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PREFACE

In THIs BoOK I have tried to present the ideas and applications of caleulus
and analytic geometry in a form which is both appealing to students and
satisfactory to instructors. The early part of the book is pitched at a
level suitable for students with a moderately good knowledge of high school
algebra and trigonometry. The interests of students of science and engi-
neering hre especially served by the early development of concepts and
tools which are needed in the study of physics. No previous study of
analytic geometry is required. Instead, topics of analytic geometry are
introduced as nceded in carrying out the orderly development of the
topics in caleulus. This arrangement has the twofold advantage of allow-
ing for the introduction of students to some of the fundamental concepts
of calculus within the first five or six weeks of the course, and of making
it possible to discuss many geometrical topics more effectively with the
aid of calculus.

Sfome people have objected to the current trend toward combining of
instruction in analytic geometry and calculus, on the grounds that what
is actually happening is that analytic geometry is getting squeezed out.
As far as this book is concerned, I believe it can be said accurately of it
that the book contains all the material of analytic geometry that students
of recent decades have been expected to learn as a prelude to the study of
calculus. Knowledge of geometry as raw material for exercises and appli-
cations is very important. Also of great importance is the experience of
visualizing analytical things in geometric form, and the practice of direct
geometric formulation of certain problems. As part of the combination of
analytic and geometric method in the applications of caleulus, this book
employs vector ideas and notation in the discussion of motion, in the treat-
ment of the geometry of lines and planes, and in the discussion of direc-
tional derivatives (as components of the gradient). ‘

The treatment in this book of fundamental notions and of theoretical

vii
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questions is carried out in a manner which I believe to be both under-
standable by serious students of good average ability, and in reasonable
conformity with modern high mathematical standards for precision and
rigor. One of the aims of instruction in calculus, apart from its goal of
teaching the student techniques for the solution of various important
classes of problems, is education of the student in the nature of mathe-
matics as an edifice of logic. The student should learn that definitions are
important, and that theorems are logical propositions which are to be
demonstrated by reasoning from explicit hypotheses to conclusion. In order
to encourage students to reflect on the fundamental concepts of calculus,
and on the theoretical development of the subject, I have placed groups
of questions on these aspects of the material at the end of every two or
three chapters. In my opinion, a test of competence in a substantial course
in calculus and analytic geometry should not be based solely on the grounds
of formal manipulative skill and ability to apply the technique of the
course to stylized problems. This conviction does not mean, however, that
I favor a headlong plunge into pure theory. The rich sources of geometry,
mechanics, kinematics, and of everyday experience furnish an abundance
of problems on which the calculus can demonstrate its power and elegance.
Acquaintance with what the calculus can accomplish in a variety of con-
texts is essential in stimulating student interest and imagination and in
providing proper support and background for subsequent educational
development.

For the most part, the list of section headings in the table of contents
indicates adequately the arrangement of subject matter in the book. Some
things deserve special mention.

(1) The law of the mean for derivatives appears very early (at the be-
ginning of Chapter I1), and this makes it easier to demonstrate the validity
of the claim that the law of the mean is an important instrument of theory.

(2) I have deliberately emphasized Newton’s second law and elemen-
tary mechanics at several points in the book. Among topics not regularly
found in books at this level are the theorem on work and kinetic energy
in § 6-9, and the discussion of the principle of motion of the center of mass
and the principle of angular momentum in § 20-4. These discussions illu-
minate the use of calculus in various ways in theoretical mechanics, and I
believe it is advantageous to expose students to these applications as they
are studying calculus.

(3) The treatment of logarithms is by the integral definition of the
natural logarithm function. This is not a new idea, of course, and it has
been gaining in favor as compared with the traditional treatment of loga-
rithms as exponents. After long consideration I am convinced of the supe-
riority of the approach via the integral, not only on logical grounds but
also for pedagogical reasons. Current high school work in algebra gives a
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far too insecure groundwork in exponents to make the traditional definition
of logarithms as exponents a comfortable one when it comes to proving
anything. Even when allowance is made for postponement of some of the
proofs, the discussion of the number e in the traditional approach is cum-
bersome. The integral treatment of the logarithmic function gives excellent
scope for applying the fundamental facts about derivatives and integrals.
The whole subject is actually much easier and clearer, and the cumbersome
aspects of the discussion of e are entirely avoided. There is, however, need
for an adequate motivation of the integral definition of the logarithmic
function. This preliminary motivational discussion has been supplied in
the present book.

At the root of analysis is the real number system. Some of the basic
theory of limits requires only a knowledge of the rules of algebra (the laws
governing fields) and the rules governing the use of inequalitics. But some
of the theory requires knowledge of the ‘‘completeness” of the real number
system. After early discussion of limits in Chapter I, we return to the
subject again in Chapter XIV, partly for a discussion of the theorems
about limits of sums, products, and quotients, and partly to lay the ground-
work for, the study of infinite series. The completeness of the real number
system is presented from the Dedekind point of view, in terms of sections.
The discussion is held to a very simple level, and only the most essential
things are considered. It is not too much to expect students to appreciate
such material at this level, if they are given sufficient time and are not
tested prematurely.

In conclusion I must express my indebtedness to my now retired col-
league Professor Sherwood. Those who are familiar with the book on cal-
culus of which Professor Sherwood and I are co-authors will see much
that is familiar in the present book. In some places I have lifted whole
blocks of material with little or no change from the Sherwood and Taylor
Calculus. 1 have also borrowed freely from our pamphlet Elementary Dif-
ferential Equations. So far as I am aware, the material I have used more
or less intact is material which was of my own contribution to the other
books. But it is still true that I have been heavily influenced in my views
and in my whole experience in teaching calculus by the years of working
with Professor Sherwood and using our book in class.

I have also to express my appreciation of the work of Ruthanne Clark,
upon whom I depend for superior quality of typing mathematical manu-
seripts. Lastly, I have been ably assisted by Keith Kendig, a student who
has helped greatly in checking the manuscript and preparing the answers.

Here then, is a new book, the fruit of teaching, thinking, and writing
spread over a period of nearly five years. It is my attempt to portray how
I think calculus and analytic geometry can be taught effectively together.

Angus E. Taylor
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CHAPTER I

SLOPES AND
RATES OF CHANGE

1=l The Nature of Calculus

In this opening section of the book it is not possible to give a precise and
detailed notion of what calculus is as a subject of study. Certain things
can be said, however, to indicate what calculus is about and to suggest
why it is interesting to study the subject.

The origins of calculus lie in physics and geometry. One branch of
physics is concerned with motion, with moving bodies, and with analytical
study of the relation between forces applied to bodies and the motion of
the bodies under the influence of these forces. This branch of physics is
called mechanics or dynamics. It is of fundamental importance in the ap-
plications of physics to engineering. The concept of motion rests essentially
on mathematical notions of space and time. To understand motion we
must learn what is meant by such terms as velocity and acceleration, and
we must learn how to think and talk precisely about the changes in position
of an object (as, for example, a falling stone or a fired bullet) with changes
in time. One of the objectives of calculus is to develop the mathematical
ideas and tools for understanding and studying motion. Indeed, an exact
definition of what is meant by velocity and acceleration is an immediate
accompaniment of one of the two main concepts of calculus, that of the
derivative of a function.

In studying motion it is essential to develop an understanding of certain
aspects of geometry. A moving particle traces out a path, which may be a

1



2 Slopes and Rates of Change | Sec. 1-1

straight line, but which is generally curved. The curve exhibits certain
features of the motion, but a full description of the motion requires a
correlation between the position of the particle and the time which has
elapsed since some initial instant when observation of the motion was
begun. It is thercfore useful for us to learn how to investigate curves, how
to describe them with algebraic formulas or with formulas of types which
transcend algebra, and how to discover their properties in detail by ex-
amining the formulas. This kind of thing is part of what is called analytic
geomelry.

There is another way in which geometry is related to caleulus, quite
independently of physics and the concept of motion. In geometry we learn
about certain kinds of figures formed by straight lines and planes, and also
about certain kinds of curved figures. Triangles, rcctangles, polygons,
cubes, prisms, and pyramids are examples of figures formed by straight
lines and planes. Circles, spheres, cylinders, and cones are examples of
curved figures. It is a fundamental matter, in dealing with geometric
figures, to know how to calculate circumferences, arcas, and volumes. In
plane geometry the circle is the simplest curved figure. As we know from
high school geometry, the circumference of a circle of radius r is 277, and
its arca is 7r?; here m is a certain number which can be represented ap-
proximately by the decimal 3.1416. The precise decimal representation of =
does not terminate, and there is no definite pattern of repetition in the
digits after the decimal point. These measures of the circumference and
area of a circle are arrived at by a method of limits: the circle is regarded
as a limit of inseribed or circumseribed polygons. There is a much more
general method of limits which may be employed to determine the area
of any plane figure bounded by curved lines. The idea of this method is
to construct a figure which almost completely fills up the inside of the
curved figure, but in such a way that the specially constructed figure is
composed entirely of small rectangular picces, so that its area can be com-
puted simply by adding together the areas of all these pieces. In order to
come closer and closer to filling up the curved
figure, the sizes of the rectangular pieces must
be made smaller and smaller (at least this
A ) must be the case for the pieces near the curved

edges) ; the exact area of the curved figure is

[ then obtained by a limiting process (see Fig. 1-1).
> This idea of obtaining the arca of a curved
[ figure by a limiting process was used by Archi-
Fig. 1-1 medes. It is at the root of the concept of the

definite integral of a function. We have already

mentioned that one of the two main concepts of calculus is that of the
derivative of a function. The other of these two concepts is that of the

e
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integral of a function. Thus the two principal concepts on which calcu-
lus is founded stem, respectively, from the study of motion and the study
of arcas of curved figures. This is what was meant when, at the outset,
we said that the origins of calculus lie in physics and geometry.

The systematic development of calculus began in the 17th century.
The English mathematician and physicist Isaac Newton (1642-1727) and
the German Gottfried Wilhelm Leibniz (1646-1716) are usually regarded
as the founders of systematic method in calculus. But the ideas on which
calculus rests had been forming in the minds of other men as well. The
ancient Greeks did not use algebraic tools; perhaps but for this fact the
Greeks would have achieved what was not achieved until the 17th century.
The use of algebra in connection with geometry led to what is now called
analytic geometry. In 1637 the French philosopher and mathematician
René Descartes (1596-1650) published a famous book which included an
important section devoted to the exposition of his ideas about analytic
geometry. Eight years carlier another French mathematician, Pierre de
Fermat, had developed ideas of much the same kind as those of Descartes.
Fermat also investigated methods of determining the position of a line
tangent to a curve at a specified point. The basic idea for this is essentially
the same as the idea used in determining the velocity of a moving particle.

Since the 17th century the ideas and methods of analytic gcometry and
calculus have been clarified and improved. But it is interesting that among
our very first concerns even today are the applications of calculus to motion
problems and to the study of curves.

1-2 Fundamentals of Plane Analytic Geometry

In this section we consider plane geometry. The ideas of analytic geometry
can be applied to solid geometry as well as to plane
geometry, however, and later on in the book we shall

consider the geometry of three-dimensional space. > b
We take for granted that the student has a cer- 909

tain familiarity with plane geometry from his high a

school studies. Certain propositions and notions of c?=a +b?

TFuclidean geometry are used a great deal in analytic Fig. 1-2

geometry. Of particular importance is the theorem of

Pythagoras about the relation between the lengths of the sides of a right
triangle (see Fig. 1-2). Also, facts about similar triangles are used a great
deal.

A Number Scale on a Line

To get started with the analytic method in geometry we begin by con-
sidering the use of numbers to identify points on a single straight line.
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Let L be the line and let O and A be two distinct points on L. The direction
from O toward A is called the positive direction on L; the opposite direction
is called negative. Now, using the length OA as the unit of distance, we

-2 -1 0 1 2 3

: + ¥ t . —>L
(] A
Fig. 1-3

set up a one-to-one correspondence between all the points on L and all
the real® numbers. The point O corresponds to the number zero, and
the point A corresponds to 1. A positive number p corresponds to the
point on L that is p units from O in the positive direction, and a negative
number n corresponds to the point on L which is —n units from O in the
negative direction. It is part of the foundation of Euclidean analytic ge-
ometry that this one-to-one correspondence is possible. When this kind of an
identification between numbers and points on a line has been established,
we say that we have established a number scale on the line. The establish-
ment of a number scale commits us to three things: the choice of a positive
direction on the line, the location of a zero point (called the origin of the
scale), and the choice of a unit of length.

Inequalities and Order

If the numbers a and b are such that b — a is positive, we indicate this
in symbols by writing @ < b. This is read verbally as “a is less than b.”
Sometimes for emphasis, we say ‘““a is algebraically less than b.”

Examples: 3< 5, -3<2, —3<0, —7< —4.

Note that “p is positive” and “0 < p”’ mean the same thing, and that
“n < 0" is the same as “n is negative.” The symbolic statement @ < b
is called an tnequality. An inequality is equivalent to a statement about
relative position of two points on the number scale; @ < b means that
the direction from a to b on the scale is the positive direction.

Sometimes the inequality symbol is used in the reversed position. Thus
b > a means the same as a < b. We may read b > a as ‘b is greater than
a.” If a < band b < ¢ we sometimes write a < b < ¢. For the points on
the number scale this means that b is between a and ¢ and that the positive
direction is from a to b to ¢.

The statement “either a = b or a < b” is abbreviated symbolically as

*The “real” numbers comprise the positive and negative numbers, and zero. We
are in this book mainly concerned with real numbers. But sometimes, as for example,
in solving certain quadratic equations, we have occasion to refer to complex numbers
(sometimes called imaginary numbers). These involve the use of the symbol ¢ = v,
For instance, i, —3i, 1 — 2 and % + V2i are complex numbers,
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a < b. We may also write it as b = a. We may read a < b as “a is less
than or equal to b”’; and b = a may be read as ‘b is greater than or equal
to a.”

Absolute Value

The absolute value of a number ¢ is denoted by |c| and defined as follows:
le| = ¢ if ¢ is positive or zero,
le] = —cif ¢ is negative.

Thus the absolute value of a number is never negative, and 0 is the only
number whose absolute value is 0.

Examples: [7| = 7,[0| =0, |-5| = —(—5) = 5.

Observe that the absolute value of ¢ is the same as the distance between
¢ and O on the number scale.

If points P;, P; on L correspond to numbers x;, > on the number scale,
the distance between P; and P, is the absolute value of the difference
xs — Z1; that is, the distance is z, — x, if this difference is positive or zero,
and the distance is x; — x. if x» — x; is negative. This is seen to be a correct
evaluation of the distance in all cases if we consider separately the three
cases: (1) Py and P, both in the positive direction from O, (2) P, and P,
both in the negative direction from O, (3) P, and P; in opposite directions
from O.

Examples: If z; = —3and z; = 7, the distance isz, — 2, = 10. If ; = 2
and z; = —6, the distance is 2, — z, = 8.

Rectangular Coordinates in a Plane

Now, turning to the case of a plane, we shall explain how to use pairs of
numbers to identify points in the plane. Choose any two perpendicular
lines in the plane. Denote by O the intersection of these lines and establish
on each line a number scale with origin at 0. The choice of positive direc-
tion on one line can be made independently of the choice on the other line,
but we require that the unit of length be the same on the two lines. For
convenience of representation on the pages of this book we suppose that
these two lines are oriented so that one of them runs across the printed
page with the positive direction toward the right, and so that the other line
runs up the page with the positive direction toward the top. This orienta-
tion is customary, but other orientations are logically permissible and we
shall sometimes (later on) use other orientations. Next we assign names
to the two lines with their attached number scales. The one extending
across the page is called the z-axis and the other is called the y-axis. If a
point P is on the z-axis, the number corresponding to it on the number
scale is called the z-coordinate of P. Likewise, a point on the y-axis is
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identified by a certain number, which is called its y-coordinate. Now con-
sider any point P, anywhere in the plane. Draw a line through P parallel
to the y-axis (or coinciding with the y-axis if P happens to be on that axis).
Let £ = a be the z-coordinate of the point
where this line intersects the z-axis. Like-
_____ y=b wise, draw a line through P parallel to (or
’ perhaps coincident with) the z-axis, and let
y = b be the y-coordinate of the point where
this line intersects the y-axis (see Fig. 1-4).
a 0o **  We define the z-coordinate and y-coordinate
of P to be a and b, respectively. In referring to
Fig. 1-4 the coordinates of P it is convenient to list
them as an ordered pair, with the z-coordinate
mentioned first. Thus we say: P has coordinates (a, b). The correspond-
ence between P and its coordinates is a one-to-one correspondence between
the totality of points in the plane and the totality of ordered pairs of real
numbers. For P determines its coordinates uniquely and each pair of real
numbers is the coordinate pair for a uniquely determined point. The point
with coordinates (a, b) is often referred to more bricfly simply as ‘“‘the
point (a, b).”
When we think of a plane as being provided with an xy-coordinate
system in the manner here described, we call it the zy-plane.

