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PREFACE

T]:TIS book is a sequel to a treatise on Statics published
a little more than a year ago, and has a similar scope. To
avoid repetitions, numerous references to the former volume
are made.

A writer who undertakes to explain the elements of Dynamics
has the choice, either to follow one or other of the traditional
methods which, however effectual from a practical point of view,
are open to criticism on logical grounds, or else to adopt a treat-
ment 8o abstract that it is likely to bewilder rather than to
assist the student who looks to learn something about the
behaviour of actual bodies which he can see and handle. There
is no doubt as to which is the proper course mn a work hke
the present; and I have not hesitated to follow the method
adopted by Maxwell, in his Matter and Motion, which forms,
I think, the best elementary introduction to the ‘absolute’
system of Dynamics. Some account of the more abstract, if
more logical, way of looking at dynamical questions is, however,
given 1 1ts proper place, which 1s at the end, rather than at the
beginning of the book.

There 13 some latitude of judgment as to the order in which
the different parts of the subject should be taken. To many
students 1t 18 more important that they should gamn, as soon
as possible, some power of dealing with the simpler questions
of ‘rigid’ Dynamics, than that they should master the more
intricate problems of ‘central forces,” or of motion under various
laws of resistance. This consideration has dictated the arrange-
ment here adopted, but as the later chapters are largely
independent of one another, they may be read mn a different
order wathout ingonvenience.
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Some pains have been taken in the matter of examples for
practice. The standard collections, and the text-books of several
generations, supply at first sight abundant material for appro-
pniation, but they do not always reward the search for problems
which are really exercises on dynamical theory, and not merely
algebraical or trigonometrical puzzles in disguise. In the present
treatise, preference has been given to examples which are simple
rather than elaborate from the analytical point of view. Most of
those which are in any degree original have been framed with this
ntention.

I am again greatly indebted to Prof. F. S. Carey, and
Mr J. H. C. Searle, for their kindness in reading the proofs,
and for various useful suggestions. The latter has moreover
verified most of the examples. Miss Mary Taylor has also given
kind assistance in the later stages of the passage through the
press.

H. L

Ter UNIVERSITY,
MANCHESTER,
January 1914,

In this issue a few pages have been re-written, and a number
of errors have been corrected, chiefly in the examples. An addi-
tional set of miscellaneous exercises has also been inserted near
the end It wjll be understood that the ‘Appendix,’ which remains
unaltered, 18 intended merely as a summary of the ‘Newtonian’
standpoint, from which an elementary text-book 18 necessarily
written.

H. L

CAMBRIDGE

February, 1923.
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CHAPTER T

KINEMATICS OF RECTILINEAR MOTION

1. Velocity.

We begin with the elementary kinematical notions relating to
motion in a straight line.

The position P of a moving pomnt at any given instant ¢,
Le. ab the instant when £ units of time have elapsed from some
particular epoch which 18 taken as the zero of reckoning, is
specified by 1ts distance « from some fixed point O on the line,
this distance being reckoned positive or negative according to the
side of O on which P hes. In any given case of motion « is then
a definite and continuous function of & When the form of this

4

—t
) P P
Fig. L.

function is known it is often convenient to represent it graphically,
in an auxihary diagram, by means of a curve constructed with ¢
as abscissa and # as ordinate. This may be called the ‘space-time
curve®’

If equal spaces are described, :n the same sense, in any two
equal intervals of time the moving point 1s said to have a ‘constant

* There are various olassical experiments, especially in Acoustics, where such
curves are produced by mechanical or optical contrivances, as e.g. in studying the
nature of the vibration of a tuming-fork, or of a pomnt of a piano-wire. On a
different scale we have the graphical records of the oscillations of the barometer, &o.

LD  }
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velocity*,’ the magnitude of this velocity being specified by the
space described in the umt time. This space must of course have
the proper sign attributed to it. Hence 1if the position change
from @, to z 1n the time ¢, the velocity 18 (z — 2,)/t. Denoting this

by u, we have
T=Ty+ Ul ceveee ov v crriininnan. 1)

The space-time curve is therefore 1n this case a straight line.

If the velocity 1s not constant, the space described in any
mterval of time, divided by that interval, gives a result which
may be called the ‘mean velocity’ in the interval That 1s to say,
a pomnt having a constant velocity equal to this would describe
an equal space in the same interval. Thus if, in Fig. 1, the
pomnts P, P’ denote the positions at the instants ¢, ¢/, respectavely,
the mean velocity 1n the nterval ¢ —¢ 1s

PP|{t' —=t), or (' —=)/{ —1),

where &, o/ are the abscissae of P, P’ respectively. If we write
@ =ax+ 8z, ' =t+ 8t so that 8z, 8t denote corresponding incre-
ments of @ and ¢, the mean velocity 1s denoted by

o
E-

In all cases which it is necessary to considert, this fraction
has a defimte limiting value when the interval 8¢ 1s indefimtely
diminished, and this it 1s adopted as the definition of the
‘velocity at the instant ¢’ Denoting 1t by », we have, in the
notation of the Differential Calculus,

In the space-time curve, above referred to, the velocity at any
mstant 18 represented by the ‘gradient’ of the curve at the

* The phrase ‘umiform velocity’ 18 often used , but 1t seems preferable to use
the word ‘constant’ when invariability in time 18 meant, the term ‘umiform’ being
reserved to express invariability 1n space Thus a constant field of force would be
one which does not alter with the time ; whilst & uniform field would be one which
has the same properties at every pomnt. Cf. Maxwell, Matter and Motion, London,
1876, pp. 24, 25

t Except 1n the conventional treatment of problems of impact, where we may
have different Limits according as ¢ 18 positive or negative. See Chap, vI.
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corresponding pomt, ie. by the trigonometrical tangent of the
angle which the tangent line to the curve, drawn 1n the direction
of ¢ increasing, makes with the positive direction of the axis of ¢,
the differential coefficient dz/dt corresponding exactly to the dy/dz
ordinarily employed 1n the Calculus.

The velocity  is in general a definite and continuous function
of ¢, and may be represented graphically by a curve, called the
‘velocity-time’ curve, constructed with ¢ as abscissa and u as
ordinate. Since, by integration of (2), we have

it appears that the area swept over by the ordinate of this curve
1n any interval of time gives the space described i1n that interval
The integral 1n (3) corresponds 1n fact to the ordinary fydz of the
Calculus.

If P, P, be two moving pomts, and «,, «, their coordinates,
then putting

E=PPy=@— @, ccovreeeninnnnnnn... (4)
df¢ _dz, da,
we have TETdE T dp P trereeeeeeeeeesees (5)

1e. the velocity of P, relatave to P, 1s the difference of the velocities
of P, and P,.

Q2. Acceleration.

When the velocity increases by equal amounts (of the same
sign) in any two equal intervals of time, the motion 18 said to be
‘uniformly accelerated,’ or (preferably) the moving pomnt 1s said to
have a ‘constant acceleration’, and the amount of this acceleration
18 specified by the velocity gained per umt tune®. Hence if the
velocity change from u%, to # in the time ¢ the acceleration 1s
(u — u,)/t. Denoting 1t by a, we have

The velocity-time curve 1s 1n this case a straight line.

* A negative acceleration 1s sometimes desoribed as & ‘retardation.’
1—3
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In the general case, the increment of the velocity in any
nterval of time, divided by that interval, gives a result which
may be called the ‘mean rate of acceleration,’” or briefly the ‘mean
acceleration’ 1n that mterval. That 18 to say, a point having a
constant acceleration equal to this would have 1ts velocity changed
by the same amount 1n the same interval. Hence if u, 4’ denote
the velocities at the 1nstants ¢, ¢/, respectively, the mean acceleration
in the interval ¢' —¢ 18 (u' — u)/(t' —¢), or

du
‘gt‘!

if we write ' =u + 8u, ' =t + dt.

In all important cases, except those of impact, this fraction
has a definite limiting value when &t 1s indefimtely diminished,
and this limit 18 adopted as the defimtion of the ‘acceleration at
the instant &.” Hence, denoting the acceleration by a, we have

It appears that the acceleration 1s represented by the gradient, in
the velocity-time curve.

Since u = dx/dt, we have

d'z '
a= (—i‘t; ¢ eeesssesessctiecsacnesaanas (3)

It is often convenient to use the ‘fluxional’ notation, 1n which
differentiations with respect to the time are denoted by dots
placed over the symbol of the dependent variable. Thus the
velocity may be denoted by &, and the acceleration by % or &.

Another very important expression for the acceleration 1s
obtamed if we regard the velocity (w) as a function of the
position (#). It 1s to be noted that, since the moving point
may pass through a given position more than once, there may
be more than one value of u corresponding to a given value of a.
But if we fix our attention on one of these we have

du dudx du
a:-—--d—t=d——$a—t=ua—m. .................. (4)
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If #, 2, be the coordinates of two moving points P,, P, and 1f
E=PP=x,—z, ... ... . .(5)

we have S = i — s e - . (6)

1e. the acceleration of P, relative to P, 18 the difference of the
accelerations of these points. In particular, if the velocity of P, be
constant, so that d?z,/dt*= 0, we have

TE_ da,.

et dt’
ie. the acceleration of a moving point 1s the same whether it be

referred to a fixed origin, or to an origin which s 1n motion with
constant velocity.

Ez. 1. If z be a quadratic function of ¢, say

=4 (aB+28t+7y), ...... cerereeranes ceeteneeens (V)
we have Z=at+B, T=a . .ccoereerreenen ceescensaranens (8)

The acceleration 18 therefore constant.

Ez 2 If Z=a COB (NE+€), .ecicceesenrsrsrossosnseccees(D)
we have D= —nasin (ntte), ... ... ceeresesnsrsannanes (10)
B —n3aCOB (NE+€)m —N3T  .iiviirersenneisenns (11)

The space-time curve 1s a curve of smnes, and the velocity-time curve 1s a
similar curve whose zero points synchromze with the maxima and minmima of
the former See Fig. 4, p. 26.

Ez. 3. If z=Ae™+Be=™, ... creernccennencencsnnsees(12)
we have Zmnde®—nBe~™, ..cccieiviis v oiieer e ane (13)
Zmnided+nIBe~Mmndz, .....cooiienieenennnns (14)

Exz 4. If 4?18 a quadratic funotion of z, say
W 4234 2B2+C) cveenrecreerrennnaenneneenn(16)

uz—:-:Aa;+B. ............. cosesseses ¢ sone «..(16)

The acceleration therefore varies as the distance from the point z= —B/A,
unless 4 =0, 1n which case 1t 18 constant.

we have
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3. Units and Dimensions.

The umt of length 18 generally defined by some material
standard, or as some convenient multiple or submultiple thereof.

Thus 1n the metric system we have the metre, with 1ts sub-
divisions the decimetre, centimetre, ete., and 1ts multiple the
kilometre. The standard metre was originally intended to
represent the ten-millionth part of a quadrant of the earth’s
meridian as closely as possible. The agreement, though since
found not to be exact®, 18 very close; but the practical and
legal definition of the metre is of course by reference to the
material standard, and not to the earth’s dimensions. The reason
for this particular choice of the standard was that on the decimal
division of the quadrant a minute of latitude on the earth’s surface
corresponds to a kilometre.

In the British system of measurement we have the standard
gard, with its subdivisions of foot and inch, and its multiple the
mile. There 18 here no simple relation to the earth’s dimensions,
and the sea-mile, which corresponds to a (sexagesimal) minute of
latitude, duffers considerably from the statute mile of 1760 yards.

The relations between the two systems of length measurement
are shewn by the following tablet, which gives the factors required
to reduce the various British units to centimetres, with their
reciprocals, to four significant figures.

Cm. Reciprocals
Inch 2540 8937
Foob 8048 03281
Yard 9144 ‘01094
Mile 1609 x 10* 6214 x 10~-*
Sea-mile 1'852 x 10° 5398 x 10-*

Owing to the decimal basis of the metric system the relations
between other units can be read off at once. Thus a mile is
1609 metres; and a kilometre (=10 cm.) is 1094 yards.

* The most authoritative value for the length of the earth-quadrant 1s
10,001,869 metres (Clarke, Geodesy, London, 1880).
+ Taken from Everett’s Units and Phusical Constants.



3] KINEMATICS OF RECTILINEAR MOTION 7

In this book we shall employ mainly the foot or the centimetre,
the latter being the umt now generally adopted mn scientific
measurements.

For the measurement of ¢tme some system based on the earth’s
rotation 1s umversally adopted, all clocks and watches being
regulated ultimately by reference to this. From a purely scientific
standpoint the simplest standard would be the sidereal day, 1.e. the
period of a complete rotation of the earth relatively to the fixed
stars, but this would have the serious inconvenience that ordinary
time-keepers would have to be discarded for scientific purposes.
The units commonly employed are based on the ‘ mean solar day,’
re. the average mterval between two successive transits of the
sun across any given meridian. This bears to the sidereal day
the ratio 100274 In scientific measurements the unit 1s generally
the mean solar second, 1.e. the gz155th part of the mean solar day,
whilst for practical purposes the hour, or the day, or year, are of
course often employed.

The units of length and time are 1n the first instance arbitrary
and independent. Those of velocity and acceleration depend upon
them, and are therefore classed as ‘derived’ umits. The umt
velocity, ie. the velocity which is represented by the number 1
according to the definition of Art. 1, 18 such that a umb of length
is described in the umt time. Its magmtude therefore varies
directly as that of the umt length, and inversely as that of the
umt time It 18 therefore said to be of one ‘dimension’ 1n length,
and mwnus one dimension in time. If we introduce symbols L
and T to represent the magmtudes of the umts of length and
time respectively, this may be expressed concisely by saying that
the umt velocity 18 L/T, or LT~ The number which expresses
any actual velocity will of course vary tnversely as the magnitude
of this umit. When 1t 18 necessary to specify the particular unit
adopted we may do this by the addition of words such as *feet per
second,’ or ‘miles per hour,” or more briefly *ft./sec.,’ or ¢ mile/hr.’

The unit acceleration 18 such that a umst of velocity is acquired
m the umt time. Its dimensions are therefore indicated by
LT-YT, or L/T%, or LT An actual acceleration may be
specified by a number followed by the words ‘feet per second
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per second,’ or ‘miles per hour per hour, &c, as the case may
be. These indications are conveniently abbreviated into *ft [sec.?,
or ‘mile/hr?’ &c. The double reference to time 1n the specification
of an acceleration 1s msisted upon sufficiently in elementary works
on Mechanics; but the student may notice that 1t is indicated
again by the form of the differential coefficient d’z/dt?

Ex. To translate from the mile and hour to the foot and second as
fundamental umts we may write

L'=5280L, T'=3600T
Henoe V[T =33L/T
The units of velocity on the two systems are therefore as 22 to 15, and

the numerical values of any given velocity as 15 to 22. Thus a speed of
60 miles an hour 18 equivalent to 88 feet per second.

Agamn U/T2 =5 ko L/T3,
80 that the umts of acceleration are as 11 to 27000,

4. 'The Acceleration of Gravity.

It may be taken as a result of experiment, although the best
experimental evidence is imndirect (Art. 11), that a particle falling
freely at any given place near the earth’s surface has a definite
acceleration g, the same for all bodies.

The precise value of g varies however with the locality, in-
creasing from the equator towards the poles, and dimimshing
slightly with altitude above the sea-level. There are also local
irregularities of comparatively small amount. According to recent
mvestigations*, the value of g at sea-level 18 represented to a high
degree of accuracy by the formula

9=97808 (140058 8in* ), ......c........ )

where ¢ is the latitude, the umts bemng the centimetre and the
second. In terms of the foot and the second this makes

g=382088 (1 + 0053 510° P)..evrrverrennennss @)

The total varation from equator to pole 18 therefore a little more
than one-half per cent. In latitude 45° we have g=980'62, or
82178, according to the umts chosen.

* F. R. Helmert, Encycl, d. math. Wiss., Bd. vi,
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The variation with altitude 18 given by the formula
g’ =g (1 —-0000003h), ........ crereneeenns ®3)

where g is the value at the sea-level, and ¢’ that at a height A (in
metres) above this level. This varation is accordingly for most
purposes quite ummportant.

For 1illustrative purposes it is in general sufficiently accurate to
assume g=980cm./sec? or =32 ft [sec3, the latter number being
specially convenient for mental calculations, on account of its
divisibality.

6. Differential Equations.

The formule (8) and (4) of Art. 2 enable us to find at once
expressions for the acceleration when the position () 18 given as a
function of the time, or the velocity as a function of the position.
But mn dynamical questions we have more usually to deal with the
mverse problem, where the acceleration is given as a function of
the time or the position, or both, or possibly of the velocity as
well, and 1t is required to find the velocity and the position at any
assigned instant. We notice here one or two of the more im-
portant types of differential equation which thus present them-
selves, and the corresponding methods of solution.

1. The acceleration may be given as a function of the time;
thus

d'z
Et—,:-—f(t). reerecenieieeraons ceeens(1)
This can be integrated at once with respect to &. We have
dz
%=ff(t)dt+d=fl(t)+A, ............... @

say, where f(t) stands for any indefinite integral of f(¢), and the
additive constant A 1s arbitrary. Integrating agamn we have

w=ff,(t) Q64+ AE+B, eeeereererrererennn(8)

where B is a second arbitrary constant.

The reason why two arbitrary constants appear in this solution
18 that a point may be supposed to start at a given nstant from
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any arbitrary position with any aibitrary velocity, and to be
governed as to 1ts subsequent motion by the law expressed in (1).
A solution, to be general, must therefore be capable of adjustment
to these arbitrary initial conditions. See Ex. 1 below. The reason
why the arbitrary element 1n the solution occurs 1n the particular
form At + B 18 that the superposition of any constant velocity does
not affect the acceleration.

2. The acceleration may be given as a function of the
position, thus

gg A N SR (4)

If we multiply both sides of this equation by daz/dt 1t becomes
integrable with respect to ¢; thus

de d'z dz

=S @ g

L (5= aes

-=ff(w) R R )

by the ordinary formula for change of variable in an indefinite
ntegral.

This process will occur over and over again 1n our subject, and
the result (5) has usually an important interpretation as the
‘equation of energy.’ It may be obtained in a shghtly different
manner as follows. Taking # as the independent vanable we
have, 1n place of (4),

uz-’;= N1 veeenea(6)
which 1s integrable with respect to #, thus
= f F@ @A A eeveeereeer s )
In either way we obtain u? or «* as a function of z, say
(%‘:)LF@), ..... e e (8)
whence dz_ +V[F@)} ceeieiiiins e, ©))

dt
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The two signs relate to the two directions in which the moving
pomnt may pass through the position z. In particular problems
both cases may require to be taken 1nto consideration

For the further integration we may write (9) in the form

d_, 1
doe~ = N{F(2)}’

whence, 1ntegrating with respect to z,

ceveesnresenreeesene(10)

dz
t= ifm} +B. .....................(11)

This solution really contains two arbitrary constants, since one
i8 already mnvolved 1n the value of F(«). That one of the arbitrary
constants would consist 1n an addition to ¢ might have been fore-
seen from the form of the differential equation (4), which 18 un-
altered m form 1if the origin of ¢ be shafted.

Such further types of differential equation as present them-
selves will be most conveniently dealt with as they arise.

Ez 1 In the case of a particle moving vertically under gravity, we have,
if the positive direction of z be upwards,

addz

DL meeeessnn (z)
dz B.
= -gt+4, z= —i»yl'+At+ . eessessecceees eee(13)

If the imitial conditions are that ze=1,, =1, for =0, we have uy=A4,
xy= B, whence

Z=uy—gt, T=x,+ugt—$gts ......... cesennesenas (14)

The space-time curve 18 therefore a parabola, and the velocity-time curve a

straight line, as shewn in Fig. 2 (p. 12), which relates to the case of zp=12,
=48, 1n foot-second umita,

Treating the question by the second method we have

d
u‘—i—:= — @) eereervsnsesnnsessessessensaenss(16)

8= — gz + C).evvrverrennrennnranseseessonnees(16)
whenoe $ut+ gz =Jugld+ gz, oot (17)
a result which may also be deduced from (14)
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If z,, 24 and %, u; be the positions and velocities at the instants ¢, ¢;,
respectavely, we have from (14)

-‘!‘1"31'___“0_&9(tl+;2)=i(ul+u2). cer seee oee o(18)

=1
The mean velocity 1n any interval of time 18 therefore equal to the velocity at
the middle instant of the interval, and also to the arithmetic mean of the
iitial and final velocities These are, moreover, obvious corollaries from the
fact that the velocity curve 18 straight

40 // AN 100
82 \ 80
24 J/ \ 60
160 — $0 §
g [ A s
~ 8 \,“~ \ 20 =
§‘ ‘s\ g‘
Q .. §
0 T I~ | s\ 1° &
Time o \
.,
-8 Tooes 20
5-‘
~16 S -40
~§
.
~{-60
-80

Fig. 2.

Ez. 2. If the acceleration be a arcular function of the time, say

d?.
SA=foosnh veevrenrereneaenes 19)
we find zt—f=‘£smﬂ¢+d, -f--1—{-,oosM+At+B................(20)

It D=1y, T=uy, for t=0, we have uy= A, zg= —f/n3+ B,

whenoe .i'-uo+'£mnnt, s—x.+uot+$(1-oosnt) ................ (21)
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Ez 3. If the acceleration be directed always towards a fixed point (the
origin) 1 the hine of motion, and vary as the distance from this point,

we have
Pz

W—-———ﬂ’x, es sess cosssssnens ceees see (22)

where 7? 18 a given positive constant. The minus sign 18 required by the fact
that « 18 negative when z 18 positive, and vice versd. An equivalent form 18

ug—:=-n’z. ceeserasensene oo ssssssessaesens (23)
From this, or from (22), we have, by the methods above explained,
W= C—nlzh ceeeivniieinnne rere saseenaenas (24)

Since u? 18 essentially positive, the arbitrary constant C must be positive, so
that we may wnte C'=n%?3, where @ 18 arbitrary. Hence

c%>’=n’ (@-2%). . s e (256)

This shews that, whatever the initial conditions, the value of x must be
confined between certain hmits £a. We are therefore at liberty to write

Z=@CO80, .cceee covrniarnnes voren suene (26)
where 8 is a new varnable Substituting 1n (25) we find
de\? dé
d_‘) =n’, §=in. ............ IETTTTTYIITIN (27)
Hence O=F (N4 €), ceereerereeniess  ceverennencns (28)

where ¢ 1s a second arbitrary constant. The general solution of (22) 1s
therefore
Ze=@ OB (ML+€), converennnccsecsreranrssnacess(29)

involving the two arbitrary constants @ and e.

If we put
acosemAd, agme=—DB, ............ cevrcrans (30)

we have the alternative form
z=A4 cosnt+ Bsinnt. ...ccevcrneennnne cesesnese (31)

Conversely we can pass from (31), where 4 and B are arbitrary, to the form
(29), the values of a and ¢ being derived from (30)

The differential equation (22) occurs so often 1n dynamical problems that
it is well to remember, once for all, that the general solution has the form
(29) or (31). It 18 indeed evident (cf Art. 2, Ex. 2) that the formula (26) or
(31) does 1n fact satisfy (22), and that mince there are two arbitrary con-
stants at our disposal, 1t can be made to fit any prescribed imtial conditions.
For 1nstance, if =y, =14, for ¢=0, we have, 1n (31), o=A, uy=nB, whenoe

Uy
x—x.ooan-; BID . iverencesecsasancsernnanes(B2)
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Ez. 4 If the acceleration be always from the orgin, and proportional to
the distance, the differential equation has the form

Pl i e (33)

It has been seen (Art 2, Ex. 3) that this 1s satisfied by

rm 4o+ Be~%, .0 (34)
and since there are two arbitrary constants the solution 1s complete Thus 1f
L=y, T=uy, for tm0, we have zy=4 + B, uy=n (4 — B), whence

& =2z, cosh nt +1-:—l° sinh ne, . . (35)

0 the notation of hyperbolic functions. This result may be compared with
(32).

EXAMPLES. I.

1. A steamer takes a time ¢, to travel a distance @ up a river, and a time
ty to return. Prove that the speed of the steamer relative to the water 18

a(t+1

sty

Shew that this 18 greater than the speed calculated from the arthmetic
mean of the times.

2. Assumung that the acoeleration of gravity at the distance of the moon
18 gy Of 1ts value at the earth’s surface, express 1t 1n terms of the kilometre
and hour as units [353]

3. If the greatest admissible acceleration or retardation of a train be
3 ft./sec.3, find the least time from one station to another at a distance of
10 mules, the maximum speed being 60 miles per hour [10 m. 30 8.)

4. A particle 18 projected vertically upwards, and 18 at a height 4 after ¢,
seos., and again after ¢y secs. Prove that

h =§gtltg,
and that the imtial velocity was
39 (h+t)

5. The speed of a train increases at a constant rate a from O to v, then
remains constant for an interval, and findlly decreases to O at a constant
rate 8. If ! be the total distance described, prove that the total tame

occupied 18
i1 /1 1
;+‘21) ;+B>.

For what value of v 18 the time least ?
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8. A bullet describes two consecutive spaces of 150 ft. in 754 sec and

*764 seo, respectively. Find 1ts retardation, and 1its velocity when half-way.

[3 43 ft [sec 3; 198 ft [sec.]

7. A bullet travelling horizontally, pierces in succession three thin

screens placed at equal distances @ apart If the time from the first to the

second be ¢;, and from the second to the third ¢, prove that the retardation
(assumed to be constant) 18

2a (t, — 1)
btz (h+1t3)°
and that the velocity at the middle screen 18
a (t? +4)
g (t1+ )"
8. If the coordinates of a point moving with constant acceleration be
x,, 23, ¥3 at the nstants ¢}, ¢,, 73, respectively, prove that the acceleration 18
2 {(a = %3) &1+ (23— 21) ta+ (21 — %) tg}
(ta—3) (ta— ) (81— &)
9. If a point move with constant acceleration, the space-average of the
velocity over any distance 18

2 ul+uuy+ugd
3 U +uy
where u;, ug are the imitial and final velocities.

Is this greater or less than the fume-average?

10. Shew, graphically or otherwise, that the following three quantities,
viz. (1) the mean velocity 1n a given interval of time, (2) the arithmetic mean
of the mitial and final velocities, and (3) the velocity at the middle instant of
the interval, are 1n general distinct.

Shew that no two of these quantities can be always equal unless the
acceleration be constant.

11. Prove that if a curve be constructed with the space described by
a moving point as abscissa, and the velocity as ordinate, the acceleration will
be represented by the subnormal

Illustrate this by the case of constant acceleration.

12. Prove that if the time (¢) be regarded as a function of the position (x)

the retardation 18
dit

w &2
da?’
where u 18 the velocity

13. If ¢18 a quadratic function of z, the acceleration varies inversely as
the cube of the distance from a fixed point

14, 'If 2? 18 a quadratic function of & the acceleration varies as 1/z3
except 1n & particular case.



16 DYNAMICS [x

156. If a pomnt describes a parabola with constant velocity, the foot of the
ordinate has an acceleration varying inversely as the square of the distance
from the directrx.

16. A pomnt P describes a straight line with constant velocity, and @ 1s
the projection of P on a fixed straight line from a fixed centre O Prove
that @ describes 1ts straight line with an acceleration varying as the cube of
the distance from a fixed point on 1t, except 1n a particular case

How 18 the fixed pomnt in question determined geometrically $

17. Prove that a pomnt cannot move so that its velocity shall vary as
the distance 1t has travelled from rest

Can 1t move so that 1ts velocity varies as the square root of the distance ?

18. Prove that if a pomnt moves with a velocity varying as its distance
from & fixed point which 1t 18 approaching, 1t will not quite reach that point
1n any finite time.

19. The velocity of an airship moving horzontally with the engines shut
off was observed at successive instants of time. When the reciprocal of the
velocity was plotted against the time the graph was found to be a straight
line Prove that the retardation varied as the square of the velocity.

What 18 the corresponding graph of the relation between veloaity and
space deacribed $

20. A crank 0@ revolves about O with constant angular velocity o, and
a connecting rod @P 18 hinged to 1t at @, whilst P18 constrained to move 1n
a straight hine through O [S 15] If 0Q=a, @P=I, and 8 18 the angle QOP,
prove that the acceleration of P18
wial
w?acosd + 1—00320.

approximately, if a/l be small.



CHAPTER II

DYNAMICS OF RECTILINEAR MOTION

6. Dynamical Principles. Gravitational Units.

The object of the science of Dynamics is to investigate the
motion of bodies as affected by the forces which act upon them.
Some system of physical assumptions, to be justified ultimately by
comparison with experience, 18 therefore necessary as a basis.
For the present we consider specially cases where the motion and
the forces are 1n one straight line.

The subject may be approached from different points of view,
and the fundamental assumptions may consequently be framed 1n
various ways, but the differences must of course be mainly formal,
and must lead to the same results when applied to any actual
dynamical problem. In the present Article, and the following one,
two distinct systems are explained. Both systems start from the
idea of ‘force’ as a primary notion, but they differ as to the
principles on which different forces are compared.

The first assumption which we make is m each case that
embodied 1n Newton’s ‘First Law, to the effect that a material
particle* persists 1n 1ts state of resb, or of motion 1n a straight hne
with constant velocity, except in so far as 1t 18 compelled to
change that state by the action of force upon 16+. In other words,
acceleration 18 the result of force, and ceases with the force. This
18 sometimes called the ‘law of ertia.’

* For the sense 1n which the word ‘particle’ 18 used see Statics, Art 6.

+ ¢ Corpus omne perseverare in statu suo quiescend: vel movend: umiformiter
1n directum, nis: quatenus illud & viribus 1mpressis cogitur statum suum mutare.”
(Plilosophiae naturalis principia mathematica, London, 1687.) The law of inertia
dates from QGalileo (1638).

L. D 2
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The first of the two systems to be explamned proceeds from a
purely terrestrial and local standpoint, and adopts the system of
force-measurement, in terms of gravity, with which we are famihar
in Statics. The physical assumption now introduced 1s that
the acceleration produced n a given body by the action of any
force 18 proportional to the magnitude of that force. It can there-
fore be found by comparison with the known acceleration (g)
produced 1in the same body when falling freely under its own
gravity. It will be noted that the assumption here made 1s the
simplest that we can frame consistent with the law of inertia,
although its validity must rest of course not on its simplicity but
on its conformity with experience.

It 18 convenient here to distinguish between the ¢weight’ and
the ‘ gravity’ of a body. When we say that a body has a ‘ weight
W, as determimned by the balance, we mean that the downward
pressure which it exerts on 1ts supports, when at rest, 18 1n the
ratio W to the pressure exerted under like circumstances, and
therefore 1n the same locality, by the standard pound or kilo-
gramme, or whatever the umt 18*. The ‘weight’ of a body 1s
therefore, on this definition, a numerical constant attached to it,
1t is the same at all places, since a variation in the intensity of
gravity would affect the body and the standard alike.

By the ‘gravity’ of a body, on the other hand, is meant the
downward pull of the earth upon 1t. This 13, on statical principles,
equal to the pressure which the body exerts on 1ts supports
when at rest, but is of course to be distinguished from 1t. It is
known to vary somewhat with the latitude, and with altitude
above sea-level.

It follows from the principle above laid down that if a be the
acceleration produced 1n a body of weight W by a force P (re. by
a force equal to the gravity of a weight P) we have

This is, from the present point of view, the fundamental equation
of Dynamics.

* The sense 1n which the word ¢ weight ' 18 here temporarly used is of course
only one of the various meanings which 1t bears in ordinary language. See Art, 8,
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The force required to produce an acceleration a in a body
whose weight 18 W 1s therefore

P=g.a. N (2)

The factor W/g accordingly measures the ‘1nertia’ of the body, vre.
the degree of sluggishness with which it yields to the action of
force. It 13 now usual to designate inertia, when regarded as a
measurable quality, by the term ‘mass’, the mass of the body on
the present reckoning 1s therefore W/g.

The above procedure 1s simple and straightforward, and
perfectly accurate 1f the meanings of the symbols are carefully
observed; but 1t is open to the reproach that the umt of force
imphed, viz. the attraction of the earth on the standard body
(pound, kilogramme, &ec.) varies somewhat from place to place.
Hence 1f measurements made at different places are to be com-
pared with accuracy, a correction on this account has to be applied.
The numerical value of the ‘mass’ of a body on the present system
18 also variable on account of the variation of g.

The total variation in the intensity of gravity over the earth’s
surface is, however, only one-half per cent., and this degree of
vagueness is for many practical purposes quite unimportant. The
numerical data on which an engineer, for example, has to rely,
such as strengths of materials, coefficients of friction, &c., are as a
rule affected by much greater uncertainty. For this reason the
gravitational system of force-measurement 18 retained by engineers
without inconvenience, even 1n dynamical questions where gravity
is not directly concerned.

But when, as in many scientific measurements, greater precision
is desired and 18 possible, 1t becomes necessary either to express
the results in terms of gravity at some particular station on the
earth’s surface which is taken as a standard, or to have recourse to
some less arbitrary dynamical system, independent of terrestrial or
other gravity. The latter procedure is clearly preferable, and 1n
the application to questions of Astronomy almost essential. We
proceed accordingly, in the next Article, to give another statement
of fundamental dynamical principles, and to explain the ‘absolute’
system of force-measurement to which 1% leads.

-2
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7. ‘The Absolute System of Dynamios.

For purposes of explanation 1t is convement to appeal to a
series of ideal experiments. We imagine that we have some
means, independent of gravity, of applying a constant force, and of
verifying 1ts constancy, e.g. by a spring-dynamometer which 1s
stretched or deformed to a constant extent, but we do not pre-
suppose any graduated scale by which different forces can be
compared numerically*,

The first experimental result which we may suppose to be
established in this way is that a constant force acting on a body

produces a constant acceleration, ie. the velocity changes by equal
amounts in equal times.

It is observed, again, that the same force apphed 1n succession
to different bodies produces in general different degrees of ac-
celeration. This 1s described as due to differences in the ‘inertia,’
or ‘mass,’ of the respective bodies. Two bodies which acquire equal
velocities in equal times, when acted upon by the same force, are
regarded as dynamically equivalent, and their masses are said to
be ‘equal.’ The standard, or umt, of mass must therefore be that
of some particular piece of matter, chosen 1 the first instance
arbitranly, e.g. the standard pound or kilogramme. A body 1s said
to have the mass m (where m is an integer) when 1t can be divided
mto m portions each of which is dynamically equivalent to the
unit. Similarly, if & unit mass be subdivided into » dynamically
equivalent pieces, the mass of each of these is said to be 1/n. It
is evident that on these lines a complete scale of mass can be con-
structed, and that the mass of any body whatever can be indicated
by a numerical quantity.

The next statement is that the accelerations produced n
different bodies by the same force are inversely proportional to the
respective masses a8 above defined. If we introduce the term
‘momentum’ to designate the product of the mass of a body into
its velocity, we may say that a given force generates always the
same momentum 1n the same time, whatever the body on which it
acts.

* The course of the exposition is substantially that adopted by Maxwell in his

Matter and Motion. The sequence of ideas 18 somewhat different from that of
Newton, but thus does not affect the final results,
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The momentum generated per unit time is therefore an in-
variable characteristic of a force, and expresses all that 18 necessary
to be known about the force, from the dynamical pomnt of view.
It is therefore convemently taken as the measure of the force. The
unit force on this reckoning is accordingly one which generates
unit momentum 1n unit time, or umt acceleration 1 umit mass.
This 18 called the ‘absolute’ umt, since 16 18 the same 1n all places
and at all times.

Hence if F' be the absolute measure of a force, the acceleration
a which it produces in a mass m 1s given by the equation

Ma=F.cceoiiriiriiiinininininrannne. (1)

It will be noticed that in this exposition there is no mention
of gravity. The 1deal experiments referred to may be supposed
carried out m some remote region of space where gravity is in-
sensible ; or, to adopt an 1llustration used by Lord Kelvin, we may
1magine them to be performed in a central spherical cavity in the
mterior of the earth. Whatever the other inconvemences attend-
ing research in such a central institution, the theory of Attractions
assures us that gravitation would not intervene to mar the simplcity
of the experiments.

It 18 hardly necessary to say that the real evidence for the
correctness of our fundamental prineiples is indirect. The various
statements which have been made cannot be tested singly, but
only as a whole. The most striking verification 1s afforded by
the agreement with observation of the predictions of physical
Astronomy, which are based solely on the Laws of Motion and
Newton’s Law of Gravitation.

8. Application to Gravity.

If we apply the preceding principles to the case of ordinary
terrestrial gravity, we learn that the attraction of the earth on a
mass m 18 expressed by mg in absolute measure, this being the
momentum generated per second in the body when falling freely.
Since the value of g at a given place is known to be the same for
all bodaes, it follows that the attractions of the earth on different
bodies are proportional to the respective masses. Hence bodies
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which have equal weights, as tested by the balance, may be
asserted to have equal masses in the dynamical sense. This gives
practically the most convenient method of comparing masses.

It follows also that the two systems of force-measurement, viz.
the absolute and the gravitational, are consistent, in the sense
that the ratio of any two given forces has the same numerical
value on either system. We may remark, indeed, that the
fundamental equations of the two systems, viz.

and LT 27 (2)

are really equivalent, although the units implied are different.
For if they are applied to the same problem, m 18 numerically
equal to W, whilst F 1s the absolute measure of the gravity of a
body whose mass 18 numerically equal to P, and is accordingly
equal to Pg.

In the rest of this treatise we follow the absolute system, as by
far the most convenient for general application, and the equations
of motion which we shall use will therefore be on the model of (1).
If we adopt the foot, pound, and second as umts of length, mass,
and time, the absolute unit of force will be such that acting for
one second on a mass of one pound 1t generates a velocity of one
foot per second. This unit is sometimes called the ‘ poundal,’ but
the name is falling into disuse. Since the year 1875 the centi-
metre, gramme, and second have been generally adopted by
physicists as fundamental units. The absolute umt of force on
this system*® is called the ‘dyne.

In terms of ordinary gravity the poundal is equal to the gravity
of about 1/32 2 of a pound, or (roughly) half an ounce; whilst the
dyne is equal to the gravity of about 1/981 of a gramme, or
(roughly) a milligramme,

A book on Dynamics can hardly evade all notice of verbal
questions. It is scarcely necessary to insist on the special sense
which the word ‘force’ has come to bear in Mechanics. It is
perhaps unfortunate that some more technical term was not intro-
duced instead of a word which in popular language has so many

* Usually referred to, for brevity, as the ¢ c.a.s.” system.
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different meanings®. The usage 18 however long established, and
must be accepted.

There is not the same agreement, although there has been
much controversy, as to the use of the word ‘weight.” In ordinary
language this 1s employed 1n a great variety of senses. Thus 1t
may mean the actual statical pressure which a body exerts on
whatever is supporting it, as when we speak of the ‘weight’ of a
burden; it may also mean (as in Art. 6) the ratio which this
pressure bears to that exerted by a pound or a ton; 1t 1s often
used virtually in the sense of mass, as when we refer to the
‘weight’ of a projectile; when, again, we speak of the ‘weight’ of
a blow the idea 1s (vaguely) that of momentum. The one sense
m which the word 1s never used in popular language 1s that of
the gravitational attraction on a body. This 18 of course equal
to the statical pressure above referred to, but 1s not identical with
it, 1t is a force exerted on a body, not by 1t. Unfortunately this
new and alen sense 1s precisely that which some writers of
eminence have sought to attach exclusively to the word ‘weight’
m Mechanics. In the author’s opinion 1t 18 best not to attempt
to specialize altogether the meaning of so familiar a word, but to
use it freely 1n whatever sense may be convement, whenever there
i8 no risk of misunderstanding. When there 18 danger of confusion,
some other term such as ‘mass,’ or ‘gravity,’ may be employed to
indicate precisely the sense which it is wished to convey.

©. General Equation of Motion. Impulse.

Let us now suppose that a particle of mass m moving in a
given straight line 1s subject to a force X, which may be constant
or variable, also in that line. Since X denotes the momentum
which would be produced in unit time if the force were to remain
constant at its actual value, the momentum produced in the 1n-
finitesimal time &t 18 X 8. Hence 1f u be the velocity at the
mstant ¢, we have

8 (mu)= X8,

* The Latin equivalent (vis) is used by Newton quite generally, spesial meanings
being indicated by the addition of qualifying adjectives. Thus we meet constantly
with such combinations as vis motriz, ms acceleratriz, vis snertiae, of which the
first alone 18 & * force ’ in the modern specialized sense.
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or m— =X, i .

If @ be the abscissa of the particle measured from some fixed
point mn the line, we have u = d«/dt, and therefore

dx
m W . SO (2)

The product X &t is called the ‘impulse’ of the force in the

time &8t. The ‘total’ impulse n the mterval from ¢, to ¢ 1s defined
as the time-ntegral

t

This may be represented graphically by means of a curve con-
structed with ¢ as abscissa and X as ordinate. The impulse 18
then represented by the area swept over by the ordinate.

If we integrate the equation (1) with respect to ¢ between the
limits ¢, and ¢, we obtain

t,
my —muy=| Xdb ccocevr corenenannns 4)
t

The increment of the momentum in any interval of time 1s
therefore equal to the impulse.

The theory of rectilinear motion under a constant force is
sufficiently 1llustrated in elementary treatises We proceed to the
discussion of some 1mportant cases where the force X 18 variable.

10. Simple-Harmonic Motion.

The case of a particle attracted towards a fixed point O in the
line of motion, with a force varying as the distance from that point,
is 1mportant, as typical of the most general case of a dynamical

system of one degree of freedom oscillating about a position of
stable equilibrium.

If K denote the force at unit distance, the force at distance @
will be — K=, the sign being always opposite to that of @. The
dufferential equation 1s accordingly

dx

mdt;‘:—Kw. ................... . (1)
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If we write
W= Km, ..coovniniiiiinininnnnns ¢3)
;he solution 1s, as in Art. 5, Ex. 3,
x=Acosnt+ Bsinnt, ............. we(3)
or z=acos(nt+e€),. ..cccocovrnrnnnn .. 4)

where the constants A, B, or a, ¢, are arbitrary. The motion 1s
therefore periodic, the values of # and dz/dt recurring whenever nt
mereases by 2.  The interval

T=27'”=2w\/(’§) .................. ®)

18 therefore called the ‘period’*, 1t is the same whatever the
mitial conditions, and the oscillations are therefore said to be
‘1sochronous.’

The type of motion represented by the formula (4) is of great
1mportance 1n Mechanics, and 1n various branches of Physics; it 18
called a ‘simple-harmonic,’ or (sometimes) a ‘simple’ vibration.
Its character may be 1illustrated in various ways. For instance,
if with O as centre we describe a circle of radius @, and 1magine

//-

X o P /A
\—/ o
Fig. 8.

a point @ to describe this circle continually in the positive direction
with the constant angular velocity n, the orthogonal projection (P)

* The reciprocal (n/2x) of the period gives the number of complete vibrations
per unit time; this 18 called the  frequency’ 1n Acoustios.
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of Q on a fixed diameter AOA’ will execute a vibration of the
above character. To correspond with (4) we must make thg
point Q start at the instant ¢=0 from a position @, such that
the angle AOQ,=e. The abscissa of P at time ¢ 1s then

z=acos AOQ = a cos (Q,0Q + A0Q,) =acos (nt +¢). ...(6)
The figure gives also a simple representation of the velocity; thus
&=—nasm(nt+e)=—n.PQ,............... )

provided PQ be reckoned positive or negative according as it lies
above or below the line AA4’. This 1s otherwise evident on resolving
the velocity (na) of Q parallel to OA.

The distance a of the extreme positions 4, 4’ from O is called
the ‘amplitude’ of the vibration, and the angular distance 40Q
of the guiding point @ on the auxihary circle from 4 1s called the
‘phase.” The angle 40Q,, or ¢, may therefore be called the ‘1mtial
phase®’

20 20
“\‘ / /o
3 4
10 & 7 10
A5 N / ~
- 3
g \ / o E
© 0 In 2 73 ~
Y 4 =
g‘ A / é
‘\\ \ 'l" / g
-10 “\ - -10
'\ /|
N L/
OV P
=405 1 P 3 420
Fig. 4.

It is important also to notice the forms which the space-time
and velocity-time curves of Art. 1 assume 1n the present case.

* 14 18 sometumes called the ‘epooh,’ & technical term borrowed from Astronomy.
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It appears from (4) and (7) that both are sine-curves, and that
the zero points of one correspond to maxima or minima of the
other. The annexed figure refers to a case where the amplitude
is 1 cm. and the period 4 secs. The space-scale, which refers to
the continuous curve, 13 shewn on the left, and the velocity-scale,
corresponding to the dotted curve, on the right.

Ex. 1. The vertical oscillations of a weight which hangs from a fixed
point by a hehical spring come under this case, provided we assume that the
spring obeys Hooke's Law of elasticity, and that the inertia of
the spring 1tself may be neglected in comparison with that of the
suspended body. é

When the body is displaced vertically through a space z from
the position of equilibrium, a restoring force — Kz 1s called 1nto
play, where X 18 a constant measuring what we may call the
‘stiffness’ of the particular spring The equation of motion 1s
therefore 1dentical with (1), and the period 1s accordingly

T2 N (MIE) eoovererrens ee v e (8)

This ncreases with the mass m, but 18 diminished by increase
of the stiffness £ It 18 to be noticed that the period does
not depend on the intensity of gravity, which merely affects the
position of equilibrium

Fig 6.
The result 18 however conveniently expressed in terms of the

statical increase of length which 18 produced by the weight when hanging
equiibrium  Denoting this increase by ¢, we have

Kemmg, c.. oo o vt vvviniiirinennns
T-:21r\/<§> v et oo (10)
It will be seen presently (Art 11) that this 18 the same as the period of

oscillation of a pendulum of length ¢ A sumilar mode of expression apphes
1n many analogous problems

so that the period 18

Conversely, from observation of 7’ and of the statical elongation ¢, we can
infer the value of g, using the formula
4nic
G s sssrueres cuaone vt (11)

but the method 1s not a good one, owing to the neglect of the inertia of the
spring If we assume, however, that this 18 equivalent to an addition m’
to the suspended mass, we have from (8)

KT =4n? (my4+m), ETg=4n(mg+m'), aeeererere(12)
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whilst from (9),

Key=myg, Kcommag, cocereeierecsnnnenns eeened(13)
where the suffixes refer to experiments made with two different values of the
suspended mass. These equations lead to

4l (e—a)
TA—Tg = e ceeraaen
Ex 2. The vertical oscillations of a ship also come under the present
theory, if we neglect the inertia of the water
If p denote the density of the water, and V the volume displaced by the
ship, 1ts mass 18 pV  If the ship be depressed through a small space z, the

buoyancy 18 mcreased by gp Az, in dynamical measure, where 4 denotes the
area of the water-line section [S. 101]*. Hence

conceeneses(14)

Bz
pVaF=-gpAz, cesaeee PR § 1)
orif A= V/4,1e k denotes the mean depth of immersion,
diz
phe +% D veeeena(16)
The period 18 therefore
T=2n J(k/g), ... . O ¢ )

the same as for a simple pendulum of length A.

Ezr 3. A particle m, attached to the middle pont of a wire which 1s
tightly stretched between fixed points with a tension P, makes small lateral
oscillations.

m
P, P
iz
i 3
Fig. 6.

If we neglect the inertia of the wire, and assume the lateral displacement 2
to be so small compared with the length ¢ that the change of tension 18 a
negligible fraction of P, the restoring force 18 — 2Pz /3!, whence

a3z z
moa= _4P'i’ cerres seses sesseeresses ..(18)
approximately. The solution 18 as 1n (3), provided
We=dPlml; .oeeee . el PPN ¢ £:))

and the period 18 therefore

o ml
T- ;- w J(Tj). ..-.....-n.nn-nuou..(m)
For instance, if

(=100 cm., me=5gm. P=981 x 1000 gm.cm [sec.t,
the period 18 ‘071 sec., and the frequency accordingly 14-1.

* References 1mn this form are to the author’s Statics, Cambridge, 1912; thus
‘(S. 101])’ means * Statics, Art. 101.°
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11. The Pendulum.

The small oscillations of the bob of a pendulum are not strictly
rectilinear, but by a slight anticipation of principles to be stated
later they may be brought under the present treatment.

A particle of mass m, suspended from a fixed point O by a
light string or rod of length [, 18 supposed to make small
oscillations 1n a vertical plane about 1ts position of ©
equilibrium. We assume that the inclination 6 of the
string to the vertical is never more than a few degrees,
so that the vertical displacement of the particle, viz.
(1 —cosf), or 2lsin*}6, 18 a small quantity of the
second order, and may therefore be neglected. The
vertical component (Pcos#) of the tension P of the
string may therefore be equated to the gravity mg of
the particle, so that, to the same degree of approxi-
madtion,

P=mg. ccccoeeviriirrirenannnsd Q1)
Hence if = denote the horzontal displacement of the
particle, we have

. Fig. 7
m%;s-Psin0=-mg{;, ............ 2)

or %—;—f:-—n’w, .................. cerennnad(d)

provided =g/l ..o )

The horizontal motion is therefore simple-harmonic, and the

> 0
petiod B T=2vr\/(§). eevereereereeeans cereni(B)

It is to be remembered that since 1t is only by an approxima-
tion that the differential equation was reduced to the form (8), it
18 essential for the validity of the simple-harmonic solution 1n any
particular case thai the imitial conditions should be such as are
consistent with the approximation. Thus if the initial displacement
be x,, and the initial velocity u,, we have, as in Art. 5, Ex. 8, for
the approximate solution,

a=w.cosnt+%sm (: AN R (1))
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The ratios a,/! and u,/n! must therefore both be small. The latter
condition requires, by (4), that the ratio u,/+/(g?) should be small,
re. the imitial velocity w, must be small compared with that
acquired by a particle in falhng freely through a height equal
to half the length of the pendulum.

The exact theory of the simple pendulum will be discussed in
Art. 37.

The ideal simple pendulum, consisting of a mass concentrated
in a point and suspended by a string devoid of gravity and inertia,
cannot of course be realized, but by means of a metal ball suspended
by a fine wire a good approximation to the value of g can be
obtained, the formula being

=Y T o, (7

The more accurate methods of determining g will be referred to
later.

The theory of the pendulum 1s important as leading to the
most precise means of verifying that the acceleration of gravity at
any given place is the same for all bodies, and consequently that
the gravity of a body varies as 1ts mass. If, without making any
assumption on this pont, we denote the gravity of the particle
by G, the equation (2) is replaced by

dz @
m—d—t;=—Gi, ........................ (8)

and the period of a small oscillation is therefore

T=2n \/ (%’) oot erereeereraranns ©)

The experimental fact, observed by Newton, and since abundantly
confirmed by more refined appliances, that for pendulums of the
same length the period is independent of the mass or matenal
of the bob, shews that the ratio G/m 18 at the same place the
same for all bodies.

12. Disturbed Simple-Harmonic Motion. Constant
Disturbing Force.

When a particle is subject not only to an attractive force
varymng as the distance, as i Art. 10, but also to a given
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extraneous or ‘disturbing’ force whose accelerative effect 1s X,
the equation of motion takes the form

dz |,

Et—’-+na:——]f.. « e e eccessecses .-o..(l)

Thus, if the disturbing force be constant, produeing (say) an
acceleration f, we have

We may wnite this in the form

da
& (a- ni) +m (.1:—1%) 20, eereeeeeeni(3)
the solution of which 1s

f_

a—==Acosnt+Bsmnt................... (4)
n

The interpretation 1s that the particle can execute a simple-
harmonic oscillation of arbitrary amplitude and 1mtial phase about
the new equilibrium position (z =f/n*) The period 27/n of this
oscillation 18 the same as 1n the undisturbed motion.

Ez. Suppose that the particle, initially at rest, 1s acted on by a constant
disturbing force for one-sixth of & period, that the force then ceases for one-
sixth of a period, and 1s afterwards applied and mantained constant.

o) P A

\ /

Q
Fig. 8.

Let O be the original position of equilibrium, and make 04 =f/n3, where
/18 the constant acceleration due to the disturbing force The particle will
proceed to oscillate about 4 as a new position of equilibrium, with the
amphtude 04, and the gmding point will therefore begin to describe a circle
about A4, starting from O. After one-mixth of a period 1t will be 1n the

~
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position @, such that the angle OAQ=4n, and the vibrating particle will
therefore be at 2, the md-pomnt of 04 Since, by hypothesis, the disturbing
force now ceases, the guiding point will proceed to describe a circle about O,
starting at @ since the 1mtial velocity 18 . PQ. Since A0Q=3}m, the particle
will after the further lapse of one-sixth of a period arrive with zero velocity
at 4. Hence 1f the disturbing force be now applied again, the particle will
remaln at rest at 4.

This example 1llustrates a rule devised by Gauss for applying the current
mn an undamped tangent galvanometer. Itis assumed that the deflections are
so small that the restoring couple on the needle can be taken as proportional
to the deflections as indigated by the scale of the instrument. The needle
being at rest, the current 18 applied (by pressing a key) until the deflection has
one-half the estimated equilibrium value, 1t 18 then interrupted until the
needle comes to rest, and finally applhied again If the estimated deflection
were correct, and the operatious exactly performed, the needle would remain
at rest. In practice these conditions cannot be exactly fulfilled, and the result
18 that the needle finally oscillates about the new equilibrium position But
since the range 18 small, this position can be determined with great accuracy.

13. Periodic Disturbing Force.

Another very important case 13 where the given disturbing
force is a simple-harmonic function of the time, say

X=fcospt,eeo wovvrvinenees ol 1)

where the value of p is given. To solve the equation, we may
inquire what extraneous force 18 necessary to mamntamn a simple-
harmonic motion of the prescribed period 27/p, say

Z=C0CO8Pl ccrevravernsunnnnns SN ¢))
Substituting in Art. 12 (1) we find
X =@ —p*) Ccos pt, ............ cereenen(3)
which agrees with the prescribed form (1) provided
(n—p)C=f ..... Geerens ceerreenes 4)
The given force can therefore maintain the “forced’ oscillation
w=nlfp,cospt. ceeretinteiieieenaanas ®)

To this value of « we may obviously add the terms

A cosni + B sinnt,
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sunce they do not affect the required value of X ; they represent
n fact the ‘free’ oscillations which can exist independently of X.
We thus obtain the complete solution

-l
containing two arbitrary constants.

The forced oscillation (5) has the same period 2w/p as the
disturbing force. Its phase 18 the same with that of the force, or
the opposite, according as p < n, that 1s, according as the 1mposed
period 18 longer or shorter than that of the free vibration. If the
imposed period be infinitely long, we have p=0, and the dis-
placement 1s at each instant that which could be maintained by
a steady force equal 1n magmtude to the instantaneous value of
the actual force. Borrowing a term from the theory of the Tides,
we may call this the statical or ‘equilibrium’ value of the dis-
placement. Denoting 1t by Z we have

cospt+ A cosnt + Bsinnf,.....ue..... (6)

A
E=:5.c08 22 )
Hence for any other period we have, in the forced oscillation,
x
¢=i—:1—),—/;’. ............... ............(8)

As p mncreases from 0, the amplhitude of the forced oscillation
mcreases, until when p 1s nearly equal to n, 1.e. when the imposed
period 18 nearly equal to the natural period, 1t becomes very great.
If the differential equation is merely an approximation to the
actual conditions, as in the case of the pendulum, the solution (6)
may before this cease to be applicable, as inconsistent with the
fundamental assumption as to the smallness of # on which the
approximation was based. It may be added that frictional forces,
such as are always 1n operation to some extent, may also become
mnportant. This question will be considered later (Chap. X11),
but we have already an indication that a vibration of abnormal
amplitude may occur whenever there 1s approximate comcidence
between the free and the forced periods. This phenomenon,
which 18 mecident to all vibrating systems, 18 known as ‘resonance,’
the term being borrowed from Acoustics, where 1illustrations of the
principle are frequent and conspicuous.

L. D, 8
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In the case of exact comncidence between the two periods the
preceding method fails, but the difficulty 18 resolved if we examine
the hmiting form of the solution (6) for p — n, when the constants
A, B have been adapted to prescribed imtial conditions. If we
have & =a,, &=1u,, for t=0, we find

A +1T’-'_f_—‘-?=w., NB=1y .ocevveeinnnnn... )
whence
- % f
@ =g, cosnt + , o nt + wp (cos pt — cos nt). ...(10)
The last term may be written in the form

St smi(n—p)t
n+p’ $(n-p)t
where the second factor has the limiting value umty. Hence for
p-—>»n we have

.sm}(n + p)t,

w=w.cosm+%sinnt+—ﬂ—smnt. e+ (A1)
n 2n

The last term may be described as representing a simple-harmonic
vibration whose amplitude increases proportionally to ¢. For a
reason already given this result 1s usually only vahd, in practical
cases, for the earlier stages of the motion.

If p be increased beyond the critical value, the phase of the
forced oscillation is reversed, and 1ts amplitude con- ¢
" tinually diminishes. e

The preceding theory may be 1llustrated by the
case of a pendulum whose point of suspension 1s
moved horizontally to and fro in a given manner. It
18 assumed that the conditions are such that the in-
chination of the string to the vertical 1s always small.

If £ denote the displacement of the powmt of

suspension, and @ that of the bob, from a fixed vertical
line, we have
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This equation is the same as 1f the upper end of the string were
fixed and the bob were acted on by a horizontal force whose
accelerative effect 18 n’f.

If the 1imposed motion be simple-harmonie, say

E=acospt,............. ceeeieees veee.(14)

the solution is as in (5), with f=n%. If we put p*=g/l, 1e. the
prescribed period is that of a pendulum of length ¥, the forced

oscillation 18
9

n'a
n?— p?

This result is illustrated by the annexed Fig. 10 for the two
cagses where U >0 and V' <!, re-

spectively. The pendulum moves c
as 1f suspended from C as a fixed /
/

&=

ll
cos pt=z;Tl F N ¢ ;)

poiwnt, the distance CP being equal
to /. The solution (15) 1s 1n fact fid
obvious from the figure®. I o

The displacement relatave to the point 0] \—

\

of suspension 18 given by
=% ooaptm
z-§ g 008 pt l ¢ ...(16)

This has a bearing on the theory of
seismographs, Le. of mstruments devised

to record so far as possible the motion

of the earth’s surface during an earth- (S
quake. Every seismograph 18 virtually
equivalent to & pendulum, and its 1n-
dications depend on the relative motion, Fig. 10.

since the recording apparatus of necessity

moves with the support If p be large compared with n, or ¥ small
compared with /, the relative displacement is — £, approximately, the ‘bob’
being nearly at rest Hence wibrations which are comparatively rapid
are all recorded on the same scale. For this reason the free period of the

P P

* This 1illustration is due to Thomas Young [S. 187], who investigated 1n an
elementary manner the theory of free and forced oscillations, and apphed it to the
theory of the tides, where the question of inversion of phase, in cases where the
froe period 18 longer than the period of the moon’s disturbing force, 18 of great
theoretical 1mpoltance.

3-8



86 DYNAMICS [11

seismograph is made long, 15 or 20 seconds being a common amount. The
record 1s however hable to be confused by the free vibrations which aie set
up, and for this reason damping applhiances are introduced See Chap. x1rI.

14. General Disturbing Force.

The solution of the more general equation

thif +mz=Ff(t), .. ccoo cirnre et (¢))

where f(t) represents the acceleration due to an arbitrary disturb-
ing force, may be noticed, as 1llustrating the method of ¢ variation
of parameters’ 1n Differential Equations.

If at time ¢ the disturbing force were to cease, the particle
would proceed to execute a simple-harmonic vibration

& =Acosnt’'+ Bsmnt, ......cco....... (2)

where ¢’ denotes the time, reckoned from the same origin as ¢, 1n
this hypothetical free vibration. The coefficients A and B are
determined by the fact that when ¢’ =¢, the displacement and the
velocity given by the formula (2) must comncide with those which
obtamn at that instant i the actual motion. In other words we
must have

Acosnt+Bsmnt=a,... . .ccocuunnn.n, 3)

and —nA sinnt + nB cos nt=(z—:, ........... . (4)

where @ and dax/dt refer to the actual motion. The coefficients
A and B are determined as functions of the time ¢, at which the
disturbing force 1s 1magined to cease, by the equations just written
Hence differentiating (3), we have

do _dd snt+t—igsin'nt-—nAsmnt+nBcosnt,
@ dt dt

which reduces by (4) to

‘le‘: cos nt + ‘ff: smmnt=0. .... coeenrinnnnen (5)

Again, differentiating (4),

d*z . dA

dB
—— = —n3 —_n2 -—
b n*4 cos nt — n*B sin nt ndt sin nt + n—- cosnt

dt

=—nlz—n Asmnt+ndBcosnt
dt dt ’
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dA dB
whence -n-%smnt+n Ecosnt=f(t). ..... R ()

Solving (5) and (6) for dA4/dt and dB/dt, we find

d4 1 dB 1
W:—ﬁf(t)smnt, -t—ﬁ-=;f(t)cosnt, ......... )

whence A =—-%ff(t)sinntdt, B=%ff(t)cosntdt. ...(8)

Each of these ntegrals involves of course an arbitrary additive
constant.

The formula o=Acosnt+ Bsinnt, ....... ceveenaenes )

with the values of 4 and B given by (8), constitutes the solution
aimmed at. It may easily be verified by differentiation.

If the particle be originally in equilibrium, the mmtial values of
4 and B are zero. If further, the disturbing force f(¢) be sensible
only for a finite range of values of ¢, the lower himit of integration
may be taken to be —oo. For values of ¢, again, which are sub-
sequent to the cessation of the force, the upper limit may be taken
to be + .

The effect of an mmpulse at time ¢=0, which generates instantaneously
a veloaity 1w, 18 of course given by

Uy .
r=_"sin M. eeeeieiireerrereieeneaaras (10)

If the same 1mpulse be spread over a finite interval of time, the amplitude of
the subsequent oscillation will be less, provided the force have always the
same sign. To 1ilustrate this, we may take the case of

mT

f(‘)"m- ............................. (11)

It is true that the disturbing force has now no definite beginning or ending,
but when ¢ 18 moderately large compared with r, whether 1t be positive or
negative, the value of f(f) 18 very small* The factors mn (11) have been
chosen 8o as to make

:. FO AUy oreereeeeeeanes o, a2)

* The graph of the function 1n (11) 18 given, for another purpose, in Art. 95.
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We have now*®

- -
/ f(t)mnnt dt=0, / S () cos nidt=u, e=". ......... (13)
The residual vibration 18 therefore
ze';? eTMEIN ML siieeere b ceniiencnnnnns (14)

The impulse is more diffused the larger the value of r; the factor e~** shews
how this affects the amplitude The effect 18 greater, for a given value of r,
the greater the natural frequency (n/2x) of vibration.

156. Motion about Unstable Equilibrium.

The case of a particle subject to a repulsive force varying as
the distance is typical of the motion of a body near a position of
unstable equilibrium. The equation of motion is now of the form

3,
%i—f e 1)
The solution 1s, as in Art. 5, Ex. 4,
@=Ae™ 4+ Be ™, ..o (2)

where 4, B are arbitrary.

It 18 possible so to adjust the initial conditions that 4 =0, in
which case the particle approaches asymptotically the position of
equilibrium (z=0); but unless this be done the value of & will
ultimately increase indefimtely.

It is to be remembered however that, in the application to
practical cases, the equation (1) 18 merely an approximation, valid
only so long as # does not exceed a certain hmit. The solution (2)
consequently ceases after a time to give a correct representation.

An example is supplied by an inverted pendulum (the string
being replaced by a light rigid rod). If  be the horizontal
displacement from the position of unstable equilibrium, the thrust
1 the rod is mitially mg, where m 18 the mass of the bob, and 1its
horizontal component is mgxz/l outwards, if « be small. The
equation (1) therefore applies, provided n*= g/l

* The first integral vanishes by the cancelling of positive and negative elements
of the same absolute value. The second depends on the formula
" coeax
0 23+ 03
whioh is proved i1n books on the Integral Calculus.

L4
= — .~
d.‘c..zb.e s
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16. Motion under Variable Gravity.

If a particle be attracted towards the origin with a force
varying nversely as the square of the distance, the equation of
motion 18

u"rz:—gz,. ......................... (1)

where u denotes the acceleration at umt distance. Integrating
with respect to z, we have

=F
= i Coer v 2)

If the particle start from rest at a distance ¢, we must have
u =0 for z=c¢, and therefore C =— pf/c. Hence

1 1
w=2u (;— E)' ........................ )

If ¢ be very great this tends to the form
w= ?f s e e (4)

and the velocity thus determined 1s called the ‘velocity from
nfinity * to the position .

We may apply these results to the case of a particle falling
directly to the earth, account being now taken of the variation of
gravity with distance. Assuming, from the theory of Attractions,
that the acceleration of gravity varies inversely as the square of
the distance from the earth’s centre, 1ts value at a distance z will
be ga?/z*, where @ 18 the earth’s radius. Hence, putting u=ga?
we have, for the velocity from infimty,
2ga®

o Treereeeeeeesesesesenanan )
In particular, the velocity with which a particle starting from rest
at a great distance would (1f unresisted) strike the earth’s surface
18 4/(2ga), 1e. 1t is equal to the velqgeity which a particle would
acquire 1n falling from rest through a space equal to the earth’s
radius, 1if gravity were constant and equal to its surface value. If
we put @ =638 x10°cm., g=981cm./sec? this velocity 18 found
to be 112 kilometres, or abont 7 miles, per second.

ut=
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Returning to the more general case, it may be required to find
the time of arriving at any given position. From (3) we have

%=u=—'\/{2i(_:_w—_@}' .................. (6)

the minus sign being taken, since the motion 18 towards the ongin
To ntegrate this we may put

C=0C08%0, .cocvrrririninennrnninnnn. )
sice « ranges from o to 0. This makes
2 cos? 6 ‘z—f - (20—’,‘) eeeereeeeee e ®)
dt c
or 0= <Zb) (14cos260), .oorriiinnnnnnn 9)
whence t= '\/(;}2) (6 +sm b cosb), .. .. (10)

no additive constant being necessary 1if the origin of ¢ be taken at
the instant of starting, so that t=0 for §=0. This determines ¢
as a function of 6, and therefore of «.

The substitution (7), and the result (10), may be interpreted
geometrically as follows. If 4 be the starting po:int, we describe
a circle on OA as diameter, and
erect the ordinate PQ corresponding Q
to any position P of the particle.

If 6 denote the angle A0Q, we

have <
\0 A
OP =0Qcos 8 =0A cos* 6, ° P
m agreement with (7). Also the
area AO0Q included between 04,
0Q, and the arc AQ is easily seen
to be

Fig. 11.
$¢* (6 + sin 8 cos 6).

By comparison with (10) it appears that the area A0OQ increases
uniformly with the time, the rate per umt time being /(3 uc)*.

It appears also from (7) and (10) that the space-time curve has

* Newton, Principra, lib. 1., prop. xxxi
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the form of a cycloid, provided the scales of # and ¢ be propeily
adjusted *.

]

re) L ]
Fig. 12.

If in (10) we put 6=}, we obtamn the time of arrival at the

origin, viz. .
to= \/ (@) e s 1)

This may be compared with the time of revolution of a particle 1n
a circular orbit of radius ¢ about the same centre of force, viz.

t,=27r,\/(—§); ................. oo (12)

(see Chap. x). We have
2=§¢2=-177, ........................ (13)

nearly. For instance, if the orbital motion of the earth were
arrested, 1t would fall into the sun i 177 of a year, or about
65 days.

17. Work; Power.

The ‘work’ done by a force X acting on a particle, when the
latter receives an infinitesimal displacement &z, 18 measured by
the product X 3z, and 1s therefore positive or negative according

* The coordinates of a point on a cycloid being expressible in the forms
z=a (2¢+8n2y¢), y=a(l+cos2y),
if the axes be suitably chosen (Inf. Calec., Art. 186).
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as the directions of the force and the displacement are the same or
opposite.

To find the work done in a finite displacement, we form the
sum of the amounts of work done in the various infimtesimal
elements mto which this may be resolved. The result 1s there-
fore of the nature of a defimite integral, and may be represented
graphically by means of a curve constructed with & as abscissa and
X as ordinate. The work done
in any displacement 1s repre-
sented by the area swept over
by the ordinate as & passes from ~
1ts initial to 1ts final value, pro- /
vided this area has the proper
sign attributed to it in accord-
ance with the usual conventions®. 5 +h z

The absolute umt of work Fig. 1.
on the foot-pound-second system
may be called the foot-poundal’ The corresponding unit on the
C.a.8. system 1s known as the ‘erg’ A certamn multiple (107) of
this 1s called the “joulet}.

For engineering purposes, gravitational units such as the
foot-pound, or the kilogramme-metre, are 1n common use.

The word ‘power’ 18 employed to denote the rate (per umit
time) at which work is being done. A power of one joule per
second 18 known as a ‘watt}’ For technical purposes a larger
unit, viz. the ‘kilowatt’ (=1000 watts), 1s 1n use.

The conventional ‘ horse-power’ of British engineers 1s a power
of 33,000 foot-pounds per minute, or 550 foot-pounds per second.
The corresponding French unit, the ‘cheval-vapeur, 1s 75 kilo-
gramme-metres per second.

Assuming that the foot 18 equivalent to 3048 cms., and the
pound to 453 6 gms., we have

ft.-1b.
erg
* Inf. Calc, Art. 99.
+ After J. P. Joule (1818-89), who defimtely established the relation between

mechanical energy and heat
1 After James Watt (1736-1804) the inventor of the steam-engine,

X]

= 3048 x 4536 x 981 =1-356 x 107,
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The foot-pound 18 therefore equivalent to 1-356 joule, or the joule
18 7372 ft.-lbs. Hence, also,
horse-power

Tlowatt = 550 x 1'356 x 10~*="746.

