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PREFACE

The principal objective of this Outline is to cover in con-
densed form suitable for self-instruction and review the subject
matter of a first course in Analytic Geometry. To this end we
have treated a wide variety of topics in both two and three
dimensions; though the list is by no means exhaustive, few
courses will include all of this material. The Tabulated Bibliog-
raphy is keyed to some of the standard texts and will facilitate
the work of making cross-references.

Just as a knowledge of Analytic Geometry is necessary to the
study of the Calculus, so certain studies in Algebra, Plane and
Solid Geometry, and Trigonometry are essential preliminaries to
Analytic Geometry. Chapter I is devoted wholly to basic re-
view and reference formulae in these latter fields.

Many proofs of theorems are included in this Outline in order
to satisfy the natural desire of the serious student to know how
certain formulae are derived. These derivations, the carefully
worked-out Illustrations, and the more than 200 accurately
drawn figures should be of material aid to the person who seeks
to gain a basic understanding of the processes involved. Typi-
cal and standard problems in the form of Exercises, for which
answers are supplied, are inserted at the end of each topic. The
sample examinations given in Appendix A should help in pre-
paring for quizzes and final tests. Appendix B contains some

useful tables.
C. 0. 0.

Havyerford, Pennsylvania
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This College Outline is keyed to standard textbooks in two
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1. If you are studying one of the following textbooks, consult
the cross references here listed to find which pages of the Outline
summarize the appropriate chapter of your text. (Roman nume-
rals refer to the textbook chapters, Arabic figures to the
corresponding Qutline pages.)

2. If you are using the Outline as your basis for study and
need a fuller treatment of a topic, consult the pages of any of
the standard textbooks as indicated in the Quick Reference
Table on pages xviii—xxi.
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GREEK ALPHABET

Letters Names Letters Names Letters

A « Alpha I Iota P »
B 8 Beta K « Kappa T o
r =« Gamma A X Lambda T r
A 8 Delta M Mu T v
E e Epsilon N » Nu ® P
7 ¢ Zeta E & Xi X x
H 19 Eta 0 o Omicron v Y
0 @ Theta I = Pi Q2 w

Names
Rho
Sigma
Tau
Upsilon
Phi

Chi

Psi
Omega



CHAPTER |
REFERENCE FORMULAE

1. Basic Formulae. The student will find it desirable te have
before him certain reference formulae which he may consult
from time to time. We therefore begin this Outline with «
selection of the more important formulae taken from the fields
of algebra, geometry, and trigonometry. A thorough review of
these before going on to the study of analytic geometry will be
of great aid to the student.

2. Algebra.

(1) Quadratic equation. The roots (solutions) of the quad-
ratic equation ax® + bx + ¢ = 0 are
_ b +Vh —4dac
N 2a
The expression A = b — 4 ac is called the discriminant.

(a) If A > 0, the roots are real and distinct;
(b) If A = 0, the roots are real and equal;
(c) If A <0, the roots are complex.

(2) Factorial notation. The symbol n!, called “»n factorial,”
stands for the product of the first # (positive) integers.

@ n!'=1-2-3:mn; (b) 0! = 1, by definition.

(3) Binomial theorem. The expansion of (a 4+ b)", where n
is a positive integer, is

(a) (a + b)n = qr + nan—lb + ,’L(n—zT_l)_ an—Zb?

ar3p3 4 .-

—D(n—2) - (n—1+2) ..
+n(n )(”(r_)l)!" 7 )an rH1pr—1

cnn — D(n — 2)
T 3!

+ e+ b
1
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(b) The rth term in this expansion is

nn—-—1Dn—2)-(n—1+4+2)
(r — 1)

an—r+lbr—l.

(4) Logarithms.
(a) If a* = x, then, by definition of logarithm, log, x = b,
(b) log,a = ;é’

To any base:

(c) log MN = log M + log N,
(d) log Mt = Alog M,

(e) log% = log MN-! = log M — log N,
R 1
(f) log VM = log M» = —’lilog M.
(5) Determinants. The left-hand member of the identity

(@) } o by 1 = @b, — axb,

as b,
is called a determinant of the second order. It is another, and
useful, way of writing the algebraic quantity on the right.
Similarly for a determinant of the third order:

a b, ¢
! ! = aibocs + asbscy + asbic: — asbicy — axbic;
(b) a: b2 C»
— albacg.
as by c;

Determinants (a) and (b) are said to be “expanded” into their
equivalent algebraic forms.

{6) Simultaneous equations.
(a) Two linear equations in two unknowns.
a\x + bly = Cy,

ax + by = c..
The solution is, in determinant form,
C1 b1 a ¢
_ L C2 b, _ |82 C2 _la b, '
x = D 4 y = D ’ D = a- bg # 0.
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(b) Three linear equations in three unknowns.

ax + bly + CiZ2 = dl, a, bl €y
axx + by +¢2=4dyy, D=|a, by cy|5#0,
asx + b3y + ¢z = ds, as bs cs
} d1 b1 C1 | a, d1 C1 a, bl dl
i dz b;)_ Co a: dz Co a, b‘z d2
B _d:; bs 3 _las d; c¢3 _ | @3 b} ds .
Y= p YT D 4= D

(c) One linear and one quadratic equation, each in two
unknowns.
ax +by +c¢ =0,
Ax* 4+ Bxy + Cy* + Dx + Ey + F = 0.
Solve the linear equation for one of the variables, say x, in
terms of the other and substitute this value for x into the
quadratic equation. This will result in one quadratic equation
in one letter (y) alone which can be solved by the quadratic
equation formula, yielding two possible values of y. Substi-
tuting these values back into the linear equation will give two
corresponding values of x.

(7) Three special relations. There are three special ratios
that the student should be thoroughly familiar with. These
are 0,4, A/0 (A £ 0), and 0,0.

Let

0'A = x,i.e. 0 = Ax. There is only one value of x that will
vield zero when multiplied by A, namely zero itself. Hence

0

(a) A = 0.

Let

A0 =z 1.e. A =0x. There is no value of x which, when
multiplied by zero, will yield A. Division by zero is impossible
or yields infinity. Hence

b) g -

Let 0,0 = x, i.e. 0 = Ox. Any number x will satisfy this
equation. Hence

(c) g is indeterminate.

0.
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3. Geometry.
(1) Radian measure.

(a) A central angle, subtended by an arc equal in length to
the radius of the circle, is called a radian (Fig. 1).

Y

r

FiG. 1 Fic. 2
(b) If ris the radius of a circle and if §, measured in radians, is
the central angle subtended by an arc S, then (Fig. 2)
S = 19.
(c) Relation between degree measure and radian measure:
360° = 2 = radians = 1 revolution (or circumference).

(2) Mensuration formulae. Let r denote radius; 6, central
angle in radians; S, arc; &, altitude; b, length of base; s, slant
height; A, area of base.

CIRCUMFERENCE AREA VOLUME

(a) Circle 27r 7’
(b) Circular sector S =10 370
(c) Triangle L bh
(d) Trapezoid 1(by + b))k
(e) Prism Ah
(f) Right circular cylinder

(limiting case of a prism) 2 wrh Ah = wnrh
(g) Pyramid 1 Ah
(h) Right circular cone

(limiting case of a pyramid) s = 7Vt + kit Larth
(i) Sphere 4 wr? 4
(j) Similar areas are to each other as the squares of corresponding

dimensions.
(k) Similar volumes are to each other as the cubes of corresponding
dimensions.
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(3) Pythagorean theorem. The square on the hypotenuse of
ag right triangle is equal to the sum of the squares on the two
sidfes: ¢z = @ + b* (Fig. 3).

(4) Definitions.

h

(a) A median of a triangle is a line b
joining the midpoint of a side and the
opposite vertex.

(b) A rhombus is an equilateral par-
allelogram.

(c) An isosceles trapezoid is a trapezoid in which the non-
parallel sides are equal in length and make equal interior angles
with the base.

(d) A convex polygon is a polygon each interior angle of
which is less than 180°.

a
FiGc. 3

4, Trigonometry.
(1) Definitions.

(@) sinx = ordinate (d) cscx = dist
"~ distance ~ ord
abscissa dist
(b) cos x = i ctance’ (€) secx = Jhe’
abs
(c) tanx = g%%, (f) cotx = ord’
11 1 11 1
Lk .
A e o[
abs (—) abs
111 v 111 v
FI1G. 4 ) FIG.5
11 1 11 I
X abs
< ®
Tiop a4
11 w <
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(2) Stigns of the trigonometric functions.
QUADRANT || SIN COS | TAN | CSC | SEC | COT
I + |+ |+ |+ + |+
11 + - - + - -
111 - - + - - +
v - + - - + -
(3) Functions of special angles.
Quap-| DE- | Rap1-|| cos | TAN csc SEC cot
RANT ||GREES| ANS
0,360 0,2x| O 1 0 0 I | o
1 30 s ¥ B ?.lz\/é V3 2 _ ,gv_’3 V3
45 | in W2 iv2l o1 V2 | V2 1
60 | dx | 31V3| 1 V3 3V3| 2 V3
90 i 1 0 0 I ' 0 -
1 120 | %« V3| =1 —V3 3V3 | -2 | —4V3
135 | i V2| —iv2| -1 V2 | -vZ | -1 )
150 | §« || & —IV3| —4v3| 2 —3v3| —Vv3
180 | =« 0 -1 | 0 © -1 w0
- 210 | Fx || -3 —4V3| 1v3 -2 R AT RS
225 | §x || —3V2| -1V2| 1 -V2 | -V2 I
240 | 4 || —3V3| -} V3 || —2v3| -2 N3
270 | §x -1 | O w -1 | o 0
o || 30 =¥V 3 | -V3 | -3VBl 2 | -1V
315 | Tax |l —3V2| V2| -1 —V32 V2 | =1 B
330 | Atw || —4 V3| —3V3| -2 $V3| —v3
V2 = 1414, }V2 = .707; V3 = 1732, }V3 = 866, V3 = 577

(4) Fundamental identities.

(a) sin x

(c) tanx =

(e) sinzx 4+ cos?x = 1,

(@) 1+ cot? x = GaerSerd %

= —~1--r—-""‘& . (b) cosx =
P (d) tanx =

sec x
sin x

cos

. (f) 1 + tanz2x = sec?zx,
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(5) Reduction formulae rule:

Ist. Any trigonometric function of the angle (k’—zr + a)
f)equal to (+) the same function of «, if k is even, and is equal

‘(+) the cofunction of « if & is odd.

2nd. The “+" sign is used if the original function of the
original angle (klzr + a) is plus; the ““ —" sign is used if the
original function is negative. The sign of the original function

of (k g + a) is determined by the usual quadrantal conventions.

To summarize:
Same function of q, if & is even;
cofunction of «, if k& is odd.
Any function of (k%r + a) = + ({ Use sign of original function of

‘ (k% + a)~

(6) Functions of the sum and difference of two angles.

(a) sin (x £ ¥) = sinxcosy + cos x sin y,
(b) cos (x + ¥) = cosxcosy F sin xsin ¥,

tan x + tan
© tan (* £3) = {Tnriany

(7) Multiple angle formulae.

(a) sin2x = 2sin x cos x,
(b) cos2x = costx —sin*x =2cos’x — 1 =1 — 2sin’x,

2tan x
(c) tan2x = T tane %

. 1 — cos x

(d) sing = 5

x |14 cosx

(e)cos-é— — 5
@ tan® = 1—cosx 1—cosx _ _sinx
2 N1l+cosx  sinx  1+4cosx

(8) Sum and product formulae.

xR

(@) sinx 4+ siny = 2sin 3(x + ) cos 3(x — ),
(b) sinx — siny = 2cos 3(x + ¥) sin 3(x — ),
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(c) cosx + cosy = 2c¢cos 3(x + y) cos L(x — ¥),
(d) cosx — cosy = —2sin4(x + y) sin i(x — ¥),
(e) sinxsiny = 3 cos (x — y) — % cos (x + ¥),
(f) sinxcosy = %sin (x — ¥) + 1sin (x + ),

(g) cosxcosy = 5 cos (x —y) + Lcos (x + ).
(9) Formulae for plane triangles. Let a, b, ¢ be sides; 4, B, C,
. . a+b+c L )
opposite angles; s = T semi-perimeter;
, \/(s —a)s —b)(s —¢)
s

radius of the inscribed circle; R, radius of the circumscribed

circle; K, area.
b c

a
sinA _sinB sinC 2R,
(b) Law of cosines: a> = b* 4+ ¢* — 2 bc cos A,
.a+b tan3i(A 4+ B)
(c) Law of tangents: a—b " tani(A — B)

T
s—a

(a) Law of sines:

(d) Tangent of half angle: tan 1 A =
(e) Area:
abc

K =}absinC=Vs(s —a)s —b)(s —¢) =75 =5

»




PLANE ANALYTIC GEOMETRY

CHAPTER I
FUNDAMENTAL CONCEPTS

5. Introduction. Analytic geometry, or the analytic treat-
ment of geometry, was introduced by René Descartes in his
La Géométrie published in 1637. Accordingly, after the name
of its founder, analytic or coordinate gecometry is often referred
to as Cartesian geometry. It isessentially a method of studying
geometry by means of algebra. Earlier mathematicians had
continued to resort to the conventional methods of geometric
reasoning as set forth in great detail by Euclid and his school
some 2,000 years before. The tremendous advances made
in the study of geometry since the time of Descartes are
largely due to his introduction of the coordinate system and the
associated algebraic or analytic methods. And, conversely,
the use of analytic geometry in the study of equations has been
of direct benefit to algebra.

6. Rectangular Coordinates. Consider two perpendicular
lines X’X and Y'Y intersecting in the point O (Fig. 8). X'X

Y
Pz("z,Yz.)
Y
Py (xl,Y1)
" A5,2)
NG il - X P(a,b)
1 1o0 >
. b
B(—2,-2
( 2) Clop) 7 - X
Y/
Fic. 8 Fi1G. 9
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is called the axis of X, Y'Y the axis of Y, and together they form
a reclangular coordinate system. The axes divide the plane into
four quadrants which are usually labeled as in trigonometry.
The point O is called the origin. When numerical scales are
established on the axes, positive distances x (abscissae) are laid
off to the right of the origin, negative abscissae to the left;
positive distances y (ordinates) are drawn upwards and negative
ordinates downward. Thus 0X, OY have positive sense (or
direction) while 0X’, OY’ have negative sense.

Clearly such a system of coordinates can be used to describe
the position of points in the plane. By going out +5 units on
the X-axis and + 2 units on the Y-axis, for example, the point A
is located. The point A is said to have the pair of numbers 5
and 2 as its coordinates, and it is customary to write A(5, 2) or
simply (5, 2). Similarly B has the coordinates (—2, —3) and
lies in the third quadrant. It is evident that for the point P;,
pictured in the second quadrant, the x-coordinate is negative
and the y-coordinate is positive. We still may write Py(x1, ¥1),
letting x, itself include the minus sign. P, is a point in the
first quadrant with x, and y, both positive; for the point C the
abscissa @ is positive, the ordinate b is negative. The coor-
dinates of the origin are (0, 0).

The fundamental principle here is that there is a one-to-one
correspondence between number pairs and points in the plane:
to each pair of numbers there corresponds one and only one
point and, conversely, to each point in the plane there corre-
sponds one and only one pair of numbers.

A Cartesian coordinate system may also be established by
means of two non-perpendicular lines as in Fig. 9. The point P
has coordinates @ and b where a is measured in the direction of
the X-axis and b is measured in the direction of the Y-axis.
Such a non-rectangular system is occasionally very useful,
but in general it leads to technical complications in formulae.
(See the equation of a hyperbola referred to its asymptotes,
p. 96.)

7. Distance between Two Points. Let Pi(x;, ») and
Py(x,, ¥;) be two points lying in the first quadrant and draw
P.Q, QP; parallel to the coordinate axes. (See Fig. 10.) By
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simple subtraction of abscissae, P,Q = x, — x,; similarly,
subtracting ordinates, QP, = y, — y,. Making use of the
square on the hypotenuse of right triangle P,QP,, we have
(see Pythagorean theorem, p. 5)

(1) PPy = (x2 — 21 + (2 — y1)?
and the positive distance P,P, (call it d) is given by
2) d =V (xs — %) + (2 — )%
Y P,(x2,y2) Y
Pa(x2,y.) E —y S AT
E pl("lel) _________ i)g ' 62
vz =yl X2 R
ek X X
] N \
R X177 X2 Pl(xu)ﬁ) ’P/
Fi16. 10 ’ Fic. 11

The same formula holds true regardless of the quadrants in
which the points lie and regardless of the order in which the
points are taken. IFor example, the positive distance RP; =
X — Xy = —(xy, — x;) and the positive distance RP, = y, — ¥,
since these distances are measured in the positive directions of
the axes. But (xi — x2)? = (x2 — x,)? and (2) holds as before.

Illustration. Find the distance between the two points (3, —1),
(—4, —2).
Solution. Taking the points in the given order, we have
d=V(—4 -3+ (-2 + 1)
=V50 = 5v2,
Or again, reversing this order,

d=V@E+4p+ (-1+2y
=5V2.

8. Directed Line Segments. Although the distance between
two points is usually considered positive, yet it is at times de-
sirable to associate with a line segment direction or sense. This
amounts to attaching a plus or minus sign to the segment ac-
cording to some convention. But since there is little agree-
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ment among authors on this point we shall assume that if sense
is important in a particular case it will be specified by the order
in which the end points are given. Thus, in Fig. 11, if P,P,
is the given positively directed segment then P.P, has the nega-
tive sense and we write PP, = —P,P,. The direction of a
line, if essential to the immediate argument, will be denoted by
the order in which two points on it are specified. Thus if RS
is the positive direction SR will be the negative.

The context of the material under study will usually make it
clear whether both distance and direction are to be considered.

9. Projections. The projection of the signed segment A,A4.
(Fig. 12) upon the line L is, by definition, the signed segment
PP, cut off by the perpendiculars dropped upon L from A, and
A.. The projection of AsA, upon L is P.P,; the projection of
A.A;1s PyP;.

L\

/
/
~4 Vi
/ /

Fic. 12

As in mechanics we may think of A,A,, A.A; as being free
vectors, the vector sum of which is A;4;. With this definition
of vector sum in mind we note that the sum of the projections
of A,A, and A,A; upon L is equal to the projection of the sum
AAsupon L. This is a general property of projections regard-
less of the number and orientation of the segments. If the
individual segments, or vectors, represent forces, then the vector
sum represents the resultant force, and if the vectors form a
closed polygon the resultant is zero and a state of equilibrium
exists.

The projections of a line segment upon the axes, or upon lines
parallel to them, constitute important special cases. For ex-
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ample, in Fig. 13 below, PS, or QR, is the projection of PP, in
the x direction while P@, or SR, is the projection of PP, in the
y direction.

10. Point of Division. Given a directed line segment such
as PP, in Fig. 13; to find the coordinates of the point P
which divides P,P, in a given ratio r,/r,. Let P have the coor-
dinates (x, y) which are to be determined. Sense is important
here and P must be located so that P,P/PP; = 71,/7..

on Oﬁff"”— pl("u)’z) Q R

FiG. 13

Now, by similar triangles, (x — x1)/71 = (x2 — x) /75, from
which it follows that

X172 + Xay
( = 2102 T 2271
(1) . x P
Similarly
_ T2 F Yoy
(2) y - 71 + Ty

For the midpoint of the segment P,P, the ratio 7,/r, must be
unity; hence 7; = 7, and (1) and (2) specialize to

@) 5 = E_l_‘gi‘z, 7 = «L’l__jz“_l?

Formulae (1), (2), and (3) have useful physical interpreta-
tions. In (1) and (2) x and y are the coordinates of the center
of gravity of masses 7, and 7, placed respectively at P, and P,.
If the masses are equal, the center of gravity lies halfway be-
tween them as indicated by (3).

It is of further interest to note the positions of P for various
values of the ratio r,/r,. If this ratio is zero, then P coincides
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with P;, and if this ratio is a positive number, P is an internal
point of division. As 7;/73—+0, P—P,. For —0o<r,/1;<
—1, P is an external point of division (in the direction P,P,)
with P,P positive and PP, negative. For —1 < 7,/7, <0,
P is an external point in the opposite direction with PP nega-
tive and PP, positive.

Illustration 1. Find the coordinates of the midpoint of the seg-
ment P,(3, 7), P:(-2, 3).

. s _834+(=2) 1 - _7+43_
Solution. X = — =5 y = 5 5.

Illustration 2. Find the coordinates of the point P which divides
the segment P(—2, 5), P»(4, —1) in the ratio of (a) r/7, = §;
(b) n/r2 == 2; () /12 = —1§.

C(—=58) )Y

P, |(—2,5)

B(10,-7)
FiG. 14

Solution. (@) x = ('2)(5)1i+‘ 4)(©) _ i_‘i,

4 - B6) + (=1E) _ 19,
11 11’
o) x = (FRWLAED g

, - O+ (=1(=2) __,

(=2@) + @(=1) _ _;
2 £

y = Q@ ECEDED g

©) x =
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Note that, in terms of positive distances, P\P; = P:B = 6v2
and CP, = 1 P,P, = 3V2. These are in agreement with the
values of the ratios given in (b) and (c).

11. Inclination, Slope, Direction Cosines. The angle 6(0 < 8
< 180°), measured counterclockwise from the positive X-axis
to a line, directed or not, is called the inclination of the line.
The tangent of this angle, tan 6, and generally designated by
the letter m, is called the slope of the line. It is evident from
Fig. 15 that the slope is given by -

Y2 — 1,
Xo — X1

This formula is independent of the position and order of the two
points involved,

1) Slope of PP, = tan§ = m =

P, ("2,)’2)

Fic. 15

Although tan 6 is a most natural trigonometric function to
use in describing the general trend, or steepness, of a line, it is
not the only one that can be used. Indeed, we need not restrict
ourselves to the one angle §. Let the given line have an estab-
lished sense P,P, (Fig. 16) and call by « and g respectively the
two direction angles made by the positive direction of the line
and the positive directions of the axes. By definition N = cos «
and p = cos B are called the direction cosines of the line. Any
two numbers proportional to the direction cosines are called
direction numbers of the line. Thus a = kX = kcosa and

= ku = kcos B are direction numbers. A sensed line has
only one set of direction cosines since « and 8 are then unique.
If the sense of a line is reversed the angles « and g are replaced
by their supplements, so that a line without sense has two sets
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Y
pz("y)’z)
i
] B
t
!
y2 =y 12078
: a
: X
! 180° ~«
]
1
l.__--)z_z--_'_-_;;K Pi(x1,y1)
Fi1G. 16

of direction cosines: cos «, cos 8 and cos (180° — «), cos
(180° — B), i.e.,, \, u and —\, —u, corresponding to the two
directions of the line. In this case we call either \, por —\, —pu
the direction cosines. Note that either \ or u (or both ) can be
negative numbers depending on the sense and general trend of
the line.

Directly from the figure we see that

X2 — X Yo — W
9 == — = ey
(2) COS « 4’ cos B i
whence
3) X — X1 =dcosa, Y2 — y1 = dcosp.

Thus the differences in the respective coordinates of any two
points on a line, namely x. — x; and y, — y,, are direction
numbers of the line, the proportionality constant being the
distance between the two points.

Upon squaring and adding equations (2), remembering that
d* = (xy — x1)* + (¥ — ¥1)% we obtain

4) cos? a + cos? 8 = 1.

This can also be written A2 + u? = 1 and is an important identity
connecting the direction cosines of a line. The direction cosines
of a line parallel to the X-axisare A = +1, u = 0; the direction
cosines of a line parallel to the Y-axisare A = 0, x = 1. No
distinction is made between a line and a line segment.

If @ and b are direction numbers of a line, @ = kx and b = kp.
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Since A\ + u? = 1, it follows that a?/k* + b*/k: = 1 or B =
a® + b°. Thus the direction cosines themselves are

a b

©) " Vet YT Vere

Throughout plane and solid analytic geometry much use is
made of the notions of slope and direction cosines and the stu-
dent should make every attempt to master these ideas before
proceeding. He should also be thoroughly aware of any dif-
ferences that may exist between the basic assumptions made
by the author of this Outline and those of the particular author
he is following.

Illustration 1. Find the slope of the line joining the points Py(1, 2)
and P.(-5, 3).

Solution. m=dr=y_ 3 =2

- =1
X2 — X1 -5 -1 6

Illustration 2. Find the direction cosines of the sensed line Pi(1, 2),
Py(—5, 3). 1 .
Solution. \ = cosa = 22= % - T2 = 2
d V37 V37
—»n_3-2__1
d V37 V37
Illustration 3. Direction numbers of a given line are —2 and 3.
Find the direction cosines.

w=cosf =2

. —2 2
Solution. A =-—2%__ = - ,
clution Ve 1r vVi-y+3x Vi3
_ b _ .3
Va+ b V13

" These may also be taken as A = +2/v13 and p = —-3/V13.

12. Parallel and Perpendicular Lines. If two lines are
parallel they have the same slope, and if in addition they have
the same sense they have the same direction cosines. Some-
times lines which are parallel but which have opposite sense
are called antiparallel; antiparallel lines have the same slope
but the direction cosines of the one are the negative values of
the direction cosines of the other.

If two lines L, and L, are perpendicular the slope of one is
the negative reciprocal of the other. For, from Fig. 17,
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m; = tan 6; = tan (90° + 6;) = — cot 6,
1
T “tan 6,
Hence

9]

Fic. 17

The student should check the trigonometry by making use of

the reduction rule (5), Chapter I.
The direction cosines A;, u; and \,, p, of two perpendicular

lines are connected by the relations
(2) A= dps,  p1r =F N
Illustration 1. Find the slope of a line which is perpendicular to
the line joining P(2, 4), P:(—2, 1).
Solution. The slope of the line P,P, is
1 -4 3

G Y
Therefore the slope of a perpendicular line is

me :-.—%.

Tllustration 2. Find the direction cosines of a line which is per-
pendicular to the sensed line P,(2, 4), Py(—2, 1).

Solution. The direction cosines of the directed line P,P, are
N=—% wm=—3%
Hence those of a perpendicular line (without sense) are
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13. Angle between Two Lines. The angle between two non-
intersecting lines is 0° or 180° according as the lines are parallel
or antiparallel. In the case of in-
tersecting lines we do not calculate
the angle directly but compute in-
stead some trigonometric function
of the angle, generally tangent or
cosine.

1. Angle in lerms of slopes. Let
. be the angle between two inter-
secting lines measured counter-
clockwise from line L, fo line L,
(Fig. 18). Since 6,2 = 6, — 6, it FiG. 18
follows that

tan 6, — tan 6
tan 6,2 = tan (6, — 6;) = 1 4 tan 6, tan ;f

which, in terms of the slopes of the lines, yields

My — My
t Y == emm TR,
1) fan 6, 1 & mam,

The subscripts on 6, are put there to emphasize that this is‘the
particular angle as defined: the angle from L, fo L, measured
counterclockwise. Since the lines may be designated ineither
order, either one of the two angles that the two lines make with
each other can be chosen without guesswork. [The tangent of
the supplementary angle (180° — #6;,) is given by tan (180° —6,3)
= T M
o 1 =+ m1m2.:|

I1. Angle in terms of di- Y
rection cosines. Instead of us-
ing the tangent function we
can use the cosine, but here
it is best to consider the angle
6 between specified directions of
the two lines. Consider, then,
two directed lines L; and L, ,
with direction cosines A;, w1 (]
and \,, u. respectively (Fig. L
19). We have FiG. 19
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coS 0§ = cos (a; + az) = COS a3 COS oy — SIN @ SIN ay.

It is left to the student to check, by his knowledge of trigo-
nometry, that sin «; = cos 8; and sin a; = —cos 8.. Hence

(2) COS 0 = MA2 + uime.

This result is independent of the position and sense of the two
lines involved even though the preliminary trigonometry may
vary somewhat. For the particular lines directed as indicated
in Fig. 19, 6 = a1 + «, but this relation is independent neither
of sense nor of the arbitrary labels L,, L,. The student should
draw for himself lines in other positions, noting that in general
6 is always one of the forms

0=ar T ay 0=o0os—ay 0=8 By 0=ps— b1
He should also satisfy himself that, regardless of the inter-
mediate trigonometry, formula (2) always obtains.

The acute angle between two undirected lines is given by
3) Cos 0 = | NA: + pupe |-

If 9 = 90°, cos® = 0. Hence, from (2), the condition that
two lines be perpendicular is that

(4) AN+ pape = 0
or, what is the same thing, that
(5) a,a, + b1b2 =0

where a,, b, and a,, b, are direction numbers.

Illustration 1. Find the least angle of the triangle A(1, 4),
B(_5y —'1)’ C(O’ —6)'

Solution. We first compute the slopes of the sides AB, BC, CA.
These are myp = &, mpe = —1, mca = 10.

Next we must make use of (1), taking care to combine the slopes
properly so as to get interior angles.

_10-§ _ 55

1+4+10(%8) 56

Similarly tan ACB =  and tan CBA = 11.

The angle at A is therefore the smallest.

Mlustration 2. Find the angle between the directed lines Py(1, 3),
P,(—4, —3) and P,(2, 0), P45, 6).

tan BAC =
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Solution. By slopes. The angles6,. in question is the counterclock-
wise angle from P;P,to P,P,. Now mp,p, = & and mp,p, = — %.
Hence

_ 8+ _

T+ &9

By direction cosines. 'The direction cosines of PP, are

tan 8,, = — 72.

- =5, u==5
Vel T Vel
and those of P3P, are
__7 __6

Therefore

5 7 6 6 -1
0 = - 0_ _—— - — —_— = — —
cos6 = \/61>< \/85) +( \/61)(\/85> V61V
Illustration 3. Show that the two lines P,(7,5), Px(1,1) and
P;(4, —3), P42, 0) are perpendicular.

Solution. By slopes. Since the slopes are 2 and —3 respectively,
the lines are perpendicular.

By direction numbers. We may take as direction numbers the
differences in the respective coordinates. This yields

a=6 b =4 a=2 b=-3
and applying (4), we have
aa; + bib, = (6)(2) + (4)(=3) = 0.
Therefore the lines are perpendicular.

14. Area of a Triangle. Consider the general triangle whose
vertices are A(x1, y1), B(x2, ¥2), and C(x3, ¥3). Project AC, CB,

Y C(x,,y,)
B(x,,y,)
|
|
|
! |
A(X1,%1) ';y: 1z
i)’x | !
1 I x
D X3 = X1 E x2—x3 F
'[ X2 X1 J.
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AB upon the x-axis, obtaining DE, EF, DF respectively. Then
(Fig. 20)

(1) Area ABC = Area ACED + Area CBFE — Area ABFD.

Since the area of a trapezoid is one-half the sum of the parallel
sides multiplied by the distance between them, (1) becomes

(2) Area ABC = 3{(3: + 35)(%s — %) + (s + 32) (%2 — )
= O+ ) (xs — x1)},
= 3(X1Y2 + X2¥s + XsY1 — XsY2 — XoY1 — X1Ys)

upon simplification.
This can be put into a very compact and easily remembered

form by making use of determinants. (See Determinants,

p. 2.) The result is

X1 M 1

X2 Y2 14

X3 Y3 1

Caution: The area will be positive by this formula if and only
if the vertices are chosen so that, as the perimeter is traversed
in the order A, B, C, the area of the triangle lies to the left (the
traverse is counterclockwise). If in a given problem the answer
turns out to be negative it merely means that the wrong order
(clockwise) has been chosen. Attach a plus sign to the final
answer in any case.

Illustration 1. Find the area of the triangle (2,1), (5, —3),
(=8, 0).

Solution. Taking the order as given we have

3) Area ABC = }

2 11
Area=3] 5 -3 1|=1(-6+0-8-24—5-0),
-8 01
=— 43,

The area is 42 square units; the order was chosen clockwise.

Illustration 2. Show that the three points A(1,5), B(6, —1),
C(—4, 11) are collinear (lie on a line).
Solution. By slopes.
map = —$% = Mmpc = Mac-
Since these slopes are the same, the points are collinear.
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By distances.

AB =v25 + 36 = V6],
AC =V25 + 36 =V6l,
BC =V100 + 144 = V244 = 2V61.

Since AB 4+ AC = BC, the points are collinear.

By area.
1 51
AreaABC =% 6 -1 1|=13(-1466-20—-4-30-11)
-4 11 1

=0.

Since the area of the * triangle”” ABC is zero, the points do not form
a triangle but instead lie on a straight line.

16. Applications to Elementary Geometry. Of the proposi-
tions of plane (and solid) geometry, many are amenable to
direct treatment by the methods of analytic geometry. The
fundamental properties of a geometric configuration do not in
any way depend upon a coordinate system; they depend upon
the interrelations of the component parts of the figure. Since
this is true, a given problem can often be greatly simplified by
the proper choice of axes. Of course care must be exercised in
choosing axes so that there will be no loss in generality. For
example, if the proposition relates to a general triangle the X-axis
can be made to coincide with one side of the triangle with a
vertex at the origin. But then there is no further freedom of
choice: the Y-axis cannot be passed through the third vertex
since otherwise the triangle would not be a general triangle but
would be a right triangle instead. (We assume a rectangular
coordinate system and not an oblique one, although this is pre-
cisely one place where oblique axes are most useful.

Once axes are chosen it becomes
necessary to translate the geometric
data into coordinates and equations
so that the work may proceed al-
gebraically. (0,b)

Illustration 1. Prove that the di- Y ’\
agonals of a rectangle are equal. -~ B

Solution. Draw a rectangle ABCD (0,0) (a,0)
and choose axes as in Fig. 21. Fic. 21

(a,b)
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Illustration 2. Prove that the di-

Then write down general coordinates of the vertices, remember-
ing that the figure is a rectangle. The length of either diagonal
then is Va* + b?, which proves

the proposition. Y

agonals of a parallelogram bisect (ab) (a+c,b)
each other. —

N\, P

Solution. Choose axes as in Fig. P

22, letting the coordinates of RN

three vertices be (0,0), (a,b), ©0) <0 X
and (¢, 0). Note that the coor- = Fic 22'

dinates of the fourth vertex are ’

then fixed; they are (a + ¢, b).

By formula (3), p. 13, the midpoint of diagonal 1 is ({1 ;_ c' g),
a ;— c, l;) Since these are the
coordinates of the same point, this point lies on each diagonal and
the diagonals bisect each other.

the midpoint of diagonal 2 is (

Illustration 3. Prove that the medians of a triangle intersect in a

point # of the distance along one from a vertex toward the
opposite side.

Solution. Axes and coordinates Y Ry (b,c)

are chosen as in Fig. 23; /
midpoint of P,Q, is Ru(a/2, 0), 7

. . . a+b ¢ /
midpoint of Q,R, is P, (——2——, i)’ O’\ /:// " A,
midpoint of R\P, is Q:(b/2, ¢/2). /;f"\
The point P, Z of the way from ey

P, to P, divides PP, in the ratio P,(0,0) R, Qi(s,0)

of 2 to 1. By formulae (1) and FI1G. 23

(2), p. 13, the coordinates of P are

P (x =4 _é' b, y = g) Similarly, the coordinates of the point Q,
which is % of the way from @, to Q., are @ (‘—Z—+—b 5) and those

3’3

S g a+bc
of R, which is 2 of the way from R, to R,, are R 3 3)
Since P, Q, R all have the same coordinates, they coincide and
the proof of the proposition is complete. (The intersection of the
medians is the centroid of a triangular area.)
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Illustration 4. Prove that the diagonals of a rhombus are per-
pendicular.

Solution. Choose axes so that two vertices are at A(0, 0) and
B(a, 0) (Fig. 24). Now a rhombus is an equilateral paral-
lelogram and the coordinates of
C and D must be such that AC = Y
CD = BD = AB = a. In the
figure we have purposely omitted
writing the coordinates of C and N
D to emphasize that extreme
care must be taken in doing so.
Since AC = a, the coordinates
of C may be written in terms of
a and 0, the inclination of AC, A(0,0)
thus: C(a cos 6, a sin §). Simi-
larly for D (@ + acos#b, asin ).

Then

4.

asinf _ sinf
a+acosf® 1+ cosé

mMap =

(Incidentally i—j_liczsvo = tan g and the inclination of AD is 6/2,

which proves, in passing, that the diagonal AD of a rhombus
bisects interior angle BAC.) Again

asin@ _  sinf _  sinf cosf +1

Muc = T cos0 —a cosf —1 cosf —1 cosd + 1
__sinf(cosf + 1) _ sinf(cos § + 1)
T costd—1 —sin? 6
__cosf+1
B sin 6
Since myp = — ”—};;- the diagonals are perpendicular.

Illustration 5. As an exercise develop the formulae for (a) distance
and (b) slope with respect to a system of skewed (oblique) axes.

Solution. (a) Let the axes make an acute angle 6 as in Fig. 25.
The fundamental triangle P,P,Q is not a right triangle but has
legs x, — x; and y, — ¥, parallel to the axes. The angle P.QP, =
180° — 6. We now make use of the law of cosines PP, =
P.Q" + QP — 2(P.Q)(QP,) cos (180° — 6). (See (9), (b), p. 8.)
Calling d = PP, and noting that cos (180° — 8) = — cos 4, we get

1) d=V(x — x)+ 2(x2 — x)(¥2 — 31) €080 + (¥2 — M)
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Y

(32 (xerZ )

’
SYEY,
LNCI) 18°°'7’7‘30 n
N S R |
x2=%1 ,/'Q(y,~y,) cos 8

E(yz—yl) sin @

X

Fic. 25

In case 6 = 90° the middle term drops out with cos 90° = 0 and
this formula reduces to that developed previously for rectangular
coordinates.

(b) Project QP in the x direction into QR and in a direction per-
pendicular to the X-axis into RP,. Itisclear that QR =(y2 — 1)
cos§ and RP; = (¥, — y,) sinf. Then the slope of PP, will be
given by ( J sin 8

_ Y2 — yi) sin

@ " T G =5 + (0: — 1) cosd
These formulae are more complicated than the corresponding
ones in rectangular coordinates. The concept of slope naturally
involves perpendicularity, and distance is most simply computed
when the fundamental triangle is right.

Finally we point out that oblique axes and formula (2) could readily
be used to prove the proposition of Illustration 4. Oblique axes
could be chosen so that the vertices of the rhombus are A(0, 0),
B(a, 0), C(0, a), and D(a, a), which is simpler than with rectangu-
lar axes. Then the slopes of AD and BC are as already deter-
mined and the work proceeds as before.

16. Accuracyin Drawings. Throughout his study of analytic
geometry the student should make every attempt to make care-
ful and accurate drawings to accompany his algebraic work.
A figure that is reasonably exact will often lend aid to the
analytic imagination whereas a poorly drawn figure may lead
the student to make inaccurate deductions.

EXERCISES

1. For the triangle A(1, 3), B(-2, 1), €(0, —4) find
(a) Distance BC. Ans. V29,
(b) Slope AB. Ans. 3.
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(c) Slope of a line perpendicular to AB. Ans. — §.
(d) Midpoint of AC. Ans. (3, — ¥).
(e) Coordinates of the centroid. Ans. (- 4,0).
(f) Direction cosines of the directed side AB. Ans. —;3_' :~~_2—

V13 V13
(g) Slope of a line parallel to AC. Ans. 7.
(h) Angle AEC. Ans. tang = 12,
(i) Area of ABC. Anms. 4 sq. units.

2. Prove the following theorems by analytic methods:

(a) The midpoint of the hypotenuse of a right triangle is equidistant
from the vertices.

(b) The line segment joining the midpoints of two sides of a triangle
is parallel to the third side and equal to one-half its length.

(c) The lines joining the midpoints of the sides of a triangle divide it
into four equal triangles.

(d) The distance between the midpoints of the non-parallel sides of a
trapezoid is one-half the sum of the parallel sides.

(e) The diagonals of a trapezoid are equal if and only if the trapezoid
is isosceles.

(f) The line segments joining the midpoints of adjacent sides of a
quadrilateral form a parallelogram.

(2) The sum of the squares on the sides of a parallelogram equals the
sum of the squares on the diagonals,



CHAPTER 1l
EQUATIONS AND GRAPHS

17. Basic Definitions. Numbers plotted as distances from
a fixed point on a line such as the X-axis are called real numbers.
The absolute value of a real number @, written |a|, is the
positive magnitude of a. Thus|7| =| =7| = 7.

A collection of objects is called a set. A relation is a set of
ordered pairs. The order in a given pair (x, y) is, first, the
element x, second, the element y. Examples of relations are:
(i) the three ordered pairs (2, 3), (2, 4), (3, —7); (ii) the set
of all ordered pairs of the form (x, ) where x is any real num-
ber and where y satisfies y2 = x*.

A function is a set of ordered pairs such that no two ordered
pairs have the same first element. Examples of functions are:
(iii) the one ordered pair (2, 3); (iv) the set of all ordered
pairs of the form (x, x2—2), where x is any real number.