Example 1: The point (4, —2) is the point
of intersection of the line parallel to the y-axis
through the point £ = 4 on the z-axis and the line
parallel to the z-axis through the point y = —2 o 1
on the y-axis (see Fig. 1-5). 1

|
|
!
|
]
|

The z-coordinate of a point is sometimes - ~5—
called its abscissa, while the y-coordinate is
called the ordinate. A coordinate system intro-
duced in the manner previously described is called a rectangular coordinate
system, or a rectangular Cartesian coordinate system. The word “Cartes-
ian” is taken from Cartesius, the Latinized name of Descartes.

The basic method of analytic geometry consists in dealing with the
coordinates of points instead of with the points. The use of number-pairs
to identify points makes it possible to employ arithmetic, algebra, and
calculus in the study of geometry.

Fig. 1-5

The Distance Formula

The distance between any two points can be computed in a simple way
from the coordinates of these points by an application of the theorem of
Pythagoras. Suppose the points are Py(zi, ¥1) and Pa(zs, y2). Denote the
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distance between the points by D. We shall show that D? = (r; — )2
+ (y2 — yv)? so that

D =V(x:— x) + (¥ — y)* ¢Y)]
To derive this formula for D we proceed as follows: Construct through P,
a line parallel to the z-axis and through
P, a line parallel to the y-axis. Let Q y
be the point where these lines inter-
sect. In general P,, P,, and @ will be 7 T
distinet points and they will form a
right triangle with the right angle at
Q (see Fig. 1-6). Therefore D? = P,P;?
= Q% + QP2:. But from the con-
struction we see that I
PQ = |$2 — @, QP, = ly2 — y1|-
Consequently we have

D? = (z2.— 1)* + (y2 — w1)?,

and so the formula for D is established. If it happens that Py, Py, and @ are
not all distinct, the final formula for D is still valid, though in such a case
cither 22 — z; = 0 or y» — 1 = 0, and we do not need the theorem of
Pythagoras.

Example 2: The distance D between (4, —1) and (—2, —3) is
D=vV(=2— 42+ (-3 + 1)* = V40 = 2V10.

Observe that, in applying formula (1) to calculate the distance between
two points, it does not matter in which order the points are taken.

We take this opportunity to explain an important convention about
the use of the square root sign. In all work in this book, if A > 0 then VA4
denotes the positive square root of A. The negative square root of A is
denoted by —V/A. This convention forces us to write V/(—4)? = 4. Thus
V@ = ais correct if @ > 0, but Va? = —aifa < 0.

Directed Distances

When we speak of the distance between two distinct points we shall
ordinarily mean a positive number measuring the distance. There are
certain occasions, however, in which it is convenient to speak of directed
distances; which may be negative. If Pi(z1, 1) and Py(z,, y2) are distinct
points on a line parallel to the z-axis, we define the directed distance PP,
to be x2 — x; and the directed distance P;P; to be x; — z,. Note that we
write the points in a definite order, and subtract the coordinate of the first
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point from that of the second. The directed distance P,P; is positive if
the direction from P, to P, is the same as the positive direction along the
z-axis. Otherwise the directed distance is negative. Likewise, if P, and P,
are on a line parallel to the y-axis, we define the directed distance P,P;
to be 5. — y1 and the directed distance P,P; to be y; — .

Examples: Consider Pi(—1, 2), Pi(3,2), Ps(3, —3), P«(—1, —3). Then
we have directed distances as follows: P\Py = 4, P,P; = —5, PPy = —4,
Pq.Pl = 5.

The M7id-Point Formulas

It is frequently useful to know the coordinates of the mid-point of the
line segment joining two given points. If the points are (1, 1) and (2, ¥2)
the mid-point has coordinates

o= 3T+ 22), Yo =3t + ¥). (2)

To derive these formulas we construct the three lines parallel to the y-axis
through the respective points Py, P,
and the mid-point P,. These lines cut
the z-axis at M, M., M,, respectively
(see Fig. 1-7), and M, is midway
between M; and M, (this may be
seen by a theorem about transversals
cutting the three parallel lines, or
more basically, by considerations of
similar triangles). But if A/, is mid-
way between M; and M, we have

Fig. 1.7

Zo — X1 = T2 — Ty,
and from this it follows that 2xy = x; -+ s, or 1o = 3(x1 + 22). The corre-
sponding formula for y, is obtained by the same kind of argument applied
to the y-coordinates.
Similar considerations may be employed to find the coordinates of a
point P, on the line joining P; and P, such that the distance P1Po bears
any preassigned ratio to the distance PoP,. Sce Exercise 11.

Example 3: The four points Py, P, P;, P4, taken in that order, are
(—2v —1)) (3) O)y (1; 1): (4) 5)-

Let Q; and Q; be the mid-points of P,P; and P;P;, respectively, and let R,,
R; be the mid-points of P,P; and P,P;, respectively. Show that the mid-point
of @,Q: is the same as the mid-point of R,R..

Using the mid-point formulas repeatedly, we obtain the coordinates of @,
Q:, Ry, and Ry, as follows:
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o (HE2E) - (31,
o (5059 - (10
e (2 -(ad)
Ru: (‘%—25—;—1) =,2.

The mid-point of @@, is then (3, %), and the mid-point of R\R; is also (%, $).

EXERCISES

1. In the following triangles (determined by the three points listed) find the
distance from the first vertex mentioned to the mid-point of the opposite
side.

(&) (-27 —6)) (_7y 6): (5; 11)'
(b) (_2; 3)) (_27 _1): (4: _1)°
(C) (2; 6)) ("41 ]6)) (]21 12)'
(d) (27 _2)7 ('—ly 3): (_3: 1)°

2. A triangle is determined by each of the following sets of three points.
(A) Which triangles are isosceles but not equilateral? (B) Which are equi-
lateral? (C) Which are right triangles?

(@ 0,7, (-4, -2, (5,2).

(b) (47 5)! (_47 _l)r (2y —9)'

(C) (5; _3)’ (_77 —'5)y (—2y 2)'

(d) (87 6)’ (4; 4)1 ('—1’ 10)'

(©) (5, 5), (5V3, —5V3), (=5, —5).
(f) (lx 6)1 (_7, _6)1 (5; "‘14)-

(g) (07 0)7 (6’ 3)’ (—2y 4)'

(h) (-4, 6), (6, 10), (10, 0).

3. The points (0, 0), (5,2), (8,7), (3,5) are vertices of a parallelogram.
Verify that the diagonals bisect each other by finding the mid-point of
each one.

4. Plot the points (4, 1), (1, 3), (=3, 1), (—2, —1) and join each point to
each of the other points by line segments. Find the lengths of the two
segments which intersect.

5. Write the proper inequality < or > between the numbers in each of the
following pairs, leaving the numbers in the order as given.
(@ 1,=1; (b)0,2; (c) =5 —1; (d) —52; (e) 7,2; () 0, —8;
(g) —2; 3.

6. Find the dirccted distances P,P; for each of the following ordered pairs
of points (P; is named first). Use the convention described in the text.
(®) 3,49, (=1,4; b 349, 39; (@ (-2,5, 7,5);

(d) (—1) 6)’ (—1; —6)°
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Is it true that ¢ < |c| for every real number ¢?
Doa £ band b < ¢ imply that a < ¢?
Is —b < —a equivalent to a < b?

If a < b, demonstrate that a + ¢ < b + ¢ for every choice of ¢. What in-
equality can you assert about ac and be if ¢ #~ 0?

(a) Find the coordinates of the point one third the way from (2, 1) to
(11, 7) along the line joining these points. Also find the point two thirds
of the way from (2, 1) to (11, 7). Use a mcthod similar to that employed
in deriving the mid-point formulas.

(b) Derive general formulas for the coordinates of a point Py if it is on
the linc joining P, and P>, and one third the way from P, to P,. Do likewise
for the case in which Py is two thirds of the way from P, to P,. The re-
sults in the two cases are

To = 31, + o, Zo = 311 + 3,

with corresponding formulas for y,.
(¢) Suppose Py is on the line joining P, and P,, and so situated between
P, and P, that

PPy _ g,
P0P2 I) .
Show that o = 7: 1' qx’; Yo = wp}{—fﬂ The formulas in (b) are special

cases of this situation.

(a) For the triangle with vertices (—3, 5), (5, 2), (9, 8) find the point on
cach median which is two thirds of the way from the vertex to the mid-
point of the opposite side. Make the calculations separately for each
median and verify that the points found are all the same. Use the results
of Excreise 11(b).

(b) Carry out the procedure indicated in part (a) for any triangle, denoting
the vertices by Pi(z;, y1) ete., and show that the coordinates of the point
of intersection of the medians are

[:‘.1% (1 + 22 + ), é wn+y+ yS)].

This demonstrates, by the methods of analytic geometry, that the medians of
a triangle meet in a common point, which is two thirds of the way from a
vertex to the mid-point of the opposite side.

In a modification of the illustrative Example 3 suppose P; has coordinates
(21, 11), and use similar literal coordinates for the other points. Find an
expression for the z-coordinate of the mid-point of Q.Q., and do likewise
for the mid-point of R,R;. Prove in this way that the conclusion reached
in Example 3 is valid no matter how the four original points are chosen.

Does “le| < |a]”’ mean the same thing as “—|a| < c and ¢ < |a|”?
Demonstrate from the definition of absolute value that |—¢| = |c|.
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16. Is it always true that |ab| = |a| [b|? Justify your answer.

17. Under what conditions is it true that |a + b] = |a| + |b|? Begin by con-
sidering particular numbers, some positive and some negative. Also con-
sider zero. Then try to make a general statement. Do you ever find cases
in which |a + b| > |a| + |b|? What general conclusion do you draw about
la + b and |a| + [b]?

18. Is it always true that |a] — |b| < |a 4 b|? Justify your answer.

1=3 The Slope of a Line

If a line is not parallel to the y-axis there is an important number associated
with the line, called its slope. This number is defined as follows: Choose
any distinct points P;, P, on the line, with

coordinates (x3, 41), (22, ¥2). Draw a line y Py
through P; parallel to the z-axis and a line : '
through P, parallel to the y-axis. Let Q be the /Plé Q
point of intersection of these lines (see Fig.

1-8). We denote the slope of the line by m  ~ o X

and define it as the ratio of two directed

distances * Fig. 1-8
m=9_ U= 1)

PQ oz — »’01,
i.e., the difference of the two y-coordinates divided by the difference of the
two z-coordinates, both differences being taken with the points in the same
order. It is necessary to show that the value of m is the same, no matter
how P; and P, are chosen on the given line. This is seen to be true by the
use of similar triangles. The student should visualize the effect, in Fig. 1-8,
of moving either P; or P, to a new position on the line.

If we choose P, so that x; — 2 = 1, we see that m = y; — y1. Thus
the slope is the algebraic change in y when z increases by 1 unit and the
point (z, y) moves along the line. Observe that the slope is positive if y
increases algebraically as x increases, and that the slope is negative if y
decreases as z increases. Thus a line rising toward the right has a positive
slope and a line rising toward the left has a negative slope. A line parallel
to the z-axis has slope 0.

Angle of Inclination

The slope of a line can also be thought of as the tangent of a certain
angle, called the angle of inclination of the line. Let L be any line in the
zy-plane. If L is parallel to the z-axis we define its angle of inclination
to be 0°. If L is not parallel to the z-axis it intersects the z-axis at a point
P,. We then define the angle of inclination of L as the counterclockwise
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angle formed at P, from the positive direction of the z-axis to the line L.
We denote this angle by a (the Greek letter alpha). According to this
definition we always have either a = 0 or 0 < @ < 180 (assuming « is

_ L
(a=0)
(-4
3 X

P‘l

reckoned in degrees). See Fig. 1-9 for the inclination in four different
positions of L. The relation betwecn the slope of a line and its angle of
inclination is given by the formula

Fig. 1-9

m = tan a, (2)

provided the line is not parallel to the y-axis. The truth of this formula is
evident from Fig. 1-8 and the definition of m in formula (1); we have only
to recall the general definition of the tangent of an angle as a ratio of
directed distances.

We have not defined the slope of a line parallel to the y-axis. Our
definition does not apply to this case, for when a line is parallel to the
y-axis all points on it have the same z-coordinate. If we attempt to use
formula (1) for such a line, we find that we cannot, because the denominator
of the fraction is 0 (since x; — z; = 0), and division by 0 is impossible.
Of course the angle of inclination of such a line is defined; it is 90°, but
tan 90° is undefined.

The slope of a line can be computed when we know the coordinates of
two points on the line.

Example 1: Consider the three points 4(1, —2), B(—2, 3), C(4, 5). The

slope of the line through 4 and B is 2+_21 - _g; that of the line through B
. 5-3 1 . L —2-5_1
andst4+2— 3,a,ndthatofthehnethroughC’a.ndA 817 =3 If

we want the angles of inclination we express the slopes in decimal form and
use a table of tangents. For instance, the angle of inclination a of AB is
determined by the fact that

tana = —§ = —1.6666 - -.
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The negative sign, together with the fact that o must be less than 180°, indi-
cates that « is a second quadrant angle. Since tan (180° — @) = —tan a we
have .
tan (180° — @) = 1.6666- - -
180° — a = 59°2’
a = 120°58' (approximate).

If a line goes through a specified point with a specified slope, we can
easily compute coordinates for a second point on the line, and in this way
construct the line.

Example 2: A line of slope § passes through the point (—1, 3). Find two
other points on the line, in opposite directions from the given point.

The slope § indicates that if z increases by 3, then y increases by 5. Hence
another point on the line is (—1 + 3,3 + 5) = (2, 8). It is also indicated
that if 2 decreases by 3, then y also decreases by 5. Thus another point on the
lineis (—1 — 3,3 — 5) = (—4, —2). These points and the line arc shown in
Fig. 1-10.

y
y
3.5)
-1.3)
5 x 6.2
(~4, -2) 0 X
Fig. 1-10 Fig. 1-11

Parallel and Perpendicular Lines

Two distinct lines are evidently parallel if and only if their angles of
inclination arc the same. Hence, if they are not parallel to the y-axis, they
are parallel if and only if they have the same slope.

Example 3: The four points (0, 0), (5,2), (8,7), (3, 5) are consecutive
vertices of a parallelogram. For, the slope of the line joining (0, 0) and (5, 2)

is £, that of the line joining (8, 7) and (3, 5) is %, that of the line joining (5, 2)

and (8, 7) is §, and that of the line joining (3, 5) and (0, 0) is §. The parallelo-

gram is shown in Fig. 1-11.

Two lines are perpendicular if and only if the angle of inclination of one
exceeds that of the other by 90°. Let @ and 8 be the angles of inclination,
a being the smaller one. The condition for perpendicularity is that @
= a + 90°. One possibility is that « = 0°, 8 = 90°. This is the special
case in which one line is parallel to the y-axis. If neither line is parallel to
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the y-axis, the slope of each line is defined, and the condition 8 = a + 90°
is equivalent to
tan 8 = tan (a + 90°).
But we know from trigonometry that
tan (a + 90°) = —ctna = ——

tan o

Hoence e lines are perpendicular if and only if tan 8 = — ) 1.€., if and

tan o
mﬁy if the slope of one line s the negalive reciprocal of the slope of the other.
If we denote the slopes by m; and ms (the order of numbering 1 and 2 does
not matter), the condition for perpendicularity may be written in either
of the forms

m, = —"l-x mimse = —1.
me
These equations apply to the case in which neither slope is 0. If one slope s
0, the lines are perpendicular if and only if the other slope is undefined
(i-e., the angle of inclination is 90°). The word “normal” is also used with
the meaning of “perpendicular.” A line perpendicular to another line is
said to be normal to it. The normal from a point to a line is the line through
the point perpendicular to the line.

Example 4: Use slopes to prove that the points A(6, —5), B(1, 5),
C(—2, —1) form a right triangle.
The slopes of AB, BC, and CA are, respectively,

545_ o zZLl=5_o gng Z5EL__L

1—-6 —2 -1 6+2 2

Since 2 and — 3 are negative reciprocals we conclude that the three points form
a right triangle with the right angle at C (Fig. 1-12).

B

/
X
ol ,

Fig. 1-12 Fig. 1-13
The Angle Between Two Lines

Slopes can be used to find the angle between two lines. If the angles of
inclination are known, the use of slopes is not necessary. In that case we
merely subtract the smaller angle « from the larger angle 8 (see Fig. 1-13).
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If the slopes are given and the two lines are not perpendicular we can use
the formula
tan 8 — tan «

“tan (6 — o) = 1 4 tan B8 tan o

to compute the tangent of 8 — a. Then 8 — « can be found from a table
of tangents. In doing this it should be kept in mind that 8 — « is not as
great as 180°.

Example 5: If two lines have slopes 2 and —3, respectively, find the angle
between them. .