18. Equation of Energy.

We return now to the general equation of rectilinear motion,

iz,
du

a‘z = X ........................... (l)
Multiplying by u we have
= Xu,
or (%mu) X (tli{: ..................... (2)

The product §mu? is ca.lled the ‘kinetic energy,’ for a reason
which will appear presently. Since X&z denotes the work done
by the force in an infinitesimal displacement &z, the product
Xdx/dt measures the rate at which work 1s being done at the
mstant & The equation (2) therefore expresses that the kinetic
energy is at any instant increasing at a (positive or negative)
rate equal to that at which work 1s being done on the particle
Hence, mtegrating with respect to ¢, we learn that the increment
of the kinetic energy in any interval of time 1s equal to the total
work done on the particle in that interval. In symbols,

t_ dz
gt = gt = "Xt . (3)

where u,, u, are the velocities at the instants ¢,, &, respectively.

If the force 1s always the same 1n the same position, so that X
18 a definite function of «, the integral may be replaced by

[oxes

where #,, ; are the initial and final positions. We have now a
constant, and conservative, field of force [S. 49], and the con-
ception of potential energy becomes applicable. The work
required to be performed by an external agency in order to
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bring the particle from rest mn some standard position (z,) to
rest 1n any assigned position , agamnst the action of the field,
is the same m whatever way the transition be made, and 1s called
the ‘ potential energy’ corresponding to the position . Denoting
1t by V we have

T Ty
V=—LXd.z= D CZAp— 4)

since — X is the extraneous force required to balance the force
of the field at each stage of the imagined process, which we may
suppose to take place with infinite slowness®. If we consider a
small displacement, we have

ST ¢ A (5)
av
or X=—"~d—‘;. ........................... (6)

The work done by the force of the field as the particle passes
from any position @, to any other position =, 18

f"de=f'de+f“'x¢zx=f"x.zx—f“xaz= V.-V,
& &, %y 2 Ty

...... )

Hence when there are no extraneous forces we have, from (38),
gmud —fmur=V,—V,, .ccciniiiann. (8)
or Fmug® + V,= Fmu,® + | 9

re. the sum of the kinetic and potential energies 1s constant.

If extraneous forces are operative we must add to the right-
hand side of (8) the work done by them on the particle; mn other
words, the difference

(mug® + V) — (3mn + V1)
is equal to the work so done. This work has therefore an
equivalent 1 the (positive or negative) mcrement of the total
energy of the particle. In some cases the same thing 1s more
convemently expressed by saying that the work done by the
reaction of the particle on the external agency is equal to the
decrement of the total emergy.

® It will appear 1n & moment that this proviso 18 unnecessary.



18] DYNAMICS OF RECTILINEAR MOTION 45

The quantity $mu*+ V, which we have termed the *total
energy,” therefore measures the amount of work which the particle
can perform against external resistances in passing from 1ts actual
state as regards velocity and position to rest mn the standard
position. It 1s for this reason that the name ‘energy’ 1s apphed
to 1t, 1n the sense of ‘capacity for doing work against resistance.’
The two constituents of the energy have been variously called
‘energy of motion,’ or ‘kinetic energy,’ or ‘actual energy,’ and
‘energy of position,” or ‘statical energy,’ or ‘potential energy,
respectively *,

Ez. 1 The potential energy, as regards grawvity, of a particle m at a
height x above some standard level 1s

V=mgx .ccocoveraenn. creseenne ae creraeene (10)
Hence 1n the unresisted vertical motion of a particle we have
gmud+mgzreconst. ..... .o ... .. .. (1)

Ez 2. The work required to stretch a hehical spring from its natural
length ¢ to a length I+ 2 18, 1n the notation of Art 10, Ex 1,

[ PN ¢ (12)
[}
Hence 1n the case of a hanging weight we have
V=3Ka3-mgz, ....cccc.. conessecaas vessennne(13)
1f 2 be measured downwards. The equation of energy 1s therefore
$mud+3 K22 —mgr=const ..ccceevirriereen v e (14)

Ex 3 If the variation of gravity with distance from the earth’s centre
be taken nto account, the work required to bring a particle from the surface
to a distance & from the centre 18

e [T gt (3 =1, o o1

if @ denote the radius. The equation of energy therefore gives, 1n the case of
radial motion,

cf. Art 16.

* The product mu3 had been known since the time of G W Leibnitz (1646-1716)
as the ‘vis iva’; the term ‘energy’ was substituted by Young. The name actual
energy’ for the expression §mu? was proposed by Rankine.
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19. Dynamical Units and their Dimensions.

Any scalar quantity whatever can be specified by a number
expressing the ratio which 1t bears to some standard or umit
quantity of the same kind. This number will of course vary
inversely as the magnitude of the umt chosen.

In any ‘absolute’ system of Dynamics the fundamental umts
are those of mass, length, and time. These may be fixed arbi-
trarily and independently, whilst all other units are derivative,
and depend solely upon them. We denote thewrr magmtudes by
the symbols M, L, T, respectively.

We proceed to examine the dimensions of various derivative
umts, in addition to those of velocity and acceleration, which have
been dealt with in Art. 3.

The umt density 18 that of unit mass diffused umiformly through
unit volume; 1ts symbol is therefore M/L3 or ML

The umt momentum is that of unit mass moving with the umt
velocity. Its symbol 18 ML/T, or MLT—,

The umt force is that which generates unit momentum per
unit time, and 18 accordingly denoted by (ML/T)~+T, or ML/T?,
or MLT™,

The unit of work, or of potentral energy, 18 the work done by
the umt force acting through the umt length; 1ts symbol 1s
therefore (ML/T?) x L, or ML*/T?, or ML*T—,

The unit of kinetic energy 18 the kinetic energy of unit mass
moving with the umt velocity. Its symbol 18 M x (L?/T?), or
MLY/T?, or MLIT—

The unit of pressure-intensity, or stress [S. 90, 136], in Hydro-
statics or Elasticity, 18 an intensity of umt force per umt area.
It is therefore denoted by (ML/T?) = L3 or M/LT? or MLT2,
Since a strain is a mere ratio, these are also the dimensions (in

absolute measure) of coefficients of elasticity, such as Young's
modulus®.

In any general dynamical equation, i.e. one which is to hold
whatever system of absolute umts be adopted, the dimensions of

* The numerical values given in Staties, Art. 188, are 1n gravitational measure.
They must be multaplied by g to reduce them to absolute measure.
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each term must be the same For otherwise a change in the
fundamental umts adopted would alter the numerical values of
the various terms 1n different proportions We have an 1llustration
of this pomnt i the equation of energy (Art 18), where the
dimensions of kinetic energy and potential energy are the same,
viz. ML3/T2% The principle 18 exceedingly useful as a check on
the accuracy of formulae.

The consideration of dimensions 18 also useful in another way,
as helping us to forecast, to some extent, the manner 1n which the
magnitudes nvolved 1n any particular problem will enter mto the
result.

For instance, if we assume that the period of a small oscil-
lation of a given pendulum 1s a definite quantity, we see at once
that 1t must vary as +/({/g) For the only elements on which 1t
can possibly depend are the mass (m) of the bob, the length (J) of
the string, and the value of g at the place in question. And the
above expression 18 the only combination of these symbols whose
dimensions reduce to that of a time, simply.

Agam, the time of falling from a distance ¢ into a given centre
of force varying inversely as the square of the distance will depend
only on ¢ and on the constant (u) which denotes the acceleration
at umit distance (Art. 16). The dimensions of x, bemng such that
p/z* 18 an acceleration, must be L*T—2 Hence 1f we assume that
the time mn question varies as cPu9, where p, ¢ are 1ndices to be
determined, the dimensions of the formula will be L? (L*T—2), or
Lt T, Hence we must have

p+3g=0, —2¢g=1,
or p=$, ¢=—4}, and the required time will vary as ,/(c*/u)

The argument can be put in & more demonstrative form by
the consideration of ‘similar’ systems, or (rather) of similar
motions of simlar systems® For example, we may consider
the equations

dz » ar’ ™4
d? = — ;” d—t,? = ?’ 9 seeesecccccscscncs (1)

® This line of argument originated, substantially, with J. B. Fourier (1763-
1830) 1n hus Théorte analytique de la chaleur (1823).
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which are supposed to relate to two particles falling independently
mto two distinet centres of force varying inversely as the square

of the distance.

Mass o
Length oer
Time ves  oee

Veloaity
Acceleration ... ...

Volume density ...
Surface density ...

Line density wes

Force
Work

Energy oo
Couple

Power

Stress

Elastic coefficients

Moment of 1nertia

Angular veloaity ...

Angular momentum

(Way
L/T?

M/L3
M/L2
M/L

ML/T?

MLZ/T3

ML2/TS

M/LT?

ML?

T-1
ML2/T

m (gramme)
ﬁg (kilogramme)

cem (centumetre)
m (metre)

sec. (second)

cm [sec
m /sec

cm [sec?
m [sec?

gm [em 3
gm.fem ?

gm [em.

kg /m
im. cm [sec? (dyne)

g m /sec?

m cm 3/sec ® (erg)
g. m 2/sec 2 (Joule)

gm cm2[secd
kg m 2/sec 3 (watt)

gm [em sec?
kg /m, sec.?

gm cm?
kg m?

sec.

Z;m cm 2/sec.

. m.3/sec

ratio to #, and ¢' 1 a constant ratio to ¢, provided that

z
&

B

.t,2=$,'z—‘72, ............... eecee

(2

It 1s obvious that we may have &’ in a constant
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and provided (of course) there 1s a suitable correspondence between
the mitial conditions The relation (2) 1s equivalent to
$ 8
z:
i S IR P 3)
B oW

where £, t' are any two corresponding intervals of time, and , 2’
any two corresponding distances from the centres of force As a
particular case, if ¢, ¢, be the times of falling into the centres
from rest at distances c, ¢/, respectively, we have

ct ot
" T ecesceens s cerenens ceeen (4
3 %)

The table on the opposite page gives a hst of the more
important kinds of magmtude which occur in Dynamics, with the
dimensions which they have on any absolute system. An ab-
breviated mode of specification of various units on the c.¢.s. and
other metrical systems 1s indicated, together with such special
names for particular units as are in current use. The c.g.s. umts
are distinguished by 1talics.

t:t

tl tll =

EXAMPLES. II.

1 A balloon whose viitual mass 18 4 18 falling with acceleration £, what
amount of ballast must be thrown out of the car 1n order that 1t may have an
upward acceleration f7 (Neglect the fiictional resistance of the air)

(21 f+9)]

2. A horizontal impulse applied to a mass m resting on a fixed horizontal
board gives 1t a velocity %o, find the time m which 1t will be brought to rest,
and the space described, tho coefficient of fiiction being u

If the board (of mass M) rests on a horizontal table and 1s free to move,
prove that 1t will not be set 10 motion unless the coefficient of friction between
the board and the table 1s less than

m
MHy¥m "

3. A nfle whose barrel 18 24 ft long discharges a bullet of 1 oz weight

with a velocity of 1000 ft. per sec, find (1n ft -1bs ) the energy of the bullet

Also calculate (in horse-power) the rate at which the gases are doing work
on the bullet just before the latter leaves the muzzle, on the assumption that
the pressure on the bullet 18 constant during the discharge, 9706, 710 ]

L. D, 4
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4, If P be the tractive force in tons on a train weighing W tons, and R
be the resistance, prove that the least time of travelling a distance s from

rest to rest 18
V)
9 R(P-R)"

and that the maximum velocity 18

o 2558

Work out numerically for the case of P =21 tons, W =800 tons, R==14 tons,
8=1 mile. [4 oun ; 30 mile/hr.]

6. A railway truck will run at a constant speed down a track of inclina-
tion . 'What will be 1ts acceleration down a track of inclination 8(>a), on
the assumption that the frictional resistance bears the same ratio to the
normal pressure in each case? s1n (8 — a)

[ cosa I :I

8. At a distance ! from a station a carriage 18 shpped from an express
train going at full speed, prove that if the carriage come to rest at the station
the rest of the train will then be at a distance MI/(M —m) beyond the station,
M and m being the masses of the whole train and the carriage (Assume that
the pull of the engine 18 constant, and that the resistance on any portion s
constant and proportional to 1ts weight )

7. Prove that the mean kinetic energy of a particle of mass m moving
under a constant force, 1n any interval of time, 18

m (u? +uug +ug?),
where #%,, %4 are the initial and final velocities.

Prove that this 18 greater than the kinetic energy at the middle instant of
the interval, but less than the kinetic energy of the puirticle when half-way
between 1ts 1mitial and final positions.

8. A mass of 11b. 18 struck by & hammer which gives 1t a velocity of
1ft [sec. Find the greatest pressure exerted during the impact, on the
supposition that the pressure increases at a constant rate from zero to a
maximum, and then falls at a constant rate from this maximum to zero, the
whole duration of the impact being ‘001 sec. [623 1bs ]

9. If a curve be constructed with the kinetic energy of & particle as
ordinate and the space described as abscissa, the force 1s represented by
the gradient of the curve

10. If work be done on a particle at a constant rate, prove that the
velocity acquired 1 describing a space z from rest varies as z3.
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11. Two trains of equal mass are being drawn along smooth level lines
by engines, one of which exerts a constant pull, while the other works at
a oconstant rate Prove that if they have equal velocities at two different
mnstants, the second tramn will describe the greater space in the interval
between these instants, and that they are working at equal rates at the
middle instant of this interval.

EXAMPLES. III.

(Simple-Harmonic Motion; Pendulum, &e.)

1. A honzontal shelf 18 moved up and down with a simple-harmonic
motion, of period 4 sec. What 18 the greatest amplitude admissible 1n order
that a weight placed on the shelf may not be jerked off ? [24m]

2. A small constant horizontal force acts on the bob of a pendulum of
length ¢, which 1s 1mtially at rest, for a time ¢;, and then ceases. Prove that
the amplitude of the subsequent oscillation 18

2 1
;{ . 81D § ey,
where f 18 the accelerating effect of the force, and n=./(g/l)

3. Prove that if a straight tunnel were bored from London to Paris, a
distance of (roughly) 200 miles, a train would traverse 1t under gravity alone
m about 42 minutes, and that 1ts maximum velocity would be about 446 miles
per hour.

4. A mass of 5lbs hangs from a helical spring, and 1s observed to make
50 complete vibrations in 16 5 secs Find 1n lbs the force required to stretch
the spring 1 inch  Also find the period of oscillation 1f an additional mass of
5 1bs be attached [467, 47 sec.]

5. A mass M hangs by a helical spring from a pont O, and when O 18
fixed the poriod of the vertical oscillations 18 one second If O be made to
execute a simple-harmonic oscillation 1n the vertical line, with an amphtude
of 11n, and a period of & sec, find the amphtude of the forced oscillation
of M. What 1s the relation between the phases of # and 01

6. A hydrometer floats upright in liquid ; 1ts displacement 18 30 cm 3,
and the diameter of 1ts stem 18 8 cm  Prove that the time of a small vertical
oscillation 18 1 55 sec.

7. Prove that in simple-harmonic motion 1if the imitial displacement be
z, and the 1mtial velocity u,, the amphtude will be

(= +5),

- tan—1 J.‘L'
ny

and the imtial phase
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8. Prove that, 1n simple-harmonic motion, if the velocity be instantaneously
altered from v to v+ 8v the changes of amplitude (a) and phase (¢) are given
by 3 &

v v
6a---7—b s1n ¢, 6¢>--7Ecos¢.

9. Prove that in the small oscillations of a pendulum the mean kinetic
and potential energies are equal.

10. Prove that 1n a half-swing of a pendulum from rest to rest the mean
velocity of the bob 18 ‘637 of the maximum velocity.

11. A pendulum 18 taken to an altitude of one mile above the earth’s
surface; by what fraction must 1ts length be diminished 10 order that 1t may
oscillate 1n the same period as before ? ool

12. A weight hangs from a fixed point by a string 100 ft long If 1t be
started from 1ts lowest position with a velocity of 24 ft /sec, how far will 1t
swing before coming to rest? Also, how many seconds will 1t take to describe
the first 23 ft.? [442ft , 106sec]

13. A simple pendulum hangs from the roof of a railway carriage and
remains vertical while the train 1s running smoothly at 30 miles an hour
When the brakes are put on, the pendulum swings through an angle of 3°
Prove that the train will come to rest in about 385 yards, the resistance
being assumed constant.

14, A mass ¥, hanging from the end of a horizontal cantilever of length
!, and sectional area w, makes vertical oscillations whose period 18 7. Prove
that the value of Young’s modulus for the cantilever 13
4rIMB
3wk’
in absolute measure, where « 18 the radius of gyration of the cross-section
about a horzontal line through 1ts centre.

15. A mass M 18 suspended from the middle point of a horizontal bar of
length I, supported at the ends. If the period of the vertical oscillations of
M be T secs., find the flexural rigidity of the bar, neglecting 1ts inertia
[S 146] [ w2MB/T? ]

16. A string whose ends are fixed 1s stretched with a tension ” Prove
that the work required to produce a small lateral deflection x at & given

pont by a force applied there 1s
a+b
—2-‘;/-5 PJJ’,

where a, b are the distances of the point from the ends

Verify that this 18 equal to the work required to produce the actual
increase of length of the string against the tension 2.
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17. A particle m 18 attached to a light wire which 1s stretched tightly
between two fixed points with a tension P If a, b be the distances of the
particle from the two ends, prove that the period of a small transverse

oscillation of m 1s
m ab
2m \/ (F “a4b)°

Prove that for a wire of given length the period 1s longest when the
particle 1s attached at the middle point

18, A particle 18 disturbed from a position of unstable equilibrium ,
sketch the various forms of space-time curve for the initial stage of the motion

19. If in Art 14 the disturbing force f(¢) be proportional to a_"h', prove
that the resulting simple-harmonic vibration 18 given by

2=~ g1 e,
n
where %, 18 the velocity generated by an instantaneous impulse of the same

amount
(This depends on the formula

[ =% cog 2bxdz=§\/was™ "'b’.)
°

EXAMPLES. IV.
(Variable Gravity, &o.)

1. A particle is projected upwards from the earth’s surface with a
velocity which would, if gravity were uniform, carry 1t to a height A Prove
that 1f vamation of gravity be allowed!'for, but the resistance of the air
neglected, the height reached will be greater by A3/(a—A), where a 18 the
earth’s radius.

2. A particle 18 projected vertically upwards with a velocity just sufficient
to carry 1t to infinity. Prove that the time of reaching a height A 1s

1 2a A\ ;
i/ (5) {02 -1
where a 18 the earth’s radius

3. If a partiole be shot upwards from the earth’s surface with a velocity
of 1 mule per sec., find roughly the difference between the heights i1t will
attain, (1) on the hypothesis of constant gravity, (2) on the hypothesis that
gravity varies inversely as the square of the distance from the earth’s centre

[1-72 mules )
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4, If a particle fall to the earth from rest at a great distance the times
of traversing the first and second halves of this distance are as 9 to 2 very
nearly,

5. If a partiole moves mn a straight line under a central attraction
varying imversely as the cube of the distance, prove that the space-time
curve 18 & conic

Under what condition 1s 1t an ellipse, parabola, or hyperbola, respectively ?
Examine the case where the force 18 repulsive

6. A particle moves from rest at a distance @ towards a centre of force
whose accelerative effect 18 p/(dist )*, prove that the time of falling in 1s
atJp

7. Prove that the time of falling from rest at a distance a into a centre
of attractive force whose accelerative effect 18 p x (dist.)® varies as

at1-n
vp oo
8. A particle is subject to two equal centres of force whose accelerative

effect 18 p/(dist )* If 1t starts from rest at equal distances a from the two
centres, describe the subsequent motion; and prove that the meaximum

velocity 18
s a-b
(}" ) Tb-) ’

if 2b be the distance between the centrea.




CHAPTER III
TWO-DIMENSIONAL KINEMATICS

20. Velocity.

The total displacement which a moving point undergoes in
any given interval of time 1s of the nature of a vector, and 18
represented by the straight line drawn from the imtial to the
final position of the poiwnt, or by any equal and parallel straight
line drawn 1mn the same sense. Successive displacements are
obviously compounded by the law of addition of vectors [S. 2].

If the displacements in equal intervals of trne are equal in
every respect, the velocity is said to be constant, and may be
specified by the vector which gives the displacement per unit
time.

To obtain a definition of ‘velocity”’ in the general case, let
P, P’ be the positions of the moving pont at the wstants ¢, ¢+ 8¢,
respectively, where &8¢ 18 not as
yet assumed to be small. Pro-
duce PP’ to a pomnt U such that

PP’
PU = -8—2— DETYYY eee .(1)
The vector PU®* then represents
what we may call the ‘mean
velocity” of the pomnt in the n-
terval 8. That 18 to say, a point
moving with a constant velocity Fig 14.
equal to this would undergo the
same displacement PP’ in the same interval 8. If this interval

* Roman type 18 used whenever a vector 18 indicated by the terminal letters of
a line, the order of the letters 18 of course importans [S 1}
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be varied, the vector will assume different values, and 1f we
mmagine 8 to be diminished without limit, 1t will 1n all cases
which 1t 18 necessary to consider tend to a defimte hmiting value
PV. This hmiting vector 1s adopted as the defimtion of the
velocity of the moving point at the instant ¢  Brefly, the
‘velocity at the instant ¢’ 1s the mean velocity m an infimtely
short interval beginning at the instant ¢ Its direction 1s that of
the tangent to the path at P, moreover, if s denote the arc of the
curve, measured from some fixed point on 1t, the chord PP’ will
ultimately be 1n a ratio of equality to the arc 8s, and the velocity
at P 18 therefore given as to magmtude and sign by the formula

v= (‘l‘t‘ ......................... .(2)

For purposes of calculation, velocities, like other vectors, may
be specified by means of their components referred to some system
of coordinates Thus 1f, n two dimensions, «, y denote the
Cartesian coordinates of P, and @+ 8z, y + 8y those of P, the
projections of the vector PP’ on the coordinate axes are 8z, 3y,
and those of the mean velocity PU are accordingly

b by

&’ &t
Hence the ‘component velocities’ at the instant ¢, 1e. the pro-
Jections of PV on the coordinate axes, will be

dz dy

Ti° dpr e 3
These expressions shew that the com- P
ponent velocity parallel to either co- by

ordinate axis is equal to the velocity of

the projection of the moving pomnt on

that axis. The component velocities

are denoted in the fluxional notation

by &, 7, and the actual velocity by 8. It —/g 50
should be noticed that at present there Fig 15.
18 no restriction to rectangular axes

If, however, the axes are rectangular, then denoting by y the
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angle which the direction of motion makes with the axis of @, the
component velocities will be

,_dwds_ __dygf_.
w—%%—-scosxp, y—‘%dt—ssm\[r, . e(d)
whence =8+, tany=y/t N ¢))

These relations are otherwise obvious by orthogonal projection

~

Fig. 16. Fig. 17.

The defimtion of velocity has 1ts most concise expression in
the language of vectors. If r denote the position-vector [S 5] of
the moving point relative to any fixed ongin O, we may write

OP=r, OP =r+30r, ..... cevrvenennnn. (6)
and therefore
PP’ = PO + OP' = OP' — OP = ¢ér.
The mean velocity in the interval & 1s therefore denoted by

or
o’
and the velocity at the instant ¢ 1s expressed by
dr _ .
V= EE ceerernesensenas )

Hence velocity may be defined as rate of change of position,
provided we understand the word ‘change’ to refer to vectoral
mcrement

If z, y denote the projections of OP on coordinate axes through
O, we have

o A o (8)
where i, § are unit vectors parallel to the respective axes Hence
v=t=al+79], C e eveieane. )

which shews (again) that the projections of v are &, 3.
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21. Hodograph. Acceleration.

Just as velocity may be defined briefly as rate of change of
position, so ‘acceleration’ may be described as rate of change of
velocity. Like velocity 1t 18 a vector, having both direction and
magnitude.

If from a fixed pomnt O vectors OV be drawn, as in Fig. 18, to
represent the velocities of a moving pomnt at different instants, the
points ¥ will trace out a certain curve, and 1t 18 evident from
the above analogy that this curve will play the same part m the
treatment of ‘acceleration’as the actual path did i the definition
of velocity. It 1s therefore convenient to have a special name
for the locus of ¥ in the above construction , the term ‘hodograph’
has been proposed for this purpose®, and has come 1nto general use,
although 1t cannot be said to be very appiopuiate.

g 18

If OV, OV’ represent the velocities at the beginning and end
of any interval, the vector VV’, which 1s their difference, indicates
completely the change which the velocity has undergone in the
mterval. If this change 1s always the same in equal intervals,
the moving point is said to have a constant acceleration, and this
acceleration is specified by the vector which gives the change of
velocity per umt time. See Fig. 26, p. 75, where, on the right
hand, OA, OB, OC, OD represent velocities at equidistant times.

* By Sir W. R, Hamilton (1805-65), Professor ot Astronomy at Dublin 1827-65,
wventor of the Calculus of Quateinions,
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In the general case, 1if OV, OV’ represent the velocities at the
mstants ¢, ¢ 4 6t, the vector
VA'M
ot
gives what may be called the ‘mean acceleration’ in the interval

ot; in the sense that a constant acceleration equal to this would
produce the same change of velocity VV’ in the same imterval.

If 8¢ be dimimished without limit, this mean acceleration tends
in general to a defimite limting value, which 1s adopted as the
definition of the ‘acceleration at the instant ¢’ Its direction 1s
that of the tangent to the hodograph at V, and its magmtude 1s
given by the velocity of V along the hodograph For instance,
in the case of a constant acceleration, the hodograph 1s a straight
line described with constant velocity.

If we ntroduce Cartesian coordinates, rectangular or oblique,
the projections of OV on the axes will be denoted by «, y, and
those of VV’ accordingly by dxz, 8y. The projections of the mean
acceleration 1n the interval 8¢ will therefore be

b 3y
8’ o’
Hence the ‘component accelerations,” i.e. the projections of the
acceleration at the instant ¢, will be &, y, or

&z d’y
B dp RN ¢ §))

in the more usual notation. They are therefore identical with
the accelerations of the projections of the moving pomnt on the
coordinate axes.

In the notation of vectors we write
OV=v, OV =v43dv,
and therefore VV =dv.

The mean acceleration in the interval 8¢ 1s accordingly denoted by
5v/8t, and the acceleration at the instant ¢ by

dv_ .
a=d—‘;=v. ........................... (2)
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Again, since

v=zlty), .coeeiiinns il ceeens 3)
by Art. 20 (9), we have
aszZi+yl .... ol 4)
If the acceleration a be constant, we have by integration of (2)
f=v=at4+db, ...... .ceeeeennn. 5)
r=3al’+bi4c, ..o (6)

where the vectors b, ¢ are arbitrary. Properly interpreted, this
shews that the path is a parabola.

It 1s to be remarked that the preceding definitions are in no
way restricted to the case of motion in two dimensions. The
formule mvolving Cartesian coordinates are easily generalized
by the introduction of a third coordinate z.

The formul for velocities and accelerations m terms of polar
coordinates are investigated 1n Art. 86.

Ez.1. Let a pomt P describe a circle of radius a about a fixed point O
with the constant angular velocity n.

Relatavely to rectangular axes through O we have

2=aC080, Y=asnf, ....... ceesaesennsansenes 7)
where O=nt+e€ ..cooereeurnns eee o seeeeeeens(8)
Hence Zm —nasnld, y=nacosld, ....... I ¢ )}
shewing that the velocity 1s at right angles to OP, and equal to za.

Also 2= -n3aco8f= —n3z, #=—nPasinfm= —ndy. ......... ...(10)

Since -2, —y are the projections of PO, the acceleration 18 represented
by the vector 23 PO.

Ez.2 Let P describe an ellipse 1n such a way that the eccentric angle
increases uniformly with the time
Referring to the principal axes, we have
Z=acosd, Y=bsing,...coiirriiniinnininnen(11)
where P=ntte .. .uee cenne veeee + o0 (12)
Hence Lm—nasin@, F=nbCoSBP ... ... cocvrer crnnnnne (13)
The resultant velooity is therefore
$=n~(atsmip+d2costp)=n 0D, ....cccuueee. o.. (14)
if OD be the semi-diameter conjugate to OP. The velocity 1s therefore

represented by the vector n. OD ; and the hodograph 1s (on a certain scale)
coincident with the locus of D. 1.e. with the ellibse 1tself
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Agan Z=—nlacospm —ndz, F=—nbsnd=—ny. ........ (15)
The acceleration 18 therefore represented by the vector n? PO

This type of motion 18 called ‘elliptic harmonic.’ It presents itself from
the converse point of view 1n Art 28

22. Relative Motion.

The vector PQ which indicates the position of a pomnt @
relative to a pomnt P 18 of course the difference of the position-
vectors of @ and P relative to any onngin 0. Hence 1if P, @ be
regarded as pomnts mn motion, the displacement of @ relative to P
m any interval of time will be the geometric difference of the
displacements of @ and P. This follows at once from the theory
of addition of vectors, but may be 1llustrated by a figure. If from
a fixed pomnt C we draw lines CR equal and parallel to PQ 1n 1ts

R

P’ c
Fig 19.

P

various positions, the locus of R will give the path of @ relative
to P. Hence if P, Q@ and P, ' denote two pairs of simultaneous
positions of the moving points, and 1f we draw CR, CR' parallel
and equal to PQ, P’ respectively, RR’ will represent the relative
displacement 1n the interval. But if we complete the parallelo-
gram PP'SQ determimned by PP’ and PQ, the trangles CRR’
and P'SQ will be congruent. Hence

RR' =SQ = QQ - QS =QQ - PP,
which was to be proved.

Further, considering displacements per umit time, it appears
that the velocity of @ relative to P 1s the geometric difference
of the velocities of Q and P And considering changes of velocity
per umit tune, we get a sunilar rule for the relative acceleration.
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In vector notation, if r,, r, be the position vectors of P, Q
relatively to a fixed point O, a relative displacement 1s expressed

by
S(Xy=T) =00 =08 ceeeeneanrnnnnnnnnned 1)

the relative velocity is

g—t(r,-r,)=i-,—i~,; ..................... (2)
and the relative acceleration 18

d,.. .

¥ (Fy=T) =8 =F. i 3)

In Cartesian coordinates, the components of a relative dis-
placement are

Oy — 82y, Yy — Yy eeeininiieinininnnns (4)
those of relative velocity are
=@y, Yo Y13 eeerererrinriecencnncnns (5)
and those of relative acceleration are
By— By, Ga—Fhe cerrrerrreerenans o (6)

As m Art. 2, it appears that the acceleration of a moving
point P relative to a fixed origin O which is 1tself 1n motion with
constant velocity is equal to the absolute acceleration of P.

23. Epicyclic Motion.

An important 1llustration of relative motion 18 furnished by
the theory of epicyclic motion. If a point @ describes a circle
about a fixed centre O with constant angular velocity, whilst P
describes a circle relative to @ with constant angular velocity, the
path of P is called an ‘epicyclic.’

The coordinates of @ relatively to rectangular axes through O
will have the forms

e=qacos(nt+e), y=asm(nt+e), .. 1)
where n is the angular velocity of @ in 1ts circle, and a the radius
of this circle. Again, if we complete the parallelogram OQPQ/,
the coordinates of @ will be

z=a cos(nt+¢€), y=asm@t+¢), ......... (2)
where @' = 0Q = QP, and »’ is the angular velocity of QP or 0Q.



22-23] TWO-DIMENSIONAL KINEMATICS 63

Since OP=0Q+ QP =0Q+0Q, .......... ... 3)
the coordinates of P will be

@ =acos(nt +€) + a cos (n't + ¢'),

RN
y=asm (nt+e)+a sin(n't+¢) )

Fig. 20.

It is evident that the path of P may also be regarded as that
of a pomnt which describes a circle relatively to @', whilst @’
describes a circle about O, the angular velocities being constant
and equal to n, n/, respectively.

If the angular velocities », »° have the same sign, ie. if the
revolutions are 1n the same sense, the epicychic 18 said to be

Fig. 21.

‘direct’; in the opposite case 1t is said to be ‘retrograde’ It
will be a re-entrant, or closed, curve 1if the angular velocities n, »’
are in the ratio of two integers, but not otherwise. The annexed
Fig. 21 shews two cases, corresponding to n=>5n" and n=—3n’
respectively.
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The relative orbit of two pomnts which are describing concentric
circles with constant angular velocities 1s also an epicyclic.  Thus,
m Fig. 20, the vector QQ’ 18 the geometric difference of OQ' and
OQ, and 1ts projections on the coordinate axes will therefore be
obtaned by reversing the sign of @ mn (4), or (what comes to the
same thing) by increasing the value of € by .

For example, if we neglect the eccentricities of the planetary
orbits, and their mclinations to the plane of the ecliptic, the path
of any planet relative to the earth will be an epicyclic. The
relative orbits have loops, resembling the first case of Fig 21, so
that the motion of a planet as seen from the earth, and projected
on the sky, will appear to be arrested and reversed at regular
mtervals. This 1s the explanation of the ‘stationary pomnts’ and
‘retrograde motions’ which are so marked a feature of the
apparent planetary orbits*.

24. Superposition of Simple-Harmonic Vibrations.

The result of superposing two simple-harmonic vibrations n
the same straight lme 18 to produce a motion which 1s the
orthogonal projection of motion 1n an epicychic. This 13 evident
from the geometrical representation of Art. 10, or from the
formul® (4) of Art. 23.

If the angular velocities n, n' are equal, and have the same
sense, the two component vibrations have the same period. The
angle QOQ' 1n Fig. 20 1s constant - the path of P 1s circular, and
the resultant vibration 1s simple-harmonic of the same period

But if n, n’ are uncqual, the angle QOQ’ will assume all values,
and the length of OP will oscillate between the limits @ +a’. In
Lord Kelvin’s ‘tidal clock,’” the parallelogram OQPQ’ consists of
jomted rods, and the ‘hands’ 0Q, OQ’ are made to revolve in half
a lunar and half a solar day, respectively. Their lengths bemng
made proportional to the amplitudes of the lunar and solar semi-
diurnal tides, the projection of P on a straight line through O will
give the tide-height due to the combination of these

* They were explained by the hypothesis ot epicyolics, by Ptolemy of Alexandria
(d. o  168) 1n his Almagest.
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If the angular velocities n, »’ are nearly, but not exactly equal,
the angle QOQ’ will vary very little 1n the course of a single revo-
lution of 0Q or 0@, and the resultant vibration may be described,
somewhat loosely, as a simple-harmonic vibration whose amplitude
fluctuates between the imits @ + @’. The period of this fluctuation
18 the imteival m which one arm gains or loses four right angles
relatively to the other, and 1s therefore 27/(n —n'). In other
words, the frequency (n — n')/2m of the fluctuations 1s the difference
of the frequencies of the two primary vibrations.

As an 1llustration we may point to the alternation of ‘spring’
and ‘neap’ tides, which occur when the phases of the lunar and
solar semi-diurnal components are respectively comcident or
opposed In Acoustics we have the phenomenon of ‘beats’ between
two simple tones of nearly the same pitch.

The annexed figure shews the space-time curve for the case of
a=2a, 9n =107/,

The fluctuations are of course most marked when the ampli-
tudes @, @’ of the primary vibrations are equal. The amplhitude of
the resultant then varies between 0 and 2a.

Analytically, we have

Z=0aco80+a’'cos B, ...... . ieiireernennns (1)
where O=nt+e, O'=n't+¢ . Ceeeeens 2
Hence
z=(a+a)cosd(8+6)coss (0~6)—(a~a)mmn}(0+6)sin (6-6). (3)
If we put reos p=(a+a)oos} (6 “9')’} ............. )
rsmn ¢p=(a—a')sn § (6 -6),

this may be written
X=rCcos {F(0+8)+ P} ereens cennnn RN ()|
L D, B
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the values of r and ¢ being given by
ri=a212a0' co8(0—6)+a%, .ccviie cer vreren o (8)

tanp=2=Ztan}(6-0) . . .

If » and »' are nearly equal, the formula (56) may be regarded as
representing a simple-harmonic vibration whose amplitude » varies slowly
between a+a’ and a—a’, whilst there 18 also a slow vanation of phase. The
dotted curve 1n Fig 22 shews the variation of amplitude.

EXAMPLES. V.

1. One ship 1s approaching a port at speed «, and another is leaving it at
a speed v, the courses being straight and making an angle a with one another
Prove that when the distance between them 1s least their distances from the

port are as
v+4ucosa u+vcosa

2. In what direction must a boat whose spced 1s 8 knots be steered

m order to reach a point 10 miles distant 1n a N N E direction, there being
a B.E current of 2 knots? Also what will be the time required ?

[9°8 E of N., 854 min )

3. When a stecamer 1s going due N at 16 knots, a vane on the masthead
pomts EN E, and when the steamer stops, the vane pomnts SE , find the
velocity of the wind

In what direction must the steamer go 1f the vane 18 to point E ¢

4. A steamer 1s runming due E at 10 knots, and & vane on the masthead
points N N E., she then turns N and the vane points NNN W , from what
quarter does the wind blow, and with what velocity? [N.W.; 10 knots ]

5. If P, @ be two points on the spokes of a carriage wheel, find the
direction and magnitude of the velocity of @ relative to P, having given the
radius @ of the wheel and the speed u of the carriage

6. Having given the hodograph of a moving point, and the law of its
description, shew how to find the path What 18 the effect of a change 1n the
position of the pole ¢

If the hodograph be a circle described with constant velocity, the path 1s
a trochoidal curve

7. A boat 18 1mpelled across a stream with a constant velocity relatively
to the water, this velocity being equal to that of the stream Prove that if 1t
be steered towards a fixed point on the bank, 1ts path will be a parabola having
this pomnt as focus, and that the actual landing point will be the vertex of the
parabola.
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8. Ifin the preceding Question the ratio of the velocity of the stream to
the (relative) velocity of the boat be 1/a, prove that the polar equation of the
path 18

a (sin $6)»~1
™= lcos o)1 *
Examine the cases of n<1 and n>1, respectively.

9. Prove that, in the notation of Art 23, the velocity at any pont of an

epicylic 18
J{n?a?+2nn'aa’ cos (6 — 6') +n'?a’?}

10. Prove that in the notation of Art. 23, the direction of motion 1n an
epicychic passes through the origin when
na’+n'a?
(n+m)aa

Prove that this cannot occur unless na 18 numerically less than n'a’, where a
18 the greater of the two radn a, o’

cos{(n—n)tte—€}=—

11. Prove that if an epicyclic pass through the centre 1ts polar equation
18 of the form
r==q cos mé,

where m < 1 according as the epicyclic 18 direct or retrograde

12. A pomt subject to an acceleration which 18 constant in magnitude
and direction passes through three points Py, P,, Pg at the instants ¢, ¢, ¢,
respectively  Prove that the acceleiation 18 represented as to direction and
magnitude by the vector

2(PyPy 4, +PsP;y 2,+P\Py ¢)
(ta—tg) (ta—t)) (t1—t2) °
13. A pomt has an acceleration which 18 constant in magmtude and

direction Prove that its path relative to a point moving with constant
velocity 1n a straight line 18 a parabola

14. Prove by differentiation of the equations
F=vCO8Y, Y=vBIDY

that the acceleration of a point describing a plane curve 18 made up of a com-

ponent dv/d¢ along the tangent and a component vdy,/dt towards the centre of
curvature

15. Prove by dufferentiation of the equations
r=rcosd, y=rsmné

that m polar coordinates the component velocities along and at rght angles to
the radius vector are

r, 0,
and that the component accelerations in the same directions are

F—ré3, réd+ 2"&,
respeotavely.
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16. Prove that if two simple-harmonic vibrations of the same period, in
the same line, whose amphtudes are a, b, and whose phase differs by ¢, be
compounded, the amphtude of the resultant vibration 1s

(a4 2ab cos e+ b?)

17.  Prove that an epicychic 1n which the angular velocities are equal and
opposite 18 an ellipse

18, 'The ends P, @ of a rod are constrained to move on two straight lines
04, OB at nght angles to one another If the velocity of P be constant,
prove that the acceleration of any pomnt on the 10d 18 at nght angles to 04
and va1ies 1nversely as the cube of the distance fiom 04

19 A string 18 unwound with constant angular velocity o from a fixed
reel, the free portion being kept taut in a plane perpendicular to the axis
Piove that the acceleration of the end P of the string 1s along 7R and cqual
to ? PR, where R 138 on the radns thiough the pomnt of contact, at double
the distance fiom the centre

20. Prove that epicyclic motion 18 equivalent to motion 1 an ellipse
which revolves uniformly about 1ts centre, the relative motion in the ellipse
following the elhptic-harmonic law (Art 28).



CHAPTER IV

DYNAMICS OF A PARTICLE IN TWO DIMENSIONS
CARTESIAN COORDINATES

25. Dynamical Principle.

The ‘momentum’ of a particle 18 the product of the mass,
which 18 a scalar quantity, into the velocity, and 1s theretore to be
regarded as a vector, having at each mstant a definite magmtude
and direction  The hodograph of the particle may in fact be used
to represent, on the appropriate scale, the variations m the
momentum.

The ‘change of momentum’ in any interval of time is that
momentum which must be compounded by geometrical addition
with the mitial momentum 1in order to produce the final momen-
tum. In other words 1t 1s the vector difference of the final and
mitial momenta.

The ‘impulse’ of a force in any mfinitely small interval 8¢ 1s
the product of the force mto 8, this again 1s to be regarded as a
vector. The ‘total,’ or ‘integral, impulse in any finite interval 1s
the geometric sum of the impulses in the infimtesimal elements
8¢ of which the interval in question may be regarded as made up

The fundamental assumption which we now make, 18 the same
as mn Art. 7, but mn an extended sense. It asserts that change of
momentum 18 proportional to the impulse, and therefore equal to
the mmpulse 1f the absolute system of force-measurement be
adopted This 18, as before, a physical postulate which can only
be justified by a comparison of theoretical results with experience
It 1s a statement as to equality of vectors, and accordingly implies
identity of direction as well as of magmtude. It 15 1mmaternal
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whether the interval of time considered be finmite or infimitesimal ;
the statement 1n either form involves the other as a consequence

It 1s, moreover, assumed that when two or moie tforces act
simultaneously, the changes of momentum n an infimtesimal
interval 88 due to the several forces may be calculated separately,
and the results combined by geometrical addition to obtamn the
actual change of momentum. Since the changes of momentum
due to the several forces are in the directions of these forces, and
proportional to them, 1t follows that the actual change of momen-
tum 18 the same as would be produced by a single force which 1s
the geometric sum of the given forces. It appears, then, that our
assumptions mnclude the law of composition of forces on a particle
which 18 known 1n Statics as the ‘ polygon of forces.’

If m be the mass of the particle, v 1ts velocity, P the geometric
sum of the forces acting on 1t, we have, 1n vector notation,

& (mv) =Py,
or m— =P, i (¢))
Integrating this over a finite time we have

&
mv, =mv,=| Pdt, .......... cereee ceeed(2)
¢

where the definite integral 1s to be interpreted as the limit of the
sum of an infimte series of mfimtesimal vectors. The form (2)
corresponds to Newton’s formulation of his Second Law of Motion*.

If r denote the position-vector of the particle, we have

and therefore m¥=P. ............ e ieeee eeeeeens (4)

The solution of this equation will mvolve two arbitrary vectors,
which may be determined 1n terms of given mitial conditions as to
position and velocity.

* « Mutationem motus proportionalem esse vi motriei impressae, et fleri
seoundum lineam rectam qua vis illa 1mprimitur.” Change of motion [momentum]
is proportional to the mmpressed force [ampulse], and takes place in the direction of
the straight line in which that force 18 1mpressed



25-26] DYNAMICS IN TWO DIMENSIONS 71

26. Cartesian Equations.

For purposes of calculation some system of coordinates 1s
necessary. Considering (for simplicity) the case of motion 1n
two dimensions, and using Cartesian coordinates (rectangular or
oblique), let us denote by u, v the components of the velocity at
the instant ¢, and by X, Y those of the force The components of
momentum will therefore be mu, mv, and those of the change of
momentum 1n the mterval 8 will be 8(mu), (mv) The compo-
nents of 1mpulse will be X8, Y6t Since the parallel projections
of equal vectors are equal, we must have

S(mu)= X8, d(mv)=Y6, .............(1)

or m%‘:X, m%’: ) (2)

Since u=(§§, v=%, ceerrareneennes (3)
the equations may be written

Poox, mBov (4)

The solution of these equations 1 any particular case will
mvolve four arbitrary constants, which may be adjusted to satisty
given mtial conditions as to the values of z, y, de/dt, dy/dt

The extension to three dimensions, wheie the solution involves
six arbitrary constants, 18 obvious.

Ez A particle shides up a line of greatest slope on a plane of inclination
a, under gravity and the reaction of the plane.

If the axis of x be drawn upwards along a line of greatest slope, and the
axis of ¥ normal to the plane, we have

X=~mgsma—F, Y=-mgcosa+R, ........ (5)

where # and R are the tangential and normal components of the reaction.
Since, by hypothesis, y =0, we have

diz
and mﬁu—mgmna—ﬁ' B TN ()]

If the plane be smooth, we have #'=0, and the retardation 18 gsina. If the
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plane be rough, we have F=pR, on the usual law of friction, and the
retardation 1s

g(sma+pcos(1)=gﬂ(—a—+—)\‘). N ()

COS A
if A be the angle of friction.

27. Motion of a Projectile.

A simple application of the preceding equations is to the
unresisted motion of a particle under gravity.

If the axis of y be drawn vertically upwards, then, whether the
axis of  be hoiizontal o1 not, we have

X=0, Y=—-myg, ..... (1)

and therefore =0, y=—-9. ... . (2)
Integrating, we find

é=A, §=—gt+B,.... ... ERG)

e=At+ 0, y=—-3ig¢+Bt+D, .. ... 4

where 4, B, C, D are arbitrary.

For 1nstance, suppose that the paiticle 18 projected fiom the
onigin of coordinates with the velocity (u,, %) at the mnstant ¢=0
We have then

A=uy,, B=v, (=0, D=0, .... (5)
whence a=uy, Y=U—0g ceveerernnns . (6)
z=ut, y=vt—-3igt%h .... ... (1)
Elminating ¢ we have the equation of the path, viz.
Y 9
y= ’Ll: z Ql:(:;’ L eeiiiiieiiinnen, (8)

This represents a parabola whose axis 18 vertical,

If for a moment we take the origin at the vertex of the path,
and the axis of 2 horizontal, we have v, = 0, and therefore

T=ulb, Y=—=3g7 cievirriieins ns 9)
whence y= T8 e, (10)

- "2‘.&—02%"-
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The latus-rectum 18 therefore 2u,*/g, where u, 18 the (constant)
horizontal velocity Also if ¢ be the velocity at time ¢,

=84y =ud+ 9% =u’— 29y . .eouu. (11)

If we put y’=%§—y, e e (12)
so that y” denotes depth below the ditectrix, we have

q* =29y’ C e (13)

Hence the velocity at any point 1s that which would be acquired
by a particle falling veitically fiom rest at the level of the
dncctrix,

We return to the formuls (7), where the oriqin 18 any point
on the path, and the axis of 2 may have any duection, whilst that

Y

Fig 23

of y is vertical, as in ¥ig 23 To find where the path meets
the axis of  again we put y =0, and obtan

T 14)
g g
This gives the range on an inchned plane, and the corresponding
time of flight, 1f the axis of # be taken along the plane. If a be

the imclination of the plane to the honzontal the mitial velocity
(g0, say) 18 given by

@t = U + 2ug, sma + vyt ......... . (15)
Writing this in the formn
qo* = (%o — )’ + 2ue (1 + 810 Q@) ........... (16)

we see that if g, be fixed, the product uyw, 18 greatest when u, = v,
1e when the direction of projection bisects the angle between the
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line of slope of the plane and the vertical. The line of slope then
contains the focus of the parabola. The maximum range 1s, more-
over, from (14) and (16),
g
JAtoma)’ RN ¢ ¥ § |
If we denote this by r, and write

O=4m—a, l=qdg, ....c.ovvnrnnnnn..(18)
we have ;l_=1+cos(9. e C e (19)

This 1s the polar equation of a parabola, whose focus 18 at the
point of projection, referred to the vertical as imtial line. It
marks out the limits which can be reached 1n different directions
from the origin, with the given velocity of projection. Since
the semi-latus-rectum 1s ¢,?/g it touches at the vertex the common
directrix of the various parabolic paths. See Fig 25.

These results also follow very sunply from a geometrical construction.
If the velocity of projection from a given pomnt P be given, the common
directrix of all the parabolic pathsis fixred Hence if P4 be drawn perpen-
dicular to this directrix, the foct will Lie on the circle described with P as
centre and P4 as radius If the path
18 to pass through another given pomt @),
and @B be drawn perpendicular to the
durectrix, the focus must also hie on the
circle having @ as centre and radius @B.

If the two circles intersect, the in-
tersections S, S’ are the possible
positions of the focus. There are n
this case two possible paths from P to
@, and the corresponding directions of
projection from P bisect the angles P 24
APS, APS', respectively 8. 4%

If the circles do not intersect, the point @ 1s out of range from P.

If the circles touch, as 1n Fig 25, the two paths conoide, and the focus is
at the pomnt of contact S The pont @ 1s then just within range from P ; 1t
18 1n fact & point on the envelope of the various parabolas through P having
the given directrix If we produce P4 to X, malking 4X=PA4, and also
produce @B to meet the horizontal line through X in ¥, we have

PR=PS+8Q=PA+QB=QM, ......c.ccvav.... (20)

and the envelope 18 therefore a parabola with P as focus and A as vertex, as
already found analytically.
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Since the change of velocity per umt time 18 1n the direction
of the downward vertical, and of constant amount, the hodograph

X m

Fig. 265.

(Art. 21) is a vertical straight line described with constant
velocity (9). This 1s 1llustrated by Fig. 26, where the velocities
are shewn (on the right) for a series of equidistant instants.

A

Fig. 26,

In the vector treatment of the question we have

F=8, ov civeviinnin v venenns .(21)
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where g 18 the vector representing the change of velocity i umt
tame. Hence
v=r=gt+b, .. ... ... (22)

r=lgt*+bt+c, .. . ... (23

where the vectors b, ¢ are arbitrary, they denote m fact the
mitial veloeity and the mitial position relative to the origin of r.
The equation (22) shews the rectilinear character of the hodogiaph.

28. Elliptic-Harmonic Motion.

Suppose that a particle 1s attracted towards a fixed pomnt O
by a force varying as the distance. The acceleration m any
position P will be given by the vector uw PO, where u 18 the
numerical measure of the acceleration at umt distance Hence,
relatively to axes through O in the plane of the motion, the
components of the acceleration will be — ux, —uy, where , y are
the coordinates of P. Hence

&’z a
a—i; = — U, a'g ==Y e ciiiiiien. (1)

we have
= Acosnt+ Bsinnt, y=Ccosnt+ Dsmnt, ...(3)
where the constants 4, B, C, D are arbitrary.

If we choose the origin of ¢ at an instant when the particle
crosses the axis of =z, say at the pomnt (a, 0), we have

A=a, C=0. covvveerereerreennn. )

If, further, the axis Oy be drawn parallel to the direction of
motion at this instant, we have #=0, y=1v, (say), for ¢=0
whence

B= 0, nD = Vge eonversnoccaranncancnsas (5)
Hence, relatively to these special axes we have
@=qcosnt, y=bsmnt, ............ .. (6)

where b=v/n  cevrerviiiniennnn. veee (D)
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Elimmating ¢ we obtain

1]

‘;i:+-’l§2=1, eeveeeanaaa vrereeeeer(8)
which is the equation of an ellipse referred to a pair of conjugate
diameters Moreover, since any point on the path may be regarded
as the starting point, the formula (7) shews that the velocity at
any pomnt P vailes as the length of the semidiamcter (0D, say)
conjugate to OP (cf. Art 21, Ex. 2). In other words, the hodograph
18 similar to the locus of D, 1.e. to the elliptic orbit 1tself.

If we refer the orbit to 1ts principal axes, so that the coordinates
@, y are rectangular, the angle nt 1 (6) becomes 1dentical with thc

Q
T
P
D J
A o N A

Fig. 27.

eccentric angle’ of P; and the law of description is that this
angle increases at a constant rate. Moreover, since the areas
swept over by corresponding radi of an ellipse and 1its auxihary
circle are 1n a constant 1atio, the above statement 1s equivalent
to this, that the radius vector UL sweeps over equal areas in
equal times.

This type of motion 1s called ‘elliptic harmonic.” The period
of a complete revolution of P 1s

and 18 therefore independent of the imitial eircumstances,
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The solution 1n vectors is very compact. We have

and therefore r=acosnt+bsmnnt, ..coovuenen. ....(11)

where the vectors a, b are arbitrary. This 1s the equation of an
ellipse, moreover, at the mstant ¢ =0, we have

r=a, v=f=nb ....... ceeeenee o (12)
These results are equivalent to (8) and (7).

Exz To find the envelope of the paths described by different particles
projected from a given point P in different directions with the same velocity

Since the velocity of projection 18 given, the semidiameter (0.D) conjugate
to OP 18 determinate in length, and the sum of the squares of the principal

T

Fig 28.

semiaxes, being equal to OP?4-0/)? 18 therefore the same for all the orbits
Hence the various orbits have the same director-circle (locus of intersection
of perpendicular tangents) If the tangent at P to any one of the orbits
meets this circle at 7', the perpendicular 797" to PT at 7 will also touch
this orbit If @ be the point of contact, 07" will bisect P (in V, say), and

will therefore be parallel to 7@, where P 1s the pomnt on the orbit opposite
to P. Hence

PQ+PQ=2TV+20V=20T=44’
Moreover, since PQ and P'Q are parallel to 07" and O7, respectively, they
are equally mclined to 7'7". The orbit therefore touches at @ the ellipse

described on 44’ as major axis, with P, 7’ as foc. This ellipse 18 therefore
the required envelope.
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20. Spherical Pendulum. Blackburn’s Pendulum.

The motion of the bob of a ‘spherical pendulum,” ie. of a
simple pendulum whose oscillations are not confined to a vertical
plane, comes under the preceding investigation, provided the
extreme inclination of the string to the vertical be small. A
in the case of Art. 11, the vertical motion may be 1gnored, and
the tension of the string equated to mg, where m 1s the mass of
the suspended particle. The acceleration of the bob 1s therefore
directed towards the vertical through the point of suspension, and
18 equal to gr/l, where » 1s the distance from this vertical, and i
is the length of the string. The preceding investigation therefore
apphes, with n*=g/l. The path 1s approximately a hoiizontal
ellipse, described in the period

T=27r\/§. ........................ )

The above problem 1s obviously identical with that of the
oscillations of a particle in a smooth spherical bowl, 1 the
neighbourhood of the lowest pomnt, the normal reaction of the
bowl playing the same part as the tension of the string.

In Blackburn’s®* pendulum a weight hangs by a string CP from
a point C of another string ACB whose ends 4, B are fixed. If we
neglect the inertia of the strings the
pomnt P will always be in the same
plane with 4, B, C.

It 18 evident that if the particle
make small oscillations in the vertical
plane through AB, the motion will
be that of a sumple pendulum of
length CP, whilst 1f it oscillates ab
right angles to that plane the motion
will be that of a pendulum of length Op
EP, where E 1s the pomt of 4B Fig. 2.
which is vertically above the equi-
librium position of P. Hence if @, ¥ denote small displacemente
in the aforesaid planes, and 1f we write

p*=g/CP, ¢*=g[EP, ........... ceeenes(2)
* H, Blackburn, Professor of Mathematics at Glasgow 1848-79.
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the equations appropriate to the two types of oscillation will be

d*z d:
7 - p*, a—g == Q%Y i 3)

Again, 1t is clear that the restoring force on the bob parallel to
« will not be altered, to the first order of small quantities, by a
small displacement parallel to y, so that the equations (3) may
be taken to hold when displacements of both types are superposed.
Hence we have, for the most general small motion of the bob,

x=A,cospt+ B,simpt, y=A,cosqt+ B,singt. .. (4)

The curves obtamned by compounding two simple-harmonic
vibrations of different periods in perpendicular directions are of
mmportance 1 experimental Acoustics, and are usually associated
with the name of Lissajous*®, who studied them i great detail
from this pont of view. If the two periods 2w/p, 27/q are com-
mensurable, the values of # and y in (4) will both recur whenever
t mncreases by the least common multiple of these periods, and the
curves are accordingly re-entrant. Many mechanical and optical
apphances have been devised for producing the curves.

The equations (3) also apply to the oscillations of a particle in
a smooth bowl of other than spherical shape. If we consider the
various sections by vertical planes through the lowest point, it 18
known from Solid Geometry that the curvature at this pomnt 1s a
maximum and a minmmum, respectively, for two definite sections
at right angles to one another.

If the particle oscillates 1 one of these planes, the period will
be that of a sumple pendulum of length equal to the corresponding
radius of curvature. If 1t oscillate in any other manner, the
equations (3) and (4) will apply, provided we put

p*=9g/R:, @=g/Rs ccovveririririiinnns (5)

where R,, R, are the two radu of curvature 1n questiont.

* J. A. Lassajous, Etude optique des mouvements vibratorres, 1878.

+ The locus of the point P in Blackburn’s pendulum 1s an ‘anchor ring’
generated by the revolution of & circle with cenire ¢ and radius CP about the
line 4B.
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30. Equation of Energy.
The general equations of Art. 26, viz.

du dv
mm=X, m—=Y, . eeerunnes ceeeees 1)

hold, as has been stated, whether the coordinate axes be rectar
gular or oblique, but for the present purpose we assume the axe
to be rectangular.

If we multiply the above equations by u, v, respectively, an
add, we obtain

m(u%+ug—§)=Xu+ Yv, coviiiinni. (2)
d dx d
or T im@ =X+ YE%. ............ . (3)
If ¢ denote the resultant velocity we have
P=ut+v ...  erereesenees 4)

and the product m (u*+1*) is accordingly the kinetic energ
Again, the work done by the force (X, ¥) during a small displac:
ment (8z, 8y) 18 X8z + Y8y, and the nght-hand member of (!
therefore represents the rate at which work is being done on tk
particle ab the instant #. The equation therefore asserts that ti
kinetic energy 1s increasing at a rate equal to that at which wox
18 being done Integrating, we infer as in Art. 18 that the mcremer
of the kinetic energy mn any interval of time 18 equal to the tot:
work done on the particle. In symbols,

Img? — 1}mg,’=f: (X §+ Y%) 27 AN ()

where, of course, X, ¥ are supposed expressed as functions of £

If, however, we have a constant field of force [S. 49], 1re. tl
force acting on the particle 1s always the same 1n the same positio
so that X, ¥ are given as functions of #, y, independent of ¢, ti
defimte integral may be replaced by

[ (Xda+ Ydy), ceeeeeeenne. e (6)

it being understood that the expression X &z + ¥ 8y 18 to be calct
L D. ]
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lated for all the infinitesimal elements of the path, and the results
added. An equivalent form 1s

[IC 52 &)L y— (7)

L)

where s denotes the arc of the curve, measured from some fixed
point on 1t.

Since (— X, = Y') 1s the force which would balance the force of
the field, the expression

- f (Xdz+ YY), verrrerererrernen. (8)

taken between the proper limits, gives the amount of work which
would have to be performed by an external agency in order to
bring the particle with infinite slowness from the first position to
the second, If the constitution of the field be quite arbitrary, this
amount will in general depend on the nature of the path [S. 49],
and not merely on the mmtial and final positions. If, however,
it depends on the terminal points alone, the field 1s said to be
‘conservative.” It 18 with conservative fields that we are chiefly
concerned 1n the case of natural phenomena.

In a conservatwve field, the work required to be performed by
extraneous forces 1n order to bring the particle (with infinite
slowness) from some standard position 4 to any other position P
is a defimte function of the coordinates of P. It 1s called the
‘potential energy,’ and is denoted usually by the letter V. The
work done by the forces of the field alone in the passage from A
to P 1s accordingly — V. The work which these same forces do 1n
the passage from any position P, to any other position P, 18 there-
fore V, - V,, since the passage may be supposed made first from
P, to A and then from 4 to P,.

Hence, 1n the case of a particle moving in a conservative field,
with no extraneous forces, we have

dmg? —gmgr=Vi= Vi cvriirinnnnnen, 9)
or Imgr+ Va=3mg+ Vi, e, (10)

Le, in words, the sum of the kinetic and potential energies is
constant.
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It there are extraneous forces, 1n addition to those of the field,
the work which thcy do in the passage from P, to P, must be
added to the right-hand member of (9), and we learn that the sum
of the kinetic and potential energies 18 mcreased by an amount
equal to the work of the extianeous forces Cf Art 18.

It need hardly be said that these conclusions are not
restricted to the case of motion i two dimensions. The vector
equation of motion, which 1s quite independent of such limitations,
is, as 1n Art. 25 (4),

mr=P, . ... . (11)

whence mit = Pr, e . (12)

the products of vectors being of the type called ‘scalar’ [S. 63]
Hence

g,mia=fpfdt, ceeeeeereeieerneeneenn(13)

or, 1f P 18 a function of r only,
;ma:fpdr. ceeeereeeresresennenes (14)

Since the scalar square of a vector 13 the square of the absolute
value of the vector, the left-hand member 18 the kinetic energy.
Also the scalar product Pdr 1s [S. 63] the work done by the force
P 1n a small displacement ér

Ez 1. In the case of ordinary grawity, if y denote altitude above some
hxed level we may write
V=mgy .cceeee . © eevescecsscessensenes (16)

Hence 1n the free motion of a projectile we have
tmgt+mgy=const, ...ccciiiiiiieiiniinnnnnas (168)

n agreement with Art 27 The same formula applies to motion on a smooth
curve under gravity, since the normal reaction of the curve does no work.

Ez 2 If a particle 1s attracted towards a fixed point O by a force ¢ (r)
which 18 a function of the distance r only, we have

Ve / "G dr, snseersssssanssnns(17)
a
where the lower limit a refers to the standard position
Thus 1f P)=Kr, . .irrrnririenricrnnenneee. oo (18)
we may put LR 7 € s .(19)
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omitting an arbitrary constant. Hence mn a free orbit under this force
we have

tmg?+$Kr2=const. ......... cese ee sesenens (20)
We have seen 1n Art. 28 that the orbit 1s an ellipse, and that the velocity 18
G=T0)  crvreirniie crrenee ceeraieinanes 1)

where ¢ 18 the semidiameter conjugate to the radius vector », and n=+/(K/m)
The formula (10) 18 thus verified, since the sum r3+s'2 18 constant in the

ellipse.
Ezr. 3. In the case of the simple pendulum (Art 11) the potential energ)

may be calculated from the work done by the horizontal force mgz/[l necessar;
to produce the deflection. This makes

Vemdmgadfl ....coeeneennen cessenee 0 eaes .(22)

On the other hand, considering the work done against gravity we have
Ve=mmgy, coveeniencnniincencnensaicnnnenns .(23)
where y denotes altaitude above the level of the equlibrium position. Since
D= (2 =) teverreirniennies venn ceeennn(24)

these formulsm agree, to the order of approximation required.
This verification apphes of course also to the spherical pendulum.

31. Properties of a Conservative Field of Force.

The force on a particle 1n a conservative field can be naturally
expressed 1n terms of the potential energy V. If we displace the
particle through a small space PP’ (= 8s) in any given direction
the work done by the extraneous force required to balance the
force of the field, in the 1imagined process of the preceding Art., 1
— F8s, where F' denotes the component force of the field in the
direction PP’, Hence

SV == F85, cvveerrverereeennenn. 1)
oV
or F=—-—a—;. ..................... .....(2)

The symbol of partial differentiation 18 employed, because the
space-gradient of V 1n one out of an infimte number of possibl
directions 1s taken.

In particular, 1if we take PP’ parallel to the two (rectangular
coordinate axes 1n succession, we have

X=—Fp T=oFr nnn®)

for the components of force at the point (a, y).
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A line along which V is constant 1s called an ‘equipotential’
line®. Ifin (1) we take the element 8s along such a line, we have
0V/0s=0; the resultant force at any point 1s therefore normal to
the equipotential line through that pomt. Also if we draw the
equipotential lines

for a series of equal infinitesimal mcrements 8C of the constant C,
and 1f 8n denote the perpendicular distance between two consecufive
curves, the resultant force (R) 18 given by

R.®n=-dV=o8C wcoveeereerrereerenn. (5)

The intensity of the force therefore varies inversely as dn. The
system of cquipotential lines, drawn as above, therefore indicate
by their degree of closeness the greater or lesser intensity of the
force.

A line drawn from point to pomnt so that 1ts direction 1s every-
where that of the resultant force 1s called a ‘line of force’ The
lines of force are orthogonal to the equipotential lines wherever
the force 1s neither zero nor infimite. In the case of ordinary
gravity the equipotential lines and hines of force are horzontal
and vertical respectively. In the case of a central attraction they
are concentric circles and radial straight lines.

32. Oscillations about Equilibrium. Stability.

The coordinates , y of the possible positions of equilibrium in
a conservative field (which 13 here for simpheity taken to be two-
dimensional) are determined by the conditions X =0, ¥ =0, or
oV oV
= 0, 7y L 1)
The equilibrium positions are therefore characterised by the
property that the potential energy is stationary for all mfin-
tesimal displacements.  This follows also 1mmediately from
Art. 31 (1).
To nvestigate the nature of the equlibrium in any case, let us
suppose the origin to be transferred to the position in question.

* In three dimensions we have of course equipotential surfaces. When the
fleld is due to a distribution of gravitating matter they aie also called *level
surfaces.’
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The value of V at pomnts in the immediate neighbourhood may
be supposed expanded in powers of z, y, thus

V=V,+az+By+4(az*+2hzy + by*) + ..o ..ot 2)

Since the equations (1) must be satisfied for =0, y =0, the
coefficients a, 8 must vanish, so that

V-V,= 3 (az® + 2hxy + by"') Forie eeeener veee 3)

Hence, neglecting the terms of the third and higher degrees, we
may say that the equipotential lines in the immediate neighbour-
hood of the origin are the system of concentric and similar conics

ad® + 2hay + by =const .. ... . (4)

If the coordinate axes be chosen to coincide with the principal
axes of these conics the formula (8) takes the simpler shape

V-Vi=4 @@+ + .\ e . (5)

where the values of a, b are of course altered. The equations of
motion of a particle m therefore reduce, for small values of @, y, to
the forms

mz W
dtt oz w’l
dy_ oV _

Hence if the coefficients @, b 1n (5) are both positive, the

motion will consist of two superposed simple-harmonic vibrations
m perpendicular directions, of periods

o A(mja), 2 (MDY, .+ erreenenn. 1)

respectively, as in the theory of Blackburn’s pendulum, which 1s
mdeed merely a particular case of the present investigation. It
follows that if the imtial displacements and velocities be sufficiently
small, the particle will oscillate about the equilibrium position,
which 18 therefore reckoned as ‘stable.

If on the other hand either @ or b 18 negative, the solution
of the corresponding differential equation will involve real ex-
ponentials, as 1 Art. 15, and a disturbance, however small, will
i general tend to increase until the approximation 1s no longer
valid. The equilibrium position 18 then reckoned as ‘ unstable.’
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It appears from (5) that @ and b will both be positive if, and
only 1if, the value of ¥ in any position sufficiently near to the
equilibrium position 18 greater than at this position itself. In
other words, the potential energy 18 an absolute mwnimum at a
position of stable equilibrium. This is the necessary and sufficient
condition for stability from the present point of view*.

It 18 otherwise obvious without analysis that if V increases in
all directions from the origin O we can describe a closed contour
about O such that at every point on 16 ¥V — ¥, will have a certan
positive value, E. If the particle be started anywhere within the
region thus bounded, with a total energy less' than V,+ E, 1ts
subsequent path will be confined within this region. For if 1t
were to reach the boundary 1ts potential energy would be V,+ E,
and 1ts total energy would thcrefore exceed V,+ E, contrary to
the hypothesist.

No such simple reasoning 1s available to prove that the
mimmum condition 18 a necessary one 1n order that the particle
may remain 1n the neighbourhood of the origin. But if there are
extraneous forces of resistance, however slight, which are called
mto play by any motion of the particle}, the total energy will
continually decrease so long as the motion continues. Hence if
the particle start from rest m any position where the potential
energy 1s less than V,, the total energy, and therefore @ fortior:
the potential energy, will continually deciease. This means that
the particle, unless 16 come to rest 1n some new equilibrium
position, must deviate more and more from the position O.

Ez 1. A particle 13 attracted to several centres of force 0y, 0y,... by
forces Xry, Kyrq,... proportional to 1ts distances 7y, 75,... from these points,
respectively

We may put V=3 (Kyr?+ K374 .0.) covvivenniniiiininniennn, (8)

It 18 known [S. 74] that there 18 only one position of the particle for which
this expression 13 stationary in value, viz. the mass-centre (@) of a system of

* Cases where the coefficients a, h, b 1n the development (3) all vanish are not
here considered.