The set X, of all first elements x, is called the domain of the
relation (or function) and the set Y, of all second elements y,
is called the range of the relation (or function). In the ex-
amples above, the domain and range are:

Example Domain Range
i) The two numbers 2, 3 The three numbers 3, 4, =7
(i) Every real number Every real number
(iii) 2 3
@iv) Every real number Every number > —2

Common notations for a function are: (a) The set (x, )
where ¥ = f(x); (b) f: (x, ¥). It is common to call x the in-
dependent variable and y the dependent variable; also y, or f(x),
is called the value of f at x.

A given rule determines y for each value of x. If a function
is determined by y = f(x), then this equation is the rule.
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A special functior of interest is the “absolute value” func-
tion which is the set of ordered pairs (x,y) where y = |x],
defined as follows:

x,if0 < x
y=Ixl= {—x,ifx <0

The inverse function f~!, inverse to f, is defined to be the set
of ordered pairs (¥, x) (no two of which have the same first
element y). Thus the function (2, 3) has the inverse (3, 2);
but the function (3, 7), (4, 7) has no inverse. The function f,
y+ 1L

where y = 2x —1, has the inverse f~!, where x = 5 This
. . y + 1.
follows since if we solve y = 2x—1 for x, we get x = 5

Often we want to write a function and its inverse in terms of
the same letter x. In the example we would therefore say that
the function f: (x, 2x—1) has the inverse f-!: (x, ad ; 1).
Therefore, if we are given ¥ = f(x), to find the inverse function,
we solve for x = f~1 () first of all, and then, if we wish to have
the usual variables x (independent) and y (dependent), we
switch letters, writing y = f~! (x).

The graph of a funciion (or relation) is obtained by plotting
the set of ordered pairs.

The function f is periodic of period P if f (x + P) = f (x).

The value f(x) is said to approach b as a limit, when x ap-
proaches g, if the value of |f(x) 4 b| becomes and remains less
than any preassigned quantity. This is usually written

lim f(x) = b

r=>a

and is read “the limiting value of f, as x approaches a, equals
b.” A function f is said to be continuous at the point a if three
conditions are satisfied, namely: (i) lim f(x) exists, (ii) f(a)

r=>a

exists, and (iii) lim f(x) = f(a@). For example, the function

f where y = x? is a continuous function at the point x = 0
since lim x2 = 0 = f(0). If lim f(x) % f(a), the function is

x-0 r—>a
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said to be discontinuous at the point a. F or example, the
function f, defined as follows, is discontinuous at x = O:
f(x) = x? for values of x = 0, but f(0) = 1. Forlim x2 = 0

xr=>0

whereas f(0) ¢ 0. Or again the function f = 1/x is discon-

tinuous at the origin since lim 1/x does not exist (it is infinite).
x>0

A function is continuous in an interval if it is continuous at
every point in the interval.

18. Equations. An equation F(x) = 0 imposes a condition
on the variable x which then can assume only certain values.
For example, if the equation is ax* + bx + ¢ = 0, x can take
—b + Vb — dac

2a
of x which satisfy F(x) = O are said to be the solutions or
roots of the equation. All of the real solutions of F(x) = 0
may be represented by points on a line, the X-axis. These
points would then constitute the graph of the equation in one
dimension.

For example, the graph, in one dimension, of x — & = 0
would be the one point located % units from the origin of the
X-axis. It is also simple to interpret ¥ — 2 = 0 as a graph in
two dimensions, for x always equals k, and y can be arbitrary
since its value does not affect the equation. Hence every point
(k, a), regardless of the value of @, is a point on the graph which
is, consequently, a straight line perpendicular to the X-axis
through (k, 0). Thus the graph of F(x) = 01in two dimensions
will be a set of straight lines erected perpendicular to the
X-axis, one at each root of F(x) = 0.

An equation F(x, ¥) = 0 might be solved for y in terms of ¥,
say y = f(x), indicating that x was to be considered the inde-
pendent and y the dependent variable.

This is one of the central problems in plane analytic geom-
etry: given a function f delermined by y = f(x), to plot its graph
or to represent it geometrically. We sometimes say that the
graph of f is the locus of f. The curve traced by a moving
point is called the locus of the point.

. The values

on only two values, namely x =
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Of course there is much more to plotting than just putting
down points here and there. By a thorough study of the equa-
tion much can be learned about the geometric properties of its
graph. Such an analysis is one of the roles of analytic geometry.

19. Discussion of Equations and Their Graphs. In the study
of an equation y = f(x, there are four principal analyses to be
made in order to be able to plot the graph with confidence
and some accuracy. These are a determination of the: I, infer-
cepts; 11, extent; 111, symmetry; IV, asymplotes.

I. Intercepts. The intercepts are the points where the curve
crosses the axes. The x-intercepts are obtained by setting
y = 0 and solving for x. Such a value of x — for which y, the
function, is zero — is called a zero of the function f(x); it is, of
course, a roof of the equation f(x) = 0. The y-intercepts are
gotten by setting x = 0 and solving for y.

Illustration 1. Find the intercepts of the graphof y = x2 — 3 x + 2.

Solution. Setting ¥ = O the roots of 22 — 3x + 2 = 0 are deter-
mined as x = 1 and x = 2. Hence the x-intercepts are (1, 0)
and (2, 0). Similarly setting x = 0 we get y = 2; hence the
one y-intercept has coordinates (0, 2).

II. Extent. In plotting the graph of an equation it is useful
to know the exient of the graph. The graph might or might not
be confined to finite regions of the plane. If the equation is of
the form y = f(x), the independent variable x can range from
—o0 to 4o00. But the values of x in certain regions (intervals)
may lead to complex values of y, and there would then be no
corresponding graph in those regions. Or again the y values
might be real but bounded in one direction so that no y would
exceed (or be less than) a certain number M, in which case the
graph would extend only throughout half of the plane. Obvi-
ous modifications in the discussion would permit these ideas
to be applicable to boundedness in the direction of any coor-
dinate axis, positive or negative.

Illustration 2. Discuss the extent of the graphof y = 22 — 3 x 4 2,

Solution. The independent variable x may range from —co to +oo.
To find out whether y is bounded we solve the equation for x as a
function of y. We have
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2 —-3x+@2—-y =0,

which yields
_3£V9 —42 —v)
5 )

x
=3 +3V1+4y

From this it is evident that y is restricted to values not less than
—1 since, if ¥y <—% x would then be complex. The whole
graph lies in the upper half plane determined by the line through
(3§ —1) parallel to the x-axis. The point (§» —{) is the minimum
point on the graph.

Illustration 3. Discuss the extent of the graph of the equation
y = x(x — 1)(x + 3).

Solution. First note that for a given x there are two values of y,
namely +y and —y. - The right-hand side of the equation must
be positive since the left-hand side is always positive. This
immediately tells us that there is no part of the graph in the re-
gions for whichx < —3and 0 <x < 1. Asx — 4o (read “as
x approaches infinity”’), y — +oo as can be seen directly from
the equation. Unfortunately the quadratic equation methods of
Illustration 2 are not readily extensible to this present equation,
so that we cannot easily determine the extent of y in the interval
—3 < x < 0. But we may reason as follows: for x = —3 and
x = 0, y is zero; and for no x in the interval =3 < x < O will ¥
become infinite. Therefore y is bounded above and below. (By
advanced methods of the calculus it can be shown that the maxi-

mum and minimum values of y are + A\ /miglg—@ respectively

and that they occur at x = —2 — 3Vv/52.)

I11. Symmeiry. The points (x, y) and (x, —y) are sym-
metric with respect to the X-axis, the one being the ‘“‘mirror
image” of the other. Either point is said to be the reflection
of the other about the X-axis. For the purposes of general dis-
cussion it is best to consider the equation of a graph in the form
F(x, y) = 0. It should be evident that the graph will be
symmetric with respect to the X-axis if F(x, y) = F(x, —%),
since then if (x, y) is a point on the graph [F(x, ) = 0], so also
will (x, —) be a point on the graph [F(x, —y) = 0]. Simi-
larly, if F(x, ) = F(—x, y), the curve will be symmetric with
respect to the Y-axis. Further, since a line joining (x, ¥) and
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(—x, —y) passes through the origin and the distance from
(x, ¥) to the origin is the same as the distance from (—x, —y)
to the origin, the graph will be symmelric with respect to the
origin if F(x,y) = F(—x, —y). Either point is said to be the
reflection of the other about the origin. If there is symmetry
with respect to both axes there is, necessarily, symmetry with re-
spect to the origin, but not conversely.

These are special cases of symmetry with respect to @ line and
symmelry with respect 1o a point. In only a few cases shall we
extend the discussion beyond that for the axes and the origin.

Illustration 4. Examine F(x,y) = x> —x 4y — 23> — 6 = 0 for
symmetry.

Solution. Since y enters with even powers only, it is clear that
changing y into —y will not affect the function F. Hence there is
symmetry with respect to the X-axis. If, however, —x is sub-
stituted for x, F is changed to 22 + x + y* — 23 — 6. Since
F(x,y) # F(—x, y) there is no symmetry with respect to the
Y-axis. There is also no symmetry with respect to the origin.

Illustration 6. Examine the following for symmetry.
@) 3 = x(x — 1)(x + 3), (Illustration 3)

(b) F(x,y) =2 —y* =3 =0,

) Gix,y) =xy — 1 =0.

Solution.

(a) Symmetric with respect to the X-axis since y enters only to an
even power. There is no other symmetry.

(b) Here F(x,y) = F(x, —y), F(x,y) = F(—x,%), and F(x,y) =
F(—x, —y). Hence there is symmetry with respect to both
axes and to the origin.

(¢) G(x,y) = G(—x, —y) and there is symmetry with respect to the
origin.

SUMMARY OF TESTS FOR SYMMETRY

The graph of the equation F(x,y) = 0 will be symmetric
with respect to

1. The X-axisif F(x, y) = F(x, —y). (Fig. 26)
2. The Y-axisif F(x, y) = F(—=x, y). (Fig. 27)
3. The origin if F(x, y) = F(—x, —y). (Fig. 28)
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F1G. 26. Symmetry  F16. 27. Symmetry FiG. 28. Symmetry with
with respect to X-axis. with respect to Y-axis. respect to the origin.

IV. Asymptotes. 1t is of interest to study the behavior of
an unbounded curve in the neighborhood of infinity, where
either x, or y, or both become infinite. A curve may recede to
infinity in a certain direction, and if this direction can be deter-
mined it will be of great aid in plotting the curve.

Let the curve be given by ¥ = f(x) and let x = g(y) be the
form of the equation when solved for x as a function of ¥

(2,0)

-~
-

FiG. 29

(Fig. 29). Since we are essentially interested here in the direc-
tions parallel to the axes, we lay down the following special
definitions:

(1) The line L, through (e, 0) parallel to the Y-axis is called
a vertical asymplote if, as x — a, |y | — .
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This can be written
(1) x = ais a vertical asymptote if llmf(x) = +o00.

(2) The line L, through (0, b) parallel to the X-axis is called a
borizontal asymplote if, asy — b, | x| — .

This can be written
(2') ¥ = bis a horizontal asymptote if lim g(y) = +oo0.
y—>b

A curve with such asymptotic lines is necessarily discontinu-
ous at x = ¢ and at ¥ = b and the curve is made up of several
separate pieces. It is important to remark that f(x) might be
multiple-valued and therefore have a finite as well as an infinite
determination for a given value of x. This is illustrated in the
figure by the point P; one determination of y is given by f(a) =
d —the point P —and another is f(@) = +w. A similar
remark applies to g(y). Also a curve might have several
asymptotes of either variety and others as well in directions not
parallel to an axis. With- v
out going into detail we say
simply that if a curve ap-
proaches indefinitely near !
any straight line in the !
neighborhood of infinity, }
then that straight line is an !
asymptote. This is illus- |
trated by the line L; in the -2,
figure.

We now combine these
analyses in several illustra-

{ions. s

I

|
Illustration 6. Find the in- S0
tercepts, discuss extent yd !
and symmetry, find the / |
vertical and horizontal _~ :
asymptotes, and sketch |
the graph of :
= xx -1 i

Y= i re2 F
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Solution. 1. Intercepts. The numerator of f(x) is zero when x =
0, 1. The x-intercepts are, therefore, (0, 0) and (1, 0). Since,
when x = 0, y has only the value zero, there is no y-intercept
except (0, 0).

II. Zxtent. The graph is not confined to a finite portion of the
plane since both x and y can range from —oo to o0,

I11. Symmetry. The tests of symmetry indicate there is no sym-
metry with respect to either the axes or the origin.

IV. Asymplotes. From the denominator of f(x) we note that,
as x —»—2,y —»+w,. Therefore the line parallel to the Y-axis
passing through (—2, 0), x = —2, is a vertical asymptote. There
is no finite value of ¥ for which x is infinite; therefore there is no

2(x — 1)

x4+ 2
1

approaches the value x as x gets bigger and bigger since %“:.’7

horizontal asymptote. But we note that the ratio

2

&

approaches unity. Therefore there is an asymptotic line with
inclination 45° but we are unable at this time to determine the
exact position of this line.

Looking at the function we see that it is negative for x < —2
and for 0 < x < 1; it is positive for —2 < x < 0 and for x > 1.
The essential shape of the curve is consequently determined with-
out plotting any specific points other than (0, 0) and (1, 0). We"
compute the coordinates of a few points such as (2, 3), (3, — %),
(-1, 2), (=3, —12), (—4, —10) and proceed to sketch the graph.

Illustration 7. Analyze and sketch the graph of

x -4
Solution. In the process of solving this relation for x as a function
of y we get

1) 2y -1 +2x+@B—-4y) =0,
from which it follows that

= _ -1 +v4y —Ty+4

@ x =30 = =1 :

I. Intercepts. The x-intercepts are computed to be (—1,0) and
(3,0). Whenx =0,y = $. Therefore the y-intercept is (0, 2).

II. Extent. Since both x and y can range freely from —o to o0
the graph is not bounded by any finite portion of the plane.

III. Symmetry. The curve is symmetric with respect neither to
the axes nor to the origin since the tests for such symmetry fail.
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IV. Asympiotes. The denominator of f(x) is x? — 4; setting

this equal to zero yields vertical asymptotes through (2, 0) and
(—2,0). The denominator of g(y) is ¥y — 1. For y =1, zx,
-1+1
0
x = §, which is indeterminate. But from (1) we see that when
y = 1 there is a finite value of x, x = 3. [Equation (1), normally
a quadratic in x, reduces to a linear equation when y = 1 since
the coefficient of x? is then zero. A quadratic equation ax® +
bx + ¢ = 0 may be thought of as having one infinite root and
one finite root, namely x = —c¢/b, if @ = 0.] Thus there is one
horizontal asymptote passing through (0,1). We have deter-
mined that not only is | x | = oo wheny = 1 but also that x = 1
wheny = 1. Thus one branch of the curve crosses an asymptote,
and the point P(%, 1) corresponds to the point P as previously
discussed and as indicated in Fig. 29.

from (2),isx = Using the plus sign, x takes the form

We now compute the coordinates of a few points: (4, %), (1, %),

(=3,12), (—4, 2}). Ttissimple tosketch the graph as in Fig. 31.

Illustration 8. Analyze and sketch the graph of y>=x(x —1)(x+3)

(Illustration 3). See Fig. 32, p. 38.

Solution. The intercepts are (—3,0), (0,0), and (1,0). The

curve is bounded as indicated in Illustration 3. There is sym-
metry with respect to the X-axis. There are no asymptotes. A
few points on the graph are (-2, £ V6), (-1, +£2), (2, £ V10),
(3, £6).
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It will be noticed that in the Y
graphs of these illustrations the
asymptotic lines are dotted in.
Accurate graphs cannot readily
be constructed without the pres-

6
3
ence of the asymptotes, where
they exist; but it should be clear
O/ X

that the asymptotes are nof part =3{—5_1 1o 3
of the above graphs. Asymptotes
could be part of a graph, how-
ever, as will result as a special
case of the following general dis-
cussion of factorable equations. -6

If F(x, y) is factorable let
F(x, ) = G(x, »)H(x, y). it is Fie. 32
obvious that any number pair (x, ) which makes G = 0 will
also make F = 0. Therefore G = 0 is a part of the graph of
F = 0. Likewise any pointon H = Oisalsoon F = 0. Hence
F = 0 is made up of the separate graphs of G = Oand H = 0
and the idea is extensible to any number of factors. If G = 0
is the equation of the asymptotes of H = 0, then F =0 is a
graph containing its asymptotes.

Illustration 9. Sketch

O -DE—4Hh@ —4) - (x+ 1 —3)] =0.
Solution. The last factor is the function F(x, ) involved in Illus-
tration 7. Its graph is shown in Fig. 31. Since the first two

factors yield the asymptotes, the total graph is made up of
Fig. 31 plus the asymptotes.

Illustration 10. Sketch F(x, y) = x* — 3* = 0.

Solution. Since F can be factored into F(x,y) = (x — ) (x + ¥)
its graph will be made up of the graphs of x —y=0 and x+y=0.
The first of these equations states that x = y; hence it is a straight
line making an angle of 45° with the positive direction of the
X-axis and obviously passing through the origin. Similarly the
second equation says that x = —y, which is a straight line of in-
clination 135° and also passing through the origin. These two
lines constitute the graph.

-3

There are other fundamental questions that arise in connec-



§20] INTERSECTION OF CURVES 39

tion with plotting or curve tracing as it is often called, but most
of them involve at least a knowledge of the calculus.

20. Intersection of Curves. The rectangular coordinates of a
point common to the graphs of two equations will satisfv simul-
taneously both equations, and the coordinates of no other point
will do so. Such a point is called a point of intersection of the
curves. Hence to find the points of intersection of two curves
we solve simultaneously the equations of the curves and pair
properly the resulting values of x and y.

Illustration 1. Find the points of intersection of the curves (a) y =x?
and b)x —y +2 =0.

Solution. In solving (a) and (b) Y
simultaneously we simply sub-
stitute the value of y from 4 (b)£12,4)
either equation into the other 3
and then proceed to solve the 2 [(a)
resultant quadratic equation (=LD 1
inx. Thus P B X
x—x+2=0,
whence
x =-1,2,
and Fic. 33
y =14

These must be paired properly to give the coerdinates of the
points of intersection (—1, 1) and (2, 4). [Equation (a) plots a
parabola, (b) a straight line.]

Illustration 2. Sketch and find the points of intersection of
(a) x* 4+ 4y = 4and (b) 2 — y* = 1.

Solution. (a) Intercepts are (+2,0), (0, £1). The curve is
bounded by —2 <x <2, —1 £y = 1. There is symmetry
with respect to both axes and to the origin. The curve is closed
and there are no asymptotes. A few points are plotted showing
an oval-shaped graph. (It is an ellipse.) '

(b) Intercepts are (+£1,0). For —1 <x <1, y is complex so
there is no part of the graph in this region. Otherwise x can
range to +oo and the graph has two branches. There is sym-
metry with respect to both axes and to the origin. There are
two asymptotes, as indicated in Fig. 34, but we cannot at this
time show this analytically. (The curve is a hyperbola.)
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Fic. 34

From (b) x* = 1 4 »2. Substituting this in (a) yields

1+y+4y> =4,
5y =3, _
y =%V
The corresponding values of x are given by substituting these
values of y back into either equation. From (b)

1+
8

I

x2

’

x = 4_'—\/: = i2\/fgi,
Hence the points of intersection are four in number, namely
@vE VD, @VE -V, (=2VE VD, (-2VE VD).

EXERCISES

Trace the following curves.
1. 2+ =1.
2. 2x—-3y+1=0.
4x2 —y =1
¥ o= x.
¥y =@ =D+ 2)(x+3).
_ xx —2)
x+3
¥ = x(xz — 4).
x4 y? = 18,
¥y =8
10. y =z

e o osw
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Find the points of intersection of the following curves and sketch.
11. @) 2*4+y»2=1,(0b) 2x —2y = 1.

12. @) y=x2, D) 2x—y—1=0.

13. (@) »2 =3, (b) x = 2.

14. (@) > =x,(b) 2 =1 — 2.

16. (a) »* =x, (b) x* = y.

21. Loci. We have already stated (p. 30) that one of the
central problems in plane analytic geometry is to discuss and
plot a given function y = f(x). This implies an algebraic
study of the given function (or equation). Such studies have
been made in a number of illustrations.

We now come to the second central problem in analytic
geometry: given a curve, defined by certain geomelric conditions, lo
find its equation. This is generally known as a locus problem:
lo find the locus of a point which moves according to some pre-
scribed law. To find a locus means to find the equation of the
locus and to analyze, sketch, and identify it if possible.

Until we have made some systematic study of certain
standard curves we cannot take up many problems on loci.
We give at this time only a few simple illustrations, reserving a
fuller discussion for Chapters XIV, XV, and XVI.

Illustration 1. Find the locus of a point which moves so that it is
always equidistant from the two fixed points A(1, 2) and B(—1, 0).

Solution. We pick out, by sight, some point P in the plane which
(approximately) satisfies the conditions of the problem and give
to P the general coordinates (x, ¥). Any true relation that can
be found connecting the variables x, y will contain the equation
of the locus. It will con- v
tain nothing more provided
no extraneous condition is 5 -~»A(1,2)
introduced. d

From the formula for the dis-
tance between two points
we may write

X
1
@ VG- F0o -2 N

=V(x + 1)+ Fic. 35

and this is the equation of the locus. It is better, however, to
rationalize this equation by squaring both sides. Thus
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-2x+1+y2—4y+4d=x+2x+1+5»
which reduces to
(b) x+y—1=0.

We know from plane geometry that the locus is the line perpen-

dicular to AB and bisecting it. v

Illustration 2. A point moves so
as always to be a constant dis- P(x,y)

s

tance 7 from the origin. Find
its locus. .
Solution. The distance from \/ X

P(x, y) to (0, 0) is Vaz + 32
and this must be equal to 7.
Hence the locus is given by

Xt 4 2 =12 Fic. 36

and is a circle of radius r with center at the origin.

Illustration 3. Find the locus of a point which moves so that it is
always twice as far from the X-axis as it is from the Y-axis.

Solution. Let a general point on v
the locus be P(x, ¥). The condi-
tions of the problem, when distance P(x,y)
is interpreted as positive, imply |
both y =2x and y=-2x. 52 !
Hence the equation of the locus *\tYoo !
must contain both of these equa- Al
tions and is

1 —-2x00+2x =0,
or 2 —4x=0.

From (1) it is evident that the
locus is two straight lines through Fic. 37
the origin with inclinations 6,

and 0. given by tan#, = 2 and tanf, = —2.

[k SsPdd

Illustration 4. A line segment AB of length L moves so that A
always lies on the X-axis and B on the Y-axis. Find the locus of
the midpoint of AB.

Solution. Call the coordinates of the midpoint P(x, ¥). Then A
and B have coordinates A(2 x, 0) and B(0, 2 y). Making use of
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the Pythagorean theorem we Y
have
@2x)2+ @2y =1L, B(0,2571
or P(x,y)
crn=(l) L
X
. . A(2x,0)
This shows that the locus is
a circle with center at (0, 0)
and radius L/2. (Compare

with Illustration 2.)

. . Fic. 38
Illustration 6. A variable cir-

cle passes through A(2, 0) and is always tangent to the vertical
line x = —2. Find the locus of the center of the circle.

Solution. Let P(x, y) be the . Y
center and drop the per- !
pendicular PB to the line '/
x =—2. Now PA = PB; B(-2,y)$-———5 L {P(x,y)

\,

hence 2 \
- 1
VETH T =142 Ny

which, upon squaring and “
reducing, gives as the de- x=—2|
sired locus |

¥ = 81x. Fic. 39

‘The curve passes through (0, 0), lies in the right half plane, is
symmetric with respect to the X-axis, and has no asymptotes.
(It is a parabola, as we shall see in Chapter VI.)

EXERCISES
1. A point P moves so that the product of its ordinate and abscissa is a
constant k. Find the locus of P. Ans. xy = k.
2. Given A(0, 1) and B(2,5), two fixed points. Find the locus of P if
the slope of AB equals that of BP. Ans. 2x—y+1=0.

3. P moves so that the absolute value of its distance from the horizontal
liney = 3isalways2 units. Find thelocusof P. Ans. (y — 5)(y — 1) =0.

4. The hypotenuse of a right triangle is the segment joining (0, 0) and
(4,0). Find the locus of the third vertex. Ans. (x —2)2 + 32 =4,

6. Find the locus of a point which moves so that the sum of its distances
from the two fixed points F(4, 0), F’'(— 4, 0) is 10 units.

Z_
Ans. 25 + 9



CHAPTER IV
THE STRAIGHT LINE

22. Polynomials. Giving a few preliminary definitions we
begin, with the straight line, a systematic study of certain
standard curves. The simplest of these have polynomial
equations.

A polynomial in one variable x is a function made up of a sum
of terms each of the form Ax™ where A is a constant and N is a
positive integer or zero. Thus 3x® — 5, 2x* + 6x* — x, and
7% ++V2 x5 4+ § are polynomials. The general polynomial
f is given by

1) f(x) = a@ox* + @uxnt + oo+ + @GniX + @

The a’s (coefficients) are constants. The polynomial is of the
nth degree if a, 0. In algebra it is proved that a polynomial
of the nth degree has exactly » zeros. This amounts to saying
that the equation f(x) = O has n roots. We have seen that
f(x) = 0 plots z points in one dimension and 7 lines perpendicu-
lar to the X-axis in two dimensions if the » roots are real and
distinct. A multiple root yields only one point (line), and
complex roots do not plot.

A polynomial in two variables x and y is a function F' where

2) Fx,9) = a®)x" + a:(3)x" + o+ + @aaa(9)x + @.(9),

where now the coefficients are themselves polynomials in y.
It is of degree nin x if ao(y) = 0 and it is of degree m in y if some
coefficient a;(y) is of degree m in y and no other coefficient is of
greater degree. The degree of a term of F is the sum of the de-
grees in x and y, and the degree of the polynomial is the degree
of the term of greatest degree. Thus (¥ — y)x3 + y%x* — x +
y + 7 is a polynomial of degree 3 in x, 6 in y; the degree of the
polynomial is 8. The polynomial F determines an algebrai
function of the two variables x and y.
44
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23. The Linear Equation. The simplest polynomial in two
variables (other than a constant, which we do not consider
here) is one of the first degree. Such a polynomial is called a
linear function and produces a linear equation when equated to
Zero:

1) Ax + By + C = 0.
We now prove

Theorem "1. The graph of a linear equation is a straight
line.

Proof. First. We have already seen that x =k, ¥y =k
represent straight lines parallel to the Y-axis and X-axis
respectively. v

Second. The graph of

. . : e

y = mx is a straight line (0,6) y"/
through (0, 0) withslopem __—
since the ordi of an
point on this line is m times g=m
the abscissa and this is true > X
for no point not on the line.

Third. The graphofy =
mx + b contains the point
(0, b) and each ordinate exceeds the corresponding ordinate
of y = mx by the constant amount b. The graph there-
fore represents a line parallel to y = mx.

Fourth. Multiplying or dividing the equation y = mx +
b by a constant (not zero) will not affect the locus. Hence
By = Bmx + Bb plots
the same locus and is of

the form (1) where A = P(x,y)
—Bm and C = — Bb. —b
This completes the }'b) - Y
proof of the theorem. '

Theorem 2. A straight line X
is represented by a linear
equalion.

Proof. First. Aline paral- Fic. 41
lel to the Y-axis (infinite
slope) has a linear equation, namely x = &.

Fi1G. 40

Y
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Second. Any other line will be determined by its slope m
and one point on it, say the y-intercept (0, ).

If P(x, y) is any other point on the line, then (y —b)/x =m
and this relation holds for no point off the line. This rela-
tion reduces to y = mx + b, which is linear, and the proof
is complete.

Note. Even though there is always a linear equation that
represents a given line, equations of higher degree may also
represent a straight line. For example (Ax + By + C)2 =0
represents a straight line since each factor of the left-hand side
plots the same straight line. (There are, however, reasons why
we should like to say that this equation represents fwo straight
lines and that the lines coincide.) Or again g(x, y)(Ax+By+C)
= 0 will represent a straight line if g(x, ¥) = 0 has no real point
on it. For example (x2 + 32 + 1)(Ax 4+ By + C) = 0 plots a
straight line since x* + 32 + 1 = O for no real values of x and ¥
simultaneously. Similar remarks could be made about the
equation of any graph.

24. Special Forms of the Equation of a Straight Line. Every
(linear) equation of a straight line is of the form Ax--By+C=0;
this is therefore called the general equation of a straight line.
Certain special, or standard, forms of this equation are of both
interest and use.

I. Two-Point Form. A line is determined by two distinct
points on it, Pi(xy, y:) and P,(x,, y,). Let P(x, y) be any other
point on the line. Then (and only then) by similar triangles

Py(xz,y,)

Y2—Y1
pl(x ’ YI.)

FiG. 42
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(1) roh _Roh,
1 X2 — X1

which is the desired equation.

I1. Point-Slope Form. Since m = 22—,

2 — X1
(1) reduces immediately to %;% = m or
- 1

2) y =y =m(x — x1).
Y

— p],(xu)’l)

FiG. 43

111. Slope-Intercept Form. Specializing the point (x1, ¥1) in

(2) to (0, b) gives
3) y =mx + b.

(0,b)

]
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Or again not all three of the coefficients A, B, C in the general
equation are independent: some one of them is not zero and
hence the equation could be divided by that one, leaving two
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effective paramelers as they are sometimes called. For example
if B =0, the equation can be writtenjy =— %x — —g
Comparing this with (3) we note that in the general equation
the slope of the line represented is given by m = —A/B, and
the y-intercept by —C/B.

IV. Intercept Form. Specialization of the two points in (1)
to the intercepts (0, b) and (g, 0) gives (y]— b)/x = —b/a or

@) 243 =1

r

(O,b)

/ (8,0 X
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Or again, dividing Ax + By + C = 0 by C gives, after some
rearrangement,

C+ =1,

tUIO

whence, in the general equation, the intercepts are given by
—C/A and —C/B.

V. Normal Form. Consider a directed line segment OA of
length p issuing from the origin O and making an angle 6 with
the positive direction of the X-axis. The line L which is per-
pendicular to 04 and which passes through A is completely
determined by the parameters p and . We wish to determine
the equation of this (general) line L.

The coordinates of A are A(p cos 8, p sin 8) and the slope of L
is —cot 6 since L is perpendicular to OA which has slope tan 6.
Hence, using the point-slope form (2) we obtain, as the normal
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.
L
AN

psinf

Ojp cos? N X

FIG. 46

form of the equation of L,y — psinf = —cot 6(x — H cos 6)
which reduces to

(5) xcosf + ysing — p = 0.

This form of the equation of a straight line is called the normal
form (sometimes perpendicular form) since its coefficients involve
the parameters p and ¢ associated with the normal or perpendicu-
lar OA to the line. And it is important to note that

I. The coefficients of x and y are the direction cosines \, u of
anormalto L. Equation (5) can be written

G M +py —p =0.
II. The distance from the origin fo the line is p.
Now comparing the two equations
M4 uy—p =0,
Ax + By +C =0,
we see that the coefficients A and B in the general equation of a
line are direction numbers of any perpendicular line. A = k),
B = ku, C =—Fkp. To compute the proportionality factor k
we square and add, thus
A+ B = B0 + )
= k2
since A\? + u? = cos?f + sin? @ = 1.
Hence

(6) k=+ VA LB
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We are now in a position to reduce the general equation to
normal form by dividing through by (one of the values of) k.
A B ' C

- X — = g
Va1 B avars T iva B
Comparing (7) and (5) we see that the sign of V'A* 4+ B? must
be opposite lo that of C so as to make the constant term read

) = 0.

- (Eﬁ(f;;Em) where the parenthesis is p and therefore

positive. 1f C = 0 we use for the radical the same sign as that
of B.
Illustration 1. Write the equation of the line through (2, 1),
(=6, 5). Reduce this to the general form.
Solution. Using the two-point form we get

y=1_5-1,
x—2 —6-2

which reducestox +2y — 4 = 0.

Hlustration 2. Find the equation of the line passing through
(3, —4) making an angle of 60° with the X-axis.

Solution. Point-slope form is called for and the equation is
y+4=V3x -23).

Illustration 8. Given the triangle A(4,5), B(—2,0), C(2, —3).
Find the equation of the median through C.

Solution. The midpoint of AB is D(1, §) and the equation of the
desired median is

orllx+2y —16 =0.

Illustration 4. Find the intercepts of the line perpendicular to
2x + 3y — 7 = 0 passing through (1, 6).
Solution. Theslopeof2x +3y —7 = 0is —% and the slope of the
desired line is §. Hence the equation is
y—6=4§x-1).
Wheny =0, x =—3and when x = 0, y = §. The intercepts are
therefore (—3, 0) and (0, $).

-
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Illustration 5. What are the direction cosines of a line perpendicu-
lartox — 5y 4+ 3 =0?

Solution. The normal form of this equation is
x 5y 3 _
V26 V26 V26

The direction cosines of a normal line are given by the coefficients

1 5
of x and y and are therefore A = — ——and y = ——.
7 N ARV T
[The direction cosines of the line itself are A = ——5: and p = ——;
see (2), p. 18] V26 V26

25. Distance from a Line to a Point. As a special application
of the normal form of a line we show how very readily it yields
the distance from a line to a point. Let Ax + uy — p = 0 be
the normal form of some line L and let d be the distance from

Y N\
\
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this line to the point P(x,, y1). Now (Fig. 47) p + d could be
considered a new “p,” with the same 6, for the parallel line M
through P. The normal form of M is

() M4 py — (p+d) =0.

As a by-product this tells us that any line parallel to L will have
an equation of the form Ax + uy — p’ = 0 where p’ is a con-
stant. Further, since (x,, 1) lies on (1), its coordinates satisfy
(1) and this yields A\x; + py, — (p + d) = 0, or, finally

@) d = N1 + uy1 — b

This is the important formula for distance from a line to a
point. It says that the function Ax + uy — p (the left-hand
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member of the normal equation of a line) yields the distance

from that line to the point P
substituted into it.
separates the point P and the

when the coordinates of P are

This distance will be positive if the line

origin; it will be negative if P

and the origin lie on the same side of the line.

Illustration 1.

Find the dis-

tance from the line x —y—5=0 Y
to the point (3, 4). (3,4)
Solution. The normal form of g .
thelineis %= — 2 — 2 __¢ I
V2 V2 V2 123 4/5 X
and the distance is d =
3 _ 4 5 __ 6
V2 V2 V2 V2 y
The distance is negative and
FiG. 48

the point lies on the same side

of the line as the origin.

Illustration 2. Find the locus of a point which moves so that it is
always two units from the line3x —4y 41 =0.

Solution. We interpret this to

imply either of two lines parallel to

the given line and two units (in absolute value) from it. The
i
/’/} 2
i - A =2 . X

FiG. 49

normal form is —2x + ¢y — 1 = 0; and the equation of the
desired locus is —2x+ 4y — % £2 =0. These two equa-

tions, one for either straight
equation 3x —4y — 9)3«x

line, can be combined into the one
-4y +11) =0.

Tlustration 8. Find the equations of the bisectors of the angles
formedbyx +y+2 =0and2x -3y —1=0.
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|
|
|
|

Fi1G. 50

Solution. A bisector is the locus of points equidistant from the two
lines. The normal forms of the given lines are respectively

X4y +2 _ o anq 22=3¥y=1_

-2 V13
and if P(X, Y) is (in absolute value) equidistant from the given
lines, then
M X+Y_+2__.i2X—3_Y—1‘
—V2 V13

These are the equations of the angle bisectors. The capital letters
X and Y are used to stress the fact that they are the coordinates
of points on the desired locus whereas the small letters x and y
refer to the coordinates of points on the given lines. We can of
course shift now to lower-case letters. It is left as an exercise for
the student to show that the two lines in (1) are perpendicular.

26. Systems of Lines. An important idea in mathematics is
that of a family of lines or of curves. Since x = k represents
any line parallel to the Y-axis, we say that x = k is the family
of lines each parallel to the Y-axis. It is a single-parameter
family, the parameter being k. Again y = mx represents the
family of lines through the origin with slope m; it also is a
single-parameter family. The general equation Ax + By +
C = 0, with two effective parameters, represents the family of
all lines in the plane as does \x + uy — p = 0, where the param-
eters are 9 and p. The members of a family possess some
common geometric property such as being parallel to a given
line, passing through a given point, etc. Each member of the
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family x — 2y + b = 0 is parallel tothe linex — 2y — 3 = 0;
the members of the family ¥y — 2 = m(x + 5) pass through the
point (—5, 2); the family Ax + uy — 5 = O constitutes all lines
tangent to the circle of radius 5 and center at the origin since
each member is at a distance of 5 units from the origin.

27. Line through the Intersection of Two Given Lines. Let
Li=ax+by+c=0 and Ly =ax+ by +¢c:=0 be

N

FiG. 51

two given lines and P their point of intersection. Consider
the equation

(1) Ly + kLy = (a1x + by + ¢1) + k(ax + by + ¢;) = 0.

This is a line since it is of the first degree in x and y. But the
coordinates of P will reduce each parenthesis in (1) to zero
since, by hypothesis, P is the point of intersection, i.e., it lies
on each line. Therefore P satisfies (1) and (1) represents the
family of lines through the intersection of L, = 0 and L, = 0.
It is not important which term £ multiplies. As (1) stands it
will not represent L, = 0; to do so £(= 0) would have to mul-
tiply the first term.

Illustration 1. Find that member of the family of lines through the
intersection of x —y +2 =0 and 2x +3y — 5 = 0 which
passes through (1, 5).

Solution. The family is given by (x —y+2)+%@2 x+3 y—5)=0;
the line in question is a member of this family and passes through
(1, 5). Therefore

"
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1—-5+2)+k2+15-5)=0,
2412k =0,
= }.

FiG6. 52

The equation sought is
x—y+2)+32x+3y—-5) =0,

or, finally
8x —3y+7=0.

It is, in general, a waste of time to solve a problem of this type by
first finding the point of intersection of the given lines.

Illustration 2. Find the equation of the line which passes through
the point of intersection of 2x + y — 2 = Oand x=-y+7=0
and which is perpendicular to x + 6y — 3 = 0.

¢
- W d e 0’\1\<

Fic. 53

Solution. The desired line is a member of the family
03] Cx+y—-2)+kx—-y+7 =0
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Its slope must be 6 since the slope of x + 6y — 3 =0 is -1
Now the slope of each member of the family is of the form

2 + k Wthh is gotten by solving (1) for y and then picking out
the coefﬁcxent of x. (See the slope-intercept form y = mx + b.)
Therefore 6 = — 2tk ork = 8 Hence the line sought has the

1—-4% 5
equation

Cx+y-2)+83x—-y+7) =0,

which reduces to
18x —3y+46 =0.

The student should check this, for practice, by solving the given
equations for the point of intersection (—$» %8) and by applying
the point-slope form of the straight line.

Illustration 3. What is the slope of the line joining the origin with
the point of intersectionof x —4y+1=0and3x+y +2 = 0?
Solution. The line is a member of the family
x—4y+1)+kBx+y+2)=0
and passes through (0,0). Therefore 1 +2k=0o0r &k =—1,
and the equation of the line becomes

(x—4y+1)-3@Bx+y+2)
x+9y

II ll

The slope of this line is —3-

In passing we note that if the original lines are parallel, ax+by+c=0
and ax + by + ¢’ =0, then every member of the family
(ax 4 by + ¢) + k(ax + by + ¢') = 0 will be parallel to them.
(The point of intersection is at infinity.)

28. Condition That Three Lines Be Concurrent. In algebra
it is proved that three linear equations in two unknowns (lines),

ax +by+c =0,

X + by + ¢y = 0,

axx + by + ¢ =0,
will have a common solution (be concurrent, meet in a point),
only when the determinant of the coefficients is zero. This is

a; bl Ci1
(72 bz C2
as ba C3

1) =0.
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This condition is therefore necessary; it is also sufficient
provided the slopes of the lines are distinct. (The case of
parallel or coinciding lines is a little more involved.)

Illustration 1. Show that the three lines x —y+6=0, 2 x+y—5=0,
—x — 23y + 11 = 0 are concurrent.

Solution. Since the slopes are distinct and since

1 -1 6
2 1 -5(=11-24-546+22-10=0
-1 -2 11

the lines meet in a common point.
The student may show that the point of intersection of the first two
lines is (— 3% 4%) and that this point lies on the third line.

Illustration 2. Find ksothat x +y+1 =0, kx —y 4+3 =0,
and4x — 5y + k = 0 will be concurrent.

Solution. We must have

1 11

Bk -1 3|=31-6k—Fk=0.

4 -5 &k
Since this is a quadratic equation there will be two values of % that
will make the lines concurrent, namely £ = —3 + 210, because

in either case the slopes will be distinct.
29. Condition That Three Points Be Collinear. The two-
point form of the equation of a line is

Y=V Y2 = N
X — X1 X2 — X1

which reduces to
YL+ X1Y2 + Xy — XoY1 — X1y — 2y, =0

upon simplification. And this can be written as a determi-
nantal equation ‘

6]

x y 1
X1 M 1
X2 Y2 1
to give another two-point form of the equation of a straight line.