Clearly the line of slope —3 has the greater inclination, so we set tan B =
—3, tan o = 2. Then

tan (8 — a) =
We conclude that 8 — a = 45°,

-3 -2
1—-6

=1

Trigonometry Review

The general definitions of the trigonometric functions can be made in
connection with a rectangular coordinate system. The values of the trig-
onometric functions are defined as ratios of directed distances. Consider
a circle of arbitrary radius r in the zy-plane, with center at the origin.
If P is a point on this circle it determines an angle 8, the angle from the

P(x, y) P(x, y)

0>0 0<0
Fig. 1-14

positive z-axis to the ray OP (see Fig. 1-14). For the present we shall
employ the degree as the unit of angular measurement. There are various
ways of assigning the proper number of degrees to the angle 6, depending
on conventional agreements which we may make about the generation of
the angle. If we regard 0 as generated by the counterclockwise rotation of a
radius, 6 is positive; if 6 is generated by clockwise rotation of a radius, the
angle is negative. We may suppose that the rotating radius makes more
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than one complete revolution before stopping in the position OP; thus 6
may be more than 360° or algebraically less than —360°. The value 8 = 0°
corresponds to the case when P is on the positive z-axis.

The definitions of sin 6, cos 6, etc. do not depend on how we imagine
the angle 6 to have been generated or upon the units used for measuring 6;
they are completely determined by the position of the point P. Thus, for
instance,

sin 27° = sin (—333°) = sin 387°.

In terms of the coordinates (z, y) of P and the length r of the radius OP the
basic definitions are

y s1n0—-ﬂ, csco=r=.1,
r y snf
P(x, y)
cosO=1:, seca=r=——1—-,
T r cosd
8 Yy xr cosf
) X tanO—x, ctno—y—sino-
Observe that z is the directed distance 0Q
and that y is the directed distance QP (see
Fig. 1-15). Since r > 0, sin 6 and cos 6 are

Fig. 1-15 defined for every possible position of P. But

tan 6 and sec 6 are not defined if x = 0, that

is, if P is on the y-axis, while ctn @ and csc 6 are not defined if y = 0 (P on
the z-axis).

The following items are listed for review here because they are relevant
to things necded in our study of slopes. The adjacent figures are helpful in
expressing the functions of 180° — 6 and 90° + 6 in terms of functions of 6.
On the whole it is better for the student to learn to work out the relations
from a figure or from the addition formulas instead of merely memorizing
them.

sin (180° — 6) = sin 6,
cos (180° — §) = —cos 6, X
tan (180° — 6) = —tan,

)

Fig. 1-16
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sin (90° 4+ 6) = cos 0,
cos (90° + 6) = —sin 6, X
tan (90° 4+ ) = —ectn 6.

8
0

+

D

Fig. 1-17

The addition formulas for the sine and cosine are of fundamental
importance:

sin (6 &= ¢) = sin 6 cos ¢ == cos § sin ¢,
cos (0 &= ¢) = cos 0 cos ¢ F sin 0 sin ¢.
From these we obtain by division:

tan § 4 tan ¢

tan (0 = ¢) T 1F tanbtang

It is very convenient to know the values of the trigonometric functions
for the angles 0°, 30°, 45°, 60°, 90°. For 0° and 90° we have
sin 0° = cos 90° = 0, sin 90° = cos 0° = 1.

For 30° and 60° the values are easily read off from a 30° — 60° right triangle.

sin 30° = cos 60° = 3 2 &
1
30°
sin 60° = cos 30° = %—5» V3
Fig. 1-18
tan 30° = -1—-; tan 60° = V/3.
V3
For 45° we use an isosceles right triangle. 450
R B )
sin 45° = cos 45 =3~ 2 ’

45°

tan 45° = 1.,
Fig. 1-19
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EXERCISES

Use slopes to decide which of the following sets of three points lic on a
straight line.

(ﬂ') (—"77 —2); (5, 3): (—‘l';l‘: 0)- (d) (5) 3)1 (—10: _6)7 (07 0)0

(b) (_1, —3)1 (2; _]): (14, 6)' (0) (_Gy 3), (—4) —3)) (_2y _10)-

(0) (—2} —9): (3’ —1)y (87 7) (f) (1v 5)) (8: 7): (—21 0).

. In each case there is given the slope of a line and a point on it. Find the

coordinates of two other points on the line, in opposite directions from
the given point.

(a') ?liy (5; "2)' (d) —4: (—4; 3)'
(b) 3, (0, —9). (&) —3 (=5 —1).
(e) —% (—1,3). ® % (=2,8).

. In each of the following lists of four points call the points A, B, C, D in

the order given. (1) Find the cases in which ABCD is a rectangle. (2) Find
the cases in which ABCD is a parallelogram but not a rectangle.

(a) (_6) 3)) (8y 7)7 (121 _5)) ('—2y —9)°

(b) (—]5: _13)7 (—2» -—9), (8: 7)) (—6’ 3)'

(C) (1) 5)) (3: —1)) (—2) —9)1 (—4; —'3)'

(d) ('—]: —1)) (9) 3): (7’ 8)’ (_3y 4)' .

(C) (3; 6)’ (—37 2)) (l’ —2)) (107 4)'

(f) (1: 15); (—5) ]3)} (1; —5): (7, '-3)'

. (a) Look up in a table the slope of a line whose angle of inclination is:

88°; 89°; 89°30/; 89°59’. (b) What are the slopes corresponding to inclina-
tions of: 92°; 91°; 90°30'?

. Find the interior angles of the triangle with vertices (4, 5), (—4,0),

(7, —2). Draw the figure first. Use tables.

. Proceed as directed in Exercise 5 for the triangle with vertices (—10, —4),

(-41 6)) (57 3)°

. What relation is there between the slopes m1, m. of lines Ly, L, if the angles

of inclination of these lines are supplementary?

. The line L through (—3, 0) has slope 3 and cuts the y-axis at A. Find

the point B such that BA is perpendicular to L and the line through B
parallel to the y-axis cuts the z-axis at (—3, 0).

Three vertices A, B, C of a parallelogram ABCD are (—3, —6), (2, 2),
(4,9). Find D. Also find a point E so that AEBC is a parallelogram.

If 3, —1), (—4, —3), (1, 5) are three vertices of a parallelogram, find
three different points each of which with the first three will form the
vertices of a parallelogram.

A line has slope 2 and goes through the point (2, 1). (a) Find two points
on the line, each 5 units from (2, 1). (b) Find two points on the line, each
8 units from (2, 1).
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12. A line has slope —; and goes through the point (—2, 3). (a) Find two
points on the line, each 5 units from (—2, 3). (b) Find two points on the
line, each 13 units from (—2, 3).

13. Find the third vertex of an isosceles triangle whose base is the line joining
(=2, —1) and (6, 3), if the altitude on this base is V'5 (two answers).

14. A right triangle has two of its vertices at (—3, —4) and (9, 1), with the

right angle at (9, 1). If the hypotenuse is 42V/5 units long, find the other
vertex (two answers).

15. A line L, h;as slope 2. Lines L, and L; have angles of inclination 45° more,
and 45° less, respectively, than that of L,. Find the slopes of L, and Ls.

16. (a) Find the slope of a line L if its angle of inclination is 60° less than that
of a line of slope —3. (b) Find the slope of a linc L if its angle of inclina-
tion is 30° more than that of a line of slope —2.

17. A parallclogram has adjacent edges formed by the lines joining (0, 0),
(a, 0) and (0, 0), (b, c), where a, b, ¢ are all positive. (a) Find the remaining
vertex of the parallelogram. (b) Under what condition on a, b, ¢ are the
diagonals of the parallelogram perpendicular? What is the meaning of
this condition as far as the sides of the parallelogram are concerned?

18. Let Py, P;, P;, P, be any four points. Let @ be the mid-point of the
segment PyP,, @, the mid-point of PP, Q; the mid-point of P3P, and Q4
the mid-point of P,P1. Show that @@, is parallel to @:Qs and that Q.Qs
is parallel to Q4@ (i.e., in particular, if we join successively the mid-points
of consecutive sides of a quadrilateral, the figure thus formed is a parallelo-
gram).

1-4 Equations of Straight Lines

In this section we shall learn how to describe in an algebraic way all the
points which lie on a given straight line. This description is made by
writing down what is called an equation of the line.

First we consider lines parallel to one of the axes. If a line is parallel
to the y-axis, every point on it has the same z-coordinate; if this coordinate
is a, the equation

T =a

describes the line in the following sense: a point (z, y) is on the line if and
only if x = a. There is no condition placed on y in this case by the demand
that (x, y) lie on the line.
Likewise a line parallel to the z-axis is characterized by an equation
y="b,

where b is the y-coordinate of every point on the line.
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Example 1: An equation of the line through (—3, 0) parallel to the y-axis
isz = —3. The equationy = 1 describes the line through (0, 1) parallel to the
2-axis.

If a line is not parallel to either axis it has an equation in which z and y
both appear. The equation exhibits the manner in which z and y must be
related when (z, ) is a point on the line. Furthermore, this relation be-
tween z and y does not hold if (z, y) is not on the line. That is, the validity
of the equation for any particular pair (z, y) is both a necessary and suf-
ficient condition for (z, ) to be on the line. Examples will be considered
presently. We usually speak of the equation of a line, rather than of ar
equation of the line, even though the line may be described by more than
one equation. It turns out, however, that any one of these equations can
be obtained from any other one simply by multiplying through by some
constant factor. For example, x = —3 and 2z = —6 represent the same
line. Likewise x — 2y = 5 and 3x — 6y = 15 represent the same line.

The most convenient method for writing down the equaticn of a line
varies slightly, depending on the way in which the information defining
the line is furnished.

The Point-Slope Equation of a Line
Let (20, y0) be a given point and let m be a given number. Then the
equation
Y — Yo = m(x — o) 1)
s the equation of the straight line of slope m through the point (xo, yo). To
prove this statement we argue as follows: Suppose (z, ¥) is any point other
than (zo, o) on the line of slope m through (xo, %5). Then the slope m is
given by the ratio
— Y~ Y
m= poy (2)
If we multiply both sides here by z — z, we get the equation (1). Con-
versely, suppose (z,y) is any point such that (1) is true. If z = o it
follows from (1) that y = y,, and (x, y) coincides with (xo, yo). If 5= z, we
see that (2) follows from (1), so that the line through (z, y) and (xo, yo) has
slope m. We have therefore justified the italicized statement made in
connection with (1).

Example 2: Find the equation of the perpendicular bisector of the line
segment joining the points (—3, —1), (5, 3).

The mid-point of the segment is (1, 1). The slope of the segment is 3},
so the slope of the perpendicular bisector is —2. The equation of the latter
line is therefore

y—1=—2@—1).
It can also be written in the form
2% +y =3 @®)
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Lines and Linear Equations
An equation of the form
Ax+ By+C =0, @

where 4, B, and C denote fixed numbers, with the restriction that A and B
are not both 0, is called a linear equation in z and ¥, or an equation of first
degree in x and y. The equations

224+y—-3=0,

z+7 =0,
y_5 =07
z— 2y =0,

are examples of linecar equations.
A fundamental fact about straight lines and linear equations is enunci-
ated in the following gencral theorem:

THroREM 1-A. Every straight line in the xy-plane has a linear equation
which describes the line. Conversely, every linear equation describes some
straight lipe.

Proof. A line parallel to the y-axis has an equationz = a,orz — a = 0.
This is of the form (4), with A =1, B = 0, C = —a. If the line is not
parallel to the y-axis it has some slope m, and if we choose a point (xo, 7o)
on the line we can write the point-slope equation (1) for the line. This
can be put in the form

mx — y + Yo — mao = 0,

which is linear. It has the form (4) with A = m, B = —1,C = yo — mx,.
We have now verified the truth of the first sentence in the theorem. To
finish the proof we must show that every linear equation (4) describes some
straight line. We make the proof in two cases. Case 1: B = 0. Then
A 5 0, since A and B cannot both be 0 in (4). We can then write (4) in
the form

z=—7
This represents a line parallel to the y-axis, cutting the z-axis at the point
(—C/A, 0). Case 2: B ¢ 0. Now we can write (4) in the form

By + C = — Az,
or y+%=-—%(m—-0). (5)

If welet zp = 0, o = —C/B, m = —A/B, the equation (5) becomes

y-—yo=m(x—xo).,
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This is the point-slope form. Hence in case 2 our equation (4) represents a
line of slope —A/B through the point (0, —C/B). This completes the
proof of Theorem 1-A.

Example 3: The argument used in the second part of the foregoing proof
shows that the equation 8z + 6y — 15 = 0 represents the line of slope —§
(or —4%) through the point (0, &), i.e., (0, $).

The Intercepts of a Line

The z-coordinate of the point where a line crosses the z-axis is called
the z-intercept of that line. The y-intercept is the y-coordinate of the point
where the line cuts the y-axis. If we are given the equation of a line which
is parallel to neither axis we can easily find both the intercepts.

Example 4: Find the intercepts of the line y

whose equation is 2z — 3y = 4, and use the

information to draw the line. | /
We set y = 0 and solve for z:

=4 z=2 .
The z-intercept is 2. Likewise, settingz = 0 (@ ~3)
and solving for y, we obtain

-3y =4, y=—4% Fig. 1-20

The y-intercept is —4. We now know that the linc goes through the points
(2, 0) and (0, —4), so we can plot these points and draw the line (sce Fig. 1-20).

The Intercept Form

Suppose a line has z-intercept ¢ and y-intercept b, so that the line goes
through (a, 0) and (0, b). We assume that neither intercept is zero. The
slope of the line is
b—0
0—a

b
m = T =y
a

and the equation of the line is
b
y—>b= —a(x—O).
This can be written as
b
a z+y=hb,

.Y _
or a+b—1. (6)

This very symmetrical form of the equation is called the intercept form.

The Slope-Intercept Form
If a line has slope m and y-intercept b, its equation is
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y—b=mx—0),

or ) y = mz + b. )

This is called the slope-intercept form.

Example 5: Transform the equation 7x 4 8y 4+ 5 =0 to the slope-
intercept form, and use the result to write the equation of the line perpendicular
to the first one, with the same y-intercept.

To put the equation in the required form we solve for y:

, y=—§z—%
Then the coefficient of z is the slope, and the constant term is the y-intercept:
m= —1%, b= -4

The slope of the required perpendicular is §, so its equation is

y=4-%
If we wish, this can be written in the form
64z — 56y = 35.

The Intersection of Two Lines

Two distinct lines are either parallel or they intersect in just one point.

If this point is (1, y1), the pair (1, y1) satisfies the equation of each line,

and it is the only pair which satisfies both equations. If the equations are

given, we find the point of intersection by solving the two equations as a pair of
stmultaneous lincar equations.

Example 6: Find the point of intersection of the lines 2z 4 5y = 4,

3t —4y+17=0.
We solve simultaneously by elimination:

8z + 20y = 16
152 — 20y = —85
23z = —69, z=—3,

4y =34+ 17= -9+ 17 =8, y = 2.
The point of intersection is (—3, 2) (see Fig. 1-21).

Fig. 1-21
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The work can be checked graphically by drawing the lines. Gross errors
can be detected in this way.

Parallel Lines

If two distinct lines are parallel, there is no point of intersection. The
parallelism may be detected by examining the equations of the lines. Let
the equations be

Alx + Bly + Cl = 0,
and At + By + C; = 0.

These lines are identical if and only if the two sets of numbers
Al, B1, Cl and Az, Bz, 02

are proportional. They are distinct and parallel if and only if the pairs
A], Bl and Az, B,

are proportional, but the proportionality does not extend to C; and C..

Example 7: The lines
3x—4y+1=0 and 62 —8y+9=0
are distinct and parallel. The lines
2245y =4 and 6z 4 15y =12
are identical.

EXERCISES

1. Draw a figure for each part of the exercise. Find the equation of the line
(a) through (1, 3) with slope —2;
(b) with z and y intercepts —1 and 4, respectively;
(¢) with y-intercept 6 and slope 3;
(d) through (3, 6) parallel to —2z + 5y = 7;
(e) through (6, —2) perpendicular to 2z + 5y = 3;
(f) through (3, 4) and (5, —2);
(g) with slope —3% and z-intercept 4;
(h) through (2, —3) with an inclination of 135°;
(i) through (0, 5), with positive slope, and forming with the axes a triangle
of area 20 square units.

2. Read off the slope and the y-intercept after putting the equation in slope-
intercept form. Draw a figure in each case.

(@) 2z2+4+y—-7=0. () 3z—y+6=0.
(b) 4z + 7y +3 = 0. @ z=-y+7.
(¢) 2z 4 5y = 11. (h) z =2y.

@ F+%=1. G) = =3y+6.

z_Y_ Nny_z_1
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3. Put each equation in intercept form, and draw the corresponding line.

4

6

(a) ¢ — 2y = 4. (d) 3y — 4z = 12.
(b) 3z + 2y = 12, (e) z =3y — 5.
(¢) 5z — 3y'+ 15 = 0. ) 3y =4z 4 7.

What does each statement imply about A, B, C in the line whose equation
is Az + By + C = 0?

(a) The slope is 3.

(b) The z- and y-intercepts are 4 and 3, respectively.
(c) The line goes through the origin.

(d) The line goes through (1, 1).

(e) The line is parallel to the z-axis.

