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HESSE, 0. (1843).

Yer die Bildung der Endgleichung, welche durch Elimination
ciner Variabeln aus zwei algebraischen Gleichungen her-
vorgeht, und die Bestimmung ihres Grades. Crelle’s Journ.,
xxvii. pp. 1-5; or Werke, pp. 83-88.]

Hesse, at this time, must have been unaware of Richelot’s
paper (dated from the same University), and Grunert’s paper,
not to speak of writings published outside Germany, for the
method which he gives of finding the final equation is nothing
more nor less than Sylvester’s dialytic method. His exposition,
to say the least, is not preferable to Grunert’s, and the deter-
minant of the (m+n)" order which he prints is misleading
‘n points of detail. '

CAYLEY, A. (1843).

[On the theory of determinants. Transac. Cambridge Philos.
Soc., viii. pp. 1-16; or Collected Math. Pupers, i. pp. 63-79.]

Up to this point Cayley had dealt with determinants, only,
as it were, incidentally. Now, however, he devotes a memoir
of sixteen quarto pages to the study of them.

The introductory page shows a pretty wide acquaintance with
previous writings on the subject, the authors mentioned being
Crawmer, Bezout (1764), Laplace, Vandermonde, Lagrange,* Bezout
1779), Gauss, Binet, Cauchy (1812), Lebesgue, Jacobi (1841),
and Cauchy (1841).

The first section of the paper is said to deal with “the
properties of determinants considered as derivalional functions.”

*As the memoir of Lagrange which Cayley refers to is not one of those
srought into notice in the carly part of our history, but is one bearing the title
*“Sur le probléme de la détermination des orbites des cométes d'aprés trois
observations,” it may be well to mention that the substance of the only
sentence in it which concerns us had already appeared in the memoir of 1778.
The sentence is

¢ De la il s'ensuit aussi qu'on aura
(tllul_tlull)g - (xllzl_.vl:n)g + (3/”‘;'-,1/'«‘-")2 + (.t,llyl_xlyll)ﬁ,
s = (¥4 y 2B (LY ) = (20 Yy 2R
—Nowv. Mém. de P Acad. Roy. ... (Berlin), ann. 1778, p. 160.
M.D. 11, B



18 HISTORY OF THE THEORY OF DETERMINANTS

As a matter of fact, however, a close examination shows that
the functions whose properties are investigated are not strictly
determinants, but belong to a class afterwards named bipartites
by Cayley himself. It is true that it is the determinant notation
which is employed in specifying the functions, but this is due ¢
the fact that the bipartite under discussion is of a very specia
type, and so happens to be expressible as a determinant.
The function U from which he considers his threc determinants
to be “derived ” is
2(af+Bn+ ... )
+ y(d'E+B+ ... L)
+ .0 00 00w
there being n lines and . terms in cach line. This at a sowe-
what later date (1855) he would have denoted by

(a B....Ff,q,...;}m,y,...)

« B ..., l
and called a bipartite. A still later notation is
E n ..
a ﬁ A
« B.... |y

from which each term of the final expansion is very readily
obtained by multiplying an clement, 8’ say, of the square array by
the two elements (y, 5) which lie in the sane row and column
with it but outside the array. The three determinants which
are viewed as “derivational functions” of this function U are

a B ...,
d B

, Ac+Ay+... Be+By+...
_ RE+ Sy +... a B
RE+Sy+... o B
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and
Re+Ry+... Sz 4+ Sy +. ‘
AE-I-B)]-I- 7] ,8
A'f +Br+... o o4 !

These are denoted by KU FU ’-I U and the closmg %entence of
the introduction is, “The symbols K F, T possess properties
which it is the object of this seetion to investigate.”

KU, it will be observed, is what afterwards came to be called
the discriminant of U; and FU,1U are the results of making
certain linear substitutions for the clements of the first row and
of the first column of the determinant

® oy oz
£ « B v
nd B ¥y ...
§ all BI/ ”

It is this determinant, therefore, which is under investigation
and under comparison with U. That it is a bipartite function of
@, Y, 2 ...and &, § ... is manifest when we think of expanding
it according to binary products of the elements of the first row
and of the first column, the expression for it in the notation of
bipartites being thus seen to be

x Y s
By |y | =B
18y | =lay” .| |aB’ | . .|

=By -1 lav-l—laﬁ N Y

Now the plopertles of thw wlnch are 1nve%t1cmted by Cavley are
properties possessed by the more general blpal tite

x Y z

«y Wy y 3
by b, by n
€ Cy Cs ¢
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which is not expressible in the form of a determinant. So far
therefore, as this section of the memoir is concerned, it is evidentg
that the title is somewhat misleading, and it is unnecessary tep
enter into detail regarding the properties in question.

In the course of the section, however, having occasion to use,
Jacobi’s theorem regarding a coaxial minor of the adjugate,
Cayley gives at the outset a formal proof which it is most
important to note, as it is the natural generalisation of Cauchy’s
proof for the ultimate case, and consequently has since become
the standard proof given in text-books. The passage is

“Let A, B, ...., A, B, .... be given by the equations

A= |8 v ...| B=g|y &
ﬁ// ‘yu L 7// 8”
AI — t ﬂl! ‘yll L. BI = N ‘yll 8[! L.
BI/I ‘)/”l L. ‘)’HI 8//1 .
3 . . . . . 9

the upper or lower signs heing taken according as n is odd or even.
“These quantities satisfy the double series of equations

Ao +BB +....=x)
Ad +BB +....=0
A’u+B’/3+....=O‘ (6)

W+ BB+, .. =k

Aw + Ad+....=«)
AB+AB+....=0
Bao +Bd +....=0
B +BB+....=x

°
the second side of each equation heing 0, except for the 7" equation of
the »* set of equations in the systems.

“Let A, m, ... represent the " (r+1)" ... terms of the series
a, B,...; L, M, ... the corresponding terms of the series A, B, ...,
where 7 1s any number less than s, and consider the determinant
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A ... L
Ay L L

which may be expressed as a determinant of the o™ order, in the form

A ... L 00

AL LMo 0 .
0o ..... 0 10 ...
o ..... 0 o1 ...

Multiplying this by the two sides of the equation

k=] B
ﬂ,' /3[

and reducing the result hy the equation (®) [é.r. the multiplications
theorem] and the equations (6), the second side becomes

k 0...
0 «.
...... k 0 0
0 f‘"' pin
0 ’L(r+l) ‘,n+1). L.

which is equivalent to

K)’

p W
P e A,
]

or we have the equation
A .... L = &7 o
e e e e plrdD e
Ar-n, oo, LeY
which in the particular case of 7= n hecomes
A D ...
A B = &"LY
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The Second Section is said to concern “the notation and
properties of certain functions resolvable into a series of deter-
minants,” and it is at once seen that the functions in question
are obtainable from the use of m sets of n indices in the way in
which & determinant is obtainable from only two sets. Sylvester

spoke of them later (1851) as commutants.*

CAUCHY, A. L. (1844).

[Mémoire sur les arrangements que l'on peut former avec des
lettres donndes, et sur-les permutations ou substitutions &
aide desquelles on passe d’'un arrangement & un autre.
Ezercices d'Analyse et de Phys. Math., iii. pp. 151-252;
or Buvres complétes, (2) xiii.]

The nature of the connection of this with the theory of deter-
minants is evident from the title. Some of the elementary
portions of the memoir had in fact already appeared in Cauchy’s
determinant papers of the years 1812, 1840, 1841, and have been
noted in our accounts of the latter. In these papers, as was
natural, only such isolated properties were given as might be of
immediate application to the main subject: here we have a
methodically arranged and lucidly written ¢reatise. As, however,
in dealing with permutations the question of signature is not
taken up, there is no explicit reference to determinants: and all
that is therefore necessary is to direct attention to a storehouse
of information regarding a subject closely connected with them.

CAUCHY, A. L. (1844).

[Mémoire sur quelques propriétés des résultantes & deux termes.
Exercices d’Analyse et de Phys. Math., iii. pp. 274-804 ; or
@Euvres complétes, (2) xiii.]

By “résultantes & deux termes” are meant determinants of

the second order. The expression recalls “résultantes 3 deux
lettres,” used by Binet in his memoir of November 1812; and as

* See Postacript to Cayley’s paper ¢ On the Theory of Permutants,” Camb. and
Dub, Math. Journ., vii. pp. 40-51 ; or Collected Math. Papers, ii. pp. 16-26.
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the said memoir is here referred to by Cauchy and contains the
foundation of the latter’s results, it is not improbable that the
one expression suggested the other.

Five theorems with attendant corollaries are carefully formu-
lated and proved, extreme simplicity and fulness of exposition
being in evidence throughout. The first three theorems are
mere variants of the first case of Binet’s multiplication-theorem
for two non-quadrate matrices, namely, in later notation—

%y + agy + agy + ... 0y, +a2y2+a3ys+...|
Bz, + By + Bets + ... By + By + BsYs+ - - -

=|la a a; .... l X, Ty, @y
B, B Bs Y1 Y2 Ys
=la, ay| |z, %, a, ag| |2, 24 t ag | |2, 24
. . + K + ‘ + I RK]
CNCAREAA B1 Bs| |91 ys B2 Bzl Y2 ¥s

The real interest arises when the o’s and B's of this are so
taken that the first determinant of every pair on the right is
of the same form as the determinant on the left, and can there-
fore be expanded in exactly the same way as the latter. The
outcome is

“4¢ Théoréeme. Soient
-Pz, Py’ -Pz!

« fonctions homogeénes et linéaires de n variables

oY 5
[viz, P,=2P, ,+yP, ,+2P, ,+ ..., P,=...] et nommons
P, P, P,
ce que deviennent les fonctions P,, P,, P,, .... quand on remplace
les n variables #, 9, 2, . . . par n autres variables
5 Y %

[viz, P,=xP,,+yP,,+2zP;,+ ..., P,=...] Concevons d’ailleurs,
que 'on ajoute entre eux les termes de la suite

P:u Pﬂ Ps’ veeey
ny Pn Pn ey

ou de la suite
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respectivement multipliés par les variables

) Ty Yy By e
ou par les variables
X, ¥y Z .-}

et nommons

P e

Q P
les quatre sommes ainsi obtenus, P étant celle qui renferme les seules
variables ©,y,%, ..., ¢t P celle qui renferme les seules variables

X,Y,Z, ..., n sorte quon ait
P=zal +yP,+2P, + ..., @ =xD, +yP, + 2P, + ...
Q=2aP, +yP, +2P,+ ..., P=xP, +yP +2P, + ...
La résultante
PP -0QQ,

formée avec ces quatres sommes, dépendra uniquement des bindmes
qui représentent les divers termes de la série

Ty — XY, X% ~ X5 ..., Y& — Y%
et sera une fonction de ces hindmes, non-seulement entiére, mais encore
homogéne et du second degré.”

The full meaning of the theorem and the mode of establishing

it will be readily understood from working out the case where
the number of terms in each element of the initial determinant

is three. The process is—
PQ|_ aP,+yP,+2P, xP,+yP,+zP,
1 Q P |~ | 2P, +yP,+2P, xP,+yP,+2P,

)

_ | P Ly P, XY 2
P, P, P, Xy z
| PPy |2y PP |zz PP |y=
TP P T xy PP, | |x2z P,P|'yz]|,
_ 2P, YLy y+2P,, alP, 4 yPy 2l | |® Y
- XL, oAy Ly y+2Lls s xP, ,+yPy +2l,, Ixy

&Ly ot Y Loy +2s, . al, 4yl +2l,, | |®

N N

+ xP, 4y P, 42l xP, ,+yP, ,+2l.,. i X
+ 2l yPy 2l , zP, ,+yP, ,+20,. Y 2z
xP, 4y Py, +2ly., xP,,',,+sz,,,+zl’,,', y #zl,



DETERMINANTS IN GENERAL (CAUCHY, 1844) 25

ey 2| | P Pay Pl |2y Y 2| | PoygPoyPosl| |22
lxyz| | PPy Pysl XY Xy 2| | PogPhy P | | X2
+ ey 2| |PyoPyy Pyl |y?
Xyz ' Pﬂ.sz,sz.z ) Yz,
_ { Y| | PyyPosy|+ |2 2| | PooPro|+|Y2|| Loy Pae }.lac Y
xy||Pyu Py, xz||Py.P,, vzl | Py, Py. le
+ { Y| |PoePay| + |2 2| | Poe Pas| + |4 2| | Pary P } ® 2
Xy||Poy Py xz||P,, P, yz||P,, P, .|} |x2
+ { Y| PyoPyy|+|x2 . P,.P,.|+|yz| P,,P,, }‘3/ 2
xy|| P,z Py, xz||P,, P, yz||P,, P,.|) |y 2,
or, in still later notation,
|y | |2z |yz]
| PW;-‘ P?I;!I l ‘ Pm,w Py.z | l P”yll P?Iaz | l x y |
' Pw,.ﬂ I)Z.y | , -Pm,m Pz,z l 1[ l)w,y Pz,z I ' w Z I
l P!I-“’ P”n?l | | P!/-m Pﬁnz ! | P‘In'l/ sz’i I | y 4 I’

—a result which loses half its interest if we do not note that each
element of the initial determinant is presentable in the same form,
viz.,

o Y z _X y z__
P=p P e 9° 2
r,, pP,, P,y Yy
Pz.m Pz,y Pz,:: 3 2

_a Yy z _X y =z
Q= x’ P ‘X
|y y
'z 7

The fifth theorem, which is obtained from the fourth by further
specialisation, viz., by putting in every instance P,,=P,,, is
enunciated at equal length; and then, evidently for the sake of
historical connection, it is illustrated by the two simplest cases,
that is to say, the case where the number of variables is two and
where the number is three. In the former case
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“on obtiendra I'équation identique
(ax? + by? + 2cay) (ax? + by? + 2cxy) — {axx +byy + c(zy + x)}?
=(ab - &) (zy - xy)*,
qui a été donnée par Lagrange dans les Mémoires de Berlin de 17737 ;

in the latter case, it being explained that
A=bc—d?> B=ca—et, C=ab—f?
D=e¢f—ad, E=fd—be, F=de—cf,

and
X=yz—yzs, Y=2x—zr, Z=xy-—Xxy,

“on obtiendra I’équation identique

(02?4 by? + 02 + 2dy2 + ez + 2fzy) (ax? + by? + cz? + 2dyz + 2ezx + 2fxy)
- {a.'vx +byy + c2z + d(yz + y2) + e(2x + zx) + f(xy + xy)}2
=AX?+BY2+CZ2+2DYZ + 2EZX + 2FXY,

que l'on pourrait déduire de l'une des formules données par M. Binet
dans le xvi® cahier du Journal de U Ecole Polytechnique.”

This latter, for the sake of future reference, it is well to
restate in the form

x Y 2 X y =
a felz a f e|®

fodly fbdly X Y Z
e d cl|z edcz:AFElX
© y 2 Xy z F B D|Y
a f elx a f e|X E D Clz
fbadly f bd

e d clz e d c|z

A concluding paragraph is devoted to noting that P 4, Pg,y, ...
in the fourth theorem are expressible as halved differential-
quotients of P, viz.,

Pa:.as:’%ngP, Py,y"%‘D:Ps P..."'QD?P.
p,,=4DDP P, =iDD,P, P, =iDD,P;
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that therefore
2P = w”D§P+y2D§I’+ ZD2P+ . ..
+22yD,D, P+ 222D, D, P+ . ...
P,=iD,P, P,=iD,P, P,=}D,P,

After this the second part of the memoir, consisting of
geometrical applications, is entered upon.

and

GRASSMANN, H. (June 1844).

[DIE WISSENSCHAFT DER EXTENSIVEN OROSSE, oder die Aus-
dehnungslehre, eine neue mathematische Disciplin dargestellt
und durch Anwendungen erliutert. Erster Theil, die lineale
Ausdehnungslehre enthaltend. xxxii+279 pp. Leipzig,
1844. Abstract in Archiv d. Math. w. Phys. vi. (1845), pp.
337-369.]

A quite peculiar form of the law of formation of a deter-
minant had its origin with Grassmann. Grassmann, it will be
remembered, was one of the most distinguished of the mathema-
ticians who occupied themselves with the search for an Algebra
of directed quantitics, or with the allied problem of the
geometrical interpretation of the so-called imaginary expressions
of ordinary algebra. By the beginning of the third decade of
the century, the way had been gradually, though intermittingly,
prepared for important discoveries on the subject by the writings
of Wallis (1685), Buée (1805), Argand (1806), Servois (1813),
Mourey (1828), Warren (1828), and Gauss (1831).* With
Hamilton and Grassmann important discoveries came. Hamilton,
whose writings of 1833 and 1835 show that even then he had
meditated to some purpose on the matter, announced in 1843 his
great invention of Quaternions. In 1844 Grassmann followed
with the first part of the Ausdehnungslehre,

In his preface Grassmann explains the steps by which he had
been led to his theory. First, there was the question of the
addition of directed straight lines (Strecken), or vectors, to use

*8ee art. ** Quaternions,” by Professor Tait, in Encyclopedia Britannica ; oxl‘
Hamilton’s Lectures on Quaternions.
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Hamilton’s widely accepted term. This it was unnecessary to
linger over, as his predecessors had already dealt satisfactorily
with it. Then came the question of multiplication of vectors.
Seeing that when a and b represent two lines in magnitude only,
in other words, are scalars and not vectors, the product ab
represents the rectangle of which @ and b are adjacent sides,
Grassmann ventured to denote by the product ab, when a and b
are vectors, a parallelogram having the vectors for adjacent sides.
This definition of multiplication manifestly entailed the result.

a? = 0;
and along with the definition of addition required further that
a(b+c) = ab+ac.

These two again involved a third, viz.,

. ab = =bu;
for from the two we have
0 = (a+bd),
= (¢+b)a+(a+b)b,
= a?+bu+ab+b2
= ba+ab.

The remaining steps of the building up of the theory need not be
told, as these laws of vuter multiplication (“ dussere Multiplica-
tion ") suffice for the purpose we have in view.

The exposition of the theory itself is broken up into an
introduction and nine chapters, all of them marked by ability
and much originality. It is the second chapter which deals
specially with outer multiplication, and at the end of it (pp.
70-73) occurs the application which concerns determinants. The
matter is introduced by a sentence or two pointing out that it is
scarcely to be expected that outer multiplication can be so
directly applied to ordinary algebra as to geometry and dynamics,
because in ordinary algebra the quantities are essentially alike
(gleichartige, in the sense of the Ausdehnungslehre), and outer
multiplication presupposes the idea of unlikeness. In certain
circumstances, however, we are told that we may impose
distinctions upon the quantities, and then outer multiplication
may be applied with notable results.
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“Um hiervon eine Idee zu geben, will ich » Gleichungen ersten
Grades mit n» Unbekannten setzen, von der Form

alxl + 02232 + * e e » + a"x” = ao,
bty + by + . . o .+ b, = b,

sla"l + 8%y +.o. 0+ 8m, = So»

wo 2z, ..., &, dic Unbekannten seien. Hier konnen wir die Zahlen-
coefficienten, welche verschiecdenen Gleichungen angehéren, sofern wir
diese Verschicdenheit an ihrem Begriff noch festhalten, als verschieden-
artig ansehen, und zwar alle als an sich verschiedenartig, d. h. als
unabhiingig in dem Sinnc unserer Wissenschaft, die einer und derselben
Gleichung als unter sich in derselben Beziehung gleichartig. Addiren
wir nun in diesem Sinne alle n Gleichungen und bezeichnen die Summe
des Verschiedenartigen in dem Sinne unserer Wissenschaft mit dem
Verkniipfungszeichen +, indem die gleichen Stellen in den so gebildeten
Summenausdriicken immer dem Gleichartigen zukommen sollen, so
erhalten wir

(@, 0+ ..o +8)my + (a0, F ... F5y)7,

...... (@, 40,4 ... Fs)e, = ay b+ ... +5p,
oder bezeichnen wir (¢,+b,+ ... +s;) mit p,, und entsprechend die
iibrigen Summen, so haben wir

piyF gy oo F P = Py

Aus dieser Gleichung, welche die Stelle jener n Gleichungen vertritt,
lisst sich nun auf der Stelle jede der Unbekannten, z. B. #;, finden,
wenn wir die bheiden Seiten mit dem &usseren Produkte aus den
Coefficienten der iibrigen Unbekannten iusserlich multipliciren, also
hier mit p,p; ...p,. Da niimlich, wenn man die Glieder der linken
Scite einzein multiplicirt, nach dem Begriff des #dusseren Produktes,
alle Produkte wegfallen, welche zwei gleiche Factoren enthalten, so
erhilt man

D1PaPg - - Poily = PyPalg - -+ Pue
Also da beide Produkte, als demselben System n-ter Stufe angehérig
einander gleichartig sind, so hat man
SN NPNS O
D1 PyPg -+ - - Pr
The method is thus seen to consist in the deduction of a new
equation by addition, and in the elimination of all the unknowns,
except one, from the equation, by multiplying both sides by the
product of the coeflicients of the other unknowns,—the multi-
plication in question being “outer,” and for the purposes of the
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multiplication, any two coefficients of one and the same equation
being considered as “like,” and any two belonging to different
equations as “unlike.” For example, in the case of n=3, we have
. = (@o+by+¢y) - (A +b+0y). (‘ls+bs+cs)’
P (@b ey (@ byt6y) - (ugtDstcy)
= (Uotytaghy a4, + Doty +bby+ ...) . (ag+by+cq)
 (uy8y+ 0,0y Farcp+biay+b0e+ ) - (ag by +o5)
_ (aobgF gy +byty + bcy+ cottg + €ghy) . (6s+ by +¢4)
 (bpt 0,63+ by0g +Dicy 0100+ ¢10) - (a5 + by +cg)’
since gy = b, = ... = ¢;¢; = 0; and finally

_o_l?zcs — QbgCo + AebCy — Wby + dghyCy — a’sbz_‘:'o ,
€305 — 16,05+ tobye; — s g+ ash e, — aghye,

=

“worin wir, da alles entsprechend geordnet ist, wieder die gewohnliche
Multiplicationsbezeichnung einfiihren konnten.”

All this semblance of demonstration—for it is nothing else—
is of little moment compared with the fact sought to be
demonstrated, viz, that a determinant is expressible as the
outer product of the sums of the elements of its columns,
Grassman, however, makes no reference to determinants.

In a paragraph of a subsequent chapter (p. 129), he takes up
the problem of elimination between two equations of the mt®
and n™ degrees. What it contains is a reproduction of Sylvester’s
dialytic method, without any reference to the author of the
method.

CAUCHY, A. L. (1845 Augt.).

[Mémoire sur divers théorémes d’analyse et de calcul intégral.
Comptes rendus.... Acad. des Sci. (Paris), xxi. pp. 407-415;
or (Buvres complétes (1), ix. pp. 266-275.]

Cauchy’s results are arrived at by taking two different ways
of eliminating a, 8, y from the equations

U, + B + Ugy = a8
va+ VB8 + vy = Bs
wia + Wyl + wyy = s
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where the u’s, v's, w’s are definable in Cayley’s notation by

Uy v W ) =\ o +by +ez a + beyy + 5% g2y +bgy, +c52 )
Wy Vg 1Y @+ by +oi2, agm,+ byys+Cs2, Ao+ by +cy7,
Ug Vg Wy @ +biys+eizy agms+ byys+cy2s gy + by + 57

The most direct mode of elimination gives of course

w,—8 Uy Ug
vy, V=8 v, | =0 (1)

But by writing X, Y, Z for

oty + 8%+ y%s, ey +BYstyls a2 +BYs+ye,
the given set of equations is changed into

0, X+ bY+¢Z = as
X + Y + ¢, Z = ,Bs}
aX + bY + ¢ Z = ys |,
whence by solution we obtain
XA = (aA,+BA,+yAp)s
YA = (aB; + 8B, +yB,)s }
ZA = (aC; +BC;+yCy)s J,
where A is put for |a,bcs| and A, A,, ..., C, are respectively
the cofactors of ;, a,, ..., ¢;in A. This, however, if we dispense
with the use of X, Y, Z is again a set of linear homogencous
equations in a, 3, y, and elimination gives
@A —8A, @A —8A, zA —3A,
%8 — 8By 5,4 — B, yA —sB,
2A —8C;  7,A —3C, z,A —sC,
Now when (1) and (2) have their left-hand members arranged
according to ascending powers of s, they become, in later notation,

| wyvgauy | "8{| Wy |+ | g | + |y, |} + 84Uy +vy+wy) = 8 = 0,

= 0. @)

and
v @ Ay @ A; o Az, a
A3 |2yyy2s| — A%4| Y, Y2 By|+|w By 3| +|B 92 s
2, %, Cy 2z, C, 2 C, 2 2z
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@ A, Ayl |A xy Ag] | A A g
+As*{ly, By By|+|B, 9, By|+|B; B, 4

- &|AB,Gy| = 0;
and, by equating like powers of s in the two, three results are
reached, namely,

A3
|uwwy| = |m |2,y525 |,

9 {“’1 my Ay |oy A | |A) @

| vgwg |+ | wywg| + | w0, | = Y1 Yo Byl |9 By us|+|By %2 Us
| A, BCs|

2 2 Cy| |2, Gy 2| |C) 2 2

Ay Ay Ay @y Ay |Ay A, ag

Uy + Vg + Wy = AB,C,] 9, By By|+|By 9, By|+|B, B, ys

2, C, G| |C, 2 G| |C,C, 2

In the first of these the cofactor of |;y,2,| is independent of
the &’s, 9's, 2's, so that it does not alter on putting

( L % % ) L |)
Ty Yo % = L.
T3 Yz % 15
and as on doing so we have
Uy Ggly gy Al

=

by bgYs byYs

€% Cotg g%

l AIB 203 I e

it is seen that the said cofactor is equal to A. This is Cauchy’s
old theorem regarding the adjugate determinant, and substituting
A for the cofactor, we have another equally old, namely, the
multiplication-theorem.

The reader should note, however, that it is better not to view
these old results as the goal of the memoir; but, viewing them
as already known, to note the theorem then reached regarding
the sum of the m-line coaxial minors of the product-determinant.
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CAYLEY, A. (1845).

[On the theory of linear transformations. Camb. Math. Journ.,
iv. pp. 193-209 ; or Collected Math. Papers, i. pp. 80-94.]
[Mémoire sur les hyperdéterminants. Crelles Journ., Xxxx.

pp. 1-37.]*
[On linear transformations. Camb. and Dub. Math. Journ., i.
pp- 104-122; or Collected Math. Papers, i. pp. 95-112.]

These memoirs, afterwards so famous in the history of what is
now known as the algebra of quantics, contain exceedingly little
on determinants. It is important, however, to direct attention to
them, because the basis of them is a generalisation of deter-
minants. Using language which came into vogue two or three
years later, we may say that just as the idea and notation of
determinants provided the means of expressing one of the
invariants (viz., the discriminant) of a function, the idea and
notation of hyperdeterminants were brought forward for the
purpose of expressing all the invariants.t The generalisation is
of great width, hyperdeterminants including as a very special
case the generalisation previously made, viz., commutants.

The first memoir gives incidentally a more general mode of
using what we may call the notation of multiple determinants
than that specified in his paper of 1843. The first usage, it will
be remembered, is exemplified by

|| ap Gy d3 Gl _

| b by by b,

which is meant to signify that

W Gy| |y ag| |0y a|_ |0y dy| _|dp | _ |G B _ o
by by | 10y by | by bl |y b | |y b1 |by b

A corresponding example of the new usage is

@ dy Gz Uy !
b, b, b b, Vi Y2 Ys Yul

*This is stated to be a translation of the preceding paper, with certain
additions by the author; and as such it is not reprinted in Collected Math.
Papers. It also contains the substance of the paper which follows, the latter
having been delayed in publication.

+And indeed the covariants also.

M.D. IL C

L, Xy Xy By |

’
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where six equations are again intended to be specified, viz.,
@ Uy Z, % @y Oy Z, g
b, b, N Y by b Y1 Ys
each determinant of the one group of six being meant to be equal
to the corresponding determinant of the other group.

The example actually employed by Cayley is a result of the
multiplication-theorem, and fully justifies the usage. It is
Aa+Nod'+..., ABHANB+..., ... Ap.ooo) |a B ...
patp'd +.o, pB+uB ..., ... Nwe-jd B ...

’ ’

where, of course, the number of columns in the multiplier must
be greater than the number in the determinant which is its
cofactor.

It may be worth adding that the Mémoire sur les hyper-
déterminants affords the first instance of the occurrence of
Cayley’s vertical-line notation in Crelle’s Jouwrnal *

FERUSSAC, DE (1845).

[Sur la résolution d'un systtme général de m équations du

premier degré entre m inconnues. Nowv. Annales de Math.,
iv. pp. 28-32.]

This is a belated contribution, having no connection with any
of those immediately preceding it. The author in all probability
knew nothing of the subject, with the exception of Cramer’s rule,
which by this time was almost a century old.

The theorem which he seeks to establish is:—

“Connaissant les valeurs des inconnues d’un systéme de n équations
4 n inconnues, pour avoir le dénominateur commun des valeurs d’un
systéme de n + 1 équations & n + 1inconnues, on multiplie le dénominateur
du valeur du premier systéme, par le coefficient de Ia nouvelle inconnue
dans la nouvelle équation. Puis on en retranche les produits respectifs
des numératours des n inconnues du premier systéme par leurs co-
efficients dans la dernitre du nouveau systéme. Quant au numérateur
il se forme toujours du dénominateur en remplacant le coefficient de
I'inconnue que I'on considére par le terme tout connu.”

*In Liouville’s Journal brackets, [ Jor{ }, were used in Cayley’s own papers
of the year 1845. See vol. x.
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The method of proof is that known as “ mathematical induction.”
The details of it need aot be given, as they correspond closely
with what are to be found in Scherk’s paper of the year 1825,
the main differences being that Férussac uses no special deter-
minant notation, and, while clear and simple, is not nearly so
lengthy nor so laboriously logical.

TERQUEM, O. (1846).

[Notice sur I'élimination. Nouv. Annales de Math., v. pp.
153-162.)

This is a continuation of Terquem’s paper of the year 1842.
Just as the previous portion dealt with Cramer and Bezout, this
deals with Fontaine (des Bertins), Vandermonde, and Laplace,
explaining concisely and clearly their main contributions to the
subject.

The only portion of it calling for notice is that in which
attention is drawn to the curious fact that Laplace makes no
reference to Vandermonde’s paper read to the Academy in the
preceding year. In regard to this Terquem’s remark is—

“Jl est extrémement probable que Laplace n’a pas pris connaissance
du mémoire de son confrére: on sait, d’ailleurs, que les analystes
francais lisent peu les ouvrages les uns des autres. Ceci nous explique
également comment la résolution de I’équation du onziéme degré i
deux termes, la plus importante découverte de Vandermonde, soit
restée ignorée jusqu'a ce qulelle ait attiré l'attention de Lagrange,
aprés la découverte similaire de M. Gauss.”

Not only, however, does this explanation not carry us far, but
the question arises whether the point sought to be explained is
really the point which stands most in need of explanation.
Vandermonde’s paper was read at the very beginning of 1771
and Laplace’s in 1772: yet in the History of the Academy for
the latter year Laplace’s occupies pp. 267-376 and Vandermonde’s
pp. 516-532, and neither refers to the other’s work.

It may be noted here that, notwithstanding Terquem’s know-
ledge of the early history of determinants and his manifest
desire to induce his readers to take up the subject, he does not
himself hold the new weapon with a very firm grasp. For
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example, in giving in this volume an account of a paper of
Grunert’s in Crelle's Journal, viii. pp. 158-159, in which the
author says—

“Entwickeln wir nemlich #/, ¥, #, durch Elimination aus den

Gleichungen :
r = Az + By +C?,
y = A7 + By + C¥7,
z= A+ By + CZ,
so erhalten wir:

4 _ (BC'-BC)z + (B'C-BC")y + (BC - BC)»
- T ,

’

<
|

Y
|

wenn wir

L = ABC" - A'BC" + A"BC’' - AB"C' + A'B'C - A"BC
setzen "—
he paraphrases the passage as follows:

“Les équations donnent

o = z[B'C"] + y[B'C] + 2[ __Q_'],

L
¥ =......
Z=......
ou les crochets représentent des bindmes alternés ;
[BC"] = BC" - BC,

et ainsi des autres: L est la résultante, dénominateur commun.”

The simultaneous use of bindme alterné and résuliante is far
from happy.*

*Two years later we find him, in referring to a paper of Cayley’s where
the determinant
LT S ¢

T M R g
S R N ¢
¢ 7 ¢

occurs, calling it, as he did in 1845, a ¢“fonction cramérienne,” and writing it
LT S ¢

T MR 19

S B N ¢
¢ 7 ¢

See Nouv. Annales de Math., iv. (1845), p. 535 vii. (1848), p. 420.
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CATALAN, E. (1846).

[Recherches sur les déterminants. Bull. de U'Acad. roy. ... de
Belgique, xiii. pp. 534-555.]

As is known, Catalan had already dealt with determinants in
the year 1839 in a memoir regarding the change of variables
in a multiple integral. In the paper which we have now come
to he leads up to examples of the same kind of transformation;
but the greater part of it—seventeen out of the total twenty-two
pages—is occupied with determinants pure and simple. Half of
this amount consists of an elementary exposition of known
properties, and calls for no remark save that what Cauchy called
“produit principal” or “terme indicatif ” is here called “terme
caractéristique,” and that he makes constant use of the symbolism

dét.(A, B, C,...)
to stand for the determinant whose first row consists of a’s,
second row of b’s, and so on: for example,
dét.(B, A, C,...) = —dét.(A, B, C,...),
dét.(A, A,C,...) =0,
dét.(A + M, B) = dét.(A, B) + dét.(M, B),

When we come to §13, however, we find fresh ground struck.
The exact words are :—
“Supposons maintenant qu’étant donné la systéme—

A,
A,

: . (A)
)

dont le déterminant est A, on ait combiné par voie d’addition et de
soustraction les équations dont les premiers membres sont représentés
par A, A,, . .. ., A,; et, par exemple, qu'on ait déduit du systéme
(A) le systéme suivant

A+ A+ ... +A,,,1

A, - A,,

A, - A, J - (B)

Aﬂ-l - An
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dont la considération nous sera utile plus loin. Soit A" le déterminant
de ce nouveau systéme : d’aprés les n* (3) et (4), nous aurons

A = dét.(A;, —A, —A,, . .., —A)
+dst.(Ay, Ay, —A,, —A,, . . ., —A)
+déb. (A, Ay, Ay —A,, . . ., —A)
+ e e e . .

+ dét.(A,, A, Ay, .. LA
On sait que si I'on change les signes des termes d'une colonne
horizontale, le déterminant change de signe ; done
A=(-1)""dét. (A, Ay, ...y A) + (- 1)"2dét.(Ay, Ap, Ay, ..l AY)
+ (-1)"dét.(Ag, A, Ay, Ay o A) 4
+ (=1)dét.(A, 1, Ay, Ay A A +déE(A, AL A, L AL
Dans la premitére parenthése, il n’y a pas d’inversion ; dans la seconde,
il y a une inversion, etc. ; done
A= (-1)""na.
The theorem thus reached ‘ma,y be enunciated as follows:—If
Jrom a determined A of the n™ order, we form another A’ such
that the first row of A’ is the sum of all the rows of A und every
other row of A’ is got by subtracting the corresponding row
of A from the row preceding it in A, then
. A’¥(— 1y-1n A,
In Catalan’s notation it is
dét.(A, 4+ A+ ... +A,, A=A, A=A, . LA L —A)
= (=1)""n.dét.(A,, A,, ..., A),
although, strange to say, it is never so formulated by him.

A generalisation of it is next given by saying :—

“Si la premiére ligne du systéme (B) avait renfermé seulement p des
quantites A, A,, ..., A,, nous aurions trouvé, pour la déterminant
de ce systéme,

AI — ( — 1)”—]_pA,”
and then there follow a number of applications to the evaluation
of certain speccial determinants. Thus, to take the simplest ex-
ample, having



DETERMINANTS IN GENERAL (CATALAN, 1846) 39

the theorem gives
1 1 1 1|=(-104A=-4

1 -1 .
1 -1 .
-1 -1

The other illustrations all concern determinants of the special
form afterwards known as “circulants”; for example, C(—1, 1,
1,...,1), 0(-1-1,1,1, ..., 1), ete, CQ, 1, ..., 1, 0),
(1, 1,...,1,0,0), etc. They therefore fall to be dealt with
in a different place.

SARRUS, P. F. (1846).
[Finck, P. J. E.  Eléments d’Algdbre. Seconde édition.
iv 4544 pages. Strasbourg.]

In the course of his discussion of the solution of a sct of
linear equations with three unknowns, the author interjects the
following paragraph (No. 52, p. 95) :—

“Pour calculer, dans un exemple donné, les valeurs de z, 7 et 2,
M. Sarrus a imaginé la méthode pratique suivante, qui est fort
ingénieuse. D’abord on peut calculer le dénominateur, ct & cct effet
on éerit les coctlicients des inconnues ainsi

a b ¢

a UV

ull bll ('II

On répéte les trois premiers ¢« b ¢

et les trois suivants o V' (.
Actucllement partant de a, on prend diagonalement du haut en bas,
en descendant & la fois d’un rang, et reculant d’autant & droite,
ab'¢’: on part de o’ de méme, et on a «'b”c; de a”, et on trouve «’bc’;
on a ainsi les trois termes positifs (c’est-d2-dire & prendre avec leur
signes) du dénominateur. On commence ensuite par ¢ et descendant

7

de méme vers la gauche on a ca”, ¢V"a, ¢"ba’, ou les trois termes
négatifs (ou plutdt les termes qu’il faut changer de signe).”

This “méthode pratique” or mnemonic is the original form of
the so-called “regle de Sarrus” which came later to have
unnecessary prominence given to it by writers on determinants
when dealing with those of the third order.*

* The date 1833 has been assigned to this “‘rule” in a recent Geerman text-book
on determinants (Weichold’s), but without adducing any evidence.
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HANSEN, P. A. (1846, Aug.).

[Ueber eine allgemeine Auflésung eines beliebigen Systems von
linearischen Gleichungen. Berichte ... k. sichs. Ges. d.
Wiss. (Leipzig), pp. 333-339.]

The solution of a set of linear equations is here looked at from
the point of view of an astronomical computer, and though
determinants are not used—are, in fact, eschewed—it is interesting
to note that the hidden identities on which the new process of
solution depends are

| aghy | ]ablnr2
[aby| — |u1b [ a,
Ia’4 zcal 2 |“4b1 l Uy | atyDycy | l“ Dy |
|a1 203| |" b, I dy | aybacy] |“ b,|’
L‘hgcsd4| _ |a,5b | g | @Dl [aobgl | |abiedy] |ayhye, |
| a1byced, | “1 | a, l dy l“ by 3| [ Uy l’ | I“J’z‘ a‘l4| |« bz"'3|

and that these are to be found explicitly stated in Schweins’
memoir of the year 1825.

TERQUEM, O. (1846).

Note sur les équations du premier degré en nombre plus grand
q P g plus gr
que celui des inconnues. . . . Nowv. Annales de Muth., v.
Pp- 551-556.]

Knowing from the four equations (Terquewmn uses n)
@ + gy + dg? + aw = a
byx + b‘,y + bg., + bw = b
the usual expressions for w, z, . . . Terquem affirms that if w is
to be equal to 0 we must have
| &y by egdy| = O,

and that therefore this last equation is the equation of condition
for the simultaneous existence of four equations between three
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unknowns. Continuing, he says that if we are to have z =w =0,
we must have

|aybyegdg| = |a, bye,dy| = 0* ()

and that therefore these two equations are “les deux équations
de condition pour que 4 équations cntre 2 inconnues puissent
étre satisfaites par les mémes valeurs.” The words “ct ainsi de
suite ” are added to draw attention to the general theorem.

On this we can only remark that the giving of the equations
of condition in the form (8) in the second case, even although
the real equations of condition

@, by ¢ d
a, by ¢ dy|[=0
a; by ¢ dy

are thence deducible, seems quite inexcusable, especially in an
exposition meant to be elementary.

CAYLEY, A. (1847).

[Sur les déterminants gauches. Crelle’s Jowrn., xxxviil. pp.
93-96; or Collected Muth. Papers, i. pp. 410-413.]

As the title implies, the subject of this paper is not general
determinants. Part of the purpose, however, which the author
had in view necessitated reflection on the definition of such
determinants, and the outcome was a suggestion which it would
be a serious mistake to pass over. In explaining the character of
the functions known afterwards as Pfaffians, and which he was
about to show were closcly connected with skew determinants, it
was natural that he should be struck with certain points of
resemblance between them and general determinants, and that in
consequence he should seek a general definition which would
include both. The new definition given is

“, ... en exprimant par (1 2 ... n) une fonction quelconque dans

laquelle entrent les nombres symboliques 1, 2, . . . , n, et par * le signe

* The second determinant is incorrectly printed in the original.
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correspondant & une permutation quelconque de ces nombres, la fonction
Z+(12...m)

(ot Z désigne la somme de tous les termes qu’on obtient en perinutant
ces nombres d’une maniére quelconque) est ce qu'on nomme Délerminant.”

1t is readily seen that this is much more general than any defini-
tion in use up to that time, and that it agrees with the ordinary
definition only when the function (1 2 ... ) takes the particular
form Ag Ng2 ... Aen OF Agg Agg o on Apge Further, it is not the same
generalisation as we are familiar with from Cauchy’s great
memoir of 1812, where determinants are viewed as a special
class of alternating symmetric functions. This is shown quite
clearly by the only other case brought forward by Cayley,
viz., the case where the function (1 2 ... n) is given the form A,
Ags -+ Au-ya.  Other examples, not given by Cayley, are—

Dty e Gypg— Oygy— Gz (log +yip— Oay,
S e G2 Ga_fuy ey On
Qag Uy Ugg gy Uy Gyy Uy
There is also in the same paper a more direct contribution
to the theory of general determinants, viz, the theorem after-
wards associated with Cayley’s name, and which,—to use later
phraseology,—gives the expression for a determinant in terms of
its own devertebrated coaxial minors and its primary diagonal
elements. In the actual wording of the deseription of the theorem
it is, not unnaturally, applied to a skew determinant only; but
there is clearly nothing in the nature of the case to confine it to
this special form. The description is—
«Fn effet, soit @ le déterminant gauche dont il g'agit, cette fonction
peut étre présentée sous la forme
Q= Q)+ QA; + QAo + .o+ QA + .0
ol ©, est ce quo devient @ si Ay, Ay, . . . sont réduits & zéro. {2, est
ce que devient le coéfficient de 3\11 sous la méme condition, et ainsi de
suite ; c'esta-dire: £, est le déterminant formé par les quantités A,, en
supposant que ces quantités satisfassent aux condition (2), et en
donnant & 7 les valeurs 1, 2, .., n. £, est le déterminant formé
pareillement en donnant & , s les valeurs 2, 3, ... ,n; , s'obtient en

donnant & 7, s les valeurs 1, 3, ... , n, et ainsi de suite: cela est; aisé
de voir si I'on range les quantités A,, en forme de carré.”
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CAUCHY, A. L. (1847).

[Mémoire sur les clefs algébriques. Exercices d'Analyse et de
Phys. Math., iv. pp. 356-400, § 11; or uvres complétes (2), xiv.]

In this longish memoir it is the second section (§ ii.) that is of
interest to us, its title being “ Décomposition des sommes alternées,
connues sous le nom de résultantes, en facteurs symboliques.”
The only previous writing with which it is clearly connected
in subject is Grassmann’s of the year 1844. To ensure the
possibility of proper comparison between the two, it is necessary
to do now as was done in the previous case, viz., to give the opening
paragraph verbatim. No general explanation of ¢algebraic keys’
need be offered, all that is requisite for our present purpose being
obtainable from the paragraph itself. It runs as follows :—

“En effet, considérons d’abord la somme alternée s, formée avec
les quatre termes du tableau

b
1 a, b
M {a.l b,
et fournie par I'équation
(2) s = S(xa,b) = a)b, — ).

Si I'on donne pour eoefficients & deux clefs algébriques a, 8 dans deux
fonctions linéaires A, p les termes qui renferment la premitre et la
seconde ligne horizontale du tableau (1) on aura non-sculement

(3) A= ao + DB,
I Ay + bgﬂ,

Il

mais encore
4) | Al =aa,| | + aby| aB |+ bay| Ba| + b, B2];

et, pour que le produit symholique | Au | se réduise & la résultante s,
il suffira évidemment de poser

%) |o?| =0, |aB|=1, [Ba|=-1 |B]|=0.
Sous cette condition, I'on aura
(6) s=|Apl;

et A, u seront les facteurs symboliques de la résultante s.
Si aux formules (5) on substituait les suivantes :

(") la?| =0, [Ba’ =-aB!, |B]| =0,
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alors, & la place de I'équation (6) on obtiendrait la formule
| An| = s|aB],
ou :

(8) s = f%;;Jl,

dans laquelle il suffirait de poser | a8 |=1 pour retrouver Péquation (6).
Remarquons d’ailleurs que la scconde des formules (7) peut s'écrire
comme il suit:

C) |aB|+|Ba| =0,
et que la formule (9) donne |a?|=0 ou |B2|=0, quand on y
suppose B=a. Done, et définitive, les transmutations (7) sont
toutes trois compriscs dans la formule (9). Donc il suffit de recourir
& cette formule et & celles qui s’en déduisent, pour obtenir I'équation (8),
et, par suite, pour décomposer en facteurs symbholiques la somme
alternée s, c’est-d-dire la résultante algébrique formée avec les quatre
termes du tableau (1).”

From the case of the second order he proceeds at once to the
case of the n'™ order, inquiring as before under what conditions
the symbolic product

(a+bB+cy+ ... +hpy)
(@ +b,84cy+ ... +ly)
c(aga+0;8+cyy+ ... +hgn)
(aa4+b,B+c,y+ ... +h,y),
where a, 8, v, ..., 7 are n distinct ‘algebraic keys,’ reduces to
S(xabe, ... hy)
Denoting by | « | the symbolic portion of any term of the final
product, he finds that
“on devra poser
(14) k] =0
quand I'une quelconque des lettres

a, B, Y ey

entrera deux ou plusieurs fois comme facteur dans le produit «; et
poser, au contraire,

(15) x| =1,
ou
(16) k| =-1
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quand le produit « renfermera une seule fois chacune des lettres

o By Yy eees M
la formule (15) étant relative au cas ol I'on sera obligé d’opérer entre

ces lettres prises deux 4 deux un nombre pair d’échanges, pour passer
du produit | aBy ... 7 | au produit | « |.” ’

The obtaining of the results

laBy| = |Bya| = IvaBl}
= —|ayB|=—|Bay| = —|yBa]

from transformations of the form

jaB| = —|Ba|
is then shortly considered ; and this is followed by a concluding
paragraph, in which the statement occurs that “cette décom-
position (des sommes alternées en facteurs symboliques) une fois
operée on peut s'en servir avec avantage pour découvrir ou pour
démontrer les principales propriétés des sommes alternées.”
Cauchy’s position is thus seen to be very different from Grass-
mann’s. Grassmann was not concerned with determinants: his
problem was to solve the set of equations

x4+ ay + agz =
b + by + bz = b,
Gx + cY + ¢z = ¢ J
and he satisfied himself by a curious process of reasoning that
© = (@g~+by+ ) (as+by+c5) (a5 + by + ¢)
(140, +e,)(@g+by+c5)(us +by+¢5)°
provided that the multiplications indicated be performed according

to the laws of “outer multiplication.” Cauchy, on the other
hand, starts with the determinant formed from

G, O, dg
by b, b,
¢, C C3,

his problem being to find under what conditions, as regards the

arbitrarily introduced symbols a, 3, y, the product
(¢qa+ay8+agy)(ba+b,8+byy)(¢ia+c,8+cyy)

will be identical with the determinant; and he is led to the need
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for imposing laws essentially the same as those of “ outer multi-
plication.” Grassmann’s factors are each the sum of the elements
of a column of the determinant, and, according to his quasi-
demonstration, could not be anything else: Cauchy’s factors are
each formed from the elements of a row; but had they been
formed from the elements of a column, the result would not have
been different. The root idea, viz., the expression of a determinant
as a product of factors subject to multiplication of a special kind,
was certainly first reached by Grassmann: Cauchy attained the
same result, adding somewhat to its width, and presenting it in a
fresh and more reasonable form.

HERMITE, C. (1849, January).

[Sur une question relative & la théorie des nombres. Journ. (de
Liouville) de Math., xiv. pp. 21-30; or Buwres, i. pp.
265-273.]

As a lemma in the process of attaining the main purpose of
his paper Hermite gives an identity which for the 4** order we
should nowadays write in the form

@ Wy Qg Oy lagh;| |aghy| |ab]|
b, b, b, b 1
L S bo | beey | |bse, | ] be |
6, G C G 161 ]
d, dy d, d, legdy | |esdy| |eudy ]

This he establishes rather circuitously by taking four quantities
& & &, £, which satisfy the equations
afy + biéy + by + dyf, = 1
Aofy + bofy + Cofs + dof, = 0
Oofy + bofs + Csfs + o€, = 0
afy + by + ol + g, = 01
and then multiplying the original determinant columnwise by
(=1)*b,c, in the form

fl b1
L —o ¢ -
fs . - b1 dl

& . =6 I
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JOACHIMSTHAL, ¥. (1849, Nov.).

[Sur quelques applications des déterminants & la géométrie.
Crelle’s Jowrn., xi. pp. 21-47.]

Joachimsthal’s interesting series of ‘ applications’ being mainly
connected with the multiplication of determinants, he introduces
them by enunciating the multiplication-theorem, and indicating
a mode of proof “ pour éviter aux lecteurs la peine de la chercher
ailleurs.”

The enunciation is

x y =z £ 2 ¢
dét{ @, ¥, 7 xdéti & n §
To Yz % & m &

af +yn +20 af +ym +26 @& +yn + 25
= dét-{ z.£ +ym+ 2l v+ ym+ 2l Bb+ym+ 7 }
Bof + You + 2o Tofy + Yom + 261 Tabs + Yame + %6
and the proof, it is stated, consists in taking the equations
h =20 +9yV +2W, U = fu+ v+ Lw,
by = U +4,V+2W, V=qu+ v+ gw,
hy = 2,U 4+ 9,V +2,W, W= _{u+ v+ Gw,
deducing from them two different triads of equations independent
of U, V, W, solving these triads for w, v, w, and then comparing
the results.*

In connection with this two points have to be noted. The
first is the use of the notation

dét. ]
|

which may be compared with Catalan’s of the year 1846, and

*The details of the pré)of not being given, one cannot guess how it was that a
second theorem was not obtained, viz., the theorem

h =zt +ym +28 2 +ym +285 |hyiza| & &
by b +ym+ash abh+tymtzh =] 2zl mo o
hy @by + Yo + 26 Ty Hyom + 26 |zyihe]l & $2 |-
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with the modification of the vertical-line notation which the
printers of Crelle’s and Liouville’s journals employed for two or
three years in setting up Cayley’s papers. That Joachimsthal
was familiar with Catalan’s paper of 1846 is made more probable
by the occurrence of a footnote (p. 28) giving

x4+l y 2 x Yy 2z l y 2
dtia +0U o 7 r=dét{a o 2 }+ déti V' oy 2
wll + lII y” zll w’l yll zll lll yll %I ;

the identity which Catalan was the first to formulate in a
similar way.

The second point is the unnaturalness, in view of the mode of
proof, of not writing the sccond determinant of the theorem in

the form
{f & fz}
dét. non N
{6 &

Towards the close of the paper (p. 44), his geometrical work
having led him to use the identity

WL T ) (S Y L 4
= (a"y" - a"y")(B'8" - B"¥) + (a'y" - a"y)(BE" - B"7)
+ @y -2y ) (B - D),
he devotes the last two pages to proving a generalisation of it,—
a generalisation not so wide as that of Binet and Cauchy, but
interesting because of the way in which it is arrived at. Putting

o Yo % o0 by & m & ..o
Y% %o by & m & .oom
D = dét. wg yz zg see ts 3 A = dét. fg Na §2 ses To

To Yo % ooty fn N fn cor Tn

ll,o ll.l ll,2 L ll.ﬂ
&nd N = dét. lg'o lﬁ,l lg.g s lg.”

ooooooooo
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where
boo = ®ofo + Yoo + 2elo + - - . + ty70,
lo.l = 2, + Yyou + zofl + ...+,

lnno = wﬂ£0+ yn"0+ Zn§‘0+ LR + tn'ro:
Ln,l = wnfl + yn'll"" zn§1+ e tn‘Tl,

ln,n = mngn'l' yn’ln+ znfn"' e+ tn"'m

and where therefore
DA = N,

he differentiates both members of this identity with respect to
Zns Yns Zns - + - by, Obtaining

3D _ ,oN , ,oN oN
e, = boap Tl o b
oD oN oN oN
A:ay; = ﬂo'él;‘; + ma—l:; +....+ "lzél;;’
oD oN oN oN
A, = Tool,, TTel,, too b g
From these last equations, on multiplying by

A oA oA

% o,
respectively, and adding, there is obtained with the help of the
known identities
2A
on,

0A 0A . _ oA
5‘55;"'”1;37,,"" v T "1'?)7,, =0,

A , _
$06£';+7]0 +.... -~ -—O,

°A , _ 0A

2A
fna_g;""luan"' CRCRC ’T""‘na—,r_” = AD
the result ‘
Do, @D oA, DA _oN
am” afn ay" a’ln e atn aTﬁ al”'n’

M.D. II. D
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e
ryo zo o« o e to ) rﬂo §0 « o To A
d ét. ) yl zl “ e tl - d ét. ) 0 {l « o e T L
\Yn-1 %p—1+ - - tn—h \Mn—-1 gu-—l LI Tn-lj
’wo Zo “« .. to ) rfo {0 « o To )

+dét.'4wl 2, o . tl >.dét.J$l {l e e T *+'

PLn-1 %p—1- - -« tn-l, \fn—l gn—l s e Tn—lJ

lo,o lo,l veee lo,n-l l
= dét. ll.o ll,l v ll,n—l

tn-l,o ln-l,l eree ln-l,ﬂ—l

Using later phraseology we may say in describing this that from
the theorem regarding the product of two square matrices of
order n+1 there is obtained the theorem regarding the product
of two rectangular but non-quadrate matrices, the latter product
appearing as a principal coaxial minor of the former. Cauchy’s
generalisation concerned any minor of the former product, but
even this further extension was not beyond Joachimsthal’s reach,
for he ends with the remark “ En différentiant de nouveau par
rapport & &,_;, Yn—1, - . . O obtiendra d’autres formules; et ainsi
de suite.”

SYLVESTER, J. J. (1850, Sep.).

[Additions to the articles in the September number of this
journal “On a new class of theorems ....” and “On
Pascal’s theorem.” Philos. Magazine (3), xxxvii. pp. 363-
370 ; Collected Muth. Papers, i. pp. 145-151.]

Of the three additions referred to in the title it is the last
which concerns us, viz, that in which Sylvester introduces and
explains his use of the term minor as applied to a determinant.
Starting with the ‘square array’ of a given determinant, and
leaving out one ‘line’ and one ‘column,’ he calls the determinant
of the minor array which remains a ¢ First Minor Determinant’;
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similarly ‘ Second Minor Determinant’ is explained ; and then he
adds,

“and so in general we can form a system of #** minor determinants by
the exclusion of r lines and » columns, and such system in general will

contain
{n(n— ... ('n—'r+1)}2
1.2 ...7r

distinct determinants ”

It is thus seen that ‘minor determinant is used as ‘partial
determinant’ had already been used hy Lebesgue (1837), and as
‘determinant of a derived system’ had been used by Cauchy
(1812), but that, whereas Cauchy added a distinguishing epithet
to specify the order of the determinant, Sylvester did so to
indicate how many lines or columns fewer it had than the
¢ principal’ or ¢ complete’ determinant originally started wi.h.

The following proposition or ‘law’ is next given, viz.: The
whole of a system of r™ minors being zero tmplies only (r+1)
equations, that is, by making (r+1)? of these minors zero, all will
become zero: and this is true, no matter what may be the
dimensions or form of the complete determinant. Then, after
some geometrical applications concerned with first minors of a
symmetrical determinant, there follows the explanation—

“The law which I have stated for assigning the number of inde-
pendent or, to speak more accurately, non-coevanescent determinants
belonging to a given system of minors, I call the Homaloidal law,
because it is a corollary to a proposition which represents analytically
the indefinite extension of a property, common to lines and surfaces,
to all loci (whether in ordinary or transcendental space) of the first

order, all of which loci may, by an abstraction derived from the idea
of levelness common to straight lines and planes, be called Homaloids.”

A further advance is made just before the close of his paper.
Leaving the square array and taking m lines-and « columns, he
says
“This will not represent a determinant, but is, as it were, a Matrix
out of which we may form various systems of determinants by fixing
upon a number p and selecting at will p lines and p columns, the

squares corresponding to which may be termed determinants of the
* order.”

Here there is to be noticed the first use of the word matriz in
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connection with determinants, as well as the change back to
Cauchy’s mode of particularising the minors. The corresponding
more general ‘ law’ is said to be—The number of uncoevanescent
determinants constituting a system of the p* order derived from
a given matrix, n terms broad and m terms deep, may equal
but can never exceed in number
(n=p+1) m—p+1)

No proof of this is given, nor does he refer to Cayley’s related
theorem of 1843. (See p. 15 above.)

SCHLAFLI, L. (1851, Jan.).

[Ueber die Resultante eines Systems mehrerer algebraischen
Gleichungen : ein Beitrag zur Theorie der Elimination.
Denkschr. d. k. Akad. d. Wiss. (Wien): math.-naturw. Cl.,
iv. (2), pp. 1-54.]

The last section (§29, pp. 52-54) of this long memoir bears the
heading “Ein zur Theorie der Determinanten gehirender Satz,”
being introduced as an aid to the reading of a geometrical
memoir (pp. 54-74) on the ternary cubie.

The ‘Satz’ is not formally enunciated, but we may express it
for ourselves as follows: If a set of n homogeneous equations of
the first degree im n unknowns be given, the determinunt of the
set being A, and there be formed another set comsisting of all
equations of the 1™ degree derivable from the equations of
the given set by multiplication among themselves, the deter-
minant of the latter set is equal to

Acn+r~l. a,

For example, the initial set of equations being
X + ay = 0}
b+ by = 0
and » = 8, the derived set of equations is
(a@+0ay) = 0]
(ax+a,yY (b +byy) = 0
(a@+a,y) (ba+byy) = OJ
(bz+by)* = 0
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and it has to be shown that

3 3

o a0 a3 s
aby  20a5b, + ath, 2a,a.b, + agb,  azh
ab; 20y, + biay  2bbya, + by, asbp
b 3bib, 8b,b; b;

To do this Schlifli takes the conjugate of the adjugate of |«,b,|,
namely,

= | asby

A, B,
A, B, |;
forms with its elements the like determinant
Al 3A’B, 3A,B; B}

AlA; 2ABA, + AiB, 2A,BB,+BA, BB,

AA; 2ABA, + AB, 2AB,B, +BA, BB,

A; 3A»§B2 3AsB§ Bg >
and then in row-by-column fashion multiplies the former four-
line determinant by the latter, obtaining for the product

| &by |
| b, ®
| @b, [*
. | ayb, ®

whence the desired result follows.

It is the penultimate step of the demonstration, namely, the
obtaining of the final form of the clements of the product, that
is attended with difficulty: and the difficulty is not lessened to
Schlifli by his taking » and » in all their generality. As soon,
however, as the determinant under investigation is known in
this or any other way to be a power of A, the index of the
power is readily found to be

P
= +Cpprorr
n n+r-1,7r

by noting that the determinant is of the order C,,,_, , and each
of its elements of the " degree.
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SPOTTISWOODE, W. (1851).

[ELEMENTARY THEOREMS RELATING To )ETERMINANTS. viii+ 63 pp.
London.]

This is noteworthy as being the first separately-published
elementary work on the subject, the author explaining that he
had been led to write it because determinants had come to be in
frequent use, and there was no accessible text-book to which
students could be referred. It consists of a preface and ten
short chapters or sections, the mode of partitioning and arranging
the matter being such as has often subsequently been followed.

The preface contains a short sketch of the history of the
theory, the first of the kind that had appeared. In the first
section (§ 1) the reader is introduced to determinants of the
second and third orders as they actually occur in the solution of
geometrical problems, and certain of the simpler properties
are incidentally pointed out; the next seven sections (§§ 2-8)
deal with determinants in general; and the rest of the book
is occupied with determinants of special form, viz., § 9 with skew
determinants and §10 with functional determinants. The con-
cluding portions of most of the sections consist of worked
examples illustrative of applications of the theory to co-ordinate
geometry.

The definition employed is that of Vandermonde * as expressed
in Cayley's vertical-line notation, viz.—

I(Ll)l = (L,1),

|2 @] = BDIED - A2,

*It may be worth noting that while both Vandermonde and Schweins used
the recurrent law of formation as a definition, they did not write it in exactly
the same form. Schweins followed closely the form uwsed by the original
discoverer, Bezout, putting for example

| aibgesdy | = dy | aybaes | — dg | abyey | + dy | aybsey | = dy | aghyey |,
the connecting signs being in all cases alternately positive and negative ; whereas
Vandermonde wrote

laabuesty | = ay [begdy | — ag [ bseydy | + ag| byerdy | - ag| biegdy |,
where the cyclical change of suftixes causes the connecting s:gns to be alternately
positive and negative when the order of the determinant is cven, and to be
uniformly positive when the order is odd.
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@D (1L2) (L3)
@1) (2.2) (29
(3,1) (3,2) (3.3)

(2,2) (2,3)

(2,3) (2,1 2,1) (2,2)
- ‘“’l(s,m (33)

. ) (
+ 035y o * 03ign) )

The quantities (1,1), (1,2), . . . which Cauchy called ‘terms’
and Jacobi ‘elements’ are named ‘constituents’; and the deter-
minant of the m*" order having these constituents is denoted
shortly by
S £(1,1)2,2)...(n,mn)

The first result, deduced in somewhat loose fashion from the
definition, is “Cramer’s rule”; but the first that is actually
formulated and numbered is one of much later date than Cramer,
viz—

“Theorem L—If the whole of a vertical or horizontal row be multiplied
by the same quaniity, the determinant is multiplied by that quantity.”

In this form, as is well known, it afterwards became almost
stereotyped. The second result, which is of about the same age,
is that regarding a determinant whose vertical row consists of
p-termed expressions, second vertical row of g-termed expressions
third vertical row of r-termed expressions, and so on, being to the
effect that such a determinant is expressible as a sum of pgr . . -
determinants with monomial constituents. The next seven results
dre, like the first, new only in form, the wording being, as in
Theorem I, more topographical in character than formerly, on
account of the determinant being now more consciously viewed
as connected with a square holding m-n quantities situate in n
vertical rows and at the same time in » horizontal rows. The
tenth result, which is a converse of the ninth, is new but
unimportant, viz.—

“Theorem X.—If a determinant of the n™ order vanishes, a system of n

lomogeneous linear equations, the coefficients of which are the constituents of
the given determinand, may always be established.”

The ninth he establishes by the method of so-called ‘mathemati
induction,’ deducing from it the solution of

r=nu

(r)z, + 2wy + ... + (rR)2, = Uy }r’1
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and thence the ratios of #,, z,, ..., #, in the case of
(P0)@y + (r)z; + (12)25 + ... + (rn)z, = 0 ‘:::
as originally noted by Jacobi.*

The eleventh result is the multiplication-theorem; and here
anything that is noteworthy is'not in the enunciation but in the
proof. Beginning with two sets of equations, exactly after the
maxnner of Joachimsthal, viz.,

o+ 0y +agg = u | by +luy, +lyuy =,
b + by + bz = uy 1 MUy + My, + MUy = v,
x4+ oYy + ez = Uy ), MU, + mguy + nguy = v J,
he views them as six linear equations in , y, 2, u,, u,, u,, and
seeks to find the value of one of the first three unknowns, say 2, in
two different ways. Firstly, by using the first set to eliminate
Uy, Uq, Uy from the second set, he obtains
(hay +8by +1ge o+ (hay + bby + 1ey Yy + (hag + 1bs + ey )2 = o,
(my0 + meby + Mgy} + (Mg + Meby + Myty)y + (Mg + Moby+ myty)z = v,
(m8y + nghy + mgty Yo + (M@ + neby + Mgty )y + (Mgl + Mg + gty ) = 2,
and thence
vy Lay +1by, +le, Loy +1by +lc,
Vg MyQg+Mby+MyCy  Myatg+Myby+myc,
_ Vg My +N5by +N5C, N0 +75Dy +myc,
hay +0b +he,  bay +4by +le, Lag +1Dy +lg
‘| M@y +mob, +muge, myay+meby+mye, Mg+ moby+mye,
Ny + by +ng0; My +15b, 150, Mgy +15by +1ge,

T '

Sécondly,—and here he differs from Joachimsthal,—by writing
the six equations as one set in the form

T+ agy + Uz — U, =0)
b + by + bz - =0
e + ¢y + ¢z - Uy = 0

hu, +Lu, +luy, =
myty + MUy + Mgy = ,
MUy + Noly + Nglly = V)

* Crelle’s Journ., xv. (1835), p. 104, and xxii. (1841), p. 296.
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. ay ag =1 ., a, @ a3 -1
. by b -1 . b, by b -1 .
€ C . o=l e g g . . =1
U Lol b |7 L oL
Ve my My My m; My My
Vs n Ny Ty N Ny Ty

A comparison of the denominators in the two values of 2 then
gives the desired result.*

The theorems of §6, though, for some unexplained reason
not formulated and numbered like the others, are of the
highest importance, the subject-matter being the determinant
of what is called the “inverse” system, that is to say, the
determinant

[1,1] [1,2]....[Lm]
[2 l] [2 2] o [2,m]
['n,l] ['n,,2] . ['n,'n] ,

where [7,8] is the cofactor of (1, 1) in |1,2,...,n|. Cauchy’s
theorem regarding the whole determinant is first proved, and
then, instead of Jacobi's more general theorem, there is established
a theorem said to include Jacobi’s, viz.— '

[+1,4+1] [i+1,4+2] .... [i+1,n]

[z+ z+1] [z+2 1+7] . [i+2% 1]
[n 1+1] [n’ i+ ‘)] [,n, ,n]
[+i4 1 i+ 1] [i45+ Li+5+2]...[(+5+]1, ]| |1,2,m,nlj.dl,2, i’:-I'l'
[l+]+ 1+j+1] [i+j+ H.j.p) Ji++2 0] v 2yt
['n, 2+]+1] [n, z+f+‘>] ..[n, n]

*Spottiswoode, like Joachimsthal, it will be observed, deduces nothing from
a comparison of the numerators. Thus, by equating the two cofactors of v, he

might have obtained
ay a; -1 .
by by . 1 .
|ml my mg| oy by e : c: A
momg omy | Ay by T o m m
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That it does include Jacobi's is at once seen on putting i+j+1=mn,
when we have

[+1,i+1])[i+1,i+2]... [i+1,0]| = [n,n]-|1, 2, ..., m >,
[(+2 i+1] [i+2,4+2] ... [i+2,n]|

I 1) 2! tery
| 1, 2. s M-
LT 1,2 ...,n|™* (1,2 ...,4
[ni+1] [mi+2] ... [0, %]
It is equally true, however, that by a double use of Jacobi’s
theorem Spottiswoode’s follows immediately.

The next section (§7) deals with the differentiation of a deter-
minant, and with an application of the same by Malmsten to find
the n' particular integral of a certain differential equation when
n—1 particular integrals are already known.

The eighth section concerns the solution of what is called a
“redundant system ” of linear equations, that is to say, a system
of m equations in n» unknowns where m>mn. Theorem XII,
is the result obtained therefrom, and this being applied to the
method of least squares, the last formulated result, Theorem
XIIIL, is reached.

SYLVESTER, J. J. (1851, March).

[On the relation between the minor determinants of lincarly
equivalent quadratic functions. Philvs. Maguzine (4), i
pp. 295-305, 415; Collected Math. Papers, i. pp. 241-250,
951.)

In order to formulate the relation referred to in the title, that
is to say, the relation between any minor of the determinant
(later, discriminant) of a quadratic form and the ‘pari-ordinal’
minors of the determinant of the new form obtained from the
old by means of a linear substitution, Sylvester found it necessary
to introduce “a most powerful, because natural, method of
notation ” for determinants. He says—

“My method consists in expressing the same quantities biliterally

as below :
e, G, ... G«

00y Gylhy ... ay0

n

n

any @0 ... G0

non
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where, of course, whenever desirable, instead of @,, a,, ..., @, and
a, a4y, .. , @, We may write simply @, §, ..., la,nd afB ..., A
respectively. Each quantity is now represented by two letters ; the
letters themselves, taken separately, being symbols neither of quantity
nor of operation, but mere umbra or ideal elements of quantitative
symbols. We have now a means of representing the determinant
above given in a compact form : for this purpose we need but to write

one set of umbrs over the other as follows: (:1 :2 e z"). If we
9 sse @,

-

now wish to obtain the algebraic value of this determinant, it is only
necessary to take a, a,, ..., a, in all its 1.2-3 ... n different positions,
and we shall have

a a a \
1 g o0 @,
= t{a,09 X A0, X . .. X a,09,
{“1 a2...a,,} 2‘ {101 270 " '}’

in which expression 6, 6,, ..., 6, represents some order of the
numbers 1, 2, ..., =, and the positive or negative sign is to be taken
according to the well-known dichotomous law.”

An obvious extension of the notation is also indicated, whereby
what he calls “compound ” determinants may be appropriately
represented. Since, in accordance with the foregoing,

a b
« B
aa.bB — aB.ba,
b ed
uB ¥4
ab y cd ' ab y cd
) a3 ¥8 8 uf3,
that is

Bt B3 ot B ISt R et

And in general the compound determinant

is used to denote

he considers that

“will naturally denote

e b ... ey by o, oia b, L. I,.}
al Bl .o A.] (l2 ,82 D )t._,,....a,, B,. P A.r
will denote

a b, ... 1 } fag by, . .1 } {a b, ... 1 }
+ 1 Y1 1 X - 2 Y2 2 X ... r Yr r
2 {ag] ﬂol - /\9] .\dos Bog o 1\02 X x (19' ﬁor e e /\a' ’
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where, as before, we have the disjunctive equation
01’ 02! vy 0, =1,2, ceey 1

As an example of the power of this notation he gives the
theorem

{a, Qg ove Wp Upry Gy g oon Qp (pyg oen Gy Uy oo. Uy a,,.+,}
A O3 oov Qp Oy Oy Og ooo Op Oppg oove Gy A oue Oy Oppg
={a, ay ... ar}"lx {al Ay oo Ap Opyy Gpyg oos a,..,.,,},
a, ay ... a Ay Oy oo Up Gpyg Apyg o oo Opypg

adding, in his enthusiasm, that without the aid of his “system
of umbral or biliteral notation, this important theorem could not
be made the subject of statement without an enormous periphrasis,
and could never have been made the object of distinct contempla-
tion or proof.”

The main object of his paper is then taken up, but the subject
of the notation is twice recurred to,—once to say that it is “ very
similiar to that of Vandermonde” as he had learned from “Mr.
Spottiswoode’s valuable treatise,” and the second time to point
out that on second thoughts it is better to unite two umbral
elements in the form

a
a

rather than in the form
aa,

because then the analogy upon which the extension of the
notation from simple to compound determinants is grounded will
be better apprehended.

The theorem used above to illustrate the power of the ‘umbral’
notation should not be lightly passed over, being far more
deserving of the epithet ‘new’ than the notation employed in
formulating it. Although at a later date it came to be of less
moment because of its inclusion as merely one of a class of
theorems, viz,, the class known as ¢ Extensionals, there can be
no doubt that at the time of its discovery it was, as Sylvester
himself styled it, “ a remarkable theorem.” Taking, for the sake
of illustration, the case of it where =3 and s=4, viz, ’



DETERMINANTS IN GENERAL (SYLVESTER, 1851) 61

| absesdy | | abgeads | | arboceds | | aybycsdy |
| cbacsey | | arbocses | | aibocets | | aybyceey |
| abeafy | | abgeafs | | aydocsfy | | arbacsty |
| ibgesgy | | aibeeogs | | aibseogs | | cibsesgy |
= | abyty |®| abyesd s fogy |5
we see that if we delete a,b,c; everywhere on both sides we are

left with .
d, ds dg d,
€ € € €| _ dee .
fo i o £ | SeeTonl
94 95 Je In

80 that the theorem is seen to be the Extensional of a manifest
identity.* '

SYLVESTER, J. J. (1851, Aug).

[On a certain fundamental theorem of determinants. Philos.
Magazine (4), ii. pp. 142-145; Collected Math. Papers, i.
Pp. 252-255.]

After a characteristic introductory paragraph about the import-
ance of the new theorem and his reasons for publishing it,
Sylvester proceeds—

“The theorem is as follows :—Suppose that there are two determinants
of the ordinary kind, each expressed by a square array of terms made
l];]P of n lines and n columns, so that in each square there are n? terms.
ow let » be broken up in any given manner into two parts » and g,
so that p+g=mn. Let, firstly, one of the two given squares be divided
in a given definife manner into two parts, one containing p of the n
given lines, and the other part ¢ of the same; and secondly, let the
other of the two given squares be divided in every possille way into two
parts, consisting of ¢ and p lines respectively, so that on tacking on
the part containing ¢ lines of the second square to the part containing
2 lines of the first square, and the part containing p lines of the secon
square to the part containing ¢ of the first, we get back a new couple
of squares, cach denoting a determinant different from the two given
determinants : the number of such new couples will evidently be

nmn-1) ... (n—p+1),
1.2...p ’

*8ee Trans. R. Soc. Edinburgh, xxx. p. 4.
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and my theorem is that the product of the given couple of determinants is
equal to the sum of the products (affected with the proper algebraical sign) of
each of the new couples formed as above described.”

The same is then stated in symhols, namely,
{al a,...a,,} {al ag...an}
by by ... bS8 By Ba
=2 + {a, Az v v v v v v v v v us Wy } {al Ug o v o v vt v v n a,,}
1Dy by 5,B80,1180540 - Bo,) 868y - Bopbyirbysg- - b,

where 6,, 0,, ..., 0, are any p ditferent integers taken from 1,
2,..., m, or where, as Sylvester puts it, 6,, 6,, ..., 6, are ‘disjunc-
tively’ equal to 1, 2, ..., n.

A proof of a verificatory character is given at some length, the
aim being to show that the terms arising from the expansion of
the products occurring on the right-hand side are classifiable
under two heads : (1) those which appear twice, namely, once with
a positive sign and once with a negative sign; (2) those which
appear only once, and which in their aggregate agree with those
arising from the expansion of the single product on the left. An
improvement of it by Faa di Bruno will be given later.

By removing to the right the solitary product at present on
the left, the theorem is seen to belong to the class of vunishing

aggregates of products of pairs of determinunts, and therefore
to be not entirely new, the first instances of it, viz.,

|ab' |- ed’| = |a¢’|-|bd'| + |ad’|-|be'| = 0,
|abe” |-|def” |~ | ab'd” |-| cef” |+ | acd”|-| bef" | - | b/d” |- aef” | =0,

that is to say, the cases where n=2, p=1, and n=3, p=1, being
found in Bezout (1779). Nothing, however, done by Bezout,
Cauchy, or Schweins ought to dissociate Sylvester’s name from
the theorem. His claim, too, is all the stronger from the fact
that he it was who in 1839 first formulated the case n=n,
p=1,—a fact which seems to bave dropped entirely out of
remembrance, writers giving the date 1851 when referring to the
case enunciated a dozen years earlier.
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SYLVESTER, J. J. (1851, Oct.).

[On a remarkable discovery in the theory of canonical forms and
of hyperdeterminants. Philos. Magazine (4), ii. pp. 391-
410 ; Collected Math. Papers, i. pp. 265-283.]

Here, amid matter of great algebraical importance, there is
incidentally suggested the discarding of the use of the term
‘determinant’ as connected with a single function,—that is to
say, Gauss’ original use of the term,—and the substitution of the
term ‘discriminant’ in its place. The introduction of a new
word, it is explained, is for the purpose of avoiding the obscurity
and confusion which arises from employing the same word in
two different senses, and “‘discriminant’ because it affords the
discrimen or test for ascertaining whether or not equal factors
enter into a function of two variables, or more generally of the
existence or otherwise of multiple points in the locus represented
or characterised by any algebraical function.” *

CAYLEY, A. (1851, end).

[On the theory of permutants. Cambridge and Dubl. Math.
Jowrn., vii. pp. 40-51; Collected Math. Pupers, ii. pp. 16-26.]

The second part of his paper of 1843, as we have seen, Cayley
devoted to the consideration of a class of functions obtainable
from the use of m sets of = indices in the way in which a deter-
minant is obtainable from only two sets. The general symbol
used for such a function was

* Apropos of this happy coinage, Sylvester adds in a footnote the general
remark :—*‘ Progress in these researches is impossible without the aid of clear
expression; and the first condition of a good nomenclature is that different
things shall be called by different names. The innovations in mathematical
language here and elsewhere (not without high sanction) introduced by the
author, have been never adopted except under actual experience of the em-
barrassment arising from the want of them, and will require no vindication to
those who have reached that point where the necessity of some such additions
becomes felt.” The truth of the remark is not appreciably diminished by the
occurrence of the word ¢meso-catalecticism’ in another footnote two pages
further on. The year of the paper (1851) was for Cayley and Sylvester a year
teeming with fresh ideas as well as with fresh words.
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P 01 T
P2 Oz T
Pn On Tn « .« J>
this standing for the sum of all the different terms of the form
E N R TR Apﬁ o Ty o X XAp,-,. oy Toy - e e
where
PTis Tos oves Tny 815 85 vy 85 By, by v vy By o u s

denote any permutation whatever, the same or different, of the
series of integers

1,2, ..., n,
and where =, denotes the sign 4+ or — according as the number
of inversions in 7, 7, ..., 7, is even or odd. Using a t over the

column of p’s to indicate that these are unpermutable, he shows

that
1.
Apla'l... Aplol...
...... =12....my ......
Pn On « .. Pn On oo

when the number of columns, m, is even; and vanishes when
m is odd. In the former case it is clear that the placing of
the t over any other column would have had the same result,
and therefore that it is better to mark this indifference by
placing it over the A. The other theorems, including a
multiplication theorem, need not be given, our object being
simply to show the position occupied by determinants among
the new functions; and this we can now do by quoting one
sentence, viz., “ an ordinary determinant is represented by

t t

BOCERES
PP or PR
a, B, n n),

the latter form being obviously equally general with the former

»

one.
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In his paper of 1845 a further generalisation was made, the
functions then reached being called ‘hyperdeterminants,’ and a
hyperdeterminant defined as an expression representable as a
homogeneous p'-degree function, H,, of certain of the deter-
minants of a rectangular array, each of whose elements is denoted
by m umbras, and each umbra one of the integers 1, 2, ..., m.
Thus when n=3 and m=2, the array is

111 112 121 122

211 212 221 222,
or

111 112 211 212

121 122 221 222,
or

111 121 211 221

112 122 212 222,

according as the first, second, or third wnbra is made invariable
throughout the two rows; and if p=1 we have the ‘incomplete’
hyperdeterminants

111 122 112 121
211 222 | 7| 212 201,
111 212 112 211
121 222 || 122 221 |,

111 221 " 121 211
112 222 122 212 |;

whereas if p=2 we have the hyperdeterminants

{ 111 122 + 112 121 }2_4 11 121 | | 112 122
211 222 212 221 211 221 212 222 |,
{ 111 212 + 112 211 }2_4 111 211 | | 112 212
121 222 122 221 121 221 122 222 |,
{ 111 221 " 121 211 }2_ 4 111 211 | | 121 221
112 222 122 212 112 212 122 222 |,

which being really identical, have their common expression
designated a ‘ complete ’ hyperdeterminant. The general form of

H, is not specified. Further details would here be out of place:
M.D. II. E
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the one important point to be noted is the relation between
hyperdeterminants and the functions of Cayley’s paper of the
year 1843, and this is shortly indicated by saying that the
latter functions are hyperdeterminants in which p=1 and =
is even.

In his paper of the year 1847 an altogether different generalisa-
tion was formulated, the corresponding symbol being

S+(1,2,..., )

and one of the objects aimed at being to extend the definition of
a determinant so as to include within it the Pfaffian. (See
Collected Math. Papers, i. p. 589.)

Having thus attempted to make clear the stage which the
process of generalisation had reached with Cayley prior to 1851,
we are prepared to appreciate the notable advance made by him
in his paper of that year. The widely embracing conception
therein formulated was that of the functions called on the
suggestion of Sylvester ‘ permutants’ For the sake of easy
exposition we shall follow him in his special usage of the words
‘form,’ ‘blank,’ ¢ characters, ‘symbol.” “A form,” he says, “ may
be considered as composed of blanks which are to be filled up by
inserting in them specialising characters, and a form the blanks
of which are so filled up becomes a symbol.” If the ‘ characters’
(previously called by him ‘nombres symboliques’) be 1, 2, 3,
4, . ... the ‘symbol’ may always be represented in the first
instance, and without reference to the nature or constitution of
the ‘form,’ by Vigs...; for example Vg . ., may stand for

P,Q:R,..., or P,P,..., or

Now, let the characters 1, 2, 8, 4,... in such a symbol be
permuted in every possible way, and the resulting symbols have
the sign + or — prefixed to them in accordance with Cramer’s
rule, then the aggregate of all these symbols is a ‘simple
permutant.” The originating symbol being Vigs,. .., the corre-
sponding permutant might have been denoted by X + Vi, ..
as in his paper of the year 1847, but as a matter of fact
Cayley now makes use of

(V1284 e )
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It is thus seen that, taking for shortness’ sake only three
characters, we have

(Vm) = Vm + V231 + Vsm - Vm - Vm - V321 ’
(Vigg)=(Vog) = —(Vyge)=....
(Vns) =0.

These preliminaries having been grasped, “it is easy,” in Cayley's
own words, “to pass to the general definition of a permutant.
We have only to consider the blanks as forming, not as heretofore
a single set, but any number of distinct sets, and to consider the
characters in each set of blanks as permutable inter se, and not
otherwise, giving to the symbol the sign compounded of the
signs corresponding to the arrangements of the characters in the
different sets of blanks.” Thus, if the first and second blanks
form a set, and the third and fourth blanks form a set, the per-
mutant whose originating symbol is V,,,, is

me - V2134 - Vms + Vms-

The idea is hereupon suggested of arranging the blanks of a
compound permutant so as to show in what manner they are
grouped into sets. For example, instead of doing as we have
just done, viz., using V., accompanied by a verbal explanation
as to its sets, we might write

A

34
and so obtain

(Vm) = Vm - Vzl - V12+ V-

34, 34 84 3 43

From this it is a simple step to the idea of grouping the blanks
in lines and columns, that is to say, to such a symbol as

-------

One case of this is that in which it is viewed as a function of
the symbols V..., Vagy..., ete, and a less general case that in
which it is viewed as the product. Cayley then proceeds:—

% Upon this assumption it becomes important to distinguish the different

ways in which the blanks of a set are distributed in the different lines
and columns. The cases to be considered are: (A) The blanks of a
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single set or of single sets are situated in more than one column, (B)
The blanks of each single set are situated in the same column, (C) The
blanks of each single set form a separate column. The case B (which
includes the case C) and the case C merit particular consideration.
In fact, the case B is that of the functions which I have, in my memoir
of Linear Transformations in the Jowmal, called hyperdeterminants,
and the case C is the particular class of hyperdeterminants previously
treated by me in the Cambridge Philosophical Transactions, amf also par-
ticularly noticed in the memoir on Linear Transformations. The
functions of the case B, I now propose to call ‘Intermutants,’ and those
in the case C, ‘Commutants’” Commutants include as a particular
case ‘]”)etermina.nts,’ which term will be used in its ordinary signifi-
cation.

To arrive at the position of determinants, therefore, in the
great theory of permutants, we have first to seek out the
particular permutants whose originating symbol is of the form

Va B v ...

a By ...

then in this restricted field to look for those in which the

symbol just given is viewed as a product of symbols Vg,....,

Vagy....+..; next to confine ourselves in this smaller domain

to those in which the ‘blanks’ of each single ‘set’ form a

separate column; and lastly to isolate those in which the number
of such columns is 2.

In his paper Cayley goes on to expound the theory first of
commutants, and then of “ntermutants. Neither exposition,
however, needs attention here, because the one has already been
dealt with under the year 1843, and the other is outside our
subject.

SYLVESTER, J. J. (1852, Jan.).

[On the principles of the calculus of forms. Cumbridge and
Dublin Math. Jowrn., vii. pp. 52-97; Collected Muath.
Papers, i. pp. 284-3217.]