We can readily check that (1) is the equation of the line
through (xi, ¥1), (%2, ¥2) because when either set is substituted

=0
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mto (1) for x, y the determinant obviously vanishes since then
two rows are alike.

Now consider a third point (x;, ;). It will lie on line (1) if
and only if

@)

X1 M 1
X2 Y2 1
X ¥ 1
(We may interchange the 1st and 3rd rows without changing
anything in this equation.) This is the necessary and sufficient
condition that three points be collinear (lie on a line).

Illustration 1. Show that the three points (1, 2), (7, 6), (4, 4) are
collinear.
Solution. Now

1 21
76 1
4 41

Therefore the points lie on a line.

Illustration 2. Find the value of % so that (1, —3), (=2, 5),
(4, k) lie on a line.

Solution. We must have

=0.

=6+4+284+8-24-14-4=0.

1 -3 1
-2 5 1/ =-3k-33=0.
4 k1

Therefore £ = — 11.

30. Résumé of Straight Line Formulae.

EQUATION ForM
Y =Y _ Y2 — I A
§)) P Two-point
) y =y =m@ — x;) Point-slope
3) y=mx+b Slope-intercept
4) i—i + % =1 Intercept
5) M +uy—p=00r Normal
xcosf + ysing —p =0
6) y = mx Through origin
(75 x=k Perpendicular to X-axis
8) y=k Perpendicular to Y-axis
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(©)) Ax+By+C =0 General
x y 1
(10) xi y» 1|=0 Determinant
X oy 1
EXERCISES
Find the equation of each of the following lines.
1. With intercepts (1, 0) and (0, — 3). Ans. 3x —y —3 =0.
2. Through the x-intercept of 2x + 3y — 8 = 0 and perpendicular to
the line joining (1, 3), (2, — 1). Ans. x — 4y —4 = 0.

3. Through the intersection of the diagonals of the trapezoid A(1, 0),
B(0, 2), C(— 3, — 1), D(— 1, — 5) and parallel to the Y-axis.
Ans. 3x+1=0.

4. With slope 2 and tangent to the circle of radius 5 with center at the

origin. Ans. 2x —y + 5V5 = 0.

6. Through (1, 2) and the median point of the triangle (2, 0), (— 5, 1),

(—3,7). Ans. 2x+9y —20 =0.

6. Parallel to and + 3 units from the perpendicular bisector of the line

segment (1, — 2), (— 3, 8). Ans. 2x — 5y + (17 + 3V29) = 0.
Find the equation of each of the following families of lines.

7. Perpendicular tox — 3y 4+ 6 = 0. Ans. 3x+y+c¢=0.

8. Through the intersectionof x +y — 5 =0and4x +y 4+ 1 = 0.
Ans. x +y —5) +kdx+y+1) =0.
9. Through the center of the rectangle formed by the lines x = a, x = b,

y=c¢y=d. Ans. y—»§~~_!2'~d=m(x——g'2*_—b>~
10. Through the origin and intersecting the finite line segment joining
(2, 4) and (6, 1). Ans. y =mx, y =m = 2.

Solve the following problems.

11. Show that 3x —5y+8 =0, x+2y —4 =0, and 4x — 3y +4
= 0 are concurrent.

12. Findksothatkx +y +1=0,x+ky+1=0Candx+y+ k=0
are concurrent. Ans. k=1,1, -2

13. Show that the three points (1, 9), (— 2, 3), (— 5, — 3) are collinear..



CHAPTER V
THE CIRCLE

31. Introduction. In the previous chapter we examined the
linear equation

(1) Ax 4+ By + C = 0. (Straight line)

In this and the next few chapters we study the second-degree
equation

(2) Ax*+ Bxy 4+ Cy* + Dx + Ey + F = 0. (Conic section)

We shall take up special forms of this equatlon, discussing in
detail the locus in each
case.

32. Standard Form of
the Equation of a Circle.
Let P(x, y) be a point in
the plane which moves so
that it is always a con-
stant distance 7 from the
fixed point (%, k). The
losus of P is obviously a
circle of radius 7 and cen-
ter at (h, k); to find it we
need only apply the distance formula. Thus

Vi =k + (7 — k)
) (x — ) + (y — k)?
is the equation in standard form. In this form the equation
clearly exhibits the center and radius. We may reduce (1) to
the form

2) 2+ —2hx —2ky + (B2 + k2 — 12) = 0.
In this form the equation appears as a special case of the general

second-degree equation (2) of §31 above: the coefficients
60

LY

7,
r2

I



§33] REDUCTION TO STANDARD FORM 61

of x* and »* are the same (A4 = C) and there is no xy-term
(B = 0).

Conversely any equation of the form x*+y*+ax+by+c=0
can be reduced to form (1) and hence represents a circle.
Therefore a necessary and sufficient condition that Ax? + Bxy +
Cy* + Dx + Ey + F = O represent a circle is that A = C and
B = 0. It isnot necessary that A = C = 1 as in, (2) since the
coefficient of x¥ and 3? is not zero (for in that case the equation
would be linear and represent a line) and hence could be
divided out, reducing it to unity.

If the center is at the origin (1) reduces to

3) 22 4+ 2 =1,

33. Reduction of the General Equation to Standard Form.
The equation

1) 243 +ax+by+c=0

is often called the general equation of the circle although it is no
more general than (1) §32. It is readily reduced to standard
form. Complete the square first on the x2- and x-terms, then
on the y2- and y-terms. (To complete the square on 22 4+ Az
add, and subtract, the square of half the coefficient of z.) We get
2 2 2 2
ﬂ+m+%+ﬁ+@+%+c—%—%=.
or

a\* by _ @+ —4c
@ (s8) + (o) =55

This is the equation of a circle with center at (—a/2, —b/2)
and radius r = }Va? + b — 4¢c. Note that whereas Ax +
By + C = 0, with real coefficients, always plots a (real) line,
the circle (2) will be a real circle only if a* + & — 4¢ > 0.
If @+ b — 4c =0 equation (2) represents one point only
(circle of zero radius).

Illustration 1. Find the equation of the circle with center at (—~2, 3)
and radius 6.

Solution. Directly from (1) § 32 we have as the equation
(x+2) 4+ (y — 3)% = 36.
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Illustration 2. Find the center and radius of the circle
2x2+4+2y2—5x+4y—-T7=0.
Solution. The given circle has the equation
K+t —Fx+2y=4
Completing the square we get
Rofr R t2y+ 1=+ H 4,
> =+ O+ 1 = 25
The center is at (}» —1); the radius is 1v97.

34. Circle Determined by Three Conditions. Since the
equation of a circle has three effective parameters (4, k, 7 or
a, b, c), in general some three conditions can be imposed upon
them which will determine a circle, unique or otherwise.

I. Circles through Points. We can find the equation of the
circle through three points Pi(x1, y1), Pa(%s, ¥2), Ps(%xs, ¥s) as
follows. Take the equation in general form

2+y+ax+by+c=0.

Substituting the coordinates of the three points in this equation
we get the three linear equations in the three unknowns
a,b,c,

(1) ax, + byl + C = —x12 — yl2,
axy + by; +c = —x2‘l — y22’
ax; + by,; +c=—x — y32.

The simultaneous solution of these three equations for @, b, and
¢ will yield the coefficients in the equation of the circle.

Illustration 1. Find the equation of the circle passing through
(lv 2); (_21 0)! (_1’ _5)'
Solution. The simultaneous equations are
a+2b+c¢c=-5
-2a + ¢ =—4,
—a—5b+c¢ =-26.
.
The determinant of the coefficients is D = ‘ -2
-1 -

= 17.

g o N
et et
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-5 21 1 -5 1
-4 01 -2 -4 1
gol=26 =5 1|__49 . |-1 -2 1|_65
17 17 17 17
1 2 -5
—2 0 -4
o1 -5 -26|_ 166
17 17

The equation of the circle is therefore
17x2 + 179> —49x + 65y — 166 = 0.
Note that if D were zero it would be impossible to solve for a, b, c.

But D = 0 is the condition that the three points be collinear
[see () § 29] in which case no circle would exist.

I1. Circles Tangent to Lines. Instead of specifying that the
circle pass through certain points we may require that it be
tangent to certain lines or that its center lie on a given line.
Combinations of point and
line conditions may be used to
determine a circle (or circles).

Illustration 2. The three lines
x=0, y=0, 3x+4y—-1=0
form a triangle. Find the
equation of the inscribed
circle.

Solution. Let the equation of
the circle be
CED RS
The center is equidistant from

the sides of the triangle;
hence

(1) h=Fk=r
The normal form of 3x+4y—1=0 is

F1G. 55

3x+4y-—-1_ 0
5 N - .
Since the left-hand member of this equation gives the distance
from the line o a point and since the point in question — the
center of the circle — and the origin are on the same side of the
line, this particular distance is negative and we must equate

@ RS 1ES)
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Solving (1) and (2) simultaneously we get # = 2 =7 = {%. The

inscribed circle has the equation
x =12+ (O — %) = iz

In a similar manner we may determine the circles externally tangent
to this triangle. For the one in the I, II, and IV quadrants re-
spectively we solve simultaneously h=k=rand 5r=3 h+4 k—1,
—h=%k=7r and —-5r=3h+4k—-1, h=—k=1r and
—5r=3h+4k—1.

Illustration 3. Find the equation of the circle tangent to the two
axes and passing through the point (1, —7).

Solution. The conditions of the problem lead to the simultaneous

equations
0 A =h2+(=T—kr=mr
@) h=—k=rm,

which yield # = 8 + V14, k = -8 ¥V14,r = 8 £+VvV14. From
these the equations can be written down. There are two circles
satisfying the conditions.

Illustration 4. Find the equation of the circle which is tangent to
the Y-axis, which passes through the point (—1, —1), and the
center of whichison theline2x +y +4 = 0.

Fi1G. 56
Solution. The simultaneous equations are
(1) —h = 7,
@) (=1 =hy+ (-1 — ke =mn,

3 2h+k+4=0.
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These have the two sets of solutions # = —1, £k = -2, r = 1 and
h=-—3 k=1 r=4%. Again there are two circles and their
equations can now be written down.

EXERCISES

1. Write the equation of the circle with center at (1, — 3) and radius 4.
Ans. (x — 1)2 + (y + 3)¢ = 16.

2. Find the center and radius of the circle x2 + 32 —4x 4+ y — 1 = 0.
CAns. (2, — 1), 7 = $V2L

3. Show that the equation x4+ 32 +2x —4y + 8 =0 plots no real
point.

4. Prove that the locus of a point, the sum of whose squares of distances
from two fixed points (x1, y1) and (x2, ¥2) is a constant, is a circle real or imagi-
nary.

Find the equations of the following circles.

6. Through (1,2), (0, — 1), (= 1,1). Ams. 22 +3y2—x—y —2 =0.

6. Through (— 1, 2) and tangent to the axes.

Ans. (x+ 124+ (y — 1) =1and (x + 5)* 4+ (y — 5)2 = 25.

7. Through the point of intersection of 2 x—y+47=0 and 3 x+y+8=0
with center at the origin. Ans. x* + y* = 10.

8. Through (2, — 1) and (— 2, 0) with centeron2x —y — 1 =0.

Ans. (x+ 1)+ 0+ 3)? =335

35. Equation of a Line Tangent to a Circle.

1. At a Given Point. Let the circle be (x—h)24(y—k)2=1*
and P(x,, y1) a point on it. Since the slope of the line joining
the center (&, k) and P is (y1— k)/(x1 — h), the slope of the
tangent will be —(x, — k)/(y1 — k) and the equation of the
line tangent to the circle at point P becomes (point-slope form)
X1 —
n-—=k
Making use of the relation (x: — k)2 + (31 — k)? = % the
equation of the tangent reduces to
1 x—hxi—h) + @ -k — k) =1
Because of its symmetry this is easily remembered.

If the circle is centered at the origin, x* + »? = 72, the equa-
tion of the tangent at P is

2) xx1 + Yy = 1%

Yy —y =— (x — x1).
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The tangent to x2 + 3> + ax + by +¢ =0 at P is
3) xx1+ym+g(x+x1)+g(y+y1)+c=0.

II. From a Point outside the Circle. If the point P’(x’, y')
is outside the circle there will be two tangents from it to the
circle. For the circle 2 + 3* = 72 their equations will be

Pay? + ’2 2 __ 42
@ y-y =P G, e

1. Wilh a Given Slope. The parallel tangents, with slope
m, to (x — h)* + (y — k)? = 1% are

() y—k=m@x—-hn + V1 + m,
which reduce to
(6) y=mx £ V1 + m

for the circle x? + 32 = 72

Illustration 1. Find the equation of the tangent to each circle at

the point indicated.
(a) x-124+@+22=9 @,1);
(b) ¥*+y+4x-5y+9=0 (-13);
(©) x4y =3, (1, -V2).

Solution. The equations of the tangents are, upon direct substitu-
tion in (1), (3), and (2) respectively,

(a) -DA-D+G+2)1+2) =09,
or y=1

(b) (=1 +y@) +2(x —1) = §(y +3) +9 =0,
or 2x+y—-1=0;

© x=V2y=

Illustration 2. Find the equations of the tangents to the circle
x* + »* = 16 from the point (-3, 7).

Solution. From (4) we have, as the desired equations,

=21 +4v9 449 — 1

y-7-= s (x +3),

or
¥y =10 + $V42 (x + 3).

Illustration 3. Find the equations of the tangents to (x + 2)2 4
(r — 1)? = 9 with slope —1.
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Solution. Equation (5) yields Y

y—1=—(x+2) +3V3, 1
orx+y+1+3VvV2=0.

36. Length of a Tangent. P(x'y")
Let P’(x, ¥') be a point out- C(h,k)
sideof (x —h)* 4 (y — k)2 —r2=0.
Draw P'T, TC, and CP’ (Fig. ~__~ X
57) where T is the point of cor-
tact of the tangent from P’ and Fig. 57
C the center of the circle.
Now PT =PC*-CT"
But PC = (x' — )+ (v — k)2
and CT* = r.
Hence PT =& —h2+ @ —k2—1

gives the square of the length of a tangent.

Illustration. Find the length of a tangent to the circle x2 4 32 —
6x 42y —6 =0 from P'(-2,0).

Solution. We first must reduce the equation of the circle to stand-
ard form. This is (x — 3)? + (y 4+ 1)? = 16. The length of a
tangent is therefore

P'T =25 +1 — 16 = V10.

37. Systems of Circles. Many of the ideas of systems, or
families, of straight lines (§26) carry over to circles. The
family of concentric circles with center at the origin has the
equation x? + ¥ = 72; the family of circles tangent to the axes
has the equation (x — k)2 + (y — kh)* = k?; the equation
(x — ) 4+ (y — 1)* = 25 represents the family of circles with
centers on the line y = 1 and radius 5. All of these are single-
parameter families. The family of circles passing through the
origin has the equation x2 4- y2 4 ax + by = 0 and is an ex-
ample of a two-parameter family. The general equation of all
circles in the plane has three parameters.

Let Py(xy, y1) and P(x,, ¥,) be the two points of intersection
of the twocircles S; = x2 + 3>+ aix + by +¢;, =0and S, =
X% + 2 + axx + by + ¢» = 0. Consider the equation
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(1) Sl+k52 = (x2+y?+alx+b,y+cl)
+ k(x* + 3> 4 axx + by +¢2) = 0.

This represents a circle since it is of the second degree, the
coefficients of x2 and y? are the same, namely (1 + k), and there
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is no xy-term. Moreover P, and P, both are points on it since
the coordinates of either reduce each parenthesis of (1), and
hence the whole equation, to zero. Therefore (1) represents the
family of circles through the points of intersection of the two given
circles. A particular member of this family may be deter-
mined by specifying that it satisfy some further condition.

Illustration. Find that member of the family of circies through
the intersections of #2 +3y* —5x +y —4 =0 and 2* 4 »* +
2 x— 3y — 1 = 0 which passes through (1, —5).

Solution. The family is given by
@+ —-5x+y—4)+k(x*+y+2x-3y—-1) =0,
and the particular member passes through (1, —5). Therefore
14+25-5~5—4)+k1+25+2+15-1) =0,

b =—2.
The equation of the desired circle is !

5x24+5y*—39x 4+ 13y —26 =0.
38. Radical Axis. A very special and interesting case arises
when k£ = —1, for then the system S; + &S, reduces to
(1) S] - Sz = ((11 - az)x + (b1 - bz)y -+ (Cl - Cz) = 0.
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This is not a circle at all. It is instead a straight line and is
called the radical axis of the two circles S; =0 and S, = 0
(RiR; in Fig. 59).

R2

Ry

Rz

R
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The radical axis possesses the following properties:

I.
1L
III.
IV.
V.
VL

VIIL.

It is the line of the common chord if the circles intersect
in distinct real points;

It is the common tangent line if the circles intersect in
coincident points (are tangent internally or externally);
It is a real straight line even though the circles do not
intersect in real points;

It is the locus of points from which tangents of equal
length can be drawn to the two circles; ‘

It is perpendicular to the line of centers of the two
circles;

It does not exist (is at infinity) if the defining circles
are concentric;

The radical axes of three circles, taken in pairs, intersect
in a point called the radical center. (When the centers
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of the circles are collinear, the radical axes will be
parallel lines and the radical center will be at infinity.)

IMustration 1. Find the equation of the common chord of the two
circlesx? + 32+ 3x -2y —7=0andx*+ 3y —x —y + 2 =0.
Solution. The equation is immediately writcen down as
4x —y—9=0.
It is left for the student to show that the circles do not intersect
in real points.
INlustration 2. Find the points of intersection of the circles
2+ —25=0and x2+ y*4+x+3y — 20 = 0.

Solution. It is easier to solve the equation of the first circle with
that of the radical axis, whichisx +y +5 = 0. We get

x? 4+ (—x —5)2 —-25 =0,
or x24+5x =0.

The points of intersection are (0, —5) and (-5, 0).
Illustration 3. Prove property V in the general case.
Solution. The radical axis is

€y (@ —a)x + (b —b)y+ (€ct—c) =0
i &= a
with slope b = b

The slope of the line of centers will be, since the centers themselves
: _a 12!.) (_ @ _ !’:4),
have coordinates ( 5 5 and 5 5
2 "2 _b—b
a a, a, — Q.

This is the negative reciprocal of the slope of the radical axis and
hence the property is demonstrated.

39. Orthogonal Circles. Two circles will be orthogonal (in-
tersect at right angles) if their tangents at a point of inter
section are at right angles. Hence the tangent to one circle
passes through the center of the other and vice versa. We wish
to determine the condition on the coefficients that two circles
shall be orthogonal.
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Let the equations of the circles be x24+y?+ax+b;y+¢,=0,
and x* + ¥2 + @xx + by + ¢: = 0. Now (Fig. 60)

Cl(—%'—%)
\\_’/ X
F1G6. 60

Clczg = ~1_: T m)

oo = (% _ ey | (01 _ b
But CiCy = (2 2) + ( 2).
and, by (2) §33, C.T% =12 = @71 -’?;1' — 4o

T = 7 = 202 = bes

Hence
(Q} (12)2 <b_1 b‘:)? _ a’*+ b —4ci+a+ b2 —4c,

2 2 272 4

which reduces to the simple relation

1) a1a,+ biby = 2(c; + ¢2),

which is the condition (necessary and sufficient) that the two
circles be orthogonal.

Illustration. Show that the twocirclesx? +3* —-3x+2y —-3=0
and x* + y* +2x + y + 1 = 0 are orthogonal.

Solution. The condition (1) for orthogonality reduces to
(=3)2) + )(1) =2(-3 + 1).
Hence the circles intersect at right angles.

EXERCISES

Find the equation of the tangent to the circle (x — 12 4+ (y + 3)2 =5
point (3, ). Ans. 4x4+2y — 13 =0.

‘nd the equations of the tangents to x2 4 y* = 4 from (1, 6).
Ans. 3y+6x —24=+2V33(x — 1).
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3. Find the tangents to (x + 1) 4+ (¥ — 5)* = 9 with slope — 2. _
Ans. 2x+y —3 £3V5 =0.
4. Find the length of a tangent to the circle (x —2)2 4+ (y —4)2 =7
from (7, 9). ’ Ans. V43,
6. Find that member of the family of circles through the intersection of
22492 —x—2=0 and x2?+3*+ 5y —1=0 which passes through

(1, 1). Ans. Tx2+ 72 —6x+5y —13 =0.
6. Find the equation of the radical axis of the two circles x? + 3 — 16 = 0
and (x — 124+ 32 —1=0Q. Ans. x = 8.

7. Show that the radical center of the three circlesx? + 2 +x —y —2 =0,
2498 —T7x+5y — 8 =0, and a2 + y2 = 3 is the point (0, 1).

8. Show that the two circles x2 + 32 —4x — 1 =0 and x% + »* + x —
y — 1 = 0 are orthogonal.

9. Show how to construct the radical axis of two non-intersecting circles.
(Hint: Draw another circle cutting each of the given circles and find the radical
center.)



CHAPTER VI
THE PARABOLA

40. Definitions. A parabola is the locus of a point P which
moves so that the ratio of its distance from a fixed point and from
a fixed line is unity. The fixed point, F, is called the focus
and the fixed line, D, the directrix. By definition, the distance
from any point P on the parabola to the focus is equal to its
distance to the directrix (the sign of the latter being disre-
garded). The ratio PF/PD is called the eccentricity e, and
e = 1. The line FD through the focus perpendicular to the
directrix is called the axis of the parabola. The midpoint V
of the segment FD, obviously a point on the locus, is called the
vertex of the parabola. The focal chord perpendicular to the
axis is called the latus rectum.

41. General Equation of a Parabola. We choose any point
F(x,, y1) as focus and any line Ax + uy — p = 0 as directrix.

F1G. 61

The normal form of the line is used since distance is involved.
’ith reference to these defining elements (Fig. 61) the equation
he parabola becomes

Vi —x)+ @ —y)i=M+u—p

simplifies to
73
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(1) = Dxz + 2xuxy + (02 — 1)y* + 2(x1 — Mp)x

+ 201 — wp)y + (P* — 22 — 3 = 0.
This is of the form Ax* + Bxy + Cy?* + Dx +~ Ey + F =0,
an equation of the second degree. Moreover, it can be checked
that B2 — 4 AC = 4 N* — 4\ — (2 — 1) = 0.

Therefore @ mnecessary condition that Ax* + Bxy + Cy* +
Dx + Ey + F = 0 represent a parabola is that B* — 4 AC = 0.
(See Chapter X1 for a fuller discussion of this condition.)

Equation (1) reveals that if the directrix line is parallel to one
of the coordinate axes then B = O since either \ or p will be
zero. In the equation of a parabola so placed there will there-
fore be no xy-term. This is a noteworthy remark.

42. Standard Forms of the Equation of a Parabola. The
definition of a parabola makes the ‘‘shape’’ of the locus depend
only upon the distance from focus to directrix and not essen-
tially upon the coordinate system. Equation (1) is complicated
because of the choice of a general point and a general line. By
an appropriate choice of axes this equation can be simplified;
but it will then represent only parabolas in special positions.
For example if axes are chosen so that the focus has coordinates
(p, 0) and the directrix the equation x = — p, the locus defini-
tion yields x + p =V (x — p)* + 3, which reduces to the
very simple equation y* = 4 px. This is one of the standard
forms of the equation of a parabola. For quick reference we
list the four fundamental standard forms, tabulating pertinent
information and exhibiting the graphs.

1. Axis Parallel to the X-Axis
Y Y

C

<
J I AU~

Axis
JOL F(hte,k)

|
V(0,0)\ F(p,0)
|

X=—p X=h-‘p

FiG. 62 F1c. 63
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Equation: » =4 px (y —k)2=4p(x —h)
Coordinates of vertex: V0, 0) Vih, k)

Coordinates of focus: F(p,0) Fh+p, k)

Equation of directrix: X =—p x=h—p

Length of latus rectum: 14p] 14p]|

If p is positive the parabola extends to the right as in the
figures; if p is negative it extends to the left.

II. Axis Parallel to the Y-Axis

v v Axis
\\ F(h,k+p)
N b P
V(0,0) X D y=k—p
BT =5
X
FiG. 64 Fic. 65
E.quation: 2 =4py x—h2=4p(y — k)
Coordinates of vertex: V(0, 0) V(h, k)
Coordinates of focus: F(, p) Fh k4 p) -
Equation of directrix: y=—=p y=k—p
Length of latus rectum: [4p] |4p]|

If p is positive the parabola extends upward as in the figures;
if p is negative it extends downward. The vertex is respec-
tively the minimum or maximum point on the curve.

A parabola is symmetric with respect to its axis. The
numerical value of p is the distance between the vertex and
focus. It is also the distance from vertex to directrix.

Illustration 1. Write the equation of the parabola for which y = 1
is the directrix and F(3, —2) is the focus.

olution. Since |2p| =3, |p| = 3. The parabola turns down
and p = —34. The vertex is at (3, —3) and the equation is

(x --3)? = —6(y + }).
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(Ch. VI

Illustration 2. (a) Write the equa-
tion of the parabola with vertex
at V(2, 3) and focus at F(0, 3).
(b) Find the latus rectum.

Solution. (a) Since p = —2 the
equation is

(v ~ 3 = ~8(x — 2).
(b) The latus rectumis |4 p| = 8.

43. Reduction to Standard
Form. The most general equa-

F(0,3) V(2,3)

wamm\/

tion of a parabola with no xy-
term present (and hence one
whose axis is parallel to one of

/1234 X
-1
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/]

the coordinate axes) is one of the two forms

(1) Ax®*+ Dx + Ey + F =0, Axis parallel to the Y-axis;
2) Cy>+ Dx + Ey + F =0, Axis parallel to the X-axis.

In either case it is easy to reduce this general equation to the
corresponding standard form by the familiar process of complet-

ing the square.

Illustration 1. Reduce 2 %2 — 3x + 8y 4+ 1 = 0 tostandard form

and sketch.

Solution. First we divide the given equation by 2 in order to reduce

the coefficient of x2 to unity.

x? - 37x +4y + % =
Y
b ymE
1
V(357)

FiG. 67
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Completing the square we have

, 3 x, 9 1 9
X + = 16 +4y +3 ~ 16
(x ~4)r=-4y + o
(x — 32 =—40 — o)
To make an accurate sketch we should indicate the vertex, focus,
and directrix. From the equation these are V(}, ¢';), F(3 —$3),
and y = §3.

=0,

Illustration 2. Write the equation of the axis of the parabola
y—-4x+4y+7=0.

Solution. Reduced to standard form the equation is
o+ 22 =4 -,

giving V(§, =2),p = 1, F($» —2). Since the axis passes through
V and F its equation is y = —2,

44. Equation of a Tangent. A line which is parallel to the
axis of a parabola intersects the parabola in only one (finite)
point; all other lines will cut the parabola in two points real
and distinct, real and coincident, or complex. A line which
meets a parabola in two coincident points is called a tangent.
(A tangent to any curve at a point P is the limiting position
of a secant line, cutting the curve in two points P and @, as
Q—-P)

We summarize the formulae for tangents to parabolas.

PARABOLA TANGENT

At (x1, y1) With Slope m
=4 px w3 =2 plx+x) y=mx-+p/m
=4 py xx1 =2 p(y+m) ¥ =mx ~pm?

—kr=4p—h) (G-B—k)=2pE+x—2h y—k=mx—h)+p/m
(x—h2=4p(y—k) (—W@—-h=2p0+y—-2k y—k=m(x—h)—pm

Illustration 1. Write the equation of (a) the tangent and (b) the
normal to the parabola y* — 12x — 2y — 23 = 0 at (1, 7).
Solution. (a) In standard form the equation of the parabola is
(v = 1 = 12(x + 2);
the equation of the tangent is

-7 -1)=6(x+1+4),
x—v+6=0.
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(b) The equation of the normal will v
therefore be \
8
y—T7=—=(x—-1), 3
or x+y—-8=0
Illustration 2. Write the equation 5
of the line of slope 4 which is tan- 4
gent to x% = y. 3
Solution. The tangent is 2 F(L1)
1\ ANS V(-2,1) Le ™
y=4x— (1)) %
or y=4x —4. —4-3-2\=-1] 1 2
45. Properties of a Parabola.
The following properties are listed
without proof. They will serve as \

good exercises for the student.
I. All parabolas are essentially
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alike in that, by a proper choice of scales (and axes), any para-

bola can be made to coincide with any other.

II. Let P be any point on a parabola and let @ be the projec-

tion of P on the axis of the parabola. Then

PR’ = 4(VF)(VQ).

This fundamental property can be used to write down the
standard forms of the equation. Indeed it can be used to

define a parabola. (Fig. 69.)

Fi1G. 69

III. A tangent to a parabola makes equal angles with
axis of the parabola and the focal chord drawn to the
of tangency. This is the well-known reflective prope:
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parabolic searchlights and is the source of the name “focus.'’
(Fig. 70.)

IV. A tangent and a line perpendicular to it through the
focus intersect on the tangent at the vertex. (Fig. 71.)

~

N\
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V. The tangents at the ends of the latus rectum, the direc-
trix, and the axis are concurrent. (Fig. 72.)

EXERCISES

Reduce the following equations to standard form; write the coordinates
of vertex and focus; write the equations of the directrix and axis.
1. »» —3y+3=0.
Ans. x2 =3(y —1); V(0,1), F,1); y =4 x=0.
2. ¥ —-8x—-8y+8=0.
Ans. (y —4)2 =8x+1); V(- 1,4),F(1,4); x =—3,y =4.
3. 4x24+4x+4y+9 =0.
Ans. x+ 3P =— @ +2); V(=% —2),F(—% —9);
y=—bzx=-1%
Find the equation of the tangent to
4. 2> —4y+7=0at 2,4 Ans. 4x —4y+3=0.
6. (¥ — 2)? =— 3(x + 1) with slope }. Ans. x =2y +2 =0.
6. Find the locus of a point which moves so that it is always equidistant
from3x —4y+ 7 =0and (1, — 2).
Ans. 16x2 +24xy +9y* —9Rx + 156y + 76 = 0.
7. A variable circle S is always tangent to x = — 1 and passes through
(1, 0). Find the locus of the center of S. Ans. y* =4 x.



CHAPTER VI
THE ELLIPSE

46. Definitions. An ellipse is the locus of a point which moves
s0 that the ralio of ils distance from a fixed point and from a fixed
line is a conslani less than unity. The distances involved are
numerical.

Fixed point F Focus

Fixed line D Directrix

Fixed constant e (<1) Eccentricity

PF .. .
PD = ¢ Definition of ellipse

FiG. 73

Consider the line through the focus perpendicular to the
directrix. From the definition PF/PD = ¢/1 there are obvi-
ously two points V and V’ which divide the (undirected
segment FD, internally and externally respectively, in the ra-
of e/1. Therefore V and V"’ are points (on the same side of

on the ellipse; they are called the vertices. The segment
80
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is called the major axis. By symmetry there is another point
F’ and another line D’ such that F’ and D’ would serve in the
definition of this curve. Thus an ellipse has two foci and two
directrices associated in pairs F, D and F’, D'. The midpoint
of FF’, which is also the midpoint of VV”, is called the center C
of the ellipse. It is evident that the locus is contained between
the vertices, that it is bounded in all directions, and that it is
symmetric both with respect to the major axis and to a line
perpendicular to it through C. It is therefore a closed curve
(an oval).

The length of the focal chord perpendicular to the major
axis is called the latus rectum. The length of the central chord
perpendicular to the major axis is called the minor axis.

47. General Equation of an Ellipse. Take any point
F(x,, 1) and any line D, \x 4+ uy — p = 0. By definition
the equation of the ellipse is

V(x — 21+ (7 — y1) = e(Ax + py — p)
which reduces to

(1) (N = D)x® + 2 epxy + (e — 1)y2 + 2(x; — enp)x
+ 2(y1 — eup)y + (e2* — x* — yi) = 0.

This is of the form Ax* 4+ Bxy + Cy* + Dx + Ey + F =0,
aa equation of the second degree. Moreover it can be checked
that B* — 4 AC = 4(¢* — 1) < 0 (whene < 1).

Therefore a mnecessary condition that Ax* + Bxy + Cy* +
Dx + Ey + F = 0 represent an ellipse is that B — 4 AC < Q.
(See Chapter XI on the general equation of second degree for a
fuller discussion of this condition.)

Equation (1) reveals that if the defining directrix line is
parallel to one of the coordinate axes then B = 0, since either
A or u will be zero. In the equation of an ellipse so placed
there will therefore be no xy-term. This is noteworthy.

8. Standard Forms of the Equation of an Ellipse. By an
opriate choice of axes the general equation can be reduced
2 of the following standard forms.
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I. Major Axis Parallel to the X-Axis
@ = semimajor axis

| Clthk

L T

V\F’ cjv
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ion: AT (x—h? -k
Equation: 2 + e 1 R 1

Coordinates of vertices: V(a, 0), V'(— a, 0) Vih +a, k), V'(h — a, k)
Coordinates of foci: F(ae, 0), F'(— ae, 0) F(h + ae, k), F'(h — ae, k)

D

Coordinates of center:  C(0, 0) C(h, k)
Equations of directrices. x = g x=h<+t g
Semimajor axis: a
Semiminor axis: b
. . Var —
Eccentricity: e = ——(i;——bz <1

2 b2

Length of latus rectum: %

II. Major Axis Parallel to the Y-Axis
a = semimajor axis

Y Y I D
\Y%
D F
——_—_‘_——V ______ C(h,k)
F

v’ D’

Fi6. 76 Fic. 77
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Lo 3y (x =W @y —-kp
Equation: b + P 1 b + - = 1
Coordinates oi vertices: V(C, ), V'(0, — @) Vi k + a), V'(h, k — a)
Coor 'inates of foci: F(0, ae), F'(0, — ae) F(h, k + ae), F'(h, k — ae)
Coordinates of center:  C(0, 0) C(h, k)
lxquations of directrices: y = + g y=kt Z

Semimajor axis: a
Semiminor axis: b

/a —
Eccentricity: e = Y@ B )

o

Length of latus rectum: - P

Note: There is a minimum number of changes in the
formulae, and these are natural and easy to remember, if we
continue to use @ as the semimajor axis. Thus the larger of
the two numbers under x* and »? in a given equation is to be
thought of as a2

Ilustration 1. (a) Write the equation of the ellipse with center at
(2, -1), with major axis = 10 and parallel to the X-axis, and

with minor axis = 8. (b) Find the eccentricity, the foci, and the
vertices. (c) Write the equations of the directrices.

Solution. (a) The equation is

(x =22, +1)2_
2% T 16 L

; |
|

!

|

‘ 2

_L 1 l
|6—5—4"'§—2—1 1 2 34 5 6\7 8 910! X

|
|
|
|
|

2

F(-1,=0" | @-1 FE=D ||
\—4‘_/ |D
}-5

|
[
5 =

Fi1c. 78
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V95 — 16
®b) e = __255_.l§ - g ae =3, F2 +3, 1), F'2 -3, —1)
or F(S) —1)' F’('-ly _l)v V(7v —1)1 V,(—sr _1)'
© =242 or x=3bx=—1g
5
Mlustration 2. Sketch the ellipse Y
2x2 4y =4.

Solution. In standard form the 230.2)
equation is F$(0,4/2)
© LY '

5 + 4= 1. \

We compute: a =2, b=V2,
e=3Vv2, (00, V(QO2),
V'(0,—2),F(0,V?2),F'(0, - V2).
The major axis is parallel to
(coincides with) the Y-axis.

49. Reduction to Standard FiG. 79
Form. The most general equa-
tion of an ellipse with no xy-term present (and hence one whose
axes are parallel to the coordinate axes) is of the form

(1) Ax* +Cy* 4+~ Dx + Ey + F =0, AC > 0.

The condition B* — 4 AC < 0 reduces to AC > 0 in this case,
since B = 0; it implies that A and C are of like sign. This
equation can be reduced to one of the standard forms by com-
pleting the square.
Illustration 1. Reduce x2 + 4 y* + 4 x = 0 to standard form and
sketch. Y

21V'(0,—-2)

n
XY}
L T

Fi6. 80



§50] EQUATION OF A TANGENT 85

Solution.
2+4x+4+4y =4,
(x+2)2+ 4y =4,

(L_Z—Z) + -’f = 1. (Gtandard form)

Further, a =2, b =1, ¢ = 5, C(=20), V0,0, V'(—4,0),

F(=2 +V3,0), F (=2 — v3,0). The directrices have the
equations x' = —2 + #Vv3 and the latus rectum is 1. The majar
axis is parallel to (coincides with) the X-axis.

Mustration 2. Reduce 5x* —10x +9y* =54y 441 =0 to
standard form.

Solution. We reduce the coefficients of x2 and y? within parenthesis
to unity by factoring out of the x-terms and the y-terms 5 and 9
respectively, obtaining

5(x* —2x )+90*—6y ) = —41.
Completing the squares we get
56 —2x+1)+90*—6y+9) =—41 + 5+ 81.

Note that we have actually added 5 and 81 to each side of the
equation. Finally we obtain as the standard form of the equation

(x—1» @=3)

Al D TR -7 M |

9 5

Further ¢ =3, b =5 ¢ = 2, V4, 3), V'(=2, 3); with this in-
formation it would be easy to sketch the graph. This is left as
an exercise for the student.

50. Equation of a Tangent. A line which intersects an
ellipse in two coincident points is a tangent. As in the case
of the circle, but unlike that of the parabola, there will be two
tangents to an ellipse with a given slope. We summarize the
formulae for tangents to an ellipse.

ELLIPSE

(£ = by (v —RP_
a: b?




86 THE ELLIPSE [Ch. ViI

TANGENT
At (x3, 31) With Slope m

%+%=1 y = mx +Vam? 4+ b

(x—h)(x,—h)
az

+ Q=RNZB) b m—h) £ VP

Note: Remember that the larger of the two numbers under
x? and )% is to be called @2 If a?is under 32 or (y — k)%, the a
and the b in the formulae for the tangent will have to be inter-
changed.

Illustration 1. Write the equation of (a) the tangent and (b) the
normal to the ellipse 16 x? + 32 — 16 = O at (4» —2V3).

Solution. (a) The equation of the tangent is

16
or 4x —V3y—-8=0.
(b) The equation of the normal is
y+2V3 =—3/4—3(x—%)-

IHustration 2. Write the equa- Y
tions of the lines of slope 2
which are tangent to L 2 3 4 56
13 x24-3 y2—26 x 424 y+22 =0.

Solution. The equation of the
ellipse in standard form is

(-1, 0+4°_

3 13
The equations of the tangents
are
10
y+4=2(x-1) +5, Z/u
which reduce to
2x—y—-1=0 F1c. 81

and 2x—-—y—-11=0.

61. Properties of an Ellipse. The following properties
listed without proof. They will serve as good exercises
the student.
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I. All ellipses of like eccentricity are essentially alike and by
a proper choice of scales (and axes) can be made to coincide.
But ellipses of unlike eccentricity are unlike in ‘“‘shape.”
II. Let P be any point on an ellipse and let Q and R be the
projections of P onto the major and minor axes (2 a and 2 b)
" respectively. Then
ro
+ = 1.
This fundamental property can be used to write down the

standard forms of the equation. Indeed, it can be used to
define an ellipse. (Fig. 82.)

p

= R
EYASE,

Fic. 82 FiG. 83

HI. The sum of the focal radii for any point P on an ellipse
is constant and equal to the major axis:

PF' + PF = 2a.

This also is a fundamental property and can be used as a
definition of the ellipse. Thus an ellipse is the locus of a point
which moves so that the sum of ils distances from two fixed points
is a constant. (Fig. 83.)

IV. A tangent to an ellipse makes equal angles with the
focal radii drawn to the point of tangency. This expresses
the well-known optical property of an ellipse and is the source
of the name “foci.” (Fig. 84.)

V. The perpendicular from the focus F upon the tangent
at P will meet the line joining the center and P on the directrix
corresponding to F. (Fig. 85.)

V1. The perpendiculars from the foci to any tangent meet
the tangent in points which lie on the auxiliary circle x2 4+ y* =
a:. (Fig. 85.)
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Fi1G. 84

EXERCISES
Reduce the following equations to standard form; compute the semi-

major and semiminor axes and the eccentricity; write the coordinates of the
center, vertices, and foci; write the equations of the directrices.
1. 7224492 —14x +40y + 79 = 0.
ans, S L ORI g 5 V7 p =2, =3 -5
VA, = 54+V7), VI(1, =5 —V7), F(1, — 5 +V3),
F'l,—5—-V3); y =—5+ }V3.
2. 9224162 +36x —32y — 92 =0.

Ans, EE2 L O =D oy p =3 e=1VT C(—2,1),

V3

16 9 - B
V@, 1), V(- 61), F(—2 +V7,1), F/(—2 —-V7,1);
x==2 % LAVT7,
Find the equation(s) of the tangent(s) to
3. x2+532—3x+2y =0at(3,0). Ans. 3x +2y —9 =0.

4. 1622 +93y2 —32x + 54y — 47 = 0 with slope — 1.
Ans. x+y+7=0andx +y —3=0.
5. Find the locus of a point which moves so that the sum of its distances
from (— 3, 0) and (3, 0) always equals 8.