(f) The line is perpendicular to the z-axis.

(g) The line is parallel to 3y = 22 — 4.

(h) The line is perpendicular to 2z — 5y = 7.

(1) The line is identical with y = 3z — 4.

. Draw a figure for each part of the exercise. Find the equation of the line:

(a) through (—2, 1) if a line perpendicular to the line has inclination 120°;
(b) through (—3, —4) and tangent to the circle of radius 5 with center
at the origin;

(¢) perpendicular to the line segment joining (—1, —3) and (2, —5), at
its mid-point;

(d) through (1,1) and the interscction of the lines z+y — 6 =0,
z—2y+6=0;

(e) with y-intercept 6 and perpendicular to the line through (1, 1) and
(=7,7;

(f) with z-intercept 3 and parallel to the line with = and y intercepts 6
and —4, respectively;

(g) perpendicular to the line z — 3y = 6 at the mid-point of the segment
cut from this line by the axes.

In the following list of pairs of straight lines find the point of intersection
in each case in which there is a unique such point. If the lines are coin-
cident, or distinct and parallel, state this fact.

(a)z+2y—3=0, &« —y—-3=0.

Mb)2xc—y+7=0, 4 =2y+ 3.

(c)3x4+y—2=0, 4r+7y+3=0.

dDz-ty=1 Zt=y+2

() 3t —5y—10=0, z+y+4+1=0.

) y=4x—5 6y—8=1.

. (a) If  denotes temperature in degrees Fahrenheit and y denotes tem-

perature in degrees centigrade, find the equation connecting x and y, given
that it is linear and that we have the following correspondences:

Fahrenheit Centigrade

Melting ice........ 32° 0°
Boiling water...... 212° 100°
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(b) Draw the line represented by the equation. What is its slope?

(c) What statement about temperature expresses the value of the y-inter-
cept?

(d) What temperature is the same on the Fahrenheit and centigrade scales?
(¢) What is normal body temperature (98.6°F) on the centigrade scale?
(f) Insome European countries 18°C is called “room temperature.” What
is this on the Fahrenheit scale?

The three given equations define the sides of a triangle. Find the common
point of intersection of the altitudes produced (lines through a vertex,
perpendicular to the opposite side).

Tz — 12y = 42,
7z 4+ 20y = 98,
21z — 10y = —56.

. Find the common point of intersection of the perpendicular biscctors of the

sides of the triangle, the equations of whose sides are 4z — 3y + 30 = 0,
z+y =10, 4z 4+ 25y + 86 = 0.

If any triangle is given, coordinate axes may be chosen so that one vertex
is on the positive y-axis, say at (0, b), while the other vertices are on the
z-axis, say at (a, 0) and (¢, 0). (a) Find the equations of the perpendicular
bisectors of the sides, and find their common point of intersection. (b)
Find the equations of the altitudes produced, and locate their common
point of intersection.

1=3 Graphs and Equations

In the case of straight lines we have seen that every linear equation in z
and y represents some straight line, and that every straight line has a
lincar equation. This correspondence between a geometrical configuration
(in this case a line) and an equation which describes it exists in the case
of many other types of gcometrical configuration. For instance, a circle
can be described by an equation.

by

Example 1: The circle of radius 2 with center at the origin is described
the equation
24yt =4 (1

For, a point (z, y) is on the specified circle if and only if the distance between

(x,

y) and (0, 0) is 2, that is, if and only if
Vi —-02+ @y —0)2=2,

or 2+ 2 = 4.

Example 2: In the same way we see that the circle with radius r and

center (a, b) is described by the equation

(x—a3+@y—-0)2=r (2

Various other types of curves may be defined by geometrical conditions
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which, when expressed in terms of coordinates, yield an equation which
describes the curve. The plan of this book does not call for detailed con-
sideration of such matters now, but we shall discuss one example.

Example 3: Find the equation of the curve which is composed of all
points (z, y) such that the distance from (z, y) to (0, 1) is the same as the
perpendicular distance from (z, y) to the line y = —4%.

It is evident from a diagram that the point (z, y) cannot be below the
z-axis if it is to satisfy the specified condition. Hence in what follows we shall
assume that y > 0. The distance from (z, y) to (0, 1) is

VE-0+G—1=V+y® -y + 7

x, )
—”/ |
(V”]” I
©. ) |
|
—x
0 I
|
I
—— L
_ 1
y=-3
Fig. 1-22

The perpendicular distance from (z, y) to the line y = —% is y + } (see Fig.
1-22). The geometrical condition on (z, y) is therefore expressed by the equa-
tion

Va4 -+ =y+i 3
This finishes the problem in a certain sense, but the equation (3) can be put
into a simpler equivalent form by squaring both sides:

P2+ -Wtd=v+ut+ e @
On transposing and cancelling we obtain the equation
y = 2 (5)

This equation is equivalent to (3); that is, a point (z,y) satisfies (5) if and
only if it satisfies (3). We have already shown that (3) implies (5), so all
that is nceded is to show that (5) implies (3). Now (5) implies (4), for (4)
can be obtained from (5) merely by adding 3? — 3y + 1% to each side. Since
¥4+ 3y + % = (y + 1)? (4) implies cither (3) or the following eq}mtion:

Vet —ly+ = -G+ (6)

But if (6) were true we should have —y — 1 > 0, or y < —1, since the radical
sign denotes a nonnegative square root. But (5) implies that y > 0. Hence
(6) cannot hold if (5) does; therefore (5) implies (3).

The set (i.e., assemblage or collection) of all points (z, y) which satisfy
a given equation in z and y is called the graph of the equation. For in-
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stance, the graph of (1) is the circle described in Example 1. The graph of a
linear equation in z and y is the straight line corresponding to that equation.
The graph of (5) is the curve described in Example 3.

Some idea of the appearance of the graph of an equation can be ob-
tained by plotting points which satisfy the equation. If a judicious choice
is made of the points which are plotted, a careful examination of the facts
revealed by the cquation itsclf may enable us to construct a reasonably
accurate freehand drawing representing the graph. We shall in the course
of this book develop techniques for detecting the essential features of a
graph by examining its equation. Just now we begin with the rather simple
task of constructing the graph of the equation which was obtained in
Example 3.

Example 4: Discussion of the graph of y = z2
The graph consists of all points (z, 2%), where z can be assigned any value.
A partial table of such points can be made as follows:

1 1 3 3
2 $- 2 2 2
z 0 5 +3 5 +1 S
1 1 9 9
y 0 16 4 16 1 s

Several features can be observed at once: The y-coordinate is never negative.
For every y except O there are two values of z, one positive and one negative

y

1
1 2

Fig. 1-23

Niwt

but with the same absolute value. This means that points on the graph can be
arranged in pairs which are situated symmetrically with respect to the y-axis.
When0 < 2 < 1 wehave 0 < y < zand when 1 < z we have z < y (squaring
a positive number decreases it if the number is less than 1 and increases it if
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the number is greater than 1). As z gets large y gets large also, and it becomes
much larger than z. The graph is shown in Fig. 1-23. The curve is called a
parabola. We sball learn much about parabolas later on.

In constructing the graph of an equation it is important to bear in mind
that it is likely to be a matter of greater interest to know in a general way
what the graph looks like than to know indiscriminately a large number of
points on the graph. It is therefore worth while learning how to discover
the most important features of a graph without wasted effort in plotting
too many points.

EXERCISES

1. Draw a figure for each part of the exercise. Find the equation of the circle
(a) of radius 1 with center at the point (1, 0);
(b) with center at (1, 1), if the circle goes through the origin;
(¢) with center at (—2, 3), tangent to the y-axis;
(d) with center at (3, 2), tangent to the liney = —1;
(e) tangent to the z-axis, the line £ = 10 and the line z = 2 (two pos-
sibilities);
(f) through the three points (1, 0), (7, 0), (4, —1).

2. (a) Find the equation whose graph consists of all points (z, y) such that
the distance from (z, y) to (1, 0) is the same as the distance from (z, y)
to the line £ = —1. (b) Draw the graph.

3. (a) ¥ind the equation whose graph consists of all points equidistant from
the point (0, —3) and the line y = }. (b) Draw the graph.

4, Make graphs of y = 22, y = 2® and y = z* on the same coordinate ares,
using 10 centimeters as the unit of length, and paying primary attention
to the values of z between 0 and 1.2.

5. Construct the graphs of each of the following equations. Use symmetry
as much as possible. Make a fairly large-scale freechand drawing based on
a reasonable number of well distributed points.

(a) y = 2% (e) y+ 2 = §a2
b) P = 2. (f) 424y =4.
() 22 =y. (& v* =4+ 1.
(d) o2 = a*. (h) 16z + 42 = 16.

1-6 Functions

In the applications of mathematics there are many instances of situations
in which one thing is said to be a function of another:

(a) The area A of a square is a function of the length z of a side of the
square.

(b) The volume V of a sphere is a function of the radius r.
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(¢) The sine S of an angle of § degrees is a function of the angle.

(d) The base 10 logarithm y of a number z is a function of the number.

(e) If a baseball is thrown straight up, the height h to which it will rise
is a function of the initial velocity v.

(f) If a stone is dropped over a vertical cliff, the distance s it falls in ¢
seconds is a function of .

In all examples of this kind there are certain common features, and it
is these common features which furnish the basis for the general function
concept. The most striking feature is that we have a pairing of things, and
that the numerical measure of a certain one of the things is determined by
the numerical measure of the other. In these particular examples the
pairings and the way in which one thing depends upon the other are as
follows:

(@) (x,4), A =2

®) (r, V), V = §urt.

(¢) 6,8), S =siné.

(d) (x,y), y = loguz.

(¢) (n,h), h =v*/64 (hin feet, v in feet per second).

®) (t,s), s =168 (sin feet,tin seconds).

The formulas in (e) and (f) come from the laws of freely falling bodies.
We do not hother to explain the derivation of these formulas at this time.
In the pairings, the first named quantity can be assigned various values;
the value of the second quantity is then determined.

Our general definition of a function, for the purposes of elementary
calculus and analytic geometry, is as follows: A function is a definitely
specified collection of ordered number pairs of such a nature that, if we
symbolize the pairing by (z, y), there is a unique value of y corresponding
to each allowable value of . In other words, we get all pairs by assigning
to z all possible values in a certain preassigned collection of numbers, and
then pairing with that 2 the uniquely determined value of y that goes
with it.

Example 1: The base 10 logarithm function is the collection of all pairs
(z, logio ), where z varies over all positive numbers.

It

Example 2: The square root function is the collection of all pairs (z, Vz),

where z can be any nonnegative number and vz denotes the nonnegative
square root of z.

Example 3: The formula y = V1 — 2? defines a function, namely, the
collection of all pairs (z,y), where z can be assigned any value such that

—1 <z < 1, and for each z the corresponding y is y = V1 — 22

Of course there is nothing essential about the choice of the letters
Z,y in the definition of a function. Thus the formula A = 12/64 in the
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foregoing illustration (e), defines a function consisting of all pairs (v, ¥2/64).
If h and v are to be interpreted in the manner stated, the allowable values
of v are all positive. But if we ignore physical interpretations it is clear
that the formula h = v2/64 assigns a unique value to k, no matter what
value of v is given.

If the pairs constituting a function are symbolized by (z, ), z is called
the independent variable and y is called the dependent variable. The set
(collection) of allowable values of z is called the domain of definition of
the function, and the set of corresponding values of y is called the range of
values of the function. It has long been customary to say that the de-
pendent variable “is a function of”” the independent variable, and we shall
sometimes follow this custom. It must be realized, however, that the
dependent variable is not actually itself the function. The function is
the collection of all pairs (x, y). It is this collection which exhibits the way
in which y depends on 2. In some discussions of the function concept the
rule, or law of correspondence, by which y depends on z is called the func-
tion. The law of correspondence determines the collection of pairs (z, ),
and the collection of pairs exhibits the law of correspondence. Hence
there is nothing more fundamental than a matter of nomenclature to
distinguigsh between these usages of the word “function.” The collection
of pairs (z, y) scems more tangible than the law of correspondence, and it
is perhaps on that account that the definition of a function is founded on
the “collection of pairs” concept.

The rule which generates a function is frequently expressed by a
formula involving algebraic processes or by a trigonometric formula. In
such cases we often allow ourselves the convenience of referring to the
formula as if it were the function. Thus, for instance, we may speak of the
function

4z

Ly
when what we really mean is ‘“‘the function consisting of all pairs (¢, ),
where y = 4x/(2? + 4).” Of course, when we speak of a function by refer-
ence to a formula, it is essential that we understand clearly which letter
denotes the independent variable. In most cases the domain of definition
of the function is understood to consist of all values of the independent
variable for which the formula makes sense. For instance, the function
defined by

22
¥=r_-1

has for its domain of definition all values of z except &=1. These two values
must be ruled out because a fraction has no meaning if its denominator is 0.
Division by 0 ¢s not defined in algebra.
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Functions may be defined without using formulas.

Example 4: Let P be the postage (number of cents) required for a letter
of z ounces. Then P is a function of z. The postal regulations specify postage
of 4¢ for each ounce or fraction thereof, up to 70 pounds. Thus P = 4 if
0<z<1,P=8ifl<z<2P=12if2 <z £ 3,and so on. The function
is defined for all z such that 0 < z < 1120, and the range of values is the sct of
numbers 4, 8, 12, - - -, 4480.

Example 5: Here is another example of a function defined without a
formula. It depends on the notion of a prime positive integer. A positive
integer greater than 1 is called a prime if it cannot be cvenly divided by any
positive integer except itself and 1. The primes up to 53 are

2,3, 5,17, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53.

Now, if z is any number such that z > 1, let N denote the number of primes
not larger than z. Then N is a function of . We can make a partial table of
the pairs (z, N) as follows:

Values of = Values of N
1<z<2 0

2<zx<3
3Lz<5
5<ze<7
7<z<11
11<z<13

¢ QU N -

An equation involving z and y may be used to define y as a function of =
if the equation is equivalent to an equation which expresses the value of
y uniquely in terms of the value of . For example, the equation 2z + 3y
= 4 can be solved for y: y = }(4 — 2z), and the latter equation determines
y as a function of . In some cases it may happen, however, that the process
of solving for y in terms of x leads to more than one value of y. For example,
if the equation is 22 + 42 —4 =0, we get o> =4 — 2%, y = £V4 — 2.
Since this gives us two values of y for each z such that —2 < z < 2, the
equation z* + 32 — 4 = 0 does not by itself determine y as a function of z.
We emphasize that in our definition of a function we specified that there
must be a uniquely determined value of y corresponding to each allowable
value of z. If we wish, we can split the formula y = +V'4 — 22 into two
separate formulas,y = V4 — 2?andy = —V'4 — 22 Each of these formu
las determines y as a function of z.

There is a concept of what is called a multiple-valued function, but we
shall not have much use for this concept. According to this terminology
the formula y = V4 — 2? would determine y as a multiple-valued
(generally two-valued) function of z. Another example of a multiple-
valued function is furnished by defining y to be any angle (in degrees)
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whose sine is the number z. Here there can be an infinite number of y’s
corresponding to a single z. For instance,

% = sin 30° = sin 150° = sin 390° = sin 510° = ...,
If x = 1, the corresponding values of y are
30° 4 360n° and 150° + 360n°, n =0, %1, £2, ---.

Hereafter all functions will be understood to be single-valued (a unique
y for each z) unless something specifically to the contrary is indicated.

In certain problems the discovery of the functional relation between the
dependent variable and the independent variable involves the study of a
geometrical situation.

Example 6: A rectangle is fitted inside of an isosceles triangle of base 4
inches and height 6 inches, as shown in Fig. 1-24.
Express the arca A of the rectangle as a function of E
its height y.

Letter the figure as shown, with O the mid-point
of the base. Then OC = 2, OF = 6, BD =y. We
denote OB by z. By similar triangles we see that

BD _ OF
BC  0OC
D
Yy _6_
or 2—xz 2 3.
Hence ¥y = 6 — 3z. Now the area of the rectangle is
A = 2zy.
We want A expressed in terms of y, so we elimi- . 0 B C
nate z: £ = 4(6 — y). Then Fig. 1-24
=26y — 2
A=3506y—)

is the required formula expressing A as a function of y.

Graphical Representation of Functions

If y is a function of z, we can represent the function graphically, using
rectangular coordinates. The standard method is to use the independent
variable as the abscissa and the dependent variable as the ordinate. Thus
each number pair (z, y) belonging to the function corresponds to a point
in the zy-plane, and the collection of all these points makes a configuration
called the graph of the function. The graph is a visual aid, helping us to
comprehend the nature of the function. It shows us at a glance many
things about the function, for instance: how changes in z affect the value
of y (e.g., whether y increases or decreases as z increases from some specified
value), whether there are abrupt changes in y for slight changes in z,
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whether all numbers are possible as values of y, and if not, which numbers
do occur as values of y.
The graph of a function defined by a formula is a special case of the
graph of an equation, for the formula is an equation.
The graph of a function need not be a smooth
unbroken curve. We illustrate this by showing the
graph of the postage function (Example 4). For
convenience we use a different (smaller) scale on the
P-axis from that used on the z-axis.* Recall that
P =4if 0 <z <1, and that in gencral P = 4n if
n—1<z<n n=1,2, ---, 1120). Part of the
x  graph is shown in Fig. 1-25. The tiny circles indi-
cate that the right-hand ends of the horizontal line
segments belong to the graph. The left-hand ends of
the segments do not belong to the graph. The graph consists solely of these
disconnected horizontal segments.