+ This argument, which 18 seen to apply to any conservative mechanical system,
18 due to P Lejeune Dirichlet (1846)

1 Statioal friotion 18 lett out of account. Its effect 18 to render pomtions of
equlibrium more or less indeterminate,
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particles of masses proportional to K,, Kj,..., and situate at 0y, O,,..., respec-
tavely, and that ¥V 1s then & mimmum

It 18 otherwise evident that the resultant of all the given forces is a force
3 (K).7 towards G, where 7 denotes the distance of the particle from Q.
Hence the particle, however started, will deseribe an ellipse about @, 1n the

period
=/ (sti)

Exz 2. A particle subject to gravity, and constrained to lie on a smooth
surface of any form, will be 1n equilibrium at & point where the tangent plane
is horizontal If the surface, in the immediate neighbourhood, lies altogether
above this plane, the equilibrium 18 stable; 1f altogether below, the equi-
librium 1s unstable. If the surface crosses the tangent plane, as 1n the case
of a saddle-shaped surface, the equilibrium 1s stable for some displacements
and unstable for others, and therefore on the whole unstable,

If 2 denote altitude above the tangent plane we may put

Vmmgz  .oever civivns cvnniisinnnnnnnnss(9)
If the omgin be at the point in question, and z, y be horizontal coordinates
1n the two principal planes of curvature, we have

22y
2 — T diiry cenienee teseeseassenses «..(10
P1  P3 ’ (10

where p;, ps are positive or negative according as the principal sections to
which they relate are concave or convex upwards. Cf Art. 29 (5).

33. Rotating Axes.

It has been remarked (Art. 22) that the equations of motion
obtained on the supposition that the axes of reference are fixed
retain the same form 1if the axes are supposed to have any constant
velocity of translation. The case 1s altered if the axes have a
motion of rotation.

To 1llustrate this we may form the equations relative to
(rectangular) axes which are rotating about the origin with
angular velocity . Let Oz, Oy be the positions of the axes at
the instant ¢, and O«', Oy’ thewr positions at the instant ¢+ &,
the angle 20z’ being therefore equal to w8&. The position P of
a moving point at time ¢ 18 specified by its coordinates (z, y)
relative to Oz, Oy, and the position P’ of the same pomnt at
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time ¢ + 8¢ by its coordinates (z + &z, y + 8y) relative to Oz’, Oy’
Hence, relative to Oz, Oy the coordinates of P’ will be
( + 8z) cos w3t — (y + 8y) s1n w &%,

(z + 8z) s1n wdt + (y + &y) cos w &,

z'

wdt

Fig 80.

by ordinary formula for transformation of coordinates. Neglecting
small quantities of the second order, these may be written

@+ 8r—wydt, y+ 8y + ondt,
go that the projections of PP’ on Oz, Oy are
Sz — wydt, 8y +wzdt, ... . . ... )
altimately. The component velocities of P parallel to Oz, Oy are

therefore

dz d
u=F-wy v="tom e, @)

respectively.

If OV, OV’ be vectors representing the velocity at the instants
t and t + &, the same method can be applied to find the projections
of VV' on Oz, Oy. Thus, denoting by (u + &u, v + &v) the projec-
tions of OV’ on Oa/, Oy’, the projections of VV’ on Oz, Oy will be

Su—ovdt, W+ wudt, ....... .... ... 6))

1n analogy with (1). The component accelerations are therefore

a= v, B=Z—:+wu. ...... ceeeseees “4)

T
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If the angular velocity » be constant, we have on substitution

of the values of u, v from (2)
_dz dy dy dz .

=75 - 202 P dt’+2 oy, .. (5)

The dynamical equations relative to the rotatmg axes are

therefore
2
(d r — % d7/ ’.’L‘> — X,}

—-o'z, B= d

dt @

d*y dz

(dt,+2wa-t——m”y> KJ
where X, ¥ are the components of force parallel to the instan-
taneous directions of the axes.

If we write these equations i the formng
mi =X + moz+ 2mmy,}
my = ¥+ mw'y — 2mox,

an interpretation presents itself. The particle 1s apparently acted
on by certain forces 1n addition to the true force (X, V). We
have in the first place the components mew’r, mw?, which are
those of an apparent ‘centrifugal force’ mw?, where r denotes

distance from the origin. In addition we have an apparent force
whose components are

2meoy = 2mws sin Y, — 2mwz=— 2mws cos yr,

where ¢ is the inclination of the apparent path (1e the path
relative to the rotating axes) to the axis of z. The magnitude
of this force 18 2mws, and 1ts direction 1s obtained from that of
the apparent velocity ¢ by a rotation through a right angle in the
sense opposite to that of the angular velocity w™.

If we multiply the equations (7) by 4, ¥, respectively and add,
we have

m (&% + §f) = Xi& + Y + mo* (@& + YY), ceeeerens )

whence, integrating with respect to ¢,

b @+ §) = [(Xo+ V) o+ fmat (@8 +3) + C. ...(9)

* This was called by G. Coriolis (1831) the ‘force centrifuge composée,’ to dis-
tinguish 1t from the * force centrifuge ordinaire’ mwr.
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If the force (X, Y) be due to a field which rotates unchanged witl
the coordinate axes, we may replace the definite integral by

f (Xdz + Ydy).

If V denote the potential energy due to this ficld we have
tm (@ +y?)+ V — dmo® (22 + y*) = const. . ... (10)
which is the form now taken by the equation of energy.
The expression
V—imer(@+y?), . . .. . (11)

the latter part of which may be called the potential energy 1
relation to centrifugal force, accordingly plays the same part a
the true potential energy in a stationary field.

Ex 1 If a point be at rest, 1ts motion relative to the rotating axes wi
be given by

=Y, Y=-—oZ. . ceeee . (12)
Hence r=wy=—wlz, . . v e seeees .(13)
the solution of which 18
Z=m0COB (Of+ €) tievriiiniirneiiieies cenenne (14)
The former of equations (12) then gives
y==£.é—-—csm(mt+e). e e e (18)
Hence Dyp=c g = —tA0 (WL €)  reeereerrarrenens .(18)

The relative path 18 therefore a circle described with constant velocity
the sense opposite to that of w, as 18 otherwise obvious

Ez. 2. If Blackburn’s pendulum be made to rotate with angular veloci!
o about the vertical through E (Fig 29, p 79), the equations of motio
referred to horizontal axes in and perpendicular to the vertical plane throug
A B, will be of the forms

z— 20y — 0¥z = — pir,
¥+202—wly=—g%, } - an
where pi=g/CP, @¥=g/EP ........... .(18)
These are satisfied by
x=Acos (nt+e), y=Bsin(nt+e), .... ...u...(19)
provided
(n?+o2-p%) 4 +2nwl>’-=0,}
nwd +(n*+w?—-¢% B=0.) * ' °
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Ehminating the ratio 4/B we have
(73 + w2~ p3) (NP + 0¥ - @¥) — 40203=0, ....civcrnninnns (21)
or nt— (PP 4+ @3+ 20%) N34 (PP - 0?) (PP~ 0?) =0, ....ceeuenns (22)
which is a quadratic 1n 28, The square of the difference of the roots 18
(P +@°+207 - 4 (p* - 0?) (¢* - ) =(P* - ¢)* +80? (P +¢%), .. (23)
and since this is positive both roots are real Again the product of the roots
18 positive unless w® lie between p? and ¢®. Since the sum of the roots
18 positive we infer that unless 2 hie between p? and ¢? both values of n?
will be positive, and we shall have two independent solutions of the types
x=A,c08 (mi+e), Yy=DB;81n(Mml+e€), cerereee oun ...(24)
and x=Agc08 (ngt+¢;), y=2DBgsIn (ngl+eg)y .evvvvrunnnnnn. (25)
where the ratios B;/4, and By/d; are determined by either of the equations
(20), with the appropnate value of n? inserted Since the equations are

hinear, these solutions may be superposed, and we thus obtamn a solution
which 1s complete, since 1t 1nvolves four arbitrary constants 4,, 4s, €, €

In the excepted case one value of n? (say n,%) 1s still positive, and the
solution (24) 1s stall valid  The remaining solutionn will be of the form

2=CM40'¢™, y=DN+De™, ......eeeeee(26)
but the working out may be left to the student.

We 1nfer that the vertical position of the pendulum 1s stable unless the
period (2m/w) of the rotation be intermediate to one of the free periods
(2m/p, 2m[q) of the pendulum when there 18 no rotation This conclusion
18 however liable to be modified by the operation of dissipative forces. (See
Art. 96.)

EXAMPLES. VI.
(Projectiles.)

1. Prove by the method of ‘dimensions’ that the range of a projectile
having a given 1nitial elevation varies as /g, where v 1s the velocity of
projection

2. The resistance of the air being neglected, a shot would have a max-
mum range of 2000 yds. What would be the range with an elevation of 30°?

Also, what would be the elevations with which an object at a horizontal
distance of 1500 yds could be hit ? [1732 yds , 24°18’, 656°42']

8. A particle 18 projected at an elevation §, measured from a plane of
mchnation a through the pomnt of projection Prove that, if 1t strike the
plane at right angles,

tan =4 cot a.
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4. Particles are projected from a point O, 1n a vertical plane, with velocity
/(29%) ; prove that the locus of the vertices of their paths 18 the ellipse

B+4y (y-k)=0

6. If at any point P on the path of a projectile the direction of motion
be shghtly changed, without change of velocity, the new path will intersect
the old one at the other extremity of the focal chord through P.

8. Particles are projected simultaneously from a pomt, in different
directions, with equal velocities V', prove that after ¢ seconds they will lie on
the surface of a sphere of radius V¢, and that the centre of this sphere has
a downward acceleration g

7. If OR be the horizontal range of a projectile, and the line joming O to
any position P of the particle meets the vertical through R in ¢, the pont @
descends with a constant velocity numerically equal to the imitial vertical
component of the velocity of the particle.

8. Prove that in the parabolic path of a projectile the direction of motion
18 at any mnstant changing at the rate 4u,/y, where %, 1s the horzontal velocity,
and y denotes depth below the directrix.

9. Prove the following construction for finding the horizontal range and
greatest altitude of a particle projected with given velocity v, 1n any direction,
from a point O

Draw OA upwards, and equal to 2v%/g, and describe a sphere on 04 as
diameter. Through O draw a chord OP in the direction of projection, and
draw PN perpendicular to the hormzontal plane through O. Then ON 1s the
range, and the greatest altitude 1s } PV

10. Adapt the above construction to find the range on an wnclined plane
through O

11. Two particles are projected with the same velocity mn different
directions, but so as to have the same horizontal range Prove that the
geometric mean of their greatest altitudes 18 one-quarter the range, and that
the amthmetic mean of the same quantities 1s one-quarter the maximun
horzontal range corresponding to the given velocity of projection

12. Obtain by dynamical reasoning the following properties of the patt
of a projectile :

(1) The vertical through any point P on the path bisects all chords
parallel to the tangent at P,

(2) If the vertical through the intersection 7' of the tangents at any twc
pomnts @, @ meets the curve in 2, and the chord @@ 1n V, then @V= V¢
and T7P=PV;

(3) The subnormal 18 constant and equal to u?/g, where uy 18 the
horzontal veloaity ;

(4) The veloaity varies as the normal.
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13. If 4B be a focal chord of the parabolic path of a projectile, the time
from 4 to B 1s equal to the time a particle would take m falling vertically
from rest through a space equal to 4B

14. Prove that if 7P, TQ be two tangents to the path of a projectile, the
velocities at P and @ are 1n the ratio of 7P to 7'Q

15. If OA, OB be vectors ropresenting the velocities at any two points
P, @ of the path of a projectile, and € be the middle point of 4B, prove that
OC represents the mean velocity between /> and @

Prove that if P@ be a focal chord the mean square of the kinetic energy
between P and @ 18 one-third the sum of the kinetic energies at P and @

16. Two particles are projected from the same point at the same instant
with equal velocities », at elevations a, . Prove that the time that elapses
between their transits through the point where the paths intersect 1s

2v s} (a—-d)
g ‘cos}(atd)’
17. A particle 18 projected 80 as to have a range R on a horizontal plane
through the pomnt of projection, and the greatest height attammed by it 1s 2
Prove that the maximum horizontal range with the same velocity of projection

18
2h+}3R3R

18. A fort 18 on the edge of a cliff of height A Prove that the greatest
horizontal distance at which a gun 1n the fort can hit a ship 18 2./{k (£ +4)},
and that the greatest horzontal distance at which a gun 1n a ship can ut the
fort 18 24/{k (£ — &)}, 1f \/ (2g%) be the muzzle-velocity of the shot 1n each case

19, A particle 18 projected with the velocity 4/(2g£) from a point at
height A above a plane of inclination a. Prove that the maximum ranges up
and down the plane are increased by

2 sec a /{£ (A + £ sec? a)} — 2k sec? a.
Find the limiting forms of the result when the ratio A4/k 18 small, and shew
how 1t might have been foreseen

20. Prove that the area which 18 within range from a given pomnt O on a
plane of mchination a, when the velocity of projection has a givem value, 18
bounded by an ellipse of eccentricity sina with O as focus

21. If at any stage 1n the flight of a projectile the velocity 18 reduced by
prereing a thin board, shew by a sketch how the path 1s altered

Explan generally the effect of the continual resistance of the air on the
shape of the path
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EXAMPLES. VII.
(Elliptic Harmonic Motion, &o.)

1. If the coordinates of a moving pomnt are
x=a cos(nt+a), y=>bcos(nt+p),
the equation of the path 18

2 2
"% - 2—3{ cos (a— B)+"y—‘=sm’ (a-B).
2. A particle 18 projected from a given point, in a given direction, and
with a given velocity, under a central attractive force varying as the dustance,
give a geometrical construction for finding the principal axes of the orbit

3. Prove that in elliptic harmonic motion the mean kinetic and potential
energies are equal.

4. A pomnt 18 describing an ell:pse under an acceleration p.CP to the
centre C. Prove that the rate at which the direction of motion 18 changing 18

Je_ab
cp:

where a, b are the semi-axes, and CD 1s the semi-diameter conjugate to CP

5. The ends of a rod which rotates with constant angular velocity move
on two tersecting straight lines at right angles, prove that any other point
on the rod executes an elliptic harmonic motion

6. A lamina rotates with constant angular velocity mn its own plane, and
two given pomnts on 1t are constrained to move on two fixed straight lnes.
Prove that any other point on the lamina executes an elliptic (or rectilinear)
harmonic motion

7. Prove that 1n elliptic harmonic motion the time-average of the kinetic
energy 18 equal to the arithmetic mean of the greatest and least values of the
kinetic energy.

8. Two points are executing elliptic harmonic motions (not necessarly 1n
the same plane) about the same centre, with the same period. Prove that
therr relative motion 18 elliptic harmonic

9. A particle moves under a repulsive force varying as the distance
from a fixed point, prove that the orbit 18 one branch of a hyperbola, and
that the velocity at any point varies as the conjugate semi-diameter.

10. Also prove that if the hyperbola 18 rectangular, the angle § which
the radius vector makes with the transverse axis 18 connected with the time ¢
from the vertex by a relation of the form

gin 260 = tanh 2n48,
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11. A particle 18 acted on by several centres of force, attractive or
repulsive, each varying as the distance ; find the nature of the orbit, and the
period (when the orbit 1s closed).

In what case 1s the orbit a parabola ?

12. If a partiole describing an ellipse under an acceleration to the centre
receive at any mstant a blow 1n the direction towards or from the centre, 1t
will proceed to describe a new ellipse of equal area with the former orbit

13. Prove that in the spherical pendulum, if the extreme inclinations
a, B of the string to the vertical be small, the total energy 18

*mgl (a®+81),
where 7 18 the length of the string, and m the mass of the bob.

14, If in Blackburn’s pendulum one period be double the other, prove
that a possible form of the path 1s an arc of a parabola described backwards
and forwards

Also find the equation of that form of path which has two axes of symmetry.

[5-5 (-]

15. Apply the equations of relative motion in Art 33 to shew that if
a particle be subject to a central acceleration w?r, 1ts path relative to axes
rotating with angular velocity @ will be a circle described with the constant
angular velocity 2w.

EXAMPLES. VIII.

1. A particle moves 1n a plane under an attractive force which is always
perpendicular to a fixed straight line, and varies as the distance from that hne,
prove that the path 18 a curve of sines

2. A particle 18 subject to a force constant in direction; prove that if the
field be conservative the force must be unform over any plane perpendicula
to this direction.

If the axis of y be parallel to the direction of the force, prove that the
differential equation of the path 1s of the form
oy _
=P Wh

l

where ¢ () is the acceleration.

3. If ¢ (b)=0, prove that the rectilinear path y=>5 is stable or unstable
according as ¢’ (b) 18 negative or positive. Express this criterion in terms o
energy

4. If, 1in Question 2, ¢ (y)=pu/y® prove that the path 1s a conia
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5. Find the law of force parallel to an asymptote under which a rect-
angular hyperbola can be described

6. A number n (>2) of centres of force attracting according to the law of
the inverse squaie are arranged symmetrically round the circumference of a
circle of radius a, the force at umt distance beng u for each  Prove that the
potential energy of a particle mn the plane of the circle at a small distance r
from the centre 1s given by

n,
V="V,- 4—53 ,
approximately.
If the particle be on the axis of the circle at a small distance s from
the centre the potential energy 1s

V= n+§£;ﬂ

7. Prove that 1f in a constant plane field of force the components X, ¥ of
force at any point be given as functions of the coordinates z, g, the work done
on a particle which describes the contour of a rectangular element 3z 8y in
the positive sense 18

Y o
(%;_537 Bxby.

8. A particle 18 subject to a force perpendicular to a straight line 48
and varying nversely as the square of the distance from 4B. Prove that 1f
1t be projected with the velocity due to a fall from rest at infinity, 1ts path
will be a cycloid

9. A particle moves under the influence of a number of centres of
attractive force varying 1n each case as the distance Prove that 1ts motion
will be elliptic harmonic.

10. The axes of z, y are rotating with constant angular velocity », and
the velocities of a paiticle parallel to Oz and Oy are
at—b? at— b2
aiei® 24 g paen
respectively. Prove that 1ts motion relative to the axes is elliptic harmonie,
and find the period
11. Prove that 1n the case of a field of force which rotates uniformly with
the axes the equations (6) of Art 33 have the integral
} (23 + %) — 30 (22 +y?) + V=const,
where V1s the potential energy (per umt mass) due to the field.



CHAPTER V

TANGENTIAL AND NORMAL ACCELERATIONS.
CONSTRAINED MOTION

84. Tangential and Normal Accelerations.

It is often convemient to resolve the acceleration of a moving
point in the directions of the tangent and normal, which are
intrinsic to the path and do not involve any arbitrary system of
coordinates. This 1s specially the case when the path 18 prescribed,
as 1n the case of a particle constrained to move on a given curve.

Let P, P’ be the positions of the point at the instants ¢, ¢ + &,
respectavely, and let the normals at P, P’ meet in C, making an
angle 8y~. Let the velocities at
P and P’ be denoted by v and
v+&. If 8 be the arc of the
curve, measured as usual from
some fixed pomnt on it, we have
by Art. 20 (2) v

ds %
V= e e (1)

In the interval 8¢ the velocity
parallel to the tangent at P
changes from v to (v + &v) cos 8y, and the mcrement is therefore

(v+8v)cosdyr—v, or 8y,

to the first order of small quantities, since cos &y differs from
unity by a small quantity of the second order. The mean
acceleration parallel to the tangent at P is therefore 8v/8t, or
ultimately

(o}

v+ 80

Fig. 81,

dv
Gp+ e Ceveesesineennes .(2)
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Again, the velocity parallel to the normal at P changes from
0 to (v+ 8v)sin &y, or vdy, to the first order. The mean’ ac-
celeration in the duection of the normal at P 18 therefore v3+-/t,
or ultimately

v%—f. ........................ cerees(B)

Some other expressions for the components are important.
Thus for the tangential acceleration we have

dv d%
E‘t="‘i—t’, --------------------------- (4)
from (1). Again
dv_dvds_ dv 5
o= PPN ()

if v be now regarded as a function of s

For the normal acceleration we have

dy  dyds v
vm-=v-£ d—t=—"’, eee secene secccscasss (6)

if p (= ds/dy-) be the radius of curvature.

The above results follow also from a consideration of the
hodograph. Thus in Fig. 18, p. 58, the vectors OV and OV’
represent the velocities v and v+ v, respectively, and the angle
VOV’ 18 equal to 8y The velocity VV’ generated in the time 3¢
may be resolved into two components along and perpendicular to
OV, ie. along the tangent and normal to the path at P. The
former component is ultimately equal to 8v, and the latter to v3vy.
Dividing by 8 we obtan, 1n the limit, the formuls (2), (3).

This proof has the advantage that it is easily extended to
the case of motion in three dimensions, where the path and the
hodograph are both tortuous curves. The tangents to the path
at P and P’ do not in general meet, but the plane VOV’ which
is parallel to them has a definite himiting position, viz. it 1s
parallel to what is called the ‘osculating plane’ of the path
at P. The resultant acceleration 18 therefore in the osculating
plane, and its components along the tangent and the ‘principal
normal,’ 1e. the normal to the curve in this plane, are still given

by the formulee (2) and (3), provided 8y be used to denote the
—3
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mchnation of consecutive tangents to the path. The expression
dyr]ds then comcides with what 1s called in Solid Geometiy the
‘principal curvature’ at P, and denoted (usually) by 1/p. The
form (6) for the normal acceleration 1s therefore also applicable.

In vector notation, if t, mn denote two wmit vectors in the
directions of the tangent and normal respectively, the velocity v
18 given by

v=aot ciien (7N

We have then for the acceleration
v=vt4ot . 8)

Now the angle between t and t + 8t 18 84/, and since these vectors
are of umt length 8t 1s ultimately at rnght angles to both, and
therefore parallel to the (principal) normal; 1its length 1s more-
over &y. Hence ét=nédy, and

v=ot+ v\]'rn. cereieans ceresrretninans )

The acceleration is thus expressed as the geometric sum of a
tangential component v and a normal component vy

Ez. 1. In the case of a circular orbit of radius @ we may write s=ay,
whence

v=a%‘f=am, RPN ¢ (1))

if o (=dy/dt) be the angular velocity of the radius through the moving point.
The tangential acceleration 18 therefore

dv_ d4  do

E—a d‘j =a P72 LI PETYYTTIN .-..-.(11)

and the normal acceleration 18

ay

v —&t =qe? secssescssscrcrsecnenne .---.....(12)

Ez. 2. The formula (6) may be used conversely to find the curvature
of a path when the velocity and acceleration are known.

Thus 1 the case of epicychc motion (Art 23), when the tracing pont P
m Fig. 20 18 at 1ts greatest distance from the centre, the inward acceleration,
bemg made up of the acceleration of @ and the acceleration of 2P relative
to @, 18 n’a+n%’, by (12). The velocity 18 1n & sunilar manner seen to be
wa+na. The cuavature 18 therefore
1 nla4n?a’
;-'" (M+n,a,),a -........n.......-....-....-.(13)
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The curvature when the tracing point 1s nearest to the centre 1s found, 1n
the case of @’ > a, by changing the sign of a, viz. 1t 18

1 n'%' —n%a

Tl e (14)

This will be negative 1f n'2a’ < n2a

To apply this to the orbit of the moon (P) relative to the sun (0) we
may put n=13%/, a'=400e, roughly It appears that p 18 positive, the orbit
18 1n fact everywhere concave to the sun

But if we suppose the symbols 7/, a’ to refer to the motion of the sun (@)
relative to the earth (0), whilst #, a refer to the motion of an inferior
planet (P) relative to the sun, we have

1 1
#3a’ — nla=nlad = a’) y secsecsone cesecaes veee (16)

sinoe n2ad=n"", by Kepler's Third Law (Art 80) Since a’'>a, this ex-
pression 18 negative, the orbit of the planet relative to the carth has in fact
loops, and resembles the first of the two types of epicyclic shewn 1n Fig 21,
p 63 The case of a superior planet 18 included if we 1magine P to refer
to the planet and @ to the sun

35. Dynamical Equations.

If the force acting on a particle m be resolved at each instant
in the directions of the tangent and normal respectively, then
denoting the two components by @ and 2, we have

m?

d
vaTZ:QE, —;—=ﬁ .......... ceneeean(l)

The former of these equations leads at once to the equation of
energy, thus, integrating with respect to 8, we have

ymu? — dmd =fh@3ds. ...... ceenrnenennn(2)

The integral on the right hand denotes the total work done on
the particle; for the work of the tangential component in an
mfinitesimal displacement 1s ‘@ ds, and that of the normal com-
ponent vanishes,

In three dimensions a third equation of motion 1s required,
expressing that the resultant force normal to the osculating plane
vanishes. The equation (2) wll of course stall hold.

If T =0, 1e. 1f the resultant force be always 1n the direction
of the normal, we have dv/dt=0, so that the velocity 1s constant.



102 DYNAMICS v

This is the case of a particle moving on a smooth curve under
no force except the reaction of the curve. The second of the
equations (1) then shews that the reaction varies as the curva-
ture 1/p.

Er.1 To find the condition that a particle m attached to a fixed pomnt
by a string of length { may describe a horizontal circle

If 4 be the constant moclination of the string to the vertical, » the requsite
angular velocity 1n the circle, and 7' the tension, then since there 18 by hypo-
thesis no vertical motion, we have

Tcosb=mg ............ ceceresesienees RN ¢ )
Also, resolving along the radius of the circle,

mwllsin fmTsin 0, or Mmwll=T. .. .ccoccovrvrnnnnnni(4)

S I
Henoe il vy SERIIUERPINS vernenne veens (B)

The period 2m/w of a revolution 1s therefore the same as the period of
small oscillation of a simple pendulum of length {cosd If 6 be small this

18 equal to !/, practically The projection of the particle on a vertical plane
will then move like the bob of a simple pendulum of length 2.

Ez 2. To find the deviation of the plumb-line at any place, due to the
earth’s rotation.

When the plumb-line 18 1n apparent (1 e relative) equilibrium, the resultant
of the tension 7' of the string and of the true
gravity of the suspended mass m must be a force B
melr towards the earth’s axis, where » 18 the
earth’s angular velocity, and = 18 tho radius of
the diurnal circle described by m. We denote
the true acceleration of gravity by ¢’, and the
apparent acceleration by g, so that T'=mg

In the annexed figure, AB represents the
tension mg, BC the true grawity mg’, and AC
the resultant mw? Hence if A be the latitude
of the place as determined astronomically, 1e
the angle which the plumb-line makes with
the plane of the equator, we have

sin @ _ 14_0 . _“i’ ® Fig. 32.
sm(A—-6) AB g vttt

The numerical data shew that the fraction on the mght hand 18 always
very small. Henoce 6 18 always a small angle, and

. o s1n A
8in fm ———
g
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approximately We may also write r=a cos A, where a 18 the earth’s radius,
without serious error. Thus

2
sin t9="—’§E SINACOSA  crceeccrereececscsnsassesee(?)
Again, we have
AB sm(A-4 2
—g9-,= 0= BET)\) =co8 §— n—’g—‘-‘ cos? A,
2
or g=g (1 - %ﬁ cos?A ) y seeressseessrassesrensenes(8)

with sufficient approximation.

In terms of the centimetre and second, we have
2

- =86164, a=6238x10%, g=981,
wla 1
whence 7= 00346 = 589°

The maximum value of 8 138 when A =45° and 1s about 6’

If the value g’ of true gravity were the same over the earth’s surface,
the formula (8) would give the variation of apparent gravity with latitude
Actually ¢’ 18 1tself vamable, the earth’s surface, and the strata of equal
density inside 1t, not being exactly spherical* The attraction therefore
deviates both 1n magnitude and direction from that of a symmetrical spherical
body

36. Motion on a Smooth Curve.

In the case of motion, under gravity, on a smooth curve m a
vertical plane, the forces are

T=—mgsny, P=—mgcosy+R, ... ..... 1)
where 4 denotes the inchnation of the tangent, drawn in the
direction of 8 increasing, to the horizontal, and
R 1s the pressure exerted by the curve, reckoned
positive when 1t acts towards the centre of g
curvature. The equations of motion are therefore

mv;i’;:_mgsm% ’_”pﬁ=_mgcos\p+ﬁ @)

If we take axes of # and y which are hom- .
zontal and vertical, respectively, the positive mg
direction of y bemng upwards, we have Fig. 88,

cos \[r=d—-m, sm\}r=%, B )

* The dewiation from spherical symmetry being due originally to the rotation.
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dv dy
and therefore MY g == MG T e e ceereanas 4)
Hence Fmv* + mgy = const., .......ee.on... (5)

as might have been written down at once from the principle of
energy, since the reaction of the smooth curve does no work.
This formula 1s usually apphed in the form

V= C—Qg:l/. ......... + eesssescaes (6)

When the arbitrary constant has been determined, the second of
the equations (2) gives the pressure R.

Ez. 1. Let the curve have the form of a parabola with its axis vertical,
*and concavity downwards. This could, as we know, be described freely, 1f the
particle were properly started Now if v’ refer to the free motion we have
from (2)
my'?

—P—= —MGCOBY  revrrreens vene ceerreenracnnas 7)

Hence if v be the velocity in the constrained motion, we have

............... veee woee(8
P (8)
But, from (6), V=029, cevviiver i e e ceeeeena(B)
and therefore R =1(¢'_p—£) 3 eesee seeseeresssrcacacsacens (10)

16, the normal pressure varies as the curvature

This result can easily be extended to the case of a particle moving, under
the action of any given forces whatever, on a smooth curve whose shape 18
such that 1t could be described freely under the same forces, if the particle
were properly started

Ez 2 A particle hangs tangentially from the circumference of a horizontal
circular cylinder by a string wrapped round 1t.

If a be the radius of the cylinder, ! the length of the free portion of the
string when vertical, the potential energy when the string 18 deflected through
an angle 6 18

V=mg {a 81n 8 - (I + ab) cos 8} +mgl, ....... ceseenns .(11)

if the zero value of V be supposed to correspond to 6=0 The equation of
energy 18 therefore

$mv?+ mg {a 81 0 — (I4+ab) cos 6} +mgl=4myyl, .........(12)
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if v, denote the velocity of the particle when passing through 1ts lowest
position  For small values of 4 this reduces to

W=ol—g (1®+%ab3), ..... .... ... (13)
approximately, terms of the order 84 being neglected

To find the positions of rest we put »=0 Assuming the extrome n-
clinations of the string to be small, we write for the sake of comparison with
the circular pendulum

nd=gfl, vy=nla, ... ..... . (14)

and the equation becomes

which may be solved by approximation Thus for a first approximation we
have @ = +a, and for a second

BT 300, . ceveersssessensssassns(18)
1
whence | 0=j—_a<1¢§%) ...... ¢ V)]

The oscillations are accordingly not symmetrical, but extend to equal distances

on each mde of the position
1 aa?
0= “37° B RN ¢ ¢ )

87. The Circular Pendulum.

Let I be the length of the pendulum, § the inclination at any
instant to the vertical. The tangential acceleration being ld*d/d¢?,

by Art. 34, we have

d*0
lflti =—gsiéb, .ccoiveriirienecncnnnn(1)
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or %'g+n'sm0=0,. ..................... (2)
if =g/l ... . 3)
If the angle 6 18 always small we may replace smmé by 6,
approximately, and the solution of the equation (2) as thus
modified is
@ =0acos(Nb+€), cecvrreeninrinnernnnnn. (4)
where a and e are arbitrary. The period of a complete oscillation
18 therefore

as in Art. 11,

Fig 85.

We have, however, now to consider the case of oscillation
through a fimte angle a on each side of the vertical. The
equation of energy (Art. 36 (5)) gives

1 (‘g)' 290080+ C, werererrererrernnn, (6)
as appears also from (1) if we multiply by d6/d¢, and integrate
with respect to t.

If we assume that df/dt=0 for 6 = a, we have C'= —2gcos a,

and

(%g)’ = 2n (o8 0 — cos @) = 4m? (s’ §a — sn* 4 0). ...(7)
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Hence, considering the outward swing from the vertical, in the
positive direction of 6, we have

ndt 1
=3 V(eI ja —emrgg)" (8)

The integration in finite form 1nvolves the use of elliptic functions
To effect 1t 1n the standard form of such functions we introduce
a new variable ¢ such that

s 40 =sinasmme. ...ocovvverininnnnn. )

In the outward swing ¢ therefore increases from 0 to §w. We
have, then,

ndt 1

0= o jacos ! e (10)
and, from differentiation of (9),

df _2smnjacos¢

E$ cos &o 8 S00RRsecRsRNN BRI (11)
Hence ndt.-@ﬁ— 1 = 1 (12)

dp  df dp cos}d (1 —smn?}asn’g)
The time ¢ of swinging through an arc 6 1s therefore given by

nt —fo :./(1-am’\}asm’¢) ...............
the upper limit being related to 8 by the formula (9
In the notation of elliptic integrals [S. 127]
nt=F(s1n 3 P). cverriiiriininnnnnnn. (14)

To find the time of a complete oscillation we must put ¢ = §=,
and multiply the resulting value of ¢ by 4 The period is therefore

4 (3 d¢ .
T fo T e F, (sin}a), ......(15)
where F, denotes the ‘complete’ elliptic integral of the first kind
to the modulus sin 4. The ratio which this bears to the period 1r
an infimtely small arc 1s
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[his is tabulated below for a series of values of @, by means of the
ables of elliptic mntegrals. The result 18 exhibited graphically in
fFig. 86.

2 2
« e Fy (sin}a) a oy F) (s1n 3a)
0° 1 000 000 20° 1007 669
1° 1000 019 30° 1017 409
2° 1000 076 45° 1039 973
3° 1000 170 60° 1073 182
4° 1000 305 90° 1180 340
5° 1000 476 120° 1372 880
10° 1001 907 1560° 1762 204
180° ®

i

Amplitudes
Fig. 86.

LAE S
£

An expression for the period can also be obtained in the form
of an infinite series, as follows. We have

T=%ff" (1 —sin® asin? ¢)—§d¢

=%ff" (1+4}sm’i-asm’¢+;—:Zsin‘a}asin‘«t-l- ) do

27 1° 12,32 .
=7<1+2—1s1n’«;-a+§;~.—4zsm‘§a+...). cernrneeenno(17)

* In virtue of the formula

in 1.3.5 (2-1) =
2 - —
fo sntedd=—7 1 6.2 2°
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If a be small the terms rapidly dimmish in value A first
approximation 18 1'=27/n, or 27 4/(l/g), and a second 18

T=27r\/£.(1 T O P T (18)

The correction amounts to one part in a thousand when
sin®4a =004, or sin $a= 0632, or a=7° 12/, about.
There 18 one case in which the equation (8) can be integrated
in a fimte form 1n terms of ordinary functions, viz. when a=, Le.

when the pendulum just swings mto the position of unstable
equilibrium. We have then

dt 1
n Z{p = ﬁ)m ) eeescsssccsccssscsane (19)
whence nt=logtan(}m+16), ... ....cooeniiinl (20)

no additive constant being needed if £=0 for §=0.

The tension (S, say) of the string (or light rod) supporting the
bob 1s found, for any position, by considering the normal accelera-
tion. We have

3
ml ((2—2) =S —mgcosh. ...cocvrnennnnn. (21)
On substituting from (6) we find
S=m(Bgcosf+C). .ccovvvininn.n. (22)
If the pendulum comes to rest when 6 = a, we have 0= —2g cosa,
and
S=mg(8cosf—2cosa). ....cou..... (23)

If o denote the angular velocity of the pendulum when §=0, we have,
by (6),
=g+ €y ererreererreerreereenesssanns (24)

do

2
so that m) =w?—2n% (1 - cos 6)

=02 - 4n38In% 40  ..iceiint veennae cesrene (25)

If the pendulum make complete revolutions, this must be positive when 6=,
which requires that w? > 4n8. Hence, putting

k=2R[0, ceervreee + o0 sererecanes . .(26)
wdt 1
we have -dT = :/(1_—‘:’51‘@) 3 seveccsses eeee seesenes (27)
]
or w=2f? 9D Rk 40). vererrre e (28)

[ J(l-k”sﬁm



110 DYNAMICS [v

This gaves the time from the lowest point to any position up to §=w. The
tame of arriving at the highest position 18 therefore

2, /2
2n ;") reeneteasaes s asasaeseas (29)
The tension 18 given by
S=3mg 008 0—2mg+madl. ... .. .coceeiinnenns (30)

In order that this may be positive when == we must have
@ > Bg[l ceverrnnniiiniiinieeean, (31)

An interesting variation of the problem of the present Art. is
presented by the case of a particle moving on a smooth circle 1n a
plane making any given angle 8 with the horizontal. The gravity
of the particle may then be resolved into a component mgsin 3
along a line of greatest slope on the plane, and a component
mgcos 8 normal to the plane. The latter component affects only
the pressure on the plane. The motion in the circle is therefore
covered by the preceding analysis, provided we replace g by gsin 8.
In particular, 1f a be the radius of the circle, the period of a small
oscillation will be
a

2ar ey RN R «(33)
the same as for a pendulum of length
a
=amg e cesecancence (34)

By making B very small, the length of the equivalent pendulum
can be made very great. This 18 the theory of the so-called
‘ horizontal pendulum’ as used in nstruments for 1ecording earth-
quakes, or for the measurement of the lunar disturbance of gravity.
In practice the pendulum consists of a relatively heavy mass
carried by a rod or ‘boom,” which 18 free to rotate about an axis
making a small angle (8) with the vertical. Cf Art. 67, Fig. 62.

38. The Cycloidal Pendulum.

In any case of motion on a smooth curve in a vertical plane,
under gravity, we have, resolving along the tangent,

s
-d_tis—gsm\[r. ......... cevrsasereeenns 1)
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where 4 denotes the inclination of the curve to the horizontal, and
8 18 the arc, which we will assume to be measured trom a position
of equilibrium, where y» = 0.

For small inclinations we may write

S =Y =8/ps, .evverrrerureninns 2

where p, 18 the 1adius of curvature at the equilibrium position,
reckoned positive when the concavity 18 upwaids. Hence 1 a
small oscillation we have

d’s g

Et"——;)'os, ...... esessssccsnes secnnee (3)

the same equation as for a pendulum of length p,.

If in (1) sin+r were accurately proportional to s, so that

8=KkSIYr, cevriiiriiiiiiininiinnn . .(4)
say, we should have

ds g

b + 8= 0. i (5)

The variations of 8 would therefore follow exactly the simple-
harmonic law, and the period, viz.

2 \/ ’5 ........................... (6)

would be the same for all amphtudes, large or small. The oscilla-
tions 1n such a case are said to be ‘1sochronous.’

To ascertain the nature of the curve whose 1ntrinsic equation 1s
of the form (4), we take axes of # and y which are honzontal and
vertical, respectively, the positive direction of y being upwards.
Then

doz _do ds
W_C—l—s— E\Tr=kc°5’\k=ik(1 + cos 2vr),

eeneed(T)
%=% %—Z:ksm\[rcosvr-q}ksm%p.

Hence, integrating with respect to 4,

z=1k( 2y +8m2¥), y=1k(l-cos2y), ......(8)
provided the additive constants of integration be adjusted so as to
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make z=0, y=0 for ¢ =0 These equations are seen to coincide
with the usual formul® for the cycloid, viz.*

z=qa(@+smb), y=a(l—cosf), ...c....... (9)
where a is the radius of the rolling circle, and 6 1s the angle
through which 1t has turned from the central position

It 18 knownt that the evolute of a cycloid 1s an equal cyclond
whose cusps correspond to the vertices of the orignal curve, and
vice versd. Hence the bob of a pendulum will move accurately in

a cycloid if it be suspended by a string of suitable length which
wraps 1tself alternately on two cycloidal arcs as shewn in the
figure. For oscillations of moderate amplitude these arcs need
not extend to more than a short distance from the cusp on each
side. This device was proposed by Huygens, as a means of
securing constancy of rate i a clock, in spite of variations in the
amplitude of oscillation. Subsequent designers have gone on a
different plan, and have directed their efforts to secure constancy
of amplitude by careful regulation of the driving force, whose office
1t is to make good the losses of energy by frictional and other
resistances.

* Inf. Cale , Art 186 The 1sochronous property of the cycloid was discovered
by Ohnstian Huygens (1629-95), the inventor of the pendulum clock. His chief
dynamoal work 18 the Horologium Oscillatorium, Paris, 1673,

t Inf. Calc., Art. 169.
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39. Oscillations on a 8Smooth Curve; Finite Am-
plitude.

We return to the general equation (1) of Art. 38, relating to
the oscillations of a particle on a smooth curve of any form. For
sufficiently small amplitudes the approximation 1n (2) of that Art.
can be continued. As the question furnishes a good 1illustration of
methods which are often useful n Dynamics, a little space may be
given to 1t.

The height of the particle above the level of the equilibrium
position may be supposed expressed, for small values of s, 1n the
form

y=4c+ 3P+ LS+, e 1)
the first two terms of the expansion being absent since y=0,
dy/ds=0 for s=0. The meamings of the coefficients can be
found by differentiation. Thus

smyr=cs+4c's*+4c’s+..., (2)
cosyr % =c+cs+3c’s+..., (8)

cosx[rfiik—sm\lf((ﬂry= d+c’s +..., (4)

com]rd’\p sm\[rlfif ‘?f—cosqr( \P) ¢ +... (5)

Putting =0, s=0 1n these formule we find that ¢ denotes the
curvature (p~) at the origin, whilst

g

F L= U ()

where, again, the values of the differential coefficients at the ongin
are to be understood

The equation of motion (Art. 38 (1)) now takes the form

jta —g(cs+3c8+3E+.0), . (7

which 1s to be solved by successive approximation.

Neglecting s* we have the solution

8§=RcoB(NE+E€), ceerrerinninrannnn. ....(8)
L. D. 8
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provided TI=GC; evveveernraonsnrecensanans )]

this 18 of course equivalent to our previous result.

For a second approximation we write the equation in the form

Zt’ + nls = — 3 gc's®*= — }gc'B% cos® (nt + ¢€)

=—3g0B {14+ cos 2(nt+€)}, cevreurnnrnnans vee.(10)

the error involved 1n substituting the approximate value of s n
the small term of the second order bemng of the order s. The
solution of (10) which 18 consistent with the first approximation 18
c'Bz G,B’
8= LBcos(nt+¢e)— g4m, + g12nn cos 2 (nt +€), ...... 11)

as is verified immediately on differentiation. Although the motion
18 no longer accurately simple-harmonic, the mterval 27/n between
two successive passages through the same position in the same
direction is, to this order of approximation, unaltered.

The extreme positions are found by putting nt+e=0 and m,
respectively, and are therefore

gc’'s gc's
8|=B—'—6F, 8,=—B— Bnd 0 e (12)
the arithmetic mean of which 1s
__9B__&
8=~ Gg s s (13)

To apply this investigation to the case of Art. 36, Ex. 2, we
must put
' e=1/l, ¢=-a/l,

as is easily proved. The formule (12) can then be shewn to
agree with (17) of the Art. cited.

When we proceed to a third approximation a new point arses.
This wall be sufficiently 1illustrated, and the calculations somewhat
shortened, if we assume the curve to be symmetrical with respect
to the position of equilibrium, so that ¢’=0. The equation to be
solved 18 then

i, N8 =—}4gc' ccrirnririrennenen..(14)
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Substituting 1 the second member the value of s from (8) we
have

Z:f + n% = — ;90" {3 cos (nt + €) + cos 3 (nt + €)}. ...(15)

If we proceed to integrate this by the ordinary method, a term

—‘gl—éﬁtsm (nt + €)

makes its appearance in the result, as in Art 13 (11). It appears
then that owing to the continunal increase of the factor ¢, the
solution thus obtamned will sooner or later become inconsistent
with the fundamental assumption as to the smallness of s. This
was 1ndeed to be expected from the particular case of the circular
pendulum  We have seen that such a pendulum would get more
and more out of step with a pendulum of the same length
vibrating 1 an mfimtely small arc, owing to the inciease of period
with amplhitude.

This remark indicates that we should take as our first approxi-
mation

8=Lcos(vt+e€), .ccoovrirurinninainn. (16)

where » differs shightly from =, to an extent to be determined
The symbol n, where 1t occurs on the right-hand side of (15), 18
then to be replaced by ». If we now assume

s=Bcos(vt+¢€)+ C cos3 (vt +e), ......... .(17)

we find, on substitution, that the equation, as thus modified, will
be satisfied provided

(=19 B=—4gc"B, (0= ) C = — & go”B", ...(18)

ve. provided

P=m+39¢"B% ciirrrinriinnninnnn, 19)
gc(;B‘
and C=1gggs cwwerersresssesnesees ceeeen(20)

approximately. The former of these may be written

o= (1 +%f-'), ...... e, 1)
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and the altered period 1s therefore

2w 2w ¢
T=2 2 (1-00) (D)
approximately *.
In the case of the circular pendulum we find
e=1/l, ==1/B .ccovrreneenn(23)
and the formula makes
T=27r,\/.(—l].(1+1%2—2), ....... e (24)

which agrees with Art 87 (18), to our order of approximation. In
the cycloidal pendulum ¢” =0, and the correction vanishes.

EXAMPLES. IX.

1. A ship is steaming along the equator at 30 kmn per hour Prove that
the value of gravity on board will be apparently increased or diminished by
*12 cm /sec.?, according as she 18 going W. or E respectively

What effect will this have on the height (760 mm.) of the barometer,
assuming g=9781 [+ 094 mm ]

2, A weight is suspended by two equal strings from two points at the
same level, the inclination of each string to the vertical being a  If onestring
be cut, prove that the tension of the other 1s instantaneously reduced 1n the
ratio 1. 2cos?a

3. A weight hangsin equilibrium by two strings whose inclinations to the
vertical are a, 8. Prove that if the second string be cut the tension of the
first 18 1nstantaneously diminished 1n the ratio

smn B
s (a+pB)cosa’
4, A wheel of radius a 18 roling along the ground; prove that the

horizontal and vertical accelerations of a pomnt on the rm at an angular
distance 6 from the lowest point are

a(l-cosa)%+am2sm0, a s 63——:’+aw’oos9,

respectively, where 18 the angular velocity

6. Apply the formula »3/p for normal acceleration to find the radius of
curvature at the vertex of a parabola.

Also at either vertex of an ellipse

* These 1nvestigations are taken with shght alteration from Lord Rayleigh’s
Theory of Sound, Cambridge, 1899, Art. 67.
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6. A pomt P describes relatively to a plane lamina a curve with constant
velocity »  If the lamina has a velocity » which 1s constant in magnitude and
direction, the radius of curvature of the absolute path of P1s

(_1_1,1 +2uv cos 6 + v")%
(u cos 8 +v) v P

where p 18 the radius of curvature on the lamina, and 8 1s the angle between
the directions of % and ».

7. A siumple pendulum 1s started so as to make complete revolutions n a
vertical plane. If w;, wy be the greatest and least angular velocities, prove
that the angular velocity when the pendulum makes an angle ¢ with the
vertical 18

N (w2 cos? 460 + wq? s1n? §6),
and that the tension of the string is
Tycos?40 + T, sin® 46,
where 7', T; are the greatest and least tensions.

8 A particle oscillates on & smooth parabola whose axis 18 vertical,
coming to rest at the extremities of the latus rectum Find the pressure of
the particle on the curve when passing through 1ts lowest position. (2mg ]

9. A mass of 101bs 1s attached to one end of a light rod which can turn
freely about the other end as a fixed point. The mass 18 just started from 1ts
position of unstable equilibrium, find at what inclination to the vertical
the thrust in the rod vanishes

Also find (1n gravitation measure) the thrust or tension in the rod, (1) when
1t 18 horzontal, (1) when the mass 1s passing through 1ts lowest position.
[48°; 20 1bs.; 50 lbs ]

10. A particle s constramed to move, under gravity, on a smooth parabola
whose axis 18 vertical and vertex upwards, Prove that the pressure on the
curve 18

m (ue® - gl)/ps
where %, 18 the velocity at the vertex, Z the semi-latus-rectum, and p the radius
of curvature

11. Prove that 1if a particle describe a given curve freely under the action
of given forces, a chain having the form of this curve can be i equilibrium
under the same forces (per umt mass) reversed, provided the Lne-density of the
chain vary inversely as the velocity of the particle.

Illustrate this by the case of a projectile
12. Prove that 1f the driving force and the resistance of a rocket were so

related that the velocity was constant, the path would be the ‘catenary of
umform strength’ (inverted).
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183 A disk 18 maintained 1n steady rotation o about a vertical axis. From
a pont on the lower surface of the disk at a distance a (< ?) from the axis 18
suspended a smmmple pendulum of length I 1If sindB=ajl, prove that the
inchnation 6 of the pendulum to the vertical, in relative equlibrium, 1s
given by

cos 848108 Bcot 0 =g/wll.

Prove that if a®> g/l sec®B, this equation has ¢hree solutions between
+4m, of which two are negative, one being numerically greater, and the other
numerically less than 8

Illustrate by a figure,

14 A mass m 18 attached to a fixed point O by a string of length ,
and a mass m' 18 attached to m by a string of length 7. Prove that if the
strings lie always mn a vertical plane which revolves with constant angular

velocity », and make constant angles 6, 8’ respectively with the vertical, the
following conditions must be satisfied :

w?l "

-(7=(1 +p) sec 6 — p cosec 6 tan &',
3 2

"—’9—lsm 9+3§E s §' =tan &,

where u=m'/m.

18. Taking the case where 4, & are both small, prove that there are two
distinet solutions of the problem, and that the corresponding values of w? are
gwven by the equation

1 ']
o= )y (+ ) o+ 140) =00

EXAMPLES. X.
(Pendulum; Cycloid.)

1. If the Earth’s rotation were arrested, would a seconds pendulum at
the equator go faster or slower than before? What would be the gain or loss
1 a day ?

2. A pendulum beats seconds when vibrating through an infinitely small

are, How many beats will 1t lose per day if 1t oscillates through an angle of
5° on each smde the vertical ? [41-3.]

8. A pendulum of length 2 18 making complete revolutions 1n a vertical
plane, and 1ts least velocity 18 large compared with ~/(2gZ) Prove that the
time of descrbing an angle 8 from the lowest position 18 given by

=0-9
wt=0 wﬁl““‘a’

approximately, where w 18 the angular velocity when the string 18 horizontal.
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4. If a mmple pendulum just reaches the unstable position, prove that
the angle 6, and the time ¢, fiom the lowest pont, are connected by the
relations

tan §0=smnhnt, cos}fd=sechnt, sind=tanhns, tan }0=tanh ns,
where n=,/(g/0).

5. If a pendulum whose period of small oscillation 18 2 sec just makes a
complete revolution, find the time of moving through 90° from the lowest
position [ 28 sec.]

6. A sunple pendulum oscillates through an angle a on each side of the
vertical , find the polar equation of the hodograph, and sketch the forms
of the curve 1n the cases a<4w, a=%m, n>a>4nw

7. A particle oscillates on a smooth cyecloid, from rest at a cusp, the axis
being vertical, and the vertex downwards Piove the following properties

(1) The angular velocity of the generating circle 1s constant ,

(2) The hodograph consists of a pair of equal circles, touching one
another ;

(3) The resultant acceleration 1s constant and equal to g, and 18 1n the
direction of the radius of the generating circle,

(4) The pressure on the curve 13 2mg cos ¥, where { 18 the inchination
of the tangent to the horizontal

8. Prove that in the case of the cycloidal pendulum the hodograph 1s the
verse of a conic with respect to 1ts centre, the conic bemng an ellipse or
a hyperbola according as the maximum velocity 18 greater or less than /(g?),
where [ 18 the length of the pendulum

9. A particle rests in unstable equilibrium on the vertex of a smooth
inverted cycloid Prove that if shightly disturbed 1t will leave the curve
at the level of the centre of the generating circle

10. A particle 18 moving on a smooth curve, under gravity, and 1ts velocity
varies as the distance (measured along the arc) from the highest point. Prove
that the curve must be a cycloid

11, A particle desoribes a smooth curve, under gravity, in a vertical
plane. If the distance travelled along the arc in time ¢ be @ sinh n¢, find the
shape of the curve, and the imtial circumstances

12. A particle makes small oscillations of amphitude 8 on a smooth curve,
about the lowest point. Prove that the distances of the turning points from
the lowest point are

B dp

approximately, where p 18 the radius of curvature at the lowest point.
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18. A particle oscillates about the vertex of the catenary
s=a tan v,
the vertex being the lowest point, with a small amplitude 8. Prove that the

period 18
a 333
21!’ /Jg . (l+l_——6a’) [}

14, The period of a small osallation of amphitude 8 about the lowest
point of the parabola

approximately.

y=27/4a,
where the axis of y 1s vertical, is

2a g
2m \/—,t; . (1+T6&5’)’

approximately.



CHAPTER VI

MOTION OF A PAIR OF PARTICLES

40. Conservation of Momentum.

As a step towards the general theory of a system of isolated
particles 16 18 worth while to consider separately the case of two
particles only. This will enable us to treat a number of interesting
questions without any great complexity of notation.

We begin with the case of two bodies moving in the same
straight lne. If we assume, in accordance with Newton’s Third

-—>O—+ F”O X,

Fig. 88.

Law, that the mutual actions between the particles are equal and
opposite, the equations of motion will be of the forms

where X,, X, are the forces acting on the two particles, respectively,
from without the system, and the forces + P represent the mutual
action. By addition we have

% (M +ma) =X, + Xy, coveiveaninnannnns 2)

shewing that the total momentum m,u, +m,u, 1ncreases at a rate
equal to the total external force, and is unaffected by the mutual
action,
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This result can be expressed n another form. It ;, #; be the
coordinates of the two particles, we have

d d d
mw+mm=m;?+m£’=d—t(mm+ms)

=d§t(m+m,)@=(m+m,)ﬁ. 3

where the symbols Z and % refer to the position and the velocity
of the centre of mass [S. 66] The total momentum of the system
18 therefore the same as i1f the total mass were collected at the
centre of mass, and endowed with the velocity of this point.

The equation (2) may accordingly be written
(my + my) %% =X;+X,. i (4)

This expresses that the mass-centre moves exactly as 1f the whole
mass were concentrated there and acted on by the total external
force. In particular, if there are no external forces, the mass-centre
has a constant velocity. If at rest imtially 1t will remain at rest,
whatever the nature of the mutual action between the particles.

These results are easily generalized so as to apply to the case of
motion 1 two or three dimensions. Thus for two dimensions we
have

du, dv,

7"'1"&?=X1+P, ’mqa?=Yn+Q’
i Qo o[ e (5)
m‘ld_t'= Q_P) %E{=YI_Q:

where (u;, v,), (45, ;) are the velocities of the two particles, and
X, 1), (X,, Y,) the external forces acting upon them, whalst the
forces (P, @), (— P, — @), represent the mutual action.

From these equations we deduce, 1n the same manner as before,
du dv
m+m) =X+ X, (m+m)Z=Vi+7, ..(6)

if (%, 9) be the velocity of the mass-centre. The interpretation is,
as before, that the mass-centre moves as 1if 1t were a material
particle endowed with the total mass and acted on by all the
external forces, For instance, if there are no external forces, the
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mass-centre describes a straight line with constant velocity
Agan, if two particles connected by a string (extensible or not)
be projected anyhow under gravity, their mass-centie will describe
a parabola.

41. Instantaneous Impulses. Impact.

For purposes of mathematical treatment a force which pro-
duces a fimte change of momentum in a time too short to be
appreciated 18 regarded as infimtely great, and the time of action
as infinitely short. The effect of ordinary fimte forces in this time
1s therefore neglected; moreover since the veloeity, though 1t
changes, remains finite, the change of position 1n the interval 1s
also 1gnored. The total effect 18 summed up 1n the value of the
mstantaneous 1mpulse, which replaces the time-ntegial of the
force (cf. Art. 9).

We may apply these principles to the direct impact of spheres
Let us suppose that two spheres of masses m,, m,, moving 1 the
same straight line, 1impinge, with the result that the velocities are
suddenly changed from wu,, u; to u,, ,, respectively. Since the
total 1mpulses on the two bodies must be equal and opposite, there
18 no change 1 the total momentum, so that

My + Mty = MUy + Mgllge eevveennennnenns 1)

Some additional assumption 18 required m order to determine
the result of the mnpact mn any given case. If we assume that
there 18 no loss of kinetic energy we have, i addition,

MU + MU = MU + Mglhsds  eevneninnennne, 2)
The equations (1) and (2) may be written
ma (U —tg) =m (1 —w),
my (U — ug’) = my (W — 1),
whence, by division,
w4+ U=+ uy,
or U = U == (U= ). eeernnem, cereenenes (8)

That is, the velocity of either sphere relative to the other 1s
reversed 1n direction, but unaltered mn magmtude. This appears
to be very nearly the case with steel or glass balls.
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In general, however, there 18 some appreciable loss of energy™®.
The usual empirical principlet which 18 assumed for dealing with
such questions is that the relative velocity 1s reversed and at the
same time diminished 1n a ratio e which 1s constant for two given
bodies. This constant ratio 18 sometimes called the ‘coefficient of
restitution’ The equation (3) 18 then replaced by

U = U == (Ug—Uy) eeenenr vnnnns ceen ()
This equation, combined with (1), determines u,, u,’ when wu,;, u,
are given.

In the case of oblique impact of spheres we resolve parallel and
perpendicular to the line joiming the centres at the instant of
impact. If the spheres are smooth, the motion of each perpen-
dicular to this line 18 unaffected, and we have, with an obvious
notation,

=0, U = ccooounn. NN ()
The velocities in the line of centres are subject as before to the
formulee (1) and (4).

The case of impact on a fixed obstacle may be deduced by
supposing m, to be infimte. The equation (1) then makes u,’=0 1f
u, =0, and (4) therefore reduces to

w' =—eu. ... RN N ()
Ez. 1. Ifin (1) and (4) we put %,=0 we find

’ ml
=—"-(1 . secenesaas
uy m)'l'mz( +6) (7
Hence when one body (m,) impinges on another (mg) which 1s at rest, the
velocity communicated to mg 18 greater the greater the ratio of m,; to mg, but

18 always less than double the original velocity of m,

Ezx. 2. Suppose that we have a very large number of particles moving n
all directions within a rectangular box, whose edges a, b, ¢ are parallel to the
coordinate axzes; to calculate the average impulse, per unit time, and per umt
area, on the walls, We assume the coefficient of restitution () to be umty.

We will suppose 1n the first place that the particles do not interfere with
one another. Consider a single particle m moving with veloaity (u, v, w).
The component u 18 unaltered by impact on the faces which are parallel to z,

* That is, of energy of visible motion. The energy apparently lost 18 spent in
producing vibrations, or permanent deformation, in the colliding bodies, and takes
ultimately the form of heat

+ Given by Newton i the Scholium to his Laws ot Motion,
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but 18 reversed at each impact with the faces perpendicular to x, which we
will distinguish as the ‘ends.’ The impacts on an end therefore succeed each
other at intervals 2a/u. Hence the total impulse on an end mn a time ¢, which
we will suppose to cover a large number of 1mpacts, will be

ut mu?t
% X 2mu = o H
and the total impulse per unit area will be
mu?t
o TR encesesronnseasssons teeeenneo(8)
If we have a large number n of such particles, moving with the same
velocity ¢, but 1n all directions indifferently, then since
WP+ wd=gs,
the average value of u? will be $¢2 and the expression (8) 18 replaced by
1 nmq¥%
3 —a% e e e veree e e e 0 (9)
If we have 7, particles of mass m; moving with velocity ¢, ng of mass m,

moving with velocity ¢g, and so on, the average impulse per umit area and
per unit time will be

1 Mg

3 s e v e e . (10)
where M=nym+ngmg+.ccy cenuen . J(11)
and g+ Ramagt+ ceveeene o (12)

mmy+ngma+... 7

re. M 18 the total mass of the particles, and g* 18 the mean square of their
velocities.

If the particles are so numerous as to form an apparently continuous

medium, we have M =pabe, where p 18 the density, and the pressure-intensity
due to the medium 18

This result 18 not affected by encounters between the particles, if the
changes of velocity are assumed to be instantaneous, for an encounter does
not affoct the average kinetic energy, which 18 involved 1n (13), and there 18 no
loss (or gan) of time

The above 18 the explanation of the pressure of a gas, and of Boyle's law,
on the Kinetic Theory®. The comparison with the gaseous laws [S 116] shews
that g% must be supposed to be proportional to the absolute temperature.

For air at freezing pomnt, under a pressure of one atmosphere, we find,
putting
Pp=T76x136x 981, p=-00129,

g= \/(::i’) =486 m./sec,

* The caloulation 18 due in principle to Joule (1851),
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42. Kinetic Energy.
, Taking first the case of rectilinear motion, let us write
o=F+ &, T=F+E, .eeiiiiiinnnnnn. (¢))

so that £, &, are the coordmnates of the two particles relative to
the mass-centre. We have then [S. 66]

M+ MeEa=0. covriiiiiiiniiniinnnnn. 2)
Differentiating (1) we have
dz, _ de, _ .
%=’£=u+gh %:—d—t—’=‘u+£2, ............ (3)

and therefore
imlul’ + ;-m,u,’ = "j m, ("7' + él)’ + %mz (’ﬁ + E’g)‘:
=3 (M + M) W+ FmEP+ImEd e, 4)

since u (mlél + mzéz) = ﬁ%(mxfx +m,£;) =0,
by (2).

The kinetic energy of the system 1s thus expressed as the sum
of two parts, viz. (1) the kinetic energy

Fm+m)w®  ceeeiees o e (5)

of the whole mass supposed moving with the velocity of the mass-
centre, and (2) the part

IMEI+ EMED cereneeieeeeanns 6)
which may be termed the kinetic energy of the motion of the
particles relative to the mass-centre. It appears from Art. 40 that
the latter constituent alone can be affected by any mutual action
between the particles.

The kinetic energy of the relative motion may be expressed in
terms of the velocity of the two particles relative to one another.
We have, from (3),

élzzh_"_n.‘_'f‘.'-m”*y':’!‘g(ﬁﬂ__un) }

M+ My + My i o
e =uﬁ'“m"’%jm’%=1"l_(_liﬂ_:y1_) ............
? m, + m, my + my ’
whence Il + b =% Ty S ®)
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It follows that m the direct impact of spheres the loss of
kinetic energy 1s, on the empirical assumption of Art 41,

55— (1 =€) (% — U’ ........ ceneeeeas(9)

The extension of the preceding results to the case of two- or
three-dimensioned motion 1s easy. Thus i two dimensions the
kinetic energy of the motion relative to the mass-centre 1s

1 mm,

2 m,+m,
The last factor 18 of course the square of the velocity of either
particle relative to the other.

{(g = u)' + (0, — )} .« eeneee (10)

\
Ex 1 If a mass m, strike a mass mg at rest, and 1if the coefficient of
restitution (e) be zero, the loss of energy mn the impact 18, by (9),
1 mymy
2 my+my
The ratio which the energy lost bears to the original energy 4m,u,? 1s therefore
o'}
my+mg
If m, he large compared with g, as when a pile 18 driven nto the ground
by a heavy weight falling upon 1t, or when a nail 18 driven mmto wood by
a hammer, this ratio 18 small, and almost the whole of the original energy
18 utihzed (1n overcoming the subsequent resistance) But if m; be small
compared with mg, the ratio 18 nearly equal to unity, and the energy 1s almost
wholly spent 1n deformation of the surface of one or other of the bodies.

Uy2

Exz 2 In the case of two particles moving n a plane and connected by
an 1extensible string of length a, the relative velocity 18 wa, where w 18 the
angular velocity of the string The expression (10) 18 therefore equal to

1 mymg 58
3 m4m wiad, ... sesesesesse eeennes(11)

If there are no external forces this must be constant, and » 18 therefore
constant.

43. Conservation of Energy.

In any motion whatever of the system the increment of the
kinetic energy mn any interval of time will of course be equal to
the total work done on the particles by all the forces which are
operative. In calculating this work, forces such as the reactions
of smooth fixed curves or surfaces, or the tensions of inextensible
strings or rods, may be left out of account [S. 50].
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In some cases we are concerned with mutual actions which
are functions only of the distance (r) between the particles. If
we denote this action, reckoned positive when of the nature of an
attraction, by ¢ (7), the total work done by 1t on the two particles
when the distance changes from » to » + &r, 18 — ¢ () r; and the
function

V=f:¢ (M) dr e < (1)

will therefore represent the work which would be required from
extraneous sources 1n order to change the mutual distance from
some standard value a to the actual value r, the operation being
supposed performed with infinite slowness This quantity V 1s,
by a natural extension of a previous definition, called the ‘internal
potential energy’ of the system.

Since the work done by the internal forces in any actual
motion is equal to the diminution of V, we may assert that the
sum

Fmur+3imuld+ V, ool (2)
(where v, v, now denote the total velocitics of the particles),
18 increased 1n any interval of time by the (pcsitive or negative)
work done by the eaternal forces. In particular, if there are no
external forces the sum (2) 1s constant.

If some or all of the external forces are due to a conservative
field of force, the work which they do on the system may be

reckoned as a diminution of the potential energy in relation to
the field (cf. Art. 30).

Ex In the case of two masses subject only to their mutual gravitation,
we have

where y 18 the constant of gravitation (Art 74) Hence, from (1),
Mg
Veu — Ym'Tl B L% -1 N 4)

Since the part of the kinetic energy which 18 due to the motion of the mass-
centre 18 constant, we bave

1 mmg 5 ymmg

2m;+m-, r

L2 7| ORI )|
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where » now stands for the relative velocity of the two particles. Hence

v’-gl(ﬂ"r_'-—ml)+const 3 eeesesesesas R ()]

of Art 81.

44. Oscillations about Equilibrium.

The following problems relate to the small oscillations of a
system of two particles about a state of equili-
brium. The first 18 known as that of the ‘double
pendulum.’

1 A mass m hangs from a fixed pomnt O by
a string of length [, and a second mass m’ hangs
fiom m by a string of length /. The motion
18 supposed confined to one vertical plane.

Let z, y denote the horizontal displacements
of m, m/, respeetavely, fiom the vertical through O.
If the inclhinations of the two strings be supposed
small, the tensions will have the statical values
(m+m')g and m'g, approximately, for the reason
given m Art. 11. The equations of motion are
therefore

2, ——
‘%=—(m+m’)g%+m’g¥,

By yee [ 1)
apn =" ™IT

To solve these, we inquire, 1n the fiist place, whether a mode
of vibration 1s possible 1n which each particle executes a simple-
harmonic vibration of the same period, and with coincidence of
phase. We assume, therefore, for tral,

x=Acos(nt+e¢), y=Bcos(nt+e). . ... (2)

Substituting 1n (1) we find that the cosines divide out, and that
the equations are accordingly satisfied provided

ARGl 4 Mg
l tl l, >
g “9\B=
l’A + (n’ l’)B 0,
where p = m'[m.
L. D. 9
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Eliminating the ratio 4/B we obtam
1 1 9?
ni—(1 +p)g(—l-+ f) Bt w T =0, s (9

which is a quadratic in n*  Since the expression on the left-hand
is positive when n? = oo, negative when n* =g/l or g/l, and positive
when 7n?=0, the roots are real and positive, and are moreover one
greater than the greater, and the other less than the lesser of the
two quantities g/l and g/l'. We denote these roots by n? 0.
respectively.

We have thus obtamed two distinct solutions of the type (2),
the ratio 4/B bemng determimned in each case by one of the
equations (3), with the appropriate value of n? inserted

Since the equations (1) are linear, these solutions may be
superposed, and we have

x=A,cos(nt+€)+ A, co8 (nt + ¢,), } )
y=B,cos(mt+e&)+ Bycos (nt + &), )
subject to the relations
B,__ 9 B, __9_
A= "wi=g A genw v ®

The constants 4,, A,, €, € may be regarded as arbitrary and
enable us to satisfy any prescribed immtial conditions as to the
values of z, y, 4, y. The solution 18 therefore complete.

The types of motion represented by the two partial solutions,
taken separately, are called the ‘normal modes’ of wvibration
Their periods 27/n,, 2m/n, are fixed by the constitution of the
system, whilst the amphtudes and phases depend on the imitial
conditions In each mode the two particles keep step with one
another, but 1t 1s to be noticed that in one mode « and y have
the same sign, whilst in the other the signs are opposite, this
follows from (6).

Some special cases of the problem are important. If the ratio
w (=m'[m) 18 small, the roots of (4) are g/l and g/l', approximately
In the normal mode corresponding to the former of these the
upper mass m oscillates almost like the bob of a sumple pendulum
of length [, being only shghtly affected by the influence of the
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smaller particle, whilst the latter behaves much like the bob of
a pendulum of length ' whose pomnt of suspension has a forced
oscillation of period 27 4/(l/g). We have, mn fact, from (6)

y_ Lt

ST et eeeeseeeeens (7)
which is seen to agree with Art. 13 In the second normal mode
(for which n?=g/l’, approximately) the ratio z/y 1s small; and the
upper mass 18 therefore comparatively at rest, whilst the lower

particle oscillates much like the bob of a simple pendulum of
length 7',

If on the other hand the mass of the upper particle 1s small
compared with that of the lower one, so that u 1s large, we have
from (4)

1.1 3
n® +ny’ = ug (_l +?), n,’n,’=’—ziq,—. ......... 3)
approximately. The roots are accordingly
1 1
ng (Z + ?) and r_f?, .................. 9)
nearly. The former root makes
y__ ot
z BTT) T e (10)

approximately. The lower mass 1s nearly at rest, whilst the upper
one vibrates hike a particle attached to a string of length I+
which 1s stretched between fixed points with a tension m'g,
cf. Art. 10, Ex. 3. In the second mode we have

shewing that the two masses are always nearly in a straight line
with the pomnt of suspension, m’ now oscillating hike the bob of a
pendulum of length ¢+ 7',

We have seen that the two periods can never be exactly
equal, but considerng the square of the difference of the roots
of (4), viz.