A postseript added by Cayley to his paper of the year 1851
makes evident that Sylvester had a share in the latest generalisa-



DETERMINANTS IN GENERAL (SYLVESTER, 1852) 69

tion, and, as was natural, did not wish that share to be lost sight
of. It made clear that the two workers had during the year been
deeply engrossed in what Sylvester then called the ‘calculus of
forms,’ that they had been in close communication with one
another, and that Sylvester’s discovery that the function

ace + 2bed — ad? — b% — ¢3

could be expressed as a commutant, namely,

0 0
2 2

by considering 00=q, 01=10=b, 02=11=20=¢, 12=21=d,
22=e¢ had led Cayley to the conception of intermutants.

The famous paper which we have now reached, and which was
doubtless completed very shortly after Cayley’s, contains the
results—numerous and suggestive—of Sylvester’s labours. The
only section, however, which. directly concerns the theory of
determinants is the third, bearing the heading “ On Commutants.”
It opens with a page regarding the simplest species, “the well-
known common determinant,” and then proceeds :—

“If, instead of two lines of umbre, three or more be taken, the same
principle of solution will continue to be applicable. Thus, if there be
a matrix of any even number 7 of lines each of n umbra

a b ... 0
a by ... I,
a, b, .... 1,

the first may be supposed to remain stationary, and the remaining » - 1
lines each be taken in 1.2. ... n different orders: every order in each
line will be accompanied by its appropriate sign + or —; and each
different grouping in each line will give rise to a particular grouping
of the letters read off in columns. The value of the commutant
expressed by the above matrix will therefore consist of the sum of
(1-2. ... m)™"' terms, each term being the product of = quantities
respectively symbolised by a group of r letters and affected with the
sign + or — according as the number of negative signs in the total
of the arrangements of the lines (from the columnar reading off of
which each such term is derived) is even or odd.
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For example, the value of

Q@ © o 8
R

will be found by taking the (1-2)% arrangements, as below,
ab ab ab ab ab ab ab ab
ed dc ed dec ed dc ed de
of o fo fo of o fo Jo
gh gh gh gh hg hg hg kg,

the signs of cd, ef, gh being supposed +, those of de, fe, hg will be
each —. Consequently the sum of the terms will be expressed by

aceg - bdfh - adeg - befh — acfy - bdeh + adfy - beeh
—aceh - bdfg + adeh - befg + acfh - bdeg — adfh - beeg.”
It will be observed that the example here given is the quadratic
function which Cayley would have denoted by

A I

v

( oooo)
1111/,

and which, on the supposition that generally V, 4 ., 5 = Vaigiy+s

and in particular that V,=a, V, =0, V,=c¢,.... would represent
ae — bd — bd + ¢ = bd + ¢ + ¢ — db,
2. ae — 4bd + 3¢

In his applications of the theory of commutants to that of
‘forms,’ Sylvester uses for the first time differential operators as
umbrse, speaking, for example, of the commutant

92 2
or Oy, oz
0 Q e)

omy oy, 02
this being possible from the fact that the coefficients of a
‘form’ u are, save for a constant factor, representable as differ-

ential-quotients of . This we may illustrate for ourselves by
the result
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9 9 7

|
|

1 2
(@ b, ¢, d, efz, y)t = (47> (ae—4bd+3c2.

glo 9o 9o g
QI°ge L

-

He also uses effectively such umbre as

an’ an-lB, an-2,31, C e,

—a usage which is most suitably illustrated by taking a com-
mutant having two lines of three quadratic umbras each, that
is to say, the determinant of the third order

al a3 B

a® a8 B
This, by a similar convention, is taken to represent

atea?B B¢ — at-afP-af® — a®B-a*B: B + a°B-aBt-a’B?
+ «®B- a%B- aff® — 2% 2B a?P?,
and consequently if
(az+By)t = ax*+4bay + Ger®y? + dday® + eyt
it is an expression for
ace + 2bed — ad*—b% — ¢,

that is to say, for the above-mentioned (p. 69) special deter-
minant

b
c
d

e o2
o, ©

When he comes to speak of ‘partial’ commutants, which are
identical with intermutants, he devotes a page (pp. 88-89) to the
subject of his relations with Cayley. As it would appear that
he was not quite satisfied with the wording of the postscript
above referred to, Cayley published a modified form of it as a
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note, headed “Correction of the Postscript to the Paper on
Permutants,” and there the matter between the two friends
happily rested.

BETTI, E. (1852, Feb.).

[Sulla risoluzione delle equazioni algebriche. Annali di Sci.
mat. e fis., iii. pp. 49-115; or Opere mat.]

In this important memoir dealing with the theory of substitu-
tions, and with the application of the same towards finding
the conditions of solvability of algebraic equations, the author
following Sylvester* defines on page 80, in the manner after-
wards so familiar, the expression ‘ determinant of a substitution’:
and on the following page there occurs the passage—

“Quindi dal noto teorema della moltiplicazione delle determinanti &

facile dedurre che, se si chiama A la determinante del prodotto delle

due sostituzioni (k) e (4') [whose determinants are D and D'}, avremo
A=DD;

ciot la determinante del prodotto di due sostituzioni & eguale al prodotio
delle loro determinanti.”

BRUNO, F. FAA DI (1852, May).

[Démonstration d'un théoréme de M. Sylvester relatif & la
décomposition d'un produit de deux déterminants. Journ.
(de Liowville) de Math. (1), xvii. pp. 190-192.]

The theorem is that which appeared in the Philosophical
Magazine for August 1851, and which is there formulated in the
umbral notation as follows :—

{"'1 Ay oo a,,}x{a] ay ... a,,}
by by .... D, By B;....B.
-2[+ {al Ggo oo vemnnnens a, } {a, Bg v oo oo enne o a,,}]

“ by boeni b, Boyyy Boyg e Bo,J \Boy Boa--. Bo, bpiabysaee by
where 6,, 0,, ..., 0, are ‘disjunctively’ equal to 1, 2,...n. Faa
di Bruno prefers to write it in the form

*See footnote to p. 62 of his paper just described.
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Seatah ... ot ... S(athbh L b bR

=2.[§3(¢a4; ol Bt b, S0 . e oD af:;"...af')]

using two other sets of letters like 6,, 6,,. .., 6, This change
in notation being allowed for, the new proof is in general
character exactly the same as the old; it is, however, more
concise and more clearly set forth. It starts with the fact
that any term arising from the expansion of the typical product
on the right-hand side may be written _
af b e ol g BB bl e gl e,
Then observing the ‘indices supérieures’ attached to the b's in this,
we are asked to consider two possible cases. In the first place, we
have to note that if no one of the y’s be identical with any one
of the ¢'s, the term is a term of the expansion of the product on
the left-hand side, and that the number of such terms in the
expansion of each product on the right-hand side being

(123 ... m)- (123 ... p)- (123 ... n—p)
and the number of products
n(n-1)n=2).... (n—p+1)

123 ... p
the total number of such terms is
(123 ... n),

which is exactly the total nunber on the left-hand side. In the
second place, if one of the y's be identical with one of the ¢'s, say

Vi = bpins
it is pointed out that there must exist another term in which, in
place of having

1 Vpth
...... bo, I’o,,“
we shall have
Wi Vb
...... B B

and that these two terms having necessarily different signs, must
cancel each other.
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SALMON, G. (1852).

{A TREATISE oN THE HiGHER PLANE CURVES: ... By the Rev.
George Salmon, M.A, . . . xii43816 pp. Dublin, 1852.]

For the convenience of his readers Salmon appends a fifteen-
page note on the subject of Elimination, and, as was natural,
the note opens with a sketch (pp. 285-292) of the theory of
determinants. Short and simple as this is, it contains one
paragraph (§11) worthy of note, namely, in regard to the
multiplication-theorern.

The determinant

A, +Bb+Cie; Ay +Bib+Ciey Agay + Bih +Cyey

As+Bb,+Cie,  Agag+Bby+Ciey  Agay+Byhy +Cocy

Ajag+Biby+Ciog Agag+Biby+Ciey  Agag+Boby+Cocy
he says, is evidently the result of eliminating z, ¥, z from the
equations

’

.S, +bS,+¢S; = 0
S, +b,8,+¢,8; = 0
S, +b.S,+¢,S; = 0

when

S, = Bix+B,y + By
S; = Cx+Cy +Cy2

But this elimination may be effected at once by eliminating S,
S,, S;: consequently |«, b, ¢;| must be a factor of the resultant.
In the second place, since a set of values of x, ¥, 2z can be found
to satisfy simultaneously the given equations if* a set can be
found to satisfy simultaneously the equations S,=0, S,=0,
Sg=0: and since the condition that the latter shall be possible
is| A;B,C, | = 0, it follows that | A, B, C; | must also be a
factor of the result. The remaining factor being manifestly 1,
the desired end, in Salmon’s opinion, is attained. We only
remark in passing that a little careful scrutiny of the reasoning
would have suggested the need for additional support.

Salmon also proposes a fresh enunciation of the same
theorem, namely, If uny et of linear equations

S, = Alac+A42y+A3z}
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ax+by+tez+....=0
ugZ+by+ez+. ... = 0}

be transformed by any linear substitution

2= AE+By+C e+, .. .
Yy = Af+Bun+Cl+. . . }

1

then the determinant of the nmew set will be equal to the deter-
minant of the original set multiplied by the determinant of
transformation. This new wording will be recognised as a sign
of the advent of the “algebra of linear transformation.”

SYLVESTER, J. J. (1852, Oct.).

[On Staudt’s theorems concerning the contents of polygons and
polyhedrons, with a note on a new and resembling class of
theorems. Philos. Magazine (4), iv. pp. 335-345; Collected
Muth. Papers, i. pp. 382-391.]

After a page of introduction, written in a light semi-historical,
semi-critical style, Sylvester prepares the way for considering
his main subject by giving as a basis two algebraical lemmas.
The first he formulates as follows :—

“If the determinants represented by two square matrices are to be
multiplied together, any number of columns may be cut off from the
one matrix, and a corresponding number of columns from the other.
Each of the lines in either one of the matrices so reduced in width as
aforesaid being then multiplied by each line of the other, and the
results of the multiplication arranged as a square matrix and bordered
with the two respective sets of columns cut off, arranged symmetrically
(the one set parallel to the new columns, the other set parallel to the
new lines), the complete determinant represented by the new matrix
8o bordered (abstraction made of the algebraical sign) will be the
product of the two original determinants.”

In illustration he gives three forms for the product of

2 al (34

d v ¢
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viz.—
aa+bB ay+bs| |ua ay b 2 2 a b
ca+dB cy+ds |, [ca oy d 2 2 ¢ d
B ¢ .|, |la B .
vy ¢

In regard to the 2’s which occur in the last form his remark is:—

“ Any quantities might be substituted instead of 2 . ..., as such terms
do not influence the result: this figure is probably, however, the proper
quantity arising from the application of the rule, because . . . . the
value of the determinant represented by a matrix of no places is not
zeto but unity.”

In the case where the two given determinants are of the third
order, say

la b ¢ a B vy
a; b/ c/ an d a/ ﬁ, yz
a,” b// C” - a// ,8” Y// ,

he gives only the second and third of the four (n+1) possible
forms, namely—
aa +08  ad’ +b3 ad” +bB"
ada+bB ad +VB dd"+VB ¢
T du+ B ad+VB @B ¢

’

Y Y
and
aa ad aa’ b

(,L,a a/a/ a’all bl
a’a «’a a’a” b "
8 B 6
y v ¥ -

pointing out by way of demonstration that the former of these

is arrived at by transforming the given determinants into

a b ¢ . a B . v

AR PR

o b o By
1 1

and applying the ordinary rule of multiplication, and similarly
that the latter is got by multiplying
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a b ¢ . . a . . B ¥
a’ b/ c' . . a/ . . BI 7’
a’l b’/ cl' . . by al/ . . ﬁ/’

1 oo 1
He thereupon leaves the subject with the remark :—

“This rule is interesting as exhibiting . ... a complete scale whereby
we may descend from the ordinary mode  of representing the
product of two determinants to the form . ... where the two original
determinants are made to occupy opposite quadrants of a square whose
places in one of the remaining quadrants are left vacant, and shows us
that under one aspect at least this latter form may be regarded a8 a
matrix bordered by the two given matrices.”

The second lemma is the identity—

Oy Qg oo @y, 1 A, A,.... A, 1
Qg Oy o ovn Gy, 1 Ay Ayl A, 1
Opy Opg «vov @ 1 Ay, Ao A, 1l
1 1 ....1 . 1 1 ....1

where A,,=a,,+h,.+k,, and the b’s and k's arc perfectly arbitrary
quantities, the transformation being of course effected by adding
multiples of the last column to the other columns, and thereafter
multiples of the last row to the other rows.

The geometrical applications which follow, it may be interesting
to note, are connected with the subject of Cayley’s paper of
1841,—his well-known first paper on determinants.

CAUCHY, A. L. (1853, January).

[Sur les clefs algébriques. Comptes rendus ... Acud. des Sci.
(Paris), xxxvi. pp. 70-75, 129-136 ; or Buvres complétes (1),
xi. pp. 439-445, xii. pp. 12-20.]

[Sur les avantages que présente, dans un grand nombre de ques-
tions, I'emploi des clefs algébriques. Comptes rendus . . .
Acad. des Sci. (Paris), xxxvi. pp. 161-169 ; or Buwres com-
plétes (1), xii. pp. 21-30.]

These papers add nothing of algebraic importance to the
contents of Cauchy’s memoir of the year 1847: in fact, they may
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be looked on as short and simply-worded abstracts of parts of
that memoir. It is worthy of note, however, that even where
problems of elimination are being dealt with “sommes alternées”
are not now explicitly referred to.

SAINT VENANT, B. DE (18563, March).

[De linterprétation géométrique des clefs algébriques et des
déterminants. Comptes rendus ... Acad. des Sei. (Paris),
XXxvi. pp. 582-585.]

De Saint Venant’s suggestion is that Cauchy's “ algebraic keys”
a, B v, ... may be viewed as directed magnitudes, and this
leads up to the so-called geometric interpretation of determinants.
“Un déterminant du nidéme ordre,” he says, “me parait étre le
produit géométrique de » sommes algébriques de n lignes ayant,
chacune & chacune, les mémes directions dans les diverses sommes :
en sorte que l'on a pour celui du troisi¢me ordre, par exemple,

2y'?’ —xy’? + ... =le produit (z+y+72)(@' +y +2) (" +y ' +7")
ol z, 2/, 2’ ont un’ méme direction (c'est-a-dire sont paralléles),

9, ¥, y” une autre direction qui est la méme pour toutes trois, et
2, 7, 2’ aussi une mé&me troisieéme direction.”

HESSE, O. (1853, April).

[Ueber Determinanten und ihre Anwendung in der Geometrie,
...... Crelles Jowrnal, xlix. pp. 243-264; or Werke, pp.
319-343.]

The product of two determinants A and B being C, Hesse’s pro-
fessed object is to show “ wie die partiellen Differentialquotienten
der Determinante C nach ihren Elementen ¢ genommen durch
die partiellen Differentialquotienten der Factoren A und B nach
ihren Elementen genommen sich ausdriicken lassen.” We are
prepared, therefore, to find his ground already pretty well
covered by Joachimsthal's paper of November 1849, The latter
established the result

oC _2A °B  °A 2B, 0A DB
e OOpc Obp | Ohye Obin ' """ T Odiye Obp’
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and said that others eould be found: Hesse established one of
these others, namely,

*?C _ 1 oA . 2B
ol | 12 £ 30pd0g,  bpdby,’
and said that the next would be

*C 1 A ?B
0C0Cu0C0r  1:2:8 £y 0ydug,0a,, 0bpathe,dby,

where p, ¢, ... have the values 0,1, 2, ..., n.

We can only remark that the second and third results are not
so simple as they ought to have been: for Hesse does not point
out that (1) when p and ¢ are identical the term vanishes;
(2) putting p, ¢=a, B gives the same term as putting p, =20, a;
and (3) therefore the second result should be

CA %A B
Dl L pddg, bpdby,’
where p has any of the values 0,1,2, ..., n—1, and q any of the
values 1,2, ..., n, subject to the condition that p <q. It would
then agree with the extended multiplication-theorem of Binet
and Cauchy, and especially with the latter’s form of it.

CHIO, F. (1853, June).

[Mémoire sur les fonctions connues sous le nom de résultantes ou
de déterminants. 32 pp. Turin.]

The title here is not sufficiently descriptive, almost the whole
of the thirty-two pages being occupied with the consideration of
determinants whose elements are binomial. Beginning with the
“tableau ”

Upt+my y+my . Gy,
bo+my by+n, 0. by Hmy,
lo +to ll +t1 LI ) l‘_l +t‘__l

Chio seeks, of course, to express its determinant as a sum of
determinants with monomial elements, and thereafter applies his
result to particular cases.
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The first matter of real interest is reached on p. 11, where the
following theorem is given: ‘Soient s lu résultante de U'ordre i
Jormée avec les termes du tublean

@ @y . @y
b b ... b,
L L o Ly,
et 8" résultunte de Lordre i—1 formée avec les termes compris
dans le tableaw
S(xah) S(xad) ... S(xaph,.,)
S(xaw) S(Eue) ... S(Eueiy)
S(xad) S(xals) ... S(xaly).
La résultante s” sera égule & s, au fucteur prés ay * en sorte
quon aura s”"=uy " s.”

This is one form of the theorem afterwards well known as
effecting the transformation of any determinant into one of the
next lower order. It may be viewed as a case of Hermite's
result of the year 1849.

On p. 17 particular cases cease to be considered, and the
multiplication of an array of 4 rows and 2i columns by a similar
array is taken up, with a result in accordance with that arrived
at by Binet and Cauchy in 1812. From this result, by specialisa-
tion, the ordinary multiplication-theorem is then deduced, and
with it (Chio’s “ théoreine ix.”) the first part of the memoir closes.

The second part, which begins on p. 23, concerns the solving
of a set of 2n equations of a type which will be sufficiently
specified by giving the set where 2 =3, namely,

z +y +z d,
xf +yn +2¢ = d,
2+ yn*+2§% = d,

2+ yn+2{° = dg).
The connection of this with what precedes consists in the fact,
arrived at by Sylvester in his solution of the problem of the
canonisation of the quintic, that £ 5, ¢ are then the roots of
the equation in w
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dy—od, dy—wd, d,—od,
dy—od, d,—wd, dy—od, | = 0.
dy—wdy di—wd, di—od;

SPOTTISWOODE, W. (1853).

[Elementary theorems relating to determinants. Second edition,
rewritten and much enlarged by the author. Crelle’s
Jouwrnal, 1i. pp. 209-271, 328-381.]

A more correct description of Spottiswoode’s second edition
would be rearranged, partly rewritten, and much enlarged, the
majority of the titles of the old seetions or chapters occurring
again but in a different order, the majority of the sections being
enlarged, and two or three new scctions being inserted. Although
the total increase of matter is from 71 pages to 117, there is com-
paratively little to be noted concerning general determinants.

In §2, which bears the title “ Addition and Subtraction of
Determinants,” the following appears (p. 232) for the first
time :—THEOREM ix. The sum of two determinants in which i
rows (on a certuin level) are respectively equal, is equal to the
determinant whose i minors on the auforesaid level are identical
with the corresponding i* minors of euch of the two given
determinants, und whose (n—1)* complementary minors are
respectively the sum of the complementary minors of the given
determinants. No instance is given where the two determinants
have more than one row different.

In §4, which deals with the multiplication of determinants,
much space (pp. 238-248) is given to Sylvester’s theorem of
1852 (October).  Spottiswoode’s own mode of treating the subject
18 to begin apparently with the two factors and arrive at the
product, whereas in reality” the opposite is the case. For
example, his proof that

¢a aa’ aad’ b ¢

@ b ¢ a B v C’;’a a/al a,/a” br cr
al b; C’ . ar ,6, Y’ = ( (4”(1 a//a; ¢ L"a" bll cll
¢ l:” b” C” a// B” Y” B B’ BI'
, ’r
Y b4 Y

M.D. I, ¥
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essentially consists in expanding the right-hand determinant in
terms of minors formed from the first three rows and minors
formed from the last two rows. His other fresh proof is
dependent on the connection between determinants and simul-
taneous linear equations. Taking the two sets of equations
ar +ody+a’z = ww, +buy +ouy = v
Bx+By+B"2 = uz}» wu, +buy +cuy = 'vg}
ye+yy+y'z = u, @“u,+ 0"yt "ug = v
and substituting for w,, u,, u,, in the second set and solving,
there is obtained for = an expression whose denominator is
known to be

a b ¢ a da a
’ ’ 4 4 /4

a U . B8 B
” b'l ,7/ 4 ”

o ¢ Y v v

In the second place, by substituting for «, only there is obtained
aax +aa’y +aa’z +bu, +eu; = v,
dax +a'ay +a'a"z +buy +cuy = v,

”n_rn

a’ax+a"dy+a"a"z+b"u,+c"ug = vy
Be+ By+ B2— w =0
ye+ Yy+ vz - u=0]
whence comes for 2 an expression whose denominator is
aa aad aa” b ¢

a¢a ad aa” b
«’a «’d a’a” b "
g B B8 -1 .
y v ¥ . -1
A comparison of the two denominators is supposed to establish
the desired result; but, although the dropping of the two
negative units in the five-line determinant is quite justifiable, no
allusion is made to it. It may be added that Sylvester’s umbral
notation is used throughout in dealing with the subjects just
referred to,
1 2...n 11) (12) ... (In) |
{1 2 ... n} or 1@ (22) ... (2n)

('n,l; '(n2) ceo (nm)
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being used for one of the two determinants, and

2 ... 1wy @2y ... (ny
{1' ... n} o1y (22) ... (2n)

(nl)y (n2) ... (nny
for the other. The reading is thus rendered tiresome, and in-
accurate printing exaggerates the trouble.

In §8 (pp. 335-337) Sylvester’s proposition of the year 1850
regarding the vanishing of the minors of a non-quadrate matrix
is attempted to be proved. The matrix being, for example,

11 12 13 14 15 16 17

21 22 23 24 25 26 27 or {l 234567}
31 32 33 34 35 36 37 1234

41 42 43 44 45 46 47

and {rstu} being the determinant whose columns are identical
with the 7, s, ¢ 4™ columns of the matrix, it is required to
show that if the minors {1234}, {1235}, {1236}, {1287} vanish,
the thirty-one other four-line minors of the matrix must vanish
also. In support of this Spottiswoode says truly enough that if

A, B C D

_{1231 {1231 __{123} {123}
234)7 L134)° 124)° 128)°

we know that

{1234} = 14-A + 24-B + 34-C + 44-D,

{1235} = 15-A 4+ 25-B + 35-C + 45-D,

{1286} = 16-A 4+ 26-B + 36-C + 46-D,

{1237} = 17-A + 27.B 4+ 37-C 4+ 47-D;
but then to this he merely adds, “and, if these vanish, it is
obvious that by direct elimination all the others may be at once
deduced.” He notes in addition that in the case of the matrix

{12349...%} 11 12 13 14 ... 1n
12 21 22 23 24 ... 2n

the vanishing of

bar foh Lo Gis)

stand for
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if brought about by the vanishing of 11 and 21 will not ensure
the vanishing of the other 2-line minors of the matrix; but he
does not see that the vanishing of {1234}, {1235}, {1236}, {1237}
in the previous example, if brought about by the vanishing of
A, B, C, D, will be equally ineffectual.

GRASSMANN [H.] (1854, February, April).

[Sur les différents genres de multiplication. Crelles Jowrn.,
xlix. pp. 123-141.]
[Extrait d'un mémoire de M. Grassmann. Comptes rendus . . .
Acad. des Sei. (Paris), xxxviii. pp. 743-744.]

Grassmann, having become aware of Cauchy's three communi-
cations to the French Academy in January of 1853, claims that
the principles there established and the results deduced are
absolutely the same as those published by himself in 1844. He
says (p. 127), “Les clefs algébriques de M. Cauchy ne sont au
fond que les unités relatives; et scs facteurs symboliques con-
viennent, du moins dans un certain rapport, aux quantités
extensives telles que je les ai définies. La différence ne consiste
qu'en ce que M. Cauchy regarde les clefs algcbriques seulement
comme un moyen pour résoudre divers problemes de I'analyse et
de la mécanique et qui, les problémes étant résolus, disparaissent,
tandis que d’aprés les principes établis par moi, on est en état, &
chaque pas du procédé, d’attribuer une signitication indépendante
aux unités relatives et aux quantités qui en sont composées,
qu’elle que soit d’ailleurs la marche que l'on suive.”

MAJO, L. DE (1854, March).

[Metodi e formole generali per I’ eliminazione nelle equazioni
di primo grado. Memorie ... Accad. delle Sci. (Napoli),
i. pp. 101-116.]

This is a carefully written but curiously belated exposition,
the author apparently being quite out of touch with the writers
of his own time, and possibly not familiar with any of the older
writers save Cramer, Bezout, and Hindenburg. In the first six
pages he defines “il polinomio P,,(¢byc; . . . 85) ” after the fashion
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of Bezout (1764), and gives one or two very elementary properties
of it. The remaining ten pages are occupied with simultaneous
linear equations, and are notable as containing (§§ 15-19) a clear
exposition of Bezout’s peculiar rule-of-thumb process of 1779.
Herein lies the value of the paper, Majo being not only the first
since Hindenburg to recall atténtion to a neglected process of
real practical value, but also the first to give (§ 16) a reason for
its validity.

CAYLEY, A. (1854, May).

[Remarques sur la notation des fonctions algébriques. Crelle’s
Journal, 1 pp. 282-285; or Collected Math. Papers, ii.
pp. 185-188.]

The notation referred to is that of matrices, and is exemplified by
(a ag ag)

Bl B 2 B 3

Yi Y2 Vsl

a matrix being defined as a system of quantities arranged in

the form of a square, but otherwise quite independent. With
its help the set of equations

£ = axtaytags }

n = bx+by +by
§ = ce+cy +egz
may, he says, be written in the form

En=(w a a3y 2),
b, b, b
¢, C G

and consequently the solution of the sct in the form

@,y z2=(A B C¥&an )
A A A
A, B, G
A A A
A By G
A A A
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The latter matrix he calls the inverse of the former, and is
naturally led to propose that it be denoted by

(@ ay ag)?
b, b, b
6, G G

Next, supposing that along with the original set there exists the set
Yy 2={a a a38X, Y, Z),

B B: Bs

Y1 Y2 Vs

so that by substitution £, 5, { are expressible in terms of X, Y, Z,

Cayley is led by comparison of the old and the new notations to

the conception of the product of two matrices, and to the use of
(@ ay ag§a; a

bl b2 b3 Bl B2

6, G C3 ||V Y2

ag )
Bs
Vs

for

( (au9038 0,8,y,)
(bybyb4 % a8y
(¢ 5¢38 a181y1)

(1 0gtg § agByy5)
(b1 byb, § 0, B,y5)
(€1¢5¢3 § ap By )

(2,503 § agB3ys) )
(N bzba agBsys)
(e163¢3 8 aBsys) |-

Lastly, he explains his related notations for lineo-linear functions
and quantics.* These we need only exemplify by saying that

(ay ay a3 8¢ 9 {i 9y, 2), (a b gz vy, 2)%
by b, b L b f
6 G G g9 [ ¢
are made to stand for
(2, &+ agm+al)x
+(byf+ b+ b))y  and  aa?+by?+c?+ 2fyz+ 292x 4 2hay
+( €+ e+ csf)z

respectively, and that the latter is also denoted by
(@, b, ¢ f, g, h}z, y, 2)%

*Cayley’s first memoir on quantics was presented to the Royal Society of
London on 20th April, and this paper on the notation of matrices is the first
of five which appeared together in Crelle's Journal with the date 24th May
affixed by the author.
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and the binary cubics

ax® + 3bax?y + 3cxy® + dyd, ax® + baty + cxy® + dy?
by (@, b, ¢, dYx, y), (a, b, ¢, dYx, y)®
respectively.

We may suggest for consideration in passing the following order
of ideas, as leading up to Cayley’s contracted mode of writing
a set of linear equations. First, a row of separate quantities, e.g.
(4 b, ¢, ...); second, the statement of the identity of two rows,
eg. (4, b,¢,...)= (2,9, % ... ), orsimply a, b,¢,... = 2,9, 2,...;
third, the so-called product of two rows, eg. (@, b,¢,...§2,9, 2,...);
fourth, a square of separate quantities, i.e. a matrix; fifth, the
result of multiplying a matrix and a row being a row. It is
unfortunate that, from the point of view of notation merely,
this does not at once suggest, in the sixth place, the result of
multiplying two matrices, where, as Cayley is careful to point
out, the multiplication is row-by-column and not row-by-row.

BRIOSCHI, F. (1854).

[LAa TeoricA DEI DETERMINANTI, E LE SUE PRINCIPALI APPLICA-
zIONI; del Dr. Francesco Brioschi; viii4+116 pp.; Pavia.
Translation into French, by Combescure ; ix+ 216 pp.; Paris,
1856. Translation into German, by Schellbach; vii+ 102 pp.;
Berlin, 1856.]

This, the second separately-published text-book on deter-
minants, is mainly on the same lines as the first, but is marked
by greater attention to verbal and logical accuracy. It consists
of an historical preface and eleven short chapters or sections,
seven of the latter being devoted to determinants in general,
and the remaining four to special forms.

Sylvester’s umbral notation is given in the form

o, ay oo a,|

but is not afterwards ewmployed. The same author’s term
“minor” (minore) is adopted, this being represented in the
French translation by “ mineur,” and in the German by “ Unter-
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determinante.” “Complete” is used as opposed to “minor,” and
“ principal minor ” for what nowadays we call “coaxial.”

Conspicuously frequent use is made of differentiation in the
specification of minors; and it is well to note that, though
the work in this way becomes cumbrous, there is a certain
effectiveness attained by the usage. Thus, A standing for
Z(£a Qg - - - ), Brioschi, like Jacobi, obtains

°A %A ?A )
dan = 0 T ae, Tt e 5,
2A A A

a—ﬁ;:(lﬂam-{- 0 +""+a’”m>
°A BZA %A
'a"a’_; h ﬂaa’maa'sl +a maa‘rnaa’ﬂ Feet 0 /s

and then, by using the multipliers a,y, a4, . . ., ¢, and adding,

finds
Ay Qpy %A

Olhyy O

%A
ac"rl aa’.ﬂ

%A
00t Oy

a‘rl ars a’r.n—l Ay

H

Ty Qg Qg1 Usn

Ay Qg

which is Laplace’s expansion-theorem for the case where the
minors of one set are of the second order. The remaining cases, \
he says, can be established in the same way.

Again, having proved the multiplication-theorem (row-by-row)

PQ =R,
where
P=3(xa,0p...0,), Q= 2(xb,by...0,),

R = Z(xeyto ... Cha)
he obtains by differentiation with respect to elements of P,

_ 3R 3R
aanQ bls+ﬁ;b2s+---+%—ml)ns; (1)
o*P b b 2*R
Lo 8 , 2
aam pa‘Q E 2 b_:/a' byu acryacp.t ( )

and by twice differentiating with respect to an element of P and
an element of Q,
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_?_I.’_ 1Q_ - .@ _BQ 2 2 Aza ““ >R (3)
Oty abpw aaro' abpl yo ys acryacpx

Taking n=4 and 7, 3, p, =1, 2, 8, 4, we can best illustrate these

by writing them thus :—

— [ty gy Wy |+ | by g bgy by | =

| @y g+ | by bog by by | =

| oy gy By | | gy gy g |

| Dyy bog byy| [ Dyq bog bys

b1z bys bgs byy
1 Cg) Cyp Cog Cgy
' C31 Cgq Cg3 C3y
Cq Cyo Cq3 Cyy;

’
=bylep e eyl —...., (1)
by by byy by
Co1 Ca2 Cag Cy4
by by by, by,
Ca1 Caz Cuy Oy
» 4
— by baul - legg eyl +. ..., (2)
bm bzz : b42' - b14 b-z4 . bu
Op1 Coy Moy Coq | Cgp Cap Uiy Cog
Cg1 U3z U3y C3y C31 Cgz gy C34
Ca1 Cyp Mgy Cyy Ca1 Caz g9 Cyy
4
— |ty bysl-[eg e+ (3)

The right-hand member of (1) is equivalent to a direction to
substitute for the »** row of R the s column of Q: similarly,
the right-hand member of (2) is a direction, though not so
evident, to substitute for the " and p* rows of R the s and o'
columns of Q; and it is clear that (1) and (2) are but the first
two identities of many. On the other hand, (3) is quite diverse
in character, being got by the combination of two results
analogous to (2). This is best brought out by noting that in
the examples the right-hand members of (1) and (2') are got

by multiplying
' 1 1
Uy G Gy Gy | g | Y2 Go3 Oy
Mg Uge Qgg Ogy 1
Gy Gy gy Ay Uy Gy Qg Oy |
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respectively by |b;; by, b by, |; and that similarly the two four-
line determinants on the right of (3) are got by multiplying

1 . . b, by by by

Agy Qgy Gyg Uy by by by by by

Qg Qg Ugg G, .

Oy Uy Qug Uy by by by b44

and

1 by by by bn |

Ay gy Loy Gy by by by by by !

Mgy Ugy gy Uy 1 :

Ay Uy gy Uy by by by by l

It should be carefully noted also that, while in (2) the number of
terms in the development is }n(n—1), in (3) the number is

(n—-1)%
Lastly, putting
oP 2P °oP )
buau ) + blzaam +. .+ bl"'a(t = Hrl
oP oP oP
oy b ¥ b =
P oP BP
bmaa'rl + bnza +....+ brma—a:; = I-IrnJ

so that H,, stands for what P becomes when its 7" row is re-
placed by the s® row of Q, and using the multipliers 2Q/2b,,,

9Q/3by,, . . . . , 0Q/db,,; prior to addition, Brioschi obtains
BP 2Q Q Q
Qa—a;l = Hﬂabn + Hﬂ% + « s e +Hrn§z)_‘”l)
and similarly
oP 2Q Q oQ
3a,, — Dnap. T Hﬂabﬂ +oo HHL
oP _ g 2Q ?_9_ Q
Qa_d_m - Hﬂa_bl; + Hrzabgu Feee +Hmabnn.
With this derived set of equations the multipliers a,,, @y, . . . , Gy

are then used, and addition performed, the result being Sylvester’s
theorem of 1839, namely,
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QP = HrlKrl +H. K, +.... + H,.K,.,

where K,, stands for what Q becomes when its s row is re-
placed by the #** row of P.¥

In his treatment of the minors of the adjugate determinant
Brioschi (pp. 86-39) closely follows Spottiswoode ; that is to say,
from & set of linear equations he derives one result, then from
the adjugate set another result, and finally draws a deduction
from a comparison of the two. His thus obtained extension
of Spottiswoode’s theoremn is open to the same criticism as
Spottiswoode’s extension of Jacobi’s.

The section (§7) on “ determinanti di determinanti” is founded
on Cauchy, and contains known extensions of two or three
theorems above given in the notation of differentiation.

CANTOR [M. B.] (1855, March).

[Théoréme sur les déterminants Cramériens. Nouwv. Annales de
Math. (1), xiv. pp. 113-114.]

The theorem in question may be formulated thus—If the
permutations of 1,2,3,. . .n be arranged in order of magnitude
as if they were integral numbers, the sign of the k'™ permutation
is independent of n. Reference is appropriately made to Reiss’
paper of 1825, but the theorem is virtually contained in Hinder-
burg’s rule of the year 1784.

Another author who dealt with the ‘rule of signs’ in this
year was Mainardi ; his paper is referred to along with a kindred
one by Zehfuss of the year 1858.

* Brioschi does not note the independent importance of his second set of
equations, which may be condensed into

o «Q N
Qcaﬂ Hn= T + Hﬂdb& +... +Hmd)m’
and which, when r, s=1, . and 2=3, is ’
0183831 1pp o 0g 9 By B2 B3 ey ; NY27s
Bi BB |. c:cs by by by | . | btbz":: ‘ s 3! by b, by |ﬁnﬂa‘
N7 € G €3 ) €3 €3 16 C3

This, however, may be viewed also as a case of Sylvester’s theorem, namely,
where the first row of P is 1, 0, 0.
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CAUCHY, A. L. (1856, Feb.).

[Sur une formule trés-simple et trés-général ... . Comptes rendus
.... Acad. des Sci. (Paris), xlii. pp. 366-874; or Buvres
complétes (1), xii. pp. 302-311.]

The main theorem concerns the set of equations
r=n

Ay + Qa4 . . +a,.,,,ac,,,=u,,}

r=1

where the number m of unknowns is greater than the number
of equations, and the other theorem deals with the case of this
where the w’s all vanish. The weapons employed in the discussion
are the ‘produit symbolique’ of the u’s and ¢ clefs algébriques,’ or
 clefs anastrophiques’ as they are now called. The paper may be
compared with Sylvester’s of the year 1839 on ¢ the derivation of
coexistence.’

HERMITE, C. (1856).

[Sur la théorie des polynomes homogénes du second degré. Note
vi. (pp. 154-190) of Programme .... &’ Arithmétique, d' Al-
gébre et de Géométrie Anulytique, .... par MM. Gerono et
Roguet : 4¢ éd. 215 pp. Paris]

This note of thirty-seven pages, which is said to be ‘d’apres
M. Hermite, consists of five sections, the first of which (pp.
154-157) deals expressly and the others incidentally with dé-
terminants. The latter sections concern the invariance of the
discriminant (called ‘the invariant’), orthogonal transformation,
ete., and are simply but suggestively written.

HEGER, I (1856, July).

[Ueber die Auflésung eines Systemes von mehreren unbestimmten
Gleichungen des ersten Grades in ganzen Zahlen. Denkschr.
d. k. Akad. d. Wiss. (Wien): math.-naturw. CL, xiv. (2),
pp- 1-122.]
Although in this lengthy paper the vanishing of the deter-
minants of a 2-by-n array is repeatedly under consideration
(eg. § 24, p. 87), nothing new on the subject presents itself.
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SCHLOMILCH, O. (1856).

[Brioschi’s Theorie der Determinante und ihre hauptsichlichsten
Anwendungen. Zeitschrift f. Math. w. Phys., 1. Litera-
turzeitung, pp. 80-87.]

After a faithful account of Schellbach’s translation of Brioschi’s
text-book, Schlomilch inveighs against the adoption of “die
miserable englische Terminologie,” instancing Unterdeterminande,
Determinante mit veciproken Lklementen, and Hessian, for the
last of which he proposes to substitute “ Inflexionsdeterminante.”

RUBINT, R. (1857, May).

[Applicazione della tcorica dei determinanti. Annali de Sei.
mat. e fis., viii. pp. 179-200.]

This resembles Chio’s paper of 1853, having the same funda-
mental theorem, but different illustrative examples. In the mere
enunciation of the theorem Rubini is the more successful. Taking
the n-line determinant whose element in the place »8 is «,,+b,,,
and denoting by A the determinant of the «'s, and by A, a
determinant obtainable from A on substituting for » columns of
«’s the corresponding » columns of b’s, he writes the expansion in
the form

A4+ZA+SA+ .. .. +ZA, 44,

BELLAVITTS, G. (1857, June).

[Sposizione elementare della teorica dei determinante. Memorie
... Istituto Veneto, ... vii. pp. 67-144.]

Notwithstanding its place of publication, this writing of
Bellavitis’ is exactly what its title implies; and as a text-book
it could scarcely have failed to be useful, so simple and clear
is it in style. It consists of two chapters, one on determinants
in general (pp. 3-30), and one on special forms (pp. 30-72): a
note of six pages on permutations appears as an appendix.

To Bellavitis we owe the modification of Laplace’s notation
which is now in common use. The passage introducing it is:
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“Quando gli elementi sieno indicati in modo che chiaramente
apparisca la loro formazione, noi porremo tra le due | ' i soli
elementi della diagonale (intendendo sempre per diagonale
quella da sinistra verso destra descendendo). Cosi

|@ydoty .. .| equivalerd a | ¢; b, ¢
a, by, ¢
ag by ¢

|alMa?| equivalerd a | a o

’ !
a®

”»

, ec.

Throughout the exposition this notation is employed. “Riga”
he uses either for a “fila orizzontale” or a “fila verticale,” and
“colonna” for a “fila perpendicolare a quella che sintese per
riga.”

Two well-known developments he specifies thus :—

@byt - . .| = (“1aa +blab +013. +. ) | apbyes - . . |,
|abyes ... 1| = (ulaa +"'»bxa( ab —~+ . +“‘hlaa an

+agh, adsab1+ e +“3]‘1563’5E

Ca Ca
+a,nblaa o, + . +“"’”laZi;aE) |asbyCy .. By

In reference to determinants with binomial elements (§ 13) he
says: “Compiendo questo sviluppo si ottiene la formula

loyta be+By estysl = g by e +{ay by va| 4|y By 5|+ ]y By v
+lay by e+ ay by vs|+ | oy By o5|+] ay By sl
che & facile da tenersi a memoria per la sua perfetta analogia
collo sviluppo del prodotto di tre binomii.”
After giving a sufficient condition for the vanishing of a
determinant, he enunciates (§15) the converse, namely, When a

determinant vanishes, one of the rows is cqual to a sum of
multiples of the other rows, basing its validity on the fact that



DETERMINANTS IN GENERAL (BELLAVITIS, 1857) 95

the multipliers referred to can actually be found by solving a
set of simultaneous linear equations. '
The multiplication-theorem for determinants A,, A, of the third
order he secks to establish (§ 81) by partitioning the product-
determinant into twenty-seven determinants, and showing that
the sum of the six which do not vanish is A A,.
Chio’s theorem of 1853 is introduced (§ 38) by noting that the

resultant of am+by+e, = 0 (r=12.3)

may be viewed as the resultant of
laybgly + [a; 6] = 0}
la, bsly + |ayes| = 0),
and that therefore
@y by] [ay ¢

must be a multiple of |«, b, ¢,|.
[ay bg| [ay e P ‘ b 5|

That it is so he proves by diminishing the 2nd and 3rd columns
of | a; b, ¢, | by b/, times the 1st column and c,/a, times the
1st column respectively. Further, he points out (§§39, 40) a
practical application, namely, in evaluating a determinant whose
elements are given in figures.

The adjugate determinant (unfortunately renamed associato)
is dealt with (§§ 55-58) in connection with the solution of a set
of simultaneous linear equations, the special cases being con-
sidered where the determinant of the set is 1 and 0. In the
former special case he notes the theorem, The adjugate of the
product of two unit determinants is identicul in all its elements
with the product of the adjugates of the suid determinants;
and in the latter the theorem all but reached by Jacobi in 1835
and 1841, In « zero determinant the cofuctors of the elements of
a row are proportionul to the cofactovs of the elements of uny
other row.

Cauchy’s “clefs algébriques ” (chicvi algebriche) are expounded
at some length (§§ 81-88).

In the last three paragraphs he draws attention to the existence
of expressions which may be viewed as “ determinanti simbolici,”
his first kind being those in which symbols of differentiation take
the place of elements; e.g. the negative of the expression
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3Q R\ .(oR oP P 2Q
P(az ay)+Q(§m“é“z>+R 5};'%)

whose vanishing is the condition for the derivability of the
equation
Pox + Qoy + Roz = 0

from a single primitive, is denoted by
G

P2R|
T

—a notation which is even less satisfactory than that for which
it is a contraction, namely,

o)
P,é-a—cP

3]
Q’a—yQ

)
RER.

The other kind of expressions originated with Binet, who in
1812 gave the identities

Sab’ = SuZb — Sab,
Sab'c” = SaZbZc + 23ube — 2aZbe — ZhZew — ZcZab;

but in this case, though the close resemblance of the right-hand
expressions to the developments of axisymmetric determinants
is pointed out, no notation founded on the fact is suggested.

As an appendix there is a note on permutations, explaining
circular substitutions, interchanges (alfernazioni), inversions of
order (rovesciamenti d’ordine), and their relations to one another.
Cauchy’s sign-rule depending on the number of circular sub-
stitutions is replaced by a simpler rule, which requires the
counting of only the even circular substitutions. Thus the
permutation 3265417 being got from the standard permutation
1234567 by means of the circular substitutions

(316), (2), (54), (),

and only one of these being even, the sign of 3265417 is (— ).
Bellavitis' enunciation is: “ Il numero delle alternazioni, con
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cub una disposizione pud mutarsi in wn’ altra & pari o dispari
1nsieme col numero di tutte le sostituzioni binomie, quadrinomie,

sestinomie, ecc. che occorrono per passare da wna disposizione
all’ altra.”

BALTZER, R. (1857).

[THEORIE UND ANWENDUNG DER DETERMINANTEN, mit Beziehung

auf die Originalquellen, dargestellt von Dr. Richard Baltzer

.; vi4+129 pp.; Leipzig. French translation by J. Houel,
xii+4235 pp.; Paris, 1861.]

The good qualitics spoken of above as belonging to Brioschi’s
text-book are still more conspicuous in the German text-book
of three years later, and the historical footnotes in Baltzer’s give
it a special additional value. The theory is dealt with in eight
little chapters or sections, and the so-called applications in ten;
several of the latter, however, might quite well have been classed
.with the former, as they are merely concerned with determinants
of special form.

The first section corresponds closely in subject with Bellavitis’
appendix : and in connection therewith may be noted Baltzer’s
remark (§2,3) that any term got from the diagonal term by
substituting k,, k,, ..., k, for the second suffizes 1,2, ..., n
may also be got by substituting 1,2, ..., n for k;, k,, ..
in the set of first suffizes.

Brioschi’s mode of proving Sylvester’s theorem of 1839 is
improved upon (§3,11) by taking Q one order lower than P,
and using the multipliers 9Q/oby,, 2Q/0by, ..., 2Q/0b,_,, on
the identities

. ky

oP oP oP )
allé?l:]_ + amaa;,' +.... + (Izlngll;l =0

oP oP oP
a2laa:; + “’22375;; +oooot th'au’ 4

nn

I

oP ob oP
n—lylaa + Ap—y, 23, . +....+ a‘n-l-'n_“;;. =0
n ou
M.D. II. G
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the result of addition then being

2 3Q \ @
(“nat? "'“ﬂab +- "”ﬂ-l-labf1 1) "
oQ Q Q P
+ (ougpt gt +“n-l-2"a—b,,_l,) B
2Q 2Q BQ
+ (“lnabn*'“%é“b;]*' F gy 1) B0, = O

which, if we bear in mind what single determmants the ex-
pressions in brackets stand for, is seen to be Sylvester’s theorem
in its alternative form as the assertion of the vanishing of an
aggregate of products of pairs of determinants.

Of Jacobi’s theorem regarding any coaxial minor of the
adjugate an obvious extension is made (§ 7, 2), namely, Any m®
order minor of the adjugate of any determinant A is equal to
the product obtuined by multiplying the cofactor of the corre-
sponding minor in A by A™'. The mode of proof followed in
Cayley’s of 1843.

The theorem formulated by Bellavitis regarding a zero deter-
minant is appropriately based (§7,5) on the vanishing of the
two-line minors of the adjugate determinant—a course suggested
by what Lebesgue did in 1837.

Cayley’s development of 1847 is well stated (§ 8, 6) in the form

D + ZayD; + Zau0,Dy + Zauouy@y Dy + - - - + gy, . . ayy,

where D is what the given determinant becomes when all its
diagonal elements are made 0, and D, is the minor of D got
by deleting the 4%, &*h, . .. rows and the i*», k*, ... columns; and
the proof consists in showing that no term is thus neglected or
repeated.

NEWMAN, F. (1857).

[On determinants, better called eliminants. Proceedings Roy.
Soc. London, viii. pp. 426-431; or Philos. Mayazine (4),
xiv. p. 392.]

The author’s object was merely to recommend the introduction
of the subject into elementary text-books.
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DEL GROSSO, R. (1857).

[Sulla regola secondo la quale debbono procedere i segni nello
sviluppo d'un determinante in prodotti di determinanti
minori. Rendic. . .. Accad. Pontaniana (Napoli), Ann, v.
pp- 196-198. Sce also pp. 198-206.]

When a determinant is expressed in accordance with Laplace’s
theorem as an aggregate of products of complementary minors,
Del Grosso directs that the sign of any product is to be (—1)e,
where ¢ is the sumn of the odd row-numbers and odd column-
numbers of one of the factors. The rule is not stated with
sufficient care, and the author in reaching it concludes too
hastily that the simplest case is all that need be established.

JANNI, G. (1858).

[Sagero b1 uNA TEoricA ELEMENTARE DE' DETERMINANTI, del
Sacerdote Giuseppe Janni.... 40 pp. Napoli.]

Janni’s professed object was to make determinants more readily
accessible, previous text-books having, he says, either totally
neglected demonstrations or used those of great difficulty. He
speaks of the work as the first of a series, and its contents
certainly look like the first five chapters of a text-book planned
on a fairly large scale. The theorems, twenty-three in number,
are carefully enunciated and are printed in italics; but, although
the proofs receive every attention, it is very doubtful whether
the object aimed at was to any extent accomplished. There is
at any rate nothing sufficiently fresh in the treatment to warrant
attention here.

ZEHFUSS, G. (1858).

[Ueber die Auflssung der linearen endlichen Differenzengleich-
ungen mit variabeln Coeflicienten. Zeitschrift f. Math. w.
Phlys., iii. pp. 175-177.]

His solution suggests to Zehfuss the remark (p. 177) that every
determinant can be expressed as a multiple integral. It will
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suffice to give the result in the case of a determinant of the 4th
order. Denoting cos 27rf++/—1sin 270 by 1% and putting P for
11817 12 (12— 1") (1P - 1. (1* =1 (1" = 1%)(1"—1%) (17 - 1)
and Q for
(a17* +0,17F 40177 +d,17%)
X (@172 40,17 %P 4,17 +d,17%)
X (gl "% 4Dyl ~F 4,17 - d17%)
X (1™ +b,1 4,17 4+d,17%),
Zehfuss says that
“aepl
S = agbycad, = j j j PQ da dB dy ds.
ld
He does not, however, note in passing that
P=1]1* 17 1 1°]
1% |2 1> ¥ !
1 1% 1> 1®
1% 8 1 18 i

(S

BELLAVITIS, G. (1858, June).

[Studii sulle Memorie pubblicate dal Prof. Mainardi negli Atti
del’ i. r. Istituto Lombardo, vol. i, 1855, p. 90.  Atti ...
Istituto Veneto ... An. 1857-58, pp. 623-629.]

One note (p. 627), closely following Sylvester’s paper of 1840,

points out that if the equations
a+br +cx? = 0}
a+ B+ yat+ da® =0
have a common root, it is given by the equation
a+br ¢
a+pBx vy 6
ar b ¢

and if the equations
a+bx + cx?+ da® = 0}
a+ Bz + yat+ 00 + ext = 0
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have two common roots, these roots are given by the equation*

a+bxr +cx d .
a+ Bx+ya? 6 e§=0.
ar +bx?2 ¢ d’

' Another note (pp. 627-628), in view of Mainardi’s ‘regola’
above referred to, very properly draws attention to the rule
given in the appendix to Bellavitis’ Sposizione of 1857.

ZEHFUSS, G. (1858): MAINARDI, G. (1855).

[Ueber die Zeichen der einzelnen Glieder einer Determinante.
Zeitschrift f. Math. w. Phys., iii. pp. 249-250.]

[Una regola per attribuire il segno proprio ad ogni parte di un
determinante numerico. Attt ... Istituto Lombardo (Milano),
i. pp. 105-106.]

Neither of these communications is of importance. Zehfuss,
using the recurrent law of formation and giving “dérangement ”
the very opposite of its original meaning, so that the principal
term of an n-line determinant has }n(n—1) derangements, seeks
to show that the sign of any other term having u derangements
is (—1)im-D-,

Mainardi, employing Cauchy’s “clefs algébriques,” finds him-
self also face to face with derangements, and seriously advises
that in counting them we should say, not 1, 2, 3, 4, 5, . . ., but
1,2,1,21,...,the sign being — or + according as we end with
1or2.

GALLENKAMP, W. (1858).

[Die einfachsten Eigenschaften und Anwendungen der Deter-
minanten. 12 pp. Sch. Progr. Duisburg.]

A workmanlike twelve-page exposition.

*No reference is made by either Sylvester or Bellavitis to the two other
similarly derivable quadratics
b+cx+de* a .
a+br+ce? . d
B+yx+d8x* a €

¢+ dz a b
b+cr+dax? . a
y+or+ex® a B

=0, = 0.
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SPERLING, I. (1858).

[Teorija opredélitelej i eja vasndjsija prilofenija. C. 1. St.
Petersburg.]

This dissertation I have failed to see. In English the title is,
The Theory of Determinants and its most important applications.
The letters used here in transliterating the Russian title have
German values.

ZEHFUSS, G. (1858).

[Ueber eine gewisse Determinante. Zeitschrift f. Math. wu.
Phys., iii. pp. 298-301.]

From two sets of simultaneous linear equations

wr+by+ez+dw=0 (r=1,234)
w4y =0 (r=1,2)
there arises by multiplication a set of eight equations in
xx, yx, 2, wr, xzy, yy, zy, wy,
whose determinant, A say, must contain as factors the deter-

minants D,, D, of the original sets. This observation leads
Zehfuss to consider generally such determinants as

Gy ey by by ey ey dipy dpy
Ay Ay by by ey ey dipy  dy,
dopty ¥y by by Copy cy douy  dyy
Uty  Og¥y Dopty  byy  couy vy oy dyy,
agiy gy by, by ey ey dguy  dgy
Uiy Ogvy Doy by couy cgry  dguy  dgy,
Uy agy by by ey ey dpy dy
Wy gy by by, ey ey, duy, dy,
where the elements of D, are repeated 4? times and each time are
associated with a different element of D,. Multiplying the first
and second columns by 9D,/3u,, the third and fourth by oD,/ob,,

the fifth and sixth by 0D,/dc,, the seventh and eighth by
oD,/od,, and performing two additions we obtain

v.e. Dy,
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Ayo = | D, Dy b, ... dpy [+
Dy, Dy, bipy .... dy,
. P AN

- (52

bopry « oo doyy
bguy ... dg,
bgug ... dgy
by oo dpyy
. e by . A,
D,?D
=(3) £ by ... doyy
(@1—4) boptg . oo gy
| bty oo v Ay |

But since the six-line determinant here is formed from °D,/da,
and D, just as D,., is formed from D, and D,, it follows that

oD,
(D,2D ,> D,
Ayp = —31-—-; 641) Cyfty .+ vn. gy
(a,h) <a(1,1’c)b ) Caty -+ ... Ay,
[ PR (A7
Cfty +vvv Ay |,
and ultimately ( 2D, )2
D S0 A D 2
A4-2 = (%*]?)—& ..... aal Z;’?S(IL
(au,1> (aal ob acsad>
= (YD

Had the orders of the original determinants been other than the
4" and 2" the result which would have been reached by an
exactly similar process is readily foreseen. The general result
we may formulate for ourselves as follows:—If P and Q be
determinants of the p* and q* orders respectively; and if P's
array of elements be written q* times, namely, q times in each
of q rows, thus forming a grand array of pq rows and pq
columms; and if every element of each of the sub-arrays be
multiplied by one and the same element of Q, the multiplier in
the case of the sub-urray in the place h,k being the element
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which occupies the corresponding place in Q; then the deter-
manant of the grand array is equal to PIQP.

SIMERKA, W. (1858).

[Bestimmte Gleichungen des ersten Grades mit n Unbekannten
gelost mittels der Permutationslehre. Sitzungsb. ... Acad.
d. Wiss. (Wien), xxxiji. pp. 277-281.]

The contents of this simply-written paper are quite in accord
with the title. The author writes as if nothing had ecver
previously been done on the subject. The common denominator
of the value of the «’s in

r=n

Qi+ Qs + . . o + W, = gr}

r=1

he denotes by B, ay . .. @,).

CASORATI, F. (1858, September).

[Intorno ad alcuni punti della teoria dei minimi quadrati.
Annali di Mot., i. pp. 329-343.]

The title here refers only to the latter half of the paper, the
other half being concerned with an auxiliary series of theorems
on the product-determinant. The first of these theorems is
avowedly old, being that which concerns the so-called product C
of two non-quadrate arrays

Un Qi Q3 .o Oy, by by by ... by
Qg Qogg Aoz oo Oy, by by by ... by,
a’ml amz “ms LB amm bml bmz bm3 e bmm

where 2 >m. The second, though not so spoken of, is only
new in form, and concerns any primary minor of C. Unfortu-
nately, Casorati does not observe that any primary minor of C
is a determinant formed exactly like C after omitting a row
from the first array and a row from the second, and that
therefore his second theorem is unnecessary. Further, his mode
of procedure leads him to an expression for a multiple of the
minor, namely, for
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2C
(’n —-m+ 1)5&; ’

and making an oversight similar to Hesse’s of 18583, he does not

divide both sides by n—m+1.
His third theorem,
C oC _9C 2C , 2C oC oC 2C

%, ~ 4, 36, T oug b, T V50, B,
is more worthy of note. The proof of it depends essentially on

substituting for C in the first factor of each term of the right-
hand member its equivalent,

oC oC oC
Oﬂal + 0,.25‘0"; +.... 4+ 0,.,,.50“-,
r rm

in which, it is important to note, the differential-quotients are

necessarily all independent of a,,, @,,,.... The said right-hand
member can then be transformed into
2C oC oC oC
(g Fag o+
2C aC oC 2C
+ 3, By Hbagy . +haay )
oC 2C oC 2C
+ absn (bi))ac,’-;+b2na'(,r2+ e +bm”acrn;>,
which, if addition be performed columnwise, becomes
0+0+...+C§S+0+...+0,
because of the fact that the theorem
2C oC o C r=3
"”ac,; + cﬂé—é; +....+ c”‘éc_m = 0} when re s

holds in reference to the a’s and b’s as well as to the ¢’s—a fact
which should be noted for other purposes, and which is readily
seen to be justifiable if we view C in its composite form AB and
bear in mind that the operation

2, .0, 2
as By +vs;t o



106  HISTORY OF THE THEORY OF DETERMINANTS

when performed on a homogeneous linear function of @, b, ¢, . . .
is equivalent to & substitution.

The case where the two given arrays are identical is formu-
lated, due care being taken with the differential-quotients because
of C becoming axisymmetric.

We have only to add that the form in which this new theorem
of Casorati’s is stated obscures to some extent its significance.
If we write the case of AB=C where m =38, n=4 in the form

a a, a; a, L L, L Sul Zam Zan
by b, by b, .| m my, mgy m, | =| bl Zbm Zbn
¢ C G ¢ no Mg Mg M, 2l Zem Zenm |,

then, freed from all reference to differentiation, the theorem for
the case r=2, 8=3 is

Zal Zam Jan

~ |28 Stm Sbn .| 22 Sem
Zel Zem Zen

Sal Tam Zan| | Zal Tam a,| |Zal Sam Zan| |Zel Zam a,

L, my my |-|26l Zbm b\ +| 1, my m,y |+| 2Dl Zbm b,

Tel Tem Zen | | Zel Zem c| | Zed Zem Zen | | Zel Zem ¢,
JZal Tum Zun | |Zal Zam a, 2l Zam Zan| | Zal Zam a,:

l, mg mg |-|2bl Zbm by|+| L, m, w, |-| 2l Zbm b,

el Tem Zen | |Zcl Zem ¢ |2l Zem Zen | | Zel Zem .

Further, no change but substitution is necessary on passing to
the case where the two original arrays are identical.

SALMON, G. (1859).

[Lessoxs INTRUDUCTORY To THE MoDERN HiGHER ALGEBRA. By
the Rev. George Salmon, A M.... xii+4147 pp. Dublin.]

The first three lessons (pp. 1-18) of this historically interesting
text-book are devoted to an elementary exposition of deter-
minants. The only fresh matter (§20) concerns the determinant
formed from

@ b e B
ay by 4y Ly
ag by, ug Py
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by row-by-row multiplication. This is shown to vanish, not by
pointing out that it contains at least one zero determinant of
the third order as a factor, but by partitioning it into eight
determinants with monomial elements, and showing that all the
eight vanish.*

Unfortunately, for terms of a determinant the word “ elements ”
is used, and for adjugate the word “reciprocal,” although the
elements of the adjugate are spoken of as the “inverse con-
stituents.”

SPERLING, J. F. DE (1860, April).

[Note sur un théoréme de M. Sylvester relatif & la transforma-
tion du produit de déterminants du méme ordre. Jowrn.
(de Liouville) de Math. . .. (2), v. pp. 121-126.]

This is a carefully formulated proof of Sylvester’s theorem
of 1839 and the extended theorem of 1851, the lines followed
being those suggested and illustrated by Cayley in 1843. Un-
fortunately, however, instead of extending Cayley’s method to
prove directly and at once the generalisation of 1851, Sperling
repeats Cayley’s proof of the simpler theorem, and then uses
the method of so-called mathematical induction to arrive at the
generalisation.

The two determinants whose product is the subject of discus-

*In using the notation '| || he is not more explicit than its author, Cayley.
If it were explained that
| @ @ a
by by by
stands for [anba |y |ayhyly, |aghy|,
it would readily follow that the statement
G G G
A
was short for laby ], |ayb;ly [aybs| =0, 0, 0;
and that o ay ay Il o ay ay
by by bl 1B By B

was short for
(mbils laabsl, laghg | §laBsls Tafsls 1a841),
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sion being | @y @g - - - @,y | 80d |byy by, . . . by, |, oOr, 52y, A and B
he forms the determinant

P { P . ceer v Oy by by ... by,

agl (lm R (’2' n—m agn b2l bﬂ LIS b%

Cpy Qg v+ Gy, e+ . ceer o Oy by by ... by
a’l,u—m+1 u/l, n—m+2 * al. n-1 Uy bll b12 L bln
Ug pemtt Uy nemt2 +» o« (bgnoy Oan Dy by ... by,
“n, n—m-+1 a’n, n-m+2 “n. n-1 ann bnl bﬂ2 oo bﬂﬁ ’

which, he says, is seen to vanish on trying to find Laplace’s
expansion of it in terms of minors formed from the last n+4-1
columns and the minors that are complementary of those.
Then, noting that the like outcome is not met with when
the boundary-line necessary for the application of the said
expansion-theorem is horizontal and bisects the determinant,
he sets about obtaining the terms of the latter development in
orderly fashion. Clearly, the first factors of those terms are
all alike as regards their first n—m columns, but the remaining
m columns may include another column of «’s or may not.
Making a separation of the terms in accordance with this dis-
tinction, and calling the one aggregate 2,_, and the other Z,,
where the suffix corresponds with the number of columns of b’s
appearing in each first factor, and therefore also with the
number of columns of «’s appearing in cach second factor,
Sperling gives evidence that X,,_, is Sylvester’s expansion for
| Gy g« « « Gy || b1 Dag . . . b, | when in the formation of it there
is an interchange of m—1 columns, that Z,, is the corresponding
expansion due to an interchange of m columns, and that the two
s occur with different signs. The conclusion is thus reached
that, if we have previously proved the identity AB = X, _,, the
identity AB = =,, must follow.

It is important to note in passing that if Sperling had put
zeros for @,,, Ugm, -+ Oy, in the second half of his 2n-line
determinant, its value then would have been, when obtained
in one way, (—1)»-?AB, and in another, (—1)"-1Z,,. He would
thus have made the natural extension of Cayley’s simple proof.



CHAPTER IIL
AXISYMMETRIC DETERMINANTS, FROM 1841 TO 1860.

UNDER the heading of axisymmetric determinants in our first
volume a reminder ought to have been given that the determinant
of the set of lincar equations reached by Bezout in his so-called
abridged method for eliminating the unknown between two
equations of the same degree is axisymmetric, the first appearance
of this special form being consequently thrown back to the year
1764 (see p. 317 of Bezout’s Recherches . ..). Further, it should
naturally thereafter have been recalled that the said axisymmetry
had been discussed by Jacobi in 1835 (see History, i. p. 214,
pp. 485-487) and by Cauchy in 1840 (sec History, i. pp. 242-243).

CAYLEY, A. (1841, May).

[On a theorem in the geometry of position. Cambridge Math.
Journ., ii. pp. 267-271 ; or Collected Math. Papers, i. pp. 1-4.]

A general account has already been given of this interesting
paper—interesting as regards the subject, and interesting as being
the author’s first "prentice effort. All that remains to be noticed
here is what may be called Cayley’s series of vanishing axisym-
metric determinants. These we may write in the short form

(@) @) 1

)y - () 1

(®)y (@)g2 - 1
1 1 1 .|,
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@Y @yhs @Y

(@Y)n . (@Y)eg  (XY)ey

(C) PR (5 T) . (%Y)s4
@Y)a @Y @Y

1 1 1 1 .,

bt e et fed

(wyz)e (Y2)y (Y2)y (Y2)ys
(y2)y (XY2)yy (TY2)gs
(wy2)yy  (2Y2)ss
(xy2)y5

(@y2)y .
(zy2)g,  (2Y2)se .
(@y2)y (@y2)e (xy2)g -
(xy2)s, (BY2)sy (2Y2)ss (wy2)yy .
1 1 1 1 1 .,

ke

if we put
(), for (z,—=,)%
(@y), for (z,—z. )+ (Y. — %)%
(@Y2)ss for (2, —, P+ (Y. — ¥ +(2.—2,)",

The fact that they are identically equal to zero is established by
showing that each one is resolvable into two factors, of which
one or both vanish; for example, that the first is equal to

x? =2z . 1 (1 o . a?
x? —2x, . 1 y 1 o, . x?
xl? —2x, . 1 R I S R

1 e ... 1,

where, for the moment, we use X, to indicate row-by-row
multiplication.

It should be noted that not more than three of the series are
contemplated by Cayley, as he viewed the identities mainly on
their geometrical side, namely, as giving the relation between the
distances of three points in a straight line, four points in a plane,
and five points in three-dimensional space.*

*To one taking this point of view Sylvester’s paper ¢ On Staudt’s theorems. . ..”
will be of interest. See Philos. Magazine, iv. (1852), pp. 335-345; or Collected
Math. Papers, i. pp. 382-391.
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MOON, R. (1842).
[On elimination. Cambridge Math. Jowrn., iii. pp. 188-184.]

What is here given is a rule-of-thumb for obtaining the de-
velopment of any one of Bezout's condensed eliminants from the
preceding one, the exposition being continued so far as to give
the eliminant, R,, say, of

art+ bz +cat +dx + e O}
axt + Bt + ya? + 0x +e =0

in the form

{f(ae)i* + {flay)} {flea)} + . . - .,

where f(ae), f(ay), . . . . stand for ae — a¢, ay — ac, . ...

In a note covering the same ground but free of anything
empirical, Salmon drew attention ten years later to the existence
of three or four incorrect terms in Moon’s last expansion. (See
Higher Plame Curves, pp. 293-294.)

HESSE, O. (1844, Jan.).

[Ueber die Elimination der Variabeln aus drei algebraischen
Gleichungen vom zweiten Grade mit zwei Variabeln.
Crelle’'s Journal, xxviii. pp. 68-96; or Werke, pp. 89-122.]

In this paper there appears the first reference to the special
form of determinant which has for its elements the second
differential-quotients of a function, and which consequently
is axisymmetric. On account of its importance this form falls
to be dealt with separately: we merely note here that Hesse
himself viewed it as a special form of Jacobian, namely, the
Jacobian whose originating functions are the first differential-
quotients of a single function, and that he called it the determs-
nant of this single function, a practice which, when the function
is quadratic, is not at variance with that introduced by Gauss.

For full information the reader is referred to Chapter XIIL
of the present volume.
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CAYLEY, A. (1846).

[Note on the maxima and minima of functions of three variables.
Cambridge and Dub. Math. Jowrn., i. pp. 14-75; or Collected
Maih. Papers, i. pp. 228-229.]

Using A to stand for the determinant
a b g
L b f
9 f ¢i

we may formulate Cayley’s first theorem by saying that if

(a+b+c)A and A+B+C be positive, then ad, bA, cA, A, B, C
are all positive. By way of proof it is noted that the equation

A—-z H G
H B—-z F
G F C-=z

ie. 28— (A+B+C)a? + (atb+e)Ac — A? = 0,

= 0,

has by reason of the data all its roots positive: that therefore
the roots of the equations

A-z H B-z F ‘C—m G
= 0, G

=0, ‘ 0,

H B-z F C-=z A-z
we. @*—(A+Bx+cA =0, 22— (B+C)x + aA=0,
2 — (C+A)z +bA = 0,

on account of Cauchy’s localisation of them in relation to the

roots of the previous equation, must also be positive; and
consequently that

A+B, B+C, C+A, cA, aA, bA

must be positive. This last is essentially what was to be
proved; because, for example, to say that A+B and cA are
positive implies that A+B and AB are positive, and therefore
that A and B are positive.

Cayley also puts on record the theorem that the equation in 2
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A—-z0 H-zh G-zg
H-2h B-ab F—af |=0
G-29g F—2f C—uc
has all its roots real if either of the quadrics
Az® + By? + C2? +2Fyz + 2G2z + 2Hazy,
wr? +by® + ¢z + 2fyz + 292w + 2hay,
remain constant as to sign.

CAYLEY, A. (1846).

[Probleme de géométrie analytique. Crelle's Jowrnal, xxxi.
Pp. 227-230; or Collected Math. Papers, i. pp. 329-831.]

The problem in question depends on an algebraic identity
which, after a little examination, is seen to be s property of
axisymmetric determinants. Cayley writes the identity in the
form

Fp(U+V2):-K(U) — Fp(U)- K(U+V?) = {F,(U)}2

where

= A2?+ Byt + C2? + 2Fyz + 2G2w+ 2Hay + 2Law + 2Myw+ 2Nzw+ Pu?,
=az+ By +yz+dw,

AHGL € 1§ o
HB F M a A H G L
KU)=|g p o x| Po@=|8 HB F
' L M N P vy ¢ F CN
’ § LM N P

b

and Py, (U) is what is obtained from P,,(U) on changing B v
é into £, 5, §, o respectively : but freed of all fresh notation it is
nothing more nor less than

S 4 " § w

£ A+oa® H+aB G+ay L+ad
n H+Ba B+ F+By M+pB6
{ G+ya F+yB C+y* N+4vd

o L4da M+8 N+dy P +¢
M.D. II. H

ZaoHe
a- I~ - -

H
B
F
'L M
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; i . f} “ | |A+et Hiof Ghay Letas
|, HB F M H-I-,Ba B-I-,B?‘ F+ﬁ‘y M+,33
{ GFCN G+ya F+4+yB8 C+y* N4vé
w L M NP L+déa M+68 N+éy P+
. & { e

a«a A HGUL

=8 HB F M

y G F CN

6§ L MNP

Nothing is said about the mode

Qo

f proving it.*

«H (1)” (1846, Nov.).
[Mathematical notes, ii. Camb. and Dublin Math. Jowrn.,
i p. 286.]

A correspondent signing himself as above puts on record with-
out proof two identities which, when the notation of determinants
is used, may be written in the form
ad’ —bb'—cc  ab'4ba’ co’ +ac
ab’+ba’  bb'—cc'—aw b +clf = (a®+ b2+ (aa’+ Db +ce
ca’+ac’ be'+cb’  ca’—aa’ b <(@?4b%4c?)

*If we note that the first determinant can be written in the form
-1 . « B v 0

L ™R -
€ v 3 o
QNN
BER®EELs
7 QHE QY
Wz R eE

and the fourth in the form

I
» ™ e

QiR
=2 HwhH®
Za=-H@R
HNZE R

light dawns at once, for the last three determinants of the identity are then seen
to be prineipal minors of the first, and the identity itself to be a case of Jacobi’s
theorem regarding a minor of the adjugate.
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and
200"  ab’+ba’ ca'+ac’

ab’ +ba’  2bb b’ 4cb’ | = 0.

ca’'+ac”  be'+cb’ 2¢c
It is seen that both determinants are axisymmetric, that the
second is expressible as the product of two vanishing deter-
minants, and that the first is formable from the second by
subtracting a«’ + b’ + ¢¢’ from each diagonal element,—a fact
which, taken along with the vanishing of the second, shows that
aa’ 4+ bb” + cc’ is a factor of the first.

CAYLEY, A. (1847).

[Note sur les hyperdéterminants. Crelle’s Journal, xxxiv.
pp- 148-152; or Collected Math. Papers, i. pp. 852-855.]
The second paragraph of this note concerns the expression
6abed + 8b%? — o’d? — dac® — 4b*d, or V say,
soon afterwards (1851) to be called the “discriminant” of the
binary cubic
ax® + 3bx*y + 3cxy? + y3;
and Cayley’s proposition is that the determinant whose elements

are the second differential-quotients of V with respect to a, b
¢, d, namely, the axisymmetric determinant

— 24?2 6cd 6bd—12¢2  6bc—4ad
6ecd 6c2—24bd  6ad+12bc Gac—12b2
60d—12¢2 6ad+12bc 6b%2—24ac 6ab
6bc—4ad 6ac—1202 6ab —2u2 |,

1

is a numerical multiple of V2 As a matter of fact he says the
multiplier is 8; but this is because, instead of writing the deter-
minant as here, he removes from it the factors 2, 6,6,2. A veri-
ficatory proof, unsatisfactory to himself, is given, the determinant
being as a preliminary again altered into a multiple (by 6*) of

a? ab 202—ac  8bc—2ad
ab tac—3b* Sbc+lad  2¢2—bd
20 —ac $bc+lad 4bd—1Lic? cd
3bc—2ad 2¢2—bd cd a?
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or
a? ab  awc—3r ad+9q |
ba  b*+2r be—q bd—3p
ca—=3r cb—q A+ cd
da+9q db—3p  de e,
where

p = 30d—c’), g =3}bc—ad), r=3ac—b)
the last change being probably due to the fact that it was
known that
V= 9(pr—q°)

and that verification would thus be easier.

CAYLEY, A. (1848).
[On geometrical reciprocity. Cambridge and Dub. Math. Journ.,
iii, pp. 178-179; or Collected Math. Pupers, i. pp. 377-382.]

Incidentally Cayley gives the identity

- € " $
£ 20 da+b a'+c
n a+b 20 b+
{ a’+c¢ V"4 2

dla o a | {aw2+ b'y2+c"zz+(b”+c’)yz+(c+a")zm+(a’+b)wy}
b v V| —[a(ab"—a"b+dc—ac)+yb'c—be +b'a’ ~ba’)
e ¢ C” + Z( o —c a;” + cb” - C”b)]z,
where ,

E=ax+a'y+a’z, 3=ba+by+b"z, {=cx+cy+c’z
No proof is adduced, and it is not noted that, when the
determinant | ab’¢” | is axisymmetric, the expression in rect-
angular brackets vanishes, and the identity becomes in later
notation

—|. £ ¢|=|ahg|. TV,
£ o« hoyg b f|labhgle
n h b f 9 f ¢l hd fly
g fc g f cle
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where f:'l,§=($,3/,z§“h9)
hobof

g f ¢

This particular result, we may note, is easily verified by per-
forming on the four-line determinant the operation

rOwW; — £ YOW, — Y TOW,; — 2 'OW,.

SYLVESTER, J. J. (1850, Aug.).

[On the intersections, contacts and other correlations of two
conics expressed by indeterminate co-ordinates. Cambridge
and Dublin Math. Journ., v. pp. 262-282; or Collected
Math. Papers, i. pp. 119-137.]

In this paper an important property of axisymmetric deter-
minants is incidentally brought to notice; but, unfortunately,
the author’s intended statement is almost hidden through want
of care. He says (p. 270) that the determinant

A C B 1
C B A m
B A C =
I m = 0],
where
A= be—a? B= ca—=b2 C= ab-c?
A'=<bc'+aa, B=~-ca+bV, C=-—ab+cc,
is “ the product of the determinant

ia ¢ b
e b o
|

1y o ¢

by the quantity
al2+4+bm?+ en —2a'mm — 2b'ln —2¢'lm.”
Now the said four-line determinant is not resolvable unless

A’, B, C’ be changed in sign, and even then the second factor
is not as printed, but is

—(al24bm?+ en®+ 2a'mm + 2b'nl + 2¢'Im).
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The theorem, in fact, may be viewed as giving an expression for
the product of a ternary quadric by its discriminant; and at
a later date might have been written*

2~sz.ahg=- x Yy z |
hb} hbf z A H G
gfcz'gfc y HB F

2 G F C|

No proof is given by Sylvester; but in a footnote we are told
that it depends on “a theorem given by M. Cauchy, and which
is included as a particular case in a theorem of my own, relating
to compound determinants.” What theorem of Cauchy’s is thus
referred to it is not easy to say. One would think that the
most natural proceeding would be to show that the coefficients
of 2% 42 ... on the one side are identical with those on the
other; and, in this case, the names to be mentioned would be
Lagrange and Jacobi.

In a postscript Sylvester enunciates a thcorem connected with
the linear transformation of an m-ary quadric; and as this
concerns the “determinant” of the quadric, or what a year later
he named the “discriminant,” it necessarily involves a property
of axisymmetric determinants. His wording (p. 281) is:—“Let
U be a quadratic function of any number of letters =, z,, ..., 2,
and let any number 7 of linear equations of the general form

01y Ty + g Ty +...+ Uy, = Y
be instituted between them; and by means of these equations
let U be expressed as a function of any m—r of the given
letters, say of ., @42, ..., #,, and let U so expressed be
called M. Let
QT + Qo &y + e + Qpp Ly

* A comparison of this with a result just obtained from Cayley (1848) gives
the curious identity

x z |=|. & n ¢
x A G ta h g
y H F nmh b f

z O J c

y

H

B

® C c 9
g

S
[4

where £ 2, ¢ = (2, 9, 2 §| ( and, as usual, A = be—f?2, ...,

a h
h b
g f
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be called L,. Then the determinant of M in respect to the
n—r letters above given is equal to the determinant of

U+ Lizyy + Lawyye + - - - + Loy,
considered as a function of the n+1r letters

Lyy Tgy ooy Lpgp
divided by the square of the determinant

2”
Ay Gy ... Oy
Uiy Gy - . . Oy
Uy Qyr . . . Uy .

As regards this we have to remark (1) that again no proof is
offered, and (2) that the discriminant of

U + le,ﬂ_l + PR + Lrwn-l-r

is easily got by “bordering” the discriminant of U. Taking the
case where U is

ax?4by?+ e+ dw? + 2fyz + 292z + 2hay + 2paw + 2qyw + 2rzw
with the discriminant

«w h g p
Lb f q
g f e
p q » dj,

and where the linear equations serving to eliminate @, y from
U are

mZ + Y + pyz + pw = 0
ne + vy + vz + vw = 0,

we have, according to Sylvester, the discriminant of the altered
U equal to

h
L b
9 I + gyl
P g rd opov
My Mg g My
Vi Vg Vg ¥y
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SYLVESTER, J. J. (1852, July).

[A demonstration of the theorem that every homogeneous
quadratic polynomial is reducible by real orthogonal sub-
stitutions to the form of a sum of positive and negative
squares. Philos. Magazine (4),iv. pp. 188-142; or Collected
Math. Papers, i. pp. 378-381.]

What is really proved here is the important proposition in
the theory of orthogonants regarding the reality of the roots
of Lagrange’s determinantal equation, or, as it was then called,
the equation of the secular inequalities. Our present interest in
the demonstration, however, lies merely in the fact that it is
based on two properties of axisymmetric determinants which it
is desirable to isolate and to have more carefully formulated
than it was Sylvester’s wont to do. They are—

(1) If [(11) (22).... (nn)| be axisymmetric, and the result
of multiplying it by itself be |[11] [22].... [#n]]|; and if i)
be the determinant got from the former by adding 2 to each
element of the principal diagonal, and F(z) the determinant got
similarly from the latter ; then

J@)-f(—z) = F(=a?).

(2) If F(x) be expanded and arranged according to descending
powers of z, so that

F@) = a"+ Can-1+ Ca-2+ ... +C,,

then C, is the sum of the squares of all the r-line minors of the
original determinant, it being understood that the one-line minors
are the elements and the n-line minor the determinant itself.

Both are taken for granted,—a liberty which is not so de-
fensible in the second case as in the first; for C, is at the outset
obtained merely as the sum of the »-line coaxial minors of
[[11][22] . ... [nn]|, and use must thus be latently made of the
not quite self-evident theorem that if A be an axisymmetric
determimant, the swm of the r-line coawial mimors of A? is
the swm of the squares of all the r-line minors of A. As an
illustration of the whole, let us take the case where the given
determinant and its square are
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a h g
hob f
9 f ¢

and where therefore

and

L R Q u*+hi+g* ah+hb+gf ag+ hf+gc
M P, = R4+ 472 hg+bf+fe
N g* +f2+c
We have then
a+x h g a—x h g L—-2 R Q
h b+x f h b—x f R M-a? P
g9 f ct+ez g [ c+=x Q P N-z2/,
LR Q
—w°+w4(L+M+N)—fc~(II£§[: 3§+PN)+ R M P
Q P NJ,
[ |a kP |ag? |hg®
—ab + ot a2+h2+./1—a;- +hf| bf + ahgp
+h2+b2+f’ 0 g Jl gl b f
2 2 L g f
+J+f+0 <+hf+gc+fc grei.
hg| by [bf?
+ +
o T el Tl el

LR Q
R M P
Q PN

The fact that the coefficients here are negative and positive
alternately is what Sylvester utilises for his main purpose,
application being made of Descartes’ rule of signs.

SYLVESTER, J. J. (1852, Oct.).

[On Staudt’s theorems concerning the contents of polygons and
polyhedrons, with a note on a new and resembling class
of theorems. Philos. Magazine (4), iv. pp. 335-345; or
Collected Math. Papers, i. pp. 382-391.]

As an illustration of his mode of expressing the product of two
determinants of the n™ order as a determinant of the (n+1)*

order, Sylvester gives the identity
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8

N ‘ & m &
s Y2 % 1| . & om &
s Ys % 1 | & s G
e Yo 7 1 & om G
| Zw§y Zwgfy, Zeéy Zmg,
Sof, Duf, Sof Iuf,
= | Zwgfy Zwgfy Zwyly Zmgd,
Zrg 2w, Zwdy Zayg,
1 1 1 1

where 3., is put for z,.£,+y,7,+2,{,- Then performing on the
last determinant the operations which we may denote by

] 8

|
|
|

133
p— e e e e ek

row, —$3x,%.-row;, row,— 13w, -row;,
col, —3Z¢2.coly,  col,—3ZE,2 coly,

he obtains

2, &) Z@,—&)P Zm—&P Z(m—E&)F 1
Z(wy— &) Z(ws— &P Zwy—E&) Z(xy— &)
L(xy— &) (=& Z(wy—&) Z(n—&) 1
S@—&)F Z(n—§&)P Z(w—§&)P Z(m— &)

1 1 1 1 ;

so that, if @,, y,, z, and §,, ., {, be rectangular co-ordinates of
points in space, the result reached gives an expression for thirty-
six times the product of the volumes of two tetrahedrons in
terms of the distances of the angular points of the one from the
angular points of the other. By proceeding to the case where
the two tetrahedrons are coincident, and thence to the case
where the four remaining points are situated in the same plane,
we reach Cayley's relation connecting the mutual distances of
four such points.

It is thus seen that whereas Cayley’s vanishing axisymmetric
determinant was originally got as a multiple of a peculiarly
obtained square of the determinant

|

ok

|
alm

-

2z 2 9y O
| 2wt @y Yy, O
gl @3 y; O
Szl wy oy, 0
1 0 0 0

O = e b
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Sylvester arrives at it by squaring

2, ¥, 01
2, Yy 0 1
z; ys 0 1
Yy, 0 1|

in a special fashion, and then performing certain transformations
on the result.

SYLVESTER, J. J. (1852, Nov.).

[Sur une propriété nouvelle de 'équation qui sert & déterminer
les inégalités séculaires des plandtes. Nouv. Annales de
Math., xi. pp. 434-440; or Collected Math. Papers, i. pp.
364-366.] ’

This paper of composite authorship probably originated in a
letter from Sylvester giving his theorem and demonstration,
with a remark or two additional. o these, which were made
§ 7, 7, 8, the editor prefixed an introduction (§ 1-6) on
determinants and determinant-multiplication.*

The theorem is an extension of one which is the basis of his
paper in the Philosophical Magazine of the same year, and may
be shortly enunciated as follows: [f |(11)(22)...(nn)| be
uzisymmetric and have |[11][22]...[nn]| for its p™ power,
then the roots of the equation

[11]—2 [12] .... [In]
[21] [22]-e .... [2] |_,
. ['nl] . .['n.2] . .. . .. .. [o.z'n:.l—.:v
are the p™ powers of the roots of the equation
A=z @12) .... (ln)
21) @2)—z .... (2n) —0

*In the Coll. Math. Papers §§ 1-6 are omitted, and §§ 7, 7', 8 are numbered
§§6, 7, 8. The theorem of the original § 6 is incorrect.
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The “ demonstration ” leaves a good deal to be desired. In effect
it amounts to saying that if §, &, ..., { be the p*™ roots of
unity, and D,, the determinant got from |(11) (22) ... (nn)| by
subtracting {,® from each of the diagonal elements, then

D,D,D; ... D, = | [11]—2? [12] .... [1n]
[21] [22]—a? . ... [2n]
1] 2] ... [wnleer .