<

1
. E——

NF————-

3
Fig. 1-25

EXERCISES

1. A rectangle is required to have an area of 4 square feet, but its dimensions
may vary. If one side has length z, express the perimeter P of the rectangle
as a function of z.

2. Express the area A of an equilateral triangle as a function of its side,
of length z.

3. A rectangular pasture, with one side bounded by a straight river, is fenced
on the remaining three sides. If the length of the fence is 200 yards, express
the area of the pasture as a function of the length of the side along the

river.

by

4. A baseball diamond is a square 90 fect on a side. A player is running from
home to first base at the rate of 30 feet per second. Express the runner’s
distance s from second base as a function of the time (¢ seconds) since he
left home plate.

5. A rectangle of dimensions 2z by 2y is inscribed in a circle of radius 10.
Express y and the area A of the rectangle as functions of z.

6. A right circular conc has altitude equal to 7, the radius of the base. Express
the volume V and lateral surface area S of the cone as functions of r.

* It is often convenient, in graphing a function, to use different units of length on
the two axes. The basic idea of graphing an equation or a function does not require
the use of equal units on the two axes. It is only when we discuss certain notions of
Euclidean geometry in the plane, e.g., distance between points, or angles between lines,
that the use of equal units on both axes is essential.
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7. A right circular cylinder is inscribed in a sphere of radius 4. Express the

10.

11.
12.

13

14

15

.

volume V and total surface area S of the cylinder as functions of its alti-
tude y.

. For cach z let y be the nonnegative root of the quadratic equation

y? + y — 22 = 0. Express y as a function of z by a formula and draw the
graph of the function.

. Draw the graph of cach of the following functions. The function in (c)

is not defined when z = 0. In the case of (d) note especially the difference
between the graphs of y = |1 — 22| and y = 1 — 2? when 22 > 1.

(a) y = |z (c) y = ﬁ

M) y =z + |zl d) y=11—2

Consider the set of all pairs (z, y), where z can be any number, and y is
always 3. Is this a function? What formula expresses the nature of this
collection of pairs?

Is the line z = 3 the graph of a function, with z the independent variable?

(a) For each z let n denote the algebraically largest integer such that
n < z. For instance, n = —3ifz = -3, n=0ifz =§,n=2ifz = 2.
Graph the function consisting of all pairs (z, n).

(b)Y Let y = 2 — n, where n is defined in (a). Draw the graph of the func-
tion consisting of all pairs (z, y).

Consider the square with corners at the points (0, 1), (1, 1), (1, 2), (0, 2).
If P is the point (z, 0), let D be the shortest distance from P to a point
on the perimeter of the square. Then D is a function of z, but to express
this function by formulas requires three different formulas, according as
2<0,0<z<1 orl <z Write out these three formulas. Draw the
graph, considering especially values of z such that —3 <z < 5.

(a) Suppose a and b are positive constants. Let the point (0, a) represent
an offshore rock in the ocean. Let the z-axis denote the shore line, with
(b, 0) a lifeguard station. The mile is the unit of distance. A man swims
from the rock to the point (z, 0) and then runs to the lifeguard station.
If he swims s miles per hour and runs r miles per hour, and if 7' is the
total time required for the trip, express T as a function of z. Consider
only values of z such that 0 <z < b.

(b) Choose a = 4, b =1, s = 2, r = 6 and construct a rough graph of
the function, using z = 0, 4, 4, §, 1.

(¢) Proceed asin (b) if s = 3, r = 4, and a and b are as before.

The z-axis represents the ground level. The line segment from (0, 0) to
(0, b) represents a fence b feet high. A ladder 12 feet long has one end at
(a, 0), where @ < 0, and the ladder is propped over the fence, with the
other end at (x, y) in the first quadrant. (a) Find z as a function of a if
b=26and —6V3 <a <0. (b) Draw the graph of z as a function of a.

What happens to z as @ increases from —6V/. 3 to 0?
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1=7 The Derivative of a Function. Velocity and Acceleration

Instantaneous Velocity

As a preliminary to the discussion of the general concept of the deriva-
tive of a function, we shall consider the notion of the instantaneous velocity
of an object which moves along a straight line in accordance with some
definite law. We suppose that a number scale has been established on this
line, and we call the line the s-axis, using s as the coordinate of the point
where the object is located on the axis. We measure time from some
chosen instant, letting ¢ be the number of time units; then ¢ > 0 for
instants after the initial instant and ¢ < O for instants prior to the initial
instant. The moving object, whatever its size or shape, is for present
purposes thought of as a single point in motion. A law of motion is simpiy
a definite rule which establishes s as a function of ¢.

Example 1: Suppose that s = 128t — 162 This formula describes the
motion of a ball thrown straight up in the air with a certain initial velocity.
It is assumed that the s-axis is directed positively upward, with the origin at
the point corresponding to ¢ = 0, where the ball is thrown. Units of time and
distance are seconds and feet.

Example 2: Suppose that s = 2002 4+ 20t + %. This formula might de-
scribe, during the limited time —4% <t < 1, the motion of a train which is
gaining speed at a constant rate. Assume that ¢ is measured in hours and s in
miles. The significance of the time interval —z; <t < } is that the train
starts from rest at ¢ = — 5 and reaches a speed of 100 miles per hour att = }
(i.e., 15 minutes later). This example is subject to discussion in Exercise 2.

Example 3: The formula s = 400¢ — 60002 4+ 30,000£* might describe the
motion of an inert projectile striking an earthen bank and penctrating a certain
distance. If t and s are both 0 at impact and increase as the projectile pene-
trates, the stated formula gives a reasonable law of motion during the time
interval 0 < ¢ < %. As we shall sec presently, the projectile will have stopped
when ¢ = {%. Units of time and distance are seconds and feet.

The laws of motion in the foregoing examples are presented without
analysis or derivation. We shall examine them in more detail later.

We now ask these questions: What do we mean by the velocity of a
moving body at a given instant? How do we find this velocity if the law
of motion is known? We are all familiar with velocity or speed in the
general sense of a number measuring the rate of traversing distance. We
speak of walking 4 miles per hour, of driving 60 miles per hour, and so on.
We also speak of average speeds, and these are the quantities we are
actually accustomed to computing. An average speed is a simple quotient:

distance traversed
time elapsed

average speed =
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It is not so simple, however, to determine the exact velocity of a moving
body at a given instant, if the body does not traverse equal distances in
equal times. This notion of exact velocity at a given instant, we call it
instantaneous velocity, is defined by using in an appropriate way the average
velocity over shorter and shorter intervals of time.

Consider a definite law of motion, so that s is a function of ¢. Suppose
we wish to define the exact velocity for this motion at the instant ¢ = &
(to denoting some fixed value of ¢). Let the corresponding value of s be s,.
For any ¢ different from f,, and the corresponding s, the quotient

S — S
t— b
is called the average velocity for the motion during the time interval between
the two instants. It does not matter whether ¢ is before or after ¢. The
average velocity may be either positive, negative, or zero, depending on
the particular situation. Now we consider the average velocity for all
values of ¢ near ¢, and we investigate what happens as ¢ approaches f,. We
may expect the average velocity to have different values as we change ¢.
But if it happens that the average velocity approaches a definite limiting value
as t approqches t, this limiting value is defined to be the exact velocity at the
instant t,, We denote it by v and indicate the process of getting v by
writing
vo = lim 8§~ &, (1)
t—t b — b
In this process it is of course understood that we confine our attention to
the values of ¢ allowed by the law of motion. If values of ¢ on both sides of &
are permitted, they must be considered.
The units for velocity depend on the units of distance and time, so we
have feet per second, centimeters per second, miles per hour, and so on.
Next we shall illustrate this definition of velocity in connection with
some of the examples mentioned earlier.

Example 1, continued: Find the velocity in the case of the motion
s = 128t — 16¢%.
Herc we have
8 — 8 = 128t — 1612 — 128t 4 16¢3
= 128(t — &) — 16(2 — &)
= (t — %)[128 — 16(t + &)],

§— % _ 198
= = 128 - 160+ ). @

At one of the steps we used the formula

E—=0C—-t)(t+ k.
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Now, as ¢ gets closer and closer to &, then ¢ 4 £ becomes more and more nearly
equal to 2fy; therefore we see that in this case

= lim 3= = 198 — 32,
% im 8 — 32t
If we drop the subscript we have general formula for the velocity » at any
instant:

v = 128 — 32¢. 3)

In particular, v = 128 if ¢ = 0, so the ball was thrown with an initial velocity
of 128 feet per second. We sce from (3) that the velocity decreases as ¢ in-
creases from O to 4 and that v = 0 when ¢ = 4. This is the instant at which
the ball reaches its highest point. After this the ball falls and #he velocity
becomes negative. As we shall see later, it is a general fact in all motions on
the s-axis that a positive velocity indicates increasing s with increasing t, while
negative velocity indicates decreasing s with increasing ¢.

Discussion of the velocity for the motion described in Example 2 is left

for the exercises.

Example 3, continued: Find the velocity in the case of the mbtion
& = 400t — 6000¢2 + 30,0002,
Here we have
8 — 8 = 400(t — t,) — 6000(* — t2) 4 30,000(8 — &).
By factoring ¢ — & out of each term on the right and then dividing through
by t — t, we get

T = 400 — 6000(t + &) + 30,0008 + th + &).

As t approaches £, we sce that  and i, both approach #3. Consequently

v = lim $= Z" = 400 — 12,0004, + 90,000:2.

t—to b —
Dropping the subscript, we have

v = 400 — 12,000 -+ 90,0002, 0)]
This can be written

1 2
= 90,000 (t 15) . (5)
The velocity is 400 feet per second when ¢ = 0; it decreases from 400 to 0 as
¢ increases from 0 to 5. It is merely during this short time interval that the
formula describing the motion has any physical significance for the projectile.
We observe as a matter of interest that s = 82 when ¢ = . Thus the pro-
jectile penetrates nearly 9 feet before coming to rest.

The Derivative of a Function
When a point moves on the s-axis, its velocity at a given instant may

be described as the rate of change of s with respect to ¢ at that instant.
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This concept of rate of change of one quantity with respect to another can
be used in many contexts. The pitch of a roof and the steepness of a road
up a mountain are .examples of rates of change of vertical distance with
respect to horizontal distance. In physics, the term power means the rate
of change of work done with respect to time. In certain kinds of problems
the magnitudes of forces are found as rates of change of potential encrgy
with respect to distance.

The general rate of change concept can be considered in the case of any
function, if the domain of definition of the function includes some entire
interval of the number scale for the independent variable. Suppose y is a
function of xz, and let x, be a value of z belonging to some interval in the
domain of definition of the function. Let = be different from xz,. We
consider the ratio

Y~ Y,

xr — X
and the limiting value, or limit, of this ratio (if such a limiting value exists)
as z approaches z,. This limiting value is what we define to be the exact rate
of change of y with respect to x, at xo. In the standard terminology of cal-
culus this rate of change is called the derivative of y with respect to x, at xo.
One standard notation for this derivative is

(du)

dz =z

Conscquently, by definition,

(-‘&> — lim L=, ©)

dzx ron — Xo

In verbal form this definition is: The derivative of y with respect to z at z,
is defined as the limit approached by the quotient (y — yo)/(x — z0) as
z approaches xp. The assumption is that the quotient does approach a
limit; in this case we say the derivative exists. Otherwise the derivative
is not defined. It is furthermore assumed that values of z on both sides
of 2o must be considered if the function is defined for such values of z;
otherwise z is confined to that side of x, on which the allowable values of =
lie. For instance, if y =7Vz and 2, = 0, negative values of z arc not
allowed.

The derivative concept is not used exclusively with the “rate of change”
idea foremost. Hence, in the general development of the methods of cal-

culus, we ordinarily uge the word*‘““derivative” rather than the “rate of.

change terminology.

The notation dy/dz without the parentheses and the suffix x = 2o de»-
notes the value of the tienvatlve of,y with respect to z for an arbitrary
value of z. | .

-®
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Example 4: Find the derivative if the function is defined by y = 3z,
We have

Y — yo = 3z* — 3z = 3(x — ) (@® + 20 + 22} + ),
L=10 = 300 + 2 + 228 + 2d).
- 40
Note the factorization of z4 — z3. As z approaches x, we obtain

(‘i'i) = lim 3(z% + 'm0 + 728 + o) = 1223,

dx z—T0

for 23, 2%zo, and zz? each approaches z3. Dropping the subscript, we have the
general formula

Y _ 1o
dx—12x.

In terms of the derivative terminology and notation we obscrve that
velocity is the derivative of s with respect to ¢, that is,

ds
v= o @
Acceleration

In studying the motion of an object along a line we are interested, not
only in the velocity, but in changes in the velocity. The rate of change of
velocity with respect to time is called acceleration. If we denote the ac-
celeration at time ¢ by a, then

dv

G=Et

, ®)
or, in words, acceleration s the derivative of velocity wilh respect to lime.
This means, of course, that the acceleration ao at time & is the limit of a
certain quotient, namely,

= lim
G - b — 1o

Example 1, continued: Find the acceleration in the case of the motion
s = 128t — 16
We know by formula (3) that the velocity is v = 128 — 32¢. Therefore

v— v = 128 — 32t — 128 - 32l = —32(t — t),

vV — B

2% 30

t—t 3
In this case the quotient has a constant value, so its limit ¢s this value; there-
fore the acceleration is ap = —32. This holds for any value of ¢, so

a = —32
The unit of acceleration is 1 velocity unit per unit of time. In this case the
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acceleration is — 32 feet per second per second. The fact that the acceleration
is negative indicates that the velocity is decreasing in an algebraic sense. This
conforms to our experience in the case of the thrown ball. On the upward
flight the velocity is positive and diminishing. On the downward flight the
velocity is negative. The ball gathers speed as it falls, but the change of v
from 0 to —32 to —64, and so on, is an algebraic decrease. The fact that the
acccleration is constant is the expression of the fundamental law of gravity.

Example 3, continued: Find the acceleration in the case of the motion
s = 400t — 6000¢* + 30,000¢.

We know by formula (4) that the velocity is » = 400 — 12,000t + 90,0002,
We leave it for the student to verify in detail the following calculation:

't':—z:’ = —12,000 + 90,000(¢ + ),
(9@) = ap = —12,000 + 180,000t
dt t=to
‘uil_'; = a = —12,000 + 180,000, 9

The significant values of ¢ in this problem are from 0 to {%. During this time
the acceleration is negative; it changes from —12,000 to 0 feet per second per
second. The large negative acceleration at ¢ = 0 indicates that the velocity,
initially 400 feet per second, is decreasing very rapidly. This is the effect of
the resistance offered by the earthen bank into which the projectile is going.
At t = {4 the velocity and acceleration both reach the value 0. By comparing
(9) and (5) it may be noted that

a = —600V.

This shows that the magnitude of the acceleration is proportional to the square
root of the velocity.

The Derivative of a Polynomial
Expressions such as
7, —3+4+2x, 1—4x+ 52°, A + Bz + Ca? + Da?
are called polynomials in . An individual term of a polynomial is either a
constant or a constant times a power of z, the exponent being a positive

whole number. A polynomial is an expression which is the sum of a finite
number of such terms. Thus the general form of a polynomial is

@ + o + a2’ + -0 + aa”,
where the coefficients ao, @i, - -+, a, are constants (i.e., for our present
purposes they are real numbers). If a, 5 0 this polynomial is said to be of

degree n. Some or all of the coefficients with index less than n may be 0.
For instance, we have the following polynomials with degrees as indicated:
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7,% degree0,
—3 4+ 2z, z degree 1,
1 — 4z + 522, 2® — 3z, 522 degree 2.

A function defined by setting y equal to a polynomial in z is called a
polynomial function; usually we just call it a polynomial, leaving the word
“function” to be understood from the context. We shall now state a
fundamental theorem about the derivative of a polynomial.

THEOREM 1-B. Let y be a polynomial in z:
y=a + ax + a4+ -+ 4+ a.x" (10)
Then the derivative of y with respect to x s

(% =a; + 2ax + -+ + na.xv . (11)

This result may be stated as follows. The derivative of a polynomial is the sum
of the derivatives of its individual terms. The derivative of a constant term is 0;
the derivative of cx is ¢; and, in general, the derivative of cx* is kcx*~' (here
¢ denotes a constant coefficient and k is any positive integer).

.

Proof. If y is given by (10) we have
Y — Y = ai(x — 20) + ax(x® — 8) + -+ + aa(z — 7).