CHAPTER Vill
THE HYPERBOLA

62. Definitions. A hyperbola is the locus of a poini P which
moves so that the ratio of ils distance from a fixed point and from
a fixed line is a constant greater than unity. The distances
involved are numerical.

Fixed point F Focus

Fixed line D Directrix

Fixed constant e (>1) Eccentricity

2. Definition of hyperbola

F1G. 86

Consider the line through the focus perpendicular to the
directrix. From the definition PF/PD = e¢/1 there are two
points V and V’ which divide the (undirected) segment FD,
internally and externally respectively, in the ratio of e/Il.
Therefore V and V’ are points (on opposite sides of D) on the

89
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hyperbola; thcy are called the vertices. The segment V1V’ is
called the lransverse axis. By symmetry there is another
point F/ and another line D’ such that F’ and D’ would serve
in defining this curve. Thus a hyperbola has two foci and two
directrices associated in pairs F, D and F’, D’. The midpoint
of FF’, which is also the midpoint of VV’, is called the center C
of the hyperbela. There is no part of the locus between the
vertices, each being on a separate branch extending to infinity.
There is symmetry with respect to C. There are two tangents
through C whose points of contact are at an infinite distance
from C. These are called the asymptotes of the hyperbola.
(See the discussion, p. 34.) The length of the focal chord
perpendicular to the transverse axis (extended) is called the
latus rectum. A line through C perpendicular to the transverse
axis does not intersect the hyperbola in real points. But the
portion of it, bisected at C, which is equal in length to the
parallel segment through V contained between the asymptotes
is called the conjugate axis.

53. General Equation of a Hyperbola. Since the only dif-
ference in the definition of an ellipse and a hyperbola pertains
to the value of the eccentricity, the general equation of each
is the same. [See (1), §47, p. 8l.] But for the hyperbola
e>1land B* — 4 AC =4(e¢ — 1) > 0.

Therefore a mnecessary condition that Ax*> + Bxy + Cy* +
Dx + Ey + F = 0 represent a hyperbola is that B* — 4 AC > 0.
(See Chapter X1 for a fuller discussion of this condition.)

Again, if the defining directrix line is parallel to a coordinate
axis, B will be zero and there will be no xy-term. The student
should make a note of this.

54. Standard Forms of the Equation of a Hyperbola. By an
appropriate choice of axes the general equation can be reduced
to one of the following standard forms.

1. Transverse Axis Parallel lo the X-Axis
a = semitransverse axis

. 2 2 — h)2 — k)2
Equation: 2—‘—2—%—2=1 Qa’h) _(J’b2 > _ 1

Coordinates of vertices: V(a, 0), V'(— a,0) V(h+a, k), V(k —a k)
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STANDARD FORMS OF HYPERBOLA EQUATION
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Y Y
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RN L.
\t\\ 4 /IY
[N el
l! \\\\ Ve - :
F \{I e g \\\\a \ll
I /// \\\ |
7 ~
s |
e \ D |
X
Fic. 87 Fi1G. 88
Coordinates of foci: F(ae, 0), F'(— ae,0)  F(h + ae, k), F'(h — ae, k)
Coordinates of center: C,0) C(h, k)
Equations of directrices: x =+ g x=ht g
. L2y x —h)? (o —k? _
Equations of asymptotes: Pl i 0 7 = 0
Semitransverse axis: a
Semiconjugate axis: b
v a2
Eccentricity: e =2 + >1
a
)2
Length of latus rectum: 2—:—
11. Transverse Axis Parallel to the Y-Axis
@ = semitransverse axis
1 Y Y
\ /
AN = //
\ /
\ /
"N‘——"‘\/"———“'"D
\\ //
\\ a /’
N/
\]/C L
70 X
N
/// \\ /

// \\ Vi \\ X
__74_-----\/1-——.\-——0' —-7-/————_v/--_>§_..D/
// \\ // ’ \\

y / / = \\ / oF \
/ \ 4 \
FiG. 89 Fic. 90



92 THE HYPERBOLA [Ch. Vil

. 2 2 — h)2 — k)2
Equation: —%54-%2:1 —(xb2)+(ya2)=1
Coordinates of vertices: V{0, a), V'(0, — a) Vb k+a), V(h k —a)
Coordinates of foci: F(0, ae), F'(0, — ae) F(h, k + ae), F'(h, k — ae)
Coordinates of center: C(0,0) C(h, k)

Equations of directrices: y = + g y=k%t g .
2 _— —
Equations of asymptotes: — ;)_c; + '25 =0 e o he + o 7 kY _ 0
Semitransverse axis: a
Semiconjugate axis: b
Eccentricity: e = ﬁi’_’f >1

a
2 b
Length of latus rectum: “r

Note: There is a minimum number of changes in the formulae,
and these are natural and easy to remember, if we continue
to use a as the semitransverse axis. Thus the denominator
of the positive term in the standard form of the equation is to
be thought of as a2

Note also that the equations of the asymptotes are obtained
directly from the equation of the hyperbola by simply changing
the right-hand member from unity to zero. The left-hand
member of the equations of the asymptotes will factor into two
linear factors. The presence of the asymptotes aids in the
plotting of the hyperbola.

55. Conjugate and Rectangular Hyperbolas. Conjugate hy-
perbolas are concentric hyperbolas the transverse axis of each
of which coincides with the conjugate axis of the other. In
standard form their equations are
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Center at (0, 0) Center at (h, k)

{ Y @=m_ -k _,
Conjugate | st s 1
hyperbolas | _ x* | »* _ _a=mr v =k

52 2 1 s? + 2 =1

It is evident that if s is the semitransverse axis of one it is the
semiconjugate axis of the other and vice versa. Conjugate
hyperbolas have the same asymptotes and the foci lie on a
circle with center at the center of the hyperbolas.

A rectangular (or equilaleral) hyperbola is one in which the
transverse and conjugate axes are equal, in which case the
asymptotes are at right angles.

Illustration 1. (a) Write the equation of the hyperbola with center
at (-2, 1), with transverse axis = 6 and parallel to the X-axis,
and with conjugate axis = 8. (b) Find the eccentricity, the
foci, and the vertices. (c) Write the equations of the directrices
and of the asymptotes.

\ Y
\\ s /7
\ " s
N ; 4
\,
\\ //Ir 3
\ |
V/(=5,1) NI F<3,1>)
/ i
c(=2,1)% i .
Fi-7,n] TN aw
—7—65—'9;‘3-—2*»\1: 1\ 2 3
, N
y }
/ 1A
/s 1 I AN
ya N

Fic. 92

Solution. (a) The equation is
(x+2)2_(y——1)2=1
g .

16
(b e = Y2HI8 3 4 o 5 P31 F(-7,1), V(L 1), V(=5, 1),

(c) Directiices: x = —2 + Sorx = -} x = ~12;
g FF2P -1y

16

(x+2).

(VI

Asymptote =0,0ory—-1=+%
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Illustration 2. (a) Sketch the hyperbola 4 x* — y2 4 36 = 0.
(b) Write down the equation of the conjugate hyperbola and
sketch.

COLIVERN a/ (b)

F16. 93

18

For it we compute ~
a=60b=3¢= }—gi ae = 3V5, V(0, 6), V'(0, —6), F(0, 3V5).
F’(0, —3V5); asymptotes: y = +2 x.

(b) The equation of the conjugate hyperbola is

Xy

9 36
For it we compute

a=3,b=6¢=v5ae=3V5V30),V(-30),F@3V50),
F'(=3V’5,0); asymptotes: y = +2 x.

56. Reduction to Standard Form. The most general equa-
tion of a hyperbola with no xy-term present (axes parallel to
the coordinate axes) is of the form
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1) Ax* +Cy*+Dx+ Ey+F =0, AC <0.

The condition B2 — 4 AC > 0 reduces to AC < 0 in this case
since B = 0; it implies that A and C are of opposite sign.
This equation can be reduced to one of the standard forms by
completing the square.

IHustration 1. Reduce x? — 2 —2x —y 4+ 1 =0 to standard
form and sketch.

Solution.

?=2x+1-0+y+H=-1+1-%
(x—=12=(y+3)2==0%
— 2 1ye
-1 +(}"1;2) -1
4

- 1
4

This is a rectangular hyperbola with a = b = , ¢ = V2, V(1,0),
V', —=1), F(1, -1 4+ 3v2), F'(1, =1 — 1V2); asymptotes:
y+3i=1+@x-1. :

FiG. 94 Fi16. 95

Illustration 2. Find the points of intersectionof 22 + 4 y* —4 =0
and 4 x? — »? — 8x = 0 and sketch.

Solution. These curves are an ellipse and a hyperbola respectively.
Algebraically it is easy to solve the equations simultaneously for x
and y: solve the first equation for 2 and substitute in the second
equation. The points of intersection are (—¢» +3+3V2), (2,0)
In standard form the equations are

2y (x — 1) »* _
Z“"l‘—l and——-—l——l 4—1.
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67. Equation of a Hyperbola Referred to Its Asymptotes.
In §6 we remarked that skewed axes were sometimes very
useful. If the asymptotes are used as the coordinate axes
the equation of the hyperbola takes the form

1) xy = k. Y
The standard equation
%2 2 P(x,y)
2 p=1 — X
can be written in the form 7/
(ay + bx)(ay — bx)
+ @b =0 F1G. 96

where the asymptotes are y = + (I—: x. If we call these asymp-

totes new coordinate axes ¥’ and x’ respectively, the hyperbola
will have the equation

2 4 B2
) wy = S50
This is of form (1).

58. Equation of a Tangent. A line which intersects a
hyperbola in two coincident points is a tangent. For the
hyperbola there will be two tangents [real and distinct, coin-
cident (with an asymptote), or complex] with a given slope.
We summarize the formulae for tangents to a hyperbola.

HYPERBOLA
(and Conjugate)
2 _y_
a: b 1
x2 2
—atE=!
(=B _ -k,
a: b? -
x—=hm*, =k _
e TR "=
TANGENT
At (x1, 1) With Slope m

W _h y =mx +Vam: — b
a b -
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_£§1+%=1 y =mx +V — atm?

az
_ (x—-h)(xx —h)

a’

(x=h)(x—h) _ (y-k)b(yl—k) =1 y—k=7n(x—h)i\/m———i

+ (y—k)l)gy,—k) =1 y—k=m(x—h)+Vb—am

Note that for real tangents with slope m the quantity under the
radical must be positive. If, for a given slope, the tangents
are real for a particular hyperbola, then the tangents are com-
plex for the conjugate hyperbola.

Illustration 1. Write the equation of (a) the tangent and (b) the
normal to the hyperbola 16 x? — 932 — 128x — 54y +31 =0
at (1, 0).

—

Fic. 97

Solution. (a) The hyperbola in standard form is
(x—4)’_(y+3)2=1
9 16
and the equation of the tangent at (3, 0) is

G=HG -4 _0+30+3) _,
9 16 ’
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This reducesto 20x + 9y — 5 = 0.
(b) The equation of the normal is
¥y =dox — 9.
Illustration 2. Write the

equations of the tangents ) Y
to 2x—y?= with
slope 2. \
Solution. Here a2 = 3, \\ !
b=1, m=2; and the 4
equations of the tangents \ X
are -2 -1 // 2
/
y=2x+ 1L // -1
It is left as an exercise for /
the student to show that
the points of tangency FIc. 98

are (1,1) and (-1, —1).

59. Properties of a Hyperbola. The following properties
are listed without proof. They will serve as good exercises
for the student.

I. All hyperbolas of like eccentricity are essentially alike
and by a proper choice of scales (and axes) can be made to
coincide. But hyperbolas of unlike eccentricity are unlike in
““shape.”

II. Let P be any point on a hyperbola and let @ and R be the
projections of P onto the trans-
verse and conjugate axes (2 ¢ and
2 b) respectively. Then

PR _PQ’
@ b

Fic. 9 Fic. 100
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This fundamental property can be used to write down the
standard forms of the equation and can also serve as a definition
of a hyperbola. (Fig. 99.)

I11. The nuraerical difference of the focal radii for any point
P on a hyperbola is constant and equal to the transverse axis:

|PF' — PF| = 2a.

This also is a fundamental property and can be used as a defi-
nition of the hyperbola. Thus @ hyperbola is the locus of a point
the numerical difference of whose distances from two fixed poinls is
a constant. (Fig. 100.)

IV. A tangent to a hyperbola makes equal angles with the
focal radii drawn to the point of tangency. (Fig. 101.)

V. The latus rectum of a hyperbola is a third proportional
to the axes.

VI. The product of the perpendiculars on the asymptotes
from any point on a hyperbola is a constant.

AN

Fic. 101 F1c. 102

VII. Any ellipse and hyperbola which have the same foci
intersect at right angles. (Fig. 102.)

EXERCISES

Reduce the following equations to standard form; compute the semi-
transverse and semiconjugate axes and the eccentricity; write the coordinates
of the center, vertices, and foci; write the equations of the directrices and
asymptotes; compute the latus rectum; write the equation of the conjugate
hyperbola.

1. 22—-2y4+4x4+y—-4=0.

422 @G- _,.

Ans. 4 - 5 =1; : )

C(—2,1, V0,1, V(—4,1),F(—2+V6,1),F (-2 -V6,1);

directrices: x = — 2 + 2V6, asymptotes: y — + = + —ég(x + 2);

a=2 b=V2 ae=6 0 =%

’

NIO)

1
latus rectum = 2; conjugate hyperbola: — (L‘*Z'_?X + (17-1—)3 =1.
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2. 4x2 -2 42y +4+3=0.
Ans. — ?lj +Q:_})j =1; a=2b=1, ae =V5,¢ = }V5; C(0,1),
V(,3), V0, —1), FO,1+V5), F'(0,1 —=V5); directrices:

y =1+ 4V5, asymptotes: y — 1 =+ 2x; latus rectum = 1;

2 —_ 2
conjugate hyperbola: ’% it Vo 1.

4 .
3. Write the equation of the hyperbola with one vertex at (6, — 4) and
with asymptotes y + 4 = + $(x — 3). (x —3)2 (y+4)¢
Ans. i i = 1.
4. Find the equation of 3x* — 3 — 3 = 0 referred to its asymptotes as
axes. Ans. x'y" = 1.

Find the equation(s) of the tangent(s) to

6. (x —1)2 — 32— 1 =0at (0, 0). Ans. x =0.

6. 9(x +1)? =2y +9 =Owithslope 3. Ans. y = 3(x + 1) + IVI7.

7. Find the locus of 2 point which moves so that the numerical difference
of its distances from (—~ 3, 0) and (3, 0) is always 4. A ¥ _ 1

4 5

8. TFind the locus of points from which the sound of a gun and the ping
of the ball on the target can be heard simultaneously.
Ans. A hyperbola with gun and target at the foci.

9. Show that x? — 23 —2x — 4y — 1 = 9 plots two straight lines.



CHAPTER IX
CONIC SECTIONS

60. Sections of a Cone by a Plane. The parabola, ellipse,
and hyperbola are all members of a class of curves called conic
sections. A circle is a special case of an ellipse where the major
and minor axes are equal. It was known to the early Greeks
that these curves could be obtained by cutting a cone with a
plane, and the name derives from this fact.

Consider a right circular cone with vertex A and a tangent
sphere S touching the cone along the circle C. Let the plane
= tangent to the sphere at F cut the cone in the curve K and
the plane v of the circle C in the line D. Then the curve K
is a conic with focus F and directrix D.

Fic. 103

For consider any element of the cone cutting K at P and
C at B. Then PB = PF since any two tangents to a sphere
101
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from a point are the same length (solid geometry). Further,
every element such as PB makes a constant angle 6 = GEV
with plane v; and a perpendicular PH upon D from P makes
a constant angle ¢ = EGV with y. Now from solid geometry
it is known that the lengths of any two lines from a point P
to a plane v are inversely proportional to the sines of the angles
which the lines make with the plane. Thus

PF _sing _
1) PH = sin g = constant, |
and K is a conic with F the focus, D the directrix, and ¢ = S-Sli—rrlfg-

The vertex of the conic is V.

If the cutting plane is perpendicular to the axis of the cone it
cuts out a circle and ¢ = 0 = e. Thus a circle is a conic
section with eocentricity zero. If the cutting plane is parallel

—e

T——— e ———— —

A U 2

(1) Circle Parabola Hyperbola
(2) Elipse
Fic. 104 Fic. 105 Fi1c. 106

to a generator, ¢ = 6 and e = 1, giving a parabola. If the
cutting plane lies in between, ¢ < 6, ¢ < 1, and an ellipse is
determined. If the cutting plane is inclined so that ¢ > 9,
e > 1, then it will cut (both nappes of) the cone in a hyperbola.

61. Degenerate Conics. It is evident that a plane can also
cut a cone in (a) two straight lines (generators), (b) one straight
line (two coinciding generators), or (c) one point (vertex). All
of these are called degenerate conics. And we may think of

(@) As being the limiting case of a hyperbola as the cutting
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plane moves into a position containing two distinct generators
of the cone. An algebraic example is x? — 32 = 0, (AC < 0),
hyperbola coinciding with its asymptotes.

(b) As being the limiting case of a parabola as the cutting
plane moves into coincidence with one generator. An alge-
braic example is ¥ = 0, (AC = 0), parabola coinciding with
its axis.

(¢) As being the limiting case of an ellipse as the cutting
plane moves into a position containing only the vertex. An
algebraic example is x2 + y? = 0, (AC > 0), ellipse coinciding
with its center.

Analytically there is another degenerate conic, namely a pair
of parallel lines. An example is y(y — 1) =3y* —y =0,
(AC = 0), parabola. This cannot be gotten as a section of
a cone. However, it can be obtained by cutting a cylinder
(limiting case of a cone as the vertex recedes to infinity) with
a plane parallel to the axis.



CHAPTER X
TRANSFORMATIONS OF COORDINATES

62. Transformations. A transformation is essentially a
substitution of a function of one or more variables for a given
variable. Thus the substitution of x = 5’ in y = f(x) yields
y = f(5 x’) and this in turn says that y is some (other) function
of ', say ¥y = F(x’). A transformation of this character is a
scale transformation since the scale (in the X-direction) only
is affected. (See Property I for parabola, ellipse, hyperbola,
§§ 45, 51, 59 respectively.)

There are many types of transformations in mathematics
and we now study two particular ones important in analytic
geometry. By making use of one or both of these it often
happens that the equation of a graph can be simplified or
some special property of the locus can be prominently displayed.

63. Translation. About the simplest of transformations is a
translation of the axes parallel to themselves,

Y

YI

P(x,y)

JP(xy")
y ’
S X

hoi y .
@] X
FiG. 107

Let 0X, OY be a set of rectangular axes and 0°'X’, 0'Y’
another set, 0'X’ parallel to OX and 0'Y’ parallel to OY, the
directions remaining the same. (Fig. 107.) Then, if with

104
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respect to these axes a point P has coordinates P(x, y) and
P(x', ¥, it is evident that

¢h) x=x +h

y=) +k,
where (h, k) are the coordinates, with respect to 0X and 0Y,
of the new origin O'.

Equations (1) are the equations of the iransformation. By
making these substitutions in a given equation a new equation
of the same graph is obtained, referred now to the new
(translated) axes.

Illustration 1. Translate axes to the new origin (2, 3) and thus
reduce the equation of thecurvex* —43y* —4x +24y — 36 = 0
to a new equation.

Solution. Here we must substitute
x=x"+2,
y=y+3
in the given equation. This yields
(" +2)2 -4 +3)2—4@x" +2)+240 +3) —36 =0,
which reduces to
ey
1) 4 i 1,
a simpler equation. The process, here, is equivalent to complet-
ing the square. For the original equation, in standard form, is
found, by this process, to be
@) (x 22)2 _ b —i 3) _ 1 (a hyperbola).
Setting x = 2’ + 2 and ¥y = 3’ 4+ 3 in (2) will obviously reduce
this equation to form (1).
A translation can always be found which will remove the first-degree
terms from the equation of a (non-degenerate) conic section.

Illustration 2. By a translation transform the equation X —
2xy — 5% 4+ x — 3y = 0 into one in which there are no first-
degree terms.

Solution. Substitutex = x’ + &,y = ¥’ + kinto the equation and
hence determine what % and % must be in order that the new
equation have no first-degree terms. The transformed equation is
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()2 =2+ h)(y +k) =50 +k)+ (' + k) =303+ k) =0,
and this reduces to
1) x2=2xy-5¥*+Q2h—-2k+1)x"+(—-2h—-10 £=3)y’
+h:—2 hk—5 k*+h—3 k=0.
We must set the coefficients of x” and »’ equal to zero. Thus
2) 2h—2k+1=0,
—2h—10k -3 =0.
Solving these simultaneously we get
]l = '—723’
E=-%
and with these values of % and k the transformation reduces
the equation to
x?—2xy =5yt —F =0.
Note that while the linear terms have been removed the same
quadratic terms are present as before. A translation will not
remove terms of the second degree from an equation of second

degree. Indeed a translation always leaves unchanged the terms
of highest degree in any equation thus transformed.

64. Rotation. Let a set of rectangular axes OX and OY,
as a rigid system, be rotated counterclockwise about O through
a positive angle 6 into a new position OX’ and OY’. The
substitutions describing such a transformation are called the
formulae for the rotation

of axes. We consider v

only the case where Y’ Plxy)

6 < 90°, but the final re- Py

sults hold for any angle. N X
From Fig. 108 we see cl-

that <! 0

0A = x = OB — AB e )

= 0B — CD, O X A B ’
and
AP =y ; gg i (éi Fic. 108

Further, from trigonometry, OB = x’ cos 6, CD =y’ sin 6,
BD = x’ sin 9, and CP = y’ cos . Hence
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1) x = x'cos 6 — ¥y sin 6,
y = x'sin g + ¥y cos 6.

Equations (1) are the equations of the transformation.
rotating axes the equation of a graph may be simplified.

Illustration. For the equation x*+4xy 4+ 3> —1 = 0 rotate
axes through 6 = 45°.

By

v Y
2

\
Fi1G. 109
Solution. The substitutions reduce to
x = % (x’ -y ,)v

N
y= —22 &+

since sin 45° = cos 45° =V/2/2.
The transformed equation is
3w =20y + 3 + 267 - y) + 3 + 22V +5) —1=0,

which reduces to
3x2—yt—1=0.

This is not only a simpler equation (the xy-term has been re-
moved) but it is essentially in standard form and from it the
graph (hyperbola) can be constructed with ease. It would be
much more difficult to plot the curve with respect to the original

axes,
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By combining translations and rotations a curve may be
referred to axes in any direction with any point in the plane as
origin. These transformations will change the equation of
the curve, but the curve itself will not be altered in any way —
it will only be moved from one position to another. Transla-
tions and rotations do not affect the degree of the equation
to which they are applied. They do not in general give the
same results when the order of application is interchanged.

The next chapter is devoted to the analysis of the general
second-degree equation by means of these transformations.

EXERCISES

1. Given the equation 2x — y + 2 = 0. (a) Translate the axes to the
new origin (0, 2). (b) For the equation resulting from (a) rotate axes through
an angle 6 such that tan ¢ = 2, i.e,, § = tan 2.

Ans. (@) 2% —y' =0; (b) ¥y =0.

2. Translate axes to the new origin (1, — 2) and find the transformed
equationof x* — 312 — 32 +3x —43 -5 =0. Ans. y'r = x3,

3. Rotate axes 90° and find the trausformed equation of y2 = 4 px.

Ans, x? =—4py.



CHAPTER XI
GENERAL EQUATION OF SECOND DEGREE

66. Classification of Conics. We have seen that the general
equation of a conic section is of the form

49 Ax* 4+ Bxy + Cy* + Dx + Ey + F = 0.
Conversely any equation of the form (1) represents a conic,

real or complex, proper or degenerate. To distinguish four
cases we first define

2A B D
A=} B 2C E
D E 2F

as the discriminant of equation (1). The discriminant plays
an important role in the classification of conics, which is out-
iined as follows.

Qutiize
Classification of Conics

CASE CONDITIONS TYPE OF Locus

1 B —4AC =0and A = 0 | Two parallel or coincident lines.
(Degenerate parabola.)

1I B2 — 4 AC ¢ 0and A = 0 | Two intersecting lines or one point.
. (Degenerate central conic.)

111 B2 — 4 AC = 0and A » 0 | A parabola.

v B2 — 4 AC # 0and A ¢ 0 | A central conic: An ellipse (real or
complex) if B2 —4AC<0; a
hyperbola if B2 — 4 AC > 0.

The conic is degenerate if and only if A = 0; it is proper if
and only if A 0. We may combine cases I and III and
cases Il and IV by saying equation (1) will represent

(a) A parabola, two parallel lines, or two coincident lines

if the terms of the second degree form a perfect square;
109
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(b) An ellipse, a point, or no locus if the terms of the second
degree have conjugate complex factors;

(c) A hyperbola or two intersecting lines if the factors of
the second-degree terms are real and distinct.

We have also noted that the axis of the parabola and the
axes of the ellipse and hyperbola are »of parallel to a coordinate
axis if and only if the xy-term is present.

66. Removal of the xy-Term. A properly chosen rolation
of axes will always remove the xy-term from an equation of the
second degree. For if we apply the rotation formulae to the
general equation we get as the coefficient of the x’y’-term

—(A — C) 2 sin 6 cos 6 + B(cos? 6 — sin? 6).
If we equate this to zero and make use of the trigonometric
identities 2 sin 0 cos § = sin 26, cos? § — sin? § = cos 2 6, the
result is

) tan 20 = —B

A—-C

An angle 6, between 0° and 90°, is always determined by equa-
tion (1) for any values of A, B, and C. A rotation of axes
through this angle 6, therefore, will produce an equation of the
conic referred to 0X’ and OY’ in which there is no x'y’-term.
Obviously the primes could be suppressed from the final equa-
tion; they are retained only to show clearly that the new axes
have been derived from old ones.

When tan 26 = Z—g—z‘ it results from trigonometry that
. \/ 1 —cos26
sin § = —a

@)
oS 6 = 4 ,_l_i—___czos 29,

We need these for the equations of the transformation.

67. Reduction of the General Equation to Standard Form.
Theoretically the reduction of the general equation of the
second degree to standard form can be accomplished by first
rotating axes to remove the xy-term and second completing
the square on the transformed equation. Practically this
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leads to computational difficulties in most cases because of the
irrationalities introduced by the square roots in the formulae
for sin 6 and cos 6 in (2), § 66 above.

In order to illustrate the theory without undue numerical

complications the following example has been prepared so as
to avoid the irrationalities.

Illustration.

Reduce the conic 8 2424 xy+3y:+x+2y+1=0 to

standard form by rotating axes and completing the square.

Y

Solution.

Fic. 110
tan260 = %i'
cos26 = -57-5v

sinf = $»

cosf = .

The formulae of rotation are therefore

X = %(4 x, - 3}"),
y =3Bz +45),

and these reduce the given equation to

17x2 -8y +2x +3y +1=0.

On completing the square we get, as the standard form of the conic
(a hyperbola),
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(" + 77)? + O =1 _ 4
(23)(23) (23)(23) '
(17)A7)32)  (17)(16)(16)

Even with such numbers as these for ¢ and b it is not difficult to
plot the hyperbola.

EXERCISES

Remove the xy-term, complete the square, and trace the curve.
1. 92 +24xy +16y2+90x — 130y = 0. Ans. (x' —1)2=6(y"+3%)-

2. 522 +8xy+5y+V2x —V2y =0. Ans. Z§+Q’—1—1)2=1.

68. Central Conics. It is usually better to translate axes
first and to rotate afterwards. The translation is to be made
to the center for the ceniral conics, circle, ellipse, and hyperbola
(or degenerate cases thereof).

For a central conic B — 4 AC 5 0 and, in terms of the co-
efficients of the general equation, the coordinates of the center
are

, _2CD — BE
O B — 4 AC
4 _ 2AE — BD.

B — 4 AC

Note that these do not exist for the parabola, where B? —
4 AC = 0.
The translated conic has the equation
1 A
12 ry! L S
(2) Ax" + Bx'y’ 4+ Cy 5 B — 4 AC 0.
Rotation is now performed on equation (2), thus completing
the reduction.
Ilustration. Reduce the equation x? +xy +3»2—3x -1 =20
to standard form by first translating axes to the center and then
rotating.

Solution. We compute
B? — 4 AC = —3 (ellipse),

21 -3
A= 1 2 0| =-24,
-3 0 -2
h =2,

b=—1.
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Fic. 111

Making use of equation (2) the equation of the conic referred to
axes parallel to the original axes and through the center of the
ellipse is

2+ x'y +y2—-4=0.
Now

IH

tan26 =

which tells us that 20 = 90° and § = 45°
The formulae for rotation are
x = *-1—, (x// _ y//)'

V2
[ _1_ " ’”
y Vs " 4y

and these reduce the equation to 3 x’2 + y'’2 = 8, or, in standard
form, to

X2 yl/2 _
¥ +75 =1L

EXERCISES
Translate axes to the center, then rotate these into coincidence with the
axes of the conic, and sketch.
1. 1922 +4xy + 1632 —212x 4+ 104y — 356 = 0.
Ans. 1977 + 47y + 16y — 1200 = 0,50 4 X2 = 1.
2. 3x2+ 122y — 232+ 18x+8y +12 =0.
Ans. 3% 4+ 121y —2y2—1=0, : y;’ -1
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69. The Parabola. The general parabola Ax? + Bxy + Cy?
+Dx+ Ey+ F =0, B> — 4 AC = 0, can best be treated by
computing the coordinates of the focus and the equation of
the directrix, which are given by

Focus: (2 CE + D4 —B) 2DE —C(A — B)
o scir Dy we D)
Directrix: 2D'x+2C'y — A’ — B' =0,
where A’ = CF —%, B = AF__%Z, c = BD —42AE’
p-BE-2CD g DE-2BF

These formulae seem a little forbidding but with the informa-
tion they yield the vertex and the axis can be determined and
the conic readily plotted. Note that this method involves
neither translation nor rotation of axes.

Illustration. Sketch the conic 2242 xy+324+2 x—2 y4+-4 =0.

Solution. Since B* — 4 AC = 0 the conic is a parabola; A = —32
and the parabola is proper. Wecompute A’ = 3, B’ = 3,C’ = 2,
D' =-2, E' =-5. The
coordinates of the focus
turn out to be (—4%, %) and 2
the equation of the direc- )
trix is 2x — 2y +3 =0.

The axis passes through the c e
focus and is perpendicular /
to the directrix; hence its P
equationis y —§=—(x+3), y
which reduces to y = —x. s
The directrix and the axis R =1
intersect at (—%, 2) and s

the vertex is halfway along

the axis toward the focus Fie. 112
from this point. The vertex is therefore at (—1, 1).

EXERCISES

1. Sketch the parabola x? +2xy +y* —2x 4+ 6y —2 =0.

Show: F(— ¥ — §); equation of directrix, 4 x — 4y 4+ 7 = 0; equation
ofaxis, x +y+1=0; V(- — §).

2. Sketch the parabola x? —4xy+ 42 +x—-y—-1=0.
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Show: F(}}+4); equation of directrix, 4x + 2y — 11 =0; equation
of axis, 10x — 20y + 3 = 0; V(E$ 139).

70. Invariants. Often the general equation is written in the
form
1) ax® +2hxy +by* +2gx +2fy+¢c=0
where the factor 2 is inserted in the xy-, x-, and y-terms for

later simplification in formulae. For this form of the equation
we define

I =a-+0b,
C=ab-n,
J=ab+bc+ca—f —g—h,
a h g
D=\h b f}
g fc

(There should be no confusion between this “C” and “D”
and the C and D we have been using as coefficients in the
general equation.)

Each of these four quantities is invariant under rotation of
axes; that is, they are equal respectively to the corresponding
quantities after a rotation is performed. (I, C, D, and the
sign of J are also invariant under translation.) They are
useful in the classification of conics as in the following table.

Detail
Classification of Conics
CASE CONDITIONS ON THE INVARIANTS TYPE OF Locus

‘C > 0; I, D opposite in sign, | Circle
Proper _a=bh=0
Conic; C > 0; I, D opposite in sign Ellipse
D=0 c<o0 Hyperbola

C=0 Parabola

C > 0; I, D same in sign No real locus

Cc<o0 Two intersecting lines
Degenerate | C =0,7 <0 Two parallel lines
Conic; C=07=0 Two coincident lines
D=0 C>0 A point

C=0J>0 No real locus




116 GENERAL EQUATION OF SECOND DEGREE [Ch. XI

The student will find it worth while to prepare a similar
table for the equation Ax* + Bxy + Cy: + Dx + Ey + F =0,
using the two invariants B2 — 4 AC and A as already defined
(but simply related to invariants C and D of this paragraph).

71. Systems of Conics. Two conics intersect in four points
(4 real, or 2 real and 2 complex, or 4 complex) since each equa-
tion is of the second degree. If U = 0 and V = O represent
two conics, then U + kV = 0, for any constant &, is a conic
through the points of intersection of U = O and V = 0. (See
Systems of Lines, § 26; Systems of Circles, § 37.) One con-
dition placed on the conic U + kV = 0 will determine &.

Illustration 1. Find the conic which passes through the intersec-

tions of the ellipse x2 — xy + 32 — x + 1 = 0 and the hyperbola
22+ xy — 2 +y — 4 = 0 and also through (1, 2).
Solution. The equation is of the form
@—zy+y—x+ 1)+ k(@ +ay -y +y-4 =0,
and this must be satisfied by (1, 2). Hence & = 1 and the final
equation of the conic sought is

2x? —x +y — 3 = 0 (parabola).

If U=01is a conic and L =0 is a straight line, then
U + kL* = 0 represents a conic tangent to U = 0 at the
points of intersection of U =0 and L =0. For we may
think of L? = 0 as a (degenerate) conic (two coincident lines)
intersecting U = 0 in two pairs of two coincident points each.

Illustration 2. Find the conic tangenttoU =2 — 3> —y +1 =0
at the points of intersectionof U = 0and L =3x —2y — 1 =0
and passing through (—1, 0).

Solution. The equation is of the form
x—=3»—y+1)+kB8x-2y-12=0.

Substituting (—1, 0) into this we get k£ = —}, which yields as the
equation of the conic sought

2 —12xy+ 122 —-62x+12y -7 =0.
(See the Illustration in § 73.)

72. Conic through Five Points. Since the general equation
of the second degree has five effective coefficients in it there
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is one and only one conic passing through five arbitrary points
(no three lying on the same straight line).
Illustration. Find the conic passing through (1, 1), (2, 1), 3, —1),
(-3, 2),and (-2, —1).
Solution. By substituting these points into the general equation
Ax? + Bxy + Cy* + Dx + Ey + F = 0 we obtain five simul-
taneous equations.

A+ B+ C+ D+ E+F=0
4A+2B+ C+2D+ E+F =0,
9A -3B+ C+3D—- E+F =0,

=0

9A —-6B+4C —-3D+2E+F ,
4A+2B+ C-2D—- E+4+F=0.

Under any circumstances the solution of this system is tedious;
but by setting A = 1 and using determinants we get: A =1,
B=-1,C=-9 D=-2 E =4, and F =7. The conic is,
therefore,

22 —xy -9y —-2x+4y+7=0.

It is better, however, to make use of the theory of systems of conics
as follows. The pair of lines through, say (1,1), (2,1) and
3, —1), (=2, —1), may be thought of as a degenerate conic; its
equation is the product of the equations of the two lines or

1) - +1) =0
Similarly
@) @x—-3y+1)@x+y—-5 =0

is the equation of the (degenerate) conic consisting of the two
lines joining (1, 1), (=2, —1) and (2, 1), (3, —1). These conics
intersect in the four points (1, 1), 2, 1), (3, —1), and (-2, —1).
Hence
o0-D@+1)+kCx-3y+1)C2x+y-5)=0
is a conic through these four points. We can determine % so that
it passes through the fifth point (=3, 2). We get & = —3'3 and
the conic is again ,
22 —2xy—9y2—-2x+4y+97=0.

73. Equation of a Tangent. The equation of the tangent to
Ax? + Bxy + Cy* + Dx 4+ Ey + F = 0 at the point (x4, 31) is
(1) 2 Axx, + B(xy: + x1y) + 2 Cyy: + D(x + x1)

+E@y+y)+2F=0.
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In the notation of §§ 69 and 70 the equations of the tangents
with slope m are
C' — mD’' +V(—D)(Cm* + Bm + A)

= » C #0.

C
Jilustration. Find the equations of the tangents to x? — y? —
y+1=0andx?—-12xy +12y? —6x + 12y — 7 = 0 at the

point (1, 1).

Solution. By (1) the tangents are respectively
2x —2y—-(+1)+2=0 or 2x—3y+1=0,

2) y =mx +

and

2x—12(x+9) +24y —6(x +1) +12(y +1) — 14 = 0,

or 2x—-3y+1=0.

Since the equations of the tangents are the same the two conics are
tangent to each other at the point (1, 1). They are also tangent
to each other at (—1, —2). (See Illustration 2, § 71.)

EXERCISES

1. Find the conic passing through the intersections of x* — »2 =1 and

x2 + y% = 4 and the point (0, 3). Ans. 322432 —9 =0.

2. Find the conic through the five points (0,0), (1,0), 2,1), (— 1,2),

and (— 1, = 1). Ans. 322 —2xy —3y»2—=3x+y =0.

3. Find the equations of the tangents with slope 1 to x2++xy+3y2—3x—1=0.

Ans. C' =— % D' =% C =% D =— 3; the equations of the tangents
arex —y+4+1=0andx —y—-7=0.



CHAPTER XII
POLES AND POLARS

74. Definitions and Theorems. If P(x,, y,) is on the conic
1) Ax* 4+ Bxy +Cy* + Dx+Ey + F =0
the equation of the tangent at P is
(2) 2 Axx: + B(xy1 + x1y) + 2 Cyy1 + D(x + x1)
+Ey+y)+2F=0.
Whether P is on the conic or not, equation (2) represents a line

called the polar of the pole P.
Without proof we list the following theorems concerning poles

and polars.
1. If the polar of P, passes through P., then the polar of
P; passes through P,.
II. If the polars of P; and P, intersect at P, then P is the
pole of P,P,.

\(‘/p 1(polar) ip

(po‘le)

P2

FiG. 113

III. The polar of an exterior point P; is the line joining the
points of contact of the tangents drawn from P,.

IV. The polar of an interior point P is the locus of the point
of intersection of the tangents at the extremities of every chord

through P.
119
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V. The polar of a focus is the corresponding directrix.

VI. There is no (finite) polar of the center of a conic.

VII. Let P be the pole of p and let a secant through P inter~
sect the conic in Q and R and p in S. Then

PQ _ SQ

PR~ ~ SR
QR is said to be divided karmonically by P and S.
Illustration 1. Find the polar of (3, —2) with respect to the conic
xy —yt—x+4+1=0.
Solution. Substituting (3, --2) into the equation (2) of the polar
we get, upon simplifying,
3x -7y+1=0.
Illustration 2. Find the pole of x — 3y + 4 = 0 with respect to
#—xy+x+y=0
Solution. Let (x;, y1) be the coordinates of the pole. Then
Curi—=—n+Dx—@—-y+ @ +x» =0
is the equation of the polar and must be the same as x —3 y+4 =0.
Hence the coefficients must be proportional; that is,

2x;—y1+1=x1—1=x1+yl

1 3 4
Whence
5 X, — 3y1 = *4,
X — 3y =4,

which yields x, = —2, y, = —2 as the coordinates of the pole.

EXERCISES
1. With respect to 3x? — 2 — x + 2 = 0 find (a) the polar of (— 1, 6),
(b) thepoleof x +y —1 =0. Ans. () 7x+ 12y —5 =0, (b) (— ¥ $3).
2. Verify theorem I for the conic xy — y2 + x = 0 and the two points

(poles) Pi(1, 2) and P:(2, ).
Ans. p1=3 x—3 y+1=0, which passes through P:; p:=5x—4y+3=0,

which passes through Pi.
3. Find the point of intersection of the tangents to xy —x —y —2 =0
at the points where itiscut by 3x —y + 1 = 0. Ans. (3, -- 5).



CHAPTER Xl
DIAMETERS

76. Definitions and Theorems. The locus of the midpoints
of a system of parallel chords of a conic is called a diameter of
the conic. A diameter may be thought of as either a segment
of a line or an entire line. Two diameters are said to be con-
Jjugate when each bisects the chords parallel to the other

2

The following theorems apply to the central conics 2 —é + %—2 =1
(ellipse and hyperbola). (Note: If “a” and “b” are inter-
changed in the formulae of the ellipse and hyperbola they
must be interchanged in the following formulae. See Notes,
§§ 48 and 54.)

I. Every diameter is a straight line through the center and
conversely.

II. The tangent at an end of a diameter is parallel to the
system of chords defining that diameter.

Y

Fi1G. 114
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III. Tangents at the ends of any chord intersect on the
diameter bisecting that chord.

IV. The polar of any point on a diameter is parallel to the
system of chords defining that diameter.

V. If y = mx is a diameter, the equation of the conjugate
2
diameter is y = + b pr 2 Or again, the linesy = mx and y =

2
m’x are conjugate diameters if and only if mm’ = b2
a
VI. If P,(xy, ¥:) is on the conic, the equation of the diameter
conjugate to OP; is =} xx1 + Zb%l = 0.