Now it is well known that the multiplication of D;, D, ..., D,
enables us to arrive at the equation whose roots are the p™ powers
in question, but this and Sylvester’s statement are not by any
means identical. The separate points to be established are
(1) that the element in the 7 row and s* column of the
determinant which is the product of D, D,, ..., D, consists
of [rs] and a tail of other terms, (2) that this tail vanishes in
the case of every non-diagonal element, (3) that in the case of
the diagonal elements it reduces to —?; and Sylvester’s only
justificatory statements are that the product of the p determinants
is independent of the order in which they are taken, and that
all the terms containing a { in any other power than the p** will
vanish.

Another true proposition made on insufficient foundation is
that the p'* power of an axisymmetric determinant is itself
uzisymmetric. The foundation here is the incorrect proposition
of § 6.

CAYLEY, A. (1852, Dec.).

[On the rationalisation of certain algebraical questions. Cambridge
and Dub. Math. Journ., viii. pp. 97-101; or Collected Math.
Papers, ii. pp. 40-44.]

The equations first considered are of the type
a5+b%+c%+ o= 0,

and the fresh departure consists in viewing such an equation as
the outcome of the set of equations

e+y+2z+... =0, x?=a, y:=bd, 2'=c,
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Taking the case where the number of variables in the set is
three, Cayley operates on the equation z+y-+2=0 with the
multipliers 1, yz, 22, y, thus obtaining with the help of the
other equations a set from which the variables =, y, 2, xyz may
be eliminated, with the result*

1 11
1.cb=0'
1 ¢ . a

b a

Also and, so to say, conversely he operates with the multipliers
, Y, 2, Yz, and eliminates 1, yz, zx, xy, with the result

|. a b ¢
¢ . 1 1
b1 . 1 =0
e 1 1

Similarly, when there are four variables, the multipliers are
1, yz, 22, »y, 2w, yw, 2w, TYzw,

and the climinands
x, Y, 2, W, Yw, WL, WIY, TY?,

or vice versa; but in this case the two resultants are not
essentially distinct, the one being derivable from the other by
mere transference of lines. Cayley then adds, “ And in general
for any even number of quadratic radicals the two forms are not
essentially distinct,t but may be derived from each other by
interchanging lines and columns, while for an odd number of
quadratic radicals the two forms cannot be so derived from each
other, but are essentially distinct.”
The equations next dealt with are of the type

A+t +.... =0,

* Already thus formed by Cayley in his first paper of all (1841).

t Observe that, although Cayley considers the two determinants of the previous
case to be essentially distinet, the second is derivable from the first by multiplying
the columns by abe, @, b, ¢ respectively, and then dividing the rows by 1, be, ca,
ab respectively.
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Sylvester having suggested the extension of the process. Taking
the case of three variables, that is to say, when the set of
equations is
z+y+2z=0, x*=aqa, yY3=d, 2=,
he first uses the multipliers
1, zyz, o222, 2%z, yx, 2%y, aby, y’2, 2%,

the eliminands then being

z, Y, 2, Y, xtyz, ylex, Py, 2Pa? aty?;
next he uses the said eliminands as multipliers, the new
eliminands being

a?, y? 2% yz, zx, wy, vyl yIta?, zaty?;
and finally using the new eliminands as multipliers, he eliminates

1, ayz, a*y%? 2%, y*x, %y, x*y, yPs, 2%,
that is to say, the first set of multipliers. Only in the case of
the second elimination is the determinant axisymmetric, namely,

c b . . . 1 .

¢ a« . . . . 1 .
b« 1
" a . . . 11
i b 1 . 1
:. S & 1
;1 ... 11
. 1 .1 . 1
’ 11 1

which must thus be equal to (¢+4b+c¢)*—27abe. In the two
other cases the determinants are not essentially distinct,* the
rows of the one being columns of the other; and this is said
to be true of two of the three forms whatever be the number
of variables.

* Cayley fails to notice, however, that each of these is readily transformable
into the second. Thus, taking his first form, we have only to multiply the 4th,
8th, 9th columns of it by a, and divide the 2nd, 4th, 7th rows by a, when we

obtain a determinant which by mere permutation of the rows ( 12345678 9)

(123456789 741936852

and subsequently of the columns (; ¢x,49g 732 becomes identical with the

axisymmetric form.
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SYLVESTER, J. J. (1853, March).

[On the relation between the volume of a tetrahedron and the
product of the sixteen algebraical values of its superficies.
Cambridge and Dub. Math. Jowrn., viii. pp. 171-178; or
Nouv. Annales de Math., xiii. pp. 208-209; or Collected
Math. Papers, i. pp. 404-410.]

Denoting the vertices of a tetrahedron by «, b, ¢, d, its volume
in terms of the edges by V, and the areas of its faces by }~/F,
1V/G, 3VH, VK, we know that

144V = (bo)?(da) {(ca)+(db)+(ab)+(cdt— (be) — (day )
“(ca (@ {(aB)+ (o) + (b -+ (P~ (et = (dbY)
+(ab)*(ed{ (be)+(da)-+ (ca)t + (db)2—(ab)? — (cd)2}
= (be)*(ca)(ab)? — (be)*(db)2(cd)? — (ca )2 (cd)?(du)? — (ab)2(da)?(db)
= W say,
and
F = —(be)t —(cd)t — (db)* + 2(cd)*(db)? +2(db)* (be)? +2(be)2(cd)?
G = —(ac)*—(cd)* — (da)*+ 2Acd)(day + 2(da)(ac) +2(ac)(cd)?
H=—(ab)t—(bd)t - (da)+2(bd)*(da) + 2(da)2(ab)>+2(ab)?(bd)?
K = —(ab)t— (be)t —(ca)t +2(be)(ca)? +2(ca)*(ab)? +2(ab)?(be)

With this notation Sylvester points out that the condition for

the vanishing of the surface of the tetrahedron is

VF + /G 4+ VH+ VK =0,
and that this when freed of root-signs is
DRt — 4G + 6D, F2G2 + 4D, F*GH — 40FGHK = 0,
or say
N=0

where N consequently is of the eighth degree in the squared
edges. His reasoning then is that as the vanishing of the
surface and the vanishing of the volume are necessarily coinei-
dent, it follows that W, having no rational factors, must itself
be a factor of N; and that, W being of the third degree in the
squared edges, the quotient N/W must be of the fifth degree.
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Relying on this he proceeds to determine the quotient by
considering the cases where (1) ab=0=cd, (2) ab=0=ac,
(3) ab=ac=ad=be=bd=cd =1, his result being

(da)t+(db) + (do)t
Si(aby(bey(cay| — {(day+(dby +(doy*} {(ab)2+(bc>2+<ca)2}}
+(ab)?(be)2+ (be)2(ca)? +(c)?(ab)?
+22(ab)(be)(cdyX(da)X(ac),

where there are four expressions under the first = and six under
the second ; or

(da)t+ (dby*+ (de)t

S ab (o eay| ~ LG+ Y-+ ey} {(a)+ o+ (ca}
+(da)*(db)* +(db)*(de)*+ (de)*(da)?
+ (ab)?(be)? + (be)(ca)® + (ca)?(ab)?

where there are four expressions under the X, one corresponding
to each face.

Although there is no explicit mention here of determinants, it
being unnecessary, it has now to be noted that Sylvester had the
determinant-form of W before him throughout: he even says
that he had tried to express the quotient as a determinant, but
had been unsuccessful. Without further restriction, then, as
to form, his proposition is If F, G, H, K be the comple-
mentary minors of the elements in the places 11, 22, 33, 44 of
the determinant

. (ab)?  (uc)* (ad)? 1
(ab): . (e (bd) 1

(acy (be)* . (ed)* 1| or 2W say,
1

l(ady Oy (edy
1 1 1 1 o1

then the result of rationalising
JF+ VG ++H + VK

18 divisible by W. This is not all, however; for Sylvester
having noted the analogous case connected with the relation
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between the perimeter and area of a triangle, namely, the fact
that

(ab)? (ac} 1

G aup | e Sa@r-2 Srreer
1 1 1

-8 a divisor of the result of rationalising

N2(be)? + V2(ca)? + ~/2(ab)?
where the radicands are the complementary minors of the
elements in the places 11, 22, 83 of the determinant, boldly
extends the proposition (without proof) to any triangular
number of arbitrary quantities, taking occasion also to point

out that when we leave geometry (ub), (ac), . ... may be written
for (ub)?, (ac)?, . ...

HESSE, O. (1853, April).

[Ueber Determinanten und ihre Anwendung in der Geometrie,
insbesondere auf Curven vierter Ordnung. Crelle’s Journal,
xlix. pp. 243-264; or Werke, pp. 819-343.]

The main subject of the first half of Hesse’s paper (pp. 243-253)
is a property of axisymmetric determinants required for the
establishment of the geometrical results contained in the second
half. In the first three pages he considers the relations between
the minors of two general determinants A, B, and the minors of
their product C; or, as he unfortunately feels himself compelled
to put it, “ wie die partiellen Differential-quotienten der Deter-
minante C nach ihren Elementen ¢ genommen durch die
partiellen Differential-quotienten der Factoren A und B nach
ihren Elementen genommen sich ausdriicken lassen.” What
follows thereafter may be described as the establishment of the
simple identity

2
Wiy Wy ] | Uy w Uy Wip G
1mn Y 4 u %2 71 11 %2 & gy ug| |y a 2
Ugy Uyp Gg| |Ug Ugy Yo | — |Ug Ugg Gg| =
Ugy Uga} [ Y1 Y2l»
0 0 0
a o Y1 Ve Y1 VY2
M.D, I1I. 1
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where w4y, =u,,, by multiplying together

a —a }'“'u Uyg l“‘“z %

Y1 T2 Upn Up | | =72 N
in row-by-row fashion; and then the generalisation of ,
identity in two different directions. ) }

The first generalisation consists in the proposition that
two-line axisymmetric determinant

2
ull 1&12 LIS 7‘&],' al lel ulz * .. ul1l 71 Qllll ,lble LRI Y ul‘n al
uzl 1(122 “ e ?I/Zn a2 'ulzl 'ulgg “ o ’l.llz,. ')/2 1021 uzg “ e 11/2” aa
unl un? e u)m a, 'u’nl ’u'nﬁ e umz Yn ’u'nl un‘.! LR um& a,
4G A ... Q, O Yr Y2 -+ Ya O Yi Y2 - Yn 0

where %, = u,,, contains

ull 1(/‘2 * e e ?l/ln
WUy WUgpm v o Uy,
Upy Wyy - o0 Uy

as a factor, and that the cofactor is an integral homogencous
function of the a’s and likewise of the 9's. The case wherc =
is equal to 3 is treated as follows. The determinant

Uy Uy Uy Oy
Yo v v B,

having w,=wu,, is introduced and denoted by B, with the
result that the two-line determinant in question is represent-
able by

°oB °oB °oB °B °oB °B
R R T R A
oB °B °oB °B °B oB

3—3;'1‘)’1'*'5—,),2'}'2'*5;;‘73 ;7071‘)’14'5‘(72‘)’2'*'5@73

and its predicated factor by oB/oB. It is then pointed out that
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the former is the differential-quotient of the product of the two

determinants
B B B,
Oy, Oy; Oy, ! 2 i
oB 9B B | |, 4, v
Bal Oa, Oay
m, my, mg |, | Ny My My |,

called M and N, taken with respect to mm,+myn,+mgng; and

that consequently it is equal to
oM oN oM oN oM a_N_
om, on, ' om, on, @ Omg Omy
Since, however, we have

°B °B °oB °B

A, ~Uy + v, S Uy + = 7, Uy + aﬁal =0,
and other similar identities, it follows that
°B B 2B
BB aYl Oy, Oys Y Y Y
’?8 oB ©°B 9B |. Uy Uy Ugg
%a; Ou, Oag
m, m, My Uy Ugy gy
°B °oB
E—Bal —,Tsyl WUq My + UMy + Uy Mg
°B 2B
=| — 578“2 -3 B-y2 Ugy My WMy + UggMiy
2B B
"'»(73“3 - 52_373 Ugy My + UgoNlg + UgsMg |,
and therefore
B| 2 M Uy My UMy + UMMy 5B
M= 38 | % Vo gy UggMg =+ gy | = 38
ag Ys  Ugy MMy + UMy + UggMy

The expression (@) then becomes

2B (2P N
om, on,

B

% oN | %P oN)
om, on, ' Omg Ong

and all that remains is the evaluation of the bracketed factor

(®)
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after the equivalents of P and N have been substituted therein.
The final result is

Uy Wig Ugg |° {'"'n (agys— agye)®+Ugs (agy; — ayys) +Ugg (@17, — a2y))
Ug Ugp Ugg A (Uog+ Ugp) (agyy — a1 Y8) (@172 — azyy)
Ugy Ugy Ugy + (g +%s5) (0,7, — 0271 (@2 Y3 — a5Y2)

+ (Ugo+%g1) (agys — ag¥2)(a3y1 — 01Y3)

The case where =4 is similarly dealt with; but as it is neces-
sarily more complicated, it is not carried quite so far, the cofactor
of |, g, Uy, 1, | being merely stated to be of the desired form
and easily calculable. “Sie hat aber zu viele Glieder, um sie
berechnet hinzuschreiben.” The general proposition, as above
given, is then formally enunciated.

The other generalisation made of the case where n=2 is to
the effect that the product of an axisymmetric determinant
by the square of any other determinant is expressible as an
axisymmetric determinant. In connection with this the
interesting point is the notation used for the elements of the
product-determinants. Since the differential-quotient of

%{'“‘11“12"'“22""’22"‘ o U@ 20T 2t }’
oo F(z,z,, ..., x,) say,
with respect to @, is
WUy gy +Ugplo+ o o o U+ o o o - Unp®y

the result of annexing ¢ as a second suffix to the #’s in this
may be suitably denoted by

F(2pg);
so that in accordance with this the product of
ull u12 s s e 0 ul" wll wg‘l e o s wnl
Uy Uy o o o« gy and Tig Tog « oo Tpg
Uy Unz + o v o Uy |2 =Ure Lin Lap o oo v Lpy
will be F(zy) F(zn) ... F(z,)
F(@y) Fow) ... F(z,)

Fl@w) F@m) ... F@.)
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¢ Multiplicirt man diese Determinante nochmals mit der vorhergehenden

und setzt :
= 2, F'(@,) + 7 F' (@) + . . o 42,1 (@),
so erhiilt man
Ty Upe Wy Iy Ty Ty |2 Fy Fo F.
U U Wy Trg Ty o Ty Fy Fa F..
Uy Upy Un By Py P Fnl Fnﬂ F»m .
Da aber F,,=F,, ist, so ist die letzte Determinante wieder symmetrisch.”
BRIOSCHI, F. (1853, July).
[Sur une propriété d’un produit de facteurs linéaires. Cambridge

and Dub. Math. Journ., ix. pp. 137-144; or Opere mat., v.
pp- 121-128]

This paper of Brioschi’s is avowedly an outcome of Cayley’s
“ On the rationalisation of certain algebraical equations,” published
two months earlier. Starting with the equation w+4y+42=0,
and using on it the multipliers 1, yz, 22, 2y in succession, he

obtains
x4+ vy + 2z =0)
xyz + + 2y + 94tz =0 '
xyz + A +a%z =0

xyz + yia + 2ty

0

|

whence on climination of zyz, 2, 4, z there results

1 1 1
1 . 22 g2
0= 1 22 . = Asay;
1oy et

and as this equation has its origin in the equation x+y+2=0,
he concludes that the determinant A must have z+y+2 for a
factor. Then, since any one of the three other equations

x+y—2=0, x—y+2=0, —z+y+2z=0
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gives rise to the same result, it is easily seen how he reaches
the identity

1 11
1 . 22 9
1 22 .
1 3% a?

= (@+y+)(@+y—)@—y+2)(—z+y+2)

An alternative form of A is introduced by the words “ Observons
qu'on a évidemment*

| »

A= - 1 . = Y z | = T Yy z
eyt e . ay yae © z Y
y dxy . a'ye Yy 2 . @

z yxz ayz 2 Yy

Similarly from the equation z+y+2z4w=0 or any one of its
seven relatives by using the multipliers

1, zw, yw, zw, 2y, 2x. Yy, TY2W
and eliminating
TYz, TYW, T2W, Y2W, T, Y, %, W

there is obtained the result

1 111
1 1 .ow? 22
1 1 0wy
1 1 w a?
1 1 22yt
1 .1 . 22 . at
11 . . 3y at
w22yt ot

z+y+otw) - (—2+y+r+w)@—y+etw)(@+y—2+w)@+y+o—w)

c(—z—y+ztw)(—z+y—2+w)(—a+y+z—w),

* It would seem preferable to multiply the columns of 4 in order by xyz, x, y, 2,
the quantities just eliminated ; and then divide the rows by the multipliers 1,
¥, 2%, xy used in obtaining the set of equations. The advantage of this method
would be still greater in the next case.
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an alternative form being stated to be the axisymmetric deter-

minant
x Yy z w
'y . . w2z
* . 0z . w Y
Yy 2 w .o
z . .ow . 2z Y
Yy o.ow .z . X
z w . .Yy
wz Yy x

The general theorem is then formulated as follows: “Si en
général on considére n éléments «,, z,, . . . , «,, en posant
X, =z +a,+ ... +2,,
et en désignant par
| Xa(L,2, .., m)|

le produit des facteurs linéaires qu'on deduit de X, en changeant
les signes & m des éléments @;, @,, . . ., @, ; en aura pour n impair

Xoe | Xu(D)] - | Xu(L,2)] ..o 1Xa(1,2,8,. .., $(n=1)| = — A,
et pour n pair
Xo- | XD Xa(1,2)! .o 1Xa(1,2,..., 3(n=2) || Xu(1.2,3,..., n)| = A
ol le symbole

X,(1,2,3,..., )

dénote que dans ce produit I'élément @, entre toujours parmi les
¢léments auxquels on a changé de signe. Le déterminant A
résultera de la multiplication successive de I'équation X, =0 par
l'unité, et par chacune des combinaisons deux & deux, quatre &
quatre, ..., (n—1)a (n—1) si n est impair: » & n si n est pair,
des éléments z,, , . . . , Tu.”

In addition, it is shown under this head that the number of
equations in the set which originates the determinant is 2-1,
and, a little unnecessarily, that the number of linear factors in
the product is the same. It is also noted that if @, @, ..., x,
oe quadratic radicals, the product of the linear factors is
rational.
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Following Cayley’s paper still further, Brioschi similarly
makes clear that one of the nine-line determinants there
obtained, namely

.11 1
1 1 . 2
1 23 .
1 1 . iy
1 . y3
1 o1 a?
1 1 as
.. LI A .
11 . . . . .

may be viewed as originating in any one of the nine equations

x+ y+ 2=0, z4+ y4+az=0, a+ y+B2=0,
x+ay+Bz=0, z+ay+ 2=0, z+By+ 2=0,
x+By+az =0, axr+ y+ 2=0, B+ y+ =0,

where a, 8 are the imaginary cube roots of unity, and could thus
be shown to be equal to the product of the ninc left-hand
members of those equations.

SPOTTISWOODE (1851, 1853).

[Elementary theorems relating to determinants. Second edition,
rewritten and much enlarged by the author. Crelle’s
Journal, li. pp. 209-271, 328-381.]

The information given by Spottiswoode regarding axisym-
metric determinants appears under a variety of headings. What
little the first edition contained (pp. 33-34) as a part of §vi.
on “Inverse Systems” is placed in the second edition under
“ Compound Determinants” (pp. 368-372). Sylvester’s mode of
reaching Cayley’s determinants connected with the mutual
distances of poirts is given under “ Multiplication ” (pp. 250-53) ;
and the chapter or “section ” (§iv.) on “ Homogeneous Functions,”
which of course has to deal with quadrics, goes so far as to
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assign the name determinant of a quadratic form to any deter-
minant possessed of axisymmetry.* (See pp. 329, 336.)

That the mere number of available coefficients in a quantic
may suggest a form of determinant which has no connection
with the properties of the said quantic is enforced when in the
same chapter (pp. 331-333) the ternary quantic is reached, and
it is pointed out that the number of coefficients, $(n+1)(n+2),
is the same as in the case of the (n+1)-ary quadric. Thus the
axisymmetric determinant

le b g f
ih b f ¢
g f ¢ I
|

g Nk

which is formed from the coetficients of the ternary cubic

ux® + byt + 2 + 8( fyle + gtu+ hady + f y22 + g'za? + Nacy?) + 6kxyz

is “forcign to the nature of that function” although intimately

associated with the properties of the quaternary quadric

ax?® + by? + c2® + kw? + 2( fyz+gze+ hay +few+gyw+Wzw).
The most interesting matter, however, is found in the last

scction of all, § 11, the contents of which are miscellaneous.
There, on pages 376-380, the determinants

‘1 L0y dy | 1 . . o« ay a4

.1 b b 1 . b b, b
a b 1 . 1 ¢ ¢ ¢
w b, . 11, a b ¢ 1

ay by, ¢ . 1
g by ¢y, . . 1],

are considered, but, to one's regret, only with reference to the
casc where |a;byc;] is an orthogonant. The first of the two
determinants is given in the form

1 — a2 — 02— a2 — b2 + (a,0y—y),)?;

*With this view in one’s mind, the occurrence of particular axisymmetrie
determinants might suggest the construction of fresh quadratic forms. The
form known as a Bezoutiant is actually defined in this way, the axisymmetric
determinant then being Bezout’s condensed eliminant of two equations of like
degree. (See above, p. 109, and below, p. 138.)



138 HISTORY OF THE THEORY OF DETERMINANTS

and similar non-determinant forms are given for the whole of
the thlrty-slx primary minors and for the first fifteen of the
secondary minors of the second determinant. Thus, the primary
minors which are the cofactors of the elements in the places
(1,1), (1, 3), (1, 5) are
1—b;?—by*—by® — 07 — 0% — e+ (bye3 — bya)*+ (bye; — bycs) + (b0, — by ),
(40,4 @505+ aeg)(1 —by* — bg? —by?) + (D16 + bye, +bye) (by + tshy + aghs),
|aybaes || byes| = 4y (1 =2 — b2 — b — P — ¢, = ¢5%) — by (ayby + by + shy)
= 01 (046; + @oCy+ Ggr),
all the others being similar in form to one or other of these
three ; and in like manner the secondary minors are exemplified

by 1—of— ¢ — ¢,
— (bye,+by0y +bycs)s
= b1 —cP—cl—egf) + cy(byey +byey +hgey),
ty(bye1 0405+ bycg) — by (104 + i+ Cotty),
— ¢y abyes| + | aghs].

CAYLEY, A. (1853%).
[Note sur la méthode d’élimination de Bezout. Crelle’'s Journ.,
liii. pp. 366-367; or Collected Math. Pupers, iv. pp. 38-39.]
The determinant, to which Bezout's so-called ¢ abridged method’
leads, we have already seen dealt with by Jacobi (1835) and
Cauchy (1840).t Cayley’s noteworthy contribution to it is con-
tained in a single sentence, namely, “ Pour éliminer les variables
, y entre deux équations du n'™e degré

(a4, ...32, 9" = 0}
(¢, ...32, 9" =0
on n'a qu’a former I'équation identique

(o, . 2 )" (0, I W= (S ) (a, YN )
ux — Ny

*The anthor's date is April 1855 ; but the rule was published as Cayley’s by
Sylvester in 1853. See §62 of the memoir ‘On a theory of the syzygetic rela-
tions . . .”; and note also that Sylvester there first introduced the closely related
idea of the Bezoutiant. (See footnote on p. 137 above.)

+See History, i. pp. 214, 243, 485-7.
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( oo Ay v o, n-1 Q , ?/)”'1(7\, I")"—l;
- alo all . 0 (tl'n~l
Ap_y,0 Un-1,1 + - Op-1, n-1

le résultat de I’élimination sera

My Uy vee Won-y
Gy dn e Qine =0
Up-1,0 An-1,1 + ++ (lp-1,n-1

Instead of paraphrasing this by means of a more familiar
notation, as the editor of Crelle found it necessary to do, it will
be better to apply it to a simple case, namely, where the given
equations are
a3 + a1 + ax + wy = 0}
byx® + byx? + b + b, = 0),
being careful to proceed in such a way as also to justify the
‘rule’ Beginning with
Ayt o+ axidagm  ayt oy + a4 ayl
by+ b+ ba®+ bgx®  by+ by + by? + byy?
which vanishes for all values of ¥, we change it into

[aghe| + [aehily + [aghy |y® + oy |9
+ |aby |+ abjjey+. . . o L .}+(y—m),
then into
[ohy | + | ctobs | (Y +2) + [uobs| (¥*+yz+2?)
+ b, |y + | a,b | 2y (y +2)
+ [aghy | 22y?,
and finally into
1 x x?
|aghy | | etgbs | by | 11
|aghe | aobs| + |asby|  |abs| ¥
| dgbs | |y |ashs| |45

where the elements of the square array are those of Bezout’s
condensed eliminant, as we have already found in a footnote
when dealing with Jacobi’s paper of 1835.
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BRIOSCHI, F. (1854, March).

[La Teorica Dkl DETERMINANTI, E LE SUE PRINCIPALI APPLICA-
ZIONL  viii4+116 pp. Pavia.]

Unlike Spottiswoode, Brioschi in methodical manner defines
“un determinante simmetrico,” and gives four known properties
expressed in clear language, all within the space of one page

(p- 70).

BRIOSCHI, F. (1854, Dec.; 1855, Apr.).

[Sur quelques questions de la géométrie de position. Crelle's
Jowrnal, 1. pp. 233-238; or Opere nud., v. pp. 259-265.]
[Relations de distance entre des points. Nowv. Annales de
Muth., xiv. pp. 172-173 ; or Opere mat., v. pp. 123-124.]

The first title here recalls that of Cayley’s maiden effort;
and, as a matter of fact, the paper of 1854 had its origin in the
paper of 1841. Cayley, it will be remembered, obtained the
relation connecting the mutual distances of five points in space
by multiplying the two determinants

Sxlt -2 -2, -2z, —2w, 1 Loa, vy, 2 w, Zaxp? ﬁ
2t -2, —2 _/ —22, —2w, 1 L@, yy 2y wy, Zx?
St -2y — 2 Ys —22, —2w; 1 1wy, y, 2z wy Zg?
1 . . . . O 1}
the first of which is —16 times the sccond, and then putting the
w's equal to zero. Brioschi now follows on the same lines,

but with an interesting difference. Having shown that the
determinant

ol 4y 42 @g=2 )+ W= P+ (3—2) 1 —2x =2y, -2z
’”2 + 3/22 + zz (""u - '”2) + (’ye ?/z) + (Ze - *2) I - 2"2 - 2?/9 - 2z2
a’sg"' Y5t + 25 ("'a x ) + (’!/e ?/5) + (ze - za)‘ 1 - 2"'5 2 Ys — 2z5
1 1 . . . .
vanishes identically, the simple fact being that the second
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column is a sum of multiples of the other columns, he multiplies
it by % of itself, namely by

1 Z(xg—z)® Zx® @ Y1 %
1 2(”6—'962)2 Zxd @y Ys %
1 2(-”0"‘“’5)2 2”52 Ty Ys %
1 1 . ..
and, putting d, ... for Z(xg—x,)% ..., obtains the relation
de? dgdp+dy .. dgdg+d,s dg+1
d 1cl 2+d12 (L’ cow gt dyy dg+1
dmdﬁs+ ‘-7/15 Y gs? des+1
dy+1 dyt1 ... dgtl 1,

which degenerates into Cayley’s result when we put

%o Yor %6 = 1> Y10 %1
and make certain easy transformations.

In a similar manner the relation between the distances of
five points on an ellipsoid is found, and the relation “cntre les
plus courtes distances respectives et les inclinaisons mutuelles de
sept lignes quelconques.”

The second paper contains nothing new.

FERRERS, N. M. (1835, Dec.).

[Two elementary theorems in determinants Quarterly Journ.
of Math., i. 12 364; or Nowv. Annales de Math., xvi. pp.
402-403, xvii. pp. 190-191.]

The first theorem referred to is

1 1 1 . |
1 14a, 1 1
1 1 14a, ... 1 = Uyllg e o o Uy,

11 1 ... l4u,
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the proof being dependent on the fact that, if any one of the a's
be put equal to 0, the determinant vanishes. The second is

140, 1 1 ... 1
1 I+a, 1 ... 1
1 1 14+a,... 1
1 1 1 ... 14a,

1.1 1
= (l1a2. . .(l” (1+ ‘ +(¢2+ +‘6Z’;>,
which is made to rest mainly on the fact that if any one of the
u's be put equal to 0 the determinant takes the form of the
preceding determinant. Note is taken that Sylvester’s theorem
on p. 55 of the same volume is a special case of this second

result.

BRUNO, ¥. FAA DI (1855, Dec.).

[Addizione alla nota inserita nel fascicolo di ottobre ultimo.
Annali di Sci. mat. e fis., vi. pp. 476-479; or § vi. of his
THEORIE GENERALE DE L’ELIMINATION, x+224 pp., Paris,
1859.]

The note referred to in the title professed to be “Sulle
funzioni simmetriche delle radici di un’ equazione,” and contained,
besides other things, the final expansions of the resultants of two
quadrics, two cubics, and two quartics. The “addizione,” on the
other hand, draws attention to the axisymmetric determinants
which represent those resultants, the author being apparently
unaware that Jacobi had already done this in 1835 and Cauchy
in 1840. His rule of formation is the same as Sylvester’s of
1853 (June).*

In his “ Théorie Générale de I'Elimination” the matter is gone
into in greater detail, the rule of formation occupying a full
page (pp. 55-56). He there also devotes a section (§ix. pp. 66,
67) to an account of Jacobi's relations between the elements of
Bezout’s condensed eliminant,.

* See our chapter on Persymmetric Detorminants.
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BRIOSCHI, F. (1856, Jan.).

[Sur une nouvelle propriété du resultant de deux équations
algébriques. Cwrelld's Journ., lili. pp. 872-376; or Opere
mat., v. pp. 277-282.]

Bezout’s condensed climinant of the equations
U +ag* 1+ . .. +a, =0
by + b4 ...+ b, =0

being denoted by |8, By ... B,.|, or B say, the new property
referred to is

<, oB
Elgmr az; = - (n —m+ I)bm-lB°
r=1

The proof given is of no interest in connection with the theory
of determinants.

i
CAYLEY, A. (1856, March).

[Note upon a result of elimination. Philos. Mugazine (4), xi.
pp- 378-879; or Collected Math. Papers, iii. pp. 214-215.]

If the quadric
ax®+by*+ca®+ 2fyz + 29z + 2hay
have a linear factor, fx+4y+ {z say, it must vanish identically
where we make the substitution
@, Y,z = Bf{—vyn, y€—af an—B¢,

where a, 8, y are any quantities whatever ; and consequently the
co-factors of o2, B%...in the result must vanish,—that is to
say, we must have

en® + b§® — 2fn¢ =0 )

cg? + af? — 298¢ =0
bf"" + ay? - 2hfn =0
—2fg? — 2an{ + 2hGE + 298 = 0 |
- 2y + 2hnd — 2b{¢ + 2fn = 0
= 2h* + 290l + 2f (€ — 2fn = O
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and therefore

c b -2f
¢ . a . =29 .
b «a . . .oo=2h 0
-2f . . =2 2h 29 ’
-29 . 2h —2b 2f
. . =2k 29 2f -2

or, say, SA=0.

But on account of the breaking up of the quadric into linear
factors the discriminant must likewisc vanish. It is thus
suggested that the discriminant is a factor of A; and by actual
trial it is found that

a h g |2

B b f
g f e
It has only in addition to be recalled that A originally made its
appearance in Sylvester’s second paper on dialytic elimination.

A= -2

BRUNO, F. FAA DI (1857, April).

[Sopra il volume della piramide triangolare. Annali di Sci. mat.
e fis., viii. pp. 77-78.]

With an eye on Sylvester’s paper of October 1852, Fad di
Bruno first expresses the volume (V) of a tetrahedron in the
form

T—Ty Y1—Ys %%
¥l o—as Y1—Ys %72 3
=% Y=Y =H—%

and then by squaring obtains the result

. 2d122 dm2 + d132 - d232 d122 + d142 - d242
288V2 = | dy? + dyg? — dy? 2l g2 dyg? + dy 2 — dy?
| d? + = dy} dyg? Ay —dy 24,2
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s a consequence of the relation

2 E(aﬁ — L) (% —3) = Z(ml —,)*+ Z(wl — &)’ — E("cz — )%
Another form of the relation between the mutual distances of
four points in a plane is thus brought to light.

RUBINI, R. (1857).

(Applicazione della teorica dei determinanti. Annali di Sci. mat.
e fis., viii. pp. 179-200.]

Rubini starts with the theorem which expresses a determinant
with binomial elements as a sum of determinants with monomial
elements, and then considers a long series of special cases.
Among these Ferrers’ theorems of the year 1855 occupy the
first place (§ 2, 3, pp. 181-184).

BELLAVITIS, G. (1857, June).

[Sposizione elementare della teorica dei determinanti. Memorie
.. .. Istituto Veneto . ... vii. pp. 67-144.]

Besides the paragraphs (5 42, 43, 44) specifically devoted in the
second half of the exposition to axisymmetric determinants, there
are two others (9, 35) connected with the same subject in the
first half. One of the latter (§35) draws attention to the fact
that any coaxial minor of the axisymmetric determinant which
is the square of a determinant is expressible as a sum of squares.
What is new in the former is the definite reference to determinants
which are doubly axisymmetric (“doppiamente simmetrici”),
the examples given being *

@ b a b ¢ a b c¢c d
b af, | d b b a d ¢
¢ b al, |lc d ab

dec b al,

ad

* The third, by reason of its central two-line minor, which might have been da

is moro speoialised than a doubly axisymmetric determinant.
M.D. II. K
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the last of which is noted as being equal to
—(t+b+c—d)(a+b—c+d)(a—b+c+d)(—a+btetd),
whereas in reality it is equal to
(@+btc+d)(at+b—c—d)(a=dtc—d)(w—b—c+d).

BALTZER, R. (1857).

[THEORIE UND ANWENDUNG DER DETERMINANTEN, mit . . . . .
vi+129 pp. Leipzig, 1857.]

In five different sections (§3, 8, 9; $5, 2; §6, 2, 5; §7, 5;
§ 18, 12) Baltzer gives attention to determinants whose elements
Wy, oy ave identical. In §3 he notes that conjugate minors are
equal, and proves Jacobi’s theorem regarding the differential-
quotient of a determinant with respect to a non-diagonal element
by using the fact that if « be a function of @ and y, and y be a

function of z, then
du a o dy

de — dy da’
the whole matter being
gﬁ Atk + Aki = Aib + Ali = 2A|ln
1k

where it will be observed ’c)s only are employed. In §7, 5 is
given the result which we have already seen in Lebesgue’s paper
of 1837, namely, that for a vanishing axisymmetric determinant
Ay = VA A,
and there is thence deduced
AyiAp:iAy:. ... =VA VA, VA, ...

Lastly, in §18, 12 he applies this to Cayley’s vanishing determi-
nants of the year 1841; for example, to the determinant

1 1 1 1
1 dyy dig dy
1 dy . dy dy
1 dy dyg . dy,

1 d, dy dy
This being equal to zero, if we write [r,s] for the cofactor of the
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element in the place (»,s), we have of course

[12] + [13] + [14] + [15] = o,

and consequently also

V22] + V[33] + J[44] + V[55] = 0,
—a result hitherto only obtained independently from geometry.*

BORCHARDT, C. W. (1859, May).

[Ueber eine der Interpolation entsprechende Darstellung der
Eliminations-Resultante.  Crelle’s Jowrn., lvii. pp. 111-121;
or Monatsh. d. Akad. d. Wiss. (Berlin), pp. 376-388; or
Gesammelte Werke, pp. 133-144; also abstract in Annali
@ Mat. . . ., 1i. pp. 262-264.]

Following a suggestion of Rosenhain’s, Borchardt seeks to
obtain an expression for the resultant of two equations of the
' degree ¢(r) =0, Yr(x) =0 in terms of the valuest+ which
#(x) and (z) assume when x receives any m+1 values

Ogy Ay, v o v Gy

* Baltzer gives (p. 20) Cayley’s determinant form for
- (Wa+Nb+ne) - (~Na+Nb+Ne) - (Wa - Nb+ne) - (Wa+nb -~e),
placing in front of it what looks like a generalisation, namely
o b ¢

a . ¢ by
by ¢ . ay
o by ag .|,

but is not really such. We can easily show that if a,, b, ¢; be multiplied and

ag, by, ¢, be divided by =z, y, z respectively, the determinant is unaltered ;
consequently it

@y biby 6 11 . Nag, Niby Neg
_lmm o U1 L L ae by | (Nmey . Nog Wb |
- I b]ba 1 . l l. clt‘, . “laﬂ J b]ba Ncl('2 . Vala,

eeg 11, 1 by aa, . News Wby Naa,

+ He does not mean in terms of these alone, but in terms of these and
ao, [T Qe
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The basis of his procedure is Cayley’s result that

o) $)|+ ) = LT
V@) () Y
D :

yn-l

where D is the array of Bezout’s condensed eliminant |DI].
Denoting the left-hand member of this by F(z,y) or F(y,2),
we see that

1z wf I 1 1 .1 F@,y) P,y .. F@,y,)
1 :c, wz o @D B Yo F(@,y) F(zo,9) - F(wz,yu)

.......

1 z, w” e 2 eyt et | F@aey) F(wn,yz) F(w,.,,y»)
H:Dd |D| ‘F(abal) F(az (12) F(am an)|+|a(l) a; L an llz

which, were it not for the illusory elements F(a, @) in the
diagonal, might be viewed as constituting a solution of the
problem.

To obtain unobjectionable expressions for these, the interpola-
tional forms of ¢ (%), Y(x) are necessarily taken, namely

pa)fe) |, ea)f@ . N@e=a)
Fad ey ey T 2 @ Y

i=0

¥(a) /@) V@)f@) . N @fe-a)
f(ao)o(w—ao)+ +f (a,,).(w-a,,) or zﬂ J‘( a, ‘/’( D,

where f(x) stands for (z—ap)(@—a;) ... (®—a,). The resulting
expression for F(z,y),

f(z)/(x=a) f)/(y-2) f)l y a) f()/(@-a,)
NiCH R (O 2 s YNy o

is then developed with a view to the actual performance of
the division by y—=. Each of the two multiplications in the
numerator gives (n+41) terms; but, as the product of any term
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of ¢(x) by the corresponding term of yr(y) is cancelled by the
product of the corresponding terms of ¢(y) and (z), the
number of terms then remaining is

2(n+12 - 2(n+1), e 2n(n+1).

Next, taking the product of the (r+1)* term of ¢(x) by the
(8+1)" of Y/(y) and subtracting the product of the (r41)* of
¢(y) by the (s+1)™* of y-(2), we have

f (w)/ (x—a,) ¢ (a,) .f ("/)/ (y— an)\l, (a) — f (y)/ (y— ar) ¢(ar) .f (2)/(2 = ay) ‘l’( a),

f'(ar) J{) f(ar) S (o)
o J@) 1Y) (ar)Y(a) { 11 }
S (ay)-f'(as) @—a)(y—a) (Y—a)z—a))’

A CORCORICRACHS (y—=)(ar—as)
J (@) f(a) (w =)@ —a)(y—a)(y—a)

in which y— is a visible factor. From this, by the mere inter-
change of r and s, we secure the combination of another pair of
terms; and by adding the two results we see that F(z, y) or
F(y, #) can be expressed as a sum of }n(n+1) terms of the form

F@FW) [y i i)
7oy Flay (@) Va)=9@) o) —oye

) —a)y—a)’

the individual terms of the sumn being got by giving 7, s the values

0,1; 0,2; ...; 0,n

1,2; ...; Ln
n—1,n
We thus arrive at
. — - {f(w)}2 * F(aﬁ ay) (ar—au)2
F(a/; w) - fl(ar) . f.,(ax) . (w — a,.)z(.'l} — ae)z ]
r,8=0,1; ...; =10

and so see that if 2 be put equal to one of the o’s, say a,, all the
terms under ¥ which have = and s both different from 4 must
vanish because of the presence of the first factor of the numerator.
We have only therefore to consider the terms got by putting

r8=140;141;...;%1=1;1%4¢+1;...; %,
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and thus have
rne=yit+l; .. 60

a;) = —{f(a))* F(ar, a)- (ar""as)g.
F(a” i) B f,(dr) .f’(a‘) : (al— as)z(a; - 03)2

r,8=140;41;...34 i-1

S
T T L T (@ o)

8=0,1,...,8-1
What was desired has thus been fully attained; it happens,

however, that because of the peculiar constitution of this ex-
pression for F(a,, a,), it being such that

F(a;, a;) - — s=i+l'F(.:‘: a,)
f’(al) 'f’(at) —0]:((1‘) ! (aﬂ)

we can proceed a little further and throw || into a more elegant
form. Thus, dividing the rows of

| F(ay, 0,)- Fag, a,) - . .. Fan, a,)|

by f(ap), f(a), ..., f¥(a,) respectively, and thercafter the
columns by the same, we have, on putting

(rs) for F(a,,a,)/f (ar)-f(as),
D, = |(11) (22) .. . . (wn)]- {f'(ax) S(a) - . o))

|ajay ... ap '

A @) o)l

where
@) = ={@0) + (1) +... + (Gi-1) + Gi+1)+... + (in)}

that is to say, where each diagonal clement (47) with its sign
changed is equal to the sum of all the other elements of its row
together with the additional element (70).

Borchardt’s treatment of this peculiar axisymmetric deter-
minant is dealt with elsewhere. (See Chapter XVI. under
Unisignants.) Meanwhile a remark incidentally made (p. 114)
should be noted, namely, that Any axisymmetric determinant
having the sum of every row equal to zevo has all its primary
minors equul.
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CAYLEY, A. (1859, June).

[Note on the value of certain determinants, the terms of which
are the squared distances of points in a plane or in space.
Quart. Jowrn. of Muth., iii. pp. 275-277; or Collected Math.
Papers, iv. pp. 460-462.]

The determinants veferred to are those oceurring in his first
paper of the ycar 1841; but the expansions of them which are
given do not assume that 12=21, cte. Sylvester’s related paper
of March 1858 is also referred to, the 2W of which is put in the
form

N |
b e« . b
f g L
1111 .}
with the result that Q takes the form
@B {f4+ g+ M+ TR AR+ f2g2 4 02 + Pa? 4 a2 — (f2 + 2 4+ 0%) (a2 + B2 + )}
QAU {fA 4 D+ O+ B + A 4 [ P4 RG24+ % — (f2 4 14+ o) (a2 4 g2 )
+ B2 gt + ot 0t + ca? 4 a2+ g2P + B2 A0 B — (g4 ¢ 4+ 0®) (B2 R4 )}
+ AP B+ @t + U+ 202 4 B2+ B2 + 22 + g% + 6 — (2 + 02 + B) (B4 2+ %))

— ek pd ok

SALMON, G. (1859, July).
[On the relation which connects the mutual distances of five

points in space. Quart. Journ. of Math., iii. pp. 282-288.]

Salmon starts from the climination of «, b, ¢ from the set of
trigonometrical equations

« = beosC + ceos B
b = ccosA + weoeC
¢ = «wcosB 4 beos A

and proceeding to similar eliminants of higher order reaches
Cayley’s results of 1841 and others related to them. The
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interest of the paper is mainly geometrical. Use is made of
the proposition that if the quadric
ax? + by? + c2? + duw?®
+ 2lyz + 2mex + 2nxy + 2prw + 2qyw + 2rzw
be increased by (ax+ By-+yz+ow), the discriminant

« n om p
n b I
m L ¢

r 9

ISP S

is increased by *

m

o

T~
WILB o

%@ W -
S 2

SALMON, G. (1859).

[LEssoNs INTRODUCTORY TO THE MODERN HIGHER ALGEBRA.
xii+ 147 pp. Dublin.]

The evectant (or first evectant) of an invariant I of a quantic
(@ byc, ..., 9,2 ...) being

* The new discriminant being
i@ +a® u+4+af m+ay p+ad i

n+aB b +8 I +By q+pBd
m+ay [ +By ¢ +9% r+vy6
p+ad q+Bd r 445 d+&°
is easily seen to be equal to
-|-1 « B y @
a & nom p
B n b | q
y m | ¢ »
& p g r dj,
and therefore to be separable into the two expressions referred to.
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it is readily seen that, in the special case where n =2 and where
therefore I is the diseriminant of the quantic, the evectant is
expressible as an axisymmetric determinant, namely, that ob-
tained by ‘bordering’ the discriminant by the contragredient
variables; for example, taking the ternary quadric

x Yy z
« h gla
L b fly
g f ¢ |z

we have for the evectant of its diseriminant

1. £ 2 ¢

E a b oyg
n b b f
$ 9 f el

In recalling this fact at the beginning of his Fifteenth Lesson
and a further fact regarding the form of the evectant of a
discriminant which vanishes, Salmon digresses for a moment to
put on record (§155) an implicated property of axisymmetric
determinants, namely, that if the cofuctor of the element im
the place (1,1) of an axisymmetric determimnant vanishes, the
determinant is expressible as ‘a perfect square,’ his meaning
being, the square of a linear function of the elements of the
Jirst row.

It is not unintercsting to observe here that this unpretentious
but important manual of Salmon’s and the very useful Thévrie
Générale de U Elimination of Fad di Bruno above and elsewhere
referred to appeared almost simultaneously in the year 1859,
and that the one was dedicated to Cayley and Sylvester and
the other to Cayley.



CHAPTER 1IV.
ALTERNANTS, FROM 1832 T0 1860.

Notk ought to be taken of the fact that the first three papers
here to be dealt with, namely, the papers by Murphy (1832),
Binet (1837), and Haedenkamp (1841) belong to the previous
period. Nothing, however, appearing in the former chapter on
the subject requires modification on that account.

Further, as exaggerated statements regarding Vandermonde’s
contribution to the subject have been widely accepted, it seems
desirable to point out the exact foundation on which such state-
ments rest. In a paper* read in November 1770 Vandermonde
says (p. 369), “Or a?+Vc+fa—a?c—bla—c®, qui égale
(a=b)(w—c)(b—c) a pour carré a®d®+....” This is the whole
matter.t

MURPHY, R. (1832, Nov.).

[On elimination between an indefinite number of unknown quan-
tities. Transac. Cambridge Philos. Soc., v. pp. 65-76.]

Murphy’s third example in illustration of his method is the
set of equations
14+ 4+ a+....4+ z,=0
14 22, + 226, 4+....4 22, =
14 8z, + 3, +....4+ 32, =0

(=4

140z, + 2%, 4+....+ 0%, =0
* VaxpeErMoxDE, N, Mémoire sur ln résolution des éynations, Mém. de Aead,
des Sci. (Paris), Année 1771, pp. 365-416.

tSce Nouv. Annales de Math., xix. p. 181 footnote.
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which he neatly and easily solves, giving the value of ,,, and
thus in effect evaluating

1 11....1 1 I | 1 1....1

1 2 2¢,,, . 2m-1 9w+l = 95 2 22, ,,9n
(=)|1 3 3....3m-1 gmtl  3n | |3 g2 _  3»

1 n #*....am-1 gmtl  pn n nE....n?

His connection with our subject is thus seen to be similar to Prony’s.

It should be carefully noted, however, in passing, that Prony’s
set of equations is not the same as Murphy’s, the determinant of
the one being conjugate to that of the other.* When the use of
determinants is debarred or avoided, this difference is far from
unimportant,—a fact which might readily be surmised from the
present instance, since Murphy’s mode of procedure, though
strikingly effective upon his own set, is quite inapplicable
to Prony’s. It should also be observed that the solution
of Murphy’s set is not essentially different from the solution of
the familiar interpolation-problem to determine ay, a,, . ..., «,,
80 that a,+ax+a@?+ ... +¢,z* 1 or y may have the values
Y Yor oo -5 Yy when a has the values x), z,, . .., x, respec-
dively,—a problem which had been solved in one way by
Newton (1687), in another way by Lagrange (1795), and in a
third way to a certain extent by Cauchy (1812).t

* The two sets of equations are

1 2 n r=n
@y + Gty + ..+ arx, = Uy v (1)

and R . . r=n
apy + aslty + ...+ a4, = ur}' . (J)

The former is substantially the set of the interpolation-problem which goes back
to Newton, and which may therefore for distinction’s sake be associated with
his name: the latter being first found solved by Lagrange (Recherches sur les
suites récurrentes . . . Mém. de lPacad. de Berlin, 1975, pp. 183-272; 1792,
Pp. 247-257: or (Huvres complétes, iv. pp. 149-231; v, pp- 625-641) may be
culled Lagrange’s set, provided we remember that he also gave a solution of
the other. The first to deal with both of them in more or less general form
by means of determinants was Cauchy (1812)—sce also his Resumés A nalytiques,
P- 19, ... 4° Turin, 1834—but in saying so a mental reservation must be
made in view of Cramer's mode (1750) of continuing Newton’s work.

tNEWTON, Principia, lib. iii. lemma v.: also Arithmetica Universalis,
probl. Ixi. LacrNeg, Jowrn. de Pée. polyt., ii. cah. 8, 9, pp. 276, 277: or
Euvres complites, vii. pp. 285, 286. Cavcny, Journ. de l'éc. polyt., x.
cah. 17, pp. 73-74; or Guvres complétes, 2¢ sér, i. pp. 133-134.
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BINET, [J. P. M.] (1837).

[Observations sur des théorémes de Géométrie, énoncées page
160 de ce volume et page 222 du volume précédent.
Journ. (de Liowville) de Math., ii. pp. 248-252; or, in
abstract, Nouv. Annales de Math., v. pp. 164, 165.]

The main object of this short paper of Binet’s was to draw
attention to the fact that a theorem regarding homofocal surfaces
which Lamé¢ had just published was originally given by Binet in
1811. He thus has occasion to say that the form under which he
had considered the equation of homofocal surfaces was

4

a? b2 ¢

K-Atk-B*R=C= "

where @, b, ¢ are the co-ordinates of any point on the surface,
A, B, C are positive constants such that A>B>C, and K is a
quantity which may be of any magnitude greater than C. And
as Lamé had obtained expressions for the co-ordinates in terms of
three values given to K, Binet intimates that many years before
he had not only done the same but had extended the solution to
the case of n equations. It is this purely algebraical problem
which is of interest to us, and fortunately Binet gives it in full.
Taking the set of equations in the form

o b ¢
KAt k-Bt k-c T =L
a b e
K-Atx-ptg-ct =t
« b c

K-Atx-Btx-¢*t =L

he introduces, for temporary purposes, two functions, F(x), f(),
the former being

(—A)(x—=B)(x—=C).....

and therefore of the n'* degree, and the latter being any integral
function of a degree less than n. He then recalls the fact that
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f(z)+F(x) can be partitioned into » fractions having x— A, z—B,
=G, ... for denominators, the result as given by Euler being
f@) _ A B fe)

F@) — (@=A)f(A) * @=B)f (B) " (z—-C)f(C)
Substituting successively K, K,, K,, ... for # in this, a set of

equations is obtained from which it is seen that the solution
of the set

«@ b ¢ _ J(K)
K-ATR=BtK-C T = F®y
« b ¢ _ f(K)
K-AtK-BtK—ct ' = FKy
« b ¢ _ f(Kg)
K,~ATK,-BTK,ZCT = RK,y
. fA) _ f(A) -
FA)  (A-B)YA-C)A=-D)....
y_ f®B) _ f(B)

= ¥F(B) = B=AB-C)B=D)..."

Now the set of equations here solved is more general than that
with which we started, the latter being the particular case of the

former where .

) _ AR

F(K) — F(K)) ' ’
To effect this specialisation it is only necessary to make the
arbitrary function f(r) equal to

(e=A)(@x=-B)(x=-C).... — =-K)@=-K))(+=-K,)....
or equal to
F(x) — () say;

(where, be it observed, the condition as to the degree of f(x) is
fulfilled); for then, since f(x) vanishes when z=K, K, K,, .. ..
we have

fK) = FK), f(K) = F(K), f(K) = F(K,), ....

The corresponding change in the values of the unknowns is easily



o =1(0-6)7"...
1(b,—By)"
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made: for example, in the case of «, we have only to substitute

the numerator, the result being

_(A-K)A-K)(A-K,)..
T(A=-B)A-0)..

We have thus as Binet's theorem :—

The solution of the set of equations

F(A)-f(A)—or, what is the same thing, —f(A)—for f(A) in

—

xl ".2 a':i Xy
——- R .. + %
bx"lgl + l‘l"'ﬁz + b "‘:83 + bl_ﬁ"
fl‘l T, A
-8, " b, Lt b, /3; L )

‘T"
O REtwos et s,

18

T = — Bi=b)(B=by) . ... (B, —_bn_)’
! (131";82)~ s (ﬂl—ﬂn)
=_(B2 b)(B b)....(ﬁz—bﬂ)
o /3 =-B) . (B=B)

ooooo

the binomial fuctors of the mumerator in the cuse of x, being
got by subtracting from B, ull the b's in succession, and the
similar factors of the denominator by subtracting from B, all
the other 8.

Remembering that Binet had originally been an expert in
working with determinants, it is not a little curious to note that
he did not compare with these expressions for x|, @,, ,,. ...
the expressions in terms of determinants, viz.—

1 (bn— ﬁz)-

T, =.

(bl _an)-l

1

Lo (=807
- (l;n—ﬁn)“!

(b, =Bt (b, =B, ..
(bz Bl) (b Bz)'

(b —:61) (’) —ﬂ )’

(b =By
(bz l3n)
(b —181;)

......

Had he done so he would undoubtedly have reached a result
which was not brought to light until four years later by Cauchy.
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HAEDENKAMP, H. (1841).

[Ueber Transformation vielfacher Integrale. Crelle's Journ.,
xxii. pp. 184-192.%]

The transformation referred to in the title has its originin a
special cquation of the n' degree in ¥, viz.—

@ x a
1 2 .
e T [ S R S
h=Y =Y =Y
and, as Haedenkamp gives the values of «,, z,,. .., r, in terms
of the n roots y,, ¥,,..., vy, of this equation he may of course
be viewed as having solved the set of linear equations—
- S+ =]
G=Y G ="
@, @, x

LS S B

=Y =Y,

o

which Binet had explicitly dealt with four years before.

BORCHARDT, C. W. (1845, Jan.).

[Neue Eigenschaft der Gleichung, mit deren Hiilfe man die
seculiiren Storungen der Planeten bestimmt. Crelle’s
Journ., xxx. pp. 38-45; or, in extended form, Journ.
(de Liowville) de Math., xii. pp. 50-67; or Gesammelte
Werke, pp. 3-13.]

For the present this paper is only noteworthy as containing
the square of the difference-product in the form of a determinant
of the particular type soon after to be named “persymmetric ”
by Sylvester. M being used to stand for

(Zxd9g: .. 07

*Sec also Crelle’s Jowrn., xxv. pp. 178-183 (1842), and Grumert's Archiv d.
Math. u. Phys., xxiii. pp. 235, 236 (1854).
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Borchardt says “Es wird also M die Determinante aus dem
System

8 & 8 ... 8

B 8 8 ... 8

S, 8 8 ... 8p

8,

-1 ‘qu s»+1 L 82n-2

wo
8 =grtgr4.. g

ROSENHAIN, G. (1845, Sept.).

[Neue Darstellung der Resultante der Elimination von z aus
zwei algebraische Gleichungen f(2)=0 und ¢(2)=0, ....
Crelle’s Jowrn., xxx. pp. 157-165.]

Although the subject of alternating functions is incidentally
dealt with in Rosenhain’s paper (p. 161), nothing of importance
occurs. The identity *

r=m+l, Lo, n

4 4
C* (@, dy, ..y ) = & (ag; g, ..., co,,,)-C (Cgrs Congzs <o ). I (0, —a,)

8=1,2,...,w”

appears in the form
H(a'l’ Uyy oev s “u) = H(“‘]: Uyyonsy “’m) : H(“mi—l: gy «ov s u’n) ¢ Ml, 2. m

where the mode of denoting the rectangular array of differences
cannot be commended.

* A still better form for the right-hand member is
} r=m+l,..., U
( (“ls Azy oo oy “’m) : II](‘:r"“'c) '{i(“’mﬂ’ Uppyy o ooy X,
=1,2,...,m

where the suftixes are scen to run twice from 1 to n. Another identity, just as

worthy of note, is
r=m+l,...., U

n
{i("’h azy ooy a‘n) = (%“’17 lyy o v ey "’m) 'I_]]:(gr'“n) 'lgi(“m’ (S PR "'n)'
The one is exemplified by the partition T
AG=0 A3=0  C=0 G5—=0 Gg—0
W3-, G-y Us—Oy Q-1
Q=g Oy—(ty Gg—0,
U5g— 0y Ug—0,
Gtg — by
the other when instead of this the right-to-left dotted line is made to separate
the third row of differences from the second. The former is that to which we
have drawn attention when dealing with Jacobi’s memoir of 1841.
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What the title refers to is a new variant of a form of the
resultant given by Euler in 1748, namely, the variant

B By -+ 5 Brns @y, @y, ..., ay) + {i(ﬂv By - ;Bn)';}(al: Gy, ++e 5 On),
where the a’s are the roots of f(z)=0 and the 8's the roots of
$(2)=0.

STURM, R. (1845); TERQUEM, O. (1846).
[Cours d’analyse de 'Ecole Polytechnique. 4to, lithogr., Paris.*]
[Sur la résolution d'une certaine classe d'équations & plusieurs
inconnues du premier degré. Nowv. Annales de Math., v.
pp. 67-68, 162-165.]
Employing the method of “undetermined multipliers” Sturm
here supplies the want left by Prony, namely the solution of

r=n—-1

ww +am, +. .+ ap, = VP

non r=0

The said method may be generally described as making the solu-
tion of a set of n equations dependent on the solution of a set of
n—1 equations, the latter set being related to the former in
having its determinant conjugate to a primary minor of the
determinant of the other set. Thus the given set being

a,z, + sy + agr, + € x, = O

bz, + by, + byws + b, = by

0%y + 6Ty + Cg + 6Ty = G

dizy + dyzy + dyzy + dw, = dy
we conclude therefrom that the equation

(@ + A+ ey +vd )z, + (ay+Aby+ucy+rvd)z, + . . . ..

‘ = a5 + Ab; + s + v
holds for all values of A, u, v; and in order to obtain the value of
x,, we have to solve the set

g+ A+ cou +dyy =0
g+ b\ +cu+dy =0 3>
g+ b +eu+dy =0

*Not the posthumous book with this title edited by Prouhet and published
in 1857.

M.D. II. L
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where the determinant of the coefficients of the unknowns is the
conjugate of the complementary minor of «, in|a,be,d,|. With
this fact in view, and along with it the nature of the relation of
Murphy’s set to Prony’s, it will be readily seen that both sets

appear in Sturm’s procedure.
Terquem follows Sturm, and extends his method to the set of

m equations
2, +0x, +2; +...4+ax, =210,
ox, + 12, +ags+...4+ a2, =b
o, + 20,y + axs + . ..+ alx, = b,
a, + 3agwy + ake, + ...+ alw, = b,

where the coefficients of x, are the differential-quotients of the
corresponding coefficients of «,. The possibility of this solution
rests on selecting , as the first unknown to be determined, and
on the set being thus reducible to one of the previous type.

CAYLEY, A. (1846, Aug).

[Note sur les fonctions de M. Sturm. Journ. (de Liouville) de

Math., xi. pp. 297-299; Collected Math. Papers, i. pp.
306-308.]

The functions referred to, which are really Sylvester’s substi-
tutes * for Sturm’s functions, are introduced in the form—

F@ = @)oo=t ... —an)

L@) = Z@—a)(z—u)(xz—ay) ....

fz(w) = z(al—ag)z.(w—as)(w—%) ceen

@) = Z(a,—a) (2, —as) (25—, (x—ary) .. ..
P2

Son(2) =f(w).2(w_“l)(w_a2) o g

*SyYLVESTER. On rational derivation from equations of existence,.....
Philos. Mag., xv. (1839), pp. 428-435: Collected Math. Papers, i. pp. 40-46.

Srurm. Démonstration d'un théoréme d’algébre de M. Sylvester. Journ.
(de Liouville) de Math., vii. (1842), pp. 356-368.
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where P stands for the difference-product of ay, as, . .., tum, or
for what Sylvester afterwards denoted by {'*(al, Ugy v vv s Ogp):
and the problem is professedly to express f,,(x) “ par les coeffi-
cients de f(z),” but in reality to express it as a series arranged
according to descending powers of z.

This is accomplished by partitioning P/(zx—a)(@—ay). ..
(x—a.,) into an aggregate of fractions having z—a,, z—a,, . ..
for denominators,* namely,

(=)t C*(“p Ay « oy Oy) - gi(azv A3, « ooy Om)
(z—a))(@—ay) ... (@—ay) z—a,
et )
z—a,
so that the coefficient of - is seen to be
a7 g, ag, . .., A) — a7 @y, Oy, O) F e
and therefore to be
1 « o .... am? a;™!
(=t 1 a af .... af? o
1 ap @ ... af™® a7t |,

where a;, a,,...,a, are the first m a’s chosen from
Uy, Ay, e ooy O
Multiplying both sides by P and performing the requisite
summation we find that the coefficient of z-* in f,,(z) + f(z) is
S 8 ve. Sug 8,
8 8 ... 8y 8, or V.., say,
Sm—18m .+ Sy Srim-2 |»

where s, is the sum of the ¢* powers of all the a’s; in other
words, that

f;n(w)+f(w) =™ Vm-l + ™1, Vm +.o...

* It may be noted in this connection that

‘.i(“ll Qgy o s oy aﬂ)+¢’(ak) = (_)"-k(}(a'll @Agy o o0y Op-ly Ok4ly o o .y an)
i ¢(x) = (x-a)(@-ay) ... (x-a,).
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It only remains now to multiply by f(«) in the form
y & =P pat i L
obtaining
Jn@) = & ™ Vo + 2" (V=0 Vinor)
+ wn—m-z(Vm_H -plvm +P2Vm-1)

and then to condense the coefficients,—an easy operation, since

all the V’s are identical save in their last columns: for example
Varr=P1Va + 0V = (8% & .+ 8nz Smp—PiSm  +PoSmar

8 8 o0 8y sm.+2",pl'9m+l +p28m

8p—18m -+ Sam-3 Sem —Pr%am—1+DeSem-2

CHELINI, D. (1846); LIOUVILLE, J. (1846).

[Determinazione geometrica in coordinate ellittiche . . . . Raccolta
sci. di Palomba, ii. pp. 109-113, 126-131; see also v. pp.
227-263, 333-374.]

[Sur une classe d’équations du premier degré. Jowrn. (de
Liowville) de Math., xi. pp. 466—467 ; or Nouv. Annales de
Math., vi. pp. 129-131; or Archiv d. Math. w. Phys., xxii.
Pp. 226-228.]

The set of equations referred to is that dealt with by Binet in
1837. Chelini and Liouville arrived at a new solution, much
simpler than Binet’s, and related to that used by Murphy in 1832
in solving other sets of linear equations.

GRUNERT, J. A. (1847).

[Vollstindige independente Auflésung der m Gleichungen der
ersten Grades ... Awrchiv d. Math. u. Phys., x. pp. 284-302.]

The eqﬁations are
C AtAgtAd . AT =a)
that is to say, are of the type to which Murphy’s belong, and

r=n
r=1"



ALTERNANTS (GRUNERT, 1847) 165

with which a problem in interpolation is connected; and the
solution, rather tardily reached (p. 301), is

(—l)mA“-m = K(aga Ogs Qgse ooy an)

(o, — az) (“1 —ay) (a1 - a4) s (al - an) M

Koy ag 0. a)
(“2““1)(“2"“3)(02"04)‘- .« (ag—ay,) ®

+ K(al’ a2) a4, e sy a’ll) a
(ay—a)(ag—ay)(as—a,) . . . (a3—a,) *

+

K(ay, a5, a3, - -+ an-1) a
(an_al)(an—a2)(an—a3) L) (an—an-l) "

+

where by K is denoted “dic mte Klasse der Kombinationen
ohne Wiederholungen.”

ROSENHAIN, G. (1849).

[Auszug mehrerer Schreiben .... iiber die hyperelliptischen
Transcendenten. No. IV. Crelle’s Journ., x1. pp. 347-360.]

L}

In the course of an investigation regarding the relation between
two Abelian integrals Rosenhain is brought up against the
determinant

2 {1—':“‘1_1 ) ty—ay "7 bpa1— 0y

already dealt with by Cauchy in 1841, and afterwards known as
“Cauchy’s double alternant.” The multiple integrals in question
have to suffer transformation of the variables, and as a pre-
liminary it is ascertained that the Jacobian [not yet so called]

o oy Wy gy 11 A
2 * ot, oty """ Oty C 2‘ * bi—ay fy—ay " by —a

and .
oy oty Obny _ 1 1 1
E * o, awz..“awn—l =D Eitl—al R A
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where C and D are specified functions of the a’s and ¢’s. From
this by multiplication it follows that

1 1 1 2 1
{E i-tl—al.tg—ag'...t”?]_an_;} - C‘ﬁ,
and thence ultimately that
1 1 1
Z = h—a ' b—ay "ty —
( l)i“(n I)H(a *Qgy e vy Ay 1)'II(t1, tg, e ey tn—l)
P(ar): ¢(az) . - - $(dn1)

where $(€) = (E—t)(€E—1s) . .. (E—1tu-y).

There is then added a simple verificatory proof which consists
in noting (1) the double alternating character of the function *

A 1 1
¢(al) : ¢(a2) e ¢(a"'1) ' 2‘ + tT:l:—al ) tz"'az e tn—l_an:l;

(2) its degree in any one of the a’s or ¢’s; (3) the sign of any one
of its terms. The exact words are—

“ Der Beweis der obigen Formel ergiebt sich durch die Betrachtung,
dass

b(@) () oo D(Bar)- D) X

eine ganze rationale alternirende Function sowohliin Bezug auf die
n—1 Grossen ¢, als auch in Bezug auf die n -1 Grossen a,, ist. Es
iibersteigt aber in dieser Function weder cine der Grossen , noch eine

1 1

t —a tz —“_2 e —

*The product ¢(a;).d(ay). .. ¢(an—,;) is arrangeable as a square array of
binomial factors, being in fact, save as to sign, the product of all the denomi-
nators in the double alternant, and is thus seen to be symmetrical with respect
both to the a’s and to the ¢’s. If therefore we multiply each row of the alternant
by the product of the denominators of the row, or each column by the product of
the denominators of the column, we multiply the alternant by

(=1)in-Nn-Bg (@) - p(ay) .« - . P(an-).
The two determinants thus resulting have elements which are the product of
# -2 binomial factors, and are equal to

(D001 (0, 0y, . . .., anca) - Thy tay - - - i)
If, on the other hand, we multiply each element 1/(as—¢,) of the alternant by
a:"—t:'" we obtain the product of the two II’s as reached by the ordinary
multiplication-theorem of determinants,
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der Grossen a,, den (n-—2)ten Grad: daher ist sie nicht bloss durch
das Product

H(aly Agy oo 0y a'n—l) . H(tl, t29 ey tu—l)

theilbar, sondern, abgesehen vom Zeichen, diesem Producte selbst
gleich, da ihre einzelnen Terme keine andern Zahlencoefficienten haben,
als £ 1. Da nun die Determinante positiv sein soll, so musste rechts

vom Gleichheitszeichen noch der Factor (- 1)!""" hinzugefiigt
werden.”

CAYLEY, A. (1853).

[Note on the transformation of a trigonometrical expression.
Cambridge and Dublin Math. Journ., ix. pp. 61, 62; or
Collected Math. Papers, ii. pp. 45, 46.]

In order to show that the vanishing of the alternating
function L
1 2 (et+x)etx)

1 y (at+yWe+y)
1 2z (a+2)e+2)

implies the vanishing of

1 Ja—c 1 Ja—c _1\/
tan Jc—+w+mn c—+y+tan

a—c
c+z

the determinant is proved to contain the factor
Ja—c+ w=c Ja—c__ w—c a—c«/a—c
c+x ct+y ct+z ct+xVe+y Ve+z

with the cofactor

3 i ¢ a—c a-—c
c+2) (c+y)(c+2)
- ) ((a,-{:)"‘ |1 c+x cfz

u—c a—c
ct+y cty
a—c a—c
c—+_z c+z |.

1

. iy u—c [|u—c —c
This is done by writing £ 5, ¢ for \/c+w’ \/c+y’ ‘\/c+z
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respectively,* and so changing the given determinant into

1 (a—o)(1+£%) (a—o(€14£?)
1 (@=c)1+17%) (a—c)(n~'+17%)
1 (a—c)(1+¢2) (a—o)f(§+$9) |,
thence into
(@—c)g-3y3¢~3 | &8 £+ ¢ £+1
P rP4+n 741
e E+¢ 8+1 1,

and finally into
—(@—c) £33 |1 £ £ (E+n+{—Enb).
1 9 "2;
1 ¢ &

BRIOSCHI, F. (1854).

[LA TeoricA DEi DETERMINANTI, & LE SUE PRINCIPALI APPLI-

CAZIONI. viii+116 pp. Pavia.]

Brioschi devotes the 9th section of his text-book (pp. 73-84)
to “determinanti delle radici delle equazioni algebriche,” viewing
the difference-product and its allies as arising when the roots of

the equation
ar+ A, a4 A a4 +Az+ A =0

are substituted for x, and the valuesof A,_,, A, _,,...,are to

*Tt is simpler still to express the given determinant in terms of, alternants

having Nc+x, Ne+y, Ne+z for variables. Thus the given determinant

=11 & (c+x+a-c) Netx
1 y (c+y+a—c)We+y
1 z (c+z+a-ciWe+z

’

w2 | w4 vi+fu-(@-c)}.

=11 e+x (c+xWetz| + (@—c)|1 c+x Ne+z
1 c+y (c+yWe+y 1 c+y Nety
1 c+z (c+2)Nec+z 1 c+z WNe+z |,
=|1 @ | -(a-¢|1 p p?| say,
1 »2 3 1 » »2
L I I 1 ¢ ¢®
1
1
Y

»
v v
& &
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be determined from the n equations thus resulting. His proof,
obtained in this way, that the common denominator of the A’s is
resolvable into binomial factors is not of consequence. It is
more important to note that, as an alternative, he proceeds
“facendo uso di sole proprieta dei determinanti,” obtaining in
the first place

1 1 ...1
a a a al'—a2 aa_as e an_l—an
1 2 e Oy
2 2 2 2 2 2
a;—da a,—a ves A =—Q
2 2 2 _ (1)1 1 2 2 3 * n-1 n
d & ...d | =(-1) o )
n—l__ o=l n=-1__ n-1 n=1__ n-1
n-1 _n-1 n—1 ‘ al a, a2 as cr an-l an
a a, cee Q@

from which he removes the factors a,—a, a,—as,...; then
repeating the first set of operations he removes the factors a,—aj,
ay—ay,, ..., and so on.

After this an application is made to the solution of a set of
linear cquations which differs from Prony’s set by having
2 7, 2, ... in place of 2, 2,, %,...,and where therefore, as
Cauchy in 1812 had pointed out, the numerators of the un-
knowns, as well as the common denominator, are resolvable into
binomial factors. Borchardt’s and Cayley’s persymmetric
determinants in s, 8, 8,, ..., got by multiplication, are also
given. The remaining pages (77-84) contain illustrations.

JOACHIMSTHAL, F. (1854, May).

[Bemerkungen iiber den Sturm’schen Satz. Crelle's Journ.,
xlviii. pp. 386-416.]

In the course of his investigations Joachimsthal evaluates (§ 5)
the determinant

wheres,=a{+ai+2l Using the fact that by reason of the
trinomial elements the determinant is partitionable into twenty-
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seven determinants with monomial elements, he shows next that
all of the twenty-seven except six vanish; that the six contain
the common factor

(=) (@=2,) (=) . (T3 —y) (5= 2,) (%, — 1) ;
that the aggregate of the cofactors is
a3, — 3, + a5, — X5, + T, — e,
or
(23—, ) (25— 25) (25— @)

and that therefore finally the given determinant is equal to

{(ms— 2, ) (25— 2,) (2, — 2, )}2 o (@ —y) (0 —20) (% — ).

This is followed by the assertion that if s, were made to stand
for s7+8l+ . . . +8% the determinant could be partitioned into n®
determinants, of which n(n—1)(n—2) would be non-evanescent ;
and that these could be grouped into sets of six and condensed,
the ultimate result being

8 & 8 1
8 8 8 & . ‘
3: a: 8: a2 = Z {(ws - 11;2)((173 - 1)(&32 —_ wl)} (a; — xl)(w — wz)(w _ ws).
8 8, & af

A large generalisation is then made, the exact words being

“Genau eben so beweist man folgenden allgemeinen Satz:
Bezeichnet man die Potenzsumme »i+4ai+...+s' durch s;

ferner das Quadrat des Productes, welches aus den 1i(i—1)
Differenzen der 4 Grossen @, %,, ..., @; gebildet ist, durch

Oy, %y, . . ., @), 80 st

80 81 82' e e 8,,_1 1

8 85 8 ... 8 2t =23(w1,w2,...,m,,).(m-xl)...(m—w,)

oooooooooooooooo
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wo die rechte Seite eine Summe von ™P=D)...n=—a+1)
ihnlich gebildeten Glieder enthilt.” 1.2...a

The known result (Cayley’s) obtained from this by equating
coefficients of x“ is pointed out : also the extension

S, S, S, ... S, 1
S, S, S8 ..., 8, =z ~
Sz 83 S4 . Sa+l , =2,€1€2. . .€¢.8(w1, mz, ey .'I:a)

(=) (x—1p). ... (x—2,)

Sa Sa+1 Sa+2° L Sza—l x*

where S; = ea! + 5 + ... +¢2x:. It may be noted that the
reason for discussing such determinants is that the series of them
obtained by giving @ the values n, n—1,n—2,...,2,1, 0 is
put forward (p. 400) as a substitute for Sturm’s series of
functions.*

Towards the end of the paper (§ 17, p. 414) the determinant

(a,4b)7" (ay+b)™ ... (4 +Dy)T

O R (A L o IO

------------------------

(@, +b) (ap+b)? ... (¢,4b,)" |,

is evaluated. The process consists at the outset in subtracting
the first column from each column after the first, removing the
factor

(bl"bz)(b1"b3) v (bl"‘bu) ,
(4, +0,)a,+b,)- . . (¢, +b,)
and writing the cofactor in the form

1 (e +b)™" ... (a;+b)
1 (ay+b)™? .... (ay+0b,)™?

1 (@,+by)™? ... (a,+b)'|.
The latter determinant is then transformed by subtracting the

*In this connection papers by Cayley (1846) and Borchardt (1845) are referred
to by Joachimsthal, but no mention is made of Sylvester’s (1839).
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first row from each row after the first, when it is found that the
factor

(ay=ay)(a,—ay) . . . (@, =)

(@ +6,)(a,+by) . . . (a,+b,)

can be removed, and that the cofactor is a determinant similar to
the original but of the (n—1)" order, namely, the determinant
which is the cofactor of the element in the place (1, 1) of the
original. The final result thus obtained agrees with Cauchy’s
save in having no sign-factor, the latter being only necessary
when the b’s are all made negative.

BRIOSCHI, F. (1854, Oct.).

[Intorno ad alcune formole per la risoluzione delle equazioni
algebriche. Annali di Sci. mat. e fis., v. pp. 416-421; also
reprinted as half (§2) of the last note in the French trans-
lation of Brioschi’s text-book ; or Opere mat., i. pp. 157-161.]

All that occurs in this paper in connection with our subject is
the statement

8 8 ... 8oy 1

8, 8 ... 8y X
Goet) =2, % = T

8y_p Suy oo By, an?

1 =z .... z2 1

where A is the determinant-form of the difference-product of
®y, Xy, ..., %, No explanation of the statement is given, nor
the mode of arriving at it. All is made clear, however, if we
note first that by « on the right hand is meant any x chosen at
will from the set z,, @,,...,,: second that the differential-
quotient on the left is intended to stand for the cofactor of the
(n—1)" power of that particular z in A, and therefore merely
denotes the difference-product of a certain m—1 of the «'s.
What the statement thus gives us is an alternative form for the
square of the difference-product of n—1 quantities.
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If we use column-by-column multiplication, and put s, for
o'+ B+ v+ 6", we clearly have

4 8 s 1 'l a at .|
&, 8 8 B |_|1 B 81
8 & 8 B |1 v ¥ .
1 8 81 1 8 & .,
1 a o |2
=l v 7
1 6 & |,

and so the result is established. It will be observed that the
chosen letter 8 which occurs most conspicuously in the new form
thus obtained for {(a,?,d) is one which the expression is quite
independent of. Further, by performing on this new form the
operations

col, —col,, col,—Bcol,, colyg~—B>col,,
we return to the more natural form

3 a+y+6 a+yi+8
{a,y,8) =|a+y+8 E+y+8 B+y+8
a2+,y2+62 a8+.y3+63 a4_|_,y4+84

BORCHARDT, C. W. (1855, March).

[Bestimmung der symmetrischen Verbindungen vermittelst ihrer
erzeugenden Funktion. Monatsb. . . .. Akad. d. Wiss. (Ber-
lin), 1853, pp. 165-171; Crelle's Journ., liii. pp. 193-198;
Gesammelte Werke, pp. 97-105.]

The generating function in question is

D) TN SRS
t—a tl_al t‘n_aﬂ,

or T say, the sign of summation being meant to indicate that of
the two series of elements the one is to remain unaltered and the
other is to be permuted in every possible way. The development
of this function according to descending powers of ¢, ¢,,%,,.. ., ¢,
leads to those simplest types of integral symmetric functions of
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a, a,, ag, ..., a, which originate by permutation from a single
product of integral powers of the said variables. The determina-
tion of such functions is thus reduced to the problem of trans-
forming T so as to have no longer occurring therein the single
elements a, @, a,, ..., a,, but instead those combinatory sums
of them which are the coefficients of the powers of z in the
development of (z—a)(z—a,)(z—a,) . .. (2—a,) or f(2) say.
Without further preparatory statement the announcement is
made that the solution is readily reached when the relation of T
to the determinants
1 1 1
z * t—a’ L—a, T th—an
Z:t _1__.._--1__~... ___!‘_.__.
(t—a) (t,—a,)? (ta—an)?

or A,

or D,

is known, namely, the relation
D =T-.A.

In proof of this relation it is pointed out that

{0y 7@t)-fetw) ... ft))2-D
being an integral alternating function both with respect to the
elements ¢, ¢,, ¢,, ..., t, and with respect to the elements
a, a), ay, ..., a, is exactly divisible by the two difference-
products
g, ¢, t,, ..., ¢t), I(a, a, ay ..., a,),

and that although we cannot with equal promptness tell the
remaining factor, we are able to determine it from knowing a
sufficient number of its special values, namely, those values got
by putting each ¢ equal to one of the a’s. Since the number
of ways in which the n+1 «’s can be taken when repetitions
are allowed is (n+1)*+!, this gives us (n+1)**! values, of
which, however, only two are different, namely, the value
(=1 fa) - f(a) - (@) - . . f(a,) obtained in the m! cases
where all the a’s used are different, and the value 0 obtained in
every other case. The determination, we are told, can be made
by using an extension of Lagrange’s interpolation-formula, the
outcome of the work being
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—T.(— monIL(G 8, ty, oo, 8) T a, 04y 09y - .., @)
D=T-(=1) FODAD RN

which, of course, gives us
D = T-.A.

This relation having been established, Borchardt then proceeds
in a line or two to use it for the main purpose of his paper. As
the determinant D, he says, arises out of the determinant A by
performance of successive differentiation with respect to all the
variables ¢, ¢,, ¢,, . . . t,, there is obtained at once an alternative
expression for T, namely,

Loy QS B0 0 (Mt
O Ses ML L AR A 0T o

or say rather

0.2 0 It ... ¢4
T = (_1)n+lat o " atr_.f(t)‘f(tl_) o .f(tn_)
A ’

J@)-f@) ... f(tn)

and so the transformation aimed at is accomplished.

PROUHET, E. (1856, March).
[Note sur quelques identités. Nouv. Annales de Math., xv.
pp- 86-91.]

In order to generalise certain algebraical identities published
by O. Werner in Grunert’s Archiv, xxii. p. 353, Prouhet first
establishes the theorem in alternants foreshadowed by Prony and
Cauchy, and readily derivable from Schweins’ first multiplication-
theorem. His mode of treatment may be concisely stated as
follows:—

To say that a, b, ¢, d, e, f are the roots of
@8 — pa® + pyat — pa® + p? — px + pg = 0
implies that

p, = Za, py = Zab, p; = Zabe, .. .;
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and as it also means that

a® — p,@® + pyat — ...+ pg = 0
b8 —pb® +pbt —... +pg =0

=D +pft—.. . +p=0

from which we have

g A ag ay o, 1 a; @, a; ay a; 1
P, = bg b, b b, b 1 o b b by b b 1
o fo s o i1 o fe fs i i1
Gy Gy g Wy a; 1 ay a, dg g a 1
Py = b b by b, b 1 = | b b by by b 1
fo o o fo A1 o S s o A1

it follows that in later notation
| a%blcidef® | = | a'b'tdPetf’ | = Za,
| a®blcdPe’f® | + | a®blc®detf® | = Zab,
| a®bc*diesf® | + | a’bietdPetf5 | = Sabe,

with similar results when the alternants are of any other order.

JOACHIMSTHAL, F. (1856, Sept.).

[De aequationibus quarti et sexti gradus quae in theoria linearum
et superficierum secundi gradus occurrunt. Crelle’s Journ.,

liii, pp. 149-172.]
The problem of finding the normals drawn from an external
point (&, 5, {) to the surface

@y R
Tl:+ +c‘—-1

13
being dependent on the solution of the sixth-degree equation
ag’ by’ e - 1

(a+u)? + (b+u)? + (c+u)? =



ALTERNANTS (JOACHIMSTHAL, 1856) 177

the relation between four of the six roots is evidently

1 1 1
(a+u )y (b+u)? (c+u)
1 1 1
(at+uy) (b+uy)? (c+u)
1 1 1
@y GFaP (ot u)
1 1 1
@Fuy OFay @y

1

Joachimsthal knowing this, and having obtained by an entircly
different process the result

1 o 1
2(”' +uy) (b+u,)(c+u) + Z(“ +uy)(b+uy)(c+uy)

1 1
+ 2t tayeru) T i) trueciy =

where the sign of summation refers to permutation of the w's,
is naturally led to inquire into the connection between the two
results, and to extend the inquiry to the higher cases of the same
kind, including, therefore, the evaluation of the determinant

1 1 1 1
(+w)  (gptu) 777 (+u)
1 1 1

Fuf  (Gruy " Fuy T or J.
1 1 1
(al"l'un.ﬂ,)2 (‘h""""’;ﬁl)2 Y (an,’i"u‘u+l)2
The investigation of the determinant occupies the fifth and sixth

sections (pp. 164-169) of his paper, the third and fourth being
devoted to obtaining the other form of the resultant

1 1

1

Z(ax+ul)(az+“2) oo (@ Fuy) + 2l(al"""“l) oo (“n—l"'un-x)(an"'“nﬂ)

+ .