We now factor out £ — o and divide by this factor. The result is

P=R =gt ale+m) + o+ aaet 2+ o ).
When z approaches x, we see that x + xo, approaches 2z, 2? + xxo + 23
approaches 323, and so on. Thus

(%) = a1 + 20010 + a5z 4 -+ + naxd
On dropping the subscripts we obtain the formula (11).

This proof, and every example in which we have calculated a derivative,
has made use of certain facts about limiting values. For instance, we have
found the limiting value of a sum by taking the sum of the limiting values
of the individual terms in the sum, and we have found the limiting values
of products by taking the product of the limiting values of the factors. A
more detailed study of the concepts and rules relating to the finding of
limits will be made in the following section.

With the result of Theorem 1-B available to us we can in the future
write down the derivative of any polynomial at sight. It does not matter,
of course, what letters are used for the variables.
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Example 5: If a motion on the s-axis is defined by the formula
8 = 3tt — 2818 4 8442 — 96t 4 25,

calculate the velocity and acceleration at any time ¢.

We have
v = %—'; = 12t — 84 + 168t — 96,
a= %'-; = 3662 — 168t 4 168.

The derivative symbolism is often used in the following manner: Instead
of writing such formulas as
dy

y = 3z* — 527, i 122* — 10z,

we simply write

i 4 2) — 3 2
i (3% — 572 = 1223 — 1022

That is, (% () denotes the derivative with respect to z of whatever is placed

inside the parentheses. The object placed inside the parentheses must, of
course, define a function of z.

EXERCISES

Use Theorem 1-B in finding derivatives unless the Exercise directs other-
wise.

' For each of the following motions find the velocity » and acceleration a.
(a) s = 96t — 3*. When is v positive and when negative? Is v increasing
or decreasing when ¢ > 0?

(b) s = 256 + 96t — 162. What is the value of s when » = 0? Docs v
ever increase, algebraically?

(e) s =8 — 92 + 15t — 7. Find the values of 8 and » when the accelera-
tion is 0. For what values of tis v < 0?

(d) s = 62 — 2. By studying the sign of v describe the way s changes
when 0 < ¢t < 2; when 2 < . During what interval of time after ¢t = 0
is v increasing?

(e¢) s = 6412 — 164 By examining the sign of v find the largest positive
value that s can attain. What is the acceleration at ¢t = 0? at ¢ = V2?
(f) s = 83 — 482 + 72t. Find the two values of ¢ for which v = 0. What
values does s have at these two instants? How was s changing before the
first of the instants? How does s change between the two instants? What
can you say about the increasing or decreasing behavior of v before and
after the instant at which the acceleration is 0?
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2. Consider the motion of Example 2, namely s = 20062 4 20t + } (s in
miles, ¢ in hours). (a) Find the velocity v and the acceleration as functions
of t. (b) Find the values of s and t when v = 0; when v = 100. (c) Iow far
does the train go in the first minute after it starts? (d) How far does the
train go during the time the velocity increases from 0 to 60?

3. If A is the area of a square of side 2 inches, find the rate of change of A
with respect to £ when A is 64 square inches.

4. (a) Find in terms of r the rate of change of volume V of a sphere with
respect to its radius r. (b) What is the derivative of V with respect to the
diameter D when D = 67

5. Find the rate of change of the area of a circle with respect to its diameter
when the circumference of the circle is 5 units.

6. A conical pile of sand has its height equal to the diameter of its base. As
the pile is increased in size, find the rate of increase of its volume with
respect to the radius of the base, in terms of this radius.

7. A stone dropped into a pool causes a circular ripple to expand, its radius
increasing 3 feet per second. How fast is the area within the circle increas-
ing as a function of ¢, the number of scconds after the stone touches the
water? .

8. The point (z, y) moves along the line through (2, 8) and (6, —2). Find
the rate of change of y with respect to x, and the rate of change of x with
respect to u.

9. Find the rate of change of the area A of an equilateral triangle (a) with
respect to its altitude y; (b) with respect to the length z of a side.

10. A spherical container of radius R feet contains water, the greatest depth
being A feet. The volume V of the water is V = §h2(3R — k). Find the

rate of change of V with respeet to b and evaluate at (a) b = 0; (b) b = R;
(¢) h = 2R.

11. Find when dy/dz = 0 if
() y = $(2* — 922 + 15z + 20).
(b) y = 48 + 24z — 32? — 23,
(¢) y = 22% — 32* — 122 + 6.
d) y =21 + 6z — $a* — 23
(@ y=2"+2z -4
) y=2*— 22 — 422 + 8z 4 1.

Find when ds/dt = 0 if

(a) s = t5 — 3083 -+ 405¢.

(b) s = 60t + 80t* — 4502 + 10.
(c) s = 3t5 — 2082 4 4.
d)s=—-p-8+46.

(e) s =14 — 48+ 62 — 4t + 3.
(f) s=1tt— 664 122 — 10t + 4.

12

-
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13. As an approximate formula, the Fahrenheit temperature T of boiling
water is a first-degree polynomial in h, where h is the altitude above sea
level, in fcet. Assuming that T = 212 at sea level and T = 183 at
h = 14,500, find d7/dh and describe the meaning of its value.

14. For heights up to 500 meters above sea level it is approximately true that
the baromectric reading p (p millimeters of mercury) is a first-degree
polynomial in k, where A is altitude above sea level, in meters. If p = 742
at h = 200 and p = 715 at b = 500, find dp/dh and describe the meaning
of its value in terms of the effect on p of an increase of A by 100 meters.

15. If F and C are corresponding temperatures on the Fahrenheit and centi-
grade scales (see Exercise 7, § 1-4), find dF/dC and dC/dF.

16. A point moves on the s-axis so that s is a second-degree polynomial in .
If s=0 and » = 500 when ¢t = 0, and if dv/dt = —3000, find ¢ when
v=0.

17. An oil tank is being emptied. If there are G gallons of oil in the tank at
time ¢, where G = 67,560 — 9000¢ + 300¢2 and ¢ is measured in minutes,
how many gallons of oil per minute are running out (a) at ¢ = 0? (b) one
minute before the tank is empty?

18. (a) If p is a function of g, write the fraction whose limit as ¢ approaches
q1 is, by definition, (dp/dq)q=q.

(b) If p = 7¢5 write out the details of finding dp/dg in a manner analogous
to the solution of Example 4.
19. If y = 1/z, find (dy/dz):=2 by using the definition in formula (6).

20. If y = 1/22, find (dy/dx)z=z by using the definition in formula (6).

1-8 Functional Notation. Limits. Continuity

Functional Notation

Suppose y is a function of 2. For many purposes it is convenient to use
a letter to represent the function. If f is the letter selected, the value of y
corresponding to z is denoted by f(z), so that y = f(z). Thus f(2) is the
value corresponding to z = 2. Other illustrations are listed as follows.

Value of z Corresponding value of y
a f(a)
b J(b)
a+h Jla + k)
L J(x)
Zo J(@o)

In practice we often indicate the definition of a function by setting f(z)
equal to an expression involving z (of an algebraic or trigonometric type,
for instance), with the understanding that z is the independent variable,
and that z may be assigned any value for which the expression makes
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sense. Other letters may be used, of course, both for the function and for
the independent variable.
Example 1: f(z) = V1 + 22 Then f(1) = V1 + I* = V2, f(3) = V10,
fla+h) =vVi+@+he

Example 2: g() = - Then g(%) =1, g2 = =2 gu+ 1) =

i':t"(‘H-—m (provided that ¢t 4+ A # 1).
Example3: F(u) = 2% Then F(0) = 1, /(1) = },F(—=2) = 4, F(z + 1)
= 26t = 272V = F(z)F(y).
Example 4: ¢(z) = sin z. Then ¢(t) = sin ¢, ¢(0) =0, ¢(x + y) =
sin (x + y) = sinz cosy + cosz siny = ¢(z) cos y + ¢(y) cos x.
The definition of the derivative of a function is expressible in tegms of
functional notation. It isimportant for the student to be familiar with this.
Let us refer back to formula (6) in § 1-7. If y = f(&), we have

Yy —yo _ f(x) — f(xo)

r — Xo r — X
—
Thus (iﬂ) = lim f@) = [(zo), (1)
% )zmz0 20920 & — %o

The derivative of the function f with respect to z at xo is often denoted by
f'(xo). (This is read “f prime of z,.””) Hence we can write

£y = tim 1= L), @

In general, the value of the derivative at z is denoted by f'(x).

Example 5: If f(z) = 25 — 32 +  — 7, we know by Theorem 1-B that

f'(x) = 5z4 — 6z + 1.

If we think of = as a fixed number, and consider a nearby value which is
made to approach z, the nearby value may be represented by x + h, where
h is made to approach 0 (A may be either positive or negative). If we use
this notation, f’(z) is the limit of the quotient

f(xz + k) — f(z)
+h) —2x
as h approaches 0, so that
') = lip L& R = f(x)
@) = i LM = 1), Q)

The student should know the definition of the derivative in the various
forms which have been given: formula (6) in § 1-7 and the verbal rendering
which follows it; and formulas (1), (2), (3) of the present section. The
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student should recognize the substance of these formulas, and be able to
write or identify them when other letters are used for the function and
the variables.

If y = f(z) and if the derivative of y with respect to z exists for a
certain set of values of z, the collection of pairs [z, f'(x)] corresponding
to these values of z is a function. This function is denoted by f’ (read
“f prime”), and it is called the derivative of f (with respect to its inde-
pendent variable). If f has a derivative at x, the function is said to be
differentiable at z. The process of finding the derivative of a function is
called differentiation.

Limiting Values of Functions

In our definition of a derivative we use the concept of the limiting value
of a quotient; see (2) or (3). In the particular cases which we have con-
sidered in § 1-7 the quotient was first simplified by algebra and then we
had to find the limiting value of the resulting expression. For instance,
in Example 4 of § 1-7 we made the assertion that

lim 3(2® + 2% + xxd + 23) = 1223,

Now we ‘shall define and explain the meaning of a statement of the
following general form: “f(x) approaches the number 4 as a limit when z
approaches x,.” An abbreviated symbolic form of this statement is
f(z) — A asx — xo. We also say ‘““‘the limit of f(2) is A as z approaches x,.”
Another way of writing it in symbols is

lim f(z) = A.
Example 6:
(a) 2 +2—>1lasz— 3.
(b) £=2 | 5asz— —3.

r+ 4
(e) (@2 —1)(22* — 2) >42asxz — 2.

As a first attempt to make a general definition of what it means to say
that f(z) — A as x — o, let us express it this way: We consider the values
of f(x) for = near, but not equal to, 7. We examine the effect on f(z) of
bringing z closer and closer to x,. If the effect is to bring f(x) closer and
closer to the number 4, and if we can bring the absolute value |f(z) — A|
down to any desired smallness and maintain it that small, or even smaller,
simply by insisting on an adequate smallness of the absolute value |z — x|,
then we say that f(x) approaches A as x approaches z,. In this definition
we do not insist that f(z) approach A without reaching A. It might well
happen that f(z) oscillates back and forth, passing through the value A an
infinite number of times, but with diminishing amplitude of oscillation,
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as z moves steadily toward z,. Or the behavior may be even more compli-
cated. The important thing is that we can control the size of |f(z) — A|
down to any desired smallness by a suitable control on the smallness of
|z — zo|, assuming all the while that = > x, and that z stays within the
domain of definition of the function.

Example 7: Let us sec how the “control of smallness” works in the casc
of the limit assertion lim (22 + 2) = 11. Herc f(z) = 22+ 2and 4 = 11, so
z—3

fl) =11 =22~ 9 = (z + 3)(x — 3). Since we are considering values of z
near 3, we may safely limit our attention to values of z between 2 and 4.
Then z 4 3 is between 5 and 7, and hence certainly

If@@) = 11] = |(z + 3)(z — 3)| < 7|z — 3|.

It is now evident that |f(z) — 11] is not more than 7 times as large as’|z — 3],
s0 if we want a certain smallness for |f(z) — 11] we can attain it by insisting
that |z — 3| be not over one seventh of the size allowed for |f(z) — 11]. For

instance,
1 . 1
[fiz) — 11] < 100 if |xr—3|< ,}6(—)1
1 . 1
1fl@) — 11} < 1000 if |z—38|< m)

and in general, if k is any positive number,
@) — 11| <k if Jo—3| < ’7‘

In this last case there is also the proviso that 2 <z < 4. This proviso is
automatically attended to if & < 7.

The definition of a limit for f(z) can be stated very concisely by use of
inequalities, as follows: We write lim f(z) = A and say that f(z) > A

as z — 1, if corresponding to each positive number k there is some positive
number & such that, for z in the domain of definition of f, it is true that

|f(z) — A| <k whenever 0 < |z — x| < h.

This form of the definition is logically complete in itself. It expresses
briefly all that has previously been expressed in the discussion, and it is
the basis for logical reasoning stemming from the limit concept.

The Basic Theorems Used in Finding Limits

In actual practice we do not always deal with limits by working through
the details of inequalitics as was done in Example 7. There are certain
theorems about limits which are of great convenience. In most elementary
work we use these theorems as formal rules of reckoning far more than we
use the actual definition of a limit by inequalities. The three theorems
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of greatest usefulness deal respectively with sums, products, and quotients
of functions. We suppose in stating these theorems that f(x) and g(z) are
defined for all values of z in some interval containing x,, except possibly at
Zo itself.

TraeoreM 1-C. If f(x) — A and g(x) — B as x — x, then f(x) + g(x) —
A 4+ B csz— .

This theorem is sometimes stated in the form: the limit of a sum 1is the
sum of the limits. The theorem is extended by mathematical induction to
the case of n functions, where » is any positive integer such that n > 2.

Cororrary. If lim f,(z) = A;fori = 1,2, ---, n, then

L3I0

lim [fi@) + - +fo@)] = A+ oo + A

Turorem 1-D. If f(x) — A and g(x) — B as x — xo then f(z)g(x) — AB
as x — To.

The brief verbal form of this theorem is: the limit of a product is the
product of the limits.

CoroLLARY. If lim fi(z) = Aifori=1,2, -+, n, then
lim [fi@fe) - @] = Aids - -+ An.

Turorem 1-E. If f(x) > A and g(x) > B as x — xy, and ¢f B # 0,
then ;;(@% —»% as ¥ — xo.

This theorem has an important condition not needed in the others,
namely, that B ## 0. The limit of a quotient is the quotient of the limils,
provided the limit of the denominator is not zero.

If B = 0 we cannot conclude anything certain about the limit of the
quotient. This is because a fraction with denominator 0 is meaningless.

The proofs of the foregoing three theorcms are made by using the formal
definition of a limit. Nothing more is required for the proofs than an
understanding of the definition and some ability in reasoning with in-
equalities. Just at present we attach more importance to becoming aware
of the theorems and their uses than to the giving of the proofs, so it will be
our policy to proceed with the development of calculus, using the theorems
freely. The proofs are given in § 14-2. In a rough intuitive sense the theo-
rems are “obviously true.” That is, it seems apparent (from experience with
arithmetic) that if f(x) is near A and g(x) is near B, then f(z) + g(z) is
near 4 + B, f(z)g(x) is near AB, and f(z)/g(x) is near A/B, provided
B # 0. Statements like this are merely rephrasings of the meanings of
the theorems, however; they are not proofs.
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2 _
Example 8: Find lim -2+ 7 and point out how Theorems 1-C, 1-D,
z—2 z"’ + 5Z

and 1-E are used in the solution.

First we observe that 32 — 3:2-2 = 12 as z — 2. This is by an applica-
tion of the corollary of Theorem 1-D, with fi(z) = 3, fao(z) = z, fs(x) = z. The
product rule shows likewise that —2z — —2-2 = —4, 2* - 2:2-2 = §, and

5z — 5:2 = 10 as £ — 2. The rule for sums (Theorem 1-C and its corollary)
then shows that

3 —2c+7—-12—-44+7=15
and ©#+5r—>8+10=18
as z — 2. Then, by the theorem for quotients,

. Bt —20 47 16 _ 5
e ~1876

A function which is defined by the quotient of two polynomials in z is
called a rational function of z. The function in Example 8 is rational.

If the numerator and denominator of a rational function both happen
to be 0 when x = m,, this indicates that the numerator and denominator
are both divisible by some power of z — z,. Before attempting to find
the limit of the function as z approaches x,, the highest common power
of z — z, should be canceled from numerator and denominator. This is
illustrated in the next example.

Example 9: Find lim %—gﬁg—g As long as z is neither 3 nor —2
= - -
we have
:v’—:c"—-91:+9=(:c-—3)(:c+3)(x—1) - +3)(z—-1)
r—z—6 (- 3=+ 2 z+2

Since we require z 3 in considering the limit as £ — 3, we can write

L B -2 —9749 _ . (243 —1) _ 12
L‘E; 22—x—6 -i‘—‘g z+2 5

Continuity

The noun continuity and the adjective continuous are used in a special
technical sense in mathematics to describe a certain quality which a func-
tion may or may not possess at a particular value of z. The use of the word
“continuous” for this quality is suggested by the everyday use of the word
“continuous” to mean “unbroken,” or ‘“without interruption.” Before
giving the exact mathematical definition of continuity, consider an example
which illustrates discontinuity (i.e., lack of continuity). The ‘“‘postage func-
tion” of Example 4, § 1-6 is discontinuous at each of the points z = 1, 2,
3, ---, but continuous at all other points z for which it is defined. The
discontinuity is expressed by the sudden jump in the value of the function
as = passes one of the values 1, 2, 3, -+ -. On the other hand, the function
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f(x) = a3 is continuous for every value of z; the continuity is expressed by
the fact that small changes in z produce small changes in 2.