VII. If @, and bl are the lengths of the semiconjugate
diameters, then a2 + b2 = a® + b%, a constant. Moreover
the angle 6 between the conjugate diameters is given by
sin 6 = ab/a.b,.

VIII. If PP, and Q,Q. are conjugate diameters, then the
parallelogram formed by the tangents to the conic at P,, P,,
Q., @, is of constant area 4 ab.

IX. The equations of the ellipse and hyperbola referred to
a pair of conjugate diameters as oblique axes are respectively

x2 y‘Z

)—b1

(See §§ 6 and 57.)

Note on the hyperbola: 1f one of a pair of conjugate diameters
meets the hyperbola the other does not; instead it meets the
conjugate hyperbola. The length of a diameter is to be
measured therefore between the points of intersection with the
hyperbola or the conjugate hyperbola, whichever applies.

For the parabola 3 = 4 px, theorems I-IV and the two
following apply.

X. A parabola has no system of conjugate diameters.

XI. If y = mx + k is a system of chords of slope m, then
y = 2 p/m is the equation of the associated diameter. (For
x? = 4 py the diameter is x = 2 pm.)

Illustration 1. For + ;_[ = 1 the length of a diameter is a; = 5.
Find the length on the conjugate diameter b;.
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Solution. By theorem VII we have
a? + b12 =a + b = 25,
be =25 — 28 = 1B,
or b1 = %\/3
Illustration 2. In the hyperbola 4 x* — y? = 4 the slope of a di-
ameter is 1. Find the extremities of the conjugate diameter.

Solution. The slope m' of the conjugate diameter is given by
(theorem V) '
mm’ = b*/a* = 4.
Therefore m = 4.

The equation of the conjugate diameter is
y=4x
and this intersects the conjugate hyperbola — 41?4+ y =4 in

- 7 —
the points (‘gg, AV 3) and ( — \33, -V 3)-
Illustration 3. For the parabola 3 = 6 x a diameter meets the
curve in the point for which y = —2. Find the slope of the chords
defining this diameter.

Solution. Ry theorem XTI the diameter has the equationy = 2 p/m
ory =3/m. Buty = —2 is also the equation of this diameter
and hence — 2 =3/morm =—13.

EXERCISES

1. In the conic 4 x2 4 y? = 4 a diameter bisects the chords of slope 1.

find its equation. Ans. 4x +y =0.

2; In the conic f:) +%2 = 1 the slope of a diameter is 3. Find the angle

between this diameter and its conjugate. (Hini: Find the slope of the con-
jugate diameter and apply the formula for the tangent of the angle between

two lines.) Anms. tang = —£1,
3. For the hyperbola — 3 x2 + 2 2 = 6 the family of chords 4x —y = &
defines a diameter. Find its equation. Ans. 3x — 8y =0.

4. Find the equation of the diameter of x? = 12 y defined by the chords
perpendicular to2x — y + 5 = 0. Ans. x =—3.



CHAPTER XIV
POLAR COORDINATES

76. Definitions. Consider a horizontal line called the polar
axis and a point O on it called the pole, or origin. The polar
axis may be rotated about the pole through an angle 6 so as to
make it pass through any point P in the plane. Call r = OP
the distance, or radius vector. Then r and 6 are, by definition,
polar coordinates of the point P and we write P(7, 6). Angular
measurements may be made in radians, degrees, or other units.
The line through the pole perpendicular to the polar axis we
call the co-polar axis.

We make the following
conventionsregardingsigns.
The polar axis P’OP is pos-
itively directed to the right.
Thus for the angle ¢ = 0
the radius vector of a point
to the right of the pole is P/
positive. After rotation of
P’OP through any angle 0,
r is positive in the direction OP and negative in the direction
OP’. Counterclockwise rotations give positive angles, clock-
wise rotations negative angles.

The one-to-one correspondence between number pairs and
points in the plane is not reciprocal as in the case of rectangular
coordinates. For, corresponding to a given point, there is an
infinity of coordinates: (7, § + 2 kx) and (-7, 6 + (2 k + 1)x)
represent the same point for all integral values of 2. There
is no unique angle 6 for the pole, where r = 0.

Fi1G. 115

77. Relation between Polar and Rectangular Coordinates.

By superposition of the two systems we see that
124
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l'x = 7 cos#,
) <ly = 7 sin 6;
T=Vaty, P(xy)
2) 9 — tan—t 2. P(r0)
X r
The angle 6 is chosen as the least s Y
(positive) angle corresponding o) X >
to the quadrant in which the
point lies, FIG. 116
: y
sin § = ——==——=»
vVt 2
(3) vy
CcOS 0 = -—“*_i_-_—,_'
V4 X+ yz

By means of these relations a given equation can be trans-
formed from one system of coordinates to another.

Illustration 1.
to polar coordinates.

Transform the rectangular equation x? + y? = @?

Solution. From (1) we get
(r cos )% + (rsin 0)2 = a?,
r2(cos? 0 + sin* @) = a2,
r =+a.
The locus of r = a is a circle of radius ¢ with center at the pole;
r = —a plots the same locus (but beginning at a different point).
Illustration 2. Find the rectangular equation of the curve whose
. . _ __/%_‘__
polar equation is 7 = [ ¥ 2cosd
Solution. From (2) and (3) we get
Va2 4+ Y= 4 .
1+2—2—
vV x2 + y2
Vit +2x =4,
Y= =227

3x2 -3 —16x + 16 = 0 (hyperbola).

78. Distance between Two Points in Polar Coordinates.
The law of cosines [see p. 8, § 4, (9), (b)] applied to the triangle
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in Fig. 117 yields immediately the square of the distance be-
tween two points P, (7, 6,) and P.(rs, 62).

d* =71+ 12— 277:€08 (6. — 6,).

p2 (r2 102)

pl(rl ;01)

Fic. 117

This is independent of the order in which the points are chosen
since cos (8 — 61) = €o0s (6; — 6s).

79. Polar Equation of a Straight Line. The equation
Ax + By + C = 0 transforms into

Arcos @ + Brsin g + C = 0,

which is the general equation of a straight line in polar co-
ordinates. Note that it is not linear -— 6 enters trigonometri-
cally. Correspondence between rectangular and polar equa-
tions of certain special cases is established in the following
table. (See § 30.)

Equation of a Straight Line

RECTANGULAR COORDI- POLAR COORDINATES

NATES
(1) Ax4+By+C=0 General 7(A cos 6+ B sin )+ C=0
(2) x cos ¢+ysin¢p—p =0 | Normal rcos(@ —¢) —p =0
B)y =mx Through origin 6 = tanlm
“4) x =k Perpendicular to r =ksecé

polar axis
By =kt Paraliel to polar r =kcsco
" axis
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It is simple to derive any of these polar equations directly
from a figure. For example the polar normal form can be read
off instantly from Fig. 118,

F1c. 118

80. Polar Equation of a Circle. The distance formula in
§ 78 enables us to write down the equation of the circle with
center at (r,, 6;) and radius @. Directly from Fig. 119 we have

@ =14 12— 277,08 (0 — 0)).
P(r,0)

\EN
Ve
Q
Lo\
O
Fic. 119

The following special cases are of interest.

T = q, Center at the pole, radius a;
r = 2acos 6§, Centerat (a, 0°), radius a;
r = 2asind, Center at (a, 90°), radius a.

81. Polar Equation of a Conic. Let the focus be at the pole
and the directrix be perpendicular to the polar axis at a distance
p to the left of the pole. Then (Fig. 120)
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Fic. 120

PF
pD ="
_r _
p+rcoso—e'

Solving this equation for r we get the equation of the conic

, _ &
D) "7 1 - eccost
Other forms of the conic with focus at the pole are
ep . . .
2 - P .
(2) T=7q e cosd directrix to the right of the pole;
ep directrix parallel to and below the
(3) YT = 1——‘.—-‘—‘) s,
— esin 6 polar axis;
ep directrix parallel to and above the
4) r = ——t— .
1 +esing  polar axis.
. . _ 4 '
Illustration. Identify and sketch r = T = 1cost

Solution. Here e = 1, p = 12. The curve is an ellipse. The
ends of the major axis are on the polar axis at the points (6, 0°)
and (3, 180°). Thecenterisat (3, 0°). The curve can be plotted
point by point in polar coordinates; or use may be made of the
information gained in the study of conics in rectangular coor-
dinates. We know that a%? = a* — b, whence 9 _ 81 — b* o1

2 = 18. The rectangular equation is 4 4
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(x____%lz_;_—l’i:l_

81 18
4
D
F C(3,09
v'(3,1so°)wv(6,0°)
FiG. 121

EXERCISES
1. Find the distance between (1, 0°) and (1, 120°). Ans. V3.
2. Write the equation of the line perpendicular to the polar axis at a dis-
tance of 3 units to the left of the pole. Ans. r =— 3secd.

3. (a) Find the polar equation of the circle with center at (2, 30°) and
radius 2. (b) Transform this to rectangular coordinates. )
Ans. (a) 12 —4rcos(@ —30° =0; (b) (x —V3): 4+ (y — )2 = 4.

4. (a) Identify and sketch r = L (b) Transform to rectangular

coordinates 1 —sing
. Ans. (a) Parabola; (b) 2? = 2(y + ).

82. Several Equations of One Graph. A curve in polar
coordinates may have more than one equation. A given point
(r, 6) may have either of the two general coordinate repre-
sentations

(1) (1,0 + 2 k),

(2) (—7', 0 + (2 k + 1)77)’

for any integer k. Hence a given curve r = f(§) may have

either of the two equational forms

(A) r = f(0 + 2 kr),

(B) =7 =f(0 + 2k + D). .
Equation (A) reduces to r = f(8) for £ = 0 but may lead to

an entirely different equation of the same curve for another

value of 2. Similarly (B) may yield still other equations of the
curve.

Illustration 1. The polar equation of a straight line is unique.
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Solution. We use the general form
1) 1(A cosd + Bsinf) + C = 0.

Since cos (0 + 2 kr) = cos @ and sin (0 + 2 kr) = siné, equafion
(A) reduces to (1). Again cos (6 + (2 k + 1)m) = — cos# and
sin @ + (2 k + 1)) = —sin@; thus equation (B) reduces to (1).
There is, therefore, only one equation of a straight line.
Illustration 2. A conic has two equations in polar coordinates.

Solution. Consider the form

(1) -

Equation (A) leads to nothing new. But equation (B) becomes
@) _, ep

= 1+ ecost
which is quite distinct from (1). Indeed, the coordinates of a
point which satisfy (1) will not satisfy (2). The curves are the
same but they are traced 180° out of phase.

Tllustration 3. Find all equations of the curve r = cos g

Solution. Using form (A):

- @-_*r.z_/i?r).
(A) 7 = cos( 5
(1)
@] 0
(4)
Fic. 122
This reduces to

(1) 7 = COS g, for & = 0;
2) 7T = —CO0S , for k = 1.

2
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Using form (B):

(B) —7 = cos (0 + (25 + 1)1r)'
This reduces to

3) = —sin g for k = 0;

“) r = sin g» for k = 1.

Hence there are four distinct equations of this curve, which may
be traced by beginning (@ = 0) on any one of the four branches
as shown in Fig. 122. The starting branch is indicated by the
number corresponding to the associated equation. (Also see
Illustration 2, § 83.)

It is useful to know the various equations of a curve when
plotting; it is necessary to consider forms (A) and (B) of the
equations when determining the points of intersection of loci
in polar coordinates.

83. Curve Tracing in Polar Coordinates. Essentially the
same procedures are followed in plotting a curve in polar as
in rectangular coordinates. Intercepts, extent, symmetry, and
asymptotes are investigated.

1. Intercepts. For the intercepts on the polar axis, set
9 = kxr and determine 7. As many values of %k (an integer)
should be used as produce different values of .

2 1

For the intercepts on the co-polar axis, set 0 = 5 T

and determine the different values of 7.

I1. Extent. Normally ¢ will be thought of as the independent
variable, which therefore can range from —oo to +o0. The
dependent variable r will plot wherever its value is real and
finite. In many of the most important problems in polar
coordinates 7 turns out to be a periodic function of 6, owing
in general to the natural presence of trigonometric functions.
The student should review his trigonometry at this time.

III. Symmetry. Let the several equations of the curve be
known and let fi(r,68) = 0, fi(r,8) = O be generic notations
for any of them. Then the curve will be symmetric with
respect to
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1. The polar axis if fi(r, 6) = f,(r, —8);
2. The co-polar axis if fi(r, 0) = fi(—7r, —6);
3. The pole if fi(r, 0) = f;(—1, 6).

Converse statements also hold. The functions f; and f; may be
the same or different.

IV. Asymptotes. The determination of the asymptotes is
often difficult. On the other hand it is relatively simple to de-
termine the direction of an asymptote: if r = +o for 6 = 6,
then there is an asymptote which makes an angle 4, with the
polar axis. Further it may happen that 0lim r = k, in which

case we say that r = k is an asymptote or that r approaches &
asymptotically. Fortunately the question of asymptotes
arises only infrequently in problems that are best suited to
treatment in polar coordinates.

Tllustration 1. Sketch r = a(1 — cos 8).

Solution. Think of a as being a positive number. The intercepts
are (0, 0) and (2 @, w). The largest value of 7 is 2 ¢ and the curve
is symmetric with respect to the polar
axis since cos § = cos (—6). Further,

since cos 0 is of period 2, the graph
will be periodic of period (not exceed- (20,7)

ing) 27. Form (B) of the equation is 5

(see §82) v = —a(l + cos @), which re-

veals no other symmetry. k/
Of prime importance is the reasoning

exhibited in the following table. Fic. 123

QUADRANT 0 COos 6 T

0 1 0
I /2 0 a
1I L4 -1 2a
III 3 0 a
v 2 1 0

As 6 runs through the first quadrant, cos 6 decreases from 1 to 0
and 7 increases from O to @. The other variations involved can
be seen at a glance, and only a few individual points will be needed
to plot the graph accurately. The figure is a cardioid.
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Illustration 2. Sketch 7 = cos g (See Illustration 3, § 82.)

Solution. The first thing to note is that  will have to run through

720° in order that cosg may run through a complete period.

B(3v/2,90°)

/D(—3/2,270°)

A(1,0)

G(0,540° (1,720°)

H(34/2,630°)
F(—3+/2,450°)
FiG. 124
. P
The intercepts are A(1,0°), B (~;2 ) 90°)y E(-1, 360°),
F (— % 450°), and the pole C(0,180°). The curve has the
four equations r = +cos g r =+ sin g There is symmetry with
respect to
1. The polar axis since r = cos g = CoS ( — g),
2. The co-polar axis since 7 = sing and —7 = sin (— g) are the
same;

0 and —r = cos 9 are both equations of

3. The pole since r = cos 5 5

the curve.
The following table and a few points will enable us to sketch the
graph,

QUADRANT 0 [} ’
FOR 6 2
0 0 1
I 90° | 45° 1/22
11 180° 90° 0
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We apply our knowledge of symmetry for the rest of the curve
0

and remember that 7 is plotted against 6, not 5

Illustration 3. Sketchr =1 — ——.

Fi1G. 125

Solution. Radian measure must be used. .
When 0 =0,7=0. When 0 = kr, r =1 —-I—Tk—ﬂ_;

therefore, infinitely many intercepts on the polar axis. Similarly
for the co-polar axis. There is an infinity of equations of each
type (A) and (B). There is no symmetry.

For 6 > 0 it is easy to see that 7 increases with 6 and tha% limr =1.

there are,

—>+o0
The graph approaches the circle r = 1 asymptotically from the
inside. 4
For 6 < O the curve is discontinuous at # = —1. The curve is

asymptotic to a line which makes an angle of —1 (radian) with
the polar axis. This asymptote, found by the aid of the calculus,
is dotted in. Sinceolim r =1, the curve is asymptotic to the

circle r = 1 from the outside.

The following typical graphs and their equations will serve
as excellent exercises in curve tracing. The student should
analyze each equation, using the graph shown as a check against
his own work.
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Fic. 126. Circle:
T = acoso.

F1G. 128. Four-Leaved Rose:

T = acos2.

(B;g)

F1c. 127. Circle:
r = asiné.

F1c. 129. Four-Leaved Rose:
r =asin20.

Fi1G. 130. Three-Leaved Rose:
r =acos30.

F1G. 131. Three-Leaved Rose:
r =asin36.
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———
; ~
/ \\
H \
\O \

~

Fic. 132.

S~ —— —

The Spiral of Archimedes
T =aé.

Fic. 133. The Lemniscate of Bernoulli:
rt = a*cos20.

Fic. 134. The Limacon of Pascal:

r=0b—acosé.
(Cardioid if & = a. See Fi1G. 123.)
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(g,1)

()
=/
(—a,1)

Fic. 135. The Lituus:
0 = a’.

EXERCISES
Trace the following curves.
1. The Hyperbolic Spiral: r = a/é.
The Cruciform: r = 2 acsc20.
The Conchoid: 7 = aseco + b.
The Strophoid: r = a(sec 0 1 tan ).
The Trisectrix: 7 = a(4 cos § — sec 6).

A ol S

84. Intersection of Curves in Polar Coordinates. By a point
of intersection of two curves we mean a common geomelric point
regardless of the way in which the coordinates are assigned.
With the exception of the pole, coordinates of a point on a
curve will satisfy some equation of the curve. To find the
points common to two curves 7 = f(§) and 7 = g(6) we solve
simultaneously each equation of form (A) of one of them with
every equation of form (B) of the other. That is, we find the
solutions common to

(A) 7 = f(0 + 2 kr),
B) —r=g0+ 2F + L),
for all integers k and %’ that yield different equations.

This process may or may not lead to duplications in. the
answers. Often the work may be simplified or shortened by
the use of symmetry, when present, or of other information.
The pole is handled independently.

Illustration 1. Find the points of intersection of 7 = cosé and
r =sinf. (Figs. 126 and 127.)

Solution. Each curve has only the one equation.
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cosf = sin 6,
_T

0 = s

T = \/2

T2

Each curve passes through the pole. Therefore there are two
points of intersection, (v'2/2, r/4) and the pole.

Illustration 2. Find the points of intersection of 7 = cos# and

7 = COS g (Figs. 126 and 124.)

Solution. The first curve has only the one equation. The second
curve has two equations of form (A), r = +cos g, and two of ferm

B), r = +sin g (See Illustration 3, § 82.) We may use either

form in solving with r = cos 6.

(I
9

FiG. 136
Using form (A) we get:
7 = cos b, = cos d,
7 = CoS g 7 = —Cos g,
P(1, 0°), Q(—3» 240°); P’(1, 360°), R(—%»120°).
Using form (B) we get:
7 = cos 0, T = cos 0,
r = sin g: 7 = —sin g,
Q'(3» 60°), R'(3» 300°), P"(—1, 180°); P"(—1, 180°).

There are four points of intersection: the pole and the points P, Q, R
(with or without primes) regardless of what coordinates are used.
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Note that either method is adequate but that there is duplication

in each.
EXERCISES
Find the points of intersection of
1. r =sing, r =1 — siné. Ans. (3 30°), (3+120°), pole.

2 7 =2sin07r=2cos20. Ans. (1,7/6), (L, 57/6), (=2, 3x/2), pole.
3. 1=1,6 =1
Ans. (1 +12 e 1)’ (1 T (2—k1+ r 1)~ for all integral values of 4.
86. Lociin Polar Coordinates. The basic principles involved
in loci problems are the same regardless of the coordinate
system used. (See § 21.) We seek the locus of a point which
moves in accordance with certain prescribed geometric condi-
tions. The equation is determined by expressing these condi-
tions analytically in terms of the coordinates (r, 6) of the mov-
ing point. By careful selection of the polar axis and pole the
intermediate work can often be reduced and the final equation
simplified.

Illustration 1. Find the locus of P which moves so that its radius.
vector is proportional to the square of its vectorial angle.

Solution. The answer is immediate: the locus (a spiral) is given by
r = kb?
where k is the factor of proportionality.

Illustration 2. Find the locus of the midpoints of chords of a circle
of radius ¢ drawn {rom a fixed point O on the circle.

Fic. 137
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Solution. Let the polar axis coincide with a diameter through O
and choose O as the pole. The midpoint of a general chord 0Q
we label P(r, 0) and draw PC where C is the center of the circle.
The coordinates of C are (g, 0°) and OPC is a right triangle.
Thus

T = acosf

is the equation of the locus, a circle with center at '(g» 0°) and

radius a/2.

Illustration 3. Consider a circle of radius @ and a diameter OA.
A line OQ is drawn intersecting the circle at Q. Let P be a point
on the line 0Q such that OP = 0Q + 2 a. Find the locus of P.

Fi1G. 138

Solution. Let the polar axis coincide with the diameter OA and
the pole with the point O. Directly from the figure we have

OP = 0Q + 2 q,
r=2acosf + 2aq,
r =2 a(l + cos @), a cardioid.

Tllustration 4. Consider a circle of radius 2 @, a diameter OCA, and
a line L perpendicular to OA erected at a point halfway between
0 and C. A variable line OBD intersects L at B and the circle
at D. Find the locus of P on OBD such that OP = BD.

Solution. The equation of L will be r = a sec 8 if the polar axis is
taken coincident with OCA and the pole with 0. The equation
of the circle is r = 4 acosf. The coordinates of P, B, and D
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é(2a,0°}

Fic. 139

are P(r,0), B(asec$,0), and D4 acosb,6). The condition
OP = BD becomes

r=4acosf — asech,
7 = a4 cosf — sec),

which is the equation of the trisectrix. (See Exercise 5, § 83.)

EXERCISES

1. Through the focus F of a conic, focal radii FP’ are drawn, P’ being on
the conic. The point P is taken on FP’ so that FP is proportional to FP’'.
Show that the locus of P is a conic with the same focus and eccentricity.

2. A variable line 0A through the pole cuts the circle 7 = acosg at B
and the straight line r = asecg at C. Find the locus of P if P is on OA and
if OP = BC. Ans. The cissoid, r = a(sec 6§ — cos 0).

8. A variable line L through the pole cuts the fixed line r = asecg at A.
Along L and from A in either direction the distance AP = b is laid off. Find
the locus of P.

Ans. The conchoid, r = asec6 + b. (See Exercise 3, § 83.)

4, A variable line L through the pole cuts the fixed line » = asec at A.
Let the projection of A on the polar axis be B. Along L and from A in either
direction the distance AP = AB is laid off. Find the locus of P.

Ans. The strophoid, 7 = a(sec 6 + tang). (See Exercise 4, § 83.)



CHAPTER XV

HIGHER PLANE CURVES

86. Definitions. An algebraic curve is one whose equation
is of the form
fx,9) =0

where f is a polynomial in x and y. All other plane curves are
called {ranscendental curves; included among them are the
graphs of the trigonometric, logarithmic, and exponential
functions.

The straight line and the conic sections are algebraic curves.
The algebraic curves of degree greater than two and the tran-
scendental curves are referred to as higher plane curves.

87. Algebraic Curves. We have already treated a number
of higher plane curves in our study of polar coordinates. The
ones studied were especially amenable to such treatment. We
now consider several in rectangular coordinates.

Illustration 1. A tangent is drawn at one end of a diameter of a
circle of radius a. A variable line through the other end of the
diameter cuts the circle at A and the tangent at B. A line
through A parallel to the tangent and a line through B parallel to
the diameter meet in the point P. Find the locus of P.

o

FiG. 140
142
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Solution. We choose axes as in Fig. 140. Now
1) OC:CA = 0D : DB.

Further CA =Vy(2a — y) since it is the mean proportional
between y and 2@ — y. Thus (1) becomes

y:VvyCa—y) =2a:x
This reduces to
Xy =4a*2a—y).
The curve (a cubic) is known as the Witch of Agnesi.

Illustration 2. A variable line L through the origin cuts the fixed
line x = @at A. Along L and from A in either direction the dis-
tance b is laid off, the end points being P and P’. Find the locus
of P and P'.

Y |
I
|
|
|
|
|
|
|
I
| P(xy)
[A ‘
(a=b,0) o QR —x
; 1B(a,0) (a-+b,0)
: |
I
|
I
|
!
|
[
|
|
|
i
Fic. 141
Solution. In Fig. 141 we have
AB _ 3y,
a X

AB =%;
x s
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PQ=y-%="(—-a;

(x -—a)?-i—ié(x — a)? = b
This reduces to
4+ ) (x — a)? = x22
The curve (a quartic) is called the Conchoid of Nicomedes. (See
Exercise 3, § 85.)

Illustration 3. Find the locus of a point which moves so that the
product of its distances from two fixed points is a constant.

Y

Fi1c. 142
Solution. Let the two fixed points be (—a, 0) and (g, 0) and let
the constant be ¢2. Then the locus is
Vi +ap+ Vi —ap+ 5 =,
which may be reduced to the form
(x2 + ¥ 4+ 02)2 — 4 @%x? = ¢t
The curve (a quartic) is called the Ovals of Cassini. (It reduces

to the Lemniscate of Bernoulli for ¢ = a. See Fig. 133 and
Exercise 7 below.)

The first pedal curve of a given curve with respect to a given
point is the locus of the foot of the normal from the point upon a
variable tangent to the curve. Pedal curves of the conics are
interesting higher plane curves.
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Illustration 4. The first pedal curve of a parabola with respect to
the point of intersection of the axis and the directrix is a strophoid.

Y

(2510)

Fi1G. 143

Solution. Let the parabola have the equation
¥y =—4 ax.

The equation of the directrix is x = @. A tangent of slope m has
the equation (see § 44)

= _a
n y=mi—_

and the normal to this through (g, 0) is
1
2 = — G
2) y po (x — a).

We seek the locus of the point of intersection of (1) and (2). If
we eliminate m between the two equations we shall have the
equation of the locus. Solving (2) for m and substituting in
(1) we get

(x-—a)x+ ay

IETTS x—a)

which reduces to

2+ x(@® + y?) = 2 a(y* + »?).
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EXERCISES
Transform the following polar equations to rectangular coordinates.
1. The Cruciform: r = 2acsc26. Ans. x%y? = a*(x* + y2).
2. The Trisectrix: 7 = a(4 cos § — sec 9). Ans. y* = l%—‘ff‘ »—*—) -
3. The Cissoid: r = a(sec § — cos ). Ans. ¥ = P f_s -

4. The Cardioid: 7 = a(l 4+ cos0). Ans. (x* + v* — ax)* = a*(x* + »?).

Prove that the first pedal curve of
6. A circle with respect to a point on the circumference is a cardioid;

6. The parabola y* =—4 ax with rvespect to the vertex is the cissoid

7. The hyperbola x2 — y* = a? with respect to its center is the lemniscate
(x* + 7 = a*(x* — 7).

88. Trigonometric Curves. Thorough familiarity with the
details of the graphs of the trigonometric functions is highly
desirable. Problems involving them occur again and again
in all branches of both pure and applied mathematics as well as
in physics, chemistry, and engineering. The student should
make use of Table 3, § 4, and Table I, Appendix B, and draw
for himself these graphs, checking his own with those that
follow.
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Sine Wave: y = A sin (bx + ¢).

F16. 156.
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Illustration 1. Show that y = a sin
bx + ¢ cos bx is a sine wave of the
formy = A sin (bx + ¢).

Solution.
¥y = asin bx + ¢ cos bx

= \aq? +62

Fic. 157

a . ¢
( N sin bx + NS cos bx).

Now the coefficients of sin bx and cos bx are such that the sum of

their squares equals unity. Hence they may be thought of as the
sine and cosine of some angle, say ¢, as in Fig. 157. Therefore

y = 4/a® + c* (cos ¢ sin bx + sin ¢ cos bx)
= Asin (bx + ¢),

which is the desired form.

We may restate the result by saying that the sum of a sine wave
and a cosine wave of like period is a sine wave.

Amplitude = A4,

: 2T
period =5
_ b
frequency = 5
phase angle = ¢,
phase shift = — %

Illustration 2. Sketch y = sinx + %sin3 x.

. 1
Y y=sin x-+3sin 3x.
y=sin x
1
2
3
1 -
3 - \\ /’—\\
\\ l/
N /
. ’,
N ‘_’/
y=3sin 3x
L]

Fic. 158



£ 89] LOGARITHMIC AND EXPONENTIAL CURVES 149

Solution. We employ a standard and most useful method known
as the composition of ordinates. First plot y = sinx and y =
1sin 3 x separately. We wish the sym of these two curves and
it is a simple matter to take dividers and add the ordinates
graphically for any given abscissa.

EXERCISES

1. Show that y = a sin bx 4 ¢ cos bx may be represented as a cosine wave
of the form y = A cos(bx — w).

2. On the same set of axes and to the same scales plot (a) y = cos x/2,
b) y =3cos2x, (¢) y =cosx/2 —3cos2ux.
3. Sketch y = tan (x — »/4).

89. Logarithmic and Exponential Curves. From the defini-
tion of logarithm [see (4), § 2]

(1) y = log, x
and
(2) x = a¥

are identical statements of the relation that exists between x
and y. Equation (1) expresses y explicitly as a function of x
while (2) expresses x as a function of y. For a given base a
the graphs of (1) and (2) are therefore identical.

The two principal bases in use are ¢ = 10, which gives rise to
common logarithms, and e = 2.718, which gives rise to the
natural or Naperian logarithms. The number 2.718 is an
approximation for lim (1 4+ 1,/#)" and is generally designated

n~»

by the letter e. Base 10 is most useful in computational work,
base ¢ = 2.718 --- in theoretical.

In Appendix B, Tables II, III, and V are devoted to loga-
rithms and exponentials. By means of these tables the details
of plotting logarithmic and exponential functions may be
facilitated.

Illustration 1. Sketch y = logy x.

Solution. From Table II we compute a few points: (%, —.3010),
(1, 0), (2,.3010), (5, .6990). The logarithms of numbers between
0 and 1 are negative, and x = 0 is a vertical asymptote
(log 0 = —w). There are no real logarithms of negative num-
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Y
1 (2,.3010) (5,.6990)
(1,0/——-—'—"—_—_‘
e 3 4 5 X
Fi1G. 159

bers. As x —+-c0, logx —+o0. Fig. 159 is also the graph of
x = 10v,

Illustration 2. Sketch (a) v = 10+, (b) v = e,

Solution. (a) This graph will quite evidently be the same as that
of x = 10" with the appropriate changes in the axes.

Y

Ly =10 *
(5, 4.4817)
y=e”
(1,2.7183)
(1,1.6487)
0,1)
(—1,3.6788)
X

-2 -1 | 1
Fic. 160

(b) From Table V we compute the coordinates of the following
pointson y = e=: (—2,.13534), (-1, .36788), (0, 1), (4> 1.6487),
(1,2.7183), ($»4.4817). The graph has essentially the same
character as that of y = 10,
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Illustration 3. Sketch y = e~*sin x.

Solution. The graph may be thought of as the product of the two
graphs y = e~ and y = sin x. Thus, for any abscissa, we com-

8 ————— o

Fi16. 161

pute e~-* and sin ¥ and multiply these together to get the ordinate
of y =e-+sinx. The curve is known as the exponentially
damped sine wave.

Illustration 4. Sketchy = e~=.

Solution. The curve crosses the Y-axis at (0, 1); there is no inter-
cept on the X-axis, which is an asymptote. There is symmetry
with respect to the Y-axis. By computing a few valucs (Table V

Y

(0,1)

Fic. 162

may be used) an accurate graph can be constructed. The graph is
known as the probability curve and is of great use in statistical
theory.
EXERCISES
Sketch the following curves.

1. y =log(x + 2).

2. y = log Vat — 9.
3. y=—4e2,
4, y = xe.
asZ _z
6. y = 5 (e” +e “), the catenary.



CHAPTER XVI
PARAMETRIC EQUATIONS

90. Parametric Equations. It is often advantageous to use
two equations to represent a curve instead of one. The x-co-
ordinate of a point on the curve will be given by one equation
expressing x as some function of a parameter, say 6, or ¢, and the
y-coordinate will be given by another equation expressing y
as a function of the parameter. Such equations are called
parametric equations. Upon eliminating the parameter be-
tween the two equations, the Cartesian equation of the curve
is obtained. Many loci problems are treated most readily
by means of parametric equations. Since a parameter may
be chosen in many ways, the parametric equations of a given
curve are not unique; in some cases they will represent only a
portion of a curve.

Illustration 1. Write the equation of a straight line in parametric
form.

Solution. Consider the equation of the line in the two-point form

Yoy _ X=X

y'lM:yl Xy — X
and set each of these ratios equal to the parameter {. Solving for
x and y we get as parametric equations of the straight line
x =X +1(x2 — x),
y =3+ 1y = »n).
Illustration 2. From Fig. 163 find the parametric equations of the
ellipse b2x2 + a2y* = @2b? in terms of the angle 4.

Solution. It is immediately evident that
x = acosé,
¥y = bsiné,
152



§ 90] FARAMETRIC EQUATIONS 153

Y

Fi6. 163

which are the equations sought. If @ = b we have
X = acosd,
y =asin@

as parametric equations of the circle x? + y* = a2

Illustration 3. Find the curve traced by a point on the circumfer-
ence of a circle of radius « as it rolls along a line.

Solution. Let the X-axis be the line and let the initial position of
the tracing point P coincide with the origin. We take as Param-
eter (Fig. 164) the angle PCN = @ (in radians) through which
the radius PC turns as the wheel rolls into a typical position. We
seek the locus of P. Now

ON = arc PN = af.

Hence
x = ON — BN
= ON — PM
= gf — asiné.
Further
y=PB=CN-CM

a — acos?.
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Y
C
a
0]
— M
y 9®
O|xB N (wa,0) - (27a,0)

Fi1c. 164

The parametric equations of the locus of P are therefore

x = a@ — sin®),
y = a(l — cosb).

Solving the second of these for 0, as a function of v, and substituting
in the first equation, we eliminate the parameter and obtain

as the Cartesian equation of the locus, called the cvcloid.

The cycloid is an important curve in physics, where it is called
the brachistochrone. Turned upside down, it is the curve of
steepest descent: a particle will slide down it in minimum time,
the same regardless of the particular point on the curve from
which the particle is released.

Illustration 4. A circle of radius & rolls on the inside of a circle of
radius a. Find the locus of a point P on the circumference of the
rolling circle.

Solution. Consider Fig. 165 where the parameter is 6, the angle
through which the radius vector to the center C of the rolling
circle has turned. First note that @ and ¢, the angle through
which the radius of the rolling wheel has turned, are connected
by the relation

arc NA = arc NP,

al = bg,
or
=7
¢ = bﬁ.
Further
a=90°+60—-9¢

— 00° _a
= 90° + ¢ b0
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- 90° — (2=},
and sina = cos % ;—b 6.
Y
’ /,.,
N
b
a C
©
db af
p
0 M = X

Fi1G. 165

The coordinates of P are x and y.

x =0B = 0D + DB
= (ON — CN) cos 0 + bsin a,

(1) x=(a—b)coso+bcosa;b0.
Similarly

y = BP = DC — MC,
) y=(a—b)sin0—bsinq—;~—b0.

The curve is called the hypocycloid. 1f a is an integral multiple of
b the tracing point will return to its original position at A after
the rolling circle makes one trip around the fixed circle. If ¢ and
b are commensurable the tracing point will ultimately return.
But if @ and b are incommensurable the tracing point will never
return to its original position.
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If a = 4 b the curve is the astroid Y
or hypocycloid of four cusps (Fig.
166). Itis left as an exercise for
the student to show that the
parametric equations in this case

reduce to
x = acos? 0,
¥y = asin3f,

whence the Cartesian equation is

x3 —+ yg = ag',

By simply changing —b to +b the FiG. 166

case where the rolling circle rolls on the outside is obtained and
the equations are
a+b

x = (@ + b)cos @ ~bc037~9,

y = (a+b)sind —bsin‘i—}l’e.

Y

F1G. 167

The curve is the epicycloid (Fig. 167). All the cycloids are used in
the design of gear teeth.

Tllustration 6. Sketch the curve whose parametric equations are

_ _3a
)
y = 3 at?




157

§90] PARAMETRIC EQUATIONS
Solution. A table of values of x and y, for values of ¢, is con-
structed.
¢ 0 3 1 2 | 40| =3} -1 -2
x | 0 |4a/3|3a/2|2a/3] 0 | —124/7| +w | 6a/7
y 0 |2a/3!3e/24a/3] 0 6a/7| + o | —124a/7

The curve, called the Folium of Descartes, is shown in Fig. 168
along with the range of values of the parameter ¢ associated with
each portion of the graph. Theline x + y 4+ @ = 0 is an oblique

asymptote.
Y
3
= a
2 x&
k/
a p;’
~ > b\’
b4 &
Jee L
~ O Q
a 3 X
+X 22
J-X°
N
o
Fic. 168

By eliminating the parameter we obtain
¥4y —-3axy=0

as the Cartesian equation. The folium is an algebraic curve of
the third degree. The original parametric equations can be re-
covered by setting ¥ = /x and solving this simultaneously with
the Cartesian equation for x and y as functions of . From this
it follows that the geometric significance of this particular
parameter is the slope of the line joining the origin and a point on
the curve. Of course if y is chosen as some other function of x
and ! the parametric equations will be different.
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EXERCISES

1. In Fig. 140 take angle DOB = ¢ as parameter and show that the paza-
metric equations of the witch are x =2 atan6, y = 2 @ cos? 6.

2. If a string, wound around a circle, is unwound, a point on the string
will trace a curve called the nvolute of the circle. Show that the parametric
equations of the involute of the circle whose polar equation is7 = ¢ are x =
acosd + afsingd, y = asin0 — ad cos 6.

3. A projectile is fired from the origin with an initial velocity of # in a
direction making an angle o with the X-axis. Assuming that the initial im-
pulse and gravity are the only forces operating, find the parametric equations
of the path, using time ¢ (in seconds) as parameter.

Ans. x = vl COSa, ¥ = vl Sin @ — £ . Eliminate ¢ and show that the

- 2
. g .
path is the parabola y = x tan « — D0k sec? a.
0
4. Generalize the cycloid (Fig. 164) by letting P be on a radius CP of the
rolling circle at a aistance R from the center C. Show that the parametric
equations of the curve traced by P (general name, a {rochoid; curtate cycioid

if PC < a, prolate cycloid if PC > g) are x = af — Rsind, y = a — R cos 6.



CHAPTER XVII
EMPIRICAL EQUATIONS

91. Curve Fitting. So far we have been concerned with
graphs of functions which were exactly expressible in some
analytic form. However, much of the work in the sciences
relates to data that are functionally related by no known exact
formula. In some cases theoretical considerations dictate the
form of the function, in others the data themselves suggest a
possible relation; but in many cases there is no hint as to
what the relation might be.

In any event it is desirable to know the form of the exact
functional relation, if one exists, or some approximation which
will adequately describe the relation for matters of interpola-
tion, extrapolation, etc. The process of finding the equation
of a curve which passes through or near the points of a set of
paired observations is called curve fitting, and the equation of
the curve thus fitted is called an empirical equation.

In curve fitting we seek the simplest curve which will reason-
ably explain the data. We treat four types: linear, parabolic,
exponential, and power.

92. The Linear Law. Let the observed data be

X1 X2 X3 Xn

B4 y2 s e In

When plotted on rectangular coordinate paper these points
may appear to lie almost on a straight line. A line could be
drawn, by sight, that might suffice for rough work, but there
are two standard methods of fitting a line to these observations
which eliminate the guesswork. These are I, the method of
averages and 11, the method of least squares.

1. The Method of Averages. This process involves dividing
the given data into two sets equal or nearly equal in numbers

159
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of observations, computing the average point for each set, and
finding the equation of the line passing through these two
average points. If the x’s in the first set run from x, to x;
the average x for that set is
e X XA e 4 x;
X1 = ; .

J
The average points are therefore given by (i, ¥1) and (X, 72)
where

_ Xi+1 + Xipe + o0+ Xn
n—j

X2
and similarly for the y’s.

Illustration 1. By the method of averages fit a straight line to the
following data.

x 1 3

[$2]
N

10

y 2 4 6 7 | 10

Y

26 29
(—S_I—g‘

(Mean point of all data)

F1G. 169

Solution. The plotted points show a linear trend. We put the
first three pairs in the first set and obtain as the average point of
this set

r-LE3+5_g

»
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yl=gi%+_6=4,

Similarly the average point of the second set is

B ES I
5}2=———7_;1—-=—1~2’Z.

The equation of the fitted line passing through (3, 4) and (4% 47)
is9x — 11y + 17 = 0.

If we put only the first two pairs in the first set and the last three
pairs in the second set the equation of the line would be
7x — 8y -+ 10 = 0. With different groupings of the data this
method therefore yields different results.

A point on the fitted line yr = a + bx is called an estimated
or theoretical point. The subscript T is used on y to indicate
this. An observed value of y (from the data) is often written
yo. For a given abscissa the difference E = y, — yr is called
the residual or error. Even though the line fitted by the method
of averages depends upon the grouping, the method yields a
line for which the sum of the errors is zero and each such line
passes through the mean point of all the data. It is customary
in mathematical writing to indicate ‘the sum of’’ by the Greek
capital 2. Thus “the sum of the errors is zero” is written
E = 0. We note that the condition E = 0 is not a good
criterion for the goodness of fit.