1
- M2(%+ug)(ot=a+us) oo (Ot y)’

M.D. II.
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or, say,
[1,2,...,n+1]

On multiplying each row of J by the product of all the
denominators occurring in the row there is obtained a determinant
V whose 7" row consists of elements which are expressible as
polynomials arranged according to descending powers of u,, the
index of the highest power of u, being 2n—2 in all the places
except the last where it is 2n.  V, which is equal to

J-AlA; .. A}
if we put
A, = (@t u)(Us+w,) « . o (Wt Unygy),
can thus be partitioned into (2n—1)"(2n+1) determinants, each
expressible in the form

ay az an @n+1
’l.lzl ’U;l cos ’llzl ’ll/l
ay ag an @n+1
a. ’ll/2 uz o ’102 ’Clzz
ay o2 an an+1
un+1 un+l e unl-l-l uﬂ.+1

where a is an integral function of the «’s. Further, V in this
way is seen to be not of higher order with respect to the u’s than
the determinant

-1 m-3 _ gu-2 2
T Vo T LY - V-l Ve

- Nn-3 2n-2 2
wyt owy ot w Wt W

n-1 L n41 2n-3 2n-2 2
un+l 'u'n+l ’u'n+l e ’lb,,+1 un+l '"/n+l ’

that is to say, its order-number cannot exceed }n(3n+1); and as
it is exactly divisible by the difference-product of the w’s, which
is of the order {n(n+1), it follows that

Vo= A, 4y, o0 Ungt)+ Vg

where V, is a function whose order-number is not greater than
m?.  Noting now that the other form of the resultant, namely
[1,2,...,n+1], can by addition be transformed into

U
AA,.. . A

n
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where U cannot contain any of the differences of the u's, and in
its order-number cannot exceed n(n+1)—n, i.e. n%, Joachimsthal
concludes that V, and U can only differ by a factor dependent on
the «’s. He thus has the two results

JAAS AL = AUy, Ugy e, Uyyy) Y,y
and Vi=¢U=¢§(AA .. AL2 ..., n41]
where { is a rational function of the a’s: and by combining the
two there is deduced

Auy, wy, ..y Wyyy)
J=¢[1,2 ..., n+1]- =242 ntl/,
$-[ I W W

n

At this stage, we are told, the investigation rested for five years
until the publication, in 1855, of Borchardt’s paper in the Berlin
Monatsbericht. Taking a hint from this, Joachimsthal, in order
to determine ¢, multiplied both sides of this result by the product
of all the denominators occurring in the diagonal of J, and then
put u,=—a,, uy=-—a,, ..., w,=—a, The left-hand side was
thus changed into
1 0 cee 0 0
0 1 Coe 0 0
0 0 ... 1 0!
1 1 1 1
((’LI'I"M"n+1)2 ((1’2"—’"’1&1)2 R (—":‘sz l

or 1; the second factor of the right-hand side, being equal to
(U = U ) (U = Uy)  + + (U= Ugy) * AUy, Uy, o, 20y),
was changed into
(= 1)+ U (O gy -+« (W Fty) - (=D PP A (0, 0, .., 60,);

and the third factor [1,2,...,n+1]/AA, ... A, into a fraction
with the numerator 1 and with the denominator

(= ay)(ay —ag) . .. (2, —az) (@ +Unyy)

(A= )@y =) . (=) (g +Unyy)
(A= ay)(ag—ay) . .. (G —an) (@5 +Unyy)

(W= (@n—aty) . . o (W=t y )+ Unyy)
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or

("1)Wn-l)A(“v Uas o v @) (G F Uny1) (B Ung) -+ - (Gnt Uy )
The result of the whole change was therefore

_ ¢ (=1
1={¢ Aday, Gy, .+ .oy )

whence it followed that
= (=1Aa;, ay, ..., ay);

and so the longed-for result was reached

A(al, a?, vy an)'A(IUIl,'ulz, v e

AA, ... 4,

Thereupon additional results came with ease. First we are
told that in a similar manner the determinant got from J by
changing the second power in the denominator of every element
into the first power* is found equal to

J = (=1 Uty g nt1]

(_l)nA(av Gy oo ey On) AQy, %y, . .0 '"'n+1).
AA,... A

Then “E combinatione aequationum prodit

det{ 1 1 1 1}
o +w)” (ggtw)f " (atu)

= [L,2...,n+1]

1 1 1
det{ atu’ aFu " gptu ’1}
U=y =Ugy =000y Sy
Faciendo %,y = quantitati infinite magnae, acquatio in re-
lationem a cl. Borchardt inventam transit, scilicet in

d t{ 1 1 1 }

(R o R o '(an+u>2 -5 1 ,

det{ 1 1 — } (g +u) (@) . . (O + )
atu’ aptu a,.+u

U=y =Ugy =ovey =y

* Previous suggestions of such a determinant appear in Binet’s paper of 1837
and Joachimsthal’s of 1854,
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BELLAVITIS, G. (1857, June).

[Sposizione elementare della teorica dei determinanti. Memorie
. Istituto Veneto . . ., vii. pp. 67-144.]

Bellavitis reaches the subject of the difference-product first in
§7 and then in §47 of his exposition, and his proof of the
results dealt with in the preceding year by Prouhet is his
own and interesting. Denoting the equation whose roots are
Uy, @y ..., @, Dy

at—pan-lypan-2— L, =0

and the difference-product of the roots by II, he multiplies both
sides of the identity

(@—=a)(@—ay) . .. (—0a,) = a®—pat-14pan-2—

by II; and as the result on the left-hand side is evidently * the
difference-product of «,, «,, . . ., «,, x, he obtains

n-1_12 n=1

layay . .. ay'a"| = @ —pa '+ ... )IL

It only remains then to equate like powers of = and there
results

0.1 2 n—=-2 n
|ayesas . ... ay_y, | = piIl,
n—-3 n-1_n
|atay . . . @y sans 1a,,[ = p,ll,
2.3 -1
|apetaey o oo wgtyty | = p,IL

He points out also that as an alternative to this we may begin

with |ajaya; . . . ap '2"|, express it as a determinant of the next
lower order, remove the factors (x—a,), (x—ay), ..., (x—a,),

change the product of these into a®—pa™-14 ...., and then
equate coefficients of like powers of = as before.

Multiplying again by II he has of course
|atayet . . . ap eI = (" —p" '+ . . . )IIE

* See footnote to page 163 above.
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and by changing IT on the left into

8n+1 DR

1 1 1 ... 1 0
@ ay ag Uy 0
ai u a ... a O
AT T A
0 0 0o .... 0 1

. 8y 1 8 8 ... 8
s, = 8 8 .... 8
= (@"~—pat+....)|.
8pug an-1
' 7 8»-1 sﬂ v ﬂ21&—2
81 &

a result already reached by Joachimsthal, and which by the
equatement of like powers of 2 gives “i coefficienti p espressi da
rapporti di determinanti di n*™ grado.”

BETTI, E. (1857, June).

[Sur les fonctions symétriques des racines des équations. Crelle’s

Journ., liv. pp. 98-100; or Opere mat.]

Betti recalls Borchardt's result of the ycar 1855, namely, that
the symmetric function

(g ll
Zwl‘x,’ N

where &, @,, ..., ¥, are the roots of the equation

is the coefficient of ¢
ment of

(-1

It by +. . ty) o o,

0= wn_p]w1z-1+p2wn-2_ cees
= f(z) say,

Ayt =@ iy the develop-

FOyAG) oo St 2 2 | 2 (Mgt oo b))
atn

Bty \(ty) - f(ts) . f(t)

according to descending powers of the ¢s. He then gives an
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observation of his own, namely, that the said symmetric function
is likewise the coefficient of # (1D (atD ¢-tD §p the
similar development of

.f,(tl) '.f,(tz) see f’(tn)'nz(tp t2, ey tn)
f(tl) 'f(t2) c e f(tn)'IIz(wp wz, LIS ] wn)’

and by comparison of the two results draws the conclusion that
if Borchardt’s generating function be denoted by

e(tll tz) e v 0y tn):

and his own after removal of II*(z, «,, ..., «,) from the
denominator be denoted by

¢(t1» t2, sy tn)

the squared difference-product of the #’s is equal to

{ot,, ta, ..

? t”)} - (@+1) - (1) (1)
tl t2 i ctt t‘n

)

{G(tl. tyy vvvs f‘")}f (@D 4= (a+1) - +D)
: . oot

where the notation used is sufficiently explained by saying that
in accordance with it the coefficient of z” in the expansion of
F () is denoted by

(F@)},-

BALTZER, R. (1857).

[THEORIE UND ANWENDUNG DER DETERMINANTEN,.........
vi+129 pp., Leipzig.]

The section (§12) dealing with the “ Product aller Differenzen
von gegebenen Grossen” belongs to the second part of Baltzer’s
text-book, that is to say, the part concerning “applications.” It
occupies eleven pages, those devoted strictly to alternants being
the first three (pp. 50-53).

At the outset he establishes the determinant form for
the difference-product P(a;, a5, ..., a,): then he gives two
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determinant-forms for P(a;, ag, ..., a,). P(By, By -+ oy By):
passes thence to the persymmetric determinants in s, s,, 8,, .. .:
and finally gives Cauchy’s evaluation of the double alternant
[(a;—B) ! (ay—PBs)t. .. (a,—B,)"t|. The applications, which
come next, concern the solution of Lagrange’s set of linear
equations, Sylvester’s transformation of a binary quantic of odd
degree into canonical form, and the discussion of the equality of
two roots of the equation a,z"+«, 2" '+ ...+a,=0, or say
f(#)=0, viewed in connection with what, following Salmon,
he calls the “ determinant ” of the equation, although Sylvester's
use of the word “discriminant” is explained a page or two
later.

Under this last head an interesting transformation falls to e
noted. Calling the roots of the said equation ay, ay, ..., q,,
and taking the determinant which is the square of their difference-
product, namely,

8, 8 .. 8

8 8 ees &

1 2 " or Z say,
8)1—1 'qn LI 82:;—2 >

he substitutes for it a determinant of the (20 —2)* order

1 0 0 .... 0 0 0 e 0
O 1 0 .... 0 0 0 .. 0
0O 01 .... 0 0 0 R
0 0 0 .... g 8 &, ceee 84
0 0 0 .... & 8 8 v 8,
0 8 8 ... ®.3 8.3 Sy ... 8y,
S 8 8 ... &g Ky &, ceee 8gug
8 8 & ... 8 8, Sug1 oo 8yyy

where the first 2—2 rows do not contain an s, and the rows
following contain all the &'s in descending order from right to left,
beginning with s,_, in the last place of the (n—1)* row, with 8,
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in the last place of the n™ row, and so on. He then multiplies
every row by a,, and performs the operations which we may
indicate by

a’n— 1
( (zn

col, + col,,

col, +

«,_ @,
=1 col, + —2=*col,,
(l75 "’n

col, + a:b"’ col, + aJ‘g col, + a('("'“ col,,
n " n
thus obtaining

, (b, (o
0 a, Wy

0 0 t,

Zeay™ =, -

i 0 % 8 +d,_18&
8 US4y _18y (8, 18+ Uy o8
A8y (80,18 Rty 1S+, o8 ... |,

and by using Newton’s relations
N, = (4S8,
(n'—l)an—l = UyS + 18,
(M=2)ay_ s = €8 + dyy% + ty_sS,
(71'_3)“10-3 = U8y F Wy ySy T Uyoo®y - Uy 55,

. . . . . . . . . . . . .

the elements of the last n# rows of the right-hand dcterminant,
we are told, can be so changed that in each there will occur only
one of the «’s and that in the first power. Thereupon the con-
clusion is formally announced that the determinant with which
we started can be expressed as a rational integral function of the
(2n —2)* degree in the quantities

P @ %u-1

’ ’ AR ] ’
w,” u, a,
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and that the said function becomes homogeneous on multiplica-

tion by a;'®>. The actual result is not given, but in the second
edition (1864) it is stated to be

Oy Up-y Up—g
0 a’n Up—1

—Z-a? = ’ ’ ".‘n ..
0 na, (n=Da,y ...
na, @=1d,.; (M—=2)0y_g ...
Wpey 20,4 3, _3 o |y

“eine Determinante (2n—2)ten Grades, bei welcher die m—2
ersten und die m—1 folgenden Zeilen in Bezug auf die nicht
verschwindenden Elemente iibereinstimmen.”

Part of the object which Baltzer had here in view was to
establish the relation between two forms of the discriminant of
the given equation ; namecly, that obtained by squaring the deter-
minant-form of the difference-product and that obtained as
the eliminant of the equations

@) =0, af@)—zf(z) = 0,

or the equations
2
’a‘x'(a’nwn'{'an—lmny'l' oo ta oy”) =0
2
55((1,.%"+a,._1w"y+ cotay) =0

Now a glance at the final determinant suffices to show that it is
not the eliminant sought, there being in it threc types of rows,
whereas the two equations giving rise to the said eliminant being
both of the (n— 1)* degree, the coefficients of the one must occur
in as many rows of the eliminant as the coefficients of the other.
Further, since the coefficients of the equation f(xz) = 0 are seen
to occur in their full number of rows, and those of the other
equation in the last row only, it is therefore the first n—2 rows
that need to be changed. The set of operations requisite to
effect this is ‘
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n- 1’0W1 - I'OW2”_3,
M+ TOWy — YOWgy_g,

M * YOW,_, — TOW,,.

BRIOSCHI, F. (1857, Oct.).

[Sullo svillippo di un determinante. Awnnali di Mat., i. pp.
9-11; or Opere mat., i. pp. 273-275.]

Brioschi enunciates without proof the proposition that the
even-ordered determinant

1 1 1 1 1 1

€ —dy (2 —,) @ —ay (2 — T w —a, (@ —a,)
1 1 1 1 1 1

@y =ty (X =) Ty —ay (T, —af "7 @y —a, (@ —a,)
1 1 1 1 1 1

‘—”“21.'_:71 (Tgn— ) Xgy—tly (Tp— ) "7 ‘;"‘Zn—.;"_n (‘Zzn"“’n)i-

which is seen to be a function of 2n o’s and n s, is equal to

(=1 )nI_P_(ﬁl' (l% ' ;-_’_i"n)_:ll(wu_‘fz’_; . Lf'zn)’
$7(y) * $*(1t3) - o (L)
where ¢(x) = (x—2)(@—xy) ... (x—2,). He then obtains
similar expressions for the principal minors, namely, (1) for the
cofactor of any element in an odd-numbeved column, and (2)
for the cofactor of any element in an even-numbered column, his
procedure being to express the minor in question in terms of
determinants like the original but of the order 2in—2 and then
to make the substitutions which are thus rendered possible.

PROUHET, E. (1857, Nov.).
[Questions 410, 411. Nouv. Annales de Math., (1) xvi. pp. 403,
404 ; xvii. pp. 187-190.]
By reason of the existence of the identity
2*-1cos'a = cos sa+scos(s—2)a+1s(s—1)cos(s—4)a + ...
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where the number of terms on the right is s and the last term
has to be halved when s is odd, it is clear that the determinant

cosna, cos(n—1)a, cos(n—2)a, ... cos0.q,
cosma, cos(n—1)a; cos(n—2)a; ... cos0.q
cosna, cos(n—1l)a, cos(n—2)a, ... cos0.a,
cosna, cos(n—1)a, cos(n—2)a, ... cosO.a,

may be transformed into
2n-lcogha, 2%-2cos™la, 2°"3cos™ g, ... cos'yy |
|
9n-leoghe, 2n-2cos®-la, 27-3cos"~%a; ... cos'q
9n-1cogha, 2"-%cos™-la, 27-%cos" %a, ... coslay

9n-1cogha, 2"-%cos"-la, 2"-3cos" 2a, ... cosa,

by increasing the 1lst column by multiples of the 3rd, 5th,
7th, ..., the 2nd column by multiples of the 4th, 6th, 8th, ...
and so forth. In this way there is deduced the result

A]_ — 2{11.(71-1). D

where A, is the first determinant, and D is the determinant got
from A, by changing the multipliers of u,, a;, a,, .. . into indices
of powers of cos a,, cos u;, cos ay, . . ..
Again by using the similar expansion for
sin(s+1)a + sina
on every element of the determinant
| sin(n+1)a, sinna, ... sina,
sin(n+1)a, sinna, ... sina
(n+1)a 1 1l or A, say,
sin(n+1)a, sinna, ... sing, ,

it is seen that the factors sina,, sina;, ....can be removed
from the rows in order, and that the determinant so produced is
simplifiable into a multiple of D: so that there is obtained the
second result

= o= o 1 3
A, =2 -sina,sina, . ..sina,-D.

The two results are Prouhet’s, who set them for proof by others,
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CAYLEY, A. (1858, Feb.).

[A fifth memoir upon quantics. Philos. Transac. R. Soc. (London),
exlviii. pp. 429-460; or Collected Math. Papers, ii. pp. 527
557.]

When dealing with the subject of the equivalence of two
anharmonic ratios, Cayley gives (p. 538) the result

1 a+d ad w —u 1
1 B+8 BB ||t —v 1
1 y+9y vy w —w 1

(w—a)(w=a) (v—a)(v—d) (w—a)(w—a)
(w—-B)(u—-B) (@=B)v=pB) (w—PB)w-pB)
(w—y)u—y) @=-y)v-y) @=y)(w-v)|.
This, if we put o, 8, ¥'=a, B, y, becomes

(w—a) (v—a) (w—a) 1 a o 1 w
(w—B)? (v—P) (w—-By|=2/1 8 @ v?
(u—y) (v=y) (w—7y) 1 vy 1 w w?

or, in later notation,
|(u—ap(v—BPw—yP| = 2}(a B, v)- (s, v, w).
Cayley also gives (p. 539) the result
l a o ad ¢ —§8 —s 1
1 88 B8| |t -t -t 1
1 v v v we —uw —u 1
1 ¢ & & w =y —v 1
B=a)(g=d) (=B (F—=B) (s—=¥) (=) (s=8)(=7)
(t—a) (' —d) (E-B) ('=8) (t—y) =) (=0 ('-3)
(v=a)(w'—=a) (u—B)w'~p) (u—y)w—y) (u—3)(uw-7)
=a)(V'=d) (W=B)(¥'=B) (v=y)W—y) (=8 -7) |,

which is seen in similar fashion to include the identity

| (8= ap}(t—BP(u—y)(v—0)*| = 0.

These specialisations, however, are not referred to by Cayley.
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ZEHFUSS, G. (1859).

[Ueber die Determinante Q,= = (ay+by)?(a,+b,)? ... (a,+b,).
Zeitschrift f. Math. w. Phys., iv. pp. 233-236.]

Zehfuss having drawn attention to the known results when
p=—1and p= —2, and having asserted that there are no similar
simple results when p is less than —2, confines himself to the
cases where p is a positive integer. He first shows in the usual
way that Q, is divisible by the difference-product of @y, a,, ..., a,
and by the difference-product of by, by, ..., b,. Then he points
out that Q, is of the p'* degree in a, while the difference-
product of a,, @, ..., &, is of the n' degree, and thence draws

the conclusion
if p<n Qp, =0,

giving the example deduced above from Cayley,
3 = (g + bg) (et + b)) X(atp +by)% @y + b3)% = 0.

The case where p=mn he deals with differently, namely, as
might have been suggested by Cayley’s paper of the preceding
year. By the multiplication-theorem he derives

2 -
1 nay Mgty ... do by by!
2 -
1 na, mai ... @ by bt
Q=11 na, ngt ... ay |0y b7?
2 -

1 na, na, .... a, by by ... 1

where n, = n(n-1)(n—2) ....(n—r+1)/1 +2.3...7; and from
this there is readily obtained

Q, = (-1 Unmn, ... aw, ... a)- EBp, ... 1)

the illustrating example being again that which we have
deduced above.



CHAPTER V.
COMPOUND DETERMINANTS, UP TO 1860.

DETERMINANTS whose elements are themselves determinants made
their appearance at a very early stage in the history of the
subject, the first foreshadowing of them being contained in
Lagrange’s “équation identique et trés remarquable” of 1773,
namely,

n{lgll + {E"]II - £§I7)Il - "lglcll - {1”5" —_ (Ty’z” + ?/zla;ll + Zx,’y” _ a.:,y” _ yx’%’ _ zylmll)g’
where
& m &... =y —yd, 2=, oy'-ay, ..

This, viewed as a result in determinants, is a case of Cauchy’s
theorem of 1812 regarding the adjugate, and the adjugate of
course is an instance of the special form to which we have now
come. Jacobi’s theorem regarding any iinor of the adjugate
has a like history and may be similarly classified. Passing from
the case of the adjugate, where each element is a primary minor
of the original determinant, Cauchy also considered the deter-
minants, of other “systémes dérivés,” that is to say, the deter-
minants whose elements are the secondary, ternary, . .., minors
of the original, and gave the theorem that the product of the
determinants of two “ complementary derived systems ” is a power
of the original determinant, the index of the power being

nmn-1)n-2)... (n—p+1)/] -2.3...p,

where 7 is the order of the original determinant and p the order
of each element of one of the “derived systems.” He also in the
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same memoir established the theorem that the determinant of
any “derived system” of a product-determinant is equal to the
product of the determinunts of the corresponding “derived
systems” of the two fuctors.

Those are all the general results that fall to be noted prior to
the middle of the nineteenth century; and, as is readily seen,
they all concern what at a later date came to be called the
“compounds” of |a,|. With one exception they are due to
Cauchy.*

The fact has also to be recalled, however, that compound
determinants of a special type were considered by Jacobi in
1841, namely, those whose elements are functional determinants,
his main theorem being

1) Y(2 ) a; ag a"m-l 1 2 n
DORD ¥ AR I Y RS

where fi, foy+ + v, fasm are functions of @, @, ..., @, and

Jw = + a;f.l_ . % ?f_}_ . a.fn-i-s.
r axl awg...atu aw———”-’-r

This theorem and certain deductions therefrom have been already
dealt with in another connection (see pp. 381-385 of History, i.).

SYLVESTER, J. J. (1850).

[On the intersections, contacts, and other correlations of two
conics expressed by indeterminate co-ordinates. Cumbridge
and Dub. Math. Jowrn., v. pp. 262-282; or Collected Math.
Papers, i. pp. 119-1317.]

In a footnote to this paper the name “Compound Deter-
minants” first appears. The passage is (p. 270): “.. . a theorem
given by M. Cauchy, and which is included as a particular case
in & theorem of my own relating to Compound Determinants,
1.. Determinants of Determinants, which will take its place as
an immediate consequence of my fundamental theorem given

* They are numbered xx., xxi., xli., xlii, in History, i.
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in & memoir about to appear. The well-known rule for the
Multiplication of Determinants is also a direct and simple con-
sequence from my theorem on Compound Determinants, which
indeed comprises, I believe, in one glance all the heretofore
existing doctrine of determinants.”

It will be of interest as we advance to try to identify the
theorems of this perfervid statement, namely, (a) Sylvester’s
“fundamental theorem”; (b) his widely general “theorem on
compound determinants” deduced therefrom, and including as a
particular case a theorem of Cauchy’s, and giving rise to the
multiplication-theorem and many others as corollaries.

SYLVESTER, J. J. (1851, March).

e

[On the relation between the minor determinants of linearly
equivalent quadratic functions. Philos. Maguzine (4), i.
pp- 295-305, 415; or Collected Math. Papers, i. pp. 241-250,
251.]

As we have already had occasion to note,* there is here given,
by way of illustrating the power of the umbral notation, a
theorem regarding a compound determinant, namely, the theorem
which Sylvester writes in the form

{a, (g oo o Qp Opgy gy lpOppg «onn. y Uy . . . Uy a,.,.,,}
alazo--a/rar_*_l alazo--arar.*.z ..... ala2"'a7'a‘)'+3

alag...a,- alazno.arar+1ar+2..oar+8

_ {al as ... u,,}"‘ 9 {al Og oo Cp Qpyy Apgg <+« a,.+,}
)

but which would now be better understood in the slightly
modified form

“’l ag DRI “1- (L1‘+1

b, b, ... b, bty

OLl (‘2 DR a»r ay..l.z

bl bg .o br br+2

ay Gy ...y

b, by...b,

(Ll (Lz o« e (Lf (tf.'.s
bl b2 L) br br+g

8—1

s e

i

al ag oo a,-.,.‘

bl b2 o o br.i.e

* See above, pp. 59-60.
M.D. II. N
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No proof of it is given. At a later date it would have been
viewed as the “extensional” of the manifest identity

Orgr Qrgr Uty

brsr res brys
Grya  CQpyn o Upyp Oppy Oy Uypyg
br'l‘l br+§ br+a | bf'l"l bf+2 br+3

ar+s ar+8 ar+s

br+l br+2 br+a

Later on in the same paper Sylvester gives for a particular
purpose what he calls an “important generalisation.” His words
are (p. 304): “Suppose two sets of umbra

@ Gy oo Gyyq

bl b2 s bm+m
and let » be any number less than %, and let any r-ary com-
bination of the m numbers 1, 2, 3, ..., m be expressed by
8,, %6,, ..., %0, where q goes through all the values intermediate
between 1 and u, u being
m(m=1)...(m—=r+1),
1.2 ... r

then I say that the compound determinant

N
 ..Qq . P ( Wy Ay ...
a"ol o, 1., A1 Gtz bintn 2, %24,

blo, 1'10z s blo,,. bm+1 bm+2 s bm+n b“o, bzoa R bzom bm+1 bm+2 v bm+n

N
ueom Umt1 Fangs o o+ Omin

....... . (leo

~
Ay, «..04 a. voo @
, L, ", Oimt1 Gty m+n

"01 "03 DRI b"’o,,. bm-l'l bm+g e bm.l.n

is equal to the following product:

’ ”

Umtr Qg+« o Umin Qp Ug « . Upin

bm+1 bm+s s bm-{-n bl bs oo b'm+m
where
n_ (m=1)m=2)...(m=r+1)
= 1.2 ... (=1’
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and

.

, _ (m=1)(m=2)...(m—7),
S T

In reference to this one must remark at the outset on the
inappropriateness of the notation

“01, qezx coes W0m

for the ¢** combination of » integers taken from 1, 2,..., m.
Manifestly
qop qegl sy qer;

though equally awkward, would have been less misleading.
Indeed, as there is one clear misprint in the enunciation, namely,
“less than n” for “less than m”; and as Sylvester is known to
have been inaccurate in the correction of proofs, we might
suspect 6,, to be a misprint for 6,, were it not that 6,, occurs
four times in the short passage and 6, not once.* For %, it
would have been much more convenient to write pq, which
would thus have stood for “the p* integer of the ¢*" combination”;
and Sylvester’s theorem might then have been written

Oyy Uy o oo gy By hingg oo o Gpgn (g llyy + oo Qyg iy Ui+« « B

bn b21 LR bﬂ bm+1 bm+2 e b1n+'n bm bsz cee br? bm+l bm+2 ce bm+'n

al,‘ am oo (l,-,‘ (l’1n+l (an+2 e “m+n

blu bzp. s bm bm.+1 bm+2 v bm+'n

(tl a2 e am,.{."

bl bz s bm+n ::

,Cm—l,r Cm-l,r-l
Ayppy opgg oo« Uaypy l

b’MH-l blll:+2 cee bm+n

u being used as before for Cy . To help towards clearness let
us illustrate by means of the case where m=4,n=38,7r=2. We
then have u=6; each set of 0's equal to & binary combination of
the first four integers, that is to say,

10,10, %0,%6,, *0,%,, ..., %%,
12, 13, 14, 23, 24, 34;

equal to

*0,, was actually & misprint. Sylvester himself had to draw attention to it a
year later in the Cambridge and Dub. Math. Journ., viii. p. 61.
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Ay Qg Qg Qg Uy
by by bsbg Uy

@y Gy Qg g Uy

by by b5 b by

g by (5 G Ay

b, by by by by

and the theorem in the form

@y Qg A Qg Wy
b, by by bg b,
@, Qg Qg g Oy

by by by bg by

g Wy G Qg Cy
bl bB b5 b(i b7

3

HISTORY OF THE THEORY OF DETERMINANTS

ay Ay G5 Ag Oy
b8 b4 b5 b6 b7

@y g O Qg Uy

b, b, by be by

g (b, (U Clg Uy
b3 b4 b5 bG b7

3

ag ag ty | | @y ay ag @, ap ag @
b5 b6 b7 bl b2 b3 b4 b5 bﬂ b7

No proof is given by Sylvester: attention is merely drawn by
him to the fact that when r is put equal to 1 we obtain the
theorem with which his paper commences, It is rather remark-
able that he should not have singled out the case where n=0.
For then the theorem becomes

all (t21 e arl a12 (1122 0. (111-2 (Ll}l. (l,zu . e ar",
bll b21 "o brl b12 b22 o br2 bl"' b2". e e br"'
Cm-l,r-l
— al a2 o o o a’n
by by...bul,
where, as before, the subscript pg denotes the p** integer of the
g™ set of r integers taken from 1,2,...,m, and u stands for

Cu, »; and this is the theorem well known at a later date in the
form: The r™ compound of a determinant of the m® order is a
power of the said determimant, the index of the power being
Cn-1,r-1. Cauchy, it will be remembered, only got the length
of a similar theorem in reference to the product of two com-
plementary compounds. Now, since the complementary of the
7t* compound is the (m—7)" compound, the product of the two
must be that power of the original determinant whose index is

Cm—l,r—-l + Cm—l,m—r—l;
2e. C,u-l,r-l + Cm—l,r:
z.e. Ca,r

which agrees of course with Cauchy’s result.
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We thus learn that Sylvester’s general result may be accu-
rately described in later phraseology as the “extensionul” of the
theorem regarding the r compound of a determimant, and that
the discovery of both the said theorem and of its “extensional”
is almost certainly due to him. At the same time it is hard
to believe that this “extensional ” is the all-embracing theorem
referred to by him in a previous paper: for by no stretch of
imagination could we see comprised in it “all the heretofore
existing doctrine of determinants.” His last words thereanent
are: “This very gcneral theorem is itsclf several degrees
removed from my still unpublished Fundamental Theorem,
which is a theorem for the expansion of products of deter-
wminants,”

SYLVESTER, J. J. (1852, Dec.).

[On a theorem concerning the combination of determinants.
Cambridge and Dub. Math. Journ. viii. pp. 60-62; or
Collected Muth. Papers, i. pp. 399-401.]

The statement of the theorem referred to in the title unfortu-
nately shows want of proper care* with the result that it is
unnceessarily lengthy. It may be recast as follows :—

If from the array
Uy Gy +ov Gy

a21 az‘z R (Il2n or A, say,

Ul m2 -« Upn,

we form every possible array of r rows (r > m < n), calling the
sutd arrays A;, A,, . .., A,, where of course u=C,, ;; and if the
corresponding arrays formed from

bll blz e blu

bm b2~z te b2" or B, say,

bml bm2 [ECI bmna

* See especially line 8 from bottom of p. 61, where in every case m should be m - 1.
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be denoted by B,, B,, ..., B,; then

A;B, A;-B, ... A;:B,
AyB, AyB, ... AyB, =(A.B)Cm-1,r-1_
AB, AqB, ... A.B,

By way of proof, Sylvester merely states that it is obtainable
from his general theorem of March 1851, “ by making

Umgr Qmgg o - amﬂ}

bm+1 bm+2 LA bm+n

represent a determinant all whose terms (.e. elements) are zeros
except those which lic in one of the diagonals, these latter being
all units.”

His only other remark is that when =1 and when r=1m the
right-hand members are identical, and that the equating of the
two left-hand members which is thus legitimised gives Cauchy’s
extended multiplication-theorem.

The former remark, unfortunately, is another troublesome
instance of inaccuracy. 'The specialisation given therein is only
one of two which are needed, the other being that every element

of the determinant
Uty lly « o v Uy

b, bybs . . . by

be made 0. To make the matter clear, let us take the case of
the general theorem where m=4, n=5, r=2, and perform the
requisite specialisations. The general theorem then is

Ay Uy Ug Qg .« o o gy " ay Wyl g . . . Oy Oy Uy gy . . . 1y
by by bsby...by| b byl bg... 0, by b, by bg . . . Dy
| Uy Oy g Olg o o o Uy UgUglg . . . O, (b Ug U g . o . Uy |
| 366 9 173Y5%"6 1] 143566 9

| b, bybybg... Dy b bbby .. by by b, bs b . .+ by

' t
gy ity g .. Gy | [ OyQyUglg. .. Gg| |Gy Tl .. 0y
1 by bybgtg. . byl 1D byl bg. .. by by b by b . .. by
' 3 3
Ugtlg + o v g Uy hy ooty

= bglg... by byby... by
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By changing now the matrix of the determinant

L@ Gy |
i b b6 . by
into matrix unity, and the matrix of the determinant

|
‘%%%%1

b, by by b, |
into matrix zero, the first element of the compound determinant
becomes, if we write a,b, in place of g",

8
abs abs ... ab,
. ah; wsbg ... aghy
ah, apb, 1 .
agh, agby . 1

b, agh, . A |
which from Laplace’s expansion-theorem we know to be cqual to

2

aby aby ... wby
by by ...y
Further, it is seen that the other elements of the compound

determinant take like forms, and that in fact the said deter-
minant is

by b
ol yhg

b, «gh,
aghy  wyh,

or
aby agby ... agh
ahy, agb, ... agh,

A'B, A/B, ... AB
A;B, AgB, ... A,B

A B A B .o AgBg
if A and B be taken to denote the arrays

aby abg ... uby aghy  «gby oo by
aby abg ... by aghy by ... ugh,
aghy agbg ... aghy aghy aghy ... aghs

abs by ... apby aghy agby ... agh,.
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As for the right-hand member of the general identity, the first
determinant in it becomes 1, and the second becomes

vooady adg ... agby
. . c by agbg ... gD,
ooagdy ady .. agh,
. . . cooadhy aby ... ab,
ah, ab, by ab, 1
(gh, agby ughy ugd, . 1 ...

agh, agh, aghy ah, . A |

which equals A-B; so that the member in question becomes

(A-B)
as it ought.
The important thing to note in connection with the deduction
here made is the fact that Sylvester must at this date have
known how to express the product of two m-by-n arrays as a

determinant of the (m+n)" order.* (See footnote on p. 57
above.)

* And knowing this he might have indicated another mode of proving Cauchy’s
extended multiplication-theorem. For example :

ay Gy | |y 2 ayag| | aag ayag| :z'.‘.:rsl
by byi |9 bibs| |91 ys by bs| | Y2 9s
@ «, ay'
by by by
=x ¥ 1 .
Zy y.‘ . 1 .
xa ?/3 . . 1 .
= | Ty~ 0gly — Qgly QY — Qola = Aglfs . ;
= by, = by~ by, — by — byyy— byys
z Y 1. . |
Xy Y2 N |
xg s - b

= |@trtagtazy oy tagys+ oy,
byey + byTy+ byxg  byyy + b+ byng |-
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SPOTTISWOODE, W. (1853).

[Elementary theorems relating to determinants. Second edition,
rewritten and much enlarged by the author. Crelle’s
Jowrnal, 1i. pp. 209-271, 328-381.]

In his first edition Spottiswoode had a section (§ vi.) headed
On Inverse Systems and Determinants of Determinants; but
in it, as we have seen, he dealt mercly with the adjugate
determinant and its minors. Now, this is supplanted by a
section (§ x.) of considerably greater extent (pp. 350-372) with
the short Sylvesterian title On Compound Determinants.

Although it is the original definition of a compound de-
terminant which is given on starting, thc name afterwards
seems to be unconsciously limited to compound determinants
whose clements are minors of a given determinant of the ath
order. This limitation leads to the introduction of the word
class in conncetion with compound determinants to indicate “the
degree of minority of the constituents” (i.. elements), a com-
pound determinant of the 4** class being one whose elements are
minors of the (n—i)™ order; thus, the adjugate determinant is
a compound determinant of the a™ order and 1* class. If a
compound determinant of the i** class be of the highest possible
order, namely, the

n(n—=1)... (fn—1'+1)th
1-2 ... 1 ’
—that is to say, contains all the minors of the (n—4)* order—
Spottiswoode calls it the “complete determinant of the it class,”
a name equivalent therefore to the more modern “(n—e)t
compound.”

One of the notations employed is essentially the same as

Sylvester’'s—that is to say, he uses

{1121...111 1,2, . .wy 1,,2,,..”.—@},,;}
1,2, ... 1,2,... u, 1,2, ...u,
for what at a later date would have been written

11121...11,1 ,1222...112

1,2, ... u,
1,2, ... w,

1,2, ... uy 1,2 ... u
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The other notation is his own, and is worthy of careful note.
It differs from Sylvester’s in making use of row-numbers and
column-numbers not of the retained elements but of the elements
omitted, the said numbers being enclosed in brackets for the
purpose of recalling this difference. “Thus,” he says (p. 352),
“the complete compound determinant of the first class may be

T me . o)

that of the second class

GGG )

and generally that of the 4* class
fl] 12"'li 2122...2,; ﬂl#zo-ol‘t}
1<1, 1, ... 1;) <2, 2, ... 2,> <ﬂl P ,4) ,
n(n—-1)... (n—_i_—}-_l_)_,,

where mo=g :

and where, it should have been added, r, stands for the s*" integer
in the 7" combination of ¢ integers taken from 1, 2,..., n.

These preliminaries having been attended to, a discussion of
the properties follows. The first five pages (pp. 353-358) and
two later pages (pp. 366-368) are mainly concerned with com-
pound determinants of the first class (that is to say, with the
adjugate determinant), and they do not break fresh ground.
The same, however, cannot be said with reference to the next
two pages (pp. 358-360), which concern those of the second class.
The result first reached is that the complete determinant of this
class, namely,

12\ /13 23 .
{(1 2 (1s) () } or 4,, say,
_ {1 2... n}"
“e... af,
where v=}(n—1)(n—2). Although there is a semblance of
reasoning, no real proof is given. Passing then to any first
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minor of A, say the first minor got by leaving out G 3) from
the detailed symbol for A,, he finds that

13\ /14 23 1 f12.... 0!
{<13) (14>""(23)""}_{12}{12....n}.
It is next pointed out that if we proceed to the second minors of

A, it becomes necessary to distinguish two cases,—to distinguish,

for example, the case where we leave out G Z), (1 3> from the

13
2 :) In the latter case the row-
numbers 1, 2, 8, 4 arc all different, and the result is
56\ /78 13\ /24 }_{1234«}{12...%""
{(56)(78) (13)(24) T lres4f e, n};
in the former case the row-number 1 occurs twice, and the
result is

(DG Go - =tHaa )

Generally, if (i ;), <3 4), (5 6), cees (%—1 %) be left out,

case where we leave out (i 2) (

34/°\56 2i—1 2.
we have
(im0 o B I e o
and if (i Z), G 3), . G :) be left out, we have

[(l i+1)<1 z’+2> (2 3) } = {1}5-2{1 2... '&} {1 2... m) it
144+1/\1442/7777\23/ "7 1 12...4)12... )
Again, a fresh variety of minor may be got by leaving out
12\ (13 (23 _ , ,
( ] 2), (1 3), (2 3>, the row-numbers being then two 1's, two 2's,
and two 3's, and the result is

(GDGD~Go=laataaf”

“gnd so on.”
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From these cases of compound determinants of the second
class, the author passes to those of the 4t class, but contents
himself with stating only two results. The first is that the
complete determinant of this class, denoted as above by

{(11 ]2...1,> (2122...2,> (,u.l,uz...p.,>}’ or A,, say,
1,1,...1/ \2,2,...2, My Mg o v o My

_(12...a)"
- {12...n},
, (m=1)(n=2)...(n—14+1)

where V= TS | , a result which agrees

with that obtained on putting »=0 in Sylvester'’s general
theorem of March 1851; and the other is that any first minor

of A;, say the minor
{Gad) Garedy e (i)

3,...:
{11 1,... 1,} {1 2... 'n}l
- ly,...1) Le...al.
He appends, however, the words “and so on,” and tells us that
“other formulae may be written as required.”

Two theorems of Sylvester’s are next given, the one being the
general theorem just alluded to, and the other that contained in
the paper of 16th December, 1852. In the case of the former
he varies the notation, and probably by rcason of the above-
mentioned serious misprint of an m for an r in the original he
misses Sylvester's meaning, and makes an incorrect statement.
In the case of the other no risk of this kind is incurred, because
he takes the unusual course of reproducing Sylvester's words
letter for letter to the extent of almost two pages (pp. 361-363).
The original two pages, however, being, as we have seen, not
without evidence of Sylvester’s carelessness, this course also was
unsafe.

Lastly, he shows how the multiplication-theorem may be
deduced from Sylvester's first theorem of March 1851 regarding
compound determinants, by taking as an example of the latter
the identity
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1 . a 1 . b

1 o |. 1 ¥ 1 . a b
a B . « B ] 1 oL 1 o ¥V
1 . ] 11 . b —(- 1 a B

1 o« . 1V d B )
« B .| |d B

and pointing out that this is evidently the same as saying
aa +a’B  ba +0'B a B ja b
ad +a'B bd+V B o B |a ¥
In later phraseology, it may be said that the specialisation
necessary for the purpose is

8 =,
Ay g oo Gy

bby...b,

Urty Qpgg e o o Qgr

matrix of =1,

matrix of = (0.*

br+1 br+2 e bzr

BRIOSCHI, FR. (1854, March).

[Lao TEORICA DEI DETERMINANTI, E LE SUE PRINCIPALI APPLI-
CAZIONL viii4116 pp. Pavia.]

After proving (p. 100) Jacobi’s theorcm, above referred to,
regarding a compound determinant whose elements are functional
determinants, Brioschi bids the reader make the functions f,
fo» . . . linear, say

fr = Ay + Qpgly + . .. + Uy,

and note that the outcome is
D=AVAY AW = {Z:i:azn%2 a,,,,}”"l DAy loy v Gngm s

*Some of the pages of Spottiswoode dealt with in the foregoing are, by reason
of misprints and other neglects, not easy reading. On p. 360 there are at least
nine misprints,
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where

(s) \
Ar = pa d: a11a22 LEN anna”.'.g‘ln.'.r,

that is to say, is Sylvester’s first result of March 1851.
The same course is followed by Bellavitis in his Sposizione of
1857 (see § 71, 72, p. 56).

BAZIN, H. (1854, April).

[Sur une question relative aux déterminants. Journ. (de
Liouville) de Math., xvi. pp. 145-160.]

Bazin's problem being to find an array of m rows and n+h
columns such that its m-line minors shall have given values, he
notes at the outset that the said values cannot in general be
independent of one another. There thus arises the preliminary
task of finding the connecting equations, and his first conclusion
is (pp. 148-149) that if the value of one of the minors be given,
and also the values of the nh other minors obtainable from the
said minor by interchanging any one of its n columns with uny
one of the remaining columns, then the values of all the other
minors are known. This is established by actually showing how
to obtain the expression for any one of the unknown minors in
terms of a number of the known. As the underlying theorem
is one of considerable importance in regard to compound de-
terminants, we separate it from its surroundings and enunciate
it in our own way, namely, If the first of the n-line minors of an
array of n rows and n+h columns (hpn) be denoted by D, and
the minor got from D by supplanting its first h columns by the
lust h columns of the array be denoted by E, and if further there
be formed a square array of mew determinants obtaimed by
supplanting separately and in order each of the first h columns
of D by each of the first h columns of E, the determinant of this
square array 8 equal to D*-' E* Thus, using rstu to stand for

*In connection with this see the footnote on pp. 3884, 385 of Hist.,i. Note
also how from the second example with the help of the first we have

1274(1234 - 5634) - 1734(1324 - 5624) + 7234(2134 - 5614) = (1234)2.5674,
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the determinant whose columns are the 71, gt ¢th % eolumns

of the array, if the array consist of four rows and six columns,
we have
‘ 5234 6234

1534 1634 | = 1234-5034;

and if it consist of four rows and seven columns, we have

5234 6234 7234
1534 1634 1734
1254 1264 1274

= (1234)2. (5674).

K being the compound determinant involved, Bazin’s mode of
proof consists in expressing K/D” in the form of a determinant
of the same order as D, then multiplying D by K/D*, and with
the help of a lemma finding the product to be E. This at once
gives

K = D*-1E
as desired. Thus, taking the first of the two examples just
given, we have

a, ay ay u, | | 5234/D 6234/D . . ‘

b, b, by b, 1534/D 1634/D .
C, € C 1254/D 1264/D 1 .
d, d, d, d, 1235/D 1236/ . 1
5 g Q3 @
_ | b b by b,
e G oo oo
dy dg dg d, |,

that is to say,
5234 6234

1534 1634 |0~ = 9634

D-|

and practically nothing more is wanted.

and thence
1274 - 3564 + 1734 -2564 — 7234 - 5614 = 1234 .5674,
or, on removing the ‘extension,’
127-356 — 137-256 - 237-156 = 123.567.
A relation is thus established between two very unlike theorems.
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The lemma referred to we may formulate for ourselves as
follows: If from any determinant D a row of new determinants
be formed by supplanting in order each column of D by one and
the same new column, the product of this row of determinants by
any row of D is equal to the product of D by the corresponding
element of the repeatedly substituted new column. This is little
else than the elementary fact regarding a determinant with two
rows identical. Thus

! 04,5234 + 4,-1534 + a;-1254 + a,-1235

==|la, a a @, . |==]a, 4 uy a, . |=a;1234
a, Gy Qg @, O B
b by by b, b by b, by by b
6 G C 6 G G G O €& G
dl d2 d3 d4 d5 dl d2 d3 d4 d5

From what has been said above it will be understood that
Bazin views the theorem K=D""'E in the form E=K/D"-!, that
is to say, as expressing the determinant E in terms of h%*+1
other determinants, namely, D and the A2 elements of K.

For the present the rest of the paper is not of interest.

C(AYLEY,) A. (1854).

[Mathematical Notes. (No. 5.) Cambridge and Dub. Math.
Jowrn., ix. p. 171.]

To eliminate , ¥ from the equations

wr+by _ dz+ly _ a"z+b"y
ax+By - alw+Bly allm+BI/y’
—\ is introduced to stand for the equivalent of each fraction, u

for the negative reciprocal of A, and £ » for any quantities
whatever, with the result that from the four equations

axr +by +A(ax +8y) =0
az +by +A(dz +B8y) =0
a"z+b"y+N(a"z+B"y) = 0
§o +ny +Muée+uny) =0/,
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there is obtained

£ n w€ wy
aba,@

(b, bl a/ B/
(0” bll a// ﬁl’
or, say AE+By+Cué+Duy = 0.
As this holds for all values of £, #, we have
A4+Cu =0, B+Du =0,
and .. AD-BC = 0,
that is,
| ab’a” | | ab’B” |

r 7 = 0.
|dB%a| |8 |

M.D. 1L (o)

209



CHAPTER VL
RECURRENTS, FROM 1841 To 1860,

Lixe Wronskians, and for the same reason, recurrents were dealt
with in our first volume among “ Miscellaneous Special Forms”:
their previous history is thus to be found under Wronski 1812,
Scherk 1825, and Schweins 1825 in the chapter so entitled.
(History, i. pp. 472-474, 478-481.)

The name is quite recent, having apparently been first used by
E. Pascal in 1907 in a paper published in the Rendiconti ...
Ist. Lombardo (2), 1. pp. 293-305.

SPOTTISWOODE, W. (1853, August).

(Elementary theorems relating to determinants. Second edition,
. Crelle's Journ., li. pp. 209-271, 328-381.]

In the last chapter or section (§ xi), which is headed
“ Miscellaneous Instances of Determinants,” Spottiswoode gives
(pp. 373-374) an expression for the n' differential-quotient of
w/v in terms of the n' and lower differential-quotients of
and of v. The first four cases are

1 ”
G =pr vpn @) =-p o wpe
U w v )
w v ow
= v 3 |v-d, (:)9)":- .oov W (v,
v 20 & .ov 8 6
v v v v v W 3 W
w 'U:' ull um ) ,v/ 'U” 'U,” ,viy
TR VA VA T Tl
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where the arithmetical coefficients appearing in the elements of
the determinants are those of the binomial theorem.

He also notes that any binary quantic may be expressed as
a determinant: thus ag™+ax*-ly+2,0"-%%+ .. .. is written
by him in the form

Gy QA Wy Og ... Uy-1 Gy
Yy
y x .
oYy oz
y oz .

BRIOSCHI, F. (1854, 1855, February).

[Sur deux formules relatives a la théorie de la décomposition des
fractions rationnelles. Cwrelle’s Journ., 1. pp. 239-242; or
Opere mat., vol. v. pp. 267-276. See also Nowv. Annales
de Math , xiii. p. 352.]

In a review of the second edition of Serret’s Cours d’Algébre
Supérieure, Terquem, the editor of the Nouvelles Annales, takes
occasion to enunciate the theorem that if s, denote the sum of
the 7 powers of the roots of the equation

"+ ax" '+ ax" 4 .. ..+ a, =0,
then
& =(=-1y| ¢ 1
20, a, 1
3ug ay

Ty Qpy Gpog «vo. O |,

attributing it to Brioschi, and indicating that it had been arrived
at by the solution of a “suite indéfinie d’équations périodiques du
premier degré.”* The origin of the determinant is thus exactly

*By this, of course, is meant the set of identities known as *‘ Newton’s

formule,”—
sH+a, =0
S+ o9 + 205 = 0

(See Newrox, Arith. Univ., Tom. ii., cap. iii., §8.)
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similar to that of the first determinant of like kind, namely, that
occurring in the statement of Wronski’s “loi générale des séries.”

A few months later we find on p. 240 of vol. 1. of Crelle’s
Journal Brioschi himself enunciating and proving with some
trouble the theorem that if

H(x) = e +c@* + ...+ ¢,
and ‘
f@) = a@” + a2 '+ ...+ «q,,
= “o(w—wl)(w—wz) s (w—xn ’
then
" p(2,) | TP (2) x,¢(x,)
fl(xl) + f’(w.z) + CRCRCIN +

1
= (—' 1)r+l -7z Co o

(A
R A

G Uy Qg veee Oy
Crpr Cpp Gy oevn Oy |

The subject, however, is not pursued further.

FAURE, [H.] (1855, March).

[Théoréme sur la somme des puissances semblables des racines.
Nouv. Annales de Muth. (1), xiv. pp. 94-97; or pp. 172-175
of Combescure’s translation of Brioschi’s Teorica det Deter-
minanti.)

Having seen Brioschi’s result regarding s,, Faure takes up
the subject and succeeds in throwing on it fresh light. His
fundamental proposition is not connected with the roots of equa-
tions at all, being to the effect that if

@) = c@™ 4+ c @™l 4. ...+ cu,
(@) = a@™® + a@® 4+ ... . +a,

and
o@) = f(x) = Agm-" + Aam-"-1 4 Aggm-n-2 4. ..,
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then

1
A =(- l)ram C Oy
° G O Gy
C @y O

Croy Qpoy Qpog o vvn O
€ Gy Gy -e.. Oy
Having stated this he recalls the theorem * that if

f(@) = ay(@—mu)(@—15) ... (x—xn)

Y(@,) + Y(@) + . . . +yr(2,) = coeff. of -1 in f———-’(a})(;‘b)(@,

and therefore as a special case

we have

S (@)

®” + a2 + ... +a, = coeff. of -"-1in Fa)
It is thus seen that to obtain a determinant expression for s, we
have only to make ¢(x) identical with f(z)—in other words,
put m=n—1, ¢,;=nq,, ¢;=(m—1)a;, cg=(n—2)dy, ... ,—and
find the coefficient of -7~ Doing this we obtain
(=1y Tlﬂ nd, Uy

Ol (e—=Da, « @

n—2a, u;,

(n=r)d, d, Gy «oo. 4

which is readily reduced to

(—1)” .l_

. (47
7 1 0
Ly

20, o, N
PU  Gpoy Opog  oeer Oy |,

and so agrees with the result obtained from Newton’s relations
between the a’s and §’s.

*Said to be first given by Cauchy in his Exercices de Math. for 1826.
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Here Faure leaves the subject, but he might equally easily have
established Brioschi's more general result. Instead of specialis-
ing by putting yA(z)=2" he might have made y(z)=a"¢(x)f (x)
and so have got

@ p(x,) |, 2 P(x,) 2P (%a) _ & of g-r-11n @),
Py f@) Tt gy T et oheR pg)
Bearing in mind that ¢(x) as used by Brioschi was of the nt

degree, we have from Faure’s fundamental theorem the said
coefficient

1
— — (—=1\+1
= A, =(=1y+ | % Y
¢ c, Uy W
Cr  Up Ouey el @
P A

as it ought to be.

BRUNO, F. FAA DI (1855, Decembor).

[Note sur une nouvelle formule du calcul différentiel. Quart.
Jowrn. of Math., i. pp. 859-360; or, with a different title,
Annali di Sei. mat. e fis., vi. pp. 479-480.]

The formula referred to is
ot | W mP’e In(m—1)0y"¢ .... Y
An Y@} =
oan -1 ¥g (n=DLys ... Y
-1 \P'¢ e \b(n-l)qs
: -1 el Y-y

V¢
where the coefficients in the 7" row are those of the expansion
of (¢+b)*-"+1, and where after development of the determinant

¢" is to be taken as meaning the r* differential-quotient of ¢
with respect to y.*

* An opportunity was here lost by Bruno of noting that a recurrent with the
elements in its zero-bordered diagonal all negative has all its terms positive,
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BRUNO, F. FAA DI (1856, February).

[Sulle funzioni isobariche. Amnali di Sci. mat. e fis., vii
pp. 76-89.]

On p. 81 Bruno enunciates, as having been recently (“ultima-
mente ”) discovered by him, a theorem which is essentially Faure’s,
the A, of Faure being given by Bruno as the coefficient of 2" in
the expansion of

Cote+em’+ .. ..
R RN S

The reason for A, being the same in both is evident on putting
m=n=0 in Faure’s.

ALLEGRET, A. (1857).

[Solutions de quelques problémes curieux d’arithmétique. Nowuw.
Annales de Math., xvi. pp. 136-139.]

In the course of Allegret’s work, the determinant

1 . . .
1 «
1 1 «
1 1 a4
1 1 a,
appears, which he says
= sty + | 1 o, . .| = a0, ~ |1 1.
11 a . 1 «
1 . 1 o 1 1 a .
1 . .1 1 . 1 a

and, the four-line determinant now reached being similar in
form to the original, he concludes that the final expansion of the
latter must be

Uy ol @y — Oyl + yly = Gy + 1.

By passing the first row over the others to occupy the last
place the determinant is recognisable as a special case of re-
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current, and it is seen that the expansion in terms of the
elements of the last row and their cofactors leads at once to
Allegret’s result.

BRIOSCHI, F. (1857).

[Solution de la question 850 (Wronski). Nowv. Annales de Math.,
xvi. pp. 248-249.]

The problem having been set to find what Wronski called the
“ Aleph ” functions * of the roots a,, @,, . . ., a, of the equation
g + a1l 4 a2 4. . 4, =0

in terms of the coefficients, Brioschi begins by saying that the
" of the said functions, being the complete homogeneous
function of degree r, is the coefficient of 27 in the product

A+zz+a2+ ... )(1+az+a22+ ... ). .. (L+as+ a2+ ...)

i.e.
1 or __1__ Sa
(1=z2)(1=22) ... (1 —2,2) $(2) y:

He thus has

1
—_— = 1+N 3+N.;42 cseey
¢(2) R

and therefore by differentiation
_92) _ N +28,24-3822 4 . ..
T ee) 14K 24+ NR,224 ...
But having also by a well-known theorem

_¢ (z) “1
T e(2)

+1 et

?

1—- wnz

x1+x12z+w13z2+ ceas
+z,+ 2o+ a2+ ... ]
+ . Co J
+wn+wn Z+a',3z2+ ceen

= 8 +8,2+82%+....

*Wroxsk1, H. [utroduction & Il Philosophie des Mathématiques . . . . . .
(pp. 65, . . .) vi+270 pp., Paris, 1811.
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he deduces

2 - N+ 282+ 382%+ . ...
8, +82+8,2°+ ... RPN

b

whence by equating like coefficients of = there results

Nl = 81,
2%, = 8,+N3;,
Wy = 8,+N 8 +Ny8,,

™, = S +NRS ... + N8

Multiplying now by a,_,, d¢,,, ..., ¢, and adding, he has, on
using Newton’s relations between the «’s and s,

Ry 20, R+ o 1R, = = [Pa 4+ (r=1) R+ . ... +a,8:,},

whence comes Wronski’s relation
Gt R+ .o N, = 0

and, on solution of the set of relations obtained from this by
putting »=1,2,..., »,

- (=1

N,
v
(ty

4 W,
4y @ @,

Upoy Opog Geog ooon Uy
A Uy Qo v Uy .

CATALAN, E. (1857).

[Note sur la question 350 (Wronski). Nouv. Annales de Math..
xvi. pp. 416-417.]

Catalan, under the anagrammatic signature of “M. Ange le
Taunéac,” points out a simplification. Having got as far as

1 o
T=ap)l=2g) ... A=mz) ~ TReTRLS+ ...

,nﬂ
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he merely draws attention to the fact that the denominator on
the left being
= (dp+u2+a2’+ . ... .|.anzn)z}_o,
there results
o = (1+N2+R21+ .. ) g+ az+02+ ... +a,2"),

whence Wronski’s set of relations follows at once.

This, of course, is much preferable to Brioschi’s procedure.
It has to be noted, however, that by taking a roundabout way
Brioschi came across the equations connecting the N's and
the s's.*

* After all, it is this set of eyuations and the two other similar sets that
are worth knowing, namely,
Newton’s, Ulr+ 8y +AsSpg+ o o o +Cpy8y 10, = 0.
Wronski’s, Wt Rty + Rollpen+ o+« + Ny = O.
Brioschi’s, %+ N1¥r—1F NoSpmat + o« Rp—18% = 7Ny.



CHAPTER VIL
WRONSKIANS, FROM 1838 TO 1860.

THE previous history of Wronskians being not at all lengthy,
was included in the chapter on “Miscellaneous Special Forms”
(History, i. chap. xvi.), and is to be found there under Wronski
1812, Wronski 1815, Wronski 1816-17, and Schweins 1825
(pp. 472478, 482-485).

The name dates only from 1882, being first suggested on p. 224
of my Text-book on Determinants.*

LIOUVILLE, J. (1838).

[Note sur la théorie de la variation des constantes arbitraires.
Journ. (de Liouville) de Muth., iii. pp. 342-347.]

The Wronskian which incidentally appears here is of a special
kind, namely, that in which the originating functions are in the
so-called relation of being first differential-quotients of one and
the same function, for example, in later notation,

oz ox ow
% b ¢
% %
daot obot ocot
P B B
oaot: bot: ocot?|.

It is worthy of note also that the expression for the differential-

*Muir, TH. A Treatise on thc Theory of Determinants,

... viii+240 pp.,
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quotient of this with respect to ¢ is obtained in the form which
accords with the case of Schweins' theorem of 1825 (Hist., i

p. 484).
Zd || (ZdyA, - (Zdy+A, . ... (Zdy+n-1A,)
= || @dya, - @y, ... @dpnth,-EdpA,)

where Z=1 and «=0.

MALMSTEN, C. J. (1849).

[Moyens pour trouver I'expression de la n-itme intégrale particu-
litre de I'équation y™+Pyt-+ ... +SyW4+Ty=0 A T'aide
des m—1 valeurs ¥, ¥y ..., Yn-, qui satisfont a celle
équation. Chelle’'s Journ., xxxix. pp. 91-98; or abstract in
Cambridge und Dub. Math. Jowrn., iv. pp. 286-288.]

The result obtained, after an introductory note on Deter-

minants, is
Yn = ZiY1HoYet o FZaciYn-r
where

i ("1’"'ljdjg-zr6"/”""”’ and R = 1/37 +yyigi ... o0
* R

Only one special property of the Wronskian is used, namely, that
regarding its differential-quotient.

MAINARDI, G. (1849, December).

[Sulla integrazione dell’ equazioni differenziali. Amnnali di Sci.
mat. e fis., i. pp. 50-89.]

Mainardi in speaking unapprovingly (p. 70) of Libri’s expres-

sions for the coeflicients of a linear differential equation in terms

of its particular integrals gives his own instead, his statement
being that

r=m
) - ronm -1 r+ .
rz—ll( l)m ry(r)s(plpz ps c pi-r_l )ps l)pg‘*—:?) cee :,':‘.).1) = 0

is the linear differential equation of the m™ order whose particular
integrals are p,, Py, Pg, - - - » Pw. With the explanation that the
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upper indices represent differentiations and that S( ) stands for
the same as Cauchy’s S(x ) a glance suffices to raise doubts as
to the accuracy of the statement. For one thing p,, does not
occur in the equation, and there are other objections equally
serious; but in any case it is clear that Mainardi had in his
mind the correct result, his process probably being in the case of

?/III+AyI/+ByI+Cy - O
to solve the equations

Pt + Api +Bp; + Cp, = 0

P2 + Ap, + Bp, + Op, = 0

Ps +Aps+ Bp; + Cp; = 0

for A, B, C and then substitute in the original. This of course
might be accomplished by climinating A, B, C from the four
equations, with the result

” n

Y PP Py =0,
Jjust as when a, 8, y are the roots of 23+ Aa*+4 Bx+C=0 we have
|08 a2 B 0] = 0.
In the analogy, thercfore, between linear differential equations
and ordinary algebraical equations the Wronskian is the analogue
of the alternant.*
It may be added that the identities given on the same page
by Mainardi as examples of his discoveries in the general theory

of determinants are included in an old identity of Desnanot’s
numbered xlv. in History, i. p. 145.

PUISEUX, V. (1851).

[Sur la ligne dont les deux courbures ont entre elles un rapport
constant. Journ. (de Liouwille) de Math., vi. pp. 208-211.]

At the close of his paper Puiseux remarks that his proof
would have been shortened by using the theorem, “ Les lettres

* We may appropriately note that in the same volume of the Annali are two
short papers by P. Tardy on Malmsten’s theorem just referred to (pp. 136-139,
337-341).
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t, u, v, ..., w désignant n variables, si le déterminant du
systéme de n quantités
t w ce w
dit dv .... dw
dt du . ... dw
-1 dr-lw ... . dw

est égal d zéro, on « mecessairement l'éguation
at+bu+cv+...+gw =0

o a,b,c,...,gsont des constantes.” The theorem is spoken of
as known, but no reference is given.

TISSOT, A. (1852).

[Sur un déterminant d’intégrales définies. Journ. (de Liouville)
de Math., xvii. pp. 177-185.]

Tissot incidentally asserts that if ¥, y;, ¥, . . . , ¥, all satisfy &
linear differential equation similar to that dealt with by Malmsten

above, then
2Axyys - Y = ye /P

where y is independent of @. It is further stated that Liouville
proved this in vol. x. of his journal, but such is not the case, the
subject being not even referred to in that volume.

PROUHET, E. (1852).
Mémoire sur quelques formules générales d’analyse. Jouwrn.
quelq g y:
(de Liouville) de Math. (2), i. pp. 321-344.]

The third and last section (§§40-43) of Prouhet’s memoir is
headed “Théordmes sur quelques déterminants de fonctions.”
The first theorem proved is that just mentioned as having been
used by Malmsten. He then takes the set of m+1 equations,

o d(ug) +2,-0Hug) + ... + e d (g = A (g
wo do('“‘/’l) + w1 dl(u‘/’l) + .t Tped™(ugh) = d"H(ugl)

Zy* do(“‘l’m) + Zz- dl(""/’m) + + T A™(ugp™) = dm“('“‘ﬁ';’)’
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and with the help of the said theorem obtains at once

=22 = d(log ),

where A stands for
| A°ug?)-d(ug)- ... -d(ug)|-

Next, by using in connection with the same sets of equations the
multipliers

o™ Fmg™ L ..., Im(m+1)¢:, —me!, ¢°

and performing addition, the coefficients of x,, 2,, ..., ®m-; are
found to vanish, with the result

{xmm!u(dqs)"'} = jm(m+1)-mlu(dg)™-1d2¢ + (m—1)!du-(dg™),

this being due to the theorem in differentiation * that the ex-
pression of m+1 terms

dr(ug™) — me.d"(ug™"!) + Im(m+1)¢?.d"(ug™-2) — . ...
has the values
0, m!u(dgy, Im(m+1)-m!u(de™ )d2¢ + (m+1)!du-(d¢™)
according as » <m, =m, or =m+1. An alternative value for
%, 18 thus found, namely,

fm(m+1) Cf]li;.{"+(m+ 1 )ff_z_‘ ie. dlog [um+i(dg)"*1];

and from the two values it follows that
A = w(dg)™™ D x o constant,
the constant being determined to be
Z[x1°2132, . .(m+1)"], or 1!2!3!...m!

by considering the particular case where u=¢=e¢*. The final
result thus is

ug® d(ug®) .... d™(ug¢?)
u¢1 d(u¢1) dm(u¢ ) = 1!218!. .. mlumy(d ¢)§m(m+1)

ugm d(ug®) ... dn(ugn)
* Attributed in part to Lexell (1772) and to Arbogast (1800).

>
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which on putting w=1 becomes Wronski’s result of the year
1816, and therefore a case of Schweins’ generalisation of 1825.

A[BADIE, T.] (1852).

[Sur la différentiation des fonctions de fonctions: séries de
Burmann, de Lagrange, de Wronski. Nouv. Annales de
Math., xi. pp. 376—383 or French translation of Brlosclus
Teoricu dei Deter 9mmmta pp- 182-193.]

By a method similar to Prouhet’s, namely, by solving a set of
equations in two different ways, Abadie obtains

dn-1 J—
70 ¥ (ntn)],_, _ S[£Dg- Do ... -Drlgn-LDF]
1.2.3...7n - Z[iD1¢.D2¢2. o .Dn-1¢n—l,Dn¢n]

where 6 and D"¢° stand for
+h —o(x ar $
¢@+h)—¢@ }2 $(@) and dr {¢ (x)}

respectively. Thence, by equating coefficients of D*F, Wronski’s
result

S [£Dlg-D2g2. ... -Dugt] = 11218!... n!{g (x)} "+

is reached; and this in its turn is then used to simplify the
result which has just originated it, another of Wronski’s formulee
being thus arrived at.

BRIOSCHI, F. (1855).

{Sur une propriété d’'un déterminant fonctionnel. Quart. Journ.
of Muth., i. pp. 365-367 ; or Opere mat., v. pp. 389-392.]

In later phraseology the property in question is that if the
Wronskian, W say, of y,, ¥a, - - - Yu be a known function of
the independent variable x, then any one of the y's, y, say, can
be expressed in terms of the others and W. Denoting the st
differential-quotient of y, by 3 we have of course
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21 Y2 e Y
w=| %W o g

,”(ln.—l) ,y;n-l) . ,ygz—l)
and using “cof ” for “cofactor of ” we readily see that since

Z%}(cof Y1) = —cof yi»-2

we have
d <cof ?/f."—”) —cof g1 cof y*=* - cof y*~1 cof y-2
dz\cof ,yg;—n (cof ygn-z))z

W.cof (yi "y )
(cof gD
Integration of both sides with respect to « then gives

X (=1) 5 (n~2)
W cof () s
(cof yir-1y2

(n—=1) __ oy (n=1)
cof 3= = cof g I

and it is seen that for the cofactor of any element in the last row
of W except the +* therc is an expression in which the function
Yr never cxplicitly occurs. It only remains then to take the
well-known identity

0 =y cofy*=" 4 y,cof gV +. . . +y,cofy®-V+. . .+ y,cofy-1

write therein for cof y"*=Y the substitute thus provided, and
divide both sides by cof %-; for, this being done, there results

0=yl +yL+...49-+...+yl,

where I stands for the integral above written.

Brioschi then proceeds to establish Malmsten’s theorem of
1849,

CHRISTOFFEL, E. B. (1857).

[Ueber die lineare Abhéngigkeit von Functionen einer einzigen
Verdnderlichen.  Crelle’s Jowrn., lv. pp. 281-299.]

The results directly bearing on the subject specified in the title

of the paper are summed up in five propositions (pp. 293-294),
M.D. IL P
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the one comparable with Puiseux's of 1851 being that If
S+ f(x)-£(x)... f)(x) vanishes for all values of X from x=x, to
x=x,, where x, < X,, then the functions £(x), £,(x), . . ., f.(x)
are for those values linearly dependent. Ina concluding section
are brought together (pp. 207-299) the properties of the
determinants which had been used in reaching the said results.
The first theorem is

3wl = 3w dut A A (1)
where
Auf,") = u(,f‘_l)_l—u?‘), A"uf,") = Azo(y“ll—Azbf,"), e
This, it is stated, can be proved in the same way as the theorem
3 f(m): f(m+1) .. fmtn) = 2 f(m)-Af(m) . ... A"fa(m) 1)

given earlier in the paper (p. 293), namely, by evolving the
left-hand side from the right-hand side after substituting for
the differences in the latter their equivalents obtainable from
the identity '

Af(m) = fi(m+1) — ifym+i=1) + i(?.l:zl)ﬁ,(m+i—2) -
There is next derived the theorem
> + vu-A(vw)-Avu”). .. A"(vu™)
= Vo 0y... Y, O & we A AL AT (2)

and from this again by putting v,=1/u, there is obtained

>+ ueAw A% A = un. . Uy PIE A(%)N(%’;) e A"(%n)) .

Then, by using this last theorem on itself, and continuing in
like manner, there is finally reached the result

D+ weAuw-A% L Ay

= (W ) WU w0 NP (Wt et (3)

where

u® w0 uml
—_ A o1 = 22 =
’W"o-—Au’ ut "Aul,o’ uH —A—umv e
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In order to pass from differences to differentials Christoffel
then puts

u®) = f(me+pe), v, = p(me+pe), me=x, €=0x,
the result obtained from (2) being

Zi¢f.a¢'i1-?_2?f2 %f’_‘ _ ¢n+12 :‘:f.a._fl.a% al'fn (4)

o '5.132 et oxn oxr ’am‘z 'a "
and from (3) being
—a—fl . agfz . f n +1 . n-l
Z if ox 5:1—;2 Bx“ fn f . 'f;l,u-x (5)
where

fro=2B). s=2(52), f».e=%(+;;;‘),

There is next given a result dealing with change of variable,
namely,

2 j:f. afla_gf_z a’tffn _ (?i)én(nﬂ)z ;\:f af1 af a'"fn

W oxt oam or ot oot

which is proved like (1) and (1’), the identity used for sub-
stitution purposes being now

?:_f_ ’j(at) +a (,,af-*f
ox’ ot \ox

WO
Uy 51 + o )'atr-z

where a"’ «, . . . do not involve differential-quotients of f

Lastly, denoting the cofactors of f®, f™, ..., f® in

~, Oh O O,
Z,:I:f on ox® T o

by Wy, W, ..., W, he announces the set of results
DWW W, ... WY = W,
2EWWW; Wi = (=1)We-if,,
DWW W, .. WD = (=1)PWr-2 3 4 f s
Ei W,W,W; . Wi:'::’ = (= 1)3"W" 3 2, iﬁ. 2f 1S

2 +W, W' = (- 1)(» 1mW Z + fufa. . f*""’,
= (=D ffafi e S
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In regard to these we may note in passing that as
W, W, ..., W

are themselves Wronskians, the name “Compound Wronskian ”
would not be inappropriate for the determinants on the left. Also,
that in form the results bear a resemblance to those included in
Jacobi’s theorem regarding any minor of the adjugate of a general
determinant.

n

HESSE, O. (1857).

[Ueber die Criterien des Maximums und Minimums der einfachen
Integrale. Crelle's Journ., liv. pp. 227-273; or Werke, pp.
413-467.]

In the course of his investigation Hesse pauses (p. 249) to
enunciate the result which we have numbered (4) in dealing
with Christoffel’s paper. He also gives Christoffel’s fifth result,
having arrived at it, however, by a different method, namely, by
the repeated use of the immediately preceding result. Thus, in
the case of the 3rd order, the first part of his procedure would be

u ul ul’ u . 1 (u N 1)’ (Qb . 1)’/ 1 (1)/ (l)ll
ry w? (u”) (u?) v (”) ('v)
vUov o w u w | =wlu \uw \u
, 1 w ( w)’ ( w>” w (w)’ (w)”
w w w w - U w. - = (=) (=
u U u w \uw/ \u

@ @
@ @)
and he would next treat this two-line determinant in similar
fashion, the result being
)

>, tww” = u3-{<,:—i>l}2. (T)’ .

— 3
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MONTFERRIER, A. S. DE (1858).

[ENCYCLOPEDIE MATHEMATIQUE, ou exposition compléte de toutes
les branches des mathématiques d’apres les principes . ... de
Hoéne Wronski. Premitre Partie: Mathématiques Pures.
Tomes i.-iv., Paris.*]

Although, from the nature of this work, it cannot be expected
to contain fresh results, it would be a mistake to undervalue it,
as in the matter of exposition the disciple had more skill than his
master. Whether, thercfore, as a substitute for, or a commentary
on, the original, it deserves attention. It is only in the third
volume that the “Schin” functions appear, a short general
account being given in §§ 1041, 1042 (pp. 423-428), and special
instances dealt with under the headings “ Les Séries ” (§§ 953-960,
pp. 267-276) and “La Loi Supréme ” (§§ 1006-1023, pp. 358-391).

* None of the four volumes is dated, but they appeared in 1856-59: they
do not complete the First Part.



CHAPTER VIIL
JACOBIANS, FROM 1841 710 1860,

WHEN one recalls the exceptional fullness of Jacobi’s memoir on
this special form and the fact that it belongs really to the first
year of the period now under discussion, one cannot be surprised
that during the remainder of the period little was added save
commentaries and suggested amendments. Even Bertrand’s con-
tribution, the longest and most interesting, is practically of this
character.

JACOBI, C. G. J. (1844-1845).

[Theoria novi multiplicatoris systemati requationum differenti-
alium vulgarium applicandi. Crelle's Journ., xxvii. pp.
199-268; xxix. pp. 218-279, 333-376; or Math. Werke
(1846), i. pp. 47226 ; or Geswmmelte Werke, iv. pp. 317-509.]

The portion of this long memoir which is of interest to us in
the present connection is the first section (pp. 201-209) of the
first chapter, the heading being “ Lemma fundamentale eiusque
varii usus: de determinantibus functionalibus partialibus.” Pass-
ing over the treatment of the first two cases of the lemma we
come upon the general enunciation of it, which is—

If AJA A, ..., A, be the cofactors of f af oA .

az:2 ax,,

an the determinant Z( ,SJ; gﬁ gf 2, .. gf‘) the'n
. 2 0

0A | 04, A 0A, _
+ax1+ .+%;—O.
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Preparatory for the proof it is pointed out that since

of | o of oA of, o,
5.—”A+aw";A1+-+a£'An=Z<:t§‘£amil...a£;)

an alternative form of the lemma is

KT (7 ST (2 S & )

o o, ox A, ' ox,

Then calling the given determinant R, and noting that A,
A,, ..., A, are themselves functional determinants, A; being
the determinant of f, f, ..., f, with respect to «, %, ..., @,
Zyyq, - - - 5 &,, Jacobi seeks to prove the lemma true in the case of
R from assuming it true in the case of A;. To be able to formulate
it in the latter case he takes each element of the first row of R
along with each element of the second row, thus forming (n+1)?
products whose cofactors in the determinant he denotes by

(00) (01) (02) ... (On)

(10) (A1) (A2) ... (In)

(20) (21) (22) ... (2n)

@0) (nl) (n2) ... (am),
that is to say, he puts

o o 4, R,

(ic) for the cofactor of 2w, 3,

a notation which necessitates
(ik) = — (ki) and (i7) = 0.
It follows on this that the cofactors of
oh, %K, ..., °h, A, .., %A

b ) ~_ ! —~
or Oz, or,., Oxy, o,

in A; are (4,0), (4, 1), ..., (3, n), and thus the assumption
above made takes the form

234, 0) L 2@ 1) PG m) _ g

o + ox, o, -
oo AGOA) AGAN | AGWE) _ y,
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Since, however, (4, k)f;= —(k, 1)f; and (%, 4)f, =0, we can apply to
the latter the general proposition that if ay be any quantities
whatever such that ay = —a,, ay=0, and H, stand for

Q8 oy 0
ox +8m1+"'+'ax,,
then
oH , oH, °H, . a
o +’3.L'1 tee Tt T o

and so reach the first of our aimns as desired. There only then
remains to show that the lemma holds in the case of two
variables, and this is unnecessary because it is then identical
with the familiar proposition

% _ %
oxoy ~ oyox

In addition to this gradational proof Jacobi gives one of a
different kind. Since A;, he says, does not involvc diﬁ'erential-

coefficients with respect to ;, it follows that 2 " and 2
cannot involve differential-coefficients taken tw1ce with lespect
to any one variable. Further, sccond differential-coefficients
taken with respect to different variables x,, , cannot occur
anywhere save int
2A;  0A;
oz, %, T om, ox,
All we have got to show therefore is that the cofactor of o ,(7;
Ly,
%A‘+3—A vanishes. To do this we express A; in terms of the
Ly,

elements of one column and their cofactors, say

9, G,
A“‘ =9 fl+a2faf; -+ n’nf"l"
3
O ?/_(Lk!
¥ The reason for this, of course, is that a?:x L aix’ = 0.
j &

+It would have been well to make clear here that every term of the final

expansion of X %ﬁ- contains one and only one second differential-coefficient.
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and thus know as above that

——aqh_, o,
AL - Y2 a-b; 26-1% e %n a.b
where a;, u,, ... involve no differential-coeflicients taken with

respect to x; or with respect to ;.

The observation made in the course of the first proof that
A, A, ..., A, are themselves functional determinants leads
Jacobi to the conception of “partial functional determinants”
on the analogy of partial differential-quotients. The funda-
mental lemma then becomes viewable as the analogue of

o %
0 oy 0 or
2¢ oy

or, in Jacobi’s words, “gravissimam manifestat analogiam
determinantium functionalium et quotientium ditferentialium
partialium.”

Apparently this recalls to Jacobi another analogy of the same
kind, which he had omitted to draw attention to in his paper
of 1830, when the first two cases of the lemma had been
originally enunciated by him. The proposition involving the
said analogy he now generalises thus:—If f, f,, f,,..., f, be
expressible as series the terms of which imvolve only powers of
the variables x, X, X, . . . , X,, the functional determinant does
not imvolve a term in x~1x,71x,7'....x,”L In support of
it he has only to point out that the functional determinant is
equal to

o(fA), A(fA), L B(fA),
o o, T o,

and that the development of the i™ term of this expansion
cannot contain a term in 1/z;._;.

After referring to a possible application of the lemma in
connection with definite multiple integrals, Jacobi concludes § 2
by returning to the lemma itself and throwing it into a third
form originally announced in 1841 (De determ. funct. § 9).
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Viewing z, z,, @,, .... @, as functions of f, f;, f5, ..., Ju he
obtains of course (De determ. funct. § 8)

oA oz, A ow, A,

3 R’ af =g’ of R’

so that by substitution the lemma becomes

o o, o,
. 3<R67>+6(Ra—f)+ +a(R af))
- o o, T o,
_ ox oR) , o=, oR ox, °R
N of ax| T oF o, ot o,
ooz o, o, (2
of of of
Ry )t B e F R
oR [aa; aall 25,
= +R1 +....+—-4-a£
iy n
or
aa, a’c)ael 5%%n
_ dlogR _[ T
0= 5+ +3x1+ ot

where firstly R and the «’s have to be viewed as functions of the
f’s and all differentiated with respect to f, and secondly the
differential-coefficients thus obtained have to be expressed in
terms of the a's preparatory to performing the final set of
differentiations.

Here the consideration of functional determinants would have
come to an end in the present memoir, had it not been that a
theorem on the subject which had been given incorrectly in
1841 (De determ. funct. § 14) was now wanted in § 8 for use.
Two and a half pages (pp. 215-217) of matter are consequently
intercalated in order to enunciate the theorem correctly, to prove
it, and to elucidate it by a commentary. The enunciation is—
If f,=a,, f,=qa,, ...., f,=a,, where the a's are constants, the
Sfunctional determinant
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will not be altered in value if before performing the differenti-
tions every fumction f; be transformed in any way whatever by
means of the equations i, =ay,, fi,=ay,, ...., f,=a,. On
looking back it will be seen that Jacobi had previously not
excluded the use of the first —1 equations in making trans-
formation of f;. His proof now depends on taking the o’s to the
same side as the f's; denoting the resulting equations by ¢,=0,
$,=0, ...., ¢o=0; applying his theorem (De determ. fumect.
§10) to obtain the desired determinant in the form

(40196, O
2 (iaz:l o, ar,,),

D (iaqbl Oy ?g@)’

Oa, Oa, Oay

(=1

and then showing that the denominator of this is (=1)». His
commentary closes by assuming as allowable that

¢t = >\(1')fl + A(21‘)f7z + L + Aglt)fn)

and having thus obtained

o, Oy ?_‘]271) - NI ( o of
E(iaa:l o, ) = PHES LD ia;l,%...axn)
he concludes that the condition for the eqaality of the two
functional determinants is that the determinant of the \’s shall

be equal to 1.

HESSE, 0. (1844).

[Ueber die Elimination der Variabeln aus drei algebraischen
Gleichungen vom zweiten Grade mit zwei Variabeln.
Crelle’s Journ., xxviii. pp. 68-96; or Werke, pp. 89-122.]

Having demonstrated that for the elimination of #,, ,, z,
from the three quadrics f,, f;, f; it was important to discover a
function of the third degree possessing certain properties, Hesse
proceeds (§11) to show how such a function may be obtained.
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From & well-known theorem regarding the differentiation of

. e
homogeneous functions he has, on putting u® for 5%;»

1)] @ 3
Ty + TgUy + ms'“g) = 2,

(1)

1 (2) (3)
mllb(l) + wgul + 503%1 = 2f.l 1
. 2yt 3]
g + o) + 2l = of, J

and, ¢ being Jacobi's determinant of f;, f,, f; with respect to
&,, @y, &y, there thus follows

(a) ml(l) — ‘)fl (u?)ug)_,ul(z"’)ug-’)) + 2f:.’ (ugﬂu(f)_ ug)u(lﬁl) + 2];’ (,u/(l2)u;3)_ u(IS)u(;)),

with similar expressions for z,¢, Z,4; so that any set of values

of &,, @,, «, which makes f,, f,, f; vanish will make ¢ vanish

also. The formal enunciation of this result is then given, and it

is pointed out that the like theorem holds when there are n

homogeneous functions all of n variables and of the +** degreé.
From (a) by differentiation there is next obtained

9
! 51:; +9

()., (2), (3 (8), (2) (Mg, (2, (8 ), @) (), () 3),,2
= 2y (Uy Uy —Uyuy) + 20y (Ug Uy — Uy Uy ) + Dty ('“(1)%)"“(1 Uy ')

2 3 2, 4 \ 2
+ 2ﬁa-;1(u;”u?’—u?’u§") + 2ﬁ5;1(u‘s”'u§3’—u?’u‘f’) + 2f359;1(u‘f’u§’—u‘3’u§”’),

and thence
9
wl ,a—ml —_—

_9r 0 @ @ ) 0 9 @@ 6@ 0, we_. 60
= 2flavl(uz Ug —Uy Us') + 2]023%1('“3 Uy = Uy ) + 2f;xax1('"'l Uy = Uy Ug ),

so that any set of values @, @,, ; which makes the ternary
. quadrics f,, f,, f; vanish, will make the first differential-quotients
of the determinant of f,, f,, f; vanish also,—a second theorem
which is asserted to hold when the number of homogeneous
functions is n, the number of variables n, and each function of
the 7t degree in the said variables. ‘
Combining the two results, and using later phraseology, we
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may say that When n n-ary r'®-ics vanish, their Jacobian and
each of its first differential-quotients will vanish also.

The connection of this with the problem of elimination can be
indicated in a few words. Jacobi’s determinant ¢ being of the
third degree in x,, x,, @, its first differential-quotients are like
fis Jo» [o linear in z2, .2, x,% a,®,, osx,, ,,; and consequently
the resultant is at once obtained as a six-line determinant.

CAYLRY, A. (1847, February).

[On the differential equations which occur in dynamical problems.
Cambridge and Dub. Math. Journ., ii. pp. 210-219; or
Collected Muth. Papers, i. pp. 276-284.]

This is a short exposition of Jacobi’s elaborate memoir of 1844
with considerable variation in the details. The portion (§ 1)
which concerns us is of course that referring to the “fundamental
lemma.” This is established in its third form, the proof, like
that originally given by Jacobi, being dependent on the theorem

oR__om
. o,
‘a.c,;

but differing in appearance, mainly because of the use of
differentials.

BERTRAND, J. (1851, February).

[Mémoire sur le déterminant d’'un systéme de fonctions. Journ.
(de Liouville) de Math., xvi. pp. 212-227; abstract in Comptes
Rendus . . .. Acad. des Sci. (Paris), xxxii. pp. 134-135.]

Recalling how Jacobi had insisted on the marked analogy
between a functional-determinant and a differential-coefficient,
Bertrand at once intimates the adoption of a new definition of
the former, which in his opinion makes the analogy still more
striking, and from which the properties of the determinant are
deducible like mere corollaries.

Save that A and ¢ are used where Bertrand without distinction
uses d, the following is the definition:—If f;, f,, ..., f, be
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functions of ,, #,, . . ., @,, and the latter receive n distinct sets
of increments

Ax, Az, .... Ag,
Ajr, Agwy, ... Agx,
Ax, Az, ... A,

with the result that the corresponding increments of the functions

are
Afy Afy oo A,
Afy Dofs ... A,

Afi Ao oo A
then the limiting value of the ratio of the determinant of the
second array to the determinant of the first array as the elements
of the latter array are indefinitely diminished is called the
determinant of the n functions. Since in the circumstances
mentioned

C 2 of;
Aufi = %Aﬂi+£Akm2+ e +2Ta’;iA‘“"

for all values of k£ and i not greater than =, it follows from
the multiplication-theorem that the aforesaid limiting value is

equal to
% %%
or, ox, o,
o o . 2
3331 3502 oxy |;
U Ufa Fn
oxr, oz, ox,

and, this determinant being independent of the increments given
to the independent variables, it is held that the definition is
legitimised. It might have been added that the name assigned
to the limiting value is also thereby justified.