@i -ny=a+wel(i-7) +a(;+3)} a2
8—3
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we see that they will be very nearly equal if [ 18 nearly equal to 7,
and the ratio p, or m’/m, 18 at the same time small The motion
of each particle, being made up of two superposed simple-harmonic
vibrations of nearly equal period, 18 practically equivalent, as ex-
plained 1mn Art. 24, to a vibration of nearly constant period but
fluctuating amphtude. Moreover 1f the 1mmtial circumstances be
such that the amphtudes 4,, 4, and consequently also B,, B, are
equal (1n absolute magnitude), we have intervals of approximate
rest. The energy of the motion then appears to be transferred
alternately from one particle to the other, and back agan, at
regular intervals, the amplhitude of m’ being of courle much the
greater. The experiment 1s easily made, and 1s very striking

2. Two equal particles m are attached symmetrically at equal
distances a from the ends of a tense string of length 2 (a + b)

If @, y denote small lateral displacements of the two particles,
we have on the same principles as imn Art 10, Ex. 3,

where P is the tension.
Assuming a trial solution

o= Acos(nt+e), y=DBcos(nt+e), ........ (14)
we find
P a+2b P
(-5 “5ar )“mB-‘-"’[ )
P Poasop |
b4t ("’"a~"235“)3=°°J

Hence, eliminating the ratio 4/B we have
Pa+20 |, P
“m %ab = t Smh?  treeeeeereeeees (16)

nl
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or, denoting the two roots by n? n;,

_Patb L P )

T -
m° ab ’ ma

n,

The complete solution 1s then of the type (5).

In the normal mode corresponding to the first of the roots (17)
we have 4 =— B, from (15); the configuration at the end of a

swing is therefore as shewn in Fig. 41 In the second mode
we have 4 =B, the configuration bemng as in Iig 42.

/O__——O\

Fig 42.

In the present problem, owing to the symmetry of the arrange-
ment, 1t 18 easy to see beforehand that the two independent modes
of wvibration just described are possible, and the corresponding
periods are accordingly more readily found independently.

The preceding results are particular cases of a general principle
which may be here stated, although the complete proof 1s beyond
our imits*. In any conservative dynamical system whatever, which
18 shightly disturbed from a state of stable equilibrium, the resulting
motion may be regarded as made up by superposition of a series
of mdependent ‘normal modes’ of vibration. If any one of these
modes 18 started alone, the motion of each particle of the system 1s
simple-harmonic, and the various particles keep step with one
another, passing simultaneously through their positions of equi-
hibrium The number of such modes 1s equal to the number of
degrees of freedom of the system, and their periods depend solely
on 1ts constitution. Their respective amplitudes and phases, on
the other hand, are arbitrary, and depend on the nature of the
mitial disturbance.

* The case of a system of two degrees of freedom 1s however discussed 1n a
general manner i Chap. XIII.
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EXAMPLES. XI.

1, A mass of 5 lbs. impinges directly on a mass of 10 lbs which is at
rest, with a velocity of 12 ft /sec, and 18 observed to recoll with a velocity
of 1 ft /sec. Find (in ft -1bs ) the energy lost 1n the impact. [457]

2. A weight of 3 tons faling through 6 feet drives a pile weighing
10 cwt. one 1nch into the ground. Find the resistance of the ground; and
the time occupied by the movement of the pile [185 tons; 01 sec]

3. A gun of mass M discharges a shot of mass m horizontally, and the
energy of the explosion 18 such as would be sufficient to project the shot
vertically to a height 2. Find the velocity with which the gun will begin to
recoil ; also the distance through which 1t will recoil if resisted by a steady
force equal to 1/nth of 1ts weight.

[/ Gcirem) %%)s iy ™

4. A Iight string connecting two particles of mass m rests supported by
two smooth pegs at a distance 22 apart in a horizontal ine A particle m’ 18
attached to the string half-way between the pegs. Find how far the mass
m' will descend before coming to rest.

_dmm'a
am?® —m'3

5. Two particles m,, m; are connected by a string passing over a smooth
pulley, as 1n Atwood’s machine Prove that if the mertia of the pulley be
neglected, the mass-centre of the particles has a downward acceleration

(@_—_m_ay
mtmy) &
6. A mass M hangs by a very long string, and from 1t 13 suspended

a simple pendulum of length ! and mass m. Prove that the period of
oscillation of m relative to M 1s less than if M had been fixed, 1n the ratio

1\/(1+%).

7. If 1o the double pendulum of Art. 44 the inclinations of the strings

1, U to the vertical be 8, & respectively, prove that
do\? do do' do'\3
N (¥ w2 - 2 (%2
(m+m’) 1 <dt) +2m'll & @t cos (0—6)+m'l ( ; )

=2 (m+m') gl cos § +2m'gl’ cos '+ C.
8. Prove that in the notation of Art. 44 the potential energy of the
double pendulum 1s, for small displacements,

1(m+m)ga® 1my(y-2)’
32 l g v
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9, Prove that if mn the double pendulum of Art. 44, the ratio u be
small, the frequencies of the two normal modes are determined by

U l
e (14 22). wim (14,2),

approximately, unless Z and I’ are nearly equal

10. If, in the preceding example, the two strings are of equal length the
frequencies are given by

n2=(1i\/p)‘?,
approximately
11. Two particles m,, m, are attached at P, P, to a tense string AB

whose ends are fixed. Prove that the periods (2=/2) of the two normal modes
of lateral vibration are given by the equation

7 (1 1 T /1, 1 T2 1 1 1
n‘“{— (~‘+~>+—<A+“)}n2-l‘ (——-—+—-—+“ =0
my \qy Qg me \Uy O3 MMe \ Az  A3zA; A Ag

where 7"1s the tension, and a,= APy, ag= P, I’;, az=P3B

12. Prove that in the problem of the tense string with two attached
particles (Art 44) the potential energy 13

;‘,p{%?.,.ﬁi',’/)z*,’f}

20 a

Prove that the total energy of a vibration 1s

P <£ﬁ + Eil’?;".f)

a ab

where 4,, 4, have the same meanings as 1n Art 44 (14).

13. Three particles each of mass m are attached to a tense string of
length 4a, at distances a, 2a, 3a from one end. Prove that there are three

normal modes of transverse vibration , and that the squares of the fiequencies
of these are as
2-V2 .2 2+4N2

Draw figures shewing the characters of the respective modes

14. A mass m hangs from a fixed pont by a helical spring such that the
period of a small vertical vibration 18 2=/p  If a mass m’ be suspended from
m by a second spring, such that the period of a small vertical vibration of m/,
when m 18 held fixed, 18 2x/p’, prove that when both masses are free the
periods 27 /n of the normal modes of vertical vibration of the system are
given by the equation

né— {p’+ (1 +g) p”} n?+pp'?=0,
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15. Two masses of 3 and 5 lbs. are connected by a string 6 feet long.
The former being fixed, the latter 1s projected at rmght angles to the string
with a velocity of 10 f s , find the tension mn lbs

If the former mass be now released, what 1s the nature of the subsequent
motion, and what 18 the altered tension? (Neglect extraneous forces )
(260 lbs., 976 Ibs)

18. Two particles m, m’ are connected by a string of length @ The
tormer 18 free to move along a smooth straight groove, and the latter 1s
projected 1n a direction perpendicular to the groove with velocity », Prove
that the particle m will oscillate through a space 2am’[(m+m’), and that
if the ratio m’/m be small the period of an oscillation will be

2ra m'
o (-43)
nearly.

17. Two gravitating masses m,, m, are at rest at a distance r apart
Find their velocities when this distance has dimimshed to

wle 2ymg? (1 1 o Zym? (1 1
1 T, \F F) @ my+mg \¥ r
m) +my




CHAPTER VII

DYNAMICS OF A SYSTEM OF PARTICLES

45. Linear and Angular Momentum.

When we have to deal with a system of 1solated particles we
may begin as 1 Art 40 by forming the equations of motion of
each particle separately, taking account, of course, of the mutual
actions, as well as of the forces acting on the system from without.
In these equations each component of mnternal force will appear
twice over, with opposite signs, viz 1n the equations of motion of
the two particles between which the force 1n question acts

If the system 1s subject to frictionless constraints, a geometrical
relation 18 1 each case supplied, which contributes to determine
the unknown reaction involved i the constraint. Thus if one of
the particles 18 restricted to lie on a smooth surface, we have the
equation of the surface.

The complete solution of such problems 1s, as may be expected,
usually difficult For instance, the fundamental problem of Physical
Astronomy, viz. the ‘ problem of three bodies,” which 1s to determine
the motions of three mutually gravitating particles (e g the sun,
the earth, and the moon), can only be solved by elaborate methods
of approximation.

There are, however, two general results which hold whatever
the nature of the mutual actions in the system. Before proceeding
to these 1t 1s convenient to premise one or two kinematical theorems
which will simphfy the statements

The momenta of the several particles of the system evidently
constitute a series of localized vectors [S. 18] which, for the
purposes of resolving and taking moments, may be treated by
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the same rules as forces in Statics. Ior instance, in the two-
dimensional case they may be replaced by a ‘linear momentum’
resident 1 a line through any assigned pomnt O, and an ‘angular
momentum > which 1s the sum of the moments of the momenta of
the several particles with respect to O. These correspond to the
‘resultant force” and ‘couple’ of plane Statics [S. 21].

The lnear momentum 1s simply the geometric sum of thes
momenta of the several particles, and 1s therefore independent of
the position of the pomt O. If (z, y, z) be the coordinates of a
particle m, the components of inear momentum are

S (ma), Z(my), Z(ME), ... crreenn. e (1)

where the summations include all the particles of the system.

This linear momentum 1s (as 1 the particular case of Art. 40)
the same as 1f the total mass were concentrated at the mass-centre
of the system and endowed with the velocity of that pomnt For
if 1n the time & the particle m, 1s displaced from P, to P/, the
particle m, from P; to P,, and so on, we have [S 64]

S(m.PP)=S(m).GE, ........ C ()

where GG’ 1s the displacement of the mass-centre. Hence,
dividing by the scalar quantity o¢,

2 (m. %%) =sm) O ®)

In the limit the vector m.PP’/8 13 the momentum of a particle
m, and the vector = (m).GG'/8¢ 1s the momentum of a mass ¥ (m)
supposed moving with the mass-centre @. Hence the theorem.

Analytically, we have

d. dz
2( ”) 5% (mo )—%{Z(m)x =3(m). 52, ..(8)
and similarly for the other components.

In the condensed notation of Vector Analysis, if r be the
position-vector of a particle m relative to any ongn, and p its
position-vector relative to the mass-centre, so that

FSTHp, oo, 5)
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where T refers to the mass-centre, we have [S 64]

3 (mp) =0, e e (6)

and Z(mr)=3%(m) T . (7)
Hence, differentiating with respect to ¢, we have

Z(mv)=3Z(m) ¥, e e (8)

where v (=1) 1s the velocity of m, and ¥ (=dr/dt) 1s the velocity
of the mass-centre.

Some kinematical theorems relating to angular momentum are
deferred for the present (see Arts. 61, 62).

46. Kinetic Energy.

If from a fixed origin O we draw a series of vectors OV,, OV,, .
to represent the velocities of the particles m,, m;, on any given
scale, and 1f we construct the vector

S (m OV)

0K=_i-(—m7., ........ AU b

it will represent the velocity of the mass-centre. This 18 of course
merely a different statement of the theorem of the preceding Art
It 1s evident [S. 64] that K will comncide with the mass-centre of
a system of particles m,, m,,... situate at V,, V,, , respectively,
1 the auxihary diagram now imagined.

This property leads at once to some 1mportant theorems as to
the kinetic energy of the system By Lagrange’s ‘ First Theorem’
[S. 74] we have

3Z(m.0V) =32 (m). OK*+ 43 (m KV?), ... (2)

ie. the kinetic energy of the system 1s equal to the kinetic energy
of the whole mass, supposed concentrated at the mass-centre G,
and moving with the velocity of this point, together with the
kinetic energy of the motion relative to G. The latter constituent
may be called the ‘internal kinetic energy’ of the system.

A particular case of this theorem has been given 1in Art 42,
and the analytical proof there given 1s easily generalized. Thus
using rectangular coordinates, and writing

e=x+§ y=y+n =2+ ... «e(3)
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where Z, 7, z refer to the mass-centre, we have

ISm@+y+8)=43m {(dw + f) (‘(ig+ ), + <dz+ C)}

=2 {(g) + (@) + (@)}
. +iSmE+ 2+ 8), .. .(4)
since
z(mg‘fu) dtZ( £)= ‘fi”: jt(z mE) =0, ...... (5)
and so on.

There 18 also an imteresting analogue to Lagrange’s ‘ Second

Theorem’ [S. 74], viz.
33 (mm'. VV"?)
2 IS U Ty sesses seens
F5(m. Ky =220, (©)

where in the summation 1 the numerator each pair of particles
is taken once only. This formula gives the mnternal kinetic energy
of the system 1n terms of the masses and relatiwve velocities of the
several pairs of particles*. For the special case of two particles a
proof has already been given m Art 42.

If, continuing the vector analysis of Art. 45, we write

v=p, .. .. e eeeees )

1e. v 18 the velocity of a particle m relative to the mass-centre, v c
have

33 (mv?) =3 3m (F+ v)* =33 (m). v* + 3 3 (mvY), ...... (8)
since
3 (mVv) = V2 (mv) =V (mp)=0, ..... )]
by Art. 45 (6) Since the scalar square of a vector 1s equal to the
square of the absolute magnitude of the vector, the formula (8) 1s
equivalent to (2).
Again we may shew, almost exactly as 1n the case of Statics,
Art. 74 (13), that
) 33mm’ (v = v)?

32 (mv?) = S (m) » eeeenerieenenns (10)
1n agreement with (6)

* The theorem, and the method of proof, are due to A. F. Mdbius, Mechanik
des Humunels, 1843,
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47. Principle of Linear Momentum.

We proceed to the proof of the two dynamical theorems
referred to mm Art. 45.

The first of these 1s known as the ‘ Principle of Linear Momen-
tum.” If there are no external forces on the system the total
linear momentum, 1e. the vector sum of the momenta of the
several particles, 18 constant i every respect. For consider any
two particles P, Q, and let F' be the mutual action between them,
reckoned positive when attractive. In the infinitesimal time 8t
an 1mpulse F'& will be given to P in the direction PQ), whilst an
equal and opposite impulse 18 given to @ m the direction QP.
These 1mpulses produce equal and opposite momenta in the
directions PQ, QP, respectively, and therefore leave the geometric
sum of the momenta of the system unaltered. Similarly for any
other pair of particles.

Since, as we have seen, the total momentum 1s the same as
that of the whole mass supposed moving with the velocity of the
mass-centre, 1t follows that the mass-centre describes a straight
line with constant velocity. For instance, the mass-centre of the
solar system moves 1 this way, so far as the system 1s free from
action from without.

If there are external forces acting on the system, the total
momentum 1s modified 1n the time 8¢ by the (geometric) addition
of the sum of the impulses of these external forces. The mass-
centre will therefore move exactly as if the whole mass were
concentrated there, and acted on by the external forces, supposed
applied parallel to their actual directions. Thus mn the case of a
system of particles subject to ordinary gravity, and to any mutual
actions whatever, the mass-centre will describe a parabola.

48. Principle of Angular Momentum.

The remaimning theorem 1s called the ‘Principle of Angular
Momentum.’

If there are no external forces, the total angular momentum,
re. the sum of the moments* of the momenta of the several

* The moment of a localized vector about an axis normal to any plane 1n
which the vector hies has been already defined [S. 20] To find the moment about
any ax1s whatever, we resolve the vector into two orthogonal components, of which
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particles, with respect to any fixed axis, 1s constant. For in the
time 8¢ the mutual action between any two particles P, @ pro-
duces equal and opposite momenta 1n the line PQ, and these will
have equal and opposite moments about the axis 1 question.

If external forces are operative, the total angular momentum
about the fixed axis 1s increased by the sum of the moments of
the external 1impulses about this axis.

Some further developments of this theorem are given m
Chap. 1x, Arts. 61, 62.

Ex In the case of a particle subject only to a force whose direction
passes always through a fixed point O, the angular momentum about this
pomnt (1 e about an axis through this point normal to the plane of the motion)
will be constant If m be the mass of the particle, » 1ts velocity, and p the
perpendicular from O on the tangent to its path, this angular momentum
18 myp Hence v will vary nversely as p

This 1s verified 1n the case of elliptic harmonic motion (Art 28) where v
was found to vary as the semi-diameter of the ellipse parallel to the direction
of motion.

49. Motion of a Chain.

Books on Dynamics usually include a number of problems on
the motion of chains. Though hardly important 1n themselves,
such problems furnish excellent illustrations of dynamical
principles.

Take first the case of a uniform chain shiding over the edge of a
table, the portion on the table being supposed straight and at right
angles to the edge. Let ! be the total length, u the line-density
(re. the mass per umt length), » the velocity of the chain when
the length of the vertical portion is . If T’ be the tension at the
edge, we have, considering the vertical portion,

du p
p,waz._gpx—.l’, B T LR TR T TP (l)

one is parallel to the axis in question, and the other is 1n a plane perpendicular to
it. The moment of the latter component 18 the moment required Some conven-
tion a8 to s1gn 18 of course necessary

It easily follows that the sum of the moments of two intersecting locahzed
vectors about any axis 18 equal to the moment of their resultant.
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and, considering the horizontal portion,

du
pl=a) =T et e, )
By addition we find
du gz
7ty SRS )]
Since u =d=z/dt, this makes
d’z )
W:n’x, . N )
where n*=g/l, and the general solution 1s
x=Ae™ 4 Be "t . . (5)

where the constants 4, B depend on the mmitial conditions.

The formula (3) follows also from the principle of energy.
Since the vertical portion has a mass u#, and since 1ts mass-centre
18 at a depth 4z below the level of the table, the potential energy
18 less than when the whole chain 1s at this level by $gua® [S. 50].
Hence

Fulu? = fgua® + const., ... ..... ..(6)

the constant depending on the length which was mitially over-
hanging. Differentiating with respect to z we find
du gz
u E—w = T y ee o . . (7)
in agreement with (3).

Let us now vary the question by supposing that the portion
of the chain which 1s on the table forms a loose heap close to
the edge 1In a short time 8¢ an additional mass pudt 1s set n
motion with velocity w. Hence, considering the momentum
generated, we have

pudt. u=T38, ....... .. (8

or T'=pur e e (9

This equation takes the place of (2). Substituting m (1), and
writing udu/dz for du/dt, we have

du

wu(—j;+u’=gx. B ¢ 1))
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This may be put in the form

du
pL d= 4+ 22U = 292%, ..eviiiiieinnnnnn. (11)
which 18 immediately integrable ; thus
sur=gga®+const .. ...ooeeeeeeell (12)

This cannot as a rule be integrated further without using
elliptic functions. But if the chamn be just started from rest a
the edge of the table, so that u 1s mfimtesimal for « =0, th
constant vanishes, and we have

w=4%gz, . C e ...(13)
shewing that the acceleration 1s constant and equal to }g.

It 18 to be noticed that the equation of energy, if applied t
this form of the problem, leads to an erroneous result unless w
take account of the energy continually lost 1mn the succession ¢
infimitesimal 1mpacts which take place at the edge, as one elemen
of the chain after another 1s set in motion. It was found n
Art. 42 that when the coefficient (¢) of restitution vanishes, as 1t 1
assumed to do 1n the present case, the energy lost in an impac
between two masses m, m’ 18

1 mm’

2m+m
if u 18 the relative velocity just before the impact In the presen
case we have m = ux, m’= pudt, so that the loss of energy u
time 8¢ 18 } pu?8t, ultimately. Hence, equating the loss of potentia
energy to the actual kinetic energy acquired plus the energy lost
we have

uh, C e e (14)

fgpa® = juou’ + fu [uidt

= jpuxu® + fu |uide. ... ..... ... (15)

If we differentiate this with respect to # we reproduce th
equation (10).

50. Steady Motion of a Chain.

If T be the tension at any pomt of an inextensible char
moving 1n a given curve, the tensions on the two ends of a linea
element 3s contribute a force 87" along the tangent, and a forc
T'8s/p, where p 1s the radius of curvature, along the normal [S. 80
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Hence a uniform chain of line-density u, which 1s subject to
no external force, and 1s therefore free from constraint of any kind,
can run with constant velocity v 1n the form of any given curve,
provided

2
sT=0, MY =1—;8—", erereeeerenan, (D)

Le provided T=pv" ceevniens ceeiiien ceene o (2)

This explamns the observed tendency of chams runming at high
speed to preserve any form which they happen to have, in spite of
the action of external forces such as gravity.

The formula (/2) gives what 18 known as the ‘centrifugal
tension’ 1 the case of a revolving circular cham, or even of a
hoop, but we now learn that there 1s no restriction to the circular
form.

As a particular case, we may imagimne the chain to be infinitely
long, and to be straight except for a finite portion, which has
some other form. If we now superpose a velocity v 1n the
direction opposite to that in which the chain 1s running in the
straight portions, the deformation will travel along unchanged 1n
the form of a wave on a chain which 1s otherwise at rest This 1s
Tait’s* proof that the velocity of a wave of transverse displacement
on a chamn or cord stretched with a tension 7" 1s

T
= e, 3
° \/# @)

If external forces act, we may suppose them resolved, as
regards an element &8s, into components @ 8s along the tangent
and §28s along the normal. The equations of motion of a mass-
element w83 will then be

dv v T8
“8‘935=8T+@88’ #88;= S P38s,......... 4)

dv__dT p«‘v’_T
or ”a_£+@’ —;—;-Fﬁ ---------- (%)

If we put v=0 we get the conditions which must be satisfied
in order that the chain may be in equilibrium 1n the given form,

* P G Tat (1831-1901), Professor of Natural Philosophy at Edinburgh (1860~
1901).

L. D. 10



146 DYNAMICS [viz

under the same system of external forces. Hence 1if the curve has
a form which 1s one of possible equilibrium under the given forces,
the equations (5) are satisfied by

v=const., ......... . (6)
provided T=T1+w? .. ... ereeneens (7)

where 7" 18 the statical tension. For instance, a chain hanging
1 the form of a catenary between smooth pulleys can retain the
same form when running with velocity v, piovided the terminal
tensions be ncreased by uv?

In the case of a chain constrgined to move along a given smooth curve,
the normal force MN3s will include a term (28s) contributed by the pressure of
the curve. If the chain be subject to gravity, we have, then,

T=—pgsiny, N=-—pgcosy+nR, .. . (8)
where { denotes the inchination of the tangent to the honizontal ~ Also, if the

axis of ¥ be drawn vertically upwards, that of # being horizontal, we have
s =dy/ds, and the former of equations (5) takes the fuim

dv_dT
p=-w e e (9)

Hence, integrating over a finite length ¢ of the chain,

d
ul £= To= Ty —pg Fa =Yy e o oee e (10)

where the suffixes relate to the two ends. If both ends are free we have
T\=T3=0, and the acceleration will depend only on the difference of level of
the ends

This question, again, may be treated by the principle of energy. The
total energy at any instant 1s

§pl'v3+[:' BIYAS, cemsreriinirniinniens o o0n(11)

the second term representing the potential energy In the time 8¢ an element
pgy2v8¢ 18 added to the integral at the upper limit, whilst an element gy, v8¢
18 subtracted at the lower imit. The rate of increase of the total energy 1s
therefore

dv
ply wtH =)o ... teeeteresencennans (12)

This must be equal to the rate at which work 18 done by the tensions on the
two ends, viz.
T30 =T ceerereerenrens v cae ene . (13)

Equating (12) and (13), and dividing by v, we obtain the formula (10).
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51. Impulsive Motion of a Chain.

Suppose that we have a chain mitially at rest in the form of a
plane curve, and that 1t 18 suddenly set 1n motion by tangential
impulses at the extremities.

We now denote by 7' the impulsive tension at any pomnt P, i.e.
the time-integral of the actual tension over the infimtely short
duration of the force. Let u, v be the velocities of P immediately
after the impulse, in the directions of the tangent and normal
respectively. Since the tangential and normal components of the
1mpulse on an element 8s are 81" and 7'Syr, we have

pds.u=28T, uds.v=T35,
ar d
or pu = %, MU = Td—\.!: e eeesses o (1)

If P, Q be two adjacent points on the chain, the velocity of @
relative to I’ will be made up of a component
(u + 8u) cos 8yr — (v + Sv) sin &Y — u = Su — V&Y,
ultimately, parallel to the tangent at P, and a component
(u + 8u) sin 3¢ + (v + Bv) cos Syr — v = udyr + Sv,

ultimately, parallel to the normal at P. Since the length (8s) of
the element PQ 1s constant, the former component of relative
velocity must vanish, whence

du dyr
E;—UE;—O ................. (2)

The expression for the relative normal velocity shews that im-
mediately after the impulse the element P@ has, n addition to
1ts velocity of translation, an angular velocity

dy  dv
uTE+d§ .. ceses o o ..(3)

Elimmating u, v between (1) and (2) we have
i(lﬂ')_l'(‘i‘k)’_!_
ds\pds/  p\ds/ = up*
if p be the radius of curvature,

10—2
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If the chain be of uniform line-density, this reduces to
T T
7l DEERRE ceeereeeeas veerenend(D)
The solution of (4) or (5) involves two arbitrary constants,
which are to be determined from the data relating to the two
ends. The values of u, v are then given by (1).

Ez. If the chain form a circular arc, we have p=ga, the radius. Hence,
putting s=aé,

asT
d—f)’= 7', esescesess ©  sesesssses .(6)
the solution of which 1s
T=Acoshd+Bsinhé ...... )]

If T, be the 1mpulsive tension applied at one end (§=0), and 1f the other end
(6=a) be free, we have

A=1T, Acosha+Bsmnha=0, ......... ceeeees +(8)
smh (a - 6)
whence T=T, e IR N 9)

Henoe ua-g’ cosh (a - 6) v Ty smh(a—o)-

pa  smha pa’ smha

EXAMPLES. XII.

1. A mass m 18 on a smooth table, and 18 attached to a string which
passes through a small hole in the table and carries a mass # hanging
vertically If m be projected at right angles to the string with velocity v, at
& distance a from the hole, prove that when m 18 next moving at right angles
to the string 1ts distance from the hole 1s the positive root of the equation
_@l’ my?
2Mg " 2My

2. If 1n the preceding question the distance of m from the hole oscillates
between the values a, b, the kinetic energy in the extreme positions will be

Mgt Mgd?

at+bdb a+bd’

23— a=0,

respectively.

3. P, Q are two particles of masses M, m, respectively The former
describes a circle of radius a about a fixed pomnt 0, and the latter describes a
circle of radius b relative to P If @ be the angle which OP makes with
a fixed direction, and x the angle which P@ makes with OP, prove that the
kinetic energy of the system 1s

3 (4624 2H6% + Bx?),
where A =Ma®+m (a’+2ab cos x+b2), H=mb(acosx+bd), B=mbd
Also prove that the angular momentum about O 18
A+ Hy.
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4. A umform chamn of length 2z hangs in equilibrium over a smooth peg
If 1t be just started from rest, prove that its velocity when 1t 1s leaving the

peg 18 4/(9a).

5. A uniform chain hangs vertically from its two ends, which are close
together If one end be released, the tension at the bight after a time ¢, on
the stationary side, 1s $19%2, where p 1s the mass per unit length.

Examine the loss of mechanical energy.

6. A piece of uniform chain hangs vertically from 1its upper end, with the
lower end just clear of a horizontal table If the upper end be released, prove
that at any instant during the fall the pressure on the table 1s three times the
weight of the portion then on the table

7. A chain rests across a smooth circular cylinder whose axis 1s horizontal,
1ts length being equal to half the circumference Prove that if 1t be shghtly
disturbed 1ts velocity when a length a has slipped over the cylinder will be

if @ denote the radius of the cylinder.

8. A umform chain whose ends are free slides on a smooth cycloid whose
ax1s 18 vertical, prove that 1ts middle point moves as if the whole mass were
concentrated there

9. A number of equal particles are at consecutive vertices of a regular
polygon, being connected by inextensible strings If one of the strings be
suddenly jerked, prove that the tensions of any three successive strings are
connected by the relation

Tn+1-2Tn+ Tn—1=(Tn+l+2Tn+ Tn—l) tan“'a,
where a 18 half the angle subtended at the centre of the polygon by a side.

10 If a chain is set 1n motion by instantaneous tangential 1mpulses 77,
T, at the two ends, prove that the kinetic energy geneiated 1s
3 (Tyua + Tyua),
where u;, #, are the 1mtial tangential velocities of the two ends

11 A umform chain 1n the form of an arc of an equangular spiral of
angle a 1s set 1n motion by a tangential impulse at one end. Prove that the
1mpulsive tension 18 given by the equation

T=As™+ Bs™,
where 7, ng are the roots of the quadratic
n(n—1)=tan?a

If the chamn extend to infimty in one direction prove that the direction of
the mtial motion of each point makes the same angle with the curve.



CHAPTER VIII

DYNAMICS OF RIGID BODIES. ROTATION ABOUT
A FIXED AXIS

52. Introduction.

When we pass from the consideration of a system of discrete
particles to that of continuous or apparently continuous dis-
tributions of matter, whether fluid or solid, we require some
physical postulate in extension of the laws of motion which have
hitherto been sufficient These laws are m fact only definite so
long as the bodies of which they are predicated can be represented
by mathematical points.

As to the precise form in which this new physical assumption
shall be introduced there 1s some liberty of choice. One plan is to
assume that any portion whatever of matier may be treated as 1f
1t were constituted of mathematical points, separated by finite
mntervals, endowed with inertia-coefficients, and acting on one
another with forces in the lines joiming them, subject to the law
of equality of action and reaction* In the case of a ‘rigid’ body
these forces are supposed to be so adjusted that the general
configuration of the system 1s sensibly constant. On this basis
we can at once predicate the principles of Linear and Angular
Momentum, as developed 1n the preceding Chapter. These
principles will be found to supply all that is generally necessary
as a basis for the Dynamics of Rignd Bodies.

53. D’Alembert’s Principle.
Another method is to assume a principle first stated in a
general form by d’Alembert .
* This 18 often referred to as ‘ Boscovich’s hypothesis,’ after R G Boscovich,
author of a treatise on Natural Philosophy (Venice, 17568) in which this doctrine
was taught.

+ J le R. d’Alembert (1717-1783) The principle appears 1n his Traité de
dynamique, Paris, 1748,
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The product of the mass m of a particle into 1ts acceleration 18
a vector quantity which we may call the ‘effective force on the
particle’ By the Second Law of Motion 1t must be equal in
every respect to the resultant of all the forces acting on m. In
the case of a particle forming part of a material assemblage, these
forces may be divided mto two classes, viz we have (1) the ‘ex-
ternal forces’ acting from without the assemblage, and (2) the
‘internal forces’ or reactions due to the remaming particles.
Considering the whole assemblage, we may say, then, that the
system of localized vectors which represent the effective forces
18 statically equivalent to the two systems of external and internal
forces combined.

The assumption made by d’Alembert 1s that the internal
forces form by themselves a system in equilibrium. It follows
that the system of effective forces 1s as a whole statically equi-
valent to the system of external forces®. In particular, the sum
of the effective forces on all the particles, resolved mn any given
direction, must be equal to the sum of the components of the
external forces in that direction; and the sum of the moments
of the effective forces about any axis must be equal to the sum
of the moments of the external forces about that axis.

To express these results analytically, let (z, v, 2) denote the
position, relative to fixed rectangular axes, of a particle m, and
(X, Y, Z) the external force on this particle. Since the components
of the effective force on m are

m¥, my, m3,

we have, resolving parallel to Oz,

S(mE)=3(Z), .ecerr v i, 1)
and taking moments about Oz,
S(@.my—y.md)=3(2V —yX), cevrennenn. (2)

where the summations embrace all the particles of the system
[S. 60]. In the case of a continuous distribution of matter, the
summations take the form of integrations.

* This 18 (virtually) the original formulation of the ¢ prineiple.’
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These equations may be written

L3m)=3@) e ®)

and %2(¢.mg_y,mé)=2(xY—yX). ......... 4)

There are of course two other equations of each of these types.

Since the axis of z may have any position, the equations (8)
and (4) express that the rate of increase of the total momentum
1 any given direction 15 equal to the total external force m that
darection, and that the rate of increase of the angular momentum
about any given axis 18 equal to the total moment of all the
external forces about that axis.

It appears, then, that whichever form of fundamental assumption
we adopt we are led 1mmediately to the principles of linear and
angular momentum as above stated. It 1s to be observed that no
restriction to the case of rigid bodies 18 made, or implied, and that
the principles 1n question are inferred to be of universal valhidity.
The peculiar status of rmgid bodies in dynamical theory 1s that
these principles furnish equations equal mn number to the degrees
of freedom of such a body, whether in two or 1n three dimensions,
and that they are accordingly generally sufficient for the discussion
of dynamical problems in which only such bodies are involved. In
other cases, as e.g. i1n Hydrodynamics and 1n the theory of Elastic
Vibrations, auxilary physical assumptions of a more special kind
have to be introduced.

In the form most usually given to d’Alembert’s principle it is
asserted that the system of external forces 18 1n equilibrium with
that of the effective forces reversed. This 18 obviously equivalent
to the previous statement. Problems of Dynamics are thus brought
conveniently, but somewhat unnaturally, under the rules of Statics.
A particular case will be already famihiar to the student; the
‘reversed effective force’ on a particle m describing a circle of
radius r with the constant angular velocity » 1s simply the
fictitious ‘ centrifugal force’ mw?* which 1s 1n equilibrium with the
real forces acting on the particle.

As regards the postulates themselves, 1t must be recognized
that both forms are open to criticism. The assumption explamned
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mn Art. 52 makes dynamical mvestigations depend on a particular
view as to the ultimate structure of matter. On the other hand,
it has been objected to d’Alembert’s principle that 1t expresses a
law of motion mn terms of the rules of Statics, whereas on a more
rational procedure the laws of equilibrium should appear as a
simple corollary, dealing with a particular case, from the general
principles of Dynamics*.

In the author’s view 1t 1s best to postulate the principles of
linear and angular momentum as such, regarding them as natural
extensions of the Newtoman Laws of Motion, suggested, although
not proved, by considerations such as those of Chap viL Since
some assumption has 1 any case to be made, 1t seems best to
make 1t directly in the form which 18 most convenient for further
developments, and 1s at the same time independent of doubtful
hypotheses.

Ez 1 A self-propelled vehicle 1s driven from the hind wheels, 1t 1s

requred to find the maximum acceleration, having given the coefficient of
friction (u) between the wheels and the road

My ——frees - oo e G

TR’ My

Fig. 43.

Let M be the total mass, G the centre of mass, % the height of G above the
road, a the radius of the hind whecls, ¢;, ¢, the distances of the vertical through
G from the front and rear axles, respectively If N be the couple which the
engine exerts on the rear axle, and # the forward pull of the road on the hind
wheels, preventing these from shipping backwards, we have, taking moments

about the axle,
Fa=MN, .... .. U ()

* Historically, d’Alembert’s principle was of the greatest service as introducing
a general method of treating dynamical questions Previously to his time, problems
of ‘migid’ Dynamics had been dealt with separately, on the basis of special
assumptions, whioch were more or less plausible, but sometimes disputed.
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the rotatory mertia of the wheels being neglected If % be the velocity of the
vehicle, the momenta of the various parts are equivalent to a linear momentum
Mu 1 a honzontal hine through @, provided we neglect the inertia of the
moving parts of the engine  Hence, resolving horizontally and vertically,

du
Mg‘t“:ﬁ’, coes CEET I (6)
and R) +R2=Mg, . . (7)

where Ry, R; are the vertical pressures of the ground on the front and hind
paurs of wheels, respectively. Also, taking moments about @,

Ryco— Riey=FL . . . v . (8)
Hence R,= Hgey - T ,
at+eg c+c ©)
o Mocr P

cit+ca  ctca

The effect of the propelling force 1s therefore to increase the pressure on
the hind wheels, and to diminish that on the front wheels, by FA/(c, +¢3)

In order that the wheels may not ship we must have

r *+ I"R2 ’ (10)
_pMg,
which gives F3 gk (11)
and the maximum acceleration 1s therefore
HIC
—_— . . . 12
ctep —ph a2)

If the vehicle had been driven from the front wheels the result would
have been

__kges
7ot . 13
51 +02+;th as)

If we reverse the sign of %, the formula (12) gives the maximum retardation

when a brake 1s applied to the hind wheels, and (13) the maximum
retardation when 1t 18 applied to the front wheels

As a numerical example of (12), let ¢;=8, ¢g=4, 2=3, p=} The result
18 £ g, or about 5% ft [sec 2,

Ez 2 Let us suppose that the vehicle 18 propelled by a tractive force £
acting 1 a horizontal line at a height %’ above the ground If we neglect
friction at the axles, and the rotatory inertia of the wheels, there 18 now no
tangential drag on the wheels The equation (8) 1s replaced by

Ryeqg— Riey=F (h=F). .. PN ¢ )]
Combined with (7), this gives
Ry (1+cy)=Mge,~ F (k- h'),}

veeenes 2ees(16)
Ry (c1+c3)=Mgey + F(h— ).
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Hence 1if 2> #', the acceleration must not exceed

259 - C e .18)

or the value of R, required to satisfy (15) would be negative, 1e the front
wheels would jump off the ground Similarly, when the motion of the
vehicle 18 checked, the retardation must not exceed

{i%; . .. .. .oan

or the hind wheels will jump If 2 < %/, the words ‘acceleration’ and ¢retar-
dation,” must be interchanged in these statements, and the denominators
replaced by 2 —% An absolutely sudden shock, which means an infinite
acceleration, would cause a jump in any'case unless 2 and % were equal

Exz.3 A bar OA describes a cone of semi-angle a about the vertical
through 1ts upper end O, which 18 fixed, to find the requsite angular
velocity o

This question 18 most simply treated by means of the fictitious centrifugal
forces above referred to If u be the line-density at a distance 2 from O, the
centrifugal force on an element pdz will be udz w?zsina, and i1ts moment
about O will be ud2 w®zrsina zcosa Hence, if @ be the length of the bar,
M 1ts mass, and 4 the distance of the mass-centre from 0,

w”smacOSafapxzdx= Mghsmma. ... ... (18)
0

Hence 1if ¥ be the radius of gyration about O,

3______9’" =~_.'q —
“’—kgcosa lOOSa’ ese e sses ees ssesces (19)

where ! 18 the distance of the centre of oscillation from O

54. Rotation about a Fixed Axis.

The position of a rigid body which is free only to turn about
a fixed axis 1s specified by the angle & which some plane through
the axis, fixed i the body, makes with a standard position of this
plane.

If in an interval 8¢ this angle increases by 86, the quotient
80/8t may be called the ‘mean angular velocity’ of the body in
the interval. Proceeding to the limit, and writing

do
w=%,..... cs sescssese seevsescsen (1)

 i8 called the ‘ angular velocity ’ at the instant ¢
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Similarly, the differential coefficient
((i—i%) or C;——g .. e (2
may be called the ‘angular acceleration’ of the body. If @ be
regarded as a function of § we have
do dodf dw
which is analogous to the formula (4) of Art 2
In the tiume &t a particle m of the body, whose distance from
the fixed axis 1s 7, describes a space 780, and 1ts velocity 1s
therefore rd6/dt, or wr The momentum of this particle 18 mer,
at right angles to » and to the axis, and 1ts moment about the
axis 18 therefore mor r, or m1?0  The total angular momentum
18 therefore
3 (mrtw) =3 (mr?) . o, ... 4)
where the summation includes all the particles of the body.

The sum 2 (mr?) of the masses of the various particles
multiplied by the squares of their respective distances fiom the
ax1s 18 known as the ‘moment of mertia’ of the body with respect
to the axis [S 70] Its value can be found in a few simple cases
by mntegration [S. 71, 72], 1 other cases 1t has to be ascertaincd,
when required, by dynamical experiment (cf. Art 57)

If ¥* be the ‘mean square’ of the distances of the particles
from the axis mn question [S 70], re.

_ 2 (mr)

S S my o e (5)
the linear magnitude % 1s called the ‘radius of gyration’ of the
body with respect to the axis. If I be the moment of inertia, and
M the total mass, we have

ka

I=ME, ......... N ()
and the angular momentum may be expressed in either of the
forms Iow, Mkio

Hence 1f N be the total moment of all the external forces with
respect to the fixed axis of rotation, we have by the principle of
angular momentum

d
T =N, i veeeren(T)
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This may be compared with the equation of rectilinear motion
of a body, viz

I My=X. ........ eeeeneen(8)

It appears that the constant / measures the nertia of the rngid
body as regards rotation about the given axis, just as M measures
1ts mertia as regards a motion of translation

The kinetic energy of a particle m of the body 18 4 m (wr)?, and
the total kinetic energy 1s therefore
3 (mor?)=§3 (mr*) o =i MBPo*=}1w ... (9)
The latter form may be compared again with the expression § Mu?
appropriate to the case of translation.
If we multiply the equation (7) by @ we have
dw dé

L% Ne-N%, .. (10)
or 9 (3100 = ¥O

Since N86 denotes [S 51] the work done by the external forces
when the body turns through an angle 86, this equation expresses
that the kinetic energy 1s at any mstant increasing at a rate equal
to that at which work 1s bemng done on the body. Integrating,
we nfer that the increment of the kinetic energy in any interval
of time 18 equal to the total work done by the external forces in
that interval.

Ez 1 If there are no external forces other than the constraining forces
exerted by the axis, and if these have zero moment about the axis, as 1n the
case of a perfectly smooth spindle, we have from (7)

de
5 =0 ©=00m8t wcerveer e, (12)

For mstance, the angular velocity of the earth about 1ts axis 1s constant, so
far as the earth can be regarded as rigid, and 1ts axis of rotation invarable,

Ez. 2. A fly-wheel, free to turn about a horizontal axis, carries a mass m
suspended by a vertical string which 18 wrapped round an axle of radius b

Let I be the moment of inertia of the fly-wheel about 1ts axis, » 1ts angular
velocity, « the downward velocity of m. Taking moments about the axis, and

neglecting friction, we have o
e R (13)
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where 7" 1s the tension of the string  Considering the motion of m we have

du
m-(—i—t=mg-T . e (14)

Also, since when the wheel has turned through an angle
8¢ a length bwd¢ 18 added to the straight portion of the
string,

U=D0  ceveeer vee e . .. (16)
Elimnating » we find
(g+m) Gr=mg; 16
BTM) =M e e (16)
the acceleration of the particle m 1s therefore
du mb? om
7:=ITrh'b79 v ees e (17) Fig 44
I
The tension 18 T= ™ . (18)

65. The Compound Pendulum.

This term 1s applied to a rigid body of any form and constitution
which 18 free to turn about a fixed horizontal axis, the only ex-
ternal forces being gravity and the pressures exerted by the axis.
These pressures are supposed to have zero moment about the axis,
friction being neglected.

Let 0 be the angle which a plane through the axis and the
mass-centre G makes with the vertical
If M be the mass of the body, and A
the distance of G from the axis, the
moment of the external forces about
the axis, tending to 1increase of 6,
18 — Mghsin8. Hence 1f I be the
moment of inertia about the axis we
have, by Art. 54 (7),

1% __ Mghsine ... (1)

a5 (]
This 1s exactly the same as for a simple
pendulum of length I (Art. 87), pro-
wided Fig. 45.
l=1I/Mh. .......... (2)

If & be the radius of gyration about the axis, so that I = Mk?, we
have

YY) S e 8)



54-55] DYNAMICS OF RIGID BODIES. ROTATION 159

The plane of Fig. 45 1s supposed to be a vertical plane
through @, perpendicular to the axis and meeting 1t m O. If
we produce OG@ to P, making OP =1, the point P 1s called the
‘centre of oscillation’ The bob of a simple pendulum of length /,
hanging from the same axis, will keep pace exactly with the
point P if started with 1t, with the same velocity.

If « be the radius of gyration about an axis through G parallel
to the axis of suspension, we have [S. 73]

B=+h .o . ()
and therefore l=h+ah, .... ....... .. (b)
or GP.G0=«% ..... . (6)

The symmetry of this relation shews that if the body were
suspended from a parallel axis through P, the pont O would
become the new centre of oscillation. This 1s often expressed

by saymng that the centres of suspension and oscillation are
convertible*,

For different parallel axes of suspension the period of a small
oscillation will vary as #/J, or /(GO + GP) Smnce the product of
GP and GO 1s fixed by (6), their sum 1s least when they are equal.
Hence, considering any system of parallel axes, the period 1s least
when h = «, and therefore [ = 2«.

If the axis of a compound pendulum be tilted so as to make
an angle B with the vertical, the mass-centre will oscillate 1n a plane
making an angle 3 with the honzontal. The gravity Mg of the
pendulum may be resolved into two components, viz Mgsin 8 in
this plane, parallel to a ine of greatest slope, and Mg cos 8 normal
to the plane. The latter has zero moment about the axis, and
the motion 1s therefore the same as 1if the acceleration of gravity
were altered from g to gsinB. The length of the equivalent
simple pendulum 1s therefore now equal to 4%/(hsin 8). If 8 be
small, as in the ¢ horizontal ’ pendulums used in seismographs, this
18 large, and the period correspondingly long.

The same conclusion follows also from consideration of energy.
When the pendulum turns through an angle 6 from 1ts equiibrium
position, the projection of OG on a line of greatest slope is A cos 6,

¢ The proposition 18 due to Huygens, . ¢. ante p. 112,
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and the depth of @G below the level of O 1s therefore & cos 8 sin 8
The potential energy 1s therefore incieased by

Mgh (1 — cos 6) sin 8.

Ez When a horizontal trap-door 18 released, the acceleration of a
point @ of 1t 18 less or greater than g, according as the distance of @ from the
line of hinges 18 less or greater than ! Hence a weight onginally resting on
the door at a distance greater than { will immediately begin to fall freely.

56. Determination of g.

Methods for the determination of the value of g at any place
are based on the formula

g= "'2,; .......................... (1)

of Art. 11. The 1deal simple pendulum there contemplated
cannot of course be realized, and 1n practice ! 1s the length of
the simple pendulum ‘equivalent’ to some form of compound
pendulum which 18 actually employed

The period T of a complete small oscillation can be found
with great accuracy by counting a large number of swings, and
noting the time which they take. The practical difficulty les
chiefly 1n the evaluation of /. For the purpose of an accurate
measurement of g two distinct plans have been followed.

In the first method a pendulum of some geometrically simple
form is adopted for which the value of I can be found by calcula-
tion, using the formula (5) of Art. 55 and the values of 4 and &
proper to the particular form. Thus in the case of a homogeneous
sphere of radius a suspended by a fine wire of length A, we have
x*=3%a* [S. 72)], and therefore

2 a?
l=>\.+a+3m, ..................... (2)

if the mass of the wire be neglected. If the mass (m) of the wire
(supposed to be uniform) 1s taken into account we have, 1n the
notation of Art. 55,

M+m)yBP=MN\+a)+3Ma*+ fmrs, ...... . (8)
M+m)h =M\+a) +FmA, ceueennenr cvennnn. 4)
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where M 1s the mass of the sphere [S. 73] Hence
1 _ MO+ ap + g Mat+ s ®
7 M ta)+4mr e

, Careful experiments on this plan were made by Borda and
Cassimi*. The theoretical value 3 Ma? for the moment of inertia
of the sphere about a diameter rests of course on the assumption
that the sphere 1s homogeneous. Any slhight defect 1n this respect
may be ehimnated by varying the pomnt of the sphere at which
the wire 18 attached. Some care has also to be taken as to the
mode of suspension. If the wire 18 clamped at the upper end, 1ts
stiffness comes into play, and 1t 18 not easy to say what 1s the
precise ‘pomnt’ of suspension. In Borda’s experiments the wire
was attached to a mimature compound pendulum furmshed with
a knife-edge resting on horizontal plates. The period of this
miniature pendulum was adjusted so as to be as nearly equal as

possible to that of the sphere and wire. The 1n-
fluence on the period of the latter system 1s then D

neghgible, and the kmfe-edge may be taken as the
point of suspension. (

The second method above referred to 1s based on
the principle of the convertibility of the centres of
suspension and oscillation. A pendulum, whose
precise form 1s unimportant, 18 constructed with
two knife-edges facing one another, as nearly as
possible m the same plane with the mass-centie G,
and at distinctly unequal distances from this point. —
If 1t could be contrived that the period of a small
oscillation should be exactly the same from which-
ever knife-edge the pendulum 1s suspended, the two

al

edges would be 1n the positions of conjugate centres ]
of suspension and oscillation, and the distance be- Fig. 46
tween them would give the value of I. For 1f
x? K2
IT,”“:}Z”":L ................ e u(6)
2
we have (}: . —1) (hhi—=hy)=0. eevivirnnnnnnnes (7

® Base du systeme métrique, 1810.
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Hence, except mn the case of b =h, which has been excluded, we
have*
K=hhy, L=k +hy oo ciirnriiinnnnns (8)

With a view to the requisite adjustment, the position of one of
the knife-edges 1s variable, or else the pendulum has a slldmg
weight, or both expedients may be provided

The adjustment can however never be quite exact, and a cor-
rection 1s required. If T, T, be the observed periods, which are
nearly, but not quite, equal, and 1if [,, I/, be the lengths of the
corresponding sumple pendulums, we have

K? K32
ll=E+h" l.=E+}l3, ............... .(9)
whence, eliminating «,

hl,—hlL=h3=02 ....... .. ....... . (10)
This may be written
14L+0L 1 4L-1, _
shah tanop=l - . 1)
Since L=gT?4n®, L=gT34m, .. .... .. (12)
this gives
4w _§(T2+ T 3 (T2 1T) 13
9 o hym by . (13)
If by, h, are distinctly unequal, the last term 1s relatively small,
and the values of h,, A, which occur 1n 1t need not therefore be

known very accurately. The denominator %, + &, of the fiist term
18 the measured distance between the knife-edges.

Ex. As a numerical example, let
Ty=1 8484 sec,, T;=1 8478 sec.,
by +hy=8488 cm, A;—hy=5b6 cm.
We find 47”'—_ 040239+ 000020,

whence g=980 6 cm./sec 3.

An error even of 5 cm. mn the estimated value of &; —%; would not affect the
calculated result to the extent to which 1t 18 carried, which 1s all that the data
warrant

* This method had been suggested apparently by Bohnenberger, but was first
employed by Captain Kater (Phil Trans., 1818).
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57. Torsional Oscillations.

In various physical experiments a body 1s suspended by a
vertical wire the upper end of which 1s clamped, and makes
torsional oscillations about the axis of the wire We will assume
that this axis 18 a principal axis of mertia ot the body at its
mass-centre (Art 59)

When the body 1s turned through an angle 6, the twist per
umt length of the wire 15 6/, where I 13 the total length The
restoring couple called mto play by the elasticity of the wire 1s
therefore K6/l, where K 1s a constant, called the ‘modulus of
torsion of the wire’ In terms of the ngidity () of the material
of the wire, and the radius a of the cross-section, we have [S 151]

K=%mpat . . e (D
In the case of fice vibrations we have
a0 K6

Idtzz_#l y  ee e " oee (2)

where I 1s the moment of inertia of the suspended body about the
axis of rotation*. The motion 18 theretore simple-harmonic, with

T=2r \/ (ﬁ) (3)

This gives an cxperimental method of determuning X, 1f I be
known, thus

the period

4arTl
K=—%— — e e (B)

The value of u can thence be inferred by (1).

If 7 be unknown, a second cxperiment may be made in which
a body of regular form, e g a rectangular or cylindiical bar placed
horizontally, or a thin cylindrical shell placed with 1ts axis vertical,
18 attached symmetiically to the suspended body. If the period
18 thus increased to 7", we have

K= %17_’_@1_ R LA (5)

* Tt 18 here assumed that K, and therefore u, 18 expressed in dynamical measure
11—2
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where I, is the moment of inertia of the attached body as found
by weighing and calculation. Combined with (4), this gives

41,1
K= T ar weeeeeeseesseessesnnenes (6)
We are also able to infer the value of I, thus
I T
) A P R venvenenad(T)

58. Bifilar Suspension.

A bar 1s suspended horizontally by two equal vertical strings,
1ts mass-centre G being 1n the plane
of these, and half-way between them.

Let M be the mass of the bar,
x 1ts radwus of gyration about a !
vertical axis through G, 2b the dis-
tance between the strings when
vertical, I their length,

When the bar 18 turned through
a small angle 8 about the vertical
through @, the lower end of each A'/
string describes a small arc which /b( \
may be taken to be sensibly hori- "
zontal and equal to b8, and the \
mnclination of each string to the 8
vertical becomes b0/l, approximately. Fig. 47.
The vertical displacement of G being
of the second order in 6, the tension of each string 1s approxi-
mately constant and equal to $Mg. The horizontal component
of each tension 18 therefore } Mgb@/l, nearly. Since these com-

ponents are sensibly perpendicular to the bar, they give a
restoring couple Mgb*6/l Hence, mn a free oscillation,

b
M dt, Mg 70, coonen. veeree e, 1)
&0  gb*
or GG O=0 e, ceerenn(2)
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The period 1s therefore

T=2w\/ %) ............. 3)

59. Reactions on a Fixed Axis.

In general a body rotating about a fixed axis will exert certain
pressures, or reactions, on this axis.

Let us first suppose that there are no external forces on the
body, other than the constraining forces at the axis, which are of
course equal and opposite to the reactions under consideration.
We have seen that, frictional forces being neglected, the angular
velocity o 1s then constant.

Instead of calculating the rates of change of angular momentum
about fixed axes, 1t 1s somewhat simpler 1n the present case to
have recourse to d’Alembert’s principle, according to which the
constraming forces are i equilibrium with the whole system of
reversed effective forces. Since ® 18 constant, the reversed
effective force on a particle m at a distance » from the axis will
be the ‘ centrifugal force’ mw?r, outwards. If we take rectangular
axes of coordinates, such that Oz comncides with the axis of
rotation, the three components of this centrifugal force will be

mo'r, mo'y, 0, ...l . (D)
where z, y, z are the coordinates of m. The moments of this force
about the coordinate axes will therefore be

- mw’yz, mw'zz, 0, ... ... (2)

respectively. The reactions in question must therefore have
components

0.5 (mz), o' %(my), O,
or 0. MZ o.My, 0,...cceunnnenn. 3)

where M denotes the total mass, and the coordinates Z, % refer
to the mass-centre. Again, the moments of the reactions about
Oz, Oy, Oz must be

- 0. Z(myz), *.Z(mzz), 0. ............ 4)

If we mmagine the axes of # and y to revolve with the body, the
coefficients of w? 1n these expressions will be constants, depending
only on the distribution of mass m the body.
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It appears, then, that a body which is free to turn about a fixed
point O, when set rotating about any given axis (Oz) through O,
will not continue so to rotate unless the expressions (4) vamsh,
Constraming forces would be required whose moments are equal
and opposite to these. Hence 1n order that Oz may be a possible
axis of free permanent rotation, we must have

2 (myz)=0, Z(maz)=0 .ccccuvrrennnn.n. (5)

The axis in question 1s then said to be an axis of ‘spontaneous
rotation,” or a ‘principal axis of mertia,” at the pomnt 0. It was
1n this connection that the theory of principal axes of inertia was
originated*.

When the conditions (5) are fulfilled, the components of the
reaction on the fixed pomnt O are given by (3).

Since the products of inertia’ 3, (myz), = (mxz) measure the
tendency of the axis of rotation to deviate from 1ts original duection,
they are sometimes called ‘ deviation moments.’

Returning to the case of rotation about a fixed aais Oz, let us
suppose that the requisite constraint 1s exerted by means of two
smooth bearings, and consists accordingly of two forces (P;, @,, 0),
(P,, @, 0), respectively. Let us further suppose that the axis of
18 chosen 80 as to pass through the mass-centre G. If the distances

y Qs

as
a /

() Py
I ¢ e
Fig. 48.

of the two bearings from O are a,, a,, on opposite sides, we have
P+ Pi=—*. Mz, Q+@=0, ......... ...(6)
— Qi + Qua, = . 3 (myz), Pyay— Pyay=— o*. % (ma2). ...(T)

From these formula P,, P,, @, Q, can be found. Since the
directions of these forces revolve with the body, there 1s in

* By J. A. Segner (1765).
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general a periodic stress on the bearings If the period 2/w
comncides approximately with a natural period of elastic vibration
of the supports, violent oscillations may be produced, on the
principle 1llustrated in Art. 13. These considerations are of great
mmportance 1 connection with the ‘balancing’ of modern high-
speed machinery. It 1s important, not only that the mass-centre
should lie 1n the axis of rotation, but also that the latter should
be a principal axis. Under these conditions we have

Pl) P'h Ql) Q2=0'

Ez. A umiform rectangular plate 4CBC" rotates about the diagonal 4 B,
being constrained by smooth bearings at 4 and B.

The reactions (P) exerted by these
bearings will evidently be equal and op-
posite, and 1n the plane of the rectangle
The plate 18 equumomental [S 78] with
four particles each of mass 3 M at the
middle points of the sides and a particle
3 M at the middle pont (0) of AB, M de-
noting the total mass Hence, taking
moments about O we have, if N be the
orthogonal projection of C on 4B,

P.AB=2x}Ma®.3CN ON

AC?—(CDB
Now ON =—2—"m——~,
Hence, putting AC=a, BC=b5, we find
P=3 Mot w(a-ty reevereesneees(8)
(a3+b)}

This vanishes, as 1t ought, 1f a=b

60. Application to the Pendulum.

The methods of the preceding Art. are easily adapted to the
case where there are external forces on the body, in addition to
the constraining forces of the fixed axis

For simplicity we will take the case of the compound pendulum,
and assume that the axis of suspension 1s a principal axis of nertia
at the pomnt O, which was defined in Art. 55 as the intersection of
the axis with a plane normal to 1t through the mass-centre. The
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condition will obviously be fulfilled if this plane is a plane of
symmetry of the body.

The principle of linear momentum leads easily to the required
results. The reaction of the axis on the pendulum
will now reduce to a single force through 0. E
This 18 conveniently resolved mto a component \/3
R in the direction GO, and a component S at O}
rnight angles to GO, as in the figure. i
Since the motion of G is the same as if all y
the mass were concentrated there, and acted on
by all the external forces, parallel to their actual

directions, we have, resolving along and at right ‘ a
angles to GO, ‘
Mhé'=R— Mgcosd, MhO=8— Mgsmé, ...(1) Fig 50 g
the notation being as in Art. 55. Hence
R=Mho*+ Mgcos8, S=Mh6+Mgsmé. ... (2)
Now, by Art. 55 (1), we have
0=— %‘ SO, eevenrenirniennnnes (3)
Again, the equation of energy 1s
3y MI263 = Mgh cos @ + const., ... ..... 4)
the right-hand side denoting the work done by gravity. Hence
62 = 2]%]"(0050+C’), ............ . (5)

where C is some constant. Substituting fiom (3) and (4) 1n (2),
we find

R=Mgcos€+—2—ﬂg—h—’(cosﬂ+0), ........... . (6)
S= Mg (l—g)smﬁr-y—z,—'asm(), .......... )

by Art. 55 (4).
The value of C will depend on the 1nitial conditions. If the
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pendulum comes to rest at an inclination a, we have C'=—cosa,
and therefore

I%=cos€+%lb(cose—cosa), ciee veeness (8)

S hy .
m = (1 - 'l—) sin 0, ........................... (9)
where [ is the length of the equivalent simple pendulum.
Ez In the case of a uniform bar which just makes complete revolutions
we have a=m, =44, whence

s
Mg
The component, R changes sign when cos § = — 3, or §=127°, about.

1—%}::5(34—50080), =}smé . . veee .« (10)

EXAMPLES. XIII.
(Rotation about a Fixed Axis)

1. A umiform circular disk 1ft 1n diameter weighs 10 1bs , find (in ft -1bs )
the couple which 1 10 sec would generate an angular velocity of 10 revolu-
tions per sec [245]

2. Find mn klogramme-metres the energy of a umform sohd sphere of
iron, a decimetre 1n radus, spinming about a diameter at the rate of 5 revo-
lutions per second, assuming that the density of 1ron 1s 7 8 and that

g=980 cm /sec 3, [657]

3. A gyroscope 18 set spinning by means of a string 2 ft long, wrapped
round the axle, which 1s pulled with a tension of 101bs  Find, 1n revolutions
per second, the angular velocity generated, assuming that the gyroscope 18 equi-
valent to a circular disk 41n 1n diameter and weighing 3 1bs. [29]

4. A uniform circular disk of radius 10 cm, and weight 1 kg, can turn
freely about its axis, which 18 horizontal When started at 100 revolutions
per minute 1t 18 reduced to rest in 1 min, by a frictional force apphed
tangentially to the rim. Assuming this force to be coustant, find 1ts
magmtude mn gms. [-891]

5. If the earth contract uniformly by cooling, prove that, when the radius
has dimimmshed by the 1/nth part, the length of the day will have diminished
by the 2/nth part.

6. The mass of a fly-wheel 18 20 1bs, and a mass of 11b hangs by a string
wrapped round the axle, which 1s horizontal This mass 18 observed to descend
through 5 ft from rest 1n 8 sec  Find the radius of gyration of the fly-wheel,
having given that the radius of the axle 18 2 1n, [64m]
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7. A fly-wheel whose moment of inertia 18 7 has an axle of radius a, and
18 rotating with an angular velocity @ As 1t rotates 1t winds up on the axle
a light string which 1s attached to a mass M resting on the floor below Find
the ratios 1n which the angular velocity of the wheel, and the kinetic energy
of the system, are instantaneously reduced when the string becomes tight.

8. A weight hangs from an axle of radius b, and 18 maintained n equi-
hibrium by a force P applied tangentially to the circumference of a concentrie
wheel of radius @ Shew that if a force P’ be substituted for P the weight
will ascend with acceleration

(P'-P)ab
I+ Pablg’
where I 1s the moment of 1nertia of the wheel and axle

9. Two masses M, M; are connected by a string passing over a pulley of
moment of mertia I and radius @, as 1n Atwood’s machine Piove that when
the system 18 running freely the pressure of the pulley on 1its bearmgs 1s less
than 1f the mass M+ M, had been equally divided between the two sides, by
the amount

(M, - ¥, 2)2.9_
M+ M+ 1]a?”

10. In a machine without friction and inertia a weight P balances a weight
W, both hanging by vertical cords These weights are replaced by P’, and
W', which 1 the subsequent motion move vertically. Prove that the mass-
centre of P’ and W' will descend with acceleration

(PW'-P'W)
WP W@ +w) ¥

11. A pole 1s supported at 1ts lower end, which 1s carried round mn a
horizontal circle of radius ¢ with constant angular velocity @ Piove that 1t
can mantain & constant inclination a to the vertical provided

w? ( ac_ _ k’) =92
sin a coSa
where & 18 the radius of gyration with respect to the lower end, and @ the
distance of the mass-centre from this end

EXAMPLES. XIV.

(Compound Pendulum, ete.)

1. A uniform sphere whose diameter 18 10 cm hangs by a fine string

1 metre long Find the length of the equivalent simple pendulum
[105 095 cm )
2. A wheel rests with the mnner face of 1ts rim on a transverse horizontal
knife edge, whose distance from the centre 18 3 ft 2 1n. The period of a small
oscillation about the knife edge 1s found to be 265 sec Find the radius of
gyration of the wheel about the centre. (Assume g=32 2.) [2 ft. 1021n.)
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3. Two compound pendulums of masses M, M’ can swing about the same
horizontal axis The distances of the centres of grawity from this axis are
h, &', and the lengths of the equivalent simple pendulums areZ, Prove that
if the pendulums be fastened together, they will oscillate like a simple pen-
dulum of length

M+ M T
it M

4. A bar bent mto the foim of an arc of a circle swings 1n a vertical
plane about 1ts middle point. Prove that the length of the equivalent simple
pendulum 18 equal to the diameter of the circle

5. A bar whose length 18 one metre 1s suspended homzontally by two
equal vertical strings attached to the ends When 1t swings 1n the direction
of 1ts length the period of a small oscillation 1s 317 secs , and when 1t makes
angular oscillations about the vertical through 1its centre (which 1s also the
centre of mass) the period 18 185 sec  Find 1ts 1adius of gyration about the
centre. [292 cm ]

8. Prove that in the compound pendulum (Fig 45) the whole mass may
be supposed concentrated in two particles situate at O and P, without altering
the period about any axis paiallel to the actual axis. What are the masses of
these particles ?

M2 M3
i R

7. A compound pendulum carries a small shelf, prove that the effect of
placing a small weight on the shelf will be to lengthen or shorten the period
according as the shelf 1s below or above the centre of oscillation.

8. Two particles m, m’' are connected by a light rod of length !, and
attached to a fixed pont O by strings of lengths 7, #, respectively Form
the equation of energy for motion in a vertical plane through O.

Prove that the system, 1f slightly disturbed m this plane from the position
of equilibrium, will make small oscillations with a period equal to that of
a sumple pendulum of length

(mr? +m'rR[(m +m') A,
s Myt mm
provided K m+m' (m+m')?"

9. A circular hoop 1s suspended from fixed pomnts by three equal vertical
strings of length [, so that 1ts plane 18 honzontal Prove that the period of
a small rotational oscillation about the vertical through the centre 18

2V (U/g)-
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10. A horizontal bar 1s suspended by two equal vertical strings of length Z,
which are attached to 1t at unequal distances a, b from the centre of mass
(@). Prove that the bar can perform small oscillations about a vertical axis
through @, and that the length of the equivalent simple pendulum 1s

«%
ab’
when « 13 the radius of gyration about the aforesaid aus
11. A umform bar 3 ft long hangs from 1its upper end, which 1s fixed

What velocity must be given to the lower end 1n order that the bar may just
reach the position of unstable equilibrium ? [24 ft [sec ]

12. A unmiform bar just makes a complete revolution about one end
m a vertical plane, find the pressures on the hinge (1) in the lowest position,
(2) n the horzontal position  [(1) 4mg, (2) §mg horizontal, }mg vertical ]

13. A compound pendulum 1s released from rest with the centre of
gravity at the same level as the axis At what inchnation 18 the Aorwzontal
pressure on the hinge greatest ? [45°.]

14. A mass m 1ests on a horizontal trap-door at a distance z from the
Line of hinges If 3f be the mass of the door, and % 1ts radius of gyration about
the line of hinges, prove that when the door 1s released the initial pressure of
the mass m on the door 18 changed to

MUmg (k- ha)
TMi3ymat

provided z < k?/h.

15. A umform elliptic plate whose semi-axes are @, b 18 set 1n rotation
about a fixed axis which coincides with a diameter Prove that the reactions
on this axis are equivalent to a couple

1 Mo? (a? - b2) sin 26,
where 6 is the angle which the fixed diameter makes with the axis of 2.

16. A door 3 feet wide, of uniform thickness, when opened through 90°
and left to 1tself, shuts 1n 2 secs , prove that the line of hinges makes an angle
of about 3° with the vertical



CHAPTER IX

DYNAMICS OF RIGID BODIES (CONTINUED). MOTION
IN TWO DIMENSIONS

61. Comparison of Angular Momenta about Parallel
Axes.

If we compare the angular momenta of any material system
with respect to two parallel axes, one of which passes through the
mass-centre (@) of the system, we are led to the following kine-
metical theorem

The angular momentum about any axis 1s equal to the angular
momentum, about that axis, of the whole mass supposed collected
at G and moving with this pomnt, together with the angular
momentum, with respect to a parallel axis through @, of the
motion relative to G.

For, writing as usual
e=Z+E Y=7+m, 2z2=F+¢ cceiriranen.. 1)

for the coordinates of a particle m referred to fixed rectangular
axes, the angular momentum about the axis of z 1s, by Art. 53,

S (ay = yi)=Zm @+ ) (5 + ) - @+ ) (5 + )}

_dy _d=z .
=2(m).(wd~?;—y£>+2m(£n—nf), ......... 1)
the omitted terms vanishing in consequence of the relations
2 (mg)=0, Z(mn)=0,
Z(mE)=0, % (my)=0,
as in the theorem of Art. 46.

The first term 1n the last member of (2) is the angular
momentum about Oz of & mass 2 (m) moving with G, and the
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second term is the angular momentum, about a line through @
parallel to Oz, of the motion relative to @. Since any line what-
ever may be taken as the axis of 2, the theorem follows.

The proof in vector notation 1s instructive. If P be the
position of any particle m of the system, the momentum (mv)
of m may be resolved into two components through P, by the
formula

MUY =MT 4+ MY, .vvvvieneannnns oe (3)

where ¥ is the velocity of G, and v the velocity of m relative
to G. The components m¥V are a series of
localized parallel vectors proportional to the 7 v
respective masses m, and are therefore
equivalent to a single localized vector
3 (m) ¥ through G. The moment of mo- G v
mentum about any axis 18 therefore equal P

Fig 51.
to the moment of this vector, together with
the sum of the moments of the vectors mv supposed localized
in lines passing through the respective pomnts P. And since
3, (mv) = 0 the sum of the moments of the latter series of vectors
about all parallel axes 1s the same

As a particular case of (2), if the axis of z be taken to pass
through G, we have, putting =0, ¥ =0,

Sm(zy —y&)=3Zm (En—nE) .coivevnnins 4)

Hence in calculating the moment of the momentum of a system
about any axis through the mass-centre, 1t makes no difference
whether we employ the actual momenta of the various particles,
or whether we 1gnore the motion of G 1tself, and take account
only of the momenta relative to G. The same thing follows at
once from the vector proof just given.