II. The Method of Least Squares. A better criterion for
goodness of fit, indeed the best in a certain probability sense, is
that the sum of squares of the errors shall be @ minimum,; hence
the name “least squares.” This method leads to a unique
line generally called the line of regression (of y on x). The
coefficients ¢ and b in the equation of the regression line must
satisfy the system of normal equations

1) an + b=x = =y,
(2) aZx + bIx® = Zxy.

To solve these simultaneously for a and b, thus obtaining the
line of best fit y = a + bx, we first prepare the following table.
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X1 B2 x? X1
X2 Yo X2 X2y
Xn Y x,? XnYn
=x zy Zx? Zxy

Illustration 2. By least squares fit a trend line to the data in
Illustration 1.

Solution.
x y x? xy
1 2 1 2
3 4 9 12
5 6 25 30
7 7 49 49
10 10 100 100
Zx =26 | Zy =29 | Zx? =184 | ZTxy = 193

The normal equations are

5a+ 26b =29,
26a + 184 b = 193.

These yield a=318/244, b=211/244, and the line y=318/244 +
211 x/244 or 211 x — 244 y 4 318 = 0.

93. The Parabolic Law. The observed data might quite
obviously be non-linear, in which case it would be undesirable
to fit a straight line. In some instances a parabola of the form
¥y =a+ bx + cx* is used. The method of averages would
apply but the data would have to be divided into three sets
as there are now three coefficients, q, b, and ¢, to be determined.
However, we shall illustrate with the generally applicable
method of least squares since it gives better results. The
work is longer; there are three normal equations in this case,
namely

an + bZx + c=x? = Iy,
azx + bZx? 4+ c=x® = Zxy,
azx® + bZx® + cZxt = Za?y.
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Illustration. By least squares fit a parabola to the data

x| o |1 2 3 | 4
y 1 2 | 25 | 3 3

Solution. We prepare the table

X y X X3 xt xy x%y
0 1 0 0 0 0 0
1 2 1 1 1 2 2
2 25 4 8 16 5 10
3 3 9 27 81 9 27
4 3 16 64 256 12 48
sx=10 | Zy=11.5 | Za2=30 | Sx¥ =100 | Sx* =354 | Sxy =28 | a2y =87
Y

X
-1 O 1 2 3 4
Fic. 170
The normal equations are
5a+410b + 30c¢ = 11.5,
5a+ 15b + 50 ¢ = 14 (reduced),
30¢ + 1000 + 354 ¢ = 87.

These yield ¢ = 7.1/7, b = 7.5/7, ¢ =—1/7; and the parabolic
equation is
7y =71+75x — a1
94. The Exponential Law. Any quantity that increases at a
given time x at a rate proportional to the amount present at
that time is said to increase exponentially, and the amount y
present at any time x is given by

) y = ae*”
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where e and b are constants. If & is negative the quantity
is decreasing.

Money continuously compounded follows this law, and it is
otherwise important in biology, chemistry, etc., where the
quantity referred to might be certain organisms or certain
chemicals. Taking logarithms to base ¢ on both sides of (1) we
get

(2) log y = log a + bx,

which shows that if the exponential law obtains then the points
(x, log ¥) fall on a straight line since (2) is a linear equation
in x and log y. The results are similar regardless of the base of
logarithms used.

It is easy to test whether given data follow (nearly) an
exponential law and two courses are open: (a) to compute
log y for each y entry and plot (x, log ¥) on rectangular coordi-
nate paper, or (b) to plot (x,y) on semi-logarithmic paper.
In either case the graph will be (nearly) a straight line. The
latter course is the simpler since, with semi-logarithmic paper
available, no further computations are necessary.

Semi-logarithmic graph paper has the usual linear scale one
way, where the mark x means x wunits from the origin, but a
logarithmic scale the other way, where the mark y is placed
at a distance log ¥ units from the origin. A sample of semi-
logarithmic paper is shown in Fig. 171. Since log 1 = 0, the
origin is marked unity; there is no zero on a logarithmic scale.

If we set, in (2), log y = Y and log a = A, we get
3) Y = A + bx.

Fitting a straight line (3) to given data will readily yield the
exponential law y = ae**. If it is more convenient to use
logarithms to the base 10 we write

Y’ = logioy = logioa + bx loge e

= A’ + 43429 bx
or

4) Y = A"+ b'x
and proceed with this equation.

Illustration. Fit a curve of the exponential type y = aet* to the
data
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x 1 2 3 4
y 8 5 3 2

Solution. We use (3) and logarithms to the base e (Table III, Ap-
pendix B) to prepare the following table.

x y Y =logy x? xY
1 8 2.0794 1 2.0794
2 5 1.6094 4 3.2188
3 3 1.0986 9 3.2958
4 2 0.6932 16 2.7728
Zx =10 ZY =5.4806 | Zxz = 30 | zxY = 11.3668
Y
100
90
80
70
60
50
40
30
20
10
9
8
7
6
5
4
3
2
:1% 1 2 3 4 )<
7
6
5
4
3
2

Fic. 171
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The normal equations are

2A 4+ 5b = 2.7403 (reduced),
5A + 15 b = 5.6834 (reduced),

yielding A = 2.5378, b = —0.4669. Equation (3) becomes
Y = 2.5378 — 0.4669 x.

Since A = log @ = 2.5378, a = 12.62 (from a larger table of natural
logarithms).
Hence the fitted exponential curve has the equation

y = 12,62 040 s,
95. The Power Law. Data might follow the power law
y = kx~. Taking logarithms on both sides we get

log y = log k& + n log x,
or

(1) Y =K+ nX

showing that the data would plot a straight line on logarithmnic
paper where both x and y are logarithmic scales. The pro-
cedure is essentially the same as in the illustration of § 94.

Illustration. Fit a curve of the form y = kx» to the data

x 3 7 20 50

y 2 3 5 8

Solution. We illustrate by using logarithms to the base 10 and
prepare the table:

x|y X = logux Y = logioy X2 XY
3| 2 04771 0.3010 2276 1426
713 0.8451 0.4771 7142 .4032
20 | 5 1.3010 0.6990 1.6926 .8094
50 | 8 1.6990 0.9031 2.8567 1.5344
=X =4.3222 | Y =2.3802 | =X? = 54911 | XY = 2.8896

The normal equations are

4 K 4+ 4.3222 n = 2.3802,
43222 K + 5.4911 n = 2.8896,

whose solution is K = .1768, n = .3871.
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Y
100
50
20
10
9
8
7
6
5
4
3
2
1
1 2 3 4 5678310 20 50 100 x
Fic. 172
Now
K = log k = .1768,
k = 1.502.
The fitted curve, therefore, has the equation
y = 1.502 x0.%7,
EXERCISES
(Use method of least squares in each case.)
1. Fit a straight line to the data
x || -2 -1 0 1 2
y -2 -1 5 1 1.5
Ans. y = 9x.

2. Fit a parabola to the data

x 0 1 2 3

y 3 1 1 2

Ans. 20y =59 — 51 x + 152
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. N ‘,
3. The data in the table represent the number N of bacteria in a culture
at the end of ¢ hours.

N 10 20 35 65
t 1 2 3 4

Plot on rectangular and semi-logarithmic paper and fit a curve of the type
N = ae?. Ans. N = 5.55¢"8 ¢,
4. In the following table T is the period in years and R the mean distance
of a planet from the sun, that of the earth being unity.
Mercury Venus Earth Mars Jupiter Saturn Uranus Neptune Pluto
R 0.387 0.723 1 1.524 5.203 9.539 19.191 30.071 39.5
T 024 0.61 1 1.88 11.86 29.46 84.02 164.79 248

Fit a curve of the type T = ER" and show that very nearly 7 = R?.
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but despite this drawback the system is very useful in many
problems.

II1. Spherical Coordinates. The point P(p, 6, $) can be lo-
cated by the spherical coordinates p, 6, and ¢ as indicated in
Fig. 175. Again the coordinates of a point in this system are
not unique but many problems are readily treated by spherical
coordinates and are difficult in rectangular or cylindrical
coordinates.

The following substitutions will transform from one system
to another.

Rectangular lo Cylindrical Cylindrical to Rectangular
X =71C0S 6 T =Vx: 4y
y = 7r8in 6 0 — tan—?
z=2z
z2=2z
Rectangular to Spherical Spherical to Rectangular
x = psin ¢ cos 6 p=Vx+ 9yt 2
Yy = pSin ¢ sin @ 0=tan_12
2= pCos ¢ x
z
(i) = COS_] I e
Vit
Cylindrical to Spherical Spherical to Cylindrical
r = psin ¢ p =Vr 4 2
0 =20 0 =20
Z = pcCos ¢ ¢=tan—1£

The coordinate planes divide space into eight octants, the:
first octant being the region where x, y, and z are positive. In
general the other octants are not labeled. The majority of
our work will be in rectangular coordinates.

97. Distance between Two Points. From Fig. 176 and the.
formula for distance between two points in a plane we have
P1P2 =P1A-+AP2-
=@ =2+ (2 — 9)° + (22 — 21}

d=vV(x — 2+ 02— »)* + @ — 2%

or




172 FUNDAMENTAL CONCEPTS [Ch. XVil

z

N\
N\
—a

/ Pz(xz;)'z),lz)//

d‘
-
-

-

Plle

-

e e

/PGy, z).

N D
N

~

—L B
1N_______|
< N

|

N
NS

™~
AN
N
/i
IA]
/|
/1
/o
[
I
T
/ 1
/ f
L I
1
‘» I
e N L
N
|
<
-

RS

Fic. 176

98. Projections. The projection of a signed segment AB
(Fig. 177) upon a plane = is the signed segment A’B’, lying in
the plane, joining the feet of the perpendiculars from A and B
to =. Similarly the projection of AB upon a line L is A”B",
the signed segment cut off by the perpendiculars dropped
upon L from A and B.

Fic. 177

99.0 Point of Division. By analogy with the methods of
§10 we find that a point P(x, y, z) will divide the segment
PP, in the ratio r,/7, if
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X172 + X271 Y172 + Yaru 217y + 257
(1) X = ———) = Ty Z = e

1+ 72 T+ 72 Ty + 72

If r1/7, is positive, P is an internal point of division; if 7,/7,
is negative, P is an external point of division. In particular if
P is the midpoint of P,P,, then

_,_x1+3§g__}’1+y2__31+22_
) F=Tg =TT iy

Equations (1) give the coordinates of the center of gravity of
masses 7, and 7, placed respectively at P, and P,.

100.» Direction Cosines. Two intersecting lines in space
determine a plane and the angle between them is defined as
in the plane case. Lines which do not intersect are called
skew lines and the angle between two skew lines is defined as
the angle between two intersecting lines parallel to them and
having the same sense.

z

Pz(xz,yz,zz)

Fic. 178

The angles «, 8, and v which a directed line (or line segment)
makes with the positive X-, Y-, and Z-axes respectively are
called the direction angles. The direction angles are unique for
a given sensed line. The direction cosines of a sensed line are

A = COS a,

@ u = cos B,
vy = COS v,

]



174 FUNDAMENTAL CONCEPTS [Ch. XV

while those of a line without established direction are \, u, v or
—N, —u, —v. Direction numbers of a line are any numbers
a, b, ¢ proportional to the direction cosines. Thus a = kA,
b = ku, ¢ = kv are direction numbers.,
Y2 =N S Rl 3
g sy ="
Thus the difference in the respective coordinates of any two
points on a line are direction numbers of the line. The constant
of proportionality d is the distance between the two points.
Upon squaring and adding (2) we get

A+ u? 42 = 1L

(2) cosa = x?;,(; X1

» COS B =

Hence
a b c

A = meemmnn ey = Ty = oo e

\/a‘l-l—b?—i-c?” \/a2+b2_+_czy \/az+b2+cz
101®* Angle between Two Lines. There is no loss in gener-
ality in assuming that the two lines pass through the origin.

Let P, and P, be any points on the lines L, and L., respectively.
Then, by the law of cosines,

PP} = de + d2? — 2 dd, cos 9,

(2 = 0)2 4+ (2 — ) + (22 — 2)” = x* + y° + 2" + % +
ygg + 2ot — 2 dldg Cos 0,

% 4+ Yy + 212y
d\d,

Ccos § =

pl(xl'YI;zl)

di

Pz(xz')’2;22)

Fic. 179
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But

A\ = EA, ur = 21, v = i‘y
d; d, d,
X9 Yo 29

M= T T

Therefore the angle § between two directed lines will be given by
1) oS 0 = Ah2 + pipe + viva.

The acute angle between two undirected lines is given by
(2) cos 6 = | NNy + pipe + vwe|. [Compare with (2) and (3),

§13.]

102® Parallel and Perpendicular Lines. Two lines are
parallel
(1) If direction cosines are equal:

N = Aoy p1 = Mo, V1 = Vo5
(2) Or if direction numbers are proportional:
a, = Ka,, by = Kb, ¢, = Kc..

Two parallel lines determine a plane; parallelism is essentially
a two-dimensional concept.
Two lines are perpendicular

(3) If ANz + pipe -+ vivs = 0;
(4) Or if aay + b]bg “+ ¢iC2 = 0.

Two perpendicular lines may intersect (determine a plane) or
they may be skew lines in space.

Illustration 1. Transform the equation 22 = a* — 2x? — 23 to
cylindrical coordinates.

Solution. Since 72 = x2 4 y?
the cylindrical equation is
22=a—217%
Illustration 2. Find the point P on Py(2,3,5), Px(-1,2, —3)
which divides P,P; in the ratio 3.
Solution.
x = @B+ (=H @) ., _ B)B)+(2)(2) z = (5)B)+(=3)2),
= -———-———5 ’ y = 5 ) 5
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The point is P(%, %2, 2).

Illustration 3. Find the angle between the lines joining P(1, 2, —3),
Q(-1, —-2,1), and R(0, 1, 4), S(1, —3, 0).

Solution.
PQ =V4+16 +16 =6,
RS =V1 4+ 16 + 16 =V33,
)l--%’ I'“-:_%y V1=%)
) VPNDD S .
V33 V33 V33
1-8+8 1
cosf =~ — ST = - /33,
3v33 9
Illustration 4. Determine ¢, so that the two lines L,:a, =1,
b= —1,¢ =2; Ly:ay = 2, by = 4, c; =?, are perpendicular.
Solution.

aa: + biby + cic: = 0,
2—-4+4+2¢c =0,
Cz=1.

EXERCISES
1. Transform the equation p = 2 to rectangular coordinates.

Ans. x2 +y2 4 22 = 4.

2. Find the midpoint of the segment P(— 2,3, — 4), Q(8, 5, 2).
Ans. (3,4, — 1).
8. Find the direction cosines of the line making equal angles with the axes.
Ans. N =p =» = }V3.
4. Show that the line through (5,1, — 2) and (— 4, — 5, 13) is the per-

pendicular bisector of the segment (— 5, 2, 0), (9, — 4, 6).



CHAPTER XIX
THE PLANE

103. Equations in Three Variables. We have seen that an
equation in two variables, f(x, ¥) = 0, plots a curve in two-
space. An equation in three variables, f(x, ¥, z) = 0, plots a
surface in three-space.

Two equations f(x,y) =0, g(x,y) = 0, solved simultane-
ously, give the points of intersection of the two curves. Simi-
larly two equations f(x, ¥, z2) = 0, g(x, 3, 2) = 0, solved simul-
taneously, give the points of intersection of the two surfaces;
these points generally lie on a space curve which is the curve
of intersection of the surfaces. The simultaneous solution of
three equations f(x, ¥, 2) =0, g(x, ¥, 2) =0, h(x, ¥, 2) =0
yields the points common to the three surfaces. These points
are, in general, isolated points.

It is important to note that a curve in space is represented
by two simultaneous equations.

104. The Linear Equation. The simplest equation in three
variables is the linear equation

1) Ax + By +Cz+ D = 0.

The left-hand member is a polynomial of the first degree in the
three variables x, y, and z. We prove the following two
theorems.
Theorem 1. The graph of a linear equation in three variables
is a plane. .
Proof. Let Pi(x1, ¥1, 2:) and P.(x,, y., 2;) be two points on
the surface

Ax +By +Cz+ D = 0.
It follows that

(2) Axy + By, +Cz; + D =0,
Q) Ax, + By, + Cz. + D = 0.
177
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Multiplying (2) by 7./(r1 + 72) and (3) by 7,/(r1 + 72)
and adding we get

X1Ts + Xory YiT2 + YTy 217y + 207
4 T1+ T2 +B T+ 7T +C T+ 72 +D =0,
which shows that any point on the line PP, lies on (1).
(See §99.) The plane is the only surface such that the
line joining any two points on it lies wholly in it. Hence
(1) is a plane.
Theorem 2. A plane is represented by a linear equation.
Proof. Consider a point P,(x1, y1, ;) on the plane r and the
normal line L to = at P,. Let direction numbers of L be
A, B, C. 1If P(x,y, z) is any other point in = then L and
PP are perpendicular to each other. Direction numbers
of P,Pare (x — x1), () — ¥1), (z — z1). By (4), § 102, we
have

“4) A(x — x1) + By — y1) + Cz — 2,) = 0.

This holds for all points P in = and no others; hence (4) is
theequationof r. Since (4) is linear the theorem is proved.

The equations of the coordinate planes are x = 0, y = O,
z = 0, the YZ-, XZ-, XY-planes respectively. The points of
intersection of a plane with the axes are called the intercepts
of the plane. The x-intercept is located by settingy = z = 0
in the equation of the plane and solving for x. Thus the
x-intercept is (—=D/A, 0, 0). The other intercepts are simi-
larly determined. The lines of intersection with the coordinate
planes are called the traces of the plane. The trace in the
XY-plane is given by the simultaneous equations

Ax + By +Cz+ D =0,
z =0.

Hence in the X Y-plane the equation of the trace is Ax + By +
D = 0. The other traces are determined in like manner.

The plane is the space analogue of the line and the student
should review the latter at this time (Chapter IV).

105. Special Forms of the Equation of a Plane. The general
equation, Ax + By + Cz + D =0, can be written in the
following special forms, which are both useful and interesting.
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1. Three-Point Form. A plane is determined by three
non-collinear points Pi(x1, y1, 21), Ps(%s, ¥5, 22), Ps(%s, ¥3, 2s).
These must satisfy the general equation of the plane; that is,

(1) Axi + By, + Cz1 + D =0,
(2) - Axy + By, + Cz, + D =0,
(3) Axs + By; 4+ Cz; + D = 0. S

These three equations can be solved for the coefficients A, B,
C, D (only three of them are effective). When these coeffi-
cients are substituted into Ax + By 4+ Cz 4+ D = 0 we have
the three-point form of the equation of a plane. The result
can be written most readily in determinant form:

Xy oz 1‘
(4) X1 y.i 21 1.

ixz Y2 2y i~'=0'

X3 Y3 23 1
This can be written in semi-expanded form, using determinants
of the third order:

Y1 21 1 X1 21 1 X1 W1 1 .xl Y1 24
B) |y 22 1|x— |2y 20 1|y+ |22 2 1]z—| 25 95 2,|=0.
¥ 23 1 X3 23 1 X3 Vs 1 \xa Vs 23

II. Point-Direction Form. We
have already developed this form
of the equation of a plane in the
proof of theorem 2, § 104. In (4) .
of that paragraph we wrote the P1(x1)y1,21)
point-direction form:

A(x — x1) + By — »1)
+ C(z — z)= 0.

The student should make sure that
he understands why the coef-
ficients of x, ¥, and z in the equa-
tion of a plane are direction num-
bers of lines perpendicular to the FIG. 180
plane.

III. Normal Form. 1t is easy to convert direction numbers
to direction cosines. In Ax + By +Cz+ D =0, A, B, C
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are direction numbers of lines perpendicular to the plane; if
the equation is divided by VA* + B* + C? we get
©) Ax+By+Cz+D

\/ 2 _|_ Bz + C2
The coefficients of x, y, and z are now the direction cosines of
lines perpendicular to the plane. This equation can be written
in the form

) N+ uy+vz—p=0

where p is the perpendicular distance from the origin to the
plane. For (Fig. 181) let ON = p and let P be any point in

Fic. 181

the plane. The direction cosines of ON are A, u, » and those
of OP are x/OP, y/OP, z/OP. Since p = OP cos 6 we have,
by (1), § 101,
A vZ
b = OP (OP top™t op)

which reduces to (7).

Equation (7) is the normal form of the equation of a plane
and (6) indicates the method of reducing the general equation
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to normal form. The sign before the radical VA? + B? + (2
is chosen so that p is positive. This is done as follows: The
3sign of the radical is

Opposite to D, if D = 0;

The same as C, if D = 0, C < 0;

The same as B,if D = C = 0, B = 0;
The sameas A,if D =C =B =0,4 = 0.

IV. Inlercept Form. In case the intercepts are a, b, and ¢ the
three-point form reduces to

XYy Z_
(8) a+b+c_1'

V. Through Origin. The general equation reduces to
9) Ax +By+Cz=0
if the plane passes through (0, 0, 0).

V1. Perpendicular to Coordinate Planes. Since Ax + By +
D = 0 represents, in two-space, a line in the XY-plane, this
same equation will represent a plane in three-space perpendic-
ular to the XY-plane. This is true because the equation holds
for every point (x, ¥) on the line regardless of the value of z.
Every point (x, y) on the line may be thought of as being
projected in the z direction. The projection of a line is, in
general, a plane.

The equation of the plane perpendicular to the

XY-plane is Ax + By + D = 0;
XZ-planeis Ax + Cz + D = 0;
YZ-planeis By + Cz + D = 0.

VII. Perpendicular to Axes. In one-space Ax + D = 0,
or x = k, represents a point; in two-space it represents a line.
In three-space it represents a plane perpendicular to the X-axis.

The equation of the plane perpendicular to the

X-axisis x = k;
Y-axisis y = k;
Z-axisisz = k.
Tlustration 1. Find the equation of the plane passing through the
three points (1, 2, 1), (-1, 1, —-2), (1,0, —1).
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Solution. Equation (5) becomes

2 11 1 11 121 12 1
1 -21{x—-|-1-21fy+|-111|z—|—-11 =2(=0,
0 -11 1 -11 101 10 -1

which reducestox +y —z — 2 = 0.

Illustration 2. Find the equation of the plane perpendicular to the
line joining (1, 2, 0) and (3, —2, 5) and passing through (1, 5, —8).

Solution. Direction numbers of the line joining (1,2,0) and
3, —2,5) are 2, —4, 5. The point-direction form is

Ax —x) + By =) + Ckz —2) =0,
which becomes
2(x — 1) —4(y —5) + 5(z -+ 8) = 0.
This can be reduced to
2x —4y+52458=0.
Illustration3. Reduce3x 4+ 2y — z 4+ 5 = 0 to normal form.
Solution. The normal form is
3x+2y :z—{—5=0.
-V14
Tllustration 4. Reduce * — 5y + 22z — 3 = 0 to intercept form
and write the coordinates of the intercepts.

Solution. The intercept form is
x

3

and the intercepts are (3, 0, 0), (0, —2, 0) and (0, 0, 3).

Illustration 5. Write the equation of the plane passing through
(1, 1, 2) and (3, 5, 4) which is perpendicular to the XY-plane.

Soluiion. The equation is of the form
Ax +By + D = 0.
This passes through the given points and hence

A+ B+ D=0,
3A+5B+ D=0,
from which we get A = -2 D, B = D,
The equation is, therefore,

2x—y—1=0.

+-Y5+ 5 =1

37
5

[SXR2E N
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Illustration 6. Find the equation of the plane perpendicular to the
plane x — y + 2z — 5 = 0, parallel to the line whose direction
cosines are %, —2, 2v/5/5, and passing through (5, 0, 1).

Solution. The normal form of the equation will be

M A+ py 4wz —p=0.

The direction cosines of the normal to the given plane are 1/V6,
—1/V/6, 2/V6. Since the two planes are to be perpendicular
their normals must be perpendicular. Hence we must have

A w2y 0
ve V6 V6

or, simply,
@) AN—p+2r=0.

Again, the plane must be parallel to the given line; hence the
normal to the plane must be normal to the line. Thus

or -
3) N—=2u+2V5y =0.
Solving (2) and (3) simultaneously we get
A =2(V5 — 2,
w=2(V5 =
Then (1) becomes
2V —2wx +2(VE =Dy vz —p =0
and this must be satisfied by (5,0, 1). Hence
10V — 2w +v—p =0,
or p = (10V5 —19)». We set » =1 and obtain the final
equation of the plane:
2(V5 = 2)x +2(v5 — 1)y + z — (10v5 = 19) = 0.

EXERCISES
1. Find the equation of the plane parallel to 3x -2y +6z+5 =0
and passing through (1,4,1). -~ Ans. 3x —2y+6z2—1=0.
2. Write the equations of the following planes:
(a) Parallel to the XZ-plane through (1, 4, 6). Ans. y =4;
(b) Parallel to the XY-plane and 2 units from it. Ans. z =+ 2;

(c) With\intercepfs!l, -2, —4. Ans. x/1+y/-242/—-4 =1
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3. Find the perpendicular bisecting plane of the line segment (2, 5, —3),

©, —4,2). . \ Ans. 22 +9y —5z—9 =0,
4. Find the numerical distance from the origin to the plane 7 x — y + z—
2 =0. Ans. 2/V51.

106. Distance from a Plane to a Point. Let the distance
from the plane A\x + uy + vz — p = 0 to the point Pi(xy, 31, 21)
be d. The normal form of the parallel plane through P; is
(1) M+ wy +vz2— (p+d) =0.

Since P, is on (1) we have
Mo+ vz —p—d =0,

whence

2) d=)\x1+l~ly1+1’21—,b

is the formula for the distance from a plane to a point.

This distance will be positive if the plane separates the point
P and the origin; it will be negative if P and the origin lie on the
same side of the plane.

Illustration 1. Find the distance from the plane x+y—2z+2=0 to

the point (0, -2, 3).
Solution. The normal form of the plane is

rty-—z+2_,

—V3
and the distance to (0, =2, 3) is
-2-3+4+2
d=7"5"9°T%
_—V3
=3,

Illustration 2. Find the
equation of all planes tan-
gent to a sphere of radius
3 units centered at the
origin.

Solution. Any such plane
will be at a distance of 3
units from the origin.
Thus the equation is

Y
A +uy vz -3 =0 FiG. 182

This is a two-parameter family of planes.
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107. Angle between Two Planes. The angle between two
planes is defined as the acute angle between their respective
normals. The angle between a line and a plane is defined as
the angle between the line and its projection on the plane.
Since the coefficients of x, ¥, and z in the equation of a plane
are direction numbers of normals to the plane, the angle between
.41x+B1y+CIZ+D1 =0 and A2x+Bzy+C22+D2 =0
will be given by
| A/A, + BB, 4 C.C, |
1 cos § = =
2 VA + B + C2VA2 + By + C?

The acute angle between

)\1x+[.l.1y+1/12—P1=0
and

)\2X+M2y+1122—‘p2 =0
will be given by SVIR
(2) cos 0= [ Ao+ pipe + vive !

108. Parallel and Perpendic-
ular Planes. Two planes will 0
be parallel if their normals are
parallel. Hence the condition
for parallelism is

(1) A1 = KA;‘:, B1 = KBg,
C, = KC..

Two planes will be perpen-
dicular if their normals are per-
pendicular. Hence the condi-
tion for perpendicularity is
(2) A1A2 + Ble + C1C2 = 0. FIG' 183

Illustration 1. Determine the angle between x +y —z +7 =0
and3x —y —6 =0.

Solution. 51
cosf = ——
V3V10

2
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Illustration 2. Determine the angle between the plane x + y +
3z — 5 = 0 and the line joining (1, 2, 3) and (-1, 2, —1).

Solution. The angle between the line and its projection on the
plane will be the complement of the angle between the line and the
normal to the plane. The direction cosines of the given line are
Vv’5/5,0,2V'5/5. Hence the angle sought will be given by

V5 4 6v5
5Vv11
5vV11

sin¢ =

109. Systems of Planes. Consider the two planes = :=
Alx + B]y -+ Clz -+ D1 =0 and Ty = /‘1gx =+ Bgy -+ CQZ -+
D, = 0. The equation

(1) =+ kr, = (Ax + By + Ciz + D))
+ k(Ax + Bzy + Coz + De) =0

represents; a plane since it is
linear. It will be satisfied by the /
coordinates of any point on the 0

line of intersection of »; = 0 and > EEN
7 = 0 since each parenthesis
will then be zero regardless of
the value of k. Therefore (1)
represents the family of planes
through the line of intersection of
the two given planes. It is a
single-parameter family.

O=72ui+te

Illustration. Find the equation of
the plane containing the line of
intersectionof x+6 y—3z+3=0
and2x+7y —z 4+ 8 = 0 and
the point (2, —5, 1).

Fic. 184

Solution. The plane will have the equation
x+6y—-32+3)+k2x+7y—-2+8)=0
and this must be satisfied by (2, ~5, 1). Therefore

2-30—3+3)+ k(4 —35—1+8) =0,
E=—1.
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The equation of the plane is

(x+6y—-3243)—~32x+7y—2+8) =
8x+13y+112+438 =

0,
0.

110. Condition That Four Planes Be Concurrent. From the
theory of determinants it follows that a necessary condition that

the four planes

A1x+Bxy+Clz+Dx=0.
Asx + By + Cz + D3 = 0,

shall meet in a point is

Asx + By + Coz +

D, =0,
Ax +By+Cz+ Dy =0

/]

A, B, Ci D,
A, B, C, D,
A3 Ba C3 Ds
A. B, C, D,

This condition is also sufficient provided no two of the planes
are parallel or coincide. This can be written in the following
form, using determinants of the third order:

=0.

B2 Cg Dz B; Cl D1 B1 Cx D]
Ai|Bs C3 Ds|—A;|B; C; D;|+A;|B, C: D,
B4 C4 D4 B4 C4 D4 Bd Ci D4
B, C; D,
—A.g B2 C2 D2 =0
B; C; D,
Illustration. Show that the four planes x —y +2z —1 = 0,

*+2y-32+6=0, 2x—-3y+z—1=0, and x+3y—2245=0
are concurrent.

Solution. These are distinct, non-parallel planes.

1 -1 1 -1 2 _3 &
1 2 -3 6
=|-3 1 -1
2 -3 1 -1 3 —2 &
1 3 -2 5
-1 1 -1 -1 1 -1} |-1 1 -1
-|-3 1 -1{+2| 2 -3 6|-| 2 -3 6
3 -2 5 3 -2 5| |-3 1 -1

= (-12) - (6) +2(6) — (—6) = 0.
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111. Condition That Four Points Be Coplanar.

A necessary

and sufficient condition that the four points Pi(xi, ¥, 21),
Py(x3, Y2, 22), P3(x3, ¥3, 23), Pa(x4, ¥4, 24), nO three of which are
collinear, shall lie in a plane is

X1 oz 1
X2 Y2 22 1
X3 Y3 23 1
X4 Y4 24 1

This can be written in the following form, using determinants

of the third order:

| ¥2 22 1
Y3 23 1
Y4 24 1

X1

Illustration.

Solution.

— X,

z; 1 y1 21 1
23 1| +x3)y2 22 1
Y4 R4 1 Ya 24 1

No three
©, 0, 2), (=1, —1, 1) are collinear.

— X4

y1 21 1
Y2 22 1
ys 23 1

= 0.

of the four points (2,1,4), (—=1,0,1),
Show that they are coplanar.

No three of the points are collinear, as can be seen by

computing direction numbers of the lines joining them in pairs.
For example direction numbers of the line joining the first pair are
3, 1, 3 while direction numbers of the line joining the first and
third points are 2,1,2. Since 3,1, 3 are not proportional to

2,1, 2 the first three points do not lie on a line.

other combinations of the points.
But the four points are coplanar since

112. Résumé of Plane Fbrmulae.

@)

@

@

3 Ax —x)+Bly —y) +Cz—2)=0

011 141
021+ 02140
-111 -111
=2-14+0-1=0.
EQUATION
Ax+By+Cz+D =0
x y 2z 1
x on oz 1 =0
Xo ¥ 22 1

x3 ¥3 23 1

M Auy+vz—p=0

141
011
111

14
+101
02

FOrM
General

Three-point

Point-direction
Normal

1
1 :
1

Similarly for

|
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X,y 2z _
5) - + % + P 1 Intercept
6) Ax + By + Cz =0 Through origin
Perpendicular to:
Ax+By+ D=0 XY-plane
@) Ax+Cz+ D=0 XZ-plane
By+Cz+ D=0 YZ-plane
Perpendicular to:
x=k X-axis
8 y=k Y-axis
2=k Z-axis
EXERCISES
1. Find the numerical distance from the plane 3x +2y +2z~6 =0 to
the nearer of the two points (1, — 2, 3), (0, 3, — 3). Ans. V14,

2. Find the locus of a point which is always 7/ V'3 units from 24-y+2+1=0.
Ans. Thetwoplanesx +y +z—6 =0andx+y +2+4+8 =0.

6. Find the angle between the XY-planeand 7x — 2y + 2z — 3 = 0.
Ans. cos0 = V54,
4. Show that the three points Pi(1, 1, 1), P2(2,3, — 4), Ps(— 1, — 3, 11)
are collinear.  Ans. aiz =1, b2 =2, co ==5; a3 = 2, bz = 4, c1s =— 10.
6. Find the plane containing the origin and the line of intersection of
5x4+y—2z2—8=0and4x—-3y+2+4=0 Ans. 13x -5y =0.
6. Find the equation of the plane passing through (1, 2, 1) and containing
the Y-axis. Ans.x — 2= 0.
7. Show that the four planesx +y +2—-3=0,2x+2y —z2+1 =0,

x+y—52—8=0,and3x+ 3y 4 7z —4 = 0 are concurrent.



CHAPTER XX
THE STRAIGHT LINE

113. Equations of a Line. Two intersecting planes deter-
mine a line L, and the general equations of the planes

(1) Ax 4+ By + Ciz+ D, =0,
(2) A2x+Bzy+sz+Dz=0

may be regarded as the general equations (simultaneous) of L.
Since any two planes through L will determine L, the equations
of a given line are not unique. Values of x, y, and z which
satisfy both equations (1) and (2) are the coordinates of points
on the line.

114. Special Forms of the Equations of a Line. Four special
forms of the equations of a straight line in space are important.
1z

z(xa.Y'z.Zz)
p.
,

P
P(x,
Pi(x ,ylwv\z)//

» T
,\ 2 2
2 ~
1

%
Xz""Xx-*/

X

X

Fic. 185

I. Two-point Form. The equality of the ratios
(1) x-—xl__y—yl_z—-zl

X2 — X3 Y2 — 1 2y — 2y
190
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is readily established from Fig. 185. These are the equations of
the line joining the two points P, and P,. The student should
not be confused by the manner in which equations (1) are
written; there are essentially only two equations and writing
them in this particular form is shorter and avoids repetitions.

II. Symmetric Form. Since x, —x,=a, y;,—y, =b,
z; — z; = ¢ are direction numbers of the line we may write
(1) in the symmetric form

x—x1=y—-y1=z—-zl.
@) a b c
This is also called the point-direction form.
III. Projection Form. Note that

Y= _z2—2z
Y2 — N1 22 — 21’
X — X _ 2 — 21
X — X1 - 29 — 21
X — X - Yy =M
Xo — X1 Y2 — W1

are respectively the equations of the planes through the line

and perpendicular to the YZ-, XZ-, and XY-planes. These

are of the form

i

By+Cz+ D =0,
Ax + Cz+ D = 0,
Ax + By + D = 0,

and are called the projecting planes of the line, and any two of
them are equations of the line.

IV. Parametric Form. If we set the ratios in (2) equal to a
number, say {, we get

X =x + al,
J’=J’1+bt,
2 =21+ ct.

These are the parametric equations of a line with parameter &.
116. Reduction of General Form to Symmetric Form.
Eliminating x from the general equations

(1) Ax + By + Cz+ D, =0,
(2) Ax + By + Cez + D, =0,
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we get

(3) (Ale - AzBl)y + (Alc2 - Azcx)z + (A1D2 - Ale) =0.
This is the YZ projecting plane; it and either (1) or (2) consti-
tute equations of the line. By eliminating y from (1) and
(2) we obtain

(4) (BlA2 - BzA])x + (31C2 - B2cl)z + (B1D2 - BZDI) = 0)

the projecting plane perpendicular to the XZ-plane. Equa-
tions (3) and (4) are equations of the line. Solving them for z
gives equations of the form
x—x
z ="
a
_y—
b

Hence the symmetric equations are
x—x _y—3 _z
) ¢« T 1
To obtain (5) we began by eliminating x and y from the
zeneral equations. Now from (5) we see that (x/, 3/, 0) is the
piercing point of the line in the X Y-plane. Had we eliminated
x and z we would have arrived at equations of the form

4

x — x" y 72— 2"
—— = = )

a 1 ¢
which reveal that the piercing point of the line in the XZ-plane
is (x”, 0, 2’). Similarly for the piercing point in the YZ-plane.
Illustration 1. Write the equations of the line determined by
(—-2,3,1) and 4, —2, 5).
Solution. The two-point form yields
*r+2_y—-3_2z-1
6 -5 4

Illustration 2. A line has direction numbers 1, —2, 6 and passes
through (4, 5, —9). Find its equations and its direction cosines.

Solution. The equations of the line are

x—4 _y-5_z+9
1 —2 6

4
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The direction cosinesare X = 1/V41, u = —2/V/41, » = 6/V41.
Illustration 3. Reduce the equations of the line 7, =x — y—2+3=0,
m=2x4+y+ 2z —1 =0 to symmetric form.

Solution. Eliminating x we get
3y+4z2—-7=0,
) z2=2"3

Eliminating y we get

3x4+2z2+2=0,
@) s=%t

ool

-3
Equations (1) and (2) are the projecting planes on the YZ- and

XZ-planes respectively. Hence the symmetric equations of the
line are

Tt+i_y-%_z

—% -3 1
The piercing point in the XY-plane is (~%, %, 0). In Fig. 186
AB is the line, ABFE is the YZ projecting plane, ABC is the XY

projecting plane, ABD is the XZ projecting plane, A is the pierc-
ing point in the XY-plane.
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Tllustration 4. Write the equations of the line x =5 —2¢, y =
3 +1, 2z =—2 — 3¢ in symmetric form.

Solution. From y =3 4+ ¢ we get { = y — 3. Substituting this
in the other two parametric equations yields x =11 — 2y,
z=T7T—-3yor

Hence the symmetric equations are
x—11_ z-17

2 -1 3
The piercing point in the XZ-plane is (11, 0, 7).

EXERCISES

Write the equations of the following lines.

L. Through (7, — 1,2), 3,2, — 4). x—=7_y+1_z2-2

4 -3 6
2. Parallel to £ = 24— £ through (4,2, - 3)
x—4=y—2=z+3
2 1 -3
8. Through (1, 2, 8) and perpendicular to the plane 3 x+7y—2 z+1=0.
Ans xr—1_y—-2_2-8
© 3 L7 -2
4. Through (3, 4, 0) and perpendicular to the XY-plane.
Ans. x =3,y = 4.

Ans.

Ans.

116. Angle between Line and Plane. Let the plane be

Ax+By+4Cz+ D =0 and the line ";"'J—yl:

b
2”2 As in Ilustration 2, §108, we define the angle ¢

between a line and a plane to be the acute angle between the
line and its projection upon the plane. Since this angle ¢ is
the complement of the angle between the line and a normal
to the plane it follows that

| Aa + Bb + Cc | .
VA + B + CVa? + b + ¢

sin ¢ =
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117. Direction Numbers of the Line of Intersection of Two
Planes. Let the planes be given in general form.

(1) Awx + By + Ciz + D, =0,
(2) Ax + By + Coz + D, = 0.

Of course (1) and (2) taken together are the general equations
of the line L of intersection. Let direction numbers of the line
bea, b, c. Now L is perpendicular to the normals to each plane.
Therefore

(3) Ala + Blb + Clc = 0,
(4) A.a + B:b + Coc = 0.
Solving (3) and (4) for the ratios @ : b : ¢ we get
B _Bl Cl,_Al Cl,Al Bx.
(5) a:b:c= B, 02[. A, C.|'| 4, B,

118. Direction Numbers of the Normal to Two Skew Lines.
There is one and only one line in space that is perpendicular
to each of two skew lines and which at the same time intersects
the skew lines. The segment thus cut off the common per-
pendicular is the distance between the lines.

The problem of determining direction numbers of the normal
is essentially the same as that of determining direction numbers
of the line of intersection of two planes, as was done in the
preceding paragraph. For A,, B, C; and A,, B,, C, are direc-
tion numbers of two certain lines and (5) of § 117 gives direction
numbers a, b, ¢ of the normal to these lines.

Illustration 1. Find the angle between the plane 2 x—3 y+z2—4=0
and theline3x+y+22—-1=0,x+7y —-22+5=0.