The general definition of continuity is this: Suppose a function f is
defined at all points of an interval containing the point zo. Then f is said
to be continuous at x, if f(z) approaches a limit as  approaches zy and if
this limit is the value f(x) which the function is defined to have at x,.
In symbols, the function is continuous at o if lim f(x) = f(x).

LI

In elementary calculus it is exceptional for a function to be discon-
tinuous at a point where it is defined. The reason for this is that the very
simplest functions which we deal with are continuous at all points, and
that most of the processes we use for constructing more complicated
functions out of the simple functions retain the continuity of the original
constituents. For example, squaring the value of a continuous function
gives us a new function which is continuous. Adding or multiplying the
values of two continuous functions yields a new function which is con-
tinuous, and f(x)/g(x) is continuous at xo if f and g are continuous at x,
and if g(xo) 0. These asscrtions follow from the definition of continuity
and the Theorems 1-C, 1-D, 1-E about limits.

In particalar, a polynomial in z is continuous for all values of z, and a
rational function of x is continuous for all values of z except those which
cause the denominator to equal 0.

A function may be continuous without being differentiable. That is,
the mere fact that f is continuous at x does not imply that the derivative

f'(x) exists; that is, the quotient M+ h,)l G2 may not approach any
limit as h — 0. For an illustration see Fig. 1-27 and the remarks pertain-
ing to it. But differentiability does imply continuity.

Turorem 1-F. If a function ts differentiable at a particular point, it is
continuous at that point.

Proof. Suppose f is differentiable at 2, We have to prove that f(z) —
f(xo) as z — zo. Now, if 2 # x, we can write

fa) = 8 =1 )y 4 s,

T — X
Using the rules for limits of products and sums we see that
lim f(z) = f'(20)-0 + f(z0) = f(20)-
T
This finishes the proof.

When we know that a function is continuous for all values of z on a
certain interval, this helps us to draw the graph of the function. The
continuity implies that the part of the graph corresponding to values of =
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on the interval is without break or interruption. Consequently, what we
do in actual practice is to plot a certain number of points of the graph and
then join them by an unbroken curve drawn freehand. In doing this we
ordinarily use additional information acquired by a study of the function
and its derivative.

Algebra Review

For use in connection with the exercises at the end of this section, we
offer some comments and illustrative examples on the subject of fractions.

To add or subtract fractions, find the least common denominator of the
fractions in question. Then express cach fraction as an equivalent fraction
with the common denominator as its new denominator. After that the
addition or subtraction is performed on the new numerators to give the
numerator of the result. The denominator of the result is the common
denominator.

Example 10:
2 _ = _ 2(2z + 3) _ z(x — 2)
z—2 243 (x—-—2)2c+3) (z—2)(2z+3)
_2243) —z(x—2 _ —22+4+6:1+6
(z—2)(2x + 3) (x —2)(2x + 3)
We usually shorten the work by going directly to the single fraction
with the common denominator as its denominator.

Example 11:
©? 3 +4:c—1=x’(:c~1)(x+2)-—3(x+2)+(4:c—1)(x2—1)
z+1 22—-1 z+42 (x4 D - D+ 2
-2 —3r—64 42 — 22 —4r 41
- @+ DE-DE+2)
4+ 58 — 32 —Tx — 5
T @=nGE+?)

To multiply two fractions we multiply numerators to obtain the nu-
merator of the answer. Likewise for denominators. For instance 3-§ = .
The procedure also applies to algebraic expressions.

To divide by a fraction, we multiply by the inverted fraction. For
instance, § + § = $-§ = $. The procedure applies also to algebraic ex-
pressions.

Example 12:
® ,2r+3_ 2 .a:’—4= 22 — 4)
z+1 22—4 z+4+1 2043 (z+ )2z +3)
We may multiply out if we like in this answer, but in calculus it is often de-
sirable to leave expressions like this in factored form.
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Sometimes we have fractions whose numerators and denominators are
themselves expressions which involve fractions. In such cases we may
begin by simplifying the numerator and denominator separately.

Example 13: Simplify the compound fraction

1
5—16
2_3_8
2 2 oz
We have lz—lf‘):l—zmﬁ;
z

2_3_8_2-3:-8"
¥ 2 oz z3

The original fraction then becomes

1— 162 23 _ (1 — 1628z
2 2—3x— 82 2— 3xr— 82

Another type of problem which we meet in calculus is illustrated next.

Exaniple 14: If f(z) = g find
f'x) = llmfx + h})t = f(x).
h—0

We have

1 _ 1
3z +h) — 3r—5
31:—5——3(x+h)+5
" [B + h) — 513z — 5)

fz+h) — fl) =

The numerator here is
3t —5—3x—3h+ 5= —3h.

Thus fx+h) —f (x) —3h
= h h[3(x + k) — 5](3z — 5)
We cancel the & and then let h — 0. The result is
_ -3
1@ = G
EXERCISES

L If f(z) = § — 2, find £(3), f(~1), 1(2), f(i)

2. 1t 1) = Z322, 6na 00), 00, 100, S0, 5 (2)
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3. (1) In each case state the values of z for which F(z) is not defined. (2)
Then compute successively F(1), F(—4), F(p), F(a?), F (-}E), F(u 4 v).

— ol ; - Vgt — 1
(@) Fa) = 2 — & @) P@) = Y5
o) F(x) = 8 — 9‘3- @) F(z) = /"—JE—?
oy T 1 . o+
(c) F(z) = x(“_s) @ F) = 5"
-2 __2?—=25
(d) F(z) = 9 +20 ®) FE) = 5 + 22 — 6z
4. (1) Form the expression w—%;-w) and simplify it. (2) Then find
the limit as b — 0, and write the result as a formula giving the value of
F'(z).
(8) F@) = - @ F@@) = &
T ¥

(b) Fl) = 3.

(c) F(z) =

(e) F(x) =

x .
-1

() F) = 3—;%

+ 2 + 3
5. Follow the same directions as in Exercise 4.
@ F@) = 52—
(b) F(z) = 3;-
© F@ = 122

6

d) F(z) = ,_'_1

1
(e) F(Z)=—(—"—B‘
(f) F(z) = z+2

In each of the following the indicated limit is a derivative. Of what func-

tion and at what point? Given an answer of the type “The limit is the

derivativc of the function f(z) =

7 — W7

(a) ll_'mc 7 — o

) lim ﬁ?_i‘_h)f_:i‘

(¢) lim (1/1) (l/xo)_

r—ro T — X

(d) lim 2/2) = @/d),

r—a r—a

o
.

+ -+ at the point z = -
. log;ox -_ lOE;o 2.

© zh_‘f% z—2
m\/a+h— \/t—l

. F(y) — F(@).
(b) lim ==

y—z y

7. (a) If f(x) = 107, what relation is there between [f(z)]* and f(nz)? (b)
What relation is there between f(z + y), f(2), and fy)?
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8. (a) If f(z) = logw z, what relation is there between f(zy), f(x), and f(y)?

(b) Express f(z") in terms of f(z).

9, If f(z) = logio z and g(z) = 107, what are f[g(z)] and g[f(z)]?
10. Find ecach of the limits indicated.

11.

12

13.

14

.

15.

OinzTay  omBEEE
e
(@) lim ;—;g—‘l‘ @ lim S22 42

(d) llm p (:1 (h) I‘_"li\) (xz(sx :)- ( ;2) ?_:;;2_:_2 2)
Find each of the limits indicated. Assume a # 0.
e B Y o
Ol s O

© I @ i Y2 >0,
@ Jim TG ® tim 2

(a) What is }l_l{l (322 — z + 5)? (b) If 3 <z < 5, show that

[(822 — z + 5) — 49| < 26[x — 4],

and hence that |(322 — z + 5) — 49| < kif3 <z < 5and [z — 4| < k/26
(assuming & > 0). What does this have to do with part (a)?

(a) What is lim5-}:? (b) If 4 <z <6 and |z — 5| < 20k (where k > 0),

show that

}c - él < k. What does this have to do with part (a)?

(a) After solving Exercises 12 and 13, find 4 in terms of k, if & > 0, so that
2
?—;'*—l—g'«c if 1<z<3and |v—2 <h (b) What statement

about limits does this prove?

(a) Draw a figure showing the graph of a function f such that for z < 2
the graph is part of a straight line, for z > 2 the same is true (though not
the same straight line as when z < 2), and f(2) = 1, lirr; fz) =0 Isf

continuous? (b) The same problem as (a), except that f(2) = —
lim; flz) = —1.
T
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16. Draw a figure showing the graph of a function f such that f(z) is constant

17

18.

if £ <0, f(x) = 12 — 2z if z > 4, f is everywhere continuous, f(2) = 3,
and the graph of f for 0 < x < 4 is a straight line segment. What is f(4)?
What is f(0)?

(a) To show that the function f(x) = V'z is continuous at z = 0 we must
show that lim Vz = V0 = 0. How small must a positive z be to make

z—0

—?
x/E<100?\/5<900 vz < k, where k > 0?

(b) To show that the function f(z) = V'z is continuous at z = ¢ (where
¢ > 0), we must show that lim Vz=+ve A proof of this by inequalities

Z-—C
can be constructed by using the following suggestions in getting startel:

By algebra Vz - \/;:3(\/5 +4¢) =z — ¢. Thus

\/:c-—\/c— —Z2=°C , andso |\/:;—\/E|5Lx——~—cl-
+ Ve c

Now tell how small Ix — ¢| must be to guarantee |Vz — Ve| < k.

For this exercise a certain knowledge of exponcntials and logarithms is
assumed.

Prove that hrn L _ 0 by showing that if 0 < k¥ < 1 and

0 2172
login2 \2
0< o) < | —2B0s_
2 <logm (l/k)) ’
then 0 < —; 3177 / - < k. Start as follows:
L <k isequivalentto L < 2u/a
Si/m is equivalent to ;
1 < 21/ ig equivalent to Iogml < 1 logie 2.
k k = x?

Now continue. One needs here the two following facts: (1) For positive
numbers a and b, a < b is equivalent to logwa < logw b, and (2) if ¢ > 0,
22 < ¢ is equivalent to |z] < V. Note also that 21/2* is not defined if
z = 0, and that it is always positive.

1-9 Geometrical Meaning of the Derivative

The derivative of a function has a very important meaning in relation to
the graph of the function. Suppose that we are considering the graph of
y = f(z), where f is a function which is continuous for each value of z on a
certain interval. The corresponding part of the graph is then an unbroken
curve. The fact of primary importance about the derivative in relation
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to the curve is this: If the function has a derivative at x, and if yo = f(x),
then the straight line through the point (o, yo) with slope f'(xo) is tangent to
the graph at the point. Conversely, if there is a line tangent to the graph at
(o, yo) and if this line is not parallel to the y-axis, then the function has a
derivative at xo, the value of the dertvative being the slope of the line.

In order to sec the truth of the foregoing assertions we must first be
clear about what it means to say that a line is tangent to the graph at a
certain point. Let P, be a point on the curve and let P be a distinct point
nearby on the .curve. Draw the complete line L through P, and P, and
consider how this line varies as P approaches P,. If there is a fixed line T
through P, such that the angle a between L and T approaches 0 as P
approaches P, along the curve, the line T is called the tangent to the curve
at Py (see Fig. 1-26). If the curve extends on both sides of Py, the line L
must approach coincidence with T as P approaches P, from either side.

|
|
|
]
X

|
I
1
1
Xo 0

Fig. 1-26 Fig. 1-27

If there is no line 7' which fulfills the foregoing condition, the graph
does not have a tangent at Py. The simplest illustration of how this can
happen is afforded by a graph consisting of two parts which meet at Po
in the manner depicted in Fig. 1-27. The line through Py and P approaches
two different limiting positions according as P approaches P, from one
side or the other. In this case there is no tangent to the graph at P,. This
is a case in which the function is continuous at zo but not differentiable
there.

Now consider the definition of the derivative. Let P and P have co-
ordinates (zo, ¥0) and (z,%), respectively, where y = f(x). To have P
distinct from P, means z % z,, and to have P approach P, along the curve
is equivalent to having z — o, because the function is continuous. The
line L through P, and P has slope

r oY=y _ f@) = f(x)
BN = T £ -2 0

(see the angle ¢’ marked on Fig. 1-28). The condition for the function f to
have a derivative at z, is that the ratio in (1) approach a definite limit
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[which is f’(x0)] as  — x. The condition that the line 7 through P,,
making an angle ¢, (where ¢o 5 90°) with the positive z-axis, be tangent
to the graph at P, is that ¢’ — ¢ as
T — x. But ¢’ — ¢ is equivalent to
tan ¢’ — tan ¢o. Hence we have a tan-
gent at Po, not parallel to the y-axis, if
and only if the derivative f'(x,) exists,
and in that case the derivative is the
slope of the tangent line.

The assertion that ¢’ — ¢ is equiva~
lent to tan ¢’ — tan ¢, involves two
things: (1) that the trigonometric tan-
gent is a continuous function of the
angle, and (2) that the angle is a

Fig. 1-28 continuous function of its tangent.
We take these facts for granted now.

The slope of a line was defined in § 1-3. By the slope of a curve at a
point we mecan the slope of the tangent line at that point, if there is a
tangent line not parallel to the y-axis. By the angle of mtersectlon of two
curves we mean the angle of intersection of their tangent lines. Many
problems about the tangents to curves can be solved by using the fact
that f'(xo) is the slope of the curve y = f(x) at the point corresponding to
r = 7.

Example 1: The curves y = 22 and y = 2 — #? intersect at the points
(1, 1) and (—1,1). Find the equation of the tangents to the curves at (1, 1),
and the angle of intersection of the curves at this point (see Fig. 1-29).

—.
~

[ 0 1\
Fig. 1-29
The slopes of the curves are given by

y =22 =2r =2 if z=1,

==-20=-2 if z=1.

Big Bi&

y=2-—-:c’,
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The tangent T to y = 2? at (1, 1) has the equation
y—1=2x—-1), or 2r —y=1.
The tangent T, toy = 2 — z2 at (1, 1) has the equation
y—1=-2z~1), or 2r+y=3.
The angle o from 7' to T, is determined by the formula

tana = m= _—'3=‘- 1.3333- - -.

A table of tangents shows that « is approximately 53°7'45".

The line through a point on a curve and perpendicular to the tangent at
that point is called the norm«l to the curve at the point. The equation of
a normal can be found, in general, by using the fact that the slope of the
normal is the negative reciprocal of the slope of the tangent.

If two curves intersect and if at the point of intersection the tangent
to one curve is perpendicular to the tangent to the other curve, the two
curves are said to interscct orthogonally, or to be orthogonal at the point of
intersection. To find where two curves intersect we solve the two equations
as simultaneous equations in z and y.

Example 2: Find the points of intersection of the curves y = 1 — 11?2
= 122 — }, and test to sce if the curves interscct orthogonally. The curves
intersect when
_la_ 1, 1 3,23
1 3 x i z 3 or 1 x )
This gives z = +V2, y =0, so the points of intersection are (\/ 5, 0) and
(—=V/2,0). The slopes of the curves are respectively —z and z/2, so at (V'2, 0)
they arc —V/2 and V/2/2. These slopes are negative reciprocals, so the curves

intersect orthogonally. The same holds true at the point (—\/5, 0).

EXERCISES

1. Find the slope of the curve and the equation of the tangent to the curve
at cach of the points indicated.
(a) y = izt atx = 2.
b)yy=43ztatz =3
() y=622—2x%atz = —3,0, 1.
(d) y = 256 + 96z — 1622 at z = 0, 3, 8.
() y=96z — j2x*atz =0, 8, 14.
2. In each part of this problem proceed as follows: Find the slope of the

curve at the indicated points. Plot the points of the curve and use the
slopes to draw the tangents at these points. Fill in the curve between the
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points indicated, on the assumption that the curve fits smoothly into the
framework provided by the tangents.

(aA)y=22—3cx+latx=0,4% 31,2
b)yy=4+4—222atz=-10,1,2,3.

) y=a2*—624+9z+1at x =0, 1, 2, 3, 4. The curve crosses its
tangent at z = 2.

d)yy=2>— 922+ 12z — 3 atz =0, 1, §, 2, 3. The curve crosses its
tangent at * = .

©y=3rt—224+ 4+ % at = -3, =2, —1, 0, 1, 2. The curve

crosses its tangent at z = —land atz = 1.
3. (a) Find the tangent to y = 1fa? at £ = ;. (b) Find the two points in
which this tangent intersects the curve y = ; — 22, and the tangents to

this latter curve at these points. (¢) What angles does the first mentioned
tangent make with each of these latter tangents?