Ex In the compound pendulum (Art b56) the angular momentum,
about an axis through @ parallel to the axis of suspension, of the motion
relative to G 1s obviously M«20 The moment of momentum of the whole
mass, supposed concentrated at G, and moving with @, with respect to the
axis of suspension would be Mkw A The total angular momentum about
the fixed axis 1s therefore

Mh3o + Hrdw o= M (h3 + x3) o = ME2am,
as already found.
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62. Rate of Change of Angular Momentum.

If we differentiate the equation (2) of Art. 61 with respect
to ¢, we have

d S Ay _dm\  d .

3 Im@y—yi) =3 m). (35Y -5 %7) + 5 3mE - k), O
two terms which cancel being omitted®*. An interpretation
of this formula, analogous to that of the formula from which 1t
18 derived, may easily be framed, but we are chiefly concerned
with the particular case where the axis Oz passes through the
mstantaneous position of G. On this hypothesis the formula

reduces to
!

Ez% Sm (23] — i) = (%Zm (£ = 1E), weverreanne. e)

regarded as holding at the instant under consideration.

Hence, in calculating the rate of increase of the angular
momentum of the system about a fixed axis through which the
mass-centre @ is passing at the instant under consideration, we
may 1gnore the motion of @, and have regard only to the motion
of the particles relative to G

This theorem also can be proved without recourse to the
artificial apparatus of Cartesian coordmates, but for simplicity
we will consider only the case of motion in two dimensions, where
the path of the mass-centre 13 a plane curve. Let @, G’ denote
the positions of the mass-centre at the instants ¢, ¢+ 8¢, re-
spectively, and let ¥, ¥+ &% be the corresponding velocities of
this pomnt. Let » be the angular momentum about G at time ¢,
v+ 3v that about G’ at time £+ 8., We have seen (Art. 61) that

* This formula, like (4) of Ait. 46, and (2) of Art, 61, 18 a particular case of the
following theorem .

It ¢z 9,2 % 9,4 3,9, 2)
be any homogeneous function of the second degree in the variables indicated, and
if we make the substitution (1) of Art 61, where z, y, 2, £, 9, { refer to any particle
m of & material system, then
Zmeo (2, y, 2, 2, Y, %, %, v, 2)
_ - - . dF dj di dF d% %
-’”’"’-"’("' $EG 3 T as @

+2’"¢£' vé’ ,f:.f. o?o
Cf. Statics, Art. 74, & » 7 7, )
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m calculating v or »+ v 1t 18 immaterial whether we employ the
actual momenta of the particles of the system, or the momenta

M(¥ 4 &¥)

Fig 52,

of the motion relative to the mass-centre. Now the angular
momentum about G at time ¢+ &¢ 18 by the theorem of Art. 61
equal to v+ 8y, together with the moment about G of the hnear
momentum =, (m).(¥+ V) in a line through @ tangential to the
path of the mass-centre. Since the distance of G from this line 1s
of the second order of small quantities, this latter moment 1s
ultimately negligible, and the increment in time 8¢ of the angular
momentum about the position G 1s simply &v.

Some 1mportant dynamical conclusions can at once be drawn.
We have seen that if a mechanical system of any kind be free
from external force, the mass-centre will describe a straight
line with constant velocity. We now learn, in addition, that not
only is the angular momentum about any fixed axis constant, but
that the angular momentum of the motion relative to the mass-
centre, with respect to any axis which passes through this point and
moves with it (remaining constant in direction), is also constant.

For instance, the masses and relative velocities of the various
members of the solar system determine the angular momentum of
the system with respect to any axis through the mass-centre, and
this angular momentum 18 constant, whether the system as a whole
18 1In motion or not.

Again, if I be the moment of inertia of the earth with respect
to 1ts axis of rotation, and w 1ts angular velocity, the product Jw
18 constant, and unaffected by the earth’s motion of translation.
Possible retarding forces, and changes in the direction of the axis,
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are of course here neglected If 1n consequence of physical changes,
sudden or gradual, the moment of inertia and the angular velocity
were altered to 7’ and o’, respectively, we should have

'e=Io . .. . .....(3

Thus a uniform contraction by cooling would mvolve a dimimution
of I and a consequent increase of w, 1.e. the length of the day
would be diminished.

Exz Two particles m;, m, connected by a string of length a are 1n motion
1n one plane

If o be the angular velocity of the string, the angular momentum, about
the mass-centre @, of the motion relative to G 18

(M 24+ me79?) @,  cev ee eereens .(4)

where r;, 7 are the distances of the two particles from @ Ilence if there are
no external forces, or if the external forces (as 1n the case of ordinary gravity)
have zero moment about &, the angular velocity o 18 constant (cf Art. 42)

Again, if the external forces produce the same acceleration m all the
particles (as 1n the case of giavity), they will not affect the relative motion
Hence, 1f 7" be the tension of the string,

T=mywir, =m':‘f:h @M evrreeerressesnnans veeeee(B)

63. Application to Rigid Bodies.

We now contemplate more particularly the case of a ngd
system, under the restmction that 1ts motion 1s 1n two dimensions,
re. the path of every particle of 1t 1s parallel to a fixed plane
It will be understood from the results of Art 59 that a body will
not i general move permanently in this manner unless the lLine
through the mass-centre normal to the aforesaid plane 18 a principal
axis of mertia of the body, or unless special constraining forces are
mtroduced.

A nigid body movable 1n two dimensions has three degrees of
freedom, and requires therefore three coordinates to specify 1ts
position [S. 13] It 18 usually most convenient to employ the
Cartesian coordinates (@, y) of the mass-centre &, and the angle
through which the body has been turned from some standard
position.

TN 19



178 DYNAMICS [1x

If M be the mass of the body, the components of linear
momentum will be M#, My, by Art. 45, and the angular
momentum about G will be I8, where I 1s the moment of
mertia about an axis through G' normal to the plane of motion.
The latter expression follows from Art 54, smce 1n calculating the

angular momentum about G we need only take account of the
relative motion.

Hence 1f the external forces be supposed reduced, by the
methods of Statics, to a force (X, ¥') at G, and a couple N, we
have

d . d ..

(Tth—X’ Et'ﬁ[y——Y, . . ee e .(1)
d
J£I9=N. e e e (2)

These equations shew that the motions of translation and
rotation are independent of one another, a principle first laid
down by Euler (1749) mn connection with the motion of ships

We are now able to solve at once a number of interesting
problems.

Ez 1 In the small oscillations of a ship about a longitudinal axis through
1ts mass-centre, we have

N=—Mgch, ........ . . (3)
where ¢ 18 the metacentric height [S 102] Hence, puttmg I= M3 we have
k20=—gcd . .. e e eerens veeeees (4)

The period of rolling 18 therefore that of a simple pendulum of length «3/c

Exz 2 A sold of revolution rolls down a plane of inclination a, with 1its
axis horzontal. It 18 assumed that the reaction at the point of contact
reduces to & single force ; 1n other words, that there 18 no frictional couple

Let a be the radius of that circle of the body which rells in contact with
the plane, and « the radius of gyration about the axis of symmetry Let u be
the velocity of the mass-centre (&) parallel to the plane, the positive direction
being downwards, and o the angular velocity of the sohd Since the sohd 18
turning about the point of contact as an 1nstantaneous centre [S 15], we have

RN ()
Resolving parallel and perpendicular to the pla,ne, we have

U= ..

HE=Mgsma—F, O=Mgcosa—R; ....cceree.. (6)
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where R, F are the normal and tangential components of the reaction of the
plane on the body. Also, taking moments about G,

MePofa )
Elminating F and o we find
d a?
(—;—:=mgsma . ..(8)

The acceleration of G 1s therefore less than
m the case of frictionless slhiding, in the
ratio a?/(x?+a?) For a homogeneous sphere
(x*=%a? this ratio 18 §, for a uniform
crcular disk or solid cylinder (x?=3a3) 1t
18 §, for a circular hoop or thin cylhindrical
shell («?=a?) 1t 18 %

Again, from (6) and (8),

<3

F=ml{gsma, R=Mgcosa ...... cooencnnn o 9)
If we assume the usual law of shding friction, viz that F cannot exceed pR,
where p 18 the coefficient of friction, the condition that there should be no
shpping 18

tana}p (1 +:i:)p i eeecescecescaeienaes (10)

Exz 3 A movable cylinder rolls mmside a fixed hollow cylinder, the
sections being circular, and the axes of symmetry parallel and horizontal.

\
\-
3

2

Fag. 64.

The figure represents a section by a plane perpendicular to the lengths.
The pont O represents the axis of the fixed cylinder, and 04 1s a vertical
12—2
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radius, whilst 0@ is the radius through the mass-centre & of the moving
cylinder.

We wnite 04 =0Q=>5, G@=a, so that @ 18 the radius of the rolling body
If 6 denote the angle 409, the velocity of & 18 (b—a)6, since this pont 1s
desoribing a circle of radius b—a with the angular velocity 8. But if o be the
angular velocity of rotation of the moving body, the same velocity 1s expressed
by wa, since @ 1s the instantaneous centre Hence

wa=(b-a)l B ¢ 3 5|

If F be the tangential reaction at @, as shewn in the figure, we have,
resolving along the path of G,

MB-a)b=—-Mgsm+F ... . . (12)
Also, taking moments about &,
Mc? %‘:=——Fa ....... e e (18)
Elminating F and o, we find

(1 +:—;—:)(b—a)0= —-gsmé. . .. .. (14)

The motion of @ 13 therefore exactly that of the bob of a simple pendulum
of length

1= (1 + 2‘:) (B=@) coveev v e e (15)

Ez 4 A sphere (or a disk, hoop. etc whose plane 18 vertical) 18 projected
80 a8 to roll and slhide along a horizontal

plane

Let the mnitial velocity of the centre be
%, and the 1mtial angular velocity about the C
centre wp. If wy=awy, where a 1s the w u

radius, the nstantaneous centre 1s at the
point of contact, and the body will continue B
to have a motion of pure rolling, without Fig. 56.

shpping. If this condition be not fulfilled,

there will at first be shipping, or ‘skidding,’ at the point of contact, and a
frictional force pMg will be called into play, opposing the relative motion
there, if u denote the coefficient of friction.

First suppose that 4y > awy The equations of motion are, at first,

Mi=-puMg, Mc’o=pMga . (16)
Hence u=uy— pgt, o=wy+pgat/c? ... (17)
These formule will hold until ©=aw, 1e until
= Uy — Aw,
t= a9
2
when um BB E AR L eeeeresrerseneenn(19)

a2+‘2
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The body then proceeds to roll with a constant velocity equal to this The
loss of kinetic energy 1s

3 H (ued+ k%00d) - } M (@ + ) mﬂ=§%2 (Ug—awo). ... (20)

It will be observed that the results (19) and (20) are independent of p.

The results for the case of uy < aw, will be found by changing the sign of
m the above formule

64. Equation of Energy.

It was shewn in Art. 46 that the kinetic energy of any
material system 1s equal to the kinetic energy of the whole mass,
supposed concentrated at the mass-centre and moving with this
point, together with the kinetic energy of the motion relative to
the mass-centre. Hence, in the case of a rigid body moving 1n
two dimensions, if (u, v) be the velocity of the mass-centre, and
the angular velocity, the kinetic energy 1s

M (u?+0?) + 31w, ........ 1)
where M 1s the mass of the body, and 7 1s 1ts moment of 1nertia
about an axis through the mass-centre perpendicular to the plane
of motion.

Now, wiiting the equations of motion (Art 63 (1), (2)) 1n the
forms

dv
M =X, Mdt Y, @
I
Idt =,
du  dv dw
we have M(u dt>+1w i =Xu+Yv+ No, .... .(3)

d . do o dy o
or  ZHM@+e)+ile) =X T+ ¥ Y+ +NS @

The expression
Xdz+ Y8y + NSO
denotes the work done by the external forces 1n an infinitesimal
displacement of the body [S. 62]. The equation (4) therefore ex-
presses that the kinetic energy 1s at each instant increasing at a
rate equal to that at which work 1s being done on the body.
The total increment of kinetic energy in any finite interval of
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time is therefore equal to the work done by the external forces
in that mnterval

In applymng this result we may of course ignore from the
outset all forces, such as the reactions of fixed smooth surfaces,
the tensions of 1inextensible strings, ete, which do no work
[S. 52]

Moreover, if the body 1s subject to external forces which do
on the whole no work 1n a cycheal process, by which the body 1s
brought back to 1ts original position after any series of displace-
ments, we may introduce the conception of potential energy, as in
Art. 30. The work done by these forces in any displacement is
equivalent to the diminution of the potential energy.

An expression for the kinetic energy of a body moving in two
dimensions can often be wntten down at once from the fact that
the body is rotating about some pownt as instantaneous centre
[S.15]) If I be the moment of inertia about this point, and
the angular velocity, the kinetic energy 1s §fw®. Since the
mstantaneous centre 1s not in general a fixed point, the value
of I, as well as of w, may change as the motion proceeds.

Ez 1. In the compound pendulum (Art 55) the kinetic energy 1s S ME262,
nd the potential energy 18 — Mgk cos 6+const. Hence

I ME26% — Mghcos 6=const  aeeeere  eeen . (5)

Ez 2 1In the case of a solid of revolution rolling on an inclined plane,
since the moment of 1nertia about the pont of contact s M (k2+ a?), the kinetic
energy 18 3 M (x2+a?) 2. Hence if v denote distance travelled down the plane
we have

$ M (x?+a?) 0®= Mgxrsma+const, . RN ()]
or, putting w=ula,
2ga%z sin a
ul= W+const. Cee e eeees (7
The acceleration of the mass-centre 1s therefore
du a?
v S ar@dtne .. e eennennss(8)

a8 already found

Ez.3 A rod 4B shdes with 1ts lower end on a smooth horizontal plane.
Since there is no horzontal force on the rod, the mass-centre G has no
horizontal acceleration Its horzontal velocity 1s therefore constant, and
may be ignored.
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Let M be the mass, a the distance of @ from the lower end 4, « the radius
of gyration about @ If z be the altitude GV of G above the horizontal plane,
and 6 the mcliation of the rod to the vertical, the equation of energy 18

$ M2 +% Mc26? + Mgz=const ..(9)
Since z=acosl, .. (10)
this gives 3 (x?+a?s1n?6) 62+ ga cos § =const N ¢ 0))

The constant depends on the imitial
conditions, thusif the rod 1s just started
from rest in the vertical position, we
have =0 for =0, and therefore

3 (x®+a?sin?h)f3=ga (1 —cos ) (12)
This gives the angular velocity in any
subsequent position

To find the vertical pressure R ex-
erted by the plane we have, taking
moments about G,

M«30=Rasm 0 . (13)
Now, differentiating (12) with respect to ¢z, and dividing out by 6, we obtain
(x?*+a?sin?f)0+a?sinfdcos§fi=gasind . (14)

By elimination of 8 and 8 between (12), (13), and (14), the value of R can be
found.
For 1nstance, to find the pressure just before the rod becomes horizontal,
we have, putting § =4,
__99 =My <
T x24a¥’ a x3+a?

65. General Theory of a System with One Degree
of Freedom.

Many of the preceding examples have this feature in common,
that the rigid body considered has in each case only one degree of
freedom, 1e. the various positions which 1t can assume can all be
specified by attributing the proper values to a single variable
element, or ‘coordinate,” as it may be called 1n a generalized
sense. Accordingly the equation of energy, when this apples,
is sufficient for determining the motion, if the initial conditions
are given.

This method can obviously be extended to any conservative
system which 15 subject to constraints such that there remains
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Just one degree of freedom. It 18 convenient therefore to study
the question 1 a general manner

In consequence of the constraints, any particle m of the system
can only move backwards or forwards along a definite path., If 6
be the variable which specifies the configuration of the system,
and 1f 8s be the displacement of m along this path consequent
on a variation 86, we have

88 =080, ..ooe. ... e (1)

where a is a coefficient depending 1n general on the particular
configuration () from which the displacement 1s made, and varying
of course from one particle to another of the system. Hence,
diwviding by &, the velocity of m is

v=8=ab. ... ... ... .eeeeeron. (2)

The kinetic energy 1s therefore
1S (mu)=346 ... .. ... . (3
where A=3(mad), . ... N ()]

the summation embracing all the particles of the system.

The coefficient A 1s called the ‘coefficient of mertia’ of the
system; 1t 18 essentially positive. It 1s in general a function
of 6, and therefore different in different configurations.

For instance, in the case of a rngid body moving in two
dimensions, 1f @ denote the angle through which 1t has turned
from some standard position, the coefficient &« 1n (1) will be the
distance of the particle m from the instantaneous axis of rotation,
and A4 is accordingly the (usually vamable) moment of mertia
about this line.

As a further 1illustration we may take the system composed
of the pston, connecting rod, and flywheel of a steam-engine.
Let I be the moment of inertia of the flywheel, M the mass of
the piston, for ssmplicity we neglect the inertia of the connecting
rod. If the angle @ be defined as 1n the figure, the velocity of the
piston is OR. 6 [S. 15], and the kinetic energy 1s accordingly

\ 1(I+M.OR 6
The 1nertia-coefficient 18 therefore 7+ M.OR?. To an observer
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making experiments on the flywheel 1t would appear to have
a variable moment of mertia of this amount.

Fig 57.

The configuration of the system may however also be specified
by means of the distance OP. Denoting this by # we have

i=—OR.4,
and the expression for the kinetic energy 1s now

%(M + 0—2—,) B ii eeiiee eeeeen . (5)
From this pomnt of view the nertia-coefficient 1s M+ I/OR?,
this represents the inertia of the piston as modified by the
flywheel. At the ‘dead pownts’ where §=0 or m, this apparent
mertia* 1s infinite

Some further 1llustrations are appended.
Exz 1. Take the case of a waggon of mass M having n equal wheels, each
of mass m

Let the radius of each wheel be @, and the radius of gyration about the
centre x  When the waggon 18 moving with velocity u, the angular velocity
of a wheel will be u/a, and the kinetic energy of each will therefore be

K2
m (u’ + 52 u"')
The total kinetic energy 1s accordingly
1 M+mn(1+"—’ L @)
3 Py coee s
The expression
M+nm ( 1+ -‘—:)
a

measures the apparent mnertia of the waggon.

* Called also by Rankine the ¢ reduced inertia,’
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Ez 2. The mertia of a helical spring supporting a weight which osallates
vertically (Fig 6, p. 27) may be allowed for approximately as follows

We assume that the spring 1s stretched uniformly*, so that a point whose
distance from the upper end 1s z 1n the unstrained state 1s displaced downwards
through a space (2/!) z, where 2 1s the downward displacement of the weight,
and ! the total length of the spring If i be the total mass of the spring, the
mass of an element 8z of the length will be m8z/l, and 1ts kinetic energy

accordingly
1mds (s \3
g7 %)
The total kinetic energy 18 therefore
3 (1
Wx’ﬂ"}—f / 2dz=} (M+3m)a3, .. ... e )
[}

where M 1s the suspended mass The inertia of the spring 1s thus allowed for
by adding one-third of 1ts mass to that of the suspended body

66. Oscillations about Equilibrium. Stability.

If a system of the kind above contemplated be conservative,
and if V denote the potential energy, we have, when there are no
extraneous forces,

A6+ V=const. .......... ... C (D)
Differentiating this with respect to ¢, and dividing out by 6, we

have

s 1dA 4 av
Ae+§70'9’="a—0— ee s secevsmsssessss (2)

This is the equation of motion of the system, with all reactions
eliminated which on the whole do no work.

To find the configurations of equilibrium of the system we put
6=0, §=0, and obtan
av _
=
In words, the possible configurations of equilibrium correspond to
values of 0 such that the potential energy 1s stationary for small
displacements.

0...... . s e .(3)

To examine the nature of the equilibrium we will suppose the
coordinate @ to be so modified (by the addition of a constant), that

* This condition will be fulfilled practically 1f the periods of free vibration of
the spring 1tself are small compared with the period of oscillation of the suspended
weight.
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1t vamshes in the configuration in question. The value of V for
small values of § may then be expanded 1n the form

V=V, +3a6+ .., e e (8)

the term of the first degree 1n 6 bemng absent because, by
hypothesis, (3) 13 satisfied for §=0. Hence, considering a shight
disturbance from equilibrium, we have

A@=—al, .. ... .... .. (6)

approximately, the second term in (2) being omitted as of the
second order of small quantities The coefficient A, moreover,
may be taken to be constant and equal to its equilibrium value,
since this mvolves an error of the second order only in the
equation®.

If a be positive the solution of this 13
O0=Ccos(N+E€), .. cooveveee vonenrn . .(6)

where n=\/%, e eee e eeeeeen eees . (1)

and the constants C, e are arbitrary. Each particle m oscillates
to and fro along 1its path, 1ts displacement being given, in the
notation of Art 65, by

s=af0=aCcos(nt+e€), ..cocovrrnrennns (8)

where a 18 a coefficient which varies from particle to particle
The period 27r/n 1s fixed by the constitution of the system, and
depends on the ratio which the ‘ coefficient of stability’ a bears to
the coefficient of inertia.

If a be negative, the solution of (5) 18
O=Ce™+C"e™, . ... cv cerrreerannns )
where n=a/(—ald). ....... . ..(10)

Unless the 1nitial conditions are specially adjusted so as to make
C=0, the value of § will ultimately become so great that the
approximation ceases to be valid

* In the case of a rigid body oscillating in two dimensions, a result equivalent
to (5) 18 obtained by taking moments about the instantaneous axis as 1f 1t were fixed
1 the body and in space.



188 DYNAMICS [1x

The equilibrium 1s therefore said to be stable or unstable
according as @ 18 positive or negative, 1e according as the equi-
librium value of ¥ 1s a minimum or a maximum.

If extraneous forces act on the system, the work done by them
in an ifimtesimal displacement can be expressed 1n the form @86
The equation (1) 1s then replaced by

%(§A€’+ VY=@0, weore e, (1)
Performing the differentiation, and dividing out by 8, we have
1d4 av
A9+§—d~§9’=—3§+®... e . (12)

The quantity ® 1s called by analogy the generalized force’
acting on the system. Its nature will depend on that of the
coordinate 6. If 6 be a line, ® will be of the dimensions of a
force 1n the ordinary sense of the word, if € be an angle, ® will
be of the nature of a couple, and so on.

Ex. 1. A circular cylinder of radius @, whose mass-centre 1s at a distance
% from the axs, rolls on a horizontal plane
This problem includes the case of a compound
pendulum whose knife-edge 1s replaced by a o
cylindrical pin which rolls on horizontal sup-
ports* (Fig 58).

Let O represent the axis of the cylinder,
C the line of contact, G the mass-centre, and let
4 be the inclination of OG to the vertical OC.
If x be the radius of gyration about an axis
through @ parallel to the axis of the cylinder,
the moment of inertia about the instantaneous G
axis ()18 M (x2+ CG?), and the kinetic energy 18
therefore Fig. 58.

M (24 CG2) B2=3 M (*+a? - 2ah cos O+ 4263, . ....... (13)
The equation of energy 18 accordingly
M (x2+a? — 2ah cos 0 + h?) 62 =Mgh cos 6+ const. ..... . (14)

‘We have seen, 1n the general theory, that 1n the case of small oscillations
we may put 6=0 1n the value of the inertia-coefficient, and that the value of

® This problem was treated by Euler (1780),
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the potential energy 18 only required to the second order of small quantities
Hence, putting cos §=1— 462 on the right hand, we have

{x2+ (k- a)?} 62+ gh62=const .. (18)
Differentiating we find
{+(h-a)} 0+gho=0 . . . ..(18)
The length of the equivalent simple pendulum 1s therefore
2 —a)?
I= ‘%__“l L))

The results evidently apply to any case of a solid of revolution rolling
parallel to a vertical plane of symmetry, at right angles to the axis In the
case of a umform solid hemisphere of radius a we have

A=3a2=(3a)% A=30,.ceee . o e oo (18)
whence I=173a

Ez 2. A cylinder, of any form of section, rocks on a horizontal plane,
making small oscillations about a position of equilibrium

In the equihibrium position the centre of gravity G' 1s 1n the same vertical
with the line of contact, let 1ts height above this line be denoted by 2  When
the cylinder has rolled through a small angle 8 from this position the vertical

(o]
8
G
R
h /
~

Fig. 59.

through the new line of contact, 1n the plane of the cross-section through @,
will meet that line through G which was originally vertical 1o some pownt C,
and 1t 18 known, as a matter of Infimtesimal Geometry, that the two inter-
secting normals will differ 1n length by a small quantity of the ¢tkurd order
Denoting the lengths by R, the increment of the potential energy 1s, to the
second order,
Mg(R-h)(1—cosb)=%Mg (R-4h)6? . ....... .. (19)

where R may now be 1dentified with the radius of curvature of the cross-
gection at the omginal point of contact* The equilibrium position 18

* It duffers from 1t usually by a small quantity of the first order.
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therefore stable if 2 < R[S.59]) Since the kinetic energy 1s, with sufficient
approximation,
Y (3R 65, ...........unnennn SRR (20)

where « 18 the radius of gyration about a longitudinal axis through @, the
length of the equivalent simple pendulum 1s
k24 Al
l=m o ee seses cenees cosecssactensasens (21)

It appears from exther (17) or (21) that 1n the compound pendulum, if the
kmfe-edge be shghtly rounded, so that its radius of curvature 1s a, the value
of 2 18 changed from

K343 K323

“h hta’
if & now denote the distance of & from the edge, 1e 1t 18 dimmnished 1n the
ratio 1 —a/k, approximately. This may be allowed for in formula for the
determination of g by altering the observed values of 7' (the square of the
period) in the ratio 1+a/k. The correction may easily come within the
errors of observation

Ex 3 The more general case of one cylinder resting on another can be
treated 1n a similar way.

The figure represents a vertical
section by a plane perpendicular to
the lengths, through the centre of
gravity G- Let P’ be that pont on
the lower curve which 1s the point of
contact in the equilibrium position,
the tangent at this pomnt making an
angle y (say) with the horizontal. Let
@ be the pomnt of contact when the
upper cylinder has been turned through
an angle ¢, and P that pomnt of the
upper curve which was originally comn-
cident with P’.  Let the normals to
the two curves at P and P’ meet the
common normal at @ in the points O
and O', respectively, and let us wnite

OP=0Q=R, O'P'=0'Q=R', PG=h, Fig. 60.

the error committed 1n treating the intersecting normals as equal being of the
third order Further, let 6, ¢ denote the angles which the equal arcs PQ, P'Q
subtend at O, O’, respectively

Since the normals PO, P’'O’ were originally mn the same line we have
040 =, eervrrrererrenseressessesnareranses(23)
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the angle through which the upper cylinder has been turned Hence, since
RO=RE, ... .. . .u(24)

with sufficient approximation, we have
6= e 0= _Bo
R+R"” R+ R
Since PG has been turned through an angle ¢ from the vertical, the altitude

of & above the level of 0’ 18
0'0cos (y+6')— OPcos (Y + ¢p) + PG cos ¢
=(R+R"){(1-46%) cosy — & sin} — B {(1—-4p? cos ¥ — ¢ sin}
+h(1-49? . e (26)

The terms of the first order mn &, ¢ cancel 1n virtue of (25) The increment
of the potential energy 1n consequence of the displacement 1s thus found to be

2.0 R ¢ e .oo@n

where R, R’ may now be 1dentified with the radu of curvature of the two
curves at P’, P, respectively

(25)

The expression (27) 18 positive, and the equilibrium position 18 therefore
stable, 1f
cosy 1 1

3 >R+R—,,. .................... csvessnee ...(28)

which 18 the usual formula [S' 59].
The kinetic energy 18 ultimately

Y ACLEY LY S ...(29)

where « 18 the radius of gyration about a longitudinal line through G. The
length of the equivalent simple pendulum 18 therefore

LemGrE) o

1 1
cosy~A (Ti + F)
If as in Fig. 61 we describe a circle of diameter ¢, such that

1 1,1
St e o O 1 )

1e 1ts curvature 1s twice the sum of the curvatures of the given curves, to
touch the lower curve at the original point of contact, and 1f P& 1n 1ts orginal
position meet this circle in A, we have PH=ccosy It appears then from
(28) that the equilibrium 1s stable or unstable, according as G 18 below or
above # In the theory of Roulettes this circle 18 called the ‘circle of in-
flexions,” the paths of pomnts carried by the rolling curve being convex or
concave to P according as they lie nside or outside this circle, whilst points
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on the circle 1tself are at points of inflexions on their respective paths. Again,
we have from (30)
x3+ k3
-5 . (32) H

The symbols R, R, A have been taken to be
positive m the case shewn 1n the figures Other
cases are included in the results if the proper
changes of sign are made

The whole investigation 18 applicable to P
any case of a rigid body having one degree of
freedom of motion, parallel to & vertical plane,
provided gravity be the only force which does Fi 61
g 6

work The two curves of the figure are then
the two pole-curves (1 e loc: of the instantaneous centre i the body and 1n
space) which by a theorem of kinematics roll in contact with one another
1 any motion of the body [S 16, 59]

67. Forced Oscillations of a Pendulum. Seismo-
graphs.

The forced oscillations of a compound pendulum (Fig 45),
due to a prescribed horizontal motion of the support O, may be
treated as follows.

The oscillations being supposed small, the vertical component
of the reaction at O will be Mg, approximately, since the vertical
displacement of the mass-centre @ 1s of the second order. Hence
if the horizontal reaction of the support on the pendulum be X, we
have, taking moments about @,

a6
dtﬂ
the rest of the notation being as in Art 55 If £ be the hori-

zontal displacement of O, the horizontal displacement of G will
be £+ h6. Hence

Mol = _Mgh6—Xh, ...... . (1)

2
M ggg (E+hO)=X. ... v (2)
Eliminating X, we find
d6 d?
120 g0 T )

where { = h + «*/h. If we put
B=F+10, viverrrennniirrncencennnni(4)
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so that « denotes the horzontal dlsplaceﬂlent of the centre of
oscillation, the equation becomes
dz g _9g
dt,_,'i"zw—LE, .................... . (5)
as 1n the case of a simple pendulum of length I. (Art. 13 (13).)
If we put

n?=yg/l, e (6)
so that 2m/n is the period of a free oscillation, the forced oscillation
due to a simple-haimome vibration

E=Ccospt cevvvrivnininnincnnnnn. )
of the pomnt of support 18
o=—PE (8)
(n*—p?)!
- &
or w_l—p’/n"”' e e ee eeeeea )

The formule will obviously apply to the ‘horizontal pendulum’
of Art. 55 provided we replace ¢ by gsm 8, where B 1s the n-
clination of the axis of suspension to the vertical, and accordingly
write

w=(gsm B)/l .covvvenininn.. .. (10)
1n place of (6).

It appears from (9) that if p 1s large compared with n, z will
be small compared with £ Hence, 1n the case of imposed vibrations
which are rapid compared with the natural vibrations of the
pendulum, the centre of oscillation will (so far as the forced
oscillations are concerned) remain sensibly at rest.

These remarks have a bearing on the theory of seismographs.
A seismograph 1s an instrument whose object 1s to record, as
accurately as may be, some one component of the motion of the
earth’s surface due to earthquakes or other causes. To effect
this with perfect accuracy it would be necessary to have as a
basis of reference some body which did not itself participate in
the motion, so far as the component 1n question 1s concerned, and
which would therefore be, relatively, 1n neutral equilibrium. This
18 of course impracticable, some degree of stability being essential,
but if the restoring force called mto play by a relative displacement

L. D. 13
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be shight, and the peﬁod of free oscillation consequently long, the
body will be only slightly affected by vibrations which are com-
paratively rapid. A simple pendulum of sufficient length, whose
motion 18 restricted to one vertical plane, would fulfil this condition,
8o far as regards either horizontal component of the displacement,
but for greater convenience some form of ¢horizontal’ pendulum
is employed, whose axis of suspension makes a very small angle
with the vertical. In this way we may obtamn within a moderate
compass the equivalent of a simple pendulum some 300 or 400 feet
long. The instrument may consist, for example, of a hght rod or
‘boom’ AB, ending at A 1n a conical point which bears against
a fixed surface, and carrymng a weight W which 1s attached by a

(o]

Fig. 62,

fine wire to a point C nearly, but not quite, in the same vertical
with 4. The axis of rotation is then AC. What is actually
observed is of course the displacement of some pomnt P of the
‘boom’ relatively to the framework of the apparatus. This is
magnified by optical or mechanical means, and recorded on a
uniformly running band of paper, so that a space-time curve is
described. Unfortunately, the scale of the record varies with the
frequency of the vibration, the relative displacement of P being

o1 U
lo——m.z.a ......... sesesecesnans (11)

if U be the distance of P from A. For sufficiently rapid vibrations,
the first factor in (11) is sensibly equal to unity, and the scale
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accordingly constant, but for smaller values of the ratio p/n the
record is distorted in a varying degree.

Conversely, to ascertain the true displacement (£) of the
ground, the relative displacement of P must be multiplied by

(D

The method is of course only applicable to such portions of the
record as consist of a series of approximately simple-harmonic
oscillations, as however 18 often the case near the ‘maximum
phase’ of an earthquake.

A complete seismological observatory contains two instruments
more or less of the above type, one for the N -S and the other for
the E.-W. component of the motion. For the veitical component

o

Fig 68,

some other contrivance is necessary. In the form devised by
Ewing, a nigid frame, the essential part of which 1s represented
by AOB 1 the figure, can turn about a horizontal axis at O.
The arm OA4, which 1s sensibly horizontal, carries a weight W,
and a point B on the arm OB 1s connected by a helical spring to
a fixed pomnt C. If the weight be shghtly depressed from 1ts
equilibrium position the moment of gravity about O 1s scarcely
altered, but the tension of the spring 1s inecrcased, whilst 1ts
leverage about O 1s diminished. The circumstances are adjusted
so that the former influence shall slightly prevail over the latter,
the restoring force 1s accordingly small, and the period of a free
oscillation long. The dynamical characteristics of the arrangement

13—2



196 DYNAMICS [x

are therefore essentially the same as in the previous case, and 1ts
behaviour under a forced vertical oscillation of the axis O 18
governed by the same principles®.

So far, the forced oscillations have alone been referred to.
Free oscillations are of course also set up, as explamed i Art. 13,
and tend to confuse the record, unless special damping arrange-
ments are mntroduced. The operation of these will be considered
i Chap. x11 (Art 95).

It may be added that in the most recent forms of seismographt,
whether horizontal or vertical, the registration 1s on a different
principle. The pendulum carries coils of fine wire in which
electric currents are induced as they swing between the poles of
fixed magnets. These currents arc led through a dead-beat mirror
galvanometer whose mirror reflects a spot of lhight on to the
running band of sensitive paper. The indications depend there-
fore on the angular velocity, rather than the angular displacement,
of the pendulum.

68. Oscillations of Multiple Systems.

Problems relating to the small oscillations of systems having
more than one degiee of freedom are naturally
somewhat complicated, at all events when o
treated by direct methods. The following 15 !
one of the simplest problems of this kind, 1t
18 a natural extension of that of Art 44, 1.

A body of mass M can turn freely about a
horizontal axis O, and a second body of mass
m, is suspended from 1t by a parallel axis O’
It 18 assumed for simplicity that the mass-
centre G of the upper body les in the plane
of the axes 0, O'. The figure repiesents a
projection on a vertical plane perpendicular to
these axes We write

0G=h, 00 =a, OGF=b, ... (1)

Fig 64.

* The general theory of the forced osocillations of a system of two degiees of
freedom 18 given 1n Art 111.
+ Viz, those devised by Prince Galitzin,
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where G 15 the mass-centre of the lower body, and we denote by
k, k the radn of gyration of the upper body about O, and of the
lower body about @, respectively. The inchinations of OG and
O'G’ to the vertical are denoted by 6 and ¢.

In the case of small oscillations about the equilibrium position,
i which G” 1s 1n the same vertical
plane with the axes O, O, the
vertical component of the reaction
of m on M will be mg, approxi-
mately. Denoting the horizontal
component by X, as indicated
m Fig 65, and taking moments

Mg+mg

about O for the upper body, we | \G
have, to the fiist order,
Mi*0 =— Mgh€ + Xa - mgaf . (2) g \O' L x P
ny
Again, since the horizontal dis-
placement of @ fiom the vertical mg
plane through O 1s af +0¢, we Fig 65.
have
m(ab+dbp)=—-X. ... .. I )
Also, taking moments about @, for the lower body,
me*P = Xb ~ mgb. wuurererernnns .. (4)
Ehminating X, we obtain the equations
(M1 +ma?) 0 + (Mh + ma) g0 + mab = 0,} ®)
ab9+("’+b’)4;+gb¢_—_o ......
It 1s convenient to write
M3 + ma? e+,
m ={, ‘vb =] 3 eescscrcsssanas (6)

ie. 7 1s the length of the simple pendulum equivalent to the upper
body when a particle m 1s attached to 1t at O, whilst I’ relates to
the oscillations of the lower body when the axis O 1s fixed. The
equations (5) may then be written

(Mh + ma)(10 + g6) + mabd = O,}
ad+ U +gp =0.
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The solution follows the same course as i Art. 44. If we
assume
O0=Acos(nt+e), ¢p=Bcos(nt+e), ......... (8)

the equations are satisfied, provided
(Mh + ma)(n’l — g) A + mabn*B =0,
nad + (0 —-g)B=0.

Eliminating the ratio A/B, we have
(Mh + ma) ('l — g)(n¥l' — g) — mabn*=0. ...... (10)

It 13 easily proved that the roots of this quadratic in n* are
real, positaive, and unequal. Denoting them by n,% n,%, the com-
plete solution 18

0=A,cos(mt + )+ A,cos (nt + e,),}
¢ = B, cos (mt + €) + B, cos (n;t + ¢,),

where the constants 4,, 4,, &, ¢ may be regarded as arbitrary,
whilst the ratios B,/A4, and B,/A, are given most simply by the
second of equations (9), with the respective values of n? inserted.
The interpretation of this solution 18 as 1n Art. 44.

}............(9)

If we put

so that A 18 the length of a simple pendulum having the same
period as a normal mode of our system, the equation (10) may be
written )

ma
gz oo (18)
Hence one value of A is greater than the greater, and the other 1s
less than the smaller, of the two quantities {, /., Since

B
Z‘_‘x_ﬁ—f' ................. veveeen(14)

A-D =)=

by (9), it appears that in the slower of the two normal modes 6
and ¢ have the same sign, whilst in the quicker mode the signs
are opposite. Cf. Art. 44.

69. 8tresses in a Moving Body.

The determination of the stresses in a moving body is an
elastic problem which is usually very difficult. Questions of
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shearing stress and bending moment 1n a moving bar can however
be treated by the ordinary methods of Statics [S. 27], provided of
course that the ‘effective’ forces are
taken into account. The following 18
an example.

We take the case of a uniform bar
of mass m and length ! swinging hke
a pendulum about one end. The
stresses across a section at a pomnt Q
at a distance « from the free end 4
are equivalent to a tension T, a trans-
verse shearing stress F, and a bending
moment M, we will suppose that the
positive senses of these are as 1n-
dicated in the figure.

Fig. 66.

The segment QA has a mass mz/l,
and 1ts centre moves on a circle of radius ! — 4. Hence if 6 be
the inclination of the bar to the vertical, we have, resolving along
and at right angles to the length,

’—"li”(z-gx)éx=1'—’-"§£coso, e (1)
”%“f(z— }z)b=F— @lgf’sm O oo (2)

It will be noticed that when z =1 these agree with equations (1)
of Art. 60, difference of notation being allowed for. Again, the
moment of mnertia of A4Q with respect to its centre 18

me 1

T 17
hence, considering the angular motion,
1 ma?
1—2—-1—0=M—-F.1}w. ........... esescssacs (3)
But, putting I =4$MP? k=41 in equation (1) of Art. 55*, we have
. 8¢g .
8=—§‘%sm0. ....................... 4)

® Or putting M=0, z=1, 1n (2) and (3) above, and eliminating F,
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Substituting 1n (2) and (3) we find

_mgsmé

P="0300 5 (30 -91), .ovvvrrrrerce 3
M= ”‘9:””3_9 O (6)

These values depend only on the position of the bar. The tension,
on the other hand, being

=ﬁl.lgi”cose+’—’;—‘”(l_%x) & . (7)

will involve the initial conditions When 2=1[ we have F= tmgsiné,
1n agreement with Art. 60 (7).

Calculations such as the above assume of course that the bar
may be treated as absolutely rigid. This 18 legitimate, in the
case of vibratory motions, if the period be long compared with any
of the free periods of elastic vibration When this condition 1s
violated, the effect of elastic yielding has to be allowed for, and
the results may differ greatly from those given by the pieceding
method.

70. 1Initial Reactions.

In some problems of inteiest a body, or a system of bodies, is
released from rest 1n a position which 1s not one of equilibrium,
and 1t is desired to know the initial accelerations of various points,
or the 1mitial reactions of the constraints.

Such questions are comparatively simple in that the initial
velocities vanish, and 1t 1s therefore not necessary to integrate
the equations of motion. Thus, in the case 6f a simple pendulum
of length ! released from rest at an inclination 6 to the vertical,
the radial acceleration — 16? vanishes, and the imtial tension 7', of
the string 1s therefore

To=mgcosf. ....cocevvrinvenen .. 1)

In some cases, however, the equation of energy 1s useful as an
intermediate step, since on differentiation 1t leads to an equation
involving the mitial accelerations, and free from unknown reactions.

Some examples are appended.
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Ez 1. A bar, whose lower end 4 rests on a rough horizontal plane, 18
released from rest at an mclination 8 to the
vertical, 1t 18 required to find the horizontal
and vertical components (£, £2) of the imtial
reaction of the plane 'This 18 really a case
of the problem of Art. 60, but may be treated
more simply as follows

Let a be the distance of the mass-centre

G from 4, and « the radius of gyration

about ¢ Taking moments about 4 we have
M(2+a?)0=Mgasmmé ... (2)

Agaimn, since the acceleration of G' 18 af at
rnight angles to AG we have, resolving horizontally and vertically,

Fig. 617.

Ma9cos0=F, Mabsinf=Mg-R .... .. (3)
F a? R x*+a?cos?é
Hence Iz = iyat s1n 4 cos 6, g =—aia& veees (4)

If we assume the usual law of friction, the lower end will not begin to slip
unless

2
smécos>pu (cos’6+$>, . (5)
where p 18 the coefficient of fiiction. If we put p=tan}, the condition 18

23
5111(28—)\)}(1—*-—“—2—)81117\ ceeerrececees on . . .(6)

Exz 2. A cylindrical solid, of any form of section, fiee to roll on a rough
horizontal plane, 18 relcased from rest m a
given position.

The figure represents a section by a veitical m
plane through the mass-centie @, perpendicular
to the length of the cylinder Let P be the
pomnt of contact of tlus section, and GV the

z
perpendicular from G to the plane We write 7
GP=r, GN=2 PN=gq, ...(7) \
and denote by « the radius of gyration about a ¢ N
longitudinal axis through G Fig 68

When the body turns with angular velocity
o about P, the horizontal and vertical components of the velocity (wr) of
G are
—wz @f,
respectively Hence differentiating, and omitting terms containing z and ¢,
which vanish imtially, the mitial horzontal and vertical accelerations of G are

-z, g,
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respectively. Hence 1f F, R be the horizontal and vertical components of the
reaction of the plane, we have

Fa— Moz, R-Mg=Muq. ..... eesrerssnnnnenens(8)
Again, the equation of energy, which holds throughout the motion, 18
$M (P +13) 0¥+ Mgz=const .. ......... veeeee « (9)

Differentiating this with respect to ¢, putting Z=wg, and dividing out by w,
we have, 1mtially,
() o= —g¢. ereveririerinnans ravens o (10)

Substituting 1n (8), we obtain

F__¢ E_o+2
Mg T k3493 My REp BT e

This problem includes Ex. 1 as a particular case

oo e 2 (11)

Ex. 3 Let us suppose that the circumstances are the same as in Ex. 2,
except that the horizontal plane 18 smooth.

Since G now moves 1n a vertical line, the instantaneous centre is at the
wtersection of the vertical through P with the horzontal through @. The
equation of energy 1s therefore

M (24 ¢%) 0¥+ Mgz=const. ... .o cerrrerienniens (12)

The vertical velocity of @ 1s still given by the formula z=wg, hence, differen-
tiating (12), and dinding out by «, we have, 1mitially,

(24 gD 0+gg=0 .veees trrririrneee v oe vees (13)
Also, since the imtial vertical acceleration of @ 18 wg, we have
Mog=R-Mg, .ccc... et cvvnrnnnnn cereea(14)
where R 18 the reaction of the plane Hence
R K’

)7, = m PPN ¢ 1)}

71. Instantaneous Impulses.

In problems of instantaneous impulse we are concerned, as
m Art. 41, only with the time-integrals of the forces taken over
the infinitely short duration of the impulse.

In the case of a ngid body moveable in two dimensions, let
(u, v) be the velocity of the mass-centre G just before, and (¥, v)
1ts velocity just after the impulse. Also let w, »’ be the corre-
sponding angular velocities of the body. If £ 7 be the time-integrals
of the external forces parallel to the axes of , y, respectively, and
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v the time-integral of the moment of these forces about @, the
principles of lmear and angular momentum give at once

M@ -u)=§ M(v'—v)=m}
I(0 —w)=w,

where M is the mass of the body, and I 1ts moment of inertia

about an axis through G normal to the plane zy.

These equations may also be derived from (1) and (2) of
Art. 63, by integrating over the infimtely short duration of the
impulse, thus

Mu’-Mu=f'th=g, Mv’-Mv=f'Yd:=n,
0 0

] . (@)
Iw'-fa,:f Ndt = ».
0

Suppose, as an example, that a 11g1d body at rest, but free to
move, 18 struck by an impulse &
in a plane which is a principal
plane of nertia at the mass-
centre G. It 1s evident that G
will begin to move in a line
parallel to the impulse; let 1ts
mtial velocity be «, and let o’
be the angular velocity com-
municated to the body. If we
draw GP perpendicular to the
line of the 1mpulse we have

Mu=§ [o'=EQP. .....oueneee. (3)
If P@ be produced to O, the mitial velocity of the point O of the
body will be 40.GP
’ ’ — _g_ . .
u—w.GO—M(l o ) ............ (4)

where « is the radius of gyration about G. This will vanish,
ie. O will be the instantaneous centre of the imtial rotation,
provided
GP.GO=K% ..coeviiiiniiiinnennns (6)
If the body were fixed at O, but free to turn about this
pomnt, there would in general be an mpulsive pressure (£, say)
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on this point, and an equal and opposite 1mpulsive reaction (— &)
on the body. This would be determined by the equation

E-E=Mu=Mo'.0@G, .............. . (6)
where o 18 to be found by taking moments about O, thus
M2+ 0G) o' =E.0P. ................ (7)
Hence
b_,_ Ma0G_, OP.0G_e—-GOGP
£ £ K+ 0@ +0G "7

The impulse on the axis O will thercfore vamsh if the relation (75)
be fulfilled, as was to be anticipated from the preceding investi-
gation.

If, O being given, P 1s chosen so as to satisfy this condition,
P 1s called the ‘ centre of percussion’ with reference to 0. It will
be noticed that the relation between O and P 1s 1dentical with
that which connects the centres of oscillation and suspension in
the compound pendulum (Art. 55).

When the plane contamning the impulse and the mass-centre
18 not a principal plane at the latter point, the body, if free, will
not begin to rotate about an axis perpendicular to this plane.
If 1t be constrained to rotate about a given axis, the reactions
there will not in general reduce to a single force, there will in
addition be a couple 1n some plane through the axis, tending to
wrench the axis out of i1ts beaiings. We do not enter into the
proof of these statemcnts, but a special case 18 discussed n Ex. 3
below.

Ez 1. In the case of a umform bar, of length 2a, free to turn about one
end, the centre of peicussion 18 at a distance
& 4
a+ 2°3 a
from that end.

Again, the height above the table at which a billiard ball should be struck
by a horzontal blow, 1 order that 1t may not shde, 18

3 7
a+ ;=='5¢,

where & 18 the radius, This should be the height of the cushions.
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Ez 2 Two similar bars 4B, BC, smoothly jointed at B, are at rest in
a straight hne, to find the imtial motion consequent on a blow F applied
at C, at nght angles to BC

For simplicity we assume the mass-centres of the bars to be at themr
middle points  Let the length of each bar be 2a, 1ts radius of gyration about
the centie «, 1ts mass M

At the joint B there will be impulsive pressures + X, say, on the two bars
Let u,, ug be the imitial velocities of the centres of 4B, BC, respectively, and
©;, oz the 1mtial angular velocities, the positive senses being as shewn 1n the
figure

Resolving, and taking moments about the centres, we have

Muy=-X, Mi?o,=- Xa, e o (9)
Muyy=F+ X, Mcloy=Fa-Xa ...cccveees veeees(10)
A 8 c

l

N7

R3
M<—0Om
®
o
¥\
& o)

Fig 70.

Again, the velocity of the jomnt B, considered as a pomt of the first bar, is
u, + @, @, whilst considered as a point of the second bar 1t 18 u3—w3a  Hence

Uy F 01T =UZF—= W@ seveverciissnnns stonnn .« . (11)

These five equations determine u,, %3, w1, o3, X. If we express the remaining
unknowns 1 terms of X, by (9) and (10), and substitute 1n (11), we find

1 a2-«3 F

Xeg o B e eenen(12)
Hence
la2—«% F _ _la*(a®-«Y) F
ul-_ﬂaw.j{, awl—-—ém ,T{’ ...... (13)
13a?4«? F _la?(a®+3«%) F
= § 52_;_;‘- E’ awg—§—m w ......(14)

The cages x =0, x =a should be noticed, and interpreted.
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1f the bars be uniform, we have x3=}a? and

1F 3F
1= A awy = -Z 7, ...-...‘-...-‘.......(15)
5 F 0 7

Ug = i Awy = iv cer oo .......(16)
The negative values of %; and o, shew that the real directions of translation
and rotation of 4B are the opposites of those indicated by the arrows in the
figure

Ez. 3. A plane lamina, which 18 free to turn about a given axis in 1its
plane, 18 struck at right angles by an 1mpulse at a given point; to find the
reactions at the axis

Take rectangular axes Oz, Oy 1n the plane of the lamina, Oy being coincident
with the axis of rotation If (a, 8) be the pomnt at which the impulse (¢) 1s
delivered, the moments of the impulse about Oz, Oy will be (8 and - {a,
1espectively, on the usual conventions as to sign  If o be the imtial angular
velocity, the momentum of a particle m at (z, ¥) 18 —mw2, and the moments
of this about Oz, Oy are — mwzy, mwz? The linear momentum of the lamina
18 therefore

- w2 (mz),
and the moments of momentum about Oz, Oy are

-3 (m2y), o= (mz?).

The geometric sum of the impulsive reactions on the lamina at the axis
will be a force {; normal to the plane, given by the equation

=S (ME)=(+{1e  senneeen vericrnnnneneennnd(17)

If A;, p; be the moments of the same reactions about the coordinate axes,
we have

-3 (mry)=N+{B, oS (Mr})=p;—{a .cccccrerrrenn. (18)
Hence 1n order that the reactions may vanish, we must have
_ 2 (maf) 2 (may)
a=3 (ma)* B= 2 (mz) PN ¢ £ )}

The point thus determined may be called the ‘centre of percussion.’ When
the product of inertia = (mzy) vanishes, the result agrees with (5)

If we transform to new axes Oz, Oy, of which Oy’ coincides with Oy, whilst
Oz’ makes an angle 8 with 1t, the new coordinates of a particle m will be given
by

z=28In6, y=y +2 086, ...ccsieruriaiinrinee. (20)
as 18 easily seen from a figure. It appears on substitution in (19) that the
new coordinates a’, 8’ of the centre of percussion are given by formul® of the
same type a8 before It 18 therefore unnecessary to retain the accents.
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There 18 no loss of generality if we assume the axis of z to pass through
the mass-centre, so that

S(MY)=0 e ivriirt ot i .(21)
If we now transfer the origin to this pomnt, writing z+ 4, for z, we shall have
3 (mx)=0, ....... . C eeseee (22)
and we find
_=(ma?) _Z (mxy)
a=s )’ B= By (23)

as the coordinates of the centre of percussion referred to axes through the
mass-centre, the only restriction being that the axis of y 18 supposed parallel
to the axis of rotation of the lamina

The result 1s simphified 1f we make the axis of  comncide with that diameter
of the ‘central ellipse’ of the lamina [S' 75, 77] which 18 conjugate to the axis
of y. We then have 2 (may)=0, and

a=(—;:, B=0, evrere cerrrrrreeennes . (24)
where a’=%%), R ¢ 13 )]

1e a%18 the mean square of the abscissm of the various particles of the lamina
The geometrical meaning of (24) 18 that the centre of percussion 1s the ‘anti-
pole’ of the axis of rotation with respect to the central ellipse.

In the case of a lamina of umiform sw face-density, the centre of percussion,
as determined by (19) or (24), concides with the centre of pressure of the
area when immersed so that the axis of rotation 18 the surface-line* [S 95].

72. ‘The Ballistic Pendulum.

The ‘ballistic pendulum’ is a devicet for measuring the
velocity of a bullet by means of the momentum communicated
to the apparatus, which consists of a compound pendulum carrying
a block of wood, or a box of sand, into which the bullet 1s fired
horizontally. Owing to the resistance, the bullet 1s brought to
relative rest before the pendulum has moved through an ap-
preciable angle.

“Let m be the mass of the bullet, v 1ts velocity, and ¢ the
depth of its horizontal path below the axis of the pendulum
The moment of momentum of the apparatus, immediately after

* Greenhill, Hydrostatics, London, 1894, p 65
+ Deseribed by B. Robins (1707-51) in his New Principles of Gunnery, 1742,
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the impact is therefore mvc. Hence, if o be the angular velocity
communicated to the pendulum, we have

muc = Mk, ....cccveuvnininnnnnnn.n.. 1)

where the constants M, k refer to the pendulum as modified by the
inclusion of the bullet, this cortection is, however, usually un-
important. If a be the angle through which the pendulum
swings before coming to rest we have, by the equation of

cneigy,
JMEBw?= Mgh(1 —cosa), .. ... . (2)

where h denotes the distance of the mass-centre from the axis of
suspension. Hence

=4 (f‘;[)2 (éf)’.gh SIN? 1A ceeeiinnin. (3)
If T be the time of a small oscillation of the pendulum we have
_9Th
k= B3 reeeeeen v e 4)
by Art. 55. Hence M
1 h
v=;_.ﬁ.a sm{;a.gT. .................. (5)

The velocity v is thus expressed 1n teims of quantities which can
be determined by observation.

The angle a is sometimes determined by means of a tapc
attached to the pendulum, at a pont in the plane of the mass-
centre and the axis of suspension, which 1s drawn out during the
swing. If b be the distance of the pont of attachment from the
axis, the length thus drawn out, being equal to the chord of the
arc ba, is 2bsin Ja. Denoting this by @, we have

P -7 verer (6)

In order that there may be no impulsive jar on the axis, the
line of fire should pass through the centre of percussion (Art. 71).

In some varieties of the instrument the gun from which the
bullet is fired forms part of the pendulum, which 1s set in
motion by the recoil. This arrangement is less accurate, since
the momentum given to the pendulum 1s not strictly equal and
opposite to that of the bullet, but is increased on account of the
momentum given to the gases generated 1n the explosion.
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73. Effect of Impulses on Energy.

Taking the case of motion 1n two dimensions, let us suppose
that a body is acted on by a system of instantaneous impulses
applied to 1t at various points, and that these are equivalent to
an 1mpulsive force (£, ) at the mass-centre G, and an 1mpulsive
couple ». As mn Art. 71, the sudden change of motion is
given by

M@ —-u)y=§ M@ —v)=n9,
9=k HE=I=m)
The increase of energy due to the impulses is therefore
B+ ") + Lo = M (* + ¢) + § L7
=M (u*—w)+ i M (- ) + 31 (0” — ©?)
=£3(u+u)+n.3@+V)+v. (0 + @) .oueeees (2)

We obtamn a result equivalent to this if we multiply each of
the forces constituting the impulse by the anthmetic mean of the
mitial and final velocities of 1ts pomnt of application, resolved in
the direction of the force. For let us imagine the same body,
mn the same position, to receive a displacement such that the
component translations of G aie J(u+u)7, $(v+v)7, and the
accompanying rotation 1s § (w + ') 7, where 7 is some infinitesimal
magnitude of the dimensions of a time. The expression imn the
last line of (2) would then represent the work done during this
displacement by a force (£/7, 7/7) acting at @, and a couple »/7.
Now if F be any one of the forces constituting the impulse in
the actual problem, and ¢, ¢’ the imtial and final velocities of
its point of application, resolved 1n 1ts own direction, the resolved
displacement of this point 1n the 1magined case would be

1g+Hn
and the work done by a force F/r would be F.}(q+¢).
The total work done by the system of such forces would
accordingly be
S{F.3(@+q) ceovveennn RN )

This result may also be obtamned by calculating directly the
work done by the impulsive forces. The simplest plan is to
1magine these to be replaced by constant forces F/r acting for

L D. 14
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a very short time 7. The changes of velocity which take place
within the mterval 7 will then be proportional to the total impulse
up to the instant considered, and therefore proportional to the
time that has elapsed since the beginning of the interval. The
mean velocities of the powmnts of application, resolved in the
directions of the respective forces, will accordingly be represented
by 4 (g + ¢), and the corresponding displacements by $(g+¢") 7. In
this way we are led again to the expression (3) for the total work
done. It will be observed that changes of velocity due to ordinary
fimte accelerations have been neglected, this 1s legitimate since
the interval T 18 ultimately regarded as infinitesimal.

Exz 1. In the ballistic pendulum the impulse given to the pendulum
18 mw, practically, and the initial velocity of its point of application 18 cw
The energy given to the pendulum 1s therefore $mvcw, which 18 equal to 4 Mk?w?,
by Art 72 (1). The total loss of energy 1s therefore

ymod — JUR = mo? (1 - %’2). ............ -

Ez 2. In the problem of Art 71, Ex 2, the velocity given to the point C

7TF
u,+aw,=§ T[’ ....................... (5)
and the energy due to the impulse 1s therefore
7 F?
A ¢ v eeeenn (6)

If the joint B had been rigid, the energy would have becn #%/M, as 18 easmly
found. This 1llustrates a general principle that the imtroduction of any

constraint in a mechanical system diminishes the energy produced by given
mmpulses, (See Art 108.)

EXAMPLES. XV.

1. A bar rotating on a smooth horizontal plane about one end (which 1s
fixed) suddenly snaps in two ; describe the subsequent motion of each portion

2. Having given a solid and a hollow sphere of the same size and weight,
how would you ascertain which 1s the hollow one ?

3. A vertical thread unwinds 1itself from a reel, the upper end of the
thread being fixed. Prove that the downward acceleration of the reel 18
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and that the tension of the thread 1s

"
a? + k? My,

where M 1s the mass of the reel, a 1ts radius, and « 1ts radius of gyration about
the axis

4. A reel of thread rests by its shightly projecting ends on a horizontal
table The free end of the thread 1s brought out from the under side of the
reel, and pulled horizontally with a given force # In what direction will the
centre of the reel move, and with what acceleration? (The radu of the reel
at the centre and at the ends are given, also the radius of gyrations)

5. A pulley of mass ¥, radius @, and moment of mertia 7, runs in the
bight of a string one end of which 1s fixed, while the other passes over a fixed
pulley of radius @', and moment of inertia /', and carries a mass m hanging
vertically Prove that the accecleration of m when the system 18 runmng
freely, the free parts of the string being supposed vertical, 18

(m_éﬂ)g+(m+§}{+£‘2+i¢{7 .

6. A circular cylinder can roll on a horizontal plane, and the latter 1s
made to move horizontally 1n any manner at right angles to the axis Prove
that if the plane and cylinder were mmtially at rest they will come to rest
simultaneously, and that the distance travelled by the centie of the cylinder
will be to that travelled by the plane as «2/(x?+a?), where a 18 the radius of
the cylinder and « 1ts radius of gyration

7. A bicycle 18 running on the mnside of a circular loop 1n a vertical plane
If a be the radius of each wheel, R that of the loop, » the apparent velocity
of the bicycle (1e the velocity with which either point of contact moves along
the track), find the angular velocity of the wheels, and the angular velocity of
the frame. [v(1/a—1/R), »/R]

8. A arcular hoop of radius @ rolls in contact with a fixed circular
cylinder of radius b, which 1t surtounds, 1ts plane bemg peipendicular to the
axis of the cyhnder Through what angle does the hoop turn while the point
of contact makes a complete encuit of the eylinder ?

Also if 7' be the apparent period of revolution of the hoop, find the
pressure between the hoop and cylinder, neglecting gravity.

[27 (a-b)/a, 4x2M (a-b)/T?]
9. A umform rod 1s placed like a ladder with one end against a smooth
vertical wall, and the other end on a smooth horizontal plane It 18 released

from rest at an inclination a to the vertical ~Calculate the imtial pressures on
the wall and plane, (§4gemnacosa, Mg(l-§smia)]

14—3
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10. Also prove that the bar will cease to touch the wall when the upper
end has fallen through one-third of its original altitude

11. Two particles m, m’ are connected by a light rod of length {, and m 1s
free to move on a smooth horzontal plane If the rod be shghtly disturbed
from the unstable position, prove that the angular velocity  with which 1t
reaches the horizontal position 18 given by

w?=2g/l.

What is the nature of the path of m'?

12, A umiform chamn of mass M and length  hangs in equilibrium over
a pulley of radius @ If 1t be just started from rest, and does not shp
relatively to the pulley, prove that the equation of motion 18 of the form

L+ Mar) o 20 = 2927 4,

where I is the moment of inertia of the pulley.

Find the tensions of the chain at the points where 1t leaves the pulley,
when the latter has turned through an angle 6.

13. A umiform plank of thickness 24 rests across the top of a fixed circular
cylinder of radius @ whose axis 18 horizontal ~ Prove that if 1t be set 1n motion
the equation of energy 18

§ (x?+ A% 4 a?6?) 624 g {aB sin 0 — (a +A) (1 — cos 6)} =const.,
on the assumption that the motion 1s one of pure rolling.

Hence shew that if @ > % the horizontal position 18 stable, and that the
period of a small oscillation 1s the same as for a sumple pendulum of length

34 A3
a-h

14. A solid ellipsoid whose semi-axes are @, b, ¢ rests, with 1ts shortest
axis (2¢) vertical, on a rough table Prove that 1t has two normal modes of
vibration, and that the lengths of the coricsponding simple pendulums are

(a®+6¢% ¢ (b2+6c%) ¢
b(a*—c?)’ 507 -¢c?) "

Prove that the longer period belongs to that vibration which 1s parallel to

the two shorter axes.

15. If in Kater’s pendulum the knifc-edges are replaced by cylindrical
pins of equal radius, prove that when the period of oscillation about each 18
the same the length of the equivalent simple pendulum 18 equal to the
shortest distance between the surfaces of the pins

Prove also that 1if the periods are nearly but not exactly equal the formula
(13) of Art. 56 will still hold very approximatoly, if the radius of the cylinders
be small, provided %;, %, denote the shortest distances of the mass-centre
from the surfaces of the pins.
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16. A bar 4B hangs by two equal crossed strings, attached to 1ts ends,
from two points C, D at the same level, such that 4 B=CD, and 1t 1s restricted
te motion 1n the vertical plane through CD. If AB=2¢, and 2b be the
depth of 4B below CD, prove that if b > ¢ the length of the equivalent simple
pendulum 18

2(x3+0%) b
BEC

17. A wheel of radius @, whose mass-centre @ 18 at a distance ¢ from the
axis, can turn freely in a vertical plane, and carries a weight m by a string
hanging tangentially on one side Form the equation of energy in terms of
1, M, 6 and the other given quantities, M denoting the mass of the wheel, J1ts
moment of nertia about the axis, and 4 the inclination to the vertical of the
radius through G,

When equilibnium 18 possible, shew that stable and unstable positions
alternate, and piove that the time of a small oscillation about a stable

position 18
9 I+ ma?
" Mgccosa)’

where a is the equilibrium value of 4

18. Two equal particles are attached at B and C to a string 4 BCD, such
that AB=CD=!, BC=2a, and tho ends 4, D are fined at the same level
When the system 18 1n equilibrium, the portions 4B, DC make angles a with
the horizontal. Prove that when the system swings in the vertical plane
through 4D the length of the equivalent simple pendulum 1s

{sina
1+!¢/a cosda’
Obtain the corresponding result for a uniform bar BC suspended by equal
strings 48, DC.

19. The axis of suspension of a compound pendulum 18 moved horizontally
to and fro, 1ts displacement at time ¢ being § Prove that the acourate
equation of motion 18

9

d20 2
lw+gsm0= —l—i—t—“fcoso,
where { 18 the length of the equivalent simple pendulum.

20. A bar hanging from a fixed pont by a string of length Z attached to
one end makes small oscillations 1n a vertical plane. Prove that the periods
(2m/n) of the two normal modes of vibration are determined by the equation

x3+altal

Me—ar

where « is the distance of the point of attachment from the mass-centre (&),
and x the radius of gyration about G.

Find approximate values of the roots when «/¢ and a/l are both small;
and examine the nature of the corresponding modes.

2a
g”’ +% =0,
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21. Prove that in the case of the double pendulum (Art. 68) the kinetic
energy In any configuration 18
3 (463+2H0$ + BoY),
where 4 =Mk?+ma3, H=mab cos (6—¢), B=m (b*+«%), and that the poten-
tial energy 18
const — Mgk cos 6 —mg (a cos 8+ b cos ¢).
Prove that the angular momentum about the axis O 18
(A+H)6+(H+B)¢
22, A uniform bar of length ¢ 18 made to move at right angles to its
length with acceleration f by means of equal forces applhed to 1t at the ends
Prove that the shearing force and bending moment at a distance # from one
end are given by

F= ”sz (él - x)’ M= - 7::{.1,‘ (l -Jo')c

EXAMPLES. XVI.

(Impulsive Motion.)
1. A circular hoop which 18 perfectly free 1s struck at a point of the
circumference, find the 1nitial axis of rotation (1) when the blow 1s tangential,
(2) when 1t 18 at right angles to the plane of the ring.

2. A uniform rod at rest 18 struck at one end by a perpendicular impulse,
prove that 1ts kinetic energy will be greater than if the other end had been
fixed, 1n the ratio 4 3.

3. A unmiform semi-circular plate of radius a 18 struck perpendicularly to
1ts plane at the middle point of the bounding diameter, find the distance of
the axis of initial rotation from this diameter [ 59 a]

4, A rigid lamina 18 moving 1n any manner 1n 1ts own plane, when a
pomnt O 1 1t 1s suddenly fixed What must be the position of O 1n order that
the lamina may be reduced to rest ?

5. A square plate 18 spinning freely about a diagonal with angular
velocity @. Suddenly a corner not 1n this diagonal 1s fixed. Prove that the
new angular velocity 18 } o

8. A lamina free to turn 1n 1ts own plane about a fixed point 0 18 struck
by an impulsive couple ». Find the impulsive pressure at 0, and prove that
1t cannot exceed }v/«x.

7. A bar, not necessarily uniform, 18 struck at mght angles to its length
at any pont P, and the veloaity produced at any other pomnt @ 18 » Prove
that if the same impulse had been apphed at @, the velocity at P would have
had the same value v.

8. A pomt P of alamina 18 struck by an 1mpulse 1n any direction PP’ 1n
the plane of the lamina, and the component velocity of any other pomnt @ in
a direction Q¢ 18 v Prove that 1f the same 1mpulse had been applied at @
in the direction @€, the velocity of 2 1n the direction 2’ would have been v.
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9. A uniform rod of length 2z 18 attached at one end by a string of
length ¢ to a fixed point, about which 1t revolves, on a smooth horizontal

plane Find at what point an 1mmpulse must be applied to the rod to reduce 1t
to rest.

10. A ngid lamina free to turn about a fixed pomnt O 18 struck by an
impulse £ 1n a hine meeting OG (produced) at nght angles in 2 Prove that the
energy generated 18 less than if the lamina had been perfeetly free by the
smount

1(GP GO-«x?? ¢£3
2 k2 (x2+ OG’) M

11, Two equal uniform rods 4B, 4C, smoothly jointed at 4, are at rest,
formmg a right angle If a blow be delivered at C 1n a direction perpendicular
to AC, the mitial velocities of the centres of AB and ACareas 2 : 7.

12. 4B, CD are two equal parallel uniform rods, and the points 4, ¢
are connected by a string perpendicular to both If a blow 18 administered
at B, at right angles to 4B, the mitial velocity of B 1s 7 times that of D.

13. Four equal umform rods, smoethly jointed together, are at rest in
the form of a square  Prove that if an 1mpulsive couple be appled to one of
the rods 1ts initial angular velocity will be one-eighth of what 1t would have
been 1f 1t had been free.

14, Three equal uniform rods 4B, BC, CD, jomnted at B and C, start
from rest 1n a horizontal line, the outer rods being in contact with smooth
pegs at 4 and D Prove that the imtial acceleration of the middle rod 1s §¢

‘Why 18 this greater than g%

15. Two bars of masses m;, my, and lengths 2a,, 2a, are 1n a straight line,
hinged together at a common extremity If either bar be struck by an im-
pulsive couple », the imtial angular velocity of the other bar 18

a,ag
T (@ k) Mg+ (agTF xg) myeg?
where «,, k3 are the radn of gyration of the two bars about their centres of
mass, which are supposed to be at the middle points.