Solution. Direction numbers of the normals to the plane are 2,
—3, 1. Direction numbers of the line are

a1 2|, _|3 2113 1]
a.b.c-—l7 I Il Hl 7
Hence we may take

a=-16, b=38, ¢ =20,
or a=—4, b=2 o¢=25.
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The angle ¢ is given by

o | -8 —6+45|
Sin = e
¢ VEFIFIV16+4+25
-9
V14V45
= ‘730"\/70.

[ustration 2. Find the angle between the line joining P,(0, —5, 4)
and P.(1, —4, 3) and the normal to the twolinesI,x +y + 5 = 0,
3y+22+7=0and 11, 2 x+2 y+2—11=0, x+4y+2—16=0.

Solution. Direction numbers are:

Of P1P2, 1, ]., ‘—1;

ofl, 2 -2, 3;
OfI1, 2,1, —6;
1 -6 2 - 2 1
Of the normal to I and II,] _o 3 ’, —lz 3l,|2 _o l,
or 3,6, 2.
The angle between the two lines is given by
3+6—-2
cosf = ————
V3
_ V3
T3

Illustration 3. Find the distance between the skew lines x + y —
6 =0,z2—2=0and P/(1,2,3), P,(-2,7,0).

Solution. A plane through the first line will be of the form
x+y—6)+kz-2)=0.

This will be parallel to P,P. if its normal is perpendicular to P,Ps,
that is, if
3—-54+3k=0,

=2

3

The plane through the first line and parallel to the second is
therefore
3x +vy —6) +2(z —2) =0,
3x+3y+22-22=0.
The distance sought will be the distance from this plane to any
point on P, P.. Taking P, itself we get for the distance
d= 3+6+6-—22
V22
e N
22 )
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The negative sign indicates that the plane separates the origin and
P,. The numerical value of 4 is what was wanted.

EXERCISES
1. Find the angle between the XY-plane and the line3x — y + 2z — 5= 0,
x+y—2+4+6=0. Ans. sing = # V42,
2. Find the angle between the two lines x—y—42=0, 2 x—y+4+32—1=0
andx+y+2z—2=0x—y+52—~-5=0. Ans. 0 = 90°.
3. Find the distance between the two lines x — 2y +2z2+4+9 =0, 2x +
y—2—10=0andx+3y+224+5=0,3x4+4y+2z2+1=0.

Ans. 0.
4. Find the distance from the line * I 2_v _+14 =z ; 5 to the point
(=L1LD. Ans. V21.

6. Find the equations of the line which passes through (— 1,2, — 3) and
which is parallel to each of the planes6x — 3y +2z — 8 =0and4x +y —
3z -7=0. x+1 _y—-2 243

Ans. T =g T8




CHAPTER XXI
SPACE LOCI

119. Surfaces and Curves. In three dimensions we must
consider two kinds of loci, namely surfaces and curves. The
locus of a point which satisfies one condition f(x, y, z) = O is,
in general, a surface. The locus of a point which satisfies
simultaneously two conditions f(x, y,2) = 0, g(x,,2) =0 is,
in general, a skew curve. An equation of the form f + kg = 0
is a surface passing through the curve f = 0, g = 0.

A skew curve may be represented parametrically by three
equations of the form x = f({), y = g(f), z = h(t). (See para-
metric equations of a straight line, IV, § 114.) A surface may
be represented parametrically by x = f(ly, 1), ¥y = g, t2),
z = h(t, t;) where ¢, and ¢, are two independent parameters.

Rectangular, cylindrical, or spherical coordinates may be
used in the representation of surfaces or curves.

120. Cylinders. A surface generated by a line moving
parallel to a fixed line is called a cylinder. The moving line is
called the generator (or generatrix) and it may be made to follow
a given directing curve (or directrix), plane or skew. A partic-
ular generator, or position of it, is often referred to as an
element of the cylinder.

Of special interest are the cylinders whose elements are
perpendicular to a coordinate plane. An equation f(x, y) = 0,
in the XY-plane, represents a curve. In three-space this same
equation represents a cylinder since, for any point (x, y) on the
curve in the XY-plane and regardless of the value of z, it is
satisfied by the point (x, ¥, z). The cylinder is perpendicular
to the X Y-plane; its equation has no z-terms. This is typical
and we build up the following outline.

198
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Generator Perpendicular to Equation of Cylinder

XY-plane f(x,3) =0,

or f(r,6) =0 (Cylindrical

coordinates)
XZ-plane fx,2) =0
YZ-plane f(»,2) =0

Ilustration 1. Sketch the cylinder y? = 4 px.
z

Y

FiG. 187

Solution. In the XY-plane this is the equation of a parabola in
standard form. Projecting this curve perpendicular to the XY-
plane gives the parabolic cylinder shown in Fig. 187.

z

FI1G. 188
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Illustration 2. Write the equation of the cylinder perpendisular to
the YZ-plane whose directing curve is the ellipse in the YZ-plar.e
with major axis 6 in the z-direction and with minor axis 4, the
center being at (0, 0, 2).

. ¥ (2 —2) -
Solution. 7 <+ 5 1.
EXERCISES
Sketch the following cylinders.
1. a2 — 22 =1.
2. * 4+ =1
3. r =cos36.

121. Cones. A surface generated by a line moving about a
fixed point on it is called a cone. The moving line is called the
generalor (or generatrix) and the fixed point the verfex of the
cone. The generator may be made to follow a directing curve
(or directrix), plane or skew. A particular generator, or
position of it, is referred to as an element of the cone. The
two similar portions of the cone separated by the vertex are
called the nappes of the cone.

Every equation in three vari- z
ables each of whose terms is of
the second degree represents a N |
cone with vertex at the origin.

Consider as a special case the

equation
oy 2 X
1) a? + b ¢ 0.

If (x’,y',2") is a point on this
surface, so also is (kx', ky’, k2').
Since every point of the line join-
ing the origin and (x’, 3/, 2’) has
coordinates of the form (kx/, ky’, FIG. 189

kz") the surface is a cone with

its vertex at (0, 0,0). It is called an elliptic cone since every
cross section of it by a plane z = const. is an ellipse.  (See § 60.)
The axis of the cone is the Z-axis.

<
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Illustration. Write the equation of the cone with vertex at
V(-1, 1, 0) and with directing curve 4 22 + 22 — 4 =0,y = 0.
Solution. Let an element VP’ connecting the vertex and any point
P'(x', y', 2’) on the directing curve pass through P(x, y, z), a gen-
eral point on the cone. The symmetric equations of this element

are
x+1 _y=-1_2z

L ¥+1 y -1 2

Further, since P’ is on the directing curve, we have

) 452422 —-4=0, y =0,

Fic. 190

We eliminate x’, ¥’, 2’ from the four conditions expressed in (1)
and (2).

¥y =0,

Z = z ’
1 -y

€2 o))

YAy

4(x + )2+ 22 —4(01 -y =0.
This last is the equation of the cone.

EXERCISES

1. Sketch the cone x2 — y2 + 22 = Q.

2. Find the equation of the cone with vertex at the origin and with direct-
ing curve y* =z, x = 3. Ans. 3y = xz.

122. Surfaces of Revolution. When a curve is revolved
about a line a surface of revolution is generated. As a special
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case consider the curve f(x, z2) = 0 in the XZ-plane and let this
curve be revolved about the X-axis. A point @(x, z) on the
curve will be turned into a typical position P(x, y, Z) on the
surface whose equation we seek. Now

AQ = AP

for all positions P. But

Y
FIG. 191
M AP VT T
whereas
(2) AQ = 2.

From (1) and (2) we see that in order to obtain the equation of
the surface we must replace z in the equation of the curve by
vyt + Z:. We may, of course, then write z instead of Z.
Hence if f(x, z) = 0 is the equation of a curve in the xz-plane,
the equation of the surface obtained by revolving this curve
about the X-axis is f(x, Vy* + 2%) = 0.

In a similar manner we build up the following table.

Equation of Surface of
Equation of Curve in evolution about the

XZ-plane, f(x,2) =0 X-axis, f(x, Vy*+2?) =0

or XY-plane, f(x,y) =0
XZ-plane, f(x, 2) =0 Z-axis, f(Vx2 +3%,2) =0

or YZ-plane, f(¥,2) =0
XY-plane, f(x,y) =0 Y-axis, f(Va?+24,y) =0

or YZ-plane, f(3,2) =0
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Illustration 1. The line y = mx is revolved about the X-axis.
Find the equation of the right-circular cone thus generated.

Solution. We substitute in the equation y = mx the quantity
Vyr + 22 for y.
VI T = mx
mx? — y2 — 2 = 0.

Illustration 2. The hypocycloid y* + 2% = a? is revolved about the
Z-axis. Find the equation of the surface generated.

FiG. 192

Solution.
[(x2 + I} + 22 = dd,
(x2 + y)F + 2% = ab.
Illustration 3. Thecircle (x — a)? + 22 = #*isrevolved around the
Z-axis. Find the equation of the forus thus generated.

Solution. The surface looks like a doughnut or an inner tube and.
has the equation
('\/xz +y2 — a)2 + 22 = bZ’
2+ +a—-2aVaity=00-2,
(22 + 2 + 2t + a2 — ) = 4 a*(x* + 7).
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Y4
TN\, . /(2,0,0)
\\ - \_.//
- Dt
e !
e /
J //
<
Fic. 193
EXERCISES
Find the equatioiis of the following surfaces of revolution and sketch.
1. 22 = y, x = 0 about the Z-axis. Ans. 2t = x® + y2
2. 22 =y, x = 0 about the Y-axis. Ans. x4 22 = y.
8. 12 4+ y* = 1,z = 0 about the X-axis. Ans. x2 +yr 42t = 1.

123. Sketching a Surface. Although the pictorial repre-
sentation of three dimensions in two and the sketching of
surfaces are more difficult than plotting curves in a plane,
yet the procedures are essentially the same. These include
the determination of: I, intercepls and traces; 11, extent,
111, symmetry; 1V, asymptotes; V, plane sections. Let the
equation of the surface be F(x,y,2) =0. We summarize
the analyses as follows:

1. Intercepts and Traces. For the intercepts on the X-axis
set ¥y = 0, z = 0 and solve F(x,0,0) = O for the values of x.
Similarly for the other intercepts.

The traces of a surface are the curves of intersection with the
coordinate planes. For the xy-trace set z = 0 and sketch the
curve F(x, y,0) = 0 in the XY-plane. Similarly for the other
traces.

II. Extent. As in plotting in two dimensions determine
whether the surface is bounded. This is readily done in con-
nection with V.

III. Symmetry. The tests are as follows:
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Symmelry wilh respect to If F(x,y,2) =
YZ-plane F(—x,9,2)
XZ-plane F(x, —y,2)
XY-plane F(x,y, —2)
Z-axis F(—x, —y,2)
Y-axis F(—x,9, —2)
X-axis F(x, —y, —2)
Origin F(—x, —y, —2)

1V. Asymptotes. In only a few instances will we treat
surfaces with asymptotes. Cylinders F(x, ¥) = 0 whose traces
in the XY-plane have asymptotic lines will have corresponding
asymptotic planes. Similarly for cylinders perpendicular to
the other coordinate planes. In § 129 we shall investigate a
surface that has an asymptotic cone.

V. Plane Sections. The most fruitful method of studying
a surface is by means of its plane sections. In general these

il
i

TAT] T X
/// /)

¢
4
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sections are by planes parallel to the coordinate planes, each
section yielding a plane curve. We thus reduce the problem
of plotting a surface to that of plotting parallel sections (curves)
of it. If the cutting planes are taken sufficiently close the
curves in them will indicate the shape of the surface just as
isolated but sufficiently close points in a plane will indicate
the shape of a curve.
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To study the sections parallel to the yz-pléne we set x = k
and sketch the curves F(k, y, z) = O for different values of k.

Illustration 1, Sketch the surface y(x2 — 4) — (x + 1)(x — 3) = 0.

Fic. 195

Solution. This is a cylinder perpendicular to the XY-plane since 2
is missing. (The xy-trace was plotted in Fig. 31, p. 37.) The
planes x = —2, x = 2, and ¥y = 1 are asymptotic planes.

‘Tlustration 2. Sketch the surface x + 3 +2 — 1 = 0.

Solution. We begin immediately with the plane sections. For
x = k we get
y=—[k-Q101-5]

For a given value of k this is a parabola, opening downward, with
vertex at (k, 0,1 — k). Moreover for each parabola p = —1 so
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§123]
This information alone is

that the parabolas are all congruent.
enough to make a reasonable graph of the surface.

Fory = k, we have
x+2z2=1-#,
which is a set of straight lines. Any two of them are parallel.
The planes z = k cut out the parabolas

==k —-=0-5A]
The surface is a

There is symmetry with respect to the XZ-plane.
parabolic cylinder with generators x +z =1 — k% y = k and
—(@z —-1),x =0.

directing curve y?
Illustration 3. Sketch the surface x2 + y? = 2.
The surface passes through the origin and lies wholly

There is

Solution.
above the XY-plane since z must be positive or zero.
symmetry with respect to the XZ- and YZ-planes and the Z-axis.
Indeed the surface is one of revolution about the Z-axis and we
may think of x2 = z as the generating curve in the XZ-plane.

Sections for x = k are the parabolas.
¥ = (2 — k).

z

Fic. 197

Sections for y = k are the parabolas
2= (2 — k).

Sections for z = k are the circles
x4y =k

The surface is a circular paraboloid.
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EXERCISES
Sketch the following surfaces.
1. 4x2 4 y* =4,
2. x4y 422 =1
3. xy =1.
4 x+y=1-z

124. Sketching a Curve. A curve is represented analytically
by the equations of two intersecting surfaces f =0, g = 0.
In general, surfaces intersect in skew (twisted) curves; in special
cases the curves may lie in a plane. Since any two surfaces
intersecting in a given curve will define the curve we may find
it useful, for purposes of plotting, to replace the given surfaces

Py

P2

NN

F16. 198

by others. By eliminating x between f = 0 and g = 0 we
obtain a cylinder perpendicular to the YZ-plane and passing
through the curve. This is called the projecting cylinder of
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the curve, which may be considered the directrix of the cylinder.
Similarly we may obtain the other projecting cylinders. Two
of the three projecting cylinders may be used to advantage
in plotting the curve C as follows. In Fig. 198 let portions
of the projecting cylinders in the first octant perpendicular to
the xy- and xz-planes be

S+ kg=ulxy =0,
f+kg=0v(x2 =0

respectively. Pass a plane =, perpendicular to the x-axis
through (x,, 0, 0) cutting out on the projecting cylinders the
generators AP, and BP,. P, is a point on the curve C ol
intersection of # = 0, » = 0 and hence of the original surfaces
f=0, g =0. In this manner as many points P,, P,, P;, -
may be constructed as are needed to insure a smooth graph.
It is desirable to retain, if possible, the graphs of the original
surfaces.

Since to sketch a projecting cylinder is essentially to draw a
plane curve, the problem of plotting a twisted curve in space
is reduced to that of plotting plane curves. The attendant
difficulties are only slightly increased by the necessity of per-
spective drawings.

Ilustration 1. Sketch the curve (1), x2 + 32 + 22 = 4, (2), (x — 1)*
+y =1L

Solution. The first equation evidently represents a sphere of
radius 2 with center at the origin since the distance from the origin
to any point (x, ¥, z) on it is V22 + 2 + z2 and this, being equal
to 2, yields equation (1). The second surface is that of a cylinder
perpendicular to the X Y-plane whose trace in that plane is the
circle of radius 1 with center at (1, 0). Hence (2) is already the
xy projecting cylinder of the curve of intersection. By eliminat-
ing ¥ between (1) and (2) we get the equation of the xz project-
ing cylinder. Thus

#l - @ -1 +2=
22 =-2(x —2).

The xz projecting cylinder is parabolic therefore with xz-trace AA’
in Fig. 199. The location of points P, P,, etc. follows the
method outlined above.
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Illustration 2. Draw the line of intersection of two planes.

Solution. This elementary problem requires no elaborate theory
of projecting planes although the method would apply. Write

the equations of the planes in intercept form

XLy L2

a b1 Cy 1’

T +E=1
p) Co

Sketch each plane; where the traces intersect we have the piercing
points P, P,, P; and the join of them is the line of intersection.
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1 X
1
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Y
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Tllustration 3. Find the curve C of intersection of the cone
(1), 422+ 43y — 22 = 0 and the plane (2), 6x +3y +82z —

6 =0.



212 SPACE LOCI [Ch. XXI

Solution. The method of projecting cylinders is numerically
involved. For example, the equation of the xy-trace of the xvy
projecting cylinder is

220 xr — 36xy +247y* + 72x + 36y — 36 = 0.

This is an ellipse but it is troublesome to sketch without a rotation

of axes.
Instead we proceed as follows. Cut the cone with the plane x = &

The equation of the curve cut out is
4y — 22 =—4 k2,
which is a hyperbola ABD. (See §60.) The plane x = k cuts
the plane (2) in the straight line P,E and the intersections of this

line and the hyperbola yield points P, and P,’ on the curve sought.
Other points on C can be constructed in like manner.

EXERCISES

Sketch the following curves.

1. x4+ 22=1x4y =1

2. *+y*=zx+y+z=1

. +y+22=12x+4+y =2

4. The locus of a point which moves on the cylinder x2 + y* = a2 so that
the distance it moves parallel to the axis of the cylinder is directly propor-
tional to the angle through which it rotates about the axis is called a circular

helix. Derive the parametric equations of this skew curve.
Ans. x =acosf,y =asing, z = k9.



CHAPTER XXII
THE QUADRIC SURFACES

125. General Equation of the Second Degree. We have
seen that the general linear equation represents a plane and
that two such determine a line. The general equation of the
second degree is

Ax® + By* + Cz2 + Dxy + Eyz + Fxz + Gx + Hy
+ Kz + L =0;

its graph is called the gquadric surface. 'This surface is such that
any plane section of it is a conic, for which reason it is also
called a conicoid. A few examples were met in the preceding
chapter; we now discuss each of the quadrics. Since the
methods of analysis have been fully illustrated in Chapter XX1I
only the minimum outlines will be given here.

126. The Ellipsoid. Consider the special equation

o

2 2
(1) L+ =1L

The section cut out by the plane z = 0 is the ellipse x?/a® +
y2/b* = 1 with semiaxes @ and b. The section by the plane

z = k is the ellipse
z
»v X
Y

Q

Fi1c. 202. Ellipsoid: Fi1G. 203. Sphere:
x4+t + 2t =at

ey 2
az+b2+‘-2 1'
213
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ey _q4_Fk
2) a2+b2"1 e
or
3) T+ 2 =1

@ -8 Le-w

with semiaxes %\/ c — k2, IE)\/ ¢ — k2. For k = ¢, equation (2)

shows that x = 0, ¥ = 0. The surface is bounded above and
below since | z | must not exceed c.

Similarly the sections cut out by the planes y = kand x = &
are ellipses and |y | < b, | x| < a. The surface is symmetric
with respect to the coordinate planes, the axes, and the origin.
The semiaxes of the ellipsoid are @, b, ¢ and the center is at the
origin.

For @ = b > ¢ the surface is one of revolution and is called a
spheroid (oblate if @ > ¢, prolate if ¢ < ¢). Forae = b = ¢ the
surface is a sphere. The equation of the sphere in spherical
coordinates, with center at the origin and radius a, is p = a.

The equation .

(x—h -k (=12
represents the same ellipsoid with the same
orientation of axes but with center at (4, k&, {).

127. The Hyperboloid of One Sheet. The %
sections of

x2 y2 ZZ
M dtp el !
are, for

z = k, an ellipse,

¥ =k, a hyperbola (pair of straight lines g 204. Hyper-

if B = b), boloid of One Sheet:
x = k, a hyperbola (pair of straight lines x sy 2 _ )
if £ = a). @ oo

Since the sections two ways are hyperbolas, the surface is called
a hyperboloid. The surface is connected (one sheet) but is
unbounded. The smallest elliptical section occurs for z = 0,
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the xy-trace. There is symmetry with respect to the coordinate
planes, the axes, and the origin. The axis of the hyperboloid
corresponds to the term with the minus sign and the center is
at the origin.

The equation

(2) (x '—2 h)2 + (y ‘;2 k)2 _ (Z _Z l)2 =1

a ¢
represents the same hyperboloid with the same orientation but
with center at (h, %, [).

128. The Hyperboloid of Two Sheets. The sections of

&) £-r-z

¢ et

are, for

z = k, a hyperbola (pair of straight lines if 2 = ¢),
y = k, a hyperbola (pair of straight lines if £ = ),
x = k, an ellipse.

This, too, is a hyperboloid; but since for sections x = &, | k|
cannot be less than a, the surface is made up of two pieces or
sheets. Again there is symmetry with respect to the coordinate
planes, the axes, and the origin. The axis corresponds to the
term with the plus sign, the center is at the origin, and the
points (+¢, 0, 0) are called vertices.
The equation
(x—h? (—k? (-=0*_
@ @  »r ¢ 1

represents the same hyperboloid with the same orientation but
with center at (h, &, [).
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129. The Cone. The sections of

(1) +bz_'c'é—0

l N

are, for

z = k, an ellipse,
= k, a hyperbola (pair of straight lines if

k= 0), X
x = k, a hyperbola (pair of straight lines if /
k= 0). v

In § 121 we showed this to be a cone with
axis coinciding with the Z-axis and with vertex
at the origin. It is a degenerate quadric sur-
face and is a special case of a hyperboloid, as
can be seen by considering the limiting case Fic. 206. Elliptic

of the equation Cone.
2 2 f -YE — 2_2 =0
@ PR itpmae

asd — 0. For d > 0, (2) represents a hyperboloid of one sheet
with axis coinciding with the Z-axis; for d < 0, (2) is a hyper-
boloid of two sheets with axis coinciding with the Z-axis. For
d =0, (2) is a cone asymptotic to each
hyperboloid. The plane analogue to the z
cone is the pair of asymptotes to conjugate
hyperbolas. (See § 55.)
The equation

(x — k)
a‘Z

0

b -k =D,

3) + - b2 2

represents the same cone with the same
orientation but with the vertex at (&, &, ).

130. The Elliptic Paraboloid. The sec-

tions of X
1 =
(1) + bo ’
are, for ) FiG. 207. Elliptic
z = k, an ellipse, Paraboloid:
y = k, a parabola, ey
- b, ztm=c
x = k, a parabola. a



§131] HYPERBOLIC PARABOLOID 217

The surface is called an elliptic paraboloid. Its axis coincides
with the axis of the term of 1lst degree, it lies wholly above
the XY-plane (for ¢ < 0), and its vertex is at the origin.

The equation

2) G o O 5 B _ e -

represents the same paraboloid with the same orientation but
with vertex at (4, &, [).

131. The Hyperbolic Paraboloid. The sections of

(1) Z -~ =
are, for

z =k, a hyperbola (pair of
straight lines if £=0),

y = k, a parabola,

x = k, a parabola. Fic. 208. Hyperbolic Paraboloid:

This surface is called a hyper- Y.
bolic paraboloid. It is saddle-
shaped and the point on it at the origin is called a saddle point.
The equation

(x—h?® _ (y—FR? _
(2) a2 b2 -
represents the same surface with the
same orientation but with saddle point
at (h, k, ).

132. The Cylinders. We have al-
ready discussed the general cylinders in
§120. The quadric cylinders (degen- —
erate quadric surfaces) are

cz =1

2 2
G i = 1, elliptic cylinder;
a F1c. 209. Elliptic

2 2 4
g& - %;’ = 1, hyperbolic cylinder; Cylnlder:
, 2P

¥ = 4 px, parabolic cylinder; 2tp=L
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(x — h)? n (y — k)2 1 elliptic cylinder with axis x = &,
a T y=k
(x —h? (y—Fk)? _ 1 hyperbolic cylinder with axis x = &,
a? B y=Fk
_ _ _ parabolic cylinder with
0 — k) =4p(x = h), line of vertices x = &,
y =k

133. Résumé. We give a complete list of forms to which a
second-degree equation can be reduced (by rotations and
translations). The simplest standard forms of the equations

are used.

NON-DEGENERATE QUADRIC SURFACES

x| oy 22 . . .
= + = =41, Ellipsoid (real or imaginary)

Central @ ' b e
Quadrics  x* | y* 2% _ 41 Hyperboloid (one and two sheets
a b e T respectively)
x2 y? e . .
Non-Central po + i ¢z, Elliptic Paraboloid
Quadrics :1% - %; = ¢z, Hyperbolic Paraboloid

DEGENERATE QUADRIC SURFACES

2 2
N T = =0, Cone (real or imaginary)

a2 b2 c2
%2 + »_ 41 Elliptic Cylinder (real or imagi-
e b2 7 nary)
¥ _ 2 _1, Hyperbolic Cylind
Z g b yperbolic Cylinder
2y 0 Intersecting Planes (real or imagi-
o ’ nary)

»? = 4 px, Parabolic Cylinder
y2 = a, Parallel Planes (real or imaginary)
y2 =0, Coinciding Planes

Tlustration 1. Identify and sketch 2 — 32 +222 —4x — 6y —
82—-3=0.

Solution. We complete the squares on the x’s, ¥’s, and z’s separately,
obtaining
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(x =22 —(y+32:+22—22=3+4—-9+8,
or

(x=22_(+3)?, (—-2)"_
6 6 T3 1L

Hence the surface is a hyperboloid of one sheet with center at
(2, -3, 2) and axis perpendicular to the XZ-plane. Itisleft asan
exercise for the student to sketch the graph.

Illustration 2. Identify and sketchx? +22—-3x -y +2—-1=0.

Solution. Completing the squares we get

F-P+et+d=y+E

This represents an elliptic paraboloid with vertex at (§, —§, —%)
opening up in the direction of the + Y-axis.

INlustration 3. Identify and sketch 4 x? — 332 4 1222 — 16 x —
30y —24z —47 = 0.

Solution. Completing the squares we get

4(x —2)? =3y + 52+ 12z —1)2 =47 +16 — 75 + 12
=O'

=22 @+5*r, =1 _
3 FEL | 0.

or

This is a cone with vertex at (2, —5, 1) and axis perpendicular to
the XZ-plane.
EXERCISES
Identify and sketch.
1. 4y —22—12x —8y —4z=0.
Ans. The hyperbolic paraboloid G
2. 622 +3y2+222—6y—3=0.
Ans. The ellipsoid EIE + ng—lz + 2—2 =1.

_1)2—(z+2)2=3x
4 .

1

8. 22 —2x2=0. Ans. A pair of planes.
4. 2x2 — 2 —222—4y —6=0.

Ans. The hyperboloid of two sheets & — &£ 20 _ £ _ ¢

6. Write the equation of the sphere with center at (2, — 5, 1) and radius 6.
Ans. (x —2)2 4+ (¥ + 5)2 + (2 — 1)? = 36.

134. Ruled Surfaces. A surface such that through any
point on it there passes a line lying wholly on the surface is
called a ruled surface. Cones and cylinders are ruled surfaces
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and so are the hyperboloid of one sheet and the hyperbolic
paraboloid.

Equation (1), § 127, of the hyperboloid z
of one sheet can be written in the form

o Er (o) N

Now let

X
Xz _ Nx_z_ 1/ 3\
) a+c“m(1+b)’a c“m(1 b)

For any value of m these equations represent Y y
a straight line. It lies on (1) because if the
members of (2) are multiplied together (1)

results.
But we may also write the equations FiG. 210
x4z N x_z_1 ).
@) ate n(l b)’a c~n<1+b>

These also represent a line on the surface and thus there are
two lines through a given point on the surface that lie wholly
on the surface. Each line of either system, (2) or (3), is a
generator of the surface.

Similarly the hyperbolic paraboloid (1) of § 131 may be
written in the form

Y-

From this we get the two sys-
tems of lines

§|.3_’_ 1‘_1’=_1,,
a T =TS L T T m?
x, y_1, x_y_ FiG. 211
a+b_nz’a b nez,

any member of which lies wholly on the surface and is a genera
tor of the paraboloid.

136. Translations and Rotations. The theory of transforma-
tions in three-space is similar to that of transformations in
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two-space though naturally more complicated in details.
(See Chapter X.)
The substitutions

x=x+h
y=y'+k
z2=2 41

will translate the origin from (0, 0, 0) to the point (%, k, !). For
an equation with no cross-product terms this translation is

1z

A p(xl)'lz)
P(x'y’s2")

(h'k’l) X/

A
A

Fic. 212

S P ———

essentially equivalent to the process of completing the square
and will eliminate the non-essential linear terms from the

equation

1) Ax* + By + C>+ Gx + Hy + Kz + L = 0.

If equation (1) represents a non-central quadric or a parabclic
cylinder there is necessarily one linear term which cannot be
removed.

Illustration. Simplify the equation x* +23? — 322 —x +2y +
92z — 16 = 0 by removing the linear terms and identify.

Solution. By translating axes to the point (4, %, [) as new origin
we get
(& + 12 +2(7+8) =3 +D? = (& +B) +2('+) +9('+1) ~16 =0,

X242 y2 =3 24 2 h=1)x'+ (4 k+2)y'+(—6 [+9)z' +h+
2k —3P—h+2 k+91—16=0.
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To get rid of the linear terms we must take 2 = }, k = —3,1 = .
The reduced equation is

x?+4+2y?2 -322-10 =0,
oy 2t
@) 10 5 12 L
The surface is therefore a hyperboloid of one sheet.
The process of completing the square would yield
(x—32, 0+3)_ (—=%?7_
o T 5 FORN
and the translation x = x' + %, y =3 — %, 2 = 2’ + § would

reduce this immediately to (2). The center of the hyperboloid
referred to the old system of axes is (3, —3, 3).

Let the axes be rotated about the origin so that the positive
X-, Y-, and Z-axes go respectively into the positive X’-, Y’-, and
Z'-axes. Let the direction cosines of the X-‘axis, Y’-axis, and
Z'-axis with respect to the old axes be N1, p1, v1; Ne, mo, v2; N3,
w3, vs respectively. P(x, y, z) and P(x’, y', 2’) represent the
same point in the two systems.

The equations of rotation are then

2 =Ny + py + iz,
Y o= Nx A+ pey + vez,
2= Nax + wzy + vsz.

z

P(x,y,2)

ZI
Ry'.ﬂ)
V X

YI
Fic. 213
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A proper rotation of axes about the origin will remove the
cross-product terms that may be present; a translation will
then reduce the equation to one of the standard forms listed in
§ 133. The complete analysis of the general equation of the
second degree is long and involved.
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SAMPLE EXAMINATIONS
EXAMINATION I

1. Write the equations of the following lines:

(a) Perpendicular tox — 2y — 7 = 0 through (2, 1);

(b) Parallel to the line joining (1, 3), (0, —2) and passing
through (6, —4);

(c) Through the intersection of x —y 4+6 =0, 3x +
4y —5 =0and (-3, 5).

2. A triangle has vertices A(1, 3), B(—2, —1), C(4, —5).
Find

(a) The area;

(b) The angle CAB.

3. Define a parabola and derive its equation in simplest
standard form.

4. Sketch and identify:

(@) 22 +4y*—2x+24y + 31 =0;

(b) 422 -9y + 18y + 27 = 0.

6. (a) Find the equation of the hyperbola whose eccen-
tricity is 2 and whose foci are at (4, 1) and (8, 1).

(b) Write the equations of the asymptotes.

6. In polar coordinates sketch 7 = 2 — 3 sin 6.

7. By least squares fit a straight line to the following data:

x 0 1 2 3
y 1 2 2 3

8. Write the equations of the following planes:

(a) Perpendicular to the line * '2_ 1_v _{_ 3_z :35 pass-

ing through (4, 2, —1);

227
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(b) Perpendicular to the plane x — 3y + 3z — 8 = 0 pass-
ing through (1, 1, 0) and (0, 0, 1).
9. Find the direction cosines of the line x — y 4+ 22z —
1=0,2x+y+2+3=0.
10. Identify and sketch the surface 32 — 2% 4 22 —
6x—8y—-5=0.

EXAMINATION II

1. Given theline3x +4y — 20 = 0. Find the
(a) Intercepts;

(b) Slope;

(c¢) Distance to (2, —3).

2. Find the locus of a point which moves so that the sum
of its distances from (1, 1) and (2, 0) is 5 units.

3. Prove that the line segment joining the midpoints of
two sides of a triangle is parallel to the third side and equal
to one-half its length.

4. (a) Write the equation of the radical axis of the two
circles

¥4y —5x+2y—-8=0,
+y+4x-3y—-1=0;

(b) Which of the following equations represent parabolas?
D x2—y»—-2x+y—-1=0,
@) x2—y—-2x+y—-1=0,
@ x+y»+2x—y+1=0.

6. Write the equations of the following conics:

(a) The hyperbola with vertices at (—2,0), (4, 0) and con-
jugate axis 10;

(b) The ellipse whose foci are at (4, 3) and (8, 3) and whose
eccentricity is 3.

6. Sketch:

x—3

@y=Gz= 2)(x + 1)

(b) r =2 — cos 6.

7. (a) Show that the curve whose parametric equations
arex = 21 — 5,y = 3t + 11is a straight line;
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(b) Transform the polar equation 72 = 1 + sin 4 to rectan-
gular coordinates.

8. Sketch:
(@y=2¢%
(b) y = sin x + cos x.
9. (a) Write the equation of the plane parallel to 3 x —
y + z — 8 = 0 and passing through (1, 2, —2);
(b) Find the angle between the planes x +y —z -1 =0
and3x+2y+4+3z+4=0. _
10. A point moves so that its distance from the X Y-plane is

one-half its distance from the origin. Find the equation of the
locus and sketch.

EXAMINATION III

1. (a) Derive the equation of the line through the points
(x5, ¥1), (X2, ¥2);
(b) Write the equation of the family of lines each member
of which is 2 units from the origin.
2. Prove that every angle inscribed in a semicircle is a
right angle.
3. (a) Find the equation of the parabola with vertex at
(2, —3) and directrix ¥y = 4;
(b) What are the coordinates of the focus?

4. (a) Find the equation of the tangent to
the point (2, —2V5);
2
(b) Sketch x? ——% =1 and write down the equations of

the asymptotes.
6. Sketch:

x2

¥ _
9+4—1at

o x
@ Y= -"Da 53y

X
b)Y =G HE+d
6. (a) Sketch r = cos 2 9;
(b) Transform (x — 1)* + 32 = 1 to polar coordinates.

7. (a) Find the points of intersection of the circle with
center at (3, 1) and radius 2 and the X-axis;



230 APPENDIX A

(b) Through what angle should the axes be rotated to remove
the xy-term from 22 — 2xy + 332 — x + 2 = 0?

8. (a) Write the equations of the two planes parallel to
4%x -2y ++vV5z2+1=0 and at a numerical distance of
3 units from it;

(b) Write the equations of the line x + 2y + z2—1=9,
x — 3y — z+ 2 = 0in symmetric form.

9. The curve x2 + (y — 1)2 = 1, z = 0 is revolved about
the X-axis. Find the equation of the surface generated.

10. A point moves so that the difference between its dis-
tances from (—2,0,0) and (2,0, 0) is unity. Find the equa-
tion of the locus and identify.

ANSWERS TO EXAMINATIONS
Examination I
1. @) 2x+y~-5=0, b)5x—y—-34=0; (c) 6x+y+13 =0.

2. (a) 18 sq. units; (b) tan CAB = 3§.
3. ¥ =4px
4. (a) Ellipse with center at (1, —3); (b) Hyperbola with center at (0, 1\.
e
® y=v3x+1-6V3,y=—V3x+1+6V3.

7. y =4+ 3x/5.
8. @ 2x+y—-3z2—13=0; b)y+2-1=0.
9. -1 1 L

v3 v3 V3

10. Cone with vertex at (1, —2, 0) and axis perpendicular to the XZ-plane
Examination IT

1. (@) (3% 0), (0,5); (b) m =—%; () —%.
. 9624+ 8xy 496y —2902x — 108y — 329 = 0.

. (@) 9x —5y+ 7 =0; (b) (2) and (3).
=1 ¥ _ . (x—6)2, =37 _
@ 3 B=L 0O T+ =1
. (@) Its Cartesian equationis3x — 2y + 17 = 0;

®) (= + )2+ 52 — 1) = 52
9. (@ 3x—y+z+1=0; (b) cosd = V66
10. Thecone 22 + 2 — 322 = 0.

b B - B ]
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Examination III

©® ISk w0

b)) M+uy—2=0N+pu =1

(@) (x —2)2 =—28(y + 3); (b) (2, —10).
(@) 4x —3vV5y —18=0; (b) y =+2x.
(b) 7 =2cos .

(a) (3 +£V3,0); (b) 224 degrees.

3

@ 4x—2y+VBz4+1+15=0; (b)%ﬁ=—_”-2-=z—“—i.