The more important of Jacobi’s results, eight or nine in number,
are then re-established, precedence being given to those regard-
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ing the vanishing of the determinant. Supposing, first, that
the functions are independent of one another, he asserts that
%y, %y ..., x, may be conceived as expressed in terms of
Ji» foo -+, fu; and, the latter being viewed as independent
variables, the determinant of their increments ean be considered
as completely arbitrary and can thus have a value different from
zero. Further, in relation to this determinant the determinant of
the increments of #,, ,, ..., x, cannot be infinitely great,
because the terms of both determinants have the same number of
infinitesimal factors of the first order. It thus follows that their
quotient—that is, the functional determinant—is not zero. N ext,
supposing that the functions are not all independent of one
another, but that fp41, fp4s, - - . , fu are functions of £,,f;, . . . , fo»
and that the latter alone are mutually independent, Bertrand
asserts that we may suppose

Afy=0, Af=0, ...., Af, =0,

this in fact being possible in an intinite number of ways, because
only p relations are thereby established between the increments
Az, Ay, ..., Ax,. It will then result that the increments
of fotr, fptes o« o [ being sums of multiples of the increments
of fi, fo» ..., fp will also be zero; and thus the whole of the

first row
Ay ASy ... Arfn

will be composed of zeros, and the determinant to which it
belongs will vanish. On the other hand the determinant of the
increments of the #’s can at the same time be made different from
zero, the increments in the first row being not necessarily all zero
and those in the other rows being what we please. The ratio of
the two determinants therefore vanishes.
Following this are given the theorem regarding the relation of
of, © fa ox, ot ox,\ |
2(:&5%5522 a{;.r.‘) to E(i—aﬁ_ﬁz 57)
the theorem for finding the functional determinant when the
f's are given mediately as functions of the «'s, that is to
say, as functions of

G(@y Ty Ty)y BBy Tyy ooy B), o, Gy Ty, @)
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and the corresponding theorem when the functions are only
implicitly given, that is to say, by means of connecting equations

Fi(x, 2, ..., .r,,,,fl,f.z,.. yJa) = 0,

F‘n(wl:wz) LR ) mm f], j;z) LA fn) = 0

The mode of treatment will be readily guessed from what has
gone before.

The same cannot, however, be confidently affirmed in con-
nection with the theorem which expresses the functional deter-
minant as a single product. This is found grouped under the
heading “ Diverses formes que I'on peut donner & un déterminant ”
(fonctionnel), the said forms being obtainable on varying the
systems of increments assigned to the variables. In the first
example, the array of increments of the s is taken to be

Ag, 0 .... O
0 Ayx, .... O
0 0 ... A,

which necessitates the other array being

o, Ao p o
ey Az, 2. JAW Az,

of o 'afn
2, Ay, 2, Az, ... arz Ay,

afl Agy géA'nxn e af"

A x
a,cn nUn

and the ratio of the determinants of the arrays to be

(e 2. 2

To this there is added “C'est l'expression donnée comme
définition par M. Jacobi,”—a remark, however, equally applicable
when, as at the outset, the increments of the z’s were taken in
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their most general form. Preparatory to the next example it is
pointed out that any « of the variables

wl, w-z’ LR )mns flyfgr' .. :fn

may have arbitrary values, the other » being then determinable ;
and that therefore if n—1 of them be taken to be invariable, the
ratios of the increments of the others may be considered known.
We thus see that the two arrays

Az, Az, Azs ... Az, Af, 0 o ... 0
0 Amy Ay ... Agm, Afy Afs 0 ... 0
0 0 Agwy ... Ax, ASi NSy NSy o0 O
0 0 0 trt Anwn Anf .1 An.f 2 Anf 3 - Anfn

of the second example are simultaneously possible, the =
independent variables in the case of the first row being =, f,
fa - -+ » [, in the case of the second row @, @y, f3, - . ., [,,, and
soon: and we consequently learn that the functional determinant
may be written in the form

oh\ (2. .. (Yo
(51:1) <a1:.3 ax,,)
on the understanding that the brackets enclosing 3f,/ox, imply that

£, is there viewed as a function of @, @,, . . . , @y, frrts frras - - - s Je
A third pair of possible arrays is

Az, 0 o .... 0 Ay JAN .. Am,
0 Azwz O L 0 Azwm+l As“’m+2 see e Aﬂmn
0 0 Az .... 0 Ay i1 Aglya oo Agx,
0 0 0 ... Awty AZupn Ay ... Ay
0 0 0o .... 0 JA N, 0 e 0
0 0 o .... 0 0 Avio®gs oo 0
0 0 o .... 0 0 0 e Ay

M.D.IL Q
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and
Afi AL Afs oo Afa 0 0 ... 0
Afi Afy  MNfy oo Agfa 0 0 ... 0
A,fl A,f,, A,.,ﬁ, coer Dyfu 0 0 ... 0
Am .fl Am,fg Amfa e Am‘fm 0 0 e 0
Am+1f1 m+1fz Aﬂm+1f;4 s Am+1fm Am+1fm+1 Am+1f;n+2 LRI Am+1.}
Am+nf1 Am+2f2 Am+2f;1 reee Am+2fm Am+2fm+1 Am+2fm+2 veee AmHJ

Anf; Anfs Anfs R Anfm Anfmﬂ Anf m+2 v Anfns

from which the functional determinant is obtained in the form

E[ <af1>< f) (@_frp)] . 2( afm-l-l afm+2 afn)
o,/ \o, O awm+1 awm+2 " o
where, from looking as before at corresponding rows of the two
arrays, we see that in the first determinant f,, f,, ..., f are to
be viewed as functions of @,, 2y, . . . , Tw, fnt1r, ftas - - > fur a0
in the second determinant fyu11, fnts, - - - 5 fu are to be viewed as
functions of z,, @,, . . . , Z,.

The next section is still more interesting, as it concerns the
proposition which Jacobi stated incorrectly in his original
memoir of 1841 and returned to in 1844. The data according
to Bertrand are the usual = functions f,, f,, ..., fu each
dependent on @, @,, ..., #,, with the addition that the said
functions when expressed in terms of @, 2y, ..., @, fi, fos - 1 fa
become ¢, @y, . .., ¢u: and the problem he sets himself is to
find the relation between

D(etnt o) wi B 3f)

the differentiations in the latter determinant being performed on
the understanding that the f’s there occurring in the ¢'s are to be
viewed as constants. The equations

¢1-f1=0’ ¢2"f2=0: ceey ¢n"fn=0:
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may be held to give implicitly the f’s as functions of the a’s, and
therefore by a previous result

(a«m 0, ., 2u)

A D i % >

2(*%13%“ ) = (=D %,_; %% o
o 3f§ B
Oy Oy __ O¢,
afl 3fz fn
a<]5n 3¢n Opn_
o % T

which is the relation desired. If ¢, does not involve f,, if ¢, does
not involve f; or f,, if ¢, does not mvolve f; or f, or f;, and so
on,* the determinant in the denominator takes the value (—1)",
and the relation becomes one of equality.

The last section deals with the theorem regarding the change
of variables in multiple integrals,—a theorem which in the ten
years from Jacobi’s memoir to Bertrand’s had been discussed by
Boolet and Dienger.}

SPOTTISWOODE, W. (1851, 1853).

[ELEMENTARY THEOREMS RELATING TO DETERMINANTS, ......
viii + 63 pp., London. Second edition, as an article in
Crelle’s Journ., 1i. pp. 209-271, 328-381.]

Spottiswoode has a special chapter (§ x. pp. 51-57) headed
“On Functional Determinants,” its contents being a selection of
Jacobi's theorems in unimproved form and a reprint of the first
three paragraphs of Cayley’s paper of 1847. In the second
edition (§ ix. pp. 338-343) there is no change, save that the
extract from Cayley is left out.

*Or if f, be not involved in ¢,, and neither f,, nor f,_; involved in ¢,_;, and
80 on.

+ Cambridge Math. Journ., iv. (1843), pp. 20-28.
1 Archiv d. Math. w. Phys., x. (1847), pp. 417-421.
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SYLVESTER, J. J. (1853, June).

[On a theory of the syzygetic relations . ... Philos. Transuc. R.
Soc. (London), cxliii. pp. 407548 ; or Collected Muth. Papers,
i. pp. 429-586.]

In the present connection the only interest of this long and
important memoir lies in the fact that Sylvester at page 476 of
it uses for the first time the term Jwcobian and the symbolism
J(f, 9). His words are “J indicates the Jacobian of the given
functions f, g, ..., meaning thereby the functional determinant
of Jacobi.”

CAUCHY, A. L. (1853, July).

[Mémoire sur les ditférentielles et les variations employées
comme clefs algébriques. Comptes rendus . ... Acud. des
Sci. (Paris), xxxvii. pp. 38-45, 57-64; or Guvres complétes
(1), xii. pp. 46-63.]

The first section of the memoir opens, like his memoir of 1841,
with the theorem

S(xD,x Dyy Dyz...) - S(=DxDyy Dyz...) = 1,
and then proceeds to the consideration of the arrays

(aa) (ab) (ac) ... [ea] [ab] [ac]
(ba) (Bb) (be) ... [ba] [bb] [bc]
(ca) (cb) (cc) ... [ea]l [eb] [ec] ..

in which any element (Ak) of the first array stands for

DA Djk D, D,k D, D,k
D, D,k DA D D, D,k

and any element [hk] of the second array stands for

\‘th D,,’B \ Dh,y DL?/ th DI.,Z
Dau Do Dy D Dyav Dow

and a, b, ¢, . . . . are 2n functions of two sets of m variables
LY 2. .., %v,w.... Of course both arrays are recognised

ooooo
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to be zero-axial and skew, and under certain conditions it is
shown that the elements of the one are expressible in terms of
those of the other, and that the product of the determinant
of the two arrays is 1.

The language and notation of ‘clefs algébriques’ are used
throughout, but nothing is brought forward as justification for
so doing.

DONKIN, W. F. (1854, February).

[On a class of differential equations, including those which
occur in dynamical problems, Part I. Philos. Transac. R. Soc.
(London), exliv. pp. 71-113.]

It is only the first four pages of Donkin’s memoir that concern
us, these being introductory and referring to properties of a set
of n functions of n variables without any regard to possible
connections with dynamics. Drawing attention at the outset to
the analogy remarked on by Jacobi and Bertrand, he proposes
to signalise it by denoting the determinant of f,, f,,..., f,
with respect to @, 2,, . .., 2, by

Y

O(@yy Xgy v o vy L)

Further, he views the numerator and denominator here as
standing for the determinants of Bertrand’s arrays of differences,
remarking pointedly that the fraction indicated “is a real
fraction, provided its numerator and denominator be interpreted
in a manner exactly analogous to that in which the numerator
and denominator of an ordinary total or partial differential-
coefficient are interpreted.”

Having thus explained his notation he proceeds to generalise
the proposition that

o, of,

of, ox, of, ox,

s U TR YL =1 0

* 2w, o, tome, T

according as » and s are equal or unequal. He recalls Jacobi’s
theorem (De determin. fumct. § 11) that if w;, wy, ..., Um be
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functions of ¥y, ¥y, .. . , ¥u, n being greater than m, and the y's

be functions of z,, 2,, . . . , z,, then

Oty Uay + + + Uq,y) -3 {a(u,,l Uy -+« Ugyy) . o(Ys, Vg, - - - y_pm)}
Oy, &y, . .. 2, ) 8\0(Ya Y, - - Yp,) Oy @y ...2y)

where a;, a,, ..., ay and vy, vs ..., ¥, ore fixed sets of
m integers chosen from 1,2,...,n, and B,, B, ..., Bn 88 any
such set whatever. Taking then what he considers to be a
particular case of this, namely,

a(yal Yag + ¢ o yam) — E {a(yul Yag + o » yﬂm) . a(wﬁl Lg, oo - wﬂm)}
Yy Yy, -+ P 8 \0(ws s .. g) OYy Yy, -+ Yy’

he points out that if the sets a;, ay, ..., @ and vy, vs, .« o, i
be identical the determinant on the left is equal to 1, and that
on the other hand if even one of the y’s be not included among
the o's the determinant will have a column of zeros and
therefore be zero itself. The generalisation aimed at thus is,
that If y,, ¥o, . .., Ya be functions of x;, X,,...,X,, and m be
less than n, then

~ [OWay Yoy - - - Yam) g, g ...:r,,)}
1 m/ ] m = 1 or 0
ZB {a(xﬁ, g, oo Xp) Yy, Yy, - - Yv,)

according as the a set of m integers chosen from 1,2, ...,n s
identicul or mot with the v set. The illustrative example taken
is the case where n =2, and the mode of stating it is that

[ (Y OYq _ OYp Oyq) (O O aw:_%_}_
21(‘5,“ o —_3—90_15@)(53'/; %Y Y aya) =tor?

according as a, B=p, ¢ or not, it being understood that ¢, ; is in
succession
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DONKIN, W. F. (1854, February).

[Demonstration of a theorem of Jacobi’s relative to functional
determinants. Cambridge and Dub. Math. Jowrn., ix. pp.

161-163.]

The theorem or identity in question is that of the year 1844.
The functions being u,, %, . . . , 4, and the independent variables
®,, %3, ..., T, Donkin says that the functional determinant
may be represented by

9 9 o
%, o, ' o, Uy Uy o v o Uy,
8 B A
o, ow, T ow,
% O O
oz, oxr, ' Oz,

it being understood that each symbol of differentiation is
operative only upon that one of the functions which has the
same suffix as the upper d of the symbol. As a consequence of
this he considers that the non-zero member of the identity
sought to be established would be

92 0 9
6—'1:—1 —az‘:; e }aw’,; u-_),u3 L ’“’n (A)
ax1 awg “eee aw"
2% 2% %
ow, oy, o,

where the upper 9's of the first row being now without a suffix
are supposed to be mo longer restricted in their effect. As,
however, the unrestricted symbol 9/a; is held to be equivalent to

% 0 O
'ax,+'aw‘+ e +am;

the determinant operating on ;g . . . W, has the first element of
each column equal to the sum of sll the other elements of the
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column, and therefore vanishes. The identity is thus thought
to be established.

In regard to this so-called demonstration we need only remark
in passing (1) that the subject operated on is written in too
product-like a form; (2) that an appropriate substitute for it
would be (%,, %y, . . . , U,), this being explained to be such that

o _ o,
a%(u,, Ugy o ooy Wy) = o,
and
) __Ouy , Ony o,
av,,(““ Uy o ooy W) = Bw,,+ax,+ oot o,

(8) that the assertion (A) is unsubstantiated, the fact
labycs| = ay| byey| — al bics| + sl by e

being nothing more than a suggestion that

2 2 3
ow, oz, Ors
by b, b
6, € G

may be a suitable abridged notation for

° ° (e]
g'i‘lIbQC:;' - Ei‘l;zlblcSI + é‘w_alblc'!l.

BRIOSCHI, F. (1854, March).
[LA TEoricA DEI DETERMINANTI, E Lk SUE PRINCIPALI APPLICA-
ZIONI. viii+116 pp. Pavia.]

Like Spottiswoode, Brioschi devotes his tenth chapter or
scetion (§10) to “determinanti delle funzioni”; but his exposi-
tion is much more extensive (pp. 84-106), and, although of
course he follows in Jacobi’s footsteps, he does so less closely
than Spottiswoode.

oy,

Thus the fact that the cofactor of 2 in R is RO, o foct
I

oz,
which we may write temporarily in the form
?f] R
Y G/
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he obtains by solving n+1 sets of equations like

o of | o 9f; %y Lo )
of o " of, o tof ox =
o of , oz of; o of, _
af’ia' "'af1 o, T +af 2~ O)
o af o afl o af _
of or +ajl o, +. of, ax' =0

and by using the same sets of ecquations after row-by-row
multiplication he obtains

S35 52T B

'Il

or,say, S-R =1

Further, he notes that as a consequence of these two theorems

there results
?ﬁ:l [ :| 'c"xh Bﬁ
ond L3F) T of, o

which he might well have generalised by changing the 4, & of
the second factor of both sides into 7, s.

In dealing with the “fundamental lemma” his order of
procedure is the reverse of Jacobi's, that is to say, he deduces
the form of 1844 from the original form of 1841. Thus, using
the latter in regard to S, he has

»

i=n ’3_
=8S. 2 ah

whence, because of R being the reclprocal of S, he obtains

i=n ’a
37‘; _
+ k- 2 aw;
i=0

so that on substituting
i

°R
%

l’. i

st
2
)

Ié
¥
=l

for

i
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there results aw,
i=n

i=0

which on further substituting [ ﬂ] for B2% becomes the form
desired. %

The next fresh paragraph (p. 91) appears, although un-
necessarily, as an addendum to Jacobi’s solution of a set of
simultaneous linear equations whose determinant is a functional
determinant (De determ. fumct. §8). If the square of R be
obtained by row-by-row multiplication, and the square of S
by column-by-column multiplication it is easily verified that

(K™ row of S%) X (k* column of R) = %% )
h
ie. = (k, L) element of S,

thus incidentally giving S?R=S as it should do. From this it is
deduced that

(M row of S?) x (k™ row of R?) = 1 or 0

according as I and k are equal or unequal,* and that therefore
R? and S? as just defined are in the matter of their primary
minors related as R and S have been shown to be.

In the remaining fourteen pages (pp. 92-106) the only matter
calling for attention concerns Jacobi’s theorem

SVIRTY (m) n f o Ofuim
Z(ibbll) v bm ) =B .E( aw awll axw-l-m)

where

B = z( af of, afﬂ_-_i) and B = 2( af 3f1 afnl dfn-H

o0 o, o2, 3% o, Oy Mgt/

From this Brioschi, by taking the f’s to be linear functions of
the «'s, obtains Sylvester’s theoremn of March 1851 regarding a
compound determinant.

* Viewing R and $ as matrices of which the conjugates arc R and § we have
as an equivalent of this
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PEIRCE, B. (1855).

[A SystEM oOF ANALYTICAL MecHANICS. (Chap. X. i: De-
terminants and Functional Determinants, pp. 172-198.)
x1+4-496 pp., Boston (U.S.A.).]

At the outset of his Tenth Chapter, which deals with the
integration of the differential equations of motion, Peirce feels
the need for making his reader acquainted with the properties of
functional determinants. He accordingly gives as a preparation
a brief account (§§327-348, pp. 172-183) of determinants in
general, and then expounds within the space of sixteen broad-
margined pages the main theorems of Jacobi’s ‘De deter-
minantibus functionalibus’ The treatment of the original is
free and masterly, the order being altered with good effect. For
example, Jacobi’s incorrectly stated proposition is brought
forward to occupy the second place, the enunciation being
If either (i.e. any one) of the given functions contains uny of
the other functions, these (lutter) functions may be regarded as
constant in finding the functional determinant. There is
thence deduced Jacobi’s last proposition of all, namely, that
expressing the determinant as a single pgoduct: and this in turn
is used to discuss the connection between the vanishing of the
determinant and the interdependence of the functions.

Had Peirce's exposition been less condensed and been pub-
lished as part of an ordinary text-book of determinants, its
value at that time to English-speaking students would have
been considerable.

BELLAVITIS, G. (1857, June).

[Sposizione elementare della teorica dei determinanti. Memorie
Istituto Veneto . ... vii. pp. 67-144.]

To the subject of a “Determinante formato colle derivate-
prime di alquante funzioni di altrettanti variabili” Bellavitis
devotes nine and a half pages (pp. 52-61, §§65-78), that is to
say, about the same as Spottiswoode, though his selection of
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theorems is not quite the same. In substance he gives nothing
fresh. His symbolism for the determinant of w, v, ... with
respect to @, ¥, . . . resembles Cauchy’s of 1841, being

| Dyu, Dy, . ..|;

other changes made by himn in notation are less satisfactory.

BALTZER, R. (1857).

[THEORIE UND ANWENDUNG DER DETERMINANTEN, wmit ... ..
vi+129 pp. Leipzig, 1857.]

«Die Functionaldeterminante” is the heading of Baltzer’s
thirteenth chapter or section (§13, pp. 61-72). Though the
exposition is neither so full nor so fresh as Brioschi’s, it has the
advantage in arrangement, concision and clearness. Jacobi’s last
theorem (De determ. fumct. § 18), expressing the determinant as

a single product,
@ E) )G

Baltzer makes his first? the proof being readily altered to suit.
He then, following Peirce, uses it effectively in dealing with the
proposition regarding the vanishing of the determinant. For
example, if the determinant vanishes, he can assert that one of
the factors of the said product must vanish ; and thence step-by-
step can infer the vanishing of the succeeding factors including
the last,—a result which entails f, being expressible in terms of
the other f’s.

A footnote recalls the fact, which we should have noted before
this, that Mobius had given in Crelle’s Journ., xii. p. 116, in the
year 1834, the equation

(t-ﬂ'u'!l - tlluf)(vt?'ou - ’vu’wt) ({rv?] w— {"myu) =1 ’

where £, stands for dt/oz.
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MALMSTEN, C. J. (1858, Octoher).

[Om differential-eqvationers integrering. K. Svensku Vet.-Akad.
Handl. (Stockholm), iii. No. 2, 94 pp.]

On pp. 9-11 Malmsten enunciates and proves Jacobi’s “ funda-
mental lemma ” of 1844 without contributing any improvement.

SALMON, G. (1859).

[LEssoNs INTRODUCTORY TO THE MODERN HIGHER ALGEBRA.
xii+ 147 pp., Dublin.]

Salmon gives little, and certainly nothing fresh, on the sub-
Ject; but his unreserved adoption of Sylvester’'s word “Jacobian”
(853, 54; p. 37) doubtless helped greatly to spread the usage.



CHAPTER IX.
SKEW DETERMINANTS, FROM 1846 TO 1860.

UNLIKE the special form of the preceding chapter, Skew De-
terminants received little attention in our first volume, even
although in their case the period was extended to 1845 in order
to inelude the whole of Jacobi’s work. Unless by implication,
indeed, they do not belong to that volume at all, the chapter
there assigned to them being really occupied with the related
functions afterwards named Pfaffians when the connection
between the two came to be recognised. The new form is thus
strictly viewable as one of the products of the Cayley-Sylvester
period.

CAYLEY, A. (1846),

[Sur quelques propriétés des déterminants gauches. Crelle’s
Journ., xxxii. pp. 119-123; or Collected Math. Papers, i.
Pp. 332-336.]
This paper, with its author’s usual directness, starts at once
with a definition, the first words being—

“Je donne le nom de déterminant gauche & un déterminant formé par
un systéme de quantités A,, qui satisfont aux conditions

A-m == Ac.r (’l’ # S).
J’appelle aussi un tel systéme, systime gauche.”
So far as can be ascertained, the English equivalent *skew,

although it probably was the first of the two in order of thought,
did not appear in print until a few years later.
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As has been pointed out elsewhere, the title of the paper is
quite misleading, the real subject being the construction of o
limear substitution for the transformation of w2 +x2+x2+ . ...
into £+ &2+ £2+ ... All that can be said in defence of the
inaccuracy is that skew determinants are made use of in obtain-
ing the desired substitution. The proper place for giving an
account of the contents of the paper is thus under the heading of
‘orthogonants, if we may so name the determinants of an
orthogonal substitution.

CAYLEY, A. (1847).

[Sur les déterminants gauches. Crelle’s Journ., xxxviii. pp.
93-96 ; or Collected Muth. Pupers, i. pp. 410-413.]

Here the title and contents agree. At the outset the former
definition is repeated, and then for a particular kind of skew
determinant, viz., those in which the condition

>\r,u == As,r (1)

is to hold even in the case where s and r are equal, “ou pour
lesquels on a

>\r,u == As.r (,'. # 8), >\1'.r = 0:” (2)

the name ‘skew symmetric’ (“gauche et symétrique”) is set apart.
The reason for this is evident on the statement of the first
theorem, which is to the effect that any skew determinant is
expressible in terms of skew symmetric determinants and those
elements of the original determinant which are not included in
the latter. “En effet,” he explains,

“goit @ le déterminant gauche dont il s’agit, cette fonction peut étre
présentée sous la forme

Q = 90+QIAII+Q.3AE+ Y +912A11Am+ .« ..

ol Q, est ce que devient 2 si Ay, Ay, . . . sont réduits & zéro, 2, est
ce que devient le coefficient de }‘u sous la méme condition, et ainsi
de suite ; c’est A dire, 2, est le déterminant formé par les quantités
A,. en supposant que ces quantités satisfassent aux conditions (2) et
en donnant & »,s le valeurs 1,2, 3,...,n; @, est le déterminant
formé pareillement en donnant & r,s les valeurs 2, 3,...,n; @,
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s’obtient en donnant & 7,sles valeurs 1, 3, ..., n; et ainsi de suite;

cela est aisé de voir si l'on range les quantités A,, en forme de
!
carré.

At this point a digression is made in order to establish a
theorem regarding skew determinants of odd order, and another
regarding skew determinants of even order, and thus be enabled
to make certain substitutions for the Qs in the development
here announced. Further, as the said substitutions for the ('s
of even order involve the functions dealt with by Jacobi in
his paper on the “ Pfaffsche Methode,”—functions which Cayley
here calls “les fonctions de M. Jacobi,” but which at a later
date he designated “Pfaffians,”—the digression is lengthened
by having prefixed to it an account of these functions,

So curious is this account and so likely to be misrepresented
by condensation, that the best way of treating it is to reproduce
it in the original words.* It stands thus:—

“On obtient ces fonctions (dont je reprends ici la théorie) par les
he r’ 2, : 7 . .
propriétés générales d'un déterminant défini. Car en exprimant par
(1,2, ..., n) une fonction quelconque dans laquelle entrent les
nombres symboliques 1,2, ..., n, et par * le signe correspondant
& une permutation (uelconque de ces nombres, la fonction

D E(12...0)
oll z désigne la somme de tous les termes qu'on obtient en permutant

ces nombres d’une maniére quelconque est ce qu'on nomme Délerminant.

On pourrait encore généraliser cette définition en admettant plusieurs
systémesde nombres 1,2...,%; 1,2 ..., 2';. .. quialors devroicnt
étre permutés independamment les uns des autres; on obtiendrait de
cette maniére une infinité d’autres fonctions, mentionnées (T. xxx. p. 7).
Dans le cas des déterminants ordinaires, auquel je ne m’arréterai pas
ici, on aura (1, 2...m)=XAAg2 ... Acn. Pour les cas des fonctions
dont il s’agit (les fonctions de M. Jacobi), on supposera n pair, et T'on
écrira
(1 2 « o n) = Al,2k3'4 “ e An-—l,m

ol A, , sont des quantités quelconques qui satisfont aux équations (1),
La fonction sera composée d’un nombre 1.2...n de termes; mais
parmi eux il v’y aura que 1.3...(n-1) termes différents qui se
trouveront répétés 2 (1.2... 3n) fois, et qu'on obtiendra en per-
mutant cycliquement d’abord les n -1 derniers nombres, puis les
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n—3 derniers nombres de chaque permutation, et ainsi de suite ; le
signe étant toujours +. Il pourra étre démontré, comme pour les
déterminants, que ces fonctions changent de signe en permutant deux
quelconques des nombres symboliques, et qu'elles s’evanouissent si
deux de ces nombres deviennent identiques. De plus, en exprimant
par [12. .. n] la fonction dont il s’agit, la régle qui vient d’étre énoncé,
donnera pour la formation de ces fonctions:

[T2...0] = Au[84...0]+A,[4...n, 2]

Dismissing, as not of present interest, the sentence regarding
the gencralisation obtained by admitting more than one system
of symbolic numbers, we note first of all the peculiar general
use of (12...n) for any function the expression of which
involves* as suffixes or otherwise the numbers 1, 2, 3, ..., n.
Then we are struck with the fact that the use of this along
with 2 + gives a notation for a genus of functions of which
determinants, as understood up to the date of the paper, formed
a species : thus

0,5 + by, + wgbicy, — wbye, — wyhe; — by,

is the case of X +(123), where (123)=c;by,c;. In the third
place we are surprised to find that Cayley seems to propose
to extend the meaning of the word determinant by transferring
the name of the species to the genus, and to call by the name
of “ordinary determinants” the functions formerly known as
“determinants ” merely.

All this is in itself comparatively unimportant, serving perhaps
only to recall to us Cauchy’s famous paper of 1812, where we
have K, the originating term of an alternating function to
compare and contrast with Cayley’s (12... n), and ‘alternating
function’ to compare and contrast with Cayley’s extended
meaning of ‘determinant’ But what follows by way of second
example is very noteworthy, because the originating term taken,
ViZ, AgAgy + + » Au-i,n» 18 One that could not possibly have been
used by Cauchy, with whom ¥ denoted an operation of a much
less simple character than permutation of the integers 1,2, ..., n.

*Apparently it is meant to be implied that each of the numbers occurs only
onee in the expression.
M.D. IL R
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Unfortunately the example is not fully exploited.* We are only
told that in a certain special case, viz., where the elements are
such that s is always equal to —s», there are only 1.3.5 ...
(2n—1) different terms in

2:1:7\127\;;4 LI >\2n-l.2n;

* Supplying this want we see that in strict accordance with Cayley’s definition

> +12:84 = 1234 + 2143 + 3124 + 41-32
- 1243 + 2314 - 3142 + 42°13
- 1324 - 2341 - 3214 - 4231
+ 1342 - 24713 + 3241 - 4312
+ 1423 + 2431 + 3412 + 4321
- 14:32 - 3421
- 21-34 - 4123

=2{ 1234 - 1243 - 1324 + 1342
+1423 — 1432 - 21'3¢ + 2143
-23+41 + 24'31 - 3142 + 3241},

—a, function of twelve variables which is not a determinant in the acceptation
either of the present time or of the time preceding Cayley.

It is instructive, in connection with the matter in hand, to note that this
function is expressible in terms of four Pfaffians, namely, we have

g _of 112 13 14] = |12 13 14
2 £1234 = ‘{ 23 24 3 4
M 43
+]21 31 41| - |21 31 41-}.
32 42| 23 o4 |f}
43 | 3

where, be it also observed, the third and fourth Pfatfians are obtainable from
the first and second by changing »s in every case into #r, and where, if the
condition r8= — g be introduced, the result is
X +12:84 = 8. | 12 13 14
To=—81 23 24
34 |;
so that the Pfaffian on the right may be defined as the eighth part of a certain
Cayleyan determinant ; or, in Cayley’s symbols,
[1234] = £+ +12:34,
ro==~—8r

where the 8 is the value of 2(1.2. . .. 3n) when n=4.

Before leaving this it deserves to be noted that when Cayley came in 1889 to
re-edit his writings, he appended to this paper a note in which it is stated that
part of his purpose was to show ‘‘ that the definition of a determinant may be
so extended as to include within it the Pfaflian” (see Collected Math. Papers,
i. p. 589).
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that the aggregate of these is also got without repetition in a
particular way already announced by Jacobi; and that it is this
aliquot part of Z+N Ay, . . . Agy-1,2, Which constitutes ¢ 1a fonction
de M. Jacobi’ Jacobi’s theorem regarding the effect, on the
function, of interchanging two indices, is then restated; and a
step further is taken in affirming that the function vanishes
when two indices are equal. Finally, another law of formation—
the recurrent law—is given in the form

[12...2n] = 12[345...2n]+13[45...2n,2]+14[5...2n,2,3]+...
which, of course, is in substance not different from Jacobi’s

2R 2R

R = (hsavm'{'a/zsga;

+...

The digression on ‘les fonctions de M. Jacobi’ being exhausted,
Cayley returns to skew symmetric determinants with the requisite
material for proving the two theorems above referred to. The
first of them, which is not new, is, in later phraseology that
“ Any zero-axial skew determinant of odd order vanishes” ; and
the second, which is Cayley’s own, is that “ Any zero-awial skew
delerminant of even order is the square of @ Pfaffian.” In both
cases the method of proof is the gradational or so-called ‘ mathe-
matical induction’; and in both cases the main auxiliary theorem
used is Cauchy’s regarding the expansion of a determinant
according to binary products of the elements of a row and the
elements of a column.

When 7 is odd and the clements of the first row and those of
the first coluinn are OA; A5, ..., A and O ANy, ..., Ay
respectively, he says it is easy to see that for each term having
Mg for a factor, where a#3, there exists an equal term of
opposite sign having A\gha for a factor; and that therefore, since
AtaAgt =A1pAa, these two terms must cancel each other. As for the
terms which have A\ for a factor, the cofactor is a deter-
minant of exactly the same form as the original, but of the order
n.—2; consequently the theorem is seen to hold for any one case
if it hold for the case immediately preceding. But for the case
where n =38, the theorem is self-evident ; therefore, “ Tout déter-

minant gauche et symétrique d'un ordre impuir est zéro.”
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When » is even, the determinant dealt with is purposely taken
more general than one with skew symmetry, although, strange to
say, Cayley calls it ‘ gauche et symétrique,” the elements of the
first row and those of the first column being A.g,Aa2,Aas, - + - » Aan
and A.g,Asg,Asg; - - - , Ang, and his aim being to prove that such a
determinant is equal to the product of two of the functions treated
of in the digression, viz,[a28...n] and [323...n]. Develop-
ing as in the preceding case, there has this time to be considered
the element common to the first row and first column, viz., A,
the cofactor of which is seen to be a skew symmetric deter-
minant of odd order n—1, and therefore, as has just been shown,
is equal to zero. As for the cofactor of —A\. Agg, Where A,y i
any element of the first row except the first, and Agg is any
element of the first column except the first, it will be found to be
a determinant which Cayley again mistakenly but consistently
calls ‘gauche et symétrique,’ obtained by giving to + all the
values 2,3,...,n with the exception of «’, and to s all the values
2,3,...,n, with the exception of 8. This determinant of the
(n—~2)" order is expected to be seen to be of the same kind as
that with which we started, and to be temporarily admitted to be
cqual to

[@"+1,...,7,2,...,d=1]-[B+1,...,2,2,..., B —1]
The typical term of the expansion will thus be
Nowfd’+1, 00,1, 2,0, o =1]-Agp[B+1, ..., 1,2, ..., B—1];
and the sum of all such terms
= {Rel34... 0]+ R[4 ... 2] + ... + Nau[23... (n—1)]}
{Ae34. .. n] + w4 ... 02+ ...+ M [23.. . (u=1)]}

and therefore
= [a23....0]-[823...n].

This means, of course, that if the theorem holds for a determinant
of order n—2 it will hold for the next succeeding case. But in
the simplest case, viz, where n=2, it is self-evident that the
theorem holds, for the determinant then
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= AagA22 = AggAa2,
= ApzAaz,
= [82]-[«2];
consequently *“Le déterminant gauche et symétrique qu'on ob-
tient en donnunt @ r les valeurs 4,2,3,...,n, et & s les valeurs
B8,2,3,...,n (ot n est pair) se réduit @
[@23...n]-[B23...n];
et en purticulier, en donnunt & r,s les valewrs 1,2, ..., n ce
déterminant se réduit & [1 23 ... n]2”
Going back now to the expansion of the skew determinant Q
with which the paper opened, and taking for simplicity’s sake*
A.=1 in every case, Cayley readily obtains,

for m even, Q= [123...np
+ [B4...nP2+[24... 0P +...
+ [56...n2 +...

and, for nodd, Q= [23...2P+[183... 2 +...
+[45...nF+...

A special example of each identity is given, namely, the
examples in which n=4 and 3 respectively. If we make a
slight change in the left member, viz, write Q in Cayley’s
vertical-line notation (which, by the way, considering the help
it would have given, and the fact that it had been introduced
six years previously, it is surprising not to find employed in
this paper), these examples take the form,—

1 Ay Ay A 1 12 13 14
—Ap 1 Ay Ay | or =12 1 23 24
I WD WS B W —13-23 1 34
~Au—Aa—Ay 1 | —14—24—-34 1|

= ()\l EAM - A13A24 + x14%23)2 + AZ12 + A213 + A214: + k234 + A224» + h223 + 1 4
= [1234 P+ [12P+[ 18P+ [14]+[B4 P+ [24] + [28]+1;

* And of course without loss of generality, as Cayley might have said.
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and
1 Ay A 1 12 13
l—xm 1 | or | =12 1 23
~Ag—Ag 1 ~13-23 1

= Ny + Ny + N +1
= [23] + [18 + [12 + 1.

SPOTTISWOODE, W. (1851, 1853).

[ELEMENTARY THEOREMS RELATING TO DETERMINANTS. . . ...
viii4+63 pp. London, 1851. Second edition, as an article
in Crelle’s Journ., 1i. pp. 209-271, 328-381.]

In this the earliest of modern text-books on Determinants, a
special section (§ix. pp. 46-51; or § vi. pp. 260-266 in second
edition) is set apart with the heading “On Skew Determinants.”
As a matter of fact, however, it is only the latter half of the
section which at present concerns us, as the other half deals in
reality with Cayley’s determinant solution of the problem of
orthogonal transformation.

In a sense the mode of treatment is indirect, the general skew
determinant being viewed, not as a separate entity, but in its
relation to a set of linear equations, the coefficients of which are
its elements. The set of equations is

1Dz, + (12)x, + ... + (In)z, = u,
(21):::1 + (22):132 oo+ @2u)z, = ugl
('n,l)a:1 + (n2)m,‘ e .+ ('nn)a:n = ’l..b”, ,

where it has to be remembered that in every instance (rr)=0
and (rs)+(sr)=0. The right-hand members of what he calls the

“derived” set are v, v,, ..., v,; that is to say, there exists
simultaneously with the original the set

1z, + )z + ... + (nl)z, = v,

(12):)51 + (22):1:2 oo+ (n2)x, = v,

(lfn,)a:1 + (2'n,)ac2 .+ (m)x, = 'v,,J
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whose determinant is got from the determinant of the former
set by the change of rows into columns, and may therefore be
denominated by the same symbol A. Solving the two sets of
equations, we have

A = [11]u, + [12]u, + . .. + [In]w, )
xA = 21w, + [22]'11,2 oot [211,]1(,,,l |
w,,A = [nl]/u,1 + [n2]u, e + ['rm]u,. )

and
2 A = [11]y, + [21]v, + ... + [nl]w, | *
mzA = [12]v; + [22]v, + ... + [n2]v, |

.L,,,A = [l'n,] N + [9'»]?), oo+ [0]v, |

-

where, be it remarked, it would have been much better if in
every case the coefficients of %, and v, had been interchanged,
for then [rs] would have stood for the cofactor of (rs) in A.
From these by addition and subtraction and by utilising the fact
that w,+v,=0 two others are obtained, viz.,

2w, A = 0 + ((12]-[21Duy + . .. + ([ln]—[nl])unl
"a;z = ([21]—[12]) %, + 0 + ... + ([2n]=[n2]))w,
2.10 A = ([nl] [lfn])u1 +([n2] ["n])u, + + o .0 S
and
0= llJu, +(12]+[21])uy + ... + ((1n]+[n1])u,

0 = ([21]+[12])u, + 2[22)w, + ... + ([27L]+[n2])u

0 = ([»1]+[1n])u, + ([n2]+[2n])u, + . .. + 2[nn]u
Then follows the very curious sentence—curious, that is to say,
from a logical point of view—

* There is herein used the fact, first noted by Rothe in 1800, that the cofactor
of 8 in any determinant is equal to the cofactor of s in the conjugate determinant.

t Along with this fact Spottiswoode associates the statements that
W+t ..o+, =0, ytnt.. . +v, =0,
which are manifestly incorrect.
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“The comparison of these three systems gives either

[21]=[12] . .. [2n]=[n2]

A=0

[12]=]21] ... [17»]:[77,1]]

[al]=[1n] [n2]=[2n] . .. * ’

* [11] =0 [12]+[21]=0 ... [ln]+[al1]=0 ]
[21]+[12] =0 [22]=0 .. [2u]+m2]=0 1

[v1]+[In] =0 [n2]+[2n]=0 ... [an] =0 5
and consequently either a symmetrical skew determinant of an cven
order or a determinant of an odd order vanishes.”

What the first half of the sentence asserts to be proved is the
proposition that If A be « zero-awial skew determimant, then
either

1) A=0 and [rs]=[sr],
or (2) [rr]=0 and [rs]=—[sr].

In this there is evidently included the assertion that A zero-awial
skew determinunt either vamnishes itself, or all its principal
coaxral minors vanish: but what Spottiswoode finds in it is the
much wider assertion that Either all even-ordered or all odd-
ordeved zero-axial skew determinants vanish. If however his
accuracy be granted up to this point, there is little objection to
the cogency of the next step in the reasoning, which is worded
as follows :—

“But since it is found on trial that for n=1, 3,..., A vanishes,

while for n=2, 4, ..., it does not, the following theorems may he
enunciated :—

“Theorem XIV. A4 symmetrical skew determinant of an odd order in
general vanishes, and the system las for its inverse an unsymmetrical skew
system.

“Theorem XV. A symmetrical skew determinant of an even order does
not in general vanish, but the system has for its inverse a symmetrical skew
system.”

The only difficulty to be raised is in vegard to the name given
to the “inverse system ” in the first case. “ Unsymmetric skew ”
is clearly inappropriate when, as we have seen, [7s]=[sr]; and
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it is not improved in the second edition by alteration into
“quadratic skew,” the fact being that the system is not skew
at all, but is symmetric with respect to the principal diagonal,
or, in later phraseology, is aaisymmetric.

The treatment of the next theorem taken up is happier than
the foregoing, and is after the outset no less fresh. Taking an
even-ordered skew determinant with zeros in the principal
diagonal he develops it according to products of an element
of the first row and an element of the first column, the result
being written in the form

nln2 * n3nd ... * adad ... 02

where, be it observed, the second typical term on the right
has been altered from

—-2(12)(1%) 32 34 ... 3u
42 x ... 4dn

2 md ...k
by the translation of the first column to the last place. The
determinant in this typical term is then further transformed

into the square root of the product of two determinants like
that in the term preceding it, the steps of the reasoning being—

32 34 ... 3l 23 24 ... 20|32 34 ... 3n
42 ..o 4| _ |43 4+ . A | |42 x ... 4o
n2 w4 ...« n3 nd ... x| |02 wd ... o,
* 24 ... 20 * 34 ... 3n

_ 43 x ... dn| 42 x ... dn

w3 wd ... x| |02 nd ... x|,

the deletion of 23 and 32 in the last step being warranted by the
fact that their cofactors are determinants similar to the original
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but of odd order n—3, and therefore have the value zero. The
development as thus changed has the form of the square of a
polynominal ; and consequently by extracting the square root
there results

« 12 ... 1nf '« 34 ... 3np « 45 ... 42

21 % ... 20| _q9./43 * ... dm +18- 54 x ... 52 ..
nl n2 ... * w3 ndo... 24 25 ... %

This, according to the point of view, will be recognised either
as Cayley's theorem that an even-ordered skew determinant
with zeros in the principal diagonal is a square, or as the

theorem in Pfaffians formulated by Cayley and which in Jacobi’'s
notation would be written

[123... %] = 12[34...1]+13[45 ... n2]+14[56 ... n23]+...

The rest of the section or chapter deals with Cayley’s extension
of this to skew determinants whose principal elements are not
zeros, the notation employed being the same.

In the Second Edition, when dealing with Cayley’s orthogonal
substitution, Spottiswoode gives (p. 261) without proof an
important theorem on determinants of the present kind. This
will be found formulated under Orthogonants (see p. 315 below),
and need not be repeated here.

CAYLEY, A. (1851).

[On the theory of permutants. Cumb. and Dub. Math. Journ.,
vii. pp. 40-51; or Collected Math. Pupers, ii. pp. 16-26.]

By this time the widened definition of a determinant which
Cayley had given in his paper of 1847 had been exploited to a
certain extent, and had been found profitable both by himself
and his fellow-worker Sylvester. The paper we have now come
to, however, is the only one of the series that for the present
concerns us. In it he implicitly discards his former usage of
the word “determinant ” in any wider sense than that employed
by his predecessors; adopts instead the word “permutant” as
suggested by Sylvester, and in working out the theory of the
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general functions under this name assigns to determinants and
Pfaffians their proper niches in the new structure, the scheme of

classification being
(A) (no name) l
Permutants

(B) Intermutants
(or hyperdeter-

minants)

CAYLEY, A. (1854).

(b) Commutants l

{ (a) Pfaffians

[ (B) Determinants.

[Recherches ultérieures sur les déterminants gauches. Crelle’s
Journ., 1. pp. 299-313; or Collected Math. Papers, ii. pp.

202-205.]

The development with which this paper of 1847 closes is here
recalled and repeated for the case where the skew determinant
is of the 5th order and the elements of the diagonal are special-
ised, the form in which the identity appears being

12345 [ 13345 = 11.

+ 11

+11.
+11.

+ 11

+ 11.

+11

+22-
+22-

+ 22

+33.

22.
.22.
22.
22.
.33.
33.
‘44
33
33.
44
44 .

334455
33.(45)°
44 (35)
55 - (34)2
44 (25)
55-(24)2
55 . (23)
44 (15)
55- (14)2
55 - (13)?
55 (12)2

+ 11.(2345)
+ 22.(1345)
+ 33 (1245)
+ 44 (12352
+ 55 (1234,
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where the symbol on the left stands for the determinant whose
elements are 11,12, ..., 21,22, ... and the peculiarity of skew-
ness is understood but not expressed. Had the specialisation
of the elements of the diagonal been as before, the development
would clearly have been

1
+(45)2+ (35 (34)+(25)%+ (24)+(23)2+ (15)2+ (142 + (13)2 4+ (12)2
+(2845 )+ (1345)2 +(1245)2 +(1285)+ (1234)?,

which, if the order be reversed, agrees exactly with the result of
putting n=5 in the identity towards the end of the paper of
1846. "By way of explanation Cayley adds the sentence “Les
expressions 12, 1234, ete., & droite sont ici des Pfaffiens,” which
is noteworthy as being the first intimation that he desired “les
fonctions de M. Jacobi,” as he had formerly called them, to be
known by the name of the mathematician whose integration-
method had led Jacobi to the discovery of them. The change is
easily accounted for by the fact that it was more appropriate to
attach Jacobi’s name to another class of determinants which
were of greater importance and to which Jacobi had given far
more attention.

Immediately following this there comes the announcement :—

“¥Fai trouvé récemment une formule analogue pour le développement
Q'un déterminant ganche bordé, tel que

al234 | B1934 = (a8 al a2 a3 i
I 11 12 13 14
28 21 22 23 24
3 31 32 33 34
48 41 42 43 44];

Cette formule est :—

alZ3T[BI23% =  of.11.22.3:
+af3.12.12.33.44
+aB-13.13.92.44
+af3-14.14.922.33
+af-23.23.11.44 [
+a,3-24-24-11-33J
+af8-34.34.11.22
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+aB1234.1234%
+al.B81.22.33.44
+a2.82.11.33.44
+a3.83.11.22.44
+at-B4.11.22.33
+al23. 8123 44
+al24.B124.33
+al34.B134.22
+a234.8234.11).”

Naturally enough it is noted by Cayley that the writing of
a=fB=5 gives us the less general theorem with which he
started ; but he does not explain why a third way of arranging
the terwns of the development is adopted. Stranger still, he does
not remark on the fact that by making 11, 22, 33, 44 all vanish
there is obtained the identity
ul234 | BT—‘.)Z:M« = ufB1234 1234,
ra—=—usr, 11r=(

which is the twin theorem to one given in his previous paper
regarding a bordered skew symmetrical determinant of even
order. It will be remembered, however, that in the statement of
this latter theorem, the peculiar narrow use of the word ‘bordé’
did not occur.

Although what may be called Part Second of the paper (pp.
301, 302) may seem at first sight to concern something else, it
really only draws attention to the fact that the minors (by which
he means those afterwards named primary minors) of « shew
determvinunt ure themselves shew, being “guches ordinaives” when
their cofuctor in the origindl determinant i3 of the form rr, and
“guauches bordés” when their cofuctor is of the form rs. Con-
siderable space is occupied in verifying by two examples that the
same result will be reached whether we apply the theorem of
Part First directly to

123...% | 12 L.

or to the primary minors in its equivalent

11-23. . n]23...n—12.28...2|18...n 4 .....

* A serious misprint in the original is here corrected.
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What may be called Part Third (pp. 303-305) is very forbid-
ding, by reason of the defective mode of exposition and of the
awkwardness of the notation employed. Probably this accounts
for the fact that the interesting theorem which it contains has
never emerged until now from its place of sepulture. A portion
of it must of necessity be given verbatim, if only for the purpose
of preserving historical colour. It commences—

“Je remarque que le nombre des termes du développement (p. 299)
du déterminant gauche est toujours une puissance de 2, ot que de plus,
ce nombre se réduit & la moitié, en réduisant & zéro un terme quelconque

aa. Mais outre cela, le déterminant prend dans cette supposition la
forme de déterminant [gauche] d’un ordre inférieur de l'unité. Je
considére par exemple le déterminant gauche 123 | 123. En y faisant

33 =0 et en accentuant, pour y mettre plus de clarté, tous les symholes,
on trouve

1237123 = 11 (23)2+22- (13)2

De 14, en écrivant

11 = 13-11, 12 = 11. 23,
22 = 13292,
on ohtient
2712 = 11.22+4(12)%,

= 11 {22 (13)2 4+ 11" (232},
c’est & dire
1212 = 11123 123"
On a de méme
1234 | 1234’ = 11" 22" (34')2+ 11" 33 (24')2 + 22"- 33" (14)2 + (1234")2,

et dela, en écrivant

11 = 1411, 12 = 1124, 23 =124/,
22 = 14'.22, 13 = 1134,
33 = 14'.33,

on obtient

1237123 = 11-22.33+11-(23)2+22.(31)2+ 33 . (12)3,
= 11'- 14’ [ 22.33" (14')2 + (123¢)2
{ +1122.(34')2+11". 33" (24’)2}
c’est & dire
1237123 = 11141234 | 1234.”

The remainder is devoted to the next two cases, the verification
of which, of course, occupies still more space. The theorem thus
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dealt with may be roughly described as giving the transforma-
tion of a skew determinunt, having one zero element in its main
diagonal, into « skew determinunt of the next lower order; and
in a notation which needs no explanation and which was per-
fectly familiar to Cayley at the time, the four examples may be
written thus:—

‘) e

1‘1, ;; 1)2 |18 193],

- 12 &4 -t —i—11.23 22.13 0 3

-13-23

2 1
:1 . ‘1); 1)1 1114 1124 1134 |
Tl g ag|=|-1N24 2214 193]+ 1114,
. ~11:34-[1234] 33.14 |
~14-24-34

9

~11:25 dzw [1235] [1945]

-13-23 33 34 35|= + 11(16)%

-14-24-34 44 45
-16-25-35-45 .

~11-35-[1235] 3315 [1345]1 "
~ 1145 - [1245] - [1345] 44.15 |

\‘11 12... 15 16 1116 11.26 1136  11-46 11.66 |

=12 22... 2

Lo

6| |-1126 22.16 [1236] [1246] [1256]

~15-95... 55 56| |-11-46-[1246]-[1346] 44.16 [1456]

~16-926...-56 . | |-11-56-[1256]—[1356] - [1456] 5516 |

Of course, this mode of writing does not at once suggest any
better mode of proof, but it makes clear the general theorem,
which consequently may be enunciated as follows:

“ A skew determinant of the n™ order which hus « zevo for the
lust element of its main diagonal may, if multiplied by 11-(1n)"-3
be transformed into a skew determinant of the (n—1)" order,
which has for its first row the lust column of the original deter-
mainant multiplied by 11, for its main diagonal the main
diagonal of the originul determinant multiplied by 1n, and for
the element in every other place rs situated between these two
lines the Pfaffiun [1rsn]”

=] -11:36-[1236] 33-16 [1346] [1356]| + 11(16)%
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The rest of the paper deals with inverse matrices, and with
the application of them to the problem afterwards known as the
antomorphic transformation of « quadric.

BRIOSCHI, F. (1854).

[LA TkoricA DEl DETERMINANTI, E LE SUE PRINCIPALI APPLI-
CAZIONIL  viii+116 pp. Pavia.]

In this, the second text-book, the same importance is given to
skew determinants as in Spottiswoode, the first part of the eighth
section (pp. 55-72) being devoted to them under the heading “ Dei
determinanti gobbi,” which Schellbach translates by diberschlagene.
The arrangement and treatment of the matter, however, are much
more logical, zero-axial skew determinants being taken first,
then the functions connected with these, namely, Pfaffians, then
skew determinants which are not zero-axial, and lastly the use
of skew determinants in the consideration of the problem of
orthogonal transformation.

The precedence given to determinants which are “gobbi sim-
metrici” over those which are “ puramente gobhi” is explained at
the outset by reference to Cayley’s theorem regarding the ex-
pressibility of the latter in terms of the former, the (uite general
theorem from which Cayley’s immediately follows being carefully
enunciated thus:

“Indicando con P, il determinante nel quale si pongano equali a
zero gli elementi principali; e con (™P,), un determinante minore
principale delle’ m-esimo ordine del determinante P nel quale siensi
anmullati gli elementi principali si ha :—

_\ Wl P
P = Po+ Zr’l'rr(lpu)o'l'Zrznarra’u(zpti)o"' .. +a]1a22 e a’ml'”

The proof given of Jacobi’s theorem regarding the value of an
odd-ordered skew determinant with zeros in the principal
diagonal is essentially the same as Cayley’s proof (1847), but
fuller and clearer. The proof of the corresponding theorem
for a determinant of cven order resembles Spottiswoode’s, the
difference lying mainly in the use of the notation of differen-
tial-quotients in specifying the minors of the determinant.
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Denoting the determinant of even order by P, he starts with
the development—
%P , ©OP %P
—_ 2 _ 2 —_—
P == a4 sa, ~ “dajoa, T Wrtug, =

Then since a previously obtained general identity, originally due
to Jacobi, viz.,
®P__ P oP _ oP oP
0ysOltpg  Ollys Ollpg  Olpy Ollpg
gives in this special case the identities

#P__ P 2P, PP _ 3P 2P
Oy Oty Olty, Ollyy Olhyy Oty gy Olhey
P 9P OP

T T
Oty Oty Ollyy Oty

because the cofactor, awkwardly denoted by oP/ou;, of any
vanishing element a,; in the principal diagonal is zero in accord-
ance with the preceding theorem of Cayley’s. From the first
two of these we have

, ®P P 9P oP _ P OP

" Oy Oy MlggOllyy  Cllyy Olyy * Olhgy Ol
the right side of which can be changed into
(2. 2y
oy, Oy
by reason of the fact that for a determinant such as P we have
in every case
oP P

Alyy by

But from the third identity above, by squaring, we obtain on
the right the same expression; so that there thus results

( aP_>2 P PP
81

00y Oty/ OOty Dby Olley

an equation which, in connection with the above development
M.D. IL s
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of P, implies the property that the determinant P is a square
(“nella quale equazione trovasi appunto espressa la proprieta che
il determinante P & un quadrato ).

On looking now to the development with which the demon-
stration opened, Brioschi is led to an expression for the square in
question, viz.:

P = {can(?E ) e ) e w25 )

or, more genemlly,

2P
{2 £\ 2a, 000 }

where he notes that in every case a,,=0 and P[00, Octsg, being a
determinant of the same kmd as P, is a square. The example
added is

0 a, a; ayl 0 3 0 0 B
a/-)]_ 0 a23 a24 ‘ a34 a24 aZS
ad g 0 an . = Qg —Qy +dy ’
31 32 34 Qg 0 Oy 0 Ogg 0
Oy Gy 0y 0]
— 2
= (GypUigy = Qg oy + 0y, Goy)?,

where the difficulty of the ambiguous sign, although presenting
itself more prominently than in the general demonstration, is not
referred to.

The new function H, which is the square root of P, is next
studied. Differentiating both sides of the equation of relationship
Brioschi obtains

oP °oH
aars =H s

where the inconvenience of the differential notation comes out
more strikingly than before, the differential-quotient on the left

*8ince the left member is what Cayley called a ‘ bordered skew symmetric
determinant ”; and since, as Jacobi noted, a differential-quotient of H with
respect to one of its elements is a function of the same kind as H, we have here
unnoticed one half of Cayley’s proposition that a bordered skew symmetric
determinant is expressible as the product of two Pfafians.
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being used conventionally to denote a certain minor of P, and
the differentiation on the right being real. By squaring we have

) =2

and since, as we have seen, it is permissible to substitute

Pgw—a:-é]z@ for (%a)z

there results

(_B”P )’k _ _?H,
o, Oy T Oty

so that the expansion for P above obtained may be altered into

P = {z(a%}l)}

from which by extraction of the square root we have

H=>3, (a,,, %I?;)

This will be recognised as a third mode of writing an already
well-known result, and, as Brioschi notes, gives a property of
the function H similar to a property of determinants (“la quale
equazione contiene una proprietd della funzione H analoga ad
una nota dei determinanti”).

From this he passes to what he calls the characteristic
property of H, viz, its change of sign consequent upon the
transposition of two indices. Calling H' what H becomes when
r and s are interchanged, he notes that in those terms of H in
which the element «,, occurs there can be no other element with
the same indices, and that therefore

oH  oH'

O yg Oy

Then since the same interchange made in P leaves P in reality
unaltered,—that is to say, since H2=H"—he obtains

oH _ o,

H aaf& aars




276 HISTORY OF THE THEORY OF DETERMINANTS

and, it having been shown that the two differential-quotients
here appearing are of opposite signs, it follows that so also are
H and H'

Lastly, he passes on to skew determinants in general; and,
using the theorem and notation introduced at the outset, he
writes Cayley’s propositions in the form—

neven, P =P, 4 D D antuCpido+ ...+ Gy - Uy,
nodd, P = D an(pi)ot ...+ ... apy,

which, he says, when the principal elements are all unity, become
neven, P =P, 4+ D .Cpu)ot+...+1,

nodd, P = 3(pu)+ 2CPid+ ..+ 1,

the development now being in cach case a sum of squares, as
all the minors appearing in it are even-ordered.

BRIOSCHI, F. (1855, March).

[Sur Yanalogie entre une classe de déterminants d’ordre pair et
les déterminants binaires. Crelle’s Journ., lii. pp. 183-141 ;
or Opere mat., v. pp. 511-520. See also Annali di Sei.
mat. e fis., vi. pp. 430-432.]

After explaining that his purpose is to generalise a result of
Hermite’s (Comptes rendus . . . Acad. des Sci., Paris, x1. pp.
249-254) regarding determinants of the fourth order, Brioschi
sets out by establishing a necessary lemma regarding deter-
minants of any even order whatever. It is this lemma which is
of importance to us in the present connection. Taking the
determinant

(s o .. . Ggpmm), OF A say,
he multiplies it by the equivalent determinant

Oy — Oy Uy —Qz e Oy oy =0y, 2m-1
Qgp — 0y Cbgy Oy .. gy — U3, 2m~1

Qom,e  —Oom,1 Ooma  —gm,3 -+« o+ Oomon  —Qomom-1
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obtaining the result
A N .
l2|_ . lgs ) lg'gm
A.2 = lsl lgg . « e e la.m
lzm,l l2m,2 lﬂm,.’i e
where

lyy = Oy Q= App Uy + Qg Oy — Qs + . . . . .

and where therefore

lrs = = lsr-

Using then Cayley’s theorem regarding a determinant which is
“gauche symétrique,” he concludes that A is expressible as a
rational function of the I's. This result he might have put in
the form Any even-ordered determinunt s ewpressible as a
Pfaffian : and at a later date it would have been written

Z(i“nazz c o e Oy om) = ‘ by bs by ooo. bom
l23 lﬂ e l2'2m
l2m—1,2m .

The rest of the paper is occupied with the consideration of the
special case where

lrz. = ls«; = l:;s T e = l2m—l.2m’

and all the other I’s vanish.

BELLAVITIS, G. (1857).

[Sposizione elementare della teorica dei determinanti. Memorie
... Istituto Veneto ... vii pp. 67-144.]

For the determinant which Cayley named “ gauche,” Bellavitis
introduces the term pseudosimmnetrico, and for “gauche symé-
trique” he introduces emisimmetrico (§41). In the matter of
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notation also he suggests a change, denoting (§ 54) the Pfaffian
which is the square root of .

i 0 b, cg dg
bay 0 Cy db
| a b 0 d,

@ by ¢ O
by

Pf. («, b, ¢, d).
Nothing else is worth noting save the carefulness of the exposi-
tion (§ 51-54, 59). Part of Cayley’s theorem regarding a
bordered skew symmetric determinant appears as a theorem

regarding a non-coaxial primary minor of a skew symmetric
determinant (§ 59).

CAYLEY, A. (1857).

[Théoreme sur les déterminants gauches. Crelle’s Journ., lv.
pp- 277, 278 ; or Collected Math. Papers, iv. pp. 72, 73.]

This is practically a note to rectify the oversight made in the
paper of 1854, where, as has been pointed out, he omitted to draw
attention to the case in which the skew determinant submitted to
the operation of ‘bordering’ has zeros for the elements of the
principal diagonal.

“Un déterminant,” he now says, “de cette espéce se réduit toujours

au produit de deux Pfaffiens. En effet en écrivant dans les exemples
11=22=33=44=0, on obtient:

o123 | B123
«1234 [ B1234

a123.8123,
312341234,

et de méme pour un déterminant gauche et symétrique hordé quel-
conque, suivant que 'ordre du déterminant est pair ou impair.”

To this there is added the suggestive commentary :—

’ “Je remarque & propos de cela, que dans le cas d'un déterminant
d'ordre pair, le terme af3 est multiplié par un mineur premier lequel
(comme déterminant gauche et symétrique d’ordre impair) se réduit
& zero; le déten.mnm.lt ne contient donc pas ce term af, et sera par
conséquent fqpctlon lineo-lindaire des quantités al, a2, etc’:., et 18, 28,
etc.; de maniére qu'on ne saurait étre surpris de voir ce déterminant
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se présenter sous la forme d’un produit de deux facteurs, dont Pun
est fonction linéaire de al, «2, etc., et I'autre fonction linéaire de 1p,
28, ete. Mais pour un déterminant d’ordre impair, le coefficient du
terme a3 ne sc réduit pas 4 zéro ; en supposant donc que le déterminant
puisse s’exprimer comme produit de deux facteurs, il est nécessaire
que 'un de ces facteurs soit (comme le déterminant méme) fonction
linéaire de «f et lineo-lindaire de «l; a2, ete., et 18, 28, ete.: de cette
maniére on se rend compte de la différence de la forme des facteurs,
qui a lieu dans les deux cas dont il s'agit.”

It is finally pointed out that by writing 8=a we are brought
back to
a123]al23 = (a123)%,
«1234[al234 = 0:

—*“la propriété fondamentale des déterminants gauches et symé-
triques.” There is again, however, an oversight here, for the
element aa is taken to be equal to 0, whereas it is only necessarily
80 in the second case.

BALTZER, R. (1857).

[THEORIE UND ANWENDUNG DER DETERMINANTEN, mit . .. ..
vi+129 pp. Leipzig, 1857.]

Following his two predeccssors Baltzer also assigned a separate
section of his text-book to skew determinants, but without
giving them any special designation of his own or even taking
over that used by Schellbach. The title of the section (§ 8,
pp- 29-34) is thus a little lengthy, viz., “Determinante eines
Systems von Elementen, wnter denen die correspondirenden
ay, und a,, entgegengesetzt gleich sind.”

It must be noted, however, that before this section is reached
some theorems which strietly belong to the subject of the section
have becn already dealt with. These are in the first place (§3, 8;
p- 12) Jacobi’s theorem regarding the vanishing of a zero-axial
skew determinant of odd order, and Spottiswoode’s theorems
regarding conjugate elements of the adjugate or inverse of a
zero-axial skew determinant, the mode of proof for all being
that used by Jacobi for his own theorem, viz, the multiplication
of all rows or all columns by —1, and then comparing the
resulting determinant with the original. In the second place
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(§8, 10; p. 18) we have Brioschi's theorem regarding the
differential-quotient of a zero-axial skew determinant of even
order, and a suggestive proof of the same which it is desirable to
note. It is as follows :—Let the determinant

(llu s e 0 al)l

Oui o oes Oy

be denoted by A, and the cofactor of a,, in A by A,,. Then,
bearing in mind that A is a function of «,, and that a,. is not
independent of «,,, we have

2A
au’rs

2,
aa’rs,
= Ars - Asr'

But when n is even we know from Spottiswoode, as above, that
A,,=—A,,; consequently we have in this case

oA _

o,
as Brioschi affirmed.* In the third place (§7, 5; pp. 28, 29) he
applies Jacobi’s gencral theorem
Arr Arx
A’S)’ Ass

= Ars + Aor

24,,.

PA

= Aanoay

as Brioschi did, to the case where A is zero-axial skew and of
odd order to obtain the result

Ags = Arr'Ars;

and he takes the further step of deducing from it the result
AiAgiAyg. = JAL A VA, ..

* It ought to be noticed also that Baltzer uses the equation
A
San, = Ap — Ay

to verify Spottiswoode’s theorem for the case where A is odd-ordered, the
reasoning being that as A is then known to be identically zero, so also must
OA[O%rs, and that therefore A, = A,.
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thus showing, as he says (1) that the ratios on the left are inde-
pendent of », and (2) that, when the sign of one of the roots has
been fixed, the others are known (“dass durch das Zeichen einer
unter diesen Wurzeln die Zeichen der iibrigen Wurzeln bestimmt
sind).”

Turning now to the section specially set apart for the con-
sideration of skew determinants, we find that it opens with
Cayley’s theorem regarding a zero-axial determinant of even
order, the requirement being, as here worded, to prove that such
a determinant is the square of a rational integral function of
the elements. The proof is essentially the same as Spottis-
woode’s and Brioschi’s, and differs from Cayley’s merely in
that it does not begin with a determinant of a more general
form than is necessary,—a point which it is desirable to
insist upon, as Baltzer ignores the fact, and then does not
hesitate to say in a footnote that Cayley’s proof “leaves
manifold doubts unrelieved.” 1In fact the theorem which
Cayley proves is, that if « zero-awial skew determinant of
odd order be ‘bordered’ the resulting determinant is the pro-
duct of two Pfuffians: whereas what the three others prove,
is the particular case of this in which the skewness extends
to the bordering elements.

The development with which the proof begins Baltzer writes
in the form

A= ayh; - Zu’rla’laA:.,s
where A’ is the cofactor of «,, in A, and » and s have the
values 2, 8, ..., n. He then uses the fact that A, is a zero-
axial skew determinant of odd order, and that therefore by a
preceding result

A=A = JA;,,A;‘;
so that there is obtained

A=2a,a JAL;

a8 ?

and since in this aggregate the values possible for r are exactly
those possible for s, he concludes (without knowing the signs of
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the terms of the aggregate, be it observed) that it is resolvable
into two factors, viz.

() (B )

It is then argued that the two factors are identical even in the
signs of their various terms “da durch das Zeichen einer Wurzel
die Zeichen der iibrigen bestimmt sind ”; and that therefore

A = (2“11‘“/A':‘r)2’
and JA = Da, JA,

—an aggregate of n—1 termns, since the values to be given to
rare 2,3,..., n. The next step consists in pointing out that
A’,, being a determinant similar to A but of order n—2, it must
follow that JA’,. can in the same way be expressed as an
aggregate of n—3 terms, and that this process can be continued
until the minor under the root-sign is of the 2nd order, when
manifestly its value is the square of one of its elements. The
final result thus is that ,/A is expressible as an aggregate
of (n—1) (n—3) ... 3.1 terms, cach of which is the product of
in clements whose collected suffixes form a permutation of
1,2,...,n
By way of corollary to this it is pointed out that

= Apllgy o o o Qyy, g

is one of the terms of the aggregate; and the same is proved by
showing that the square of this is a term of A, the reasoning
being as follows :—Since in every case a,,= —d, We have

(it - . a’n—l,n)z = (Ul + + + Apyyn) (= Wy g« « Cyn-1)>
a.nd e = ("‘)in(am“/zlauam e a’n-l,nan.u—l)s

which clearly contains n elements, one from every row and one
from every column of A, and will therefore be a term of A if only
we can show that the number of inversions of order in

2,1,4.3,6,5,...,nn—1

is }n, a fact which is self-evident.
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Baltzer’s proof that the rational integral function H, which is
the square root of A, changes signs when two suffixes, r and s,
are interchanged is a simplification of Brioschi’s, the operation
and even the notion of differentiation being dispensed with.
The function resulting from the change being H’ he concludes
like Brioschi that

H2 = H?,

also the aggregate of the terms in H which contain a, being
a,sB, say, he infers as Brioschi does that B cannot be affected by
the change, and that therefore a,B will be altered into a4, B
or —a,B. Here, however, he brings the demonstration quickly
to a satisfactory end by saying that since some of the terms
of H’ are thus seen to differ in sign only from the corresponding
terms of H, the equation H2=H" shows all of them must so
differ ; and this is what was to be proved.

Jacobi’s notation for the function H is then introduced, the
formal intimation being that (1,2,3,...,n) is used to denote
the aggregate whose first term 18 (s, -« 5 Un_yn and, whose
square is A. The other value of \/A is thus of course represent-
able by (2,1,3,...,m),0r (2,3,...,m1)0r.... As this implies
also that

JA = £(2,8,...,7=1Lr+1,...,70)
we have now the means, so far as symbolism is concerned, of
removing the ambiguity from the various terms of the identity

VA = ap Ayt ag/Agt ... + i/ Ao
As for the knowledge necessary to use the symbolism aright,
Baltzer’s dictum is that the sign taken to precede
2,8,...,r—=1,r+1,...,1)
im substituting for JA',, must be such that the equation
VAL YA, = A,
will be satisfied; and this he proves will take place when the
sign-factor of (2,3, ...,r—1, r+1,...,®)is (=1). By hypo-
thesis, he says, the left-hand side
=(=1)(23,...,r=Lr+1,...,2)-(=1)(2,3,...,8—1,8+1,...,m)
=(=1y+(2,3,...,r=1,74+1,...,m)(2,3,...,8=1,8+1,...,n),
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and therefore by a previous theorem
= —(=1y+(2,3,...,r—=1,7+1,...,2)(3,...,s—1,8+1,...,m,2),
the first term of which is
= (=1 g o Wy Ugg e e e Oz
or = (=1) gty ... Qyynlns;
and the right-hand side

= cofactor of ¢ty in | @y sy ...

Qg Qg3 ... gy

'a'n” 0’13 e a’mt ’

= (_1)""'5 | ((22 ao'; “ces e a2's_1 az'a_l_l ) a2n

CL32 a33 R ag'._l aa.s.H ceoe asn

Qpoyyg Qpgg oove Qpgomy Upogepr oooe Qpogy

Qg1 Wpgr,3 ovoe Apgye1 Apgyetr oo oo Apgyn

an,2 “’11,3 ceee an,e—l a’n,a+l s an,n ’

and therefore, on account of the translation of the first column
to the last place,

= - (_1)1‘-{-8 (123 e 0/2’,_1 “2.8-{-1 DY ag'” agg

a33 ce e ag'a_l aa.,.l_l e CI/3.,, a32

Apo1,3 vove Gpoggq Gpogepr cove Opogn Gpoye
Wpgr,3 voee Gpprsr Upprapr oooe Opprn g

an.s L] an,s-l a’n.s+l L a’n,n an,?. )

the first term of which is

- (— 1)r+’a23a34 von Qyoq,nlysg,

exactly as before.
To the proof no note is appended drawing attention to the fact
that the very same result would have been reached by taking
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(—=1)-Y, or indeed (—1)"* instead of (—1) for the sign-factor
of (2,8,...,r=1,r+1,...,m).

The very next step taken, in accordance with the above
mentioned dictum, is to make the substitution in the right-hand
side of the equation

A/A = “12~/A;2 + a’l3~/A';l3 + c e + a‘ln'\/A:m:

the first term being used to decide whether 1,23,...,m) or
—(1,2,3, ..., n) has to be substituted for the left-hand side, and
the final result being

(1,23,...,m) = a(3,...,0)+ a4 ... 2+ (2, .., n=1).

Since (3,4...,n) is the cofactor of a,, in (1,2,3,..., n) and
the differential-quotient of the latter with respect to «y, is the
same, it immediately follows from this that

JA=a,2%“a/é+a a—“/é+...+a ova
12

1 Dty ™ gy,

Baltzer, however, obtains a more general result by going back to
the corresponding more general theorem in determinants, viz,
the theorem

A = rlArl + a’r?Aﬂ +... +arnArn 4

with which he associates

0 =ty + Gy + ... + A
substituting /A %iA for A,,; and then dividing both sides by
JA. In the results,

N/ aJA

,JA = (l/ﬂm"-...-"(l:,.na;;-:
_aJA 3JA

0= (479 “a“sl' +...4+ (lxm——',aum ’

it has to be noticed that there is no term in 9,/A / Oty

By comparison of the first of these with the immediately
preceding result (the recurring law of development) he deduces
the quite general identity regarding the two forms of the
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cofactor of a,, in ,/A—the identity, that is to say, with which
we were inclined to start. His words are— .

“ Setzt man
JA = (L2 ..., r-1r+1...,m)
=0,(2...,0) + a.(3 ..., m1) +...
80 findet man
/A
aa"l

in welchem Cyclus die Suffixe » and s fehlen.”

= (s+l,...,n,1,...,s—1),

In regard to this the reader has, of course, to note that
n12,...,r=1,r+1...,n) being only one of the two values
of \/A, the differential-quotient obtained is also only one of two;
in other words, that the result reached is really

o(nL1,2,...,r—=1r+1,..., 'n,)/aar,, = (s+1,...,n,1,...,8=1),

where from 1 to s—1 and from s+1 to n the integers appear in
natural order, save that » is omitted.

The remainder of the chapter or section, which contains no new
feature, refers to Cayley’s expansion of a determinant arranged
according to products of elements of the principal diagonal, and
the application of this to skew determinants whose diagonal
elements are each equal to 2.

SCHEIBNER, W. (1859, July).

[Ueber Halbdeterminanten. Berichte ... Ges. d. Wiss. (Leip-
zig) : math.-phys. Cl., xi. pp. 151-159.]

This paper is not put forward by its author as containing
new matter, being in fact such an exposition of the theory of
Pfaffians as would suitably have formed a chapter, and a good
one, of a text-book like Brioschi’s or Baltzer’s.

From the vanishing of a zero-axial skew determinant of odd
order Scheibner reaches the already known fact that the product
of two of its coaxial primary minors is equal to the square of a
non-coaxial primary minor. In a quite fresh manner it is then
shown that the square root of this is a rational and integral
expression (Pfaffian), whose law of formation is thereafter estab-
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lished. Naturally following on this comes the proof (p. 156)
that each of thé non-coaxial primary minors is the product of
two Pfaffians, the result being written in the form

Ay = (p+1,...,2m,0,...,p=1)(g+1,..., 2m, 0,...,q-1),

where the suffixes of the elements of the original determinant
are 0,1,...,2m. On a later page (p. 158) it is shown that a
similar proposition holds when the original determinant is of
even order, namely,

A, = (-1)?(0,1,2,..., 2m+1)(g+1,...,p—1,p+1, vy g—1).

Cayley’s theorem regarding a “bordered” skew symmetric
determinant thus appears broken up into two parts.

The paper coucludes with the suggestions that a skew sym-
metric determinant should be called a Wechseldeterminante, that
its square root should be called a Halbdeterminante, and that the
latter should be denoted by

aol a02 aos . . . . aw
R (7
(g « v v o gy
Ap-1,p |»
an expression which would thus be an alternative for (0,1,2,...,p)

and which would vanish for even values of p.

SOUILLART, C. (1860, Sept.).

[Note sur la question 405 et sur une composition de carrés.
Nouw. Annales de Math., xix. pp. 320-322.]

Souillart’s subject is the skew determinant

« b c d
-b « —d ¢
—c d a =b
-d -c b al,
and his observations are (1) that it is equal to

(Cl/2+ b2 + 02 + d2)2,
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and (2) that if it be multiplied by the similar determinant which
is equal to .

(p2+ q2+,,‘2 + 82)‘.’.
the result is a determinant of the same form, whether the multi-
plication be row-by-row or column-by-column. The object, of
course, is to prove Euler’s theorem * that the product of two
sums of four squares is a sum of four squares.

CAYLEY, A. (1860, Dec.).

[Note on the theory of determinants. Philos. Mugazine, xxi.
pp- 180-185; or Collected Muth. Papers, v. pp. 45-49.]

After expounding his, or rather Cauchy’s last, mode of par-
titioning the ordinary expansion of a determinant, and giving his
own diagrammatic representation of the partition, Cayley applies
it to the expansion of a zero-axial skew determinant, showing, of
course, that when of odd order it vanishes, and that when of even
order it is expressible as a rational integral function of the
elements.

TRUDI, N. (1862).

[TEORIA DE' DETERMINANTI, E LORO APPLICAZIONI, di Nicola
Trudi. xii4268 pp. Napoli.]

To “determinanti gobbi” Trudi devotes sixteen pages (pp.
78-94) of his text-book, the exposition, which is not a little
influenced by Brioschi and Baltzer, being full and simple. There
are only one or two points in it worth noting. In the first place,
there is his opening proposition that in any zero-axial skew
determinant, conjugate minors, if of even ovder, are equul, and
if of odd orvder differ only in sign: this is a slight generalisation
of a previously known result. In the second place (p. 80), Jacobi's
general theorem

‘Arr A,

g

. l a'rr
A A, ’ = A X compl. minor of l .

* Novi Commentarii Acad. Petropolitanae, xv. (1770), pp. 75-106. For the
conclusion reached see Noun. Annales de Math., xv. pp. 403-407.
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is applied to the case where A is a zero-axial skew determinant
of even order, A,, say, and where, therefore, A,,=0=A,, and
Ap=—A,,, and the said complementary minor is a determinant
of the same kind as A,, but of the order 2m—2: and it is thus
seen that if A,, , be a square, so also must A,,. The use to
which this is put is evident.

JANNI, G. (1863).

[Teorica di determinanti simmetrici gobbi. Giornale di Mat.,
i. pp. 275-278.]

Janni’s final result is a troublesome rule for finding the
expression whose square is a skew determinant of even order,
the line of thought, so far as it goes, being similar to Scheibner’s
(1859).

CREMONA, L. (1864); D’OVIDIO, TORELLI, MAGNT (1865).

[Quistione 32. Giornale di Mat., ii. p. 62; iii. pp. 5-7, 7-10,
10-14.]

The theorem proposed by Cremona is Spottiswoode’s of the
year 1853, namely, if A be « skew determinant having its
diagonal elements ay, 8y, ..., 8y, cach equal to z, then the
product of any two rows or uny two columns of the adjugate
determinant contains A «s « fuctor, and the determinant of the
n? cofuctors equals A™* Proofs are given by E. D’Ovidio,
G. Torelli, and A. Magni; but the second alone need be attended
to here, as the two others are less direct, being connected, as
the theorem originally was, with the subject of orthogonal
substitution.

Starting with the known result

g+ ...+t ... F Ay = A when s=7
= 0 when s#'r},

Torelli by subtraction of 2a,.A, and change of signs obtains

Ohat+ophpt ... oAt ... +0pAy = — A+22A,, when s=r
= 22A,, when saér}.
M.D, 11, T
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But a,rAs+0urAg+ ... +arAp+ ... +GprAny = A when s=r
= 0 when s#7/,

and thence by addition, whatever s may be,

ap(Aa+Aw) + .. .+ an(Am+Ay) = 22A,,.
Writing w,, for (A,-+ A,.)+ 22z he thus has the set of % equations

n w&l, wsﬁ’ oy Wy,

UypWs + o oo+ Gy, = Ay,
aglw“ + s e + a?,,wm = A—zs

Ay Wg1 + o o Uy Wy, = Am s

the peculiarity of which is that the right-hand members are
cofactors of a column of elements of the determinant formed
from the coefficients on the left. The solution thus is

. A-lsAlr+A29A*zr+ sene +A-mAﬂr
Wyy = A -—

whence

(Auw Bue -+ Ane (A A, A) = A“’;;f*i" A,

as desired. Using this »? times, he, of course, obtains for the
square of the adjugate the expression

. :

A" oy @y ... o !
wzl ("21 * o 0 wm
wm wng e w:nn N

and, it being known otherwise that the square of the adjugate is
A2-2 it follows that

F @y Wy o v Wy | = AP"2,

which is the other result wanted.

In regard to the elements o one fact is noted, and is worth
noting. Since A,, may be expressed as an aggregate of terms in
2,2, 2% . .., namely, say

Aﬂ=eo+elz+62z2+.-..
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and since A,, is got from A, by altering the signs of all the
(n—1)* elements and then changing —z into 2, there results
when n is even,

Ay +A,=2024+202°2+....;
in other words, A,.+ A,, is then divisible by 22.

Two “ observations ” are added, the first in regard to the case
where z=0, and the second in regard to an alternative proof of
the first part of the foregoing. The latter is interesting in that
the expression for (A, +A,) A is not found at once as a whole,
but is viewed as consisting of two parts corresponding to A,A
and A,,A, the reason being the known existence * of a general
theorem of determinants to the effect that if the product of
|@y - .. @nn| and |by ... by,|, obtained in row-by-row fashion,
be |¢;; . .. Cun |, then

Ars'lbu sese brm' = blnCr1+ o +memo

This is seen to be immediately applicable on making |a,, ... G|
identical with A above and the b’s identical with the a's; and it,
of course, implies that if the product obtained in column-by
column fashion be ¢} . . . ¢,, |, then

Agr'lbu “c e e b’ll’n | = bmo;r'l" L +me;r.

Making the said necessary specialisations and noting that the
two differently formed axisymmetric products are then identical
(in other words, that C,,=C,,=C,,=C,,), Torelli obtains

i=n i=n i=n

Ars'A = ah';Ar‘Au"‘ P +(t,,EAr,-A,,+ eee +aM§1A,. A”‘,

1=1

i=n =n i=n

A, A= a,,i-;A,iAu+ . +a,s;AﬁA,i+ ces +a,,,§lA,,A,,i;

whence by addition

i=n

(Ant+A)A = 2“.«2; AnA,.

* Rubini’s Elementi d’' Algebra, p. 277, is referred to.
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CAYLEY, A. (1865, Oct.).

[A supplementary memoir on’ the theory of matrices. Philos.
Transac. R. Soc. (London), clvi. pp. 25-35; or Collected
Muth. Papers, v. pp. 438-448.]

The expression of an even-ordered determinant, A, as a
Pfaffian being necessary for the second of the two investigations
contained in his paper, Cayley effects the transformation (§§ 15-17)
in substantially the same way as that devised by Brioschi ten
years previously, the one point of difference being that the form
of A, which is employed as a multiplier is got from A,, by
reversing the order of the columns and then changing the
signs of the elements in the last m columns, Thus, A, being

a b ¢ d
efghl
1§ k1
m m oo P

’

the square found for it by row-by-row multiplication is, in
Cayley’s notation,

(d,e,=b,—a) (h,g,—f, =€) (LEk —j,—) (p, 0,—n,—m)

(a! b’ c’ d) » » »” »
(G, f, g: h) » ” ”» ”»
(i’ j) k’ l) » ”» » »
(m, m, o, p) » » » »

which is readily seen to be zero-axial skew.

Another expression is, of course, got by treating the conjugate
of A, in the same manner.

Brioschi’s paper of 1855 is not referred to.

HORNER, J. (1865, Oct.).
[Notes on determinants. Quart. Jowrn. of Math., viii. pp.
157-162.]
The second of Horner’s three notes consists of a fresh proof

that a zero-axial skew determinant of even order, A, say, is the
square of a rational function of the elements.
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A,, multiplied by the square of the product of the non-zero
elements of the first row is evidently equal to a zero-axial skew
determinant of the same order, A;, say, having 0,1,1,..., 1 for
its first row. But by performing in order the operations which
we may conveniently specify by

l‘OWg,,, - I‘OWm_l, 1‘0W2m_1 bl l‘Ong_z, DY rOW3 - I‘OWg,
0012m — 0012,,,_1, 0012,,,,_1 — 0012,,,-2, ) 0013 — 001,,

it is seen that for A;, we may substitute a zero-axial skew
determinant of the next lower even order, A,,_; say. The factor
thus shown to connect A,, and A,,_, being a square, the little
that needs to be added is evident.



CHAPTER X.
ORTHOGONANTS, FROM 1841 TO 1860.