16. Two equal uniform rods, hinged together, hang vertically from one
extremity If an impulsive couple » be applied to the loweprod, the energy
generated 18 §v2/Ma?, where M 13 the mass, and 2a the length, of each rod

17. A umform bar of length 2a rests symmetrically on two pegs at a
distance 2¢ apart In a horiMntal line The pegs are supposed to be suf-
ficiently rough to prevent shipping One end of the bar 1s raised and released,
investigate the subsequent motion on the hypothesis that there 18 no recoil
whenever the bar strikes a peg.

Prove that if ¢3<}a?, the angular velocity 18 instantaneously reduced at
each 1mpact 1n the ratio (a%—3¢?)/(a*+3¢?).



CHAPTER X

LAW OF GRAVITATION

74. Statement of the Law.

The law of gravitation propounded by Newton is to the effect
that two particles of masses m, m/, at a distance r apart which 1s
great compared with the dimensions of exther, attract one another

with a force proportional to )
mm
o
The steps which lead up to this induction may be stated as
follows.

We have seen that the attractions of the earth on different
bodies at the same place near the earth’s surface are proportional
to the respective masses It 18 a natural assumption to make
that this law of proportionality to the attracted mass 18 not a
local peculiarity, but will hold for any position 1 space. Also,
regarding the attraction of the earth as the resultant of the
attractions of 1ts smallest particles, the simplest assumption 1s
that these elementary attiactions follow the same law, and that
consequently the attraction of a particle m’ on a particle m, so far
as it depends on m, 18 proportional to m. Since the attraction is
mutual, 1t must also vary as m’. In this way we are led to the
hypothesis that the attraction vaiies as the product mm’, and may
therefore be equated to

mm'p(r), ¢
where ¢ () is some (as yet undetermined) function of the mutual
distance r.

The acceleration produced by a mass m at a distance r will
therefore be m¢ (r), independent of the mass of the attracted
body.



74-75] LAW OF GRAVITATION 217

The indication as to the form of the function ¢ () is furnished
by Kepler's ‘Third Law’ of planetary motion, which 1s that the
squares of the periodic times of the various planets are to one
another as the cubes of their mean distances from the sun. This
law, 1f accurate, can hardly fail to hold for orbits which are exactly,
and not merely approximately, circular. Hence, if r, ' be the
radn of two such orbits, and %, T’ the corresponding periods of
revolution, the statement is

2
T M

Since the acceleration 1n a circular orbit 18 (27/T')*. r, we have

¢(r) _r IT* 1"

¢(’l") "7 O ;‘; . seessessecssssesssses (2)
Hence ¢(r) varies as 1/r3,

This argument ignores the distinction between the absolute
acceleration of a planet, and 1ts acceleration relative to the sun,
which 1itself yields somewhat to the attraction of the planet.
Owing to the great inertia of the sun compared with that of a
planet, the error thus involved 1s very shght, we shall see
presently how to allow for 1t (Art. 81).

If we introduce a constant ¢ to denote the force between two
umt masses at umt distance apart, the force between two particles
m, m’ at a distance r will be

pe PR 3)
This constant «y is called the ‘ constant of gravitation.’

75. S8imple Astronomical Applications.

If the truth of the law of grawitation be assumed, some
interesting astronomical applications can at once be made, on the
hypothesis of circular orbits.

The only distant body which 18 influenced mainly by the
earth’s attraction 1s the moon. If we compare the accelerations
produced by the earth on the moon and on a particle near the
earth’s surface, we are led indirectly to an estimate of the moon’s
distance, which can be compared with that found by (essentially)
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geometrical operations Thus if a be the radius of the earth, and
D the distance of the moon, the acceleration of the moon must be
g(a/D)?, on Newton’s law*. But if T be the period of revolution
of the moon about the earth, the acceleration in the circular orbit
18 (27/T)*.D. Equating, we find

a\* 4ma
(.ﬁ> e 1)
If we put
a=209x10"ft, ¢g=322ft/sec?, 7 =273 x 86400 sec.,
a 1
we find D = 60_i .

The ratio a/D 18 the sine of the moon’s ‘ horizontal parallax,” and
can be found from observation with considerable accuracy. The
above numerical value agrees well with the result obtained in this
way.

The above calculation was made, 1n a somewhat different form,
by Newton, and furnished the first definite test, apart from
Kepler's law, of his theory of universal gravitation.

Agam, by comparing the accelerations produced by different
bodies at known distances we are able to compare the masses of
these bodies In particular, we can compare the mass of any
planet having a satellite with that of the sun.

Thus, denoting the mass of the sun by S, that of the earth by
E, the period of revolution of the earth round the sun by 7', that
of the moon relative to the earth by 7", the radius of the earth’s
orbit by D, and that of the moon’s orbit by I, we have, comparing
the central accelerations 1n the two cases,

E 8_D D o
A @)
whence %= (%)' . (2)’ ...................... 3)

* It is known from the theory of Attractions that, on the law of the inverse
square, any body composed of spherical layers of uniform density attracts external
bodies as 1f 1t8 mass were concentrated at the centre.
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For a rough calculation we may put

D T
=889, 7 =1337,
whence E = 1
S 329300°

This calculation, again, 1s due 1n principle to Newton®,

76. ‘The Problem of Two Bodies.

It is hardly necessary to say that the further investigations of
Newton and his successors, in which account 1s taken of the
attractions of the planets on one another and on the sun, have
abundantly confirmed the accuracy of the law of the inverse
square, by shewing that 1t 1s able to explain the actual motions of
the planets 1n minute detail.

The first step was to consider the ‘Pioblem of Two Bodies’
without the restriction to a circular orbit. A slhight simplification
1s made 1f we assume, to begin with, that the mass of one of the
bodies (a planet) 18 so small compared with that of the other (the
sun) that the acceleration produced 1n the latter may be neglected
We have then the problem of the motion of a particle about a
fixed centre of force under a central acceleration w/i? where u
denotes the acceleration at umt distance.

The particle wall obviously remain 1 the plane containing the
centre of force and the tangent to the orbit at any given instant
Since there are two degiees of freedom 1n this plane, we require
two differential equations of motion These may be formulated 1n
various ways, but the simplest plan 1s to proceed from the two
first integrals which are supplied by the principle of angular
momentum and the equation of energy.

If v be the velocity of the particle, and p the perpendicular
from the centre of force on the tangent to 1ts path, we have, by
Art. 48, -

where & is a constant.

* The sun’s distance was at that time greatly under-estimated, and the ratio
(1/169282) which he obtained was accordingly much too large.
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Again, taking the mass of the particle as umt of mass, the
kinetic encigy 1s 4% and the potential energy is —u/r + const., by
Art. 43. Hence

§v’—’;"=const. cerere veses cevenes eeee(2)
Combined with (1) this gives
B 2u

}—);—74'0, ...... ceressranans ceeeeess(3)

which 1is, virtually, a ditferential equation of the first order to
determine the path. Any equation of this type, connecting p and
r, is called a ‘tangential-polar’ equation, it completely determines
the curve, except as to 1ts orientation about the origin®.

The particular form (8) may be 1dentified wath the tangential-
polar equation of a conic with 1espect to the focus as origint. In
the case of the ellipse we have

i 2 1

}T’ = '—_ - ¢_Z ) seecscsesescsesscsesesecns (49)
whilst for a bianch of the hyperbola, referred to the inner focus,

Il 2 1

27’ = ; a 9 s0cecessesercerssrrencannns (5)

where in each case ! denotes the semi-latus-rectum, and a the
semi-axis containing the focus 1n question. In the transition case
of the parabola we have a=o0, and

I 2

Comparing with (3), we see that the equations are identical
provided

=X, a=7F ’g-, cevvvrnnrenssssessenseni(T)

The orbit will therefore be an ellipse, hyperbola, or parabola
according as the constant C in (3) 18 negative, positive, or zero,
respectively.

Now if a particle were to fall from rest at infimty, so that v =0,
r=c0, initially, its velocaity when at the distance r would be

* Inf. Calc., Art. 143.
t Ihd.
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V(2p/r), by (2). This is called the ‘velocity from infimity,” or the
‘critical velocity,” corresponding to the distance . We learn then
from (7) that the orbit will be an ellipse, hyperbola, or parabola,
according as the velocity at any point 1s less than, greater than, or
equal to the velocity from infimity. In other words, 1f the particle
18 started from any position with insufficient energy to carry 1t to
infinity 16 will describe an ellipse, if the energy be more than
sufficient it will describe a branch of a hyperbola, approximating
ultimately to motion with constant velocity along an asymptote,
as the central force becomes less intense, whilst 1n the transition
case 1t will describe a parabola with a velocity tending ultimately
to zero.

Combining (3) with (4) and (5), we have the very convement
formula

2_1
v’=p.(;+a), ................... ceen(8)

where the upper sign relates to an elliptic, and the lower to a
hyperbolic path.

The formula (1), which holds indcpendently of the particular
law of (central) force has an 1mportant
interpretation. If 8s be an element of
the path, pds 18 twice the area of the
triangle enclosed by &s and the radu 38
drawn from the centre of force to 1ts
extremities. Hence, denoting the area

of this triangle by 84, we have 8
8A = 4pds = §pudt =} Adt,
dA J
or i 3Ry ceveiennnen. 9) P
if A be the area swept over by the
radius vector from some assigned epoch Fig. L

up to the instant & In other words,
the radius vector sweeps over equal aieas in equal times, the rate

per umt time being 1h. If 7, @ be polar coordinates referred to
the centre of force, we may put

84 = 150,
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and the equation (1) takes the form

do

r’m = h, ...........................(10)

which will be required presently.

The property just proved leads to an expiession for the period
(T) of revolution 1n an elliptic orbit Since the whole area of the
ellipse 18 swept over by the radius vector in the period, we have

hT=2mab, ... .. v e (11)
where b 1s the minor semi-axis. Also, from (7),
h=+(ul) =N@b/a). ... .co venoean. (12)
3
Hence T=277rILL. e et e, (13)

It follows that in different elliptic orbits described under the same
absolute acceleration (u), the squares of the periodic times vary as
the cubes of the major semi-axes®,

If n denote what 1s called 1n Astronomy the ¢ mean motion’ in
the elliptic orbit, 1.e. the mean angular velocity of the radius vector
about the centre of force, we have

nl'=2mr, (14)
W
and therefore n= \/ R ce e (15)

Ez 1. From (13) we can deduce the time which a particle would take to
fall into the centre of force from rest at any given distance ¢

The straight path may be regarded as the half of an infinitely flat ellipse,
Hence, putting a =43¢, and dividing by 2, we find that the required time 18

1 2ncd
4J2 ~pu'
as mn Art 16.
The law of description of the path, in terms of areas swept over in the
auxihary circle of Fig 11, 18 also easily inferred from the present theory

* The major semi-axis, being the arithmetic mean of the greatest and least
distances from the sun, 18 called 1n Astionomy the ‘mean distance > It must not
be 1dentified with the true mean of the distances at equal infinitesimal intervals of
time. See Art. 79.
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Ez 2. To find the mean kinetic energy 1n an elliptic orbit, i.e. the average
for equal infinitesimal intervals of time, we have

fv’dt=/vds=h/%8-:—2/p'da, ............ (16)

where p’ 18 the perpendicular on the tangent from the second focus The last
mtegral, when taken round the perimeter of the ellipse, 18 equal to twice the
area, and therefore to A7. Hence

Tf vidit = R ——-nzac2 veresssrenne a7

by (7) and (15). The mean kinetic energy 18 therefore the same as that of
a particle revolving 1n a circle of radius equal to the mean distance a, with the
mean angular velocity n.

77. Construction of Orbits.

The orbit of a particle which 18 started from a given pomnt P

with a given velocity, in & given direction, can be constructed as
follows.

First, suppose that the velocity of projection 18 less than the
cnitical velocity, The formula

v’=,u(;.2——};) ................ e (1)

determines the length 2a of the major axis, since y, 7, and v are
supposed given. If a circle be described with the centre of force
(S) as centre, and radius 2a, a particle at rest anywhere on this
circle will have the same energy as the given particle, if of the
same mass. We may call this the ‘circle of zero velocity. It
corresponds to the common directrix of the parabolic paths in
Figs. 24, 25 (Art. 27).

If H be the second focus, the distance PH 1s given by the

formula
PH=2a—-8P. ..ccocvcvvev vn . ..(2)

Hence H must lie on a circle, with P as centre, touching the
circle of zero velocity. The direction of PH 18 determined by the
fact that the given tangent to the path at P must be equally
inclined to the two focal distances of P.

Again, let 1t be required to find the direction i which a
particle must be projected (with the given velocity) from P, in



224 DYNAMICS [:

order that it may pass through a second given pont Q. Th
second focus must lhie on a circle with @ as centre touching th

Fig. 73.

circle of zero velocity. If this circle imtersect the one with P a
centre there are two possible positions H, H’ of the required poin'

Fig. 78.

and the corresponding directions of projection will bisect th
angles supplementary to SPH, SPH’, respectavely. If the circle
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do not intersect, the problem 1s 1mpossible. In the extreme case,
where the circles touch, as 1n Fig. 73, the pomt @ 1s just withmn
range from P. It1s evidently a pomt of ultimate intersection of
consecutive paths of particles started from P with the prescribed
velocity. We have then

SQ+QP=8SQ+QH+ HP=8SA+ AP, ........ 3)

and the envelope of the paths 1s therefore an ellipse, with S and P
as foc, touching the circle of zero velocity at the pont nearest to P.

If the velocity of projection from P exceeds the velocity from
wfimty, the formula (1) 1s replaced by

2 1
v’=[‘b(;+al>, ........................ (4)

which determines the length 2a of the real principal axis. We
now have, 1 place of (2),

HP =8P +2a. ccvcvvreereeueannn, . (5)

This, together with the direction of the tangent at P, determines
the orbit, since the given tangent must bisect the angle between
the focal distances.

If the orbit 1s to pass through a second given point Q, we
describe about P and @ circles of radu SP + 2a, SQ + 2a, respec-
tively. It is easily seen that these circles will always intersect,
giving two real positions of the second focus. All points in the
plane are i fact now within range from P, and there is ac-
cordingly no true envelope of the paths of particles started from
P with the given velocity. What corresponds, geometrically, to the
envelope in the previous case 13 an ellipse touched by the outer
branches of the hyperbolas, this has of course no dynamical

significance.

In the case where the velocity of projection is equal to the
velocity from infinity, the direction of the axis and the focal
distance SP make equal angles with the tangent at P. The
parabolic orbit which 1s to pass through two assigned points P, @
18 most easily found by drawing circles about P and @ as centres
to pass through S. The two common tangents to these circles
will be the directrices of the two possible paths.

L. D. 15
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Ez In the theory of projectiles, if the varation of gravity with height
be taken into account, the path n space relative to the earth’s centre will be
a conic with this point as one focus With ordinary velocities of projection
this will be the further focus, and the eccentiicity will be very nearly equal
to umty

Thus, 1n the case of a particle released from apparent rest at a height £
at a place on the equator, there 18 an imtial horizontal velocity o (c+£),
where ¢ 18 the earth’s equatonal radius, and o 1ts angular velocity of rotation
Hence

A=(C+E)2®. cecee oo v v i v (6)

The equation of the conic being assumed to be
llr=1-ecosb, .... cee eeer ee seceeenes )
we have, putting =0, l=(1=e)(c+k) . . .. . (8)

The time of desciibing an angle a about the earth’s centre 1s therefore

1 fa, 1 (e 1—e 2
t—-z/or d9==;fo 1__-80088> dé,
by (6), (7), and (8). This may be written

p ¢ d8
¢ qin2?
. (1+1_esm te)

If a be the angle described when the particle reaches the ground we have
putting 8=a, r=c 1n (7) and referring to (8),
kE1- k
ﬁc- = —~;Tc‘:§a, or E=1—2_?—esm’§a, N ¢ ()

Hence since k/c 18 usually a very minute fraction, (9) may be written

a)t=f:< +——) de=a(1-?’“) . . (1D

approximately, or a=wt (1 +3 f) .. e o (12)
Since wf 18 the angle turned through by the earth during the particle’s
descent, there 1s an easterly deviation from the point of the ground vertically
beneath the starting point, of amount
cla—wt)=% kot ... . Ceeerecescnne (13)

Since k=}g¢?, approximately, this may be written as } wgt? *

For example, 1f ¢=5 sec, corresponding to a fall of 400 ft, we have

3ot 39t3=1333w= 097 ft.

The eccentricity ¢ of the path 1s found by a comparison of (8) and (8)

with the formula

9

Me=pleg'oll, iiiiiiieeicieneeneenn. (14)
where ¢’ 18 the value of true (as distinguished from apparent) gravity at the
earth’s surface. We find

wlc k\3
1-e=27 (”E) s s saenens (15)

If k/c be neglected, this makes
e=1—yky= 9965, about.

* I am indebted for this solution to Dr Bromwich.
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78. Hodograph.

The formula (1) of Art. 76 shews that the velocity at any point
P of the orbit 18
h

R T ¢ )

where SY is the perpendicular drawn from the centre of force S to
the tangent at P. In the case of

the ellipse or hyperbola the locus of

Y is the ‘auxiliary circle’, and if

YS be produced to meet this circle

again in Z we have

h h 8
”=S~Yﬂ—Z.SZ=5;.SZ'.“(2) w

Since the direction of this velocity
18 at right angles to SZ 1t appears
that the auxihary circle 15, on a
certain scale, the hodograph of the
moving particle, turned through a right angle, the focus S being
the pole.

Fig 74,

In the case of the parabola, the locus of ¥ 1s the tangent at
the vertex, and the hodograph will therefore be the inverse of this
straight line, turned through a night angle. In other words, 1t is a
circle through S.  The following diagrams shew the hodographs in
the various cases, drawn separately fiom the orbits, and with their
true orientation.

B
m
P 4
A s A
——
BI

Fig. 75.
15—2
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Fig. 76.

o
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79. Formulse for Elliptic Motion.

The equations of motion have been integrated only so far as
to find the form of the orbit, and the law of variation of the
velocity in 1t. For a complete solution we require to know the
position 1n the orbit at any given time, having given the imtial
conditions.

We will consider only the case of an elliptic orbit, which 1s the
most 1mportant from the astronomical pont of view. The points
where the radius-vector meets the orbit at right angles, viz. the
extremities of the major axis, are called the ‘apses,’ and the line
joining them 1s called the ‘apse-line’ In the case of the earth’s
orbit round the sun, the two apses are distinguished as  perithelion’
and ‘aphelion’, when we are concerned with the orbit of the sun
relative to the earth they are called perigee’ and ‘apogee,
respectively. The angle PS4 which the radius vector makes with
the line drawn to the nearer apse 1s called the true anomaly.’ If
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) be the point on the auxihiary circle which corresponds to P, the
xcentric angle of P, viz. the angle QC4, where C 1s the geometne
entre, 18 called the ‘ excentric anomaly.’

Q

Fig 178,

If we denote the true anomaly by 6, and the excentric angle
)y ¢, we have, by known formulae of Analytical Geometry,

é=1+ecos€, ...................... )

vhere ¢ 18 the excentricity of the ellipse, and
r=8SP=a—e.CN =a(l—ecosd). ........ .. (2)

Agamn, if ¢ be the time fiom 4 to P, we have, 1f n denote as 1n
Art. 76 the mean angular velocity about S,

nt areca ASP area 4SQ

_ sector ACQ — triangle SCQ _ }a*¢p —1a.aesin $
area of circle - ma?
r nt=c¢—esme. ..cocooiiiiiiiiiennnnn. 3)

These formula enable us to find the time from the apse to any
ziven position. Thus (1) determines 7 in terms of 6, the angle
b 18 then found from (2), and ¢ from (8). In Astronomy, however,
t 18 the converse problem which 18 of interest, viz. to find the
value of @ corresponding to any given value of ¢. This is known
18 Kepler's Problem, and has given rse to many mathematical
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investigations. In practice it is simplified by the fact that the
excentricity e 18 1 the case of the planetary orbits always a small
quantity. If only the first few powers of e are required, the
method of successive approximation may be used, as follows.

By Art. 76 (10) we have

gg=§=§—:(1+ecos6)“‘=%(1+ecos€)"‘

ot 1-en? (1 6)-* 4
=W( —eN? (1+ecosf) ... eeeneee ceees(4)

Hence, introducing the value of n from Art. 76 (15),

U (1— ) (14 ecos )
=(1-3e+...)(1 —2ecos  + 3e*cos? 0 —...)
=1—2ecos @+ 362cos820 — cevs iiriiiiinininnn. (5)
Integrating, we have
nt=0—2esin 0+ §e*sin20— ..., ............ (6)

no additive constant being necessary, since by hypothesis ¢ vanishes
with 6.

To invert this series we write 1t 1n the form
O=nt+2esml—-3esmn20+.... ........... )

The first approximation 18
O=nt ceerririrriniiiiieiinnn, (8)

For a second approximation we insert this value of 6 in the
second term on the right hand of (7), the error thus involved
being of the order e Thus

O=nt+2e8mnt.  .ocvviineeennennnn. )

For the next approximation we adopt this value of 6 in the second
term, and put #=n¢ m the third term, the errors being now only
of the order 6. We find

6 =nt + 2¢ sin (nt + 2¢ s1n nt) — §e*sin 2nt
=nt + 2¢ (s1n nt + 2e sin nt cos nt) — $€* sin 2nt
 mnt+2e sinnd 4+ §€*81n 21, cevenriiininininninnnnn, (10)
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To find the corresponding expression for 7, we have from (3)
p=nt+esinp=nt+esnnt, ...coeeee. (11)
approximately. Hence

£=1—ecos¢>==1—ecos(nt+esinnt)

=1 - e(cos nt — e sin nt. sin nt)
=1—ecosnt + e (1 —cos2nt). ...............(12)

The mean of the values of r at equal infimtesimal intervals of
time 18 therefore, to the present degree of approximation,
a(l+3éd).

The quantity mt which occurs in the preceding formule is
called the ‘mean anomaly’, 1t gives what would be the angular
distance of the planet from the apse on the hypothesis of a constant
rate of revolution. The difference 6 —nt between the true and
mean anomalies 18 called the ‘ equation of the centre.’

It may be noticed that the formula (9), where the square of e 18 neglected,
would hold to the same degree of accuracy if we were to 1magine the particle
to describe a curcle with constant velocity, with S at an excentric pont, the
distance of S from the centre being 2ae, 1f @ 18 the radius*. The vanations in
the radius vector would however not agree with (12). A better representa-
tion 18 obtained if we 1magine a circle to be described with constant angular
velocity (n) about a pomnt A on the same diameter with S, such that
8SC=CH=ae, where C 18 the centre The true orbit deviates in fact from a
circle by small quantities of the order €3, since b2=a?(1-€?) Moreover, 1f 8
be the angle which the radius vector P drawn from the empty focus makes
with the major axis, we easily find

G =0-2eS1n 0=ty cceiirienianiennnnnns senee. (13)
approximately, by (6).

80. Kepler’s Three Laws.

Some sixty years before the publication of the law of
gravitation by Newton, Keplert had enunciated his celebrated
three laws of planetary motion. These were not based on theory
of any kind, but were intended to sum up facts of observation.

* This mode of representing the lunar motion was devised by Hipparchus
(B.0. 120). The orbit, regarded as desoribed in this way, was called an ‘ excentrio.’

+ Johann Kepler (1571-1630). The first two laws were announced in 1609, the
third in 1619,
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We take these laws in order, with a brief indication of the kind of
evidence on which they rest.

L The planets describe ellipses about the sun as focus

The form of the orbit is most easily ascertained in the case
of the earth, since the varying distance from the sun 1s indicated
by the changes 1n the apparent diameter of the latter. The polar
equation of a conic referred to the focus being

é=1+ecos€, ........................ 1)

the sun's apparent diameter D, which varies mversely as the
distance 7, should vary as 1 + ecos 6, where € 1s the longitude in
the orbit, measured from the nearer apse. Conversely, if a relation
of this form is found to hold, the orbit must be a comic with the
sun in one focus.

The excentricity e 18 easily deduced. If D, D, be the greatest
and least values of the apparent diameter, corresponding to 6 =0,
6 = m, respectively, we have

-Dl _ l+e _ D1 - D,
E—iTe, G—D1+D’. .............. (2)
Taking D, = 32 36", D,=31’'22", we find e=g.

The same law was found to hold in the case of Mars. The

verification in this instance requires more elaborate calculations,

but the greater excentricity (‘093) of the Martian orbit makes the
test more stringent.

II. The radius vector drawn from the sun to a planet describes
equal areas in equal times.

The verification is again simplest in the case of the earth.
If 80 be the change of longitude 1n a given short time, e.g. a day,
the product 72860 should have the same value at all times of the
year, hence 86 should vary as D% This 1s found to be the case.

III. The squares of the periodic times of the different planets
are proportional to the cubes of the respective mean distances
from the sun.

The periods of revolution are easily found, to a high degree of
accuracy, from observation. The relative distances can also be
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determined. The following table, given by Newton¥, gives the
periods of the planets then known, and the mean distances from
the sun, as found by Kepler and Bulhaldust respectively, in terms
of the mean distance of the earth as umit. The last column gives
the mean distance as deduced from Kepler's law.

Mean distance
Period
(days)
Kepler | Bulhaldus | Calculated

Mercury 87 9692 38806 38585 38710
Venus 224 6176 72400 72398 72333
Earth 365 2565 | 100000 | 1 00000 1 00000
Mars 686 9785 | 152350 | 152350 1 52369
Jupiter 4332514 | 519650 | 522520 520096
Saturn 10759 275 | 9561000 ‘ 9 54198 9 54006

A similar comparison between the periods of the satellites of
Jupiter and Saturn and thewr distances from the respective pri-
maries was also given by Newton.

Now that the law of grawvitation is fully established, 1t is usual
to deduce the relative mean distances from the relative periods,
on the basis of Kepler's law, subject to a slight correction to be
explained in Art. 81. In the case of the planets Mercury, Venus,
and Mars, whose masses are very small compared with that of the
sun, the correction is almost neghgible, and the calculated values
m the last column agree almost exactly with those now adopted
by astronomers.

It has been seen that Kepler’s laws follow as simple con-
sequences of the Newtonian law of grawvitation, if we neglect the
mutual mfluences of the various planets, and the accelerations
which they produce in the central body.

Conversely 1t may be shewn that no other hypothesis 1s
consistent with the laws, regarded as accurate statements of what
would occur under the conditions above mentioned.

® Principra, lib. 1i1, phaenomenon iv.
+ The Latinized name of Ismael Boulliau (1605-94), a French astronomer, who
maintained an extensive correspondence with the scientific men of his time.
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Thus, the uniform description of areas implies that the angular
momentum of a planet about the sun 1s constant, and thence that
the force on the planet is directed always towards the sun.

The elliptic form of the orbit, about the sun as focus, implies
that the force in different parts of the same orbit varies inversely
as the square of the radius vector. An analytical proof 1s given
in Art. 85, but it may be noted that the result follows from the
fact that the hodograph in the case of an ellipse described about a
centre of force in a focus is the auxihary circle turned through a
right angle, the focus 1n question being the pole of the hodograph
(Art. 78). The lmme CZ joming the centre to the pownt Z 1n
Fig. 74, p. 227, 18 parallel to SP, and the velocity of Z 1s there-
fore adf/dt, or ha/r, 1n the customary notation. Since this
velocity represents the acceleration of P (turned through a right
angle), on the same scale on which SZ represents the velocity

h
7 SZ,
the acceleration is )
k1 (8)
Tqa reeeeeesessstenniens ceereannn
towards S. Cf. Art. 76 (7).
Finally, the formula
2'rrafE
T= ) eeererererererrenrarnnces 4
N @

obtained in Art. 76, shews that if 7' varies as a? the quantity u,
which denotes the acceleration at unit distance, must be the same
for all the planets. This shews that the forces on the different
planets must vary as the respective masses.

81. Correction to Kepler’s Third Law.

When prolonged observations are made, it is found that Kepler’s
laws do not give a perfect description of the planetary motions,
and the theory of umversal gravitation supplies a reason why
they should be departed from. The laws 1 question would, on
this theory, hold rigorously for a system of planets which were
themselves destitute of attractive power; but the accelerations
actually produced by the planets in one another, and in the sun,
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though comparatively shight, are sufficient to produce modifications
of the orbits. As some of the effects are cumulative, the changes
may in time become considerable.

In the problem of two bodies, the effect of the attraction of
the planet on the sun 1s easily allowed for. If m,, m, be the
masses of two gravitating bodies at a distance r apart, the
particle m, has an acceleration towards m,, proportional to m,/r?
whilst m, has an acceleration towards m, proportional to m,/r%
The acceleration of m, relative to m, 18 therefore proportional on
the same scale to (m, + m,)/r>. Hence the apparent acceleration
(p) at umt distance 13 greater than if m; were fixed 1n the ratio
(my + my)/m,. Hence, comparing the cases of two planets m, m’
revolving round the sun, whose mass 18 S (say), we have, by
Art. 76 (13),

3 ’s
T T =% e, 1
[ ()

or (g).=§(711,,)’=%’-—m1ﬁ,.(%).. ......... vereee(2)

This is the amended form of Kepler’s third law.

In the case of the four inner planets the ratio m/S is very
minute, being less than yyhoy even in the case of the earth.
The correction to the relative distances, as deduced from the
law, is therefore almost negligible. The greatest value of m/S
for an outer planet 1s about 1gky, which 1s the case of Jupiter.

Although the consideration of the relative acceleration leads
most 1mmediately to the foregoing result, 1t 1s mstructive to look
at the matter from a different pomnt of view. If 7, r, be the
distances of two particles m,, m, from their mass-centre G, and
» their mutual distance, we have

m,
r = y, T L TP PPN
Y m, 4+ my T m, + ma ®

Since the distances of the two particles from the pomnt G and
from one another are in constant ratios, the orbits which they
describe relative to G and to one another will be geometrically
gimilar. Moreover, on the principles of Art. 48, we may in con-
sidering the motion relative to & ignore the motion of G 1tself.
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Regarding @, then, as a fixed point, the acceleration of m, towards
it is ym, /72, or

]
g e, (4
. __ym’ }
provided My = () ceeeeend(8)
If a, be the mean distance 1n the orbit of m, about G, we have
Py ml
a, = Py @y veeeevereneenccnnnannnns (6)

where a refers to the orbit relative to m,. Hence if 7T be the
period, we have

P A AT e, )
Ha [
where =g (M4 M) cerirreiiiiiiiiiniennss 8)

This leads again to the formula (2).

The same conclusion follows also from a consideration of the
energy of the system. We have seen 1 Art 42 that the kinetic
energy of the motion relative to the mass-centre, which 1s the only
variable part of the kinetic energy 1n the present case, 18

VY i e 9)

1_mm,
2 m,+ my

where v is the relative velocity of the two particles The mutual
potential energy 1s

.....................

The equation of energy may therefore be wrnitten
1 mm, ., ymm
2m+my

This is identical with (2) of Art. 76, provided x 1n that equation

has the value (8).

4+ CONSt. vevuern wurenns (11)

Ez. To deduce the mean distance of Jupiter from the formula (2), we put

T m 1 m

Il =0,
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where the accented letters relate to the earth, the mass of the earth being
neghgible to the degree of accuracy aimed at We have

3
(Z—‘) =100096 x (11 8618)3,

whenoe 5“5 2028,

82. Perturbations.

The study of the ‘ perturbations’ produced in the orbit of one
body by the attraction of another 1s the special problem of
Celestial Mechanics. In a book hke the present only one or two
of the simpler points can be noticed.

In the first place 1t may be remarked that 1t 18 not the
absolute acceleration due to the disturbing body which affects the
orbit of a planet relative to the sun, or of a satellite relative to 1ts
primary, but rather the acceleration relative to the sun or the
primary, 1e. the geometric difference of the accelerations produced
m the planet and the sun, or 1n the satelite and the primary,

respectively. It 1s this relative acceleration which 1s implied m
the term disturbing force.’

The disturbing forces being usually very small, their effects are
only gradually felt. For this reason Lagrange introduced the
canception of the ‘instantaneous ellipse, 1e. the elliptic orbit
which a planet would at any instant proceed to describe if the

disturbing force were then to cease. The changes in this elhpse
are comparatively slow.

The method 18 1llustrated (in principle) if we examine the
changes produced 1n the ellipse by a shght instantaneous wmpulse
m 1ts plane. Such an impulse may be resolved into two com-
ponents, along and perpendicular to the direction of motion,
respectively, and the effects of these may be considered separately.

Suppose, then, mn the first place, that we have a small tan-
gential 1mpulse which changes the velocity from » to v +8v. The
equation

v=pu (g - 1) B ¢ §
r a

gives at once the change in the mean distance, since the only
quantities mvolved 1n 1t which are instantaneously affected are v
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and a. The small changes in these quantities are therefore
connected by the relation

m
208y = = da,
da _ 2vdv
or —‘; = FELT y sesscens esesecetesencscenens (2)

if n be the mean angular velocity (Art. 76).

The direction of motion 18 unaltered, but the distance of the
unoccupied focus H from the position P of the body 1s changed
from PH to PH'’, where HH’=28a. There 18 therefore in

P

Fig. 79.
general a change in the direction of the apse-line, viz. from SH to
SH'.
To find the change in the minor axis we have

b=al=allfp=apu, ...ccocevvveen.... 3)

by Art. 76 (7). Since there 1s no instantaneous change in the
value of p, we have, taking logarithmic differentials,

& 138a & v\ S
T=§Z+;=( ;;;;,);, ............... 4)
by (2)
Since WA =fh,  ceveiieir ciiriiiieanneinns (6)

the change in the mean motion » is given by
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If K denote the mean kinetic energy in the orbit, we have, by
Art. 76, Ex. 2,

K=1}n’a’=%§,........ ..... RN ¢ )}

and therefore oK = — % ;—; da=—vdv. ........ cereeesss(8)

In the case of a nearly circular orbit, where v=na, nearly,
we have

da & & &n & 8K Sy
v

—=3=27, = > v eeenn(9)

For the application of these formul® to the case of a resisting
medium, see Art. 100. Another imnteresting 1llustration 1s farnished
by the theory of the reaction of the earth’s tides, supposed retarded
by friction, on the moon. This will consist in the main of a small
tangential acceleration f. It appears that, f being positive, the
effect would be to gradually increase the size of the moon’s orbit,
whilst 1ts angular motion and 1ts mean kinetic energy would
diminish. This diminution of the kinetic energy 1s of course more
than compensated by the increase of the potential energy, the total
energy (of the moon) being increased by the accelerating force,

Take next the case of a small normal 1mpulse, and let 8v be the
velocity which 1t would produce in the body if the latter were at

P

Fig 80.

rest. The resultant velocity after the impulse is 4/{t* + (§v)}, and
is therefore equal to v, to the first order The formula (1) then
shews that there 1s no instantaneous change in the value of a.
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The direction of motion 18, however, turned through an angle
dvfv, and the second focus 1s therefore displaced from H to a
pomnt H’, such that PH' = PH, and

HH'=PH. 2—5’-’

The direction of the apse-line 18 1n general changed.

The effect of a sudden slight change in the absolute accelera-
tion p is found by differentiating (1) on the supposition that u and
a are alone varied. Thus

or —E e — , rrieeeenens ceenennn(10)
a r o
where 7’ is the second focal distance. Also, since n%a® =g,
on _16u 3d8a_(3a o
W'E“J‘é?‘(?'l)ﬁ" s ..(11)
In the case of a nearly circular orbit these reduce to
8—“:—8—'"', 8—n=2§—’f. ............... (12)

a n n ®
For mnstance, 1f the sun’s effective mass* were increased by the
falling 1 of meteoric matter, the earth’s orbit would contract,
whilst the speed of revolution would increase.

Ex To compare the sun’s disturbing force on the moon, when greatest,
with the earth’s attraction.

With the notation used in Art 75, in the determination of the earth’s
mass, the disturbing force of the sun, when the moon 18 1n ‘conjunction,’
1.e. between the sun and the earth, 18

_¥S _yS_2SD (13)
(D_DI)2 Dg D3 9 %erececccecertcetcstcrisene
approximately, if the square of the small fraction 2'/D be neglected. When
the moon 18 1n ‘opposition,’ the disturbing force 18
S _yS__ySD . (14)
D+Dp " B yi5 cecsessesasestensensanes

* If & cloud of meteoric matter, symmetrically distributed, surround the sun,
the portion included within a distance equal to the radius of the planet’s orbit
attracts as if its mass were already added to that of the sun. The change 3¢ must
therefore be understood to bS due to matter coming from outside the planet’s orbat.
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In each case the disturbing force 1s outwards from the earth The ratio which
(13) bears to the earth’s attraction on the moon, viz yE/D?, 18

S (D\?
25 -D—). cemsesssessiesssasssssssssneeess(16)
By Art. 75 (3) this 18 equal to

\?2 2 1
2(7) =(i_3_'ﬁ5’-%' Seescceconssecerssncsnes (16)
nearly.

83. The Constant ot Gravitation.
The constant () of gravitation which occurs in the expression

T e, (1)

for the acceleration produced by a mass m 1n a particle at a distance
r, being equal to the acceleration which the umt mass exerts at
unit distance, will depend on the units of mass, length, and time
which are adopted. Since ym/r® 1s an acceleration, whose dimen-
sions are L/T?, the dimensions of ¢ will be
L'MTT™

The numerical value of 4 in terms of ordinary terrestrial units
can of course only be found by actual measurement of the attrac-
tion of known masses. This 13 a matter of great delicacy, since
the forces concerned are extremely minute. The best accredited
result* 1s that

y=6658 x 107, ..... ceerrerarieiees 2)

in €.G.S. umts This 18 the acceleration, 1n centimetres per second
per second, which a mass of one gramme, supposed concentrated at
a pownt, would produce at a distance of one centimetre.

A knowledge of the value of « leads at once to that of the
earth’s mean density. As already stated, we may assume from the
theory of Attractions that the eaith attracts external particles as
if its whole mass were condensed at the centre. Hence if R be
the earth’s radius, o 1ts mean density, we have

3g

or 0’=m. ......... -........-........(3)

® That of 0. V. Boys, Phil. Trans., 1895,
L D. 16
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If we put g=981cm./sec’, R=637 x10°cm., and adopt the
value (2) of vy, we have
=522, ... i (4)

in grammes per cubic centimetre. It 1s remarkable that Newton
had surmised that the mean density was about 5} times that of
water.

For the purposes of Astronomy a knowledge of the value of ¢
18 not essential, the science had indeed been cairied to a high
degree of development long before the value of v in terrestrial
measure had been ascertained with any precision. Astronomy 1s
m fact concerned only with relafive masses (and distances). To
avold the continual recurrence of an unknown and wurelevant
constant 1 the formul, 1t has accordingly been customary to
employ a special umt of mass. One plan 1s to take the mass of
the sun as umit. If the earth’s mean distance be taken as the
unit of length, and a day as the umt of time, the value of ¢ 1s
then determined by the formula

8 (31,’5)' B ereereeeeeeenieenns ()

if the ratio of the earth’s mass to that of the sun be treated as
neghgible. Putting S=1,a=1, T'= 36525, we get

473

7=T;=296X10_‘.

Another method is to fix the unit of mass so that ¢y =1; the
acceleration produced by a mass m at distance r being then
m(r3, simply. A umt so chosen is called an ‘astronomical’ unit.
If the earth’s mean distance be taken as umt of length, and the
day as umt of time, the sun’s mass 1n astronomical units will now
be given by the above number, viz.

4’

Ez. The mass m, in grammes, which would produce an aocceleration of
1 om fsec 2 at a distance of 1 cm. 18 to be found from (1), viz. we have
my—l. and

m=1—1 502 x 107,
Y
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The mass m, 1n grammes, which would attract an equal mass at a distance
of 1 cm. with a force of 1 dyne 18 given by m?y=1, or

1.

EXAMPLES. XVII.

1. What form does the law of ‘“equal areas” assume in the case of
& projectile ?

2. Prove that 1if the earth’s orbital velocity were increased by rather
less than one-half 1t would escape from the solar system.

3. Particles are projected from the same pomnt with tixe same velocity, 1n
different directions, under a central force varying inversely as the square of
the distance. Find the locus of the centres of the orbits.

4. If particles be projected from a given pomnt with the same velocity
different directions, the lengths of the minor axes of the orbits will vary as the
perpendiculars from the centre of force on the directions of projection.

5. Prove that the mean apparent diameter of the sun as seen from
a planet describing an elliptic orbit 18 equal to the apparent diameter when
the planet 1s at a distance equal to the major semi-axis of the orbit.

6. If 6 be the sun’s longitude from perigee, prove that the apparent
diameter 18 given by
D=D,cos?46+ Dysin?ié,

where D;, D; are the greatest and least values of D.

7. In elliptic motion about the focus the geometric mean of the velocities
at the ends of any diameter 18 constant, and equal to the velocity at the mean

distance.
8. Prove that the angular velocity about the empty focus 18
nad
. 01)2 ,
where CD 18 the semi-diameter parallel to the direction of motion.
9. Prove that the velocity at any point of an elliptic orbit can be resolved

mto two constant components, viz. & velocity na/./(1 —e?) at rnght angles to
the radius vector, and a velocity nae//(1—6*) at right angles to the major axis

10. Prove that the two parts into which the earth’s orbit 18 divided by
the latus rectum are described 1n 178 7 and 186 5 days, respectively. (e6=y%;.)

11. Assuming that the earth’s orbital velocity 18 30 km./sec, find that of
Jupiter, whose distance from the sun 18 5 20 times as great [13 2 km /sec ]

12. Prove that the veloaity acquired by a particle in falling from a great
distance into the sun 18 /(2 V3/a), where V 18 the earth’s orbital velocity, and
a 18 the apparent angular radius of the sun as seen from the earth.

1R_9
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13. Prove that if a particle be projected in the plane of the equator, with
& velocity small compared with that due to the earth’s rotation, its path 1n
space 18 & conic whose semi-latus-rectum 18 about 14 miles

14. Prove that 1n a parabolic orbit described about a centre of force 1n the
foous, the component velocity perpendicular to the axis varies inversely as the
radius vector.

16. If the (parabolic) path of a comet cross the earth’s orbit at the ex-
tremities of a diameter, for how many days will the path be inside the earth’s
orbit ¢ (77%]

16. Shew that the time spent by a comet within the earth’s orbit (regarded

as circular) varies as
(a+2c)V(a—e),

where a 18 the radius of the earth’s orbit, and ¢ 18 the comet’s least distance
from the sun.

Prove that this 1s greatest when c=§a.

EXAMPLES. XVIII.
(Elliptic Motion, etc.)

1. Prove from first principles that in the case of a central force varying
mversely as the square of the distance the curvature of the hodograph 1s
constant, and thence that the orbit 18 a comic.

2. A particle describes the hyperbolic branch

z=acoshu, y=bsnhu

about the mnner focus; prove that the time fiom the apse i1s given by the

formula
nt=esinh u - u,

where n=+/(p/a%), and e is the eccentricity.
3. Prove that the equation of the centre (Art. 79) 18 & maximum for

con (L= -1
e

Taking e==yk;, prove that the maximum 1s 1° 54’ 30” about.

4. In elliptic motion about the focus, prove that the mean of the values
of the radius vector at equal infimitesimal intervals of time 18
a(l+4ed),
acourately.
5. Prove that the Cartesian equations of motion under a central accelera-

tion ufrd are . .
Fm — pzfrS, gmm - py/rd
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Deduce the integral .1,7] —-yt=h,

pd

Hence shew that the equation of the path 1s of the form

X}
r=—'-‘- + Az + By.

6. Inelliptic motion about the focus, if the particle receive a slight impulse
in the direction of the normal, the new orbit will intersect the old one at the
other extremity of the chord through the empty focus.

7. It has been ascertained that the star Spica 18 a double star whose
components revolve round one another in a period of 4 1 days, the greatest
relative orbital velocity being 36 miles per second Deduce the mean distance
between the components of the star, and the total mass, as compared with
that of the sun, the mean distance of the earth from the sun being taken as
924 million miles [mean dist. =203 x 10® miles, total mass= 083 ]

8. The effect on the minor axis of a small change in the absolute accelera-
tion 18 given by
8b a 3u

b r op’
9. Prove that the effect of a small tangential impulse on the excentricity

of an orbit 18 given by
253 .1
de=— (— - 1)

If 6 be the longitude measured from the apse, prove that

6a=2(cosﬂ+a)§£-).

EXAMPLES. XIX.
(Constant of Gravitation.)

1. Assume that one of the minor planets 13 spherical and of the same
mean density as the earth, and that 1ts diameter 18 100 mules. Shew that a
particle projected upwards from 1its surface with a velocity exceeding 460 fs
would never return

2. Calculate the velocity 1n ft per sec with which a particle must be
projected upwards from the surface of the moon 1n order that 1t may escape
(The earth’s radius 18 21x10° ft , and the moon’s mass and radius are
respectively gy and } of those of the earth.) (8150 f.s )
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8. Two equal gravitating spheres are at rest at a distance apart large
compared with the radius of each. Prove that if they are abandoned to their
mutual attraction the time which they will take to come together will be 707
of what 1t would be 1f one of the spheres were fixed

4, Prove that two equal gravitating spheres, of radius e, and density
equal to the earth’s mean density, starting from rest at a great distance apart,
and subject only to their mutual attraction, will collide with a velocity

W(39a*/R),

where R 1s the earth’s radius

6. Two spheres of lead, each a metre 1n diameter, are placed a kilometre
apart. Prove that 1if subject only to their mutual attraction they would come
together in about 450 days  (Assume that the earth’s radius 18 6 37 x 108 cm ,
that 1ts mean density 1s one half that of lead, and that ¢=981 cm /sec ?)

6. Two spheres of 1ron, 1 metre in diameter, are placed with their centres
2 metres apart Prove that if influenced only by their mutual attraction they
would come 1nto contact 1n about an hour (Assume that the earth’s radius
18 6:37 x 108 cm , and that 1ts mean density 18 about # that of iron )

7. One of the satellites of Jupiter revolves 1n 7d 3h 40m and 1s at
a distance from his centre equal to 15 times the radius of the planet Qur
moon revolves in 27d 7h 40 m and 1s at a distance from the earth’s centre
equal to 60 times the earth’s radius  Find the ratio of Jupiter’s mean density
to that of the earth. [214]

8. Having given the sun’s apparent semi-diameter (16°), the angle which
the earth’s radius subtends at the moon (57), and the number of lunar
revolutions 1n a year (13 4), find the ratio of the sun’s mean density to that of
the earth [252]

9. Prove that the period of revolution of a satellite close to the surface
of a spherical planet depends on the mean density of the planet, and not on
1ts size

What would be the period if the mean density were that of water ?

(3 hr 20 min]

10. Prove that if the dimensions of the various bodies of the solar system,
and their mutual distances and velocities, were altered mn any uniform ratio,
the densities remaining the same, the changes of configuration mn any given
time would be exactly the same as at present

What would be the eflect if the densities were changed in any uniform
ratio



CHAPTER XI

CENTRAL FORCES

84. Determination of the Orbit.

The discovery of the orbits described under the law of
gravitation naturally led Newton and his successors to examine
the case of other laws of force, and to study also the converse
problem, viz to ascertan under what law of force directed to a
given point a given orbit could be described.

As in the previous case, these questions are treated most
concisely by means of the principle of angular momentum and
the equation of energy. The former principle gives as before

PU=h, civiiiiiiiiiiiiiicicie, (1)

where v is the velocity, p the perpendicular from the centre of
force on the tangent to the path, and 18 a constant. The radius
vector therefore describes equal areas in equal times, the rate per
unit time being 3h (Art. 76).

Agamn 1f ¢(r) be the acceleration towards the centre, due to
the force, the potential energy, 1e. the work required to bring the
particle from rest at some standard distance from the centre to
the actual distance r, 18

[s@ar
per unit mass [S. 49). The equation of energy is therefore

1}v'+f¢(r)dr=consn eereeeeeseeeene(2)

Substituting from (1) we have the tangential polar equation of
the path, viz.

hi
#=0- 2f¢ () A eerereerersnssnens()
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This determines the shape and size of the orbit, when C is given,
but not 1ts orientation about the centre of force.

Thus in the case of

P(r)=pr ettt 4)
we have ;L-)—:= C— i, (5)

If we compare this with the tangential polar equation of an ellipse
referred to the centre, viz.*

9’;:1:—’=a’+b’—r’, ....................... 6)
we see that the two equations are 1dentical provided
b =hmp, F+b=Cflp ccovuviiinannnn.. )
Since, by (5), C is necessarily positive, the values of a* and b*
determined by (7) will be real and positive, provided

(0 77 P (8)
Now if p, r refer to any given point on the orbit, we have from (5)
h )‘ 7
—4uht= (=~ duh?(——1), .........
O - auaht = (- ) + e (5 - 1), ©)

which is positive, since p <. We conclude that the orbit can 1n
all cases be identified with an ellipse having 1ts centre at the
centre of force.
The period of revolution is, by (7),
2rad 2w

T=2T0 T 10
h = va (10)
as in Art. 28. Again, from (5) and (7) we have
V=p(@+b-7), .. i 11)

shewing that the velocity at any point P varies as the semi-
diameter parallel to the tangent at P.

The case of ¢ (r) = u/r* has already been considered. In the
case of a repulsive force varying inversely as the square of the
distance we have

B (1) = = BT, cerreerrernreereriienns (12)
h? 2u
and therefore =0 e e (18)

® Inf. Calo., Art. 148,
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Comparing this with the equation of a branch of a hyperbola
referred to the outer focus, viz.

! 1 2
P e e (14)
we see that the two are identical provided
l=klp, a=p/C. .ccccv cvvvininn.n. (15)

Since C is necessarily positive, these conditions can always be
satisfied,

85. The Inverse Problem.

To solve the inverse problem, 1e. to ascertain under what law
of force to a given centre a given orbit can be described, we have
only to differentiate the formula

;—;—:=C—2f¢(r)dr ..................... Q)

with respect to r. We find

h* dp
¢ (‘I‘) = ]; a; ©  eeseesesssrseess o sses (2)
The tangential-polar equation of the prescribed orbit determines p
as a function of r, and the required law of force 18 thus ascer-
tained.

The formula (2) may be obtamned more directly as follows.
Resolving along the normal to the
path we have

%’ =¢(r)sing, ...... (3)

¢
olr
where p 18 the radius of curvature,
and ¢ the angle which the tan-
gent makes with the radius vector. 5
Putting v=~h/p, sin ¢ =p/r, and Fig. 81,
dr
P S, creeccerceccatansiescannnes )}
P dp 4

by a known formula of the Calculus, we reproduce the result (2).

Since the chord of curvature through the centre of force is
2p sin ¢, the formula (3) expresses that the velocity at any point
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of the orbit is equal to that which would be acquired by a particle
in falling from rest through a space equal to one-fourth the chord
of curvature, under a constant acceleration equal to the actual
acceleration ¢ (r) at the pomnt. A formula equivalent to this
was employed by Newton 1n his geometrical mvestigations i the
present subject.

Ez. 1. Taking the case of an ellipse, with the centre of force at the
geometrical centre, we have

2
%?—a’+b’—-r’, S ()
and the required law 18, by (2), 4
¢(f)=m-f. tevenes oo e e e ....(6)
The ellipse can therefore be described under the law
¢ (r)=pr, .... N )]
provided h=sp.adb . .. . . (8)

To examine whether an orbit of the given type will always be described
under the law (7), whatever the 1nitial conditions, we note that these conditions
1mply a given point, a given tangent there, and a given value of the angular
momentum %4 In the present case, the latter circumstance determines the
product ab, by (8) Now the problem of describing an ellipse with a given
centre, so as to pass through a given point, to touch a given line there, and to
have a given area, 18 possible and determinate It 18 1n fact identical with
the problem of deseribing an ellipse having given two conjugate diameters.

Ex. 2. In the case of a conic referred to an nner focus, we have

I 2_1
?=;¢a, N )}
whenos ¢(r)=’—}-’ E e e . (10)

The law of the inverse square 1s therefore the only one consistent with
Kepler’s First Law, viz that an undisturbed planet describes an ellipse with
the sun at a focus (cf Art 80)

It appears, then, that the conic can be described about the focus 1n question
under the law

¢ (r)=7L;, ............... cerereeeenareenens a11)

provided A=J(ml) o eeees et e e (12)

This type of orbit is again a general one, under the law (11). For the
problem of describing a conic with a given point as focus, so as to touch a
given straight line at a given point, and to have a given latus rectum, 1s
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determinate The equation (9) 1n fact determines a when p, r, and ¢ are g1ven,
and thence the position of the second focus (cf Art. 77)

Ez. 3. The tangential-polar equation of a circle referred to a point on the
ciroumference 18

P=7e, civveriernnnininnnens ceveneennennas(13)
where ¢ 18 the diameter. The formula (2) therefore makes
2438
¢ (")=—F' 9 sesssstansaes R PP RRTETI N (14)
or ¢(r)=§, e vrer evreene o+ e (1B)
provided A=p/2R% ... .. .(16)

The force must therefore vary inversely as the fifth power of the distance,
but the orbit 1n question 1s not a general one for this law A circle described
80 as to pass through the centre of force, and through two other given
(coincident) points, will not 1n general have the particular diameter ¢ which
18 required by (16) to satisfy the imitial condition as to angular momentum,
unless this be specially adjusted

Ez. 4. TFor the equangular spiral

P=7SING e+ oceceriirverennenneas  (17)
the law of force to the pole 18
pW=-r L, . (18)
sin?a’ 73
or ¢(r)-:—_‘,, ......... ... (19)
if smia=A%u ... e ceeeans (20)

The orbit is not however a geneial one for the law of the inverse cube
For an equiangular spiral, having a given pole, 18 completely determined by
two comncident points on 1t, and 1ts angle (a) will therefore not 1n general
satisfy the relation (20).

A complete examination of the varnous orbits which can be described under
the law (19) 18 given later (Art 91)
86. Polar Coordinates.

Invesligations relating to ‘central forces’ are often conducted
in terms of polar coordinates, which are indeed for some purposes
essential, especially in Astronomy.

Let the polar coordinates of a moving point be », 8 at the
mnstant ¢, and r + 8r, 6 + 80 ab the instant ¢ + 8. In the annexed
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figure OP =7, OP’ =7 + 8r, and the angle POP’1s 8. The dis-
placement parallel to OP in the interval 8t 18
OP’ cos 60 — OP = (r+ 8r) cos 86 — r = 8r,

to the first order, and the component velocity at £ 1n the direction
OP 18 therefore

Again, the displacement perpen-
dicular to OP is

OP’ s1n 860 = (r + 8r) sin 80 =36,

to the first order. The component
velocity at P 1n the direction at O
nght angles to OP 1s therefore

dé
V=T pe e (2)
The quantities which are here denoted by u, v are called the
‘radial’ and ‘ transverse’ components of the velocity, respectively.
Their values might have been written down from known formulse
of the Calculus. Thus i1f ¢ be the angle which the tangent to
the path makes with the radius vector, we have

guB ooy LI I
=@t =ads " ar
_ 9 0 g B8 Td0_rdd
A dat A P
To find the radial and transverse components of acceleration,
let the component velocities at the instant ¢+ 8 be u + u, v + &v.
The directions of these will of course make angles 86 with the

directions to which u, v relate (Fig. 83). In the time &¢, the
velocity parallel to OP 18 increased by

(u + 8u) cos 80 — (v + 8v) s1n 86 — u = du — v 86,
ultimately, and the radial acceleration at time ¢ 18 therefore

du dé
@=Fm V. e “)
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Agan, the velocity at right angles to OP is increased by
(u + du) 810 06 + (v + dv) cos 86 — v = v + u 86,

v+
u+le

80

Fig 83,

ultimately; and the transverse acceleration at time ¢ is therefore

dv dé
B=EZ+“?t ........................ (5)

Substituting from (1) and (2), we have

en (2, )
26 ddd 1d ( ,d&).}

B=rm 2ga~ra\" %

Hence if R, S denote the radial and transverse components,
respectively, of a force acting on a particle m, the equations of

s (6)

motion are
dr do\?
m{'(zz’—'r —d—t)}—-—R, ..................... (7)
d/ .dé
mm(NFt)—Sr. .......... e (8)

The latter equation might have been written down from the
principle of angular momentum (Art. 48) The moment of
momentum of the particle about the origin is the product of
the transverse momentum mv into the radius vector 7, and 1s
therefore equal to mr*df/dt, by (2). The equation (8) expresses
that this increases at a rate equal to the moment Sr of the force
acting on the particle.
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Er 1 The formule (8) may also be deduced from the Cartesian equa-
tions of motion referred to rotating axes When the angular velocity o of
the axes 1s variable, the equations (5) of Art 33 are replaced by

dix dy o, deo
a=d—t2‘2mgt—-—wz—~(ﬁy, (9)
iy T
B—a—ﬂ +2m dt o'yt
If we put
dé
z=r, y=0, o=, (10)
we reproduce the formul® 1n question
Ez 2. To find the central acceleration under which the conic
§=1+ecos¢9 . . e (1)
can be described
Since there 18 no transverse acceleration, we have
,d0 ,d6
dt( dt>=o or r 7—}" . .o (12)
as 1o Art. 76  Agan, differentiating (11) with respect to ¢,
{ dr dé
et a—t-—:esmﬂm c e eeeeeees e (13)
and therefore, by (12),
tg;—glisme e .. (14)
Hence
ayr ek dé  h* /1
322=Tcoseanm(—~ ), ‘ veeee (15)
by (11) and (12), and therefore
ar do\?
E?,-r(-ﬂ) = -;;,. U ¢ )
where p=R2l ... .. . . (17)

1n agreement with Art. 85 (10)

In the case of a hyperbolic branch referred to the outer focus as pole we
have

!
,=ecos 6-1 ses oo eeresesesnes (18)

n place of (11) A similar result follows, except that the acceleration 18 now
outwards

It may be noted that the equation (14) shews that the distance of a
planet from the sun changes most rapidly at 90° from perihelion, the maxi-

mum rate being
eh 2mabe 2ra e

R Tl N P YL —— (19)
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where 7" 18 the period of revolution In the case of the earth, where
a=93 x 10° miles, e=4y,
this 18 about 27,000 miles per day.

Ex 3. In the case of a central orbit, we have, if the origin be at the
centre of force,

R=-m¢p(r), =0, ....  .eeviuees (20)
and therefore r—rf3=—¢(r), N 2 9]
r20mh. .. ... e e(22)

Hence, ehminating 4, .
i-—i%= N o N (23)

If we multiply by 2r, and integrate with respect to ¢, we obtain

r’+§=0—2[¢(r)dr, e e (24)

wh.ch 18 equivalent to the equation of energy.
These formul® may be applied to reproduce known results. Thus 1f
¢ (r)=n.... C e eeerens seeens (25)

At
we have f’+;2-=6'—n’r’. ...............

The stationary values of r are given by r=0, or
A= C13+/2=0 .o vivinieninnieen e7)

It 18 easily seen, as 1n Art. 84, that the roots of this quadratic in r? are real
and positive. Denoting them by a3, 4% we have

C=n3(a+b%), hAd=nla®d? ......... cestecscnses (28)
The equation (26) may now be wiitten
13r3and (@ —1r3) (r1-0%), .eieeenen . el cocense (29)

where a? 18 taken to be the greater of the two quantities a3 3. Hence, as
diminishes fiom a to b,

rr
m}m}- bk ( SO sseessssncrnas (30)
If we put rdeal cos? p+b¥an? @, ....... L TT TP (31)
we find %?—n, ¢=nt+¢. ssessctncrcnnecs ...........(32)
Again, from (22), we have
G=h/r3mnab|r3,
h do _ ab

whence a‘a’—aq—&m—ma, PYTTTPPIPYTPIPOPPNRIN ¢: X ))

b8 ¢

- -1 %
and femtan (am 5) e (34)
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if the origin of 8 coincide with that of ¢ It appears from (31) and (34) that
acos ¢, bsin ¢ are rectangular Cartesian coordinates of a point on the orbit,
which 18 therefore the ellipse

22

ZHH=1 e ceerer creenaene o (35)

Ez 4. A particle of mass m, moving on a smooth table, 18 attached

to a string which passes through a small hole 1n the table and carries a mass
m’ hanging vertically.

Using polar coordinates, we have, for the motion of m,
m(r—r6f)em—P, rM=h, . ... .oerrrrrrrn. ...(36)

where P 18 the tension of the string. Since the acceleration of m' 18 7,
upwards, we have

Mr=P—-m'g ... cccorernrirerinencns oo o (37)
Elimimating r and 4, we obtain
mm’ A?
an (g+;,). eeaseses s+ seseens os os .(38)

Hence the particle m moves as if subject to a central force which 18 made up
of a constant part, and of a part varying inversely as the cube of the distance.
The intensity of the latter part depends however on the value of %, and
therefore on the circumstances of projection

3

8%7. Disturbed Circular Orbit.

A circular orbit 18 of course always possible under a central
attractive force which 1s a function of the distance only, provided
the circumstances be properly adjusted. If a be the radius of the
orbit, » the angular velocity 1n 1t, and ¢ (r) the central accelera-
tion at distance r, we must have

wla=¢(a) ......... cereens veevneenen(1)
The angular momentum 1s therefore given by
P=ew'a*=0a*¢ (@) .covvvieriirinnnnnn, 2)

This leads to the consideration of a mearly circular orbit. In
particular, we may inquire whether the circular motion is stable,
re. whether a particle shightly disturbed from revolution in a
circle about the centre of force will always remain near this
circle, or not.

If we eliminate df/dt between the equations

dsr dd\? a6
a?_r(m)=_¢(r), = e (8)
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we obtain as before

dt’_;3=—¢(r) .................... %)
Writing T=A+®, . e eeeieieenn.. .(5)
we have, on the supposition that « 1s small,
d’x b3 3z ,
W—;,(l—;)=—¢(a)——qu (@) weererenn (6)

approximately. This shews that a*¢(a) must be very nearly
equal to k2, 1e. the radius of the circle from which the particle
18 assumed to deviate only shightly must be connected with the
angular momentum by the relation (2), very nearly. It 1s there-
fore possible, by a shight adjustment of the constant a in (5), to
arrange that this condition shall be fulfilled ewactly On this
understanding we have

‘%”f+{¢'(a)+g¢(a)}x=o ............ o)

Hence 1f F @42 @>0 oot e ®)
the variations of # are simple-harmonic, viz we have

z=Ccos(nt+e), ... .. . e (9)

provided n’=¢'(a)+2¢(u) N ¢ (1))

The condition (8) 1s therefore the condition for stability.
In terms of  we have
»_a' (@
o= B td e s (D)

by (1).

For instance, in the case of a force varymng as some power
of the distance, say

we have — =8 =8 teiiiiiiiiiiieeen (13)

The circular form of orbit 1s therefore stable 1f s < 8, and unstable
L. D, 17
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if §>3. The case s=38 must also be reckoned as unstable, since
we have then
&
de?
indicating a progressive imcrease 1 the absolute value of .

=0, a=At+B, .o oo (14)

The general criterion (8) may be imterpreted as expressing
that for stability 1t 18 necessary that the central force should,
1n the neighbourhood of the circle, diminish outwaids, or imncrease
inwards, at a less rate than if 16 varied mversely as the cube of
the distance.

It appears from (9) that the period of a complete oscillation
mn the length of the radius vector 18 27/n. In the case of

0 o
\ 3 .
Fig. 84. Fig. 85

¢ (r)=pr, we find, putting s=—11in (13), that »=2w, and the
period 1n question 1s therefore half that of a revolution Again,
if ¢ (r)=p/r, so that s=2, we have n=w, and the period 1s that
of revolution. This agrees of course with what we know of the
accurate orbits.

Ez. In the problem of Art 86, Ex 4, we have

., R? m' A3
1‘-_,3=_.m(g+;§ s e e e . (18)
2
or (m+m’)r—m—,—s—ﬁ= -m'g. . ¢ e (16)

Hence for a circular path of radius @ we must have

miiA=m'gad. ..o sersseasaseoren esseseens (17)
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Writing r=a + z, and approximating, we find

() e+ 20 520 e . (8)
The circular path 18 therefore stable, and the period of a small oscillation
about 1t 18
m+m' a)
2w /\/{ 3773’ g; .. . ...(19)
88. Apses.

A pomnt where the radius drawn from the centre of force
meets the orbit at right angles 1s called an ‘apse,’ and the radius
m question 18 called an ‘apse-line.’

If the force 1s always the same at the same distance, an
apse-line will divide the orbit symmetrically. For 1if at an apse
the velocity of the particle were reversed, 1t would retrace its
previous path. Moreover, the paths described by two particles
which are started from an apse with equal and opposite velocities
must obviously be symmetrical.

It follows that apses will recur, if at all, at equal angular
intervals. For i1f 04, OB be radn drawn from the centre ot
force to two consecutive apses, the point A’ which 1s the 1mage
of A with respect to OB, will be the next apse, on account
of the symmetry with respect to OB The next apse will be at
B', the 1mage of B with respect to OA4’, and so on. The angles
AOB, BOA’, A’OB’,... will all be equal, and their magnitude 1s
called the ‘apsidal’ angle of the oibit The distances 04, OB,
04’, OB,. . are called the ‘apsidal distances’, the alternate ones
are equal In an elliptic orbit about the centre the apsidal angle
1s 3, and the apsidal distances are the semi-axes @, b, 1n an ellipse
described about the focus the angle 18 o, and the apsidal distances
are a(1 +e). See Figs. 84, 85.

In any nearly circular orbit, the time-interval from a maximum
to a mimmum of the radius vector 1s #/n, where n 1s given by
(11) of Art. 87. In this interval the radius vector describes an

angle
T IO ) 0
172



260 DYNAMIOS [x1

which is accordingly the apsidal angle In the case of a force
varying as a power of the distance, say

the angle is

o
e e e N
VGB—9) @
and accordingly independent of the size of the circle.

Conversely, we can assert that the apsidal angle cannot have
the same value for all nearly circular orbits unless the force varies
as some power of the distance. If the angle in question has the
constant value 7/m, we must have

ap (@) o_ ,
4 (@) +3=m}
¢’ (a) m*—3
or Gl@) @ e 4)
Hence log ¢ (@) = (m* — 3) log a + const,.,
or d(a)=pa™ 3, ... eees el (5)

In particular the apsidal angle cannot be equal to = unless the
force vary with the distance according to the Newtoman law.
It follows, as was pownted out by Newton, that if the true law
of grawitation deviated ever so shightly from proportionality to
the inverse square of the distance, a progressive movement of the
perihelion of each planet would result. For instance, if the index s
m (2) had the value 2+, where A is small, the apsidal angle
would be (14 4\), nearly, by (3), and the nearer apse would
advance 1 each revolution by the amount Am. As a matter of
fact a progressive motion of the apse 1s observed in the case of
every planet, as well as 1n the case of the moon, where 1t is
considerable; but this motion 18 accounted for, on the whole
satisfactorily, by the disturbing effect of other bodies*.

* It appears, however, that there are certain discrepancies, especially in the
case of Mercury, Venus, and Mars, which are as yet unexplained These are very
shight, amounting for instance 1n the case of Meroury to about 40” per century.
A slight amendment of the law of gravitation, to the extent of making A=1 5 x 10-7,
would account for this, but would apparently give too great a result in the cases of
Venus and Mars.
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In order that a nearly circular orbit may be closed, or re-
entrant, after one revolution, the apsidal angle must be contained
an even number of times 1n 27w, Hence the value of m 1n (5)
must be integral. The only case which gives a force dimimshing
with mcreasing distance 1s that of m=1. The law of the mnverse
square 18 therefore the only one under which the orbit of an
undisturbed planet, when 1t 1s finite, 13 necessarily an oval curve.
This has an application to the case of double stars. The relative
orbit of the two components of a double star, when 1t can be
sufficiently observed, 18 found to be an oval curve, in fact sensibly
an ellipse, although the body to which the motion 1s referred may
not be at a focus The preceding remark leads to the conclusion
that the law of grawitation holds 1n this case also, the apparent
deviation of the ‘centre of force’ from the focus being explained
by the fact that what 18 observed 1s not the true orbit, which 1s
oblique to the line of sight, but 1ts projection on the background
of the sky.

89. Critical Orbits.

Subject to a certamn proviso, a particle projected directly
from a centre of attractive force, with a certain defimte velocity
depending on 1ts position, will recede to infimity with a velocity
tending asymptotically to zero. This defimte velocity of projection
has been called 1n Art. 76 the ‘critical velocity’ corresponding to
the immtial position. The orbit described when the particle is
started 1n any other direction with the critical velocity 1s called
a ‘critical orbit” In other words,, the characteristic property of
a cnitical orbit is that the energy of the particle 1s just sufficient
to carry 1t to infimity 1f 1t be properly directed. We shall see that
1t does not follow that a critical orbit necessarily extends to
infinity.

The equation of energy, viz.

u==0—2f¢(r)dr, ..................... )

becomes, if v 18 to vanish for » = o0,

v==2f:¢(r)dr,
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and the proviso above referred to 1s that this integral must be
convergent. This will be the case 1f

hm 7rite ¢ (), ....  erereeees (2)

r—-o

where e is any positive quantity, 1s fimte If the integral 1s not
convergent, no velocity of projection, however great, will avail to
carry the particle to infinity.