4

Consider the curve y = z — 122 (a) Find the slope of the curve at the
points ¢ = —1, 0, 2, 4, 5. Plot the corresponding points on the curve and
draw the tangent lines at these points. Sketch in the curve. (b) Now find
two points on the curve at each of which the tangent line is such that it
goces through the point (—13, 0).

5. Find the values of z, such that the tangent to the curve v = 23 4 2? 4+
4z 4+ 3 at z = x, intersects the z-axis at z = %x,.

6. Find the tangent to the curve 4ay = 2* at z = 2a, where a > 0. Prove
that the point of tangency, the point where the tangent crosses y = —2a,
and the origin are vertices of an isosceles triangle. Draw the figure, with
a=2.

>

Consider the curve y = 1x? and the point F with coordinates (0, 1). If
P is on the curve in the first quadrant, show that the tangent at P bisccts
the angle between the line through # and P and the line through P parallel
to the y-axis. Suggestion: Let a be the angle from FP produced to the
tangent at P and let 8 be the angle from the tangent to the line through P
parallel to the y-axis. Show that tan a = tan §.

If z; > 0 find the value of xo between 0 and z; such that the tangent to
y = x% at + = 2o is parallel to the chord joining the points corresponding
toz =0, z = z,. Draw a figure.

8

9. Consider the curve y = 22 and any two distinet points (21, 1), (22, y2)
on it. Find the mid-point of the chord joining these points and let (o, y0)
be the point where the line parallel to the y-axis and through the mid-point
of the chord intersects the curve. Show that the tangent to the curve at
(2o, o) is parallel to the chord. Draw a typical figure, say with z, = —1,
2; = 2. Does the situation work out in the same way for the curve

y = ax? + bz + ¢, where a, b, ¢ are constants and a # 0?

.

10. Find the equation of the normal to each curve at the point indicated.
(a) y = %22 atz = 3.
(b) y=142atz = 2.
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(¢) y=ztatz = 4
(d)y=22%—9224 12r — 3atz = §.
) y=a*— 622+ 9z + latz = 2.

11. Find the intersection (or intersections) of each pair of curves, and test to

see if the curves intersect orthogonally.
(a)y=2,y=2*—2r+ 1.
by=2—4dc+4y=224+2x+ 1.
c)y=22—8+ 16,y =22+ 62 + 9.
@y =ity =1~ 2
e y=2—aty=222~—1,
O y=ithy=%1-22
(8 y=24y=1%— 2
(h) y = {2ty = 3 — {22
() y=aty=2—1z4

12. (a) A function f is defined by f(z) = |z|. Draw the graph of y = f(x).
Consider ¢ > 0 and z < 0 separately. (b) Is there any point of the graph
where therc is no tangent line? (c¢) Find f'(z) if x > 0; if 2 < 0. What
uhout z = 0?

13. Make a diagram showing the graph of a differentiable function f such
that f(=2) = 4, f(0) = 2, f(2) = 1, f(4) =1, f'(=2) = =2, f/(0) =0,
f(2) = —1, f'(4) = 2, and there are just two values of z for which
f'(x) = 0.

14. Draw a graph (not unique) of y = f(z) if f is an everywhere continuous
function such that f’(z) is defined if # < 2, and f’(x) decreases through
positive values, approaching 0 as z increases toward 2, while f'(z) is de-
fined and equal to 1 if 2 < z. Is f differentiable at = 2?

1-10 Increasing and Decreasing Functions

When we were discussing velocity we stated that if v = ds/dt is positive,
this implies that s is increasing as ¢ increases. We shall now consider the
significance of a positive or negative value of the derivative in the casc of
any function.

A function f is said to be increasing on a certain interval of the z-axis
if it is defined for each value of  on the interval and if on this interval
21 < z; implies f(x;) < f(x:). Likewise, the function is said to be decreasing
on the interval if 2; < z. implies f(x:) > f(x2).

In drawing the graph of a function it is of great usefulness to know the
intervals on which a function is increasing and those on which it is de-
creasing. This information can be obtained by examining the derivative
to see where it is positive and where it is negative. The function is increasing
on any interval throughout which f'(x) > 0, and it is decreasing on any interval
throughout which f'(x) < 0. The simplest way to justify this assertion is to
use a theorem which is proved in the next chapter of the book (the law of
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the mean, Theorem 2-C). At our present stage of theoretical development
we make the argument somewhat differently. Suppose f’(xo) > 0. Then,
since the quotient [f(z) — f(x0)]/(x — o) approaches the positive limit
f'(x0) a8 £ — zo, the quotient must itself be positive as soon as z is within
a certain distance of 2o. This means that f(z) — f(xs) and z — z, have the
same sign. Then, for z in a certain proximity to zo, f(z) < f(xo) if x < 2o,
and f(x) > f(xo) if £ > z,. This means that the points of the graph slightly
to the left of (o, yo) are lower than this point and those slightly to the right
are higher. This kind of argument is valid near each point at which the
derivative is positive. Hence, if we start at a point z; and move to the
right on an interval of the z-axis where f'(z) > 0, we always have f(x,) <
f(x). That is, we never reach a point x; for which f(x2) <f(x1). For if we could
reach such a point, and if x, were the first such point to the right of z;,
the fact that f'(xz) > 0 would imply that for points = near x; on the left
of it we have f(x) < f(x2), and hence f(z) < f(x;). This would contradict
the fact that x, is the first point to the right of 2; where the function value
is less than or equal to f(z1).

A similar argument shows that if f/(x) < 0 on an interval, then the
value of f(z) decreases as we move to the right on the interval.

«

Critical Points

If f'(z0) = 0, the function is said to be stationary at x,. The point z,

is called a critical point of the function,
| and the corresponding point of the
| graph is called a critical point of the
l graph. A eritical point of the graph is
! "~  recognized by the fact that at this point
! the slope is 0 and the tangent is parallel
to the z-axis. Figure 1-30 shows three
different critical points.

If f(z) is a polynomial, the general appearance of the graph of y = f(x)
can be determined quite easily once we locate the critical points of the
polynomial. In between two critical points the polynomial is either always
increasing or always decreasing.

Example 1: Construct the graph of y = 82% — 48z + 72zr. The deriva-
tive is

x
Fig. 1-30

W 242 — 96z + 72 = 24z — Dz — ).
The critical points are at £ = 1, £ = 3. The corresponding values of y are
32 and 0. Now we consider the three possibilities
z<]l, 1<«¢<3 3<z
determined by the position of z in relation to the critical points. Whenz < 1,
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z — 1and z — 3 are both negative, their product is positive, and so dy/dx > 0.
If1 < z < 3,z — lispositive and x — 3 is negative, so the product is negative
and dy/dz < 0. If 3 < z, z — 1 and z — 3 are both positive and so is dy/dz.
These results are conveniently displayed on a diagram as in Fig. 1-31. Now

) =) ()
1 3

X

Sign of %
Fig. 1-31

we plot the points (1, 32) and (3, 0) and use the fact that f(x) is increasing
when z < 1, decreasing when 1 < z < 3, and increasing when 3 < x. With
these items of information we can sketch the general course of the graph.
1t is helpful to locate at least two more points, one to the left of x = 1 and
one to the right of x = 3. We use 2 = 0 and £ = 4. The graph is shown in
Tig. 1-32. We nceded only four points to draw it. These points appear in the
tabie of values. Observe that we have used different scales on the two axes.

z | v
0 0
1| 82
3 0

< 4 | 32

Fig. 1-32

Some Facts About Polynomials

We summarize here some important matters of algebra in relation to
polynomials. If f(z) is a polynomial, a root of the polynomial is a value of =
(either real or complex) such that f(zr) = 0. When we consider a poly-
nomial f(x) with real coefficients and draw the graph of y = f(z), the real
roots of the polynomial appear as the z-coordinates of the points where
the graph meets the z-axis. There is no such graphical meaning for complex
roots. For instance, if f(x) = 1 + 2? the roots are ¢, where¢ = vV —1. The
graph of y = 1 4 22 never goes below the line y = 1, and does not meet
the z-axis.

Roots are related to factors as follows: If r is a root, x — r is a factor
and vice versa. This means that we can write f(z) = (x — r)F(x), where
F(z) is a polynomial of degree one less than that of f(z). If (zx — r)?is a
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factor but (x — r)? is not, the root r is said to be a double root, or a root of
multiplicity 2. Roots of higher multiplicity are defined similarly.

If a polynomial with real coefficients has a nonreal root, such roots
occur in conjugate pairs, so that the total number of such roots is even.
We emphasize that the truth of this statement depends on the fact that
the coefficients of the polynomial are real numbers. For instance, if 2 + 3¢
is a root, so is 2 — 3i. The product of the two factors corresponding to a
pair of conjugate complex roots is a quadratic polynomial having the con-
jugate pair as roots. For example, if the conjugate roots are 2 + 3i, the
product of the factors is

—@2+3W)]z—-2-3)]=@—-2—- @) =(x—-22+9
= 22 — 42 4+ 13.

It is theoretically possible to factor a polynomial with real coefficients
into factors of the type (x — r) corresponding to a real root r and quadratic
factors arising as the product of factors corresponding to a pair of con-
jugate complex roots. Factors of either type may be repeated if there are
roots of higher multiplicity. We say the factorization is ‘“‘theoretically”
possible; however, it may be practically difficult to find the roots.

The relation of roots to factors is made apparent by a lbong-division
process. Let ¢ be any number; we divide f(z) by z — ¢ until we get a
constant remainder R. This is indicated in the form

@ _ R
JE - rw +

’
T —4q

where F(x) is the quotient. We can write this in the form

f@) = (z — QF(z) + R. 1
Example 2:

oA TS gt 14—,
z—1 z—1

or 3t — 42+ 2r+5=(—1)B22 —z+1) + 6.

Here F(z) = 322 — 2 4+ 1and R = 6. We leave the details of the long division
to the student.

From (1) we see that f(¢) = 0-F(q) + R = R. Hence the constant re-
mainder R is the value of f(x) when x = ¢. In particular, then, f(q) =0
if and only if R = 0, and in that case (1) shows that z — ¢ is a factor of
the polynomial f(x).

If we do the long division by the synthetic division process, this is
frequently a good method of calculating the value f(g); the arithmetic this
way may be simpler than that involved in actual substitution of the value
T =q.

6
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Example 3: If f(z) = 3z — 528 — 4a? — 2, calculate f(—2). The proce-
dure is carried out as follows, with a zero put in for the coefficient of the
first-degree term in f(z):

3 -5 -4 0 -2 -2
-6 22 -—-36 72
3 —11 18 -—-36 70

The final entry in the last line is the desired value; in this case f(—2) = 70.
The earlier entries are the coefficients of the quotient F(z):

F(x) = 32 — 1122 + 18z — 36.

In graphing a polynomial f(x) with real coefficients we first look for th s
roots of the derivative f’'(x) ; these are the critical values of f(x). As we pass
across a real root of f'(z), the derivative changes sign (from plus to minus or
vice versa) if the multiplicity of the root is odd. But it does not change sign
if the multiplicity is even. For example, (x — 1)*(x + 2)(2* + =z + 1)
changes sign as we cross £ = —2, but not as we cross z = 1.

Example 4: Graph the equation
y=a'— 42® — 222 + 12¢x — 11
and locgte the real roots of the polynomial.
The derivative is

‘&— L - -
=t 122 — o+ 12

= 4(z* — 322 — 2 + 3).
We sce by inspection that z = 3 is a root of the derivative, so z — 3 is a factor.
To get the quotient we use synthetic division.
1 -3 -1 3 3
3 0 -3
1 0 -1 0
Thus 23 — 322 —z + 3 = (x — 3)(x* — 1), and
W _ gz — 3z -
o 4(z — 3)(z — 1)(z + 1).

We diagram the sign of the derivative and tabulate the critical points of the

(=) +) (=) (+)
+ t X

-1 1 3

dy
dx

Fig. 1-33

Sign of

graph, which are (—1, —20), (1, —4), and (3, —20). With this much informa-
tion we get a fairly good idea of what the curve looks like. But to locate the
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real roots it is necessary to tabulate points for some values of z less than —1
and for some values greater than 3. So we make a table of values for the
integers from —2 to 4. For convenience we use different scales on the two
axes. It now appears that there are just two real roots, one between —2 and
—1 (much nearer —2), and one between 3 and 4 (much nearer 4).

y

z v
- 5 -2& -1 1 2 3 i“
-1 | =20 T R

o | -n | |

1 —4 } !

2 | -1 [ !

3 —20 '

4 5

Fig. 1-34

EXERCISES

1. Graph each polynomial by finding its critical points and using information
provided by the sign of the derivative. Make a graph adequate to locate
the real roots either at integers or between consecutive integers.

(a) y = 2 — 322 + 3.

(b) y = 2% — 3z.

(¢) y =27z — 23

d) y =22 — 922+ 122 — 3.

(€) y = a3 — 622 4 12z — 5.

(f) y=—28+ 622 — 9z — 1.

(8) y = $2° — 42°

(h) y = =4 + 48

@) y=3" -2+ 4x + §.

() y =zt — 423 + 16.

k) y= —azt+ 203 4 222 — 1.

(1) y = —3z* 4+ 20x* — 4222 4+ 36z — 10.
(m) y = 324 — 223 4 §2* — 3.

(n) y =45+ §2® — §2* — 423 + 422 — 4.

2. In each of the following cases s is a polynomial function of ¢, defining a
motion of a point on the s-axis. By graphing, with ¢ and s in place of the
usual z and y, show when s is increasing and when decreasing as ¢ increases,
and hence describe how the point moves as ¢ increases from large negative
values to large positive values.

(a) s = 96t — 388 (d) s = 6482 — 164
(b)ys=—92+ 15— 7. (e) s = 83 — 4882 + T2
(c) s =62 — 283,
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3. A right circular cylinder, radius of base z, is inscribed in a right circular

7

cone whose base radius is 6 inches and whose height is 15 inches. Let
V be the volume of the cylinder, in cubic inches. Express V as a polynomial
in z of third’ degree, and graph the function. Describe in words how V
varies as z increases from 0 to 6.

From each corner of a square sheet of cardboard 24 inches on a side is
cut a square of side z inches. The edges of the sheet are then turned up to
make a box. Express the volume V of the box as a function of £ and graph
the function.

Solve the problem corresponding to Excrcise 4 if the cardboard sheet,
instead of being square, is a rectangle 16 inches by 24 inches.

A crew of z men works unloading boxes of manufactured goods from a

6
Draw the graph of y as a function of  and discuss the effect of increasing
the size of the crew on the number of cars unloaded per day. The formula
is assumed to represent the facts of the situation for positive values of z
not exceeding 18.

freight car. The crew can unload y cars per day, where y = % (3 - E)

The polynomial z* — 423 — 222 4+ 12z — 11 has a real root near z = 4,
as we saw in Example 4. A better estimate of this root may be made as
follows: Find the equation of the line tangent to the curve at z = 4 and
locate the point where this tangent intersects the z-axis. This point is
quite close to the desired root, but slightly to the right of it.

A sphere of radius R is being filled with water. Let = h/R, where h is
the depth of the water. Find a third-degree polynomial of which z is a
root when the sphere is 4 filled (use the formula for the volume of a
spherical scgment). Draw the graph of this polynomial and estimate the
value of the root in question. Observe that the tangent to the curve at
(1, —1) intersects the z-axis fairly near the desired root.

9, Solve Exercise 8 for the case in which the sphere is § filled.



CHAPTER II

THE INVERSE OF
DIFFERENTIATION

2=1 Some Fundamental Theory

In this section we consider a group of closely related theoretical matters
pertaining to a function and its derivative. The main object of the section
is to organize in logical order the sequence of ideas leading up to the
theorem which is known as the law of the mean, and to explain two of the
important uses of this theorem.

The contents of the section are drawn up in five items. The first three
items are theorems, and the last two are corollaries of the third item. We
go through all five items before discussing proofs of the theorems.

I. The first item is the following theorem.

TueoreM 2-A. If a and b are two points on the z-axis, with a < b, and
if a function f is defined and continuous for each value of x such thata < x < b,
then, considering all the values f(x) corresponding to these values of x, there is
some x for which the value of the function ts algebraically largest and some x
Jor which the value of the function is algebraically smallest.

Max ——yr—

Max
b I'_k-‘
8 \ ’ ! ' Min
| 1 !
Minf() —— f— ' 8 ®
Fig. 2-1

68
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The maximum of f(z) may occur for more than one value of x. The
important thing being asserted here is that there is at least one x for which
f(z) is the maximum. Likewise for the minimum. Various possibilities
for the occurrences of the maximum and minimum values are illustrated
in Fig. 2-1.

II. The second item is also a theorem:

TuroreM 2-B. If, among all the values attained by a function f(x) as x
varies over a certain interval, an algebraic maximum s attained at a point x,
inside the interval ( ‘tnside’” means not at either end), and if the function is
differentiable at this point xo, then f'(x