NOTWITHSTANDING the generalisations made by Jacobi and
Cauchy, the special case with which the whole theory originated
continued from time to time to attract attention. In 1843
William Thomson, afterwards known as Lord Kelvin, published
under the signature “T.” in the Cambridge Muth. Jowrn., iii.
pp. 247-248, a short note in which he proved the detached
theorem that if [,, m,, n,, l,, . . . be nine quantities such that

lf""mf‘l"nf =1, Ll + mym, + nmy = 0,
l+ms+m; =1, Ll + mgmy + mym; = 0,
L+ms+ns =1 U+ mm+nm =0,

then it follows that

U+ L+ L=1  lm+ Imy+ lymy =0,
mi+ms+m; =1 mm, + mm, + mgm; = 0,
'nf‘*' ’n:'*' '"'§=1: s+ s+ ngly = 0.

This led to a short paper by A. Gopel in the Archiv d.
Math. w. Phys., iv. (1843), pp. 244-246. The subject was again
taken up in 1848 by L. Schlifli in the Mitteilungen d. naturf.
Ges. in Bern, Nos. 112, 118, pp. 27-33,* and in 1850 by V.-A:
Lebesgue in the Nouwv. Annales de Math., ix. pp. 46-51. Details
of these papers need not be given. We may take the opportunity

* Published also in Archiv d. Math. u. Phys., xiii. pp. 276-281.
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to note, however, that after the appearance of Cayley’s paper on
matrices in 1857 the known general theorem embracing the one
just mentioned might have been briefly formulated by saying
that—If MM'=1, where M is any square matriz and M’ its
conjugate, then also MM =1.

KUMMER, E. E. (1843).

[Bemerkungen iiber die cubische Gleichung, durch welche die
Haupt-Axen der Flichen zweiten Grades bestimmt werden.
Crelle’s Jowrn., xxvi. pp. 268-272.]

To prove the reality of all the roots of the equation mentioned
in the title of his paper—a problem first solved by Lagrange in
1773—Kummer sought to show that the expression for the
product of their squared differences was inherently positive.
This he succeeded in doing by transforming the said expression
into a sum of squares, the result being reached by proceeding

from particular to general, and by a combined process of guess
and test. The equation being

a—x h g9
h b=z ft |=0,
g [ c—z
or, say, 2 —-Pr24Qr~R =0,

the expression referred to is*
P2Q? — 4P°R + 18PQR — 4Q® — 27R?;

and Kummer’s equivalent for it is

15 3 [ghv=0) + fig*~13) |
+ 3 [20-c)c—a)h + (20—a—b)fy + (2h*— =gk
+  [0=oe—a)a=b)+ (=) +(c—a)g*+ (a—~b)KT,

*I.e. -3} of what afterwards came to be called the discriminant of
% - Px*y+ Quy* - Ry’
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where we use 3 to indicate the summing of the expressions
obtained by performing simultaneously the cyclical substitutions

bea (19

JACOBI, C. G. J. (1844, March).

[Sulla condizione di ugualianza di due radici dell’ equazione
cubica, dalla quale dipendono gli assi principali di una
superficie del second’ ordine. Giornale Arcadico, xcix. pp.
3-11; or Crelle's Journ., xxx. pp. 46-50; or Geswmmelte
Werke, i. pp. 271-276.]

By using A, B, ... for be—f2 ca—g? ... Jacobi first puts
Kummer’s sum of squares in a neater form, namely,
153 (gH=hGY + 3, (bF —f B +cF — fC— 2uF +2fA)?
+ (bC—cB+cA—aC+aB—DbA),
and he then gives a lengthy but thorough verification of its
accuracy.
From the fundamental identity
ax®+by?+c2® 4+ 2fyz + 2922+ 2hay
= L(aj2+ 8,y +v,2)*+M(wz + B3y +v:2)*+ N (a2 + Byy +:2),
where L, M, N are, as in his paper of 1827, the roots whose
reality is to be established, he obtains at once
@ = La; +Ma; + Naj, S = LBy +MByy.+NByys,
b = LBI+MpB+Ng;, h = Ly,a, +My,a, + Ny,
¢ =Lyj+My;+Nyi, g = La,B; +May,B, +NayB,,
and thence derives ' “
A = MN& +NLd} +LMa}, F = MNB,y,+NLB,y,+LMB,y,

B = MN,Bf + NL,B: + LM,B?, G = MNvy,q, + NLvy,a, + LMy;a,,
C = MNv;+ NL'y§+LM'y§, H = MN¢,83, + NLa,83, + LMa,S,.
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From these it can be shown with more or less trouble* that
gH—hG = II- aj0505,
OF B +eF ~{0~2uB+9A = - (et asbt
—a;YYs— 0YsY1— AV1Y2)
bC—cB+cA—aC+aB—bA = II-(a)Byy;+aByy; +asBiy,
+ a8y, + aBrys + a3B2Y1)’

where II stands for (L—M) (M—N) (N-L). Kummer’s sum of
squares is thus made to take the form

I [15 2 (00505 + 2 {a1(ﬁzﬂs =279+ (838, — vsv1) + as(By8e ~ ‘)’1‘}'2)}2
+ {al(Bz‘Ys +B5v2)+ o By +Brys) + afBivet .32‘}'1)}2] »

where we use 3 to indicate the sum of a set of terms produced
by the cyclical substitution a-»8, 8->y, y>a. After this the
cofactor of II* is shown with seeming ease to be 1, and the desired
result is reached.

A knowledge of the relationships existing between the
elements of the orthogonant |a,B,y,| is, of course, a constant
requirement throughout the demonstration ; and to two of these
relationships special attention is drawn by Jacobl himself. The
first is

Aalajos+ B8+ vivavi) _
= afyysafeys + oy aBiys + aBiys By
+aBsyerasBrys + aBys asBin + By aiBsye»
and the second is

ajay 3+ﬁ21322£2+727272"‘ azﬁﬁyz"'aw@zyg'l'aﬁ%'g’

*The modern reader would do well to use Binet’s theorem regarding the
determinant which is viewable as the product of two rectangular arrays. Thus

L1 15 5 4L

Ly, My, Ny, N "
= LMlﬂx‘Yzl’+MN|ﬂa‘ral*+NLlﬁm |* = LMaj+MNa; + NLaz
and la h =| " |'na1 1% 'Ya’-a"
H MN NL LM a8 By ayfs

= N(LA- M) 09 | 7sfs] + ... .
and so forth.
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the latter’s existence being due to the fact that the right hand
member of the former is not altered by the interchange

Piiey]

BORCHARDT, C. W. (1845, January).

[Neue Eigenschaft der Gleichung, mit deren Hiilfe man die
seculdren Storungen der Planeten bestimmt. Crelle’s Journ.,
XXX. pp. 38-43 ; or, in an extended form, Journ. (de Liouville)
de Math., xii. pp. 50-67 ; or Werke, pp. 3-18.]

Borchardt’s “new property ” is the naturally desirable general-
isation of Kummer’s identity. In his mode of designating the
equation * he does not follow Kummer and Jacobi, but goes back
to Cauchy (1829), the implied reference being to Laplace’s
Mécanique Céleste, partie i, livre ii., § 56 (1799).

The set of equations, from which by elimination there is
obtained the equation referred to in the title, being

g%y = A2y + Ay + . .+ Giglly

9%y = Ty + Oy + . . . + Ay ,
9%y = Uy + Qo + . . . + a7,

where «g=a,;, Borchardt multiplies the two sides of each

equation of the set by g, and then on the right-hand side

substitutes for g=z,, gx,, ..., gz, their equivalents as given.

There thus results the new set

9z, = aflz, + a2y + ... + a2,
9, = allx, + alw, + ... + dPa,

9% = a2, + o, + ...+ aax,

where ¢f) = af? = %a,,a,,,. Repeating this operation he finds

a=1

* The most appropriate designation would seem to be *¢ Lagrange’s determinantal
equation,” because of this mathematician’s early (1773) and successful investi-
gation of the cubic. See his Guvres complétes, iii. pp. 600-603.



ORTHOGONANTS (BORCHARDT, 1845) 299
generally that
(m) (m) (m)

7% = Uy Xy + U Ty + . o o Uy Ty
gme, = a‘;}"ml + a4+ ..+ aM,

(m) (m) (m)
9Ty = Uy + Oz %y + o o o+ Qo @,
where
- ™ 8=n H=n sm—1=7
m) m) __ .
alik = Cl/ki - Z 2 .« e Z (&ula‘l.ga% s e a‘m_lko
8 =1 sg=1 m-1=1

In the next place, g,, g5, ..., g, being the roots of the resultant
of the initial set of equations, it is readily seen, from the
expression for the said resultant when arranged according to
descending powers of g, that

Hrtget .- 0 = Aytint ...t
Similarly, by considering the resultant of the second set of
equations we learn that

F+ai+ ... +9 = dP+al+ ... +®

nn?

and generally that
g9+ .. gt = P+ ta™,

nn

Consequently, if we use s, to stand for the sum of the m®
powers of the g’s we have

In the third place the difference-product of the g’s being
299395 - - - G2
Borchardt has only to use the multiplication-theorem of deter-

minants to obtain as an equivalent for the product of the
squared differences the determinant of the system

80 81 82 sn-l
8 8 & S
8, 8 8 ... 8p

8u-1 S SBupr oo Sopeye
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It is this last determinant, therefore, which he has to aim at
expressing as a sum of squares.

The process devised by him for doing so is very interesting.
Returning to the original set of equations and the sets derived
therefrom, he takes the u set and multiplies both sides of each
equation by g” and then on the right-hand side substitutes for
g%, §'Ts, - . ., 9°%,, their equivalents as obtainable from the »*" set.
A companson of the results with the equations of the (u+v)™"
set, he says, gives the noteworthy result

ap™ = 2 aal,
8=

or

(m) (r) _(m—r)
a/“ = Z“ﬁ w .

8=1
This includes, of course, the recurrent law of formation

a = 3 s
=1
if we remember that by implication ' must be viewed to be the
same as «,. The variety of expressions for « a) which the
identity gives makes possible a like variety for

(m) (m) (
P N\ i S T

that is, for s,,. We may, i in fact, put as an equivalent for s,, any
one of the m—1 expressions got from

Z Zaf;’u(,""‘”
8=1

by taking r=1, 2,..., m—1. We may even obta,in an mt
equivalent by making »=0 if we agree to consider ay=0or 1
according as s is different from ¢ or the same as i: in other
words, if we agree to place before the original set of equations
the set

¢z, = 1z, + Oz, ... + Oz,

gz, = O:JL1 + 1% +...+ Oa,',,]_

9°x, = Oa/,1 + 0 %y + . + lm,,"
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the truth of which is incontestable. As a consequence the array
of &'s above given may be replaced by

SSE ST STl ... el
Zza&)aﬁ’ Zza‘”,"a&) 22(1&’0&%’ EZa‘,,,"a?,:'“
Sddal  >a@dl) S DaPa® .o DD dRag™
SEh7 DTl DTl . Sl

where s,, for example, is represented in the 1st, 2nd, 3rd

rows by
S ST ST

respectively, and where by reason of the range of the two X's
each element is the sum of m? binary products. Any said
element may thus be represented as the product of two rows
of m? elements each, and a little examination shows that only
n rows of the latter kind are necessary for the representation of
all. In other words, the array of &'s can be represented by the
product obtained by multiplying the array

(0) 0) (0) (0) (0) (0) (0) (0)
(1/11 (I/w P Cbm am “22 e azn am e a,m

(1) (1) (1) (1) (1) ) (1) (1)
(l/u a,m [P (l/m (l«,_,'l (022 PN Cb,! G/m . e Clr,m

(n~1) (n-1) (n-1) (n-1) (n—1) (n~1) (n—1) (n—1)
(bu alz N (Lm a,m (1-22 ce e (62 (Lu . e 0/“ "

by itself, and therefore is, by Binet’s theorem, expressible as &
sum of squares.

By way of illustration, Borchardt takes the case where 72=3.
The product of the squared differences of the roots is then, in
later notation,

T . . . 1 . . . 1|
a h g kR b f g f ¢

Ty Ty TPy Ty Ty Ty Tl Tg¥s 74Ty
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where 7,7 means the product of the o** and B* rows of

.

a h g
Lb f
9 f ¢

By performing on the 3-by-9 array the operation

rowy — (a+b+c)row, + (ab+be+ca—f%—g%—h?) row,
there is obtained

T . . .1 . . .1
« h g L b f g f ¢
A HGHBTFGTFOC
which is readily shown to be equal to Kummer’s sum of squares.

It is a little curious that Borchardt nowhere draws attention
to the fact that the determinant of the coefficients in the right-

hand members of his m'* set of equations is the m™ power of the
determinant of the corresponding coeflicients of the original set.

JACOBI, C. G. J. (1845, August).

[Ueber ein leichtes Verfahren die in der Theorie der Sacular-
storungen vorkommenden Gleichungen numerisch aufzulosen.
Crelle's Journ., xxx. pp. 51-94; or Gesammelte Werke, i.
pp- 227-270; or Nouv. Annales de Math., x. pp. 258-265.]

This long memoir being intended for astronomical mathema-
ticians and computers, there is little of it that concerns us except
two of the introductory sections (§§ 2, 3, pp. 52-56); and even
these need not detain us, as they are in effect but a well-
constructed abstract of Cauchy’s paper of 1829, the starting-point
being the set of n+1 equations

(an—0)z, + e+ oo+ oy, =0
U@ + (@—0)22 4+ ... +  Gp, =0

Ay + Upiot .. + (@p—0)2, = 0
acf+ e+ ...+ =1
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considered without any regard to the mode in which they may
have originated.

CAYLEY, A. (1846).

[Sur quelques propriétés des déterminants gauches. Crelle's
Journ., xxxii. pp. 119-123; or Collected Math. Papers, i.
Pp- 332-336.]

There is clear evidence that Rodrigues’ paper of 1840 made
a strong impression upon Cayley. In a paper published in 1843*
he introduces his subject by speaking of Rodrigues as having
“given some very elegant formule for determining the position
of two sets of rectangular axes with respect to each other,
employing rational functions of three quantities only”; and he
proceeds at once to demonstrate these formule as a necessary
preliminary to the essential part of his paper. In another
paper published in 1845,} the first part of which deals with a
quaternion identity, he makes the important observation that a
set of nine coefficients which occur in the identity is precisely
the same as the set of nine given in Rodrigues’ transformation ;
and he adds, “It would be an interesting question to account &
priori for the appearance of these coefficients here.” We are
thus not wholly unprepared for a communication from Cayley
himself on the subject of the construction of a linear substitution
for the transformation of «j+«;+ ... into &+ &+ .... The
following is his procedure, four variables being used in place of
his n.

With unity and any six quantities whatever there is first
formed the square array

1 lm lm lu ln lm lls lu
-1, 1 Ly Loy or say by s Ly Uy
- lxs - lzs 1 l:u lm lsz lsa ls4
- lu - l24 - l:u 1, lu l42 l4s l«

*Cayley, A., “On the motion of rotation of a solid body.” Cambridge Math.
Journ., iii. pp. 224-232; or Collected Math. Papers, i. pp. 28-35.

+Cayley, A., “‘On certain results relating to quaternions.” Philos. Magazine,
xxvi. pp. 141-143; or Collected Math. Papers, i. pp. 123-126.
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remembering that ., =1 and l,,= —1,. Then taking a new set of
four variables 6, 0,, 6,, 6,,-and using for their coefficients the
quantities in the square array, firstly as disposed in rows, and
secondly as disposed in columns, he puts

126y + 10, + L0, + 1,6, = o,

16, + 10, + les0; + 15,0, = @,
U5y + Lo + L5 + 130, = x4
Ly + gby + 1305 + 1,6, = =z,
and
116 + 15,05 + 15,6, + 1,0, = £
Loy + LooBp + 105 + 10, = &,
Uity + lsg0y + 15365 + 130, = & ,
Lby + 1gy0s + 15,6, + 1,0, = &,
thereby ensuring that

ezl .. =L 663 ..

Solving the two sets of equations separately for each of the 6’s
and equating the results, he next obtains

Lz, + Lo®s + Ly®s + Lg®, = L& + Liés + Lipés + Lyg,
Loy + Loy + Ly + Lo, = L& + Lpé, + Logfs + Lyt
Ly, + Loy, + Lgyws + Lygr, = L& + Lypf, + Ly + L3454J ’
Ly, + Lo, + Loy + Ly, = L&y + L + L + Ly g,

where L, is used for the cofactor of [,, in the determinant (A say)
of the initial array. It only then remains to obtain from this
the «’s in terms of the £'s, or the £'s in terms of the #’s. This
Cayley does by using as multipliers, in the former case the
elements of any row of the original array, and in the latter case
the elements of any column. Thus, multiplying by 1, L, s, {;,
respectively and adding, he obtains

A"’l = (ﬂnLn“ A) fl + 2lnL12€2 + 2lanfa+2luLufv



ORTHOGONANTS (CAYLEY, 1846) 305
the full substitution being

% = (g—Iﬂ—l)m oy Dogs Ty
Ty = 2151 <h_1)52 ‘2‘%2‘3{53"' '2—2254
4
m=  Zmgy  Map (A 1)53 Dou,
Zy = 2%51"‘ 2L4ofz 4353 (—_1)54

We may add, that had the relation of the reverse substitution to
this not been already known it would have been evident from
the set of equations which here produce both. The result
reached is that the n? coefficients ay, . . . , ay, for the transforma-
tion of rectangular co-ordimates cam be ewpressed rationally in
terms of in(n—1) arbitrary quantities 1, satisfying the com-
ditions Iy = —1,,1:=1 by forming the determinant |1, . . . 1n|,
or A say, and thereafter the udjugate determinant | LyLy, . . . L
and taking

nnl 3

9L, oL,,

Apy = N Ay A

By way of illustration Cayley works out the cases where n=3
and where n=4. For n=3 he begins with three quantities

-1.

v o —u
A
and obtains the substitution-cocflicients
1A= p2—)2 2(A\u+v)  20A—pu)

T+ +u 407 TN+ TN 402
2\ —v) 14 u?—p2—\2 2(uv+A)
T+N w42 T+N+ui 40 TN+ 40

2(0A+ ) 2(uv—2) 1+v2—>\2—,u.2’
T+ P+ 14N 2402 TN+ u2 402

remarking, in passing, on Rodrigues’ introduction of them (but

on this point see Euler’s memoir of 1770) and on their connection
M.D. IL U
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with the theory of quaternions. For m=4 he begins with the
six arbitrary quantities -

¢ b ¢
-h g
-f

and obtains for the substitution-coefficients the following quan-
tities all divided by A:

A-2(a®+ b2+ 2+ 6%) 2(f0+a+bh-cg) 2(g0+b+cf ~ah) 2(hf+c+ag-bf)
2(-f0-a+bh-cg) A-2(g%+h%+a2+6%) 2(-co-h+fy-ab) 2(b0+g+hf - ca)
2(-g0-b+cf - ah) 2(c0+h+fg-ab) A-2(h2+f2+b2+6%) 2(-ad-f+gh-bc)
2(-hb-c+ag-0f) 2(-bO-g+hf-ca)  2(ab+f+gh-bc) A-2(f*+9+c2+6)

where 0=af+bg+ch and A=1+0a24+0*+2+f2+2+M2+6

Before leaving Cayley’s very interesting paper it should be
noted that the essential part of it is contained in the first few
lines, where in effect he says that if we put

01+7\92+ﬂ93+-~-=“711 6y = A6, = p; —. ..
d

I
R ALEALE A

M+ 0,4+ v, +... =z, N+ 6, — B, —...
an

",uel"‘l’oz'l' 63-|-,.,=.’I'3}| ,U-01+V02+ 03—---
then @y, @y, @5, ... and &, &, &, ... are orthogonully related,
the coefficients of the linear substitutions connecting them being
rational functions of \, w, v,... The rest of the paper is taken
up with the finding of these coefficients, that is to say, with the
elimination of 6, 6,, 6;, ... and the expression of each of the
remaining variables as a linear function of all the variables of
the set to which this variable does not belong.

HERMITE, C. (1849, January).

[Sur une question relative & la théorie des nombres. Journ. (de
Liouville) de Math., xiv. pp. 21-30; or Buvres i. pp. 265-273.]

The problem here solved has only a distant connection with
our subject. What is given is a set of mutually prime integers
forming the first column of a determinant, and the requirement
is to find all the other elements so that the square of the
determinant may be 1.
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SPOTTISWOODE, W. (1851).

[ELEMENTARY THEOREMS RELATING TO DETERMINANTS. . . . ..
viii+63 pp., London.]

Following Cayley, Spottiswoode places the construction of an
orthogonal substitution at the opening of his section (§9) on skew
determinants. The mode of treatment differs from Cayley’s in
being verificatory rather than investigative. Starting with the
two sets of equations

10 + Uip0, + 3605 + 1,0, = wl}
and

l1101 + l2192 + l3103 + l4194 = fl}

he does not seek to ascertain therefrom the linear substitutions
connecting the a’s with the £'s, but bringing forward the co-
efficients of these substitutions as found by Cayley, namely,

2Ly, -1 2Ly, 2Ly, 2Ly,
A A A A }

he affirms that by using as multipliers, along with the first set of
equations, the elements of the various columns of this array in
succession we shall have

2L 2L, 2L 2L
<_A__1!- )wl_l_ AI 2+ 31 3+ 41 fl},

and that by using along with the second set of equations the
elements of the various rows of the array in succession we shall
have

(“’—X———l)m 26, + 2gog, + ug, —wl}

At the close of a preceding section (§6) he devotes three pages
(pp. 35-87) to an investigation of the conditions under which
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Lagrange’s determinantal equation shall have all its roots
positive. The result is not'so interesting in connection with our
present subject as a theorem made use of in the process of
attaining it, namely :—If we have given the set of equations

a,%; + ap® + ... + 8,2, = Oz,
8 @) + Bge®y + ... + 82, = O,

8y + a2 + ... + a,,x, = Oz,

where a, = a,, and if we put A for | a8y, ... 8|, then

A 3
Allwl + Az, + ...+ Az, = gwl
Amwl + A2‘-"w2 + ...+ -A-nzmn = %wz .
A

A-mml + Aznwz + ... + Armmn = —e‘wn

J
No proof of this is given, but one is readily got by using the
elements of the 7 column of the adjugate of A as multipliers in
connection with the given set of equations and performing
addition, when there results the 7 equation of the required set.*

*1t should be noted that the theorem holds when A is any determinant what-
ever. Further, there is implied in it another of at least equal importance,
namely :—If A stand for | a8, . . . 8 |, the equation whose roots are A times the
reciprocals of the roots of the equation

ap—0 ap e an
8y  ap-0 ... am |9
an1 a2 .« e ann— 0

A]l - e Ala “ .. Alu
An  Ap-6... Aw |_,.
Anl Anz LI Arm— ©

An independent proof of this is readily obtained by substituting A/ for 6 in the

original equation, expanding the determinant in a series arranged according to

descending powers of A/O, using ©7/A as a multiplier, substituting A, Ay. . .

for their equivalents, and returning to the determinant form.
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HESSE, O. (1851, April).

[Ueber die Eigenschaften der linearen Substitutionen, durch
welche eine homogene ganze Function zweiten Grades,
welche nur die Quadrate von vier Variabeln enthélt, in eine
Function von derselben Formn transformirt wird. Crelle’s
Jowrn., xlv. pp. 93-101; or Werke, pp. 307-317.]

Starting with the supposition that the substitution

k=n
k=1

Y = ap® + a4y + ...+ almwn}
makes
by +by:+...+ by =aml+api+...+az;,

Hesse obtains by differentiation with respect to z,, ,, @, «,, the
reverse substitution
oy = agby, + agbyy, + . .. + 0,09, }:':,
and having thus found that the latter substitution will make
axi+ax+...taxl =by +byl+...+by:

he is able by putting 5, for oz, and &, for by, to say that the
substitution

']k=alkfl+a2k£2+"'+ank£k}:::
will make
1,1, 1, 1, 1, 1,
a]'ll+a2’l§+"'+an”n—E£1+E52+"'+bn nt

The result is the theorem that—If the substitution

k=n

Y = auy + oy £ ... +aknwn} i=1
changes
by +by:i+... 40y into «@i+agxi+...+a0
the conjugate substitution will change
1 1 1 . 1,1, 1,
E;yf+3;y:+"'+ﬂ?/i wnto —b:a:l+7);:r2+...+b—wn.

n

The rest of the paper is occupied with theorems which hold
only in the case of four variables.
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SYLVESTER, J. J. (1852, July).

[A demonstration of the theorem that every homogeneous
quadratic polynomial is reducible by real orthogonal sub-
stitutions to the form of a sum of positive and negative
squares. Philos. Mugazine (4), iv. pp. 138-142; or Collected
Math. Papers, i. pp. 378-381.]

The terms “orthogonal transformation” and “orthogonal sub-
stitution” date from the year 1852, the former appearing in a
paper of Sylvester’s published in the February part of the
Cambridge and Dub. Muth. Journ. (see vol. vii. p. 57), and the
latter in the title of the paper now reached. In the former
paper, too, the word “unimodular,” as applied to a transforma-
tion, is first used (see p. 52), the meaning being that the
modulus—that is to say, the determinant of the coefficients of
transformation—is then unity.

As has been already noted * when dealing with axisymmetric
determinants, this opens with the proposition that when a,,=da,,,

ap+z  ay, ... ay, Uy =2 Uy oe. Uy
Qg Ut T ... | Ga Gm—z ... a,
Ay U Uyn +x %) a"n2 a’vm
—_2
=2 Gy Q1n
9
=] a1 Gu—7 Qon
— 2
in qn2 b an T
where Qrs = (@1 Oy o oo Ay § Ay . o o Uy) s

and where therefore

|qIIQZ2"'Q1m| = I“lla%"'“nnlz'

It is then pointed out that the last determinant multiplied by
(=1)" is expressible in the form

@) — Q@)1 + Qa2 — ... ..

* On verifying this, see also the account of the relat d : in th
Nouv. Annales de Math. for November 1852, ¢4 paper published in the
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that Q,, Q,, ... can be shown to be sums of squares; that
consequently the values of 2% in the equation

(@ = Q@1 + Qe - ... = 0

are all positive; and therefore, tinally, that the values of =
in the equation

Cbu—w (012 v oe e ("ln
(4121 (tzg—x D (1,2,, = 0
[ Ay o or Uyy—T

are all real.*

The remainder of the paper deals with the “ Law of Inertia for
Quadratic Forms,” this law being “that by whatever linear
substitutions, orthogonal or otherwise, a given polynomial is
reduced to the form ZA &2, the number of positive and negative
coeficients is invariable.”

LAME, G. (1852).

[LEgoNs SUR LA THEORIE MATHEMATIQUE DE L’ELASTICITE DES
Corps SoLIDES. xvi+336 pp., Paris.]

While discussing (§§ 18-22) the axes of the ellipsoid of
elasticity Lamé gives in substance the theorem that if | a, 8, vs|
be an orthogonant, and the ordinary multiplication-theorem
produce the identity

a B 7 o f e a G ag P, @ Q
ag :32 Ye I° f b d|-| B B: :33 =|Q P, Q1
ag B vs e dc Yi Y2 Vs Q Q P
then
P,+P,+P; = a+b+c,
P Qs P, @ Py Qf_|ef b d @ el
Q BlTle PJ*Q.; P| 7 |f b(*(dc Tle of,

*This proof, for the case where 1=3, is given free of determinants by Grunert
in the Archiv d. Math. u. Phys., xxix. (1857), pp. 442-446.
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and of course
P, Q Q a f e
Q P, Q|=|f b d
QQ Q P e d c

No determinant notation, however, is used, nor are determinants
spoken of.

HERMITE, C. (1853, May).

[Sur la théorie des formes quadratiques ternaires indéfinies.
Crelle’s Jowrn., xlvii. pp. 307-812; or Huwres, i. pp. 193—
199.]

[Remarques sur un mémoire de M. Cayley relatif aux déter-
minants gauches. Cambridge and Dub. Math. Jowrn., ix.
pPp. 63-67; or uwvres, i. pp. 290-295.]

In his paper of 1846 Cayley, as we have seen, gave a general
solution of the problem of the transformation of x2+,2+ ...
into £2%2+ &%+ ... by means of a linear substitution. Hermite
now faces a more general problem, namely, “la transformation
en elle-méme d'une forme quadratique quelconque,” a problem
which in itself is rather outside our subject, but which, by reason
of the important modification made in the initial step of the
solution, deserves attention.

The quadric being f(x,, «,, ... ), the problem is to find the
most general linear substitution which will transform

f(®,, x5, ...) into f(§, &, ...);

and Hermite having before him Cayley’s expressions, in the
simpler case, for the #’s and £'s in terms of an intermediary set
of variables, and observing that any member of the intermediary
set is the arithmetic mean of the corresponding members of the
two given sets, begins by imagining merely “que les quantités
x et ¢ soient exprimés par des indéterminées auxiliaires 6, de
sorte qu'on ait en général

wr+£r = 20r-”
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There is thus obtained
F@y, @ ... = f(2e,—gl, Wy—y )
= 4@, 0y ) — 2(ér) af+§2 af ) f s )

so that in order to have f(z,, x,, . . . )=f(fl, &, .. .) it is seen to
be necessary that

fl f+fz f = 2f(61’ 02» . )

Now this condition is ma,mfestly satisfied by putting &=6,, but
“la maniere la plus générale de la véritier en exprimant les
quantités £ en 0 sera de faire

9,+{2','>m

8=1

les indétermindes \ étant assujetées & la condition A,, = —]A,.”
This of course implies that

8=n

0 %Zx‘rsae )

and there have thus been obtained in their general form the
two sets of equations with which Cayley started in his special
case.

For those who may wish to pursue the subject of “auto-
morphic transformation ” farther than these papers of Hermite’s
we may note that the actual expression of the «’s in terms of
the £'s was given by Cayley in a paper dated 24th May 1854,
and that he extended his result to a bipartite quadric function
in a paper dated 10th December, 1857.1

Another problem, which in the early history of orthogonants
we have seen to be of interest, namely, the simultaneous trans-

*Cayley, A., ““Sur la transformation d’une fonction quadratique en elle-méme
par des substitutions linéaires,” Crelle’s Journ., 1. pp. 288-299 ; or Collected Math.
Papers, ii. pp. 192-201. See also Brioschi in Annali di Sci. mat. e fis., v
pp. 201-206.

1Cayley, A., ‘A Memoir on the Automorphic Linear Transformation of a
Bipartite Quadric Function,” Philos. Transac. R. Soc. (London), exlviii. pp. 39-46 ;
or Collected Math. Papers, ii. pp. 497-505.
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formation of two quadrics, Cayley also dealt with, the first time
in 1849 and the second in 1857.*

SYLVESTER, J. J. (1853).

[The algebraical theory of the secular-inequality determinantive
equation generalised. Philos. Magazine, vi. pp. 214-216;
or Collected Math. Papers, i. pp. 634-636.]

The fundamental theorem here is that if

ux+a br+p w+ta be+B dwtd
X, = ax+aq, X, = bi+B cwty |, X, =|bzx+B cxt+y ex+e
dz+d6 ex+e fr+¢

and the coeflicients of the highest powers of # in X,, X,, X, ...
have all the same sign, then the roots of X; will be all real and
will lie respectively in the intervals comprised between + o, the
successive descending roots of X,_,, and —c. The mode of

proof is Cauchy’s (1829).

SPOTTISWOODE, W. (1853, August).

[Elementary theorems relating to determinants. Second edition,
rewritten and much enlarged by the author. Crelle’s Journ.,
li. pp. 209-271, 328-381.]

In trying to insert in his second edition an alternative process
for establishing Cayley’s result of 1846, Spottiswoode is very
unfortunate. The place selected by him is immediately after
the sentence defining skew, and therefore immediately preceding
the former process; but in making the insertion (p. 260) the
predicate of the important sentence in question has suffered
excision, along with a very necessary explanation regarding
the diagonal elements of the initial determinant. Further, at
the utmost all that is established is the fact that the determinant
of Cayley's substitution is equal to +1. Such neglect, however,
can well be overlooked in view of certain deductions which he

* Cambridge and Dublin Math. Journ., iv. pp. 47-60; and Quart. Journ. of
Math., ii. pp. 192-195; or Collected Math. Papers, i. pp. 428-431, and iii.

pp. 129-131.
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records, and which he says can be made from Cayley’s result.
These may be enunciated in more modern form as follows:—

If |ay 8y ... 8y or A be a unit-axial skew determinant,
|Ay Ay ... Ayl its adjugate, and |w,; wy ... wy,| Cayley's
orthogonant formed therefrom, then

AL+ AL +. ..+ AL = A, A, } (@)
AvAi e + Ay + ... + AnrAus = %(Ars'l'Asr)- A

and
- (B)

The former, (a), belongs strictly to the theory of skew deter-
minants, as has already been mentioned in the proper place.

A0y + U0y + .« . o+ U0, = urr}
U@y + Qs + o o o+ Aoy = Uiy

CAYLEY, A. (1853, November).

[On the homographic transformation of a surface of the second
order into itself. Philos. Magazine, vi. pp. 326-333; or
Collected Math. Papers, ii. pp. 105-112.]

Here Cayley recalculates the general orthogonant of the 4th
order, taking note in passing of the related identity
(—ax—by—cz+w)?
+ (@ +vy — pz+aw)+(—vo+y + Az +bw)+ (uw — Ay + 2+ cw)?
= 22+ 2+ 22+ w4+ (ax + by + cz)?
+ (vy — wz+ aw)’ + (= v+ Az + bw)? + (ux — Ay + cw)?.

We may add that if the last eight squares be subtracted from
both sides of this there remains on the left-hand side a quadric
having a zero-axial discriminant.

BRIOSCHI, F. (1854, March).
[La TEORICA DEI DETERMINANTI, E LE SUE PRINCIPALI APPLICA-
ZIONL viii+ 116 pp., Pavia.]

In Brioschi's text-book, the paragraphs dealing with a
“sostituzione ortogonale” are somewhat scattered, most of them
appearing among the applications (pp. 24-26, 47-51, 62-69).
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The first deserving of notice (p. 49) concerns the product QPQ,
where P and Q are determinants of the same order and Q is the
conjugate of Q. Viewing the product as Q- (PQ) Brioschi first
uses a result of C‘auchy s to express any m-line minor of Q-(PQ)
in terms of m-line minors of Q and PQ : then for the said m-line
minors of PQ he substitutes with the same assistance expressions
involving m-line minors of P and Q: there is thus obtained for
any m-line minor of QPQ an expression involving only m-line
minors of P and Q. The result may be put in the form

(QPQ) = X, [Q{PwQi + PE'QY + ... + PQE} ],

if z be put for n(n—1)...(n—=m+1)/1.2....m, and if gen-
erally we use A® to stand for an m-line minor of an n-line
determinant A, the rows of A taken to form A% being those
whose numbers constitute the 7" combination of m of the
integers 1,2, ..., n, and the columns those whose numbers con-
stitute the s like combination. Putting v=s we obtain the
expression of an m-line coaxial minor of QPQ, and thence for
the sum of all such minors the expression

>, Tl {prQl + PQl + ...+ PRQ}],

which changes into

S (BN 4 PO 4+ TN,
if M be the determinant which equals Q% Specialising still
further by making Q the determinant of an orthogonal substi-
tution so that

M™ =1 and M™ =0,

Brioschi finally obtains the important “ formula nota ”

2. (QPQ)y = 2520,

which we may express in words for ourselves thus:—If Q be an
orthogonant and P any other determinant of the same order,
then the sum of the m-line coaxial minors of QPQ is the same as
the sum of the m-line coaxiul minors of P.

The other paragraph requiring notice concerns the determinant
arising from Cayley’s of 1846 by subtracting 1 from each diagonal
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element. The value of this is shown (p. 65) to be 0 when = is
odd, and 27A,/A when 7 is even, A being the basic determinant,
and A, what A becomes on making all its diagonal elements zero.
The result is easily reached on multiplying the given determinant
by A and showing that the product is (—1)"2"A,.

BRIOSCHI, F. (1854, August).

[Note sur un théoréme relatif aux déterminants gauches. Journ.
(de Liouville) de Math., xix. pp. 2563256 ; or in the French
translation of his Teorica dei Determinanti, pp. 144-147;
or Opere mat., v. pp. 161-164.]

Brioschi’s subject is really the equation

@y — W W1y
Wy  Wp—L Wop, =0
- 3
Oy Wpz o Ou—Z

in which the left-hand member is the determinant of Cayley’s
orthogonal substitution with —2 affixed to each diagonal element.
He notes at once, of course, that if the basic determinant be
|Gy Cog « « « an|, Or A say, the equation may be changed into

A,-y Ay s A
Ay Ap—y ... A,, = 0,
A, A, ... Au-—y

where ¥ is put for }(1+2)A. A further transformation is then
effected by multiplying both sides by A and putting 2z for
1—A/y, the result being

2 Oy ...
Wy & oo Uy | _ g
Wy Ugy o0 2

Using Cayley’s expansion (1847) for the determinant on the left,
it is seen that when = is odd the equation resolves itself into
z=0 and an equation in 2% with positive coefficients, and that
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when 7 is even it is already of the latter form. All values of 2?
thus obtainable must be negative, and consequently all the values
of 2 save the value 0 must be imaginary and must occur in
pairs whose sum is zero. But as

A x—1

== aFea “ov1’
and

it is clear that for every pair of values of z that differ only in
sign there must be a pair of values of » that are reciprocals.
The theorem reached by Brioschi we may thus enunciate for
ourselves as follows:—The roots of the equation

wn - w12 . e (01"
Wy W= ... Do = 0
H)
Wy Wyo cee Wp—%

where |y wy, - + + @y, | 18 Cayley’s orthogonunt, ure wrrangeable
wn pairs of reciprocal imaginaries, save when n is odd, in which
case there is the single real root 1.

When instead of the w’s we take the coefficients of the
substitution which transforms a general quadric into itself, the
words “reciprocal imaginaries” need to be changed into “re-
ciprocals.” This generalisation Brioschi published a month or
two sooner (see Annali di Sci. mat. e fis., v. pp. 201-200).

BRUNO, F. FAA DI (1854, September).

[Note sur un théoréme de M. Brioschi. Jowrn. (de Liouville) de
Muth., xix. p. 304.]

On multiplying both sides of Brioschi’s equation (1854,
August) by | @y wy + « + @,,| and dividing by (—=z)" an equation is
obtained which differs from the original simply in having z-1

for . The portion of the theorem which concerns “ reciprocity ”
Bruno thus readily establishes.
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CAUCHY, A. L. (1857, Feb.).

[Sur les fonctions quadratiques et homogénes de plusieurs
variables. Comptes rendus ... Acad. des Sci. (Paris), xliv,
pp. 361-870, 416 ; or uwvres complétes (1), xii. pp. 421-432.
+44-445.]

The second section of this bears the title “Sur I'équation
qui détermine les maxima et minima d'une fonction réelle
quadratique et homogéne de plusieurs variables dont les carrés
donne pour somme l'unité,” and at once recalls the important
memoir of 1829. The subject is the same, and any additional
result obtained is quite unimportant. Further, the mode of
treatment is not essentially different, the language and
notation of ‘clefs anastrophiques’ being for some obscure
reason substituted for those of ‘sommes alternées.’

We have only to add, as being well worthy of note in
passing, that this was Cauchy’s last contribution to the
literature of our subject, his first and greatest, and probably
the greatest of all, having been made so long before as forty-
five years. Three months after the last was presented to the
Academy he was dead.

BALTZER, R. (1857).

[THEORIE UND ANWENDUNGEN DER DETERMINANTEN, mit.....
vi+129 pp. Leipzig.]

Baltzer devotes a whole section (§15) of seventeen pages
(pp- 80-96) to the subject of “Die lineare, insbesondere die
orthogonale Substitutionen.” The section, like its fellows, s
noteworthy, not for freshness of matter, but for good arrange-
ment, clearness and compactness.

In treating of Cayley’s orthogonant (§15, 6) he takes /, not 1,
as the constant element of the basic determinant: and, when in
the course of the proof he obtains the two values for each of
Cayley’s 0s, he does not equate them, but uses with each of them
Hermite's observation

xi"l'f = 2loi:
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thus reaching the elements

awy,_, A,
A A

of the desired substitutions without more trouble. On the other
hand, he fails to note that Cayley’s 6's are so introduced as
to ensure from the outset the equality of «*+2+...and
&3+ &%+ . .., and thus he is led to prove propositions already
established (§15, 5).

Brioschi’s equation of August 1854 being denoted (§15, 9)
by f(#)=0, he multiplies f(z) by f(—=z). and obtains for
f(@)- f(—x)/x a skew determinant having each diagonal element
equal to 1/z—z. This determinant being therefore expressible
as a sum of squares when = is even, and as 1/z—2 times a sum
of squares when n is odd, the part of Brioschi’s proposition
which asserts the unreality of the roots follows by a reductio ad
absurdum.

SALMON, G. (1859).

[LEssoNs INTRODUCTORY TO THE MODERN HIGHER ALGEBRA, ...
xii+ 147 pp., Dublin.]

In Salmon’s treatment of the subject (§§ 118, 139, 142, 156-7,
163-4) only two points call for remark. In the first place,
“orthogonal transformation” with him is not as with his pre-
decessors a transformation which merely changes

w*+yi4224 ... into E+42+3+. ..,
but one which at the same time changes
o+ byt e+, . . +2fyz+29ze+2hey+... into A€+ BpP+C{2+

In the second place, he has a fresh mode of arriving at the
equation for determining A, B, C,... Calling the four quadrics
just mentioned V, V', U, U’, he forms the discriminant of U—AYV,
and asserts that the coefficient of all the several powers of A in it
must be invariants, and that, therefore, if the said diseriminant
be put equal to 0 and the equation so obtained be solved for A,
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the roots resulting must be identical with the roots of the
equation
Diserim. (U'—AV’) = 0;

in other words, that we must have identically

«—X h g .. A=\ O 0
h b=\ f ... 0 B-A 0
g f e=x ... 0 0 C-A

so that A, B, C,.. . are the values of A in the equation
Discrim. (U=AV) = 0.

HESSE, O. (1859, October).

[Neue Eigenschaften der linearen Substitutionen welche gegebene
homogene Functionen des zweciten Grades in andere trans-
formiren dic nur die Quadrate der Variabeln enthalten.
Crelle’s Jowrn., lvii. pp. 175-182; or Werke, pp. 489-496.]

Hesse’s object is that of Kummer (1843), Jacobi (1844, March),
and Borchardt (1845, January), namely, to prove the reality of
the roots of Lagrange’s determinantal equation by showing that
the product of their squared differences is essentially positive,

Taking the linear substitution

k=n

fk = ama‘q + a‘.ng + .o + ak”w,,}k-__l

we readily see that £¢&, ... £, is expressible as a sum of terms
of the form Cz{z? ...z, where ¢, +6+...+e,=n and C

is an integral function of a’s—a result which Hesse writes

SIEZ L f’" = ZA"leﬁ s "nw;lw;’ ce w:’:"

the coefficient of any term being denoted by an A with » suffixes

identical with the » exponents of the #’s. Now let us suppose

the substitution to be orthogonal, in which case we know that
k=n

2, = alkgl + a2k£2 +...+ a,,,,.f,.}hl H

and let us thereby transform D A......2"3 ... 2™ so as to
M.D. IL X
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have it again in terms of the s In doing this Hesse pays
attention only to the term in £&§, . . . £, making the assertion
that the coefficient of £&, ... & n XPXy ... X 8 either the
same as the coefficient of xIx ... xPin £& ... & or differs
from the latter coefficient by « merely arithmetical multiplier.
From this it follows that the coefficient of £&¢&, ... £s in any
term A, ... 2% ...« is a merely arithmetical multiple

of A} . and, if the multiplier in question be denoted by

€€g .« . O )
Ocpy . . . ¢, there results from the equatement of coefficients

1 = Eeﬁeﬂ e ¢’1A:1('2 T Y
Next, let us suppose in addition that our substitution trans-
forms an n-ary quadric
.fl(wl; w2) LR w'n) into glfi + .(12£; + tett + gnffp

a step which, as we know, introduces the quantities whose reality
is in question. In regard to them Hesse first recalls Jacobi’s

proof (1833) that they are such that
GEHGE .. A GE GEHAEE .+
are also expressible as homogeneous quadric functions of the &'s,
and that the coefficients of these quadrics are rational integral
functions of the coefficients of the original quadric f,. It is
seen to be not inappropriate therefore to use
So(tty, @y .., @a) for gi&l+ i€ +... + 906
and to denote the partial differential-quotient of fp(w;, @y, ..., @4)
with respect to @, by f,(s), thus giving
1y (@) = augtf, + apgié, + .- - + L
The next step is the deduction of an important result from the
consideration of the determinant
x, X, . X
Miw) @) ... $fi@) | or A sy

@) M@ ... B
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Each element being linear in the «s, the determinant is of the
n' degree in those variables, and therefore we may put

A = 2Buy...08a} .. 2

On the other hand, if we substitute for each element its expres-
sion in terms of the £’s, the result is manifestly a product-
determinant, and we learn that

anp Aap Qi3 .. Oy 61 glfl g?fl ce 97-151
A= Ay Qg O fz ngg ngs L gg-lfs

Gni Oy Gug oo Oy f 9..f 925 e 076
= (:I:l)-[g‘l’g; . "g:_l|'£1$2' .. fn.

Equating these two values and substituting the expression found
at the outset for £,&, . .. £, we obtain

2Bu..otia )t = (211905 67| 2. i
and thus see that

Belcg. by — (il)'lg(;g; s 9:_1 |'A¢1¢a-- . tn
as Jacobi had shown in 1845 in the case of n=3.
With the help of this, Hesse’s first result at once becomes

lggg;' . 'g:_l lg = Eeeleg...e,,Bg ceatp?

€162

and the desired end is reached.



CHAPTER XI

PERSYMMETRIC DETERMINANTS, FROM 1841 TO 1860.

As has already been pointed out (History, i. pp. 485-487%), the
special form of determinant named “persymmetric” in 1853 by
Sylvester came first to light in 1835 in a paper of Jacobi’s on the
elimination of the unknown from two equations of the n'** degree,
the fact being that the adjugate of Bezout’s condensed eliminant
—in other words, the adjugate of the determinant resulting from
Bezout’s “abridged method” of elimination—is there shown to
be such that the elements of it whose place-numbers have the
same sum are equal.

The essentials of the proof are easily made clear if we accept
the fact that from the equations

0%+ agy + agz = 0
b + by + bz = 0
6T 4 ¢y + ¢y2

0

it can be shown for non-zero values of z, ¥, 2 that
wry:zii At A T Ay
2:B,:B,: B,
::C;: Gyt Gy
This is something more than what Jacobi had then occasion to

use, but in 1841 the portion of it which holds when there is one
equation fewer was stated by him in all its generality in §7 of

*The 7th and 8th lines of p. 486 have unfortunately been transposed by the
printer. Also, in the first determinant of the footnote on the same page the
first b; should be b,.
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the De Formatione ... Specialising from it in two directions,
namely, (1) by taking x, «? «® instead of z, y, 2z, and (2) by
taking the determinant of the coefficients to be axisymmetric,
we can assert that if the equations

ax + fa? + ex? = 0
Je4 bat+da® = 0
ex +daz+ cxd =0

hold for a non-zero value of «, then
z:axt:ax8::A: F: E
+F:B:D
:E:D:C;
and it will follow that B=E, and that
z:a:axt:xt: b A:F:E:D:C.

Now the set of equations from which Bezout’s condensed
eliminant is derived is of the very special type here posited:
consequently it is seen that the adjugate of the said eliminant
must be persymmetric, and that its different elements form an
equirational progression whose common multiplier is the root
common to the original pair of equations.

ROSENHAIN, G. (1844).

[Exercitationes analytic® in theorema Abelianum de integralibus
functionum algebraicarum. Crelle’s Journ. xxviii. pp.
249-278.]

What concerns our subject here is a digression (§§ 5-10,
pp. 263-278) on the elimination of the unknown from two
equations of the n'® degree. The first two sections (pp. 263-268)
are little else than a reproduction of part of Jacobi’s paper of
1835 dealing with Bezout’s so-called “abridged method,” and the
remainder contains a discussion of other methods In subject,
therefore, the digression resembles Cauchy’s paper of 1840.

At this point we have to recall the fact already reported,
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that in Borchardt’s paper of 1845 (January) a determinant
of the special form we are now considering appeared as an
expression for the square of the difference-product, and that
a generalisation of this result was given by Cayley the year
following. These two papers as well as four others dealt with
under Alternants should be kept in view in reading the present
chapter. The full list is—

1845 Borchardt, C. W, p. 159. 1854 Brioschi, F., p. 172.
1846 Cayley, A., p. 162. 1857 Bellavitis, G., p. 181.
1854 Joachimsthal, F., p. 169. 1847 Baltzer, R. p. 183.

JACOBIL C. G. J. (1845, August).

[Ueber die Darstellung einer Reihe gegebner Werthe durch eine
gebrochne rationale Function. Crelle's Journ., xxx. pp.
127-156 ; or Gesummelte Werke, iii. pp. 479-511.]

The subject here dealt with by Jacobi is that first considered
by Cauchy in the fifth note to the Analyse Algébrique of 1821,
namely, the extension of Lagrange's interpolation-formula, or
the finding of a function % of the form N(z)/M(x) which shall
have the values w,, %,, ...., %,y When = has the values
Xy, Xy, +++.; Xpimy, it being understood that N and M are
respectively of the n'" and m*™ degrees in «.

The given n+m+1 equations

uM(z,) = N(z,), w,M(z,) = N(xp), ......

are first used to eliminate the m+1 coefficients of N(z), and
thereby obtain m equations for the determination of the ratios
of the coefficients of M(x). This is interestingly accomplished
by using the multipliers «?/f(x,), 22/f(2,), ..... , Where
J@)=(@—x)(@—2,) . ...(@%—Lny), then performing addition,
and finally utilising a known theorem regarding “partial
fractions.” The result is that for any one value of p we have

{=n+m+1 t=n+m+1

natM@) _ N\aN@),

fw)y = & f@
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and that therefore when p has any one of the values 0,1, 2,. ...
m—1, we have

i=n+m+1
wzf M(x;) =0
“ f(x) )
By putting
? » "
v, for Tt Lot g1 Yntmst
’ Fay T @yt T @)
and

a+ a4+ a2 + ...+ ame™ for M(z)
these last m equations become

'an + vlal + 'vzag + e + ’Umam = 0
via + v + vz + ...+ UppiOn

f
o

V10 + Uty + Upag + + oo + Vg1 = 0
whence for M(z) there is obtained the expression *

1 z 2 ...z,
Vo U Yy ... Uy
v, Vy Vs ee. Upp

V-1 Um Vmtr «++ Vam-1|>
* By making the observation that the v's arc neatly expressible as determinants
the whole matter may be put much more simply. Thus, taking the case where
u=(By+ By} [ (ag + @, + ayx?), We see at a glance that
1 oz 2f af(Bp+Bt)
1wy @ x(By+Bi%)
1 xy ag® ag?(By+Brts)
1 oxg xl 2Bt By
and therefore from the data that
1 o2 2?2 w4 Pay+ 0T+ agty?)
1 xy 2 waP(gota@+tasty?) | _ o when p=0orl,
1 g 2 wgr?(ag+ ay®y+agts’)
1 x, 22 u@P(ag+ax,+agr?)
or, what is the same thing, that

&

=0 whenp =0orl,

1 = x° wmx? 1 o 22 wxpt? 1 o x® wart®
1 @y ) w | |1 % x? w11 x 22wz pte g = 0
1 wg g g | O |1 @y wg? w7 |1 ox agd wgrgt?
1 x‘ x" u‘x‘” 1 X4 wf ‘u‘x“ﬂ' 1 1 Ly ﬂ.hg wUgx, ‘P+2
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or, by further putting w = v, —av,,

W, w, Wip-1
w, w, Wy,
wm -1 wm e w2m -2

After finding other forms for M(z), and varying (§ 2) the mode
of finding them, Jacobi proceeds (§3, pp. 140-146) to deal with
N(z), first remarking, of course, that the one function is
immediately determinable from the other, because the problem
of representing w,, u,, .... by N(x)/M(z) is the same as the
problem of representing w?, u;l,.... by M(z)/N(z). Instead
of utilising this, however, he takes from the theory of “partial
fractions” the result

=n+m+1

_N@ _ E_ﬂi)__ﬁ,
J(x) “~ (@ —)f (;)
whence follows
i=n+m+1
_N@ _ wM)
f(x) P (x;—x)f ,(wi)’
so that if we put
i=n+m+1 »
R, for o
T Ao @)
we have
N()

=ty = BotaRit ... +auB,

From these two equations on solving for a, : a, : ay and substituting in ay+ a2 + a,2?
we obtain

1 = a2
M@)=|v v u
vy Uy g
where v? = | 2,0 2! 2 22y, |, or
M(z) = | % @ l
W Wy

where wp = vpyy —av, = | 2,0 2! 2,2 wPu(v,-) |.
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and therefore, by substituting the already found values of

R, R ... R,
NG@) Vo Y ... Uy
f(w) 2! Vg vor Unp

vm_l vm LI ) vm-l .

As, however, #R,+v,=R,,,, we can change the elements of the
second row here into R, R,, ..., R,.,,, and then the elements of
the third row into R,, Ry, ..., R,..,, and so on, thus arriving
at a determinant of the same special form as in the case of M(z).*

Combining the two results, Jacobi is thus led to the theorem
that

g‘” g; g:‘ w, W W1
1 N(m) R R o R th .| ™ W, W
Tf@) M) T | e o BT .o

p m L m | e

" —ua result not easily verifiable by giving x one of its n+4m+1
values.

* Continuing the case of the previous footnote we should prefer to begin with

1 2 z? Nxy)/(x-z)
1 @, w2 N(x)/(x-2y)
oz z? Nixgf(z-z)
1 z «f N(z)/(x-=) |,

N(x)

T wmead] =

and then proceeding exactly as before we should arrive at

P P P2
T atmlatadl = | po
Ps Ps Psl>

where pp = | 2,0 23! 2 xPusf(x - ) |.

The function sought would then be

Po A P2
(e —2)) (@~ ) (£~ 2g) (X ~2) | ;1 pa Ps
P2_P3 Py |-

0“’1’

| 2 et - . @
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For ourselves we may add that the theorem becomes still more
interesting when it is pointed out that, by reason of the identity

Y, Y Y

B Tt S L
$@) Fa TR,
where ¢(y) = (y=y)(¥=¥,) ... (y—7vy»), the R’s like the w's
are all expressible as determinants of the order n+m+1, that
these determinants in both cases belong to the special type known

as alternants, and that R, differs from w, in the last column
only ;—in fact, that

|90y Y = 90 iy =

1 2 af ... &3 abu,f(x,—x)
Roo|l @ @ . @ dufmea)|
apt™l /(g —x) | T &,

2
1 x «f s
2 n+m~1 v —
® x ... & xP Uy (@ — )
2 n+m-1
@, @ ... ahuy(y—) |, {.Q,

wp =
2 nt+m-1 —
Ty X ... X &l uy (23— 1)

where {* is the difference-product of z,, ,, ..., . ns-

BORCHARDT, C. W. (1847, February).

[Développements sur I'équation & 'aide de laquelle on détermine
les inégalités séculaires du mouvement des planétes. Journ.
(de Liowville) de Math., xii. pp. 50-67; Gesammelte Werke,
pp. 15-30.]

The new section of this paper, which is an extension of
Borchardt’s of 1845 (January), is the third (pp. 54-60), and
explains at length how, for the purpose of ascertaining the
total number of real roots of the equation of the n™ degree
f(x)=0, the coefficients of highest powers in the series of Sturm’s
functions f(z), fi(%), fy«), ... may be replaced, according to
Sylvester, by

1, n, 2(z—2), D (@, — )2 (g — 22,22, —a, ),
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where z,, ,, . . . are the roots, and therefore by
1, s, ]38 3§

8 &

8 8 8

» |81 8 8
3, 8 8, |,

where s, =u«j+;+ ... +x,. All this, however, is practically
implied in Cayley’s paper of 1846 (August).*

SYLVESTER, J. J. (1851, May).

[Essay oN CanNoNicaL ForMs: Supplement to a “Sketch of a
Memoir on Elimination, Transformation, and Canonical
Forms,” 36 pp., London. Or Collected Math. Papers, i.
pp. 203-216.]

In giving a preliminary notice of his general method for
reducing odd-degreed functions to their canonical form, Sylvester
says he based his method on the proposition that every one of
the n-line minor determinants of the array

Tl T2 T3 ¢ o " n+1
T, T, T, ... Top
T3 T4 T5 LI Tn_‘..s

Tn Tap Tty «0o T
vanishes if
T, = 0™ + &0 4. .+ ol 20
This, which he hastily calls “a beautiful and striking theorem,”
and which he generalises in Note B of an Appendix, arises from
the simple fact that each determinant is the product of two
zeros, T; being
(@ @™ oo, @y, 0 O, BT, L, B, 0),

It is of more importance, therefore, to recall that it was in

*The proposition Borchardt is concerned with is of course that The equation
f(x)=0 has as many pairs of imaginary roots as there are changes of sign in any
one of the three series mentioned.
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this year that Sylvester made the fruitful observation, already
chronicled,* that the persymmetric determinants

ac—b% ace+2bcd—aet—bd:—c

are expressible as “commutants,” or rather that these special
determinants could be represented in the umbral notation by
using umbrae not wholly unconnected with one another. Thus,
while

0 1 2 00 01 02
‘ 0 1 2 stands for the general determinant | 10 11 12
20 21 22

so long as the umbra are understood to be entirely independent,
it might also be used to stand for the special determinant

00 01 02
01 02 03
02 03 04

if some mark were added to indicate that in the development
01 is to be put for 10, 02 for 20 or 11, 03 for 12 or 21, and
04 for 22.

SYLVESTER, J. J. (1851, October).

[On a remarkable discovery in the theory of canonical forms and
of hyperdeterminants. Philos. Mugazine, ii. pp. 391-410;
or Collected Math. Pupers, i. pp. 265-283.]

The consideration of the problem of the canonisation of the
binary quintic led Sylvester to the more general problem of
determining the p’s and ¢’s in

(P@+qy)™" + (P2 + @Y™ + . . .+ (Pars®+ QoY)
80 as to make this expression identical with

a2+ (2n 4 1)aa® y' + §(2n 4 1) 2na,2™ iy + . . . .+ dgp Y.

* See above, pp. 68, . ...
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This is at once seen to depend on the solution of the peculiar set
of 2n+2 equations

m™ + Ty + “ oo + Tut1 = U/O
mA FmA o TpAan
Tl)\: + ngz + “ v + 7r1l+lhn+l = Uy

I
S

2n+41 2n+1 2n+1
‘7rl>\1 + A + c e e + 7r,,+17\,,+1 = %.*.1
where the new unknowns 7, s, . ..., Ty Al Agy oo v v, A

are introduced merely for shortness’ sake, namely

2n-41

m, for p, and A, for g,+p,.

Taking n+2 consecutive equations beginning with the first, and
eliminating the 7’s, there is obtained

1 1 R | y
AN s N @
2 2 2 —_
xl Az e An—l—l (l/2 - 0!
n+1 w1 nt1
>\1 7\2 e >‘n+l (LR}

which, if division by the difference-product of the A’s be effected,

gives
(I/,,_H -, le + (4% 27\0\2 e = 0.

A similar result is evidently reached by taking any n42
consecutive equations, so that altogether we shall have

Unpr — Uy DA+ Gusy DA — ... =

an+2 - a/n.l.l ZAI + an EA )\ e e. = O

(L,H.s - ann+2 le + Up41 Z)\ A) e el = 0

(1«2,,4.1 - le + az.” -1 ZA )\2 = i e = 0
—that is to say, a set of n+41 equations in the n+1 unknowns
D) VD) ¥ VR » AAg- .+« A4y, Uhe solution of which is

Y. Y
A A
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where A, is the determinant whose array is got by deletmg the
(r+1)" column from the array

Upyqy Ay Oy oy v Oy
gy Uyyy Ay v Oy
Qg1 Aoy ey oo v Oy

From this it follows that the \’s are the roots of the equation
Aokn'l-l—'AlA”'l'AgAn-l—' “ e = 0,

v.e. AP U U at D N
Iy G Apey o enn O
Appy  Upyy Oy ceee 0y | =0,
g1 gy L R L
7.e. Oppy =N @y =Wy A ... @ —QA
Uppg =Qpp N Qg — QA B =0
R (Y N A,

On substituting in the first n+1 equations of the original
set the values of A, Ay, ..., Ay thus found, the values of
T1s Mgs + + +» Tnyq 8 Obtainable from a set of linear equations of
the type associated with the name of Lagrange.

The latter part of this procedure is not given by Sylvester,
who on reaching the set of equations in 2\, ZA,, ..
suddenly draws the seemingly irrelevant conclusion “that

@+ANYE@+HNY) - oo (@ NY)

is a constant multiple of the determinant

vt —gty  avtly? L ”
T A A
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As a matter of fact (px+9,y)(P2+92Y) - - . . (PnpZ+Gni1y)
= 0,05  + + Pop@HNY@HAY) - .. (@4 N1y,
= PPy Pa(E + ety + ANl 4 L),

= Bibei Pebagnity Agry+ Agn iyt ),

= P1Ps - - - Pana
A A

0

Unp Y +ane any +ap 2
am+2y +a,,+1w Oy Y + 0

- PP - pﬂ+1

|
=>

' azn+1y+amw Ay F+Qupx ... |,
from which we see (1) the point which Sylvester wished to
make, namely, that px+q,y, p,2+¢y , . . .. being viewed as the

original unknowns, it is important to know that their values
are multiples of the linear factors of A, and (2) that

A=A(x+Ny)(@+Ny) .. ..

Of course the conclusion drawn is that the transformation of
a binary (2n+1)-ic into the sum of n+1 powers depends on
the solution of a determinantal equation of the (n+1)" degree.
As examples, the quintic and septimic are taken, the latter
mainly for the purpose of drawing attention to the fact that
the conditions of “catalecticism,” that is, of (a,b,...,h §z, y)
being expressible in the form of the sum of three seventh
powers—instead of four, as the general rule provides—require
that the cofactors of the elements of the first row of the
determinant
¥ —vr ¥ -y ot
@ b ¢ d e

b ¢ d e f
c d e f g
d e ! g L

must all vanish, or, what by the homaloidal law is the same
thing, that two of them vanish.
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The analogous problem for even-degreed functions is rext
taken up, a beginning being made with the transformation of
the quartic (a,b, ..., e§z, y)* into the form

(Pz+q:9)* + (P2+4y) + 6e(po+0:y) (P +45y)"
On putting
G =PAs Pr = Qe P = MHA =8 AAy =8
there is obtained by equatement of like powers of # and y
a=p* +pt +06n
b=p"N +pN + 38,
¢ = PP + DA + us® + 2us,
d = pAP + P\ + 3usss,
e = P\t + PAst + 6usy’ ,
and from these by operations which lead to the elimination of
P4, pot from every consecutive triad of equations

us, — bs, + ¢ — u(88,—28?% =0
bs, — ¢8; +d — u(48,—8%s, =0
8, — ds; + e — u(88,—28%)s, = 0.
or, if we put v for — u(8s,—2s,2),
asg—b81+(c+y)
bsy — (c—4v)8;, +d = 0
((3+v)82 —_ dsl + e

From the resulting cubic equation

i I
o =
T

@ b c¢+v
b ¢c—% d |=0
c+v d e

v can be determined, and thence in backward order s, 8,; u;
Av Ags Pr Pei Qs Qa5 M

In passing, note is taken of the fact that the said cubic when
arranged according to powers of y is

a b ¢
b ¢ d
c d e

1# — (ae—4bd+3c%)v + 2
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and that ae—4bd+3¢? and the determinant here appearing are
the two invariants * of the quartic under investigation.

The reduction of the octavic (¢, @y, . . . , ¢y § @, ¥)? to the form
wy® + wed + ud + ul + TO0euw 2wy uu?,

where u,=p,2+q,y, is shown in similar fashion to depend on
the solution of the quintic equation

d &, g y—v
(ty thy ag  a g+ 3y g
Uy ug  ay— v ug g | =0,
a3 ay+ v ag g Uy
@ —v (g Uy (g

where
v="2ep,"p’py’pT and  T=s,—1s,8,+ 58,2

I being the quadratic invariant of

@+ 8,0y 88+ 8y +8,yt or (@AY @HAY) @AY ZHAY).

"The fact that the coefficients of 13, 12, !, 1® are invariants of the
octavic is insisted on, and generalisations are effected for functions
of the degree 4m and the degree 4m+2.

Further, it is pointed out that when the said -even-degreed
functions after transformation are without the last (or unique)
term,—that is to say, are in Sylvester's phraseology ¢meio-
catalectic,”—the last of the series of invariants must vanish:
for example, the condition that (a,, ay, ..., ¢4 § 2, ¥)* may be
expressible as the sum of three sixth powers is

Uy ) by G
4 Uy dg @y 0

ay g W,
(g W, Uy g

This, of course, may be proved independently, but is seen to be
a ¢onclusion from putting e=0 in the foregoing.

*The term *“invariant ” is first used in this paper.
M.D. II Y
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SYLVESTER, J. J. (1852, April).

[On the principles of the calculus of forms. Cambridge and Dub.
Math. Journ., vii. pp. 52-97, 179-217; or Collected Math.
Pagpers, 1. pp. 284~327, 328-363.]

Here the same subjects and the same special determinants
are dealt with as in the preceding; and the determinant
whose vanishing has been seen to be the condition for “meio-
catalecticism ” is denominated (p. 62) the catalecticant* of the
even-degreed function in question, while the determinant whose
resolution into linear factors furnishes Sylvester’s canonical form
of an odd-degreed function is called the canonizantt of the said
function. As the former is an invariant of its function, so the
latter is a covariant.

BRUNO, F. FAA DI (1852, May).

[Démonstration d’'un théortme relatif 3 la réduction des fonctions
homogenes & deux lettres & leur forme canonique. Journ.
(de Liouville) de Math. . . . xvii. pp. 193-201.]

The subject of the whole of this paper is simply the solution
of the set of equations dealt with in Sylvester’s paper of 1851
(October). The process is lengthy and uninviting, the sole point
of interest being that the equation in A comes out in the form

(1107\ - (111 (L]k - “/2 DRI (bnA - (1/.,,_,_1
(1:07\2 - (llg (1117\2 - as e e (LnAg - (l/n+2 —_ 0
=
a, o)\”H - Unpye al>\n+1 —Oppg e @ nxn+l - Qgnys
where the determinant is easily shown to be the same as one of

Sylvester’s forms by diminishing each row in order, beginning
with the last, by A times the row immediately preceding.

# ¢ Meicatalecticizant,” Sylvester truly says, would have been the more correct
word, but even he took alarm sometimes.

+The name would have been equally appropriate for the determinants of the
preceding paper which have v in their diagonal.
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CHIO, F. (1853, June).

[Mémoire sur les fonctions connues sous le nom de résultantes ou

de déterminans, 32 pp., Turin.]

The second part (pp. 23-32) of Chio’s memoir, which is headed
“ Exemples,” mainly concerns Sylvester's set of equations of 1851
(October). His procedure is much more interesting than Fad di
Bruno’s. Using any multipliers A, A,,. ... with the first n+2
equations he obtains by addition

g (A AN FAN 4 .o A AT
+ wl(Ao+A1)‘1+A2)\3+ e +An+l>‘;ﬂ-l)

+ ..o

+ o (A +FANFAN+ ... +An+l>\":+‘) = A¢,+Aa+.... +A, O

and, the ratios
80 as to make
results

of Ay, A,, .. .. being supposed to be determined
the coefficients of w,,2,,...,x, vanish, there

A()a'o + Al(l.l + e e + A"H'lu'n-l-l = 0.

If each succeeding set of %+2 consecutive equations be treated
in the same manner, it will be found that the sume multipliers

will make the

coefficients of the «’s vanish in every case: con-

sequently there is obtained

AO(”I + Al(l'g + e + A'”‘H“"H‘ﬁ = 0,
Agg+ Ay +.... 4+ A0 =0,

Agtn+ Aty + . .o+ Appillinyy = 0.

This derived set of n+1 equations suffices to give the values of
the ratios of Ay, A;, ..., Ay, in terms of the a’s, and the
substitution of the said values in

A.0+AIK+A2A2+- oo ‘+A”+1Aﬂ+l = O

gives the equation for the determination of the A’s.
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It is not noted by the author that having » 4 2 equations linear
and homogeneous in the A’s he could at once deduce

1 A A? cee. A
Uy Q@ Uy e Oy
a, g Ay ... @ | =0
,, (bu.._l an_*_z I (lm.'.l

The other forms of the equation, however, he gives full atten-
tion to.

SYLVESTER, J. J. (1853, June).

[On a theory of the syzygetic relations of two rational integral
functions, ... .. Philos. Transac. R. Soc. (London). exliii.
Pp- 407-548 ; or Collected Math. Papers, i. pp. 429-586.]

When dealing in art. 7 with Bezout’s condensed eliminant of
two equations of the n'* degree, Sylvester illustrates by the case
of m=>5, that is to say, where the equations are

ag2® + a2t + aad + agl +ax + oy = 0}
boa®+ byt +ba® + b + b+ b, = 0

pointing out that the eliminant may be constructed by first

forming the array

[aghy | |aghy|  |agbs|  |aghy| | aghs]
lahy | Taghs|  [ady] [ags| |abs]
[aghs| b | [aghs| [abs| | aybs]
| by | |agbs|  |aibs] | agbs| | gyl

laghs| | asbs|  [ahs| |aghs| | agb]
and then, as it were, superposing the array

lab,| |aybg] | ayb, ]|
[adg|  [egby| [asd,]
lab, | lagh,|  |agh, ]|

and next the array
| aghs |
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In regard to these arrays he says in a footnote (p. 424), “A
square arrangement having this kind of symmetry, namely, such
as obtains in the so-called Pythagorean addition-table as dis-
tinguished from that which obtains in the multiplication-table,
may be universally called persymmetric.” This is apparently
the first use of the word.

SPOTTISWOODE, W. (1853, August).

[Elementary theorems relating to determinants. Second edition,
Crelle’s Journ., li. pp. 209-271, 328-381.]

Just as Spottiswoode viewed an axisymmetric determinant as
the determinant of an m-ary quadric, so he closely associated a
persymmetric determinant with an even-ordered binary quantic.
Taking, for example, the binary quartic which Cayley would a
year later have denoted by (a,, ay, ..., @, §, ¥ ), namely,

aget + daxPy + 6ax’y? + duxy® + ayt,
Spottiswoode writes it in the form *

(4g2* + 20,y + dgy?)a?
+2(a 2+ a2y + azy*)xy
+ (a2 + 202y +ay?)y?;

* A preferable form, because making the ¢ catalecticant” still more prominent, is

o 2oy ¥

A O O
a Gy a3

A a3

23
2xy

2

Similarly an odd-degreed function may be represented so as to bring the
*“ canonizant ” into prominence: for example (@, b, . . . , f ;i %, ¥)° may be written
(ax+by, br+ey, . .., ex+fy§x, y)4, or

x? ey y?

ax+by br+cy cx+dy
br+cy cx+dy du+ey
cx+dy dx+ey ex+fy

xﬁ
2ry
v
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and calling it U points out that

%:9 = 12(a@®+ 20,2y +azy )
*U

oy 12(a,2®+ 20,2y + t5Y*) ¢
z’;z;;)r 12(w,2? + 2y +ay )

and thus like Sylvester concludes that the evanescence of
a, a;
a, g
is the condition that the second differential-quotients of U shall
simultaneously vanish, or, say, that we shall have
20 _
o(wyy

BRIOSCHI, F. (1854, March).

{LA TEORICA DEI DETERMINANTI, E LE SUE PRINCIPALI APPLICA-
ZIONI. viii+116 pp. Pavia.]

Denoting by s, the sum of the " powers of the roots of the
equation
Uy +p +...+axtt4+2® =0,
Brioschi recalls the » known relations
UnSy + Uy + oo+ Uy + & =0
An8y  + Wpy8y + ..o+ 8y + 3n+1 =0

UnSp-y + Up_18s + . + Ui8gn-2 + 8mp-1 = 0

and thus derives by elimination

8% 8 8,
8 8 ... 8y

= 0,
8“ - 1 sn LI ] 82” - 1



PERSYMMETRIC DETERMINANTS (BRIOSCHI, 1854) 343

and therefore

8 =8  8—8T ... Sy—8_ &
[ B8 H=8T ... Bpu—&T | _

8,.,-8,,_1{3 8ﬂ+l —8,;{13 "o 82,,_1-82”_,%

Further, he points out that if the last determinant be denoted by
"V, and the cofactor of its last element by V,_,, and so on, then
V., being axisymmetric it follows from Cauchy’s theorem of 1829
that V., V,_,, ..., V;, 1 possess the characteristic property of

Sturm’s remainders.
It is not noted that the set of » relations used gives each of

the «’s in terms of the &'s, and that substitution in the original
equation then gives

8 8 .. 8y . . s

8 8 . Sp4a 0 1

..... v =@ tea ) | 8 e B

815-1 sn e 1924"_1 ) e ' |
* x” Sn_l Sn ven 821;-2 ]

as may be otherwise seen.

BRIOSCHI, F. (1854, February).

[Sur les fonctions de Sturm. Nouv. Annales de Math., xiii.
pp. 71-80; or Opere mat., v. pp. 89-97.]

Brioschi in effect here recalls that if f, £, f;, . . . . be the series
of Sturm’s functions originating in the consideration of the
equation

a4+ axrt+ agzht4 ... .+ a* =0, or, say, f(z) =0,

and ¢, ¢y, .... be the linear functions of 2 which are the
quotients obtained in the process of finding f,, fs, . ... then

) f=afi=fo L=GhH~fy - .. y fra=@afea—1i;
(2) f,1s of the (n—1r)" degree in z;

n-1



344 HISTORY OF THE THEORY OF DETERMINANTS

1 1 1
3) from (1 '—fl.=— — -
© “f G= == -5
(4) the successive convergents l, L to this
7" 19—
continued fraction being N;/D;, N,/D,,.....
N,=lg 1 . ... .|, Do=|g 1
1 9, 1 ... . 1 ¢, 1
.1 q ... . o1 gy -
qr e e e |

(5) from (1) after eliminating f,, fo ..., fra by repeated
substitution or otherwise
fo = Donfi= Nooofs
(6) from (1) after eliminating f, fy, . . . » focs

f=Diifoes = Droafr;

With these facts before him he seeks to find expressions for f,,
D,, N,, or, say, for the coefficients in

A"+ AT L

B,,a" + B! +...,

mer—l + Cr'2xr-2 +...,
failing to note that, Cayley having in 1846 found such an
expression for Sylvester’s substitute for f,, the anncxure of a
known multiplier to Cayley’s result would have given him the

most important of the three expressions sought.
In the first place he deduces from (4) that the coefficient of the

highest power of # in D,., is always %, of the coefficient of

the highest power of « in N,_,, because ql=%w+%§; and from

(6), by equating coefficients of «*, that the coefficient of the
highest power of @ in f,_, is the reciprocal of the highest power
of z in D,_,: in other words, that

Cry =B, = n/A,,.
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In the next place, denoting the roots of the given equation by
@y, @y, . . . , ¥, he has from the theory of “ partial fractions”

i=n i=n i=n

f ('”i) if?gfi(wgz — mifr(mi) =
fl(-'”i) =0 21 Si(z:) 0, fl(wi) 0.
, N a; r(wi) — N wr— f (=) _ .
fl(wt) 0 ) = Ani
and therefore from (5)

i=n i=n i=n

mler—l(a’i) = 0» zwi r- l(wi) = 0: ;-’”?Dr-l(w;) = 0’

=n i=n

’ w:—zDr-l(a'i) = 0, le:_lDr—l(mi) = Ar,l;

1

-

o
il

and consequently on putting
B &'+ B2+ ...+ By, for D, (2)
and s, for ' +xz'+...+ 2,
there results

Br—l,rso + By .o+ B,_l_ls,._ =0
B, 8 + B,._l r-183 + ...+ B, 1s,.

I
e

Br—l,rsr—z + Br-—l r=18p-1 + + Br—l 1%r-3 = 0
B, 1081 + B8 +---+B-1.1"z»-2 = Apy).

The solution of this set of equations gives the B’s in terms of
A, , and the 8’s, so that the finding of A, in terms of the &'s is the
next desideratum. This with the help of the relation A, B, ;=1
is easily obtained; for from the set of equations it is seen that
A, being written for the persymmetric determinant of s’s

A, A
Br-l,l = ——LIK,-—_I
and therefore
Ar,! = Ar -"1—
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whence,
(AL ALY
for reven A, = (A1As . A,._,) A,

and

2
for » odd A, = (ﬁ:ﬁs - 2,_,) A,
28 + 0+ Bpoy

H

—a result in agreement, as far as it goes, with Sturm’s of 1842,
Sturm’s non-determinant p, being the equivalent of Brioschi’s A,.

The obtaining of A, in terms of the coefficients of f(x) is next
illustrated by changing A, into the form *

T . . . . .

and performing operations which we may denote by

coly + a,col; + ayeol, + . . . . + ageol;,
coly + a,coly + . . . . 4 @ c0l,

col, + «,col;,

* Brioschi (and afterwards Baltzer, § 12, 9) would have done hetter to change
into the similar form of the seventh order, for then the result would have becn

1 a A @3 a4 @ g

. 1 & % s @y Ay

. . 1 a, ay ag a,
A= . . . n (n-1)a, (n-2)a, (n-3)a,

. n n-1)a; (n-2)a, (n-3)ay; (n-4)a,
n w-1)a; (n-2)a, (n-3)a; (n-4)a, (n-5)a
n (n-1a; (n-2)a;, (n-3)ay (n-4)a, (n-b)a; (n-6)ay :,

in which the determinant on the right has a simpler law of formation than
Brioschi’s and yet is readily reducible to tho latter, and which, as we see on
putting n=4, has the further merit of showing that A, equals the dialytic
eliminant of f(x)=0, f'(x)=0.
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the result being
a,  2a, 3a, da, Sug 6ag
1 a, Wy g a, a
A = 1 oty gy Qg oy
.=

. n (n=1a, (n—2)a, (n—38)ag
. n (n=1a, (n—2)a, (n—3)u; (n—4%)a,
n (n—=1a, (n—2)a, (n—=38)ay (n—4)a, (n—>5)as|.

To obtain the desired expression for D,_,(«) Brioschi takes the
set of equations in the a’s together with the equation from
which the set was derived, and eliminates the B’s, the result in
the case of r=3 being

1 =z 22 =D,

8 & 8 Ay

whence of course he deduces for D, the expression

1 = a? 1 z «?
Ay, 8 8 8 ( )
o 8 8 | or (+ 8 &
B ls, 8 8 .91 8, 8
and the alternative form

" a, 2a, 3ay '

o 2, | : ’)l’b (n—-1)q, i'n —2)a,
n (n—1), x+a, ezt .

The process of finding f, is quite similar to this but much more
troublesome, the equation taken along with the set of equations
in the &'s preparatory for elimination being

ﬁg:)) Br—l,ruo + Br-].,-_lilq + “ e e + B"—l.l’ur—l
m xm

I
% T—T "wn

xr
where Wy = —]
x—
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The two previous steps necessary to reach this are

i=n i=n

f '(w) f 'r(wi) E D1 l(xt)
f@) e (= @—a)fi@) ’

and the result of the elimination is

| 80 81 ) 8,._1
8 8 ... 8
fi@) _ A
(@
/@) 82 S e Syos
DUy Wy e Uy

which in the case of =4 is changed by means of the substitutions

Uy = XUy = 81, Wy = fl(w) Af(m)’

into
, 2, 3ag 4a, Sa,
A, \? 1 «, (h, ay a,
fi(x) = ( A A3> . n m=1)a, (n—=2)a, (n—3)a,
I n (n=1)¢, (n—2)a, (n—=3)a; (n—4)a,
fi(z) Z, Z, Z
where
Z = (z+a,)f\(#) - n. f(x),
Z, = (@tegta)i@) - [nz+(n—1)a,]f(x),

Z, = (£+a@+ az+ ay)fy(x) — [na? 4 (n = D) az+(n— 2)a,] f(z).

The worthlessness of this in itself is apparent as soon as we note
the presence of fi(z) and f(x): when, however, the determinant is
partitioned into two, one having fi(x) for a factor and the other
f(x), and the result compared with f,=D;f, —N;f, we obtain for
N, an expression similar to that for D;.
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BRIOSCHI, F. (1854, August).

[Intorno ad alcune questioni d’ algebra superiore. Annali di
Sci. mat. e fis,, v. pp. 301-312; or French translation of
Brioschi’s Teorica dei Determinanti, pp. 151-170; or Opere
mat., i. pp. 127-142.] ' S

The questions referred to are much the same as those of his
paper on Sturm’s functions (1854, February), the first function

ox" +ax" '+ ... +a, or afx—x)(x—a)...(x—x,) or f(z)
being, however, no longer connected with the second
bge™+ba™ '+ ... +b, or ¢(x) where m<L .
Putting

a9 (2,) 23p(%;) 2. (%)
S for Ty Y T Y )

he first proves the interesting theorem

@S+ S+ . +S, = bpnnn (P < m).
Then temporarily denoting
, 3
{s@)=r@)}’ vy A,
he squares in two ways the determinant

A, A, o A,
Ax, Agx, ... Agz,

n-1 n-1 n-1
Ay Ag,™ ... Am, |,

thus obtaining
Se S, ... Sa, So 8 ... 8y
\ )
S S Sampagn o
Spr Si oo Seuls Sp-18% ... 8m-zj,

from which, on putting (= 1)*®~Vf(x).f (@) . . . f(@n) for the
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determinant on the right* and substituting for the A’s, he
deduces

S S ... S.,
S, S, ... 8§,

LT = (=) (@) p(@) - p (@),
Sn-l Sn DR Sm_g
This result, be it noted, is not given in the original paper, but
appears first in Combescure’s translation (1856), which contains
six pages (pp. 153-159) more than the original. Brioschi does
not point out its significance in connection with Euler’s first
form of the resultant of f(z)=0, ¢(x)=0.

The remainder of the paper is of little interest in the present
connection.

BRIQSCHI, F. (1855, January).

[Sur les questions 241 et 141. Nowv. Annales de Math., xiv.
pp- 20-24; or Opere mat., v. pp. 107-111.]°

If for all positive integral values of = and s we have

Ar+a = u’lAr+a—l + azAr+s—2 +...+ aarAr’

—in other words, if this last be a “recurrence-formula,”—it is
readily seen that the last column of the persymmetric determinant

A, A ... AL,

A’“H Ar+2 e Ar+s

Avporr Argy o0 A |
may be legitimately changed into

or A, say,

asAr-h (V/,A,., ey acA-r+u-2
so that there is deducible
Af.e = (_ly-l“sAr-l,u

* Brioschi unfortunately neglects the sign-factor. See History, i. p. 345,
where the footnote might have made mention of the faot that the identity
there spoken of as used by Jacobi had already appeared in one of Cauchy’s own
memoirs of the year 1813. (See Journ. de ’éc. polyt., x. cah. 17, p. 485.)
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and thence

Ar,s = (—l)ﬂ —l)a’:Ao,n
thus implying that A, , /(—1y®-Yaf is independent of r,—a result
suggested to Brioschi by an old proposition of Euler's which is
referred to in our chapter on Continuants.

CAYLEY, A. (1856, March).

[A third memoir on quantics. Philos. Transac. R. Soc. (London),
exlvi. pp. 627-647 ; or Collected Math. Papers,ii. pp. 310-335.]

Among Cayley’s tables of invariants there naturally appear
the catalecticants of the binary quartic, sextie, and octavic; so
that we have from him the final expansions of the persymmetric
determinants of the 3rd, 4th, 5th orders. Of canonizants only
that of the quintic is given. The four results are those which
he numbers 10, 34, 35, 16. The first and last we need not
reproduce. The second is

Z g 2 @ aceq — acf?—ud?g +2udef — ae® — beg+ bf®
q = { +9bedy— 2beef — 2bd*f +2bde* — g + 2cdf

¢ ¢ f + %t —3edle+d,

d e fyg

where the terms are arranged, as with Cayley, in alphabetical
order. The third, altered in form, is

abecde|=eé—c(ui+3cy+4df)
bedef +e”{2(aﬂ¢+bdi)+(ag"+c%)+4(bfg+c(lh)+3(cf”+dzg)}

2 d e f !}4 — ¢ (ach? +Vgi) + 2 adgh-+befi)+3(af% +od¥)
. 7 ﬁ Tl A efl) 20 ) —acgd
— Qadfi — b2 — begh — 2632+ 2edfy + 3022

+{ ~(acf*i+ad?gi)+2(acfyh+ bedgi)— (acg* + i)
+(adhe -+ b2 — 2(adfh+ bdfi) + 2(adfe® + dfi)
+(afs+ d4)— 2(0¥gh+ bodh?)+ (13g + h?)
+2(befh+bdRgh) - 2(befy*+cdgh)+2(bdf g+ cd?fh)
+(e3fg+cdig®) — 2(edf*+ Bfg)
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It is the term, L, independent of A in the almost persymmetric
determinant which Cayley * on Sylvester's suggestion calls the
lamdaic, namely,

a b ¢ d e—12\

b ¢ d e+ 3\ f

) d e-2\n f g9

d e+3x f 9 h
e—12\  f g h 1 )

and which, if I,J, K be the other invariants of the octavic, is
equal to
— 2592\5 4 18IA3 + 3JA2% 4- 2K\ + L.