We have, then, 1n a critical orbit,

(%) + ('dif) —2 f:’ @) dry o . ®)
with 7 %’ =h ... . . @)
Hence (g—:)’ + g;: 2fj¢(r) aAr. ceeeeer evenennn. (5)

The question cannot be carried further in the general case,
but 1f

$(r) =g ................ (6)
dr\* h*  2u 1
we have (ﬁ) FRT T e e e (7)

provided s>1. If s=1, or <1, there 18 no critical velocity.
Excluding these cases, we have

dr\?
pa-1 ((ﬂ) =BT Y, e ®)
e 2
where c ._(s—l)h""' ................. 9)
"Taking the square root, and dividing by (4), we find
3(e—5) g
r r
\W——T‘_—_B) = d0. .................... (10)
- 7 é(‘_ 8)
Hence , cos (5) =}(8—3) 6 +const,, ......... (11)
or rP=cPcosp(f—a), ...... cesneees (12)

of P=46-38) ... crerniennennen(18)
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If s=2, p=—4 and the equation (12) 18 that of a parabola
referred to the focus If s=5, p=1 and the critical orbit 1s a
circle through the centre of force. If s=7, p=2 and the orbit 1s a
lemniscate, with the node at the centre of force.

The mvestigation requires modification win the case of s=3.
We have then, from (7),

d
r d—: N (I L R (14)

Daviding this by (4), we have
d 26="" (15)
where m=1 \/ (— - 1) ............. (16)
Hence r=Cem . ... .eiiinn e 1)

The critical orbit is therefore an equiangular spiral, unless h = /u,
in which case 1t 18 a circle, ef Art. 91.

It appears from (12) that a critical orbit will be fimte 1f 8>3,
and will extend to infimty 1f s < 8.

90. Differential Equation of Central Orbits.

The differential equation of central orbits assumes 1ts simplest
form 1f we take as our dependent variable the reciprocal of the
radius vector.

Writing u= 71~' s eerereseiene o careresiiens 1)
we have %g = 1’:= T, . Caees .. (2)
dr 1 du 1 du df du
Hence &tz_i—’?i?_ aaea‘t'—‘-—ha—é, eee  aee .(3)
dr d /du d*u df d*u
w=ta@) -t EE= e @
Substituting from (2) and (4) 1n the equation
d» dé\?
EF"'(@) Y (5)
. d*u (u
we obtain atu= 'Cl ’u’) ) eerereereeieieiereas (6)
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where f)=¢(r)=¢ (%) s )

This 18 the differential equation required.
If we write 1t 1n the form

£ (w) = ko (gi;‘, + u) e (8)

1t determines the law of force under which a given orbit can be
described.

A first integral of (6) can be obtained at once , thus, multiplying
by 2du/df, we have

du d*u du _2f(w) du

2 + 2u

do de? T do’
whence o {(ZZ) u:} —2 f i(_':‘),ﬂ I, A ©)
This 1s really 1dentical with (3) of Art. 84, since
(Zg) = ;,_ ................... 10
by a known formula of the Calculus, and
ff—f::-)du=—f¢(r) ;O an

The further mtegration of (9) 1s 1n general difficult. In the
case, however, of

F)=p, oo .. (12)

which 18 the law of the inverse square, the differential equation
takes the simple form

d*u

d 02 +u= }:’ * C(evecescececscssccssce (13)
Except for the notation, this 1s 1dentical with (2) of Art. 12, and
the solution 18 accordingly

u=}?+Ac0s(0-a) ............... (14)

where the constants A and a are arbitrary. If we put

L=hn, coan.... e . (1B)
this 18 equivalent to

lu=1+ecos(d—a),
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which 13 the polar equation of a comc referred to the focus. Cf
Art. 76.

Ex 1. To apply (6) to the case of shightly disturbed circular motion, let
us wnte for shortness

f@)=w2F(u), .. . . .. amn
so that the equation becomes
d*u F(u)
sz—g-{'uﬂ —7"’—- + ee sees e sees ese ...(18)
This 18 satisfied by u=e¢, provided
kqe=F(c), .. N ¢ )]
this being the condition for a circular orbit of radius ¢~1
If we now put u=c+§& oo o e e (20)
where ¢ 18 supposed small, the equation (18) becomes
L& ¥ (0)
e+ ( £=0,
aé cF’ (eN ,_
or Ca+ {1 - } £=0, i errrereen (21)

provided ¢ be supposed adjusted so as to satisfy (19) If the coefficient of £ be
positive, we may put

_eF'(e) _, ,
1 e =™ e e n(22)
and obtain
¢=Ccosm (0—-8), .... ceerrene oo o (23)
where the constants C, 8 are arbitrary  The apsidal angle 1s therefore = /m
If fy=put, F(u)=pur=?, . .. (29)
we have mi=3 - . . PR (1))

if 8<3, 1n agreement with Art 88.

Ez 2 Having given that the orbit

U=x(6) v ot errrrienn e (26)
can be described under the central force f (), to find the law under which the
orbit

W=x(0), coeev cv it c i (27)

can be described, where &' =wu, # =X6 The values of the radius vector at corre-
sponding points of the two orbits are equal, whilst the vectonal angles are 1n
a constant ratio. If two particles describing these orbits keep step with one
another, being always 1n corresponding positions, we may say that the second
particle describes an orbit which 18 the same as that of the first, but revolves
relatively to 1t at a rate (A —1)6, proportional always to the angular velocity
of the former particle 1n 1ts orbit.
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If A, &’ be the constants of angular momentum 1n the two cases, we have
O=hu?, €=ku?, (28)
and therefore A =\h .. (29)
The required law 1s, by (8),
dn/ d*u
N\ — £/3,,3 P\ g2 (L 2,
Fw)=hn ——do,_,+u> war (Gt u)
=f)+N - 1) A% . (30)
The original central force must therefore be modified by the addition of a term
varying nversely as the cube of the distance

This 18 Newton’s theorem relating to ‘revolving orbits,’ obtained by him by
a geometrical method *

91. Law of the Inverse Cube.

It has been pointed out, 1n more than one connection, that
the law of the inverse cube occupies a somewhat special position.
For this reason, and from the fact that it 1s one of the few
cases 1n which the forms of the various possible orbits can be
ascertained without difficulty, considerable mathematical interest
has attached to 1t. It was studied in particular by Cotest, and
the orbits are accordingly known as ‘ Cotes’s Spirals’

The physical peculiarities of the law are that the angular
momentum 18 the same for all circular orbits, and that the
velocity 1 a circular orbit 18 equal to the ‘critical’ velocity
corresponding to the distance from the centre. For if

d(r)=L, e, (1)
the velocity v 1n a circular orbit of radius a 18 given by
v _p
ST g e e (2)
whence P=va?=p.ees i i oL 3)

Agan, the critical velocity for the distance a 18 given by

m=2f°°¢(r)dr=aﬁ,,.....................(4.)

* Prineipra, hb i, prop xlm.
+ Roger Cotes (1682-1716), first Plumian Professor of Astronomy at Cambridge
1706-186, edator of the second edition of the Principia.
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and 18 therefore equal to the velocity mn a circular orbit of
radius a, as determined by (2)

To determine the orbits generally, we put

S ()= pu? R ()
i the differential equation (6) of Ait. 90, and obtain
d*u AN
d_6_2+(1—};2>u—0 . R (6)

Let us first suppose that the angular momentum 18 greater
than that proper to a circular orbit, so that

B>up . )
The velocity at any pownt 1s therefore greater than the critical
velocity, for since p < r we have hfp >+/u/r If we put

l—ii‘;:m’, O ¢:))
the solution of (6) 1s
u=Acosmf + Bsmmb, ... )]
or, if the origin of @ be suitably chosen,
au=cosmb. . . . .(10)

There i1s therefore a minimum value of 7, and the line =0
corresponding to this 1s an apse-line There are two asymptotes
whose directions are given by mf = + %, so that the direction of
motion 1n the orbit turns altogether through an angle w/m — o
The distances of these asymptotes from the centre of force are
equal to a/m.

The diagram on the next page may assist the reader to trace the
varying forms of the orbit as A diminishes from o to 4/u. When
h=ow,m=1 and the path 1s a straight line, this is indicated
by the line marked I in the figure. The curves II, III, IV, V
correspond to diminishing values of m, viz. §, 4, §, 1, respectively,
the angles turned through being therefore 120°, 180°, 300°, 540°.
The smaller the value of m, the greater 18 the number of convolu-
tions round the ongmn.

When the angular momentum has exactly the ‘circular’ value,
so that

R=p, coviiriiinieniniiennane., (11)
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d*u
we have EF‘=O’ u=A0+B ......... . (12
If A=0, we have a circle, which may be regarded as a limit to
the preceding forms, whilst 1f A # 0, we have a ‘ reciprocal spiral*.’
These may be regarded as the starting pownts of the two series
of o1bits next to be referred to.

I1

Fig 86

Finally we have the cases where the angular momentum has
less than the ‘circular’ value, so that

P < civiiiiiiiiiins e (13)-
If we now put ];'”; —l=n%.. i . (14)
we have u=Ae"+Be™. ... oo ciiiiinnn (15)

* Inf. Calo., Art. 140,
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At the point §=0 we have

u=A4 + B, ¢79=n(A_B)’ ............... (16)

and therefore

v — pu? =;"7: — pad = h? ,{uz + (%)’} —

—h {(‘%)’ - n’u’} — —4wWAB, .....(17)

by (14). Hence 4 and B will have opposite signs, or the same

sign, according as the velocity 1s greater or less than the critical
velocity.

In the former case, we can, by adjustment of the origin of 6,
reduce the equation (15) to the form

aw = sinh né. ciee eeeeaee, (18)

Since u=0, or r=oc0, for §=0, we have now an asymptote

Fig. 87,

parallel to the initial line. Since u=o00 for 8 =00, the path

approaches the origin asymptotically, winding round 1t 1n an
ever-narrowing spiral. Fig, 87 shews an orbit of this type.



270 DYNAMICS [x1

If A and B have the same sign, the equation (15) can be
brought to the form

au=coshnf. .... . ...... .... . .(19)
There is now a maximum value (a) of 7, and the corresponding
radius (0 = 0) 18 an apse-line. Since u=co, or r=0, for 6 = + 0,
the particle finally revolves round the origin in diminishing con-
volutions, as 1n the preceding case*. See Fig 88,

T

. e = e}

A
Fig 88.
If A or B vanish, we have either
au=¢e™, or au=e"m;:_..... ceeeeaees .. (20)

and the orbit 1s an equiangular spiral. We have seen already
that this 18 a critical orbit.

It appears that, except 1n the case of a cireular orbit, a particle
moving under the law of the inverse cube will ultimately either

* Figs 86, 88 together indicate the various types of orbit which result when
the particle 18 projected from an apse (4) with different degrees of velocity
Fig. 86 shews cases where the velocity of projection 18 greater than the ‘circular’
value, whilst F1g. 88 shews (on a larger scale) a ease where 1t 18 less,
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escape to nfimty, or will fall asymptotically to the centie A
circular orbit 18 therefore to be counted as unstable, as alieady
proved (Art. 87).
Ez  The case of
f)y=pu?+vud, .. . N ¢2 )]

where the force varies partly as the inverse square and partly as the inverse
cube, 18 also readily integrable We have

d?u v m
W+<l_ﬁ)u=7ﬁ e e e .. (22)
Assuming that » < A% and putting

1—i=mﬂ . (23)

we have u=7L2’_i_—v 4 Ccos (mf —a) .o.(29)
This 1s of the form

lu=14+ecos{0—-(1-m)0—ad}, e (25)

and may therefore be regarded as the equation of a conic which revolves about
the focus with an angular velocity proportional to that of the radius vector,
the coordinate of the apse-line being

(1-m)6+a.

This description 18 more appropriate, the more nearly m 18 equal to unity,
1e the smaller the value of ». Cf Art 90, Ex 2

A law of force of the form (21) was at one time proposed by Claraut* as
a modification of the law of gravitation, in order to account for the difference
between the progressive motion of the apse of the lunar orbit (about 3° 1n one
revolution) as actually observed, and that which was given by the calculation
of the perturbations so far as this had at the time been carried It was
subsequently recognized by Clairaut himself that the calculations were
defective, and that a more careful computation on the basis of the Newtonian
law gives & result 1n agreement with the observations

EXAMPLES. XX.

1. Ifa particle 18 subject to a constant force making a constant angle
with the direction of motion, the path 18 an equiangular spual

2. A particle describing an ellipse about the centre receives a small
impulse dv 1n the direction of motion Prove that the consequent changes
1n the lengths of the principal semi-axes are given by

da dv_ o % &
;=7sm¢, T-—TJCOS@

where ¢ 1s the excentric angle

* A. O. Claraut (1718-65). His Théoree de la lune was published 1n 1753,



3. Prove that if in the hodograph of a central orbit equal areas are
described about the pole in equal times the force must vary as the
distance.

4. Prove that the hodograph of a central orbit 18 similar to the ¢ reciprocal
polar’ of the orbit with respect to the centre of force

5. Prove that in the case of a circular orbit described about a centre of
force at any given point the hodogiaph 1s an ellipse, parabola, or hyperbola,
according as the point 18 1nside, on, or outside the circumference of the circle

6. Prove that the law of force for the orbit
ar~lp=mr

18 ¢ (r)=pf[rir+1  Is this ever the general orbit for this law ¢
7. Prove that if the law of force in a central orbit be

[ PRl

where % 18 small, the apse-line 1n a nearly circular orbit will advance 1n each
revolution through the angle wka, if @ be the radius of the orbat.

8. If in the preceding question the potential energy be
- ';‘ o= kr,
the angle of advance will be m43a?, nearly.

9. Prove that under the conditions of Art 88 the two apsidal distances
cannot be equal unless the orbit be circular

10. A particle subject to a central acceleration u/r3+ f 1s projected from
an apse at a distance a with the velocity /u/a. Prove that at any subsequent
time ¢

r=a—-4/08

11. Prove that the law of the inverse cube 1s the only one which makes
the critical velocity at any distance equal to that in & circle at the same
distance.

12. Prove that in a central orbit

d—:i(t—:’)=0—§%{r’/¢(r)dr}.

Examine the cases of ¢ (r)=pr and ¢ (r)=p/r%



13. A ring can shde on a spoke of a wheel which revolves about 1ts centre
with constant angular velocity Prove that if 1t start from rest at a distance
a from the centre, 1ts distance at any subsequent time ¢ will be 4 cosh w?

14. Two particles m,, mq, connected by a string, are moving with equal
velocities v at mght angles to 1t  If the string strike a smooth peg which
divides the length into segments a,, a3, find the mitial tension

m;my (al +aa) v?
(my+m) ayag

15. Work out the solution of the polar differential equations of central
orbits (Art. 90(6)) 1n the case of ¢ (r)=pur=p/u.

16, A particle describing a circular orbit of radius @ under a central
acceleration p/r3 18 disturbed by a small constant force f at rght angles to the
radius vector Prove that the consequent changes in the radius vector and
the angular velocity are given by the equations

r=a+ 2—ﬂ f=n— :—;ff .
a

17. Find the law of force under which a cardioid r=a (1+4cos 8) can be
described under a centre of force at the pole, and find the relation between
the angular momentum, the absolute acceleration, and the length a

18. If a central orbit has the two apsidal distances a, b (#<b), prove that
the velocity at a distance r 18 given by the equation

s [ @ar+ 2 [ rar

19. Prove that 1f a particle can describe the same free path under two
fields of force (.X;, ¥;) and (X;, ¥3) 1t can describe the same path under
a field (X;+ X,, ¥+ ¥3), provided 1t be started from a given point 4 with the

velocity /(v2+ v,?), where v, v, are the velocities at 4 1n the two former
cases

Prove that a parabola can be described under the joint influence of an
acceleration g parallel to the axis, and an acceleration ga?/r from the focus,
and that the velocity vanishes at the vertex. (The latus rectum 1s 4a.)



CHAPTER XII

DISSIPATIVE FORCES

02. Resistance varying as the Velocity.

Except for a few problems in which shding friction has been
taken mnto account, 1t has been assumed up to this pomt that the
conservation of mechanical energy holds i the various questions
which have been considered ‘Dissipative’ forces, as they are
called, which convert energy mto other than obviously mechanical
forms, have been 1gnored.

The theoretical discussion of what precisely happens when a
body traverses a resisting medium 1s difficult, and experiment has
farled to elicit any simple law which shall hold for all velocities
We can only attempt here to examine the consequences of one or
two simple empirical assumptions, each of which 1s probably fairly
accurate under certain conditions.

We take first the case of rectilinear motion under no force
except the resistance of the medium. The equation of motion
18 then of the type

du du

a=—:;{:(u,), or ud—;=—¢(u), ......... 1)

where ¢ (u) is some function of the velocity w. It 15 sometimes
convenient to employ both forms of the equation, and to obtain
a first integral of each. The first form gives a relation between
u and ¢ involving an arbitrary constant, thus

L odu_
¢ (u) dt
du
$u)

-1,

t+ A4........ ceverecencanenss(2)
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The second form leads to a relation between u and &, with a
second aibitiary constant, thus

_u du_ 1
¢wydz
g%‘%=-w+1z ..................... (3)

The elimination of # between (2) and (3) gives the relation
between @ and ¢, mvolving two arbitrary constants which may
be used to satisfy the imtial conditions.

As to the nature of the function ¢ (u), it is of course positive,
and must vamish with . A plausible assumption from the
mathematical side 1s that for a certain 1ange of u 1t can be
expanded 1n a series of powers of w, thus

¢ (u)=Au+Bur+ Cu+..., ....... (4)

and that conscquently, when u 1s sufficiently small, the first term
predominates.

We are thus led to the equations

du du
-dz='—ku, E-;=—L, ¢  eescescccescsess (5)

whence logu=—kt+A, u=—kz+B. ....... (6)

If we assume that =0, u=wu,, for ¢=0, we have 4 =logu,,
B =u,, and theiciore

u=ue~®, u=wu—ke. ..... .coceo. . (7)

Elminating », we have
= % T L YRR (8)

If we put =0 in (7), or t =00, 1n (8), we find & =u/k. With
this law of resistance there 1s therefore a hmt to the space
described.

The quantity % 18 the reciprocal of a time, viz. the time in
which the velocity 1s dimimished in the ratio 1/e. Denoting this
time by 7, we have

=t (1 =64, oo )
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93. Constant Propelling Force, with Resistance.

When the particle considered 1s subject to a constant propelling
force, as well as to the resistance of the medium, the equation
takes the form

d
d—'t‘=f—¢(u). e ee———— 1)
Since ¢ (u) increases indefimtely* with w, there is a certain
speed V for which
SV)=f et i, 2)

ie. the resistance just balances the propelling force. This 18
called the ‘terminal velocity,” or the ‘full speed’ of the body
If the body be started with a velocity less than this, the propelling
force 1s greater than the resistance, and the velocity increases.
If 1t be started with a velocity greater than V, the resistance
exceeds the propelling force, and the velocity diminishes. In
either case the velocity tends asymptotically to the value V.

In the case of resistance varying as the velocity, where
¢ (w)=ku, we have V=/fJk, and the equation (1) may be
written

d
L T NN ¢
1 d t
Hence V—u d—t:=—fl;, log(V—u)=—f—1.,+A.. e (4)
If, imtially, ¢ = 0, u = u,, we have 4 =log (V — w,), and
Vou=(V—-u)eMv. .. .. AN G))
Hence :—li':=u= Ve (V—u)e™?, ......... (6)
c=Vt+Z(—V}._—u°)e"‘/V+B. eeeraeeen 1)
If 2 =0 for t =0, we have B=— V(V —u)/f, whence
o= Vi @(1—3%/?). ............ ®

* There are some exceptioﬁs to this statement 1n the case of the ‘ wave-making’
resistance of boats 1n shallow water, but these need not be considered heie.
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We venify from (5) that u=V for ¢ = 0. The last equation shews
also that for large values of ¢

=Vt =0 rrriiiiirenanns 9

If we put f=g, the above calculation may be taken to 1llustrate
the descent of a very small globule of water through the air.

Y- uo)
A

Ex. If a particle be projected vertically upwards under this law of
resistance we find, if the positive direction of # be upwards,

U=(V42) 6 9T = V) reerrreerrens verrrrensanens (10)
=- Vz+K%+—“°~) (¢ BT R L LS N (11)
provided =0, u=1uy, for t=0 The particle will come to rest when
=Y %
¢—§log(l+-17). ........... e en(12)
t & height —l’-’{’i’ 1o(1+“°)} 13
at a heig] =7 y —1og V[ e tesese sesesrersaases (13)

94. Theory of Damped Oscillations.

The problem of the rectilinear motion of a particle under a
central force varying as the distance, and a resistance varying as
the velocity, is important not only 1n 1tself, but for the sake of its
wide analogies. The differential equation on which it depends 1s
of exactly the same type as that which applies to the small oscilla-
tions of a pendulum, or the torsional vibrations of a suspended bar,
as affected by the resistance of the air, or to the vibrations of a
galvanometer needle as affected by the currents induced 1n
adjacent masses of metal, and so on.

The equation 1n question 18

diz dz
Et_,a—;w-lc;l—t, ............... ceena(1)

where the first term on the right hand represents the acceleration

due to the restoring force, whilst the second term is due to the
resistance. It 18 usually studied under the form

da
dt‘f+kd FpB =0, revrerrrrerrenenn(2)



278 DYNAMICS [xu

This may be transformed as follows. If we put

T=YeM, rirririr e 3)
we have ‘f{: (dy + ky) M, e e (4)
%"g (‘25{ +2n ‘g + N )e"‘. e s ®)

Substituting in (2), we have
‘fig+(2x+k) F I+ p)y=0 ... (6)

The quantity X is at our disposal. If we put A= — 4%, the second
term 1 (6) disappears, and the equation reduces to the form
which we have alrecady met with mn Arts 5, 11, 57, & The
equation (2) 1s therefore satisfied by

msc’ik‘y, . W)

provided Z’t‘{+(p Pyy=0. ... .. .. ..(8)

Three cases now arise. The first, and most important, 18 where

ESIE e o e (9)

this condition being satisfied for all values of the frictional co-
efficient below a certamn hmit. Putting, then,

w—3=n% ... ... ol . (10)
we have y=Acosnt+Bsinnt, ....... ...... 11
or y=acos(mt+e), .. .o cver treennn (12)

where the constants 4, B, or a, ¢, are arbitrary. Hence

@=ae™ ¥ cos (7 ) N, (13)

The type of motion represented by this formula may be

described as a simple-harmonic vibration whose amplitude ae~ ¥k
diminishes exponentially to zero, as ¢ increases. Since the trigono-
metrical factor oscillates between the values + 1, the space-tume

curve 18 mcluded between the curves @ =+ ae~ 3%, See Fig. 89.
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It 1s evident, on differentiation of (2), that the velocity
(=dz/dt) satisfies an equation of exactly the same type. Hence
we may write
— 3kt

u=oae cos(nt+€), . ceeeenen.. (14)

as may be found otherwise from (13) The stationary values of =
occur when cos (nt + ¢) =0, and therefore at equal intervals (7r/n)
of time. The 1nterval between two successive mazma of z 1s 27/n,
and this 18 accordingly reckoned as the ¢ period.” The ratio of one
excursion to the next (on the opposite side) 1s ¥/, and the
logarithm of this ratio, viz

kr k
g, logue= 2171 7” ) eeeeeeee teeeeens @5)

is called the ‘logarithmic deciement’ of the oscillations.

f\“ i AYasa:

- ______-—

__’
—

Fig. 89.

It appears from (10) that in consequence of the resistance the
period 18 1ncreased from

2m to 27

Ve V(e —1)
If, as 1n many applications (e g 1n the case of the pendulum), the
frictional coefficient 18 small compared with a/u, the two periods
differ only by a small quantity of the second order. A small
degree of friction therefore hardly affects the period of oscillation,
1ts influence being mainly on the amplitude

It was shewn mn Art. 10 that the rectilinear motion of a
particle subject only to a central force varying as the distance 1s
1dentical with that of the orthogonal projection of a point describing
a circle with constant angular velocity. This representation may be
modified so as to meet the altered circumstances if we replace the
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carcle by an equiangular spiral®*. To see this we note that the
equations

o ae— bt

cos(nt+e), y=ae" 3%t gin (nt+e), ...(16)

m which @, y are regarded as rectangular coordinates of a moving
point, determine such a spiral, being equivalent to

¢=rcosf, y=rsméf, ... .. ..(A7
provided r=a,e"y“, O=nt+6€ cccovv vuenn. (18)
For, ehminating ¢, we have
r=ae’t", i, 19)
—_—

Fig. 90.

where a' =add* " cota=—1km. ............... (20)
The angle of the spiral 1s therefore given by

a=jm + tan™ 5’% ..................... (21)

When k/n is small, this only shightly exceeds a right angle.
When the frictional coefficient & 1s greater than 24/u, the
equation (8) takes the form
diy

ﬁ YT | (22)

® This remark 18 due to P. G. Tait (1867),
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where W= = e iiiien . (23)
The solution is y=Ae" + Be™™, ... ......... (24)
whence, by (7), z=AeMt4 Be™™!, i (25)

provided
M= b V(= ), Na=bk+VER =) ... (26)

This solution may, however, be obtained more directly from the
original equation (2). If we assume

g=Ae N, ... ot (27)
we find that (2) 1s satisfied provided
MN—IA+p=0 .... . ... ..(28)

This determines the two admissible values of A, which are in
fact the two quantities denoted above by A, A;. Superposing
the two solutions of the type (27) thus obtamned, we have the
result (25).

Since A,, A, are both positive, the value of = tends ultimately
to zero. Moreover, 1n order that # may vamsh, we must have

€M Nt = BIA. ..o (29)

If A and B have opposite signs, this equation is satisfied by
one, and only one, real value of . If 4 and B have the same
sign there 18 no real solution. Hence the particle, however
started, cannot pass more than once through its equilibrium
position, to which 1t finally creeps asymptotically. The present
type of motion 18 therefore called ‘aperiodic” It 18 realized in
the case of a pendulum immersed in a very viscous medium, 1n
‘dead beat’ galvanometers, where the needle 1s closely surrounded
by metal of high conductivity 1n which currents are induced
opposing the motion, and in modern forms of seismograph.

In the transition case, where

B=4p, corieiniiiiniinniniannans (30)
exactly, the equation (8) becomes

dy

an = 0, covier v e e (31)
whence y=At+DB, ... ... (32)

and e=e (At 4+ B). cooerernrnennns (33)
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The diminution of the exponential factor ultimately prevails over
the 1ncrease of ¢ 1n the second factor, moreover « can only vanish
for one finite value of ¢. This type of motion 1s therefore also
classed as ‘aperiodic’ The annexed figure shews the space-time
curve for this case. For the sake of comparison, the first half-
period of an unresisted particle started from the origin with the
same velocity 1s also represented (by the dotted curve).

Fig 91.

95. Forced Oscillations.

We have next to consider how forced oscillations, such as have
been discussed 1n Art. 13, are modified by the resistance. Adding
a term X on the right-hand side of Art 94 (1), to repiesent the
accelerative effect of the disturbing force, we have

*x
%z;+k((li—%+,ux=X. ................... 1)

This equation gives at once the force which 1s necessary to
maintain a motion of any prescribed type. Thus in order that
a simple-harmonic vibration

x = a cos pt .. . (2)
may be maintained, we must have

X =a {(u—p®) cospt —kpsinpt}. ............ (3)
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If we put
p—p*=Rcosa, kp=Rsmna,  ........ 4

as 18 always possible by a proper choice of R and a, this becomes
X = Racos (pt+a). ...... .. e e .. (®)

Hence, putting Ra = f, and wniting pt —a for pt, which 18 merely
equivalent to changing the origin of ¢, we find that to the dis-
turbing force

X=fcospt. ... .ovvvuiiniininnan. (6)

will correspond the forced vibration

a:-—-%;—cos(pt—-a) N ¢4

This does not of course constitute the complete solution of (1),
with the value (6) of X. We are at liberty to add any value of «
which makes the expression on the left-hand side of (1) vanish.
Thus i the case where &*< 4u we have the form

o=¢ 3% (A cosnt+ Bsin nt)+£cos (pt—a),. ....(8)
where n is given by (10) of Art 94. The arbitrary constants 4, B
will depend on the 1nitial conditions,

The first part of the solution (8) may be interpreted as re-
presenting a free vibration, such as the particle could execute 1n
the absence of disturbing force, which 1s superposed on the forced
oscillation. Owing to the indefimte decrease of the exponential
factor, the free vibrations, and therewith the effects of the imitial
conditions, gradually die out, until after a time the forced vibration
represented by the last term 1s alone sensible. The same conclusion
holds also 1n the cases of &* > 4pu, and k* =4u

With regard to the forced vibration, there are several important
points to be noticed.

First, with respect to the amplitude f/R, we have from (4)
Ri=(u—py+kp ={p—(p—3)P + 4 (- 1) .. (9)
If k* < 2p this 18 & minimum, as regards variation of p, for

Pr= = kK e e e, (10)
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and the maximum amplitude is
L . (11)

If & 18 small compared with a/gx, the amplhitude 18 greatest when
p=+p, nearly, re. when the period of the disturbing force 1s
equal to that of unresisted free vibration. Owing to the factor k&
in the denominator of (11) the maximum amplitude 1s relatively
large. In the case of a pendulum swinging in air 1t may easily
become so great as to impair the legitimacy of the approximations
on which the fundamental equation (1) 18 based.

The relations of phase are also 1mportant. It appears from (7)
that the phase of the forced vibration lags behind that of the
disturbing force by an amount a, which 1s determined by (4)
Since sin a 18 positive, whilst cos a is positive or negative according
as p*s p, the angle a may be taken to be in the first or second
quadrant according as the period of the disturbing force 1s longer
or shorter than that of free vibration 1n the absence of friction
Moreover, since

a will ©n general, if the damping be small, be nearly equal to 0
or 7 1n the respective cases. This 1s as we should anticipate
from Art. 13, where we found exact agreement or opposition of
phase m the two cases, on the hypothesis of no friction. But
when there 1s almost exact coincidence between the periods, or,
more precisely, when the difference between p/y/u and unity 1s
small compared with k/p, the angle @ approaches }m from one
side or the other, and in the case of maximum resonance when
p=+p, we have a=}m; ie. the maximum displacement follows
the maximum force at an interval of a quarter-period. The force
now synchronizes with the velocity.

The question of phase 18 closely related to that of the supply
of energy. When a=0 the work done in one half-period 1s
cancelled by the work restored in the other half, and there is
on the whole no absorption of energy. In the general case, the
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rate at which work 18 being done 1 maintaining the vibration
aganst resistance 1s, from (6) and (7),

%:= —Pism(pt—a)cospt

pf’ {sm a—sm (2pt—a)l. ........ (18)

The average value of the second term 1n the bracket is zero, and
the mean rate of absorption of energy 1s therefore

oR it TR (p—ppy

The absorption 18 therefore a maximum when p=4/u, 1e when
the imposed period comncides with the free period in the absence
of friction, exactly. The maximum absorption 18

L, (15)

and 13 therefore greater, the smaller the value of k.

To 1llustrate the effect of a shght deviation from exact
comncidence, mn producing a falling off from the maximum, we
may put

P ’
=142, . i i ... 16
~/ z ( )

where z is supposed small. The expression (14) for the absorption
may then be put in the form

ro_B
Bp Bg g s .(17)
approximately, where
B = m ...................... (18)

The absorption therefore sinks to one-half 1ts maximum when
=7, or

p=Aptdk, e s 19)
The graph of the function
B
o T — (20)

18 shewn in Fig. 92 for three different values of 8. The area
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included between the curve and the zero line 1s independent of B,
the higher values of the maximum ordinate for small values of 8
being compensated by a more rapid falling off on either side.
This principle that, the greater the intensity of the resonance in
the case of exact agreement between the periods, the narrower
the range over which 1t 18 approximately equal to the maximum,
has many striking 1llustrations in Acoustics. Thus a system such
as a tuning fork, or a piano wire, whose free vibrations are only
slowly extinguished by dissipation, 18 not easily set into vigorous
sympathetic vibration unless there be very close concoidance

between the imposed and the free periods; whilst the air column

of an organ pipe will respond to a comparatively wide range of
frequencies,

Similar conclusions hold with regard to the square of the
amplitude, or to the total energy of the vibration.

In modern seismographs damping contrivances are introduced with a view
of dimmishing the influence of free vibrations In the Galitzin type, for
example, the pendulum carries a metal plate which swings 1n 1ts own plane
a magnetic field, so that the reaction of the magnets on the electric currents
thus mnduced 1n the plate produces a resistance varying as the velocity

Taking, for nstance, the case of the horizontal pendulum (Arts 55, 67),
the equation of motion, when corrected for damping, takes the shape

a9 ., do 1ad%
a8 +k§+p9= = gAY e eerennns(21)
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where ¢ 18 the displacement of the axis at right angles to the equilibrium
position of the boom. The forced oscillation due to a motion

E=acosPl .ceiih ottt cieniennen o (22)
of the frame of the instrument 1s therefore
L _
8-l Rcos(pt a)y v e v e (23)

n the preceding notation The ratio of the amplitude of vibration of a pont
on the boom, 1elative to the frame, to that of the frame 1tself depends on the
factor

2

r____ P
R -J{(H—P‘)2+/czp2}' ven ee o sees es (24)

In the Galitzin instruments, the damping 1s adjusted so that the free
vibration 1s on the border line of aperiodicity, or £2=4p The factor (24)
then takes the simpler form

P
7
This 18 sensibly independent of p, so long as p 18 large compared with /p,

1e. 80 long as the period of the tremors 13 short compared with that of an
undamped free vibration

(25)

In the nstruments referred to, the record is made, however, by the
galvanometric method referred to in Art 67, 10 which the indications depend
not on the angular displacement 6 but on the angular velocity df/d¢ A further
factor 1s thus mtroduced by the consideration of the law of oscillation of the
galvanometer mirror, which 1s also damped so as to be on the border lLine
of aperiodicity The scale on which the velocity of the ground 1s recorded 1s
accordingly determined by a factor of the form

r
W} B TR ¢4 )}

This varies very slowly for values of p? mn the neighbourhood of /(up’),
for which 1t 18 & maximum In practice the undamped periods of the
galvanometer and selsmograph are adjusted as nearly as possible to equality,
so that p=p’

96. The Spherical Pendulum.

The effect of fiiction on the small oscillations of the spherical
pendulum (Art. 29) 18 easily ascertained. The equations of
motion have the forms

A’z d*y

dx _ dy
-@-{‘-km-l-;w—o, —d-t;+ka~t+py=0, .........(1)
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whatever the directions of the axes, and 1f k* < 4u the solution 1s

w=e ¥ (4 cosnt + Bawnnt), y=e 4% (C cosnt + D sin nt).
........ @)

If we choose the origin of ¢ at an instant when the particle
crosses the axis of z, at the pomnt (a, 0), say, we have 4 =aq,
C=0, and if we make the axis of y pass through the position
which the particle occupies after an interval 4w/n, we have
B=0. The solution thus takes the form

w=ae ¥ cosnt, y=be ¥ smunt. ........... 3)

The particle may therefore be said to move i an ellipse which
continually contracts according to the exponential law, remaining
always of the same shape, with the same orientation.

If we draw two perpendicular radu, 1t 18 evident that in some
positions the time of passing from one of these to the other will
be less, and 1n others greater, than 4/n, the period of a quarter-
revolution. There 1s therefore one pair of perpendicular radn
such that the interval is exactly 4w/n, and accordingly one set
of rectangular axes to which the formule (3) may be supposed
to refer. .

The actual path may be regarded as a kind of elliptic spiral.
If a=b, we get the equiangular spiral of Art. 94.

The problem of the spherical pendulum 18 1dentical with that of the motion
of a particle 1n a spherical bowl. An interesting variation 1s obtained if we
suppose the bowl to rotate with constant angular velocity w about a vertical
axis through 1ts centre If we take fixed horizontal axes of =z, y as before,
with the origin at the lowest point, the component velocities of a point (z, )
of the bowl will be —wy, wz, respectively The velocities of a particle
relative to the bowl will therefore be given by the expressions

T+oY, Y—0T . ... ceeeens erenne aee (4)

Hence, assuming that the friction varies as the relative velocity, we have
d=—-nlr-k(E+wy), y=-2%Y—k(@— o) .euun.. vees (B)
where NPEG[A,  wieee s o ceeneeeeeseiseienanas (6)

if a be the radius of the bowl

The solution of simultaneous linear equations of the type (5) is usually
best conducted in terms of 1maginary quantities, but for the present purpose
we may obtain a sufficient solution as follows. We assume

x=7co8(Al+¢), y=r8m(Al+e€), ecevrer euee vae (7
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where r 18 & function of ¢ to be determined If we substitute in (6) we find
that both equations are satisfied provided

r+kr+(nt-A2)r=0, . . (8)
AP +A (N —w)r=0 e (9
Eliminating », we find
MNMA—n)+32N2-e?)=0 . . ... .. (10)
The real roots of this are
A=+mn, .. . (11)
approximately, if we neglect the square of #*  Also, from (9) we have
r=Ce ¥ -0/t . (12)
We thus obtain the solutions
a=Ce ™" cos (nt+e), y=Ce"’tsm (nt+e), .. ... (13)
and z=C'¢ " cos(nt+¢), y=—Ce iam(nt+¢), . (14)
whete v=‘];k(1 —(3), v’=?s/c<l +9). . (15)
: n < n

Since the differential equations are linear, these results can be superposed

The formulwe (13) and (14) represent circular vibrations of gradually vary-
ing amplitude, the directions of revolution being opposite in the two cases
If o <n, the amphtude 1n each case diminishes exponentially But if o >n,
the sign of v 18 changed, and the amplitude of the circular vibration whose
sense 18 the same as that of the angular velocity w continually increases The
particle then works 1ts way outwards 1n an ever-widening spiral path, approx:-
mating to the state in which 1t revolves with the bowl 1n relative equlibrium,
like the bob of a conical pendulum (Art 35, Ex 1), the angular distance from
the vertical being

1.9
cos~! -
The relative equilibrium of the particle when at the lowest pont of the
bowl 18 accordingly now unstable

It has already been indicated (Art 33) that the criterion of stability has
to be modified when relatwe equilibrium 1s 1n question The argument given
on p 87, applied to the equation of relative energy (Art 33 (10)), shews
that for practical stability in the present case the expression

V—=3imao? (22 +y?) vee eeeeeeeeens . .(16)

* If the 1maginary solutions were examined 1t would be found that they lead to
no new results, The fact that the formule (18) and (14) nvolve four arbitrary
eonstants C, C’, ¢, ¢ shews that the solution which we obtain 18 complete

L. D 19
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must be & mmmum If 2 denote altitude above the tangent plane at the
lowest pomnt we have #?+y?=2az, approximately, and therefore
V—4moe? (22 +y?)=m (9 —w?a) 2 17)
This will be positive, and the lowest position accordingly stable, only if
wl<gla
If 8 be the angular distance of the particle from the lowest pomnt, we have
V—3imaw? (22+y%)=ma {g (1 - cos §) — 4 w22 s1n2 6}, . (18)
and 1t 18 easily shewn that if w?>g/a this expression 18 & mimimum when

cos§=g/w?a The mnclined position of relative equilibrium, when 1t exists,
18 therefore stable.

97. Quadratic Law of Resistance.

The lnear law of resistance hitherto assumed has practical
valdity only for very small velocities For a ceitamn range of
velocities, not very small and not very great, the hypothesis of
a resistance varying as the square of the velocity 18 found to give
better results.

This law 1s not without some theoretical support. In the
case of a body moving through the air, for example, a mass of
air proportional to wdt, where u 18 the velocity, 18 (so to speak)
overtaken 1n the time & and an average velocity proportional
to u 18 communicated to 1t. The momentum given to the air,
and accordingly lost to the body, 1s therefore proportional to u?,
per unit time*. This argument 18 defective in that 1t assumes
the flow of air relative to the body to have the same geometrical
distribution for all velocities, but 1t avails to shew that under
certain conditions a considerable part of the resistance may follow
the law above stated.

Assuming the law, we have, in the case of a particle subject
to no force except the resistance,

du du

d—t‘—: -ku’, a;=—ku .................. (1)
1 du 1
Hence —Ed_t=k’ or 1—l=kt+A ......... . (2)

It u=u, for t=0, we have A =1/u,, whence

T
o gy wooeeoeerens wevene (3

¢ Newton, Principia, hib. u, prop. 1v (schohum).

u
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Agan, from the second form of the equation,
— ==k logu=—lkz+D ............. 4)

If =0 for v =u,, we have B =log u,, and therefore
U=U 2 . rriiiiiiiiiiinanans (5)

Eliminating «, or by integration of (38), we find

L R —— (6)

It appears from (5) that » does not vanish for any finite value
of #, and that consequently there 13 on the present hypothesis no
limit to the space described. The law ceases however to have a
practical value for small velocities, the real resistance dimimshing
ultimately as u, rather than as u2

The coefficient % 18 the reciprocal of a length, viz the distance
in which the velocity is diminished in the ratio 1/e. Denoting
this length by a, we have

t

a;=u.log(1+1%>. ..................... )

98. Case of a Constant Propelling Force.

In the case of a body subject to a constant propelling force, as
well as to a resistance varying as the square ot the velocity, we
have

du du

— 57T = el 3 _= -— Y, eecvccnsocs
@ f—=kur, or u iz kuws. ...... 1)
The terminal velocity, when the acceleration vamshes, 18 given by
e N (2)
du_ f du  f 4
whence ?ﬁ-—j,:;(V’—u'), ud—w=ﬁ(l’ —u’). ......... (3)
1 du_ f Lu_ft )
Hence Tf’—-—u’§=—1ﬁ’ tanh l-l—,—— V+A. ......... (5)
If the utial velocity be zero, we have 4 =0, and
wm Vaanh 2, s s (5)

13—-2
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tending to the limit V for t— . Putting u=dz/dt, and mte-
grating with respect to ¢, we have

x= 1} log cosh L ) eereeereareeeaeeaans (6)

no additive constant bemg necessary if =10 for ¢=0.
The second of equations (3) leads to

Ve v
-'2’f. log VT:’U/_’ y) e+ seesscsscrcans (7)

€=

which may of course be derived from (5) and (6)

If we put f=g, the investigation may be taken to illustrate
the fall of a body from rest, under gravity It applies also to the
starting of a steamer For large values of ¢ we have

cosh (ft/V)=3ef",
nearly, and therefore
2
w=Vt—%10g2, C e (®)

%
where the last term represents the distance lost 1n getting up
speed. The time lost 1s

Vif log2.
In the case of a constant force opposing the motion we have
du . du .
;i—t-z—f—ku,or u(—ﬁ_-——f—ku, .. (9)

these equations being valid only so long as u 18 positive  If V be
the terminal velocity under the given force, as determined by (2),
we have

du du
d_t=_.1{.,(vs+u=), ud_r_-vfi,(kuﬂ). .. (10)
Hence
1 du_ f L u_
Virwa ~ve WTy=Tyrds e D

or, if u = u, for t=0,
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Agan, from the second of equations (10),

log(V’+u’)———f;m+B e eeee . (13)
If « =0 for u = u,, we have B=log (V*+u,’), and
& V4 ugd
w—§flog eIy REEETEEEIR (14)
When the body comes to rest we have « =0, and therefore
V. _r U
t= tan 2, a:-gflog(l-i-—v—,). ....... (15)

In the case of a steamer whose engines are reversed when
gomng at full speed, we have u,= V. The time required to stop
the steamer 18 therefore

17V
=3 7 e e eeeeeens (16)
and the distance travelled in this time 1s
= 7 log 2 et e an)

Ezx In the case of a particle projected vertically upwards with velocity u,,
the height A attained 1s found by putting «=0 1n (14), thus

p2 Ug?
h=2—g—log(1 +7’>’ « se see  ssesees sese (18)

and the time of ascent 1s, by (15),

The time (¢;) occupied in the subsequent descent 1s given by (6) ; thus

tl=zcosh 169V —cosh ‘(1+u° i
g g Vi

|4 % Uy é}
-b—log {—‘7+(1+‘I7’2 ¢ eees w P TIN . (20)
The velocity (x;) acquired 1n the descent 18 to be found from (7), thus

u? —2ghI V3 ug?
e U ~pipaE s e (@D)

by (18)
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When the 1at10 %/ V 18 small, we find

2 2 2
h=1-2%<1—2l;~;2), t=%°(l—;—€,—2), e e e (22)
] ]
and ¢.=’§°<1 - 6%,), 0y =14 (1 - 5“-‘;;2), TR - )\

approximately

99. Effect of Resistance on Projectiles.

The general effect of resistance on the motion of a projectile 1s
easily understood if we consider that of a succession of instantaneous
tangential 1mpulses, each of which diminishes the velocity Since
the normal acceleration v*/p, being equal to the component of
gravity normal to the path, undergoes no instantaneous change,
the diminution of v 1mples an increased curvature The path 1¢
therefore continually deflected inwards from the parabolic course
which 1t would proceed to describe if there were no further
resistance, and the motion tends ultimately to become vertical
with the terminal velocity.

If I be the semi-latus-rectum of the ‘instantaneous parabola
we have, by Art. 27,
2 2
[ VoS Y (1)

where y 18 the inclhination of the path to the horzontal. Hence
1n the case of a small tangential 1impulse,

ol 28v

T = ;)— @ sees &+ cecssccccsasesscans (2)

Putting 8v = — f3t, where f 18 the retardation due to the medium
we have

1dl _ 2f
Tt ="y e e e 3)
For example, if S=k ... Ll 4)
1dl ds
we have 7—t=—2kv=—2k 7 E LIS U TR 5)
whence l=Ce, .. ... .. (6)

shewing the gradual diminution 1n the parameter of the parabola.

The particular case of a resistance varying as the velocity cai
be solved completely, by means of the Cartesian equations, whicl
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are 1n this case independent of onc another. With the usual axes
(horizontal and vertical), we have

d*z ds' dm
;7 R dtcosx[r-— iR .. (7)
d? ds ds
and dt‘z“ g- Ic sm«;r-—-g kdf' e v een(8)
The first of these gives
dx dz ke _ C .
log - = ~kt+ A4, d?—Ce : a:-D-—Ee t .. (9)

If 2 =0, dz/dt = u,, for t= 0, we have C= u,, D = u,/k, whence

% —kt
=% A —e %), ivr v, (10)
as in Art 92 (8).

Again, writing (8) mn the form

dy d"
T + L =0 . eeee e (11)

we see that a particular first 1ntegral 18 dy/dt =~ g/k, hence,
completing the mtegral, we have

Y __ 9, cenr
R P (12)
Integrating again, we have
y——fg—%e—*'+p' ... (3

If y=0, dy/dt=v, for t=0, we find ¢"=g/k+v, D'=Clk
Hence

t
y=-%+ <E — - (g
It appears from (10) that the straight line
b _wV
B= =T, (15)

where V 1s the terminal velocity, 1s an asymptote to the path.

It should be remarked, however, that this investigation has
merely an 1llustrative value, since the linear law of resistance 1s
far from being valid in the case of a pirojectile.
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The hypothesis of a resistance varying as the square of the
velocity is from a practical pont of view to be preferred, but does
not lend 1tself so easily to mathematical treatment. The equations
of motion now are

a dry
d: — kv cos ¥, a—t-, =—g—kv*smy. ... (16)

Simnce dz/dt = v cos vy, the former of these may be written

—kv=—=ks .vererienenn. . (1
whence log & = — ks + const,
or E=ue® . . (18)

1f 4, be the horizontal velocity corresponding to s =0. It 1s easily
seen that this 1s equivalent to (6).

To carry the matter further 1t 1s convenient to resolve along
the normal, instead of employing the second of equations (16).
We have, with the usual convention as to the sign of p,

2

%=—gcosxp. PP ¢ £))
Putting v = & sec Y = ue~Msecy, (20)
%=3~Z{cos’\[r, e e e (21)
we find :—% =— uq,z e* L . (22)

If we confine our attention to a part of the trajectory that 1s
nearly horizontal, we may replace s by z, the difference being of
the second order of small quantities. Thus

dn
d—é{:—-"%eﬂw. ceee o (23)
Integrating, we find
% — g ()
y=- a}%. e+dz+B . . (2)
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If we assume that y=0, dy/dz = tana, where a 18 of course
assumed to be small, for = 0, we have
A_2—1v 2+tana B_Zﬂcu”
and the equation to the (nearly horizontal) path 13

y w(ana+2kuo> g (1 —e*) ... . (26)

It has been already noticed (Art. 97) that & =1/a, where a 18
the distance within which a particle subject only to the resistance
would have 1ts velocity reduced 1n the ratio 1fe. If z be small
compared with this distance, we find, expanding the exponential
m (26),

- — I a9k
y==ztana S 3u0m’ ........... . (27

The first two terms of this series give the parabolic path which
would be described in the absence of resistance.

100. Effect of Resistance on Planetary Orbits.

The general effect of a resisting medium on the motion of
a planet can be inferred from the formule of Art. 82. It was
there shewn that the change m the mean distance due to a
tangential 1mpulse 8v 1s given by
da _ 2udv

;—_‘W, ............... . e (1)

where n is the mean angular velocity Putting v = — £8¢, where
S 18 the retardation, we have

da _ 2of
‘—it— = — nTa, ¢ sesescsne o seessces eon (2)
Also, from Art. 82 (4),
db _ v\ bf
e LR~ L Se— 3)

The orbit therefore continually contracts
The change 1n the mean motion 1s given by

dn _ 3uf
T na’ e e e 4)

the angular velocity therefore continually mcreases.
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The mean kinetic energy (K) also increases, the formula
bemng

d.j?=qf. e e (5)

The total energy, of course, continually diminishes.

EXAMPLES. XXI.

1. A particle 18 projected vertically upwards Prove that if the resistance
of the air were constant, and equal to 1/nth of the weight of the particle, the
times of ascent and descent would be as \/(n—1) (n+1).

2. If a,, 3, 25 be the scale readings of three consecutive points of rest of
a damped galvanometer needle, prove that the equilibrium reading 1s
R Tk
Z)+ 23— 224"

If the damping be shght, prove that this 1s equal to

(214 223+ 13),
approximately.

3. If a particle be subject to gravity and to a resistance varying as the
velocity, the hodograph 1s a straight line

4. If chords be drawn from either extremity of the vertical diameter of
a circle, the time of descent down each, 1n & medium whose 1esistance varies
as the velocity, 18 the same.

5. A particle moves on a smooth cycloid whose axis 18 vertical and vertex
downwards Prove that 1f in addition to gravity 1t be subject to a resistance
varying as the velocity, the oscillations will still be 1sochronous

6 Shew that in the problem of Art 95 the mean energy of the forced
vibration 1s & maximum when
p=p- iR,

approximately, 1f £3/4u be small

7. Prove that the solution of the equation

iz dx
an 'i'ka;“l'f“’:f(‘)

18 Ze= — :‘e—gkt cos nt [e*"‘f(t) sin nt dt+% e ¥ qinne [ e*"tf(t) cos ntdt,

where n=,/(n - }k?)
8. Prove that if £?=4pu the solution of the preceding equation 1s

z=e" *"‘/ ¥ f (1) ded.
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9. Prove that in the case of rectilinear motion subject only to a resistance
varying as the square of the velocity the mean retardation 1n any interval of

time 18 equal to the geometric mean of the 1etardations at the beginning and
end of the interval.

10. A body moves 1n a medium whose 1esistance varies as the square of
the velocity Prove that 1if the speed vary according to the law
u=1uy(1+ acos pt),
the mean value (per umt time) of the propulsive force required 18 greater
than 1f the speed had been constant, and equal to %,, 1n the ratio 1+44a?
Prove also that the mean rate of expenditure of energy 1s increased 1n
the ratio 1+$a?
11  If the speed vary according to the law
u=1uy (1+p cos mzx),
where 3 18 small, the mean propulsive force (per unit tame) 1s less than if the

speed had been ug 1n the ratio 1 —432% and that the mean time of accomplish-
ing a given distance 1s greater in the ratio 1+ 432

Prove that the mean rate of expenditure of eneigy 18 unaltered

12 A paticle 18 projected vertically upwards in a medium whose resist-
ance varies as the square of the velocity, and the coefficient of resistance
18 such that the terminal velocity would be 300 ft /sec If the velocity of
projection be such as would 1n the absence of resistance carry the particle to
a height of 100 ft, what will be the height actually attamed ? [96 4 ft ]

13 A ship of W tons 1s steaming at full speed (V knots), under a horse-
power H, aganst a resistance varying as the square of the velocity, prove
that the thrust of the sciew 13

145H] V tons
Prove that 1f the engines be reversed, the ship will be brought to rest in
283 WV H secs,
after travelling a distance of
211 WVS/H ft
Work out these results for the case of W=2000, H=5000, V=20
(Assume that a sea-mile=6080 ft ) |46 sec , 675 ft ]

14. A particle oscillates m a straight hine about a centre of force varying

as the distance, and 18 subject to a retardation £x (vel)® 1f a, b be two
successive elongations, on opposite sides, prove that

(14 2ka) 6~ %a=(1 - 24D) €2,
What form does the 1esult take 1if @ 18 mtimto ¢
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15. If a particle, started with the veloeity u,, be subject only to a
resistance
ku+kud

prove that the space described before 1t comes to rest 18

1 14
po log (1 +7 u0>
16. If the retardation be equal to £23, prove that
t=Az*+ Bz +C,
where 4, B, C a1e constants, and determine the constants, having given that
=2y, T=1ugy, for t=0
17. A bullet moving horizontally pierces m succession three screens
placed at distances @ apart  Assuming that the resistance varies as the cube

of the velocity, prove that the velocity at the middle screen 1s equal to the
mean velocity 1n the interval between passing the first and third screens

Also that if ¢;, ¢, be the times of passing from the first soreen to the
second, and from the second to the third, 1espectively, the mnitial and final
velocities are

2a 4 28
3t —tg 3t—t,°
respectively
18. Prove that i the preceding question the bullet must have been
started at a distance from the middle screen less than
htity a
ty—t, 2°

and that the time that has elapsed up to this point must be less than
1 (B +t)

8 ty—t,
19. A point subject to a retardation varying as the cube of the velocity
starts with velocity %, and the initial retardation 1s f Piove that the space

described 1n time ¢ 18
S/
f * % ’

20 A particle 1s subject to a retardation f(¢) which brings 1t to rest
m a time v, prove that the distance travelled 1s

[lrwa
)
21. Prove that, in the motion of a projectile,

whero % is the horizontal velocity, whatever the law of resistance, the axes of
2, y being horizontal and vertical respectively.



CHAPTER XIII

SYSTEMS OF TWO DEGREES OF FREEDOM

101. Motion of a Particle on a Smooth Surface.

A mechanical system 18 said to have n ‘degrees of freedom’ when
n 1ndependent variables are necessary and sufficient to specify the
positions of its various parts These variables are called, 1n a
generalized sense, the ‘coordinates’ of the system Thus the
position of a particle moveable on a spherical surface may be
specified by 1ts latitude and longitude, the configuration of the
double pendulum m Fig 64 (Art 68) 1s specified by the angles 6,
¢, the position of a rigid body moveable 1 two dimensions may
be defined as i Art. 63 by the two coordinates of 1ts mass-centre
and the angle through which 1t has been turned from some
standard position, and so on.

The theory of a conservative system having one degree of
freedom has been treated in a general manner in Art 65. Since
there 1s only one coordinate, the equation of energy, together with
the mutial conditions, completely determines the motion.

When we proceed to systems of greater freedom, the equation
of energy 1s no longer sufficient, and a further appeal to dynami-
cal principles becomes necessary. In the case of systems having
two degrees of freedom, especially when the motion 1s 1 two
dumensions, the principle of angular momentum can sometimes be
made to furnish the additional information required, in a form free
from unknown reactions. We have had an 1nstance of this pro-
cedure m the theory of Central Forces (Arts. 76, 84)

As a further example we may take the case of a particle moving
on a smooth surface of revolution under no forces except the
reaction of the surface. Since this reaction does no work, the
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velocity v is constant. Again, since the direction of the reaction
mntersects the axis of symmetiy, the angular momentum of the
particle about this axis 1s constant. To express the result
analytically, let = denote the distance of the particle from the
axis, and ¢ the angle which the direction of motion makes with
the circle of latitude. The velocity may be resolved into two
components vcos¢p, vsing, along this circle, and along the
meridian, respectively, of which the former alone has a moment
about the axis. Hence, since » 18 constant,

rcos ¢ =const. .. N ¢))

This is, virtually, a differential equation of the first order, to deter-
mine the path.

Since cos ¢ cannot exceed unity, there 1s in any given case a
lower lim1it to the value of ». For instance, 1f the surface resemble
an ellipsoid of revolution, and if the particle cross the equator
(whose radius 1s a, say) at an angle a, we have

TCOSP=0COSA .eovevrrerrerrnnennnn (2)

and the path therefore lies between two parallel circles of radius
a cos a@ which 1t alternately touches.

Since there 1s no force on the particle except in the direction
of the normal, this must be the direction of the resultant accelera-
tion. It has been remarked in Art. 34 that this resultant lies
always in the osculating plane of the path. It follows that the
particle follows the ‘straightest’ path possible to 1t on the surface,
1e. 1n the language of Solid Geometry 1t describes a ‘geodesic.’

Ex A particle 18 shghtly disturbed from motion along the equator of
a convex surface of revolution.

If z denote distance from the plane of the equatomal circle, @ the radius
of this arcle, and p the radius of curvature of the meridian at the equator,
we have

2
A=7= 57) ) eesecscces see T P P PP PR (3)
if 2 be small. It follows that # may be neglected 1n comparison with ¢ If @
be the longitude, so that r, § are the polar coordinates of the projection of the
particle on the equatoral plane, we have

F0mmlty vevrene vt vee eer e s (4)
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a constant, by the principle of angular momentum Also
2
v“=r2+r262+22;z1+f{4, (5)
if r2 be neglected  Substituting from (3), we have
23 22\ -2 72 2
2—g24 % (1 2 ) g2y ¥ z
vi=gt+ o, (1 2P“) £ +a‘(l+pu>’ (6)

approximately Hence, putting

h=ad%e, . )
2
we have el+ 9;(3:’= const , A )
2
whence :42%:—0 .. )
P

The variations of z are therefore simple-harmonie, of period

2 p
2;\/1—1 veo (10)

In the half-period the particle describes an angle w,/(p/a), approximately,
about the axis,

In the case of an ellipsoid, if the length of the axis of symmetry be 2b, we
have p=20?%a, and the angle 18 nb/a That 1s, the distance between con-
secutive mtersections of the path with the equator 1s .

102. Motion on a Spherical Surface.

There are a number of questions relating to motion on a
spherical surface which can be treated
in a similar manner. z

7

The position of a pomnt P on such Y
a surface may be specified by two
angular coordinates analogous to polar
distance and longitude on the earth,
or to zemth distance and azimuth on
the celestial sphere of any station.

If O be the centre, we denote by 0
the angular distance ZOP from a
fixed pomnt Z on the sphere, measured Fig 93
along a great circle, and by y the
angle which the plane of this great circle makes with a fixed plane
through OZ If @ alone be shghtly varied, the pomnt P describes
an arc ad6, where a 1s the 1adius, along the great circle ZP,
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whilst 1f 4 alone be varied, P moves along a small circle of
radius asm@, and therefore through an arc asin@dy. The
component velocities of P along and at right angles to the
great circle ZP are therefore

aj—? and asmé d\!; ) eessasats serenens ¢))
respectively  The square of the velocity of P is therefore
dé d
{(dt) +smn? 0 ( d\g) } .................. (2)

Again, the second of the components (1) has alone a moment
about OZ, and since the distance of P from this axis 13 asin 6,
the moment in question 1s

a?sm?® @ fd-d% ereeieeaes seeseenseaes 3)

It may be added that if we regard the 1adius of the sphere
as variable, and denote 1t accordingly by » instead of a, we are
able to specify the position of any point P whatever 1n space by
the three ‘spherical polar’ coordnates 7, 6, ¥ If » alone be
varied, the displacement of P 1s denoted by &r, and the radial
velocity 1s therefore

dr
Tit o e . .(4)

Since the three components which we have investigated are
mutually perpendicular, the square of the velocity 1s

(%)2-{- (ljg) +r’sm”0(d\f) N )

The moment of the velocity about 0Z 1s

d
rssmae%’. e e s (6)

£z Take the case of a particle constrained to move along a meridian of
the earth’s surface If the axis 0OZ comcide with the polar axis, the angular
momentum about this axs 18 mae’e sin? 6, where » 1s the earth’s angular
velocity of rotation Hence if § be the constramning force towards the east,
we have

:l—lt(ma% sm?6)=8 asméd, .. . (7N
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whence S=2maw cos § ‘%, R (- |
or 8=2mvw cos 6, . e (9)
if v be the (relative) velocity along the meridian, from the pole For instance,
a tramn travelling southwards in the northern hemisphere exerts a pressure
2mve cos § westwards on the rails, owing to 1ts tendency to retain 1ts angular
momentum about the polar axis unchanged* The ratio of this lateral
pressure to the weight of the tram 1s

S 2w v

= — coséd cos 6, ceeees « . (10)
mg g oa

— 1 —
" 144 wa
where the fraction v/wa 18 the ratio of the velocity of the train to the rotational

velocity of the earth’s surface at the equator This latter velocity 18 of course
1000 sea-mailes per (sidereal) hour.

103. The Spherical Pendulum.

An 1mportant application of the preceding formulae is to the
theory of the spherical pendulum, or of the motion of a particle
(under gravity) on a smooth spherical surface

If a be the length of the string (or the radius of the sphere),
and 1if the axis OZ of the spherical coordinates be directed
vertically downwards, the equation of energy 1s

do\? dyn\" _
$ma? {(.d_t) + sn? 4 (E) } =mga cos & + const, ...(1)
whilst the principle of angular momentum gives
dyr
dt

81n? @ —- =const. = A, 88y ....ccecennnns --(2)

Eliminating d+yr/dt, we have

(‘.(_iig)’ W _ 2 cos @ + consb. ........ N ¢:))

sm'é a
Differentiating, and dividing by dé/d¢, we obtan

&9 h‘cosG__gsm N ()

de smn*8
With a view to a future reference, we note that this 1s equivalent
to i
'3 2
‘;—g—sxn@cos(?(%) =—‘%sm0 . (5

* The same tendency 1s appealed to in the familiar explanation of the trade
winds

L. D, 20
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It 18 evident that if the path goes through the lowest or
highest pomnt of the sphere 1t must be a vertical circle. If we
exclude this case, there will be an upper and a lower limit to the
value of 6, moreover 1t 18 evident by the same kind of reasoning
as 1 the theory of apse-lines of central orbits (Art. 88), that the
path 1s symmetrical with respect to the meridian plane through
any point where the direction of motion is horizontal. The path
therefore lies between two horizontal circles which 1t alternately
touches at equal intervals of azimuth.

If the two hmting circles coincide, we have the case of the
conical pendulum. Since 6 1s then constant, we have from (5)

(%‘_’t’)’ = s (6)

n agreement with Art. 35 (5).

If this state of steady motion in a horizontal circle be shghtly
disturbed, the limiting circles will shightly separate, and the path
will undulate between them If we write

O=a+& . ... e (D

where £ 1s supposed small, we have, on substituting in (4) and
retaining only the first power of £,

d: h? 3h3cos? a
a§+(sm1n°a+—_31n‘a )’g’=-—'gcosa 3 ... (8)
. h*cos a
provided o’ a =% SID G o eeer eee enen )

This 1s, by (4), the condition of steady motion 1 a horizontal
circle of angular radius a. By hypothesis, 1t 1s very nearly
fulfilled 1n the disturbed state, and by a shght adjustment of
the value of a 1t may be fulfilled exactly (cf. Art. 87). If we
put

- _9
o= I O)
we have h=ow'smnta, ...... . ... . . QD

and the equation (8) reduces to

P 2,) o2
d—t;+(1+3cos a) =0 ... ....... (12)
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The period of a small oscillation in the value of @ 18 therefore
27 1
—(l)‘ . v—(ﬁ‘s"aa's;’&—)- '...ll..lll...l"l(13)
Since, from (6) and (10),

d
d;f By e s .(14)

approximately, the interval of azimuth between a maximum of &
and the consecutive mimimum 1s

m
B o (15)

This may be called the apsidal angle, 1f the inclination a be
small 1t 18 }r, nearly, as already known from Art. 29.

Ex As a vanation on this question we may consider the motion of a
particle on a smooth paraboloid of revolution whose axis 18 vertical.

‘We denote by r, 8 the polar coordinates of the projection of the particle on
the horizontal plane, and by z the altitude above the level of the vertex We
have then

r2=4az, e=r7[2a, .corericrrirrinnennnnn. . (186)

if 4a be the latus-rectum of the generating parabola The kinetic energy 1s
therefore

]

dm (B4 1241907 = g m {(1 + {&,) "y r’é*}, .. 1D

and the potential energy 1s

mayr?
MPE=y = e e e (18)
We have, then,
3

(1 + £z> rl 47302 + %:;:const., . c e (19)
and ri0=Ah, . . .. (20)

the latter being the equation of angular momenturn.

Elminating 6, we have
,2 K g
T\ gr_
(1 + 4a,> P4 g, =oonst, e, (21)

whence, by differentiation,

rid A2
(1+4a2> B R L (22)

Tn order that the particle may describe a horizontal circle this equation
must be satished by 7==const, whence

R=gr(2a. ... veeresseeenen o+ (23)
203
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If » be the angular velocity in this circle, we have A=1%», and therefore
W2=g[20 .. ceiii veiiriet v i, (24)
This 1 1ndependent of the radius of the circle

To investigate the effect of a shight disturbance from motion 1n a horizontal
circle, we put
r=r0+% .cicerernnn. PO ¢ 1))
1 (22), and retain only teims of the first order 1n z, which 18 assumed to be
small We get

PPNy A

(1 + 4—11,) e — (26)

or, putting A3=gry*/2a, as suggested by (23),

o' 5129 4 .
(1 +;1—a~,)x+~a =0 v eeere e e s (2T)
If we write ri=402) i vi vt v eeer ceee e e o (28)
this becomes £+ 29 z=0. . . .. . (29)
z+a

The period of a small oscillation about the horizontal circle 18 therefore that
of a simple pendulum whose length 18 4 (z,+ @), or one-half the distance of the
circumference of the cucle from the focus of the parabola.

104. General Motion of a Particle. Lagrange’s
Equations.

In the preceding examples the elimination of unknown re-
actions was easy because advantage could be taken of special
features in the problems considered. In other cases, and especially
when the number of degrees of freedom 1s considerable, the direct
appeal to fundamental principles may lead to equations of some
complexity *, and the elimination may be troublesome.

The problem of effecting this elimination once for all, for
conservative systems of any constitution, was first attacked, and
solved, by Lagranget. He shewed that the dynamical properties
of a conservative system are completely defined by the expressions
for the kinetic and potential enexrgies in terms of the n generalized
coordinates of the system, and their differential coefficients with
respect to the time, and that when these expressions are known
the n equations of motion, free from unknown reactions, can be
written down at once without any further reference to the
particular constitution of the system.

* This 1s 1llustrated to a shight extent by the investigation of Art. 68.
1 Méchamque analitrique, Paris, 1788,
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In obtaining Lagrange’s equations we shall hmit ourselves to
the case of two degrees of freedom. This suffices for the treatment
of a number of 1nteresting questions, and avoids the necessity for
an elaborate system of notation At the same time the manner
1n which the results can be extended to the general case will be
easily percerved.

Further, we consider 1n the first instance the case of a single
particle. 'We denote by 6, ¢ the independent varables, or co-
ordinates, which specify 1ts position. These may be Cartesian
coordinates (rectangular or oblique) 1n a plane, or the spherical
coordinates of Art 103, or any two quantities which are convenient
for specifymng the position mn a particular problem. The dif-
ferential coefficients @, ¢ of these coordinates with respect to the
time may be called the (generalized) ¢ velocities’ of the particle.

If, 1n any position, the coordinate 6 be shghtly vaiied, whilst
¢ 18 constant, the particle will undergo a displacement

85, =080 .. .iiit eer e ¢))

m some definite direction, where the coefficient a will in general
depend on the position from which the displacement 1s made, and
therefore on the values of 8, ¢. Similarly, if ¢ alone be varied the
displacement will be

85, =88p, .e. i, (2)

in another definmite direction. If both variations coexist, the
resulting displacement 8s will be given as to magnitude by

88? = 85,2 + 235,85, cos € + 85,7
= a?80% + 208 cos e 608 + B28¢?, .. .. ... ..(3)
where ¢ is the angle between the directions of 8s, and &s,. The
square of the velocity » 18 therefore given by
w=a?+2aBcose 0 + P . ........... “)
Hence 1f, to conform to an established usage, we denote the
kinetic energy by 7, we have, m being the mass,
T=}mv*=}%(A0+2HO0¢ + B?), ..ov.n. ... (5)
where A=ma, H=maBcose, B=mB. ........ (6)

The coefficients 4, H, B are in general functions of 8, ¢. They
may be called the ‘ coefficients of mertia’ of the particle.
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The Cartesian coordnates x, y, z of m, referred to any system
of fixed rectangular axes, are by hypothesis functions of 6 and ¢.
We have, then,

Ba:é_l_ yé_*_ayd) az 8z¢ (D)

a¢ ¢; ¢
Hence T=3im(@@+y*+2%)
=1 (46 +2HOp + B?), .ccoveeennennnn... 8)

where A=m {(3”2) + (ae) + (2—2)'}

_ [0m02 2y dy ?,?ﬁ}
H””{aea¢+aaa¢+aea¢ g

z-n{(5) + 6o+ Go) -

It is easily seen that these forms of the coefficients are equivalent
to those given by (6).