3
(a2 + 32 + 282 = 4(s2 + 29).
60 x2 — 4y — 4 22 = 15, hyperboloid of two sheets.
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TABLE I. SQUARES, CUBES, ROOTS

235

n n? | Va nd Vo n n? Vn nd VYo
1 1{1.000 1]1.000 51| 2,601) 7.141| 132,651 |3.708
2 4]1.414 8|1.260 52| 2,704| 7.211| 140,608 | 3.732
3 9] 1.732 27 | 1.442 53] 2,809| 7.280| 148,877 | 3.756
4 16 | 2.000 64| 1.587 s4| 2,916] 7.348| 157,464 |3.780
5 25 | 2.236 125 | 1.710 55| 3,025 7.416| 166,375 | 3.803
6 36 | 2.449 216 | 1.817 56| 3,136| 7.483| 175,616 | 3.826
7 49| 2.646 343 (1.913 S7T| 3,249 7.550| 185,193 | 3.848
8 64| 2.828 512 | 2.000 S8| 3,364 7.616| 195,112 |3.871
9 81 | 3.000 729 | 2. 080 s9| 3,481 7.681| 205,379 | 3.893
10 100 | 3.162| 1,000 |2.154 60| 3,600 7.746| 216,000 | 3.915
11 121§ 3.317| 1,331 [2.224 61| 3,721 7.810| 226,981 |3.936
12 144 | 3.464( 1,728 | 2.289 62| 3,844] 7.874| 238,328 | 3.958
13 169 | 3.606 | 2,197 | 2.351 63) 3,969 7.937| 250,047 | 3.979
4 196 | 3.742| 2,744 | 2.410 64| 4,096 8.000| 262,144 | 4.000
15 225]3.873| 3,375 | 2.466 65| 4,225 8.062| 274,625 | 4.021
16 256 | 4.000 | 4,096 | 2.520 66| 4,356| 8.124| 287,496 | 4.041
17 289 4.123| 4,913 |2.571 67| 4,489 8.185| 300,763 | 4.062
18 324 | 4:243| 5,832 | 2.621 681 4,624 8.246| 314,432 | 4.082
19 361|4.359| 6,859 | 2.668 69| 4,761] 8.307| 328,509 | 4.102
20 400 | 4.472| 8,000 |2.714 70| 4,900 8.367| 343,000 | 4.121
21 441 ] 4.583| 9,261 |2.759 71| 5,041 8.426| 357,911 | 4.141
22 484 [ 4.690 | 10,648 |2.802 72| 5,184 8.485| 373,248 |4.160
23 529 | 4.796| 12,167 |2.844 73| 5,329 8.544| 389,017 | 4.179
24 576 | 4.899 | 13,824 |2.884 74| 5,476 8.602| 405,224 | 4.198
25 625]5.000| 15,625 |2.924 75| 5.625| 8.660( 421,875 | 4.217
26 676 | 5.099 | 17,576 |2.962 76| 5,776 8.718| 438,976 | 4.236
27 7295.196 [ 19,683 [3.000 77| 5,929| 8.775| 456,533 | 4.254
28 784 5.291| 21,952 |3.037 78| 6,084 8.832( 474,552 | 4.273
29 841 | 5.385| 24,389 |3.072 79| 6,241 | 8.888| 493,039 | 4.291
30 900 | 5.477| 27,000 |3.107 80| 6,400 8.944| 512,000 | 4.309
31 961 | 5.568 | 29,791 |3.141 81) 6,561| 9.000] 531,441 |4.327
32| 1,0245.657| 32,768 |3.175 82| 6,724 9.055| 551,368 | 4.344
33| 1,089 5.745( 35,937 |3.208 83| 6,889 9.110| 571,787 | 4.362
34| 1,156 |5.831| 39,304 |3.240 84| 7,056 9.165| 592,704 | 4.380
35| 1,225]5.916] 42,875 {3.271 85| 7,225 9.220| 614,125 |4.397
36| 1,296]6.000| 46,656 |3.302 86| 7,396| 9.274| 636,056 | 4.414
37| 1,369]6.083| 50,653 |3.332 87| 7,569| 9.327| 658,503 |4.431
38| 1,444|6.164| 54,872 [3.362 88| 7,744 9.381| 681,472 |4.448
39] 1,521]6.245] 59,319 [3.391 89| 7,921 | 9.434| 704,969 |4.465
40| 1,600 6.325| 64,000 |3.420 90| 8,100| 9.487| 729,000 |4.481
41| 1,681 |6.403| 68,921 |3.448 91| 8,281 9.539] 753,571 |4.498
42| 1,764|6.481| 74,088 [3.476 92| 8,464 9.592| 778,688.|4.514
43| 1,849 ]6.557| 79,507 |3.503 93| 8,649| 9.643| 804,357 |4.531
44| 1,936 |6.633| 85,184 |3.530 94| 8.836| 9.695| 830,584 |4.547
45| 2,025 |6.708| 91,125 {3.557 95! 9.025| 9.747| 857,375 |4.563
46| 2,116 | 6.782| 97,336 |3.583 96 | 9.,216] $.798) 884,736 |4.579
47| 2,209 | 6.856 | 103,823 [3.609 97| 9,409 | 9.849) S12,673 |4.595
48 | 2,304 |6.928 | 110,592 |3.634 98| 9,604 | 9.899| 941,192 |a.cl0
49| 2,401 7.000( 117,649 |3.659 99| 9,801 | 9.950| 970,299 |4.626
50] 2,500 |7.071] 125,000 |3.684] [100| 10,000 | 10.000 1,000,000 |4.642
n n’ /; nd Vn n n2 ﬁ na V;




TABLE ll. COMMON LOGARITHMS (BASE 10)

N. 0 1 2 3 4 s 6 7 8 9

10 | 0000 | 0043 | 0086 | 0128 | 0170 | 0212 | 0253 | 0294 | 0334 | 0374
11| 0414 | 0453 | 0492 | 0531 | 0569 | 0607 | 0645 | 0682 | 0719 | 0755
12 | 0792 | 0826 | 0864 | 0899 | 0934 | 0969 | 1004 | 1038 | 1072 | 1106
13 | 1139 | 1173 | 1206 | 1239 | 1271 | 1303 | 1335 | 1367 | 1399 | 1430
14 | 1461 | 1492 | 1523 | 1553 | 1584 | 1614 | 1644 | 1673 | 1703 | 1732
15 | 1761 | 1790 | 1818 | 1847 | 1875 | 1903 | 1931 | 1969 | 1987 | 2014
16 | 2041 | 2068 | 2095 | 2122 | 2148 | 2175 | 2201 | 2227 | 2253 | 2279
17 | 2304 | 2330 | 2355 | 2330 | 2405 | 2430 | 2455 | 2480 { 2504 | 2529
18 | 2553 | 2577 | 2601 | 2625 | 2648 | 2672 | 2695 | 2718 | 2742 | 2765
19 | 2788 | 2810 | 2833 | 2856 | 2878 | 2900 | 2923 | 2945 | 2967 | 2989
20 | 3010 | 3032 | 3054 | 3075 | 3096 | 3118 | 3139 | 3160 [ 3181 | 3201
21 | 3222 | 3243 | 3263 | 3284 | 3304 | 3324 | 3345 | 3365 | 3385 | 3404
22 3424 3444 3464 3483 3502 3522 3541 3560 3579 3598
23 | 3617 | 3636 | 3655 | 3674 | 3692 | 3711 | 3729 | 3147 | 3766 | 3784
24 | 3802 | 3820 | 3838 | 3856 | 3874 | 3892 | 3909 | 3927 | 3945 | 3962
25 | 3979 | 3997 | 4014 | 4031 | 4048 | 4065 | 4082 | 4099 | 4116 | 4133
26 | 4150 | 4166 | 4183 | 4200 | 4216 | 4232 | 4249 | 4265 | 4281 | 4298
27 4314 4330 4346 4362 4378 4393 4409 4425 4440 4456
28 | 4472 4487 4502 4518 4533 4548 4564 4579 4594 | 4609
29 | 4624 | 4639 | 4654 | 4669 | 4683 | 4698 | 4713 | 4728 | 4742 | 4757
80 | 4771 | 4786 | 4800 | 4814 | 4829 | 4843 | 4857 | 4871 | 4886 | 4900
31 4914 4928 4942 4955 4969 | 4983 4997 5011 5024 5038
32 | 5051 | 5065 | 5079 | 5092 | 5105 | 5119 | 5132 | 5145 | s159 | s172
33 5185 5198 §211 5224 5237 5250 5263 5276 5289 5302
34 5315 5328 5340 5353 5366 5378 5391 5403 5416 5428
35 5441 5453 5465 5478 5490 5502 5514 5527 5539 5551
36 | 5563 | 5575 | 5587 | 5599 | S611 | 5623 | 5635 | 5647 | 5658 | 5670
37 | 5682 | 5694 | 5705 | 5717 | 5729 | 5740 | 5752 | 5763 | 5775 | 5786
38 5798 5809 5821 5832 5843 5855 5866 5877 5888 5899
39 5911 5922 5933 5944 5955 5966 5917 5988 5999 | 6010
40 | 6021 | 6031 | 6042 | 6053 | 6064 | 6075 | 6085 | 6096 | 6107 | 6117
41 6128 6138 6149 6160 6170 6180 | 6191 6201 6212 6222
42 | 6232 | 6243 | 6253 | 6263 | 6274 | 6284 | 6294 | 6304 | 6314 | 6325
43 | 6335 | 6345 | 6355 | 6365 | 6375 | 6385 | 6395 | 6405 | 6415 | 6425
44 | 6435 | 6444 | 6454 | 6464 | 6474 | 6484 | 6493 | 6503 | 6513 | 6522
45 | 6532 | 6542 | 6551 | 6561 | 6571 | 6580 | 6590 | 6599 | 6609 | 6618
46 | 6628 | 6637 | 6646 | 6656 | 6665 | 6675 | 6684 | 6693 | 6702 | 6712
47 | 6721 | 6730 | 6739 | 6749 | 6758 | 6767 | 6776 | 6785 | 6794 | 6803
48 | 6812 | 6821 | 6830 | 6839 | 6848 | 6857 | 6866 | 6875 | 6884 | 6893
49 | 6902 | 6911 | 6920 | 6928 | 6937 | 6946 | 6955 | 6964 | 6972 | 6981
50 | 6990 | 6998 | 7007 | 7016 | 7024 | 7033 | 7042 | 7050 | 7059 | 7067
Sl 7076 7084 | 7093 7101 7110 7118 7126 7135 7143 7152
s2 | 7160 | 7168 | 7177 | 7185 | 7193 | 7202 { 7210 | 7218 | 7226 | 7235
53 | 7243 7251 1259 7267 7215 7284 1292 7300 7308 1316
S4 | 7324 7332 7340 7348 | 7356 7364 | 7372 7380 7388 7396
N oo 1 | 2 3 4 5 6 7 8 9




TABLE Il. COMMON LOGARITHMS (Continued) 237

N.| o 1 2 3 4 5 6 7 8 9
85 | 7404 | 7412 | 7419 | 7427 | 7435 | 7443 | 7451 | 7459 | 7466 |-74
S6 | 7482 | 7490 | 7497 | 7505 | 7513 | 1520 | 7526 | 7536 | 7543

57 | 7559 | 7566 | 7574 | 7582 | 7589 | 7597 | 7604 | 7612 | 7619

§8 | 7634 | 7642 | 7649 | 7657 | 7664 | 7672 | 7679 | 7686 | 7694

59 | 7709 | 7716 7723 | 7731 | 7738 | 7745 | 7752 | 7760 | 7767

60 | 7782 | 7789 | 7796 | 7803 | 7810 | 7818 | 7825 | 7832 | 7839 | 7846
61 | 7853 | 7860 | 7868 | 7875 | 7882 | 7889 | 7896 | 7903 | 7910 | 7917
62 | 7924 | 7931 | 7938 | 7945 | 7952 | 7959 | 7966 | 7973 | 7980 | 7987
63 | 7993 | 8000 | 8007 | 8014 | 8021 | 8028 | 8035 | 8041 | 8048 | 8055
64 | 8062 | 8069 | 8075 | 8082 | 8089 | 8096 | 8102 | 8109 | 8116 | 8122
65 | 8129 | 8136 | 8142 | 8149 | 8156 | 8162 | 8169 | 8176 | 8182 | 8189
66 | 8195 | 8202 | 8209 | 8215 | 8222 | 8228 | 8235 | 8241 | 8248 | 8254
67 | 8261 | 8267 '| 8274 | 8280 | 8287 | 8293 | 8299 | 8306 | 8312 | 8319
68 | 8325 | 8331 | 8338 | 8344 | 8351 | 8357 | 8363 | 8370 | 8376 | 8382
69 | 8388 | 8395 | 8401 | 8407 | 8414 | 8420 | 8426 | 8432 | 8439 | 8445
70 | 8451 | 8457 | 8463 | 8470 | 8476 | 8482 | 8488 | 8494 | 8500 | 8506
71 8513 | 8519 | 8525 8531 8537 | .8543 8549 | 8555 8561 8567
72 | 8573 | 8579 | 8585 | 8591 ) 8597 | 8603 | 8609 | 8615 | 8621 | 8627
73 | 8633 | 8639 | 8645 | 8651 | 8657 | 8663 | 8669 | 8675 | 8681 | 8686
74 | 8692 | 8698 | 8704 | 8710 | 8716 | 8722 | 8727 | 8733 | 8739 | 8745
75 | 8751 | 8756 | 8762 | 8768 | 8774 | 8779 | 8785 | 8791 | 8797 | 8802
76 | 8808 | 8814 | 8820 | 8825 | 8831 | 8837 | 8842 | 8848 | 8854 | 8859
77 | 8865 | 8871 | 8a76 | 8882 | 8887 | 8893 | 8899 | 8904 | 8910 | 8915
78 | 8921 | 8927 | 8932 | 8938 | 8943 | 8949 | 8954 | 8960 | 8965 | 8971
79 | 8976 | 8982 | 8987 | 8993 | 8998 | 9004 | 9009 | 9015 | 9020 | 9025
80 | 9031 | 9036 | 9042 | 9047 | 9053 | 9058 | 9063 | 9069 | 9074 | 9079
81 | 9085 | 9090 | 9096 | 9101 | 9106 | o112 | o117 | 9122 | 9128 | 9133
82 | 9138 | 9143 | 9149 | 9154 | 9159 | 9165 | 9170 | 9175 | 9180 | 9186
83 | 9191 | 9196 | 9201 | 9206 | 9212 | 9217 | 9222 | 9227 | 9232 | 9238
84 | 9243 | 9248 | 9253 | 9258 | 9263 | 9269 | 9274 | 9279 | 9284 | 9289
85 | 9294 | 9299 | 9304 | 9309 | 9315 | 9320 | 9325 | 9330 | 9335 | 9340
86 | 9345 | 9350 | 9355 | 9360 | 9365 [ 9370 | 9375 | 9380 | 9385 | 9390
87 | 9395 | 9400 | 9405 | 9410 | 9415 | 9420 | 9425 | 9430 | 9435 | 9440
88 | 9445 | 9450 | 9455 | 9460 9465 | 9469 | 9474 | 9479 | 9484 | 9489
89 | 9494 | 9499 | 9504 | 9509 | 9513 | 9518 | 9523 | 9528 | 9533 | 9538
90 | 9542 | 9547 | 9552 | 9557 ] 9562 | 9566 | 9571 | 9576 | 9581 | 9586
91 | 9590 | 9595 | 9600 | 9605 | 9609 | 9614 | 9619 9624 | 9628 | 9633
92 19638 | 9643 | 9647 | 9652 | 9657 | 9661 | 9666 | 9671 | 9675 | 9680
93 | 9685 | 9689 | 9694 | 9699 | 9703 | 9708 | 9713 | 9717 | 9722 | 9727
94 | 9731 | 9736 | 9741 | 9745 | 9750 | 9754 | 9759 | 9763 | 9768 | 9773
95 | 9777 | 9782 | 9786 | 9791 | 9795 | 9800 | 9805 | 9809 | 9814 | 9818
96 .| 9823 ]9827 | 9832 | 9836 | 9841 | 9845 | 9850 | 9854 | 9859 | 9863
97 | 9868 | 9872 | 9877 | 9881 | 9886 | 9890 | 9894 | 9899 | 9903 | 9908
98 | 9912 9917 | 9921 |9926 | 9930 | 9934 | 9939 | 9943 | 9948 | 9952
99 | 9956 | 9961 | 9965 | 9969 | 9974 | 9978 | 9983 | 9987 | 9991 | 9996
N. | o 1 2 3 4 5 6 | 7 8 9




238 TABLE Ill. NATURAL LOGARITH»S (BASE e)

.00 .01 .02 .03 .04 .05 .06 .07 .08 .09

0.000010.0100{0.0198]0.0296/.0.0392/0.0488]0.058310.0677[0.0770]0.0862
0.0953/0.1044]0.1133/0.1222/0.1310/0.1398(0.1484/0.1570]0.1655]0.1740
0.182310.1906/0.1989}0.2070{0.215110.2231{0.2311|0.2390}0.2469/0.2546
0.26240.2700{0.2776{0.2852{0.2927(0.3001{0.3075]/0.3148{0.3221{0.3293
0.3365{0.3436(0.3507(0.3577]0.3646/0.3716]0.3784/0.3853]0.3920/0.3988

— s bt b Bt
oW~ O
co Qo

0.4055/0.4121/0.41870.425310.4318/0.4383]/0.4447(0.4511)0.4574]0.4637
0.470010.4762(0.4824[0.4886(0.4947/0.5008|0.5068/0.5128]0.51880.5247
0.5306(0.5365)0.542310.5481/0.5539/0.5596(0.5653|0.5710{0.5766|0.5822
0.5878[0.5933(0.59880.6043]0.6098[0.6152{0.6206(0.6259/0.6313[0.6366
0.6419)0.647110.6523]0.6575[0.6627/0.6678/0.6729(0.6780{0.6831]0.6881

b bt s
- R N7

0.693210.6981]0.703110.7080{0.7129(0.7178{0.7227|0.7275/0.7324]0.7372
0.7419{0.7467(0.75140.7561{0.7608[0.7655(0.7701{0.7747[0.7793{0.7839
0.78850.793010.7975({0.80200.8065(0.8109(0.8154{0.8198{0.8242{0.8286
0.832910.8373{0.8416]0.8459(0.8502{0.8544/0.8587(0.8629]0.8671/0.8713
0.8755)0.8796]0,8838]0.8879]0.8920]0.8961]0.9002]0.9042|0.9083]0.9123

N DN
- W - O

0.916310.9203{0.924310.9282/0.9322{0.9361{0.9400{0.9439]0.9478{0.9517
0.9555]0.959410.9632(0.9670{0.9708] 0.9746/0.9783(0.9821{0.9858/0.9895
0.9933(0.9969{1.0006{1.0043|1.0080(1.0116{1.0152{1.0188]1.0225/1.0260
1.02961.0332]1.03671.040311.0438/1.0473]|1.0508]1.0543{1.0578/1.0613
1.0647|1.0682]1.0716)1.0750{1.0784/1.0818/1.0852/1.0886/1.0919]1.0953

R R RN
O @ =

1.098641.101941.1053(1.1086{1.1119{1.1151{1.1184{1.1217]1.1249(1.1282
1.131411.1346/1.1378/1.1410{1.1442[1.1474[1.1506/1.1537{1.1569{1.1600
1.1632]1.1663|1.1694{1.1725/1.1756{1.1787|1.1817[1.1848]1.1878]1.1909
1.1939]1.1969§1.2000{1.2030{1.2060|1.2090|1.2119]1.2149]1.2179]1.2208
1.223801.2267|1.2296{1.2326{1.2355{1.2384{1.2413|1.2442{1.2470(1.2499

W W W W W

- WO

1.25281.2556]1.2585]1.2613|1.2641{1,2669|1.2698/1.2726{1.2754{1.2782
1.2809(1.2837]1.2865]1.2892|1.2920(1.2947|1.2975/1.3002|1.3029(1.3056
1.3083|1.3110§1.3137|1.3164]1.3191/1.3218/1.32441.3271/1.3297|1.3324
1,3350(1.3376]1.3403]1.3429{1,3455{1.3481]1.3507|1,3533/1.3558(1.3584
1.3610]1.3635{1.3661]1.3686{1.3712{1.3737{1.3762{1.3788(1.3813(1.3838

WwWwwww
O D~

1.3863/1.3888/1.3913]1.3938/1.3962|1.3987)1.4012|1,4036/1.4061(1.4085
1.4110|1.4134]1.4159/1.4183]1.4207[1.4231{1.4255/1.4279[1.4303]1.432?
1.4351|1.4375/1.4398|1.4422]1.4446/1.4469|1.4493|1.4516{1.4540/1.4563
1.4586(1.4609|1.4633|1.4656(1.4679(1.4702(1.4725{1.4748{1.4771}1.4793
1.481611.4839/1.4861{1.4884)1.4907|1.4929)1.4951|1,4974|1.4996[1.5019

-t osa
- we - o

4.5]1.5041]1.5063[1.5085/1.5107{1.5129/1.5151}1.5173]1.5195/1.5217/1.5239
4.6 1.5261(1.5282|1.5304]1.5326/1.5347(1.5369/1.5390{1.5412{1,5433|1.5454
4.7 1.5476(1.5497]1.5518/1.5539[1.5560{1.5581{1.5602{1.5623|1,5644]1.5665
4.8 1.5686/1.5707/1.5728]1.5748(1.57691.5790{1.5810{1.5831|1.5851]1.5872
4.91.589211.5913{1.5933]1.5953|1.5974{1.5994[1.6014]1.6034|1.6054|1.6074
5.0 1.609411.6114{1.6134|1.6154|1.6174(1.6194/1.6214}1.6233{1.6253|1.6273
5.1 1.629211.631211.6332]1.6351{1.6371]1.6390[1.6409{1.6429]1.6448]1.6467
$.2|1.64871.6506/1.6525[1.6544|1.6563[1.6582|1.6601|1.6620|1.6639[1.6658
5.3 1.6677[1.6696{1.6715]1.6734/1.6752|1.6771|1.6790{1.6808|1.6827|1.6845
5.4 1.68641.6882[1.6901]|1.6919/1.6938/1.6956{1.6974]1.6993({1.7011{1.7029
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1.7047/1.7066/1.7084|1.7102(1.7120]1.7138)1.7156|1.7174|1.71921.7210
1.7228/1.7246/1.7263|1.7281{1.7299]1.7317]1.7334)1.7352{1.7370|1.7387
1.7405{1.7422]1.7440/1.7457[1.7475]1.7492]1.7509{1.7527]1.7544]1.7561
1.7579[1.7596{1.7613]1.7630] 1.7647[1.7664)1.7681/1.7699]1.7716{1.7733
1.7750]1.7766/1.7783|1.7800{1.7817[1.7834/1.7851|1.7868|1.7884|1.7901

1.7918{1.7934(1.7951]1.7967|1.7984{1.8001]1.8017}1.8034/1.8050|1.8066
1.8083/1.8099(1.8116{1.8132]1.8148]1.8165/1.8181/1.8197(1.8213|1.8229
1.8245]1.8262(1.8278)1.8294|1.8310/1.8326|1.8342|1.8358(1.8374|1.8390
1.8405]1.8421)1.84371.8453/1.8469|1.8485/1.8500(1.8516/1.8532]1.8547
1.8563[1.8579{1.8594/1.8610| 1.8625{1.8641]1.8656]1.8672|1.8687|1.8703

1.8718{1.8733|1.8749(1.8764{1.8779]1.8795{1.8810(1.8825[1.8840(1.8856
1.8871(1.8886(1.8901/1.8916]1.893111.8946|1.8961]1.8976(1.8991{1.9006
1,902111.9036/1.9051]1.9066]1.9081}1.9095|1.9110|1.9125]1.9140]1.9155
1.916911.9184]1.9199/1.9213|1.9228(1.9242]1.9257]1.9272]1.9286]1.9301
1.9315/1.9330]1.9344|1.9359{1.9373{1.9387(1.9402(1.9416|1.9430|1.9445

1.9459]1.947311.9488/1.9502(1.9516{1.9530]1.9544)1.9559]1.9573}1.9587
1.960111.9615|1.9629|1.9643{1.9657|1.9671(1.9685(1.9699|1.9713|1.9727
1.974111.975511.97691.9782/1.9796/1.9810]1.9824|1.9838]1.9851]1.9865
1.987911.9892]1.9906]1.9920]1.9933]1.9947]1.9961]1.9974]1.9988/2.0001
2.0015/2.0028(2.0042{2.0055/2.0069|2.0082|2.0096{2.0109{2.0122/2.0136

2.0149/2.01622.0176|2.0189]2.0202}2.0215{2.0229(2.0242|2.0255|2. 0268
2:0281|2.0295(2.0308/2.0321{2.0334{2.0347{2.0360{2.0373|2.0386/2.0399
2.0412|2.0425|2.0438|2.0451|2.0464|2.0477(2.0490{2.0503|2.0516|2. 0528
2,0541}2.055412.0567|2.0580/2.0592]2.0605{2.0618{2.063112.0643|2.0656
2.0669/2.0681(2.0694|2.0707/2.0719(2.0732(2.0744(2.0757(2.0769(2.0782

2.0794[2.0807 (2. 0819/2.0832({2.0844(2.0857|2.0869(2.0882(2.0894
2.0919]2.0931}2.0943)2. 0956/ 2.0968)2.0980|2.0992|2.1005]|2.1017
2.1041/2.1054(2.1066{2.1078|2.1090{2.1102{2.1114(2.1126(2.1138
2.1163/2.117§)2.1187)2.1199{2.1211]2.1223]2.1235/|2.1247|2.1259
2.1282/2.1294(2.1306{2.1318{2.1330(2.1342|2.1353{2.1365(2.1377

0906
1029
1150
1270
1389

DN NN

2.1401}2.1412
2.1518{2.1529
2.1633|2.1645
2.1748(2.1759
2.1861{2.1872

.142412.143612.1448(2.1459{2.1471{2.1483{2.1494
.1541|2.1552(2.1564|2.1576/2.1587(2.1599(2.1610
.165612.1668]2.167912.1691{2.1702{2.1713/2.1725
L177012.1782(2.1793(2.1804)2.1815|2.1827(2.1838
.1883]2.1894/2.190512.1917]2.1928/2.1939|2.1950

1506
1622
1736
1849
1961

U U C N X
NN NN

2.1972{2.1983{2.1994{2.2006{2.2017|2.2028{2.2039(2.2050(2.2061
2.2083{2.2094(2.2105(2.2116}2.2127|2.21382.2148]2.2159(2.2170

2 2072
2
2.2192|2.2203 2. 2214(2.2225)2.2235]2.2246|2.2257 2. 2268 |2. 2279
2
2

2181
2289
2396
2502

2.2300{2.2311{2.2322(2.233212.2343|2,2354|2.2364(2.2375[2.2386
2.240712.2418{2.2428(2.2439]2.245012.2460{2.2471(2.2481|2.2492

NN NN

2.2513]2.25232.2534|2.25442.2555]2.2565]2.2576|2.2586 [2.2597
2.2618(2.2628(2.2638|2.2649(2.2659|2.2670{2.2680]2.2690|2.2701
2.272112.2732(2.2742(2.2752|2.2762(2.2773|2.2783|2.2793 2. 2803
2.282412,2834)2.2644|2.2854|2.2865/2.2875|2.2885|2.2895]2.2905
2.292512.2935(2.29462.29562.2966|2.29762.2986(2.2996 |2. 3006

2607
2711
2814
2915
.3016

NNoNboN




240 TABLE lll. NATURAL LOGARITHMS (Continued)

N | Nat Log | N [ Nat Log] N Nat Log | N | Nat Log | N | Nat Log
0 —_— 40| 3.68 888) 80 [4.38 203 | L20 | 4.78 749 160 {5.07 517
1{0.00 000 {41]3.71 357 81 [ 4.39 445|121 1 4.79 579 161 | 5.08 140
210.69 315 142 | 3.73 767 82 |4.40 672122 |4.80 402 162 | 5.08 760
311.09 861 |43 3.76 120 83 | 4.41 884 | 123 | 4.81 218 163 | 5.09 375
411.38 629 {44 (3.78 419 84 | 4.43 082 | 124 | 4.82 028 ] 164 | 5.09 987
511.60 944 [ 45| 3.80 666] 85| 4.44 265|125 [4.82 831§ 165{5.10 595
6] 1.79 176 [ 46| 3.82 864] 86| 4.45 435] 126 [ 4.83 628 166 | 5.11 199
711.94 591 |47 | 3.85 015| 87 |4.46 591|127 |4.84 419} 167 [ 5.11 799
812.07 944 148 | 3.87 120] 88 |4.47 734128 | 4.85 203 168 | 5.12 396
912.19 722 | 49| 3.89 182 89 | 4.48 864|129 [4.85 981] 169 (5.12 990
10 2.30 259 |50 3.91 202 90| 4.49 981 | 130 | 4.86 753 | 170 | 5.13 580
1112.39 790 |51 ]3.93 183 91 [4.51 086 | 131 |[4.87 520 | 171 |5.14 166
12 [ 2.48 491 |52 3.95 124§ 92| 4.52 179|132 | 4.88 280|172 |5.14 749
1312.56 495 |53 13.97 0291 93 | 4.53 260 | 133 [4.89 035|173 |5.15 329
142,63 906 |54 |3.98 898 | 94| 4.54 329 | 134 [ 4.89 784 174 [ 5.15 906
15 (2.70 805 |55 | 4.00 733 ] 95 |4.55 388 | 135 |4.90 527 | 175 |5.16 479
16 | 2.77 259 156 | 4.02 535| 96 | 4.56 435]136 {4.91 265|176 | 5.17 048
17 (2.83 321 |57 | 4,04 305] 97 (4.57 471|137 |4.91 998 | 177 | 5.17 615
18 | 2.89 037 |58 | 4.06 044 | 98 |4.58 497 | 138 |4.92 7251178 |5.18 178
191 2.94 444 |59 | 4.07 754 99| 4.59 512| 139 {4.93 4471179 (5.18 739
20(2.99 573 {60 | 4.09 434 | 100 | 4.60 517 | 140 | 4.94 164 | 180 | 5.19 296
21 3.04 452 [61]4.11 087 ) 101 4.61 512§ 141 [4.94 876 181 |5.19 850
2213.09 104 |62 ]4.12 713102 | 4.62 497 | 142 [4.95 583 | 182 | 5.20 401
23 [3.13 549 |63 |4.14 313]103(4.63 473|143 |4.96 284|183 |5.20 949
24 13.17 805 |64 | 4.15 888 | 104 ) 4.64 439 ) 144 | 4.96 981 | 184 | 5.21 494
250 3.21 888 |65 | 4.17 4391105 | 4.65 396 | 145 [4.97 673 | 185 | 5.22 036
26(3.25 810 |66 | 4.18 965|106 | 4.66 344 | 146 |4.98 361 | 186 | 5.22 575
27 13.29 584 |67 | 4.20 469 | 107 | 4.67 283 | 147 |4.99 043 | 187 | 5.23 111
28 3.33 220 |68 | 4.21 951 | 108 | 4.68 213 | 148 |4.99 721 | 188 | 5.23 644
29 13.36 730 |69 | 4.23 411 | 109 | 4.69 135|149 |5.00 395 | 189 | 5.24 175
30 |3.40 120 {70 | 4.24 850 | 110 | 4.70 048 | 150 [5.01 064 | 190 | 5.24 702
31 [3.43 399 |71 |4.26 268 | 111 | 4.70 953 | 151 |5.01 728 ] 191 {5.25 227
32 13.46 574 |72 14.27 667 [112 | 4.71 850 | 152 |5.02 388 | 192 {5.25 750
3313.49 651 |7314.29 046 | 113 [4.72 7391153 |5.03 044 {193 |5.26 269
34 12.52 636 |74 | 4.30 407 | 114 |4.73 620154 [5.03 695|194 | 5.26 786
353,85 835 ]7514.31 749 | 115 | 4.74 493 | 155 [5.04 343 | 195 ] 5.27 300
36 3.58 352 |76 | 4.33 073 |116 | 4.75 359|156 |5.04 986 | 196 | 5.27 811
37 13.61 092 |77 | 4.34 381 | 117 | 4.76 217 | 157 |5.05 625 | 197 | 5.28 320
38 13.63 759 |78 | 4.35 671 | 118 4.77 068|158 [5.06 260 | 198 | 5.28 827
39 13.66 356 |79 | 4.36 945 |119 | 4.77 912 | 159 [5.06 890 | 199 |5.29 330
40 | 3.68 888 {80 [4.38 203 | 120 4.78 749 160 |5.07 517 {200 |5.29 832




TABLE IV. NATURAL TRIGONOMETRIC FUNCTIONS 241
Degrees|Radians] Sin Cos Tan Cot Sec Csc

0 .0000 { .0000 |1.0000| .0000 | ----- 1.0000 f ----- 1.5708 [ 90

1 L0175 }.0175 .9998| .0175 | 57,2900 | 1.0002 { 57.299| 1.5533 89

2 .0349 | .0349 .9994 . 0349 | 28.6363 | 1.0006 | 28.654 | 1.5359 88

3 .0524 | . 0523 .9986| . 0524 {19.0811 | 1.0014{19.107| 1.5184 87

4 .0698 | .0698 | .9976| .0699 | 14.2007 | 1.0024 | 14.336| 1.5010 86

H .0873 | .0872 | .9962| .0875{11.4301|1.0038 | 11.474 1.4835 85

6 1047 |.1045 .9945) .1051 | 9.5144 ] 1.0055 | 9.5668 | 1,.4661 84

7 L1222 1.1219 | .9925] .1228 | 8.1443 | 1.0075 [ 8.2055| 1.4486 83

8 L1396 | .1392 L9903 | .1405 | 7.1154 | 1.0098 | 7.1853 | 1.4312 82

9 L1571 1.1564 | .9877) .1584 | 6.3138 | 1.0125)6.3925| 1.4137 81
10 L1745 1.1736 | .9848| .1763 | 5.6713 | 1.0154 | 5.7588 | 1.3963 80
n L1920 ].1908 | .9816| .1944 | 5.1446 | 1.0187 | 5.2408 | 1.3788 79
12 .2094 | .2079 L9781} .2126 4.7046 | 1.0223 | 4.8097 | 1.3614 78
13 L2269 1.2250 | .9744] .2309 | 4.3315[1.0263 | 4.4454 | 1.3439 17
14 .2443 | .2419 L9703 1 .2493 | 4.0108 | 1.0306 | 4.1336 | 1.3265 76
15 .2618 |.2588 296591 .2679 | 3.7321 [ 1.0353 | 3.8637 | 1.3090 75
16 .2793 | . 2756 L9613 .2867 | 3.4874]1.0403] 3.6280 | 1.2915 74
17 .2967 | .2624 | .9563| .3057 | 3.2709 | 1.0457 | 3.4203 | 1.2741 73
18 .31421.3090 | .9511) .3249 | 3.0777 | 1.0515| 3.2361 | 1.2566 72
19 3316 |.3256 | .9455) .3443 | 2.90421.0576| 3.0716 | 1.2392 71
20 L3491 | .3420 | .9397| .3640 | 2.7475]1.0642| 2.9238 | 1.2217 70
21 .3665 |.3584 | .9336| .3839.1 2.6051 | 1.0711] 2.7904 | 1.2043 69
22 .38404 .3746 .9272] .4040 | 2.4751| 1.0785( 2.6695 | 1.1868 68
23 .4014 | .3907 .9205| .4245 | 2.3559 | 1.0864 ] 2.5593 | 1.1694 67
24 L4189 | . 4067 L9135 .4452 | 2.2460 ) 1.0946| 2.4586 | 1.1519 66
25 .4363 | .4226 L9063 .4663 | 2.1445 ] 1.1034 | 2.3662 |1.1345 65
26 .4538 | .4384 | .8988] .4877 | 2.0503 1.1126‘ 2.2812 |1.1170 64
27 .4712 | . 4540 | .8910| - 5095 | 1.9626 | 1.1223 2.2027 {1.0996 63
28 .4887 | . 4695 .8829( .5317 1.8807 | 1.1326 | 2.130L|1.0821 62
29 L5061 | .4848 L8746 .5543 | 1.8040 | 1.1434| 2.0627 |1.0647 61
30 .5236 | .5000 .B660| .5774 | 1.7321) 1.1547( 2.0000 | 1.0472 60
31 L5411 1.5150 | .8572) .6009 | 1.6643 | 1.1666 | 1.9416 |1.0297 59
32 .5585 | .5299 .8480| .6249 1.6003 1 1.1792 | 1.8871 |1.0123 58
33 .5760 | .5446 | .8387| .6494 | 1.5399 ] 1.1924] 1.8361 | .9948 57
34 .5934 | .5592 L8290 .6745 1.4826 | 1.2062 | 1.7883 L9774 56
35 .6109 | .5736 | .8192| .7002 | 1.4281| 1.2208 | 1.7434 | .9599 55
36 .6283 | .5878 .8090| .7265 | 1.3764 | 1.2361 ] 1.7013 | .9425 54
37 .6458 | .6018 | .7986] .7536 | 1.3270 | 1.2521) 1.6616 | .9250 53
38 .6632 | .6157 L7880 .7813 | 1.2799 | 1.2690| 1.6243 | .9076 52
39 .6807 |.6293 L7771 .8098 | 1.234%| 1.2868 | 1.5890 | .8901 51
40 .6981 | .6428 | .7660| .8391 | 1.1918 | 1.3054 | 1.5557 | .8727 50
41 L7156 | .6561 | .7547| .8693 | 1.1504| 1.3250 | 1.5243 | .8552 49
42 L7330 |.6691 | .7431| .9004 | 1.1106 | 1.3456 | 1.4945 | .8378 48
43 L7505 1.6820 | .7314] .9325 | 1.0724 | 1.3673 | 1.4663 | .8203 47
44 L7679 |.6947 | .7193| .9657 | 1.0355'(1.3902 | 1.4396 | .8029 46
45 .7854 1 .7071 .7071(1.0000 | 1.0000 | 1.4142 | 1.4142 | .7854 45

Cos Sin Cot Tan Csc Sec Radians|Degrees|




242 TABLE V. VALUES OF e AND ex

x o* e x ex [
0.00 1.0000 1.00000 2.10 8.1662 0.12246
0.01 1.0101 0.99005 2.20 9.0250 0.11080
0.02 1.0202 0.98020 2.30 9.9742 0.10026
0.03 1.0305 0.97045 2.40 11.023, 0.09072.
0.04 1.0408 0.96079 2,50 12,182 0.08208,
0.0S 1.0513 0.95123 2.60 '13.464 0.07427 .
0.06 1.0618 0.94176 2.70 14.880 0.06721
0.07 1.0725 0.93239 2.80 16.445 0.06081
0.08 1.0833 0.92312 2.90 18.174 0.05502
0.09 1.0942 0.91393 3.00 20.086 0.04979
0.10 1.1052 0.90484 3.10 22:198 0.04505
0.20 1.2214 0.81873 3.20 24,533 0.04076
0.30 1.3499 0.74082 3.30 27.113 0.03688
0.40 1.4918 0.67032 3.40 29.964 0.03337
0.50 1.6487 0.60653 3.50 33.115 0.03020
0.60 1.8221 0.54881 3.60 36.598 0.02732
0.70 2.0138 0.49659 3.70 40.447 0.02472
0.80 2.2255 0.44933 3.80 44.701 0.02237
0.90 2.4596 0.40657 3.90 49.402 0.02024
1.00 2.7183 " 0.36788 4.00 54.598 0.01832
1.10 3.0042 0.33287 4.10 60.340 0.01657
1.20 3.3201 0.30119 4.20 66.686 0.01500
1.30 3.6693 0.27253 4.30 73.700 0.01357
1.40 4.0552 0.24660 4.40 '81.451 0.01228
1.50 4.4817 0.22313 4.50 90.017 0.01111
1.60 4.9530 0.20190 4.60 99.484 0.01005
1.70 5.4739 0.18268 4.70 109.95 0.00910
1.80 6.0496 0.16530 4.80 121.51 0.00823
1.90 6.6859 0.14957 4.90 134.29 0.00745
2.00 7.3891 0.13534 5.00 148.41 0.00674




INDEX

(The numbers refer to pages.)

Abscissa, 10

Absolute value, 28

Amplitude, 148

Angle, between line and plane, 194;
between two lines, 19, 174; between
two planes, 185; bisector of, 53;
direction, 15, 173; polar, 124

Antiparallel lines, 17

Astroid, 156

Asymptote, 34, 90, 96, 134

Auxiliary circle, 87, 153

Axis, conjugate, of hyperbola, 90; co-
polar, 124; major, of ellipse, 81;
minor, of ellipse, 81; of parabola,
73 ; polar, 124; radical, of circles, 68;
transverse, of hyperbola, 90

Binomial theorem, 1
Brachistochrone, 154

Cardioid, 132, 136, 140

Center of gravity, 13

Circle, 60

Circles, orthogonal, 70

Cissoid, 141

Classification of conics, 109, 115

Collinear points, 57

Complex number, 28

Conchoid, 141, 144

Concurrent, lines, 56; planes, 187

Cone, 200, 216; nappe of, 200

Conicoid, 213

Conics, 109, 112, 115

Conic sections, 101

Conjugate hyperbola, 92

Coordinates, cylindrical, 170; non-
rectangular, 10, 96; polar, 124;
rectangular, 9, 169; spherical, 171

Coplanar points, 188

Curve, algebraic, 142; directing, 198;
exponential, 149; intersection of,
39, 137; logarithmic, 149; pedal,
144; probability, 151; transcen-
dental, 142; trigonometric, 146

Curve fitting, 159

Curve tracing, 31, 131, 208
Cycloid, 154

Cylinder, 198, 217

Degenerate, conics, 102; quadric sur-
faces, 218

Determinants, 2

Diameter, 121

Direction, angles, 15, 173; cosines, 15,
173, 180; numbers, 15, 174, 195

Directrix, of ellipse, 80; of hyperbola,
90; of parabola, 73

Distance, between two points, 10, 125,
171; from line to point, 51; from
plane to point, 184

Eccentricity, of ellipse, 80; of hyper-
bola, 89; of parabola, 73

Ellipse, 80

Ellipsoid, 213

Empirical equations, 159

Epicycloid, 156

Equations, parametric, 152; simul-
taneous, 2

Factorial notation, 1

Family of curves, 53

Focus, of ellipse, 80; of hyperbola, 90;
of parabola, 73

Folium of Descartes, 157

Frequency, 148

Function, continuous, 29; periodic,
29

Generator, 198
Greek alphabet, xviii

Helix, 212

Higher plane curves, 142
Hyperbola, 89
Hyperboloid, 214
Hypocycloid, 155, 203

245
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INDEX

Inclination, 15
Intercepts, 31, 204
Invariants, 115
Involute of circle, 158

Latus rectum, of ellipse, 81; of hy-
perbola, 91; of parabola, 73

Law, exponential, 163; linear, 159;
parabolic, 162; power, 166

Least squares, 161

Lemniscate of Bernoulli, 136

Limacon of Pascal, 136

Limit, 29

Line, equation of, 45; equations of,
190; formulae, 58, 126; segment, 11

Linear equation, 45, 177

Lines, concurrent, 56; parallel, 17,
175; perpendicular, 17, 175; sys-
tems of, 53 :

Lituus, 137

Loci, 41, 198

Logarithm, 2

Mensuration formulae, 4
Midpoint, 13

Normal equations, 161

Oblique axes, 9, 25, 96
Ordinate, 10

Ordinates, composition of, 149
Orthogonal circles, 70

Ovals of Cassini, 144

Parabola, 73

Paraboloid, 216

Parallel, lines, 17, 175; planes, 185

Parallelogram, 24

Parameter, 152

Period, 148

Perpendicular lines, 17, 175

Phase, angle, 148; shift, 148

Piercing point, 192

Plane, equation of, 177; formulae, 188

Planes, concurrent, 187; parallel, 185;
perpendicular, 185; systems of, 186

Point of division, 13, 172

Polar, 119; coordinates, 124; equa-
tion of a conic, 127

Pole, 119, 124

Polynomial, 44

Projecting, cylinder, 208; planes, 191

Projections, 12, 172

Properties, of ellipse, 86; of hyper-
bola, 98; of parabola, 78

Pythagorean theorem, 5

Quadratic equation, 1
Quadric surfaces, 213

Radian, 4

Radical, axis, 68; center, 69
Radius vector, 124
Rectangular hyperbola, 92
Rhombus, 25

Rose-leaf curves, 135
Rotation, 106, 110, 220
Ruled surfaces, 219

Sample examinations, 227

Section of a cone, 101

Sine wave, 147; damped, 151 .

Skew, lines, 195; curves, 198

Slope, 15

Spiral of Archimedes, 136

Straight line formulae, 58, 126, 190

Strophoid, 141, 145

Surfaces of revolution, 201

Symmetry, 32

Systems, of circles, 67; of conics, 116;
of lines, 53; of planes, 186

Tangent, length of, 67; to circle, 65;
to conic, 117; to ellipse, 85; to
hyperbola, 96; to parabola, 77

Torus, 203

Trace, 204

Translation, 104, 112, 220

Triangle, area of, 21; medians of, 24

Trigonometry, 5

Trisectrix, 141

Trochoid, 158

Vertex, of ellipse, 80; of hyperbola,
90; of parabola, 73

Witch of Agnesi, 142
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