The expansions of I, J, K are those numbered 39, 43, 44 in
Cayley’s collection.

SCHEIBNER, W. (1856, May).

[Ueber die Auflosung eines gewissen Gleichungsystems.
Berichte . . .. Ges. d. Wiss. (Leipzig): math.-phys. CL., viii.
pp. 65-76.]

This is still another attempt to deal with Sylvester’s set of
equations of 1851 (October); but any interest which the process
of solution possesses is unconnected with determinants.

BRUNO, F. FAA DI (1856, August).

[Sopra i resti di Sturm. Annali di Sci. mat. e fis., vii. pp.
313-317.]

Beginning with two unrelated functions, P, Q, of the n' and
(n—1)* degrees, Bruno gives an expression for any one of the
Sturmian series of functions thence derived, the coefficients of x

*CavLEY, A, Mémoire sur la forme canonique des fonctions binaires. Crelle’s
Journ., liv. pp. 48-58, 292; or Collected Math. Papers, iv. pp. 43-52. If
‘“lamdaic” be not used as a noun, *‘lamdaic canonizant” would be better than
‘¢ lamdaic determinant.”
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in this expression being determinants which resemble in outward
form those of Cayley’s analogous expression of 1846 (August),
but which have for elements the coefficients of z-!, z-% ....in
Q/P. He says that the expression “salvo qualche modificazione ”
was found by Cauchy, but gives no reference.

BELLAVITIS, G. (1857, June).

[Sposizione elementare della teorica dei determinanti. Memorie
Istituto Veneto . . . . vii. pp. 67-144.]

Although the persymmetric determinant

S M1 S
8, 8 8
Sy N3 8

where s, is the sum of the 7" powers of the roots of the equation
2"+ a2 4 ... +da, = 0 has repeatedly come before us, it has
always been with the understanding that no two of the roots
were equal, and the order of the determinant has never been
greater than the n'". Bellavitis takes up the subjeet (§§ 45-50)
with these conditions removed. He affirms that when the
number of rows exceeds the number of different roots, the per-
symmetric determinunt

Sotr  S14r Sygr
S1er Saqr Sagr

Satr N340 Syqr

vanishes, and when the numbers are the same the determinant 8
a multiple of the square of the difference-product of the said
roots. By way of proof of the second part of the proposition the
special case is taken where the roots are a, ¢, a, b, b, ¢, and where,
since

=206 8 =38u+2b+ec, s =3+202+c ......
M.D. 1. Z
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we have
8 8 8 3 2 1) |&® b &
8 & & |=|81 2 ¢ as 08
8 83 8 3a 20* at b ¢ |,

= 6| a%'c?|. a’b% | a®b'c?|,
= 6a5b5c®| ublc?|2.

The other part of the proposition rests on the statement that a
similar procedure leads in that case to factors having at least one
column of zeros.

The case where the number of rows is less than the number of
different roots is not considered ; but the first part of the proposi-
tion is used to obtain the modification which it is possible to
make in the relation

Sngr + UiSngroy + UsSpyrog + . o . F Uy = 0

when the roots cease to be all different.

ROUCHE, E. (1858, Dec.).

[Sur les fonctions X, de Legendre. Comptes rendus ... Acad.
des Sci. (Paris), xlvii. pp. 917-921.]

X, being the ' differential-quotient of (22—1)* Rouché first
proves that every rational integral function of 2 of the n'* degree
2"+ a, x4 .. . +0u_ @+ dy, or V, say, which for all integral
values of k& < n satisfies the equation

+1
I 2*V,dr = 0
-1
does not differ from X, save by a constant multiplier. To

determine V,,—in other words, to determine its coefficients
e, Gy, . ..., Uy,—there is thus available the set of n equations

+1 +1 +1
_[ Vo = 0, I oVodw = 0, ..., I 2V, d = 0,
-1 -1 -1
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1
which if we put 4, for %r " dee take the form
-1

Unly + Upoyy + .ot Oipy +9 = 0)
al”":l + aﬂ—l?‘:ﬁ + * e o 0 + (llliﬂ + ?:M.l = 0

(bn?:z + (Ln_1i3 + ces e + (lqi,H_l + ":‘IH-Z = 0 [

arn?/n_l + “”_l?:n + e e e + all/im_z + ?:2”-1 = 0) .

Solving for a,, ¢y, ay, ..., a, and substituting in V, Rouché of
course obtains

Vo=1l4 % % .ooo fay + @,
O Tt

Y9 T3 Ty eeve Tnpy fnge

-1 o g eeee ez oo

1 x x¢ .... a1l gm

where @ stands for the cofactor of #» in the determinant, and
being independent of 2 may be left out of account; and, since
%, i8 1/(r+1) or 0 according as » is even or odd, it follows that
X,, X,, X,, .. .. are proportional to

1 0 1 0 % 1 031 0
1 |, |0 L 0 0 3+ 0 %
1 z 22, |3 0 1 0
1 = o 28],
respectively.

By reason of the peculiar distribution of the zero-elements
these determinants are changeable into

wllzlr 1L 3|13 % P21 3 %
"1 ow|, |3 32 2], |3 3|3 3 3
1 22 o4, ....
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and the result may consequently be put in an alternative form,
namely,

Xpn=1| 1 :1§ ; ‘,nl_'_ 7 | X a constant,
1 1 1 1
3 5 7 2043
1 1 1 1
5 7 9 2n+5
1 1 1 1
2n—1 2n+1 2043 77" 4n-1
1 x2 at cee.  oEm
and ‘
1 1 1 . 1
X2n+1 = § I3 7‘ —2?_'—_-3 X a constant.
1 1 1 1
5 7 9 2n+5
1 11 1
7 9 11 47
21 1 1 1
on+1 2n+3 2045 7 dn+1
z x3 b ce.. @Bl

Lastly it is pointed out that by throwing X,, into the form

=% % =i % ... p— g ®

Tg=T &  Tg— T B T

L 32 nh X & constant
In—Ina® gy — L% .o g —len o

it is possible in the manner of Cauchy (1829) and Sylvester
(1853) to draw conclusions regarding the situation and character
of the roots of the equation X, =0.
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SALMON, G. (1859).
[LESSONS INTRODUCTORY TO THE MODERN HIGHER ALGEBRA, .. ..
xii+147 pp., Dublin.]

In Salmon’s treatment of the foregoing subjects (p. 14, §§ 119-
126, 162-163, p. 146) there are several points of freshness. His
proof, for example, that if

(@bedefiry) = (z+my) + Gptmy) + (o+mey),
the persymmetric form of the camonizant is equal to

|8y 2| Lymg |2 | Lymyg |2 - (e +m,y) Lo+ moy) (L +mgy),
is accomplished (§119) by using four differentiations to show that
wr + by = L(la+myy) + Lz +may) + L (z+mgy)
= ltu + Ltv + l'w, say,
bz + cy = I2mu + L3myw + I3myw,
substituting these trinomials for ax-+by, bz+cy, ... in the
canonizant, and then examining * the twenty-seven determinants

into which the latter can be partitioned. He also gives (§121) a
new mode of arriving at the canonizant in the form

‘a b e olH .
‘b d \
IR )

In the course of a short “ Note on Commutants” he suggests
(p. 146) that the two rows of umbrae
By Gy Ay
a Gy Gy
a, dz U |,

Z should stand for

01
01

in which case the three suffixes of any term of the developed
determinant are got by adding the first row of umbre to a
permutation of the second row.

* It is better to note at this stage that the determinant is the product of
W LW Lw R A
lmu Iymgy  Igmgw my lgmy lgmg
m2u mlPv  mgdw m? m? mgd
and therefore is equal to |{;® lymg mg?|®. urvw.

and




CHAPTER XII

BIGRADIENTS, UP TO 1860.

As we have already pointed out (History, i. p. 487), bigradients
were first brought to light by Sylvester in 1840 in the paper
in which he made known his so-called “dialytic” method of
eliminating the unknown from two equations of the same or
different degrees. Shortly afterwards Richelot and Cauchy
recalled attention to Euler's and Bezout’s method of 1764, as
giving substantially the same result as Sylvester’s, the fact
being that the determinant obtained by Sylvester differs from
that obtainable in the other case merely by being its conjugate.

The details of these papers and of others related to them have
already been given.

CAYLEY, A. (1844).

[Note sur deux formules données par MM. Eisenstein et Hesse.
Crelle’s Jowrn., xxix. pp. 54-57; or Collected Muth. Papers,
i. pp. 113-116.]

Although Eisenstein’s property * of the discriminant
a?d? — 3b%c* 4+ dac®+ 4b3d — 6abed, or A say,

of the binary cubic ax®+ 3ba*y 4+ 3cxy?+ dy?,—namely, the pro-
perty that

A?D?-3B2(C24-4AC34-4BD-6ABCD
= (a?d?—3b%2+4ac’+4b3%d — 6abed)?

* Crelle’s Journ., xxvii. pp. 105-108, 319-321.
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when
12A 10A 12A 132A
ABCD=-33p 63 6 22

—can be expressed in the form

A 2B C . « 2 ¢ . |8
A 2B C .o 2 ¢

B 2C D .|{T|b 2 d .
B 2C D . b 2 dJ,

it is not as a relation between two four-line determinants that it
has been studied.

Cayley in effect says that if we wish to find substitutes
A B C,...fora,b,c,...sothat

$(A,B,C,..) = {8, bq..))"

we must (1) find a quantic « of which ¢(a, b, ¢,...) is an in-
variant ; (2) express ¢(«, b, ¢, .. .) as a determinant of the same
number of lines as u has facients; and (3) transform « into U
by a linear substitution of which the said determinant is the
modulus. The coefficients of U will then be the substitutes
required.

For example, A being an invariant of the binary cubic and
being expressible in the form

I be —ad  2(c2—bd)
| 2(b2=ac) be—ad |,

we should have to transform the said cubic by the substitution

z = (be—ad)€ + 2(c*=bd)y
y = 2(b‘3—(w)f+(bc—ad)n}’

and the discriminant of the new cubic thus obtained being A
multiplied by a power of the modulus must be a power of A.
Unfortunately, in this case it would be A7, whereas in Eisenstein’s
case the power-index is 3. Instead of the binary cubic, there-
fore, Cayley takes the binary trilinear

A,y 2, + by, 25+ 02, Yo7, + A,y o2, + €25y, 2y + [0 20+ gy o2, + 1ToY9%5
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of which a generalisation of A, namely,

a?h? + bl + Af% + d?e® + dadfy + 4bcel. or Q say
— 2uhbg — 2uhef — 2ahde — 2bgef — 2bgde — 2cfde ’

is an invariant; expresses Q as a two-line determinant

‘ ah — by — cf + de — 2(eh—fg) l
— 2(ad—=bc) ah —bg — ¢f + de !

makes the substitution

®, = (th—bg—cf+de)§, — 2(eh—[f9)§, )
Y = — 2(ad—"be)§, + (wh—bg—cf+de)é, } ’

and, as the multiplier connecting the new Q and the old is now
the second power of the modulus, he obtains what was wanted.*
The substitutes found turn out to be

1Q 1eQ 1oQ
2%’ 29" 2%c’
but no explanation of this is vouchsafed.
Eisenstein’s case is the degeneration reached by putting
a b, ¢, d, e f, g h
=a b b ¢ 0 ¢ ¢ d.

Had the two other sets of variables been at the same time
transformed with the same determinant for modulus, we should
have had the new Q equal to Q".

BOOLE, G. (1844, June).

[Notes on linear transformation. Cumbridge Math. Journ., iv.
pp. 167-171.]

The third note being devoted to the proof of his well-known
theorem of 1841 regarding what afterwards came to be known

* This short paper of Cayley’s teems with misprints, both in the original and
in the Collected Math. Papers.
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as ‘the invariance of the disecriminant,” the fourth gives at full
length and correctly the discriminant of

a,:;o4 +4bay + 6cay® 4+ ddxy® + eyt
—that is to say, the eliminant of

aax® + 3bx’y + 3cxy® + dy® = 0}
ba® + Bcx?y + 3dxy? + ey® = 0

HEILERMANN, [H.] (1845).

[Ueber die Verwandlung der Reihen in Kettenbriiche. Crelle’s
Jouwrn., xxxiii. pp. 174-188.]

The determinant which here appears for the first time is
different from but resembles those to which Sylvester’s dialytic
method of elimination leads, being exemplified for the 4 and 5t
orders by

|

g ay by byl |a, a3 «a, by b,
gy ; b b, g ay a; by by
a, @, by b ay a, a, b b,
g « . b | s a4y g o by by
, b,

Calling these A;, A, Heilermann writes his main result in the
form

ot a@+. . Fw2" A,
bo + blm +... +b'mwm bo - —jo_ —_— -AAix AOA‘im
17 A, —
2 Ag—.

the end on the right being

Azn-—aAznm A2m -4A2m -1
—_—t— O —-—F
A2‘n—l A2m—2

according as m<< or >n.
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CAYLEY, A. (1848, August).

[Nouvelles recherches sur les fonctions de M. Sturm. Journ. (de
Liouville) de Muth., xiii. pp. 269-274; or Collected Maith.
Papers, i. pp. 392-396.]

Recalling his former paper on the same subject in Liouville’s
Journal, xi. (1846), pp. 297-299, where Sturm’s functions had
been expressed in terms of sums of powers of the roots of the
original function, he intimates now the discovery of more simple
expressions in terms of the coefficients of the said function. At
the same time he draws attention to the fact that his result may
be viewed as unconnected with Sturm’s division-process, and it is
in this general light that he prefers to state it. Beginning with
two functions V and V' of the ™ degree, namely,

g + bt ... der bt L
and forming therefrom the series of functions

vV VI 2V V 2V V' g2V oV V 22V oV V

’ ’ ’

¢ « |, |« . o . @« .. 4.
b o« bV « b o .V
le b ¢ VI, e b o« ¢ VUV o

d ¢ b d& ¢ VY
l e d ¢ ¢ d ¢
etc.,, which he denotes by —F,, F,, —F,,...., he affirms that

there is a homogencous linear relation connecting every con-
secutive three of the latter functions,* namely,

P’F, + («P,P,+P,P,+P,P)F, + P;F, = 0,
PiF, + («P,Ps+P,P,+ P;P)F; + PiF, = 0,

* The signs require verification.
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where by P,, P,, P,, . .

’

’

. . are meant the determinants

363

a o @ a a . a .
b bV, |b o« bV « b a .V o .
¢c b ¢V c b a ¢ V o
dc d |, |d e b d ¢ UV
e d ¢ ¢ d ¢
f e d f €& dj,..
and by P;, P;, P;, . .. . the determinants got from P,, P,, P, . ...

by altering the last rows into
cc; eded; gfeg f ¢;

No proof is given of the relations; indeed, after pointing out
that they involve the proposition that the first and last of three
consecutive functions are of opposite sign for every value of
a that makes the intermediate function vanish, Cayley adds:
“Je n’ai pas encore réussi & démontrer dans toute la généralité
’équation identique d’ou dépend cette propriété.”

The case which brings him into closer contact with Sturm,
namely, where V’ is the differential-quotient of V, is dealt with
in some detail.

HEILERMANN, [H.] (1852, December).

[Independente Berechnung der Sturm’schen Reste. Crelle's

Jowrn., xlviii. pp. 190-206.]

The subject of this paper is of course closely connected with
that of the author’s previous work (1845). Like Cayley, he
begins with two functions that are unrelated, and subsequently
passes to the special case where the one is the derivate of the other;
but, unlike Cayley, he makes the said functions of different
degrees, namely,

Co® e @ e i L L G

(Al SR i N il SR L AT
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Following the ordinary division-process for expressing the ratio
of the second function to the first as a continued fraction of the

form
Py

z 4+ p,
RS -#E7

1+.

and denoting the remainders in order by

1
—{c.maf'"+cmcc"'”+cg.,m"'3+ .. } )
Cu

1
c_{coawn-2+cmxn—3+czswn~4+ . '} )
02

1
— cmwn—:i_l_cuwn—-l_'_cﬂwn—ﬁ_l_ S

CoCos

he finds that
Cin Co,r+3 Cy -2
=" P = Pegy =
Coo ! Co,1Co,r+1 Co,2n-2

The second suffix of any one of the new ¢’s is seen to indicate
the remainder-function to which the ¢ belongs, and the first
suffix the position of the ¢ in that remainder. To obtain
expressions for these in terms of the original two sets of ¢'s
it is taken for granted, and with reason, that as a result of
the process we have generally

Cos-1  Cou-2
Cry = Co,5-1Cr41,8-2— Cop-2Cr18-1 = , (1)
Cry1s-1 Cri1e-2 |,

By using this twice upon itself, so as to lower the second suffixes
of the first column,; there is found

Co,s—2 Co,5-3
Cra = | Crs-2 Cis-3 Co,4-2 (2
or+2.s-2 cr+2,s-3 cr+1,u-2 H
where the second suffixes are now 8—2,8—3. A page is then

occupied in ridding (2) in the same way of the elements which
have s—3 for a suffix, the result being
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Cry = Cos-3 | Cos-3 Co,s~4
C1,5-3 C1u-3 Co,3-3 Co,5-4 (3)
Co-3 Cg 54 Cy,5-3 Cr5-4

Cri3s-3, Criss-4  Criss-3 Crizs—4
With increasing tediousness a five-line determinant is reached
having elements with s—4 and s—5 for second suffixes, a six-line
determinant having elements with s—5 and s—6 for second
suffixes, and so on. The form of the determinant of the
(2¢9+2)™ order is thus deduced, the factor preceding it being
said to be

(C0,6-3C0,0-4)(Co,8-5C0,0-6)*(Co,s-1C0u=s)® - - (Con-2+10,6-20)7 " (Co,5-20-1)%
Sturm’s division-process, in which each remainder is of a lower
degree than the remainder preceding it, and for which, therefore,
the corresponding continued fraction has each partial denominator
8 linear function of 2z, has close relationship with the above
division-process, because the continued fraction already obtained
is identical with*

Do
x+p, —

_ Pl

O s

T+pAD— .

Expressions for the remainders corresponding to this continued
fraction are thus readily obtainable, and a section (§ 3) is devoted
to finding simplified substitutes for them. The remaining section
concerns the strictly Sturmian case, where one of the original
functions is the derivate of the other.

BRUNO, F. FAA DI (1855, July).

[Sulle funzioni simmetriche delle radici di un’ equazione. Annali
di Sci. mat. e fis., vi. pp. 412-419.]

As evidence of the value of a certain theorem Bruno adduces
the ease with which the expansion of the resultant of a pair of

*This identity Heilermann published again soparately in 1860 (see Zeitschrift
J. Math. u. Phys., v. pp. 262-263). It is included, however, in a result given by
Stern in 1833 (see Creile’s Journ., x. p. 156) ; and a still more general identity
will be found in the Proceed. Edinburgh Math. Soc., xxiii. p. 37.
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equations may be calculated, and he prints at full length the
resultants Ry,, R,,, R,,, that is to say, the final expansions of

a b ¢
« b e
p q

p q r . | ete,

the arrangement of the terms being such as to make evident the
fact that each resultant is unaltered by reversing the order of
the two sets of coefficients of which it is a function: for
example :—*

R,, = (a®2+c%p?) — (abgr+bepg) — 2acpr + acq® + bipr.

CAYLEY, A. (1856).

[A second memoir on quantics. Philos. Tramsac. R. Soc. (London),

cxlvi. pp. 101-126; or Collected Math. Papers, ii. pp. 250-
275.]

In addition to previously calculated discriminants Cayley gives
(No. 26) the discriminant of the. binary quintic,—that is to say,
the eliminant of

azt + 4bxdy + 6cx®y? + ddxy® + eyt = 0 }’r
bat + derdy + 6day? + dexy® + fyt = 0

CAYLEY, A. (1856, December).

[Memoir on the resultant of a system of two equations. Philos.
Tramsac. R. Soc. (London), exlvii. pp. 708-715; or Collected
Math. Papers, ii. pp. 440-453.]

As the resultant, R,, say, of the pair of equations
ax®+brPy +cxy?+dy® = 0, pa?+qxy+ry? = 0,
is homogeneous and of the 3™ degree in the coefficients of the

second equation, and at the same time homogeneous and of
the 2" degree in the coefficients of the first equation, Cayley

* The expression for Ry, is full of inaccuracies.

+In the reprint, p. 288, the coefficient of bicef2 should be —1920, not 4 1920.
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seeks a convenient form of representation in which this double
homogeneity will be prominent. What he obtains is *

where the first square represents a%®, the second —abgr? the
third —2acpr®+b*pr2+ acg®r, and so on. The result is reached in
two ways, the second being by developing the dialytic eliminant

* Three misprints being correoted.
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The two-line minors of the first two rows of this determinant
being denoted by 12, 18, . . ., 45, and the three-line minors of the
remaining rows by 123,124, ..., 345, it is seen that

Ry, = 12345 — 13245 + 14235 — 15234
+ 23145 — 24:135 4 25134
+ 34125 — 35124
- 45123
and it will be found that .

12345, —13:245, 14235423145, —(15234+241835),

correspond to the 1%, 2M, 3, 4% . gquares of Cayley’s
expression,

The paper closes with the six resultants R,y Rgy, Ry, Rys,
R,,, R,, printed each in the new form as a chain of squares;*
they occupy four quarto pages.

ZEIPEL, V. v. (1858, June).

[Demonstration of a theorem of Mr. Cayley’s in relation to
Sturm’s functions. Quurt. Jowrn. of Math., iii. pp. 108-117,
or Nouv. Annales de Math., xix, pp. 220-224.]

The theorem referred to is that of August 1848. Zeipel's
proof (pp. 108-114) is lengthy and unattractive, and scarcely
warrants reproduction. The remaining pages are occupied with
the curious identities

Pr-l Pr . P"‘l Pl'
P;-1 P; Pr == P?-—IPM-D P:'-l P; Pr == P:—IP:'-I-I)
P, P E P, B

and the corresponding identities in which the left-hand members
are of a higher odd order than the third.

* In the expression for R, , there is at least one misprint, namely, a%? for a??®
outside the third square of the chain.
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HESSE, O. (1858, October).

[1l determinante di Sylvester ed il risultante di Eulero. Annali
di Mat. . . . ii. pp. 5-8; or Werke, 475-480.]

The determinant referred to is that to which Sylvester was
led in 1840 by his so-called “dialytic * mnethod, and which, as we
have already seen, Hesse himself arrived at in 1843; and the
resultant coupled with it is Euler’s of 1748, which takes the
form of a product of differences of the roots of the two given
equations. Both forms, as well as others, are treated of by
Cauchy in his paper of 1840, already dealt with.

The equations being

s2® + a2 + axt + ay = 0 ¢(x) = 0
byir®> + bzt + b, = 0 oF sy Y(x) = 0,

Hesse multiplies Sylvester’s eliminant by sg,—s,% the squared
difference-product of the roots B3,, B, of the second equation,
with the result

Uy @ @y Mg .| 8 8 8 8 &
Loy Wy dy Gyl (8 s 8y 8y &
b, b, b, . . i . : A |
by by by . . . .1 .

by b b2| PUR B

ASoF 8+ . o . F @8 a8t ..+ 08, dy dg
S+ S+ . oo F@8, St St . a8, @ Ay dg

= by30+ 018, + bys, by, + b8+ bys, b, .
bys, + b8y + by, by, +b,8,+b,8, b, b, .
bysa+ by85+bys, bys3+by3,+ bysy by b b |,

where s,=8,?+8,?, and where, thercfore, the elements in the
places 31, 32, 41, 42, 51, 52 of the right-hand member all vanish.
There is thus obtained, if we denote Sylvester’s eliminant by S,

8 & Aot a8+ ... FugS; s a8+ . .. a8,
8 8 U1+ a8+ ... a8, St a8+ . .. s, |
M.D. IL 24

= b}

S.
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But the determinant on the right is resolvable into

1 1 .| @t a8 +ayB+ayB3 @yt a8+ 2y, + 2,85}
B B |aB+aB2+ay82+aBt ayB;+ 0,85 + 4,83+ a8yt |,
that is, into

L 1] ¢B) ¢(B)

Br Bl [Bip(B) Bep(By)

and therefore into

6, 5| #B96)
/81 182 ¢ 1 ¢ 2/
We thus have
S = b2¢(8)¢(By),

and, consequently, if a;, a,, a; be the roots of the first given
equation,

= b2a (B, —ay)(B, ~— ) (B, —ay)

(82— a)(By—a5)(By—a),

which is what was to be shown, the cofactor of b2 being
Euler’s product of differences.

ZEIPEL, V. v. (1859, April).

[Undersskningar i hogre algebran, jemte nigra deraf beroende
theoremer i determinant-theorien. K. Svenska Vet.-Akad.
Hamdl. (Stockholm), iii. No. 4, 82 pp.]

This simply written and fully detailed memoir is an extension
of the author's paper of the preceding year. It consists of five
chapters, of which the fifth contains the freshest matter.

The first, and much the longest (pp. 8-16), is occupied in §1
(pp- 3-11) with the application of the Sturmian division-process to

@™ + a, 2™ + @™ 4 ... +«a,, or F(x),
bg@™=1 4+ bya* 2 4 ... + by-1, or f(2),

with the object of obtaining Cayley's expressions of August 1848
for the remainders (R,). In this he is successful, and he adds
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Brioschi’s of 1854 for comparison. In §2 (pp. 12-15) he works
out for himself a third form, which, in the case of m=4, gives

tag by . . . , Ry=la, . b . , Rg=...
a, b b, a, ay, b b, .
a, b, b -1 a, a; by b b,
ag by b, = -1 ag a, by by b .
a, b, T a, ag . by b, -1
A

—expressions which take a more familiar appearance when
developed and arranged according to descending powers of z.

He then passes to the case where f(z)=F'(x), his second
chapter being occupied with a short but very complete historical
sketch of Sturm’s functions.

In the third chapter the allied subject of the common roots
of two equations is taken up, and to illustrate the advantage
of his own procedure over Lagrange’s and Brioschi's he takes
the equations

a@® + ayx? + ae + ag = 0,

b® + bt + by + by = 0,

and (1) supposing them to have one common root gives

a . by .| ay - by

a, ay b b, . a @ by by | _ 0
ay, oy by b tay a; by, b

a; a, by b, Y.oag . b

as the equation for determining it; (2) gives the vanishing of
the two determinants in this equation as the conditions requisite
for the existence of two common roots; and (3) gives

ay by ay, b,
a b a; b, ag b

as the equation for determining the said two. In this connection
Sylvester's paper of 1840 might well have been referred to
(see History, i. pp. 236-238).

. The fourth chapter is headed “Relation between any three

z: 4 =0
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remainders,” but its main subject is Cayley’s relation of August
1848, and the obtaining of others like it.

Lastly, a chapter is devoted to the bigradient compound deter-
minants which he (Zeipel) drew attention to in his paper of 1858,
and which when of the (2r—1)" order are equal to

P::‘Z ntr and P:-ZP g‘-)l-r
respectively. Even to-day these excite a real interest, and a

purely determinantal proof of the identities is much to be
desired.

BRUNO, F. FAA DI (1859).

[TefoRiE GéNErALE DE LELIMINATION. Par le Chevalier
Frangois Fad di Bruno. ... x+224 pp. Paris)]

In his section (pp. 32-40) dealing with the dialytic eliminant,
Bruno, besides reprinting R,;, R,,, gives the full expansion of the
discriminant of the equation

axt + 4bx® + 6cxt + ddx + ¢ = 0
and of the diseriminant of
ax’® + 5bat + 10ca® + 10da? + Sex + f = 0.

In the printing of the latter discriminant, however, there are at
least seven mistakes. In the next section (pp. 40-46) he seeks
to improve on what we have called Cayley’s “chain of squares”
by combining the last square with the first, the second from the
end with the second from the beginning, and so on. For
example, his expression for R, that is to say, for

('8~ d%p®) + (—afbrs’+od’pq) + {2(—eqs*+bd%pr) + ...} + ...

pst qrs 13 s g’ qrl
qs 1% al? bed acl b be?

o bd2 2d 2 T | 1
s " agc,_;_.c_-l ‘;;f, 3 ¢3|;1 % 71| 52 £1
ETIE S L

+1 +;:3¢1+‘;;’2 +};“gf,¢3$ ( +;ﬁ: 72 ill
) £1 - R

A { B 41 '

U gr .
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a marked improvement on which would be

s8 rs?
. Vi . »q
f;,,‘:l +fd12’ :1|+

the second term in each binomial being derived from the first
term by the change of a, b, ¢,d, p, q, 7, s,into d, ¢, b, @, 8, 7, q, P,
—that is to say, by the interchange

abpq>
d ¢ s r/°

Further, he improves upon Cayley’s squares by so transposing
their rows, where necessary, as to bring about axisymmetry.*
Lastly, he tries (pp. 43-46) to justify Cayley’s rule for calculating
the coefficients placed inside any square of the chain.

SALMON, G. (1859).

[Lessons introductory to the Modern Higher Algebra.
xii+ 147 pp. Dublin.]

Having stated Euler’'s and Bezout’s method of 1764 for
eliminating the unknown from two ecquations (see Cauchy’s
account of it, History, i. pp. 241-242), and having previously
defined such eliminant as the expression whose vanishing is
the condition for the two equations having a common root,
Salmon naturally thinks (p. 32, § 47) of extending the method
to find the conditions for the equations having fwo common
roots. The equations being

I

ax* + ba® + cx® +dx + e } oF 5 {«p(w) =0
axd + B+ 6r +e =0 y Y (z) = 0,

he asserts that if ¢(x) and {(x) have two linear factors in
common the result of multiplying ¢(x) by the remaining linear
factor of Yr(2) must be the same as the result of multiplying

*The expression for Ryy, though now given more accurately than before, is
still disfigured by at least ten misprints.
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¥(x) by the remaining quadratic factor of @¢(x). Taking,
therefore, these remaining factors to be
Az +B and A2+ Bz + C,
and performing the multiplications, he is entitled to equate the
coefficients of like powers in the two products. He thus obtains
Aa — Aq =0)
Ab+ Ba— A’B — Bla =0
Ac+Bb—-Ay—-BB—-Ca=0
Ad+Bc—A'S =By~ CB=0]

Ae 4+ Bd - B¢ -Cy=0
Be -Cé=0/,
from which the deduction is

a b ¢ d e
..o b ¢ d e
a By ¢ = 0.

a B v & .

« B é

BORCHARDT, C. W. (1859, November).

[Vergleichung zweier Formen der Eliminations-Resultante.
Crelles Jowrn., lvii. pp. 183-186; or Gesammelte Werke,
Pp- 145-150.]
The problem here is exactly the same as Hesse’s of the
previous year. Instead, however, of multiplying S by ¢{(8,,8,)
he preferably multiplies {‘*(,81, Bz» ay, ay, ag) by S, thus obtaining

1 8, 6 B B Gy @ Gy Oy

1 B, B2 B B - Oy @) Gy ag
1 a o a af|. bo b1 bz .

1 a a? a® at b, b, b, .
1 a3 a a af by b, b,

#(8) Bip(B
$(8) Bep(Bo) - . :
. . ‘l’(al) a1‘/’(a1) al?"/’(al)
Yag) ag¥r(ag) a’Yr(ay)
Y(as) agP(as) aaz‘/’(as) .
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Now, E being Euler’s product of differences, the first determinant
on the left is resolvable into

gi(Bl’ ,82) . {4(‘11’ Qg as) . Er
as was first observed by Rosenhain in 1845 (Sept.); and the
determinant on the right is resolvable into
{f}(ﬂl’ :62) . ¢(:81) . ¢(ﬁz)}{§ }(al’ Qg as) . \/’(al) . \[’(az) . \/'(03)} .
We thus have

ES = {¢(8)- p(B)H{¥ (@) (o). Y(ap)},
= a,’E.b,7E,
and
oo S = ,f%E, as before.



CHAPTER XIIL
HESSIANS, UP To 1860.

SPECIAL cases of the determinant

u  Pu
% Swdy awoe
dyoxr oy® Oyos
0zox 020y 0=

. 3

where u is a function of @, ¥, 2, . .., may well have appeared at
a very early date in the history of determinants. The case where
w=ux’+2bxy+cy? may be viewed as traceable to Lagrange
(17783), and the case where u = az?+by>+ c2?+ 2dyz + 2022+ 2fey
to Gauss (1801); but it is certain that in those cases the elements
of the determinants were not looked on as second differential-
quotients of u. The general conception first occurred to Hesse
in the year 1843.

HESSE, O. (1844, January).

[Ucber die Elimination der Variabeln aus drei algebraischen
Gleichungen vom zweiten Grade mit zwei Variabeln.
Crelle's Journal, xxviii. pp. 68-96; or Werke, pp- 89-122]

In§i15 (p 83) Hesse passes from the direct subject of his paper
to the special case in which the three functions Jus for [y are the
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first differential-quotients of the homogeneous function of the
third degree
S\ ATy, OF f 88y,

where each of the suffixes «, A\, u may be 1 or 2 or 3. The deter-
minant, afterwards called the Jacobian, of f,, f,, f; he says may
in that case be styled “the determinant of f” This expression
at once recalls that used by Gauss in 1801, namely, “ determinant
of a form of the second degree,” the determinant of

ax?+ 2bxy + cy?,
according to Gauss, being b?—«c, and the determinant of
a,22 + ayy?+ a2+ 2b,yz + 2b,20 4+ 2bgxy

being a,b,2+ wb,? + dgby® — @ agas — 2b,bh;.  The two usages, when
Hesse'’s is restricted to the second degree, are not so far apart:
for, according to Hesse, the determinants of the same two forms
are

2¢ 2b 20, 2b, 20,
20 2¢ |, 2b, 2a, 2D,

2b, 20, 2d4 |,
e — 2202 — ac), —2%(u,b® + @b+ ...

The elements of Hesse’s “determinant of f” being evidently the
second differential-quotients of f, those in conjugate places must
be equal—that is to say, the determinant is axisymmetrie.

The first result enunciated is (p. 85)—Die Determinante der
Determinante einer gegebenen homogenen Function dritten
GQrades von drei Variabeln ist gleich der Summe der gegebenen
Function und ihre Determinante, jede mit einem passenden
constunten Fuctor multiplicirt. In symbols at a later date
this would have been written

H{H('u,%)} = Culgy + ¢’ H(uy,).
Following thereupon is a theorem of like type
H {clfu,33 + czH(uss)} = gty + ¢, H(ug),
and this is used to solve the equation
H(uz) = U,
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where uy; and uy stand for ternary cubics, and wy is the
unknown.

The effect of linear transformation, so strikingly brought to
the front by Boole three years before, is then (§ 19) entered on,
f being no longer a ternary cubic, but any function whatever of'
®y, Tyy . . . , &, and supposed to be expressed also as a function
of the variables y,, ¥, . . . , ¥, by means of the equations

1 (2
e, + @y + ..o+ Pz, = 9,

1] 2]
e, + aPe, + . ...+ alx, = y,

1 2
ey, + ey + ...+, =y, ).

Denoting the determinant of f when viewed as a function of the
x's by ¢, and when viewed as a function of the y’s by ¢', Hesse
affirms that
¢ = ¢,

where 7 is the determinant formed from the coefficients of the
2’s in the transforming equations. His proof is essentially that
still followed ; that is to say, he recalls that from the multipli-
cation theorem we have

Z:tu(,“n‘f’ vl = Dkalad L Ll Ziw?’wff’ o™,
i A — Ny (A (%) LV ON
if u® = a®u 4+ adwl + ...+ dPu;
and
Dixulu . wl = 2 D P L o,
if in addition  u® = a®v® + a®W 4+ ... 4 W

and he then merely asserts that application to the case where

of
a A
u® = O e _<i””.2 Mo P

* 2,0’ A oYa ) Y. OYa
accomplishes the desired aim. The result, as stated in later
phraseology, is that “the Hessian is & covariant.” The case
where f=aqa®+2bzy+cy? was given by Lagrange in 1773, and
the case f =am2+by2+cz2+2d/yz+2czw+2f:cy by Gauss in 1801.
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The ternary cubie u,, is next returned to and shown to be
transformable by a linear substitution into the form

Y + ¥ + ¥ + 67y,

and to be such that constants ¢,, ¢, are determinable which make
Oty + ¢y H (ug)

resolvable into linear factors.

CAYLEY, A. (1845, early).

[Note sur deux formules données par MM. Eisenstein et Hesse.
Crelle’s Jowrn., xxix. pp. 54-57; or Collected Math. Papers,
i. pp. 113-116]

Cayley, who had, like others, been attracted by Boole’s epoch-
making paper on Linear Transformations, and was about to
publish his own first paper on the subject (Camb. and Dubl.
Math. Jowrn., i. pp. 104-122), was naturally interested in that
part of Hesse’s paper which concerned the “determinant of f.”
He consequently wrote the note we have now reached, for the
purpose of adding to Hesse's results and of extending an identity
of Eisenstein’s not distantly related to the same subject.

The “équation remarquable” of Hesse's which he starts with
he writes in the form

V(U +aVU) = AU+BVT,

noting that its author had not given the values of the coefficients
A, B, “ce qui parait étre trés difficile & effectuer.” He then
announces the analogous theorem: “Soit U une fonction homo-
gene et de 'ordre v des deux variables z, 9, et VU la déterminante

*U 2?0 ( Gl )‘3

b

ox oY

l'on a
(v=2)(v=3)-V(U+aVU) = {-— v(y=1)(v—3)%d + u(u—l)(2u—5)2a,21}U
+H{o=2)0- 38 +(—2)(=3)(@=5)atT}VU.
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En représentant par <, j, k, I, m les coefficients différentiels du
quatriéme ordre de U, on a

I = ikm —il2 — my®— R+ 251,

J = 450 — 3k* — mz,
de maniére que I, J sont des fonctions de , y des ordres 3(v—4)

et 2(v—4) respectivement.” To this he adds the remarkable fact,
that if the binary quartic

?:f“ + 4&% + kazt]"’ + dEP + mat,
where 1, j, k, [, m are now any quantities independent of & #, be
transformed by the substitution

£ =N+ po }
7 = }\lf/ + ,U',ﬂ’

and I and J thus become I’ and J’, then
I' = \w'=\"w)], J = A =Nt

In other words, he makes known for the first time the two
“invariants” of a binary quartic, and notes the curious fact that
expressions of exactly the same form occur in his equivalent for
V(U,,+aVUy,,).

Another remark is equally suggestive, namely, that simpler
results might be reached if U were taken a homogeneous function
in «/, 4’ as well as in @, ¥, and VU were defined as

BU FU PV U
dwox’ oxoy Yoy dyor’
For example, U being a quadric in both sets of variables, namely,
U= z,2(Ax?+ 2Bzy + Cy?)
+ 2y, (A2 + 2By + C)
+ Y (A" +2B"2y+C"y),
or in later notation
x? 2y oy
A B C |z
A B O 2y,
A’/ BI/ CI’ y12 s

U =
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then we should have*

vwu=2A B C |0
A., BI C/
A.” B// CI/

In connection with the first of these results of Cayley’s the
reader should note that on putting v=4 we obtain

V(U+aVU) = (—6aJ+54a?I)U + (1+432J)VU,
or V(aU+BVU) = (—6aB8J+5481)U + (a>+36%)VU,
and .- VVU = 541.U+3J.VU.

Further, if the particular form of U be
ax?+ 4bazdy + 6exy® + dday® +-eyt,

this gives

VVU = 125432 1.U-J.VU)
where I = ace+2bed — ad?—eb®—c8,
and J = ae+3c2—4bd.

In his famous first paper (Fcbruary 1845) “On the Theory of
Linear Transformations,” of which this is merely an offshoot,
Cayley states that the invariance of I had been communicated
to him by Boole, along with the still more interesting fact that
Boole’s invariant (i.e. the diseriminant) is equal to J3—27I2

CAYLEY, A. (1846).

[On homogeneous functions of the third order with three
variables. Cambridge and Dub. Math. Journ., i. pp. 97—
104; or Collected Math. Papers, i. pp. 230-233.]

One of such functions, U say, being taken in the form
ax® + by® + c2® + 3iy% + 3j2%¢ + 3kaly
+ 3i,y2% + 3j,22% + 3kay® + 6leyz,
Cayley calculates VU, and writing it in the form
Az + By + C2® + 3Iy’2s + ... ..
gives the valuest of A, B, C, 31,....in terms of @, b, ¢, ¢. .. ..

* Instead of 2!° we find in the original 28, and in the Collected Math. Papers 28,
+1In the value of 3K, there is printed - 2bi;/ instead of — 2Wjyl.
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CAYLEY, A. (1847).

[Note sur les hyperdéterminants. Crelle's Jowrnal, xxxiv.
pp. 148-152; or Collected Math. Papers, i. pp. 352-855.]

As already noted, the second section of this short paper
concerns what would, a few years later, have been called “the
Hessian of the discriminant )

6abed + 3b2%c% — a2d? — 4ac® — 4b3d

of the binary cubic.” The result, which is rather inelegantly
verified, is that the said Hessian is a numerical multiple of the
square of the discriminant.

HESSE, O. (1847, August).

[Ueber Curven dritter Classe und Curven dritter Ordnung.
Crelle's Jowrn., xxxviii. pp. 241-256 ; or Werke, pp. 193-210.]

Any homogeneous function of the m'* degree in the variables
@, &, T3, being denoted by u, its first differential-quotients by
Uy, Wy, g, and its second differential-quotients by w,,, ty,, . - .,
there is obtained from Euler

Ugay + Uogly + Uggly = (M—1)u,

U@y + Wgoy + Upyy = (M— 1)’"’1}
Ug %y + UgpWy + Uggy = (M —1)uy |,

and thence, on solving,

A \
m—1% = U+ Upguo+ Upyuy
A
m—1% = Val + Upgtty+ Uggug ¢
A = Uu+Upu+U
m—1% = Vsl + Ugto+ Ugguy

/>

where, evidently, A is used for Hesse’s determinant of u, and U,,
for the cofactor of u,, in A. Using in connection with the latter
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three equations the multipliers w,, u,, u;, and adding, Hesse
derives the interesting result

m
m=-1

wA = Uy ul 4 Upw,2+ Uggu + 2U 1., + 2U 5 ugu, + 20 500,

and this by a process of differentiation leads to six results of the
type

m Lolly
Uy Usg + U0 Uy — Uy — Uy U Uy = Tl

m—1"%"" (n—1y

The rest of the paper is geometrical.

HESSE, O. (1849, January).

[Transformation einer beliebigen gegebenen homogenen Function
4ten Grades von zwei Variabeln. .. .. Crelle's Journ., xli.
pp- 243-263; or Werke, pp. 223-246.]

A binary quartic u,, being the only other homogeneous integral
function whose determinant, in Hesse’s sense, is of the same
degree as the function, there was naturally an inclination to
make a study of its properties in the same fashion as has been

. followed with the ternary cubic. Analogous results are reached,
such, for example, as the theorem that it is possible to determine
constants c,, c, so that

€1y, +cuH(5y)

may be an exact square. Most of the matter, however, more
directly concerns the quartic than its so-called determinant.

ARONHOLD, 8. (1849, July).

[Zur Theorie der homogenen Functionen dritten Grades von drei
Variabeln, Crelle’s Jowrn., xxxix. pp. 140-159.]

This is an inspiration from, and a striking development of, the
latter part of Hesse's paper of the year 1844, and like that paper
may be said to concern itself more with the ternary cubic than
with the so-called determinant of that function. In regard to
the latter, however, there is one very noteworthy result: for,
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just as Cayley in 1845 established the two invariants I and J of
a binary quartic w,, and used them for the expression of

H{a-un+boH(u24)} in the form A.-.w,+B-H(u,,), so Aronhold
here announces the two invariants S and T of a ternary cubic,
and gives the similar expression for

H{(L-uas+boH(u33)}.
Obtained from this by putting « =0 is the result
H{H(1y)} = 38 5— 2T H(uy)

—the longed-for definite form of Hesse’s theorem of the year
1844.

We may also note in passing that the result of eliminating
x, 9, z from the equations

Oyy Ollgy _ Olhgy
B.L_O y—o’ az‘“
is expressed in terms of S and T, namely,
T:—S% = 0;

or, in later phraseology, that the diseriminant of 2, is T2— S5

HESSE AND JACOBI (1849, December).

[Auszug zweier Schreiben des Prof. Hesse an den Herrn Prof.
Jacobi und eines Schreibens des Prof. Jacobi an Herrn
Prof. Hesse. Crelle’s Journ., x1. pp. 316-318.]

Hesse having communicated to Jacobi a theorem regarding
a homogeneous function of three variables, Jacobi sent back
a proof showing that the theorem held in the case of n variables.
The function being noted by u, and being of the m't degree
in the variables x,, «,, . .., «,, Jacobi, like Hesse himself in his
paper of 1847 (August), obtains the equations

Ty + Uy + ..o F Ty = (Mm—1)u,
TyUyg + Tolbgy + ... + Tplny = (M—1)u,

Ty Uin + LoUgn + - ..+ Lo = (M=1)u,/,
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and thence

w‘A = (m—l){Uﬁul + U‘g'uq + o e + U‘”u“}.

385

(@)

Differentiating both sides of this with respect to z;, we have

wigﬁ—k = (’In— 1){Uuuu + Uvuk? ..+ U‘"u’m}
U oU, oUu
- 1 [ ﬂ et 12 T _.‘l‘}
+ (m=1) % 5, + . 28% c Uy

= m-DfuZlrwDrr v u T @

ox,

if & be different from . A second diﬂ'erentia,tion, but this time

with respect to x;, gives

FA f '>2U,1 U,

PU,,

W mow, = (M l)tula omy T Yo, T T g,

+ (m— 1){’“11 Lg 4

cU_',o
oL
But on the supposition that ! is different from ¢ we have
Uy + 24U+ ... + 4,0y = 0,
and therefore by differentiation with respect to x;

au U, U,
Uy ‘a .11 + b2 ’\J = + + Wy, - aJ,

+ Uy + 204U + .00 + 2,0, = 0.
Consequently by substitution

U opom, — T 1){“"3 % Tneay T Ty,

_(m“l){uann +uUn + oo+ w U

where [ and & are each different from %.

If now special values of «,, 2, . .. 2, make u,, u,, ...,

vanish, then, Jacobi says, we shall also have

2A
A—O, ai; = 0, U,-s = \Tzv,.a,,,

M.D. 1L 2B

U,
+ ..+ oy WL} .

qU‘in

o)

(v)

, all
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for all values of r and s*; and consequently from (y)

PA o [N O fa }
g, — D N, Mg
= —(m—1)Na [, 28 4 g, O }
= (’)n, ])Na/‘ {{El a‘l" + wg aw2 + e
= —-('In— 1)(7)’&— 2)Nw4uu )
whence
2A o O
Seam = —(m—=1)(m-2)N. TR

This result we may formally enunciate as follows:—If the first
differential-quotients of « homogeneous vationul integral
function «ll vanish, the elements of the Hessiun of the function
are proportional to the elements of the Hessian of the Hessiamn.

TERQUEM, O. (1851, March).

[Note sur les déterminants. Nouv. Annales de Muih., x. pp.
124-131.]

This is an elementary exposition of Hesse’s determinant, with
simple illustrations from algebraic geometry, the property of
« covariance” being made prominent. A curious distinction is
made between what are called the “first” and “second”
determinants: for example,

dac — B

*The first two of these results, which follow from (z) and (B), there is no
pressing reason for mentioning : it would have been equally pertinent to note
that u=0. The third result Jacobi probably obtained (sce Crelle’s Journal, xv.
p- 304) by taking in every possible way -1 of the initiatory set of equations
and deducing

Zysagt. .o t@a=Up:Uyg:eooo:Un,
=U12:U._u2: e e :Unz,
=Um:Usn:-...: U
This implies that Un:Upw = 2t 20
and U.:,:U.:,::x,-:a:..:;

and from these, by reason of the equality of U,s and Uy, there is got by mul-
tiplication
Ufl: Uc’r' = Wslp 2 XyXpt o
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is styled “le premier déterminant de la fonetion hexandme du
second degré & deux variables,” and

8ucf + 4bde — 2ue® — 2cd? — 2fb?

the “second déterminant de la méme fonction rendue homogéne
et ternaire.” The former is, in fact, the determinant of

az? + bxy + cy? + dxz + eyz + f2°
or ax® +bxy + ey +de +ey+f

with respect to 2, y; and the latter the determinant with
respect to z, y, 2.

HESSE, O. (1851, March).

[Ueber die Bedingung, unter welcher eine homogene ganze
Function von 7 unabhiingigen Variabeln durch lineare
Substitutionen von » andern unabhiingigen Variabeln auf
eine homogene Function sich zuriick fiihren lasst, die eine
Variabel weniger enthélt. Crelle's Journ., xlii. pp. 117-
124 ; or Werke, pp. 289-296.]

Hesse here returns to the subject of §19 of his original paper,
calling =-44;,%p; . . . Uy, or A the determinant of « with respect
to the variables @;, @y, . .. @a, and Exuu® ... u™ or V the
determinant of w with respect to ¥,, ¥, ..., ¥, and proving
once more his theorem that

V=r2A.
He then supposes that in the result of the transformation y, does
not appear, and says that as this implies that «», «*, ..., u™
all vanish, it follows that V=0, and that therefore from the said
theorem A also must vanish. There is thus obtained the result
that, “ Wenn eine homogene ganze Function der n unabhingigen

Variabeln x,, X,, . . . , X,, durch
— gk k k.
X, =a, 1+a2y2+“ ‘+a'nyn

in eine Function der Variabeln y,, y,, ..., Yo Ubergeht, in
welcher eine dieser Variabeln fehlt, so ist die Determinante
dieser Fumction in Ricksicht auf die Variabeln x;, x;, . .. , Xy,
identisch gleich 0.”
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The rest of the paper is occupied with the converse theorem ;
but as the author himself came to be dissatistied with his attempt
at a proof and returned to the subject seven years later, it need
not be entered on here.

SYLVESTER, J. J. (1851, April).

[Sketch of a memoir on elimination, transformation, and canonical
forms. Cambridge und Dub. Math. Journ., vi. pp. 186-200;
or Collected Math. Papers, i. pp. 184-197.]

The expression “ determinant of a function” or, more definitely,
“determinant of a function in respect to certain variables”
occurs repeatedly in Sylvester’s writings of the year 1850, the
accompanying notation being*

O(w);

for example, when dealing with ternary quadrics U and V,
expressions like

1! AU+uV)

An wys
are in constant use by him. It is clear, however, that the
determinant which he had in mind was not Hesse'’s, but that
which the year following he named the “ diseriminant.”

The interest of the present paper lies in the fact that, amid
much other matter, not only are the said two determinants
clearly defined and distinguished, but are shown to be viewable
as having a common parentage, being indeed two cxtreme
members of a family group. In the first place, the determinant
of any homogeneous integral function is incidentally defined as
the resultant of the first partial differential coefficients of the
function, when drawing attention to Boole’s proposition (1843)
that the said determinant “is unaltered by any linear transforma-
tion of the variables, except so far as regards the introduction of

* 0 was used by Cayley in 1846 as the symhol of hyperdeterminant derivation.
See Collacted Math, Papers, i, p. 97,
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a power of the modulus of transformation.” It is spoken of later
in the paper as the “common constant determinant” or the
*ordinary determinant ” of the function, the word diseriminant
not being proposed until a later date in the same year. In the
second place, there is brought into notice in connection with any
homogeneous integral function ¢(,y,...,2) of the n'* degree
the family of functions

(f:a%+n5,a—y+ . +§‘§az->r¢(w, Yoo, 2),

where » has the values 1,2,...,n. Corresponding to these
there is a family of determinants (¢.e. discriminants), namely

1 (e ;+...+§;>f¢(x,y,...,z),

&, ..

where =2, 3,..., n, the first being according to Sylvester the
“ Hessian” or “ First Boolian” determinant* of ¢, and the last

e “Final Boolian” or “ordinary determinant” of ¢. The
reader is left in the former case to reconcile the new definition
with Hesse's own definition, and in the latter case to observe that

(£%+n%+ +§§-z)"¢(w, Yooon2) = @& m- -, )

The notation used for the Hessian of ¢ is H(g): by “second
Hessian ” he says he means “ Hessian of the Hessian ”; by *post-
Hessian” the determinant of the function got by taking »=38;
and similarly for “praster-post-Hessian”!

We may at once remark that much of this nomenclature had
a very short life, being supplanted by other coinages made by
Sylvester himself. The functions

(gtngy+--) # v )

*On p. 194 he says the Hessian of F(z,y) is ‘““the determinant of the deter-
minant, in respect of ¢ and 7, of

2
(Ea% k1 d?/) F(z,y)”
__an error which is repeated in the Collected Math. Papers.
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he soon named the emanants of ¢: and thus the Hessian, post-
Hessian, prater-post-Hessian, and other determinants forming the
“ Hessian (or Boolian) Scale ” became known as the discriminants
of the emanants of ¢. To the first member of the scale, how-
ever, the word “ Hessian ” became permanently attached, although
Sylvester’s mode of defining it as the “discriminant of the
quadratic (or second) emanant” * did not spread. It was intro-
duced by Salmon into the first edition of his Higher Plame

Curves (see p. 72) about a year after Sylvester's first use of it,
and met with rapid acceptance.

SALMON, G. (1852).
[A TREATISE ON THE HIGHER PLANE CURVES..... xii+316 pp.
Dublin.]

In sect. ix. (pp. 181-195) Salmon deals with the “General
Equation of the Third Degree” on the lines of Aronhold’s paper
of 1849, and the Hessian naturally comes in for attention. The
ternary cubic U which constitutes the non-zero side of the
equation he writes in the form

@, @* 4 b3+ 052° + a2y + 8byy Pz + 3¢, 2%
+ 3ugx?z + 3b,y%x + 3c,2%y + 6dwyz,
and following Cayley gives its Hessiant as
8,22+ byy®+ g2+ Bagzly + . .. .,
where
a = ayd? + bal + 0,7 — abye, — 2da,04,
b, = byd? + 6b,% + aghy? — by, — 2dbgb;,
e = Cyd? + age? + bye,? — aghye, — 2desc,,

*8See Philos. Magazine, v. p. 122; or Collected Math. Papers, i. p. 591.

11t should be noted that this is yiy of the Hessian as defined, that a, is ex-
pressible as a three-line determinant, that 3a, and 3a, are expressible as the
sum of two such determinants, that 6d is expressible as the sum of three such
determinants, and that the performance of the circular substitutions

a5 by, C3=by, €5, @y, @y, by, € =by, ¢, @y, ag, by, c;=by, 5, Qg
on the expressions for a,, 3a,, 3a;, gives us six other of the expressions,
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88, = c,a,? + ay;b; — 20,050, — A, 02 + 20,bgd + bytg? — 0,0, — by,

3b; = agb?+ bya,c, — 2bbie; — byd? + 2be,d + ¢5b® — byagcs — byCoas,

8c, = bie? + )by — 2¢,000, — oy d? + 2,000 + y0? — cgbyu, — cyagh,

8a, = byt + agbe, — 2ay1,0, — yd? + 2a,e,d 4+ eyt — aybieg— a6y,

8b, = ¢;b? + by — 2bbyy — byd? + 2b,usd + ,b — bycouy — byae,,

8c, =y + Cyteby — 20,00, — cyd® + 26,0, + bye,? — cgugh, — ey,

6d = —2d3 + 2d(b,e, + s+ 1) + (t,DyCy+ byerthg+ €315D,) — by

— 3(ashye; +ash,cy).

The invariants S and T are also printed in full, viz.

S = d* — 2d%(bc; + cyoty+ ayby) + 3d(a,bye, +aghicy) — d - a,byeq
+ d(a,bge,+bycias+cya50,) — (b6; + Cotty+ 3005+ Dy + ghge byey)
+ (bt e’y + ayby?) — (aby - 16+ by - sy + eyt - byby)
+ (DCytt,2 4 €10 b, 2+ oo, 2+ byttt + 305D, + a1, by cE),

T = — 8d¢ + 24d(b,c, +cupt+azh) —. ...

As these differ from Aronhold’s by numerical factors, we are

prepared to find corresponding differences in the expressions for
the Hessian of the Hessian and for the discriminant, namely,

482U - T-H(U) and T? - 64S%
respectively.

BRIOSCH]I, F. (1852, August).

[Sur les déterminants des formes quadratiques. Nowv. Annales
de Math., xi. pp. 307-311; or Opere mat. v. pp. 81-85.]

After an introduction of two pages on determinants in general,
the determinant of a quadratic form is defined as the determinant
whose elements are the second differential-quotients of the form,
the editor adding in a footnote the words, “c'est le déterminant
hessien des Anglais.” Starting then from the known fact that
if qa, =0 =0

1
ar’”f + “:ﬂ'g + 2bzx, = a(alwl'i'bl%)zl
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Brioschi states that similarly, if the determinants of
ax + axh + agxs + 2baiwy + 202,25 + 20,2423
(’/la": + agr; + 2ba,,
@ + aws + 2b2.;,
all vanish, the ternary quadric is equal to
é‘; (@, + by +bxs)* 5
and if the determinants of
wids + am; + o + o, + 2bea, + 2b@as + 2bwi }
+ 202 + 202, + 2d @, |,
("117‘: + “'2“'2 + aswg + 2bz,x, + 2bexs + 20,2475,
a’lwf + ”'2532 + aqu + 2byx, + 2bgy, + 20024,
“1-’1’3 + az-'”: + 2bx.x,,
alwf + “3“’: + 2bx s,
u®) + a; + 2wy,
all vanish, the quaternary quadric is equal to

1
a (g, + by, + byxy+ by, 5

and so on generally. An alternative set of conditions is referred
to, and is exemplified by the case of the ternary quadric, where
the vanishing of «,¢,—b,b, is substituted for the vanishing of

005 + 2b,bae, — ayct — aghl — aghi,
the latter being equal to
{ (003 — bi)(ala'a"‘ j) - (alcl—blbi!)z} ~ .

SYLVESTER, J. J. (1853).

[On the conditions necessary and sufficient to be satisfied in order
that a function of any number of variables may be linearly
cquivalent to a function of any less number of variables.
Pliilos. Magazine, v. pp. 119-126 ; or Collected Math. Pupers,
i. pp. 587-594.]

The title at once suggests a connection with Hesse’s converse
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theorem of 1851 (March): the investigation, however, proceeds
on totally different lines, and only concerns us because of the
doubt thrown on the truth of the said theorem by Sylvester’s
assertion that the Hessian “is really foreign to the nature” of
the question under discussion.

SPOTTISWOODE, W. (1853, August).

[Elementary theorems relating to determinants; second edition,
rewritten and much enlarged by the author. Chrelle’s
Jowrn., li. pp. 209-271, 328-381.]

The latter portion (pp. 343-350) of his chapter (§ ix.) “On
Functional Determinants” Spottiswoode devotes to one or
two theorems connected with Hessians, and mainly to Hesse's
theorem of the year 1849 (December): his proof of the latter,
however, is not an improvement on Jacobi’s. One of his
notations for the Hessian, U being the function and «, 4, 2, . . .
the variables, is

9 92 2
@ dy %
2 22 [V
oxr oy oz

suggested, doubtless, by Sylvester's general umbral notation.
Further, he uses the word “Hessian” in a geometrical sense,
namely, for the locus represented by

H(U) = 0.

SALMON, G. (1854, Feb.).

[Exercises in the hyperdeterminant caleculus. Cambridge and
Dub. Moath. Journ., ix. pp. 19-33.]

Of these excrcises, which usefully served as an exposition
of Cayley’s so-called hyperdeterminant method of deriving
invariants and covariants, it is the seventh (pp. 24-25) which
here concerns us, the subject being the calculation of the
Hessian of the Hessian of a binary quantic. In this method
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the symbol 12% primarily introduced to stand for the operator
e) o |®
N
o9 0

Xy OYsls
comes by the adoption of additional conventions to represent
the Hessian of a binary quantic: and similar considerations
lead to the Hessian of the Hessian being denoted by
(13+T4+23+28)' 12" 3%~

Adopting this expression Salmon succeeds in transposing it so as
to give Cayley’s binomial expression of the year 1845. The proof
is reproduced with improvements in his Modern Higher Algebra
of 1859 (§§170, 171: pp. 140-141), where also the special case of
the binary quartic is referred to (§ 185, pp. 103-104), and Hesse’s
analogous theorem regarding the ternary cubic (§§ 143, 145:
pp. 112-114).

BRIOSCHI, F. (1854).

[Solutions des questions 285, 286. Nouv. Amnales de Math.,
xiii. pp. 402-409.]

The theorems which had been set for proof were geometrical
theorems due to Hesse, and as a foundation on which to base
them and others Brioschi establishes a general result regarding
Hessians. This with only slight departures from the original
may be formally enunciated as follows:—If u be a homo-
geneous integral function of the m® degree in r+1 variables
Xg» X1, Xgy + o+, Xy, the Hessian of which with respect to those
vuriables i8 H,,, and with respect to the variables X, X, .. . , X;
is H,, then the determinant which is the result of bordering
H, by prefixing
ou Ou ou
ox’ 3 T o,
as a first row and as a first column is equal to

0,

2
(_ l)r-{-lmli 1 uHr + —'}Q_—'Hr+l'

(m -1y
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The bordered Hessian, B say, being equal to

. Wy Uy

1 (m=Du; uy Uy
o1 |m=1us uy Uy
(M= )up Uy U

Uy
Ugr

Wpy

DR

and Euler’s theorem regarding the differentiating of homogeneous

functions giving

mu
(m—1)u,
(m—1)u,

.(m.— i)zl:,

Loy +xyu, + ...
LyWoy + Ty + . . .
ToUyy + 2%y + . .

+ xu,
+ Z, U,
+ Z, Uy

= wouro + .’L'lu,.l + v e e + w,.u,.,. N
there is obtained
Ty — MU W, W, u,
B 1 XTI Wy W Uy
T m—=1 Loy Uyy  Uoy Uy,
Lollyg Uy Uy Uy
w, U w, |
0 1 v
Uy Uyp - Uy | ‘
@ | %o Un Wy,
= | Un Uy .. Uy | 4 _TO_,
m-=1"1, ", . .. ')n—ll Ugg Uy War
v - e . v e
Uy Uy oer U .

By similar treatment, however, the second determinant on the

right of this
(m-—

Du, (m-1)u,
Uyo Uyy
Ug Uy
Uy Uy

Ugy o ov Uy

Uy oo %,

WUy ove U |

(m—1)u, I
Uy

Upr |
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so that finally we have

2
m x,

B=- m— iuH" + (777:1)2H”+1 g

as desired.

As a corollary it is noted that if H,,, vanishes identically, then
(m-1)B 4+ muH, = 0,

{
| me U ... U,

((m=1)u, %y ... Uy
€. (m=1Dw, w; ... | =0,
[(m—=1)w, %y ... Up,
“et 1'équation
W@y Tyy oo @) =0

est elle-méme homogéne "—a sort of converse of Euler’s theorem
above referred to.

BRIOSCHI, F. (1854, March).

[LA TEORICA DEI DETERMINANTI, E LE SUE PRINCIPALI APPLI-
CAZIONI. viii4116 pp. Pavia.]

The last section (§ 11, pp. 106-116) of Brioschi’s text-book is
headed “ Del determinante di Hesse.” Opening with the definition
of “1'Hessiano,” it gives a clear and orderly exposition of &
goodly number of the main theorems up till then discovered,
with geometrical applications.*

Separated altogether, however, from these is a demonstration
(pp- 20, 21) which strictly belongs to this section. Recognising
that Hesse's expression (1847, August) for the product of % and
its Hessian A is in reality obtained by eliminating x,, z,, 3 from
four equations, Brioschi performs this elimination openly, with
the result:

*The reason given for the deduction U= Nz,x,, which occurs in his presenta-
tion of Jacobi’s proof of the year 1849, is disappointing.
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m

O=|—u w e, W
m—1 1 2 n
Uy Uy g o+ Uy
'u’n '“’m 'u’n2 tee urm H
m
= —-—= UA . Uy .. W
m— 1 + u’l 2 n
Uy Uy U Uin
Uy Uy Uy Uop,
’bb“ u’nl '"’nz uml

CAYLEY, A. (1856).

[A second memoir on quantics. A third memoir on quantics.
Plilos. Transac. R. Soc. (London), exlvi. pp. 101-126, pp.
627-647; or Collected Muth. Papers, ii. pp. 2560-275, pp.
310-332.]

In his tables of invariants and covariants Cayley gives the
Hessian of the binary quartic, binary quintic, binary sextic,
binary octavic and ternary cubic. The results are those num-
bered 9, 15, 33, 42, 61.*

BELLAVITIS, G. (1857, June).

[Sposizione elementare della teorica dei determinanti. Memorie
Istituto Veneto . ... vii. pp. 67-144.]

Bellavitis (§§ 79, 80) denotes “I’Hessiuno delle funzione ¢ ” by
| D,D, D,D, ..... | ¢

calling it also “il determinante delle derivate-scconde.” He
confines himself to three of the main theorems. Hesse’s theorem
of 1851 (March) he amplifies, his enunciation being:—If u, «
homogeneous integral function of the variables x;, X,, ..., X,, be
transformed by means of the substitution

— g,k (k) k
X, =& Y1+a'2 y2+ tr +a'nyu
*In the third columu of this last in the Collected Math. Papers, cij and f&
should be ¢fj and gil, and in the eighth column ach should be ack.
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wnto v, and one of the new variables, say y,, be absent from v,
then (1) the Hessian H of u must vanish identically, (2) the
cofactor of the elements of amy row of H must be proportional
to the coefficients of y, in the substitution, (3) the product of the
Jirst differential-quotients of u by the said column of coefficients
18 equal to 0. The third of these Bellavitis reaches very easily,
because generally we have

o _ ouw om  udn, . Ou Om,
9y, Ox; Oy, O, OY, Oy OYr
and therefore when »=1
— _a_"u' (1) 9"& (2 _'_a_'li (n)
0 - awlul +ax2al + LRC +axna’l
or 0 = ual+ud®+ ... +ual. (7)

As regards the second he notes that on account of the vanishing
of H we have in the first place

and in the second place * the set of equations

uw, U +u,Upp+ ... +9,U, =0
w, Uy +uUpp+ ... +0,U,, =0

from which there is the evident deduction that the said set
reduces to a single equation: the identity of this equation with
(=) is then assumed.

Hesse’s converse theorem he treats with a wise caution,
deducing as before from the vanishing of H the existence of a
single equation of the form

ou u
a_??a:_1+‘83—3;+ ceee = 0,

but then adding, “ ma rimane da dimostrare che le a, 3, . . . sieno
quantitd costanti.”

Lastly, he notes that if there be fwo such equations with
constant coefficients, the function is transformable into one with
two fewer variables, and all the primary minors of H vanish.

* See (a) in Jacobi’s proof of 1849.
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BALTZER, R. (1857).
[THEORIE UND ANWENDUNGEN DER DETERMINANTEN, mit . . . . .
vi+129 pp. Leipzig, 1857.]
In Hesse’s converse theorem of 1851 (March) Baltzer (§ 13, 3)
wisely substitutes for A=0 the condition
ey + oty + ..o+ Cu, = 0
(which by a property of Jacobians implies A=0), his proof being
that the substitution
@ = bty + ba¥a + .+ - F bpprYno1 + GYa
will then give ou/oy, = 0, for
S = oy et oy,
= W0+ UCy + o - F Uy
In the second place, from the same 11 equations, namely

- ('m,--l)q—;m"u'—1 +ux, +...+ux, =0

L =

—-(m=-Du, +uyx, + ...+ Wy, =0

- (m—l)u,, + Uin®y +...+ Ung = 0 ’

he obtains (§ 14, 4)
—(m=1):x, @yt =A V2V, 0V,
=V Vy: Voo iV,
= Vn:Vln:Vm: v :V’m )

where the V’s are the cofactors of the corresponding w's in the
resultant of the set of equations. The first and (r+1)* lines

imply respectively
—(m=-1):z. =4 :V,

Y
and -—(m=-1):z, =V,:V,,

the former of which gives
V,. E m— 1 A s ( a)
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and the two together
= T

Vsr - (m_l)zA' (B)
The result (a) is essentially the same as the first result reached
in Jacobi’s proof of 1849 (December)—a proof which Baltzer
restates (§ 14, 7, 8) without noting the fact; and (8) is essentially
the same as the second of the two results given in Hesse’s paper
of 1847 (August), it being noted, however, that the case of this

where r=s had been established by Hesse in 1844 (see Crelle’s
Jowrnal, xxviii. p. 108, lines 1 and 2).

HESSE, O. (1858).

[Zur Theorie der ganzen homogenen Functionen. Crelle’s Journ.,
Ivi. pp. 263-269 ; or Werke, pp. 481-488.]

The first part of Hesse's attempted proof of his converse
theorem of 1851 (March) was to show that the vanishing of
“the determinant of u” led to the establishment of a linear
relation connecting the first differential coefficients of ». In
this there was an oversight, which Brioschi repeated, but which
Bellavitis and Baltzer, from the course followed by them, must
have been conscious of. Accordingly, Hesse now returns to the
subject, the one object of his six-page paper being “diesen
Lehrsatz strenger zu begriinden.” He first clears the ground
a little by setting aside the case where one, and therefore all,
of the primary minors of A vanish, merely stating that a linear
substitution is then possible which will transform u into a
function with two variables less than before. He then sets
himself to supply the want which Bellavitis had drawn attention
to, the result being a lengthy (pp. 265-268) and still unconvincing
argument.



CHAPTER XIV.
CIRCULANTS, UP TO 1860.

So far as mathematical writers have as yet noted, a set of
equations of the type

X + a2y + ...+ a2, = U
(tnwl + alxz + oo + a,,_lm,, = 'ul2
Wy @y + Gy + o oo Gy g @y, = Ug

WXy + 3%y + . . .+ W, = U,

had not made its appearance in mathematical work prior to the
year 1846: and it is almost absolutely certain that before that
year the determinant of such a set had never been considered.
It is not at all unlikely, however, that the expression

ad+4 b3+ c3—Bube

which is the case of the determinant for n equal to 3 had more
than once turned up in other connections, and that its divisibility
by a+b+c had been noted : but of this, too, there is no record.

CATALAN, E. (1846).

[Recherches sur les déterminants. Bull. de UAcad. roy. .....
de Belgique, xiii. pp. 534-555.]

As has been already explained, about half of Catalan’s paper is
occupied with an elementary exposition of known properties of

determinants and with the establishment of a fresh theorem of
M.D. II, 2¢c
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his own, which in his notation might have been written in the
form

dét. (A;+Ag+ ... +A,, A|—Ay, A=A, ..., A, —A)
=(=1)""tm.dét. (A}, A,,...,A,),
and which is to the effect that If from a determinant A of the
n® order we form another A’, such that the first row of A’ is the
sum of all the rows of A, and every other row of A’ is got by
subtracting the corresponding row of A from the row preceding
it in A, then
A'=(=1)""lnA*

Strange to say, almost all the examples given in illustration of
this theorem (of §18) are of the special form distinguished at a
later date by the name “circulant,” and consequently fall now to
be considered. He says (§17):—

¢ Afin de sortir de ces généralités, considérons les équations

— T+ T+ T+ ... T, =
T -T2+ ... +T, = u,

T+ Tyttt . -, = U,
Pour obtenir le déterminant A, je remplace d’abord les équations
données par les suivantes :
(n-2)z,+(n-2)24 ... +(n-2)T, = wy+Uy+ ... +u,
=2 + 225 = uy - u,
=22, + 215 = uy—ug

-2, 1 +22, = U, ,—u,

D'aprés ce qui précéde, le déterminant A’ du nouveau systéme sera
(-=1)"'nA. Mais, d’'un autre c6té, en comparant A’ au déterminant
A” du systéme
T
_xl +w2 = . e
"wg +ws =4

Ly t+,=...

* This result is reached in a way different from Catalan’s by performing on

A’ the operation .
row; + (n-1)row, + (n—2)row; + . . . + rowy,

separating out the factor n, and then showing that the resulting determinant is

(=114,
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on a A'= (n—-2)2"'A". Enfin, d’aprés le n° 13, et en observant que
les quantités A, - A,, A, - A,, . . . ont ici changé de signe

A"=n,
On déduit, de ces diverses formules
A =n-2)(-2y"”

This result, which at a later date would have been written
C(-1, L1, ...,1) = (n=2) (=2,

and which, we may point out in passing, could also be reached by
the operations

rYowW; + row, + ...+ row,,
removal of factor n — 2,
TOW,, — I'OW,_;, TOW,_, — 'OWy_g, ...

is then attempted to be generalised (§18) by withdrawing the
restriction as to the number of negative units in a row. The
reasoning, however, seems to have been incautiously conducted,
the extension arrived at being

C(—=1,-1,..., 1, 1), = (n=2p)(=2)"",

where the number of consecutive negative units in the first row
is p, and the number of positive units n—p.

Catalan then passes (§19) to the consideration of the similar
circulant whose first row consists of p consecutive positive units
followed by- m—p zeros, separating the investigation into two
parts, (1) the case where p and » have a common factor other
than unity, (2) where they are mutually prime. In the former
case he shows that the equations which have the circulant in
question for determinant are “indéterminées ou incompatibles”;
in the latter case he shows that the equations are determinate.
He thereupon goes on to supplement the information in the
second case by proving that the circulant is equal to p: he omits,
however, any similar proof that in the first case the circulant is
zero.* .

*Catalan proposed a question on this subject in Nouv. Annales de Math. xv.
(1856), p. 257, and returned again to it in Nouv. Corresp. Math. iv. (1868), p. 78.
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Lastly, he attacks the general circulant, or, as he calls it, “le
déterminant du systdme

G Gy O3 ... Oq
By Qg Qg ... O
ag @, Gy ... Gy
Uy O Gy ..o CQyoyl
The procedure, however, is rather perverse, the theorem of § 13
“ being forced into service. This gives
1
= (.- =122 A
A= (=-1y /nA,

where A’ is the determinant of the system

8 Uy—Qy Ug—Qg ... Uy_1=0y
8 Gp—Qg Uy—dy ... Uy —O
8 Qg—U, Ay=Qy .... U =0y
8 Um"“l a1"a’z P am_g_am-lx

after which A’/s is partitioned into determinants with monomial
elements, and certain more or less evident reductions made. The
result is “Le déterminant du systéme proposé sobtiendra en
multipliant @, + @, +...+ @, (ie. 8) par le déterminant du
systéme

al—(t2 alz_azs e an_l-a"
az—as (113'—&4 o e a” _“1

)
(L,,_l—(l” (,l/n—tbl e uln-3—(l/n_2,

a theorem which afterwards came to be written in the form
Clay, ag, ..., @) = (4, +a+. .. +a,)
'P(al-ag: ooy Qpoy =0y, G, =Wy, ..., an-s"'an-e),

the symbol P(z, y, 7, w, v) being used to stand for the “per-
symmetric” determinant

"

SIS
S 8w
egu
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BERTRAND, J. (1850).

[TRAITE ELEMENTAIRE D’ALGEBRE, avec un grand nombre
d'exercices: par Joseph Bertrand. 407 pp. Paris.]

On page 25 the student is asked to prove that if
A =bd +¢cb + aa,
B = ab’ + ba’ + cc,
C = ac’ + ca’ + bV,
then
A+B+C = (¢+b+c) (' +b +¢),
A24+B*4+C? — AB—-AC-BC = (a®+b2+c*—ab—ac—bc)
(0240242 —a'b’ —a'c’ =),
A3+ B3+ C? — 3ABC = (a®+b%+c®—3abc)
(a®+b34¢%—3a'b’¢).
These results may possibly have been got by the multiplication
of two circulants of the third order, but as against this it
has to be noted that determinants are not referred to in the
book.

SPOTTISWOODE, W. (1853).

[Elementary theorems relating to determinants. Rewritten and
much enlarged by the author. Crelle’s Journ., li. pp. 209-
271, 328-381.]

In the section (§ xi.) which did not appear in the first edition,
and which bears the title “ Miscellaneous instances of determi-
nants,” the following is given (p. 375), being the fourth of the
said instances :—

“Let 1, 4, 4y, . . ., %, be the n+ 1 roots of the equation
2*1-1 = 0,
then, whatever be the values of A, A}, A,, ..., A,
A A ... A4 [
A A Lo A =A+A L FA)AHRA . L. A,

B EP PR (A+i A+ ... +5A,).”
A, A ... A
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No word of proof is added : probably the result was reached by
Sylvester’s “dialytic ” method of elimination. But, however this
may be, it should be noted that resolvability into linear factors
soon came to be looked on as the fundamental property of the
circulant.

It has to be noted that Spottiswoode makes & slip in omitting
the sign-factor (—1)®~" from the right-hand member; and that
he writes his determinant in such a way as to have it per-
symmetric with respect to the principal diagonal, whereas Catalan
wrote his so as to have it persymmetric with respect to the
secondary diagonal. Putting C’ for the functional symbol in
the former case we have

Cldy, gy « .y @) = (=12, (g, q, ..., a,).

If therefore Spottiswoode had followed Catalan’s mode of writing,
his result would have been strictly accurate.

SYLVESTER, J. J. (1855, April).

[On the change of systems of independent variables. Quart.
Jowrn. of Math., i. pp. 42-56; or Collected Math. Papers,
ii. pp. 65-85.]

Having reached in the course of his investigation (p. 55)
a determinant of the form

ay+ay+ g ~b, -0y
— Oy b, +b,+b, ~Cg
—ag —by e+ C+Cy |y

the final expansion of which, he says, contains only positive
terms with the coefficient unity, Sylvester naturally notes that
the number of such terms must be

3 -1 -1
-1 3 -1
-1 -1 3.
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He is thus led to the consideration of the n-line circulant
a -1 -1 ... -1

-1 a -1 ... =1
-1 =1 ¢ ... —1
-1 -1 =1 ... al,

to which he assigns the value
(a—=n+1)(a+1)""1.

CREMONA, L. (1856).

[Intorno ad un teorema di Abel. Annali di Sci. mat. e fis,
vii. pp. 99-105.]

To prove the theorem of Abel referred to in the title, Cremona
starts by establishing three lemmas, the first of which is Spottis-
woode’s theorem regarding circulants. Taking any n quantities

. Ugy Oy, Ggy + v vy Qyy
and denoting

a9+ +aal+ ... +a ot by 6,

'n—10r

where a, stands for " and a for a primitive root of the equation
a"—1=0, he multiplies the determinant

ao “l ('/2 LI an_l
& Uy Oy Uy
a ag @ ... a, |» orDsay,
Upoy Qg Oy .o Oyg
by the determinant

11 1 ... 1

1 ay ay ees Qp-y

L ]
1 of o ... a)_, |, orAsay,
1 a‘n-l aﬂ-l aib-l

1 2 te n-1
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and obtains a product-determinant from whose columns, he says,
the factors 6,,0,, ..., 6, may be removed in order, so that
there results

11 1 R |

1 o, o, @0
DA = 0192 tre en 1 a2 a:-2 teeo @ :;

1l aq o veeoalt

= 0102 e 9,,- (—I)M(,‘-I)A,
and .. D = (=1)*"1.0,...8,.

The proof, which is said to be due to Brioschi, is not improved in
neatness by introducing the conception of a primitive root, nor by
writing the root 1 in a different form from the other roots.

The second lemma concerns the differential-quotient of D with
respect to any variable of which the a’s are functions. Denoting
this differential-quotient by D', and by D, the determinant got
from D by substituting for each element in the 7" column the
differential-quotient of that element, Cremona of course has
at once

D =D, +D,+...+D

As, however, D, here can be shown by translation of a number of
rows and the same number of columns to be equal to any one of
the D’s following it, there results

D=aD, =nD,=....

The third lemma is to the effect that the quotient of the
determinant

my % gd ... Qudt?
m,d gd  gd® ... Qu,d!
mn-ld"—l Qn-ldn-l Qo R ‘qn—sd"-s

by d is a rational function of d*. By multiplying the 2", 3,
4, . ... columns by d», dn-1, d»-2, . ... respectively, and then



CIRCULANTS (CREMONA, 1856) 409
dividing the corresponding rows by d, d? d?, ... respectively,
there is obtained

my, Qd® @d* ... @ d"

m, qd" qd ... @ud

my,  qd®  qd* ... q

mn—l qn—ld” ‘Io e q:;—s )
where no power of d occurs except the ', But, if the original
determinant be H, the latter is

H-d”d”'ld”'2....d2 3 H dan:
aedF. a0 M ae

consequently H/d is of the form asserted.
In connection with this last lemma it is curious to find no note
taken of the closely related and more attractive fact that

C(ay, ued, ad?, . . ., a,d""1)

is a rational function of d.

BELLAVITIS, G. (1857).

[Sposizione elementare della teoria dei determinanti. Memorie
Istituto Veneto . . .. viii. pp. 67-143.]

Circulants are practically unconsidered by Bellavitis in his
exposition, all that appears (§ 85) being two of Laplace’s
expansions for C(a, b, ¢, d) obtained by means of Cauchy’s
« chiavi algebriche,” namely,

(a2=bd)2 — (B2 —uc)? + (2= bd)* — (d*—uc)* — 2(ab—cd)(ad —be)
and (a2 =22 — (B2 —d?)® — 4(ab—cd)(ad—be).

PAINVIN, L. (1858); ROBERTS, M. (1859).

[Questions 432, 465. Nouv. Annales de Math., xvii. p. 185 ;.
xviii. p*117; xix. pp. 151158, 170-174.]

Here it is special circulants that are set for consideration,
namely, by Painvin the circulant whose elements are the first n
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integers, and by Michael Roberts the circulant whose elements
are a, a+d, a+2d, ...., the result in regard to the former
circulant being

C12,...,0) = (=1)Pr-Dann-1(n41),
and in regard to the latter

Cla, a+d,...,a+n—1-d) = (.-1)5”‘"'1’.(%01)11-1.( n—1

2

The first to offer a proof was Creinona, who, after repeating
(zix. pp. 151-153) Brioschi’s demonstration regarding the re-
solvability of a circulant, says that in Roberts’ case 6, being

-1
“1___a_,.+d{ l—a, _ nay }’

1—a, A=)y 1—a,
= ;:liz] for »=1,2,...,2-1,
and O = na + In(n-1)d,
and that consequently

_ (ndy*! .
00 = (i) - G M=)

whence the desired result readily follows, because the denominator
is equal to
( - l)”"l(l - 2al + Eaxaz— Ea1a2a3+ PR ),

where 3Zq; = —1, Zaa; = 1, a0 = —1,

A proof was also given by G. F. Baehr of Groningen (xix.
pp- 170-178), who changes

C'(tyy gy« + ., ty) into (=1 C(ay, ay_y, . o Oy),
performs on the latter determinant the operations
col, — col,, col, —col;, .... ¢
TrOW; 4 row,; 4+ ... 4+ rowy,,

removal of factors d» and (—1)""-%%{2a,+(n— l)d},
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leaving as cofactor a determinant of the (n—1)" order whose
diagonal elements are all 1—n and non-diagonal elements all 1.
On this new determinant he then performs the operations

row; 4 row, 4+ ... <4 row,_,,

row, -+ row,, rows; - row;, .....

and so finds its value to be
( - l)n-" * '"'"—2’

which gives for the circulant with which he started the value

_1\nm-1 n-1, n'_"_l_
(=1, (-t (0" 5 1),

SOUILLART, C. (1858, May).

[Solution de la question 405. Nouwv. Annales de Math., xvii.
pp. 192-194 ; xix. pp. 320-321.]

Michael Roberts having in November 1857 set the problem
of finding X, Y, Z as functions of 2, y, z, 2/, ¥, 2/, so as to have

(@B + 3+ 23 —Bxyz)(x®+y3+ 23— 3xy’?) = X34+Y34+723~3XYZ,

—in other words, having resuscitated Bertrand’s exercise of
the year 1850,—Souillart showed that the solution

X = (w’ Y 3699', y’7z,)
Y = (9 28y.7,2")
Z=(2y287,2,y)

is comprised in a general theorem, namely, the theorem which
at a later date would have been expressed by saying that the
product of two circulants is a circulant. In 1860 he returned to
the subject in order to point out that a second suitable set

of values is .
X =(2y282,y,«),
Y = (& y9,282,2,9),

Z = (z,928Yy,%,2").
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In illustrating he uses the fourth order, that is to say, where
the initial expression is

x Y z w x uw 7z Yy
yzwae| o |YT Uz
zZ w x Yy z Yy * u
w x Yy 2 w z Yy x

or

— b4yt — 2t ut — dyPrz — dau?s + dadyu + dyuz? 4 20%2% — 2ulyt.