If (X, Y, Z) be the force acting on the particle, the Cartesian
equations of motion are

me=X, mij=Y, mz=_7 .............. (10)

Multiplying these by the partial differential coefficients 0z/96,
dy[00, 0z/00, respectavely, and adding, we obtamn

oz ay Bz oy 0z
m (355 +i55+755) = xZiv¥az2 L ay
It will be noticed that this procedure 1s equivalent to resolving 1n
the direction of the displacement &s,.
To transform the equation (11), we note that
Lo d (. 0z\ ,dox
wa—e-—-d-t(wa—e)'—zd—té—e, ............... (12)
where the differentiations with respect to ¢ are total. Now from
(7) we have
0 2o
Y BT LRI LR
dozr oz ;
G50 = amé aoa¢4"a_o .............. (14)

and
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Hence (12) may be written

.0z d /[, oz Ba:
a}a—a —Et <-’L‘ a_é> 80 .............. e (15)

Hence, and by similar formule, we have

( 33+yao ‘5 )

d_(.0& .9y 03\ _ _(.0% 9z
dtm(zae+yao+zaé> m(xae+ 80+Za¢9>
d ol oT
B o = iihh deees eeeee e eeeeeeeens ees 1
dtod 06’ (16)

by (8).

If the work done by the forces in a small displacement be
expressed 1n the form

050 + ®i¢, N ¢ 1))

the quantities ®, ® are called the ‘generalized components of
force” It 1s evident that in computing them we may ignore all
forces (such as the reactions of smooth fixed surfaces, &c ) which
do no work In our previous notation we have

Xoo+ Yoy + 2o = (X S5+ Y 5+ 255) 88

+( ¢+Yay+Z¢>8¢, (18)

go that 0= X +Yay+zgg,

oy 0z
b= X +Y Z
gt "o “og

The equations of motion of the system are thus reduced to the
Lagrangian forms*
d ol or

@ ol _of_g
dtod 00 o0
i?l’_al’ .....................
dtop 0¢

* The above method of proof by direct transformation 18 due to Sir W. R
Hamilton (1835) The terminology of generalized ‘coordinates,’ *velocities,’
‘forces,” ‘momenta,’ was introduced by Thomson and Tait, Natural Philosophy,
1st ed , Oxford, 1867.



312 DYNAMICS | X111

So far the forces X, ¥, Z, and consequently @, ®, are subject
to no restrictions. They may be functions of the position, of
the velocity, and exphcitly also of the time But in the case of a
particle moving 1n a conservative field, and subject to no extraneous
forces, the work done on 1t 1n a small displacement is equal to the
decrement of the potential energy, whence

oV BV
®89+<I>8¢——8V——§—9‘ 80 — T 8¢ ceunnnns (21)
Smce the variations 86, 8¢ are independent, this implies
oV ov
®=—‘a-9—‘, ¢=‘6$. .......... (22)

The equations thus take the classical forms
d oT or oV

dtod 00 90| - ceeeeeeenn. (23)
dal' oT _ BVJ'

dt op 0¢ o¢p
An interpretation of the expressions
o' oT
20’ 0¢’
which occur in Lagrange’s equations may be obtained as follows.
The 1mpulse (X', Y’, Z’) which would be necessary to start the
actual motion of the particle instantaneously from rest 1s given by
mé=X', my=Y', mi=Z" ... (24)
If we multiply these equations by 0z/00, 0y/08, 02/06, respectively,
and add, we obtain in virtue of (13),

aT X,ZZ:_:: v’ 8y+Z, 0z
60 Gl o6 06’ 25)
O _y0n pu, gl

¢ o " o 26’
The expressions on the right hand may be called the generalized
‘components of impulse’, and the equivalent expressions on the
left may by an obvious dynamical analogy be called the ‘com-
ponents of momentum.” Denoting them by A, u, so that

ol or
A= u=TT, ittt s e 26
Y R (26)
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the equations of motion may be written

dn oT  du oT
Et__.®+é?, Ei_q)+5$’ c e (2D
or, in the case of a conservative field,
d)\._ 0 d/.c_ 2
%_—a—o(V—-T), ?ft——'an(V_T) .eer (28)

105. Applications.

The significance of the terminology which has been introduced
will be best understood from the study of a few examples.
In the motion of a particle referred to plane polar coordinates
we have
T=4m@+r0%), ........... ¢))
by Art. 86 (1), (2). The generalized components of momentum

are therefore

oT ., oT

57' =mr, 8—0. = mr’é. ................... (2)

The former of these 1s recognized as the linear momentum of the
particle 1n the direction of the radius vector, and the latter as
the moment of momentum (in the ordinary sense) about the
origin.

If R denote the radial, and S the transverse component of
force, the work done in a small displacement 1s

Rér+8rd0,. . ....... . ... 3)
and the generalized components of force are accordingly
R, Sr,
the latter being the moment of the force about the ongin.

The equations of motion are therefore

40y o _p 4Gl O
di (5; or = R, dt (aé 20 S, eeeen. (4)
oT ; oT
Since 3 =M 03, 30 = L (5)
these reduce to
m(r—rf)=R md (r6)=8 (6)
T d A

in agreement with Art. 86 (7), (8).
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Again i the case of motion on a spherical surface we have

T=3ma* (0 + 510 04 .ouvueennnn e )
Hence g%v = ma*f, g{;—’ =ma*sm? Oy ....... . (8

The former of these expressions 1s the angular momentum about
an axis through the centre O perpendicular to the plane of the
meridian,, whilst the latter 18 the angular momentum about the
axis 0Z (Fig 93)

If R, S be the components of force along the meridian and the
parallel of latitude, tending to increase @ and +, respectively, the
work done 1n a small displacement 18

Rad6 + Sasm 68y, ... ........ 9)
so that the generalized components of force are
Ra and Sasmnd, ......... ........ (10)
respectively.
The equations of motion are therefore
ii—?lv—zﬁy=Ra, ia—T——a—T—=Sasm6', ...... (11)
dtod 00 dt oy oy

or

ma (8 —s1n 6 cos 04°) = R, 1 d

sin 0 dt

In the case of the spherical pendulum we have, if OZ coincide
with the downward vertical, R =— mgsin 6, S=0, and the equa-
tions reduce to

0 — smn 0 cos 0y2= —%sm 6, sin? 6\1; =h, .. .(13)
as in Art. 103.

(masm?*Oy)=8 . (12)

Ez A particle 18 contained 1n a smooth circular tube of radius @ which
18 constrained to rotate with constant angular velocity » about a vertical
diameter

Putting R=-mgsind, =w,1n (12), we have

—e? =9
6 —~w?sin @ cos § asm&. ................ (14)
This shews that the particle can be in relative equilibrium 1n the position
6=a, provnided

ama(wﬂ c05a—§)=0 ......................... (16)
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This has the obvious solution

sma=0, . . (18)
whilst if w2a>g there 18 a second solution
cos a=g/w’a .. .. (17)
To examine the stability of the relative equilibiium we put
9=a+§, . veeee (18)

where a 18 a solution of (15), and £ 18 supposed to be small Substituting in
(14) we find

§+(gc03a—w’ w32a>5=0 e e (19)

The position a==0 18 therefore stable only if w?a <g, whilst the position
a=m 18 always unstable, as we should expect. When w?az > g, we have, 1n the
case of the intermediate position given by (17),

£+wlsmn?a £=0. .. . ... .. (20)

This position, when 1t exists, 1s therefore stable, and the period of a small
oscillation about 1t 18
2w
:glri(—],. sssssssccss so o

The lateral pressure S exerted by the tube on the particle 1s given by the
second of equations (12)

........ . (21)

106. Mechanical Systems of Double Freedom.
Lagrange’s Equations.

We proceed to the most general case of a mechanical system
of two degrees of freedom.

By hypothesis, the rectangular coordinates z, 7, 2 of any one
particle m of the system are definite functions of two independent
variables, which we denote as before by the letters 6, ¢, but the
forms of these functions will in general vary from particle to
particle. Denoting by (X, ¥, Z) the force acting on the particle m,
we form, as in Art. 104, the equation

oy  , 0z
m (& g+ g +255) = X%
We have an equation of this wype for each particle, and by
addition we deduce

2m( 6+§g§ 6z> 2(X3“+Yay 32) )

where the summation 2 embraces all the particles of the system.

31/ az
2t Y 88' ceenen(1)
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Since the kinetic energy of the system 1s the sum of the
kinetic energies of 1ts various particles, the investigation of
Art. 104 shews that the left-hand member 1s equivalent to

d ol oT

Et 5‘67 - 8_0 ) secee seess seses seee .(3)

where T now denotes the total kinetic energy of the system, viz.
T=43m (& + y*+ 2*)

=31(46*+2Hé¢ + B, ... ... (4)

a=3m{(G) + G + (&)}

_ sy {020 Oydy 020z
H =2m {8084) + 309 +aoa¢}'

posn (4 @)+ @]

Hence T is a homogeneous quadratic function of the ‘ generalized
velocities’ 6, ¢, with coefficients which are, m any given case,
known functions of 6, ¢.

where

As regards the right-hand member of (2), if we put
%y
o-3(x21v¥iz%),

&= 2( ¢+YaZ>+Z¢

the expression O30 + P8P ..enens i )

will represent the work done by all the forces acting on the
system 1n an infinitesimal displacement. These quantities ®, ®
are the generalized components of force; in computing them we
may neglect all forces, such as the tensions of inextensible strings
or rods, or the mutual reactions of the various parts of a rigid
body, which on the whole do no work.

The equations of motion now take the same forms

gl o _ g
dtod 020 8
dor_op_ [ T ®)
dtdg op

as in Art. 104,
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If the system be conservative, and 1f there are no extraneous

forces, we have
080+ Pép=—38V, ... ....... .. 9

where V 1s the potential energy Since this 1s a definite function
of the configuration of the system, 1e. of the variables 6, ¢, we

have

oV oV
®=—5§, q)——w, ....... ...........(10)

and the equations (8) become

Ez 1 To form the accurate equations of motion of the double pendulum
of Fig 39 (p 129)

A mass m was supposed to hang fiom a fixed point O, whilst a second
particle m’ hangs from m by a stiing of length & For greater generality we
may 1magine the strings to be replaced by light rods, capable of exerting
thrust as well as tension

Let 6, ¢ be the angles which the rods respectively make with the vertical.
The velocity of m 180 That of m'1s compounded of 1ts velocity relative to
m and the velocity of m 1tself These two components are at right angles
to?, I, respectively, their amounts are #'¢p, 16, and their directions are inclined
at an angle ¢ —6 Hence, for the kinetic energy of the system,

27— mli2 4-m’ {262 4-2L0p cos (p— 0) +12¢% . 12)
The potential energy 1s
V= —mglcos§—m'g (lcos 8+ cos ) .......... (13)

The equations of motion are therefore

% ((m+m) 20 +mWp cos (¢ — 8)} — WO s1n (b —6)

— —(m+m)glono, .. . e
2 (il cos (¢ — 6) + m1g) + WO sin (¢~ 6)
=—-mgl'sm¢ . .. . e . (15)

If we add these equations together we obtain a result which expresses that
the total angular momentum about O 18 increasing at a rate equal to the
moment of gravity about O

Ex 2 The case of the double pendulum of Fig 64, p 196, 18 hardly
more complicated  With the notation explained in Art 68 the kinetic energy
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of the upper body 18 $M%%43 , that of the lower body relative to 1ts mass-centre
18 ymip?, whilst the kinetic energy of a particle m at G’ would be
$m {a?62+2abb¢ cos (¢ — 6) + b2}
Hence for the whole system
27T'= (M3 +ma?) 6%+ 2mabdep cos (p — )+ m (B3 +«2) $%, . .(16)
whalst V= — Mgh cos 8 —mg (a cos 6 +b oos ¢) 17)

The equations of motion are substantially of the same type as n (14), (15),
the dufferences being merely 1n the forms of the constant coefficients

Ez 3. If the two axes represented by 0, 0’ in Fig 64 be vertical instead
of horizontal, gravity will have no effect on the motion An interesting and
comparatively simple problem of steady motion here suggests itself, but 1t 18
convenient, with a view to this, to make a shght change 1n the vanables,
writing

$=0+x . e e e . 2(18)
This makes
2T'={Mk2+m (a®+ 2ab cos x + b2+ «2)}0?
+2m (abcos x +b03+«2) Ox+m (B2 4+« x? ... ... (19)

The equations are therefore

‘% [{M4? +m (024 2ab cos x + B2+ «2)} 4

+m (abcos x+b2+«?) x]=0, ... . . (20)
g; {(ab cos x + b3 +«?) 0+ (b2 +«3) x}
+abl (64+x)smx=0 ....... .. (21)
The equation (20) expresses the constancy of angular momentum about the
fixed vertical axis O ¢

The question of steady motion 18, under what condition 18 the angle y, viz
the inclination of 00, O'G 1n Fig 64, constant, and x accordingly zero? It 1s
easily seen from (20) and (21), that this will not be the case unless

smy=0, ... o o (22)

1e the angle must be either O or =, the mass-centre of the whole system
must therefore be at 1ts greatest or least distance from the fixed axis 0 It
18 evident also that § must be constant

To 1nvestigate the stabihity of the steady motions we will suppose, 1n the
first place, that x 18 small Wnting

0=m+é, ...................... ... (23)
where £ 18 also sqpposed to be small, we have, neglecting terms of the second
order 1 x, x, o & &

{ME? 4 m (a2 42ab+ b2 +x2)} E+m (ab+ 83+ «3) y =0, . (24)
(ab+03+ &%) £ +(b2+x3) x + abw?y =0 .......... sesnens(2D)
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If we ehminate £ we find, after a httle reduction,
{ME? (2 +b%) + mx2a?} X+ [ ME2+m {(a+b)*+ k2] w2aby=0 . (26)

That type of steady motion 1n which the mass-centre 18 furthest from the
ax1s 018 accordingly stable, and the period of a small oscillation about 1t 18

{_ ME2 (B3 + k) 4 mxa? }i 2
Miktab +mab {(a+b)2+«?} @

(27

The particular case where the system reduces to two particles 1s derived
by putting £=a, k=0, the period 18 then

Mab LY
{m'(éf—?b?}
To investigate the character of the steady motion when the mass-centre
18 nearest the axis we should write x = + x’, and assume y’ to be small The
sign of the last term m the equation corresponding to (26) would be reversed,
shewing that the steady motion 18 now unstable

. (28)

@

Ex 4 1If,1n the problem of Art 63, Ex 3, the outer cylinder in Fig 54
be free to rotate, and if ¢ be 1ts angular coordinate, the angular velocity of
the inner cylinder relative to the outer one will be given by

wa=(b—a)(5"¢)’ s s s s ssevessessed (29)

and 1ts true angular velocity will therefore be

o-—¢= -7-_6-v¢ e e eeee eeee (30)

Hence 1f 7 be the moment of ertia of the outer cylinder about 1ts axis, we
have

b—a, b \?
2T = It + M (b— a)262 4 Mx 2( ) - (31)
If the mass-centre of the outer cylinder be on 1ts axis, we have

V= —Mg(b—a)cos b, wevcc o ve .. (32)
as before

Lagrange’s equations give, on reduction,
g give,

M2b? Mc?b(b—-a)
(1+25)9- 5= 0=0,

. (33)

b- a)(l +—)6———¢~=-gsm6 ............. . (34)

whence, eliminating ¢, we find

Ix? v
®-a) (1 + 1a2+:1{x2b=) B4gsm0=0 ..cvvvurnnnnn(35)
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The period of oscillation 1s therefore that of a simple pendulum of length

I3
l=(b—a) (1 +m>, eesee oo oo o (36)

and 18 accordingly prolonged by the mnertia of the outer cylinder. If we put
I=w, we fall back on the result of Art 63 (15)

107. Energy. Momentum. Impulse.

The equation of energy may be deduced from Lagrange’s
equations as follows. We have

(gl_ oT aT>é (d oT aT>¢

dtob 20 dtdgp 0

d (0T ) oT oI . oT oT

Since 7' 1s a homogeneous quadratic function of 6, ¢, we have

;0T oT
(7] 5‘5 +¢ a—(ﬁ =27, eeerr et et e (2)
and the right-hand member of (1) therefore reduces to
2 T _ d_I_' or ar
dt dt dt’
The equations (8) of Art 106 therefore lead to
‘%: @0+DPp, . oo e . (D)

shewing that the kinetic energy 1s at any instant increasing at
a rate equal to that at which work 1s being done on the various
parts of the system.

If the system be conservative, and if there are no extraneous
forces, the right-hand member of (3) 1s equal to —dV/ds, by
Art. 106 (10). The equation has then the integral

T+ V=const. ..... N )
If we wnite
W . ()
00 o

the quantities A, u are called the generalized ‘components of
momentum.” The reason for this name may be seen as 1n
Art. 104, or we may justify 1t by an application of the equations
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(8) of Art 106. If we imagine the actual motion at any instant
to be generated from rest in an infinitely short time 7, we have,
by integration of the equations referred to,

oT f aT f
ol edt, Z==| ®dt. eereeennen.
20 Jo 2 Lo T ©)

For the terms 97/06, 01/, since they depend on the velocities
and the coordinates only, are essentially fimite, and therefore
disappear when ntegrated over the evanescent interval =, whilst
the imitial values of 07/08, 9T/0¢p, which are linear functions of
the velocities 6, ¢, are zero in the imagined process. The
formulze (6) shew that the generalized momenta, as above defined,
are equal to the generalized components of the impulse which
would be required to start the system, 1n 1ts actual state, from
rest.

Exz 1 The double pendulnum of Art 68 1s stiuck, when at rest n 1its
stable position, by a horizontal impulse ¢ acting on the lower body mn a
line at a distance z below the axis Q.

Since the work done 1n a small displacement by a finite force X 1n this
line would be
X (a8 + 200),
the generalized components of impulse aie £a, ¢z, respectively. Hence the
values of 6, ¢ 1mmediately after the impulse are given by

or oT
— ={a, a—¢—£x, e v cesecrseecenens N

where the value of 7"1s given by A1t 106 {16) with §=0, ¢=0 Thus

(ME +ma’) 6+ mabg =La, } .......................... (8)
mabl +m (b2 +x3) p=¢£x
Hence 8=0, 1e. the upper body will remain (imitially) at rest, 1f
z=b+«%b, cc0veunenn Cee eres seesacenens 9)
as 18 known from Art 71.
If the two bodies are two equal uniform bars of length 25, we have
Mem, a=2b, k=4b3, «x3=}b?
and we find o
aé" 7_1;3 (Sb - .’D),
12 cessncsen veessnsesnesaesss(10)
= mb (= =—320).

L. D. 21
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The velocity of the point struck 1s
ab + ap = (27— b4 20%). cereeeeen (11)

Ez 2 A rhombus 4BCD, formed of four equal jointed rods, 1s struck by
an mnpulse £ at 4, 1n the direction AC

Let z be the coordinate of the centre G of the rhombus, measured from
some fixed pomnt 1n the ine AC We will suppose that the mass-centre of
each 10d 13 at 1ts middle point, let 2a be the length of each, « 1ts radius of
gyration about 1ts centie, and 24 the angle A BC  The formula for the kinetic
energy 18 found by an easy calculation to be

2T=Mz2+ M (x*+a?) 63, ... ..... . (12)
where M 1s the total mass Since the coordinate of 4 18 z —2a sin 6, the work
done by a finite force X at 4 1n a small displacement would be
X (8z — 2a cos 686)

The generalized components of impulse are thercfore £ and —2a£cosd Hence

=§, M(«®+a?)8=-—2afcosb. .... .. (13)
The 1mtial velooity of 4 18 therefore
4a®cos? @
& —2a cos 06=(1 2_':-;1—2#— Ae[, . TR .(14)

and the energy generated 1s

1 4a® cos? 8\ £

2 (l+ xita? ) M (15)
This 18 greater than 1if the frame had been rgid, m» the 1atio given by the
second factor (cf Art 108).

108. General Theo;'ems.
Writing T=1(A46°+2H0¢ + BY, .............. (1)
we have A=A40+H$, p=Hbé+DBp . . (2

If 1n another state of motion through the same conﬁguratlon
the velocities be denoted by ', ¢, and the momenta by N/, 4/, we
have

M +ud =Ny P, ... . 3)
cach of these expressions being equal to
A60 + H(@')+6¢)+ Bhd. .. ... 4)
This leads to a remarkable theorem of reciprocity If we put
N=0, pu=0,
the formula (8) gives gug; ...... (5)
M
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The interpretation of this 18 simplest when the two coordinates
6, ¢ are of the same geometrical character, e.g. both linear
magnitudes, or both angles. Thus if both be of the nature of
lines, the two momenta will be of the nature of ordinary impulsive
forces, and we may put A=/, n which case ¢ =¢@. Hence the
velocity of one type due to an 1mpulsc of the second type 1s
equal to the velocity of the second type due to an impulse of the
first type.

Thus, suppose we have two bars AB, BC, freely jointed at B,
of which the former 18 free to turn about 4 as a fixed pomnt.
For simplicity we will suppose the bars to be in a straight line
The two coordinates may be taken to be the displacements, at
night angles to the lengths, of any two points P, @ of the system.
The theorem then asserts that the velocity of @ due to an impulse
at P 1s equal to the velocity at P due to an equal mmpulse at Q.
Again, if we use angular coordinates, the theorem shews that the
angular velocity of BC due to an impulsive couple apphed to AB
18 equal to the angular velocity of AB due to an equal couple
applied to BC. TFinally, as an mmstance where the coordinates are
of different kinds, we infer that if an 1mpulse £ applied at any
pomnt P of AB generates an angular velocity o 1 BC, an
1mpulsive couple £a applied to BC would produce the velocity wa
at P,

Another important theorem relates to the effect of constraints
on the amount of energy generated when a mechanical system 1s
started 1n different ways.

If in (1) we substitute the value of ¢ 1n terms of § and g,
fiom (2), we find

2T = ez+’]‘3, ................ verer(6)

where the coefficient of 62 13 necessarily positive.

The energy due to an 1mpulse w 18 therefore greater than 1f
6=0, re. 1t 18 greater than 1f a constraint had been applied to
prevent the coordinate 6 from varying (cf. Art. 73, Ex. 2 and
Art. 107, Ex. 2).

Agan, 1if the system be started with a prescribed velocity 6 by
21—2
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an impulse of the type @ alone, the energy is less than 1if a con-
straining 1mpulse of the other type had been operative.

By a proper choice of the coordinates the conclusions of this
Article can be extended to systems of any number of degrees of
freedom, but we must here content ourselves with a statement of
the two theorems just proved, 1n their generalized form .

(1) (Delaunay’s Theorem™®.) A system started from rest by
given wmpulses acquires greater eneigy than 1f 1t had been
constrained 1in any way.

(2) (Thomson’s Theoremt.) A system started with given
velocities has less energy than if 1t had bcen constrained

In a system with one degree of freedom, the kinetic energy
may be expressed 1n either of the forms

where a is the coefficient of nertia. The preceding theorems
therefore come to this, that the effect of a constraint 1s to increase
the apparent incrtia of the system#.

109. Oscillations about Equilibrium.

In order that the equations (11) of Art 106 may be satisfied
by 6 =0, ¢ =0 we must have

oV oV
=0 55 =0 C s e 1)

as is otherwise known. These may be regarded as two equations
to determine the values of 6, ¢ corresponding to the various
possible configurations of equilibrium. They expiess that the
potential energy 1s stationary for small displacements [S. 57].

To ascertain the nature of the equilibrium, we may suppose
the coordinates modified, by the addition of constants, so that they
shall vanish 1n the configuration considered. Hence, 1n investi-
gating the effect of a small disturbance, the values of 9, ¢, as well
as of 6, $, are treated as small quantities.

* This theorem is associated with the names of Euler, Lagrange, Delaunay
(1840), and Bertrand (1853). The maximum property was definitely established
by Delaunay.

+ Sir W. Thomson, afterwards Lord Kelvin (1868).
t Lord Rayleigh (18§6).
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The terms 07/06, 97/d¢ 1n the dynamical equations, being of
the second order 1n 6, ¢, are omitted, and the equations reduce to

doT oV dol oV
— =4+ —=0, — =S4+ -—=0. ..cccc...... 2
a0 20 dtod e @
Moreover, the coefficients A, H, B 1n the expression for 7, viz
T=4(A60+2H0¢ + Be) covvvveveenennnn.. 3)

may be treated as constants, and equal to the values which they
have in the equilibrium configuration, since the resulting errors
in (2) are of the second order.

Agan, the value of ¥ may be supposed expanded, for small
values of 8, ¢, 1n the form

V=V,+ 40+ 2h0p + bd*) + ..oy vevrrnnenne. 4)

the terms of the first order being absent, since (1) must be
satisfied by 6=0, ¢ =0. The coefficients a, &, b may be called
the ‘ coefficients of stability ’ of the system.

Hence, if we keep only terms of the first order, the equations
(2) become
A6+H¢+a6+h¢=o,}

HO+ Bé + 16+ bp =0.
To solve these, we assume
0=Ccos(nt+e), ¢=kCcos(nt+¢€), ..ocoou. (6)
where C, k, ¢ are constants. The equations are satisfied provided
A4 —a)+ (WH -h)k= 0,}
(wH -h)+ (B -b)k=0,
Eliminating &, we have
w4 —a, nH-h (: L (8)
Il —h n*B -0

which is a quadratic 1n #% The formula (6) therefore constitute
a solution of the equations (5) provided n satisfies (8), and pro-
vided the coefficient & be determined in accordance with either of
the equations (7).
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Since the expression (3) for T' 18 essentially positive, whatever
the values of 6, ¢, the coefficients of mertia are subject to the
relations

4>0, B>0, AB-H*>0 .... ... .. 9)
Hence, if we put n*= + o 1n the above determinant, 1ts sign 1s +,
if we put n*=a/A4 or b/B, 1ts sign 18 —; whalst if we put n?=0, 1ts
sign 18 that of ab—4A2% The two roots of (8), considered as an
equation 1n 7, are therefore always real.

Moreover, 1t 18 evident that the roots are unequal unless
a/A=0b/B It 18 further necessary for equalty that n* should be
equal to the common value of these fractions, and 1t follows from
(8) that »? must then also be equal to h/H, The conditions for
equal roots are theretore

=T R eeee ceenenn ..o (10)

and 1t appears from (7) that the values of & are then indeterminate.
We leave this case aside for the present.

Again, 1If the expression for V — V, 1n (4) is essentially positive,

1e.1f ¥ be a mmimum 1n the configuration of equilibrium, we have

a>0, >0, ab—h>0. ..... e (1)
The two values of n* are therefore both positive, one being greater
than the greater, and the other less than the lesser of the two
quantities a/4, b/B

If, on the other hand, V be a maximum in the equilibrium

configuration we have

a<0, b<0, ab—-~h*>0, ....... .(12)
and both values of n* are negative. The form (6) 1s then
imaginary, and 18 to be replaced by one ivolving real expo-
nentials (cf Art. 32).

If ab—h*<0
one value of n* is negative and the other positive.

Confining ourselves to the case of stable equilibrium, and
superposing the solutions corresponding to the two values of n3,
we have

6 = C, cos (n,t + &) + Cycos (ngt + ¢), }
& = k,C, cos (mt + &) + kyCy cos (n,t + €),
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where the values of (), (,, &, €, are arbitiary, whilst %, &, are
given by either of the relations (7), with the respective values of
n? mserted. Since there are four arbitrary constants, this solution
18 general.

The same fundamental equation (8) presents itself in a slightly
different connection. Suppose that, by the introduction of a friction-
less constraint, the coordinate ¢ 18 made to bear a given constant
ratio to 6*, say

F=KkO v (14)
The system 18 now reduced to one degree of freedom, the ex-
pressions for the kinctic and potential energies being

T=3%(A+2Hk+ Bl ¢, ..... . (15)
V-Vi=3(a+2hk+bk) 6 ... ... (16)

The period (27/n) of a small oseillation in this constrained mode

18 therefore given by
,_ a-+2hk+ bl

ne= A _**_ ﬂimk;, .................
by Art. 65. A negative value of the fraction would indicate of
course that the solution mvolves real exponentials, and that the
constrained mode 18 accordingly unstable.

Since the value of 7' in (15) 1s essentially positive, the
denomimator 1n (17) cannot vanish. The fraction 1s therefore
fimte for all values of %, and must have a maximum and a
mimmum value. To find these, we wnite the equation 1n the form

n* (A + 2k + Bl?) = a + 2hk + b&?, ....... (18)
and differentiate on the supposition that d (n%)/dk =0. We obtain
W (H + Bky=h+bk; ...ccovvvnnenn. .. (19)
and combining this with (18) we have, also,
(A + HEy=a+hk. ...... ... (20)

These equations are 1dentical with (7); and if we elimmate £,
we find that the stationary values of n® are the roots of the
quadratic (8), which are therefore by the present argument real.
Moreover, if V—V, 18 essentially positive the values of n* are both

* For example, 1n the case of Blackburn’s pendulum (Ait. 29), the particle

may be restricted to move in a particular vartical plane through the equilibrium
position.
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positive, by (17), whalst if 1t is essentially negative they are
both negative. If ¥V — V,1s capable of both signs, the maximum
value of n? 1s of course positive, and the minimum negative.

110. Normal Modes of Vibration.

The process followed 1n the first part of Art 109 consisted in
ascertaiming whether a mode of motion of the system 1s possible
m which each of the independent coordinates 6, ¢ 1s a simple-
harmonic function of the time, with the same period and
phase, and we found that (in the case of stability) there are two
such modes. Each of these 1s called a ‘normal mode’ of vibration
of the system; 1ts period 1s determined solely by the constitution
of the system, and 1ts type 18 also determinate, since the relative
amplitudes of 8, ¢ are fixed, although the absolute amphtude and
phase are arbitrary.

The formule relating to the two modes are
0=Cicos(mt+e) ¢=kCicos(nt+eg) ... (1)
and 0= C,cos (nt +e), ¢ ==k,C,cos(nt+ e) ...(2)

We have scen that by superposition of these, with arbitrary
amphitudes C,, C,, and phases ¢, ¢, the most general motion of
the system, consequent on a small disturbance, can be represented

When the system oscillates 1n one of these modes alone, every
particle executes a simple-harmomc wibration 1n a straight line,
and the various particles keep step with one another, passing
simultaneously through their respective equilibrium positions.
The relative amplitudes are also determinate. To verify these
statements we need only write down the expressions for the
component displacements of a particle whose mean position 1s
(z,y, 2. On account of the assumed smallness of 8, ¢, we have,
n the first mode,

oz
Sa:- 8¢¢ ( +k’6¢> C, cos (nt +¢,),

SJ-B 9+gg¢ ( +k,g¢)0 cos (mt+€),> +..(3)
8z=—-0+,¢¢ ( +Ic,a¢)0cos(n,t+el)
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The ratios 8z : 8y : 8z are seen to be fixed for each particle, being
mdependent of the time and of the absolute amplhtude C,.

We have seen 1n Art. 109 that the normal modes are
characterized by the property that the period is stationary for
a small variation 1n the type of vibration, 1e.1f the system be
constrained to vibrate in a mode shghtly different from a ‘normal’
one, the period 18 unaltered, to the fiist order. As an example,
we may refer again to the case of motion 1 a smooth bowl
(Art 29) If the particle be constrained to oscillate 1n a vertical
scction through the lowest pont the period 1s 27 4/(R/g), where
R 18 the radius of curvature of the section. This 1s a maximum
or miimuin when the section concides with one of the principal
planes of curvature at the lowest point.

The coordinates 6, ¢ which determine the configuration of the
gystem can of course be chosen 1n an mfinite variety of ways
There 18 one choice, however, which 18 specially interesting from
a theoretical point of view, since each normal mode then 1nvolves
the variation of one coordinate alone.

We have seen that

n? (4 + Hk)=a+ hk,,)
n? (H + Bh)=h +bl,, |
with similar equations mvolving n2 If we muluiply the second
of these equations by k;, and add to the first, we obtain
n?{d + H (b, + L)+ Bhh} =a +h (b + k) + bkik, (5)
In a simila way we should find
n2 {4+ H (ky+ k) +Bhh}=a+h (e, +k)+bkk, .(6)
We infer, by subtiaction, that if n,* F n,%, we must have

A+ H(k+ k)4 Bk, =0, ... .. .M

and a+h(h+h)+0kk,=0 ... (8)
Hence 1f we put u

O=q+q, d=kq+kq, ...... 9)

the expressions for the kinetic and potential encrgies take the

sunplified toims
T=%(4:4+ 4.9, - ooonn. (10)

V=Vi=3(aq®+ agd), . .o(11)
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where A =A+2Hk, +Bk?, A,=A+2Hk,+ B3, ...(12)
and a, =a + 2hk, + bk, a,=a+ 2hk, + bk} ...... (13)

The terms involving the products ¢,q,, and ¢.g,, respectively,
vanish 1n consequence of the relations (7), (8).

The new variables q,, ¢, are called the ‘normal coordinates’
of the system®. In terms of them, the equations of small motion
are

A4 +aq3:=0, Ag,+a,0,=0 ...... ... (14)

which are independent of one another. In each normal mode, one
coordinate vaiies alonc, and the two peilods are determined by

=q/4,, nl=ald,. ....... (15)

We have seen that when the roots of the quadratic in =2
comncide, the quantities k, and therefore the characters of the
normal modes, are indeterminate. 'The solution of the differential
equations (5) of Art. 109 18 then

@=Ccos(nt+e), ¢=Ccos(nt+¢),. ... (16)
where C, ', ¢, € are arbitrary, and

._a _h Db
n —_Z_ji_jf ece eee o o coe (17)

An example is furnished by the spherical pendulum (Art 29).

Ez 1. 1If we have two equal particles attached symmetrically to a tense
string, as 1n Fig 40, p 132, the work required to stretch the thiee segments
of the string, against the tension P, into the position shewn 1n the figure 1s

V= P[V{at+% - ack {8+ - 27~ 25 + Ve +37) ~a]
.=21 S (” 3’)’ ') et e e . (18)

a

® Analytically, the investigation of the normal modes and normal coordinates
18 identical with the problem of finding the pair of diameters which ure conjugate
w1th respect to each of the conics

4z%+2Hzry + Byl=const.,
az? + 2hzy + by? =const.,

and ascertaining the forms which the equations assume when referred to these
diameters  Since the former of the two conics 18 an ellipse, the common conjugate
diameters are real, as may be seen by projecting orthogonally so that the ellipse
becomes & cirole.
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approximately. Since the kinetic energy 1s

T=4%m (22 +32), . . (19)
the equations (2) of Art 109 give

T TY\ o

m-z'+P(a+ 2b) 0,
(V=% L Y\

my +1 ( 2b +a) 0,

1n agreement with Art 44 (13)

The results of the Article referred to shew that in this case the normal
coordinates are proportional to z+y and x — y, respectively Writing, in fact,

e eee— (20)

T=U+Y, Y=U=T, . cever vons . . (21)
we have T =m (ud+v?), . . (22)
and V=r {?i'+<’- + 1)»4} e e (23)
a a b
The Lagrangian equations 1n terms of these variables are
mu+§u=0, mv+P<};+ %) v=0. ... .e. seeeeen (24)

In one normal mode we have ¥=0, and 1n the other v=0, and the frequencies
are as determined by Art 44 (17)

Ez 2 In the case of the double pendulum of Fig 39 (p 129), we have,
with the approximations above explained,
T=3 {(m+m') BOIL2mUWlp+m' 12, . ....... (25)
V= Vo=3 {(m+m’) gl6*+ m'gl'p?} - (26)
The formulm (2) of Art 109 then give, after discarding unnecessary factors,
(m+m')I0+mTp+(m+4m') g8=0,
B+ Up+ g¢=o,}
and the solution can be completed as 1n Art 44 The equations just wnitten
are seen, 1n fact, to be equivalent to (1) of that Article if we write

=10, y=U0+U¢p .ec.. ... .(28)

The double pendulum of Fig 64 can be treated in exactly the same
manner, and the results compared with those obtained in Art 68

111. Forced Oscillations.

If, with a shght change from our previous notation, we denote
by ®, @ the componcents of extraneous force acting on a con-
servative system, Lagrange’s equations become

aar_ar_ v o
dtog 06 80 L . 1)
doT oT_ oV

doT of _ 93V &
Qg 96 ok -
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In the case of small oscillations about equilibrium these reduce to
A6+H¢+a9+h¢=8,}
HO+ B+ hé + bp = .

As in Arts. 13, 67, the most mmportant case 18 where the
disturbing forces ®, @ are periodic 1n character  Assuming, then,
that ® and @ both vary as cospt, we find that the equations (2)
are satisfied by the assumption that 6, ¢ also vary as cos pt, pro-
vided

(p4d —a)0+(pH-h)$p =~ 6,} 3)
(PH —h) 0+ (9B —b) = — D
These determine 6, ¢ 1n terms of ®, ®, thus
g PH-)P—(p"B-1)0O
AP) B S )
¢___(p’H—h)®~ (p’4 —a)®
A(pY) ’
where A(p)=|p4d —a, pPH-h|. .c.e..n. (5)

pH—h pB-b

Since, by hypothesis, 6 and ¢ both vary as cosp?, the motion of
every particle of the system 1s periodic, with the period 27/p of
the disturbing forces, the various particles moreover keep step.
The amplhtudes, relative as well as absolute, of the different
particles will however depend on the period. In particular, the
amplitudes become very great when p?* approximates to a root of

AP)=0, oeeevreeesreereeerareannn (6)

ie. when the period of the 1mposed vibration coincides nearly with
one of the free periods as determined by Art. 109 (8). To obtain
a more practical result in such cases, as well as 1n that of exaet
cowncidence, we should have to take account of dissipative forces, as
in Art. 93.

On the forced oscillation above found we may superpose the free
oscillations of Art. 109, with arbitrary amplitudes and phases.

There is another important kind of forced vibration in which a
prescribed variation 1s imposed on one of the coordinates by means
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of a suitable force of the same type, whilst extraneous force of the
other type 1s absent. Thus we may have the equations

A0+ Hp+ab+hp=0, .. ... (N
Hf+ Bp+ho +bp =D, (8)

where ¢ 1s given as a function of ¢, and the second equation serves
merely to determine the force ® which 1s necessary to maintain
the given variation of ¢ An example 1s furmished by the forced
oscillations of a compound pendulum, or of a seismograph (Art. 67)
due to a prescribed motion of the axis.

Thus if P ccosPl, ..o.i veien ceinnen . 9
we have, on the assumption that 8 also varies as cos pt,
(pAd—-a)0+(pPH-h)p=0, ..... .... . (10)
__pPH=h
or 6= Oy T (11)

which gives the forced oscillation in the coordinate 8 It will be
noticed that the ineitia-coefficient B does not enter into this
determination.

Er Let ¢ denote the lateral displacement of the axis of a seismograph
(Art 67) from 1its mean position The velocity of the mass-centre 18, with
sufficient approximation, £+ 46, where 4 1s the angular coordinate, and the
expression for the kinetic energy, so far as we require 1t, 13 therefore

27 =M (J3+3) 02+ 2MhBE+ Me2. .............. (12)
The potential energy has the form
V=4 K6, ..c.... .. ... vervenere v o(13)
where K 1s some constant The cquation corresponding to (7) 1s therefore
M (k3 +x3) 0+ MhE+ KO=0, . (14)
or 0+‘n’9=—§',. ...... . .. (15)
K «?

P =54k i . . .

Wf n VCETL ! h+h (16)

In the case of the horizontal pendulum (Art 67) we have

K= Mghsm§g, n’-'(-li“‘ié cenr vveeennes (17)
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EXANMPLES. XXII.

1. A smooth open tube of length 2a contains a rod which just fills 1t,
and the rasses of the tube and rod are M, m, respectively If the tube be sct
10 rotation about 1ts centre (which 18 fixed), 1n a horizontal plane, with
angular velocity wy, find the angular velocity when the rod has left the
tube, 1t being supposed that the centres of the tube and rod are imtially all
but comncident. Also find the velocity of the centre of the rod

M+m J{8 (M +m) (M+7m)} ]
M+13m ™°* M+13m

2. Two masses are connected by a helical spring When they vibrate
freely 1n a straight line the period 18 2« /p If they are set rotating about
one another with the constant angular velocity w, prove that the period of a

small disturbance 18
2w

J@P+39"
3. A particle moveable on a smooth spherical surface of radius a 18
projected along the horizontal great circle with a velocity » which 18 great
compared with ,/(2ga) Prove that its path lies between this great circle

and a parallel circle whose plane 18 at a depth 2ga?/v* below the centre,
approximately.

4. A particle moves on the surface of a smooth cone of semi-angle a
whose axis 18 vertical and vertex downwards Prove that 1t can describe
a horzontal circle of radius @ with angular velocity o provided

wla=g cot a.
If this motion be shghtly disturbed, the period of a small oscillation 18

L L
®,/3 sina’
5. Form by Lagrange’s method the equations of motion of a particle on

a paraboloid of revolution, 1n terms of the distance (r) from the axis, and the
azimuth () (Cf Art 103)

6. A particle 1s contained 1n a smooth parabolic tube which 1s constrained
to rotate with constant angular velocity w about the axis, which 18 vertical,
the concavity being upwards Prove that 1f w*=g/l, where ! 18 the semi-latus-
rectum, the particle can be in relative equilibrium 1n any position, and that
if it be disturbed from this state, the distance r from the axis will ultimately
increase indefinitely

7. Prove the following expressions for the component accelerations in
spherical polar coordinates
P—rd - ran? 6y, ;‘%(r’é)—rnndcose\l;’, d‘(r’sm’ﬁ‘f')

reind



EXAMPLES 335

8. A particle m 18 contained 1n a smooth circular tube of radius @ which
18 free to rotate about a vertical diameter When the tube 1s rotating with
angular velocity o the particle 1s in relative equiibrium at an angular
distance a from the lowest point Prove that if this state be slhightly
disturbed the period of a small oscillation 18 2 /n, where n 18 given by

n? _ {{+ma?(1+3cos?a)}sin?a

w? I4+matsinta ’

I denoting the moment of inertia of the tube about the diameter.

Examine the cases of /=0, J=w, respectively

9. A particle moves on a smooth surface generated by the revolution of
a circle of radius b about a vertical axis at a distance @ (>b) from 1ts centre
Prove that 1t can describe a horizontal circle of radius e+bdsmma with
constant angular velocity w provided

w?cosa(at+bsina)=gbsina

Prove that 1f this motion be slightly disturbed the period of a small
oscillation about 1t 18 2/, 1f

n?= w3 (1 +3 COS’U-{-b‘.T?“—> .
sl a

10 A particle 18 free to move 1n a smooth circular tube of radius b which
15 constrained to rotate with constant angular velocity w about a vertical axis
10 1ts own plane at a distance a (>b) fiom 1ts centie

Prove that the period of a small oscillation about & position of relative
equilibiium 18 27 /n, 1f

a
3 _ 2 3
n"=o®|sinati— }.
( +bsma)

11 Shew that the equations of motion of a system of two degrees of
freedom may be written

104 2l 1B
‘“H"""zaoez* 206+ (a¢ 2ao>¢ =9

oH 104 138
H‘“B"’*(aa 2a¢)6’+ae"¢+za¢¢ =

12, Piove that in the notation of Art. 108 the kinetic energy of a system
of two degrees of freedom 1s given, 1n terms of the component momenta, by
BN —2HDp+d- A
ey 'yt
Prove that if 7 be exapressed 1n this form
oT oT
é== EX ) ¢ - Fp—
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13. A umform bar 4B hangs by two stiings 04, OB from a fixed point
0, the triangle 04 B being equilateral Prove that 1f one string be cut the
tension of the other 1s instantaneously reduced 1n the ratio 6 13

14. Four equal particles are connected by strings forming the sides of
a rhombus 4 BCD. Prove that the system can rotate 1n 1ts own plane about
the centre O, without change of foim, with any given angular veloaity. Also
prove that 1f this state of motion be disturbed the diagonals 4C, BD will
still rotate with constant angular velocity, and that the angles of the
rhombus will change at a constant rate

15. If, in the preceding Question, the masses (X) of the particles at 4
and C are different from those (m) of the paiticles at B and 0O, form
Lagrange’s equations of motion, 1n terms of the angle § which 04 makes
with a fixed direction, and the angle ¢ which 4B makes with 40

Verify that the equations have the first integrals

(M cos? ¢ +m sin? p) f=const,
(M cos? ¢ +m sin? @) 62+ (M s1n? b +m cos? ) 2= const

16. Four equal bars, smoothly jointed together, form a rhombus 4 BCD,
which 18 supported 1n a vertical plane at the middle point of AB The
mass-centre of each bar 1s at 1ts middle point, the radius of gyration about
this point 18 «, and the length 18 2a. If @ be the angle which 4B or DC
makes with the honzontal, and ¢ that which 4D or BC makes with the
vertical, prove that the kinctic energy of the system when swinging in a
vertical plane 13

M (a®+«2) 62+ M (x3+ 3a?) ¢2,
where M 1s the mass of a bar.

Form the equations of motion, and interpret the results,

17, A horizontal bar 4B hangs by two equal vertical strings of length I
attached to 1ts ends, and a similar bar CD hangs from 4B by two equal
strings AC, BD, of length ¢ If the system makes small angular oscillations
about the vertical thiough the centres of gravity (which are the middle
ponts) prove that the periods 2x/n of the two normal modes are given by

the equation . s
2ga? (1 1 29%a
8 9% (- 4 S\ pe 1 290
w-=g (l’+l)n +oag =0
where a 18 the half-length of a bar, and x 1ts radius of gyration about the
centre

18. A compound pendulum hangs from the axis of a hollow circular
cylinder which 18 free to roll along a horizontal plane If ¢ be the angular
coordinate of the cylinder, 8 the inclination of the pendulum to the vertical,
prove that .

27=(1+ Ma?) §* - 2Mah 6 ¢ cos 6+ Mk*¢?,

where a 18 the radius of the cylinder, / its moment of nertia about the hine
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of contact with the plane, and the letters ¥, 4, £ have their usual meanings
1n relation to the compound pendulum

Prove that in the case of small oscillations the length of the equivalent
simple pendulum 18 less than 1if the cylinder were fixed, 1n the ratio
Ma?]2

1- T+ Ma?) 2

19. A particle 18 attached at @ to a stiing PQ of length I The pont P
18 made to describe a circle of radius @ about a fixed point O with the
constant angular velocity o, and the whole motion 1s 1n one plane, gravity
being ueglected. If x be the angle which P@ makes with OP produced,
prove that
d?x m’a

dt‘ T sin x =0,

20. A bar of mass M hangs in a horizontal position by two equal vertical
strings of length { Fiom 1t a1e suspended at different points two particles
of equal mass m by two strings of length /  Prove that the periods 2n/n
of the three normal modes of oscllation 1n the vertical plane through the
equilibiium position of the bar are given by

nt=g|l,

2mY 2m
w () (el ()

21, The three knife-edges 4, O, B of the beam of a balance are in one
plane, and the line OG joning the central one to the mass-centre G 1s
perpendicular to 48 Two equal masses m are suspended from 4 and B
by similar helical springs of stifiness XK. Having given that O4=0B=a,
0@ =k, that the mass of the beam 18 #, and 1ts radius of gyration about O 18
k, prove that, 1in the case of small oscillations about equilibrium,

27T =(Mk*+ 2ma?) 62+ 2ma (2 — y) 6 +m (22 +y?),

2V=Mgh B+ K (z*+y3),
where 4 18 the inclination of 48 to the horizontal, and 2, y are the increments
of length of the two springs from their equilibrium values

22. Prove that, in the preceding Question, the periods (2« /n) of the three
normal modes of vibration are given by the equations

n3= K/m,
2ma’ qh K gk

L. D, o3
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EXAMPLES XXIII.
(Miscellaneous )

1. The engines of an airship moving on a straight horizontal course are
shut off] and a series of obseivations of the velocity ate tiken at subsequent
1nstants. When these are plotted with the reciprocal of the velocity as ordinate
and the time as abscissa, the corresponding points are found to he on a straight
line What 1s the law of resistance ?

What would have been the form of the graph if the resistance had been
proportional to the cube of the velocity ?

2. An aeroplane whose speed 1s 80 miles an hour flies to an aerodrome
80 mules distant 1n a direction making an angle 60° E of N, and returns
There 13 a N wind of 20 miles an hour Prove that the times out and home
are 70 5 minutes and 54 5 minutes, respectively

3. An aeroplane has a speed v miles per hour and a range of action (out
and home) of R miles 1n calin weather Pirove that in a N wind w its 1ange
1n a duection whose true bearing 1s ¢ 18

R (0 - u?)

v (W —wisn? )’

4 The centre of gravity of an airship 18 moving with velocity V 1n a
direction making an angle 6 with the fore and aft line, and the ship 1s turning
with angular velocity @ Prove that the local yaw (¢) at a distance x fiom
the centre of gravity 1s given by

tan §' = tan 8+°;-,z sec 6.

5. A pomntdescribes an equiangular spiral with a constant angular velocity
about the pole, prove that the hodograph 1s a similar spual a

6. A pomnt P describes a straight line with constant velocity u, and a
second pont ¢ moves so that 1ts (constant) velocity v 1s always at right angles
to QP Prove that the path of @ relative to P18 a conic of eccentricity u/v

7. The motion of a point relative to axes rotating with angular velocity
18 elliptic harmonic about the origin 0, the period being 2n/w’. Prove that the
path referred to fixed axes through O 1s an epicyclic

8. A curve rolls on a straight line with angular velocity @  Prove that
the acceleration of that point of the curve which 18 1n contact with the line 1s
normal to the latter and equal to w?p

What 1s the corresponding 1esult in the case of vne curve rolling on another
which 18 fixed §
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9. A lamma moves 1 any manner 1n 1ts own plane, 1ts angular velocity
at any 1nstant being @ Prove that the component accelerations of a point P
of the lamina at a distance 7 from the point of contact 4 of the two pole-curves
[S, 16] are . )

r %3; + c?::é' sin g, and w?r-— ;“:-;7 cos 6,

along the tangent and normal to the path of P, respectively, where ¢, ¢ are
the curvatures of the two pole-curves at 4, and 4 1s the angle which 4/
makes with the common normal at A Deduce the curvature of the path of P

10. A number of equal particles m are at the vertices of a regular polygon
whose sides are formed by strings of length & Prove that if the polygon
revolves 1n 1ts own plane about the centre the tension of each string 18 mv?/b,
where v 1s the velocity of each particle, and deduce the formula for the
tension 1n a revolving circular chamn

11. A particle 18 subject to a force constant 1n magnitude and direction,
and to a force normal to the path and propoirtional to the velocity Prove
that the path 18 a trochoid

12 The point of suspension of a pendulum of length ¢ yields horizontally
through a small space X/u, where X 18 the horizontal pull on 1t  Prove that
the length of the equivalent simple pendulum 1s increased by mg/u, where m
18 the mass of the bob

13. The bob of a simple pendulum of length { makes complete revolutions,
and the velocity » at the level of the point of suspension is large compared
with 4/(9l) Prove that the times of desciibing the upper and lower halves of

the circle are approximately
(14 290)
v Y

14. Two dentical pendulums of length I swing 1n a vertical plane, being
suspended from two points of a ngid horizontal bar which 1s not quite nigidly
tixed, but yields horizontally to the pull of the pendulums by an amount
$3L(6+¢), where 8 and ¢ are their inclinations (reckoned in the same sense)
to the vertical, and 818 small Form the equations of motion, and solve them,
determining the constants so that initially one bob 1s at rest in 1ts mean
position, and the other 1s started fiom 1ts mean position with a given small
velocity

Prove that the two pendulums alternately will be nearly at rest 1 their
mean positions, at intervals of about 1/23 periods

15, Two particles m,, my, moving with velocities v;, v3, 1n directions
inchined to one another at an angle a, collide and coalesce. Piove that their
subsequent velocity 1s

N (M2 v,3 4+ 2m, Mg v, v3 CO8 a+ Mmydv,l)
T my+mg .
and that the loss of energy 13
mymg

s 2 , 3
3 (m, + 1) (012 =29, v, cos a+vgd).
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16. A ngid body hangs from a horizontal axis ; prove that the radius of
gyration about this axis can be computed if we know the period of a small
oscillation, and also the deflection produced by a small force acting 1n a given
horizontal line below and at 11ght angles to the axis

Work out the result numerically having given that the period 1s 1 566 sec,
and that a force equal to one-hundredth of the weight of the pendulum, acting
1n a line 3 ft below the axis, displaces the point of application through 072
of an 1nch. [5 48 ft.]

17. A cylinder rolls down a plane whose inchination to the horizontal 1s
a, and 1ts length makes an angle 8 with the lines of greatest slope Prove

that 1ts centre has an acceleration
2

a
i gsmasinfg,
where a 18 the radius, and « the radius of gyiation about the axis

18. A nigid body symmetrical with respect to a plane through 1ts mass-
centre @ 18 moving 1n this plane with a uniform velocity of translation If &
pownt P 1n this plane, such that GP 1s perpendicular to the direction of wmotion,
1s suddenly fixed, prove that the fraction «?/&% of the original eneigy 1s lost,
where « and £ a1e the radu of gyration about axes through ¢ and 2, respec-
tively, perpendicular to the plane of symmetry

19. Two equal rods 4B, BC 1 a straight line, hinged together at B are
moving at 1ght angles to their length when the end 4 1s suddenly fixed
Prove that the mutial angular velocities are as —3 1

20. Three equal umfoim rods 4B, BC, CD, hinged at B and C, are at
rest 1n a straight line Prove thatif the rod 4B 1s struck at right angles at
any point P, the impulsive reaction at B 1s four times that at ¢

Also that 4B will not rotate imtially 1f AP PB=11 7

21. A tube of mass M and length 2a lies on a smooth table, and contains
a particle m close to 1ts centre, which 18 also 1ts centre of mass Imtially a
rotation w 18 gaven to the tube Prove that when the paxticle leaves the tube

the angular velocity 18
(M4+m)lw

(M +m) [+ Mma?’

where 7 18 the moment of inertia of the tube about its centre
22. A spherical vessel of radius a 1mtially at rest 1s iree to rotate about

a fixed axis It 1s filled by hiquid rotating about the same diameter with an
angular velocity » (#) which 18 a function only of the distance r from the
centre Prove that when all relative rotation has been destroyed by fiictaon
the angular velocity of the vessel will be

8mp [®

:—; —1— 0 @ (") r‘dr,
where I 18 the moment of 1nertia of the whole mass and p the density of the
flumd.
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23. A man of mass m stands at 4 on a horizontal lamina which 1s free to
rotate about a fixed point 0. Initially both are at rest. The man then walks
along the circle on 04 (=a) as diameter, returning to his starting point.
Prove that the lamina will have turned through an angle

1- < _.I__
" I+ma3/f’
where / 18 the moment of inertia of the lamina about 0.

24. A massive globe 13 rotating about a fixed diameter with angular
velocity @ A man whose mass 18 m starts from either pole and travels with
constant velocity » along a meridian  Prove that when he reaches the opposite
pole the rotation of the globe will have been retaided by an angle

mea [ (T :
v | IT+ma?/) )’
where 7 1s the moment of inertia of the globe, and a 1ts radius.

25. Two spheres of radius a and density p are in contact Prove that the
pressure between them due to their mutual gravitation 1s equal to the attraction
of the earth on a mass

1 mplat
3 PoR ’
where R 1s the earth’s radius, and po 1ts mean density
Assuming p=8, py="56, R=638x108 c.a 8., find the radius a 1n order
that the pressure may be a kilogramme [4 8 metres ]

26. 1In a parabolic orbit about the focus the time of describing an angle 8
from the apse 18

Lid (tan 30+ 1} tan®36)
out

27. A particle 18 subject to a central acceleration u/r3 and 18 projected
from a great distance with velocity » so that if there were no attraction 1t
would pass the centre of force at a distance b Prove that 1ts direction of
motion will ultimately be turned through an angle = — 2a, where

a=tan~! (v3b/p).

28. Prove that three particles m,, mg, m; situate at the corners of an
equilateral triangle and attracting one another according to the law of the
nverse square can describe circular orbits about their common centre of mass
with the angular velocity

{v (ma + m f__n_t;)}i ‘

where a 18 the side of the triangle. {Laplace.)
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29. A planet J and the sun S are describing circles about their common
centre of mass @, with angular velocity », and P 1s a satellite whose reaction
on § and J may be neglected If z, y be the coordinates of P relative to
axes with § as ongin, such that the axis of z passes always through G, prove
that

; cQ Q

z'—2n‘1/=a—r, y+2nx-——z/-,

Y5 STt

where Q—r+p+l‘m St
and r=8P, p=JP

30. A number of particles are projected simultaneously in various
directions from the same point under a central acceleration ux (dist) Prove
that after a time §n/s/p their velocities will be parallel and equal

31. Prove that in Ex 4, Art 86, the path of the particle on the table hes
between two fixed circles unless the angular momentum 1s zero

32 Two particles m;, my are connected by a string of length a; 4 a5 which
passes through a smooth ring on a smooth horizontal table, and are describing
circles of radn a;, a3 with angular velocities o), wg respectively Prove that

mywfay =mywyta,,
and shew that the period of a small oscillation about this state 18

2 _M}
3 (mywy?+mayag?))
33. If a particle be subject to a central acceleration
|3
=L
a circular orbit will be stable only 1f 1ts radius 18 greater than £.

34. Prove that 1n the case of a central force varying inversely as the cube
of the distance
ri=A*+ Bt+C,

where 4, B, C are constants

35. A particle subject to a repulsive force varying as 1/7% 18 projected
from 1nfinity with a velocity which would carry 1t to a distance a from the
centre of force 1f 1t were directed towards the latter  Actually 1t 18 projected
along a line whose distance from the centre of force 18 & Prove that 1ts least
distance from the centre will be ,/(a?+02), and that the angle between the
asymptotes of 1ts path will be =b/y/(a?+ b?)

36. A particle subject to a repulsive force varying as 1/ 18 projected
from 1nfimity with a velocity ¥V which would carry 1t to a distance a from the
centre of force 1f 1t were directed towards the latter. Actually 1t 18 projected
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so that 1t would pass the centre of force at a distance & if there were no
repulsion  Prove that the least velocity of the particle 1s

va{GD -

37. If the retardation of a train 18 a+ bv? prove that 1f the engines are
shut off when the speed 18 v, the train will come to rest in a time

1. >
:‘/offo tan (\/ at

after travelling a distance 5
Yo
2b log (l + 1)

38. Prove that the intrinsic equation of the path of a projectile under a
retardation £v? 18
e?* =1+ kp, {sec ¥ tan Y +log (sec y+tan )},
where s 18 the arc measured forward from the highest point, p, 18 the radius
of curvature at this point, and 18 the inclination of the path below the
horizontal

Prove that for small values of s
¥={(s+ks%)/po

39. A crculai tube rotates in 1ts own plane with angular velocity » about
a pont O on the circumference Prove that the 1elative motion of a particle
1n 1t 18 subject to the equation
‘; f+ w?sin §=0,
where 6 denotes angular distance from the point of the tube opposite to 0

40. A ngd tube m the form of a plane curve revolves about a point O
n 1ts plane with constant angular velocity o Prove that the small (relative)
oscillations of a particle about a pomnt P of the tube whose distance from 0 1s
stationary are determined by the equation

d3s
aato’ (Iw” 1>s=0’

where 7= 0P, and p 18 the radius of curvature at P.

Hence shew that the equilibrium of the particle when at P 1s stable or
unstable according as P 18 a point of maximum or minimum distance from O

41. A particle 18 constramed to move on a smooth spherical surface of
radius @. Prove that if projected with velocity » along the horzontal great
circle 1t will fall through a vertical height ae=%, where % 1s defined by

sinh u= 7 .
4g9a

Prove that if +? 18 large compared with 4ga, the result 1s 2ga?fes,
approxunately.



344 DYNAMICS

42. A horizontal rod A B rotates with constant angular velocity » about
its middle point 0. A particle P 1s attached to 1t by equal strings 4P, BP.
If 6 be the inclination of the plane A PB to the vertical, prove that

2
gt—f-m’ sin 6 cos 0= — ‘2—7 sin 6,

where /=0P. Deduce the condition that the vertical position of OP should
be stable

43. If a system of particles m, m/,  attract one another with forces
varymng as the nth power of the distance, and », », . denote their distances
from the centie of mass of the system, prove that

2
g‘ﬁ (2mr?)= - (2n+6) V+const.,

where V 1s the potential energy of the system
Prove that 1f n= —3 a stable configuration 13 1mpossible.



APPENDIX

NOTE ON DYNAMICAL PRINCIPLES

ALTHOUGH the day 1s long past when there could be any
serious difference of opinion as to whether a particular solution of
a dynamical question 18 or 18 not correct, the proper formulation of
the principles of Dynamics has been much dcbated, and especially
1n recent times.

To a student still at the threshold of the subject the most
important thing 1s that he should acquire as rapidly as possible a
system of rules which he can apply without hesitation, and, so
far as his mathematical powers will allow, with success, to any
dynamical question in which he may be interested. From this
pomt of view 1t 1s legitimate, 1n expounding the subject, to take
advantage of such prepossessions which he may have as are ser-
viceable, whilst warning lhim against others which may be mis-
leading This 18 the course which has been attempted in the
present work, as 1 most elementary accounts of the subject.

But 1f at a later stage the student, casting his glance back-
wards, proceeds to analyse more closely the fundamental principles
as they have been dehvered to him, he may become aware that
there 1s something unsatisfactory about them from a formal, and
even from a logical standpomnt. For instance, 1t 1s asserted, as an
mduction from experience, that the velocity of a body not acted on
by any force will be constant in magmtude and direction, whereas
the only means of ascertaining whether a body 1s, or 18 not, free
from the action of force 18 by observing whether 1ts velocity 1s
constant. Agan, by velocity we mean, necessarily, velocity rela-
tive to some frame of reference, but what or where this frame 1s,
18 nowhere defimtely specified.
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If the student’s intellectual history follows the normal course
he may probably, after a few unsuccessful struggles, come to the
conclusion that the principles which he 1s virtually, though not
altogether expressly, employing must be essentially sound, since
they lead invariably to correct results, but that they have some-
how not found precise and consistent formulation 1n the text-books.
If he chooses to rest content in this persuasion, deeming that
form and presentation are after all secondary matters, he may
perhaps find satisfaction in the reflection that he 1s in much
the same case as the great masters of the science, Newton, Euler,
d’Alembert, Lagrange, Maxwell, Thomson and Tait (to name only
a few), whose expositions, whenever they do not ghde hastily over
prelimmaries, are all open, more or less, to the kind of criticism
which has been referred to.

The student, however, whose interest does not le solely n
the applications, may naturally ask whether some less assailable
theoretical basis cannot be provided for a science which claims to
be exact, and has a long record of verified deductions to 1ts credit.
The object of this Appendix 1s to indicate the kind of answer
which may be given to this question.

The standpoint now generally adopted 18 a purely empirical
one. The object of all science, 1t 18 held, 18 to give an account of
the way things go on in the world*. Guided by experience we
are able to frame rules which enable us to say with more or less
accuracy what will be the consequences, or what were the antece-
dents, of a given state of things These rules arc somctimes
digmified by the name of ‘laws of nature,’ but they have relation
to our present state of knowledge, and to the degree of skill with
which we have succeeded in giving more or less compact ex-
pression to this. They are therefore hable to be modified from
time to time, or to be superseded by more convenient or more
comprehensive modes of statement.

* As regards Mechanics this 18 expressed by Kirchhoff as follows ‘¢ Bei der
Scharfe, welche die Schlusse mn der Mechanik sonst gestatten, scheint es mur
wunschenswerth, solche Dunkelheiten aus ihr zu entfernen, auch wenn das nur
méglich 18t durch emne Emnschrankung ihrer Aufgabe. Aus diesem Grunde stelle
ich es als die Aufgabe der Mechamk hin, die 1n der Natur vor sich gehenden
Bewegungen zu beschreiben.” Mechanik, Leipzig, 1876,
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Again, it 18 to be remembered that we do not aim at anything
so hopeless, or indeed so useless, as a complete description of any
phenomenon. Some features are naturally more important or
more 1nteresting to us than others, by their relative simphcity
and evident constancy they have the first claim on our attention,
whalst those which are apparently accidental and vary from one
occasion to another are ignored, or postponed for later exammation.
It follows that for the purposes of such description as 18 possible
some process of abstraction 1s 1nevitable 1if our statements are to
be simple and defimte. Thus 1n studying the flight of a stone
through the air we replace the body 1n 1magination by a mathe-
matical pomnt. The size and shape of the body, the complicated
spining motion which 1t 1s secn to execute, the internal strains
and vibrations which doubtless take place, are all sacrificed n
the mental picture in order that attention may be concentrated
on those features of the phenomenon which are in the first place
most 1nteresting to us. At a later stage i our subject, the
conception of the 1deal ngid body 1s introduced, this enables
us to fill in some details which were previously wanting, but
others are still omitted. Again, the conception of a force as
concentrated 1mn a mathematical line 18 as artificial as that of
a mass concentratecd 1n a point, but it 1s a convement fiction
for our purpose, owing to the simplicaity which 1t lends to our
statements.

The laws which are to be imposed on these 1deal representations
arc 1n the first instance largely at our choice, since we are dealing
now with mental objects*. Any scheme of Abstract Dynamics
constructed 1 this way, provided 1t be self-consistent, 13 mathe-
matically legitumate, but fiom the physical point of view we
require that 1t should help us to picture the sequence of phe-
nomena as they actually occur. The success or falure mn this
respect can only be judged d posterior:, by comparison of the
results to which 1t leads with the facts. It 1s to be noticed, more-
over, that available tests apply only to the scheme as a whole,

* Cf Maxwell. *The bodies which we deal with 1n abstract dynamics are just
a8 completely known to us as the figures 1n Euchd They have no properties
whatever except those which we explieitly assign to them.” Scientific Papers,
vol. 2, p. 779. The Article quoted was written in 1879.
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since, owing to the complexity of real phenomena, we cannot
subject any one of 1ts postulates to verification apart from the
rest.

It 1s from this pomnt of view that the question of relativity of
motion, which 1s often felt to be a stumbling-block on the very
threshold of the subject, is to be judged By ‘motion’ we mean
of necessity motion relative to some frame of reference which 1s
conventionally spoken of as ‘fixed” In the earher stages of our
subject this may be any ngid, or apparently rigid, structure fixed
relatively to the earth. When we meet with phenomena which
do not fit easily mnto this view, we have the alternatives, either to
modify our assumed laws of motion, or to call to our aid adventitious
forces, or to examine whether the discrepancy can be reconciled by
the simpler expedient of a new basis of reference. It 1s hardly
necessary to say that the latter procedure has hitherto been found
to be adequate In the first instance we adopt a system of rect-
angular axes whose origin 1s fixed 1n the earth, but whose directions
are fixed by relation to the stars, m the planetary theory the
origin 18 transferred to the sun, and afterwards to the mass-centre
of the solar system, and so on. At each step there 18 a gamn mn
accuracy and comprehensiveness, and the conviction 18 cherished
that some system™* of rectangular axes exists with respect to which
the Newtonian scheme holds with all necessary accuracy.

Similar remarks apply to the conception of time as a measur-
able quantity. From the purely kinematic point of view the ¢ of
our formul®e may be any continuous independent variable, sug-
gested (1t may be) by some physical process. But from the
dynamical standpoint it 18 obvious that equations which represent
the facts correctly on one system of tinc-measurement might
become seriously inadequate on another. The Newtoman system
postulates (virtually) not only an absolute geometrical basis of
reference, but also some absolute time-scale, which (so far as
observations go) 18 hardly distinguishable, 1f at all, fiom the prac-
tical scale based on the rotation of the earth.

* This system is of course not uniquely determinable. If a system A can be
found answering the requirements, any other system B which has a motion of
translation with constant velocity relative to 4 will serve equally well (Arts. 2, 23),
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The obviously different degrees of mertia of actual bodies are
imitated, in our 1deal representation, by attributing to each particle
a sultable mass- or nertia-coefficient m, and the product mv of
the mass mnto the velocity 1s called the momentum. On the New-
tonian system, change of velocity is attributed to the action of
force, and 1if we agree to measure the force P by the rate of

change of momentum which 1t produces, we have the vector
equation

d oy
7 (mv)="P,

From this pomnt of view the equation is a mere truism; its
real 1mportance rests on the fact that by attrnibating suitable
values to the masses m, and by making simple assumptions as
to the values of P, we are able to obtamn adequate repiesentations
of whole classes of phenomena, as they actually occur

Sunilar remarks might be made with respect to the law of
‘action and reaction, and the further postulates which are intro-
duced when we deal with ‘ngid’ bodics, but 1t 13 unnecessary to
go thiough these 1 detail *,

In conclusion we would remark that the preceding considera-
tions have been brought forward with a view of placating the
conscience of the student, rather than with the intention of pro-
viding him with a new set of working ideas. It 18 well to recogmze,
occasionally, the artificial character, and the hmitations, of our
methods, but 1t 18 by no means desirable that the student should
endeavour always to frame his dynamical thoughts and imagi-
nations mn terms of the somewhat shadowy images of abstract
theory, rather than of the more famihar and concrete notions of
force and inertia, which, however crude they may seem to the
logician, have been the stock in trade of almost all the great
workers 1n the science.

¢ The substance of this note 18 taken mainly from the article on ¢ Mechanics’

1n the eleventh edition of the Encyclopedia Britannica, by kind permission of the
proprietors.
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