arguments approximating to such a region by the region
between two circles on the conformal map of such a region. We use the classical
Jensen formula, integrating it with respect to parameters determining the
center of the radius of the circle to which it applies. It is believed that our
methods can be applied directly to the type of problem studied by Bohr and
Jessen.

* Cf. note by B. Jessen, to appear in the Journal of Mathematics and Physics of the
Massachusetts Institute of Technology.
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