BAEHR, G. F. (1860).

[Solution de la question 432. Nouwv. Annales de Math., xix.
pp. 170-174.]

After dealing as we have seen with the circulant whose
elements are in equidifferent progression, Baehr proceeds to the
circulant whose elements are in equirational progression, namely,

C(a, ar,ar?, ..., ar*-).
This he first changes into
a-C1,rr ..., ™Y
and then into
(= CD.gn. Cn-1, rm-2 L, p, 1),

On the determinant thus reached the operations
T TOW; — I'OW,, 7" TOW, — FOWy, . ...
are performed, with the result that its value is found to be
(=1t (L=,
and thence the value of the original circulant to be
(=1 D, gn(pn1y-1,

It is worth noting that instead of the last set of operations we
might substitute with advantage the set

[ ]
I'OW“ -_—r rOW”-l, I'OW"-I -7 I'OW”-g, s e 0 e ;
also, that Baehr’s circulant is a special case of that referred to
under Cremona’s third lemma.



CHAPTER XV.
CONTINUANTS, UP To 1870.

THE more or less disguised use of continued fractions has been
traced back to the publication of Bombelli’s Algebra in 1572,
eighty-four years, that is to say, before the publication of Wallig’
Arithmetica Infinitorum, in which Brouncker’s discovery was
announced and the fractions explicitly expressed.* The study of
the numerators and denominators of the convergents viewed as
functions of the partial denominators was first seriously under-
taken by Euler in his Specimen Algorithmi Singularis of the
year 1764, in which denoting by

,0)  (a, b c)
@, @9, @bheo)
® " o
the convergents to
a+; 1
¢+
he established a long series of identities, such as
(@,b,¢,d,...) =abcd,...)+(c,d,...)
(@be...0)=(@...,cba),
(a, b)(b, ¢) = (b)(@, b, ¢) = 1,
(a, b’ G)(d, ¢ f) - ((L, b’ ¢, d’ B,f) == (C&, b)(e, f):
)
*For the early history see Favaro’s Notizie storiche sulle frazioni continue dal
secolo decimoterzo al dectmosettimo published in vol. vii. of Boncompagni’s Boll-

ettino ; and as regards Bombelli see a paper by G. Wertheim in the Abkand!. zur
Gesch. d. Math., viii. pp. 147-160.
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The study was pursued by Hindenburg and his followers during
the last twenty years of the eighteenth century, but not with
any great profit; and, although in the first half of the nineteenth
century considerable attention was given to the theory of con-
tinued fractions as a whole, little advance was made in elucidating
the properties of the functions referred to.* Their connection
with determinants, after the awakening of interest in the latter
about 1841, was sure sooner or later to be detected: there is no

evidence, however, of the discovery having been made before the
year 1853.

*

SYLVESTER, J. J. (1853, May 13).

[On a remarkable modification of Sturm’s theorem. Philos.
Magazine (4), v. pp. 446-457; or Collected Math. Papers,
i. pp. 609-619.]

The mention of Sturm’s theorem in the title of a paper renders
not improbable the occurrence therein of matter connected
with continued fractions. Especially likely is this in the case
of a writer like Sylvester when in a characteristic mood ; and,
assuredly, the present communication is in structure, style, and
originality redolent of its author. It must have been written in
the white heat of discovery. The main part of it consists of six
pages: this is followed by a “Remark” a page and a quarter
long; then comes a “ Postscript ” of three and a half pages; and
finally a small-page footnote as long as the “ Remark.”

It is the postseript which particularly concerns us. It begins
thus :—

“ Suppose that we have any series of terms, u,, u,, %,, . . ., u,, where
=4y, h=AA-1, u=AAA-A - A,

and in general
U= Ay — U,

then u,, %y, %, ..., %, will be the successive pffincipal coaxal determi-

*The state of the theory in 1833 can best be gathered from Stern’s monograph,
published in vol. x. of Crelle’s Journal.
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nants of a symmetrical matrix. Thus suppose n=>5; if we write down

the matrix
A, 1 0 0 O
1 A, 1 0 0
0 1 A; 1 O
0 0 1 A, 1
0O 0 0 1 A

o

(the mode of formation of which is self-apparent), these successive
coaxal determinants will be

1, A, Alll, Ay 1 0], |A 1 0 0| ete,
|1A2 1 A, 1 1 A, 10
0 1 Ajl |0 1 A;1
0 0 1 A,

" 1, A, AA,-1, AAA-A -A,
AAAA -AA -AA -AA,+1,
AAAAA; - AAA, - AAA, - A3A4A5 - A1A2As
+A,+ A+ A,

It is proper to introduce the unit because it is, in fact, the value of
a determinant of zero places, as I have observed elsewhere.”

After using this as an aid to prove his proposition regarding
Sturm’s theorem, he returns to his new determinant in the
following words :—

“I may conclude with noticing that the determinative [determi-
nantal ] form of exhibiting the successive convergents to an improper
continued fraction affords an instantaneous demonstration of the
equation which connects any two consecutive such convergents as

Nl—l d Ni
D‘_l an D‘,
namely, N“D‘_l - Nf-lDi = 1 .

For if we construct the matrix which for greater simplicity I limit to
five lines and columns,

co o~
co -~
o~ Q+~o
- Y- oo
H~ocoo
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and represent umbrally as

g, @ a3 4, ag

by by b by b

and if, by way of example, we take the fourth and fifth convergents,
these will be in the umbral notation represented by

ay ag G G, G @y G

by b b, and by by b, b
a, G, a; @ a, a, a; a, a
bbb b b b b b b
respectively. Hence
N5D4"N4D5

_ Gy a4 G, G, Gy 03 @, 6 Gy A3 @ ay g G, Gy Oy
Tl bbb bbb b by b < byl b b b
_ Gy 03 G, Gy Gy Gy O Gy Qg Gy Q> Uy (g Gy G O

i

T by by by by X by by b, by T by by b by by by B, b

_ Gy Qg 0,0 ay ag @y 0
= b by b, b, % b, by b, by,
_ 6,050, 0 @ a, @ a
b by b by by b b b,
_1B10 1000
" 01C1 B100O
001D 1C10
0001 01D1,
=1x1=1,

as was to be proved. And the demonstration is evidently general in
its nature.”

In regard to this there has to be noted. first the use of
Gy Qg Gy
b2 b3 b4
when it would have been equally effective to use
2 3 4
2 8 4; ]

and, second, the use of a theorem for expressing the product of a
five-line determinant and one of its secondary minors as an
aggregate of products of pairs of four-line determinants.
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Following on this comes the assertion that

“We may treat a proper continued fraction [et;.e. with positive unit
numeratorsx]y in precisely the same manner, substituting throughout
»/ —= 1 in place of 1 in the generating matrix, and we shall thus, by the
same process as has been applied to improper continued fractions,
obtain

NipDi— ‘N.Dl+1 = ( */tT)‘ X (JTT)‘
= (-1

This would seem to imply that as yet Sylvester had not observed
that an alternative mode of representation was obtainable by
merely changing the sign of the units on one side of the diagonal.

The footnote contains two additional observations, the first
being to the effect that the new mode of representation
“gives an immediate and,visible proof of the simple and elegant rule
for forming any such numerators or denominators by means of the
principal terms [term ?] in each; the rule, I mean, according to which
the 2 denominator may be formed from

N0y - 4.

(915 925 - - -» ¢; being the successive quotients) and the ™ numerator
from

9o930a- -+ s

by leaving out from the ahove products respectively any pair or any
number of pairs of consccutive quotients as g,¢,+1. For instance, from

0195957475 by leaving out 4,75, 4,05, 759, and ¢,9; we obtain
939475 + 019495 + 019995 + 119275
and by leaving out ¢,95-¢s4s, 9192°9.85> Qals" 9405 We obtain
I5tds+q:s
so that the total denominator becomes

9192987495 + 957495 + 1995 + D102 + D191+ G+ s + 05
and in like manner the numerator of the same convergent is

o e
72959495 9s  9sls  Uals = Qude04ds )’

909:05 + Quls +9u05 + 4ogs + 1.7

.6

The “rule” here spoken of is that enunciated for the more
general case of ¢ )
a+-2 b
wt gy
M.D. IL 2D
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in Stern’s Theorie der Kettenbrilche, the fourth section of which
is given up to the consideration of such rules (Crelle’s Jowrn.,
x. pp- 4-7).

The other observation is to the effect that
“every progression of terms constructed in conformity with the

equation
U, = @Gy~ b-nun—ﬁ + Uy = onee

may he represented as an ascending series of principal coaxal determi-
nants to a common matrix, Thus if each term in such progression is to
be made a linear function of the three preceding terms, it will be
representable by means of the matrix

A BC 0 0

1 A B C" 0

0 '1 AII BIH CIIII

0 0 1 AIII BII"

0 0 0 1 A™

indefinitely continued, which gives the terms
1, A, AA'-B, AANA'-PBA"- AB"+C", ...

This exhausts the paper so far as determinants are concerned :
the results announced in it, one can readily own, were such as
fairly to entitle the enthusiastic author to express his belief
that “the introduction of the method of determinants into the
algorithm of continued fractions cannot fail to have an important
bearing upon the future treatment and development of the theory
of numbers.”

SPOTTISWOODE, W. (1853, August).*

[Elementary theorems relating to determinants. Second edition,
rewritten and much enlarged by the author. Crelle's Jowrn.,
li, (1856), pp. 209-271, 328-381.]

Save the utilisation of the fact that the denominator of any
convergent of the continued fraction

u1+.{).l+b2

u
Uyt
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is the differential-quotient of the numerator, Spottiswoode did
nothing but report the fundamental result reached by Sylvester.
The full passage (p. 374) is as follows :—

“The improper continued fraction

1 d
A-g_ 1 TaEsY
C-.
where
V=|A10...00
1B1...00
01C. 00
000 ...M1
000 ... 1N|

in which any number of rows may be taken at pleasure, and the
formula will give the corresponding convergent fraction.
The same holds good for the continued fraction

1

- 1
A+g,
if we write
v=| A 1 0 . J
-1 B 1 .
0 -1 C .

SYLVESTER, J. J. (1853, Sept.).

[On a fundamental rule in the algorithm of continued fractions.
Philos. Magazine (4), vi. pp. 297-299; or Collected Math.
Papers, 1. pp. 641-644.]

Without any reference to his previous paper on the subject
Sylvester here announces that if

(g, gy oo vy )
be the denominator @f the ** convergent to
1
41
o, +

- 1
a2+a—3+
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then

(al’ voos Oy Bty oo v s a‘m+n) = (a’l: LR ] a’m)(a’m-l-v e m+n)

+ (a’l’ LR am—l)(a/m+2’ e a’m+n),
—a possibly new result which he considers “the fundamental
theorem in the theory of continued fractions.” This, he says, is
an immediate consequence of the fact that (a,..., @,4,) can
be expressed as a determinant, all that is further necessary being
the application of the “well-known simple rule for the decom-
position of determinants. Thus, e.g., the determinant

« 1
-1 b 1
-1 ¢ 1
-1 d 1
-1 e 1
-1 f
is obviously decomposable into
a 1 x d 1 + ¢ 1 x e1
-1 b 1 ~1 ¢ 1 -1 b -1 f
-1 ¢ -1 f
or into
¢« 1 x ¢ 1 + ¢« x d1
-1 b -1 d 1 -1 e 1
-1 e 1 -1 f
-1 f
or into
¢ X b1 + ¢ 1 ”
-1 ¢ 1 -1 d
-1 d 1 -1 ¢ 1
-1 ¢ 1 -1 f
-1 f
Following this is what is called “ Corollary I,” namely,
(al’aﬂ""’a‘m)'(%’us""sam-H)—(a’musw",am)'(a11a2s°--:a'm+‘)

= (—)”'(a,,,_,_‘u,,,_,.,_, o0 tO %—'1 factom),
its connection with the expression for the difference of two con-
vergents being illustrated by the instences i=1,2,8,4,...
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The next “ corollary,” namely,

(@10 0es Gy Gppayeve s Oppg )@ty oy Gy gy o v vy Cpr)
= (B1ye ey By Gty e s Upg) (@1 ey Gy Cip1y < oy Cpi)

= (—)P{(aﬂ'i'l’ oy O ) (o1 e e s Gptt) = (Uptls oo s Gpig)(Bptts o v ap+h)}

is clearly incorrect, it being impossible for the value of the left-
hand side to be independent of the elements ay, ay, ..., @,.
Further, as the author gives no accompanying word of comment,
the difficulty of suggesting the true theorem is increased. A
“gub-corollary ” is appended dealing with the case where all the
o's are equal, and leading up, not without some misprints or
inaccuracies, to a theorem of Euler’s quoted from the Nouwelles
Annales de Math., v. (Sept. 1851), pp. 357-358, to the effect that
if T,;, = «T,—=bT,_, be the gencrating equation of a rccurrent
series, then
T, — aT,T,,, + 0%

[)u

is a constant with respect to n. Of course the more natural form
of this expression is

2 'I‘ 'I‘
Tﬂ-l-l - n42
"“-b?G_—_’

the numerator of which being

Tn+1 Tn+2
r'l"ﬂ Tn+1
is successively transformable by means of the recursion-formula
into

b|Tn  Toy| 8|Tacy Tu | 0*|Tuy Tany
rPﬂ-l Tn H Tn-z Tﬂ—l 4 !T’3-3 Tn-Z LI |
so that the constant in question is
L Ty
* 1T, Ty

This, however, Sylvester does not show.*
* An interesting extension of this is given by Brioschi in the Nour. Annales
de Math., xiv. (Jan, 1854), p. 20.
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Finally, and to more purpose, it is noted that if we pass from
(o, g, - .., @;) to the readily-suggested extension

m
n My U
n, mg U

My My
Ny Myyys

the corresponding fundamental theorem is

SYLVESTER, J. J. (1853, Oct., Nov.).

[On a theory of the syzygetic relations of two rational integral’

functions, comprising an application to the theory of Sturm’s
functions, and that of the greatest algebraical common
measure. Philos. Transac. B. Soc. (London), exliii. pp. 407~
548 ; or Collected Math. Pupers, i. pp. 429-586.]

Although this lengthy memoir in its original form bears date
“16th June, 1853,” it is the equally lengthy “supplements ” added
later while passing through the press that claim attention in the
present connection. In the first of these (§ i, p. 474) the de-
nominator of the fraction

o1
31 ;- ]
¢ *
is denoted by [g;, s, - -, g,) and termed a “cumulant,” and
throughout the later portion of the paper this name constantly
recurs. It is not, however, until we come to the second “supple-

b bl bg e by
Ny, Mg, o0y ’m:+1+1) = ('m,l, Mgy vvey mi>(m,_,.1, Mgy oves 'm,.,_j_,_l)
Nyvenns Ty Myeenss iy Mgy o v oo Ny
Lot lis Ligovens by
- m,(ml, Mgy ov.y m,_,)(a’m_'_,, Mgy ooe) m‘.m_,)
(R Ny—g Miggeonnn Niyy
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ment” that anything apparently new in substance is met with.
There, in § a (p. 497), the following lemma occurs :—

“The roots of the cumulant [¢;, gy, . . ., ¢,], in which each element is
a linear function of «, and wherein the coefticient of = for each element
has the like sign, are all real : and between every two of such roots is
contained a root of the cumulant [¢;, ¢;,...,¢ ,_jand ex. converso a root
of the cumulant J;qz, G-+ 57 and (as an evident corollary) for all
values of ¢ and { intermediate between 1 and ¢ the greatest root of
{ql, Ggy -+ -, ¢;] Will be greater, and the least root of the same will be
ess than the greatest and least roots respectively of

[qM Qotlre e s fo'-1 Yp']'”

Even this, however, may be placed under the well-known theorem
regarding the roots of the equation

U= g U3
Uy Up=%  y ... |
(yy (g Gyy—10

which had been enunciated by Cauchy in 1829.
The next noteworthy result oceupies §i. (p. 502). As a pre-
paration for it the theorem
fay, @y ooy @y byy by ooy D] = [y, @y ooy )by, by ey )
—[ay, @y, ooy @uy][Dy, by, .., byl
may be recalled, the group of elements on the left being now

viewed as consisting of two sub-groups. This theorem Sylvester
writes in the form

(] = [Q][Q] = [AI[R],

and he succeeds in including it in a general theorem, not ex-
plicitly formulated, in which the number of groups is , the next
two cases being

[9192931 = [Ql][Qz][Qa]
= [AI[IQ] = [DI[Q][R] + [AIQAI[Q],
and
[91929394] = [Q][Q][Qs][€2]
— [QIURNR]2] = (2RI DIR] — [ WL RIAIR]
+ [ Q][RI Q][RW] + [N RBIRICR] + [QIRIX Q]
= [ IEIQ]
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The general theorem is described as giving an expression for
[2,9Q,...Q]in terms of

[, [Q], . [l [
[l [, -, [Qi]
(], s [ Qs Q]
[l - -0 [l

that is to say, in terms of all the unaltered Q’s, all the curtailed
O’s except the last, all the beheaded s except the first, and all
the “doubly-apocopated” ('s except the first and the last; and
it is pointed out that the number of products (or terms) in
the expansion is 2!-! “separable into ¢ alternately positive and
negative groups containing respectively

1, (i-1), YG-1)(E=2), ..., i-1, 1

products.” Further, it is noted that “in every onc of the
above groups forming a product the accents enter in pairs and
between contiguous factors, it being a condition that if any ()
have an accent on the right the next Q must have one on the
left, and if it have one on the left the preceding Q must have an
accent on the right, and the number of pairs of accents goes on
increasing in each group from 0 to ¢ —1." ¥

In a footnote the case where each (2 has only one clement, and
where, therefore, each singly-accented Q becomes 1, and each
doubly-accented  vanishes, is stated to be identical with the
“rule”

[an @y ooy 4] = Wyly. . .0, =, 4y . @,

ae”¢+l

e T 'alaz...(t‘—..
(L¢w¢+iafa,+l

formerly given by him in words. .

*It is to be regretted that Sylvester did not give the recurrent law of formation

Q. .. 00 = [, . . 0,,][0] - [0, . . . G0,
as this would have made all his statements clear and a number of them unnecessary.
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SMITH, H. J. [S.] (1854, May).

[De compositione numerorum primorum formae 4\ +1 ex duobus
quadratis. Crelle’s Jowrn., 1. pp. 91-92; or Collected Mauth.
Papers, 1. pp. 33-34.]

Pointing out, as Sylvester had already done, that the writing
of Euler’s algorithm (g;, g,,. . ., ¢,) a8 a determinant leads easily
to the properties

(@ G- -5 8) = (90 Gi-ss - > D)y
(@ o+ 5 90) = (@ Qo+ 5 ) (@ps -+ - G)
+(qb Gz« o +s qt-l)((IH‘b RS} Qn)’
Smith therefromn deduces that for centro-symmetric series of
elements
(@0 Qs G Qo5 8 ) = Qo e s G (00 oo+ Qi)'
and

@ Qoo+ Qoo Qoo B+ 0) = (@G s Geed){ Qs s Q) H( s o Qi)

noting in regard to the former that the two numbers squared on
the right are mutually prime. He then makes application to
the theorem referred to in the title of his paper.

SYLVESTER, J. J. (1854, August).

[Théoréme sur les déterminants de M. Sylvester. Nouv. Annales
de Math., xiii. p. 305; or Collected Math. Papers., ii. p. 28.]

This communication in its entirety is as follows:—

“Soient les déterminants
A, Al A1 O A1 0O
1A 2 X2 3220
01, 02 A3
001 4,
A1 0O0O
* 4r2200
03 A30
00 2 A 4
0001 A, .....
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la loi de formation est dévidente ; effectuant, on trouve
A A1, AA2-9%), (A2-1%)(A2-32), A(AZ—2%)(A2-42),
(=102 3)(A2 - 5%, AA?- 292 - 45 (A - 69,

et ainsi de suite.”

That Sylvester was the author of the implied theorem may be
considered proved by an entry in the index of the volume (See
p- 478), and by a statement of Cayley’s in the Quarterly Jowrnal
of Mathematics, ii., p. 163. Probably the title of the communica-
tion was prefixed by the editors, who, knowing of Sylvester’s
papers in the Philosophical Magazine, felt themselves justified
in applying the name “ Sylvester’s determinants.”

SCHLAFLI, L. (Nov. 1855).

[Réduction d'une intégrale multiple qui comprend larc de
cercle et l'aire du triangle sphérique comme cas particuliers.
Journ. (de Liouville) de Math., xx. pp. 359-394.]

Here there appears the equation

AB, ..., &) 1 1 -

. cos?{
1 —cos?;

Al@,B,...,&m) _ g _cosa o0

where, in view of the contents of a subsequent paper (see under
year 1858), it would seem that A(a,B;. .., {,7) was used for'

1 cosa
—cosa 1 cos B
—cosB 1

—cos{¢ °1 cosy
—cosy 1

No properties, however, of this determinant are given.
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RAMUS, C. (1856, March).

[Determinanternes Anvendelse til at bestemme hoven for de
convergerende Broker. Oversigt ... danske Vidensk. Selsk.
Forhundl. . . . (Kjgbenhavn), pp. 106-119.]

Ramus’ introduction consists in recalling the result of the
application of determinants to the solution of a set of linear
equations, his mode of stating the result being that given by
Jacobi in the De formatione ... of the year 1841,—that is to
say, he takes for his set of equations

Yo + Y + Y + .+ Y = %0]
a’o Yo + MYy + WY + .+ MY =y
ao”'yo + Uflnl!/l + (’/2 Yo + +‘ ™Y = Un " ’
and puts the solution in the form
Royr = AOuy + Aduy + Aluy, + .o+ Ay, (w)
where
R, = X xalata? . .. dl
Al = Dxalal. .. illaidy ...y,
Al = =D talel.. calTlatagty W

He then recalls the further fact that if vy, ¥y, ¥5, - . . » ¥y, be the
numerators of the convergents of the continued fraction
’ b, b, b

Uty + = —
L e e

*1t is in this mode of writing A namely, with the negative sign, that Jacohi’s
peculiarity coneusts Not content, with removing from R, the row and column
in which a occurs and prefixing to the minor thus obtained the sign-factor
( =1y, he takes the further step of moving the row with the index « over
x —i+1 rows, thus arrfving at

Al= -Z:I:aga.: coedTalt o aijdiat . ..
Of course there is at this second step the option of moving the column with the
index i over k- i+ 1 columns, and this Ramus does.
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there exists the set of equations

Yo = dy )
- Yo+ U = b
— by —awy + W =0 L
Co- 3'3/1 - ('/3?/2 + Y =0
- ann—J UpYn-1 + Yu = 0 /)

and he thereupon draws the natural conclusion that the previous
result can be applied to the determination of y,, ¥,, ¥5, . - - » Y,-

Making the necessary substitution for the s and for R, he of
course obtains

Yo = (‘oAno + blAul ’

A% A! being now determinants which for want of Cayley’s
notation he cannot accurately specify, but which he persists in
writing in the form

DL S O Bl =IO A TR U
From this result he calculates in succession the values of y,, ¥,,
Y3, Yy; but it will readily be understood that the process is
neither elegant nor short.

In the remainder of the paper (§§ 4-9) no further use of the
properties of determinants is made, the contents of the last ten
pages being such as might appear in any ordinary exposition of
continued fractions. First there is established the old “rule” for
writing out the value of y,, above referred to as being found in
Stern’s monograph. This is followed by the results

_ 1 a+~/a,~+4b 2 =i 4h nte
) o J¢c2+4b{< 2 ) 2 > }
= " + C,,a" b + C,_ 0™ + ... .,

which by putting a=1=b give the number of terms in y,, a
number also obtained in the form

1 .
21_;-4-'1{Cn+2.1 + Cn+9,3'5 + C,,+2,5'52 +... }~

Anything else is of small moment.
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BRIOSCHI, F. (1856).
[TafoRrIE DES DETERMINANTS, et leurs principales applications;
par le Dr. F. Brioschi: traduit de l'italien par M. Edouard
Combescure. xii+216 pp. Paris.]

In the French edition of his text-book Brioschi added an
expository note of two pages (pp. 142-144) on the subject,
beginning at once with the general form referred to at the end
of Sylvester’s paper of 1853, Sept., namely,

a m; .
n, dy M
n, a
L or D, say.
Upy Mgy
Wy U |,

His first result, obtained rather clumsily, is
D, = a,D,y = my_11_,Dyy; -

his sccond is

ND,,—DN,, = mmy... Mp_y*NNg... Ny,
where N, is the cofactor of «, in D,, this being got by considera-
tion of the two-line minor whose elements are the corner elements
of the adjugate of D,; and his third is that given by Sylvester
at the place just mentioned.

CAYLEY, A. (1857, April).

[On the determination of the value of a certain determinant.
Quart. Journ. of Math., ii. pp. 163-166; or Collected Math.
Papers, iii. pp. 120-123.]

YThe determinant in question is rather more general than

Sylvester’s of the year 1854, being

0 1
x 0 2
z—-1 6 3
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while the other is obtained from this by putting z=n~-1. De-
noting his own form by U,, Cayley, with Sylvester's results
before him, found

U; = 6(6°—4) — 3(x—2)6,

U, = (B-1)(0*-9) — 6(z—3)(6°~1) + 3(z—8)(=—1);
so that, if he put H, for the value of Uy, in Sylvester’s case (viz,
when £ =n—1), he could write

U, = H, - (z—1)H,
U; = H; — 3(x—2)H,
U, = H, - 6(x—3)H, + 3(x—3)(x—-1)H,,

and thence, doubtless, divined the generalisation

Un = Hﬂ - Bn,l'(w"'n"’l)'Hu-—s + Bn.z.(w_n+1)(w~n+3).Hﬂ—4— .o
where
H, = 0+n-1)0+n-3)(0+n-5)....ton factors
and
_n(n—=1)(n-2).... (n—2s+1)
B 2-1.2.3....8 '
The establishment of the truth of this is all that the paper is
occupied with, the procedure being to expand U, in terms of the

elements of its last row and their complementary minors, thus
obtaining

BM

U, =00, - @n-1)(z-n+2)U,._,,
and thence
U, + {(n=1)@=n+2) + (n=2)(—n+3) - 6 } U,.,
+ (n—-2)(n-3)(z—n+3)(z—n+4)U,_, =0,
and showing that the above conjectural expression for U, satisfies

the latter equation. The process of verification is troublesome,
and was not viewed with satisfaction by Cayley himself.

As a preliminary the coefficients of the H's in the value of U,
are for shortness’ sake denoted by A,, —A,,, ..., and for
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the same and an additional reason the coefficient of U,_, in the
difference-equation is denoted by

M, - { 6* — ('n—2s—1)2},
which is equivalent to putting
M,, = (n-1)(z-n+2) + (n—2)(z—n+3) - (n—2s—1)%
The operation to be performed being thus the substitution of
Al = AH 4o (—FAH, W
for U, in the expression

U,,+[M,,,,— {62-(%- 28— 1)2}]0 A+ (n=2)n=-3)z—-n+3)x—n+4)U,_,,

it is readily seen that the result will be an aggregate of
expressions like

A Byt (M, = {8 = (n-2- 17} JA o Hoo
+ (n=2)(n=3)(x—n+3)(@—n+4)A,  Hy iy
Now if we bear in mind that by definition
{6~ (n—26- 10 }H, 0 = Hoou,
the second of the three terms of this
- Mo Ay Hygn — Ao H, s,
or, if we write s—1 for 8 in one case,
= = M, A ge-iHaon = Auc,
== Hn-za{Mn.n-l n-ga-1 T An-u} )
and the third, by writing s—2 for s,
= (n=2)n-3)@—-n+3)E—n+4)A, 4 oHy
Consequently the sum of the three will vanish if
A=~ M sat A )+ (@ =2)(n=3) (@ —n+3)(@—n+4)A, g5 =0,
and therefore if
B, (x—n+1)— B, s (x=n-+2s+1)
= Byoga-iMipr + Biogps(n—=2)(n—8)(@—n+4) = 0,
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that is, if
(@=)[B,, = B,_y, — (2n—8)B, 5., +(n—2)(n—3)B, 4,4 ]
+[B,, = (2s+1)B,_,,, - {5n - 8 — (n—2s+1)%)B, ,, ,
+ 44(':1,-2)(1?,—3)B,,_4,,_2] = (.

But this is the case; for, as Cayley shows, both the cofactor of
#—mn and the other similar expression following it vanish identi-
cally. The verification aimed at is thus attained.

PAINVIN, L. (1858, February).

[Sur un certain systtme d’équations lindaires. Journ. (de
Luouville) de Math. (2), iii. pp. 41-46.]

The system of equations referred to in the title of Painvin’s
paper had presented themselves to Liouville in the course of the
research which led to his “ Mémoire sur les transcendantes ellip-
tiques .. .” (Journ. de Liouville (1), v. pp. 441-464). Painvin’s
reason for taking up the subject was his belief that one of
Liouville's results could be more simply arrived at by the use of
determinants; and in a few lines of introduction he succeeds in
showing that the result in question can be viewed as merely the
resolution of the determinant

r o .
n(a—1) r—1 2u .
(n-1)(c-1) r—2 3a . . .
(n=2)(¢-1) »r=3 ... . .
r—n+4+1 ¢ ng
. . a=1 r-n
into factors.

In explanation of the process followed the case of the fourth
order

r a . .
8(a-1) r-1 2 °
2(a-1) r—2 3a

a—1 r-3



CONTINUANTS (PAINVIN, 1858) 433

will suffice. Increasing each element of the first row by the
corresponding elements of the other rows,—an operation which
as before we may symbolise by

row; + row, + rowg + ...... >

—he removes the factor 7+ 3¢ —3 and finds left the cofactor
1 1 1 1
3(a—1) r-1 2a .
2(u—1) r—2 3a
«—-1 r-=3 |
On this are performed the operations
col, —col,, col,—col;, col;—col,, .....

the result being a determinant of the next lower order

3u—r—2 r—2a-1 2u
— 2—2 20— r—3uw—2
| . l1—a a—r+2

Finally, after changing the signs of all the elements here, the
operations
TOW, +TOW,+rows+ . . .,

row,+rows4-. ..,
row,+ ...,
are performed, the result
r—ct @ .
2(a=1) r—a-1 2a
u—1 r—a-2

[ ]
being a determinant exactly similar in form to the original, but
with »—« instead of ». This, therefore, in turn may be trans-
formed into

(r+a—-2)

and so on. o
The value thus obtained for the above-written determinant of
the (n+1)™ order is

(r+ne—n)(r+na—n—2a+1)(r+na—n—4e+2)...(r—mna),
M.D. II 2E

r—2q a
a—1 »r=20u-1|,
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each factor being less than the preceding by 2a—1,and the whole

a function of a(a—1).

The special case is noted where a=3}, and where therefore all
the n+1 resulting factors are alike. This Painvin writes in

the form
. 1
2
n 2
"'-2' r—1 -2-
_@:__1. P2 :}.
2 - 2
_'n-2-2 r—3
r—m-+1
__1
2
but a preferable form is, evidently,
P 1 .
-n  p=2 2 .
-n+1l p—4 3
-n+2 p—6
oo p=2n+42
] -1

HEINE, E. (1858, Sept.).

n
p—2n

= (p—ny*!

[Auszug eines Schreibens iiber die Laméschen Functionen an
den Herausgeber. Einige Eigenschaften der Laméschen

Functionen. Crelle’s Journ., 1vi. pp. 79-86, 87-99.]

In the case of Heine the functions afterwards known as
“continuants” made their appearance under totally different
circumstances, namely, while he was engaged in transforming a
special homogeneous function of the second degree by means
of an orthogonal transformation. It will be remembered that

if the quadric
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Uy’ + 2005058 + 2,5%,75 + . .
+ Ayxy? + 2agx,2g +
+ agr? +...

be transformed by an orthogonal transformation into

Allflg + A22£22 + A33$32 +
the coefficients of the latter expression are the roots of the
equation

ap—A  ay s
Uy  Up—A  dy
=0,
(tyy Uy Ugg—A

Now Heine’s peculiar quadric was
20 2
Cy2xry® — 2kcyyyx,
24 0 2)p 2 O
+ (e +c)ay® — 2ncyeqmi @,
+ (e’ +e)w’ —

+ ( - 1+c§,)4"

where in every case the coctheient of the product of two s
vanishes if their suffixes differ by more than 1, and where

= }(n)(n+1),
= i(’n—l)(n+ ’),

i(’n-r)(n+'r+ 1), (»>0)

2 —
o Cp1 = E}""’
and i
K = ———s-"
24 b2

He was thus naturally led to the equation in 2z
z2—cy’ KCCy

KCe, Z—cC —c KCals

&)
L e

KCyly z—cl—c? .. .. . =0
3

KCoq-9C20-1

2
2—022,,-1—0"2,
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where either ¢}, is ¢2_,, or ¢2,_, is ¢_, and, if the latter, ¢;,=0.
From a knowledge of Painvin’s paper he recognised the left-hand
side of the equation as being the numerator of the continued

fraction
2,2,2

e L L il
1 2 Z— 632 — 042 —

but he ventured nothing in elucidation of it. Even the special

case where b=0 and where therefore =1 appears to have proved

at the time too troublesome, although he knew otherwise that in

this case the continued fraction

2(z—2%)(z—4%) . ... (z2—n?)

= —n?) o b |
(2—12)(2—38%)....(z—n—1% if » be even

and
_@=1)E=3)E—5) ... =) o g
=) =) ... (= —T) |

for his words are—* Einen directen Beweis fiir diese Summirung
des Kettenbruchs habe ich noch nicht aufgefunden.”

SCHLAFLI, L. (1858).

[On the multiple integral J-n dedy ... dz whose limits are

pp=ax+by+...+hk2>0,0,>0,...,p,>0, and
2+ yi+...+22>1L Quart. Journ. of Math., ii. pp.
269-301 ; iii. pp. 54-68, 97-108.]

The determinant which makes its appearance in the couwse of
Schlifli’s research is

1 —cosa
—cosu 1 —cos 3
—cos 3 1
1 —COo8S 7
—Ccos g 1 —cos 6

—cos @ 1 ,
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which for shortness’ sake he denotes by

Aa, By, ... ,1,0)

and whose connection with continued fractions he therefore
specifies by the equation

A(a,B,v,...,1,0) cos®a o
‘ = 1 — 2057 2
A(B"y,---’”’e) 1 —coi‘B

- coszq

1 —cos?
The first property noticed is, naturally,

A(a, B, v, -..,0) = AB,y,...,0) —costa- Ay, .. .,0)
Later there is given what may be viewed as an extension of this,
viz.,

Ao, ...,86&Em0,...,0) = A(g, ... ,8,€)A(n,6, ... ,X)
—cos?’¢. A(a, ..., 6) A(B, ... ,N),
the proof being said to present no difficulty. The third is a little
more complicated, and is logically led up to by taking four
instances of the first property, namely,
Ala,B,vs- - &) = ABy, -+, ) —costa-A(y,6,. .., {),
AB.y.8,....&n) = Ay 6, ..., 5) —cos*B-A(S, ..., &),
A(y,6....,&n0) = Ay, 6, ..., 1) — cos’0-A(y,6,...,%),
A(a, ey {, 7, G,a) = A((Y, ey {,,,,9) - cosga-A(J, ceey {', ;7),

using in connection with these the multipliers
AG.....$m), —A@G...,0, AG..., ), —AMWS.... 0,

respectively, performing addition, and then showing that the
right-hand sum vanishes, the result thus being

A(a’B’V’& reey f)' A(& e {”l) - A(s’ RN f”bo’a)' A(Y"g» ey g-)
= {ABYS - em = A EnO)} - AG ., D).
The fourth property.concems the determinant

LAByy; - - - m,0) A(a,By,. -+, 1,0) ,
i A(IB’Y, tee ’l) A(anB,Y’ PR 77) ’
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which by reason of the first property can be shown equal to

ABipsonf) = Alysesnb)
A(‘B’Y""’") _A(Y’-“:'])

A(Y’ ey '7'0) A(ﬁ")" o) ’1:0)
A(Y: ey ’7) A(,B:‘Y: ) 'I)

and ultimately, by repeating this sort of transformation,” equal to

cosfa,

or

] cos?a,

cos’a cos?B cos’y ... cos’d.

If we use for a moment the present-day notation for continuants,

viz., where
at vt K(agbzas...>
Schlifli’s results are seen to b<;
k(P = k(PP )+ aR(P ),
k(5P B - K(fﬁ@':.’*“ﬁ) KB,

-aX( A Pe) (P )

a + =

)

(1%1-“3”";2 )‘K<l 1.. ﬁ"“) [K<1B21 B“) K(B BH)
L1
k(PP Ras) l-K( BB

K(IBI ﬁﬂ) (1311 3”1) (1988 B
k(P B ) B( Py P .

the only change being the writing of 8, B, ... for —cos?q,
—cos’B, ...

)
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WORPITZKY, [J. D. T.] (1865, April).

[Untersuchungen iiber die Entwickelung der monodromen und
monogenen Functionen durch Kettenbriiche. (Sch. Progr.)
39 pp., Berlin.]

Of the six sections into which the paper giving the results of
Worpitzky’s painstaking investigation is divided it is only the
first headed “Fundamentalrelationen” which concerns us, these
relations being nothing else than what we should now call “ pro-
perties of continuants.”

He takes his continued fraction in the same form as Schléfli,
viz.,

a
1432«
T+,
U
+ 1 >
showing of course that it equals
N
2,n
where
1 1 .
— W, 1 1
N . = . —Ux-1 1
-, -1 1 1
—d, 1

The first matter of interest is the expansion of N,, as a sum of
pro’ducts of ag, Ax_1, ..., Cu, €4,
Nys = 1+ (a,+ay+a;) + ayus.
This is written in the form
l+apn+ten=....,

where, he says, “ay,, die Summe aller moglichen {als Producte
aufgefassten) Combinationscomplexionen ohne Wiederholung be-
deutet, welche sich aus ¢, @41, ..., @n 80 2zu je 7 Elementen
bilden lassen, dass nicht zwei neben einander stehende Elemente
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@, @441 dieser Reihe in den einzelnen Producten zugleich vor-
kommen.” By way of proof it is pointed out (1) that the term
independent of all the «'s is

11

011
e e +1;

0 1 1

0 1

(2) that the cofactor* of (—a,)(—a,)(—a;).... when two of

the o’s are consecutive is

11
011
011
1 00 .
10 0 v.e. 0;
011
011
01
and (3) that the cofactor of (—a,)(~a,)(—,) . ... when no two

of the a’s are consecutive and their number is p, is another long-
drawn-out continuant found equal to

lll
1 0

and that, therefore, the cofactor of a,a,a, . . . in this case is 4o 1.
In exactly similar fashion by partitioning N,, into terms
which contain —a, and terms which do not, he finds

Nk,'n = Do - (t,D,,,

where D, and D,, determinants equally greedy of page space, are

D

e (=1)7,

—_— ¢

*To obtain the cofactor of the product of a number of a sct of elements in a
determinant Worpitzky puts & 1 in the determinant in place of each element
oceurring in the said product, 0’s in all the other places of the rows to which
these elements belong, and 0’s for all the other elements of the set.
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shown to be equal to N, ho-1"Noy1n a0d =N, o N, respectively,
and he thus reaches the result
Nk.n = Nk.»-le+l.n + acNk,a—2Na+2,n

already obtained in a different way by Schlifli.

Lastly, taking a determinant of the same form as N ko bub
having’

=y, —@y_qy .. "'ak+l: -y, —y, =Uppyy ooy =Quoyy, =y
for its minor dlagonal of a’s, he obtains for it by isolating the
first @, the expression
Ns.k-i-lNk,n + akNa,k+2Nk+l,n s

and by isolating the second «;

Na.ka-l-l.n + akNa,k+lNk+2,n;
and thus deduces

Nk.n Nk+1.a - Nk,a Nk+l,n. = =y (Nk+1.n N k2,8 N B8 N k+2.n)°

It is then noted that the bracketed expression on the right differs
from the expression on the left merely in having k+1 in place of
k; so that there results

Nk,n N Bl N ks N i = (-1 )2%%4-1 ( Nk+2,n Nk+3.a - Nk+2,a Nk—l-s,u)

—_ ~h+1
—_— (""].) + akak+l LRI (l’n+le+3.n'

This also, it will be seen, is connected with a result of Schlifli’s;
for putting s=n—1 we have*

-

Nitin-1 k-1
. N S N T = (=) Ry - G,
1 ) X1

which becomes identical with Schlafli’'s last proposition on trans-
posing the two rows of the determinant and (what is equally
immaterial) putting k=1.

*In giving to Niy14, Notee, Noysa the values 1, 1, 0 which are necessitated by
assuming the generality of the recursion-formula
Niw = Nopin + axNiyon,
Worpitzky forgets to note that in these cases the proposition Ny, = N, used
by him in the demonstration, does not hold.
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MAZZA, F. (1866).

[ELEMENTI DI ALGEBRA, par R. Rubini. Terza edizione, accres-
cinta e wmigliorata. iv+295 pp. Napoli.]

In his chapter on determinants (Cap. x. pp. 249-292) Rubini
gives (p. 270) the result

Ay
Un Ay -
c Upag AUy eee . N |t A
. lpy . B @n A I Un-2 A Us
A Uy e
U, A

where «,, d,, ..., «, are elements increasing by the common
ditference a,. This is established by performing the operations
which would at a later date have been denoted by

row, + row; + row; +....
oW, + row, + row, +....
rowy + row; + row, +....

coly4y—coly_;, coly—col,_;, col,_;—col,_s,

The process is said to be due to Francesco Mazza, and the result
to degenerate into Sylvester’s of the year 1854 on putting «,=1.
It is not noticed, however, that on the other hand the result may
be viewed as a special case of Sylvester’s, namely, where A/a, is
put for A.

g

THIELE, T. N. (1869, 1870).

[Bemeerkninger om Kjwedebrgker. Tidsskrift for Math. (2),
v. pp. 144-146.
Den endelige Kjedebrpksfunktions Theori. Tidsskrift for Math.
(2), vi. pp. 145-170] ¢

The first of the two notes comprising Thiele’s first paper con-
tains only one result, namely,
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— (ay, dg, v ., ty)

%
u it Woy o0, (U ’
2t g + .. n (s, » tn)

Un,

where (¢,, ¢y, ..., «,)is used to stand for

a b .
-1 «, b,

tnoy bnoy
-1  «,

There is nothing to indicate that this is not viewed as a fresh
discovery, notwithstanding the fact that Ramus’ paper of 1856
containing virtually the same identity had been published in the
same city.

The other paper may be described as a careful study of finite
continued fractions with the help of determinants. Instead of

b,, by, . . . are used a,,, (s, . . .; and
Op Up,p+1
1 Up+1 Upt1,p+2
|
‘ . . . ce (goy g yq
| . 1 ty
is denoted by
K (p.9).

Further, this determinant is spoken of as a “Kjwedebrgksdeter-
minant,” or, shortly, a “ K-Determinant”; and a section (§3, pp.
149-152) is devoted to a statement of its properties.

There is no need to rehearse all of these, the last portion (D)
of the section being alone that which contains fresh matter.
Opening with the double use of a previous property, viz,

Kk,m) = K(h,k—1)-K(k,m) — a1, K(I,k—2)-K(k+1,m),
K@®n) = K(hk—1)-K(k,n) — a1, K(hk=2)-K(k+1,n),
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where h, &, m, n are in ascending order of magnitude, the author
eliminates K(h,k—1) and obtains

K(h,m) K(km) K(km) K(k+1,m)
K(k,n) K(kn) K(kn) K(k+1,m)

Then by taking the particular case of this where & appears in
place of A and k+1 in place of £ there results

’ K(km) K(k+1,m) K+1,m) K(k+2,m)
K(km) K(k+1m) K(k+1,m) K(k+2,n)
vxthich when applied to one of the determinants occurring in itself
gives

K(km) K(k+1,m)
K{mn) K(k+1,m)
and finally

a

= Uy K (1,5~ 2)- I

= Uk

K(k+2,m) K(k+3,m)
Kk+2n) K(k+3,n)

= G 1 Wpgr g2

b

K(m+1m) K(m+2m)
K(m+1m) K(m+2mn) |,
= Ot Uigipta -+ oo Qs K(MA2,), (8)

Further, by using this to make a substitution in the previous
result (a) there is obtained

K(hm) K(km)

‘ K(kn) K(kmn)

which on putting £=h+1 and m =n—1 becomes

K(hn—1) K(h+1mn-1)
K(hmn) K(h+1,n)

= g1 Qi itz o o oo Qumtr®

= (g1 plhps - -« - gy s K(E—=2)K(m+2m), (y)

= U1 Wt pta o oo o Ay

—a result which may be compared with one of Schlafli’s and
Worpitzky’s, but which is more general in that the main diagonal
of each “ K-Determinant” does not consist of units.



CHAPTER XVIL
THE LESS COMMON SPECIAL FORMS, UP TO 1860,

THERE now only remain for consideration those special forms
which, prior to 1860, had not received any noteworthy attention.
These will be found to include: (a) permanents, which are
touched on by three authors; (8) determinants with the typical
element «,,+ b,, which are referred to in four memoirs; (y) two
other forms, which are each dealt with in two papers; and
(6) nine others, which make their appearance only once. It will
also be appropriate to collect in a note (¢) the facts ascertained
up to 1860 regarding the census of terms in special forms of
determinants,

(«) PERMANENTS,

As we have already seen, Cauchy, in his memoir of 1812,
widened the ordinary meaning of the term “symmetric function,”
and was consequently led to call such expressions as

> ab, + aghy, @by 4 wby + ab, + abs + ab, + agb,,

“ fonetions symétriques permanentes,” denoting them by S2(a,b,),
S3(ady), .. ..
In the same year, as we have also noted, Binet gave the
identities
Sab = Eaib - b,
Sab'e” = ZuZbZe + 2Zabe — TaZbe — ZbZca — ZeZab,
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which in Cauchy’s notation would have been written
S™(aby) = 8%(ay)8"(by) — 8*(ayby),
St(a,bycs) = S*(a,)S*(b)S(¢c;) + 28" (abe) — ... ... ,

but which, in reality, are due to Waring, who, denoting the sum
of the p*t powers of a, B, v, ... by s, asserted in his Miscellanea
Anaulytica of the year 1762 that

Zapﬂq = 8p*8g = 8p+q»
Za” By = 8p°8¢°8r + 28p1g4r —

Proofs of Waring’s identities were given by Paoli in his Supple-
mento agli Elementi di Algebra, published in 1804 (See Op.,
ii. § 28), and by Meier Hirsch in his Sammlung von Aufgaben
aus der Theorie der algebraischen Gleichungen, published in
1809 (See pp. 34—41).

It is only symmetric functions like S%*(a,b;), S%(u,bycs),
St(a,boesd,), + .., whose every term involves the full number
of letters, that at the present day are spoken of as permanents.

BORCHARDT, C. W. (1855).

[Bestimmung der symmetrischen Verbindungen vermittelst ihrer
erzeugenden Function. Monatsb. ... Akad. d. Wiss. (Ber-
lin), 1855, pp. 165-171; or Crelle's Journ., liii. pp. 193-198 ;
or Gesammelte Werke, pp. 97-105.]

Having already fully dealt with this paper under the heading

Alternants, it sutfices merely to recall the identity therein glve,n,
namely,

1 1 1 1 1 1
)] e b ] e )
1 1 1
_?< (t—a)2 (t —al)‘ (l‘,,—a,,)z)’
where the first factor on the left differs from the determinant

which is its cofactor mercly in having the signs of all its
terms positive.
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JOACHIMSTHAL, ¥. (1856, September).

[De sequationibus quarti et sexti gradus qus in theoria linearum
et superficierum secundi gradus occurrunt. Cvrelle's Journ.,
liii. pp. 149-172.]

Joachimsthal, requiring the use of the so-called “Binets”
identities, devotes section iii. of his paper to them, combining
them in one proposition, and showing more or less satisfactorily,
after the manner of Meier Hirsch, how the proof of each case
can be made dependent on the previous case. His proposition
is—There being m rows each of z quantities

a Aty ... @
B B -vv B
hl A2 * s e e Az

My Mg evee Mg

and z being not less than m, the sum

2‘11182 <o o Mm,

consisting of z(z—1)(z—2) . .. (z—m+1) terms, can be expressed
a8 an tntegral function of the sums arranged in the following
rows :

Za, =6, D TH
2a,8, 2oy e Iy
2,8y, ZaBl Zie Ay

* 2"'1:31')’1 RV P

each sum consisting of z terms: further, the said function when
7 < m vanishes identically.
To prove the proposition when m =38 he takes the previous

case
0 Zu,8; = Zoy2B) — ZaoyfB, (25)
and multiplies both sides by Z+,, thus obtaining

2‘11:32‘!/3 + Zayy,B3; + 2:3171642 = 20,20, 2y, — Za ;- Zvys
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in which the previous case enables him to replace

ZayyB; by Zayy 2B, — ZaBivi

2Biyies by 2By Zay — ZaByyys
with the result that

zalﬁz‘Ys = 20,28, Zy;~ Za By Zyy=Zayy,-26,— 2By Zay t+ 2ZuByyy (x5)

a8 desired. Similarly, on multiplying both sides of this by ¢,
there is obtained on the left

20‘162')’364 + 2“181:8273 + 2:.31610'2')’3 + 2‘)’181‘12;83’

the last three terms of which have only to be replaced by
expressions warranted from (z) in order to give the desired
equivalent * for Za,B;y,4,.

It is then pointed out that when z=m the sum Za,B; ... um
“tantum a determinante differt, quod omnes ejus termini sunb
positivi,” and that therefore when z < the sum vanishes.

The three sections following (iv., v., vi.) are occupied, as has
been noted elsewhere, with the generalisation of Borchardt's
theorem of the previous year.

and

CAYLEY, A. (1857).

[Note snr les normals d'unc conique. Crelle's Jowrn., lvi. pp.
182-185; or Collected Muth. Papers, iv. pp. 14-17.]

In dealing with essentially the same geometrical subject
as Joachimsthal, Cayley gives, in support of part of his
demonstration, the identity

2 2 2

Y 4 oY 5 T Y 5 Y& %50 Y,
—|m2 52 42

Ty Yo Zop X [Ty Yy Z| = | Yy % |+ |Ys%s %W oY
2 2

Z3 Y %3 T3 Y3 % LR TR A Ys?s 2%y TglYs

where the first factor on the left is wha¢ Cauchy denoted
by S*(z,y,2,).

* By an oversight three terms of this are left out by Joachimsthal,



LESS COMMON SPECIAL FORMS (HERMITE, 1854) 449

(B) DETERMINANTS WITH COMPLEX ELEMENTS.
HERMITE, C. (1854).

[Extrait d'une lettre . . . . sur le nombre des racines d'une équation
algébrique comprises entre des limites données. Crelle’s
Journ., lii. pp. 39-51; or Buvres, i. pp. 397-414.]

On p. 40 it is pointed out that any determinant whose conjugate
elements are of the form a,+b,v/—1, «,—b,/—1, and whose
diagonal elements are therefore of the form «,,, must be real, for
the reason that it is not altered in value by changing ~/—1

into —v/—1.
HERMITE, C. (1855, August).

[Remarque sur un théoréme de M. Cauchy. Comptes rendus . . ..
Acad. des Sci. (Paris), xli. pp. 181-183; or Huwres, i
pp- 479-481.]

The remark concerns the determinant just referred to, and is
to the effect that the equation

Dayy = dgp+bpt oo b0 |

| oy +Dyy% gy — ceee Ugytbgt | 0
g ]

1 A I R N

where d,,=da,, b,= —b,, 1=+ —1, has all its roots real if the a’s
and b's be real,—a result which degenerates into one previously
known (Lagrange, 1773 ; Cauchy, 1829) when all the 0’s vanish.
No proof is given, but it is stated that one is obtainable by
traiesforming “le déterminant en un autre & éléments réels, d'un
nombre double de colonnes et symdétrique par rapport i la
diagonale.” A rule is formulated for determining the number
of roots of the equation which lie between two limits. Lastly,
it is remarked that the equation arises in connection with the
study of forms of the type
2+l y+yi
Gy ap— Pt | T—xd
a9+ Byst Oop Y-y,
M.D. IL 2F
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that is to say,

a @ + 2057y + gy’ } p
+ 0,22 + 20,2y + agy”® + 282y |-

RUBINL, R. (1857, May).

[Applicazione della teorica dei determinanti. Annali di Sci.
mat. e fis,, viii. pp. 179-200.]

In treating of determinants with binomial elements Rubini’s
most interesting example is that in which the element in the
(r,8y* place is a,+b,/~1. By substitution in his general
result he readily obtains the expansion of the determinant in
the form C+Dv' =1, which is seen to alter into C~Dv—1 on
changing the signs of the b’s. The product of |ay,+b,n/—1|
and | a,,—by,/~1]| is consequently expressible as the sum of
two squares. His next point is that on using the ordinary
multiplication-theorem the same product is got in the form

ayn ‘112“!812\/ -1 ... aln"ﬁlu‘/:—i
012+,Bl2' -1 Qgg v aﬁn"ﬂm\/__—'_l

aln+;BInV -1 a2n+188n\' -1 .... Qp, )

and that a comparison of the two forms may be fruitful of results.
When n =2, the identity resulting from such comparison is

(ud—be—ad+By) + (ad—by+ad—Bey
= (a?+a’+ 0+ B+ v+ &P+ &) —(ac+ ay+ bd+ BS) — (ay — ac + b8 — Bdf

a result which gives the product of two sums of four squares

as a like sum.
In connection with this special example, however, note should

be taken that Hermite in a letter to Jacobi published in 1850
(see Crelle’s Journ., x1. p. 297), had pointed out that it followed
from the row-by-row multiplication of t

atav=1 b+ﬁ~/:“1|,b —cty/=1 —d+48/=1
~b+BV=1 w—av-1 d4oV=1 —c—yd=1 1.
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CLEBSCH, A. (1859).

[Theorie der circularpolarisirenden Medien. Crelle’s Jowrn., lvii.
pp. 319-858.]

In § 3 (pp. 324-330) Clebsch is led to consider the nature of
the roots of the equation dealt with by Hermite in 1855, not
knowing, apparently, what the latter had done. Unfortunately
the proof given of the reality of the roots is not effected without
the use of a set of unessential equations of which the determinant
is the eliminant.

The interesting fact is noted that when n =38 the equation can
be changed into

1 12 13 b —2 m b
1 12 13 23

(lig Q=@ Uy b
Uiy Upp—T Uz | = Oy
U3 (o Q3= 12

(7)) DETERMINANTS CONNECTED WITH ANHARMONIC
RATIOS.

CAYLEY, A. (1854, February).

[On some integral transformations. Quart. Journ. of Math.,
i. pp. 4-6; or Collected Math. Papers, iii. pp. 1-4.]

This paper opens with two statements in reference to the
determinant.

1 a a ad
i ﬁ 5 5 '3 , | or ¥ say.
1 6 & & |,
The first is to the effget that the equation
Y =0

asserts the equality of the anharmonic ratios of a, B, v, § and
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a, 8, v, ¢': and the second that the said equation may also be
expressed in the forms*

Ka = — {3y =8)(« - ) + 886~ B)(« ~¥) + By(B =¥ )e'~8))}
K(a=B) = (6—B)B-y)(v' =)'~ B),
K(a—y) = B=7)y=0)(&=B)a'~7)
K(a=8) = (y=)(@-B)B —7)d -9,
if we use K to stand for
By =N =B) + y(&=B)o'~y) + §(B'~v)a' = &).
Accepting the first statement, and knowing that the equality
referred to is
(y=a)(B=0) _ (y'=a)(B=9)
(a=B)(y=98)  ('=B)y'=9)
we readily make the deduction that
¥ = (y—a)B—8)d —B)y = &) = (a=B)(y— &)y — Y8 =&).

By accepting the second statement, like conclusions may be
drawn; for then the elimination of K from any two of the

*These may be established as follows. By separating the terms of K which
involve a’ from those which do not, we see that
1
1868 88
Lyy »
1 & & o
a determinant differing from ¥ in the first row only, and consequently on multi-
plying by a and adding we obtain

1)

Y+Kae=|1. o . [=|B Ff-a BF|=.... :
1 88 Bf v ¥Y-d v
1l vy v v & o-da oV
1 § & o
Similarly,
Y+K@-g)=[1p8 o g|=]|1 . o . =....
1 88 B8 1 . g .
Ly Y v 1 y-8 + (v-B)Y
18 & & 1 3-8 & (3-B)%
and so of the others.

In doing this we learn, too, that
Y+Ka = Y0, ¥+K(a-p) = ¥,p,
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equations involving it must of course lead us back to some
form or other of the equation with which we started. Thus,
multiplying K by « and using the first of the four derived
equations we obtain by subtraction

0 = (aB+y)(y —)(a'—B)
= (ay+B8)(B = &)o' ~y) + (ad+By)(8'~¥)da' =),

whence we deduce in the same manner as before that the
expression * on the right when changed in sign is equal to ¥;
and using any pair of the remaining equations we reach either
the form of ¥ previously obtained or one of the two forms
derivable from it by means of the simultaneous circular

substitutions
B’Y’s = 7’6’13,
B.v,8=v,8p8.

CAYLEY, A. (1858, February).

[A fifth memoir on quantics. Philos. Transac. R. Soc. (London)
cexlviii. pp. 429-460; or Collected Math. Papers, ii. pp. 527-
557.]

The second part (§§ 96-114) of the memoir deals with two or
more quadrics, and forming part of it is a digression (§§105-114)
on involution and the anharmonic relation. The determinant ¥
thus again makes its appearance, and associated with it is the
determinant

. 1 a+d «ad
1 B+B8 BB | orY say,
L y+y v 1

for the reason that, when § =¢’ and &’ =a, ¥ is readily shown to

be equal to
(@-a)Y.
°
* This second form of ¥ may be got directly from the determinant by expanding
in terms of the two-line minors formable from the first and third columns, and
the minors complementary to these. Of course we also have

P = (@B +78)a-B)y-8) - (@Y +B¥)a-)B-8) + ('8 +BY)(a-3)(B-)
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To obtain the required non-determinant forms of the two the
multiplication-theorem is used with pleasing effect. In the first
place Y is multiplied row-wise by

Wt —-u 1
¥ =y 1
w —-w 1],

the result being, of course,

(w=a)(u=d) (v=a)(v—a) (w—a)(w—d)
(u—B)u—P) v=P)v=P) (w-B)(w=F)
(w—y)(w=y) v=y)(v=7y) W=7)@=7).

In this Cayley then puts w=a, v=d, obtaining
Y-(a'=a) = (a=B)a—B)d=Y)d ~¥) = (@—B)(d' = B)a=y)a=7)
and putting u, v, w=a, B, y obtains
Y = (@=B)B-¥)y=¢) = (a=¥)(B—d)y=B)

a result known to Hesse in 1849 (see Crelle’s Journ. L p. 265).
In the mext place (§114) ¥ is multiplied by the similar

Yh(w—v)(w—u)(v—u) =

determinant
8¢ —§8 =8 1
tt =t =t 1
wi - —u 1| T B
w =V -v 1},
the result being

(=a)(f—d) (t—=a)(t'—d) (@=a)(W~d) (v=a)(v'~d)
T (E-B)E—-B) (t—-P)(t=8) (w=-B)w-B) (v-A-B)
= =y)E=y) t=NE-y) @=-y)w=y) @=)('=y)
(6=8)(§=8) (=8)({t—0) (=8 =38) (==l

so that on putting ¢

8 t u, v,}_{a, By ¢
d; t’s 'u"s ’U’, - BI ’ a’) 6'3 ‘Y’
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the product becomes

(y=a)(@=d) (—a)(y'~0)
. : (y=B)(&-B) (-B)¥-B)
(a=y)(B'=y) B=y)d'~¥y) .

(a=38)(B'=8) (B—3)(d'~7) - : ,

and there is obtained '

a d | |1 a B aof

BB BB |1 B & Bdf_ { (a=y)(B=38)(o' = &) -7’)}’
yv v |Ly & o = (a=38)(B—y)a@'—y)(B - &)

¢ ¢ &8 1 6 o o

From this Cayley concludes (1) that ¥ is not changed by the
transposition

)

g @,

and (2) that either form equals
(a—y)B=)(d=8)B~v) ~ (a=3)(B-y) o' ~y)(B~).

SARDI, C. (1864).
[Quistione 39. Giornale di Mat., p. 256, pp. 315-316.]

On the determinant ¥ Sardi performs the operation which we

may indicate by
col, — Bcol; — & col, + 86" col,,
thus obtaining
d (a-B)d—9)

B .
Y (y=B)y'-9)
¢ . K]
in which the cofactor of (a—B8)(a’—¢") is
B-y 8-y
d—y &-y
and the cofactor of.(-y—,B)(y’—S’) is
B—a B-ad
d—a d&'=d

<

1 «a
1 g
1 vy
134

)
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where, be it observed, it is the rows 1, 8, 8’ and 1, 6, ¢’ that are
diminished on both occasions. There is thus obtained
¥ = (@B -){B-nE—v) - E=nB-v)}
— (y=B)y = {(B—a)(#—a) — (B —)$—a)},
= (a—B)(@' =& (y—=)(B —v¥) + (y=B)(¥' =) B —a')}(¢—a),
= —(a=PB)(y—8) (= &)(y' =8) + («'=B)(y =) (a—)(y—B)*

(y» SYLVESTER'S UNISIGNANT.

SYLVESTER, J. J. (1855, April).

[On the change of systems of independent variables. Quart.
Jowrn. of Math., i. pp. 42-56; or Collected Math. Papers,
ii. pp. 65-85.]

In the course of Sylvester’s investigations a peculiar three-line
determinant turns up, which he considers deserving of attention
on its own account, namely, the determinant

Uyt ay,+ag — 0y —ay
—bl b1+b2+bs _bs
-¢ —C, ctcte |,

the final expansion of which consists of 16 terms, all positive.
To obtain this expansion a “simple rule” is laid down, namely,

to substitute
o Ay G Uy Uy Oy
b b b, for {0, b, by

*Tt will be seen that merely by accident the three ways in which ¥ can be
expressed as the difference of two products have turned up in succession, and
that they may be written

|PQ'|,|QR'|,| PR/|

if we put
(a-B)v-8) =P,
(@-7)(-9) = Q,

(a-3)(-7) =R
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and then multiply together the elements of the diagonal, reject-
ing every term such as a,b,, @b, . . . . in which the letters form
a cycle. Two examples are given, but no justification of the
“rule” is vouchsafed. The examples are—

at+am+a,  —ay  —a, | = abe+(catcs)ab+(as+ac)be+(b.+bg)ca
—by  b+be+bd, b, +(baCa+bas+ cabs)
—Cq =& cteto + b (epety +cotte+ ascs)
+c (acbc + teba + beatz),
a+ap+d,+ay —Dbq —Cg —d,
) b+be+by+b, -0 ~dy
-0 =D e+catcatos ~d,
-y —by —Cq d+d,+dp+d,

= abed + D abe(do+dy+de) + Dy0b(Cadat .. .. ) + Djabcadat .. ).

The arrangement of the two developments almost raises doubts
a8 to whether the “rule” had been utilised, suggesting indeed
that in the latter instance, for example, the cofactor of ab was
first obtained in the form

cateatos —d,
—Cq da+db+dc y

and the cofactor of @ in the form of a similar determinant of the
third order. The “rule,” however, is noted by Cayley in Crelle’s
Journal, lii. (1855), p. 279.

dThe number of terms is (n+1)**, » being the order-number of
the determinant. This Sylvester obtains by putting a, a,, ,, . . .
all equal to 1. It will be observed that from the form of the
development we thus have

1432438 =42
’ 14+43+68+416 =58
14 5441015 4+ 1050 + 5125 = 6¢

oooooooooooooo



458 HISTORY OF THE THEORY OF DETERMINANTS

BORCHARDT, C. W. (1859, May).

{Ueber eine der Interpolation entsprechende Darstellung der
Eliminations-Resultante. Crelle’s Jowrn., lvii. pp. 111-121;
or Monatsh. d. Akad. d. Wiss. (Berlin), pp. 376-388; also
abstract in Annali di Mat., ii. pp. 262-264.]

The representation in question is in terms of the values which
the two functions ¢(z) and yr(z), both of the n** degree, assume
for the values a,, ¢, a,, ..., a, of z. It emerges as a special
determinant of the form

o—(11) -(12) .... ~(=)
—(21) 0'2-—(22) —(2n)
—(fnl) --('n2) voes op—(nn) |,
where
o,=(r0)+(1)+....+(rn) and (rs)=(sr),
a form which we readily recognise to be the axisymmetric case
of Sylvester’s determinant of the year 1855. To the considera-
tion of it Borchardt, probably supposing it to be new, devotes
the last six pages of his paper.
Denoting it by (0,1,2, ..., n), since it is a function of the
3n(n+ 1) quantities,
(01) (02) .... (Om)
(12) .... (ln)
(n-1, n),
he first shows with some prolixity that the cofactor of (01) in it
is (0+1,2,3,..., n), next that the cofactor of (01)(02).. -(07) ig

(0+1+ ceon gt 1,042, .00, 0),
and finally that

0L2...,n) = 201)1,2,..., n)
+ >(01)(02)(T _2 A
+ ... .
+2(01)(o2> (0k>(1+“—“2+ +hk+1, ..., n)
+ ... .
+ (01)(02).. (0n>



LESS COMMON SPECIAL FORMS (BORCHARDT, 1859) 459

Resuming consideration, but proceeding on a different tack, he
arrives at Sylvester’s “rule,” namely, that (0, 1, 2, ..., n) is
“gleich der Summe aller nicht-cyclischen Producte, die aus je n
jener 3}n(n4-1) Elemente (¢ k) gebildet werden kénnen.” Unlike
Sylvester, however, he is careful to give a justification of it
based on four observed facts, namely, (1) that (0, 1, 2,..., n)
is unaltered by interchanging any two of the umbrz; (2) that
the coefficient of the term (01)(02)...(0n) is 1; (3) that none
of the terms is free of the umbra 0; (4) that, as already
mentioned, the cofactor of (01) is (0+1, 2, ..., n)* As the
proof, which extends to two pages (pp. 119-120), applies only
to the case of axisymmetry, it need not be given.

Lastly, the number of terms in the development of (0,1,2,...,n)
is investigated, the result obtained agreeing with Sylvester’s.

We may note for ourselves in passing that the first three of the
basic facts of the proof are, like the last, most readily appreciated
by observing the determinant form, the case where n =3, namely,

10+12+13 -12 -13
-21 20+21+23 —-23
-31 - 32 30431432

being amply sufficient.  Thus, increasing any column by all the
others, and thereafter increasing the corresponding row by all
the other rows, we obtain the first result, learning at the same
time that it only holds when axisymmetry exists; the second
is self-evident; and the third follows from the fact that the
aggregate of the terms which are free of 0, being got by
deleting 10, 20, 30, is expressible as a vanishing determinant.

(5) MISCELLANEOUS SPECIAL FORMS.

CAYLEY, A. (1845).

[On certain results relating to quaternions. Philos. Magazine,
xxvi. pp. 141-145 ; or Collected Math. Papers, 1. pp. 123-126.]

Assuming that in each term of the development of a deter-
* Ag (01) occurs only in the element o, — (11), its cofactor is the primary minor
obtained by deleting the first row and the first column, and this is seen to be
(0+1,2, ..., n)by definition.
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minant the elements are arranged in the order of the columns
from which they are taken, Cayley points out that if the elements
be quaternions

/

T 7
, =77 —a7’ =0,
™
but
7r T 14 /
=qr — 7T 0.
7 7

He is thus led to inquire what the non-zero value is in this latter
case and in other similar cases. Taking

T =x +iy +j2 + kw,

7w = + 1y + g2 + k',

7r.II —_ w//+ ,':y/l+jz”+ kwll,
he says it is easy to show * that

r w|==2|1%1 j k
= 7 Yy z w
:'/I z’ wl ,
™ w w |=-2|83 ¢ 5 k
© a7 x Yy z w
7’.” 7rl/ W” w/ yl z’ wl
$I’ yll zll 10’/ I R

*Probably the easiest way is to express the detcrminant as a sum of deter-
minants with monomial elements. In the case of the third order the number of
such determinants is 64, of which 40 vanish, the sum remaining being

123 +132 + 213 + 231 + 312 + 321
+124+142+. ...
+134+143+. ...
+234+2434 . .
where rst stands for the determinant whose columns are in order the rth, gth, sth
columns of the array .
z iy Jjz kw
x oy j7 k'
o iy g kv
and where therefore
128+182+ . .. = |2y |- (G+G+ G- -§+§) = 2k |2y |,
and so on. The multiplication table of i, j, k, it may be recalled, is
(% y k - J )
Ji JJ Jk l ’
ki -1 =1
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but that for higher orders the result is 0. He next notes the
identity

¢ X x¢=(¢¢_¢’¢’
¢ X1 IxX ¢ X X X X
adding “ete. for determinants of any order”;* and then from
this set of identities and the previous set he concludes that if
any four adjacent columns of a gquaternion determinant be
transposed in every possible mawner, the sum of the deter-
minants thus obtained vanishes—a property which, he says, is
much less simple than the analogous one for the rows, this last
being the same that holds in the case of determinants with
ordinary elements, Lastly, he gives the important warning that
the eliminant of

|+

b

wll 4+ ¢P =0
Il + ¢® = 0
is neither w¢'— 7' nor r¢’— ¢, but

,n.-1¢ —_— '—1¢’.

TISSOT, A. (1852, May).

[Sur un déterminant d’intégrales définies. Journ. (de Liouville)
de Muth., xvii. pp. 177-185.]

The subject here is the evaluation of the determinant of the
(n+1)* order whose (7, 8)'* element is

o

! e~% m@—-w—-- )
» (¢)s—1(m)
oy
* Very probably the next case is the identity
o x v » ¥ x X ¢ v v x ¢
¢’ xl wl + ¢I 'pl. xl + xl ¢I w’ + . + ‘Pl xl ¢I
¢” xﬁ w” ¢II ‘P” x” , xll ¢'l 'VI ' WV xII ¢II
¢ o ¢ » ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
=l ¥ ¥X|-"|¥ ¥ xX|-|x x x|+...-|x ¥ x
'Vl 4 ‘Vl ‘P’ ‘P’ ‘Pl sb” wﬂ wll w ‘P ,

where, as in the other cases, the r*t determinant on the left is equal to the
aggregate of the rt» terms of all the determinants on the right.
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where .

$i(@) = @—ap)"z—)". ... (@=a) Gy =)™, ... (@,-2)"™,
the m’s are all less than 1,and @, =w. The simplest example is

. $i(%) o $:()

le -z _w;@ me - 5_0@
o (@) o ¢1(w)5

In establishing the result, use is made of the fact that the
determinant is expressible also as a multiple integral: for
example, the two-line determinant just written is equal to

J“l ® e=2=a(g, — x)dade,

= F(l —'mo) . r(l -ml) . (al._a‘o)l-mo-mh ¢=%=0,

(_d — )"ty —&)™(, — A ™ (0 — “15'"‘ '
b JOq

BAZIN, [H.] (1854, July).

[Démonstration d'un théoréime sur les déterminants. Jouwrn. (de
Liouwville) de Muth., xix. pp. 209-214.]

The theorem in question is to the effect that if there be two
n-by-m arrays R, R’ with integral elements, and such that
the ratio of any n-line minor of R to the corresponding minor
of R’ is constant and integral, and if the n-line minors of R
have 1 for their highest common factor, then it is possible to
find a determinant S of the n™ order with integral elements so
thag the product of S by any n-line minor of R’ shall equal the
corresponding minor of R.  For example, it being given that

b, b, b,

¢ G G

Ty Xy gy
Y1 Y. f‘/sl

where all the letters denote integers, and that the highest common
factor of |b,c, |, | bics|, | byes| is 1, four integers a, B, y, & can be
found such that ¢

!“:B_b1b2bs
y ¢ 6 G G

k

Ty Ty Uy
Y1 % Y
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BRIOSCHI, F. (1855).

[Additions & I'article No. 15, page 239 de ce tome. Crelle’s Jowrn.,
L. pp. 318-321; or Opere mat., v. pp. 271-276.]

The determinant here (pp. 320-321) dealt with is, for shortness’
sake, taken to be of the 4th order, namely, |m, &, b, ¢,|, in which
0y 63, 3, 6, stand for

ax, + ex, + frg + gz,,
ex, + ba, + hay + kx,,
Jo, + hoy + cxy + oy,
gz, + kxy + lag + dw,,

and where the ¢’s, b’s, ¢’s are such that
8,2, + 85, + S + 6, = 0,

by, + bywy + byt + by, = 0,
€& + 6%, + Cgty + oy = 0.

The cofactor of m, in |m, 6, b, ¢,| being denoted by M,, we see
that, as an example,

a ¢ f & b ¢

e b h 4 b, ¢

h ¢ & b ¢

M2 = — f s 03 €5
b, b, b,
¢, C Cg

which after performance of the operations

col, — z,col, — ax,co0l, — z,col;,
rOW, — &, YOW; — Z,TOW, — Z,TOW,,

becomes
a e f g b ¢
e b b k b ¢
SR I
b, b, b; b, .
€, C C C . .
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As it can be shown similarly that
M?=—22A, M?=-—g?A, M?Z=-=z?%,
Brioschi obtains *
| mSabacy | = (Mg + Mgty +mgzy +m@ I —A,
nothing being said as to the sign to be taken in extracting the
square root of z,%

We have only to add for ourselves that the first of the
conditioning equations is the vanishing of the quaternary quadric

Ty &g Xy T,

“ e f 9im
e b h k|
f h ¢ 1l |m
g k 1l dlx,

and that the &'s are the halved differential quotients of this with
respect to x,, z,, %5, Z,.

HERMITE, C. (1855, January).

[Sur la théorie de la transformation des fonctions abéliennes.
Comptes rendus . . . . Acad. des Sci. (Paris), x1. pp. 249-254:
or Buvres, i. pp. 444-478.]

The special determinant here considered, as being auxiliary to
Hermite’s main purpose, is | a,b,cid, | with its elements subject to
the conditions

|y |+ [biey | = 0 = [aydy | + [ iy
|ady | + [ bye| =k = |aydy | + | bygy ]
lagdy | + [ bye, | = 0 = |agd, | + | by, J,
and the results in régard to it are:—(1) that it is equal to k2; (2)
that the row-by-row product of two such determinants is a

determinant of the same type. No proof is given, but from the
way in which Hermite writes the conditions, it would appear

*The minus sign is omitted by him throughout. If the number of #’s had
been odd, the sign would have been +.
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that the first was obtained by multiplying the given determinant
columnwise by itself in the form

d, dy dy d,

¢ ¢y Cy ¢
-b, -=b, —=b, =0,
-y —dy, —ay —d .

A generalisation by Brioschi (1855) has already been dealt with
under Skew Determinants.

ZEHFUSS, G. (1858).

[Uebungsaufgaben fiir Schiiler. Archiv d. Math. u. Phys., xxxi.
P- 246; or Nouv. Annules de Math., xviii. p. 171; (2) ii. pp.
60-61.]

The proposition offered for proof by Zehfuss is in modern
phraseology to the effect that the determinant of the difference of
the two square matrices

Uy Ay .. Uy b, b, b,
Uy Uy vovn (ty b, b, . b,
R T b, b, .... b,

vanishes for all orders higher than the second. The proof given
by Gustave Harang in the Nowrelles dnnales vests on the

operations
col, —col,, col,—coly, .....

When n =2 we have
@ —=b, a,—0b,

ay—b (L.z—b;_ = (3= ax)(b; —1y).

»

CAYLEY, A. (1859, March).

[On the double tangents of a plane curve. Philos. Transac. R.
Soc. (London), exlix. pp. 193-212; or Collected Math. Pupers,
iv. pp. 186-208.]

The theorem on which an important part of this investigation

rests is enunciated by its author as follows: If the 2n —1 columns
M.D.IL 26
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of the special three-vow matria

(lo . o — . « o ()

1 2 n-1" 0 1 n-2
’ ’ !’
ay oy o L L
’ ! ’ ’ ” ”n "
a, oo, a ty “ _,

be vepresented by

L 2 3 ... n: (DO ... (n=-1)

rvespectively : the determinant whose columms are those thus
represented by v, s, (t) be denoted by {r, s, (t)}; and the determi-
nant aggregutes

{n, n—l,(:’.)} + {n, n-2, (3)} +.. + {n, 92, (n—l)},

—{§n—LOﬂ—{mn—i@”—n.—pyzm—%}—{mL@—QL
—{Li@—n}—{L&oh@w—.u—{Ln—L@n—{LnAD}

{szn—m}+{L3¢n_m}+“.+{Lu-L(n}
by 1, 11, IIT, IV then
a4+ adl +a, T+ a1V = 0.
The mode of verification suggested consists in showing that there
exist six quantities (12), (13), (14), (23), (24), (34), say, such that
I= «0 +a;(12)+ - (13) + a,(14),

I = —ay(12) + ;-0 + ¢, (23) + ¢a(24),

II1 = — «y(13) = @;(23) + dp-y° 0+ ¢a(34),

IV = — y(14) = 4y(24) = tty-1(38) + €,°0;

and then taking the sum of the requisite multiples. The six
quantities in question are actually found for the cases where
n=3,4,6 In the last case, the matrix being

a b e d e f oV d o€

b e d e fg WV O d f

al ,)l cl ’l/ “I .fl a/l bll (./I (lll ell’
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their values arc written by Cayley in the form

(12) = =€’ + 17

13) = V’f+c"e+d"d+e’c = bf—ce —d'd —ec—f,

(14) = =b'e~c"d—d’c + Ve +cd +d'd +€T,

(28) = —a’f=b'e—c"d—d"c—e'b + <f + Ve +cd +d¢ +eb'+fo
(24) = a’e+b"d+c"c+d"D —uad=bd —-cc —db—ed,

34) = —a"a + da’.

The final lemma used in the verification may be formulated
thus:

If from the n quantities x,, X, . . . , X, and the in(n—1) others
12, 13, ..., 1n
23, ..., 2n

nn
there be formed n lineo-linear functions of the two sets, namely,
fi= =0 +2,(12) +2,(13) + ... + 2,(10)
fo=—2(12) + 2,0 4+ 25(23) + ... + za(2n)
fo = —2,(13) —2,(23) + 250 +...+ za(3n)
fo=—2(1n) —x2n) — 2,(3n) — ... + 2,0 J,
then
2 fit oot .. 42 fa=05
It may be viewed as included in the identity

T, Ty Ty ... Tn _ 0.
. 12 13 ... 1In| @ ’
-12 . 23 ... 2n| m,
-13 -23 . v 3n | x4

—-In =2n =3n ... . | 2,

or in the statement that Any quadric whose discriminant is a
zero-uxial skew determinant vanishes identically.

* When the cocficient of 2y in f, is not 0 but (»r), the result of course is
B it Tofgt oo -+ Tafa = 22(11) + 22(22) + . . . 242 (nn) ;
and in this conneetion it may be well to recall a step in Hermite’s modo of

effecting the automorphie transformation of a quadric (Sec under Orthogonants).
M.D. IL 262
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HIRST, T. A. (1859)

[Question 489, (A determinant which vanishes for every order
higher than the fourth) Nouw. Annales de Math., xviii
p- 358; (2) ix. pp. 561-563.]

Hirst's theorem is that if

s = (a4 B8) 08 8¢ + (y,+3,8) sinsgp
then the determinant

Uy Uppr -- o Uiypan
gy oupy oo Uayin

Gpg Cuppt +ovr Ongpnol
vanishes when n > 4, and has « non-zero value independent of
s when n=4; and the real significance of it is best grasped
by noting—as is not done in the Annales—that the determinant
is the product

o B b

a By v G

'i Un B'n Yn 675%
08 8¢) cos(3+1)¢ ceas cos(s4n~1)¢
scossp (stl)cos(s+1)¢p .... (s+n—1)cos(s+n—1)¢
sin 8¢ sin(s4+1)¢ cees sin(s+n~1)¢
ssinsg (s+1)sin(s+1)¢p .... (s+n—=1)sin(s+n-—1)¢

The vanishing of it when o> 4 is then self-evident, and its
value when 7 =4 being '

| ayByysdy|+| cossg 808 8¢ §in A¢ 88in 8¢
cos(s+1)¢ (s+1)cos(s+1)¢ sin(s+1)¢ (8+1)sin(s+1)¢
cos(s+2)¢p (s+2)cos(s+2)¢ sin(s+2)¢ (s+2)sin(s+2)¢
cos(s+3)¢ (s+8)cos(s+3)¢ sin(s+3)¢ (s+3)sin(s+3)¢
¢
we have only to show that the second determinant here is

independent of s. The solver (Lucien Bignon) does this by
multiplying the determinant by itsclf in the form
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808 8¢ — €08 8¢ 88in 8¢ —sin 8¢
(8+1)cos(s+1)¢ —cos(s+1)¢ (s+1)sin(s+1)¢p —sin(s+1)¢

and so finding for its square a determinant whose every element
is independent of s, the element in the place 4,j being in fact

(j—1)cos (j—1)¢.
He does not note, however, that such a determinant is zero-axial
and skew, and that its value is thus readily seen, by a theorem of
Cayley’s, to be
) (cos®¢p—4 cos?2¢+ 3 cos ¢ cos 3¢)?,
e
(—4sint¢p)2

* CAYLEY, A. (1859).

[Note on the value of certain determinants, the terms of which
are the squared distances of points in a plane or in space.
Quart. Jowrn. of Math., iii. pp. 275-277; or Collected Muth.
Papers, iv. pp. 460-462.]

The five results given in the paper are more important than
the title would imply, being true when instcad of Cayley’s
elements 12% 18% ... we write any clements whatever, namely,
12,18,... This change being made, the fourth and fifth are

.12 18 14
21 . 23 24 - \
=3'1221.3443 — 31122324 41,
31 32 . 33 2 21223
41 42 43
.12 18 14 15
a1 . 23 34 %% 3712233445 51
1 82 . 34 36|= 3122881 . 4554
41 42 43 . 45 -4t : '
51 52 58 54

where the Z’s cover 8, 6, 24, 20 terms respectively. No
commentary is added, nor any indication of a law including
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both results. The three of the other set are less general, namely,
12 12 1
21 . o
1 21 21291 ->71223,

31 82 . 1|
1 1 1

where the 2's cover 8 and 6 terms respectively ;

12 13 14 1
21 . 23 24 1
31 32 . 34 1| 2122384 —),123443 —-D,1223 31,
41 42 43 1
1 1 1 1

where the X’s cover 24, 12, 8, terms respectively ;

12 13 14 15 1

. 93 24 25 1 \
ii 39 34 35 1 ‘212233445 —21221.3443

. D 519} \ -
23 1 25:

41 42 43 . 45 1 +§i:2§31“’52‘;+21 23 34 41
51 52 53 54 . 1 + . 45,
1 1 1 1 1

where the Z's cover 120, 15, 60, 30, 40 terms respectively. Here
again no generalisation is attempted.

() CENSUS OF TERMS IN SPECIAL DETERMINANTS.

The first instance of the finding of the number of terms in
the final development of & determinant of special form has
already been drawn attention to, the investigator being Scherk,
and the date 1825. ‘

During the period now occupying us, the earliest suggestion
on the subject occurs in 1844 in Crelles Jowrn., xxviii. pp.
191-192, the determinant being of the 8th order, and the
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specialisation consisting in having a zero in the places

16, 17, 18, 27, 28, 31, 38, 41, 42
83, 82, 81, 72, 71, 68, 61, 58, 57.

The proposer of the problem, so far as it appears, received no
satisfaction. The next instance occurred to Sylvester, who in
1855 having hit upon a peculiar determinant whose terms were all
positive, ascertained the number of them by evaluating a special
circulant. (See Quurt. Journ. of Math., i. pp. 42-56, or our notice
of it given above, pp. 406-407.) The third instance, like the first,
arose as a problem and remained long unsolved. It appeared
in 1858 in the Nowv. Awnules de Muth., xvii. p. 262, under the
heading “ Question 445,” the requirement being to find the
number of terms remaining in the case of a determinant of
the n* order when all those terms have been deleted which
contain two or more diagonal elements. The fourth instance
—which is more closely connected with the third than might
at first appear—was the actual but incidental determination by
Cayley in 1859 of the number of terms in a zero-axial determi-
nant whosce order is not greater than the 7® The numnbers
found were 9, 44, 265, for the 4*, 5, 6 orders respectively.
(Sce Quurt. Journ. of Math., iii. pp. 275-277, or our notice of it
given above, pp. 469-470.)
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